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Résumé

Keywords: Laplacian, rough Laplacian, Hodge Laplacian, combinatorial
Laplacian, discrete magnetic Laplacian, eigenvalues, discretization.

Mots-clés: laplacien, laplacien brut, laplacien de Hodge, laplacien combi-
natoire, laplacien magnétique discret, valeurs propres, discrétisation.

Le but de cette thése est d’étudier le spectre de laplaciens apparaissant en
géométrie riemannienne (laplacien sur les fonctions, laplacien de Hodge sur
les formes différentielles et laplacien brut sur un fibré vectoriel) au travers
de la discrétisation. Plus précisément, il s’agit de comparer uniformément le
spectre de ces laplaciens a des laplaciens discrets (laplacien combinatoire as-
socié a un graphe, laplacien combinatoire associé a un complexe de cochaines
de Cech et généralisation du laplacien magnétique discret) agissant sur des
espaces vectoriels de dimension finie construits grace a la discrétisation.

La comparaison spectrale se veut uniforme dans le sens qu’elle est valable
pour une famille de variétés riemanniennes fixée par un certain nombre
de paramétres géométriques dont dépendra exclusivement la comparaison.
Enoncgons le résultat principal obtenu dans le cadre du laplacien agissant sur
les fonctions d’une variété riemannienne compacte a valeurs réelles. Dans
ce cas, la e-discrétisation considérée est un graphe construit sur un sous-
ensemble e-séparé maximal de la variété. Le laplacien discret associé n’est
alors rien d’autre que le laplacien combinatoire standard agissant sur les
fonctions des sommets du graphe a valeurs réelles.

Théoréme 1 Soient n, k > 0, 719 > 0 et 0 < e < %7‘0. Alors, il existe des
constantes ¢y, co > 0 ne dépendant que de n, k et € telles que pour toute
variété riemannienne (M™,g) compacte, conneze telle que Ricci(M,g) >
—(n—1)kg et Inj(M, g) > ro et pour toute e-discrétisation X de M,

pour tout k < | X|.

ol Ay (M) et \g(X) désignent les kM valeurs propres de M et de X respec-
tivement.

Ce théoréme est alors généralisé aux laplaciens susmentionnés. En outre,
plusieurs applications de ces comparaisons spectrales ainsi obtenues sont
présentées. Citons en particulier la minoration de la premiére valeur pro-
pre non-nulle du laplacien de Hodge, en fonction du volume de la variété (et
des paramétres fixés lors de la discrétisation) et 'encadrement de la premiére
valeur propre non-nulle du laplacien brut sur les fibrés vectoriels plats, en
fonction de I’holonomie.






Introduction

This thesis is organized in three parts that reproduce as accurately as possible
three manuscripts that have already been published or at least submitted for
publication. The aim of this introduction is to motivate and to present
shortly the origine of this work and the content of the papers. Hence, it
might seem slightly redundant with the introductions of the papers (for a
more precise description of each part, see these respective introductions).
The three manuscripts have been collected in chronological order even if
maybe Part I should have been switched for Part IIT for contents’ reasons.

Context. The purpose of the thesis is to study the spectrum of the Laplacian
through the discretization. More precisely, it is to link the spectrum of the
Laplacian to the spectrum of some combinatorial Laplacian acting on a finite
dimensional space associated to a process of discretization. Let us clarify
what is meant by the terms "Laplacian", "combinatorial Laplacian" and
"discretization".

This work deals with the following Laplacians (appearing in Riemannian
geometry and referred as "smooth" Laplacians):

e the Laplacian acting on functions on a compact Riemannian manifold
defined by A = —div(grad),

e the rough Laplacian associated to a Riemannian connection V on a
vector bundle over a compact Riemannian manifold given by A = V*V,

e the Hodge Laplacian acting on differential forms on a compact Rieman-
nian manifold defined by A = dd* + d*d.

Obviously, the second and the third Laplacian mentioned above generalize
in a certain way the Laplacian acting on functions. Moreover, the Hodge
Laplacian and the rough Laplacian are linked by the Weitzenboeck formula
given by A = A + R, where R is a tensor field built from the curvature
tensor (see for instance [57], Appendix 5).

The "corresponding" combinatorial Laplacians (referred also as "discrete"
Laplacians) we will need in the sequel are:

e the combinatorial Laplacian acting on real-valued functions on a graph,

e the discrete magnetic Laplacian associated to a Harper operator acting
on R"-valued functions on a graph (which is a particular case of the
"twisted" Laplacian),

e the combinatorial Laplacian acting on Cech cochains associated to an
open cover and constructed from the coboundary operator.
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Discretization is a powerful means to compare the spectrum of a "smooth"
Laplacian to the spectrum of a "discrete" Laplacian. Roughly speaking,
discretizing a compact Riemannian manifold consists in constructing a finite
subset of the manifold with respect to some mesh of discretization and then
endowing this finite subset with a structure, for instance a structure of graph,
an open cover or a triangulation. Then, there are essentially two research
directions concerned with discretization.

The first one we should describe here briefly, but which will not be dis-
cussed in this work, consists in fixing a compact Riemannian manifold and
discretizing it finer and finer. The aim is to establish the convergence of
the spectrum of the "discrete" Laplacian associated to the discretization to
the spectrum of the "smooth" Laplacian, as the mesh of the discretization
goes to zero. In this context, Dodziuk and Patodi have shown in [27] that
for a fixed compact Riemannian manifold M, we can approximate the spec-
trum of the Hodge Laplacian (on differential forms) by the spectrum of the
combinatorial Laplacian associated to finer and finer triangulations. Their
method is inspired by the finite element method used to solve partial dif-
ferential equations numerically. An underlying question that has not been
solved in Dodziuk and Patodi’s work is to express how good might be the
approximation with respect to the geometric quantities involved. In [31],
Fujiwara gives a partial answer for the Laplacian acting on functions (in his
result, the curvature is only involved in the rate of convergence and not in the
approximation). Aubry announced in his thesis [1] a more precise result for
the Hodge Laplacian but the result has not been published yet. As far as I
know, the general question of finer and finer discretizations has neither been
solved nor stated for the rough Laplacian (or other differential operators) on
vector bundles.

The second kind of discretization problem and the one developed in this
thesis should be described as a "uniform" discretization in the following sense.
We fix a family of compact Riemannian manifolds (or of Riemannian vector
bundles) given by a set of geometric parameters. Then, we choose a suitable
(with respect to the parameters) mesh of discretization and discretize any
manifold of the family with this same mesh of discretization. The goal is then
to establish a uniform comparison of the spectra of the "smooth" Laplacian
and the "discrete" one. The comparison is said uniform in the sense that it
depends only on the set of parameters and on the mesh of discretization and
not on the manifolds.

Before stating more precisely the results, let us point out here that in Hirani’s
thesis [39], the author develops a theory of discrete exterior calculus. His goal
is to construct discrete operators as the Hodge star, the wedge product or
the exterior derivative, in a given space of cochains (a discrete analogue of
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differential forms) and establish classical results as Stokes’ Theorem in this
discrete context. Even if the space of cochains might be produced by a
discretization process, the goal of Hirani’s thesis was to stay in the discrete
ambient as far as possible and construct a theory of calculus, independent of
the smooth one, that parallels the smooth theory. It would be interesting to
establish a convergence or a comparison of this theory to the smooth theory.

Statements. Let us now state more precisely the main results concerning
the comparison of spectra.

In Part I, for k > 0, ry > 0 and n > 1, we consider M(n, k,ry) the set
of all connected compact n-dimensional Riemannian manifolds with Ricci
curvature bounded below by —(n — 1)k and injectivity radius bounded below
by 7¢. For a compact Riemannian manifold, we define an e-discretization
to be a maximal e-separated subset endowed with a natural graph structure
given by sets of neighbouring points. We denote by A, (M) the k'™ positive
eigenvalue of the Laplacian acting on functions on M and by M\ (X) the
k' positive eigenvalue of the combinatorial Laplacian acting on real-valued
functions on the graph associated to X. We have then the following uniform
comparison of spectra.

Theorem 1 (Theorem 1.3.7) Let n, k > 0, 19 > 0. Fiz 0 < ¢ < %7“0.
Then, there exist positive constants ci, co depending only on n, Kk and € such
that for any M € M(n, k,ro) and for any e-discretization X of M, we have

Cl)\k(X) S )\k(M) S CQ)\k(X)
for any k < |X|.

Part II is concerned with the spectrum of rough Laplacians. We keep the
same definition of M(m, k, r¢) and of the e-discretization as above. Moreover,
we denote by £(n, k1, k2) the set of Riemannian vector bundles E with fiber
of real rank n, with curvature tensor bounded by k; and exterior coderivative
of the curvature tensor bounded by ks. We are interested in comparing the
k™ eigenvalue of the rough Laplacian A\ (E) to the k™ eigenvalue of a discrete
operator associated to a discretization X. Here, the problem is to construct
canonically such a discrete operator. It turns out that a twisted Laplacian
A4 added with a potential V' (both suitably constructed with respect to the
local geometry of the vector bundle) serve the purpose. More precisely, let
Me(X, A, V) denote the k™ eigenvalue of Ay + V.

Theorem 2 (Theorem I1.3.1) Let m, n be positive integers, k, ki, ka > 0
and ro > 20e > 0. There exist positive constants c¢i, co depending only on
m, n, K, k1, ko and € such that for any M € M(m, K, o), any vector bundle
E € E(n, ki, ko) over M satisfying one of the following condition
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I) the curvature of E is harmonic i.e. d*R* =0,
II) E is of complex (or quaternionic) rank one

and for any e-discretization X of E, we can construct a canonical twisted
Laplacian A4 and a potential V' depending only on the local geometry of E
such that, for 1 < k < n|X|

Cl)\k(X,A, V) S )\k(E) S Cg)\k(X,A, V)

In particular, if the vector bundle is flat, the potential is zero and A4 1S a
discrete magnetic Laplacian.

Finally, Part III deals with the Hodge Laplacian acting on differential forms.
Here, a graph structure does not suffice anymore to control the spectrum
of the Laplacian (for topological reasons). Hence, we associate to an e-
discretization X of M an open cover Uy and consider the Cech cochain
complex induced by Uy, denoted by {C*(Ux),d}, where § is the coboundary
operator of the complex. The combinatorial Laplacian comes here naturally
with the complex as we can define it (by means of an inner product) by
A = §0"+0%0. Moreover, we need a stronger assumption on the curvature to
control locally the differential forms. For x > 0 and rq > 0 let us denote by
M(n, k, o) the set of all connected compact n-dimensional Riemannian man-
ifolds with sectional curvature bounded by x and injectivity radius bounded
below by 7. We have then the following uniform comparison of spectra.

Theorem 3 (Theorem I11.3.1) Letn > 2, k > 0, 19 > 0. Let 1 < p <
n—1. There exists a positive constant py depending only on n, k and ry such
that for 0 < 3e < po, there exist positive constants ¢y, ¢ depending only on

n, p, k& and € such that for any M € M(n, k,ry) and for any e-discretization
X of M, we have

Cl)‘k,p(X) < )‘k,p(M) < 62)‘k,p(X)

for any k < |CP(Ux)| — by(Ux) = |C7(Ux)| = by(M).

where A, (M) denotes the k'™ positive eigenvalue of the Hodge Laplacian
on p-forms, A\ J,(X ) denotes the k' positive eigenvalue of the combinatorial
Laplacian on Cech p-cochains and b, the p'" Betti number.

A first approach to prove Theorem 3 could lean on Theorem 2 and Weitzen-
boeck formula. This was in fact the first motivation to study rough Lapla-
cians through discretization. It turns out that this might not work. The
main reason is because parallel forms are harmonic but the converse is not
true in general. Hence, the O-eigenspaces of A and A can not be related.
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It would be interesting to discretize also the additional curvature term R in
order to keep more informations, but it is not clear to us how to do it in a
relevant way. From another point of view, the Hodge Laplacian contains a
topological information that the rough Laplacian does not contain and this
might appear in the discretization.

Applications. The above general statements have shown us how a "smooth"
Laplacian can be compared to a "discrete" one. In some sense, this enables to
understand how geometry and topology interfere in the spectrum of "smooth"
Laplacians or on which local geometric quantities it depends. Moreover, these
statements give a new insight to study the spectrum of "smooth" Laplacians.
The results suggest to increase the study of "discrete" Laplacians in order
to understand better the "smooth" ones. This was already understood and
tested by several authors as Brooks [9], [10], Burger [11], Buser [13], Dodziuk
and Patodi |27], Kanai [40], [41] and also maybe Chanillo and Tréves [16]
and McGowan [50] even if both works are more related to the de Rham
Theorem (linking geometry and topology through cohomology) than to the
discretization strictly speaking. In this perspective, several applications of
the main statements or of the methods developed around the results are
presented in each of the three parts. Let us point out some of them and
replace them in their context.

As the diameter or the volume of a Riemannian manifold, the spectrum of
the Laplacian and in particular the first positive eigenvalue are isometric
invariants. Hence, there have been several developments around the subject.
A considerable question is to bound below the first positive eigenvalue of the
Laplacian. This question has been extensively investigated for the Laplacian
acting on functions on a compact Riemannian manifold. Let us recall here
a few fundamental results in this context. The first one, due to Li and Yau
in the following version in [46] (but see also for instance [6]), gives a lower
bound with respect to the diameter of the manifold for manifolds with Ricci
curvature bounded below.

Theorem 4 Let (M", g) be a compact n-dimensional Riemannian manifold
of diameter d and such that Ricci(M,g) > —(n — 1)k for k > 0. We have

- (1+y/1+4(n—1)%d%r)

MM) = 2(n —1)d?

Another result we want to recall is the Cheeger Inequality (see for instance
[17] for a general reference). To that aim, for a compact Riemannian man-
ifold M, we define the Cheeger isoperimetric constant h(M) by h(M) =

iréf {min {V‘:l?é\’z)l(‘fgl( ) }, where C' ranges over all compact codimension one




submanifolds of M which divide M into two disjoint connected open sub-
manifolds Ml, MQ with aMl =C= aMQ

Theorem 5 (Cheeger Inequality) We have \{(M) > th(M)%.

1
4
Note that the result is valid for any compact Riemannian manifold with-
out any curvature assumption. A similar result is valid for combinatorial
Laplacians on graphs (see [47], Proposition 4.2.4).

Cheeger Inequality for combinatorial Laplacians combined with Theorem 1
cst

leads easily to a lower bound such as \; (M) > vaianz Which is much more
weaker as Theorem 4 (as we assumed an injectivity radius bounded below)
but illustrates well how informations on the spectrum of "discrete" Laplacians
may give results for "smooth" Laplacians. Another illustration of this fact is
given in Part I as we show that roughly isometric graphs have comparable (in
the same sense as before) spectra (see Theorem 1.2.1) and as an application
(together with Theorem 1) we obtain a simpler proof of a theorem of Brooks
on the spectrum of tower of coverings (see Section 1.4) and a comparison of

spectra for Gromov-Hausdorff close manifolds (see Section 1.5).

Going back to the lower bound problem, the situation for the Hodge Lapla-
cian on differential forms is less clear. As far as I know, there is no general
Cheeger Inequality valid for differential forms. A general lower bound for
A p(M) is given in [16] by Chanillo and Tréves for compact Riemannian
manifolds with bounded sectional curvature. The lower bound depends on
the sectional curvature, the injectivity radius and the volume of the manifold.
In [36], Guerini studies the case of Euclidean convexes (the bound depends
there on the diameter of the convex). Here, Theorem 3 and a lower bound
for A;,(X) should give a relevant lower bound for A, ,(M). Therefore, in
Theorem I11.4.4 we give a lower bound (that should be improvable) for the
combinatorial Laplacian which leads to the following estimation (compare
with Chanillo and Tréves’ result and see Remark 111.4.3).

Theorem 6 (Theorem II11.4.1) Let (M,g) € M(n,k,19) and 1 < p <
n—1. Then there exist positive constants ¢, ¢ depending only on n, p, k and

ro such that
c

>
- VOZ(M)ec’Vol(M)
where Vol(M) denotes the volume of (M, g).

)‘l,p(M)

For rough Laplacians, the problematic differs as the holonomy of the vector
bundle comes in. In [3], the authors show a lower bound for the first eigen-
value depending on the holonomy. As a corollary of Theorem 2, we obtain
a similar lower bound in a more particular case, but also an upper bound
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involving the holonomy. More precisely, for a flat Riemannian vector bundle
E over M with irreducible holonomy, let @ > 0 be the constant of holon-
omy defined in [3] i.e. @ > 0 is such that Vo € M, Vv € E, there exists a
smooth unit speed loop ¢, , of length less than two diameters of M such that
|H,, ,(v) —v| > alv|, where H, denotes the parallel translation along c.

Theorem 7 (Theorem 11.4.1) Let (E™, V) be a flat Riemannian vector
bundle over M € M(m, k,1q) with irreducible holonomy. Then, there exist
c1, co > 0 depending only on m, n, Kk, ro such that

2

ME)>c—————
1(B) = ld(M)zcg(M)

where d(M) denotes the diameter of M.

Moreover, if there exist pg € M, vy € E,, and o' such that for any loop ¢ at
po of length less than Td(M), |H.(vo) — vo| < &'|vg| then, there exists ¢z > 0
depending only on n, m, k and vy such that

)\1(E) S C3O/2.

Methods. We don’t want to talk too much here about the technical tools
developed in the proofs of the comparisons of spectra, but just point out the
main similarities and differences between the three kinds of results. We have
already seen that a main difference is the choice of a suitable combinatorial
Laplacian. Let us emphasize that for the case of functions or of differential
forms the combinatorial Laplacian comes in naturally with the discretization
process and this is not the case for vector bundles. So that a significant
part of the work done in Part II consists in constructing a suitable "discrete"
Laplacian as canonical as possible.

A common point of the proofs of Theorems 1, 2 and 3 is the sketch of
proof. The general strategy is to compare the spectra of the Laplacians
using the variational characterization of the eigenvalues. Hence, a first step
is to construct a "smoothing" and a "discretizing" operator in order to link
smooth functions, sections or differential forms to functions on graphs or
Cech cochains.

The main idea to construct wisely these operators lies in the "intuition"
that eigenfunctions associated to "small" eigenvalues are almost constant
(for the Laplacian on functions), eigensections associated to "small" eigen-
values are almost parallel (for the rough Laplacian) and eigenforms associ-
ated to "small" eigenvalues are almost harmonic (for the Hodge Laplacian).
Therefore the "smoothing" and "discretizing" operators construction leans in
some sense on these intuitions. Nevertheless, the results obtained comparing
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"smooth" and "discrete" functions, sections or differential forms concern the
eigenvalues of the Laplacian and not the eigen-functions, -sections or -forms
strictly speaking.

The smoothing and discretizing operators are suitable to compare "small"
eigenvalues. For "large" eigenvalues the problem is easier as it suffices to
find upper bounds for the k'" eigenvalue of the Laplacians and of the combi-
natorial Laplacians depending only on the local geometry (i.e. on the set of
geometric parameters fixed at the beginning of the problem).

It is useless to precise that as the Laplacians are of different nature, the
technical difficulties encountered are really different. For instance, for rough
Laplacians we needed fine analysis as Sobolev inequalities or Moser’s iteration
and so Part II seems quite technical from this point of view. For Hodge
Laplacians, the de Rham Theorem is the starting point of the proof and then
fine Riemannian geometry is needed to control locally differential forms.

Further developments. To conclude this introduction, we don’t want to
list here the several questions arising from the present work. But at least, we
want to discuss a natural generalization of Part I (and maybe of Part IT) that
G. Carron pointed out to us. In Part I, the assumption on the injectivity
radius is not necessary. The main idea is to replace the graph structure of
the discretization by a weighted graph structure exactly as in the work of
Coulhon and Saloff-Coste [23]| (brought to our knowledge by G. Carron).

More precisely, if X is an e-discretization of a compact Riemannian mani-
fold (M, g), we provide X with a weight function which associate to a ver-
tex p of the graph, the volume of the ball centered at p of radius €. This
weight function leads naturally to a weighted inner product and so we con-
sider a "weighted" combinatorial Laplacian defined in the same way as the
standard combinatorial Laplacian but with respect to the weighted inner
product instead of the Euclidean one. Let us denote also by \.(X) the k"
positive eigenvalue of the weighted combinatorial Laplacian. In this context,
we should state the following version of Theorem 1.

Theorem 8 Let n, Kk > 0 and € > 0. Then, there exist positive constants
c1, ¢ depending only on n, k and € such that for any compact connected n-
dimensional Riemannian manifold (M, g) with Ricci curvature bounded below
by —(n — 1)k and for any e-discretization X of M , we have

Cl)\k(X) S )\k(M) S CQ)\k(X)
for any k < |X|.

The proof of this theorem is a straightforward adaptation of the proof of
Theorem 1. Indeed, the main tools and results developed in [18], that are
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the starting point of the proof of Theorem 1, can be replaced by completely
similar tools and results described in Section 6 of [23].

The other results contained in Part I can also be adapted to weighted graph
structures provided that we also adapt the various notions involved. Indeed,
a graph endowed with the path metric and provided with a weight function
becomes a measured metric space so that every notion that fits for metric
spaces has to be adapted in order to fit for measured metric spaces.

In Section 1.2, the notion of rough isometry should be replaced by a notion
of rough isometry for measured metric spaces. The good definition is the
"isométrie a l'infini" considered in [23]. Roughly speaking, two measured
metric spaces are roughly isometric if they are roughly isometric as metric
spaces (via ®) and if moreover there exists C' > 0 such that

C Wi(p, 1) < Va(®(p), 1) < CVi(p, 1)

where V;(q, 1) denotes the volume of a ball centered at ¢ of radius 1 in the
respective measured metric spaces. With this definition of roughly isometric
measured metric spaces, Theorem 1.2.1 holds for weighted finite connected
graphs (note that the constants appearing in the theorem will also depend
on the weight function and more precisely on the constant C), defined in
[23]). The proof of this version of Theorem 1.2.1 is left to the reader as it
consists in a straightforward adaptation of the original proof including the
tools developed in [18] and used in the proof.

In Section 1.4, the Schreier graph appearing in Theorem 1.4.1 has to be en-
dowed with a weighted graph structure, for example choose the weight func-
tion constant equal to 1. Then, it suffices to compare (as in Theorem 1.4.3)
the weighted Schreier graph with a weighted discretization of sufficiently
small mesh (smaller than the injectivity radius) and then compare (as in
Theorem 1.4.2) the discretization to the manifold to obtain the result.

In Section 1.5, the proof of Theorem 1.5.1 can also be adapted, provided we
choose, in the proof, discretizations of mesh smaller than the injectivity ra-
dius. The example shown in Section 1.6 shows that a uniform bound on the
injectivity radius is necessary in Theorem 1.5.1. But there exists a measured
version of Gromov-Hausdorff distance we should replace in the statement
of Theorem 1.5.1, in order to release the assumption on the injectivity ra-
dius. Then, the example in Section 1.6 is no more relevant, as the manifolds
involved are not close for the measured Gromov-Hausdorff distance.

