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ABSTRACT ' _

function €(w, T) of a Joseph-

We study the frequency dependence of the dielectric
d with a given

son junction array in which sites or bonds are randomly remove
probability 1-p. The following two regimes are considered:

€ is calculated - both for underdamped and over-
Tbé zero frequency spin
y the

a) The spin wave contribution to
damped motion - in the coherent potential approximation.
wave stiffness goes to zero at a critical value of p. Depending on frequenc

dynamics is governed by extended waves or by more localized fracton modes.

e vortex is modeled by its

b) In the coutinuum approximation the motion of on
mobility is

potential energy in a fixed distribution of circular holes. - The vortex
then calculated by using Mori’s procedure. for evaluating dynamic correlation func-

tions.

1. Introduction ;
(JJA) are described theoretically by -

Two-dimensional Josephson junction arrays
lar to the plane the .

. tile 2-d XY model. In the presence of a magnetic field perpendicu
Hamiltonian is . — .
H =Y Jij[1 —cos (6 —0;— Al ' ().
(i3) _ o

where ; is the phase of the superconducting grain i, Aj; is proportional to the line-

integral of the vector potential A over the link <ij > and the sum is over the -
nearest-neighbor sites. The disorder in the coupling Jij is given by a probability;
distribution . For bond disorder the bond probability distribution is ¥

o(Jij) =p8(Js = I) + (1 —p) 8 (J5), @
with the site probabilify distribution - -

e,

o A

whereas for site disorder Ji; = Jsis;,
‘P(Si) =pé (s.' - 1) + (1 - p) ) (s‘-) . . (3)
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:iv:;re‘ ais propo-rtiona] to the inverse of the capacity of the islands and 7 is the
dam ;‘);iréfi xtertm 7 is relatiei to }tlhe normal state resistivity 2 R by 7 = Ry (h/4me)?
ation is caused by the normal i in
;nd‘ the (vormmal sactaD) subutrate. al current between. the superconducting grain
ara.rx:;):sa;z;::e;c of .:i]A have‘been studied experimentally at our institute. Disordered
e e frireigs y 'rnl?}:/estlgzted. In the experiment the JJA is excited by a small
: : !d”. The conductance G(w) is measured with the t i
induction technique, which is related to the dielectric function e('.;'3 w;wl))-;o i e
?

= el | (5)

W : . . . .

th: ;;k\f:lt: v:l:e conductance in two different physical situations. We first consider

e JIA e empera.ture: .::.nd zero magnetic field where we have a spin wave regime
e focus on thev mobility of a vortex induced by a magnetic field ‘

2. Spin wave regime (low temperature and zero magnetic field)

2.1. Calculation of G(w)

. ;;;ll]l::l:i the theory by Sht'enoy‘“,,who calculated the linear response of the ther-
mod C average cun‘fant I in alink due to a small ac vector potential /i‘(t) arallel
o the x-axis, we can write the conductance as g °

A A o

w w

where the first term is a static i : i ic
et ate st quantity and the second is a dynamical one. The two

A= 3 Fiiren(005(Brser) ~ e in(Bscr.
N, 2 iites ites kT N’%:Ji,i-_f—c,Jk,k+e,(Sln(oi,i-}-e,)Sin(ok,k+e,))

- _1 .
A= .. . [ . . .
kTN, '2; J.,:_+e,Jk.k+e,zw /o dt(sin(8; i1, ) sin(Ok k4. (t)))e ™™, (7)

where N; is the total number of links and &;;,., = 6; — i
the nearest-neighbor in the direction €,. biren =i 0‘.#. 0 Gige 1o the phase of
To calculate G(w) for the case of bond disorder we make the following appfoximationS'

1. l’fhe Iinea.r dly‘na.mics of the disordered array is then approximated by the co-
wiren potential approxm.latlon,6 (CPA). The configurational average of the spin
rayv:v }:flopa.ga.tolri. of the disordered array is set equal to the one of a regular ar

1th a coupling constant K{w, p), which depends on f \ :
complex. The spin -wave propagator is given bf; 7 frequency and becomes

1
—aw? + inw + K(w, p)g?’

G(§w) = @
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9. At T = 0 we approximate the coufigurational average (A)ais with the effective
coupling constant K(w =0, D)

3. In (A)a;, we approximate the term (Jiites Tutes sin(ﬂ;,.-+,,)sin(9k,k+e,))dis by
(Ji,i+e, Jk,k+e,)dia (Sin(ei.-'+es) Sin(ok.kﬂz Vais

0.1

2.2. Results
In CPA we have a self consistent equation® for the effective coupling K (w,p)
RO(K) 0.01
2 — 2 —
‘Z‘K(Wvl’)(l - uGn) - ;(1 —uGy) - Kw,p)+p=0,  (9)
where z is the number of nearest- neighbors, G, is the on-site correlation function o001
of the phases on the effective array and u = —aw? + inw. K(w = 0,p) and u are in
units of J. For u=0 the coupling K has a percolation threshold at pc = 2 We have a
linear dependence of K(0,p ) on p—pe a8 O {008 1008 10-07 1006 10-05000010001 001 6.1 110100 1000 1000000000
. 2\~ o
ko) =(1-3) (-») (10)

Fig. 1. Real part of the effective coupling K (w, p) in units of J at T=0 (frequency is in units of ¥)
For w # 0, K(w,p) is complex and presents three different regimes. Fig. 1 shows n
the results of the real part of K(w,p) for & = 0 (spin diffusion). At low frequency,
the effective diffusion constant K (w,p) has a normal behavior. The real part of K
is nearly constant and has the value of K(0,p) (Ea. (10)). Ata critical frequency
we, (p), K has a crossover to a regime where its real part increases with the frequency 1 —r
as w94 for p near p, and the imaginary part becomes larger. The system presents
anomalous (fractal) diffusion . The frequency we, {p) is proportional to (p — p.)? for
p near pc,where v = 1. The frequencies are given in units of % The experimental
values Ro ~ 1mQ and J = 6.5K yield a frequency unit of 21000 Hz. For a percolation
rate of p=0.55 we have w,, = 160Hz. At a higher frequencies We(p) there is another
crossover. The real part of K reaches the value of the average coupling (K = Jp). At
this frequency the diffusion is over short distances (nearest-neighbors). The crossover Re(1/g) °*
between normal and anomalous diffusion should be seen in the inverse of the dielectric

function e(w,T). We give its behavior as function of w and p. In Fig. 2 we plot the

real part of 1/e(w,0) as a function of the frequency w for different probabilities p. For 2001
each value of p, we have three regimes. The critical frequencies we, (p) and w,(p) are

in agreement with those found in the real part of K(w,p). In the pormal diffusion

regime Re(1/€) is constant. In the anomalous diffusion regime, it increases with w

[:3]

-1 T R T N

and then saturates in the localized one. The CPA-approximation for site disorder is 0 e 1008 1007 1008 1009 00010001 0,01 o
somewhat more complicated and is currently being investigated. o

4+ 10 100 1000 1000000000

Fig. 2. Real part of -i- at T=0 (frequency is in units of %)


1o-0S0.00010.001

274

3. Vortex dynamics (small magnetic field)

A single vortex in the disordered array is subject to a pinning force due to holes
that have been created, by taking out sites or bonds at random. The mobility of the
vortex will be calculated using an equation of motion including the pinning force and

a damping term.

9.1. Holes and the related pinning energy

In the continuum approximation the regions of the planar array where bonds or
sites bave been taken out are represented by holes. Their statistical distribution over
the sample will be modelled by considering them as impenetrable hard disks, which
we assume to be circular for simplicity. No overlapping between them is admitted:
when overlapping occurs, we are just in presence of a bigger hole. In the general case,
holes of different radii and their partial distribution functions’ have to be considered.
Here, we present a simplified calculation based on one hole type only. Their structure

factor is given by:
I
S@) =1+ [ dre (g - 1), (i

where N is the number of holes, Q is the surface of the entire system and g(r) is the
radial distribution for hard disks, the expression for which is given by Chae et al.?:

g(r) = { (1)+ 2 (a:ccos(m) + zv/1 — 22 ﬂp) fl<z<2 (12)

otherwise

where z = 12':“1, a being the radius of the hole and 7, = % is the packing fraction. In
the electrodynamic analogy, presented for example by Coté and Griffin®, the potential
energy of a vortex at rest, in the presence of holes, can be calculated by using the
image-charge method and considering the holes as perfect conductors. The potential
is constant when the vortex lies inside the hole and diminishes logarithmically when
the latter is outside of it!® (see Fig. 3).

8.2. Vortez equation of motion and utilization of Mori’s procedure

We use the following equation of motion'? for a vortex with center }-iz :
MR +TR ==V (p), (13)

where p(B)) = L W(Fn — Ry) is the pinning energy due to holes at positions Ty M
is the vortex mass and T is the damping. According to Ref! the quantities M and
I’ are proportional to the parameters o and n of Eq. (4), respectively (contrary to
other techniques for deriving a vortex equation of motion?3, the "rigid trial function
approach” of Ref! yields a finite vortex mass even in the case of a capacity to ground
only) . We use Mori’s procedure!’, for evaluating dynamic correlation functions. The
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basic variables are “Y‘ortex d_e;nsity” and “vortex current density” respectively defined
by p(7) = £16(F - Fy) and j(7) = =, Ré(7 - R).

0 0.5 1 1.5 2 2.5 3
r/a

Fig. 3. Vortex pinning energy i i
gy in units of J of f i
the vortex from the center of the hole. etfora hole of radius o,

7 being the distance separating
Since we are treating a dilute vortex system, Coulomb interaction between vortices

is not considered. We then obtain the d i
cormelation functions gy, wd o ynamic charge-charge and current-current

¢'j = _ —ikaT
) = T V) 7T
—(_; < kT -1
bule) = (i) 10

The Vortex mobl]lt .O 0 wa' . - umber l][n]t ()f 1C current-
y1s related t; the ZEer ve-n y
the d nam.
current COI‘Ielatlon ¢j" and thus to the memory kelnel V(w).

7u(w) = o diT=0,) = (4 v(w))™ (15)

In the overdamped limit (i —
equation : ped limit (i.e. when o = 0 and thus m = 0) » obeys the self-consistent

-1
o) = kT S @ (i + 22D
7 T¢ viw)) (16)
where ¢(g) is the Fourier transform of the potential acting on the vortex and

59 = 2 b
|<P(é)-| = NS(@)U(Q)I" where U() = § [ d*reT"W (7). The zero frequency limit

of v is given by

1
v(0) = 3 (T+ 4(0)) (tT)* T IB(@F = (T +v(0)) X. (17)



£/0

3.9. The final result: vortez mobility
For w = 0, we obtain from Eq.’s (15) and (17):
1-X

Ty = —0n—

T
(log (i) ,mLTY (amp +m3) > (18)

Qo

X

where a = 3.272, ¥ = 4.817 and qo is a cut-off , representing the vortex core, which
is needed in order to avoid a diverging vortex self-energy. The packing fraction 7,
is related to the probability p in Eq.’s (2) and (3) by 1, = 1 — p. The mobility of
a vortex in a regular lattice (X = 0) is given by '), The presence of defects make
X > 0 and therefore reduces the mobility as expected. On the other hand, increasing
the temperature makes X smaller and o, larger. The mobility goes to zero when X
approaches one. This signals an effective localization of the vortex where the effect of
disorder dominates over the thermal motion of the vortex. Although our calculation
is too crude for quantitative predictions we can draw the following conclusions from
Eq. (18):

1. We identify the hole radius a with the average radius of holes of different areas
as they occur in a real sample. From a numerical simulation'? of a disordered
structure (site disorder) for various values of p, we find that 2 should be around
5 when p approaches the percolation threshold p. (p. = 0.593 for a square lattice
and p. = 0,5 for a triangular one).

2. Taking & = 5 and n, = 0.5 (for p = 0.5, i.e. near the expected percolation

0

threshold) we find that X < 1 (and thus o, > 0) for:

J
— <0 19
kT = 0.601 (19)
For temperatures below this value, the vortex has no finite d.c. mobility any-

more.

