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A method for analyzing the state of the adsorption phase was developed on the basis of
statistical thermodynamics for the case of equilibrium adsorption of binary gascous mixtures.
The procedure for treating experimental data to determine the Helmholtz energy and other
thermodynamic functions of a mixture of molecules occluded within zcolite cavities was
proposed. A measure of ideal behavior of a mixture of a small number of molecules in the
micropore was formulated; in the asymptotic limit such a behavior leads to the Raoult law
and to assumption of the validity of the Raoult law when moving along the line of constant
value of the Gibbs integral in the ideal adsorption solution theory.
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Several major lines of theoretical investigations of
equilibrium adsorption of gas and vapor mixtures can be
distinguished. The ideal adsorption solution theory
(IAST) proposed by Myers and Prausnitz! is based on
the assumptions that (a) the adsorption phase occupies a
constant volume (or surface arca); (b) at fixed tempera-
ture, the partial molar volume (the unit surface area) is
an unambiguous function of the pressure in the adsorp-
tion phase; and (c) the Raoult law is valid when moving
along the line of constant pressure I1 in the adsorption
phase. Such assumptions made it possible to describe
the adsorption in a multicomponent system in terms of
individual adsorption. Actually, on moving along the
line of constant pressure it is possible to arrive at a pure
ith component with its pressure in the gas phase being
p8 = pi/x; (p; is the partial pressure of the ith compo-
nent, and x; is its mole fraction in the adsorption phase).
With the isotherms known, the pressure [T developed by
any individual component can be found by integrating
the Gibbs cquation. Thus, in the case of a binary system
the equality of I1 values for both individual components
is obtained; the root of this equality (with taking ac-
count of the Raoult taw) is the mole fraction of any of
the components. In such a manner the composition of
the adsorption phase and then (using the first assump-
tion) the adsorption values of the components of the
system arc determined. The wide use of this model is
associated with the absence of limitations on the shape
of individual isotherms.

The sccond line of investigations consists of various
vacancy models. Treatment of the adsorption phase as a
vacancy solution®3 implies that the vacancies penetrate
through any obstacles and do not interact with the ad-
sorption ficld.?»? The phenomenological thermodynamics
of the equilibrium of two vacancy solutions, one of which
is infinitely diluted (the gas phase), made it possibic to
derive specific equations describing individual and binary
adsorption for different types of relations between the
activity coefficients of the components of a vacancy
solution and its composition. A binary system cofre-
sponds to a three-component vacancy solution. Previ-
ously, %5 it has been shown that the activity coefficients
can be calculated from the Wilson equation.

In the third line of investigations,®7 the adsorbent
that enters into a reversible addition or exchange reac-
tion to form adsorbent—adsorbate complexes is consid-
ered as a component of the solution. In contrast to the
vacancy model, the adsorbent is not regarded as thermo-
dynamically inert. The volume of the adsorption solu-
tion remains constant upon varying its composition. The
use of mathematical tools of chemical thermodynamics
makes it possible to find intrinsic relations between the
activity coefficients of the components of the adsorption
solution and to relate these to the stoichiometric coeffi-
cients. For one of the activity coefficients, its value as a
function of the composition of the adsorption solution is
given empirically, just as in the vacancy model. This is a
drawback of the last two lines of investigations. In the
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case of ideal vacancy or adsorption solution, both theo-
ries lead to the Langmuir equation for individual ad-
sorption and to the Markham—Benton equation for the
adsorption of mixtures.8

The fourth investigation line of the adsorption of mix-
tures extends the Polanyi model and makes use of the
heterogeneous distribution of the composition and pres-
sure in the adsorption space.?~1l It postulates that the
progressive filling of wider micropores with higher adsorp-
tion potential occurs as the partial pressures increase. A
solution that obeys the Raoult law in a narrow region be-
tween the filled and unfilled adsorption space, i.e., in the
micropores being filled at given partial pressures, is con~

sidered an ideal solution. In the micropores already filled, -

the composition of the adsorption phase varies depending
on the adsorption potential and on the pressure IN. The
micropore size distribution as a function of the adsorption
potentials is determined from individual isotherms.

