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Abstract

In this thesis, the application of multiple-wavelength interferometry to highly accurate
distance measurement is discussed. Multiple-wavelength interferometry is, like classical
interferometry, a coherent method, but it offers great flexibility in sensitivity by an
appropriate choice of the different wavelengths. Indeed, the interferometric measurement
at different well-known optical wavelengths enables the generation of new synthetic
wavelengths, which are much longer than the optical wavelengths. Multiple-wavelength
interferometry allows therefore to increase the range of unambiguity and to reduce the
sensitivity of classical interferometry. Moreover it can be operated on rough surfaces.
The accuracy depends essentially on the properties of the source and on the signal
processing. Some solutions for the signal processing and calibration of multiple-
wavelength sources are discussed in this thesis.

An electronically calibrated three-wavelength source for synthetic wavelengths in the
millimeter range with an accuracy of better than 10° has been demonstrated. Using
tunable DBR laser diodes, the synthetic wavelength can be chosen anywhere within 0.5
mm and 200 mm. Moreover, a compact multiple-wavelength source can be obtained
using commercially available fiber-optic Fabry-Pérot resonator.

Signal processing based on heterodyne technique allows to obtain a signal which is
directly sensitive to the synthetic wavelength rather than to the optical wavelength. This
is of a great importance, since interferometric stability at the optical wavelength is not
any more required. Absolute distance measurements were performed over 200 mm with
an accuracy of 10 um on cooperative (reflecting) targets. Using a custom designed CCD
and an appropriate signal processing, distance resolution better than 10 pm has been
obtained on non-cooperative (rough) targets. Moreover, we show that only a few mW of
total optical power is required for the measurements at several meter distance, using
appropriate beamshaping optics.

Finally, limitations of multiple-wavelength interferometry caused by the frequency noise
of laser diodes are discussed.
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Chapter 1

Introduction

Since the advent of lasers in 1960, distances or displacement measurements by optical
techniques became very attractive in a wide range of activities. Examples of applications
are machine tool calibration, geodesy, shape measurements in aircraft industry,
surveying systems and robotics. The main advantage of optical metrology is the non-
destructive probing of the test object. A great variety of products are nowadays
commercially available with different measnrement techniques.

Triangulation techniques as well as time-of-flight systems are non-coherent methods for
distance measurements. The measurement accuracy of such techniques is typically larger
than the millimeter. On the other hand, coherent methods, based on interferometry,

enable high precision measurements of distances or displacements.

Classical interferometry is commonly used for high-resolution displacement
measurements. Resolution better than 100 nm is obtained by using commercially
available interferometers. However, the main drawback of this technique is the
incremental manner of measuring, resulting from the counting of optical fringes. Several
alternative interferometric methods, based on multiple-wavelength interferometry or
white-light interferometry, have been developed in order to perform absolute distance

measurements.

In 1895, A. A. Michelson and J.-R. Benoit managed to determine the number of
wavelengths of the cadmium red line in the intemational meter prototype [1.1].
Although red cadminm line was the most coherent source in those days, interferometric
measurements above 10 cm with snch a light source was a difficult task. They
determined therefore the number of wavelengths in an etalon of 10 cm length, with a
resolution of 1/50 of a fringe, and they compared this etalon with the meter prototype.
For this task, they used eight intermediate etalons with lengths of 10x2~1cm,
10x2—2 cm,..., 10x2—8 cm. They connted at first the number of wavelengths in the
smallest etalon, and compared it with the second etalon which is two times larger. This
comparison procedure was performed by moving the smallest one over a distance which
is equal to its own length. Observation of white-light interferences allowed to measure
the optical path difference between the two rear sides of the etalons. Quasi-
monochromatic light was then nsed to determine the excess fraction of the
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interferometric fringe. Comparisons between different etalons were carried out similarly,
in order to determine the number of wavelengths in the 10 cm long etalon. After each
comparison, the excess fractions were measured with red, green and blue emission lines
of the cadmium. Michelson and Benoit concluded that the use of several colors make it
possible to directly measure the number of wavelengths in the etalons, without other
operation. Principles of classical, white-light and multiple-wavelength interferometry
were therefore known as early as 1895.

Today, the use of highly coherent lasers allows (o measure displacements or distances
up to at least 10 m by interferometric techniques. Moreover, data acquisition and
electronic signal processing techniques enable fast and high-resolution measurements.
Therefore, multiple-wavelength interferometry becomes of a great interest for large
distance measurements with micrometer accuracy for industrial applications.

The work reported in this thesis is the result of a fruitful collaboration between IMT
(Institut de Microtechnique, Neuchéatel), CSEM Ziirich (formerly Paul Scherrer Institute)
and Leica AG (Unterentfelden). The work was supported by the Swiss Priority Program
"OPTIQUE". The goal of the project was the development of a new measuring system
for large distance measurements with micrometer accuracy on non-cooperative
(diffusing) targets. After a first project phase, multiple-wavelength interferometry has
been chosen to be the most promising approach.

Most parts of this work have already been published and presented at international
conferences:

[A] E. Zimmermann, Y. Salvadé and R. Dindliker, "Stabilized three-wavelength

i source calibrated by electronic means for high-accuracy absolute distance
measurement”, Opt. Lett. 21 (7), 531-533 (1995).

[B] R. Dindliker, Y. Salvadé and E. Zimmermann, "Distance measurement by
multiple-wavelength interferometry”, J. Opt. 29 (3), 105-114 (1998).

[C] Y. Salvadé, E. Zimmermann and R. Dindliker, "Limitations of interferometry
due to frequency fluctuations of laser diodes", Proc. Topical Meeting on
Optoelectronic/ Displacement Measurements and Applications (EOS,
Nantes, 1997).

The basic concepts of this work are discussed in chapter 2. We will here present the
principles of classical and multiple-wavelength interferometry, the principle of
heterodyne detection, and the concept of temporal coherence.

The performance of multiple-wavelength interferometry is mainly given by the
properties of the source (coherence, stability, power). The optimization of the multiple-
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wavelength source is therefore an important task. A novel concept of multiple-
wavelength source is presented in chapter 3. It allows an electronic calibration of the
synthetic wavelength by beat frequency measurement. Further improvements to make
the source more compact and suitable for measurerments on nofi- ‘tooperative targets will

then be reported.

Earlier studies [1.2] were carried out several years ago at IMT to develop
superheterodyne detection for high-resolution measurements at arbitrary synthetic
wavelengths. Similar detection schemes were used in this work and are preseated in
chapter 4. Specially, we describe the use of a novel type of CCD detector for two-
dimensional detection.

Chapter 5 is concerned with the applications of multiple-wavelength interferometry to
non-cooperative targets. The scattering of coherent light on rough surface gives rise to a
random variation of the light intensity. An appropriate signal processing will be
discussed in order to improve the probability of detection. Statistical properties of the
interference signal are considered for that purpose. Results of measurements on non-
cooperative targets will be presented.

A well-known limitation of interferometry is the coherence length of the source. In
addition, the phase fluctuations become more important for increasing distances. These
phase fluctuations are related to the frequency noise spectrum of the source. The
frequency noise spectrum of laser diodes is composed of two parts: a white noise part
and a flicker (1/f) noise part, which may become a limiting factor for interferometry. We
investigate in chapter 6 the effect of this 1/f noise part on the phase fluctuations observed
at large distances.

References

f1.1] A. A. Michelson and J. R. Benoit, "Détermination expérimentale de la valeur
du metre en longueurs d'ondes lumineuses”, Trav. Mem. Bur. Int. Poids
Mes. 11, 1 (1895)

{1.2] R. Dindliker, R. Thalmann and D. Prongué, " Two-wavelength laser
interferometry using snperheterodyne detection", Optics Letters 13, 339-341
(1988).



Chapter 2

Basic concepts of multiple-wavelength
interferometry

Absolute distance measurements cannot be covered by classical (i.e. one-wavelength)
interferometry since the range of non-ambiguity is limited to half the optical wavelength
(< 1 pm). However, the range of non-ambiguity can be extended by using several
wavelengths [2.1, 2.2]. This will also reduce the sensitivity of classical interferometry.

The aim of this chapter is to explain the basic concepts of multiple-wavelength
interferometry (MWI). For this task, we will shortly describe the interference
phenomena between monochromatic waves in the first section. The one-wavelength
Michelson interferometer will be presented in the second section of this chapter. Two-
wavelength will then be considered as light source for this interferometer in order to
understand how the non-ambiguity range can be extended. Signal processing for MWI,
based on heterodyne detection, will be shortly discussed. Finally, the concept of
temporal coherence will be considered in the last section, since this is a fundamental
limitation of interferometry.

2.1 Interference phenomena

Interference is a typical property of all wave propagations. This phenomena is the result
of the superposition of coherent waves, i.e. waves which have a phase relation between
them. In optics, interference between two monochromatic light beams can be explained
by considering the addition of the corresponding electro-magnetic waves.

In order to simplify the calculations, the wave propagation is assumed to be in a
homogeneons and isotropic medium, and the electromagnetic waves will be described by
using scalar complex wavefunctions. For a wave propagating in a mediom of
permittivity € and permeability |1, the electric field can be expressed as

1/4
E(r,1) = (4—:‘8—“&) Re{U(r, 1)}, @.1)
0

where t is the time, r is the vector-position, €, and |1, are the permittivity and
permeability of vacuum, respectively. The complex wavefunction is defined so that the
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light intensity, which is the amount energy per unit time and per unit area [2.3], can be
calculated from the simple relation

I(r) = |U(r, 0. (2.2)

For a monochromatic wave of optical frequency v, the complex wavefunction can be
written in the form

U(r,t) = V(r)exp(i2mvt) , 2.3)
where
V(r) = a(r)explio(r)] . (2.4)

The real functions a(r) and ¢(r) are the real amplitude and the phase of the electro-
magnetic wave, respectively. V(r) is known as the complex amplitude.

By substitating Eq. (2.3) and (2.4) into (2.2), we find that the light intensity is given by

I(r) = |[V(r)} = a(r)®. (2.5)
Let us consider two monochromatic waves with the same optical frequency. Their
complex amplitudes can be written in the form

V,(r) = 4f1,(r)explid,(r)] and V,(r) = /L(r) explid,(r)] , (2.6)

where 1,, I, and ¢,, ¢, are the intensities and the phases of both individual waves,
respectively. Their superposition gives rise to a resulting wave with the complex
amplitude

V,(r) = V,(r) + V,(r). (2.7
The corresponding intensity is therefore given by

L) =V, + Y, =V, +[V,f +2-Re{V,(n)V,(r)'}. (2.8)

The last term of Eq. (2.8), i.e. 2Re{V,V2'}, denotes the interference between the two
monochromatic waves [2.4]. Substituting (2.6) into (2.8), we obtain

L(r) = 1,(r) + 1,(r) + 2,/T, (DL (r) - cos[, (1) — ¢, (r)] - 2.9)

The intensity resulting from the superposition of two monochromatic waves is therefore
not necessarily the addition of the individual intensities. Indeed, an additional
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interference term appears in the equation of the resulting intensity, which depends on the
phase difference between the two waves. Coherent methods for distance or displacement
measurements are based on this interference phenomena.

2.2 Classical interferometry

An interferometer is an optical instrument which divides an incident beam into two
beams, delays them by making them travelling over two different paths, recombines
them at the output, and detects the resulting intensity. This task can be achieved by using
different optical configurations. Examples are Mach-Zehnder, Michelson, Sagnac or
Twymann-Green interferometers. The most commonly used interferometer for
displacement measurement is the Michelson interferometer [2.5]. It is composed of a
single beamsplitter which is used for dividing and recombining the waves, a fixed
reference mirror and a movable measurement mirror. Figure 2.1 shows a Michelson
interferometer with a path difference L between the reference and the measuring arms. In
classical interferometry, a quasi-monochromatic wave is injected in the Michelson
interferometer. Stabilized HeNe lasers are often used in industrial interferometers for
displacement measurement (e.g. Hewlett-Packard interferometers). However, compact
and low-cost Michelson interferometers were developed by using stabilized laser diodes
as light sources [2.6, 2.7].

M;
source A L
4
o
Detector
Figure 2.1: Michelson interferometer set-up.

Most lasers nsed for interferometry emit a Ganssian beam. However, for the following
we will approximate the laser beam by a plane wave 1o simplify the calculations. The
complex amplitude of a plane wave is

V(r) = Vyexp{-ik r}, (2.10)

where V, is the amplitude, and k is the wave vector [2.3]. In a medium of refractive
index n, the magnitude of the wave vector is given by

k=n2n/A, = 2nv/c @2.11)
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where A, and ¢ are the wavelength and the velocity of the light in vacuum, respectively.
To simplify, we assume a wave propagating in the z-direction so that Eq. (2.10)

becomes

V(z) = V, exp{-ikz}. 2.12)

By using Eq. (2.11) and (2.12), it can be shown that the phase difference A¢ = ¢, — ¢,
gets

Ad= 2—;t“zL. 2.13)

The interference signal can then be determined by substituting A¢ in Eq. (2.9), i.e.

L =1+1,+2/1T, cos(z—;'lzL). (2.14)

The intensity will therefore depend on the optical path difference between the two arms
of the interferometer. Figure 2.2 shows the detected output intensity as a function of the
interferometric path difference L for a refractive index n= 1.

2
Q H
0
T T T
0 A2 A 302 2A 502
Path difference L
Figure 2.2: Interference signal as a function of the optical path difference L.

We note that the period of the interference signal is given by A/2. The range of non-
ambiguity, i.e. the range of distance which can be deduced unambiguously from the
detected intensity, is therefore limited to half the optical wavelength. However,
displacement can be measured accurately by counting the number of periods and by
fringe interpolation. The distance is therefore measured incrementally. Many industrial
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products for displacement measurements are based on classical interferometry (e.g.
Hewleti-Packard, Zygo). In addition, advanced interferometric systems are able to
follow a prism retroreflector using a tracking system (e.g. laser tracking interferometer
LLT500 from Leica) . This enables to scan the shape of large objects.

However, incremental measurement is a severe restriction in many cases. Moreover, it
shonld be noted that classical interferometry is not applicable to optically rough surfaces,
because of the randomly distributed phase of the diffused light (speckle effect) [2.8,
2.9, 2.10].

2.3  Multiple-Wavelength Interferometry

Multiple-wavelength interferometry is also a coherent method, but it offers great
flexibility in sensitivity by an appropriate choice of the different wavelengths [2.11,
2.12].

For instance, let us consider two-wavelength interferometry using the optical
wavelengths A, and A,. For an interferometric path difference L, the phases ¢, and ¢,
corresponding to the wavelengths A, and A, are given, forn =1, by

Ad, = i—“zL and Ag, = i—RZL. (2.15)

1 2
The phase difference between ¢, and ¢, is therefore given by

J_1

2n
A¢12 = Aq’l _A¢2 = 2“[7\' )2L = ’XZL (2.16)

1 2

The phase difference is thus sensitive to a new synthetic wavelength A, which can be
expressed as

AN, c

A=——22 -
l}"l _}"zl |Vl —Vzl

(2.17)

Therefore, the use of two slightly different wavelengths permits to generate a new
synthetic wavelength much longer than the individual optical wavelengths. The range of
non-ambiguity of the phase difference A¢,,, which is also known as the synthetic phase,
is therefore increased compared to the range of non-ambiguity of classical
interferometry. Moreover, the sensitivity of the measurement is reduced.

Two-wavelength interferometry can be accomplished by injecting two wavelengths
simultaneously into the interferometer, and by opticaily separating them at the output
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using a prism or a grating [2.8, 2.9], as shown in Fig. 2.3. Both interference signals are
then detected individually. The synthetic phase can be determined by measuring the
interferometric phases at both wavelengths, and by computing the difference. However,
this method works only for relatively large wavelength differences and thos small
synthetic wavelengths (< 1 mm), since both wavelengths have t0 be separated by means
of a prism or a grating. Moreover, this method requires interferometric stability at the
optical wavelength, which is difficult to achieve in applications where reduced sensitivity

is desired and sufficient.

Alternative methods {2.11, 2.12, 2.13, 2.14, 2.15] can be used to solve this problem
by detecting the total interference signal without any optical separation of the two
wavelengths. The complex amplitudes are given by two contributions at the wavelengths

A, and X, namely

U() = Uy, () + Uy, (1), (2.18)
with
U,,(1) = V,,exp(i2nvt) and U,,(t) = V,, exp(i27v,t), (2.19)

where v, and v, are the optical frequencies corresponding to A, and A,.

Source Aj, Az L

Grating / 7\'1
7\/2 Detectors

Figure 2.3: Two-wavelength interferometer with optical separation of both
wavelengths.

After beam recombination, one gets the superposition of the reference wave and the
measuring wave, which is delayed by the time 1 = 2L/c. If the two waves are of eqnal
intensity, the averaged interference signal becomes
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10 = (U + U -0f ) = 2(1,, +1,,) + 2Re{(UOU" (1 - D)}, (2.20)

where I, = |V,F and 1,, = |V, J*. The brackets <> denote the time average. The
interference term is therefore given by the real part of the autocorrelation function of
U(1). Using Eq. (2.18), the autocorrelation function becomes,

(TOU (= 1) = (U, U}, (1 - D) + (U, (O}, (1 - 1))

(2.21)
+ (U, (0U;, (1 - 0) + (U, (U} (1 - D)) .

The autocorrelation fonction of U(t) depends not only on the individval antocorrelation
functions of U, (1) and U,,(t), but also on the statistical relation between these two
contributions, through the cross-correlation functions. However, by substituting Eq.
(2.19) into the cross-correlation functions we see that

(U, (1)U;,(t = 1)) = V,, Vy, expli2av, t){expli2n(v, - v,)t]) = 0

(U,,(DU; (t=1)) = V,,V;, exp(i2av,t){expli2n(v, - v)t]) = 0 . @22
It shonld be noted that in practice we observe the intensity during a finite integration
time. Therefore, if the detection bandwidth is larger than the frequency difference of the
two sources, a beat signal at v, — v, can be observed. On the other hand, for longer
integration times, the beat signal is not detected anymore. In that case, by using Egs.
(2.20)~(2.22), the interference signal becomes

1(7) = 2(1,, +1,,) +2Re{(U,, (YU}, 1 - D)} + 2Ref(U,, (00, (- D))}, (2.23)

which is simply the incoherent superposition of the individval interference signals for A,
and A,. Substituting Eq. (2.19) into Eq. (2.23), we find

1(7) = 2(1,, +1,,) + 21, cos(2mv, 1) + 21, , cos(27v, 7). (2.24)

This interference signal is depicted in the upper part of Fig 2.4 as a function of the
optical path difference 2L = ct. We note that the modulation depth of the fringes varies
periodically along the optical path difference. The fringe visibility, first introduced by
Michelson, is defined by

'V=(Imux _Imin)/(Imax "'Imin)y (225)

where I, and I . are the intensities at the maximum and minimum of the fringes. From

‘min

Eq. (2.20), it can be seen that the visibility is equal to the magnitude of the normalized
autocorrelation function, namely ‘
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(LU (t-1)

2.26
(o) 220

Y(t)=

Using Eq. (2.18), (2.19) and (2.26), it can be shown that the square of the fringe
visibility is

V(1) =1+2#*—%—cos[2n(v2 -v . (2.27)

2
At A2

The lower part of Fig. 2.4 shows as a function of the optical path difference. It looks
like a typical interference signal, but now rather for the synthetic wavelength A than for
the optical wavelength A.

