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INTRODUCTION 

Phase transitions in two-dimensional (2D) systems have received 
considerable attention recently. In several experiments the 2D 
crystal under consideration is exposed to the force field created 
by a periodic substrate. Among other situations this is the case 
of a 2D lattice of superconducting vortices interacting with a 
periodic pinning potential. As pointed out by Martinoli and 
coworkers*-^ some years ago, thin superconducting films, whose 
thickness is periodically modulated in one dimension, provide such 
a system. In this lecture we discuss the static and dynamic 
behaviour of this model system in which the 2D vortex lattice can 
be driven through a variety of phases'*'5 simply by changing the 
conditions of flux-line density and/or temperature. In particular, 
we f;liow how measurements of the critical currents and of the 
complex rf impedance of thickness-modulated layers can be used to 
probe the transition of the 2D vortex lattice from a "locked" 
commensurate (C) phase in registry with the substrate periodicity 
to a "floating" incommensurate (I) solid phase exhibiting 2D 
topological order6,7 or to a fluid-like phase. 

THE PHASE DIAGRAM 

The phase diagram of 2D crystals interacting with a periodic 
fore« field has been studied by a number of authors'4'5. It is 
determined by considering, in addition to phonons, two types of 
topological excitations: domain walls (also called discommensurations, 
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kinks, or solitons) which trigger. the. instability of a C-phase with 
respect to an I-phase (Ci-transition) and"'dislocations which drive 
melting of ,the floating-solid phase .(!.-phase) into a liquid-like 
phase through the dislocation unbinding mechanism proposed by 
Kosterlitz and Thouless6'7. ' 

Dealing with situations where the periodic substrate is, as in 
our case, anisotropic, a recent theory by Pokrovsky and Talapov8 

(PT) is particularly relevant for the understanding of our experi­
ments, where the 2D vortex lattice experiences the ID periodic 
pinning potential created by the thickness modulation. In the 
following we review some of the basic concepts and results of the 
PT-theory. The only important difference between our treatment and 
the one by PT is that in establishing the Cl-phase boundary we use, 
instead of their renormalization-group technique, an alternative 
approach based on the more transparent Self-Consistent //armonie 
/Ipproximation (SCIiA) obtaining a similar result9'10. The modifica­
tions of the phase, diagram resulting from the presence of thermally 
excited dislocations, which are not included in the PT-model, are 
briefly discussed at the end of this section. 

The CI-Transition at Zero Temperature 

We consider a 2D triangular lattice of superconducting vortices, 
with lattice parameter a, in static interaction with a ID harmonic 
potential of amplitude A and wave vector q (q = 2TT/X ) . We focus our 
attention on situations where q is very close to one of the vectors, 
g, of the reciprocal vortex lattice, the condition q = g defining a 
configuration of perfect matching between the (undistorted) lattice 
and the sinusoidal pinning potential. It is assumed that the flux-
line lattice is incompressible and, further, that the pinning is 
weak when compared to the lattice stiffness, i.e. A < p, where u is 
the shear modulus of the vortex lattice11. Under these conditions 
only long-wavelength shear deformations turn out to be relevant and, 
as a consequence, the vortex lattice can be treated as an elastic 
continuum. Then, the energy S of the system can be written as the 
sum of an elastic contribution due to the pinning-induced lattice 
distortions and of a potential energy contribution due to the 
periodic pinning field : 

[? fc + zï* + Ml-cosq4>)]dxdy . (1) 

In writing this expression we have jumped ahead to the conclusion 
of PT asserting that, at T = O, the ground state of the system is 
characterized by a quasi ID deformation field w, whose components 
(u,v) in an (x-y)-reference frame with x pointing in a direction 
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fo rming an a n g l e of 45° w i t h q a r e g i v e n by : 

u = Oy , v = 6x - /2 <j>(x) , (2) 

where 6 = 1 - (g/q) measures the degree of mismatch. It clearly 
emerges from these expressions that w results from the superposition 
of two uniform shear deformations (one along x and the other along 
y) and of a ID transverse field <f(x) which, for an incompressible 
lattice, is found to propagate along x3'8. In an (x'-y')-coordinate 
system rotated by 45° with respect to (x-y) the uniform part of w 
is an area conserving deformation consisting of a uniform compression 
(6 > 0) or expansion (6 < 0) -6x' along x' (parallel to q) combined 
with a uniform expansion (6 > 0) or compression (6 < 0) 6y' along 
y' . This uniform deformation is such that the potential energy 
contribution to H vanishes : the vortices are forced to lie at the 
bottom of the potential wells of the cosine-potential. 

To determine <f> (x) , we simply minimize the functional £[¢(*)] 
with respect to (j> (x) , thereby obtaining the following sine-Gordon 
equation12 for the "phase" field $(x) = q<j>(x) : 

sin$ - Z2 —5- = 0 , (3) 
a x 2 

where £2 = 2y/Aq2. Its solution in terms of elliptic functions 

<t(x) = ir + 2am(x/k«.) (4) 

is a stair-shaped function representing a regular sequence of kinks, 
whose period L is related to k by 

L = 2k«,K(k) , (5) 

where K(k) is a complete elliptic integral of the first kind. Using 
Eqs. (4) and (5), § can be expressed as a function of the variational 
parameter k. Then, minimization of 6(k) with respect to k leads to : 

I <S J = (2/TT) (A/u)1/2[E(k)/k] , (6) 

where E(k) is a complete elliptic integral of the second kind. There 
are solutions of Eq. (6) satisfying the condition 0 £ k £ 1 only- if 
16 I is larger than a critical mismatch 6C given by : 

6C = (2/TT) (A/y)
1'2 (7) 

For |ô| > 6C $(x) is of the form (4). As a consequence, for 161 > <5C 
the vortex lattice is characterized by the formation of a 
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superstructure, of period L, consisting in a regular ID sequence of 
domain walls propagating at 45° with respect to q. This is the 
incommensurate I-phase shown in Fig. 1- In constructing this figure 
we have assumed that the starting matching configuration is that 
defined by q = g^g, 9l0 being one of the six nearest-neighbour 
reciprocal lattice vectors (g1() = 4-n/a*3) . Since 6 > 0, large 
portions of the lattice shown in Fig. 1 appear to be uniformly 
compressed along x' and expanded along y' and are essentially 
commensurate to the underlying ID periodic substrate. These regions 
are separated from each other by discommensurations where the phase 
field 4>(x), which is essentially constant in the nearly commensurate 
regions between successive kinks, changes by 2ir over distances of 
the order of ̂  k£. The period L of the superstructure diverges 
logarithmically as ] cS} approaches 6 [k -*- 1 in Eq. (5)]. 

Fig. 1. Incommensurate I-phase for 6 =0.13 (B/B^Q = 0.76). 
Discommensurations (DC) form a periodic ID sequence 
propagating along the x-direction. 
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For J eS J < 6 there are no solutions of Eq. (6) and, conse­
quently, *(x) is no longer given by Eq. (4). In this case S has 
its minimum value when the potential energy contribution due to the 
periodic pinning field vanishes in Eq. (1), i.e. when <f> (x) = 0 
everywhere. This, of course, corresponds to the commensurate 
C-phase shown schematically in Fig. 2 for 0 = 0 (matching confi­
guration q = gig) an<3 f°r vortex densities corresponding to 
deviations from perfect registry but still such that |<5| < 6C. 

The areal free energy density F of the 2D vortex lattice can 
be written in the form : 

2V6' 2 A { [ 6 / 6 c E ( k ) r - 1} 6 ( | 6 | <*c> (8) 

0 * 0 (<<5C 

B < B 1 0 B = B11 

5 * 0 (<<5C) 

B ) B 1 0 

IQ = 9,01 

Fig. 2. The fundamental commensurate CiQ-phase in three different 
states of deformation. 

where 8(z) is the Heaviside step-function. The first term on the 
right-hand side of Eq. (8) is the elastic energy density associated 
with the uniform deformation appearing in both the C- and the 
I-phase, whereas the second one is due to the phase field <!>(x) and 
therefore contributes to Fn only in the I-phase. 
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Phase Transitions at Finite Temperatures 

To study the Cl-transition at finite temperatures, we first 
consider the case of perfect matching (6 = 0), which is particularly 
simple. For q = g the vortices execute a Brownian motion around 
the equilibrium positions they would assume at the bottom of the 
potential wells at T = 0. Accordingly, the Langevin equation of 
motion for a vortex at the lattice site Ì. can be written as : 

nuz = - l' G(I- V)U1, - qA'sin(q • u^) + f^(t) , (9) 

where the four terms represent, successively, the viscous damping 
force, the lattice restoring force, the sinusoidal pinning force 
and the fluctuating Langevin force acting on the vortex at I. 
n-1 = PQ/BIJIQ, where R_ is the sheet flux-flow resistance of the 
superconducting film, is the mobility*3 of a free vortex, G(I-V) 
the elastic matrix and A' is related to A by A = 1V)A'' where 
nQ = B/ij)0 is the areal vortex density. f^(t) is assumed to have a 
white noise spectrum defined by the correlation function : 

<f_Za(t)fl'ß(t,)> = 2 T l kB T 6a6 Ôn' 6 ( t- t' ) ' (10) 

stating that the Langevin force is uncorrelated in direction, space 
and time. To find the mean square fluctuation <u2> of the vortices, 
which is the quantity of interest here, it is convenient to expand 
u-(t) in normal modes of the vortex lattice*". Then, linearizing 
Eq. (9) within the framework of SCHA and considering, as before, 
only transverse (t) modes of the lattice the following expression 
for the t-component of the normal mode amplitude U^(u) is obtained : 

nDfkt<u,) 
ukt(<o) = ^ ~2 (11) 

V + àR^-ekO - iT1ü) 

where Dkt is the matrix element of the (diagonal) dynamical matrix 
associated with t-modes, ê ^ the polarization vector for t-
deformations and fj,t(w) the t-Fourier component of the Langevin 
force. In our SCHA-approach the effective strength, AR, of the 
pinning field experienced by the vortices is given by : 

1 2 2 - •? qz<ut. > 
AR = A e

 2 t x , (12) 

2 
where <ut„> is the mean square t-fluctuation along the x-direction 
parallel to q. Therefore, ' in our treatment the renormalization 
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effect of the thermal fluctuations, which provides the essential 
mechanism for the phase transition, enters through a Debye-Waller 
factor which weakens the periodic pinning force acting on the 
vortices. To calculate the mean square t-fluctuation <u > we 
assume a Debye model, for which D̂ . = uk2, and replace the required 
sum over k by an integral over a smooth density of states. Then, 
in the weak pinning limit A << y considered here we deduce from 
Eqs. (10) and (11) : 

k T 
<ne = 4 ^ l n ( l J / V • (13) 

This result shows quite clearly that in a C-phase the vortex 
lattice is a 2D solid with conventional long-range order as long as 
A remains finite. As expected for 2D systems, <u|> diverges loga­
rithmically as AR vanishes. Since, by equipartition, <ufcx> = 
(l/2)<ut> in the limit A « p, from Eqs. (12) and (13) one deduces : 

T/ (T - T) 
AR/A = (A/n)

 L U , (14) 

where TLU is implicitly given by : 

kBTLU = (4/Tt)p(TLU)x2. ' (15) 

It clearly emerges from Eq. (14) that at the "Locking-J/nlocking" 
temperature Tj.„ the vortex lattice undergoes a transition from a 
perfectly matched (6 = 0) "locked" C-phase (AR ^ 0) to an "unlocked" 
phase (AR = 0) whose precise nature (floating solid or liquid) will 
be discussed in a moment. It should be noticed that the expression 
for TLU deduced with our SCHA-scheme is the same as that obtained 
by PT using a renormalization-group technique. 

For a moderately dense lattice of vortices in dirty super­
conducting films u can be written in the form1* : 

y(T) = (l/2)nQ(())0/4Tr)
2A-1(T) , (16) 

where A = 2X2/d is the effective penetration depth for 2D super­
conducting layers10' 1 V Since u is a function of nQ = B/<f>0, Eq. 
(15) shows that T,„ depends upon the matching configuration under 
consideration. For a triangular lattice such configurations are 
defined by^ : 

Bmn = ( ^ / 2 ) {*o/Xg) (m* + n 2 + mn) ~* ' (17) 
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where m and n are integers. Expressing A(T) in terms of the normal 
state sheet resistance R of the film, the transition temperature 
T L U ^or t n e fundamental CjQ-phase (m = 1, n = 0 corresponding to 
q = gio' deduced from Eqs. (15) and (16) can be written in the form : 

TLU/Tc = ! - ° - 3 1 ^ 1 V V
 f o r « n a ^ «u> (18> 

where Tc is the BCS-transition temperature and R11 the universal 
sheet resistance ft/e2. LU-transition temperatures for C -phases 
defined by higher values of m and n lie below that given by Eq. 
(18). 

