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Résumé

La these suivante est une contribution a la recherche dans le domaine de la théorie des
codes. Le but de cette travail scientifique est de mieux comprendre les codes dans la
métrique du rang, ainsi que ceux ayant la métrique du somme-rang. Les codes avec la
métrique du rang [19,22,63] sont connus dans la théorie des codes pour étre des codes
linéaires et capables de corriger des erreurs dans appelée métrique du rang. Nous
les considérerons comme des espaces vectoriels linéaires des matrices d’une certaine
taille fixée avec entrées dans un corps fini. Cette famille de codes peut s’utiliser par
example lors de control d’erreurs dans le codage aléatoire linéaire d'un réseau (random
linear network coding). Dans ce codage, des informations sont diffusées et regues sous
forme d’un espace vectoriel sur un réseau inconnu. Les codes avec la métrique du
somme-rang [55,56] peuvent étre considérés comme une généralisation des codes avec
la métrique du rang. Par conséquent, ’étude des codes optimaux avec des métriques
de rang et de somme de rang est aussi intéressante d’'un point de vue pratique que
théorique des mathématiques.

Ce travail de recherche a eu pour but de definir et classifier des codes optimaux dans
les deux métriques, ainsi que de déterminer leurs invariants.

Plusieurs résultats fondamentaux sur la structure des espaces vectoriels des matrices
sur des corps finis avec un certain rang maximal [17,21,53] ont donné lieu a une vaste
classification des familles des codes avec la métrique du rang. En collaboration avec
Elisa Gorla, nous avons fait partiellement usage de ces résultats pour pouvoir classifier
une nouvelle famille de codes avec la métrique du rang. La nouvelle famille sera
définie dans la premiere partie de la these comme étant des quasi anticodes optimals,
a rang maximal extréme pour une dimension donnée. L’extrémalité des parametres
s’accompagne de l'introduction d’une borne qui est équivalente a la borne d’anticode
déja connue, mais plus générale. Nous verrons que les codes atteignant la borne
d’anticode atteignent également cette nouvelle borne, alors que les codes atteignant
la nouvelle limite n’atteignent pas la borne d’anticode en général. Nous considérons
donc une classe plus large de codes avec la métrique du rang ayant un rang maximal
extrémal pour leur dimension.

La deuxieme partie du présent travail est le fruit d’une collaboration avec Eduardo
Camps Moreno, Elisa Gorla, Elisa Lorenzo Garcia, Umberto Martinez-Penas et Flavio
Salizzoni, et est consacrée aux codes dans la métrique du somme-rang. La métrique
de la somme du rang a une histoire beaucoup plus courte que la métrique du rang et
est donc moins bien comprise. Pour cette raison, la dérivation de bornes et 1'étude
des propriétés de base des codes dans la métrique du somme-rang sont d’un grand
intérét. A cette fin, nous donnons notre version pour la métrique du somme-rang de
deux des bornes les plus étudiées dans la théorie des codes avec la métrique du rang:
la borne de Singleton et la borne d’anticode. De plus, nous définissons et décrivons
des codes atteignant respectivement une de ces bornes. Afin d’étudier les invariants,
nous définissons les isométries pour la métrique du somme-rang et les caractérisons



toutes. Enfin, nous donnons une définition appropriée d’un invariant clé, a savoir les
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poids généralisés d’un code métrique de somme de rangs, puis nous examinons dans

quels cas les poids d’'un code déterminent ceux de son dual.

Mots clés: théorie des codes, métrique du rang, métrique du somme-rang,
codage linéaire d’un réseau, espace vectoriel des matrices, codes optimales.



Summary

This thesis is a contribution to the research in coding theory. The aim of this work
is to better understand codes in the rank metric, as well as those in the sum-rank
metric. Rank metric codes [19,22,63] are known in coding theory for being linear
error-correcting codes in the so called rank metric. We shall consider them as linear
vector spaces of matrices of a given size with entries in a finite field. These type of
codes find their application for instance in controlling errors in random linear network
coding, where information is transmitted and received in form of a vector space over
an unknown network. Sum-rank metric codes [55,56] can be seen as a generalization
of codes in the rank metric. The study of optimal rank-metric and sum-rank metric
codes is therefore interesting both from a practical and from a mathematical theoretical
point of view.

The present thesis is concentrated on defining and classifying optimal codes in both
metrics, as well as on determining their invariants.

Several fundamental results on the structure of matrix spaces over finite fields with
a certain maximum rank [17,21, 53] give rise to a broad classification of families of
rank-metric codes. In a joint work with Elisa Gorla we make partially use of these
results to completely classify a new family of rank-metric codes, that will be defined
in the first part of the thesis. This family of codes, that is the family of quasi optimal
anticodes, has extremal maximum rank for a given dimension. The extremality of the
parameters comes with the introduction of a bound which is equivalent to the already
known anticode bound, yet more general. We will see that codes attaining the anticode
bound do also attain this new bound, whereas codes attaining the new bound do not
attain the anticode bound in general. We are therefore considering a larger class of
rank-metric codes having extremal maximum rank for their dimension.

The second part of the current work is a collaboration with Eduardo Camps Moreno,
Elisa Gorla, Elisa Lorenzo Garcia, Umberto Martinez-Penas and Flavio Salizzoni, and
is dedicated to codes in the sum-rank metric. The sum-rank metric has a much shorter
history than the rank metric and is therefore less well understood. For this, the deriva-
tion of bounds and the study of basic properties of sum-rank metric codes is of great
interest. To this end, we give our sum-rank metric version of two of the most studied
bounds in the theory of rank-metric codes: the Singleton bound and the anticode
bound. Moreover, we define and describe codes attaining respectively one of these
bounds. In order to study invariants we define sum-rank metric isometries and char-
acterize them all. Finally, we give an appropriate definition of a key invariant, namely
the generalized weights of a sum-rank metric code, and then explore in which cases
the weights of a code determine those of its dual.

Keywords: coding theory, rank metric, sum-rank metric, linear network
coding, vector space of matrices, optimal codes.
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Introduction and Motivation

Rank-metric codes are spaces of matrices, endowed with the rank metric, of a given size
with entries in a finite field. The distance between two elements in the code is obtained
by measuring the rank of their difference. The sum-rank metric can be considered as
a natural generalization of both the Hamming metric and the rank metric. Indeed,
elements of a sum-rank metric code can be seen as a list of matrices of given sizes with
entries in a finite field.

Codes in the rank metric and in the sum-rank metric recently attracted interest due to
their remarkable list of applications. In particular we mention linear network coding
using rank-metric codes [39,67] and multishot network coding using sum-rank metric
codes [55,56] in an analogous manner. In this setting both codes are proposed for
error correction in noisy networks. Koetter and Kschischang in [39] consider reliable
communication using the noncoherent transmission model for random linear network
coding, where the underlying network topology and the linear functions performed at
each internal node are unknown. Therein the proposed operator channel induces the
transmission of vector spaces instead of just vectors, which justifies the introduction of
the subspace metric and of subspace codes. The fact that a lifted optimal rank-metric
code results in an almost optimal subspace code [67], motivates the interest of rank-
metric codes in this area. As a generalization of using rank-metric codes for linear
network coding Nébrega and Uchoa-Filho in [56] were the first to propose sum-rank
metric codes for multishot network coding. The only known way of improving the
error-correction capability of an error-correction code in a single use of the network is
to enlarge the base field or to increase the packet size. Sum-rank metric codes in a
multi-shot scenario resolve this issue. In order to add some dependencies among the
nodes sum-rank metric codes in multishot network coding are often constructed as
convolutional codes, giving rise to the family of convolutional rank-metric codes [54].
Wachter-Zeh, Stinner and Sidorenko in [71] gave the first construction and decoding
of convolutional rank-metric codes in the particular case of unit memory convolutional
codes.

Another remarkable application of rank-metric codes can be found in code-based cryp-
tography. Code-based cryptography is considered to be a major candidate for post-
quantum resistant cryptosystems. After adapting some security parameters of the
MacEliece public key cryptosystem [52] proposed 1978, one obtains an unbroken public
key cryptosystem which is believed to be quantum-computer resistant. A significant
drawback when using error-correcting codes for constructing cryptosystems is their
large memory requirement. In fact, McEliece’s public key sizes are close to a million
bits, whereas RSA key sizes are about a few thousand bits [9]. Rank-metric versions of
the McEliece public key cryptosystem mainly consist of substituting the secret Goppa
code with a Gabidulin code [23-26,45]. Whilst the matrix structure of a Gabidulin
generator matrix makes it possible to reduce significantly the key sizes, it is exactly this
strong structure of Gabidulin codes which leads to a series of structural attacks, for ex-
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ample Gibson’s attack [28] and Overbeck’s attack [58]. Producing a valid rank-metric
version of the original McEliece cryptosystem is the subject of current research. One
of the most promising proposals is Loidreau’s public-key encryption scheme presented
in [45]. There are also rank-based cryptosystem candidates to NIST’s competition
for post-quantum cryptography: Rank-Ouroboros [1] and LAKE [3] in the category
post-quantum key exchange and LOCKER [4] in the category post-quantum public key
encryption. These three candidates merged to ROLLO [5] are 2nd round submissions
to the NIST’s standardization competition.

Other interesting applications of rank-metric and sum-rank metric codes can be found
in the construction of space-time codes for wireless communications [60,65,70] and in
the repair in distributed storage [12,49].

The rank distance has been extensively studied since its first appearance in Delsarte’s
seminal paper in 1978 [19]. The author extended the concept of arithmetic distance
introduced by Hua in [36], defining the rank distance on the set of bilinear forms,
namely rectangular matrix spaces. Rank-metric codes were first considered as spaces
of matrices defined over a finite field. Later in 1985, Gabidulin [22] and Roth [63]
independently rediscovered a class of rank-metric codes which are represented as vec-
tors over a field extension and are linear over the same larger field. We will see later
that every rank-metric code in vector representation can be considered as a matrix
rank-metric code up to the choice of basis of the extension field over the base field. As
an extension of both the Hamming and the rank distance, the sum-rank distance has
a much shorter history and is therefore less well understood. First constructions of
sum-rank metric codes arise via convolutional codes and can be attributed to Nobrega
and Uchoa-Filho [55,56] in the context of multishot network coding. However in the
present thesis we shall consider linear sum-rank metric codes as block codes, namely
as subspaces of the product of matrix spaces over a finite field equipped with the
sum-rank distance.

Parameters of a rank-metric code have been related by several bounds. The most
known one is the Singleton bound for rank-metric codes, originally introduced for
codes in the Hamming metric [68]. Delsarte formulated the Singleton bound for rank-
metric codes defined over the base field [19, Theorem 5.4] and Gabidulin derived the
same bound for rank-metric codes defined over an extension field [22, Corollary of
Lemma 1]. For the sum-rank metric one may derive a trivial Singleton bound directly
from the original one in the Hamming metric as shown in [47, Proposition 34]. A more
general Singleton bound for sum-rank metric codes defined over spaces of matrices
with different numbers of rows and columns is given in [11], where other fundamental
bounds for the sum-rank metric are also derived. The Singleton bound relates the
dimension of a code with its minimum distance. Codes attaining this bound are the
ones maximizing the minimum distance for a given dimension. The larger the mini-
mum distance of an error-correcting code, the higher its error-correction capability in
general, hence codes attaining the Singleton bound are the ones that are considered for
applications. Optimal codes in the sense of the Singleton bound are called Maximum
Rank Distance (MRD) codes in the rank metric and analogously Maximum Sum-Rank
Distance (MSRD) codes in the sum-rank metric. Unlike Maximum Distance Separable
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(MDS) codes in the Hamming metric, Delsarte showed that MRD codes exist for all
field sizes, matrix sizes and minimum distances or dimensions [19, Theorem 6.3]. In
fact, in the same paper he gives a construction of MRD codes for all parameters using
bilinear forms. Later Gabidulin and Roth rediscovered the same family of MRD codes
in vector representation [22,63], which are since known as Gabidulin codes. For a
long time there has been little interest in constructing new families of optimal rank-
metric codes, since Gabidulin codes were sufficient for most applications. However, the
matrix structure of Gabidulin codes appears to be unsuitable for some applications,
for instance public key encryption schemes. This partially motivates the community
to search for new constructions. An overview of MRD constructions different from
Gabidulin codes can be found in [64, Section 3]. As one may guess, any MRD code
is also an MSRD code. Yet this is not the only way to obtain an MSRD code. There
are MSRD codes not coming from MRD codes, for example linearized Reed-Solomon
codes defined in [47], which justifies the interest in finding new constructions of MSRD
codes. Moreover it is not yet known if MSRD codes exist for all choices of parame-
ters. This would solve in particular the MDS conjecture as pointed out in [50, Section
VI]. Finally we wish to mention the family of quasi MRD codes defined in [15], which
motivated part of the present thesis. These are codes with dimension not divisible by
the maximum between the number of rows and columns, but still optimal in the sense
of an equivalent Singleton bound.

Another relevant bound relating the dimension of a code to its maximum rank is the
anticode bound. The anticode bound was stated in its current form by Meshulam
in [53, Theorem 2| in the square case; the proof can easily be generalized to the
rectangular case. The statement of the bound is that the dimension of a subspace of
matrices can be at most its maximum rank times the maximum between the number
of rows and columns. An anticode bound for the sum-rank metric is presented in [10,
Theorem 2.2]. Codes attaining the anticode bound are called optimal anticodes. If
we assume that we have more columns than rows and fix some column space V, it is
easy to see that the set of matrices having column space contained in V' is an optimal
anticode in the rank metric. Meshulam in [53, Theorem 3] in the square case and de
Seguins Pazzis in [17, Theorem 4 and Theorem 6| proved that these are exactly all
optimal anticodes in the rank metric. A classification of optimal anticodes in vector
representation was given by Ravagnani in [61, Theorema 18]. In [11, Theorem 3.1]
the authors give a complete classification of optimal linear sum-rank anticodes in the
sense of the anticode bound given in the same paper. The optimal linear sum-rank
anticodes in [11] are essentially given by the product of the entire matrix space and
the zero space.

Invariants are useful tools in the classification up to equivalence of codes. Before
introducing some important rank-metric and sum-rank invariants, we wish to describe
the notion of equivalence for the rank-metric. Two rank-metric codes are said to be
equivalent if there is a rank-preserving linear map, an isometry, mapping one to the
other. For codes in matrix representation we consider linear isometries over the base
field, whereas for rank-metric codes in vector representation the isometry is linear over
an extension field. It is easy to show for instance that if two matrix rank-metric codes
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are equivalent, then so are their associated vector rank-metric codes, [31, Proposition
1.15]. Linear isometries of matrix rank-metric codes were completely classified by Wan
for fields of characteristic 2 [72] and by Hua for fields of odd characteristic [36]. Berger
in [7] characterized isometries over an extension field. As of yet, the only known
equivalence notion in the sum-rank metric is the one given in Section 4.3.

One of the most studied invariants are generalized weights. These were introduced for
linear block codes in the Hamming metric in [34]. Wei proposed them in the context
of wire-tap channels to measure information leakage to an undesired wire-tapper [73].
In [41, Definition 2] the authors give a definition of relative generalized weights for rank-
metric codes in vector representation, which are linear over an extension field. These
weights measure information leakage to a wire-tapper in linear network coding. Other
definitions of generalized weights for rank-metric codes linear over an extension field
are given in [37,61]. In [51,61] the authors give two different definitions of generalized
weights of rank-metric codes in matrix representation. On the one hand the weights
in [61] define a rank-metric invariant of the codes, but they do not measure information
leakage to a wire-tapper. On the other hand the weights in [51] are the right tool to
measure information leakage, but they are not rank-metric code invariants. A detailed
analysis of the differences between these two definitions can be found in [30, Section
5]. A first definition of generalized weights for the sum-rank metric can be found
in [48, Section 4.1].

Another invariant that we shall consider in the first part of the present thesis are
g-polymatroids, which are the g-analog of polymatroids (for a reference see [59, 74]).
In [66] and [31] the authors independently associate a g-polymatroid to every rank-
metric code, depending on the size of the space of matrices. Moreover they show
how different properties, and even other invariants, can be captured by the associated
g-polymatroids.

This work is a contribution to the study of rank-metric codes with extremality prop-
erties as well as to the discovery of fundamental properties and optimal codes in the
sum-rank metric. We begin by introducing a new family of rank-metric codes, which
is motivated by the following observation: The dimension of optimal anticodes in the
rank metric is by definition divisible by the maximum between the number of rows
and columns. We will consider the family of rank-metric codes whose dimension is not
divisible by this number, but does still attain an equivalent anticode bound. We call
these codes quasi optimal anticodes. If in addition to this the dual of a quasi optimal
anticode is quasi optimal, we call it a dually quasi optimal anticode. We will see that
in contrast to the already know optimal codes in the rank metric, the dual of a quasi
optimal anticode is not quasi optimal in general. A complete classification of dually
quasi optimal anticodes is given. Leaning on their classification we shall study some
key invariants of these codes, namely generalized weights, the rank distribution and
g-polymatroids. In the second part of this thesis we consider codes in the sum-rank
metric giving a definition of generalized sum-rank weights of codes which are linear
over the base field. This definition extends the generalized rank weights given in [61].
In the Appendix we demonstrate how to modify the definition in order to extend
generalized weights as given in [51], and thereby to measure information leakage in
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multishot network coding. Our definition of generalized sum-rank weights is based
on optimal anticodes in the sum-rank metric, as in the rank-metric case [61]. To this
end, we provide an anticode bound for the sum-rank metric extending the Hamming-
metric anticode bound [61, Proposition 6] and the rank-metric anticode bound. We
then provide a classification of optimal anticodes in the sum-rank metric.

