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ABSTRACT

An optical correlator based on diffraction gratings is presented. The processor performs
basically an incoherent, discrete correlation between an input data pattern and a predefined
search symbol. The arrangement consists of a 4f system in which diffraction gratings are
inserted behind the input pattern. Programmability of the search symbol is obtained by selecting
the appropriate diffraction orders in the Fourier plane (spatial filtering). The described correlator
can process input patterns of different encoding (intensity, polarization or spatial frequency).
Some experimental results showing how this arrangement can be used as a pattern recognition
system are reported.

The correlator can work with either completely or partially spatial coherent light. In fact, the
use of partially coherent illumination turns out to be advantageous to obtain images of better
quality, at the expense, however, of a certain loss of space bandwidth product.

The possibility to use various data encodings and the simplicity of programming make this
processor suitable for use in digital optical computing (DOC), especially in symbolic
substitution. The application of our correlator as recognition and substitution unit in a symbolic
substitution processor is demonstrated. The optical system that we used to achieve symbolic
substitution consists of the cascade of two discrete correlators separated by a nonlinear
threshold device (we uvse a liquid crystal light valve). This symbolic substitution processor is
well suited to implement the basic binary image algebra operations (erosion and dilation),
especially for complex structuring elements. More complex morphological operations, like
opening, closing, edge detection, noise suppression, can be performed using a combination of
the basic operations. In this case we need a combination of symbolic substitution units. Some
experimental results are reported to illustrate the capabilities of the system.
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1. INTRODUCTION

Optical systems have received considerable attention in various information processing
‘applications since the 1960's. The attractive feature of optical systems is their capability to
process two-dimensional signals in parallel, and this offers great potential in processing
capacity and speed. A simple lens can be taken as an example of the capacity of optics to
perform parallel processing. In fact, when it is nsed to form an image, it interconnects
simultaneously every light ray coming from a point in the object plane, to the corresponding
point in the image plane. In an object plane we can have millions of points that are conveyed in
parallel to the image plane. Another advantage of optics is that the communications is non-
interfering, this means that the rays can cross each other without interaction.

Image processing is in practice the manipulation of a given input image, to obtain a modified
image. We can divide optical processors into two categories: coherent optical processors and
incoherent optical processors. Coherent systems are linear in amplitude whereas incoherent
systems are linear in intensity. In a coherent system the input and output functions represent
amplitudes (complex functions) whereas for an incoherent system, intensity is processed (real
positive functions). '

The best known method for coherent optical processing is spatial filtering. This is based on
the fact that a two dimensional Fourier transform relation exists between the front and the back
focal plane of a lens. The spatial frequency spectrum of the input, (the input is a transparency
placed in the front focal plane), is accessible in the back focal plane and can be modified. The
experiments performed by Abbe in 1893 and later by Porter in 1906 provide a demonstration of
an optical processor using the method of spatial filtering. The classical arrangement for a
coherent spatial filtering system, uses two lenses in a confocal configuration. The first lens
performs the Fourier transform of the input object (transparency modulated in amplitude and
phase), that appear in the back focal plane (Fourier plane). The second lens performs the
inverse Fourier transform so that in its back focal plane an inverted (possibly magnified) image
of the input appears. By placing a filter in the Fourier plane we multiply the Fourier transform
of the input object by the transmittance of the filter. In the back focal plane of the second lens
we find the Fourier transform of this product that is equal to the convolution of the input mask
with the Fourier transform of the filter (convolution theorem). The filter can be calcnlated to
realize such operations as convolution, correlation, differentiation etc. The problem is that the
spatial filter is generally complex-valued and this involve practical problem of realization. A.B.
Vander Lugt [3] introduced a new technique, based on holography, for the realization of a
complex-valued filter.



In an incoherent optical processor input and output need to be non-negative and real
functions, and a Fourier relation cannot be used as in the coherent case. This limits the data-
handling capacity of the processor. A proposed solution to this problem is to convert
incoherent images into coherent images, and for this purpose many devices were developed that
in general are very expensive. In certain cases it could be more convenient to process directly an
incoherent image. Incoherent processors have some advantages compared with coherent
processor. One of these advantages is given by the fact that usually the images that we would
like to process are incoherent, for example a TV image or a live image. Another advantage of
incoherent processing is that it is not troubled by the coherent noise produced by dust or
scratches on the optical components, that can have a dramatical effect on the output.

The optical correlator, a processor that performs a correlation operation, has a particular
place in the world of optical processing. The importance of correlation is derived by the fact that
it specifies a relationship (it makes possible a comparison) between two functions. It is also
useful in those aspects of pattern and character recognition that consist of determining the
presence and location of a reference pattern in an input image. The correlation process of two
functions involves multiplying, shifting and summing procedures. When the two functions are
continuous the process can be represented mathematically by an integral. If one of the functions
consists of a set of delta functions, we have a discrete sum, and we will call this a "discrete
correlation”.

An optical arrangement that allows us to perform a discrete correlation is presented in chapter
3. The arrangement consists of a 4f system in which diffraction gratings are inserted behind
the input pattern.' The system is based on shifting and superposition of multiple copies of an
input image produced by diffraction gratings. One of the functions to correlate (this function
can be continuous) is represented by the input image, whereas the function consisting of delta
pulses is defined in the Fourier plane using spatial filtering. We will show that the illumination
can be coherent or partially coherent. In spite of this, the processor has to be considered as
incoherent because it is linear in intensity andfiot in complex amplitude. A characteristic of the
proposed correlator is given by the possibility to nse various data encoding techniques for the
functions which are being correlated: intensity encoding, polarization encoding, spatial
frequency encoding (theta modulation). For these reasons a large number of the existing spatial
light modulators (SLM) can be used as an input mask and as spatial filters in Fourier plane. The
system is space invariant, which means that a change of the input position involves a change in
the output location without changing its functional form. Some experimental results are given in
chapter 5, in which it is shown how this arrangement can be used as a pattern recognition
system.
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The possibility to use varioils data encodings and the simplicity of programming make this
processor suitable to use in digital optical computing (DOC), especially in symbolic
substitution. Symbolic substitution, as first proposed by Huang [5], is a concept for
performing parallel and space invariant logic operations on an input pattern (usually binary
intensity or binary polarization encoded). It consist of recognizing all occurrences of a set of
search symbols and in substituting them by other predefined symbols. All symbolic substitution
processors can be considered as a cascade of correlators. The application of our correlator as
recognition and substitution unit in a symbolic substitution processor was demonstrated [10].
The optical system that we used to achieve symbolic substitution consists of the cascade of two
discrete correlators separated by a nonlinear thresholds device (we.use a liquid crystal light
valve). The first correlator performs the recognition, the nonlinear device restores the output
pattern of the recognition unit to binary values, and the second correlator performs the
substitution. We have shown the possibility of recognizing and substituting in parallel different

,Symbols (multiple channel symbolic substitution) and this was used to build a processor that .
can perform addition and subtraction in one cycle [11].

In section 5.3 is presented an application of symbolic substitution to mathematical
morphology. Mathematical morphology is a method for image analysis which has increased in
importance in recent years. Using electronic image processing systems, it has been successfully
applied, for example, for edge detection, noise suppression, and smoothing. The theoretical
foundations of mathematical morphology were developed essentially by Serra and Matheron
[12] and are actually well established. Binary image algebra is a special case of morphological
transformation where input and output are binary discrete images, represented by 2-D sets in
plane Z2. In a recent paper [13], Goodman and Rhodes show how optical symbolic substitution
can be used to perform the morphological operations. The symbolic substitution processor,
which has been described in [10], is well suited to implement the basic binary image algebra
operations (erosion and dilation), especially for complex structuring elements. More complex
morphological operations, like opening, closing, edge detection, noise suppression, can be
performed using a combination of the basic operations. In this case we need a combination of
symbolic substitution units. Some experimental results are reported to illustrate the capabilities
of the system.



2. DISCRETE RRELATION: ERA NCEPTS AND OPTICAL
IMPLEMENTATION

2.1. General Introduction to discrete correlation

In this section we describe an operation that we will call "discrete correlation”. This
correlation operation is not between continuous functions but between discrete functions, and
the result is a discrete function as well. A mathematical description of this operation will be
given in section 3.1, and we will see that it is a discrete sum and not an integral. We must
emphasize that this concept is not new, and we cannot say who used it at first.

‘A simple example will introduce the concept and show at the same time how it can be applied
to perform the recognition and location of a certain distribution of pixels (symbol) in a discrete
binary encoded input pattern. Our interest in discrete correlation is in the application for pattern
recognition and during all this work it will be used for this purpose only.
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Fig.2.1. Hllustration of discrete correlation. a) input pattern, b) search symbol, c) five copies of
the input pattern, d) output obtained by superposition of shifted copies.

Figure 2.1a) shows a binary input pattern composed by black and white square pixels. We
assume that black pixels have Togical value "0" and white pixels have logical value "1". The
problem which we wonld like to solve, is to recognize a given symbol inside the input pattern,
In the example we will recognize a cross composed by five dark pixels (search symbol of
Fig.2.1b)). The symbol to be recognized is defined relative to an origin, in our example we
choose the origin to be the central pixel of the cross, that we call the reference pixel. The first
step is to divide the input pattern into as many copies as there are pixels in the search symbol. In
our case we produce also five copies, the pixel which in the input pattern had value "1", will
have value "1/5" in each copy (Fig.2.1c)). The next step consist in the shift and superposition
of the five copies. We associate the first copy to the central pixel (reference pixel) and we call it



the reference copy, the second copy is associated to the left pixel and it is shifted by one pixel
right with respect to the reference copy (the shifting direction is indicated by the arrow), the
third copy is associated to the right pixel and is shifted by one pixel left, the fourth copy is
associated to the top pixel and is shifted by one pixel down, and the fifth copy is associated to
the bottom pixel and shifted by one pixel up with respect to the reference cbpy. The output
pattern is obtained by summation of the values of the overlapping pixels (Fig.2.1.d)). The
output contains six brightness values "0", "1/5", “2/5", "3/5", "4/5", "1". In Fig.2.1d), the
values "1/5", "2/5", "3/5", "4/5", are drawn in ihe same manner. It is easy to see, that each
dark ("0") pixel in Fig.2.1d), corresponds to the presence of the search symbol (Fig.2.1b)) in
the input pattern. Analogously, the presence of a bright pixel ("1") in the output indicates that in
the input pattern we have a bright search symbol, this means the binary complement of the
symbol of Fig.2.1b).

Using the same method, it is possible to recognize more complex symbols (symbols
composed of many pixels) present in a binary input pattern. To achieve this, it is necessary to
divide the input pattern into many copies that will be superimposed with appropriate shifts in
the output plane, we can also imagine to recognize symbols composed of 100, 1000 ...pixels.
Since each image can be seen as composed of small pixels, we can say that using this method
we can recognize each symbol in a binary input pattern.

This kind of recognition can be interesting when performed in parallel, this means that all the
pixels have to be processed at the same time. We know that optics is well suited to process two
dimensional patterns in parallel. A binary input can be easily implemented with a spatial light
modulator or a photographic plate having transparent and opaque pixels. Splitting of an image
can be performed using beam splitters or gratings, and the shift operation can be performed e.g.
using mirrors. Another feature of optics is that when two or more incoherent images are
superimposed, the resulting intensity is the sum of the intensities of each single image. Optics
seems also well suited to perform the operation described above.

An example of an optical implementation for the recognition of a search symbol composed of
two pixels can be found in Ref.6. The set-up used is essentially a Michelson interferometer, in
which the beamsplitter produce two copies of the input pattern, and the tilt of the mirrors
determines the shifts of the two images with respect to each other.

In the next section we describe an optical arrangement that can perform a discréte correlation
operation, where the splitting of the input pattern into many copies is produced by diffraction
gratings.



2.2. Optical impiementation of discrete correlation operation

To perform the discrete correlation operation described in section 2.1, we propose the optical
arrangement sketched in Fig.2.2, We described this arrangement at first in Ref.10, where it
was used as a recognition unit for a symbolic substitution processor. During this work, we will

give a complete analysis of this optical system, and we will present some applications.

It is essentially a 4f Fourier filtering system in which a diffraction grating is inserted. A
transparency, representing the input function, is illuminated with a monochromatic plane wave
of wavelength A (in sections 3.5 and 3.6 are discussed the coherence requirements for the
illumination beam). A two-dimensional diffraction grating splits the input data pattern into
different equal diffraction orders to produce many copies of the input. The distance a between
the grating and the input pattern determines the relative shift of the multiple images in the output
plane. If the period d of the grating is much smaller than the pixel size of the input mask, the
spatial frequency spectrum of the mask is split into multiple spectra in the Fourier plane,
corresponding to the diffraction orders of the gratings. Through spatial filtering, the different
diffraction orders are multiplied by a transmittance amp, in this manner it is possible to suppress
some of the produced copies. The system does not perform exactly the operation described in
section 2.1, in fact it must produce a number of copies equal or greater than the number of
pixels in the search symbol and it must suppress the undesired copies by spatial filtering. This
has the disadvantage that we loose power, because we create copies that we do not need, but it
has the advantage that the search symbol can be easily programmed by introducing a spatial
liéht modulator in the Fourier plane. The result of the correlation operation is given by the
intensity in output plane (xo,yo), in which the shifted copies are superimposed. We will show
that the result obtained is dependent on the spatial coherence of the illumination.

Input
Pat?ern f;olurier
ane Output
U (X,
|( iYi ) (X1,y1) L1 (x vKf) L2 Plane
, ay Grating ’ (X0:¥o)
I f + f 4 f + f |

Fig2 2. Optical arrangement for discrete correlator.



CORRELATOR

This chapter reports the analysis of the optical arrangement presented in section 2.2. Section
3.1 is a mathematical introduction to the discrete correlation operation. The calculations reported
in section 3.2, will show that this operation can be optically implemented using the proposed
arrangement. In the other sections of the chapter we will discuss the encoding of the input
mask, the illumination of the input and the SBWP of the system.

3.1. Mathematical description of discrete correlation

We begin with the definition of two integral transforms, that we will use during all this
work. The convolution operation between two 2-dimensional functions f(x,y) and g(x,y) is

mathematically described by
f(x,y)*¥gx,y) = _[ I f(x~-x",y-y"Hg(x',y)dx'dy’ . 3.1

The physical interpretation of convolution is quite simple. The shifted and folded function
f(x-x',y-y') is multiplied by g(x',y') and the "volume" under the "surface"
f(x—x",y-y)g(x'y") gives the value of f(x,y) * g(x,y).

The correlation between f(x,y) and g(x,y) is described by

oo oo

fxy) * gey) = [ [ fxax,y+y)gt(xy)dxdy’ . (3.2)

* indicates a complex conjugation. The relation between correlation and convolution can be

summarized as follows

f(x!y) * g(x»}’) = f(x,Y) * g*(_x'_}')' (33)

We discuss now a particular case in which one of the functions to correlate (or to convolve)
is represented by an array of its sampled values taken on a discrete set of points in the xy-plane.
We choose the points on a 2-dimensional cartesian grid (mA,nA), where A is the period of the
grid and (m,n) are integer numbers. Thus we approximate the function g(x,y) by its discrete
sampled function



oo

gay)= 2, 2, amnd(x —mA,y —nA). : (3.4)
rp-oo

m=—oco

amn are the values of g(x,y) at the points (mA,nA). In this work we will use only the discrete
form of correlation, for this reason we discuss only this case, but it is clear that the same
discussion can be done for discrete convolution. Thus by substituting g(x,y) by gda(x,y) in
Eq.(3.2) one gets

oo

fxy) * gaoy) = | [fxaxy+y) 2 X (amn)® 8(x-mA,y'-nd) dxdy’,  (3.5)

M=o N}=—ca
and using the property of the delta function’

oo

J j5(x'—mA,y'—nA)f(sc'+x,y'+y) dx'dy' = f(x+mA,y+nA) 3.6)

we obtain the simple relation

oo oo

fx,y) * gax,y) = 2 2 (amn)* f(x+mA,y+nA). 3.7

m=—co f}=—ca

This equation describes a superposition of shiftedcopies of the function f(x,y). When the
points (mA,nA) are a densely packed array (A small), we can approximate the correlation
.relation for continuous functions (Eq.(3.2)), by superimposing a large number of shifted
copies of f(x,y).

