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ABSTRACT AND KEYWORDS

NONLINEAR, NONPARAMETRIC METHODS IN EMPIRICAL FINANCE

Abstract During the recent global financial crisis, the world discovered
how complex financial securities have become. Modelling and analyzing
financial time series are increasingly challenging due to the complexity of
modern financial markets. The aim of this thesis is to partially address
these challenges using statistical methods. This manuscript focuses on
both alternative (hedge fund) and traditional asset classes (equity). The
methods we survey take into account the complexity of the data. They re-
lax the parametric assumptions usually made on the data generating pro-
cess. The first chapter is devoted to the description of the statistical prop-
erties of hedge fund time series returns. Chapter 2 is dedicated to a better
understanding at a macro level, of drivers underlying hedge fund returns.
A strategy to replicate aggregate hedge fund returns, based on specific
market risk factors is discussed. Chapter 3 proposes a nonparametric
portfolio allocation framework, aimed at implementing a performance-
adaptive allocation of capital between individual hedge funds. Chap-
ters 4 and 5 address the market indexing issue. A balanced sampling
methodology is proposed to select a sub-set of assets that enables to track
performance of the total of the population of interest. While the former
chapter focuses on the stock market as a whole, the later is an attempt to
track the dynamic of the hedge fund universe relative Net-Asset-Values.

Keywords Hedge fund, Traditional asset classes, Non-normality, Serial
correlation, Market risk factor, Replication, Mean square error, Portfolio al-
location, Kernel estimation, GO-GARCH, Distribution free, Market track-
ing, Survey sampling, Balanced sampling, Capitalization, Fund tracking.

METHODES NON-LINEAIRES ET NON-PARAMI:ZTRIQUES, EN FINANCE
EMPIRIQUE

Résumé Au cours de la récente crise financiere globale, la communauté
scientifique a découvert la facon dont les titres financiers sont devenus
complexes. La conséquence évidente d’un tel environnement est son im-
pact sur la dynamique des prix des titres. La modélisation et analyse de
séries temporelles financiéres sont de plus en plus remises en question
par la complexité des marchés financiers modernes. L’objectif de cette
these était de répondre partiellement a ces défis en utilisant des méthodes
statistiques. Ce manuscrit se concentre a la fois sur les classes d’actifs



alternatifs (fonds de couverture) et traditionnelles (actions). Les méth-
odes que nous enquétons prennent en compte la complexité de ces don-
nées et découlent de ce qu’ils détendent les hypotheses paramétriques
habituelles forcées sur le processus de génération des données. Le pre-
mier chapitre (1) est consacré a la description des propriétés statistiques
des séries temporelles des rendements des fonds de couverture, par rap-
port aux instruments de placement plus traditionnels. Le chapitre 2 est
dédié a une meilleure compréhension a un niveau macro, des facteurs
sous-jacents les rendements des fonds de couverture. Une stratégie est
alors mise en ceuvre pour prédire les rendements agrégés de ces fonds,
basée sur des facteurs de risque du marché. Le chapitre 3 proposes un
cadre non-paramétrique d’allocation d’actifs, pour construire une affecta-
tion adaptative des capitaux entre fonds de couverture et obtenir un porte-
feuille optimal universel. Les chapitres 4 and 5 abordent eux la question de
l'indexation du marché. L'auteur propose la méthode d’échantillonnage
équilibré pour sélectionner un sous-ensemble d’actif permettant de repro-
duire la dynamique de 'ensemble de la population d’intérét. Alors que
le chapitre 4, met 'accent sur la capitalisation boursiere totale, le second
s’attaque au total des ratios des valeurs liquidatives des fonds alternatifs.

Mots-clés Fonds alternatifs, Classes d’actifs traditionnelles, Non-
normalité, Corrélation sérielle, Facteur de risque de marché, Réplication,
Erreur quadratique moyenne, Allocation de portefeuille, Estimation a
noyau, GO-GARCH, Non-paramétrique, Réplication des indices bour-
sieres, Sondage, Fchantillonnage équilibré, Capitalisation, Réplication des
indices de fonds alternatifs.
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INTRODUCTION

The purpose of this dissertation is twofold. The first objective is to bet-
ter understand important issues related to the risk structure of hedge funds,
a relevant class of alternative investment instruments. The second part fo-
cuses on the indexing problem of both traditional equity asset class and al-
ternative investment vehicles. The specificity of the present work consists
in the use of advanced statistic methods for a non-linear, nonparametric,
dynamic investigation of questions that the existing quantitative literature
on statistical financial modeling treats mostly in a parametric, linear and
static way.

The growing interest for the alternative investments sector goes back to
the end of the 1970’s, when a wave of deregulations considerably reshaped
the financial industry. The liberalization of capital movements combined
with broadly reaching innovations in information technology transformed
the way in which the returns are reaped and the risks are shared by the
financial actors. Those transformations led to the development of a glob-
alized form of finance.

Under this new architecture, the last two decades have witnessed the
emergence of a new class of risk-takers: the alternative investments sector.
They constitute the fastest growing community in the global financial mar-
ket and, probably, the least understood. Hedge funds are key players of
this community. Since 2000 and the institutionalization of the industry, the
hedge fund universe has grown exponentially. Driven by the demand for
higher returns and diversification purposes, specially by pension funds,
the industry asset under management is today more than four times big-
ger than a decade earlier’.

Due to the unregulated status of their business model, hedge fund
managers enjoy enormous flexibility and discretion in pursuing invest-
ment returns. The innovative thinking of the sector has provided impor-
tant benefits for the financial community in terms of increase in trading
volume and efficiency, risk sharing and diversification, liquidity, technical
innovation on market microstructure as well as improvement in gover-
nance. There is no doubt that hedge funds managers are today key actors
in the global financial industry. Given the poor returns of the conserva-

'The third quarter 2012 market micro-structure report on hedge fund industry released
by the Chicago based Hedge Fund Research, pointed that the industry assets reached a
record level of US $ 2.2 Trillion across over 7,867 single-managers funds.
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tive equity-based strategies during the last part of the previous decade,
various sources forecast they will play an increasing role in the future.

According to Rahl (2003): “A hedge fund is a pooled investment vehi-
cle that is privately organized, administrated by professional investment
managers and not widely available to the public. Many of these funds
share a number of characteristics: they hold long and short positions,
employ leverage to enhance returns, pay a performance or incentive fee
to their managers, have high minimum investment requirements, target
absolute (rather than relative) returns, and may be organized offshore.
Hedge funds strategies are relatively unconstrained in terms of short sell-
ing, leverage and investment universe’.

In contrast, traditional investment vehicles like mutual funds and/or
pension funds, are driven by different culture and investment guidelines.
Basically, a typical institutional investor or mutual fund operates in a
highly state regulated environment. Transparency, liquidity, long term
perspective, and relatively light fee structure are key characteristics gov-
erning the mutual fund industry. While hedge fund managers value their
investment at low frequency during the year, mutual funds are forced to
value and price their securities at high frequency (daily) based on market
quotations or fair value.

The practice of indexing has its origin in the same effort of deregu-
lation that characterized the 70’s. The first example of this type of an
investment strategy consisted in constructing a fund mimicking the dy-
namics of an equal-weighted index of all constituents of the New York
Stock Exchange. The primary objective of an index fund is hence to track
a specific financial market. Since then, index-based products have be-
come increasingly popular. The current state of the art in index-tracking
funds is the class of Exchange-traded funds (ETFs). According to The
Economist, January 26 (2013), the ETFs industry has enjoyed an average
annual growth rate of 34% over the last ten years. By May 2011, the mag-
azine estimated that the global exchange-traded funds total assets under
management reached almost US $1.5 trillion. Beyond the cost-benefits
trade-off, indexing serves to construct efficient benchmarks for portfolio
evaluation and risk management.

This monograph is structured in five chapters. Chapter 1 describes the
statistical properties of hedge fund returns, compared to more traditional
asset classes like equity and government bond. The particularities of this
class of alternative strategy that are not shared by other better studied fi-
nancial instruments are emphasized. Motivations regarding the specificity
of the computational implementations are presented. This first chapter is
conceived as an overview of the key characteristics of financial returns
and serves as an introduction to the research questions explored in the
following chapters.

Chapters 2 to 5 are articles encompassing different themes. Chapter 2



Introduction

21

is dedicated to hedge fund replication. It provides an answer to the issue
of whether it is possible to match hedge fund returns, without directly
investing in them. It extends the purely linear factor-based replication
strategy by incorporating the dynamic nature of hedge fund returns. As-
suming that hedge funds are significantly exposed to common market risk
factors that evolves through time, we implement the sequential investment
theory as discussed by Gyorfi, Lugosi, and Udina (2006) to predict hedge
index returns. Empirical results suggest that our method performs bet-
ter than two established replication techniques, and that the explanatory
power of some market risk factors are weak.

In Chapter 3, hedge fund portfolio allocation is investigated. This essay
examines a dynamic, performance-adaptive asset allocation across indi-
vidual hedge funds. The goal is to construct a time evolving allocation al-
gorithm that optimally diversifies over multiple hedge fund styles. We re-
linquish the global stationary hypothesis which is the foundation of com-
monly used portfolio modeling and adopts a locally stationary paradigm.
A nonparametric method is implemented from the perspective of the the-
ory of sequential investment. This theory draws its origin from Kelly
(1956)’s seminal paper on information rate and has been recently an ac-
tive field of research. Specifically, the study shows that distribution-free
portfolio of hedge funds yields sizeable economic value.

The second part of the thesis addresses the indexing problem. This
part is divided in two chapters and provides the rationale behind a sam-
pling market tracking strategy. In Chapter 4, we propose a survey sam-
pling technique to track the performance of a specific financial market.
We believe that the issue of replicating an index using a subset of its con-
stituents is a natural sampling topic. The motivation of this chapter is to
link finance and sampling through the method of balanced sampling. The
notion of random selection and approximately balanced tracking portfolio
are emphasized. A large number of portfolios are constructed, and results
exhibit that balanced sampling designs allow the researcher to track effi-
ciently the broad market index with a relatively small number of stocks.

While Chapter 4 is devoted to equity market indexing, Chapter 5
draws a new perspective on hedge fund tracking performance. In gen-
eral, investors use an index as a gauge for a given market. However,
unlike traditional equity asset class, hedge funds are by no means homo-
geneous. They represent a large range of investment profiles with various
mandates. Therefore, indexing is an attempt to capture the broad universe
of funds. Identifying a subset of managers that allow to track the dynamic
changes of the total hedge fund universe is not trivial. This task is the ob-
jective of the fund of hedge funds strategies. In this chapter, the hedge
fund indexing problem is solved by means of balanced sampling. The
methodology constructs tracking portfolios that replicate the total relative
Net-Asset-Value of a large basket of funds. Funds are selected randomly
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with unequal inclusion probabilities. Each tracking portfolio is decom-
posed to illustrate the automatic diversification characteristic of balanced
sampling strategies.

The thesis ends with a general conclusion and some considerations on
several natural extensions.



1.1

CHARACTERISTICS OF FINANCIAL
RETURNS: HEDGE FUNDS Vs
TRADITIONAL ASSET CLASSES

Abstract

This chapter introduces key statistical characteristics of hedge funds. The dif-
ference to mutual funds and more traditional asset classes such as equities, and
government bonds is emphasized. Section 1.1 describes the particularity of hedge
fund business model. The static and dynamic properties of hedge fund returns
are outlined in Sections 1.2 and 1.3, respectively. The analysis is both univariate
and multivariate.Short definitions of the industry main investment categories are
given in Appendix 1.5.

Keywords: Hedge fund, Traditional asset classes, Non-normality, Serial corre-
lation

HEDGE FUNDS ARE DIFFERENT

Hedge funds are particular in many ways starting with how hedge fund
data is gathered. The industry decides the timing and contents of the
records delivered to commercial databases. Data frequency and inconsis-
tencies are of particular concern in the statistical modelling of hedge fund
data. Researchers have been aware for a while now of potential biases
in hedge fund databases resulting from the nature of the mentioned data
collection process. Ackermann, McEnally, and Ravenscraft (1999) pointed
out that hedge fund databases have survivorship, liquidation, backfill,
self reporting, and selection biases. For a more detailed overview of the
database bias problems, the reader may refer to Liang (2000), Fung and
Hsieh (2000), and Bollen and Pool (2009) among others. Therefore, when
analyzing the industry performance characteristics, one should keep in
mind the irreducible incomplete picture of the data.

23
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Chapter 1. Hedge funds Vs Traditional asset classes

1.2

Other particularity consists in the provision restrictions imposed by
managers to investors. In addition to various managerial incentives, hedge
funds have the discretion to place several restrictions on the ability of in-
vestors to redeem their allocation. Hedge fund share restrictions include,
but are not limited to, lockup periods, notice periods, and redemption
frequency periods. The industry observed that share restrictions are im-
portant to achieve their investment mandate, since they invest mainly in
illiquid assets and generate a significant portion of their double-digit re-
turn bearing illiquidity risk. According to Agarwal, Daniel, and Naik
(2009), funds with a higher degree of managerial discretion yield superior
performance. The authors identify an illiquidity premium.

Hedge fund returns have statistical characteristics that are not shared
by those of other better studied classes of financial investment instru-
ments. For example, Asness, Krail, and Liew (2001) documented the pres-
ence of serial correlation in the hedge fund indexes, as well as the presence
of correlation to past returns of equity benchmarks such as the Standards
& Poors 500 (S&P 500) stock index. They explain this correlation as the re-
sult of either infrequent trading of illiquid securities in their portfolios or
of manipulation of results by managers to smooth their returns. Although
various other attempts were made to formally model these features (see
for example Getmansky, Lo, and Makarov (2004) for a detailed discussion
on the key concepts), it is still unclear which of the two possible causes of
serial correlation in hedge fund returns prevails.

Risk, an important dimension of any investment, acquires in the case
of hedge funds a particular centrality. The basic assumption in modern
portfolio theory is the tradeoff between risk and return. High return pro-
file in the hedge fund industry is undoubtedly associated with high risk.
Understanding the risks of a hedge fund investment is important for all
the actors involved: investors, counterparties, regulators. The investors
need to know if the returns generated by the hedge fund are commen-
surate with the fees charged on a risk-adjusted basis. They also need to be
aware of the risk they are adding to their portfolios by investing in a hedge
fund. Hedge fund’s counterparties need an accurate estimation of the risk
to assess the capital at risk for engaging in financing the hedge fund busi-
ness. From the regulators’ perspective, the answer to these questions are
fundamental in monitoring the systemic risk.

A STATIC PICTURE

The current section discusses the basic statistical properties of hedge fund
returns. For the empirical analysis of this chapter, we focus on an ag-



1.2. A static picture

25

gregate level and use the Dow Jones Credit Suisse Hedge Fund Index’
(DJ/CS). The DJ/CS indexes are asset-weighted and the universe com-
prised funds with A minimum of US $50 million assets under manage-
ment (AUM), a minimum one year track record, and current audited fi-
nancial statements. 14 indexes are computed from this universe of funds:
one aggregate and 13 investment style sub-indexes (see the Appendix for
more details on the descriptions of each DJ/CS index categories). The
data are monthly returns and cover the period from January 1994 (except
for the Multi-Strategy index which starts from April) through November
2012, for a total of 2277 observations. Also included for purposes of com-
parison, are two equity indexes (S5&P 500 and the small-cap Russell 2000
(RU2000)) and a bond market indicator® (yield on U.S. treasury securities
at 20-year constant maturity at a monthly basis (20YUSCM)).

Table 1.1 reports the performance summary statistics of the 14 hedge
fund styles and the 3 more traditional asset classes. The annual mean and
standard deviation columns may explain the growing success of this class
of alternative investment strategy over the last two decades. For most
categories, while average volatility are lower, average returns are superior
to the two equity indexes listed in Table 1.1, implying bigger annualized
risk-adjusted performances. However, hedge funds are by no means an
homogeneous industry. The worst performing category is Dedicated Short
Bias, with an annual mean return of —2.93% and volatility of 16.89%,
while the best performing is Global Macro index (11.57%, 9.60%, mean
and standard deviation respectively).

Concerning the higher sample moments, we document a large hetero-
geneity in the magnitude of skewness and kurtosis across indexes. Indexes
with large skewness values tend to exhibit large kurtosis. All indexes ex-
cept Dedicated Short Bias, Global Macro, and Managed Futures have a sig-
nificantly negative skewness, meaning that down market conditions occur
more often than booms. Additionally, the higher level of kurtosis values
are inconsistent with normality hypothesis. For the three more traditional
indexes, the magnitude of those values belong to the lower bound of what
reported in Table 1.1. We then test the time dependency in both returns
and squared returns. A natural way of testing such time dependency is
the Ljung-Box statistic (p). The last two-column entries of Table 1.1 report
the 95% P-value of the 10 lags Ljung-Box statistics in testing time de-
pendency in returns and serial correlation in volatility. Except Dedicated
Short Bias and Equity Market Neutral indexes, there is strong evidence
of time dependency in monthly hedge fund returns. This characteristic
is not shared by the two traditional equity indexes listed in Table 1.1. As

'The sources of hedge fund data are multiples. For the empirical analysis in this dis-
sertation, I use in addition to DJ/CS, two main sources: the Chicago-based Hedge Fund
Research and Barclay commodities trading advisors databases.

2Equities indexes are from Datastream and the yield on 20-year U.S. treasury securities
are downloaded from the FED data library.
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aforementioned in Section 1.1, various studies associated this feature to
the illiquid nature of theses investment vehicles. However, regarding se-
rial correlation in volatility, we notice that the evidence is mixed. While
for the global Hedge Fund index we cannot reject the null hypothesis that
the first 10 auto-correlations of the squared returns are jointly o, this is not
the case for 6 other categories.

According to various hedge fund managers, their performances are
relatively uncorrelated with broad market benchmarks. This property is
closely related to the term ‘hedge’, since investing in those funds my pro-
vide diversification. Table 1.2 reports the correlation matrix of the DJ/CS
hedge fund index returns. The table also reports the correlations of hedge
fund indexes with the returns of three traditional investment vehicles. We
notice a rather large dispersion in the magnitude of correlations within
hedge funds. If we focus to the global Hedge Fund index, we observe
a low and positive association to the long term government bond and
relatively high correlation to the equity benchmarks. The diversification
benefit to the equity markets is justified only for Dedicated Short Bias
index (correlation of —76.4% , and —82.7% with S&P500 and RU2000 re-
spectively). It is also very important to mention the non negligible cross
correlation across hedge fund styles. However, as we will see in a sequel,
correlation change over time, reflecting the dynamic nature of hedge fund
investing.



Table 1.1 — This table reports summary statistics for hedge fund, equity index returns and for the 20-year US government yield: the annualized average return
and standard deviation, the standardized skewness and kurtosis, the t-statistics of mean, skewness and kurtosis, and the P-values of jarque-Bera normality test, and
Ljung-Box test of order 10 for no serial correlation of returns (o(r)) and squared returns p(r?).

Annual Mean Annual Skewness Skewness Kurtosis Kurtosis Jarque-Bera p(r)  p(7?)

Index Mean(%) t-statistic SD(%) t-statistic t-statistic P-value P-value P-value
Hedge Fund 8.57 -692.93  7.48 -0.18 -1.10 5.50 7.68 0.00 0.07 0.00
Convertible Arbitrage 7.45 -757.71  6.85 -2.69 -16.52 19.15 49.67 0.00 0.00 0.00
Dedicated Short Bias -2.93  -309.85 16.89 0.68 4.16 4.39 4.27 0.00 0.60 0.19
Emerging Markets 8.24 -352.40 14.71 -0.76 -4.68 8.13 15.79 0.00 0.00 0.43
Equity Market Neutral 5.39 -509.08 10.21  -11.89 -73.12  165.19  498.81 0.00 0.52

Event Driven 9.04 -826.15  6.27 -2.23 -13.71 13.60 32.59 0.00 0.00 0.99
Distressed 10.02 -788.93  6.56 -2.15 -13.23 13.77 33.13 0.00 0.00 0.99
E.D. Multi-Strategy 8.60 -763.84  6.78 -1.75 -10.73 10.49 23.04 0.00 0.66 0.00
Risk Arbitrage 6.37  -1254.05 4.14 -0.96 -5.88 7.46 13.72 0.00 0.00 0.00
Fixed Income Arbitrage 5.54 -918.36  5.66 -4.47 -27.49 34.16 95.83 0.00 0.00 0.00
Global Macro 11.57  -538.26  9.60 0.03 0.18 6.89 11.97 0.00 0.00  0.00
Long/Short Equity 9.21 -525.75  9.85 -0.01 -0.06 6.20 9.85 0.00 0.01 0.00
Managed Futures 6.02 -444.80  11.67 0.04 0.22 2.94 -0.18 0.96 0.04 0.59
Multi-Strategy 7.85 -965.45  5.33 -1.70 -10.40 8.89 18.00 0.00 0.00 0.00
20YUSCM 2.24  -34234.27 0.15 -0.15 -0.92 2.80 -0.60 0.54 0.00 0.00
S&P500 7.10 -335.20  15.48 -0.66 -4.05 3.94 2.90 0.00 0.59 0.00
RU2000 8.16 -259.19  20.00 -0.49 -3.03 3.99 3.05 0.00 0.47 0.01
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% Table 1.2 — Correlation matrix of DJ/CS hedge fund, equity index returns, and 20-year US government yield. All values are percentages and computed on monthly

§ returns. The data covers the period from January 1994 to November 2011, except for the Multi-Strategy index starting at April 1994.

N

= Dedicated Equity Event

g Hedge Convertible ~Short Emerging Market Event Driven

= Fund Arbitrage Bias Markets Neutral Driven Distressed Multi-Strategy

—g Hedge Fund 100.0

[; Convertible Arbitrage  49.8 100.0

> Dedicated Short Bias -53.2 -31.4 100.0

g Emerging Markets 71.8 36.5 -52.6 100.0

g .

B Equity Market Neutral 46.7 45.2 -33.3 40.4 100.0

& Event Driven 79.5 62.9 -60.6 67.1 52.0  100.0

3 Distressed 69.4 55.4 -56.6 58.0 45.7  91.1 100.0

e E.D. Multi-Strategy 78.7 62.7 -54.2 67.3 50.2 93.4 73.1 100.0

= Risk.Arbitrage 50.0 40.7 -44.3 46.0 45.6  56.7 45.8 54.9

ol Fixed Income Arbitrage 49.3 58.0 -28.7 37.5 32.0  52.9 47.7 52.8

§” Global Macro 71.0 22.6 -10.9 42.3 27.0 384 31.2 40.5

@] Long/Short Equity 83.5 42.2 -71.9 65.6 50.9  76.5 66.5 72.9
Managed Futures 32.8 -0.2 -1.3 9.6 11.7  15.4 13.2 13.5
Multi-Strategy 51.5 57.7 -37.2 38.7 44.7  58.2 46.4 60.9
20YUSCM 9.3 12.3 9.8 2.2 23.3 10.0 14.4 6.4
S&Ps500 61.2 31.4 -76.4 54.7 43.0  60.9 56.7 56.6
RU2000 60.5 31.0 -82.7 56.9 34.7  64.5 58.2 59.7
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Table 1.2: (continued)

Risk

Arbitrage Arbitrage Macro Equity Futures Multi-Strategy 20YUSCM S&P500 RU2000

Fixed

Long/

Income Global Short Managed

Hedge Fund
Convertible Arbitrage
Dedicated Short Bias
Emerging Markets
Equity Market Neutral
Event Driven
Distressed

E.D. Multi-Strategy
Risk.Arbitrage

Fixed Income Arbitrage
Global Macro
Long/Short Equity
Managed Futures
Multi-Strategy
20YUSCM

S&Ps500

RU2000

100.0
29.7
24.3
58.6

4.1
35.1
19.5
46.3
51.1

100.0
28.2

39.8
5.7
39.2
4.3
32.4
25.6

100.0
379
47.0
18.8
11.4
21.1

17-3

100.0
19.3
49.2

5.7
72.2
765

100.0
11.2 100.0
-0.5 6.6 100.0
2.6 40.2 5.2
2.1 39.4 -1.8

100.0
78.3

100.0
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1.3

1.4

TIME-VARYING ANALYSIS

The existence of different market regimes have important consequences in
the financial arena, with direct implications in investor’s risk-return struc-
ture. For unregulated hedge fund managers, changes in regime (transitory
or persistent) mean most likely adjusting the investment strategies. A real-
istic example of regime switching allocation is going long in equity during
business cycle expansions and short equity during recessions. Switching
strategies imply regime dependent exposures to broad-based market indi-
cators like the S&P500.

To investigate the time variability in hedge fund exposures to the mar-
ket, we first consider the rolling 1-year correlation between the DJ/CS
hedge fund indexes and the S&P 500, plotted in Figure 1.1. The evolution
of correlations is highly dynamic. While most of the changes in rolling cor-
relation estimates are transitory, we emphasize the existence of persistence
changes that have a long term effect on manager behaviors and return dis-
tributions. For example, observing the sub-figure in Figure 1.1, we see a
persistent change in the correlation dynamic between the Multi-Strategy
index and the S%P 500. After years of negative and low dependence struc-
ture, the nature of the relation has changed from the start of 1999 and has
been high up ever since. Except for the Dedicated Short Bias index which
exhibits long term negative correlation to the equity market, it is hard to
believe that hedge funds provide diversification benefits. Varied evidences
suggest they trade in the same assets as the rest of the financial commu-
nity, with certainly a different philosophy (dynamic trading strategies).

CONCLUSION

Assessing and understanding the statistical properties of financial time
series is an important step for a quantitative analysis. The rapid growth of
hedge fund investing requires a solid investigation of the nature of their
performance. This chapter shows how the characteristics of hedge fund
returns are different from traditional asset classes. Hedge fund return
characteristics are time dependent, and their distribution is asymmetric
and leptokurtic.
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1.5 APPENDIX

This appendix contains the Credit Suisse hedge fund index category def-
initions used in this chapter. The definitions are taken from the data
provider hedgeindex (2012):

" Hedge Fund Index: It is an asset-weighted hedge fund index and includes
only funds, as opposed to separate accounts. The index uses the Credit Suisse
Hedge Fund Database (formerly known as the "Credit Suisse/Tremont Hedge
Fund Database”), which tracks approximately 8ooo funds and consists only of
funds with a minimum of US$50 million under management, a 12-month track
record, and audited financial statements. The index is calculated and rebalanced
on a monthly basis, and reflects performance net of all hedge fund component
performance fees and expenses.

Convertible Arbitrage: Convertible arbitrage funds typically aim to profit
from the purchase of convertible securities and the subsequent shorting of the cor-
responding stock when there is a pricing error made in the conversion factor of the
security. Managers of convertible arbitrage funds typically build long positions
of convertible and other equity hybrid securities and then hedge the equity compo-
nent of the long securities positions by shorting the underlying stock or options.
The number of shares sold short usually reflects a delta neutral or market neu-
tral ratio. As a result, under normal market conditions, the arbitrageur generally
expects the combined position to be insensitive to fluctuations in the price of the
underlying stock.

Dedicated Short Bias: Dedicated short bias funds typically take more short
positions than long positions and earn returns by maintaining net short exposure
in long and short equities. Detailed individual company research typically forms
the core alpha generation driver of dedicated short bias managers, and a focus on
companies with weak cash flow generation is common. To affect the short sale, the
manager typically borrows the stock from a counterparty and sells it in the market.
Short positions are sometimes implemented by selling forward. Risk management
often consists of offsetting long positions and stop-loss strategies.

Emerging Markets Hedge Fund: Emerging markets funds typically invest
in currencies, debt instruments, equities and other instruments of countries with
"emerging” or developing markets (typically measured by GDP per capita). Such
countries are considered to be in a transitional phase between developing and de-
veloped status. Examples of emerging markets include China, India, Latin Amer-
ica, much of Southeast Asia, parts of Eastern Europe, and parts of Africa. The
index has a number of subsectors, including arbitrage, credit and event driven,
fixed income bias, and equity bias.
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Equity Market Neutral: Equity market neutral funds typically take both
long and short positions in stocks while seeking to reduce exposure to the sys-
tematic risk of the market (i.e., a beta of zero is desired). Equity market neutral
funds typically seek to exploit investment opportunities unique to a specific group
of stocks, while maintaining a neutral exposure to broad groups of stocks de-
fined for example by sector, industry, market capitalization, country, or region.
The index has a number of subsectors including statistical arbitrage, quantitative
long/short, fundamental long/short and index arbitrage. Managers often apply
leverage to enhance returns.

Event Driven: Event driven funds typically invest in various asset classes
and seek to profit from potential mispricing of securities related to a specific cor-
porate or market event. Such events can include: mergers, bankruptcies, financial
or operational stress, restructuring, asset sales, recapitalization, spin-offs, litiga-
tion, requlatory and legislative changes as well as other types of corporate events.
Event driven funds can invest in equities, fixed income instruments (investment
grade, high yield, bank debt, convertible debt and distressed), options and vari-
ous other derivatives. Many event driven fund managers use a combination of
strategies and adjust exposures based on the opportunity sets in each subsector.

Event Driven Distressed: Measures the aggregate performance of event
driven funds that focus on distressed situations. These funds typically invest
across the capital structure of companies subject to financial or operational distress
or bankruptcy proceedings. Such securities often trade at discounts to intrinsic
value due to difficulties in assessing their proper value, lack of research coverage,
or an inability of traditional investors to continue holding them. This strategy is
generally long-biased in nature, but managers may take outright long, hedged or
outright short positions. Distressed managers typically attempt to profit on the
issuer’s ability to improve its operation or the success of the bankruptcy process
that ultimately leads to an exit strategy.

Event Driven Multi-Strategy: Multi-strateqy event driven managers typ-
ically invest in a combination of event driven equities and credit. Within the
equity space, sub-strategies may include risk arbitrage, holding company arbi-
trage, equity special situations, and value equities with a hard or soft catalyst.
Within the credit-oriented portion, sub-strategies may include long/short high
yield credit (sub-investment grade corporate bonds), leveraged loans (bank debt,
mezzanine, or self-originated loans), capital structure arbitrage (debt vs. debt or
debt vs. equity), and distressed debt (workout situations or bankruptcies) includ-
ing post-reorganization equity. Multi-strategy event driven managers typically
have the flexibility to pursue event investing across different asset classes and take
advantage of shifts in economic cycles.
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Event Driven Risk Arbitrage: Risk arbitrage event driven hedge funds
typically attempt to capture the spreads in merger or acquisition transactions in-
volving public companies after the terms of the transaction have been announced.
The spread is the difference between the transaction bid and the trading price.
Typically, the target stock trades at a discount to the bid in order to account for
the risk of the transaction failing to close. In a cash deal, the manager will typi-
cally purchase the stock of the target and tender it for the offer price at closing. In
a fixed exchange ratio stock merger, one would go long the target stock and short
the acquired’s stock according to the merger ratio, in order to isolate the spread
and hedge out market risk. The principal risk is usually deal risk, should the deal
fail to close.

Fixed Income Arbitrage: Fixed income arbitrage funds typically attempt
to generate profits by exploiting inefficiencies and price anomalies between related
fixed income securities. Funds often seek to limit volatility by hedging out ex-
posure to the market and interest rate risk. Strategies may include leveraging
long and short positions in similar fixed income securities that are related either
mathematically or economically. The sector includes credit yield curve relative
value trading involving interest rate swaps, government securities and futures;
volatility trading involving options; and mortgage-backed securities arbitrage (the
mortgage-backed market is primarily U.S.-based and over-the-counter).

Global Macro: Global macro funds typically focus on identifying extreme
price valuations and leverage is often applied on the anticipated price movements
in equity, currency, interest rate and commodity markets. Managers typically
employ a top-down global approach to concentrate on forecasting how political
trends and global macroeconomic events affect the valuation of financial instru-
ments. Profits can be made by correctly anticipating price movements in global
markets and having the flexibility to use a broad investment mandate, with the
ability to hold positions in practically any market with any instrument. These
approaches may be systematic trend following models, or discretionary.

Long/Short Equity: Long/short equity funds typically invest in both long
and short sides of equity markets, generally focusing on diversifying or hedging
across particular sectors, regions or market capitalizations. Managers typically
have the flexibility to shift from value to growth; small to medium to large cap-
italization stocks; and net long to net short. Managers can also trade equity
futures and options as well as equity related securities and debt or build portfolios
that are more concentrated than traditional long-only equity funds.

Managed Futures: Managed futures funds (often referred to as CTAs or
Commodity Trading Advisors) typically focus on investing in listed bond, equity,
commodity futures and currency markets, globally. Managers tend to employ
systematic trading programs that largely rely upon historical price data and mar-
ket trends. A significant amount of leverage may be employed since the strategy
involves the use of futures contracts. CTAs tend not to have a particular bias
towards being net long or net short any particular market.

