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Abstract 

We study the statistical properties of the spectrum of a quantum dynam­
ical system whose classical counterpart has a mixed phase space structure 
consisting of two regular regions separated by a chaotical one. We make 
use of a simple symmetry of the system to separate the eigenstates of the 
time-evolution operator into two classes in agreement with the Percival clas­
sification scheme [2]. We then use a method firstly developed by Bohigas et. 
al. [3] to evaluate the fractional measure of states belonging to the regular 
class, and finally present the level spacings statistics for each class. The level 
spacings distribution of states belonging to the irregular part of the spectra 
as well as that of the complete set of levels corroborate the Berry-Robnik 
surmise [6]. We further present a statistical study of the regular levels. The 
presence of intermediate states - states which belong to neither class as long 
as h is finite, phase spatially mixed among the set of regular ones, together 
with the small fractional measure of regular states strongly affects the corre­
sponding level spacings statistics, resulting in a non negligible deviation from 
the expected Poisson distribution. We see however the remarkable agreement 
of the irregular level spacings statistics as a direct confirmation of the Berry-
Robnik surmised. 
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1 Introduction 
For more than a decade, the study of quantum mechanical systems whose 
classical counterpart exhibits chaos has attracted much interest. One moti­
vation for this study is the paradoxical fact that while the correspondence 
principle, as we understand it, should imply a quantum manifestation of clas­
sical chaos, the Schrödinger equation is linear. As a consequence, the time-
evolution operator is unitary, and this suppresses any exponential divergence 
in the time evolution of quantum states. As a spectacular manifestation of 
this fact, time-reversal invariant models show no lost of memory : reversing 
the time at a certain moment T brings us back to the initial situation after 
another time interval T, while this would require infinite precision in a clas­
sical chaotic system. Thus a basic manifestation of classical chaos seems to 
have no place in quantum mechanics. 

On the other hand, the destruction of an integral of motion, of a quantum 
number, has striking effects on the statistical properties of quantum spectras. 
It is today taken as granted that in a classically integrable system, the levels 
are uncorrelated, and so have a poissonian level spacings distribution [4] (a re­
markable exception being the one-dimensional harmonic oscillator) and that 
in classically fully chaotic models, the level spacings distribution has a dra­
matically different shape : it obeys predictions of random matrix theory, i.e. 
it exhibits level repulsion [I]. The situation in mixed systems, where regular 
and chaotic regions coexist in the classical phase space, is more intricated. 
In an old paper Percival [2] classified the eigenfu net ions of the Schrödinger 
equation into two classes belonging to either the regular regions, where the 
invariant tori are not destroyed, or the chaotic one. This classification was 
based mostly on the correspondence principle and has been numerically con­
firmed a few years ago by Bohigas et. al. [3]. While the eigenfunctions 
that are mostly confined on classically regular regions - we will call them the 
regular eigenfunctions - tend to concentrate on invariant tori, the irregular 
ones tend to spread uniformly over the chaotic region as h —• 0, as has been 
rigorously demonstrated by Shnirelman [12]. This picture is assumed to re­
flect reality in the semiclassical limit Ti = 0. Following this classification, 
Berry and Robnik postulated that the part of the spectrum that corresponds 
to regular eigenfunctions, has a poissonian level spacings distribution in op­
position to the one corresponding to the irregular eigenstates which exhibits 
level repulsion [6]. This surmise led them to an expression for the level spac-

3 



ings distribution for mixed systems that has been observed convincingly only 
recently [7] for the case of the kicked rotator on a torus. As pointed out by 
Prosen & Robnik and Li k Robnik [8] [13], reasons for this difficulty of ob­
servation could be that we are not deep enough in the semi-classical regime. 
As long as h is finite, a certain number of wave-functions belong neither to 
the regular nor to the irregular set of eigenfu net ions. We may think of states 
making use of the Heisenberg uncertainty to overlap the frontier between the 
regular and irregular regions of the classical phase space, or states located 
on the regular region which, due to the finiteness of the Planck constant, do 
not yet belong to the set of regular states. Consequently, the Berry-Robnik 
regime should be observable only in the far semiclassical limit. We will come 
back to this point later. 

In this paper we present a spin model allowing a precise study of a mixed 
regime. The reasons for this are first that , in a special regime, an approx­
imate simple symmetry of the phase space structure, namely Sz —• — Sx, 
allows the separation of regular states from the irregular ones, and secondly 
that the frontier between the regular and the chaotic zones is rather sharp, 
thus minimizing the number of intermediate eigenstates. This enables us to 
compute the level spacings statistics independently for the regular and irreg­
ular states. We interpret the fact that these statistics obey quite well the 
poissonian distribution and the GOE respectively as a direct confirmation of 
the Berry-Robnik surmise. 
We study the quantum system defined by the following Hamiltonian 3: 

H,m := y ( ( l - *a)SÏ - Z2S2) + K S , A T (1) 

and the corresponding unitary time evolution operator : 

U r := e x p ( - Ì K S , ) e x p ( - ~ ( ( l ' - , 2 ) S 2 - z2S2
x)T) (2) 

where S = (Sj75Sy, S2) — h(sx,sy,sz) = Hs are spin operators satisfying the 
usual commutation rules (e1'* is the total antisymmetric tensor of 3 order): 

-[Si1S;] = iheiikSk (3) 

3We use bold characters in the quantum case in contrast to normal ones which refer 
to the classical and semiclassical cases : S refers to the quantum spin operator while S is 
either a classical or a semiclassical spin. 
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O < /e < 2TT, A T := ZtSL00 *(* ~ ™r)> H = energy"1 time"2 and O < « < 1 
. Models of this kind have been extensively studied [11], They represent a 
spin which evolves under the influence of a classically integrable Hamiltonian 
H°m = ~((l — Z2JS2. - ^2S2) during a time T after which the spin undergoes 
a rotation of angle a around the z-axis. The regime we consider is defined by 
tz = 1.1, T= Jj^ and z2 = | . Classically there are two regular zones around 
the north and south poles surrounding a chaotic region which is fairly well 
symmetric under Sz reflection (Fig.l). In the semiclassical limit which cor­
responds to Ks = S = constant, fi = s'1 —* 0, states which are located on 
the chaotic region tend to cover it homogeneously according to Shnirelman's 
theorem [12]. Since this region is symmetric under S* reflection, the expec­
tation value < tychaoslszl'®chaos > of such a state tends to disappear as we 
approach the semi-classical limit. For small but finite k, the distribution of 
< >tjb|sz|{pfc >, where \^k > is an eigenstate of the operator U T defined in 
(2), will then present a sharp peak around zero corresponding to the irregu­
lar states surrounded by two smaller bumps corresponding to regular states 
(Fig.2). This allows us to separate easily the regular states from the irregular 
ones, the validity of this selection being confirmed by a numerical semiclas­
sical argument presented in section 3 as well as an extensive study of the 
Husimi distributions of the selected states [15]. 

The paper is organized as follows : Section 2 is devoted to a short presenta­
tion of the classical model. In section 3 we derive some useful semiclassical 
quantities such as the density of states and the expression for the action. 
This will allow us to estimate the number of regular states, and give a check 
of our selection criterion. In section 4 we present the quantum mechanical 
model as well as our numerical results for a spin magnitude 5=500, All of 
them were obtained using direct diagonalization techniques. Conclusions and 
further remarks are given in section 5. 

2 Classical model 

The unperturbed classical Hamiltonian 

H°ä := | ( ( 1 - S)Sl - **%) (4) 

has one degrees of freedom and is an integral of motion. The trajectories are 
confined to the intersections of the sphere \S\ = S with the cones of constant 
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energy E = f((\ - z2)S2
z - z2S2

x). The perturbation : 

H]1 := KSZAT (5) 

corresponds to a rotation of angle /c around the z-axis performed at t ime 
intervals T. Its addition leads to the destruction of the energy surfaces, 
and allows more and more trajectories to wander chaotically on the sphere of 
constant spin magnitude as K and T grow. Expanding / ¾ up to the first order 
in 8SZ := S — Sz near the poles Sx = ±5 ,we get a one-dimensional harmonic 
oscillator of period T = 2 > / 2 ^ . In particular we have 6SZ = 0(SS2) : in this 
approximation 6S2 is an integral of motion and is furthermore conserved by 
the perturbation / ¾ too. It is thus conceivable that the invariant torii near 
the poles will offer more resistance to the perturbation than those located 
away from them. We use this property to find a regime in which there are 
two regular islands around the poles approximately related by the operation 
Sg —> -S2 and separated by a chaotic region. This we achieved by setting 
K = l.l,T = ~^,^2 = 0-5 (Fig.l). The regular islands occupy in a good 
approximation the region 0.2252 < E < Emax = 0.2552 . 

3 Semiclassical approach 

We compute the Green function for a trajectory of positive energy and the 
density of states for the unperturbed case T — ~^,z2 = 0.5. We follow the 
lines drawn in [9]. We first write the unperturbed Hamiltonian in canonical 
variables (SZi</>) for the chosen regime : 

Tn -* 

H0 = j(S2
s(l + c o s 2 ^ ) ) - S2cos2(<f>)) (6) 

The action integral for a trajectory of energy E starting at <f>o and ending at 
E 

k2m 
<f> reads (S ~ Hs1 e = T T - ) : 

$ß{<foi 4>i e) = & 
L \ 1 + cos '̂) d4> +n0Jo \ l+cos2(<£') 

4e + s2 cos2 (¢') 
d<j>' (?) 

where we have set <j>* = ¢0 + (<j> — ¢0) mod 2K, and riß is the number of 
complete revolutions accomplished between ¢0 and (j> (<t> = 2irnß + <f>*). The 
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sum runs over classical orbits ß of constant energy. This leads us to the 

expression for the corresponding Green function : 

7 _ .. .._ / f 7 j7T 

SWo, <t>, c) = -fc S V l d e t 2 5L/Mo, <£)l e x p f - c S ^ o , <£, e) - - ^ ) 
ft •ft 

=: E rnWMto) 

ith 

^ (£ - £n + te) 

rfrfTJ U <h\ 1 (8*¾*¾ &Sß *Sß\ 

(8) 

- 4 

m2^/(4e + 52 cos2(^o))(l + cos2(<fe))(4e + s2 cos2(^))(l + cos2(<£)) 
(9) 

this result being obtained by partial differentiations of (7). Since this latter 
value never changes sign, the Maslov index Ip vanishes and so the diver­
gence of the Green function leads to the following semi classi cai quantization 
condition : 

y2TT 

Jo 
4e -f <s2cos2(<£') 

o ^ l + cos2(</>') 
d<j>' = 2nM (10) 

for any integer 0 < M < s. We have then for the averaged density of states 
(N is the number of states) : 

1 f f2* 
P(e) = ~~N^Im\jQ <*#?(& ^ i e ) 

= — I *<Wldet 2 M^)I 
TT fi. J O v 

2 (^ d<f> 
Jo hmJ° yj(±e + s2 cos2(<£))(l + cos2(^))) 

(H) 

The last equation states in particular that the averaged density of states is 
proportional to the classical orbit period. Fig. 3 shows the agreement of this 
semiclassical result with the numerically obtained density of states for the 
unperturbed quantum model at S=IOOO. Using (11) we estimate the number 
of states occupying the regular region of figure 1 : 

J
i-0.25s2 1 

f p{e)de* —(25 + 1) (12) 
0.22s2 / 4 

( 



The number of states occupying this region in absence of perturbation is ^ 
times the total number of states. This gives us a first approximation for the 
number of regular states we must select. A better approximation in presence 
of perturbation is given using a method developed by Bohigas et. al. [3]. We 
must evaluate the number Nre3 of trajectories that satisfy the condition : 

p 

E 
t"=0 L 

fl SiWW + !,(fi)* = 2TTM (13) 

for some integers M and P, while it nearly closes on itself after the Pih kick, 
i.e. : sz{<j>^f) w $z(<l>t)- ¢7 ls the angle between the x and the y component 
of the spin just before the ith kick while (j>f refers to the same angle right 
after this kick. 
This condition means that the action integral must still be an integer multiple 
of 2 TT, and that simultaneously, the orbit must be closed. This condition has 
meaning only on regular regions were the invariant torii are not destroyed, 
so that the integrals make sense. We transform this condition and compute 
the number of trajectories satisfying : 

ft+1*WW+ *,(#)« 
^ + Ef=1(^r-^ti) 

M (14) 

for integers M and P, and P sufficiently large. With this we replace two 
conditions by only one numerically more tractable condition. Since our task 
is to evaluate the number of regular semiclassical levels, and not to determine 
them precisely, we believe that condition (14) is sufficient. The number of 
regular states we numerically estimated with (14) is 50 ± 4 for s=500, i.e. 
slightly larger than that estimated with (12). In the next section, we will 
consider this estimated number of regular states as a check of the validity of 
our selection criterion. 

4 Quantum Model 

In this section we study the statistical properties of the spectrum of the 
quantum Hamiltonian (1) for integer spin magnitude. Since the perturbation 
term is time-dependent, the energy is no longer a good quantum number, 
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and we are led to define quasi-energies and quasi-energy eigenstates. The 
Schrodinger equation leads to the following time evolution from right after a 
kick to right after the next one: 

¢(7+) = UrVf(O+) = e x p ( - i « S , ) e x p ( - ^H°mT)<ì(0+) (15) 

Quasi-energies A and quasi-energy eigenstates ¢^ a r e then defined by : 

IME-A = exp(-2A)v|/A (16) 

Since U J is unitary, the A's are real and defined modulo 2 ir. We introduce 
two parities : 

U\fJL>=\-fx> (17) 

el/* >= (-i)-*|f* > (is) 

We can express the time-reversal operator T in term of these two parity 
operators : 

n o &\p >= T V >= (-i)s_/il - p > (is) 

In the integer spin case the eigenstates |# > of U^ := exp(—£H°mT) satisfy 
the conditions : 

n|* >= ±|* > (20) 
0 | « > = ± | « > (21) 

So H?m and U^ are in particular time-reversible. The perturbation breaks 
the !!-parity but leaves the 0-parity unbroken 4. We will concentrate on the 
study of even states, i.e. those states satisfying : 

0 | * > = | * > (22) 

However partial results obtained for the odd set of states corroborate the 
results presented here. The key point is now to find a clear quantum mani­
festation of the approximate symmetry Ss —* —Sz of the classical phase space 

4In the half-integer spin case, eigenstates of the unperturbed time-evolution operator 
are eigenstates of the ©-parity only. The latter is left unbroken by the perturbation we 
consider. 
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structure. A practical solution is given by Shnirelman's theorem which states 
that in the semiclassical limit, the quantum states that are confined on the 
classically chaotic region of the phase space tend to cover it uniformly. To 
get an insight in this statement we use the following resolution of unity [14] 

1 = ? Ü i [dOd<i>sin6\0i(j>>< 0,4>\ (23) 

where we introduced coherent states of the spin SU(2) group : 

These are states that are centered on the point (8, <j>) of the sphere and which 
minimalize the quantum uncertainty. 8 is defined by Sx = Scos(8). Using 
(22), the symmetry of the chaotical region and Shnirelman's theorem [12] : 

• - , ( 0 on the regular region ,»,* 
< VchaosW, </> > — • J const o n t h e c h a ö t i c r e g i o n i ) 

it is then easy to show that 

< SUa0 5Is2^cW > - 0 (25) 

in the semiclassical limit. This translates into Fig.2 where we plotted an his­
togram of the expectation value of sz taken over quasi-energy eigenfunctions 
for 5=500, K = 1.1, z2=0.5, and m = l . The central peak clearly reflects our 
reasoning, while the two smaller bumps surrounding it are mainly due to the 
regular states that are confined to the classical stability islands. The gap 
in-between is a consequence of the uniform distribution of irregular states. 
It is remarkable that this gap overlaps the classical frontier between regular 
and chaotic region. 
We used this property to part the irregular states from the regular ones and 
then study separately the statistical properties of the spectrums of each class 
of states. We believe this criterion is justified since the fluctuations 

As, = y/< sl > - < sz >2 (26) 

of regular states is much smaller than the "Shnirelman gap" appearing in 
the histogram of Fig. 2 between the huge central peak and the smaller 
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bumps. As a consequence only very few regular levels will be selected with 
the set of irregular ones, while maybe more irregular will be counted with the 
regular ones. Moreover, the fact that the number of selected regular states 
is in complete agreement with the numerical semiclassical evaluation given 
by (14) confirms the relevance of this selection criterion. 
We now turn our attention to the study of the spectral properties of the 
time-evolution operator (16). Due to the ©-symmetry (18), U r belongs to 
the circular orthogonal ensemble, and not to the circular unitary ensemble 
as would be expected from the fact that the perturbation breaks the time-
reversal symmetry. This situation is similar to the one encountered by Berry 
& Robnik in certain Aharonov-Bohm billiards [5], or by Delande h Gay in 
the Hydrogen atom in a magnetic field [10] where the system violates the 
time-reversal symmetry, but possesses an invariance under a combination of 
the time-reversal and another symmetry, in our case the Il-symmetry. We 
thus expect a linear repulsion for the part of the spectrum belonging to the 
irregular states. 