4. Summary

For low temperature and without magnetic field the effective diffusion constant
5—(%*21, calculated by the Coherent Potential Approximation, presents a crossover
between normal and anomalous (fracton) diffusion at a critical frequency we(p), which
is proportional to (p—p)?, where v & 1. For w < we(p), Re(K (w, p)) is constant and
its value is given by K(w = 0,p), which presents a percolation threshold at p. = 2,
where z is the number of nearest-neighbors. For w > w.(p), Re(K(w,p)) increases
with the frequency as w®*%. The real part of 6(_01'70 at T = 0 presents a similar behavior.
It is constant for w < w(p) and increases for w > w(p). Its imaginary part is nearly
zero for w < w,(p), like in a regular array, and increases to a maximum for w > we(p).

27

For.a. sn.lall magnetic field we calculate the mobility of a vortex in the continuum
a.pl?rommatlon3 by considering the sites that have been removed, as circular holes
which .act as p}nning centers on the vortex. The holes are modele’d as impenetrablé
ha:rd disks. Using Mori’s procedure to calculate dynamic correlation function, we ob-
tain the vortex mobility, which decreases when defects are introduced; in pa,rt’icular a

sort of localization due to the latter oc i
curs when the d i
over the thermal motions of the vortex. foorder effect tends fo dominate
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Dynamics of vortices in disordered Josephson junctions arrays

M. Capezzali, M. Mombelli, H. Beck*

Institut de Physique, Universite de Neuchdtel, Breguet 1, 2000 Neuchatel, Switzerland

Abstract

We have studied a two-dimensional disordered Josephson Junction Array (JJA), where sites (or bonds) have been
randomly removed with a given probability 1 — p. These defect regions of the array are modelled by a fixed distribution
of holes, which are considered as being circular, We calculate the vortex mobility as a function of frequency, w. When the
holes are considered as having the same size, the former increases almost monotonically when the frequency gets higher,
tending then to the value of the regular lattice as w — oo . For holes of different sizes, a similar behavior results from the

superposition of the contribution from each family of holes. -

1. Introduction

Theoretically, a two-dimensional JJA may be
described by the 2-D XY model. This system under-
goes the well-known Berezinskii—Kosterlitz-Thou-
less phase transition, which occurs at a given tem-
perature Ty, below which only bound vortex—anti-
vortex pairs exist, whereas above this transition
temperature, the pairs unbind and thus free vortices
and antivortices appear. In the former temperature
region, spin-wave-like excitations play a predomi-
nant role: experimental and theoretical results
about this regime will be published elsewhere [1].
In this paper, we will consider the vortex mobility;
our calculations can also be applied to field-in-
duced vortices in frustrated arrays.

The paper is organized as follows: in Section 2,
we introduce and explain the model we use to
describe the disorder of the array and the way we
find, via an electrodynamic analogy, the pinning
potential, due to the holes, which is acting on the
vortices. In Section 3, we present the vortex equa-
tion of motion we choose. In Section 4, we develop

*Corresponding author.

the Mori projector formalism used for calculating
the vortex mobility, while in Section 5, we present
the results we obtained and comment on different
physical aspects.

2. Modelling the disorder, pinning potential

In the absence of an external magnetic field,
introducing a continuous-phase field and adding
an inertial term, the Hamiltonian is

H= %fdzr[Vqﬁ(r)]zA(r) + % d?r[S,(N1A(). (1)

In this expression, S,(r) is the momentum density
associated with the phase field, a is a constant
which is proportional to the site capacitance and
Jo is the coupling constant. The function A(r) is
introduced to take into account the disorder: it is
equal to unity if the array is regular at the point #,
whereas it is zero if there is no site (or bond) in the
array, at this point.

The regions in which A(r) is equal to zero are
approximated by circular “holes”, which act as
pinning centers for the vortices. To calculate the

0921-4526/96/$15.00 © 1996 Elsevier Science B.V. All rights reserved
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pinning potential, we use an electrodynamic anal-
ogy, as proposed, for example, by C6té and Griffin
[2]: separating the phase field in a vortex (trans-
verse) and a spin-wave component (longitudinal)
and using the Hamiltonian presented above, it is
possible to find four “Maxwell” equations involv-
ing a fictitious electric and magnetic field, and the
charge and current density for vortices:

p(r) /201, 3(r — Ry, j(r) =/ 21 T5(r —R)R;
! !
@

R, denotes the center of the Ith vortex. The vortices
can thus be described as charges of magnitude
(2nJo)'* and the holes appear as perfect conduc-
tors (i.€. &no1es — ©0 ). Thus, we are able to calculate
the pinning potential due to the holes via the im-
age-charge method, which is particularly simple for
circular holes. Defining r as the distance from the
center of the hole to the vortex and taking a as the
hole radius, the pinning potential due to one hole
reads

W®=mM{ﬂ;ﬁ]@>@

W) = —nJoln[g] (r <a) T (3)
0

Here, a, is the vortex core radius (which is needed

to avoid a diverging vortex self-energy). The total

pinning potential acting on a vortex is then (the

sum runs over all holes with respective centers at r,)

O(R) =Y, W(r,R).

The potential decreases as the distance from the
hole to the vortex increases (for a similar result, see
for example Ref. [3]), whereas inside the latter, it
remains constant at its minimum value. In.the
electrodynamic analogy, this means that inside
a perfect conductor there is a complete screening of
the charge which has been inserted and thus no
force is acting on it. In order to get an analytic
expression for the random hole distribution, we

treat the holes as impenetrable hard disks and we

thus use the radial distribution function g(r) for the
thermodynamic equilibrium distribution of hard
disks as a model. Indeed if two holes overlapped,
we would replace them in our model by a larger

hole of circular shape. Chae et al. [4] obtained an
expression for g(r), which reads

g(r) =
1 + 2(arccos(x) + x/1 — x*)y, if0.5 <x<1,
0 otherwise.

)

Here, x =r/4a and n, is the packing fraction
(i.e. the ratio of the surface of the holes to the total
area of the system). The corresponding structure
factor S(g) is shown in Fig..1. The Fourier trans-
form of the pinning potential may be written as
o(q) = NS(q)W (¢), where W (g) is proportional to
a modified Bessel function of order zero (ie. to
Ko(qa)); the latter is thus already negligible for
values of ga larger than two. This permits us to
apply a cut-off on the partial structure factor, i.e. we
consider only the part of it which lies before this
function reaches its first local maximum (occurring
at ga =~ 2.8) and assume a quadratic form for it,
while the remaining part (i.e. for ga > 2.8) is put to
zero. The structure factor which will be used later is

found by performing a quadratic numerical fit:
(1 — 1.64n2) + 0.275(gan,)* if qa < 2.8,
0 ‘ _otherwise.

ﬂﬁ={

In the general case, i.e. when holes of different sizes
represent in the JJA, we must introduce partial
structure factors, called S;.(¢), the index s being
related to the sth hole family (s = 1 for the holes

(S(q)-yizm;’

-0.05
-0.2 /
s/
0.2 /

Fig. 1. Structure factor versus wave number g, resulting from
g(r), Eq. (4).

qa
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created by the removal of only one site, and so on).
The diagonal partial structure factors (s = s') have
the same form as above, but with a replaced by
a, (i.e. the radius which characterises the holes be-
longing to the sth family) and 5, by the partial
packing fraction of the sth family, #,.

Considering circular holes is probably a good
approximation for the small holes (only a few sites
removed), while for bigger ones, which are mostly
of ramified structure [5], we are obliged to define
an averaged area and transform it in a correspond-
ing disk area (i.e. thus defining a, as an average
radius for the sth family). This implies that our
model should be applicable if the JJA is not too
close to the percolation threshold (where a non-
neghgible number of very big holes could appear).

§

3. Vortex dynamics

We now introduce an equation of motion for the
vortex. Using a rigid trial function approach and
starting from a discrete Hamiltonian equivalent to
Eq. (1), Beck and Ariosa [6] found a vortex equa-
tion of motion, which reads

MR, + TR = — V(). (3)

My is the vortex mass, which is proportional to the
constant a, and I' is the damping constant. The
right-hand side of Eq. (5) is the gradient of the
potential to which the vortex is subjected; since we
are considering only one vortex (ie. there is no
Coulomb interaction with other vortices) ¢ is the
pinning potential we found in Section 2. For the
type of JJAs which have been studied in Refs. [7, 8],
My can be neglected, because the arrays behave as
overdamped systems. We will adopt this limit here
too.

4. Mori’s formalism, correlation functions and
mobility

We adopt Mori’s formalism [9] to find the dy-
namic “charge density—charge density” and “cur-
rent density—current density” autocorrelation func-
tions, respectively, named ¢,,(¢, @) and ¢;(g, ).

Here, w is the driving frequency which is applied to
the JJA [8, 10]. We start defining two dynamical
variables, A,(q) = p(¢9) and A,(q) = §-j(q), which
are obtained from the expressions (2) by Fourier
transforming. Replacing, as usual, the projectors
showing up in the time evolution of the relaxation
kernels [9] by unity and using Eq. (5) we finally find

kT 7!
¢pp(w) = l:— iw + qzﬁ@] ’

(o) = . 6
P@) —io(I" + v(w)) + g*ksT ©

In this expression, v(w) is the memory (relaxation)
kernel, which contains the interaction of the vortex
with the holes, via the Fourier transform of the
pinning potential found above:

kT |
W) =(3kBT)“Zq2|<p(q)lz[—iw +qZF+—v<m] '

(7)

We then use the Kubo relation to express the link
between the vortex mobility to the charge den-
sity—charge density correlation function [7], i.e.

ow) = lim (ksT) ™' ¢5(q.0) =[I" + v(w)] ™

=[] ®)

5. Results and comments

In a previous paper [11], we obtained the vortex
mobility in the static limit (w — 0) and assuming all
the holes had the same size. We concluded that the
presence of holes lowers the vortex mobility and
showed that an effective “locking” of the vortex
appears when the effect of disorder dominates over
the thermal motion of the vortex. In particular,
using the hole distribution obtained in a numerical °
simulation of a site-disordered structure near the
percolation threshold [5], we found that for tem-
peratures below the limit Jo(kgT)™" < 0.601, the
vortex has no finite DC mobility anymore. We
perform here the generalizations to the frequency-
dependent vortex mobility in a disordered JJA,
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where holes of different sizes are present. Using
expressions (6), (7) and (8) and calculating explicitly
the Fourier transform of the potential, we find the
general expression for the inverse of the vortex
mobility, y(w),

(e [ n2J3 f \/nsnsq aayS::(q)
3(kgT)? o3

lwv(w)

X ln[ﬂs—:lln I:&:lKO(qas)IQ) (qas):l’ (9)
ao ao

where we recognize S¢(g), 1.e. the hole partial struc-
ture factors and the double sum which runs over all
hole families. At this point, we apply an approxima-
tion, assuming that the contribution of the off-
diagonal partial structure factors is zero; Rosenfeld
[12] calculated the latter for a system containing
two families of holes and his results show that the
off-diagonal partial structure factor behaves differ-
ently from the diagonal ones: the former weakly
oscillate around zero and their magnitude is much
smaller than the one of the latter.

We now use a perturbative approach to find an
expression for the vortex mobility: the correlators
showing up in the memory kernel are approxim-
ated by their lowest order form, i.e. y(w) = I" on the
right-handside of Eq. (9). Posing

o
X(0) = <k£° ) z<1n<23>> 1:(3.272-4.817n2),

we finally find the general expression for the fre-
quency-dependent vortex mobility:

Y w) =

o(w) =T'"'[(1 - X(0) + A(w)) + iB(@)],

where

_ ds JO %
Aw) = Z@(“)ﬁ)

w’aT*/(keT)> |
3272
8 [ ’75[«>2<Jt;*1“2/(1c3T)2 15

2aiT* (kg T)*  ]'?
s (O 549[ 2T T (s T)? + 15
4F2/(k T)2

CUzas 5 1/4
~ 5366 [wzaffz/(kBT)z + 1.5] )]
as\ Jo \?
B@) =Z<ln<&_o kBOT>

|:_ 3. 619’1s Was re—-l.s wall fk, T

kpT

+,1 5.935 cuas e~ L 5 /wallfk,T
* kBT

—-0. 507wasr —1.21./wa’r/k,T >}
kpT '

B

If there were only one hole family, then the sum
over s would disappear and the packing fraction
would just be 7,,.