The above models are microscopic and no account of
the limited size of micropores is taken in explicit form.
In this connection fundamental problems arise, eg.,
those that are associated with physical interpretation of
the pressure I1. By definition it is 2 microscopic quan-
tity, which cannot be used in the case of individual
micropores. For this reason, models in which the system
of micropores is considered as the Gibbs grand canoni-
cal ensemble should be regarded as the most suitable.
The subsystems (micropores) can exchange adsorbate
molecules and energy. To exclude the surface effects at
the boundaries, thus providing statistical independence,
the Gibbs thcory deals with macroscopic individual sub-
systems. However, if the condition for statistical inde-
pendence of subsystems is satisfied, then the Gibbs
method can also be applied to an ensemble of micro-
systems. Zeolites are the best object for the refinement
of such an approach to adsorption.!? Ruthven was suc-
cessful in deriving the equation of the adsorption equi-
librium both for individual adsorption and for adsorption
of a binary mixture using mathematical tools of statisti-
cal thermodynamics and the simplest analogy between
the state of groups of molecules held in a zeolite cavity
and the van der Waals gas. 1314

All the approaches mentioned above are based on
different definitions of ideal behavior of the adsorption
phase. A system behaving ideally for one model can
become strongly non-ideal for another model. There-
fore, a more rigorous substantiation of the measure of
the ideal behavior of the adsorption phase on the level of
individual micropores is required. Solving this problem
serves to establish the reasons for the deviations from
the ideal behavior and to predict the properties of multi-
component systems more accurately.

Mathematical model

Let us consider the equilibrium adsorption of a bi-
nary mixture by zeolite assuming that individual cavitics
are statistically independent of one another. Ignoring

the distribution of cavitics in the kinetic energy, we can
write the equation of adsoiption equilibrium as fol-
lows:12

A dlog=
Nadh,

_ Aydiog=
Nadh; ° )

where the grand canonical partition function
T = EgoN,, E= ;zx,m,. (o))
7

Here a; and a,/mol kg™! are the amounts of the first
and the second components adsorbed, respectively;
ag/mol kg~! is the number of cavities per unit mass of
zeolite divided by the Avogadro constant N,; = is the
grand canonical partition function; & is the grand ca-
nonical partition function per cavity; and Q; j is the
canonical partition function of a mixture containing i
molecules of the first component and j molecules of the
second component held in a zeolite cavity. The canoni-
cal partition function Q; ; is related to the Helmholtz
energy £; ; for the cavity containing i molecules of the
first component and j molecules of the second compo-
nent:

Fij = —kgTlogQ; ;. 3)

where kg is the Boltzmann constant, and T/K is tem-
perature. The parameters A; and A, are defined through
the chemical potentials of the first and the second
components (4 and y,, respectively) per one molecule:

A = exp(ui/kg D), Ay = explpy/kgT). (O]

The partition function for microcanonical ensemble Q is
related to the grand canonical partition function by the
following relationship:

Q = ~Wyll = —kpTl0g=. S}

Here W,/m3 kg~! is the volume of the adsorption
space, and Il is a macroscopic quantity defined from the
Gibbs equation (its dimensionality coincides with that of
pressure):

Wodn = a|dp, + alduz.

In the case of adsorption of an individual compo-
nent, the value of pressure [T is equal to the integral of
the sorption value over the chemical potential (the
Gibbs integral) divided by the volume of the adsorption
phase W, as defined in the IAST model. Therefore the
assumption made by Myers and Prausnitz,! that the the
Raoult law is valid at a constant 1 value, corresponds to
a constant value of the grand canonical partition func-
tion Z. Designating the mole fractions of the compo-
nents averaged over the entire adsorption phase as x;
and x,, it is possible to write the following conditions of
the ideal behavior of the adsorption phase:

ni = Ay + kgTlogyy, py = fiz + kgTlogx,.

il

i = w° + kgTlogp®, w™y = wy° + kgTlogpy® N



Here p° and p,° are the temperature-dependent
standard chemical potentials of the first and the second
components, respectively; p;® and p,° are the pressures
of respectively the first and the second components in
the bulk phase in the case of individual sorption at the
same value of the Gibbs integral as in the case of
adsorption of the mixture at partial pressures p, and p,;
fig is the chemical potential of the k&th component (k =
1, 2) which in the case of its individual adsorption
corresponds to the same value of the grand canonical
partition function £ as in the case of adsorption of the
mixture or to the same pressure [1. The condition (6) is
another form of the Raoult law when moving along the
line of the constant pressure for the ideal gas phase:

2 = P°x, p1 T pxy (8)

The problem is to find such a pattem of dependence
of the Helmholtz encrgy F; of a mixture containing /
molecules of the first component and j molecules of the
second component held in an individual cavity on the /
and j values such that conditions (6) and (7) would be
met when moving along the line of the constant Z value.
The analysis has shown that this is possible only if the
adsorption capacities of the cavities are equal, ie., if the
molecular volumes are fairly close. Otherwise, the model
of ideal adsorption solution! is a priori inapplicable. (Of
course, it is of no significance in the case of statistical
approach.) Let N be the maximum number of guest
molecules in the cavity for both components; then we
can write for the grand canonical partition function per
cavity:

N i i— 7 Aiy — Fo ..
£= 2, Xexp ((‘ Dy ;/;2 E'“]. 9)
i=0j=0 B

At the same time, according to the condition men-
tioned above, the & value should be equal to the same
quantity defined for any (e.g., the first) component if its
chemical potential is

N
£ = %cxp«im — Fig)lkgT). (10)

Equating the right sides of Egs. (8) and (9) at the
same / to one another and expressing p, and p, through
the mole fractions x; and x, using relationships (6), we
obtain the following system of recursion relationships:

oo (i~ i+~ F-y (lp,"[’}o\
j id | f
}Ecx’ xfcxp[ T = exp T lt an

The system is successively solved for i = |,..., N by
transforming cach equation to a polynomial form of
degrees in x; (or x;) and equating corresponding coeffi-
cients to zero. As a result, the following system can be
abtained:

Fio = F,;i+ (A ~ a2 (12)

i

= i+ )
i = ‘.—H:Fi.j,o

J -
+ ,-—+7Fo.nj kyTlog [—,,7*} (13)

It is convenient to pass to the specific Helmholtz
energy F,; ; per mole (rather than per molecule); then
the last two expressions can be written as follows:

Fig— Foi = Na(ny — 13) = RTlog(n°/p2°), (14)

_ RT i+ N
TIT"’{ i ]'“5)

By definition, p;° and p,° are the pressures of the
individual components at the same Z (or [1) value as that
of the binary system with the partial pressures p; and p,.
Therefore, in the general case p;° and p,° are functions
of the total pressure and the composition of the gas
phase. However, the Helmholtz energy F,q of i mol-
ecules of the first component occluded within a zeolite
cavity and the Helmholtz energy Fy; of i molecules of
the second component in the left side of equality (13)
cannot be dependent on the partial pressures in the gas
phase. On the other hand, the right side of equality (13)
cannot be dependent on the number of molecules §
occluded within a cavity. Therefore, both the left side
and the right side of Eq. (13) must have a constant
value. Hence it follows that the individual isotherms
plotted as the amount sorbed against the logarithm of
the pressure should have the same pattern and match up
when shifted along the pressure axis. This is a rarc
particular case for nonlinear isotherms and usually does
not occur; however, this condition is necessary for the
fulfilment of the major assumption of the IAST (the
validity of the Raoult law when moving along the line of
the constant pressure).

Equation (14) is similar to the equation for the
specific- Helmholtz energy of the ideal solution for which
the Raoult law is valid. Actually, going to the approxi-
mate limit for very large i and j and using the Stirling
formula, we get

F.

]

- l — _I —
e T e + e By
iJ i+j ivj0 ivJ Oi+j

= xiFujo + x1Fo juj + X RTIogx; + x;RThogxy. (16)

The last two terms in Eq. (16) are the products of
temperature and the entropy of mixing upon the forma-
tion of ideal solution taken with the opposite sign. The
importance of Eq. (14) lics in the fact that it can serve as
the starting point when analyzing the deviations from
ideal behavior of the adsorption phase. To this end, an
additional term (viz., the excess Helmhoitz energy FE,-J-)
can be introduced into Eq. (14) as in the classical theory
of solutions

Foolimo tiFoy _ RT Gt B )
X i+ ivj { 1!_1!_] -
Using a particular fitting function and having deter-
mined the coefficients by the least squares method, it is



possible to analyze the state of the adsorbed substance in
detail; in particular, the cffect of the adsorption field
inhomogeneity can be established.