Multi-Strategy: Multi-strateqy funds typically are characterized by their
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ability to allocate capital based on perceived opportunities among several hedge
fund strategies. Through the diversification of capital, managers seek to deliver
consistently positive returns regardless of the directional movement in equity, in-
terest rate or currency markets. The added diversification benefits may reduce
the risk profile and help to smooth returns, reduce volatility and decrease asset-
class and single-strategy risks. Strategies adopted in a multi-strategy fund may
include, but are not limited to, convertible bond arbitrage, equity long/short, sta-
tistical arbitrage and merger arbitrage. "
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HEDGE FUND REPLICATION: A
DyNAMIC
PERFORMANCE-ADAPTIVE LOCAL
LINEAR REGRESSION APPROACH

Abstract

This article implements the sequential investment methodology of Gyorfi, Lu-
gosi, and Udina (2006) for the purpose of hedge fund replication. Using a
top-down replication approach and style-specific sets of observable market risk
factors, we construct a month-to-month, performance-adaptive replication strategy
of hedge fund indexes. The proposed methodology extends the purely linear,
multi-factor technique by incorporating a flexible historical data selection pro-
cess to determine the loadings of the factors used in the replication of the index
under scrutiny.

The empirical results suggest that the sequential investment approach per-
forms better - in the sense of mean square replication error, cumulative square
replication error, percentage of the direction change, and correlation between the
estimated series and the realized series - than the linear modeling. Addition-
ally, the return series constructed through replication using this methodology
share several statistical properties with the hedge fund index returns. The exper-
iment highlights the power of a performance-adaptive, factor-based replication
approach in the context of time series hedge fund returns forecasting.’

Keywords: Hedge fund, Market risk factor, Replication, Mean square error

INTRODUCTION

The beginning of the 21st century marked the end of the Internet bubble
and the emergence of hedge fund managers as one of the key players in

'This chapter is a reprint of: Tafin Djoko and Starica (2013) Hedge Fund Replication:
A Dynamic Performance-Adaptive Local Linear Regression Approach. Submitted for
publication.
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the financial industry. During the last decade, the hedge fund sector has
been the fastest growing sector of the financial services. Despite the sever-
ity of the 2007 global financial crisis, the hedge fund industry manages
more than $2 trillion? of assets worldwide. Moreover, one can notice a
strong tendency towards ‘'main-streaming’ of this type of investments. A
growing proportion of the assets under management is currently repre-
sented by institutional investors3. As a result of sector’s innovative think-
ing, hedge fund investments have provided important advantages to the
financial community in terms of increase trading volume and efficiency,
risk sharing and diversification, liquidity, technical innovation on invest-
ment strategies as well as improved governance.

The immense success of the hedge fund class in the financial arena is
explained by its unique combination of sought-after investment qualities :
double-digit returns, low correlation to broad asset classes and relatively
low volatility. Achieving such an unique structure of returns is possible
due to a large extent to one of the peculiar features of the hedge fund
business model: its relatively unregulated status. Hedge fund managers
benefit of large flexibility and discretion in pursuing investment returns.

Other features of the hedge fund industry business model, like the
opacity and the hefty fee structures, compared to more traditional invest-
ment vehicles, are potential impediments for both the further growth and
the ‘'main-streaming’ of the industry#+. To address the lack of transparency
and the prohibitive fee structure issues, a significant part of the quantita-
tive research focusing on the class of alternative investment tries to answer
the question whether it is possible to devise investment strategies based on
liquid and trad-able underlying assets that yield hedge fund-like returns
or at least the systematic exposure of hedge fund returns to known risk
factors. Such strategies would render the hedge fund investment practices
less opaque, highlighting the exposure of the hedge fund investments to
various risk factors and would offer cheaper alternatives to the expensive
hedge fund fee structure. Moreover, understanding the risk structure of
hedge fund investments is essential to precisely quantify the risk of any
diversified investor that holds hedge fund instruments in her portfolio.
Hence, successful replication of hedge funds returns is extremely useful
for both investment and risk analysis perspective.

2According to data from Hedge Fund Research, the industry’s assets under manage-
ment fell to $1.4 trillion at the end of 2008 from a record $1.9 trillion in 2007. The Septem-
ber 2011 release reports a record level for the total hedge fund industry capital of $2.04
trillion.

3The Rothstein Kass fifth annual report on hedge fund industry trends in 2011, pointed
out that 70% of survey managers expected institutional money to dominate the sector.
This number was just 20% in 2007 survey.

4Paul Schaeffer, managing director of strategy and innovation for SEI's investment
manager services division says, “To maintain that growth trajectory, the hedge fund in-
dustry will need to branch out from its traditional high-net-worth, foundation and endow-
ment clientele to serve the broader institutional market. But to compete for those assets,
the industry must recognize that large institutions have a distinct set of demands.”
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Two main different empirical approaches have emerged in the stream
of literature dedicated to hedge fund replication. In a bottom-up approach,
also called rule-based, a number of papers have focused on identifying
the set of investment instruments and techniques specific to the differ-
ent hedge fund styles. The objective is hence to reproduce as closely
as possible the trading of hedge fund managers and so reconstruct the
fund return series. By mimicking fund’s systematic strategies, Fung and
Hsieh (2001) established a strong connection between the returns of man-
aged futures (trend followers) and option straddles. Mitchell and Pulvino
(2001) tracked the returns of merger arbitrage funds by passively invest
in announced corporate mergers. Duarte, Longstaff, and Fan (2007) repli-
cated the returns of fixed-income strategies based on observable prices
of fixed-income securities and their derivatives. Furthermore, Agarwal,
Fung, Loon, and Naik (2009) reconstructed convertible arbitrage (CA) re-
turns by ‘cloning’ a family of CA strategies using data from the underlying
securities.

The second approach advocates a top-down perspective by trying to
determine the exposure of hedge fund returns to known systematic risk
factors. This factor-based approach originates from the seminal paper
of (Fung and Hsieh, 2004a) which proposed a risk-factor linear model
based on seven factors to account for the risk of diversified portfolios of
hedge funds. The risk factors were selected based on their empirically
proven relevance to the hedge fund styles under discussion. In an ex-
tension beyond the linear case, De Los Rios and Garcia (2008) advocates
the introduction of option-like factors with non-linear exposure to tra-
ditional asset classes, to extract the non-linear dynamic of hedge fund
returns with respect to underlying market risk factors. In the same at-
tempt of capturing the non-linear structure inherent in hedge fund re-
turns stream, Roncalli and Teiletche (2008) discussed the implementa-
tion of Kalman filtering approach on various hedge fund indexes and
found that, their estimates were better than the rolling-windows repli-
cation, while Amenc, Martellini, Meyfredi, and Ziemann (2009) test the
performance of a Markov regime-switching model. Both statistical tech-
niques try to explicitly account, through state-space modeling, for the
dynamic dependency between hedge fund returns and market risk fac-
tors. As an alternative approach to hedge fund replication, Roncalli and
Weisang (2011) uses a particle filter algorithm to capture the non-linear,
non-normal features exhibit by hedge fund returns. While the particle fil-
ter tracking technique seems to be able to reproduce higher moments of
the hedge fund returns, such as negative skewness and excess kurtosis, it
fails to replicate a sizable proportion of the original hedge fund return se-
ries. In a related approach, Kat and Palaro (2006) generated return series
that display statistical properties close to those of a hedge fund portfolio,
by assessing the beta exposures to a basket of more than 70 liquid fu-



Chapter 2. Hedge Fund Replication: A Dynamic Performance-Adaptive Approach

tures contracts. Despite its flexibility, the proposed methodology is highly
complex and difficult to implement.

A close reading of these studies provides the researcher with a rela-
tively precise guidance on the choice of the drivers (market risk factors)
that are susceptible to explain a sizable fraction of the time varying evo-
lution of hedge fund returns. Our approach intends to capitalize on this
knowledge to draw a more nuanced picture of the relation between hedge
fund returns and risk factors through the use of a relatively simple ex-
tension of the factor-based methodology. More concretely, the paper il-
lustrates the implementation of sequential investment theory as discussed
in Gyorfi, Lugosi, and Udina (2006) for the purpose of hedge fund index
replication.

Commonly, the decision on the structure of a portfolio makes use of
the past price evolution of the concerned investment instruments over an
entire, contiguous time interval prior to the moment of the investment. In
a top-down replication context, one builds a replicating portfolio from a
given, well-defined set of observable market risk factors based on the his-
torical values of the risk factors and hedge fund returns covering a moving
window of two, five or ten years of past data. In contrast, a sequential invest-
ment strategy starts with the contiguous time interval prior to the moment
of the construction of the replicating portfolio and identifies first the in-
stances within the chosen interval where the state of the market, i.e. the
risk factor structure, was ‘similar” to the current conditions. Only the risk
factor values and the hedge fund price information from these instances
are then used to construct the current replicating portfolio. To summarize,
the novelty of the sequential method consists in inspecting the price and
factor history to collect a string of returns and risk factors corresponding
to time-instances when the market conditions were ‘close’ to the present
ones. These data only constitute the input for the estimation routine that
yields the replicating portfolio.

The definition of the ‘distance” between past and current market con-
ditions is, of course, a crucial aspect in applying the sequential approach.
Since we do not have a priori knowledge of the variables (risk factors,
prices) that are instrumental in defining the state of the market, a refine-
ment of the methodology puts in competition a number of elementary
sequential strategies. Each one of them is characterized by a proxy for the
market conditions, i.e. a given set of relevant variables (and a depth of
the history of these variables) whose values are used to define ‘similar” or
‘close” market conditions. For each one of the market condition proxy, a
replication portfolio is constructed, based on the time instances identified
by the proxy as ‘similar” to those of the replication moment. The final
replication decision follows then an adaptive, time varying allocation of
resources between different proxy replicating portfolios based on their re-
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cent past performance. For more information on sequential investments
see Gyorfi, Lugosi, and Udina (2006) as well as Section 2.2.

The proposed methodology extends the purely linear, multi-factor
technique by incorporating a more flexible data selection process to de-
termine the loadings of the factors used in the replication of the index
under scrutiny. Although the methodology is the same for all styles of
hedge funds, the implementation is style-specific being determined by the
choice of risk factors. The technique allows a style-specific detection of
dynamic pattern between index returns and market risk factors.

Our empirical results suggest that the method performs better - in
the sense of mean square replication error, cumulative square replica-
tion error, percentage of the direction change, and correlation between the
predicted series and the realized series - than two established replication
linear techniques: the classical and the rolling-windows linear approach.
They highlight the power of performance-adaptive, factor-based predic-
tion/explaining rules in the context of time series hedge fund returns.

Before we begin the in-detail discussion of our approach, we would
like to make the following clarification about the terminology used in
the paper. By prediction we mean guessing ex-ante, in the beginning of
a month, the next future value of the monthly index return based on the
values of the risk factors available at that moment. By explaining we mean
establishing the relationship, at the end of a month, between the index
return value of the past month and the values of the risk factors known
at that moment. In other words, by explaining, we intend to assess the
usefulness of market risk factors in tracking hedge fund index returns.

The remainder of the paper is structured as follows. We first illustrate
the methodology behinds the local linear, performance-adaptive replication
design in Section 2.2. Then, we describe alternative replication strategies.
We present the database and the choice of common market risk factors in
Section 2.3. We discuss some implementation issues and a detailed char-
acterization of the proposed replication techniques in Section 2.4. Empir-
ical results are presented in Section 2.5. Furthermore, a robustness check
our empirical findings is performed. A short conclusion is drawn in Sec-
tion 2.6. Tables and Plots are displayed in Exhibit 1 and 2 respectively.

METHODOLOGY

This section describes the implementation of sequential investment the-
ory (as discussed in Gyorfi, Lugosi, and Udina (2006)) for the purpose
of hedge fund index replication. The approach extends the linear, factor-
based model which constructs a replicating portfolio of hedge fund re-
turns from market risk factors. In the classical linear approach, the pro-
portion of the wealth to be invested in each risk factor is obtained by
regressing the vector of past index returns on the corresponding past risk
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factor values. In contrast to the classical approach, a sequential investment
replication strategy identifies first those months in the past where the state
of the market as described by a set of the risk factors, was "similar’ to the
current conditions. Only the risk factor values and the hedge fund price
information from these time instances are then used in the linear regres-
sion that determines the weights of the market risk factors in the current
replicating portfolio.

Since we do not have a priori knowledge of the variables (risk factors,
prices) that are instrumental in defining the state of the market, a refine-
ment of the described methodology puts in competition a number of el-
ementary sequential strategies called ‘experts’. Each of these elementary
sequential strategies is characterized by a given set of relevant variables (and
a depth of the history of these variables) whose values are used to define
‘similar” market conditions. Each ‘expert” hence proposes its own repli-
cation portfolio, based on the time instances that it identified as ‘similar’
to the replication moment. The final replication decision that determines
the contributions of each relevant risk factor to the replicating portfolio
follows then an adaptive, time varying allocation of resources between
these ‘experts’. The allocation is based on their recent past performance
(see Gyorfi, Lugosi, and Udina (2006)). What follows provides a detailed
description of the methodology that we implement in the sequel.

The basic underlying assumption of the a linear replication strategy is
the existence of a set of market risk factors, which dynamically explain
the returns on a hedge fund index. Formally, we assume that the hedge
fund index returns r; can be linearly decomposed into the sum of several
components as follows:

i .
re = Bo+ Y B MarketRiskFactor! + e;. (2.1)
=1

The set of market risk factors is fixed and specific to each style of
investment. There are d market risk factors; [3(7 ), j=1,...,d are the factor
loadings; and € is the idiosyncratic part of the return. At each time t =
1,2,..., knowing the past sequence of hedge fund index returns r; =
(r,..., rt)/ and the past matrix of market risk factors F; = (fgl), .. .,fgd)),
we want to explain r; and to predict the next value r;1; of a hedge fund
index returns. The jth column fgj) = ( fl(] ). ft(j ))/ represents the past
values of jth risk factor, j =1,2,...,d.

Following a classical regression setting, the factor-based replication ap-
proach at time f is carried out in two steps. At step one, risk factor expo-
sures are estimated on past data running the regression:

d
ri=Bo+ Y B e, i=1,2.. -1
j=1
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Given the estimated loading factors (Bo, B/)) from step one, the replicated
return is identified in step two as:

i
7t = Bo+ Zﬁ(])ft(])-
i=1

One powerful critique to the simple approach outline above is its static
nature. It is well known that hedge fund managers enjoy extraordinary
flexibility and employ a large range of dynamic and complex investment
strategies to achieve their return target. Hence, using a static method-
ology which estimates the exposure to the market risk factors on the
whole past data, as the one described above, might fail to capture the
dynamic features that most likely characterize the hedge fund return se-
ries. A number of responses to this critique have been proposed in the re-
cent hedge fund return replication literature: rolling windows regression,
regime-switching, Kalman filter and particle filter approaches (see for in-
stance (among others), Roncalli and Teiletche (2008), Amenc, Martellini,
Meyfredi, and Ziemann (2009)). Often, those variations do not provide im-
portant gains in the out-of-sample replication performance. Additionally,
the more complicated ones lose the relative simplicity and intuitiveness of
the purely linear factor-based approach.

In an attempt to account for the dynamic nature of the exposure of
hedge fund index returns to market risk factors, we advocate a locally
linear, performance-adaptive replication framework. The approach is concep-
tually simple and has the advantage of preserving the intuitive appeal of
the factor-based model. The working hypothesis motivating the sequen-
tial algorithm is rather intuitive: the exposure of hedge fund investments
to the set of style-relevant market risk factors should be similar during pe-
riods that are characterized by similar market conditions. This hypothesis
engenders two important changes in the linear methodology.

The first change affects the aforementioned step one. One introduces
a data selection process which individuates the periods characterized by
market conditions ‘close” to the current ones. Only the hedge fund index
returns and the market risk factors of the periods identified by this data
selection process are deemed suitable to contribute to the estimation of
the loading factors for the current replication portfolio.

Formally, the similarity between the market conditions characterizing
two time periods is measured by the Euclidean distance between the val-
ues of a set of pre-defined variables®. In other words, the values these
variables take at a given moment ¢ are a proxy for the market conditions
at time t. For the simplicity of presentation we suppose that this vector is
one-dimensional, i.e. the value of one given variable (risk factor or return)

5These variables could be market risk factors or returns. The issue of the choice of the
set that functions as a proxy for the market conditions is discussed in the sequel.
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provides a good proxy for the market conditions®. Let us denote by s; the
value of this variable at time ¢ and the sequence of past k values of the
market condition variable by si; = (S;_¢+1,--.,5¢). For a given d small,
define”

V= {k<i<tr [|spi—si||<d} (22)

the set of all past time instances when the market conditions as measured
by the k past values of the variable s were similar to the current market
conditions at time ¢.

If s is the vector of hedge fund index returns that correspond to

(k)

the instances i € S, x the matrix of ones in the first column and d
column vectors of market rlsk factors whlch belong to the same instance
as the hedge fund return series, and ft the value of the j-th risk factor
at replicating time period t, we define the vector of loading factors by

running an OLS regression as:
for explaining hedge fund index returns:

Bex(St) = argmin || ¥

s ex H .
ﬁex t

—FgwPp

Hence, the explained return ¥ is defined by:

ex k _ ex O i ﬁ ex,] (2.3)

j=1

We explain the hedge fund index return r; at time t as a linear com-
bination of the market risk factors ft(] )

for predicting hedge fund index returns:

-~ pred

B (S) =argmin || rop — Fom_ 7" ||

‘Bpred
, where S —1={i—1:i € 5}.

Finally, for a given set of variables describing the market conditions

red k is defined as:

St, the predicted return /| i

6L ater, in the data analysis discussed in Sections 2.4 and 2.5, market conditions proxies
will be a vector valued time series whose components at time t are selected from the hedge
fund return r and the risk factors f. Various set of combinations between risk factors and
index returns are used depending of the hedge fund index under study. The process
yields a range (7 for Equity Hedge and Merger Arbitrage, 11 for Barclay CTAs and for
HFR Global Macro index) of variables used to characterize the state of the market. For
example, in explaining/predicting Equity Hedge index, we defined a combinations of
market condition variables based on 2 risk factors and index returns as follows: 3 vectors
(hedge fund index r, risk factors f (1) and f (2)); 4 matrices (built on factors (f 1, f (2)); (r,
FOy; (r, f@); and (r, fD), F2)y).

7|| - || stands for the Euclidean norm.
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d .
pred,k — B\(pr@d O Z p””d] (])

Tt (2.4)

j=1

We predict the hedge fund index return r;;; at time t as a linear
combination of the market risk factors ft(] )

The second difference with the linear methodology consists in a aggre-
gating the replicating portfolios yielded by the

o different sets of pre-defined variables that measure the similarity
between the market conditions characterizing two periods as well as

o different distances d; for measuring the similarity of the market con-
ditions.

This aggregation is based on the past performance of each elementary
replication strategy to produce a final replicating portfolio. To include this
generalization in our notations, returns in Equations (2.3) and (2.4) will be
denoted in the sequel by 3 indexes *, k, [, where * stands for explained (ex)
or predicted (pred) returns; k for the lookback period and ! representing
the choice of market condition variables.

This addition is of a particular importance as it addresses the issue
of the choice of the market conditions proxy, i.e. the set of variables to
be used to identify the time instances that are characterized by similar
market conditions. Since we do not have a priori knowledge to help us
determine the composition of such a set, the sequential method lets the
data decide which is the most successful market conditions proxy, i.e.
the configuration that most successful identifies the similarities in market
conditions. The performance of each set is measures by the accuracy of the
explanation/prediction of past returns. We say that one set of variables is
better at measuring the similarities in market conditions if the replicating
portfolio associated with it better explains/predicts the past returns. This
performance measure is dynamic and, as a result, at different instances in
time, different sets of variables can be best picking up the similarities in
the market conditions. The replicating portfolio at time ¢ is constructed to
resemble those produced by the most successful sets. In what follows we
provide a more formal description of this additional step.

Following Gyorfi and Lugosi (2001), the performance of each of the
different implementations is measured by the cumulative square replication
error t

Pkl 1 skl )2
=L (M n) @23)
where * stands for predicting or explaining hedge fund returns.

Finally, the structure of the final replication portfolio is obtained by

combining the array of explained/predicted values rfx’k JpPredk

b1 defined in
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2.2.1

equations (2.3) and (2.4) according to their performance (equation (2.5)):

ex * ex,k,l pred % pred k1
=) vy, and r =) vk i
k1 k1

where the weighing function vy, must satisfy the usual constraints for
combining a portfolio of concurrent estimates, namely 0 < U;:’l,t < 1 and
Lkt Vg = 1.

Given {gx,}, a probability distribution on the set of all pairs (k,) of
positive integers such that for all k and [, gx; > 0 and fixing the learning
parameter® 77; > 0, the weights are defined by:

* _ — 11 (t=1)Ly_1(r*H!
wk,l,t — qk’le 77"( ) t 1( )

and their normalized values are then expressed as

*
Wi 1t

* _
Ukt = v

. (2.6)
=1 W 1 4

The key idea of combining several concurrent replicators is simple: to
improve the final replication decision. Practically, the worse an estimate
performed in the recent past, the less it will contribute to the final repli-
cation value. The final estimate is constantly updated according to the
recent performances of competitor estimates.

Alternative Replication Strategies

We compare the sequential investment methodology implemented as de-
scribed above with a linear replication approach as well as with a simple
extension that is intended to account for possible changes in market risk
factors exposures, the so called rolling-windows regression. For the for-
mer technique, at each prediction/explaining time ¢, the procedure uses
all the past information available X; = (r, F;) to estimate the loading
factors. This procedure is equivalent to the performance adaptive factor-
based rule, with d = oo, the linear replicator that uses the full history
to estimate the model and guesses the future value of hedge fund index
return. Consequently, for t > k+1,

e explaining hedge fund index returns using the classical linear
method:
~ex .
B (X:) = argmin || r — Fp™ [|?
ﬁL’.’C

8Throughout this paper, we fixed the leaning parameter 7; as 1/+/t. For a deep discus-
sion on the best practical choice of #;, see Biau, Bleakley, Gyorfi, and Ottucsak (2009).
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The linearly explained returned is given by:

e predicting hedge fund index returns using the classical linear

method:
~pred

p

(X¢) = argmin || r; — Ft,lﬁp”’d ||2
ﬁpred

The linear predicted value is given by:

d
pred pr@d O pred ]
H—l - Z

In the rolling-windows regression context, the factor loadings at time t are

determined by regressing the hedge fund return series from t — 7+ 1 to ¢

on the set of market risk factors associated. The determination of the win-

dow length, 7, is arbitrary and implies a trade-off between the dynamic

characteristic of the coefficients estimated and statistical accuracy.
Therefore, for a chosen tand t > T

e explaining hedge fund index returns using rolling-windows regres-

sion:
~ex .
B (Xry) = argmin || rr — F
‘szx

The rolling-windows explained value is given by:

ex HZ

e predicting hedge fund index returns using rolling-windows regres-

sion:
~pred

p

(X)) = argmin || 7 — Pr,t—lﬁpmd ||2
ﬁpred

The predicted value is derived as:

d
pred /\pr@d pred ]
i =B+ ) B

j=1

Another plausible alternative choice of model could has been a model
where lagged hedge fund historical returns are added to the set of risk
factors. However, our objective is not to find the best possible model but
to compare our dynamic procedure with the static one well discussed in
the literature.
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2.3

2.3.1

To assess the performance quality of each prediction/explaining mech-
anism, we use four criteria:

1. Mean Square Replication Error (MSE): To quantify the difference be-
tween the realized returns and the values derived by the replication
technique.

2. Cumulative Square Replication Error (CMSE): To illustrate the time-
varying evolution of mean square error. The figure highlights the
historical performance of each estimation.

3. Percentage direction of change (DOC): Computes the directions of
changes (positive or negative) which are correctly estimated.

4. Correlation between the estimated series and the realized series (CORR):
Assess the statistical relationships between the estimated and real
series.

DATA

This section presents the data used in our empirical investigation. We
begin by discussing the hedge fund indexes we try to replicate. Then, we
comment the choice of relevant style-specific market risk factors.

Indexes

The analysis is performed on 5 hedge funds indexes: 3 Chicago-based
Hedge Fund Research (HFR) indexes and the Barclay CTAs (Commodity
Trading Advisors) index.

The Barclay CTAs database is widely recognized throughout the world
as the largest, most comprehensive, available Commodity Trading Advi-
sors database. Generally, CTAs are funds primarily trading listed com-
modity and financial futures contracts. CTAs, also denominated managed
futures are by no means homogeneous investment vehicles. CTA man-
agers employ a large range of strategies and of asset classes. CTAs rep-
resent an important investment style within the universe of alternative-
investment. While historically CTAs managers have been presented sep-
arate from hedge fund vehicles, the difference between the two has been
constantly eroding. The Barclay CTAs index is the most followed and
tracked benchmark by managed futures investors. In 2010, the index
tracked 533 programs® worldwide.

HEFR is one of the most widely used commercial database to which
hedge fund managers voluntarily report their performances. HFR indexes

9This number was 491 in 2008 and currently, 602 CTAs are included in the index.
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represent the global standard for performance measurement across all as-
pects of the alternative-investment industry. Our empirical analysis is im-
plemented on three monthly HFR hedge fund indexes spanning different
time interval: HFR Global Macro from January 1994 to December 2009,
Equity Hedge from January 1994 to April 2010 , Merger Arbitrage from
January 1994 to March 2010

Indexes are constructed using robust methods and qualitative selection
process™. While many researchers have been aware of potential biases
such as survivorship bias, liquidation bias, back-fill bias, and selection
bias in hedge fund databases resulting from the nature of the data col-
lection process, we believe the indexes possess sufficient data quality to
perform our analysis. Additionally, since we focus on replicating hedge
fund indexes, any relevant biases should affect the replicated and the orig-
inal series identically.

The choice of risk factors

As mentioned in the introduction, we use sets of strategy-specific market
risk factors to replicate returns of different-style hedge fund indexes. Our
specific choice of the strategy-specific sets is informed by the extensive em-
pirical literature on the topic which offers strong evidence of style-specific
factors sensitivities. Returns of different investment styles are exposed to
different sets of relevant market risk factors. A discussion of the sets of
strategy-specific market risk factors follows.

Trend-following strategies. Our approach generalizes a restricted
version of Fung and Hsieh (2001) model specification. The authors
extend the pioneer work on mutual funds investment vehicles Sharpe
(1992) to model the returns of managed futures funds. They shown that
trend-following strategies have returns similar to a dynamically managed
option-based strategy called a look-back straddle. As a consequence, the
authors used four look-back factors on stocks, bonds, currencies and com-
modities to track CTA fund’s returns.

Long/short equity strategies. (Fung and Hsieh, 2004b) highlight the
strong positive exposure of this type of funds to the equity market as well
as long/short investment dynamics in small-cap /large-cap stocks.

Directional strategies. To describe the risk structure of such funds,
such as Global Macro, (Fung and Hsieh, 2004a) advocated a seven factors
model: two equity factors (the excess return of the S&P 500 and the spread
between the Small Cap index and the Large Cap index), two bond factors
(the spread between the ten-year US Treasury bond and the three-month
US Treasury bill and the return of the Baa corporate bond above the ten-
year US Treasury bond) and the three look-back factors on currencies,

1°Visit: http://www.hedgefundresearch.com, http://www.barclayhedge.com for detail
information on index construction methodology.
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bonds and commodities. Our approach generalizes a restricted version of
the linear approach described in this article. We implemented the more
parsimonious version, using 4 factors on the HFR Global Macro index.

Merger arbitrage strategies. Mitchell and Pulvino (2001) empirically
show that the returns stream of such hedge funds exhibit similar statistical
properties as the monthly excess return of S&P 500 while Fung and Hsieh
(2007) pointed the existence of a US mutual fund, called the Merger Fund
with an investment strategy similar to this class of risk arbitrageurs.

To summarize, in line with the academic consensus, we use the appro-
priate subset of market risk factors among the following observed market
risk factors' as regressors to explain and predict hedge fund index re-
turns:

1. Barclay CTAs index: monthly returns from January 1994 to Septem-
ber 2008.

e 4 Fung-Hsieh look-back straddle factors: bond, commodity,
stock, and short term interest rate.

2. HFR Global Macro Hedge fund index: monthly returns from Jan-
uary 1994 to March 2010.

e 4 factors: S&P 500 index return, Fung-Hsieh look-back straddle
commodity factor, TED spread and the Major currency dollar
index.

3. HFR Equity Hedge fund Index: monthly returns from January 1994
to March 2010.

e 2 spread factors: S&P 500 index return - one-month US Treasury
bill rate, Russell 2000 index return - S&P 500 index return.

4. HFR Merger Arbitrage Index: monthly returns from June 1994 to
March 2010.

e 2 factors: S&P 500 index return - one-month US Treasury bill
rate and the returns of the Merger Fund.

Needless to say, the factor model specifications discussed above are
strong assumptions in our empirical investigation. By setting in advance
and by keeping unchanged the set of market risk factors, we implicitly
assume that a given hedge fund strategy is exposed to the the same risk
factors. The regressor selection issue is not new in the empirical financial

Data are downloaded from various sources: look-back straddle factors from Fung-
Hsieh data library; S&P 500 and the three month US Treasury bill from Fama-French data
library; Russell 2000 equity and the Merger Fund indexes from yahoo finance; US Treasury
10y, Moody’s Baa, TED spread and the Major currency dollar index from the FED data
library; USD Barclay Global High Yield bond index from DataStream.
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literature and there is no consensus on the way to deal with the matter. In
this article, since the objective is to investigate the performance-adaptive,
factor-based rules in replicating hedge fund index returns compared to a
linear factor based approach, we make abstraction of the factor selection
issue. That is, we use well defined, established set of observable market
risk factors. To guarantee consistent out-of-sample performance we are
as parsimonious as possible in term of the number of factors. Ultimately
we make sure that the factors exhibit a low cross-correlation profile and
are economically interpretable in the style-specific framework. Therefore,
for each hedge fund strategy, a factor will be discarded from the predictor
list, if it does not provide sufficient prediction ability. A last caveat: if
the interest of the researcher is to replicate hedge fund returns for an
investment purpose, factors such as the Fung-Hsieh look-back straddles
would be difficult to implement. Replication rules which use those factors
should consider more liquid and simple to implement alternatives.

Data summary statistics

As a preliminary data analysis, we document in Table 2.1 several univari-
ate summary statistics on the four hedge fund index under study. First, we
concentrate on some. Panel A provides descriptive statistics of the returns
series which include location (mean, median), dispersion (standard de-
viation), shape (skewness, kurtosis) and extremes (minimum, maximum)
parameters of each index distribution. The mean and the median return
are positive for all indexes. Monthly dispersion is larger for CTAs, HFR
Global Composite and Equity Hedge indexes than for the HFR Merger Ar-
bitrage index. For HFR Global Composite, and Merger Arbitrage, the min-
imum is larger in absolute value than the maximum. This suggests that
for those indexes, the extreme down movements are more pronounced
than the most extreme up movements. Both the most positive and as well
as the most negative extreme values, for all four indexes are large as com-
pared with the standard deviation of the series. These findings hint at
the facts that the distribution of returns is asymmetric and has fat tails.
This is confirmed by the value of the skewness and excess kurtosis: HFR
Global Composite, Equity Hedge, Merger Arbitrage indexes are negatively
skewed and all indexes have the kurtosis larger than 3, the value expected
from the a normal distribution.

Finally, Panel B of Table 1 provides the Jarque-Bera test statistic for the
hypothesis of normally distributed returns. For all indexes, except Bar-
clay CTAs, the Jarque-Bera test indicates the null hypothesis of normally
distributed is rejected at 5% significance level.
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2.4

IMPLEMENTATION ISSUES

This section presents the concrete details of the implementation, i.e choice
of parameters and the algorithm description. As explained in the method-
ology section, replicating portfolios are constructed for different proxy of
market conditions, different number of past values of the proxy used in
measuring the similarity of market conditions (parameter k) as well as
for different values of the maximal distance between the values of these
proxy (parameter dy ;). The choice of the last two parameters is as follows:
k=1..Kand!l = 1,...,L, fixing K = 3 and L = 10. Additionally
we used the uniform probability distribution {gx;} = 1/(K x L) for the
weighting scheme of replication portfolios indexed over k and [. The max-
imal distance d; is defined by:

di, =0.0001-1-1-k

Hence, for each k, we have | = 10 different values of the radius di; and a
set of 10 different replicating portfolios.

For all the indexes the replication exercise starts in May 2001, i.e.
roughly the first seven years of the samples are used to provide the
needed initial estimates. For every time series of hedge fund index re-
turns (r1,...,r7) and for every 88 < t < T —1 (here, T = 171 or 195)
we use the past part of the sample (rq,...,7;) of hedge fund returns and
market risk factors to identify the past time instants i displaying similar
market conditions to t the current time period, and explain/predict the

ex,k ;. predk

value r;™"/ Tiiq - The similarity set is defined as follows,

k1 ,
SE J=(k<i<t: || Ski— Skt ||< dis}

where by s; we denoted the value of the market conditions proxy variable
at time t and by sg; = (S;_41,- - .,5¢), the sequence of past k values of the
market condition variable

For a fixed k and ¢, as | increases, dj; increases and the similarity set
Sgk’l) gets bigger and bigger. Consequently, the elementary model con-
verges to the linear replication using the full history.

A practical restriction is imposed on the similarity set St(k’l), a mini-
mum size requirement. We restricted each elementary strategy to have
a minimum of 24 data points (2 years) to estimate the regression param-
eters. By controlling the size of local information used to construct the
estimates, and allowing the time-varying replicators to become more in-
formative as the sample size increases, we can ensure that our results are
consistent under standard regularity conditions.

