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Abstract

We study the statistical properties of the spectrum of a quantum dynam-
ical system whose classical counterpart has a mixed phase space structure
consisting of two regular regions separated by a chaotical one. We make
use of a simple symmetry of the system to separate the eigenstates of the
time-evolution operator into two classes in agreement with the Percival clas-
sification scheme [2]. We then use a method firstly developed by Bohigas et.
al. [3] to evaluate the fractional measure of states belonging to the regular
class, and finally present the level spacings statistics for each class. The level
spacings distribution of states belonging to the irregular part of the spectra
as well as that of the complete set of levels corroborate the Berry-Robnik
surmise [6]. We further present a statistical study of the regular levels. The
presence of intermediate states - states which belong to neither class as long
as ki is finite, phase spatially mixed among the set of regular ones, together
with the small fractional measure of regular states strongly affects the corre-
sponding level spacings statistics, resulting in a nou negligible deviation from
the expected Poisson distribution. We see however the remarkable agreement
of the irregular level spacings statistics as a direct confirmation of the Berry-

Robnik surmised.



1 Introduction

For more than a decade, the study of quantum mechanical systems whose
classical counterpart exhibits chaos has attracted much interest. One moti-
vation for this study is the paradoxical fact that while the correspondence
principle, as we understand it, should imply a quantum manifestation of clas-
sical chaos, the Schrodinger equation is linear. As a consequence, the time-
evolution operator is unitary, and this suppresses any exponential divergence
in the time evolution of quantum states. As a spectacular manifestation of
this fact, time-reversal invariant models show no lost of memory : reversing
the time at a certain moment T brings us back to the initial situation after
another time interval T, while this would require infinite precision in a clas-
sical chaotic system. Thus a basic manifestation of classical chaos seems to
have no place in quantum mechanics.

On the other hand, the destruction of an integral of motion, of a quantum
number, has striking effects on the statistical properties of quantum spectras.
It is today taken as granted that in a classically integrable system, the levels
are uncorrelated, and so have a poissonian level spacings distribution [4] (a re-
markable exception being the one-dimensional harmonic oscillator) and that
in classically fully chaotic models, the level spacings distribution has a dra-
matically different shape : it obeys predictions of random matrix theory, i.e.
it exhibits level repulsion {1]. The situation in mixed systems, where regular
and chaotic regions coexist in the classical phase space, is more intricated.
In an old paper Percival [2] classified the eigenfunctions of the Schrodinger
equation into two classes belonging to either the regular regions, where the
invariant tori are not destroyed, or the chaotic one. This classification was
based mostly on the correspondence principle and has been numerically con-
firmed a few years ago by Bohigas et. al. [3]. While the eigenfunctions
that are mostly confined on classically regular regions - we will call them the
regular eigenfunctions - tend to concentrate on invariant tori, the irregular
ones tend to spread uniformly over the chaotic region as i — 0, as has been
rigorously demonstrated by Shnirelman [12]. This picture is assumed to re-
flect reality in the serniclassical imit & = 0. Following this classification,
Berry and Robnik postulated that the part of the spectrum that corresponds
to regular eigenfunctions, has a poissonian level spacings distribution in op-
position to the one corresponding to the irregular eigenstates which exhibits
level repulsion [6]. This surmise led them to an expression for the level spac-



ings distribution for mixed systems that has been observed convincingly only
recently [7] for the case of the kicked rotator on a torus. As pointed out by
Prosen & Robnik and Li & Robnik {8] [13], reasons for this difficulty of ob-
servation could be that we are not deep enough in the semi-classical regime.
As long as h is finite, a certain number of wave-functions belong neither to
the regular nor to the irregular set of eigenfunctions. We may think of states
making use of the Heisenberg uncertainty to overlap the frontier between the
regular and irregular regions of the classical phase space, or states located
on the regular region which, due to the finiteness of the Planck constant, do
not yet belong to the set of regular states. Consequently, the Berry-Robnik
regime should be observable only in the far semiclassical limit. We will come
back to this point later.

In this paper we present a spin model allowing a precise study of a mixed
regime. The reasons for this are first that, in a special regime, an approx-
imate simple symmetry of the phase space structure, namely S, — —5;,
allows the separation of regular states from the irregnlar ones, and secondly
that the frontier between the regular and the chaotic zones is rather sharp,
thus minimizing the number of intermediate eigenstates. This enables ns to
compute the level spacings statistics independently for the regular and irreg-
ular states. We interpret the fact that these statistics obey quite well the
poissonian distribution and the GOE respectively as a direct confirmation of
the Berry-Robnik surmise. :

We study the quantum system defined by the following Hamiltonian *:

H,, = %((1 — 2%)8? — 27S2) 4 ¢S, A7 (1)

and the corresponding unitary time evolution operator :

| o
U := exp(—#S.) exp(—35-((1 = 2)82 = 2’S1)T) (2)

where § = (Sz,S,,S.)} = h(ss,s,,s.) = h& are spin operators satisfying the
usual commutation rules (¢7* is the total antisymmetric tensor of 37 order):

(84, 8;] = iheI*S, (3)

3We use bold characters in the quantum case in contrast to normal ones which refer
to the classical and semiclassical cases : S refers to the quantum spin operator while S is
either a classical or a semiclassical spin.



0< k<2, Ar:=3F2 _6(t—nT), [m] = energy™" time 2 and 0 <z <1
. Models of this kind have been extensively studied {11]. They represent a
spin which evolves under the influence of a classically integrable Hamiltonian
HY, = 2((1 - 2%)8? — 2282) during a time T after which the spin undergoes
a rotation of angle « around the z-axis. The regime we consider is defined by
£ =11,T= 2% and 2> = }. Classically there are two regular zones around
the north and south poles surrounding a chaotic region which is fairly well
symmetric under S, reflection (Fig.1). In the semiclassical limit which cor-
responds to fis = § = constant, & = 57! — 0, states which are located on
the chaotic region tend to cover it homogeneously according to Shnirelman’s
theorem [12]. Since this region is symmetric under S, reflection, the expec-
tation value < Weopapsls:|Wergos > of such a state tends to disappear as we
approach the semi-classical limit. For small but finite &, the distribution of
< Wils.|¥y >, where ) > is an eigenstate of the operator Ur defined in
(2), will then present a sharp peak around zero corresponding to the irregu-
lar states surrounded by two smaller bumps corresponding to regular states
(Fig.2). This allows us to separate easily the regular states from the irregular
ones, the validity of this selection being confirmed by a numerical semiclas-
sical argument presented in section 3 as well as an extensive study of the
Husimij distributions of the selected states {15).

The paper is organized as follows : Section 2 is devoted to a short presenta-
tion of the classical model. In section 3 we derive some useful semiclassical
quantities such as the density of states and the expression for the action.
This will allow us to estimate the number of regular states, and give a check
of our selection criterion. In section 4 we present the quantum mechanical
model as well as our numerical results for a spin magnitude s=500. All of
them were obtained using direct diagonalization techniques. Conclusions and

further remarks are given in section 5.

2 Classical model

The unperturbed classical Hamiltonian
m
S(1 - )82 - 25%) @)

has one degrees of freedom and is an integral of motion. The trajectories are
confined to the intersections of the sphere |S| = § with the cones of constant

0 . __
Hc! b
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energy £ = 2((1 — z%)5? — 2*52). The perturbation :

H) := xS, Ar (5)

corresponds to a rotation of angle x around the z-axis performed at time
intervals T'. Its addition leads to the destruction of the energy surfaces,
and allows more and more trajectories to wander chaotically on the sphere of
constant spin magnitude as x and T grow. Expanding HY up to the first order
in 65, := § — 5, near the poles 5, = +5,we get a one-dimensional harmonic
oscillator of period T = 2v/2%.. In particular we have 65, = O(68%) : in this
approximation 65, is an integral of motion and is furthermore conserved by
the perturbation H}, too. It is thus conceivable that the invariant torii near
the poles will offer more resistance to the perturbation than those located
away from them. We use this property to find a regime in which there are
two regular islands around the poles approximately related by the operation
S, — —S, and separated by a chaotic region. This we achieved by setting
£ = 11,T = 2% 22 = 0.5 (Fig.1). The regular islands occupy in a good
approximation the region 0.225? < E < E,,., = 0.2552.

3 Semiclassical approach

We compute the Green function for a trajectory of positive energy and the
density of states for the unperturbed case T = %,22 = 0.5. We follow the
lines drawn in [9]. We first write the unperturbed Hamiltonian in canonical
variables (S;, #) for the chosen regime :

Ho = 7 (S2(1 + cos*(¢)) - 5% cos’(9)) (6)

The action integral for a tra.jéctory of energy F starting at ¢¢ and ending at
¢ reads (S = hs, e = £-):

hm

Pt 2 2 A x 2 a( 11
st v [ ]

where we have set ¢* = ¢g + (¢ — ¢o) mod 27, and ng is the number of
complete revolutions accomplished between ¢g and ¢ (¢ = 27ng + ¢+}. The



sum ruus over classical orbits £ of constaut euergy. This leads us to the
expression for the corresponding Green fuuction :

G(do, b, €) = _.:_i > \/|det Dy s{ o, 9| exp(%sﬁ(%, $,e) — %Iﬁ)
8

_. v Ya(9)dn(do)
= LE-E tig @)

with

det Dl ,ﬁ(¢01 ¢) =

1 [ 885 &Sy 9°Sp 8%Sp
3¢6¢0 662 8@586 8960&:

— ©)
mz\/(fle + s%cos?(do))(1 4 cos?(#o))(4e + s% cos?(¢))(1 + cos?())

this result being obtained by partial differentiations of (7). Since this latter
value uever chauges sign, the Maslov index Iz vanishes and so the diver-
gence of the Green function leads to the following semiclassical quantization
condition :

m?2

1 + cos?(¢’)
for any integer 0 < M < s. We have then for the averaged density of states
(N is the number of states) :

1 27
= — [ ds\/ldet D1 5(4,9)]
2 /217 d¢' (11
whm Jo - \flae + 5 cos?(@))(1 + cos’(4)))
The last equation states in particular that the averaged density of states is
proportional to the classical orbit period. Fig. 3 shows the agreement of this
semiclassical result with the numerically obtained density of states for the

unperturbed quantum model at s=1000. Using (11) we estimate the number
of states occupying the regular region of figure 1 :

.[02?r \] bt o ld) dé' =2« M (10)

0.25s% 1
Nigg = [ o ple)de =~ i(% +1) (12)
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The number of states occupying this region in absence of perturbation is 51;;

times the total number of states. This gives us a first approximation for the
number of regular states we must select. A better approximation in presence
of perturbation is given using a method developed by Bohigas et. al. [3]. We
must evaluate the number N, of trajectories that satisfy the condition :

_DU :(8)de' + s.(¢)k| = 20 M (13)

for some integers M and P, while it nearly closes on itself after the P* kick,
ie. 1 3,(d8) = 5.(dF). 4/ is the angle between the x and the y component
of the spin just before the i** kiek while ¢ refers to the same angle right
after this kick.

This condition means that the action integral must still be an integer multiple
of 2 7, and that simultaneously, the orbit must be closed. This condition has
meaning only on regular regions were the invariant torii are not destroyed,
so that the integrals make sense. We transform this condition and compute
the number of trajectories satisfying :

[ ti’-_+1 ¢I d¢>'+sz(d)+) ]
nP+ T (67 - of)

for integers M and P, and P sufficiently large. With this we replace two
conditions by only one numerically more tractable condition. Since our task
is to evaluate the number of regular semiclassical levels, and not to determine
them precisely, we believe that condition (14) is sufficient. The number of
regular states we numerically estimated with (14) 1s 50 £ 4 for s=500, i.e.
slightly larger than that estimated with (12). In the next section, we will
consider this estimated number of regular states as a check of the validity of
our selection criterion. :

~ M (14)

4 Quantum Model

In this section we study the statistical properties of the spectrum of the
quantum Hamiltonian (1) for integer spin maguitude. Since the perturbation
term is time-dependent, the energy is no longer a good quantum number,

8



and we are led to define quasi-energies and quasi-energy eigenstates. The
Schrddinger equation leads to the following time evolution from right after a
kick to right after the next one:

W(I'*) = Ur¥(0%) = exp(—£+S,) exp(~ - HI, T)¥(0*) (15)
Quasi-energies A and quasi-energy eigenstates U, are then defined by :
UT‘IJ,\ = exp(—z'/\)llu (16)

Since Uy is unitary, the A’s are real and defined modulo 2 . We introduce
two parities :

Op>=]-u> (7)

Oy >= (—1)"7#|p > (18)

We can express the time-reversal operator T in term of these two parity
operators :

Mo®lu>=T|p>=(-1)""~p> (19)

In the integer spin case the eigenstates |¥ > of U} := exp(—+H?, T') satisfy
the conditions :

Y >= 4| > (20)
O >= ¥ > (21)
So Hgm and U% are in particular time-reversible. The perturbation breaks

the IT-parity but leaves the @-parity unbroken *. We will concentrate on the
study of even states, i.e. those states satisfying :

B >=1|U > (22)

However partial results obtained for the odd set of states corroborate the
results presented here. The key point is now to find a clear quantum mani-
festation of the approximate symmetry S. — — 5, of the classical phase space

4In the half-integer spin case, eigenstates of the unperturbed time-evolution operator
are eigenstates of the ®@-parity only. The latter is left unbroken by the perturbation we
consider.



structure. A practical solution is given by Shnirelman’s theorem which states
that in the semiclassical limit, the quantum states that are confined on the
classically chaotic region of the phase space tend to cover it uniformly. To
get an insight in this statement we use the following resolution of unity [14]

_23+1
or

1

f dddpsin 89, ¢ >< 0, ¢| (23)

where we introduced coherent states of the spin SU(2) group :

0,6 5= 30 /(25 sin(5)"~# cos(5)" e >

u=-3s

These are states that are centered on the point (8, ¢) of the sphere and which
minimalize the quantum uncertainty. @ is defined by S, = Scos(d). Using
(22), the symmetry of the chaotical region and Shnirelman’s theorem [12] :

0 on the regular region (24)

< WYengos|0, ¢ >— {const on the chaotic region

it 1s then easy to show that
< lpch.aosIS::llIlchaos >—0 (25)

in the semiclassical limit. This translates into Fig.2 where we plotted an his-
togram of the expectation value of s, taken over quasi-energy eigenfunctions
for =500, £ = 1.1, z°=0.5, and m=1. The central peak clearly reflects our
reasoning, while the two smaller bumps surrounding it are mainly due to the
regular states that are confined to the classical stability islands. The gap
in-between is a consequence of the uniform distribution of irregular states.
It is remarkable that this gap overlaps the classical frontier between regular
and chaotic region.

We used this property to part the irregular states from the regular ones and
then study separately the statistical properties of the spectrums of each class
of states. We believe this criterion is justified since the fluctuations

As, = J<s? > —<s, >? (26)

of regular states is much smaller than the "Shnirelman gap” appearing in
the histogram1 of Fig. 2 between the huge central peak and the smaller

10



bumps. As a consequence only very few regular levels will be selected with
the set of irregular ones, while maybe more irregular will be counted with the
regular ones. Moreover, the fact that the number of selected regular states
is in complete agreement with the numerical semiclassical evaluation given
by (14) confirms the relevance of this selection criterion.

