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Abstract

Data assimilation (DA) consists in combining observations and pre-
dictions of a numerical model to produce an optimal estimate of the
evolving state of a system. Over the last decade, DA methods based on
the Ensemble Kalman Filter (EnKF) have been particularly explored
in various geoscience fields for inverse modelling. Although this type of
ensemble methods can handle high-dimensional systems, they assume
that the errors coming from whether the observations or the numerical
model are multi-Gaussian. To handle potential nonlinearities between
the observations and the state or parameter variables to estimate, iter-
ative variants have been proposed. In this thesis, we first focus on two
main iterative ensemble smoother methods for the calibration of a syn-
thetic 2D groundwater model. Using the same set of sparse and transient
flow data, we analyse each method when employing them to condition
an ensemble of multi-Gaussian hydraulic conductivity fields. We then
further explore the application of one iterative ensemble smoother al-
gorithm (ES-MDA) in situations of variable complexity, depending on
the geostatistical simulation method used to simulate the prior geo-
logical information. The applicability of a parameterization based on
the normal-score transform is first investigated. The robustness of the
method against nonlinearities is then further explored in the case of
discrete facies realizations obtained with a truncated Gaussian tech-
nique and updated via their underlying variables. Based on the ob-
served limitations and benefits of the forementioned parameterizations,
we finally propose a new methodology for the conditioning of categor-
ical multiple-point statistics (MPS) simulations to dynamic data with
a state-of-the-art ensemble Kalman method by taking the example of
the Ensemble Smoother with Multiple Data Assimilation (ES-MDA).
Our methodology relies on a novel multi-resolution parameterization of
the categorical MPS simulation. The ensemble of latent parameters is
initially defined on the basis of the coarsest-resolution simulations of an
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ensemble of multi-resolution MPS simulations. Because this ensemble
is non-multi-Gaussian, additional steps prior to the computation of the
first update are proposed. In particular, the parameters are updated at
predefined locations at the coarsest scale and integrated as hard data
to generate a new multi-resolution MPS simulation. The results on
the synthetic problem illustrate that the method converges towards a
set of final categorical realizations that are consistent with the initial
categorical ensemble. The convergence is reliable in the sense that it
is fully controlled by the integration of the ES-MDA update into the
new conditional multi-resolution MPS simulations. Moreover, thanks
to the proposed parameterization, the identification of the geological
structures during the data assimilation is particularly efficient for this
example. The comparison between the estimated uncertainty and a ref-
erence estimate obtained with a Monte Carlo method shows that the
uncertainty is not severely reduced during the assimilation as is often
the case. The connectivity is successfully reproduced during the itera-
tive procedure despite the rather large distance between the observation
points.

Key words

ensemble Kalman methods; data assimilation; iterative ensemble
smoother algorithms; inverse modelling; parameter identification; un-
certainty; groundwater; multi-Gaussian variables; non-Gaussian vari-
ables; categorical variables; parameterization; normal-score transform;
multi-resolution multiple-point statistics
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Chapter 1

Introduction

1.1 Context and motivation

In groundwater modelling, the term “calibration” is often used to
refer to the process of adjusting model inputs (e.g. hydraulic parame-
ters, boundary conditions, initial conditions, source terms) so that the
simulated state variables (e.g. hydraulic heads, groundwater flow rates,
solute concentrations, etc.) reasonably match available observations.
In this context, state observations can be leveraged in order to identify
uncertain inputs of the system being modelled. This problem, more
generally known as the “inverse problem”, is particularly challenging
in geosciences as the number of available observations is often much
smaller than the number of unknown. In fact, the number of variables
to be inferred is directly related to the model resolution. With the
increasing complexity of the numerical models developed nowadays,
this discrepancy between the number of observations and the number of
unknown also tends to increase. In these situations, the inverse problem
is under-determined and does not have a unique solution. Depending
on the context, the inverse problems can suffer as well from the absence
of solution or extreme sensitivities to small variations in measurements
of the state variables. All these properties make the inverse problem
mathematically ill-posed. A first step in mitigating the ill-posedness of
the problem consists in restricting the space within which the unknown
may vary by considering some prior information or so-called “expert
knowledge”. Even then, many solutions of the inverse problem can exist.
A main challenge when solving inverse problems is therefore to be able
to address the uncertainty associated to the variables to estimate. In
a stochastic framework, the initial uncertainty can be represented by a
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presumed probability distribution. Then, inverse methods derived from
a probabilistic framework can be employed in order to estimate a new
distribution which allows a proper fit of the state observations.

This thesis was originally motivated by a real inverse problem as
part of the investigations conducted by the French National Agency
for Radioactive Waste Management (ANDRA) to study the condi-
tions of a deep geological repository in northeastern France (Figure
1.1). In the framework of this project, a transient variably-saturated
groundwater flow model of a local multi-layered aquifer system was
developed in order to better understand the local flow behavior at
the Meuse/Haute-Marne site (Figure 1.1) (Benabderrahmane et al.,
2014; Kerrou et al., 2017). Since the excavation of the access shafts of
about 500 m depth to the Underground Research Laboratory (URL) in
the target low-permeable Callovo-Oxfordian formation, local hydraulic
head time series (Figure 1.2) as well as flowrates produced at differ-
ent depths in the drained shafts have been recorded in the permeable
Oxfordian formations located above (Delay et al., 2007). The inverse
problem consists in using these local flow data covering a large pe-
riod of time (17 years) in order to improve the characterization of the
lithologic structures and heterogeneities of the Oxfordian formations.
Specifically, the goal is to condition the uncertain hydraulic conductiv-
ity and specific storage parameters of the numerical groundwater model.

Given the nonlinearity and high dimensionality of the numerical
groundwater model developed by ANDRA, ensemble data assimilation
methods have been considered because their large-scale applicability has
been illustrated more particularly in numerical weather prediction (An-
derson, 2009), oceanography (Bertino et al., 2003) and reservoir mod-
elling (Gu and Oliver, 2006). The particular challenges that the data
assimilation methods will have to face for this case are two-fold:

1. Considering the presence of geological structures of higher perme-
abilities in the conceptual model (Figure 1.3), an important goal
will be to generate conditional fields that are consistent with the
prior geological information.

2. Apart from the long time series of hydraulic head and flowrate
observations collected in the near vicinity of the two shafts, there
is no additional monitoring of the transient piezometric heads to
support the model calibration in the region of interest (Figure 1.1).
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Figure 1.1: Location of the Meuse/Haute-Marne Underground Research
Laboratory (URL) in the Paris Basin with the geological settings, and
the region of interest for the model calibration circled in blue. (Modified
after Delay et al. (2007); Linard et al. (2011); Kerrou et al. (2017).)

Figure 1.2: Example of hydraulic head observations (solid lines) moni-
tored at different locations and depths in the near vicinity of the shafts.
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(a) 2D cross sections of a 3D log hydraulic conductivity field with the locations
of the two access shafts (PPA & PAX) and the area of interest (ZT and ZIRA).

(b) Zoom on one cross section in the vicinity of the PPA shalft.

Figure 1.3: Overview of the 3D groundwater model of the Andra’s
Underground Research Laboratory (URL) site in Meuse/Haute-Marne.
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1.2 Scope of the current research

This thesis is focused on the analysis of a group of ensemble Kalman
methods, namely the iterative ensemble smoothers, for the inverse mod-
elling of groundwater flow parameters. Given the underlying Gaussian
and linear assumptions of this type of data assimilation methods, favor-
able and less favorable synthetic cases have been investigated.

In many fields, we observe that there is a growing interest for the
estimation of bounded or categorical variables (Bocquet et al., 2010).
Within the framework of inverse modelling and data assimilation more
generally, this interest motivates the development of novel methods
which can deal with non-multi-Gaussian distributions (Liu and Oliver,
2005; Chen et al., 2009; Zhou et al., 2011; Li et al., 2012; Hu et al.,
2013; Jafarpour and Khodabakhshi, 2011; Cao et al., 2018; Ma and Ja-
farpour, 2018). Hence after first having explored the capability of the
iterative ensemble smoother in a proper multivariate Gaussian case, the
research work aimed to progressively depart from this standard case and
ultimately address the less favorable discrete case.

For all cases, a synthetic groundwater flow model inspired by the
real field case of the ANDRA'’s project and previous studies (Bourgeat
et al., 2004; Deman et al., 2015) was used to conduct the numerical
experiments. The idea was to be able to perform systematic tests on
a manageable model in terms of computational resource and running
time. Although this model is synthetic, it is worth underlining that it
still considers the particularities of the real field case. In particular, one
specificity of this research is the sparse conditioning from a few obser-
vations points. This sparsity is not addressed to that extent in most
synthetic studies, and actually represented a major constraint for the
successful application of the method in the cases that we considered.
Also, in order to consider a case that would be close to the real prac-
tical situation, we did not consider hard conditioning data prior to the
data assimilation. Consequently, the issue of preserving the hard data
conditioning throughout the data assimilation was not addressed in this
thesis.

In the end, the research focused on the analysis of several variants
of a synthetic inverse problem for which a proper implementation of the
ensemble method was feasible despite well known practical issues of en-
semble Kalman methods. We intend to give in this thesis a walk-through
of the different aspects which have been learned through experiments,
and which overall contributed to the development of a new methodol-
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ogy for the conditioning of categorical fields generated by multiple-point
statistics (MPS). Thanks to the realistic constraints that were set up in
the synthetic inverse problem, we believe that the proposed data assimi-
lation procedure offers promising perspectives for the application to real
cases of ensemble Kalman methods in the discrete case.

Code and implementation

All the ensemble Kalman methods that were tested and studied in this
thesis were implemented in Python from scratch. The detailed descrip-
tion of the algorithms can be found for example in the appendix of (Chen
and Oliver, 2013; Emerick, 2016). To perform our tests efficiently, the
code was developed such that it could run in parallel the ensemble of
prediction and update steps on a Linux cluster. The implementation
of the explored methodologies and the visualization of the test case re-
sults will soon be available on GitHub (https://github.com/lamd91). In
addition, the two following codes have been employed:

e The finite element code GroundWater (GW) (Fabien Cornaton,
2014) for solving the groundwater flow equation in our synthetic
case.

e The direct sampling code DeeSse (Straubhaar, 2017) for generat-
ing the categorical multiple-point simulations in our bimodal case
of log hydraulic conductivity fields, and more importantly in our
discrete MPS case with the multi-resolution approach based on
the Gaussian pyramid technique (Straubhaar et al., 2020).

1.3 Structure of the thesis

We start in Chapter 2 by introducing the ensemble data assimilation
framework which was more particularly considered in this thesis for the
inverse modelling of parameter fields.

Chapter 3 addresses the application of the iterative ensemble
smoother method in a multivariate Gaussian setting which is considered
to be favorable for the method. For this first case, two conceptually dif-
ferent algorithms, but developed for the same purpose, were compared
in order to get a better sense of the capability and existing variations of
performance of the method.

Chapter 4 investigates the potential of an approach to handle non-
Gaussian parameter and state variables which was proposed for the ap-
plication of the ensemble Kalman filter (EnKF) to an inverse problem in
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hydrogeology (Zhou et al., 2011). The approach is based on a nonlinear
normal-score transform of the variables which has been used extensively
in geosciences (Bertino et al., 2003; Gu and Oliver, 2006; Zhao et al.,
2008; Simon and Bertino, 2009; Béal et al., 2010; Zhou et al., 2011; Li
et al., 2012; Schoniger et al., 2012; Crestani et al., 2013; Zovi et al., 2017).
By using this approach with an iterative ensemble smoother algorithm,
we aim to address the non-Gaussian parameter case with an example of
bimodal distribution of log hydraulic conductivities. Although this case
is considered continuous in regards to the log hydraulic conductivity
values, it addresses implicitly the discrete case since the underlying pat-
terns were generated initially with a discrete geostatistical simulation
technique. Will the iterative ensemble smoother succeed in recovering
those discrete patterns?

Chapter 5 aims to learn from an example of application of ensemble
methods in the discrete case based on the truncated Gaussian simulation
technique. Asshown by Liu and Oliver (2005), a parameterization based
on the multi-Gaussian underlying variables is particularly appropriate
in that case. However, the proposed parameterization may affect the
reliability of the estimates as a result of the increased nonlinearity be-
tween the defined parameters and the observations. Through two simple
truncated Gaussian and pluri-Gaussian examples, the nonlinear effects
of the parameterization on the accuracy of the estimated uncertainty
and the quality of the data match are discussed.

Chapter 6 presents a new methodology for the conditioning of cat-
egorical realizations generated by multiple-point statistics with an en-
semble Kalman method. Similarly to the application with truncated
Gaussian realizations, it relies on a parameterization based on a set of
continuous underlying variables which control the categorical simula-
tion. However, because the control variables are not multivariate Gaus-
sian, additional steps to mitigate the effects of the non-multi-Gaussian
prior ensemble are also integrated in the data assimilation procedure.
This chapter constitutes the base of a paper that was accepted for pub-
lication in Water Resources Research!.

Finally, we summarize the main contributions of this thesis and give
some perspectives for future research in Chapter 7.

'Lam, D.-T., Renard, P., Straubhaar, J., Kerrou, J. (2020). Multi-
resolution approach to condition categorical multiple-point realizations to dynamic
data with iterative ensemble smoothing. Water Resources Research, 56, 1-29.
https://doi.org/10.1029/2019WR025875
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Chapter 2

Background on
ensemble-based data
assimilation

2.1 A brief statement of the situation

In hydrogeology, it is often observed that the largest source of un-
certainty for the flow model is associated with the poorly known aquifer
hydraulic properties. The accuracy of the flow predictions will hence
mostly depend on the accuracy of the defined aquifer hydraulic pa-
rameters. As a result, the inverse problem (De Marsily et al., 1999;
Le Ravalec, 2005; Carrera et al., 2005; Oliver et al., 2008; Zhou et al.,
2014) usually aims to use available state observations (e.g., hydraulic
heads, flow rates, concentrations) in order to improve the identification
of aquifer property values of the numerical model (e.g. hydraulic con-
ductivities, specific storages).

The inverse problem was often formulated as a minimization prob-
lem. In this framework, the problem then consists in finding the set of
parameters which gives the best match between the model output and
available flow data. Such an optimization problem is usually solved by
first defining an appropriate cost function and then by solving for the
minimum using a gradient method. The difficulties however arise when
the relationship between the parameters and observations is nonlinear.
In this situation, the cost function is likely to contain local minima and
the global minimum may be difficult to find. For this reason, these
methods may not be suitable for the conditioning of discrete parame-
ters since their relationship with the flow data can be strongly nonlinear
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(Oliver and Chen, 2011). Inverse methods based on minimization meth-
ods are often combined with parameterization techniques allowing to
reduce the number of parameters, thereby mitigating the ill-posedness
of the inverse problem (Zhou et al., 2014). A general drawback of inverse
methods based on minimization is that, unless performed in a stochastic
framework using an ensemble of random realizations of parameter fields,
they will lead to a single solution and hence limit the possibility of quan-
tifying an uncertainty associated to that estimation (Hendricks Franssen
et al., 2009; Zhou et al., 2014).

An alternative is to formulate the inverse problem in a Bayesian
framework and use sampling methods, such as the rejection sampling
or Markov Chain Monte Carlo methods. These methods aim to draw
samples from the posterior probability distribution, i.e. the parameter
distribution conditioned by all the prior information about plausible pa-
rameter values and the available state information (Linde et al., 2015).
The advantage of sampling methods over optimization methods is that
they can handle more complex parameter distributions which may be in
closer agreement with the observed reality. Also, they can allow a more
rigorous uncertainty quantification thanks to the Bayesian framework.
However, a main drawback of this type of approaches is that their com-
putational cost may be too high for practical applications when a large
number of parameters is considered (Oliver and Chen, 2011).

Still in the Bayesian framework, another type of methods is the se-
quential Monte Carlo methods also known as particle filters. These
methods were designed to give an approximate solution of the recur-
sive Bayesian estimation problem using sequential importance sampling
(Gustafsson, 2010). Although such methods can approximate any type
of distribution, the number of samples to obtain a good approximation
of the posterior distribution grows exponentially with the size of the
problem (van Leeuwen, 1998). Similarly to particle filters, the ensemble
Kalman filter (EnKF) (Evensen, 1994) is also a sequential Monte Carlo
technique. But, unlike particle filters, EnKF assumes a linear Gaussian
state-space model for the computation of the update of the samples
used to approximate the posterior distribution. Despite this restrictive
multivariate Gaussian assumption, EnKF methods have the ability to
handle very high-dimensional space and in fact also nonlinear estimation
problems (Evensen, 2009b). In the remaining of this chapter, we will
focus more particularly on this type of ensemble methods. Although
they were originally developed for state estimation problems, they are
currently particularly applied in the context of inverse modelling in var-
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ious fields of geosciences (Moradkhani et al., 2005; Chen and Zhang,
2006; Gu and Oliver, 2006; Hendricks Franssen and Kinzelbach, 2008;
Evensen, 2009b; Zhou et al., 2011; Oliver and Chen, 2011).

2.2 Background on ensemble-based data assim-
ilation

This section aims to give some background on Kalman filtering for
the state estimation problem before introducing more particularly the
ensemble Kalman filter (EnKF) of Evensen (1994). This sequential data
assimilation method was designed to address high-dimensional and pos-
sibly nonlinear estimation problems, and has since led or inspired the
derivation of a number of other ensemble methods including the itera-
tive ensemble smoothers that we will discuss more particularly in the
next chapters.

2.2.1 Understanding the Kalman filter

In estimation theory, Kalman filtering (Kalman, 1960) is a technique
commonly used to estimate the current state of a linear dynamical sys-
tem from uncertain observations. Given an imperfect model predicting
the evolution of the state of the system and available measurements,
the Kalman filter computes an update of the predicted state in order
to produce an optimal estimate of the current state (Figure 2.1). The
Kalman filter is recursive, as it will sequentially process the measure-
ments collected at each time step. Using the result from the previous
iteration only, the algorithm iteratively repeats itself for each new
measurements.

Figure 2.1: Illustration of the recursive prediction and update steps in
Kalman filtering.
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Let us consider at a time step h, when some measurements (yp,)
are available, the vector of states ($£) predicted by the model, and its
explicit error covariance matrix (P,]: ) describing the magnitude of the
uncertainty of each variable on its diagonal and the covariance between
each pair off its diagonal. The Kalman filter computes the weights which
will be used to linearly combine the predicted estimate with the mea-
surement vector in order to produce an updated estimate (xf) (Figure
2.2). These weights, or the so-called “Kalman gain”, will minimize the
updated error covariance or equivalently the mean squared estimation
error. They can be derived analytically if we consider that the model
is linear and that all the errors are multi-Gaussian. The weights are
based on the ratio between the error covariance of the predicted esti-
mate (P,{ ) and the error covariance of the measurement vector (Rp).
If the Kalman gain is large, it means that the uncertainty of the mea-
surements is smaller than the uncertainty of the predicted estimate,
therefore the measurement’s weight will be high and the predicted esti-
mate’s will be low. Inversely, if the Kalman gain is small, it means that
the uncertainty of the measurements is higher than the uncertainty of
the predicted estimate, hence the measurement’s weight will be low and
the predicted estimate’s will be high. After the state vector is updated,
the Kalman filter updates the error covariance in order to reflect the
new information from the measurements which have been assimilated.

Figure 2.2: Illustration of the Kalman filter update step in one dimen-
sion at a time step h. Assuming a linear model and Gaussian errors,

the new state xf is estimated by linearly combining the predicted state

a;£ and the measurement yp,.
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2.2.2 The multivariate Kalman filtering equations

Suppose that the state vector zf_; and its error covariance matrix
Py, are known at time step h — 1.

During the prediction step, the Kalman filter predicts the state vec-
tor from time step h — 1 to time step h according to the solution of the
dynamic model describing the system

ol = My_q2§_, (2.1)

where Mj,_; is the state transition matrix relating the previous state
xy_, to the current state a:i The associated covariance matrix is prop-
agated as

Pl =M, P M+ Q (2.2)

where @, is the covariance matrix of the model error.

If observations y;, are available at time step h, the Kalman filter
performs an update of the predicted results m£ and P}{ by computing
an updated estimate xf (also known as the “analysis”) and its updated
error covariance Py as follows

2f = ol + Kp(yn — Hpzl) (2.3)

Py = (I - KyHy)P/ (2.4)

where H is a linear observation operator which maps the state space into
the observation space and K a gain matrix also known as the Kalman
gain matrix. K is derived so as to minimize the variance of the estima-
tion error

Ky, = PHT (H,P{H] + Ry)™! (2.5)
where Rj, denotes the measurement error covariance matrix. Once the

Kalman gain is calculated, the updated estimate ¢ is obtained by com-

bining the measurements y, with the predicted estimate $£ The esti-
mation error is decreased after the update, as expressed in the updated
error covariance P?.

Figure 2.3: Overview of the two stages of Kalman filtering
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The Kalman filter optimal estimation is derived in the linear case by
implicitly assuming that all the errors statistics, i.e. for the state, the
model and the measurements, are multivariate Gaussian. It is worth
noting that in such a case, the updated state mean and updated error
covariance calculated by the Kalman filter is the same as the estimation
that would be obtained by Bayesian inference.

In practice, the Kalman filter (KF) is also used in nonlinear cases,
namely when the model and/or the observation operator is nonlinear.
However, optimality is lost in this “Extended Kalman filter” (EKF) as
the probability density function of the state is probably not multivariate
Gaussian anymore even if the initial errors were.

If M is nonlinear, the analysis step is the same as in KF while the
forecast step uses the nonlinear model

wl = My () (2.6)

The main issue comes from the propagation of the error covariance ac-

cording to (2.2) which now relies on the linearization, and hence approx-

imation, of the model with the Jacobian of the model evaluated at z
_dMy

M, = 2.7
hE 0 e (2.7)

If the observation operator is nonlinear, the nonlinear operator is
used in the analysis step

wf = af, + Kn(yn — Hal(x})) (2.8)
and the linearized observation operator

_dt

H, = (2.9)

f
d.T Ty,

is used to evaluate the Kalman gain (2.5) and the updated error covari-
ance (2.4).

2.2.3 The ensemble strategy

One main limitation of Kalman filtering is the explicit computation
and storage of the error covariance matrix of size n X n with n the size
of the state vector. As a result, the Kalman filter is computationally
intractable for high-dimensional systems as often encountered in geo-
sciences.
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To address high-dimensional estimation problems, an ensemble ap-
proximation of the Kalman filter named the ensemble Kalman filter
(EnKF) was proposed by Evensen (1994). Unlike the Kalman filter,
EnKF does not predict (nor update) directly the n-dimensional mean
state and the n x n error covariance. Instead, it propagates N < n
realizations :n(()z)f with ¢ = 1,..., N and computes an approximative co-
variance matrix using the ensemble of realizations (Figure 2.4).

Figure 2.4: Schematic of the ensemble Kalman filter (EnKF). The
lines represent individual ensemble members and the red crosses indicate
observations.

In this sense, EnKF can be considered as a Monte Carlo implementa-
tion of the Kalman filter. The covariance is estimated from the ensemble
as follows

1 -
o=y m) (2.10)
=1
B = 5= @ — )@y )" (2.11)

In this manner, the explicit computation of the error covariance matrix
of the Kalman filter is replaced by a low rank approximation which now
only requires the storage of n x N values. Besides, according to how
the error covariance is approximated in (2.11), the ensemble mean is
considered to be the best estimate of the true state and the spreading of
the ensemble around the mean provides an estimation of the uncertainty
on the mean estimate (Evensen, 1994).

If observations y; are available at time step h, then each predicted
state (or forecast) of the ensemble is updated according to the same
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Kalman filter equation used to update the mean forecast (2.3),
o = 2+ K — Ha (o)1) (2.12)

Instead of the Kalman gain computed using the full covariance in the
Kalman filter (2.5), an approximation of the Kalman gain is here calcu-
lated based on the approximated covariance Pf. As a matter of fact, Pf
is never directly calculated in practice. The two following terms required
in the Kalman gain are approximated from the ensemble (Evensen, 2003)
as follows

N N r
1 i i 1 i
P,{H,? =N 1 Z(:zg)f — xi) (Hh(Ig)f) N Z’Hh(xé)f))
i=1 i=1

Hence the linearized observation operator used in the extended Kalman
filter, and which as a matter of fact causes instabilities in the propaga-
tion of the error, is not needed here.

The forecast or prediction to time step h + 1 is then applied as

e = My ()" (2.15)

In the EnKF algorithm proposed by Evensen (1994), also knows
as the stochastic EnKF| each assimilated measurements yj, are in fact
perturbed by a random noise vector 6;:) ~ N (0, Ry,) for each ensemble
member in the update step. The rationale for those perturbed observa-
tions is that the variance of the ensemble of updated EnKF estimates
would be otherwise underestimated compared to the updated covariance
calculated by the Kalman filter (Houtekamer and Mitchell, 1998).

2.2.4 Inverse modelling with the ensemble Kalman filter

Although the Kalman filter and its ensemble approximation are
mainly used to estimate state variables which evolve in time, it can
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also be used to estimate static input parameters m to a dynamic model
in addition or instead of the states. A common way of introducing the
parameter estimation problem with EnKF is with the so-called “aug-
mented state” approach for the combined estimation of states and pa-
rameters. Each augmented state vector now also includes a sampled set
of parameters m()f

. (@)f
@f_| %
x@f = [ Y } (2.16)

The analysis or update step can hence be expressed in terms of the
augmented state vector at time step h

X0 = X\ CL  HT (HR L H +Ri) ™ (g€ = HaX() (217)

where H is a linear observation operator relating the augmented state
vector to the observations. Unlike in the previous linear Gaussian state
case, it contains more zeros because of the addition of the parameters
in the state vector. Cx corresponds to the augmented covariance as-
sociated to the augmented state vector which can be approximated by

c.C. (2.18)

where Cuz, Cz, Crum are respectively the auto-covariance of the state
variables, the cross-covariance between the model parameters and the
states, and the auto-covariance of the parameters. It is worth mention-
ing that if the operator relating the parameters to the state vector is
nonlinear, then this augmented covariance implies a linearization of the
operator at the ensemble mean m (Gu and Oliver, 2007).

Ultimately as H = [ H, 0 |, the update of each of the subvectors
of state variables and model parameters can be written

s T g
m@a | — | O
CJIHE(HxC%CxHE + R)_l X (y + 6(1) _ Hgﬁx(z)f)
C£IH§(HxC£xH$ + R)_l X (y + el — Hxx(z)f)

T
CX _ |: Cacx Cm;r :|

" (2.19)

Alternatively, the update equation of the parameters can also be
equivalently expressed in terms of a model operator g which predicts
the observations d from the parameters m, and hence includes the mea-
surement operator H, as follows

mdae — pOF 4 CqJ;d(CCJl‘d + R) Y (yp + €D — g(m®D7y) (2.20)
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A prediction or forecast step to time step h + 1 then follows. Since
the parameters do not evolve in time according to some dynamics, only
the states are updated given the updated states and parameters

:Eg%fl _ | Maa mi) (2.21)
NGy e -
h+1 h

Although the joint estimation of both states and parameters is pos-
sible using this augmented state approach, it can result in physical in-
consistencies between the updated states and the updated parameters
when the relationship is nonlinear, and also because the degree of free-
dom in the system is increased (Moradkhani et al., 2005; Gu and Oliver,
2007; Chen et al., 2009). As an alternative, (Moradkhani et al., 2005)
proposed for a hydrological application a dual EnKF approach where
parameters and states are updated one after the other at each iteration.
Thus, only the parameters are first updated with EnKF by assimilation
of some current data, and the updated parameters are used to predict,
restarting from the old state calculated from the previous assimilation,
the current states which are in turn updated with EnKF using again the
same data. Another option to completely avoid this consistency issue
is to update only the parameters when assimilating the measurements
at a time step, and then perform the prediction step using the updated
parameters from time zero until the new assimilation time step in order
to obtain the predicted states (Gu and Oliver, 2007).

Moreover, the nonlinearity between the parameters and states can
yield estimates which do not sufficiently honor the data (Gu and Oliver,
2007). To improve the accuracy of the estimates obtained with EnKF,
iterative updating schemes of ensemble methods, such as the iterative
ensemble Kalman filter originally proposed by Gu and Oliver (2007) with
the sequential EnRML algorithm, have been developed among other iter-
ative methods (Chen and Oliver, 2012; Emerick and Reynolds, 2012b,a;
Chen and Oliver, 2013; Bocquet and Sakov, 2014).

2.2.5 Practical issues with ensemble methods

The low rank approximation of the error covariance matrix which
actually makes ensemble Kalman methods feasible for high-dimensional
problems is also known to introduce sampling errors. Although these
sampling errors will decrease proportionally to 1/ VN with N the en-
semble size (Evensen, 2003), the size of the ensemble used is generally
restricted by the computational cost. For high-dimensional systems, the
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limited number of ensemble members, usually in the order of 10%, can
hence be smaller than the number of variables to estimate. However,
as pointed by Evensen (2009a), the degree of freedom of the state or
parameter space can be much less than the actual number of gridblocks
of the model as the variables may not be independent from each other
given the prior correlations. Still, in many applications of ensemble
methods, the ensemble may not span the model subspace adequately
and the resulting under-sampled system will likely cause problems that
will affect the performance of the ensemble method. That is mainly
why extra measures are almost always required in real applications in
order to obtain an acceptable performance of ensemble Kalman meth-
ods. Hereinafter, we give an overview of the issues associated to the
under-sampling from a limited number of ensemble members, and some
practical measures commonly employed to mitigate them. We then con-
clude with some computational aspects associated to the application of
ensemble methods.

Issue n® 1: Inbreeding

Inbreeding is a term used by Houtekamer and Mitchell (1998) to
describe the systematic underestimation of the uncertainty observed as
a result of using the same ensemble to both approximate the Kalman
gain and to estimate the error using that gain. The ensemble members
are becoming more and more coupled after each update step, thereby
potentially underestimating the uncertainty. van Leeuwen (1998) has
however argued that this observed inbreeding was also due to the under-
sampling resulting from the use of small ensembles. In the end, the
combined effects of the under-sampling and the coupling effects from
the Kalman gain will decrease with the increase of the ensemble size.