Finally, as the discretization of vector bundles of Part II is really close to
the discretization of functions done in Part I, the question of removing the
assumption on the injectivity radius comes naturally. The answer is less
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obvious. In particular because the construction of the discrete magnetic
Laplacian in the case of flat vector bundles is based on the fact that, in a small
ball, extending a vector by parallel transport leads to a parallel section. But
this doesn’t mean that the generalization is not possible. On the contrary,
technically it seems possible to generalize it, provided that the technical
tools are adapted (in particular, we should use local Poincaré inequalities
and the doubling property of the volume to obtain all the technical results,
as Sobolev inequality for example). The advantage of such a generalization
would be the obtention of a version of Theorem 7 without any dependence
on the injectivity radius (note that in this case, the proof of Theorem 7 has
to be revised as it relays completely on properties of parallel transport on
small balls). A good starting point for the generalization would be also the
work of Coulhon and Saloff-Coste [23] and other related works cited there.
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Discretization of the Laplacian
acting on functions






Discretization of Compact
Riemannian Manifolds Applied to
the Spectrum of Laplacian

This text has already been published at "Annals of Global Anal-
ysis and Geometry", see [,8]. The reader may encounter a few
corrections from the original text.

Abstract. For k > 0 and ry > 0 let M(n,k,7) be the set of all
connected compact n-dimensional Riemannian manifolds (M", g) with
Ricci(M,g) > —(n — 1)kg and Inj(M) > ro. We study the rela-
tion between the k' eigenvalue \;(M) of the Laplacian associated to
(M",g), A = —div(grad), and the k" eigenvalue \,(X) of a combi-
natorial Laplacian associated to a discretization X of M. We show
that there exist constants ¢, C' > 0 (depending only on n, xk and
ro) such that for all M € M(n,k,79) and X a discretization of M,
Ap(X) < A(M) < CMN(X) for all k < | X|. Then, we obtain the same
kind of result for two compact manifolds M and N € M(n, k,r) such
that the Gromov-Hausdorff distance between M and N is smaller than
some 7 > 0. We show that there exist constants ¢, C' > 0 depending
on 7, n, k and ry such that e\g(N) < M\(M) < CA(N) for all k € N.

Mathematics Subject Classification (2000) : 58J50, 53C20.

Key words : Laplacian, eigenvalues, discretization, Hausdorff-Gromov
distance.

1.1 Introduction

Since the work of Buser in [13], it is known that in order to understand the
spectrum of the Laplacian associated to a compact Riemannian manifold,
A = —div(grad), it may be very powerful to discretize the manifold. Using
this technique, Buser considered manifolds with Ricci curvature and injec-
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tivity radius bounded below and gave an uniform estimate of the spectrum,
depending only on these bounds (see Theorem 6.2 in [13]). The estimate of
the k™ eigenvalue turned out to be very precise for large k’s (i.e for k larger
than a constant proportional to the volume of the manifold). However, for
the beginning of the spectrum, the result is not strong enough to decide
whether the eigenvalues may be close to zero or not.

Since, this question has been investigated by Brooks (|9], [10]), Burger [11],
and Buser himself in [14|. In these papers, the manifolds were especially,
closely related to Cayley graphs of groups or to Schreier graphs associated to
a family of covering spaces, (in another context see also the work of Kanai
[40], [41]).

The point of view that will interest us here is the one taken up by Chavel
in his book [18], where the question of discretization is very well explained
and where he studies in particular the case of isoperimetric inequalities ([18],
Chapter V) and Sobolev inequalities (|18, Chapter VI). This book will be
the main reference for this paper.

The purpose of this note is to compare the spectrum of a compact Rieman-
nian manifold (M™, g) to the spectrum of the combinatorial Laplacian of an
associated discretization X (defined as in [18]). More precisely, if M (n, k, 1)
denotes the set of all compact connected n-dimensional Riemannian mani-
folds with Ricci curvature and injectivity radius uniformly bounded below
(i.e. with Ricci(M,g) > —(n — 1)kg, & > 0 and Inj(M) > ro > 0, see
Definition 1.3.6), we will show in Theorem 1.3.7 that there exist positive con-
stants ¢, C' (depending only on n, , rg) such that for all manifolds M in
M(n,k,r9) and X a discretization associated to M, we have

for all £ < |X|. Remark that | X| behaves as the volume of M.

After defining precisely in Section 1.2 the notion of discretization and the
Laplacian related to it, Section 1.3 will be concerned with the proof of this
result.

In Section 1.4, as a corollary of our result, we present a very simple proof of
Theorem 1 of Brooks in [9], which says that the first non-zero eigenvalue of
a tower of covering spaces of a compact manifold goes to zero if and only if
the Cheeger constant of the discretizations associated to the covering spaces
does. In fact, we prove that the £ eigenvalue of a tower of covering spaces
of a compact manifold goes to zero if and only if the k" eigenvalue of the
discretizations associated to the covering spaces does, which implies obviously
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the result of Brooks (see Theorem 1.4.1). Note that our proof avoids integral
geometry and some not obvious considerations on the boundary of Dirichlet’s
fundamental domains.

In Section 1.5, we compare the spectrum of two compact Riemannian man-
ifolds M € M(m,kr,ry) and N € M(n,k,ro) which are close with re-
spect to the Gromov-Hausdorff distance (see Theorem 1.5.1). In particu-
lar, as m = n we show in Corollary 1.5.2 that we have a uniform control
cAr(N) < M(M) < CX(N) for all k£ and where ¢, C' > 0 depend on n, &,
ro and on the Gromov-Hausdorff distance between M and N (for the be-
haviour of the spectrum under convergence of manifolds with respect to the
Gromov-Hausdorff distance see Section 7 of [20]).

We conclude this note with Section 6, where we give an example to show that
the assumption on the injectivity radius is essential in Theorem I.5.1; the
spectra of two manifolds with Ricci curvature bounded below and arbitrarily
Gromov-Hausdorff close may strongly differ.

I.2 Spectrum of roughly isometric graphs

Let X = (V, E) be a finite graph, where V' denotes the set of vertices and E
the set of edges, and consider the path metric on this graph so that it becomes
a metric space (see [18] p.140). Denote by N(v) the set of neighbours of
v € V, that is to say the set of vertices at distance 1 from v for the path
metric. We will refer to m(v) as the number of neighbours of v € V and to vy
as an upper bound for m(v) (i.e. vx is such that for all v € V, m(v) < vx).

For such a finite graph, we can define a combinatorial Laplacian as in [47]
(Section 4.2) and the spectrum of this Laplacian will be denoted by
Spec(X) = {0 =X(X) < \(X) < ... < N(X)}

where [ = |X| — 1 and |X| denotes the number of vertices of the graph. We
have the following variational characterization of Spec(X) (see [8] p.268).
For a function f : V — R, consider the Rayleigh quotient of f,

d 2
(=

where [|df|[* = 3 ,cp df *(v) = Yoev Xwenw 1/ (w) = f(0)[* and ||f]* =
> vey f2(v). Then, for any (k + 1)-dimensional vector subspace W*+1) of
the vector space F(V) = {f : V — R}, the k' eigenvalue of X satisfies

M(X) < sup{R(f) : fe WD | f0}




6 DISCRETIZATION OF THE LAPLACIAN ON FUNCTIONS

So, if A(W) denotes the supremum of Rayleigh quotients of non-zero func-
tions in W (i.e A(W) =sup{R(f) : fe W, f#0}) and if E; ., denotes
the set of all (k 4 1)-dimensional vector subspaces of F(V'), then we have

)\k(X) = inf {A(W) - We Ek+1}.

Moreover, let us recall that a rough isometry is an application between metric
spaces @ : (Xy,d;) — (Xs,dy) such that there exist some constants a > 1,
b >0, 7 > 0 satisfying

Vo, € Xy, Cfldl(xl;?h) -b< d2(q)(551); q’(?h)) < adl(xlayl) +0b

and Ugzex, B(®(x),7) = X5 (see [18] p.142). The constants a, b and 7 will be
referred as the constants of rough isometry.

Theorem 1.2.1 Let X and Y be finite, connected graphs. Then, for each
rough isometry between X and Y, there exist positive constants ¢ and C
depending only on vx, vy and on the constants of rough isometry such that

cAr(Y) < A(X) < CA(Y)

for all k < min{|X|, |Y|}.
Note that the constants ¢ and C' are independent of £, |X| and |Y].
Proof: it suffices to prove that it exists C' > 0 such that

Ae(X) S OXN(Y). (1)

We proceed in two steps. First, we show that it exists a constant ¢ > 0
independent of k, such that if Ax(Y) < ¢ then (1) is true for some C' > 0.
Let X and Y denote also the set of vertices of the respective graphs. Let
® : X — Y be a rough isometry. To each f:Y — R, we associate

*'f=fod: X - R

It can be shown that, there are positive constants ¢y, ¢o, c3, ¢4 depending
only on vy, vy and on the constants of rough isometry such that

" flI* < allfl® (2)
ld(@* H)I* < elldf® (3)
A7 < eslldf* + call@* £ (4)

(see [18], Lemma VI.5.2 and VI.5.4).
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Then, consider fo, ..., fr : Y — R eigenfunctions associated to A\o(Y), ...,
Ar(Y) and the corresponding functions on X, ®*fo, ..., ®*f, : X — R

Denote by V' the subspace spanned by the f;’s, V.= (fo,..., fi) and by W
the corresponding space, W = (®* fy, ..., ®* fi).

If \(Y) < ¢ = (2¢3) ! then W is of dimension k + 1: indeed, let g =
Zf:[] a;®* f; with at least one non-zero a;. In fact, g can be rewritten as
g=®*f with f = Zf:[] a;f;- So, f is a non-zero function of V and satisfies
1df II” < Ae(Y)[[ ][ Then by (4)

lgll* = 12" I > e (IFI7 = eslldfII?) > e ' I = eshe(Y)). ()

In particular, as \x(Y) < ¢ = (2¢3)7", the function g is not zero and this
implies that W is (k+1)-dimensional. Moreover, under the same assumption
on A\;(Y) and using (3) and (5), we have R(®*f) < 2cocyR(f). Finally, we
get

Me(X) < sup{R(g) | g € W —{0}}
= sup{R(®"f) | f eV —{0}}
S 20204)% (Y)
It remains to show that (1) is still true if A\,(Y) > ¢’ = (2¢3)~!. But by this

assumption, we have Ay (X) < \p(X) (V)L So, in order to conclude, we
need an upper bound on \¢(X). For each f: X — R, we have

ldfII* = Yaex Zyene (@) = F)P?
QEﬁe)ﬁ ZyEN(m) (|f($)|2 + |f(y)|2)
4Z/X f 2.

This implies that R(f) < 4vy for all f # 0 and A\, (X) < 4vy. Finally, we
get \p(X) < dvxd '\ (Y). O

IANIA I

I[.3 Comparison of spectra between a manifold
and its discretization

Let (M™,g) be a connected, compact Riemannian manifold. Consider the
Laplacian associated to M

Af = —div(gradf)
and denote its spectrum by

Spec(M) = {0 = (M) < \(M) < ...}
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The characterization of the eigenvalues we will use subsequently is given by
Rayleigh quotients and Min-Max Theorem (see [57] p.269, Min-Max Theo-
rem). So for F': M — R define the Rayleigh quotient of F to be

[dF|* _ fMIIdF ()]*dV (x)

BE) = F = 7, Fadvia)

where dV denotes the volume form on (M, g). Then, for any (k + 1)-
dimensional vector subspace W*+1) of the vector space C>(M) of smooth
functions on M, the k' eigenvalue of M satisfies

Me(M) < sup{R(F) : FeWk) [0}

So, if A(W) denotes the supremum of Rayleigh quotients of non-zero func-
tions in W (i.e A(W) =sup{R(F) : F €W , F #0}) and if E;,, denotes
the set of all (k + 1)-dimensional vector subspaces of C*°(M), then we have

Me(M) =inf {A(W) : W € Egiq}.

Now, we associate a graph to a Riemannian manifold following [18] (section
V.3.2). Let (M™, g) be a connected compact n-dimensional Riemannian ma-
nifold. A discretization of M, of mesh ¢ > 0, is a graph X = (V, E) such
that the set V' of vertices is a maximal e-separated subset of M (so it verifies
that for any v, w € V, v # w, we have d(v,w) > € and U,cy B(v,e) = M).
Moreover, the graph structure of X is entirely determined by the collection of
neighbours that we define as follows. For each v € V, w € V is a neighbour
of v, if 0 < d(v,w) < 3¢ (see [18] p.140). We denote by N(v) the set of
neighbours of v.

Furthermore, X is roughly isometric to M (see [18| p.147). So we will use on
X the metric induced by M rather than the path metric.

Fix once and for all ¢ smaller than 1Inj(M). Denote by £ > 0 a constant such
that Ricci(M,g) > —(n — 1)kg. Then, by the Bishop-Gromov comparison
theorem, vy is bounded above by a constant depending only on n, x and ¢.
So we can assume vx = v(n, k,e). Furthermore, using Croke’s Inequality (cf.
[18] p.136) and Bishop’s comparison theorem, we have

Vol(M )<|V|<giz)

where V_,(g) denotes the volume of the ball of radius ¢ in the simply con-
nected space of constant sectional curvature —x and of dimension n.

1
7‘/—,@(8) Vol(M)
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The goal of this section is to compare Spec(X) and Spec(M) using the same
idea as in the case of roughly isometric graphs. So we have to associate
functions on M to functions on V' and vice versa. This leads us to use the
smoothing and the discretization applications considered in Chavel’s book.
Let us recall the main definitions and results from [18] (section VI.5) we will
need.

First, to go from the discretization X = (V, E) to the manifold M, we need
to smooth discrete functions.

Definition 1.3.1 Let {¢, },ev be a partition of unity subordinate to the cover
{B(v,2¢)}yev of M. Then for each f :V — R, the smoothing of f is defined
by F=Sf: M —R

(Sf)(x) = du(x) f(v),

veV

Lemma 1.3.2 There exist positive constants c¢; and ¢y depending only on n,
k and on the mesh of the discretization such that

IS1”
(S F)II*

Proof: see [18], VL.5.2. O

allF11, (6)

<
< cal df|l*. (7)

Then, to go in the other direction, we want to discretize smooth functions.

Definition 1.3.3 For each F : M — R the discretization of F is defined by
f=DF:V -R

1
= Vol(B(v.39)) /B(v,gg) Flz)dv(o)

where dV denotes the volume form on (M, g).

DF(v)

Lemma 1.3.4 There exist positive constants C7 and Cy depending only on
n, Kk and on the mesh of the discretization such that

IDF|*
ld(DF)|?

ClIE|?, (8)

<
< GolldF|*. (9)

Proof: see [18], VI.5.1. O
Finally, compose & and D and look at how it differs from the identity.
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Lemma 1.3.5 There exist positive constants c3 and Cs depending only on n,
k and on the mesh of the discretization such that

cs|ldf ||, (10)
Cs||dF||*. (11)

If = DSfI*

<
|F - SDFIP <

Proof: see [18], VI.5.4 and VL.5.5. O

We now state and prove the main technical theorem of this note.

Definition 1.3.6 For k > 0 and ry > 0 define M(n,k,ro) as the set of
all connected, compact n-dimensional Riemannian manifolds (M™,g) with
Ricei curvature and injectivity radius uniformly bounded below i.e. with

Ricci(M, g) > —(n — 1)kg and Inj(M) > ro.

Theorem 1.3.7 There exist positive constants ¢, C' such that for all M €
M(n, k,10) and for any discretization X of M (with mesh < 3rq), we have
for all k < | X|

cAp(X) < (M) < CX(X).

The constants ¢ and C depend only on n, k and on the mesh of X.

In particular, if we fix the mesh equal to iro, then these constants depend

only on the local geometry of M i.e. on n, x and 3. Note moreover that all
constants are independent of k.

Theorem 1.3.7 is a direct consequence of Theorem 1.3.8 and Theorem 1.3.9. In
fact, the proof of Theorem 1.3.7 goes in two steps as for the discrete case. The
first step deals in some sense with small eigenvalues; we show that Theorem
[.3.7 is true for eigenvalues smaller than some constant, using Chavel’s results
(see Theorem 1.3.8). The second step of the proof of Theorem 1.3.7 consists
in showing that Theorem [.3.7 is true even if the eigenvalues are "big”, that is
to say bigger than the constants appearing in Theorem [.3.8. The proof here
is really different from the previous one and uses basic facts on eigenvalues
of Laplacian (see Theorem 1.3.9).

Theorem 1.3.8 There exist positive constants a, A, ¢ and C" such that for
all M € M(n,k,ry) and for any discretization X of M (with mesh < %7"0),
we have for all k < | X|

i) If \e(X) < a, then A\ (M) < M\ (X).

The constants a, A, ¢ and C' depend only on n, k and on the mesh of X.
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Proof of i) The idea of the proof is exactly the same as in Theorem 1.2.1,
using the above lemma in order to bound Rayleigh quotients. Let M €
M(n, k,79) and X = (V, E) a discretization with mesh < 1r,. Then, consider
fo, ---s fr : V — R eigenfunctions associated to the first £ 4+ 1 eigenvalues
of X. Denote by W the subspace spanned by these eigenfunctions. Smooth
each f; to obtain Fy = Sfy, ..., Fy =Sfr: M — R and SW the subspace
spanned by the F}’s.

Then, if \y(X) < a = 1c5', SW is (k + 1)-dimensional. In order to prove
this fact, let ' be an element of SW, F' = Zf:o a; F; with at least one non-
zero coefficient. In fact, F' is the smoothing of a discrete f € W such that
f =Y i oaif; and by (10), we have ||f — DS[|? < cs]|df||*. So the norm of
F satisfies (by (8))

IF|) > €2 IDE| > O (1] = | = DSF) = O (I £l — ez lldfl). (12)

But f is a non-zero function belonging to the subspace W, so it satisfies
lldf || < v/ Ax(X)|f]| and by assumption on A\gx(X) and by (12), we get

1 _1
£ > 5 (13)

As the eigenfunctions of X are linearly independent, this shows that the
dimension of SW is the same as the dimension of W, that is to say k + 1.
Moreover, under the same assumption on \z(X) and using (13), we obtain

R(Sf) < I R(f)

for all f € W — {0}. This leads now to the conclusion. Using Min-Max
Theorem, we have

A (M) sup{R(F) | F' € SW — {0}}
¢ sup{R(f) | f € W —{0}}

CI)\k (X)

A IA

and this ends the proof of the theorem. The second part of the proof can be
carried out exactly in the same way, because of the symmetry of the results
concerning the smoothing and the discretization of functions. So it would
not bring more informations to do it here. O

Theorem 1.3.9 Let a and A as in Theorem 1.3.8. Then, there exist pos-
itive constants ¢ and C" such that for all M € M(n,k,19) and for any
discretization X of M (with mesh < 1rq), we have for all k < |X|
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i) If \(X) > a, then A\ (M) < "\ (X).
it) If \e(M) > A, then A\(X) < C"\(M).
The constants ¢ and C" depend only on n, k and on the mesh of X.

Proof: i) As \y(X) > a, then \(M) < a "N\ (X) A\ (M). So, it suffices to
show that Ay (M) < AF(5 ) where Af(5) denotes the first non-zero eigenvalue

of the Dirichlet problem on the ball of radius £ in the simply connected

space of constant sectional curvature —x and of same dimension as M. We
prove this result as follows. For each vertex v; of X, 7 > 1, we can consider
fi + M — R the first eigenfunction of the Dirichlet problem for the ball
B(v;, %) extended by 0 outside the ball. By Cheng’s comparison Theorem

R(fi) < Xf (%) (see [17], p.74).
Now, consider V; the subspace spanned by fi,..., f;. As the balls of radius

5 are disjoint, the f;’s are orthogonal and so V; is of dimension <. We can

apply Min-Max Theorem and get for all k£ < | X|

2 112
) < s £ =St £0)
2)\n € : 2
< sup {Z;;fnﬁ'ﬂé = e > aifi € Vi, f # 0}
< MN(e/2).

Finally, we get Ap(M) < a™"Af(5) (X

)-
i) As \g(M) > A, then Ay (X) < A7\ (M), ( ) We have seen in Theorem
1.2.1 that M\y(X) < 4vx. So we get A\, (X) < 4A lwx (M), O

I.4 Application to the spectrum of a tower of
coverings

As a first application, we will discuss the following theorem.

Theorem 1.4.1 Let (M™, g) be a compact n-dimensional Riemannian man-
ifold. Let {M,}i>1 be a family of finite-sheeted covering spaces of M with
induced Riemannian metric. Let I'; be the Schreier graph of the subgroup
m(M;) of m(M). Then, there exist constants ¢, C > 0 such that for all
In particular, for all k

M (M;) — 0 when i — oo <= A\(I';) — 0 when i — oo.
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For k = 1, it is exactly the result of Brooks (see [9] Theoreml).

We prove the result in two steps. First, we associate to M; a discretization
X; of sufficiently small mesh, in order to compare Spec(M;) to Spec(X;) (as
in Section 1.3). Secondly, we show that X; and I'; are roughly isometric,
which allows us to apply Theorem 1.2.1 to Spec(T;) and Spec(X;), so that
we obtain the desired result between Spec(M;) and Spec(T;).

The first step is really a direct application of Theorem 1.3.7 and is stated in
Theorem 1.4.2.

Theorem 1.4.2 Let M and {M;};>1 be as in Theorem 1.4.1. Let X be a
discretization of M (with mesh < $Inj(M)) and lift it to M; to obtain a
discretization X; of M;. Then, there exist positive constants ¢ and C inde-
pendent of i such that for all k < |X;|

In particular, for all k
A (M;) — 0 when i — 00 <= A\, (X;) — 0 when i — oc.

Proof: if (M",g) € M(n,k,1q), then M; € M(n, k,1q), as M; is provided
with the induced Riemannian metric. Moreover, X; is a discretization of M;
with same mesh of X smaller than %ro. So we can apply Theorem 1.3.7 to
each pair (M;, X;) and get constants independent of i. O

In the second step, we have to compare the Schreier graph I'; appearing in
Theorem 1.4.1 to the discretization X; of M, appearing in Theorem 1.4.2.
This is the next result.

Theorem 1.4.3 Let {(X;,I;)}i>1 be as in Theorems 1.4.1 and 1.4.2. Then,
there exist positive constants ¢ and C' independent of © such that for all k <
T

In particular, for all k
M (X5) — 0 when i — o0 <= Ag(T';) = 0 when i — oo.

Proof: geometrically, the graph I'; corresponds to the lift of a graph I in M,
where I' consists of a unique point (see [8] p.254 for a definition of Schreier
graphs). As M is compact, I" and X are roughly isometric (see [18] p.147).
Let uscall I, I'; and X, X; the set of vertices of the respective graphs too and
® : T' — X arough isometry such that d(g, ®(g)) < e. We can lift & and get
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®,; : I'; — X, in the following way. If g € I';, then by construction of X;, there
exists ®,;(g) = x with m;(z) = ®(m(g)) and d(z,g) < € (where 7; denotes
the canonical projection of M; onto M). Clearly, ®; is a rough isometry with
same constants of rough isometry as ®. So we can apply Theorem 1.2.1 to
each pair (X;,I';) and get constants independent of 7. O

Note that, as any two discretizations of a compact manifold are roughly
isometric, then we can replace I'; by the lift of any discretization of M and
Theorem 1.4.1 is still true.