We now turn our attention to the study of the spectral properties of the
time-evolution operator (16). Due to the ®-symmetry (18), Ur belongs to
the circular orthogonal ensemble, and not to the circular unitary ensemble
as would be expected from the fact that the perturbation breaks the time-
reversal symmetry. This situation is similar to the one encountered by Berry
& Robnik in certain Aharonov-Bohm billiards [5), or by Delande & Gay in
the Hydrogen atom in a magnetic field [10] where the system violates the
time-reversal symmetry, but possesses an invariance under a combination of
the time-reversal and another symmetry, in our case the II-symmetry. We
thus expect a linear repulsion for the part of the spectrum belonging to the
irregular states.

The results of our study for a spin magnitude s=500 are plotted in Fig. 4
to 9. Fig. 4 shows a plot of the level spacings statistics for 4233 irregular
level spacings computed by diagonalizing ten different evolution matrices for
T = 2% and 1.05 < k£ < 1.15. The solid line is the predicted YWigner distri-
bution. The agreement is excellent. In Fig. 5 we plotted the corresponding
cumulative level spacings distribution defined in term of the level spacings

distribution ® P(s) by
W = ia!tP t 27

Also shown are the Poisson and the Wigner distributions. As shown in inset,
small deviations from the Wigner distribution appear only around spacings
s =2, but have no significance to our opinion.

Fig.6 and 7 show the level spacings and the cumulative level spacings distri-
bution for 572 regular levels taken from twenty different evolution matrices
for T = ;11% and 1.05 < & € 1.15. The difficulty here is the relatively small
number of regular states (= 25). Accordingly, only few intermediate or irreg-
ular states can have relatively big effects on the statistics. In a convenient

®We have used s for the level spacings to avoid confusion with the spin magnitude.
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basis, Uz can be represented by the follow-ing matrix :

' R K
Ur:= ( K C ) (28)

R = R;6; ; is a diagonal N,, x N,., matrix which corresponds to the N,., reg-
ular states, C' = C;6; ; is a diagonal N_je05 X Nepaos matrix which corresponds
to the Nepaos irregular states, and K = O(k) couples the two subspaces as
long as % is finite. In our picture K disappears in the semiclassical limit,
and the R; and C; satisfy a poissonian statistics and a GOE statistics re-
spectively. It would be of course a hopeless task to try to determine K for
finite A. The important point is to recognize that as long as % is finite but
small enough, & couples ouly few regular states with irregular ones, this fact
resulting in a deviation from the Berry-Robnik surmise. This deviatioun is
then naturally much more important for the regular part of the spectrum,
since it contains much fewer levels than the irregular part. We believe that
this is the reason for the deviation of the statistics of the set of levels we have
selected as regular from the poissonian predicted behaviour. We must recall
that our whole reasoniug is based on the assumption of two classically homo-
geneous stability islands. In such a case, semiclassical wave-function would
mimic classical orbits and would therefore fit together as concentric circles.
The presence of hyperbolic fixed points or cantori may change this picture,
possibly turning regular states iuto intermediate ones as long as % is finite.
The semiclassical wave-function overlap and thus interact at certain regions,
and this, in the Pechukas picture [1], modify very sensibly the equations of
motions governing the evolution of the quasi-energies A as £ or T is mod-
ified, resulting in the appearance of level repulsion. So some intermediate
states are phase spatially mixed among the set of states we have selected as
regular and consequently modify the corresponding statistics. Their effect is
furthermore enhanced by the small ratio of regular levels. A current investi-
gation of the Husimi deusities of the selected regular states corroborates this
reasoning [15]. Finally we show in Fig.8 and 9 level spacings and cumulative
level spaciugs statistics for the complete set of levels. We comparc our results
with the Berry-Robnik prediction for a fractional measure of regular states
as approximated by (12). The agreement is amazing, and corroborates our
picture. The y2-test for both graphs - x*=25, i.e. half the number of boxes
for Fig.8, and x*=1480, i.e. 3.3 times Jess than the number of levels for Fig.9

12



- gives full statistical significance o these Jast graphs. We see them as a good
evidence for the validity of the Berry-Robnik surmise in our model.

5 Conclusion

We studied the statistical properties of a quantum spin model whose classi-
cal counterpart exhibits a mixed phase space configuration. Due to a simple
approximate symmetry, whose effect on the quantum system is drastically
enhanced by Shnirelman’s thecorem, we were able to separate the irregular
from the regular levels, thereby confirming implicitely the validity of the Per-
cival classification. We then performed a separated statistical study of these
levels. The results confirm the Berry-Robnik surmise : while the irregular
set of quasienergies exhibits a clear wigner-like shape, the regular part of
the spectrum has a clearly different shape, though its spacings distribution
does not follow strictly a poissonian law. This deviation is interpreted as
the presence of both irregular and intermediate states among the selected
regular ones, their effect being enhanced by the relatively small number of
the fatter. Nevertheless, due to the small number of regular states we believe
that the irregular statistics is much more significant, and see our results as a
good confirmation of the validity of the Berry-Robaik surmise in our model.
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Figure Captions

Fig.1: Orthogonal projection of the classical phase space on the (S5:,5)
plane for the case T=2%, x = 1.1 and 2°=0.5.

Fig.2: Histogram of the expectation value of S, taken over the eigenstates
of the unitary time evolution operator defined in (2).

Fig.3: Density of states for the unperturbed Hamiltonian according to (11)
(solid line) as compared to numerically obtained datas for tbe case s=1000
(squares).

Fig.4: Level spacings distribution for 4233 irregular level spacings obtained
through direct diagonalization of ten evolution matrices in the parameter
range T' = ni—g's and 1.05 <k < I.15.

Fig.5: Cumulative level spacings distribution for the same case as fig.4.
In inset : regions of small deviation relatively to the Wigner-distribution.

Fig.6: Level spacings distribution for a set of 472 regular ievel spacings
obtained through direct diagonalization of twenty evolntion matrices in the
parameter range T = % and 1.095 < x < 1.105. The solid line is the pre-
dicted Poisson distribution.

Fig.7: Cumulative level spacings distribution for the same levels as Fig.6
compared to the Poisson distribution.

Fig.8: Level spacings distribution for a set of 5000 regular and irregular
level spacings obtained through direct diagonalization of ten evolution ma-
trices in the parameter range 7' = % and 1.095 < k < 1.105. The solid line
1s the predicted Berry-Robnik distribution with fractional measure of regular
states p; = 0.08. x?=25 is half the number of boxes.

Fig.9: Cumulative level spacings distribution for the same levels as Fig.8
compared to the poissonian and the Berry-Robnik predicted distribution. In
inset : Same curve compared to the Wigner distribution. x?=1480 is 3.3
times less than the number of levels.
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Hidden Breit-Wigner distribution and other properties
of random matrices with preferential basis

Ph. Jacquod(®), D.L.Shepelyansky(®:)
(®) Institut de Physique, Université de Neuchdtel,
1, Rue A.L. Breguet, 2000 Neuchdtel, Suisse
(%) Laborataire de Physique Quantique, Université Paul Sabatier,
118, raute de Narbonne, 31062 Toulouse, France
(March 25, 1997}

We study statistical properties of a class of band random matrices which naturally appears in
systems of interacting particles. The local spectral density is shown to follow the Breit-Wigner
distribution in both localized and delocalized regimes with width independent on the band/system
size. We analyse the implications of this distribution to the inverse participation ratio, level spacing
statistics and the problem of two interacting particles in a random potential.

PACS numbers: 71.55.Jv, 72.10.Bg, 05.45.4b

Intensive investigations of band random matrices
(BRM) have been done during last years [1,2]. Differ-
ent regimes corresponding to localized and delocalized
wave-functions have been studied numerically and ana-
lytically and it has been shown that the transition from
one regime to another can be described by one scaling
function depending on the ratio of the localization length
in the infinite system { ~ b2 to the size of the matrix N,
where the parameter b determines the size of the band
26+ 1. Similar types of matrices appear in such physical
systems as quasi one-dimensional disordered wires and
such models of quantum chaos like the kicked rotator
that gives additional grounds for investigation of BRM.

The above BEM can be also considered as a reason-
able model of one-particle localization in a disordered
wire of finite size [1,2]. However recent investigations
of two interacting particles (TIP) in a random potential
[3] showed that another type of BRM naturally appears
in interacting systems. Indeed for interacting particles
there is one preferential basis which corresponds to eigen-
states without interaction. In this basis, the total Hamil-
tonian is the sum of a diagonal matrix, with elements
given by the sum of one-particle energies, and a BRM,
which describes interaction induced transitions between
eigenstates of the non-interacting problem. The first in-
vestigations of such superimposed BRM (SBRM) allowed
to find the dependence of the localization length I,; on
the amplitude W} of large fluctuations on the diagonal
and to obtain the localization length I, for two-particles
coherent propagation in a random potential on a distance
much larger than one-particle localization length 1, [3}.

While from the TIP model it is clear that matrices
with preferential basis should describe interesting physi-
cal effects in interacting systems, only few investigations
in this direction have been done up to now [4,5}. In this
paper we investigate the properties of such matrices in
particular the local spectral density and the inverse par-

ticipation ratio (IPR). Due to the close connection be-
tween the SBRM and the TIP problem, the obtained
results can also be used for the latter case.

The matrix we study is the sum of a random diagonal
matrix and a conventional BRM :

Hn.,n‘ = ’?nén,n' + Cn,n'/v 26+ 1 (1)

with =W < gy < Wp, =1 S Cane < liorn—n'| <
and ¢, »n+ = 0 elsewhere. The connection with the TIP is
given by b~ ¥ and W, ~ 43/T,V/U in terms of the inter-
action strength U and the one-particle energy bandwidth
4V, Iy > 1. This matrix describes a one-dirmnensional
two-particle Anderson model, with on-site interaction 7,
in the basis of non-interacting eigenstates. In [3] it was
shown that the eigenstates of (I) are localized with lo-
calization length l,; = 82/2W2 for 1 < W, « vb. This
leads to an enhancement of the length of coherent TIP
propagation l. = I,y /l; ~ I2(U/V)* /32 independent on
the sign of interaction.

Our numerical investigations of SBRM (1) show that,
in addition to the standard exponentially localized form,
the eigenstates are also characterized by large amplitude
fluctuations of probability on nearby sites. A typical ex-
ample of such an eigenstate is presented in Fig.1. The
spike eigenstate structure is clearly noticeable. This im-
plies that only certain unperturbed states have strong
admixtures into the given eigenstate. Such eigenstate
structure is quite different from the case of conventional
BRM. For a better understanding of these spiked fluctu-
ations we study the local spectral density pw introduced
by Wigner [6] and analyzed in BRM with linearly grow-
ing diagonal corresponding to conservative systems [7,8]

pw (E = Ba) = 3 [a(n)[*6(E — E») (2)
A

The function pw characterizes the average probability
P(lea(n)?) = pw(E - E,) of eigenfunction x(n) on



site n with energy E, = Hyp,,, where X is the eigenvalue
index and n marks the original basis. Qur numerical
investigations in a wide range of parameters (20 < b <
2000, 201 € N < 4001 and 1.5 € W, < 40) both in
localized (l,; € N) and delocalized (I, 3> N) regimes
show (see Fig.2) that pw is well described by the well-
known Breit-Wigner distribution pw = ppw:

r T

20((E — Bn)? + T2/4)’ =g &

where T is the distribution width. This distribution re-
mains valid in localized and delocalized regimes under
the condition that I' is much less than the energy width
SE 2 1 of Hyp at Wy = 0. Usnally the distribution
psw appears in such physical systems as nuclei and com-
plex atoms [8] where due to energy conservation the di-
agonal term 7, grows linearly with n that corresponds
to a finite level density pg. In this case the width is
I'=2mpp < HZ,.. > [6,8]. In our case for W, 3> 1 all
eigenenergies are homogeneously distributed in the finite
interval [-W3, W3] and for fnll matrices with b = N/2
we can use the above expression with pg = N/2W,
which gives I' in (3). For & « N according to [3] one
should replace pg by the density of directly coupled
states p. = b/W, that leads to the same expression for T'.
The theoretical formula for T, independent on b and N,
1s in a good agreement with our numerical data (Fig.2).
The independence of I on b and N makes our case quite
diﬂ["egent from the case of full matrix (1) studied before
in [9].

For Wy » 1 the width of the Breit-Wigner peak is
small and therefore according to (3) the probability on
nearby levels is a strongly fluctuating spiked function.
This spike structure of eigenfunctions can be character-
ized by the IPR &, = (3_,, [¥a(n)[*)~! which counts the
number of spikes independently on the distance between
them. In the case of full matrices with & = #/2 the num-
ber of spikes can be estimated as the number of states
in the interval T' that gives the average value of IPR
£ =< 1/€x >~ ppl' & N/(2W2). The same estimate
can be also used in the delocalized regime {,; 3> N with
b <« N. Of course this estimate is valid only when the
number of states in the width T' is much larger than one,
that imphies £ > 1 or W, < VN,

The numerical results for the dependence of IPR on
Wj in the delocalized regime are presented in Fig.3. They
demonstrate that for sufficiently large full matrices (N =
4001) this dependence approaches to the above estimate.
However the convergence is rather slow so that for smaller
N values one has approximately £ ~ N/W where the
exponent & slowly changes with . For example o = 1.7
for N = 2001. We attribute this very slow approach ic
the asymptotic value of @ = 2 to the quite restricted
range of W, variation. Indeed on one side the width of
the Breit-Wigner peak should not exceed the width of the
energy band for W, = 0 that gives W, >> 1. On the other

paw(E — E;) =

side one should have W, <« +/N. Another restriction

_appears for band matrices with b < N/2 namelyl,s > N.

The data for this case (Fig.3, full squares) show that
for not very large W, the IPR is close to the regime of
full matrices while for large W, one enters the localized
regime !, € N which should be studied separately.

1t is interesting to note that in the delocalized regime
even for W, 3> 1 many levels are conpled by interaction
if pgT & N/(2W;?) > 1. Therefore, cne wonld expeci
that for W, < W," & (N/2)/? the level spacing statis-
tics P(s) will be the same as in the case of Ganssian or-
thogonal ensemble (GOE) [10]. These expectations are
not so evident since the spiked structure of eigenfunc-
tions apparently should lead to a decrease of overlapping
matrix elements between eigenfunctions. However, our
numerical results for matrices with N < 8000 show that
P(s) remains close to GOE for 1 < Wy < W4*". They
are also in agreement with the numerical results [11] for
full matrices of smaller sizes showing that the transition
border i W} between Poisson and GOE statistics scales
as N'/2. The question about other statistical properties
of levels in the regime 1 < W, < W;*" remains open.

For the localized regime in the above estimate of £ one
should replace N by I, since only levels in the interval of
one localization length can contribute to the IPR. This
gives the expression

Emly/2WF 2 m 2 /aWE, p=4 (4)

which is valid for £ > 1 (1 € Wy € vb). The last
condition together with {,, < N gives strong restrictions
for the numerical simulations (1 & W < N/4).

