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THE THEQRY OF IONDON-VAN DER WAALS FORCES
AND CERTAIN FEATURES OF
THE EQUATION OF STATE OF GASES

by Jagdish Mehra

Institut de Physigue
Université de Neuchftel

1. INTRODUCTION :
THE NATURE OF VAN DER WAALS FORCES

The equation of state of an ideal gas is
pV = RT (1.1)

where R is the gas constant. The molecule2 of an ideal gas are
point particles which have no interaction forceg between them.
At low density (low pressure, p), and high temperature, T, most
real gases obey the ideal gas law (1.1).

In order to explain the behawior of electrically neutral
real gases at ordinary temperatures and pressures, van der
Waals (1) proposed an equation of state

(p + %2)(V - b) ="RY {1.2)

where a and b are two positive constants. The constant a mea-
sures the specific strength of attractive molecular forces; b
repregents the fact that the molecules of the gas occupy a fi-
nite volume and that they are sources of strongly repulsive
"overlap" forces of very short range. "Van der Waals force"
refers to that foree which gives rise to the constant a in
{1.2), that is, to attractive molecular forcea. These forces
are also celled London "diespersion forecea" (2).

The knowledge of the exiatence of wan der Wazls forces
goea back much further than the work of van der Waala (1).
Borelli and Jurin (3) postulated the existence of attractive
molecular forces between the molecules of the tube walle and
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of the liguid in order to explain their findings on capillary
action. Clairault (4) pointed out that if these forcea were the
cauge of surface tension, their action must be general and em-
brace all molecules. Laplace (5) and Gsuss (6) showed that the
deopendence of gurface tenaion on curvature could be derived
from the sssumption of short range central forcea. Maxwell (7),
conciuding from the data on viacosity and diffusilon of gases,
proposgsed that theae forces were repulsive and were proportional
to R"S, but the porous plug experiment of Joules and Kelvin
{1853) contradicted Maxwell's conclusions even at that time.
Van der Wasla (1) derived his equation of atate (1.2) without
specifying the forcea any more than to regard them as attrac-
tive. Boltzmann (8) investigated the range and space dependence
of intsrmolescular forces following the work of Maxwell (7).
Sutherland (9) used a force law of the form

F = ¢4 (1.3)

and he eatablished a general correlation between the values of
the conatant ¢ for various substances and their atatic atomlce
polarizabilities. He attempted an analyals of intermolscular
forces in terma of molecular structure, and for the firat time
related these forcasa to electromagnetic propertiea, although
in a qualitative manner. The equation {1.3), of course, is not
valid, '

Lennard-Jones (10) carried out caleculationa similar to
Sutherland's, with some refinements and generalizgtiona, He
introduced a gensral force law of the form

F= ART-MRT" , n)m (1.4)

in which the firat term represenis a repulsive force of short
range and the aecond term is ths van der Waals force. Exten-
aive uae of the forcs law {(1.4) has been made in statistical
mechanica for the caleculation and correlation of such diverse
thinga as the virilal coefficlents and viscosities.

Reinganum (11) and Keesom (12) assumed that the molecules
interact with each other by virtue of carrying dipoles and
quadrupoles, being caught in attractive positions and forming
alignments giving rise to Richteffekt or orientation efrfect.
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Two particles of dipole momenta q; and Ao geparated by a dia-
tance R, obtain a mean interaction energy proportional to

q12 q22/R6. However, at high temperaturea, the orientation ef-
fect becomes negligible because the trapping of moleculea with
high kinetic energy is unlikely, bat van der Waals forces re-
main appreciable.

Debye (13) attempted to explain these forces by an induc-
tion effect not dependent on temperature, with quadrupoles aa
polarizing structures, and found the interaction energy to vary
as RS, Falkenhagen (14) extended Debye's theory of the induc-
tion effect to dipole gasea and calculated the aecond virial
coefficient, including the effect of alignment in his calcula-
tion.

The electromagnetic nature of van der Waala forces was
firat clearly understood when London (15) applied second order
guantum mechanical perturbation theory to the electrostatic
interaction of two dipoles; the interaction energy is given by

AT, = - pr6 (2.5)

However, such a treatment is poseible only so long as
particle separation (R) ia small compared with the atomic
wavelengtha (A ).

In order to explain the stability of lyophobic colloids,
Verwey and Dverbeek {16) amssumed that for particle separationa
large compared with typical atomic wavelengtha the London-van
der Waals forces varied more rapidly than R™7 aa given by (1.5),
and they suggested that the conaideration of relativistic and
retardation effects could become important. Casimir and Folder
(17) uaed fourth-order perturbation theory in the interaction
of an atom with the electromagnetic field, and obtained the re-
tarded (R > X) interaction energy between two atoms as

AU, (R —> o) = - 23 Ko o (0) %,(0)/4TTRT , (1.6)

where o (0) is the static polarizability of the atom. Casimir
(18) also calculated the force between an atom and a conduc-
ting wall and reproduced the retarded law of interaction (1.6)
by considering the perturbation of the gquantum mechanical zero-
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peint energy of the radiation field within which the two inter-
acting atoms may be thought placed. Error in Leech's (19) cal-
culation of the retardation effects by symmetric methods led

to the correct evaluation of transverse interaction terms by
Aub, Power and Zienau (20}.

Axilrod and Teller (21) and Mute (22) firet investigated
the non-additive correction in the interaction of three atoms,
each for a simplified atomic model. McGinnies and Jansen (23)
have examined the validity of two-body interactions in molecu-
lar phyeice. Podlubnyi (24), using invariant technique, has ré-
ported an expression for the interaction energy of three atoms
which does not give correctly either the static limit {21, 22)
or the retarded interactioh.

Lifshitz (25) has considered the general problem of mole-
cular attractive farces between gzolids, and Dgyaloshinaski et
al (26) have extended the theory of Lifshitz to bodies separa-
ted by a liquid layer.

2. STATIONARY PERTURBATION CALCULATIONS OF THE VAN DER WAALS
INTERACTION ENERGY

Here we shall review the application of quantum mechani-
cal perturbaticn theory to calculate the van der Waals inter-
action energy of spherically symmetric identical neutral atoms.

A. Twae Neutral Atoms

Let ﬁl and ﬁg be the position vectors of the twoe atoms,
and let R, - B) = Rfy,, where R is the interatomic distance
and f12 is the unit vector aleng R. By assuming R to be large
enough the overlap effects are neglected, and the force between
the atoms ie due tc dipcle-dipole interaction.

The Hamiltonian of this system may be written as

H= HO + Hd ' (2.1)

where H0 is the unperturbed Hamiltonian of tke system of two
independent atoma in their groundstates, and Hd is the inter-
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action betwsen the atoms. Hd ig treated as g small perturbation
and, in the dipole approximation, it i® given by

1 - 31,
Hd = qil) “"""'53'];?"‘12‘ al2) , (2.2)

where q(i) 12 the dipole moment of the ith atom, and i is the
unit dyadic.