We consider now the case in which f(x,y) is a set of elementary cells (pixels) located on the
cartesian grid (mA,nA). Thus we can write

fay) = 2, O bmnfo(x - mAy - n'A), 3.8)

m'=—oo N'=—0

where by 18 the value corresponding to the pixel located in (m'A,n'A). fo(x,y) is the function
representing a pixel with dimension AxA located in (0,0), if has the value 1 inside the pixel and
0 elsewhere. The delta pulses of gg(x,y) and the pixels of fg(x,y) are located on the same grid,
the correlation function fg(x,y) % g4(x,y) and the input pattern f4(x,y) have also the same pixel
structure. Introducing Eq.(3.8) in Eq.(3.7) we obtain



fatx.y) * gaxy) = 2 2 {(amn)* X Y bmnfolx+mA-m'A,y+nd-nd)}. (3.9)

M=-c0 N=—0 m'=—co N'=—0

We can better understand this equation, if we look at the value of a single pixelof
fa(x,y)* gd(x,y), located at position (kA,jA), where k and j are integer numbers. The pixel
function fo(kA+mA-m'A,jA+nA-n'A), take the value 1 only when A(k+m-m’) = 0 and
A(+n-n") = 0, this involves also m' = m+k, n' = n+j. Using this substitution in Eq.(3.9), we
find the discrete form of the correlation operation

fakA,jAYKgd(KAjA) = X, D (amn)* Dk, (3.10)

ms=~oco =00

The operation introduced with the example of Fig.2.1 consists of a superposition of shifted
images and can be mathematically described using Eq.(3.7). The input pattern was a binary
image composed of square pixels, which can be mathematically represented by Eq.(3.8), where
the coefficients b}n',n', have binary values 0 and 1. The result (Fig.2.1d)) can thus be described
by the correlation operation of Eq.(3.10). The recognition operation is d discrete correlation
between a function describing the input pattern, and another function consisting of delta pulses
(by five delta pulses in the example of Fié.z.l).

3.2. Rigorous general calculation of the optical system

In this section we show that the optical arrangement presented in section 2.2 can be used to

perform a discrete correlation operation .

The complex amplitude in the output plane of the optical arrangement presented in section -
2.2, will be rigorously calculated. For this calculation, we suppose that the input mask is
illuminated with a monochromatic plane wave of wavelength A (coherent il]uminationj. We will
show in section 3.3 that the input transparency can be coded in intensity, polarization or in
spatial frequency. In the generabcase, the complex amplitude is thus represented by a vectorial
function u(x,y), (vectors are denoted with bold characters).

For the Fourier transform of a two dimensional vectorial function f(x,y) we use the notation

oo oo

FT(f(xy)) = Fpxpy) = | [ f0cy) exp(-2mi(xpx + ypy)) dxdy. 31D

Consider the configuration depicted in Fig.2.2. A monochromatic plane wave propagating in
z direction is incident on the input mask, thus just behind the mask we will have a complex



10

amplitude u;j(x;,yi). The complex amplitude in front of the grating, ((x1,y1)-plane), is given by
Fresnel diffraction

co oo

. 2mia/A i x:)2 _yi)2
uilxy,yn) = e;:a _;[ _OJ; ui(xi,Yi) CXP( i X‘;)“: Gr-vi ])dxiiny : (.12

which can be written as a convolution (see Eq.3.1), thus

2mia/A

ur(xpy) = = (3.13) |

i 12 2
uj(x1,y1) * CXP[M;%)')-

If c(x1,y1) is the complex transmission of the grating, just behind the grating the complex
amplitude is uy(x1,y1)c(x1,Y1). Aside from a multiplicative factor, the complex amplitude in the
Fourier plane (xg,yr) is given by the Fourier transform of uy(x1,y1)c(x1,y1), evaluated at the
spatial frequencies px = x¢/Af and py = y¢/Af. The multiplicative factor is

= —l—cxp(nixa(px2+py2)) . (3.14)

1 mia(x2+y2)
| )= G

A Af2

The quadratic phase factor appears because uj(x1,y1)c(x1,y1) is not in the front focal plane of
the lens L) but at distance a behind the input mask.

We calculate at first the Fourier transform of uj(x1,y1). The convolution theorem states that
the Fourier transform of the convolution of 1wo functions is equal to the product of their
individual transform, thus

2mia/\

ika

FT(uj(x1,y1)) =

i 2 2
2ri(x14 + y1 )J) (3.15)

FT{uij(x1,y1)} FTlCXP( e

We know that FT(exp(ix2)) = (1 +i) Y /2 exp(~i(mp)2) {14]. Thus after some calculations
and after omission of the phase term e2mia/A, we obtain

FT{u1(x1,y1)) = Ui(px,py) exp{-iram (ps2 + pyd)}. (3.16)

Note that in the following calculations the phase factors depending only on z (propagation
direction) are omitted.
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From the convolution theorem it follows that the Fourier transform of a product of two
functions is equal to the convolution of their Fourier transforms. The complex amplitude
Us(px,py) in the spatial frequency plane can also be written as

M‘) —— exp(mika(px2+py2)) FT{ui(x1,y1)e(x1, yD)

= Tf) exp(nira(Px24pyd) { [Uilpx.py) exp(-imhapx2+p,)) 1% Clox.py) }-

Ui(px:py) =

(3.17)
Let us consider the case of a two-dimensional grating with transmission c(x1,y1) which
produces the splitting of the input into NxN different diffraction orders with the same intensity.
Let the spacings (period of the grating) be d for both x and y directions. The Fourier transform
of such a grating is a sum of delta functions, described by

K

Coxpy) = 3 2. 2 8(pa—m/d,py-n/d). : (3.18)
n-—Km =-K

The above summation is from -K to K, where K = (N-1)/2. m/d and n/d denote the spatial
frequencies of the (m,n) diffraction order.

By inserting Eq.(3.18) in Eq.(3.17), it appears clear that the spectrum of the input mask is
split into multiple spectra in the Fourier plane, corresponding to the diffraction orders of the
grating. If the period of the grating is smaller than the size of the cell in the inpnt mask (d<A), it
is possible to filter independently each diffraction order. Through spatial filtering, the different
diffraction orders are multiplied by an amplitude transmittance Amp. A is a discrete function
which has the constant value Ay within the diffraction halo of the input pattern around the
diffraction order (m,n) of the grating. Using Eqs.(3.17-18) we obtain for the complex
amplitnde behind the filter

U(pxpy) = Z Z { AmnUi(px-m/d,py—n/d) exp {2miak(pxm/d+p,n/d))
)"fN n=—K m=-K

X exp{-miaA(m/d)2+w/d)2)} }. (3.19)

Some phase factors depending on the diffraction orders appear in Eq.(3.19).
exp{2nial(pXHVd+pyn/d)} is a linear factor accounting for the fact that the diffraction orders
arrive on Fourier plane with different incidence angles. exp{-miaA((m/d)2+(n/d)2)} is a phase
factor depending only on m/d and n/d, it is thus constant inside the (m,n) order. 1f the different
diffraction orders do not overlap, the intensity behind the filter is given by
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K K
Ueprpy)? = — {Amal21Ui(px-m/d,py-n/d)i2 } . 3.20
Ut(px.py) (MN)%EMZK{ mal21Ui(px-m/d,py-n/)i2 } (3.20)

If there is overlapping of the diffraction orders, an interference term appears in Eq.(3.20).
Fig.3.1 shows, how the spatial filtering is performed in the Fourier plane.

- Fig.3.1. Example of filtering of the diffraction orders in the Fourier plane (A]1=A¢-1=0).

The complex amplitude in the output plane (xq,yo) is given by the Fourier transform of
Ug(px.py), multiplied by the factor iAf. (Note that our coordinate system in the image plane is
reversed (Fig.2.2), which allows to use Fourier transform rather than inverse Fourier transform
to calculate the output). To perform the Fourier transform of Eq. (3.19) we use the convolution
theorem, the shift theorem and the properties of delta functions, and after some manipulations
of the phase factors we obtain

K K
Boo¥o) =R D, 2 { Amn Uitxo+Aam/d, yo+han/d) exp(2ri(xom/d+yon/d))

n=-K m=-K

X exp{miaA[(m/d)2+(n/d)2]} }. 3.21)

The different images of uj in (xq,Yo) are shifted by (Em, Nn) = (Aam/d, Aan/d). The first, linear
phase factor in Eq.(3.21) is due to the angles of incidence (0tm,0n) = (Am/d, An/d) of the
different images. The second, constant phase factor expresses the fact that the optical path
lengths for the superimposed images are different.

If we denote with 1j(x;,yi) = luj(x;,yi)I? the intensity in plane (x;,y;), then the total intensity
in plane (xq,Yo) can be written as )

K X
Io(X0,Y0) = luo(Xo,y0)I2 = —I\}_Z Z Z {'Amn|2 Ti(xo*+Em, Yo+Nn) } + Ii(x0,¥0)- (3.22)

n=-K m=-K
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The first term describes the discrete correlation operation of Eq (3.7). The shift &m, Ny,
depends on the wavelength A, the spatial frequencies of the grating m/d, n/d and the distance a.
1i(x0,¥0) 18 an interference term produced by the diffraction orders arriving at the output plane
with different angles of incidence. We would like to suppress this interference term, because it
prevents us from having a pure correlation. We will see that this can be achieved by using
partially coherent light, this will be discussed in section 3.5 and 3.6 when we will treat the
coherence requirements. Another solution is to make the interference fringes so close together
that the detection system cannot resolve them, in chapter 5 we will present some examples. For
the moment we will simply omit this term and we write EqQ.(3.22) as a discrete correlation
between the intensity [i(Xq,Y¥o) and a function composed of a set of delta pulses

Io(xa,y0) = li(X0,Yo) * gd(Xa,Yo) » (3.23)
where
1 K K
2a(xo¥o) = 57 2 2 MAm?8(xo~Em Yo-Tn) (324
n=-K m=-K

indicates a sum of delta pulses located on the grid (§m,Nn) = (Aam/d,Aan/d), multiplied by
IAmni2. Notice that by substituting |Amnl? with N2ayq, we obtain the function g4 described by
Eq.(3.4).

We consider now the input pattern as composed by pixels located on the grid (mA,nA). The
intensity in the input plane can thus be written in a form like that of the function fd(x,y) of
Eq.(3.8). The distance a between the diffraction grating and the input mask can be chosen such
that the image shifts correspond to the pixel spacings of the input pattern, this means
(Em,Nn)=(mA,nA), which yields the condition

a=— . 3.25
a=~ . (3.25)

In this case Io(xo,Yo) (result of Eq.(3.23)) has the same pixel structure as the input pattern
Ji(xo,y0) (the pixels are located on a cartesian two-dimensional grid of period A). The values of
the (k,j) pixels of 1o(Xo,yo) can thus be expressed by Eq.(3.10).

All these calculations show that the discrete correlation operation described mathematically in
section 3.1 can be performed optically using the arrangement depicted in Fig.2.2. The
correlator works on the principle of the sum of optical intensities. It is also linear in intensity
and must be considered incoherent. One of the functions to correlate is defined in the input
plane and the other is defined in the Fourier plane. Both functions are easily programmable
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using spatial light modulators (SLM's). Since only the intensity plays a role, the SLM's do not
need to have high optical quality. These features will be discussed in detail in chapter 4.

We will now see which result is obtained when a second grating, having transmittance
¢'(x,y), is introduced at a distance a’ behind the input pattern. We will discuss later that there
exist good reasons to introduce a second grating. The calculation of the system with two
diffraction gratings is quite complex, for this reason we give here only the most significant
results.

The first diffraction grating located at distance a behind the input mask has NxN diffraction
orders and its Fourier transform is described by Eq.(3.18). The second grating located at
distance a’ behind the input pattern has N'xN' diffraction orders and its Fourier wransform is
given by

C'(px.py) = 2 2 8(px-m'/d' py-n'/d) (3.26)
n——Km——K‘

where K'= (N'-1)/2. If a transparency uj(x;,y;) is imtroduced in such a system, its spectrum is
split in NxNxN'xN' spectra in the Fourier plane. If the periods of the gratings are smaller than
the size of the cells in uj(x;.yj), it is possibie to filter each order independently. Thus the
complex amplitude in the Fourier plane after filtering is described by the equation

K

z 2 z z {Amnm n'Ui(px—m/d-m'/d’',py—-n/d-n'/d")

Ug(px.py) =
ok M(NN),.__Km-Kn=_Km__K

X PHmamn }- (327

Amnmy' denotes the strength of the (mnm'n') diffraction 6rders after filtering. PHpnm'a'
represents a phase factor depending on (px,m/d,m’/d’,py,n/d,n’/d',a,a’) and accounts for the
fact that the diffraction orders arrive with different incidence angles on plane (xf,yf), and that
each order have a multiplicative phase factor. The Fourier transform of (3.27) gives the
complex amplitude distribution in image plane, and from this it is possible to calculate the
intensity, which after omission of an interference term becomes

K' K K K
lo(Xo,Yo)=rgers NN 7 2 Y X X AnmaPlilxotham/deiam/d’ yorhan/d+ha'n/d)
( Yz -K'n'=—K'n=—-K m=-]

(3.28)
The shift in the image plane depends on the locations of the gratings (distances @ and a’), on
their spatial frequencies, and on the wavelength A. We note that using two diffraction gratings
it is possible to increase dramatically the number of diffraction orders, and this increases the
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number of superimposed images in the output plane. We chose a=Ad/A (Eq.(3.25)) and a'=
NAd'/A. Equation (3.28) can thus be written as

K K

Io(Xoyo) = (NII\I')Z Z 2 3 Y {lAmuma? s msmN)A, yor (e N},
=K' n'=-K' n=—K m=-K

(3.29)
(m+m'N) and (n+n'N) are integer numbers that determine the shift of the (m,m',n,n’) copy in
the output plane. The result of Eq.(3.29) can be obtained using a unique grating having period
d, and located at distance a behind the input pattern, bot in this case the grating must have
(NxN")x(NxN') diffraction orders. Since gratings having many orders are practically more
difficnlt to produce (cf. section 4.1), it is in general suitable to use more gratings having few
diffraction orders.

The second diffraction grating can be nsed to build a maltiple channel correlator. 1n fact the
distance a’ can be chosen in order to produce spatially separated images in the output plane
(Fig.3.2). In this case the shift must be greater than the dimension of the input that we call Y,
thus ¢’ and 4" have to be chosen in order to satisfy the relation a'’A/d' > Y.

Input Grating Spatial Output

Pattern Filtering Pattern

Fig 3.2. Multiple channel correlation sysiem for 3 channel operation.

1n this manner it is possible to correlate the input pattern with different functions (one
function for each channel) at the same time. The different functions are chosen by spatial
filtering in the Fourier plane.
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3.3. Data encoding and corresponding spatial filtering in Fourier plane

With the optical system shown in section 2.2, it is possible to superimpose a large number
of shifted copies of the input. This is equivalent to perform the discrete correlation described by
Eq.(3.7). In the general calculation of the system we did not say anything about the encoding of
the input pattern. We show now that the pixels of the input mask can be encoded in different
ways, and that the filtering in the Fourier plane is dependent on this. In what follows, we
suppose that the period d of the diffraction grating is much smaller than the pixel size A, the
orders in Fourier plane are spatially separated, and we can introduce a filter Ayp-

3.3.1. Intensity encoding

We discuss at first the case in which the input mask is a set of elementary cells with different
transmission placed on a cartesian grid. Figure 3.3 shows a binary encoded and a multilevel
encoded input mask.

a) - b)

3.3. Intensity encoded input masks. a) binary encoding, b) multilevel encoding.

The filter in Fourier plane is represented by a transparency having different transmission
IAmnt? for each diffraction order. We choose a = Ad/A (Eq. (3.25)), thus the image shift
corresponds to the pixel spacing A. The intensity in the image plane is the discrete correlation
given by Eqs.(3.22-23) which we rewrite omitting the interference term as

K K
To(oyo) == 3. Y, {1Amal Titko+ mAx, yo+ n8y) } = Ti(ko,yo) * gd(Xer¥o). (3.30)
N2

n=-Km=-K

‘We have shown that this equation can be seen as a correlation between the intensity in the input
plane Ii(x,y) and a function gq(x,y) consisting of delta pulses with multipling coefficients
[Amnl2.

The general case, in which the pixels of the input mask and the filter have a multilevel
transmittance, is not very interesting, in fact we do not see any application where the calculation
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of a discrete correlation between two maltilevel functions could be used. The most common
application is where Ij and Ay are both binary functions. In factyin this case the correlation
can be used for pattern recognition.

We present now one experimental result obtained with intensity encoded input masks. The
masks used are physically represented by photographic glass plates. In chapter 4 we will
describe more in detail how the input pattern can be implemented. The input contains only five
transparent square pixels arranged to form a cross. Figure 3.4a) shows a logical representation
of the input pattern (middle figure) and a photograph of the input mask taken from a TV
monitor (right figure), which displays at the same time a profile through the pattern. Using two
crossed phase gratings, having each three diffraction orders (NxN = 3x3) with the same
intensity, it was possible to obtain the correlation of the input pattern with a set of delta pulses.
(The considerations about the features and the fabrication of the phase gratings are reported in
section 4.1.)