This dissertation is organized as follows. In Section 1, we describe some basic prop-
erties and applications to linear network coding and code-based cryptography, in the
rank metric. In Section 2, which is joint work with Elisa Gorla, we introduce the
family of quasi optimal anticodes. In Subsection 2.1 we recall some matrix theoretical
results on the structural classification of matrix spaces of a given maximum rank. We
finally give in this subsection a full classification of dually quasi optimal anticodes.
Subsections 2.2, 2.3 and 2.4 are devoted to the study of invariants such as generalized
weights, rank distribution and rank functions of the g-polymatroid of a larger family
of quasi optimal anticodes.

In Section 3 we collect some preliminaries on the sum-rank metric and describe their
application to multishot network coding. Section 4, which is a collaboration with
Eduardo Camps Moreno, Elisa Gorla, Elisa Lorenzo Garcia, Umberto Martinez-Penas
and Flavio Salizzoni, we provide an anticode bound and generalized weights in the
sum-rank metric. In Section 4.1 we establish a lower bound on the maximum rank
of cosets of linear rank-metric codes, extending results from Meshulam [53] to cosets.
Using these results, we provide in Section 4.2 an anticode bound for sum-rank metric
codes and give an explicit description and classification of optimal anticodes for the
sum-rank metric. In Section 4.3 we study isometries of sum-rank metric codes. Such
isometries allow us to define the notion of equivalent codes, allowing us to say if a given
parameter of a code is a sum-rank invariant. In Section 4.4, we use optimal anticodes
to define and obtain the main properties of generalized sum-rank weights. Finally in
Section 4.5, we use the aforementioned results to define and study MSRD codes and
r-MSRD codes in the general scenario considered in this work, namely codes in matrix
representation with different numbers of rows and columns.
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Notation

q A prime power

F, The finite field of ¢ elements

n,m Positive integers

[n] The set of integers {1,...,n}

u € Fy A row vector of length n with entries in IF,

ut € Ty The transpose of a row vector u € F

€; The column vector with the only nonzero entry equal to 1
at position ¢

(g, ..., u;) The F,-linear subspace spanned by {uy,...,u;}

V CFy An Fg-linear subspace V' of Fy

0CFy The zero subspace {0} of F}

P(X) The collection of all subspaces of a vector space X
of fixed dimension

A® B The direct sum of vector spaces A and B

F,=m The set of n x m matrices with entries in F,

GL,(F,) The set of invertible n x n matrices over F,

Orscm The zero matrix of size n x m

I, The identity matrix of size n x n

E;; The matrix with the only nonzero entry equal to 1

at position (i, j)

M = (M;;)s; A matrix M with entry M, ; at position (i, 7)

M" = (M;;)u; The transpose of a matrix M with entry M;; at position (z, j)



M(S, L)

rowsp(M)

colsp(M)

rank (M)

dim (V)

Ny, .oy Mg, My, ..., MMy

CeM

The submatrix of M with entries M, ;
where s € Sand j € L

The IF-linear space generated by the rows of
a matrix M € Fp~™

The IF-linear space generated by the columns of
a matrix M € F*™

The rank of a matrix M

The dimension of an F,-linear vector space V'

A positive integer

Positive integers

The product of matrix spaces ;""" x - .. x Frexne

A list of matrices C' = (C,...,Cy) with
C; € Frxmi for 4 € [(]
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1 Rank-Metric Codes and some Applications

1.1 Definitions and fundamental Properties

In the following we give an introduction to rank-metric codes and state some funda-
mental related results. Up to transposition, we may assume without loss of generality
that n < m. In other words we will consider matrices to have more columns than
TOWS.

Definition 1.1. The rank distance of M, N € F*™ is given by the function

d . FnxmxFrxm N
(M, N) — rank(M — N).

A rank-metric code C is an F,-linear subspace of F/*™ equipped with the rank
distance. The dimension of C over F, is denoted by dim(C). Further, we let d(C) =
min{rank(M) : M € C, M # 0} be the minimum distance of a nonzero rank-metric
code C. In a similar way, the maximum rank is given by maxrk(C) = max{rank(M) :
M e C}.

In [22] and [63] the authors study a class of rank-metric codes defined over Fym.

Definition 1.2. The rank distance of u,v € Fy,. is given by the function

d : FlxFL — N

(u,v) — rank(u —v) = dim((ug — vy, ..., Up — Vy)).
A vector rank-metric code C' is an F n-linear subspace of Fy.. equipped with the
rank distance.

Every vector rank-metric code can be considered as a rank-metric code in the following
way: Let @ = {¢1,...,¢n} be a basis of Fjm over F,. Then we can identify a vector
rank-metric code C C IFgm with a rank-metric code C C IF;X’" by the relation

ui = M;;é;, (1)
j=1
where u = (uy,...,u,) € C and M = (M, ;)i )emxm] € C having in row i the
F,-coordinates of u; respect to the basis ®.
In this thesis we will consider rank-metric codes defined over F"*™. We decide to give
the notion of vector rank-metric codes for the better understanding of Section 1.2 and
Section 1.3, which describe applications of rank-metric codes.

In view of matrix classifications up to equivalence we introduce the notion of equiva-
lence of rank-metric codes. Two rank-metric codes are equivalent if there is a linear
rank-preserving homomorphism mapping one code into the other.
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Definition 1.3. An F,-linear isometry ¢ of F/*™ is an F,-linear rank-preserving
homomorphism, i.e. rank(¢(A)) = rank(A) for all A € F7*™. Let Isomg, (F;*™) be
the collection of F,-linear isometries of Fq’”m. Two rank-metric codes C,D C Fq’”m
are equivalent if there is ¢ € Isomg, (F;*™) such that C = (D). We denote the
equivalence by C ~ D.

Linear isometries of /™ are classified in [36] for odd characteristic and in [72] for
characteristic equal to 2.

Theorem 1.4. Let ¢ € Isomg, (F;*™). Then

(a) if n # m, there exist N € GL,(F,) and M € GL,,(F,) such that ¢(A) = NAM
for all A € F~m.

(b) if n = m, there exist N, M € GL,(IF,) such that p(A) = NAM for all A € F*™,
or p(A) = NA'M for all A € F}*™.

Further we define the dual of a rank-metric code C using the standard scalar product
for matrices.

Definition 1.5. Let C C F?*™ be a rank-metric code and let tr(A) denote the trace
of a square matrix A. The dual of C is defined as

Ct={M eF,*™ : tr(MN') =0 for all N € C}.

In the following we decide to adopt the notion of support given in [30, Definition
2.2] for n < m. Support spaces will be a useful tool in the classification of optimal
anticodes (Definition 1.9).

Definition 1.6. Let V C IFZ be a subspace. Then
Mat(V) = {M € F*™ : colsp(M) C V} CF ™

denotes the matrix space supported on the vector space V. For C C F*™ a
rank-metric code, let

CV)y={MeC:colsp(M)CV}CC
be the subcode of C supported on V.

Notice that whenever we want to refer to the matrix space supported by a certain row
space we will consider the transposed version of the support given in Definition 1.6.

An important role in the motivation of this paper is taken by deriving bounds on
rank-metric codes. In the sequel we give two of the most relevant inequalities, one
relating the minimum distance and one relating the maximum rank to the dimension
of a rank-metric code.

Theorem 1.7. (Singleton bound) Let C C F;”™ be a rank-metric code. Then

dim(C) < m(n—d(C) +1). (2)

1.1 Definitions and fundamental Properties 20
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The Singleton bound for rank-metric codes was presented by Delsarte in [19]. It is
the rank-metric version of the well-known Singleton bound in the Hamming metric.
Codes meeting bound (2) are known as Maximum Rank Distance Codes (MRD
codes) and have been extensively studied. As we already pointed out in the introduc-
tion, these codes are demanded in applications since they have the maximum possible
minimum distance for a given dimension and so the highest error-correction capability
for several applications.

We shall present now an upper bound on the dimension involving the maximum rank,
instead of the minimum distance as seen in (2). A classical theorem by Flanders in [21]
states that the dimension of a linear space of matrices, whose rank is less than or equal
to a given r < n, is upper bounded by mr. The results in [21] are proved under the
assumption that the cardinality of the base field is strictly greater than r. The square
case with 7 = n — 1 for an arbitrary field size was proved by Dieudonné in [20]. In
particular Dieudonné proved that n?—n is an upper bound for any subspace of singular
square matrices with entries in an arbitrary commutative field. Subspaces attaining
the bound are then those of maximaum rank equal to n — 1. Finally, Meshulam in [53]
showed that the assumptions on the base field are unnecessary for deriving the bound
on the dimension. In fact, the next bound was proved in [53] and goes under the name
of anticode bound.

Theorem 1.8. (Anticode bound) Let C € F?*™ be a rank-metric code. Then
dim(C) < mmaxrk(C). (3)

Definition 1.9. An optimal anticode A C F;‘XW is a rank-metric code which sat-
isfies
dim(A) = mmaxrk(A).

The classification of matrix spaces with least possible maximum rank for a given di-
mension follows the same history as the derivation of the anticode bound. Dieudonné
in 1948 [20] gave a charaterization of optimal anticodes of maximum rank n — 1 in the
square case. Flanders in [21] first classified optimal anticodes under the assumption
that the cardinality of the base field is strictly greater than r and that the charac-
teristic differs from 2. Atkinson and Lloyd in [6] obtained the same result with the
assumption only on the field size. Meshulam in [53, Theorem 3] finally gives a complete
classification of optimal anticodes without assumptions on the field size. Moreover the
same result follows from [17, Theorem 4 and Theorem 6], where de Seguins Pazzis
considers a lower bound on the dimension of the space. We present this result in a
more general form in the next theorem.

Theorem 1.10. Let A C F*™ be an optimal anticode of dimension mr with r =
maxrk(A). Then A = Mat (V) for some V' C F7 of dimension 7, or A = Mat(V)" and
m=n.

Some fundamental properties of optimal anticodes are stated in [62], for instance that
C is an optimal anticode if and only if C* is an optimal anticode.
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In the end we want to introduce ¢g-polymatroids, which are the g-analogue of polyma-
troids. Jurrius and Pellikaan in [38] defined a way to associate one of this combinatorial
object to every vector rank-metric code. The authors in [31] extend this association
to rank-metric codes.

Definition 1.11 ( [31], Definition 4.1). A ¢g-polymatroid is a pair P = (IF}, p) where
p is a function from P(F7) to R, such that

(i) 0 < p(A4) < dim(A),
(ii) if A C B, then p(A) < p(B),
(iii) p(A+ B) 4+ p(AN B) < p(A) + p(B).
for all A, B € P(F}).

1.2 Linear Network Coding

The remainder of this chapter is devoted to illustrating some of the main applications
of rank-metric codes. We start by considering the problem of information flow over a
network with intermediate nodes. In the following section we introduce the single-
source multicast problem. The communication goal of the single-source multicast
problem is to transmit a fixed set of packets from the source to all sinks. Communi-
cation networks in this setting may be modeled as finite directed multigraphs. Every
directed edge between nodes represents a channel capable of delivering a single packet
per time slot.

Traditional approaches consist of simply routing the packets from incoming channels
to outgoing ones. An intermediate node is then only permitted to store the packet
and forward copies of it to its outgoing edges. We illustrate the routing solution in the
so-called butterfly network: consisting of packets x,y, the source s and two sinks
d1 and dg.

Figure 1: The butterfly network routing packets x and y from source node s to sinks
d1 and dg‘
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The intermediate nodes a and b in Figure 1 form a bottleneck link. Indeed, node a
receives both packets x and y, but only one of them may pass the bottleneck. Figure 1
represents both possible choices: Either a decides to forward packet z (red) or packet
y is forwarded (blue). In the first case the sink node d; will not receive packet y, while
in the second case the sink node dy will not receive packet . Hence in both cases not
all sinks will receive all sent packets.

Network coding was first introduced by Ahlswede et al. [2] in 2000. The network
coding approach permits intermediate nodes to compute functions of the received
packets. In this way intermediate nodes become coders forwarding functions of packets
instead of simply routing them. In linear network coding these functions are linear
over a finite field and packets are represented by vectors of a fixed length with entries
in the finite field. The next figure describes the linear network coding solution in the
butterfly network of Figure 1, where packets are considered as vectors over Fs.

O
T x T+y
: : r+y
Y Y T+y
> d
; (@)
Figure 2: The butterfly network using the linear network coding strategy to transmit
vectors x and y from source node s to sinks d; and ds.

After a single time slot, sink d; now receives x and x + y, allowing it to recover the
missing packet by performing the operation x + (z +y) over Fy; alike sink dj receiving
x +y and y. Hence a transmission rate of 2 packets per time slot is achieved. This is
actually the best possible rate.

The butterfly-network example illustrates that network coding can increase the capac-
ity of a network. In fact, the main theorem in [2] states that network coding achieves
the multicast capacity. In particular, the optimum in transmission rate is achieved via
linear network coding provided that the underlying finite field is sufficiently large, [43].
Linear network coding is an approach to so-called coherent transmission models where
the network structure is completely known. The butterfly network in Figure 2 is an
example of a coherent transmission model. However, there might be setups where the
design of the transmission model is unknown. Regarding this issue, the authors of [35]
introduce a new approach named random linear network coding. Unaware of the
network topology this approach assumes that the packets at the intermediate nodes
are linearly combined with random coefficients. In fact, it is shown in [35] that a deter-
ministic network design is not needed in practice, as a completely random choice of the
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linear coefficients is (with high probability) sufficient to perform a successful transmis-
sion. Random linear network coding is therefore proposed for so-called noncoherent
transmission models where the underlying network topology is unknown.

Although network coding is an effective solution for communication over a network,
it is an easy target for errors. Even a single error, when linearly combined with
other packets, can corrupt all the sink’s received ones. This motivates the research
community to consider error-correcting codes to ensure an error-free communication
over the channels.

Kotter and Kschischang take into account the problem of error-control in a noncoherent
transmission model in [39]. The authors use random linear network coding where
neither transmitter nor receiver have knowledge of the network topology and of the
linear coding operations performed at each node. The transmission over this network
is modeled via the operator channel

Y = AP + E, (4)

where P is the transmitted matrix whose rows are packets, A is a random matrix
representing the linear operations on the nodes, F is the error matrix and Y is the re-
ceived matrix. Note that rank-metric codes can directly be applied for error-correction
in coherent models, i.e. when the matrix A is determined. Indeed, packets may be
sent in form of lines of a matrix with entries in a finite field. In this way the linear
operations on each node are in fact linear row operations on the transmitted matrix
and the rank of the received matrix may reveal something on the structure of the
error matrix F. Let us consider now the case when A is a random matrix. Assuming
that we are in an error-free situation, then the row space of the transmitted matrix
P remains invariant over transmission. In fact, the row space of AP is in any case
a subspace of the row space of P. This leads to consider (random) linear network
coding as vector-space preserving, hence information here shall be encoded as a vector
space rather than just as vectors. This gives rise to a metric, the subspace metric,
which reflects the discrepancy between a transmitted and a received vector space. As
a consequence, subspace codes are proposed as error-correcting codes for end-to-end
coding, where only the source and the final receiver nodes are allowed to apply error
control techniques.

In [67] Silva, Kschischang and Kotter explore the relationship between subspace codes
and rank-metric codes. A lifted construction of rank-metric codes leads to a large
class of constant-dimension subspace codes where the rank distance of two codewords
is directly reflected in the subspace distance of their lifted images. The remarkable ad-
vantage of rewriting the random linear network problem in terms of rank-metric codes
is the possibility to apply all of the powerful techniques of classical coding theory also
known in the rank metric. Moreover in [67], as well as in [39], the authors show that
subspace codes arising from lifted MRD codes are almost optimal for error correction
in the operator channel.

We give a brief overview of the lifted construction.
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Definition 1.12 ( [39]). The subspace distance of V,W € P(F}) is given by the
function

ds : PE)) x P(F?) — N
(V, W) —s dim(V + W) — dim(V N W).

A subspace code D with ambient space Fy is a nonempty subset of P(IFZ) equipped
with the subspace distance.

The next definition arises from [67] where lifted codes were first introduced.

Definition 1.13 ( [67], Definition 3). Let Z : F*™ — P(F;*™) be given by M
rOWSp ((In M)) The subspace Z(M) is the lifting of the matrix M. Let C C F*™

be a rank-metric code, then the subspace code Z(C), obtained by lifting every codeword
of C, is the lifting of C.

As mentioned earlier, the main advantage of using rank-metric codes to construct
subspace codes is the fact that the rank metric is reflected in the subspace distance of
liftings.

Proposition 1.14 ( [67], Proposition 4). Let C C F?*™ be a rank-metric code and
M, N € C, then

and in particular the minimal subspace distance of Z(C) is twice the minimal rank
distance of C.

There is another remarkable advantage in constructing constant-dimension subspace
codes via rank-metric codes: lifting MRD codes results in finding almost optimal
constant-dimension subspace codes, ( [67], Proposition 5).

1.3 Rank-based Cryptography

In this section we give an introduction to code-based cryptography in the rank met-
ric, describing some main cryptographic systems where the underlying algorithms are
based on error-correcting rank-metric codes.

In the last years the research on quantum computers, machines that in contrast to con-
ventional computers are able to solve difficult mathematical problems, has received a
notable amount of interest. The possibility of building a large quantum computer
would imply the downfall of number theoretic based approaches in public-key primi-
tives, hence it would break most of the public-key cryptosystems in use nowadays. The
list of possible alternatives is long: hash-based cryptography, lattice-based cryptogra-
phy, multivariate-quadratic-equations cryptography, secret-key cryptography and last
but not least code-based cryptography. All of these approaches have systems that are
believed to resist classical computers as well as quantum ones.

The algorithmic primitives of code-based cryptosystems consist essentially in either
computing a syndrome given a parity-check matrix of an error-correcting code or in
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adding an error to a codeword. The main problem on which almost all code-based
schemes rely is the Syndrome Decoding Problem (SDP) and its variations. For
cryptographic purposes it is more convenient to consider the Decision Syndrome
Decoding Problem (DSDP). Let k& < n be a positive integer.

