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Abstract

In this thesis a new pseudo-genetic method to model the heterogeneity of sandy gravel
braided-river aquifers is proposed. It is tested and compared with other modeling approaches
on a case study of contaminant transport. Indeed, in Switzerland or in mountainous regions,
braided-river aquifers represent an important water resource that need to be preserved. In
order to manage this resource, a good understanding of groundwater 
ow and transport
in braided-river aquifers is necessary. As the complex heterogeneity of such sedimentary
deposits strongly in
uences the groundwater 
ow and transport, groundwater behavior pre-
dictions need to rely on a wide spectrum of geological model realizations.

To achieve realistic sedimentary deposits modeling of braided river aquifers, the proposed
pseudo-genetic algorithm combines the use of analogue data with Multiple-Point Statistics
and process-imitating methods. The integration of analogue data is a key feature to provide
additional, complementary and necessary information in the modeling process. Assuredly,
hydrogeologist are often subject to �eld data scarcity because of budget, time and �eld
constraints. Multiple-Points Statistics recent algorithms, on one hand, allow to produce
realistic stochastic realizations from training set with complex structures and at the same
time allow to honor easily conditioning data. On the other hand, process-imitating methods
allow to generate realistic patterns by mimicking physical processes.

The proposed pseudo-genetic algorithm consists of two main steps. The �rst step is to
build main geological units by stacking successive topography realizations one above the
other. So, it mimics the successive large 
ood events contributing to the formation of the
sedimentary deposits. The successive topographies are Multiple-Point Statistics realizations
from a training set composed of Digital Elevation Models of an analogue braided-river at
di�erent time steps. Each topography is generated conditionally to the previous one. The
second step is to generate �ne scale heterogeneity within the main geological units. This
is performed for each geological unit by iterative deformations of the unit bottom surface,
imitating so the process of scour �lling. With three main parameters, the aggradation rate,
the number of successive iterations and the intensity of the deformations, the algorithm
allows to produce a wide range of realistic cross-strati�ed sedimentary deposits.

The method is tested in a contaminant transport example, using as reference Tritium
tracer experiment concentration data from the MAcro Dispersion Experiment (MADE) site,
Columbus, Mississippi, USA. In this test case, an assumption of data scarcity is made.
Analogue data are integrated in the geological modeling process to determine the input
parameters required { characteristic dimensions and conductivity statistical properties { for
two variants of the proposed pseudo-genetic algorithm as well as for multi-gaussian simulation
and object based methods. For each conceptual model, 
ow and transport simulations are
run over 200 geological model realizations to cover a part of the uncertainty due to the
input parameters. A comparison of the plume behavior prediction is performed between the
di�erent conceptual models.

The results show that geological structures strongly in
uence the plume behavior, there-
fore the choice or the restriction to speci�c conceptual models will impact the prediction
uncertainty. Though little information are available for the modeler, it is possible to achieve
reasonable predictions by using analogue data. Of course, with limited information, it is im-
possible to make an accurate prediction to match the reference, and none of each conceptual
model produces better predictions but all are useful to cover the uncertainty range. The
results also underline the need to consider a wide exploration of the input parameters for
the various conceptual models in order to recover the uncertainty.
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R�esum�e

Cette th�ese propose une nouvelle m�ethode de mod�elisation de l’h�et�erog�en�eit�e des aquif�eres
sablo-graveleux de rivi�eres en tresse. la m�ethode est ensuite test�ee sur un cas de transport de
contaminant et compar�ee d’autres m�ethodes de mod�elisation. De tels d�epôts s�edimentaires
sont communs en Suisse ou dans les r�egions montagneuses et sont les r�eserves d’une part
importante de l’eau consomm�ee. Pour pr�eserver et g�erer au mieux la ressource, une bonne
compr�ehension des ph�enom�enes d’�ecoulement et de transport dans ces milieux est requise.
De plus, ces �ecoulements �etant fortement in
uenc�es par l’h�et�erog�en�eit�e et les structures
complexes de ces d�epôts, la pr�ediction de l’incertitude li�ee l’�evolution d’un panache n�ecessite
un �eventail large et vari�e de mod�eles g�eologiques.

A�n d’obtenir des structures s�edimentaires r�ealistes pour ces milieux g�en�er�es par les
rivi�eres en tresses, l’algorithme pseudo-g�en�etique propos�e int�egre l’utilisation de donn�ees
analogue combin�ee avec des techniques bas�ees sur les statistiques multi-point et l’imitation
des processus. L’int�egration de donn�ees analogues dans la mod�elisation est un �el�ement cl�e
pour palier au manque donn�ees de terrain auquel les hydrog�eologues sont souvent confront�es.
D’autre part, les r�ecents algorithmes multi-point permettent de g�en�er�e des r�ealisations stochas-
tiques r�ealistes partir de donn�ees d’entrainement contenant des structures complexes. De
plus, les m�ethodes bas�ees sur l’imitation des processus permettent �egalement de g�en�erer des
motifs r�ealistes en tenant compte des ph�enom�enes physiques observ�es.

L’algorithme pseudo-g�en�etique est compos�e de deux �etapes. La premi�ere consiste con-
struire les unit�es g�eologiques importantes l’�echelle du domaine modelis�e. Cette �etape est
r�ealis�ee par l’empilement de topographies sucessives, ce qui revient imiter la sucession de
grandes crues survenant dans les rivi�eres en tresse et contribuant au d�epôt des s�ediments.
Les topographies successives sont g�en�er�ees par simulation multi-point, partir de donn�ees
d’entrainement compos�ees de mod�eles num�eriques de terrain di��erentes dates d’une rivi�ere
en tresses analogue. La deuxi�eme �etape consiste g�en�erere l’h�et�erog�en�eit�e petite �echelle,
l’int�erieur des unit�es g�eologiques principales. Pour cela, la surface de fond de chaque
unit�e g�eologique est d�eform�ee it�erativement, imitant ainsi le processus de remplissage des
auges. Ainsi, avec trois param�etres essentiels, le taux d’aggradation, le nombre d’it�eration
et l’intensit�e des d�eformation, il est possible de g�en�erer une grande variet�es de structures
s�edimentaires entrecrois�ees r�ealistes.

Les mod�eles g�eologiques obtenus sont ensuite test�es dans un exercice de pr�ediction
d’�evolution d’un plume contamin�e, utilisant comme r�ef�erence les donn�ees de concentration
de l’exp�erience de traage au Tritium du site exp�erimental de Macro Dispersion (MADE),
Columbus, Mississippi, USA. Pour rendre le contexte de mod�elisation r�ealiste l’hypoth�ese
est faite que peu de donn�ees sont diponibles. Des donn�ees d’analogues sont int�eg�er�ees aux
processus de mod�elisation pour d�eterminer les param�etres d’entr�ee requis { comme les di-
mensions charact�eristiques ou les propri�et�es statistiques des champs de conductivit�e { pour
deux variantes de l’algorithme pseudo-g�en�etique propos�e et �egalement pour une m�ethode
bas�ee sur les simulations de champs multi-gaussien et pour une m�ethode de mod�elisation par
objets. Pour chaque concept, 200 mod�eles g�eologiques di��erents sont g�en�er�es pour couvrir
en partie l’incertitude li�ee aux param�etres des mod�eles. Les pr�edictions du comportement
des panaches sont ensuite compar�ees entre les di��erents mod�eles.