The results of our study for a spin magnitude 5=500 are plotted in Fig. 4 
to 9. Fig. 4 shows a plot of the level spacings statistics for 4233 irregular 
level spacings computed by diagonalizing ten different evolution matrices for 
T = ~ and 1.05 < K < 1.15. The solid line is the predicted Wigner distri­
bution. The agreement is excellent. In Fig. 5 we plotted the corresponding 
cumulative level spacings distribution defined in term of the level spacings 
distribution 5 P(s) by 

W{s) = f~dtP(t) (27) 

Also shown are the Poisson and the Wigner distributions. As shown in inset, 
small deviations from the Wigner distribution appear only around spacings 
s :%2, but have no significance to our opinion. 
Fig.6 and 7 show the level spacings and the cumulative level spacings distri­
bution for 572 regular levels taken from twenty different evolution matrices 
for T = ^ and 1.05 < K < 1.15. The difficulty here is the relatively small 
number of regular states (¾ 25). Accordingly, only few intermediate or irreg­
ular states can have relatively big effects on the statistics. In a convenient 

5We have used s for the level spacings to avoid confusion with the spin magnitude. 
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basis, Uj* can be represented by the following matrix : 

R = RiSij is a diagonal N r e 5 x Nreff matrix which corresponds to the N r e 5 reg­
ular states, C = CiSij is a diagonal Nch,aos x N ^ , matrix which corresponds 
to the Nchaos irregular states, and K = 0(¾) couples the two subspaces as 
long as % is finite. In our picture K disappears in the semiclassical limit, 
and the Ri and d satisfy a poissonian statistics and a GOE statistics re­
spectively. It would be of course a hopeless task to try to determine K for 
finite h. The important point is to recognize that as long as h is finite but 
small enough, K couples only few regular states with irregular ones, this fact 
resulting in a deviation from the Berry-Robnik surmise. This deviation is 
then naturally much more important for the regular part of the spectrum, 
since it contains much fewer levels than the irregular part. We believe that 
this is the reason for the deviation of the statistics of the set of levels we have 
selected as regular from the poissonian predicted behaviour. We must recall 
that our whole reasoning is based on the assumption of two classically homo­
geneous stability islands. In such a case, semiclassical wave-function would 
mimic classical orbits and would therefore fit together as concentric circles. 
The presence of hyperbolic fixed points or cantori may change this picture, 
possibly turning regular states into intermediate ones as long as H is finite. 
The semiclassical wave-function overlap and thus interact at certain regions, 
and this, in the Pechukas picture [1], modify very sensibly the equations of 
motions governing the evolution of the quasi-energies A as K or T is mod­
ified, resulting in the appearance of level repulsion. So some intermediate 
states are phase spatially mixed among the set of states we have selected as 
regular and consequently modify the corresponding statistics. Their effect is 
furthermore enhanced by the small ratio of regular levels. A current investi­
gation of the Musimi densities of the selected regular states corroborates this 
reasoning [15]. Finally we show in Fig.8 and 9 level spacings and cumulative 
level spacings statistics for the complete set of levels. We compare our results 
with the Berry-Robnik prediction for a fractional measure of regular states 
as approximated by (12). The agreement is amazing, and corroborates our 
picture. The x2-test for both graphs - x 2 =25 , i.e. half the number of boxes 
for Fig.8, and x2=1480, i.e. 3.3 times less than the number of levels for Fig.9 
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- gives full statistical significance to these last graphs. We see them as a good 
evidence for the validity of the Berry-Robnik surmise in our model. 

5 Conclusion 

We studied the statistical properties of a quantum spin model whose classi­
cal counterpart exhibits a mixed phase space configuration. Due to a simple 
approximate symmetry, whose effect on the quantum system is drastically 
enhanced by Shnirelman's theorem, we were able to separate the irregular 
from the regular levels, thereby confirming implicitely the validity of the Per-
cival classification. We then performed a separated statistical study of these 
levels. The results confirm the Berry-Robnik surmise : while the irregular 
set of quasienergies exhibits a clear wigner-like shape, the regular part of 
the spectrum has a clearly different shape, though its spacings distribution 
does not follow strictly a poissonian law. This deviation is interpreted as 
the presence of both irregular and intermediate states among the selected 
regular ones, their effect being enhanced by the relatively small number of 
the latter. Nevertheless, due to the small number of regular states we believe 
that the irregular statistics is much more significant, and see our results as a 
good confirmation of the validity of the Berry-Robnik surmise in our model. 
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Figure Captions 

Fig.l: Orthogonal projection of the classical phase space on the {SXiSy) 
plane for the case T=-¾. K = 1.1 and z2=0.5. 

Fig.2: Histogram of the expectation value of S2 taken over the eigenstates 
of the unitary time evolution operator defined in (2). 

Fig.3: Density of states for the unperturbed Hamiltonian according to (11) 
(solid line) as compared to numerically obtained datas for the case .S=IOOO 
(squares). 

Fig.4: Level spacings distribution for 4233 irregular level spacings obtained 
through direct diagonalization of ten evolution matrices in the parameter 
range T = ^ and 1.05 < K < 1.15. 

Fig.5: Cumulative level spacings distribution for the same case as fig.4. 
In inset : regions of small deviation relatively to the Wigner-distribution. 

Fig.6: Level spacings distribution for a set of 472 regular ievel spacings 
obtained through direct diagonalization of twenty evolution matrices in the 
parameter range T = ^ | and 1.095 < K < 1.105. The solid line is the pre­
dicted Poisson distribution. 

Fig.7: Cumulative level spacings distribution for the same levels as Fig.6 
compared to the Poisson distribution. 

Fig.8; Level spacings distribution for a set of 5000 regular and irregular 
level spacings obtained through direct diagonalization of ten evolution ma­
trices in the parameter range T = ^ | and 1.095 < K < 1.105. The solid line 
is the predicted Berry-Robnik distribution with fractional measure of regular 
states pi = 0.08. A'2—?5 is half the number of boxes. 

Fig.9: Cumulative level spacings distribution for the same levels as Fig.8 
compared to the poissonian and the Berry-Robnik predicted distribution. In 
inset : Same curve compared to the Wigner distribution. x,2=14S0 is 3.3 
times less than the number of levels. 
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H i d d e n Bre i t -Wigner dis tr ibut ion and other propert ies 
of random matr ices w i th preferential basis 
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We study statistical properties of a class of band random matrices which naturally appears in 
systems of interacting particles. The local spectral density is shown to follow the Breit-Wigner 
distribution in both localized and delocalized regimes with width independent on the band/system 
size. We analyse the implications of this distribution to the inverse participation ratio, level spacing 
statistics and the problem of two interacting particles in a random potential. 

PACS numbers; 71.55.Jv, 72.10.Bg, 05.45.+b 

Intensive investigations of band random matrices 
(BRM) have been done during last years [1,2]. Differ­
ent regimes corresponding to localized and delocalized 
wave-functions have been studied numerically and ana­
lytically and it has been shown that the transition from 
one regime to another can be described by one scaling 
function depending on the ratio of the localization length 
in the infinite system / "- 62 to the size of the matrix N, 
where the parameter 6 determines the size of the band 
26 + 1. Similar types of matrices appear in such physical 
systems as quasi one-dimensional disordered wires and 
such models of quantum chaos like the kicked rotator 
that gives additional grounds for investigation of BRM. 

The above BRM can be also considered as a reason­
able model of one-particle localization in a disordered 
wire of finite size [1,2]. However recent investigations 
of two interacting particles (TIP) in a random potential 
[3] showed that another type of BRM naturally appears 
in interacting systems. Indeed for interacting particles 
there is one preferential basis which corresponds to eigen-
states without interaction. In this basis, the total Hamil-
tonian is the sum of a diagonal matrix, with elements 
given by the sum of one-particle energies, and a BRM, 
which describes interaction induced transitions between 
eigenstates of the non-interacting problem. The first in­
vestigations of such superimposed BRM (SBRM) allowed 
to find the dependence of the localization length Z5̂  on 
the amplitude Wb of large fluctuations on the diagonal 
and to obtain the localization length lc for two-particles 
coherent propagation in a random potential on a distance 
much larger than one-particle localization length l\ [3]. 

While from the TIP model it is clear that matrices 
with preferential basis should describe interesting physi­
cal effects in interacting systems, only few investigations 
in this direction have been done up to now [4,5]. In this 
paper we investigate the properties of such matrices in 
particular the local spectral density and the inverse par­

ticipation ratio (IPR). Due to the close connection be­
tween the SBRM and the TIP problem, the obtained 
results can also be used for the latter case. 

The matrix we study is the sum of a random diagonal 
matrix and a conventional BRM : 

A/26TT (i) 
with -Wb < Tjn < Wbi - 1 < C„,n' < 1 for \n - n'\ < b 
and Cn1Ti' = 0 elsewhere. The connection with the TIP is 
given by 6 ~ l\ and Wb ^ A^AiVfU in terms of the inter­
action strength U and the one-particle energy bandwidth 
AV, Ix ^> 1. This matrix describes a one-dimensional 
two-particle Anderson model, with on-site interaction C1 

in the basis of non-interacting eigenstates. In [3] it was 
shown that the eigenstates of (1) are localized with lo­
calization length lab ss b2/2Wb

2 for 1 < Wb < Vb. This 
leads to an enhancement of the length of coherent TIP 
propagation (c = KbIh ~ f? (UfV) /32 independent on 
the sign of interaction. 

Our numerical investigations of SBRM (1) show that, 
in addition to the standard exponentially localized form, 
the eigenstates are also characterized by large amplitude 
fluctuations of probability on nearby sites. A typical ex­
ample of such an eigenstate is presented in Fig.l. The 
spike eigenstate structure is clearly noticeable. This im­
plies that only certain unperturbed states have strong 
admixtures into the given eigenstate. Such eigenstate 
structure is quite different from the case of conventional 
BRM. For a better understanding of these spiked fluctu­
ations we study the local spectral density pw introduced 
by Wigner [6] and analyzed in BRM with linearly grow­
ing diagonal corresponding to conservative systems [7,8] 

Pw (E -En)=Yl \Mn)ME - Ex) (2) 
x 

The function pw characterizes the average probability 
P(\rp\(n)\2) = Pw(E — En) of eigenfunction Tpx{n) on 
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site n with energy En = Hn,n, where A is the eigenvalue 
index and n marks the original basis. Our numerical 
investigations in a wide range of parameters (20 < b < 
2000, 201 < N < 4001 and 1.5 < Wb < 40) both in 
localized (lsb < N) and delocalized (lsb > Ar) regimes 
show (see Fig.2) that pw is well described by the well-
known Breit-Wigner distribution pw = PBW-

PBw(E-En) = r •;r = (3) 
2ff((£-jE?n)2 + r V 4 ) ' ' 3W* 

where F is the distribution width. This distribution re­
mains valid in localized and delocalized regimes under 
the condition that F is much less than the energy width 
6E Ri 1 of Hnini at Wb = 0. Usually the distribution 
PBW appears in such physical systems as nuclei and com­
plex atoms [8] where due to energy conservation the di­
agonal term Tjn grows linearly with n that corresponds 
to a finite level density pE- In this case the width is 
r = 2irpE < H2^n, > [6,8]. In our case for Wb > 1 all 
eigenenergies are homogeneously distributed in the finite 
interval [-W^1WJ and for full matrices with b = N/2 
we can use the above expression with pE = N/2Wb 

which gives T in (3). For b < N according to [3] one 
should replace pE by the density of directly coupled 
states Pc = b/Wb that leads to the same expression for T. 
The theoretical formula for T1 independent on b and TV1 

is in a good agreement with our numerical data (Fig.2). 
The independence of F on b and N makes our case quite 
different from the case of full matrix (1) studied before 
in [9]. 

For Wb » 1 the width of the Breit-Wigner peak is 
small and therefore according to (3) the probability on 
nearby levels is a strongly fluctuating spiked function. 
This spike structure of eigen functions can be character­
ized by the IPR ^A = ( E n l ^ ( n ) | 4 ) - 1 which counts the 
number of spikes independently on the distance between 
them. In the case of full matrices with b = N/2 the num­
ber of spikes can be estimated as the number of states 
in the interval F that gives the average value of IPR 
£ = < 1/^A > ~ x ~ PE? « N/{2Wb

2). The same estimate 
can be also used in the delocalized regime /,6 > A' with 
b < N. Of course this estimate is valid only when the 
number of states in the width T is much larger than one, 
that implies £ > I or Wb < \fN. 

The numerical results for the dependence of IPR on 
Wb in the delocalized regime are presented in Fig.3. They 
demonstrate that for sufficiently large full matrices (N = 
4001) this dependence approaches to the above estimate. 
However the convergence is rather slow so that for smaller 
AV values one has approximately £ ~ N/Wb

a where the 
exponent a slowly changes with N. For example a « 1.7 
for N = 2001. We attribute this very slow approach to 
the asymptotic value of a = 2 to the quite restricted 
range of Wb variation. Indeed on one side the width of 
the Breit-Wigner peak should not exceed the width of the 
energy band for Wb = 0 that gives Wb > 1. On the other 

side one should have Wb < y/W. Another restriction 
appears for band matrices with 6 < N/2 namely l3b > N. 
The data for this case (Fig.3, full squares) show that 
for not very large Wb the IPR is close to the regime of 
full matrices while for large Wb one enters the localized 
regime lsb < N which should be studied separately. 

It is interesting to note that in the delocalized regime 
even for Wb > 1 many levels are coupled by interaction 
if ^ T « N/(2Wb

2) » 1. Therefore, one would expect 
that for Wb < Wb

cr « ( # / 2 ) 1 ' 2 the level spacing statis­
tics P(s) will be the same as in the case of Gaussian or­
thogonal ensemble (GOE) [10]. These expectations are 
not so evident since the spiked structure of eigenfunc-
tions apparently should lead to a decrease of overlapping 
matrix elements between eigenfunctions. However, our 
numerical results for matrices with N < 8000 show that 
P(s) remains close to GOE for 1 < Wb < Wb

cr. They 
are also in agreement with the numerical results [11] for 
full matrices of smaller sizes showing that the transition 
border in Wb between Poisson and GOE statistics scales 
as N1I2. The question about other statistical properties 
of levels in the regime 1 < Wb < Wb

cr remains open. 

For the localized regime in the above estimate of £ one 
should replace N by leb since only levels in the interval of 
one localization length can contribute to the IPR. This 
gives the expression 

^ W 2 ^ " 2 « f t 2 / < l ß = 4 (4) 

which is valid for £ » 1 (1 < Wb < >/b). The last 
condition together with lsb < N gives strong restrictions 
for the numerical simulations (1 < Wb < N1^4). 

Our results for this localized case are presented in 
Fig.4. The data can be empirically fitted by £ ~ b2/Wb 

with ß A; 3 which differs from the theoretical value /3 = 4. 
We attribute this difference to the fact that we are not 
far enough in the asymptotic regime of large 6 and WV 
Indeed, for Wb > b1?2 one enters in the perturbative 
regime and the deviations from a power law becomes ev­
ident. We also checked that the probability distribution 
P ( | ^ A ( " ) | 4 ) is proportional to p2

BW that gives additional 
grounds for the theoretical power /3 = 4. However, the 
simulations with large enough values of parameters 6, Wb 

requires too large matrix sizes being beyond our numer­
ical abilities. The numerically found value ß > 2 implies 
that the number of peaks is smaller than the localization 
length tib « b2/(2Wh

2) which determines the asymptotic 
exponential decay of the eigenstates. It would be desir­
able to have a more rigorous theoretical derivation of the 
IPR dependence on parameters in the localized regime. 