Issue n® 2: Spurious correlations

Because of the limited size N of the ensemble, the ensemble can
only transport limited information with an approximated sampled error
covariance of at most rank N — 1. As a result, existing zero entries
of the full error covariance matrix are difficult to reproduce and spuri-
ous correlations can appear in the sampled covariance. In particular,
components of the state vector distant from observations can be erro-
neously updated as a result of an error in the covariance which increases
with the distance (Hamill et al., 2001). Although the spurious updates
may cancel out and the drift in the estimated mean may be negligible,
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the spurious updates will over time or over the iterations lead to an
underestimation of the uncertainty (Evensen, 2009a).

Mitigation methods

Localization and inflation are extra measures of many applications
of EnKF methods. These ad hoc methods have been mainly developed
in atmospheric and oceanographic applications with the aim of mitigat-
ing the forementioned consequences of using small ensembles.

Localization aims to address the issue of spurious correlations. The
idea of localization is to update only a subset of variables of the state
vector with each measurement. In other words, localization allows the
reduction of the dimension of the update step. There are in fact two
classes of localization methods that are currently used, namely covari-
ance localization and local updating (Evensen, 2009a). Both relies on
prior knowledge of the true covariance structure. In particular, given
the underlying dynamics in geo-science applications, a zero correlation
is often assumed between two distant state components or between one
state component and a distant observation.

Covariance localization consists in postprocessing the noisy n x n
ensemble-based covariance C';(, and hence the resulting Kalman gain,
prior to the computation of each update. The covariance is multiplied el-
ement by element with a distance-dependent correlation function which
varies from 1.0 at the variable location to 0 at some predefined radial
distance (Figure 2.5).

Figure 2.5: Example of a distance-based covariance localization func-
tion.

Emerick and Reynolds (2011) suggested setting this “critical distance”
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based on the principle correlation lengths of the model and sensitivity
matrices. A necessary condition on the chosen correlation function is
that the resulting n x n localization matrix, noted p, should be positive
definite in order to ensure a valid localized covariance C;;l e = PO

C’;; (where o represents here the element-wise multiplication or Schur
product). A standard choice of localization function is the Gaussian-
like fifth order polynomial with compact support of Gaspari and Cohn
(1999). Once the covariance is localized or “tapered”, the long range
spurious correlations are effectively truncated in C;( 1oc and the resulting
Kalman gain 7

K= [(po L)) [Hupo 04 HE +Ri| T (222)

will allow to substantially reduce the errors in the updated estimates
(Figure 2.6).

Figure 2.6: Illustration from Petrie and Dance (2010) of the motivation
behind covariance localization. In order to better approximate the true
covariance matrix P)f( (a), the noisy spurious covariances in the sample

covariance C’;} (b) are filtered from the localized covariance ng 1oe (€)-

As a matter of fact, there are other variants of implementation of covari-
ance localization (Chen and Oliver, 2017). For example, the following
formulation of the Kalman gain

-1
K, = [po (Cf(’hHT)} [po (HnC% , HI) + Ry, (2.23)

has been proposed and allows to replace the computation of Schur prod-
ucts between n X n matrices with less expensive products of matrices.
For the case of parameter estimation according to (2.19) or (2.20), the
first Schur product in (2.23) will involve a matrix p,,q of size Ny, X Ny,
with N,, and Ny the number of parameters and the number of observa-
tions respectively, while the second Schur product will involve a matrix
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paq of size Ng x Ng. As mentioned in Chen and Oliver (2017), an-
other option for covariance localization is to apply the localization on
the whole Kalman gain using p,,q in (2.20).

Local updating is a localization technique particularly used in atmo-
spheric and oceanography applications. It allows to perform the update
gridblock by gridblock by assimilating only a subset of observations lo-
cated in the vicinity of the gridblock to be updated (Figure 2.7). In
this manner, the contribution of distant observations which are likely to
be dominated with noise are removed (Chen and Oliver, 2017). How-
ever, this range of influence requires tuning as it should be large enough
to include the relevant measurements, but small enough to remove the
spurious impact of remote observations.

Figure 2.7: Ilustration of a local update performed at the red node.
Only observation within a critical distance are used to compute the
update.

In practice, each gridblock is associated to a subset of variables of the
state vector to be updated using the same subset of data. The resulting
local state vectors can be of smaller dimension than the ensemble size
N, thereby mitigating the issues related to the update of a state vector
of larger size than N in high-dimensional problems. Another advan-
tage of local updating compared to covariance localization is that it
allows the updated ensemble to reach solutions that were not originally
spanned by the ensemble (Evensen, 2009a) thanks to the different local
Kalman gain matrices, and hence different combination of ensemble
members for each local update (Chen and Oliver, 2017). Note that,
these local Kalman gain matrices can also be tapered using a correla-
tion localization function as used for covariance localization. For more
details about the implementation of local updating and a comparison
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of localization methods, the reader is referred to Chen and Oliver (2017).

Covariance inflation is a method used to counteract the tendency of
ensemble Kalman methods to underestimate the uncertainty because of
either undersampling, inbreeding, or spurious correlations. The spread
of the ensemble is artificially increased before the assimilation of the
observations, the most frequently according to

N N
X,(L)f<—r<X,(L)f—N§ X,S)f)+N§ X\ (2.24)
i=1 =1

where r is factor slightly greater than 1.0 and the left arrow denotes the
replacement of the previous value X }(lz)f . By improving the stability of
the ensemble method, the application of covariance inflation has been
shown to improve the accuracy of the estimates and also to account
partly for model errors. It was however noted that covariance inflation
does not change the subspace spanned by the ensemble, and hence this
method may not be effective in order to account for model errors which
mostly project into a very different subspace (Hamill, 2006). Moreover,
its application is not straightforward in models where observations are
not evenly distributed. Indeed, in regions with nearly nonexistent data,
inflation will lead to an unwanted unbounded increase of the ensemble
variance because there will be nearly no reduction of the spread. More
generally, the use of an artificial inflation of the ensemble spread, and
hence uncertainty, will prevent an analysis of the uncertainty reduction
which would have resulted from the data assimilation.

Computational cost

The computational cost of ensemble methods depends mainly on the
cost of the N forward model runs used to predict the state variables for
all N ensemble members before the new update. As mentioned in 2.2.4,
this duration can be especially long in the case of nonlinear parameter
estimation where it might be necessary to perform the N simulations
from the beginning. As a result, the computational cost will also depend
on the size N of the ensemble. However, because these simulations are
independent from each other, they can be performed in parallel instead
of one at a time. We remind that the update step cannot be performed
before the prediction step is complete for all ensemble members because
the required Kalman gain is calculated based on ensemble-based covari-
ances.
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During the update step, the computational cost will particularly de-
pends on the number of observations to assimilate given the inversion of
the matrix C' = HhPf{Hg + Rp in the Kalman gain. Because in EnKF
the number of data is usually small at each time point, a pseudo-inverse
of C using a truncated singular value decomposition (SVD) can be com-
puted efficiently. However, when the number of observations Ny is very
large (Ng > N), as is often the case with ensemble smoother methods,
it is computationally more efficient to calculate the pseudo-inverse ac-
cording to the subspace inversion procedure of Evensen (2004). In order
to better take into account data of different magnitudes, Emerick and
Reynolds suggested in these procedures to rescale the components of
the matrix prior to the calculation of the truncated SVD (Emerick and
Reynolds, 2012b).



Chapter 3

Conditioning multi-Gaussian
groundwater flow parameters
to transient hydraulic head
and flowrate data with
iterative ensemble smoothers:
a synthetic case study

3.1 Introduction

Since the ensemble Kalman filter (EnKF) (Evensen, 1994) has been
introduced as a computationally efficient Monte Carlo approximation of
the Kalman filter (Kalman, 1960; Anderson, 2003), ensemble methods
for data assimilation have been widely used for high-dimensional esti-
mation problems in geosciences (Evensen, 2009b). In all these methods,
an initial ensemble of realizations which should capture the initial un-
certainty of the state or parameter variables of interest is first generated.
Then, thanks to the assimilation of available uncertain observations, an
updated ensemble of realizations that are conditioned by the observa-
tions is obtained. However, a main limitation is that ensemble Kalman
methods assume multivariate Gaussian error statistics in the distribu-
tions involved in the computation of the update. As a result, departures
from this multi-Gaussian assumption can lead to an important loss of
optimality in the estimated ensemble mean and variance.

25
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EnKF is for example extensively applied in meteorology in order
to estimate the current state of the atmosphere in real time (Ander-
son, 2009). In such atmospheric applications, newly obtained obser-
vations of the atmosphere are assimilated sequentially in order to up-
date the initial conditions of weather predictions models. In reservoir
modelling, ensemble methods have also become a standard tool with
the use, more particularly, of smoother algorithms for inverse modelling
(Evensen, 2018). Still with the aim of improving model forecasts, time
series of state observations collected during the production of a reser-
voir are with smoother methods processed all simultaneously in order
to update the static parameters of reservoir simulation models.

EnKF has also been applied in surface and groundwater hydrology
for the estimation of both the parameter and state variables of a system
(Moradkhani et al., 2005; Hendricks Franssen and Kinzelbach, 2008).
In particular, it has been shown that the increased degree of freedom
introduced by the larger number of unknowns can make the estimation
of EnKF particularly unstable, especially in the presence of nonlinear
dynamics (Moradkhani et al., 2005). When the problem is nonlinear,
such joint estimation can also result in inconsistent predicted data af-
ter the update and physical inconsistencies between the updated states
and parameters (Gu and Oliver, 2007; Chen et al., 2009). These issues
have particularly motivated the development of iterative EnKF methods
based on the iterative minimization of a cost function for each iteration
of the standard EnKF (Gu and Oliver, 2007; Emerick and Reynolds,
2012b).

Because of the need of restarting the dynamic model multiple times
in the context of nonlinear parameter estimation with EnKF, the si-
multaneous assimilation of all the data set in the ensemble smoother
method (van Leeuwen and Evensen, 1996) has been considered a suit-
able alternative to EnKF in reservoir applications. Instead of having
to update the variables at each assimilation time step, the ensemble
smoother can process all the data of the time series in one single update
step. Similarly to the iterative EnKF, successive updates can also be
applied using iterative forms of the ensemble smoother in order to
improve the data fit in nonlinear problems (Chen and Oliver, 2012;
Emerick and Reynolds, 2012a).

This chapter focuses on the performance of two existing iterative
forms of ensemble smoother for a synthetic groundwater flow appli-
cation. Although the model considered is synthetic, it is inspired by
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the real hydraulic perturbation observed at the Andra’s Meuse/Haute-
Marne site since the construction and operation of the Underground
Research Laboratory (Kerrou et al., 2017). In particular, the problem
considers a transient flow induced by one vertical shaft, and transient
observation points at points located in a restricted region of the model.

The main objective of this synthetic study will be to assess the bene-
fit of assimilating different types of flow data for the parameter identifi-
cation of multi-Gaussian log hydraulic conductivity (log K) fields. The
effects of increasing the ensemble size using both methods will also be
compared. Similarly to the data transformation proposed by Schoniger
et al. for an EnKF application (Schoniger et al., 2012), the benefit of
a normal-score transform on the state variables prior to the update will
also be assessed for one of the tested algorithms.

Hereinafater, we first present in Section 3.2 the ensemble smoother
and the two iterative ensemble smoother considered in this study: LM-
EnRML (Chen and Oliver, 2013) and ES-MDA (Emerick and Reynolds,
2012a). Both are the main iterative variants currently used for inverse
modelling in reservoir applications (Evensen, 2018). The synthetic case
including the model set up, the initial ensemble, and the performance
criteria is presented in Section 3.3. Finally, the results of the analysis
of the synthetic case are discussed in Section 3.5.

3.2 General background on the ensemble
smoother and iterative

The ensemble smoother (ES) introduced by van Leeuwen and
Evensen (1996) is an extension of the ensemble Kalman filter. Both
are similar in that a set of N realizations {m!", ..., m{} is used to rep-
resent a presumed multi-Gaussian distribution, and is updated by the
assimilation of measurements in order to form a new conditional dis-
tribution. When using either ES or EnKF for the inverse modelling of
parameters based on observations of state variables, each conditioned
parameter realization mP**" of the ensemble is calculated from the un-

i
P’ according to the following equation

i

mPt = m?" + K(dgps; — g(m?")) (3.1)

(2

conditioned realization m

with

K = C%D(CIZ)DTD + Cerr)il
The matrix K represents an approximation of the so-called “Kalman
gain” in the Kalman filter update equation, derived so as to minimize
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the error covariance of the posterior estimate. It is here computed based
on approximations from the ensemble of the cross-covariance matrix be-
tween the vector of prior parameters and the vector of predicted data,
noted C%;p, the auto-covariance matrix of predicted data C¥,, and
the covariance matrix of observed data measurement errors Ce,... By
evaluating the relative uncertainty of the measurements and prior es-
timate, the Kalman gain weights the contribution of each conditioning
observation relatively to the prior estimate m!" for the computation of
the update. More precisely, it weights the contribution from each com-
ponent of the mismatch between the vector of perturbed observations
dobs,i» 1.e. the observations corrupted with noise zop5; ~ N(0, Cepr), and
the corresponding vector of predicted states g(m!") using the forward
operator g.

Unlike EnKF however, ES does not assimilate the data sequentially
in time. Instead, it assimilates all the available observations simultane-
ously in a single conditioning step. Hence the prediction step in ES prior
to the single update will be longer than each recursive one in EnKF since
the ensemble of prior realizations need to be forwarded in time until the
time of the last conditioning observation. Evensen and van Leeuwen
(2002) showed that when the prior realizations are multi-Gaussian and
the forward model is linear, ES and EnKF at the last data assimilation
will give the same result . In this special case, they will converge to the
exact solution in the Bayesian sense as the ensemble size increases to
infinity (hence the subscripts pr and post used in the previous equations
to denote the unconditioned and conditioned realizations respectively).
In nonlinear cases, EnKF has been shown to outperform ES (Crestani
et al., 2013). Indeed, the sequential processing of fewer data in EnKF
effectively allows the computation of smaller updates than the single
global update of ES. This fact particularly allows EnKF to better match
the measurements than ES in nonlinear problems.

Even so, if the whole data set for the parameter estimation is al-
ready acquired, the assimilation with ES of the whole set of data in a
global update step may seem more convenient to implement. Indeed,
the additional computations of intermediate conditional ensembles over
time with EnKF can be avoided. For nonlinear problems, iterative
versions of the ES have been especially developed in order to improve
the insufficient data match obtained with ES. Like ES, these iterative
variants assimilate the complete data set during the conditioning step.
However, the assimilation is performed multiple times on the same data
set in order to reach the final solution. In the following sections, we
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introduce two existing iterative ensemble smoother algorithms which are
particularly used in reservoir applications (Evensen, 2018), namely the
simplified version of the the Levenberg-Marquardt Ensemble Random-
ized Maximum Likelihood (LM-EnRML) of Chen and Oliver (2013) and
the Ensemble smoother with Multiple Data Assimilation (ES-MDA) of
Emerick and Reynolds (2012a).

3.2.1 Levenberg-Marquardt Ensemble Randomized Like-
lihood (LM-EnRML)

LM-EnRML is an iterative ensemble smoother based on a modified
form of the Levenberg-Marquardt algorithm (Chen and Oliver, 2013).
Assuming a prior multi-Gaussian distribution of realizations m!” with
1 =1,...,N, the algorithm aims to generate a posterior ensemble of NV
realizations m; that each individually minimizes an objective function

1 _

mg;) = -{g\Mmy) — Qobs,g err\g\Mi) — Qobs i
O(mi) = 5(g(mi) —d ) Corr(g(mi) — dobs;i)

1
+ 5 (mi = m{) T Cyf (mi = mi") - (3.2)
pr
i
pled from a prior distribution and the distance between the noisy
observations dops; and the corresponding vector of predictions, noted
g(m;), which results from the application of the forward operator g to

which measures the distance between m; and the realization m: sam-

my;.

Each minimization of the ensemble of objective functions is per-
formed iteratively, so that for each ensemble member, the updated re-
alization at iteration k + 1 is computed using the results of iteration &
as follows

mAt = mb — CY2AmEVEPWEP (1 + M) Ip, + WEP?)

< UEPT Co12(g(mb) — dby ) (3.3)

err obs,i

where C,,.. is the covariance of measurement errors, Cy. is a scaling
matrix for the model parameters. Am¢ represents an ensemble of devi-
ations from the mean of the parameters vectors, computed as

Am§ = —C M (m§ —mS)/VN —1 (3.4)
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with m¢ the ensemble of N parameter vectors and meé the ensemble
mean. As for the terms UgD , WIIDDD and VgD , they result from the trun-
cated singular value decomposition, based on a number Pp of singular
values, of the ensemble of deviations from the mean of the vectors of
predictions, noted Ad¢, so that Ad¢ = U gD WgD Vg DT This ensemble
of predicted data deviations is calculated as

Ad§ = —Cp 2 (d — d8)/vV/N — 1 (3.5)

with d¢ the ensemble of N prediction vectors and d¢ the ensemble mean.
Finally, X is the so-called Levenberg-Marquardt parameter. After each
update, A is adjusted by a constant user-defined factor according to
whether the objective function is increasing or decreasing. If at the
current iteration, the objective function calculated on the basis of the
updated realization has increased compared to the value of the previous
iteration, A will be increased for the computation of the next update
and the current realization, as well as its prediction, are rejected. In-
versely, if the objective function has decreased, A will be reduced and
both the current realization and its prediction will be considered for the
computation of the next update. LM-EnRML will stop iterating after
a maximum number of iterations allowed is reached, or if the relative
decrease of the objective function or the magnitude of the realization
update fall respectively below a defined threshold.

Thanks to a modification of the Hessian term, LM-EnRML avoids
the explicit computation of the sensitivity matrix of the predicted data
to the model parameters using the ensemble at each iteration as in the
original LM-EnRML formulation (Chen and Oliver, 2013). This allows
LM-EnRML to reduce the numerical instability usually observed with
the original method for large-scale problems where the ensemble size
becomes smaller than the number of parameters to estimate. We will in
fact use a variant of LM-EnRML referred as LM-EnRML (approx.) in
Chen and Oliver (2013) which neglects the contribution to the update
of the mismatch between the updated and the prior realization. Indeed,
Chen and Oliver (2013) concluded that using this simpler variant did
not significantly affect the results that they obtained using an ensemble
of 104 realizations for their large-scale estimation problem with 165000
parameters and 4000 observations.
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3.2.2 Ensemble Smoother with Multiple Data Assimila-
tion (ES-MDA)

Thanks to its simple formulation, ES-MDA of Emerick and Reynolds
(2012a) is perhaps the most used iterative form of the ensemble smoother
in geoscience applications. The standard algorithm consists simply in
repeating a predefined number of times the standard ensemble smoother
(ES) (Emerick and Reynolds, 2012a). However, unlike in the ES update,
the covariance of the measurement errors in ES-MDA is inflated so that
each realization m; of the ensemble of size N at iteration k+1 is updated
as follows

m?—H = mf + C]]?/[D(CgD + O‘kJrlCerr)il(dlgbs,i - g(mf)) (3.6)

where d’gbs’i = dyps + \/@Celr/fzd,i with z4; ~ N(0, Iy).

The purpose of inflating the Gaussian noise, sampled at every iter-
ation, via the coefficient o > 1 is to limit the confidence given to the
data as they will be assimilated multiple times (Emerick and Reynolds,
2012a). In so doing, the parameter covariance reduction which occurs
after each data assimilation is also limited. The inflation factors used to
inflate the covariance matrix of the measurement errors need to satisfy

the following condition
Na

> I (3.7)
=1

where N, is the number of times we repeat the data assimilation.
Indeed, this condition has been derived in order to make the single
update by ES and multiple data assimilation by ES-MDA equivalent
for the linear Gaussian case. For all our tests using ES-MDA, we set
for simplicity the inflation coefficients equal to the predefined number
of assimilations, as varying them in a decreased order do not lead to a
significant improvement of the data match (Emerick, 2016).

ES-MDA effectively improves the data fit obtained by ES in the non-
linear case because ES is in fact equivalent to one single iteration of the
Gauss-Newton procedure to minimize the objective function (3.2) when
using a full step length and an average sensitivity matrix calculated
from the ensemble (Emerick and Reynolds, 2012a; Le et al., 2016). The
motivation for applying ES-MDA in nonlinear problems is that it would
be comparable to several Gauss-Newton iterations with an average sen-
sitivity matrix which is updated after each new data assimilation. By
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calculating smaller updates than one single potentially large ES update,
ES-MDA is expected to lead to better results than ES.

The quality of the final data fit achieved with ES-MDA will par-
ticularly depend on the predefined number of data assimilations. The
standard ES-MDA algorithm is therefore not an optimized procedure
as it requires some amount of trial before finding a number of itera-
tions which allows an acceptable match. Although we did not consider
them in this synthetic study, implementations of ES-MDA which allow
to adapt the inflation coefficients and the number of iterations as the
history match proceeds have been proposed (Le et al., 2016; Emerick,
2016).

3.2.3 Normal-score transform of state variables with ES-
MDA

Considering that the forward model g can be nonlinear due to the
physical process being modelled and /or the influence of imposed bound-
ary conditions on the predicted states, the assumption of multi-Gaussian
dependence among state variables in ensemble Kalman methods is gen-
erally not justified in subsurface flow modelling even in the case of multi-
Gaussian log hydraulic conductivity fields (Schoniger et al., 2012). In
addition to the linearization around the ensemble mean introduced by
the use of an ensemble gradient, Evensen (2018) demonstrated that the
derivation of the ES update equation (3.6) particularly involves a lin-
earization of the forward model around the local estimate mf Hence
ES-MDA, which is based on the repeated application of ES using in-
flated measurement errors, also applies such a local linearization at each
update step (Evensen, 2018).

Because of this forementioned local linearization in the update
step, we are here interested in assessing the effects of a normal-score
transform in order to apply the ES-MDA update to locally Gaussian
state distributions. In a previous study, Schoniger et al. observed an
improved performance of EnKF for the identification of multi-Gaussian
log hydraulic conductivity fields when assimilating normal-score trans-
formed state variables such as hydraulic heads (Schoniger et al., 2012).
They attributed this improvement to an “implicit pseudolinearization”
of the relationship between the multi-Gaussian log hydraulic fields and
the transformed predicted data which benefited the “linear updating
step” of EnKF. In addition to this statement, we conjecture here that
it is more specifically the local linearization highlighted by Evensen
(2018), rather than the linearization around the ensemble mean in-
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troduced by the approximated gradient, which will benefit from such
a normal-score transform performed locally at the data points. The
“pseudolinearization” observed by Schoniger et al. (2012) would then
allow a better approximation of the forward model from the local lin-
earization applied at each update step, thereby yielding more accurate
updates.

The effects of the ES-MDA update in the transformed space will be
tested as follows
(j/k\ —_—

mitt =mf + CF S(Chp + ar1Corr) T H(dEy, ; — g(mh)) (3.8)

where
d’;bs,i = dobs + \/OTHC;ZEZd,i
with
zaq ~ N(0,13)

where the hat indicates either transformed variables or covariances
calculated based on transformed variables. A normal-score transform
(NST) function denoted v, for each data type, is calculated based on
the time series of state variables predicted at each one of the k£ obser-
vation locations (Figure 3.1) which we perturb with noise beforehand.
Indeed, we perturb the predicted data using the same inflated measure-
ment errors added to the observations dgps in (3.8). This NST function
maps the p-quantile of the ensemble distribution of original perturbed
predicted values at one location to the p-quantile of a standard normal
distribution. In order to evaluate properly the data mismatch in the
transformed space, the predicted data g(mf) without added noise and
the perturbed observations d’gbsi are transformed using the same NST
functions defined depending on the location of the data. Note that C VD
is the cross-covariance between the parameters and the normal-score
transform of the predicted data without added measurement errors.

To transform the term Cf)D + ag41Cerr, Schoniger et al. (2012)
suggested to calculate the covariance using directly the transformed
perturbed predicted data from which we built the NST functions. In
this way, the terms C’f-) p and Cgpr don’t need to be transformed sep-
arately. However, unlike in EnKF where the inversion of the matrix
C’]% p T apy1Cep is fast thanks to the generally small number of data at
each observation time (Liu and Oliver, 2005), the assimilation of a large
data set here with ES-MDA will require the use of the subspace inver-
sion procedure of Evensen (2004). Consequently, the calculation of the
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—

transformed terms C% p and C/'e; will be needed in any case to compute

the pseudo-inverse of Cf‘)D + a11Cerr in (3.8). In the end, Cf)D can be
calculated simply on the basis of the normal-score transform of the pre-
dicted data without added measurement errors, while the transformed
measurement error covariance C'/;n will be determined so as to respect
the following ratio

—

Cerr(CeTr)il = CD’/D\’,diag(CD’D’,diag)il (39)

where C,,. is the untransform/@i measurement error covariance which is
often assumed diagonal, Cp/pr giag is the diagonal matrix constructed
from the diagonal elements of the covariance of the transformed per-
turbed predicted data, and Cprpr giqg is the untransformed equivalent.
It is worth pointing out that transforming properly the measurement
error covariance is particularly critical in this proposed application of
ES-MDA in the transformed space as the data mismatch reduction with
ES-MDA will rely on the inflation of C.... Moreover, to better tak-
ing into account the data of different orders of magnitude in the up-
date, Emerick (2016) suggested using the measurement error covariance
to rescale the predicted data before calculating the truncated singular
value decomposition (SVD) in the subspace inversion procedure.

3.3 A synthetic inverse problem inspired by the
Andra’s Meuse/Haute-Marne site

A synthetic case inspired by the hydraulic situation encountered
at the Andra’s Meuse/Haute-Marne since the operation of the Under-
ground Research Laboratory (Benabderrahmane et al., 2014) was cre-
ated. The model represents a two-dimensional vertical cross-section of a
multilayered aquifer system and is inspired by previous modelling stud-
ies on the Andra’s site (Bourgeat et al., 2004; Deman et al., 2015). It
will be used to analyze the performance of the ensemble smoother and
the two iterative ensemble smoother algorithms presented previously for
the identification of multi-Gaussian parameter fields. We present here-
inafter the inverse problem set up, the assumptions for the application
of the methods, and the performance criteria.
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3.3.1 Model set up

Figure 3.1: The two-dimensional vertical domain modelled of 5000 m
length and 500 m depth. The thin rectangles indicates the location of
nodes with a boundary condition applied. The dots indicates the head
observation nodes. Not shown here, the seepage boundary is divided
into 5 zones where the produced flowrates are measured.

The synthetic model is two-dimensional over a vertical domain of
5000m along the west-east direction and 500m in depth. In order
to solve the groundwater flow equation, the domain is discretized by
50 x 500 square elements of 10m wide. Along the top boundary, con-
stant heads are imposed. The head values vary from 267.5m on the
west side to 284 m on the east side according to a small hydraulic gra-
dient observed in the shallow aquifers which we did not represent in our
model. At depth, between 150 m and 500 m, a constant head of 280 m is
imposed on the east side to maintain a continuous east-west flow in the
system (Figure 3.1). To mimic the hydraulic perturbation created by
one vertical shaft to the underground research laboratory at the Andra’s
site, a subsequent transient flow simulation is calculated by adding from
time zero a seepage condition over the nodes corresponding to the first
300 meters of the western boundary starting from the bottom (Figure
3.1). The nodes over the remaining 200 m towards the surface do not
contribute to the production of water as they model the isolated upper
part of the shaft as in the real case. Since the produced flowrates at
the shaft are unknown prior to the computed head solution at each time
step, using a seepage boundary condition instead of a pumping well with
a prescribed extraction rate seems indeed more appropriate here. Note
that in exploratory simulations, a sensitivity analysis was carried out
on different levels of the finite element mesh refinement and the solver
parameters, as well as on various types of flow boundary conditions and
hydraulic property values. This was in order to ensure robust numerical
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solutions and optimized CPU time, and also to avoid bias from boundary
effects.

For simplicity, the groundwater flow equation was solved numerically
under saturated conditions. All the groundwater flow simulations in the
framework of this study were performed with the simulator GroundWa-
ter (GW) (Fabien Cornaton, 2014). This numerical code uses the stan-
dard Galerkin Finite Element and the Control Volume Finite Element
methods, and has been validated on the basis of a series of standard
benchmarks by comparison with analytical solutions as well as with
commercial numerical simulators.

3.3.2 Synthetic data set

Since we intend in this synthetic study to apply ensemble Kalman
methods to an initial ensemble of multi-Gaussian parameter realizations,
a reference field of decimal logarithm of hydraulic conductivities (log K)
was generated with a multi-Gaussian simulation technique (Figure 3.2).
To generate the synthetic data set of the inverse problem, a steady
state groundwater flow was first simulated prior to the activation of the
seepage boundary condition. The computed heads were then used as
initial conditions for a subsequent transient flow simulation after the
activation of the seepage condition at time zero. A constant specific
storage value of 107 m~! was assumed over the whole domain as they
will not be considered in the inverse modelling. In the end, the data set
for the inversion is composed of simulated heads collected every 1200s
from ¢ = 0 to t = 4320058, hence at 37 time steps, at the ten observation
points shown in Figure 3.1, and of the flowrates produced every 300s
in five defined zones of nodes spread along the seepage boundary. The
final time step of the transient simulation was chosen so as to capture
approximatively the drawdown before its stabilization, similarly to the
data collected at the Andra’s site in Meuse/Haute Marne (Kerrou et al.,
2017).

Figure 3.2: Reference field of decimal logarithm of hydraulic conduc-
tivities (m/s)
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3.3.3 Initial ensemble of parameters and assumptions for
the update step

In this synthetic case, an initial multi-Gaussian distribution of the
variables to condition was considered in order to respect the under-
lying multivariate Gaussian assumption of ensemble Kalman methods.
The initial ensemble is composed of multi-Gaussian realizations of mean
value -5 of log hydraulic conductivity (log K) fields generated, just as
for the reference, using a fast Fourier transform method. The same
variogram model as the one used in the reference was considered to de-
scribe the spatial variability of the log hydraulic conductivities, i.e. an
exponential variogram of variance 0.49 and correlation lengths of 120
gridblocks in the horizontal direction and 10 gridblocks in the vertical
direction. For this multi-Gaussian log K case, we assumed longer ranges
in the horizontal direction to mimic the presence of the elongated porous
horizons “HP” observed in the real field case. We assumed in the vertical
direction the existence of five horizons, hence a correlation length was
set to one fifth of the vertical dimension of the model. In the end, the
realizations generated are considered heterogeneous since the correlation
lengths are shorter with respect to the domain size, namely about one
fifth of each dimension.