Qur results for this localized case are presented in
Fig.4. The data can be empirically fitted by £ ~ bz/Wf
with 8 2 3 which differs from the theoretical value § = 4.
We attribute this difference to the fact that we are not
far enough in the asymptotic regime of large b and W;.
Indeed, for W, > b'/? one enters in the perturbative
regime and the deviations from a power law becomes ev-
ident. We also checked that the probability distribution
P(la(n)]*) is proportional to p%y that gives additional
grounds for the theoretical power 5 = 4. However, the
simulations with large enough values of parameters 4, 1,
requires too large matrix sizes being beyond our numer-
ical abilities. The numerically found value § > 2 implies
that the number of peaks is smaller than the localization
length I,y = b2/(2W?) which determines the asymptotic
exponential decay of the eigenstates. It would be desir-
able to have a more rigorous theoretical derivation of the
IPR. dependence on parameters in the localized regime.

The above results show that the SBRM (1) has many
features similar with the photonic localization in a molec-
ular quasicontinuum [12] as it was remarked in {3]. Ac-
cording to this analogy, the number of levels in one-
photon transition (size) is of the order # and the den-
sity of coupled states is /2W;. However, in the photonic
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model the levels are ordered in energy in a growing way
that leads to a chain of equidistant Breit-Wigner peaks in
an eigenstate [12]. For the SBRM (1) all levels are mixed
in the encrgetic interval and the Breit-Wigner peak is
hidden.

Let us now discuss the consequences of the result (4)
for the TIP model. According to the relation between
the parameters of SBRM and TIP given above we obtain
from (4) the expression for the IPR & in the TIP model:

Ee~ (U2 (5)

This result can be also derived directly from the den-
sity of states inside the localization length interval {,
(pg ~ 111./V) and the transition rate I'; ~ U%/(V1;) ob-
tained in [3]. Indeed, the number of levels in the Breit-
Wigner peak is I'.pg & £, that gives (5). This result
shows that the number of noninteracting eigenstates .
contributing in the eigenfuction is quite large for U ~ V
while for (U/V)2l, <« 1 this number is order of I. How-
ever, the value of £ at U ~ V is much less than the
number of unperturbed states AN contributing to the
TIP eigenfunction in the unperturbed lattice basis. This
number determines the IPR £nex = AN =~ Iy ~ 5.
The difference between £, and £,4> shows that the non-
interacting eigenbasis represents the real eigenfunctions
in a much better way. It also stresses the fact that the
IPR value is not basis invariant.

From the difference between £, and &,,, it is possi-
ble to conclude that the coherent propagation of TIP
goes by rare jumps of size {; between the states with
approximately constant shm of noninteracting energies
E, = €, + ¢5:. The distribution over £, should have
the Breit-Wigner form with the width T,. The length
of propagation by such jumps is {, ~ L2 > 1. Dueto
this hidden Breit-Wigner distribution the IPR £, in the
basis of noninteracting eigenstates is proportional to {;*
instead of "naive” 1;>. For the case of TIP with M trans-
verse channels one should replace § in (5) by M, with
I} o¢ M being one-particle localization length.

If one-particle motion is ergodic in a d-dimensional sys-
tem of size L < Ij then its eigenfunction contains about
Ny = L% components. The matrix element of inter-
action is then U, ~ U/N,%? (3], the density of cou-
pled states p. ~ N;2/V and the Breit-Wigner width
T. ~ U2p, ~ U2/N)V for U < V is less than one-
particle level spacing A; = V/N,. Thefore, it is possible
that a concept of pairs formed by TIP can be useful even
in the ergodic samples with L < {;. In some sense, for
Ar & T, € Ay, where Ag = V/N]2 is two-particle level
spacing, one can at first average over fast one-particle mo-
tion and after that analyse the slow pair dynamics with
typical time scale 1/T'.. In the ergodic regime L < I; the
IPR is € ~ Dep, ~ Ni(U/V)? < N,% and according to
the discussed above properties of P(s) in SBRM and the
result {11} the GOE statistics for T{P should be observed

L

.

for &, > 1. For L > I} the strong enhancement of inter-
action (p.I'e ~ h¥(U/V)? > 1) leads to delocalization
of the TIP pairs in d > 3 below one-particle Anderson
transition when noninteracting particles are well local-
ized [13).
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FIG. 1. Localized eigenfunction of a SBRM with W, = 7,
b = 100 and N = 200]. The solid line indicates the expo-
nential localization with {,, = 171 in agreement with resulis
obtained in [3), eq.(3).



FIG. 2. Local spectral density which determines the aver-
age probability on a given site P([¢a(n)]?) = pw(E — En) for
b =100, Wy, =5, N = 201 {tviangles, 20 realisations of disor-
der) and N = 2001 (squares, 2 realisations of disorder). The
solid line gives Breit-Wigner distribution (3) with T' = 0.21.
The inset shows the dependence of T' on W, !'. points are
numerical data {N = 1001, = 100), straight line is theory
(3).

F1G. 3. IPR £ normalized with its limit value for the GOE
case N{3 vs. W, in the delocalized regime for N = 2001,
b = 300 (full squares), and full matzices with & = 251 {open
squares), N = 501 (open triangles), N = 1001 {x}, N = 2001
(full triangles} and N = 4001 (full circles). Dashed line shows
the fit for full circles with & = 1.75 - 0.03; solid lines shows
theoretical slope o = 2.

FIG. 4. Dependence of £/b* on W, in localized regime :
N = 2001, b = 50 (full squares) and b = 80 (open squares);
N = 4001, & = 50 (full circles} and & = 100 (open cir-
cles). Dashed line shows the slope from fit for open circles
(# = 3.040.1) and solid line indicates theoretical slope 8 = 4.
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Double butterfly spectrum for two interacting particles in the Harper model

Armelle Barelli, Jean Bellissard, Philippe Jacquod® and Dima L. Shepelyansky®
Laboratoire de Physique Quantique, UMR 5626 du CNRS, Université Paul Sabatier, F-31062 Toulouse Cedez, France
@ Institut de Physique, Université de Neuchdtel, CH-2000 Neuchidtel, Confédératian Helvétique
{15 September, 1996)

We study the effact of interparticle interaction U on the spectrum of the Harper model and show
that it leads to a pure-point component arising from the multifractal spectrum of non interacting
problem. Our numerical studies allow to understand the global structure of the spectrum. Analyt-
ical appraach developed permits to understand the origin of localized states in the Limit of strong
interaction I/ and fine spectral structure for small U/,

PACS numbers: 05.45.4b, 72.15.Qm, 72.10.Bg

Recently a great deal of attention has been devoted to
the investigation of incommensurate systems exhibiting
singular continuous spectrum with many interesting mul-
tifractal properties (see e.g. {1-3]). Among the physical
models, one of the most popular is the Harper model of
electrons on a two-dimensional square lattice in the pres-
ence of a perpendicular magnetic field {4,5]. This system
can be teduced to the study of a rather simple model
of particle dynamics on a one-dimensional quasiperiodic
lattice. The energy spectrum exhibits multifractal prop-
erties and the band spectrum for rational values of mag-
netic flux looks like a butterfly. 1n spite of the academic
character of such a model, experiments have been per-
formed during the last ten years exhibiting this multi-
fractal butterfly structure. One of the first among them
has been performed in 1985 using superconducting net-
works [6] and more recently experiments with superlat-
tices also allowed to observe the fist hierarchical steps of
multifractal butterfly structure [7].

The deep understanding of such an intricate spec-
tral structure attracted interest of mathematicians and
physicists who developed new approaches for its inves-
tigation such as non commutative geometry [8), pseudo-
differential operators (9], functional analysis [10], renor-
malization group approach [11,12], thermodynamicai for-
malism [13]. All these tools allowed to study the problem
on rigorous mathematical ground and to understand the
properties of cigenstates. Fer example using the doal-
ity between momentum and spatial coordinate [14], it is
possible to prove rigorously the existence ol localized or
delocalized states [15,18]. It was also found that quan-
tum systems which are chaotic in the classical limit may
have quite unnsual properties in the presence ol underly-
ing quasiperiodic structure [17,1,13].

All the works mentioned ahove were done for one par-
ticle dynamics. However even from the physics of the
original Harper model, it is clear that the interaction be-
tween electrons on the square lattice in the presence of
magnetic flux plays an important role. Therefore it is
natural to address the question of the influence of inter-
action on multifractal spectrum. The most simple exam-
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ple of such a case is an interaction between two particles.
Recently it has been found that in the case of random
potential even such simple model has a number of unex-
pected properties {18]. For example repulsive/attractive
short range interaction leads to appearance of effective
pair states in which two particles propagate together on
a distance much larger than the one-particle localization
length without interaction. Surprinsingly the first nu-
merical studies of interaction effect in a quasiperiodic
potential showed an opposite tendency {19]. Namely, re-
pulsive/attractive interaction leads to the appearance of
localized states while in the absence of imeraction mul-
tifractal spectrum generated quasidiffusive spreading of
wave packets on the lattice. However, the numerical
approach used in [19] allowed to study only the wave
packet evolution while the structure of the spectrum it-
self was not directly accessible. Therefore to understand
the spectral structure and the nature of eigenstates we
performed numerical simuiations by direct diagonalisa-
tion based upon Lanczos algoritbm.

As a basic model for our investigations we consider the
model of two interacting particles (TIP} in the Harper
problem described by the following eigenvalues equation

{2Xcos{yn; + By} + 2Acos{yna + Bo) + Udn, na )Pnymat
Pritlne + Pni—1n; F Ppnapl T Pnpna-1 = E‘Pﬂh"?

8y

where the parameter  characterizes the quasiperiodic
lattice for the one-particle problem. Without interaction,
each particle moves in quasiperiodic Harper potential and
v/27 = ¢/pg = o is the ratio between the magnetic flux
within one unit cell of the square lattice and the flux
quantum ¢g = h/e. The parameter o plays the role of
an effective Planck’s constant so that a ~— 0 corresponds
to the semiclassical limit. The two parameters 3, ; are
related to the quasimomentum components in the non
intetacting problem. The parameter A characterizes the
strength of the quasiperiodic potential and for the case
of electrons on a square lattice A = 1 [5]. However from
mathematical point of view it is also interesting to study



the different regimes with A < 1 and A > 1. Strong
analytical and numerical evidence has been given that
the spectrum is pure point and the states are localized
when A > 1 while for A < 1 the spectrum is continuous
with extended eigenstates [14,10,1,20]. The streugth of
the short range on-site interaction is characterized by U.
We concentrate our investigations on the case A = 1,
B1,2 = B when for U = 0 the spectrum is multifractal for
irrational values of v/2r. We consider ouly the part of
the spectrum corresponding to the symmetric TIP siates
since antisymmetric configuration is not affected by on-
site interaction.

In the absence of interaction, the corresponding two
particle spectrum results of the superposition of two one-
particle spectra of the Harper model and is shown in Fig.
1 (a). Comparing with the one-particle spectrum {Hof-
stadter’s butterfly), we can remark that the spectrum
becomes much more dense near the centers of the bands
and subbands but still the gaps in the spectrum survive
on all energy scales.
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Fig. 1 : Spectrum of two particle Harper problem (a
up), with U = 0 obtaimed for rafional values of v/27 =
o =p/q withq <19, (b : down} with U =1 and ¢ < 23,

When increasing the strength of the interaction U, the
spectrum is splitted into two butterflies which are slightly
shifted one respect to the other. However one of them
remains almost at the same place corresponding to the
non interacting case of Fig. 1 (a). The shifted butterfly
moves to the right since the repulsive interaction U > 0
gives global increase of energy. A typical case I/ = 1 of
double butterfly spectrum is presented in Fig. 1 (b).

The main features which can be immediately observed
in this figure are the smoothness of the edge of the shifted
butterfly, the less dense character of its spectrum and
the filling of some internal energy gaps (see for example
near a = 0.6 and E = —1.5). However, the gaps in the
spectrumn still exist on all scales.

The shift of one butterfly and almost unchanged form
for the other at moderate values of interaction U can
be understood in the following simple way. For that we
choose small valnes of flux & < 1 and use the pertur-
bation theory in {/ on the basis of harmonic oscillator
functions to get analytical expressions for the Landau
sublevels at the spectrum edge. Without interaction, the
ba.nd edge is given by Ey(a) = :I:8¥41m(m, +mg+1)t

a? (24 (2rmy + 12 + (2m2 + 1)?) /4+0(a ), which is
superposition of two Hofstadter butterflies in semiclas-
sical regime [2I]. The integere my, my are the Landau
quantum numbers for oscillator states near the bottoms
of potential minima. If two particles are located in dif-
ferent minima, the interaction between them is negligibly
small and the energy levels are not shified by U/. These
energy states correspond to non shifted buntterfly with
dense spectrum since there are many states when T1P
are separated from each other. If TIP are located in
the same potential minimum, the interaction gives en-
ergy shift which in the first order of perturbation theory
is AEs = Uy/a for m; 3 = 0 and my 2 = (0;1) being in
good agreement with numerical data for U < 1 as can
be seen on Fig. 2 (a). This shows that the shifted but-
terfly corresponds to the case when the two particles are
located near each other. The density of such states is
smaller than iu the case when particles are far from each
other and that is why the shifted butterfly is less dense.

e

Fig. 2 : Energy band edges {a} U=(.4, dols are numer
ical data and solid curves are perturbation theory resull,
(see text); (b} U=10, dots are data from Fig. { aund solu



curves are gtven by theory described in the lext.

Direct analysis of eigenstates for irrational flux values
{which are approximated by a continnous fraction ex-
pansion) also shows that the states in the shifted part
correspond to the situation where two particles stay near
each other. However, contrary to the TIP in a random
potential, the particles here cannot propagate together
and stay exponentially localized near the origin as it can
be seen with the typical 3-D plot of Fig. 3.

Fig. 3 : Semilog plot of W,,, n, = |6n,,n,|* for localized
(E = ~13376,-10 < InW < —1,£ = 5.9, = 193 (a
: left})) and delocalized (£ = —1.7368,-10 < lnW <
=3, = 214,& = 12.5 (b : right)} eigenstales ol U =

La=34/55,4= 2.

We also investigated the structure of eigenstates in
the more dense part of the spectrum (non shifted but-
terfly). In that case tbe eigenstates are delocalized and
quite similar to those corresponding to the non interact-
ing case. Here the iwo particles mainly spread quasidif-
fusively along the quasiperiodic lattice and interaction is
not important for them. This structure of localized and
delocalized eigenstates is in agreement with the numen-
cal study of wave packet dynamics performed in [19].

The properties of eigenstates can also be analyzed
with the help of the inverse participation ratio (IPR)
£ = (n,, W2 o)t lts value for different energies
is shown in Fig. 4 for @ = 34/55. In agreement with the
above discussion, the localized states with small £ corre-
spond to the part of the shifted butterfly with less dense
spectrum while the unshifted butterfly is associated to
large € with delocalized states. 1t is interesting to deter-
mine the IPR £; in the non interacting eigenstates basis.
Such approach has been quite useful for TIP in a random
potential {22]. It is interesting to note that the situation
for TIP in the Harper model is quite different. Namely,
the delocalized states have very small value of & while
the localized ones are delocalized in the non interacting
eigenstates basis and have very large &g (see Fig.3). This
result once more shows that delocalized states correspond
to almost non interacting particle propagation while lo-
calized states appear only due to interaction which can
be even repulsive (Fig.3a).