Les r�esultats montrent que les di��erentes structures g�eologiques in
uencent fortement le
comportement des panaches. Cons�equemment, le choix des mod�eles conceptuels a donc une
incidence sur l’incertitude des pr�edictions. Même si peu de donn�ees sont disponibles, il est
tout fait possible d’obtenir des pr�edictions raisonables en utilisant des donn�ees d’analogues.
Bien �evidemment, avec des donn�ees limit�ees, il n’est pas �etonnant de ne pas avoir une
seule pr�ediction reproduisant la r�ef�erence. Bien qu’aucune m�ethode en particulier ne pro-
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duise de meilleures pr�edictions que les autres, toutes sont utiles pour couvrir la port�ee de
l’incertitude. Cela souligne �egalement la n�ecessit�e d’explorer l’espace des param�etres pour
di��erents mod�eles conceptuels, a�n de ne pas sous-estimer l’incertitude des pr�edictions.
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1.1 Motivations

In alpine regions, braided river aquifers constitute a major resource tapped to produce drink-
ing water and to support agricultural or industrial activities (FOEN, 2009). In a context
of climate change (Middelkoop et al., 2001; Moeck, 2014), of intensive use of the resource
and under urbanization constraints, the management of the resource becomes a challenge
especially to preserve water quality, to protect groundwater dependent ecosystems and to
contain 
ooding risks. This awareness is illustrated by river restoration projects all around
the worlds (Sear, 1994; Caruso, 2006; Tockner et al., 2009; Glenz, 2013). But investigating
surface groundwater interactions or quantifying the uncertainty of contaminant migration in
these complex geological media (Renard, 2007; Brunner et al., 2009) require reliable aquifer
heterogeneity models at the inundation plain scale.

Solute transport problems are essentially controlled by the geological heterogeneity and
the resulting petrophysical properties (De Marsily et al., 2005; Eaton, 2006). Various model-
ing tools exist and propose di�erent representations of geological heterogeneity. But none of
them is known to be right or more appropriate to represent braided river deposits. Indeed, as
far as we know, no full 3D detailed characterization of the internal heterogeneity of a braided
aquifer exists at the inundation plain scale. One of the most detailed 3D characterizations
of a braided river deposit was achieved by sedimentological observations on a series of seven
cross-sections at the Herten site (Bayer et al., 2011), but on a rather small area (16 m � 7 m
vertical sections along a 10 m pro�le). Consequently, when considering the quanti�cation
and propagation of uncertainty, several conceptual models shall be considered.

Thanks to their mathematical properties and computing ease, multi-gaussian based geo-
statistical models (Felletti et al., 2006; Salamon et al., 2007; Glenz, 2013) have 
ourished.
They have been tested on groundwater 
ow and transport problems. But by nature, multi-
gaussian simulations favor the connectivity of the mean values and do not allow for reproduc-
tion of realistic geological patterns (Guardiano and Srivastava, 1993), therefore even if these
models are well calibrated, accurate plume evolution prediction might be hard to achieve
(Zinn and Harvey, 2003).

New object based algorithms have been developed recently to model braided river aquifers
(Ramanathan et al., 2010; Huber et al., 2015). These approaches present a simpli�ed rep-
resentation of the expected geological structures. They allow to produce geological realiza-
tions presenting simpli�ed structures compatible with �eld observations such as outcrops or
Ground Penetrating Radar pro�les. The inputs required are relatively simple and limited to
length scale characteristics as well as hydrogeological property distributions for each kind of
objects. An advantage of this method is that these algorithms are fast. However conditioning
to �eld data can be di�cult.

Introduced by Guardiano and Srivastava (1993), Multiple-Point Statistics (MPS) algo-
rithms allow realistic simulations of complex patterns from a training data set. First practical
implementations such as SNESIM (Strebelle, 2002) are apt for the simulation of categorical
variables. More recent algorithms such as the direct sampling (DS) proposed by Mariethoz
et al. (2010), bring more 
exibility and can deal with joint simulations of multiple categori-
cal and continuous variables. Using MPS (Straubhaar et al., 2011), Comunian et al. (2011)
proposed an innovative way to model a three dimensional braided river deposit from the
detailed characterization work at the Herten site (Bayer et al., 2011). This method proved
the ability of MPS to reproduce complex �ne scale geological structures and to honor con-
ditioning data, but on a rather small area (16 m � 10 m � 7 m). However, to our knowledge,
no three dimensional training data set covers a large domain. More generally, the lack of
training data set, especially in a three dimensional space is one of the di�culties in using
MPS (Comunian et al., 2012).



4 Introduction

Process-imitating methods also called pseudo-genetic algorithm might o�er more realistic
geological patterns in accordance with �eld and outcrop observations but are CPU expensive
and not straightforward to condition to �eld data. So far, few such methods have been
developed to model braided river aquifer heterogeneous deposits (Webb, 1994; Teles et al.,
2004). The algorithm of Webb (1995) produces �rst successive topographies of the braided
river by random walk simulations. Then, the topographies are stacked one over the other,
which creates volumes that are assigned to a facies according to the local 
ow velocity given
by an approximation of the Froude number. Note that aside from channels width and depth,
all surfaces between channels are considered as 
at. Furthermore, the facies assignment does
not account for the geometry of the volumes.

An aspect that is important to account for when modeling braided river aquifer deposits
at a speci�c site is that information quantity might be severely restricted. Indeed, the �eld
data budget is always limited, and technical di�culties might prevent accurate and exhaus-
tive data acquisition. In an active system, one might not be sure to retrieve piezometers or
other equipments after a big 
ood event. In inactive systems, one is limited by vegetation
or restrictions introduced to preserve the local ecosystems. In addition, quarries or outcrops
might not be accessible close to the site of interest. Then the availability and the use of
analogue site data may prove useful and necessary.

1.2 Objectives

This thesis pursues two main objectives.
The �rst aim is to propose a new modeling method, able to integrate analog data, to

produce realistic geological models of gravel braided river deposits while combining the ad-
vantages of MPS and process-imitating methods. MPS tools allow to generate realistic
structures, facilitate data conditioning and o�er the possibility to integrate secondary in-
formation. By mimicking processes, pseudo-genetic methods produce realistic realizations
that have a physical meaning in addition to their statistical meaning. The proposed pseudo-
genetic algorithm revisits the method of Webb (1994) and uses MPS to generate realistic
successive topographies from large scale and high resolution digital elevation models acquired
by LIDAR (Lane et al., 2003).