In Fig. 2, we compare the real part of the vortex
mobility for two different percolation rates (corres-
ponding respectively to p = 0.9 and p = 0.8) versus
the driving frequency. These results are obtained
using the hole distribution of Ref. [5] and defining
an average radius, a,, for all respective holes fami-
lies; they give rise to the following physical com-
ments. '

(a) When just one family of holes is considered,
a crossover appears between two different fre-
quency regimes. In the low-frequency region, the
real part of the vortex mobility is reduced by the
presence of defects; the smaller the driving fre-
quency is, the smaller the mobility. After the cross-
over, we penetrate in the high-frequency region,
where the vortex mobility gradually tends to the
value of the regular lattice, i.e. I' "1, as w becomes
large. We can understand this result in the follow-
ing way: at very small driving frequencies, the time-
scale which is imposed by the external excitation is
rather large; this means that the vortex has much
time to “travel” across the array and the probabil-
ity to be trapped by a hole (or by many holes
succesively) is thus large. At high driving fre-
quencies, in contrary, the oscillation time is rather
small and this implies that the vortex will typically
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Fig. 2. Real part of the vortex mobility for two different percolation rates versus driving frequency. Starting from below, we present the two
curves obtained p = 0.8, while the two curves above have been calculated by taking p = 0.9. The dashed lines are related to the calculations
for just one hole family (2 sites removed), while the continuous ones are the graphic result when we consider many families of holes.

oscillate in a very small region, without being trap-
ped by a hole.

(b) The imaginary part of the mobility, which is
linked to the dispersion that the vortex experiences,
is not shown on Fig. 2. It is zero in the static limit,
grows monotonically until it reaches a maximum
(which occurs in the middle of the transition of the
real part). Thereafter, the imaginary part falls down
to zero again.

(c) When we consider many families of holes,
a crossover regime appears also between the two
frequency limits in the real part of the vortex mobil-
ity. The latter shows to be the sum of the contribu-
tions of the different families; we find that each one
presents a specific crossover frequency, which va-
ries as the inverse square of the average radius a,.

(d) According to the numerical simulations of
Ref. [5], we only had to consider three hole families
for p = 0.9, while for p = 0.8 we had to take ac-
count of eight families. This means that, for these
percolation rates only very few big holes exist and
that we can neglect them. Analyzing the contribu-
tion of the different families for p = 0.8, we find that
although there are many more very small holes
(1 or 2 sites removed) than bigger ones, the largest
contributions to y(w) come from the holes created
by removing 4 and 5 sites: the number of the latter

is small but their pinning potential is stronger than
the one of the small holes.
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Low-frequency dynamic impedance [0~ '(w,T)= (0| +io,)"'] measurements on Josephson

junction arrays found that o ~ |lnw]|, o, ~ const.

This implies anomalously sluggish vortex

mobilities sy (w) ~ o', and is in conflict with general dynamical scaling expressions. We calculate
(a) a(w,T) by real-space vortex scaling and (b) uy{(w) using Mori’s formalism for a screened

Coulomb gas.

We find, in addition to the usual critical (large-w) and hydrodynamic (low-w)

regimes, a new intermediate-frequency scaling regime into which the experimental data fall. This
resolves the above mentioned conflict and makes explicit predictions for the scaling form of o(w,T).

[S0031-9007(96)02147-3]

PACS numbers: 74.50.4+1, 05.90.4+m, 74.60.Ge

The dynamic conductivity of superconductors
o(w,T) = oy + icy = |ole’?s, including high-T¢
materials and Josephson junction arrays (JJA), has been
the focus of much recent interest [1-4]. Dynamical
scaling forms, o = £2*2745. (v, ¢, =d¥")
were proposed by Fisher et al. [1] and Dorsey [2], where
z is the dynamic exponent, and ¥ ~ 1/wé&?. The results
apply [1,2] also for the vortex-unbinding Kosterlitz-
Thouless (KT) transition in d = 2 [5], £ being the vortex
screening length. The scaling functions ®, and S+ (S-)
have well-defined limits in the hydrodynamic (Y > 1)
and critical (Y < 1) regimes, e.g., o) — &2, 09 — 0 in
the Y — oo, dc Iimit. 2D JJA’s [6] are clean, controllable
2D superconductors, and should be ideal systems to
display the universal dynamic scaling behavior and limits.

Remarkably, however, low-frequency dynamic
impedance (o~ 1Y measurements [4] on 2D SNS triangular-
lattice JJA’s with a (field-induced) vortex screening length
¢, find o) ~ |Inw|, o ~ const, in conflict with dynamic
scaling limits. This also implies anomalously sluggish
low-frequency vortex mobilities, uy(w) ~ o' ~1/|Inw|
going to zero for w — 0. o is related to the dynamic
dielectric function €(w): o ~iY¥/e(w). Surprisingly,
Minnhagen’s phenomenology (MP) for e€(w), described
below, and related simulations support this anomalous
behavior, but understanding the apparent breakdown of
dynamical scaling, in the very arena where one might
expect its clear verification, is of central importance.

In this Letter, we reconcile these results, by a “regime
interpretation” [7] defined by the ratio Y = (r,/£)? of
the (squares of the) frequency-dependent diffusive probe
length [8] r, = +/Io/w and the screening length ¢.
Here, I'y is a junction-determined phase diffusion rate,
the lattice constant is unity, and we consider weak screen-
ing and probes over several lattice constants: & > 1,
re > 1. We (a) recalculate o(w,T) by a real-space
scaling [9], with an improved treatment of intermediate-
scale screening and (b) evaluate the vortex mobility

0031-9007/97/78(3)/523(4)$10.00

my using Mori’s formalism for a screened Coulomb
gas [10]. Three probe-scale regimes emerge. (I) Prob-
ing free-vortex scales (“low” frequencies) r, > §, in
a “hydrodynamic” region, Drude behavior with the cor-
tect [1,2] dc conductivity, o(w — 0,T) ~ £2, is recov-
ered. (IT) At intermediate scales/frequencies, r,, < £, in
a new “precritical” region, MP-like behavior, o; ~ |Inw|
is found. (I11) Probing bound pair scales (“high” frequen-
cies) r, < £ in a “critical” region extending from just
above Tkt to T = 0, a scale-dependent vortex damping
~a) ~ (ro/Mmw)? ~ [o(nw)?]™! is found, correspond-
ing to large pairs moving in a logarithmically interacting
viscous medium of smaller pairs. The results of @ — 0,
T — Tgr thus depend on the order of the limits. The
ratio R, = oy(w,T)/o2(w,T) = coté, at Y = 1 inter-
polates between Drude (R, = 1) and MP (R, = 2/)
signatures [11], as w increases from zero, or T increases
from Txt. As a satisfying byproduct of calculation (a),
the MP-like expressions emerge as approximations to the
o/€?* scaling function, valid in regime II. Calculation
(b) demonstrates that the general results are indepen-
dent of the details of JJA dynamics, and depend only
on Coulomb gas screening properties. Local spin-wave
damping mechanism specific to SNS arrays [10,12] could
play an additional role in producing anomalous behavior,
widening regime II. But both SNS and SIS arrays should
show all three regimes in principle, with different rela-
tive sizes of regimes I and II, coming from very general
considerations.

Two different physical circumstances yield a nonzero
free vortex density, and thus finite £: (i) For zero external
flux, and T > Ty, €' = £71(T) ~ e~ T-Te)™ % g
above transition, T > Txr; while ¢ 1 = 0 for T < Tkr.
(i1) Flux-induced vortices of concentration f < 1 [4]
(too dilute to form a stable lattice) can form a one-
component plasma with a screening length £, given by
the Debye expression ¢! = £51(f) = @n2f/T)/? #
0, corresponding to “above transition” for any T.

© 1997 The American Physical Society 523
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We now sketch the MP ideas [11], originally devel-
oped to describe o(w,T) structures at 7 =T, > Tkr,
where ¢4+(T,)=r,. The zero-wave-vector conductivity
o(w,T) is proportional to the corresponding (inverse)
dielectric ~ constant: o (w,T)/0oKoé? = iY[ey(k=
0,w,T)]”!, where o¢ is a conductivity scale and
Ko the bare vortex coupling. In MP, the real part
Rley(k=0,w,T)"'] of this zero-wave-vector dy-
namic function is approximated by the zero-frequency
static function, NM[ey(k,w =0,T)"'], evaluated at
the probe scale, k = r;!. The imaginary npart,
Flevk = 0,w,7)"'] is found from the Kramers-
Kronig (KK) relations, that produce a InY dependence.
Thus [11], with ey(k = 0, w,T)™! = k2/(k® + £72),

() _ Y (23] _ 2 Y2 InY ]
0'()K()§2 Y+1, 0'()K()§2 7TY2—]' ()
AtY =1, R, =2/ [ie., ¢, = arctan(s/2)], an MP
signature. The dynamical scaling limits [1,2] in the
Y « 1 critical regime, both above and below Txrt, are
o) ~ 03 ~ 1/w (independent of ¢), ¥, = 7/2. Inthe
Y > 1 hydrodynamic regime, for T > Txr (T < TxT),
one finds oy ~ €2, 05 ~ 0, Dy ~ 0 [0 ~ 8(w), 03 ~
1/w]. Equation (1) for MP has very different limits;
however, o) ~ £2Y3|InY|, 0, ~ 1/w for ¥ < 1; and
gy ~ EInY|, op ~ €2 for Y > 1. (Note that the ¥ >
I limit, for ¢ = £.(T) fixed, @ — 0, implies infinite
dc conductivity, above Txt.) We now outline our two
complementary calculations, with details elsewhere [7],
showing that MP-like behavior emerges in an intermediate
regime II, rather than in the scaling form regimes I, III.

(A) Real-space vortex scaling and o{w,T).—The
total (dimensionless) JJA bond current I, (u = x, y
directions) 1s a sum of Josephson or super- (~sinA ,4,),
phase-slip or normal- (~A 0) and noise currents, and
is conserved at every 2D lattxce site i. If we ignore
capacitive charge buildup on grains,

ZA,J,‘?,‘ ZAM{_ sin[A,0; — A (1)]
I

+vO‘[AM0,- A1+ fu}=0. ()
Here, vy = (2eR;I;/K)T = LoT, T ' = (hl;/2eksT),
and I;, R; are the junction critical current and

the effective shunt resistance [9,13], for the
SNS/SIS array. The random noise current obeys
(furOf wr(t)y = (2/v0)8 4 8,8 — +').  The JIA
grain phases are —7 < §; = 1, and the external trans-
verse vector potential él“'(t) = Api(w)e™i®" is weak.
Inverting the Laplacian A2 on 6;, the Langevin dynamics
equation for the phase is [9,14]

= —ZG,,I[VO + F, ()} 3)

where BH = —= Z# r cos[A,0, — A1), G =G —
G,, is the 2D lattlce Green’s functlon (with singular part
subtracted), and (F,(t)F,/ (")) = 200G, 8 (t — 1').