With further increase of U the shifted butterfly goes
aon moving to the right and becotnes more and more de-
formed. Starting from interaction strength {7 > 10, this
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butterfly is transformed into a spectral band with width
two times smaller than the original spectrum at U = 0.
The center of this band is located at energy £ = U. The
typical example of global spectrum is shown in Fig. 5.
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Fig. 4 : Inverse parlicipation ralios £ vs eigenenergies
Eshownoté=2,U=1,a=234/550< 74 < 2x.
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Fig. 5 : Same as in Fig. I with U = 10 and ¢ < 28.

The physical reason for the appearance of such sepa-
rated spectral band can be understood in the following
way. For strong U, there are states for which TIP are
localized on the same site so that n;,3 = n. According to
(1) the energy of the states is E, = 4Acos(yn + 8) + U.
The transition between these states can be obtained with
first order perturbation theory in 1/& which gives the ef-
fective eigenvalue equation :

(4‘)‘ cOS(‘yn + ﬁ) + U) $n + Vert (¢n+l + ¢n—-l) = E¢n
(2)

Here V.g is the hopping between such states due to vir-
tual transitions via states with n; # np. For U > 1,
the energy difference between diagonal and off-diagonal



states is very large and therefore Vg ~ 1/U. The equa-
tion for diagonal eigenstates has the form of Harper equa-
tion with Aeg = 2X/Veg » 1. Due to that these states
are exponentially localized so that particles siay near the
origin. In some sense, the interaction renormalizes the
constant A+ Mg in the Harper equation for pair of par-
ticles. For strong U, the renormalized Aer is much larger
than [ that, according to the Aubry duality [14], leads to
localization of TIP pairs in quasiperiodic potential. Qur
conjecture is that in a sense A.g remains larger than 1
even for moderate values of I/ ~ I. In a sense interaction
breaks Anbry duality leading to appearence of localized
TIP phase. However more rigorous analytical confirma-
tions of this conjecture are desirable especially keeping
in mind that in a random potential the interaction with
U ~ 1 leads to delocalization of TIP pair states. The
accurate expressions for the TIP energy edges of shifted
spectral band can be found using semiclassical analysis at
small flux values by metbods developed in [8,23]. The de-
tails of compniations will be given elsewhere [24]. For the
case of Fig. 2 (b), they give £ = 6.0+ 0.59 + 2ra + O{a?)
that is in good agreement with numerical data (Fig. 2
().

For the part of the specirum represemted by un-
shified butterfly at U 3 I, the eigenstates become more

and morte similar to asymmetric TIP configuration i.e.

Py, = sign(ny — na) (xff.)xs."? - Xs:lz)xl('l?) /2, where

x-s are one-particle eigenfunctions. Due to that, the ef-
fective interaction becomes quite small and the unshifted
butterfly at large U (TfP are in different wells) looks
very similar to the one at I/ = 0. The main difference
is the splitting of Landan sublevels which appears due
to effective small interaction between particles located
in the same well. According to the expression for ¢n, n,,
such splitting can take place only when Landau quantum
numbers are different (m; # my) so that x(1) £ (3, As
the result the first sublevel with m; » = 0 is not splitted.
For non interacting part, the edges are given by the same
Ei{a) as for U = 0 (see above) while for interacting case,
the additional shift is 6 E(a) = ~8wa/(U + 4} (see [24]).
These analytical expressions are in good agreement with
numerical resulis as shown in Fig. 2 (b).

In summary, 20 years after [5] our investigations of
spectra and eigenstates for TIP in the Harper model (1)
show that repulsive/attractive interaction leads to ap-
pearance of localized states. Qur conjecture is that due
to Aubry duality breaking a localized TIP pair phase
appears at arbitrary small interaction strength. At the
same time we expect that this breaking is absent for TIP
on the 2d-lattice with magnetic flux. However, the later
madel requires separate investigations [24].
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Abstract: For two interacting particles (TIP) in one-dimensional random potential the
dependence of the Breit-Wigner width T, the local density of states and the TIP localiza-
tion length on system parameters is determined analytically . The theoretical predictions

for ' are confirmed by numerical simulations.
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Recently, the problem of two interacting particles (TIP) in a random potential has
attracted interest of different groups [1, 2, 3, 4, 6, 7). It has been shown that two re-
pulsive/attracting particles can propagate together on a distance /. much larger than
one-particle localization length {; in absence of interaction. The first analytical studies
[1, 2] for TIP with on site interaction .on a one-dimensional one channel lattice gave the
following estimate {./lj ~ Tp ~ (U/V)?l,, where U is strength of the interaction, V is
intersite hopping matrix element, p ~ {#/V is density of the two-particle states coupled by
the interaction, and I’ ~ U?/V; is the interaction induced transition rate between these
states. The numerical investigations (3, 4] definitely confirmed existence of the strong
enhancement of {, due to interaction. However, a direct verification of the above estimate
is quite difficuli even for the modern computer facilities due to the strong increase of
required basis with {;. Also the recent numerical resnlts of von Oppen et. al. [4] and
Weinmann and Pichard [5] indicate in one-dimensic‘mal case almost linear growth of the
enhancement factor for [, with U instead of expected U2. Due to all these things it would
be important to have a more rigorous derivation of the factor {./fi for this on a first
glance quite simple problem, at least in a one-dimensional case. To reach this aim we
started from the computation of the rate I’ which also characterizes the spread width of
the Breit-Wigner distribution for eigenfunctions in the basis of eigenstates of noninteract-
ing particles(8, 9, 10]. If the parameter dependence of I' is known then the ratio I,/ can
be determined from the relation i/l ~ I'p which have been checked in models of super-
imposed band random matrices [1, 8, 9, 10]. In the i)resent work for calculation of T' we

use the technique developed in [11] which allows to account all orders in the interaction.



We consider one dimensional Hubbard model with Hamiltonian
H=-V Z(al+laa"w + a:[wanﬂa) +U Zaliailanlaﬂ (1)
na mn
Here ai is a creation operator of the particle at the site n, V is hopping matrix element,

and U is on site interaction. We assume that particles are distinguishable and denote the
type of particle by spin & = +1/2. Single particle eigenstate is plane wave |p) = 7=e
with dispersion €, = —2V cosp, —r < p < m. We set lattice spacing equal to unity. The
size of the lattice is denoted by L.

The Breii-Wigner width can be found in the following way. Forward scattering am-
plitude f for particles with different spins is given by series of diagrams presented at
Fig.1. Solid line represents a particle, and wavy line is matrix element of the interaction
(p3p4|(3'|p]p2) = %6,,14,,,2 patps- Due to optical theorem width of the state [pypa) = |p1)|p2)

15 related to the forward scattering amplitude:
L/2=~Im f. (2)

One can easily check the coefficient in this relation considering diagram Fig. 1b which

gives nsual Fermi golden rule:

papa|U|p1p2) !

Twx~—21mfi, = —2Im Zk

= 3
P3P —€f ¢t t 0 ( )
= 20 Y [tpspalUlpipa)| 6(F - 5 - ca).

a4

Here F is energy of the initial state E = ¢ + €3.
Born term in the amplitude f is given by Fig. 1a and equals fi, = U/L. Calculation

of the diagram Fig. 1b is also straightforward

= X%

PaP4

‘P3P4|U [P1p2) | 1
E—e3—eq4+10 L22E+2Vcosp3+2Vc05p p3)



file:///p1p2

gjf” Ldps /2« 3 U?/L (4)
L? |, [E+2Vcosps+2Vcos(p—p3)] /EZ— 16VZcos?p/2’

where p = p; + p; = ps +p, is total quasi-momentum. Higher orders in Fig. 1 correspond
to simple iterations of the box Fig. 1b. Therefore summation of the ladder is reduced to

geometrical progression and the result is

U/L (5)
1-U//E?—16V2cos?p/2

f(E,p)=

The scattering amplitnde depends only on total energy —4V < F < 4V and total mo-
mentum —r < p < w. The branch of square root should be chosen in snch a way that
Im f <0.

With amplitude (5) one can easily calculate the Breit-Wigner width using optical
theorem (2). But we are interested in the average width at given energy. So we have to

average over momentum p. Density of the two particle states 1s of the form

* Ld ™ Ld,
p(E,p) = / P / pzé(p —p1 —p2)6(E+2Vcosp +2V cospy) =

—x 2r J_, 2=

L?/(8=%V)

2 2z 7' (6)
veos?p/2 — E2/16V

It 1s nonzero only if square root is real. After integration over momenta we find

. dp _ L? ([ 16V lEl)
= Ep)Zx~ In - + 0.18°= 7
p(E) /_Wp( Pl oy, (n 7+ 018 (7)

The integral in (7) can not be exactly expressed in terms of elementary functions. Pre-
sented approximate formula is valid with accuracy better than 1% in the interval —4V <

E < 4V. Now we can find the average Breit-Wigner width.

NE) = —2m [ (EPHEDTE/oE) =

_ svul/L -
T (nd/e+0.18¢) /Tul — (1 + & — &%) - F(Z). (8)
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Here v = [U/4V] and ¢ = |E/4V| is interaction and energy expressed in units of band

width: 0 < ¢ < 1. The function F(Z) is defined by

arctan Z, foru > ¢
FZ) = (9)
%ln }—j_%, foru <e¢

[u? — (1 &%)

4 €21+ u? —€2)

At small energy (¢? < u?, 1) formula (8) can be substantially simplified

4:rV. 1 ‘ u (10)
L Ind/e Vi4u?

so that at small interaction (¢2 € u? <« 1) it is linear in the interaction. In other

I' =

limit (¢? < €2, (1 — €?)) the width (8) is quadratic in the interaction with logarithmic

correction:
2 2
r 8V _ 1 u In 2e/1 — ¢ (11)

L (Ind4/e+018¢) ¢ u

The value of T in (10) is significantly larger than in (I1) due to the growth of two-particle
density of states (7) near the center of the band.

If we now add to the Hamiltonian (1) a single particle random potential Hyppng =
3 wnalgam with a disorder homogeneously distributed in the interval - W < w, < W,
then one particle eigenstates in infinite lattice become localized with localization length
{ = 24(V/W)2\/:W, where ¢, is one particle energy. However as soon as {; > 1
the above calenlation of the average width remains valid. The reason for this i1s that
{y > 1 is the only condition which we need to formulate scattering problem and to use
conventional diagram technique. Distribution of I' depends on the relation between size

of the box L and the localization length {;. If L < I all values of T are of ihe order

5



of the average value given by (8). For L >» {; the average value is still given by (8).
However in this case I' vanishes for majority of the states . These are the states in which
particles are localized far from each other and practically do not interact. On other hand
the width for the states with interparticle distance of the order l, is approximately the
same as for particles in a box of size L ~ {; so that T is given by eqs.(8),(9) with L
replaced by l;. The two-particle localization length I, for such states is determined by
the relation I./l, ~ I‘(E)p(E), with T calculated at L ~ ;. This relation is valid if
many unperturbed states are mixed by interaction [1, 2] so that T'(E£)p(E) > 1. In the
opposite case ['(E)p(E) € 1 the above relation is not valid [8, 9, 10] and the interaction
can be treated in a perturbative way. In this regime ”Rabi oscillations” between two
quasi-degenerate levels play an important role [5)].

Above we have considered distinguishable pariicles. The generalizaiion to identical
particles is rather simple: the wi.dth T vanishes if coordinate wave function is antisym-
metric, and it is doubled in comparison with eqs.(8), (9) if coordinate wave function is
symmetric.

To check the above theoretical formula for the Breit-Wigner width T' we studied
numerically the model (1) of iwo identical interacting particles (symmetric coordinate
wave function) in the disordered potential on a ring of size L which is less or comparable
with one-particle localization length &, ~ 24(V/W)2. Using Lanczos technique (see for
example [12]) we determined the local density of states for symmetric configurations in

the basis of noninteracting eigenstates:

pw(E — €my — €mg) = 3_1a(my, m2)|28(E — E)) (12)
)



Here E) is the eigenenergy of TIP while ¢, , are one-particle eigenenergies. The depen-

dence of py on E is well described by the Breit-Wigner distribution

r
pw(E) = SAET T T4 (13)

an example of which 15 shown in Fig.2 . The comparison of numerically obtaimed I' with
theoretical prediction (8), (9) in the regime U'(E)p(E) > 1isshown in Figs.3 4 for different
energies as the function of interaction. The theory gives good agreement with numerical
results for 15 < L < 300 and variation of scaled width T'ZL/V by more than 2 orders
of magnitude. For the states with the energy close to the baud center (E = 0) (Fig.3)
the dependence of Tp on U is almost linear for U < V (see (7), (10)). Therefore, the
TIP localization length . according to the relation I/} = CTp = 2CL(U/V)/7 also
varies linearly with /. Here, we took the values of I and p at L = {; and introduced the
numerical coefficient C' to take into account the uncertainty of this choice. According to
the numerical results [4] at the center of the band {./{; =~ 0.2{;(U/V’) which is in good
agreement, with the above theoretical expression and gives C = 1/4.

For energies away from the band center and small interaction |U/| < |E] the enhance-
ment factor according to (73, (11) is ./l = LU?In(2E/U)/(47?V E) where we have used
the above value of C. The dependeuce on U is almost quadratic in agreement with the
first estimate [1, 2]. However, due to the logarithmic correction, to observe clearly the U/?
hehavior one should go to really small U/ values and since the condition I'p > 1 should be
also satisfied this can be reached only for quite large values of {; or L. In this respect our
numerical approach based on the measurement of I’ 1s more efficient than the one used in

[4]. 1t allows to see the behavior U? InU away from the band center in agreement with



the theory (8), (9) (see insert in Fig.4). At moderate //V > 0.3 values in the presence of
numerical fluctuations the dependence of I on U is hardly distinguishable from a linear
one (see normal scale in Fig.4). In our opinion this is the reason why the linear behavior
in U had been attributed in [4] also to the states away from the band center. As for
the result of Ref. [5] the system size there was too small (L = 25) and the main part of
the data (Fig. 4 with U/V < 0.4) corresponds to the different regime I'p < 1. In this
perturbative case the typical energy scale which determines the change in level statistics
is determined by Rabi oscillation frequency in a pair of quasi-degenerate states which is
proportional to I/ [5). Also, one should keep in mind that the results there are integrated
over the whole energy band including the center of the band where the dependence on U/
15 linear even for I'p > 1.

Turning back to our numerical data (Fig. 4) we would like to mention that there 1s a
significant difference from the theory for negative ' < —1.. Generally, we should expect
such difference for |U/| 3> 1 when the spectrum is composed from two separated energy
bands and the basis of plane wave used for computation of width I' becomes inadequate.
However, we cannot say why this change goes in so asymmetric way for negative and
positive U while for |/} < 1 the width I is independent of sign U in agreement with the
theory. We would like to note that such asymmetry for attraction and repulsion away
from the band center and relatively strong interaction I/ = V has been seen recently in
[4] for the ratio {./l;. Also a change in the behavior of T has been observed in [5] for
U>V.