The second goal is to assess in a contaminant transport example if analogue data inte-
gration allows to make 1) reasonable plume evolution predictions and 2) relevant uncertainty
analysis. The proposed pseudo-genetic algorithm and methods based on other concepts of
geological heterogeneity for braided river aquifer are then tested on a 
ow and transport
problem. For this purpose, the very dense data set of the MADE II tracer experiment
(Columbus, Mississippi, USA) has been used. It o�ers the possibility to compare predictions
with actual solute concentrations on a large number of sample points.

1.3 Methodology

The thesis is organized in four main chapters following a common thread. Nevertheless, each
chapter may be read independently.

Chapter 2 provides a detailed sensitivity analysis of the DS algorithm. The quality
of two-dimensional and three-dimensional realizations is assessed as a function of the main
parameters of the DS algorithm. It also provides an illustration of post-processing and
conditioning options as well as multivariate simulations. This is an important preliminary
step since this technique is used intensively in chapter 3 and 4 as an internal mechanism for
the pseudo-genetic simulation of braided river aquifers.
This chapter was published in Computers & Geosciences (2013) as "A practical guide to
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performing multiple-point statistical simulations with the Direct Sampling algorithm" by E.
Meerschman, G. Pirot, G. Mariethoz, J. Straubhaar, M. Van Meirvenne and P. Renard.

Chapter 3 presents a method to simulate successive braided river topographies with
MPS. It uses the DS algorithm on a large scale Digital Elevation Model dataset, derived
from high resolution LIDAR data acquired at di�erent time steps over the Waimakariri
River, New Zealand (Lane et al., 2003). An assessment of the resulting simulations is per-
formed through a connectivity analysis.
This chapter was published in Geomorphology (2014) as "Simulation of braided river ele-
vation model time series with multiple-point statistics" by G. Pirot, J. Straubhaar and P.
Renard.

Chapter 4 proposes a new process-imitating method to produce realistic realizations of
geological heterogeneity for braided river aquifer deposits. The algorithm is based on the
vertical stacking of successive braided river topographies, obtained by applying the method
developed in chapter 3. It produces the main geological structures. Their inner structure
heterogeneity is then assigned according to a scheme mimicking the trough �lling process
occurring during braided river 
oods.
This chapter will be submitted to Water Resources Research as "A pseudo genetic model of
coarse braided-river deposit" by G. Pirot, J. Straubhaar and P. Renard.

Chapter 5 is a plume prediction exercise to test the resulting models proposed in chapter
4 with other conceptual models such as multi-gaussian simulations and object based models.
It is performed by assuming a situation where limited �eld information is available and the
use of analogue data is required. The MADE 2 Tritium tracer experiment is used as a
reference in this test case.
This chapter will be submitted to a Special Issue of Journal of Hydrology as "In
uence of
conceptual model choice on contaminant transport uncertainty forecasting in braided river
aquifers" by G. Pirot, P. Renard, E. Huber, J. Straubhaar and P. Huggenberger.

Chapter 6 summarizes the main results of the thesis and presents further perspectives.
Appendix A describes a method to explore model space parameters at reasonable cost,

when approximate physical models are available to surrogate costly full physics models. This
appendix was published in Advances in Water Resources as "Distance-based kriging relying
on proxy simulations for inverse conditioning" by D. Ginsbourger, B. Rosspopo�, G. Pirot,
N. Durrande and P. Renard.

Appendix B presents a methodology to condition MPS simulations using geophysical to-
mography data. This appendix was published in Mathematical Geosciences as "Conditioning
of Multiple-Point Statistics Facies Simulations to Tomographic Images" by T. Lochb�uhler,
G. Pirot, J. Straubhaar and N. Linde.
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Sampling algorithm
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Remark

This chapter was written jointly with Eef Meershman, the �rst author of the corresponding
paper. The contribution was equally shared between the �rst two authors. The �rst author,
at the origin of the paper was a bit more involved in the writing while the second author
was more involved in the generation of the simulations and in the design and computing of
quality indicators. Both were strongly implied in the interpretation of their results.

Abstract

The Direct Sampling (DS) algorithm is a recently developed multiple-point statistical simu-
lation technique. It directly scans the training image (TI) for a given data event instead of
storing the training probability values in a catalog prior to simulation. By using distances
between the given data events and the TI patterns, DS allows to simulate categorical, contin-
uous and multivariate problems. Bene�ting from the wide spectrum of potential applications
of DS, requires understanding of the user-de�ned input parameters. Therefore, we list the
most important parameters and assess their impact on the generated simulations. Real case
TIs are used, including an image of ice-wedge polygons, a marble slice and snow crystals, all
three as continuous and categorical images. We also use a 3D categorical TI representing
a block of concrete to demonstrate the capacity of DS to generate 3D simulations. First, a
quantitative sensitivity analysis is conducted on the three parameters balancing simulation
quality and CPU time: the acceptance threshold t, the fraction of TI to scan f and the
number of neighbors n. Next to a visual inspection of the generated simulations, the per-
formance is analyzed in terms of speed of calculation and quality of pattern reproduction.
Whereas decreasing the CPU time by in
uencing t and n is at the expense of simulation
quality, reducing the scanned fraction of the TI allows substantial computational gains with-
out degrading the quality as long as the TI contains enough reproducible patterns. We also
illustrate the quality improvement resulting from post-processing and the potential of DS to
simulate bi-variate problems and to honor conditioning data. We report a comprehensive
guide to performing multiple-point statistical simulations with the DS algorithm and provide
recommendations on how to set the input parameters appropriately.

2.1 Introduction

Multiple-point statistics (MPS) covers an ensemble of sequential simulation algorithms us-
ing a training image (TI) as input data for the spatial structure of a process instead of a
two-point variogram (Guardiano and Srivastava, 1993; Strebelle and Journel, 2000). A TI
is a conceptual image of the expected spatial structure and is often built based on prior in-
formation. Using a TI allows extracting multiple-point statistics and hence describing more
complex patterns; this is especially important when spatial connectivity plays a key role in
the model application (Bianchi et al., 2011; G�omez-Hern�andez and Wen, 1998; Renard et al.,
2013; Zinn and Harvey, 2003).