Now let En be the eigenvalues of Ho’ Eo be the unperturbed
energy of the groundstate. <Eal Hy | nC) represents the nm ma-
trix element of Hd in the representation in which Ho is diago-
nal,

<p lHol mC} =E, Snm _ (2;3)

The energy of the groundstate, E, up to the second order
in perturbation, is given by

where
OH H.| O
AU, = 2 S I ol Gal%l9 : (2.5)
n#o E, - En

since for spherically symmetric atoms in the groundstate
{o |8yl 0> =o0. ~

The unperturbed Hamiltonian, Ho'
sum of the Hamiltonians of the individual atoms,
H0 = H{1) + H(2), and (2.5) may be expressed ag 1

may he writtenr as the

AU, = _
5 {Olatl) [ .@p,. a2 sy (blat2)]|o) Q- {ala(n)|0>
a, BA0 W (1) + wb(z)
(2.6)
ir (2.6), we have usged:
Q. - 1 - 3r12r12 .
2= TF
(2.7)

E - B, =W, (1) + W(2) 5 W (1) =w (1) - w (1)

and W, (2) = w(2) - w (2) ,
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where wakl) and wh(2) are the eigenvalues of H(1l) and H{(2)
reapectively, and wo(i) ig the unperturbed groundstate energy
of the ith atom; n= (a,b). The summation in (2.6) is to be
teken over a # 0 and b # 0, since {0 |q| q> = 0.

In terms of qx(i), the x-component of qii), (2.6) becomes

| ola ()] |.2 | &lagt2)|w> ke Tr Q

A% =% %0 W (1) + W (2) 12 * %1
= -ur7% _ | (2.8)
whare » »
0le_(2 ola_(2)|b
f,‘:szz ]< Iqx( )la>l l( qu( )‘ >, . (2.9)
a, b£0 W (1) + W (2)

By an expaneion of the perturbation operator to includs
higher powers of the coordinates, the van der Waals interac-
tion energy is found (3) to ke

6e23 5 135623 7 1416e23 9 .
AU, = - 6" - 5 o . 5 o, (2.10)
R R R

where e is the electronic charge and a, the Bohr radiua. An
upper linit on tha value of [LUE can be ohtained by the varia-

tion method (27).

B. Three Neutral Atoms

The third order stationary perturhation theory khas been
applied (21, 22) to calculata the van der Waala interaction he-
twean three neutral atoms. In this caae a specific three-hody
non-additive contribution to the interaction snergy of ths
atoms is 4lso obtalned, the accuracy of which can he determi-
ned by the variation method (27) bty evaluating the upper limit
of the groundstate energy of the system,

Consider a aystem of three neutral, spherically symmetric
hydrogen atoms in their groundstates, fixed in space. The inter-
atomic distance is given by
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Ri - Rj = Bijrij (2.11)

-~
frigl=1, 1,3=123
The Hamiltonian of the system is
H=H + Hy {2.12)

where Ho’ the Hamil tonian of the unperfurbed system, is
H, = 2_B(1) , (2.13)
i

B(i)*s being the Hamiltonians of the unperturbed atoms. The
perturbation operator, Hd’ is again the dipole interaction po-
tential of the atoms, given by

i 1 - 37, . |
Hy =ZH;‘1 = 2 ali) —R~5111r—11 a(§) (2.14)
i3

The energy of the groundstate, E, up to the third order
in perturbation, is given by

E =By + AU (RypiRy50Rsy) + AT5(Ry 50 Ro50 R ) (2.15)

In (2.15), the eecond term is a sum of three two-body in-
teractions,

-6 -6 -6
AUy (BypRogByy ) = = fypRyp = fysRos -M3iRs (2.16)
while the third, non-additive, term ie

Av, I X {o|8g|n> <nlgylmy {alHy|o) .

n,m;éO (Eo - En)(EO - Em)
s 4% o|H,{n> <:‘Ha"> (2.17)
n£0 (Eo - En)

In (2.17), the second term is zero eince
ATy = <:0[Hd]0> = 0. The third order interaction energy.ZSUj,
can be expressed (21, 27) as a sum of six terms of the type



12

STy {o00[R,|av0y (abo|Hy|a0cy (aOc|H,|000)

) (2.18)
&,b, cA0 (W, (1) + W (2))(W, (1) + ¥ (3))

sincs ths matrix elements <n[Hd]n'> = <abc[Hd\a'b'c'>

vaniah for a = a', b= b', ¢ = c'. The W'a are defined in (2.7},
(2.18) can be reduced to

_ o lol@iol” i1 [@lols |
b

z
e, b, cf0 (Wa (1) + W (2))(W (1) + W (3))
Tr Qp « Q3+ U (2.19)
Let 91, 92, 9 be the inner angles of the triangle for-
med by the three atoms Defining cos 91 = - r3l + T1p =

2
(331+312- R 3)/2331312, and using the identity cos? 9 +

cose 92 + cos 93 =1 - 2cos elcos eecos 93, we have

-3
IT Qp - Qg ¢ Uy = 3(R12323331) (3cos Qlcos 92cos 93 + 1)

(2.20)
With the help of (2.19} and (2.20), the expression for the
third order perturhation energy hecomes

-3
AU3(R]_2!B~23!B-51) = f(qx(i)'w)(RIER'ZBle) (3003 61009 92009 93

+1),
(2.21)
where

-1
£lqg(i),W) = 12%%&) (W (1)+W,(2)) (W (2)+¥,(3))

-1
(F(31+H, (1)) . (F (1)+W (2)+¥_(3)) .

[olagf s> | |lag@ B [ [oleg) ] °
(2.22)

From {2.21)} one finds that when all Gi's are gsmaller than
117°, tkhe non-additive correction is poeitive (repulaive); when
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one of the ei's is larger than 126° the correction is negative
(attractive),

In the case of a system of three hatmonic oscillatora {(22)
with angular frequencies . all the matrix elementa
{0 a,(1)|ay vanish, except the element {0la (i)[1> for
which W, (i} = H{Di, 2T ¥ = Planck's constant, 1 = 1,2,3. From
(2.9} we have

2 {o]a?1)] 0> o] (3) O
/u’ij -; K(wi N wj) ’ (2.23)

and, from (2.22),
4 &)1 + 602 + &)3

£{q,%) = 2 = .
123 gf?(cul+mz)(w2+w3)(u3+wl)

LolPm| @ ola®@)|o> {old®(m)]0> , (2.24)

using the relation <O[q2(i)‘ 0> = 3 <O‘qx2(i)l 0> .
For three identical oscillators, one obtains the relations

1 3 |
s= 2 o]?|0> 5 v = 50(2 {olefloy (2.25)

where o{ is the polarizability for an oscillator of mass m and
charge e, ol = % <O ‘q2l0> /M. The relations (2.25) give

4y = 30(/(,(/ 12.26)

(2.25) and (2.26} hold (22, 27) for a system of spherical-
ly symmetric neutral atoms.

C. Higher Order Perturbation Contributions

The Drude oscillator model provides a means of deriving
the second order dipole-dipole contribution to the London-van
der waals interaction energy in a simple way'(z, 15). The oca-
cillator model can be used (22) to derive the non-additive
correction in the third order interaction energy, and can be
extended to calculate the nth-order contribution to the inter-
action energy of a system of molecules. Higher order perturba-
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tion corrections become important (21, 23) in the interaction
with dipole-dipole approximation, and all orders of perturba-~
tion have been considered (28) in the determination of the co-
hesive energy of a linear lattice.