One practical issue of ensemble methods is that the finite number of
members, usually no more than O(100) in applications (Wen and Chen,
2005; Gillijns et al., 2006; Evensen, 2009a; Anderson, 2009), can cause
spurious covariances between widely separated components of the pa-
rameter vector and between components of the vector of parameters and
vector of predicted data. Since these long-range spurious correlations
are non-physical, they can bring an undesirable response in the update
computed. In general, they cause an underestimation of the ensem-
ble variance which can potentially lead to “filter divergence” (Evensen,
2009a). This term refers to the situation where the assimilation of new
measurements stops being effective because the spread of the ensemble
has overly reduced or has “collapsed” to take them into account.

Considering that the observations are spatially restricted to the mod-
elled domain (Figure 3.1) and that the hydraulic perturbation from the
shaft is local relatively to the horizontal extension of the model, such
long range correlations will be inevitable in this synthetic case. There-
fore, it is necessary to try to filter them out as much as possible before
computing the update. To this end, we will use a simple approach which
consists in “localizing” the Kalman gain matrix so that only the parame-
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ters located within a certain distance of an observation will be influenced
by this observation during the update (Chen and Oliver, 2017). We will
multiply the Kalman gain element-wisely with a “localization matrix”
of the same size, i.e. number of parameters by number of data, which
each entry will be a factor between 0 and 1 calculated by the correlation
function defined by Gaspari and Cohn (1999)

— )P+ 3P - 3P+, i 0<6< L
VR HE - RGP s - D

ifL<6d<2L

0, if § > 2L

(3.10)

where ¢ denotes the distance between each couple of parameter and
data variable and L is a predefined ‘“critical length” beyond which the
contribution of the data to the parameter update will be negligible. In
this way, long-range spurious correlations will be partly removed from
the Kalman gain and the performance of the ensemble method will be
improved. Figure 3.3 illustrates the localization factors obtained by eval-
uating the Gaspari-Cohn function (3.10) for each couple of parameter
of the model and the data located at the displayed point. Such factors
will hence be used to localize the parameter update associated to each
assimilated data at one of the observation locations. To avoid discon-
tinuities in the localized parameter update between the two columns of
data points (Figure 3.1), we set L to 1600 m, hence over a little larger
distance than the distance separating the points horizontally, in all tests.
Moreover, in this synthetic case, this distance is also consistent with the
domain of the model that is identifiable given our data set, namely with
the region influenced by the observed hydraulic perturbation.

Figure 3.3: Examples of values calculated with the Gaspari-Cohn cor-
relation function in order to localize the update of the parameter field
when assimilating observations at the displayed point.
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The ensemble smoother, LM-EnRML and ES-MDA all consider the
vector of observations in their update equation as a random vector with
the addition of a random noise vector sampled from the measurement
error covariance C,.. For all tests performed, we assumed a diagonal
covariance matrix of independent measurement errors of 0.05 m? for ev-
ery head observation. When flowrate data were assimilated in addition
to the hydraulic heads, C,, also included independent flowrate mea-
surement errors set equal to the square of 20% of the flowrate value.
For the application of ES-MDA with transformed state variables, Cep
was transformed as described in Section 3.2.3.

3.4 Performance criteria

Ideally, the application of ensemble Kalman methods for our pa-
rameter estimation problem aims to satisfy the following two criteria:
(1) to reproduce the dynamic observations of state variables with the
final ensemble of conditioned realizations, and (2) to obtain a final
ensemble of conditional realizations which variations around the mean
correctly quantify the uncertainty. As we assumed in this synthetic case
no model errors or errors in the choice of the prior distribution used to
sample the parameter space, meeting both these criteria should ensure
that the ensemble-based uncertainty in the model predictions will be
well represented.

To assess the quality of the fit between the simulated g(m;) and
observed data dps using either LM-EnRML or ES-MDA with or without
transformed data, we will consider the evolution of the sum of squared
erTors

D(m;) = (g(m;) — dobS)T(Q(mi) — dobs) (3.11)

Note that this sum of squared errors does not correspond to the data
mismatch term of the cost function which is actually minimized by each
algorithm considered (cf. Section 3.2). Here, dps is the vector of orig-
inal observations without added noise, hence no normalization by the
variance of the measurement error is considered in the equation. We
do not take into account these random perturbations and normalization
factors simply so as to more easily compare the final mismatch values
obtained with each algorithm, especially the application of ES-MDA
using transformed state variables.
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However, in order to assess the effects of using transformed compared
to untransformed data with ES-MDA, we will compute for each case
the data mismatch term of the different cost functions being minimized
at each iteration. Indeed, Evensen (2018) noted that each updated
estimate mf“ of ES-MDA actually corresponds to an estimation of the
minimum of a cost function written as

1 _
D(m§+1) = i(g(mf—‘rl) - dobs —V akzd,i)T(akCerr) !

x (g(mF™) — dops — v/arza,)
1
+ §(mf+1 —mH)T(CF) T mfT = mf)  (3.12)

where mf’:l =ml" and C’]]\“/Izl = C’% with C’]’\’; the prior model covari-
ance approximated from the ensemble around the prior ensemble mean

s
mP” e
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Once an acceptable data match has been reached during the con-
ditioning procedure, the uncertainty based on the variability of the
final ensemble of conditioned realizations can be assessed. In practice,
ensemble-based Kalman methods are known to particularly overesti-
mate the uncertainty reduction when they are not applied in sufficiently
optimal conditions. In particular, the use of a finite ensemble inevitably
introduces sampling errors in the approximated covariances which can
lead to an overly reduced variance of the conditioned ensemble. More-
over, the solution space spanned by the ensemble when computing the
update will likely be under-sampled (Evensen, 2009a) and the estimated
uncertainty will not be reliable. To reduce these sampling errors, a nat-
ural solution is to increase the ensemble size. However, because the
Monte Carlo sampling errors decrease proportionally to 1/v/N, with N
the ensemble size, the improved performance of the ensemble method
can come at a significant computational cost. For example, Chen
and Zhang (2006) noted that an ensemble size of 1000 allowed EnKF
to obtain an accurate uncertainty estimation for their synthetic case,
but ultimately concluded that an ensemble size of 200 was sufficient
to achieve results with both accuracy and efficiency. When applying
iterative ensemble smoothers, the choice of the ensemble size will be
particularly constrained by the time needed to run all the forward
predictions of the ensemble during one iteration. Consequently, larger
ensemble sizes than O(100) are generally not affordable if the available
computational resources are not sufficient to efficiently parallelize the
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prediction step of every ensemble member. For these practical reasons,
we will discuss the performance of the different ensemble methods based
on tests involving ensemble sizes of the order of O(10%) at most.

To assess the accuracy of the uncertainty captured by the final con-
ditioned ensemble, a common approach consists in comparing the error
between the ensemble mean of log K realizations and the known ref-
erence to the ensemble mean error that was obtained by the ensemble
method, also called the “ensemble spread” (Houtekamer and Mitchell,
1998). For the first error mentioned, we will simply compute the root-
mean-squared error (RMSE) as follows

N,
1 m
RMSE = Nim El (mtrue - me)2 (3.13)

where N, is the number of gridblocks, my. is the reference log K field,
and m, stands for the mean of the ensemble of log hydraulic conductivity

fields.

The ensemble spread, here noted Seps, corresponds to an average
uncertainty on the log K property calculated from the ensemble

1
Sens = ~r Ugnsi (314)
Non i=1 ’

gnsi corresponds to the variance estimated from the ensemble

of log K realizations at one gridblock . For our uncertainty analysis,
we will systematically evaluate these average errors by considering the
gridblocks of the model located within a certain distance from the seep-
age boundary which include all the data points. In particular, we will
set this distance equal to the “critical length” used for the localization
of the update (cf. Section 3.3.3). In this way, the comparison between
the RMSE and the ensemble spread will be based on the set of parame-
ters which are the most informed by the observations and hence which
uncertainty will decrease the most during the assimilation.

where o

One goal of this analysis will be to illustrate how the spread be-
tween ensemble members updated using either LM-EnRML, ES-MDA
with or without transformed data is representative of the difference be-
tween the ensemble mean and the reference (RMSE) depending on the
ensemble size. Indeed, as the size of the ensemble increases, the dis-
crepancy between the final conditioned ensemble and the RMSE should
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reduce thanks to the reduced sampling errors. However as previously
mentioned, a trade-off between accuracy of the uncertainty and com-
putational efficiency will need to be found. In the end, if the ensemble
spread is not overly underestimating the RMSE, we will consider that
the ensemble method has performed correctly given its intrinsic limita-
tions. In addition, although the inverse problem is ill-posed, i.e. there
are more parameters to infer than data to inform them in a unique way,
we expect for this synthetic case that the information contained in the
data set is sufficient in order to yield after the data assimilation esti-
mates that are closer to the reference than initially in the most updated
region of parameters. Therefore, the performance of the smoother will
also be assessed in its ability to decrease the RMSE value.

3.5 Results and discussion

3.5.1 Ensemble smoother and benefit of data transfor-
mation

As expected in a nonlinear case, the application of a non-iterative
ensemble method such as the ensemble smoother (ES) results in an in-
sufficient match between the final ensemble of predicted data, i.e. com-
puted from the ensemble of updated realizations, and the observations.
Figure 3.4 shows for three locations at different depths 1 km away from
the producing shaft the simulated heads before and after the update
of 100 realizations with ES. By using the same initial ensemble, the
evolution of the data mismatch obtained from the assimilation of the
head data only and both the head and flowrate data simultaneously are
shown respectively in Figure 3.6a and 3.6c. Because the represented
data mismatch does not include the inflated measurement error in the
observed data and hence the normalization by the error variance, as de-
fined in Section 3.4, the additional contribution to the mismatch from
the flowrates in Figure 3.6¢ is not visible. Even so, compared to Figure
3.6a), we can observe that the assimilation of the flowrates in addition
to the heads allows the data mismatch to decrease thanks to a better
match of the head data, as confirmed in Figure 3.7.
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Figure 3.4: Predicted hydraulic head at three different locations, before
(in grey) and after (in blue) the assimilation with ES of the head data
without normal-score transform. The red dots are the observed data;
The ensemble size is 100.
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Figure 3.5: Predicted hydraulic head at three different locations, before
(in grey) and after (in blue) the assimilation with ES of normal-score
transformed head data. The red dots are the observed data; The en-
semble size is 100.
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Figure 3.6: Evolution of the decimal logarithm of the data mismatch
when assimilating with ES: a) the head data, b) the transformed head
data, c¢) both the head and flowrate data, d) both the transformed head
and transformed flowrate data. The blue curve is the median, the blue
area corresponds to the region between the percentiles P5 and P95 of
the ensemble of values, and the black curve is the values computed for
the ensemble member no. 0.

The strategy of transforming the data prior to each update of ES-
MDA, as described in Section 3.2.3, was also tested here with ES using
the same initial ensemble. Indeed, ES is equivalent to ES-MDA with
only one iteration and hence applies once a local linearization of the
model around the initial parameter estimate to compute its single up-
date. Asshown in Figures 3.6b and 3.6d, whether only the head data are
assimilated or both the head and flowrate data, the data mismatch is re-
duced in both cases with a slightly lower mismatch in the case mentioned
last. Therefore, compared to the case where only untransformed head
are assimilated (Figure 3.6a), the data transformation seems to have
a positive impact on the decreased data mismatch which, we remind,
considers the original data even for the transformed case. The improved
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history match can be observed for example by comparing Figure 3.4
with Figure 3.5. In particular, we note that when data transformation
is used, the ensemble of predicted values better tracks the observations,
most certainly as a result of a more accurate update of each ensemble
member. Indeed, the comparison of the RMSE and the ensemble spread
in Figure 3.8 for each one of the cases considered in Figure 3.6 shows
that the assimilation of the transformed heads instead of the original
data (Figure 3.8b) results in a more accurate estimation of the ensem-
ble mean and spread thanks to a decrease of the RMSE which reduces
the discrepancy with the reduced ensemble spread. As for the assimila-
tion of both the head and flowrate data simultaneously (Figure 3.8¢), we
can see that compared to when the data are transformed (Figure 3.8),
the assimilation is less efficient with a less reduced ensemble spread and
a RMSE that has almost not reduced. Based on both the evolution of
the RMSE and the “coverage”, which we defined as the percentage of
true values of the reference captured by the final ensemble spread in
the most updated region of the model, we can conclude from Table 3.1
that transforming the data clearly benefits the performance of ES, al-
though we also note that the assimilation of both the transformed head
and flowrate data with ES does not allow to further reduce the RMSE
compared to when using the transformed heads only.

Assimilated data RMSE Ens. spread Coverage
h 0.72 - 1.00 0.70 - 0.42 57 %

h, q 0.72 - 0.69 0.70 - 0.53 93 %

transf. h 0.72 - 0.58 0.70 - 0.44 91 %
transf. h, transf. g 0.72 - 0.59 0.70 - 0.41 88 %

Table 3.1: Influence of different types of data assimilated (transformed
or not) on the RMSE, ensemble spread, and coverage calculated with
ES. The ensemble size was 100 for all the tests shown in this table.
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Figure 3.7: Predicted hydraulic head at three different locations, be-
fore (in grey) and after (in blue) the simultaneous assimilation of both
the head and flowrate data. The red dots are the observed data; The
ensemble size is 100.
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Figure 3.8: Evolution of the RMSE and ensemble spread in the updated
region (up to 1600 m from the seepage boundary) before and after assim-
ilating with ES: a) head data, b) transformed head data, c¢) both head
and flowrate data, d) both transformed head and transformed flowrate
data.

3.5.2 Comparing the accuracy of LM-EnRML and ES-
MDA estimates

Although ES-MDA and the LM-EnRML were developed with the
aim of improving the data match obtained with ES in the nonlinear
case, the iterative updates will likely cause a more important underesti-
mation of the uncertainty than with ES. Indeed, at each iteration, the
sampling errors in the approximated covariances of the Kalman gain will
affect the estimates of the method, and more particularly the ensemble
uncertainty. Seeing as how the Monte Carlo sampling errors decrease
according to 1/v/N where N is the ensemble size (Evensen, 2009a), we
tested for our synthetic case the effect of increasing N on the perfor-
mance of ES-MDA and LM-EnRML when only assimilating the head
data. Figure 3.9 shows the evolution of the RMSE and the ensemble
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spread when applying ES-MDA with 4 arbitrarily defined iterations.
Whether we consider an ensemble of 100, 200, or 400, hence of the or-
der of O(10?) to remain computationally efficient, we note that starting
from the first update, the ensemble spread measuring the variability be-
tween the ensemble members systematically underestimates the RMSE
which measures the error between the reference and the ensemble mean.
This discrepancy with the RMSE further increases with each iteration as
the spread keeps decreasing while the RMSE remains higher. Although
we do not show it here, not localizing the update resulted in a larger
discrepancy between the RMSE and ensemble spread for the different
ensemble sizes tested.

Figure 3.9: Sensitivity to the ensemble size of the RMSE and ensemble
spread with ES-MDA. The dashed curves correspond to results obtained
without localization.

Nevertheless, we note that the larger the ensemble size, the more
reduced the gap between the RMSE and the ensemble spread becomes.
As expected, the estimated uncertainty gains in accuracy with the en-
semble size. We note however that the most significant improvement
occurs when increasing the ensemble from 100 to 200 realizations for
both algorithms (Figures 3.9 and 3.10). Indeed, as indicated for ES-
MDA in Table 3.2, the coverage, defined as the proportion of reference
values that are within the ensemble range in the most updated region
of the model, has more than doubled with a final value of 77 % after the
same number of iterations. In a similar manner, the coverage also dou-
bled with LM-EnRML (Table 3.3). Moreover, when using an ensemble
size of 100, we can see that the evolution of the RMSE is particularly
unstable for both LM-EnRML and ES-MDA. The ensemble means esti-
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mated with LM-EnRML even lead to a final RMSE value which is much
higher than initially. In contrast, an ensemble size of 200 allows LM-
EnRML to provide a more accurate estimation of the true uncertainty
than with ES-MDA. The results shown in Table 3.3 were all calculated
based on the estimates of LM-EnRML obtained after 8 iterations when
the reduction of the objective function seemed to have decreased to a
sufficiently low data mismatch value as shown in Figure 3.11a. We note
also from Figure 3.11, however, that it seems to take more iterations for
LM-EnRML to converge to the same level of data match achieved by
ES-MDA using 6 predefined iterations.

Figure 3.10: Sensitivity to the ensemble size of the RMSE and ensemble
spread with LM-EnRML

Ens. Assimilated RMSE Ens. Coverage
size data spread

100 h 0.72 - 0.71 0.70 - 0.19 37 %
200 h 0.71 - 0.66 0.70 - 0.32 77 %
400 h 0.72 - 0.57 0.70 - 0.40 96 %

Table 3.2: Effect of increasing the ensemble size on the RMSE, ensemble
spread, and coverage after 4 predefined ES-MDA iterations.
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Ens. Assimilated Ens.

size data RMSE spread Coverage
100 h 0.72 - 0.88 0.70 - 0.19 49 %
200 h 0.70 - 0.60 0.70 - 0.34 93 %
400 h 0.72 - 0.66 0.70 - 0.39 94 %

Table 3.3: Effect of increasing the ensemble size on the RMSE, ensemble
spread, and coverage with LM-EnRML at iteration 8.

Figure 3.11: Evolution of the decimal logarithm of the data mismatch
when assimilating head data with: a) LM-EnRML, b) ES-MDA (x6).
The ensemble size is 200.

From all these tests, it is clear that the larger the size, the more
accurate the uncertainty estimated by LM-EnRML or ES-MDA will be.
Distributions of the ensembles of log K values per grid-block for the
different ensemble sizes tested can be found in the Appendix. However,
as can be observed in Figure 3.9, this improvement in the estimates
comes at an increased computational cost. For our synthetic problem,
we note that an ensemble of 400 realizations would still not allow the
ensemble to represent correctly the true error on the ensemble mean.
Since increasing the ensemble size does not seem to be a reasonable
option computationally, it seems that the application of such ensemble
methods necessarily requires to achieve a balance between accuracy and
computational efficiency. This computational efficiency is of even more
importance for large-scale problems since the biggest constraint would
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often be the long flow simulation time required to run the prediction step
for each ensemble member. Hence the larger the ensemble, the longer
it will take to complete all the predictions of the ensemble before being
able to start the update step. Indeed, we remind that the update of
each member is based on the same ensemble-based Kalman gain matrix.
It is worth mentioning that this matter of efficiency also concerns the
case where the ensemble of predictions steps is parallelized. Indeed, it
would still require to have enough resources to efficiently run the whole
ensemble of forward simulations simultaneously after each update step.

From Tables 3.2 and 3.3, it is clear that the improvement on both the
ensemble mean and spread is very significant when increasing the size
from 100 to 200 with either LM-EnRML and ES-MDA. However, the
differences in the estimated ensemble mean fields shown in Figure 3.12
suggest that the two methods converge towards different solutions. This
is confirmed by the fact that when increasing the ensemble size from 200
to 400, the accuracy of both the error and uncertainty estimated with
ES-MDA keeps increasing whereas for LM-EnMRL, no visible improve-
ment is observed as if an optimal ensemble size has been reached around
200.

Although LM-EnRML provides the more accurate estimation of the
uncertainty compared to ES-MDA for any of the tested ensemble sizes,
ES-MDA seems to converge faster, as shown in Figure 3.11. Indeed,
it takes more iterations with LM-EnRML to reach the same mismatch
value which corresponds to a good match as obtained with ES-MDA
using 6 iterations. In the end, although the estimates of ES-MDA defi-
nitely improve with an ensemble size of 400, we will consider that using
an ensemble of size 200 with either ES-MDA or LM-EnRML in our case
is acceptable in order to achieve both accuracy and efficiency.
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Figure 3.12: Two initial different realizations of log hydraulic conduc-
tivity being updated respectively with LM-EnRML (a) and ES-MDA (b)
throughout the iterations. (c) and (d) show the corresponding ensemble
mean fields at each iteration. The ensemble size is 200.

3.5.3 Assimilating both hydraulic head and flowrate data
with LM-EnRML and ES-MDA

As shown in Table 3.4, the assimilation of both head and flowrate
data with LM-EnRML yields estimates of similar accuracy to when only
the heads are assimilated. Neither the larger number of observations nor
the higher “weights” of the flowrates in the objective function, given their
much lower magnitudes, seem to have affected the minimization process.
Figure 3.13a shows in fact that the mismatch associated to the flowrate
data in the objective function, i.e the sum of squared residuals weighted
by the inverse of the measurement variance, is mostly reduced after
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the first iteration so that ultimately the remaining of the optimization
deals with the reduction of the mismatch associated to the head data
(Figure 3.13b). Although the convergence of LM-EnRML seems effective
when assimilating different data types, we note that the accuracy of the
estimates does not improve with the additional information coming from
the assimilated flowrates. This lack of improvement could be related to
possible over-corrections of the parameters during the first iteration as
often observed with gradient-based methods. One way to reduce such
over-corrections would be to artificially increase the measurement errors.
We did not try that however since the parameter estimates obtained
seem sufficiently accurate in terms of the estimated uncertainty.

Assimilated

Ensemble

Algorithm data RMSE spread Coverage
LM-EnRML h 0.72-0.60 0.70-0.34 93 %
LM-EnRML h, q 0.71-0.60 0.69-0.34 93 %
ES-MDA(x6) h 0.72-0.65 0.69-029 T72%
ES-MDA(x8)  h,q 0.72-0.70 0.70-0.20 58 %
ES-MDA(x8)  transf. h 0.72-0.66 0.69-0.31 80 %
ES-MDA(x8)  transf. h, q 0.70-0.63 0.70-0.30 82 %

Table 3.4: Effect of assimilating the flowrate data in addition to the
hydraulic heads on the RMSE, ensemble spread, and coverage with LM-
EnRML and ES-MDA with or without transformed data. The ensemble
size was 200 for all the tests shown in this table. The corresponding
number of iterations was chosen so as to obtain an acceptable and com-
parable data match for all the results.

For the assimilation of both data types, we first note that ES-MDA
converged more rapidly, i.e. in 8 iterations, to the same level of data
match achieved with LM-EnRML after 16 iterations (Figures 3.13a and
3.14a). The history match of the head and flowrate observations ob-
tained with LM-EnRML and ES-MDA are shown respectively in Fig-
ures 3.15 and 3.16. However, unlike previously with LM-EnRML, the
mean and variance estimates obtained with ES-MDA are less accurate
than those obtained by the assimilation of head data only (Table 3.4).
This illustrates that the different data types are not properly taken into
account with ES-MDA during the multiple assimilations compared to
LM-EnRML.
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Figure 3.13: Evolution of the decimal logarithm of the data mismatch
when assimilating both head and flowrate data with LM-EnRML: a)
With the normalization of the residuals by their variance (as minimized
by the objective function). b) Without normalization, hence the values
reflect the head data mismatch reduction mainly. The ensemble size is
200.

Figure 3.14: Evolution of the decimal logarithm of the data mismatch
term of the cost function minimized at each iteration when assimilating
both head and flowrate data with ES-MDA: a) Without transformed
data. b) With transformed data. The ensemble size is 200.
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Figure 3.15: Predicted hydraulic head and flowrate data at the obser-
vation locations, before (in grey) and after (in blue) the assimilation of
both the hydraulic heads and flowrate data with LM-EnRML. The red
dots are the observed data; the ensemble size is 200.



3.5. Results and discussion 57

Figure 3.16: Predicted hydraulic head and flowrate data at the obser-
vation locations, before (in grey) and after (in blue) the assimilation of
both the hydraulic heads and flowrate data with ES-MDA. The red dots
are the observed data; the ensemble size is 200.

As done previously with ES in order to mitigate the effects of non-
Gaussianity on the performance of the method, we applied a normal-
score transform on the data so as to obtain ensemble distributions of
predicted variables which are locally Gaussian, for each data type, be-
fore performing each update step of ES-MDA in the transformed data
space. As shown in Figure 3.17, the proposed state transformation al-
lows ES-MDA to achieve an acceptable match of the head and flowrate
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observations after 8 iterations. Table 3.4 shows the estimates obtained
after assimilating only the transformed heads resulted in a slight im-
provement. The coverage has slightly increased, which indicates that
the estimated uncertainty, although still underestimated, has improved
a little. A much more significant improvement, however, can be ob-
served when both the head and flowrate data are assimilated in the
transformed space. Compared to when no transformation is applied,
the assimilation of both transformed data types is much more efficient
given the larger variability of the ensemble and the smaller RMSE.

Figure 3.14 shows that when both data types are transformed, the
decrease of the cost functions minimized for each iteration of ES-MDA
(Evensen, 2018) is more stable than when no transformation is applied.
In the case without transformation, the larger range of the initial en-
semble of values reflects the differences of magnitude of the mismatch
associated to the flowrate data on the one hand, and the one associ-
ated to the heads on the other hand. As shown in Figure 3.18a, the
distribution is spread around two distinct modes. Hence the less sta-
ble reduction observed is probably related to the contribution of the
flowrate data which dominates the cost function to minimize because
of their much more smaller measurement errors. In contrast, the ini-
tial ensemble of mismatch values resulting from the transformed data
(Figure 3.14b) is much less spread and resembles a Gaussian distribu-
tion (3.18). By making Gaussian the distribution of all mismatch val-
ues defining the first cost function to be minimized with ES-MDA, the
normal-score transform applied to each data type seems to have ben-
efited the data assimilation with ES-MDA. Since a new cost function
is minimized after each ES-MDA iteration, we suppose that the initial
Gaussian distribution of all the data mismatch values resulting from the
transformation contributes to make the minimization more efficient by
allowing to take equally account of each data type in the assimilation
from the start of the assimilation. However, as discussed by Schoniger
et al. (2012), it is important to note that such local transformation of the
state variables would not have led to a successful application of ES-MDA
if the multivariate dependence of the state variables was not sufficiently
Gaussian in the first place. Indeed, since the proposed transformation
only affects the marginal distribution, it is essential that the multivari-
ate structure of the state variables is near-Gaussian in order to really
observe an improvement of the performance of the ensemble Kalman
method. Crestani et al. (2013) illustrated this point by observing that
similar local transformation performed on concentration data can dete-
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riorate the performance of EnKF because of an insufficient dependence
between the multi-Gaussian log hydraulic conductivity parameters and
the concentrations.

Figure 3.17: Predicted hydraulic head and flowrate data at the obser-
vation locations, before (in grey) and after (in blue) the assimilation
of both the transformed hydraulic heads and transformed flowrate data
with ES-MDA. The red dots are the observed data; the ensemble size is
200.

It could be argued that equal contributions from both the heads and
flowrate data to the first cost function could also have been obtained in
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the case without transformation by decreasing the measurement vari-
ance of the head measurements. However, the use of very small values
of measurement errors can cause problems during the data assimilation
as it may lead to severe underestimations of the parameter uncertainty
due the overconfidence in the assimilated data.

Figure 3.18: Distribution of the decimal logarithm of the sum of
weighted squared errors prior to the assimilation of head and flowrate
data with ES-MDA: a) Without transformation. b) With transforma-
tion.

3.6 Conclusion

In this synthetic study, two iterative forms of ensemble smoother,
LM-EnRML (Chen and Oliver, 2013) and ES-MDA (Emerick and
Reynolds, 2012a), were applied and compared. They were both used
to condition an ensemble of multi-Gaussian log hydraulic conductivity
fields to transient hydraulic data. Given the nonlinear dynamics of the
groundwater flow problem inspired by a real hydraulic situation, the
results show the necessity of using an iterative instead of non-iterative
ensemble smoother in order to obtain an ensemble of hydraulic conduc-
tivity fields which all match properly the data.

Despite the multi-Gaussian log K distribution considered, the re-
peated assimilations of the data set have highlighted the known tendency
of ensemble Kalman methods to underestimate the true error due to the
finite ensemble size. A trade-off between accuracy of the estimation and
computational efficiency hence needs to be found when applying such
methods. Our uncertainty analysis based on the comparison between
the ensemble spread and the true error, here accessible in this synthetic
study, clearly indicated the existence of a threshold ensemble size below
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which the updated mean and variance are not reliable. For our case,
we found that the final estimates using an ensemble of 100 were not
acceptable whereas increasing the ensemble to a still reasonable size of
200 improved significantly the accuracy of the updated mean and spread
of the ensemble for both algorithms.

Although LM-EnRML outperforms ES-MDA in terms of the accu-
racy of the estimated uncertainty when using an ensemble size of 200,
the performance of ES-MDA seems to improve steadily with the ensem-
ble size while LM-EnRML does not. In particular, the RMSE of the
ES-MDA estimates keeps decreasing. This particularly underlines that
both algorithms do not converge to the same solution. It is not so sur-
prising considering that LM-EnRML was derived so as to minimize an
objective function using a gradient-based approach while ES-MDA was
derived to minimize the variance of the error (Chen and Oliver, 2013;
Evensen, 2018).

The benefit of transforming the state variables with ES-MDA was
mainly observed when assimilating the hydraulic head and flowrate data
simultaneously. Indeed, the normal-score transform of the state vari-
ables allowed a normalization of the magnitudes of all data types to
values drawn from a standard normal distribution. Consequently, both
data types could be more equally taken into account during the data
assimilation as shown by the more stable reduction of the cost functions
compared to the application of ES-MDA without transformation. How-
ever, as commented in previous studies (Schoniger et al., 2012; Crestani
et al., 2013), the applicability of such state transformation could be
questioned in cases where the multi-Gaussian dependence of the state
variables is not as strong as in this multi-Gaussian log K case, either
as a result of the nonlinearity of the model and/or because of an initial
non-multi-Gaussian parameter distribution.