1.5 Gromov-Hausdorff close manifolds have
comparable spectra

Another application of Theorem 1.3.7 is the following result.

Theorem 1.5.1 Let (M™, gn) € M(m,k,19) and (N",gn) € M(n,k,10).
Suppose that the Gromov-Hausdorff distance between M and N is smaller
than n > 0. Then, there exist positive constants ¢ and C' (depending only on

N, K, ro and on the dimensions) and K > 0 (proportional to the volume of
M and N) such that for all k < K

cAR(N) < A (M) < CAp(N)

and there exist ¢ and C' (depending on the dimensions, n, k and ry) such
that for all k > K

(V)" < M (M)™ < C' M\ (N)"

Corollary 1.5.2 Let M and N be two same dimensional compact Rieman-
nian manifolds i.e M, N € M(n, k,rg). Suppose that the Gromov-Hausdorff
distance between M and N is smaller than n > 0. Then, there exist positive
constants ¢ and C' (depending only on n, n, k and ro) such that for all k

cAp(N) < (M) < CAg(N).

Proof of Theorem I1.5.1: recall (from Section 1.3) that if X, is a dis-
cretization of M € M(m, k, 1) of mesh & < %ro, then

1 om
mVol(M) < Xyl < WVOZ(M).
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Let Xy be a discretization of M € M(m, k, 1) and Xy a discretization of
N € M(n, k, 1) with same mesh ¢ < %ro. Moreover, choose ¢ < %ro such
that

m+2 n+2
min{| X/, | Xn|} > max {Vol(M)Wa Vol(N)W}
n 0

(¢ depend only on m, n, x and rg).

Then, the proof is done in two steps. First, if £ < min{|Xy|, | Xn|}, we
will apply Theorem 1.2.1 and Theorem 1.3.7 (as will follow) and second, for
k> min{| Xy, | Xn|}, we will use a result of Buser (Theorem 6.2 in [13]).

Consider the case k < min{|Xy/|,|Xy|}. By definition of the Gromov-
Hausdorff distance (see [35]) there exist Z a Riemannian manifold and two
isometric embeddings f: M — Z, g : N — Z such that Uzey B(f(x),n) D
g(N) and UyenB(9(y),n) D f(M). Then, X, and Xy are roughly isometric
via ® : Xy — Xy defined as follows. For each x € X, there exist 2/’ € N
and 2" € Xy such that d(f(x),g(2")) < n and d(2',2") < €. Then define
O () = 2" so that d(f(z), g(¢(x))) < n+e. Then, we clearly have that

d(z,y) —2(n+e) < d(®(z), 2(y)) < d(z,y) +2(n+e).
Moreover, if z € Xy then there exist y € M and z € X,; such that
d(g(2), f(y)) < nand d(x,y) < e. This implies that
d(®(z), 2) < d(g(P(2)), f(2)) +d(f(2), f(y)) +d(f(y), 9(2)) <2(n+e)

and so Ugzex,, B(®(z), 2(n+¢)) D Xy. Note that the constants of rough isom-
etry depend only on ¢ and 7. To conclude this first part, it suffices to apply
Theorem 1.3.7 to (M, X)) and (N, Xy) and Theorem 1.2.1 to (X, Xy).

Now, consider the case k > min{| Xy, |Xx|}. In this case and by assumption
on ¢, we can apply Theorem 6.2 of [13] to M and N which leads to the result

where ¢; and ¢y are constants depending on m, k and ry. Similarly

where ¢3 and ¢4 are constants depending on n, k and 7. Putting both
inequalities together, we get that there exist constants c5 and cg depending
only on the dimensions, x and 7y such that

s <“izll((%))>2 M(N)™ < A(M)™ < cq (%%)2 (V).
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Furthermore, we have seen in Section 3 that there exist constants c;, cg, cg
and cyg depending only on the dimensions, x and rq such that

C7|XM| S VOZ(M) S Cg|XM|,

Cg|XN| S VOZ(N) S 610|XN|.

As we have shown in the first part of the proof the discretizations are roughly
isometric (the constants of rough isometry depend only on & and 7). This
implies that there exist constants ¢;; and ¢1o depending on € and 7 such that

1| Xn| < | Xu| < | X

These last inequalities give us upper and lower bounds (depending only on

n, m, n, k and ry) for “/,‘;ll((%))

Finally, we get that there exist constants ¢, C' > 0 depending only on 7, m,
n, k and g such that for all k&

Ar(N)" < M (M)™ < CAR(N)™.

In particular, the constants do not depend on k. O

I.6 An example

Let us now discuss an example in order to show that the assumption on the
injectivity radius in Theorem 1.5.1 is necessary. Consider M, the manifold
obtained by taking two hyperbolic cylinders, gluing them together at both
ends and ”"smoothing the angles”.

More precisely, for 0 < e < 1 take

M. =[-1-p;1+p] xS/

where ~ identifies the ends (i.e. (p1,t1) ~ (p2,t2) if and only if p; = py =
+(1+ p.) and ¢; = t,) and p, = arccosh(¢~2). Provide M., with the Rieman-
nian metric

ds* = dp® + f(p)?*dt?

where
ecosh(p+p. +1) if pe[-1—pe;—1]
fp) = % (1+vi—e)pt — 201+3vi=e)p? + 945vi—c) if p € [—1;1]

e cosh(—p+ p. +1) if p e [1;1+ p.]
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The manifold M,

Then, M, has sectional curvature uniformly bounded (i.e independently of ¢)
and injectivity radius comparable to e. Moreover, as M, admits an involution
and if D, = {(p,t) : p € [-1—p:;0],t € R/Z}, then \;(M.) is either the
first non-zero eigenvalue of D, for the Neumann problem A\Y(D,) or the first
eigenvalue of D, for the Dirichlet problem AP(D.), where D, is provided
with the same Riemannian metric as M,. But D, can be provided with an
hyperbolic metric ds? = dp? + £ cosh?(p+ p. + 1)dt* and we can easily show
that there are positive constants ¢; and ¢y independent of € such that

c1ds? < ds”? < cods®.

Then, applying a result of Dodziuk (see [25] Proposition 3.3), we get a con-
stant ¢z independent of € such that

AVP(D,,ds?) > es NP (D, ds'™?).

But, we know that for thin hyperbolic cylinders A\N? (D, ds”?) > T (see |12
p.35). Finally, we have shown that A;(M.) > ¢ > 0 where ¢ is independent

on £.

Moreover, M, is Hausdorff-Gromov close to the circle S, of length 2p. + 2
and A (S:) goes to zero when ¢ goes to zero too. So

A1 (M)

— o0 when € — 0.
)\1(56)

Then, this quotient cannot be bounded and the theorem is not true for the
family (M., S.), because the injectivity radius of M. is not uniformly bounded
below.
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Abstract. Let M(m, k,7q) be the set of all compact connected m-di-
mensional manifolds (M, g) such that Ricci(M, g) > —(m — 1)kg and
Inj(M,g) > ro > 0. Let &(n, ki, k) be the set of all Riemannian
vector bundles (E,V) of real rank n with |RF| < k; and |d*RE| <
ky. For any vector bundle E € £(n, ky, ky) with harmonic curvature
or with complex rank one, over any M € M(m,k,ry) and for any
discretization X of M of mesh 0 < ¢ < %TO, we construct a canonical
twisted Laplacian A, and a potential V' depending only on the local
geometry of £ and M such that we can compare uniformly the spectrum
of the rough Laplacian A associated to the connection of E and the
spectrum of Ay + V. We show that there exist constants ¢, ¢ > 0
depending only on the parameters of M(m, k, o) and E(n, ky, k) such
that A (X, A, V) < M(E) < eXg(X, A, V), where \(-) denotes the
k' eigenvalue of the considered operators (k < n|X]). For flat vector
bundles, we show that the potential is zero, A4 turns out to be a
discrete magnetic Laplacian and we relate A, (E) to the holonomy of E.

Mathematics Subject Classification (2000): 58J50, 53C20.

Key words: connection, rough Laplacian, discrete magnetic La-
placian, Harper operator, eigenvalues, discretization, holonomy.

I1.1 Introduction

In [48], we have shown that for a family of compact connected manifolds
M(m, k,ry) with injectivity radius and Ricci curvature bounded below (i.e.
(M, g) € M(m,k,r9) if M is a compact connected m-dimensional Rieman-
nian manifold with Ricci(M, g) > —(m — 1)kg and Inj(M, g) > ro), we can
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compare uniformly the spectrum of the Laplacian acting on functions with
the spectrum of the combinatorial Laplacian acting on a graph with fixed
mesh constructed on the manifolds. Indeed, we show that there exist posi-
tive constants ¢, ¢ depending on the parameters of the problem such that for
any M € M(m, k,ro) and any discretization X of M (with mesh e < 1ry),
the following holds

(X)) < M(M) < eX(X) (14)

for k < |X|, where \;(-) stands for the k' eigenvalue of the considered
Laplacian. This result generalizes in a natural way different works like [9],
[11], [14] and [41] that were motivated either by the study of the relation
between the fundamental group of a manifold and the spectrum of its finite
coverings (9], [11]) or by the relation between the spectrum of a manifold
and its Cheeger isoperimetric constant ([14]) or by the existence of harmonic
functions ([41]). More generally, the aim of the discretization is to have an
understanding of the spectrum (a global invariant on the manifold) with a
minimum of informations about the local geometry of the manifold.

Of course, the problem is interesting for differential operators other than the
Laplacian and we may address the following question: does the same kind
of comparison hold for other geometric differential operators such that the
Laplacian acting on p-forms or the Dirac operator? Most of these operators
may be expressed in terms of a connection Laplacian added with a curvature
term. In this article, we investigate the case of such a connection (or rough)
Laplacian A associated to a connection V on a vector bundle. More pre-
cisely, the purpose is to establish a uniform comparison of spectra between
rough Laplacians on vector bundles and twisted Laplacians on graphs that
generalize combinatorial or discrete magnetic Laplacians. The Riemannian
vector bundles we are interested in have curvature and exterior coderivative
of curvature bounded i.e. we study Riemannian vector bundles £ with fiber
of real rank n such that |RF| < k; and |d*RF| < ky (denote by &(n, ki, ks)
the set of such vector bundles). The main result (Theorem I1.3.1) states that
there exist positive constants ¢, ¢ (depending only on the given parameters)
such that for any vector bundle E € £(n, kq, ks) over any M € M(m, k,rg)
satisfying one of the following assumptions

I) the curvature of F is harmonic i.e. d*RE = 0,
IT) E is of complex (or quaternionic) rank one

and for any discretization X of E, we can construct a canonical twisted
Laplacian A4 and a potential V' depending only on the local geometry of E
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such that
c’)\k(X,A, V) < M(F) <ed(X, A7) (15)

for any k < n|X|, where A\;(E) denotes the k" eigenvalue of the rough
Laplacian A and M\, (X, A, V) the k' eigenvalue of Ay + V.

The case of flat vector bundles is especially enlightening. Indeed, if F is flat,
we show that the potential V' is zero and that A, is a discrete magnetic
Laplacian. This particular case shows how the construction of A 4 is strongly
related to the holonomy of E. This fact is emphasized by Theorem I1.4.1
which relates the holonomy (in the sense of [3]) to the first eigenvalue of A4
and therefore of A. In order to understand the problem of non-flat vector
bundles, go back to the case of functions. Recall that for functions we needed
to establish correspondances between functions on the manifold and functions
on the graph. To that aim and in particular to associate smooth functions
to functions on the graph, we had to extend locally such a function in a
constant way and then smooth it (with a partition of unity). The question
of extending locally is a central problem for the case of vector bundles. It
turns out that extending by parallel transport is really efficient for flat vector
bundles as it produces parallel sections. But, as soon as the curvature comes
in, parallel transport is not convenient anymore and we need to construct a
finer way to extend locally a section. In fact, the obstruction to extend in a
parallel manner is double: the holonomy plays the role of a global obstruction
to extend as parallel as possible and locally the curvature plays the same
role. The twisted Laplacian will precisely render the holonomy of the vector
bundle, while the potential will take into account the local non-flat geometry.

The paper is organized as follows. In Section I1.2, we introduce the notations,
we define the general notion of twisted Laplacian on a graph and recall the
main properties of the discretization of a manifold (that will coincide with
the notion of discretization of vector bundles). Section I1.3 is devoted to the
proof of the main result (Theorem I1.3.1). The main difficulty is to construct
a suitable twisted Laplacian (see Section I1.3.1). From a geometric point of
view, the problem is the dependence on the local geometry of the Laplacian
and the potential to have enough informations to estimate the spectrum of
the vector bundle. Technically, we need fine analysis on vector bundles like
Sobolev inequalities for sections to achieve the construction. The particular
case of flat vector bundles can be kept in mind as the ground example during
the reading. In this case, the proofs can be done easier (we can avoid the
technical tools described in Section II1.3.1). Nevertheless, this case already
contains the essential information for A, as it shows how the holonomy is
related to A, (see Section I1.4). For non-flat vector bundles, A4 does not
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suffice anymore to control the rough Laplacian, so that we have to introduce
a potential V' which takes care of the curvature locally. The generalization of
the flat case is then done for two different cases (see assumptions I) and IT)),
for rank one vector bundles and for vector bundles with harmonic curvature.
These two cases are really of different nature. This appears all along Section
I1.3 and this begins with the construction of A4+ V (in Section I1.3.2) which
differs according to the assumptions I) or II). In Section I1.4, we establish
the relationship between the holonomy and the first eigenvalue of the rough
Laplacian for flat vector bundles. The part of Theorem I1.4.1 that bounds
from below the first eigenvalue in terms of the holonomy can be generalized
easily to vector bundles with harmonic curvature. But this will not be done
here. This result is in fact due to Ballmann, Briining and Carron in a more
general setting (see [3]). Finally, we collect some more technical proofs in
the appendix to make easier the reading, even if the results are not of minor
importance for the paper.

I1.2 Settings

I1.2.1 Rough Laplacian

In this section, we recall basic facts on the rough Laplacian (for a general ref-
erence see [5], [53] or [54] for instance). Let (M, g) be a compact connected m-
dimensional Riemannian manifold without boundary and with volume form
denoted by dV. Moreover, let (E,V) be a Riemannian vector bundle with
n-dimensional fiber over M i.e. F is a vector bundle over M endowed with
a smooth metric (-,-) and a compatible connection V. On the set I'(E) of
smooth sections of F, denote by (-, ) the L?-inner product endowed by (-, -)
and ¢g. Recall that the connection extends to p-tensors on M with values in
E and that we define V* to be the adjoint of V with respect to the L2-inner
product. The rough Laplacian (or connection Laplacian) acting on I'(E) is
then defined by A = V*V. The spectrum of A is discrete and non-negative
and will be denoted

Spec(E) = {M(E) < X(E) <...< N(F) <...}

The Rayleigh quotient of a non-zero section s is defined by R(s) = ””VS|5||2|2,

where || - || denotes the L?-norm associated to the L?-inner product de-
fined above. Later we will need the following variational characterizations of
Spec(F) known as min-max and max-min theorems. For any k > 1,
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M(E) = minmax{R(s):s € QF\ {0}}

Ok
= maxmin{R(s): s € QF 1\ {0}, sLO* "t wat (-,4)}
i
where QF (resp. Q*~!) ranges over all k-dimensional (resp. (k — 1)-dim.)
subspaces of T'(E).

11.2.2 Twisted Laplacian

Let I' = (X, F(X)) be a finite connected graph endowed with the path metric.
For p € X denote by N(p) the set of vertices at distance 1 from p and by
m(p) the number of such vertices. In order to generalize the combinatorial
Laplacian (see [47| for a definition) and the discrete magnetic Laplacian (see
[49] for a definition), let us consider the set of functions on X with values in
R™ ie. F(X) ={f:X — R}, provided with the inner product (f,g) =
> vex f(p) - 9(p), where - denotes the Euclidean inner product of R”.

Definition I1.2.1 For any p € X and g € N(p) assume that A(p,q) : R* —
R™ is a given linear transformation. The twisted Laplacian associated to
A is the operator Ay : F(X) — F(X) defined by

1

Aaf(p) =5 > (T4 A 9)Alp. @) f(p) — (Alg.p) + A'(p. 0)) f(a).

gEN(p)

Remark I1.2.2 [f for any p, q, the operator A(p, q) is the identity, then A4
1s the combinatorial Laplacian.

Remark I1.2.3 If A(p,q) belongs to O(n) and A'(p,q) = A(q,p), then

Auf(p) =m(p)f(p) = X enp) A, p) f(q). In this case the twisted Laplacian
15 usually called discrete magnetic Laplacian or Laplacian associated to

the Harper operator A.

Let us introduce the space of functions F(X x X) ={F : X x X — R"} and

provide it with the inner product given by (F,G) = % >3 F(p,q)-G(p,q).
peX qeX

Lemma I1.2.4 Let A(p,q) be as in Definition I1.2.1 and A, the twisted
Laplacian associated to A. Let Dy : F(X) — F(X x X) be defined by

Daf(p,q) :{ fla) = Alp,q)f(p) if pe N(q),

0 otherwise.

Then7 fO’f' any f;g € f(X)f we have (AAf: g) = (DAf: DAg)
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Proof: let f, g € F(X). Then, we have

(Aaf.g) = —Z > (fp) — Alg.p)f(0)) - 9(p)

peX qeN(p)
——Z s p.q0)f(p) - Alp,q)g(p)
p€X geN(p)
= 5 ZZDAf(q,p) g(p) + % > Daf(p.q)- Dag(p.q)
_%ZZDAf(p,q)-g(q) = (Daf,Dag). H

A direct consequence of this lemma is that A 4 is symmetric and non-negative,
so it admits a non-negative spectrum. If V' : F(X) — F(X) is a non-negative
potential, then the spectrum of A4+ V is characterized by min-max theorem
as follows

VI<k<nlX|, MX,AV)= I‘I}Vi]}lmax{R(f)  f e WE\ {0}}

where W* ranges over all k-dimensional vector subspaces of F(X) and R(f)

is the Rayleigh quotient of f defined by R(f) = W

11.2.3 Discretization of vector bundles

In this section, we define the notion of discretization of a vector bundle.

Definition I1.2.5 Let (E, V) be a Riemannian vector bundle over (M, g) a
compact connected Riemannian manifold with OM = (). An e-discretization
of F is a discretization of M of mesh ¢ > 0.

The discretization of a manifold (of mesh ¢) is defined as in [18] (Section
V.3.2). Let us recall the definition and the properties of such a discretization.
Let (M, g) be a compact connected m-dimensional Riemannian manifold. A
discretization of M, of mesh ¢ > 0, is a maximal e-separated subset X of
M provided with a graph structure given by the sets N(p) = {g € X | 0 <
d(p,q) < 3e}, for any p € X. In other words, X is such that for any distinct
p,q € X,d(p,q) > ¢ and UpEX (p,e) = M. Moreover, pq is an edge if and
only if 0 < d(p, q) < 3. Denote by m(p) the number of elements of N(p).

Remark I1.2.6 Let us remark that if B(p,p) is a ball in M with radius
p < Inj(M), then the volume V(p,p) of the ball B(p, p) is bounded below
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by a constant depending only on p and m (this is Croke’s Inequality, see
for instance in [18] p.136). Moreover, if M has Ricci curvature bounded
below by —(m — 1)k then the volume of a ball of radius R is bounded above
by a constant depending only on m, k and R (this follows from Bishop’s
comparison theorem, see for instance [18], p.126). These bounds will be used
frequently in the sequel.

Choose ¢ smaller than 1Inj(M). Denote by £ > 0 a constant such that
Ricci(M,g) > —(m — 1)kg. Then, using Remark 11.2.6 we can show that
m(p) is bounded above by a constant vx depending only on m, x and ¢ and
that #(S)VOZ(M) < |X| < gmchm) Vol(M), where V_,(g) denotes the volume
of the ball of radius ¢ in the simply connected space of constant sectional
curvature —x and of dimension m.

II.3 Spectra comparison for rough Laplacian
and twisted Laplacian

In this section, we will establish the comparison between the spectra of the
rough Laplacian and a twisted Laplacian. Let us state the main result.

Theorem I1.3.1 Let m, n be positive integers, k, ki, ko > 0 and ro > 20 >
0. There exist positive constants ¢, ¢ depending only on m, n, k, ki, ko and
e such that for any M € M(m,k,1q), any vector bundle E € E(n,kq, ko)
over M satisfying one of the following condition

I) the curvature of E is harmonic i.e. d*R¥ =0,
II) E is of complex (or quaternionic) rank one

and for any e-discretization X of E, we can construct a canonical twisted
Laplacian A4 and a potential V' depending only on the local geometry of E
such that, for 1 < k < n|X|

CI)\k(X,A, V) S )\k(E) S C)\k(X,A, V)

In particular, if the vector bundle is flat, the potential is zero and A, is a
discrete magnetic Laplacian.

Roughly speaking, the basic idea of the proof is the same as to prove the the-
orem of comparison of spectra between the Laplacian acting on functions and
the combinatorial Laplacian ([48], Theorem 3.7). But a first fundamental dif-
ference between the functions and the vector bundles cases is the construction
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of the twisted Laplacian. Indeed, in [48| the combinatorial Laplacian appear-
ing in Theorem 3.7 is canonically associated to the graph that discretizes the
manifold. For vector bundles, such a canonical Laplacian on graphs does not
obviously exist. Hence, a first step of the proof consists in constructing a
suitable twisted Laplacian A, and a potential V' (Section I1.3.2) that will
depend only on the local geometry. The construction of A, + V differs ac-
cording to the assumptions I) and II). We will work with balls centered on
X and for both cases the construction of A, relies essentially on changes
of bases from a ball to a neighboring ball, but for vector bundles satisfying
IT) the definition of Ay is slightly harder. A more significant difference is
the construction of the potential V. For rank one vector bundles, V' involves
only the first eigenvalue of balls (with Neumann boundary condition), while
in the other case, we will distinguish "small" eigenvalues of balls from "large"
eigenvalues. In rank one vector bundles the n first eigenvalues (of such a ball)
are the same and correspond to the minimum of the energy, so that it will
make easier the estimating of V.

After defining the twisted Laplacian and the potential, we follow the same
way of proof as for the case of functions, but the underlying analysis is much
more difficult. For instance, we need to establish some Sobolev inequali-
ties for sections that requires fine tools of analysis as Moser’s iteration and
Sobolev inequalities for functions (Lemma I1.5.1 in Appendix). The defini-
tion of the smoothing operator S and the discretizing operator D generalizes
in some sense the similar operators defined by Chavel in [18] (Sections VI.5.1
and VI.5.2). Similarly, we establish norms estimations for these operators
S and D (Propositions 11.3.18 and I1.3.21) in order to compare Rayleigh
quotients of sections with Rayleigh quotients of functions on the discretiza-
tion. Then, min-max theorem leads to the result for "small" eigenvalues. It
suffices moreover to have upper bounds on the respective spectra (Lemma
11.3.23) to compare "large" eigenvalues and conclude the proof of Theorem
I1.3.1 (Section 11.3.6).