The above results show that the SBRM (1) has many 
features similar with the photonic localization in a molec­
ular quasicontinuum [12] as it was remarked in [3]. Ac­
cording to this analogy, the number of levels in one-
photon transition (size) is of the order 6 and the den­
sity of coupled states is 6/2HV However, in the photonic 
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model the levels are ordered in energy in a growing way 
that leads to a chain of equidistant Breit-Wigner peaks in 
an eigenstate [12]. For the SBRM (1) all levels axe mixed 
in the energetic interval and the Breit-Wigner peak is 
hidden. 

Let us now discuss the consequences of the result (4) 
for the TIP model. According to the relation between 
the parameters of SBRM and TIP given above we obtain 
from (4) the expression for the IPR £c in the TIP model: 

te ~ (UfV)4I1
2 > I (5) 

This result can be also derived directly from the den­
sity of states inside the localization length interval lc 

[pE ~ Me/V) and the transition rate Fc ~ U2/(VIi) ob­
tained in [3]. Indeed, the number of levels in the Breit-
Wigner peak is YcpE « Cc that gives (5). This result 
shows that the number of noninteracting eigenstates £c 

contributing in the eigenfuction is quite large for U ~ V 
while for (UfV)2Ii -C 1 this number is order of 1. How­
ever, the value of fc at U ~ V is much less than the 
number of unperturbed states AN contributing to the 
TIP eigenfunction in the unperturbed lattice basis. This 
number determines the IPR £max «* AJV «2 /c/i ~ /J. 
The difference between £c and Çmar shows that the non-
interacting eigenbasis represents the real eigenfunctions 
in a much better way. It also stresses the fact that the 
IPR value is not basis invariant. 

From the difference between £c and £max it is possi­
ble to conclude that the coherent propagation of TIP 
goes by rare jumps of size l\ between the states with 
approximately constant sum of noninteracting energies 
E3 = €n -f Cn'. The distribution over Es should have 
the Breit-Wigner form with the width Vc. The length 
of propagation by such jumps is lc -- l\2 3> h- Due to 
this hidden Breit-Wigner distribution the IPR £c in the 
basis of noninteracting eigenstates is proportional to l\2 

instead of "naive" Z1
3. For the case of TIP with M trans­

verse channels one should replace l\ in (5) by Ml\ with 
ii oc M being one-particle localization length. 

If one-particle motion is ergodic in a d- dimension al sys­
tem of size L < l\ then its eigenfunction contains about 
A'i ss Ld components. The matrix element of inter­
action is then U3 ~ UfNi3'2 [3], the density of cou­
pled states Pc ~ N\2fV and the Breit-Wigner width 
r c ~ U3

2Pc ~ U2JN1V for U < V is less than one-
particle level spacing Ai ss VfNi. Thefore, it is possible 
that a concept of pairs formed by TIP can be useful even 
in the ergodic samples with L < l\. In some sense, for 
A2 <. Vc <. Ai1 where A2 & VfNi2 is two-particle level 
spacing, one can at first average over fast one-particle mo­
tion and after that analyse the slow pair dynamics with 
typical time scale l / r c . In the ergodic regime L < Ii the 
IPR is £e ~ YcPc ~ Ni(UfV)2 < Ny2 and according to 
the discussed above properties of P(s) in SBRM and the 
result [11] the GOE statistics for TIP should be observed 

for £c > 1. For L^ Ii the strong enhancement of inter­
action (pcTc ~ hd(UfV)2 > 1) leads to derealization 
of the TIP pairs in d > 3 below one-particle Anderson 
transition when noninteracting particles are well local­
ized [13]. 
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FIG. 1. Localized eigenfunction of a SBRM with Wb = 7, 
b = 100 and N = 2001. The solid line indicates the expo­
nential localization with lab ft; 171 in agreement with results 
obtained in [3], eq.(3). 
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FIG. 2. Local spectral density which determines the aver­
age probability on a given site P(\rj>\(n)\2) = pw{£- En) for 
b = 100, Wb = 5, N = 201 (triangles, 20 realisations of disor­
der) and TV = 2001 (squares, 2 realisations of disorder). The 
solid line gives Breit-Wigner distribution (3) with T = 0.21. 
The inset shows the dependence of T on W^ : points are 
numerical data (N = 1001,6 = 100), straight line is theory 
(3). 

FIG. 3. IPR £ normalized with its limit value for the GOE 
case Nß vs. Wb in the delocalized regime for N = 2001, 
b = 300 (full squares), and full matrices with N = 251 (open 
squares), N = 501 (open triangles), N = 1001 (x ) , /V = 2001 
(full triangles) and N = 4001 (full circles). Dashed line shows 
the fit for full circles with a = 1.75 ± 0.03; solid lines shows 
theoretical slope a = 2. 

FIG. 4. Dependence of ¢/62 on W^ in localized regime : 
N = 2001, è = 50 (full squares) and è = 80 (open squares); 
N - 4001, 6 = 50 (full circles) and b = 100 (open cir­
cles). Dashed line shows the slope from fit for open circles 
(ß = 3.0±0.1) and solid line indicates theoretical slope ß = 4. 
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D o u b l e butterf ly s p e c t r u m for two interact ing particles in the H a r p e r m o d e l 
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We study the effect of interparticle interaction U on the spectrum of the Harper model and show 
that it leads to a pure-point component arising from the multifractal spectrum of non interacting 
problem. Our numerical studies allow to understand the global structure of the spectrum. Analyt­
ical approach developed permits to understand the origin of localized states in the limit of strong 
interaction U and fine spectral structure for small U. 

PACS numbers: 05.45.+b, 72.15.Qm, 72.10.Bg 

Recently a great deal of attention has been devoted to 
the investigation of incommensurate systems exhibiting 
singular continuous spectrum with many interesting mul­
tifractal properties (see e.g. [1-3]). Among the physical 
models, one of the most popular is the Harper model of 
electrons on a two-dimensional square lattice in the pres­
ence of a perpendicular magnetic field [4,5]. This system 
can be reduced to the study of a rather simple model 
of particle dynamics on a one-dimensional quasiperiodic 
lattice. The energy spectrum exhibits multifractal prop­
erties and the band spectrum for rational values of mag­
netic flux looks like a butterfly. In spite of the academic 
character of such a model, experiments have been per­
formed during the last ten years exhibiting this multi-
fractal butterfly structure. One of the first among them 
has been performed in 1985 using superconducting net­
works [6] and more recently experiments with superlat-
tices also allowed to observe the fist hierarchical steps of 
multifractal butterfly structure [7]. 

The deep understanding of such an intricate spec­
tral structure attracted interest of mathematicians and 
physicists who developed new approaches for its inves­
tigation such as non commutative geometry [8], pseudo-
differential operators [9], functional analysis [10], renor-
malization group approach [11,12], thermodynamicalfor­
malism [13]. All these tools allowed to study the problem 
on rigorous mathematical ground and to understand the 
properties of cigcnstates. For example using the dual­
ity between momentum and spatial coordinate [14], it is 
possible to prove rigorously the existence of localized or 
delocalized states [15,16]. It was also found that quan­
tum systems which are chaotic in the classical limit may 
have quite unusual properties in the presence of underly­
ing quasiperiodic structure [17,1,13]. 

All the works mentioned above were done for one par­
ticle dynamics. However even from the physics of the 
original Harper model, it is clear that the interaction be­
tween electrons on the square lattice in the presence of 
magnetic flux plays an important rôle. Therefore it is 
natural to address the question of the influence of inter­
action on multifractal spectrum. The most simple exam­

ple of such a case is an interaction between two particles. 
Recently it has been found that in the case of random 
potential even such simple model has a number of unex­
pected properties [18]. For example repulsive/attractive 
short range interaction leads to appearance of effective 
pair states in which two particles propagate together on 
a distance much larger than the one-particle localization 
length without interaction. Surprinsingly the first nu­
merical studies of interaction effect in a quasiperiodic 
potential showed an opposite tendency [19]. Namely, re­
pulsive/attractive interaction leads to the appearance of 
localized states while in the absence of interaction mul­
tifractal spectrum generated quasidiffusive spreading of 
wave packets on the lattice. However, the numerical 
approach used in [19] allowed to study only the wave 
packet evolution while the structure of the spectrum it­
self was not directly accessible. Therefore to understand 
the spectral structure and the nature of eigenstates we 
performed numerical simulations by direct diagonalisa-
tion based upon Lanczos algorithm. 

As a basic model for our investigations we consider the 
model of two interacting particles (TIP) in the Harper 
problem described by the following eigenvalues equation 

(2Acos(7nj 4- ßi) + 2 A c o s i n a -I- ß2) + UOnum)<Pnt,n>+ 
^ m + l . m + V n , - l , n 3 + V n , , n a + 1 + <pni,n2~l — ^ V n 1 , n 3 

( 1 ) 

where the parameter y characterizes the quasiperiodic 
lattice for the one-particle problem. Without interaction, 
each particle moves in quasiperiodic Harper potential and 
7/2TT = <f>/<f>o = a is the ratio between the magnetic flux 
within one unit cell of the square lattice and the flux 
quantum ^o = h/e. The parameter or plays the role of 
an effective Planck's constant so that a >-» 0 corresponds 
to the semiclassical limit. The two parameters /3^2 are 
related to the quasimomentum components in the non 
interacting problem. The parameter A characterizes the 
strength of the quasiperiodic potential and for the case 
of electrons on a square lattice A = I [5]. However from 
mathematical point of view it is also interesting to study 
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the different regimes with A < 1 and A > 1. Strong 
analytical and numerical evidence has been given that 
the spectrum is pure point and the states are localized 
when A > 1 while for A < 1 the spectrum is continuous 
with extended eigenstates [14,10,1,20]. The strength of 
the short range on-site interaction is characterized by U. 
We concentrate our investigations on the case A = I, 
P1 2 = ß when for U = 0 the spectrum is multifractal for 
irrational values of 7/2TT. We consider only the part of 
the spectrum corresponding to the symmetric TIP states 
since antisymmetric configuration is not affected by on-
site interaction. 

In the absence of interaction, the corresponding two 
particle spectrum results of the superposition of two one-
particle spectra of the Harper model and is shown in Fig. 
1 (a). Comparing with the one-particle spectrum (Hof-
stadter's butterfly), we can remark that the spectrum 
becomes much more dense near the centers of the bands 
and subbands but still the gaps in the spectrum survive 
on all energy scales. 

' -AA M 

0.0 
E E 

Fig. 1 ; Spectrum of two particle Harper problem (a : 
up), with U = O obtained for rational values ofj/2w = 
a = p/q with q < 19; (b : down) with U = I and q < 23. 

When increasing the strength of the interaction U, the 
spectrum is splitted into two butterflies which are slightly 
shifted one respect to the other. However one of them 
remains almost at the same place corresponding to the 
non interacting case of Fig. 1 (a). The shifted butterfly 
moves to the right since the repulsive interaction U > 0 
gives global increase of energy. A typical case U = 1 of 
double butterfly spectrum is presented in Fig. 1 (b). 

The main features which can be immediately observed 
in this figure are the smoothness of the edge of the shifted 
butterfly, the less dense character of its spectrum and 
the filling of some internal energy gaps (see for example 
near or = 0.6 and E = —1.5). However, the gaps in the 
spectrum still exist on all scales. 

The shift of one butterfly and almost unchanged form 
for the other at moderate values of interaction U can 
be understood in the following simple way. For that we 
choose small values of flux a « 1 and use the pertur­
bation theory in U on the basis of harmonic oscillator 
functions to get analytical expressions for the Landau 
sublevels at the spectrum edge. Without interaction, the 
band edge is given by E± (a) = ±8 ^ 47ra(mi + m2 + 1 ) ± 
IT2Oc2 (2 + (2mi + I) 2 + (2m2 + I)2) /4 + 0 ( a 3 ) , which is 
superposition of two Hofstadter butterflies in semiclas-
sical regime [21]. The integers mi,m2 are the Landau 
quantum numbers for oscillator states near the bottoms 
of potential minima. If two particles are located in dif­
ferent minima, the interaction between them is negligibly 
small and the energy levels are not shifted by U. These 
energy states correspond to non shifted butterfly with 
dense spectrum since there are many states when TIP 
are separated from each other. If TIP are located in 
the same potential minimum, the interaction gives en­
ergy shift which in the first order of perturbation theory 
is AE± = U-s/a for mi | 2 = 0 and 7711,2 = (0; 1) being in 
good agreement with numerical data for U < 1 as can 
be seen on Fig. 2 (a). This shows that the shifted but­
terfly corresponds to the case when the two particles are 
located near each other. The density of such states is 
smaller than in the case when particles are far from each 
other and that is why the shifted butterfly is less dense. 

Fig. 2 : Energy band edges (a) U=O.4, dots are numer 
ical data and solid curves are perturbation theory result. 
(see text); (b) U=IO1 dots are data from Fig. 4 and solù 
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in­

curves are given by theory described in the text. 

Direct analysis of eigenstates for irrational flux values 
(which are approximated by a continuous fraction ex­
pansion) also shows that the states in the shifted part 
correspond to the situation where two particles stay near 
each other. However, contrary to the TIP in a random 
potential, the particles here cannot propagate together 
and stay exponentially localized near the origin as it can 
be seen with the typical 3-D plot of Fig. 3. 

Fig. 3 : Semilog plot ofWniin, = |tf»1|Ba |2 for localized 
(E = -1 .3376 , -10 < InW < - 1 , £ = 5.9,¾ = 193 (a 
: left)) and dtlocalized (E = -1 .7368, -10 < InVV < 
- 3 , £ = 214,¾ = 12.5 (b : right)) eigenstates at U = 
1, a = 34/55,/? = -^/5. 

We also investigated the structure of eigenstates in 
the more dense part of the spectrum (non shifted but­
terfly). In that case the eigenstates are delocalized and 
quite similar to those corresponding to the non interact­
ing case. Here the two particles mainly spread quasidif-
fusively along the quasiperiodic lattice and interaction is 
not important for them. This structure of localized and 
delocalized eigenstates is in agreement with the numeri­
cal study of wave packet dynamics performed in [19]. 

The properties of eigenstates can also be analyzed 
with the help of the inverse participation ratio (IPR) 
£ = (X^n1 a Wf*i,na)~

1' Ite value for different energies 
is shown in Fig. 4 for a = 34/55. In agreement with the 
above discussion, the localized states with small £ corre­
spond to the part of the shifted butterfly with less dense 
spectrum while the unshifted butterfly is associated to 
large £ with delocalized states. It is interesting to deter­
mine the IPR £o in the non interacting eigenstates basis. 
Such approach has been quite useful for TIP in a random 
potential [22]. It is interesting to note that the situation 
for TIP in the Harper model is quite different. Namely, 
the delocalized states have very small value of £o while 
the localized ones arc delocalized in the non interacting 
eigenstates basis and have very large ¢0 (see Fig.3), This 
result once more shows that delocalized states correspond 
to almost non interacting particle propagation while lo­
calized states appear only due to interaction which can 
be even repulsive (Fig.3a). 

With further increase of U the shifted butterfly goes 
on moving to the right and becomes more and more de­
formed. Starting from interaction strength U > 10, this 

butterfly is transformed into a spectral band with width 
two times smaller than the original spectrum at U = 0. 
The center of this band is located at energy E «s U. The 
typical example of global spectrum is shown in Fig. 5. 

* fi *l 

$»ü t r 
•» * . : 

J. i 
X^ 2 *M 

M * B f t V 

** • 
• • : .# 
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r * •*• • • -
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H | i f 

ÏÏ 
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! I >-., . - . , J - ^ ^ . . - i _ . « . . « . I . . . . , . ! . . . w « . ! . « . . . ^ „ J 
-6.0 -5.0 -4.0 -3.0 -2.0 -1.0 0.0 

E 

Fig. 4 ; Inverse participation ratios Ç vs eigenenergies 
E shown at£ = 2;U = lta = 34/55,0 < ß < 2x. 