The choice of market risk factors does not depend of parameters, k, I.
Indeed, they are set of variables well defined in the hedge fund literature

(refers to Sections 2.1 and 2.3). Depending of the hedge fund index under
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study, market conditions proxies are identified on various set of combina-
tions between risk factors and index returns. At each prediction time, the
strategy identifies the set of vectors (index return and market risk factors)
in the past that are ‘close’ to the actual vector according to Equation(2.7).
The final market conditions proxies is then a mix of past hedge fund re-
turns and risk factors. The process yields a range (7 for Equity Hedge and
Merger Arbitrage, 11 for Barclay CTAs and HFR Global Macro index) of
variables used to characterize the state of the market. Every market proxy
provide a portfolio of K x L elementary replication strategies.

Additionally, each elementary replication strategy is evaluated accord-
ing to their recent past performances. Then, a performance-adaptive com-
bining procedure is implemented.

Used for comparison purpose, our benchmarks the classic and rolling-
window linear predict/explain schemes are implemented as described in
Section 2.2. For the former, at each time ¢, all the past information available
X is collected to estimate the time-varying factors sensitivities and for the
latter, we fix, as it is common in the empirical literature, the window
length T to 48 months. This procedure is still dynamic, but far less flexible
as the performance-adaptive factor-based rule.

To conclude the section, we give a short description of the al-
gorithm implementing the performance-adaptive replication strategies.

Algorithm 1: Performance-Adaptive Replication

At each replication time ¢, given r;, the vector of past returns and F;,
the matrix of past risk factors:

1. For each market conditions proxy s and for each pair (k,1),k=1,...,Kand1 =1,...,L,

compute the history list St(k'l). Run the appropriate regressions to obtain B*(St)‘ Calculate

rfx’k” (rffld’k’l), the explained (predicted) return and Lt(r*'k" ), the cumulative mean

square error (CMSE) .

2. Combine individual explanations/predictions: exponentially pool the estimates according to
their past performances (CMSE), a probability distribution q(k,1) over the set of all proxy
and all pairs (k, 1) and the learning parameter 1y

KL k1 pred KL pred predk,l
ex _ ex exk, _ k,
=) v and i = ) v
s, k=1 s, k1=1

3. t=t+1.

EMPIRICAL RESULTS

This section presents the results of our empirical analysis. We first doc-
ument the explaining/prediction performances of our replication strat-
egy (performance-adaptive) against the two alternative benchmarks: the
purely linear ‘static’ and rolling-windows factor-based strategies. The
power of each strategy is assessed according to the criteria outlined in
Subsection 2.2.1. Next, we report the market risk factor exposures in (2.1)
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2.5.1

estimated for each of the four indexes. In particular, we examine to
what extend the selected factors contribute to the replication. We then
describe the impact of various proxy of market conditions to the final
explained/predicted value. Each elementary sequential strategies are
weighted according to Equation (2.6). Finally, we test the results of our
proposal under a more restrictive experimental setting in which the data
selection window is fixed in the past.

Explaining/Prediction performances

To measure the quality and compare the three methods, we used a range
of four criteria. First, we compute the mean square replication error
MSE. Secondly, as described in Equation (2.5), we calculate the cumu-
lative square replication error. Thirdly, we report the percentage of ex-
plained /predicted values that correctly guess the direction of hedge fund
index return movements. We will assume that with a percentage direc-
tion of change (DOC) larger or equal to 50%, the strategy has the ability
to estimate the direction of the index movements. Finally, to assess the
relationship between the explained/predicted series and the realized one,
we calculate the Spearman’s correlation coefficient (CORR).

Table 2.2 in Exhibit 1 shows that, for all hedge fund categories under
study our proposed replication strategy performs significantly better than
the two alternative benchmarks in explaining/predicting monthly hedge
fund index returns. The performance of the three specifications is summa-
rized by the relative mean square replication error. The ratio™ is computed
as MSE"/MSE°. A ratio bigger than one indicates that the performance
of the alternative benchmarks in replicating hedge fund index returns is
poorer than that based on the performance-adaptive proposal. The results
are more striking for Barclay CTAs and HFR Equity Hedge indexes. Our
replication rule is approximately 10% to 400% better in explaining, and
around 50% to 430% superior in predicting than the two alternative strate-
gies according to the relative MSE. The Ratio column in Table 2.2, shows
that this gap is even more pronounced for the month-to-month prediction
strategy. This suggests that both “static” and rolling-windows model speci-
fications fail to predict the future value of hedge fund returns. This failure
is directly associated to the risk factor characterizations. We shall return
to this important issue in the sequel.

Panels A.2 to D.2 of Table 2.2, display the Spearman’s correlation co-
efficient. The figures highlight a pronounced statistical dependence be-
tween the performance-adaptive replicated series and the realized hedge
fund indexes returns. The CORR values for the predicted series ranged
from 95% for Barclay CTAs, 92% for Equity Hedge, 80% for Global Macro,
and 66% for Merger Arbitrage indexes. For the ‘static” setting, correlation

»Where ‘a’ stands for alternative benchmarks and ‘o’ for our replication strategy.
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coefficients are low and range from around —15% for the Barclay CTAs
index, to 11% with the Equity Hedge and Global Macro indexes. The
results for the explained series are of comparable magnitude, though in
this case both alternative benchmark replication strategies show a better
performance. The direction of change values are systematically bigger
than 60% for the performance-adaptive strategy (for example, 95% for the
predicted Barclay CTAs index and 85% for Equity hedge fund index) and
again, generally larger than in the classical linear method, specially for the
predicted cases.

Compared to the rolling-windows'3 factor-based rule, the proposed
methodology performed even better. The magnitude of the dominance is
larger for all four quality measures adopted in the current article. Across
all hedge fund indexes under study, the rolling-windows replication rou-
tine performs worse than the classical linear.

Table 2.2 shows that although the performance of our empirical inves-
tigation varies considerably across hedge fund categories, the performance-
adaptive replication strategy exhibits superior quality under the four com-
parison criteria assumed in the present study. The implemented experi-
ment spans 4 distinct hedge fund categories from directional funds (Eq-
uity Hedge index, Barclay CTAs, and Global Macro) to arbitrage fund
(Merger Arbitrage) and our findings are pertinent around all styles. The
performance can also be appreciated through inspection of third-row en-
tries in many figures. When inquiring those plots, we see how our ex-
plained /predicted series closely track the realized ones. Our empirical
findings seems to corroborate the fact that a sizeable percentage of hedge
fund index returns could be replicated ex-ante or explained. In the next
section we investigate the contributions of various market risk factors in
the replication process.

Factor exposures

Having established the superiority of the performance-adaptive replication
strategy in explaining/predicting the different categories of hedge fund
index returns in our sample, we document the drivers behind this perfor-
mance. The main interest is in the estimated coefficients related to each
replication strategy. For that purpose, we report the value for the t-statistic
associated to each beta estimated.

At every replication time, one performs a regression many times ac-
cording to the number of market condition proxies. The value of the
t-statistic for each loading is obtained across the 4 hedge fund indexes
under scrutiny. Figures 2.1, 2.2, 2.4, 2.5, 2.7, 2.8, 2.10, and 2.11 depict
the distribution of the t-statistics for the estimated factor exposures. The

3In the rolling-windows replication strategy, we have tried various window sizes () of
24 (as in Hasanhodzic and Lo (2007)), 36, 48, and 60, without noticing any improvement.
We report the results of window size equal to 48.
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dotted vertical lines represents the left and right quantiles at 5% level of
significance. The t-statistic less than 1.96 in absolute value - between the
the vertical dotted lines - means that the loading are not statistically sig-
nificant.

Starting with predicting hedge fund returns, we observe along the his-
tograms of t-statistics that very few values fall outside the vertical dot
lines. The risk factor specifications do not provide sensible contribution
to the replicated series. The picture is approximately identical for all the
indexes. A close inspection of the second-row entries of Figures 2.2, 2.5,
2.8, and 2.11 reveals that the prediction quality of the performance-adaptive
replication strategy is due to the estimated By, also called alpha in the fi-
nancial literature. The factors that we use, although used by the literature,
are not significant. The quality of the replication exercise relies entirely in
the capacity of each sequential strategy to forecast the index’s alphas.

If we turn to the explaining part, all three model specifications exhibit
relatively good performances in three indexes with the exception of the
HEFR Global index. This can be seen through row 3 of Figures 2.1, 2.4, 2.7,
and 2.11. In general, the estimated loadings are more often statistically
significant at 5% than in the prediction case. From the histograms, we
observe a large proportion of t-statistic values on the left and right side of
the dot vertical lines. These results are in lined with several contributions
in which it is demonstrated that, the multiple factor model analysis ex-
plain a portion of hedge fund returns (See among others, Fung and Hsieh
(2006), and Hasanhodzic and Lo (2007)). The superior performance of our
replication strategy resides on its ability to explain the time varying evo-
lution of index’s alphas. A good example to illustrate this feature is given
by the second and third-row entries of Figures 2.4 and 2.6 respectively.
The figures display the histograms of estimated alphas’s t-statistic and the
dynamics of the explained HFR Equity Hedge index’s alphas respectively.
While the three replication strategies show significant t-statistics from the
second-row entries of Figure 2.4, we see from the lower part of Figure 2.6
that the classical linear and rolling-windows replications miss to uncover
the time varying index alphas, getting only decreasing alphas estimated.

Regarding the HFR Global Macro index, our findings are mixed. In
this case, we observe that the replication process is slightly more dif-
ficult. Though our strategy performs better than the ‘static’ linear and
the rolling-windows, the factor model does not seen to work in this case.
While the performance-adaptive replication strategy correctly identifies the
index returns’s direction of change, it fails to reproduce its variability. Un-
reported results using the Fung-Hsieh seven factors model specification
do not provided further improvements. Figures 2.10 and 2.11 show that
whereas the Fung-Hsieh primitive trend followers commodity and Major
Currency US Dollar index factors exhibit statistically significant explana-
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tory power, none factors have the structure to forecast Global Macro index
returns.

The global picture is that the multiple factor model characterization
exhibit more explanatory power than predicting capability. In both cases,
the major sources of hedge fund index returns are not the estimated betas
times the risk premia, but the style specific alphas associated.

Portfolio of elementary sequential strategies

To gain further insight into the performance-adaptive replication strategy,
we present in the first-row entries of Figures 2.3, 2.6, 2.9, and 2.12 the dy-
namic of weights (vy;;) associated to each estimate according to various
proxy of market conditions. Every estimate comes out from the combina-
tion of K x L elementary sequential strategies. The contributions of each
elementary strategy is determined by how good they performed in the
past. The final replicated return is obtained from an exponential weight-
ing technique as explained in Section 2.2. The flexibility of the replication
process allows each elementary strategy to propose its own replication
portfolio, characterized by various set of input variables. Visual inspection
of the weight dynamics indicates a strong heterogeneity among sequential
strategies, across hedge fund indexes. Although for HFR Equity Hedge,
Merger Arbitrage, and Global Macro indexes practically all defined prox-
ies contribute to the final replication decision, for Barclay CTAs just two
out of eleven contribute. However, for all indexes under study the first
elementary sequential strategy tends to be the most successful replicator,
having larger weights according to its good performances. Strategy num-
ber one is the elementary strategy which individuates the market condi-
tions that are ‘similar’, from the hedge fund index historical return series.
This finding means that the most reliable information of future market
conditions for explaining/predicting hedge fund returns arose from the
index itself, and not from market risk factors.

Robustness analysis

To further evaluate the robustness of our findings, we have implemented
a more restrictive empirical analysis, the principal results of which are
presented in this section.

We divided the data in two non overlapping periods with 12 months
gap between the two data sets: a fixed training set (from January 1994
to December 2003), where we apply the data selection scheme and get
the regression coefficients; and a test set where we explain/predict (from
January 2005 to the end of the sample, T = 171 or 195). Therefore given
the time series vector of hedge fund index returns (ry,...,r7), for each
131 <t < T —1 we used the fix training set of data (r1,...,7119) to extract
the time instances that are ‘close’ to the current one. Consequently the
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elementary predicted (explained) values 7,1 (7;) of monthly hedge fund
indexes are obtained by regressing the string of data collected in the fixed
past. In other words, instead of moving the data selection interval as the
replicating time t increases, we fixed it to be a given time interval. The final
replication values is derived by weighting individual strategies according
to their past performances as explained in Section 2.2. It follows that, as ¢
grows, we will look for ‘similar” market conditions in a more distant past.

The results of the performance-adaptive replication strategy under this re-
strictive setting are reported in Table 2.3 and are consistent with the gen-
eral findings outlined in Table 2.2. The performance-adaptive rules still
perform better than the classical linear and rolling-windows methods un-
der normal’ replication framework (see Subsection 2.2.1). Unreported re-
sults concerning the coefficient t-statistics are in line with what expressed
in Subsection 2.5.2.

The empirical robustness analysis confirms the conclusion of the
moving-window performance-adaptive implementation. That is, the tech-
nique is superior to the standard ‘static” and rolling-windows linear meth-
ods, in terms of the four criteria listed in the current article. Additionally,
the quality of the performance-adaptive replicator is not undermined by
how distant in the past we look for data which are ‘similar” to those of the
replication time.

CONCLUDING REMARKS

The performance-adaptive replication strategy proposed in this paper is a
methodology that extends the widely used purely linear and rolling-
windows to the purpose of hedge fund index replication. The proposal
enables to relax the strongly stationarity assumption in the classical lin-
ear replication approach. This extension allows us to identify the main
sources behind the time-varying evolution of hedge fund returns.

We apply the local linear, performance-adaptive method to the repli-
cation of 4 monthly hedge fund index returns sampled over 17 years. We
find that the proposed performance-adaptive setting is statistically supe-
rior to the standard linear (‘static’ and rolling-windows) framework in
terms of mean square replication error, Spearman’s correlation coefficient,
and direction of change. We demonstrate the usefulness of the method-
ology as a tool to individuate predictive patterns amongst hedge fund
indexes.

We also find that the factors used in the literature for hedge fund repli-
cation to be of little help in predicting future returns. However, their ex-
planatory abilities are mixed. We show that performance-adaptive replication
approach can, occasionally, better forecast the dynamic changes of the ag-
gregate fund style-specific alphas.
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ExHIBIT 1

Table 2.1 — The table presents some descriptive statistics and the Jarque Bera normality test at 5% level for six hedge fund indexes under study. In the upper part of
the table, we present, for the various indexes, the monthly basic statistics and the lower part of the table reports the normality test. The analysis is performed on the
entire data sample including Barclay CTAs index, HFR Global Composite, Equity Hedge, and Merger Arbitrage indexes. Bold P-value results highlight significance
at 5% level.

Panel A.1 General descriptive statistics

Global Macro Index Barclay CTAs Equity Hedge Merger Arbitrage

Observations 192 177 196 195

Minimum -0.06 -0.0477 -0.0946 -0.0569
Median 0.0064 0.0036 0.0112 0.0086
Arithmetic Mean 0.0077 0.0052 0.0095 0.0072
Maximum 0.0682 0.0645 0.1088 0.0312
SE Mean 0.0014 0.0017 0.0019 0.0008
St. deviation 0.0196 0.0228 0.0270 0.0108
Skewness 0.1311 0.2789 -0.2014 -1.7218
Kurtosis 0.9920 0.0853 2.2177 6.2781

Panel B.1 Jarque-Bera normality test
Global Macro Index Barclay CTAs Equity Hedge Merger Arbitrage

Jarque-Bera Test 8.42 2.35 41.49 416.59
P-value 0.01 0.31 0.00 0.00




2.6. Concluding remarks

Table 2.2 — Performance comparison between the performance-adaptive replication
(our strategy), ‘static’ and rolling-windows regression setting on explaining/predicting
monthly hedge fund index returns. The experiment is performed on 4 distinct hedge fund
categories. The table presents the result derived combining K x L elementary replica-
tors according to their recent past performances expressed by the 24-Months cumulative
square replication error. The quality of each empirical scheme is assessed with 3 criteria:
MSE (Mean Square Replication Error), DOC (the percentage of the direction of change
correctly forecasted) and CORR (Correlation between the explained/predicted series and
the realized series).

Panel A.z Barclay CTAs Index

Models Goals MSE®*/MSE° | CORR DOC
Our Strategy Explained 0.92 0.89
Predicted 0.95 0.95
‘Static” Setting Explained 3.62 0.40 0.73
Predicted 3.60 -0.15  0.53
Rolling-Windows Explained 4.34 0.27 0.54
Predicted 4.08 0.07 0.40

Panel B.2 HFR Equity Hedge Index

Models MSE®*/MSE° | CORR DOC
Our Strategy Explained 089  0.80
Predicted 0.92 0.85
‘Static” Setting Explained 1.38 0.84 0.85
Predicted 2.17 0.11 0.44
Rolling-Windows Explained 1.49 0.82 0.85
Predicted 2.30 -0.08 0.32

Panel C.2 HFR Merger Arbitrage Index

Models MSE®*/MSE° | CORR DOC
Our Strategy Explained 0.71 0.77
Predicted 0.66 0.75
‘Static” Setting Explained 1.10 0.68  0.76
Predicted 1.48 0.21 0.43
Rolling-Windows Explained 1.24 0.64 0.74
Predicted 1.59 -0.26 0.45
Panel D.2 HFR Global Macro Index
Models MSE®/MSE°’ | CORR DOC
Our Strategy Explained 0.70 0.83
Predicted 0.80 0.87
‘Static” Setting Explained 1.43 0.03 0.35
Predicted 1.57 0.11 0.11
Rolling-Windows Explained 1.52 0.17 0.45

Predicted 1.7 0.10 0.29
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Table 2.3 — Performance comparison between the performance-adaptive replication,
‘static” and rolling-Windows regression setting in explaining/predicting monthly hedge
fund index returns. The experiment is performed on 4 distinct hedge fund categories in
a more restricted framework, where the data selection and estimation is performed in a
fix time interval in the past from January 1994 to December 2003. The replication is
performed from January 2005. The table presents the result derived combining K x L
concurrent estimates according to their recent past performances expressed by the 24-
Months cumulative square replication error. The quality of each empirical scheme is
assessed with 3 criteria: MSE (Mean Square Replication Error), DOC (the Percentage of
the direction of change (positive or negative) correctly forecasted) and CORR (Correlation

between the explained/predicted series and the realized series).

Panel A.z2 Barclay CTAs Index

Models Goals MSE®/MSE°’ | CORR DOC
Our Strategy Explained 0.73 0.74
Predicted 0.70 0.74
‘Static” Setting Explained 1.43 0.38 0.70
Predicted 1.40 -0.34  0.36
Rolling-Windows Explained 1.87 0.19 0.55
Predicted 1.52 -0.16  0.20
Panel B.2 HFR Equity Hedge Index
Models MSE®*/MSE° | CORR DOC
Our Strategy Explained 0.88 0.84
Predicted 0.88 0.85
‘Static” Setting Explained 1.29 0.83 0.84
Predicted 1.79 0.29 0.43
Rolling-Windows Explained 1.38 0.81 0.84
Predicted 1.92 0.14 0.32
Panel C.2 HFR Merger Arbitrage Index
Models MSE®*/MSE° | CORR DOC
Our Strategy Explained 0.66 0.80
Predicted 0.79 0.84
‘Static” Setting Explained 1.56 0.68 0.76
Predicted 1.35 0.21 0.44
Rolling-Windows Explained 1.75 0.63 0.73
Predicted 1.47 -0.20  0.41
Panel D.2 HFR Global Macro Index
Models MSE®*/MSE° | CORR DOC
Our Strategy Explained 0.75 0.72
Predicted 0.75 0.83
‘Static” Setting Explained 1.46 0.23 0.54
Predicted 1.84 0.10 0.17
Rolling-Windows Explained 1.74 0.25 0.6
Predicted 2.05 0.14 0.37
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F1GURE CAPTIONS

Throughout Exhibit 2, the empty space on figures indicates those periods
where the data selection process does not identify enough similar values
in the past.

Figures 2.1, 2.2, 2.3: These figures display the results of the ex-
plained /predicted Barclay CTAs index returns. Figures 2.1 and 2.2
express respectively the findings: t-test statistics and the evolution of
the final replication series. The two vertical dotted lines reflect the left
and right quantiles at 5% level of significance. The t-statistic less than
1.96 in absolute value - between the the vertical dotted lines - means that
the loading are not statistically significant. From left to right, ‘static’,
rolling-windows, and the performance-adaptive replication strategies re-
spectively. The factor model specification is defined by the Fung-Hsieh
look-back straddle factors: ptsbd (bond factor), ptsir (short term interest
rate factor), ptscom (commodity factor), and ptsstk (stock factor). Alpha
stands for the abnormal returns. In Figure 2.3, the upper plots depict
the evolution of the weights associated to various approximated market
conditions, while the lower plots highlight the estimated index-specific
alphas in explaining/predicting Barclay CTAs index.

Figures 2.4, 2.5, 2.6: These figures display the results of the ex-
plained /predicted HFR Equity Hedge. Figures 2.4 and 2.6 express
respectively the findings: t-test statistics and dynamic of the final replica-
tion series. The two vertical dotted lines reflect the left and right quantiles
at 5% level of significance. The t-statistic less than 1.96 in absolute value
- between the the vertical dotted lines - means that the loading are not
statistically significant. From left to right, ‘static’, rolling-windows, and
the performance-adaptive replication strategies respectively. The factor
model specification is defined by two factors: Rm-rf (excess return on the
market, is S&P 500 index return minus the one-month Treasury bill rate)
and russ-Rm (spread between the Russell 2000 index return and the S&P
500 index return). Alpha stands for the abnormal returns. In Figure 2.6,
the upper plots depict the evolution of the weights associated to various
approximated market conditions, while the lower plots highlight the esti-
mated index-specific alphas in explaining/predicting HFR Equity Hedge
index.

Figures 2.7, 2.8, 2.9: These figures display the results of the ex-
plained/predicted HFR Merger Arbitrage. Figures 2.7 and 2.8 express
respectively the findings: t-test statistics and dynamic of the final replica-
tion series. The two vertical dotted lines reflect the left and right quantiles
at 5% level of significance. The t-statistic less than 1.96 in absolute value
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- between the the vertical dotted lines - means that the loading are not
statistically significant. From left to right, ‘static’, rolling-windows, and
the performance-adaptive replication strategies respectively. The factor
model specification is defined by two factors: Rm-rf (excess return on
the market, is S&P 500 index return minus the one-month Treasury bill
rate) and MERF (return of the Merger Fund). Alpha stands for the ab-
normal returns. In Figure 2.9, the upper plots depict the evolution of
the weights associated to various approximated market conditions, while
the lower plots highlight the estimated index-specific alphas in explain-
ing/predicting HFR Merger Arbitrage index.

Figures 2.10, 2.11, 2.12: These figures display the results of the ex-
plained/predicted HFR Global Macro. Figures 2.10 and 2.11 express
respectively the findings: t-test statistics and dynamic of the final replica-
tion series. The two vertical dotted lines reflect the left and right quantiles
at 5% level of significance. The t-statistic less than 1.96 in absolute value
- between the the vertical dotted lines - means that the loading are not
statistically significant. From left to right, ‘static’, rolling-windows, and
the performance-adaptive replication strategies respectively. The factor
model specification is defined by the four factors: S&P 500 index return
(SP500), Fung-Hsieh look-back straddle commodity factor (ptscom), TED
spread (TED.Spread) and the Major currency dollar index (MDINX). Al-
pha stands for the abnormal returns. In Figure 2.12, the upper plots depict
the evolution of the weights associated to various approximated market
conditions, while the lower plots highlight the estimated index-specific
alphas in explaining/predicting HFR Global Macro index (form left to
right).

Figure 2.13: These sub-figures display the evolution of the ex-
plained/predicted hedge fund index returns under the more restrictive
fixed windows experiment. The first-column entries are explained series
and the second-column entries are predicted ones. From up to down we
have Barclay CTAs, Equity Hedge, Merger Arbitrage and Global Macro
indexes, respectively.



ExHIBIT 2

o Uoiding o Loading ao] Uoiding
= ptsbd = ptsbd =) ptsbd
2 ptsir 2. ptsir 2 ptsir
Dio- ptscom 0] ptscom (7] ptscom
° [ ptsstk - [ ptsstk ° [ ptsstk
0s
05- 0s
0.0- 0.0 0.0- ——
I 1 T I W i 1 I i " I 1 I
0 2 i s =2 0 2 6 2 0 2 s
t-test values t-test values t-test values
' ' '
06- ' ' '
' ' 06 '
' ' '
' ' ' 015~
05~ l l l
' ' 05- '
' ' '
' ' '
041 l l l
l l 04 l
> ' ' Loading > ' Loading > Loading
A ' ' 1 Alpha D ' [ Alpha b 1 Alpha
cos c c
o] ! ! @O ! o]
kel l l k=l Ll ©°
' ' '
0z ' ' '
' ' o2 0 005
' ' '
' ' '
01 ' ' o '
' ' '
' ' '
' ' '
00- ' ' 00 ' 000~
i ' i ' i ' i ' i i L i i
5 o 5 1 0 5 10 1o 5 o 5 1
t-test values t-test values t-test values
Static Rolling-Windows Our strategy
g g g — Explained
2 =l 2 --- Realized
3 3 3
3 3 3
s s s
5 N 5
2 2 2 2 2 2
= = =
S S S
= = =
g R g
8 | s y 8 | g |
S ' ' S y S
7 H 7 ; 7
ER i E 3 § :
s | H — Explained s H — Explained s H
! ! --- Realized ! --- Realized !
T T T T T T T T T T T T T T T
2002 2004 2006 2008 2002 2004 2006 2008 2002 2003 2004 2005 2006 2007 2008
dates dates dates

Figure 2.1 — Explained Barclay CTAs Index: From left to right, ‘static’, rolling-windows, and performance-adaptive replication strategies. The factor model
specification is defined by the Fung-Hsieh look-back straddle factors: ptsbd (bond factor), ptsir (short term interest rate factor), ptscom (commodity factor), and
ptsstk (stock factor). Alpha stands for the estimated values of By. Refer to Figure Captions section for additional details.
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PERFORMANCE BASED
DIVERSIFICATION OR How To
CREATE A MULTISTRATEGY
HEDGE FUND?

Abstract

This article investigated the implications of distribution free investment strategies
on constructing portfolio of individual hedge funds. The author proposes a dy-
namic, performance-adaptive asset allocation model that allows to optimally di-
versify across multiple hedge funds styles. The approach to be followed is related
to the adaptive allocation of resources between elementary concurrent from the
perspective of the theory of sequential investment strategies. The methodologi-
cal frame gives up the common global stationary hypothesis and approximates
locally, a nonstationary paradigm. The approach is then evaluated in a multi-
variate basis, by examining the performances of several time evolving portfolio
strategies in a sample of 16 funds. Empirical experiments are conducted across
5 different hedge fund categories as classified by the Hedge Funds Research and
Barclay CTAs databases. We find that the dynamic performance-adaptive allo-
cation strategies amongst hedge funds yield superior annualized average perfor-
mances, compared to various alternative benchmarks. These findings are robust
to different hedge fund restriction provisions such as, lockup and redemption

periods.*

Keywords: Hedge fund, Portfolio allocation, Kernel estimation, Nonparamet-

ric, Nonstationary

'This chapter is a reprint of: Tafin Djoko (2013a) Performance Based Diversification or
How To Create a Multistrategy hedge fund? Accepted for publication in Journal of Applied
Finance and Banking.
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Chapter 3. How To Create a Multistrategy hedge fund?

3.1

INTRODUCTION

This article reports a methodology for constructing portfolios of hedge
funds that drops the common assumption of global stationarity. Nonsta-
tionary modeling has a long history in empirical financial analysis. The
reader may refer to Hsu, Miller, and Wichern (1974), Starica and Granger
(2005), and Perron and Qu (2010) for a more recent investigation. Working
under nonstationarity has always been motivated by the belief that finan-
cial market microstructure is continuously changing, with direct direct
consequences in asset price dynamics.

To date, portfolio managers tend to use mean-variance (MV) optimiza-
tion techniques to construct optimal risk-return balanced asset allocation.
However, to perform a MV allocation of resources, the manager has to pro-
vide the next-period variance-covariance matrix. One easiest way is to use
the historical covariance matrix. A common extension of MV allocation
is the construction of volatility timing strategy using the dynamic condi-
tional correlations (DCC) model of Engle (2002). In this regard, Switzer
and Omelchak (2011) focus on the case where an investor or funds of
funds manager is concerned with the volatility of a portfolio of hedge
fund indexes. Their work successfully extends the static MV asset alloca-
tion framework to allow for time varying volatility of returns. However,
like most of the multivariate methodological frame for financial returns,
the former model assumes that the volatility is homogeneous and station-
ary. Additionally, the standard MV portfolio construction involving hedge
funds has been subject to criticisms in the empirical financial literature.
The most common criticism is that MV analysis is suitable, exclusively for
normally distributed returns, which is far from being a hedge fund char-
acteristic. Empirical analyzes of hedge fund return series tend to exhibit
asymmetry and excess kurtosis, which imply theoretical issues to imple-
ment a proper MV portfolio construction.

Assuming a MV criterion directly implies that the data generating pro-
cess of returns is Gaussian, or at least that moments over the first and the
second are trivial for asset allocation. Early empirical study reveals that,
the MV criterion fails to approximate the expected utility in non-normality
cases. In this vein, Harvey and Siddique (2000) express the view that sys-
tematic skewness (co-skewness with the market return) yields economic
value to investors. In a recent manuscript, Jondeau and Rockinger (2011)
examine the additional value of taking the complexity of time varying
higher moments into the underlying distribution of returns. Jondeau and
Rockinger (2011) estimate the model in a Bayesian configuration and show
that higher moment investment strategies (up to order four) significantly
outperform the MV strategy.

MYV portfolio modeling and extensions of it are dominated by station-
ary long-memory, conditional framework. In this paper, I advocate an
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approximate nonstationary paradigm to construct a dynamic portfolio al-
location of capital across individual hedge funds. Due to the unregulated
status of their business model, hedge fund managers enjoy enormous flex-
ibility in pursuing investment returns. The industry investment philoso-
phy is time varying and evolves according to the structure of the mar-
ket. Therefore, investing in hedge funds through a stationary-constructed
portfolio of individual hedge fund strategies can bring to seriously under-
estimating the risk associated to the portfolio, with potential drawback in
terms of market timing ability and risk management. The changing na-
ture of the data generating process requires a consequent adjustment of
the approximating stationary approach. The goal of the article is to inves-
tigate the economic benefits of locally stationary versus global stationary
(parametric) models.

The building block of our locally stationary model is to identifying
periods of time where market conditions are ‘similar” to the current trad-
ing period. This specification will provide intervals of homogeneity in
which an optimal allocation of resources can be decided. As a proxy
of market conditions, the author intends to capitalize on the vast litera-
ture on factor-based hedge fund replication. I use an approximate version
of Hasanhodzic and Lo (2007)’s six factors model, to identify the variables
that characterize the market at each trading period. The first step of the
method consists of identifying the instances where the state of the market,
i.e. the risk factor specification, was ‘similar’ to the current conditions.
Then, only the hedge fund return information from these instances are
the input to construct the current optimal allocation strategy.

The definition of the ‘distance” between past and current market condi-
tions is, of course, a crucial aspect in applying the methodology. Since we
do not have a priori knowledge of the variables (market factors) that are in-
strumental in defining the state of the market, a refinement of the method-
ology puts in competition a number of elementary strategies. Each one of
them is characterized by a proxy for the market conditions, i.e. a given set
of relevant variables (and a depth of the history of these variables) whose
values are used to define ‘similar” or ‘close” market conditions. For each
one of the market condition proxy, a portfolio is constructed, based on
the time instances identified by the proxy as ‘similar” to those of the al-
location moment. The final investment decision follows then an adaptive,
time varying allocation of resources between different proxy portfolios
based on their recent past performance. See Section 3.2 for further details.

Once homogeneous market proxies have been identified, I imple-
mented two types of locally stationary models: A fully nonparametric and
an asymptotic MV. The later is an extension of Gyorfi, Lugosi, and Udina
(2006) kernel-based, sequential investment strategy in which the investor
maximizes his wealth in the long run without any assumption of the un-
derlying probabilistic structure of the data. The portfolio allocation is time
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evolving and distribution free. The former is a Markowitz-type portfolio
in which a risk-adverse investor carries each time a mean-variance opti-
mization, however without knowing the statistical characterizations of the
underlying process. See Gyorgy and Vajda (2007) additional information.

Research on investment strategies with minimal assumptions on the
underlying distribution driving the available assets, has been addressed
by various authors such as Algoet and Cover (1988), Algoet (1992). Gyorfi
and Shaéfer (2003) has shown the existence of universal portfolios, which
can achieved asymptotically, the maximum rate of growth of capital with-
out any knowledge of the data generating process. Given the complex
structure of hedge fund investment vehicles, I work with minimal assump-
tions on funds return’s distribution. In fact, the only assumption is that
monthly fund’s gain factor ((1+r;:), where r;; is the return of fund j at
month t) forms a locally stationary and ergodic process. In theory, this
assumption allows to the allocation strategy to reach in the long, the max-
imum rate of growth of capital that can be obtained knowing completely
the distribution of the underlying process.