A

distance (2L)

Figure 2.4: Interference signal obtained by using simultaneously two wavelengths
(upper part), and the square of its corresponding fringe visibility (lower
part).

2.4  Signal processing for MWI

Appropriate signal processing must be nsed to access the fringe visibility of the
interference signal. Several detection techniques have been proposed [2.11-2.15],
which are based on heterodyne detection. The aim of this section is to describe shortly
this detection technique and its applications to multiple-wavelength interferometry.

Two different types of detection techniques can be used in interferometry: homodyne
and heterodyne detection. Homodyne detection is a static method whereas heterodyne
detection is a dynamic method [2.16]. The first one has the advantage to be simple and
low-cost. However, the resolution may be limited by the intensity fluctuations of the
laser.
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Heterodyne technique is a powerful method to achieve high resolution fringe
interpolation. It allows also shot noise limited detection even for low optical power in the
measuring arm of the interferometer. In heterodyne interferometry an optical frequency
offset f is generated between the reference and the measuring waves by means, for
instance, of an acousto-optical modulator. The two waves are then given by

U,(z,0) = /1, exp(i¢, )exp(i2nvt) and
U, (z,1) = [T, exp(i¢, )exp{i2n(v + £)t} . (2.28)

The interference signal, which is given by I = |UI + U2|2, becomes then

1(t) = I, + 1, + 2,1, cos(2mft + Ad), (2.29)

where A¢ = ¢, — ¢,. Therefore, heterodyne detection gives rise to a time-dependent
interference signal of frequency f. The interferometric phase Ad can be determined by
measuring the phase difference between a reference signal, generated either optically or
electronically, and the measurement signal. This allows to achieve fringe interpolation
better than 1/1000 [2.17, 2.18].

Application of heterodyne technique to multiple-wavelength interferometry was first
reported by Fercher et al. [2.8]. The synthetic phase is determined by measuring the
interferometric phases at both wavelengths, and by computing the difference (see Fig.
2.3). This method provides fast measurement and works also for rough surfaces.
However, as already mentioned, the technique can be nsed only for relatively large
wavelength differences and thus small synthetic wavelengths A.

Superheterodyne detection, introduced by Déndliker et al. [2.13, 2.14], enables high-
resolution measurements at arbitrary synthetic wavelengths A without the need for
interferometric stability at the optical wavelengths A, and A, or separation of these
wavelengths optically. This is of great importance for range finding and industrial
distance measuring of large distances with sub-millimeter resolution. Both wavelengths
are used to illuminate simultaneonsly a Michelson interferometer. Two different
heterodyne frequencies f, and f, are generated for each wavelength. These frequency
differences can be produced by acousto-optical modulators and are typically f; = 40.0
MHz and f, = 40.1 MHz. According to Eq. (2.29), the heterodyne signals
corresponding to the individual wavelengths A, and A, are of the form

L, (0 = C, +C, cos(2nft + Ad, ) and I,,(t) = C, + C;cos(2nf,t + Ad, ), (2.30)
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where the interferometric phases A¢; and A¢, are given by Eq. (2.15). Since the
wavelengths are not separated optically, the interference signal is given by the incoherent
superposition of I, and I,,, namely

I(t) = Ay + A, cos(2mE,t + A, ) + A, cos(2E,t + Ad,). (2.31)

Because f; ~ f5 is chosen small compared with f; and f,, the detector output has the
form of a carrier-suppressed amplitude-modulated signal with carrier (f,+f,)/2 and
modulation frequency (fi— f)/2. After amplitude demodulation, one gets therefore

Liem (1) = A, cos[2n(f, — £)t + (A, — AG,)]. (2.32)

This signal at f = f| — f, makes it possible to measure directly the phase difference
Ad, - Ad, = 4rL /A which is now only sensitive to the synthetic wavelength A.

Simpler detection methods, which do not need separate modulation of the two
wavelengths might be of interest [2.11, 2.12, 2.15]. If the two heterodyne frequencies
f; and f; are chosen equal (f; = f3), Eq. (2.31) becomes

1(1) = A, + A, cos(2nEt + A, ) + A, cos(2mE t + Ad, ). (2.33)

The interference fringe function for the synthetic wavelength A is then obtained by
detecting the electrical power of the ac part of this signal, which is

P, = %[Af +A] +2A A, cos(Ad,,)]. (2.34)

Equation (2.34) looks like a typical interference signal, but now rather for the synthetic
wavelength A than for the optical wavelength A (see Fig. 2.4). The interference phase
Ad,, = APy ~ Ad, of the synthetic wavelength can now be determined by techniques
similar to those used for phase interpolation in interferometry.

Schemes and apparatos for heterodyne frequency generation and detection will be
discussed later in this thesis.
2.5 Temporal coherence of lasers

So far we only considered perfectly monochromatic waves. In this ideal case,
displacements or distances can be measured at arbitrary large optical path differences.

However, the interfering waves are more realistically described by quasi-monochromatic
waves, Indeed, single-mode laser sources have an average emission spectrum which is
confined 10 a narrow band centered abont the central frequency v [2.19]. The spectral
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width or linewidth of light is defined here as the full width at half maximum of the
spectral density. Depending on the laser type, the linewidth can vary from a few kHz
(gas lasers) to a few 10 MHz (standard diode lasers). The emitting frequency of the
source is thus characterized by statistical fluctuations around the center frequency V.

For an interferometer with an optical path difference L, we have to consider the
superposition of two quasi-monochromatic plane waves [2.19]. The measuring wave is
delayed by the time T = 2L/c. Assuming reference and measuring waves of equal
intensity, the time averaged intensity becomes,

1= (U + U -1 ) = 21, + 2Re{(UMOU (L - )}, (2.35)

where I, =<|U(t)|2>. It is convenient to work with the normalized autocorrelation

function
Umu -
gy = <—()—(2—T)> {2.36)
{lvwr)
Equation (2.35) becomes then
1=21,[1+Re{g(0)}]: (2.37)

The normalized autocorrelation function g(t) is also known as the complex degree of
temporal coherence. Its magnitude Jg(t)| is a measure of the degree of correlation
between U(t) and U(t-t) [2.19]. Its value is equal to 1 for 1= 0. Usually, |g(7)|
decreases with increasing 7, and the fluctuations become uncorrelated for sufficiently
large time delays. Figure 2.5 shows a typical interference signal as a function of the
interferometric delay 7.

It can easily be shown that the magnitude of the complex degree of temporal coherence
|g(7)] is the envelope of the interference signal. As already mentioned, it can therefore be
interpreted as the interference contrast or the [ringe visibility, namely

Imux(’c)— Imin(T)
1 (T) + lmin(T) |

max

HOE (2.38)

where I (1) and I

max

in(T) are the local maxima and minima of the intensity next to the
interferometric delay T, as shown in Fig. 2.5. For large interferometric delay, |g(t)|
becomes zero and the two interfering waves become therefore incoherent. This will limit

the maximal optical path difference at which distance or displacement can be measured
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by interferometry. Highly cohereat lasers are thus required for large distance

measurement by interferometric techniques.
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Figure 2.5: Interference signal as a function of the interferometric delay 1 for a low-

coherent source.

The interferometric delay at which the fringe visibility decreases to a prescribed value
(e.g. l/e or 1/2) is known as the coherence time of the source T.. Following Mandel
[2.20], we define here the coherence time T, as

T, = [leof dr. (2.39)

The corresponding optical path difference is called the coherence length 1. of the source.
The coherence length is therefore related to the coherence time by,

I, =ct,. (2.40)

c 3

By using the well-known Wiener-Khintchine theorem, we note that the complex degree
of temporal coherence g(t) is related to the power spectral density of the source S(v) by
a Fourier transform [2.21], i.e. '

J:de(v) exp(i2nvt)

_ (2.41)
j( dvs(v)

g(t) =

Because of this Fourier-transform relation, the linewidth Av and<the coherence time T,
are inversely related. A light source of broad spectrum has a short coherence time,
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whereas a laser source with narrow linewidth has a long coherence time. The exact

relation between Av and T, depends on the lineshape function. Coherence time T, and

interference contrast |g(t)| for Gaussian and Lorentzian lineshape function are given in

Table 2.1 [2.22].
Normalized PSD Interference contrast |g(7)] Coherence time T,
Lorentzian: Decreasing exponential:

Av/2m exp(-nAv|t) 1
(v—vo)2 +(Av/2)* TAV
Gaussian: Ganssian:

— 2 2
N]nz/nexp —41n2- (v vzo) expl - TAVT \2In2/m
Av Av 2+/In2 Av

Table 2.1: Normalized power spectral density (psd), interference contrast and
coherence time for Gaussian and Lorentzian functions. The spectral
width Av is the full width at half maximum value of the spectral
density. The coherence time is defined by Eq. (2.39).
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Chapter 3

Multiple-wavelength source

The source of a multiple-wavelength interferometer should produce an appropriate
emission spectrum which consists of several discrete and stabilized wavelengths. As
already mentioned, the range of non-ambiguity is given by the optical frequency
difference. The stability and the calibration of the source will limit the absolute accuracy
of the measurement. Moreover, the maximal distance which can be measured by
multiple-wavelength interferometry is limited by the coherence length of the source. In
addition, distance measurement on rough surfaces may be limited by the source power
due to the scattering of the light. The design and the realization of the source are thus of
a great importance, since the performance of the measuring set-up will be given by its
properties (coherence, stability, power).

In this chapter, a novel concept of multiple-wavelength source is described, which
allows to calibrate accurately the synthetic wavelengths by beat frequency measurement
[3.1].

After an overview of the existing laser sources suitable for multiple-wavelength
interferometry (MWI), we will discuss the stabilization technique which was used in our
experiment. Then, the concept of syuthetic wavelength calibration by beat frequency
measurement will be described. In order to upgrade the source power and to get a more
compact source, improvements of the multiple-wavelength source will finally be
presented.

3.1  Overview of the existing laser sources for MWI

A multiple-wavelength source is usually composed of either a multimode laser or a
combination of several lasers. Modern laser sources provide a great variety of optical
frequencies or wavelengths to get interesting synthetic wavelengths.

Many gas lasers have the advantages to emit light at different wavelengths. For instance,
CO, lasers emit at a large number of wavelengths between 9 and 11 um, corresponding
to transitions for the various vibrational-rotational levels. Bourdet and Orszag measured
a length of 50 cm with an accuracy of 0.1 um [3.2]. He-Ne lasers, which are
traditionally used in most high-performance interferometers, can also be applied to
MWI, using different laser lines, e.g. at 629.4 nm and 632.8 nm [3.3, 3.4]. This
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allows to obtain synthetic wavelengths of about 117 pm. In addition, commerciaily
available stabilized He-Ne lasers (e.g. Renishaw SL10) can. produce two stabilized
longitudinal modes with a frequency separation of about 1 GHz, corresponding to a
synthetic wavelength of 30 cm. Other gas lasers, such as Ar lasers [3.5], He-Xe laser
[3.6] and Kr-ion laser [3.7] have also been used in MWI experiments. The performance
of these lasers is adequate. However, the discharge tube cannot be miniaturized and
would not be compatible with a compact and low-cost measuring system.

Semicondnctor laser diodes are currently the most energy efficient and the most compact
lasers. Moreover, the emitted frequency can be tuned by changing the injection current
and the temperature. Tunable lasers are of a great interest since the most appropriate
synthetic wavelength can be chosen with more flexibility. However, when the most
appropriate wavelength is chosen, they have to be frequency stabilized on an extemal

reference.

Multimode laser diodes oscillate at a number of discrete wavelengths simultaneousty,
which provide a range of stable synthetic wavelengths if the laser is temperature
controlled. The frequency separation Av between longitudinal modes is inversely related
to the resonator length d by Av = c¢/2nd, where n is the semiconductor refractive index
(n = 3.5 for AlGaAs). The maximal synthetic wavelength which can be obtained in this
way is therefore given by 2nd, i.e. a few mm. De Groot reported a simple synthetic
wavelength interferometer by using two wavelengths of a multimode laser diode
providing a synthetic wavelength of 620 um [3.8].
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Figure 3.1: Mode-hop characteristic of a AlGaAs diode laser SHARP LT027MD
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Standard single-mode AlGaAs diode lasers, such as lasers for CD-players, have often
been used for multiple-wavelength interferometry experiments (3.1, 3.9, 3.10, 3.11].
In these lasers, the light is confined in a semiconductor waveguide and the feedback is
obtained by cleaving the crystal planes normal to the plane of the junction. They are
known as Fabry-Pérot lasers. The linewidth is moderate (typ. 10 MHz) and the
frequency tunability with temperatare is characterized by mode hops, as shown in Fig.
3.1. These mode hops are mainly due to the temperature induced change of the center of
the gain curve (about 0.25 nm/°C). The temperature tuning behavior can vary from
device to device. These discontinuities may therefore limit the choice of synthetic
wavelengths.

(@)

Output

(b) |

Output

Figure 3.2: a) Distributed Bragg Reflector (DBR) laser diode
b) Distributed FeedBack (DFB) laser diode.

Distributed Bragg Reflector (DBR) diode lasers are devices where at least one of the
cleaved facets is replaced by a Bragg grating. The Bragg grating acts as a frequency-
selective mirror. In distributed feedback (DFB) diode lasers the grating is manufactured
along the active layer and act as a distributed selective reflector. Structures of DBR and
DFB lasers are shown in Fig. 3.2. The Bragg grating allows to increase the mode-hop
free tuning range, since the tunability is mainly due to the temperature induced change of
the refractive index [3.12]. Moreover, the selective mirror leads to high side-mode
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suppression (> 25 dB). This allows to reduce substantially the power-independent
contribution to the linewidth, which is mainly due to the mode partition noise in standard
laser diodes [3.13]. DBR and DFB laser diodes are thus very promising for multiple-
wavelength interferometry.

Tunable external cavity diode lasers may also provide a wide mode-hop free tuning
range with small linewidth. For instance, a tuning range of at least 10 nm with less than
3 mode-hops can be obtained by using commercially available external cavity diode
lasers (New Focus, Velocity Tunable Diode Laser) [3.14]. In addition, the linewidth
may be less than 300 kHz. The main drawback is the complexity of the mechanical
cavity.

Tunable Nd:YAG lasers may also be of great interest for interferometry. The phase
fluctuations and the linewidth of such lasers are smaller than for standard diode lasers
[3.15]. The frequency tunability is of about 50 GHz. However, Nd:YAG lasers exhibit
poor efficiency since they require optical pumping by means of laser diodes.

In summary, Table 3.1 shows a list of modern tunable laser sources which are suitable

to be used in multiple-wavelength interferometry.

' Standards DBR diode External cavity | Tunable

Laser types diode lasers | lasers diode lasers | Nd:YAG

(SHARP) (SDL 5722) | (NewFocus) (LiEhtwave)
Max. tuning range 1 THz 600 GHz 8 THz 50 GHz
Synthetic wavelength | > 250 um > 0.5 mm > 30 um > 6 mm
Mode-hop free
tuning ranee max. 80 GHz 600 GHz 1 THz 10 GHz
Linewidth 10 MHz 2.5 MHz 300 kHz SkHz
Coherence length .
(calculated) 10m 40m 300 m 20'km
Table 3.1: List of modern tunable lasers with their corresponding performance.

3.2 Frequency stabilization of semiconductor lasers
3.2.1 Frequency reference

The absolute accuracy of distance measurement by MWI depends essentially on the
properties of the source (coherence, stability, power) and on the calibration of the
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synthetic wavelength. Indeed, for highly accurate measurements, that is for SL/L < 10-5,
where L is the working distance and 8L the resolution, the synthetic wavelength has to
be known with at least the same accuracy. Therefore the laser sources must be stabilized
and the synthetic wavelength has to be calibrated. The frequency reference is the key to
the accurate frequency stabilization of semiconductor laser diodes. Today many
frequency references are available. They mainly use atomic absorption lines or Fabry-
Pérot interferometers. Rubidium or Cesium vapor cells are the most commonly used for
frequency stabilization at 780 nm and 852 nm respectively.

For multiple-wavelength interferometry, the frequency difference Av corresponding to
the synthetic wavelength A = c/Av has to be stabilized accurately. Unfortunately,
stabilization of the wavelengths on different atomic absorption lines does not allow to
choose the synthetic wavelength with a great flexibility. On the other hand, Fabry-Pérot
resonators produce an infinite number of resonance frequencies which can be used to
stabilize the different lasers. The frequency separation between two consecutive
resonances is inversely proportional to the length of the resonator. The frequency
difference of the two lasers depends on the number of resonances between the two
selected frequencies. Fabry-Pérot resonators provide therefore a broad range of synthetic
wavelengths, and are therefore good candidates as frequency reference for multiple-
wavelength interferometry.

The transmission of a Fabry-Pérot resonator composed of two planar mirrors, without
any loss inside the cavity, is described by

T
= max 3.1
o) 1+ (2F/x)* sin*(mv/FSR)’ G-

where T, is the maximal transmission, v is the optical frequency, F is the finesse of the
resonator, and FSR is the free spectral range. For a Fabry-Pérot resonator composed of
two mirrors with reflectivities R, and R, and transmissions T, and T,, one gets

VR

T =TT,/{1-R}Y and F=
max 12/{ } 1°R

(3.2)

where R = /RR,. The frequency separation between two consecutive resonances is
known as the free spectral range (FSR) of the Fabry-Pérot and is related to the distance d
separating both mirrors by

FSR =¢/2nd, (3.3)
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where c is the light velocity in vacuzm and n is the refractive index of the mediom inside
the cavity. Figure 3.3 shows the Fabry-Pérot etalon transmission for different finesse F.

As already mentioned, Fabry-Pérot resonators are of great interest in multiple-
wavelength interferometry, since the lasers can be stabilized on different resonances in
order to generate a stable frequency difference Av and therefore a stable synthetic
wavelength A = c/Av. However its stability may be limited by the thermal expansion of
the etalon length. This can be neglected if the resonator is made of super-invar or
zerodur material for instance. The length of the Fabry-Pérot resonator may also be
locked on a reference laser, e.g. a diode laser which is stabilized on an atomic absorption
line [3.3]. In this way, an absolute stabilization of every laser is achieved. This enables
to combine multiple-wavelength interferometry with classical interferometry, by nsing
one of these stable optical wavelengths to obtain an absolute distance measurement with
submicrometer accuracy.
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Figure 3.3: Fabry-Pérot transmission vs frequency for different finesse F.

In this work, we will discuss a concept which consists of using an electronic calibration
by beat-frequency measnrement. This allows to measure indirectly the length of the
etalon in real-time. Slow variations of the etalon length can be taken into account for the
absolute distance measurement in this way. This concept will be presented in chapter
3.3.

3.2.2 Frequency stabilization principle

A great variety of frequency stabilization schemes exists using Fabry-Pérot
interferometers or atomic absorption lines as frequency references. Most of them involve
a slight frequency modulation of the lasers [3.16]. As already mentioned, the emitted
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frequency of semiconductor lasers depends on the injection current (typically -3.5
GHz/mA for AlGaAs Fabry-Pérot lasers).

The multiple-wavelength source presented in this thesis is based on the stabilization of
laser diodes on a common stable Fabry-Pérot resonator. The frequency modulation is
obtained by adding a small ac current to the dc injection current. The laser frequency v,
becomes then

V, =V, + Vp, sin(2xft), 3.4)

where v, is the average laser frequency, v, is the frequency excursion and f is the
modulation frequency.