524

The dynamic conductivity calculation [9] yields
Turpr' = Turwr + Opurwe. Here, T is the usual
superfluid response, which at long wavelengths is
(T/00) = mK2Lg8(w) + iKe(To/w). With () denot-
ing an average with weight Py = ¢ AHIA6-40)] & can
be written as

o ru'r! —— . . i .
SRR T 2/ ¢! (sinA ,0,¢ ™" sinA 416, ) dt .
& " 4

As before [9], we extract vortices by a dual transform,
do a Gaussian truncation on spin waves, and find that
the effect of the Fokker-Planck “propagator” e bt is to
produce a correlation angle decay as e 1. The correla-
tion &, .y can be expressed as the projection (through
derivatives) of the vortex partition “generating function,”
with separated “iest charges” at ur and u'r’. Doing
the time integral in Eq. (4), the e~ ' factors lead to a
test charge (iw/Tp)/(1 — iw/Tp) at w'r’ in the parti-
tion function. The logarithmic potential, A2U0 (R/a) =
+2m 8} 5 and dipolar (¢! = 0) scaling equations [5] can
be gcnelallzed [7] to include weak (¢~' < 1) monopo-
lar screening of a, a + da dipole binding, approximated
by a potential A2U(R/a) = +2mg,835 Real-space in-
tegration of pairs of separation a, a + da can then be
done, as usual [5], producing the renormalized coupling
K, that obeys KT scaling equations. Since vortex damp-
ing is across the junctions in the array, it is scale de-
pendent, [y — I} = Tg/a? (z = 2), where a = ¢, so
the frequency-dependent test charge is (iwa?/To)/(1 —
iwa®/Ty) [13). After projection, this provides a dynamic
Drude factor, at scale @ = &', that weights the incremen-
tal, (static) scaling contributions, d(K;g;). The KK rela-
tions are thus automatically satisfied.

With a partial integration, the long-wavelength conduc-
tivity &(w) is then, finally, an integral over all pair con-
tributions, with a range of length (and time) scales

sw) _ . [° 4 (afrs)
Za =), ‘”K’g’[d/ 1= i(a/ra ] ©)

For a <1, gy =1, and for a > 1,
dielectric constant ¢2/(g%> + £2) at a scale ¢ ~ a”
g1 =[1+ (a/€)?]"'". The dominant monopole effect
on o(w) is the explicit g, factor, representing a scale-
dependent reduction of far-off fields, as seen by a, a +
da dipoles. There is a smooth crossover from dipolar
(a < £, regime III) to monopolar (a > ¢, regime I)
screening with probes r,, ~ a, and with mutual (a ~ £,
regime II) screening in between. Previously, we had
matched regime I/III behavior directly [9] effectively
taking g; to be a step function, and suppressing the
intermediate regime. For external free-vortex screening
[¢ = ¢p(f)], &1 = 1/[1 + (a/€)*] throughout.
Changing variables in Eq. (5), a/ & — a we see §(w, T)
is a function of ¥, with only logarithmic deviations ~I; =
In¢, from the limits of the integral and in K; — Ky,

g1 is the Debye
I.
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For ¢ « &p(f) ~ /7, this implies a quasiuniversality [1]
in Y ~ f/w, as found [4]. The imaginary part &, of
Eq. (5) has a function peaked at a%/£% = Y in square
brackets, multiplying a roll-off function. By rapid roll-
off and sharp-peaking estimates, the fotal o is estimated
as (I, = Inry)
(20) Y—2 Y_l
so? Y| KTy Ry Y“’Kl“':|’ ©
in the regimes I, II, and Il1, respectively, or ¥ > 1, Y =
1, Y < 1. Note in regime III, the §2 factor cancels, and
[9] 03/00 = K,/ with the correct superfluid kinetic
inductance limit Ko/ w, for T < Txt, @ — 0. The real
part of the total conductivity, apart from the §(w) term,
(using KK relations in regime II, where the integral is
harder to estimate) is
_2_ Kla,lnY

T K¢
ooé? 1+Y P g 1-Y 2

1 dK;, arctanY !
2 dl, Y1

(7
in regimes I, II, and III, respectively. The o/ §2 results
of Eqs. (6) and (7) agree with the scaling limits [1,2] of
S+(¥Y™") and ¢,(Y) in regimes I and IIl. In regime II,
with dipolar screening neglected (K;, — Kg), o/&? is
of the MP form, Eq. (1). With [5] K, ~ K» + 17! in
regime 111, oy /oo ~ (To/w)/ 2 forall T < Txr reflect-
ing the KT “critical line,” in the dynamics; the phase angle
[1,2] ¢» = arctan(oy/0oy) — 7/2,a8 w — 0.

(B) Coulomb gas vortex dynamics.—It is important
to directly calculate the Coulomb gas vortex “charge”
mobility [10] (for £~! # 0) in a way that is manifestly
independent of the details [13] of JJA dynamics, but
shows the two frequency regimes I and II (since dipolar
screening is not included, regime III will not appear).
The overdamped equation of motion for a charge +1
is I‘vl-él = —Zj;e,-ejVV(fi,- — ﬁj), where the potential
between charges (e; = *1) in Fourier space is V(g) =
(@*~" and T'y is a friction coefficient. We use Mori’s
formalism [10,15] to relate uy(w) to the correlation
function ®,,(q, ) for the vortex charge density p(R) =
S.e;8(R — 7). The inverse mobility of a given particle
or effective viscosity function is the sum of the bare
friction coefficient and a contribution that is related to the
forces from all other particles:

pi' (@) = Fv|:'1 + (keT)™ Zlav@)l%pp(z;,w)]
q
®)

In order to evaluate ®,,(3,w) we make the usnal
approximations [10] (neglect of the “Mori projector” and
decoupling higher correlations in terms of p(g) and n(g),
the number density Fourier component). One obtains
N Sp(d)

(Dpp(q’w) = n kp,;T(q2+§‘2) . )]

py(w)
Here, S,(g) is the static (charge) structure factor. Equa-
tions (8) and (9) determine uy(w) self-consistently, but

we solve to leading order, replacing wy' in Eq. (9) by
the zeroth ord2er I'y. An approximate form is chosen for
- k T‘ > - - - .
$p(@) = 75=200a1| — 131) + O3l — 131 [no being
the total density of the charges and || a cutoff, corre-
sponding to the first maximum in S,(g)]. We find

~1 — wJ 6712
py (w) FVI:I + taT ]n(] + iwTy © §_2>:],

(10)

neglecting at first the second term of S,(g). The
Coulomb-gas dielectric function of the system is related to
the charge mobility wy and to the bound-pair part of the
diclectric function by [10] e(w) = ep + ie*nouy(w)/w.
We now present the results. Figure 1 shows, from
Eq. (5), 02/ 00&?, as well as o /og&? (which for small
w is essentially ,u,;'(w) the inverse vortex mobility, or
vortex viscosity) versus the logarithmic scaled frequency
or temperature variable, InY ~!. The experimental data
[4] have been obtained for field-induced free vortices
[£7) = ¢5'(f) # 0] for which regime III is absent and
g() =[1 + (a/&)*]7', Va. Thus the coupling K; should
scale to zero for [ — o (corresponding to T > Tkt in
the zero field case). We use the simple form K; =
KoO®(lnax — 1), and use [,y as fitting parameter. A good
fit is obtained for [m.x = 4.81, which is on the order of the
[ value for which the linearized scaling equations [5] yield
a vanishing K;. o(w) clearly matches Drude behavior
for regime I, Y > 1. The “intermediate” regime, ¥ =< 1,
with MP dependence ~InY is seen to be fairly large. The
experimental [4] data points for SNS arrays, shown in

3-0 T T T T T T T T T
Ao
o1(®)
III 1 x X
251 h
x
S —— II
20F g .
I
- X
T T
15k il -
1.0F (27770
. + o+ o2(w)
7 + N

- /*‘/ N + 4

0.5 }/,-o/ % \\\ R
,—}/ \\\f

L+ 7

O 1 1 1 L 1 L 1 1
'%.1 0.2 0.5 1 2 5 10 20 50 100 200

FIG. 1. Real and imaginary parts of the conductivity o /o>
versus ¥ = I'y/w£?, in a linear-log plot, from Eq. (5). Here ¢
is the vortex screening length and 4/T'y/w the probe length r,,.
The +, X symbols are experimental data points [4]. Inset:
regimes I, II, and III in a schematic frequency-temperature
diagram, with »' = ¢7'(T) defining the 11/1 boundary.
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FIG. 2. Real and imaginary (inset) parts ol 1/e(w) versus an
inverse frequency scale ~Y, in a log-log plot. The constant-
mobility [uy'(w) = I'y] Drude limit is represented by the
dashed line, while the solid line is the result of our calculation
(b). The experimental resuits of Ref. [4] are given by the dots.

Figs. 1 and 2, fall in regimes I and I1. Very low frequency
data are not unequivocal and are not shown. Typically
[4], Ty ~ 300 Hz, w varies from ~10 Hz to ~10 kHz,
for Ry ~ 2 m& (SNS arrays) and I; ~ 100 nA, and
£(f) ~ 3.1 for f = 0.001, so Y goes from ~0.1 to ~200.

Figure 2 shows the dielectric function e{w) [obtained
through Egs. (8) and (9), by using the full form of S,(p)]
as a function of Y. One again clearly recognizes two-
frequency regimes (I and II), separated by a crossover fre-
quency Weross = (n0§2)~1‘ For @ > wcross, N(1/e(w))
vaties like |w| as in Minnhagen’s regime II, whereas for
w < weross it varies like w?, as in Drude’s regime I.
Moreover, we have verified for both methods that the ra-
tio R, at ¥ = 1 varies between the Drude (R, = 1) and
MP (R, = 2/r) signatures [7].

Regime III is not reached for the Y values shown in
Fig. 1, but for SIS arrays, R; is orders of magnitude
higher, so the critical behavior might be more clearly
seen. Below Txr, or more generally, for ¥ <« 1, one
has effective damping coefficients ny ~ o due to bound
pairs, rather than free-vortex inverse mobilities, and
o1 ~ 1/wl?. This is consistent with simulations of
driven vortices: there is a velocity-dependent viscosity
coefficient, decreasing for larger velocities [16]. Larger
oscillating pairs, probed at lower w, are more sluggish,
since they move in a logarithmically interacting viscous
medium of smaller pairs.

In conclusion, we have proposed a regime interpreta-
tion of anomalous vortex dynamics, based on the ratio
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of the frequency-dependent probe scale, and the screen-
ing length. Both Drude and anomalous vortex dynamics
emerge in different regimes, from calculations of the dy-
namic JJA conductivity and the vortex mobility. This rec-
onciles different results, supports postulated conductivity
scaling, and indicates further dynamical avenues to be ex-
plored, in simulations and experiments.

It is a pleasure to thank D. Bormann, P. Martinoli, and
P. Minnhagen for useful conversations, and P. Martinoli
for reading the manuscript.
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Abstract

The partition function of the Hubbard model with local attraction and long-range Coulomb repulsion between
clectrons is written as a functional integral with an action 4 involving a pairing field 4 and a local potential V. After
integration over ¥ and over fluctuations in |4|? the final form of 4 invotves a Josephson coupling between the local
phases of 4 and a “kinctic cncrgy” term, representing the screened Coulomb interaction between charge fluctuations. The
compctition between Joscphson coupling and charging cnergy allows to understand the relation between Tc and
composition in high-T¢ materials, in particular superlattices, alloys and bulk systems of low doping.