11.3.1 Local extension

In this section we define a way to extend a section as parallel as possible. In
the case of flat vector bundles parallel transport is the suitable tool, because
of the lemma below. Let 7,, denotes the parallel transport from E, to E,
along the minimizing geodesic joining p to z (for d(p,z) < $Inj(M)).

Lemma I1.3.2 Let (E,V) be a flat Riemannian vector bundle over a Rie-
mannian manifold (M, g). Let p € M and B(p,r) the ball centered at p of
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radius v < $Inj(M). Then for any v € E,, the section o over B(p,r) defined
by o(x) = T,,v is parallel.

Proof: see 28] Section 2.2.1. O

In the non-flat case, extending by parallel transport is not strong enough
for our purpose, because we need to control the covariant derivative of such
extended sections. More precisely, we want to extend in an energy minimizing
way. This means that we have to take into account local small eigenvalues.
Hence, we introduce eigensections of the Neumann problem on balls which
give an obstruction to extension in a parallel way. Such eigensections on
balls associated to small eigenvalues are almost parallel (Lemma I1.3.3) and
will provide a good way to extend sections. Nevertheless, it may happen
that there are no (or only a few) small eigensections on a ball. In this case,
parallel transport will be good enough to extend as we will see.

Lemma I1.3.3 Let (E,V) € &E(n, ki, k) over (M,g) € M(m,k,19). For
0<r<grgandpe M, leto: B(p,r) — E be a section such that Ao = o
for a constant A > 0. Let 0 < 0§ < 1. Then there exist 0 < ¢(m) < s <1 and
¢, ¢ > 0 depending on an upper bound for A and on m, n, k, r, ki, ks and 0
such that

[olloc.or < cllofl2s
IVollwar < Vol
where || - ||4,, denotes the Li-norm on the ball centered at p of radius p ('

depends on cl||o||a, too).

Moreover, there exists ¢ > 0 depending on ¢, ¢’ and r such that
|0(2) = Tapo(p)| < [|Vol]3,

for all x € B(p,0r). If ky =0 i.e. if E is of harmonic curvature, then s = 1
in the previous inequalities.

Proof: the idea is to use a Moser iteration to prove the statement. The more
technical part of the argument is carried out in the appendix (see Lemma
I1.5.1). In order to use Lemma IL1.5.1, let 6 > 0 and u;s : B(p,7) — R defined
by us = y/|o|?> + 6. Then in one hand A(u?) = 2usAus — 2|dus|* and in the
other hand A(u2) = 2(o, Ac) — 2|Va|? which implies that

usAus < (0,Ac ) = o[> < Muj.

We can then apply Lemma I1.5.1 to us and we get that ||us||cor < ¢||ts||2,-
Then let 6 — 0 to obtain the first claim.
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For the second inequality, let 6 > 0 and v; : B(p,7) — R defined by vs(x) =

J/IVo@)F+35. Then
A(v3) = 205Av; — 2|dvs|* = 2(Vo, A(Vo)) — 2|VVal|?
But we have that |VVol|? — |dvs|* > 0 and therefore
vsAvs < (Vo,A(Vo)) = (Vo,A(Vo) — V(Ac)) + \Val|?
By a commuting argument (see 2|, Lemma 2.3) we have for a local orthonor-
mal frame {X;},—1 _,, of M
(Vo,A(Vo) - V(Ao)) =
MVo|? = (Vrieyo, Vo) — 2 i(RE(Xi, Vx,0,Va) + ((d*RF)o, Vo)
i=1
and as Ricci(M,g) > —(m — 1)kg, |RF| < ki and |d*RF| < ky we then get
(Vo,A(Vo) = V(Ao)) < (A+ (m — 1)k + 2n°k:) [Vo|* + n’ko|o||Val.
By the first part of the proof, we obtain that on B(p, 6r)

(Vo, (Vo) — V(Bo)) <

(A + (m = 1)k +2n°k1) Vo |* + n’kac||o |2, Vo
and this implies (on B(p, 0r))
Avs < ()\ +(m—-1)k+ 2n2k1) vs + nkycl|o]|2-
If 8’ < 0 we can apply Lemma II.5.1 to vs and let 6 — 0 to obtain
IVo|lsoor < V0|34, < NIV, (16)

Note that if k&, = 0, then s = 1 and ¢ does not depend on c||o||z,. The
two first inequalities in the statement are then true for any 6’ such that
0 <6 <#f<1. Sorename 6 by 0 to obtain the statement.

Finally, recall that if v is the minimizing geodesic joining p to x € B(p, 0r)
of length I (< 0r), then |o(x) — 7,0(p)| < [5 [ Vsmo(v(1)| dt < 1| Vo s pr-
Using (16) leads to the result. O

From now on, let E € &(n, ki, ks) over M € M(m, k,r,) and fix e < 557.
Let X be an e-discretization of E. Let o} : B(p,10e) — E be the eigensec-
tion associated to the k' eigenvalue A (p) of A on B(p, 10¢) with Neumann

boundary condition such that fB(p 106) (op,07)dV = 0,V (p, 10¢).
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Remark I1.3.4 If E is flat \i(p) = ... = \u(p) = 0 and the o}, ’s give a local
orthonormal frame over B(p,10¢).

Remark I1.3.5 If n = 2 (resp. n =4) and E is of complex (resp. quater-
nionic) rank one, then \i(p) = ... = M\y(p). Indeed, the section icl (resp.
io}, jo¥, kol where i, j, k are the quaternions with > = j* = k? = —1)
satisfies V(io}) = iVo| which implies that io} is a A\ (p)-eigensection or-
thogonal to o). Hence, we can choose o}, such that for any x in B(p,10¢),
(op(x),0)(x)) =0 for any 1 <k <n, 1 <1<n, k#I.

Lemma I1.3.6 Let 0 < a < n+r1 There exists & > 0 depending only on «,
m, n, ki, ko, k, € such that if \,(p) < 6 thenV 1 <, j <k andVz € B(p, 8)
(o7 (), 0% (2)) = 05| < . In particular, if \y(p) < 6, then {of (), ..., 00(x)}
spans a k-dimensional vector subspace of E,, for any x € B(p, 8¢).

To prove this lemma, let us recall a basic fact of linear algebra (the proof
of the fact is left to the reader). Let V be an n-dimensional vector space
provided with an inner product (-,-). If {v1,...,v,} C V is such that
|(vi, v5) = 05| < @ < =5, then {vy,...,v,} is a basis of V. Moreover for any
v =" av;, wehave (1—a(n+1)) Y, a? < |[v|? < (14+a(n+1)) Y, a?.
Such a basis will be referred as an almost orthonormal basis.

Proof of Lemma I1.3.6: let f;;(x) = (o (x),0%(x)) and denote by m; its

[ vV
mean over B(p, 10¢), then

),
! V(p, 10¢) B(p,10¢) ! !

A result of Kanai ensuring the existence of ¢x > 0 depending only on ¢ and
k (see [18], Lemma VI.5.5) and the assumption A\g(p) < ¢ imply

B(p,10¢) B(p,10¢)
Moreover,

. 13
it (@) =5V (n5) < [ sle) = 8sldV @)

z€B(p,5
< ¢exV(p,10e)V6. (18)

The last inequality follows from (17). Hence (18) implies that there exists
p' € M, d(p,p') < 3, such that

P 6P (1)) — G . V(p, 10¢) .
|<Ui(p)7 g(p)> 5z]|§2 K V(—p 5) \/SS \/g

2
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We conclude then as follows

(o} (@), 0F () — dij] <
(o7 (), 05 (2)) = (Tap0? (P'), a0 (D)) + [{07 (), 07 (P')) — 0]

< [(of (@), 0f (2)) = (a0l 0), oo} (W) | + V6. (19)

]

For any x € B(p,8) the minimizing geodesic xp’ stays in B(p, 9¢), so we can
write

[(oF (2), o (2)) = (o7 (1), o7 ()| < 9el|d{aT, 7 )]]oo,0:
< 92 (IIV07lls0.9¢ll05 lloc.02 + [107 150,06V 07 [l 0.02)
< 9ec (IIVo7[l510:l107 2.10- + 1107 [l2,10: [V [15,10:)

where we used Lemma I1.3.3 in the last inequality. By definition of the o!’s
and by assumption on \;(p) we get

[(of (x), 0% (x)) — (! (0), o} (0))| < "V&°. (20)

]

Finally, (19) and (20) imply that for a sufficiently small § we have

7 'Y g

(o?(2), o?(z)) — 6] < (C\/S+ ¢ 55) <a<

n+1
and this ends the proof. O

Definition 11.3.7 Fixz once and for all 0 < a < %H Let 0 be given by

Lemma I1.3.6. For p € X, define then p(p) as the largest integer such that
Aup) (P) < 0.

Remark I1.3.8 If the vector bundle is flat, u(p) = n, for any p € X.

For p € X, we want to extend a section in a neighborhood of p as parallel as
possible and taking care of local small eigenvalues as said before. So let us
define the local extension that associates to a vector in E, a local section
over B(p,10¢). Consider E, ;) the u(p)-dimensional vector subspace of E,

spanned by {o7(p), ... ,aﬁ(p) (p)}. Let E/f(p) be the orthogonal complement of

p
pp)+12 -2

construction, {e} = o7(p),....€,,) = 05\ (D). €y 1s-- - €h} is an almost

orthonormal basis of E,. We extend this basis on B(p, 10¢) by

P(z) = { o;(x) if i < p(p),

el )
Tz p€; otherwise

E, ) in E, and choose {e eP} an orthonormal basis of Ej(p). By

)

and we define the local extension of v = >  v;e! by > v;el ().
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Remark 11.3.9 If E is flat, the local extension corresponds to the extension
by parallel transport along radial geodesics. In this case, it suffices to choose
any orthonormal basis {e},... et} of E, and extend it radially to obtain

{ei(z), ..., eh(x)}.

Lemma I1.3.10 For any = € B(p,8¢), {el(x),...,el(x)} is an almost or-
thonormal basis of E,.

Proof: if ;(p) = 0 the claim is clearly true. If p(p) = n the claim follows
from Lemma I1.3.6. Hence suppose 1 < u(p) < n — 1. By Lemma I1.3.6
(€1(2), ... €y, (@) is p(p)-dimensional and as parallel translation preserves
the inner product (e’ (o )+1( z),...,el(x)) is (n — p(p))-dimensional. So we
have to show that there exists ¢ > 0 such that

Vi<i<upu(p)<j<n

—~
9
<UB
—
S
~—
Q)
St~
—
S
~—
~
I
—~
9

<

2 (p), Tpaot (x) — of ()
< ‘e?(p) ) |Uf($) B vazpo-f(p” = |0i (:E) - Tx,paf(p” .

By Lemma I1.3.3 |0} (2) — 7, 507 (p)| < c’\/ﬁ Hence ‘(ep( ), € ( N[ < Vs
Then, readjust ¢ if necessary to obtain ‘ <ec< O

‘ — n+1

Remark 11.3.11 For the sequel, let §' denote a constant, 0 < Vo< 1,
such that (1 — &)Y, v < Dy vief(z)|2 < 1+ v, for any
x € B(p, 8¢).

Lemma I1.3.12 There exists a positive constant ¢ depending only on n, ky,
e such that for any p € X and any p(p) <i < n, ||Ver| oo < c.

Proof: let x € B(p,9) and consider  the minimizing geodesic from p to x
of length [ (l < 9¢) and {X; =4(t), Xy, ..., X,,} an orthonormal basis of E,
with Vx, X; = 0. Then

|Vef(x)|2=é\vxjez <Z</ VsV, €2 )\dt)Q

but |[RF(3(t), X;)el| = |V Vx, el | < ki. Therefore |[Ve?(x)|* < kil*n and
this concludes the proof. O
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11.3.2 Construction of the twisted Laplacian

The construction of A, differs according to the assumptions done on FE.
However, the basic idea is the same in all cases and relies on the fact that A
has to express the holonomy. So let us consider p,g € X, p € N(q) and let
x € B(p,8) N B(q,8). Then define a(p, q);j(x) by

n

2@) =3 alp.)y@)elx)  Vi=1,...n

=1

where e7, €f are defined in Section I1.3.1. We define A(p,q) : R* — R" on
the canonical basis {e1,...e,} of R* by A(p,q)e; = Y i, A(p. q)ije;, where
A(p, q)i; is defined as follows.

If E is of harmonic curvature then define A(p, ¢);; by

A(p, q)ij = a(p, 9)ij(q)

If E is of complex (or quaternionic) rank one then define A(p, ¢);; by

1

A(p,q)z-jZE ; a(p, q)ij(z)dV (z)

where B, is the ball centered at the mid-point of p and ¢ of radius 5¢ and
V,q denotes its volume. Note that B,, O B(p,3¢) U B(q, 3¢).

Remark 11.3.13 In the canonical basis of R"™, we can write

Daf(p,q ZDAf p@liei =Y (fi(Q) - ZA(Z?, Q)z'jfj(p)) e;

=1

Remark 11.3.14 If E is of harmonic curvature, we have by definition

6?((]) = Z?:l A(p7 Q)Zjeg(q)) V.] =1...,n

Remark I1.3.15 If E is flat, a(p, q)ij(x) is constant and so for j=1,...,n
and for any v € B(p,8¢) N B(q,8¢), e (x) = D1, A(p, q)ijei(x). Moreover,

in this case A(p,q)A(p,q)t = Id and A(p,q)' = A(q,p). So that Ay is a

discrete magnetic Laplacian.

If E is of harmonic curvature let V : F(X) — F(X) be defined by

= Y AP+ Y filp)e

i<p(p) i>1i(p)
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If E is of complex (or quaternionic) rank one let V : F(X) — F(X)
be defined by

VHp) = (Al(p)+ > Al(q)) f(p). (21)

gEN(p)

Remark 11.3.16 If the vector bundle is flat, then we have V = 0.

I1.3.3 Smoothing operator

Definition I1.3.17 Let {¢,},ex be a partition of unity subordinate to the
cover {B(p, 2¢) }pex. Define the smoothing operator S : F(X) — I'(E) by

(SH) =) dyla) (Z fi(p)ei (x))

peX
where f(p) = 3 2iy fi(p)ei.

Proposition I1.3.18 There exist constants cq, ¢1, ¢o and A > 0 depending
only on m, n, ki, ke, k and € such that

i) Vf € F(X), [SFI? < aollfI%,
i) Vf € F(X), [VISHIP < e (IDAfI? + (V, 1)),
iii) Vf € F(X) with [|[Daf[]> + (Vf, f) < AFI2 ISFIP = e2| fII? holds.

Proof: for the first inequality note that {B(p,¢)},cx covers M. Hence

2

s < Y [ | X s sede)| v

X
qe B(q,E) pEB(q,SE)ﬁX

(L+8)> Vige) >, [f@F < @+ fI*

qgeX PEB(g,3e)NX

IN

In order to prove ii) fix ¢ € X and let x € B(g,e). Then as {¢,},ex is a
partition of unity, we have ZpEX di, = 0, so that we can write

VSN = Y @ (X Ae)Ve@) +

p€B(q,3e)NX

> (@) (X A @) — 3 f@el@).  (22)

pEN(q)
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Then, Lemma I1.3.12 implies

2

/B@E) 2 Wf”)(zn:fi(p)ve?(w)) Vv (z) <

p€B(q,3c)NX

n Z (Zfz /BqE|V6( WPdV (z —I—chz )

pEB(g,3e)NX  \i<p( i>pu(p)

<d Y (VHp) ). (23)

p€B(q,3c)NX

To estimate the second term of (22), we need the following lemma.

Lemma I1.3.19 There exists a positive constant ¢ depending only on m, n,
ki, ko, k and e such that

/Zf )—;n;fxq)eqx

c(IDaf(ap)+ (V) (p) - f(p) + (V@) - fa)-
Proof: see Appendix I1.5.1. O
Hence by (23), (22) and Lemma I1.3.19 we get

/ VD@V ) <
¢ (IDat@)P + VO F0) + (V) - £(a).

PEB(g,3e)NX

2

Then summing on ¢ € X implies the claim.

To prove the third part of Proposition 11.3.18, define (S, f)(z) = 3 fi(q)el(x)
i=1
for x in B(q, 5). Then, by Lemma I1.3.19 we get

| 180@ - e ave) -
B(¢,5)

2
n

Yo w(@) Y (i) (@) - filg)e](x)] dV(x) <

j=1
Bla.5) | PEND !

¢ Y (IDaf(@. )P+ (VH®) - f0) + (V@) f(@). (24)

PEN(q)



I1.3. SPECTRA COMPARISON FOR ROUGH LAPLACIAN AND TWISTED
LAPLACIAN 37

As the balls of radius § centered on X are disjoint, we can write

IS/ = 30 [ IS,4@) - S£@) - S, @) dV(2)

geX

B(g,5)
> 3 / S,/ (@) dV ()
qEX ‘12

2y / SUH@1SF(@) = S,/ (@)]dV (2)

le E

2

By construction, (1—4&")|f(q)|? < |S,f(x)] < (1+8")|f(¢)|? and by Cauchy-
Schwarz inequality combined with (24), we get

> / S @187(z) = S )]V (a)

9eX

¢+ NAVIDAFI? + (V. ).

Hence, [Sf]? > (1 — &)L fIP = 2¢/(1+ )| | TDAFIE + (V£ ). Choose
A > 0 sufficiently small so that if f satisfies |[Daf|*+(V f, f) < A||f]|?, then

(1—=48")"
IS 2 I (1= )" = 2¢(1+ WVA) = =] ]I
This concludes the proof of Proposition 11.3.18. O

I1.3.4 Discretizing operator

Definition I1.3.20 Define the discretizing operator D : I'(E) — F(X)
by

(Ds)(p) = ; % (pl’ o /B " s (z)dV (z)e;

where s(x) =1 s (x)ef (z) for x in B(p,3e).

=11

Proposition I1.3.21 There exist constants ¢, ¢}, ¢; and A" > 0 depending
only on m, n, Kk, ki, ks and € such that

i) Vs € I'(E), [|IDs|* < ¢lls|*,
ii) Vs € I(E), [[Da(Ds)|* + (V(Ds), Ds) < || Vs|?,
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iii) Vs € T'(E) such that ||Vs||? < N||s|?, ||Ds||*> > d,||s]|* holds.
Proof: the first point follows directly from the following inequality

Ds(p) < ¢ / S ) PV (@) < (1 — 8)" / 1s(2) 2V (2).
B(p,3e) ;— B(p,3¢)

To prove the second point, we first prove that

IDA(Ds)|I* + (V(Ds), Ds) < c(||vS||2+Z(Vs) (p)> (25)

peX

where if E is of harmonic curvature then
(V) (0) = Z Ni(p / 72V + S / 5724V
Z<}L (p735 1>u p736

and if E is of complex (or quaternionic) rank one

(Vs) ) = Z Mg /B L lspav

geEN(p

and s is written locally as s(z) = Zn, s (x)el (z) for x € B(p,8¢). First,

=11

|(Ds)(p),]* < ¢ [ppae) 157 (@) [?dV (z) implies obviously

(V(Ds).Ds) < Y ¢ (f/s) (). (26)

peX
Secondly, for p and ¢ € N(p) let us introduce B),, C B(p,3c) N B(q, 3¢) the
ball centered at the mid-point of p and ¢ of radius € and Vp’q its volume. Then

|DA(Ds)(q,p)|* =

> (VL, /B Ds(p)s _ZA(Qap)ijDS(Q)j dV(y))
< 32 Vi, . IDS(p)z-—Sf(y)ldV(y)> (27)

dV(y)) (28)

+3Z VL Zquzy DS())

—|—3Z VL Zqu”]

i=1 pq < By,

dv (y )) . (29)
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We estimate each of the three terms separately.

By a result of Kanai (see [18], Lemma VI1.5.5), there exists c¢x > 0 depending
only on ¢ and & such that

1
o [ s - Sl < e [ Jaswlav).
! (p,3¢)
Moreover
VI=F|dst ()] < |3 dst ()l (v)| = S2(y) Ve (30)
7j=1 7=1
Therefore
Vi—d 1ds?(y)] dV (y) <
B(p,3¢)
2 % -
(v<p, ) [ 19t dv<y>) Y [V 2o
B(p,3¢) j=1

so that we obtain by Lemma I1.3.12 and by construction of e?

n

([ dv<y>)2 <of WP )

=1

We have then the following upper bound for (27)

zn: (VL,/ [Ds(p): —Sf(y)|dV(y)>
<de(/ VSR + (V) w). o

By the same kind of arguments as for (27) and using that > 7', [A(q, p)s;|*
is bounded above by a uniform constant, we can bound (28) as follows

i: ( / dV(y))2 <
(L wswrave + (7)) @

The last term (29) is then bounded by the following lemma

Zqum (y) — Ds(q);)

7=1

Pq
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Lemma I1.3.22 There exists a positive constant ¢ depending only on m, n,
ki, ko, Kk and € such that

dV(?J))2 <
(V1) @)+ (V1) @)

st (y) — Z A(g, p)isi(y)

Proof: see Appendix I1.5.2. O
Finally, (31), (32) and Lemma I1.3.22 imply that

|DA(Ds)(p,q))* < ¢ / [Vs(y)|*dV (y) + / IVs(y)[dV (y)

B(p,3¢) B(q,3¢)
+ ' ((‘75) (p) + (Vs) (q)) .

Taking the sum over p and ¢ leads to

IDADs)|P < (nwn? +3(Vs) <p)> (33)

peX

so that (33),(26) imply (25). In order to conclude the proof of point ii) of
this lemma, we have to show that there exists ¢ > 0 such that

> (173) (p) < cl[Vs]f*. (34)

peX

Fix ¢ € X, let B = B(q,10¢), V(B) its volume. Let (-,-)p and || - ||z the
L?-inner product respectively the L?-norm on E restricted to B. We are
going to show that there exists ¢ > 0 such that

(‘75) (q) <c Z ||VS||QB(]),10.€)‘ (35)

p€B(q,3e)NX

Then (34) is a direct consequence of (35). To prove (35) we have to consider
separately the cases E is of complex (or quaternionic) rank one and E is of
harmonic curvature.

Assume E is of rank one. The proof of (35) in this case is much easier
than in the other case as the potential involves only the first eigenvalue of
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the ball. Recall that A\(q) < ”” ”L‘B for any non-zero s. Therefore and as

B(q,3¢) € B(p,10¢) for any p € N(q)
V5117

(Vs) @ < sl > ™2 < 3 Vsl

2
PEB(g,3e)NX ” ||B(p:105) PEB(g,3e)NX

and this concludes the first case.

Assume E is of harmonic curvature. If y € B, write s(y) as a sum of
orthogonal sections (with respect to (-, -)5) s(y) = s(y) + s*(y) with 5(y) =

g
> i<ua) (i,?B);B ef(y). We have the following properties of the decomposition.