Assuming a monochromatic wave, the transmitted light is given by

T (V) =1L T(v) (3.5)

where I, is the intensity of the incident beam and T(v)) is the transmission function of
the resonator. However, in our experiments we often used resonators with resonance
widihs of the same order as the linewidth of the source. In this case, the linewidth
cannot be neglected and we have to consider the spectral distribution of the source. The
transmitted intensity is then given by

L, (v) =T, [dvD(v = v,)T(), (3.6)

where D(v) is the lineshape function of the source [3.17]. The lineshape of laser diodes
is described to a good approximation by a Lorentzian function

D(v) = Av/2x

TV +(AV/2)] 3.1

where Av is the linewidth, defined here as the full width at half maximum. The
transmission H(v) of the system is therefore given by the convolution

H(v) =D(V)@T(v). (3.8)

of the lineshape function with the spectral response T(v) of the Fabry-Pérot. For high
finesse resonator, the resonance can also be approximated by a Lorentzian function (Eq.
(3.1): sin*(nv/FSR) = (=v/FSR)?). The convolution of the two Lorentzian functions is
again a Lorentzian. It can be shown that the full width at half its maximum value
(FWHM) is given by the sum of the laser linewidth and the resonance width.
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By expanding H(v,) in a Taylor serie around the average frequency v, the transmitted
intensity becomes to a first-order approximation

Ly (V) = L [H(vy) + H'(Vy)Vpy sin2reft)], (3.9)

in

where H’(v,) is the first derivative of the transmission curve with respect to the laser
frequency. Amplitude and sign of the sinusoidal function at the frequency f is thus
proportional to the first derivative of the transmission function.
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Figure 3.4: Calculated transmission of a Fabry-Pérot around a frequency

resonance v, (upper part) and its corresponding first derivative
(lower part) for a resonance width of 10 MHz and linewidths of O
MHz (dotted curve) and 10 MHz (plain carve).
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Figure 3.4 shows the intensity transmission and its corresponding first derivative for a
negligible laser linewidth (dotted curve) and for a laser linewidth equal to the Fabry-
Pérot resonance width (plain curve). In both cases, the value of the first derivative goes
to zero when v, is equal to the peak frequency v,, and changes sign whenever
(v —v,,) changes sign. Therefore, this is a convenient error signal for the feedback
loop of frequency stabilization. The slope of the derivative curve at the peak frequency
v,, determines the sensitivity of the frequency demodulator. As shown in Fig. 3.4, the
sensitivity depends not only on the Fabry-Pérot resonance width, but also on the laser

linewidth.
Peltier . Photo-
cooler isolator ] detector
— K v Fabry-Pérot
current > resonator
source B
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WY j
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Figure 3.5: Frequency stabilization of a laser diode on a Fabry-Pérot resonator.

The stabilization principle which was used in this work is shown in Fig. 3.5 for one
laser diode. The intensity at the output of the frequency reference is synchronousty
detected at the frequency f in order to obtain an error signal proportional to H'(v,). The
error signal is then fed back to the injection current after being processed by an

appropriate regulator.

Applications of this stabilization technique to external cavity laser diodes yield very
stable laser with narrow linewidths. This may be of great interest for the measurement of
large distances. Nielsen and Osmundsen realized frequency stabilization of linewidth-
narrowed semiconductor lasers by controlling the phase of the optical feedback from the
external cavity by means of a piezoelectric transducer (PZT) [3.18]. The error signal
was fed to the PZT via an integrator, whereas higher frequencies of the error signal
(beyond 20 Hz) were fed back to the injection current. In this way, they succeeded to get
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linewidth reduction from 20 MHz to 300 kHz and a center frequency stability better than
1 kHz. ;
In multiple-wavelength interferometry, one is interested in stabilizing several lasers on
the same frequency reference. For that purpose, the different frequencies can be optically
separated at the output of the resonator using a diffraction grating or interference filters
and detected individually [3.11]. However, this requires relatively large wavelength
differences and thus small synthetic wavelengths (< 1 mm). In this work, we used
different modulation frequencies for each laser diode to avoid the optical separation. In
this way, the individual regulation of every laser diode is achieved by synchronous
detections at the different modulation frequencies (see Fig. 3.6).

3.3  Multiple-wavelength source with electronic calibration [3.1]

As already mentioned, the absolute accuracy of distance measurement using MWI
depends essentially on the calibration of the different wavelengths or frequencies.
Indeed, the relative accuracy S8L/L for the measured distance L is given by SL/L =
8(Av)/Av where Avis the frequency difference corresponding to the synthetic
wavelength A =c/Av.

3.3.1 Principle of operation

Figure 3.6 shows the concept of the novel multiple-wavelength source with absolute
calibration by opto-electronic beat-frequency measurement [3.1]. This three-wavelength
source consists of three laser diodes, LD, to LD,, operating at the frequencies v,, v, and
v,, respectively. Two of them (LD, and LD,) are stabilized on two consecutive
resonances of a common stable Fabry-Pérot resonator (FPR) used as frequency

reference.

The superposition of the optical frequencies v, and v, gives rise to a resulting wave with

the scalar wavefunction
U,,(t) = /1, explio, (] exp[i2nv 1]+ 1, explio, (t)]exp[i2nv,1] (3.10)

where 1,, 1, are the intensities of the individual beam and ¢,, ¢, are the corresponding
phase fluctuations of the electrical fields. The instantaneous intensity becomes then

1,0 = U, =1, +1, + 2T T; cos[2(v, — v))t + 6,(1) — 6,(1)]. (3.11)

The superposition of the two beams gives rise therefore to a beat frequency of v, —v,. In
this experiment, we used a confocal Fabry-Pérot resonator with a free spectral range
(FSR) of 0.75 GHz, as shown in the bottom part of Fig. 3.6. The beat frequency v,,
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resulting from the superposition of the optical frequencies v, and v, can therefore be
detected electronically using a high-speed photodetector.

For statistically independent lasers, the phase fluctuations of the beat note (9,,(t))’will
be given by the addition of the individual phase fluctuations, namely

(6,0 = (0,)) +(0, (V). ' (3.12)

For Lorentzian lineshape functions, it can be shown [3.19] that the corresponding width
of the beat note is given by the sum of the two laser linewidths.
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Figure 3.6: Stabilized three-wavelength source calibrated by electronic means.

The beat-frequency of 0.75 GHz is then measured by a frequency counter with
electronic accuracy. The third laser diode (LD,) is tuned continuously from v, to v, over
N resonances of the FPR. The frequency difference v, = v, — v, = NxFSR is then
known with the same accuracy as the electronically calibrated beat-frequency v,,. For
N =100, we obtain v,, =75 GHz (A, = c¢/v;; = 4 mm). Thus, by measuring the
beat-frequency v,, and by counting the number of resonances N, an absolute calibration
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of the synthetic wavelengths A,, and A,, can be achieved. Assuming a fringe
interpolation of at least 27t/200 for the synthetic wavelength, it would be possible with
such a multiple-wavelength source to measure distances without ambiguity within 200
mm (A,, = 0.4 m) and with a resolution of 10 pum (A, = 4 mm, 2n/200 fringe
interpolation [3.10]).

3.3.2 Experiment

Experimental investigations were performed with commercial GaAlAs monomode laser
diodes (Sharp LT027MD) emitting at approximately 780 nm with a maximum optical
power of 10 mW. The full width at half maximum (FWHM) of the emission linewidth
of the laser diodes LD, and LD, was first determined using the self-heterodyne
interferometric technique [3.20]. We measured linewidths of 9 MHz for LD, and 8 MHz
for LD,

The temperature of the diodes is stabilized to better than 0.01 °C by means of Peltier
coolers. As shown in Fig. 3.6, a portion of the light from the different lasers is launched
into the FPR. The center frequencies of the lasers are brought, by temperature tuning,
near a resonance peak of the FPR where the feedback loop is closed. To allow the
stabilization of the laser sources, the optical frequency of the diodes is modulated
through the injection current at f, = 10 kHz, f, =40 kHz and f, = 50 kHz. The
excursion of the optical frequency is approximately 1 MHz for the three lasers, which is
much less than the sum of the laser linewidth (= 10 MHz) and the resonance width (7.5
MHz). These frequency modulations are then transformed by the FPR into intensity
modulations, which are detected and synchronously demodulated with lock-in
amplifiers. An error signal for the feedback loop is thus obtained. Processing of this
signal by the PI regulator leads to the voltage which serves as input for the current
source.

We detected the beat-frequency v,, using a high-speed photodetector (New Focus 1601)
followed by a wide-band amplifier (Hamamatsu C4890). The width of the beat note
Av,, determined from the beat-frequency power spectrum was Av, = 18 MHz
(FWHM). This corresponds approximately to the sum of the laser linewidths measured
by a self-heterodyne technique. Finally, using a frequency counter (HP 53131), the
absolute calibration of the synthetic wavelengths by opto-electronic beat-frequency

measurement is achieved.

Frequency stability is commonly evaluated by the Allan deviation [3.21]. For samples y,
obtained with a counter which measures the beat frequency, the Allan deviation is
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Glz\llan(T) = <(yk+l - yk )2 /2)k ’ (3 1 3)

where T is both the integration time and the sampling time (i.e. there is no dead time
between counts).

The results of measurements obtained for different integration times T of the counter are
shown in Fig. 3.7. For an integration time of 10 s, the difference frequency Av,, is
therefore calibrated with an accuracy of 8v,,/v,, = 1.3x10-5, and the same accuracy can
be expected for Av,,.
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Figure 3.7: Beat frequency measurements for different gate time T of the
frequency counter. (a) T=100ms, (b) T=1sand (c) T=10s
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3.3.3 Synthetic wavelength calibration

In order to check the accuracy of the synthetic wavelength calibration by beat frequency
measurement, we made a calibration of the synthetic wavelength by comparison with a
HP-laser interferometer. The optical set-np is depicted in Fig. 3.8. This set-up is similar
to a wavemeter. We used v, and v, to illuminate the heterodyne Michelson
interferometer. A number of N = 100 resonances of the FPR was counted while tuning
the laser diode LD, from v, to v,. The detection at the output of the two-wavelength
interferometer is achieved by a photodiode and a lock-in amplifier to obtain the
interference signal by heterodyne detection. For this end, the multiple-wavelength source
is followed by a device which creates two orthogonal polarizations of slightly different
frequencies. This frequency difference is produced by two acousto-optic modulators
operating at F| = 40.0 MHz and F, = 40.1 MHz. As shown in Fig. 3.8, a polarizing
beam splitter directs the optical frequencies v, + F, (i = 1, 3) toward a reference mirror,
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while the optical frequencies v, + F, go to the target. The output of the interferometer is
then detected by a photodiode and a lock-in amplifier, which performs the detection at
the heterodyne frequency given by AF =F, - F, = 100 kHz.

The interference fringe function for the synthetic wavelength A, is then obtained by
detecting the electrical power of the ac part of the photodiode signal (Eq. 2.34). The
phase Ad,, of the synthetic wavelength is determined by moving the reference mirror in
steps of A,,/8 = 0.5 mm to get five 90° phase steps. From the corresponding measured
values of the heterodyne signal power, the phase is calculated with a 5-frame error-
compensation algorithm. By measuring over a common path difference of about 1 m,
using both the MWI and the HP-laser interferometer, a calibrated value of the synthetic
wavelength is obtained. From this calibration procedure and taking into account the
atmospheric conditions (group index: n, = 1.00027127), we got a synthetic wavelength
A,, = 4.00014 + 0.00006 mm, corresponding to an interpolation accuracy better than
2n/100.
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Heterodyning module measurement
Figure 3.8: Optical set-up used for the calibration of the synthetic wavelength by

comparison with a HP-laser interferometer and for the test of

distance measurement accuracy
On the other hand, we determined the beat-frequency from ten values obtained with the
frequency counter. For a gate time of 10 s, we measured v,, = 749.25 + 0.01 MHz.
We found with this value a synthetic wavelength A, =c/(n,v;)=c/(n,Nv,) of
4.00014 * 0.00005 mm (in air as above). This result proves that a calibration of the
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synthetic wavelength with an accuracy of at least 1.25-10-5 is achieved. The synthetic
wavelength A, can be chosen anywhere within the tuning range of the laser diode LD,,
which is about 100 GHz, by selecting the number N of resonances of the Fabry-Pérot
counted while tuning the laser diode LD, from v, to v,

3.3.4 Limitations of the multiple-wavelength source calibration

The measurement accuracy of the beat frequency is mainly limited by the phase or
frequency fluctuations of the lasers, as shown from Eq. (3.11). The fluctuations of the
measured beat-frequency can be related to the power spectral density of the frequency
noise S;(f) of the lasers. The frequency stability of a laser, evalvated by the Allan
deviation O, , is related to its frequency noise S, (f) by

sin*(nfT)

63__2jdf S (0= R (3.14)

where T is the integration time of the frequency measurements [3.19]. Assuming that the
frequency noise S (f) is the same for both lasers, the Allan deviation civT of the beat
frequency is then given by o3, =20, .

For a laser diode under free-running condition, the frequency noise spectrum has two
components: a white noise and a flicker (1/f) noise. Therefore, it can be expressed as
Ss(f) = C /f + C,. Assuming that the emission linewidth Av is mainly caused by the
white noise part of S;(f), the value for C, is approximately given by C, = Av/n, i.e.
about 2.7x10° Hz*/Hz in our case. We can note that the flicker noise is divergent for
f= 0. However, S; (f) is reduced for low frequencies by the electronic feedback loop.

As long as the regulator does not introduce additional noise, the frequency noise
spectrum with electronic feedback is given by

1

_ - 3.15
with feedback |1+H(f)| ( )

Sy Sy ()

free— mnnmg

where H(f) is the transfer function of the loop [3.22]. The power spectrum of the
remaining error signal was measured in order to determine the power spectral density of
the frequency noise with the stabilization loop closed. The result is shown in Fig. 3.9.
The maximum values are found between 1 Hz and 10 Hz and they are slightly above
10° Hz2/Hz, which is much greater than the expected C, of 2.7x10* Hz2/Hz. Using Eq.
(3.14) and Fig. 3.9, we get Allan deviations for the beat-frequency of 100 kHz and 29
kHz for integration times T of 0.1 s and 1 s, respectively. These values correspond very
well with those obtained from direct measurements of the beat note, namely 75 kHz and
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27 kHz as shown in Fig. 3.7. For T = 10 s, one would expect from Fig. 3.9 an Allan
deviation which is smaller than the measured 9 kHz (see Fig. 3.7). However, there are
probably other noise sources, e.g. mechanical noise in the optical set-up.
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Figure 3.9: Measured power spectral density of the frequency noise of the laser

diodes when the feedback loop is closed.

3.4 High-power multiple-wavelength sounrce.

As it will be discussed in chapter 5, absolute distance measurement can be performed on
rough surfaces by means of multiple-wavelength interferometry. The problems with
non-cooperative targets (rough surfaces) are: statistical properties of returning light
(speckles) and low coherent power (scattered light, speckles) [3.23]. The multiple-
wavelength source which is described above is composed of low optical power diode
lasers (i.e. about 7 mW). Only a few mW optical power is available to illuminate the
diffusing target. For distance measurements beyond 1 m, the received coherent power
on the detector would not be enough for measurements with reasonabie response time.

There are different possibilities to increase the source power. Two solutions have been
studied.

3.4.1 Semiconductor optical amplifier.

The first one consists of using a semiconductor optical amplifier after the low power
source. For this task, we used a tapered amplifier chip for 785 nm (SDL 8630). The
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geometry of this device is shown in Fig. 3.10. The tapered design allows a high
efficiency and a near-diffraction limited output beam [3.24]. For a few mW of input
power, we obtained an output power of about 100 mW for each wavelength,
corresponding to a gain of about 100. In this MOPA (master oscillator power amplifier)
configuration, the spectral characteristics are only determined by the low-power diode
lasers.

In this way, the multiple-wavelength source is composed of only one high-power
device. This is of great importance in order to get a low-cost measuring system. The
main drawback is the high optical isolation (> 70 dB) which is required between the
low-power source and the optical amplifier because of the feedback sensitivity of diode
lasers.

Fy
v

1.5 mm

Figure 3.10: Tapered amplifier chip used in the SDL 8630 system.
3.4.2 High-power DBR laser diodes.

The second solution consists of using directly high-power distributed Bragg reflectors
laser diodes (SDL-5722H) emitting at approximately 850 nm. The maximal output
power is of abont 150 mW. A multiple-wavelength source similar to the low-power
source described in chapter 3.3 was mounted with such diode lasers. The frequency
tunability with temperature is mode-hop free over at least 1.5 nm (620 GHz), as shown
in Fig. 3.11. This allows to choose the most appropriate synthetic wavelength with a

- great flexibility between 0.5 mm and 200 mm, depending on the number of Fabry-Pérot
resonances between the two frequencies. Moreover, as shown in Fig. 3.12, the
linewidth measured from the beat note spectrum is only 2.5 MHz, which corresponds to
a coherence length of about 40 m, which is 4 times longer than for the standard low
power laser diodes.

In addition to the high optical power, this solution provides a multiple-wavelength
source with better spectral characteristics compared to the low-power source. This is a

substantial advantage for multiple-wavelength interferometry. However, at least two



Chap. 3: Multiple-wavelength source ' 35

expensive high-power DBR lasers are required. The solution is therefore more

expensive than the semiconductor amplifier. "
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Figure 3.12: Beat frequency spectrum between two stabilized DBR diode lasers.



Chap. 3: Multiple-wavelength source 36

3.5 Fiber-optic Fabry-Pérot resonator

For industrial applications, a portable measuring set-up is required. Diode lasers help to
obtain a compact system. However, the confocal optical resonator which was used for
the experiments described in chapter 3.3 should be replaced by a more compact
frequency reference. Moreover, some beamsplitters and mirrors could also be replaced
by a fiber network. In order to obtain a compact all-fiber system we investigated
different solutions to replace the bulky confocal resonator by a fiber-optic resonator. We
will describe in this chapter two types of fiber-optic Fabry-Pérot resonators.

3.5.1 Fiber Fabry-Pérot resonator using Bragg grating reflectors

Fiber Bragg gratings are often used as filters for fiber-optic telecommunications.
Moreover, they have many applications as sensors for strain and temperature
measurements [3.25]. Fiber Bragg gratings are written into the core of a germania doped
single-mode fiber by photoinduced refractive-index changes. This allows to use the
graiing as a frequency-selective mirror. By writing two identical Bragg gratings at
different location in the same optical fiber, we can thus achieve a Fabry-Pérot effect if
both gratings are reflective at the wavelength of the laser source. Fabry-Pérot
interferometers composed of fiber Bragg gratings has been reported by Morey et al.
[3.26]. They achieved a very high-finesse (> 600) for a FSR (free spectral range) of
about 10.6 GHz. Fabry-Pérot resonators composed of fiber Bragg gratings would allow
an all-fiber etalon without any pigtailing at relatively low-cost. The principle of a fiber
Bragg grating is similar to a dielectric mirror. The reflectivity is achieved by stacks of
N4 layers with two different refractive indexes. However, contrary to dielectric mirrors,
the refractive index modalation is very small in fiber Bragg gratings. Therefore, long
gratings are required to achieve high reflectivities. For that reason, fiber Bragg gratings
are more dispersive than dielectric mirrors. A resonator composed of Bragg gratings and
the standard Fabry-Péroi resonator may therefore exhibit different behavior.

