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Abstract
Density forecast combination is a useful tool for risk managers to reduce model risk. 
We present up-to-date methodologies in the field, discuss key issues, and provide 
some illustrations. 

Keywords
density forecast combination, censoring, incomplete model set, risk model contribu-
tion, skew Student-t distribution, pool risk forecasts 

JEL classification: C53, G32. 

1 I ntroduction
Model risk refers to the possibility of relying on a misspecified model. Increasing 
model complexity, regulation, financial accidents, and competitiveness are reasons 
that lead today’s financial institutions to manage model risk (Krishnamurthy, 2014). 
However, it remains a difficult exercise in financial risk management, as illustrated 
in Daníelsson (2008). In this paper, we show how density forecast combination 
can be used to reduce the model risk embedded in market risk predictions. Only 
a few contributions have considered this issue up to now (see Gatarek et al., 2014; 
Opschoor et al., 2015), although exploiting expected gains in forecast accuracy 
stemming from combination is a useful research avenue for financial practitioners 
(Chua et al., 2013).

Bayesian model averaging is a natural way to get rid of model uncertainty 
(Leamer, 1978). However, it operates in a rigid framework and postulates that one 
of our risk models is true, which is often unrealistic. We present the optimal pool-
ing method (Hall and Mitchell, 2007; Geweke and Amisano, 2011, 2012) to produce 
weights of different density aggregation rules. This method is very flexible and 
accommodates the fact that all risk models are generally wrong. Furthermore, we 
consider an extension proposed in Opschoor et al. (2015), where weights give more 
importance to left-tail events.

Besides reducing model risk, density combination is also a device for risk decom-
position. It enables us to identify the contribution of individual models to a given risk 
measure such as the expected shortfall. Such decomposition can be used to compare 
risk models and to improve density combinations. We propose a first simple attempt 
in this direction.

2 C ombination methods
Consider a model set of cardinality K, where each model is able to produce a one-
step-ahead density forecast pt,k(yt + 1) for the future outcome yt + 1 given data up to 
time t. As explained in Kascha and Ravazzolo (2010), two rules emerged in the litera-
ture to aggregate these density forecasts. The first is the linear pool: 

 
pt,lin(yt+1 ) ≡

K∑
k=1

wt,kpt,k (yt+1), (1)

where the weight vector wt ≡ (wt,1,… , wt,K)
′  depends on data up to time t and 

meets the conditions 
g∑K

k=1 wt,k = 1 and wt,1,… ,wt,K ≥ 0 to ensure that (1) is a valid 
density. The second rule is the logarithmic pool: 

 
pt,log (yt+1) ≡

∏K
k=1 pt,k(yt+1)

wt,k

∫ ∞
−∞

∏K
k=1 pt,k (yt+1)

wt,kdyt+1
, (2)

where the denominator enables (2) to integrate to one and where the weights sum 
to one and are non-negative for convenience. Note that the logarithm of the kernel 
of (2) is equal to a weighted average of logarithmic individual density forecasts. 
Logarithmic pools are generally unimodal, unlike linear ones, and present less dis-
persion (Genest and Zidek, 1986).

When the K models produce Bayesian predictive densities and when we 
 aggregate them with a linear pool whose weights are posterior model probabilities, 
we obtain a natural and formal framework to account for model uncertainty called 
Bayesian model averaging (BMA) (Leamer, 1978, ch. 4; see Hoeting et al., 1999 
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for an introduction). However, we fall outside this framework when we consider 
 non-Bayesian density forecasts or logarithmic pooling. Moreover, BMA may not 
be adequate for incomplete model sets, as illustrated in Section 3. In this paper we 
rather rely on the optimal pooling (OP) method to form pool weights. First appear-
ing in Hall and Mitchell (2007), this approach was fully developed by Geweke and 
Amisano (2011, 2012), who present it as an alternative to BMA when all models are 
 misspecified. The OP weights result from the following problem: 

 
wOP−c

t ≡ arg max
wt

t∑
s=t0

ln ps−1,c (ys),
 

(3)

subject to the usual constraints on the weights where t0 has to be chosen empirically 
and where ps−1,c (ys) is either the linear or the logarithmic pool with the elements 
of wt as weights. In (3), the objective function sums the pool log score from time t0 
to time t. It is noteworthy that the OP weights depend on the rule used to aggregate 
density forecasts. Methods where the weights are obtained by averaging some meas-
ures of model fit do not possess this property.