1,00 r . » • . • r . ^ T 1 • ••» t • ~ " - * T - " - ^ - T . " - . 

-8 .00 -4.00 0.00 4.00 8.00 12.00 
E 

Fig. 5 : Same as in Fig. 1 with U = 10 and q < 28. 

The physical reason for the appearance of such sepa­
rated spectral band can be understood in the following 
way. For strong U, there are states for which TIP are 
localized on the same site so that niÉ2 = n. According to 
(1) the energy of the states is En = 4A cos(yn + ß) + U. 
The transition between these states can be obtained with 
first order perturbation theory in 1/(/ which gives the ef­
fective eigenvalue equation : 

{AX cos(7n + /?) + £/)$„ + Ve« (^«+i + * „ - i ) = E<f>n 

¢2) 

Here Vefi- is the hopping between such states due to vir­
tual transitions via states with n-i ^ U2- For U !S> 1, 
the energy difference between diagonal and off-diagonal 
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states is very large and therefore Vefr ~ l/U. The equa­
tion for diagonal eigenstates has the form of Harper equa­
tion with Aeff = 2A/Veff ^ 1. Due to that these states 
are exponentially localized so that particles stay near the 
origin. In some sense, the interaction renormalizes the 
constant A •-+ Aeff in the Harper equation for pair of par­
ticles. For strong U, the renormalized Aefr is much larger 
than 1 that, according to the Aubry duality [14], leads to 
localization of TIP pairs in quasiperiodic potential. Our 
conjecture is that in a sense Aeff remains larger than 1 
even for moderate values of U ~ 1. In a sense interaction 
breaks Aubry duality leading to appearence of localized 
TIP phase. However more rigorous analytical confirma­
tions of this conjecture are desirable especially keeping 
in mind that in a random potential the interaction with 
U ~ 1 leads to derealization of TIP pair states. The 
accurate expressions for the TIP energy edges of shifted 
spectral band can be found using semiclassical analysis at 
small flux values by methods developed in [8,23]. The de­
tails of computations will be given elsewhere [24], For the 
case of Fig. 2 (b), they give E = 6.0 + 0.59*2ïra + O(a2) 
that is in good agreement with numerical data (Fig. 2 

00). 
For the part of the spectrum represented by un-

shifted butterfly at U >• 1, the eigenstates become more 
and more similar to asymmetric TIP configuration i.e. 
*„„„ , - SIgn(H1 - n2) ( x f t x g ? - x ö x f f ) /V2> where 
X-s are one-particle eigenfunctions. Due to that, the ef­
fective interaction becomes quite small and the unshifted 
butterfly at large U (TIP are in different wells) looks 
very similar to the one at U = 0. The main difference 
is the splitting of Landau sublevels which appears due 
to effective small interaction between particles located 
in the same well. According to the expression for ^ n i | f ) J I 

such splitting can take place only when Landau quantum 
numbers are different (mi ^ Tn2) so that x^ ^= X ^ - As 
the result the first sublevel with Hi1^ = 0 is not splitted. 
For non interacting part, the edges are given by the same 
E±(a) as for U = O (see above) while for interacting case, 
the additional shift is 6E(a) = -8 î ra / ( t / + 4 ) (see [24]). 
These analytical expressions are in good agreement with 
numerical results as shown in Fig. 2 (b). 

In summary, SO years after [5] our investigations of 
spectra and eigenstates for TIP in the Harper model (1) 
show that repulsive/attractive interaction leads to ap­
pearance of localized states. Our conjecture is that due 
to Aubry duality breaking a localized TIP pair phase 
appears at arbitrary small interaction strength. At the 
same time we expect that this breaking is absent for TIP 
on the 2d-lattice with magnetic flux. However, the later 
model requires separate investigations [24]. 

This work is supported in part by the Fonds National 
Suisse de la Recherche. 

b Also Budker Institute of Nuclear Physics, 630090 Novosi­
birsk, Russia. 
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A b s t r a c t : For two interacting particles (TIP) in one-dimensionai random potential the 

dependence of the Breit-Wigner width T, the local density of states and the TIP localiza­

tion length on system parameters is determined analytically . The theoretical predictions 

for r are confirmed by numerical simulations. 
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Recently, the problem of two interacting particles (TIP) in a random potential has 

attracted interest of different groups [1, 2, 3, 4, 6, 7]. It has been shown that two re­

pulsive/attracting particles can propagate together on a distance lc much larger than 

one-particle localization length l\ in absence of interaction. The first analytical studies 

[1, 2] for TIP with on site interaction on a one-dimensional one channel lattice gave the 

following estimate IcJl1 ~ Vp ~ (UfV)2Ii, where U is strength of the interaction, V is 

intersite hopping matrix element, p~ l2/V is density of the two-particle states coupled by 

the interaction, and P ~ U2/Vii is ,the interaction induced transition rate between these 

states. The numerical investigations [3, 4] definitely confirmed existence of the strong 

enhancement of ic due to interaction. However, a direct verification of the above estimate 

is quite difficult even for the modern computer facilities due to the strong increase of 

required basis with Z1. Also the recent numerical results of von Oppen et. al. [4] and 

Weinmann and Pichard [5] indicate in one-dimensional case almost linear growth of the 

enhancement factor for lc with U instead of expected U2. Due to all these things it would 

be important to have a more rigorous derivation of the factor lc/li for this on a first 

glance quite simple problem, at least in a one-dimensional case. To reach this aim we 

started from the computation of the rate V which also characterizes the spread width of 

the Breit-Wigner distribution for eigenfunctions in the basis of eigenstates of noninteract-

ing particles[8, 9, 10]. If the parameter dependence of P is known then the ratio /c/ii can 

be determined from the relation lc/l\ ~ Tp which have been checked in models of super­

imposed band random matrices [1, 8, 9, 10]. In the present work for calculation of P we 

use the technique developed in [11] which allows to account all orders in the interaction. 

2 



We consider one dimensional Hubbard model with Hamiltonian 

H =-V 5 3 ( a i + l f f a w + aL an+i f f) + U Y al]anian^n] (1) 
no n 

Here an is a creation operator of the particle at the site n, V is hopping matrix element, 

and U is on site interaction. We assume that particles are distinguishable and denote the 

type of particle by spin tr = ±1/2 . Single particle eigenstate is plane wave \p) = -jretpn 

with dispersion ep — -2Vcosp , —w < p < ir. We set lattice spacing equal to unity. The 

size of the lattice is denoted by L. 

The Breit-Wigner width can be found in the following way. Forward scattering am­

plitude f for particles with different spins is given by series of diagrams presented at 

Fig.l. Solid line represents a particle, and wavy line is matrix element of the interaction 

{P3p4\&\piP2l - Z^PI+Î^'P3+P*- Due to optical theorem width of the state \p1p2) = |Pi)|p2> 

is related to the forward scattering amplitude: 

r/2 = -Im f. (2) 

One can easily check the coefficient in this relation considering diagram Fig. Ib which 

gives usual Fermi golden rule: 

r « - 2 I m fu = -2 Im Y, 

2 

(P3P4|y|PlP2> 

E - C3 - C4 + tO 

= 27T^Up3P4IJyIp1P2) 5 ( E - C 3 - C 4 ) -

(3) 

P2P4 

Here E is energy of the initial state E = c\ + ¢2-

Born term in the amplitude f is given by Fig. Ia and equals f\a = U/L. Calculation 

of the diagram Fig. Ib is also straightforward 

^ [(P3P4|t/|PiP2) __ U12
 v U'^ 1 

P3P4 0 1 . p 3 
E - £3 - u + iO L2 ^ E + IV cosp3 + 2V cos(p - p3) 

3 

file:///p1p2


iP_ r Ldp3/2ir = U2IL 

L2 J^ [E + 2 V COSp3 + 2V cos(p - p3)] y/E* - 16K2 cos* p/2 ' 

where p = pi +P2 = P3 + P4 is total quasi-momentum. Higher orders in Fig. 1 correspond 

to simple iterations of the box Fig. Ib. Therefore summation of the ladder is reduced to 

geometrical progression and the result is 

f(E,p) = U^L (5) 
V ,y) I-U/y/E*-IQV* eoa*p/2 - W 

The scattering amplitude depends only on total energy — AV < E < AV and total mo­

mentum -TT < p < jr. The branch of square root should be chosen in such a way that 

Im f < 0. 

With amplitude (5) one can easily calculate the Breit-Wigner width using optical 

theorem (2). But we are interested in the average width at given energy. So we have to 

average over momentum p. Density of the two particle states is of the form 

P(E,p) = f —• r ^r1Kp- Px -P2)6(E + 2VcosP l +2Vcosp 2 ) = 
J-K l-K J-K Air 

s/cos2p/2-E2/lQVr 

It is nonzero only if square root is real. After integration over momenta we find 

(6) 

The integral in (7) can not be exactly expressed in terms of elementary functions. Pre­

sented approximate formula is valid with accuracy better than 1% in the interval — AV < 

E < AV. Now we can find the average Breit-Wigner width. 

V(E) = -2 1m. jf(EiP)p(E!P)^/p(E) = 

SVu2JL 

(In A/e 4- 0.18c) yj\u* - t%\ + u* - {*) 
F(Z). (8) 



Here u — \U/4V\ and e = | £ /4V | is interaction and energy expressed in units of band 

width: 0 < c < 1. The function F(Z) is defined by 

arctan Z, for u > c 
F(Z) = { (9) 

^ In ^ f , for u < € 

_ \u^~e2\(i~c2) 

At small energy (c2 •< u2,1) formula (8) can be substantially simplified 

4TTK 1 u 

L 'ln4/e ' vTTù2"' 

so that at small interaction (c2 <C u2 <C 1) it is linear in the interaction. In other 

limit (u2 «C e2, (1 — e2)) the width (8) is quadratic in the interaction with logarithmic 

correction: 

(10) 

r~8V 1 M 2 , „ ^ / E Z m l 
1 ~ T ' Jhü/TTÖMT) ' 7 l n ü ( ' 

The value of T in (10) is significantly larger than in (11) due to the growth of two-particle 

density of states (7) near the center of the band. 

If we now add to the Hamiltonian (1) a single particle random potential HTand = 

YJ
wn^naCina with a disorder homogeneously distributed in the interval — W < Wn < W , 

then one particle eigenstates in infinite lattice become localized with localization length 

where C1 is one particle energy. However as soon as l\ ]S> 1 

the above calculation of the average width remains valid. The reason for this is that 

l\ ^> 1 is the only condition which we need to formulate scattering problem and to use 

conventional diagram technique. Distribution of V depends on the relation between size 

of the box L and the localization length l\. If L < l\ all values of T are of the order 



of the average value given by (8). For L > f] the average value is still given by (8). 

However in this case T vanishes for majority of the states . These are the states in which 

particles are localized far from each other and practically do not interact. On other hand 

the width for the states with interparticle distance of the order I^ is approximately the 

same as for particles in a box of size L 5¾ l\ so that Y is given by eqs.(8),(9) with L 

replaced by Z1. The two-particle localization length lc for such states is determined by 

the relation lc/lx ~ T(E)p(E), with T calculated at L ~ Z1. This relation is valid if 

many unperturbed states are mixed by interaction [1, 2] so that T(E)p(E) > 1. In the 

opposite case T(E)p(E) < 1 the above relation is not valid [8, 9, 10] and the interaction 

can be treated in a perturbative way. In this regime "Rabi oscillations" between two 

quasi-degene rate levels play an important role [5]. 

Above we have considered distinguishable particles. The generalization to identical 

particles is rather simple: the width T vanishes if coordinate wave function is antisym­

metric, and it is doubled in comparison with eqs.(8), (9) if coordinate wave function is 

symmetric. 

To check the above theoretical formula for the Breit-Wigner width T we studied 

numerically the model (1) of two identical interacting particles (symmetric coordinate 

wave function) in the disordered potential on a ring of size L which is less or comparable 

with one-particle localization length l\ ss 2A[VjW)2. Using Lanczos technique (see for 

example [12]) we determined the local density of states for symmetric configurations in 

the basis of noninteracting eigenstates: 

Pw(E - emi - cma) = X]IlMm1 , m2)\H(E - Ex) (12) 
A 
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Here Ex is the eigenenergy of TIP while emi 2 are one-particle eigenenergies. The depen­

dence of pw on E is well described by the Breit-Wigner distribution 

w < g ) = 2,[s ' + r»/4] (13) 

an example of which is shown in Fig.2 . The comparison of numerically obtained T with 

theoretical prediction (8), (9) in the regime T(E)p(E) > 1 is shown in Figs.3,4 for different 

energies as the function of interaction. The theory gives good agreement with numerical 

results for 15 < L < 300 and variation of scaled width TLjV by more than 2 orders 

of magnitude. For the states with the energy close to the band center (E « 0) (Fig.3) 

the dependence of Tp on U is almost linear for U < V (see (7), (10)). Therefore, the 

TIP localization length lc according to the relation lcjh = CTp « 2CIi(U/V)/TT also 

varies linearly with U. Here, we took the values of T and p at L — l\ and introduced the 

numerical coefficient C to take into account the uncertainty of this choice. According to 

the numerical results [4] at the center of the band lcjl\ » §.2i\(U/V) which is in good 

agreement with the above theoretical expression and gives C ?» 1/4. 

For energies away from the band center and small interaction \U\ -C !-#1 the enhance­

ment factor according to (7), (11) is lcjl\ % l\U2'\n(2E/U)/(4Tr2VE) where we have used 

the above value of C. The dependence on U is almost quadratic in agreement with the 

first estimate [1, 2]. However, due to the logarithmic correction, to observe clearly the U2 

behavior one should go to really small U values and since the condition Tp > 1 should be 

also satisfied this can be reached only for quite large values of l\ or L. In this respect our 

numerical approach based on the measurement of T is more efficient than the one used in 

[4]. It allows to see the behavior U2InU away from the band center in agreement with 

7 



the theory (8), (9) (see insert in Fig.4). At moderate UfV > 0.3 values in the presence of 

numerical fluctuations the dependence of T on U is hardly distinguishable from a linear 

one (see normal scale in Fig.4). In our opinion this is the reason why the linear behavior 

in U had been attributed in [4] also to the states away from the band center. As for 

the result of Ref. [5] the system size there was too small (L — 25) and the main part of 

the data (Fig. 4 with UfV < 0.4) corresponds to the different regime Tp < 1. In this 

perturbative case the typical energy scale which determines the change in level statistics 

is determined by Rabi oscillation frequency in a pair of quasi-degenerate states which is 

proportional to U [5]. Also, one should keep in mind that the results there are integrated 

over the whole energy band including the center of the band where the dependence on U 

is linear even for Tp > 1. 

Turning back to our numerical data (Fig. 4) we would like to mention that there is a 

significant difference from the theory for negative U < - 1 . . Generally, we should expect 

such difference for \U\ > 1 when the spectrum is composed from two separated energy 

bands and the basis of plane wave used for computation of width T becomes inadequate. 

However, we cannot say why this change goes in so asymmetric way for negative and 

positive U while for \U\ < 1 the width F is independent of sign U in agreement with the 

theory. We would like to note that such asymmetry for attraction and repulsion away 

from the band center and relatively strong interaction U « V has been seen recently in 

[4] for the ratio lcfi\. Also a change in the behavior of T has been observed in [5] for 

U >V. 

In summary, taking diagrammatically into account the effects of interaction we have 
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derived the analytical formula for the Breit-Wigner width T which determines the en­

hancement factor lc/ii — Vp > 1 for TIP in one-dimensional random potential. Our 

analytical and numerical approaches can be also used for calculation of the TIP width in 

2- and 3-dimensional disordered systems where according to Imry estimate [2] interaction 

between two quasi-particles can strongly affect transport properties. 
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Figure capt ions 

Fig. 1: Diagrams for the forward scattering amplitude / in (2) - (5). 

Fig. 2: Local spectral density pw(E) computed for the TIP eigenstates in the energy 

interval [-0.1,0.1] for the case L = 150, U = 1, V = 1, and W = 0.4. The full line 

gives the best Breit-Wigner fit (13) with T = 0.0073. The theoretical prediction is 

r = 0.0072. 