As the paper addresses the issue of dynamic portfolio allocation in a
nonstationary paradigm, a comparison with equally weighted constantly
rebalanced and dynamic mean-variance portfolios is implemented. The
parametric, stationary dynamic MV optimization requires a statistical
model to predict subsequent volatility and the conditional expected re-
turns. The dynamic conditional volatility forecast is carried out using
the Weide (2002) generalized orthogonal GARCH(1,1) model.

The main contribution of this article is directly related to the nonpara-
metric structure of the analysis. Indeed, I move away from the paramet-
ric and conditional perspective, to a nonstationary and distribution free
paradigm. This work is the first, at our knowledge, that clearly account
for time variability and nonparametric design in constructing portfolios
of individual hedge funds. Empirical studies are implemented in various
hedge fund data sets, including the Chicago-based HFR and Barclay CTAs
databases. Our findings suggest that unconditional models are able to un-
cover and exploit hidden past dependence structures between funds’s gain
factors. The model allows to incorporate time variation and is constantly
out-of-sample. A clear advantage of this model is that it is completely data
driven and remains computationally tractable even when several funds are
incorporated.

The remainder of the paper is structured as follows. The methodology
behinds the portfolio construction strategy is documented in Section 3.2.
Section 3.3 describes the data used in the empirical exercise and formulate
our approach for selecting a restricted basket of funds to construct portfo-
lios of hedge funds. In Section 3.4 the author discusses some implemen-
tation issues and a detailed characterization of the proposed investment
process. Empirical results are outlined in Section 3.5. The main character-
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istics of the portfolios constructed under several alternative optimizers are
outlined. Finally, I provide some robustness assessment of core findings.
A tentative conclusion is outlined in Section 3.6. Additional information
are formulated in Appendices 3.7.1 and 3.7.2.

METHODOLOGY

This section describes the nonparametric portfolio allocation methodology
to construct dynamic portfolios of hedge funds. The investment process
consists of a performance-adaptive allocation of resources between a finite
set of elementary strategies, from the perspective of the theory related
to sequential investment strategies. The analysis is distribution free and
the only mathematical assumption used is that the monthly fund’s rela-
tives Net Asset Value (NAV) form a locally stationary and ergodic process.
Under this assumption, the asymptotic rate of growth of the constructed
portfolio has a well-defined maximum, which can be achieved without
knowing the data generating process. As in Gyorfi, Lugosi, and Udina
(2006) and Gyorgy and Vajda (2007), I approximate a kernel-based alloca-
tion mechanism in order to obtain an optimal and robust growth rate of
the capital, in a finite investment horizon.

Background

The goal here is to construct a multistrategy portfolio of hedge funds, im-
plementing a dynamic allocation algorithm that optimally diversifies and
maximizes in the long run the investor wealth over multiple hedge funds
styles. The portfolio predictions relied only on past market information.
To crystallize the context of the analysis, consider a hedge fund uni-
verse of m managers, i = 1,...,m, spanning an heterogeneous range
of investment strategies. The vector X = (x(l),...,x(m)) € R7 is the
vector of m nonnegative numbers representing fund’s relatives NAV at
a given trading period, where the jth component x() > 0 of X repre-
sents the ratio between the current and previous NAV of fund’s manager
j <x(j) = NAVt(j) / NAVt(i )1 =1+ T’j,t)- Basically, x) is the coefficient by
which capital allocated in fund j grows during the trading period. We
consider an investment setting where an investor or fund of hedge funds
(FOF) manager is allowed to allocate his capital at the beginning of each
trading period® according to a portfolio vector & = (aV),...,a(™). The
jth component a//) of & denotes the weight of the investor’s capital allo-
cated in fund j. Throughout the article, I assume the investment strategy
is self-financing (no borrowing) and the proceed is fully reinvested. This

>We will further relax this assumption to account for hedge fund redemption restric-
tions such as lockup period and redemption period.
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specification implies a long only portfolio selection strategy with al) >0
and )i, al) = 1.

Different hypothesis may be formulated on the path dependent pro-
cess behind a time varying portfolio selection. For a more general algo-
rithm, the a-portfolio vector depends on market history, characterized the
sequences of funds’s realized gain factors and factor model specification.
The state of the market is approximate by the Hasanhodzic and Lo (2007)’s
six factors model representation. Let suppose that there are m risky, open
for investment funds and their market dynamic is well described by a se-
quence of market vector X1, X», ... € R”}, where the jth component xfj ) of
X; indicates the amount obtained, net of fee after investing an unit of cap-
ital in the jth fund at the t;, trading period. The factor model is described
by a sequence of vector Y1,Y>,... € R®. To ease the notation, fori < ¢, Xi t
denotes the array of market vectors (X;, ..., X¢).

Therefore, at each trading period t = 1,2,..., we want to perform an
optimal allocation of resources based on past market information Z; ;_; =
(X14-1,Y1¢-1). Then, a; = a(Zy;_1) denotes the portfolio vector chosen
by the investor in the t;, trading period, after observing the past behavior
of the market.

Because we are primarily interested in maximizing the long tern rate of
growth of investor’s capital, I describe the wealth accumulation dynamic.
Starting with an initial capital Cp, the end-of-period wealth of investment
strategy I, after t trading periods is

t
t ) log(ai, X;)
Ct = CO I_I<0cl-, Xl> = CO expi:l — CO expth(I),
i=1

where W;(I) indicates the average growth rate

1 t
Wi(I) = 7 Y log(wi, X;)
i=1

Since it is rationally to assume that the objective of any investor is
to maximize his wealth, it is straightforward that the maximization of
Ct = C(I) is equivalent to the maximization of W;(I).

The present work moves away from the MV portfolio framework and
concentrates on a hypothetical investor concerned to maximize his end
of period capital in a dynamic optimization setting. Following Gyorfi,
Lugosi, and Udina (2006), I adopt a fully nonparametric setting. We do
not assume any parametric structure on the distribution of the sequence
of hedge fund’s relatives NAV. Under the mild hypothesis, Algoet and
Cover (1988) show that the best possible choice of the sequential invest-
ment problem is the so-called log-optimum portfolio I* = {a}(-)}. That is,
in trading period t the optimal allocation «;(-) is such that,
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E{log(a;, X:) | T1i-1} = m(é)X]E{IOgW*/ Xt) | Zip-1}

No investment rule can have a faster rate of growth than the log-optimal
portfolio, where a full knowledge of the distribution of the process is re-
quired. However, Algoet (1992) shows that there exist strategies reaching a
identical rate of growth without knowing the distribution of the underly-
ing stochastic process, the so-called universal portfolio. Following Algoet’s
scheme, Gyorfi, Lugosi, and Udina (2006) provided a more practical and
general version of the universal portfolio concept. For the scope of our
study, I implement the so-called kernel-based portfolio optimization.

Time varying kernel-based portfolio selection

Given our interest in constructing portfolios of hedge funds relying
uniquely on predictions based on past market conditions, I build a model
that enables us to collect the historical sequences of data that are infor-
mative to current market states. This section introduces the kernel-based
sequential investment strategy, which exploits market condition proxies to
estimate the optimal portfolio weights of funds. We describe and imple-
ment the uniform kernel version. The approach is closely related to Gyorfi,
Lugosi, and Udina (2006), who form a nonparametric log-optimum portfolio
strategies.

Basically, the idea behind the kernel-based (I*) is quite simple and in-
tuitive. Under a well defined set of parameters, the strategy develops a
flexible algorithm to individuate different sequences of data to estimate
the optimal portfolio weights by maximizing the investor wealth. The
approach is completely data driven and consists firstly, to identify those
months in the past where the state of the market as described by a set of
factors, was ‘similar’ to the current conditions. Only the the hedge fund
return information from the time instances that follow are then used to
determine the optimal allocation of capital amongst funds.

Since we do not have a priori knowledge of the variables (risk factors)
that are instrumental in defining the state of the market, the methodol-
ogy puts in competition a number of elementary investment strategies.
Each of these elementary investment strategies is characterized by a given
set of relevant variables whose values are used to define ‘similar’ market
conditions. Each elementary strategy hence proposes its own allocation,
based on the time instances that it identified as ‘close’ to the current in-
vestment period. The final investment decision follows then an adaptive,
time varying allocation of resources between these ‘experts’. The alloca-
tion is based on their recent past performance. What follows provides a
detailed description of the methodology that I implement in the sequel.

The working hypotheses motivating the kernel-based sequential algo-
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rithm are rather intuitive: First I allow the state of the market (character-
ized by a set of risk factors) to have an impact to the risk-return structure
of hedge fund and second, the dynamics of these impacts should be simi-
lar during periods that are characterized by similar market conditions.

The I investment strategy is constructed as follows. First I introduce
a data selection process which individuates periods characterized by sim-
ilar market conditions. The market is identified by an approximate ver-
sion of Hasanhodzic and Lo (2007)’s six factors model. The similarity
between market conditions characterizing two time periods is measured
by the Mahalanobis distance between the values of all past approximate
market vectors. Let Y;_; be the vector of market proxy at time t — 1 and
Yii-1 = (Yi—k ..., Yi—1) the sequence of past k values of the market con-
dition variable. For a given d small, define3

Sgk) ={k<i<t: || Yepiz1 = Yip1 [|u< d} (3-1)

the set of all past time instances, following those when the market
conditions as measured by the k past values of the variable Y were similar
to the last seen vector Y;_j;_;.

If X; is the array of hedge fund gain factors that correspond to the
instances i € St(k), then for each t > k + 1, elementary portfolios are esti-
mated as

«(Sy) = argmax H (a , Xi)
aEAy, {ieSEk)}
Y. log(a,X;)

= argmax )
B k
aEA, ‘ SE ) ’

if St(k) # @ and
a(X1p-1) = argmaxH(a , Xei-1)
achy {7}

otherwise. That is, I use the past T length of data to estimate the
portfolio vector. In this work, 7 is fixed at 24 months and A, is the simplex
of all m-dimensional vectors with nonnegative components summing up
to one.

The second step consists in aggregating elementary sequential portfo-
lios yielded by the

3]] + ||m in Equation (3.1) stands for the Mahalanobis distance. Also refers as the
statistical distance, it takes into account the correlation the correlation between vari-
ables when computing distances. Lets ¥ and jj two random vectors of identical distri-
bution with covariance matrix %, the Mahalanobis distance may be defined as d(%,§) =

JE-7E1E-9).
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e different choices of the parameter k that measure the similarity be-
tween various market conditions as well as

o different distances d; for measuring the similarity of the market con-
ditions.

The aggregation is based on the past performance, in terms of cumula-
tive wealth of each elementary strategy to produce a final allocation port-
folio. This further refinement is of particular importance as it addresses
the issue of the choice amongst various market conditions. The sequential
method puts in competition concurrent proxies and follows a performance
adaptive allocation of capital based on their recent wealth. In what follows
I provide a more formal description of this additional step.

Given {gx,}, the probability distribution on the set of all pairs (k, ) of
positive integers such that for all k and /, gx; > 0 and fixing the learning
parameter* 77; > 0, the weights are defined by:

(k1)
Wy = Gy €08

where Cﬁ'll) is the wealth accumulated by the pair (k,I) elementary strat-

egy up to time t — 1 with initial investment Cp. Their normalized values
are then expressed as:
Ukt = KZLUL (3-2)
Wi 1t
kI

Obviously, the weighing function vy;; must satisfy the usual con-
straints for combining elementary sequential strategies, namely 0 <
Uk < Tand ), 051 = 1 and each elementary strategies will receive
a large weight if its past performance was relatively good.

Finally, the combined portfolio &/ at time ¢ is then defined by weight-
ing the set of K x L predicted portfolios according to their past perfor-
mances and the positive distribution probability {gx,} as follows:

KL
o = ka,l,to‘(Xl,t—l)-
k.l

Therefore, under the dynamic kernel-based strategy I, the investor’s capital
accumulated at time t can be expressed after some simplification as

KL
C = qu,lct(k,l)' (3-3)
Kl

4Thorough this paper, I fixed the leaning parameter #; as 1/+/t. For a deep discussion
on the best practical choice of #;, see Biau, Bleakley, Gyorfi, and Ottucsak (2009).
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3.2.3

where Ct(k’l) is the final capital arose from the strategy associated to the

pair (k,1).

The key idea of combining several concurrent portfolios is simple: to
improve the final investment decision. Basically, the worse a portfolio per-
formed in the recent past, the less it will contribute to the final allocation.
The final prediction is constantly updated according to the recent perfor-
mances of competitors.

Markovitz-type kernel-based portfolio selection

As an alternative unconditional allocation model, I perform the Gyorgy
and Vajda (2007) asymptotic MV kernel-based portfolio (MVX). The au-
thor extends the Markowitz (1952) MV characterization in a multi-period
setting. While the approach is as in the dynamic kernel-based strategy I,
it differs from the fact the investor is concerned with a Markovitz-type
utility function.

Just like before, for each pair (k,I) of positive integers, elementary
portfolios & are estimated as follows>:

#(X1-1) =argmax | (1-24) Y ((&,X;)—1)

aKEA, {iesgk)}
2
A
{iesV} LD fiesy

if St(k) # @, and used otherwise the past 24 months of data, as it is the
case in Equation (3.2), to estimate the optimal portfolio weights. ka) is the
aforementioned similarity set outlined in Equation (3.1) and A measures
the investor’s coefficient of relative risk aversion.

Furthermore, MVK elementary portfolios are then aggregated as in the
(IX) strategy according to:

6 =Y i (Xym1).
k1

where 0 | ; are derived as in Equation (3.2). Using the same representation
as in Equation (3.3), the wealth achieved by the MVK strategy is given by

R S )
C; = qu,lct "
k,1

5In appendix B, I provide additional mathematical details on the kernel-based MV
portfolio selections.
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Alternative Optimizers

The scope of this section is to illustrate alternative portfolio allocation
strategies for comparison purpose. We compare the dynamic kernel-based
strategy IX to three different optimizers.

Our initial benchmark strategy is the equally weighed constantly re-
balanced portfolio (EWCRP). We consider an investor who equally allo-
cated her initial capital according to &9 = (1/m,...,1/m) and at each
trading period, rebalanced her portfolio to respect this uniform allocation
constraint. This naive diversification strategy does not involve any opti-
mization and estimation errors related to the plug-in of sample means and
variance-covariance matrix.

Secondly, I implement the dynamic mean-variance portfolio selection
technique. Under the standard mean-variance optimization, the investor
selects a; to maximize the quadratic objective function

! A I
Qo) = oy — E“tzt“t (3.5)

where y; is the conditional mean vector of the fund gain factors, ¥; is
the conditional variance-covariance matrix, A expresses the investor’s coef-
ticient of relative risk aversion, and a; are nonnegative and sum up to one.
To solve the problem in Equation (3.5), I consider an investor who replaces
the mean and the covariance matrix by their sample counterparts ji and
3., respectively. The investor believes that the conditional expected return
and covariance are time-varying and will adjust his portfolio weights ac-
cordingly. Therefore, I use an autoregressive of order one model (AR(1))
to estimate the fund expected returns and the Weide (2002) generalized
orthogonal GARCH(1,1) model to forecast the time varying conditional
covariance matrix under the assumption of a joint normal distribution. In
what follows, I refer to this investment stra’cegy6 as GO-GARCH(x,1). The
GO-GARCH(z,1) estimation method is based on common eigenvectors of
the observed data. It does not suffer of numerical convergence problem?.

The performance of the various strategies are compared using several
measures. The first measure is the wealth achieved by each investment
strategy and the annualized average yield (AAY). Then I compute the so-
called Sharpe ratio, in an annualized basis. I estimate this ratio using the
sample mean and variance of the excess returns for each strategy consid-
ered over the monthly US treasury bill. I also report a relative perfor-
mance measure based on a modified version of the Sharpe ratio (mSR)

In appendix B, complementary details are outlined on the GO-GARCH(1,1) dynamic
MYV portfolio selections.

7A sample size around 1000 — 1500 is generally assumed to be the minimum for a
precise estimation of GARCH(1,1) model. In our multivariate case the limit is even higher.
Given the short history and low frequency of hedge fund data, a correct estimation of
GARCH(1,1) model is not guaranteed. The choice of generalized orthogonal GARCH(1,1)
is motivated by the limited sample size.
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introduced by Graham and Harvey (1997), which provides the measure of
out-performance of a given investment strategy over an alternative with
different level of risk

o,
mSR = U—a(yK — Ua), (3.6)

K
where py and oy, y, and o, are the annualized average yield and the
annualized volatility of the I investment strategy and those of the various
alternative strategies, respectively.

Considering the dynamic structure of our analysis, it is important to
assess the possible effect of transaction costs. Indeed, the gain of a dy-
namic investment strategy may be, partially or totally offset by transaction
costs related to portfolio turnover. However, there is no general consen-
sus among academicians about the right range of values in the financial
industry. The issue is even more complicated for non traditional asset
classes like hedge funds. For these reasons, to account for the transaction
costs, I adopt the approach proposed by Han (2006). Since in practice it is
difficult to derive the realized transaction costs, the author computes tcbe,
the break-even transaction cost. The break-even transaction cost measures
the level of transaction costs that a given investor will be indifferent to
pay when selecting between the IX investment strategy and the alterna-
tive allocation decisions. The break-even transaction cost between the two
strategies is then defined as

7K _ za
tcbe — = Tp
=

tok — to?

1 T m o 1X;
where tv = = Z Z‘“]ﬁf ~ TR s the monthly average of the value
T t=1j=1 Ltrps

traded in all individual hedge fund in the portfolio, 7’5 is the average re-
turn of the portfolio constructed from the strategy IX, and 7; is the average
return form one the alternative optimizers. If transaction costs are a fixed
proportion ¢ of the value traded in the portfolio, the average transaction
cost in each strategy is then € x tv. Therefore, if an investor has transaction
costs smaller than tc”, she will prefer the IX investment strategy; other-
wise, the investor will be better off with one of the three alternatives. In
other words, high break-even costs is synonym to low portfolio turnover
rates.

Finally, I calculate out-performance rate S, that is, the percentage of
allocation periods for which the IX investment strategy performs better
than one of the various alternative strategies. This measure is an expres-
sion of the kernel-based strategy ability to capture time-varying investment
opportunities by discovering significant patterns in the local structure of
the data in the past.
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DATA

This section presents the data used in our empirical investigation. I begin
by discussing the individual hedge funds and commodity trading advisors
(CTAs) in the Hedge Fund Research (HFR) and Barclay CTAs databases.
Then, the section follows presenting the market risk factor specification.

Funds and sample restrictions

A proper study of hedge fund returns requires accurately measured data.
Such a quality is a primary concern in the field since hedge fund managers
voluntarily provide information to databases and the industry lacks an
uniform reporting standard. Despite these difficulties a number of com-
mercial databases are currently providing hedge fund information both at
individual fund level as well as at aggregated level (indexes).

To analyze the relevance of the proposed methodology in constructing
portfolio of hedge funds, I focus on live funds and use two main sources
of hedge fund data: the Hedge Fund Research (HFR), and Barclay Com-
modity Trading Advisors (CTAs) databases. The HFR consists of returns
and basics information for individual funds and fund of hedge funds from
January 1981 to September 2008, and the Barclay CTAs database contains
CTAs returns and fund specific comprehensive information from January
1980 to September 2008.

The HFR database is composed of returns reported on different fre-
quencies (mainly monthly) and additional qualitative/quantitative infor-
mation such as main strategy, sub-strategy, asset under management, etc.
on 5230 individual funds and 2720 Funds-of-Funds that are still active on
September 30, 2008. The data provider groups individual fund data in
four main categories® depending on their sub-strategies: Macro, Relative
Value, Equity Hedge, and Event-Driven. Out of the 5230 numbers of indi-
vidual funds, 940 are classified as Macro, 2796 as Equity Hedge, 961 are
Relative Value, and 533 are grouped as Event-Driven funds.

The Barclay CTAs data system is widely recognized by both practi-
tioners and academicians as the largest, most comprehensive, available
Commodity Trading Advisors sample. Generally, CTAs are funds primar-
ily trading listed commodity and financial futures contracts. The database
consists of 981 reporting funds as of September 2008. CTAs, also denom-
inated Managed futures are by no means homogeneous investment vehi-
cles. CTAs managers employ a large range of strategies and asset classes.
Combined, the two databases provide a rather completed and detailed
picture of the hedge funds universe.

For the scope of our empirical analysis, I impose a set of filters on both

8The reader may refer to Appendix A for a description on HFR hedge fund classifica-
tion
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databases. First I selected funds that reported in U.S. dollar net of fee
on a monthly basis. Then I required that each fund has at least 15 years
of non-missing reported returns. Additionally, for each strategy, I extract
the group of funds with the longest consecutive stretch of non-missing re-
turns and keep those funds having at least 10 years of reported assets un-
der management (AUM). I end up with a final sample of 429 funds, which
consists of 356 funds in HFR and 73 in Barclay CTAs. All funds in the final
sample are opened for new investment. Since the author is interested in
constructing multistrategy portfolios of hedge funds, I finally constituted
for each hedge fund category, an heterogeneous basket of 16 funds based
on their average first year reported AUM. According to Lhabitant (2004),
in general Funds-of-Funds managers hold a basket of underlying funds
ranging between 15 to 50. However, Lhabitant and Learned (2003) extend-
ing the previous work of Amin and Kat (2003), shown that approximately
10 funds are sufficient to construct a diversified portfolio of hedge funds.
In line with this approach and the fund of hedge funds industry practice,
I choose to fix the number of funds to sixteen and implement an asset-
related selection process. We ranked the funds per average AUM and for
each category, selected the five lowest and the top five, three funds di-
rectly below the median, the median ranking fund, and two funds above
the median. A detailed representation of the data set is described in Panel
A. of Table 3.1. Empirical experiments are performed on 5 styles (Global
Macro, Equity Hedge, Relative Value, Event-Driven, and CTAs), excluding
the Funds-of-Funds category. Naturally, this data selection process creates
an additional survivorship bias in the residual time series of funds. I ap-
ply our empirical investigation on different structure of the data set to
provide some robustness checks of our main results. In addition, since the
purpose of our empirical study is to construct portfolios of hedge funds
that maximize in the long run the investor wealth, and to study the port-
folios relative performances under different allocation strategies, the fund
selection routine may not be a big issue.

Furthermore, for consistency, I examine the impact of hedge fund re-
demption restrictions on the performances of the dynamic portfolio al-
location. In general, the hedge fund industry uses what is commonly
called share restriction provisions? such as redemption, lockup, and ad-
vance notice periods. Various authors have pointed the importance of re-
demption restrictions on hedge fund business model. Conclusive results
on the subject are mixed. Some studies provide evidence that redemption
restrictions are associated to excessive risk taking with fund’s managers
and potential costs on investors (Ang and Bollen, 2010; Klaus and Rzep-
kowski, 2009). Other studies, however, suggests that share restrictions

9Hedge funds restrictions also contain provisions such side pockets, gates, redemption
suspension, - --. Some of those restrictions are not reported in the databases considered
in the present study. We refer the reader to Appendix A for a short variables definitions.
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are linked to higher hedge fund performance (Liang, 1999; Aragon, 2007;
Agarwal, Daniel, and Naik, 2009). In general, these studies conclude that
redemption restrictions affect various hedge fund characteristics such as
fund flows, returns, and risk. It is then important to analyze the evolu-
tion of our dynamic allocation strategies under the complexity of hedge
fund restriction provisions. Panel B of Table 3.1 reports average value of
several characteristics for the sample of funds under investigation. along
this panel, three variables capture restriction provisions: redemption pe-
riod and notice period in days, and lockup period in months. Inspection
of Panel B reveals a strong heterogeneity amongst hedge fund categories.
Lockup periods are on average null for Barclay CTAs and Global Macro
funds, with a maximum value of 8.25 months for Event-Driven. Redemp-
tion periods range between 3.75 and 170.83 days. Notice period measures
are between o to 14.83. Over our samples, Barclay CTAs funds are far the
least restrict.

Factor model specification

To define the variables that characterize the state of the market at every
trading month, we approximate the Hasanhodzic and Lo (2007)’s six fac-
tors model. The authors show that, this factor model specification has a
significant explanatory power amongst hedge fund strategies. They advo-
cate the use of factors'® that correspond to the main drivers affecting the
hedge fund’s risk-return tradeoff:

The equity market: the S&P 500 total return.
Currencies: the US Dollar major currencies index.

The bond market: the month end-to-month end return on the
Moody’s corporate Aa bond index.

Credit: the monthly change in the Moody’s corporate Baa bond in-
dex less the three months treasury bill (month end-to-month end).

Commodity: the Goldman Sachs commodity index total return.

Volatility: the first difference of the end-of-month value of the CBOE
volatility index.

°Data are downloaded from various sources: S&P 500 total return from DataStream;
Goldman Sachs commodity (GSCI) and the Volatility (VIX) indexes are from yahoo fi-
nance; US three months treasury bill and Moody’s corporate Aa bond, Moody’s corporate
Baa bond and US Dollar major currencies indexes from the FED bank of St. Louis data
library.
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3.3.3 Data summary statistics

3.4

We begin our analysis reporting some preliminary statistical characteris-
tics on the various fund categories under our study. The data are monthly,
ranging from July 1993 to December 2007 for Global Macro, December
1993 to August 2007 for Equity Hedge, December 1993 to January 2008
for Event-Driven, September 1993 to December 2007 for Relative Value,
and from October 1993 to June 2008 for the Barclay CTAs category. From
Panels A to E of Table 3.2, except in few cases, average returns are in
general positive and significant. Through all categories, volatilities range
between 18% and 0.1% per month. The less volatile hedge fund strategy is
the Relative Value group. The highly volatile strategies are Global Macro
and Barclay CTAs funds. The measure of asymmetry (skewness) is het-
erogeneous across individual funds and main strategies. Barclay CTAs
and Macro funds are in general positively skewed, indicating that booms
occur more often than crashes in those categories. In opposite, Relative
Value and Event-Driven strategies are more often negatively skewed. In
all investment styles, kurtosis measures are larger than 3, which is not
consistent with the normality assumption. The hypothesis of normality
in fund’s return series is generally rejected by both the Jarque-Bera and
Lilliefors tests.

Regarding time dependency in individual hedge fund performances,
the natural way of testing it is the Ljung-Box statistic (o). We estimate the
Ljung-Box statistic for returns and squared returns to assess the presence
of serial correlation in the first and second moment, respectively. Taking
apart Relative Value and Event Driven funds, there is no strong evidence
that the series are serially correlated. However, squared returns are more
often serially correlated at 95% confidence level, which indicates temporal
correlation in volatilities.

IMPLEMENTATION DETAILS

In this section, we discuss some practical implementation issues. First, I
focus on the kernel-based portfolio selections, namely, the IX and the MVK
optimizers. As described in Section 3.2, elementary strategies are con-
structed for different proxy of market conditions, different number of past
values of the proxy used in measuring the similarity of market conditions
(parameter k) as well as for different values of the maximal distance be-
tween the values of these proxies (parameter d ;). The choice of the last
two parameters is as follows: I initially define the two positive integers as
l=1,---,Land k =1,---,K, fixing L = 10 and varying K = 7. Addi-
tionally I use the uniform probability distribution {qx;} = 1/(K x L) for
the weighting scheme of elementary strategies indexed over k and I. The
maximal distance dj is defined by:
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7, = exp((0.002 - k- m) + (0.02-m 1)) + (k/2)

Then, for each k, we have | = 10 different values of the radius dj; and
an array of 10 different elementary portfolios.

For all hedge fund categories, I fix the starting point of the dynamic
portfolio prediction algorithm after 12 months. The first year of the data is
dedicated to the initial parametrization. Therefore, the first data selection
process defined in Equation (3.1) uses this initial window to identify the
similarity set. However, this window increases in a monthly basis with
the trading period.

The final maximized wealth at time t is obtained by exponentially
weighting the K x L elementary sequential strategies according to their
past performances as described in Equations (3.3, 3.5).

The initial investment capital Cy is set equal to 1. The estimation of the
portfolio weights for MV dynamic strategies is implemented for different
choices of the investor’s relative risk aversion coefficient. That is, we set A
equal to 5, 10, and 15.

To make the kernel-based portfolio construction implementable, some
usual hypothesis are assumed. In addition to the assumption of local
stationarity and ergodicity of the market, I assume that any fund is infini-
tively divisible and that all funds are opened for new investment at each
trading period. The dynamic allocation problem is expressed here from
the view of a long only agent investing in US dollars, so the annualized
average yields are expressed in US$. Last, the I and the MV (kernel-
based and GO-GARCH(1,1)) investment processes are solved using the R
version of the Spellucci (1997) DONLP2 optimization routines.

EMPIRICAL ANALYSIS

We now focus on the empirical analysis of the performance of the var-
ious investment strategies illustrated in the present article. This section
displays some results of the nonparametric kernel-based portfolio selec-
tion, compared to the three alternative investment strategies. We will
provide evidence of the benefit that results of switching from a dynamic
mean-variance allocation of resources to a kernel-based distribution free
strategy. Table 3.4 documents the statistics of the wealth achieved by the
various trading strategies under a month-to-month portfolio construction,
while Table 3.5 reported the results of the strategies under different set
of market restrictions. The evolutions of the accumulated capital for each
strategy are displayed through Figures 3.1 to 3.10 (for a relative risk aver-
sion of A = 5). We tested the investment strategies on 5 distinct categories
of hedge funds: HFR Global Macro, Equity Hedge, Event-Driven, Relative
Value and the Barclay CTAs. For each category we constructed a hetero-
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3.5.1

geneous panel of 16 individual hedge funds as described in Section 3.3.
This means that m = 16.

Performance analysis of the dynamic investment strategies

The estimation of the optimal portfolio allocation is carried out each
month by maximizing the average rate of growth of capital. Table 3.4
reports the sample performance of the IX, MVX, GO-GARCH(1,1) and
EWCREP strategies for the 5 categories of hedge fund. The results for the
two mean-variance specifications (IX, GO-GARCH(1,1)) are outlined for
A = 5,10,15. As the panels reveal, the IX investment strategy show su-
perior annualized average yield (AAY) across all styles. In the absence of
transaction costs, the percentage values of AAY range from 40.80% for Bar-
clay CTAs portfolio to 23.5% in Event-Driven funds. These numbers are
always significantly bigger than those yield by the three alternative strate-
gies. As expected, the ex-post annualized standard deviations (ASD) are
also bigger, which translate into a smaller Sharpe ratios (SR), specially
compared to the MVX portfolios (for all values of A). Except for Barclay
CTAs funds, the SR of the dynamic IX strategy are bigger than one across
all hedge fund styles and are equal magnitude to GO-GARCH(1,1) and
EWCREP strategy values.

On a relative basis, the success rate, S, that is, the proportion of months
for which the IX investment strategy has superior return than the alterna-
tive optimizers, further illustrate the attractiveness of the former strategy.
Over the sample of hedge fund styles under scrutiny, the success rate is be-
tween 50% and 75.82%, a range that is consistent with an upgrade quality
to capture time varying investment opportunities. This evidence suggests
that the out-performance of the dynamic IX strategy is not due to some
specific extreme events. The modified Sharpe ratio measure, mSR, is the
return that the IX strategy would have earned if it had the same risk as
the alternative optimizer. Across Panels A to E, mSR values are positive
and bigger for the the GO-GARCH(z,1) and EWCRP strategies than for
the MVK strategy.

When the investor considers the dynamic changes in the variance-
covariance matrix under the kernel-based framework (MVX strategy), the
SR significantly increase for all values of A and across the 5 hedge fund
categories. Indeed, the MVX strategy show superior SR values. For the
same coefficient of relative risk aversion, the MVX strategy tends to exhibit
higher average annual yield and lower annualized volatility than the GO-
GARCH(1,1) strategy. Accordingly, their relative performance (mSR and
S) to the IX strategy are in favor of MVK, As a consequence, in contrast to
the dynamic GO-GARCH(x,1) portfolios, the MVK portfolios benefit from
volatility timing. However, one has to take with cautious the value added
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by MV strategies since they are subjected to estimation risk (uncertainty
regarding the estimation of 1 and ).

The results documented above have been derived without transaction
costs. It is clear that if we take into account transactio costs, the above pre-
sented performance will deteriorate. Table 3.4 also reveals the break-even
transaction costs, tc?, of the alternative three strategies for all levels of risk
aversion. The numbers are listed in the last column entry from Panel A
to E and are different across hedge fund categories and investment strate-
gies. In general, highest tcbe suggests lower portfolio turnover rates for
the strategy. For Global Macro, Equity Hedge, and Event-Driven funds,
GO-GARCH(1,1) strategies show lower break-even costs than MVK and
EWCRP strategies. The results are opposite for Barclay CTAs and Relative
Value funds. For the later, the tc? are positive and higher with EWCRP
strategies.

Last, but not least, Figures 3.1 to 3.10 depict the evolution of wealth
accumulated for each model specification over the allocation period. One
can clearly see that the IX strategy significantly dominates the others.
Overall, these results suggest that the time evolving kernel-based invest-
ment strategies provide significant performances for a risk-seeking in-
vestor who is willing to bear the risk - in terms of higher volatility.
Amongst kernel-based strategies, the distribution free IX strategy out-
performs the MVK counterpart. The results show the superiority of IK
and MVK models, supporting the hypothesis that modeling hedge fund
returns in a nonstationary, unconditional paradigm yields significant eco-
nomic benefits.