As is characteristic for sequential simulations, the unknown locations x of the simulation
grid are visited according to a prede�ned (random or regular) path. For each x the simulated
value is drawn from a cumulative distribution function F conditioned to a local data event
dn:

F (z; x; dn) = Prob fZ(x) � zj dng : (2.1)

This data event comprises the values of the known neighboring grid nodes xi, i.e. the
conditioning data and the already simulated grid nodes, and their relative positions. F is
built based on the central nodes of TI patterns equal or similar to dn.
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The Direct Sampling (DS) algorithm is a recent MPS algorithm (Mariethoz et al., 2010)1.
The particularities of DS consist in skipping the explicit modeling of F by directly sampling
the TI during simulation, and in using dissimilarity distances between dn and the TI pat-
terns. As soon as a TI pattern is found that matches dn exactly or as soon as the distance
between the TI pattern and dn is lower than a given threshold, the value at the central node
of the TI pattern is directly pasted to x. Since the TI is scanned randomly, this strategy
is equal to drawing a random value from F , but increases simulation speed. Other MPS
algorithms, like the widely used snesim (Strebelle, 2002) and IMPALA (Straubhaar et al.,
2011) algorithm, scan the TI beforehand for all possible dn ’s and store the TI probabilities
in a catalogue. Therefore, they are restricted to the simulation of categorical variables and
need to use a prede�ned template for dn. Due to its unique strategy, DS allows to simulate
both categorical and continuous variables, and to handle multivariate cases, only by selecting
the appropriate distance measures.

Since DS is a promising simulation technique for a wide range of applications, it is
important to understand precisely its capacities and its sensitivity to the user-de�ned input
parameters. DS is implemented in the ANSI C language and all input and output �les are
in an ASCII SGeMS compatible format (Remy et al., 2009). Detailed algorithm steps and
further implementation details of DS can be found in Mariethoz et al. (2010) and the user
manual of DS.

Using DS requires the user to de�ne some parameters: among them, the acceptance
threshold t, the maximum fraction of TI to scan f and the maximum number of points
in the neighborhood n are the most important since they are balancing simulation quality
and CPU time (section 2.2.1). For these three parameters, a detailed sensitivity analysis
was reported by generating non-conditional simulations for the entire 3D parameter space.
Next to a visual inspection of the resulting simulations, we quanti�ed the similarity between
the simulations and the TI by means of simulation quality indicators (CASE 1). The same
quality indicators were calculated for a 3D example (CASE 2). We also illustrated the
potential of the post-processing option (CASE 3), the multivariate simulation option (CASE
4) and the data conditioning option (CASE 5) and discussed the corresponding user-de�ned
input parameters. Tab. 2.1 summarizes the values of the parameter that we kept �xed and
the range of values of the parameters that we varied.

Since Mariethoz et al. (2010) already showed good performance of DS with as much as
54 processors, the parallelization option is not discussed here. For more information about
the option to use transform-invariant distances we refer to Mariethoz and Kelly (2011).

Many previous studies have used only one TI with sinuous channels. In contrast, we
included a greater variety of patterns by performing sensitivity analyses on seven TIs: an
image of ice-wedge polygons (Plug and Werner, 2002), a microscopic view of a thin marble
slice, an image of snow crystals, all three as categorical and continuous images, and a cate-
gorical 3D image of concrete (Fig. 2.1). The continuous 2D TIs are grayscale photographs
with pixel values between 0 and 255; the categorical 2D TIs were derived from these by
classifying them into three categories. The 3D TI was generated by sequentially simulat-
ing 2D slices constrained by conditioning data computed at the previous simulation steps
(Comunian et al., 2012). The �gures shown in this paper are the results for the categorical
ice-wedge TI, the continuous marble TI and the 3D concrete TI. They are presented with
the same color scale as the TIs in Fig. 2.1. The results for the other TIs can be found as
supplementary electronic material available online.

1It is the object of an international patent application (PCT/EP2008/009819). The code is available on
demand for academic and research purposes. Requests should be sent to Philippe Renard, Gr�egoire Mariethoz
or Julien Straubhaar.
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Table 2.1: Fixed parameters with their default values chosen for this study (sorted according
to their appearance in the parameter �le) and parameters that were varied with their default
values and range over which they were varied (sorted according to the case number in which
they were studied).

Fixed parameters

Name Default

Simulation method MPS
Number of realizations 10
Max search distance 125 125 0 ( 1

2
size simulation grid)

Anisotropy ratios in the search window (x; y; z) 1 1 1
Transformations 0 (no transformations)
Path type 0 (random path)
Type of variable 0 for categorical, 1 for continuous
Exponent of the distance function in the template 0
Syn-processing parameters (4) 0 0 0 0 (no syn-processing)
Initial seed 1350
Parameters reduction 1 (no parameters reduction)
Parallelization 1 (serial code, no parallelization)

Varied parameters

Name Default Range Case

Threshold position t 0.05
0.01-0.02-0.04-0.06-0.08-0.1-0.12

1
0.14-0.16-0.18-0.2-0.25-0.5-0.75-0.99

Max fraction of TI to scan f 0.5 0.05-0.1-0.15-0.2-0.3-0.4-0.5-0.6-0.75-1 1
Max number of points in neighborhood n 50 1-5-10-15-20-30-50-80 1
Number of post-processing steps (p) 0 0-1-2 2
Post-processing factor (pf) 0 0-1-3 2
Number of variables to simulate jointly 1 1-2 3
Relative weight of each variable 1 0.1 0.9-0.25 0.75-0.5 0.5-0.75 0.25-0.9 3
Weight of conditioning data (�) 1 0-1-5 4
Data conditioning No No-yes 4

2.2 CASE 1: parameters balancing simulation quality and
CPU time: t, f and n

2.2.1 Parameters t, f and n

An acceptance threshold t needs to be de�ned because a TI pattern matching dn exactly
is often not found, especially for continuous variables. When the distance between the TI
pattern and dn is smaller than t, the central node of the TI pattern is pasted at location
x. The default distances used in this paper are based on the fraction of non-matching nodes
for categorical simulations and the mean squared errors for continuous simulations. The
‘exponent to the distance function in the template’ was set to 0, meaning that the distances
are calculated without weighting the nodes in the TI pattern and the central node according
to their proximity to the central node. All distances are normalized ensuring their minimum
to be zero (exact match) and their maximum to be 1 (no match) (Mariethoz et al., 2010).

The maximum fraction of TI to scan f limits the number of TI patterns that are scanned
for their similarity with dn: f ranges from 0 (no scan) to 1 (scan full TI if necessary). If the
maximum fraction of the TI f is scanned and still no TI pattern with a distance smaller than
t is found, the central node of the TI pattern with the lowest distance is pasted at location
x.

The neighborhood dn is de�ned as the n grid nodes that are closest to x within the
de�ned search area. This search area can be de�ned by setting the parameters ‘maximum
search distance’, i.e. the radius in the x-, y- and z- direction of a rectangular search area.
Generally, it is advised to use a large search area by setting the radii to half the size of the
simulation grid, corresponding to the maximum neighborhood size, except when considering
non-stationary variables (Mariethoz et al., 2010), or if patching occurs (discussed below).
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Figure 2.1: The six training images (TIs) that were used for the sensitivity analyses: (a)
continuous (photograph: Plug and Werner (2002)) and (b) categorical ( k = 3) TI of ice-
wedge polygons; (c) continuous and (d) categorical ( k = 3) TI of a thin marble slice; (d)
continuous and (e) categorical ( k = 3) TI of snow crystals. The x- and y-axes represent the
number of pixels. The results of the sensitivity analyses for TIs (a) to (b) are illustrated in
this paper; the results for TIs (c) to (f) can be found in the App. C, Fig. C.1 to C.4.