Congider a aystem of moleculea which have equal unperiur-
bed frequencies and which are coupled only hy dipole-dipole
perturbing potentials. Each molecule is treated as an isotro-
pic harmonic oscillator of vibrating mass m,
tial energy kifi2/2, and electric dipole moment Ei;ﬁ' The
Lagrangian for the system is

internal poten-

N = N g N
1 dr, 2 1 . 1 ' V€L €
L=-XZ m(2) T wF2 -2 Z Fd x
2 i=1 dt 2 i=1 2 i=1 j=1
B3
where ﬁi = R .;. » and primse on the summation indicate that

the terms i=j ars omitted. (2.27) can be written in terma of
normal coordinates, Qs’
1 3N 1 3N
L=-2_q°--22 %2 (2.28)
2 9=1 2 a=1

where the Qa are lineai combinations of the components of ths
;i' Q oacillates with the angular frsquency (g which is gi-
ven by the 3N asolutions of the asecular equation
2
M- 1] =0 12.29)

where

[t /m)1 8y veees Gy

Gyp {Ey/mp)l  Goy
M = ] . . (2.30)

oy “‘N)mu)i)

1N

el
[ T
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and Gy = £ Gj(mimj) l/ 3 (1 3;13 ij) (2.31)
and I is s 3Nx3N identity matrlx.

To treat this system quantum mechanically, one may write
for the total energy of the aystem

3§
Z (n +—)yfca , (2.32)

where ng is the quantum number for the sth oscillator or nor-
mal mode.

The interaction energy of the system ia the difference be-
tween the groundstate energy of the gystem, U = %H Zwa, and
the unperturbed ground-level energy,

1 1/2
AU =T - U, = K Ei: w, - —H E:,(k s/ms) (2.33)
2 s8=1 i=1
With W, a2 the unperturbed energy of =all the molecules,
all ths diagonsl elements :ILn {2.30) are ki/mi = 0302. The dis-
gonalized matrix of M is M , with diagonal elements CJS2. Now,

define a matrix

\
0 Qp +e--¢ Uy
-2 Q 0 viveeee Q@
A= wo ¥-1-= 12 2 (2.34)
fy  Qox 0 )
1/2 « o a -3
where Qij = (ozitxj) (I-Brijrij)Rij (2.35)
and o( 2‘/l{ = polarizability of the ith moleculs. If S
is a matrix wh:Lch diagonalises M, then
-1 -1 -1 -2
A'= s a5= % M5 -S IS = W M - Iis disgonal, and
A has the eigenvalues
_ 2 2
Ay = (/W) -1 (2.36)

The interaction energy of the system, from (2.33), then is



1 N . 1/2 3 oo
AU = U-U = Eyf @, 3':‘ (1+a) - —N}f&)o = }]E:: AUy (2.37)
where
1 n 1.1.3....(2n-3) n
AT, = - Haw [(-1) = J Tr A (2.38)
2 2°n !

n (2.37) the radical is expanded using binomial theorem,
and the theorem for the invariance of a trace under a canoni-
cal transformation Justifies setting Zs—l )nE Tr (A')n =
Tr AR, i

AUn glves the nth order contribution to the energy of the
gystem, and it depends on the trace of the nth power of the ma-
trix A.

AUl =0 because Tr A = Q.

For the second order coniribution, we have

1 2
AU2 = - Zﬁwo Tr A
3 N, §,
= - ) Z : Tr Q . Q
? o i=1 j=1 1 i1
3 N-1 X -6
= - nyooo 12.-1 E_;;i o« dJRij (2.39)

{2.39) gives ths interaction energy of the system as the
sum of the sscond order pair terms over sll pairs of molecules
belonging to the system. From (2.38) the third order contribu-
tion is outained as

N L] N ] N 1
vy = H e 2 Tr Quy « Qe - Q
3 32,4 © =1 j=1 ]{Z..; T Ny k] i
N-2 ¥-1 N
= _y{ W, YD D oy oly oy (1+3co8 Gic;a jSos ek)’
i=l J>1 k>j (Ry Ry )

(2.40)
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which is the gum of triple-diple (21) terms, discusaed in asc-
tion 2(B), for moleculea of equal unperturbed frequency over
8ll triplets of molecules belonging to the system.

in order to evaluate the genersl tarm (2.38), Tr A7 ia
calculated.

N, N,
pr AR =2 ... 2_ orQ e Qg eees Q , (2.41)
1,21 1 =1 111, 7 Vigi, iy

where the Qij'a are defined in {2.3%), and the primes on the
summations indicate that 11=12, cena inﬁil. {2.41) is evalua-
ted with the help of vector-dyadic algebra.

‘The nth-order contribution to tha energy of a ayatem of
moleculesa which bave equal unperturbed frequenciss, and which
are c¢coupled only by dipole-dipols perturbing potentiala, ia
thus given by

1 1.1.3...(2n - 3)
Av, = - Ao, [ ]

2%
N N oy ees d-
R
e 7 X
il 12 1n i Ri ig...Rinil)
n-1 n
‘ 2
3 -3 + 9 (r . T )
{ asl b a ‘a‘a+l lplpel
n-2 n-1 .
-27 2 2 EE: (ri 5 .r5 4 ) X

as=l b>a c>b alatvy ~ lplpa

r . r )( . v ) + e
Tyl il leten T Tiplpa }
f LRI E, . r VX (r o o g ) e
1112 1213 1213 1314
(r L) (2.42)
idy " T4,

AUn dependa on the frequency 4),, the polarizability «;,

the distances R1 i between the molecules, and the cosines of
i2
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the angles beiween the lines joining the molecular centers.
-3
Each term (R, seesB. L ) eees of (2.42) corresponds to
Bip3, i,y
a closed graph (ili2...in) drawn with n.of the N molecules as
varticas.

3. COVARIANT PERTUREBATION CALCULATIONS OF THE IONDON-VAN DER
WAALS INTERACTION ENERGY OF NEUTRAL ATOMS

The application of quantum elsctrodynamics provides a
fundamantal and gsneral baeis ‘o the theory of London-van der
Waals forces (17, 20, 26). The Feynman-Dyson covariant pertur-
bation tschniques (29) help to introduce relativistic and re-
tardation effacts in the calculation of the interaction energy
in a naturasl mannsr.

A. Two Atoms

The unperturhed system consists of two nsutral hydrogen
atoms, A and B, in their groundstatea, and the electromagnetic
radiation field in its wvacuum atate, there heing no interaction
between the conatituents of tha aystem. The atoma are regarded
ag fixed in space and nuclaar recoil effects are neglected. The
interatomic distance, R, is given hy

R = -R.-.L - §2 = 31‘12 {3.1)
where ﬁl and ﬁz are the poaitions of the two atoma with res-
pect to the origin. The unperturbed groundstate of the system
is given hy

6 = |op 0, 05> (3.2)
where OA’ 0B refer to the atomic groundstates, and 0F denotea
the vacuum of the radiation field.