The case of finite mismatch (6 ̂  0) is more delicate. It is 
clear, however, that, as a consequence of the fluctuating Brownian 
motion of the vortices, the critical degree of mismatch <5C(T) 
tolerated by a C-phase becomes smaller and smaller as the temperature 
rises and finally vanishes at T = TLU. PT determined the phase 
boundary 6C(T) using a renormalization-group technique, in which the 
only renormalizable parameter is the pinning potential amplitude 
A®. More recently, Puga et al.15,16 n a v e generalized the PT-
treatment by considering the effect of renormalization also on \i and 
6. Although several aspects of the Cl-phase transition emerging from 
their calculation turn out to be different from those following from 
the much simpler SCHA-scheme, the shape of the phase boundary <$C(T) 
resulting from their approach is very similar to that predicted by 
SCHA. In the latter approximation 6C(T) simply follows from Eq. (7) 
by replacing A with its renormalized value A^ given by Eq. (14). 
The resulting phase diagram is shown in Fig. 3, where, instead of 
6. (T), we have plotted the related quantity B̂ . (T) = Bmri[l + 6 (T) ] . 
Temperatures are conveniently measured in units of TM, the melting 
temperature of the 2D vortex lattice17'18, which, as shown by Eq. 
(16) and the following equation, is independent of B at moderate 
vortex densities : 

kBTM = (l/4n)p(TM)a
2 . (19) 

So far, only domain wall excitations, which drive the Cl-phase 
transition, have been included in our analysis. To obtain the 
complete phase diagram, however, several authors7'10' 9 - 2 S have 
emphasized that it is necessary to add the effect of thermally 
excited dislocation pairs6'7 in order to assess the stability of 
the I-phase against melting into a fluid-like phase. Recently, 
Haldane et al. ° have given a rather unified description of the 
phase diagram showing that it strongly depends on the order of 
commensurability p, which for our triangular lattice is related to 
m and n by p = (2//J)(m2 +n 2 +ran)1/2. For p < /8 they find that, 
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Fig. 3. Phase diagram in the (B,T)-plane of a 2D vortex lattice in 
a ID periodic potential. 

at finite temperatures, there is always a liquid phase separating 
the C-phase from the I-phase, whereas for p > v^ a direct Cl-phase 
transition is always possible. Although important for a deeper 
understanding of the. physics of 2D system, these features play only 
a marginal role in the analysis of the experiments reported later on 
in this lecture. Thus, for simplicity, in constructing the phase 
diagram of Fig. 3 we have assumed that, in the I-phase, the vortex 
lattice is a 2D floating solid undergoing a melting transition 
driven by the unbinding of dislocation dipoles at T = TM. It 
follows that, if the Cl-transition occurs for T > TM, it is actually 
a transition from a C-phase to a fluid-like phase. This is the case 
for the lower order C-phases of Fig. 3, where TLU is larger than 
TM. A straightforward calculation based on Eqs. (15), (17) and (19) 
shows, however, that there is a particular commensurate phase, the 
C22~phase corresponding to p = 4, for which TLU becomes equal to TM. 
For C-phases of higher order (p > 4) TLU is always lower than TM 
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and, consequently, a floating solid phase always separates the 
C-phase from the liquid phase. This agrees with the findings of 
other authors19'20,22'23'26. 

CRITICAL CURRENTS 

To test some of the theoretical ideas put forward in the 
previous section, critical current (lc) measurements were performed 
on thickness modulated granular Al-films as a function of magnetic 
field and temperature.. A combined holographic-photolithographic 
technique1 was used to fabricate grating-like film profiles with 
L < 1 P and with a relative thickness modulation, Ad/d, less than 
20-25%. The most relevant superconducting and normal state 
parameters of the two Al-films studied in this work are summarized 
in Table 1. 

Since a registered C-phase is pinned by the periodic film 
structure, a finite current, flowing parallel to the ID grooves, is 
required to depin the vortex lattice and, subsequently, to sustain 
vortex motion in the dissipative flux-flow régime. An I-phase, on 
the other hand, is not pinned by the periodic substrate, its energy 
being independent of the relative position of the discommensurations 
with respect to the pinning potential. Therefore, the critical 
current for entering the flux-flow régime vanishes in this case. 

In Fig. 4 Ic (B)-curves for the film All are shown for different 
reduced temperatures t = T/T . Using Eq. (17), one can easily 
verify that the peak at B = 28 Gauss corresponds to the fundamental 
CjQ-configuration (p = 2//3) shown in Fig. 2, while the small 
structure at B = 7 Gauss can be assigned to the C1^- and C20-phases 
which, on account of their strong overlap (see Fig. 3), are hard to 
resolve from each other. The shape of the Ic(B)-peak associated with 
a given C-phase has been calculated by Burkov and Pokrovsky27. In 

Table 1. Parameters of the Al-Films 

Film 

All 
A12 

d[kì 

200 
200 

Ad/d"' 

-0 .2 
-0 .2 

AJ^m] RnJCl] TC[K] 

0.79 15 1.89 
0.77 35 2.16 

(6,0"W"' 

365 
223 

M0)(f) 'Vr 
4300 
6140 

Q Determined by combined optical and electrical methods. 
h Calculated using pi =4x 10"12ncm2 and ÀL(0)= 157Â for Al. £„ was scaled from the 

bulk Al value (l,6(xm) according to our Tc. 
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E 

~i o 

Fig. 4. Critical current vs. magnetic field curves of a thickness 
modulated film (All) at different reduced temperatures 
t = T/r. 

a sample of finite size it is determined by the stability of the 
C-phase against the nucleation of a domain wall at the boundary of 
the film. Therefore, a detailed comparison of the shape of the main 
peak in Fig. 4 with the theoretical prediction of this model could, 
in principle, allow a determination of the C^I-phase boundary. For 
two reasons, however, this appears to be, in practice, a difficult 
problem. The first and more important one is that in our films A 
is found to be of the order of p, typically A/p = 0.9. Under this 
condition one expects considerable overlap of the Cjo~phase with 
the C^j-phase (in Fig. 3 the overlap of the various C-phases is 
enhanced as A/p increases). This is certainly at the origin of the 
relatively high shoulder on the low field side of the fundamental 
Ic-peak in Fig. 4. The second reason is that in real films one is 
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dealing with unavoidable pinning effects due to randomly distributed 
inhomogeneities, which result in a finite contribution to Ic even in 
the I-phase. Clearly, both overlapping and random pinning effects 
render the analysis of the peak shape quite difficult. We shall 
therefore concentrate on a much more accessible experimental 
quantity : the temperature dependent strength I CM(

T' of a critical 
current peak. 

For perfect matching the equilibrium position of a vortex is 
determined3'28'29 by balancing the Lorentz driving force FL = 
d<j>0(j x z) against the pinning force experienced by the vortex in the 
effective cosine-potential A^ (1 - cosq<J>) . This results in the 
following expression for the transport current density : 

j = (qA£/<J>0d)sin$ . (20) 

The critical current density, JcM, is reached for $ = n/2, a condi­
tion corresponding to vortices located halfway between the bottom 
and the top of the potential wells. Thus, using Eq. (14) j „ can -
be written as : 

JcM 
T/ (T - T) 

CqAV<f>0d) (A/y)
 L U . (21) 

In order to compare our I -data with Eq. (21) we need a model for 
A = n,-,A ' , the characteristic energy scale of the pinning mechanism 
operating in our thickness modulated films. In the thin film limit 
(d << A) the potential energy E(r) of a vortex located at r can be 
expressed by the convolution30 : 

e(r) = f (r' -r)d(r')d2r' , (22) 

where d(r') = d +Ad cos qx is the periodically varying film thickness 
and f(r' - r) the free energy density distribution within the flux 
line. Using Clem's model31 for f(r' - r), e(x) can be easily 
evaluated10 from Eq. (22) in the limits q£ < 1 (Ç is the GL-coherence 
length) and qA >> 1 of interest here. From the expression for e(x) 
one immediately identifies A as : 

A = 2nQ(Ad/d) (4.0/4IT)
2A"1^) . (23) 

This result shows that A has the same temperature dependence as ]i 
(Eq. 16), a considerable simplification in the analysis of the Ic-
data. By combining Eqs. (21) and (23), I „ can finally be written 
in the form : 
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W T ) 

cM 

A(O) 
A(T) é) 

T/(T LU T) 
(24) 

where A/p = 4(Ad/d). This expression shows very clearly how, with 
rising temperature, thermal fluctuations further reduce IcM(

T) with 
respect to the BCS-value which corresponds to the limit T... ->• ». 
After substraction of the background due to random pinning, which 
was deduced from a flat but otherwise identical reference film, the 
critical currents IcM(T) of All and Al2 were fitted to Eq. (24) 
using IcM(0)» A/p and T L U/T C as fitting parameters. The result of 
this analysis is shown in Fig. 5 where, for comparison, theoretical 
curves calculated by neglecting the effect of thermal fluctuations 
are also shown. Good. agreement with Eq. (24) is found for a 
reasonable choice of the parameters. T T M / T

C scales with R 

< 
a. 

10' 

10; 

10' 

10 

1 -

y J .° 

WITH THERMAL 

FLUCTUATIONS 

WITHOUT THERMAL 

FLUCTUATIONS 

Al 1 

Al 2 

10"' 10"' 1 
- I T 1 - T I / T t 

Fig. 5. Temperature dependence of the critical currents of thickness-
modulated films in the perfectly registered (&=0) Ci0-
phase. The experimental data are fitted to Eq. (24) using : 
A/p = 0.95, TLU/TC - 0.978 for All and A/y = 0.90, TLU/TQ = 
0.972 for A12. 
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approximately as predicted by Eq. (18) where, however, the numerical 
coefficient 0.31 is found to be about an order of magnitude too 
small to account for values deduced from the fit of Fig. 5. As for 
A/p, there is good agreement between the values obtained from the 
fit and those estimated with A/p = 4(Ad/d) using the experimental 
data of Ad/d listed in Table 1. 

DYNAMICS 

The motion of superconducting vortices in a periodic field 
shows interesting quantum features reminiscent of ac-Josephson 
phenomena in arrays of superconducting weak links. When the dc 
driving current I^c exceeds Ic, a particular flux-flow régime 
characterizes a C-phase. Dynamic coupling of the vortex lattice 
with the periodic substrate results, in this case, in a highly 
coherent velocity oscillation of the vortices which, in turn, 
generates a weak but detectable macroscopic voltage oscillation ' , 
typically in the radiofrequency (rf) range. Indirect evidence for 
the collective oscillation of the vortices in a C-phase is obtained 
by exposing thickness-modulated films to rf-radiation. Pinning-
induced coupling at rf-frequencies between the oscillating motion 
of the vortex lattice and the rf-field gives rise to quantum 
interference transitions in the I-V-curves at discrete values, 
En = nvX B, of the flux-flow dc electric field Edc

3'9'32 (v = O,/2TT 
is the frequency of the rf-radiation). Derivatives of the I-V-
characteristics for All exposed to 100 MHz-radiation are shown in 
Fig. 6. As in the critical current case (Fig. 4), from the evolu­
tion of the: n = 1 interference transition with increasing temperature 
one is led to the conclusion that dynamic coupling of the matched 
vortex lattice to the periodic substrate is totally absent for 
T > TJ.rj = 1.85 K. This provides additional evidence for the 
occurrence of the locking-unlocking phase transition discussed in 
the previous section. More detailed information about the dynamics 
of the 2D vortex lattice in the various phases it can assume on the 
periodic substrate can be obtained from a study of the complex rf-
impedance of thickness-modulated layers. In the rest of this 
lecture we shall therefore focus our attention on some theoretical 
and experimental aspects of the dynamic response of the vortex 
medium to a small oscillating driving field. 