Cladding ‘

—

| &

Figure 3.13: Intra-core fiber Bragg grating.
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Figure 3.13 shows an intra-core grating structure of length L. Assuming a sinusoidal
index modulation with a spatial period A, the refractive index along the grating is

n(z) = n + Ansin(2rz/Ag), 3.16)

where n, is the effective refractive index and An is the amplitude of the phase grating.
The maximal reflection occurs when the Bragg condition

Ak=%rf-—kk—-ks=0 3.17)

G
is fulfitled, where k, and kg are the wave numbers of the backward- and forward-
travelling waves, respectively. The wavelength A, at which the grating reflectivity is

maximal is therefore

Ag = 2n4Aq. (3.18)

For frequencies v different from v, = c/A, the phase mismatch Ak can be expressed as

Ak =2 v - ). (3.19)
C

The complex amplitudes R(z) and S(z) of the backward- and forward-traveling waves
can be derived from the well-known coupled-mode equations [3.27]

%(Zl = —iK(z)S(z)exp(—iAkz)
z

3.20
dS(z) . . (3:20)
—— = iK(z)R(z) exp(+iAkz)

dz
where x(z) is the coupling coefficient. We assume that the coupling occurs between
z=0 and z =L, so that x(z) vanishes elsewhere. Assuming that all the light intensity
is located in the fiber core, the coupling coefficient is given by [3.28]

_ TAn

K= , for 0<z<L. 3.21)
Ay

Using Eqgs. (3.20) and the boundary conditions S(0) = S, and R(L) = 0, we get for the
reflection coefficient of the complex amplitude

exp(kpL) — exp(-KpL) (3.22)
¥, exp(xpL) - ¥, exp(-KkpL) '
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where p = /1 - (Ak/2k)", 7, = —iAk/2 +Kkp and ¥, = ~iAk/2 - Kp.

The phase of the complex reflection coefficient is [3.29]

0, = arctan[% coth(KpL)]. (3.23)

The group delay t, is given by

do
th=—=, 3.24
=3 (3.24)

where ® = 21v. We can introduce a path length

Lg =ctp/ng (3.25)

in the grating which corresponds to the group delay t,,. This length L can therefore be
considered as the additional path traveled by the light in the grating due to the phase
dispersion. Using Egs. (3.23), (3.24) and (3.25), we get

L-2 e sinh(2kpL)
L, = 4 (3.26)
1- 4&2- cosh’(kpL)

as a function of the phase mismatch Ak. Assuming a Fabry-Pérot resonator composed of
two identical Bragg gratings, as shown in Fig. 3.14, the corresponding free spectral
range becomes then

C

FSR = ———«——,
2n(d+Lg)

(3.27)

where d is the cavity length between the two gratings. It is important to note that FSR
depends on the phase mismatch Ak. Therefore, the frequency separation between two
consecutive resonances will not remain constant over the bandwidth of the grating
because of the dispersion of the grating.

L d L
[ TR I YT 2] m—
Bragg grating 1 Bragg grating 2
Figure 3.14: Fiber Fabry-Pérot resonator composed of two Bragg gratings.

Experimental results were obtained by using a Fabry-Pérot resonator with Bragg
gratings commercially available from 3M. We measured a center wavelength of about
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787 nm, a bandwidth of about (.5 nm, corresponding to a frequency range of about 240
GHz, and a reflectivity of @bout 95% for both gratings. The cavity length between the
two reflectors was about 13 cm. Figure 3.15 shows the transmission of the resonator
which was measured by tuning the optical frequency of the laser diode. The measured
finesse was about F = 20.
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Figure 3.15: Measured transmission spectrum of the fiber Fabry-Pérot with

Bragg grating reflectors.
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Figure 3.16: Equivalent path length L, of the light in the grating for L = 700 pm
and An = 107,
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We estimated the grating length to be about L = 700 um and the index variation to be
about An = 8x10™, so that the calculated bandwidth and the maximal reflection match
the measured values. We computed then the equivalent path length in the grating as a
function of the frequency detuning v — v, using Eq. (3.26). The corresponding relative
variations of the free spectral range over 80 GHz were also calculated. Results are
shown in Fig. 3.16 and Fig. 3.17. The principle of the multiple-wavelength source
described above requires a relative variation of the free spectral range which is smaller
than 10” over a bandwidth of 75 GHz in order to achieve the reported accuracy. As
shown in Fig. 3.17, this condition is not fulfilled and therefore the resonator is not
suitable for the multiple-wavelength source described above.
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Figure 3.17: Relative variation of the free spectral range for L = 700 pm,

An=10%andd = 13 cm.

Experimental investigations were performed by using two laser diodes stabilized on two
consecutive resonances. Similarly to the concept described in Fig. 3.6, we measured the
corresponding beat frequency for three different values of (v — v), obtained by tuning
the laser frequencies over about 40 GHz. As shown in Fig. 3.18, the mean values of the
beat frequency measurements are different depending on the frequency detuning. The
maximal difference between measurements is about 0.6 MHz, corresponding to a
relative FSR variation of 7x10. The variations are therefore four times larger than the
values predicted by Fig. 3.17. However, we should take into account that the center
frequencies of the two Bragg gratings were not identical. A difference of abont 80 GHz
was measured. For one of the gratings, the detuning frequency (v — v,) was therefore
rather between 80 GHz to 120 GHz than between 0 GHz to 40 GHz during our
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measurements. As shown in Fig. 3.16, the path length variation in this frequency
detuning range is larger than at the center of the curve, which may explain the larger
FSR variations measured for our Fabry-Pérot resonator.

Lower dispersion values counld be obtained by vsing larger grating bandwidths. Large
bandwidths with high reflectivities could be achieved by manufacturing shorter gratings
with higher index variation An. Unfortunately, higher index variations are not easy to
achieve and therefore the reflectivity of shorter gratings may be smaller. As a result, the
finesse of the Fabry-Pérot may be too low to stabilize accurately the frequency of the
laser diodes. In addition, it should be noted that this analysis does not take into account
grating nonuniformities, which may occur due to saturation effects {3.26]. As a result,
the Bragg wavelength may vary along the grating. This may introduce a strong
additional dispersion, since one can define for each position along the grating a local
Bragg wavelength [3.30]. Therefore, resonators composed of fiber Bragg gratings are
unfortunately not good candidates as frequency reference for the stabilization and
calibration of synthetic wavelengths.
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Figure 3.18: Beat frequency measurements for different frequency detuning

(v — V), obtained by tuning the laser frequencies over abont 40
GHz.
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3.5.2 Fiber Fabry-Pérot resonator with dielectric mirrors

Fiber optic Fabry-Pérot resonators are also fabricated by depositing directly two highly
reflective multilayer mirrors onto each end of an optical fiber. A fiber Fabry-Pérot
scanning interferometer is shown in Fig. 3.19. This device is commercially available
from Micron Optics, Inc. Since the fiber is birefringent, a polarization controller should
be used to match the input light with one of the two polarization eigenmodes of the
resonator.

)

Polarization
controller

Figure 3.19: Fiber Fabry-Pérot etalon composed of highly reflective mirrors
(Micron Optics, Inc).

The piezo-electric transducer allows to scan the length of the Fabry-Pérot cavity by
axially straining a short section of the fiber. In addition, it enables to lock the Fabry-
Pérot etalon to a stabilized reference laser if necessary. This may be of interest for
applications which require absolute stabilization of the lasers. Strong thermal variations
of the fiber are compensated in this way. However, this function was not used in our
experiment, since the real-time calibration of the source by electronic beat frequency
measurements (see chapter 3.3) allows to take into account these slow thermal
variations. In addition, the thermal expansion of the silica fiber is low (about 6x10°°
rC).

The length of the Fabry-Pérot cavity is about 15 cm, corresponding to a free spectral
range FSR of 700 MHz. A finesse of 200 was specified by the manufacturer,
corresponding to a resonance width of about 3.5 MHz. The fiber resonator was first
tested by vsing a DBR diode laser (SDL5722) as light source. Figure 3.20 shows the
transmission obtained by scanning the fiber Fabry-Pérot length by means of the piezo
transducer. The resonance width is slightly broadened because of the linewidth of the
laser which is about 2.5 MHz. Indeed, we measured a width of 6+1 MHz,
corresponding to the sum of the Fabry-Pérot resonance width and the laser linewidth.
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The resonances which are due to the orthogonal polarization eigenmode have been
substantially decreased by optimizing the polarization controller.

S ]
= ‘
g
:
=

i 1

Cavity length [a.u.]
Figure 3.20: Measured transmission of the scanning Fabry-Pérot interferometer.

Two DBR diode lasers and the fiber Fabry-Pérot etalon were used to realize a two-
wavelength source with calibration by beat-frequency measurements which is similar to
the source shown in Fig. 3.6. During the calibration procedure, both diode lasers are
stabilized with a frequency difference of two resonances, as described in Fig. 3.21.

70 GHz
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N \
l L1 N,
\2 V2 V2
Figure 3.21: Two-wavelength source stabilized on a fiber Fabry-Pérot etalon.

The beat-frequency v, — v, was measured by means of a high-speed photodetector
(Newport AD-300AC) and a frequency counter (HP 53131A). Results are shown in
Fig. 3.22 for an integration time of 10 s. The frequency difference Av,, is therefore
calibrated with an accuracy of &v,,/v,, = 5x10-6, Note that the beat frequency remained
stable over more than 20 minutes, showing a high stability of the resonator length.

After the calibration procedure, the second diode laser can be tuned from v, to v', over
N resonances, as shown in Fig. 3.21. A larger frequency difference is generated in this
way, corresponding to a smaller synthetic wavelength. The synthetic wavelength can be
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chosen anywhere within the tuning range of the DBR laser diode, which is about 600
GHz, by selecting the number N of resonances of the Fabry-Pérot counted while tuning
the laser diode from v, to v',. In our experiment, we tuned the frequency over 98
resonances in order to generate a frequency difference of 70 GHz, corresponding to a
synthetic wavelength of 4.3 mm. The same calibration accuracy is expected for
v,~V,, since the cavity length should remain stable during the tuning time (a few
seconds). However, the calibration procedure should be repeated every twenty minutes
to overcome the problem of ambient temperature variations. This concept allows to use
two diode lasers instead of the three lasers described in chapter 3.3, and therefore the
cost of the system will be reduced.
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Figure 3.22: Beat frequency measurements for an integration time of 10 s.

3.6 Conclusions

Highly accurate distance measurements by MWI require sources with a high stability as
well as a highly accurate calibration. In this chapter, a new concept of multiple-
wavelength source has been presented which consists of three diode lasers stabilized on
a common Fabry-Pérot etalon. Fast and accurate calibration of the synthetic wavelength
is achieved by beat-frequency measurement. An accuracy better than 10 has been
obtained.

The performance of the source was substantially improved by using high-power DBR
diode lasers. Their wide mode-hop free tunability allows to choose the most appropriate
synthetic wavelength with a great flexibility between 0.5 mm and a few 10 cm,
depending on the number of Fabry-Pérot resonances between both frequencies.
Furthermore, the coherence length of the DBR lasers is 40 m instead of the 10 m for the
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initially used low power laser diodes. In addition, the higher power of the source (> 100
mW) is of advantage for the measurement on scattering surface's.

A more compact source is a key element for industrial applications. For that purpose we
demonstrated that a fiber-optic frequency reference can be used instead of a bulky
confocal Fabry-Pérot etalon. The potential of miniaturization of the muitiple-wavelength

source is thus increased.

As a final result, we demonstrated that a compact and powerful multiple-wavelength

source can be achieved with modern technologies.
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Chapter 4

Heterodyne techniques for
multiple-wavelength interferometry

Application of heterodyne detection to multiple-wavelength interferometry can produce
signals which are directly sensitive to the synthetic wavelength. This is a considerable
advantage, since the interferometric stability at the optical wavelength is not any more
required. The basic concepts of this detection technique have already been discussed in
chapter 2.4.

In this chapter, applications of this detection technique to multiple-wavelength
interferometry will be considered in detail. In the first section, the optical set-up
previously used for superheterodyne detection will be presented [4.1, 4.2], since we
used a similar heterodyne technique in this work.

The different optical set-ups which were used in this work will then be described.
Results obtained on cooperative targets (retroreflector, mirror) by means of the different
techniques will also be presented.

Specially, we will emphasize in this chapter the two dimensional measurements with
modern CCD technologies, for the application of multiple-wavelength interferometry to
non-cooperative targets (rough surfaces).

4.1 Superheterodyne detection

Superheterodyne detection, introduced by Dindliker et al. [4.1, 4.2], enables high-
resolution measurements at arbitrary synthetic wavelengths A without the need for
interferometric stability at the optical wavelengths A, and A, or separation of these
wavelengths optically.

Figure 4.1 shows a typical set-up of a two-wavelength interferometer with
superheterodyne detection. Each source is followed by a device which creates two
orthogonal polarizations of slightly different frequencies. These frequency differences
can be produced by acousto-optical modulators and are typically f, = 40.0 MHz and f, =
40.1 MHz. Both sources are then used to illuminate a polarizing Michelson-type
interferometer. Two photodetectors behind appropriate polarizers produce reference and
interferometer signals I (t) and 1(t) of the form
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I(t) = A, + A, cos(2nf, L + A9, ) + A, cos(2mE,L + A, ), 4.1)

where A¢, = 4nL/A, and Aﬁ)z = 4znL/\,. Both signals are fed fo a quadratic detector to
access directly to the phase difference A¢, — A, = 4nL/A. Indeed, by performing an
amplitude demodulation (rectification and low-pass filtering) one gets a signal of
frequency f, —f, and phase A¢, — Ad, (see Eq. (2.32)). The phase difference between
the two amplitude-demodulated signals is then measured by means of a phasemeter in
order 1o obtain A, — A¢,.

/

AOM
PBS Ir(t) Is(t)
| M I 0 [ [
Fr Ipr
fy BS PBS -
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Figure 4.1: Two-wavelength superheterodyne interferometer set-up. P:

polarizers; BS:beam splitters; PBS: polarizing beam splitters; A/4:
quarter-wave plate; AOM: acousto-optical modulators.
Successful application of superheterodyne detection has been reported for multiple-
wavelength interferometry with different types of sources, namely two detuned single
frequency Ar lasers (A = 60 mm) [4.1], diode laser and acousto-optic modulator for a
500 MHz frequency shift (A = 0.6 m) [4.3, 4.4], two-wavelength HeNe laser
* (A =55.5um) [4.5], tunable Nd:YAG lasers (A > 6 mm) [4.6, 4.7, 4.8].

4.2 Three-wavelength heterodyne interferometer

As already discussed in chapter 2.4, simpler detection methods, which do not need
separate modulation of the two wavelengths, might be of interest. In this work, a three-
wavelength interferometer based on this simpler detection technique was realized for
absolute distance measurements ap fo 200 mm [4.9].

The set-up of the three-wavelength heterodyne interferometer is shown in Fig. 4.2. As
light source, we used the calibrated multiple-wavelength source described in chapter 3.3.

Targel
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The source is then followed by a device which creates two orthogonal polarizations of
slightly different frequencies. This frequency difference is produced by two acousto-
optic modulators operating at F; =40.0 MHz and F,=40.1 MHz. A polarizing
beam splitter directs the optical frequencies v, + F, (i = 1...3) toward a reference
mirror, while the optical frequencies v, + F, go to the target. Contrary to
superheterodyne detection, the heterodyne frequency, given by
AF = F, —F, =100 kHz, is therefore the same for both wavelengths. The output of the
interferometer is then detected by a photodiode followed by a lock-in amplifier in order
to determine the modulation power P, of the interference signal (see Eq. (2.34)).
Techniques similar to those used for phase interpolation in interferometry can now be
applied in order to get the phase of the synthetic wavelength. For this purpose, we
moved the reference mirror in steps of A/8 to get five 90° phase steps.

i F1 =40 MH
3)-source - frequency shifter =40 MHz
V1, V2, V3 module Fpy =40.1 MHz
v vi+Fj |vi+F2
frequency
counter o | =
V21 =V2 —-Vi y ‘
resonances
counter | N
Lock-in
amp. |
phase
measurement
Figure 4.2: Three-wavelength heterodyne interferometer.

From the corresponding measured values of modulation power P; G = 1..5) the
synthetic phase is calculated with the so-called 5-frame error-compensating algorithm
[4.10], i.e.

(4.2)

Ao = [(MJ

P, +P, - 2P,
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This algorithm has the advantage of being simple and having a large tolerance to
miscalibration of the phase shift. Indeed, for a linear phase shift error of 10% the
residual phase error was estimated to less than 2x/500. In addition, the algorithm is not
sensitive to detector non-linearities [4.10].

Assuming a fringe interpolation of at least 2/200 for the synthetic wavelength, it would
be possible with the three-wavelength source described in chapter 3.3 1o measure
distances without ambiguity within 200 mm (A,, = 400 mm) and with a resolution of
10 pm (A;, =4 mm). The technique consists of two successive two-wavelength
interferometric measurements, the first one using v, and v, and the second one using v,
and v, to illuminate simultaneously the Michelson-type interferometer. The
corresponding  synthetic wavelengths are A, =4mm and A,, =4.04 mm,
respectively. For an interferometric path difference L, the phases Ad, and A¢,,,
obtained by moving the reference mirror in steps of A, /8 = 0.5 mm, are given by

4n 4n
Ad,y, = TL and AQ,, = A_L’ 4.3)

31 32

The phase difference A¢,, = Ad,, — Ad;, can then be calculated and is related to the
path difference L by

4r
Ad,, =—L, 4.4)
21 /\z,
which is now sensitive to the synthetic wavelength A,, = 400 mm. Assuming that the
resolution of A¢,, is better than 27t/200, this phase measurement can be used to evalnate
the fringe order M of the synthetic wavelength A; without ambiguity, using the
algorithm

1
M= Round{E(NA(bZ, - A¢,,)}, 4.5)

where N = 100 is the number of resonances of the Fabry-Pérot between v, and v,, and
Round(x) denotes the function which retums the closest integer to x. The path difference
L can then be calculated by

L= (M N ﬂ’ﬂ)h (4.6)
2n 2
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The multiple-wavelength source allows to calibrate accurately the frequency difference
v,—V,, as already explained in chapter 3.3. The refractive index of air was estimated
from the atmospheric conditions [4.11].

We checked the resolution of the setup by measuring distances over a range of 2 mm,
corresponding to a displacement of A, /2. Once again, we used the HP-laser
interferometer as a reference. The measuring time was 500 ms (5x100 ms, using a five-
phase stepping algorithm). For each distance, the measurement was repeated 10 times,
yielding a repeatability of the order of 8 pm, which corresponds to a phase accuracy of
approximately 27/250. We measured then the phase A¢,, as described above over a
range of 200 mm. The standard deviation 3(Ad,,) was about 21/400, which is better
than expected for independent measurements of 8(A¢,,) and 8(A0,,). After fringe order
estimation, the distance was determined using Eq. (4.6). The lower trace of Fig. 4.3
reports the multiple-wavelength interferometry (MWI) results versus the HP-
interferometer, whereas the npper graph shows the corresponding deviation of the MWI
mean value from the reference value given by the HP-interferometer. The standard
deviation is about 9 um.
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Figure 4.3: Absolute distance measurements over 200 mm.
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4.3 Two-dimensional measurements

In the previous sections, we showed the advantage of heterodyne detection applied to
multiple-wavelength interferometry. However, this technique requires synchronous
detection of the heterodyne signal, which is not compatible with standard CCD. In view
of the application of multiple-wavelength interferometry to non-cooperative targets
(rough surfaces), a new type of CCD image sensor for two-dimensional synchronous
detection at the heterodyne frequency was proposed and developed [4.12].