Results and Discussion

The major result of the analysis of the ideal adsorp-
tion  solution theory, as applied to the adsorption of
mixtures by zeolites, is the denvation of Eq. (12); this
cquation was implicitly included in the postulate that
the Raoult law is valid when moving along the line of
constant pressure in the adsorption phase. This equation
is rather sufficient for calculating binary cquilibrium
adsorption from individual isotherms. Condition (11)
implying the constant value of selectivity § =
(p1/a))/(p2/ay) can be considered as a “side effect” of
inadequately rigorous definition of the measure of ideal
behavior in the IAST model. If this condition is not met,
then the Raoult law is also not valid. However, Eq. (12)
or Eq. (14) may also serve well as a criterion for the
ideal behavior of the adsorption phase instead of the
outdated postulate used in the IAST. In this case the
algorithm of calculations of the ideal binary mixtures
can be conceived as follows. First, the dependences of
the Helmholtz encrgies of each of the components on
the number of guest molecules in a zcolite cavity are
established from treating the individual isotherms. Then,
the F;; values for all possible combinations of iand jare
calculated using Eq. (12) and the valucs of the adsorp-
tion of cach of the components at given partial pressures
are determined from Eqgs. (1)—(4). If the system is non-
ideal, then the problem is to establish the character of
the deviations of experimental results from Eq. (12)
based on treating the experimental data on the equilib-
rium adsorption of mixtures.

Experimental data on the adsorption of an oxygen—
nitrogen mixture by NaX zeolite at 144 K !5 can be
analyzed as an example. The adsorption of the mixture
occurred at a constant total pressure equal to the atmo-
spheric pressure. The following expanded form, which is
a special case of the system ([)—(4), was used for
treating the individual isotherms:

N
Zlicxp[ﬂogpl —(Fip = i°)/ (kgT)]
a) = a9 . a8

3. expldog — (Fig — i°) / (kgT)]
i=0

N
¥ jexplogsy = (Fo; = iu®) / (kgD

“
0y =ay L5

2 .
T explogp; ~ (Fo; — Ay®)/(kgT)]
j-0

The dependence of the Helmholtz energy on the
number of molecules within the cavity was approxi-
mated by the following polynomials:

(Fio — i)/ (kgT) = kz_lbki" ,

(Faj = 1)/ (kgD = k>_:_'cu‘. 19

Polynomials of the fifth degree were used. The F%;;
values were determined using the following regression
equation:

m mel=k

FE=2 Yditj. (20)
k=1 I=t

The coeflicients of the polynomials (18) and those of
the regression equation (19) for m = 3 (6 coeflicients)
were calculated by the least squares method; the sum of
squared deviations of logarithms of the calculated partial
pressures from experimental was minimized.

The individua!l adsorption isotherms of oxygen and
nitrogen in semilogarithmic coordinates are shown in
Fig. 1. The maximum numbers of the molecules per one
cavity were taken to be Ny = 16 and N; = 13, respec-
tively. The dependences of the specific Helmhoitz en-
ergy on the cavity filling typical of most of the systems
are presented in Fig. 2. The resuits of calculations of the
dependence of selectivity on the composition of the
adsorption phase at a constant total pressure in the gas
phase arc shown in Fig. 3. As can be seen in Fig. 3, the
system under consideration is strongly non-ideal. The
results of calculations according to the 1AST model
(curve 3) differ from those performed according to the
model (1)—(4) for the case of ideal adsorption phase
(curve 2) when Eq. (12) is valid. This distinction is due
to the fact that in this case the condition (11) is not met,
and the IAST model is inapplicable to the system under

a/mmotl kg™t
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Fig. 1. Individual isotherms of oxygen (/) and nitrogen (2)
adsorption by NaX zeolite at 144 K.S
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Fig. 2. Dependences of the specific Helmholtz energy (Fi -
1°) on the number of guest molecules (§) in a zeolite cavity for
individual adsorption of oxygen (/) and nitrogen (2).
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Fig. 3. Dependence of selectivity § = (apy)/(ayp)) on
the molar fraction of oxygen (x;) in the adsorption phase at a
constant total pressure in the gas phase of 101.3 kPa. The
points are experimental data;15 J, calculations according to the
statistical model; 2, calculations according to the statistical
model for ideal solution (££;; = 0); and J, calculations ac-
cording to the IAST modcl.}