Fig. 3: Scaled Breit-Wigner width VL/V as a function of the rescaled interaction -^ 

computed in the energy interval E/V G [-0.1,0.1]. The system size is L = 15 

(W/V = 1 , empty circles), L = 25 (W/V = 1., empty squares), L = 40 (W/V = 

0.6, empty diamonds), L = 60 (W/V = 0.5, full circles), L = 80 (W/V = 0.5, full 

squares), L = 100 (W/V = 0.5, full diamonds) L = 150 (W/V = 0.4, full triangles 

up) and L = 200 (W/V = 0.35, full triangles down). The solid line gives the 

theoretical prediction (8), (9) multiplied by 2 to take symmetrization into account. 

Fig. 4: Scaled Breit-Wigner width TL/V as a function of the rescaled absolute value of 

the interaction y computed in the energy interval E/V € [1-, 1.2]. The system 

size is L — 15 (W/V = 1., empty circles), L — 25 (W/V — 1., empty squares and 

W/V = 0.5, empty diamonds), L = 40 (W/V = 0.8, empty triangles up and W/V = 

0.5, empty triangles down), L = 60 (W/V = 0.5, full circles), L = 80 (W/V = 0.5, 

full squares), L = 100 (W/V = 0.5, full diamonds), L = 100 (W/V = 0.5, negative 

U, crosses), L = 150 (W/V = 0.4, full triangles up), L = 200 (W/V = 0.35, full 

triangles down) and L = 300 (W/V = 0.25, full triangles left). 
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Abstract 

We study the decrease of fluctuations of diagonal matrix elements of observ­
ables and of Husimi densities of quantum mechanical wave functions around 
their mean value upon approaching the semi-classical regime (h —• 0). The 
model studied is a spin (SU(2)) in a classically strongly chaotic regime. We 
show that the fluctuations are Gaussian distributed, with a width cr2 de­
creasing as the square root of Planck's constant. This is consistent with 
Random Matrix Theory (RMT) predictions, and previous studies on these 
fluctuations [1, 2]. We further study the width of the probability distribu­
tion of ^-dependent fluctuations and compare it to the Gaussian Orthogonal 
Ensemble (GOE) of RMT. 
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The behaviour of quantum mechanical wave functions in the semiclassical 
limit has recently attracted much interest. It is motivated by the fact that 
the spectrum alone cannot contain the whole information on the system. 
Roughly, one can say that in integrable systems the eigenfunctions condense 
on classically invariant torii, while in chaotic ones, where such classical struc­
tures have been destroyed, they tend to spread uniformly over the whole clas­
sically allowed region. Few analytical results have been obtained however in 
chaotic regimes, the most important of which perhaps is the Shnirelman the­
orem. One formulation of this theorem would be that in the limit h —• 0, 
almost all the diagonal matrix elements of almost all quantum mechanical 
observables converge weakly to a constant over the classically chaotic region 
[3]. A few years ago Feingold and Peres [2] and more recently, Eckhardt 
et. al. [1] have studied the rate of this convergence for autonomous sys­
tems where the semiclassical limit is, according to the Shnirelman theorem, 
the microcanonical phase-space (i.e. classical) average. As they mentioned, 
the "almost all quantum mechanical observables" in this formulation exclude 
projection operators, and in'general all operators without smooth classical 
limit. Moreover, the "almost all diagonal matrix elements" still leave room 
for scarring of eigenstates by short periodic orbits [4]. For those states, the 
limit can be dramatically different from the Shnirelman-predicted one. Their 
conclusion is that in a strongly chaotic system and for a smooth classical ob­
servable A(pi q) with which a quantum operator A1 Ajk '•=< Ej\A\Ek >, can 
be associated, the fluctuations of the diagonal matrix elements 

< FJ >.=< (A13 - {A}f > (1) 

around the semiclassical microcanonical average 

{A} = J A(p, q)6(E - H(p, q))ddpddql J 8(E - H(p, q))ddpddq (2) 

have the same order of magnitude as the mean square of the off-diagonal 
terms < \Ajk\2 > and decrease proportionally to the inverse of the Heisenberg 
time 1/7// ~ h upon approaching the semiclassical limit, in agreement with 
Random Matrix Theory (RMT) predictions. Here \Ejtk > are energy eigen­
states of the Hamiltonian under consideration, i.e. H\Ej.k >= Ej^Ej^ > 
and < .. > means an average taken over neighboring (in energy) eigenstates. 
Their arguments are valid provided Ej and Ek are not too distant from each 
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other, but they do no need to be consecutive eigenvalues. Accordingly, the 
interval of energy over which the average are taken may or may not overlap. 
They related the proportionality coefficient to the autocorrelation function 
of the classical dynamical variable A1 C(t) := UmT^00 ^ JQ A(t + r)A(r)dr^ 
i.e. 

<F'>=T^L dtc(t) (3) 

In particular, almost all diagonal elements Ajj tend to the semiclassical mi-
crocanonical average as h —*• 0. Eq. (3) states among others that quantum 
fluctuations are proportional to classical correlations. Their argument goes 
as follows : According to Shnirelman's theorem, the diagonal matrix element 

< J^i|A(*)A(0)|-ßj >-> C{t) ; ft -> 0 (4) 

On the other hand, this matrix element is 

< ^1^(0^(0)1¾ > = E e x P[*( £ i - Ek)t/K]\Ajk\
2 

k 

= £ e x p Ii(Ej - Ek)t/h] \Ajk\
2 + \AJ3\

2 (5) 

Thus we have 

5 > x p [«(£,- _ ^ ) f / f t ] 1,4.,12 ^ c ( t ) - {A}2 ; ft -> 0 (6) 

Defining the Fourier Transform of the autocorrelation function 5(OJ) := 
f^loCtyex^—iufydt we have 

/

OO f -, 

C(t) - {A}2 <2i ; E1 - £ , (7) 
-00 l J 

Then, under the assumption that as Ej —» .¾, the eigenfunctions |£îj >, 
1¾ > and |± >:= -75 (1-/¾ > ±|#k >) are qualitatively similar, i.e. : 

A3k « < - | A | + > 

{4} «< + | i | + >Ä=< ~ | i | - > (8) 
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we have 

Ajk « < -\A\+ >= -{Aj3 - Akk + Ajk - Akj) (9) 

Finally defining the fluctuations as Fj := Ajj — {A} and assuming statistical 
independence of the Fj's, i.e. the average < Fj >=< Fk > = 2 < \Ajk\

2 > 
does not depend on the indices j and fc, we get eq. (3). Illustrations of this 
result on the double rotator model [2], the bakers map and the hydrogen 
atom in a magnetic field [1] nicely confirmed these predictions. These are 
to our knowledge the only works that delt with the qualitative description 
of the approach to ergodicity of quantum mechanical wave functions. Here, 
we extend these results to a kicked (e.g. non autonomous) system. We will 
focus on the fluctuations of the Husimi density of the eigenstates, i.e. study 
the fluctuations of the diagonal matrix elements of the projection operator 
over coherent states [5]. The Hamiltonian 

H := -£-S] + ^Sy E t{t - nT) (10) 

is expressed in term of the usual SU(2) spin operators S r , Sy and S2, while 
0 < K < 2-ir. Models of this kind have been extensively studied [6] and are 
usually referred to as "kicked tops". They represent a spin which evolves 
during a time T under the influence of an integrable hamiltonian after which 
it undergoes a rotation of angle K around the y-axis. It thus defines the time 
evolution (Floquet) operator : 

£ / r : = e x p H ^ ) e x p ( - ^ S 2
2 ) (11) 

Previous investigations of this model have illustrated the remarkable agree­
ment of its spectral properties with the GOE/COE of RMT 3. In this article 
we will consider fluctuations of expectations values of SU(2) operators taken 
over eigenstates of the Floquet operator (11). The above argument leading 
to eq. (3) must be slightly modified in order to apply to the map defined 
by eq.(10) and eq.(ll). Instead of working with energy eigenstates \Ej > of 
an autonomous Hamiltonian, we deal with quasienergy eigenstates \UJJ > of 

3We recall the agreement of GOE and COE (Circular Orthogonal Ensemble) properties 
in the limit of large matrices N —* oo [7]. 
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an unitary time evolution operator. As a consequence, the micro canoni cai 
average of eq.(2) is replaced by a phase space integral restricted to the cor­
responding connected chaotic region. In our case and in a strongly chaotic 
regime eq,(2) reads : 

{A}= f A(ei<f>)sm(9)ded(t>/ f sm{6)d6d<j> = — f A(O, <j>) sm(Ô)d0d<j>{l2) 

i.e. we integrate over the whole sphere S2 instead of the energy surface. In 
the semi classical limit, the diagonal matrix elements 

< ^ 1 ^ ) 4 ( 0 ) 1 ^ >= ^ e x p f t w ; -u*)t/f t] \Ajh\
2 -* C(O (13) 

k 

provided the regime studied is classically strongly chaotic. Moreover, a sim­
ilar argument as before leads to 

\Ajk\2* Si(UJj-Uk)Zh) (14) 

and hence we recover eq.(3). Here, we concentrate on the study of the eigen-
states of the unitary operator eq.(ll) in the regime T = 50 and K = 1.2. 
By standard numerical computation of the Liapounov exponent [8] over 
the whole phase space, we checked that in this regime the classical mo­
tion is strongly chaotic. Moreover, we checked that the quantum mechan­
ical operator eq.(ll) exhibits the usual characteristics of quantum chaos : 
its level spacings statistics and spectral rigidity follow the predictions of 
the GOE/COE of RMT. We stress that even though the perturbation de­
stroys the time-reversibility of the system, a surviving symmetry still persists 
I] \n >= I — /i >. Because of the existence of this antiunitary symmetry, the 
model obeys GOE/COE [9]. 

As mentioned in [1] the Shnirelman theorem leaves room for wave functions to 
show large deviation from the semiclassical limit value. It only states that the 
proportion of such wave functions should be negligible, i.e. in the semiclassi­
cal limit, they build a subset of zero measure. For "almost all eigenfunctions" 
then, the variance of these fluctuations should vanish as K —> 0. However, 
this decay can be substantially perturbed by scarring of eigenfunctions by 
short periodic orbit [4] : Scarred eigenfunctions are front-line candidates for 
exceptions to the Shnirelman theorem ! Thus they could significantly - and 
negatively - affect our results. We must therefore find a way to estimate 
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and eventually reduce the ratio of such eigenstates and to this purpose we 
introduce the level curvature [10, H] . The level curvature is a measure of the 
sensitivity of an eigenvalue to an external perturbation. In our model (10) 
for instance we can define it as the second derivative of an eigenvalue with 
respect to K : 

Kn = ^ ¾ ^ (15) 

Intuitively, when the studied regime is highly chaotic, the spectrum shows a 
level repulsive behavior which results in a number of avoided crossings when 
varying one parameter. In the direct vicinity of an avoided crossing, the 
curvature of two levels can be huge and therefore the distribution of these 
values depends very sensitively on the regime studied, i.e. on both K and T. 
Scarred eigenstates shift almost linearly in energy when varying one param­
eter and hence have generally small level curvatures. Consequently, it has 
been suggested that scarring manifests itself in deviations of RMT predic­
tions in the level curvature distribution [10, H ] . Though not yet rigorously 
proven, this statement is now widely accepted. This distribution for the 
model defined by eq . (H) in the regime studied is shown in fig.l. There is a 
remarkable agreement with the G O E / C O E (full curve) prediction [10] 

™ = 5(i+Pp *%?<(»)'> (16) 

Here p = 2TT/(2S + 1) is the averaged level density. This indicates a small 
number of scarred eigenstates, an agreement which was already obtained on a 
similar model in [10]. Therefore, scarring is not likely to influence our study. 
Let us briefly outline our method. Our goal is to study the behaviour of 
eigenstates of eq. (11) in the semiclassical limit, i.e. as h —* 0, S —* oo so 
as to leave the product hS constant. A peculiarity of such systems is that 
the parameter governing the convergence to the semiclassical limit governs 
too the number of states 2 5 + 1 ~ \/h and the density of states. In order to 
determine the implication of this peculiarity on our study, we will therefore 
check the validity of our results on GOE matrices. 

The Husimi density of an eigenstate \u >~ I C ^ L - S ^ V I M -> 0^ 0Q-(H) is 
defined as the projection of this state onto a coherent state \6,<f> > of the 
spin SU(2) group [5] : 
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I«, * >:= E U - , y ( Ä ) »n(f ) - " COs(I)«+"e'-<-")*|^ > (17) 

The Husimi density satisfies the assumptions of the Shnirelman theorem 
[3]. Indeed one formulation of the latter refers to the uniform spreading of 
eigenstates 14'chaos > over a connected chaotic region of phase space which 
implies that 

nftff,*) = |<«d^lMH2 —(° t ° n ï e T*? r e g -° n <18) 
v v ' r / ' ' ' L const on the chaotic region ' 

Thus in our model, as h —* O, the Husimi density converges weakly to a 
constant over the whole phase space. The ftf are smooth functions of 0 
and <j> and thus can be expanded in a multipole expansion over the basis of 
spherical harmonics : 

where / = 0,1,2, .,.25 and m = —/,—/+1,- /+2, .../and |// > is an eigenstate 
of Sx, i.e. S*|/A > = p|/4 >. We used the convention to introduce the square 
root in this expansion. This multipole expansion allows us to interpret the 
Qf1n in term of magnitude of fluctuations of size ~ ^~ in the ^»-direction 
and ~ ^ - in the 9 direction. We will thus get quantitative results on the 
decrease of fluctuations as a function of their size. Let us recall that the 
Shnirelman theorem implies that as h = IfS —> 0, fluctuations of fixed and 
non zero / must vanish, i.e. : £1^(0,<j>) —> UQ0. However it does not say 
anything about the behaviour of, say, Îî«5jim/Sj as S —* oo when l(S) and 
m(S) are monotonously increasing functions of S , i.e. investigating such 
multipoles could lead us to different conclusions than that of [1, 2]. 
Using the resolution of unity : 

1 = ? i ± l / d 0 d ( E s i i i 0 | M > < M | (20) 

the normalization condition reads : 

i = < w | i | w > = ( 2 S + i )n£ 0 

* n°S° = 4 ( 2 ^ 1 ) ( 2 1 ) 
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i.e. the O1Zt moment decrease as l/S ~ h on approaching the semiclassical 
limit. Let us note that this l/S behaviour of the Shnirelman limit U00 is 
a consequence of the overcompleteness of the coherent states representation 
which necessitates the 2s+1 factor in the resolution of unity (20), hence it has 
no direct physical meaning. In the following, we therefore divide all higher 
multipoles Hfm by SIQ0 to consistantly study their decrease and introduce 

- c n'5 

the notation Uf := -^p-. On the other hand we have : 
' " O 1 O 

nfm = 4(25 + 1) ± ul^+m(-lY-"C:il'sßC^i,.ß,m (22) 

which gives a check of our numerical computation for small S. However, the 
numerical difficulty for computing the Clebsch-Gordan coefficients C^+'m^^m 
for large S leads us to use the following numerically more stable and faster 
method to compute the multipoles Clfm. We define : 

M t
s
m(W) := 4(25 + 1) < w\Sk

tSr\w > /Sk+m (23) 

It is straightforward to see that there is a linear relation between the M^m 

and the Ûfm : (We use the shorter notation 7 = e^tan(0/2)) 

MU») =s^Trl\»><»\sk*s-. 

^ ^ / ^ ^ W 0 ^ 0 ) ^ - 0 ) " 1 (24) 

The curved letters S stand for classical quantities, and for any function / (7) 
we have defined the product [12]: 

/ W o S , : = ( 5 , - 7 | ) / ( 7 ) 

/(7) 0 5_ := (S. + | - ) / (7 ) 

This allows us to write < J\OJ >< '1^5^5^17 > as a differential operator 
acting on ^ ( 7 ) . The trick is then to partially integrate this expression. 