(sla 6?)B =0 ) V] S ,U/(q)a (VSL, Vg)B = 0,
Islz = lIs™1% + 5113, Vsl = [IVsHl5 +I1V3l5,
B (s,e)% ~ (s, €))%
2 _ J 2 - 220(q).
3<u(q) 7<n(q)
Consider then two cases. First assume |[st||%3 = 0. Then s(y) = 5(y) which

means that if y € B(p, 10¢)

Ay = ((l ., if j > u(q),
! Vi< nla).
Therefore
(7s)@ = [ X v [ pspav 3 / v
J<u(q) Bla32) 7>nlq (0,3¢)
(5: 6j)B ~112
= Vg, 3e) Z V(B Ai(a) < Vsl
7<n(q)
Moreover as s* is zero ||[V3]|% = ||Vs||% and so in this case (35) is verified.

For the second case, assume ||s*]|% # 0. Then apply max-min theorem to s

to obtain Ayg)+1(q) < ”HVSTH!QB and by definition of u(g) this implies that
B

SllsH B < Vst (36)

Moreover, let us rewrite st as follows, for y € B(q, 8¢)

DS (s;!(y)—(;fgf)eﬂywjz el
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As {€j(y)} is an almost orthonormal basis, we obtain for y € B(q, 8¢)

> [siw) - Z s < (=) s~ ()
Jj<p(q) j>ulq
In particular, this implies
> [ P < @07 7
j>u(q) ” Bla5e)
and
> @ [ lsPdr
3<n(q) Bla3e)
(s’eq‘)B
2 ) Aj(q)/ (y) — V(jB)
J<u(q) (a3¢) i<u(q

26 -
< deSJ_”% +2|| Vs[5 (38)

Then (37) and (38) imply that (‘75) (¢) < c(|[sH% +1IVS]%). Use (36)
together with this inequality to obtain (35) and therefore (34). Finally (25)
together with (34) imply 7).

To prove iii) consider the following sum. By the work of Buser (Lemma 5.1
in [13]), there exists cg > 0 depending only on m, x and ¢ such that

Z / Ds(p)s — L (2) P dV () < CBZ / ds () dV ().

B(p,3¢) B(p,3¢)

Moreover, using (30) we obtain

Z / Ds(p); — ()2 dV () <

2nc
1_; / Vs(y)[?dV (y +n§ VN2 ellsf (W) 5,30 | - (39)
B(p,3¢)
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Therefore, from (39) we obtain

sl > [ Y1) = Pt Ao a0

B(p,3e)"™

>c/z|s V(o —ac/z|s IDs(p); — 1 (x)laV ()

p,36 B(p,3¢)

1
2
> Isllp50) = ¢ llsllBp.se) (HV‘S”Bp,Ba +Z||Vep||oogg||8§||§,3g) (40)

7=1

Assume E is of harmonic curvature and combine Lemma II1.3.3 and
Lemma I1.3.12 with (40) to obtain

o=

Ds(p)” = ¢ lslbp 0 — < lslnwae (19150 + (Vs) @)

Moreover, by (35) (175) (p) is bounded above by ¢ 37 [[Vs|%

g€ B(p,3e)NX
Then, taking the sum over p € X produces new ¢, ¢ > 0 such that

B(q,10¢)"

IDsl* > clslI* = "[Is[[[[Vs]l.

Finally, if |Vs||? < A||s]|?, we get ||Ds]|? > ||s]|*(¢ — ¢"VA’). Choose then
A’ suitably to conclude the proof of the proposition in this case.

Assume E is of rank one. If \;(p) < d, by Lemma I1.3.3, [|[Vef|2 5. <
e (p). If Ai(p) > 6, by Lemma I1.3.12 ||Vep||oo35 <c<ch 1)\1( ) There-
fore, (40) can be changed in (with new constants ¢, ¢, ¢’ )

(@=L EDI513p.50) "5l B30 V5l Bpaey  if A1(p) <6,
2
Ds(p)|

I8l p.3e) =" 131l B(p,32) IV 51| B(p,102) otherwise.

By choosing 6 smaller, we can assume that if \;(p) < 6, ¢ —cAi(p)2 > " > 0.
This implies that (for any values of \;(p))

Dso)* = lIslbpae) — < IVsllBaolsllB.a0e)-
Then, take the sum over p € X to obtain for ||Vs|| < A||s||
IDsl* = "lIslI* = "[[Vsllllsll > [ls[I*(c" = ¢"VA)

and conclude choosing A’ suitably. O
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11.3.5 Upper bounds

Lemma I1.3.23 Let m, n, ki, ko, K, 19, € be as before. Then there exist
positive constants c3 and ¢ depending only on m, n, ky, ko, k, € so that for
any vector bundle E € E(n, ky, ka) over any M € M(m,k,rg), for any X
e-discretization of E and for Ay + V' constructed in Section I1.3.2, we have

i) M(E) < 3, Vk < n|X]|,
i) M(X,A,V) < ¢, VE < n|X].

Proof: i) Let p; be a vertex of X and consider f; : M — R the first eigenfunc-
tion of the Dirichlet problem for the ball centered at p; of radius § extended

by zero. By Cheng’s comparison theorem ||||d;i|||| <X\ ( ) (Where A1 ( li)

denotes the first non-zero eigenvalue of the Dirichlet problem on the ball of

radius £ in the simply connected space of constant sectional curvature —x

and of same dimension as M). Define then the sections o(z) = fi(z)el (z)
for 1 <i<|X],and 1 < j < n. Then{a |1<z<|X| 1<]<n}spans

.....

orthonormal frame. Moreover
Voi(z) = dfi(z)e} (z) + fi(z) Vel (x)
hence by construction of e;' and Lemma I1.3.3 and Lemma 11.3.12, we have
Vsl < e (lldfill® + 1 £ill*)
so that by definition of the f;’s
. £
Vol < ellfill? (1+ M (505)) -
By min-max theorem we get then
M(E) < c’max{%”w?!d} <dc (1 + M\ <§,Ii>) )
Zi,j aij””j” 2
This concludes the first part of the lemma.

i1) Let f € F(X). As A(p,q) is a change of almost orthonormal bases we
have

IDAfIIP+ (V£ f) = —Z Z 1£(q) = Alp. ) F )+ D (VD)

pEX geN(p peX
< ey Z (ILF@))* + £ (@)|?) + max{s, 1} f|I?
pEX geN(p)

< (2e0x +max{s, 1}) | FI

Therefore, R(f) < 2cvyx + max{d, 1}, Vf € .7-"( )\ {0} and this implies
M (X, A V) < 2evx +max{d, 1}, Vk < n|X|. O



I1.4. ESTIMATION OF THE FIRST NON-ZERO EIGENVALUE FOR A FLAT
VECTOR BUNDLE 45

11.3.6 Conclusion

Proof of Theorem I1.3.1: by symmetry of the results concerning the
smoothing and the discretizing, it suffices to deduce \¢(E) < cAp(X, A, V).
The proof proceeds in two steps.

First, assume that k is such that Ay (X, A, V) > A, for A given by Proposition
11.3.18 iii). Then, Lemma 11.3.23 1) leads to \¢(F) < czA7' A\ (X, A, V). This
is the required inequality.

Secondly, assume that k is such that Ay (X, A, V) < A. Let W be the k-
dimensional vector subspace of F(X) spanned by f;: X - R", i=1,... k,
Xi(X, A, V)-eigenfunction of A 4 chosen so that (f;, f;) = 0;;/X|. By min-max
theorem, A\(X, A, V) = max{R(f) : f € Wi\ {0}}. Let then SWj, be the
vector subspace of I'(E) spanned by the Sf;’s i.e. SWy = (Sf1,...,Sfk) =
{Sf|feWi\{0}}. As \p(X, A, V) <A, for any non-zero function f in Wy,
we have |[Daf||> + (V f, f) < A||f]|>. Hence, by Proposition 11.3.18 4ii), for
any f in Wy, ||Sf||*> > cof/f||* holds. In particular, Sf is the zero function
if and only if f is zero which means that SWj, is k-dimensional. So we can
apply min-max theorem to SW; and obtain

Ae(E) <max{R(Sf) | f € Wy \{0}}.

Moreover, by Proposition 11.3.18 77) and iii) we obtain that R(Sf) < £ R(f)
for any non-zero f in Wy, which leads to

M(E) < Z—;max{Rm | f e Wi\ {0}} = j—;Ak<X,A, V).

This concludes the proof. O

II.4 Estimation of the first non-zero eigenvalue
for a flat vector bundle

Let (E™, V) be a flat Riemannian vector bundle with irreducible holonomy
over M € M(m,k,ry). We recall the definition of the constant related to
the holonomy given by Ballmann, Briining and Carron in [3]. If ¢ is a unit
speed loop, denote by H, its holonomy. Then there exists a@ > 0 such that
Vo € M, Vv € E, there exists a smooth unit speed loop ¢, of length less
than two diameters of M such that

|H,

Czv

(v) —v| > alvl. (41)
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The following theorem shows that if E has significant holonomy, then the
first eigenvalue of A can not be too small. Conversely, if there exists v in E,
which has a small holonomy, then the first eigenvalue is not too large.

Theorem I1.4.1 Let (E", V) be a flat Riemannian vector bundle over M €
M(m, Kk, 1) with irreducible holonomy. Then there exist ¢, ¢ > 0 depending
only on m, n, Kk, ro such that

where d(M) denotes the diameter of M.

Moreover, if there exist pg € M, vy € E,, and o' such that for any loop ¢ at
po of length less than Td(M), |H.(vo) — vo| < o'|vg| then, there exists " > 0
depending only on n, m, k and roq such that

M(E) < "o
The first part of the theorem is in fact due to Ballmann, Briining and Carron
(see [3]). We present here a more conceptual proof that relies on the fact

that the discrete magnetic Laplacian associated to a discretization of a flat
bundle is strongly related to the holonomy of the vector bundle.

Proof: let e = ﬁro and let X be an e-discretization of E. Then by Theorem
I1.3.1 there exist A4 a discrete magnetic Laplacian and ¢ > 0 such that
M(E) > e\ (X, A). So it suffices to prove the statement for A\;(X, A). Let
f € F(X) such that Ayf = Af. Let po € X and vg =Y, fi(po)el® € E,,.
By (41), there exists a smooth unit speed loop ¢ : [0,1] — M at pg of length
I <2d(M) and |H,(vo) — vo| > alvg|. Let N € N such that N5 <1 < (N +
1)5 and consider a partition of [0,1], 0 =ty <t < ... <ty_1 <ty = [ such
that § <1; —t;_y <e. By definition of X, Vj =1,...,N —1, dp; € X such
that d(p;, co(t;)) < e. Moreover, let py = py € X. Note that d(p,_1,p;) < 3e.
Consider then the piecewise geodesic loop ¢ at py passing through all p;,
j=1,...N —1 (i.e ¢ joins p;_; to p; via the minimizing geodesic p;_1p;).
Note that ¢ is of length less than 3Ne < 12d(M). Moreover, as FE is flat, the
holonomy of ¢y is the same as the holonomy of ¢;. More precisely, parallel
translation from co(t;_1) to co(t;) along ¢ is the same as parallel translation
along minimizing geodesics from ¢(t;_1) to p,;_1, then from p;_; to p; and
finally from p; to co(t;). Hence H, (v) = Hg,(v) for any v € E,,. So that we
obtain

|Hz, (vo) — vo| > alve| = a|f(po)]-
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Consider then v; = Y7 fi(p;)er’ € E,,. By triangle inequality and as
parallel transport is an isometry, we obtain easily the following inequality

N
Ot|f(p0)| < Z |ij7pj—1vj—1 - v]’|'
j=1

Moreover, by construction of D4 we have

n

|To -1 Vi1 — V| = Zfz Pi—1)Tpjpi1 G _Zfi(pj)e?j

=1

= Z (ZA(pj—lapj)ikfk(pj—l) — fz(p])> efj

=1 k=1
= [Daf(pj-1.p5)|

This implies that a|f(po)| < [Daf(po,p1)|+ ...+ [Daf(pn-1,pn)|- We have
shown that for any py € X, there exists a piecewise geodesic loop ¢, =
{po, p1,--.,pn} of length less than 12d(M) such that

o7 £)? < AT (1D o )P+ -+ 1D omr, o))

and d(pj_1,p;) < 3e. The goal is to apply this last inequality to ||f[|*. To
that end, we need to find an upper bound for the number of loops of the
kind {p,q,...,p} that can pass through p € X and ¢ € N(p) and of length
less than 12d(M). This upper bound on the length of the loop implies that
such a loop can pass through at most P < 12@ points of X. Therefore,
there are at most ¥~ ! loops of the kind {p,q, ..., p} and each of these loops
is suitable for P points in X. Hence, we obtain

d
osir < P8 yp, gy
d(M)? 2400)
< nfE uyp gy
€
This leads then to the conclusion of the first part CY?% <A\
72d(M)2p1?

To prove the second part of the theorem let ¢ = 1007"0 and X be an e-
discretization of E such that pg € X. Recall that X is the set of vertices
of a finite connected graph G. Then construct a spanning tree S of G (see
[8], Section 1.2) as follows. Let X; = {p € X | da(p,po) = i} where dg
denotes the path metric on GG. Note that if ¢ is in X; then there exists ¢’ in
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X,;_1 which is joined by an edge to q. Let then S be the subgraph of G' with
vertices set X and edges set E(S) = {qq¢' | ¢ # po}. We have constructed a
spanning tree S of G.

By construction of S, for any p in X there exists a unique curve ¢, in
S joining p to po (i.e. ¢, is a piecewise geodesic curve {p,...,po} such
that two consecutive points of X in ¢, are joined in S). Moreover the
length of such a ¢, is bounded above by 3d(M). Now, choose in E, an
orthonormal basis {€}°,...,e2°} and define an orthonormal basis B, of E,

, = {ef =71 10}Z 1,..n, Where 7, denotes parallel transport along ¢,
from pg to p. Then €f(x ) = T, pet gives a local orthonormal frame made of
parallel sections. Hence, consider the discrete magnetic Laplacian A4 asso-
ciated to this choice of bases (constructed as in Section I1.3.2) which satisfies
A (F) < cAi(X, A) by Theorem I1.3.1. So that it suffices to prove the result
for the first eigenvalue of A 4. By min-max theorem A, (X, A) < R(f) for any
non-zero function on X. So consider f : X — R” defined by f(p) = > "1, vie;
where the v;’s are the coordinates of vy in the basis B,,,. If p and ¢ are neigh-
boring points in X such that d(p,py) < d(g,po) and p € ¢,, then we have
Tqp€; = €j. Hence in this case A(p,q)i; = d;j and so Daf(p,q) = 0. In the
other case i.e. if p € N(q), d(p,po) < d(q,po) and p is not on ¢,, consider
the loop ¢ at zy going from zy to p via ¢,, from p to ¢ via the minimizing
geodesic pg and from ¢ to zq via c;l. Then ¢ is of length less than 7d(M)
and by assumption

|He(vg) — vo] < &|vg]. (42)

1
But, we have H,.(vq) = Ty TapTe,Vo and

(He(v <Z7—q,p6]a z> ZAp, q)ijVj-

Combining this last equality with (42) we obtain o'|vg| > |Daf(p,q)|. Fi-
nally, computing || D4 f||* leads to

1
IDAfI” < 5"Vl £

So that the second part of the theorem follows. O

II.5 Appendix: technical tools

The following lemma is a generalization of Lemma 11.1 in [45] and a local
version of Lemma 0.1 of [56].
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Lemma I1.5.1 Let M € M(m, k,r0) and u a non-negative function on the
ball B(p, R), with R < %7‘0, such that Au < au+ . Let 0 < 0 < 1. Then
there exist ¢y, ¢, cg > 0 (depending only on m, n, k, R, « and ) and
0 < c(m) <s <1 such that

1 c3 s
fulleon < (e + vy g5z ) Nl

where [[u| s or = sup{u(z) | z € B(p,0R)}, and |[ull] r = fB(p,R) ul(z)dV (z).
Note that, if # =0 then s =1 (see [45|, Lemma 11.1).

Proof: the proof combines the proof given in [45] (Lemma 11.1) and Lemma
0.1 of [56] . Let u : B(p,R) — R, u > 0 such that Au < au+ 8. Let
v =174 ifm > 3 and v = 2 otherwise. Let p be such that i + % = 1. For
0<p<p+o<R,let ¢,, be the Lipschitz cut-off function depending only

on the distance to p given by

0 on B(p, R)\ B(p,p+ 0),
Gpo(r) = ¢(r) = § Z2=  on B(p,p+a)\ B(p, p),
1 on B(p, p).

Then for an arbitrary constant a > 1, we have

]

pp < ||¢Ua||gu

As the injectivity radius of M is bounded below (Inj(M) > ry > 0) and
the Ricci curvature too (Ricci(M,g) > —(m — 1)kg) Sobolev embeddings
for complete manifolds are valid and we can apply the Sobolev inequalities
to [|pu?ll3, (see [37], Theorem 3.3). More precisely, there exists a constant
¢s > 0 depending only on m, x and ry such that

lpuc]l3, < e (lld(du®)|3 + lou’]3) -
Replacing ¢, by CR?, we can rewrite the inequality as
lu|3, < CR* (lld(éu®)][5 + [lou’ll3)
Therefore,
4], < OB (|ld(@u®) |5 + [l du?]]3) -

However

/ |d(pu®)PdV < a/ ¢2u2“1AudV+/ |do|*u**dV
M M M
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(see [45], p.81). Hence using the assumption on Au and u > 0 we obtain

2., < CR ( [ ot aa [ gnav

+af / P*u=tdV + / |d¢>|2u2adv>
M M

and by construction of ¢, we obtain

1
|u*%]|,., < CR? <aa + =+ 1) / u?*dV + CR*apf / w**tdV
g B(p,p+0) B(

p,p+0)

1 1
< CR? (aa + = + 1) ||| 3 + CR*aBV (p, p+ 0)2||ul|3%}

2a,p+0 2a,p+0"

Finally, we have shown that for any a > 1,0 < p < p+ 0 < R, we have

1
||u||2“ < CR? (aa + 2 + 1) ||u||2“ +

2ap,p — 2a,p+0

CR%aBV (p, p+ o) |Juf| 2

2a,p+0"

This was the first step of the proof. Now, we will proceed with a Moser
iteration. To that aim, let

m

a=1, a0 =——=u, ..., ai:ui,...
m— 2
1-0 1-0 1-0
O'OZTR, OIZTR’ ceey O—i:2i+1 goen
,OOZR—O'(], ,01:R—0'0—O'1, ceey plzR—ZO'],
j=0

and p_; = R. Observe that p; > R for any 2 and p; — 0R as 1 — oo.
Moreover, for any A;, B; > 0
. a; 2a;_
(A + By) min{]|ullg: 40 [ull2aps0} <

) 2a;_ b
Ai”“”%i:,pﬁai + Bi||u||231,pi+a,- < (Ai + Bi)HuHQZai,pi‘Fo’i

where b; is suitably chosen (b; € {2a; 1,2a;}). Now replace above a, p, o by
a; respectively p;, o; to obtain

1
1 2\ %
||u||2ai+1,Pi S (CR2 (aia + p +1+ azﬂV(p, pi—l) 2eq )) u||22az,pi,1'

)
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Then iterate this inequality to obtain (using Bishop-Gromov comparison the-
orem, Croke’s inequality and a; > 1)

oo

1 R\ ow \ O
lllooom < ¢ (H <032 (a0 + aid B+1) + c?) ||u||2%R) |
=0 q
By the same argument as in [56], []5- L converges to s € [e"("~2) In(2) )Tt

7=0 2a;
1
2

remains then to show that [ ]2, (C’R2 (@, + a;d B+ 1)+ C’%Z) e converges
too. But we have that [[°, B* ' = BT (as > 1) and S ip~t is finite,
therefore

oo

i / —i 4 ﬁ
g(o*mu (a—l—cﬁ—{—u )+4c(1_9)2> <

1 -

A i 4 W
2t 2 /
gmax{,u,él} (CR (a+cﬁ+1)+07(1_0)2>

1_p
2 p—1

< c(p) (OR2 (a+dB+1)+ Cﬁ)

This implies the claim. O

11.5.1 Proof of Lemma 11.3.19

The proof differs according to the assumptions made on E.

Assume E is of harmonic curvature. By Remark [1.3.13 and Remark
I1.3.14, we have

Z filp)e; (x) — Z filq)ei(x) =

Z fi(p) (€7 (7) = T pei (P)) + Daf (a: P)iTep€; (p) + filq) (T2 e (p) — €] ().

By Lemma I1.3.3 and as d*R” = 0, |¢ (z) — 7 pef |* < eXi(p) for 1 <i < p(p)
and |7, pel(p) — el(z)]* < ehilq) for 1 < i < u(q). Moreover if u(q) < i < n,
|72 pel(p) — €l (x)|* < 4. Therefore

2

_Z fi(p)el (z) — Z filg)el(z)| <
¢ (IDaf(gp)P+ (V) (p) - fp) + (V) (a)- f())
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which implies the lemma in this case.

Assume E is of rank one, then
Zfz-(p)ef(x) - Zfz-(Q)G?(x) =
ZDAf g, p)ief (z) + ij )Zeﬁ’(fﬂ) (Alg, p)ij — alg, p)ij(x)) -

By definition of A(g, p);; and by the work of Buser (Lemma 5.1 in [13]) there
exists cg > 0 depending only on m, x and ¢ such that

| 1A@ps = alap)s@F V(@) < cn [ ldata.p)ifo)l” av(a).

BPQ

Moreover

(1-4) Z |da(q, p)i ()| <

n 2

Vel(x) — Z a(q,p)ij(2)Vej (x)

(jwr+ Sivaer)

As the bundle is of rank one, A\;(p) = ... = A\,(p). Therefore A\;(p ) < § im-

plies [ |V (x)]?dV(z) < chi(p). Otherwise [ |Vel(z)]?dV(z) <
B(p,10¢) B(p,10¢)

c < ¢d A (p) by Lemma I1.3.12, which implies

Jij(z)ef (x)

/B A(q, p)ij — alg. )i (@) AV (z) < ¢ (M(p) + M(a)) (43)

rq

2

Hence
/. Zfz )= 3 flel(a)| <
" (IDaf (@ p)]” + 1/ (@) M (p) + Mi(a)) -

This concludes the proof of Lemma 11.3.19. O
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11.5.2 Proof of Lemma 11.3.22

The proof differs according to the assumptions made on E.

Assume E is of harmonic curvature. As {7,,e’(p)}’, is an almost
orthonormal basis and by Remark I1.3.14

Z st (y) — ZA(q,p)mS?(y) <
(1—-0""" Z P (y) (rypef (p) — €l (y)) + Z s{(y) (e (y) — 1y pef(p))

Integrate then over B, and apply Lemma I1.3.3 to obtain

2

dV(y) <c ((‘73) (p) + (Vs) (q)) .

st (y) — ZA((];p)ijS?(y)

Assume E is of rank one. Recall that s}(y) = >_7_, a(q,p)i(y)s](y)-
Hence

n

S(y) = 2_ Al Pl (v) = D_ (ala.p)igly) = Ala:p)ig) 55 ()

J=1

Therefore

J,

pq

n

) =D Alg,p)ist(y)

j=1
n
nm&2</
B/

7j=1 Pq

dV(y) <

1
2

laq, p)i;(y) — A(qap)iﬂz) dV (y).