Robustness assessment

To further evaluate the robustness of the analysis in constructing a multi-
strategy portfolio of hedge funds, we have implemented an additional set
of more restrictive empirical experiment, the principal results of which are
presented in this section. These investigations are performed on the same
data, however with different specification.

In a first analysis, we assess the effect of hedge fund redemption pro-
visions on the portfolio performance characteristics. We adjusted the dy-
namic allocation of resources to take into account average restriction pro-
visions. We focus on two variables. The lockup period in months, and the
redemption period which is the number of days between two consecutive
redemption dates. They vary across funds, and categories. On average, in
the portfolio of 16 funds under study, the lockup period is between 0 (HFR
Global Macro and Barclay CTAs) and 8.25 months (Event-Driven). Re-
demption period ranges between 45.08 (HFR Macro) to 170.83 days (Event-
Driven). For the portfolio of HFR Global Macro and Barclay CTAs funds,
with on average no lockup period, we used the full sample average (per
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style) restriction provisions to impose the time sequence of the investment
routine. This yields 3 (2) months redemption periods and 12 (6) months
lockup periods for HFR Global Macro (Barclay CTAs) category. For the
three other hedge fund styles, we restrict ourself to what is displayed in
Panel B. of Table 3.1. Therefore, the experiment is conducted in the follow-
ing way: After our initial allocation of resources to the portfolio, we block
this investment for the time indicates by the average lockup period. Next,
the investment is dynamically re-allocated at each pre-specified redemp-
tion dates as reported in Panel B. of Table 1. Table 3.5 reports the absolute
and relative performance for all strategies and level of risk aversion. As
is evident, the performances of the various strategies are just slightly dif-
ferent from those obtained in the month-to-month portfolio construction.
By respecting the hedge fund industry restriction provisions, the Sharpe
ratios of IX strategies improve for HFR Global Macro and Equity Hedge
styles and are relatively unchanged for the rest. Once again, the success
rate enhanced the IX investment strategy, with percentage values between
48% to 69%. The risk-adjusted excess return (mSR) is always positif, with
bigger values relative to GO-GARCH(1,1) and EWCRP strategies.
Secondly, we performed a data driven model evaluation method to
question our fund selection process. The analysis intends to test whether
different competing choices of sample constituents would lead to equiv-
alent performance characteristics of the investment dynamics. The im-
plemented test is an approximation of the procedure advised by Racine
and Parameter (2009). The experiment is flexible and allows to defeat the
inconveniences associated on relying on only one choice of data. In this
article, we intend to construct the distribution of the investment strategy’s
true annualized average yield, by randomly testing the strategies under
various structures of the data. Therefore, instead of using a fix sample
of 16 funds selected according to their ranking AUM as explained in Sec-
tion 3.3, we draw randomly a basket of funds of size 16, then perform our
allocation strategies accordingly. This process is repeated 150 times, each
time reassessing the performances of our dynamic portfolios across the
four investment methodologies. The repeated investigation will produce
vectors of length 150 of annualized performance statistics for all models
under scrutiny. To discriminate between different allocation strategies, we
use a paired t-test of differences in sample mean and a the Mann-Whitney-
Wilcoxon test for differences in location. Some useful Boxplots are also
represented to highlight dominance relationships between alternative op-
timizers. For what follows, we consider an application on HFR Equity
hedge funds. The data set consists of 97 funds, obtained after imposing
several filters as explained in Section 3.3. The results are reported for
the coefficient of relative risk aversion, A = 5. Observing 3.6 reveals that
the IX allocation specification is preferred to all three alternative invest-
ment strategies on the AAY basis. Both the t-test and the Mann-Whitney-
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Wilcoxon p-values are close to zero. From Figure 3.11, the median value
for the distribution free approach is equal to 26.2%, which is of equal
magnitude to what achieved by the sample of 16 funds ranked accord-
ing to their AUM. However, on the relative performance basis expressed
by the Sharpe ratio distributions in Figure 3.12, the GO-GARCH(1,1) and
EWCRP strategies performs better than the IX and MVX strategies. To
summarize, the IX allocation higher annualized yields, at the cost of an
increase in the annualized volatility.

Overall, the results of the present section are in line with Subsec-
tion 3.5.1. The empirical robustness analysis confirms the dominance of
the kernel-based investment strategies. That is, this investment technique
over-performs the two alternative optimizers in terms of AAY and out-
performance rate (S), while these results are mixed on a risk-adjusted
basis. Additionally, this dominance relation is in general unaffected by
different market and statistical restrictions. These results suggest that,
across our hedge fund category and investment horizon, allocating capi-
tal on the basis of an unconditional, nonparametric modeling is likely to
provide sizeable benefits in the allocation process.

CONCLUSION

In this manuscript, the performance of various allocation strategies across
individual hedge funds is investigated. We particularly illustrated the
time varying kernel-based approach to solve the optimal allocation of re-
sources within various hedge fund styles. An empirical study is per-
formed on HFR and Barclay CTAs databases. For the first, in our knowl-
edge, this article analyzes the risk-return characteristics of hedge fund
portfolios when relaxing distribution hypothesis. Indeed, under the kernel-
based framework, the hypothetical investor is concerned by the long term
maximization of his average capital rate of growth in a time evolving opti-
mization setting, without knowing the underlying distribution generating
the hedge fund’s NAV. I investigated the benefits of approximating non-
stationary data locally on a multivariate portfolio of hedge funds.

I found that the distribution free investment strategy provides reli-
ably results. Empirical findings suggest that there are distinct benefits
in performance improvement for portfolios constructed under the kernel-
based investment strategy. On a relative basis, the proportion of months
for which the strategy outperforms alternative investment approaches is
high. The annualized risk-return profile, expressed by the Sharpe ratio,
is sometimes undermined by the high volatility associated to dynamically
investing in hedge funds. Furthermore, this strategy ignores the volatility
problem and it is particularly constructed for an investor concerned by
any parametric hypothesis on the distribution. I further perform various
experiments designed to assess the robustness of the results. Evidences
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suggest that our findings are solid, and the magnitude of the performances
compared to two conditional alternative optimizers is invariant.

Several extensions to this paper may be considered. Future researches
might address the issue of how to incorporate a risk measure in the opti-
mization routine without distorting the completely nonparametric struc-
ture of the methodology. Transaction costs are also ignored in this article.
Additional works are necessary to fully incorporated the cost related to
the time-varying allocation of capital across hedge funds. Furthermore,
investors do allocate resources to hedge funds in combination with dif-
ferent asset classes, in order to achieve the desired performance profile.
Therefore, it might be interesting to assess the return pattern of an aggre-
gate portfolio of hedge fund and several traditional asset classes, under
the kernel-based investment strategy.

Clearly, the core idea of this manuscript is that there exist a class of
distribution free allocation strategies that are able to uncover and exploit
hidden structure in the past of hedge funds data, to optimally allocate
capital in a multistrategy portfolio.
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3.7 APPENDICES

3.7.1 Appendix A: Hedge Fund Characteristics
Variable Definitions

NAV;: The month ¢ net asset value of a given hedge fund. As Lhabitant
(2004), we assume that the NAV; has been adjusted to take into account
all realized and non-realized capital gains, accrued dividends and interest
income, capital distributions, splits and all the impacts of equalization and
crystallization. The gain factor or simple gross return at time ¢ 41, of a
fund j is defined as: Nl\?X";;_Tl = (T+7j11)-

Lockup Period: The minimum number of months that an investor has to
wait, after his initial investment, before he can withdraw money from the
fund.

Redemption Period: Number of days between two consecutive specified
dates. Hedge fund investors are allowed to take back their capital only at
these pre-specified intervals.

Notice Period: The advance number of days that a hedge fund investor is
required to inform the fund of his willingness to withdraw his capital.
Incentive Fee (%): Also called Performance fee, it is the main source of
hedge fund’s profits. It is shaped as an option to provide incentives for a
hedge fund manager to generate profits. Calculated as a fraction of profits
generated above the high-water mark.

Management Fee (%): Designed to provide to the fund’s manager enough
money to cover his operating costs. It is a fraction of the fund’s asset under
management.

Minimum Investment($M): The minimum amount of money required by
the fund to be accepted as an investor.

High Water Mark: Defines the fund’s manager compensation. The clause
means that the manager receives performance fee only on increases in the
NAV of the fund in excess of the previous highest NAV.

Leverage: Percentage of capital borrowed by the fund to boost the poten-
tial profit of the strategy.

Investment Strategies

The term ‘hedge funds’ is a generic acronym associated to a pool of pro-
fessionally managed capital. However, hedge funds are highly hetero-
geneous, covering a large range of investment styles with various ap-
proaches, objectives and performance characteristics. There is no con-
sensus in the financial literature in the way to classify the wide basket
of strategies implement in the hedge fund universe. For simplicity, we
adopt Lhabitant (2004) classification which is closed to Chicago-based
Hedge Fund Research database. Hedge funds are classified into five main
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3.7.2

strategies: tactical trading, equity hedge, event-driven, relative value and
funds of funds.

Tactical trading strategies: Also called directional funds, the term refers
to funds that speculate in the direction of market prices of commodities,
currencies, bonds and/or equities. They trade on a discretionary or direc-
tional basis. CTAs and Global macro funds belong to this category.
Equity Hedge: Indicates managers implementing long/short investment
strategies in equities. The strategy is not automatically market neutral.
The category can be further divided into different sub-strategies, based on
manager invest target as: Sector or/and geographically focus, emerging
market, dedicated short bias, and market timers.

Event-driven: As their name claimed, event-driven funds are particularly
interested in situations where the investment opportunity is associated to
specific corporate events such as: mergers and acquisitions, bankruptcy;,
recapitalization, stock buybacks. Fund’s managers invest mainly on eg-
uity, debt or trade claim from those companies. Risk arbitrage and dis-
tressed securities funds dominate this group.

Relative value: They intend to profit on pricing differences between sim-
ilar or related assets such as options, futures, equities and debt. The un-
derlying assumption is that the price gap between the two similar/related
securities will return to its fair value as the investment horizon growths.
This category regroups strategies such as: fixed income arbitrage, convert-
ible arbitrage, statistical arbitrage, index arbitrage and mortgage-backed
securities arbitrage.

Funds of funds: This category represents funds investing in a pool of
hedge funds. The investment principle relies on the assumption that com-
bining individual funds will reduce the risk and provide a more stable
return in the long run. The manager may allocate his resource within a
strategy, or in multiple strategies.

Appendix B: Alternative optimizers

Asymptotic Mean Variance Portfolio Model: Following Gyorgy and
Vajda (2007) we briefly define the conditional expected value of the
Markowitz-type utility function as:
d
E{Um((«(X1,7-1), X1),A) | X1,7-1} éflE{("é(Xl,T—l),Xﬂ | X171}
—AVar{(«(X1,r-1), X1) | X1,7-1} 3-7)

where X7 is the T-th day market vector, a(X7 r—1) is the investor portfolio
weight and A is a positive constant coefficient representing the investor
absolute risk aversion.

Under mild conditions, equation 3.7 can be expressed in as follow:
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E{Um((&(X1,7-1), X1),A) | X171} = (1 =20 E{{a(X1,7-1), X7) — 1 [ X3,7-1}
—AE{((«(X1,7-1), X1) = 1)* | X171}
+1 —A + /\IEZ{<IX(X1,T,1),XT> | X]/Tfl}.

finally, the kernel-based mean-variance portfolio is expressed as:

#(X14q) =argmax | (1-21) Y ((a, X)—1)—A ) (e, X;) —1)?

wEAm (€S} {i€Sy 4}
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A
+—— ¥ («,x)
| Stk | ({ies,,(k,1>} )

where S, ) is the similarity set associated to each pair (k,I).

GO-GARCH Portfolio Selection: To relax the notation, let’s denote by X;
the vector of m funds’s gain factors at time ¢. We assume that the dynamics
of the gain factors vector is

Xt = Bo+ P1Xi—1 + &,

where ¢; is the vector of unexpected returns. We estimated an AR(1)
model to filter out autocorrelation. Finally, I adjust the Weide (2002) GO-
GARCH(1,1) model for the residuals of the AR(1) to estimate the time
varying conditional covariance matrix.

Briefly, the fundamental assumption behind the GO-GARCH model
is the following:

Given an observed economic process {x;:}, there exists an uncorrelated
components {y;} such that
Xt = Zyt

where Z is the linear map that links the observed economic process to the
unobserved components is assumed to be constant and invertible. Associ-
ated to the GO-GARCH(x,1) process:

Xy = Zyt Yy ~ N(O, Hf)
Ht = diﬂg(l’lllt, s /hm,t) (38)
hi (1—a;—Bi) + oy + Bihip—1 i=1,--,m (3-9)

with Hp = I represents the unconditional covariance matrix of the com-
ponents. Therefore, the conditional covariance matrix of {x;} are obtained
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TABLE AND FIGURE CAPTIONS

Table 3.1: This table presents the fund’s filtering procedure across all
hedge fund categories (Panel A) and summary statistics of individual
hedge fund characteristics (Panel B) such as: Leverage, High Water Mark,
Redemption period, Management Fee, Incentive Fee, Notice period,
Lockup period, Minimum Investment.

Table 3.2: This table presents summary statistics on individual hedge
funds gain factors, across all styles through Panel A to E: the Mean, the
standard deviation [SD], the skewness, the kurtosis, the minimum [Min],
the maximum [Max], the t-statistic of mean, skewness and kurtosis, the
Jarque-Bera [JB Test] and Lilliefors normality test statistics, and the [JB
Test] 95% P-value. The critical value of the Lilliefors test at 95% confidence
level is 0.805/+/T, where T is the sample size.

Table 3.3: This table presents summary serial correlation statistics on
individual hedge funds amongst all styles through Panel A to Panel E:
the first-order serial correlation of gain factors [p(r)] and of squared gain
factors [p(r?)], with their respective 95% P-value.

Table 3.4: This table presents the annualized summary statistics on the
optimal portfolio constructed across the 5 styles under scrutiny. Through
Panel A to E, the results of various allocation strategies are reported.
Several measures of performance are outlined: the annualized average
yield [AAY], the annualized standard deviation [sdev], the Sharpe ratio
[SR], the modified Sharpe ratio [mSR] as defined in Equation (3.6), the
out-performance rate [S], that is, the percentage of allocation periods for
which the I* investment strategy performs better than one of the various
alternative strategies. The coefficient of relative risk aversion, A are set
equal to 5,10, and 15.

Table 3.5: This table presents the annualized summary statistics on the
optimal portfolio constructed across the 5 styles under scrutiny, in the case
of respecting hedge funds redemption restrictions such as Lockup period
and Redemption period. Through Panel A to E, the results of various
allocation strategies are reported. Several measures of performance are
outlined: the annualized average yield [AAY], the annualized standard
deviation [sdev], the Sharpe ratio [SR], the modified Sharpe ratio [mSRK]
as defined in Equation (3.6), the out-performance rate [S], that is, the
percentage of allocation periods for which the I investment strategy per-
forms better than one of the various alternative strategies. The coefficient
of relative risk aversion, A are set equal to 5,10, and 15.
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Table 3.6: This table presents the results of robustness assessment of the
fund selection process. We test the effect of drawing various samples
of funds, on the dominance relationships between our four investment
strategies. The experiment is performed on the HFR Equity hedge fund
category. Test statistics on paired t-test [t-statistics] of differences in
sample mean and the Mann-Whitney-Wilcoxon test [M-W tests] for dif-
ferences in location are reported, with their respective 95% P-values in
brackets.

Figures 3.1, 3.3, 3.5, 3.7, 3.9: These figures display respectively the evo-
lution of the wealth achieved, investing in the HFR Global Macro, CTAs
Barclay, HFR Equity Hedge, HFR Relative Value, and HFR Event-Driven
funds under our four investment strategies. The investor’s coefficient of
relative risk aversion, A = 5.

Figures 3.2, 3.4, 3.6, 3.8, 3.10: These figures display respectively the evo-
lution of the wealth achieved, investing in the HFR Global Macro, CTAs
Barclay, HFR Equity Hedge, HFR Relative Value, and HFR Event-Driven
funds under our four investment strategies, in the case of respecting
hedge funds redemption restrictions such as Lockup period and Redemp-
tion period. The investor’s coefficient of relative risk aversion, A = 5.

Figures 3.11, 3.12: These figures are Boxplots of respectively, the annual-
ized average yield [AAY] and the annualized Sharpe ratio for the 150 sam-
plings of HFR Equity Hedge funds. Those Boxplots intends to highlight
the the dominance relationships between our four investment strategies in
different structure of the data set. The coefficient of relative risk aversion,
A =05.



Table 3.1 — HFR individual funds summary characteristics

Panel A: Data Filtering Process

HF Categories Initial After Filtering | Ranked per AUM
# of funds | #-of-funds #-of-funds

HFR Macro 940 58 16

HFR Equity Hedge 2796 97 16

HEFR Relative Value | 961 45 16

HEFR Event-Driven 533 53 16

HFR Funds of Funds | 2720 103 16

Barclay CTAs 981 73 16

Total 8931 429 96
Panel B: Summary of Fund Characteristics
Main Strategy Macro Equity Hedge Event-Driven Relative Value Barclay CTAs
Leverage (%) 92 50 50 8o 94
High Water Mark (%) 83.3 66 81 73 6
Redemption period (days) | 45.08  131.25 170.83 58 3.75
Management Fee(%) 2.66 1.02 1.31 1.2 2.1
Incentive Fee(%) 18.94 1541 16.86 15.53 20.6
Notice period (days) 14.83  32.92 50 43.67 0
Lockup period (months) 0 7 8.25 1.6 0
Minimum Investment ($M) | 5.24 3.33 0.82 1.89 5.84
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Table 3.2 — HFR individual funds general descriptive statistics

Panel A: Global Macro funds

Funds Mean SD Skewness Kurtosis Min Max Mean

Skewness Kurtosis JB
t-statistic t-statistic t-statistic Test

P-value Lilliefors
P-value Test

Fundi 1.02 0.11 0.24 3.67 0.71 1.34 122.92  1.27 1.82 4.91 0.09 0.09
Fund2 1.01 0.05-0.29 4.46 0.81 1.19 252.94 -1.55 3.94 17.89 0.00 0.06
Fund3 1.02 0.08 0.62 5.55 0.71 1.32 162.69  3.33 6.87 58.34 0.00 0.12
Fund4 1.01 0.06 -0.02 2.89 0.86 1.19 209.44  -0.08 -0.30 0.09 0.95 0.04
Funds 1.01 0.08 0.53 4.56 0.81 1.28 174.31  2.85 4.20 25.73 0.00 0.08
Fund6 1.02 0.100.94 5.68 0.80 1.44 135.37 5.05 7.22 77.64 0.00 0.09
Fundy 1.01 0.030.81 5.57 0.92 1.16 401.53 4.38 6.91 67.03 0.00 0.08
Fund8 1.01 0.050.30 3.57 0.86 1.15 263.80 1.63 1.54 5.01  0.08 0.07
Fundg 1.01 0.070.63 3.83 0.83 1.28 183.94 3.39 2.23 16.49 0.00 0.09
Fund1o 1.01 0.05 -0.24 4.65 0.80 1.14 286.40 -1.29 4-44 21.35 0.00 0.05
Fundi11 1.01 0.03 0.55 3.45 0.94 1.12 427.48 2.97 1.20 10.28 o0.01 0.07
Fundi2 1.01 0.07 -0.66 9.01 0.64 1.23 202.47 -3.54 16.19 274.58 0.00 0.07
Fund13 1.01 0.04 0.04 2.78 0.89 1.12 308.09 0.22 -0.59 0.39 0.82 0.03
Fundi4 1.01 0.05 0.54 4.18 0.90 1.20 282.50  2.90 3.18 18.52 0.00 0.07
Fundi1s 1.02 0.10 0.23 3.21 0.76 1.29 132.04 1.25 0.56 1.86 0.39 0.04
Fundi16 1.01 0.03 0.41 4.39 0.93 1.12 456.57  2.21 3.74 18.84 0.00 0.07
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Panel B: Barclay CTAs funds

Funds Mean SD Skewness Kurtosis Min Max Mean

Skewness Kurtosis JB
t-statistic t-statistic t-statistic Test

P-value Lilliefors
P-value Test

Fundi 1.00 o0.11 0.20 6.94 0.47 1.37 117.28  1.07 10.71 115.78 0.00 0.18
Fund2 1.03 0.18 2.33 14.59 0.60 2.20 76.33 12.67 31.47 1151.25 0.00 0.16
Fund3 1.01 0.070.48 4.12 0.79 1.22 202.91  2.59 3.03 15.87 0.00 0.07
Fund4 1.01 0.03 0.67 4.40 0.93 1.13 41748  3.64 3.80 27.72  0.00 0.07
Funds 1.01 0.04 0.56 3.85 0.91 1.15 339.37  3.05 2.32 14.67  0.00 0.08
Fund6 1.01 0.03 0.69 4.67 0.94 1.13 502.34 3.76 4.54 34.71  0.00 0.06
Fundy 1.02 0.12 1.46 9.52 0.71 1.75 109.62  7.92 17.71 376.40 0.00 0.08
Fund8 1.01 0.02 3.89 21.59 0.98 1.16 544.71  21.11 50.49 2995.14 0.00 0.27
Fundg 1.00 0.02 0.81 4.96 0.96 1.06 863.82  4.38 5.33 47.59  0.00 0.08
Fund1o 1.02 0.07 0.08 2.95 0.86 1.20 203.05 0.42 -0.14 0.20 0.91 0.04
Fundi11 1.01 0.10 0.05 9.30 0.52 1.48 141.40 0.27 17.11 2092.90 0.00 0.08
Fundi2 1.02 0.09 0.51 6.22 0.75 1.44 158.23  2.79 8.74 84.21  0.00 0.06
Fund13 1.01 0.04 0.81 4.07 0.92 1.17 311.15  4.37 2.90 27.57  0.00 0.09
Fundi4 1.01 0.04 0.03 2.87 0.89 1.12 31551 0.18 -0.34 0.15 0.93 0.03
Fundis 1.01 0.05 0.05 3.85 0.84 1.17 275.80 0.29 2.30 5.35 0.07 0.04
Fundi16 1.01 0.07 0.57 3.70 0.82 1.28 180.83  3.11 1.90 13.29  0.00 0.08
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Panel C: Equity Hedge funds

Funds Mean SD Skewness Kurtosis Min Max Mean  Skewness Kurtosis JB P-value Lilliefors
t-statistic t-statistic t-statistic Test ~ P-value Test
Fund1 1.02 0.06 0.80 8.00 0.78 1.31 213.71  4.22 13.11 189.70 0.00 0.11
Fund2 1.01 0.06 0.45 6.15 0.80 1.27 208.66  2.37 8.25 73.65  0.00 0.15
Fund3 1.01 0.04 -0.63 3.91 0.86 1.10 323.36  -3.28 2.38 16.43 0.00 0.05
Fund4 1.01 0.09 1.18 10.72  0.70 1.52 149.58  6.17 20.25 448.20 0.00 0.11
Funds 1.01 0.05-0.31 3.60 0.84 1.16 249.76  -1.64 1.58 5.21 0.07 0.06
Fund6 1.00 0.02-0.36 3.77 0.95 1.05 806.07 -1.88 2.01 7.58  0.02 0.07
Fundy 1.01 0.06 -2.24 13.84  0.66 1.17 23245 -11.73 28.42 945.51 0.00 0.15
Fund8 1.01 0.07 0.64 6.39 0.77 1.32 182.98  3.35 8.89 90.18  0.00 0.10
Fundg 1.01 0.05 1.26 16.62  0.81 1.35 253.70 6.60 35.72 1319.40 0.00 0.13
Fundio 1.01 0.06 -0.48 3.83 0.83 1.15 230.91  -2.51 2.19 11.10  0.00 0.06
Fundi1 1.02 o0.12 0.57 3.98 0.76 1.49 106.32  2.99 2.57 15.55 0.00 0.05
Fundi2 1.01 0.03 0.69 12.28  0.87 1.18 429.18 3.62 24.32 604.71 0.00 0.10
Fund13 1.01 0.03 0.00 3.09 0.94 1.08 479.48  -0.02 0.23 0.05 0.97 0.05
Fundi4 1.00 0.02 0.06 2.88 0.96 1.04 800.75 0.34 -0.32 0.21 0.90 0.03
Fundis 1.01 0.04 -0.65 4.13 0.85 1.10 332.23  -3.41 2.97 20.45 0.00 0.08
Fundi16 1.01 0.04 -0.54 4.90 0.85 1.14 294.80 -2.85 4.99 33.04 0.00 0.07

OII

(puny a8pay ASarensnA e 93eard) o] Moy € reydey)d



Panel D: Event-Driven funds

Funds Mean SD Skewness Kurtosis Min Max Mean

Skewness Kurtosis JB
t-statistic t-statistic t-statistic Test

P-value Lilliefors
P-value Test

Fund1 1.01
Fund2 1.01
Fund3 1.01
Fund4 1.01
Funds 1.01
Fundé6 1.01
Fundy 1.01
Fund8 1.01
Fundg 1.01
Fundio 1.01
Fund11 1.01
Fundi2 1.00
Fund13 1.01
Fundi4 1.01
Fundis 1.01
Fundi16 1.01

0.05 0.18
0.02 -2.10
0.01 0.52
0.01 -0.29
0.09 1.26
0.02 0.60
0.03 -1.46
0.03 -0.61
0.01 -0.43
0.03 -1.52
0.01 -0.18
0.04 -0.48
0.04 0.95
0.01 -1.03
0.01 -1.17

0.04 -0.55

6.50
11.61
6.52
4.37
11.68
5.16
8.70
4.47
4.56
8.88
3-43
5.58
8.47
6.29
7.46
5-79

0.80 1.25
0.92 1.04
0.98 1.05
0.95 1.05
0.65 1.51
0.93 1.10
0.86 1.06
0.89 1.08

0.95 1.05
0.86 1.06

0.97 1.05
0.86 1.12
0.86 1.24

0.97 1.03

0.93 1.04
0.83 1.13

242.76
838.09
1509.18
924.25
147.33
553-59
515.28
446.41
919.68
513.78
1005.29
340.37
206.82
1562.35
899.26

332-35

0.97
-11.19
2.77
“1.54
6.72
3.17
-7.76
-3.23
-2.29
-8.07
-0.95
-2.54
5.07
-5.51
-6.22
-2.91

9.31
22.91
9-37
3.65
23.11
5.75
15.17
3.91
4.15
15.65
1.14
6.87
14.55
8.77
11.88

743

87.55 0.00
650.20 0.00
95.41 0.00
15.73 0.00
579.21 0.00
43.16 0.00
290.37 0.00
25.76 0.00
22.47 0.00
309.90 0.00
2.20 0.33
53.59 0.00
237.26 0.00
107.21 0.00
179.90 0.00
63.60 0.00

0.10
0.12
0.14
0.07
0.18
0.08
0.08
0.04
0.09
0.09
0.04
0.09
0.10
0.08
0.07
0.08
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Panel E: Relative Value funds

Funds Mean SD Skewness Kurtosis Min Max Mean

Skewness Kurtosis JB
t-statistic t-statistic t-statistic Test

P-value Lilliefors
P-value Test

Fund1 1.02 0.08 -0.97 27.75 0.40 1.50 160.44  -5.20 66.25 4415.64 0.00 0.23
Fund2 1.01 o0.01-0.18 6.06 0.96 1.06 1066.13 -0.96 8.20 68.22 0.00 0.09
Fund3 1.01 0.00 3.04 15.92 1.00 1.03 3599.15 16.26 34.58 1460.35 0.00 0.24
Fund4 1.01 o0.01-0.74 4.48 0.98 1.02 1896.05 -3.99 3.96 31.57  0.00 0.09
Funds 1.01 0.03 -5.02 42.48  0.75 1.10 439.97 -26.87 105.69  11892.48 0.00 0.22
Fund6 1.01 o0.01-0.40 5.74 0.95 1.05 1005.59 -2.12 7.34 58.32  0.00 0.12
Fundy 1.01 o0.01-0.90 5.94 0.96 1.03 1458.86 -4.84 7.86 85.28 0.00 0.08
Fund8 1.01 0.00 1.19 6.32 1.00 1.02 6153.22 6.35 8.88 119.17  0.00 0.09
Fundg 1.00 0.02-0.58 5.92 0.89 1.07 561.73 -3.12 7.81 70.76 0.00 0.05
Fund1o 1.01 o0.01 -0.21 5.69 0.98 1.04 1701.42 -1.15 7.19 52.99 0.00 0.08
Fundi11 1.01 o0.02 -1.07 8.38 0.94 1.06 858.61  -5.70 14.41 240.27  0.00 0.11
Fundi12 1.01 o0.01 0.06 4.41 0.96 1.05 1025.82 0.34 3.79 14.45 0.00 0.07
Fund13 1.01 0.01 0.06 4.66 0.96 1.05 1021.13 0.34 4-44 19.87  0.00 0.08
Fundi4 1.01 0.02 -3.01 20.21 0.90 1.04 878.87 -16.14 46.07 2382.68 0.00 0.19
Fund1s 1.00 0.00 -0.53 5.92 0.99 1.02 3321.75 -2.82 7.83 69.21 0.00 0.07
Fund16 1.00 0.01 -0.48 3.78 0.98 1.02 2035.89 -2.58 2.08 10.98 0.00 0.07
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Table 3.3 — Ljung-Box statistics for individual HFR hedge fund returns and squared

returns

Panel A: Global Macro funds

p(r) P-value p(r*) P-value
Fund1 | 14.12 o0.17 42.17 0.00
Fund2 | 950 049 22.58 0.01
Fund3 | 10.80 o0.37 81.07 0.00
Fund4 | 23.66 o.01 13.25 0.21
Funds | 12.51 o0.25 65.55 0.00
Fund6 | 16.98 o.07 15.55 0.11
Fundy | 24.05 o0.01 22.54 0.01
Fund8 | 746 0.68 8.07 0.62
Fundg | 26.36 0.00 14.31 0.16
Fundio | 12.98 o0.23 3.82  0.96
Fund11 | 729 o0.70 24.92 0.01
Fundi2 | 13.50 o0.20 3.08 0.98
Fundi3 | 15.11 0.13 22.52  0.01
Fundig | 10.25 o0.42 2.94 0.98
Fundis | 17.02 0.07 20.25 0.03
Fundi6 | 17.89 0.06 45.59 0.00
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Panel B: Barclay CTAs funds

p(r) P-value p(r?) P-value
Fund1i | 20.63 o0.02 30.33 0.00
Fund2 | 29.21 o0.00 38.47 0.00
Fund3 | 554 0.385 9.58 0.48
Fund4 | 959 048 10.84 0.37
Funds | 19.82 0.03 9.13 0.52
Fund6 | 20.26 0.03 7.68  0.66
Fundy | 856 o.57 2.07  1.00
Fund8 | 62.78 o0.00 42.40 0.00
Fundg | 10.54 0.39 21.16 0.02

Fundio | 21.65 o0.02 27.30 0.00
Fundi11 | 11.29 0.34 1.99  1.00
Fundi2 | 14.74 o0.14 43.16  0.00
Fund13 | 26.36 0.00 30.12 0.00

Fundi4 | 14.49 o0.15 20.65 0.02
Fundis | 14.04 o0.17 22.88 0.01
Fundi16 | 25.30 0.00 13.89 0.18

Panel C: Equity Hedge funds
p(r) P-value p(r?) P-value
Fund1 | 16.40 o0.09 9.52  0.48

Fund2 | 13.26 o0.21 72.61  0.00
Fund3 | 5.53 0.85 14.45 0.15
Fund4 | 25.58 o0.00 42.44 0.00
Funds | 3.91 0.95 18.34 0.05
Fund6 | 22.92 o0.01 15.15 0.13
Fundy | 22.74 o.01 39.76  0.00
Fund8 | 25.16 o0.01 37.88 0.00
Fundg | 14.70 o0.14 1.47  1.00
Fundio | 6.06 0.81 23.24 0.01