The so-called lock-in CCD is based on photocharge detection and storage. For each
pixel, modulated light is detected with four or more samples per period. The
corresponding photo-charges are stored at different locations (buckets). The samples are
then read out by charge transfer. Amplitude, phase or power of the modulation (beat
frequency) can then be determined for each pixel.

Improved versions of lock-in CCD have recently been developed at CSEM Ziirich
[4.13]. The schematic layout of one pixel is shown in Fig. 4.4. During the integrating
and storing cycle, the photo-generated electrons are collected under the photo-gate. The
charge packet is then transferred into an adjacent CCD shift register (¢—¢,) for
successive detection of samples. After the integration of the desired number of samples,
the charge packets are transferred in parallel into the read-out CCD shift register (¢,~0,)
using the transfer gate (TG). The cycle of integrating and storing can be repeated over
many periods, which allows to detect even low intensity signals. After an arbitrary
number of demodulation cycles, the resulting charge packets are read-out sequentially. A
test chip (FS21) was first fabricated with a standard CMOS process. Three different
pixel layouts were designed on the chip, which allows to detect the modulated light with
8, 12 or 16 samples.

L

o4 03 ¢2 1

A\

oo Oc O 0a

Figure 4.4: Recent version of lock-in CCD (CSEM Ziirich). Schematic layout of
one pixel.
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The lock-in CCD can be used in multiple-wavelength heterodyne interferometry to detect
the modulation power of the interference signal. For N samples per modulation period,
the modulation power can be computed using the relation

Bt fprets]

ac N 4.7

where I, are the measured samples. Figure 4.5 shows the CCD read-out signal obtained
by focusing the heterodyne interference signal onto a pixel which allows to detect up to

12 samples.
o] ;
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Figure 4.5: CCD read-out signal for a heterodyne interference signal focused
onto one pixel.
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Figure 4.6: Layout of the two-dimensional lock-in CCD.
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Two-dimensional array with 5x12 pixels has been designed and fabricated recently
(CSEM Ziirich: chip FS38). The layout is shown in Fig. 4.6. Each pixel allows to
detect up to 8 samples per modulation period. The fill-factor is of about 0.7 %. This
device has been used for measurements on non-cooperative targets, in order to improve
the detection probability of speckles (see chapter 5).

4.4 Heterodyne frequency generation with movable reference mirror

A simpler method for heterodyne frequency generation was developed during the present
work to avoid the expensive acousto-optical modulators {4.9]. If the reference mirror of
a one-wavelength interferometer is moved at constant velocity v, the interferometric
signal I(L+v't) (Eq. (2.14)) takes the form, for a refractive index n = 1,

KL+v)=1+1,+211, cos(Zn%HkL). 4.8)

A heterodyne frequency 2v/A is therefore produced by this way. It can be interpreted as
the Doppler frequency shift due to the velocity of the reference mirror. If the mirror
moves at constant speed over half the synthetic wavelength, the heterodyne frequency is
generated and the phase-shifting at the synthetic wavelength is provided at the same-
time.

The optical set-up which was used to test this technique is depicted in Fig. 4.7. We used
a moving retroreflector on a magnetic translator (loud-speaker) to provide the phase
shifting at the synthetic wavelength and to generate the frequency shift for the
heterodyne detection. This retroreflector moves at nearly constant speed of about 20
mm/s over a distance of about 3 mm, which produces a heterodyne frequency of 2v/A =
50 kHz. A reference interference signal is detected at the output of the interferometer by
means of a photodiode. After ac coupling, the reference signal is fed to a limiter
amplifier in order to obtain a TTL signal of frequency f = 2v/A. This reference TTL
signal is then used by the CCD driver to generate synchronously the appropriate
clocking signals for the lock-in CCD. A phase-locked loop system allows to operate the
lock-in CCD synchronously even with changing heterodyne frequencies. On the other
hand, the phase-shifting is controlled accurately by counting the number of periods of
the reference signal, since one period corresponds to a reference displacement of A/2,
where A is the optical wavelength.

Preliminary results were obtained by using a cooperative target (retroreflector) and one
pixel of the lock-in CCD test chip (FS31), which allows to detect 12 samples per
modulation period. The power of the modulated signal was computed from the CCD
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output. The phase of the synthetic wavelength A,, was measured over a length L of
4 mm. Results are shown in Fig. 4.8. The charge was collected over 10 modulation
periods (0.2 ms) for 5 quadrature positions (0.5 mm) of the reference retroreflector. The
standard deviation of the error between the MWI and the HP-interferometer is about
4 um, which corresponds to a phase resolution of 2m/500. This resolution is good
enough to perform absolute distance measurements over 200 mm with the reported
‘three-wavelength source.

Detection —
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frequency f i
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TTL signal l clock
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t |
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Figure 4.7: Multiple-wavelength interferometer using a movable retroreflector on

a magnetic translator to produce simultaneously the heterodyne
frequency and the phase shifting at the synthetic wavelength.
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Figure 4.8: Distance measurements over a range of 4 mm, using a lock-in CCD
detector (HP-interferometer as reference).

4.5 Noise consideration

As already mentioned, heterodyne detection allows to perform shot noise limited
detection, even for low power in the measuring arm. This is of a great importance for
measurements on diffusing surfaces, where the power of the returning light may be very
low. The aim of this section is to determine the minimal optical power in the measuring
arm which can be detected by the lock-in CCD, taking into account its noise level.

4.5.1 Lock-in CCD sensitivity

Figure 4.9 shows the two-stage source follower which is used in the lock-in CCD. The
first part of the output stage is devoted to convert the photocharge into a voltage. The
conversion factor is given by the inverse of the total effective input capacitance C

sense’

The sensitivity, in terms of voltage/photon is given by

Spp =1, (4.9)

where 1 is the quantum efficiency of the photodetector. The lock-in CCD was tested by
comparison with a calibrated detector. For a wavelength of 850 nm, we measured a
sensitivity of the lock-in CCD (FS38) of about S, = 0.78 pV/photon. The saturation
level is of about 10° photons.
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Charges are accumulated while the pixel is active. The CCD sensor measures therefore
the number of photons which arrive onto the sensor during the integration time T. For an
average number of 1t photons, the ontput voltage becomes

V =1S,;. : (4.10)

The corresponding electrical power of the signal is given by

2 =2 2
A

$ R R
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Figure 4.9: Schematic diagram of the output stage of the lock-in CCD.

4.5.2 Noise in photodetection.

Several sources of noise are inherent in the process of photon detection. They can be
classified in two categories, namely, (i) shot noise and (ii) electronic noise.

The shot noise is a fundamental limitation, which is due to the random fluctuations of the
photons which arrive onto the detector [4.14]. The shot noise is conveniently described
by Poisson statistics. The variance of the fluctmating number of photo-electrons is
therefore given by

o2 =1, 4.12)

where 7, is the mean number of detected photo-electrons. The corresponding number
of photons is
n
o= (4.13)
n
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where 1) is the quantum efficiency of the photodetector. The voltage fluctuations due to
the shot noise are

2 —

c, n
(av?) | = FSV,J = Esv;. (4.14)
Using Eq. (4.11) and (4.14), the electrical power corresponding to the shot noise
becomes
2 —
(AV >SN NS,

P, =~ —fSN _ _MVP 4.15
SN R R 4.15)

The electrical power of the shot noise is therefore proportional to the mean number of
photons which arrive onto the detector during the observation time.

On the other hand, the detection is often limited by noise in the electronic circuit of the
detector. The main source is the thermal or Johnson noise caused by the fluctuations of
the thermal radiation in resistive electrical materials. The expected variance of the current
across a resistor with resistance R at temperature T, is given by [4.14]

(6) =4k, TB/R, (4.16)

where kg is the Boltzmann constant and B is the detection bandwidth.

In the detection circunit of Fig. 4.9, mainly three noise sources have to be considered
[4.15]: (i) Johnson noise in the channel of the MOS-FET transistor, (ii) Johnson noise
of the reset switch, and (iii) 1/f noise in the channel of the MOS-FET. We will consider
here the number of photons corresponding to the electrical power Py, of the electronic
noise, namely

VPenR 4.17)

n
EN Sv]>

In our case, we measured an equivalent number of photons of about 690 for the lock-in

CCD (FS38).

4.5.3 Signal-to-noise ratio for heterodyne detection

In the case of heterodyne detection, only the ac part of the interference signal is of
interest. From Eq. (2.29) we find that the ac part of the optical power is of the form

(Pop,)ac =2.[P_ P cos(2mft + ), (4.18)

opt.r” opt.m
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where P, . and P, are the optical power of the measuring and reference waves,
respectively. For each sample, the modulated light is integrated over a time AT within
the modulation period and stored at a specific location (bucket). The cycle of integrating
and storing is repeated over N periods. The effective integration time is therefore T =
N x AT. Assuming that AT is small compared with the modulation period, the ac part of

the number of photons which arrive onto the pixels during the observation time is

P, T
(n), = “1“1—) =2./n,n_, cos(2nft + ¢), (4.19)
\Y
where n, and n_ are the number of photons in the measuring and reference arms,
respectively. Using Eq. (4.11), the corresponding averaged electrical power is
(m2)

nn,
P, =S, =28y . (4.20)

Using Eqgs. (4.15), (4.17) and (4.20), the signal-to-noise ratio becomes

SNR.—:_R*—Cz_.__Z_nﬂ'nf—_ (4.21)
PSN"’.PEN (nr+nm)+n 2
EN
Ul

The optical power of the reference wave can be increased until the shot noise Pgy
dominates the electronic noise Pgy. Using Eqs. (4.15) and (4.17) and assuming that n,

>> n,,, the minimal number of photons at which Py, = Py is given by
R
(nr)min = n_ZPEN = nnENZ' (4.22)
SVP

As already mentioned, we measured a noise floor ng, of about 690 photons. A typical
value for the quantum efficiency 1 is about 0.6. The required number of photons in the
reference arm for a shot noise limited detection is therefore of
(n,),in = 0.6 x690% = 285 700, corresponding to the quarter of the saturation level
(about 10°). For an effective integration time T, the corresponding minimal optical
power is then

(Pos) = (n,)mET‘i, (4.23)

where v is the optical frequency. In the reported experiments the effective integration
time for each sample was T = 0.625 ms. For wavelengths around 800 nm, the minimal
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power of the reference beam is therefore about 110 pW per pixel, corresponding to an
optical intensity of 0.4 uW/mm® on the detector (Fig. 4.6: pixel size
17 pm x 17 pm).

The noise of the detected signal will introduce phase fluctuations, which can be
explained by considering the phasor representation of a noisy component on a harmonic
signal. Therefore, the signal-to-noise ratio should be high enough to ensure a good
synthetic phase interpolation. The phase noise for a given SNR is found to be [4.16]

1
o = . 4.24
*= PR @29
From Eq. (4.24), we see that a signal-to-noise ratio of about 1000 is required to get a
phase interpolation of 21t/200. Using Egs. (4.20) and (4.21) the required number n,, of

photons in the measuring arm to get a certain SNR is found to be

=R (P +Py)SNR. (4.25)

n
m 2
2SVP nr

In the case of the shot noise limited detection, i.e. Py, = Pg and n, = (n),,, from Eq.
(4.22), the required number of photons in the measuring arm becomes
_ SNR

m »

n

(4.26)

n

which is consistent with the fact that for shot noise limited detection the signal-to-noise
ratio is equal to the mean number of photo-electrons due to the signal {4.14].

Assuming a quantum efficiency of 0.6, we see that 1670 photons should arrive from the
measuring arm onto each pixel to obtain a signal-to-noise ratio of 1000. We note that this
is true only if the optical power of the reference beam allows a shot noise limited
detection. For an integration time of 0.625 ms and a wavelength of 850 nm, we find an

optical power P_, . = 650 fW per pixel, corresponding to an intensity of 2.2 nW/mm?’.

opt.m
For a perfect maich of the measuring and reference waves, the corresponding

modulation depth m of the interference signal is given by
m=2\nn_/(n, +n,). (4.27)

For n, = 1670 and n, = 285'700, the corresponding modulation depth is of about
15 %.
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4.5.4 Variations of sensitivity between samples

In practice, low interference contrast may be difficnlt to detect with the lock-in CCD due
to the variations of sensitivity between the 8 samples per pixel. These variations result
from incomplete charge transport and local potential barriers [4.13]. Measnrements of
the 8 samples of one pixel have been performed by exposing the sensor to a constant
light source. As shown in Fig. 4.10, the maximal relative deviation between samples is
abont 2%. Correct measurements at low interference contrasts are therefore difficult to
obtain.

Numerical simulations showed that a modulation depth of 25% is required to obtain a
phase resolution of 2m/200. For 285'700 photons in the reference arm (shot noise
limited detection) the required number of photons in the measuring arm should be about
9000, following Eq. (4.27). For an integration time of 0.625 ms and wavelengths
aronnd 800 nm, we get an optical power of 3.5 pW per pixel, instead of 650 fW for
perfectly uniform samples.

However, this problem could be solved by taking into account these variations of
sensitivity in the phase calculation. The effective sensitivity of the 8 samples have
therefore to be calibrated in order to nse the lock-in CCD at its nltimate performance.

1.05

1.00

0.95

0.90

Ouput voltage [V]

0.85

Intensity [a.u]

Figure 4.10: Samples of one pixel, obtained by exposing the sensor to a source of
constant power.
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Chapter 5

Distance measurements on
non-cooperative targets by MWI

Applications of interferometry to non-cooperative targets (rongh surfaces) give rise to
two major problems: (i) The low coherent power which returns to the sensor due to the
scattered light and (ii) the randomly distributed intensity and phase of the reflected light
due to the speckle effect. The first problem can be overcome by using high-power
sources, as already mentioned in chapter 3 or by using longer integration time. The
problem of the speckle effect is partially overcome in multiple-wavelength
interferometry, since the diffusely scattering target looks like a reflecting surface at the
synthetic wavelength, at least from the point of view of the synthetic phase [5.1].
Nevertheless, the problem of the randomly distributed intensity remains. To improve the
probability of detection by averaging, two-dimensional measurement is of a great interest
[5.2].

The first section is concerned with the theoretical background of multiple-wavelength
speckle interferometry. The statistical properties of a speckle pattern have been fully
investigated by Goodmann {5.3], and are summarized in the beginning of this section.
Then, the incoherent superposition of two correlated speckle patterns will be considered,
in order to explain how the rough target is "reflecting” at the synthetic wavelength.
Finally, we will investigate in detail how the probability of detection can be improved by
thresholding and averaging. In the second section, a new multiple-wavelength
interferometer will be presented, which allows to improve substantially the probability of
detection, by means of heterodyne technique and the lock-in CCD presented in chapter
4.3. Finally, the light scattering on rough target will be considered, in order to estimate
the optical power which returns to the sensor.

5.1 Statistical properties of speckle pattern

When quasi-monochromatic light is reflected on a rough surface, the resulting light
observed at any observation point consists of many superposed wavelets, each arising
from a different microscopic element of the surface, as shown in Fig. 5.1. For a
roughness larger than the optical wavelength of the light, the optical paths of each
wavelet may differ by several wavelengths. lInterference between these coherent
wavelets results in the granular pattern of intensity, which is known as speckle [5.3].
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Speckle patterns appear in free-space propagation and in imaging systems.

(X0 Yo)

x,y) *

P(x,y,2)

Vo(Xes¥o0) Incident

light

Figure 5.1: Light scattering on a rough surface.
5.1.1 First-order statistics
5.1.1.1 Statistics of a polarized speckle pattern.

We assume in this section that the rough object is illuminated by a monochromatic
source and that the speckle pattem is perfectly polarized. As shown in Fig. 5.1, the
complex amplitude of the resulting wave observed at the point P(x,y,z) consists of a
multitude of dephased contributions from different microscopic "grains” of the rough
surface. Thus the amplitude is represented as a sum of many phasor elements, namely

N
1
A(x,y,2) =) —-a,(X,y,2) (5.1)
LR oy
where
a,=la,(x,y,2) €. (5.2)

In the following analysis, the following assumptions are made:

(i) The amplitudes ak/ vN and phases ¢, of the kth phasor elements are statistically
independent from each other.

(ii) The phases ¢, are uniformly distributed on the interval [-, 7). This condition is
fulfilled when the ronghness of the surface is larger than the optical wavelength.

Thus, the amplitude of the sum of the phasor elements A(x,y,z) follows a random walk
process in the complex plane, as illustrated in Fig. 5.2.

One gets the following properties for the real and imaginary part of the resultant field,
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< Re[A(x,y,z)]> = < Im[A(x,y,z)]> =0,

< Re? [A(x,y,2)] > = < Im? [A(x,y,z)] > and o
< Re[A(x,y,2)} Im[A(x,y,2)]> =0 (5.3)
Im(A)
Resulting
vector
’ Re(A)

A

Figure 5.2: Amplitude of the phasor sum in the complex plane.

Assuming a large number N of phasor elements, it follows from the central limit theorem
of statistics, that the joint probability density function of the real and imaginary part of
the resulting field approaches asymptotically the circular Gaussian density function

1 Re’[A]+ Imi[A
p(Re[A],Im[A]) = zexp{— [Al+]m ] ]}, (5.4)
216 26
with
N 2 >
o = fim L3 Sl (5.5)

Noe N =t 2

The joint probability density function of the intensity 1 and phase ¢, can be obtained by
performing the change of variables I = Re*[AJ+Im?*(A] and ¢ = tan'(Im[A)/Re[A]). The
marginal probability density functions of the intensity or the phase alone are obtained by
integrating over all possible phase or intensity values, respectively. One gets [5.3]

1 I
p() = 2—62exp(——2;-2~), 120, and (5.6)

p(d)=1/2n T<d<T (5.7)
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The probability density function of Eq. (5.6) indicates that the most probable intensity in
a speckle pattern is zero. It can also be shown from Eq. (5.6), that the mean and the
variance of the intensity are

(I) = 26* and (AI’) = (1)’ (5.8)

5.1.1.2 Incoherent superposition of non-correlated speckle patterns.

In many cases, the measured intensity at an observation point consists of the sum of
several speckle patterns. We will here consider the incoherent superposition of K non-
correlated speckle patterns, of equal mean intensity, namely

=31 i 1)
L= 2T, with (1,) = - 5.9)

In order to derive the probability density function (pdf) of the intensity I, we will
consider the characteristic function of the individual speckle pattern, defined by the
Fourier transform

MG =(e™) = Te“'lpaj)dxj. (5.10)

—o0

<I>p(I)

i i 1
1.0 1.5 2.0
I<I>
Figure 5.3: Probability density function of the intensity for different number of

superposed statistically independent (non-correlated) speckle
patterns M.