Chapter 4

Updating non-multi-Gaussian
groundwater flow parameters
of a channelized aquifer with
iterative ensemble smoothing

4.1 Introduction

The ensemble Kalman filter (EnKF) and other ensemble-based vari-
ants have been introduced as an efficient alternative to the Kalman
filter for high-dimensional state estimation problems (Evensen, 2009b).
In the context of inverse modelling, ensemble-based Kalman methods
can be employed for the assimilation of observations of the system state
in order to condition the non-observed parameters of the model. In
Chapter 3, we concluded that for our synthetic case, the application of
iterative ensemble smoothers on an initial ensemble of multi-Gaussian
parameter fields could yield reasonably accurate estimates within a few
iterations by using an ensemble size of the order of O(10%). However, this
multi-Gaussian assumption may not always be adapted for the problem
considered. For instance, a multi-Gaussian distribution cannot repre-
sent certain types of heterogeneities associated to highly connected or
disconnected structures while this complexity could very much affect
the flow and transport processes (Zinn and Harvey, 2003; Kerrou et al.,
2008).

Although the application of ensemble-based Kalman methods in
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problems with nonlinear dynamics has shown to be quite robust es-
pecially with the development of iterative methods (Gu and Oliver,
2007; Chen and Oliver, 2013), the biggest challenge lies in the appli-
cation of such methods in the suboptimal case of a non-multi-Gaussian
initial ensemble. By construction, the moments of order higher than
two cannot be captured during the linear update step of these methods
(Evensen, 2009b). Even so, the ability of ensemble methods to handle
high-dimensional estimation problems, combined with their convergence
achieved at a lesser cost compared to other Monte-Carlo approaches,
has continued to motivate parameterization strategies in order to apply
them more properly to non-multi-Gaussian or discrete cases (Liu and
Oliver, 2005; Jafarpour and McLaughlin, 2008; Chen et al., 2009; Jafar-
pour and Khodabakhshi, 2011; Zhou et al., 2011; Hu et al., 2013; Cao
et al., 2018). In general, non-multi-Gaussian state variables can either
result from the technique used to simulate the ensemble of stochastic pa-
rameter fields, or from a nonlinear process model and imposed boundary
conditions even if the parameters are initially multi-Gaussian (Schoniger
et al., 2012; Evensen, 2018).

To get closer to the multi-Gaussian assumption, Zhou et al. (2011)
and Li et al. (2012) suggested to apply EnKF with a normal-score trans-
form on the log hydraulic conductivity (log K) parameters and the hy-
draulic head data. It is worth pointing out that unlike the normal-score
approach on the state variables proposed by Schoniger et al. (2012)
when considering multi-Gaussian log K fields, the motivation in this
non-Gaussian parameter case is not to trigger a pseudo-linearization
of the relationship between the parameters and the data, but simply
to perform the EnKF update on Gaussian marginal distributions. In
fact, such transformations will increase the non-linearity between the
transformed parameter and state variables (Zhou et al., 2011). Even so,
NS-EnKF of Zhou et al. (2011) was shown to outperform EnKF in their
synthetic case in terms of the successfully retrieved connectivity of the
log K fields and match of state observations. A drawback however was
that an ensemble size of 1000 was required in order to avoid a collapse
of the ensemble variance of final log hydraulic conductivities. Given
that ensemble sizes of no more than O(100) are used in most applica-
tions (Wen and Chen, 2005; Chen and Zhang, 2006; Gillijns et al., 2006;
Evensen, 2009a; Anderson, 2009), the computational cost associated to
ensembles of thousands of members can indeed be considered a limiting
factor. Moreover, Zovi et al. (2017) showed in another synthetic case
using an ensemble size of 2000 that the ability of NS-EnKF to retrieve
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consistent structures also depended on the number of conditioning ob-
servations points in the modelled domain.

Mainly motivated by the NS-EnKF approach proposed by Zhou et al.
(2011), this synthetic study aims to explore, in a non-Gaussian param-
eter case, the potential of using a similar normal-score approach for the
application of the iterative ensemble smoother ES-MDA (Emerick and
Reynolds, 2012a). Indeed, in the previous multi-Gaussian log K case,
we have shown that the normal-score transform of state variables could
especially benefit the simultaneous assimilation of hydraulic head and
flowrate measurements with ES-MDA.

Using the same model set up presented in the previous multi-
Gaussian log K case (cf. Figure 3.1) and in which sparse observation
points are especially considered, the extent of the effects introduced by
parameter and state transformations for the inversion of non-Gaussian
log K fields will be assessed. Although previous EnKF applications con-
sidered the normal-score transform of hydraulic head data only (Zhou
et al., 2011; Li et al., 2012; Schoniger et al., 2012; Zovi et al., 2017),
we will consider in addition the feasibility of the normal-score approach
when assimilating both head and flowrate measurements for our specific
case.

4.2 Methods

This section first introduces ES-MDA, an iterative ensemble
smoother proposed by Emerick and Reynolds (2012a), before explaining
how the normal-score transform will be combined with the ensemble
method to yield an “iterative normal-score ensemble smoother”.

4.2.1 ES-MDA

The “Ensemble Smoother with Multiple Data Assimilation”, abbre-
viated ES-MDA, relies on the ensemble smoother (ES) update formula
which can actually be viewed as an extension of the ensemble Kalman
filter (EnKF). Indeed, the equation of the ES update is the same as the
one used in EnKF, except that here the vector of observations consid-
ers the observations of all the time points (van Leeuwen and Evensen,
1996). Hence both ES and ES-MDA assimilate the whole set of tran-
sient observations during the update step. Unlike ES which performs
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the update only once, ES-MDA performs the data assimilation a prede-
fined number of times with a covariance of the measurement errors Cl.,
in ES-MDA which is inflated by a factor «. Each realization m; of the
ensemble of size N is updated at iteration k + 1 as follows

mitt =mf + Cip(Chp + Olk+lcerr)_1(d]§bs,¢ — g(mf)) (4.1)

where dlgb s.; 1s the vector of observations perturbed by a vector of inflated
Gaussian noise sampled from N(0,aj11Cerr) at iteration k + 1, and
C’]’\% p and C’f) p are respectively the cross-covariance matrix between the
parameter vector m; and the vector of predicted data g(m;) and the
auto-covariance matrix of predicted data which are both approximated
from the ensemble at iteration k. It is worth noting that except from
the batch processing and inflated covariance of the measurement errors,
the ES-MDA update has the expression as in EnKF.

Because 4.1 was derived based on the equivalence between single
and multiple data assimilations in the linear Gaussian case (Emerick
and Reynolds, 2012a), the application of ES-MDA requires to satisfy
the following condition on the N, inflation factors ay

Na

> R (4.2)
=1 “F

For simplicity, constant factors equal to the number of assimilations
N, will considered. Note that several optimized versions of ES-MDA
which adapt ay based on the magnitude of the data mismatch have been
proposed based on this condition (Emerick, 2016; Le et al., 2016). The
reason why ES-MDA succeeds in improving the data match obtained
with ES in the nonlinear case lies in the equivalence between ES, or
equivalently ES-MDA with only one iteration, and one single iteration
of the Gauss-Newton optimization procedure using a full step-length
and an average sensitivity estimated from the prior ensemble (Emerick
and Reynolds, 2012a). Multiple smaller updates resulting from several
ES-MDA iterations will therefore lead to a more accurate estimation as
would be the case when using the Gauss-Newton method with shorter
step lengths.
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4.2.2 Iterative normal-score ensemble smoother

Similarly to the benefit which has been observed with NS-EnKF
over EnKF (Zhou et al., 2011; Li et al., 2012), the application of ES-
MDA with normal-score transform aims to improve the conditioning to
transient state observations of non-Gaussian realizations of log hydraulic
conductivities (log K). It is worth noting that here, compared to the
previous multi-Gaussian case for the same synthetic groundwater flow
problem addressed in Chapter 3, the transient state observations are
non-Gaussian as a result of both the nonlinear flow dynamics and the
non-Gaussian hydraulic parameters. Given a generated initial ensemble
of non-Gaussian log K fields and a nonlinear forward model operator,
the approach proceeds as follows:

1. Prediction (or forecast) step. An ensemble prediction is run from
t = 0 to the time of the last observation in the time series using
the hydraulic conductivity fields.

2. Normal-score of the original parameter variables. For each grid
cell, a normal-score function ¢, is defined by mapping the p-
quantile of the ensemble distribution of the initial log K values to
the p-quantile of a standard normal distribution. In this manner,
an ensemble of transformed log K fields with Gaussian marginal
distributions is obtained.

3. Update (or analysis) step. The transformed parameters are up-
dated with ES-MDA by considering in (4.1) the transformed pa-
rameters and transformed data instead of the original variables.
For a detailed description of the computational implementation
of the matrix operations in the ES-MDA update, especially when
using the subspace inversion procedure with rescaling, the reader
is referred to Appendix B of Emerick (2016).

(a) Definition of the normal-score transform functions. A
normal-score transform (NST) function denoted )y, for each
data type, is calculated based on the time series of state vari-
ables predicted at each one of the k£ observation locations
(Figure 3.1) which we perturb with noise beforehand. In-
deed, we perturb the predicted data using the same inflated
measurement errors added to the observations to assimilate.
This NST function maps the p-quantile of the ensemble dis-
tribution of original perturbed predicted values at one lo-
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cation to the p-quantile of a standard normal distribution.
In this manner, at each observation location, the ensemble
of transformed perturbed predicted head or flowrate data
when considering all the points in the time series will be
Gaussian. We will particularly discuss in the results of the
non-convergence of the proposed approach when assimilating
transformed flowrates in addition to the transformed heads.

Transformation of the predicted data (without perturbation).
The data mismatch term in the ES-MDA update equation
(4.1) involves the predicted data vector without the inflated
noise. This predicted data vector is transformed according
to the previously defined NST functions v depending on
the location of the predicted data.

Transformation of the perturbed observations. Similarly to
the transformation of the predicted data vector, the inflated
observation vector is also transformed according to vy de-
pending on the location of the observed data. By applying
the same local normal score functions as used to transform
the predicted data vector, both transformed vectors can be
compared properly when evaluating the data mismatch term
n (4.1). Note that in NS-EnKF (Zhou et al., 2011), the pre-
dicted and observed data at a same observation point are
both transformed using the same normal-score function as
well. However, no inflated measurement errors need to be
taken into account when defining the normal-score functions
in NS-EnKF.

Covariance between the transformed parameters and trans-
formed predicted data. This covariance matrix Cy;p is cal-
culated between the transformed parameters and the trans-
formed predicted data vector without the inflated noise.

Calculation of the pseudo-inverse of the transformed matrix.
The assimilation of a large data set compared to the en-
semble size requires to calculate the pseudo-inverse of the
matrix C’f) p + @i4+1Cerr using the subspace inversion proce-
dure of Evensen (Evensen, 2004; Emerick, 2016). As a result,
the terms C’f) p and Ce,r needs to be transformed separately
in order to be able to calculate the pseudo-inverse of the
transformed matrix. Cg p is calculated simply based on the
normal-score transform of the predicted data without pertur-
bation, while the transformed measurement error covariance
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—

Cerr is determined so as to respect the following ratio

—

Cerr(Cerr)il = CD’/D\’,diag<CD’D’,diag)71 (43)

where C,,, is the untransformed measurement error covari-
ance which is often assumed diagonal, Cp/pr giag is the di-
agonal matrix constructed from the diagonal elements of the
covariance of the transformed perturbed predicted data, and
Cp' D' diag is the untransformed equivalent.

4. Back transform the updated transformed parameters. The trans-
formed parameters are transformed back to log K values using
the inverse of the normal-score transform defined in Step 2, noted

-

5. The algorithm goes back to Step 1 until the last ES-MDA update
and back-transform step. It is important to mention that the
normal-score transform functions ¢, applied in Step 2 in the next
iterations are still the one built from the initial ensemble of log K
realizations. As pointed out by Zhou et al. (2011) for NS-EnKF,
keeping the same function helps the updated log K distribution
to not deviate too much from the initial distribution.

4.3 Synthetic test case

The performance of the proposed iterative normal-score ensemble
smoother was evaluated on the synthetic inverse problem inspired by
the real situation observed at the Andra’s Underground Research Labo-
ratory site in Meuse/Haute Marne (cf. Introduction in Chapter 1). The
model set up including the model geometry, the boundary conditions,
the number of observation points and their location are described in the
previous chapter in Section 3.3.1.

4.3.1 Synthetic data set

The synthetic data set is composed of the transient heads observed
at the ten observation points, as well as the transient flowrates produced
at five different depths along the seepage boundary (Figure 3.1). They
were simulated by a groundwater flow simulation in saturated conditions
given the reference field of log hydraulic conductivities (log K') shown in
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Figure 4.1b and a constant specific storage value of 107 m~! over the
whole domain. This log K reference field results from two simulation
steps. As shown in Figure 4.1a., a categorical binary field was first
simulated by multiple-point statistics (MPS) using as the conceptual
model the training image (TT) shown in Figure 4.2. This TI of size 1000 x
100 was extracted from a shrinked version in the vertical dimension of
the 2500 x 2500 hand drawn image by Zahner et al. (2016) inspired by
Strebelle (2002). Then, continuous log K values extracted from two
multi-Gaussian simulations generated by the Fast Fourrier Transform
method of respectively mean value -4 and -6 and variance 0.25 for each
were assigned to each category of the binary field. As a result, the
reference log K field contains two different scales of heterogeneity, one
at the scale of the model with the presence of two facies, and another
smaller one at the scale of the facies. In the real field case, the more
connected facies, i.e. the channels, could represent the more permeable
porous horizons “HP” within the less permeable layers.

Figure 4.1: a) Binary multiple-point simulation used to create the log
hydraulic conductivity reference. b) Reference field of log hydraulic
conductivities.

Figure 4.2: Training image with two categories used to generate the
multiple-point simulations with DeeSse.
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4.3.2 Initial ensemble

An ensemble of bimodal log K realizations was generated according
to the same two simulation step used to generate the reference log K
fields. Similarly to the reference, all log K realizations contain under-
lying categorical patterns from the pre-generated categorical multiple-
point simulation obtained with DeeSse (Straubhaar, 2017).

Given the present problem set up, one objective of the synthetic
numerical experiments will be to evaluate whether the proposed data
assimilation approach can allow to retrieve or not structures that are
consistent to the underlying structures of the initial ensemble.

4.4 Performance criteria

In this non-Gaussian parameter case, the fact that we are dealing
with bimodal log hydraulic conductivity (log K) realizations showing
curvilinear structures calls for a criterion to assess the plausibility of the
conditioned fields. Indeed, neither the RMSE nor ensemble spread can
inform about the shape of the log K distribution or the consistency of the
structures after the assimilation. Unlike the multi-Gaussian case where
the prior correlation lengths of the log K realizations would be essen-
tially maintained throughout the assimilation (Emerick and Reynolds,
2011), the prior non-Gaussian structures and connectivity patterns con-
sidered here are bound to deteriorate from the first assimilation of ES-
MDA if no mitigation strategies are employed.

We will measure the effects of the normal-score transform on the pa-
rameter and state variables on the accuracy of the ES-MDA estimates,
as we did previously in the multi-Gaussian case. To evaluate the plausi-
bility of the structures retrieved after the assimilation, we will compute
the connectivity function (Renard and Allard, 2013) of the facies of value
si, noted m;(h),

mi(h) = Prob{z <> v + h|s(z) = s(z + h) = s;} (4.4)

which describes the probability that two points separated by a distance
h of the same facies of value s; are connected (4.4). We will compute
it before and after the data assimilation for the facies of value 1 which
represents the channels in our case.

Calculating these connectivity functions for each facies of the ini-
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tial ensemble of log K realizations is straightforward if we consider the
ensemble of categorical facies realizations which were simulated with
DeeSse (Straubhaar, 2017) before the assignment of the continuous log
K values. The problem arises when one wishes to calculate this connec-
tivity after the data assimilation. Indeed, since the iterative ensemble
smoother here is employed to directly update the log K values indepen-
dently from the facies it comes from, the underlying categorical patterns
of the initial log K realizations will not be preserved. It will therefore
be necessary to categorize the inverted log K fields in order to calulate
the new connectivity functions and compare them to the initial ones.
The problem with such categorization is the threshold value which is
required in order to associate each log K value to either one of the two
facies. Depending on how close the number of modes and close they
are, finding these thresholds may require the use of a partitioning tech-
nique such as k-means clustering. For this simple bimodal case with
relatively distant modes, we will consider a threshold value of -5 which
corresponds to the average of the two modes of the log K distribution
in order to identify the channel from the matrix facies.

4.5 Results and discussion

The proposed approach was first applied for the assimilation of head
observations with only one iteration of ES-MDA, hence using simply
ES. As shown in Figure 4.3 which shows the parameter field at different
stages of the proposed approach, the update applied on the transformed
initial log K field (Figure 4.3b) breaks distinctly the underlying cate-
gorical patterns of the initial field (Figure 4.3c).

Also, the visible discontinuities between updated and non-updated
parameters due to the localization (Figure 4.3c) raises the issue of how
to preserve through the update the continuity of prior connected struc-
tures when going from an informed to a non-informed region. Indeed,
such transitions will be encountered for any modelled situation where
observations are nearly nonexistent in areas of the model, such as in this
synthetic case (Figure 3.1).

We note however that the bimodality of the log K field could be
successfully retrieved after the back normal-score transform (we do not
show the distribution here for brevity). As mentioned in Section 4.2.2,
the local back normal-score functions are defined based on the initial



4.5. Results and discussion 73

ensemble of log K values, thereby helping to recover the bimodal distri-
bution after each back transform of the updated transformed fields.

Figure 4.3: a) Initial log hydraulic conductivity (log K) field no. 24
from the ensemble. b) Normal-score transformed log K field. ¢) Updated
transformed field with ES (i.e. ES-MDA with one single iteration). d)
log K field after back-transform of the updated transformed field. e)
Reference field.

As expected by the already nonlinear groundwater flow dynamics in
the multi-Gaussian log K case, ES-MDA needs to be iterated a larger
number of times in order to reach an acceptable data match. In fact,
the nonlinearity of the flow is even more important when using an en-
semble of bimodal log K realizations. We can observe this nonlinearity
by looking at the Q-Q plot of the ensemble distribution of the nor-
malized bimodal log K values against the ensemble distribution of the
normalized predicted states at different observation locations. As shown
in Figure 4.4, both distributions don’t have the same shape since the
quantiles from each distribution plotted against each other are far from
being aligned along a straight line (here the bissector more particularly
since the distributions were normalized beforehand). This implies that
the two distributions are not related by a linear transformation. The
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same Q-Q plot in the less nonlinear multi-Gaussian log K case is shown
in the Appendix for comparison.

Figure 4.4: Q-Q plots of the bimodal log K values against the predicted
state observations at several observation locations.

Still, after performing ES-MDA with 8 iterations, Figure 4.5 illus-
trates that the consistency of the back-transformed log K fields did not
improve despite the reduced data mismatch (Figure 4.7). By assess-
ing the variability of the ensemble of log K realizations in Table 4.1,
we note that the ensemble underestimated significantly the true error
which actually increased during the assimilation. Table 4.1 also includes
results from the assimilation of head data with ES-MDA(x8) without
performing the normal-score on the parameters or on the data in order
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to illustrate that the benefit on the ensemble spread comes mainly from
the transformation of the parameters.

Figure 4.5: a) Initial log hydraulic conductivity field no. 24 from ensem-
ble of 100. b) Back-transformed log hydraulic conductivity field after
updating the normal-score transformed initial field with ES-MDA (x8).
c) Reference field.

Ens. Algorithm Assimilated RMSE Ens.

size data spread
100 ES transf. h 1.04 - 1.15 1.03 - 0.88
100 *ES- MDA (x8) h 1.04 - 1.72 1.03 - 0.07
100 ES-MDA (x8) h 1.04 - 1.58 1.03 - 0.20
100 ES-MDA (x8) h, q 1.04 - 1.87 1.03 - 0.12
100 ES-MDA (x8) transf. h 1.04 - 1.30 1.03-0.28
1000 ES-MDA (x8) transf. h 1.03 - 1.03 1.04 - 0.88

Table 4.1: Influence of the normal-score transform of parameters and /or
data, on the RMSE, ensemble spread, and coverage calculated with ES-
MDA. The indication *) means that the parameters were not trans-
formed for that test.

As noted by Zhou et al. (2011), NS-EnKF could achieve accurate
estimations of the uncertainty in their synthetic case provided that an
ensemble size of 1000 was considered. For this reason, it could be argued
that our approach was not successful owing to the significantly smaller
ensemble size of 100 used. Interestingly, when we increased the size to
1000 realizations, we observed that the algorithm did not manage to re-
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duce the data mismatch as efficiently as when we used an ensemble size
of 100 (Figure 4.8). Asillustrated in Figure 4.6 with the mean log K field
obtained after the assimilation using an ensemble size of 100 or 1000, the
ensemble of 1000 conditioned log K fields, on average, did not allow to
sufficiently identify the underlying structures compared to the results of
the case of Zhou et al. (2011). This insufficient characterization is how-
ever consistent with the small decrease of the ensemble variability, as
shown in Table 4.1. Given the resulting enlarged space spanned by the
much larger ensemble size, this still large reduced uncertainty after the
data assimilation is indicative of an insufficient constraint from the con-
ditioning data. Restarting the ES-MDA by predefining a larger number
of iterations may allow to improve the data match but such a test would
be computationally expensive. Based on our current results, it seems
that a larger number of data would be required in order to sufficiently
constrain the identification of the structures in our non-multi-Gaussian
case using a normal-score approach. We note however that the hinted
structures seem more consistent than those yielded by the small ensem-
ble. Although we do not show it here, the individual conditioned log
K fields from the large ensemble were still not sufficiently consistent
relatively to the initial ensemble.

Figure 4.6: Mean fields obtained after ES-MDA(x8) when using an
ensemble size of 100 (a) and 1000 (b).

Figure 4.9 illustrates the visible loss of connectivity observed for the
more permeable facies, i.e. the channels, after the assimilation of the
head data whether using ES or ES-MDA(x8) with an ensemble size
of 100, or whether using ES-MDA(x8) with an ensemble size of 100
or 1000. As we can observe, although the connectivity improved in the
case of the large ensemble, the ensemble of connectivity values no longer
includes the connectivity value of the reference or of most of the initial
ensemble.
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Figure 4.7: Predicted hydraulic head and flowrate data at the observa-
tion locations, before (in grey) and after (in blue) the assimilation of
the transformed hydraulic heads with ES-MDA (x8) using an ensemble
size of 100. The red dots are the observed data.
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Figure 4.8: Predicted hydraulic head and flowrate data at the observa-
tion locations, before (in grey) and after (in blue) the assimilation of
the transformed hydraulic heads with ES-MDA (x8) using an ensemble
size of 1000. The red dots are the observed data.
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Figure 4.9: Connectivity function of the channel facies computed in
the horizontal direction for the ensemble of realizations: (a) before the
update (b) after ES using 100 realizations (c) after ES-MDA(x8) using
100 realizations (d) after ES-MDA(x8) using 1000 realizations. The
grey and blue regions correspond to the values between the percentiles
P5 and P95. The red curve is the connectivity function calculated with
reference A and the blue curve is the median of the ensembles of values
taken by the connectivity function.
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4.6 Conclusion

In this chapter, we applied the iterative ensemble smoother ES-MDA
(Emerick and Reynolds, 2012a) by considering a normal-score transform
on both the parameter and state variables as proposed by Zhou et al.
(2011) in the normal-score ensemble Kalman filter (NS-EnKF'). The use
of this normal-score approach was motivated by the fact that both EnKF
and ES-MDA share the same update equation as the Kalman filter,
thereby potentially yielding from ES-MDA the similar advantages ob-
served with NS-EnKF in the non-Gaussian case (Zhou et al., 2011; Li
et al., 2012; Zovi et al., 2017). When using an ensemble size of 100, the
approach did not allow the retrieval of the initial underlying structures
during the assimilation of the head observations. As a result, the error
increased significantly. Therefore, we can first conclude that the Gaus-
sian marginal distributions were not sufficient to alleviate the effects of
the still non-multi-Gaussian prior distribution. We note, however, that
the uncertainty was less underestimated with the use of this normal-
score on both the parameter and state variables than without. Even
after increasing the ensemble size to 1000, the improvement was not
sufficient, most probably because the sparse conditioning data points
in the horizontal direction are not sufficient to constrain the search of
the enlarged parameter space. Besides, although the iterative normal-
score ensemble smoother converged with the assimilation of the head
observations, it did not when assimilating both the head and flowrate
data. Since the same definition of the normal-score was used for the suc-
cessful assimilation of both data types in the previous multi-Gaussian
case, we conjecture that it is the increased nonlinearity resulting from
the transformation of both the parameters and states, as also noted by
Zhou et al. (2011), which prevented the successful simultaneous assimi-
lation of both data types. As it turns out, when only the parameters are
transformed, thereby removing the nonlinearity due to the transformed
states, the assimilation of both data types effectively allows ES-MDA to
converge. It therefore seems that in the non-Gaussian case, the normal-
score should be applied only on the non-Gaussian parameter variables
in order to not prevent the assimilation of certain data types such as
flowrates for the parameter identification.



Chapter 5

Conditioning truncated
(Gaussian realizations to
transient hydraulic head and
flowrate data with iterative
ensemble smoothing

5.1 Introduction

In order to apply ensemble Kalman methods in the non-Gaussian pa-
rameter case, Zhou et al. (2011) proposed the NS-EnKF approach which
is based on a normal-score transform of the parameter and state vari-
ables prior to the EnKF update step. We previously concluded that for
our synthetic test case, a similar normal-score approach based on the
iterative ensemble smoother could not sufficiently mitigate the effects
of the non-Gaussian joint distributions of the transformed log hydraulic
conductivities. Indeed, the data assimilation did not result in sufficiently
consistent fields given the initial geological information. The large dis-
tance separating some of the observations points, combined with the
large ensemble size requirement seemed to be the main limiting factors
to the successful application of the approach.

From Chapter 3, we remind that despite the nonlinear flow dynamics
of the test problem, the iterative ensemble Kalman method could per-

81
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form efficiently when the prior ensemble is multi-Gaussian. It therefore
seems that ensemble Kalman methods are more robust against devia-
tions from linearity of the forward model operator rather than deviations
from the multi-Gaussian assumption. However, the assumption made in
Chapter 3 that groundwater flow parameters such as the logarithm of hy-
draulic conductivities could be described by a multi-Gaussian distribu-
tion may be insufficient for a wide variety of subsurface modelling prob-
lems (Gomez-Hernandez and Wen, 1998). Indeed, such multi-Gaussian
realizations are not suitable to represent a petrophysical property with
sudden transitions of values or with enough complexity in the spatial
structure while such aspects could significantly affect the groundwater
flow and transport predictions (Zinn and Harvey, 2003; Kerrou et al.,
2008).

In general, the prior geological knowledge is first integrated in con-
ceptual models in the form of categorical features, leading to what we
commonly refer as “facies models”, before continuous properties are con-
sidered for each facies. As a matter of fact, NS-EnKF has been applied
with the aim of retrieving structures initially generated by a discrete
simulation technique that used the multiple-point statistics of a cate-
gorical training image (Zovi et al., 2017). Another type of geostatistical
simulation techniques commonly used to generate discrete realizations is
the Truncated Gaussian method (T'G) or its variant, the Pluri-Gaussian
method (PG) (Armstrong et al., 2003). Both methods are similar in the
way they first simulate one or more multi-Gaussian random fields before
performing a truncation which produces the categorical field.

In the context of an application of ensemble Kalman methods in
the discrete case, such underlying Gaussian variables provide a prac-
tical way to indirectly condition the categorical realizations while still
honoring the multi-Gaussian assumption. Previous reservoir applica-
tions have actually illustrated the potential of a parameterization based
on these underlying multi-Gaussian fields for the conditioning of trun-
cated Gaussian-based realizations using the ensemble Kalman filter or
the iterative ensemble smoother (Liu and Oliver, 2005; Zhao et al., 2008;
Astrakova and Oliver, 2015).

From basic examples using the truncated Gaussian and bi-Gaussian
simulation techniques to represent the geological information in our syn-
thetic test case, this chapter aims to learn about the effects of using
multi-Gaussian underlying variables for the application of the iterative
ensemble smoother in a discrete case. In particular, the applicability
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of the normal-score transform in such nonlinear cases is addressed, as
well as the effects of the nonlinear truncation step on the uncertainty of
the final conditioned ensemble of facies fields. For a proper analysis of
the results, we introduce in this chapter new performance criteria suit-
able for the discrete case which are in fact comparable to the standard
criteria commonly used in the multi-Gaussian continuous case.

5.2 Methods

5.2.1 Generation of facies realizations with the truncated
Gaussian or bi-Gaussian simulation technique

The truncated Gaussian method relies on the truncation of a Gaus-
sian realization y of a standard Gaussian function Y (x). The number
of thresholds is equal to N — 1 with N the number of facies simulated.
Two thresholds s; and sy would hence be needed to truncate a Gaus-
sian realization into a discrete distribution with three facies. Assuming
known stationary facies proportions, the thresholds are determined by
using the inverse of the empirical cumulative density function G—! of
the Gaussian realization as a function of the facies proportions:

N-1
si=G! <Z pi> (5.1)
=1

where p; is the proportion of facies i, s; is the upper threshold for facies
1 with the convention that sg = —oco and sy = +o00.

One limitation of the truncated Gaussian method is that the simu-
lated facies will necessarily be in an ordered sequence. An alternative
in order to add more flexibility in the facies distribution would be to
use the bi-Gaussian method. The principle is the same as the truncated
Gaussian method except that the thresholds are applied to two Gaussian
realizations instead of one. According to the pair of coordinates given
by each Gaussian value Yj(x) and Y2(x) simulated at each cell of the
simulation grid, a facies type will be assigned according to its position
in a truncation threshold map to define based on information about the
contacts between the facies and their proportions.
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Figure 5.1: Illustration of a categorical pluri-Gaussian realization (c)
based on the truncation of two multi-Gaussian realizations (a and b).

5.2.2 Application of ES-MDA

For the same synthetic test case described in Section 3.3.1, the itera-
tive algorithm ES-MDA was considered in order to address the nonlinear
dynamics of the transient groundwater flow problem. For a description
of the algorithm, the reader is referred to Section 4.2.1.