Problem 1.15. (Decision Syndrome Decoding Problem (DSDP)) Let H € F{»*)xn
be a random matrix and let ¢ be a positive integer. Given e € Fy of weight ¢, is
it possible to distinguish between He! and r a random vector in IFZ*’“ with a non-
negligible advantage?

Coding-theoretical encryption schemes are very fast, as both encryption and decryp-
tion operations have a low complexity and their best known attacks are overall well-
studied. Although, one of the main drawback of using code-based cryptography relies
in the large memory requirements, in particular the large size of the public key. This
connects us directly to one of the principal motivation for looking at rank-based cryp-
tosystems, namely the possibility of reducing the public key size. In fact, cryptosys-
tems in the rank metric have in general smaller key sizes.

In the following we present the first and unbroken (after adaptation) code-based public
key cryptosystem together with its rank-metric versions.

The McEliece public key encryption scheme proposed 1978 by Robert J. McEliece
in [52] is the first cryptosystem based on coding theory. It has resisted cryptoanalysis
for adequate choices of parameters and is still considered secure by the cryptography
community nowadays.

We denote by [n,k,dy|s a k dimensional binary code C of length n and minimum
distance dy in the Hamming metric. In his original paper [52] McEliece proposed
to use binary irreducible Goppa codes of length n = 2™ and dimension k& > n — mt,
capable of correcting any pattern of at most ¢ errors. We refer to these type of codes as
t-correcting Goppa codes. In particular, he suggested [1024, 524, 101],, a 50-correcting
Goppa code, where k = 2™ — mt,dyg = 2t + 1 for m = 10 and t = 50. An important
advantage of these type of codes is, that it exists a fast decoding algorithm.

The McEliece cryptosystem can then be described as follows:

Algorithm 1.16. The McEliece Public-Key Encryption Scheme

Key Generation Given parameters n,t € N with ¢ < n, generate the following
matrices:

G € F5*™ a generator matrix of a t-correcting Goppa code C,

S € GLi(Fy) a random matrix,

P € GL,(F;) a random permutation matrix.

Compute GP*™ = SGP. Return (GP' . #) as the public key and (S, D¢, P) as the
secret key, where D¢ is an efficient decoding algorithm for C.

Encryption To encrypt a plaintext m € F§ sample randomly e € F% of Ham-
ming weight ¢ and compute the ciphertext ¢ = mGP™ + e.
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Decryption To decrypt a ciphertext ¢ first calculate cP™' = (mS)G + eP~!
and decode mS using De. Then retrieve m from mS by multiplying it from the
right with S—1,

Correctness The vector eP~! has weight ¢, so a decoding algorithm for C de-
codes correctly mS from (mS)G + eP L.

This construction is based on masking the structure of a family of error-correcting
codes. The security of the McEliece scheme relies on two assumptions: the indis-
tinguishability of the hidden code structure from a random code, implying that the
public key cannot be distinguished from a random one, and the hardness of decoding
a generic linear code. As a consequence the security is then the security of decoding
random codes, hence a variation of the SDP. In fact, for random binary codes the SDP
together with its variations are proven NP-complete, [8].

Someone who is able to solve the DSDP is also able to solve the McEliece problem.
Note that the opposite is not true, since solving the McEliece problem implies solving
the DSDP for a specific class of codes and not for all codes. Motivated by this obser-
vation several generalized probabilistic decoding algorithms have been studied, one for
instance in [42]. Another possible attack is analyzed in [13]: an algorithm that can find
a minimum weight codeword of a linear code is an attack to the McEliece cryptosys-
tem. The problem of finding codewords of given weight in a linear error-correcting
code is known to be NP-complete, [8]. Hence attacks based on this NP-complete
problem do not break the McEliece cryptosystem, but they force to exclude certain
parameters, [13].

The main disadvantages of the McEliece encryption scheme are as already mentioned
the large memory requirements for the public key and the plaintext, but also the
existence of systematic attacks. The use of codes in the rank metric can partially
overcome these disadvantages, as Gabidulin, Paramonov and Tretjakov in [25] have
shown. In [25] the authors introduce a rank-metric version of the McEliece framework.
We will refer to this scheme as the GPT public-key encryption scheme.
In the following a vector rank-metric code is an [Fn-linear subspace of Fy., as given
in Definition 1.2. A t-correcting vector rank-metric code is then capable of correcting
any pattern of at most ¢ vector-rank errors. The authors suggest to use t-correcting

Gabidulin codes, i.e. the first family of MRD codes defined in [22].

Definition 1.17 ( [22], Theorem 6 and Theorem 7). Let hy, ..., h, be F,-linear inde-
pendent elements in Fym and d < m. We use the notation [i] = ¢ for 1 <i < d — 1.
A code C C FZm with parity check matrix

hi  hy ... hy
u p Rl
h&d"” h?‘” hggi—ll
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is an MRD code of length n and minimum distance d, in particular dim(C) = k =
n —d + 1. Moreover the generating matrix G € F’;é” is of the form

g} g2 e In
1
i R 3
g g gl
where ¢i,..., g, are F -linearly independent elements in Fym. A vector-rank metric

code C with generator matrix G is a Gabidulin code.

The first question arising naturally when adapting the McEliece cryptosystem to the
rank-metric is the choice of the scrambling matrices S and P. This question is strictly
related to the study of linear equivalence maps of rank-metric codes.

The receiver, who knows exactly the equivalence map, should be able to apply his de-
coding algorithm also to a simplified scrambled version of it, i.e. to the code generated
by SG. Yet an efficient decoding of the simplified scrambled version is only possible if
it maintains the minimum-distance property of the original code. This is for instance
the case when the original code and the simplified scrambled code are equivalent.

In its first version [25] the GPT scheme was proposed using a t-correcting Gabidulin
code with generator matrix G € IFf;nX”, a random row scrambler matrix S € GL;(Fyn)
and some random distorsion matrix ale; € IF’;nX” where 014 # o € F ’q“ and 01y, #
€1 € F’q% with rank(e;) < ¢; <t for some design parameter ¢;. The public key is then
given by GP®* = SG + ale;. Obviously this is not equivalent to the original code, but
the distance property is maintained when choosing a random error vector e of weight
at most ¢t — t; and encrypting a message m by mGP"™ + e. The reason is that the
legitimate receiver is able to correct the error mate; + e, since it has weight at most t.
This first version was attacked by Gibson in [28] using a structural attack. Later in [24]
Gabidulin together with Ourivski suggested to use a random column scrambler P &
GLn(F,), a random row scrambler S € GLy(FFn) and a distortion matrix X € Fkx*"
of rank at most t. The public key is then given by S([Oxx, G] + X)P. The fact that
the column scrambler P is defined over the base field, together with the observation
that if G is the generator matrix of a Gabidulin code then G and G look quite the
same, are the central arguments for Overbeck’s attack in [58].

In [23] and [26] the idea of using an appropriate column scrambler P over the extension
field is proposed. The intention of the proposal is to avoid Overbeck’s attack. Obvi-
ously P has to be chosen in a sophisticated way since in general multiplying G with a
column scrambler over the extension field does not maintain the distance properties of
the original code. Hence Gabidulin, later together with Rashwan and Honary, propose
to take P € GL,,(F,») such that P~ = [Q1 Qo] with Q1 an n x (t — ;) matrix over Fn
and Qg an n X (n —t +t;) matrix over the base field ;. The artificial error e € Fy,. is
chosen to have weight ¢; < t. The authors show that with these choices of the column
scrambler and the artificial error set, the weight of eP~! is at most ¢ hence we can still
decode.
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However Otmani, Kalachi and Ndjeya in [57] showed that even if the column scrambler
is defined over the extension field, it is still possible to recover a private Gabidulin code
which can be used to recover the original one using exactly Overbeck’s technique.
We so end up with [45], one of the latest rank-metric code-based encryption scheme
proposed by Loidreau.

Algorithm 1.18. The Loidreau Public-Key Encryption Scheme

Key Generation Given parameters n,m, A € N with n < m, generate the
following matrices:

G € F5X™ a generator matrix of a Gabidulin code C of length n and dimen-
sion k,

S € GLg(Fam) a random matrix,
Y C Fom a A-dimensional subspace over [y,

P € GL,(V) a random matrix.

Compute GP*® = SGP~!. Return GP*™ as the public key and (S, P,V,D¢) as
the secret key, where D¢ is an efficient decoding algorithm for C.

Encryption To encrypt a plaintext m € F%, sample randomly e € F%,. of
vector-rank weight |(n — k)/(2)\)] and compute the ciphertext ¢ = mGP*™ + e.

Decryption To decrypt a ciphertext ¢ first calculate ¢cP = (mS)G + eP and
decode m.S using D¢e. Then retrieve m from mS by multiplying it from the right
with S~

Correctness P has entries in V and eP has vector-rank weight < A|(n —
k)/(2M\)] < |(n —k)/2] as shown in Proposition 1 [45].

Loidreau’s approach consists in scrambling the code via the choice of a randomly
selected vector space V of Fom of fixed dimension. A detailed security analysis of
Loidreau’s scheme is made in [45], pointing out that the usual distinguisher for a
Gabidulin code, i.e. that G and Gl9 look quite similar, does not work here.

In the last years there have been two remarkable structural attacks to Loidreau’s
scheme. The first in [14] for A = 2 and the second in [27] for A > 3. More recently
in 2021 the authors of [33] propose two modifications for the choice of the generator
matrix: the first one is to use a certain subcode of G' and the second one to add a
random matrix M € F’;é” to G. In addition to that they use a systematic generator
matrix of the public code to reduce the key size. The authors claim that this modified
version would prevent all known structural attacks of Gabidulin codes.
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2 Quasi Optimal Anticodes in the Rank Metric

The following section is a joined work with Elisa Gorla and introduces a new class of
rank-metric codes. We start by motivating our definition.

It is intrinsic with the definition of an optimal anticode, that the dimension of the
latter has to be divisible by m. In the following we give an alternative, but still
equivalent bound to the anticode bound. Let C C F*™ be a rank-metric code, then

()

maxrk(C) > {dlm(C)-"
m
Note that codes attaining (3) do also attain (5), whereas the converse is not true in
general. In particular, when defining optimal anticodes as those attaining (3), we do
not take into account codes having dimension not divisible by m. Studying optimal
codes in the sense of (5) captures therefore a larger class of rank-metric codes, who

can still be considered as a class of optimal rank-metric codes.

2.1 Quasi Optimal and Dually Quasi Optimal Anticodes

Definition 2.1. A quasi optimal anticode (qQOAC) is a rank-metric code C C
Fo>™ with m { dim(C) and

maxrk(C) = {dim((”)]

m

If C and C* are both qOACs, then C is a dually qOAC.

Notation 2.2. For C C F*™ a qOAC, write
dim(C) =am+p, 0<p<m, 0<a<n<m, maxrk(C) =a+ 1.
If in addition C is a dually qOAC, write
dim(CH)=n—a—1)m+ (m—p), 0<m—p<m, maxrk(C*) =n — a.

It is well known that the dual of an optimal anticode is an optimal anticode. However,
this is not the case for qOACs. In the next example, we produce dually qOACs, as
well as qOACs which are not dually qOACs.
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Example 2.3. Let m > max{2,n},let 0 <a<n<m,0<p<m,0<k<m-—p.
Let

A B
C. = u O1xk . A € Fla-Dx(m=k) B ¢ Fla—1)xk,
w le(m—p—k) 1 4
Otn—a-D)x(p+k) Otm—a—1)x(m—p—k)

ueFrFweFrths,

with dual code

Ota—1)x(m-k) Oa—1)xk

Cé‘ _ le(mfk) u - Ae ]F(n—a—l)x(p—i—k)’ B e F(n—a—l)x(m—p—k)7
015 (p+k) w ! 1
A B

U € F’;,w € ]F;”pk}.

Notice that Cj, ~ Cy,—,— for all k. We have maxrk(Cy) = a+1 and maxrk(Ci) = n—a,
hence Cy ~ C,,—, are dually qOACs. If p > m — 2, then maxrk(C;) = a + 1 and
maxrk(Ci") = n — a, hence C; ~ C,,—,—1 are dually qOACs. If p < m — 3, then
maxrk(C;) = @+ 1 and maxrk(Ci") = n — a + 1. Hence C; ~ C,,—,—1 are qOACs, but
not dually qOACs. For k # 0,1,m — p — 1,m — p, one has maxrk(Cx) = o + 1 and
maxrk(Ci-) = n — o+ 1. Therefore C; ~ Cp,—,— are qOACSs, but not dually qOACs.

The next proposition relates the maximum rank of a code with that of its dual. It
also provides us with a simple characterization of dually qOACs.

Proposition 2.4. Let C C F*™ be a rank-metric code. Then
maxrk(C) + maxrk(C*) > n.
Moreover:
(a) C is an optimal anticode if and only if maxrk(C) + maxrk(C*) = n.
(b) C is a dually qOAC if and only if maxrk(C) + maxrk(C*) = n + 1.
Proof. The anticode bound on C and C* yields
mn = dim(C) + dim(C*) < m(maxrk(C) + maxrk(C*)). (6)

(a) Cis an optimal anticode if and only if C* is an optimal anticode. Hence, if C is an
optimal anticode, then equality holds in (6). Conversely, if equality holds in (6),
then C and C* meet the anticode bound, hence they are optimal anticodes.
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(b) IfC is a dually qOAC, then maxrk(C)+maxrk(Ct) = n+1 by direct computation.
To prove the converse, first observe that, if maxrk(C) +maxrk(C*) = n+1, then
C and C* are not optimal anticodes by part (a). If m | dim(C), then

dim(C) 14 dim(C*)

maxrk(C) + maxrk(C*) >
m m

+1=n+2,

since C and C* are not optimal anticodes. If instead m { dim(C), then

dim(cﬂ N {dim(CL)

m m

n+1 = maxrk(C) + maxrk(C*) > [ W >a+1+n—a, (7)

where dim(C) = am+p, dim(C*) = (n—a—1)m+(m—p), and p > 0. Therefore
the inequalities in (7) are equalities, which completes the proof.

]

A first approach to the problem of classifying large matrix spaces of bounded rank
appears in [6], where Atkinson and Lloyd study linear spaces with dimension close to
mr over fields of large cardinality. Their classification was extended to all fields and
matrices of arbitrary size by de Seguins Pazzis in [17]. As a direct consequence of the
results by de Seguins Pazzis, we can characterize the qOACs whose dimension is at
least a(m — 1) + n.

Theorem 2.5 ( [17], Theorem 4, Theorem 5 and Theorem 6). Let C C F/*™ be a
qOAC of dim(C) = am+p, 0 < p < m.

(a) If p > n — a, then C is equivalent to a linear subspace of Mat({ey,...,€eqt1))-
(b) If p = n — «, then one of the following holds:

(i) C is equivalent to a linear subspace of Mat({eq,...,eqt1)),
(i) C ~ Mat({ey,...,eq)) + Mat({e1))",
(iii) m =n+1 and C ~ Mat({eq,...,eq11))%

a 0 0
(iv) m=n=3,g=2,andC~<{|c b 0 |:(a,b,cde)eF;
d e a+b

By Theorem 2.5 we can classify dually qOACs.

Theorem 2.6. Let C C F*™ be a dually qOAC with dim(C) = am +p, 0 < p <m.
One of the following holds:

(a)
A B
C ~ u 01 (m—p) t A€ FX* B e FXm0) y e T
0

n—a—1)xp O(n—a—l) x (m—p)
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(b) p <n—aand

ut A
C ~ vt 0px (m—1) tAeFm y e Fo v e Y,
O(n—a—p)xl O(n—a—p)x(m—l)

(¢) p>m—a—1and

A ut
¢~ { B O(m—p)XI : 14EI[‘T((IO“HUJrlfn"L)><(mfl)7
O(n—a—l)X(m—l) O(N—a—l)xl

Y

Be F((Imfp)x(mfl)7 = F?+p+1m}

(d) m=n+1,p=n—«, and
Cr~ {(A Onx(n,a)> A€ IFZX(Q+1)} .

Proof. 1t is easy to check that the codes in the statement of the theorem are dually
qOACs. We now prove that, up to equivalence, they are the only ones. We start
by analyzing the case when C 2 Mat(U), for some U C Fy of dim(U) = a. Up to
equivalence, we may assume that U = (ey,...,e,). Write C = Mat({ey,...,es)) +
(My, ..., M,), where My, ..., M, € Mat({ey,...,e,))" = Mat((ea+1,---,€,)) are lin-
early independent. Since C is a qOAC, then maxrk(C) = a + 1. We claim that
maxrk((Mi,...,M,)) = 1. In fact, any M € (M,...,M,) C Mat({eat1,---,€n)) has

dim(rowsp(M)) = rank(M) < maxrk(Mat({eqt1,.--,€n))) =n — .

Let L € Mat({e1,...,e,)) be a matrix whose first o rows are linearly independent
vectors in a vector space V' such that V' @ rowsp(M) = F;*. Notice that one can
always find such an L, since dim(V') = m — dim(rowsp(M)) > m — (n —a) > «. Then
rowsp(L) Nrowsp(M) =0, so L+ M € C has

rank(L 4+ M) = rank(L) 4+ rank(M) < maxrk(C) = o + 1,

which proves that rank(M) < 1, since rank(L) = «. Since maxrk((M,...,M,)) =1,
then either (My,..., M,) C Mat(w) for some w € (€at1;---,en) € Fy, or

(M, ..., M,) € Mat(w)" for some w € F}". Since (M, ..., M,) € Mat({eat1,---,en)),
the latter is only possible if

p=dim((My,..., M,)) < dim(Mat({€at1,---,en)) N Mat(w)") =n — a.