considecation. In Fig. 4, the calculated and experimen-
tal dependences of the composition of the gas phase on
the composition of the adsorption phase at a constant
total pressure are shown. It can be seen that the results
of calculations performed according to the model pre-
sented agree well with the experimental data. The de-
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Fig. 4. Dependence of the composition of the gas phase on
the adsorption phase composition when moving along the line
of constant total pressure of 101.3 kPa; y; and x; are the mole
fractions of oxygen in the gas phase and in the adsorption
phase, respectively. The poiats are experimental data: !5 1, cal-
culations according to the statistical model; 2, calculations
according to the JAST model.
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Fig. 5. Change in the Helmhoitz energy (F; — p°) of a
mixture of / oxygen and j nitrogen guest molecules in a zeolite
cavity on the number of oxygen molecules i when moving
along the lines of constant total number of molecules i + j in
an individual NaX zeolite cavity at 144 K. The total number of
molecules for each curve is equal to the abscissa read from the
last point.

pendences of the specific Helmholtz energy on the
number of guest oxygen molecules in a zeolite cavity
along the lines of a constant total number of molecules
are shown in Fig. 5. The Helmholtz energy takes into
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Fig. 6. Change in the excess Heimholtz energy of a mixture of
i oxygen molecules and / nitrogen molecules within a zeolite
cavity on the number of oxygen molecules i when moving
along the lines of constant total number of molecules i + j in
the cavity.

account both the interaction between the adsorbed mol-
ecules and their interaction with the adsorbent. The
number of O, molecules cannot exceed the total number
of the molecules; thercfore, the curves terminate at the
right at an i value equal to the constant total number of
the O, and N; molecules for each curve. On the other
hand, the volume of the oxygen molecule is less than
that of the nitrogen molecule. Hence, as oxygen is
replaced by nitrogen, the volume of the molecular ag-
gregate increases up to the maximum value that cannot
exceed the cavity volume. Therefore two curves corre-
sponding to large total numbers of molecules (14 and
15) terminate at the left. Analogous curves for the excess
Helmholtz energy are shown in Fig. 6. As can be seen
in this figure, the adsorption phase is non-ideal; in this
case the excess Helmholtz energy is negative. Even at
much lower temperature (78 K) the solution of oxygen
and nitrogen is much like the ideal solution,!6 ie., the
excess Helmholtz energy is close to zero. Such a distinc-
tion in the behavior of the adsorption solution as com-
pared to that of a liquid mixture can be explained by the
effect of inhomogeneity of the adsorption field within
individual zeolite cavities and by the different types of
intcraction between the molecules of the adsorbed com-
ponents and the adsorption field. In contrast to oxygen
molecutes, the nitrogen molecules have a short-range
quadrupole moment. Hence it is highly probable that
pitrogen molecules occupy positions near cations. There-
fore, the molecules are redistributed in the cavity vol-
ume so that their total internal energy decreases; this
leads to a decrease in the Helmhoitz energy.

Equation (12) for the Helmholtz energy of an aggre-
gate consisting of mixture of molecules of different
components may serve as a measure of ideal behavior of
a non-macroscopic system {micropore). Such a measure

is convenient since it allows one to apply the Raoult law
to the bulk solutions in the asymptotic limit (when the
number of molecules increases without limit). For non-
linear individual isotherms, the validity of the Raoult
law when moving along the line of constant value of the
Gibbs integral postulated in the IAST model can occur
only in onc special case, viz.,, when the adsorption
capacities of micropores for both substances are equal
and the isotherms can be matched up by shifting along
the pressure axis in the gas phase.

Further development of the approach outlined above
includes an analysis of experimental data on multicom-
ponent equilibriurn adsorption at different temperatures.
This would make it possible to determine not only the
excess Helmholtz energy but also the excess intemal
energy and the excess entropy; in turn, this will provide
a way of establishing a quantitative relation between the
deviation from ideal behavior of the adsorption phase,
the inhomogeneity of the adsorption field, and different
types of interaction between the adsorbed molecules and
the adsorption ficld. The model considered can be ap-
plied to carbon molecular sieves and then to other active
carbons taking into account the distribution function
related to the micropore size distribution.
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