Parameterization

As a reminder, at each iteration k + 1 of ES-MDA, the vector of
model parameters m; is updated according to

m =l 4+ CF p (Chp + a1 Cer) TH(dyy — g(mb))  (5.2)

where d’;b <.; is the vector of observations perturbed by a vector of inflated
Caussian noise sampled from N(0,ay11Cerr) at iteration k + 1, and
C’]’f/f p and C’f) p are respectively the cross-covariance matrix between the
parameter vector m; and the vector of predicted data g(m;) and the
auto-covariance matrix of predicted data which are both approximated
from the ensemble at iteration k.

Given the multi-Gaussian assumption of ensemble Kalman methods,
the underlying multi-Gaussian variables which define the facies distri-
bution are the most suitable variables to be estimated. Hence m; is
composed of the initial variables or updated variables from the previous
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step associated to the multi-Gaussian field Y7 for the truncated Gaus-
sian case, or associated to the two multi-Gaussian fields Y7 and Y5 for
the bi-Gaussian case. If the underlying field(s) have the same resolution
than the flow simulation grid of size ngy;q, then the number of parame-
ters to be estimated is ng.iq Or 2 X ngpiq respectively for the truncated
Gaussian and bi-Gaussian cases.

Generation of the conditioned facies fields

Unlike in the previous multi-Gaussian and bimodal cases, the it-
erative ensemble smoother ES-MDA do not update the log hydraulic
conductivity values in a post-processing procedure of the initial ensem-
ble generated. In this application, it will correct the multi-Gaussian
variables before the truncation step, hence before a new facies fields is
generated. Thus a major difference compared to the application of ES-
MDA on the hydraulic property fields directly is the need to regenerate
the conditioned truncated Gaussian realizations after each update of the
underlying variables.

If the proportions are known, the thresholds of the truncation di-
agram can be derived after each update based on the new empirical
cumulative distribution obtained. If the proportions are not known, the
thresholds can be chosen to be fixed and the proportions will be allowed
to vary during the course of the assimilation.

Based on the facies distribution obtained, hydraulic parameters such
as the hydraulic conductivities can be assigned according the facies type
for every grid cell in order to perform the groundwater flow simulation.

Although the facies distribution or the log hydraulic conductivities
inside the facies are not updated directly with the ensemble Kalman
method, this parameterization based on the underlying variables allows
ultimately to condition the facies distribution, even indirectly, from the
flow data.

5.2.3 Synthetic test cases

Two synthetic tests based on an initial ensemble of respectively
unconditional truncated Gaussian realizations and unconditional bi-
Gaussians realizations were considered for the application of ES-MDA
in a discrete framework. Although previous studies have addressed the
challenge of preserving the conditioning of the initial ensemble to hard
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observations of facies type through the ensemble-based data assimila-
tion procedure (Liu and Oliver, 2005; Astrakova and Oliver, 2015), this
question was beyond the scope of the following test cases.

Apart from the simulation technique employed to generate the cate-
gorical fields, the problem set up including the model geometry, bound-
ary conditions, location of the observation points, is exactly the same as
for the previous cases and is described in Section 3.3.1. In both tests,
the initial ensemble of categorical fields was generated in the same man-
ner as the reference in order to consider the variability of the underlying
Gaussian field(s) as the only source of uncertainty in the parameter
estimation problem.

Truncated Gaussian case

A reference truncated Gaussian realization with proportions p; =
50%, p2 = 20% and p3 = 30% respectively for the facies 1, 2 and 3
was created (Figure 5.2a). To mimic horizontal structures, an exponen-
tial variogram model with horizontal and vertical correlation lengths
of respectively 120 and 12 gridblocks was assumed for the underlying
multi-Gaussian realization in order to yield horizontal structures after
the truncation. The resulting facies 1, 2 and 3 were populated with con-
stant log hydraulic values —6, —5, —4 respectively (Figure 5.2b) in order
to generate after a flow simulation the synthetic data set of hydraulic
heads and flowrates at the observation points (Figure 6.8). Given the
horizontal extent of the drawdown shown in Figure 5.3, a critical length
of 4000m was defined in order to evaluate the Gaspari-Cohn function
used to localize the Kalman gain matrix.

Figure 5.2: a) Truncated gaussian realization used as the categorical
reference. b) Log hydraulic conductivity field (m/s) resulting from pop-
ulating the categorical reference.
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Figure 5.3: Drawdown (m) computed at the end of the transient ground-
water flow simulation (t=43200s) using the log K field obtained from
the truncated Gaussian reference.

A reference bi-Gaussian realization with the same proportions p; =
50%, pa = 20% and p3 = 30% of respectively log hydraulic conductivity
—6, —5 and —4 was created by truncating two multi-Gaussian realiza-
tions Y7 and Y5 according to the truncation threshold map shown in
Figure 5.4. An exponential variogram model with correlation lengths of
20 gridblocks in the principal direction 25° north-west and 10 gridblocks
in the perpendicular direction was assumed for Y;. Another exponen-
tial variogram model with horizontal and vertical correlation lengths of
respectively 120 and 12 gridblocks was assumed for Y5. As shown in
Figure 5.5, connections between each pair of facies are possible unlike in
the truncated Gaussian reference (Figure 5.2). Given the horizontal ex-
tent of the hydraulic perturbation shown in Figure 5.6, a critical length
of 3000m was defined in order to evaluate the Gaspari-Cohn function
used to localize the Kalman gain matrix.
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Figure 5.4: Truncation threshold map used to generate the reference
bi-Gaussian field in Figure 5.5

Figure 5.5: a) Bi-gaussian realization used as the categorical reference.
b) Log hydraulic conductivity field (m/s) resulting from populating the
categorical reference.

5.2.4 Performance criteria in the discrete case

As first defined in Section 3.4 of Chapter 3, the RMSE and the en-
semble spread are the two statistical measures commonly used to assess
the accuracy of the estimates of ensemble-based Kalman methods in
synthetic studies (Houtekamer and Zhang, 2016). Both calculate a dis-
tance involving the mean of the ensemble of continuous estimates since
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Figure 5.6: Drawdown (m) computed at the end of the transient ground-
water flow simulation (t=43200s) using the log K field obtained from
the bi-Gaussian reference.

the mean can be interpreted as the best estimate in the ensemble-based
framework (Evensen, 2003). In previous studies addressing the normal-
score transform of parameters updated by an ensemble Kalman method
(Zhou et al., 2011; Zovi et al., 2017; Li et al., 2018), it is worth not-
ing that the RMSE and ensemble spread are not calculated using the
ensemble of updated transformed variables, but using instead the en-
semble of resulting log hydraulic conductivity (log K) realizations after
the back-normal score transform. Even though such an analysis could
be questioned given the nonlinearity of the back-transform function, it
could in fact still be applied because the back-transformed fields were
ultimately continuous. In the discrete example of the truncated Gaus-
sian case, a similar analysis of the RMSE versus the ensemble spread
using directly the categorical realizations is not possible. In a previous
study, Astrakova and Oliver (2015) calculated these criteria using the
continuous permeabilities assigned to the facies fields after the nonlin-
ear truncation step. Indeed, the issue with an ensemble of categorical
realizations is that the values of the categories will affect the calculated
mean although they are assigned arbitrarily. Therefore, the calculations
of the RMSE and the ensemble spread would be based on meaningless
values in general in the categorical realization case.

There is actually one case where such an analysis could make sense,
namely when the ensemble of realizations follows a Bernoulli distribu-
tion with a probability p of value 1 and probability 1 — p of value 0.
In that case, the ensemble mean in the RMSE would correspond to the
proportion p of value 1, while the ensemble spread would be a measure
of the ensemble spread around p. Given this possible interpretation,
one could consider applying the same analysis for every indicator func-
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tion of the different categories. We would have to compare, on the one
hand, an error between the probability distribution obtained from the
ensemble and the true distribution; and on the other hand, a measure of
uncertainty associated to the probability distribution of the ensemble.
With this strategy, it is however not clear how each couple of calculated
RMSE and ensemble spread related to one particular facies proportion
could be combined together into one single global measure of error and
of uncertainty associated to the whole probability distribution.

Instead of the RMSE and the ensemble spread, we suggest for the
discrete case, to consider two other well-established measures which orig-
inate from information theory. These measures are interesting consid-
ering how they could be defined so as to obtain the same interpretation
as respectively the RMSE and the ensemble spread in the continuous
case. In place of the ensemble spread, as a measure of uncertainty, we
propose here to calculate the entropy, also knows as the Shannon en-
tropy. It is estimated from the probability distribution obtained from
the ensemble. The Shannon entropy provides a way of quantifying the
average amount of information contained in a probability distribution.
If p; denotes the proportion of a facies category ¢ calculated from the
ensemble of categorical realizations at one gridblock, the entropy of the
probability distribution is defined as:

N
H==> p;-logp; (5.3)
=1

where N is the number of events and corresponds here to the number
of facies categories. The entropy is hence a weighted average of the
random variable I = —log(p;), which actually defines in information
theory the amount of information conveyed by the event of a category
1 of probability p;. Note that the units of the entropy will depend on
the base of the logarithm used. Also, we can see that compared to
the ensemble spread, the entropy does not depend on the value of the
random variable but only on the probabilities for every possible outcome.
It is also worth noting that the uncertainty associated to the uniform
probability distribution yields the highest entropy with a value equal to
the logarithm of N.

As for the error relatively to the reference, it is important to define
it in the same units as our measure of uncertainty, hence in terms of the
units of information amount, if we want to be able to compare them.
For this reason, we propose here to use the Kullback-Leibler divergence
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(Kullback and A Leibler, 1951), often shortened KL divergence, or also
known as the relative entropy. As we will see, its formulation only
slightly differs from the Shannon entropy formula. The KL divergence
is similar to the RMSE we calculated in the continuous case in that it
quantifies a discrepancy between an observed reference and an estima-
tion of that reference. But unlike the RMSE, it considers a discrepancy
between two probability distributions rather than two outcomes. Given
a reference probability distribution P and an approximating distribu-
tion @ of respectively proportions p; and ¢; for each of the N facies
categories, the KL divergence of P and (@ is

N
Dir(P | Q)= pi-(logpi —logq) (5.4)
i=1
As expressed here, we can see that it actually corresponds to a weighted
average of the difference between, on the one hand, the amount of in-
formation associated to the event of category i in the approximating
distribution (), and on the other hand, the amount of information of
the same event in the reference distribution P. As a result, the KL
divergence can be interpreted as the amount of information lost when
using () to approximate the reference P, which is very similar to the
interpretation of the RMSE as the error when using the ensemble mean
value to approximate the reference value. In this way, the KL divergence
can be considered as our measure of error in the discrete case in terms of
the average amount of lost information when using the probability dis-
tribution calculated from the ensemble to approximate the distribution
directly given by our synthetic reference categorical field.

As long as the KL divergence is expressed in the same units as the
Shannon entropy, i.e. by using the same base of logarithm, it will hence
be possible to compare them using a similar interpretation as with the
RMSE and the ensemble spread in the continuous case. For the analysis
of our results, we will use the logarithm to base N, with N the number
of facies, so that the Shannon entropy will be at most equal to 1.

Besides, note that in the results presented, we will compute an av-
erage of the forementioned measures based on the gridblocks located
in the most informed region of the model, i.e. up to 1600m from the
seepage boundary, so as to consider almost twice the distance between
the two series of observation points at £ = 0m and x = 1000 m.
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5.3 Results and discussion

5.3.1 Truncated Gaussian case

As shown in Figure 5.7, the conditioning of the categorical realiza-
tions via the update of the underlying variables with ES-MDA led to an
efficient reduction of the data mismatch. The oscillations observed for
each ensemble member are indicative of the increased nonlinearity of the
forward model operator due to the additional truncation step before the
flow simulation. However, as indicated by the progressively decreasing
median curve, the convergence of the ensemble is overall robust. Given
the large initial variability of the ensemble of predicted data, the data
match obtained after 8 iterations of ES-MDA can be considered reason-
able at almost every observation point when assimilating both head and
flowrate observations (Figure 5.8).

Figure 5.7: Evolution with the iterations of the decimal logarithm of
the data mismatch for the truncated Gaussian case when assimilating
both head and flowrate data. The blue curve is the median, the blue
area corresponds to the region between the percentiles P5 and P95 of
the ensemble of values, and the black curve is the values computed for
the ensemble member no. 0.
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Figure 5.8: Predicted hydraulic head and flowrate data at the obser-
vation locations, before (in grey) and after (in blue) the assimilation of
both hydraulic head and flowrate data in the truncated Gaussian case.
The red dots are the observed data; the ensemble size is 200.

From Figure 5.9, we can observe that the conditioned facies fields are
geologically consistent with the initial ensemble of facies fields generated.
Both the structures and the proportions have been preserved thanks to
the regeneration of the fields from the updated multi-Gaussian variables.
It is worth noting that in the NS-EnKF approach of Zhou et al. (2011),
the back normal-score transform of the updated transformed variables
actually plays the same role as this facies regeneration from the trun-
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cation step since it allows to get back to the property distribution and
allows the ensemble integration forward in time with the flow simula-
tion. However, the multi-Gaussianity of the variables being updated in
this case are a determining factor in the consistency of the regenerated
structures. Indeed, we remind from the previous bimodal case that the
non-Gaussian joint distribution of the transformed variables led to a loss
of the initial structures right after the first update step.

Figure 5.9: Examples of two truncated Gaussian realizations obtained
after updating their respective underlying multi-Gaussian realization
using ES-MDA(x8)

However, Figure 5.9 also suggests that there is very little variabil-
ity between the final facies fields in the updated region of the model.
To quantify this reduction of variability, we can calculate the average
ensemble spread of the underlying multi-Gaussian variables, similarly
to Liu and Oliver (2005). In the region up to 1600 m from the seepage
boundary, the average spread of the underlying multi-Gaussian ensem-
ble has indeed been significantly reduced from 0.93 to 0.15, hence by a
factor 6 which is significantly larger than the factor of around 2 observed
in the less nonlinear multi-Gaussian log K case.

As in the previous multi-Gaussian log K and bimodal cases, we
tested the effect of a normal-score on the data, following the idea pro-
posed by Zhou et al. (2011) of applying the update on locally Gaussian
ensemble distributions of predicted data. On the basis of the perfor-
mance criteria proposed in Section 5.2.4, we could address properly the
effect of such transformation in the present discrete case. In Figure 5.10,
we can distinctly observe that the error relatively to the reference prob-
ability distribution, represented here by the KL divergence, decreases
significantly when no transformation is applied on the data. This ob-
served KL divergence reduction indicates that the yielded conditioned
facies fields are closer to the reference distribution and hence are more
accurate. Besides, given the discrepancy between the KL divergence
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and the Shannon entropy which here represents the uncertainty of the
categorical ensemble, we can also conclude that the uncertainty is less
underestimated without the use of transformation.

Figure 5.10: Evolution in the truncated Gaussian case of the Kullback-
Leibler divergence and Shannon entropy (in the region up to 1600 m
from the seepage boundary) during the assimilation with ES-MDA of:
a) Head data. b) Transformed head data. c¢) Head and flowrate data.
d) Transformed head and flowrate data.

Through this discrete case example, we showed the importance of
considering other performance criteria besides the reduction of the data
mismatch as the only indicator of a successful application of ensemble
Kalman methods. Indeed, ES-MDA also converged when using trans-
formed data in this truncated Gaussian case. Despite the small vari-
ability of the ensemble of conditioned facies fields obtained after the
assimilation, those fields are actually very close to the reference (Figure
5.2) as a result of the efficient assimilation of the head and flowrate data.
Indeed, the uncertainty of the categorical ensemble distribution was not
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so overly underestimated compared to the true error as we may have
expected.

Therefore, we can overall consider the application of ES-MDA in
this discrete case efficient for the conditioning of truncated Gaussian
fields via their underlying multi-Gaussian field. To improve the remain-
ing data mismatch observed at certain observation points, a possibility
would be to increase the current ensemble size of 200 in order to com-
pensate for the uncertainty underestimation associated to the increased
nonlinearity of the truncation step. In so doing, we might increase the
insufficient spread of the underlying multi-Gaussian field and hence al-
low a better fit of the observations. In comparison to the also nonlinear
but non-multi-Gaussian bimodal case, we reckon that thanks to the
multi-Gaussianity of the underlying variables, increasing the ensemble
size in the order of O(10%) still will be sufficient to benefit from the
assimilation as we have observed in the multi-Gaussian log K case.

5.3.2 Bi-Gaussian case

Similarly to what we observed in the truncated Gaussian case, the
conditioned bi-Gaussian fields obtained throughout the data assimila-
tion with ES-MDA are consistent (Figure 5.11) thanks to the facies
regeneration based on updated underlying multi-Gaussian variables.

Figure 5.11: Example of two bi-Gaussian fields obtained after updating
the underlying multi-Gaussian fields with ES-MDA (x8)

Unlike the truncated Gaussian case, however, the ensemble distri-
bution of the facies fields departs from the reference distribution during
the assimilation. As shown in Figure 5.12, the KL divergence becomes
larger and as a result, further increases the discrepancy with the Shan-
non entropy. It is worth noting that the uncertainty of the ensemble has
less decreased compared to the truncated Gaussian case, and so have the
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spread of the ensemble of underlying multi-Gaussian fields. If we look at
the resulting data match obtained at the observation locations in Figure
5.13, it is therefore not surprising to observe a still large variability in
the ensemble of predictions at several observation locations.

Figure 5.12: Evolution in the bi-Gaussian case of: the Kullback-Leibler
divergence and Shannon entropy (in the region up to 1600 m from the
seepage boundary) during the assimilation with ES-MDA of head data
(a) or both head and flowrate data (b); and respectively for case a) and
b) the ensemble spread of the underlying multi-Gaussian fields (G1 and
G2) in ¢) and d).

What is of higher concern, however, is that even when the number
of ES-MDA iterations is increased to 16, the data match does not im-
prove sufficiently and even gets worse at other locations (Figure 5.14).
As pointed out by Liu and Oliver (2005), the truncation step with the
assignment of different facies types and hence distinct hydraulic prop-
erty values makes the relationship between the multi-Gaussian variables
Yi(z) and Ys(z) and the predicted flow data highly nonlinear in the bi-
Gaussian case. Compared to the truncated Gaussian case, we assume
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that this nonlinearity is significantly increased here given the more com-
plex truncation rules. It therefore seems that the insufficient data match
observed after the assimilation is partly related to the nonlinearity of
the forward model operator. Note that, the normal-score of the data
does not allow ES-MDA to converge in this case, thereby confirming
the limitation of the transformation already observed in the truncated
Gaussian case as a result of the nonlinear forward model operator.

Figure 5.13: Predicted hydraulic head and flowrate data at the obser-
vation locations, before (in grey) and after (in blue) the assimilation of
both hydraulic head and flowrate data in the bi-Gaussian case. The red
dots are the observed data; the ensemble size is 200.
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Figure 5.14: Predicted hydraulic head and flowrate data at the observa-
tion locations, before (in grey) and after (in blue) the assimilation with
16 ES-MDA iterations of both hydraulic head and flowrate data in the
bi-Gaussian case. The red dots are the observed data; the ensemble size
is 200.

We remind that after each ES-MDA update of every couple of under-
lying multi-Gaussian variables Y;(x) and Y2(x) in the truncation map,
the thresholds need to be recalculated in order to respect the known
proportions of the reference. However, by moving these thresholds after
each update, we conjecture that it will also be more complicated for the
smoother to properly condition the underlying variables so as to predict
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the correct facies type and hence hydraulic property value at one loca-
tion based on the covariances only. In order to test this hypothesis, we
purposely considered the same thresholds as in the reference for all en-
semble members, and kept them constant throughout the assimilation.
As shown in Figure 5.15, the data match seems to be more efficient when
considering constant thresholds. Even if this improvement could also be
attributed to the proportions which are now allowed to vary according
to the assimilation of the flow data, we could also argued that remov-
ing those constraints on the proportions can make the estimation of the
true facies distribution more challenging and hence the history match as
well. In fact, the KL divergence still increases even with this modified
definition of the truncation. It is worth noting that a control on the
proportions could still be possible with this defined truncation, namely
by including them as conditioning data in the assimilation procedure.

It is also worth noting that although the two generated multi-
Gaussian realizations can be independent initially, the estimation of
the ensemble method will likely assume correlations between the couple
of variables from respectively each realization at one location. Indeed,
the truncation step defining the facies type at one location will depend
on both the estimated variables from each underlying field at that loca-
tion. Hence one possible explanation as to why the uncertainty is not
so reduced compared to the truncated Gaussian case, especially given
the increased number of parameters, could be the result of these addi-
tional correlations in the covariance matrices. To decrease the impact
of these noisy correlations (which may be the reason for increased er-
rors), one may consider reducing the number of correlated variables to
be estimated in both underlying multi-Gaussian fields. The accuracy
of the covariance matrices computed during the update, using the same
ensemble size, may then increase.
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Figure 5.15: Predicted hydraulic head and flowrate data at the obser-
vation locations, before (in grey) and after (in blue) the assimilation
with 16 ES-MDA iterations of both hydraulic head and flowrate data in
the bi-Gaussian case. The same constant thresholds were applied to all
ensemble members. The red dots are the observed data; the ensemble
size is 200.

5.4 Conclusion

The truncated Gaussian and bi-Gaussian examples illustrate the
benefit of an appropriate parameterization as investigated in previous
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studies (Liu and Oliver, 2005; Astrakova and Oliver, 2015; Zhao et al.,
2008). Compared to the iterative normal-score ensemble smoother ap-
proach proposed in the previous chapter, the update of the continuous
underlying variables which define the facies distribution offers several
advantages. The first and most important one is the Gaussian joint
distribution of the underlying variables. As seen in both the truncated
Gaussian and bi-Gaussian cases, the conditioned facies fields are in this
case consistent with the initial fields prior to the assimilation thanks to
the consistent updated underlying fields. Indeed, similarly to the multi-
Gaussian log K case, the linear update of the ensemble Kalman method
is also applied on a multi-Gaussian distribution. In the end, despite
the increased nonlinearity due to the additional truncation step in the
definition of the forward model operator, the application of the ensem-
ble Kalman method could result in an efficient assimilation of both the
head and flowrate data for the synthetic truncated Gaussian case. The
second advantage is actually a consequence of the multi-Gaussian prior
ensemble, namely the uncertainty is not underestimated as much in the
truncated Gaussian case as observed in the bimodal case for the same
order of ensemble size. Hence the need to compensate the underestima-
tion of the uncertainty with a significantly larger ensemble size is also
mitigated in this case.

However, the bi-Gaussian example (which uses a stronger nonlinear
truncation) shows that not only the parameterization is important for
the application of the ensemble method, but also the definition of the
forward model operator. Indeed, in the multi-Gaussian log K case, we
have seen that applying a normal-score on the data benefited the per-
formance of ES-MDA as a result of a linearization of the relationship
between the log hydraulic conductivities and the predicted flow data.
In this bi-Gaussian case, such transform can no longer help linearize the
relationship as a result of the already too nonlinear truncation step. As
it turns out, this transform prevents the ensemble method to converge
unlike in the truncated Gaussian case. We found, however, that the re-
calculation of the thresholds in order to honor the true proportions after
each update may affect the convergence of the assimilation. Thus, with
this same idea of making the forward model operator less nonlinear and
hence more tractable for the computation of the update, we suggested to
define differently the truncation step by keeping the thresholds constant
and identical for all ensemble members throughout the assimilation. We
observed that the resulting modified forward model operator effectively
allowed a better fit of the observations. As for the relatively high un-
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certainty of the ensemble remaining after the assimilation, we assume
that it is related to the introduction of noisy correlations between the
couples of variables from each underlying field during the assimilation
and the increase of the degree of freedom. To decrease the error, the
ensemble size could be increased, but at the expense of computational
efficiency. An interesting alternative could be to decrease the number of
variables to be estimated from both underlying fields, by using a pilot
point parameterization for example, thereby reducing the correlations
and improving the accuracy of the estimation.






Chapter 6

Multi-resolution approach to
condition categorical
multiple-point realizations to
dynamic data with iterative
ensemble smoothing

6.1 Introduction

The characterization of rock properties is necessary to make reli-
able numerical predictions of flow and mass transport in the subsurface.
Given the sparsity of measurements, geostatistical simulation techniques
can be used to obtain multiple realizations of the value of one or more
properties over the whole discretized domain while honoring the avail-
able measurements. The ensemble of realizations can then be used to
quantify the uncertainty of the property, assuming that the variability
between the realizations is sufficiently well captured by the ensemble.
When these realizations are conditioned to static data only, many real-
izations often do not reproduce the dynamic flow data. At this stage
of the property characterization, the motivation for applying stochastic
inverse approaches is to use the available state observations to condition
the generated ensemble of geostatistical realizations and thereby reduce
the uncertainty. However, as the current trend in hydrogeology is to
increase the complexity of the conceptual models with the development

105
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of advanced geostatistical techniques, the parameter identification prob-
lem using stochastic inverse methods has in parallel also become more
challenging.

As underlined by Zhou et al. (2014) for initial non-Gaussian real-
izations, one drawback of a number of existing inverse approaches is
that the reproduced states after the inversion, although in agreement
with the observations, are obtained with a loss of consistency: the fi-
nal realizations depart far too much from the prior geological model.
The ensemble Kalman filter (EnKF) introduced by Evensen (1994) and
its variants are data assimilation methods which have drawn particular
attention because of their computational efficiency in high-dimensional
and nonlinear state and/or parameter estimation problems (Evensen,
2009b). However, due to their strong assumption of linearity between
the observations and the variables to estimate, these types of algorithms
fail to preserve the non-Gaussian structures if they are applied directly
to condition a non-multi-Gaussian distribution.

Thanks to an appropriate parameterization, Liu and Oliver (2005)
showed that ensemble Kalman methods could be successfully applied
even in the more challenging case of categorical simulations generated
by truncated Gaussian-based methods. By updating the underlying
multi-Gaussian variables instead of the non-Gaussian categorical ones
directly, the multi-Gaussian assumption on the variables to update could
still be fulfilled, allowing in this way an acceptable performance of the
method both in terms of the consistency of the structures characterized
and the quality of the data fit achieved.

Among approaches proposed to condition multiple-point statistics
(MPS) simulations to dynamic data with ensemble-based Kalman meth-
ods, a probability conditioning method was introduced by Jafarpour
and Khodabakhshi (2011) in order to derive at each update of EnKF a
facies probability map from the ensemble of updated log hydraulic con-
ductivity values which initially populated categorical MPS realizations
of facies. Originally, Jafarpour and Khodabakhshi (2011) proposed to
map the mean value computed at each gridblock from the ensemble
of updated log hydraulic conductivity fields to a probability value by
using a linear transformation. Recently, Ma and Jafarpour (2019) pro-
posed an improved approach to derive these probability values by also
taking into account the ensemble variance. Either way, the resulting fa-
cies probability map was then used as soft conditioning data for the next
conditional multiple-point simulation using the MPS algorithm SNESIM
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(Strebelle, 2002). An interesting outcome of the proposed methodology
was that each regeneration of soft-data-conditioned multiple-point sim-
ulations following an iteration of EnKF allowed the introduction of some
variability in the facies distribution due to the stochastic nature of the
MPS method.

The probability conditioning method (Jafarpour and Khodabakhshi,
2011), however, does not attempt to mitigate the effects of the non-
multi-Gaussian distribution of log hydraulic conductivities before each
update of EnKF. Zhou et al. (2011) proposed a normal-score transform
prior to each computation of the EnKF update so that the ensemble of
initial or updated parameter variables is marginally Gaussian in order
to reduce the consequences of violating the multi-Gaussianity assump-
tion from the beginning. For their synthetic case, they concluded that
such normal-score transform prior to the update allowed to outperform
EnKF without any transformation in terms of the structures that could
be retrieved by the end of the data assimilation. It is worth mentioning
that their application of the ensemble method was based on an ensemble
of 1000 realizations, which is quite large compared to the standard en-
semble sizes of around a hundred of members, and also on an important
number of observation points for the hydraulic head data used in the
assimilation.

Similarly to the strategy of Liu and Oliver (2005) to condition cate-
gorical truncated Gaussian simulations with EnKF via their underlying
multi-Gaussian variables, Hu et al. (2013) proposed to apply EnKF to
update either the uniform fields underlying the ensemble of categori-
cal MPS realizations generated with SNESIM (Strebelle, 2002), or the
coefficients of combination of those underlying uniform fields. Both pro-
posed parameterizations of the MPS simulations have the advantage of
allowing the conditioned categorical fields to remain consistent with the
prior geological model. Although both allow to deal with continuous
instead of discrete parameters, the resulting increased nonlinearity be-
tween the parameters to update and the dynamic response ultimately
prevented EnKF from reaching a sufficient data match in either case
(Hu et al., 2013). Heidari et al. (2013) had also observed a similar lack
of flexibility in terms of the final data match achieved when updating
gradual deformation parameters with EnKF to perturb an ensemble of
multi-Gaussian realizations of a petrophysical property.

Keeping this idea of a parameterization reducing the number of ad-
justable parameters, Gardet et al. (2014) proposed a multiscale param-
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eterization on the basis of a multi-Gaussian simulation method. The
goal was to allow to adapt the scale of the conditioning of parameters
according to the data used. Knowing that the finer realizations would
be conditioned to the realizations simulated at the coarse scale, an in-
teresting perspective was the possibility of applying at this coarser scale
the update from an inverse method. The potential of such strategy was
illustrated with the gradual deformation technique.

Mainly motivated by the results of the forementioned studies, this
paper introduces a new methodology to condition categorical MPS sim-
ulations of facies to dynamic data with an ensemble Kalman method.
The workflow relies on a multi-resolution parameterization based on gen-
erated multi-resolution training images which allow MPS simulations at
coarser resolutions than that of the original training image. The per-
formance of the proposed approach is evaluated using a synthetic 2D
vertical groundwater model and transient hydraulic data at particularly
sparse locations in the horizontal direction, as would be the case in many
real problems. In this work, the code DeeSse (Straubhaar, 2017) which
offers a multiscale parameterization of the direct sampling algorithm
(Straubhaar et al., 2020) was used. Among existing ensemble Kalman
methods, the ES-MDA algorithm (Emerick and Reynolds, 2012a) was
chosen for its simple formulation and demonstrated efficiency in a real
reservoir history-matching problem (Emerick, 2016).