Figure 3.4b) shows the result of a correlation of the input with a function gq(x,y) composed
by nine delta pulses located in the centers of the pixels of the input pattern. The left side of the
figure shows a sketch of the position of the nine delta pulses of the function gyq(x,y), the
symbol "+" means that a delia pulse is present. In the middle figure we find a theoretical
calculation of the correlation and in right part of the figure the experimental result. (Note that all
the calculated results reported in the figure must be divided by a factor N2 = 9). When the input
pattern is correlated with a set of delta pulses located in the centers of the bright pixel of the
input, we obtain the result of Fig.3.4c). In both examples (b and c) the central pixel is brighter
than the others and has the value 5/9. Figure 3.4d) shows another example in which we
correlate the input pattern with a set of delta pulses located in the centers of the dark pixels. In

this case we obtain a result where we have a dark pixel in the middle of the correlation plane.

The result of a discrete correlation between a binary input and a function gg having binary
coefficients Appy can be used for pattern recognition. From Eq.(3.30) follows that an absolute
maximum (correlation peak) having value n/N2 (n is the number of "1" pixels in the inpat
pattern) appears when the pixels of the input pattern match with the values App of g4. The
presence of the absolute maximum is a necessary but not sufficient condition for recognition, as
the results of Fig.3.4b) and ¢) demonstrate. In fact the correlation peak says only that all the "1"
pixels of the input match with the "1" coefficient of g4. The correlator yields a dark peak where
the "0" pixels of the input match with the coefficient of gq having value 0.

With the arrangement, as it has been described so far, using intensity coded binary patterns
only, either dark or bright symbols can be recognized. The recognition of symbols consisting
of dark and bright pixels is not possible with the binary correlator thus far described.
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For recognition of both "0" and "1" binary states, the arrangement of Fig.3.5 can be used.
In this dual-rail system, the positive and negative input mask are located, one beside the other in
the input plane. Since the prism deviates the collimated light of one of the two parts, the
Fourier spectra of the two masks (additionally diffracted by the grating) are spatially separated
and can thus be filtered separately with two complementary filters. 1n this manner we have a
system that can recognize, at the same time, the dark pixels of a search symbol in the positive
mask, and the dark pixels of the binary complement of the search symbol in the negative mask.
The distance b between the prism and the input mask is chosen such that the two correlation
patterns recombine in output plane. A dark pixel appears at the place where the symbol is
recognized. The superposition of the two correlation patterns is mathematically described by

K K
1 - -
To(o:yo) =57 2 2 {IAmnP Tilko+ mAX, yot nAy) +Amnl? Ti(xo+mAx,yo+ ndy) }

n=Km=K .

= Ii(x0,¥o) * gd(Xo,Yo) + i—i(xoyYO) * Ed(xc,yo), (3.31)

where App is the binary complement of Amp, and Ti(x,y) is the binary complement of 1i(x,y).
An experimental result obtained with the dual rail system will be presented in chapter 5.

Output

Input Grating Spatial
Pattern / Filtering Plane
b
—a—-—
L f + f 4 f + f. !

3.5. Optical arrangement for dual rail correlator
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3.3.2. Polarization encoding

L6gica1 state of the input data pixels can also be encoded in polarization state instead of
intensity coding, e.g. two linear orthogonal states for two binary levels "0" and "1". Fig.3.6a)
shows an example in which the pixels of the input pattern are binary polarization encoded.

We saw in 3.3.1 that a dual rail correlator can be used to recognize a symbol consisting of
"0" and "1" pixels in a binary intensity encoded input mask. We will see now, that using our
correlator, we can recognize a symbol composed of pixels having different polarization state in
a binary polarization encoded input pattern, in which a logical "0" is coded by horizontally
polarized light and a logical "1" is coded by vertically polarized light.

el 8 N
v 414 RFEE:
a) b)

Fig.3.6. Polarization encoded input mask. a) binary encoded, b) multilevel encoded.

The implementation of polarization coding in the above 4f correlator is swaightforward. The
amplitude of the input pattern is described by the vector uj(xj,yi), which can take the two

orthogonal polarizations :

u = (E:;)= ((l)) , Or uj= ((1)) . (3.32)

In the optical processor, instead of introducing a binary transmission function Ay in the
Fourier plane (blocking the appropriate diffraction orders), as it is the case for intensity coded
patterns, the polarization states are either inverted or not. This is done by introducing half wave
plates in the appropriate diffraction orders in the Fourier plane. A polarizer is placed in front of
the output plane, oriented along either of the two polarization axes. The optical amplitude at the
output of the correlator is then described by

K K
u(x0¥o) =P D, Y, Amn Ui(xo*+ mA, yo+ n4) exp(idmn(xo.Yo)) - (3.33)

n=K m=K
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¢mn describes the phase factors of Eq.(3.21), P the Jones matrix of alinear polarizer along the
X- Or y-axis, respectively

Pa=(30)or py=(59) . (334)

The matrix Amp can be described using the binary coefficients Ay, as

Amn = Amn Amn,0 + 75*mn Amn,45 (3.35)

where App is the binary complement of Ap,.-That is to say, A operates either as a half wave
plate at 450 or at 00, The latter has no effect on the input polarization state and is equivalent to
an identity operation. Representation by Jones matrices yields

Amn,45 = ((])_0] ) or Amp,0 = ((]) (1) . (3.36)

After completion of the matrix multiplications in Eq.(3.33), for the case of a Py polarizer, the
output amplitude becomes

K K
] —
Box0¥0) =57 2 2, { [ Amn uix(xo+ mA, yo+ 1A} Am iy(xo+ mA, yo+ n)]
n=-K m=-K

X exp(i0mn(X0,yo)) } - (3.37)

lujx2 = Iix and lujyl? = Iiy. From Eq.(3.32) follows that Ijy is the binary complement of Iix
Tiy(x,y) = Tix(x,y)), thus after omission of the interference term, one gets finally for the

correlation intensity

K X
] * e
In(x0,Y0) = N2 z z {lAmnI2 Tix(Xo+ MA, yo+ nA) +Apl2 liy(xot+ mA, yo+ nA)}
n=-K m=-K

= lix(Xa,Yo) * gd(XOvYO) + Tix(x0,Yo0) % Ed(xm)'o) (3.38)

The correlator yields thus a dark spot, where a y-polarized pattern correlates with Ap, and,
at the same place, an x-polarized pattern correlates with Ap,. Both binary states are thus
recognized, as in 4 dual-rail processor. Note that a Px polarizer at the system output yields the
complementary result of Eq.(3.38). Using a polarizing beam splitter, both complementary
results can be obtained for a dual-track system.
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The experimental results of Fig.3.7 illustrate the recognition of a symbol composed by three
pixels in a binary polarization encoded input (two polarization states). The polarization coded
input data plane is given by a 32x84 element graphic liquid crystal device LCD [21]. (We will
say more about this LCD in chapter 4). An area of 30x30 pixels has been illuminated with
spatially coherent polarized light (expansion of a He-Ne laser beam). Fig.3.7a) shows the
image of the input pattern passed across an analyzer which transforms the polarization pattern
into an intensity pattern. Dark and bright pixels correspond to the two polarization states.

Fig.3.7b) shows the superposition of three images of the input pattern of Fig.3.7a). The
first image (contained in the zero order) is not shifted, the second image is shifted by one pixel
to the left, and the third is shifted by one pixel to the right. A dark pixel appears where the
symbol composed by three dark pixels is recognized. This case is not new, in fact it
corresponds to a single rail intensity encoded recognition and could be performed without
polarization encoding. By changing the polarization state of one order in Fourier plane we
invert the contrast of one of the three images (that shifted by one pixel to the left), and we
obtain the result shown in Fig.3.7¢). A dark pixel appears where a symbol composed by two
dark pixels and a bright pixel is recognized. Note that to change the polarization in the Fourier
plane we used an LCD (for detail concerning this device see chapter 4), in this manner the
recognition symbol was programmable. Other examples of recognition are shown in
Fig.3.7d)..i). Since the symbols to recognize are composed by three pixels and we use two
states of polarization, the possible combinations are 23=8 and are all represented in Fig.3.7.
Note that a dark pixel indicates recognition of a symbol whereas a bright pixel indicates the
recognition of the negative (inverted) symbol. Note that we have in Fig.3.7a)..i) four levels of
the pixel intensity. Dark where three dark pixels are superimposed, bright of "level 1" where
two dark pixels and one bright pixel are superposed, bright of "level 2" where two bright pixels
and one dark pixel are superposed, bright of "level 3" where three bright pixels are

superimposed.

Polarization coded optical processors are not restricted to binary data, it is possible to
process more than two logic states. In our arrangement we can introduce a mask that is
multilevel encoded (Fig.3.6b), and recognize a multilevel encoded search symbol. However, it
is difficult to create masks or to find spatial light modulators which provide more than two well
defined polarization states.
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3.3.3. Spatial frequency encoding

The basic idea of the so called theta modulation [15] is to encode optical data cells by the
orientation of a grating structure (spatial frequency). Figure 3.8 shows an example.

2,
Z)IN

N

lZzlliZ%
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a) b)
Fig.3.8. Theta encoded input mask. a) binary encoded, b) multilevel encoding.

The discrete correlator described before can also be used for theta modulated input data
masks. For the ease of explication we suppose binary encoded input data with data cells
forming either a horizontal or vertical grating which diffracts the illuminating plane wave into
one diffraction order only, along the y and x direction, respectively. This represents the case of
blazed gratings, or of cells are formed by small prisms. We describe the binary theta encoded
input mask as a sum of two functions

ui(Xi,Yi) = Vix(XiyDtx(Xiyi) + viy(Xiyity(Xi,yi) (3.39)

in which ujy(x;,y;) represents a binary function having value 1 in the horizontally encoded cells
and O elsewhere, vjx(x;,yi) is the binary complement of ujy(x;,y;) and has a value of 1 for the
vertically encoded cells. tx(xj,yj) is the transmission of a vertical grating which deflects the
incident beam in x direction by an angle ax=Ap1x (P1x is the spatial frequency of tx(x;,yi)).
ty(xj,yi) is the transmission of a horizontal grating which deflects the incident beam in y
direction by an angle ay=Ap1y (p1y is the spatial frequency of ty(x;,y;)). The spectrum of
vi(xj,y;) is the convolution of the Fourier transform of ujx(xj,y;) with the spectrum of the
grating tx plus the convolution of the Fourier transform of ujy(xj,y;) with the spectrum of the
grating ty. The period of the grating is smaller than the dimension A of the cell, the two spectra
are also spatially separated in Fourier plane. This is illustrated in Fig.3.9a). When the theta
encoded transparency is introduced in the 4f correlator arrangement, the gratings placed at
distance a behind the mask produce many diffraction orders, and the spectrum in Fourier plane
(x£,y1) can be described by a convolution of the spectrum of w;(xj,y;) with the spectrum of the
diffraction grating, multiplied by a phase factor depending of the (m,n) diffraction order. Figure
3.9b) represents the convolution of the spectrum of a binary theta encoded transparency with
the spectrum of a grating having 9 orders (3x3).
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Fig.3.9. a) Spatial frequency spectrum of a binary theta modulated input mask. b) Spatial
Jfrequency spectra of a binary theta encoded input mask introduced in the correlator of
Fig22.

Mathematically we describe the complex amplitude in the Fourier plane by substituting
Ui(px.Py) in Eq.(3.19) with

FT{ui(xi,y))} = Uix(Px—P1x:Py) + Uiy(Px.Py-P1y). (3.40)

When the spectra are spatially separated, the different orders can be filtered. We describe the
filter by a binary transparency, int which we represent with Ay filtering of the spectrum of uix,
and with Apy, filtering of the spectrum of ujy, where Amn are the binary complement of Ay,
luix1? = Tjx and lujyl? = Jjy. Since ujy is the binary complement of uiy, it follows that Ty is the
binary complement of Iix (Tiy(x,y) = Tix(x,y)), thus after omission of the interference term, one
gets finally for the correlation iﬁtensity

K K
1 _ _
To(korYo) =17 > Y {1Amnl? ixl2(xo+mAx,yo+nAy) +HAmaluiy2(xe+mAx, yo+nAy) }

n=K m=-K

= Iix(X0,Yo) * gd(Xa,Yo) + I_ix(xoy}’o) * Ed(XOyYo)- (3.41)

This equation is equivalent to Eqs.(3.31) and (3.38). This is analogous to a two channel
correlator, in which in one chaﬁnel we recognize a given spatial distribution of horizontally
encoded pixels, and in the other channel we recognize the spatial distribution of vertical
encoded pixels.

Figure 3.10 shows an example of filtering in the Fourier plane that allows the recognition of
a given search symbol. Note that this filtering takes the double of the surface compared with
that used for the recognition of a polarization encoded symbol having the same number of
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pixels and the same surface as the dual rail correlator that recognizes black and white pixels
(this problem will be discussed in more detail in section 3.8). '

i)

a) b)

Fig 3.10. Example of filtering for the recognition of a theta encoded symbol. a) search symbol.
b) filtering for the recognition of the search symbol .

The practical implementation of an ideal theta encoded mask in which the gratings encoding
the cells are blazed, is difficult. For this reason in most cases we will encode the cells of the
input pattern with gratings having more than one diffraction order. This will increase the
number of orders in the Fourier plane and consequently decrease the space bandwidth product
(SBWP) of the system (cf. section 3.8).

Theta encoded optical processors are, like polarization encoded processors, not restricted to
binary data. It is possible to process more than two logic states. The following example
illustrates an experimental result of the recognition of a symbol for theta encoded input data.
The image of the theta encoded mask, taken in the output plane of the 4f system, is shown in
Fig.3.11a). It contains 8x8 pixels and its original dimension is 11x11 mm?. Four orientations
of the gratings are nsed to encode the pixels (00,450,900,1350). Its Fourier spectrum is
represented in Fig.3.11b). It was obtained by illuminating the input with a collimated laser
beam. This spectrum clearly shows the different diffraction orders produced by the gratings
having different orientation. By filtering the Fourier spectrum as shown in Fig.3.11c),
(blocking of the spatial frequencies along a line passing through the center of the spectrum) the
pixels encoded by vertical gratings become dark in the output plane, whereas all the others
remain bright. Analogously, it is possible to turn the filter in the other directions and to
suppress the pixels encoded with gratings having other orientations. When two crossed
gratings, having each three equal diffraction orders, are inserted behind the input mask, the
distribution of the intensity in Fourier plane is also given by nine shifted Fonrier power spectra,
as shown in Fig.3.11.d). Now the nine images (each of them is contained in a diffraction
order), can be independently filtered in the Fourier plane. Due to the four different spatial
frequencies used for encoding, it is possible to recognize a symbol which in our case is
-composed by 3x3 pixels, where each pixel can have four levels. An example of recognition is
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shown in Fig.3.11g). The dark pixel appears where the search symbol (Fig.3.11f), defined by
the spatial filter sketched in Fig.3.11e), is recognized. In our case (with the symbol composed
of 3x3 pixels and four levels), the possible filtering combinations are 49 = 262144. Using theta
encoding it is thus possible to implement multiple levels, which increases the complexity of the

symbols that can be recognized.

M
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Fig 3.11. a) Theta encoded input mask, b) spectrum of the theta encoded mask, c) filtered
spectrum of the theta encoded mask, d) spectrum after introduction of two crossed
phase grating behind the input mask, e) schematic representation of a filter for the
given search symbol f), g) recognition of the search symbol.
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3.4. Geometrical arrangement of the pixels in the input mask

We present now some considerations about the geometrical arrangement and shape of the
pixels in the input mask. These considerations can be applied to any encoding described in
section 3.3.

The first consideration concerns the form of the pixels, that we have denoted with the pixel
function fo(x,y) in Eq.(3.8). It is obvious that fo(x,y) can describe any shape (triangular,
hexagonal, round,..) and not only the square shape used for the examples in section 3.3.
Notice that using a cartesian grid and pixels having not square shape, it is not possible to cover
the complete surface with pixels (Fig.3.12).

4 )
a) b) c) d)
Fig.3.12. Some example of binary intensity encoded input masks, in which the pixels have

different shapes.

In 3.3. we discussed only examples in which the pixels of the input mask were arranged on
a regular cartesian grid, and the discrete function to correlate with the input had the same
structure. Consider now a diffraction grating having the Fourier transform

K K .
C(Px:Py) = f{f z z 8(l”x—li’xmnypy‘l’yr:nn) , (3.42)

n=-K m=-K

where (Pxmn,Pymn) are the coordinates of the (mn) delta pulse. The total number of delta pulses
is N2, and they are located on a periodic 2-dimensional structure that can be for example:
cartesian, hexagonal, triangular... The grating is inserted in the optical arrangement of
Fig.2.2, at a distance a behind the input pattern. A hlter having transparency Amp in
(Pxmn,Pymn) performs a filtering of the different diffraction orders in the Fourier plane. The
intensity in the output plane is obtained by generalizing the calculation reported in section 3.2
for the cartesian case. Thus by substituting (mA/d,nA/d) with the more general expression

(Pxmn,Pymn) We get

K K
1
Io(x0,Y0) =Nz 2 2 {'AmnI2 li(Xo+aApxmn, Yo+aAPxmn) } (3.43)

n=-K m=-K
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The (mn) copy is shified by (E4hMmn) = (@APxmn, aAPxmn). EQ.(3.42) can be written as a
correlation between the input pattern Ij and the function

K K
1
8i(x0y0) = 77 2 2 Amnl8(xo-aApxmn.Yo-aApymn) - (3.44)

n=—K m=K

When the pixels of the input pattern match with the delta pulses of the function gg, the system
can be used to recognize a given distribution of pixels (symbol) in the input pattern.