The electrons of each atom are treated as Dirac particles
bound in a Coulomb field, V(r), and the electron field opera-
tors satisfy the Dirac equation

(B-B)p, = (-iX.V+ pu+ V) -E)P =0, (3.3)



or, in covariant form
( Wuls B o) - m)f=0 (3.3a)

where the external field, V(r), is contzined in A/uﬂx). The
electrons interact with each other via the electromagnetic
field in the Lorentz gauge. ’

Neglecting overlap sffects in the interaction {by requi-
ring that the atoms be far enough spart go that the electrons
of the atoms move in different potential wells), and using the
interaction representation for boundstate perturbation theory
{30), the following relations are obtained for the electron

current density operators of the two stoms :

‘ (l)( (2)(
J/,, (x) = Tu x) + I x) (3.4)
(1 2) '
[J/u- )(x)! JS) )(X )]= o 3 /U-:]) =1,2,3%4 (3-5)
For 8 larger number of atoms without overlap, one can write
(1
T (x) = 2:_ o (3.6)
(1 (i)
LT,,L)(x), J,i (x )] =0 , 1#] (3.7

In the bound interaction representation (30) the photon
variables commute with the bound electron varisbles

t
[3.), Ax)] =0, (3.8)
and the current density matrix elements ars given by
(1) (1) 1(EB_-E_ )t
- = mon
<§mi|Jﬁ- Kx)]ni:> =J . miTle
If the origin of space coordinatee is placed at the center
of an atom, the current density matrix elements are given by

(3.9)

3 (r) e?;(?)oci‘fn(f),

1mn
{3.10)

() = 1D (),
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where the ?”3 are the four-spinor solutions of (3.3).

The Interaction Energy of Two Atoms

Conasider the perturbation of the groundstate (3.2) when
the interaction between the atoms and the radiation field is
turned on adiabatically. The loweat order perturbation anergy
that contributea to the London-van der Waala interaction is of
the fourth order in the electronic cbharge 2.

The Hamiltonian denaity for the interaction of matter
with the radiamtion field is

H(x) = - {Hﬁx)A}Jx), (3.11)
and the S matrix for the ayatem 1a (29) ’
b (n) :
S$=1+7_5, , , (3.12)
n=1

(n)
in which the nth order term, Sé » 18 given by
(n)y (-1)"
S

e =

—e(ftyl+.-r it )

n?

xl.... Jd4x P H(xl)....H(xn)]
2 (3.13)

with the units M=c=1 , e =1/137.

In (3.13), P ia the time-ordering operator, and the con-
vergence factora have been introduced according to the adiaba-
tic hypothesis (29).

The fourth order contribution to the S matrix ia

$+ o0 +oa
4 1 - € ceot |t
sé ) - (54"1'“ d4x4P[H(xl)...H(x4)]e Clal #eeo g
! ! oo {3.14)

The fourth order Feynman diagrams ars shown in the figure.
Of these only the diagrams (a) and (b) contribute to the Lon-
don-van der Waala interaction energy; the others (being renor-
malization, vacuum polarization, or self-anergy diagrama) are
subtracted out from the fourth order contribution to the S
matrix.
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R e > |
() (b) (c) () Ce) (£)

Pourth order diagrams

The fourth order perturbation energy can be written (31)
in terms of the adiabatic S matrix as

' (4)
AU, = Lim 21 {als, |

where |G-> ie defined in (3.2).
4

G> , (3.15)

With (3.11) and (3.14), 5, may bs written as

+o0 +oo
4 1

Se = -2-; f d4xl. .. fd4x4P[Jﬁ(xl)J,;(x2}Jc-(x3)Jq-'(x4)] :

— o -

R -€( et |t ) -
P[%“(xl)lzﬂxQ)Agfx3)AT(x4)] e |t1|+ +! 4'

{3.16}
The causal photon propagator {29) is
. ' -jwd ¢
21 = o e
3= _ik.rT
Dplx) = ——— [ d7k e Idw = {(3.17)
F (2T) f o ¥ o _-

where GF denotes the Peynman path for ths circumvention of
poles.

Using Wick's theorem (32), the symmetries of the P-
product, and the relations {(3.4) and (3,5), one obtains

<G|s4|c;>' = 21T2J atx ... [d4x4 <0A‘P[J/i(xl}J:(x2):“0!> .
<OBlP[£(x3)Jf(x4)]IOE> . Dr(xl-x3)DF(x2-x4) .
-6([tl|+...+ !td)
e

The prime on the left side of (3.18) denotes the fact
that only the diagrams (a) and {b) have been used in the cal-
culation. {3.9) and (3.17) are used in (3.18), the time inte-

{3.18)
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grations are performed, and then from (3.15) the interaction
energy ie found to be:

5 1,2 -1
_ 3= Bt 2 2 1< .2
AU4—ﬁ5{dkdk deo (k5= °) (B -w°) .
(&) _ ., (B) '
M/(.(.'J)(l’:rTE rw)M/u,))(‘kv-k y = 2) (3-19)
where
(1) _ ., L UET A RE
M/A,z(k,ﬁ,w)=‘(d3z':d3?e( Trkr)
@0 @) L alf N ()
o T J O T d.
jb i + >0 /unO ) (3.20)
n E0 - En - W+ i€ Eo - En + w4 ie

{3.19) givea the interaction energy of two neutral atoms and
embodies relativistic and retardation effects.

If the relativistic and higher multipole effects are ne-
glected, tbe interaction energy may be calculated in the non-
relativistic and dipole approximationsa. The groundatatas of
the atoms are lso-states and the only excited states which con-
tributs to the perturbation energy are assumed to be 2p-states.
The three 2p-wavefunctiona are 8o chosen that the corresponding
matrix elements, <:ls,E]2§>' = Ebn, of the electric dipole mo-
ment § of the atom lie along the three space axes. The non-
relativistic reduction of the operatora and wavefunctions in
expressiona like (3.20),is performed with the help of Foldy-
Wouthuysen transformations (33). The non-relativiatic inter-
action energy of two neutral hydrogen atoms is found to be

1%+ ®)E-Y (R K]
AU, lim [d%F a°% dwe o, (W), ()
S '_‘;Oj | oy )G
2 ' 2
2. w2y~ (k —w ) [(TE.E ) —w (R ) + 3w4]
(3.21)

where of () ia the real part of the atomic polarizability, and
is given by

2
oy () = 32290 Jagy (1) /w2y ~w?) (3.22)
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In (3.21) the k-integrations are divergent and they are
calculated by introducing a convergence factor e~ k and sub-
sequently taking the limit ¥ —> 0. We assume that k¥ & 1/a in
neglecting the effects of higher multipoles, where a is of ths
order of ths size of the atom; thus as ¥ +tends to zero, values
of the order of magnitude a/R are ignored. The interaction
energy is finally obtained as

4 lq(l)l2 |q(2)[2E2 J: u4 e'EuR

AT, = -

K KeRS (E°+u)2
2 5 6 3
@~ ;E * u2R2 * u3R3 * u4R4) ’ (3.23)

which is the result of Casimir and Polder (17). In writing
(3.23) an idealized spectrum ie assumed for the atom, namely,
one triply degenerate p-astate of energy E above the ground-
state (E -E <E), and A= He/E.

In tbhe limit of very small distances, R 41 A, the inter-
action energy expression {(%3.23) is evaluéted to obtain London'a
stationary perturbation formula (2.8), AU, = -p#E™®,

For large R (wave zone region, R:;»X), the retarded inter-
action energy becomes

~ 23fc o (0) o(y(0)
T Y

in terms of the static atomic polarizabilities, txi(o), of ths
atoms.