8 



After a little algebra we reach : 

2S + 1 
4^+m J ^ W ° (Äo)*(5.o)» 

^r-*^ 1- 1^^ (25) 
where 

P f 1 J u ) = ( (25 + 2 + m)u - m - (1 - u 2 ) ^ ) * l := £ ^ / ^ ( u ) (26) 

in term of the Legendre polynomials P™(u) and u = cos(0). We finally get : 

^ M = (2S)\(2S)^ £ 2fïïQf'mPk ( 2 ? ) 

It is thus possible to obtain the Ùfm through a matrix multiplication of the 

moments M^ m (w) : 

Ms(u) = MÛS (28) 

where we defined ( M » ) , , m = Mg^u), (Ô s) , ,m = < 2 ^ T O
m ì ! f t g m and 

Numerical inversion of this last matrix allows us to get the multipoles Ùfm 

from the numerical computation of the moments Mfm(u;) . The advantage 
of this method against the direct computation of Husimi densities is the 
numerical stability. Moreover, if we are interested in the few first multipoles, 
say up to / ^C 5 , then only the diagonal matrix elements up to M,5

m are 
necessary. 

Fig.2 shows a plot of a moment distribution P(H?0^) obtained through com­
putation of 2404 diagonal matrix elements from 4 unitary matrices defined 
by e q . ( l l ) 4 close to the regime T = 50 and K = 1.2. The agreement with 
the Gaussian fitting is remarkable and allows us to conjecture tha t the fluc­
tuations of the Ûfrjn obey the probability distribution 

P(SlU « exp(-(ft£m - firJ2/(2<J) (29) 
4We have considered only the projection of (11) on even states, i.e. states which are 

left invariant by the parity Jl\fi >= | - /i >. 
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where the mean value Uf^n is the Shnirelman limit. This distribution narrows 
itself as Ti —* 0, until finally the "almost all" wave functions, i.e. those 
who obey the Shnirelman theorem, have converged to their Shnirelman limit 
Û™m = 0, I ^ 0 and ft~0 = 1. In other words, of decreases as S increases. 
This decay follows a power law as shown in Fig.3. We have : 

< m ~ S - 1 / 2 V / ^ O (30) 

As already mentioned, this law is valid for fixed I and m in the regime /, 
m<S. 
We further did the same study on GOE matrices. We constructed the M-
matrix defined in equation (23) using eigenstates of a GOE matrix instead of 
the eigenstates |u> > of the kicked top (11). The result is shown in Fig.4 and 
indicates a decay of the width of the Gaussian distribution of fluctuations 
of the Husimi density of the form (29). Let us note at this stage that the 
relationship between this width and the fluctuations of observables similar 
to those studied in [1, 2] is : 

K J 2 ~< Ff > (31) 
Indeed ofm measures the fluctuations of the Husimi density. They are lin­
early related to the matrix elements of observables according Io equations 
(23) and (27). The fluctuations of these matrix elements are roughly given 
by their square and hence we get equation (31). We thus get the same 1/5 
decay of the fluctuations as in [1, 2]. In other words, the Husimi density 
converges to its semiclassical value with a rate given by the square root of the 
rate of convergence of diagonal matrix elements of observables. This rate is 
independent of the size of the fluctuations. As for the shape of these fluctu­
ations, the diversity of models studied up to date leads us to conjecture that 
quantum mechanical systems with strongly chaotic classical counterpart have 
gaussian distributed fluctuations of their diagonal matrix elements around 
their microcanonical classical average (Eq.(2) or eq.(l2)). Apparently, the 
width of this gaussian decays like h as h —* 0. This postulate is to be taken 
with the "almost all" Shnirelman restrictions and excludes of course models 
like the kicked rotator [15], where quantum interference effects lead to local­
ization of the wave function, thus destroying the ergodicity of the quantum 
wave function 5. In the classically strongly chaotic regime we are dealing 

5However restriction of quantum averages to phase space region smaller than the lo­
calization length should lead to a similar behaviour, 
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with here, the "localization length" in the kicked top exceeds by far the total 
number of eigenstates 2s -f 1, hence no localization effect occurs [13]. 
Up to now we have shown that our model matches in every respect all the 
features of a GOE random matrix : its spectrum exhibits level repulsion its 
level curvature statistics correspond to the RMT predicted distribution and 
the statistical distribution of the components of its eigenvectors tends to the 
semiclassical average in the same way, which in its turn implies a decay of 
the width of the Gaussian distribution of the rrmltipoles Ùfm defined in (19). 
However as has already been said, there is absolutely no reason to expect a 
similar decrease when I is not small compared to S. We therefore turn our 
attention to the behaviour of these multipoles. 
We concentrate on the questions : 

• Is there a similar power-law decay for ^ 5 1 m m when /(S) and m(S) 
are increasing functions of S ? 

• Are there possibly restrictions on l(S) and m(S) for this power-law to 
stay valid ? 
Answering this questions gives us information on the minimal size A{|Tn of the 
relevant fluctuations. From the Heisenberg uncertainty principle, quantum 
mechanics does not resolve details smaller than h in the 2d-dimension al 
phase space of a ^-dimensional system. Hence we have a lower bound for the 
fluctuations size A/,m = (i+1

2wm+li > h ~ 1/5 and thus an upper bound for 
I and m : l,m & S. For the sake of simplicity we will restrict ourselves to 
the study of m = 0 multipoles with I ~ 5 and y/S using formula (22) with 
random eigenfunction components w^ which corresponds to the GOE case 6. 
We show the result of this study on flg.5 for /(S) = 5/2, 35/4, 5 and 55/4. 
Obviously, these 5-dependent multipoles decay faster than those with fixed 
/ and m. Moreover a Sc is likely to exist for each /(S) above which the 
magnitude of the corresponding fluctuation decays faster than a power law, 
possibly exponentially. However this latter conclusion is to be taken carefully 
because of the restricted 5-range of fig.5 7. On the other hand the I — \ /S -
moment decay as a power law ~ 5~3 '2 , at least in the studied range of 
var ia t ion of 5 -

6The Uf1 's arc random up to the normalization condition Ylu=:-s l^vl2 = 1 a n ^ *^e 

Il-parity : u>p ^ 0 either for /i = -S, — S + 2, —S + 4, ... S or /i = —S + 1, — S + 3, ... 
S - I . 

7This restriction is due to the computation of the Clebsch-Gordan coefficients. 
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In view of this, we conclude that, in the GOE case, the critical value /c below 
which the fluctuations are relevant either tends to a constant, or to infinity 
slower than S, i.e. 

/c - S° 0 < a < 1 (32) 

On the other hand, previous study of the kicked top emphasized the quasifrac-
tal structure of the Husimi density of its eigenfunctions in the chaotic regime 
[16]. This means that fluctuations in both directions of phase space are 
present up to the smallest scale allowed by the Heisenberg uncertainty, i.e. 
up to a size 0(hi/2), which is consistant with eq. (32) with a = 0.5. The fact 
that the moment H ^ 0 also shown on fig.5 decays more or less as a power-law 

Cl^0 ~ S" 3 ' 2 (33) 

corroborates this conclusion : multipoles up to I ~ y/S are relevant, i.e. 
a = 1/2. 

Nevertheless, nothing forces the eigenstates of a quantum chaotical model to 
match those of a GOE matrix up to the smallest scales. It would therefore be 
highly desirable to get a condition on a like eq.(32/33) for a quantum chaot­
ical system. This could be achieved by direct computation of tljsjmts) using 
eq.(22). However, the numerical difficulty associated with the computation 
of high-order Clebsch-Gordan coefficients renders this task hardly fulfillable, 
as can be seen on fig.6 where we show results obtained for H ^ 0 through 
eq.(22) averaged over more than 40000 states for each point. On one hand, 
the semiclassical randomness of the eigenstates is not attained for small S, 
while on the other hand, the Clebsch-Gordan coefficients limit the maximal 
spin magnitude. In other words these two effects dramatically affects fig.6 
left and right. Considering the size of our statistics, we attr ibute to these 
effects the somehow erratic behaviour of Q /^0 . On fig.6, the solid line in­
dicating a S — 1.5-decay is shown as eye-guide, and constitutes in no way a 
serious result. 
In conclusion our study of the Husimi density of eigenstates of the quantum 
spin system defined by (10) and (11) has confirmed the gaussian shape of 
fluctuations around the semiclassical limit. These fluctuations decay in size 
with a rate ~ 1/y/S for I <C lc ~ V^ . This rate possibly increases to 1/S3 '2 

for I smaller but of the order of /c. Moreover, this decay results in the same 
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power law for the decay of fluctuations of diagonal matrix elements of ob­
servables as in previous studies [1, 2], indicating perhaps universality. While 
GOE results tend to confirm the quasifractality proposed in [16], numerical 
difficulties forbade .us to check it for the quantum dynamical system. Inves­
tigations to overcome this difficulty are on their way. For the time being, 
let us just point out that the fact that GOE eigenstates seem to exhibit 
this quasifractality renders it a direct consequence of the randomness of the 
states. The maximal randomness is then bounded by Heisenberg^ uncer­
tainty, but beside that, the quasifractality of the states seem to contain no 
physical content. 

We thank the Centro Svizzero di Calcolo Scientifico. Work supported in 
part by the Fonds National Suisse de la Recherche Scientifique. 

13 



References 
[1] B. Eckhardt, S. Fishman, J. Keating, O. Agam, J. Main and K. Müller, 

Phys. Rev. E 52, 5893, (1995). 

[2] M. Feingold and A. Peres, Phys. Rev. A 34, 591, (1986). 

[3] See the addendum of A.I. Shnirelman in : KAM Theory and Semiclas-
sical Approximations to Eigenfunctions, V.F Lazutkin, Springer (1993). 

[4] E. J. Heller, Phys. Rev. Lett. 53, 1515, (1984). 

[5] A. Perelomov, "Generalized Coherent States and their Applications", 
Springer-Berlin, 1986. 

[6] Ph. Jacquod and J.-P. Amiet, J. Phys. A : Math. Gen., 28, 4799, (1995) 
and references therein. 

[7] M. L. Mehta, Random Matrices, 2nd Edition, Academic Press, 1991. 

[8] See e.g. A. J. Lichtenberg and M. A. Lieberman, "Regular and Chaotic 
Dynamics" (Second Edition), Springer, 1992. 

(9] M. Robnik and M. V. berry, J. Phys. A : Math. Gen. 19, 669, (1986). 

[10] J. Zakrzewski and D. Delande, Phys. Rev. E, 47, 1650, (1993), and 
references therein. 

[11] T. Takami and H. Hasegawa, Phys. Rev. Lett. 68, 419, (1992). 

[12] J.-P. Amiet and M. Cibils, J. Phys. A : Math. Gen., 24, 1515, (1991). 

[13] For a comparison of the kicked rotator and the kicked top, see e.g. : F. 
Haake, "Quantum Signatures of Chaos"', Springer, 1991. 

[14] P. Pechukas, Phys. Rev. Lett. 51, 943, (1983) 

O. Bohigas, M.-J. Giannoni and C. Shmit, Phys. Rev. Lett. 52, I1 (1984) 

[15] D.L. Shepelyansky, Physica 28D, 103, (1987). 

[16] K. Nakamura. Y. Okazaki and A. R. Bishop, Phys. Rev. Lett. 57, 5, 
(1986). 

14 



Figure Captions 
Fig.l: Distribution of level curvatures for the eigenstates of (11) and S = 
200, T = 50 and K = 1.2. From the remarkable agreement with RMT predic­
tions we conclude that the ratio of scarred eigenfunctions is very small (see 
[10, H)), and should therefore not influence our study. 

Fig.2: Moment distribution -P(Hf0) as defined in (16) for a spin S = 600. 
The statistics has been computed from 2404 even states of four realisations 
of (11) taken around T = 50. and K = 1.2. The agreement with a gaussian 
(solid line) is remarkable. On inset we show the same curve on a semi-log plot. 

Fig.3: Log-log plot of the width of the gaussiann distribution of multipoles 
P(Ûfm) for model (11), m = 0 and I = 1 (squares), I = 3 (diamonds) and 
/ = 5 (triangles) vs. the magnitude of spin 5. Inset shows the width of 
P(Re(O^1n)) for m = 2 and I = 2 (circles), I = 3 (squares), / = 4 (diamonds) 
and I = 5 (triangles). In both cases, the solid line indicates the 5"1^2 decay. 

Fig.4: Log-log plot of the width of the gaussian distribution of multipoles 
P(Uf1n) for GOE, m = 0 and I = 1 (circles), I = 3 (squares) and I = 5 (dia­
monds) vs. the magnitude of spin 5. The solid line indicates the 5" 1 ' 2 decay, 

Fig.5: Log-log plot of the width of the gaussian distribution of multipoles 
-P(UfJ for GOE, m = 0 and I = 5/2 (circles), / = 35/4 (squares), I = S 
(diamonds), I = 55/4 (triangles) and I = \/S (empty diamonds) vs. the 
magnitude of spin S. The upper and lower solid lines indicate a decay of 
5 - 1 ' 5 and S - 3 6 respectively. 

Fig.6; Log-log plot of the width of the gaussian distribution of multipoles 
P(nf ( S ) 0 ) for model (11), l(S) = y/S and T = 50. and K = 1.2, m = 0 and 

5 = v 5 vs. the magnitude of spin 5. The solid line indicate a decay of S~1^2. 
We attribute the rather erratic behaviour of the datas to the numerically in­
stable computation of high-order Clebsch-Gordan coefficients (see text). 
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Two interacting Hofstadter butterflies 

Armelle Barelli, Jean Bellissard, Philippe Jacquod0 and Dima L. Shepelyansky6 

Laboratoire de Physique Quantique, UMR 5626 du CNRS, Université Paul Sabatier, F-31062 Toulouse Cedex, France 
° Institut de Physique, Université de Neuchâtel, CH-SOOO Neuchâtel, Confédération Helvétique 

(February 18, 1997) 

The problem of two interacting particles in a quasiperiodic potential is addressed. Using analytical 
and numerical methods, we explore the spectral properties and eigenstates structure from the weak 
to the strong interaction case. More precisely, a semiclassical approach based on non commutative 
geometry techniques permits to understand the intricate structure of such a spectrum. An interac­
tion induced localization effect is furthermore emphasized. We discuss the application of our results 
on a two-dimensional model of two particles in a uniform magnetic field with on-site interaction. 

PACS numbers: 05.45.+b, 72.15.Qm, 72.10.Bg 

I. INTRODUCTION 

The study of crystal electrons submitted to a mag­
netic field has been extensive since the early works of 
Landau1 and Peierls2. These studies have led to deep in­
sights in the physics of electrons in solids (interpretation 
of the de Haas van Alphen effect3, investigation of the 
Fermi surface...). The number of contributions on the 
subject between 1950 and 1970 reveals the importance of 
magnetic field effects. Twenty years ago, Hofstadter nu­
merically computed the spectrum of the Harper model4 

and discovered its fractal structure as a function of the 
normalized magnetic flux per lattice cell5 (Fig. 1). 
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FlG. 1. Hofstadter's butterfly for rational values of 
a — p/q up to q = 29. For each value of the magnetic 
flux Q = p/q, we generally have q bands. Near energies 
equal to ±4 and zero flux, we observe the emergence of 
Landau levels. 

The problem of a two dimensional electron on a pe­
riodic lattice has been of special interest in solid state 
physics during the last fifteen years : superconducting6 

and normal-metal networks7. Harper-like models have 
been used to describe the quantum Hall effect8 in or­
ganic conductors, in Anyon superconductivity9 and in 
flux phases for the Hubbard model10. 

If the lattice is given by the positions of the ions of 
a metal, the lattice spacing a is of the order of 1 Â, so 
that even with the highest magnetic fields that can be 
produced now, namely B fts 2OT, we get a = y/2w « 
0.5 x I O - 4 which is fairly small and shows that in this 
situation a "semiclassical" approximation will always be 
relevant. As a matter of fact, an effective Planck's con­
stant denoted by y proportional to the applied magnetic 
field naturally appears as an adjustable variable of the 
problem. Therefore the weak magnetic field limit 7 H+ 0 
corresponds to the semiclassical limit h •—* 0. The cor­
responding classical phase space at B = 0 is the quasi-
momentum space, namely the Brillouin zone of the cor­
responding lattice. Topologically it is a 2-torus and the 
appearance of the magnetic field transforms it into a non 
commutative 2-torus11. 

Whenever 7 = 2-jrp/q, (p,q G N) the lattice Hamil-
tonian H recovers some periodicity and Bloch's theory 
applies. We shall see then that H can be represented 
as a self-adjoint q x q matrix whose entries are periodic 
functions of the quasimomentum components. Thus, if 
7 is close to any rational multiple of 2ir, it is possible to 
compute the spectrum using semiclassical methods. 