The experimental result of a recognition is shown in Fig.3.13. Symbols composed of seven
dark pixels, placed on the vertex and in the center of a hexagon, are hidden in a random
distribution of pixels (noise), as shown in Fig.3.13a). The system performs the correlation
between the input pattern and a function gq composed of seven delta pulses located in the
vertices and in the center of 4 hexagon (search symbol). The copies were produced by using
two linear diffraction gratings rotated by 600 one with respect to the other. At the location of the
recognized symbol a dark pixel appears (Fig.3.13b)). The randomly distributed pixels do not
have a structure and for this reason, after superposition of seven shifted images, the noise
pixels are erased by the bright background.

Fig.3.13. Recognition of hexagons hidden in a random distribution of pixels. a) input pattern,
b) recognition.
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We have shown (section 3.2) that two gratings ¢ and ¢’ can be inserted in our optical
arrangement at a distance a and @’ behind the input pattern. From Eq.(3.19) it follows that a
combination of two diffraction gratings allows to increase dramatically the number of produced
copies and the geometrical complexity of the structure.

In Fig.3.14a) and b) are represented the spectra of two gratings, having two and four
diffraction orders, respectively. In Fig.3.14c) is represented the power spectrum that appears in
the Fourier plane (convolution between the spectra of a) and b)) for this combination of
gratings. By correct choice of a and a’, such a system allows to recognize the spatial distribution
of the pixels like that sketched in Fig.3.14d). By changing the location of the grating with two
diffraction orders, it allows for example to recognize the symbol in Fig.3.14¢).

a) b) c)

d) e)

Fig.3.14. a) spectrum of a one dimensional grating having two diffraction orders. b) spectrum
of a two dimensional grating having four diffraction orders. c) spectrum of the
combination of the two gratings. d) and e} examples of symbols that can be recognized
using a simple combination of gratings .
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3.5. Discussion on the'éﬁgtiai coherence of the Illumination

In the calculation of the system presented in section 3.2, we assumed that the input mask is
illuminated by a monochromatic plane wave. This kind of coherent illumination can be realized
in practice using an expanded laser beam. It was emphasized that using coherent illumination,
interference fringes appear in the output plane of the correlator. This phenomenon is described
by the interference term Iy(xo,y0) in Eq.(3.22).

In this section we will study what happens when the illumination of the input mask is
partially spatial coherent. In particular, we will study what happens when the degree of
coherence of the illumination decreases, and what are the coherence requirements to allow the
correlator to work. At first, we introduce some general concepts about partially coherent
illumination. A typical arrangement that can be used to produce a partially spatial coherent
illumination is sketched on Fig.3.15. The light coming from an extended quasi-monochromatic
source is "collimated” by a lens L having focal length fg. The radiation process for each point
of the source is supposed to be independent of the other points. This kind of quasi-
monochromatic extended sources can be easily approximated in practice by a mercury lamp, or

an incandescent lamp with a filter that reduces the bandwidth of the spectrum.

L

extended
source

input mask

(stys) (xi lYI)

fs

Fig 3.15. Partially coherent illumination of an input mask, using an extended monochromatic

source.

In order to explain in more detail the nature of the partially coherent illumination produced by
the arrangement depicted in Fig.3.15, we restrict ourselves to a one dimensional case, the
generalization to the two dimensional case is straightforward. A spherical wave originating
from point xg of the source, is transformed by the lens Lg into a plane wave which arrives in
the plane of the mask (x;,yi). This plane wave can be mathematically described by
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ss(xi) = K VI(xg) exp( —2mi ’iﬁ& + i¢(xs)), : ' (3.45)

S

K is a constant proportional to 1/fg, I(x) is the intensity at the point of the source xg, and ¢(xs)
is a phase depending on the corresponding point of the source. Since each point emits
independently, there is no correlation between the phases. The illumination field in front of the
input mask, is given by a superposition of plane waves,

s(xj) =K f N T(xs) exp(—Zni 5{?‘ + i¢(xs))dxs . (3.46)
S

The plane wave of maximum inclination with respect to the optical axis, has the spatial
frequency X¢/(2Af;). Note that Eq.(3.46) represents a Fourier transform of \]I(xs)exp'{iq)(xs)}‘

The nature of the illumination in the plane (x;,y;) can be conveniently described by the
mutual intensity function (see e.g. Ref.4), that is defined as the correlation between the
vibration at two points in the wave field. We choose two points Xj and Xj' in plane (x;,y;),
thus the mutual intensity function can be written as

I X = <sXi) s'(X)>. (3.47)

We consider the quasi-monochromatic condition thus the phase ¢(x;) is slowly time dependent.
The < > brackets denote a time average process over a time-span greater than the coherence
time of the light, The light vibrations arising from different pdints of the source may be
assumed to be statistically independent (mutually incoherent) thus substituting Eq.(3.46) in
Eq.(3.47) we get

oo

J(Xi Xy = K2 JI(xs) exp(—z’;f"s <x;—xi>)de , (3.48)
s

—oco

J(X;,X;") is also proportional to the Fourier transform of the intensity function of the source.
From Eq.(3.48) we can define a normalized mutual intensity function

o
Jl(xs) exp(— T;lf:s (Xi'—Xi)des
WX X) = —— : .49

0

j I(Xs) ng

W(X;,X;'") is usvally called complex coherence factor. It can be demonstrated (see i.e. Ref.4)
that the absolute value of the complex coherence factor is equal to 1 for a spatial coherent
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illomination and O for a completely spatial incoherent illumination. For partially spatial coherent
illumination we have the relation : 0< In(X;,X;)! <1. The physical meaning of this term can be
seen be performing the Young experiment. We place in plane (x;,y;) a screen with two holes
located at X; and Xj', then the contrast of the fringes produced by the interference of the two
spherical waves originating from the the two apertures is [(X;,X;")!. In sections 3.5.2 we will
discuss how the complex coherence factor can be used to describe the contrast of the
interference fringes in the output plane of the discrete correlator.

3.5.1. Spatial coherence requirements

Spatial filtering in the Fourier plane of the correlator is only possible when the diffraction
orders produced by the gratings do not overlap too much. It is clear that when we illuminate the
input pattern with partially coherent light (e.g. using the arrangement of Fig.3.15), the spatial
extension of each diffraction order in the Fourier plane is increased with respect to coherent
illumination. The coherence degree of the illamination limits also the number of orders which
do not overlap and thus the capability of the correlator. We explain now in more detail what
happens in Fourier plane when the inpnt mask is illominated with partially coherent light
coming from an arrangement like that described in Fig.3.15.

The complex amplitude of the field in front of the input mask is given by Eq.(3.46), it is also
a superposition of plane waves which can be represented as a Fourier transform. We denote
with t(x;) the transmission of the input mask, thus just behind the mask we will have the’
complex amplitude vj(x;)= t(xj)s(x;). We consider at first only one diffraction order (for
example the O order) and we determine its spatial extension in the filtering plane. The complex
amplitude in the Fourier plane is given by a convolution between the Fourier transform of the
input mask and the Fourier transform of the amplitude field in front of the input mask,

FT{t(x)s(xi)) = T(xp) * S(xp). (3.50)

s(xj) is given by Eq.(3.46) thus

Sxgt) = j j VIs(xs) exr)(i¢(xs)]exx>{—21tiXi($ + %)] dxsdx; (3:51)
—00 —00 S
and after some calculations we get
S(xp,t) = VIs(Foxe/f) exp (io(—fexe/D)) , (3.52)

where the function Ig represents the intensity of the source. Thus the intensity IS(xp)I2 =
Is(-fsx¢/f) represents an inverted magnified image of the source.
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We consider the case in which the input pattern is described by the one dimensional function
composed by (1-dimensional) pixels spaced by A. Thus the transmission can be written as

K .
tx) = Y, ex rect (——x‘ ~ kA], (3.53)
k=K A

where ek denotes the encoding of the k-th pixel, if we use binary intensity encoding it will be a
scalar having value 1 for transparent pixels and O for opaque pixels. The Fourier transform of
the input mask is given by a superposition of sinc functions having different phases, viz.

AX X Ax
T(x) = Asinc [t | Y, ex exp [2mik—1 |. (3.54)
fA k=X fa

Consider the case in which the input mask contains only one transparent pixel, then T(xf) isa
single sinc function, and the discussion is easier. (The spatial extension of the Fourier
transform will decrease if we consider a mask with more than one pixel.) According to
Eq.(3.50), the amplitude in Fourier plane is thus given by sinc(Axg/(fA))%S(x¢). When we use
a point source (coherent illumination), we have a convolution between a sinc function and a
delta function and this gives as a result a sinc function. The intensity is thus a square sinc

function.

Consider now an extended source having intensity Ig(xs). The radiation process of each
point of the source is independent of each other, for this reason the intensity IT(xp)*¥S(xp)I? is
given by an incoherent superposition of square sinc functions, viz.

IT(xp)*S (xR = IT(x)2HKIS(xpI2 = (sinc(Axg/fA)]2* Ig(—Fexg/f). (3.55)

When the diffraction grating is introduced in the optical arrangement, the power spectrum
can be described by a convolution between IT(xp)%S(xf)2 and a set of delta pulses spaced by
Af/d. Figure 3.16 shows the intensity of two diffraction orders in the Fourier plane for two
different extensions of the source. In the first case (Fig.3.16a), the source is a point, the
illumination is thus spatially coherent and the intensity of each order is a square sinc function.
In the second case (Fig.3.16by)), the source has dimension Xg, and the intensity of each order is
given by Eq.(3.55), it appears clearly that using an extended source each diffraction order has a
larger extension compared with the case of a point source. The separation of two diffraction
orders in the filter plane is given by Af/d, thus we have to choose the period of the grating and
the dimension of the pixels so that two nearest diffraction orders do not overlap. In fact when,
for example, we like to suppress a diffraction order which overlaps partially with another, we
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suppress at the same time a part of the other. In section 3.7 we will see that when the overlap is
small, it will not have a dramatical effect on the result in the ontpnt plane of the correlator.

'

fad
fr/d
eV L o,
A svwennd —r—p
2tan 2fA A Xs f/ts
a) b)

Fig.3.16. Intensity distribution of two diffraction orders in the Fourier plane for the case of
spatial coherent illumination a), and partially spatial coherent illumination b).

The separation between two diffraction orders in the Fourier plane must satisfy the relation
(3.56)

2Af/A represent the width of the function sinc(Ax¢/fA), or more precisely the distance between
the two first zeros. fX¢/fs is the extension of the image of the source. If fXy/fg >> Af/A we can
neglect the effect given by the diffraction of the pixels.

We consider now the case in which the input mask is itself a spatial incoherent source. It can
be for example a CRT, an array of light emitting diodes (LED), etc. In this case the source
cannot be introduced directly into the correlator, because it is completely incoherent, and for
this reason the filtering in the Fourier plane is not possible. This kind of incoherent sources can
be used when their emitting angle is limited. This can be done by spatial filtering as sketched in
Fig.3.17. This process of spatial filtering is performed at the expense of optical power. Notice
that the dimension W of the low pass filter must be at least 2Af/Ax, in order to allow good
reconstruction of the pixels of the input mask in plane (x;,y;). After this filtering operation the
image can be used as input for the discrete correlator. The width of each diffraction order in the
Fourier plane (xf,yf), not shown in Fig.3.17, is equal to W. The separation between two
diffraction orders in the Fourier plane must thus satisfy the relation
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Fig 3.17. Spatial filtering arrangement to increase the spatial coherence of an input source
array.

3.5.2. Visibility of the interference fringes in output plane

In section 3.5.1 we discussed the spatial coherence requirements which the illumination
must satisfy to allow filtering in the Fourier plane. In this section we discuss the influence of
the spatial coherence of the illumination on the output image, i.e. in plane (x¢,yo). During the
calculation reported in section 3.2 for the coherent case we noted that in the output plane of the
correlator an interference term appears, this is produced by the coherent superposition of the
different diffraction orders having different propagation directions. This term appears in
Eq.(3.22) and was denoted by Ii(xo.yo0). We said that it prevents us from having a pure
correlation and now we will see that using a partially spatial coherent illumination it is possible
to suppress it.

Theoretical calculation of the visibili

Equation (3.21) describes the complex amplitude in the output plane of the correlator when
the input mask is illuminated with a plane wave parallel to the z-axis. Consider now the case in
which the input mask is illuminated with the arrangement depicted in Fig.3.15. A spherical
wave originating from the point x; of the source and transformed in a plane wave by the lens
Ls, produces in the output plane of the correlator a complex amplitude
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K
topto) = LEDEXROGI) 5 (o (x4hami) expl(2riCromid)) exp(miah(m/c)?)

m=K

Xaq(Zni (xo+la ’dﬂ) x";—]} (3.58)
s

A new phase term depending on x¢/Afs appears in Eq.(3.58) (last term). This means that each
point of the source produces a different (shifted) interference fringe pattern in the output plane
of the correlator. In order to simplify the treatment, we suppose that in the output plane only
two images are superimposed, i.e. the grating is supposed to have only two orders, p and q (p
and q are integers and we suppose p>q). We will show later that the result obtained for the
superposition of two orders can be used to explain the superposition of more orders. The
fringes produced in output plane when only two orders are present can directly be calculated
from Eq.(3.58) by putting Ap = Aq =1 and all the other Ap, = 0. The intensity in the output
plane, after omission of some constant factors, is thus given by

1(xo) =I(xg) lj(xg+Aap/d)2+ I(xs)luj(xo+Aag/d)l 2+

+ 20(xg)luj(xo+Aap/d)lhuj(x o +Aag/d)l cos [2n b4 (xo +a ’—}f)] . (3.59)

The first term of this equation describes the intensity of the input image shifted by Aap/d, the
second term describes the intensity of the input image shifted by Aaq/d, the third term describes
the interference between the two diffraction orders which we denoted with It(xq,yo) in
Eq.(3.22).

The wave originating from point xg, causes a shift of the interference fringes by axy/fs. Each
point of the source produces a related shift of the fringe system, which has to be incoherently
added in the output plane. In order to estimate the contrast of this superposition, we integrate
the interference term of Eq.(3.59) over all the points of the source. We consider a rectangular
source of uniform brightness, mathematically described by rect(x¢/Xs), thus after omission of
some constant factors we get

L) :2|ui(Xo+7»aP/d)!?si(Xo+?\.aQ/d)|7»fs frect(x s/Xs)cos[Zn? (xg+a );_z)] dxe. (3.60)

After integration and some straightforward trigonometrical transformations we obtain

Tu(xo) = 21ui(xo +Aap/d)llui(xo+Aag/d)! sinc(—a(l’gf-‘s)LXL) cos(2nxo(p-q)/d) . 3.61)
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The absolute value of sinc[a(p-q)X/(dfs)] determines the contrast of the fringes in the output
pla{ne (O<Isinc[aqXy/(dfg)]I<1). It is quite easy to find a relation between this contrast and
X, Xi"). We calculate Eq.(3.49) for the source rect(xy/Xs); this gives the result

(3.62)

(X Xj) = sinc Xi-X{)X )

Af

For (X;-X;) = a(p-q)A/d we obtain the equivalence between W(X;,Xj) and the "sinc" term in
Eq.(3.61). The contrast of the fringes produced by the superposition of two diffraction orders
shifted by a(p-q)A/d in the output plane of the correlator is equal to the contrast of the fringes
obtained in a Young experiment in which a screen with two apertures spaced by a(p—q)A/d is
located in the illumination field of the input mask.

sinc{a(p—q)Xy/(df;)] has value 1 when X tends to O (i:e. the illumination tends to be spatial

coherent). The interference fringes disappear in the output plane of the correlator (zero

contrast), when the extension of the source is
df,

Xs=_5__

a (3.63)

Equation (3.63) shows that the width of the source needed to suppress the interference fringes
between two adjacent diffraction orders [i.e.(p—q)=1], is larger than the width for the
suppression of the fringes between any two other orders. We can also say, that when we have
a partially spatial coherent illumination suppressing the interference fringes between two
adjacent orders, all the interferences between the N diffraction orders repreﬁemed in Eq.(3.58)

vanish.