In summary, taking diagrammatically into account the effects of interaction we have



derived the analytical formula for the Breit-Wigner width I' which determines the en-
hancement factor {./{; ~ ['p > 1 for TIP in one-dimensional random potential. Our
analytical and numerical approaches can be also used for calculation of the TTP width in
2- and 3-dimensional disordered systems where according to Imry estimate [2] interaction
between two quasi-particles can strongly affect transport properties.
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Figure captions

Fig. 1: Diagrams for the forward scattering amplitude f in (2) - (5).

Fig. 2: Local spectral density pw(E) computed for the TIP eigenstates in the energy
interval [—0.1,0.1] for the case L = 150, U = I, V = 1, and W = 0.4. The full line
gives the best Breit-Wigner fit (13) with T' = 0.0073. The theoretical prediction is

I' =0.0072.

Fig. 3: Scaled Breit-Wigner width TL/V as a function of the rescaled interaction -
computed in the energy interval E/V € [-0.1,0.1]. The system size is L = 15
(W/V =1, empty circles), L = 25 (W/V = 1., empty squares), L = 40 (W/V =
0.6, empty diamonds), L = 80 (W/V = 0.5, {ull circles), L = 80 (W/V = 0.5, full
squares), L = 100 (W/V = 0.5, full diamonds) L = 150 (W/V = 0.4, full triangles
up) and L = 200 (W/V = 0.35, full triangles down). The solid line gives the

theoretical prediction (8), (9) multiplied by 2 to take symmetrization into account.

Fig. 4: Scaled Breit-Wigner width T'L/V as a function of the rescaled absolute value of
the interaction g{—,l computed in the energy interval E/V € [1.,1.2]. The system
size is L = 15 {(W/V = 1., empty circles), L = 25 (W/V = 1., empty squares and
W/V = 0.5, empty diamonds), L = 40 (W/V = 0.8, empty triangles up and W/V =
0.5, empty triangles down), L = 60 (W/V = 0.5, full circles), L = 80 (W/V = 0.5,
full squares), L = 100 (W/V = 0.5, full diamonds), L = 100 (W/V = 0.5, negative
U, crosses), L = 150 (W/V = 0.4, full triangles up), £ = 200 (W/V = 0.35, full

triangles down) and L = 300 (W/V = 0.25, full triangles left).
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Abstract

We study the decrease of fluctuations of diagonal matrix elements of observ-
ables and of Husimi densities of quantum mechanical wave functions around
their mean value upon approaching the semi-classical regime (A — 0). The
model studied is a spin (SU(2)) in a classically strongly chaotic regime. We
show that the fluctuations are Caussian distributed, with a width o? de-
creasing as the square root of Planck’s constant. This is consistent with
Random Matrix Theory (RMT) predictions, and previous studies ou these
fluctuations [1, 2). We further study the width of the probability distribu-
tion of h-depeudent fluctuations and compare it to the Gaussian Orthogonal

Ensemble {GOE) of RMT.
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The behaviour of quantum mechanical wave functions in the semiclassical
limit has recently attracted much interest. 1t is motivated by the fact that
the spectrum alone cannot contain the whole information on the system.
Roughly, one can say that in integrable systems the eigenfunctions condense
on classically invariant torii, while in chaotic ones, where such classical struc-
tures have been destroyed, they tend to spread uniformly over the whole clas-
sically allowed region. Few analytical results have been obtained however in
chaotic regimes, the most important of which perhaps is the Shnirelman the-
orern. One formulation of this theorem would be that in the limit £ — 0,
almost all the diagonal matrix elements of almost all quantum mechanical
observables converge weakly to a constant over the classically chaotic region
[3]. A few years ago Feingold and Peres [2] and more recently, Eckhardt
et. al. [l] have studied the rate of this convergence for autonomous sys-
tems where the semiclassical limit is, according to the Shnirelman theorem,
the microcanonical phase-space (i.e. classical) average. As they mentioned,
the "almost all quantum mechanical observables” in this formulation exclude
projection operators, and in’ general all operators without smooth classical
limit. Moreover, the "almost all diagonal matrix elements” still leave room
for scarring of eigenstates by short periodic orbits [4]. For those states, the
limit can be dramatically different from the Shnirelman-predicted one. Their
conclusion is that in a strongly chaotic system and for a smooth classical ob-
servable A(p, ¢) with which a quantum operator A, A;; ;=< E,-M]Ek >, can
be associated, the fluctuations of the diagonal matrix elements

< F!>i=< (Aj; - {A})? > (1)
around the semiclassical microcanonical average
{A} = /A(P=Q)5(E - H(p,Q))ddpd‘fq//fS(E — H(p,q))d'pd*q (2

have the same order of magnitude as the mean square of the off-diagonal
terms < |A;¢|* > and decrease proportionally to the inverse of the Heisenberg
time 1/7% ~ k upon approaching the semiclassical limit, in agreement with
Random Matrix Theory (RMT) predictions. Here |E;x > are energy cigen-
states of the Hamiltonian under consideration, i.e. H|E;x >= E;i|Ejr >
and < .. > means an average taken over neighboring (in energy) eigenstates.
Their arguments are valid provided F; and Ej are not too distant from each



other, but they do no need to be consecutive eigenvalues. Accordingly, the
interval of energy over which the average are taken may or may not overlap.
They related the proportionality coefficient to the autocorrelation function
of the classical dynamical variable A, C(t) := limgy_q %,-f(;*r At + T)A(1)dr,
le.

2

<F>= [ ac() (3)

In particular, almost all diagonal elements A;; tend to the semiclassical mi-
crocanonical average as h — 0. Eq.(3) states among others that quantum
fluctvations are proportional to classical correlations. Their argument goes
as follows : According to Shnirelman’s theorem, the diagonal matrix element

< BIAWAQIE >»Ct) 5 k-0 (4)
On the other hand, this matrix element is
< BJAWAO)E; > = Y expli(B; - Bo)t/h] |4l
k

= 3 exp[i(E; — Ex)U/R] [ Anl® + 14517 (5)
pry
Thus we have
D _exp[i(E; — Et/h]|Aul® — C(t) — {A)? ; h—0 (6)
ki

Defining the Fourier Transform of the autocorrelation function S{w) :=
155, C(t) exp(—iwt)dt we have

Al ~ SE; - BymfereEN = [ [cw)—(a¥]d i B - B ()

Then, under the assumption that as £, — E,, the eigenfunctions |E; >,
|Ex > and |+ >:= J=(|E; > £|E; >) are qualitatively similar, i.e. :
Aji < —|Al+ >
{A} m< +{A|+ >m< ~[A]- > (8)



we have

%(AJ-,- — A + Aji — Agj) (9)
Finally defining the fluctuations as F; := A;; — {A} and assuming statistical
independence of the F’s, i.e. the average < F} >=< F} >=2< | Akl >
does not depend on the indices j and &, we get eq. (3). Illustrations of this
result on the double rotator model [2], the bakers map and the hydrogen
atom in a magnetic field [1] nicely confirmed these predictions. These are
to our knowledge the only works that delt with the qualitative description
of the approach to ergodicity of quantum mechanical wave functions. Here,
we extend these results to a kicked (e.g. non autonomous) system. We will
focus on the fluctuations of the Husimi density of the eigenstates, i.e. study
the fluctuations of the diagonal matrix elements of the projection operator
over coherent states [5]. The Hamiltonian

Ajp m< —|Al+ >=

H:= —E—S"‘+ -hfs +f §(t — nT (10)
TasTT T T —nT)

n=—0co

is expressed in term of the usual SU(2) spin operators S;, S, and S;, while
0 < k < 2x. Models of this kind have been extensively studied [6] and are
usually referred to as "kicked tops”. They represent a spin which evolves
during a time T under the influence of an integrable hamiitonian after which
it undergoes a rotation of angle x around the y-axis. It thus defines the time
evolution (Floquet) operator :

1
U := exp(—i:S,) exp(~ 75%) (1)
Previous investigations of this model have illusirated the remarkable agree-
ment of its spectral properties with the GOE/COE of RMT 3. In this article
we will consider fluctuations of expectations values of SU(2) operators taken
over eigenstates of the Floquet operator (11). The above argument leading
to eq. (3) must be slightly modified in order to apply to the map defined
by eq.(10) and eq.(11). lnstead of working with encrgy eigenstates |E; > of
an autonomous Hamiltonian, we decal with quasienergy eigenstates |w; > of

3We recall the agreement of GOE and COE (Circular Orthogonal Ensemble) properties
in the limit of large matrices ¥ — oo [7].



an unitary time evolution operator. As a consequence, the microcanonical
average of eq.(2} is replaced by a phase space integral restricted to the cor-
responding connected chaotic region. In our case and in a strongly chaotic
regime eq.(2) reads :

(A} = fs A(6,4) sin(0)dbdg/ /S sin(8)dfdg = 4—17; /S A(8, ¢) sin(60)d0de(12)

i.e. we integrate over the whole sphere §? instead of the energy surface. In
the semiclassical limit, the diagonal matrix elements

< wi|At)A(0)|w; >= ¥exp fi(w; — we)t/B] |Aj]? — C(2) (13)

provided the regime studied is classically strongly chaotic. Moreover, a sim-
ilar argument as before leads to

[Aje]* & S{{(w; ~ wi) /%) (14)

and hence we recover eq.(3). Here, we concentrate on the study of the eigen-
states of the unitary operator eq.(11) in the regime 7' = 50 and £ = 1.2.
By standard numerical computation of the Liapounov exponent (8] over
the whole phase space, we checked that in this regime the classical mo-
tion is strongly chaotic. Moreover, we checked that the quantum mechan-
ical operator eq.(11) exhibits the vsual characteristics of quantnm chaos :
its level spacings statistics and spectral rigidity follow the predictions of
the GOE/COE of RMT. We stress that even though the perturbation de-
stroys the time-reversibility of the system, a surviving symmetry still persists
[Tl »= | — g >. Because of the existence of this antiunitary symmetry, the
model obeys GOE/COE [9].

As mentioned in [1] the Shnirelman theorem leaves room for wave functions to
show large deviation from the semiclassical limit value. It only states that the
proportion of such wave functions should be negligible, i.e. in the semiclassi-
cal limit, they build a subset of zero measure. For "almost all eigenfunctions”
then, the variance of these fluctuations should vanish as & — 0. However,
this decay can be snbstantially perturbed by scarring of eigenfunctions by
short periodic orbit [4] : Scarred eigenfunctions are front-line candidates for
exceptions to the Shnirelman theorem ! Thus they could significantly - and
negatively - affect our results. We must therefore find a way to estimate

S



and eventunally reduce the ratio of such eigenstates and to this purpose we
introduce the level curvature [10, 11]. The level curvature is a measure of the
sensitivity of an eigenvalue to an external perturbation. In our model (10)
for instance we can define it as the second derivative of an eigenvalue with
respect to Kk :

d*wn(x,T) (15)

dx?

Intuitively, when the studied regime is highly chaotic, the spectrum shows a
level repulsive behaviar which results in a number of avoided crossings when
varying one parameter. In the direct vicinity of an avoided crossing, the
curvature of two levels can be huge and therefore the distribution of these
values depends very sensitively on the regime studied, i.e. on both x and T
Scarred eigenstates shift almost linearly in energy when varying one param-
eter and hence have generally small level curvatures. Consequently, it has
been suggested that scarring manifests itself in deviations of RMT predic-
tions in the level curvature distribution (10, 11]. Though not yet rigorously
proven, this statement is now widely accepted. This distribution for the
model defined by eq.(11) in the regime studied is shown in fig.1. There is a
remarkable agreement with the GOE/COE (full curve) prediction [10]

1 1 K
PO =stvmpr  F- <@y

K, =

(16)

Here p = 27/(2s + 1) is the averaged level density. This indicates a small
number of scarred eigenstates, an agreement which was already obtained on a
similar model in [10]. Therefore, scarring is not likely to influence our study.
Let us briefly outline our method. Qur goal is to study the behaviour of
cigenstates of eq. (11) in the semiclassical limit, i.e. as # — 0, § — oo so
as to leave the product S constant. A peculiarity of such systems is that
the parameter governing the convergence to the semiclassical limit governs
too the number of states 2541 ~ 1/h and the density of states. In order to
determine the implication of this peculiarity on our study, we will therefore
check the validity of our results on GOE matrices.

The Husimi density of an eigenstate |w >= ¥o__sw,lp > of eq.(11) is
defined as the projection of this state onto a coherent state |8,¢ > of the
spin SU(2) group [5] :

0300, 9) = <wlt, ¢ > |”

6



18,6 5= 55 (22 sin(8) cos( el s (1)
The Husimi density satisfies the assumptions of the Shnirelman theorem
[3]. Indeed one formulation of the latter refers to the uniform spreading of
eigenstates |Wenaos > over a connected chaotic region of phase space which
implies that

0 on the regular region (18)
const on the chaotic region

25(6,4) = | < Vel > P — {

Thus in onr model, as & — 0, the Husimi density converges weakly to a
constant over the whole phase space. The 5 are smooth functions of 8
and ¢ and thuns can be expanded in a multipole expansion over the basis of
spherical harmonics :

Qﬁ(& ¢) = Zl,m z—;‘%nfm}/[sm(e: QS) (19)

where [ = 0,1,2,...25 and m = —{, —{+1,—142, ...l and |p > is an eigenstate
of S,,1.e. S,|p >= plp >. We used the convention to introduce the square
root in this expansion. This multipole expansion allows ns to interpret the
Q,Sm in term of magnitude of fluctuations of size ~ %7 in the ¢-direction
and ~ T% in the 8 direction. We will thus get quantitative results on the
decrease of fluctuations as a function of their size. Let us recall that the
Shnireiman theorem implies that as A = 1/5 — 0, fluctuations of fixed and
non zero | must vanish, i.e. : 03(0,¢) — 05, However it does not say
anything about the behaviour of, say, Qﬂs),m(s) as S — oo when I(5) and
m(S) are monotonously increasing functions of S | i.e. investigating such
multipoles could lead us to different conclusions than that of [1, 2].

Using the resolution of unity :

_23+1
T 4rn

1 / d0ddsin 010, 6 >< 6, 4| (20)

the normalization condition reads :

1 =< wtlw >= (25 + )0,
1

135 +1) (21)

=05, =



l.e. the 0'A moment decrease as 1/S ~ h on approaching the semiclassical
limit. Let us note that this 1/S behaviour of the Shnirelman limit 3, is
a consequence of the overcompleteness of the coherent states representation
which necessitates the 2s+ 1 factor in the resolution of unity (20), hence it has
no direct physical meaning. In the following, we therefore divide all higher
-multipoles Qfm by Qf, to consistantly study their decrease and introduce

. A ny
the notation Q2 := =¥*. On the other hand we have :
0,0

05, =4(2541) Y. Wiwpem(—1) T Co2 Ot — i (22)

p==9

which gives a check of our numerical computation for small 5. However, the
numerical difficulty for computing the Clebsch-Gordan coefficients C;ﬁ’,:‘,_#,m

for large S leads us to use the following numerically more stable and faster
method to compute the multipoles 27, . We define :

MP. (@) = 4(25 +1) < w|SES™|w > /5F+™ (23)

It is straightforward to see that there is a linear relation between the M,‘zm
and the Qfm : (We use the shorter notation v = ei¢ tan(8/2))

_ 1
- S‘k+m

25 +1
= —+/d27 < Alw >< w|SES™ |y >

 4gSktm
[ #4053 0 (S:0)(S-0)" (24)

M, (w) Tr [lw >< w|SfST]

_ 25+1
T AgSktm

The curved letters S stand for classical quantities, and for any function f(v)
we have defined the product [12]:

f(v)o S, :=(S, - 7%”(7)
(1)0S. = (5. + %m«)

This allows us to write < y|lw >< w|S¥S™|y > as a differential operator
acting on (7). The trick is then to partially integrate this expression.