Low Temperature Vortex Mobility 

At low temperatures (T << TL„) thermal fluctuations of the 
vortices can be neglected. Assuming a driving Lorentz force of the 
form FL = d<(>0 (jrf x z)exp(- ifit) , the equation of motion for the 
position r7 of the vortex associated with the lattice site I can 
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~ i 

B : 29 Gauss 
v = 100 MHz 

0.79 pm 

E^t m V / c m ] -

Fig. 6. Derivatives of the rf-exaited current-voltage characteris­
tics of All showing the temperature dependence of the n = l 
interference transition. 

then be written as3 

ir, = P + A'q sinq • (r? V V 
8W 

IV 
3r 

IV 
IV (25) 

where W77, is the interaction energy between the two vortices at 
r-, and r^,, r,ii = \r-,-x-j,\ and rQ defines the relative position 
of the vortex lattice with respect to the ID thickness modulation. 
Thus, the last term in Eq. (25) is the restoring force set up by 
the lattice in response to the periodic pinning force. To determine 
the linear response of the vortex medium to FL, one should study the 
oscillating motion of the vortices about their static equilibrium 
configuration characterized by the deformation field W = (u,v) 
described by Eq. (2). In the continuum limit this problem can be 
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solved exactly in terms of elliptic functions33. To avoid the 
rather complex algebra of this treatment, in this lecture we shall 
rely on a simpler perturbative approach which contains, however, 
all the essential physical features of the vortex dynamics. We 
assume that A is small and, consequently, write the solution of 
Eq. (25) in the form3 : 

• * • • + ' • * • - i ß t -*• 

r^ = I + i(vrf/fi) e
 + n l > (26) 

where v f = (d<j> /n) (j r f x z). The first two terms in Eq. (26) 
represent the solution of Eq. (25) in the flat-film case (A = 0), 
whereas u? is the (small) additional dynamic displacement caused 
by the (weak) periodic pinning force. Substituting r-,, as given 
by Eq. (26), into Eq. (25) and expanding up to first order in the 
small quantities q • u, « 1 and (q • v f)/fi << 1 one obtains : 

nu^ = - £' G(I-V)U1, + 

* %r I $(l+l3. J7)Cl -
 1 ^ e-iAt)etf.U-?e> , 

q 

(27) 

where the sum in the last term is over q and - q (two terms). To 
solve Eq. (27) it is again convenient to expand ui in (transverse) 
normal modes of the lattice. The resulting expression contains 
terms proportional to the normal mode amplitudes u,.(k,ü)), U4. (k ± q,w) 
and u^(k±q, <o ± fi). Since we are interested in situations where q 
is close to one of the reciprocal lattice vectors g (q s g), one can 
set u. (k + q,(o) = u. (k,to). Moreover, one can neglect, to a first 

*- t .̂. ->- ->-

approximation, terms involving u.(k±q, ul Q) which, arising from the 
product (q • w-j) (q • vr^)/fi in Eq. (27) , are small compared to those 
proportional to ut(k,u). Then, the equation of motion can be solved 
for u.(k,co) and the resulting expression is used to calculate the 
contributions, proportional to ufc(k± q, u± Û), neglected in the 
first order approximation. Finally,a new solution, now accurate to 
second order in A, is worked out from which the vortex velocity 
Vj(t) = r^ is easily deduced. At this point, in order to describe 
the anisotropic dynamic response of the 2D vortex lattice in the ID 
periodic potential, we introduce a vortex mobility tensor v(fi) 
defined by v(£2) = Ji(Q)PL(fi), where v(Œ) is the vector amplitude of 
the oscilla.ting flux-flow velocity of the vortex medium. v(S2) 
follows by averaging V7(t) over all vortices of the lattice. An 
alternative way to describe the lattice response is in terms of a 
vortex impedance tensor Z,_ (fi) defined by E(fi) = Z,(fi)j(fi), where 
E(fi) = -v(fi) x B and J(fi) = dj(fi) are, respectively, the electric 
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field and sheet (D ) current amplitudes. Since in a coordinate 
system with the x-axis pointing in the q-direction both jj (ft) and 
Z (Cl) are found to be diagonal, their components are simply related 
vu 2 2 
to each other by Z v Q x x = nD *Q pyy and_Z y = ̂  $Q yxx. Within our 
perturbative approach we find p = n ( as expected, and : 

---'t-iri A/M 
fiT q,g 2 (i_ifiT)[ (b- l)

2 + (A/y) ] 
) (28) 

where b = BZB111n and T = n/A'q
2 is the characteristic time for vortex 

relaxation in the potential wells. In writing the last term of Eq. 
(28) we have expressed the restoring force constant yk2, where 
k = q - g is the wave vector of the pinning-induced shear deformation 
propagating at 45° with respect to q, in terms of b (or, alternati­
vely, of 6) using the results of Ref. 3. Real and imaginary parts 
of uxx (or

 z
vnvv)i as deduced from Eq. (28), are shown in Fig. 7 

(dashed curves) as a function of b. There is a discontinuous jump 
This reflects the onset of the 

0. 
in both components at b=1 (6=0) 
Cl-phase transition which, in our approximation, occurs for 6_ = 
In the exact calculation both Re[Z ] and Im[Z^.] are constant 
within a C-phase and equal to the corresponding values given by Eq. 

5x10 
1 en 

IVI 

E 

Fig. 7. Real (a) and imaginary (b) part of the normalized vortex 
impedance as a function of b=B/B . The driving current 
flows in the y-direction perpendicular to q. A/u = 0.05, 
Ux - 10~2. The significance of the various curves is 
explained in the text. 
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(28) for b = l (q = g) up to the critical mismatch 6 (dotted curves 
in Fig. 7). One way to correct for the jump at b=1 and to improve 
our approximation is to write u in the following form : 

yxx = n-
1 (1 - ^—2 ) (29) 

(1 - ifix)[ (b-1) + A/p] 

As shown in Fig. 7 (full curves) this expression provides a reason­
able description of the actual lattice response. For this reason 
we shall rely on Eq. (29) for the interpretation of the sheet 
conductance measurements reported in the last section of this 
lecture. 

There is a simple physical interpretation for the general 
behaviour of Re[Z ] and Im[Z ] shown by Fig. 7. In a C-phase 
dissipation arises from the excitation, in the viscous vortex 
medium, of a collective mode in which the vortices oscillate in 
phase around their equilibrium positions at the bottom of the poten­
tial wells., In the I-phase additional dissipation results from the 
excitation of the soliton superstructure. Thus, Re[Z ] must have 
its minimum value in a C-phase. Im[Z ], on the other hand, 
measures the delay in lattice response caused by the periodic 
pinning structure. As the effect of pinning is strongest in a C-
phase, Im[Z 1 is obviously largest in such a phase. 

Sheet Conductance Measurements 

To measure the dynamic response of the vortices in our thick­
ness modulated layers, we rely on the two-coil experimental technique 
developed by Fiory and Hebard31*. The superconducting film is 
mounted in a transverse plane between two coaxial closely-spaced 
coils, one (drive coil) providing the rf-excitation of the vortex 
medium, the other (receive coil) to detect its rf-response. For an 
isotropic 2D superconductor, as it is the case for a flat (A = O) 
superconducting film, Fiory and Hebard have shown that, in the limit 
of weak screening, the rf-voltage amplitude VR(fì) at the receive 
coil due solely to the rf-response currents flowing in the sample 
is proportional to fi2GQID(fi), where Gn = Z^

1 is the (complex) sheet 
conductance of the film and ID(ft) the (constant) amplitude of the 
rf-current in the drive coil. A straightforward extension of this 
calculation to our anisotropic samples shows that, in the same weak-
screening limit, VR(P.) can be written in the form : 

VR(fi) = n
2ID(fi) (K1 GQXX + K2Gnyy) , (30) 

where Kj and K2 are constants depending on the geometry of the 



ELEMENTS OF A TWO-DIMENSIONAL LATTICE 389 

sample and of the two-coil configuration and the x-axis is still 
pointing in the q-direction. According to Fiory and Hebard35 36, 
ZQ = GQ

1 can be expressed as a series connection of the vortex 
impedance Z with the kinetic inductance Lk = (1/2)pQA associated 
with the superfluid background. Thus, using the results of the 
previous section, Z Q x x = G£xx = (n^/n) + ifiLR and ZDyy = Ggyy = 
"a^o^xx + ifiLk' where pxx is given by Eq. (29). Using typical 
parameters for our Al-films (Table 1), it can be easily verified 
that, except very close to Tc or at extremely low magnetic fields, 
the kinetic inductance term is always much smaller than the vortex 
impedance and can therefore be neglected in the analysis of most of 
our experimental data. Furthermore, in the vicinity of a registered 
phase (B « BnJ11) , the lattice configuration of interest here, 
züxx = "a'f'o/n varies weakly with B, while, on the contrary, 
2 D W = "o^o^xx s n o w s pronounced structures (Fig. 7). Thus, if one 
uses a modulation technique, in which B is weakly modulated 

T 1 1 1 1 1 I 1 1 1 r 

J I I I I I I i i i i L 

0 1 2 0 1 2 

Reduced Magnetic Field 6 /B 1 0 — Reduced Magnetic Field B Z B 1 0 — 

Fig. 8. Derivative curves of the in-phase and out-of phase compo­
nents of the rf-response of A12 as a function of B. Marks 
on the vertical axis denote the zero-level of the signal. 
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Ftgf. 9. Theoretical derivative curves of the complex vortex impe­
dance for A12 as deduced from Eqs. (29) and (14) using 
A/u = 0.9. See text for the determination of Ux(T). 

(6B = 0.1 Gauss) at a low frequency (̂  2 Hz), the signal one 
actually detects at the receive coil will be essentially proportion­
al, for B = BnJn, to 9GDyy/3B. In Fig. 8 sets of curves at different 
temperatures for the in-phase and out-of-phase components of the 
100 kHz-signal for A12, measured with a conventional phase-sensitive 
technique, are shown as a function of B. There are pronounced 
structures in both the real and imaginary parts in the vicinity of 
B̂ o - 30 Gauss (weaker structures are visible also in correspondence 
of the unresolved C11- and C2g-phases). The shape of these 
structures should now be compared with that predicted by Eq. (29). 
To this purpose, in Fig. 9 we show theoretical curves calculated 
from Eq. (29) where, in an attempt to partially include the effect 
of thermal fluctuations, A/p was replaced by Ap/p and T = n/A'q2 = 
n/q<f>0djcM [Eq. (20) ] was estimated using the jcM-data for Al2 of 
Fig. 5. While there is good qualitative agreement for both compo­
nents of the signal at low temperatures, the evolution of the 
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structures about B10 with rising temperature is quite different from 
that predicted by Eq. (29). In particular, as one expects from the 
temperature dependence of the critical mismatch 6C tolerated by a 
C-phase, their width becomes narrower and narrower as T approaches 
Tj..., a feature which does not emerge from the theoretical curves of 
Fig. 9. Clearly, a more elaborated model which takes into account, 
in particular, diffusion phenomena of "corrugated" domain walls 
should be worked out in order to describe the dynamic response of 
the periodically pinned 2D vortex lattice at high temperatures 
(T < T L U). This, as well as the study of other features of the 
rf-response (in particular of the origin of the drastic crossover 
in response at low magnetic fields in Fig. 8) will be the object of 
future research in our laboratory. 
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DYNAMICS OF COMMENSURATE AND INCOMMENSURATE PHASES OF A 2D LATTICE OF SUPERCONDUCTING VORTICES 

F. PATTHEY, G.-A. RACINE, C. LEEMANN, H. BECK and P. MARTINOLI 

Institut de Physique, Université de Neuchâtel, CH - 2000 Neuchâtel, Switzerland 

A study of the complex rf vortex response of superconducting films with periodically modulated 
thickness is presented. Structures emerging at well defined vortex densities in both the real 
and imaginary parts of the response are shown to arise from a commensurate-incommensurate phase 
transition of the vortex lattice triggered by solitons. 

Modulated structures whose period is incom­
mensurable with that of the underlying lattice 
have been studied in a variety of condensed-
matter systems. In particular, the very exis­
tence of commensurate (C) and incommensurate 
(I) phases has been demonstrated for a 2D lat­
tice of vortices in thin superconducting films 
whose thickness is periodically modulated in 
one direction (1). Here we study the anisotro­
pic dynamic response of C and I vortex phases 
to a small oscillating driving force Î. 