If (M, ..., M,) C Mat(w), then, after suitable invertible operations involving the last
n —a rows, we may suppose that w = e, 1. Moreover, after suitable invertible column
operations

M, = (Onx(ifl) Ca+1 Onx(mﬂ-)) for 1 <17 <p.
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Since both types of operations fix Mat({ey, ..., €,)), we have shown that

A B
C ~ u Otx(m-py | AEFIP BeFXm0) yeFob.  (8)
O(n—a—l)Xp O(n—a—l)x(m—p)

This yields the codes in part (a) of the statement.

If p<n-—aand (M,...,M,) C Mat(w)’, then, after suitable invertible operations
involving the last n — a rows, we may suppose that M; is the matrix whose rows
are all zero, except for row « + ¢ which is equal to w. Up to invertible column
operations, we may further suppose that w = e; € Fi". Since both types of operations
fix Mat((eq,...,eq)), we have that

ut A
C~ vt Ops(m-1) | : AE€FD 4 e F& v € FY
O(nfafp)xl O(nfafp)x(mfl)
This yields the codes in part (b) of the statement.
Suppose now that C € Mat(U) for some U C Fy of dim(U) = a+1. Up to equivalence,

we may assume that U = Mat({€,_q, .- .,€n)), that is, Ct D Mat({e1,...,en 1))
Then the above argument shows that either

A B

ct ~ u Opp | AR Xt B g Fin-alxp o g Foe
Oax(mfp) 0o¢><p

or

u A
CJ_ ~ { ot O(mfp)x(mfl) A€ F((]n—oz—l)x(m—l),
O(a+p+1—m)><1 O(a+p+1—m)><(m—1)

n—a—1 m—p
u € Fy ;v € FY }

Moreover, the latter is only possible when p > m — a — 1. Taking duals, we obtain
that either C has the form (8), or

A ut
© - { B Om—pyx1 | : AEF((]O‘+P+1*m)><(m,1)’
O(n—a—l)x(m_1) O(n—a—l)xl

Be ]F‘(Zm_p)X(m_l)’ = Fg—i—p—i—l—m}

This yields the codes in part (c) of the statement.

Finally, suppose that C 2 Mat(U) for any U C Fy of dim(U) = a and C € Mat(U) for
any U C F? of dim(U) = o+ 1. This implies also that C* ¢ Mat(U) for any U C F
of dim(U) = n — . Since n < m, then either p < m —a —1or p > n — «a. This
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implies that, for any 0 < p < m, Theorem 2.5 applies to either C or C*. Because of our
assumptions, and since the code of Theorem 2.5 (b) (iv) is not a dually qOAC, C or C*
is a code as in Theorem 2.5 (b) (iii). Therefore m=n+land p=m—-a—-1=n—a
and we obtain the codes in part (d) of the statement.
Note that codes in Theorem 2.5 (b) (ii) are also dually qOACs and are a special case
of codes in part (b) for p =n — «a.

[

Theorem 2.5 and Theorem 2.6 provide us with many examples of codes which are
qOACs but not dually qOACs. In fact, any code as in Theorem 2.5 which is not one
of the codes in Theorem 2.6 is of this kind. We now give some concrete examples of
qOACs which are not dually qOACs.

Example 2.7. Llet 1 <a<n—landm—-—a—-1<p<m—2. Let

Y B
C = { A C Y C Fg’”_p)x(m_p) the set of matrices with 0
0

n—a—1)x(m—p) O(n—a—l)xp
on the diagonal, A € ]14*‘1(10‘+1*7’”rp)X(m*p)7 Be E(]mfp)Xp’ C e F((Ia+1m+p)><p}.

Then C C F*™ has dimension am + p and maximum rank « + 1, hence it is a qOAC.
Its dual is given by

D O(m—p)xp
CJ_ - 0(a+1—m+p)><(m—p) O(a+1—m+p)><p tAe aniail)x(mip)a B e F((Infafl)xp,
A B

D C ]Fgm*p)x(m*p) the set of diagonal matrices}.

C* has dimension (n — a)m — p and maximum rank m +n—p—a—1>n—a + 1.
Hence C* is not a qOAC, that is, C is not a dually qOAC.

Note that if m = n and p = n — a — 1, then the above example gives qOACs which
are not classified in Theorem 2.5.

The structural question of qOACs with p < n — « is partially answered by a classifi-
cation of matrix spaces given in [18]. Below we state the result in our language.

Theorem 2.8 ( [18], Theorem 1.7). Let C C F/*™ be a qOAC with dim(C) = am +
p, 0 < p < m. If ¢g =2 suppose that p > 2(n — a + 1) — m, else suppose that
p > 2(n —a) —m. Then C is equivalent to a linear subspace of Mat({eq,...,e;)) +
Mat({eq, ..., ear1-:))", for some 0 < i < o + 1.
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If C is a qOAC of dimension dim(C) = am + p and maxrk(C) = a + 1, then C cannot
be contained in a linear space of the form Mat((ey, ..., e;)) + Mat({eq,...,¢;))* for
some 4,7 > 0 with i + j < a. Lemma 1 in [21] shows that, up to equivalence, C is
contained in Mat({e1,...,eq+1)) + Mat({e1,...,€q+1))". Theorem 2.5 and Theorem
2.8 prove that, under some assumptions on p, C is contained in a linear space of the
form Mat({eq,...,e;)) + Mat({ey,...,e;))" with i + j = a+ 1. In the next example,
we exhibit a code which does not satisfy the assumptions of Theorem 2.5 or Theorem
2.8 and which is not contained in a linear space of the form above.

The following qOAC is inspired by an example given in [53]. It is the first example
of a matrix space not being contained in a space of the form Mat((e,...,¢e;)) +
Mat({ey,...,e;))" with i + j the maximal rank of the matrix space. This shows, that
the conditions on p in Theorem 2.5 and Theorem 2.8 are in general tight.

Example 2.9. Let C C F3** be a linear code given by

a1 ag Qs Qg
0 ag ar as
0 0 as +as ag
0 O 0 as

C= ca; €Fyfor 1 <i<9

Then maxrk(C) = 3 and dim(C) = 9, hence C is a qOAC. In particular « = 2 and p = 1,
while Theorem 2.5 and Theorem 2.8 apply to codes with p > 2. We claim that C is not
contained in any linear space of the form Mat(V')+Mat(U)" with dim(V)+dim(U) = 3.
To see this, consider the following two elements of C:

1000 0000
0100 0000
My=1g 91 o] 2dM=17 (1 ¢
0000 000 1

We prove that if M is contained in Mat(V') +Mat(U)* for some V, U C F3 of dim(V)+
dim(U) = 3, then V,U C (ey, €9, e3). Note that this is sufficient to conclude, since My
is not contained in such a space.

The only non trivial case, up to transposition, is dim(V') = 2 and dim(U) = 1. Let V =
((z1,y1,21,0), (T2, Y2, 22, w)) C F3 and U = ((a,b,c,d)) C F3. Note that by linearity
we can directly assume that the last coordinate of one basis vector is 0. By assumption
there are A € Mat(((x1,y1, 21,0), (22, Y2, 22, w))) and B € Mat({(a, b, c,d)))*, such that
M, = A+ B. Hence the last column of M; describes the following homogeneous linear
system for (d, t;,t,) € F3 :

0 = ad + tll‘l + tQZEQ
0 = Bd + tiyi + tayp (9)
0 = ’}/d + t121 + tQZQ ’

for some ty, s, v, B,7,0 € Fy. The linear system in (9) has exactly one solution, i.e.
the trivial one. To see this note that (a, 8,7,0) ¢ V, otherwise M; would be contained
in Mat(V') which is a space of maximal rank 2. So we deduce that d = 0.
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Applying the same argument to the last row of M; yields another homogeneous linear
system for (4, w). Yielding analogously w = 0. As a consequence we have proved that
V7 U g <el7 €2, 63)‘

In the sequel, we concentrate on linear spaces of the form Mat({e;,...,¢€;)) +
Mat({es,...,e;))", as well as some of their linear subspaces.

Definition 2.10. Let s, h, k > 0 be integers such that £ < m and 0 < s+ h < n. Let

A B
Cone = C Opxm—ty | : A€FI* BeFXmH ¢ eF*
O(nfsfh)xk O(nfsfh)x(mfk:)

Remark 2.11. Up to equivalence, all the dually qOAC are of the form Csp; for
some s, h,k by Theorem 2.6. Moreover, one can check that Cj; is a dually qOAC
if and only if there are parameters 0 < o < n and 0 < p < m such that (s, h, k) is
among («, p, 1), (o, 1,p), (0,n,a+1)if m=n+1,or (a+p+1—m,m—pm—1)if
p>m—a—1.

In the rest of the paper, we compute the invariants of the codes from Definition 2.10.
In the next proposition, we characterize which codes of the form Csj ; are qOACs.
Together with Theorem 2.6, Proposition 2.12 yields examples of qOACs which are not
dually qOACs, beyond those of Example 2.7. Some examples of this kind are given in
Example 2.13.

Proposition 2.12. Let s, h, k be non-negative integers such that 0 < s +h < n and
k < m. Then Cs 1 is a qOAC if and only if

m—1
in{h, k} < '
O<1’I11n{ ) }—\‘m—maX{]’%k}J

Proof. The code C has dimension dim(C) = sm+hk and maximum rank s+min{h, k}.
Then C is a qOAC iff m t hk and
Fm”ﬂ — s min{h k) e Fﬂ — min{h, k}.
m m
Therefore, C is a qOAC iff min{h,k} > 0 and (min{h,k} — I)m + 1 < hk <
min{h, k}m — 1. A computation shows that C is a qOAC iff

m—1
in{h, k} < '
0< mln{ ) } — \\m — maX{h7 k}J

Notice that max{h, k} < m, since m { hk. O
Example 2.13. Let 0 < k£ < m and let
C={(A Onxm-ry): A€FP* } CF™

By Theorem 2.6, C is a dually qOAC if and only if m = n + 1. By Proposition 2.12,
C is a qOAC if and only if

. m—1 . m—1
kﬁmm{{ J,n} or ngmm{{ J,k‘}
m-—n m—n
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In the following sections, we compute the invariants of the codes from Definition 2.10.
Since this does not affect the computation of the invariants, we always assume that
n = s+ h. This amounts to considering the codes Cs,—s = Mat({e1,...,e5)) +
Mat({eq, ..., ex))".

2.2 Generalized Weights

In this section we compute the generalized weights of codes of the form
Mat({ey,...,es)) + Mat({ey,...,ex))". For what discussed in the previous section,
this determines the weights of all dually qOACs and of certain qOACs. We start by
recalling the definition of generalized weights.

Definition 2.14. ( [61], Definition 23) Let C C F*™ be a rank-metric code. For any
integer 1 < i < dim(C), the ith generalized weight of C is

d;(C) = p- min{dim(A) : A CF/™™ is an optimal anticode with dim(ANC) > i}.

Generalized weights were defined in [61], where some of their basic properties were
also established. A different - but related - definition of generalized weights was given
in [51].

The next lemma is an easy result, that we will implicitly use in several proofs.

Lemma 2.15. Let 0 < s < n and let S C ([n] \ [s]) x [m] be such that for each
i € [n] \ [s] there exists a j; € [m] such that (¢, ;) € S. Let

C=(Ei;l|(ij)¢&5).
Then the maximum dimension of an optimal anticode contained in C is sm.

Proof. The code C O Mat({ey,...,es)), which is an optimal anticode of dimension sm.
Let Mat(V') be an optimal anticode with dim(V) > s and let v € V'\ {ey, ..., e,). Let
M € F*™ be the matrix with all columns equal to v. Then M € Mat(V) \ C, hence
Mat(V) Z C. O

This leads to a simple result, which will be used in the proof of Theorem 2.17.

Proposition 2.16. Let C C F*™ be a rank-metric code which contains an optimal
anticode of dimension sm for some 1 < s < n. Then the following generalized weights
are determined

d(i—l)m—i—l(c) == dzm(c) = for 1 S 1 S S.

Proof. Fix 0 < i < s and let A be an optimal anticode of dimension dim(.A) = im such
that A C C. Then d;,,(C) = 1, since d;,(C) > i by [61, Theorem 30] and d;;,,(C) < i
since C O A. Using the properties of generalized weights from [61, Theorem 30], one
easily obtains that

d(ifl)erl (C) == dzm(c) = 1.
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We are now ready to state the main theorem of this section. The next theorem
computes the generalized weights of all dually qOACs and some qOACs.

Theorem 2.17. Let C = Mat((e1, ..., e,)) + Mat((e1,...,ex))" € F*™. Then C has
the following generalized weights,

d(l',l)m+1(c> == dlm(C) =1 for 1 S 7 S S,
dsmi(-1e+1(C) == demyi(C) =s+i forl<i<n-—s.

Proof. By Lemma 2.15 and by direct inspection we find that C O Mat({ey, ..., es)).
By Proposition 2.16 we obtain therefore

d(i—l)m—i—l(c) == dzm(C) =1 for 1 S 1 S S.

Fix 1 <i<n-—sandlet A= Mat(V) C F;*™ be an optimal anticode with V' C Fy
of dim(V') = s +i. We claim that dim(C N.A) < sm + ik. Since dim(V') = s + i, then
there exist ¢ linearly independent vectors vy,...,v; € V' \ {eq,...,es). Consider the
linear subspace spanned by the following matrices,

]\/[j1 = (Onxkz vj Onxm—k’—l); MJ2 = (Onxk—H G 0n><m—k—2)7

. >M]7‘n_k = (OnXm—l Uj)
for 1 < j <i. Clearly (M}, ..., M} .- M™% ... M"™" C A. Moreover,
Cn (M}, ..M} - MR MR =0, (10)
By (10) we deduce that C @ (M}, ... M} --- M™% ... M™") CC+ A, hence

dim(C + A) dim(C) + dim(A) — dim(C N A)

> dim(C) 4+ dim((M}, ... M} - MR MR,

1

It follows directly that
dsmiikt1(C) > s+i+1for1 <i<n-—s—1. (11)

The inequality
dsmi1(C) > s+ 1 (12)

follows from [61, Theorem 30].

In order to prove that all the previous inequalities are in fact equalities, consider
A = Mat({ey,...,es1:)). It is easy to check that dim(C N .A) = sm + ik. Therefore
dsmir(C) < s+ i which, together with (11) and (12) yields

Asmt(i-1)k+1(C) = -+ = dom4ir(C) = s + i + 1,

for1 <i<n-—s. ]
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2.3 Rank Distribution

In this section we compute the rank distribution of codes of the form Mat({eq, ..., es))+
Mat({eq, ..., ex))". For what discussed in Section 2.1, this determines the rank distri-
bution of all dually qOACs and of certain qOACs. We start by recalling a basic result
from linear algebra.

Definition 2.18. The Gaussian q-binomial coefficient is the integer

<n> (" =D ~q)-(¢"—d")

r) T =0 —q) (=g

Lemma 2.19. The number of rank r matrices in ]F;”m is

n

o) = ( >q<qm D@ - @ - ).

r

Theorem 2.20. Let C = Mat({ey, ..., es))+Mat({e,...,ex))". For 0 <r < n denote
by A, the number of elements of rank r in C. Then

min{n—s,k,r} L m—i il r—i—1 )
A = g(s,m,r) + > <> ( ) ¢ [ =d) II (-4,
q q 7=0

i=1 t r—=t =0
for 1 <r < min{s+ k,n}.

Proof. The number of n x m matrices in C of rank 1 < r < n is the sum of the number
of matrices of rank 7 in F;*™ and the number of n x m matrices of rank r in F'*"™
which have at least one nonzero row among the last n — s. We denote the latter set
of matrices by C,.

The first number is ¢,(s, m,r) by Lemma 2.19. We now compute the cardinality of
Cr. Let 1 <4 < min{n — s,k,7} and let V' C F" of dim(V) = i. Let U C Fy
be an r-dimensional vector space containing V. Since r-dimensional vector spaces
U containing a given i-dimensional subspace are in one-to-one correspondence with
(r — 4)-dimensional vector spaces in IF;”_i, the number of r-dimensional vector spaces

U such that Ong" 2UDVis
m—1
(r—z’>' (13)
q

Next we determine the number of matrices with row space U and such that the row
space of the last n — s rows is V. Complete a basis uq,...,u; of V to a basis uq, ..., u,
of U. We observe that every such M € C, is of the form

U

M=D-|: GCT,WhereD:<A B ),
) C' Opn—s)x(r—i)
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A e FSXZ B € FSX =) C € IF" $)¥i - Moreover B,C, and D must have full rank.
Since there is a one—to one correspondence between M and D, the number of matrices
in C, with row space U and such that the last n — s rows generate V is

i—1 r—i—1

@ =) 11 (@ — &) (14)

t=0 j=0

The product of (13) and (14) is then the number of matrices in C,, whose last n — s
rows span V.
Finally, observe that for a given 1 <14 < min{n — s, k,r} there are

),

i-dimensional subspaces V' in IF’;. Hence the cardinality of C, is

min{n—s,k,r} L o i—1 —i—
3 () <m ?) ¢ T (" H ¢ —q)
q q

i=1 t r—1 =0 j=0

2.4 Rank Functions of the ¢-Polymatroid

g-polymatroids are the g-analogs of polymatroids. They were introduced indipendently
by Shiromoto in [66] and by Gorla, Jurrius, Lépez Valdez, and Ravagnani in [31]. In
this section we compute the rank functions of the g-polymatroids associated to codes
of the form Mat({e1,...,es))+Mat((ey,...,ex))". By Lemma 2.24 this determines the
g-polymatroids associated to all dually qOACs and to certain qOACs.

We start by recalling the relevant definitions. The fact that the functions p. and p,
define g-polymatroids is shown in [31, Theorem 5.3].