8



After a little algebra we reach :
25 +1 . m
W]dz QS ’}f) 8} (SZO)k(S_O)

25 +1+4m om _ X
((25)'2"+’"47r f “’f due™(1 — *)EPP (u))]  (25)

where
k+m

DS () = (28 +2 4 m)u—m — (1 - w))*1 = AW (2

in term of the Legendre polynomials P*(u) and u = cos(t?). We finally get :

t k4m .
(25 +1 + m)! 1 ag o

) —_
Min(©) = ayiagyeen ,; A7 P

1t is thus possible to obtain the Qfsm through a matrix multiplication of the
moments M7 () :

M3(w) = M5 (28)
where we defined (M5(w))km = MZ.(w), (Y = Gi(‘_z";_;f“mﬂl_ﬂ and

(Mg = Gonasy i Pe

Numerical inversion of this last matrix allows us to get the multipoles fl,sm
from the numerical computation of the moments M (w). The advantage
of this method against the direct computation of Husimi densities is the
numerical stability, Moreover, if we are interested in the few first multipoles,
say up to I « S, then only the diagonal matrix elements up to M7, are
necessary.

Fig.2 shows a plot of a moment distribution P(§8%) obtained through com-
putation of 2404 diagonal matrix elements from 4 unitary matrices defined
by eq.{11) * close to the regime T' = 50 and x = 1.2. The agreement with
the Gaussian fitting is remarkable and allows us to conjecture that the fluc-
tuations of the Q,Sm obey the probability distribution

P(,0) o< exp(— (), — 45.)°/(207 ) (29)

*We have considered only the projection of (11) on even states, i.e. states which are
left, invariant by the parity Hig >= |~ g >.




where the mean value fl}”m is the Shnirelman limit. This distribution narrows
itself as & — 0, until finally the "almost all” wave functions, i.e. thase
who obey the Shnirelman theorem, have converged to their Shnirelman limit
; fon =0,15# 0 and ng’o = 1. In other words, o}, decreases as § increases.
This decay follows a power law as shown in Fig.3. We have :

ol ~ STV VI£0 (30)

As already mentioned, this law is valid for fixed ! and m in the regime [,
m LS.

We further did the same study on GOE matrices. We constructed the M-
matrix defined in equation (23) nsing eigenstates of a GOE matrix instead of
the eigenstates |w > of the kicked top (11). The result is shown in Fig.4 and
indicates a decay of the width of the Gaussian distribution of fluctuations
of the Husimi density of the form (29). Let us note at this stage that the
relationship between this width and the fluctnations of observables similar
to those studied in [I, 2] is :

(00,)° ~< FZ > (31)

Indeed of,, measures the fluctuations of the Husimi density. They are lin-
early related to the matrix elements of observables according io equations
(23) and (27). The fluctuations of these matrix elements are roughly given
by their square and hence we get equation (31). We thus get the same 1/S
decay of the fluctuations as in [1, 2]. In other words, the Husimi density
converges to its semiclassical value with a rate given by the square root of the
rate of convergence of diagonal matriz elements of observables. This rate is
independent of the size of the fluctnations. As for the shape of these fluctn-
ations, the diversily of models studied up to date leads us to conjecture that
quantum mechanical systems with strongly chaotic classical counterpart have
gaussian distributed fluctuations of their diagonal matriz elements around
therr microcanonical classical average (Fq.(2) or eq.(12)). Apparently, the
width of this ganssian decays like h as A — 0. This postulate is to be taken
with the "almost all” Shnirelman restrictions and excludes of course models
like the kicked rotator [15], where quantum interference effects lead to local-
ization of the wave function, thus destroying the ergodicity of the quantum
wave function °. In the classically strongly chaotic regime we are dealing

SHowever restriction of quantum averages to phase space region smaller than the lo-
calization length should lead to a similar behaviour.

10



with here, the "localization length” in the kicked top exceeds by far the total
number of eigenstates 2s + 1, hence no localization effect occurs [13).
Up to now we have shown that our model matches in every respect all the
features of a GOE random matrix : its spectrum exhibits level repulsion its
level curvature statistics correspond to the RMT predicted distribution and
the statistical distribution of the components of its eigenvectors tends to the
semiclassical average in the same way, which in its turn implies a decay of
the width of the Gaussian distribution of the multipoles Q,Sm defined in (19).
However as has already been said, there is absolutely no reason to expect a
stmilar decrease when [ is not small compared to 5. We therefore turn our
attention to the behaviour of these multipoles.
We concentrate on the questions :

¢ Is there a similar power-law decay for Q,S(S)lm(S) when I(§) and m(S)
are increasing functions of S ?

e Are there possibly restrictions on {5} and m(S5) for this power-law to
stay valid 7
Answering this questions gives us information on the minimal size A, of the
relevant fluctuations. From the Heisenberg uncertainty principle, quantumn
mechanics does not resolve details smaller than &% in the 2d-dimensional
phase space of a d-dimensional system. Hence we have a lower bound for the
fluctuations size A = mﬁf———- > A~ 1/8 and thus an upper bound for

{m+1) £ ; !
[ and m: {,m < S. For the sake of simplicity we will restrict ourselves to

the study of m = 0 multipoles with [ ~ § and +/S using formula (22) with
random eigenfunction components w, which corresponds to the GOE case °.
We show the result of this study on fig.5 for {(S) = S/2, 35/4, S and 55/4.
Obviously, these S-dependent multipoles decay faster than those with fixed
[ and m. Moreover a S, is likely to exist for each {(S) above which the
magnitude of the corresponding fluctuation decays faster than a power law,
possibly exponentially. However this latter conclusion is to be taken carefully
because of the restricted S-range of fig.5 7. On the other hand the [ = +/5-
moment decay as a power law ~ S~32 at [east in the studied range of
variation of 5.

5The w,’s are random up to the normalization condition Zi___s |wal? = 1 and the
Ni-parity @ w, # O either for p = -5, -5+ 2, -5+4, ... Sorpu=-5S+1,=-5+3, ..

5-1.
"This restriction is due to the computation of the Clebsch-Gordan coefficients.

11



In view of this, we conclude that, in the GOE case, the critical value [, below
which the fluctuations are relevant either tends to a constant, or to infinity
slower than S, i.e.

I.~8% 0<a<l (32)

On the other hand, previous study of the kicked top emphasized the quasifrac-
tal structure of the Husimi density of its eigenfunctions in the chaotic regime
[16]. This means that fluctuations in both directions of phase space are
present up to the smallest scale allowed by the Heisenberg uncertainty, i.e.
up to a size O(k'/?), which is consistant with eq. (32) with @ = 0.5. The fact
that the moment Q /5 also shown on fig.5 decays more or less as a power-law

Q\/@,O ~ 5_3/2 (33)

corroborates this conclusion : multipoles up to ! ~ /S are relevant, i.e.
a=1/2 -

Nevertheless, nothing forces the eigenstates of a quantum chaotical model to
match those of a GOE matrix up to the smallest scales. It would therefore be
highly desirable to get a condition on « like eq.(32/33) for a quantum chaot-
ical system. This could be achieved by direct computation of Q sz (s using
eq.(22). However, the numerical difficulty associated with the computation
of high-order Clebsch-Gordan coefficients renders this task hardly fulfillable,
as can be seen on fig.6 where we show results obtained for Q s, through
eq.(22) averaged over more than 40000 states for each point. On one hand,
the semiclassical randomness of the eigenstates is not attained for small S,
while on the other hand, the Clebsch-Gordan coefficients limit the maximal
spin magnitude. ln other words these two effects dramatically affects fig.6
lett and right. Considering the size of our statistics, we attribute to these
effects the somehow erratic behaviour of @ 5, On fig.6, the solid line in-
dicating a S — 1.5-decay is shown as eye-guide, and constitutes in no way a
sertous result.

In conclusion our study of the Husimi density of eigenstates of the quantum
spin system defined by (10) and (11) has confirmed the gaussian shape of
fluctuations around the semiclassical limit. These fluctuations decay in size
with a rate ~ 1/+/S for | « I, ~ v/S. This rate possibly increases to 1/5%2
for { smaller but of the order of /.. Moreover, this decay results in the same

12
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power law for the decay of fluctuations of diagonal matrix elements of ob-
servables as in previous studies |1, 2], indicating perhaps universality. While
GOE results tend to confirm the quasifractality proposed in {16}, numerical
difficulties forbade us to check it for the quantum dynamical system. Inves-
tigations to overcome this difficulty are on their way. For the time being,
let us just point out that the fact that GOE eigenstates seem to exhibit
this quasifractality renders it a direct consequence of the randomness of the
states. The maximal randomness is then bounded by Heisenberg’s uncer-
tainty, but beside that, the quasifractality of the states seem to contain no

physical content.

We thank the Centro Svizzero di Calcolo Scientifico. Work supported in
part by the Fonds National Suisse de la Recherche Scientifique.
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Figure Captions

Fig.1: Distribution of level curvatures for the cigenstates of (11) and § =
200, T = 50 and « = 1.2. From the remarkable agreement with RMT predic-
tions we conclude that the ratio of scarred eigenfunctions is very small (see
(10, 11}), and should therefore not influence our study.

Fig.2: Moment distribution P(ﬁﬁo) as defined in (16) for a spin S = 600.
The statistics has been computed from 2404 even states of four realisations
of (11) taken around T = 50. and x = 1.2. The agreement with a gaussian
(solid line) is remarkable. On inset we show the same curve on a semi-log plot.

Fig.3: Log-log plot of the width of the gaussiann distribution of multipoles
P(},) for model (11), m = 0 and I = 1 (squares), [ = 3 (diamonds) and
[ = 5 (trlangles) vs. the magnitude of spin S. Inset shows the width of
P(Re(9,))) for m = 2 and { = 2 (circles), I = 3 (squares), | = 4 (diamonds)
and { = 5 (triangles). In both cases, the solid line indicates the S~'/2 decay.

Fig.4: Log-log plot of the width of the gaussian distribution of multipoles
P(Q2,,) for GOE, m =0 and { = 1 (circles), { = 3 (squares) and { = 5 (dia-
monds) vs. the magnitude of spin S. The solid line indicates the $~}/? decay.

Fig.5: Log-log plot of the width of the ganssian distribution of multipoles
P(Q7 ) for GOE, m = 0 and { = §/2 (circles), [ = 35/4 (squares), { = §
(diamonds), { = 55/4 (triangles) and { = /S (empty diamonds) vs. the
magnitude of spin 5. The upper and lower solid lines indicate a decay of
S§571% and S respectively.

Fig.6: Log-log plot of the width of the gaussian distribution of multipoles
P(Qfl4),) for model (11), I(S) = v'§and T =50. and &« = 1.2, m = 0 and
§ = /S vs. the magnitude of spin S. The solid line indicate a decay of 5~1/2,
We attribute the rather erratic behaviour of the datas to the numerically in-
stable computation of higb-order Clebsch-Gordan coefficients (see text).
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Two interacting Hofstadter butterflies

Armelle Barelli, Jean Bellissard, Philippe Jacquod® and Dima L. Shepelyansky?
Loboratoire de Physigue Quantigue, UMR 5626 du CNRS, Université Poul Sabatser, F-31062 Toulouse Cedex, France
2 Institut de Physigue, Université de Neuchdtel, CH-2000 Neuchdtel, Confédération Helvétique
(February 18, 1997)

The problem of two iuteracting particles in a quasiperiodic potential is addressed. Using analytical
and nnmerical methods, we explore the spectral propertics and cigenstates structure from the weak
to the strong interaction case. More precisely, a semiclassical approach based on non commutative
geometry techniques permits o understand the intricate structure of such a spectrum. An interac-
tion induced localization effect is furthermore emphasized. We discuss the application of our resulis
ot a two-dimensional model of two particles in a uniform magnetic field with ou-site interaction.

PACS numbers: 05.45.4b, 72.15.Qm, 72.10.Bg

i. INTRODUCTION

The study of crystal electrons submitted to a mag-
netic field has been extensive since the early works of
Landau' and Peierls?. These studies have led to deep in-
sights in the physics of electrons in solids (interpretation
of the de Haas van Alphen effect®, investigation of the
Fermi surface...). The number of contributions on the
suhject between 195¢ and 1970 reveals the importance of
magnetic field effects. Twenty years ago, Hofstadter nu-
merically computed the spectrum of the Harper model*
and discovered its fractal structure as a function of the
normalized magnetic flux per lattice cell® (Fig. 1).

FIG. 1. Hofstadter’s butterfly for rational values of
a = pf/g up to ¢ = 29. For each value of the magnetic
flux o = pfq, we generally have ¢ bands. Near encrgies
equal to +4 and zero flux, we observe the emergence of
Landau levels.

The problem of a two dimensional electron on a pe-
riodic lattice has been of special interest in solid state
physics during the last fifteen years : superconducting®

and normal-metal networks’. Harper-like models have
been used to describe the quantum Hall effect® in or-
ganic conductors, in Anyon superconductivity® and in
flux phases for the Hubbard model'®.

If the lattice is given by the positions of the ions of
a metal, the lattice spacing a is of the order of 1 A, so
that even with the highest magnetic fields that can he
produced now, namely B == 20T, we get o = /27 =~
4.5 x 10~ which is fairly small and shows that in this
situation a “semiclassical” approximation will always he
relevant. As a matter of fact, an effeciive Planck’s con-
stant denoted by - proportional to tbe applied magnetic
field naturally appears as an adjustable variable of the
problem. Therefore the weak magpetic field limit v — 0
corresponds to the semiciassical limit h — 0. The cor-
responding classical phase space at B = 0 is the quasi-
momentum space, namely the Brillouin zone of the cor-
responding lattice. Topologically it is a 2-torus and the
appearance of the magnetic field transforms it into a non
commutative 2-torus!!.

Whenever v = 27p/q, (p,q € N) the lattice Hamil-
tonian H recovers some periodicity and Bloch’s theory
applies. We shall see then that H can be represented
as a self-adjoint ¢ x ¢ matrix whose entries are periodic
functions of the quasimomentum components. Thus, if
7 is close to any rational multiple of 2w, it is possible to
compute the specirum using semiclassical methods.

Based on these remarks, many theoretical and math-
ematical works were published during the last fifteen
years using renormalization gronp analysis'? and pseu-
dodifferential operators techniques!3. On the hasis of the
techniques of non commutative geometry'®, another ap-
proach was developed in order to reformulate and extend
the semiclassical results'*. The algehraic semiclassical
approach is justified by the simplicity of its application
and its efficiency, for example in the computation of Lan-
dau levels both in Harper-like models'¥ and in a model-
Hamiltonian on a triangular lattice!®. The comparison
between semiclassical formulae and exact calculations ex-
tracted from the various spectra for v € 27Q gives sur-



ptisingly accurate agreement even for relatively large 4’s
{namely y/27 < 0.2).