The de�nition of n results in dn ’s covering a large part of the search area when the �rst
unknown grid nodes are simulated, and a progressive decrease of the size of the area covered
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by dn when the number of already simulated nodes increases. Consequently, DS ensures
that structures of all sizes are present in the simulation, which is also the purpose of the
multi-grid approach in snesim (Strebelle, 2002).

Fig. 2.2 gives an overview of the DS work
ow and its three main input parameters.

Figure 2.2: Work
ow of DS explaining the three main input parameters: the acceptance
threshold t, the maximum fraction of TI to scan f and the maximum of neighbors n.

It is clear that the larger n and the closer t to 0 and f to 1, the better the simulation
quality will be. However, these settings will be very expensive in terms of CPU time. For
all six TIs, we simulated 10 unconditional realizations for each parameter combination of 15
t values, 10 f values and 8 n values (Tab. 2.1), resulting in 12,000 realizations for each TI.

2.2.2 CPU time

Fig. 2.3 shows the CPU time needed to simulate one unconditional simulation for the
categorical and the continuous case. First the in
uence of t and n is shown for f = 0.5 after
which the in
uence of f is shown for di�erent combinations of t and n.

Besides the fact that generating simulations based on the continuous TI generally takes
longer, the results for the categorical and the continuous case show a similar behavior.
Simulations with small t and large n require a long simulation time and decreasing f strongly
reduces CPU time. Modifying one of the parameters t, f or n increases or decreases the CPU
exponentially. The combined e�ect of relaxing all three parameters only slightly, can reduce
CPU time signi�cantly. For instance, generating one simulation for the categorical case with
default parameters ( t = 0.05, f = 0.5, n = 50) took 163 s. Relaxing t to 0.1 only took 44
s, relaxing all three parameters to t = 0.1, f = 0.3 and n = 30 only took 13 s.

This behavior is related to the scanning algorithm. When t is close to 0, f close to 1
and n high, the algorithm scans the entire TI for a very good match with complex data
events (large neighborhoods). This takes a lot of time. In the opposite case, the algorithm
�nds very quickly a TI pattern that matches the criteria and the algorithm is fast. What is
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Figure 2.3: In
uence of t and n (for f = 0.5) (top) and f (bottom) on the CPU time
required to run one unconditional simulation.

striking in Fig. 2.3is that the evolution between these two cases is rather abrupt for some
parameter values. When the parameter values are behind such an abrupt boundary, DS is
very fast whatever the parameter values, below this boundary CPU time increases.

2.2.3 Visual quality inspection

Fig. 2.4 shows the �rst out of 10 simulations for some combinations of t, f and n using the
categorical ice-wedge TI and Fig. 2.5 using the continuous marble TI. The results for the
other TIs can be found as supplementary material. Similar as for Fig. 2.3, �rst a sensitivity
analysis on t and n was performed (for f = 0.5), after which the e�ect of f was illustrated
for some combinations of t and n. We selected simulations with di�erent quality levels in
order to illustrate the evolution of the simulation quality. As the quality steps depend on
the TI, simulations with di�erent t and n values were illustrated for each case.

For the categorical case, running DS with t > 0:5 or n � 5 resulted in noisy images.
This is not surprising since then the sampling is not selective enough: many TI pattern can
be accepted even if it is far away from dn. This corresponds to situations in which the
algorithm is very fast. For t � 0.5 and n > 5, the ice-wedge pattern was reasonably well
reconstructed. For t � 0.2 and n � 30, the simulation quality was very good. Not only
the pattern reconstruction, but also the appearance of noise and the fuzziness of the edges
between di�erent categories were in
uenced by t and n (CASE 3). For the categorical marble
TI (Fig. 2.5d) similar thresholds were found (App. C, Fig. C.2). For the categorical snow
crystals TI (Fig. 2.1f) the simulation quality was good for t � 0.1 and n � 50 (App. C,
Fig. C.3). In contrast to the e�ect of t and n, f had a much smaller e�ect on the simulation
quality. Scanning a smaller part of the TI hardly resulted in a quality decrease (Fig. 2.4b).
The same conclusion can be drawn from the simulations using the other categorical TIs .

Fig. 2.5 shows that generating continuous simulations generally requires stricter param-
eters (lower t, higher n and f). Running DS with t � 0:2 resulted in noisy images. The
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Figure 2.4: First out of 10 unconditional simulations illustrating the e�ect of parameters
t and n with f = 0.5 and (b) �rst out of 10 unconditional simulations illustrating the e�ect
of f for constant t and n based on the categorical ice-wedge TI (Fig. 2.1b).

simulation quality was good for t � 0.1 and n � 30. Simulations using the continuous ice-
wedge TI (Fig. 2.1a) showed important changes in visual quality for the same values of t
and n (App. C, Fig. C.1). The quality of the simulations using the continuous snow crystal
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Figure 2.5: First out of 10 unconditional simulations illustrating the e�ect of parameters
t and n with f = 0:5 and (b) �rst out of 10 unconditional simulations illustrating the e�ect
of f for constant t and n based on the continuous marble TI (Fig. 2.1c).

TI (Fig. 2.1e) was generally less good: only for t � 0.1 and n � 50 the simulation quality
was moderate (Supplementary material - Fig. d). For the continuous cases, it was observed
that variations in f did not a�ect much on the simulation quality.
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Especially for the continuous cases, it can be seen that some simulations are almost exact
copies of parts of the TI. This phenomenon is called ‘patching’. It is caused by copying each
time the central node of the same best matching pattern. The issue of patching will be
discussed further in sec. 2.2.5.

2.2.4 Simulation quality indicators

For each unconditional simulation we calculated several quality indicators by comparing
the histogram, variogram and connectivity function of the TI and the simulations. The
connectivity function �(h) for a category s is de�ned as the probability that two points are
connected by a continuous path of adjacent cells all belonging to s, conditioned to the fact
that the two points belong to s (Boisvert et al., 2007; Emery and Ortiz, 2011; Renard et al.,
2011, 2013):

�(h) = Prob fx $ x + hj s(x) = s; s(x + h) = sg : (2.2)

Fig. 2.6 compares the histogram, variogram and connectivity function of the categorical
ice-wedge TI (Fig. 2.1b) with these of a good simulation ( t = 0:01, f = 0:5, n = 80)
and a bad simulation ( t = 0:5, f = 0:5, n = 15 for categorical and t = 0:2, f = 0:5,
n = 5 for continuous). Both the indicator variogram values 
k(h) and the connectivity
function �k(h) for each category k were calculated for 20 lag classes h with a lag width of 5.
The histograms (proportions of the three categories) are represented for both simulations.
The indicator variograms and the connectivity functions are only reproduced for the good
simulation, except for the intermediate material (grey), where the bad simulation could
partially reproduce the TI statistics.