Definition 2.21. Let C C IE‘;”m be a rank-metric code, and let J C ]FZ and K C IF;”
be linear subspaces. The ¢g-polymatroids associated to C are (F 0 pe) and (IF;”, or),
where

dim(C) — dim(C N Mat(J+))

m

pe(C, J) =
and
dim(C) — dim(C N Mat(K+)?)

,OT(C,K) = n

The next proposition follows directly from the definition of the rank functions.

Proposition 2.22. Let C C F*™ be a rank-metric code and assume that m { dim(C).
The following are equivalent:

1. Cis a qOAC,
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2. [pe(C,Fy)] = maxrk(C),
3. m=nand [p,(C,F")] = maxrk(C).

Proof. Assume n < m. By Theorem 2.21 we find that

dim(C)}

[pe(C,FG)T = { (15)

Thus C is a qOAC if and only if [ p.(C,Fy)] = maxrk(C). If n = m consider Proposition
6.1 [31], then

m m n n
pT(C’ IE‘q ) = gpc(c7 IE‘Iq) = pC(C7 IE‘Iq)

and the result follows immediately. O]
The next lemma will be used in the proof of Theorem 2.25.

Lemma 2.23. Let h > 0,0 < k <m,and 0 < s <m—~h. Let C = Mat({e1,...,es))+
Mat({eq, ..., ex))" C Fg“h)xm be a rank-metric code. Let J C Fi*" and K C F}".
Then:

(a) If JN{eq,...,es) =0, then dim(C N Mat(J)) = k - dim(J).
(b) If K N{ey,...,ex) =0, then dim(C N Mat(K)*) = s - dim(K).

Proof. We only prove the first statement, as the second is proved similarly. Let M &€
C N Mat(J). The last m — k columns of M belong to J N {eq,...,es), hence they are
zero. Therefore C N Mat(J) C Mat({eq,...,ex)) N Mat(J) C C N Mat(J), where the
second inclusion follows from C O Mat((ey, ..., ex))". It follows that

C N Mat(J) = Mat({ey, ..., ex)) N Mat(J),
in particular dim(C N Mat(J)) = k - dim(J). O
The proof of the next lemma is immediate.

Lemma 2.24. Let V C Fj and let C C Mat (V) C F;™ be a rank-metric code. Then
C NMat(J) =CNMat(JNV)

for any J C Fp. In particular, if C € Mat({es,...,es)) for some ¢ < n, then one

can regard C as a rank-metric subcode of ngm by deleting the last n — ¢ rows of

each matrix. Moreover, the g-polymatroid (F", p,) is left unchanged by this operation
. e . . n .

and the g-polymatroid (IF,, p.) determines the g-polymatroid (F, p.) according to the

formula above.
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Theorem 2.25. Let h > 0,0 <k <m,and0<s<m—h. Let V= {(ey,...,e5), V' =
(e1,.. . esqn) € Fyand let U = (ey,...,ex) € Fp'. Let C = Mat(V) + (Mat(U)" N
Mat(V")) C F*™ be a rank-metric code. Let J C Fp and K C F;*. The rank
functions of the ¢-polymatroids associated to C are

h(k — dim(U N K*)) + s - dim(K)

(C,K) =
pr(C, K) "
and k(h + dim(V N J+) — dim(V' N J+
pe(C, ) = 5 — dim(V 1 g+) 4 FU A dm(V 0 W)L_ m(V'n J7)).
Proof. For any J C Fj, one has
CNMat(J) =CnMat(JNV’) (16)

by Lemma 2.24, since C C Mat(V"). Write JN V" as (JNV) + J', where NV = 0.
This can always be done by letting J’ be the vector space generated by a set of vectors
that, together with a basis of J NV, form a basis of J N V’. Then

CNMat(JNV') = CnMat(JNV +J)=Cn[Mat(JNV)+ Mat(J)]
= Mat(JNV)+CnMat(J).

Since J' NV =0, then
dim(Mat(J N'V) +C N Mat(J')) = dim(Mat(J NV)) + dim(C N Mat(J")).  (17)

Moreover dim(C N Mat(J")) = k- dim(J’) by Lemma 2.23. Combining (16), (2.4), and
(17) one gets

dim(CNMat(J)) = m-dim(JNV)+ k- dim(J")
m - dim(J NV) + k(dim(J NV’') — dim(J NV)).

Therefore
dim(C) — dim(C N Mat(J*
wic.qy — O —dmCO ()
: 1y 3 ! 1
_ s—dim(VnJY) + kE(h 4+ dim(V N J+) —dim(V' N J+))
m
as claimed. The other equality is proved similarly. O]
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3 Sum-Rank Metric Codes and an Application

3.1 Definitions and fundamental Properties

Throughout this section we will consider matrices in the space Fy"*", where n < m.
Hence matrices having more rows than columns. This differs from the setup consid-
ered in Section 1 and 2. In particular, for n < m, rank-metric optimal anticodes in
[y are different from those in F*™. This is accurately pointed out in [30, Section
11.2 and 11.3] through the existence of different notions of support. Concretely we
have that in Fj"*" every optimal anticode of maximum rank 7 is of the form Mat (V)"
for some r-dimensional vector space V' C Fy. It is equivalent to the standard optimal
anticode consisting of the matrices whose last n —r columns are equal to zero. The dif-
ference between considering optimal anticodes in F"*™ and in F;»*" is also described
in [30, Example 11.3.11].

Fix positive integers ¢,nq,...,ns, mq, ..., my such that my > ... > my and n; < m;
for i € [¢]. We writen=mny +...+ny .

Definition 3.1. Let C'= (Cy,...,C) € M, where C; € F**™ for i € [¢(]. We define
the sum-rank weight of C' as

¢
srank(C) = > rank(C;).
i=1

The sum-rank metric is then defined as

d : MxM — N
(C,D) +— srank(C — D).

A linear sum-rank metric code C is an F,-linear subspace of M endowed with the
sum-rank metric. Throughout the paper, we will refer to it simply as a (sum-rank)
code. A code C C M is non-trivial if C # 0. The minimum distance of a code
0#CCMis

d(C) = min{srank(C) : C € C\ {0}}

and the maximum sum-rank distance is
maxsrk(C) = max{srank(C) : C € C}.

Notice that, if we let £ = 1, then C C F;"*™ is a rank-metric code. We refer the
interested reader to [30] for an introduction to rank-metric codes and their invariants.
Ifm =...=my=1,thenC C ]FZ is a linear block code endowed with the Hamming
metric.
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For a square matrix A, let tr(A) denote its trace. Then

Tr : MxM — F,
(D,C) +— St tr(D;0Y)

is a nondegenerate bilinear form. We define the dual of a code as the natural extension
of the dual of a rank-metric code, as defined in [19].
In a similar way we define the dual of a sum-rank metric code C C M.

Definition 3.2. Let C C M be a code. The dual of C is
Ct={DecM:Tr(D,C) =0 forall C €C}.

3.2 Multishot Network Coding

In Section 1.2 we introduced linear network coding in a one-shot variant, i.e. using
the network only once. Therein we described how rank-metric codes are suitable for
error correction in the transmission. The use of sum-rank metric codes for multishot
network coding can be seen as a generalization of it. In multishot network coding
the matrix channel is used several times which leads to idea of using codes consisting
of a list of matrices. A main motivation of multishot network coding is the ability of
detecting more errors when using the channel several times. An example of such a
situation is reported in [55]. N6brega and Uchoa-Filho were the first to propose rank-
metric codes for constructing error-correcting codes for the repeated transmission over
the operator channel [56]. We present the multishot channel model for ¢ uses of the
channel who was introduced in [56]:

YO = A0 pe) 4 g6 (18)

where Y@, A® PG and E® are given as in (4) at every shot i € [£].

We use the same notation as in Definition 1.12 to extend the subspace distance. Denote
by P(X)* the collection of elements of the form (Uy,...,U,) where U; € P(X) for
i€ [/].

Definition 3.3 ( [56]). The extended subspace distance of V = (Vy,...,V;), W =
(Wh,..., W) € P(F)" is given by the function
dgs © PE)! x P(FY)’ — N
(V, W) — i ds(Vi, Wh).

An extended subspace code D is a nonempty subset of P(F Z)é equipped with the
extended subspace distance.

In an analogous way as in Definition 1.13 we define the lifting of a list of matrices.

Definition 3.4. Let Zg : (F;")" — P(Fr")" be given by M = (My, ..., M;)
Ip(M) = (Z(M),..., Z(My)). Let C C (F7>") be a sum-rank metric code, then
the extended subspace code Zg(C), obtained by lifting every codeword of C, is the
extended lifting of C.
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As one may expect the relation between the extended subspace distance and the sum-
rank distance is maintained as in the rank-metric case.

Proposition 3.5 ( [56]). Let C C (F7"*")* be a sum-rank metric code and M, N € C,
then
dps(Ze(M),Zp(N)) = 2d(M,N)

and in particular the minimal extended subspace distance of Zg(C) is twice the minimal
sum-rank distance of C.

The first pioneering construction and decoding of lifted sum-rank metric codes to
use for error correction in multishot network coding was given in [71] by Wachter-
Zeh, Stinner and Sidorenko. In order to create dependencies and to cope better with
difficult error patterns in each shot, a particular family of linear convolutional codes
with unite memory named (Partial) Unit Memory Codes ((P)UM codes) is
proposed. In the following we give an overview of the lifted construction of (P)UM
codes based on generator matrices of Gabidulin codes. For a detailed introduction to
convolutional codes we refer the interested reader to [44].

Definition 3.6. Let R = F,[x] be the ring of polynomials with coeflicients in the field
F,. A convolutional code C of rate k/n is an R-submodule of R" of rank k. A kxn
matrix with entries in R whose rows are a basis of C is called a generator matrix
of C. A generator matrix G(z) is left prime if in all factorizations G(z) = A(x)G(x)
with A(z) € R** and G(z) € R¥*", the factor A(z) is unimodular. We recall that
a matrix V(z) € R** is unimodular if there is a k x k matrix U(x) with entries in R
such that V(z)U(z) = U(z)V(x) = I. We call a generator matrix non-catastrophic
if it is left prime.

Let k and kM) be positive integers such that k1) < k < n and £ > 1 (since we assume
to use the channel more than once). A PUM (n, k, k")) code is a convolutional code
of memory one with non-catastrophic generator matrix

GO G Opsn .. Okxn
G Oklxn G(O) C.}(l) Okscn G]F];;T(f—l)xnf’
Oksxn --- Opxn GO GO

where GO, G € Fhxn,

A unit memory code UM (n, k) has full rank matrices G(*) and GV, whereas a partial
unit memory code PUM (n, k, k™M) has only full rank matrix G® and rank(G()) =
k™). The generator matrix of (P)UM codes presented in [71] has matrices G® and GV
composed by Gabidulin generator matrices as given in Definition 1.17 with different
Frobenius powers (for a detailed construction see Definition 8 in [71]).

By the transposed version of (1), we can consider elements of a convolutional code
C with generator matrix G as a list of matrices C; € F;"*™ for i € [{] of the form
C = (Ci,...,Cy) € C. Let C C (F")" be a Gabidulin based PUM (n, k, k") code
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with codewords (C1, ..., Cy) and let Zg(C) be its extended lifting as given in Definition
3.4. Then the subspace Z(C;) is propagated over the operator channel at shot i for
every ¢ € [¢]. In other words the transmitted matrix at shot ¢ in (18) is given by

PO = (I, ).

There are several distances proposed for determining the error-correction capability
of a convolutional rank-metric code. In Definition 6 [71] the authors use the active
row rank distance for their decoding algorithms. Notice that for non-catastrophic
encoders the minimum of all the active row rank distances coincides with the free
rank distance, which in turn is exactly the minimum sum-rank distance of a linear
convolutional rank-metric code. However it turns out in [46] that the active row rank
distance is not the right distance to consider for the error-correction capability of
convolutional rank-metric codes of arbitrary memory. In fact in the same paper the
authors propose the column sum rank distance given by
j+1
& (C) = min{Zrank(Ci) C=(Cy,...,Cp) eC,C# 0}

i=1

for j € [¢]. It is namely shown there that the column sum rank distance determines
the maximum rank deficiency of the network.

Another contribution to the application of sum-rank metric codes in reliable and se-
cure multishot network coding was made by Martinez-Penas and Kschischang in [50].
The authors provide a coding scheme for error-free communication based on lin-
earized Reed-Solomon codes and a decoding algorithm for sum-rank metric codes with
quadratic complexity.
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4 Optimal Anticodes and MSRD Codes in the Sum-
Rank Metric

Section 4 arises in collaboration with Eduardo Camps Moreno, Elisa Gorla, Elisa
Lorenzo Garcia, Umberto Martinez-Penas and Flavio Salizzoni and introduces optimal
codes and generalized weights in the sum-rank metric.

4.1 Maximal Rank in Cosets of Rank-Metric Codes

In this section we provide lower bounds for the maximum rank of a coset of a rank-
metric code. Our strategy is inspired by that used by Meshulam in [53] and extends
it to cosets of a vector space. In the following we give alternative proofs to the ones
given in [16, Theorem 4, Corollary 2].

We set up the definitions for the rest of the subsection.
Definition 4.1. Let < be the lexicographic order on N x N and let

6 : Fn 5 NxN
M — min_{(i,j): M(i,7) # 0}.

For a collection M = {Mj, ..., My} of matrices in Fy*", we define a matrix M whose
entry in position (i, j) is

. 1 if (i,7) = ¢(My) for some k € [d],
M(i, j) = .
0 otherwise.
Let a line be either a row or a column. Denote by p(M) the minimal number of lines in
M which cover all ones in M. A set of locations of entries in a matrix is independent
if it contains no two locations on the same line.

Konig’s Theorem relates the cardinality of an independent set of locations of entries of
a zero-one matrix to the minimum number of lines containing all the nonzero entries.

Theorem 4.2 (Konig’s Theorem, [40,69]). If the entries of a rectangular matrix are
zeros and ones, then the minimum number of lines containing all the entries equal to
one is equal to the maximum cardinality of an independent set of these entries.

In [53] Meshulam uses Kénig’s Theorem to establish a lower bound for the maximum
rank of a matrix in a given vector space. In this section, we extend Meshulam’s result
from vector spaces of matrices to cosets. We start with a preliminary result.
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Lemma 4.3. Let Dy, ..., D,, A € F*" be such that the first ¢ — 1 rows of D; are zero
and the ith row is e! for all i € [r]. Then there are x1,...,x, € {0,1} such that

rank (A + Z atiDZ) =7
i=1
Proof. We proceed by induction on r. The case r = 1 is trivially true, hence assume
that r > 1. For i € [r — 1] let D, = D;([r — 1], [r — 1]). By the induction hypothesis
there are z1,...,2,_1 € {0,1} such that the matrix A([r — 1], [r — 1]) + X/} ;D) is
non-singular. Since D,(i,j) = 0 for all (¢,7) # (r,r) and D,(r,r) = 1, by expanding
with respect to the bottom row we obtain

r—1 r—1
det (A + > @D+ Dr> = det <A +> a:z-DZ) +

=1 =1

+ (=1)"** det <A(['r’ —1],[r—=1]) + ixﬁ?i) :

i=1
The last summand is nonzero, therefore
r—1

r—1

=1 i=1

cannot both be singular. O]

The next theorem extends the main result of [53] from vector spaces to cosets.

Theorem 4.4. Let A € FI™*" and let M = {M, ..., My} C F*". Then there exist
x1,...,2q € {0,1} such that

rank(A + 1 My + -+ - + xqMy) > p(M).

Proof. Let p(M) = r. By Theorem 4.2 there exist i, ..., € [d] such that {¢(M;,) :
j € [r]} is independent. Let ¢(M;,) = (s;,1;) for j € [r], then both S = {s1,...,s,}
and L = {l1,...,l,} have cardinality equal to r. Let B; = M; (S,L) for j € [r].
We prove the theorem by showing that A(S, L)+ (B, ..., B,) contains a non-singular
matrix. Assume that s; < s3 < --- < s,. Let o be the permutation on [r] such that
lo(1y < -+ <lo@). We denote the jth row of B; by b;.

Clearly the first j—1 rows of B; are zero, b;(s) = 0 for s € [o7(j)—1] and b;(c7(5)) #
0. Let C' € F,*" be the matrix with rows by, ... b.. Notice that C'is non-singular, since
we can obtain an upper triangular matrix with nonzero entries on the diagonal by
permuting the rows of C. Let D; = B;C~! for j € [r]. It easy to check that the first
j — 1 rows of D; are zero and the jth row is e} for all j € [r].

By Lemma 4.3 we have that A(S, L)C~! + -1 T;Dj is non-singular for some
x1,...,x. € {0,1}. Therefore

A(S, L) + Z 2;Bj = (A(S, L+ Z ijj) C

j=1 j=1

is also non-singular. This implies that rank(A + > x; M) > 7. n
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The following lemma will be used in the proof of the next theorem.

Lemma 4.5. Let f: F;*" — F, be a constant linear form on GL,(F,). Suppose that
either » > 1 or ¢ # 2. Then f = 0.

Proof. Since f is linear, there exist a;; € Fy, ¢, € [r], such that

fX)= Y aijmy,

1<i,j<r

for any X = (v;;) € FX". If r = 1 and ¢ # 2, let 1 # o € F;. Then f(a) =
f(1)— f(1 —a) =0, hence f = 0. If r > 1, fix (k,{) € [r] x [r]. Let B = (b;;)
be a permutation matrix such that b;; = 0. Let B =B+ Ey;. Both B and B are
non-singular, so f(B) = f(B). Therefore f(E}),;) = 0 by linearity. Since this is the

case for every (k,l) € [r] x [r], we conclude that f = 0. O

The next proposition is a particular case of the anticode bound for affine spaces over
IFs.

Proposition 4.6. Let n > 2 and m > 2. Let ¥V C F7"*" be an Fy-linear subspace
such that dim(V) = m. Let A € F5"" \ V. Then there exists B € V such that

rank(A + B) > 2.