In a risk management context, it can be relevant to produce weights that give 
more importance to extreme outcomes such as large losses. This can be achieved in 
the OP method by considering the censored scoring rule of Diks et al. (2011) instead 
of the logarithmic one as proposed in Opschoor et al. (2015). The censored OP 
(COP) weights are then given by:1 

 
wCOP−c

t ≡ arg max
wt

t∑
s=t0

I{ys < q𝛽t0∶t} ln ps−1,c (ys) + I{ys ≥ q𝛽t0∶t} ln∫
∞

q𝛽t0∶t

ps−1,c (ys)dys,
 

 (4)
where I{·} is an indicator function taking the value one when the event in brackets 
occurs and zero otherwise, and where q𝛽t0∶t  is the empirical β-quantile computed 
over the sample yt0∶t ≡ (yt0,… , yt)

′ . Defining the censoring bound this way allows 
the analyst to directly control the number of uncensored observations used to form 
the weights. It is worthwhile presenting the specific form taken by the objective func-
tion in (4) for the two aggregation rules we consider. For the linear pool, the COP 
weights simply follow from 

 

wCOP−lin
t ≡ argmax

wt

t∑
s=t0

ln
K∑
k=1

wt,k

×

[
I{ys < q𝛽t0∶t}ps−1,k (ys) + I{ys ≥ q𝛽t0∶t}∫

∞

q𝛽t0∶t
ps−1,k (ys)dys

]
,

and for the logarithmic pool, they are obtained from the more cumbersome expres-
sion 

 

wCOP−log
t ≡ arg max

wt

t∑
s=t0

I{ys < q𝛽t0∶t}
K∑

k=1
wt,k ln ps−1,k (ys)

+ I{ys ≥ q𝛽t0∶t} ln ∫
∞

q𝛽t0∶t

K∏
k=1

ps−1,k (ys)
wt,k dys− ln∫

∞

−∞

K∏
k=1

ps−1,k (ys)
wt,kdys,

where computational difficulties arise from repeated integrations of the logarithmic 
pool kernel.

3 Model set incompleteness
A n illustration presented in Kolly (2014, ch. 4) is reproduced here to justify the use 
of OP-type methods. We consider a time series governed by the following data-gen-
erating process (DGP): yt ~ i.i.d. N (0.29, 3.86) and assume the following two models: 
M1: yt ~ i.i.d. N (0.2, 3.4) and M2: yt ~ i.i.d. N (0.4, 5). These densities are given in the 
top panel of Figure 1. We now want to predict y101 and y5001 with the BMA and OP 
methods. To implement BMA, we compute the posterior model probabilities of M1 
and M2 assuming equal prior model weights from the 100 and 5000 first realizations 
of the series. The resulting probabilities for M1 and M2 are respectively 0.63 and 0.37 
for the first sample and 1 and 0 for the second. The middle panels of Figure 1 show 
the one-step-ahead linear pools that can be formed with these weights. We observe 
that on the basis of 100 realizations, BMA offers a closer approximation to the DGP 
density than M1 or M2 but that in the large sample case it selects M1, although this is 
not the DGP. This occurs because BMA supposes that the DGP belongs to the model 
set under study or, in other words, that this model set is complete. Such an assump-
tion would obviously be questioned by a risk manager. Eklund and Karlsson (2007) 
propose forming BMA weights with predictive instead of marginal likelihoods, 
which implies a slower convergence to a single model. Nevertheless, the complete-
ness assumption remains.