The Fourier transform, and thus the characteristic function of the negative exponential
pdf is
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]

M= 1-ig(1,) /K’

(5.1D)

In the case of statistically independent intensities I, the characteristic function of the total
intensity I is found to be

K 1 K

M@= (e =T(e®") =| ———1 . 5.12
©=()=TI(") TSI /K (5-12)

]

which is the product of the individual characteristic functions M(§). By performing an
inverse Fourier transform, we find the probability density function [5.3]

K**! ( KI ) 4
= exp| — . 5.13

S T LS UPT T .13
Figure 5.3 shows the probability density function for different values of K. We note that
for K= 1 we find Eq. (5.6), and for a very large number of speckle patterns, the pdf
approaches a Dirac function at <I>.

5.1.1.3 Superposition of partially correlated speckle patterns.

So far, we only considered the sum of statistically independent speckle patterns. In
many cases, especially in two-wavelength interferometry, two superposed beams
coming from independent lasers are used to illuminate a rough target. The superposition
is incoherent since the phase fluctuations of the laser are statistically independent.
However, if the two beams illuminate the same area of the surface, the speckle pattern
may be correlated. This case is important for two-wavelength interferometry.

Consider the complex amplitudes A, and A, of the two speckle patterns. The complex
degree of correlation A, and A, is defined as

(AA})

R T
VIaflaq

To specify the joint pdf of A, and A,, we have to consider the fourth-order joint
probability density function of the real valued variables Re(A,), Im(A)), Re(A,) and
Im(A,). Due to the circular complex Gaussian statistics of A, and A,, it can be shown
|5.3] that the joint pdf becomes

(5.14)

_|A1]2 +|A112 —HAlA; _“hA:A

e 21.(5.15)
anto*(1-[u") 262 (1-|u/) (

P(A LA AL AY) =
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1t has been assumed in Eq. (5.15) that <IA I>> = <|A,I>> = 267 Using the appropriate
transformation of variables, we get the joint pdf of the intensities and the phases

] _Il+Iz_2wllllzll-‘«|cos(¢|‘¢2+W)
16726 (1= ) 26°0 -

p(1,,1,,9,.0,) = :|, (5.16)

where W is the phase of the complex degree of correlation |, To find the joint pdf of I,
and 1,, we have to integrate over ¢, and ¢, and find

p(1,L) = —— J( 2L ]exp{— L], } (5.17)

@Pa-fH) "\ <1>a-uf) (10 = [

where J; ts the modified Bessel function of the first kind, zero order. It is easily seen
from Eq. (5.17) that for iu| = 0, which means statistically independent (non-correlated)
intensities, p(1,,1,) = p(I,)p(l,), as expected. For completely correlated (identical)
speckle patterns (Ip| = 1), we find p(1,,1,) = p(1,)8(L,-1,).

Phase ¢ {rad]

Figure 5.4: Probability density function p(¢) of the phase ¢ = ¢, — ¢, + v for
different correlation factors ipl.

For two-wavelength interferometry, the joint pdf of the phases is of interest. It is

obtained by integrating Eq. (5.16) over the intensities I, and I,. It can be shown [5.4]

that

l" ? .ot 2
P(¢|’¢z)=;2(T_IBﬁI_25W(ﬁsm B+52E+\/1—B ) (5.18)
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where B = |1jcos(d, — ¢, +y). Introducing the new variable ¢ = ¢, — ¢, + W and
integrating the joint pdf p(¢,,9) over the uniformly distributed phase ¢,, we obtain for
the marginal pdf of ¢ alone

~ |’

p(®) = 7
2n(l ~uf* cos? ¢)3 ’

nju|cosd .
2

(|u|cos¢sin" (Ilcoso) + 1~ |uf cos? ¢).

(5.19)

Figure 5.4 shows the pdf of ¢ for different values of Iu|. As the correlation factor
increases, the pdf becomes more concentrated about small values of ¢, indicating that the
phase differences ¢, — ¢, are closer to y. Finally, using the pdf of ¢, it can be shown
[5.5] that the variance of ¢ is given by

- 2n

2
- . 1
c,’ =%—nsm e+ (sin ™)’ —Ezhln—z (5.20)

n=)

5.1.2 Second-order statistics of speckle pattern

The first order statistics of speckle pattern do not take into account the statistical shape
and size of the speckles. From the autocorrelation function of the intensity of the speckle
pattern, we can deduce the geometrical shape of the speckles. Specially, the coherence
length of the intensity will determine the average speckle size. The size may differ
depending on the optics between the rough surface and the observation plane. In this
section we will treat two cases: (i) speckle formation in free-space propagation and (ii)
speckle formation in imaging system.

5.1.2.1 Free-space propagation

We will consider here the free-space propagation described by Fig. 5.1. The incident
light is assumed to have in the surface plane (x,.y,,) a complex amplitude V (x,,y,). The
light scattered by the rough object in the plane (x,,y,) is given by

V(x0,¥0) = Vo(X0:¥0) P(X0:¥0)s (5.21)

where P(Xq,Y0) = a(Xq,Yo)expli@(Xo,Yo)} is the complex factor of random amplitude
and phase introduced by the roughness of the surface.

In order to calculate the complex amplitude A(x,y,z) of the field in the plane (x,y), we
have to consider the propagation of the wave field. Using Fresnel diffraction, we get for
the complex amplitude
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A(x,2) = E’_‘%Z_) [ax, V(xo)exp{i%(xo - x)2}, (5.22)

where the two-dimensional vectors X = (X,y) and X, = (X,,Y) have been introduced.
The antocorrelation function R (Ax) of the intensity for Gaussian circolar pdf is given by

[5.3]

R,(Ax) = (I(x + AX)I(x)) = (1)’(1 +|uA(Ax)|2), (5.23)

where

_ <A(x+Ax)A'(x) >

Ha(A%) = 2 2
JAG+ aP|AR)

(5.24)

is the complex degree of comelation of A(x). Using Eq. (5.22), the autocorrelation
function of the complex amplitude becomes

. 1 . T
(Ax+Ax)A’(x)) = Wexp{—lex(Zx + Ax)}

X j d’x d*x), < V(x,)V'(x5) > exp{i%(xoz - x;f)}
z
.27 ,
xexp{—lk—[xo(x +Ax) - xox]}. (5.25)
z
In order to further simplify the calculations, we assume that the ronghness of the surface

has a very short correlation length compared to the wavelength of the source. In that
case, we have

(V(xo)V' (x5)) = KV, (X6)V, (X0)8(Xo — X5), (5.26)

where x is a proportionality constant [5.3]. Using Eq. (5.26), the autocorrelation
function of the amplitude is found to be

. K 4 ~ [ Ax
(A(x +AX)A (x)) = Xz—z-z-exp{—lex(zx + Ax)}lo(—);), (5.27)

where

~ (Ax 2 i2n
IO(E) = jdzxo [Vy(xo)| exp{—TZ—onx} (5.28)
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is the Fourier transform of the illumination intensity Io(xo)=]V0(xo)|2. Using Eq.
(5.23), the antocorrelation of the intensity becomes

2
io(l )

R =({1\? _MNAZA | )

(AX) (I) 1+ 1.0 (5.29)

The average speckle shape is therefore determined by the Fourier transform of the
intensity distribution of the illnmination.

Thc average area of speckles is commonly defined by the coherence area {5.6]. Using
the Parseval relation and Eq. (5.27), we find

J a1 xo)f

Ag= [dx )| = A2y
o= Jx e 0ol = 2 [faxo100x0)]

(5.30)

5.1.2.2 Speckles in imaging systems.

As already mentioned, formation of speckles may take place when imaging a rough
surface illuminated by coherent light, as shown in Fig. 5.5. The statistical properties of
the intensity in the image of a rough object have been investigated in [5.7]. Similarly to
the case of free-space propagation, the amplitude in the image plane can be calculated by
considering the diffraction from the object plane to the image plane. We have therefore to
consider the diffraction from the object plane to the pupil plane, the pupil function of the
lens, and finally the diffraction from the pupil plane to the image plane. In this chapter, it
is assumed that the coherent imaging system can be described by the space invariant
amplitude impulse response [5.8]

1 . 2m
h(x,) = —mjd2xpP(xp)exp{—1Expx,}, (5.31)

where P(x ) is the pupil function of the lens and A is the lens area.

The complex amplitude A(x,) in the image plane is therefore given by
A(x)) = [d2%oVo(X6)O(X0)P(Xo)R(X, + MX,), (5.32)
where V, is the complex amplitude of the incident light, O(x,) is the object function,

P(X,) is the complex factor of random amplitude and phase introduced by the surface
roughness and M is the magnification of the imaging system.
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A(x))
—— VN —————
o d,
Figure 5.5: Geometry for speckle formation in an imaging system.

Similarly to the case of free-space propagation, the autocorrelation function of the
complex amplitude has to be evalnated. Using Eq. (5.32) and the simplification given by
Eq. (5.26) for the autocorrelation of the roughness, we find

(A(x, + 8x)A"(x)) = ;cjd’xo|vo(xo)|2|0(xo)|’h(x, + AX, +Mxy)h'(x, + Mx,).
(5.33)

Assuming that the intensity variations of the incident light are slow within the resolution

area of the imaging system, the autocorrelation function becomes

w{i) el
M M
where C, (Ax,) is the antocorrelation of the impulse response of the pupil h(x,). Using
Eq. (5.31) and the Wiener-Khinchine theorem, we get the final result

GG e

where ip is the Fourier transform of |P(x,,)|2, which is the intensity transmission of the

2

2
(AGx, +Ax)A™(x) = C,(Ax)), (5.34)

2

(A, + A%)A(x,)) =

AN}

pupil. The speckle shape is therefore determined by the geometry of the pupil. For a
circular pupil of diameter D, the autocorrelation function of the intensity, obtained from
Eq. (5.23), becomes
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R,(r)=<1>*[1+ (5.36)

where 1? = lelzand J, is the first order Bessel function. Using Eq. (5.30), the average
speckle area becomes

_(d)?
==

P

A (5.37)

The average diameter of the speckles can be defined, taking into account that the average
speckle shape is circular, as

D, = —~Ll=1272L (5.38)

5.1.3 Speckle statistics in two-wavelength interferometry

In two-wavelength interferometry, the rough surface is illuminated by two superposed
beams of different wavelengths A, and A,. We have therefore the case of a superposition
of correlated speckle patterns at the wavelengths A, and A,. The aim of this chapter is to
calculate first the correlation factor between the two speckle patterns, and then to deduce
the statistics of the phase difference ¢, — ¢,. Finally, we will explain how the speckle
statistics can be improved by using spatially separated detectors.

5.1.3.1 Correlation factor and statistics of the synthetic phase.

As already discussed in chapter 5.1.1.3, the statistics of the phases of correlated speckle
patterns depend on the complex degree of correlation of the amplitudes. Calculations of
the autocorrelation function have been developed in Ref. [5.1] for a Fourier transform
system with a lens. In this section, we will use the same approach to calculate the
autocorrelation function <A, A,"> for an imaging system.

With reference to Fig. 5.5, we consider an imaging system of a rough object illuminated
by two different wavelengths A, and A,. The object functions are of the form

0,(xy) = Oo(xo)eXp{—ii—KZS(xo)} m=12, (5.39)

m
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where S(x,) is the macroscopic shape of the object. The function O,(x,) determines the
local reflectivity of the object. The macroscopic shape of the object is assumed here to be
a plane surface with a small tilt angle s = (s,.s,), namely

S(xg) =58 X,. (5.40)

The microscopic structure of the object is described by

PulXg) = CXP[ii—RZE(Xo)] m=12, (5.41)

m

where g(x_) is the height profile of the microscopic structure of the object. We assume
that g(x,) obeys a Gaussian probability density function [5.1], namely

] gz .
= - 4
plg) Wexp( 2032), (5.42)

where o, is the standard deviation of the microscopic profile or simply the surface
ronghness.

So far, we considered the space invariant impulse response of the imaging system. This
approximation is valid provided that the image intensity is the quantity of interest.
However, for interferometric applications, the phase of the complex amplitude in the
image plane is of interest. We have therefore to consider the more general impnlse
responses {5.8]

h, (x x)———l—exp[ik [d +d +ﬁ2—+x—°2-H
m (o2 il | xmzdod| m 0 1 2d| 2do

k
x| dzxpP(xp)expl:~—1d—'l“xp(x, +Mx0)] m=12. (5.43)

The phases of the illumination waves have also to be considered. In the following
analysis, we assume that the illumination waves are plane waves propagating from the
pupil plane to the object plane, namely

m

Vi = Vou GXP{ii—ndo} m=12, (5.44)

where V_ are the complex amplitades of the incident light at each wavelength. The

om

amplitudes of the speckle patters at each wavelength take the form,
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Alll(xl) = JdZXOVm(XO)Om(XO)pm(XO)h(Xi +MXO) m = 1’2 (5'45)

We consider a detector in the jmage plane at a lateral position x,. Using Egs.
(5.39)—(5.45), it can be shown (see Annex A) that the complex degree of correlation is

D, |x 4n? 2m
uix,) = [l - ﬁj{ E:— - 2S:|CXp(——-A—220'g2)exp{lx—d(xl)}, (5.46)
where
d(x,) =2d, +d -2sﬁ+ﬁz-(1+i) (5.47)
! T M 24,0 M) _ '

Dy is the average speckle diameter defined by Eq. (5.38), and D¢/M is the resolution of
the imaging system in the object plane.

The modulus of the correlation factor decreases with decreasing synthetic wavelength
and increasing surface roughness o,. In addition, a surface tilt decreases the correlation
of the two speckle fields, if the resolution of the imaging system D/M cannot be
neglected compared to the synthetic wavelength A. For a lateral position x, # 0 of the
detector, the decorrelation depends on the vectorial addition of 2s and x/d,. The
resulting vector can be interpreted as the surface tilt "seen" by the detector. The
decorrelation due to a tilt is increased for large distances, since the object resolution
D¢/M becomes larger.

From Egs. (5.46) and (5.47) we can see that the phase of the correlation factor is

2 x,  x, 1
v =—|2d,+d —25—'+—'—(1+——)]‘ (5.48)
A[ M 24\ M

Thc phase of the correlation factor is therefore only sensitive to the synthetic wavelength
A and not to the optical wavelength A. In addition, the phase is connected to the distance
separating the detected area of the object and the detector d(x)).

In two-wavelength interferometry, we measure directly the phase difference ¢, — ¢,
between the two random phases ¢, and ¢, of the speckle fields. The measured phase ¢, —
0, is then used to estimate the phase y of the correlation factor. Therefore, the variable ¢
= ¢, — ¢, + y can be interpreted as the statistical fluctuations of the phase measurement.
The probability density function of the phase is then described by Eq. (5.19). The
standard deviation of the phase measurement is therefore given by Eq. (5.20), and
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depends on the modulus of the correlation factor ipl. In order to obtain a phase resolution
of 21/200, a correlation factor of 0.9997 is required.

In absolute distance measurements, the macroscopic average distance of the surface from
the imaging lens, namely d, —s x, /M, is of interest. We note that for a lateral position
x, # 0 of the detector, a systematic error on the phase will occur, due 1o the last term of
Eq. (5.47). For highly accurate absolute distance measurement, a correction

C= ﬁz—(l + i) (5.49)

has therefore to be substracted to the measured distance.
5.1.3.2 Probability of detection

As already mentioned, the most probable intensity in a speckle pattern is zero. In
practice, the intensity of the speckle pattern is integrated over the surface of the detector.
If a speckle pattern is observed by means of a small detector compared to the speckle
size, the pdf of the measured intensity is given by Eq. (5.6), and the variance is
<Aldz> =(I)’. For K speckles within the detection area, the measured intensity is the
result of the superposition of K non-correlated intensities. The measured intensity is
therefore given by the sum of the intensities of all speckles, which is equivalent to the
intensity resulting from the incoherent superposition of K non-correlated speckle
patterns [5.3). The pdf of the measured intensity is therefore given by Eq. (5.13), and
the variance is (AI,*) = (1)’ /K.

In speckle interferometry, we have to consider the interference of a speckle pattern
'wh'\ch returns from a scattering object and a uniform reference beam. For a heterodyne
interferometer, and assuming a single speckle within the detector surface, the
interference signal is

() =T, +1, +2Re{A (A, exp(i2nft)}, (5.50)

o and 1 are the intensities of the reference beam and of the speckle, and A and

where 1 ref

A, are the corresponding complex amplitudes. For K speckles within the detector
surface, the resulting signal is given by the sum of K interference signals I;, namely

=1 i=1 i=l

K K K
]ml = 2 I_i = Ircl' + Z [sj + 2 RC{AMZ AsJ" exp(i2nft)}, (551)

where [ and A are the intensity and amplitude of the jth speckle, respectively. The
interference signal is therefore given by the superposition of K speckles on an amplitude
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basis. 1t can be shown [5.3] that the amplitude resulting from the addition of speckle
patterns on an amplitude basis is also a circular complex Gaussian variable. The
statistical properties of the iieterodyne signal are therefore not changed by including
several speckles within the detection area. However, the detector area shounld contain
only a few speckles, in order to obtain sufficient modulation depth.

It follows that the power of the heterodyne signal W, obeys negative exponential
statistics, namely

= exp|
p(wh)"<wh>exp( <Wh>] A (552)

In two-wavelength heterodyne interferometer, one has the sum of two speckle patterns.
According to Eq. (2.33), the interference signal is given by the incoherent superposition
of two heterodyne signals, i.e.

1(t) = I, + /W, cos(2mf,t + Ad, ) + /W, cos(2nf,t + A9, ), (5.53)

where W, and W, are the power of the heterodyne signals at A, and A, respectively. We
assume here that the average power of the two heterodyne signals are equal, i.e.
<W,> = <W,>. As seen in the previons section, for a synthetic wavelength much
longer than the surface roughness, the correlation factor of the two speckle fields are
close to nnity. In this case, the complex amplitudes of the two speckle fields are nearly
equal, and therefore W, = W,. The modulation power of I(t) becomes therefore

P, = W,[1+cos(A¢,,))]. (5.54)

The modulation power is proportional to the power of the individual heterodyne signal.
Therefore, it obeys also a negative exponential, i.e.

1 P,
p(Pac) ES mexp(-m} (555)

ac ac

The most probable modulation power is therefore zero, even if the detector area

integrates over several speckles.

However, Dindliker et al. [5.2] have shown that the speckle statistics can be improved
by using several spatially separated detectors with statistically independent speckles. The
problem of low-intensity speckles can be overcome by thresholding [5.1] or by adding
the modulation power of all detectors. For Q detectors, the pdf of the sum of the
modulation power is then, similarly to Eq. (5.13),
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QQP Q-1 ~ QPnc
Po(Pe)= R RS TR (5.56)

5.2  Experimental results
We report here the resnits of distance measurements on non-cooperative targets [5.9].

The system presented in section 4.4 was adapted for measurements on non-cooperative
targets. The final set-up, shown in Fig. 5.6, is similar to the one used for ESPI
(Electronic Speckle Pattern Interferometry) [5.10], except of the moving reference and
the lock-in CCD. The imaging lens has a focal length of 100 mm. The source consists of
the low-power source described in chapter 3.3 followed by the semiconductor amplifier
(see chapter 3.4). We used a synthetic wavelength of 4 mm in our experiment. The test
object was a plane surface of frosted aluminium at 40 cm from the imaging lens.

Moving
reference

<>
Reference @ P J—

signal o %

Multiple- |
avelength|
source :

Figure 5.6 Multiple-wavelength interferometer set-up with non-cooperative
target.