Proof. 1f rank(A) > 2 the statement is trivially true taking B = 0. Hence consider
rank(A) = 1 and we can assume up to equivalence that A = e; - et.
If maxrk(V) = 1, then V is an optimal anticode and the statement is true.
If maxrk(V) > 2, then there exists B € V with rank(B) > 2 and so rank(A + B) > 2,
since A has rank 1. Therefore, we shall prove the statement for maxrk(V) = 2.
In first instance we suppose that there are two different elements V7, V5, € V of rank
1. Let Vi = vl - wy; and Vo = vk - wy for some vy, vy, € FY and wy,wy € Fy. If
rank(A + V;) = rank(A + V,) = 1, then either v} = e; or w; = €} and either v = e; or
wy = €. If vl = e; and wy = €} we obtain that rank(A+V;+V3) = 2, since Vi, V, # A.
The case w; = €} and v} = e; is treated analogously. Instead, if v! = vl = e;, we have
that

dim (rowsp(A, A+ Vi, A+ Vi + 15)) = 3,

and every matrix in (A4, A+ Vi, A+ V) + V3) has rank 1. Let B € V be an element
of rank two. Then there exists C' € {A, A+ V;, A+ V4} such that rank(C' + B) =
dim(rowsp(C' + B)) > 2. In the case where w; = wy = €} we proceed in an analogous
way using the column space.

Suppose now that in ) there is at most one element of rank 1. Then every lin-
ear combination with an element of maximum rank in ) has again maximum rank.
Hence, since dim(V) > 2, there are two linearly independent elements Bj, By such
that rank(B;) = rank(B;) = rank(B; + By) = 2. Assume that rank(A + B;y) =
rank(A + By) = rank(A + By + By) = 1, then we have without loss of generality that

t t t t t t
By =e1-e]+ex-ey By=e1-€ +vy-we, B+ By=ey-€]+ v5-ws.
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By doing linear combinations of these elements we see immediately that vi # eq,eq
and v} # ey, e5. Moreover,

t t t t
B1+B2:61'€1+U3w3:€2’€2+v2w2,

and therefore,
t t t t
€161+ €3 €y = Vg Wy + Vg W3.

We have that (vh, vt) = (e, e2) The only possibility is that vl = v} = e; + €5, but this
is a contradiction since By = v} - wy + v - w3 has rank 2. O

In the next example we show that the condition m > 2 in Proposition 4.6 is necessary.

Example 4.7. Consider the 2-dimensional subspace V C F3*? given by

v={ 10000
! 0) ¢ V. Then maxpey(rank(A + B)) = 1.

and let A = (0 0

The next theorem generalizes Proposition 4.6 to any ¢. In particular we show that if
AEV, that isif A+ V # V, then every V of dim(V) = mt contains a B such that
rank(A+ B) >t + 1.

Theorem 4.8. Let 0 <t <nandlet YV C ]F(T]”X” be an [F,-linear subspace such that
dim(V) = mt. Let A € ;™ \ V. If either ¢t # 1 or m # 2 or q # 2 or rank(A) # 1,
then there exists B € V such that

rank(A+ B) >t + 1.

Proof. 1If t = 0, then V = 0 and the thesis is readily verified. Suppose that ¢ > 1 and
let M = {M,..., M} be a basis of V. Up to a change of basis, we may assume
without loss of generality that ¢(M;) # ¢(M;) if i # j. In particular, p(M) > ¢. If
p(M) >t + 1, then we conclude by Theorem 4.4.

Suppose that p(M) = t. Up to code equivalence, we may assume that the ¢ lines that
cover ¢(M;) for all i are the first ¢ columns. If ¢ = 1 and rank(A) > 2, then let B = 0.
If t =1, rank(A) = 1 and ¢ # 2 it is trivial, if ¢ = 2 we apply Proposition 4.6.
Suppose now that p(M) =t > 2. For every t + 1 < [ < n and every k € [m| there
exists a linear form fi; € Fylx;; : (4,7) € [m] x [t]] such that

V= (1) € F" c gy = fra(wiy) for all k € [m], 1 € [n] \ [t]}.

Assume that maxpey(rank(A + B)) =t for some A € Fy™". It suffices to show that
A € V. Up to reducing A modulo V, we may assume without loss of generality that
a;; =0 for (i,7) € [m] x [t]. Fix (k,l) € [m] x [n] with [ > ¢+ 1. Let X = (z;;) € V.
We have that

Ty + kg = fra(2ij) + arg
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Let L = [t] and let S be a subset of [m] \ {k} of cardinality ¢. Let z;; =0 for i ¢ S
and j € L. For any choice of (;;)ies jer such that X (S,L) + A(S,L) = X(S,L) is
invertible, one has

0 =21+ ars = fru(Tij) + ary, (19)
since every matrix in (A + V)(S U {k}, L U{l}) has rank smaller than or equal to t.
Lemma 4.5 together with (19) implies that ay;, = 0. This proves that A € V. O

Results on vector spaces are a special case of those on cosets. For example, the
anticode bound for rank-metric codes in (3) is a direct consequence of Proposition 4.6
and Theorem 4.8. If A € V, then A +V =V and there exist linear spaces V C F"*"
such that dim(V) = mt and rank(A) <t for all A € V. These are exactly the optimal
anticodes.

4.2 Anticode Bound and Optimal Anticodes

In this section we prove an anticode bound for sum-rank metric codes. Recently
in [10, Theorem 2.2] a different anticode bound was given for the sum-rank metric.
However, our bound is sharper and the resulting optimal anticodes lead to a definition
of generalized weights that satisfy desirable properties, whereas generalized weights
based on optimal anticodes as in [10] do not recover the minimum sum-rank distance
of the code.

Theorem 4.9 (Anticode bound). Let C C M be an Fj-linear subspace. Then

‘
. < . '
dim(C) < max <; mgank(C)) . (20)
In particular, if m; = ... = my = m, then

dim(C) < mmaxsrk(C).

Proof. We proceed by induction on ¢. If £ = 1, then C is a rank-metric code, the
sum-rank metric coincides with the rank metric, and the statement is the anticode
bound in (3).

Let £ > 1 and 7 be the canonical projection from M onto Fj " x - .. x [Fjre-1xme-1
and let 7, be the canonical projection from M onto Fy**™¢. Define A = 7(C) and
B = 7m(m~1(0)NC) and let C = A x B. Since dim(7~(0)NC) = dim(m, (7~ (0)NC)) =
dim(B), we have that

dim(C) = dim(A) + dim(7~(0) N C) = dim(C).

By the induction hypothesis there is (C,...,Cy_1) € A such that

§ m; rank(C;) > dim(A) = dim(C) — dim(B).

=1
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Let C; € m(C) such that (C4,...,Cy) € C. By Proposition 4.6 and Theorem 4.8 there
is a B € B such that

rank(Cy + B) > {di%mw .

Therefore

-1 '
> myrank(C;) + myrank(C, 4+ B) > dim(C) — dim(B) + my {dlm([p’)"
my

=1

> dim(C).

The element (Cy,...,Cy_1,Cy+ B) is in C, since (C1,...,Cy_1,C) € C and B € B.
This concludes the proof. O

Optimal sum-rank metric anticodes may now be defined as the codes attaining the
anticode bound for sum-rank metric codes.

Definition 4.10. A sum-rank metric code C C M is an optimal anticode if

¢
dim(C) = max (; mirank(C'i)> .
Remark 4.11. In [10], the authors give a definition of r-anticode for r a non-negative
integer. In [10, Theorem 2.2] they establish an upper bound for the dimension of an
r-anticode. For a given C C M and r = maxsrk(C), [10, Theorem 2.2| yields

¢ ¢
dim(C) < max {Z miu; : »_ u; = maxsrk(C), u; < n; for all z} . (21)

i=1 i=1

Notice that our anticode bound is tighter than (21), since for all C' = (C4,...,Cy) € C
there exist uy,...,us € Z such that 3% u; = maxsrk(C) and rank(C;) < u; < n;
for all 7. In particular, all codes that meet bound (21) also meet our anticode bound.
Moreover the bounds are different, as one can easily check by comparing Theorem 4.20
in this paper and [10, Corollary 3.8]. In [10, Definition 2.3], the authors define optimal
anticodes as those that meet the bound (21). In particular, an optimal anticode
according to [10] is an optimal anticode according to Definition 4.10, but the converse
is not true in general.

To clarify the evidence we give an example of the difference between our definition of
optimal anticodes and the one given in [10, Definition 2.3]. In particular note that
optimal anticodes as given in [10, Definition 2.3] are products of copies of the whole
space and of the zero space if r > n;.

Example 4.12. Consider C;,C, C F2*? x F, given by
a 0 : 3
Cl:{((b 0),0).(a,b,c)€IFq}
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and
CQ = FSXQ x 0.

It is easy to check that both C; and Cy attain our anticode bound in (20), whereas C;
is not an optimal anticode in the sense of the bound in (21).

A simple computation allows one to show that if C; C F""*" is an optimal anticode
with respect to the rank metric for i € [¢], then C; x --- x C, € M is an optimal
anticode with respect to the sum-rank metric. Moreover, one has the following.

Proposition 4.13. Let C C M be an optimal anticode and assume that m; = ... =
my = m. Fori € [(] let m; : Ml — F"*" be the canonical projection. The following
are equivalent:

1. C=Cy x -+ xC and C; is an optimal rank-metric anticode for i € [{].
2. maxsrk(C) = 3¢_; maxrk(m;(C)).

Proof. (1) = (2) follows from a simple computation.
(2) = (1) Clearly, C C [I¢_, m(C), so

‘ ‘
mmaxsrk(C) = dim(C) <> dim(m(C)) <> mmaxrk(m(C)).

=1 i=1

Since maxsrk(C) = Y°_, maxrk(m;(C)), we have that
¢
dim(C) = dim (H ﬂi(C)> and dim(m;(C)) = mmaxrk(m;(C)).
i=1

Therefore C = [T, 7;(C) and C; is an optimal rank-metric anticode for all i € [¢]. [

We will prove that optimal anticodes in the sum-rank metric are generated by their
elements of maximum sum rank. We start by proving the result in the special case of
rank-metric anticodes.

Lemma 4.14. Let C C F"*" be an optimal anticode. Then C is generated by its
elements of maximum rank.

Proof. Let t = maxrk(C), then dim(C) = mt. Up to code equivalence we may assume
that C consists of all matrices whose rowspace is contained in (ey, ..., e;)". Therefore
it suffices to prove the statement for C = IF;"”. Let {E;;} i j)emm)xg be the standard
basis of Fy'*!. Let I = Y, E;; € F*'. For each (i,7) € [m] x [t] there exists a
permutation matrix S;; € Fy™*™ such that (S;;l);; = 0. Therefore one can write
E@j = (Si,jf—f—Ei’j) - Si’j], with I‘ELIlk(Sm‘I) = rank(S,;,jI—i—Em) =t. This implies that
{SiiI + Eij, Si I} j)eimix 1s @ set of matrices of rank ¢ which generates IF;””. O

The next observations will be useful in order to extend the result of Lemma 4.14 to
optimal anticodes in the sum-rank metric.
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Lemma 4.15. Let m > 2 and let C C F3"*" be an optimal rank-metric anticode of
maxrk(C) = ¢t. Then every element of C of rank ¢ can be written as the sum of two
elements of C of rank ¢.

Proof. Up to code equivalence we may assume that C consists of all matrices whose
rowspace is contained in (e, ..., e;)". Therefore, it suffices to show that every element
of full rank in F5" can be written as the sum of two elements of F5*** of full rank.
Let C = (c1,...,¢t) be the matrix whose columns are cy,...,c; € Fy'. Assume that
rank(C) = . If t=1,1let C € C\ {C,0}. Notice that C ex1sts since m > 2. Then
C,C + C are elements of rank 1 and C' = C + (C + C). If t is even, then C' = Cy + C,
where

Ci=(aa+c,c,63+ca,¢3,...,¢1+C,0-1),

02 == (CQa C1 + Co,Cyq,C3 + Cqy ..., Cty G + Ct).
If t # 1 is odd, then C' = C} + C5 where

Ci=(c1+co,c3,¢1,¢a+C,Ca,y 000, Co1 + €1y Cron),

02 = (62703 + C2,C1 + C3,Cs5,C4 + Csy-- - Cty Ct1 + Ct)'

Since C; and Cy have the same column space as C, they are in C and they have full
rank. O

Theorem 4.16. Let C =C; x --- x C, € M be a code. Let C; be an optimal anticode
for all ¢ € [¢]. If either my_ 1 > 2 or g # 2, then C is generated by its elements of
maximum sum-rank.

Proof. Let C = (C4,...,Cy) € C be such that

> m; rank(C;) = max (Z m; rank(D; )) .

i=1 bec \i44

Since C is a product, C; is an element of maximum rank in C; for all i € [¢]. If ¢ # 2,
let « € F,\ {0,1}. Then

(O,...,O,C’i,O,...,O) € <(Cl,...,Cg),(cl,...,Cl',l,OéCi,Ci+1,...,Cg)>.

Therefore C is generated by its element of maximum sum-rank, since each C; is gener-
ated by its elements of maximum rank by Lemma 4.14.

If g = 2 and i # ¢, then by Lemma 4.15 there exist C],C! € C; of maximum
rank such that C; = C/ + CY. Let C' = (C4,...,Ci_1,Cl, C+1,...,Cg) and C" =
(01, ey Ci—la C O+1, ey Cg) Then

(0,...,0,C5,0,...,0) € (C",C").

Since C' and (0,...,0,C;,0,...,0) for i € [¢ — 1], belong to the subcode of C generated
by its codewords of maximum sum-rank, then also (0,...,0,Cy) does. Therefore C is
generated by its element of maximum sum-rank. O]
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Example 4.17. For ¢ > 2 and my_; = 1, the code C = 0 x ... x 0 x Fy x Fy is
an optimal anticode, which is not generated by its unique element (0,...,0,1,1) of
maximum sum-rank.

The next result on generating sets of optimal binary anticodes in the Hamming metric
will also be useful.

Lemma 4.18. Let C C F be an optimal anticode of dim(C) = ¢. Then C is generated
by its elements of weight ¢t and ¢ — 1.

Proof. Let G be a generator matrix of C and assume that G is in reduced row echelon
form. Denote by ¢q,..., g the rows of G. Let v = g1 + ...+ ¢g;. Then the vectors

v,V + g1,...,v + gy have weight t — 1 or ¢ and are a system of generators of C, since
gi =v+ (v+g;) for all 7. O
From here on, let m be the canonical projection from M onto Fy'2*"2 x ... x [Fexne

and let m; be the canonical projection from M onto F**"i. The following technical
lemma will be used in the proof of Theorem 4.20.

Lemma 4.19. Let C C M, A = 7(C), B =m (7 (0)NC) and k = max{i € [{] : m; >
1}. Further, let ¢ = 2, > 2 and m; = n; = 2. If dim(B) =2 and A = [[*,C; x C’ for
optimal anticodes C; C Fy"*™ for all i € [k] \ {1} and an optimal anticode C' C F, ",
then one of the followings holds:

(i) B is an optimal anticode.

(ii) Thereis B € B and C = (C4,...,C) € C with
S, mirank(C;) > Y0, m; maxrk(C;) — 1, such that

rank(B + C}) = 2.

Proof. If maxrk(B) = 1, then B is an optimal anticode and we conclude immediately.
Hence maxrk(B) = 2. If / —k < 2 consider (Da, ..., Dy), (Es, ..., E) € A with maxi-
mal rank in each component, such that their sum also has maximal rank in each compo-
nent. Let Dy, By € C; and v,w € C' be such that (Dy,..., Dy, v), (E,..., Ey,w) € C.
If ¢ —k =1 we take v =1 and w = 0, then (Dy + Es,..., Dy + Ei, 1) has maxi-
mal rank in each component. If / —k = 2 we take v = (1,0) and w = (0, 1), then
(Dy+Es, ..., Dy+ Ej, 1,1) has maximal rank in each component. In this way we have
found elements satisfying the condition in (ii).

If there is a rank 0 element among Dy, Fy, and D; + E; then we conclude by taking B
of rank 2. If there is a rank 2 element among Dy, F; and D; + E; then we conclude
by taking B = 0. If Dy, Ey, D1 + Ej all have rank 1, then either (Dy, E1) N B # 0, or

(D1 + B) U (Ey + B)U (D + By + B)| =3 |B| = 12,

but in F2*? we have only 9 elements of rank 1.
Let ¢/ — k > 2. Let G be a generator matrix of C" and assume that G is in reduced
row echelon form and that dim(C’) = ¢. Let ¢1,..., ¢, v be given as in Lemma 4.18.
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For every i € [t], there exists G% € F3*? such that G = (G%,0,...,0,g) € C. If
for every i € [t], Gi € B, then we proceed as in the case | — k < 2. Therefore,
without loss of generality, assume that G} ¢ B. Let C = (C},0,...,0,v) = YI_, G
and D = (Dq,Ds,..., Dy, 0,...,0) such that D; has maximum rank in C; for every
i € [k]\ {1}. Note that D + C and D + C + G' satisfy the condition in (ii). If
Dy + Cy,Dy + Cy + G} ¢ B, then since G} ¢ B, we have that

(D1 +Ci+ Gy +B)N (D + C1 + B) =0,

and

(D1 +C,+Gi+B)U (D, +C,+B) N (G, B) = 0.

Hence
(D1 +Cy +Gi+B)U (Dy + C, + B)U (G, B)| =3+ |B| = 12,

and again we observe that there are 9 elements of rank 1 in F3*2. Therefore, since in
(G4, B) there are at least two elements of rank 1, in (D; +Cy +G1 +B) U (D; +C, + B)
there must be at least an element of rank 2. ]

In the next theorem we show that the optimal anticodes in the sum-rank metric are
products of optimal anticodes in the rank metric and an optimal anticode in the
Hamming metric.