Based on these remarks, many theoretical and math­
ematical works were published during the last fifteen 
years using renormalization group analysis12 and pseu­
dodifferenti al operators techniques13. On the basis of the 
techniques of non commutative geometry11, another ap­
proach was developed in order to reformulate and extend 
the semiclassical results14. The algebraic semiclassical 
approach is justified by the simplicity of its application 
and its efficiency, for example in the computation of Lan­
dau levels both in Harper-like models15 and in a model-
Hamiltonian on a triangular lattice16. The comparison 
between semiclassical formulae and exact calculations ex­
tracted from the various spectra for y € 2TTQ gives sur-



prisingly accurate agreement even for relatively large 7's 
(namely y/2ir < 0.2). 

While in the above formulation of the problem of Bloch 
electrons in a magnetic field the particles are considered 
on a two-dimensional lattice, it is possible to map it ex­
actly onto a one-dimensional lattice with quasiperiodic 
potential. The interesting property of such a lattice is 
the duality between momentum and spatial coordinates 
pointed out by Aubry and André17. This Aubry dual­
ity results in a delocalized structure of the eigenstates 
characterized by an algebraic decay and a multifractal 
eigenspectrum. This leads to a quasi diffusi ve wave packet 
spreading on such a lattice18*19. 

Recently, numbers of authors have followed a new path 
in the study of the combined effect of interaction and 
disorder. The a priori simple problem of two interacting 
particles in a random potential20 has indeed revealed an 
unsuspectly large interaction induced derealization ef­
fect. However, the opposite effect has been discovered in 
the case of two particles in a quasiperiodic potential. In 
this case, the interaction leads to the emergence of a pure-
point component out of the spectrum of the non inter­
acting problem. These facts have been firmly established 
by overconvìncing numerical and analytical results21,22. 
It is one of the purposes of this paper to again express 
these arguments in more details. 

We shall present in this work analytical and numer­
ical results derived from the two-particle Harper prob­
lem with on-site interaction on a one-dimensional lattice. 
More precisely we devote the second section to the pre­
sentation of the algebraic semiclassical approach on the 
non interacting problem U=O. The corresponding spec­
trum is somehow an intricate superposition of two Hof-
stadter butterflies. The aim of section 3 is to study the 
small interaction regime where usual perturbation theory 
can be applied. The evolution of the spectrum as a func­
tion of the strength of the interaction will be presented. 
After building the analytical framework in section 4, we 
apply it to the computation of the levels in the strong 
interaction regime. We show that for very large U, the 
spectrum is divided into two parts : one corresponding 
to the non interacting case and the second one, look­
ing like a Mathieu spectrum corresponding to localized 
states strongly influenced by the interaction. Based upon 
Aubry's duality17, it can be proved that all the wave func­
tions are localized in this regime as far as the Mathieu 
part of the spectrum is concerned. Finally, we discuss in 
section 5 the problem of two interacting particles on a 
two-dimensional lattice submitted to a magnetic flux. 

II. NON INTERACTING MODEL 

In his 1930's study of the electronic diamagnetism of 
metals, Landau computed the energy spectrum of a free 
electron subject to a uniform magnetic field1. If B is 
uniform and parallel to one axis, for example axis 3, the 

kinetic energy is written as : 

with K1I = (PM -qeA^/h, /i = 1,2 and A - {AitA2) is 
the vector potential satisfying curl(.A) = B, qe is the elec­
tron charge. Moreover, the quas i moment a/<"i, Ki satisfy 

[K^K2] = igeB/h (2) 

Let us notice that this commutation rule becomes canoni­
cal when replacing h by q^B/h. This new effective Planck 
constant (divided by 2-K) is proportional to the magnetic 
field B and behaves as a varying physical parameter, 
quite naturally. 

The spectrum of HL is En = EoheffU>(2i/ + 1) with 
£ 0 = h2/2me, Aeff = qeB/h and w = 1. Therefore : 

jE7„ = fiwe(v+l/2) (3) 

where wc = qeB/me is the cyclotronic frequency and u is 
the Landau quantum number. 

When 0 = 0, the electron energy E(k) for each 
conduction band is given by Bloch's theory, where the 
quasimomentum components k = (k\, £2) are defined 
modulo the reciprocal lattice such that for a simple 
square lattice in the tight-binding approximation E(k) = 
2EQ [cos(fciai) + cos(&2a2)] where a^ is the vector of the 
Bravais lattice in the /i-direction. The charge carriers en­
ergy is calculated by expanding E(k) near its extremum, 
denoted by ke, namely : 

E(k) = E(kc) + h2 (M-% hikj/2 + O (|fc|3) (4) 

where M stands for the effective mass matrix such that 
M~l ~D2E{kc)lh

2, 
Thus Landau theory leads to a substitution k{ • a; •—*• 

Ki = j- ( P — qeA) • ai when an external magnetic field is 
applied. We have the following commutation rule : 

[K{, Kj] = iqçBaiuj/h = 2iirfcj / fa = 2ina = 17 (5) 

where 0o = h/qc is the flux quantum, 4>\j is the magnetic 
flux through the cell generated by (a,-,aj) and a = <j>ij/4>o 
is the normalized magnetic flux. For a crystal with peri­
odic spacing, the Peierls operator V(k) is represented by 
an effective Hamiltonian2, namely : 

P(Jk) = 5 3 M ^ e ' " 1 - * , r n e Z 2 (6] 
m 

where hm(a) are smooth functions of Q. Thus : 

m 

If several bands intersect the Fermi level, the interbam 
coupling due to the magnetic field is neglected and there 
fore : 



#eff = 2i ( c o s ^ l + c o s ^"2) (8) 

where t is physically interpreted as a transfer term corre­
sponding to the required energy for an electron to jump 
from one site to another (nearest neighbour) of the lat­
tice. 

For a wave function VK71Ii^) defined on the two-
dimensional lattice £2(Z2), the magnetic field effect can 
be seen through the magnetic translation operators such 
that : 

- i g e f ( B l i » a ) X Jl 

(W2^) ( m , n2) = e ^ J C M U - O A d V ( " i , "2 - 1) (9) 

in an appropriate gauge we get : 

(Wltf)(ni, Hj) = ^(H1 - 1,Ti2) 

[U2^) (n i , n2) = e-^"> V(H1, n a - 1) (10) 

Because of the presence of the uniform magnetic field, 
the magnetic translation operators no longer commute, 
namely in that case 

UiU2 = ^U2U1 (11) 

where 7 is the normalized magnetic flux per lattice-ceil 
defined by 7 = 2na = 1n$/<f>Q, <f> being the flux per unit 
cell and <f>o = h/qe the flux quantum. 

If we set Ui = exp («'#1), U2 = exp (1K2) using the 

commutation rule (11), we obtain 

[*„*,] = ^ : 5 2 1 ^ = 2 ^ = 2*,, = *, (12) 

which corresponds to (5) in the particular case i = 1 and 
3 = 2. 

Following Harper4, the eigenvalue equation is written 

£0 [i>(n\ + a, Ti2) + *l>{ni - a, n2)+ 

+Ae ' "* f l n i B / V(n , , n 2 + a) + A e - ' « « * " 1 " ' * ^ ! , n 2 - a) 

= 2£if>{nun7) (13) 

A represents the strength of the quasiperiodic potential. 
Let us assume plane-wave behaviour in one direction, 

i.e. we set ^1(Ti11Tt2) = J dße%0n3 <f>{m) since the coeffi­
cients in the previous equation only involve n\ : 

i M n i . n ^ e ' ^ ^ O 

and the eigenequation becomes : 

^ n 1 + l) + ^(n! - 1 ) + 2A cos (27TQn1 + ß) ¢(7^) 

= f*(n i ) (14) 

where we included the additive energy due to the motion 
in the field direction in the eigenvalue £ and where we 
changed the origin OfTi1. 

It is possible to characterize the properties of eigen-
functions from (14) by looking at a special regime, 
namely A <C 1. Therefore, the hopping term is domi­
nant and we can treat the quasiperiodic potential part 
of the eigenvalue equation as a perturbation. It is then 
easy to see that the solutions are given for A = 0 by Bloch 
waves (j>k{n) = exp(tfcn) with an energy E = 2 cos Ar. For 
Q < A < 1, the perturbation theory allows us to perform 
an expansion of eigenvalues and eigenstates in A such that 

£(fc) = 2cos*-f ^ A m e m ( f c ) 
m 

= eiknum(7n + ß) (15) 

Evaluating the first and second order perturbation theory 
contributions and replacing the expressions (15) in (14) 
leads to : 

A(«m+i + u m _ i ) + 2cos(7m + fc)um = E(k)um (16) 

The previous equation is known as the "almost Mathieu" 
eigenvalue equation and the argument above is the Aubry 
duality17 between momentum and coordinate represen­
tations. As far as spectral properties are concerned one 
can be easily convinced that dealing with Bloch states 
means that the states are extended. Thanks to this du­
ality, A «-• 1/A between (14) and (16), it is quite natural 
to get localized states for the almost Mathieu Hamilto-
nian at small A's. More precisely, it has been proved that 
the spectrum of the almost Mathieu Hamiltonian is pure-
point at small A's and for almost all /Ts23. Conversely 
if A > 1, the almost Mathieu Hamiltonian has purely 
continuous spectrum for almost all /?'s24. 

Setting ( = 1 in formula (8) and using the magnetic 
translation operators Ui and U2 defined on the two-
dimensional square lattice by (10), the previous Harper 
equation can be written as the action of an effective 
Hamiltonian such that : 

Httc = Ux +W1-1 +W2 +W2-1 (17) 

In order to study the two interacting particles model on 
a quasiperiodic lattice we transform the previous eigen­
value equation (14) into (A = 1) 

[2COs(Tn1 +y3i) + 2cos(7n2 + A ) + t/6„1,na]^n,1n2 

+ ^ n i + l .n j + < # n , - l , n 3 + $nltn7+l + ^ n , , n 3 - l 

= £* B l l n , (18) 

where /?i |2 are related to the quasimomentum compo­
nents of the non interacting case. Here we chose the form 
of on-site interaction which only influences the symmet­
ric configurations while the antisymmetric ones remain 
not affected by U. Due to that, we shall only discuss 
symmetric configurations in the following. 
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In the most simple case of non interacting particles 
(U = 0), the spectrum can be computed as before and is 
shown in Fig. 2. 
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FIG. 2. Spectrum of the two-particle Harper problem 
with U=Q obtained for rational values of a — p/q up to 
¢ = 19. 

As we pointed out before, 7 = 2ira appears in our 
problem as an effective Planck constant since the mag­
netic translation operators U\ and Ui obey canonical 
commutation rules in 7. Therefore, we study the semi-
classical limit by letting 7 »-+ 0. It is also possible to per­
form calculations near a rational value of the magnetic 
flux, namely Y = 7 - 2irp/q 1—• 0. The efficiency and 
the accuracy of our calculations allow to explain some 
features of the corresponding spectra. 
When 7 = 0, corresponding to B = 0, we recover the 
band function E(Jc), where k = (fci,fc2)- To study the 
Landau levels, we expand the classical symbol of the 
Hamiltonian around an extremum of the band function 
denoted by kc : 

H{k) = 7i(kc) + ^O1AWOMM* + (19) 

The quantization of fi(k) consists in replacing the mag­
netic translation operators by14: 

Uj = exp {i(kej + y/yKj)) , j = 1,2 (20) 

where kcj are the bottom well coordinates and Kj are 
operators satisfying Heisenberg's commutation relations 
[Ki)Ki) = i. The quantized of Ti, denoted by H, is 
written as : 

H = J2 Mm> 7)ei<m'*e+v'7m-*) 
m 

with m- K =m\K\ + m^AY In the weak field limit, one 
formally expands H in powers of y/j : 

& m ^ ' +7 

+0(73/2) 

-h(m,0)eimk*{m-K)'' 

(21) 

which we rewrite as : 

+0(7
3/2) (22) 

The dH/df-tetm takes into account a possible explicit 7-
dependence of the classical Hamiltonian whereas d^H 
represents the inverse effective mass matrix due to the 
band function curvature. By a unitary transformation, 
the quadratic term can be written as u (fCl + IC2) / 2 
where w is related to the determinant of the Hessian 
matrix d„ô„W(Ae,0). We recognize here the harmonic 
oscillator Hamiltonian. For this reason, the energy levels 
denoted by E„ are called "Landau levels" and are equal, 
to that order in 7, to u(v + 1/2) leading to : 

EM = n(kc,0) + 7(2f + 1) (det ^D2H(K0) 

1/2 

+7 fm^j+ +0{yN) (23) 

The formula (23) has been checked numerically on sev­
eral models. To illustrate it, let us consider the two-
particle Harper Hamiltonian on the square lattice (18) 
near the maximum kc = (0,0) of the band function. Us­
ing (20) and (22) the quantized Hamiltonian is then ex­
pressed as an expansion in powers of 7 : 

H = S-J ((Ap V + ( 4 " ) 2 + (Kp')2 + (Af')2) 

4 ((AfV + (4'V + (KPV + (Af')4) + 
+0(73) (24) 

where the A^1,2) are quasimomenta for particle 1 and 2 
respectively. Finally it gives the Landau levels : 

£ ^ ( 7 ) = 8 - 2 7 ( ^ + " 2 + I) 
+ T

2 [ ( 2 ^ + l ) 2 + ( 2 i . 2 + l ) 2 + 2] /16 

+ 0 ( 7 3 ) (25) 

where u\ and v<i are the Landau quantum numbers asso­
ciated with particle 1 and 2 respectively. To check the 
accuracy of this formula, we compared it to the datas 
extracted from the numerical spectrum obtained by ex­
act diagonalization. Fig. 3 shows the accuracy of such 
a semiclassical expansion in the description of the spec­
trum of the two-particle Harper model when 7 •— 0. 

H = ^ { / i ( m , Q)eim-k< + iy/ïh{mt 0)e'm *cm • A' 

1 I O 



FIG. 3- Comparison between semiclassical calculations 
(25) (full curves) and exact numerical spectrum (points) 
for Landau sublevels in the two-particle Harper model 
on the square lattice when U = 0. Datas are extracted 
in the region of energies corresponding to the maximum 
(0,0) of the band function. 

III. WEAK INTERACTION REGIME 

We present here a simple perturbative treatment that 
enables to implement the already presented results for 
the weakly interacting case. The first-order contribu­
tion allows to understand the splitting of Landau bands 
at sufficiently weak interaction, and describes it qual­
itatively well. It moreover enlightens the mechanism 
through which interaction affects the system. Using the 
representation defined by (20), we write the unperturbed 
Hamiltonian as : 

H^ = 2 C O S ( V T K I ) + 2cos(V7/C2) (26) 

In the semiclassical limit 7 >—* 0 we expand (26) in 
a power series around a minimum of potential qw = 
71VVT "*" ^ T - W / V T I N € Z. Keeping only terms up to 
the second order in 7 we end up with a harmonic oscilla­
tor. In this approximation and in the continuous case the 
one-particle wave functions of the unperturbed Hamilto­
nian are therefore given by : 

Mv) = /M-ja=)exp ( - ^ ) / V
/ 2 v y T Ì (27) 

Here, Hv{x) is a Hermite polynomial, the index u refers 
to the Landau level, y = x— qw in term of the minimumof 

potential q^ around which the harmonic approximation 
has been performed, and x is the spatial coordinate. This 
expression is of course valid, provided 7 and \x~q^\ < 1, 
i.e. in the small magnetic field regime, and not too far 
away from a potential minimum. Extending our expan­
sion to higher powers in 7 would allow us to increase the 
range of validity of this expression. We could indeed write 
the exact normalized wave functions in an expansion in 
7 as 

Mv) = «p ( - £ ) (<***( Js=) + v*Bil)(fy + •») 
(28) 

For the purpose of discretization, we introduce a con­
tinuous variable ( G R labeling the well, and a discrete 
one / € Z numbering the sites. Then y — 4 — l^/y 
since in the chosen representation, the intersite spacing 
is a — V T . The set {<pu} builds a quasiorthogonal basis 
in the sense that for £ ^ £', due ^° * n e Gaussian envelop 
of the states we have : 

E *,« - IJt)VAf - Vfl = 0(exP(-l/T))^ (29) 
J 

These functions are periodic in £ with period l/y/j- In 
the semiclassical limit the norm of <pv is : 

= VVT / ^My)I2 

= I/VT (30) 

Consequently, to get normalized one-particle wave func­
tions on the discrete lattice t(Z) we must multiply the 
tp's by a factor 7 1 ' 4 . We thus can write the symmetrized 
two-particle unperturbed wave functions as : 

#£(', <') = yßiMt ~ IVT)M? - l'y) 

±Mt - < x / 7 > , « ' - ' ' T ) ) (1 - ¢,,,(1 - 1/V2)) (31) 

We are now able to compute the first-order correction 
for the energy. Because of the exponentially localized 
character of (28), two particles located on different wells 
have only an exponentially small overlap, and as a con­
sequence do practically not interact. Therefore the first-
order interaction induced correction to the energy is non 
zero only for symmetric wave functions with £ = £'. We 
have ; 

*£(1) = " £I>S:!('.n)2M€-*' + (*' -OVT) 

= U6Uf / dy(<Pv{y)<pu(y))2 (2 - 5M)tf) + 

+0(exp(-l /7)) (32) 
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FIG. 4. Spectrum of the two-particle Harper model 
with on-site interaction at U = 0.4 up to q — 23. 