(3.24)

A\

B. Three Atoms

As for two atoms in (3.2), the unperturbed groundstate of
a gyatem of three atoms A, B, and C, in their groundstates,
and the radiation field in its vacuum state, can be written as

|6> = IOF,OA,OB,OC> {3.25)

The sixth order contribution to the S matrix ia

[ + oo
(6) (-1) -€ et [t
8 = - d4x1. .. d4x6P %(xl). . .H(xG)} e Cleyf s feg])

—0d

Zoo (3.26)
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and tha aixth order perturbation energy is calculated from the
formula

ATg = lin 3ie (GlSés)IG> , (3.27)
& 30
whars [G:) ia now given by (3.25).

Tha dlagrama of intereast in the calculation of London-van
dar Waala intaraction enargy of three atoma (that ia, for the
apecific threa-body interaction) are those in which the inter-
action ariasa by an exchange of three photons between the three
atoma, each atom being involved in the exchange by the abszorp-

tion and amiasion of a photon. Thua the contributing diagrame
ares

Tha expectation value to he uaed in (3.27) is
<G\SéG)IG>' - 8T|'3Jd4x1...jd416 <OAlF[J/t(x1)J:,(x2§“0A> :
<OB\P[£(X3)J2(14)]IOB> . Log|® Jf(xs}J,S(xs)JI o) -

-e([tl[+...+ Itﬁ{)
DF(xl-x3)DF(x4-x5)DF(x6—x2)e y .(3.28)
where the prime on the left aide denotea the fact that the
contribution of other aix order diagrams haa been subtracted
out. From (3.27) and (3.28), the interaction energy of three
neutral atoms, including relativiatic and retardation effects,
ia found to be

2 -1

i 2 -1 2 -1
Avg = T fd k) 7kyd k000 (K) - ) (Kp- o) (Ep- ) .

—_

MA N B . . c -
/u_f)(k31kl' WO M, ey Xy uJ)Mo_f(kz,ks, W), (3.29)
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where the matrices M are defined in (3.20).
The non-relativietic transformation of the operators and
wavefunctions in (3.29) givea, in the dipole approximation,

the non-relativistic interaction energy of three neutral atoms
as

AU, = ! 1im  [a7%. a%F,a7%, ded E((u))]B(ic'2-w2)_l
216N e ) 23 .
¥ 0

W2 o1 2 5 -1 . e
(kz—co ) (k3-w } [- (kl.kz)(k2.k3)(k3.kl) +

PN - 2
o2 {(kl.k2) +(k2.k3) j W +k +k3)+3c.3 ]
1(K, R z+K, oRyy 4K R X(k|+]k + |k
g Rog iy Ry kg Ry p )= ¥ iyl + liy |+l ) (3.30)
where Rij are the interatomic separations. In (3.30) the -
integration is over the Feynman path. When the atoms are not

identical, the of{td)'s occur as the product of the polarizabi-
lities of the individual atoms.

In the static limit (RZ A ) the interaction energy be-
comes

9 3 =3
Avy = EE [a({o)] (R oRy5Rs ) (3co8 8, coe B coe 65 + 1), (3.31)

which comparee with (2.21) and (2.40), and is the triple-dipole
interaction (21).

In the equilateral triangle configuration, the retarded
interaction energy (R>> X) of three atoms becomes

5.2 o(l(o) 0{2(0) 0(3(0)
-ITRIO

AUz(R—) = ' (3.32)
and is repulsive.
If two atoms are close together at a distance r, with
the third, A, at a long distance R, making an angle 8§ with
the axia of the first two, the energy is found to be:
Hc oly (0) o(pl0) (o)

7
- I (300329 - _"__R RG 3 (3-33)
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Here the energy follows the R~/ law of (3.24), and the
angular dependence reflects the anisotropic change in the po-
larizability of the pair BC, due to their close approach.

C. ¥ Atoms

The specific N-body energy can be calculated in a gimilar
fashion. In the statie limit this energy is given by (2.42),
while in the wave zone limit (R >>)() it turns out to be of the
order

Hc o (o) N

AU Ry - — .
UN TR (“—Eg—) (3.34)

Thig energy is exceedingly small.

4. CASINIR EFFECT AND TEMPERATURE CORRECTION

By considering the perturbation of the gquantum mechanical
zeropoint energy of the radiation field in a cavity, Casimir
(18) haa calculated the force between an atom and a perfectly
conducting wall of the cavity ag well as the retarded van der
Waala law of interaction between two atoms, (3.24).

The experimental measurements (34} which confirm the exis-
tence of retardaticn effects in London-van der Waals forces at
large distances between solida (Cagimir effect) are performed
at finite temperatures. It is also known that van der Waals
forces persgist even at high temperatures. It is, therefore,
ugeful to calculate the contribution of temperature dependent
thermal radiation to the molecular attractive forces between
aolids.

Congider a cubic cavity of aide b. The cavity may be di-
vided into two parte by a movable plate at distance L from one
of the ends.

From statistical mechanics one has

A=-XP1n Z (4.1)

-H/kT)

Z =TI‘ (E (4-2)
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where A is the free energy of the cavity and Z is the partition
function; also A=A1+A2. where Al and A2 are the free energies
of the two parte. The Hamiltonian in (4.2) is given by

1
H = %:k oo (N, + 5) , (4.3)

where &Jk sre the eigenfreguencies of the electromagnetic

field, and N, are Hermitian operators with eigenvalues 0,1,2,...

k
Thus
ey
1 exp(- —)
z=1 NZ exp(- %E(Nk?)) = E 2k§ (4.4)
= w
b)k =0 k 1-exp(- __k)
¥T
and
7]
A]_(I..'.E) =2 “x + kT 1n(l-exp{~ y—i-——“i)) (4.5)
e 2 kT .

K
The divergent part Z. ——= in (4.5) is dealt with by exa-
mining the difference of free energies as in Casimir prescrip-
tion (18) for the zeropoint emergy. The change in free energy,
if the plate moves a distance SL, is given by

(6A)p=F . 8L , (4.6)
where F 1s the force per unit area on the plate. The expression

for the force between the plates, for b 3» L and b-L j» L, ia
found to be

Te T Her *por"

c el = n T Hel

= T ——— T n°1n{1l-exp(- ——)) - ———r, (4.7)
240L L n=1 TL 45

where T' = kT/HeT and L is the distance between the plates,
The first term in (4.7) is the Casimir force st T=0. The other
two terms give the temperature correction to the van der Waals
interaction betwesn the two plastes. .

At low temperatures, 'y & 1, one obtains frowm {(4.7)
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cl c . 1 ¢

F = —]T-—-— - 3 T exp{- &—) - ———v (4.8)
240 L L TL 45

1
At high temperatures, T L j> 1, the sum over the loga-
rithma in (4.7) ie obtmined with the help of Poisson's formu-
la, and the force becomes
1 ' I2 203
HeT

2 T 2T 4T T 2,
F=— 5(3) + T Kel 5t —p— + n Jo exp{-4 T T L),
4L 2 L

TTL3 L

(4.9)
where § is Riemann's zeta-function.