Theorem 4.20. Let & = max{i € [¢{] : m; > 1}. A code C C M is an optimal
anticode if and only if there is an optimal anticode C' C ]Ff;_k and optimal anticodes
C; C Fmix for all i € [k] such that C =[]}, C; x C'.

Proof. Assume that C' C Ff;*k is an optimal Hamming-metric anticode and C; C """
are optimal rank-metric anticodes for ¢ € [k]. It is straightforward to prove that
C =TI¥,C; x C" C M is an optimal anticode. Further, the statement of the theorem
holds for m; = ... = my; = 1. Therefore, we may assume that m; > 1, hence also
k > 1. We proceed by induction on ¢. For ¢ = 1, the theorem holds trivially.

We suppose that the theorem holds for ¢ — 1 and we prove it for £ > 1. Let A = 7(C),
B=m(m"10)NC), and C = B x A. As in the proof of Theorem 4.9, we have

¢
dim(C) = dim(B) + dim(A) < my rank(Cy) + > m; rank(C;), (22)
=2
where (C1,...,Cy) € C, (Cy,...,Cy) maximizes 3, m; rank(C;) on A, and
my rank(Cy) > dim(B). Since (C1,Cs,...,Cy) € C and C is an optimal anticode, (22)
is an equality. In particular,

¢
myrank(Cy) = dim(B) and Y m;rank(C;) = dim(A). (23)
i=2
This proves that A is an optimal anticode. Therefore, by the induction hypothesis,
there is an optimal anticode C' C Fé‘k and optimal anticodes C; C F;”"X”i for2<i<k
such that A =[1%,C; x C'.
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We claim that C; € B. In fact, if C; € B and either dim(B) # 2 or m # 2 or ¢ # 2 or
n # 2 or rank(C}) # 1, then by Theorem 4.8 there exists B € B such that

rank(Cy + B) > dim(B)/m; = rank(C; + B).

Since B € B, then (C} + B, (5, ...,Cy) € C. However, this contradicts the optimality
of C, since m; rank(Cy + B) + X¢_, m; rank(C;) > 2L, m; rank(C;) = dim(C). Since
C) € B, then C} + B € B, hence B is an optimal anticode by (23). If dim(B) = 2,
m=mn=2,q=2,rank(C}) = 1 by Lemma 4.19, if B is not an optimal anticode, then
there exists B € B and C = (C4,...,Cy) such that

¢
myrank(Cy + B) + > m; rank(C;) > 4 + dim(A) — 1 > dim(C) + 1.

=2

This is a contradiction, since C is an optimal anticode. We conclude that also in this
case B is an optimal anticode.

In order to conclude the proof, it suffices to show that C = B x A. Since C D B x 0, it
suffices to show that C © 0 x A. If either K > ¢ — 1 or ¢ # 2, then 0 x A is generated
by its element of maximum sum-rank by Theorem 4.16. Since these belong to C, we
have that 0 x A C C. Therefore, assume that £ </ —2 and ¢ = 2. Let 2 <i < k. By
Lemma 4.15, if C; € C; is an element of maximum rank, then C; = D; + D, for some
D;, D; € C; of maximum rank. Hence

(0,...,0,C;,0,...,0) = (0, Ds, ..., Dy, D)+ (0,D),..., D, D)

where D; = D} € C; is an element of maximum rank for any j € {2,...,k} \ {i} and
D is an element of maximum rank of C’. Since (0, Ds, ..., Dy, D), (0,D5, ..., D;, D)
are elements of maximum sum-rank in 0 x A, they belong to C. This proves that, for
any 2 <1 < k, if C; has maximum rank among the elements of C;, then

0,...,0,C;,0,...,0) € C. (24)
Since C; is generated by its elements of maximum rank by Lemma 4.14, then
O0x...x0xC;x0x...x0CC

for all 2 <¢ < k.

In addition, it follows from (24) that (0,...,0,D) € C for any D € C' of maximum
Hamming weight. We claim that 0 x ... x 0 x C’' C C. Let t be the maximum weight
of a codeword in C’ and let D’ € C' be an element of weight ¢ — 1. By Lemma 4.18
it suffices to show that (0,...,0,D’) € C. Let (Ds,..., Dy, D’) € A with rank(D;) =
maxrk(C;) for 2 < i < k. Let D; be such that (D, Ds,..., Dy, D') € C. Since
0XCyx...xCrx0CC,then (Dy,0,...,0,D") € C. If D; € B the claim follows, since
(D1,0,...,0) € Bx0CC. If Dy € B, then by Theorem 4.8 there exists B € B such
that rank(B + D;) > maxrk(B) + 1. Then the element (B + Dy, Ds,..., Dy, D') € C
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has sum rank

k
my rank(B + Dy) + »_ mjrank(D;) + wt(D') >

i=2

k
my (maxrk(B) + 1) + > mjmaxrk(C;) +t — 1 =

Jj=2

dim(C) +m; — 1 > dim(C),

where wt(D') denotes the Hamming weight of D’, and the inequality follows from
the assumption that m; > 1. This contradicts the assumption that C is an optimal
anticode, completing the proof of the claim and of the theorem. n

The next result is an easy consequence of Theorem 4.20.

Corollary 4.21. Assume that either ¢ # 2 or my_o > 2. An F,-linear space C C M is
an optimal anticode if and only if for all 4 € [¢] there is C; C F{**™ optimal anticode
such that C = [T, C;.

Proof. By Theorem 4.20 C = [[{_; C; x C’, where C' C F-™* is an optimal anticode,
k = max{i € [(] | m; > 1}, and C; C F{"*™ are optimal anticodes for all i € [k]. If
q # 2, then C' is a product of zeroes and copies of F, by [61, Proposition 9]. If ¢ = 2
and ¢ — k < 2, the same is true by direct inspection. O

We conclude this section with a proof that the dual of an optimal anticode in the
sum-rank metric is an optimal anticode, if ¢ # 2 or my_o > 2.

Proposition 4.22. Let ¢ # 2 or my_o > 2. Then A C M is an optimal anticode if
and only if A+ C M is an optimal anticode.

Proof. The dual of an optimal anticode in the rank-metric is an optimal anticode
by [62, Theorem 54]. The result now follows from Corollary 4.21, after observing that
the dual of a product is the product of the duals. O

Notice that Proposition 4.22 cannot be extended to the case ¢ = 2 and m,_5 = 1, since
for n > 3 there exist optimal anticodes in F§ whose dual is not an optimal anticode.

Example 4.23. Let n > 3 be odd and let C C F7 be the even-weight code. Then C
is an optimal anticode and its dual C* is the repetition code, which is not an optimal
anticode.

4.3 Isometries

In this section we characterize the linear isometries of M and use them to define a
notion of equivalence between sum-rank metric codes. In the next section we define
and study generalized weights and show that they are equivalence invariants. With
our notion of equivalence, we also obtain that an optimal anticode is equivalent to a
product of standard optimal anticodes in the rank metric.
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Definition 4.24. An F -linear isometry ¢ in the sum-rank metric is an F,-linear
homomorphism of M such that srank(¢(C')) = srank(C) for all C' € M. Two sum-rank
metric codes C,D C M are equivalent if there is an F,-linear isometry ¢ : M — M
such that ¢(C) = D.

Recall that every [ -linear isometry in the rank metric ¢ : F7**" — F/**" has the form
P(A) = MAN, or (A) = MA'N if m = n, for some M € GL,,(F,) and N € GL,(F,)
as given in Theorem 1.4. This allows us to characterize the [F -linear isometries in the
sum-rank metric as follows.

Theorem 4.25. Let ¢ : M — M be an [ -linear isometry. Then there is a permu-
tation

o: ] — [{]

with the property that o(i¢) = j implies m; = m; and n; = n; and there are rank-metric
Fg-linear isometries 1; : Fy'*™ — ™ for i € [£] such that

@(Clv R Cf) = (wl(CU(l))v s 7¢€(CU(€)))
for all (C,...,Cy) € M.

Proof. For i € [(], let M; = 0 x ... x 0 x Fr>™ x 0 x ... x0 C M where the ith
component is the only nonzero one. Let {(0,...,0, Ey;,0,...,0)}ki)eimixm] be the
standard basis of M;. Then

srank(p(0,...,0, E;;,0,...,0)) =1

for all (k,1) € [m;] x [n;], implying that ¢(0,...,0, Ex,,0,...,0) has only one nonzero
component for each choice of k£ and [, say 4x;. Further, we notice that for a given
ke [ml]

srank (go <O,...,O,ZE;€J,O,...,O>> =1, (25)
=1

and similarly for a given [ € [n;] we have that

srank ((p (0,...,0,ZE,€J,0,...,0>> =1. (26)
k=1

By (25) we have that

srank (Z 90(07 s >Oa Ek,laoa s 70)> = 17

=1

implying that i;; does not depend on k. The same argument together with equation
(26) shows that i;; does not depend on [ either. It follows that for all ¢ there is a j
such that p(M;) C M;. Since ¢! is a linear isometry and M; C ' (M;) C M/ for
some j', it follows that ¢ = j and M; = ' (M;), i.e. ¢(M;) = M;. In particular, the
map that sends i to j is a permutation of [¢], which we denote by o~!. Note that M;
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and M; have the same weight distribution if and only if m; = m; and n; = n;. To see
this just note that ¢ is a surjective map.
Therefore

M; - Mz Mj

—
(0,...,0,C,0,...,0) —> (0,...,0,4;(Cy),0,...,0)

¥

for j = o~'(i) and for some linear rank-metric isometry 1; : Fg"”" ™" — Fg? ™. Hence
by linearity
Y M — M
(Cb SRR C@) — (w1<0¢7(1))a < 7¢Z(Ca(ﬁ)))-
O

The next corollary is immediate, after observing that every optimal anticode in the
rank metric is equivalent to a standard optimal anticode, see e.g. [30, Section 3].

Corollary 4.26. For i € [(] let A; C F"*™ be an optimal anticode and let A =
A x -+ x Ay C M. Then A is equivalent to

Bk | k€ [mi], 1 € [u]),

i=1
where u; = maxrk(A;).

It is natural to ask whether a result along the lines of the MacWilliams Extension The-
orem holds in the sum-rank metric. It is clear that, since we do not have a MacWilliams
Extension Theorem for rank-metric codes, we also cannot have a MacWilliams Exten-
sion Theorem for sum-rank metric codes. Moreover, in the sum-rank metric we have
more pathologies than just those coming from the rank metric, as the next examples
show.

Example 4.27. Let { =3, m;y =ny =3, my = m3 =no =n3 = 1. Let

a 0 0
C= 00 0f,bc|:abcel,
0 00
and
a 0 0
D = 0 b ,0,0] :a,b,ceF,
00
Then ¢ : C — D defined as
a 0 0 a 0 0
el10 0 O0),b,cl=110 b 0],0,0
0 00 00 ¢

is an F,-linear isometry between C and D, which does not extend to an IFy-linear
isometry of Ml by Theorem 4.25.
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Example 4.28. Let ¢ =2, m; =n; = mo = ny = 2. Let

c~{( 96 )-waosen)

Then ¢ : C — C defined as

(606 )-(6 26 9)

is an F,-linear isometry between C and itself, which does not extend to an [ -linear
isometry of Ml by Theorem 4.25.

4.4 Generalized Weights

In this section we define generalized weights in the sum-rank metric and establish
some of their basic properties, including a weak monotonicity along the lines of the
corresponding result for rank-metric codes. In addition, we prove that they satisfy
Wei’s Duality if m; = ... = my. For general m;’s, we show by means of an example
that the generalized weights of a code do not determine those of its dual, hence Wei’s
Duality cannot hold.

Definition 4.29. Let C C M be a sum-rank metric code. For each r € [dim(C)], we
define the r-th generalized sum-rank weight of C as

d,(C) = min{maxsrk(A) : A = A; x --- x A, where A; C "™
are optimal anticodes and dim(C N .A) > r}.

Notice that if m; = --- = my = m, then

1
dT(C) = %mln{dnn(/l) A= -Al X X AE where .Al C F;nxni
are optimal anticodes and dim(C N A) > r}.

(27)

Remark 4.30. We could have defined d,(C) to be
d.(C) = min{maxsrk(A) : A an optimal anticode and dim(C N.A) > r}.

For either ¢ # 2 or my_y > 1 we have that d,(C) = d..(C) as, by Corollary 4.21, A is an
optimal anticode if and only if A = A; x --- X Ay for A; optimal anticode in Fg'*".
In the case ¢ = 2 and my_o = 1 one has

d.(C) < d.(C).

Notice moreover that d,(C) recovers the Hamming weights, while d/(C) does not. See
also the example following Theorem 10 in [61].
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Remark 4.31. It follows from the definition that the generalized weights are invariant
under code equivalence.

As an example, we compute the generalized weights of optimal anticodes.

Example 4.32. For i € [(] let A; C F"*™ be an optimal anticode and let A =
Ay x - x Ay € M with dim(.A4;) = m;u;. By Corollary 4.26 and the previous remark,
d,(A) = d.(A") for r € [dim(A)], where A" = [T°_,(Ex; | (k,1) € [mi] x [w]). Let

JE),0<6<u;—1, 7 =" mju; +m;6. Then
dr,«Jrl(A) =... :dTerj(A) :U1++'Ll,],1—|—(5+1

In the next proposition we establish some basic properties of generalized weights.
Notice that in the case m; = ... = my one gets inequalities of the same form as those
in [61, Theorem 30].

Proposition 4.33. Let 0 4 C C D C M, then
1. d,(C) =d(C),

(C) <

+(C)

4. ddim(c)(c> <ng+---+ny,

2. d ds(C) for 1 <r < s <dim(C),
d d,(

v

+(D) for r € [dim(C)],

5. dr+n1m1+~-+nj71mg‘71+5mj (C) > dr(c) tn Attt 0
for j € [(],r € [dim(C) — (nymq + -+ - + nj_1m;_; + om;)] and 0 <6 < n; — 1.

Proof. 1. Let C = (Cy,...,Cy) € C be an element of minimum sum-rank. Let
A; be an optimal anticode of dim(A;) = m;rank(C;) containing C; and let
A=A x---xAy. Then CNA # 0, hence d;(C) < d(C). To prove that they are
equal, observe that if A’ is an optimal anticode with maxsrk(A’) < d(C), then
CNA =0.

2., 3. and 4. follow directly from the definition.

5. Let s = r +nymy + -+ nj_ymj_y + 0m;. Let A = A x - x Ay be an
optimal anticode such that dim(C N.A) > s and ds(C) = maxsrk(.A). For i € [{],
write dim(A;) = m;u;. Then ds(C) = uy + ... +ug > ny +--- +nj_1 + 9, since
my > -+ > my and

¢
Zmiui =dim(A) > dim(CNA) > s >nymy + - +nj_1mj_1 + om;.
i=1

Let vy,...,v, be such that ny +---+n;_1 +0 = v; + - + v, and v; < w;
for i € [¢]. We have that nymy + --- + nj_ym;j_1 + dm; > vimy + - - + vymy,
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since my > --- > my. For all i € [{] there exist optimal anticodes A, C A; of
dim(A}) = m;(u; — v;). Let A" = A} x -+ x A}, then
dim(CNA") > s — (vymy + -+ + vemy)
> s — (nmimy + - +nj_1mj_q + 0m;)

=r

hence

d,(C) < zé:(ui—v,-) = d,(C) = (ny+ -+ +nj_1+0). O

From parts 4. and 5. of Proposition 4.33, we easily obtain the following Singleton-type
bound.

Corollary 4.34. Let j € [(],0<§d <n; —1,0<s<m; —1, and let C C M be a

non-trivial code of .
i

dim(C) = Z min; + om; + s.

i=1

Then ,
d(C)SZni—(S—i—{ 1 ifs=0

= 0 otherwise.

The next lemma will be useful in Section 4.5 for computing the generalized weights of
an MSRD code.

Lemma 4.35. Let C C M be a code and let k € [¢], r +my, € [dim(C)]. If

k-1
dr—l—mk (C) > Z n;
i=1

then
dr—&-mk (C) > dr(c) + 1

Proof. Let A= Ay x---x Ay be an optimal anticode such that maxsrk(A) = d;4m,, (C)
and dim(C NA) > r +my. We claim that there exists £ < j < ¢ such that A; # 0. In
fact, if this were not the case, then

k-1
> n; > maxsrk(A) = dym, (C).

i=1
Let A" C A be an optimal anticode such that
dim(A") = dim(A) —m; and maxsrk(A’) = maxsrk(A) — 1.

One has
dim(CNA") > dim(CNA) —m; > r+my —m; >,

hence
d.(C) < maxsrk(A’) = dyym, (C) — 1.
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The next theorem extends Wei’s Duality Theorem [73, Theorem 3] and [61, Corollary
38]. Let my = ... =my = m and let C C M be a sum-rank metric code. For any r € Z
define

W.(C) =A{dy+sm(C) : s € Z,r + sm € [dim(C)]},

W, (C)={n+1—-dsu(C):s€Z,r+sme [dim(C)]}.

The same arguments as in [61, Corollary 38] together with Proposition 4.33 prove the
next theorem.

Theorem 4.36. Let m; = ... = my = m, r € [m], and let C C M be a sum-rank
metric code. Then

Wr (CL) = [n] \Wr+dim((,’) (C)
In particular the generalized weights of a sum rank metric code C determine the gen-
eralized weights of C*.

The next example shows that the generalized weights of a code do not determine those
of its dual for arbitrary m;’s.

Example 4.37. Let C;,Cy C F3*! x F3*2 be given by

Cl =0 x ngQ
“ c d

Cy = b, - (a,b,c,d) € F3
0 0 0

One can check that di(C;) = d2(C;) = 1 and d3(C;) = dy(C;) = 2 for i = 1,2. The
corresponding duals

Cr =Tt %0

0
Cy = 0 ,(2 2) : (a,b,c) € F3
a

have different generalized weights, as d3(Ci) = 1 and d3(C5-) = 2.