The situation is different with the OP method. We compute the OP weights 
for a linear pool of M1 or M2 with the same samples as BMA. These weights are 
respectively equal to 0.61 and 0.39 for the smaller sample and to 0.70 and 0.30 for 
the larger one.2 The bottom panels of Figure 1 present the OP density in each case. 
We see in the large-sample case that OP does not select a single model and provides 
a good approximation to the DGP density. This illustrates that OP does not make 
the completeness assumption and that it may be appropriate to use it when we think 
of working with an incomplete model set, as is generally the case in financial risk 
management.

1Note that Gatarek et al. (2014) develop a BMA framework based on censoring.

2Note that the BMA and OP weights obtained with 100 realizations may substantially vary from 
one simulation to another, whereas with 5000 realizations the BMA weights are always 1 and 0 and 
the OP weights remain roughly the same.
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Figure 1: Illustration of the model set incompleteness issue.
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4 Pool risk measures
Market risk is often me asured with the value-at-risk (VaR) and the expected short-
fall (ES). In our framework, the VaR is defined as the α-quantile of the (unknown) 
distribution of the return yt + 1 given data up to time t, while the ES is the mean of this 
distribution conditional on yt + 1 being below the VaR. The risk level α ∈ (0, 1) is gen-
erally set to low values such as 0.01 or 0.05. Assuming a particular model for the data, 
these risk measures can be written as: 

 

VaR𝛼

t,k ≡ inf
{

yt+1 ∈ ℝ ∶ ∫
yt+1

−∞
pt,k (y)dy ≥ 𝛼

}
,

ES𝛼t,k ≡ Et,k(yt+1| yt+1 < VaR𝛼

t,k) =
1
𝛼 ∫

VaR 𝛼

t,k

−∞
yt+1pt,k(yt+1)dyt+1.

Considering instead a model combination, we obtain from the linear pool: 

 
VaR𝛼

t,lin ≡ inf

{
yt+1 ∈ ℝ ∶

K∑
k=1

wt,k∫
yt+1

−∞
pt,k (y)dy≥ 𝛼

}
,

 
ES𝛼t,lin ≡ Et,lin(yt+1| yt+1 < VaR𝛼

t,lin) =
1
𝛼

K∑
k=1

wt,k ∫
VaR 𝛼

t,lin

−∞
yt+1pt,k(yt+1)dyt+1,  (5)

and from the logarithmic pool:

 

VaR𝛼

t,log ≡ inf

{
yt+1 ∈ ℝ ∶ ∫

yt+1

−∞

K∏
k=1

pt,k (y)wt,kdy ≥ 𝛼𝛾

}
,

ES𝛼t,log ≡ Et,log (yt+1| yt+1 < VaR𝛼

t,log ) =
1
𝛼𝛾 ∫

VaR 𝛼

t,log

−∞
yt+1

K∏
k=1

pt,k(yt+1)wt,k dyt+1,

where γ is the integrating constant in (2).

5 Risk model contribution
In portfolio risk management,  the Euler decomposition can be used to assess the 
holdings’ contribution to the overall portfolio risk (see, e.g., Keel and Ardia, 2011). In 
our context, it can be relevant to identify how individual models contribute to pool 
risk, but the Euler decomposition does not apply to the pool risk measures presented 
in Section 4. We notice, however, that the expected shortfall of the linear pool can 
easily be decomposed. In (5), we define the contribution of the kth model as: 

 
ct,k ≡ wt,k

𝛼 ∫
VaR𝛼

t,lin

−∞
yt+1pt,k(yt+1 )dyt+1,

where ∑K
k=1 ct,k = ES𝛼t,lin  and where dividing ct,k by ES𝛼t,lin gives us the percentage 

contribution of the kth model to ES𝛼t,lin. Decompositions for other pool risk measures 
are a topic for further research.