Finally, as B, C By, inequality (43) implies

(k.

i=1

dV(:u)) <c (‘78) ()

st (y) — Z A(g, p)is§ ()

and this concludes the proof of Lemma I1.3.22. O
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Abstract. For k > 0 and rq > 0, let M(n,x,ry) be the set of
all connected compact n-dimensional Riemannian manifolds such that
|K,| <k and Inj(M,g) > ry. We study the relation between the k™
positive eigenvalue of the Hodge Laplacian on differential forms and the
k'™ positive eigenvalue of the combinatorial Laplacian associated to an
open cover (acting on Cech cochains). We show that for a fixed suffi-
ciently small € > 0 there exist positive constants ¢; and ¢y depending
only on n, k, 1o and e such that for any M € M(n, k,7¢) and for any
e-discretization X of M we have ¢; A, ,(X) < A p(M) < eo Mg ,(X) for
any k < K (K depends on X). Moreover, we find a lower bound for
the spectrum of the combinatorial Laplacian and a lower bound for the
spectrum of the Hodge Laplacian.

Mathematics Subject Classification (2000): 58J50, 53C20.

Key words: Laplacian, differential form, Cech cohomology, discretiza-
tion, Whitney form, eigenvalue.

I11.1  Introduction

Several works like [9], [11], [13] and more recently [48] have shown that dis-
cretizing a Riemannian manifold may be really powerful in order to study
the spectrum of the Laplacian acting on functions. The question we want
to answer here is "Is there a similar tool for understanding the spectrum of
the Hodge Laplacian (A = dd* + d*d) acting on differential forms?". Part
of an answer is given by the de Rham Theorem (saying that the de Rham
cohomology of a compact manifold is isomorphic to the singular cohomology
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and to the Cech cohomology) and several authors have been more or less
inspired by this theorem to study the spectrum of A. For instance, in [27],
Dodziuk and Patodi show that for a fixed compact Riemannian manifold, we
can approximate the spectrum of the Hodge Laplacian with the spectrum
of a combinatorial Laplacian associated to finer and finer triangulations of
the manifold. The main idea in their proof is to associate Cech cochains
to smooth forms and vice versa via the integration on simplices and via the
Whitney map. Both tools are really crucial in the proof of the de Rham
Theorem as they induce the isomorphism between de Rham cohomology and
singular cohomology. In [16] and in [50], the authors use another proof of
de Rham Theorem due to A. Weil and based on the Cech - de Rham dou-
ble complexe (see [34]). In [16], Chanillo and Tréves bound from below the
smallest non-zero eigenvalue of the Hodge Laplacian on p-forms for a compact
Riemannian manifold with bounded sectional curvature, while the purpose
of |50] is to study the spectrum of A on compact hyperbolic 3-dimensional
manifolds. In particular, McGowan develops in [50]| a quite general method
to bound from below "small" eigenvalues of A on compact manifolds (Lemma
2.3 in [50]).

The purpose of this paper is in some sense to improve or to unify these
results in the context given by the discretization. More precisely, if M is
a compact Riemannian manifold and if X is a discretization of M (in the
sense of [18]), we obtain naturally from X a finite open cover Uy which
will be contractible if the mesh of the discretization is sufficiently small. To
such an open cover we can associate the complex of Cech cochains naturally
endowed with a coboundary operator . Moreover, with an inner product on
Cech cochains, we can construct the adjoint of §, namely §* and define the
following combinatorial Laplacian A = §6* + 6*6.

The main result consists in establishing a uniform comparison between the
spectrum of the Hodge Laplacian and the spectrum of such a combinatorial
Laplacian. That is to say, if M(n, &, r¢) denotes the set of compact connected
Riemannian manifolds with bounded (by k) sectional curvature and injectiv-
ity radius bounded from below by 7y, we show that there exists a positive
constant py depending only on n, k and rq such that if we fix 0 < 3¢ < py,
there exist positive constants ¢; and ¢y depending only on n, p, k and ¢ such
that for any M € M(n, k, 1) and for any e-discretization X of M we can
compare the k™ eigenvalue of A on p-forms to the k™ eigenvalue of A on
Cech p-cochains (for 1 < p < n — 1) in the following way

Cl)‘k,p(X) < )‘k,p(M) < 02)‘k,p(X)

for any £ < K and K depends on X (see Theorem II1.3.1 for the precise
statement).
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As an application of Theorem III.3.1, we obtain a lower bound for the first
non-zero eigenvalue of A (see Theorem II1.4.1) in terms of the volume of
the manifold. This result has to be compared with the result obtained by
Chanillo and Tréves (Theorem 1.1, in [16]). In their proof, the authors use
in a crucial manner a lemma due to Tréves (Lemma A.5 in [59]) which turns
out to be false (see Remark I11.4.3). In Lemma II1.4.2, we state and prove
a "weaker" version of Tréves’ lemma. A direct corollary of this lemma is a
lower bound for the spectrum of the combinatorial Laplacian (see Theorem
I11.4.4) and so, thanks to Theorem II1.3.1, a lower bound for the spectrum
of A (see Theorem I11.4.1).

As another consequence of the proof of Theorem II1.3.1, we obtain a ver-
sion of McGowan’s lemma (Lemma 2.3 in [50]) slightly more general as it
is concerned with p-forms on compact Riemannian manifolds with bounded
sectional curvature, but not so general as it is valid only for contractible
open covers (see Lemma I11.4.5). Finally, another interesting application of
the method developed here concerns Whitney forms. Indeed, Whitney forms
come out in [27] as a natural way to smooth Cech cochains. Nevertheless,
in order to keep a uniform comparison of the spectra, the results given in
[27] on Whitney forms are not useful to our purpose. Hence, we obtain as a
corollary of the method, the appropriate results to show that Whitney forms
are even so a suitable tool to smooth Cech cochains (see Section I11.4.2).

The paper is organized as follows. In Section III.2, we begin by recalling
different definitions and properties of differential forms and Cech cochains.
In particular, in Section I11.2.3, we sketch the proof of the de Rham Theorem
due to A. Weil as it will be the starting point of the proof of Theorem I11.3.1.
Finally, we recall the definition of a discretization and its main properties.

Section III.3 is devoted to the proof of Theorem II1.3.1. The basic idea of the
proof is to associate a Cech cochain to a differential form via a discretizing
operator and vice versa via a smoothing operator, in order to compare "small"
eigenvalues. These operators are essentially constructed as in the proof (of
A. Weil) of the de Rham Theorem thanks to the Cech - de Rham double
complexe. To that aim, we need a few technical results. In particular, we
need a normed version of the Poincaré Lemma and a similar result for Cech
cochains. This is done in Lemma II1.3.2 and in Lemma II1.3.5. Moreover, as
in [50], it is necessary to bound from below the spectrum of A with absolute
boundary conditions on finite intersections of open sets of the open cover. To
that aim, we show that for a sufficiently small ¢, the intersection of balls of
radius € is convex and is quasi-isometric to a Euclidean convex. Thanks to a
result of Guerini (|36]) we can then bound from below the spectrum of such
intersections (this appears in Section II1.2 as properties of the discretization,
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see Lemma II1.2.9 and Lemma I11.2.10). Note that Chanillo and Tréves met
also this problem and they solve it using a (finite) sequence of open covers
and with Lemma 2.2 in [16] (which is a consequence of a normed version of
the Poincaré Lemma in the Euclidean setting). For "large" eigenvalues, it
suffices to have an upper bound for the k™ eigenvalue of A and of A to have
the claim.

In Section I11.4, we present the consequences of Theorem II1.3.1 mentioned
above.

Finally, in the appendix we recall the (more or less classical) definition and
the properties of Whitney forms. At the end of the appendix, we give the
proof of the technical lemma about the Euclidean convexity of the intersection
of small balls.

IT1.2 Settings

In this section, we recall some definitions and basic facts on the Laplacian
acting on differential forms and on the Laplacian acting on Cech cochains.
For the convenience of the reader and as it is a key tool for the paper, a
paragraph is also devoted to the sketch of a classical proof due to A. Weil of
the de Rham Theorem (for contractible open covers) relying on the Cech -
de Rham double complexe (see for instance Appendix A of [34] or Chapter 3
of [53]). Finally, we define the discretization of a manifold and discuss some
of its properties.

IT1.2.1 Laplacian acting on differential forms

Let (M™,g) be a compact connected n-dimensional Riemannian manifold
without boundary. Denote by A?(M) the vector space of smooth differential
p-forms, for 0 < p < n. Let d : AP(M) — APT'(M) be the exterior differential
and d* : APT1(M) — AP(M) its formal adjoint (with respect to the L inner
product) the codifferential. Then the Laplacian acting on p-forms is defined
by A AP(M) — AP(M), A = dd* + d*d. The spectrum of A is discrete and
will be denoted by

0 < Ap(M) <X p(M) <...< Np(M) < ...

where 0 is of multiplicity b,(M) and the positive eigenvalues are repeated
as many times as their multiplicity. Let us recall that half of the spectrum
is redundant. That is to say, if A > 0 is an eigenvalue of A on p-forms
and if E,()\) denotes the A-eigenspace, then E,(\) splits as follows E,(\) =
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E(X) @ E4(X) where EY () = {w € Ey(A) : d*w = 0} C d*"APT'(M) is the
A-eigenspace of d*d and Ef(\) = {w € E,(\) : dw = 0} C dAP"'(M) is the
A-eigenspace of dd*. Moreover, d* maps EZ()) isomorphically onto E; ()
and d maps E¢ ()) isomorphically onto Ep+1()\). Hence, E,(\) = E¢ (\) @
Egil()\). So for our purpose it will be sufficient to study the spectrum of d*d
on coexact forms.

Let Af (M) the k™ (positive) eigenvalue of d*d : d*AP* (M) — d* AP (M).
The following variational characterization of the spectrum of d*d holds

wll?

Asz(M)—mmmax{”” = ezk\{o}}

where ¥* ranges over all k-dimensional vector subspaces of d*AP*1(M) and
|| - || denotes the L?>-norm for differential forms.

IT1.2.2 Cech cohomology and combinatorial Laplacian

Let M™ be a compact connected n-dimensional manifold. Let U = {U; }1<,<n
be a finite open cover of M. The nerve of U, denoted by N(U), is the
simplicial complex whose set of g-simplices is given by

Sq(U):{(io,...,iq):ig<...<iqandUi0ﬂ...ﬂUiq7&(/)}

for any ¢ > 0. A Cech g-cochain is an application ¢ : Sq(U) — R. Denote by
C?(U) the set of Cech g-cochains. Let us remark that C?(Y) is naturally en-
dowed with a vector space structure and let us define a coboundary operator
§: CUU) — CTHU) by

q+1

Sc(io, - yigrr) = O _(=1)c(io, - ij 1,01, - igs1)

=0

for any {ig,...,ig11} € Sg1(U). Then 6o = 0 and the cochain complex
{C9(U), 6} gives rise to the Cech cohomology groups of the cover U, H*(U).
Endow then C?(U) with the following scalar product, for any ¢, ¢ € C1(U)

(01,02): Z 01(1)02(1)

IeS,(U)
and consider §* : C9T(U) — C%(U) the adjoint of § with respect to (-, ).

Definition I11.2.1 The combinatorial Laplacian A coU) — CciU) is
defined by A = §6* + §*6.
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The combinatorial Laplacian is self-adjoint and non-negative by definition.
Its spectrum will be denoted by

0< )\17,1(2/{) < )\Q’q(Z/{) <...< )\L,q(u)

where 0 is of multiplicity b,(U) and L + b,(U) = dim(CI(U)) = |S,U)]|. As
for the Laplacian on differential forms, half of the spectrum is redundant i.e.
if A > 0 is an eigenvalue of A on Cech g-cochains and if £,()\) denotes the \-
eigenspace, then Eg(\) = E2 (A) @ E2_,()) where £ ()) is the A-eigenspace
of §*§ acting on §*C¢"!(U). So for our purpose it will be sufficient to study the
spectrum of §*0 on §*C4H (1) i.e. on coexact Cech cochains. In the sequel,
A7 ,(U) denotes the k™ (positive) eigenvalue of 6*4 : 6*C4*' (U) — 6*C4+' (U).
The following variational characterization holds

2
Aitq(Z/{) = min max { loc]

v el

:cevk\{o}}

where V* ranges over all k-dimensional vector subspaces of 6*C?+ ().

I111.2.3 De Rham Theorem

Recall that an open cover U is called contractible if for any I € S,(U),
Ur = ﬂiel U; is contractible. The following theorem is due to de Rham.

Theorem II1.2.2 Let (M™,g) be a compact connected n-dimensional Rie-
mannian manifold without boundary. Let U be a contractible finite open cover
of M. Then the p™ group of de Rham’s cohomology HP (M) is isomorphic to
HP(U).

Remark II1.2.3 Note that a consequence of the de Rham Theorem is that
if U is a contractible cover, then by,(M) = b,(U).

Let us introduce now the vector spaces C?(U, A?) of g-cochains of p-forms i.e.
cisin CY(U, A?) if ¢(I) is a p-form on U; for any I in S,(U) . Define then
the following coboundary operators

§: CU U, AP) — CT (U, AP) defined by
q+1 '
dc(io, .- yige1) = Y (=1 (o, - - yij-1,1j51, -1 ig41)

=0
for any {io, ..., 0411} € Sg11(U) and
d:Ci(U,NP) — CU(U, AP™) defined by de(I) = d(c(I))
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UMy — O, A s et Aty s L et Ay s cou Aty s

L L L L

(M) — oW, A s ctuar) s =S ety ) s cou ) s

bk - !

d

d

Figure 1: The Cech - de Rham double complexe.

for any I € S,(U). Then dod =0, 508 =0 and dod = § od. The Cech
- de Rham double complex is the following commutative diagram, where
r denotes the restriction map to each open of the cover and i the natural
injection. The first step in the proof of the de Rham Theorem is to show
that the rows (except the first) and the columns (except the first) of this
diagram are exact. This is a direct consequence of the Poincaré Lemma
(Lemma III.2.4) and Lemma II1.2.5.

Lemma I11.2.4 Letp > 0. Let U be a contractible cover. Let w € C1(U, AP)
such that dw = 0. Then there exists n € CY(U, AP~") such that dn = w.

Proof: see [34], A.6. O

Lemma II1.2.5 Let ¢ > 0. Let ¢ € CY(U, AP) such that 6¢c = 0. Then there
exists b € CTY (U, AP) such that 6b = c.
Proof: see [34], proof of Lemma A.4.1. [J

The proof of the de Rham Theorem goes then as follows. Let w € AP(M)
such that dw = 0. Let fy = r(w) € C°(U, A?), then dfy = 0 = 0 f, and the
system of equations

fOdela(sfl:df27 5f2:df37 SO 5fp71:dfp
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has a solution with f; € C7='(U,AP~7) for j > 1. Moreover, §(df,) = 0,
hence df, € CP(U). The application ¥ : {w € AP(M) : dw = 0} — {c €
CP(U) : éc = 0} given by ¥(w) = df,, where f, is constructed as above,
induces an isomorphism in cohomology. In particular, if w is exact, ¥U(w) is
also exact i.e. there exists ¢ € CP~'(U) such that éc = ¥(w) (note that in
general f, ¢ CP~'(U)). Naturally, we can construct another application going
from closed Cech p-cochains to closed p-forms exactly in the same way and
obtain also an isomorphism in cohomology. [

I11.2.4 Discretization of a manifold

Let (M™, g) be a connected compact n-dimensional Riemannian manifold
without boundary. Let € > 0.

Definition II1.2.6 An e-discretization X of M is a mazimal e-separated
subset of M i.e. X s a subset of M satisfying

(i) Vp#q€ X, dp,q) > ¢,
(i) Ux = {B(p,€)}pex is an open cover of M.

Note that as M is compact, X is finite of cardinality |X|. So we can
number the elements of X = {pi,...,px|} and denote U; = B(p;,¢), for
i=1,...,|X|. In particular, any discretization of M gives rise to a combi-
natorial Laplacian A as defined in Section 111.2.2. Tn the sequel, A ,(X) will
denote the k™ eigenvalue of the combinatorial Laplacian associated to the
open cover Uy acting on Cech g-cochains i.e. A q(X) = Apq(Ux).

Note also that if & (the mesh of the discretization) is smaller than the convex-
ity radius of M, then Uy is a contractible open cover and b,(Ux) = b,(M).

Definition I11.2.7 For k > 0, 1o > 0 and n € N*, we define M(n, k,7q) as
the set of all connected compact n-dimensional Riemannian manifold (M", g)
without boundary with uniformly bounded sectional curvature i.e. |K,| < k
and injectivity radius bounded below i.e. Inj(M,g) > rq.

Remark I11.2.8 Forn € N, Kk > 0, 1o > 0 and 0 < 2¢ < rq, there exists
v(n,k) > 0 such that, for any (M,g) € M(n, k,1¢) and any e-discretization
X of M, the cardinality of {j : U; N U # 0} is bounded above by v, for any
I € S,(Ux). This is a direct consequence of the Bishop-Gromov volume com-
parison Theorem (see for instance [18], Lemma V.3.1, p.147). Furthermore,
by Croke’s Inequality and Bishop’s comparison Theorem (see [18] p.126 and
p.136) we can assert that there exist positive constants c1, ¢ depending only
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on n, £ and € such that 01V0l( ) < | X| < eaVol(M). In particular, we

obtain that |S,(Ux)| < i ,|X| < q+1 ic2Vol(M).

The following lemma shows that in general a sufficiently small ball is quasi-
isometric (in the sense of [25], (3.2)) to a Euclidean convex. In particular, this
will imply that on intersections of sufficiently small balls we can find a lower
bound for the first positive eigenvalue of A with absolute boundary condition
(see Lemma I11.2.10). This is an essential result for the discretization as we
will see later.

Lemma I11.2.9 Letn € N*, kK > 0 and r¢ > 0. There exists a constant
0 < po < 19 depending only on n, k and ry such that for any (M,g) €
M(n, k,70) and for any p € M, there exist a Euclidean convex C,, C R" and
a diffeomorphism ¢ : C, — B(p, po) such that for any B(q,p) C B(p, po),
the ball B(q, p) is conver and ¢~ 1(B(q, p)) is a Euclidean convexr. Moreover,
(B(q,p),g) is quasi-isometric to B(q, p) endowed with the Fuclidean metric
induced by ©=' and the constants of quasi-isometry depend only on n, k and

d(p,q) + p.

Proof: see Appendix I11.5.2. (I

Note that the intersection of small balls is a convex with not necessarily
smooth boundary. So that it is not obvious that in this case the spectrum
of the Laplacian with absolute boundary condition is discrete. In [51], the
authors show that the spectrum of the Laplacian with absolute (or relative)
boundary condition is discrete even if the boundary is only given by a Lips-
chitz function (Proposition 5.3 in [51]). Moreover, Theorem 5.1 of [52] implies
that the following classical variational characterization of the spectrum is still
valid for bounded convex domains i.e. if {2 is a bounded convex domain of
M, then the k™ eigenvalue of the Laplacian for p-forms on € with absolute
boundary condition is given by

[deo]” + [[9w]* |
[[w]?

AZ{’;(Q) = min max {

) w € Y%\ {0} such that i,(w) = 0}
S

where YF ranges over all k-dimensional vector subspaces of AP(Q) and i, is
the interior product by v the outward pointing normal unit vector to the
boundary (defined almost everywhere). In particular, the result on quasi-
isometric metrics of Dodziuk (Proposition 3.3 of [25]) is valid in this context.

Lemma I11.2.10 Let n > 2, K > 0, ¢ > 0 and let py given by Lemma
II1.2.9. Let 0 < 3e < pg. Then there ezists a positive constant p(n, k,¢)
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depending only on n, k and & such that for any (M, g) € M(n, k,1q) and for
any e-discretization X of M

)‘ilf);(UI) > :U’(na K, 5)
foranyp=20,...,n and any I € S,(Ux), q¢ > 0.

Proof: let (M, g) € M(n,k,r9) and X an e-discretization of M with 0 <
3¢ < po. Fix p € X and let ¢ € X such that B(p,e) N B(q,e) # (). Then
B(q,e) € B(p,3s) C B(p,po)- By Lemma II1.2.9, there exists a diffeo-
morphism ¢ such that ¢ !(B(q,¢)) is a Euclidean convex for any ¢ € X
such that B(q,e) N B(p,e) # (. In particular, ¢~ (B(p,&e) N B(q,¢)) is
an intersection of Euclidean convexes and as such it is a Fuclidean con-
vex. Moreover, ¢! restricted to B(p, 3¢) is a quasi-isometry with constants
of quasi-isometry depending only on n, x and €. Let U; a non-empty finite
intersection of elements of Ux and V; = ¢ (U;) the Euclidean convex which
is quasi-isometric to U; via ¢ i.e. (o(V7), (¢™")*(eucl)) is quasi-isometric to
(Ur, g) with constants of quasi-isometry o depending only on n, k and ¢ (i.e.
a e (eucl) < g < a(p~')*(eucl)). Then by Proposition 3.3 of [25],
there exist positive constants ¢; and ¢o depending only on a and n such that

aXiy (Ur, (071) (eucl)) < N5(Ur,9) < 25 (Ur, (971) (eucl)).  (45)

Note that (Ur, (¢ !)*(eucl)) is a Euclidean convex of diameter bounded above
by d(n, k,¢). Finally, Guerini shows in [36], that the first eigenvalue of the
Laplacian with absolute boundary condition on a Euclidean convex with
smooth boundary is bounded below by a constant depending on the diameter
of the convex. Note that Guerini’s proof can be adapted straightforward to
obtain the same result for convexes with piecewise smooth boundary. Hence,
we obtain that there exists a positive constant ¢(n, p) such that

(46)

abs —1y\* C(n:p) C(n:p)
)\l’p(Ul’ (p7) (eucl)) diam(Uy, (¢~ 1)*(eucl))? = d(n, k,e)?

Finally, (45) and (46) imply the claim. OJ

II1.3 Comparison of spectra

This section is devoted to the proof of the main theorem of the paper. Let
us state the result.

Theorem I11.3.1 Let n > 2, k > 0, ro > 0. Let po(n, k,ro) be given by
Lemma 1I1.2.9 and 0 < 3¢ < pg. Let 1 < p < n — 1. Then there exist
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positive constants ¢y, co depending only on n, p, Kk and € such that for any
M € M(n, k,ry) and for any e-discretization X of M, we have

Cl)‘k,p(X) < )‘k,p(M) < 62)‘k,p(X)
for any 1 < k < [CP(Ux)| — by(Ux) = |CP(Ux )| — bp(M).