Fig. 2.7 illustrates the same for the continuous case. Here the standard variogram 
(h)
was calculated instead of the indicator variogram. To calculate the connectivity functions,
the TI and the simulations were �rst divided into three categories based on two thresholds
representing connectivity jumps in the TI (Renard et al., 2013). Similarly to Fig. 2.6,
the histograms (represented as the cdf) are represented for both the good and the bad
simulation, whereas the variogram and the connectivity functions are only reproduced by
the good simulation.

To quantify the dissimilarity between the simulations’ statistics and those of the TI, we
calculated three error indices for each simulation: a histogram error "hist, variogram error
"var and connectivity error "conn. For the categorical simulations, "k

hist was de�ned as the
absolute value of the di�erence between the proportion of k in the simulation grid fk

sim and
in the TI fk

T I
. For the continuous simulations, "hist was calculated as the Kullback{Leibler

divergence DKL (Kullback and Leibler, 1951)

"hist = DKL(P kQ) =
X

i

P (i) log
P (i)

Q(i)
(2.3)

with P de�ned as the probability distribution in the TI and Q the probability distribution
in the simulations.

The variogram error "var for the continuous simulations was based on the weighted
average di�erence between the variogram values of the simulations 
sim(h) and the TI 
T I(h)
for 20 lag classes hd, and was calculated as

"var =

20P
d=1

1
hd

j
sim(hd)�
T I (hd)j
varsim

20P
d=1

1
hd

(2.4)
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Figure 2.6: Reproduction of (a) the categorical ice-wedge TI statistics of (b) a good (
t = 0:01, f = 0:5, n = 80) and a bad simulation ( t = 0:5, f = 0:5, n = 15) with the
reproduction of (c) the histogram, (d) the indicator variograms (the dotted lines represent
the TI indicator variance) and (e) the connectivity functions.

with varsim the simulation variance used to standardize the absolute errors, so they range
between 0 and 1. The term 1

hd
is included to give larger weights to errors corresponding to
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Figure 2.7: Reproduction of (a) the continuous marble TI statistics of (b) a good ( t = 0:01,
f = 0:5, n = 80) and a bad simulation ( t = 0:2, f = 0:5, n = 5) with the reproduction of
(c) the histogram, (d) the variogram (the dotted line represents the TI variance) and (e) the
connectivity functions.

small variogram lags.
The variogram error "k

var for the categorical case was calculated similarly using the indi-
cator variogram values.

The connectivity error "conn was calculated as

"conn =

20P
d=1

���k
sim(hd) � �k

T I(hd)
��

20
(2.5)

and also ranges between 0 and 1.

2.2.5 Results and discussion

Fig. 2.8 and 2.9 show the results of the simulation quality indicators for the categorical and
the continuous case. The �rst part of the �gures illustrates the e�ect of t and n, the second
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part the e�ect of f .

Figure 2.8: In
uence of (a) t and n (for f = 0:5) and (b) f on the quality indicators based
on the categorical ice-wedge TI (Fig. 2.1b).

As was already concluded from Fig. 2.6 and 2.7 "hist behaves di�erently than "var
and "conn. The histogram was generally well reproduced for all simulations. Noisy images
reproduced the histogram the best, which is especially clear for the continuous case. This
can be explained by considering the extreme case of t = 1. With such a setting, the DS
randomly samples values from the TI, resulting in a perfect reproduction of the marginal
distribution ( "hist � 0), but no reproduction of spatial continuity (very large "var and "conn).
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Figure 2.9: In
uence of (a) t and n (for f = 0:5) and (b) f on the quality indicators based
on the continuous marble TI (Fig. 2.1c).

For intermediate combinations of t and n, "hist is generally larger. In the areas with good
simulation quality ( t � 0.2 and n � 30) "hist behaves di�erently for the categorical and the
continuous case. For the categorical case, low t and high n guarantee both low "hist and
good simulation quality (Fig. 2.4, App. C, Fig. C.6 and C.7). For the continuous case, the
high quality simulations ( t � 0:2 and n � 30) have higher "hist. This counter-intuitive result
can be explained as follows: with low t and high n, the simulation has to honor very strong
spatial constraints. When the structures are made of objects that are large with respect
to the domain size, respecting such spatial constraints means to respect the connectivity of
facies and the objects size even if it contradicts the target pdf. Because of a slight non-
stationarity in the TI, the simulation can then follow the pdf of one speci�c part of the TI
that is di�erent than the rest. This can result in signi�cant variability in the pdfs of the
simulations. This is the opposite as the case of t = 0, where the TI distribution is honored
because there is no constraint on the spatial continuity.

For the continuous ice-wedge TI (Fig. 2.1a) and the snow crystal TI (Fig. 2.1e), the
histogram was well reproduced in the high quality simulations (App. C, Fig. C.5 and C.8).
Since certain applications require the histogram to be reproduced, this issue could be further
addressed by the DS developers. In contrast "var and "conn increase for larger t and smaller
n, which is a more intuitive behavior. Both errors show similar quality jumps as were derived
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from the visual inspection and therefore behave as sTab. simulation quality indicators.

These results allow us to derive some rules of thumb. Running DS using a categorical TI
should result in good simulations for t � 0:2 and n � 30. Selecting t � 0:5 and n < 15 should
be avoided. For continuous TI, it is advised to use t � 0:1, n � 30 and to avoid t � 0:2 and
n � 15. The quality of intermediate combinations is hard to predict. It is obvious that the
simulation quality steps strongly depend on the TI. The greater the pattern repeatability in
the TI, the better the simulation quality will be.

Fig. 2.8b and 2.9b lead again to the conclusion that f does not have a strong in
uence
on the simulation quality. This was con�rmed by the other TIs (App. C, Fig. C.5 to
C.8). Only for certain situations, like for f<0.2 in the continuous case (see results for "var),
the pattern reproduction degraded with lower f since the probability of �nding a matching
TI pattern is lower. Note also that using a small f value for TIs that contain insu�cient
diversity (Mirowski et al., 2009), might aggravate the statistical scarcity and lead to poor
results. But generally decreasing f results in large computation gains without a substantial
decrease in simulation quality, which is an important conclusion for an e�cient use of DS.