In the next two sections, we first introduce the concepts that are at
the heart of the proposed methodology. Section 6.2 aims to give some
background on how the multi-resolution MPS simulations are performed
in DeeSse. The update algorithm ES-MDA is then presented in Section
6.3. We finally give a walkthrough of the proposed methodology in
Section 6.4 based on the previously introduced concepts. The synthetic
case including the model set up, the definition of the DeeSse parameters,
and the performance criteria is presented in Section 6.5. Finally, the
results of the synthetic case are presented and discussed in Section 6.6.

6.2 Multi-resolution multiple-point geostatisti-
cal simulations with DeeSse

Since a few decades, the interest for multiple-point statistics (MPS)
simulations has grown considerably with applications in various fields of
geosciences (Mariethoz and Caers, 2015). Given a “training image” (TI),
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an image provided by the user as the conceptual model of the variable
to simulate, the goal of MPS is to generate random fields that reproduce
the spatial statistics of the TI. Depending on the TI, MPS can render
a large variety of geological heterogeneities, including complex connec-
tivity patterns. Among existing MPS algorithms, the direct sampling
method (DS) (Mariethoz et al., 2010) consists in simulating the nodes
of a simulation grid sequentially by directly sampling the TI. For each
node to be simulated, the pattern formed by a number of neighboring
nodes, either informed by data or which have been previously simulated,
is searched in the TI. As soon as the distance measuring the mismatch
between the conditioning pattern and the one being currently scanned in
the TT is below a given threshold, the corresponding TT value is pasted
at the simulation grid location. If no compatible pattern is found after
a certain fraction of the TI has been scanned, the search is stopped and
the best candidate found so far is used. Hence the maximal number
of neighbors, the distance threshold, and the maximal scanned fraction
are the key parameters of an MPS simulation with DS. Besides being
computationally efficient, DS offers two advantages of general interest:
(1) the ability of handling categorical and continuous variables, and (2)
the possibility of performing simulations of multiple properties given the
multiple-point dependence between given properties (Mariethoz et al.,
2012).

DeeSse (Straubhaar, 2017) is an implementation of the DS algorithm
with some features allowing to improve the quality of the MPS simu-
lations. Among the recently added features, the “Gaussian pyramid”
technique allows to control the simulation at multiple resolutions. The
motivation behind this feature was originally to better capture the differ-
ent scales of heterogeneities that might be present in the TI (Straubhaar
et al., 2020). The technique consists in computing coarser versions of a
given TI. The resulting set of multi-resolution training images can then
be used to perform a series of MPS simulations at different scales, start-
ing from the coarsest scale up to the original scale of the training images.
Those multi-resolution MPS simulations establish the multi-resolution
framework of our proposed data assimilation approach to condition cate-
gorical MPS simulations with an ensemble Kalman method presented in
Section 6.4. We provide here some background on how such multiscale
MPS simulations are performed by DeeSse in the case of a categorical
TT.

For a given categorical TI with N categories, the Gaussian pyra-
mid technique creates a pyramid of multi-resolution training images for
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N — 1 indicator functions of the different categories. The remaining
category is deduced from all the previously simulated ones. Starting
from the provided TI, the upscaled images result from the recursive ap-
plication of a reduce operator on the last image created. As currently
implemented in DeeSse, this reduce operator corresponds to the convo-
lution product of the image with a set of Gaussian-like kernels of either
5-pixel width distributed every two nodes in each direction, or 7-pixel
width distributed every three nodes, or a combination of both of these
possibilities. Consequently, the spacing of two or three nodes between
each kernel will correspond to the reduction factor applied in each di-
rection to the image. By iteratively applying this reduce operator to the
last reduced image, one thereby obtains a so-called “Gaussian pyramid”
of images. In addition, each reduced image is expanded onto the grid
of the next finer scale by assigning first the values in the grid nodes
corresponding to the center nodes of the kernel that was used for the
reduce operator (one node over two or three depending on the kernel
width), and then by computing a moving average, in every node, by
using the same kernel with weights normalized over the informed nodes
(and ignoring uninformed locations) (Burt and Adelson, 1983). As will
be described further below, each pair of expanded and reduced training
images of the same level will allow to perform multivariate MPS sim-
ulations (Mariethoz et al., 2012) which are guided by the expansion of
the simulation result in the previous coarser scale grid.

For example, Figure 6.1 shows for a binary TI the complete set
of multi-resolution training images which will be used at some stage
of a series of multiscale MPS simulations performed by DeeSse. As
illustrated, this set includes the Gaussian pyramid of training images
obtained for the indicator function of the category of value 1, i.e. the
channel facies, with two levels of coarse resolutions with a reduction
factor of two applied in each direction between each level, as well as
the pyramid formed by the two expanded images resulting from the
respective expansion of the two reduced images. Hence given both these
pyramids of reduced and expanded training images, an unconditional
univariate MPS simulation can first be performed at the coarsest level
of the TI pyramid by using the corresponding TI. Then, iteratively, the
last coarse simulation is expanded to the next finer scale in order to
guide, by way of a bivariate MPS simulation, the MPS simulation at
that new fine scale using the bivariate TI composed of both the reduced
and expanded images of the corresponding level. Based on the multi-
resolution training images shown in Figure 6.1, Figure 6.2 shows an
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Figure 6.1: Example of a set of multi-resolution training images with
two additional coarse levels obtained with the Gaussian pyramid tech-
nique. A reduction factor of two between each level was applied in each
direction. Given a categorical training image (a), a first reduced image
(b) is obtained. A second reduced image (c) is then obtained from (b).
Finally, the images (e) and (d) are created based on the expansion of
(c) and (b) respectively.

example of pyramids of multiscale MPS simulations obtained, as well as
the expanded images resulting from the coarser-scale simulations which
were used. It is also worth noting that the additional MPS simulations at
the coarse scales required with this pyramid option are not necessarily
much more time consuming, considering that the number of pixels is
reduced from one level of the pyramid to the next coarser one, and also
as they are guided by the expanded image from the coarser level in the
next finer scale MPS simulation (Straubhaar et al., 2020).

6.3 Ensemble data assimilation with ES- MDA

The purpose of this section is to provide some background on the
ensemble Kalman method which was used for the proposed methodology
although another variant could be considered. The data assimilation al-
gorithm will allow to update the previously introduced multi-resolution
MPS simulations and ultimately to condition the categorical facies fields
to the observed dynamic data.
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Figure 6.2: Illustration of the multi-resolution MPS simulation proce-
dure in DeeSse using the training data set of Figure 6.1. At the coarsest
resolution, a first univariate MPS simulation is generated (a). The sim-
ulation is then expanded to the next finer scale of the TI pyramid (b)
to guide the next MPS simulation at the finer scale (c) using the cor-
responding bivariate TI. Again, the last simulation is expanded to the
next finer scale (d) and used to guide the categorical MPS simulation
(e) using the corresponding bivariate TI.

6.3.1 General background

The ensemble smoother with multiple data assimilation (ES-MDA)
developed by Emerick and Reynolds (2012a) is currently one of the
most used ensemble-based Kalman algorithms for parameter estimation
in reservoir applications (Evensen, 2018; Abadpour et al., 2018). It can
be viewed as an iterative form of the ensemble smoother method (ES)
which aims to improve the insufficient match between the observed and
simulated data that usually remains after a single-iteration ES update
in nonlinear problems. Indeed, when the whole data set is assimilated
in one single step with ES, the update step which should remain linear
in ensemble Kalman methods tend to be nonlinear, resulting in the
computation of a suboptimal update. The purpose of iterative ensemble
smoother algorithms in general is to iteratively handle the non-linearities
between the parameters and the assimilated data, so that ultimately a
better fit of the data can be achieved.

ES-MDA was motivated by the similarity between ES and one single
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iteration of the Gauss-Newton method when it is applied to an ensemble
of vectors of model parameters m; with a full step and an average sen-
sitivity estimated from the ensemble (Emerick and Reynolds, 2012a).
For each vector of model parameters m;, this Gauss-Newton method
minimizes the following objective function

O(mz) = %(9(”"1) - dobs,i>TC;"}“(g(mi) - dobs,i)

b3 ms = ) Ot (me =) (6.1)
where my,; is a vector of model parameters sampled from the multi-
variate Gaussian distribution with mean m,, and covariance Cys, dops
is a vector of perturbed observations sampled from N (dgps, Cerr), and
g(m) is the vector of data predicted from the nonlinear forward model
g(). From this analogy, the ES-MDA algorithm was developed so that
it would be comparable to several Gauss-Newton iterations with an av-
erage sensitivity matrix updated from the ensemble after each itera-
tion. For nonlinear problems, these multiple iterations especially al-
low to compute smaller and more accurate updates than one single po-
tentially large and less accurate Gaussian-Newton iteration, and hence
equivalent ES update. This is why a more efficient reduction is ex-
pected throughout the iterations of ES-MDA than with ES in a non-
linear case, and also why it is expected that each ensemble member
updated with ES-MDA will minimize an objective function that is simi-
lar to the one minimized by the iterative Gaussian-Newton optimization
procedure (Evensen, 2018).

As suggested by the name, the ES-MDA algorithm consists in repeat-
ing the ES update equation, for each parameter realization m; where
1 =1,2,..., N with N the ensemble size, a predefined number of times
k

mitt =mf + Cip(Chp + O‘k-i-lcerr)_l(dlgbs,i — g(m})) (6.2)

where C]’\% p» the cross-covariance matrix between the parameter vector
m; and the vector of predicted data g(m;), and C’L]‘i) p» the auto-covariance
matrix of predicted data, are approximated from the ensemble at itera-
tion k.

The only difference compared to ES is that in ES-MDA (6.2), the
covariance matrix of the measurement errors C.,. is inflated by a factor
a > 1. Hence at each new iteration k + 1, each updated realization
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mf“ is computed as the linear combination of the updated realization
mf of the previous iteration k and each component of the vector of

residuals between d’;bs’i, the vector of observed data to assimilate, and

g(mf), the vector of corresponding predicted data from the nonlinear
forward model g(). For each component of the ensemble of parameter
vector realizations mf, each residual is then weighted on the basis of the
Kalman gain matrix K computed from the ensemble of realizations m;
as

K = Cyp(Chp + ak1Cerr) ™ (6.3)

Note that, for simplicity, it is often assumed that the covariance ma-
trix of measurement errors Ce,.,. is diagonal, i.e. the measurements are
uncorrelated, and the variance assigned for each measurement will only
depend on the data type. It is worth reminding that the reason why
the Kalman gain matrix is derived according to (6.3) is to minimize the
trace of the covariance matrix of updated parameters mf“ (Burgers
et al., 1998). As a matter of fact in ES-MDA, the observed data used
to compute the residuals in the update equation (6.2) are the actual
measurements dgps; which have been perturbed with a Gaussian noise
sampled at each iteration from an inflated covariance of measurement

errors a1 1Cepryr as follows

d’;bs,i = dobs + \/OékﬂC;/,?Zd,i (6.4)

where z; is a vector with standard random normal deviates, i.e. z; ~
N(0,I). The purpose of inflating the covariance of measurement er-
rors with a factor ag4q is in fact to limit the confidence given to the
data as they will be processed multiple times. By doing that, the pa-
rameter covariance reduction which occurs after each data assimilation
will not be overestimated. Still, because of this variance-minimizing
scheme underlying the computation of the Kalman gain-based update,
it requires some amount of trial to determine the number of ES-MDA
iterations which allows to both reach an acceptable goodness of fit, and
not end up with an unnecessarily overreduced parameter uncertainty. In
this sense, ES-MDA in its standard implementation is less flexible than
methods which adapt the number of iterations in the course of the opti-
mization. Recently, Evensen suggested that for a limited ensemble size
of 100 realizations, applying the ES-MDA update for more than 16 iter-
ations should not lead to improved results as the estimated mean would
contain sampling errors that are larger than the uncertainty reduction
(Evensen, 2018). Several modified ES-MDA algorithms have actually
been proposed in order to adapt the inflation coefficients, and hence
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the update step sizes, as the history match proceeds (Le et al., 2016).
No matter the implementation used, all the factors «j used to inflate
the observations assimilated by ES-MDA should satisfy the following
condition (Emerick and Reynolds, 2012a)

Nq

1
> v 1 (6.5)

k=1

where N, is the number of times we repeat the data assimilation. This
condition was derived to ensure the equivalence between the single ES
update and the iterative ES-MDA for a linear Gaussian case. To test
the proposed methodology to condition categorical MPS realizations
presented hereinafter in Section 6.4, we will use the standard implemen-
tation of ES-MDA (Emerick and Reynolds, 2012a) and set, for simplicity,
constant inflation coefficients equal to the predefined number of assimi-
lations. As mentioned by Emerick and Reynolds (2012a), varying these
inflation factors in a decreased manner to reduce the magnitude of the
initial large updates only leads to minor improvements.

6.3.2 Localization and normal-score transform

Ensemble Kalman methods are generally implemented along with
ad hoc methods designed to mitigate their intrinsic deficiencies, thereby
getting the best possible performance out of them. Hereinafter, the
purpose of two mitigation methods are stated since they will both play
a significant role in the proposed methodology to condition categorical
multiple-point realizations presented in Section 6.4.

A major limitation of EnKF and other variants such as ES-MDA is
that the finite size of the ensemble can introduce undersampling errors in
the covariance matrices approximated from the ensemble (Houtekamer
and Mitchell, 2006). In particular, “spurious”’ long-range correlations
between components of the parameter vector and the predicted data
can occur and bring an undesirable response in both the updated mean
and covariance. At worst, they can reduce the parameter variance to
the point where the covariance of the updated ensemble can collapse,
thereby wrongly increasing the confidence in certain parameters and,
as a result, preventing the successful assimilation of data that could
contribute significantly to the parameter identification.

The tapering of the sample covariances, also referred as “covariance
localization”, is a method widely used to filter out those undesirable
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correlations. For our application of ES-MDA, we will apply a standard
approach which consists in restricting the magnitude of the update com-
puted close to the observation locations by using a tapering function.
The Kalman gain matrix (6.3) will be attenuated by multiplying each
one of its entries by a localization factor between 0 and 1. This local-
ization is often defined as a function of the physical distance between
each couple of parameter and data variables. An example of common
forms used for this function is the fifth-order correlation function with
compact support as defined by Gaspari and Cohn (1999). We will use
this function since it has been used for many applications where local-
ization in the horizontal direction is important (Anderson, 2012), as in
our synthetic case presented in Section 6.5. Note that to evaluate this
function, a “critical length” which corresponds to the distance beyond
which the localization factor will rapidly decrease to zero needs to be
defined initially.

Another important and more general limitation of ensemble Kalman
methods is their underlying assumption of multivariate normal distri-
butions. Because the Kalman gain is based only on the evaluation of
covariance matrices, the update performed by all these types of meth-
ods will only be able to take into consideration the linear dependence
between the variables. As a result, the statistics of order higher than
two of an initial ensemble of realizations generated by MPS, for exam-
ple, would not be preserved after the update, and neither the potential
initial non-Gaussian structures.

To deal with non-multi-Gaussian ensembles, Zhou et al. (2011) pro-
posed to perform the update in such a way that every marginal distribu-
tion is Gaussian. As illustrated in Zhou et al. (2011), for each parameter
variable at every location, a normal-score transform function is defined
such that the p-quantile of the ensemble distribution of original values
is mapped to the p-quantile of a standard normal distribution. After
the update is performed on these transformed parameter variables, they
need to be back-transformed to be able to run the forward model and
predict the corresponding new observations. Although this approach
has shown to improve the estimates of the ensemble Kalman method
if supported by enough spatially distributed data (Li et al., 2012; Zovi
et al., 2017), it is important to note that this parameter transformation
only mitigates, and hence does not completely solve the problem related
to updating non-multi-Gaussian variables. Indeed, dealing with Gaus-
sian marginal distributions does not necessarily imply a joint Gaussian
distribution for all the variables. It is also worth reminding that the nor-
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mal score transform approach could be applied until now, in the context
of conditioning of MPS simulations with ensemble Kalman methods, be-
cause the parameters were values of a continuous property, such as log
hydraulic conductivities, and not categorical values, such as for geolog-
ical facies. For categorical variables, it would not be possible to define
such normal-score transform. As the proposed methodology presented in
the next section aims to condition categorical MPS simulations, the idea
will be to update, in the same manner as Zhou et al. (2011), continuous
parameters. As will be further explained, those continuous parameters
will be defined at a coarser resolution than the resolution of the categor-
ical MPS simulation. Moreover, those parameters will be more directly
related to the categorical variables thanks to the multiscale framework
for data assimilation established by the multi-resolution MPS simula-
tions.

6.4 ES-MDA with multi-resolution MPS simu-
lations

This section aims to describe how the multi-resolution MPS simu-
lations with DeeSse and the ES-MDA algorithm are combined together
to yield the proposed methodology.

6.4.1 Obtaining the latent variable

As previously introduced in Section 6.2, a multi-resolution MPS sim-
ulation provides a straightforward way to relate the categorical MPS
simulation to a latent continuous variable at a coarse scale. The ES-
MDA update can then be applied on the latent continuous variable
instead of the categorical variable. Therefore, the first step of the pro-
posed methodology consists in extracting the coarsest-resolution MPS
simulation for each member of an ensemble of multi-resolution MPS
simulations performed with DeeSse. It is worth mentioning that if hard
conditioning data are provided for the categorical MPS simulation, these
data would first be propagated through the different coarse levels of the
pyramid before performing the series of MPS simulations (Straubhaar
et al., 2020).

An immediate consequence of choosing the coarse image for the pa-
rameterization is a massive reduction of the number of parameters to
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update with ES-MDA. The number of parameters will ultimately de-
pend on the number of pyramid levels and the size of the Gaussian
kernels applied in each direction for each level. A second consequence
of the proposed parameterization comes from the process of the train-
ing image reduction itself. The coarse MPS simulation will be a coarse
version of the fine categorical MPS simulation, even though the former
is simulated first as described in Section 6.2. As shown in Figure 6.2,
the coarse simulation will present smooth instead of sharp transitions
between the facies. Considering that ensemble-based Kalman methods
such as ES-MDA are not suitable for directly updating fields contain-
ing discrete features, it is expected that the blurring effect affecting the
simulated structures at coarse resolutions will benefit the performance
of the method.

6.4.2 Conditioning the categorical field

To assimilate the state variable observations, the computation of the
ES-MDA update requires to compute the flow model response associated
to the parameters which are going to be, or are already updated. For
this purpose, the same hard conditioning procedure which is at the heart
of the multi-resolution MPS simulation, as described in Section 6.4.5,
can be employed to derive a categorical MPS simulation conditioned to
the coarsest resolution parameters. The categorical field can then be
conveniently used for the flow simulation, after assigning petrophysical
property values to each category of facies. Once all the flow simulations
of the ensemble are completed, the update of the coarsest-resolution
variables can be computed based on the covariance matrices estimated
from both the ensembles of coarse parameters and simulated flow data.
An overview of the conditioning procedure is illustrated in Figure 6.3.

Note that, although they are not shown in Figure 6.3, two additional
pre-processing steps are included in the final methodology proposed and
are described in the next sections. They aim to mitigate the limitations
which inevitably arise when the multi-Gaussian requirement on the ini-
tial ensemble is not met.
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Figure 6.3: Overview of the procedure to condition categorical multiple-
point simulations with ES-MDA using a multi-resolution parameteriza-
tion. For each ensemble member, (I) a multi-resolution MPS simula-
tion is generated and the image of the coarsest level is extracted. (II)
The coarsest-resolution parameters are used to condition the categorical
MPS simulation. Both the ensemble of coarsest-resolution parameters
and categorical fields are involved in the computation of the update for
the current iteration.

6.4.3 Normal-score transform

We compute a normal-score (NS) transform function for each pixel of
the coarsest resolution fields of the initial ensemble. Indeed, Figure 6.4
shows that the distribution for the ensembles of coarsest-scale MPS sim-
ulations generated using different settings of pyramid parameters have
marginal distributions that are not Gaussian. This figure also shows
that the local distributions are getting closer to normal when the num-
ber of levels increases. By applying each NS transform locally, we ensure
that every marginal distribution becomes Gaussian. The ES-MDA up-
date will then be applied on the transformed variable rather than on the
images coming directly from the pyramid of MPS simulations, as illus-
trated in Figure 6.5. Note that the computation of local normal-score
transforms is performed only once before the whole iterative process
with ES-MDA.
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Figure 6.4: Distribution of values at a random location from an ensemble
of coarsest-resolution MPS simulations for 4 different resolutions a, b,
¢, d. For all cases, the size of the original (finest) binary simulation
is 50 x 500 pixels. a) 25 x 250 (reduced once with a factor 2 in each
direction), b) 13 x 125 (reduced twice with a factor 2 in each direction),
c) 9 x 84 (reduced first with a factor 2 in each direction, reduced again
with a factor 3 in each direction), d) 6 x 56 (reduced twice with a factor
3 in each direction). The distribution becomes increasingly smoother as
the resolution decreases.

As mentioned in the previous section, the conditioned categorical
fields will be obtained from the coarsest resolution according to the same
hard conditioning procedure allowing to generate a multi-resolution
MPS simulation. Therefore, the updated transformed variables will
need to be back-transformed in order for the values to be consistent
with those of the coarsest-resolution TI, i.e. between 0 and 1. For
this reason, we will apply on the ensemble, after each update, a back
normal-score transform (BNS) function at every location. This func-
tion corresponds to the inverse function of the NS function previously
used. When applying the BNS function, we also ensure that the back-
transformed values will be bounded between 0 and 1 by not allowing
extrapolation for values falling outside the domain of the function.
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Figure 6.5: Illustration of the normal-score transform step performed for
each member of an initial ensemble of multi-resolution MPS simulations
before the conditioning.

6.4.4 Sampling and final parameterization of the multi-
resolution MPS simulations

Given that ensemble Kalman methods are known to break the prior
structures after an update, we do not fully inform the coarsest reso-
lution of the multi-resolution MPS simulation with the complete back-
transformed image as hard data. Instead, only a set of values at selected
locations of the back-transformed image will be considered as hard con-
ditioning points. Those locations should be as distributed as possible
over the whole model domain so that DeeSse can still simulate in be-
tween them and in this way recover more consistent structures. The
highest the number of non-adjacent locations, the better in order to ef-
ficiently constrain the data match. Ultimately, DeeSse will simulate a
complete pyramid starting by a conditional simulation at the coarsest
scale.

As can be observed in Figure 6.6, using conditioning points instead of
a conditioning image will effectively prevent DeeSse to pass on the finer
scale MPS simulations the degraded structures of the whole updated
field. Therefore, the update of ES-MDA is integrated only locally at
the coarsest resolution of the MPS simulation, and then indirectly to
the subsequent finer ones via the expansion of the last MPS simulation
and its use as a fully informed hard conditioning image for the following
scale. Figure 6.6 illustrates the benefit of the sampling process and its
integration at the coarsest scale of the multi-resolution MPS simulation.
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Figure 6.6: Conditioning a categorical MPS realization (bottom image)
from the updated normal-scored image at the coarsest pyramid scale
(ensemble member no. 11) at iteration 8 out of 16 of ES-MDA (top
image) via the fixedly sampled back-transformed image used initially as
hard conditioning points for the multi-resolution MPS simulation.

In addition, the sampled hard conditioning points over the whole
domain offers a way to prevent expected discontinuous transitions at
every scale of the MPS simulations when localizing the update of the
parameters close to the observations. This is in fact illustrated in Figure
6.6 where only the region located up to around x = 1600 m from the
western boundary is being updated due to the locations of the observa-
tions only in this region of the model. As can be observed, the structures
simulated by MPS after each update, first at the coarsest and ultimately
at the original scale, remain continuous at the transition between the
updated and non-updated parameters at x = 1600 m.

The conditioning of the categorical field in the proposed methodol-
ogy relies on a series of MPS simulations performed at every scale of a
generated set of multi-resolution training images. This implies that a
high degree of randomness will be introduced in the relationship between
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the coarse parameters and the flow data calculated from the conditioned
categorical field.

For the application of the ensemble Kalman method, it is critical to
establish a forward operator that ensures (1) the derivation of a unique
categorical field given a set of coarse parameters, and (2) a derivation
which is obtained in a systematic manner for all members of the ensem-
ble. Otherwise, the estimated covariance matrices will not be reliable for
the computation of the updates. For both these above-mentioned rea-
sons, an important first prerequisite is that the hard conditioning points
should be sampled from the same locations for all ensemble members
and for all iterations of ES-MDA. Then, the second and most decisive
prerequisite is that the same seed number for the multi-resolution MPS
simulations should be used for all iterations and for all ensemble mem-
bers.

For one ensemble member and given the same locations of hard con-
ditioning points for all iterations, a same seed value allows the repro-
ducibility of the multi-resolution MPS simulation if the values at the
hard conditioning points are the same. By extending for all ensemble
members and for all iterations, both these conditions on the same loca-
tions of the hard conditioning points and the same seed value, we allow
the ensemble of multi-resolution MPS simulations to be performed in
a systematic manner. Indeed, provided that the locations of the hard
conditioning points at the coarsest scale are the same for all members,
using the same seed will make DeeSse simulate the ensemble of coarsest-
scale MPS simulations by using the same randomly generated simulation
path. A same path for all ensemble members will also be used for the
subsequent ensemble of finer scale simulations. In this manner, the for-
ward operator established will be sufficiently systematic for the ensemble
Kalman method to capture and exploit the relationship between the pa-
rameters and the data, and this in spite of the intrinsic randomness of
the parameterization with multi-resolution MPS simulations.

Moreover, the use of the same seed value for all the ensemble mem-
bers means that the variability between the ensemble members will en-
tirely be controlled by the variability of the values at hard conditioning
points which are updated by ES-MDA. Therefore, we will be certain that
a successful convergence of the proposed methodology will be mostly on
account of the performance of the update algorithm rather than the
randomness of the DeeSse simulations.

The question of the number of hard conditioning points to use is



124 Chapter 6. Multi-resolution approach to condition multiple-point

case-dependent, and hence we cannot draw general conclusions based
only on our synthetic case study. However, the optimal number will
depend on the multi-resolution parameterization defined, i.e. the num-
ber of pyramid levels and the reduction factor applied in each direction
of the TI for each level. In general, the pyramid parameters should
depend on the largest size of the structures we wish to simulate. In
the context of the proposed methodology, the idea is to ensure that
the structures at the coarsest scale will be discernible with the lowest
resolution possible so as to mitigate the expected discontinuities after
each ES-MDA update of a non-multi-Gaussian distribution. Indeed,
such a multi-resolution parameterization, alone, will allow to alleviate
those consequences thanks to the resulting more continuous distribution
at the coarsest scale. Since the continuity of the structures will be, in
this manner, less compromised after an ES-MDA update, the optimal
number of points will be allowed to be significantly higher than in a
case without such a multi-resolution parameterization. However, it is
important that the hard conditioning points are distributed evenly in-
stead of being clustered. This way, DeeSse can play its role of retrieving
the connectivity between the points according to the compatible pat-
terns found in the TI, as shown in Figure 6.6. We will further address
the benefit of the multi-resolution parameterization on the number of
hard conditioning points when discussing the results obtained on our
synthetic case in Section 6.6.

6.4.5 Complete procedure

To summarize, the proposed algorithm proceeds as follows. We start
from the normal-score transformed variables obtained from the initial
ensemble of coarsest-resolution MPS simulations, as illustrated in Figure
6.5. Then, Figure 6.7 illustrates the complete conditioning procedure
for each ensemble member. The method includes the back-transform
and sampling steps before the local integration of the ES-MDA update
at the coarsest scale of the multi-resolution MPS simulation.

It is worth noting that the sampled hard conditioning points are ulti-
mately the only points affecting the simulated categorical fields. There-
fore, the sampling could be in fact performed before the normal-score
transform step. In this manner, only the sampled transformed variables
would be updated before being back-transformed as hard data for the
multi-resolution MPS simulation. However, for the sake of illustrating
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the motivation behind the sampling step, we purposely kept the descrip-
tion of the complete algorithm in this order.

Figure 6.7: Workflow for each ensemble member to condition the cat-
egorical MPS simulations with ES-MDA. The multi-resolution simula-
tions are regenerated based on updated parameters at the coarsest scale.

6.5 Synthetic test case

A synthetic numerical experiment is conducted to evaluate the per-
formance of the proposed method. The model is inspired by the artifi-
cially induced flow resulting from the excavation of vertical shafts. The
hydraulic impact of such perturbation has for example been monitored
and studied at the Andra’s Meuse/Haute-Marne since the operation of
the Underground Research Laboratory (Benabderrahmane et al., 2014;
Deman et al., 2015; Kerrou et al., 2017).

6.5.1 Model set up

The domain is two-dimensional and covers a vertical section of rect-
angular shape of 5000 m along the east-west direction and 500m in
depth. It represents a section of the Oxfordian limestone multi-layered
aquifer above the Callovo-Oxfordian clay host formation which is not
included in the model. For groundwater flow computation, the domain
is discretized by 50 x 500 square elements of 10 m wide.

Along the top boundary, constant heads are imposed. The head val-
ues vary linearly between 267.5 m on the west side and 284 m on the east
side. At depth, between 150 m and 500 m, a prescribed head of 280 m is
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imposed on the east side to maintain a continuous east-west flow in the
system (Figure 6.8). In order to mimic the type of hydraulic perturba-
tion created by a vertical shaft, a subsequent transient flow simulation is
calculated by adding from time zero, in addition to the boundary condi-
tions previously listed, a seepage condition over the nodes corresponding
to the first 300 meters of the western boundary starting from the bottom
(Figure 6.8). We assume that the nodes over the remaining 200 meters
towards the surface are not affected as we suppose that they are asso-
ciated to an isolated upper part of the shaft. Note that in exploratory
simulations, a sensitivity analysis was carried out on different levels of
the finite element mesh refinement and the solver parameters, as well
as on various types of flow boundary conditions and hydraulic property
values. This was done in order to ensure robust numerical solutions and
also to avoid bias from boundary effects.

Figure 6.8: The two-dimensional vertical domain modelled of 5000 m
length and 500 m depth. The thin rectangles indicates the location of
nodes with a boundary condition applied. The dots indicates the head
observation nodes. Not shown here, the left boundary is divided into 5
zones where the flowrates are observed.