From (28), the dominant term in the last integral is of 
order O(yfy) so that we finally have 

AEW~U6u,Jy (33) 

The numerical factor can be estimated from the harmonic 
approximation (27) which leads to : 

AE 0 ) _ Ua1 'W J- = U6U^ 
Z7T 

(34) 

for states with Landau quantum numbers (O1O) and (0,1). 
This result shows that the interaction primarily acts on 
two-particle states with high double-site occupancy. In 
what follows we shall call such states "pair states". States 
for which the particles are located around different poten­
tial minima practically do not feel the interaction. There­
fore, switching on the interaction does not modify most 
of the spectrum as can be seen on Fig. 4. 

From (25) and (34) and for small enough interaction, 
the shifted part of the spectrum is given by : 

Ev1^h) ~8 +u\Ji;- 2 ^ + "2 +1) 

+7 2 [(2"! + 1 ) 2 + ( 2 " 2 + I ) 2 + 2]/16 (35) 

The amazing agreement between the numerically com­
puted spectrum obtained by exact Lanczos diagonaliza-
tion and (35) is shown in Fig. 5 where U = 0.4. It is 
a confirmation of our reasoning : pair states form the 
shifted part of the spectrum. Because these states are 
much fewer than states where particles are located in 
different wells, the shifted spectrum is much less dense. 
In this sense the interaction splits the butterfly into two 

parts. One of them is practically not affected by the in­
teraction and corresponds to the states where particles 
are far from each other. The second one is shifted and 
relays to the situation where particles form pair states. 
Here, the interaction results in a global shift of the spec­
trum. In this way, new states appear in the initial gaps of 
the non interacting spectrum (see Figs. 4,6 and Fig. 1(b) 
in21). Direct analysis of eigenstates shows that the cor­
responding states are exponentially localized21. We shall 
come back to this point later on for the case of strong 
interaction. 

FIG. 5- Comparison between semiclassical calculations 
extended by perturbation theory (35) (full curves) and 
exact numerical spectrum (points) for the two-particle 
Harper model with on-site interaction at U — 0.4. 

IV. STRONG INTERACTION REGIME 

The strongly interacting regime needs a special treat­
ment quite analogous to the one presented in section 2. 
As we will see, Schur's complement formula can be suc­
cessfully applied to construct an effective Hamiltonian, 
The latter is then expanded in a power series in 7 to de­
liver highly accurate formulae. From the weakly interact­
ing regime we learned that particles located on different 
potential minima do not feel each other : for such pairs 
the interaction is suppressed by an exponentially small 
term of order 0((/exp(—1/7)). Therefore, this picture 
remains valid even for large U's, the relevant parametei 
being the magnetic flux. Pair states on the other hand 
undergo an energy increase of order AE « U. Therefore 
when the strength of the interaction U > 0 increases 
one part of the spectrum is almost not affected. Anothei 



spectral structure appears, initially looking like a shifted 
butterfly (see Fig. 4 where U — 0.4), then evolving to a 
shifted Mathieu spectrum as the interaction grows bigger 
and bigger (see Figs. 6, 7 and 8 where U = 5,10 and 20 
respectively). 
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FIG. 6. Spectrum of the two-particle Harper model in 
the intermediate regime U = 5 up to q = 23. 
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FlG. 7. Spectrum of the two-particle Harper model in 
the strongly interacting regime U = 10 up to q = 23. 
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FIG. 8. Spectrum of the two-particle Harper model in 
the strongly interacting regime U — 20 up to q = 23. 

In this section, we present an analytical approach that 
allows to understand completely the mechanism driving 
this evolution of the spectrum. Further details like the 
splitting of the Landau band v\ = 0, V2 = 1 will also be 
computed, even though the physics is there less transpar­
ent (see Fig. 7). We shall concentrate our semi classi cai 
calculation near the band function maximum kc = (0,0) 
corresponding to the energy z fw U + 4 in the spectrum. 
The two-particle Hamiltonian can be expressed in the 
following way : 

#Tip = Em,n [2 cos (Tm + /3) + 2 cos ( 7 n + /?)] 

\m ® n)(m ® n\ + U £ m \m ® m){m ® ml 

+ E m ^ n |m ® n) [(m ® n + 1| + (m ® n - 11 

+(m + 1 ® n | + (m - 1 ® n|] 

(36) 

The strategy is based on the so-called Schur complement 
formula. Our Hamiltonian / / T I P is a self-adjoint operator 
acting on a Hilbert space that can be decomposed as 
H =V (B Q. Let P and Q be the orthogonal projections 
on each subspace of that decomposition, namely : 

Q = I - . P = £ m î É J m ® n ) { m ® n | 

In other words, P is the eigen projection on pair states 
and Q is its orthogonal. If z is an eigenvalue of HT\P and 
does not belong to the spectrum of QHTIPQ then it is 
also an eigenvalue of the following effective Hamiltonian 

H$p{z) = PHT\pP + PHTIPQ 
1 

z - QHTlPQ 
QHTIPP 

(37) 
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When U is large the dominant term in the effective 
Hamiltonian given by the Schur complement formula (37) 
corresponds to the pair states. The semiclassical ap­
proach we introduced in section 2 remains valid so that 
Hfip(z) = H$p(zQ + JZi + I2Z2 + 0{ 7

3 ) ) . The implicit 
equation to be solved is then : 

with 

HflP{z) = zQ + 7Z1 + 72*2 + 0(7 3 ) (38) 

H^(z) = 4°i(0 + 7 4 W + T 2 ^ W + 0(73) 
V. (39) 

The expansion of the dominant term reads : 

PHTlPP = U + 4cos(^/yK2) = U + 4-2yK2
i 

y2 (40) 
+ J^2

4+ 0(73) 

and if we consider U large, z is large too so that : 

1 
z — QHT\PQ 

= 1 , QMTIPQ | QHripQQffTipQ 
Z Z2 Z3 

+ 0 (z-*) 

(41) 

Expressing the different contributions in Schur's formula 
and expanding in powers of y lead to : 

ff(0) 

" T I P 
(z) = 4 + c /+ i + ~ + ^ + 0(*-4) 

Z Z1 Z3 V ' 

„(i) f . - 2 ( 2 3 + 8 2 + 64) z2 + 4z + 34 
2 + z3 + 8z + 64 K? + * ? 

42A(Z) = z3 + 8z + 256 

.2 + 

4 ^ + 4z + 70 ^ 4 
2 z3 + 82 + 256 

#? + : * ! 

+ 2 ^ (JC?/C? + KlKl) - 8 * 
z + 

+ 16 U + 8): 

r 3 (z 3 + 8z + 64) W + Aj) 

(42) 

Finally, we have to solve (38) to get the coefficients z0l 

z\ and z2. The corresponding equations for those coeffi­
cients are at most of degree four. We shall give here the 
equation that z0 has to satisfy at the order O (z~4) 

, , , . , 8 32 176 
4 + (/ + - + — + _ = r o 

(43) 

In a very similar way used for the computation of z0, 
the analytical expressions of Z1 and z2 can be derived 
from (38), (42) and (43). The good agreement with the 
exact numerical spectrum can be seen on Fig. 9 for 

U — 50. Here the numerical values for the sublevels 
are : for vi>2 = O1 z(y) = 54.1597 - 0-28267 + 0.035672, 
for vXii = (0,1), 2(7) = 54.1597-0.84807 + 0.208472, 
for V112 = (1,1), 2(7) = 54.1597 - 1.41337 + 0.553972. 
A similar computation can be done near the band func­
tion minimum kc = (TT, TT) corresponding to the energy 
zfaU-4. 
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FIG. 9. Comparison between semiclassical calcula­
tions (full curves, see text) and exact numerical spectrum 
(points) for levels in the two-particle Harper model for 
(/ = 50. 

The structure of the pair states for U 3> 1 can be 
understood in the following way : the diagonal term cor­
responding to the energy of particles located on the same 
site is 4A cos(7n + /3) + (/. The transition amplitude on 
the diagonal nii2 = n is given by the amplitude of the 
hopping via virtual states with Ti1 — n2 = ±1 and energy 
denominator XjU. There are two such paths so that the 
effective amplitude is V^ = 2/U. The same expression 
can be derived by the Schur formalism (see Sec. IV). 
After dividing the Hamiltonian by V^ we arrive to the 
eigenfunctions equation in the form of Harper (14) with 
A replaced by Aeff = U > 1. Since Aeff » 1 when U » 1, 
the pair states are always within the localized phase of 
the Harper equation showing exponential localization. In 
Fig. 10, we show a typical eigenstate of the Mathieu part 
of the spectrum for U = 50 and 7 /2* = 34/55- The fact 
that it is localized confirms the pure-point character of 
the corresponding spectrum. 

Above we showed that in the case of strong interac­
tion, we have Aefr >• 1. This explains the appearance of 
a pure-point component in the spectrum. However, we 
think that this pure-point component will even appear 
for small values of the interaction. Our argument is the 
following : without interaction, the system obeys Aubry's 



duality while the presence of the interaction introduces 
Aubry's duality breaking. Indeed, from (18) it is easy to 
see that the interaction acts in the coordinate space and 
the symmetry with momentum space disappears when 
U ^ 0. Formally, this argument is not sufficient to prove 
the existence of pure-point spectrum at arbitrary small 
V. However the ensemble of numerical datas we have 
here and in22 '21 confirms this conjecture. 

FIG. 10. Semilogplot of W = \4>(ltl')\
2 for a localized 

state (E=50.25,-30 < In W < - 1 ) . 

When U is large, the unshifted part of the spectrum 
looks very much like the spectrum at U = 0. The main 
difference can be found by looking carefully at the Lan­
dau levels (see Fig. 11). The reminiscence of the exis­
tence of the interaction is seen through the appearance 
of a splitting of Landau sublevels. This splitting only ex­
ists when Landau quantum numbers are different V\ ^ 1/2 
and the two particles are located in the same well. Such 
a behaviour is illustrated by Fig. 11. The other sublevels 
are described by the semiclassical formulae obtained in 
the case U=O (25). To derive this splitting using semi-
classical analysis, we again apply the Schur complement 
formula. Dealing with the unshifted butterfly leads us to 
consider as the dominant term QHTIPQ such that (37) 
becomes : 

H$P(z) = QHTIPQ+ QHTIPP 
1 

z - PHTIPP 
PHTIPQ 

(44) 

Applying the same scheme as before produces an ad­
ditional shift from the unperturbed energy given in first 
order in 7 by : 

\6E(y)\ = 4 7 
U+4 

(45) 

This shift is valid for the second Landau sublevel (^1 — 
0,1¾ — I)1 'ts accuracy is shown in Fig. 11 and the two 
splitted subbands are given by : E(y) = 8 - 4.I6667 and 
£(y) = 8 — 47 up to order 1 in 7. 

0.10 

0.00 

FIG. 11. Semiclassical calculations (full curve) and 
exact numerical spectrum (points) for the splitting of the 
V\ = 0, V2 = 1 Landau sublevel in the two-particle Harper 
model for U = 20. 

V. TWO INTERACTING PARTICLES ON A 
TWO-DIMENSIONAL LATTICE 

Even though the studied model was derived from a 
model of two-dimensional electrons, its effective dimen­
sion is 1 : as we already pointed out, (18) was derived 
assuming that the particle propagate as plane-wave in 
one direction. This assumption, though reasonable in 
the one-particle model, could be violated by interaction 
induced quantum interferences in the two-particle one. 
Therefore the question of the survival of interaction in­
duced localization effect for two interacting particles in 
two dimensions remains an open problem. In this section 
we would like to discuss briefly this situation. For two 
interacting particles moving on a two-dimensional square 
lattice submitted to a uniform magnetic flux, the eigen­
value equation writes : 

fiyyiih , , -4- P~ 'T! ' 1 I /J 

T-VïLj/i + l.ra.ya "+" V'art.yi-l.xa.ya 

+Vii.yi.xa.ya+l + ¥*xi,yi,r3,ya-l 

+ t/6* l ) I aÄyi.vAi,Vi.*a,Va = Aki, iFi ,* a ,v3 (4^) 

where (»1,2,1/1,2) a r e integers denoting the positions on 
the square lattice and U is the on-site interparticle in­
teraction. For U = 0, the previous equation can be re­
duced to the one-dimensional Harper equation we dis-

u-i 



cussed above (18). Wi th interaction, the same equation 
(18) can be obtained in the ansatz of plane waves prop­
agating in one direction with renormalized interaction 
C/22. While this plane wave approximation is a s tandard 
approach for the one-particle Harper problem, it has to 
be handled with care in the interacting case. Indeed this 
plane wave ansatz breaks the symmetry of the original 
problem (46). This symmetry can be seen in the limit of 
strong interaction U > 1. In this case, there should be 
two energy bands : one corresponding to the pair states 
when particles are located on the same site with energy 
E mU and the other with E « 1 for the states in which 
the two particles avoid each other. In the higher energy 
band, the eigenvalue equation for the pair states up to 
the te rms of order Ì/U has the form : 

I (e2,'7I,^+i,y + e-2*™^ l iy + ^ + 1 + ^ 1 ) 

+U<f>x,v = E<l>Xiy ( 47 ) 

Here the term 2/U represents the transition ampli tude 
for pair s ta tes . Its derivation is similar to the case of 
two interact ing particles in the one-dimension al Harper 
model . Indeed if one keeps x\ = X2 then the hopping 
term is given by Vefr = 2 /{ / because there are two paths 
with vir tual energy U (yi,2 —• yi,2 + 1) which contribute 
to the hopping term in the y- direction. Similarly the 
hopping in the z-direction is V^r = 2 e ± 2 ' 7 / t / . 

Th is representation shows t h a t the symmetry between 
the two directions or the Aubry duality is not broken by 
the interaction. The main reason is tha t the symmetry of 
the interaction is invariant under rotat ions on the square 
lattice. In the limit of large U1 this property can be seen 
through equation (47). However the symmetry (Aubry's 
duali ty) should also be preserved for small interaction. 
Due to tha t , we expect tha t similarly to the Harper model 
with A = I, the interaction will not generate pure-point 
component in the spectrum. However this conjecture has 
to be directly checked in further analytical and numerical 
studies. 

V I . C O N C L U S I O N S 

In this paper we have emphasized a localizing effect 
due to the combined action of an on-site interaction and 
a quasiperidodic potential . Unlike in the random poten­
tial case 2 0 , extended unperturbed states are localized by 
the interaction, and this localization occurs at arbitrar­
ily small a t t ract ive/repuls ive interaction. We success­
fully identified the mechanism responsible for this effect 
as a decoupling of a Mathieu-like model from the original 
two-particle Harper model in the limit of large interac­
tion. Our conjecture is that a similar mechanism will also 
work for small U due to an interaction induced break­
ing of Aubry ' s duality. This breaking happens in one-
dimensional incommensurate models, however in two-
dimensional magnet ic models, we expect tha t the inter­
action will not break the duality and that a pure-point 

component in the spectrum will not arise. Further veri­
fications of these conjectures are required. 
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