At low temperatures the phase diagram of 2D 
crystals exposed to a periodic ID force field 
is determined only by soliton excitations which 
trigger the Cl-transition (1,2). For an incom­
pressible lattice the I-phase is characterized 
by a 1D soliton superlattice, of period P, va­
rying under 45° with respect to q0, the wave 
vector of the thickness modulation. For an in­
finite 2D vortex crystal at T = 0 the Cl-phase 
transition, where P •* °>, occurs when the devia­
tions from a matching configuration q0 = gmn 

(Smn i s a reciprocal vortex lattice vector) 
are such that the mismatch 6 = 1 - (gmn/qo) 
reaches 6C = (2/Ti)(AZn)

1'2, A being the 
strength of the cosine potential and (i the 
shear modulus of the vortex lattice. 

To study the dynamic response of the pinned 
vortex medium, we rely on a modified version of 
the technique devised by Fiory and Hebard (3). 
With the vortex crystal in a C-phase, this me­
thod does not excite transverse modes of an in­
finite lattice and coupling to shear modes only 
arises from the finite size of the sample andZ 
or from residual random pinning. In an I-phase 
the ID periodic sequence of solitons breaks the 
translational symmetry of the vortex lattice, 
thereby allowing intrinsic coupling of the dri­
ving field to transverse modes of the soliton 
superlattice. Thus, structures due to the 
Cl-transition at 6 - O0 are expected in the 
complex vortex impedance of modulated layers as 
the magnetic field B is swept across Bmn, the 
value defining perfect matching (1). 

The experiments were performed on a modula­
ted (2TtZq0 = 0.73 pm) Al-film (Tc = 2.05 K, 

d = 500 Â, Rn = 25 a). As shown by the insert 
of Fig. 2, excitation of the vortex lattice was 
provided by two coils, Di and D2, placed on top 
of the film and driven in opposition by a 5 JJA 
rf-current Irf. The voltage V due solely to 
the film response was phase sensitively detec­
ted by a receive coil R placed between Di and 
D2 and lying in a plane perpendicular to the 
film. Because of the 3 Hz field modulation used 
to discriminate against vortex motion indepen­
dent pick-up, the detected signals are propor­
tional to ôVZoB. To study the angular dependen­
ce of the response, the R-coil was oriented ei­
ther parallel or orthogonal to Di and D2 and 
the whole arrangement rigidly rotated with res­
pect to q0. We denote by (a,ß) a coil configu­
ration such that f acts in the the a-direction 
while the R-coil detects the response arising 
from the projection of vortex motion along the 
ß-direction. 

Data taken at 3 MHz and at different tempe­
ratures are shown in Fig. 1 for the (y,y)- con­
figuration. Pronounced structures show up in 
both components of ôVZôB around Bi0. These 
structures gradually disappear at higher tempe­
ratures. In Fig. 2 signals corresponding to 

REDUCED MAGNETIC FIELD B / B 1 0 — -

FIG. 1 : Field derivatives of the vortex 
response at 3 MHz. Coil configuration (y,y). 
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FIG. 2 : Field derivatives of the complex 
vortex response at 3 MHz for three different 
coil configurations. 

three different coil configurations are shown 
for T = 1.92 K. A striking feature emerging 
from these data is the appearance, as the coils 
are progressively rotated from the (y,y) 
towards the (x,x)-configuration, of a large new 
signal which washes out almost completely the 
structure resulting from the Cl-phase 
transition in 9Re(V)/ôB and generates 
additional structure in ôIm(V)/ôB. The fact 
that it does not show up at lower temperatures 
indicates that it cannot be associated with the 
type of Cl-phase transition described above. 

Our calculation of the vortex lattice res­
ponse has been done in the continuum approxima­
tion (1,2). The equation of motion for the dis­
placement field w = wst + u is linearized in 
the deviation u from the static deformation 
Wgt- The finite size L of the sample has 
been accounted for by allowing for boundary so-
litons (BS) in a C-phase (4). The I-phase and 
the C-phase with BS are matched where P(6) = 
L. In practice, the appropriate L may be consi­
derably shorter than the actual sample length, 
approximately of the order of the mean distance 
between lattice imperfections which interrupt 
the coherence of the soliton lattice. 

The equation of motion of the dissipative 
(viscosity T)) vortex continuum (Lamé coeffi­
cients \,u.) driven by f in the periodic poten­
tial U(<t>) - U(wx + ox) has the form 

n(ôuVat) = oïi> f* , (D 

where 0 =^ (\ + |i)VV. + (xV2 - q0U"(ct>st)qo..Its 
solution u(r,t) can be expressed in terms of 
the eigenfunctions of the operator D. 

Using London's and Maxwell's equations, the 
voltage V due exclusively to vortex motion is 
shown to be given by an integral over Fourier 
components of the deviation, ôï, of the fluxoid 
field $ (3,5) from its static value : 

6$(5,t) = d.0(q x *)[q-u(q:,t)] . (2) 

I 1 # _ , , _ ^ _ i 
0.5 1.0 0.5 1.0 1.5 

REDUCED MAGNETIC FIELD B / B 1 0 — -

FIG. 3 : Theoretical field derivatives of 
z' = Z'/Rf. L = 30(2it/q0), b = B/B10. 

Introducing the solution of Eq. (1) into Eq. 
(2), V can be approximately expressed by V = 
GZ'Irf, where G describes geometry and orien­
tation of Di, D2 and R and the impedance 
Z'(B,T,io) contains the vortex dynamics. 

For practical calculations we have chosen a 
piece-wise parabolic potential U. Thus, in the 
I-phase U"(<|>st) yields a Kronig-Penney (KP) 
potential with distance P between the "spikes". 
For the C-phase with BS we use periodic bounda­
ry conditions, a procedure resulting again in a 
KP-potential with P replaced by L. The eigen­
functions g/ 0 are characterized by a Bloch wa­
ve vector K. If the geometry dependent quanti­
ties vary, slowly, only srn̂ ll q are needed in 
Eq. (2) and the relevant K are the reciprocal 
lattice vectors Q corresponding to the periodic 
potential in 0. For an incompressible lattice 
(\ -*• <=) the Q = 0-mode doesn't contribute to Z'. 

Theoretical field derivatives of Z1 are 
shown in Fig. 3. As shown in Ref. 1, rising 
temperatures can be simulated by decreasing va­
lues of A/V and of the relaxation rate T = 
qoA/ri. Comparison with the data of Fig. 1 shows 
good qualitative agreement for the B-dependence 
as well as for the relative magnitude of the 
real and imaginary parts of the signal. When T 
is high enough (1), the structures in Z' around 
Bmn disappear, as observed experimentally. 
Details of the temperature and angular depen­
dences, however, need further analysis. 
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Abstract. A study of the complex vortex response at radio-frequencies of superconducting films 
with periodically modulated thickness is reported. In this system, depending on vortex density and 
temperature, the two-dimensional vortex lattice undergoes a transition from a commensurate (C) 
phase in registry with the film periodicity to an incommensurate (I) phase. The Cl-transition is 
triggered by soliton excitations which, at low temperature, form a one-dimensional superlattice in the 
I-phase. Structures emerging at well defined vortex densities in both the real and imaginary parts of 
the rf vortex response are interpreted as a signature of the CL-transition. A theoretical calculation of 
the vortex response based on the dynamics of an elastic dissipative vortex continum with discommen-
surations provides a good qualitative description of the rf-signals observed at low temperatures. It is 
shown that the mechanism responsible for the occurrence of the structures at the Cl-transition is the 
break of translational symmetry caused by the formation of the soliton superlattice. 

I. Introduction 

Modulated structures whose period is incommensurable with that of the 
underlying lattice have been discovered and studied in a variety of condensed-
matter systems [I]. They are usually observed in systems showing two competing 
periodicities as, for instance, rare-gas monolayers adsorbed at the surface of a 
solid, crystals with two interpenetrating incommensurate sublattices, metallic 
conductors undergoing a Peierls transition leading to the formation of a charge 
density wave and helical or sinusoidal magnetic structures incommensurable with 
the crystal lattice in certain rare-earth compounds. Moreover, the very existence 
of commensurate (C) and incommensurate (I) phases has also been demonstrated 
for a two-dimensional (2D) lattice of vortices in thin superconducting films whose 
thickness is periodically modulated in one direction [2-7]. In this paper we show 
how some of the features characterizing the Cl-phase transition of the 2D vortex 
crystal in modulated layers can be seen in a study of the dynamic response of the 
vortices to a small rf driving field. 

The phase diagram of 2D crystals exposed to a periodic ID force field has 
been studied by Pokrovsky and Talapov [8] and by Martinoli et al. [7]. At low 
temperatures, where melting phenomena driven by the unbinding of thermally 
excited dislocation pairs [9-11] are expected to be irrelevant, it is determined by 
considering only one particular type of topological excitations, called solitons (or 
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discommensurations), which trigger the instability of a C-phase with respect to an 
I-phase. The I-phase is characterized by a ID soliton superlattice, of period P, 
varying, for the incompressible lattice of vortices, under an angle 45° with 
respect to q0, the wave vector of the ID thickness modulation. For an infinite 2D 
vortex crystal at T = O a Cl-phase transition, at which P diverges, occurs 
whenever the deviations from a configuration q0 = gmn corresponding to perfect 
matching (gmn is a reciprocal vortex lattice vector) are such that the mismatch 
parameter 8 = l - (g m n /%) reaches the critical value 5C = (2/-n-)(A/fi,)1/2, where A is 
the amplitude of the cosine pinning potential and ^ the shear modulus [12] of the 
vortex lattice. 

To study the dynamic response of the pinned vortex medium, we rely on a 
modified version of the two-coil technique devised by Fiory and Hebard [13]. 
With the vortex crystal in a C-phase, this method does not excite transverse 
modes of an infinite lattice. In such a phase coupling to lattice shear modes only 
arises from the finite size of the sample, from Umklapp (U)-processes and/or from 
residual random pinning. In a I-phase, on the other hand, the ID periodic 
sequence of solitons breaks the translational symmetry of the vortex lattice, 
thereby allowing intrinsic coupling of the oscillating driving field to transverse 
modes of the soliton superlattice. Thus, pronounced structures reflecting the 
occurrence of the Cl-phase transition at 8 = 8C are expected in the rf complex 
vortex response of thickness modulated layers as the transverse magnetic field B 
(and, consequently, ô) is swept across the value, Bmn, defining a configuration of 
perfect matching (8 = 0) [5,7]. The detection of these structures (Section II) as 
well as their theoretical interpretation (Section IV) in terms of a model for the 
dynamics of the 2D vortex medium in its different phases (Section III) are the 
central object of the present paper. 

II. Experimental results 

The experiments were performed on a thickness modulated (A0 = 2ir/q0 = 
0.73 (im) granular Al-film [2, 7] with a BCS-transition temperature, Tc, of 2.05 K, 
a normal-state sheet resistance, Rna, of 25 fì, an average thickness, d, of 500 Â 
and a relative thickness modulation, LdId, of the order of 10%. As shown in Fig. 
1, excitation of the vortex medium was provided by two elongated rectangular 
(20 mm x 1.8 mm) coils, D1 and D2 , placed at an average height, hD, of approxi­
mately 0.5 mm above the film surface and driven in opposition by a 5 ßA 
rf-current, Ia, of angular frequency <a. With this coil configuration, the driving 
'Meissner' sheet supercurrent density JM flowing in that region of the film, located 
between D 1 and D2 , which significantly contributes to the rf-voltage detected by 
the receive coil R (Fig. 1) is nearly unidirectional and parallel to the unit vector D 
shown in Fig. 1. The square-shaped (4 mm x 4 mm) receive coil R lies in a plane 
perpendicular to the superconducting layer, the distance, hR, of closest approach 
of its winding to the film surface being of the order of 0.1mm. The rf-signal, 
which was phase-sensitively detected against rf-drive, contains two contributions. 
The first one, denoted by V, arises from the total sheet current density J flowing 
in the modulated film. J is the sum of JM and of the 'vortex' sheet current density 
Jv resulting from the oscillating motion of the vortices driven by JM [14]. The 
second one is the pick-up signal at R due to the rf-current circulating in D 1 and 
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Figure 1 
Geometry of the drive (D1 and D2)-receive (R) coil configuration used to measure the rf-response of 
commensurate and incommensurate vortex phases in a thickness-modulated superconducting film. 