Equation (3.63) is not in contradiction with the filtering condition [Eq.(3.56)], this means
that it is possible to choose the spatial coherence of the illumination so that no interference
fringes appear in the output plane.

rimental verifi
We present the results of an experiment performed using partially spatial coherent light. Its
purpose is to check that the contrast of the interference fringes, produced by superposition of
two diffraction orders in the output plane of the correlator, is indeed given by the sinc—term of
Eq.(3.61).

The arrangement used to obtain the result is sketched in Fig.3.18. The monochromatic (or
more correctly quasi-monochromatic) light was produced by a mercury arc source (MS)
provided with an interference filter which selects the peak wavelength of 546.1 nm. The
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spatially incoherent light from the mercury lamp illuminates an aperture of width X, located in
the front focal plane of a lens L, with focal length fs, which collimates the light coming from
the aperture. The degree of coherence of the illumination behind the lens L, can be increased or
decreased by changing the dimension of this aperture, i.e. the degree of coherence increases for
decreasing aperture width. The partially coherent beam illuminates a phase only grating (G),
that in our experimental set-up has three diffraction orders with the same brightness. In the
Fourier plane FP we can introduce a mask which allows us to choose the diffraction orders that
we like to superimpose in the output plane. A magnified image of the output plane (OP) is
observed by a CCD camera using the lens L.

If the grating is exactly located in the input plane of the 4f systerh, and if we allow to pass
through the Fourier plane only two diffraction orders (the 0-th order and the 1-st order), we
will find interference fringes in the output plane. This is independent of the degree of spatial
coherence of the illumination. In fact, the two diffraction orders have the same optical path
length and can also interfere. We calculated in section 3.5.1 (Eq.3.61), that for a=0, the
contrast of the fringes is equal to 1. When the illumination is partially coherent and the grating
is not located in the input plane of the 4f system (a#0), the contrast of the fringes will decrease.

For the practical demonstration of this effect we chose the width of the aperture Xs=1mm,
the focal length of the collimating lens fs=380 mm, and a binary phase only grating having a
period d=80 um.

Le FP op

->a<—
-~ el Pl e Pl
f f f f f

Fig. 3.18. Arrangement used to demonstrate that the visibility of the interference fringes in the
output plane is dependent on the spatial coherence degree of the illumination.

Figure 3.19a) shows the magnified interference fringes (in reality the periodicity is equal to
the period of the grating which is 80 pm), that can be observed when the grating is located in
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the input plane. 1t should be noted that the contrast is very good, as shown from the display of
the intensity profile along the indicated straight line.

a) b)

Fig.3.19. Visibility of the interference fringes for different locations of the grating when
partially coherent illumination is used. a)a =0, b)a =15 mm, c) a = 30 mm.

Figure 3.19b) shows that the contrast has decreased to about 1/2 when the grating is shifted
by a=15 mm. For a=30 mm, (Fig.3.19¢) the contrast vanishes. According to Eq.(3.63), we
find that the interference fringes disappear for a = dfy/X = (0.08 x 380)/1 = 30.4 mm. By
choosing a larger than 30 mm, it was possible to observe that the contrast increases and
decreases in accordance to the sinc function of Eq.(3.61). Negative values of the sinc function
indicate a reversal of the contrast (bright fringes become dark and dark fringes become bright).
This effect was observed during the experiment.

In section 3.5.1, we said that for more than two interfering diffraction orders the contrast of
the fringes in the output plane produced by this multiple beam interference decreases faster
when the grating is shifted out of the input plane than in the case of the interference of only two
diffraction orders. Experimentally we demonstrated this for the case where three diffraction
orders are superimposed. For the same period of grating and the same spatial coherence of the
illumination as in the experiment described before, we observed that already for a shift a=15mm
the interference fringes disappear. )

C. Examples of correlation obtained with coherent and partially spatial coherent illumination

We present now an e.Xample in which the input mask is represented by an USAF test target.
We consider at first the results obtained with partially coherent illumination. A mercury arc
source and an arrangement like that described in Fig.3.18 were used 10 produce this
illumination. The magnified image of the test target, observed at the image plane of the 4f lens
system, is shown in Fig.3.20a). By inserting a diffraction grating behind the test target, it is
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possible to produce many imag"é‘"s"of. the t€st target that can be s.uﬁg:ﬁ?nposed with a shift in the
output plane. Figure 3.20b) shows the case of the superposition of only two images, shifted by
about 50 um one with respect to the other. The group element 4.3 of the test target corresponds
in fact to 20.1 line pairs per millimetef, the centers of two dark lines are separated by about 50
pm. To obtain this result we used a grating having a period of about 20 pm and we choose a
shift (50 pm) that is about 2.5 times this period.

Figure 3.20c) shows the superposition of three copies of the test target, we have a central
copy (given by the 0 order) and the two other copies, shifted each by 50 pm (0.05 mm) with
respect to the central copy. This can be seen as a correlation between the test target and three
delta pulses located on an horizontal line and spaced by 50 um.
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Fi ig:3 .20. Examples of correlation by superposition of shifted copies of an USAF test target
using partially spatia} coherent light. a) input image, b) superposition of two copies
shifted by 50 um, c) superposition of three copies shifted by 50 um.

To produce the images of Fig.3.20 we used an arrangement with X=5 mm and f;=380
mm, the shift (A) was 50 pm, this means that XA/ = (5 x 0.05)/(0.55. 103 x 380) =1.2
>1. Thus we are beyond the first zero of the sinc function and we cannot observe interference
fringes between the diffraction orders (the contrast of the fringes is low). By performing the
experiment with a smaller aperture X¢=3 mm we observed interference fringes having a period
of about 20 pm (period of the grating).

The images of Fig.3.20 are typically incoherent, in fact we do not observe the coherent noise
which always affect the coherent images.

We describe now a result obtained by illuminating the test target with spatially coherent light
produced by expansion of a beam coming from an He-Ne laser. Figure 3.21a) shows the
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magnified image of the test target, obtained by inserting the target in the input plane of the 4f
system (without the diffraction gratings). We see that this image is affected by coherent noise
that is produced by blemishes, dust, scratches and reflections from the optical components.
Even by carefully cleaning the optical surfaces we cannot obtain a much better image. The
introduction of diffraction gratings in the system produces obviously an increase of the coherent
noise. The degradation of the images deteriorates the quality of the superposition of the shifted
copies of the test target. Good correlation could not be achieved because the images did not
have a good quality. The result of superimposing two images, one shifted by about 50 pm
with respect to the other, is shown on Fig.3.21b). The interference fringe pattern contributes
dramatically to deteriorate the quality of the correlation. The periodicity of the interference
fringes is equal 1o that of the grating used (about 20 um).
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F ig.3.21. Example of correlation by superposition of shifted copies of an USAF test target,
using spatial coherent light. a) input image, b) superposition of two copies shifted by
50 um.

By comparing the results of Figs. 3.20 and 3.21 it is apparent that using partially coherent
illumination we obtained better results than using coherent illumination.

3.5.3. Discussion of the spatial coherence nsing optical modes

Until now we calculated formally the contrast of the fringes in the output plane of our
correlator when we use partially coherent illumination. We take now a more physical approach
by using the concept of optical modes. The number of transverse optical modes emitted by a
surface is in fact a measure of the spatial coherence of the source. The concept of optical mode
[25] follows directly from the Heisenberg uncertainty relation, that says that it is not possible to
know exactly the position and the momentum of a particle (in our case a photon). The
uncertainty relation can be written as '
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Apx Ax > h, ApyAy >h), B (3.64)

where Apx, Apx are the uncertainties of the momentum, Ax, Ay are the uncertainties of the
position and h is the Planck constant. The angular uncertainty of a photon is given by

_ A
ADy = %, ASy = —;’1 , (3.65)

where p = h/A is the total momentum of the photon. Thus using (3.64) we obtain

Ade =, Ady= r (3.66)

Axg Ays

If we denote the solid angle A9xA¥y with AQ, and the surface AxsAys with AA, then we
obtain the relation :

AQAA =22 . (3.67)

for a transverse optical mode, representing the fact that the photons emitted by a surface AA
into the solid angle AQ [satisfying Eq.(3.67)] are indiscernible. Thus, the number of
transverse optical modes of a source having surface A and emitting into a solid angle Q is given
by

oA

Nm= "7

(3.68)

We can now calculate the number of transverse optical modes that illuminate the input mask
of our correlator when we use the illumination arrangement of Fig 3.15. We consider a two
dimensional source of square shape with a surface A = X;2. The solid angle Q is given by
(Dy/fs)2, where D is the diameter and f; is the focal length of the lens. Thus

QA D¢ 2
Np= — = [=8=5| | 3.69
n= 59 (XMS J (3.69)

We can also calculate the number of optical modes for which the contrast of the interference
fringes in output plane vanishes. Equation (3.63) indicates the extension of the source for
which the contrast vanishes. Considering the case in which (p—q=1) and using relation A=Aa/d
[Eq.(3.25)], we obtain
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Nnmo = (RL) : (3.70)
A

where A represents the dimension of a pixel. If the diameter of the input mask is Ds (equal to

the diameter of the lens Lg), the contrast of the fringes in the output plane will vanish if the

number of optical modes is equal to the number of pixels in the input mask.

It is of course clear, that the input mask of our correlator can be itself a source having a
certain extension and emitting in a certain solid angle. In this case too, it is possible to calculate
the number of transverse modes of the source using Eq.(3.68). The filtering condition
[Eq.(3.56)] can be written as

MiNp A M (3.71)

DS A <d

By taking the square, and after some straightforward manipulations, we obtain the two-
dimensional condition

Nm < (%5)2 (1 -2 %)2 | (.72)

for the number of modes. If the linear dimension of a pixel A is much larger than the period d
of the grating, then the filtering condition is met if the number of optical modes is about equal
to the number of grating cells having surface d2, contained in the illuminated surface (Dg)2
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3.6. Partlally temporal coherent [llumination

We consider now the case ifi which the illumination is spatially coherent and temporally
partially coherent. This means that we illuminate the input mask of our correlator with plane
waves having the same direction, but different wavelengths. In practice this can be
approximated by collimating the light coming from a source having small dimensions (compared
with the focal length of the collimating lens) and a spectral bandwidth AA. The source can also
be for example a light emitting diode (LED) or a multi mode laser diode (LD).

3.6.1. Temporal coherence requirements for filtering

The use of diffraction gratings is the reason for the restrictions on the temporél coherence,
i.e. the spectral width AX of the light source. Thus we can say that, except for the zero-order,
the higher orders diffractions are dispersed into a superposition of spectra having different
wavelengths. The uncertainty of the position of the g-th diffraction order in Fourier plane due 1o
non-monochromatic light is given by q(AL)f/d. (We use the notation (AA) instead AX to avoid
confusion with the pixel size that we denoted with A). Again, the diffraction orders, which are
now smeared, have to be separated. The spatial extension of each diffraction order when
illuminated with light having wavelength A is given by 2Af/A (distance between the two first
zeros of the sinc function (see Fig.3.16a)). The extension of the g-th order is thus given by the
extension due to the diffraction and the uncertainty due to the wavelength dispersion. This sum
must be smaller than the separation between two diffraction orders. Mathematically we can write
this condition as

AME A Af

& A 3.73)

The maximum dispersion is obtained for the highest diffraction order qmax. Thus by
substituting q with Qmax and after straightforward transformations we obtain the condition

(‘;ﬁ <%‘—u(1 - ZXd) (3.74)

for the spectral width of the illumination. If we like to use higher diffraction orders, we must
increase the temporal coherence of the illumination.
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3.6.2. Temporal coherence requirements to avoid undesired shifts of the
images in the output plane

The complex amplitude in the output plane of the correlator, when the input mask is
illuminated by a collimated beam having bandwidth (AX), is obtained by integration of
Eq.(3.21) over the spectral bandwidth of the light source. In this case too, for explication
purpose, we restrict us to the one dimensional case. We denote with ujj(xj) the complex
amplitude in the input plane of the wave with wavelength A. The distribution of the complex
amplitude in plane (xo), is given by

A+AM2
votro=y | Y, Ammin(ro+ham/d) exp(2mi(xom/d)}exp(miah(m/d))exp(io(h)) } dh
Ao—ar2m=K
(3.75)
The phase term exp{i¢(L)} accounts for the fact, that plane waves with different wavelengths
arrive in the output plane with different phases.

From Eq.(3.75) it appears clear that the spectral bandwidth AA of the light source limits the
performance of the correlator. In fact, images of different wavelengths are shifted in different
manner in the ontput plane. In particular, images of the higher diffraction orders are more
affected by this effect. The undesired shift of the g-th image is given by

- q(%%)a ' (3.76)

Ag

Of course, A& must be much smaller than the pixel size A, otherwise the result of the
correlation operation is canceled. The tolerable shift AE depends on the application for which the
correlator is used. If we like to have well defined pixel at the output, we have to limit the source
" bandwidth. We denote the undesired shift AZ as a fraction ), of the pixel dimension, viz.

AL =yA. 3.7

Using Egs. (3.76),(3.77) and (3.25), we obtain the condition for the spectral bandwidth of the
source as a function of the tolerance factor ¢, the pixel dimension and the maximum diffraction
order, namely

%’L%Lax - | (378)
0
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If the grating that is used has, e.g., 21 diffraction orders (qmax =10), and we choose a tolerance
factor ¢ = 0.1, then AA = Ay/100.

Eqs.(3.74) and (3.78) have a similar form. In spite of this their meaning is quite different.
The first describes a filtering condition, and the second a condition for the superposition of the
pixels in the output plane.

3.6.3. Fringe visibility in the output plane

The interference fringe patterns produced by each wavelength are incoherently
superimposed.. If the spectral bandwidth is large enough, the fringes disappear. We suppose
now that only two orders are present. This allows us to simplify the study of the interference
fringes. When we superimpose the O order and the g-th order, the intensity is given by

AQ+AM/2
6= | { luinGo)? + lujp(xg+haq/d)i2 } dA +
AQ-AN2
AQ+AA/2 )
+2 | lupxo) lui(xg+hag/d)) cos[zm(—gﬂ L (3.79)
ro-an2

Here we are only interested in the second integral, which gives rise to interference fringes. We
suppose a source with a constant spectral intensity distribution in the wavelength range (Ao~
A2, Mo+AM2), and since we are only interested in the visibility of the fringes, we suppose
that lujp(xo)l=1 V Ae (Ao-AN/2,Lo+AL/2). For this case we can easily calculate the second
integral of Eq.(3.79) and after some straightforward manipulations we arrive at the expression

2 ,
Ti(x0) = 2(AN) cos(2mxoq/d) sinc(%)‘ (3.80)

The contrast of the interference fringes is thus given by V = Isinc((AM/2)a(g/d)2)l. The fringes
disappear when (AA/2)a(q/d)2=1. \

The phase term miakg(q/d)2in Eqgs. (3.21) and (3.75) express the fact that the optical path
lengths for the different orders are different. In particular between the O-th and the g-th order the
path difference is

2 2
)= %7:)2)_3 ‘ (3.81)
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The contrast can thus be written as V = Isinc[lq(Ak)/(ko)z]L The coherence length of a source
having spectral width AA is A2/A\. Thus, the coherence length, for which the fringes between
the 0-th and the m-th order vanish, is /g = AQ)Z/(AN).

The contrast of the fringes calculated above can be obtained in another way. We know (see
e.g. Ref.4), that the contrast between two beams having spectral intensities I(v) and time delay ©
can be calculated using a Fourier transform. We substitute v with vo+V', where vq is the mean
frequency (vo=c/Ag), and we define a spectral function L{v~vg)=I(v). The contrast is given by
I¥(T)l, where

_[L(v')exp{Zniv't] dv'
Y1) =——— ' (3.82)
JLownav

This expression is of the same form as the Eq.(3.49), which describes the complex coherence
factor associated with a spatially extended source. In both cases a Fourier transform is
involved. For a spectral intensity I(v)=rect[(v-v)/(AV)] we have L(v)=rect[v'/(Av)]. Using .
Eq.(3.82) we calculate the contrast and we obtain

V = ly(1)! = Isinc[t(AW)]I. (3.83)
[}
The difference in path lengths between two orders can be expressed as Ig= Tc (where c is the
light speed). Since Agvo = c it follows that (AL)/(Ao)2= (Av)/c. By substituting in Eq.(3.83) ©
with lg/c and Av with c(AM)/(Ag)2, we get V = Isinc{/q(AR)/(Ap)2]l. This is exactly the same
expression for the contrast as obtained above.
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3.7. Undesired effects reiated with fiitering in the Fourier piane

In 3.5, we pointed out that the power spectrum of each order in Fourier plane has a certain
extension, which is essentially given by the spatial extension of the source and the diffraction of
the input pattern. Since the diffraction of the input mask contains high spatial frequencies, the
various diffraction orders are partially superimposed, and by spatial filtering it happens that
when we suppress one order, we perform an undesired cut of a part of the adjacent orders. This
can have a dramatical effect, in fact by cutting some spatial frequencies of one order we affect
the reconstruction of the corresponding image in the output pfane.“[n this section, we investigate
the effect of the undesired cutting of spatial frequencies for coherent and partially coherent
illumination.