To improve the probability to detect "bright” speckles, we used the 2D-version of the
lock-in CCD which is composed of 5x12 pixels (see Fig. 4.6). The modulation power
of the interference signal is detected in ten intervals of 10 ms duration and 6 ms
separation, phase shifted by 45° (see Fig. 5.7). Five 90° phase shified values are
obtained by adding two consecutive samples. The phase of the synthetic wavelength is
then calculated using the five-frame error compensation algorithm (Eq. (4.2)). During
the integration phase, the sensitive area of the pixel is active during 5 ms (8 x
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0.625 ms). The effective integration time for one measurement is therefore of about 50

ms.

At first, we computed the phase for each pixel. Figure 5.8 shows the phases abtained
from the 5x12 pixels of the lock-in CCD. The large phase errors are mainly due to the
speckles of low intensity. To investigate the statistical properties of the signal, we
recorded twenty statistically independent measurements by laterally moving the target at
a fixed distance. We obtained by this way 1200 phase measurements, that we sorted in
increasing modulation powers. Results are shown in Fig. 5.9. We note that for low
modulation powers, we cannot obtain a significant value of the phase. The phase
measurement can therefore be improved by thresholding with respect to the modulation

power.
=
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Figure 5.7: Integration phase (solid bars) and read-out phase (dashed bars)

during the measuring time.

The phase fluctuations are also due to decorrelation between the two speckle fields. As
already mentioned, the decorrelation is caosed by surface tilt and by the surface
roughness. Assuming a surface roughness of 10 um, it can be shown from Eq. (5.46)
that the correlation factor is about 0.9995 for A = 4 mm. The corresponding standard
deviation of the phase would be 0.07 rad (Eq. (5.20)). The decorrelation caused by
surface tilt depends on the image resolution in the object plane Dy/M. In our case the
speckle diamater Dg was estimated to 10 pm, and the magnification factor M was about
0.3. If the surface is tilted by an angle of 10°, we see from Eq. (5.46) that the correlation
factor is about 0.997, corresponding to a standard deviation of the phase of about 0.16
rad.
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An appropriate signal processing can be applied to get a better phase resolution.
Assuming that the object surface is plane within the illumination area, the phase
measurements for each pixel can be fifted to a plane surface. This allows to measure the
distance at the center of the illumination area and the tilt angle of the surface.
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Figure 5.8: Phase measurements for the 5x12 pixels of the lock-in CCD.
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Figure 5.9: Phase measurements (solid) and power measurements (dotted),

sorted by increasing power.

To improve the statistical signal quality, only 30 pixels (50% of 5x12) with the best
modulation power were retained for the phase evaluation in our experiment. The phase
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measurements for each retained pixel were then fitted to a plane surface. In this way,
phase measurements at the center of the illumination area indicate a phase resolution of
about 211/200, as shown in Fig. 5.10, corresponding to a distance resolution of about 10
um. In this case, the tilt angle was less than 1° and was therefore too small to be
measured.
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Figure 5.10: Phase measurements on non-cooperative targets over a range of 4

mm, after signal processing and thresholding.

5.3 Power limitation

One of the limiting factor for the maximal distance which can be measured with non-
cooperative targets is the optical power of the scattered light which returns to the
detector. From Fig. 5.11, we see that the power P_ which is collected by the lens
depends on the solid angle defined by the distance d, and the pupil diameter D. The
collected power is therefore

- 2
ﬂ:Rp(D) (5.57)

d

where P, is the incident power on the target, and p is the diffuse reflection coefficient.
The intensity in the image plane is therefore given by



Chap. 5: Non-cooperative targets 84

2
4P, _ 4p [P_) P (5.58)

D} wD?{d,

where D; is the diameter of the image of the illuminated spot on the target. In practice,
the illuminated spot is chosen 10 give a diameter D, in the image of about 2 mm,
corresponding approximately to the size of the lock-in CCD.

Object Lens

/

Figure 5.11: Image formation of a scattering surface.

The pupil diameter D must be chosen so that one pixel includes only a few speckles in
order to get a good interference contrast [5.10]. In our experiment, we nsed a pupil
diameter D of about 24 mm, giving a speckle diameter of about 4.5 um. For P, = 90 mW
and a distance of 2.3 m, we measured an intensity of about 500 nW/cm? in the pupil
plane. With an integration time of 0.625 ms per sample, we obtained a mean voltage of
about 0.5 V from the lock-in CCD, which corresponds with S, = 0.78 pV/photon
(see chapter 4.5) to about 600'000 photons. From Eq. (5.57), we see that the intensity
in the image plane is inversely related to the square of the distance d. If the distance is
increased by a factor 5, the intensity is decreased by a factor 25. At 11 m, one should
therefore expect about 25'600 photons, corresponding to an optical power of 9 pW with
an integration time of 0.625 ms (typical value). It has been shown in chapter 4.5 that at
least 1670 photons must be detected to obtain a signal-to-noise ratio of 1000,
corresponding to a phase resolution of 21n/200. For distance measurements at 10 m, the
signal quality is therefore high enough to achieve synthetic phase interpolation better
than 21/200.

As already mentioned in chapter 4.3, the lock-in CCD has a fill-factor of less than 1%.
In order to optimize the optical power, only those parts of the target which are seen by
the pixels of the CCD should be illaminated. Therefore, the total output power can be
substantially decreased by vsing appropriate beam-shaping optics. For that purpose, a
microlens array was used in our experiment to match the illumination pattem with the
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detector array, as described in Fig 5.12. A picture of the array of illomination spots on
the target is shown in Fig. 5:13.

For an optical power of 20 uW per illuminated spot, we obtained a mean voltage of
about 0.6 V per pixel at a distance of 2.3 m, corresponding to about 800'000 photons.
At a distance of 11 m, about 32'000 photons are therefore expected, corresponding to an
optical power of about 12 pW. Therefore, the corresponding signal-to-noise ratio
shounld be high enough to achieve synthetic phase interpolation better than 21/200. We
see therefore that the total optical power which is required by the CCD is of 5x12x20
UW = 1.2 mW for measurements at a distance of 10 m.

By vsing the microlens array, only a few mW of total optical power is therefore required
for the measurements at several meter distance. This is of a great importance for an eye-
safe system.

Target

Reference
beam

plenses speckles

Figure 5.12: Optimization of the optical power by using an appropriate
illamination pattern.

Figure 5.13: Picture of the array of illumination spots on the target (distance of
2 m).
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Chapter 6

Limitations of interferometry due to the frequency
fluctuations of laser diodes

Laser diodes are cost effective light sources which are of a great interest for
interferometry. Especially, tunable laser diodes are promising for multiple-wavelength
interferometry since one can choose the most appropriate synthetic wavelength with
great flexibility. The novel concept of stabilized three-wavelength reported in chapter 3.3
allows to measure distances without ambiguity to within 200 mm and with a resolution
better than 10 um [6.1]. Combining time-of-flight distance measurement and multiple-
wavelength interferometry allows to get micrometer accuracy over even larger distances.

However, multiple-wavelength interferometry, as classical interferometry, is limited by
the coherence length of the laser diodes. Standard laser diodes exhibit a coherence length
of about 10 m (see chapter 3.1). Distance measurements up to 5 m should thus be
possible. However, the phase fluctuations become more important for increasing
distances and the phase has to be averaged over a longer time T to reduce the statistical
phase error. These phase fluctuations depend on the frequency fluctuations of the laser
diodes. As already pointed out in section 3.3.4, the frequency noise spectrum S;,(f) is
composed of two parts: a white noise part and a flicker noise part, which may become a

limiting factor for interferometry.

The aim of this chapter is to relate the measured phase fluctnations, taking into account
the integration time T, to the power spectral density (psd) of the frequency fluctuations
of the laser sources [6.2, 6.3]. Measurements at the limit of the coherence length and the
corresponding phase fluctuations will be reported.

6.1 Instantaneons phase fluctuations

Phase (or frequency) noise of laser sources is responsible for the spectral linewidth of
laser emission. Indeed, for quasi-monochromatic light, the complex wavefunction is of

the form

U(t) = Vexplid(t)]exp(i2nvt), 6.1)

where ¢(t) is the random fluctuations of the phase. Using Eq. (2.35), we find the time-
averaged interference signal
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I=(jU® + UGt -1f ) = 2V2 +2V2 Re{(exp[iag, (1)])} cos(2v1) (6.2)

for an interferometric delay 1, where

A, (1) = ¢(t) — d(t +1T). (6.3)

The instantaneous phase fluctnations A¢.(t) of the interference signal are introduced by a
large number of independent events due to spontaneous emission. Therefore, they can
be considered to follow a Gaussian probability density function (central limit theorem)
[6.4], namely

1 1 Ad?
AD) = —_—Tr 6.4
plat.) Jzn(A(p,z)eXp( 2(A¢j)) ©

Using Eq. (6.4), the ensemble average in Eq. (6.2) can be performed and yields

. i
(exp[lAd)T([)]) = exp(-E(Aw )). 6.5)
The fringe visibility © becomes therefore
V= exp(—-é—(A(l)f)). (6.6)

For a Lorentzian lineshape function the fringe visibility is reduced to 1/e at the limit of
the coherence length, as defined in Table 2.1. From Eq. (6.6), the corresponding
variance of the instantaneous phase fluctuations is

(a0, %) =2. (6.7)

We would like to relate now the instantaneous phase fluctuations A¢,(t) to the frequency
noise of the light source. Equation (6.3) can be written as

Ad.() =9 -0(t -1 = [dat, (6.8)

where ¢(t) = dd/dt. The statistical properties of these random fluctuations (noise) are
conveniently described by power spectral densities. It can be shown that the relation
between the power spectral densities corresponding to A¢,_(t) and to ¢ is given by {6.4]

Sue, (1) = Sm[( s“”‘f‘) 12]. 6.9)

nft
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Since the frequency variation &v is related to ¢ by 8v = ¢/2r, we can introduce the
frequency noise spectrum Sy, (f) in Eq. (6.9), which gives

(6.10)

. f't 2
S. (f) = 47°1°S f(s'““ )
20, (D) oo () -

The variance of the instantaneous phase fluctnations (A¢,2) can then be determined

using the Parseval relation, which yields

(80.7) = [, () df . (6.11)

Equation (6.11) is useful to relate the fringe visibility (Eq. (6.6)) to the frequency noise
spectrum S, (f). However, the instantaneous phase can never be observed physically,
because of the finite detection bandwidth. Integrated phase fluctuations have therefore to
be considered.

6.2 Integrated phase fluctuations

The measured phase fluctuations are given by a time averaged value of the instantaneous
phase fluctuations during the observation time T, namely

M= [80.00ch. 6.12)
T

The relation between the corresponding power spectral densities is thus given by

sinfT )
S fy=S§,, (f . 6.13
80, (F) = Sag, ( )( T ) (6.13)
Using Eq. (6.10), S A@,_-,-(f ) becomes
in7fr \( sinwfT\?
S,, (F)=4m1’S f(s”‘“ )(—) 6.1
a0, (D) av (D) rs T (6.14)

If the interferometric delay is much smaller than the integration time (which is usually the
case), Eq. (6.14) can be approximated by

inmfT 2
S,, (f)=4m1%S, (f (5'31‘——) . 6.15
20,5 (D) o () T ( )

Similarly to Eq. (6.11), the variance of the measured phase fluctvations (Aq)”z) is

obtained by using the Parseval relation, which gives then



Chap. 6: Limitations of interferometry 90

o0

(A0.5%) =[S, . () df. (6.16)

0

6.3 White frequency noise spectrum

In the case of a white frequency noise spectrum, i.e. Sy (f)=C,, it can be shown from
Egs. (6.10) and (6.11) that the instantaneous phase fluctuations become {6.4]

(49.?) = 20°C,1. (6.17)

From Eq. (6.7) we can easily see that the white noise level is related to the coherence
time T, by

Cy=——. (6.18)

The integration of Eq. (6.14) gives for T > 1

(A0 2)—21—2(1—iJ (6.19)
=t 1, T\ 3T) '
For a measuring time much greater than the interferometric delay (T >> 1), Eq. (6.19)
becomes
2 12
A =2—-. 6.20
< ¢r,T > 1 T ( )

c

The variance of the phase fluctuations observed during a time T =1 is thus given by

2

(a0, 7) =275 (621)

c

From Egs. (6.20) and (6.21), it can easily be shown that the variance of the phase
fluctuations for an integration time T can be expressed as

(80.5%) = (80,.7) . (622)

The variance of the phase fluctuations for an integration time T is thus reduced by
averaging over (T/tc;) independent observations. Therefore, the phase fluctuations
observed during the time 1 can be interpreted as the elementary phase fluctuations.



Chap. 6: Limitations of interferometry 91

The elementary phase fluctuations can also be obtained by using statistical arguments.
Indeed, assuming T << 1T, the phase fluctuations observed during 1. are given by

A, (D)= 21:1:Av,= ), (6.23)
where Av,_ is the frequency fluctnation observed during the time Tc, namely

Av, ()=~ [ov(ar. (6.24)
¢ T

© t-1,

The statistical variance of the elementary phase fluctuations, deduced from Eq. (6.23), is
thus given by

(807, ) = 4m*v*(av2 ). (6.25)

For a white frequency noise spectrum, it can be shown (see Annex B) that the variance
of the frequency fluctnations observed during T is

(av2 () = %sz, (6.26)

where Av is the linewidth (FWMH) of the laser emission. For a Lorentzian lineshape
function, the linewidth is related to the coherence time by Av =1/nt_ (see Table 2.1).
Therefore, the variance of the elementary phase fluctmations becomes, as expected from
Eq. (6.21), (A¢], )=27"/1.}.

6.4 Frequency noise spectrum of stabilized laser diodes

Figure 6.1 shows the beat frequency between two standard laser diodes
(SHARPLTO027MD) which are stabilized on a common Fabry-Pérot resonator, as
explained in chapter 3.3. We note that the beat frequency is very well fitted by a
Lorentzian function. Therefore, the lineshape of standard laser diodes is also described
to a good approximation by a Lorentzian function. Using the Wiener-Khintchine
theorem, the fringe visibility can be considered to be a decreasing exponential, and we
can nse the relation Av = 1/ntt_. From the beat note spectrum we measured a linewidth
of Av =9 MHz, corresponding to a coherence length L. = 10.6 m.

However, contrary to most other lasers, the frequency noise spectrum of a laser diode
under free-running condition has two components: white noise and flicker noise. It can
be expressed as S;(f) = C, + C,/f. Typically, the flicker noise is dominant for
frequencies below 100 kHz. Since the lineshape function is to a good approximation
Lorentzian (see Fig. 6.1), the emission linewidth Av is mainly caused by the white noise
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part of S, (f). The value for C, is therefore approximately given by C, = Av/z, which is
abont 2.7x10° Hz%/Hz in our case.
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Figure 6.1: Beat note spectrum measurement (solid curve), fitted by a Lorentzian

function (dashed cnrve).

We note that the flicker noise is divergent for f = 0. However, S;(f) is reduced for low
frequencies by the electronic feedback loop. As long as the regulator does not introduce
additional noise, the frequency noise spectrum with electronic feedback is given by

1
Sav(f)lwnh feedback msav(f)

6.27)

e
free—running

where H(f) is the transfer function of the loop [6.5]. However, other noise sources
affect the frequency stabilization: (i) the residual thermal fluctuations of the laser diodes,
(ii) the shot noise and thermal noise in the photodetection and (iii) the electronic noise in
the electronic feedback loop. In the case of laser diodes stabilized on a Fabry-Pérot
resonator, the mechanical noise of the resonator may also affect the stabilization. From
measnrements of frequency noise of laser diodes stabilized on a Fabry-Pérot resonator,
we observed that the frequency noise spectrum is more realistically described by the
relation

1

Sav(f)lwirh feedback = 1__'_f__/i:sav(f)|frec—nW|illg’ (628)

where f_, is the cut-off frequency of the PI (proportional-integrator) regulator. Figure
6.2 shows a typical frequency noise estimated by nsing Eq. (6.28) with f...=1kHz,
C, =107 Hz” and C, = 2.7x10°Hz*/Hz. . In the case of laser diodes stabilized on a
Fabry-Pérot resonator, we note that Eq. (6.28) allows to estimate the frequency
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fluctuations relative to the Fabry-Pérot résonance rather than the absolute frequency
fluctuations.

Experimental investigations were performed with stabilized standard laser diodes
(SHARP LT027MD) as light sources. The aim of the experiment was to measure the
phase fluctnations due to the frequency noise of laser diodes at the limit of the coherence
length (10 m). The interferometric path difference, i.e. the length difference between the
two arms of the interferometer, was therefore of 5 m so that the optical path difference is
equal to the coherence length of the source.
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Figure 6.2: Estimated frequency noise spectrum of a stabilized laser diode.

Phase measurements at large distances are difficult to achieve by using classical (one-
wavelength) interferometry, since interferometric stability at the optical wavelength (< 1
pum) is required. Therefore, we applied two-wavelength interferometry to reduce the
measurement sensitivity. By using a large synthetic wavelength (200 mm), the phase
fluctuations due to mechanical noise can be neglected. We used again the stabilized
multiple-wavelength source described in chapter 3.3. The synthetic wavelength of A =
200 mm was generated. The fluctuations of the synthetic phase are connected to the
frequency fluctuations of both lasers relative to the Fabry-Pérot resonances, The
interferometric phase fluctuations at the individual optical wavelengths are given by Eq.
(6.16). Assuming that both lasers exhibit the same frequency noise spectrum S; (f), the
variance of the synthetic phase fluctuations will be 2 times larger, since both lasers are
independent.

In order to perform high-speed measurements, we used superheterodyne detection
[6.6]). The optical set-up was therefore similar to the scheme depicted in Fig. 4.1, with
an interferometric path difference of 5 m. After amplitude demodulation, the phase
difference between the reference and interferometer signals was measured by means of a
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phase demodulator. The phase-demodulator was specially designed for heterodyne
interferometry and is fully described in [6.7]. The final stage of the demodulator is a
first order low-pass filter with a cut-off frequency of about 6.9 kHz. Therefore, the
measuring time must be at least 140 ps to ensure independent measurements of the
synthetic phase. Similarly to Eq. (6.15), the power spectral density of the measured
synthetic phase fluctnations A®_, can be approximated by

Sso,, (1) = AW 1228, (|G, (6.29)

where G(f) is the transfer function of the low-pass filter of the phase demodulator. By
means of a FFT spectrum analyzer we measured the psd of the phase fluctuations for
free-running and stabilized laser diodes. For frequencies below 6 kHz, the values of the
transfer function G(f) is approximately 1 and Eq. (6.29) can be approximated by

Ssa, () = 8T*T’S, (). (6.30)

Frequency noise PSD [Hz/Hz]
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Figure 6.3: Measured frequency noise spectrum for free-running and stabilized
laser diode, compared with the frequency noise psd estimated with
Eq. (6.28).
For an interferometric path difference of S m, the delay 1 is about 30 ns. Using Eq.
(6.30), the frequency noise spectrum S, (f) can be evaluated from the measurement of
the phase fluctuations psd. Results are shown in Fig. 6.3. The measured values were
fitted with the function described by Eq. (6.28). Results of the fit show a magnitude C,
of the flicker noise of about 7x10"' Hz* and a cut-off frequency f,

min

of the regulation of
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about 2 kHz. The white noise level C, was estimated from the linewidth measurement
and found to be 2.7x10° Hz*/Hz, as already mentioned.