As we have seen before (in Section I11.2.1), it will be sufficient to establish
the result for the spectrum of d*d on coexact p-forms and for the spectrum of
%8 on coexact Cech p-cochains. The proof goes in two steps. First step con-
sists in comparing "small" eigenvalues. We need to construct a discretizing
operator that associates to a coexact p-form a coexact Cech p-cochain (see
Section I11.3.1) and a smoothing operator that goes in the opposite direction
(see Section I11.3.2), in order to compare their respective Rayleigh quotients.
The idea is to proceed as in the proof of the de Rham Theorem and use the
Cech - de Rham double complexe. But as we need a control of the norms in-
volved, we have to establish versions of the Poincaré Lemma (Lemma II1.2.4)
and of Lemma I11.2.5 with a suitable control of the norms (see Lemma I11.3.2
and Lemma II1.3.5). The second step of the proof deals with "large" eigen-
values and is reduced to find upper bounds for the k"™ eigenvalues involved
depending only on the parameters of the problem (see Section I11.3.3).

In the sequel, we consider (M, g) in M(n, k,ry) and X an e-discretization
with 0 < 3¢ < pg. Denote by U the open cover induced by X i.e. U = {U; =
B(pi,e):i=1,...,|X|}and fix 1 <p<n—1.

I11.3.1 From smooth forms to Cech cochains
In this section, we are going to construct
D d* AP (M) — §*CPTHU)

such that there exist positive constants ¢, ¢o and A depending only on n, p,
k and ¢ such that

(1)p [|0D(w)]|* < e1|dw]||?, for any w € d*APFI(M),
(it)p || Dw||* > ca||w||?, for any w € d*APT1(M) satisfying ||dw||* < Aljw]|.

To that aim, we need the following version of the Poincaré Lemma. Note
that this lemma will be verified in particular by any non-empty intersection
of open sets in U thanks to Lemma II1.2.10 (where p depends on n, &, ¢).

Lemma II1.3.2 Let U be a contractible open set such that Xff’;’d(U) > >0,
(1 <p<mn). Letw be a closed L*-integrable p-form on U i.e. dw = 0. Then
there exists n € AP~ (U) such that dn = w and ||n||72y < 3wz
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Proof: we have the following characterization of the first eigenvalue of the
Laplacian on exact p-forms (see Proposition 3.1. of [25] or Proposition 2.1.
of [50]),

|72
71172

where V' ranges over all 1-dimensional vector subspaces of exact p-forms. If
w € AP(U) is closed, by the Poincaré Lemma w is exact. So that we get

abs [[wliZ2
S )‘lf)jﬂ’d(U) < { || ||L dn =w

. [l
and hence there exists n € AP~1(U) such that dyp = w and sy < 2

HnHLz(U)
which is the claim. O

Xff’;’d(U) 1nfsup{ .wEV\{O} ,dn:w}

Remark I11.3.3 Let us introduce the following norm. If ¢ € C1(U, AP) let

lell? = lle(Dl7aw,)

IeS,(U)

where || - || 12w,y denotes the L*-norm for p-forms on U;. In particular, if
w s a p-form on M and r is the restriction to each open of U, then there
erist positive constants c¢; and co depending only on n, k and £ such that
arllr@W)|? < [lwl” < eafr(w) >

Construction by induction of D

Let w € d*APT!(M). The goal is to construct D(w) € §*CP*1(U). The idea is
to consider dw which is an exact (p+ 1)-form and to construct an exact Cech
(p + 1)-cochain 6D(w) such that (i)p holds. A suitable candidate for éD(w)
is the Cech cochain given by the proof of the de Rham Theorem and the
double complexe. Moreover, the double complexe and the normed version of
the Poincaré Lemma give almost directly the inequality (i)p, whereas (ii)p is
not a so direct consequence of the construction. Hence, as suggested in [16],
we construct an auxiliary p-form thanks to Whitney forms to obtain (i7)p.
We proceed by induction.

First step of induction: define ¢, € CO(U, AP™") by )11 = r(dw) i.e.
¢p1,0(1) = dwy, . Then deyi19 = 0 = dcpi1,0 and W(cpy1,0) = dw, where W
is the Whitney map defined in Appendix II1.5.1. Then there exist positive
constants ¢y, ¢co and ¢3 depending only on n, p, x and ¢ such that the three
following assertions hold.
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(a); There exists ¢, € CO(U, AP) such that deyg = 10 and ||cppl|? <
c||dwl|?.

(b)1 Let ¢y = dcpo. We have depy = 0= deyq and [lepq | < eof|dw])?.

(c)1 Let vV = W(c,0) € AP(M). We have dv(V) = dw + W(c,,) and
[ < ealldw]®.

Indeed, (a); is a direct consequence of Lemma I11.3.2, of the definition of
cp+1,0 and of Remark II1.3.3. Then, clearly dc,y = 0 and dc,1 = ddc, o =
dcpr10 = 0. Moreover, there exists ¢(n, k,e) such that for any cochain
|60]|% < c|[b||* (see (49)) and combined with (a); this implies (b);. Finally,
by Lemma ITL5.4 dv() = W (c, 1) + W (cpy10) = dw + W (c,1). Moreover, by
Lemma I11.5.5 and by (a);, we get |[v™||?> < est||cp0l? < c3)|dw]|?.
Induction hypothesis: (for 1 < ¢ < p+ 1) there exist positive constants
c1, ¢o and c3 depending only on n, p, k and ¢ such that the three following
assertions hold.

(a), There exists ¢,41 441 € CI7H (U, APT'77) such that
dep+1-gq-1 = Cpr1—(g-1)-1 and [[cpi1-gq-1[* < er|dw]]®.

(0)g Let cpi1gq :2(_1)q+1q ) icpﬂfq,q*l' We have 0¢p41-qq =0 =dcpr1-4,4
and ||cp11-g,4[|* < 2| dwl]*.

(c)g Let v@ = 0=Y £ W(c,i1 4q-1) € AP(M). We have
dw = dv'® + (—=1)TW (cpi1_4,) and [[0(D9]|2 < cs|dw||*.

Proof: suppose the hypothesis of induction is satisfied for some 1 < g < p
and let us show it holds for ¢+1. By (b),, Lemma II1.3.2 and Lemma II1.2.10,
there exists ¢,_,, € CY(U, AP~ 7) and p > 0 such that de,_g 4 = Cpi1-4,4 and
||CP—‘17‘1(I)||%2(U1) < %Hcpﬂ_q,q( )||L2 r,)- Combined with (b), this implies that

| ep—qqll* < %||cp+1_q,q 2 < ¢ldw]|? Which is (a)g41. Let us consider now

Cp—q.q+1 = (—=1)(q + 1)5cp—q,q

then clearly ¢, ;441 = 0 and de, g q11 = (=1)%(q+ 1)0¢p11-g4 = 0 by (b),-
Moreover, ||cp—gqi1l* < est||cp—gall®* < ea|ldw|* by (a)g11. This concludes
the proof of (b)441. Finally, if 0@*) = 0@ + W (c,_,,) we obtain with (c),
and Lemma III.5.4 that

dw d (at1) — d(W (cp—g,q)) + (=1)"W (cps1-g,4)
q+ )W (dcp—gq) — (=)W (dey_gq) + (=1)' W (cpr1-g,4)

— (
= do(@V "’( 1)q+1W(Cp Gq+1)-
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Finally, thanks to Lemma II1.5.5, (¢), and (a),.1 we obtain that ||v(4+D||2 <
cst([[v @2 + [|¢p—qqll?) < es]ldw]|?. This concludes the induction.

End of the induction: (for ¢ = p+1) we get ¢y 1 € CPTH(U, A®) such that
dcopr1 = 0. This implies in particular that ¢, € (CPT(U)). Moreover by
the proof of the de Rham Theorem seen in Section II1.2.3, the cochain ¢g ;41
represents the same cohomology class as dw i.e. there exists v € C?(U) such
that ’L((S’)/) = Co,p+1-

Definition 111.3.4 We define Dw as the unique Cech p-cochain in §*CP*' (U)
such that i (0D(w)) = o pt1-

We prove now (i)p and (ii)p. Firstly, by (b),+1 of the induction we get that
there exists a constant ¢; depending only on n, p, x and ¢ such that

[0D(W)II* < estllcopeill” < ealldw]?

and this proves (i)p. Secondly, by (¢),+1 we can write

(_1)p+1
dw = do®t 4 (—1)p+1W(5D(w)) = do®+D) 4

LT WDE) ()

where we used Lemma I11.5.4 and the fact that d(i(D(w))) = 0 in the last
equality. Moreover, as w is coexact, and if coezx(-) denotes the coexact part
of a form given by the Hodge decomposition, we deduce that

(_1)p+1
p+1

w = coex(vPtY) + coex (W (D(w))) .

Therefore, by Lemma II1.5.5 and using this last equality we obtain
ID(W)I| = est|W(D(w))[| = est([jw] — [[o V). (48)

Finally, by (c¢),+1 there exists C' depending only on n, p, k and ¢ such that
ID(w)|| > est(|jw]] — C'||dw]]). Let then A = & so that if ||dw|]> < Aljw||?
then ||D(w)|| > ¢3||w|| which is the requested inequality in (ii)p. O

I11.3.2 From Cech cochains to smooth forms

In this section, we are going to construct

S 5 CPTHU) — d* AP (M)

such that there exist positive constants ¢}, ¢, and A’ depending only on n, p,
k and ¢ such that
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(1)s [|dS(c)||* < c]|6¢c||?, for any ¢ € 6*CPTH(U),
(i1)s ||Sc||* > dbl|c||?; for any ¢ € 6*CPT1(U) satisfying ||dc||* < A||e||*.

The construction of § is similar to the construction of D. The main difference
is that the Whitney map is not the suitable tool to obtain (i7)s. So we have to
do a first induction to construct S and a second induction (slightly different)
to prove (ii)s. We begin by adjusting Lemma I11.2.5 to our purpose.

Lemma II1.3.5 Let U be a contractible cover and {¢;} a partition of unity
subordinated to U. Let v > 0 such that |{j : U; NUr # 0} < v for any
I€S,U) and any k =0,...,n. Let c € CIY(U,AP) (q > 1) such that 6c = 0.
Then there exists b € CT YU, AP) such that §b = ¢ and there exist positive
constants ci, ¢o depending only on v and on a bound on ||dy,||l« such that

(i) 1IbI[* < e fe]®
(it) (ldb]|* < ca([lell* + llde]]?)
Proof: a suitable b is given by Lemma A.4.1 in [34] and defined by

b= Y. wc{iul)

J st UNUr#0

so that b verifies already 60 = ¢. Then (i) is an immediate consequence
of the definition of b and v. It remains to show (7). We have [|db]]*> =
D res, 1) ||db(I)]]?. Moreover

2

Y dpi Ae({iYUT) + gide({j}UT)

js.t. U;nUr#0

< 2w Y des Ae({iY U DI+ [legde({5} L DI

js.t. U;nUr#0

ldb(T) |

and this implies the claim. [J

Remark II1.3.6 In the sequel, we will consider a partition of unity {¢;}
subordinated to an open cover made of balls of radius e, so that we can find
a bound on ||dy;||« depending only on . In particular, this bound will be
replaced by a constant depending only on .
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Construction by induction of S(-)

Let us now proceed to the construction of S and to the proof of (i)s. Let
¢ € 8*CPt1(14). Then dc is an exact Cech (p + 1)-cochain.

First step of induction: define ¢o 41 € CP™H(U, A%) by copr1 = i(dc) ie.
copt1(I) = oc(I) for any I € S,1(U). Clearly, dcopi1 = 0 = dcgpir. Then
there exist positive constants ¢}, ¢, depending only on n, p, x and e such
that

(a'); there exists co, € CP(U,A°) such that dcy, = copi1 and |lcg,|* <
chllocl®.

(b')1 Let ¢y = dcgp. Then dcpyp = 0 and [Jegp|]? < &|dc|*

Indeed, (a'); is a direct consequence of Lemma II1.3.5 as d¢g 41 = 0 and of
(49). The bound on the norm of dcy, follows also from Lemma II1.3.5 as
dcg p1 = 0. Finally, we have dc; , = ddc,, = dcg 11 = 0.

Induction hypothesis: (for 1 < ¢ < p+ 1) there exist positive constants
¢y, ¢y depending only on n, p, k and ¢ such that

(a'), there exists ¢, 1p11-¢ € CPT79(U, A7) such that
0Cq—1p+1-g = Cq-1p+1-(¢—1) a0 [|cg_1p11-4]* < ¢ [|oc]|?.

() L,6|J|5 Cﬁépﬁfq = deg1pr1-q- Then dcgpiiq = 0 and [legpi1—l* <
ch|ocl|®.

Proof: suppose the hypothesis of induction is verified for some 1 < ¢ < p
and let us show it holds for ¢ + 1. By ('), and by Lemma II1.3.5 there
exists ¢, ¢ € CP7I(U, A7) such that dc,p ¢ = Cupr1q and |lcgp ol <
cst||cgpr1q/|>. Combined with (b'),, this implies (a),41. Moreover, let us
consider c411,,—q = dcgp—q. Then, by definition of ¢; 114 we have dcgyy1 g =
décyp—q = dcgpi1—q = 0. Finally, by Lemma II1.3.5, we have [|cg41,-4/|* <
cst(||cqpr1—qll* +lldcgpr1gl|*). As we have dey 14 = 0 and by (b'),, we get
lcgr1p—qll* < &ldc|>. This concludes the induction.

End of the induction: (for ¢ = p + 1) we obtain ¢,y1 € C°(U, AP*!) such
that dcp+10 = 0. This implies that c,11, is the restriction of a well-defined
(p+1)-form and by the de Rham Theorem as dc is exact, the O-cochain ¢,
is exact and is the restriction of an exact (p + 1)-form.

Definition II1.3.7 Let S(c) € d*APT1(M) be the unique coexact p-form such
that r(dS(c)) = cpi10-
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An immediate consequence of the induction is (i)s. Indeed, from (b'),41 and
Remark I11.3.3 follows that there exists a positive constant ¢} depending only
on n, p, k and € such that ||dS(c)||* < ||d¢|?.

Let us now proceed to a second induction in order to prove (ii)s. The goal
is to construct b € CP(U) such that b = +£dc and ||b|| < est(||S(e)|| + ||d¢])
where cst is a positive constant depending only on n, p, K and €. These are
in fact the corresponding equations for (47) and (48) in the discretizing part.
In the induction, we will use the ¢, ; appearing in the construction of S.
First step of induction: define b, = r(S(c)) — ¢, € C° (L{ A”) We have
db, o = cpy10—dcyo = 0. Then there exist positive constants cf, ¢ depending
only on n, p, kK and ¢ such that

(a”)y there exists b, 19 € CO(U, AP~") such that db, 10 = b, and ||b, 1|* <
A ([|S(e)[| + [[oel])-

(b”)l Let bp—l,l = (pr_L(] + Cp—l,l- Then we have dbp—l,l =0 and ||bp_1’1|| S
(S| + [[acl]).

Indeed, as p > 1 and db,, = 0, by Lemma III.3.2 there exists b,_19 €
CO(U, AP~1) such that db, 19 = by and [|b, 10|| < cst||b,o]]. By definition
of b, and by (a’),41 of the previous induction we obtain then (a”);. Let
us consider now b, 11 = 0by_1,0 + ¢p—1,1- Then we have db, 1 = by +
Cpa = —0¢po + ¢p1 = 0. Finally, by construction and by (49) ||by—1.1] <
cst(||bp—10]| + llep—1.1]]). This last inequality combined with (a”); and (a),
leads to (b");.

Induction hypothesis: (for 1 < ¢ < p — 1) there exist positive constants
¢!, ¢§ depending only on n, p, x and ¢ such that

(a"), there exists by_q,—1 € CT (U, AP77) such that db,_g 41 = bp_(g—1),4—1
and [[by—qq1[I* < ¢/ (IS(c)[] + [|dcl]).

(b")y Let by_gq = dbp_gq-1 + (=1)" ¢,y Then we have db,_,, = 0 and
1bp—a.all < 5 ([|S(O] + [|d¢])-

Proof: suppose the induction hypothesis holds for some 1 < ¢ < p—1
and let us show it holds for ¢ + 1. By ("), and Lemma III.3.2 there exists
bp—(g+1).4 € CU(U, AP” (@+1)) such that dby—(g+1).4 = bp—qq and [|by—(g41)0ll* <
cst||bp qq|| and it suffices to use (b”), to obtain (a”)441. Then consider
b (g+1)q+1l = (5[) (g+1),¢ T (—1)qcp,(q+1)7q+1. We have

dbp*(q+1),q+1 = 0by- q,q"'( 1) Cp—q,q+1
5(551) g.q—1 T (— )qHCp—q,q) + (_1)q50p—q,q
= 0.
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Finally, by construction of b,_(441),¢+1 We have

||bp—(q+1),q+1|| < CSt(pr—(qH),q” + ||Cp—(q+1),q+1||)

and with (a"),41 and (a'),—, we obtain (b"),4+1. This ends the induction.

End of the induction: (for ¢ = p) we obtain by, € C?(U, \°) such that
dbg’p = 0 i.e. bO,p € CP(Z/{) and (Sb(]’p = (—1)p+1(5607p = (—1)p+1607p+1 =
(=1)?*'6c. Hence, by, and ¢ have same coexact part and as ¢ is already
coexact we obtain by (b”),, ||| < ||bo,pll < est(||S(c)]| +]|d¢||). In particular,

1
> —
ISl = —llell = [loc]

then let A’ = 5 so that if ||dc||?> < Allc||? then ||S(c)|| > cbllc||. This ends

4cst?

the proof of (ii)s. O

111.3.3 Upper bounds on the spectra

Lemma II1.3.8 Let (M™,g) be a compact connected Riemannian manifold
and let U be a finite contractible open cover of M such that there exists v > 0
such that |{j : U;NU; # 0} < v for any I € Sy,(U) and any g > 0. Then there
ezists a positive constant ¢ depending only on v and p such that A\ (U) < ¢

forany k=1,...,|S,(U)| — b,(U).

Proof: it suffices to show the result for the spectrum of §*§ on §*CP™ ().
We are going to show that there exists a positive constant depending only
on v and p such that for any b € C*(U)

168]* < est]b]” (49)

and then the variational characterization of the spectrum of 6*9 will imply
the claim. Recall that 0b(I) = )., €(i, I'\7)b(I\7) where €(7, I\ i) denotes the
signature of the permutation ordering {i}U(Z\) to obtain I and I € S, (U).
Hence

[Sb(D* < (p+2) Y b\ D).
iel
This implies that

6B = > (DE<(@+2) Y > bUIN\)P

1€Sp41(Ul) 1€S,41(U) i€l

<@+2v Y bDF =+ 2|l
JeSpU)

which is the claim. O
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Lemma I11.3.9 Let (M, g) € M(n, k,r9) and X an e-discretization with 0 <
e <rg. Let 1 <p<n—1. Then there exists a positive constant ¢ depending

only on n, p, Kk and & such that M\, ,(M) < ¢ for any k < |S,(Ux)| — by(Ux).

Proof: it suffices to show the result for k = |S,(Ux)|—b,(Ux). By a theorem
of Abresch (see |22], Theorem 1.12) there exists a Riemannian metric § on
M such that

(a) eig < §<eig
(b) |V9— V9 <
(¢) |K;] < R&(n, k) and |VIRs| < K(n, k)

where & and K depend only on n and . By Proposition 3.3. of [25], there
exist a positive constant ¢ depending only on et such that

)‘k,p(Ma g) S C)‘k,p(Ma g)

Therefore it suffices to show the claim for (M, g). By Remark I11.2.8 and by
construction of g, there exists a positive constant d depending only on n, p, &,
e such that |S,(Ux)| < dVol(M, g). Moreover, there exist a > 0 depending
only on p, n, k and e such that if Y is an a-discretization of (M, ) then
Y| > |S,(Ux)| and b,(Uy) = b,(Usx). Consider then the disjoint balls (for §)
centered at y € Y of radius §. From Proposition 2.3. of [25], on any of these
balls there exists a p-form w, which is zero on the boundary of the ball, so
that we can extend w, by zero to obtain a p-form on M also denoted w, such
that

[[dey |17 + lldgey 13

ooy 13

< p(n, p, K, €) (50)

where u(n,p, k,¢) is a positive constant depending only on n, p, k and e.
Moreover, we can choose w, such that ||lw,|| = 1.

Let then V' the vector subspace of p-forms spanned by {w, : y € Y}. By
construction, w, is orthogonal to w, if x # y. In particular, V' is of dimension
|Y'|. Therefore, by the variational characterization of the spectrum, we obtain

dw|? + ||diw]|?
WA il )

Mo1e)119) < e { &

w3

Furthermore, if w =)
are disjoint [|wl|2 > >

ey QyWy, then as the balls centered on Y of radius

yev @y and combined with (50) this implies that

[l <D aplldw,|I? < plwll? (52)
yey
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and

dzwlls <> aglidsw, 2 < pllwll3. (53)
yey

It suffices then to introduce (52) and (53) in (51) to obtain that
Ay i) (M §) < 20

and in particular that A, (M, g) < 2cu, for k < |S,(Ux)| — b,(Ux). O

111.3.4 Proof of the main result

We prove now Theorem II1.3.1. We will only proceed to the proof of the
inequality Mg ,(M) < oA, (X) as the other inequality can be proved in the
same way using the corresponding results. Recall it suffices to prove the
result for d*d on coexact forms and for 6* on coexact Cech cochains. We
proceed in two steps. Let A’ given by (ii)s.

First step: assume A} (X) > A’. Then, A{ (M) < A'A) (X)A{ (M) and
by Lemma II1.3.9 we obtain A{ (M) < A'"'¢A) (X) which is the claim.

Second step: assume now )\sz(X) < A’. Let us consider ¢;,...,c; €
5*CPT(U,) the Cech A (X),..., A\, (X )-eigencochains such that (c;, ¢;) =
d;;. Denote by V¥ the k-dimensional vector subspace of §*CP (i) they span.
By the variational characterization of the spectrum we have

5 — max ||50||2 . k
A (X) = {”6”2 cevV \{0}}.

Let us consider now SV* the vector subspace of d*AP™1(M) spanned by
{8(c1),...,8(cx)}. Then if S(c) € SV*, S(c) = 38, a;S(c;) with ¢ =
SF aic; € VR So that we have ||dc||> < X" (X)||c|[> < A'|jc||%. Therefore,
by (i7)s we obtain

1S()II* > ¢|e]? (54)

and this says in particular that SV* is of dimension k. Using the variational
characterization of A{ (M) we get

A [|dw]|? k
Aop(M) < max T cwe SVP\ {0}

L (IS@P
- {||s<c>||2 eV \{0}}'
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Finally, (54) and (i)s imply that ”ﬁ?(( ))””; < %'Ifcﬂf so that we obtain

cl* .

I
XL, (M) < = max {”
Cy

o vk\{()}} - Cw (X) (55)

which concludes the proof. [J

II1.4 Applications

In this section, we develop several consequences of Theorem II1.3.1 or of the
methods used to prove Theorem II1.3.1.

I11.4.1 A lower bound for the spectrum of the Laplacian
on differential forms

The goal of this section is to prove the following theorem.
Theorem I11.4.1 Let (M, g) € M(n,k, 7). Let 1 <p <n —1. Then there
exist positive constants ¢, ¢ depending only on n, p, k and ro such that

C

M) 2 Vol(M)ecVel(M)

where Vol(M) denotes the volume of (M, g).