Keywords: Coulomb interaction; Phase diagram; Phase dynamics

We start with a Hamiltonian describing charge
carricrs (electrons or holes) on a lattice, snbject to
an on-site attraction, — U, and the long-range
Coulomb repulsion, ¢?V, acting on particles on
different sites:

H=H¢+ Hy + He, (1a)
H0= Z Z‘C:acl'.ﬂ—#zNh (lb)
s 1
U + +
Hy= - 3 Z €1aC1eC1 -1, —a» (1¢)
Le
1
He= 3 Y (Ni— no)e*Ve(l, I)(N: — o) (1d)
Iy

Here ¢/, (¢, ,) are creation (annihilation) operators
for charge carriers with spin ¢ at lattice site [, (I, I')
denotes pairs of nearest-neighbor sites, u is the
chemical potential, ny the background, neutralizing

* Corresponding author.

the density of charge carriers, and N; = ¥ ¢{/4C1,q.
The partition function can be written as a func-
tiona! integral by means of two successive
Stratonovich~Hubbard transformations [1, 2], de-
coupling the two interaction terms in H with the
help of a complex field 4 and a real field V:

Z=Tre ™= fDZA fDVTr g~ #Ho

—ip
x Texp{—i! dr[H4,V, 1) + &4, V,t)},

0o
@
H(4,V,1) =Y [4*{, 1)c,1cpy + hoc.
! .
+ iV (I, 7)(Ni(z) — np)], (3a)

1 1
o4, V.0 = X140 1 + 53

xY vaoveltnve,n.  6b)

t#l
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We then evaluate the trace over the electronic de-
grees of freedom

—ip
Tre ™ TeXp{—iJ de[H(4,V,7)
0

ted, v, r)]} Eexp{—ij‘pth(A, v, T)} 0
0

and we expand the “free energy” F up to fourth order
in 4 and to second order in V and up to leadirig terms
‘in space and time gradients of the two fields:

F=Fy+F;v (5a)

Fiv(®=Y%, [aIA(l, )2 — ida*(, )

t

X (% -2V, T))A(l, t)]

+c ) Al - A, o
b

+ i; V{l, )CND — o)
1
AL VeV G V)

+bY 140, 7). (5b)
1

‘Here the coefficients a, b, ¢, d, are related to the
free-electron particle—particle propagator {1-5],
‘Fo is the free-electron contribution, and
Vel (LP) =V (L) + xo(l, ') is the screened
‘Coulomb potential (approximated by its static
“limit) with xo(/, !') being the electronic polarizabil-
ity. Integrating over the clectric potential V yields

F@=% [HIA(L I + bl4(, 7))
t

—idar, 92480 ]

ot

+c¢ Y 1401 — A, 1)?
<ury

1 .
+3503 2 Pl DVsc (1, ), ©)
L

where p(/, ) = 2d|4(, 7)* + {N;> — no represents
charge density fluctuations. Next we introduce am-

plitude and phase of 4. In the following, we assume
to be in a relatively strong coupling regime (¢ € U)
in which fermions bind into on-site singlet pairs at
a temperature of the order of the mean field
transition temperature T, well above the super-
condncting phase transition, the latter being finally
triggered by the onset of phase order [6-8]. Below
Tme» a <0, so that the average amplitude has
a non-vanishing mean value 4, given by
a+2b4% = 0. Charge neutrality implies 2d43 +
(N> —no=0and, for t € U[1,3-5,9]:
22 1

= Us s d= Ui s (73)
A3 =4no(2 — ng)U? = 4nyU? forng <1. (7b)

Splitting the number of pairs at a given site into
[4(, D)1> = 43 + S U%n,(l, 1), we integrate over
dn,(l, ©) which (neglecting gradient terms) yields
a free energy functional for phase fluctuations only:

[

Fo(@)=J ¥ [1 —cos(@(,7) — &, 1)]
[T
00,1 1.060(r1)
HER il P

180

><(2‘2)2 WL 3
with the Josephson coupling [1,91 J =2c4% =
2ny(t/U), and

Vsc(L 1), 11,
QePbld?, 1=1"

Our expansion of F in powers of 4 has yielded the
on-site repulsion (2¢)*b/d* between pairs. However,
due to the exclusion principle, two pairs cannot
really sit on the same lattice site. Thus, in the
following, we exclude !/ = I in the last term of (8a).
By going from the “phase velocities” (0@ (l, t)/01) to
the conjugate momenta p(/, t) we end up with the
partition function of the Hamiltonian [10]

(8a)

w(, )= { (8b)

= ! Mo 2 ,
H= 3 ; (IJ(’) - 3‘)[(23) w0

x (p(z') - "—,j) +J ¥ [ —cos(@() — @)1
(14
Q)
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Hamiltonian (9) describes the relevant physics of
short coherence length superconductors in terms of
Josephson coupled spatial phase variations and
“charge fluctuations” coupled by the screened
Coulomb interaction. 1t is also the “phase-only”
representation of the Hamiltonian of interacting
bosons [10-12]. Its critical behavior, in particular
the influence of the “background”, —4n,, has been
studicd in these references. Here, we apply expres-
sion (9) to calculate the transition temperature of
strongly anisotropic superconductors, such as su-
perlattices and bulk systems in the underdoped
regime [13]. We make the following approxima-
tions: (i) H is restricted to one superconducting
layer; (ii) the screened Coulomb interaction, which
takes into account the electric coupling between
layers, is modelled by a Yukawa-form, with
a Thomas-Fermi screening length Arp, depending
on the density ng of charge carricrs according to the
well-known formula

wherc r, = (3/(dnnp))!/? and ag is the Bohr radius;
(iii) considering only no <1, the “background
shilt”, —3 no, in the first term of (9) is neglected. We
make connection with previous work [14, 15] by
mapping (9) onto a “capacity model”:

2
3 T o0 wa. ) ~GE T 0z o)

with

1 1 2nhe _
—_ = — w _— Atk
2C° & ,.Zo «0 sa? €

This is the X' Y-model with kinetic encrgy [14, 15],
& being the diclectric constant of the interlayer
matcrial and a;, the lattice constant. In Ref. [14] the
critical temperature in two dimensions was evalu-
ated in the “self-consistent harmonic approxima-
tion™ (SCHA) which gives results in good agree-
ment with Montc Carlo simulations [16]. A good
overall fit of the numerical SCHA result is [17]
Tclo) = Te) /1 — afac where a = (2¢)%/(2CJ) is
the ratio between charging and Josephson energy.
When o approches «¢ = 6.2, T¢ goes to zero. This
approach has been successfully applicd [14, 15] to

calculating the superconducting transition temper-
ature for superlattices and for alloys by determin-
ing the appropriate effective capacity through elec-
trostatic considerations.

We finally use Hamiltonian (9) to find T as
a function of doping for high-T¢ superconductors
in the underdoped regime. For YBa,Cu,0,, our
“capacity model” has allowed to fit the T vari-
ation of both, superlattices and alloys, in a coherent
way, using SCHA [14, 15] for J = 120K at opti-
mal doping (ny = 0.16 of holes per cell [13]). Below
optimal doping, the ratio o increases when the
number n, of charge carriers is reduced: the
ngy dependence of J is given following Eq. (8a) and
C varies with no through the screening length Ag.
Using the above expression for T'c(a), with doping-
dependent J and C, we then find that T'¢ should be
zero for ng = 0.07, in good agreement with the
measured phase diagram [13]. This shows that the
phase boundary in the underdoped regime can be
understood in terms of Bose—Einstein condensa-
tion of preformed pairs, T¢ being suppressed by
phase fluctuations when the minimum doping is
approached.

In summary, starting from the attractive Hub-
bard model with long-range Coulomb repulsion,
we have given a microscopic derivation of a de-
scription of short coherence length superconduc-
tors in terms of the superconducting phase, the
Hamiltonian for which includes a “charging en-
ergy” and a Joscphson coupling. This is a micro-
scopic justification of such a Hamiltonian, which
has been used previously [14, 15] in calculating
T for superlattices and alloys and also ailows
understanding the phase boundary of bulk oxides
in the underdoped regime.

This work was supported by the Swiss National
Science Foundation. We thank T. Schneider and
M.H. Pedersen for valuable discussions.
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We calculate the one-electron spectral function of the attractive (negative-U) Hubbard model. We work in
the intermediate-coupling and low-density regime and obtain the self-energy in an approximate analytical
form. The excitation spectrum is found to consist of three branches. The results are obtained in a framework
based on the sclf-consistent T-matrix approximation, which is compatible with the Mermin-Wagner theorem.

[S0163-1829(98)09309-6]

1. INTRODUCTION

The Hubbard model involving electrons on a lattice, sub-
ject 1o an attractive interaction when they are on the same
site, is one of the simplest models for describing supercon-
ductivity. Despite its simplicity, it has turned out to be very
challenging for the theoreticians to give a simple description
of its properties which is valid in the various regimes of
coupling strength. In the weak-coupling regime, the link with
BCS theory of superconductivity has been done by Nozieres
and Schmitt-Rink." At sufficiently low T, an instability of the
Fermi sea towards superconductivity occurs. In three dimen-
sions, the transition is essentially mean-field in character. In
the opposite strong-coupling limit (|U]|—), the electrons
form bound pairs which are immobile since they can only
move via virtual ionization with an infinite energy barrier.
However, for large but finite U, those bound pairs essentially
behave like heavy hard-core bosons [with an effective mass
m*~m(U/t)] which are undergoing Bose-Einstein conden-
sation at sufficiently low 7. On the lattice, T vanishes in the
limit |U|—c, while in the continbum limit, it remains
finite.> This difference is due to the absence of a pair-
hopping term when working on the lattice.

In the intermediate-coupling regime, the physics will be
dominated by the interplay between the quasiparticles and
the bound pairs, which may lead to nontrivial behavior.
Some basic physical features characterizing thlS regime have
been previously studied by numerical means,’ which showed
important deviations from canonical Fermi-liquid theory.

Even though it is still lacking a microscopical derivation,
the attractive Hubbard model is interesting in its own right,
since it allows for studying various routes leading to super-
conductivity. Since the interaction is local, it will be s-wave
superconductivity, but the generalization to nonlocal interac-
tion can be considered.* In the weak-coupling regime, per-
turbation theory is expected to work, and this has been
worked out by a series of authors,5 some of them focusing on
two-dimensional (2D) systems.® Of special interest is the
low-density regime where chances of obtaining meaningful
results are better, since the ratio of the scattering length to
the average interparticle distance can be used as a small pa-
rameter. Unfortunately those calculations are quickly becom-
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ing very involved since the simplest conserving approxima-
tion is the self-consistent T-matrix approach.””
Alternatively, variational-Monte Carlo calculations, based on
the Gutzwiller wave-function'® and quantum Monte Carlo
(QMC) simulations have been performed.!’ These methods
are providing results which then generate a need for a quali-
tative analytical understanding. To that aim simpler calcula-
tions based on Hubbard-Stratonovitch decoupling of the
interaction,12 slave-boson mean-field calculations (see, for
instance, Ref. 13, and references therein), or on the moment
calculation of the electronic spectral function have been
performed.’® Unfortunately the latter does not account for
the damping of the quasiparticles.

The aim of this paper is to treat analytically the
intermediate-coupling regime, which is the most delicate.
This allows us to give an analytical account of the results
obtained with QMC simulations. We first review the self-
consistent T-matrix approximation. As pointed out by sev-
eral authors,'” the corresponding numerical calculations typi-
cally yield a superconducting instability at a finite 7', even in
two dimensions. This contradicts the Mermin-Wagner theo-
rem. We then propose an alternative scheme which complies
with this thcorem. We then proceed to the calculation of the
electronic structure.

II. THEORETICAL FRAMEWORK

We study the Hubbard model on the square lattice:

H= Z 2 lj ur ]U‘+U2 n; T”’Il (])

i (o)

We consider an attractive interaction (U<<0) in the
intermediate-coupling regime (|U|=< W), W being the band-
width. In two dimensions, any attractive potential has a
bound state. In the case |U|=W, the binding energy E,, has
been found to be E,~0.2W,% namely E,<W. We are thus in
a situation where bound pairs exist and have a strong influ-
ence on the physics via the splitting of the noninteracting
band into two subbands. In this regime, the pairs are ex-
tended. They become purely local only in the |U|=<° limit,
since for any finite U they can move via virtual jonization.'