For simplicity, the groundwater flow equation was solved numerically
under saturated conditions. All the groundwater flow simulations in the
framework of this study were performed with the simulator GroundWa-
ter (Fabien Cornaton, 2014). This numerical code uses the standard
Galerkin finite element and the control volume finite element methods,
and has been validated on the basis of a series of standard benchmarks
by comparison with analytical solutions as well as with commercial nu-
merical simulators.
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6.5.2 Synthetic data set

The reference parameter field is a categorical MPS realization gener-
ated with DeeSse using the 100 x 1000 pixel binary training image (TT)
shown in Figure 6.9. It represents the distribution of two geological fa-
cies in the domain. The TI was obtained using the 2500 x 2500 hand
drawn image by Zahner et al. (2016) inspired by Strebelle (2002). Be-
fore extracting our 100 x 1000 T1 from this forementioned image, we first
resized its first dimension so to have more than one channel simulated
on the vertical direction of our 50 x 500 simulation grid. The TI for our
test case was chosen four times bigger than the size of the simulation
grid used to simulate the categorical MPS realizations in order to ensure
sufficient variability between the initial unconditional realizations.

Figure 6.9: Binary training image of size 100 x 1000 pixels used to
generate the multiple-point simulations with DeeSse. It is the same
categorical TI for which an example of set of multi-resolution training
images was shown previously in Figure 6.1.

Figure 6.10: Reference field A of size 50 x 500 pixels corresponding to
a multiple-point realization of the training image.

Figure 6.11: Reference field B size 50 x 500 pixels corresponding to a
multiple-point realization of the training image.

To simulate the groundwater flow, each category of facies was pop-
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ulated with hydraulic properties. An initial steady state flow before
the activation of the seepage boundary condition was first computed
by assuming constant values of hydraulic conductivity of 104 m/s for
the channels and of 107®m/s for the less permeable matrix. For the
subsequent transient groundwater flow simulation, the specific storage
was set to a constant value of 107® m~! over the whole domain. The
transient flow was computed over a duration of 43200s so that the ex-
pected decrease of hydraulic heads at the observation locations shown
in Figure 6.8 can be well captured. Hence the drawdown is locally mon-
itored in 10 locations at five different depths every 100m. The first
points are located along the seepage vertical boundary and the second
ones at 1000 m from the first. The simulated heads were collected ev-
ery 1200s from ¢t = 0s to t = 43200s, hence at 37 time steps. The
resulting flowrates produced at the seepage western boundary were also
measured, but at a smaller constant time step of 300s for five zones of
nodes spread along the boundary. To test the methodology proposed in
Section 6.4, we will consider the ten time series of simulated hydraulic
head as the data for the assimilation. The five flowrate data time se-
ries will then be used in addition in order to test the flow predictions
obtained. For this inverse problem, we assume that the uncertainty re-
lated to the built groundwater flow model is negligible compared to the
uncertainty on the facies distribution.

Figure 6.12: Drawdown (m) computed at the end of the transient
groundwater flow simulation (t=43200s) using the reference field A.

To test the performance of the methodology, we considered in this
study two different reference fields of the facies distribution named ‘A’
(Figure 6.10) and ‘B’ (Figure 6.11). They differ by the extent of the
drawdown region obtained by the end of the transient flow simulation
(t = 43200s) as illustrated in Figures 6.12 and 6.13. Indeed, the draw-
down simulated in the case B goes around a hundred of meters further
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Figure 6.13: Drawdown (m) computed at the end of the transient
groundwater flow simulation (t=43200s) using the reference field B.

away from the western seepage boundary than the drawdown simulated
with the reference A. This implies that the synthetic data set relative
to the reference B is sensitive to a broader region of parameters as com-
pared to the reference A.

6.5.3 Generation of the multi-resolution training images
with DeeSse

To generate the multi-resolution training images, the parameters
of the Gaussian pyramid technique, i.e. the number of levels and the
number of nodes between each Gaussian-like kernel applications, were
defined in such a way that the edges of the structures at the coarsest
resolution of the pyramid would be as much blurred as possible while still
being discernible. As shown by Figure 6.4, the almost uniform marginal
distribution of the MPS simulations below a certain coarse resolution
prevents to still detect the structures.

For the categorical TI in our synthetic case, if the most reduced
image is only four times smaller than the original scale, as shown by
the first level in Figure 6.1b, the image still appears more discrete than
continuous. As a result of this still high resolution compared to the
size of the structures in the resulting coarse simulations, the strong
deviation from the multi-Gaussian assumption (Figure 6.4a) will likely
cause the ES-MDA update to break the initial structures even after
having applied beforehand the normal-score transform. In contrast, if
the reduced image is 36 or 81 times smaller, the size of the pixels becomes
too large to still detect the structures. In the end, a TI pyramid with
two coarse levels and Gaussian-like kernels applied every two nodes was
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generated (Figure 6.1). The coarsest scale of the multi-resolution MPS
simulations is 13 x 125 pixels, hence 16 times smaller than the original
size of 50 x 500.

6.5.4 Initial ensemble of parameters and assumptions for
the ES-MDA update

The initial ensemble of normal-score transformed parameters was ob-
tained from the coarsest-scale simulations of an ensemble of 100 multi-
resolution MPS simulations. Since only a subset of the 1625 gridblocks
at the coarsest resolution will be taken into account to condition the
multi-resolution MPS simulation for each ensemble member, using an
ensemble of 100 members seems acceptable to approximate the covari-
ance matrices involved in the computation the ES-MDA update. Even
though a categorical MPS simulation was initially obtained from the
coarsest-resolution MPS simulation, we remind that this categorical field
is not the one used to compute the first update of ES-MDA. It is the one
simulated from the initial member of parameters according to the for-
ward model operator established in the conditioning procedure (Figure
6.7) that will be used to ensure a consistency between all the updates.

A diagonal covariance matrix of independent measurement errors
of 0.05m? for every head observation was defined. A critical length
of 1600 m, hence almost twice the distance between the two series of
observation points at * = Om and z = 1000 m, was defined to localize
the Kalman gain matrix on the basis of the Gaspari-Cohn function.
By doing that, we are assuming that the estimated covariance between
one parameter and an observation located beyond the defined critical
length is too noisy to be trusted for the computation of the parameter
update. As mentioned in Section 6.3.2, the contribution from these
observations will not be considered in the parameter update by applying
the forementioned distance-based localization. As a matter of fact, we
defined this distance in such a way that the parameters located outside
the perturbed area would not be updated (Figure 6.12). Note that this
perturbed area is known precisely here only because we could simulate
the flow over the whole domain knowing the reference field. In a real
application, we would expect to have a similar knowledge of the extent
of the hydraulic perturbation, but with much higher uncertainty.
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6.5.5 DeeSse parameters for the multi-resolution MPS
simulations

DeeSse parameters for

multiscale MPS simulations Initialization Conditioning loop
Seed From 777 to 876 999
Number of neighbours 64 64
Distance threshold 0.05 0.05
Maximal scan fraction

at level 2 (coarsest) 0-25 08
Maximal scan fraction

at level 1 (intermediate) 0-25 08
Maximal scan fraction 0.25 0.25

at level O (original)

Table 6.1: DeeSse parameters used for multiscale MPS simulations in
the proposed conditioning approach for categorical MPS realizations

with ES-MDA.

We show in Table 6.1 the parameters of DeeSse used to generate
the multi-resolution MPS simulations for our synthetic case. For the
“Initialization” step, i.e. when the initial ensemble of multi-resolution
MPS simulations is created, the seed value was set to be different for
each ensemble member. This way, the MPS simulations are ensured to
be different from each other. The maximal scan fraction was also set
to 0.25 in order to ensure a sufficient variability in the initial ensem-
ble of coarsest-resolution MPS simulations before the data assimilation.
During the conditioning with ES-MDA, the seed was set to be the same
value for all ensemble members and for all iterations in order to have a
properly defined forward operator especially during the multi-resolution
MPS simulation as explained in Section 6.4. As a matter of fact, it is
possible to adjust the key parameters of DS, i.e. number of neighbours,
distance threshold and maximal scan fraction, according to the level of
the pyramid in a multi-resolution MPS simulation. For every level, we
set the number of neighbours to 64 and the distance threshold to 0.05,
both of which being in agreement with recommended parameters for
MPS simulations with DeeSse (Meerschman et al., 2013). As for the
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maximal scanned fraction, knowing that the size of coarser simulation
grids is much smaller, we could afford to set at both coarse levels a high
value of 0.8, hence three to four times greater than the more standard
value of 0.25 defined for the original-scale MPS simulations.

6.5.6 Performance assessment criteria

In this section, we present the quantitative criteria used for as-
sessing the performance of the proposed methodology on our synthetic
case. In particular, these criteria aim to inform about how the approach
deals with the issues often encountered when applying ensemble Kalman
methods to condition non-multi-Gaussian realizations. They will allow
us to address the quality of the data fit achieved, the plausibility of the
categorical fields, and the accuracy of the estimated uncertainty.

Considering that the multi-resolution parameterization involves the
regeneration of a multi-resolution MPS simulation after each iteration
of ES-MDA (Figure 6.3), it is expected that the variability introduced
by the MPS simulations at every scale will make the iterative reduction
of the data mismatch more challenging. Checking the convergence of
the reduction of the data mismatch over the ES-MDA iterations should
therefore be the first indication as to the success of the proposed method-
ology. To evaluate the mismatch between the simulated and observed
data, we will compute the sum of the squared deviations between the
simulated data and observations normalized by the measurement error
standard deviation.

D(mi) = (9(m3) — dobs,i) " Cor (9(m5) — dops,i) (6.6)

Even if the reduction of the data mismatch over the iterations turns
out to converge to a sufficiently low final value for every final conditioned
categorical MPS realization, the geological realism of the facies fields
is not guaranteed throughout the inversion procedure using ES-MDA.
Given their assumption of multi-Gaussianity, ensemble Kalman methods
are indeed expected to “Gaussianize” any type of prior distribution. For
this reason, perhaps the most important performance criteria for the
assessment of the approach will be those checking the consistency of the
final categorical MPS realizations of facies in comparison to the ones
obtained initially before the conditioning. For this purpose, we will
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compute the connectivity function (Renard and Allard, 2013) of the
facies of value s;, noted m;(h),

mi(h) = Prob{z <> x + hls(z) = s(x + h) = s;} (6.7)

which describes the probability that two points separated by a distance
h of the same facies of value s; are connected (6.7). We will compute
it before and after the data assimilation for the facies of value 1 which
represents the channels in our case.

In most applications, ensemble Kalman methods may significantly
underestimate the true uncertainty of the estimated variables (Chen
and Zhang, 2006). We assume that this underestimation would be even
greater if the prior distribution is not multi-Gaussian. A main con-
cern when applying an ensemble Kalman method is therefore to obtain
a proper estimate of the reduced uncertainty, or in other words, one
which is not too much overreduced. Based on the initial and updated
ensembles of facies realizations, the uncertainty reduction can be quanti-
fied for each facies by observing the variability of the ensemble of facies
indicator fields during the assimilation. This variability can be mea-
sured by calculating the spatially-averaged uncertainty estimated from
the ensemble of indicator fields, also known as the “ensemble spread” as
follows

gns’i denotes the variance at one gridblock ¢ from the ensemble

of indicator realizations.

where o

To check the accuracy of the uncertainty reduction estimated by
ES-MDA in the proposed methodology, we will compare the ensemble
spread to the root-mean-square error (RMSE) which measures the dis-
crepancy between the ensemble mean of the facies indicator realizations
and the reference facies indicator field as follows

N,
1 = ; .
RMSE = | D (e — mi)? (6.9)

true
m j=1

where Ny, is the number of gridblocks, m{rue is the value at node j in the
reference facies indicator field, and m? is the value at node j of the mean
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of the ensemble of facies realizations. The RMSE can then be calculated
based on the initial ensemble of facies realizations generated initially,
and based on the ensembles of conditioned categorical fields obtained
after each ES-MDA update. If the uncertainty is properly estimated
during the data assimilation, the ensemble spread should be close to
the RMSE (Chen and Zhang, 2006). Indeed, an uncertainty reduction
estimated by the ensemble should normally translate into a reduction,
of the same magnitude, of the discrepancy between the ensemble mean
of facies indicator realizations and the reference. Note that, both the
ensemble spread and RMSE are both unitless since we are considering
either the indicator variables, their mean or their variance.

Assuming that the amount of information provided by the data is
sufficient, the performance of the proposed methodology could also be
assessed by its ability to obtain facies realizations that are closer to
the reference than before the assimilation. To measure this, we can
consider a root-mean-square error defined differently from previously,
noted RM S FE», which would here consider the discrepancy, on average,
of the reference with each facies indicator realization as follows

N, N
= 1 . .
RMSE, = = > (Mo — M) (6.10)
i=1 =1

where N is the ensemble size, N,, is the number of gridblocks, m!_ . is

the value at node i in the reference field, and m; is the value at node %

in the j** facies indicator realization of the ensemble.

6.6 Results and discussion

6.6.1 Evolution of the data mismatch

The proposed conditioning approach was first tested by assimilating
the transient hydraulic head data generated from the reference ‘A’ (Fig-
ure 6.10) at the ten observation points (Figure 6.8). Based on 6 x 41
hard conditioning points located approximately every two cells vertically
and every three cells horizontally, hence a sampling rate of 15 % at the
coarsest level, a convergence of the reduction of the head data mismatch
was observed (Figure 6.14). Figure 6.15 confirms that the data match at
every head observation point was effectively improved after 16 ES-MDA
iterations. In addition, the flowrate observations were well predicted
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by the final categorical fields although they were not considered for the
assimilation.

Figure 6.14: Evolution with the iterations of the decimal logarithm of
the data mismatch for the test case with reference A. The solid blue
curve is the median, the blue area corresponds to the region between
the percentiles P5 and P95 of the ensemble of values, and the dashed
black curve is the values computed for the ensemble member no. 99.

As explained in Section 6.2, the same seed value and same hard con-
ditioning locations for all ensemble members during the conditioning
loop ensure that the convergence can be fully attributed to the integra-
tion of the ES-MDA update at those points. We also repeated the test
using other unique seed values than the one indicated in Table 6.1 and
observed each time a convergence of the approach.

In comparison to applications of ensemble Kalman methods in the
multi-Gaussian case or in MPS cases without facies resimulation within
the update procedure, it is worth mentioning that the decrease of the
data mismatch observed here is not as smooth. Similarly to the updat-
ing of truncated Gaussian realizations via the underlying multi-Gaussian
variables, the oscillations during the reduction of the mismatch are in-
dicative of nonlinearities in the forward model operator relating the
parameter variables and the dynamic data to assimilate. In this cate-
gorical MPS case by using the proposed approach, the oscillations can
be large because the process allowing to obtain the categorical field from
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the coarsest-scale parameters, i.e. the multi-resolution MPS simulation,
is nonlinear in the same manner as the truncation step is nonlinear in
the truncated Gaussian case (Liu and Oliver, 2005).

Figure 6.15: Predicted hydraulic head and flowrate data at the observa-
tion locations, before (in gray) and after (in blue) the assimilation of the
hydraulic heads only. The red dots are the observed data; the ensemble
size is 100.
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6.6.2 Sensitivity to DeeSse parameters of the integration
of the ES-MDA update

As shown in Table 6.1, we allowed in the tests to further scan the
TT at both coarse levels including the one where the ES-MDA update
is integrated. In the context of the proposed methodology, the maximal
scanned fraction at the coarse scales can indeed influence the conver-
gence of the algorithm. It makes sense since by increasing the scanned
fraction of the coarsest TI, the more likely a more compatible pattern
which include the hard data derived from the ES-MDA update will be
found, and hence the better the integration of the ES-MDA update will
be. It is worth noting that this constraint on the maximal scanned frac-
tion at the coarse levels should be computationally affordable. Indeed,
given the significant reduction by a factor 4 of the simulation grid at
each coarse level, the search for patterns in the corresponding training
image will also be faster.

By testing several distance thresholds, we observed that a value lower
than 0.01 or greater than 0.1 would result in a less efficient convergence
and an insufficient data match. Even if the history match had turned out
to be acceptable, the biggest issue was the fact that these tested values
did not allow the retrieval of the expected structures after the data
assimilation. After some tuning, we found that a value around 0.05 was
a good compromise to obtain simultaneously both a good history match
and plausible structures. The consistency of the retrieved structures is
confirmed by evaluating the connectivity function of the channel facies
for each final categorical MPS realization. Figure 6.16 shows that the
range of final connectivity values obtained is consistent with the range
obtained with the initial facies fields generated before the conditioning.
The median values before and after the assimilation indicate a global
increase of the connectivity of the channel facies.

It is important to keep in mind that in the proposed approach, the
hard conditioning points used at the coarsest scale of the multiscale
MPS simulations do not represent actual data but are only the result
of the back transformed parameters updated with ES-MDA at those
points. Since ES-MDA updates the parameters iteratively and in doing
so improves the estimates over the iterations, it also means that the
values at the sampled hard conditioning points will correspond to less
good estimates at the first iterations of ES-MDA. This is especially true
in a non-multi-Gaussian case with the degradation of the structures as
soon as the first ES-MDA update is applied. As a result, in order for
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Figure 6.16: Connectivity function of the channel facies computed in the
horizontal direction for the ensemble of categorical MPS simulations: (a)
before the update (b) after all the ES-MDA updates. The gray and blue
regions correspond to the values between the percentiles P5 and P95.
The red curve is the connectivity function calculated with reference A
and the blue curve is the median of the ensembles of values taken by
the connectivity function.

our conditioning approach to be successful, DeeSse must take on the
critical role of helping retrieve the structures especially during the early
iterations of ES-MDA by not giving too much weight to the first esti-
mates of the hard conditioning points. That is why defining a too low
distance threshold value, such as 0.01, does not make sense here because
DeeSse should not too rigorously search for matching patterns given the
inaccurate first ES-MDA estimates as hard data. Instead, the threshold
should be defined in order to allow some flexibility when accommodating
the less reliable estimates of the first iterations. In this way, DeeSse will
give preference to the simulation of patterns that are as consistent as
possible to the TI given the hard conditioning points, rather than try to
exactly honor them at the beginning of the data assimilation and sim-
ulate inconsistent structures. However, if this distance threshold is too
large, for example 0.1, the ES-MDA updates at the later iterations will
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be on the contrary not sufficiently integrated into the multi-resolution
MPS simulations, thereby compromising the efficient convergence of the
conditioning approach. Even though it was not tested, one may consider
to adapt the threshold in a decreasing manner from one iteration to an-
other to improve the integration of the update and hence the robustness
of the convergence.

6.6.3 Identification of the categorical fields

Figure 6.17 shows the categorical realizations obtained at different
stages of the conditioning procedure for four ensemble members. As
expected, the simulated structures become more and more consistent
over the ES-MDA iterations. Although not shown here for brevity, the
RMSFE, calculated in the updated region has decreased, thereby con-
firming that the conditioned fields resemble the reference. The prob-
ability maps of the channel facies, calculated before and during the
conditioning (Figure 6.18), shows the progressive identification of the
structures and retrieval of the connectivity during the assimilation. In
between the two columns of observation points, the channels are char-
acterized with a very low uncertainty and they look very much like the
channels of the reference A in the same region. Upstream to the last lo-
cations informed by data, at around x = 2500 m, a progressive increase
of uncertainty can also be observed. Overall, the identification of the
parameters is consistent with the distribution of the data points and the
distance-based localization that was applied to restrain the update to
the vicinity of the data points.

As shown in Figure 6.19, the ensemble spread calculated from the
facies realizations significantly decreased in the updated region during
the data assimilation. In our case, this ensemble spread represents on
average, in the updated region, the spread around the probability of the
channel facies.

In the non-multi-Gaussian bimodal case of log hydraulic conductivity
fields, Zhou et al. (2011) illustrated the influence of the ensemble size on
the accuracy of the estimated uncertainty with the normal-score EnKF
approach. They concluded that using an ensemble size of the order of
100, such as in our example, led to a severe uncertainty underestimation
as quantified by the very large discrepancy between the ensemble spread
and the RMSE at the end of the data assimilation.

While the RMSE is an appropriate measure of the true uncertainty
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Figure 6.17: Conditioned categorical MPS simulations obtained after
certain iterations of ES-MDA out of 16 in total, for 4 ensemble members.
The image at the bottom is the reference field A.

in the multi-Gaussian case, we note that it is not a rigorous one in
the discrete case. In the multi-Gaussian case, it is assumed that the
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Figure 6.18: Probability map for the channelized facies calculated from
the ensemble of categorical MPS simulations before conditioning and
after every two iterations of ES-MDA using the hydraulic head observa-
tions from reference A (shown at the bottom).

the reference in order to obtain an estimation of the true error. In the
discrete case, however, the reference field is a random sample from a
distribution which can be much more complex. Hence the RMSE which
measures the distance between this reference sample and the ensemble
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Figure 6.19: Evolution of the RMSE and the ensemble spread (both
unitless) before and during the conditioning of the categorical MPS real-
izations in the updated region (up to 1600 m from the seepage boundary)
for the ES-MDA update with the synthetic data of reference A.

mean could ultimately result in a large underestimation of the true un-
certainty. Therefore, although it can be observed in Figure 6.19 that
both the ensemble spread and RMSE decrease to a same value after
all the updates thanks to the proposed methodology, this convergence
ultimately does not tell us how accurate the estimated uncertainty is.

To test the uncertainty estimated with our approach, we used the
rejection sampling method to generate samples from the posterior dis-
tribution and used it as the reference distribution. Rejection sampling
consists in sampling from the prior distribution of unconditional categor-
ical realizations and accepting each sample with a probability calculated
based on the ratio between the likelihood of the sample and the highest
likelihood value which can be obtained (Tarantola, 2005). The ensem-
ble of accepted samples follows the posterior distribution. Figure 6.20a
shows the probability map obtained based on 108 samples which have
been accepted out of 185000 unconditional realizations generated with
DeeSse. By visually comparing this map to the one calculated based
on the ensemble of 100 conditioned categorical fields obtained by data
assimilation using our proposed methodology (Figure 6.20b), we can see
clearly that the posterior distribution obtained by rejection sampling
also identifies with very low uncertainty the location of the channels
in the same region which was updated by data assimilation using our
proposed approach, i.e. up to x = 1600 m from the western boundary.
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Moreover, the structures identified by both approaches in this region are
very similar to each other. To measure quantitatively how one distri-
bution is different from another distribution, one could for example cal-
culate the Kullback-Leibler divergence (Kullback and A Leibler, 1951).
For this case, a low value close to zero was calculated and indicates that
the two distributions are indeed very similar. Therefore, we can finally
conclude that the uncertainty reduction which led to the identification
of the categorical fields with very low uncertainty using our proposed
methodology is mostly the result of an efficient assimilation of the data
rather than of a suboptimal application of the ensemble Kalman method
due to an insufficient ensemble size as pointed out for example in Zhou
et al. (2011) or Chen and Zhang (2006).

Despite the use here of a small ensemble size of 100, we assume
that the efficiency of the proposed data assimilation methodology re-
sults from the combined effect of: (1) the reduction of the number of
parameters via the multi-resolution parameterization and the sampling,
and (2) the role of DeeSse in finding consistent patterns. Indeed, al-
though the whole coarsest-resolution field was updated in our case, the
number of effective parameters was ultimately the number of sampled
hard conditioning points, hence 246. Given the ensemble size of 100, we
can assume that the covariance matrices were more correctly approxi-
mated from the ensemble.

Figure 6.20: (a) Probability map obtained by rejection sampling. (b)
Probability map obtained after the final update at iteration 16 with the
proposed methodology. (c) Reference field.
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6.6.4 Analysis of case B

To further assess the performance of the proposed methodology, we
also performed tests using the synthetic set of head data generated from
the reference field B (Figure 6.11). A longer critical length of 2600 m
was defined in this case to take into account the larger extent of the
drawdown at the last timestep of the synthetic data set (Figure 6.13).
Therefore, the region of parameters to update by data assimilation in
this case was also larger.

Using a similar density of sampled hard conditioning points as in the
previous case with reference A, the approach converged successfully and
towards a good final match of the transient head and flowrate data. (We
do not illustrate those results here for the sake of brevity.) However, we
note from Figure 6.21 that upstream from the second set of data points,
between approximately x = 1600m and z = 2600 m, the very low un-
certainty on the updated channel locations is clearly inaccurate given
how very few channels were identified and how the channels seem less
connected compared to our prior knowledge from the TI. We can there-
fore conclude that the uncertainty in this area which is less informed by
data is significantly underestimated. Figure 6.22 shows a much larger
reduction of the ensemble spread compared to the RMSE in the updated
region up to 2600 m from the seepage boundary, confirming that those
very low probabilities of channels between 1600 m and 2600 m after the
data assimilation in Figure 6.21 should not be relied upon.

Although we do not show it here for brevity, the RMSE actually
decreases in the same manner as the ensemble spread if only the region
up to 1600 m from the seepage boundary is considered. This indicates
that the uncertainty is better estimated in this more informed area of
the updated region. Also, the decrease of the RMSE suggests that the
data assimilation was especially efficient with probabilities of channels
getting closer to the reference which represents here the indicator values
of the channel facies. Figure 6.21 shows clearly the much more consistent
structures before x = 1600 m, and also that the identified structures look
very much like those from the reference in the same region.

Considering that the number of parameters to update in this case
B is larger than in the previous case A, we assume that the severe
underestimation of the uncertainty observed beyond x = 1600 m in the
update region is related to spurious correlations affecting the computed
parameter updates. Indeed, the observation points at z = 0m and z =
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1000 m may be too distant from the parameters located in that region
to inform them with sufficient accuracy by ensemble data assimilation.
As mentioned in Section 6.3.2, the performance of ensemble Kalman
methods can be severely reduced by an excessive underestimation of
the uncertainty due to spurious correlations between parameters and
observations far apart.

To avoid those inaccurate estimations and resulting inconsistencies
in the conditional categorical fields, a solution could be to sample the
predefined hard conditioning points only at locations of the updated
region which are sufficiently informed by nearby observations. In this
manner, locations that are likely to be affected by spurious correlations
can be simulated with DeeSse instead, thereby preventing the unre-
liable updates from being taken into account in the multi-resolution
MPS simulation. Although this strategy is ad-hoc, it is somewhat very
similar to the way the widely used and also ad-hoc covariance inflation
method must be implemented in practice. As pointed out by Hamill
and Whitaker (2005), inflating the ensemble spread uniformly over the
whole model domain will lead to an undesirable unbounded growth of
the ensemble variance at locations with nearly nonexistent data. Hence
while covariance inflation should be performed only in areas experienc-
ing a significant uncertainty reduction, i.e. near the observation loca-
tions, the sampling of the updated conditioning points in our proposed
methodology should be performed similarly only near the observation lo-
cations since those sampled points will not be affected too negatively by
the unavoidable long range spurious correlations. Figure 6.23 illustrates
this sampling strategy close to the observations located at x = Om and
x = 1000 m, hence leaving out the uninformed part between x = 1600 m
and x = 2600 m of the updated region.

As can be observed in Figure 6.23, it is important for the stability of
the results to also have hard conditioning points sampled from the non-
updated region, i.e. beyond z = 2600 m. Indeed, those invariant samples
will ensure that the simulated structures do not noticeably change from
one iteration to the other in this area, thereby allowing approximately
the same contribution from this region to affect the predicted flow ob-
servations. We assume that such invariant contribution throughout the
iterations affect positively the related covariance matrices by making
the parameter estimation more tractable for the proposed methodology.
As suggested by the probability maps obtained using this adaptive sam-
pling strategy (Figure 6.24), the consistency of the identified structures
is this time preserved during the data assimilation no matter the loca-
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tions of the observations in the updated region. Moreover, despite the
larger role given to DeeSse here in the uninformed regions, the proposed
methodology still converged successfully towards a good final match of
the transient head and flowrate data (Figure 6.25).

Ultimately, the case B illustrates the broader applicability of the
proposed methodology in more realistic situations where the observation
points may not be evenly distributed in the region of interest for the
parameter identification.

6.6.5 Comparison with other approaches

We consider that the greatest advantage of the proposed method-
ology is the nature of the link between the continuous latent variables
updated by the ensemble Kalman method and the conditioned facies
fields. The Gaussian pyramid technique relates directly the value of the
latent variable at a coarse resolution with the categorical patterns for a
given realization at a finer scale. It allows a reduction of the dimension

of the problem and gives a direct relation between the continuous values
and the facies field.

Among the previously published methods, a classical technique is to
use the local hydraulic properties as a latent variable and avoid using the
facies during the update. For example, the normal-score EnKF (Zhou
et al., 2011) updates the continuous hydraulic conductivities populating
an initial ensemble of facies distribution in a full postprocessing proce-
dure. We note that for such approach to work, the hydraulic conductiv-
ities must be defined in a continuous manner otherwise the normal-score
transform function will not be defined. In the proposed approach, al-
though the exact same normal-score transform is used, the advantage
is that the latent variable is by construction necessarily continuous at
every location of the coarsest resolution level (Figure 6.4).

Cao et al. (2018) proposed to update only the conductivity values
at randomly selected pilot points. The updated values are then used
as hard data for a conditional MPS simulation with a TI representing
continuous log hydraulic conductivities that populate a categorical fa-
cies field. Their motivation for using pilot points was actually the same
as ours. Indeed, they noticed that updating the whole field of log hy-
draulic conductivities with iterative ensemble smoothing do not allow
to preserve the prior non-Gaussian spatial patterns. Following the same
strategy, we do not update the complete coarsest resolution. But unlike
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Figure 6.21: Probability map for the channelized facies calculated from
the ensemble of categorical MPS simulations before conditioning and
after every two iterations of ES-MDA using the hydraulic head observa-
tions from reference B (shown at the bottom).

Cao et al. (2018) who apply the updates at the fine resolution, our ap-
proach will better preserve the structures even if the updates are applied
on the complete field at the coarsest scale because of the multi-resolution
strategy.
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Figure 6.22: Evolution of the RMSE and the ensemble spread (both
unitless) before and during the conditioning of the categorical MPS real-
izations in the updated region (up to 2600 m from the seepage boundary)
for the ES-MDA update with the synthetic data of reference B.

Still considering the use of hydraulic conductivities as primary vari-
ables for the EnKF update is possible when the TI is continuous as
used for example in Cao et al. (2018). Although it is beyond the scope
of this study, it is worth mentioning that multi-resolution simulations
with DeeSse based on a continuous TI originally can also be performed.
Therefore, the proposed methodology is not limited to the categorical
case described in the synthetic example treated in this paper but could
also be applied in the continuous case. As compared to previous work,
the gain would again be the reduction of problem dimensions through
the use of the pyramids.