It is interesting to juxtapose the CPU time (Fig. 2.3) with the corresponding quality
indicators (Fig. 2.8 and 2.9). This reveals where the interesting boundaries are located in
terms of quality over CPU time ratio. For instance, for the categorical case the quality was
moderate from n � 15 and t � 0:18 ( f = 0:5) (Fig. 2.8a), whereas the CPU time really
increased from n � 30 and t � 0:1 (Fig. 2.3a). In between these boundaries, the simulation
quality was good, as was con�rmed by the visual inspection. In case CPU time is a limiting
factor, users are recommended to investigate the quality over CPU time ratio for di�erent
parameter combinations running trial simulations on a small grid.

It is good practice to run DS initially with f = 0:5, t between 0:05 and 0:2 and n
between 20 and 50. From this, the parameters need to be �ne-tuned for every particular
situation, knowing that decreasing t and increasing n and f should result in better simulation
quality. However, one should keep in mind that using parameters which guarantee very good
simulations has two drawbacks. First, these con�gurations will require large CPU times.
Second, there is a risk of generating simulations which are all exact copies of (part of) the
TI (patching e�ect or verbatim copy). This risk is higher when the TI does not show enough
pattern repeatability (which is more often the case for continuous TIs) and when there are no
conditioning data (CASE 5). Strategies to avoid patching are choosing f <1, thus avoiding
to pick each time the same best matching mode, slightly relaxing t and n, or using a smaller
‘maximum search distance’.

2.3 CASE 2: 3D simulation

Similarly to two dimensions (CASE 1), DS can generate 3D simulations. To demonstrate
this, we performed a limited sensitivity analysis using the 3D concrete TI (Fig. 2.1g). We
generated 10 unconditional simulations for each combination of eight t [0:01��0:05��0:1�
�0:15��0:2��0:25��0:3��0:5] and eight n [1��5��8��16��32��64��125�216]
values, using a �xed value of 0.5 for f . The other parameters were set as indicated in Tab.
2.1, with exception of the maximum search distance that was de�ned as half of the search
grid in three directions (x, y and z).

The CPU time as a function of t and n (not shown here) behaved very similar as for 2D
(Fig. 2.3). For instance, generating one simulation with t = 0:1 and n = 32 took 194 s, with
t = 0:05 and n = 32 1998 s and with t = 0:05 and n = 64 6804 s.

Fig. 2.10b shows the simulation quality indicators (see 2.2.4) as a function of t and n.
Overall, the results were analogous to those of CASE 1. The simulation quality generally
improved with increasing n and decreasing t with a quality jump for t = 0:2 and n = 32, as
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can be seen from "grey
conn and "black

conn , and the unconditional simulations shown in Fig. 2.10a.
Again, "hist was the smallest for noisy simulations with very small n:

Figure 2.10: 3D example with (a) �rst out of 10 unconditional simulations illustrating the
e�ect of parameters t and n with f = 0:5 and (b) in
uence of t and n (for f = 0:5) on the
quality indicators based on the 3D concrete TI (Fig. 2.1g).

Since the white category represents the background volume, "white
conn was very small for
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all parameter combinations and hence not informative. With parameters producing noisy
simulations ( t � 0:3 and n � 8), "grey

var was again lower. This could be explained by the small
range of the grey indicator variogram, causing "grey

var to be small for pure nugget variograms
reproducing the sill correctly.

2.4 CASE 3: Post-processing for noise removal

To further improve the simulation quality and more speci�cally to remove noise, DS includes
a post-processing option. After having simulated all the unknown grid nodes, it is possible
to resimulate each node with an entirely informed neighborhood. Two post-processing pa-
rameters need to be de�ned: the number of post-processing steps p and the post-processing
factor pf . The latter is the factor by which f and n are divided aiming to save CPU time in
the additional post-processing steps (Mariethoz, 2009). For example, if p = 2 and pf = 3, all
nodes are resimulated two times with parameters f3 and n3 times lower than their original
values. Fig. 2.11 illustrates the noise removal e�ect of post-processing for increasing t and
varying p and pf for the categorical ice-wedge TI (Fig. 2.1b).

Figure 2.11: Illustration of the noise removal e�ect of post-processing using the categorical
ice-wedge TI (Fig. 2.1b) for increasing t, and sensitivity analysis for the number of post-
processing steps (p) and the post-processing factor (pf ) showing the lower left corner of the
simulation grid.

The post-processing step proved to be valuable especially for intermediate t values (0.1
and 0.2), since the noise could be considered as entirely removed without substantially in-
creasing CPU time. The simulations obtained with intermediate t after post-processing were
similar to these obtained with small t, except for the boundaries which were less sharp. Fur-
thermore, post-processing allowed for a signi�cant reduction in CPU time. With t = 0:1 and
one post-processing step, one obtained in 58 s realizations similar to when using t = 0:05
without post-processing, which took 163 s. For small t (0:05) the post-processing step was
not necessary since the simulation quality was already good without it. For high t (0:5)
it is insu�cient since post-processing only removes noise and does not improve structures
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at larger scale. Repeating the post-processing step did not result in signi�cant quality im-
provements, and whether or not f and n were decreased in the post-processing step neither
decreased the CPU time nor improved the simulation quality.

The e�ect of a post-processing step was less substantial for the continuous case than
for the categorical case and the CPU cost was much higher (not shown here). Hence, for
continuous cases, the quality loss of selecting a high t, cannot be corrected with one or
more additional post-processing steps. Since p and pf have to be chosen in advance, it can
be considered as good practice to add one additional post-processing step when simulating
categorical variables. When noise appears, it will be reduced and the extra CPU time needed
is relatively low. For pf a value of 1 can be selected, since adjusting pf did not seem to have
an e�ect. If the simulations still contain noise after post-processing, it is however advised to
decrease t instead of adapting p and pf .

2.5 CASE 4: Multivariate simulation

Among the MPS methods, only DS had demonstrated its potential to simulate m variables
simultaneously based on m TIs. These variables can be continuous, categorical or a mixture
of both since for each a di�erent distance measure can be chosen (distance type parameter
set to 0 for categorical and 1 for continuous). Several implementations have been tested.
The one of Mariethoz et al. (2010) was used in this paper. First, a path is de�ned that goes
randomly through all the unknown grid nodes for each variable xm. When one variable is
simulated at one location, the other variable at the same location can be simulated later in
the path. For each xm a multivariate dn is built containing the neighboring data for the
m variables, which do not have to be collocated. For each variable the maximum number
of neighbors nm can be de�ned separately. Based on a weighted average of the m selected
distance measures, the multivariate TI pattern, centered at the same node for each TI, is
chosen that is similar to the multivariate dn. The weights used to de�ne the multivariate
distance measure wm are user-de�ned. DS automatically normalizes their sum to one. The
value at the central node of this multivariate TI pattern is then pasted at xm. If conditioning
data are given for all or some of the m variables, they will be honored (Mariethoz et al.,
2010) as shown in CASE 5.