To illustrate the above decomposition, suppose that the return of a security is 
modeled either by a mixture of two Student-t distributions: 

 M1 ∶ p1(yt) = 𝜔t(yt; 𝜇1, 𝜎1, 𝜈1) + (1 −𝜔)t(yt ; 𝜇2, 𝜎2, 𝜈2),

where t(y; 𝜇, 𝜎, 𝜈) is a Student-t density with μ ∈ , 𝜎 > 0, 𝜈 > 0  and where ω ∈ 
[0,1], or by a skew Student-t distribution à la Fernández and Steel (1998): 

 

M2 ∶ p2 (yt) =
2𝜉

(𝜉 2 + 1)

Γ
(

𝜈+1
2

)
Γ
(

𝜈

2

)√
𝜋𝜈𝜎

×
[
1 + 1

𝜈

( yt − 𝜇

𝜎

)2
(𝜉−2I{yt ≥ 𝜇} + 𝜉

2I{yt < 𝜇})
]− 𝜈+1

2

,

where ξ > 0. 
Each model can be considered separately, but we can also combine them with 

an equally weighted linear pool. A plot of these densities with arbitrary parameter 
 values is given in the left panel of Figure 2. The right panel of Figure 2 shows the 
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Figure 2: Model densities (left panel) and risk contributions at various risk 
levels (right panel).
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Figure 3: Filtered returns (top panel) and OP and COP weights of the mixture 
of Student- t distributions for the linear pool (middle panel) and for the 
logarithmic pool (bottom panel) over the forecasting period.
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The top panel of Figure 3 displays the (filtered) returns over the forecasting peri-
od. A large outlier can be observed at the beginning of 2007. The middle and bottom 
panels of Figure 3 present the evolution of OP and COP weights of M1 (the mixture 
of Student-t distributions) in the linear and logarithmic pool cases, respectively. 
The COP weights rely on the 10, 20, and 30 percent empirical quantiles. We observe 
that the weights for the logarithmic pool are more volatile than those for the linear 
pool. Note that the COP weights tend to be smaller when the censoring bound is low 
whatever the pooling rule. Furthermore, the OP and COP weights start to be dif-
ferent from zero at the beginning of the forecasting period, simultaneously with the 
occurrence of the lowest filtered return in the whole sample. This suggests that M1 is 
helpful for capturing extremes.

Figure 4 displays the evolution of one-day-ahead VaR forecasts at the 5 percent 
and 1 percent risk levels. Figure 5 displays the same plot for ES forecasts. We only 
present results with 10 percent quantile as censoring bound. We see that the VaR and 
ES estimates tend to increase (in absolute value) until 2010, when they start to dimin-
ish (in absolute value). Combination risk forecasts do not evolve stepwise because 
the weights are updated daily. We observe that combination risk forecasts are less 
volatile than those from the mixture of Student-t distributions. Note that combina-
tion risk forecasts are generally between those from the two individual distributions. 
We performed some coverage tests for VaR forecasts, but the results do not allow 
model discrimination and are thus not reported here.
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contributions to the linear pool ES at various risk levels. We see that the contribu-
tion of the mixture of Student-t distributions is generally lower than that of the skew 
Student-t distribution, but that it strongly increases in the left-tail. Therefore, the 
mixture of Student-t distributions could compete with the skew Student-t distribu-
tion as a risk model. Note also that the contributions are very different from model 
weights, which are equal to one-half.

Model contribution plots can be viewed as diagnostic tools providing precious 
insights to improve model combinations for the purpose of risk management. In 
our illustration, M1 (the mixture of Student-t distributions) is complementary to M2 
(the skew Student-t distribution) as a risk model. Furthermore, these plots can also 
be used to compare risk models. Indeed, the right panel of Figure 2 would lead us to 
retain M2 in a model selection exercise.

6 An empirical application
We illustrate now, through a backtesting experiment, the  variation of single risk 
forecasts and compare them with the pooling approaches. For simplicity, we per-
form the backtest on daily GARCH-filtered log-returns yt of the S&P500 index. 
This allows us to focus on higher moments of the conditional distribution of log-
returns. Extension to full estimation is straightforward. Our forecasting experi-
ment goes from January 3, 2007 to January 3, 2011 (1009 observations). Over this 
period, we consider one-day-ahead density forecasts obtained from M1 and M2 
presented in Section 5 and from linear and logarithmic pools of these models. We 
use rolling windows of 755 observations updated every 20 trading days to compute 
maximum likelihood parameter estimates and set t0 in combination methods to 
January 3, 2006.
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