At low-frequencies (below 20 Hz) we note that the frequency noise is larger than
expected. The frequency stabilization is therefore less efficient at low frequencies. The
reason may be the mechanical noise of the Fabry-Pérot resonator. We would like to
mention that the measured noise level ai low frequencies (i.e. about 2x10° Hz*/Hz)
corresponds very well to the frequency noise level previously deduced by measuring the
error signal of the stabilization loop.

The analog output signal of the phase-demodulator was sampled with 12 bits resolution
and a sampling period of 140 us to obtain independent phase measurements (NB-
MIOI16L card and Labview software). If N consecutive samples are averaged, the
integration time T will be given by Nx140 us. In this way, the fluctvations of the

* synthetic phase were measured for different integration times T. The standard deviation
of these fluctuations is then divided by 2 to determine the phase fluctuations due 1o
one individual laser diode. On the other hand, we calculated the phase fluctuations from
the frequency noise spectrum evaluated by Eq. (6.28) and the fluctuations that would be
obtained for the white frequency noise only.

4] h H : : : . s
10 o D R Nt e e - — - White noise
: i ] : ; ~——— White + flicker noise
M Measured values

Phase fluctuations [rad)

30 i ............ .............
T | L | 1 | |
-8 -7 -6 -5 -4 -3 . .
10 110 10 10 10 10 10 10 10
¢ Integration time [s}]
Figure 6.4: Interferometric phase flactuations for different integration times T:
measured values and calculated values for white frequency noise

only (dotted curve) and for the estimated frequency noise spectrum
(solid curve).

As shown in Fig. 6.4, the measured values correspond very well to the values predicted
from the estimated frequency noise spectrum for integration times below 20 ms. We note
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that these values are larger by one order of magnitude than the phase fluctuations
calculated from the white frequency noise only. For longer integration times, the
measured values are higher than expected. The reason is the observed additional noise at
low frequencies shown in Fig. 6.3.

6.5 Frequency noise of DBR laser diodes

As already mentioned, SDL-5722 DBR laser diodes exhibit a linewidth of about 2.5
MHz. The coherence length is therefore about 40 m, i.e. four times larger compared
with standard laser diodes. This means that the fringes can be observed up to an
interferometric path difference of at least 20 m. However, similarly to standard laser
diodes, their frequency noise spectrum exhibits also a 1/f noise part, which will cause
fluctuations of the interferometric phase.

Comparisons of different types of GaAlAs laser diodes are reported in [6.8] in terms of
frequency noise, which show that the 1/f noise of DBR lasers is reduced compared with
Fabry-Pérot laser diodes. Indeed, recent frequency noise measurements of SDL. DBR
lasers reported in [6.9] indicate a flicker noise magnitude of about C, = 1x10"" HZ?,
compared with 7x10" Hz? for our standard laser diodes. By using stabilized DBR
lasers, one should therefore expect considerably smaller fluctuations of the
interferometric phase for path differences up to 10 m.

6.6 Conclusion

In conclusion, we demonstrated that interferometry using laser diodes is limited by the
coherence length of the source (about 10 m for standard laser diodes and 40 m for DBR
laser diodes) and by the flicker noise part of the frequency noise spectrum, which is the
main cause for the fluctuations of the interferometric phase. We showed that an efficient
stabilization loop is required to suppress at the most the 1/f noise. From Fig. 6.4, we see
that the measured phase fluctuations at the coherence length are about 2n/400 for an
integration time of 100 ms. The phase fluctuations in two-wavelength interferometry
with two independent laser diodes are /2 times larger, i.e. about 2m/280. In spite of the
flicker noise, this allows to use a chain of synthetic wavelengths with
An/An+] = 1/100 for highly accurate absolute distance measurements.

Previous investigations showed that the use of DBR laser diodes gives a substantial
advantage for multiple-wavelength interferometry because of the wide mode-hop free
tunability. We saw in this chapter that a stabilized multiple-wavelength composed of
DBR laser diodes should provide better performance in terms of coherence length (about
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40 m) and also in terms of interferometric phase fluctuations. These novel sources are

thus very promising for highly accurate measurements of large distances.
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Chapter 7

Conclusion

A new measuring system has been proposed for absolute distance measurements based
on multiple-wavelength interferometry. The laser sonrce as well as the detection
technique have been optimized for highly accurate measurements over large distances on

non-cooperative targets.

The source consists of laser diodes stabilized on a common stable Fabry-Pérot
resonator. Emitted wavelengths aronnd 800 nm (780-850 nm) were chosen to enable
detection with CCD sensors (A < 1 um), and considering the great choice of laser diodes
which are commercially available at these wavelengths. The novel concept of multiple-
wavelength source developed in this work allows a calibration of the synthetic
wavelength by beat frequency measurements with an accuracy better than 10, The
calibration accuracy is limited by the 1/f noise part of the frequency noise spectrum of
laser diodes.

Low-cost standard laser diodes (A = 780 nm) can be used for measurements up to 5 m
on cooperative targets. The main drawback of standard devices is the mode-hop
characteristic which limits the choice of synthetic wavelengths. Moreover, the low
optical power may be insufficient for the measurements on non-cooperative targets
becanse of the light scattering. These problems can be overcome by using high-power
Distributed Bragg Reflector laser diodes. Devices emitting at 850 nm are recently
commercially available. High-power (100 mW) and better spectral characteristics are
provided at the same time. Their optical frequency can be tuned continuously over at
least 1.5 nm, and their coherence length is about 40 m, that is 4 times longer than for the
standard low power laser diodes.

A compact and portable system is a key element for industrial applications. For this
reason, the nse of a bulky confocal resonator as frequency reference in the multiple-
wavelength source was critical. We investigated different solntions to replace the bulky
resonator by a fiber-optic resonator. Modem fiber-optic technologies allow to write two
identical Bragg gratings at different location in the same optical fiber. A fiber-optic
Fabry-Pérot resonator composed of fiber Bragg gratings seemed therefore to be
attractive. However, we have shown theoretically and experimentally that the frequency
separation between two consecutive resonances does not remain sufficiently constant
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over 75 GHz, because of the dispersion of the gratings. Therefore, we used a
commercially available fiber-optic resonator composed of dielectric mirrors. Two DBR
diode lasers and this fiber Fabry-Pérot resonator were used to realize a two-wavelength
source with calibration by beat-frequency measurements. Calibration of the synthetic
wavelength better than 10” has been achieved with this laser source.

Heterodyne technique allows to obtain a signal which is directly sensitive to the synthetic
wavelength rather than to the optical wavelength. This is of a great importance, since
interferometric stability at the optical wavelength is not any more required. Absolute
distance measurements were realized over 200 mm with an accuracy of 10 um. An
inexpensive method for generating the heterodyne frequency and the phase shifting at the
same time has been developed by means of a moving reference mirror. In addition, two-
dimensional absolute distance measurement has been demonstrated to be feasible using a
novel smart CCD sensor. We have shown that heterodyne detection with the lock-in
CCD allows to perform shot noise limited detection, even for low power in the
measuring arm. To obtain a phase interpolation better than 2r/200, only 650 fW of
optical power per pixel is required for an integration time of 0.625 ms. This is of a great
importance for the measurements on diffusing surfaces, where the power of the
retnrning light may be very low.

Applications of interferometry 10 non-cooperative targets (rough surfaces) suffer from
the speckle effect. For a single photodiode, the most probable value for the detected
interference contrast is zero, even if the detector area integrates over several speckles.
However, two-dimensional measurements allow to improve the speckle statistics. The
lock-in CCD is therefore of a great help for the measurements on non-cooperative
targets. By fitting the phase measurements obtained for each pixel to a plane surface, the
distance at the center of the illumination area and the tilt angle of the surface can be
measured. In this way, distance resolution better than 10 um has been obtained.

Optimization of the optical power is an important task for an eye-safe system. The lock-
in CCD has a fill-factor of less than 1%. In order to optimize the optical power, only
those parts of the target which are seen by the pixels of the CCD should be illuminated.
Therefore, the total output power can be substantially decreased by using appropriate
beam-shaping optics. We have shown that a microlens array can be vsed to match the
illumination pattem with the detector array. In this way, only a few mW of total optical

power is required for the measurements at several meter distance.

Finally, we have demonstrated that interferometry using laser diodes is limited by the
coherence length of the source (about 10 m for standard laser diodes and 40 m for DBR
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laser diodes) and by the flicker (1/f) noise part of the frequency noise spectrum, which is
the main cause for the fluctuations of the interferometric phase. An efficient stabilization
loop is therefore of great importance to suppress at the most the 1/f noise of laser diodes.
Experimental investigations have been realized with standard laser diodes. We have
shown that the phase fluctuations due to the flicker noise part are larger by one order of
magnitude than the fluctuations due to the white noise part of the frequency noise
specirum. However, we have demonstrated that measurements at the limit of the
coherence length (10 m) with a phase resolution better than 21/200 are feasible in spite
of the flicker noise. A stabilized multiple-wavelength composed of DBR laser diodes
should provide better performance in terms of coherence length (about 40 m) and also in
terms of interferometric phase fluctuations compared to standard laser diodes.

Future tasks are the measurements at larger distances (10 m) on non-cooperative targets
by combining time-of-flight distance measurements with multiple-wavelength
interferometry. For instance, the DISTO system available from Leica can measure
distances up 1o 30 m on non-cooperative targets with a resolution of a few mm. The
combination of the DISTO with the described multiple-wavelength interferometer should
allow to perform absolute distance measurements over large distances (10 m) with
micrometer accuracy.

Future work will also deal with the application of multiple-wavelength interferometry to
shape measurement. Commercially available laser tracking interferometers (e.g. Leica
LT500) allow 10 follow a prism retroreflector and thus to scan the shape of large objects.
The integration of a multiple-wavelength interferometer in a scanning unit should allow
to measure the shape of large objects without the need of a prism retroreflector and
without the severe restriction of incremental measurement. In that case, a single
photodiode with superheterodyne detection can be used as detector rather than the lock-
in CCD, since a local image of the surface can be realized by scanning. Signal
processing can be applied after the scan to suppress at the most the speckle effect.
Several additional tests should be realized to determine the reliability of multiple-
wavelength interferometry for shape measurement. For instance, speckle decorrelation
due to the object shape should be investigated. In addition, tests on different materials
should allow to determine the effect of the object roughness and the object reflectivity on
the measurement accuracy.
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Annex A
Complex degree of correlation between speckle
fields in the image plane for two-wavelength
interferometry

(following calculations developed in Ref. [A.1] for a Fourier transform system)

We consider an imaging system of a rough object illuminated by two different
wavelengths A, and A,. The object functions are of the form

0,(x,)= O(,(xo)exp{—i%thS(xo)} m=12, (A.D)

m

where S(x,) is the macroscopic shape of the object which is assumed here to be a plane
surface with a small tilt angle s = (s,,s,), namely

S(xp) =8 X, (A.2)
The microscopic structure of the object is described by

Pm(Xo) = explii%2g(xo):| m=12, (A.3)

m

where g(x,) is the height profile of the microscopic structure of the object. We assume
also that the illumination waves are plane waves propagating from the pupil plane to the

object plane, namely

V. = Von exp{ii—ndo} m=12. (A4)

m

The impulse responses of the imaging system are of the form

) X2 X2 ) |af X, + Mx
h,.(Xo,X,) = ———exp| ik, | dg +d, + -+ 1P| 1 —-2 =12,
w(X05X,) A, 2dod, XPI:I "‘(o ! 2d, 2do)}( A.d, J "
(A.S)

where

P(p) = f d”x P(x,)exp|-i2nx p] (A.6)
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is the two-dimensional Fourier transform of the pupil function. The amplitudes of the
speckle patierns in the image plane at each wavelength are

A (x)= Idzxon(xo)Om(xo)pm(xo)h(xi +Mx,) m=12. (A7)

Therefore, the antocorrelation function <A A,"> can be written as
(AL(%)A, (%)) = [ d2x6d)5V,(X6)V; (%6)0, (%6)0,"(%6)
X(P(%6)p, (X)) (X1, X0)h, (%,,X5).  (A.8)

We assume that the microscopic profile g(x,) obeys a Gaussian probability density
function, namely

1 gZ
= - X A.
ple) ,/21tcg exP{ Zong (A9

where 6, is the standard deviation of the microscopic profile. Assuming that the
roughness has a very short correlation length, it can be shown [A.1] from Egs. (A.3)
and (A.9) that

2

4
{Pi(x0)p," (x0)) = Kexp(—{z—wzjﬁ(xo -X5), (A.10)

where A=A\, /|, —A,| and x is a proportionality constant. By substituting Eq.
(A.10) into Eq. (A.8), the antocorrelation function becomes

. 4n’ . .
<A1(x|)A2 (xl)> = Kexp(“TZGgZJIdZXO\G (x0)V, (%5)0,(x)0,"(x,)
xh, (X, Xo)h," (X, X0 ). (A11)
Using Egs. (A.1)-(A.5), we find
. K|VO|Z |: 2n ] 2mx”
A, (x,)A =0 el iZT(2d, +d AX
< I(xl) 2 (xl» )‘qzkzzdozdlz exp| 1 A( o 1) €Xp lA Zd,
4m? 2 AT 2T X
xexp(—7\2—20g2dezxoloo(xoﬂ exp(lxs xo)exp(lxﬁ)

Af X, + Mx, ). x, + Mx
P 1 (o] P‘ 1 (o) . A12
X(x.d, Nxzd. J (A1
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Assuming that the object reflectivity varies slowly with respect to the resolution of the
imaging system and by applying the change of variable x, = —x,/M +Ax,, Eq. (A.12)

2
2 2
o4éjam£2%mﬁﬁfkﬁ
M A 24, °M
Xex —iEZ—ZGZ ex iEE X} szAx ex (iﬂs Ax)
pAzgpAZMzdo o CXPL IS o

2
xexp _iE X,AX, exp iE Ax, 5 MAx, b MAx, ‘
A Md, A 2d, Ad, Ad;
(A.13

Significant contributions to the autocorrelation function <A A,"> arise only for object
coordinates Ax,, within the resolution area of the imaging system. The resolution area in

becomes

. K{Vo[
(M)A (x)) = oz g
142 Yo ¥t

the object plane is

As _do'

RS VRPE

As, (A.14)

where Ay is the average speckle area defined by Eq. (5.37). Therefore, if the resolution
area is very small compared to Ad,,, we have

2
Ax,,

~0. ' A.15
2Ad, (A.15)

Assuming an average speckle area A, = 100 um? distances d, =10 m and
d,= 100 mm, we obtain a resolution A, = 1 mm’ in the object plane. In our
experiment, we used a synthetic wavelength A of 4 mm. The area Ad,, is therefore of
40'000 times larger than the resolution A,. Therefore, the approximation given by Eq.
(A.15) is valid in our experiment, and the quadratic phase factor in the integral of Eq.
(A.13) can be neglected. In addition, using the relation d, = Md,,, we have

. I, (x,) 4’ 2n
(A (x)A (%)) = —m{exp(—TZGJ)exp{le(x,)}

2n X, | sl MAX, )2, MAX
x| d®Ax, exp| i— Ax,| 2s - = | |P] ——2 [P* Q |, (A.16
I ° p‘: A 0[ dlﬂ [ Ad, ) [ A.d, ] ( :

where
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2
X

L(x,) =V, o(,(——ﬁ') (A.17)
is the object intensity, and

d(x,) = 2dy +d -2sﬁ+ﬁz-(1+-1—J (A.18)

: M 24,0 M) ‘
Performing the change of variable u = MAx,/ A,d,, we find
. KT, (x,) 47’ 21
(A,(x,)A2 (xi)) = Tz"zd—l'z—exp[—w—zcgzjexp{l—l\—d(x,)}
xJ'dzu exp[i27t—}"'—(2d,s -X, )u]f’(u)f" ﬁu , (A.19)
MA A,

Since the wavelengths are assumed to be very close to each other, the ratio A,/A, is
approximately 1. Using the Wiener-Khintchine theorem, Eq. (A.19) becomes then

(A](xl)Az (Xl»— xzzdlz Ap exp( e 201; )

A .2n
xCp[M—'A (x,— 2d,s):|exp{17d(x,)} , (A.20)
where A, is the lens area, and

C,(Ax) = AL fax POOP(x - Ax) (A21)
P

is the normalized autocorrelation function of the pupil P(x). It can easily be shown that
the normalized correlation factor is

(A,(x,)A;(x,))

uix,) = ‘ :
V(A DA XN A, (x)A, (x)
A 4’ 2n
= C"[M_lA(x' - 2ld1s)]exp(——l\72cg2 jexp{l Td(xl)}' (A.22)

For a circular pupil of diameter D, the normalized autocorrelation of P(x) is

o0 -2 (5] 84 (53] | a2
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By expanding C,(Ax) in a Taylor serie around zero, Eq. (A.23) becomes to a first-order

approximation

_41ax

C,(ax) =1 (A.24)
In our experiment, this approximation can be used if

—>”*—x—2ds|<D. (A.25)

M A 1 ] .

For a wavelength A, = 850 nm, a synthetic wavelength A = 4 mm, a magnification factor
M = 1/100, a distance d; = 100 mm, and assuming that [x] < | mm and [s| < 1, we find

A
m(|x,|+|2dls|) <4 mm ) (A.26)

which is smaller than the lens aperture D = 20 mm that we used in our experiment.
Approximation of Eq. (A.24) is therefore valid. The correlation factor becomes then

D

~fl-2s (X _»
O I

2
]exp[—%zcgz Jexp{i %\Ed(x, )}, (A27)

where Dy = (4/n) Ad,/D is the average diameter of speckles.
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Calculation of the variance of the frequency
fluctuations observed during the coherence time

The frequency fluctuation observed during the time 1, is given by

Av, ()=~ Jovaar. (B.1)

¢ 1-1,

It can also be written as
l +oa
Av, (1) = = [rect, (1 -0dv(t )dt, (B.2)
. A .

where the function rect_ is defined as

1 for 0<t<1,

B.3
0  elsewhere (B.3)

rect, (1) ={

To determine the variance, we calculate first the square of Av_ (t). Using Eq. (B.1), we
find

Av () = LZ J‘dt’fdt”rectr (t" = Hrect, (t” — V(L )OV(1”). (B.4)
2 FER AN ) . .

By performing statistical averaging, we obtain the variance of the frequency fluctuations
observed during T, i.e.

(av,, (l)>——17j t* [ dt"rect, (1 = Urect, (1" - (Bv(1)V(1"). (B.5)

The autocorrelation function of the frequency fluctuations can be deduced using the
Wiener-Khintchine theorem. Since the power spectral density of the frequency noise
Ssv(f) is a white noise of level C;, we obtain

(Bu()dv(1") = [ Cyexplizm(t’ - 1")f] df = %cosu' -1, (B.6)
0
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Using Egs. (B.5) and (B.6), the variance of the frequency fluctuations is found to be

(av, ()= 2c(, [dz rect? (1’ ~1). (B.7)

c

The integration of recti‘_ (t) is equal to 1.. Moreover, the white noise level is related to
the coherence time by {B.1]

C,=1/n’1,. (B.8)

By substituting Eq (B.8) into Eq. (B.7), we find

< (t)>————C(, "l !

B9
2 n’t? B9

c

The full width at half maximum (FWHM) of the emission linewidth Av is related to the

coherence time by

Av=1/n1,. (B.10)

Using Egs. (B.9) and (B.10), we see finally that the variance of the frequency
fluctuations observed during T, is related to the emission linewidth by

(av, (1) = %sz. (B.11)
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