The expressions (4.8) and (4.9) compare well with the ex-
pressions obtained by Lifshitz (25) by introducing a "randon”
field in Maxwell's equations. However, Lifshitz does not get
the expaonential term in the low temperature limit given in (4.8).
The temperature correction may already be considered at a dis-
tance L )>3x10'4cm between the plates at room temperature (300°K).

If T=0 in the second part of the cavity, with F=-p and ta-
king the limit I — co, one finds from (4.8) the formula for
the radistion pressaure

5

a8 Tt (4.10)

P = — S . 4,10
45 h-c

which, with the energy density u=3p, gives the Stefan-Boltzmann
law u = aT4.
5. CERTAIN FEATURES QF THE EQUATION OF STATE OF GASES

The Kamerlingh Onnes expansion for the equation of state
of an imperfect dilute gas is

PV = RE(1 + — + =5 + ... ) ' ~(5.1)
where B,C,.... are the second, third,...., virial coefficients

respectively. These coefficients (3B, ¢, and-highér ones} have
been calculated clasaicaelly for a number of gases and a variety
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of binary potentials (2).

The thermodynamic functions of a gas of N particles con-
tained in a volume V can be expreased in terms of the canoni-
cal or grand canonical partltlon functlons, which are related
to each other ag:

N .
2e(V,1,2) = 5: 2(Y,T,1) M A%2) (5.2)
=0

where z is the fugacity and A the thermal wavelength.

z

H

A%expgg (5 3)
B = 1/kT and g is the chemical potential; A = h/(2T ka)
Also

8]
n

v =1
U fwn('fN)ﬁ-N, ‘ o (5.4)

7
?E-N = (F,Tpe..n N) = (1,2,....K)

The pressure and the density of a Boltzmann gas ma.y be
expressed as expansions in the fugacity z

=kT Z_ bz ~ (5.5)
n

N/V = Z_ nb z" - (5.6)

a .

where b , the Mayer clusier integrals, are defined by

, -1
b, = {Vn.) f‘(l....nIUnll....n)dfl....d?n {(5.7)

and become volume independent when one lets V become large.
It HN ig the Hamiltonian for N particles and
Wy = exp(‘—' n/KT) | ‘ o '(IS.._B)

then the Ursell cluster functions, U , are defined by
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(w1 = a'lv 1)
a',2'|w,]1,2) = Wlneoge) + 12" u,l1,2)
(1',2",3"|W5|1,2,3) = ("] 12" 0] 223" 0y 3)
+ o j(2',3" [u,]2,3) + (2'[7,]2)02",37[U,]1,3)
+ 3"y 3", 2" uyn,2) + (2F,2',3" [Ug)1,2,3), ete.(5.9)

Ursell end Mayer (35) firet used this procedure for clss-
sical atatistical mechanics and Kahn and Uhlenbeck (36) for
quantum statistical mechanics. U, 1o required for the n-body
problem. For a Bose or Permi gss one is 1nterested in h S and
Uns, and Lee and Yang (37) have shown how U may be calculs—
ted in terms of U, end how U , for n :? 2, may be written in
tarms of Uz.

By eliminating z from the relations (5.5) and (5.6), the
squatiorn of state may be writien as a power series in either

the number density % =v =,
2

-b, 4b,°- 2b,
p‘v:kT(l+-——+—'—2_+ ocoo) (5010)
v v
or in p, 2
pv = KI(1 - bppp + (37~ 263)(pp) + o) (5.11)
$ Lot
pv. =1 -~ —_— v, (5.11a)
i=l i+l Fs

where B = (KT)™' and £, the irreducible cluster integrals,
are various combinations of the bn. Mayer (35) has given the
general equations for f 4 when the intermolecular potential,

U(rij)’ is central and pairwise sdditive, and ths virial coef-
ficients are related to ﬁ ; 883
B=—Nf31 ’ C=—N Fz ’ D=-N FB {5.12)
2 3 4
Otherwise, frém the power series in v one has
B=-b, |, C = 4B°- 265 D= 1230-1233-31:4, ete.

(5.13)
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A, Second Virial Coefficient

At high temperatures the aecond virial coefficient is cor-
rectly given by the c¢lassical expression

= - 27N J'(E*U(r)/kT 1)rlar (5.14)

where U(r) = intermolecular potential energy; at low tempera-
tures, for Boltzmann statistica, it is found to be given by

1
B==-)> (2a1+1)B , (5.15)
2 1l=0

where -

1 dq
1
= 2 exp{(-@E ;) + — | exp(-BE) —=aE , (5.16)
Bl n p nl T F dE
0

71 being the 1lth phase shift.

The generalization of B from (5.15)} to Bosa-Einstein or
Ferml-Dirac statistice is straightforward and, tsking into ac-
count an intrinsic spin s of the particlea, ona obtainsg:

(s)
Bpg

(s)
Bpp = 1 Bpp + £ Bpg

where f1=(a+l)/(2a+1) and f2=a/(2a+l), while Bp, and By, refer
to zero spin and are given by

f) Bgg + T Bpp
(5.17)

=——3--
By A ( + 21;§;én(21 + 1)8)) ,
L (5.18)
= - = 3 (e —+ 2 1B
%D A 8 +1 saa VR

Considering only S atates and at the moat one diascrete
state, and a=0 for BE(Hs4), a=1/2 for FD(HeS), the equationa
{(5.18) give

B

3 1
BE = -A (g + 2B0) ’

N | =

. (5.19)
(1/2)= EAZ* 1 1

- —+Z3B
2 1/2) TR
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BB -_l_f"" a7,

whfare Bo ? + Bo ; }30 T oexp( PE) pou dE.

Fumerical calculationa bagsed on potentials like the Len-
nard-Jones (12, 6) potential ahow that even at 1°K the D-atate
contributions in (5.,15) are appreciable {38). Using a square-
well potential to evaluate (5.15), it may be concluded (39)
that the two-body syatem of He4-He3 has a diacrete level while
both the He4~.He3 and He3-He3
The validity of the expansiona of ‘71 for various regimes of
binding (40) ia extremely limited in the case of B at low tem-
perature,

gystems have no discrete level.

Diffraction Correctiona to B

In order to introduce quantum mechanical diffraction cor-
rectiona, which become important at high temperatures, the ae-
cond virial coefficient may be developed in a power aeries in
the Planck's constant (Wigner-Kirkwood expanaion, 36):

5 =30 4 B(l)q + B(Z)q2 + 3(3)q3 + eeenny (5.20)

where q = H2/2m*; % =h/2T, and m  is the reduced mass of the
two-body syatem. At high temperatures, the Bloch equation

2L .. HP : (5.21)
g
may be solved to give

3*

X2 P(R,F) = exph(F,F) (5.22)

where the star denotea that m hae been uaed in A « W may also
be developed in a series like (5.20), and aince

B=2TN Jw?l - expW(F,f))r2dr, the iterative solutiona of the
L]
Bloch equation yield {36, 39):

. B(o) = 2T f(l - exp(-u))rzdr . {5.23a)
o

B(l) = E-F3 Jrexp(—u)Uiz rlar , {5.231)
A ‘
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ll'2. l2

= E R M
(2) T 4f U U gr U o
B = - - expf-u){ + + - Ir€ar ,
6 P / 10 52 or 72
‘l'2 ||2 ||3 1 ||2 <5‘2BC)
g 14 v
3(3) =1 P J’exp -u)( + 5+ f + 4
840 1407 756 180r
'3 212,112 2.'4 3 s 4U 6
U T °U U U
NLAE £ 5 - T 2, (s.2m)
945r 720 64801 2160r 25920

where u=@U(r), p =1/kT, and the primes denote derivatives with
respect to r.