By Theorem II1.3.1, it suffices to choose a suitable discretization X of M and
prove then a similar result for A\, ,(X). To that aim we need the following
lemma.

Lemma II1.4.2 Let A : R™ — R" be a linear operator with matriz coeffi-
cients (in the canonical bases) in {—1,0,1}. Suppose there exists an integer

k such that any column and any row has at most k non-zero coefficients.
Then, there exists B : R* — R™ such that ABAv = Av for any v € R™ and

|Bull* < nk™||ul*
for any u € R™.

Remark I11.4.3 In [59], the author proves a similar result (see Lemma A.5
in [59]) but with a better constant for the matriz norm of B. He asserts that
|Bul||* < c(k)ml||ul|?>. With the following example we will show that the proof
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of Tréves’ result is not correct. Consider the matriz A with m columns and
m — 1 rows given by

1 -1 0 0
0 1 -1 0
A= ,
0 0 1 -1

and consider v = Y7 ie; in R™. Then Av = — 3" " e; in R"™'. So that
|Av||*> =m — 1. An easy calculation shows that if we choose the m — 1 first
columns of A to span Im(A) and if we consider the map B defined by Tréves,
then BAv = Y7 ' —(m — i)e; in R™. Hence ||[BAv|?> = w =
%HA@HQ which contradicts Lemma A.5 in [59] (here k = 2). The as-
sertion A.44 in [59] is wrong. It is not clear to us how we can correct this
mistake. We think that we should replace k*™ by n! for a suitable | in Lemma
111.4.2 but we cannot prove it yet. Let us emphasize that the constant given by
Treves can not be suitable. The result of Tréves would imply a lower bound for
the first positive eigenvalue of the combinatorial Laplacian on a graph with n
vertices of the kind %’t (see Theorem I11.4.4). But it is a well-known fact that
the first positive eigenvalue of the combinatorial Laplacian (for functions) on

a cyclic graph with n vertices behaves like 2—5’2'5

Proof of Lemma III.4.2: let r be the dimension of Im(A4). Without
lost of generality we can suppose that the r first columns {a;,...a,} of A
span Im(A). Then define B as follows (as in Lemma A.5 of [59]). On the
orthogonal complement of Im(A) let B = 0. Moreover, if u = Av then write u
in the basis {a1, ..., a,} of Im(A), u =", u;a; and define Bu=>"._ e,
where {e;} denotes the canonical basis of R”. An immediate consequence of
the definition of B is that ABAv = Av. Moreover, ||Bu||> = >\, u?. Let us
show now that

i <Kl (56)

This will imply ||Bul|? < 7k%"||ul|? < nk**||u||?> which is the claim.

We prove (56) for i = 1. Let V; the vector space spanned by {as,...,a,} and
let V' its orthogonal complement in Im(A). Consider P, : Im(A) — Vit
the orthogonal projection onto Vi-. We have P;(u) = uyP;(a;) so that

2 _ 1Pl [ul?
2 — < .
[1Pr(an)[* ~ [[Pr(ad)]?

u (57)
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We can write Pi(a1) = a1 + awas + ... + apa, with (Py(aq)|a;) = 0 for

j=2,...,rand (Pi(ay)|a;) = ||Pi(a1)|*. In matrix form we obtain
laal[* (arlaz) ... (arla,) (1 [[P1(an) I
(ar|ag) |lag|* ... (a2]a,) | 0
(ailar) (azla;) .. la|? Qr 0

and if we call P the matrix » X r above and () the submatrix of P obtained
by removing the first row and the first column of P we get that

2 _ | det(P)]
||P1(a’1)|| - |det(Q)|

As {ay,...a,} are linearly independent, det(P) # 0. Moreover, P is a matrix
with integer coefficients so that |det(P)| > 1. It remains to find an upper
bound for | det(Q)|. So, we are going to prove by induction that the minors
of P of size | x [ are bounded above by k%1

The first step of induction asserts that the minors of P of size 1 x 1 are
bounded above by k. This is a direct consequence of the assumption that
each column of A has at most k£ non-zero coefficients. Suppose then that the
minors of P of size [ x [ are bounded above by k?~!. Consider then D a
minor of P of size (I + 1) x ({ +1). Then D can be written as

I+1
D= Z Cij
7j=1
where (c1, ..., ¢41) is a part of a line of P and D; is a minor of P of size [ x [.

By construction of P, the coefficients ¢; can be written as follows. There
exists 1 < J < r such that

¢j = (azla;;) for a suitable i;

so that
I+1 n I+1
|D| = Z(aﬂaij)Dj = Z(QJ|6Z') Z(ei|aij)Dj :
j=1 =1 j=1

But by assumption, the i'" row of A has at most k coefficients of absolute

value 1 and by induction hypothesis we get |Z§J:1(ei|aij)Dj| < k- KA1
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Moreover, by assumption the J™ column of A has at most k coefficients of
absolute value 1 and with the previous remark this implies

|ID| < k-k-k*!

and this ends the induction. We apply then the result to |det(Q)| and we
obtain | det(Q)] < k*"~2 < k™. Finally, we deduce that
1

1Pl 2

and combined with (57) this implies (56). O

Theorem I11.4.4 Let U be a finite open cover of M compact. Let p > 0.
Assume there exists v such that |{j : Uy N U # 0} < v for any I € S,(U)
and ¢ > 0. Then there exist positive constants c(v,p), ¢ (v, p) depending only
on v and p such that
c(v, p)
> N I A—
Al,p(u) - |Z/{| . 6cl(y’p)‘u| .

Proof: it suffices to prove the result for Ay (¢/). By the variational charac-
terization of the spectrum, we have

(14 — 9el*
A, U) = min max TR ce V\{0}

where V' ranges over all 1-dimensional vector subspaces of 6*CP*1(U). As
in Proposition 3.1 of [25], we can get from the above characterization the
following description

2
||||550||”2 :0b=4dc, and dc € V}

5 .
Alp(U) = min max{

where V' ranges over all 1-dimensional vector subspaces of 6CP(U). In partic-
ular, if we consider V' that realizes the minimum, then

2
A(lsjp(u) — max {% 0b = dc , and dc € V} . (58)

Consider then the canonical basis of CI(U) given by
{e; : S;(U) — R I € S,(U) such that er(J) =0}

In this bases, the matrix of ¢ : C?(U) — CP*1(U) has coefficients in {—1,0,1}
and has at most K(v,p) = max{v,p + 2} non-zero coefficients by row and
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by column. Hence we can apply Lemma II1.4.2 to 0 to obtain that for any
c € C?(U), there exists b € CP(U) such that Jb = Jc and

1611 < [Sp1 @)K (v, p) T e |2, (59)
Finally, if we introduce (59) in (58) and by Remark II1.2.8, we obtain

O

. 1 c(v, p)
) > > ’ .
My U) 2 | Spi1 (U)K (v, p)Ser1 @1 = 1| - e¢' W)l

Proof of Theorem III.4.1: let (M, g) € M(n, x,7) and X a Z2-discretiza-
tion of M (where py is given by Lemma I11.2.9). By Theorem III.3.1, there
exists ¢1(n,p, k,79) > 0 such that

Mp(M,g) > 1A p(X). (60)

Moreover, by Theorem I11.4.4 there exists cy(n, p, K, 19) > 0 such that

Ca

Ap(X) = Ul e (61)
Finally, by Remark II1.2.8 there exists c3(n, p, k,79) > 0 such that
U| < csVol(M). (62)

To conclude, put (60), (61) and (62) together to obtain that there exist
C(n:pa R, TO) > O: Cl(nap: R, TU) > 0 such that

C
>
— VOZ(M)ec’Vol(M)

Al,p(M: g)

and this ends the proof. [J

I11.4.2 Whitney forms: a natural way of smoothing

As suggested in [27], a candidate for the smoothing operator should be given
by Whitney forms in the following way. Let

S0 CPTHU) — d*APTH (M), ¢ S(c) = coex(W (c))

where W is the Whitney map (see Appendix I11.5.1). The results of Dodziuk
and Patodi in [27] concerning Whitney forms can not be used in our context
as their approximations (obtained thanks to the heat kernel) involve the
manifold itself. More precisely, the constants there depend on the volume of
the manifold.

Here, we show that there exist positive constants ¢;, ¢, and A depending only
on n, p, k and ¢ such that
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(i) [|dS(c)||> < &d¢|)?, for any ¢ € §*CP+'(U),
(i) 5 ||Sc|? > é|c||?, for any ¢ € 6*CPH(U) satistying ||dc||> < Al|e|/%.

The inequality (i) is a direct consequence of Lemma II1.5.4 and Lemma
I11.5.5. Indeed, as dc = 0 we have

dS(c) = dW (c) = (p+ 1)W (J¢)

and Lemma IT1.5.5 leads to (i) .

The second inequality is less obvious and it can be shown adding a point to
the first induction in the construction of § in Section II1.3.2. The idea is to
construct a p-form u(®) linking S(c) and S(c) playing the same role as v(?)
in the construction of D (see Section II1.3.1). Then the control on the norm
of S(c) (see (ii)s) and a control on the norm of u(?) will imply the desired
inequality.

Proof of (i2)4: in the "first step of induction" (of Section II1.3.2), add

(/)1 there exists a positive constant ¢ depending only on n, p, x and € such

that if .
P — (12— W
) = (P W ()

then ||u® ]2 < c4]|6¢]|? and

) (—1)@+2)@+1)
AW (c) = (=12 (p+ 1) [ du®) + ——rW(ci,) | -
p+1 ’
Indeed, by Lemma I11.5.5 and (a');, |[u]|? < est]lcop|/? < c4l/dc||?. More-
over, by Lemma I11.5.4 and (b'),
) (—1)p+2
du” = P ((p+ D)W(copt1) + (=1)"W (1))
(—1)p+2
p+1
The induction hypothesis gets

(dW (c) = (=1)P"' W (cry)) -

(¢'), there exists a positive constant ¢4 depending only on n, p, x and ¢ such
that if

—1)P+2(—1)PtL . (—1)pt2—(¢-1)
ETES e Berr RS
then [|uP+1=9)|12 < c&]|6¢c||* and
(_]_)P+2
p+1

p+1—q) p+17(qfl))_|_

ul ="

(=1)PF2 . (=1)pt2a

dW (¢) = du®+1-9 4
(€) p+1)...(p+2—9q)

W(Cq,p+1—q)-
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Then, the proof goes as follows. Let us consider
(_1)p+2(_1)p+1 . (_1)p+2—q
(p+Dplp—1)...(p+2—-(¢+1

Then, by (¢),, by Lemma IIL.5.5 and by (a'),;1, we obtain |Ju®?=9|? <
c||dc||?. Moreover, by (¢'), and Lemma II1.5.4 we have

uP=a) — 4 (p+1-0q)

) W(cgpq)-

(_1)p+2
p+1

(—1)P+2. . (=1)Pt2a
(p+1)...(p+2—(¢g+1))
(=1)P+2 .. (=1)Pt2-a
p+1)...(p+2—9q) W(cqpri—q)
— duP9 _ (=1)P+2.. (=1)PF2a
p+1)...(p+2—2q)
(—1)P+2 . (—1)PH2a o
oD o W
(=1)P+2 . (=1)Pt2-a
p+1)...(p+2—9q) W(cqpri—q)

AW (c) = du®=9 — dW (¢qp—q)

W(Cq,pﬂfq)

_|_

and the claim follows.

At the end of the induction (for ¢ = p+ 1), we obtain a p-form u(?) such that
[ul”]]* < ¢3]|éc|* and

AW (c) = (=1)"(p+1) (du® + k)W (cp110))
(=7 (p +1) (du' + k(D)W (r(dS())))
= (~DP(p+1) (du®® + k(p)d(S(c)))

where k(p) is a constant depending only on p. Moreover, as S(c) is a coexact
p-form, this implies

coex(W(c)) = (=1)"(p + 1) (coex(u'®) + k(p)S(c))
so that

k)| - 1Sl — (p + 1)[Ju®]]
k)] - 18] — (0 +1)(ch)2[|¢]|.

But, by (ii)s, if ||6c||2 < A'||¢||? then ||S(c)|| > (¢})z||c||. Therefore,

<|ICII jzlloe II)

(p+1)

>
> (p+1)

1\n|>-A

[coex(W (DIl = (p+1)[k(p)I(e
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Finally, if [|d¢||> < All¢]|?, with A = min {A' hlp } then

—_

leoex(W ()| > 5 (p + D)k(p)|(ch)? ]

(\]

which is the desired inequality in (i) 5.

I11.4.3 Another proof of "McGowan lemma"

In [50], the author gives a lower bound for the N'" eigenvalue of A on exact 2-
forms on a compact Riemannian manifold M (see Lemma 2.3 in [50]) where N
depends on an open cover of M. In particular, if the open cover is contractible
then N —1 is the number of non-empty intersections of triples of open sets in
the open cover. The lower bound depends then essentially on lower bounds
for the smallest positive eigenvalue of A on exact forms on the open sets of
the cover, on the intersection of pairs of such open sets and on the intersection
of triples of such open sets. The proof of McGowan relies also on the double
complexe of Cech - de Rham and can be compared to the induction done
in Section II1.3.1 to construct the discretizing operator D. So it is not so
surprising that we obtain the following generalization of the lemma. The
main difference is that in our technique, if the discretization is of sufficiently
small mesh then Lemma I11.2.10 gives the lower bound for the spectrum on
the intersections. But, then N can get quite large as it is comparable to the
number of open sets in the open cover. Let us now state and prove the result.

Lemma I11.4.5 Letn > 1, kK > 0 and rq¢ > 0. Then there exists a positive
constant A(n, k,1q) depending only on n, k and ro such that for any (M, g) €
M(n, k,ry) we have

X]jv’p(M) > A\, k, 1)

where N < ¢(n,p, k,10)Vol(M) and c(n,p, k,10) is a positive constant.

Proof: let py be given by Lemma II1.2.9 and let X a 2-discretization of M.
Then the discretizing operator

D d* AP (M) — §*CPTH(U)
constructed in Section I11.3.1 satisfies (i)p and (i7)p. Let then
N = dim (6*C**H(U)) + 1.

Consider moreover ¢q,...,¢yx the N first eigenforms in d*APTY(M). By
definition of N, there exist aj,...,ay such that S~ a/D(¢;) = 0 and



IT1.5. APPENDIX 85

Zfil a;¢; # 0. In particular, by (ii)p, we get

2 2

N N
d(zami) > AT e,
=1 =1

and thanks to the variational characterization of the spectrum
|dg]”
18]

Note that by Remark I11.2.8, we have N < |S,(Ux)| < CQ(p:_—pl)!VOZ(M) where
co and v depend only on n, p, k and ry. UJ

8,00 = max {8 g € om0} 2

II1.5 Appendix

I11.5.1 Whitney forms

Let (M™, g) be a compact connected n-dimensional Riemannian manifold
without boundary. Let ¢ be a finite contractible open cover of M. Let {¢p,}
be a partition of unity subordinated to U/. Let v a bound on the cardinality
of the sets {j : U; N Uy # 0}, I € S,(U), ¢ > 0.

Definition II1.5.1 For any I = {ig,...,i,} € S,(U), we define the Whit-
ney form W; € N1(M) by

q

W] = Z(—l)j%jd%o VAN d(Pij,l N d(pijJrl VANPIRAN d%‘q

§=0
Remark II1.5.2 Note that W has support in Uy. Moreover, we have dW; =

(¢ + L)dpi, A ... Ndy;,, for I = {ig,...,iq}. In the sequel, we will write
d(,D[ = d(,DiO VANPINVAN dg@iq.

We can extend the definition of Whitney forms to ¢-cochains as follows.

Definition I11.5.3 Let W : CY(U, \P) — APTI(M) the application defined
by

The application W restricted to Cech cochains is the Whitney map intro-
duced by Whitney (see [60]) (up to a constant). The following lemma gener-
alizes the well-known fact that the Whitney map commutes with the exterior
differential and the coboundary.
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Lemma II1.5.4 For any c € CY(U, AP), we have
dW (c) = (g + 1)W(dc) + (—1)9W (dc).
Proof: we have

dW(c) = > dW;Ac(l))

IeS,U)

= > dWrAc)+ (=17 > Wi Ade(I)
IeS,(U) TeSq(U)

= (q+1) > dorAc(I)+ (—1)TW (de).

Let us now compute W (dc). We have
W(se) = Y WiA (Z €(J, J\j)C(J\j))
JE€Sq1(U) jeJ

where €(j, J \ j) is £1 according to the signature of the permutation ordering
the set {j} U (J\j) in J. If we let I = J\ j, we can write

wee) = Y S Wy Al

IeS,(U) j:U;NU#£0

so that it suffices to show that

Z Wiin = der (63)

J:U;NU#0

to conclude the proof. Let us rewrite the expression as follows

Z Wiin = Z pidor — dpj AW (64)
§:U;NUL#0 J:U;NU#£D

But as {¢;} is a partition of unity > ¢; =1and >, dy; =0,
U010 §:U; 0T 0
hence (64) implies (63). O

Lemma IIL.5.5 There exists a positive constant k depending only on n, v
and on ||dp;|leo such that for any Cech cochain ¢, |[W (c)||* < k||

Proof: it follows from the definition of W and from a direct calculation. [J
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I11.5.2 About the convexity of balls

Proof of Lemma II1.2.9: the main idea to prove this lemma is to smooth
g to obtain a more regular metric ¢ and then compare g to a Euclidean
metric €. We do not compare directly g with a Fuclidean metric as we need
to control the difference between the different connections involved. So let
(M, g) € M(n, k,ry). It follows from a result of Abresch (see [22], Theorem
1.12) that there exists a Riemannian metric g on M such that

(a) e
(b) |V9 — V7

g< g<eig

N

1
<7

(¢) |K;| < R(n, k) and |VIRy| < k(n, k)

where & and k depend only on n and . In particular, (a) implies that, the
length of the curves, the distances and the volumes are comparable within a
ratio depending only on n. Moreover, if B denotes a ball for g and B a ball
for g, we get B(p, e_%r) C B(p,r) C B(p,e%r). First, we show that there
exists 79 > 0 depending only on n, k, ry such that

inj(M,g) > To. (65)

This is a direct consequence of a theorem of Klingenberg and a theorem of
Cheeger. Indeed, by Klingenberg’s Theorem (see for instance [7|, Theorem
89, or |44] and [42]) and as we have bounded sectional curvature, the injec-
tivity radius satisfies

T 1-
inj (M, §) > mind ——, Zi(7 66
01.9) 2 min { 7, 1767} (60
where (%) is the length with respect to § of the shorter smooth geodesic
(w.r.t. g) loop. Moreover, we show there exists L > 0 depending only on n,
r and 1y such that [(3) > L as follows. First, if 1/(7) > e~ 21y, L = 2731
is suitable. Then suppose %[ﬁ) < e’%rg. By construction of § we get then
i@) < 1g i.e. 4 is contained in B(5(0),r9) = B. Again by construction of g,
Vol(B) > ¢(n)Vol(B) and as (M, g) € M(n, k,1¢), there exists ¢(n, k,79) > 0

such that Vol(B) > ¢(n, k,1¢) so that Vol(B) is bounded below by a constant

V depending only on n, x and ro. Moreover, diam(B) < 2319 = d. So that
we can apply Theorem 2.1. of Cheeger in [19] that ensures the existence of a
positive constant L depending only on d, V' and & and therefore only on n,
r and 7y such that [(3) > L. Together with (66), this implies (65).
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A suitable candidate to be the diffeomorphism cited in the claim is the ex-
ponential map with respect to the metric g. Let then

¢ = exp, : B(0,7) — B(p, o)

and é the Euclidean metric on B(p, 7o) induced by ¢! and the normal coordi-
nates. As soon as e2r < 7, we have B(p, ) C B(p, 7o) and then ¢~ (B(p, 7))
is well-defined. We are going to show now that there exists a positive con-
stant 0 < po(n, K, 7o) < e~27, such that for any B(q, p) € B(p, po) € B(p, 7o)
we have

0~ " (B(q, p)) is a Euclidean convex. (67)

This is equivalent to showing that the application
. 1
f:(Blg:p),6) R,z Sd(g )° (68)

is convex (w.r.t. €), in other words that the Hessian of f with respect to € is
non-negative i.e. DZf(U,U) > 0 on B(q, p), for p and py well-chosen. Let us
recall the following definition of the Hessian

D*f(U,V)=U-df(V) = df (VyV)

where V is the Levi-Civita connection. Using this definition of the Hessian
for € and g, we get

Df(U,U) = Dif(UU)+df (ViU — ViU)
= Df(UU)+df (VU — VLU) + df (ViU — Vi U). (69)

Proposition 6.4.6. of Buser and Karcher in [15] says that

Dy f(U.U) > pfggg(a )

where s,(p) = ﬁsin(\/ﬁo). So that 22 = \/k cot(y/kp) and hence there

SN(P)
exists pi(k) > 0 such that for any 0 < p < py, jzg’;g > 1. Therefore, on
B(q, p) with p < p; we have
D, f(U,U) > pg(U.U) (70)

and this shows also that for such p’s, B(q, p) is convex (w.r.t. g). Also as a
consequence of Proposition 6.4.6. of [15], we get

g(VIf. V) < p? (71)
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where V9 f is the gradient of f with respect to g.

Moreover, by construction of § and by (b) in the result of Abresch, we have
: 1
ViU - ViU, < 10U U). (72)

By construction of é and as the V9R; is uniformly bounded, Corollary 1 of
Kaul in [43] asserts the existence of an application h > 0 such that

VU — ViU (y) < h(d(p,y))§(U,U)

with 2(0) = 0 and h depends only on bounds on K; and V/R;. Hence, there
exists R(n, k,ry) > 0 such that for any r < R, h(r) < ie_%. So that we
obtain on B(p,r) with r < R

1 _1

VU —VEU|, < er| VU — VEU|; < —e i1§(U,U) <

1 g(U,U).  (73)

N

Finally, introduce (70), (71), (72) and (73) in (69) and let us define py =
min{e 27y, p1, e 2R} to obtain the following. We have B(p, po) C B(p, o),
B(p. po) € B(p, R) and for any B(q, p) € B(p,po), p < p1 holds. Hence on
B(p, po) and for any B(q, p) C B(p, po) we have

DF(U,U) > pg(U,0) = 1pa(U.U) = 1pg(U.U) = 3pg(U0) >0 (74)

i.e. f is convex. To conclude the proof, we remark that

B(q, p) € B(p,d(p,q) + p) € B(p, e (d(p,q) + p)) C B(p, o)

so that ¢! restricted to B(p, e%(d(p, q) + p)) is a quasi-isometry with con-
stants of quasi-isometry depending only on n, x and d(p, q) + p. More pre-
cisely, (B(p, ez (d(p,q) + p)), €) is quasi-isometric to (B(p, ez (d(p, q) + p)), §)
with constants of quasi-isometry depending only on d(p, q) + p and &(n, k)
and by construction of § we can deduce that (B(q, p),g) is quasi-isometric
to (B(q, p), €) with constants of quasi-isometry depending only on n, £ and
d(p,q) + p. This ends the proof of the lemma. OJ
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