3.7.1. Spatially coherent illumination

We suppose, that the input mask is composed by square pixels (dimension AXA). For a
monochromatic spatial coherent illumination, we find for the zero order in the Fourier plane a
complex amplitude described by Eq.(3.54) for the 1-dimensional case. For the other orders, we

" have similar complex amplitude distributions, multiplied by quadratic phase factors and shifted
by mfA/d.

In order to simplify the problem, we consider an input mask with only one pixel, and we
calculate how it is reconstructed in the output plane if part of its spectrum is suppressed by
filtering. Another simplification for this calculation is to consider only the zero order, but it is
obvious that the other orders will produce a shift of the selected pixel in the output plane. We
perform the calculation in one dimension, the x direction. The same calculation can be
performed, of course, in the y direction. The input pattern is described by the transparency

tx;) = rect(ii) . ‘ (3.84)

This transparency is illuminated by a monochromatic plane wave s(x;)=1 (spatially and
temporally coherent). Just behind the input mask we will have a complex amplitude
u(xp)=s(xj)t(x;)=t(x;). The complex amplitude in the Fourier plane of the pixel after the
omission of the constant phase factors is given by

FT{u(xj)}=Uj(x¢) = A sinc (A:—{-) ) . (3.85)

We can place a square filter having dimension WXU in the Fourier plane (see Fig.3.22). Just
behind the filter the complex amplitude is
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F(xg) = A sinc (Aéf) rec((—’;f—) ' (3.86)
W=Hy =24,
€
0BEO0 1CEICo oG
€
(] (995 s
a) b) c)

Fig.3.22. Filtering of a two dimensional sinc function in the Fourier plane. a) unfiltered sinc
Sfunction, b) square filter having dimension pgxpg, which cuts the sinc function at the
first zero, ¢) square filter having dimension 2ppx2 g, which cuts the sinc function at
the second zero.

The complex amplitude in the output plane is given by the Fourier transform of F(x). Since
a product in the spatial frequency plane involves a convolution in the image plane, we obtain

oo

o(Xo) = 1t er(i) sinc(%)dx ) (3.87)

The intensity in the image plane is lu(xo)l2. The iqgegral of Eq.(3.87) was calculated by
numerical integration. The results of the numerical estimation, for different dimensions | of the
filter, are presented in Fig.3.23. The result of Fig.3.23a) was obtained by choosing | =po=
2Af/A, that corresponds to a filter having dimensions equal to the distance between the two first
zeros of the sinc fonction, as shown schematically in Fig.3.22b). Notice that in this case, in the
output plane we do not find an homogeneously illuminated pixel, but rather an intensity
distribution that looks like a gaussian profile. The width of the pixel is larger than its original
width A. Therefore it influences its neighbor, there is crosstalk between the pixels. By
increasing the dimension of the filter, the reconstruction of the pixel intensity gets better and the
crosstalk decreases, as shown in Fig.3.23b)...f). The crosstalk in the outpnt plane depends on
the quality of the filtering in the Fourier plane, and this depends on the distance between two
adjacent diffraction orders. The required quality of the reconstruction depends of course on the
application, in some cases it might be sufficient to have a reconstruction like that shown in
Fig.3.23a).
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Fig.3.23. Intensity profiles in the output plane, obtained for different dimension of the filier, a)
u=pig, b) u=2u, c) =3y, d) u=4p, e) u=10ppf) =204y,

3.7.2. Partially spatial coherent illumination

We discuss now the formation of the image of a pixel, when the input is illuminated by
monochromatic partial spatially coherent light. The optical arrangement which can be used to
produce such an illumination is shown in Fig.3.15. The illumination can also be seen as
superposition of uncorrelated plane waves having different directions of propagation, and can
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be mathematically described by Eq.(3.46). In the Fourier plane we find an incoherent
superposition of shifted sinc functions, described by the relation

Ui(xg) = N¢ f sinc(Afi)E— Afli T(xy) explid(xg))dxs , ~ (3.88)
S

where Ny is a normalization factor, exp{id(x)} is a random phase factor, accounting for the
fact that each point x5 of the source emits independently from the others, and I(x;) is the
intensity at the point xg of the source. In the following calculation we will put I(xg) =
rect(x¢/Xs), that is to say that the light source has dimension X and the intensity is uniform. If
we place a filter of width  in the Fourier plane, we obtain just behind the filter the complex
amplitude F(xg)=rect(x¢/u)Uj(xp). The complex amplitude in the ilage plane is given by the
Fourier transform of F(xp). Since a shift in the frequency plane involves the multiplication by a
linear phase factor in the output plane, and a product in the spatial frequency domain involve a
convolution in the output plane, we get

_ XN\ (Xo=x)H . . XXg!
Uo(xg) = jmc(Aflnc(—xf ) f\] 1(xg) exp[1¢(xs)]exp(21t1 Ms)dxsdx. (3.89)

The Intensity is also given by the square modules of ug(xe), which yields

' .Io(Xo)=_°f_°fmct(A)'ect(A)s ((x°_x) = }mc((xo;(‘)u )g[ I(xs)exp(Zni(l;:);—;&)dxsdxdx’

(3.90)
The third integral is the Fourier transform of the source and represents the mutual intensity

function J(x,x’) of the illumination at points x and x'. Using a completely spatial coherent
illumination, we obtain J(x,x") = constant (Fourier transform of a delta function), and for a
completely incoherent illumination J(x,x") = 8(x-x") (Fourier transform of a constant). This
result inserted in Eq.(3.90) gives the well know formula for image formation with incoherent
illumination (see e.g. Refs. 1 and 4). We are now interested in the partially coherent case, for
which I(xg)= rect(xs/Xs). In this case we obtain

J(x,x") = frect(—s-):xp(Zn XT’;S)&)i = —ismc ((x X )X_fi) (3.91)

This result is inserted in Eq. (3.90), and some numerical integration were made, for different
source extension and different widths m of the filter in the Fourier plane. Figure 3.24 shows
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the result of the calculation for various filter widths (the values of m were chosen equal to
those of Fig.3.23), and for a sourcé width Xg=Af¢/A.

It appears clear from this results that, using the same filtering, the images are better
reconstructed with partially coherent, than with completely coherent light. Notice that using a
more incoherent illumination than in the cases represented in Fig.3.24, the fluctuations tend to

vanish.
TN ) [\
« 4\
a) crosstalk b)
AN A\ N

c) d)

e) f)

Fig 3.24. Intensity profiles in the output plane, obrained with partially coherent illumination
produced by a source of width Xs=Afi/A, for different dimensions of the filter, a)
H=po, b) u=2g, c) =3, d) u=4419, e) u=10ppf) p=20y,
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3.7.3. Undesired effects appearing when the spatial coherence of the input
is increased by using spatial filtering

Consider the arrangement described in Fig.3.17, in which we used two 4f spatial filtering
systems, the first to increase the spatial coherence of the input, and the second for the
correlator. We suppose to have a completely spatially incoherent image and we increase the
coherence degree using this arrangement. The pixels in the input plane of the correlator (after
the first 4f system), are partially deformed by the first spatial filtering; in fact the filtering
suppresses some spatial frequer{cies‘ The pixels are no more distorted in the second 4f system
if the cut-off frequency of the filter of width p, is largerthan the cut off frequency of the filter
of width W. To obtain the pixel reconstruction in the output plane of the correlator, it is
sufficient to know it in the input plane after the first spatial filtering. This was done by
numerically calculation of Eq.(3.90) for different width of the filter W. The results are
represented in Fig.3.25. Wo=2Af/A is the distance between the two first zeros of the sinc
function, which represents the Fourier transform of the pixel. The results of Fig.3.25 are also
directly comparable with the results of Figs.3.24 and 3.23, it is sufficient to substitute W with

Ko

a) crosstalk

) -

c) d)

Fig.325. Intensity profiles, obtained after spatial filtering of a totally incoherent image of a
pixel, for different dimension of the filter, a) W=Wy, b) W=2Wy, ¢) W=4W, d)
W=10W,.
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3.8. Space-bandwidth product of the correlator

In characterizing and comparing different processing systems, the space-bandwidth-product
(SBWP) is used to describe the computational capability of a system. For an input encoded
using array cells (pixels), the SBWP is equal to the number of pixels that can be processed in
paralle] by the system. Thus in our system, the SBWP equals the number of processable pixels
in the input plane. In Ref.20 is investigated the SBWP of the spatial filtering methods for
performing binary logic, and is pointed out that the number of processable pixels is dependent
on the number of orders which can be independently filtered in the Fourier plane. We calculate
now the SBWP for our correlator and we will show that it is dependent on the complexity of the
function which we like to correlate with the input, on the encoding and on the number of parallel
chaunels.

3.8.1. SBWP of a single channel correlator

In the case of the single channel correlator, the input pattern is correlated with a single
discrete function. In the calculation reported in section 3.2 we denoted this function with
gd(x,y). The complexity of gg(x.y), i.e. the number of delta pulses contained in gy, determines
the number of orders in the Fourier plane. Consider the case in which g4 consists of NxN delta
pulses. In the Fourier plane of the system, where the filtering of the various orders takes place,
it is necessary to have an adequate separation of adjacent orders so that the overlap is negligible.
Due to the size A of the input pixels, each order in the Fourier plane will have a finite dimension
Af/A (distance of the first zero of the sinc function from the center, see Fig.3.16a). To avoid
overlap of adjacent orders, a separation of the orders in the Fourier plane of 6Af/A is achieved
by selecting gratings with ¢ times the spatial frequency 1/A of the input mask. The value of the
"security factor" ¢ determines the quality of the image in the output plane, in section section 3.7
we have shown that it must be at least 2.

It is assumed for this analysis that the distribution of the orders is that of a square, i.e. an
equal number of orders in the x and y directions. The input mask is also considered to be a
square  with a side dimension of Y. In our 4f system the clear aperture of the lenses must be
large enough to capture all of the diffracted beams (Fig. 3.26). Based on this criteria, the
required clear aperture D is given by

DzﬁY+\l§%f+\l§ (N—l)c%. (3.92)

The first term on the right hand side of the inequality is due to the size of the input mask. The
second term is due to the diffraction resulting from the pixel spacing in the input mask. The
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third term is dependent on the number N of diffraction orders to be operated on in the Fourier
plane. This term reflects the increase in the lens diameter needed to capture all the orders
resulting from the diffraction gratings placed after the input plane. In this equation the spacing a
between the input plane and the gratings has been assumed small compared to the focal length f.

Input Lens _
Data Grating
Plane | oMig,

B

Fig.3.26. Required minimum lens diameter resulting from diffraction at the input plane and at
the grating.

Based on the above requirement for the diameter, the minimum valune for the pixel spacing
Ax, can be calculated in terms of the other system parameters. The maximum SBWP is defined
as (Y/A)2. The space bandwidth product for a correlation function of N2 delta pulses follows

readily from this analysis and is represented by

2

—wlz—]

VZ [14+o(N-1)] (3.93)

DY
SBWPN < T x

As seen in the above equation, the SBWP is inversely proportional to the f-number of the
system (f/# = f/D) and directly proportional to the scaling Y/A, which represents the relative size
of the system with respect to the wavelength of the illnmination. By taking the derivative of the
above equation with respect to the input dimension Y, it is easily seen that the maximum SBWP
is achieved for Y = D/(2v2), which simply states that for a single channel system the input is of
optimum size, if its diagonal is equal to one half the diameter of the lens nsed.

To get an approximate idea of the available SBWP and the effect of decreasing the system
f/#, consider the following comparison between an f/5 and an f/2 system. In both cases the focal
length is 200 mm, whereas the diameters are 40 mm and 100 mm, respectively. In the
calculation it is assumed that the input mask has the optimal diameter and that the light source
has wavelength A = 500 nm. The calculations are performed for two cases N=2]1 and N=2. In
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all cases the "security factor" G'was chosen equal to 4 to insuré ‘;idequate separation of the
orders within the Fourier plane. The results of this analysis are presented in the Table 3.1.

N=21 N=2
System
f/# SBWP Pixel Spacing SBWP Pixel Spacing
£/5 625 736 pm 1.6x 10° 35 pm
2 2.3x 10° 222 ym 6.2x 10° 14 pm

Table 3.1. Computational capability of fI2 and fI5 systems, for a security factor o = 4, search .
symbols with N2 = 21x21 and N2 = 2x2 pixels.

Suppose to use the system for pattern recognition, thus Table 3.1 shows that a f/5 system
can recognize a syrhbol composed of 21x21 pixels in an input pattern composed of 625=25x25
pixels with size 736 um. In this example the dependence on the system f/# is clearly illustrated,
in fact if we like to recognize the same number of pixels (21x21) using a f/2 system we can have
an input with 154x154 pixels with size 222 um. The SBWP is dramatically increased if the
search symbol is composed by few pixels, e.g. N=2. It should be noted that the resulting
optimal pixel spacing is quite small for most cases.

3.8.2. SBWP of the correlator for various encodings of the input
For single rail, intensity and polarization encoding, the SBWP is given by Eq.(3.93).

For dual rail encoding, we n:‘eed two input masks (a positive and a negative), and in Fourier
plane we have twice the number of orders that we had for the single rail correlator. This
decreases the SBWP by a factor 4.

For the theta modulation encoding correlator, we have a single input mask in which the
pixels are encoded using gratings having different orientations. To calculate the SBWP, we
have to distinguish between different kinds of gratings used for encoding. In fact when we use
amplitude only gratings (for example Ronchi gratings), each orientation of the grating inside the
pixels produce at least three diffraction orders, from which the zero order is common for all the
encoding orientations, for this reason it cannot be used and has to be suppressed in the filter
plane. If v is the number of levels (grating orientations) in the input pattern and, if we consider
the input mask composed by amplitude only gratings producing three diffraction orders, we
obtain
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' SBWPppes = SBWEN (3.94)
2v +1

Where the "+1" account for the zero orders, common for all the orientations of the gratings
used to encode the pixels in the input mask. Using phase only gratings, it is possible to
eliminate the zero-order, and it is possible to obtain only one diffraction order, in this case the
SBWP is equal to SBWPN /.

3.8.3. SBWP of a multi-channel correlator

In the case of a multi-channel system, more than one NxN pattern is being recognized in
parallel. Therefore another grating is used to achieve the physical separation of the different
channels both in the Fourier plane and in the output plane (see Fig.3.2). To achieve adequate
A separation of the MxM orders, representing the M? channels in the Fourier plane, the frequency
of the grating must be at least N/A. The distance a’ between this additional grating and the
input mask is chosen to achieve a separation of the individual channels at the output plane by at
least the dimension Y of the input mask, to avoid overlap. The distance a’ necessary to achieve a
channel spacing of Y in the output plane with the grating frequency equal to 6N/A is found
similarly to Eq.(3.25) as

YA
a'=—— . 3.95
AoN (3.95)
As a tesult of the above multi-channel configuration with M2 channels, the SBWP is now
limited by the diameter of the second lens of the 4f system. Analogous to Eq. (3.93) the
resulting SBWP is

[-vami] |

V2 [ 146(N-1)+oN(M-1)]

SBWPyy <) F

Y
x (3.96)

It is apparent that the same dependence on the f/# and the system size exists also for the
multi-channel system. From the above equation the optimum dimension of the input is found to
be Y = D/2Mv?2), M times smaller than that of the single channel system. A rough
approximation of the effect of the multiple channels on the available SBWP is

SBWPyy = #SBWPN. (3.97)



Table 3.2 presents the result of an analysis of a system with M2= 3x3 channels and N=2,
The focal length f was chosen equal to 200 mm. The second grating, which produces the
separate channels, was placed at a distance of 176 mm from the input mask.

t.
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=2 M=3
System
fr# SBWP Pixel Spacing
/5 1.0x 103 148 pm
f2 3.9x 104 59um

Table 3.2. Computational capability of fI2 and fI5 systems, for a securiiy Jactor o = 4, search

symbols with N2 = 2x2 pixels and M?=3x3 channels.
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4. IMPLEMENTATION OF THE CORRBRELATOR

Until now we have described the different features of the 6ptica1 discrete correlator without
to say anything about the elements which we need for its practical implementation. In this
chapter we discuss how we can produce the diffraction gratings and which spatial light
modulators (SLMs) can be used to implement the input mask and the filter.

4.1. Ditfraction gratings

We have seen that to produce multiple copies of the input pattern, we need gratings with a
certain number of diffraction orders of the same intensity. To calculate the transmission of a
grating with a certain number of diffraction orders having the same brightness, one can take the
inverse Fourier transform of a set of delta functions arranged on a regular grid. In general this
will result in a complex periodical shape that will not be very efficient and too complicated to
realize in practice. For this reason we have to make some réstrictions to the grating structure. In
order to have high efficiency, we restrict our self to phase only gratings, this allows in theory to
have high efficiencies. We discuss now some types of phase-only gratings.