The usefulnesa of auch resulta is somewhat limited by the
fact that little is known about the convergence of the Wigner-
Kirkwood expansaion like {5.20). The convergence problems in
such an expanaion are analogous to those in the perturbation
expansion of the 5 matrix in quantum field theory. Such types
of series ara characterized by the fact that the expansion coef-
ficients are functionals of the interaction potentiala (fielda),
and the convergence (if any) of the series depends on the type
of the interaction potential {field).

The partition function is

2 = Tr exp{-£ H) (5.24)
where H =Z(—ﬂ2/2mi) Vj_2+ > U(rij) {5.25)
1 1]

The WK expansion ia obtained by considering the kinetic
energy small compared with the potential energy, and the par-
tition function for one particle in terms of this expansion be-

comea
2 4
2
Tr exp(-BH) = A7 {:Pr exp(-m[l X (yw E | ((vw?)
12 144
- 8(Vu)2 V2u + 12(':?211)2 - ....] , (5.26)

where X= H/{kaT)l/z. It might appear from {5.26) that the
partition function is an analytic function of }'2. However, it
need not be so for all interaction potentials and, for example,
the coefficients of k and higher terms with U{r)= =g exp -r/r )
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are divergent. For the potentisls for which the Mayer cluater
integrala exist, the presaure can be expressed as a power gse-
rizs in the number density, v’l, and is an analytic function of
-1
v .

The second virial coefficient may be written as:

(4T x)2
B=- —-—2-}'— Tr exp(—p(H°+U)) - Tr exp(-PHO)] (5.27a)
1 (3
—_— - = Jd r(exp{-u)-1) , (5.27b)
Mo 21

where H = -(K2/2m*)§72. Using the resolvent formalism

1 d (-gE)
exp(-pH) = f i LI (5.28)
21 ¢ z-H

the expanaion for B can also be obtained from a perturbation

expanaion of U as

3/2
(4T }2) / > ap exp(-pE;) 1 jdz exp(-f z)
T i (2MH)° Tali 4 2 )

(z_(H — ) | > '(5.29)

where E0=p2/2m* and Ip:> are the eigenfunctions of H .
{5.29) ia avaluasted with the help of the ordered exponen-
tial method (41), and the nth order of B is found to be

&

3
,e)“ v kl...d k, - -
Pa = - o ) )T SR Kay)
U{ky ) UK IS (Xkgyonny XKy 5) s (5.30)

whare U({k) is the Fourier transform of the potential, and the
Sn contain all the quantum mechanical dlffraction effects. On
evaluating Bn' the WK expansion of the second virial coeffi-
cient is found to be
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1 3 -1 Ik d -u 4
B= 2_ B =--1d°rf{e77-1) - =(Vu) e +o()()+...J(5.31)
n 2 12
Here the expansion like (5.20) haa been obtained from &
perturbation expansion. The quantum mechanical corrections to

higher virial coefficients can be diacussed analogously.

B. Third Virial Coefficient

The third virial coefficient is relgted to the potentisl
energy, Uij’ of a pair of molecules i and j separated by a dia-
tance rij by the equation

8 %2
C=- 5 £12%158 937127137 23971 28Ty 34703 (5.32)
where fij = expﬁ—Uij/kT) -1 (5.33)

In terma of the cluster integrals b2 and b3, C is given by

_ 2 2
C = (4b,°- 205 )N (5.34)

Potential Non-Additivity

If the three-body potential, U(rlz,r23,r31) is not pair-
wige additive then we assume it to be given by
Uie = 5. U.. +u . (5.35)
123 1,2,3 ij 123
where u123=AU3 represents the specific three-body effect and
is given by (2.21) or (3.31). The third cluster integral may be
written as
b = b

(1} ‘
+ b , (5.36)

3
(1)
where b3 ig used in (5.34) with u123=0; and b3 , the contribu-

tion due to potential non-additivity, is given by

2
(1) 471 -7 U, uj, :
by = TI Jexl’(ﬁ)((exl’(“ ﬁ)'”)r12r23r31dr12dr23dr31’

(5.37)

which form a triangle.

3 3

the integration being over those Tij
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The third virial coefficient with non-additive effects is

(1)
U =0 + C . (5-38)
where C is given by (5.34) and
(1) 5 (1)
¢ = - MW, (5.39)

(1)
with b3 given by (5.37). For the van der Waals potential

with a hard core:

Uij = + o0 , J:'i._j <~ro
= - 4U°(ro/rij)6 . rij > ro (5.40)
-ZUi
and exp(—-—;T—-i) =0, 1547
cne obtains .
: =3
12123/1{T = 3(°</1'°3)(Uo/kT)(r12r23r31/r03) G 1 (5‘41)

where G = (3cos Glcos 62cos 63+1), and U is the potential mi-
nimum. In terms of reduced quantities, with rij changed into
dimensionless variablea, the non-additive correction upto the
terms in (T%)'2 is:

COLINN ¢ DI 18&"[[} 4 ¢ 6 .. 8
c =C /Bo = = B(l + E*(x + ¥y T+ Z ))Z;;;3? -
3(“‘*)——.5(;2 (5.42)
- dxdyd o4
2 Eg- {xyz) } yae

The integrationa in (5.40) are elementary and can be re-
duced to forms which are evaluated (42) numerically.

The non-additive correction tc € may also be obtained by
expanding b3 into a Taylor series about h=0, h being the mea-
sure of potential non-additivity.

L}
by = (b} + hiby) + .u... (5.43)
3 3 h=o 3" n=o
where in b3, U123 igs psirwise additive, and prime denotes par-
tial derivative with respect to h.
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-3
J(Jexp(—l) G.(r),Tpsrsy)  dr),dTysdry)
(5.44)

(b3) =
h=o EkT

For the Lennard-Jones potential, fr—lz—gr'6, one obtains:

. 1 kT 1/4°°

k) oo B (5.45)

op+l [+ [ -(2t+1)/4 6@
il ) J f (6)P 12> (2t+1)/ . —E;ﬁdsdt (5.46)

o 1=t @

1
O I o
P

P 4

g kT 1/2
and ¥y = (ﬁ)(f_

(1)
Instead of b3 , the correctian (b;)h=o may be subastituted

in (5.39) in order to obtain the specifie three-body interac-
tion contribution to C for the Lennard-Jones (12, 6) potential.
The theoretical curves for C, corrected for the non-additive
effect, compare favorably with measured values and point to ths
reality of three-body forces in the equation of state of gaaes.