While in the above formulation of the problem of Bloch

electrons in a magnetic field the particles are considered
on a two-dimensional lattice, it is possible to map it ex-
actly onto a one-dimensional lattice with quasiperiodic
potential. The interesting property of such a lattice is
the duality between momentum and spatial coordinates
pointed out by Aubry and André'”. This Aubry dual-
ity results in a delocalized structure of the eigenstates
characterized by an algebraic decay and a multifractal
eigenspectrum. This leads to a quasidiffusive wave packet
spreading on such a lattice!5:19,

Recently, numbers of authors have followed a new path
in the study of the combined effect of interaction and
disorder. The a priori simple problem of two interacting
particles in a random potentiai?® has indeed revealed an
unsuspectly large interaction induced delocalization ef-
fect. However, the opposite effect has been discovered in
the case of two particles in a quasiperiodic potential. In
this case, the interaction leads to the emergence of a pure-
point component out of the spectrum of the non inter-
acting problem. These facts have been firmly established
by overconvincing numerical and analytical results?!/?2.
It is one of the purposes of this paper to again express
these arguments in more details.

We shall present in this work analytical and numer-
ical results derived from the two-particle Harper prob-
lem with on-site inieraction on a one-dimensional lattice.
More precisely we devote the second section to the pre-
sentation of the algebraic semiclassical approach on the
non interacting problem {/ = 0. The corresponding spec-
trum is somehow an intricate superposition of two Hof-
stadter butterflies, The alm of section 3 is ta study the
small interaction regime where usual perturbation theory
can be applied. The evolution of the spectrum as a func-
tion of the strength of the interaction will be presented.
After building the analytical framework in section 4, we
apply it to the computation of the levels in the strong
interaction regime. We show that for very large U, the
spectrum is divided into two parts : ane corresponding
to the non interacting case and the second one, look-
ing like a Mathieu spectrum corresponding to localized
states strongly influenced hy the interaction. Based upon
Aubry’s duality!”, it can be proved that all the wave func-
tions are localized in this regime as far as the Mathieu
part of the spectrum is concerned. Finally, we discuss in
section 5 the problem of two interacting particles on a
two-dimensional lattice submnitted to a magnetic fiux.

I1. NON INTERACTING MODEL

In his 1930's study of the electronic diamagnetism of
metals, Landau computed the energy spectrum of a free
electron subject to a uniform magnetic field'. 1f B is
uniform and parallel to ane axis, for example axis 3, the

kinetic energy is written as :

2

Hp = : (Rl?+ﬁ'§) (1)

-]
with K, = (P, —geAu) /b, p=1,2 and A = (A, 4z) is
the vector potential satisfying curl(A) = B, ge is the elec-
tron charge. Moreover, the quasimomenta Ky, Kz satisfy

[K1, K3) = ige B/ (2}

Let us notice that this commutation rule becomes canoni-
cal when replacing h by g.B/h. This new effective Plangk
constant (divided by 27) is proportional to the magnetic
field B and bebaves as a varying physical parameter,
quite naturally.

The spectrum of Hy, is E, = Foheaw(2v + 1) with
Ep = h2/2me, e = geB/h and w = 1. Therefore :

E, = hw(v+1/2) (3)

where w. = g.B/m, is the cyclotronic frequency and v is
the Landan quantum number.

When B = 0, the electron energy E(k) for each
conduction band is given by Bloch’s theory, where the
quasimomentum components k = (ky, kz) are defined
modulo the reciprocal lattice sucb that for a simple
square lattice in the tight-binding approximation £(k) =
2Eq [cos(k;ay) + cos(kzaz)] where a,, is the vector of the
Bravais lattice in the u-direction. The charge carriers en-
ergy is calculated by expanding E(k) near its extremum,
denoted by k., namely :

B(k) = B(ko) + B (M) kiky/2+ O (K°) (&)

where M stands for the effective mass matrix such that
M=!= D*E(k.)/h%.

Thus Landau theory leads to a substitution &;-a; —
I:L',- = -ﬁl-(P — geA) - a; when an external magnetic field is
applied. We have the following commutation rule :

(K, f{_,] = igeBasa; /h = 2in¢ij/do = 2imx =iy (5}

where ¢o = h/qe is the flux quantum, ¢;; is the maguetic
fiux through the cell generated by (@i, a;) and a = ;;/¢o
is the normalized magnetic flux. For a crystal with peri-
odic spacing, the Peierls operator P(k) is represented by
an effective Hamiltonian?, namely :

P(k) =Y hm(a)e™*, me2’ (6}
m
where A,,(0) are smooth functions of o. Thus :
Hea(Ky, K2) = 3 home™ (7
m

[f several bands intersect the Fermi level. the interbanc
coupling due to the magnetic field is neglected and there
fare :



(8)

where t is physically interpreted as a transfer term corre-
sponding to the required energy for an electron to jump
from one site to another (nearest neighbour) of the lat-
tice.

For a wave function t(n;,ny) defined on the two-
dimensional lattice £2(Z?), the magnetic field effect can
be seen through the magnetic translation operators such
that :

Heg =2 (COS R’[ + ¢cos 1}2)

i (ni.ng)

@) (n,ma) = e * Jemamtnn Vg0 1 ny)
=i (n1.n3) i.d

(Uz) (n1,02) = e Jovnsn ¥(ny,m - 1)

in an appropriate gauge we get :

(th¥) (n1,m2) = ¢(m — 1,n2)
(U290) (ny,n2) = e~ "™ 4h(ng, np — 1)
Becaunse of the presence of the uniform magnetic field,

the magnetic translation operators no longer commute,
namely in that case

9

(10)

(11)

where 7 is the normalized magnetic flux per latiice-cell
defined by v = 2xe = 2n¢/¢o, ¢ being the flux per unit
cell and ¢g = A/g. Lhe flux quantum.

Uidy = e U,

If we set Uy = exp (:'I:.’.), U, = exp (z'ffg) nsing the
commutation rule (11), we obtain
PR ge B
(R Ko = 922192 _ 00 ® _ira=iy  (12)
h o
which corresponds to (5) in the particular case i = 1 and
Jj=2.

Following Harper?, the eigenvalue equation is written

Eo[$(n1 4 a,nz) + ¥(n — a,nz)+
+)\e"q'8"’a/ﬁl,l)(n1, na+a)+ I\eun’q,Bnla{hw(nl g —a)

= 2E4(n1, na) (13)
A represenis the strength of the quasiperiodic potential.
Let us assume plane-wave behaviour in one direction,

i.e. we set ¥(ny,n3) = fdﬁe"'g"’qﬁ(n]) since the coeffi-
cients in the previous equation only involve n; :

¥(n1, na) = e?"1g(n)
and the eigenequation becomes :

d(ny + 1) + ¢(ny — 1) + 2A cos (2mony + B) ¢(ny)
= Ed(ny) (14)
where we included the additive energy due to the motion

in the field direction in the eigenvalue £ and where we
changed the origin of n,.

It is possible to characterize the properties of eigen-
functions from (14) by looking at a special regime,
namely A « 1. Therefore, the hopping term is domi-
nant and we can treat the quasiperiodic potential part
of the eigenvalue equation as a perturbation. It is then
easy to see that the solutions are given for A = 0 by Bloch
waves ¢(n) = exp(tkn) with an energy E = 2cos k. For
0 < XA € 1, the perturbation theory allows us to perform
an expansion of eigenvalues and eigenstates in A such that

E(k) = 2cosk+ ) _ A™em(k)

pe(n) = e*" (I + ) A" (1 + ﬁ))

= et (ym + ) (15)
Evaluating the first and second order perturbation theory
contributions and replacing the expressions (15) in (14)
leads to :

Moum41 + um~1) + 2cos(ym + k)u, = E(k)um  (16)

The previous equation is known ag tbe “almost Matbien”
eigenvalue equation and tbe argument above is the Aubry
dnality!” between momentum and coordinate represen-
talions. As far as spectral properties are concerned one
can be easily convinced that dealing with Bloch states
means that the states are extended. Thanks to this du-
ality, A « I/A between (14) and (16), it is quite natural
to gel localized states for the almost Mathicu Bamilto-
nian at small A’s. More precisely, it has been proved that
the spectrum of the almost Matbhieu Hamiltonian is pure-
point at small A’s and for almost all 8's?3. Conversely
if A > 1, the almost Mathien Hamiltonian has purely
continuons spectrum for almost all 8's%4.

Setting t = 1 in formula (8) and using the magnetic
translation operators I, and Uy defined on the two-
dimensional square lattice by (10), the previous Harper
equation can be written as the action of an effective
Hamiltonian such that :

(17

In order to study the two interacting particles model on
a gquasiperiodic lattice we transform the previous eigen-
value equation {14) into (A = 1)

Her =U + U + Uz + U

[2cos (ym1 + B1) + 2¢co8 (yn2 + B2) + Ubn, nalbniins
+¢ﬂn+1.ﬂz + ¢'m—1.ﬂz + ¢n1.ﬂ:+l + ¢n|.n:-1

= E¢n, n, (18)
where )2 are related to the quasimomentumn compo-
nents of the non interacting case. Here we chose the form
of on-site interaction which only influences the symmet-
ric configurations while the antisymmetric ones remain
not affected by U. Due to that, we shall only discuss
symmetric configurations in the following.



In the most simple case of non interacting particles
(U = 0), the spectrum can be computed as before and is
shown in Fig. 2.

0.6

i

|
h

;
|
e
d

o 059

1@;}

0.4 P ——— ——— —_— ———

w
b
|%;l )
'1
d|

(¥

ot U

~
\
\
|
|
{
r
A
,

M

Ig[l
3'1
I
!!
i

0.4 -

iH

FIG. 2. Spectrum of the two-particle Harper problem
with /' = 0 obtained for rational values of @ = p/q up to
g =19

As we pointed out before, ¥ = 27a appears in our

problem as an effective Planck consiant since the mag-
netic iranslation operators Uy and Iy obey canomical
commutation rules in v. Therefore, we study the semi-
classical limit by letting 4 ~ 0. It is also possible to per-
form calculations mear a rational value of the magnetic
flux, namely ¥ = v — 2ap/q — 0. The efficiency and
the accuracy of our calculations allow to explain some
features of the corresponding spectra,
When v = 0, corresponding to B = 0, we recover the
band function E(k), where & = {k;,k;). To study the
Landan levels, we expand the classical symbol of the
Hamiltonian around an extremum of the band function
denoted by k. :

1
H{k) = H(k.) + §6u6g?{(kc)k”ky - (19)
The quantization of H(k) consists in replacing the mag-
netic translation operators by!%:

Uj = exp (ilke; +7K;)) j=1,2

where k; are the bottom well coordinates and K; are
operators satisfying Heisenberg's commutation relations
(K1, K3} = i. The guantized of X, denoted by H, is
written as :

(20)

H =3 hm,y)eimbetvam )

with m. K = my K1 +m2K;. In the weak field limit, one
formally expands H in powers of /7 :

H =3 {h(m,Q)e'™* +i/Fh(m, Q)e™km . K

11Q

o | g (m,0)em < = Sh(m, 0™ e w7}

&
+0(+*?) (21)

which we rewrite as :

1 .,
H = H(ke,0) +7 (%H‘?(kc, 0) - 56,,3.,?'((!:5,0)11‘,}(,,)

+O(417) (22)
The 8H /81-term takes into account a possible explicit ¥-
dependence of the classical Hamiltonian whereas 8,8, M
represents the inverse effective mass matrix due to the
band [unction curvature. By a unitary transformation,
the quadratic term can be written as w (K7 +K3) /2
where w is related to the determinant of the Hessian
matrix 8,8, H(k.,0). We recognize here the harmonic
oscillator Hamiltonian. For this reason, the energy levels
denoted by E, are called “Landan levels” and are equal,
to that order in «, to w(v + [/2) leading to :

1 1/2
E7) = H{ke,0) 4 ¥(2v + 1) (det. ~D?H(k., 0))

2
o (2e8) o

(23)

The formula (23) has been checked numerically on sev-
eral models. To illustrate it, let us consider the two-
particle Harper Hamiltonian on ihe square lattice (18)
near the maximum k. = (0, 0) of the band function. Us-
ing (20) and (22) the quantized Hamiltonian is then ex-
pressed as an expansion in powers of v :

H =8 - (KDY + (5§ + (kP + (k§)7)

+13Z (KDY + () + (K + ()
+0(7°) (24)

where the K{2) are quasimomenta for particle 1 and 2
respectively. Finally it gives the Landau levels :

Eo (7)) =8=29(ry +va+ 1)
97 [(20 4+ 1P+ (2v2 + 1P + 2] /16
+0(7*) (25)

where v, and v, are the Landan quantum numbhers asso-
ciated with particle 1 and 2 respectively. To check the
accuracy of this formula, we compared it to the datas
extracted from the numerical spectrum obtained by ex-
act diagonalization. Fig. 3 shows the accuracy of such
a semiclassical expansion in the description of the spec-
trum of the two-particle Harper model when y — 0.
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FIG. 3. Comparison between semiclassical calculations
(25) (full curves) and exact numerical spectrum (points)
for Landau suhlevels in the two-particle Harper model
on the square lattice when I/ = (. Datas are extracted
in the region of energies corresponding to the maximum
(0,0) of the band function.

III. WEAK INTERACTION REGIME

We present here a simple perturbative treatment that
enables to implement the already presented results for
the weakly interacting case. The first-order contribu-
tion allows to understand the splitting of Landau bands
at sofficiently weak interaction, and describes it qual-
itatively well. It moreover enlightens the mechanism
through which interaction affects the system. Using the
representation defined by {20), we write the unperturbed
Hamiltonian as :

Hew = 2c0s( /YK 1) + 2cos(/YK3)

In the semiclassical limit ¥ — 0 we expand (26) in
a power series around a minimum of potential qgv =
/T +2aN/ /v, N € Z. Keeping only terms up to
the second order in 4 we end up with a harmonic oscilla-
tor. In this approximation and in the continuouns case the
one-particle wave functions of the unperturbed Hamilto-
nian are therefore given by :

(26)

bo(y) = Hu(—”-';)exp (27)

NG

Here, H,{x) is a Hermite polynomial, the index v refers
to the Landau level, y = £ —g¢x in term of the minimum of

Tan

potential gn around which the harmenic approximation
has been performed, and z is the spatial coordinate. This
expression is of course valid, provided vy and [z~ gn| K I,
i.e. in the small magnetic field regime, and not too far
away from a potential minimum. Extending our expan-
sion to higher powers in y would allow us to increase the
range of validity of this expression. We could indeed write
the exact normalized wave functions in an expansion in
¥ as

b
- _y Y (1)
Sﬂu(y)—e}(p( 27) (CUHV( 7)+7CIHV (

5

i

7
(28)

For the purpose of discretization, we introduce a con-
tinuous variable £ € R labeling the well, and a discrete
one { € Z numbering the sites. Then y = £ ~ {,/7
since in the chosen representation, the intersite spacing
is a = /7. The set {y,} builds a quasiorthogonal basis
in the sense that for £ # &', due to the Gaussian envelop
of the states we have : '

Z‘Pv(f ~ &/Apull’ - 1/7) = Olexp(~1/7))dyu,.  (29)
1

These functions are periodic in £ with period 1/,/7. In
the semiclassical limit the norm of ¢, is :

el = 3 leue ~ vy

=00

=1/ 7 f dylon ()12
= lfﬁ

Consequently, to get notmalized one-particle wave func-
tions on the discrete lattice £(Z) we must multiply the
@'s by a factor v}/#. We thus can write the symmetrized
two-particle unperturbed wave functions as :

(30)

¢&l (L1 = \/g(sop(ﬁ ~I/Tpul€ = ¥7)
+0,(E = L/ (€ —1'7)) (1 — (1= I/ﬁ)) (31)

We are now able to compute the first-order correction
for the energy. Because of the exponentially localized
character of (28}, two particles located on different wells
have only an exponentially small overlap, and as a con-
sequence do practically not interact. Therefore the first-
order interaction induced correction to the energy is non
zero anly for symmetric wave functions with £ = £'. We
have ;

AEM = U N (G5 (LINE~ & + (- HyT)
{ i

= Ubg / dy (0u(B)0u(¥))* (2 = 6,.0) +

+0(exp(~1/7)} (32)



FIG. 4. Spectrum of the two-particle Harper model
with on-site interaction at U = 0.4 up to ¢ = 23.