Fundi11 | 13.33 o0.21 54.29 0.00
Fundi2 | 5.64 0.84 21.55 0.02
Fundi13 | 13.86 0.18 22.08 0.01
Fundig4 | 6.16  0.80 13.87 0.18
Fundis | 5.78 0.83 16.62 0.08
Fund16 | 14.50 o0.15 37.12  0.00
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Panel D: Event-Driven funds

p(r) P-value p(r?) P-value
Fund1 | 22.38 o.01 15.55 0.11
Fund2 | 24.26 o.01 21.71 0.02
Fund3 | 53.03 o0.00 53.47 0.00
Fundg | 35.94 0.00 22.45 0.01
Funds | 16.03 o.10 82.44 0.00
Fund6 | 38.91 o0.00 22,12 0.01
Fundy | 30.86 o0.00 12.24 0.27
Fund8 | 33.44 o0.00 14.79 0.14
Fundg | 42.42 o0.00 11.08 0.35
Fund1o | 29.31 0.00 10.94 0.36
Fundi1 | 24.86 o.01 9.74  0.46
Fundi2 | 17.66 0.06 25.05 0.01
Fundi13 | 19.01 0.04 31.39 0.00
Fundi4 | 41.17 o0.00 11.56 0.32
Fundis | 17.67 0.06 28.91 0.00
Fundi6 | 10.76 0.38 28.69 0.00
Panel E: Relative Value funds
p(r)  P-value p(r*) P-value
Fund1 | 12.99 o0.22 30.11  0.00
Fund2 | 36.91  0.00 32.87  0.00
Fund3 | 9.62 0.47 9.17 0.52
Fundg | 44.99 o0.00 10.51  0.40
Funds | 61.25 o0.00 36.42  0.00
Fund6 | 21.20 0.02 111.10 0.00
Fundy | 63.55 o0.00 6.50 0.77
Fund8 | 506.62 o0.00 207.20 0.00
Fundg | 31.02  0.00 24.61  0.01
Fundio | 15.21  o0.12 29.15  0.00
Fundi11 | 4045 o0.00 54.56  0.00
Fundi2 | 45.96 o0.00 97.36  0.00
Fundi13 | 42.25 0.00 87.17  0.00
Fundi4 | 35.97 o0.00 26.22  0.00
Fundis | 79.59  0.00 67.37  0.00
Fundi16 | 1179  0.30 12.35 0.26
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Table 3.4 — Annualized Portfolio Performance Statistics

Panel A: Global Macro funds

K=7, &L=10

Strategy A | AAY(%) ASD(%) ASR mSR S(%) tc
IX 28.58 23.86 1.20
5 | 23.44 11.07 212 041 5226 0.46
MVK 10 | 20.45 9.01 2.27 0.55 50.32 0.43
15 | 18.66 8.14 2.29 0.64 49.68 0.45
5 | 14.01 10.56 1.32 1.10 56.13 -0.33
GO-GARCH(z,1) | 10 | 13.87 10.50 1.32 111 56.13 -0.38
15 | 13.83 10.48 1.31 1.11 5548 -0.39
EWCRP 13.67 11.72 1.16 1.24 58.06 0.16
Panel B: Barclay CTAs funds
K=7 &L=10
Strategy A | AAY(%) ASD(%) SR  mSR S(%) tc™
IX 40.80 45.84 0.89
5 | 25.42 12.71 2.00 0.47 52.53 -3.36
MVK 10 | 21.69 10.04 2.16 0.54 51.90 -4.40
15 | 19.27 8.90 2,16 0.59 51.27 -4.58
5 | 13.52 11.94 1.13 0.81 5949 2.26
GO-GARCH(1,1) | 10 | 13.36 11.85 1.12 0.81 59.49 2.07
15 | 13.31 11.82 1.12 0.81 59.49 2.04
EWCRP 13.16 11.05 1.19 0.80 59.49 0.40
Panel C: Equity Hedge funds
k=7 &L=10
Strategy A | AAY(%) ASD(%) SR mSR S(%) tc™
IX 20.33 19.31 1.52
5 | 25.52 12.21 2.09 0.54 53.42 0.72
MVK 10 | 22.39 9.63 2.33 0.72 54.79 0.80
15 | 20.46 8.32 246 081 5685 0.84
5 | 11.93 7.81 1.52 1.53 6575 -4.23
GO-GARCH(z,1) | 10 | 11.81 7.78 1.51 1.53 6575 -12.73
15 | 11.77 7.76 1.51 1.53 6575 -24.22
EWCRP 13.45 10.72 1.25 1.86 65.75 0.17
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Panel D: Event-Driven funds

K=7 &L=10

Strategy A | AAY(%) ASD(%) SR mSR S(%) tc
IX 23.49 13.77 1.68
5 | 20.14 9.04 278 071  47.02 2.56
MVK 10 | 18.85 7.72 3.17 0.77 50.99 0.77
15 | 18.07 7.00 3.44 0.81 5232 0.75
5 | 13.22 10.43 1.26 3.09 63.58 -0.26
GO-GARCH(1,1) | 10 | 13.15 10.42 1.26 3.10 63.58 -0.27
15 | 13.13 10.41 1.26 3.11 63.58 -0.27
EWCRP 12.72 6.35 1.99 1.46 63.58 o0.12
Panel E: Relative Value funds
K=7 &L=10
Strategy A | AAY(%) ASD(%) SR  mSR S(%) tc¥
I 25.55 23.29 1.10
5 | 21.57 10.03 2.15 0.30 52.29 -0.50
MVK 10 | 19.47 6.71 2.90 0.37 54.90 -1.04
15 | 18.57 5.47 339 039 5556 -1.20
5 | 10.99 4.12 2.65 076 75.82 -0.24
GO-GARCH(1,1) | 10 | 10.89 4.07 266 0.77 7582 -0.24
15 | 10.85 4.05 2.66 o0.77 7582 -0.24
EWCRP 11.03 2.76 3.98 0.71 71.90 0.22
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Table 3.5 — Hedge Fund Redemption Restrictions and Annualized Portfolio Performance
Statistics

Panel A: Global Macro funds
K=7 &L=10

Strategy A | AAY(%) ASD(%) ASR mSR S(%) tc*

IX 29.07 23.89 1.22
5 | 21.20 11.83 1.79 0.66 5035 1.12
MVK 10 | 18.76 9.75 1.92 0.74 50.35 1.12

15 | 17.22 8.90 1.93 0.80 51.05 1.17
5 | 13.93 10.49 1.32 1.14 50.35 -1.57
GO-GARCH(1,1) | 10 | 13.87 10.47 1.32 1.14 50.35 -1.61
15 | 13.85 10.46 1.32 1.14 50.35 -1.60
EWCRP 14.09 11.94 1.18 1.26 4825 048

Panel B: Barclay CTAs funds
K=7 &L=10

Strategy A | AAY(%) ASD(%) SR mSR S(%) tc*

IX 38.10 44.23 0.86
5 | 23.31 14.37 1.62 050 49.65 38.26
MVK 10 | 19.77 11.32 1.75 0.56 5245 15.82

15 | 17.59 9.84 1.79 0.60 55.24 13.99
5 | 14.40 12.06 1.19 0.74 53.85 2.24
GO-GARCH(1,1) | 10 | 14.27 11.98 1.19 0.75 53.85 2.26

15 | 14.22 11.96 1.19 0.75 53.85 227
EWCRP 13.67 11.21 1.22 0.75 53.15 0.98

Panel C: Equity Hedge funds
k=7, &L=10

Strategy A | AAY(%) ASD(%) SR  mSR S(%) tc”
IX 31.19 19.26 1.62
5 | 25.10 12.57 2.00 0.92 57.14 1.61
MVK 10 | 21.54 9.91 2.18 1.04 57.14 1.82
15 | 19.42 8.61 226 1.11 56.39 1.83
5 | 12.32 8.03 1.53 1.70 59.40 6.02
GO-GARCH(1,1) | 10 | 12.32 8.02 1.53 1.69 58.65 5.96
15 | 12.33 8.02 1.53 1.69 58.65 6.11
EWCRP 14.09 11.09 1.27 211 56.39 0.56
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Panel D: Event-Driven funds
K=7 &L=10

Strategy A | AAY(%) ASD(%) SR mSR S(%) tc¥
I 20.90 13.05 1.60
5 | 18.24 7.76 235 0.51 47.83 2.93
MVK 10 | 17.00 6.30 270 0.58 53.62 2.23
15 | 16.30 5.51 296 061 53.62 1.74

5 | 12.83 10.93 1.17 3.84 54.35 -0.68
GO-GARCH(z,1) | 10 | 12.81 10.90 1.17 3.79 54.35 -0.69

15 | 12.81 10.89 1.17 3.78 54.35 -0.69
EWCRP 12.71 6.55 1.93 1.27 55.07 0.29

Panel E: Relative Value funds
K=7 &L=10

Strategy A | AAY(%) ASD(%) SR mSR S(%) tc”
IX 21.44 26.06 0.82
5 | 18.26 13.33 1.37 0.25 53.62 -5.68
MVK 10 | 17.62 8.44 2.09 0.22 5580 9.67
15 | 17.09 6.63 258 0.23 54.35 5.28
5 | 11.29 4.44 2.53 0.47 6884 -0.50
GO-GARCH(1,1) | 10 | 11.23 4.36 256 0.47 6884 -0.51
15 | 11.20 4.33 2.57 048 68.84 -0.51
EWCRP 11.23 2.88 3.88 044 6739 048

Table 3.6 — Robustness assessment of the fund selection process. We test the effect of
drawing various samples of funds, on the dominance relationships between our four in-
vestment strategies. The investigation is addressed by drawing 150 times, a set of 16
HFR Equity Hedge funds from a sample of 97. P-values (in brackets) are computed at
95% confidence level. Small P-values indicate that the distribution free allocation strat-
eqy performs better than the optimizers listed in column 1 according to the Annualized
average yields.

Strategy t-statistics M-W tests
MVK 13.4 10714
(1.125658e-27) (1.309928e-21)
EWCRP 39.04 11325
(1.948257e-80)  (1.161420e-26)
GO-GARCH(1,1) | 43.44 11325
(8.481405e-87)  (1.161420e-26)
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Figure 3.1 — Wealth achieved by each investment strategy amongst 16 HFR Global Macro
funds.
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Figure 3.2 — Wealth achieved by each investment strategy amongst 16 HFR Global Macro
funds. Experiments are implemented under various hedge fund redemption restrictions.
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Figure 3.3 — Wealth achieved by each investment strategy amongst 16 Barclays CTAs

funds.
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Figure 3.4 — Wealth achieved by each investment strategy amongst 16 Barclays CTAs
funds. Experiments are implemented under various hedge fund redemption restrictions.
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Figure 3.5 — Wealth achieved by each investment strategy amongst 16 HFR Equity Hedge
funds.
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Figure 3.6 — Wealth achieved by each investment strategy amongst 16 HFR Equity Hedge

funds. Experiments are implemented under various hedge fund redemption restrictions.
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Figure 3.7 — Wealth achieved by each investment strategy amongst 16 HFR Relative

Value funds.
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Figure 3.8 — Wealth achieved by each investment strategy amongst 16 HFR Relative

Value funds. Experiments are implemented under various hedge fund redemption restric-
tions.
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Figure 3.9 — Wealth achieved by each investment strategy amongst 16 HFR Event-
Driven funds.
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Figure 3.10 — Wealth achieved by each investment strategy amongst 16 HFR Event-

Driven funds. Experiments are implemented under various hedge fund redemption re-
strictions.
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Figure 3.11 — Boxplots of AAY for 150 resamplings HFR individual Equity Hedge funds.
Median values for each strategy are displayed in the subtitle below the graphic.
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4.1

SELECTION OF BALANCED
PORTFOLIOS TO TRACK THE MAIN
PROPERTIES OF A LARGE MARKET

Abstract

Index-based investment products are becoming increasingly popular among pas-
sive managers. So far, empirical studies have focused on complex heuristic-
related optimization techniques. In this article, we adopt a different perspective
and apply a survey sampling framework in the context of stock market tracking.
We describe a novel and automatic method that enables us to construct a small
portfolio to track the total market capitalization (TMC). The constructed portfo-
lio is randomly selected using a new method of balanced sampling. Empirical
studies are performed on the constituents of S&P500. Our findings suggest that
balanced sampling portfolios efficiently track the S&P500 TMC.*

Keywords: Market Tracking, Survey sampling, Balanced sampling, Capitaliza-
tion, Heuristic

INTRODUCTION

In 2010, the Exchange-Traded Funds (ETFs) community celebrated the
2oth anniversary of the first ETE. Launched on 9 March 1990, the first
ETF was listed on the Toronto Stock Exchange (TSX). Called the Toronto
35 Index Participation Fund (TIP), the goal of this fund was to provide the
investment community with a passively managed instrument that could
track the TSX 35 Index. The exponential growth of the sector is closely
related to the structural shift of investors towards index-based allocation.

'This chapter is a reprint of: Tafin Djoko and Tillé (2013). Selection of Balanced Portfo-
lios to Track the Main Properties of a Large Market. Accepted for publication in Quanti-
tative Finance.
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With index-related derivative products, index funds and ETFs, the effects
of indexing in the financial industry have been deep and permanent.?

According to various sources in the performance evaluation literature,
it seems difficult for actively managed funds to outperform the market
over a certain time period. As wisely pointed by Sharpe (1991): “Prop-
erly measured, the average actively managed dollar must underperform
the average passively managed dollar, net of costs. Empirical analyses
that appear to refute this principle are guilty of improper measurement”.
Along the same line, Malkiel (1995) examining equities mutual fund per-
formance from 1971 to 1991, found no consistent evidence that active man-
agement provides abnormal returns to investors. The authors concluded
that: “most investors would be considerably better off by purchasing a
low expense index fund, than by trying to select an active fund manager”.

Barras, Scaillet, and Wermers (2010) draws similar conclusions. They
investigated a database of 2,100 funds from 1975 to 2006 and estimated
that only 0.6% of funds exhibited positive alpha (statistically not differ-
ent from zero). That means 99.4% of funds revealed zero or negative
alpha. More recently, Fugazza, Guidolin, and Nicodano (2010) discuss
why and how the result of DeMiguel and Uppal (2009) that a passive
equally weighted portfolio may easily outperform active ones, as it all de-
pends on the type of activism, the utility function, and the investment
horizon. Kirby and Ostdiek (2009), Kirby and Ostdiek (2012) and Tu and
Zhou (2011) advocate that active strategies may outperform passive ones.
However, Investments in index funds3 and/or ETFs that track the broad
market have turned out to be widely popular. In this context, the fund
manager has to replicate the target index as closely as possible. This is the
well-known Index Tracking (IT) problem.

Unfortunately, it is not possible to directly invest in indexes. There
exist three main IT methods: Total Clone (TC), Synthetic Clone (SC), and
Partial Clone (PC). The TC method is the least appealing and is techni-
cally infeasible. Under this framework, all the underlying constituents of
the index have to be purchased with the appropriate weights. Although
the strategy guarantees exact replication of the target index, it also im-
plies high transaction costs and requires a very large amount of capital
to achieve the investment characteristics. The second popular IT method
is the SC. The index fund or ETF managers hold* a subset of the index
and obtain full replication via a swap contract with compensation. At the

?According to The Economist, January 26 (2013), the ETFs industry has enjoyed an
average annual growth rate of 29.6% over the last decade. By January 2013, the magazine
estimated that the global exchange-traded funds total assets under management reached
about US $2 trillion.

3In the 2013 Investment Company Institute fact book, the association estimated that
US index funds managed total net assets of US $1.3 trillion. Around 33% of assets were
invested in S&P 500 index funds. See Reid, Collins, Holden, and Steenstra (2013)

4However, recent developments in the ETF industry, particularly in Europe, have pro-
moted the so-called funded swap model. Under this structure, the ETF is not required to
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end of the trading period, the performance of the tracking portfolio is ex-
changed for the performance of the index. The swap represents a limited
proportion of the value of the portfolio (< 10%). For the PC or sampling
clone, the target index is reconstructed on the basis of a small sample
of assets. The choice of selection algorithm is fundamental to insure an
acceptable and stable deviation from the reference benchmark. For an in-
vestor, the main advantage is that the performance of the broad market
index can be replicated with only a small number of assets. Therefore the
amount of capital required and the management process associated with
the investment is limited.

The issue of replicating a market using a subset of its constituents has
been addressed by various researchers. In this respect, computational al-
gorithms to address the tracking problems include continuous linear and
quadratic optimization as well as mixed-integer linear (quadratic) opti-
mization. Mixed-integer formulation is used if cardinality constraints are
imposed. The cardinality constraint refers to the fact that the replica-
tor can only use a limited number of n securities out of the market N
(n < N) to track its benchmark. The approximate mixed-integer solu-
tions are well-illustrated by Chen, Batson, and Dang (2010). Typically in
the optimized sampling approach, the objective is to minimize a func-
tion measuring the distance between performance achieved by the target
benchmark and that achieved by the replicating portfolio, using a small
number of assets. The goal of the researcher is to construct a portfolio
that is as close to the market as possible. Generally, the tracking quality
of the developed algorithm is based on the tracking error (TE). The TE
measures the time-varying difference between the returns of the tracking
portfolio and the returns of the index. In the academic literature, TE is de-
fined in several variants. Rofsbach and Karlow (2011) studied the stability
of various measures of tracking quality and listed three basic alternatives:
the Mean Squared Error, the Mean Absolute Deviation and the Tracking
Error Variance. While the first two measure respectively the mean of the
square differences and the mean of the absolute differences between the
returns over a given time period, the third one is expressed as the vari-
ance of performance differences. Along this line, Canakgoz and Beasley
(2009) presented a mixed-integer linear programming formulation with
cardinality constraints on the number of assets in the replicating portfolio,
addressing both the issues of market tracking and enhancing.

Markowitz (1987) formulated the market tracking problem, also
known as dimension reduction problem, as a mean-variance optimiza-
tion, making fundamental assumptions on the distribution of the repli-
cated benchmark. However the main difficulty with this approach is
the computational burden associated with the estimation of the variance-

hold the basket of securities of the index used in the synthetic tracker. See Bioy, Johnson,
and Rose (2011) for additional details.
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covariance matrix. Derigs and Nickel (2003) extend the Markowitz-based
formulations and derived a meta-heuristic decision support for portfo-
lio management and optimization. Using a linear factor model based on
macro-economic variables, they estimated the covariance matrix and then
solved the tracking optimization problem.

Focardi and Fabozzi (2004) illustrated a time-series clustering ap-
proach. They argue that clustering might be an optimal methodology
for building a sparse tracking portfolio when full replication of an aggre-
gate basket of assets is not feasible. By suitably defining Euclidean dis-
tances between the time series of asset prices available in a given market,
a hierarchical clustering “discovers” the correlation structure of the target
benchmark. Francesco and Marcellino (2006) innovated by introducing
the idea of using a dynamic linear factor-based model for the purpose
of index tracking. The basic assumption here is that asset prices can be
decomposed as in the Arbitrage Pricing Theory into the sum of either ob-
servable economic variables or “synthetic” variables. Hence the objective
is to build a tracking portfolio with the same factor structure of the in-
dex. In a second step, the replica is refined in order to minimize the TE.
Another econometric based approach was developed by Alexander and
Dimitriu (2005b). They opt for a co-integration strategy to replicate market
fluctuations. Co-integration is a statistical technique that seeks to exploit a
long-term relationship between a portfolio and the target index, ensuring
that the two are connected in the long term. They also show that when
tracking becomes more difficult, a co-integration indexation strategy could
enhance performance. Inspired by models of biological evolution, evolu-
tionary algorithms iteratively apply genetic-based operations selection to
a population of potential candidate solutions. In this respect, Maringer
and Oyewumi (2007) implement a Differential Evolution (DE) technique
for the IT problem. The basic idea of DE is to randomly generate an initial
population of candidate solutions, then iteratively perform a subsidiary
local search to produce a new solution.

Ruiz-Torrubiano and Sudrez (2009) described a hybrid strategy that
combines quadratic optimization with a genetic algorithm to solve the
combinatorial issue of identifying the appropriate number of assets. The
resulting approach is similar to the one investigated by Shapcott (1992).
Both frameworks propose to separate handling of the problem of selecting
the optimal subset of assets and the quadratic optimization that follows.
They use the Random Assorting Recombination algorithm to perform as-
set set recombination, which can be appropriated to avoid premature con-
vergence. However Ruiz-Torrubiano and Sudrez (2009) empirical experi-
ments show that the presence of highly correlated assets makes conver-
gence of the algorithm difficult. Optimization routines tend to construct
highly concentrated replicas. Indeed, if, in a given time period, a group
of companies in the same sector are similar to the market index, the op-
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timization program might then select these securities as constituents of
the replicating portfolio. The resulting allocation will then undermine the
primary property of indexing, diversification, and can lead to increased
volatility and risk for a risk-adverse investor or passive manager who is
interested in diversified investment strategies. The diversification reduc-
tion issue is a direct consequence of the dimension reduction objective of
the IT problem, and it is very difficult to preserve the diversification ben-
efit inherent to index investing with an optimization approach. On the
other hand, heuristic methods can deal with the issue and provide a rel-
atively good solution. However, the technique provides no guarantee of
optimality.

In this article, we describe a novel automatic method for constructing
a small portfolio in order to track the total capitalization of a large market
of assets. This small portfolio is selected randomly by means of a new
method of balanced sampling. In order not to be mistaken, the term “bal-
anced” here does not allude to its financial connotation, but instead refers
to the statistical sampling meaning. Statistically speaking, a sample is said
to be balanced if the estimator of the mean matches or is approximately
equal to the population mean. Hence, balanced sampling is implemented
to construct a tracking portfolio whose capitalization is proportional, at
any trading period, to the total market capitalization. By balancing the
randomly selected replication portfolios on principal components, the pro-
posed sampling design ensures that the trackers constantly reconstruct
the time series evolution of the market, while preserving its diversifica-
tion property. The diversification principle is automatically incorporated
in the efficient balanced sampling procedure without imposing additional
constraints .The performances of our strategy seem to support the fact that
the constrained IT problem can be solved by a survey sampling approach.

This article makes several contributions. We move from a hard to solve
complex optimization problem, to a simpler and more intuitive survey
sampling framework. The issue of efficiently selecting a subset from a
large population is a natural sampling topic. There are obviously various
ways of randomly selecting a sample. While the use of sampling tech-
niques was already proposed by Meade and Salkin (1989), we advocate
a new method of balanced sampling with unequal selection probabilities.
We show that this method can easily generate random portfolios that ef-
ficiently track the market and maintains the diversification property. In
addition to the balanced sampling design, the article discusses three alter-
native random selection strategies and a simple heuristic for constructing
a tracking portfolio consisting of the 50 stocks with the largest market
capitalizations. One of the computational benefits of the method is the
possibility to run a large number of simulations to evaluate the replication
strategy without increasing the computational burden. Finally, we show
that a balanced portfolio of assets can only be selected if its dimension-
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4.2.1

ality is reduced. The restriction of the matrix of market capitalizations
to a small number of components of the singular value decomposition is
enough to approximately reconstruct the original array. Indeed the singu-
lar values rapidly decreases to zero.

The paper is structured as follows. We first introduce the basic con-
cepts in survey sampling methods, define the notations and state the aim
of the study in Section 4.2. In Section 4.3, we illustrate the option that
enables us to derive the inclusion probabilities, which will be set propor-
tional to asset capitalization. A computational approximation is proposed
for large assets, for which an algorithm is developed in Section 4.4. A
short review of survey sampling theory is introduced in Section 4.5. Di-
mensionality reduction through singular value decomposition is outlined
in Section 4.6. In Section 4.7, we discuss the survey sampling approach
used to address the IT problem. An empirical experiment performed on
the S&P500 component stocks is illustrated. The experiment is tested on
two different phases of the market. Further on, we compare the results of
our sampling strategy with three alternative random sampling approaches
and a simple heuristic involving the construction of a tracking portfolio
consisting of the 50 stocks with the largest market capitalizations. A ten-
tative conclusion is drawn in Section 4.8.

BACKGROUND

Survey sampling

In survey sampling, one is in general concerned to study a variable of
interest from a population. The population in most of the cases denoted
by U. The units of the population can be households, businesses, forests.
Each unit might be identified by a label. Let use the notation of Tillé
(2006):

u={1,...,i,...,N}.

The goal of the researcher is to estimate a parameter of the variable
of interest y, taking value y; for statistical unit i. The common target
estimated parameters are the population total

Y=Yy,

iel
and the variance .
iel

The beauty of sampling methods is to be able to estimate various char-
acteristics on a population by selecting only a subset from the population,
that is, sample. A sample does not has to be a ‘clone’ of the population,
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it is just an instrument to perform estimation of the parameters of interest
without covering the full population, therefore, saving time, effort, and
money.

In practice there are different ways to obtain a sample. Depending
of the situation at hand, the procedure may be without or with replace-
ment, statistical units can be selected wit equal or unequal probabilities.
For what follow, the author will consider random sampling without re-
placement, which is widely preferred in practice. Let denote by s, the set
of all possible samples without replacement from the population U, I; an
indicator variable for the unit i, which is defined by

[ 1 ifuniti €s
"] 0 ifuniti¢s,

and 71; be the probability of selecting unit 7, with

i = Pr(k € s).

The expectation of I; is equal to 7;. If all the selection probabilities are
positive, the Horvitz and Thompson (1952) estimator of the total given by

v=Yy L (4.1)
is unbiased for Y, since

E(Y) = E( y %IZ) — Y LE(@I) =Y.
icufi icuBi

Along the approach proposed in this article to efficiently select a sam-
ple and estimate the character of interest, we will also investigate two
additional sampling designs: simple random sampling without replace-
ment designs (srswor) and random systematic (rs) method with unequal
probability and fixed sample size.

Random systematic (rs) is a design of fixed size n in which for any
inclusion probability 0 < 7; < 1, i € U, with ) ;1 = n, we define
Vi = 25:1 for all i € U, with Vj = 0. Samples are then selected according
to an exact method as described in Algorithm 2

Simple random sampling design without replacement (srswor) is also
a design of fixed size in which the probability of selecting sample s from
a population of size N is
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Algorithm 2: Random systematic sampling

Generate a uniform random number u € [0, 1]
e selected first unit i if V; 1 <u <V,
e selected second unit ip if V;, 1 <u+1 <V, and

e selected jth unit i; if Vij,l <u+4+j-1< Vi]..

o <I:l[> B if card{s} =n
pis) =

0 otherwise .

In the following, we will relax the notation outlined here to focus on the
market tracking problem. In our study, statistical units are stock market
capitalizations and the function of interest is the total market capitaliza-
tion.

Notation and aim

Consider a market composed of N assets. Let C;; denotes the total capital-
ization of asseti at time f, fort = 1,..., T. The total value of the market at
time t is given by

N
Cr = Z Cit. (4.2)
i=1

We assume the usual hypothesis that any asset is infinitely divisible. Any
fraction between [0, 1] of each capitalization Cj; can thus be selected in the
portfolio.

The aim is to select a small portfolio of n assets at time 7 that is a subset
of the market portfolio. We would like the portfolio to track the market as
closely as possible. To sum up, in our development, we will select the port-
folio with inclusion probabilities proportional to the capitalization of the
assets at the end of the estimation period. This methodology is very usual
in survey sampling theory where the statistical units are commonly se-
lected with selection probabilities proportional to their sizes (Nedyalkova
and Tillé, 2008). Next, we will allocate the same amount to each asset
in the tracking portfolio, except for units with a very large capitalization.
This sampling strategy provides unbiased portfolios.

Let a; be the amount of asset i in the portfolio, and I; be the indica-
tor variable that takes value 1 if asset i is selected in the portfolio and 0
otherwise. We thus have

N
I; =n. (4.3)
=

1
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Variables I; are supposed to be random with a Bernoulli distribution.
We suppose that 7; is the probability of selecting unit i in the portfolio.
In the following lines, the capitalizations C;; and the amount a; are not
supposed to be random. The only source of randomness is I;. The expec-
tations and variances are then computed with respect to I;.

If the portfolio is constructed at time 7, therefore its value is defined
as

N
PT = Z Iiai/
i=1

and for any other ¢, the factor by which amount (a;) invested in the i-th
asset grows during the tracking period is given by C;;/Cjr > 0. Therefore,

the portfolio value at time t is defined as

N Cu
Pt = Z ﬂi[l'c—‘.
i=1 I

If all the constituents within the portfolio have the same allocation, i.e.
a; = a, then

N
Pr=a) I =an,
i=1

and for any other time ¢

N Cy
Pi=a) IiF' (4-4)
1:1 1T

The portfolio will be constructed randomly by means of a sampling
technique. To satisfy our tracking objective at time T, that is, to build a
portfolio that is as close as possible to the complete market during the
period T —g,..., T, we would like

g—i%g—i, forallt=7—g,...,7. (4-5)

Equations (4.5) imply g linear constraints on P;. However, in the mar-
ket tracking issue, the replicator is bound by the limited number of n
securities out of the market N (1 < N) that can be selected to track the
target benchmark. Since the number of observations g is larger than n, we
cannot satisfy more constraints than the number of units in the tracking
portfolio. For this reason, we should reduce the number of constraints
that must be satisfied. In what follow, period T — g to T is referred to as
the portfolio estimation period, while the period that follows is referred
to as the investment period.
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PROBABILITY OF SELECTING AN ASSET

The assets are selected randomly. Let 71; be the probability of selecting
asset i. Thus, we can write E(I;) = 7;, and given Equation (4.3)

N N N
Y mi=) E()=E (ZL’) =E(n) =n, (4.6)
i=1 i=1 i=1
the sum of the selection probabilities must thus be equal to the number of
assets in the tracking portfolio.
If all the units in the portfolio have the same allocation a at time T,
then a convenient alternative for choosing the inclusion probabilities is to

construct the 7r; proportional to the capitalization at time 7, that is,
7TiO<CiT,i:1,...,N.

To simplify the reasoning, assume that C;; < C;/n, foralli =1,...,N.
This assumption will be relaxed in the next section. Given Equation (4.6),
the selection probabilities can be computed by using

TlCl‘T

T = ’
Cr

(4.7)

In this case, in expectation, the portfolio value remains always
proportional to the total market capitalization. Indeed, from Expres-
sions (4.4) and (4.7), we have

O‘ﬁ
i
=
I
[
™=
.

E(P) = E <aﬁll&> =a

Cir
nCir

where C: is defined as in Equation (4.2).

This reasoning proofs that when the assets are selected with selection
probabilities proportional to their capitalization, then their allocation in
the portfolio must be equal in order to have an unbiased portfolio un-
der the sampling design. This strategy increases the likelihood that some
stocks with large capitalizations will be selected. The randomness of the
selection scheme ensures that all constituents are given the same opportu-
nity to enter the tracking portfolio and not only those that are “close” to
the market. The diversification is thus automatically ensured. This pro-
cedure also tends to avoid selection of a large set of stocks with a small
capitalization. The aim is thus not only to track the total market capital-
ization but also to represent it in all its diversity.

However, a computational problem appears when one or more assets
have a very large capitalization. A capitalization is said to be very large
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when

Cir = &
n
In this case, Expression (4.7) can be larger than 1. Therefore, units with
very large market capitalizations must necessarily be included in the track-
ing portfolio, with an allocation bigger than other assets.

4.4 COMPUTATION OF SELECTION PROBABILITIES WITH VERY
LARGE CAPITALIZATION ASSETS

In order to process the issue related to large capitalization stocks, we pro-
pose the following simple Algorithm (3) to compute the selection proba-
bilities.

Algorithm 3: Computation of the selection probabilities

e LetU ={1,..., Ntand U™ = @.

e Repeat until U™ is stable
[n —card(U™)] Cir
Yieu- Cjr ’
- Compute U~ = {i|m; < 1} and U" = {i|7; > 1}, where
card(U™) is the cardinality or the number of elements of ut.

i=1,...,N.

- Compute 71; =

The result of Algorithm (1) provides two sets of stocks U~ and U™
such that:

e U~ is the set of assets with 71; € [0, 1] such that

Y mi=n—card(U"),
jeu-

e U™ is the set of stocks with 7; larger than 1.

The units in U are automatically in the portfolio. A sample of assets
is then selected only in U~. The units in U™ receive an allocation equal to
arm;, for all i € U™, while the units in U~ that are selected in the portfolio
receive the same allocation a, for all i € U~. In the next sections, with-
out loss of generality, we consider that 7r; < 1 for all assets because the
selection of units U™ is not random. They are thus always in the portfolio.

For illustration, suppose that the capitalization C;; of N = 10 stocks
are respectively given as 5, 10, 15, 20, 40, 40, 80, 100, 200, 1000. We would
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like to select n = 5 entities. At the first step of the algorithm U+ =@, thus
we compute the first values for r; = 5C;; / 2}21 Cir

0.017,0.033,0.050, 0.066, 0.132,0.132, 0.265, 0.331, 0.662, 3.311.

The 10" unit has a value larger than 1, thus we set U~ = {1,...,9} and
U" = {10}. Next we recompute the following selection probabilities ac-
cording to 7t; = 4C;/ 219:1 Cir, which gives

0.039,0.078,0.118, 0.157,0.314, 0.314, 0.627,0.784, 1.569, 7.843.

Again, the 9" unit has a value bigger that 1. Thus we set U~ = {1,...,8}
and Ut = {9,10}. Therefore, the selection probabilities are calculated
according to 71; = 3C;/ Y_%_; Ciy, yielding

0.05,0.1,0.15,0.19, 0.39,0.39, 0.774, 0.97, 1.94, 9.68.

Finally, 3 assets amongst units 1 to 8 are randomly selected in the portfolio
with their corresponding probabilities. If one of these units is selected, the
allocated capital is equal to a. Units 9 and 10 are always included in the
portfolio and the amounts invested are respectively equal to 1.94 - a and
9.68 - a.

BALANCED SAMPLING

In this section, we present a set of results developed in the framework of
survey sampling theory in order to provide a very efficient estimation of a
total. Deville and Tillé (2004) have proposed a sampling algorithm, called
the cube method, which enables selection of a sample from a register with
approximately the same means in the sample as in the population for all
the variables of the register. This sample can be selected with equal or
unequal selection probabilities.