D 2 . In order to discriminate the genuine film response V against the spurious 
film-independent pick-up, a low-frequency (~3Hz) weak-field (Aß ~ 0.1 gauss) 
modulation technique was used. As a result, the actually detected signal at R 
turns out to be proportional to dV/dB. Moreover, to study the angular depen­
dence of the rf-response, the orientation of the R -coil relative to D 1 and D2 , as 
determined by the unit vectors R and D in Fig. 1, was changed and the whole coil 
arrangement was rigidly rotated with respect to q0, which is assumed to be parallel 
to the x-axis. We shall denote by (a^ß) a coil configuration such that the driving 
force on the vortices, FL = (<t>0/c)(JM x f), provided by D 1 and D 2 is in the 
a-direction while the orientation of the R -coil is such that it detects the response 
arising from the projection of vortex motion along the ß-direction. 

Data taken at 3 MHz and at different temperatures are shown in Fig. 2 for 
the (y, y)-coil configuration. Pronounced structures in both the in-phase and out-
of-phase components of dV/dB emerge from a monotonically varying background 
around B 1 0 = (V3/2)(<£0/A0) = 33.6 gauss, the field defining the fundamental match­
ing configuration (m = 1, n = 0) [5-7]. These structures, which are not resolved at 
low temperatures ( T < 1.7 K), show up at about 1.7 K and, after an initial growth 
in strength with increasing temperature, gradually disappear at higher tempera­
tures. It should also be noticed that, although comparable in magnitude, the 
imaginary part of the signal around B10 is systematically larger than its real part. 
Even though not so well-resolved as those shown in Fig. 2, structures reflecting 
the Cl-phase transition of the 2D vortex lattice were observed also in the vicinity 
of B n and B2 0 , the fields corresponding to higher-order matching configurations. 

Signals corresponding to the (x, x)-coil configuration are shown in Fig. 3. 
While similar in shape and magnitude to those of the (y, y)-configuration at low 
temperatures [curve (d)], these structures are quite different from those shown in 
Fig. 2 at high temperatures [curve (a)]. A striking feature emerging from these 
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0.5 10 l i T 7 ' 0.5 1.0 1.5 

REDUCED MAGNETIC FIELD B / B 1 0 - -

Figure 2 
Magnetic field dependence of the complex vortex response of a thickness-modulated Ai-film measured 
at 3 MHz with the (y, y)-coil configuration. Marks on the vertical axis denote the zero-level of the 
signals. 

data is the appearance, as T progressively rises, of a new signal which washes out 
almost completely the (weak) structure assigned to the low-temperature CI-
transition in the real component and generates additional structure in the imagi­
nary part of dV/3B. The strong anisotropic character of the high-temperature 
signals shows up quite clearly as the coils are progressively rotated form the 
(y, y)-towards the (x, x)-configuration. While at low temperatures only minor 

(b ) : 1.87 K 

0.5 1.0 1.5 0.5 1.0 1.5 

REDUCED MAGNETIC FIELD B/B10 

Figure 3 
As Fig. 2, but for the (x, x)-coil configuration. 
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CO 

REDUCED MAGNETIC FIELD B/B 10 
Figure 4 

Magnetic field dependence of the low-temperature complex vortex response at 3 MHz for three 
different coil configurations. The film is the same as in Fig. 2. 

changes in the shape of the structures are observed (Fig. 4), profound modifica­
tions in the form of both components of dV/dB occur at higher temperatures (Fig. 
5). Although the origin of the additional feature observed when the measuring 
coils are in the (x, x)-configuration might well be related to the Cl-phase 
transition of the 2D vortex crystal, the fact that it only shows up at high 
temperatures indicates that it cannot be associated with the type of low-
temperature Cl-transition described in this paper. 

0.5 1.0 1.5 0.5 1.0 1.5 

REDUCED MAGNETIC FIELD B Z B 1 0 — -

Figure 5 
As Fig. 4, but at a higher temperature. 
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l u . Vortex dynamics 

To study the dynamics of the vortex lattice in its various phases, we shall 
focus our attention on situations where q0 is close to one of the reciprocal vortex 
lattice vectors gmn. Furthermore, it is assumed that the periodic pinning potential 
is weak when compared to the lattice stiffness, i.e. A < jx. Under this condition the 
triangular vortex lattice can be treated as an isotropic 2D elastic continuum with 
Lamé coefficients X and ^. [15]. Then, the equation of motion for the deformation 
field w of the dissipative 2D vortex medium driven by the oscillating force 
FL = (B/c)(JM x f) in the periodic potential U(<f>), where <j> = Wx + Sx is the 
displacement of the vortices, in the x-direction (Fig. 1), with respect to the bottom 
of the corresponding potential wells, can be written in the form [15]: 

T , - ^ = I U V 2 W + ( A + ^ ) V V - V V - V < ( ) U + F I . , (1) 
at 

where -n =B2/c2Ra is the viscosity coefficient [16] expressed in terms of the sheet 
flux-flow resistance JRn. Since we are interested in the linear dynamic response of 
the vortex lattice to the driving force FL, it is convenient to write w in the form 
w = we + s and to expand equation (1) to first order in the deviation s from the 
static (equilibrium) deformation field we. As shown in Ref. 7, for an infinite 2D 
vortex crystal vve consists in a homogeneous area-conserving deformation in a 
C-phase onto which a I D soliton lattice is superposed in an I-phase. In Section 
IH(C) we shall show how the finite size of the sample can be accounted for by 
allowing for the nucleation of boundary solitons in a C-phase [17]. Linearizing 
equation (1) in the small dynamic displacement s one obtains the following 
equation for vortex motion: 

ds » .. -
T , - + L S = F L , (2) 

of 

where iL is a 2 x 2 matrix operator whose components are given by: 

L 0 = -fi.V2 8aB -(A + fx)VaVß +qo«U"(<k)qo3 (3) 

with <f)e = wex + 8x. Equation (2) is a linear inhomogeneous partial differential 
equation, whose solutions s(r, t) can be expressed in terms of the normalized 
eigenvectors $ K and of the eigenvalues E(K) of the operator L : 

iêK = E(K)$K. (4) 

Taking an e""'-time dependence for FL, the co-Fourier component, S^(F), of s(r, t) 
can be written as: 

Uf) = I ^!^l^if), (5) 

where the scalar product is defined by: 

(f\E)-~2\(f*-i)d\ (6) 

L being the (linear) size of the sample, which is assumed to have a square shape. 



Voi. 58, 1985 Dynamics of commensurate and incommensurate vortex phases 433 

At this stage the problem is reduced to that of finding the eigenvectors <Ï>K and 
eigenvalues E(K) of the operator L in the different phases assumed by the vortex 
lattice. For the sake of simplicity, in the mathematical calculations it is convenient 
to choose, instead of a cosine potential, a piece-wise parabolic periodic potential 
such that U(<j)e) = (1/2)K^1 in the interval -(A0/2)=£<k =s(A0/2). 

A. TTic commensurate (C) phase (8<8C) 

In the ground state of an infinite 2D vortex crystal in a C-phase (8 < 8C ) each 
vortex of the lattice lies at the bottom of a potential well, i.e. <£e = 0 everywhere 
[7]. As a consequence, the curvature U"(<f>e) of the periodic potential experienced 
by the vortices, which appears in the last term of equation (3), is a constant which 
takes the value K for our particular choice of U(<t>e). Then, for an incompressible 
(X —» oo) lattice of vortices the solutions of equation (4) are plane waves of the 
form: 

$K(r) = êt(K)e*f, (7) 

where ê,(K) is a polarization vector for transverse lattice deformation modes 
[êt(K) -K = O] and the wave vector K is confined within the first Brillouin zone. 
The corresponding eigenvalues are given by: 

E(K) = ^K2+ K^, (8) 

where Ky is the component of K along the y-direction, perpendicular to q0, 
shown in Fig. 1. As expected, for vortex motion perpendicular to the grooves of 
the periodic potential, i.e. for shear modes such that K • q0 = 0, there is a gap, of 
value K, in the dispersion relation (8) at K = 0. 

B. The incommensurate (I) phase (8>8C) 

The I D soliton superlattice, which characterizes the ground state of the 2D 
vortex crystal in the I-phase (8>8C), is described by the 'phase' field <t>e, a 
stair-shaped function [7] varying only along a direction u which, for the incom­
pressible vortex lattice, is found to form an angle of 45° with the x-axis (Fig. 1). 
Since <pe only depends on u and is such that 4>e(u + nP) = 4>e(u)4-nX0, the last 
term of equation (3), which contains the curvature U"(<f>e), is a periodic function 
of u with period P: U"[4>e(u + nP)]= U"[<j>e(u)]. Anticipating external forces FL 

which are almost spatially homogeneous (see Section IV), this suggests to look for 
solutions of equation (4) varying only along the u-direction, i.e. of the form 
¢,£ = 3^(1^). It is then easily seen that, in the u-v reference frame of Fig. 1, 
equation (4) takes the form of a (ID) matrix Schrödinger equation for the 'spinor' 
field ^ K ( U ) describing the motion of a particle in the I D periodic potential 
U"[<pe(u)]. As a consequence, $K(M) is a Bloch function of the form: 

$K(u)=$>K(u)eiK", (9) 

where ^fK(u) is such that ^K(u + nP) = "^K(u) and the Bloch wave vector K is 
parallel to the M-direction. To find an explicit form of the eigenfunctions $ K ( U ) , 
we rely on our particular choice for LJ(<t>e). In this case the static soliton solution 
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<t>e(u), in the limit À -*<», is given by [18]: 

where x(z) is such that x(z) = 1 for - ( P / 2 ) « z ^ ( P / 2 ) and vanishes otherwise and 
6 2 = K / 2 / X . The period P is related to the mismatch parameter S and, conse­
quently, to the magnetic field B by [18]: 

j - = coth(eP/2)+ . ^!2In., (H) 
Sc sinlr (eP/2) 

where ôc = e\0/4\Ì2. With <t>e(u) given by equation (10) one can easily show that 
U"[<f>e(u)] yields a Kronig-Penney potential of the form: 

U"[<fe(u)] = x -— tanh (eP/2) £ 5(« - nP). (12) 
e 

Since l/"[<k(u)] = « between the (negative) 'spikes' of the periodic potential (12), 
we look, in these regions, for solutions of the form: 

$K(u) = ciKeik«u+bKe-ik«» (13) 

which, after substitution in equation (4), lead to the following expression for 
E(K): 

E(K) = i(K+2nk2
K). (14) 

Relying on Bloch's theorem, which requires that <£>K(w + P ) = e lKP 9K(u), one can 
match at a 'spike' solutions corresponding to successive regions by imposing 
continuity as in quantum mechanics [1.9]. For an incompressible lattice this 
procedure leads to the following condition for fcK: 

cos KP =•- cos (fcK P) - eP tanh (eP/2) - " " , ^ . (15) 
kKP 

The dispersion relation E(K) resulting from equations (14) and (15) is shown in 
Fig. 6, where the 'acoustical' branch located betwen — -n/P and +-rr/P corresponds 
to the so-called phason mode [20] of the soliton lattice. 

It will be shown in Section rV that the relevant Bloch wave vectors K of our 
experiments are the non-vanishing reciprocal vectors G of the ID soliton super-
lattice [G = M(2TT/P)]. In this particular case and for the incompressible vortex 
lattice <frG(u) takes the simple form: 

<Ê>G(u) = Ae1(K) cos kG(u-~ J, (16) 

where êt(K) is a polarization vector for transverse excitation modes of the ID 
soliton lattice, i.e. ê,(K) -K = O with K parallel to theji-axis (see Fig. 1), and kG 

is one (still unspecified) solution of equation (15) for K = G (see Section IV for a 
discussion of this point). The amplitude A is determined by the condition 
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Figure 6 
Dispersion relation for the soliton lattice of an incommensurate vortex phase. Only even standing 
waves, corresponding to points like A, contribute to the vortex response measured in our experiments. 