A potential application is a situation where one variable is (partially) known and the
other(s) are to be simulated (the collocated simulation paradigm). DS becomes especially
interesting when the relationship between the variables is known via the training data set but
not expressed as a simple mathematical relation. Applications can be found in Mariethoz
et al. (2010), Meerschman and Van Meirvenne (2011) and Mariethoz et al. (2012). As
an illustration we show �ve unconditional bivariate simulations using the categorical and
continuous ice-wedge TI (Fig. 2.1a and 2.1b) as bivariate TI and performed a sensitivity
analysis on the weights given to both variables (Fig. 2.12). For the other parameters we
used the default values as given in Tab. 2.1: both ncat and ncont were 50.

Fig. 2.12 shows that not only the spatial texture of each TI was reproduced, but also
the multiple-point dependence between the TIs. The weights given to each variable strongly
in
uenced the continuous variable. The larger wcont, the better the quality of the continuous
variable. The quality of the continuous variable decreased for smaller wcont. In such cases, the
bivariate relationship between both TIs was well respected, but the spatial continuity of the
continuous variables was not strongly imposed. The quality of the categorical simulations
was less a�ected by the choice of the weights. Note that for large wcont the continuous
simulation was almost an exact copy of the continuous TI (Fig. 2.1a), which is again an
example of the patching e�ect described in CASE 1.

These results and other numerical experiments (not shown here) suggest that it is often
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Figure 2.12: Illustration of the multivariate simulation option: �ve unconditional bivariate
simulations using Fig. 2.1a and 2.1b as bivariate TI, and sensitivity analysis for the weights
given to the two variables ( wcat and wcont ). The left column represents the categorical
variable for each simulation, and the right column represents the corresponding continuous
variable.

bene�cial for the quality of the simulation of continuous variables to co-simulate a categor-
ical variable that helps reproducing the continuity of the structures. This is a generally
accepted technique in image processing in which the categorical variable is called ‘feature
map’ (Lefebvre and Hoppe, 2006; Zhang et al., 2003).
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2.6 CASE 5: Data conditioning

DS always honors conditioning data by assigning them to the closest grid node prior to
simulation. Hence, local accuracy is guaranteed (the pixels at the data locations will have
the correct values) but the simulated structures need to be coherent with the conditioning
data. Therefore, one needs to check whether the �xed grid nodes are included in the spatial
pattern or whether they appear as noise. The parameter that can be used to enforce pattern
consistency in the neighborhood of the conditioning data is the data conditioning weight �.
This parameter is used in the distance computation to weight di�erently data event nodes
that correspond to conditioning data. If � = 1, all the nodes in dn have the same importance.
For � >1, higher weights are given to the data event nodes that are conditioning data, while
for � <1 they are given lower weights (Mariethoz et al., 2010; Zhang et al., 2006).

For both the categorical and continuous cases, one of the best unconditional simulations
( t = 0:01, f = 1, n = 80) was used as reference image. To avoid using simulations that were
copies of part of the TI due to patching, we �rst mirrored both simulations horizontally and
vertically, before sampling 100 conditioning data from each according to a strati�ed random
sampling scheme (Fig. 2.13 and 2.14). Using the default parameters for t, f and n (Tab. 2.1),
we ran 50 simulations using these conditioning data and the corresponding TI. To remove
noise, one post-processing step was performed with pf = 1 (CASE 3). Conditioning data
nodes are not resimulated during post-processing. For � = 0, � = 1 and � = 5, the �rst
conditional simulation is shown together with the conditional probabilities for category k in
the categorical case (Fig. 2.13), and the median over the 50 simulations for the continuous
case (Fig. 2.14).

It can be concluded that � is an important parameter when conditioning data are avail-
able. For � = 0 the 50 simulations could be considered as unconditional simulations, since
the conditioning data grid nodes were ignored in dn. The simulation patterns were not at
all consistent with the conditioning data and the large variation between the simulations
resulted in non-informative summarizing images. For � = 1 the simulations showed patterns
that were more or less consistent with the conditioning data. The remaining inconsistencies
disappeared with � = 5, resulting in summarizing images that closely resembled the reference
images. The better results for � = 5 are due to the high quality of the conditioning data,
which perfectly represented the reference image without measurement errors. Generally, we
advise to set � to a value higher than or equal to 1. The lower the expected uncertainty of
the conditioning data, the higher � can be chosen.

Note that for this example the conditioning data were sampled from a �eld with a spatial
pattern that was very similar to the TI. When one expects that the underlying spatial pattern
of the conditioning data deviates more from the TI, the use of transform-invariant distances
can be bene�cial. This option of DS increases the number of TI patterns by randomly scaling
or rotating the patterns found in the TI (Mariethoz and Kelly, 2011).

2.7 Conclusions

This paper has reported the �rst comprehensive sensitivity analysis for the DS algorithm,
aiming to encourage users to bene�t more e�ciently from the potential of DS and its wide
spectrum of applications. Given these results we provide the following general guidelines.

For categorical TIs, choosing t � 0:2 and n � 30 will generally result in high quality
simulations. Smaller t and larger n result in better simulation quality a lower the level of
noise. However, this choice will also depend on the available CPU time. Furthermore, for
small t and large n, the user should check if there is still su�cient variability between the
simulations. For continuous TIs, we advise to select t � 0:1 and n � 30. For continuous
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Figure 2.13: Illustration of data conditioning for the categorical ice-wedge TI (Fig. 2.1b)
based on 100 conditioning data. For � = 0, � = 1 and � = 5 the �rst simulation is shown
together with the conditional probabilities for each category summarizing 50 simulations.

cases, the selection of t and n is a delicate balance between ensuring good simulation quality
and still guaranteeing su�cient variability between the simulations (avoiding patching). A
good strategy to reduce both CPU time and the risk of patching is setting f < 1, and
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Figure 2.14: Illustration of data conditioning for the continuous marbl e TI (Fig. 2.1c)
based on 100 conditioning data. For� = 0, � = 1 and � = 5 the �rst simulation is shown
together with the conditional median for each category summarizing 50 simulations.

reducing the maximum search distance to a third the domain size or less, thus scanning a
di�erent fraction of the TI for each unknown grid node.

For categorical simulations in particular, it is advised to always add one post-processing
step for noise removal. If the �nal simulations still contai n (too much) noise, improvement
should be sought by adaptingt and n.

Simulating bivariate images is a very new and promising technique �rst o�ered by the DS
algorithm. With the illustrative example in this paper we ha ve shown that the weights given
to each variable clearly a�ect simulation quality. In case of continuous variable simulation,
it is bene�cial to add an auxiliary categorical variable tha t is co-simulated with a relative
small weight. This generally improves the simulation of thecontinuous variable.

When conditioning data are available, it is interesting to put the weights given to the
conditioning data (parameter � ) higher than the weights given to the already simulated
nodes. This results in simulated patterns more consistent with the conditioning data.
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