5995 © 1998 The American Physical Society
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We also note that the BCS theory successfully describes the
weak-coupling regime. However there does not exist any
analytical theory in the intermediate-coupling regime, and
most results are obtained out of numerical simulations.*'" In
the low-density regime, the self-consistent T-matrix approxi-
mation is expected to be exact and has been solved by a
variety of authors.” Unfortunately, numerical difficulties
prevented those authors from obtaining results for arbitrary
U. We also note that the numerical solutions may lead to
unphysical results such as a finite critical temperature for
Bose condensation of the pairs in two dimensions, which is
contradicting the Mermin-Wagner theorem. We believe (see
below) that this is due to the use of an inappropriate expres-
sion for the particle density. That however does not discredit
the scheme, and we are basing our approach on it. It amounts
to solving

- -U
T(g.iv,)= ———, )
(g.ivn) 1+ Ux(q,iv,)

X(q,iv,)=B"" 2 G(p,iw,)G(g—p,iv,~iw,), (3)

Paiw,

2(qiw)==p"' 2 T(p.iv)G(p=g,iv,—iw,),

p.iv,

(4)
G(q,iw,) : (5)

MW, )= = .

T e S (G iw,)
J
ln’

1

GP(q,iv,)=
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Here, w, are fermionic, and v, bosonic Matsubara frequen-
cies, while t; represents the (eventually renormalized) ki-
netic energy. This set of equations is valid above T, as no
anomalous Green’s function enters. Otherwise one can resort
to the scheme obtained by Pedersen et al., by functional de-
rivative techniques.'? This approximation is conserving and
it diagrammatically corresponds to summing up the dressed
particle-particle ladder which includes the leading order in
an expansion in kra.>® Another important quantity is the
two-particle Green’s function which is defined by

- B . - -
6®(Gin)= [ e(r106, M0 (~40mdr. ©

where T, is the usual time-ordering operator and the operator
1
tia)= LAV S
0%(9)= ﬁg el itz ()

creates a pair having (center-of-mass) wave vector
g. G®(q,iv,) is related to the T-matrix by

U+T(q,iv,)

O(Z v )=
G'(q,iv,) 02

(8)
We calculate G(z)(z;,iv,,) by inserting the free-electron
Green’s function into expression (3) for X(c;,iv,,). For sim-
plicity, we approximate the density of states (DOS), p(e), of
the tight-binding band resulting from the Hamiltonian (1) by
the square DOS [i.e., p(€)=1/W for |€|<W/2 and p(€)=0
otherwise].
For small momenta, G(z)(c;,iv,l) is given by

[iv,+up—|Ep| —2W+(g%/2)]
In®

[ive+ug—|E,| —g%/2]

2W(1—4¢%16)

, )
q_z) . [ [ivan—|E1,|—2W+<q2t/2>]]

In®—| 1+ -
( 16 Liv,+us—|Esl—(g%1/2)]

where up=2u+W+|E,|, P=Q2W+|E)/|E,| and |E,| is
the binding energy of a pair. The binding energy is obtained
as a solution of

1 . -
"’0‘=X(q=0,w=Eb)|,L=—W/2, (10)

which yields

—_— . (11
e~ 2WIU_ ) )
The form (9) has the correct behavior for v, going to infinity
in the low-density regime, i.e., G‘”(t},iv,,)—» Viv,.

The spectrum of G®(q,iv,) presents two features: (i) a
sharp quasiparticle peak, which can be found by expanding
Eq. (9) with respect to iv,+ up—qg2t/2; (ii) a continuous
spectrum which extends over energies above the one of the

|Eb| = ZW(

quasiparticle. Correspondingly, the lowest order form of the
T matrix, valid for small wave vector and frequency is given
by

o) = — (12)
JV,)= = .
0¥ ivy—qH4md + ug
The mass renormalization factor of a pair is given by
7= m _ W+[Ebl |Eh|2<1)] @ (]3)
Tmy W 2 W2 e

In the intermediate-coupling regime, the mass is only weakly
renormalized while in the strong-coupling regime, there is a
strong renormalization of the order W/|U|. Due to the rela-
tionship between the two-particle 7 matrix and the two-
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particle Green’s function, the quantity wp that we defined
above does represent the chemical potential of a pair, which
has bosonic character.

For c;’s close to the nesting vector Q=(7r,7r), we obtain

__U2
vn+(c;—é)2/4m*+2u+|U|'

To(g,iv,)= (14)

In the vicinity of the zone corner, the renormalization of the
pair mass is different from the one close to the zone center.
Even in the intermediate-coupling regime, it is strongly
renormalized to be m*/m=~|U|/t. At g=Q, the form (9) of
the T matrix is actually exact, related to the fact that the
creation operator

T_
z cp+QT —pl (15)
p

of an “‘x pair’’ with center-of-mass momentum (, satisfies
the simple commutation relation:'6~'8

[H,7']=(U~2p)7". (16)

Using the above expressions (12) and (14), we can calculate
the self-energy. To lowest order, we insert the free-electron
Green’s function in Eq. (4). The first contribution to the self-
energy arises from the poles of the 7" matrix. Due to the
statistical factors we obtain (to that order of approximation)
that the contribution of the 7 resonance is exponentially
small, as well as those following from the poles of the
Green’s function. After performing analytical continuation,
we are left with

5k ) Uina (7
, W = .
: w+ii—p+ pg+io*

The quantity n, will be defined below, in Egs. (26) and (27).
E](E,w) yields then the Green’s function as

1 2(t5—p)— s 1
G(k, w)——( — —
k w+5p,3—-2—x,;+i0+
1 ,1_2(t/:—/u)+/u3 1
2 'xl\_ ’

1 1 o
wt+ E,u,B+ EXE-HO

(18)

where x;=[2(t;— w)+upl*+4U%n,. We immediately
note the two limiting behaviors, with respect to momentum

k:

xi~A+2tyk?, (19)
with y=|E,|/A and

A=\/|Eh| +4U ny (20)

for small momenta; respectively,
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20,
M)+ ppt——————, (21)

xi~2(t;—
e 20t~ p)+ g

for large momenta.

At this stage of the calculation, the Green’s function has a
two-pole structure. The lower excitation branch corresponds
to quasibound fermions (hereafter denoted as ‘‘bosonic’’
band), while the upper branch describes the unpaired fermi-
ons (fermionic band). At small momenta, we obtain

G(E.w) A+|E,| ]
W)=
20 o+ 12(upg—A)— yrk?+i0*
—|E| ]
20 wH+12(up+A)+ yrk?i+iot

(22)

with the spectral weight mainly located in the unpaired fer-
mion band {first contribution in Eq. (22)]. At large momenta,
the Green’s function results into

1=20%n /[2(t;— p) + pp)?
w=(ti= p)+i0*

G(k,w)=

Ulng I[2(t;— p) + ug)?
wtt;—

, (23)
wtug+iot
where the weight of the paired fermion band is even smaller
than for small momenta. The form of the Green’s function
Eq. (18) differs from the one of Ref. 20 because the chemical
potential w is located below the fermionic band in our prob-
lem.

We note that there are two equivalent expressions for the

particle density operator n:

n _E [}’l, 4r(] n; —-o')+nr 4rn1 —wr] (24)

On one hand, we can use the left-hand side to express the
particle density n as n;, where the subscript 1 indicates that
the density is calculated out of the one-particle Green’s func-
tion:

=" D Gukiw)e . (25)

fw, k

Alternatively, we may use the right-hand side (rhs) of Eg.
(24) by separating explicitly the contributions from the un-
paired fermions (first term) and the doubly occupied sites
(second term). The total density n, of the latter is given by

=—2 > GD(g,iv,)en®

g iv,
*» dw -
=Zf 5oIM{G (g, 0+i0")}Ng(w),  (26)
g -

Np(w) being the Bose-Einstein distribution function. Owing
to the latter, at low temperatures, only the low-energy part of

the two-particle spectrum, Im{G@(g, w+i0%)}, will con-
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tribute to n,. According to the discussion following Eq.
(11), this low-energy part has two contributions: the sharp
quasiparticle excitation, given by Eq. (12), which dominates
for small momenta, and the low-frequency tail of the con-
tinuous spectram of G®(q,iv,). Since it does not have a
sharp structure, it would only contribute a featureless back-
ground to the one-electron spectral function; thus, we have
neglected it for the calculation of the self-energy 2, (k,®).

Neglecting the continnum also in calculating n,, we find,
according to Eqgs. (8), (12), and (26):

2
q
n,,=R2; NB(EZ—MB). 27)

Thus, in our approximation, the number of doubly occupied
sites n, is given by the ‘‘number of bosons,”” ng

2
- qa .,
na=% NB( pym4 MB), (28)
weighted by a factor
|Eh| 2 2
R_(W O (Ind)*, (29)

which is the residue of the two-particle Green’s function at
the bottom of the two-particle band. These bosons, having
energy Ep=(q*4m)Z and chemical potential wp, represent
pairs of electrons being (virtually) bound by the on-site at-
traction. These results correspond to the observation of other
authors (see, for example, Ref. 9) that, for sufficiently strong
attraction, the two-particle Green’s function, (respectively,
the 7 matrix) can be interpreted as a ‘‘bosonic Green’s func-
tion.”” However, there is a weight factor between the two.
For large |U|, this weight factor R goes to one: in the strong-
coupling limit, all the double occupancy is due to coherently
propagating quasibound pairs. In the intermediate-coupling
regime, which we want to consider (|U|<W), the weight
factor R is roughly 0.5: only about one half of the two-
particle spectrum in Eq. (9) is resulting from coherent exci-
tations. In the weak-coupling regime, R vanishes, thus ren-
dering our approximation invalid in this limit.

Since, in our approach, there is gap in the one-electron
spectrum, separating the ‘‘bosonic’’ band from the fermionic
one, there is no difficulty in obtaining the number of un-
paired electrons np as

np=2, Eifr(is), (30)

k,or

where fr(gf ;) is the usual Fermi distribution function. The
dispersion &, of the unpaired fermions and the spectral
weight E; entering Eq. (30) are

eko=75 (Xi™ Kp),
1 2(t5—p)— pp

EE=E(1+ p

The total particle density results into

. (31)

n=ngt+22n,. (32)

For noninteracting particles, we may equally well use both
rhs and 1hs of Eq. (24) to calculate the density, since Wick’s
theorem applies. However, the identity (24) may be violated
in an approximate treatment like perturbation theory. This is
the reason why the self-consistent T-matrix calculation
breaks down at low T in two dimensions. By calculating the
density by means of Eq. (25), there is nothing preventing
T(q;=6,w=0) from diverging at finite T, signaling a phase
transition, while using Eq. (32) would definitively keep
T(0,0) finite for any finite temperature. By making use of
Eq. (32), we make sure that Bose condensation can only take
place at T=0, in agreement with the Mermin-Wagner theo-
rem. Indeed, according to the expressions (27) and (28) for
n, and ng, respectively, the bosonic chemical potential wp,
for a given n, (or ng) and for d=2, is different from zero at
any finite temperature, which inhibits Bose condensation, ex-
cept for T=0. In principle, for d=2 one should see a
Kosterlitz-Thouless (KT) transition. However, since our ap-
proximation does not treat the bosonic phase fluctuations in
an adequate way, we cannot expect to see the KT scenario.
On the other hand, T, may well be finite for a 3D system.
Actually our procedure is similar in spirit to the two-particle
self-consistent approach to the repulsive Hubbard model by
Vilk et al.'*?

Now for a two-dimensional system, we can explicitly
evaluate the number of pairs. We obtain

2R | e~ BIWEZR)—ppl | 33
Ild——ﬂwz n eBI‘R- 1 .
1 [|Ey|+A ePUup=8) 4 |
nF= S YT > (34)
BWy A eBUup=8=7W) 4

where A and vy have been given above.

After having carefully chosen the density n (see below),
we are ready to (numerically) solve Eqs. (32), (33), and (34)
for the chemical potential, as a function of temperature. The
resulting ug(T) vanishes exponentially at 7=0. From Egs.
(8) and (12), we obtain that the range of the two-particle
Green’s function £ is given by

[ 1
- 2|MB|’ (33)

where a is the lattice spacing. It is displayed in Fig. 1, for
three different values of the coupling strength U and with
fixed density n=0.1. We note that it shows a strong depen-
dence on U. At very low temperatures, it is given by

Qe

§= 'BteﬂWZnISR. (36)

a 2

Oppositely, in the intermediate temperature range, £ be-
comes independent of U. We also find that £ decreases with
increasing |U|. In the strong-coupling limit the ratio Z/R
tends to zero and thus the exponential divergence of & in 1/T
is suppressed (there remains only the power-law dependence
£~1NT).
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FIG. 1. Range of the two-particle Green’s function, as a func-
tion of temperature 7', at density n=0.1, for three different interac-
tion strengths, U= —4¢ (short-dashed line), U= ~6¢ (full line),
U=—81¢ (dotted line), and U= —10¢ (long-dashed line).