C. Size effects 

For a sample of finite size one should allow for the nucleation of soliton-like 
topological excitations at the edges (boundary solitons) when the bulk of the 
vortex lattice is in a C-phase [17]. The situation is schematically illustrated by Fig. 
7, where, for the sake of simplicity, we have assumed that the orientation of our 
square sample is such that its edges form an angle of ±45° with the x-axis. Then, 
boundary solitons will form at two opposite edges of the sample. As shown by Fig. 
7(a), for P(S) <L the vortex lattice is in the I-phase. It is assumed that in this case 
edge effects have negligible influence on the vortex dynamics, so that the 
calculations for the infinite incommensurate crystal of Section HI(B) still apply as 
long as P(8) < L. For 8<80, where S0 is such that P(S0) = L, soliton nucleation is 
possible only at two opposite boundaries of the sample, the bulk of the vortex 
lattice being in a C-phase. For 8 - S0 [Fig. 7(b)], i.e. P(S0) = L, one single soliton, 
having precisely the same features as those studied in the previous subsection, 
exactly fits into the sample. Thus, its amplitude at the edges, as deduced from 
equation (10), is <fe(L/2) = -<k(-L/2) = A0/2. For P(8)>L, i.e. S < 5 0 , the size L 
is too small for the system to be able to accommodate a 'complete' soliton, i.e. a 
soliton for which the 'phase' jump <f>e(LI2)-<f>e(-LI2) amounts to K0. As a 
consequence, the soliton amplitude at the edges decreases as S is progressively 
reduced below S0 and finally vanishes for S = O [Fig. 7(c)]. An obvious 
phenomenological way to take into account this effect is to write the soliton 
amplitude at the boundaries as 4>e(L/2) = -<f>e(-L/2) = (\.0l2)(8l80)

y, where the 
(positive) exponent y turns out to be equal to 1 if one applies the result of Ref. 17 
to our piece-wise parabolic potential. To study the dynamics of superconducting 
vortices in a C-phase with boundary solitons [P(S) >L] , it is convenient to impose 
again periodic boundary conditions to equation (4) by requiring that <i>K(u+L) = 
e i K L$K(u). The problem is then formally identical to that solved in Section III(B), 
the (fixed) periodicity, however, being now L rather than P(8). For our particular 
choice of U(4>e) the above expression for the soliton amplitude at the boundaries 
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Figure 7 
Solitons in a sample of finite size: (a) Lncommensurate (striped) phase; (b) Commensurate phase 
showing boundai-y solitons with full amplitude at the edges; (c) Commensurate phase with boundary 
solitons of reduced edge amplitude. 

suggests a Kionig-Penney potential of the form (for 8<80): 

U"[cf>e(u)] = K - — (8/80)
y tanh (eL/2) £ S(u - nL). (18) 

From equation (12), which is valid for P(S)^L (Ss=S0), and equation (18), which 
applies for P(S)^L (S=So0), it is seen that the I-phase and the C-phase with 
boundary solitons are correctly matched at 8 = S0, where P(S0) = L. It is also clear 
that, with U"[<t>e(u)] given by equation (18), equations (14)-(17) of the previous 
subsection still apply when P(8) > L with the prescription, however, of replacing P 
by L everywhere and with an additional factor (,8/8Q)y in the last term of equation 
(15). 

What is the appropriate size L in real films? To answer this non trivial 
question, we notice that the granular structure of the modulated Al-films used in 
our experiments represents a dense system of randomly distributed weak pinning 
centers acting on the vortices. Under these circumstances long-range positional 
order no longer exists in the vortex medium. An almost periodic vortex lattice 
only occurs within domains whose size is determined by the Larkin-Ovchinnikov 
correlation length Rc [21], which is typically of the order of 10-50 lattice 
constants [2!Z]. Therefore, we expect the appropriate L for our films to be 
approximately of the order of R0 and, consequently, much smaller than the actual 
sample size. 

IV. The rf vortex response 

Relying on the vortex dynamics studied in the previous Section, we shall now 
derive a theoretical expression for the rf-signal V generated in the receive coil R 
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by the sheet current density J(r,t) = JM(f,t) + Jv(f,t) flowing in a thickness-
modulated film in response to the rf-excitation provided by the drive coils D 1 and 
D 2 (see Section II and Fig. 1). 

We consider a very thin superconducting film, such that d « k, where A. is the 
temperature dependent penetration depth. Under this condition, the supercon­
ducting layer is truly two-dimensional and can be thought of as being confined to 
a plane which, for convenience, is assumed to be the z = 0-plane. The 'usual' 
current density j'(r, z, t) is then related to the 'sheet' current density J(r, t) simply 
by j=8(z)J. To calculate the rf-response V, we consider the vector potential 
variation 8A(f, z, t) = Â(r, z, t)-Âa(r, z, t) due to J^r, t), A and Aa being, respec­
tively, the (total) vector potential generated by J and ja (the current density 
associated with the rf-current Ia circulating in D 1 and D2) and the vector potential 
created by ja alone. Then, if the driving frequency, (O/2TT, is not too high, 
A(f, z, t) satisfies, in all space, Maxwell's equation: 

V x V x A = - [8(z)J+ ja], (19) 
c 

while, within the 2D superconducting film, J obeys London's equation" [23]: 

J = T ^ - A), (20) 

where A = 2A2/d is the effective penetration depth for 2D superconductors. The 
2D 'fluxoid' field €>(r, t) describes vortex excitations at f = r}\t) and satisfies the 
equation [23]: 

V x O = ¢0 I Ô( r - Tj). (21) 

By means of the Fourier-transform method first applied by Pearl [23] to a similar 
problem, equations (19) and (20) can be solved for the q-Fourier component, 
8A{q, z, t), of 8A(r, z, t) giving: 

8A(q, z, t) = [ê(q, t)-Äa(q, 0, 0] ^ r , (22) 
^ 1 + qA 

where Âa(q, 0, t) is related to Ja(q, qz, t), the 3D Fourier transform of Ja(r, z, t), 
by [23]? 

Aa{q, 0, 0 = — Ja(q, <\z = -iq, t). (23) 
cq ~ 

The Fourier component of the Meissner sheet current density is easily obtained 
from equations (19) and (20) by setting 0 = 0 [23]: 

7 ... , / a ( i q 2 = - " 7 , 0 , „ . , 
IM (q, t)=- = — — . (24) 

1 + qA 
As it clearly results from equation (21), which contains the vortex positions Jr1(O), 
the vortex dynamics enters the expresion (22) for 8A(q, z, t) through J(q, t) which 
is easily deduced from equation (21) if one notices that, as required by current 
continuity, V • 3> = 0: 

K 4 0 = i A , M I e - ^ " . (25) 



438 P. Martinoli et al H. P. A. 

R~*W, 4) = (4 x z ) a - S I e-«-'* I , " ^ , ^ [4 • SK(JSJ ] 

Writing r,(0 in the form r,(r) - fje + s(fje, t), equation (25) can now be linearized in 
the small oscillating displacement s(rje, t) of the vortex j about its static equilib­
rium position fje. Then, assuming again an e"""-time dependence for all fields and 
combining equations (22)-(25), the (q, tt>)-Fourier component, 8Em(q, z) = 
—(Ua/c) 8AM(q, z), of the electric field SE(f, z, t) generated by J(t\t) can be 
written in the form: 

g-q|z| r 1+flA I 
(4) , (26) 

~ l+qALq.,3 qA J 

where LK = 2TVA/C2 is the sheet kinetic inductance. The first term on the right-
hand side of equation (26) is the contribution to 8E10(Hi, z) due to the oscillating 
motion of the vertices. Thus, -R0x^ (q', q) is the 'vortex response function' in which 
we are primarily interested here. Using equation (5) for sM(fje) in the linearized 
equation for fbm(q), it is readily shown that: 

K q y ia-r.V ^(K) 
JV2V K I + M K ) ' 

x I «« 'Mf x ^ K r J ] 0 , (27) 
i 

where T(K) = T]IE(K) is the relaxation time for the mode of wave vector K and ZV 
the total number of vortices in the superconducting film. The last term in equation 
(26) is the purely inductive contribution to SE^q, z) associated with the Meissner 
response of the superconducting film to the rf-excitation. For weak magnetic fields 
this term is independent of B and, consequently, it does not contribute to the 
dV/dB-signal measured in our experiments. Notice that, using equation (24), 

f ü)(q, z) can alternatively be expressed in terms of ;a<u(q, qz = —iq) rather than of 
„..J3)-

In the following we shall discuss the rf-response of the 2D vortex crystal in 
the different phases it can assume on the periodic substrate. 

A. The commensurate (C) phase 

With the vortex crystal in a C-phase, the eigenvectors <bK(rje) appearing in 
equation (27) are given by equation (7) and, moreover, the {fje} form a set of 
lattice vectors. Then, from equation (27) it immediately follows: 

,_, ,„, -\ ,, ,* x̂ v i<ar(K) 
Raaß(q , q) = Ra(q x z)a 2, — — T g r 

K 1 + IU)T(K ) 
x[q-ê,(K))[zxê,(K)](MK-q)à(K-q'), (28) 

where the Peierls symbol A(p) is such that A(p) = 1 if p = gmn and vanishes 
otherwise. From equation (28) it is readily seen that only [/-processes^ contribute 
to the sum over K, the scalar product in equation (28) vanishing for K = q. Their 
contribution to the rf-voltage V, however, is vanishingly small, since, as it follows 
by considering the exponential factor e~qh>* (where hR » a) resulting from the 
integration of equation (26) over the turns of the receive coil R, the relevant 
q-vectors of our experiments are such that qhR < 1 and are therefore confined to 
the first Brillouin zone ( q a « l ) . Thus, we can conclude that OVVoB = O for an 
infinite ideai vortex crystal in a C-phase. 
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B. The incommensurate (I) phase - Size effects 

In an I-phase the eigenvectors ÔK are given by equation (9). Moreover, rje 

can be written in the form fje = fj0 + wje, where rj0 is a lattice vector of the 
undistorted triangular vortex lattice and w,e is the periodic [period P(S)] trans­
verse (wJC -K = O) deformation field associated with the static I D soliton superlat-
tice. If one assumes that wje varies slowly with the position of the vortex j , the 
sums over / and I in equation (27) can be replaced by integrals over a smooth 
density of lattice points. Then, a straightforward calculation leads to the following 
expression for the vortex response function: 

R^0(<?', q) = R a (q x z)a 1 7 - ^ ¾ [q • êt(K)][î x et(K)]ß 

K 1 + 1(OT(K ) 

x X #K(G)#&G')SK ,q_GÔK ,q ,_G , (29) 
G,G' 

where 1PK(CJ) is the G-Fourier component of the 'wave function' $K(.u), of period 
P, appearing in equation (9). In our granular Al-films the correlation length Rc 

sets an upper limit to P (P^L-Rc) which is therefore expected to be much less 
than hR (P«hR). Since, as shown in the previous subsection, only long-
wavelength Fourier components, such that qhR < 1, are important in our experi­
ments, it follows that the relevant q-vectors are confined within the first Brillouin 
zone of the ID soliton superlattice (qP« 1). Then, by considering the sum over K 
in equation (29), it is readily seen_that only^ [/-processes in the reciprocal soliton 
lattice, such that K = q-G and K = q"-G', contribute to Pv0^3(q', q). Further­
more, since qP« 1 and, consequently, q«G and q ' « G' for the [/-processes of 
interest here, we can set K=G in equation (29), an approximation which, in 
turn, implies q — q'. Substituting the resulting diagonal vortex response function 
into equation (26) and integrating 8EM(f, z) over the turns of the receive coil R, 
the rf-voltage V can be written in the form: 

VM = C(T)Z'(a>, B, T)I001. (30) 

In this expression the 'impedance' Z'(w, B, T) contains the vortex dynamics and is 

given by: 

where the sum is over all G excluding the G = 0-mode and the average of <E>G(u), 
which is given by equation (16) for a piece-wise parabolic potential U{<f>e), is 
taken over one period P of the soliton lattice. It is easily verified that only those 
solutions, fcG, of equation (15) which correspond to an even standing wave, i.e. to 
points like A in Fig. 6, lead to a non-vanishing average of $G(")-

The temperature dependent factor C(T) describes the geometry of the drive 
and receive coils as well as their orientation with respect to q0. If one assumes a 
unidirectional Meissner sheet supercurrent density of the form JMo,(q) = 
DXD(q)Iau> [see Section II, Fig. 1 and equation (24)], C[T) can be written as: 

C(T) = j d2qi + ^MT)XD(q)XR(q)T(q), (32) 
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where XD(q) and XR(q) are 'circuit functions' depending on the geometrical 
properties of the drive and receive coils respectively. The factor T(q) is given by 
r(q) = (q • êt)[êt • (z x D)][q • (z x R)] and therefore describes the angular depen­
dence of the vortex response [ê, is perpendicular to the direction u of the ID 
soli ton lattice (Fig. 1)]. It should be noticed that current continuity requires 
q \JM<O(<?) = 0, a condition implying that q • D = 0 for the nearly unidirectional JM 

of our experiments. 
Before proceeding to a qualitative analysis of the experimental data of 

Section II in terms of the theoretical model studied in Sections III and IV, we 
recall that the results of this subsection can be applied to a sample of finite size L 
provided one replaces P by L when the vortex lattice in in a C-phase with 
boundary solitons (Fig. 7). As shown in Section HI(C), in granular films L is of the 
order of R0, the Larkin-Ovchinnikov correlation length [21]. 