The aim is to estimate through a sample, a total, Y of the variable
of interest y;. The values y; are not supposed to be random. The only
source of randomness is the process of selecting the sample. A sample is a
subset of the population that is selected randomly. Random samples can
be selected by several sampling designs such as simple random, stratified,
and balanced sampling. The statistical units can be selected with equal
or unequal selection probabilities. If all the selection probabilities 7t; are
positive, the unbiased Horvitz and Thompson (1952) estimator for Y is
defined in Equation (4.1).

In order to construct an efficient sampling design, one generally uses
auxiliary information that is known for all the population units, for in-
stance a register. Let x; be a vector of IR” containing the p values taken
by the p auxiliary variables on statistical unit i. The x; are supposed to be
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known on all the units of the population. A sample is said to be approxi-
mately balanced on a set of auxiliary variables if

N X;
Z ;Il' ~ Z X;. (48)

i=

,_\

-
Il

—

This means that the Horvitz-Thompson estimator of the total is very close
to the true population total for all the variables that are known at the
population level. Unfortunately, a sample can rarely be exactly balanced,
because the selection of a sample is an integer number problem (a unit is
selected or not in the sample). It is thus rarely possible to exactly satisfy
the p balancing equations given in Expression (4.8). This is called the
‘rounding problem’.

In this paper, our aim is to select a portfolio using this technique of
balanced sampling. We will thus randomly select a subset of companies
in such a way to reproduce as well as possible the sum of the capitalization
of all the listed companies in a given stock market. The statistical units
are thus the stock prices or market capitalizations of these companies, and
the auxiliary information is the set of values taken by the stocks during a
period. In order to construct the portfolio, we refer to the following result.

For any vector of selection probabilities 7t = (7, ..., 7, ..., 7Tn)" such that

N
0< m<land Zm:nelN
i=1

then there is a random vector s = (s1,...,8i,...,5n)" € Ry such that

N

. X; N
(l) Z ESi = X;Xi.
1=

i=1
(ii)) E(s;) = m;, fori=1,...,N,
(iii) 0<s; <1, foralli=1,...,N,
(iv) card{I|0 <s; <1} <wp, foralli=1,...,N.
where card(A) is the cardinality of set A and p is the dimension of the x;.

The proof of Result 4.1 directly follows from Deville and Tillé (2004)’s
Result 4.1 and Section 4 of the same paper, where an algorithm is proposed
to generate a balanced sample. This algorithm is called the “flight phase
of the cube method’. A faster algorithm is proposed in Chauvet and Tillé
(2006) and a complete development on the methods of balanced sampling
is given in Chauvet and Tillé (2006). A generator of balanced vectors
is implemented in the R language, in the ‘sampling” package (function
fastflightcube).
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The interpretation of Result 4.1 is as follows. The strict equality of Ex-
pression (4.8) cannot be obtained by the I;’s that only take the values o and
1. Nevertheless, it is possible to obtain a strict equality given as Result 4.1
(i) if we accept that at most p values for the s; are not equal to o or 1 but
can take a value between o and 1. Consequently, the balancing equations
will be more difficult to achieve if the number of auxiliary variables is
large. In our financial case study, the number of auxiliary variables is the
number of observations during the period used to construct the portfolio.
This number can thus be very large. A dimensionality reduction technique
is therefore necessary.

T

In the next sections, vector s = (s1,...,S;,...,5Ny) is called a balanced

vector on the N X p matrix

T
A= (X...X . XN
4s| T Us\;

with probabilities 7w = (73, ..., T, ..., 7{1\;)—r and will be denoted by
s ~ BV(A, ).

Random vector s is such that E(s) = 7t and the number of values in s that
are not equal to 1 or o is less or equal to the number p of columns of X.
Result 1 (i) can then be written with a matrix notation:

Als=A"r.

If the rows of matrix A correspond to the stocks, and the columns of
matrix A correspond to the observations, random vector s is a portfolio
that reproduces the characteristics of the assets described in matrix A.
Unfortunately, the number of observations is generally very large. Vector
s will thus contain a very small number of integer values. In order to
apply balanced sampling, we thus need to reduce the dimensionality of
the data as described in Section 4.6.

REDUCTION OF DIMENSIONALITY

In order to construct the tracking portfolio, suppose we use the market
capitalization values from time T — g to time T that is the estimation pe-
riod. Let C denotes the matrix of capitalization for N assets:

Clr—q T Cirfq T CNT—q
C= : : :
Cie -+ GC¢ -+ OCng
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matrix C has dimension (7 + 1) x N. The length of the estimation period
(9 +1) is generally too large to apply a balanced sampling procedure. We
will thus reduce the dimensionality of the problem.

Suppose we have a vector of selection probabilities whose compo-
nents are strictly in the interval (0,1) and whose sum is equal to n € IN.
This vector is computed in order to be proportional to the capitalization
Cit,- -+ ,Cir, -+ ,Cnr during the last known time 7 of the estimation pe-
riod. Therefore, the reduction of dimensionality can be obtained as fol-
lows.

Firstly, we construct matrix D = (dj;) of dimension N x (g + 1) where

N

T T;C

dy=—-2Y Cy="" fort=71-4g,...,7,i=1,...,N.
n = n

The sums of the rows of matrix D are thus the same as those of matrix C.
The procedure continues by computing matrix F = C — D, and deriving
the singular value decomposition of F, i.e.

F=UXV/',

where U = (uy) is a (9 +1) x (9 +1) real matrix, Zis a (3+1) x N
diagonal matrix with nonnegative singular values ¢, on the diagonal that
are ordered decreasingly, and V' = (v,,) is the transposition of V that
is an N x N real matrix. The capitalizations can then be decomposed as
follows.

Finally, a restriction of the dimension can be obtained by applying the
sum only of the first » components. One can construct a matrix

Ry e,
cl = : : : ,
S e

where .
Ci(tr) = %Ct + D; OaUntOyi.

A few dozen components of the singular value decomposition are enough
to almost perfectly reproduce a matrix of capitalizations that contains
several hundred rows and columns. Indeed the singular values ¢, very
quickly decrease to zero.

Instead of selecting a balanced portfolio on matrix C, we can thus use
a matrix that contains 7t and the first  components of matrix F
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4.7

4.7.1

mm 011 Ual 0 Un

r) _
X( ) - Tt (% Opi Oyi
TIN OIN -°° OaN " UyN

Next define matrix A(") by

1 on/m - va/m - va/m
AV =diag {(m) XW =1 oy/m o vh/m o v/
1 ouyn/in -+ OuN/TIN - UN/TIN

where diag(7) is the diagonal matrix containing vector 7t on its diagonal.

SELECTING A BALANCED SAMPLING PORTFOLIO

The purpose of this section is to discuss an approximation of the bal-
anced sampling design. This is important in the context of our analysis
and allows us to apply the theoretical results of our methodology to real
financial data.

Implementation details

The main objective of Algorithm (4) is to enable the application of a bal-
anced sampling framework to a limited number of dimensions. At the
beginning of the algorithm, the method is applied to the largest possible
dimension that is equal to the minimum between the total number of units
minus one (N — 1), and the length of the estimation period g. At each it-
eration, the dimension is reduced in order to progressively round all the
components of s to o or 1. Finally a portfolio of n assets is selected in such
a way that it is as balanced as possible. In market tracking terminology,
this means that the selected portfolio tracks the total market capitalization
almost exactly.

Note that s;) is a martingale because E(sU+D|s()) = sU). By using it-
erated conditioning, we obtain that E(s!)) = rr for all j = 1,..., p. There-
fore, Algorithm (4) satisfies the given inclusion probabilities. At step 1,
1) contains p non integer values. At step 2, s?) contains p — 1 non in-
teger values. At step j, s/} contains p — j non integer values. At step p,
all the components of s(P) are either equal to o or to 1. At the end of

s
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Algorithm 4: Selecting the portfolio

e Initialize by setting s(*) = 7
e Define p = min(N —1,9)
e Forj=0topdosith =BV(AP-),si))

the algorithm, the final vector s = s(P+1) contains only o and 1 and is an
approximately efficient balanced sample.

Empirical experiment: the S&P 500 case

The computational analysis is performed on the United States S&P 500
data. The sample consists of asset capitalizations calculated on adjusted
daily close prices downloaded from the Chicago-based center for research
in security prices (CRSP). The components of the dataset are companies
listed in the S&P 500 index at the trading day of 2005 to 2010 without miss-
ing values. We have tested the strategy on a basket of stocks available for
trading during four periods of four years each. In each period, two years
are used as estimation period and the next two years as the investment
period. The periods are presented in Table 4.1.

Table 4.1 — Description of the tested periods

Estimation period

Investment period

Period 1 2005-01-01 2006-12-31 2007-01-01 2008-12-31
Period 2 2006-01-01 2007-12-31 2008-01-01 2009-12-31
Period 3 2007-01-01 2008-12-31 2009-01-01 2010-12-31
Period 4 2008-01-01 2009-12-31 2010-01-01 2011-12-31

Each period corresponds to a total of about 1000 points long each with
non-missing observations of stocks. Therefore our empirical investigation
does not track the total market capitalization of the S&P 500 index but
a subset. Among the S&P 500 stock constituents, we fixed 7, the size of
tracking portfolio to 50. We have knowingly chosen a small simple size in
order to evaluate the method. Obviously, the capacity of tracking an index
is directly related to the sample size. As any sampling problem, the accu-
racy is proportional to the inverse of the square root of the sample size.
Thus the more is number of assets, the more is the capacity of tracking
the portfolio. Nevertheless, the transaction costs are also increasing with
the number of assets. So the sample size should be chosen in order to
balance the cost and the accuracy of the portfolio. The size of the portfolio
mainly should depend of the capital invested in the portfolio because the
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relative transaction costs decrease with the capitalization of the portfolio.
So this method is mainly proposed in order to save transaction costs by
limiting the number of assets in the portfolio while the tracking is as best
as possible.

The inclusion probabilities are proportional to the total market capital-
ization at the end of the estimation period. The flexibility of the selection
strategy enables us to run a very large number of simulations to assess the
statistical quality of the design. For each period, we constructed 10,000
portfolios. Algorithm (3) gives stocks with a value superior to 1. Their
ticker symbols are: BAC, C, GE, MSFT, PG, XOM, for period 1, GE, MSFT,
PG, T, XOM, for period 2, CVX, GE, JNJ, MSFT, PG, T, WMT, XOM, for
period 3, and AAPL, JNJ, MSFT, PG, WMT, XOM for period 4. These
stocks are thus always included in the tracking portfolio as explained in
Algorithm (3).

Figures 4.1 and 4.2 display the results of the tracking strategy during
the market phases. Figure 4.1 shows for the four periods the time series
dynamics of the total market capitalization and, in dashed lines, the s5th
and 9g5th percentiles capitalization values of the 10,000 portfolios selected
according to Algorithm (4). In all the figures, the vertical line separates
the estimation period from the investment periods. There are always 2
years for the estimation and 2 years for evaluation. At the end of the
investment periods, all the portfolios are equal. Indeed, the same amount
is allocated to each portfolio. Figure 4.1 highlights how efficiently the
selected portfolios tracked the S&P500 total market capitalization.
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Figure 4.2 shows the deciles of the ratios between the 10, 000 simulated
tracking portfolios and total market capitalization. More precisely, the

ratios are defined as:
. P t CT

et
where T refers to the portfolios allocation date that is the end of the es-
timation period. The figure shows that, with only 50 stocks, the basket
of trackers remains very “close” to the total market capitalization. The
method of balanced sampling works very well in the sense that the devia-
tion during the estimation period is very small. During the in-sample em-
pirical analysis, the interdecile interval is between 0.96 and 1.04 at most,
with a deviation close to zero on average. At the end of the estimation

R

period, all the portfolios have the same value and R; = 1. During the
investment period, the portfolios begin to deviate from market capitaliza-
tion. The fact that a portfolio remains stuck on the market capitalization
during the estimation period does not guarantee that it will remain stuck
during the investment period. However, it is interesting to notice that the
expectation lies always around 1, which confirms that the portfolios are
unbiased.
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4.7.3 Comparison with other methods of selection

In this section, we compare the following four strategies.

e Strategy 1: The proposed method of balanced sampling described in
this paper.

e Strategy 2: A method of unequal probability sampling with fixed
sample size. The selection probabilities are the same as for Strat-
egy 1. A large set of methods of unequal probability sampling are
described for instance in Tillé (2006). Most of these methods give
equivalent results in term of variance. We have chosen the random
systematic method.

e Strategy 3: Simple random sampling without replacement where
the same amount is allocated to each selected stock. This strategy is
biased under the process of selection of the samples design because it
gives too much importance to the stocks with a small capitalization.

e Strategy 4: Simple random sampling without replacement where
an amount proportional to the capitalization is allocated to each se-
lected stock. This strategy is unbiased under the sampling design
but can provide a portfolio with very unequal weights.

e Strategy 5: This strategy would involve the construction of a track-
ing portfolio consisting of the 50 stocks with the largest market cap-
italizations. The assets will be included in the tracker with market
weights.

Figure 4.3 contains for strategies 1 to 4 the Relative Means Square Er-
rors (RMSE)

k¢’
RMSE(P) =E| —— | . (4-9)

Expectations defined in Expressions (4.9) and (4.10) are approximated
with respect to the random selection of portfolios and is approximated
by 10,000 simulations for each of the four strategies. For all the portfolios,
RMSE(P;) = 0 because a same amount is allocated at the date of creation
of the portfolio for all the strategies. The empirical analysis is imple-
mented in the four market phases previously defined. Figure 4.3 clearly
shows the benefits of selecting assets with unequal inclusion probabilities
proportional to the capitalization. The methods that use simple random
sampling and the largest 50 stocks badly work. In the market phase 2007-
2010, the performance of the tracker consisting of the largest 50 stocks is
undermined by its high volatility. This is probably due to its strong con-
centration amongst big players, lacking diversification. Balanced sampling
surpasses all other methods.
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Figure 4.4 displays a more accurate comparison of the accuracy of
strategies 1 and 2. The figures illustrate the ratio of the RMSE (in black)
and the RMAD (in red) of Strategy 1 over Strategy 2. The Relative Median
Absolute Deviation (RMAD) is given by

b
CTP_; - Ct

RMAD(P;,) = E
Ct

(4.10)

For the estimation period the gain in accuracy is very apparent. The
RMSE of balanced sampling is sometimes 5 times smaller than under un-
equal probability sampling. The balanced portfolio selection remains very
close to the market. At the end of the estimation period, the ratio of
RMSE’s is indeterminate because the two RMSE’s equal o. During the
investment period, there is always a gain particularly in the weeks that
follow the creation of the portfolio compared to unequal probability sam-
pling. Balanced sampling thus improves the tracking quality.

We unfortunately have to notice that the fact of being stuck on the
market capitalization during the estimation period only partially reduces
the deviation from the market during the out-of-sample analysis. This
observation is in line with Bajgrowicz and Scaillet (2012)’s assertion that
it is hard for an investor to predict what the best performing investment
strategies will be in the future. This observation is probably also true
for tracking methods based on optimization methods. However, these
methods cannot be evaluated by simulations because they provide only
one portfolio.

In Figure 4.4, we compare two ways of selecting randomly the as-
sets: balanced sampling and unequal probability sampling. The Figures
show that balanced sampling performs better than unequal probability
sampling in the investment period (2009-2010) when the portfolio is con-
structed during a crisis period (2007-2008). Our interpretation is the fol-
lowing: during the crisis period, the series are more volatile and thus
contain more information compared to a non-crisis period during which
the series are smoother and changes are less sudden. Balanced sampling
enables us to reproduces in the portfolio the main characteristic of the
market during the estimation period. If the estimation period contains
more information, the portfolio is balanced on more information and can
more efficiently track the market during the investment period.

This can look contradictory with the recommendations given by
Rofsbach and Karlow (2011) who have concluded that the size of track-
ing portfolios should be increased in turbulent markets to achieve a target
tracking quality. Nevertheless, Rofibach and Karlow (2011) derives their
recommendation from the fact that the variance of the portfolio is propor-
tional to the inverse of the square root of the number of assets. The larger
the number of assets, the more accurate is the portfolio in term of tracking.
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This is a general rule of statistical inference. During a crisis period, the
volatility is larger and thus it could be better to increase the sample size to
track more efficiently the market. The recommendation of Rofibach and
Karlow (2011) and our interpretation of Figure 4.4 are not contradictory
but complementary. Rofibach and Karlow (2011) do not refer to balanced
sampling. The volatility increases during the crisis period and the number
of assets can be increased, but balanced sampling can be another option
to control this increasing of volatility.

Figure 4.5 presents boxplots for the realizations of the 10,000 tracking
portfolios for each of the 5 strategies on the end of January of the first
year of the investment period along with mean values for each. It can
be seen from Figure 4.5 that Strategy 3 (simple random sampling with
equal allocation) and Strategy 5 (stocks with largest capitalizations) are
biased. Strategy 4 (simple random sampling with allocation proportional
to the capitalization) is unbiased but very unstable, which confirms the
interest of unequal probability sampling with equal allocation. The gain
of Strategy 1 (balanced sampling) over Strategy 2 (unequal probability
sampling) is slightly visible and is confirmed on Figure 4.4.

DiscussioN

The paper examined the stock market tracking problem with cardinality
constraints in the survey sampling framework. We formulate a novel and
completely different approach that can be used to construct a portfolio,
containing relatively few securities to track the dynamic in aggregate mar-
ket capitalization. We cast the issue in a balanced sampling selection pro-
cess and easily derive a large number of potential tracking portfolios. This
new perspective enables researchers to considerably reduce the computa-
tional complexity inherent to the cardinality constraint portfolio choice,
both in terms of processing time and model assumptions. Furthermore,
our methodology is market capitalization-based. Defined as the prod-
uct between the stock price and the number of shares outstanding, market
capitalization is a precise picture of the shares of a company. Additionally,
the capitalization-related principle is in line with the passive investment
strategy.

In sampling theory, there is not just one way of randomly selecting
a sample. We presented four different random selection strategies and
a simple heuristic consisting of a tracking portfolio with the 50 largest
capitalized stocks. Our empirical experiment has shown that it is more ef-
ficient to construct the tracker with unequal sampling probabilities. Dur-
ing the estimation period, the portfolio tracks the change in total market
capitalization. With balanced sampling, the portfolios are automatically
diversified because the main characteristics of the market are reproduced.

Obviously, our balanced sampling design does not provide a unique
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portfolio, but can randomly generate a large number of different track-
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Figure 4.5 — Boxplots of the replicated capitalizations for the 10,000 realizations of each
tracking portfolio for strategies 1 to 4 and the realized value of strategy 5. The top plot
highlights the values at the end of January of the first year of the investment period. The
horizontal line indicates the raw value of the total market capitalization as of the specified
trading day.

ers, all balanced with respect to the target population. This flexibility
enables the researcher to perform a consistent statistical evaluation of the
methodology over a large range of alternative portfolios. In contrast, the
optimization routine yields a unique tracking portfolio. Hence, it is sta-
tistically impossible to evaluate by simulations the performance of the
optimization-based tracker. All the selected portfolios are equivalent, in
the sense they reproduce the time varying evolution of the total market
capitalizations and they are diversified. There is no particular reason (sta-
tistically speaking) to prefer one over another. It is up to the investor to
choose a portfolio in line with her/his investment appetite.

Several extensions to this paper may be considered. Future research

6.0e+09 6.5e+09

5.5e+09
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might address the issue of how the balanced sampling tracking strategy
is affected by the cardinality constraint. In this paper, we set the dimen-
sion of tracking portfolios to 50, i.e. around 10% of the complete market.
Next, the out-of-sample characteristics of the tracking portfolios could be
improved by introducing a portfolio rebalancing strategy, based on a tol-
erance deviation threshold. This means updating the tracking portfolio
constituents when the deviation to a reference benchmark reaches a given
threshold. Thirdly, it would be interesting to identify new balancing vari-
ables in order to further reduce the dimensionality of the data set. These
variables could be additional auxiliary information such as variables given
by company balance sheets. In our simulations, we only used the capital-
izations of the companies during the observation period. We noticed that
the use of asset return series did not provide additional improvements.
Another natural extension would be to introduce a second step in the
portfolio selection routine as an additional filtering phase. Such an analy-
sis could possibly improve the statistical properties of the tracker.
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TRACKING HEDGE FUND
PERFORMANCE: A BALANCED
SAMPLING STRATEGY

Abstract

This paper discuss the application of statistical, survey sampling technique to
hedge fund tracking problems. I describe a strategy that allows an investor or a
fund of hedge funds manager, to construct a small tracking portfolio that repli-
cates the time series changes of the total relative Net-Asset-Value (NAV) of a
large basket of funds. The trackers are constructed using a method of balanced
sampling, in which components are selected randomly with unequal inclusion
probabilities. Empirical studies are performed on directional hedge fund styles:
Commodities trading advisors, Global macro and Equity hedge. In all cases,
empirical results show that the proposed strategy replicated efficiently the to-
tal fund’s relative NAVs using only ten percent of the sample. The constructed
portfolios are stable in the long run, allowing the investor to implement a pas-
sive investment strategy in the alternative investment universe. I also consider a
larger sample of funds, mixing the aforementioned category of hedge funds. The
market tracking ability of balanced sampling remains statistically significant.”

Keywords: Hedge fund, Fund tracking, Survey sampling, Balanced sampling

INTRODUCTION

While investing in hedge funds (HF) yields several advantages such as
double digit returns and diversification opportunities, the selection of
funds in which to invest is a highly challenging issue. This challenge
has important implications for the ex-post investor’s risk-return structure.

'This chapter is a reprint of: Tafin Djoko (2013b) Tracking Hedge Fund Performance:
A Balanced Sampling Strategy. Accepted for publication in Journal of Statistical and Econo-
metric Methods.
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In this article, the attention will be directed solely to the selection prob-
lem. How to design a strategy to reproduce closely the behavior of a large
universe of HF with a subset of his constituent. The goal hence is not to
maximize the investor wealth, but to reproduce faithfully the time series
changes of HF full sample performances.

Driven by the strong growth of indexing in the traditional equity uni-
verse, a large range of models have been implemented to address the
market tracking issue. Markowitz (1987) formulated the market track-
ing problem, also known as dimension reduction problem, as a mean-
variance optimization, making fundamental assumptions on the distri-
bution of the replicated benchmark. However the main difficulty with
this approach is the computational burden associated with estimating the
variance-covariance matrix for the returns of all assets within the index.
Derigs and Nickel (2003) extend the Markowitz-based formulations and
derived a meta-heuristic decision support for portfolio management and
optimization. Using a linear factor model based on macro-economic vari-
ables, they estimated the covariance matrix and then solved the tracking
problem. In addition to the traditional tracking error minimization ap-
proach, Alexander (1999) advocated a cointegration-based model. Basi-
cally, this implementation relies on the fact that the difference between
the benchmark and the tracking portfolio is by construction supposed to
be stationary. That is, in the long run the deviation of the tracker to his
benchmark will be small. Furthermore, Focardi and Fabozzi (2004) illus-
trated a time-series clustering approach. They argue that clustering might
be an optimal methodology for building a sparse tracking portfolio when
full replication of an aggregate basket of assets is not feasible. By suitably
defining Euclidean distances between the time series of asset prices avail-
able in a given market, a hierarchical clustering ‘discovers’ the correlation
structure of the target benchmark.

The purpose of this manuscript is to extend the market tracking prin-
ciple to the HF world. There are four main reasons to study HF indexing
models. First, in practice an investment manager is exposed to a rela-
tively small number of individual HE. According to Lhabitant and Learned
(2003), a portfolios of approximately 10 funds are sufficient to construct a
diversified portfolio of HFE. Second, a portfolio of HF presents specific char-
acteristics such as very high transaction costs, liquidity constraint (notice
periods, lockup periods and redemption restriction), and slow rebalancing
cycles. As a consequence, an allocation in HF must be inspected as a long
term investment. HF indexation may ensure that the tracking portfolio
is tied to the fund universe in the long run. Thirdly, the selected tracker
should result in a stable portfolio, filtering out the noisy part of the joint
variation in the sample. Fourth, if the fund benchmark performances can
be reconstructed, we considerably reduce the capital incentive and qualita-
tive analysis burden associated with managing a large portfolio of funds.
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Most previous work on tracking financial markets with a subset of its
constituents focuses on hard-to-solve optimization techniques and econo-
metric models. However, optimization routines tend to construct highly
concentrated replicas, while econometric models such cointegration re-
quire consistent estimation of error term and/or structural loadings with
direct specification of the data generating process. In this article, I adopt
a different perspective and implement an automatic survey sampling ap-
proach to select small portfolio of funds in order to track the total HF uni-
verse relative NAVs. This small portfolio is selected randomly by means
of a method of balanced sampling. Tafin Djoko and Tillé (2013) devel-
oped and implemented the balanced sampling replication strategy in the
case of the S&P 500 total market capitalization. The methodological frame
adopted here is inspired by the later article. Statistically speaking, a sam-
ple is said to be balanced if the estimator of a characteristic of interest
matches or is approximately equal to the population charateristic. Hence,
balanced sampling is implemented to construct a tracking portfolio whose
total relative NAV is proportional, at any trading period, to the total rela-
tive NAV of a large basket of funds. The diversification principle is auto-
matically incorporated in the efficient balanced sampling procedure with-
out imposing additional constraints.

This article makes several contributions. I move from a hard to solve
complex optimization problem, to a simpler and more intuitive survey
sampling framework. The issue of efficiently selecting a subset from a
large population is a natural sampling topic. There are obviously various
ways of randomly selecting a sample. I show that this method can easily
generate random portfolios that efficiently track the total performance of
HF and maintains the diversification property. The proposed methodol-
ogy is fully nonparametric and design-based. In addition to the balanced
sampling design, the article discusses three alternative random selection
strategies and a simple heuristic for constructing a tracking portfolio con-
sisting of funds with the biggest asset under management (AUM). One of
the computational benefits of the method is the possibility to run a large
number of simulations to evaluate the tracking strategy without increasing
the computational difficulty. Furthermore, instead of tracking the return
series, we focus on the relative NAV.

The outline of the manuscript is as follows. In Section 5.2, I define the
notations and state the aim of the study. Section 5.3 formulates our ap-
proach for modeling relative NAVs within the statistical survey sampling
framework and for investigating HF indexing. I discuss the computation
underlying the inclusion probabilities, which is made proportional to indi-
vidual fund relative NAV. Then, A short review of survey sampling theory
is introduced. Section 5.4 presents the empirical results. I report both a
multivariate analysis based on selecting 10, 000 portfolios, and a univariate
characterization of the methodology according to the minimum variance
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5.2

portfolio. Further on, I compare the results of our sampling strategy with
three alternative random sampling approaches and a simple heuristic in-
volving the construction of a tracking portfolio consisting of funds with
the biggest asset under management. Finally, I provide a robustness check
of our main results. Section 5.5 concludes the article.

NOTATION AND OBJECTIVE

To crystalize the context of the analysis, let denote by Ry = NAV;/NAV;_
the vector of relatives net-asset-value at time t. We have available d funds,
constituents of the HF universe with R; = (R}, - ,Rf), t=1,2,---,T,
where the jth component Rfj ) of R; denotes the relative NAV of fund jth
on the ith investment period. If T denote the current time, we want to
choose the portfolio of HF to track the HF universe at time T + 1. The

total value of the HF universe at time ¢ may be expressed as

d .
=) R (5.1)
i=1

We assume the usual hypothesis that any fund is infinitely divisible. Any
fraction between [0, 1] can thus be selected in the portfolio.

The aim is to select a small portfolio of n funds at time 7 that is a sub-
set of a large sample of HE. We would like the portfolio to track the HF
universe as closely as possible. To keep the model theoretically simple,
we will allocate the same amount to each fund in the tracking portfolio.
It is not difficult to generalize the following theory to situations where all
the amounts allocated are not equal. In fact during the empirical investi-
gation, the allocation is adjusted according to the inclusion probabilities.
Additionally, in the sequel I use the term market to denote the the HF
universe.

Let us assume that w; is the level of capital invested in fund i within
the tracking portfolio, and I; be the indicator variable that takes value 1 if
HF i is selected in the portfolio and 0 otherwise. We thus have

d
L=mn (5.2)
=1

1

Variables I; are supposed to be random with a Bernoulli distribution.
We suppose that 7; is the probability of selecting unit i in the tracking
portfolio. In the following lines, R} and the capital allocated in each fund
w; are not supposed to be random. The only source of randomness is I;.
The expectations and variances are then computed with respect to I;.
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METHODOLOGY

This section presents the methodology for solving the fund selection prob-
lem in the context of market tracking. I first characterize the tracking
portfolio value at any trading time t and the implications in the random
selection process. I then describe how to compute the probability of se-
lecting a fund i in our replicating portfolio. The selection probabilities are
defined proportionally to the total market relative NAV. Next, I present the
balanced sampling design. For a complete description of sampling algo-
rithms, see Tillé (2006). I approximate the cube method as in Deville and
Tillé (2004) to select portfolios that are unbiased, with small variances.
Finally, I present the algorithm designed to select a balanced sampling
portfolio.

Tracking portfolio value

Given our our interest in constructing a tracking portfolio of HF, we build
a model that provides a clear description of the tracker values, V;. If the
portfolio is constructed at time 7, therefore its value is defined as

d
VT = Z IZ'ZUZ'
i=1

and for any other ¢, the factor by which every amount (w;) invested in the
i-th fund grows during the tracking period is given by Ri/R’. Therefore,
the portfolio value at time t is expressed as

d Ri
Vi=), wiliR—f

i=1 T
If all the constituents within the portfolio have the same allocation, ie,
w; = w, then

d
Ve=w Z I, = wn
i=1
and for any other time ¢

d Ri
Vi=w) L—L )
: L g (53)
The portfolio will be constructed randomly by means of a sampling
technique. To satisfy our tracking objective at time T, that is, to build a
portfolio that is as close as possible to the complete market during the
period T — g, ..., T, we would like
Vi

~ Tt —r—
V. forallt=71—gq,...,7 (5-4)
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5.3.2

5-3-3

Equations (5.4) imply g linear constraints on V;. However, in the mar-
ket tracking issue, the replicator is bound by the limited number of 7 se-
curities out of the market d (n < d) that can be selected to track the target
benchmark. Since the number of observations g is larger than n, we can
not satisfy more constraints than the number of units in the tracking port-
folio. For this reason, we should reduce the number of constraints that
must be satisfied using singular value decomposition as in Tafin Djoko
and Tillé (2013). In what follow, period T — g to T is referred to as the
portfolio estimation period, while the period that follows is referred to as
the investment period.

Random selection

The selection mechanism is said to be random when all units in the pop-
ulation of interest have a positive probability of being selected. Random
selection has been for decades, source of intense debate in the scientific
community. As opposed to non-probability sampling in which the se-
lection probabilities are unknown or/and some statistical units have zero
probability of being selected, random sampling process does not suffer of
self selection bias and allows the researcher to perform inferences on the
parameter of interest.

When holding index-related products, the primary interest of a ra-
tional investor is diversification. Therefore, an index tracking portfolio
should not only solve the size reduction issue, but predominantly pre-
serve the diversification attribute. Random selection is the only procedure
able to reduce the dimension and infer from the sample, characteristics
of the population. Consequently, the tracking portfolio diversification is
guaranteed under the random selection process.

Selection probability

The key and powerful characteristic of our tracking strategy is random-
ness. Each fund is selected randomly according to a given probability
mass. Let 71; be the probability of selecting individual HF i. Thus, we can
write

7; = Pr(selecting fund i in portfolio j) = E(I;),
and given Equation (5.2)
d d d
Y mi=) E(L)=E()_Ii| =E(n)=n (5.5)
i=1 i=1 i=1
the sum of the selection probabilities is thus equal to the number of funds
in the tracking portfolio.

Since each unit in the portfolio have the same allocation w at time
T, a convenient alternative for computing the inclusion probabilities is to
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construct the vector of 7r; proportional to the relative NAVs at time 7, that
is,

ﬂiOCRll,,llzl,...,d
Given Equation (5.5), the selection probabilities can easily be derived ac-
cording to the following expression

nR%L
It

T =

(5.6)

Consequently, it is evident that the portfolio value at any given trading
period, is proportional to the total market relative NAV. Effectively, a short
decomposition of Equations (5.3) and (5.6), gives

d i d j d j

R! R} R!

W) <w§ 1R1T> o} By = vl Hin
4 RipRE nw

t T
= wE —_—— = —
1
= RL e r

T

d
Y Ri =nw—
= re

where r; is expressed as in Equation (5.1).

Indeed, if the allocation decision consists of investing the same amount
to each fund, the selection probabilities are proportional to the total rela-
tive NAV in the HF universe. This strategy is unbiased under the sampling
design and increases the likelihood that some funds with large relative
NAV will be selected. The randomness of the selection scheme ensures
that all constituents are given the same opportunity to enter the tracking
portfolio and not only those that are ‘tied” to the market. The diversifica-
tion is thus automatically guarantied. This procedure also avoids selecting
a disproportionate number of funds whose performs badly. The aim is
thus not only to track the total market relative NAV but predominantly to
keep its intrinsic diversification. In other words, keeping in balance the
relative structure between highly and modestly performing funds in the
tracking portfolio.