We may now define a coherence temperature T, as the
temperature at which the range of the two-particle Green’s
function exceeds 10 lattice spacings. We obtain T,;,~0.16¢
for U=—4t and T, ,~0.1t for U= —06¢, which may be
compared to T, as obtained from the numerical
simulations.!' We see that they compare favorably and that,
moreover, T, decreases with increasing U, again in agree-
ment with numerical simulations. Finally, we note that £
becomes of the order of the lattice spacing at temperatures
well below |E,|/2. We now turn to the temperature depen-
dence of the number of pairs. It is displayed in Fig. 2, as a
function of T, for three different values of U and at density
1n=0.04. At low temperatures, it is independent of 7. Since
the binding energy of the pair (and the gap) decreases as U

gets smaller, n, begins to decrease at a lower T for
U= —6¢ than for U=—10t, for example. In all cases ny
decreases by a factor 2 at T=~A/2.

In order to reach a better self-consistency, we now calcu-
late how the quasibound states affect the two-particle propa-
gator. Our approach is perturbative, in the sense that we want
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Ll
FI1G. 2. Density of quasibound pairs as a function of temperature

T, at density #=0.04, for U= —6¢ (full line), U= ~8: (dotted
line), and U=~ 10t (dashed line).
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to obtain the correction to the self-energy [which will be
denoted below as 3,(q,iw,)] after having performed the
first iteration of the Eq. (4), which results into the Green’s
function given by Eq. (18). The task can be performed ana-
lytically provided that the upper fermionic branch in Eq. (18)
and the unperturbed initial Green’s function Gy(g,iw,) al-
most cancel each other (i.e., present comparable weights and
denominators). This imposes a precise limitation on the

choice of the two parameters of our model, i.e., the coupling
strength U and the density n. It reads

A-E,
24

<1, 37
In this regime, we may consider only the lower (bosonic)
branch of the Green’s function, given by Eq. (18); hereafter,
it will be denoted as G,(c;,iwn). This is an important point
to stress; although the bosonic branch has a very small spec-
tral weight, it contains the most important physics in the
low-density limit, at least at the level of the perturbative
approach we have adopted. We calculate the first correction
to the two-particle propagator as y,, with

xi1(g.iv,)= 2 Gi(g=p,iv,—i0,)Go(p.iv,)

iwg,,p

+ 2 Golg—p.ivy—iw,)Gy(p.iw,).

iw,,p

(38)
Carrying out the summation over Matsubara frequencies, we
obtain that the statistical factors are exponentially small and
thus there is no correction to y to that order. Thus, the T
matrix is still given by Eq. (12). We can now proceed to the

calculation of the second-order correction to the self-energy.
It is given by

3y(g.iw,)= 2, To(p,iv))G(p+q.iv,+iw,), (39)

iy .p

yielding, after performing analytical continuation,

Wy 2x(;

%G ( |Eb|2q)t) (x;— 2(t5— ) - MB)

1
X
0—12(x;— pug)+i0"

L VPod75-4= 20— 1)~ g
W

255

’

1
X
(w+2,u,+|U|— 1V2(xg-;+pp)+i0*

(40)

where w, 1s a frequency cutoff needed by the assumption
that the 7 resonance is sharp for (Q—§)2/4m*6wc
~U2/W, with m*=m(|U|/t). This corresponds to |Q—g]
=< U/W, as it is borne out by numerical calculations of the
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FIG. 3. Particle density n; which is obtained by using Eq. (25);
the chemical potential is calculated numerically out of Eq. (32). The
temperature is 7/¢=0.5.

two-particle Green’s function G® covering the whole Bril-
louin zone.'>'® The precise value of the cutoff has little in-
fluence in the following (numerical) results. We note that the
first contribution in Eq. (40) is following from the long-
wavelength behavior of the T matrix, while the second is due
to the # resonance. Even though both 3, and the first con-

tribution to 3., originate from the pole of To(c; ,iv,), given in
Eq. (12), they are found to have opposite dispersions. The
total self-energy results as

3(g,0)=3,(¢,0)+3,(q,0). (41)

At this point of the calculation, we can recalculate the par-
ticle density n, by evaluating explicitly Eq. (25), using the
Green’s function resulting from Eq. (41). Since there is no a
priori reason that this would yield a result comparable to
what is following from Eq. (32), this is a consistency check
of the framework we are using. The result is displayed in
Fig. 3. It is obvious that this is in very good agreement with
the expected value n=0.04 for all values of U. This means
that our calculation is consistent. It also implies that, on one
hand, a small change in the chemical potential corresponds
to a small change in the particle density, but on the other
hand, it may induce a big change in the pair density.

IITI. EXCITATION SPECTRUM

We can now summarize our findings by plotting the vari-
ous pieces of the spectral function. This is done in Fig. 4(a),
for U=—6t (E,=~1t) and n=0.04, and in Fig. 4(b) for U
=—10t (E,=—-4.2t) and n=0.1, for momenta along the
diagonal of the Brillouin zone. In both cases, the spectrum
consists of four branches. The spectral weights of the various
branches are displayed in Fig. 5(a) for U=—6¢ and n
=0.04 and Fig. 5(b) for U=—10t and n=0.1.

These results can be commented as follows:

(i) There is a branch at negative energies following from
the quasibound states. It is centered around —W/2—(A
+|Ep|)/4 with a width W— (A —|E,|+2up)/2<W. The de-
pendence in U is weak, and the dispersions for | U|=6¢ and

Dispersion Relations

U=-6t
20.0 T T T
[
00F T~
\\....;...}«'“’"w'
0.0 p |
_1 0.0 1 L 1
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(a) Dispersion Relations
U=-10t
20 T . T

-10 . ' - _
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FIG. 4. (a) Spectrum of the Green’s function at n=0.04, T/1
=0.1, and U= —6¢. It consists of the bosonic band (dashed line),
the fermionic bands {dotted and dashed-dotted lines), and the
7 resonance band (full line). (b) The same as (a), for U= —10¢ and
n=0.1.

|U|= 10t are essentially the same (at same densities), up to a
small shift; moreover, we note that they are opposite to the
free fermion dispersion. The weight decreases with increas-
ing momentum and gets mostly negligible for g, ~2. It de-

creases with increasing |U|, at small c;’s, but the total weight
remains constant.

(ii) The fermionic band that was coming out of the first
approximation [Eq. (18)] is now resulting as a superposition
of two branches which would merge into a single one, were
damping taken into account. This superposition is done out
of the two branches which are most free-electron-like. This is
somewhat arbitrary, especially in the domain where the hy-
bridization with the other branch, which lies at positive en-
ergies too (see below), is strong. Consequently, we do not
show the spectral weights in this range. The width of the
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FIG. 5. (a) Spectral weight of the bosonic band (dashed line),
the fermionic bands (dotted line) and the 7 resonance band (full
line), for n=0.04, T/t=0.1, and U= ~6¢. (b) The same as (a) for
U=-10f and n=0.1.

fermionic band is slightly larger than the original bandwidth,
and shows little dependence on U. Its dispersion is parallel to
the free fermion one.

(iii) There is a third branch resulting from the % reso-
nance; its dependence in U is weak and both curves (for
|U|=6t and |U|=10t) are parallel. It comes down in energy
with increasing |U|. The contribution of the 7 resonance
band is very small, barely accounting for 5-10% of the spec-
tral weight at its maximum, which is located near c} =Q.

It is interesting to compare our results with quantum
Monte Carlo (QMC) simulations.!'*' The calculations of
Ref. 11 have been performed for n=04 and for |U|
= —4¢,—8t,— 12¢. This is likely to be outside the realm of
densities for which the T-matrix approximation is really
valid. Nevertheless, the following features coincide with our
findings: there are two distinct excitation branches which get

more and more clearly separated by a gap when |U] in-
creases. The width of the two bands is smaller than in our
calculation, in particular the lower (bosonic) band has very
little dispersion. However, the weights (the fermionic band
has large weight for large wave vectors, whereas the weight
of the negative energy bosonic band is concentrated near the
zone center) is similar to our Figs. 4 and 5.

Reference 21 presents new results for the one-electron
spectral function for n=0.1, one of the density values that
we have used, and |U|=8t. Here again, there is a fermionic
branch at positive energies E (positive with respect to the
chemical potential), separated by a ‘‘pseudogap’’ from the
excitations at E<0. Weight and width of the fermionic band
is similar to our result. The excitations at E<(Q have most
weight near the zone center, as we find it. However, their
structure seems to be more complex: with increasing wave
number they split into two ‘‘subbranches.”” The lower part
has downward dispersion and seems to correspond to our
bosonic branch. The other subbranch produces weight near
the chemical (E={) potential for large wave numbers. This
might correspond to our 7 resonance, provided that its en-
ergy near the zone corner, lying at a positive energy in our
calculation, would in reality be lower. In this respect, the
spectral functions for n=0.4 and |U|= —6¢, also shown in
Ref. 21, are particularly interesting: for E>0, besides the
strong fermionic branch, there is a second branch of excita-
tions the dispersions of which are very similar to the » peak
in our Figs. 4 and 5.

Thus, the main features of our spectral functions seem to
be present in the Monte Carlo results, although the latter
show a more complex structure. A detailed and more quan-
titative comparison with QMC should also take into account
the fact the ‘‘maximum entropy method’’ used there in order
to extract spectral functions from data obtained as functions
of the (imaginary) Matsubara frequencies does not easily al-
low for an unambiguous identification of excitations with
small weight.

Finally, we note that we do not obtain any spectral weight
at zero frequency, signaling the presence of a correlation
induced gap. We also checked that including particle-hole
excitations in the calculation does not affect this conclusion.
The appearance of a true gap in our calculation is, at least
partly, due to the fact that our spectral lines have no width
{except that the ‘‘doubling’’ of the fermionic branch gives a
hint to a broadening of the latter). Spectral functions with

finite line width would be obtained either by doing the c;
sums in the expression (4) for the self-energy more precisely,
and/or by evaluating G and 2, by solving Egs. (2)—(5) self-
consistently.

In summary, we have determined the excitation spectrum
of the attractive Hubbard model at intermediate coupling out
of a simple analytical calculation. We first pointed out an
intrinsic problem of perturbation theory relative to the imple-
mentation of the Mermin-Wagner theorem. We made use of
an alternative expression for the density to obtain a qualita-
tively correct theory which does not break down at low T in
two dimensions, in contrast to previous self-consistent calcu-
lations. We obtain an analytical expression for the Green’s
function which reproduces the qualitative features of the
QMC simulations in the low-density regime.
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We calculate the one-electron Green’s function of the 2D attractive Hubbard model by coupling the
electrons to pair fluctuations. The latter are approximated by homogeneous amplitude fluctuations
and phase correlations corresponding to the XY-model. The electronic density of states shows a
pseudogap at temperatures well above the transition temperature T¢. For a quasi-3D system, a
superconducting gap emerges out of the pseudogap below T¢.