C. Comparisons with experiment and discussion 

Let us first discuss the magnetic field and temperature dependence of the 
structures observed in dV/dB about B1 0 . In this connection we notice that 
q A ( T ) « l for the temperatures and q-values (qhR<l) of interest here and, 
consequently, C(T) [equation (32)] becomes independent of temperature. {C(T) 
depends on T only in a narrow temperature range close to Tc, where A(T) 
diverges and, as a consequence, C(T) tends to zero as [1-(T/TC)]}. Then, as 
shown by equation (30), the dependence of the rf-signals on B and T can be 
simply deduced from numerical calculations of the vortex impedance Z ' [equation 
(31)]. Three parameters enter such calculations: the 'sample size' L, the ratio 
A/fi = (-77e/2q0)

2 [24] and the relaxation time TA = TJAÏOA associated with over-
damped vortex motion in the periodic pinning potential. Thermal fluctuations of 
the vortices are roughly taken into account by replacing A with AR(T), the 
'renormalized' strength of the pinning potential calculated in Ref. 7 using a 
self-consistent harmonic approximation. Theoretical field derivatives of the nor­
malized impedance z' = Z1JRn, as deduced from equation (31) using equation 
(16) for $G(u)> equation (15) for fcG, equation (11) for P[S(B)] and equation (14) 
for T(G) = T]IE(G), are shown in Fig. 8 for a typical domain size (L = Rc = 30A0) 
and for values of AR//x and WT4 R corresponding to three different temperatures. 
Comparison with the data in Fig. 2 shows good qualitative agreement for the field 
dependence as well as for the relative magnitude of the real and imaginary parts 
of the dV/dB -signal. As observed experimentally, the model correctly predicts, for 
rising temperatures, a gradual decrease of the structures around B1 0 followed by a 
rapid degradation when T approaches the 'locking-unlocking' temperature TLU 

[7], above which the vortex lattice no longer feels the periodic pinning structure 
[AR(TLU) = 0]. At very low temperatures (T-»0) , AR//x and WTAR become 
independent of T and, as a consequence, the structures in dV/dB reach their 
maximum amplitude. This is in striking contrast with the complete absence of 
structures in the rf-data taken at temperatures below —1.7 K. This behaviour 
might be due to the growing (relative) importance of random pinning effects with 
decreasing temperatures. Further work is needed, however, in order to assess the 
validity of this conjecture. 

To discuss the low-temperature angular dependence of the rf-signals (Fig. 4), 
we must consider the T(q)-factor in equation (32). In this connection, we first 
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Figure 8 
Theoretical field derivatives of the normalized vortex impedance z' = Z1IRn calculated from 
equation (31) for three different temperatures, b is the reduced magnetic field B/Bw. 

notice that all the experimental data presented in this paper were obtained with a 
drive-receive coil configuration such that D//R (Fig. 1). As discussed in Section 
IH(C), in granular Al-films the vortex lattice is expected to break up into a large 
number of uncorrected domains. For the sake of illustration, we first consider the 
rather unlikely situation in which the soliton lattice is supposed to have the same 
orientation, say at +45° with respect to q0 (the u-direction in Fig. 1), in all 
domains. In this case T(q) has the same value for both the (x, x)- and the 
(y, y)-configurations: Txx = Tyy = 1/2. For the (x + y, x + y)-configuration we dis­
tinguish two cases: (i) D (and R) parallel to the soliton lattice, for which 
rx+y,x+y = 1 and (ii) D (and R) perpendicular to the soliton lattice, for which 
rx+y,x+y = 0- This strongly anisotropic behaviour of the low-temperature dynamic 
vortex response was not observed in our experiments. On the other hand, if one 
assumes that the vortex crystal breaks up into uncorrelated domains in which the 
orientation of the solitons randomly changes from +45° to -45° with respect to 
q0, a simple averaging procedure, which assumes an equal number of domains for 
the two possible orientations, leads to <r(q)) = rx x = Tyy = rx + y > x + y= 1/2. This 
reasonably agrees with the nearly isotropic rf-response observed at low tempera­
tures (Fig. 4), a result providing convincing evidence for a multidomain structure 
with solitons randomly oriented at ±45° with respect to the thickness modulation. 

At high temperatures, where a new strongly anisotropic signal shows up in 
the rf-data (Figs. 3 and 5), our model fails in describing the dynamic vortex 
response. This might be due to the formation of liquid-like domains in a 
temperature range which is above the 2D melting temperature [9-11]. Calcula­
tions of the dynamic response in such a régime will be done in the near future. 
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Shear Modulus Softening of a Lattice of Superconducting Vortices 
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The critical currents of superconducting films, in which the vortex lattice is exposed to the pin­
ning field created by a periodic thichness modulation, show an unusual non-monotonic temperature 
dependence near the superconducting transition. This anomalous feature, which is observed when the 
flux lattice is commensurate with the periodic film structure, is consistent with a softening of 
the shear modulus of the vortex lattice due to anharmonic "phonon-phonon" interactions, 

The lattice of quantized vortices in thin 
superconducting films can be thought of as an in­
compressible two-dimensional (2D) crystal whose 
long-wavelength properties are determined by a 
single elastic constant, the shear modulus \i. At 
non-zero temperatures u. is renormalized by non­
linear lattice vibrations associated with "phonon-
phonon" interactions and by thermally activated 
topological defects forming bound pairs of dislo­
cations with opposite Burgers vectors [1,2]. Vor­
tex lattice melting driven by the unbinding of 
dislocation-antidislocation pairs is predicted to 
occur at a temperature T|v| determined by the 
Kosterlitz-Thouless criterion for the existence of 
topological order in two dimensions [2]. While 
there is some experimental evidence for a solid-
to-fluid transition of the vortex lattice [3], no 
convincing demonstration of dislocation mediated 
melting has been produced so far, the study of the 
critical behaviour close to T^ being complicated 
by vortex pinning phenomena [3,4]. In this letter 
we report the observation of an unusual non-mono­
tonic temperature dependence of the critical cur­
rent, Ic, of superconducting layers in which a 
well-defined pinning structure is introduced by 
periodically modulating the film thickness in one 
direction [5], This anomalous behaviour, which is 
observed for vortex densities corresponding to 
lattice configurations commensurate with the pe­
riodic film structure [5,7], is consistent with a 
softening of the vortex lattice due to anharmonic 
phonon-phonon interactions occurring well below 
TM. 

The experiments were performed on a granular 
Al-film with an average thickness, d, of 3000 Â, a 
relative thickness modulation, Ad/d, of ~ 20 % and 
a modulation period, \„, of 1.4 |j,m. Because of 
the relatively low normal-state sheet resistance Rä 

of the Al-layer (Rn= 0.7 Q ) , the estimated T^ 
practically coincides with the mean-field transi­
tion temperature, T c o = 1.66 K, of the film 
[1]. As a function of magnetic field Î3, the criti­
cal current IC(B) shows characteristic peaks for 
B = B„ the field values at which the vortex 
lattice perfectly matches the periodic pinning 
structure [5-7]. However, as illustrated in Fig. 1 
for the fundamental matching configuration at Big 
= 9.2 gauss, the magnitude of the critical-current 
peak shows a remarkable temperature dependence 
characterized by a minimum-maximum structure in 
the Ic(t)-curve (t = T/Tco) just below Tco. 
At t* » 0.945, the reduced temperature correspon­
ding to the minimum, the critical currents of the 
modulated layer and of a flat reference film are 
roughly of the same strength, indicating that the 
additional pinning mechanism provided by the 
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Fig. 1. Anomalous temperature dependence of the 
critical-current peak at B 1 0 of a thickness-
modulated film. 

thickness modulation is strongly reduced at t*. 
This is further demonstrated by the absence, at 
the same temperature, of quantum interference 
steps in the current-voltage characteristic of the 
modulated film exposed to rf radiation [6] (Fig. 
2). Notice, however, that the quantum steps reap­
pear, sharper than at lower temperatures, for t > 
t* and are well resolved up to temperatures very 
close to Tco. This observation implies a highly 
correlated motion of the vortices and, therefore, 
the existence of a solid-like vortex medium in 
this temperature region. This is consistent with 
our estimate T^ » Tco. Another feature of the 
critical-current data is worth mentioning. From 
the width, 2AB, of the Ic-peak at Bjo it is pos­
sible to deduce the critical mismatch parameter 
6 C « AB/2B10 at which the vortex lattice under­
goes the transition from the commensurate to the 
incommensurate phase [7]. The temperature depen­
dence of 6 C is shown in Fig. 3 : 6c(t) exhi­
bits a shallow minimum approximately at t*. 

A simple model accounts for the essential fea­
tures of our experiments. We start by writing the 
expressions for the critical current density at 
Bmn 
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Fig. 2. Current-voltage curves at different re­
duced temperatures of a thickness-modulated 
film exposed to rf radiation. Quantum steps at 
E n = nfXgBio disappear for t » t*. 

i 1 1 L _ J 0 0 

0.89 0.92 0.95 0.98 

Fig. 3. Critical current density (open circles) 
and critical mismatch parameter (full circles) 
as a function of reduced temperature at Bio. 
Solid lines are theoretical predictions based 
on Eqs. (1)-(4). 

jc(T) = (2n/4)0\gd)AR(T) (1) 

and for the critical mismatch 

O0(T) = (2/it) [AR(T)/V(T)]
1/2 (2) 

derived in Ref. [7]. In Eqs. (1) and (2) AR(T) 
is the amplitude of the periodic pinning potential 
renormalized (R) by thermal fluctuations of the 
vortices around their equilibrium positions at the 
bottom of the potential wells. AR ( T ) is given by 
[7] : 

AR(T)/A(T) = [A(T)/n(T)]
T/(TLU-T) , (3) 

where A(T) and jx(T-) are, respectively, the bare 
pinning potential amplitude and the shear modulus 

and Tm, is the locking-unlocking temperature 
[7], essentially T c o in our low-sheet-resistance 
film. If one neglects the renormalization of ^(T), 
the ratio A(T)/u.(T) is independent of T [7] (A/JJ. « 
4Ad/d), leading to a monotonie temperature depen­
dence for both jc(T) and 6C(T). Non-linear 
lattice vibrations and dislocation pairs, however, 
renormalize the shear modulus at finite tempera­
tures. Since no evidence was found for vortex lat­
tice melting and the temperature region of inte­
rest is well below the estimated Tjvj, we neglect 
the effect of dislocation pairs. Then, renorma­
lization due to phonon-phonon interactions leads 
to [1] : 

HR(T) = H(T)(I-ClVk8TA(T)/^]) , (4) 

where A(T) is the effective thin film penetration 
depth [7] and C a numerical constant, the only ad­
justable parameter of the model. If we now assume 
that the effect of vortex lattice softening on 
jc(T) and 6C(T) can be simply described by re­
placing \i(J) with HR(T) in Eqs. (1)-(3), then we 
obtain the theoretical curves shown in Fig. 3. The 
expression of [a.C T) valid at intermediate fields 
[1,7] has been used in the calculations. The 
agreement is excellent for ôc(T), while it is 
only qualitative for jc(T). This is possibly due 
to the method used to obtain the jc-data, a pro­
cedure involving the subtraction of the two 
Ic(t)-curves shown in Fig. 1. 