4.1.1. Linear gratings (1-D)

Linear gratings have a transmission function
t(x,y) = exp{-i¢(x)} 4.1

depending only on one dimension, where ¢(x) is a function having period dy. If a central
symmetrical block of N equally bright diffraction orders is desired, then the relations between
the diffraction orders are

T@xiR = .= T(Rx0)? =....= T2, 4.2)

where T(px) = FT{t(x)} and px.k...px0 ...pxk are the abscissa of the different orders in the
Fourier plane (K = (N-1)/2). There are of course many functions ¢(x) satisfying this relation,
but in our case we have to choose phase profiles that are easy to realize. For this purpose we
consider only sinusoidal phase gratings and binary phase gratings (Dammann gratings [16]).
A sinusoidal phase grating is defined by the transmission function

t(x,y) = exp{i A sin(2nx/d)}, 4.3)
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where A is the half of the peak to peak excursion of the phase délay. For this grating, the
intensity of the n—th diffraction order is given by the square of the Bessel functions (see e.g.
Ref.[1]). Thus

In = Jn2(A) 4.4)

It is possible to choose A such that the three central diffraction orders have the same
brightness

T_12(A) = JoX(A) =5 2(A) = 0.30 (4.5)

this means that about 90% of the energy arriving on the grating is diffracted in three orders. We
define the efficiency

_ radiant flux in the equally brigﬁt orders (4.6)
total radiant flux passing the grating :

To realize sinusoidal phase gratings we used a holographic method. The interference of two
plane waves is recorded on a silver halide photographic plate. After developing, the plate was
bleached. Fig.4.1a) shows the result of the measured intensity through a phase only
holographic grating.

(R

a) b) ©)

Fig4.1. Measured intensity profiles through a) holographic grating, b) binary phase grating on
bleached silver halide photographic plate, c) binary phase grating fabricated by PSI-
laboratories.

If the fan-out does not exceed three, the ease of fabrication and the high obtainable space
bandwidth product (SBWP) favor sinusoidal holographic gratings on bleached silver halide
photographic plates. For higher order fan-outs, binary Dammann gratings [16] can be used.
These gratings have a binary phase function ¢(x). There exist many publications about
Dammann gratings; in Ref.[17] the binary phase functions for 4 to 29 diffraction orders with
high efficiency are reported. Of course, the complexity of the phase profile increases with the

increasing number of diffraction orders.
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To realize the phase only gratings we used two techniques. For fan-out up to 7 and small
SBWP (< 2400), the gratings were drawn on a Laser printer, photographically reduced and
bleached. Fig.4.1b) shows an intensity profile through a diffraction grating having seven
orders of the same brightness and an efficiency of about 70%. These gratings, however, suffer
from non-uniformity and diffusion. High quality binary transmission phase gratings with
surface relief have been kindly fabricated for our purpose by the PSl-laboratories[18]. Master
gratings were drawn with a laser scanner at 1 pm resolution and then copied onto glass
substrates covered with a 510 nm thick layer (phase modulation ® at A = 633 nm) of the
transparent photoresist AZ 1400-17. Fig.4.1c) shows an intensity profile through a diffraction
grating having 13 orders of the same brightness and an efficiency of about 75%.

4.1.2. 2-D gratings

Dammann gratings are not restricted to one dimension, but can have a two dimensional
structure. We did not realize 2—dimensional Dammann gratings. Instead, to produce NxN
diffractions beams we simply placed two 1- D gratings in contact, and rotated one grating by an
angle y with respect to the other. This is equivalent to a 2-D periodic transparency. The
efficiency 7 is then given by the product of the single efficiencies of each grating (N =nn2 ).
In Fig.4.2a) is represented the power spectra of two identical holographic diffraction gratings
with y = 300. In this case, each grating had three equal diffraction orders. Fig.4.2b) shows the
power spectrum of two Dammann gratings, each having 13 orders, rotated by 900 one with
respect to the other. -

a) b)

Fig4.2. a) Spectrum of two holographic gratings rotated by y = 300, b) spectrum of two
Dammann gratings rotated by y =90°.
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4.2. Implementation of ihé input ‘mask and the fiiter*

Since our correlator is working with different encodings, and with either coherent or partially
coherent light, the possibilities to implement the input pattern and the filter using the existing
techniques are numerous. It is clear that the described correlator becomes interestin g only when
the input pattern and the filter can be reconfigured in real time. For this reasons we need spatial
light modulators (SLMs). In some applications, it is not necessary that both the transparencies
(the input mask and the filter) are reconfigurable in real time, this allows the use of photographic
plates, which have better resolution than the existing SLMs. Most of the well known SLMs can
be used to implement the input mask and the filter of the described correlator. Some of them
were available in our laboratory and were used to obtain the experimental results described in
section 3.3. Other devices were not available and the possibility of their application was
theoretically investigated. We discuss now some SLMs and we will point out how we can use
them for the implementation of the correlator.

4.2.1. Liquid Crystal Displays (LCDs)

Liquid crystal displays (LCDs) are now a widely used commercial product, they are
electronically addressable, inexpensive, and their quality is constantly increasing. Their spatial
resolution (size of the pixels) can achieve one or two tenths of a millimeter. The response time
of each pixel is typically 50 ms. Actually it is po(ssible to buy ferroelectric LCD which have a
typical pixel response time less than 100 ps. An LCD can be illuminated either with spatially
coherent light or partially spatial coherent light, and can be used as intensity or polarization
encoded mask. In our correlator they can be used as programmable input pattern or filters in the
Fourier plane.

We had in our laboratory two LCDs available which could be used in transmission mode,
both were obtained by transformation of commercially available LCDs [23].

The first is a 32x84 element graphic LCD [21]. It has square elements of 0.8x0.8 mm? area,
which are 1/16 multiplexed. It has been modified from its original reflection mode for use in
transmission. The polarizer sheets of the LCD have been removed. The display yields a
difference in optical activity of about 600 between the pixels in the "off” and "on" state. For an
appropriate polarization of the incoming plane wave (parallel to a principal axis of the
birefringent LCD), the pixels are linearly polarized with an angle of 600 between "on" and "off"
state.

The second is a 5x7 LCD [22]. It has square elements of 1x1 cm? area, which are statically
driven. After removal of the diffusely reflective tape and the polarizer sheets, the display can be
used as a shutter array with programmable optical activity. The supply voltage of the 5x7 LCD
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was adjusted to yield 900 and 300 optical activity for the "off" and the "on" elements,
respectively.

4.2.2, Liquid Crystal Light Valve (LCLYV)

One of the most useful real time optical addressable SLMs is the liquid crystal light valve
(LCLV). The LCLYV is capable of converting an incoherent image into a coherent image. In our
correlator we need a coherent or partially coherent input pattern, the LCLV can thus be used to
increase the coherence and the intensity of an input. Another characteristic of the LCLYV is the
fact that it can convert a binary intensity encoded image into a polarization encoded image. The
LCLY has a nonlinear response, it can thus be used to restore the binary form in the output
plane of our correlator.

In our laboratory we have an LCLV which has been developed at ASULAB (Neuchitel).
The basic elements of the ASULAB LCLYV are shown in the simplified schematic of Fig.4.3.

WRITE SIDE READ SIDE

transparent
electrodes ————

photoconductor

\quuid crystal

\ dielectric

mirror

ac bias voltage

Fig4.3. Simplified schematic representation of an LCLV.

The LC layer is placed between two transparent electrodes, where an ac bias voltage is
applied to activate the device. The clear aperture of the LCLYV is circular and has a diameter of
35 mm. The electric field in the LC layer can be optically modulated through a CdS
photoconductor layer, which is placed between the two electrodes. The region of high spectral
sensitivity of the CdS photoconductor is from 550 to 700 nm. If the write li ght (image projected
on the back side of the valve) illuminates the photoconductor, it causes a decrease of its
resistivity and thus an increase of the electrical field in the LC. The molecules of the liquid
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crystal are strongly birefringent and carry a permanent dipole-mo’mént, their orientation is thus
changed by the electrical field. By this way, the birefringence of the light valve can be locally
modulated by optical write in. The spatial modulation of the birefringence can be read out by
reflection of a plane, polarized read ont beam at the dielectric mirror, which is placed between
the liquid crystal and the photoconductor. The state of polarization of the read out beam will be
altered locally after the double pass through the LC layer.

. Some imy haracteristics of ASULABILCLV

Various characteristics of the ASULAB LCLYV, such as sensitivity, switching speed, spatial
resolution, and wavefront distortion have been measured. Figure 4.4 shows the sensitivity
measurements for three different supply voltages Vegr= 8.5 V,10 V and 12 V, and a supply
frequency of 600 Hz. The sensitivity of the light valve increases with increasing supply voltage
and varies for the above voltages between 300 uW/cm?2 and 30 uW/cm2. It has further been
observed, that the sensitivity decreases with increasing supply frequency. The frequency was
chosen to be 600 Hz as a compromise between a good sensitivity and a minimum ac-component
in the read out light.
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Fig4.4. Response of the LCLYV for differens supply voltages Veg =85V, 10V and 12V with
a supply frequency of 600 Hz.

The spatial homogeneity of the optical sensitivity over the whole aperture was + 15% for a
write light intensity 400 uW/cm2 (Vegr =10 V). The homogeneity improves with increasing
write light intensity, i.e. when the light valve is saturated (£ 10% for 1 mW/cm?2).

For the typical parameters (supply voltage Veff = 8.5 V and write intensity 0.4 mW/cm?2),
the rise and fall times (on and off switching) were found to be top =170 ms and Tofr = 140 ms.
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The switch-on time decreases with increasing intensity of.the write light, whereas for the
switch-off time no significant change was observed.

To determine the spatial resolution of the LCLYV, an incoherent (white light) 1:1 image of an
USAF test target has been projected onto the photoconductor. The spatial resolution was found
to be 20 line pairs / mm.

B. Implementation of optical logic gates using a LCLV

Boolean logic can be realized using a nonlinear function. Figure 4.5 shows the ideal
nonlinear function to implement two-inpnt logic operations and the corresponding truth tables.

out - oour A B AORB ANORB
R A NormoT 00 0 1
01 1 0
1 ! 10 1 0
11 1 0
f — IN f >IN
12 12

Fig4.5. Ideal nonlinear functions for the implementation of two-input logic OR and NOR
(NOT) operations and corresponding truth tables.

Although no physical mechanism will achieve the ideal threshold switching characteristics of
Fig.4.5, usefnl optical logic gates can be realized with physical devices having a nonlinear
response.

The ASULAB-LCLYV has a nonlinear response (Fig.4.4) which allows the implementation of
both NOR and OR gates, depending on what polarization one takes in the output beam. In
chapfer 5 we will see how this nonlinear characteristic can be used to build a symbolic
substitution processor composed of two discrete correlators.

4.2.3. Cathode Ray Tube (CRT)

We examine now, whether or not the use of a high performance cathode ray tube (CRT)
would be possible for the described correlator. We do not have a CRT in our laboratory, for this
reason experimental investigations were not possible. To get an approximate idea we report
some numerical estimations obtained using the technical data of a "High Performance 1" CRT
Assembly " produced by Westinghouse Electric Corporation [27]. This CRT has a screen area
of 15.7x11.4 mm?2, an emission wavelength A=525 nm with spectral bandwidth AA=25 nm. Its
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luminance is of 3400 cdm—2, which correspond to a radiance of 5.5 Wm-2sr-! in radiometric
units. Since the emission of light is completely spatially incoherent, the spatial coherence mast
be increased and this involves a waste of power. The purpose of our investigation is to
determine if after spatial filtering there remains a detectable amount of light in the output plane of
the correlator. As a detector we choose a relatively sensitive CCD-camera which needs for an
acceptable image 0.05 lux [28]. We use the optical arrangement of Fig.3.17, with a square filter
of surface WxW, to increase the spatial coherence of the image. After filtering, the image in'
(x;,yi)-plane (inpat plane of the correlator), can be seen as é source emitting into the solid angle
Q = (W/f)2. Consider an example with f = 100 mm and W2 = 4x4mm?2, thus Q = 1.6x10-3 sr.
Using the data of the CRT we will have in plane (x;,yj) an image of the CRT screen with an
intensity I(xj,y;) = 1.6x10-3x3400 Im/m2 = 5.44 lux, that correspond in radiometric units to
8.8mW/m?2 = 0.88uW/cm?2! This image is divided by the diffraction gratings in NxN copies,
and to allow the detection of the correlation operation each copy must have a detectable intensity
>0.05 lux (sensitivity of the CCD camera). In our example the maximal number of copies is
about 100 (5.44/0.05). It is possible to choose a larger filter (WxW>4x4 mm?), in this case we
will have more intensity but since the dimension of each diffraction order in the Fourier plane
(x1,y5) is equal to WxW (image of the filter located in plane Xfg,yfs), and the orders must be
spatially separated, their number is limited. In fact the total extension of the spectrum in the
Fourier plane must have a reasonable dimension, typically equal to a few c¢m for a lens with
focal length f = 100 mm. The other problem is given by the fact that to assure the separation of
the spectra with large extension in Fourier plane we must choose gratings with high spatial
frequency. This means that the diffraction angles are large and the aperture of the lenses must be
large enough to capture all of the diffracted orders.

In conclusion we can say that the CRT can be used in the discrete correlator, bat the
complexity (number of delta pulses) of the function to correlate with the inpat is limited by the
sensitivity of the detector or by the dimension W of the filter, and we can only recognize
symbols composed by a few pixels (e.g. 10x10).

4.2.4. Implementation of a spatial frequency encoded input

The implementation of a theta encoded reconfigurable input transparency represents a
problem. In fact it is possible to transform a maltilevel intensity encoded image into a theta
encoded image, by encoding each gray level of the input with a grating having different
orientations [26], but for the moment this process cannot be performed in real time. The
VGMLCD [29] is capable of performing in real time an intensity to spatial frequency
conversion, where each gray level is transformed into a grating with a certain spatial frequency
but the same orientation of the grating lines. This device could be used as input mask for the
discrete correlator.
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EX MENTAL ND PLICATION
5.1. Discrate Binary correlator for pattern recognition

In chapter 3 we described the discrete correlator and we presented some simple experimental
results. In this section we present some results which illustrate the correlator capability to
recognize patterns composed of many pixels. The maximum size of the correlation function (in
number of pixels) is limited to the number of diffraction orders of the gratings available. The
appropriate combination of several gratings permits, in principle, to achieve an arbitrary number
of diffraction orders. As discussed in section 3.8, the maximnm SBWP of the input pattern is
seriously limited if large correlation functions and thus a large nuomber of diffraction orders are
to be used.

The experimental results, that we will describe in this section, were obtained using coherent
illumination. In particnlar the input pattern was illaminated by a collimated He-Ne laser beam.
When the illamination is coherent, we always have interference fringes in the outpat, but in the
presented results their period is very small and they are not resolved by the detection system. It
is to emphasize that the same results could be obtained using partially coherent illumination. In
this case we could suppress the interference by appropriately choosing the degree of coherence
of the illumination, and we could at the same time suppress the coherent noise (see Figs. 3.20
and 3.21).

5.1.1. Single channel correlator

Figure 5.1 shows some experimental resalts of correlation. The input pattern was a
20x20 mm? photographic mask with 32x32 pixels. The 4f optical system was composed of two
identical f/5 Fourier lenses with 38 cm focal length. Two pairs of appropriately positioned
holographic phase gratings yield 9x9 equally spaced diffraction orders. The outpuat image was
projected onto a transpareﬁt screen and observed with a TV camera. Figure 5.1b) shows the
correlation of the input image a) with the 9x9 correlation pattern representing a tree, as seen on
the TV monitor. From the intensity profile, which is generated by a video-analyzer along the
vertical line across the image, the good contrast of the dark correlation spots can be seen.
Figure 5.1c) shows the correlation of the input image a) with the 9x9 correlation pattern
representing a house. Two dark correlation spots in the correlation plane indicate the presence of
two houses in the input image. Figure d) and e) show the results of correlation between the
input image and a pattem representing the same house. In the two figures are taken the intensity
profiles along two different vertical lines. Note that in Fig.5.1¢) the correlation peak is less
pronounced, this indicates that the symbol in the input image does not match exactly with the
search symbol, in spite of this the presence of a peak indicates a resemblance between the two
functions (two different vicwsﬂof the house).
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a)Original Image

Fig.5.1. Example of recognition of different symbols contained in the input data pattern a). The
intensity profile along the vertical white line within the image appears at the left and
illustrates the contrast of the recognition.
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Figure 5.2 shows another example of correlation. The input mask of Fig.5.2a) contains
50x50 pixels on an area of 16x16 mmZ. Two crossed binary gratings with 13 equal diffraction
orders offer the possibility to program a correlation function with 13x13 pixels. The result of
the correlation of the rabbit with the input pattern is presented in Fig.5.7.b.

a)

b)

Fig.5.2. The correlative search for the rabbit within the input pattern a) yields a black spot in
the lower right corner of the image b).
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5.1.1. Muiti-channel cofrelator

The recognition of different symbols at the same time can be impiememed with a correlator
having multiple channels. In our set-up, multiple channel recognition can be easily realized by
introducing an additional grating in order to produce multiple spatially separated images in the
output plane (cf. section 3.3).