Remark 4.38. Notice that the first code in the previous example is an optimal an-
ticode, while the second one is not. Therefore, the example also shows that in the
sum-rank metric there exist codes which have the same dimension and generalized
weights as an optimal anticode, without being one. This is in contrast with codes en-
dowed with the rank metric or the Hamming metric, where a code which has the same
dimension and generalized weights as an optimal anticode is an optimal anticode.

Remark 4.39. There is another simple situation in which the generalized weights
of the dual code are determined by numerical data on the original code. Let C =
C; X ... x Cy, then the generalized weights of C satisfy

d,(C) = min {f; d,.(C;) - fj ri=r,1; € [dim(Cz-)]} .

=1
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The generalized weights of the rank-metric codes Cy, ..., C; determine those of
Ci,...,C#, hence they determine the generalized weights of C*.

We conclude this section with a result on the weights of a code which is I m-linear or,
more generally, [ x-linear.

Let k = ged{my,...,me}. If k| m; for all i € [€], then Fm, x --- x Fif, is a vector
space over Fe. For i € [€], let I'; = {714,...,Vm,i} be a basis of Fgm; over F,. For
every w € Fih, define I';(w) € F'*™ via the identity

For every v = (v1,...,v¢) € Fyhy x -+ x Fih,, define I'(v) € M as
(L'(v))i = Li(wy).

Let V C Fyn, x -+ x Fif, be a vector space over Fr. The set I'(V) = {I'(v) : v € V}
is the sum-rank metric code associated to V with respect to {I'y,...,Is}. We say that
I'(V) is Fr-linear, see also [30, Definition 11.1.3].

In the next theorem we extend the result in [61, Theorem 28] to the sum-rank metric
case. The statement in particular applies to Fym-linear codes in the case when m; =

. =My =M.
Theorem 4.40. Let k = ged{my,...,m} and let V C Fjh, x --- x Fn, be an
Fyi-linear vector space with dimg , (V) = ¢. If m; > n; for i € [(], then

dir1(T(V)) = ... = dir11)(D(V))
for 0 <r <t

Proof. For ease of notation we write C for I'(V). By Proposition 4.33, di,11(C) < ... <
dir4+1)(C). Therefore it suffices to show that di,+1(C) = di(r41)(C). Since m; > n; for
i € [{], Ais an F-linear code and so C N A is also Fr-linear. Since the dimension
over [, of an Fi-linear vector space is divisible by k, if dim(C N.A) > kr + 1, then
dim(C N A) > k(r + 1). Therefore we conclude that di,41(C) > dy(r11)(C). O

Remark 4.41. Although the condition that m > n is missing in the statement of [61,
Theorem 28], it is necessary for the result to hold. In fact, [29, Example 6.15] is a
counterexample to the statement of [61, Theorem 28] for square matrices.

4.5 Singleton-type Bound and MSRD Codes

In this section we define MSRD and r-MSRD codes, and compute their generalized
weights.

Notation 4.42. For ;i € [n] we denote by A(yu) the set of optimal anticodes of the
form A = A; x ... x Ay € M, with A; C F**™ an optimal anticode for all i € [{] and
maxsrk(A) = ¢ maxrk(A;) = pu.
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The next lemma is immediate.

Lemma 4.43. Let p € [n] and write p = Y12 {n; +6 = Y0, n; + & for some
g, L€ [0, ¢ € [n;], and 0" € [y]. Then

¢
min (dim(A)) = min; +0'm
i (@) = > z
and
j-1
AIgg(};)(dim(A)) = ; min; + om;.

Moreover, if

i )(dlm(A)) = Aglgé)(dlm(A)),

then either y =n or my = ... = my.

Notation 4.44. Let p1 € [n] and write g = )= n;+6+1, 0 < § < n;—1. Throughout
the section, we denote

r, = max (dim(A min; + (0 + 1

B Aea(p) Z Jm;

The Singleton bound for rank-metric codes was first proved in [19, Theorem 5.4]. A
Singleton bound for sum-rank metric codes was established in [11, Theorem 3.2], for
codes which are not necessarily linear. Our next theorem generalizes the previous
results in the case of linear sum-rank metric codes.

Theorem 4.45. Let C C M and let r € [dim(C)]. Let j € [¢(] and 0 < § < n; — 1 be

such that
j—1

i=1
Then

¢
dim(C) <> mun; —mid +r — 1. (28)

Proof. Let A; = ™ for i € [j — 1], let A; C Fy? ™" be an optimal anticode of
dimension dm;, and let A; =0 for j+1<i < /. Let A= A4; x--- x Ay, then

dim(CNA) <r—1.

Therefore

j—1
dim(C) + > myn; + m;é —r + 1 < dim(C) + dim(A) — dim(C N A)

i=1

¢
=dim(C+ A) <> myn,.

=1
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Theorem 4.45 yields upper bounds on all the generalized weights of C.

Corollary 4.46. Let C C M and let r € [dim(C)], j € [{], and 0 < § < n; — 1 be such
that dim(C) > Zf:j m;n; —m;0 +r. Then

j—1

d,(C) < S ni+6.

i=1
In particular, if dim(C) = Zf:j m;n; — dm;, then

j—1
di(C) < ... <dp,(C) <D i+ 6+1.
i=1
Corollary 4.46 suggests the following definition of MSRD code. The same definition
was given in [11, Definition 3.3] for codes which are not necessarily linear.

Definition 4.47. A linear code C € M is MSRD if there exist j € [¢/]and 0 < § < n;—1

such that
j—1

¢
d(€)=>_n;+d+1 and dim(C) => mn; — om;.
i=j

i=1

Next we study some properties which are closely related to being MSRD.

(C0) For any optimal anticode A of maxsrk(A) = d(C) — 1 and dim(A) = d(e)—1 One
has C + A = M.

(C1) The code C has dim(C) = Zf:j m;n; —m;6 and for any A optimal anticode of
maxsrk(A) < 3771 n; + 3§ we have CN A = 0.

(C2) For any A € A(d(C)), let k = max{i € [¢(] : A; #0}. Then
dim(C N A) > my,.

(C3) The code C has d(C) +d(C*t) =n + 2.

It is clear that being MSRD is equivalent to satisfying (C0). We now show that it is
also equivalent to satisfying (C'1).

Proposition 4.48. Let j € [(] and 0 < § <n; — 1. Let 0 # C C M, then C is MSRD
if and only if it satisfies (C'1).

Proof. Suppose that C is MSRD of dim(C) = Zf:j m;n; — om;. Let A be an optimal
anticode of maxsrk(A) < d(C) — 1. Then C N A = 0 since, for every 0 # C' € C, one
has srank(C') > d(C) > maxsrk(A), so C' & A.

Suppose now that C satisfies (C'1). Then d(C) < $J={ n; + 6 + 1 by Corollary 4.46.
Let C = (Cy,...,Cy) € C. For every i € [(], there is an optimal anticode A; C Fy*™
of dim(A4;) = m;rank(C;) which contains C;. Therefore A = A; x ... x A, is an
optimal sum-rank metric anticode of maxsrk(.A) = srank(C') which contains C'. Since
CN A # 0, we have that maxsrk(A) = srank(C) > Y72/ n; + 6 + 1, therefore C is
MSRD. O
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Proposition 4.49. Let 0 # C C M and write its minimum distance as d = d(C) =
S ni4+ 641, where j € [(] and 0 < § < nj — 1. For S C [n], denote by F,[S] the
set of elements of Ml which are zero outside of the columns indexed by S. For any
d<h<n,let S, =[d—1]U{h}. The following hold:

1. C is MSRD if and only if for any d < h < n we have
dim(C NF,[Sh]) = my
where k = max{v : V" !'n; < h}.
2. If C satisfies (C2), then C is MSRD.
Proof. 1. Assume that C is MSRD and let d < h < n. We have

dim(C NF,[Sy]) > dim(C) + dim(FF,[S,]) — mel

¢ -1 ¢
=Y myn; — omy + Y myn; + omy +my — > mn;

= My.

Conversely, suppose that for d < h < n one has dim(CNIF,[Sy]) > mg. Let d < h' < mn,
h # h'. Then

dim(C N F,[Sy] N Fy[Sw]) = dim(C N F,[[d — 1]]) = 0

hence

n 12
dim(C) > > dim(C NF,[Sh]) > > min; — dm;. (29)
h=d i=j
Theorem 4.45 implies that (29) is an equality, hence C is MSRD.
This proves that C is MSRD if and only if dim(C NTF,[S,]) > my, for all d < h < n.
Notice moreover that (29) and Theorem 4.45 imply that, if dim(C NF,[Ss]) > my, for
all d < h < n, then in fact dim(C NF,[Sy]) = my for all d < h < n. This concludes
the proof of the first part of the statement.
2. Suppose that C satisfies (C2). For any d < h < n, letting A = F,[S] € A(d), one
has that dim(C NIF,[Sy]) > m. As shown in 1., combining (29) and Theorem 4.45 one
obtains that C is MSRD. O

The next examples show that there exist nontrivial codes which satisfy property (C2)
and that not every MSRD code satisfies (C2).

Example 4.50. In F5*? x Ty, let

e=((lo o)) (6 1) 2)-(6 o))

We have d(C) = 2 and C satisfies (C2).
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Example 4.51. Let C C F3*3 x F2*% x Fy x Fy x Fy be given by

100 001
C:< 010 (é 2),1,1,0 A1 01 <§) 1),0,1,1 >
001 010

The code C has dimension 2 with d(C) = 7, hence it is an MSRD code. Consider now
the optimal anticode

A= <Ei,17Ei,2 1€ [3]) X F§X2 X [y x g x .
We have maxsrk(A) =7 and AN C = 0. Hence C does not satisfy (C2).

Proposition 4.52. Let C C M be a non-trivial code. Then C satisfies (C3) if and
only if both C and C* are MSRD.

Proof. Write dim(C) = Zf:j m;n; — ém; — s for some j € [¢], 0 < § < n; — 1, and
0 < s <m; — 1. By Corollary 4.46

j—1

di(C) <> ni+6+1. (30)
i=1
Moreover, dim(Ct) = dim(M) — dim(C) = 372) myn; + dm; + s, which by Corollary
4.34 implies that
1 ifs=0

0 otherwise. (31)

14
dl(CL) S an - (5+ {
=]

Therefore
n+2 ifs=0
n+ 1 otherwise.

d(C) +d(ch) < {

If C satisfies (C3), then s = 0 and both C and C*+ are MSRD. Conversely, if C and C*
are MSRD, then s = 0 and both (30) and (31) are equalities. It follows that C satisfies
(C3). O

In the next proposition we prove that, if m; = ... = my, then properties (C2) and
(C3) are equivalent to being MSRD.

Proposition 4.53. Let C C M be a non-trivial code. If m; = ... = my; = m, then
both (C2) and (C'3) are equivalent to being MSRD. In particular, the dual of an MSRD
code is MSRD.

Proof. Let C C M be a non-trivial code. If C is MSRD, then it satisfies (C3) by [11,
Theorem 6.1]. If C satisfies property (C3), then it is MSRD by Proposition 4.52.

If C satisfies (C2), then it is MSRD by Proposition 4.49. We now prove that if C is
MSRD, then it satisfies (C2). Let A € A(d(C)), then

dim(C) + dim(A) < mn + dim(C N A).
Hence by Lemma 4.43 we have
mn +m < mn + dim(C N A),
so C satisfies (C2). O
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Moreover, one can prove that (C3) defines a trivial family of codes, unless m; = --- =
my. Notice that this shows in particular that the dual of a non-trivial MSRD code can
never be MSRD, unless m; = --- = my.

Proposition 4.54. If there exists a non-trivial code C C M that satisfies (C3), then
my = =my.

Proof. Write d(C*) —1 = YFn; 4 ¢ for some k € [{] and 0 < ¢ < ny — 1. Since
d(C) +d(C*) — 2 =n we find that

7—1 ¢
dC)—1=>"n+6=> ni—e¢ (32)
=1 i=k

for some j € [¢(] and 0 < § < n; — 1. Since C and C* are MSRD by Proposition 4.52,
one has
¢ k-1
dim(C) = > nym; — ém; = nym; + emy, = dim(M) — dim(C*). (33)
i=j

i=1
Lemma 4.43, together with (33), implies that

max{dim(A(d(C) — 1))} = min{dim(A(d(C) — 1))},
which by Lemma 4.43 implies that m; = -+ = m,. O

In the remainder of this section, we study the generalized weights of MSRD codes and
propose a definition of ~~-MSRD codes, analogous to that of »-MRD codes. The next
theorem states that the generalized weights of an MSRD code are determined by its
parameters. This generalizes similar results for MDS codes in the Hamming metric
and MRD codes in the rank metric. We postpone the proof, since in Theorem 4.60 we
will prove a more general result.

Theorem 4.55. Let C C M be an MSRD code and write d(C) = >7-} n; + 6 + 1 for
some j € [(]and 0 < § <n;—1. Let d(C) < h <nandlet k = max{v : S/ 'n; < h}.
Let r € [dim(C)] be of the form

T=Th = Tdey-1 — M + 1.

Then
dr(c) == dr-f—mk—l(c) = h.

Remark 4.56. One can also write down the generalized weights computed in Theorem
4.55 as follows. Let j € [(], 0 < < n; — 1, and let C € M be an MSRD code with
d(C) = Z{;ll n; + 6+ 1 and dim(C) = Zf:j min; — ém;. Write

k—1

h=> ni+e+1
i=1
where £ > j. Since d(C) < h < n, one has that 6§ < e < n; —1if k = j, and
0<e<mng—1if k> j. Then

B (e—0)m;+1 iftk=j,0<e<n;—1,
"= (nj—5)mj+2f:_j1+1mmi+€mk+1 iftj<k<l 0<e<n,—1
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Remark 4.57. It follows from Theorem 4.55 that both bounds in the statement of
Theorem 4.45 are met for r € [dim(C)] of the form r = 1,m;+1,...,(n;—6—1)m;+1,
and

k—1
r=(n; —9d)m; + Z myn; +emy + 1
i=j+1

with j <k </land 0 <e<n,—1.
Remark 4.58. Let dy(C) = 0 and dgim(c)+1(C) = n+ 1. Theorem 4.55 states that, for
any d(C) < h <n and r of the form r = r, — Tdey—1 — Mk + 1, we have

d—1(C) <d,(C)=...=dyiy—1(C) < dyim, (C).

Inspired by Remark 4.58 and by the definition of »-MRD codes, we define a notion of
r-MSRD code as follows. Notice that being 1-MSRD is equivalent to being MSRD.

Definition 4.59. Let j € [(], 0 <0 < n; — 1, and let C € M be a code of dim(C) =
Zf:j min; — om;. Define dpyax = Zf;ll ni+0+1, let dpax < h <n and

T=Tp—Tg mg + 1,

max_1 -
where k = max{v : YY" !n; < h}. We say that C is ~-MSRD if
d.(C) = h.

We conclude this section by showing that, if C is ~-MSRD, then C is »-MSRD for all
r" > r, where r,r’" are integers of the form given in Definition 4.59. This observation
allows us to compute the generalized weights of an r-MSRD code. Since an MSRD
code is 1-MSRD, the proof of next theorem also proves Theorem 4.55.

Theorem 4.60. Let j € [¢], 0 < <n; — 1, and let C € M be a non-trivial code of
dim(C) = Zf:j m;n; — om;. Define dpax = 23;11 n; +0+ 1, let dpax < h <nand

I'=Th = Tdpax—1 — Mk + 1,
where k = max{v : YY"} n; < h}. If C is ~-MSRD, then
d,(C)=...=drym-1(C) = h.
Moreover, C is (r + my)-MSRD.

Proof. We have
h=4d.(C)<...<dpym,-1(C) <h,

where the equality follows from the definition of -MSRD code, the first and sec-
ond inequalities from Proposition 4.33, and the third from Corollary 4.46. Therefore
d.(C) =...=drim-1(C) = h.

Since d, 4, (C) > d.(C) = h > X% n;, then by Lemma 4.35

drim, (C) > d.(C)+1=h+1.
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The reverse inequality follows from Corollary 4.46, hence d, 1, (C) = h + 1. Since

v—1 .
k ife <mg—1,
max{V:Zni<h+1}:{k+1 ife=n, —1
=1 )

we let
, my if e <nyp—1,
m = .
myy if ife=mn, — 1.

Since m’ = rp41 = 71, one has that r +my = 1,1 — 74,1 —m + 1, hence we proved
that C is (r + mg)-MSRD. O

Remark 4.61. We follow the notation of the last theorem. If a code C is such that
d, < h but d,,4(C) = h for some 1 < s < my — 1 then by Corollary 4.46 we have

dr+8(c) == dr+mk*1(c> =h.

However, this does not imply that C is an (r + my)-MSRD code, as the next example
shows.

Example 4.62. An MSRD code D of dimension 4 in Fa** x F3*% x F2*? has weights
di(D) = do(D) = 7, d3(D) = dy(D) = 8. Let C be generated by the following set of

elements

1000 10

01 00| |01 1 0
0010 lool’\0oo)]|"
0001 00
0001 0 1

1 001 1 1] (00
0100 loo]’\1 o]
0010/ \0oo
0010\ /00
0011 00 4
100 1)1 of 72|
0100/ \01

(e 0w (3 1)

The code C has dimension 4 and d;(C) = 1, so C is not MSRD. We checked using
the computer algebra system Macaulay?2 [32] that the only nonzero codewords of C of
sum-rank less than 7 are the third and the fourth element in the previous list. Hence
dy(C) = dy(D) = 7. Taking A = F3** x F3™? x {(Z 8) :a,be IFQ} we can see that
d3(C) =7 < 8 = d3(D). In particular, C is not 3-MSRD.
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