Ultimately, comparing the normal-score EnKF to our approach, we
note that the reduction of the data mismatch seems to be more efficient
for all members of the final ensemble with our proposed method. This
could be attributed to the randomness of the conditional MPS simula-
tions which is probably not sufficiently constrained as in our proposed
methodology with both the use of the same seed and the same fixed hard
conditioning points for all ensemble members. Another reason for the
mismatch could be related to the fact that no other mitigation strategies
than the pilot points are employed to reduce the loss of consistency of
the simulated structures. Indeed, we believe that the multi-resolution
parameterization alone in our approach allows to alleviate this problem
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Figure 6.23: Conditioning a categorical MPS realization (bottom image)
from the updated normal-scored image at the coarsest pyramid scale
(ensemble member no. 11) at iteration 8 out of 16 of ES-MDA (top
image) via fixed conditioning points sampled from the back-transformed
image near the observation observations for the multi-resolution MPS
simulation.

and will ultimately positively influence the correction applied at the
hard conditioning points.

Another interesting approach is the probability conditioning method
(PCM) of Jafarpour and Khodabakhshi (2011). It also uses the hy-
draulic conductivity as a continuous variable to update the fields, but
here the link with the categorical MPS simulations is controlled using a
probability map. The updated variables is related to the facies distribu-
tion in an indirect manner. At each iteration, the hydraulic conductivi-
ties are updated, and a probability map is derived from the mean of the
ensemble of updated log hydraulic conductivity field using some assumed
triangular probability density functions. Once the corrected probabil-
ity map is obtained, a new set of MPS simulations is generated. All
these simulations are conditionned to this unique probability map using
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Figure 6.24: Probability map for the channelized facies calculated from
the ensemble of categorical MPS simulations before conditioning and
after every two iterations of ES-MDA using the hydraulic head data
generated from reference B (bottom image). The hard conditioning
point locations as shown in Figure 6.23 were used.

SNESIM and the 7-model. Although this step allows to control the con-
ditional facies MPS realizations, the derived probability maps are prone
to significant noise due to the initial non-multi-Gaussian distribution
of hydraulic conductivities, and the structures are not well preserved.
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Figure 6.25: Predicted hydraulic head and flowrate data at the observa-
tion locations, before (in gray) and after (in blue) the assimilation of the
hydraulic heads only. The red dots are the observed data; the ensemble
size is 100. The hard conditioning point locations as shown in Figure
6.23 were used.

Another complication in the PCM comes directly from how soft data
are considered in the MPS algorithm employed SNESIM. Indeed, the
integration of a probability map requires the definition of a parameter,
also known as the tau parameter, which will control the weight given to
the probability map relatively to the conditional probability estimated
from the TI. As a result, such integration of a probability map as soft



152 Chapter 6. Multi-resolution approach to condition multiple-point

data in the MPS simulations is bound to not be fully taken into account
and its impact on the final probability obtained will hence be some-
what arbitrary. This ultimately make the impact of the estimated soft
data and hence the actual performance of the PCM difficult to assess
compared to a less ambiguous hard data-based conditioning approach.

Ma and Jafarpour (2018) proposed recently a pilot point parameter-
ization for the hard conditioning of categorical MPS simulations with an
ensemble Kalman approach. Similarly to Cao et al. (2018), an ensemble
of log hydraulic conductivities is updated without prior normal-score
transform. Also, in the same manner as in the PCM, the values esti-
mated at the pilot points are converted to facies probabilities. These
probabilities are then used to sample a facies type, thereby allowing a
conditioned categorical MPS simulation using the updated facies as hard
data. However, unlike Cao et al. (2018) or in our proposed approach,
they select the hard conditioning points based on the combined infor-
mation of the sensitivity of the model response to the parameters and
the variance of the parameters based on the ensemble of log hydraulic
conductivity fields. As a result, one main difference with our approach is
that when using ES-MDA, the locations of the pilot points may change
from one iteration to another according to the updated sensitivity and
parameter variance. As observed by the less efficient reduction of the
data mismatch compared to our proposed methodology, the randomness
introduced by each conditional MPS simulation with the proposed se-
lection of pilot points may lead to a less tractable and hence less robust
convergence.

Finally, as illustrated in our case with the reference A, provided that
the ES-MDA update is applied with care to avoid underestimating the
uncertainty in insufficiently informed areas, it is conceptually simpler
to rely on ES-MDA to compute proper estimates of the parameter and
variance no matter the location. In this way, we can consider that every
location can potentially be a hard conditioning point. Then, the choice
of only a subset of locations can be done in a simple, uniform manner
enabling DeeSse to properly retrieve the structures inferred by ES-MDA
in between the same fixed locations and by using the same seed for all
ensemble members.

As an alternative to the standard EnKF, Zhou et al. (2012) also
proposed the Ensemble PATtern matching method (EnPAT) which was
then further applied and extended (Li et al., 2014; Lochbiihler et al.,
2014). Unlike the proposed methodology which still relies on the linear
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update step of ensemble Kalman methods, the update step in EnPAT
is fully replaced by the search of matching conditional patterns com-
posed of both model parameters and state observations. Although this
method ensures by construction the reproduction of curvilinear patterns
at multiple scales, a main drawback however is the very large number
of realizations required for the matches to be found (Li et al., 2014).

6.7 Conclusion

In this paper, a new approach to condition categorical MPS real-
izations with an iterative ensemble Kalman method was introduced.
The methodology uses a multi-resolution parameterization with the code
DeeSse based on the Gaussian pyramid technique which massively re-
duces the number of parameters to update. Initially, these parameters
correspond to the normal-score transformed values of the coarsest level
of a multi-resolution MPS simulation. After each update, the param-
eters can be integrated at the coarsest level of a multi-resolution MPS
simulation to finally condition the categorical simulation performed at
the scale of the original categorical TI. Although it was not in the scope
of this study, it is worth pointing out the applicability of the same multi-
resolution parameterization to originally continuous cases as well.

At the coarsest scale of the multi-resolution MPS simulation, only a
subset of locations are updated with ES-MDA. As a result, the method-
ology also heavily relies on the ability of DeeSse to recover the structures
by the integration, as hard data, of the result of each data assimilation.
The more the number of hard conditioning points considered, the more
control over the data match, but the less control over the consistency
of the simulated structures. However, our results obtained for two syn-
thetic examples show that the proposed multi-resolution parameteriza-
tion has the potential to satisfy simultaneously both the requirements on
the quality of the data match and the consistency of the updated fields
with the prior geological information. Because the locations of the hard
conditioning points are chosen to be fixed, and identical for all ensemble
members throughout the assimilation, our specified parameterization of
the ensemble of multi-resolution MPS simulations effectively ensures the
stability of the proposed algorithm. Indeed, the robust convergence ob-
served in our synthetic case, for any of the two tested references, can
unambiguously be attributed to the improved estimated values at the
hard conditioning points throughout the assimilation.
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Our numerical experiments tend to show that both the multi-
resolution framework and the sampled hard conditioning points con-
tribute to mitigate the limitations resulting from the ensemble Kalman
method in our non-multi-Gaussian case. As long as the amount of in-
formation given by the synthetic data is sufficient to identify the re-
gion of interest, our results show that the proposed methodology can
successfully condition facies realizations that both honor the dynamic
observations and are consistent with the prior conceptual model.

Moreover, the important uncertainty reduction during the condition-
ing procedure has been shown to be the consequence of a particularly
efficient parameter identification, rather than an underestimation re-
lated to a suboptimal application of the ensemble Kalman method. We
can assume that the improved performance of the ensemble Kalman
method is mainly related to the massive parameter reduction which ul-
timately allowed to reduce the discrepancy with the limited ensemble
size used, and hence to obtain more accurate updates. In addition,
DeeSse plays an undeniable role in the significant observed decrease of
the RMSE considering that its goal, ultimately, is to find compatible
patterns in a TI that was used to simulate the reference fields of this
synthetic case. The use of a unique TI to generate both the reference
and the MPS simulations involved during the conditioning procedure
is indeed a simplification made to evaluate the proposed approach in
the situation where the conceptual geological model is consistent with
the reality. For real cases, different TIs should be tested during the
conditioning procedure.

In conclusion, although the results presented in this paper illustrate
the performance of our methodology in a synthetic case with only two
simulated facies, the same methodology can be applied to any number
of simulated facies. The pyramid of training images has indeed been
shown to work in the multicategorical case (Straubhaar et al., 2020).
The ensemble Kalman method would then be applied to update the
values of not only one initial coarse MPS simulation generated for each
ensemble member, but several initial coarse MPS simulations generated
from each facies indicator field. Since the number of gridblocks at the
coarsest level is significantly reduced, and because only a subset of loca-
tions will be considered for the update ultimately, the increased number
of parameters when considering a large number of facies could in prac-
tice still be much lower than the number of unknown in the categorical
simulation.
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Conclusions

A synthetic groundwater flow model which mimics the hydraulic
perturbation observed at the Andra’s Underground Research Labora-
tory site in Meuse/Haute Marne, France, was developed with the aim of
testing and developing inverse modelling strategies for the identification
of groundwater parameter fields. Given the high-dimensionality of the
numerical model developed for the real application, the computational
efficiency of the inverse method to explore on the synthetic case and po-
tentially apply on the real one was perhaps the most important selection
criterion. For this main reason, ensemble methods for data assimilation
have been rapidly considered since they have been efficiently applied
for large-scale estimation problems in numerical weather prediction and
reservoir simulation among other fields.

The work was focused on the application of an iterative ensemble
smoother method using the Ensemble Smoother with Multiple Data As-
similations (ES-MDA) of Emerick and Reynolds (2012a) and the mod-
ified version of Levenberg-Marquardt Ensemble Randomized Maximum
Likelihood (LM-EnRML) proposed by Chen and Oliver (2013). Both
have been developed and especially used in the field of reservoir mod-
elling (Evensen, 2018) and seemed suitable to address our groundwater
flow inverse problem.

Various cases of variable complexity for the application of ensemble
Kalman methods in general have been investigated. These cases con-
sidered situations with either continuous or discrete parameter fields.
Although the problem considered was synthetic, its representation of a
realistic situation highlighted limitations associated to the application
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of those methods on real field cases with sparse observations. To answer
some of those limitations, a new multi-resolution methodology combin-
ing multiple-point statistics (MPS) and data assimilation was proposed
for the the categorical case.

In the following, we first summarize our main results and then pro-
pose a few directions for future research.

7.1 Summary of main contributions

7.1.1 Critical ensemble size in the multi-Gaussian case

The first case presented in this thesis (Chapter 3) addressed the per-
formance of LM-EnRML and ES-MDA methods when conditioning an
ensemble of multi-Gaussian realizations of a continuous field, namely
the logarithm of hydraulic conductivities. Despite the favorable setting
given the underlying multi-Gaussian assumption of ensemble Kalman
methods, the tendency of these iterative methods to underestimate the
uncertainty if not applied with care could be well illustrated in this ex-
ample. Both LM-EnRML and ES-MDA performed poorly in terms of
the accuracy in the mean and variance estimated from the final ensem-
ble when the ensemble size used was insufficient. The comparison of the
spread of the ensemble to the true error, here accessible via the distance
between the ensemble mean and the known reference, allowed to de-
termine a threshold ensemble size below which the performance of both
methods was not reliable for this problem. With an ensemble size of 100,
the error increased and the ensemble spread became too low using either
LM-EnRML or ES-MDA. We note however that a good data match was
achieved, thereby showing the importance of performing an uncertainty
analysis when checking the reliability of the estimates obtained with en-
semble Kalman methods. By simply doubling the ensemble size to 200
members, however, a clear improvement in the estimated uncertainty
and ensemble mean was observed for both algorithms. A threshold en-
semble size of 200 was ultimately considered for this case as it allows to
achieve results with both accuracy and computational efficiency using
either LM-EnRML or ES-MDA.

It also seems that LM-EnRML and ES-MDA do not converge to-
wards the same solution. Compared to the estimates of LM-EnRML,
the estimates of ES-MDA were shown to improve steadily with the
ensemble size, especially with an error which keeps decreasing unlike
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the estimates of LM-EnRML. This convergence of the error observed
with ES-MDA is most likely due to its underlying variance-minimizing
scheme which is known to be particularly efficient in Kalman filtering.
Moreover, although LM-EnRML is designed to minimize an objective
function which includes a data mismatch term, the conditioned param-
eter fields estimated by ES-MDA were shown to allow a better data fit
than those corresponding to the most reduced data match achieved with
LM-EnRML.

7.1.2 Clarification on the role of the normal-score trans-
form

An interesting fact about the use of the normal-score transform in
past applications of ensemble Kalman methods is that it can be em-
ployed for very different purposes depending on the problem addressed.
In the multi-Gaussian case of log hydraulic conductivity (log K) fields
(Chapter 3), we applied a normal-score transform in order to improve lo-
cally the linearity of the forward model operator relating the parameter
field to the transformed state observations. As shown by the increased
accuracy of the estimates obtained and the more efficient reduction of
the data mismatch, such transformation improved the performance of
ES-MDA especially when assimilating head and flowrate data simulta-
neously. Considering that this normal-score transform did not allow
LM-EnRML to converge, but was shown, similarly to ES-MDA, to ben-
efit the ensemble Kalman filter (EnKF) update step in a previous study
(Schoniger et al., 2012), we suppose that such local normal-score trans-
formation can only be of use for ensemble methods which updating
scheme implies a local linearization of the model around the parameter
estimate, as Evensen mentioned about ES-MDA and EnKF in Evensen
(2018).

In the non-multi-Gaussian cases explored in the rest of the the-
sis with ES-MDA (Chapters 4 and 5), the normal-score transform no
longer aimed to trigger a local linearization of the forward model oper-
ator. Instead, it was used to mitigate the effects of no longer dealing
with multi-Gaussian parameter or state variables by rendering them all
marginally Gaussian. However, as mentioned by Zhou et al. (2011),
the forward model operator relating the transformed parameters to the
transformed states becomes even more nonlinear in this case than ini-
tially. Through the non-multi-Gaussian cases explored in the rest of the
thesis, we observed experimentally the limitations of such local trans-
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formations due to the increased nonlinearity of the forward model op-
erator. In the bimodal case of hydraulic conductivity fields, although
the assimilation of only transformed heads converged, the assimilation
of transformed flowrates in addition to the transformed heads effectively
prevented ES-MDA from converging. Since the same transformation of
the states variables worked efficiently in the multi-Gaussian log K case,
we attributed this non-convergence to the increased nonlinearity of the
forward operator due to not only the nonlinear transformation of the pa-
rameters, but also due to the initially higher nonlinearity between the
original bimodal parameters and predicted states. Another indication in
that case that the nonlinearity can prevent the successful application of
a normal-score transform is that transforming only the parameters vari-
ables effectively allowed ES-MDA to converge when assimilating both
the untransformed data types. It therefore seems that the less nonlinear
the dependence between the parameters to condition and the observa-
tions, the more likely such transformation will work. This observation is
consistent with a previous study (Crestani et al., 2013) where such local
normal-score transform was shown to lead to an alteration of the cor-
relation structure between multi-Gaussian log hydraulic conductivites
and concentrations, thereby effectively preventing the ensemble method
from working properly.

Although we did not discuss it in the discrete cases where ES-MDA
was used to update continuous underlying variables (Chapters 5 and
6), the resulting increased nonlinearity of the forward model operator
also prevented the successful application of the normal-score transform
to the state variables, except in the truncated Gaussian case which we
assumed less nonlinear. Although the data assimilation still converged
in that case, we showed that the transformation of state variables in
that case resulted in less accurate estimates of ES-MDA than in the
untransformed case. For this analysis based on the ensemble of cate-
gorical realizations, we had to introduce new performance criteria as a
replacement of the ensemble spread and RMSE (Chapter 5). Hence the
Shannon entropy was introduced as the measure of uncertainty of the
ensemble distribution, and the Kullback-Leibler divergence as measure
of the error when using the ensemble distribution to approximate the
distribution given directly by the reference field. Note that both criteria
were also evaluated for the discrete MPS case addressed in Chapter 6
and are shown in the Appendix.
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7.1.3 A novel parameterization of multiple-point realiza-
tions

A novel multi-resolution parameterization based on the Gaussian
pyramid technique implemented in DeeSse (Straubhaar et al., 2020)
was proposed to condition categorical multiple-point statistics (MPS)
realizations with ES-MDA (Chapter 6). The parameterization was de-
signed so as to counteract expected limitations of ensemble Kalman
methods in the non-Gaussian case. The parameters to update corre-
spond to underlying continuous variables, at a coarse scale, which are
directly linked to categorical patterns simulated, at a finer scale, via
a multi-resolution MPS simulation performed by DeeSse. Unlike the
conditioning of truncated Gaussian realization using underlying multi-
Gaussian variables, the distribution of the proposed parameters in this
case is only marginally Gaussian thanks to a normal-score transform
applied before the start of the iterative conditioning procedure.

As we saw in the bimodal case of hydraulic conductivity fields, the
normal-score transform does not solve the problem of the still non-
Gaussian joint distributions in the application of ensemble Kalman
methods. However, the transformed variables used as parameters in
the proposed methodology have the advantage of still being underly-
ing variables to the categorical field to regenerate. This precisely offers
the flexibility that we did not have so far, namely to anticipate the
limitations of the ensemble-based Kalman update. As we saw in the bi-
modal case of hydraulic conductivity fields, the direct application of the
normal-score approach to the groundwater flow parameters does not
leave room for improvement in a situation where the approach is not
supported by a sufficient density of data points to compensate for the
expected loss of connectivity.

Furthermore, the conditioning of the categorical fields using only a
reduced number of continuous variables defined at a coarser scale can
massively reduce the number of unknown for the computation of the
update, as seen in our synthetic case. By using similar ensemble sizes as
in the previous cases where the number of parameters was significantly
larger, such parameter reduction should alleviate to some extent the is-
sue of undersampling by allowing the ensemble to span more adequately
the parameter subspace.
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7.1.4 Constraining the reduced parameter space

Despite the non-Gaussian joint distributions of the underlying con-
tinuous variables, the proposed methodology for the discrete MPS case
(Chapter 6) allows to reproduce consistent structures. Indeed, only a
subset of non-adjacent variables at the coarse scale are updated, allow-
ing the MPS algorithm DeeSse to simulate structures which are hard
conditioned by the local updates performed at the coarse scale.

However, this larger role assigned to DeeSse at the scale of the up-
date also causes an increase of the nonlinearity of the forward model
operator relating the parameters to update to the data in the proposed
algorithm. The main challenge at that point was to establish the nec-
essary constraints in the forecast step in order to allow the convergence
of ES-MDA towards an acceptable data fit. In particular, two following
conditions were established and are thought to be the reasons of the suc-
cess of our methodology, namely (1) the subset of underlying variables
should be fixed and the same for all ensemble members throughout the
iterations, and (2) the same seed which controls the reproducibility of
the DeeSse simulations should be used for all ensemble members when
regenerating the categorical field after the first update of the coarse-scale
parameters. In this way, provided that the density of predefined param-
eters is sufficient, the robust convergence of the proposed methodology
is ensured and fully controlled by the updated variables at the coarse
scale. Through two synthetic examples, we illustrated the potential of
the proposed approach for the retrieval of consistent geological struc-
tures relatively to the prior information in the course of the assimilation
with ES-MDA using an ensemble size of 100.

Ultimately, the novelty of the proposed approach lies in the fact
that the unavoidable loss of discrete structures during the linear update
of ensemble Kalman methods is compensated by the incorporation, at
each forecast step, of a non-multi-Gaussian information through the
MPS simulation performed at the coarse scale of the update. Indeed,
the conditional MPS simulation at the coarse scale consists in merg-
ing the non-multi-Gaussian prior information from the training image
with the local information obtained from the data assimilation. Such an
approach is therefore particularly relevant in situations where the obser-
vation points are very sparse, such as in our inverse problem. Besides,
this integration of the MPS simulations in the forecast step was shown
to directly benefit the final ensemble variance compared to the severe
ensemble collapse observed with the normal-score approach in the bi-
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modal case of log hydraulic conductivity fields using the same ensemble
size of 100.

7.1.5 Benefit of the multi-resolution

In general, we found that the multi-resolution framework introduced
in Chapter 6 contributed to the efficiency of the data assimilation at
different levels. At the coarsest level, where the variables to update
are located, the sampling error resulting from the approximation of the
Kalman gain was reduced thanks to the reduced number of parameters.
At the same time, the finer resolution of the reference categorical field
from which the synthetic state observations were derived could still be
accessible. Indeed, the defined parameterization of the multi-resolution
MPS simulations, followed by the flow simulator, successfully links the
coarse scale parameters to the finer scale data in a same forward model
operator. Although our synthetic case assumed no model structural er-
rors, the possibility of having access to finer scales at which available
observations should be predicted is particularly important for real-world
applications where model errors are inevitable. Indeed, using only an
ensemble of low-resolution models for both the update and the predic-
tion will negatively affect the parameter estimation by not taking into
account the uncertainty associated to the potentially large model errors.
In the end, it seems that the multi-resolution framework offers an in-
teresting flexibility to improve the data assimilation framework for the
inverse modelling of high-dimensional parameter fields.

7.2 Perspectives for future research

Based on the previous results and experiments, a few future research
directions seem to be promising.

First, it would be very interesting to apply the proposed multi-
resolution parameterization of the MPS simulations in other cases in
order to better understand its advantages and limitations compared to
other inverse methods. Examples of tests could include applications to
a case with three or more facies, a sensitivity analysis on the number of
conditioning data used in the time series, especially in terms of the final
variability in the ensemble. In general, it would be relevant for the un-
certainty analysis, to compare more rigorously the estimated ensemble
distribution with a distribution representing the exact posterior distri-
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bution. Given our first promising results in the discrete case, it would
also be worth testing the proposed parameterization using directly a
training image of a continuous property such as the log hydraulic con-
ductivities. Such an application could allow to take into account the
uncertainties associated to both the facies location and the hydraulic
property value in the same data assimilation procedure.

Then, although this thesis focused on the use of iterative ensemble
smoothers, and more particularly on the ES-MDA algorithm, it could
be interesting to improve the efficiency of the proposed methodology in
the discrete MPS case (Chapter 6) by combining the multi-resolution
parameterization with another data assimilation method instead of ES-
MDA. With ES-MDA, it required 16 iterations to achieve a good data
match for our two synthetic examples, hence approximately twice the
number of iterations required in the multi-Gaussian case. This increased
number of iterations was also observed in the bimodal log K case and
the truncated Gaussian cases, and probably results from the stronger
nonlinearity of the forward model operator relating the parameters to
estimate and the observations.

Therefore, to reduce the number of iterations, one direction could be
to try to reduce the nonlinearity of the defined forward model operator.
Interestingly, Chen and Oliver (2012) commented on the benefits of a
sequential adjustment of parameters using the sequential iterative en-
semble filter (seq-EnRML) over the iterative ensemble smoother version
(batch-EnRML) based on the same randomized maximum likelihood
method (RML). They noted that the sequential processing of the data
allows a steady reduction of the nonlinearity of the problem. Therefore,
it could be worth comparing in the context of the proposed methodol-
ogy, the capability of seq-EnRML, or EnKF, and ES-MDA to address
the nonlinearities for the same synthetic case. Another possible alter-
native could be to use a particle filter method such as the Sequential
Importance Resampling Particle Filter (SIR-PF). In general, the large
number of ensemble members required in order to adequately sample
high-dimensional space often prevents the application of such methods
in practice. However, the massive reduction of the number of parame-
ters achieved in our examples could allow an appropriate application of
these methods. Although the forecast step is similar to the one in en-
semble Kalman methods, the update step in particle filter methods does
not assume a multi-Gaussian distribution of the errors. As a result, the
non-Gaussian ensemble distribution of the underlying coarse MPS sim-
ulations could be directly updated without performing a normal-score
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transform step beforehand. The associated back normal-score transform
performed at each iteration would also be removed from the forward
model operator. In addition, if such particle filter methods were com-
putationally feasible, the sensitivity to certain DeeSse parameters such
as the distance threshold and maximum scan fraction may also reduce.

Another direction to increase the efficiency of ensemble methods
in general is to reduce the duration of the forecast step which mainly
includes the groundwater flow modelling. Ultimately, the computation
of the update of ensemble Kalman methods only involves the solution
of the groundwater flow equation at the observation locations. There-
fore, the development of surrogate models in order to emulate the flow
response at the observations points only would be of great relevance to
make the iterative conditioning procedure faster, especially in real case
applications.

If we now come back to the general question of the applicability of en-
semble Kalman methods to real and complex 3D models such as the one
used by ANDRA, a general challenge is to account for sparse dynamic
data while remaining consistent with the prior geological knowledge. To
bypass the problem of the loss of continuity of the discrete geological
structures during the assimilation, a solution is to condition only the
continuous properties populating each modelled facies. Although such
a strategy will allow to characterize the heterogeneities at the scale of
the facies, it will however not allow to take into account the uncertainty
associated to the location of the facies boundaries. This is where the ap-
plication of the proposed multi-resolution parameterization could be the
most relevant. As seen in the discrete case, both our synthetic examples
have illustrated the strong potential of the proposed multi-resolution
parameterization in recovering consistent structures between widely sep-
arated points. This fact alone is particularly encouraging for real field
applications where the monitoring locations are generally sparse. In
addition, by using a continuous training image which integrates the dif-
ferent scales of heterogeneities, the proposed multi-resolution method
could allow a parameter identification not only at the different scales of
the geological structures, but also at the scale of the continuous prop-
erty within the facies. However, a remaining challenge to answer seems
to be when there are regions of the model with nearly nonexistent data,
but which are still significantly contributing to the observed flow data.
In such a situation, one of our synthetic examples showed that there
is a high risk for inconsistency in the identified structures, most likely
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because of unwarranted uncertainty reductions due to long range spu-
rious correlations. To avoid those undesirable inconsistencies in the
conditional fields obtained during the assimilation, an option to further
investigate would be to sample the predefined update locations only in
the areas which are informed by observations. In this manner, regions of
the model which were originally affected by unreliable structures could
then be simulated with DeeSse instead, without taking into account
the unreliable updates in the multi-resolution MPS simulations. This
idea is somewhat very similar to the way covariance inflation must in
practice be applied only in areas experiencing a significant uncertainty
reduction, hence only close to the observations, in order to avoid this
time unwarranted increases in the ensemble variance. Hence if such an
additional constraint on the current parameterization could be success-
ful in the more general case of unevenly distributed observations, the
proposed multi-resolution parameterization in real modelling situations
could be even more applicable. In this manner, a systematic consistency
of the conditional fields based on the locations of the observation points,
as a result of either mainly the data assimilation, or DeeSse, would be
ensured.
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Figure 7.1: Distribution by gridblock of the ensemble of log hydraulic
conductivities before (in grey) and after (in blue) ES-MDA (x4) using
head data and 100 multi-Gaussian realizations. The regions between
the percentiles P5 and P95 are represented. The red curve is the ref-
erence; the cyan curve is the calibrated ensemble mean. The vertical
dashed lines denote the z-coordinate of the two sets of data points at
respectively z = 0 and z = 1000 m.
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Figure 7.2: Distribution by gridblock of the ensemble of log hydraulic
conductivities before (in grey) and after (in blue) ES-MDA (x4) using
head data and 200 multi-Gaussian realizations. The regions between
the percentiles P5 and P95 are represented. The red curve is the ref-
erence; the cyan curve is the calibrated ensemble mean. The vertical
dashed lines denote the z-coordinate of the two sets of data points at
respectively x = 0 and x = 1000 m.
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Figure 7.3: Distribution by gridblock of the ensemble of log hydraulic
conductivities before (in grey) and after (in blue) ES-MDA (x4) using
head data and 400 multi-Gaussian realizations. The regions between
the percentiles P5 and P95 are represented. The red curve is the ref-
erence; the cyan curve is the calibrated ensemble mean. The vertical
dashed lines denote the z-coordinate of the two sets of data points at
respectively x = 0 and x = 1000 m.
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Figure 7.4: Distribution by gridblock of the ensemble of log hydraulic
conductivities before (in grey) and after (in blue) LM-EnRML at itera-
tion 8 using head data and 100 multi-Gaussian realizations. The regions
between the percentiles P5 and P95 are represented. The red curve is
the reference; the cyan curve is the calibrated ensemble mean. The ver-
tical dashed lines denote the z-coordinate of the two sets of data points
at respectively £ = 0 and = = 1000 m.
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Figure 7.5: Distribution by gridblock of the ensemble of log hydraulic
conductivities before (in grey) and after (in blue) LM-EnRML at itera-
tion 8 using head data and 200 multi-Gaussian realizations. The regions
between the percentiles P5 and P95 are represented. The red curve is
the reference; the cyan curve is the calibrated ensemble mean. The ver-
tical dashed lines denote the z-coordinate of the two sets of data points
at respectively £ = 0 and = = 1000 m.
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Figure 7.6: Distribution by gridblock of the ensemble of log hydraulic
conductivities before (in grey) and after (in blue) LM-EnRML at itera-
tion 8 using head data and 400 multi-Gaussian realizations. The regions
between the percentiles P5 and P95 are represented. The red curve is
the reference; the cyan curve is the calibrated ensemble mean. The ver-
tical dashed lines denote the z-coordinate of the two sets of data points
at respectively £ = 0 and = = 1000 m.
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Figure 7.7: Q-Q plots of the multi-Gaussian log K values against the
predicted state observations at several observation locations.
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Figure 7.8: FEvolution of the KL divergence and the Shannon entropy
before and during the conditioning of the categorical MPS realizations
in the updated region (up to 1600 m from the seepage boundary) for the
ES-MDA update with the synthetic data of reference A.

Figure 7.9: Evolution of the KL divergence and the Shannon entropy
before and during the conditioning of the categorical MPS realizations
in the updated region (up to 1500 m from the seepage boundary) for the
ES-MDA update with the synthetic data of reference B.



Appendiz 173

Figure 7.10: Evolution of the KL divergence and the Shannon entropy
before and during the conditioning of the categorical MPS realizations
in the updated region (up to 2600 m from the seepage boundary) for the
ES-MDA update with the synthetic data of reference B.
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