The 2D attractive Hubbard model is treated by a Stratonovich-Hubbard transformation (SHT), decoupling the in-
teraction term by a complex pairing field A. The one-electron Green’s function is then approximately given by

(1]:
Ay |
2y +€§ —pto (]-“:;—Zl/)

G(E,z,,)_l:z,,—e,;—l—/t—a(l_c‘,z,,)— (1)

The expression for the self-energy
o (Fa) ==Y (8@ =) 1) G (F= 7.2 - 2a), )
J %a

involves the dynamic correlation function of the pairing field, which is related to the one-electron propagator through
the SHT. However, rather than aiming at a self-consistent solution, we adopt a simple form for the pairing correlations
and study their influence on the one-electron properties. Introducing amplitude and phase, A (7,t) = |A (7, t) |e?f(™2)
we make the following assumptions :

(i) Below the temperature T™, the amplitude fluctuations (assumed to be space- and time-independent) are ap-
proximated by a BCS-form, (|A|?) = &, (1 - QT—), with a prefactor @y that allows to vary their strength. The
average (A) is zero. The strong anisotrapy of underdoped compounds shows that the coupling between the planes
is weak. Thus, we model the phase fluctuations as in a 2D-XY system. Above the critical temperature T, we
approximate it by a dispersionless relaxation [2,3] :

e . ro Ty
<et(0(r,t)—0(0,t))> — et ( ) ¢ T (3)

ro+r

—
with a Berezinskii-Kosterlitz-Thouless correlation length &, (T") = £pe VT-"¢ and a relaxation frequency 7.

(ii) Below the critical temperature T we keep, for simplicity, the same form (3) for the phase correlations, but
with £~ = 0, corresponding to an algebraic decay of correlations. Taking into account a non-zero coupling between
the planes (in the third dimension), we introduce a non-zero value for the average of A, (A)? = A (|A)?), with a
variable parameter A < 1.

We then evaluate o (l:, z,,) to lowest order by using the non-interacting Green’s function and the isotropic spec-

trum e (E) = 5"7% ~ p in expression (2). The wave-number integration is limited to an effective spherical Brillouin

zone. The various parameters are chosen to describe high-T materials in the strongly underdoped regime, where the

2
pseudogap is most pronounced : the (fixed) chemical potential p = 257% is taken to correspond to about 0.1 charge



carrier per site and kpT™ = p, To = TG .
On the figures, we show the electronic density of states N(E) and some spectral functions for #; = 0.76 and y = 0.54.

The following observations can be made :

(i) Above T¢, a pseudogap opens around pu. Its effective width is almost T-independent, in spite of the T-dependence
of (JA|?) in the self-energy. Near T*, it is roughly V-shaped. By approaching T¢, it becomes more U-shaped (for our
model, pairing is s-like) and N (1) becomes then practically zero; the pseudogap is delimited by two rather pronounced
maxima, although (A) is still zero.

(71) Below T¢, the presence of (A) # 0 produces two new peaks: a true ”superconducting gap” emerges out of
the pseudogap. Its width is given by the geometrical superposition of average and fluctuating part of A. The fluctu-
ations of the latter remain visible in the form of secondary shoulders inside the superconducting gap which approach
each other about in the samme proportion as the main peaks move away from each other.

(#i1) Our value for v is relatively large. For a smaller v, and in particular in the case of critical slowing down of
phase fluctuations (y (T¢) = 0) [2] the two shoulders would become secondary peaks inside the superconducting gap.

(iv) Near T¢, the spectral functions are doubly peaked in some wave-vector domain around kp and the width of
the pseudogap is given by the separation between these two peaks, which is essentially determined by <|A12> At
higher temperatures, the spectral functions have only one peak, but their width is enhanced over essentially the same
k-domain. Due to this fact, the pseudogap is filling up gradually, when 7* is approached (from below), without
changing very much its width.

Summarizing, we have evaluated the electronic density of states of the attractive Hubbard model, taking into ac-
count the coupling of the charge carriers to the fluctuating pairing field. The appearance of a pseudogap with a
T-independent width and the emergence of a superconducting gap below T¢ is in agreement with experimental find-
ings (see for example [4]). In a future publication, we shall present more detailed results and also compare the latter
with the ones that have been recently proposed within similar approaches [5].

(1] M.H. Pedersen et al., Z. Phys. B 103 (1997), 21.

(2] D.L. Huber, Phys. Lett. A 68 (1978), 125.

[3] P.H.E. Tiesinga et al., Phys. Rev. Lett. 78 (1997), 519.

(4] Ch. Renner et al., Phys. Rev. Lett 80 (1998), 149.

[5] M. Franz and A.J. Millis, cond-mat/9805401; J. Maly et al., cond-mat/9805018; V.M. Loktev and S.G. Sharapov, Cond.
Mat. Phys. (Lviv) 11 (1997), 131; M. Letz and R.J. Gooding, cond-mat/9302107; J.R. Engelbrecht and A. Nazarenko,
cond-mat/9806223.

FIGURE CAPTIONS

Figure 1 : One-electron density of states N (E) above T¢, for T = 2T¢ (dot-dashed line), T' = 1.5T¢ (dotted
line), T = 1.2T¢ (dashed line) and 7" = 1.01T¢ (full line).

Figure 2 : N (E) below T¢ for A = 0.7 (full line) and - for comparison - above T¢ (T" = 1.017¢, dashed line).

Figure 3 : One-electron spectral functions for k¥ = 0.5kp (dashed line), k = 0.7kr (dotted line), & = kp (full
line), k = 1.2kp (dash-dotted line), k = 1.5kp (heavy full line), for 7" = 1.017¢ and (inset) 7' = 1.57¢.



FIG. 1. One-electron density of states N (E) above T¢, for T = 2T¢ (dot-dashed line), T' = 1.5T¢ (dotted line), T" = 1.2T¢
(dashed line) and T = 1.01T¢ (full line).



FIG. 2. N (E) below T¢ for A = 0.7 (full line) and - for comparison - above T¢ (T = 1.017¢, dashed line).
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Excitation spectrum of the two-dimensional attractive Hubbard model
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We calculate the one-particle spectral functions above
the superconducting transition temperature T¢, in the
framework of a functional mtegral approach. The
coupling of the electronic self-energy to pair fluctua-
tions, which are treated by means of a time-dependent
Ginzburg-Landau equation, yields a double-peak struc-
ture, around the Fermi wavenumber. The peak sepa-
ration is essentially temperature-independent, but the
structure sharpens when T¢ is approached.

Although the two-dimensional attractive Hubbard model
does not represent a suitable model to describe the com-
plex physical behavior of the high-temperature supercon-
ducting compounds, it has recently attracted renewed in-
terest [1-3], on one hand because of its simplicity and, on
the other hand, because it incorporates two fundamental
properties of the cuprate superconductors : working in
two dimensions permits to take into account the strong
anisotropy of the latter materials (at least in the under-
doped regime), while the on-site attraction can account
for the characteristic short in-plane coherence length,
which has been experimentally determined.

In a previous paper [4], we calculated the one-electron
Green’s function of the two-dimensional attractive Hub-
bard model, by coupling the charge carriers to pair fluc-
tuations, which were subsequently approximated by a ho-
mogeneous amplitude and by phase fluctuations, corre-
sponding to the 2D-XY model; we found that the elec-
tronic density of states shows a pseudogap at tempera-
tures well above the superconducting transition temper-
ature T¢.

In the present communication, we shall treat pair fluctu-
ations above T¢ by means of a time-dependent Ginzburg-
Landau equation. In order to derive the latter, the
interaction term appearing in the Hamiltonian of the
attractive Hubbard model is decoupled by a standard
Stratonovich-Hubbard transformation, through which a
complex, fluctuating pairing field A appears. The par-
tition function is thereafter written as the functional in-
tegral, over the latter field, of an effective action which,
upon exploiting the usual cumulant expansion for expec-
tation values up to fourth order in A, beconies a dynamic
Ginzburg-Landau-like functional, S(A). The expectation
value of the squared modulus of the pairing field A has
the form :

2(d 20) = (| A7 2a) 2) .

= a+cq?+ (dy +id2)za"

(1)

where a, ¢, di and dy are real coefficients that emerge
from expanding the inverse of the two-particle propaga-
tor, for small wavenumbers ¢ and (bosonic Matsubara)
frequencies z,. To lowest order, the self-energy is given

by [4] :

U(Eazu) = ‘Z <| A(q, 2,) |2> GO(E’“‘T;ZV —24) =

§)za

1 +oo -
gZ/ Im[2(¢,¢)] Go(k = §,¢ — 2,)np(¢)d¢ -
g v
+oo .
51; Z/ E(q, 20 + m)Im [Go(k -, 77)] nr(n)dn,  (2)
q — 00

where np(w) and np(w), respectively, are the usual Bose-
Einstein and Fermi distribution functions.

Contrary to the self-consistent T-matrix approach [5], the
self-energy given by Eqn. (2) involves the non-interacting
one-particle Green’s function Go(l;, z) [6] : on one hand,
this choice provides us with analytically tractable expres-
sions while, on the other hand, it should give physically
reasonable results, because approximations which include
self-consistency without the necessary vertex corrections
are unable to reproduce the precursor effecis 1], which
we alm at putting in evidence. We use the isotropic spec-
trum E(k) = % — p. For the values of the Ginzburg-
Landau parameters a and ¢, we use the strong-coupling
limit [6,7], whereas we determine dy and dy from the
best fit to the T-matrix resulting from Monte-Carlo cal-
culations [6,5]. The imaginary part of the self-energy is
shown on Fig. 1, for two temperatures above the tran-
sition temperature, which is defined by a(T¢) = 0. We
have chosen T¢ = 0.1¢ (¢ is the hopping parameter of
the original Hubbard Hamiltonian), in agreement with
T-matrix calculations [5] and numerical simulations [3].
A transition at a non-zero temperature (which is also
observed in Quantum Monte Carlo calculations, due to
finite size effects [3]) would either have to be identified
with a Berezinskii-Kosterlitz-Thouless transition or as
being due to a small coupling in the third dimension.
The most important features are the following : () the
imaginary part of the self-energy shows a strong depen-
dence upon wavenumber; upon increasing k, the rather
pronounced peak moves down to the chemical potential,
crosses it at & = kr and then continues down to lower
energies; (ii) as the temperature increases, the imaginary
part of the self-energy presents essentially the same struc-
ture, but the peaks get substantially broadened; (i) for



large wavenumbers, —Im [0(1;, Q)] becomes almost fea-

tureless; this result probably arises from the fact that we
have worked within the continuum limit while, on the lat-
tice, the appearance of the so-called n-resonance would
significantly modify the spectral properties at the edge of
the Brillouin zone [8]; (iv) interestingly enough, we note
that, except near the Fermi wavenumber, the imaginary
part of the self-energy shows a minimum near the chem-
ical potential, which, according to many authors [9], is
a salient feature of a Landau Fermi liquid; however, for
k ~ kr, we note that a rather pronounced peak appears
near the chemical potential.

The real part of the self-energy given by Eqn. (2) is com-
puted by performing a Kramers-Kronig transformation;
thereafter, the one-particle Green’s function is obtained.
In Fig. 2, we present the one-particle spectral functions
for two different temperatures and for different wavenum-
bers. First of all, similarly to the case for the imaginary
part of the self-energy, the spectral peaks broaden up,
upon increasing the temperature above T¢; this is essen-
tially the only effect and, in particular, we note that the
position of the peaks does not change. Secondly, for the
wavenumbers around kg, the spectral function acquires
a two-peak structure, which is symmetric with respect to
the chemical potential for & = kp. This feature persists
to higher temperatures, though the thermal broadening
tends to smear out the two-peaked structure.

On Fig. 3, we report the positions of the spectral peaks,
which have a weight significantly different from zero. We
note that, contrarily to the phase fluctuation approach
that we presented in [4], the opening of a pseudogap,
upon approaching T¢ from above, is principally due to
the double-peak structure around kp.

Summarizing, we have computed the excitation spec-
trum emerging from the two-dimensional attractive Hub-
bard model, upon treating the pair fluctuations above T
by means of a time-dependent Ginzburg-Landau equa-
tion. Around the Fermi wavenumber, the spectral func-
tions exhibit a double-peak structure, the separation of
which is essentially temperature-independent. Moreover,
the spectral peaks sharpen when T¢ is approached from
above. The resulting one-particle density of states thus
shows a pseudogap of almost constant width, above the
superconducting transition temperature.

This work was supported by the Swiss National Science
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