The physical picture emerging from our analysis 
is quite simple. Below t*, the main effect of 
thermal fluctuations is to renormalize A, causing 
j c and 6C to decrease with rising tempera­
tures. Vortex lattice softening, on the other 
hand, is the dominant phenomenon above t*, an ef­
fect making vortex pinning more effective and, 
consequently, causing j c and <5C to rise with 
temperature. 
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A two-coil mutual-inductance technique for measuring the complex ac response of a two-
dimensional (2-D) superconductor to a weak ac magnetic field is described. Analytical and 
numerical methods are presented which allow extraction of the complex ac conductance of the 
superconductor from the signal voltage induced in the detection coil by the screening currents 
flowing in the sample. The method is illustrated by measurements of the ac conductance of a 
square network of aluminum wires from which the penetration depths of both the network and 
(granular) aluminum are deduced. It is shown that the method provides a powerful tool to 
observe characteristic features associated with critical phenomena in 2-D superconducting 
systems. 

The response of a superconductor to time-dependent 
electromagnetic fields can be described in terms of the com­
plex ac conductivity of the system. Conductivity measure­
ments probe the dynamics of the accelerated superfluid and 
of low-energy excitations from the superconducting ground 
state such as quasiparticles and vortices. A particularly at­
tractive aspect of experiments focusing on the ac conductiv­
ity is the possibility to perform accurate measurements of a 
fundamental parameter of superconductivity, the magnetic 
penetration depth, and to explore in detail the nature of var­
ious dissipative processes. 

A two-coil mutual-inductance technique for measuring 
the low-frequency complex sheet conductance (rather than 
the ac conductivity) of two-dimensional (2-D) supercon­
ductors was first devised by Fiory and Hebard,1 who used it 
to study thin films of aluminum/aluminum-oxide2 and indi­
um/indium-oxide composites3 and, recently epitaxial 
YBaCuO layers.4 In recent work, we used a modified version 
of Fiory-Hebard's method to investigate magnetic screening 
and dissipation in connection with critical phenomena in 2-
D arrays of proximity effect Josephson junctions,5 in 2-D 
wire networks6 and in granular high Tc films.7 In considera­
tion of the current widespread interest in thin films of the 
novel superconducting oxides, in this letter we give a thor­
ough account of our drive-receive coil technique which has 
been only marginally described in previous work. Relying on 
accurate control of the two-coil geometry to model ac cur­
rents and fields, we derive an analytical expression relating 
the signal voltage 8 V at the receiver to the ac sheet conduc­
tance G of the sample. This distinctive aspect of our method 
favors the use of a very simple yet powerful numerical inver­
sion procedure4 to extract G from 8 V, thereby providing de­
tailed insight into the physics of 2-D superconductors. 

At the heart of the ac conductance measuring system, 
shown in Fig. 1, there are a drive coil of radius RD = 2.05 
mm and a pair of astatically wound receive coils of radius 
RR = 1.2 mm coaxially mounted within the excitation coil. 
Mechanical stability is achieved by embedding the coil as­
sembly in stycast. The drive coil has ND = 23 turns equally 
spaced by 8hD = 0.2 mm, and is placed at a distance hD of 
0.3 mm from the sample. The two mutually compensating 
sections of the detection coil have NR = 15 turns each of 20-

//m-diam wire, the uniform spacing 8hR between the turns 
being the only adjustable parameter used in the calibration 
procedure outlined below (ShR is of the order of 30 /im). 
The gradiometer configuration of the receiver favors sensi­
tivity to currents flowing in the film with respect to those 
circulating in the drive coil and helps to suppress external 
flux noise. To achieve maximum sensitivity, the distance hR 

of the lower detection coil to the sample is kept as small as 
possible {hR is at least an order of magnitude smaller than 
hD ). The in-phase and quadrature components of the vol­
tage 8 V at the receive coil due to the screening currents 
flowing in the superconducting sample in response to an ac 
current of amplitude ID and angular frequency a in the drive 
coil are detected by conventional lock-in techniques or by an 
ac mutual-inductance bridge incorporating a superconduct­
ing quantum interference device (SQUID) detector. To il­
lustrate our method we present conductance measurements 
performed on a network of aluminum wires6 of width 
w = 1 Afim forming a square lattice with 106 nodes connect­
ed by strips of length a = 8 firn and normal-state resistance 

J I I 1 L 

4 2 0 2 4 
p [mm] 

FIG. 1. Left side: geometry of the drive-receive coil system. Right side: radi­
al sheet current density distribution in a superconducting network of Al 
wires as computed from Eq. (4) for three different temperatures (/„ = 15 
fiA), 
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Rs = 95 ft. The sample was patterned from a 400-Â-thick 
granular Al film using standard photolithography and wet 
etching. 

To study the response of the superconducting system to 
the ac magnetic field created by the drive coil, we first derive 
an expression for the sheet current density K̂  in the sample, 
which is assumed to be homogeneous and isotropic over the 
characteristic length scales selected by the coils. We use cy­
lindrical coordinates defined by r = (p,fa) and locate the 2-
D sample in the z = 0 plane, the axis of the coil arrangement 
coinciding with the z axis. Then, in the gauge V-A = O, 
Ampere's law for the total vector potential A(r) can be writ­
ten as 

- V2A(^z) = p0[Ks(p)S(z) + jD(pj)], (1) 
where jD (p,z) is the current density distribution generated 
by the drive coil 

ND- . 

jD(pj)=ID8(p-RD) 2 8(z-hD-n8hD)q>. (2) 
»1 = 0 

Because of the high degree of precision achieved in control­
ling the geometrical parameters of the coils in the fabrication 
process, Eq. (2) is believed to provide a very accurate de­
scription of the driving current density. Neglecting normal 
current contributions and taking an exp(/<uf)-time 
dependence for all fields, we define G by Ks(p) 
= G(w)E(p^ = 0) = -icoG(û))A(P^ = O). In writing 

this local relation, we implicitly assume that finite q correc­
tions to G can be ignored for the wave vectors selected by our 
coil configurtion. By Fourier transforming and solving Eq. 
( 1 ) for Ks using the formalism developed by Pearl,8 we ob­
tain 

K,(*,) = 
JD(?« >tfz = - ' ? / ) (3) 

1 + (2/i<ûG)q, 
where q, and qz are, respectively, the in-plane and axial com­
ponents of q. Then, using the driving current distribution of 
Eq. ( 2 ), a straightforward transformation of Eq. ( 3 ) back to 
real space leads to the following expression for Ks (p) : 

dq,-
o 1 

Q,e 

+ (2/p0)(l/iû)G)q, 

XJ,(q,RD)Jx(q,p) 1 
- R,NißhD 

l-e - * ^ * D <P> (4) 

where J1(X) is the first-order Bessel function. As an exam­
ple, in Fig. 1 we show the screening current distribution re­
sulting from Eq. (4) for the superconducting network de­
scribed above. At the three temperatures indicated in the 
figure, this sample behaves as a pure inductor with 
G = (UULk ) ~ ', where Lk ( T) is the network kinetic induc­
tance6 discussed in detail in the last section of the paper. As 
expected, Ks (p) has a maximum atp = RD, whose strength 
reflects the linear variation of L k ' ( D in the temperature 
range of interest, near the mean-field critical temperature of 
the network (T00 = 1.995 K). 

Having found an expression for K1, we proceed to com­
pute S V by observing that the Fourier transform of the elec­
tric field SE(p,z) generated by the screening currents flow­
ing in the sample is given by SE(q,, qz) = — icûp0Ks(q,)/ 

(q] + ^2), as follows by inspection of Eq. ( 1 ). By perform­
ing the line integral of SE (p,z) over the NR equally spaced 
turns of the lower detection coil (contributions to S V from 
the upper section of the receiver, being exponentially cut off, 
can be neglected), we find that SVcan be written as 

M(x) 
SV=ICUI1 T 

Jo 

dx (5) 
l + (2//i0h)(l/icoG)x 

where x = q,h, with h = hD + hR. In this relation, which is 
the central result of this letter, M(x) is a mutual-inductance 
distribution comprising the geometry of the measuring sys­
tem and is given by 

M(x) = wfi0haßJ,(ax)Jl(ßx)e x ( l _ g - ^ ) 

(1 ") 

X 
( l - e NRS* ) (6) 
(l-e~Sx) 

where a, ß,y, and 8 are, respectively, RD,RR,ShD,and 8hR 

expressed in units of A. As illustrated in Fig. 2, for h = 0.3 
mm, M(x) is strongly peaked at x~0.2, a value showing 
that the relevant Fourier components selected by our coil 
arrangement have wavelengths of the order of 10 mm. Fig­
ure 2 also clearly demonstrates that larger values of A would 
lead to an appreciable loss of signal. 

In the following we describe how the ac conductance of 
our wire network can be extracted from the response of the 
sample at 70 kHz, shown as a function of temperature in the 
upper part of Fig. 3, by applying the numerical inversion 
procedure of Ref. 4 to Eq. ( 5 ). To remove most of the depen­
dence on geometrical parameters, G and S Fare conveniently 
expressed in terms of two complex dimensionless variables, 
g=\g\exp(iOg) and u=|u|exp(/0u ), defined by g = 2/ 
iapohG and u = ( VSS/8V) - 1, where Vss is the (purely 
inductive) signal generated by a sample in the strong screen­
ing limit (l/G—0). We determine Vss by measuring the 
voltage jump at 7^ induced by a suitably selected supercon­
ducting film showing no observable variations of 
Im[SV(T)] below T00 (g41 ) and no detectable evidence of 

FIG. 2. Geometrical mutual inductance distribution in 2-D g space of the 
two-coil system shown in Fig. 1 as given by Eq. (6). h = hD + hK. 
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FIG. 3. Upper part: in-phase and quadrature voltage signals vs temperature 
induced by a superconducting network of Al wires. Lower part: tempera­
ture dependence of the complex ac conductance of the network extracted 
from SV(T) by inverting Eq. ( 5 ). Inset shows expanded view of the critical 
region. Dashed straight line is the extrapolated mean field behavior. 

eddy currents in the normal state (g> 1). The measuring 
system is then calibrated by fitting 6 to V33 using Eq. (5). 
Relying on Eqs. (S) and (6) and on a simple interpolation 
scheme, two tables, one for 9U and the other one for the ratio 
s = |g|/|«|> are constructed for a range of values of |«| and 
0g. In both tables, a row corresponds to | u | = const., while a 
column is specified by 8g — const. By comparing the data 
( \u\,6u ) with the values in the table for 6U one reads 6g and 
hence, from the corresponding position in the second table, 
one deduces s, and finally \g\ =s\u\. Using this simple look­
up procedure, we obtain the complex network conductance 
shown as a function of temperature in the lower part of Fig. 
3. With the exception of the critical region, marked by dissi­
pation, the network, as anticipated above, is a pure inductor 
[Re(G) =0] characterized by U)Im[G(T)] = L^l(T). 
The kinetic inductance is related to the effective penetration 
depth6 of the network, A(D = 2(a/w)A2(T)/d, where 
A(D is the bulk penetration depth, by Lk(T) = (^0/ 
2)A(D- Thus, as predicted by the Bardeen-Cooper-
Schrieffer (BCS) theory9 at temperatures not too far below 
Tc0 one expects L £ ' ( D to be proportional to ( T00 — T), in 
agreement with the observed temperature dependence of 
<o Im[G(D] in Fig. 3. By fitting the inverse kinetic-induc­
tance data of Fig. 3 to the theoretical prediction using the 

BCS dirty-limit formula for A ( D ,9 one finds the value of T00 

quoted above and A(O) =0.66 fim [corresponding to 
A(O) = 125/nn], a value which is within 10% of the theo­
retical estimate based on the London penetration depth ( 157 
Â), the Pippard coherence length (0.95 firn), and the elec­
tronic mean free path (6 Â) of the granular Al film. 

In the transition region, the conductance data of Fig. 3 
reveal features associated with the critical behavior of the 
network.6 At a critical temperature Tc of 1.98 K, just below 
Tc0, we observe a marked drop of the superfluid component 
accompanied by a peak in dissipation reflecting a phase tran­
sition driven by the vortex unbinding mechanism predicted 
by the Kosterlitz-Thouless theory10 for 2-D systems. In this 
connection, it is important to notice that, while there is clear 
evidence for a "superfluid falloff " at Tc in the imaginary 
part of the conductance data, almost no trace of this feature 
is visible in the corresponding signal-voltage data, where it is 
masked by the convolution of G with the geometry of the coil 
system described by Eq. (5). This clearly demonstrates the 
effectiveness of the numerical inversion scheme. 

In conclusion, we have shown how a combination of 
analytical and numerical methods applied to a two-coil mu­
tual-inductance technique provides a powerful tool to study 
magnetic field penetration effects and critical phenomena in 
2-D superconducting systems. 
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