From (28), the dominant term in the last integral is of
order O(,/7) so thal we finally have

AEW ~ Ubg e /7 (33)

Thbe numerical factor can be estimated from the harmonic
approximation (27) which leads to :

AE"Y = Ube o0 % = Ug /o (34)

for states with Landan quantum numbers (0,0) and (0,1).
This result shows that the interaction primarily acts on
two-particle states with high double-site ocenpancy. In
what follows we shall call such states “pair states”. States
for which the particles are located around diftferent poten-
tial minima practically do not feel the interaction. There-
fore, switching on the interaction does not modify most
of the spectrum as can be seen on Fig. 4.

From (25) and (34) and for small enough interaction,
the shifted part of the spectrnm is given by :

Eyya(7) ~8 + U, /-27; — 29 + 12+ 1)
+97 [(201 + 1)2 + (20 + 1)+ 2] /16 (35)

The amazing agreement between the numerically com-
puted spectrnm obtained by exact Lanczos diagonaliza-
tion and (35) is shown in Fig. 5 where / = 0.4. It is
a confirmation of our reasoning : pair states form the
shifted part of the spectrum. Because these states are
much fewer than states where particles are located in
different wells, the shifted spectrum is much less dense.
In this sense the interaction splits the butterfly into two

parts. One of them is practically not affected by the in-
teraction and corresponds to the states where particles
are far from each other. The second one is shifted and
relays to the situation where particles form pair states.
Here, the interaction results in a global shift of the spec-
trnm. In this way, new states appear in the initial gaps of
the non interacting spectrum (see Figs. 4,6 and Fig. 1(b)
in?!). Direct analysis of cigenstates shows that the cor-
responding states are exponentially localized?'. We shall
come back to this point later on for the case of strong
interaction.
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FIG. 5. Comparison between semiclassical calculations
extended by perturbation theory (35) (full curves) and
exact numerical spectrum (points) for the two-particle
Harper model with on-site interaction at U =0.4.

IV. STRONG INTERACTION REGIME

The strongly interacting regime needs a special treat-
ment quite analogous to the one presented in section 2.
As we will see, Schur’s complement formula can be suc-
cessfully applied to construct an effective Hamiltonian
The latter is then expanded in a power series in 7 to de-
liver highly accurate formulae. From the weakly interact-
ing regime we learned that particles located on differe_ant
potential minima do not feel each other : for such pairs
the interaction is suppressed by an exponentially smal
term of order O(U exp(—1/7)). Therefore, this picture
remains valid even for large U’s, the relevant paramete:
being the magnetic flux. Pair states on the other hanc
undergo an energy increase of order AE = {/. Therefor
when the strength of the interaction U/ > 0 increases
one part of the spectrum is almost not affected. Anothes



gpectral structure appears, initially looking like a shifted
butterfly (see Fig. 4 where U = 0.4), then evolving to a
shifted Mathieu spectrum as the interaction grows bigger
and bigger (see Figs. 6, 7 and 8 where U/ = 5,10 and 20
respectively).
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FIG. 6. Spectrum of the two-particle Harper model in
the intermediate regime U/ = 5 up to ¢ = 23.
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F1G. 7. Specirum of the two-particle Harper model in
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F1G. 8. Spectrum of the two-particle Harper model in
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In this section, we present an analytical approach that
allows to nnderstand completely the mechanism driving
this evolution of the spectrum. Further details like the
splitting of the Landau band vy = 0, = 1 will also be
computed, even though the physics is there less transpar-
ent (see Fig. 7). We shall concentrate aur semiclassical
calculation near the band function maximum k. = (0, 0)
corresponding to the energy z = U + 4 in the spectrum.
The two-particle Hamiltonian can be expressed in the
following way :

Hrip = 3 o [2c08 (ym + B) + 2cos (yn + B))

im@n)men|+ U3, Im@m){m®m|
(36)

+Y mgn MmO Mm@ n+ 1)+ (m@n-1j

+{m+1®nj+{m—-1&n|

The strategy is based on the so-called Schur complement
formula. Our Hamiltonian Hyp is a self-adjoint operator
acting on a Hilbert space that can be decomposed as
H=P&Q. Let P and @ be the orthogonal projections
on each subspace of that decomposition, namely :

P=% ,tm@m){mem|

Q=1-P=F,,.lmen(men]

In other words, P is the eigenprojection on pair states
and @ is its orthogonal. If z is an eigenvalne of Hmp and
does not belong to the spectrum of QHTipQ then it is
also an eigenvalue of the following effective Hamiltonian

1
Hiip(2) = PHmipP + PHripQ - — QHmipP

QHripQ
' (37)



When U is large the dominant term in the effective
Hamiltoniau given by the Schur complement formula (37)
corresponds to the pair states. The semiclassical ap-
proach we introduced in section 2 remains valid so that

$To(2) = B (20 + 121 + ¥222 + O(+*)). The implicit
equation to be solved is then :

Hip(2) = 20 + 721 + v222 + O(1°) (38)
with
Hiflp(2) = Higp(s) + 7HE% (2) + 7 HGb(2) + O(+)
(39)
The expansion of the dominant term reads :
PHripP = U +4cos(\/7K3) = U +4— 2vK?
(40)

¥’ 4

and if we consider U large, z is large too so that :

1 _1,QHmwQ QHurQQHTwQ
2~ QH1pQ z 22 23
+0 (279

(41)

Expressing the different contributions in Schur’s formula
and expanding in powers of v lead to :

©) _ 8 32 176 -
Hrp(z) = 44U+ -+ 5+ 2 40(:")
() “2A2+82+64) [, +4z+ M
H = Tra
Tip(2) o R L
a 2
(2) 22 +82+256 [ 4 *+4z+70
H. = — K}
T1p(2) g Kot s iser e

z+8

+27—— (K2K2 + K2K?) - 82F 8

23

(z+8)?

16
+ z3(z% + 8z + 64)

(K7 + K2)
(42)

Finally, we have to solve (38) to get the coefficients zp,
71 and z3. The corresponding equations for those coeffi-
cients are at most of degree four. We shall give here the
equation that zo has to satisfy at the order O (271)

8 32 176
44U+ — 4+ 4 —— =
+U + p” + 22 + =3 0 (43)

In a very similar way used for the computation of zg,
the analytical expressions of 2y and zo can be derived
from (38), (42) and (43). The good agreement with the
exact uumerical spectrum can be seen on Fig. 9 for

U = 50. Here the numerical values for the sublevels
are : for v 5 = 0, z(y) = 54.1597 — 0.28267 + 0.0356+%,
for v;2 = (0,1), z(vy) = 54.1597 — 0.8480¥ + 0.20847?,
for v12 = (1,1), 2(v) = 54.1597 — 1.4133v + 0.55394%.
A similar computation can be done near the band func-
tion mimimum k., = (7, #) corresponding to the energy
rl -4

.04

0.02

0.00 n
54.0 54.1 54.2
E
FIG. 9. Comparison between semiclassical calcula-
tions (full curves, see text) and exact numerical spectrum
(points) for levels in the iwo-particle Harper model for
U = 50.

The structure of the pair states for U/ > 1 can be
understood in the following way : the diagonal term cor-
responding to the energy of particles located on the same
site is 4X cos(yn + B) + U. The transition amplitude on
the diagonal n) ; = n is given by the amplitude of the
hopping via virtual states with n; —ny = +1 and euergy
denominator 1/{/. There are two such paths so that the
effective amplitude is Vog = 2/U. The same expression
can be derived by the Schur formalism (see Sec. 1V).
After dividing the Hamiltonian by Veg we arrive to the
eigenfunctions equation in the form of Harper (14) with
Areplaced by Aog = U 3> 1. Since Aeg > 1 when U 3 |,
the pair states are always within the lacalized phase of
the Harper equation showing exponential localization. In
Fig. 10, we show a typical eigeustate of the Mathieu part
of the spectrum for U = 50 and v/27 = 34/55. The fact
that it is localized confirms the pure-point character of
the corresponding specirum.

Above we showed that in the case of strong interac-
tion, we have deg > 1. This explains the appearaunce of
a pure-point component in the spectrum. However, we
think that this pure-point component will even appear
for small values of the interaction. Qur argument is the
following : without interaction, the system obevs Aubry’s



dnality while the presence of the interaction introduces
Aubry’s duality breaking. Indeed, from (18) it is easy to
see that the interaction acts in the coordinate space and
the symmetry with momentum space disappears when
U # 0. Formally, this argument is not sufficient to prove
the existence of pure-point spectrum at arbitrary small
U. However the ensemble of numerical datas we have
here and in???! confirms this conjecture.

FIG. 10. Semilogplot of W = |¢(1,1)]? for a localized
state (E=50.25,—-30 < InW < —~1).

When U/ is large, the unshifted part of the spectrum
looks very much like the spectrum at I/ = 0. The main
difference can be found by looking carefully at the Lan-
dau levels (see Fig. 11). The reminiscence of the exis-
tence of the interaction is seen through the appearance
of a splitting of Landau sublevels. This splitiing only ex-
ists when Landan quantum numbers are different vy # v
and the {wo particles are located in the same well. Such
a behaviour is illustrated by Fig. 11. The other sublevels
are described by the semiclassical formulae obtained in
the case U = 0 (25). To derive this splitting using semi-
classical analysis, we again apply the Schur complement
formula. Dealing with the unshifted butterfly leads us to
consider as the dominant term QHrpQ such that (37}
becomes :

Hlo(2) = QHTIPQ + QHrip P PH1pQ

— PHypp P
(44)

Applying the same scheme as before produces an ad-
ditional shift from the unperturbed energy given in first
order in v by :

T

BEM =45

(45)
This shift is valid for the second Landan sublevel (v =
0,19 = 1}, its accuracy is shown in Fig. 11 and the two
splitted subbands are given by : E(+) = 8 — 4.1666+ and
E{y) =8 — 4y up to order 1 in 7.
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FIG. 11. Semiclassical calculations (full curve) and
exact numerical spectrum (points) for the splitting of the
v = 0, v; = 1 Landau sublevel in the {wo-particle Harper

model for U/ = 20.

V. TWO INTERACTING PARTICLES ON A
TWO-DIMENSIONAL LATTICE

Even though the studied model was derived from a
model of two-dimensional electrons, its effective dimen-
sion 15 1 : as we already pointed ont, (18) was derived
assuming that the particle propagate as plane-wave in
one direction. This assumption, though reasonable in
the one-particle model, could be viclated by interaction
induced quantum interferences in the two-particle one.
Therefore the question of the survival of interaction in-
duced localization effect for two interacting particles in
two dimensions remains an open problem. In this section
we would like to discuss briefly this sitnation. For two
interacting particles moving on a two-dimensional square
lattice submitted to a uniform magnetic flux, the eigen-
value equation writes :

eﬁyl Ve, +1.y:.22,97 T g™ 'J)T-: —-1.,T2,02
+':"’£:‘y1+1.z:.ya + ‘;’z:.y:-l.zn.ya

+e'7¥2 ¢rluyl‘r2+luyi + e-"w,“ib-‘h.yntr—l.yn
+¢zl,y.,zg,yg+1 + 1br‘,y1,r7,yg—-1

+U6$l‘rﬂayl-yiwﬁhyht')-yl = E'!bﬂhyi.tn.ya (46)

where (21,1 2) are integers denoting the positions on
the square lattice and {7 is the on-site interparticle in-
teraction. For / = (, the previous equation can be re-
duced to the one-dimensional Harper equation we dis-



cussed above (18). With interaction, the same equation
(18) can be obtained in the ansatz of plane waves prop-
agating in one direction with renormalized interaction
U?2. While this plane wave approximation is a standard
approach for the one-particle Harper problem, it has to
be handled with care in the interacting case. Indeed this
plane wave ansatz breaks the symmetry of the original
problem (46). This symmetry can be seen in the limit of
strong interaction I/ 3» 1. In this case, there should be
two energy bands : one corresponding to the pair states
when particles are located on the same site with energy
E =~ U and the other with E = 1 for the states in which
the two particles avoid each other. In the higher energy
band, the eigenvalue equation for the pair states up to
the terms of order 1/U/ has the form :

2

U (e2i1y¢3‘+l,y + e_2i1y¢2-—],y + ¢’,7:,y+] + ¢x,y—1)

+Ury = E¢sy (47)

Here the term 2/U represents the transition amplitude
for pair states. lts derivation is similar to the case of
two interacting particles in the one-dimenstonal Harper
model. Indeed if one keeps £, = z, then the hopping
term is given by Veg = 2/U because there are two paths
with virtnal energy U (1,2 — y1,2 + 1) which contribute
to the hopping term in the y direction. Similarly the
hopping in the z-direction is Vg = 2¢T%7/1/,

This representation shows that the symmetry between
the two directions or the Aubry duality is not broken by
the interaction. The main reason is that the symmetry of
the interaction is invariant under rotations an the square
lattice. In the limit of large {f, this property can be seen
throngh equation (47). However the symmetry (Aubry’s
duality) shounld also be preserved for small interaction.
Due to that, we expect that similarly to the Harper model
with A = 1, the interaction will not generate pure-point
component in the spectrum, However this conjecture has
to be directly checked in further analytical and numerical
studies.

Vi. CONCLUSIONS

In this paper we have emphasized a localizing effect
due to the combined action of an on-site interaction and
a quasiperidodic potential. Unlike in the random poten-
tial case?®, extended unperturbed states are localized by
the interaction, and this localization -occurs at arbitrar-
ily small attractive/repulsive interaction. We success-
fully identified the mechanism responsible for this effect
as a decoupling of a Mathien-like madel from the original
two-particle Harper model in the limit of large interac-
tion. Our conjecture 1s that a similar mechanism will also
work for small &/ due to an interaction induced break-
ing of Aubry’s duality. This breaking happens in one-
dimensional incommensurate models, however in two-
dimensional magnetic models, we expect that the inter-
action will not break the duality and that a pure-point
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component in the spectrum will not arise. Further veri-
fications of these conjectures are required.
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