Low and High Temperature Expressions of C

C can he written in the form

so e (rjo4ry3)

2
C/b,"= ~ 6 “[ £ 5Ty 2f 53Ty 9T 2Tp3dTy 5dr) zdT5
|F12-T13] (5.47)
where f@j= exp(—xr'n+ 2xr'n/2) -1, x= Uc/kT ,
= (4/9) TI°N % 6 (5.48)

The integration ia over that part of the poaitive occtant
space which liea between the planes r12 13+r23 .
Writing (5.47) a

of r,

ij
T)3=Tp*T3 » 8RA Tp3=T) 455

!:f:fw_gaf:f[hz T13| (5.49)
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the integrations give

o 3 3
: (JKf(r)dr) = x6n(12/h(x)) ) (5.50)

3 127713l
- E } J flgfn(-1)r12r13r23drlzdrl3dr23
Lo+ B ¢
3 n n n 2
= - =M [ (1001400 - (T 0] (5.51)

with f,q = (-l)+(1+f23), the remaining part of the integral
being

f Ir12 r)p=T3)
-3 f12f13(1+f23)r12r13r236r12dr13dr23

° 0
(5.52)
Ipn satisfies the confluent hypergeometric equation
n 1 n n
xd? I /dx (E - x)de /dx + pIp =0 , (5.53)
and in the asymptotic limit
. 1 .y,
1/5 (pr1+3)t(priyey)ix”d
nIpn(x) = 211-1/2 x 1/2 P ex 2 (5.54)

j=0 (P+1)i(p+%)! jt
The asymptotic limit of C at low temperatures is given by
-12/n 2 _ 6/h
2 ¢/b," = 12/ (x) (5.55)

At high temperatures C is proportional to (kT)'s/n
independent of the inﬂex m of a-Lennard-Jones (n,m) potential.
On calculating the contribution of the integrals (5.51) and
{5.52), C ﬁor (n,%ﬂ) potential is given by

and is

C=c b 02 p12/n (6/n (5.56)

o ok (5.57)

where ¢ -1+ —+ 0 ' 5.57
o 8 n ;? '

being Euler's constant,
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The application of dispersion relations to connect the
low and high temperaiure behavior of virial coefficients will
be discussed elsewhere.

C. Ordered Exponential and Virial Coefficients

Let H0 be the Hamiltonian of the unperturbed syatem, and
let U be the interaction potential. In the interaciion repre-
sentation

U{s) = exp(sHO)U exp(-sHo) (5.58)

U may be divided into arbitrary parts,

-3 U, | (5.59)
a
In terms of the ordered exponential (41), we havet
i .
exp- f5,10)) = exs(-plig) exp (- [U(a)es) »  (5.60)

o

i £
and exp (- f U{a)ds) = (exp(- 7_ f U (s)da))_, (5.61)
P a 4 P

Q

where ( )P denotea chronological ordering. The right side of
{5.61) may be written as

p .
(exp(- Z: ojUa(SJdS))P= Ehf o {5.62)

where f, = expl- ‘{ Ua(a)da) -1 - (5.63)

{5.61) with (5.62) may be developed as a Mayer expanaion:

expP(- fU(s)ds) = (1 +i: £, 0+ b 0y + 2 £ 08 + -en)

: a <b alblc P
=1+ v 2 (g0 v 2= (£ 0 f ) 4 ... (5.64)
Z P add PP albie 3PCp

{5.64) gives the ordered exponential expansion of.U(s},
and with (5.60) and (5.62) one obtainat



40
exp(~ B(H +U)) = exp(-gH ) +7_ [exp(-p(H0+Ua))— exp(- gH )
a
+ a%b exp(-fs (Ho+Ua+Ub)) - exp(--P(H0+Ua))
- exp(-p(H°+U ) + expl -pH, _] + oeenan (5.65)

Congider a gaa of N identical molecules for which

le = 2 0/ Y, -, (5.66)
&

and ths interaction potential is given by

(2) (3)
v=2_ u. I A (5.67
1<y 1T Gex e’ )

{2) (3}
where Ui is the two-body potential, Ui X the three-body poten-
$ial, etec. (5.66) and (5.67) are used in (5.65) and the series
is arranged as a sum of no-interaction terms, two-particle in-
teractions, tbree-particle interactions, etc.
(1)

N (1) (2)
exp(-[d(H°+U)) = erls (h) + iZ(jS (i;)h;j;l; JS (m) +

S 2)(13)5(2)(1(1) i s(1 (h)
L
(1 {3)A (k1) h#i, §,k,1
3 1
b S( )(ijk) i s( )(h) P S (5.68)
13¢k héL, 3,k
{2}

where S {1j) denotea double collision between ith and jth

molecules, S {ijk) denotes triple collision, and sa on.
The free energy, A, is given by the relation

(@)
exp(-B4) = TIr [exp(—F(H0+U)) S'q,+]/N‘- , (5.69)

(N)
where Sq , is the determinant of N f-functions ac%ox)'ding to
' - N
BE(+)} or FD(-) statistics. The expansions for S, gq , are ob-

tained by Ursell's method, and one finds



- 4]

(2)
B (1)) +

<f o

exp(-PA) = m [1 + i?:j

4
{2 2
(i<J§(k<1) %f Ir H )(iJ)H( }(kl) Foaeas
e t ()
p a PrH O (1ik)+... s a (1 o
i<j<k ;3- r 1) )"" +i4j<k<l v'4 T ij ) + (5 ] )
.70

where g= )?, and H are Ursell functions determined hy the com-
binations of S and § . The cluster integrals are given by

n (n)
b = (q%/ntV) TrH (12....n) , (5.71)
and the wvirial coefficients are

55 D= 12BC-1233-3b4 , ete. (5.72)
The coefficients in the Wigner-Kirkwood expansion formulas
{like 5.20), that is the diffraction corrections, for B and C

are given by

2
1 1l
BO = = _fd-jr(e-u_ l) H Bl = P— . —jdjr e-u(KU'U) y - (5073)
2 12 2
PEE P 582 2
By, =— - = |a%r e [(Ku(m)) +Z(xu(rmU)) - (xUV) ] ,
120 2 3 12

2
etc., where u =P(L U =0 (r), and the operators K and L are
such that

(k¥6) = VP . V&, (IF) = 9, .%F , (5.74)

F and G being arbitrary functions.

%

1
2 3 ) -u
4B °- 2VB - ;Hd r,d r2(e -1),

Fj 1 3 3 -u
= 8B,B - 2VB) + IE ; 4’r,d-r, e (xuu) ,

—
|



¢, = 4(2B,8_ +B1) 2vB, v ffrd3 .

120
2
o (i) + £ @em)) - 5e° (kUw) ] (5.75)
3 12

ete., where ry and r, are relative coordinates, u = P U, and

2) . (2) | (2 . . 3) . .
U=0 (%)) +70U (¥,) + U (1;-T,) + U (F),7,) (5.76)
1
(EFG) = Vrlr .VrlG + Vrzp .Vrzc} + E( VrlF . Vrza + vrzp

Vo)
T3

(1P) = vrl .q_lr», Vr2 .Vr2F+ Vrl er

These analogies can be extended to higher virial coeffi-
cients.
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NOTE : This article is based on another rather comprehensive
account of london-van der Waals forces {between neutral atoms
and between macroscopic bodies) and certain features of the
equation of state of gases. Some of the problems treated here
briefly will be discugsed in greater detail elsewhere.
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