The following example illustrate at the same time multiple channel and dual-rail recognition.
Figure.5.3a) shows the original binary mask, and Fig. 5.3b) shows the three symbols "I", "C"
and "O", which are all to be recognized. Note than the symbols "I" and "C" are both contained
within the "Q" and thus dual rail recognition is necessary to distinguish them. Since we use a
dual-rail system we have the representation of the positive and the negative input one beside the
other in the input mask. In the experiment each of the input had dimensions 9.2 x 4.6 mm and
were illuminated using spatially coherent light. Fig.5.4a) shows a photograph of the input with
the positive and the negative pattern. The result of appropriate filtering for recognizing the three
symbols is shown in Fig.5.4b). A dark pixel appears at the location of the recognized symbol.

1-
a)

Fig.5.3. Original mask (a) and search symbols "I',"C","O" (b), which will be recognized at the

same time in three channels.

Fig.5.4. Experimental results of multiple channel dual-rail recognition. a) input mask
containing a positive and a negative pattern. b) Recognition of the three symbols.
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5.2. Symboiic Substitution

Symbolic substitution is a concept for performing parallel and space-invariant logic
operations on a binary input pattem [5], [6],[71,[8]. It allows the recognition of all occurrences
of a set of search symbols (predefined spatial distributions of binary values) and snbstitutes
them with other predefined symbols. The input and output data are usually spatially discrete
binary pattems, coded either in intensity or in polarization. An example of symbolic substitution
is shown in Fig.5.5. The pattern being searched is called the left hand side (LHS) of the
transformation rule and the pattern that replaces it is called the right hand side (RHS). The
pixels which do not contribute to a LHS disappear after the rule is applied.

input pattern output patiern

e

transformation rule

Fig.5.5. Symbolic substitution: a spatial configuration is recognized in the data plane (input)
and substituted with another spatial configuration according to a transformation rule.

Many applications of symbolic substitution have been presented, in most of them more than
one transformation rule are applied in parallel to the data input. In Ref.6 are presented the four
rules that allow the addition of two binary numbers. Other rules were developed to implement
Boolean logic, cellular logic and a Turing machine, and it was demonstrated that a computer
based on symbolic substitution is capable of performing all operations performed by
contemporary general purpose compaters (cf. Refs 5, 6,7).

The first optical implementation of symbolic substitution was reported in Ref.6, the
arrangement was composed by a recognition unit, a thresholding device and a substitution unit.
The recognition unit was based on the superposition of shifted copies of the data plane which
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were produced by a bcamsplittéf; In Ref. 10 we presented another irﬂplémentation of symbolic

w~‘ Ay
substitution based on the discrete correlator described in chapter 3.

The discrete correlator described in chapter 3, can be used as recognition unit of a symbolic
substitution processor. The optical arrangement for substitution is identical to that for
recognition. The complete system for symbolic substitution is thus composed of two 4f
systems in series, as shown in Fig.5.6. A NOR gate array is inserted at the output plane of the
4f recognition system to perform the nonlinear thresholding and reestablish binary values. The
NOR gate can be implemented using a LCLV. For our experimental demonstrations we used
the ASULAB LCLV described in section 4.2.2. The bright pixels at the output of the NOR gate
array, which indicate the presence of a search symbol, are split by a grating. The substitution
symbol can again be chosen by appropriate filtering in the Fourier plane. Depending on the
spatial filter, both, intensity and polarization coded output patterns can be obtained. The simple
experimental patterns in Fig.5.6 illustrate the optical processing: a) input mask, as seen at the
output, i.e. inverted by the NOR gate; ¢) output pattern of the recognition unit after spatial
ﬁlfering for the search symbol b); €) output pattern of the substitution unit after spatial filtering
for the substitution symbol d).

Recognition unit Substitution unit
Spatial NOR Gate Grating
Fiftering ew)

Input
D:la Grating

Symbol

Fig.5.6. Opiical arrangement for symbolic substitution and illustrative experimental results.

Attention must be paid to the fact that the output of the second 4f systém does not yield a
plane wave, but that it contains several spatial frequencies due to the diffraction grating. Thus it
may be necessary to introduce another light valve into the system, if a further optical processor
'should be cascaded or the output be reintroduced into the same symbolic substitution processor
for iterating applications.
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Using two crossed gratings with several diffraction orders, nearly any arbitrary complex
symbol can be recognized and substituted. In Figure 5.7, the recognition of a 3x3 symbols is
illustrated. Figure 5.7a) shows the original input pattern (photographic mask), as seen at the
output of the NOR gate array (LCLV). The 12 x 14 mm?2 mask contains about 49x56 square
pixels of 0.3 mm length. Figures 5.7b) and c) show the recognition of "T" and cross ("x")
symbols, respectively. In Figure 5.7d), a result of a substitution is displayed: the crosses are
substituted by two points. ’

%

Input Pattern 3 Recognition of ) Recognition of  c) Substitution of  9)
the search symbol the search symbol

Fig.5.7. Symbolic substitution of intensity coded 3x3 search symbols.

The symbolic substitution processor described above is well snited for multi-channel
architectures. We have realized an optical processor with eight channels which performs binary
addition and subtraction in parallel [11]. Another application of this symbolic substitution
processor is presented in the next section.

5.3. Image processing through mathematicai morphoiogy operations

5.3.1. General concepts

Mathematical morphology is a method for image analysis which has found increased
importance in recent years. Using electronic image processing systems, it has been successfully
applied, for example, for edge detection, noise suppression, or smoothing. The theoretical
foundations of mathematical morphology were developed essentially by Serra and Matheron,
[12], and are well established. Binary image algebra is a special case of morphological
transformations, where input and output are binary discrete images represented by 2-D sets in
plane Z2. Let X denote a set of image points (pixels having value "1"), X¢ its complement and
B a structuring element. The basic morphological transformations are mathematically described
by:

Minkowsky addition: X®B = {x+b: xe X, be B} (5.1.a)
Minkowsky subtraction: XOB = (X°® B)® (5.1.b)
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In Eq. (5.1.2) x and b are image points of the set X and B, respectively, described by their
coordinates in the Z2 planc; The brackets {...} denote the set of all points which fulfill the
condition inside. If in Eq. (5.1), instead of B, its point-symmetric element BS={-b: be B} is
used, the well-known morphological transformations dilation and erosion, respectively, are
obtained. For symmetrical structuring elements B=B%, the dilation is identical to the
Minkowsky addition, and the erosion is identical to the Minkowsky snbtraction.

Figure 5.8 shows an example of dilation and erosion of a 2-D set X by a structuring element
B. Since B is symmetric, these two operations are equal to Minkowsky addition and subtraction
respectively. The black pixels in the figure represent the elements of the set, the white pixels are
not element of the set.

+

l--'

.

a) b)

d)

L &

e) f)
Fig.5.8. a) Original set; b) structuring element; c) dilated set; d) eroded set; e) opened set; f)
closed set. '

The dilation increases the number of elements of the set X and fills in the inner holes. The
erosion shrinks the entire set, and the holes inside the set increase in size.

Opening and closing are the operations that follow directly from erosion and dilation, they
are mathematically described by:

Opening X3 = (XOBS)®B (5.2.2)
Closing XB = (X®BS)OB : . (5.2.b)
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The opening operation is an erosion followed by a Minkowsky addition, the points of the
open set coincide with the points of B which are completely contained in X. The closing
operation is a dilation followed by a Minkowsky subtraction. Figure 5.8¢) and f) show the
opening and the closing of the set of Fig.5.8a) with the structuring element of Fig.5.8b).

The algebraic properties of the operations described above can be found in Ref.12. Qur
purpose is only to describe an application of the symbolic substitution processor and we will
not go further into the mathematical description.

There are other operations that can be obtained by combination of the four basic operations,
these include edge detection (EXCLUSIVE-OR between an eroded and a dilated image), noise
suppression (open-closing), skeletonization, median filtering.

5.3.2. Mathematical morphology using symbolic substitution

In a recent paper [13], Goodman and Rhodes show how optical symbolic substitution can be
used to perform the morphological operations. In particular, the four mathematical operations
described above can be realized as one- or two-step application of symbolic substitution. The
symbolic recognition performs directly a Minkowsky subtraction or erosion, using for the
recognition symbol the structuring element BS or B, respectively. The Minkowsky addition and
the dilation is carried out by substitution of each "1" pixel by the symbol B or BS, respectively.
The opening of an input pattern can be accomplished in one recognition /substitution cycle, i.e.
an erosion (recognition of BS) followed by a Minkowsky addition (substitution of each pixel of
the eroded image with the structuring element B). The closing operation is implemented in two
steps. In the first step we recognize all the "1" pixels in the input pattern and we replace them
with a structuring element BS (dilation), in the second step we yrecognize the structuring element
B in the dilated pattern and we replace it with a single "1” element (Minkowsky subtraction).

Optical implementation of the basic operations of mathematical morphology were described
by Brenner [30] and Casasent [31] but it is to emphasize that no experimental results were
reported in these papers.

The symbolic substitution processor, which was described in section 5.2, is well suited to
implementing the basic binary image algebra operations, especially for complex structuring
elements. Some experiments were performed and we show now some results. (The results
presented are essentially described in Ref.24).
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5.3.3. Experimental results

We begin with an example illustrating erosion and dilation. In Fig.5.9 the erosion and
dilation of a binary discrete image with 30x30 pixels are shown. The structuring element is a 5
pixel cross, shown in the figure. Note that in this case the bright pixels are elements of the set.

Erosion with Dilation with

Original . [
Image [ ]

XGB X®B

Fig.5.9. The effects of erosion and dilation of the original image of the house by a 5 pixel cross

structuring element.

More complex morphological operations, like opening and closing, can be performed using
a combination of erosions and dilations. Figure 5.10.b) shows the experimental result of an
opening of the original image (Fig.5.10.a)] (60x80 pixel binary image). The structuring
element B was composed in this case by two horizontally adjacent pixels. Notice that the
isolated white vertical lines (composed by "1" pixels), which are present in the original image,
are suppressed in the opened image.

Original Opening
Image with 1O

Fig 5.10. The effects of opening of the original image by a structuring element composed by
two horizontal pixels.
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Figure 5.11 shows an example of noise suppression. Figure 5.11a) shows the binary input
pattern composed 50x64 pixels. Figure 5.11b) shows the experimental result of an opening by
the structuring element B composed by two horizontally adjacent pixels. A subsequent closing
operation would also remove the dark spots in the original image. For ease of experimental
realization, the closing operation was replaced by a single dilation with the structuring element
B npon the opened image. One obtains then the complete transformation

Xp @ BS = ((X6B%)® B)® B*= (XOB%)® (B® BY), (5.3)

where the identity in the above equation follows from the algebraic properties of mathematical
morphology [12]. The whole operation of Eq.(5.9) could again be performed in one
recognition / substitution cycle. The input image was thus first eroded with the structuring
element B (recognition), and then dilated with the structuring element (B® B) (substitution).

Fig.5.11. The opening b) and subsequent dilation c) of the original image a) results in removal

of the noise.

The experimental result is shown in Fig.5.11c). Notice, that the isolated black and white
pixels, which are present in the original image, are suppressed; this is an example of noise
removal. The imperfections of the black spot suppression, exhibited in the experimental resnlts,
are probably caused by carrier migration in the photoconductor of the liquid crystal light valve
and result in the expansion of dark image points (bright points at the input side of the inverting
LCLV).

Figure 5.12 shows an experimental result of edge detection. A dual rail system performs in
parallel the erosion and the complement of the dilation of the original image, Fig.5.12a) (50x80
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pixels). The structuring element was a square of 9 pixels. The resulting image [Fig.5.12b)]
was obtained by superimposing the dilated and the eroded images on a screen.

Original Edge Enhancement
Image using HH

oty

b)

Fig.5.12. The edge enhanced result b) of the original image a) is achieved by the superposition
of the dilated and eroded images.

5.4. Comparison with- the existing systems

We will at first compare the correlator described in this work with the best known incoherent
correlator, i.e. the shadow-casting correlator [32]. This correlator can process continuous or
discrete functions. Here we will consider only the case in which discrete functions are
processed.

input
i
point-sources
N L
AN
(XpsY ps screen

L Z
Fig.5.13. Geometrical configuration of the shadow-casting system.
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Figure 5.13 shows a schematic diagram of the lensless shadow-casting system. The light
beams radiating from the point sources in plane (xps,Yps), illuminate the spatially coded
transparency (input data), and project multiple copies of the input onto the screen (in Fig.3.13
only two point-sources are shown. The correlation is performed by incoherent superimposition
of shifted copies like in the correlator described in this work. The shadow-casting correlator is
based on geometrical optics"An important limitations of this system is that diffraction effects
may be significant when images composed by small pixels are to be processed. In the system
described in this work, the quality of the images to be superposed is given by the resolution of
the 4f filtering set-up. In Ref.33 are reported some considerations about the limitations of the
shadow—casting system. In particular it is shown that the distance Z between the mask and the
screen must satisfy the relation Z<<AZ2/A, where A is the size of the pixels in the transparency.
We choose e.g. Z=A2/(10A), and A= 50 um thus Z=0.5 mm. This short distance limits the
number of copies that can be superposed. This correlator is programmable, in fact the point-
sources could be for example LEDs and the input transparency could be a LCD. It can process
intensity and polarization encoded pattem, but it cannot process theta encoded patterns.

The shadow-casting correlator can be used as a recognition unit in a symbolic substitution
processor [34].

The first optical implementation of symbolic substitution was reported in Ref. 6, it can
recognize and substitute only symbols composed by two pixels. Multichannel processing is not
possible and the programming of the search symbol is performed mechanically, by adjusting a
mirror. Our system has the advantage to recognize symbols composed by more pixels (3x3,
5x5,..), multichannel processing is possible and the programming of the search symbol can be
accomplished by using a SLM.

In Ref. 35 is described another symbolic substitution processor using two coherent
correlators and a thresholding element. Some simple experimental results were presented. This
system can perform multichannel processing. The search symbol is not programmable and to
change the search symbol the hologram in Fourier plane has to be changed. This system is
coherent, it needs optical components of high quality, and it is very sensitive to misalignment of
the filter. Compared with the system described in this work, it is more expensive and more
difficult to build.
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NCLUSION

An optical correlator based on diffraction gratings has been presented. The processor
performs basically an incoherent, discrete correlation between an input data péttem and a
predefined search symbol. Programmability of the search symbol is obtained by selecting the
appropriate diffraction orders in the Fourier plane (spatial filtering). The described correlator
can process input patterns of different encoding (intensity, polarization or spatial frequency
encoding). Many of the existing SLMs (coherent or incoherent, optically or electrically
addressable) can be used as input or filtering devices in our correlator, and real time
programming of the input pattern and the search symbol is thus achieved. The possibility to use
LCDs as input patterns and spatial filters has been experimentally demonstrated.

We demonstrated (theoretically and experimentally), that the correlator can work either with
completely spatial coherent light or with partially spatial coherent light. In fact, the use of
partially coherent illumination turns out to be advantageous to obtain images of better quality, at
the expense, however, of a certain loss of SBWP.

The ability of the system to recognize multiple programmable symbols in parallel establishes
its application in many areas. In particular, we have shown that two discrete correlators,
separated by a nonlinear threshold element, can be used to build a symbolic substitution
processor. Applications in binary optical data processing have been illustrated with experimental
results in the areas of correlation, arithmetics and image processing.

During'all this work we have emphasized the fact that we need a certain degree of spatial
coherence because this allows the filtering (suppression or change of the polarization directions)
of the diffraction orders in the Fourier plane. We can now imagine to have a phase grating
which produces only the diffraction orders that we need for the recognition of a certain symbol.
In this case, the function to correlate with the input pattern is defined by the diffraction grating
itself and we do not need anymore the filtering in the Fourier plane. Such a system has the great
advantage that it can work with spatially incoherent light, in fact we do not need a spatial
separation of the orders in the Fourier plane, real images coming for example from a
monochromatic TV screen could then be processed without increasing the degree of coherence
(an increase of the degree of coherence involves a dramatical loss of power). We can now
imagine a programmable phase only grating producing the diffraction orders which. we need,
this device will allow real time processing. Actually it does not exist such a device but the
constant progress in technology of SLMs could produce in the future a programmable high
definition phase mask. This would be the ideal device which counld dramatically increase the
performance of the discrete correlator presented in this work.
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