Balanced sampling design

Given my interest in tracking the total relative NAV of funds in the HF uni-
verse with a subset of its constituents, I build a model based on sampling
methods. Sampling can be defined as a process of selecting statistical units
from a population to estimate unknown quantities of the population. The
author implemented a balanced sampling strategy. Balanced sampling de-
sign has the property that the Horvitz and Thompson (1952) estimator of
the mean is unbiased. Consequently, the variances of all the parameters
of interest are reduced. In general, balanced sampling strategy uses auxil-
iary information that is known for all the population units, to construct an
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efficient sampling design. Moreover, sample is said to be approximately
balanced on a set of auxiliary variables if its estimator of mean X will be
equal to the known population mean of these variables. Balanced samples
can be selected with equal or unequal selection probabilities.

The sampling algorithm used in this article has been developed
by Deville and Tillé (2004). The authors proposed a general procedure
to select balanced samples named the Cube method. The method is non-
rejective and is composed of two phases, called the flight and the landing
phase. During the flight phase, the balanced constraints are exactly sat-
isfied. The later phase focuses on managing the non satisfied balancing
equations. In case of the total, balancing equations are

»

, d
‘LR ) X (5.7)
i O

d
L
i=1

where x; is a vector of R” containing the p values taken by the p auxil-

=

iary variables on statistical unit i. For more details on sampling algorithms
see Tillé (2006).

In this paper, our aim is to select a portfolio of funds using this tech-
nique of balanced sampling. We will thus randomly select a subset of
individual HF to reconstruct as close as possible, in the long run the time
series changes total relative NAVs in the universe of funds. Since our
principal objective is to implement a passive investment strategy in the
alternative investment world, our tracker has to be manageable in terms
of size, transaction costs, and rebalancing cycles. In other words, the bal-
anced sampling replicator should result in a steady portfolio structure.
Under these specifications, statistical units are fund’s relative NAV, and
the auxiliary information is the set of values taken by each fund during a
period.

This model has several appealing features. First, it is distribution free.
There is no assumption on the data generating process of HF’s relative
NAYV and the optimal tracker is derived without specifying any structural
form between the total market value and its individual constituents. Un-
der the balanced sampling design, the selection technique is statistically
efficient. In other words, the selected portfolios are guarantied to be un-
biased with a small variance. Third, the model yields tracking portfolios
that are automatically diversified without specific heuristic hypothesis, al-
lowing the investor to perform allocation in an optimal way. Fourth, the
proposed replication strategy is highly flexible, providing an alternative
insight to the computational intensive constraint portfolio choice.
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EMPIRICAL ANALYSIS

Data description

To attest that the proposed methodology provides general results, I used
three different HF categories to evaluate the statistical significance bal-
anced sampling tracking portfolios. We focus on live funds from two
main HF data providers: Hedge Fund Research (HFR), and Barclay Com-
modity Trading Advisors (CTAs) databases. The former data provider is
composed of returns reported on different frequencies (mainly monthly)
and additional qualitative /quantitative information such as main strategy,
sub-strategy, asset under management, etc. on 5230 individual funds and
2720 Funds-of-Funds that are still active on September 30, 2008, while the
later data system is widely recognized by both practitioners and academi-
cians as the largest, most comprehensive, available Commodity Trading
Advisors sample. Generally, CTAs are funds primarily trading listed com-
modity and financial futures contracts. The database consists of 981 re-
porting funds as of September 2008. CTAs, also denominated Managed
futures are by no means homogeneous investment vehicles. CTAs man-
agers employ a large range of strategies and asset classes. Combined,
the two databases provide a rather completed and detailed picture of the
hedge funds universe.

The alternative investment industry data are subject to different biases
resulting from the data collection process. Fund managers voluntarily pro-
vide information to databases and the industry lacks an uniform reporting
standard. Since I confine the analysis to funds in the live database, I rec-
ognized that it suffers from survivorship bias. However, the relevance
of such a bias for the current investigation is limited by the fact that it
will affect both the tracker and the full population of funds. The tracking
portfolio is just a reconstruction of what we have in the large sample.

For the scope of our empirical analysis, we impose a set of filters on
both databases. First we selected funds that reported in U.S. dollar net of
all fees on a monthly basis. Then we required that each fund has at least
12 years of reported returns. Additionally, for each strategy, we extract the
group of funds with the longest consecutive stretch of non-missing NAVs
and AUM. The analysis is performed on HF directional strategies: CTAs
funds from Barclay; Global Macro and Equity Hedge funds from HFR.
After imposing these restrictions, the data comprises 134 CTAs covering
the period from October 1996 to June 2008, for a total of 141 observations;
101 Global Macro funds from July 1997 to September 2007, giving 141
observations; and 108 Equity Hedge funds from May 1995 to September
2007 for a total of 149 monthly observations. To avoid in-sample spurious
tfindings, these samples period are divided in two sub-periods: The first 60
months are used for backtesting the quality of the model (also called esti-
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mation period), while the second samples (longer or equal to the first one)
are used for the out-of-sample investigation (called investment period).

Table 5.1 reports several summary statistics for the fund relative NAVs
under study. The statistics are computed over the entire data period for
each HF and then averaged across funds within each HF category. The
monthly average relative NAVs are all bigger than one and significant,
ranging between 1.008 to 1.012 with small standard deviations amongst
funds. The average monthly volatilities range between 6% and 5%. Equity
hedge funds tends to exhibit high expected relative NAVs with low risk,
whereas Global Macro funds have low expected relative NAVs with low
risk. Barclay CTAs funds have high average relative NAVs and high risk.

Skewness measures are all positive across HF categories, suggesting
that periods of booms are more present than periods of crashes. Kurtosis
measures are equal to 5.6 for Barclay CTAs funds, 6.4 for Global Macro and
6.1 for Equity Hedge funds, values that are not in line with the normal-
ity assumption. Consequently, we reject the normality assumption with
strong confidence for all HF categories in the sample. Except for Equity
Hedge funds, in average, I don’t find strong evidence for serial correlation
and ARCH effect in fund’s relative NAVs.



Table 5.1 — This table reports monthly average summary statistics of HF relative NAV's for the entire sample period (estimation and investment periods). The mean
and t-statistic value, the standard deviation, the standardized skewness and kurtosis with their respective t-statistics, the Jarque-Bera normality test statistic (JB),
the Ljung-Box test statistic for no serial correlation [LB(6)], the first-order serial correlation of relative NAVs [p(R)], the Lagrangian multiplier test statistic for no
serial correlation in relative NAVs [LM(6)]. The critical values at 5% are 5.99 for JB, 12.59 for LB(6), p(R), and LM(6).

Barclay CTAs Global Macro Equity Hedge

Sample Size 134 101 108

Mean SD Mean SD Mean SD
Mean 1.011 0.006 1.008 0.004 1.012  0.005
Mean t-stat 2.421 1.132 2.085 1.047 3.738  2.939
SD 0.058 0.03 0.048 0.022 0.048  0.024
Skewness 0.447 0.754 0.303 1.235 0.025 0.879
Skew t-stat 2.165 3.655 1.372 5.592 0.125  4.379
Kurtosis 5.586 4.551 6.372 8.66 6.058  4.778
Kur t-stat 6.268  11.031 7.633 19.604 7.618 11.904
Min 0.845 0.109 0.865 0.116 0.844  0.092
Max 1.223 0.141 1.166 0.077 1.184 0.125
JB 178.024 826.616 471.629 3289.655 217.447 949.74
LB(6) 10.129 7.363 8.693 6.861 20.741 77.413
P(R) 7.922 4.734 6.866 4.391 6.934  4.822
LM(6) 7.879 7.856 6.171 5.385 14.29 11.043
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5.4.2 Balanced sampling tracking portfolio

We now turn to the analysis of the performance of the market tracking
ability of the strategy described above. The goal here is to construct a
long term and stable buy-and-hold strategy in the alternative investment
world.

The balanced sampling portfolio selection strategy implemented for 3
HF categories under study is performed as follows. I divide the sample
in two non-overlapping sub-periods. The first 60 months are used to se-
lect the tracking portfolios and perform a backtest of the method. The
second sub-period is dedicated to the out-of-sample analysis. In the se-
quel I refer to the first sub-period as estimation period and to the second
as investment period. In all the figures, the vertical line separates the
two sub-periods. The number of funds selected in each tracking portfolio,
n = 10. This figure represents less than 10% of the population of interest
across HF categories.
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Figure 5.1 — The first-column entries are the total HF relative NAVs (black line) embedded in the 5th and 95th percentiles (red line) of the corresponding values
for a selection of 10,000 portfolios derived using the balanced sampling tracking strategy. The second-column entries represented the wealth achieved investing in
an equal weighted portfolio of the full sample of funds (black line) embedded in the 5th and 95th percentiles (red line) of the corresponding values for a selection
of 10,000 portfolios with the proposed strategy. From the first to the third row, we have respectively Barclay CTAs, Global Macro, and Equity Hedge funds. Each
tracking portfolio is composed of n = 10 funds.
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In finance, there is general consensus on how difficult is to separate
skill from luck. This issue is even more stringent for hedge fund investors.
The opacity inherent from the HF industry makes hard to distinguish
knowledgeable fund picking strategies from lucky ones. The flexibility
of our method allows us to avoid that by running a large number of simu-
lations. This multivariate analysis is useful to assess the statistical quality
of the sampling design. I fixed the number of simulations to 10,000, that
is, we construct 10,000 tracking portfolios for each HF category. For each
HF style, the inclusion probabilities are proportional to the total relative
NAVs in the last month of the estimation period (6oth month).

The first column-entries of Figure 5.1 display the dynamics of the total
relative NAVs and, in dashed lines, the 5th and g5th percentiles relative
NAVs of the 10,000 portfolios selected according to Algorithm (??). The
second column-entries of Figure 5.1 shows the evolution of the wealth
achieved investing 1 USA $ in an equal weighted portfolio constituted of
the entire sample of funds with the corresponding 5th and 95th percentiles
from 10,000 balanced sampling trackers. Inspection of these figures high-
light how efficiently the selected portfolios tracked the total relative NAVs.
The performance is significant in both estimation and investment sub-
periods. The inter-percentile range is narrowed in the two sub-periods
and the gap is relatively stable in the long run.

The graphs in Figure 5.2 display the dynamics the deciles of the ratios
between the 10,000 simulated tracking portfolio values and total HF rela-
tive NAVs (first column) for the three categories of alternative investment
under study. More precisely, the ratios are defined as:

Vt I't

Ratioy = —

where T = 60 refers to the portfolio estimation date. The correspond-
ing ratio for the wealth achieved is displayed in the second column of
Figure 5.2. Several comments are of interest. First, with only 10 funds, the
sample of trackers remains very ‘close’ to the portfolio investing in all the
funds in the universe. The method of balanced sampling works well in the
sense that the deviation during the estimation period is very small. Dur-
ing the in-sample empirical analysis, the ratio dynamics of relative NAVs
range between 0.97 and 1.04 (except for one large swift for Global Macro
funds), with a deviation close to zero on average. At allocation time (6oth
month), all the portfolios have the same value and Ratio, = 1. After this
month, the portfolios start to deviate from the total market value, but stay
in a narrow range. For the wealth achieved, we observe comparable dy-
namics. It is interesting to notice that in expectation, the tracking portfolio
ratios stay well around 1, which indicates that the portfolios are unbiased.
Furthermore, by increasing the number of replication, I decrease the vari-
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ance while increasing the power of the balanced tracking strategy. This
important characteristic is further illustrated in the sequel from Figure 5.3.
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Figure 5.2 — Deciles of the ratios from 10,000 portfolios selected by balanced sampling over the portfolio constituted of the entire sample of funds. The first column
are relative NAV's and the second are wealth achieved. From the first to the third row, we have respectively Barclay CTAs, Global Macro, and Equity Hedge funds.
Each tracking portfolio is composed of n = 10 funds.
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Comparison with other methods of selection

We now turn to the analysis of the performance of our tracking strategy
relative to several alternatives. This control phase is performed against
three different random selection strategies and one ‘do nothing’ strategy
consisting of a portfolio with the n biggest funds according to their AUM.
Each strategy will provide some insights of the relative value of tracking
strategy trough randomization over a simple asset based heuristic strategy.
In this section, we compare the following four strategies:

e Strategy 1: The proposed method of balanced sampling described in
this paper.

e Strategy 2: A method of unequal probability sampling with fixed
sample size. The selection probabilities are the same as for Strat-
egy 1. A large set of methods of unequal probability sampling are
described for instance in Tillé (2006). Most of these methods give
equivalent results in term of variance. We have chosen the random
systematic method.

e Strategy 3: Simple random sampling without replacement where
the same amount is allocated to each selected fund. This strategy is
biased under the process of selecting the sampling design because it
gives too much importance to poor performing funds (small relative
NAVs).

e Strategy 4: Simple random sampling without replacement where
an amount proportional to the relative NAVs is allocated to each
selected HF. This strategy is unbiased under the sampling design
but can provide a portfolio with very unequal weights.

e Strategy 5: This strategy would involve the construction of a tracking
portfolio consisting of the n = 10 funds with the biggest AUM (‘do
nothing’ strategy). The funds will be included in the tracker with
weights corresponding to their size in the HF universe.

Figure 5.3 presents boxplots for the realizations of the 10,000 tracking
portfolios for each of the 5 strategies on a given trading day during the
estimation and investment periods, along with mean values for each. It
can be seen from Figure 5.3 that a dominance relationship exists between
our balance sampling design and the four alternative tracking strategies.
Our replication strategy is unbiased and much less volatile in both the es-
timation and investment sub-samples. While random sampling strategies
2, and 4 are effectively unbiased but more volatile than the proposed bal-
anced sampling design, strategy 3 is biased and also less efficient. The
beauty of a large number of simulations is the ability to discriminate
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5.4.4

among concurrent strategies. However, it is difficult to compare our pro-
posed methodology to the ‘do nothing’ portfolio. The graphs in Figure 5.3
show its value is different to the true total relative NAVs. In what follow, I
will try to solve this issue by moving from a multivariate analysis to a uni-
variate one. I will compare the cumulative relative mean square error of
the big funds portfolio to the best tracker amongst the 10,000 constructed
portfolios.

Univariate analysis

Statistically speaking, all the selected portfolios are equivalent, in the sense
they reproduce the time varying evolution of the total HF relative NAVs
and they are automatically diversified between highly and poorly per-
forming funds. There is no particular reason to prefer one over another.
It is up to the investor to choose a portfolio in line with his investment
appetite. Moreover, since the portfolio is constructed during first the sub-
sample (6o months length), there is no guaranty that the best tracking
portfolio will keep performing well in the second sub-sample of data.

For practical reason, I select one of the 10,000 constructed portfolios to
directly assess its tracking performance relative to the portfolio consisting
of the n biggest funds. Since in this manuscript I consider an investor who
allocates his HF portfolio of n funds to minimize

the distance to the total performance of funds in the universe, I select
the fund with the minimum Relative Mean Square Error (RMSE) during
the estimation period (first sub-sample). According to Equation (5.4), the
RMSE for strategy 1 is defined as

T’Tﬁ — Tt 2
RMSE(V;) = E (ﬂ—) (5-9)
t
while the corresponding measure for the ‘naive’ strategy 5 is expressed
as
Tegt =14 2
RMSE(V}) = Tri (5.10)
t

Figure 5.4 shows the evolution of the total relative NAVs and wealth
achieved of the minimum variance portfolio along the corresponding val-
ues for all the funds in the HF universe.

Several comments are of interest. First for the 3 HF categories under inves-
tigation, the best tracker is closely tied to the total market values. Second,
it is of great interest to notice that the best in-sample selected portfolio
performs very well in the out-of-sample analysis. Third the performance
quality of the best tracking strategy is stable in the long term perspec-
tive. Unreported results of two-sample Wilcoxon test and paired samples
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S1 mean = 108.9, S2 mean = 108.9, S3 mean = 109.5, S4 mean = 108.9, S5 Val =107.1 S1 mean = 102.8, S2 mean = 102.8, S3 mean = 103.2, S4 mean = 102.8, S5 Val =103
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S1mean = 140, S2 mean = 139.9, S3 mean = 140.7, 4 mean = 140, S5 Val =144.2 S1 mean = 130.6, 2 mean = 130.6, 3 mean = 131.6, S4 mean = 130.7, S5 Val =132.3

Figure 5.3 — Boxplots of the replicated relative NAVs for the 10,000 realizations of each
tracking portfolio for strategies 1 to 4 and the realized value of strateqy 5. The first-
column entries highlight the values at a given trading day of the estimation period. The
second-column entries are the numbers occurring in a random day of the investment
period. The horizontal red dotted line indicates the raw value of the total relative NAVs
as of the specified trading day. Mean values for each strategy appear in the subtitle below
the figure. From the first to the third row, we have respectively Barclay CTAs, Global
Macro, and Equity Hedge funds. Each tracking portfolio is composed of n = 10 funds.

t-test strongly reject the hypothesis that the two series are different at any
confidence level. The second-column entries of Figure 5.4 show that our
balanced sampling tracker and the portfolio consisting of all the funds in
the market achieved approximately identical wealth.

Finally, I illustrate the tracking quality of the minimum variance port-
folio relative to the big funds portfolio. Recording, the big funds portfolio
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is AUM-weighted portfolio. Figure 5.5 displays the time plots of the cu-
mulative relative mean square errors for the two strategies as expressed
in Equations 5.9 and 5.10. Not surprisingly, the balanced sampling strat-
egy strongly over-performs the ‘do nothing’ strategy. As it appears, the
gain of adopting the proposed tracking design is both statistically and
economically significant, as it guaranties a diversify and unbiased portfo-
lio, achieving approximately the true dynamic changes of the total relative
NAVs in the HF universe.

Robustness analysis

To further evaluate the robustness of the balanced tracking strategy, I per-
form a last empirical analysis. The experiment is based on the same data. I
mixed the 3 samples of HF to have a consistent alternative investment uni-
verse. The final data set results in 343 funds covering the period from July,
1997 to September, 2007, which includes the dotcom bubble burst and the
summer 2007 subprime crisis. I keep the same empirical framework using
the first 60 months of data to construct the 10,000 tracking portfolios and
left the allocation constant for the rest of the period. The portfolios are
not rebalanced, mainly because I am interested to the long term behavior
of the selected portfolios. The indexing portfolios contains n = 35 funds,
which represents approximately 10 percent of the total number of funds
in the benchmark. The graphs in Figure 5.6 show that the experiment
with the new large benchmark performs well despite the low frequency
associated to HF data. In particular, we notice from the second-row en-
try in Figure 5.6 that variability amongst the 10,000 constructed portfolios
is reduced. The deciles of the ratio defined in Equation (5.8) range be-
tween 0.99 and 1.01. Since the proposed tracking procedure is unbiased, a
smaller variance means that the estimate tracker is closer to the true value
of the benchmark. In this large sample context, the performance of the
balanced sampling strategy improves. The superiority of our proposal is
further highlight in the graphs of Figure 5.7, where we can see that the
distribution values of the selected tracking portfolios is unbiased and less
volatile in both sub-periods than the 4 alternative strategies. The evolu-
tion of the cumulative relative mean square error, as depicted in the lower
graph of Figure 5.7 shows the dominance relationship among strategies 1
to 5. It can be seen that a stochastic dominance relationship exists again
indicating that our balanced sampling tracking strategy is to be preferred
on the basis of its performance.

We now turn to a comparison analysis between moments of the to-
tal relative NAVs of the balanced sampling and ‘do nothing’ tracking
strategies and the original funds from which the tracking portfolios are
derived. Table 5.2 presents the comparison summary statistics. The re-
sults are striking in both estimation and investment sub-periods. During



5.4. Empirical Analysis

175

the first sub-period, the average moments amongst the 10,000 portfolios
(mean, standard deviation, skewness and kurtosis) are similar to those of
their benchmark. This is not the case for the big AUM funds, which fig-
ures differ significantly from the benchmark. Expect for the skewness, I
have comparable numbers in the investment period.

In order to understand the relationship between the 10,000 selected
tracking portfolios according to the balanced sampling strategy and the
target benchmark, a simple ordinary least squared regression analysis is
implemented. I regress the total relative NAVs of each selected fund to
their benchmark counterpart and the average betas estimated, t-statistics
and adjusted-R? are reported in Table 5.2. If a tracker efficiently replicates
the benchmark, the regression slope should be equal approximately to 1.
According to the table, the average betas and adjusted-R? are close to 1.

Table 5.2 — This table reports summary statistics on the total relative NAVs for balanced
sampling 10,000 trackers, the best tracker (in term of relative mean square error), the
big AUM, and the benchmark (consisting of the entire sample of funds). The statistics
corresponding to the 10,000 selected portfolios are sample averages. Panels B.1 and B.2
report average statistics for linearly regressing each of the 10,000 tracking portfolios to
the benchmark.

Panel A: Allocation period
Panel A.1: Moments

u o sk ku
Benchmark 346.37 6.93 0.42 -0.06
10,000 trackers 346.42 7.15  0.39 -0.06
Best tracker 346.38  7.03 0.39 -0.19
Big AUM funds 348.27 5.58 0.19 0.13

Panel A.2: Beta Sensitivity

>

t.test  Adj.Rsq
0.99 153542  0.99

Panel B: Investment period
Panel B.1: Moments

Benchmark 346.01 7.31  -0.01 -0.47
10,000 trackers 346.04 7.57  0.00 -0.36
Best tracker 346.20 836  0.08 -0.41
Big AUM funds 347.412 5.84 -0.081 -0.219

Panel B.2: Beta Sensitivity

>

t.test  Adj.Rsq
0.98 1399.14 0.99
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5.4.6 The economic value of balanced sampling strategy: Diversifica-

55

tion

The randomness of the selection frame gives equal opportunity to indi-
vidual HF to be part of the tracker. All constituents have a strictly positive
probability of being selected, ensuring that the population of interest is
totally covered. Additionally, the balanced sampling design yields repre-
sentative sample, since it allows estimating exactly the population (HF)
total relative NAVs, that is, without bias. The key diversification prop-
erty is then automatically incorporated in the efficient balanced sampling
strategy.

To highlight the diversification characteristic of the balanced sampling
strategy, I decomposed the 10,000 trackers according to which HF cat-
egory each fund belongs and their size (AUM). While the upper plot
of Figure 5.8 depicts the proportion of funds relative to style, the lower
plot shows the tracking portfolio distribution based on fund sizes® (Small
Funds: AUM < 10.5, Middle Funds: AUM € (10.5,154), Big Funds: AUM
> 154). One can clearly see that the randomness of the selection scheme
guaranties a stable portfolio constitution across the 10,000 trackers. The
population of individual HF is well covered from Small to Big funds and
amongst styles. On average3, balanced sampling trackers are formed of
25.78%, 49.53%, and 24.68% for the Small, Middle, and Big funds, respec-
tively; Additionally, 40.35%, 29.42%, and 30.22% for CTAs, Equity Hedge,
and Macro funds, respectively.

CONCLUSION

In this paper, I investigate the HF indexing problem with cardinality con-
straints in the survey sampling framework. Whereas most previous work
has been devoted to the variance and tracking error minimization, and
co-integration based index tracking, I formulate that the issue of selecting
a small sample from a large one is a natural sampling problem. I solve the
issue in a balanced sampling selection process and easily derive a large
number of potential tracking portfolios. For a review on HF indexing,
see Alexander and Dimitriu (2005a). The present study contributes to the
market indexing literature by providing several additional insights. From
a computational point of view, the proposed model enables researchers
to considerably reduce the computational complexity inherent to the car-
dinality constraint portfolio choice, both in terms of processing time and

*Fund classifications by size are performed according to the first and third quartile of
the population AUM. The figures are in millions US$ and correspond to 10.5, and 154 for
the first and third quartile, respectively.

3The decomposition of the minimum variance portfolio is of equal magnitude to the
average: 20%, 48.57%, and 31.42% for the Small, Middle, and Big funds, respectively; And,
40.43%, 29.35%, and 30.21% for CTAs, Equity Hedge, and Macro funds, respectively.
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model assumptions. Despite the necessary large number of simulations to
statistically assess the long term quality of the tracker, the estimation of
the model remains tractable. From a theoretical perspective, the method-
ology implements does rely on any assumption on the data generating
process and it is free of heuristic constraints. This setting yields a highly
consistent, data driven tracking portfolios.

We demonstrate that the portfolios constructed under the balanced
sampling design closely track the total relative NAVs of individual funds
in the HF universe. The performance of the tracker is robust both in-
sample and out-of-sample, and it is stable in the long run. This charac-
teristic is fundamental for a passive investment strategy - specially in the
alternative investment world - since it avoids a costly rebalancing mech-
anism. I consider three different HF categories and a large sample con-
sisting of merging the 3 main styles in an unique global benchmark, and
I further confirmed in this case the relevance of constructing HF tracker
under a statistical balanced sampling design. This development can be
successfully applied for all asset classes and various auxiliary informa-
tion, from traditional investments to complex funds of HF portfolios.
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Strategy 1 Strategy2  Strategy 3 Strategy4  Strategy 5

S1mean = 349.2, S2 mean = 349.1, S3 mean = 350.7, S4 mean = 349.2, S5 Val =345.5.

Strategy 1 Strategy2  Strategy 3 Strategy4  Strategy 5

S1mean = 343.1, S2 mean = 343.1, S3 mean = 345.7, S4 mean = 343.3, S5 Val =346.9

\ \ \ \ \ \
1998 2000 2002 2004 2006 2008

Figure 5.7 — The first two row-entries display boxplots of the replicated relative NAVs
for the 10, 000 realizations of each tracking portfolio for strategies 1 to 4 and the realized
value of strategy 5. The first graph highlights the values at a given trading day of the
estimation period and the second are the numbers occurring in a random day of the
investment period. The horizontal red dotted line in both first plots indicates the raw value
of the total relative NAVs as of the specified trading day. Mean values for each strategy
appear in the subtitle below the figure. The lowest third graph displays the evolution of
the cumulative value of the relative mean square errors for strategy 1 (in black), strateqy
2 (in red), strateqy 3 (in blue), strategy 4 (in green), strategqy 5 (in orange), we have
the portfolio consisting of the 35 funds with the largest AUM and the proposed balanced
sampling portfolio is in black line. These results are derived from the large sample context,
combining the three HF categories under study to obtain an universe of 343 funds. The
number of funds in each tracker is n = 35.
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Figure 5.4 — The evolution of relative NAVs (first-column) and wealth achieved (second-column) from the best tracking portfolio out of the 10,000 selections, as
derived by the balanced sampling model. From the first to the third row, we have respectively Barclay CTAs, Global Macro, and Equity Hedge funds. The tracker is
composed of n = 10 funds.
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Figure 5.5 — Cumulative value of the relative mean square errors. Portfolio consisting of
the 10 funds with the largest AUM (in orange), balanced sampling (in black). From the
up to down, we have respectively Barclay CTAs, Global Macro, and Equity Hedge funds.
Each tracking portfolio is composed of n = 10 funds.
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Figure 5.6 — From upper to lower plot, the total HF relative NAV's (black line) embedded
in the 5th and 95th percentiles (red line) of the corresponding values; Deciles of the ratios
from 10,000 selected portfolios; The minimum variance portfolio; The wealth achieved
investing one dollar in the best tracking portfolio and the portfolio consisting of all the
funds in HF universe. These results are derived from the large sample context, combining
the three HF categories under study to obtain an universe of 343 funds. The number of

0990 099 1000 1005 1010

T T T
1998 2000 2002

2004 2006 2008

1998 2000 2002

2004 2006 2008

h
Total funds RN AVL
- Best tracker RNA
T

T T T
1998 2000 2002

2004 2006 2008

—— Total funds we
-=-=-- Besttracker vt
35 Big AUM F

T T T
1998 2000 2002

funds in each tracker is n = 35.

2004 2006



182

Chapter 5. Tracking Hedge Fund Performance

1.0-

006
< AAAE A Y N VO (AR CERCEREY R et -
R ] 1
= W CTAs
S i Equity.Hedge
o 12 Macro :
o

0.2

0.0-

ZDIDO 40‘00 ) 60‘00 80‘00 ) 10600
Number of tracking portfolio

1.0-

0.8-
006
e 111114 AR S
i) ] :
= ;L Small.Funds :
S ¥ Middle.Funds :
< ;[0 Big.Funds :
R 000 lmaire

0.2

0.0-

20‘00 40‘00 60‘00 80‘00 10[‘)00

Number of tracking portfolio

Figure 5.8 — The upper plot shows the decomposition of each tracking portfolio relative to
various HF category. The lower plot highlight the tracking portfolio distribution accord-
ing to fund AUM. Fund classifications by size are performed according to the first and
third quartile of the population AUM in millions of US$. Small Funds: AUM < 10.5
(first quartile), Middle Funds: AUM € (10.5,154), Big Funds: AUM > 154 (third
quartile). These results are derived from the large sample context, combining the three
HF categories under study to obtain an universe of 343 funds. The number of funds in
each tracker is n = 35.



CONCLUSION AND FURTHER
RESEARCH

This thesis focuses on the quantitative modelling of one of the fastest
growing business models in the financial industry, namely the hedge
funds. As mentioned in different sections of this manuscript, the hedge
fund or alternative investment sector is characterized by highly complex
investment universe and is a key player in the globalized financial arena.
Hedge fund investments are dynamic, market-adapting, and highly het-
erogeneous. A better understanding of hedge fund practices and perfor-
mance dynamics is therefore important for both investors and regulators.
Since August 1998 Russian debt crisis and the Long Term Capital Asset
Management event, research on hedge fund has grown remarkably. The
majority of the analysis is implemented under the usual assumption of
parametric models: stationarity, and/or linearity. The current thesis cap-
italizes on the rich empirical literature to build a framework more in line
with the statistical properties of hedge fund returns. It takes advantage
of three main statistical frameworks: Nonstationarity, Nonparametric, and
Survey sampling methodology.

The first part of the thesis is dedicated to the issue of hedge fund
replication. The empirical literature on the subject is profuse. Recent
advances highlight the benefits of macro risk factors in driving hedge fund
returns. The framework outlined in Chapter 2 differs from other recent
studies by focusing on the dynamic and adapting nature of hedge fund
investment strategies. Unlike the purely linear hedge fund replication
methodology, our performance-adaptive approach allows the detection of
dynamic patterns between index returns and market risk factors. Our
results draw a more nuanced picture of the predictive ability of commonly
used market risk factors of hedge fund returns. While the factor model
specification fails to predict hedge fund returns, our performance-adaptive
approach is capable of explaining and predicting the aggregated style-
specific abnormal returns (alphas). This conclusion indicates that hedge
fund return dynamics are more complex than what is generally assumed,
and that a simple linear factor model can not satisfactory describe the
data generating process. Future research should move from a macro factor
analysis to a micro level, and be able to tackle deeply the heterogeneity
associated to the hedge fund industry.
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Chapter 5. General conclusions and outlooks

In Chapter 3, we present an extension of the distribution free method,
implemented in the previous chapter, for constructing a multistrategy
portfolio of hedge funds. The popularity of hedge fund investing takes
its grounds on the increased returns and diversification benefits offered to
investors. One of the optimal ways to gain access to hedge fund double-
digit returns is through funds-of-hedge funds. Chapter 3 documents a
robust strategy, originated from the sequential investment theory, that re-
linquishes the usual global stationary assumption and mean-variance cri-
terion for a locally stationary and nonparametric paradigm. The approach
is flexible and allows the manager to reach the maximum rate of growth
of capital, with minimal assumption on the underlying process. The main
task consists of individuating returns that are ‘similar” according to a de-
fined metric. Our results show the superiority of locally stationary models
in portfolio allocation. A possible drawback of our approach, the dynam-
ics of the constructed portfolios are more volatile. A direction for further
research is to investigate the possibility of incorporating a risk measure in
the optimization methodology without loosing its distribution free spirit.

The last part of this thesis deals with applications of the sampling
methodology. We intend to construct a bridge between sampling and fi-
nance, through the market tracking issue. Motivated by the development
of index-related products, we implement a consistent tracking method-
ology. Selecting of subset of assets to reconstruct the dynamic changes
of a large sample is a natural sampling problem. Nevertheless, there are
several sampling designs with distinct characteristics and this document
focuses on balanced sampling. In Chapters, we track the total market capi-
talization of the equity S&P 500 market and Chapters addresses the index-
ing of three main hedge fund categories. Units are selected randomly with
unequal and strictly positive inclusion probability to all constituents. The
diversification property is automatically ensured by the sampling design.
We show that in some cases, it is convenient to overrepresent some assets
in the sample. In both cases equity and hedge fund, the tracking ability of
the proposed sampling design is strong in-sample and out-of-sample. The
constructed tracking portfolios perform better during the recent financial
crisis. With a small number of assets (less than 10%), we are able to recon-
struct the time evolving changes of a broad market. This approach is novel
in the empirical financial literature and opens interesting new avenues for
future research (for example, the determination of optimal size constraint
parameter to achieve the best tracking portfolio).

A common feature of the approaches proposed in this thesis is the
reliance on minimal assumptions on the data generating process when
building consistent empirical models. Last but not least, it is worth em-
phasizing once more that in finance, a solid quantitative framework has to
be associated to intelligent qualitative judgements.
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