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Abstract

The grand challenge of Knowledge Discovery in Databases (KDD) is to automatically pro-
cess large quantities of raw data, identify the most significant and meaningful patterns,
and present this knowledge in an appropriate form for achieving the user’s goal. Knowl-
edge discovery systems face challenging problems from the real databases that tend to be
very large, redundant, noisy and dynamic.

The classification process (which finds a set of models or functions that describe and
distinguish data classes or concepts) is done for the purpose of being able to use the model
to predict the class of objects whose class label is unknown.

This thesis addresses a powerful tool, used in classification and prediction, namely
decision trees, in the context of large data sets.

After a survey of relevant issues in decision trees, we concentrate our attention to de-
cision split criteria, which have a crucial importance in the decision trees construction.
Different goodness measures, evolving from different contexts (machine learning or statis-
tics) were used in the selection of test attributes. It is not obvious which of the split
criteria will produce the “best” decision trees for a given data set. We introduce a formal
methodology, which allows us to analytically compare multiple split criteria. This permits
us to present fundamental insights into the decision process. Furthermore, we are able to
present a formal description of how to select between split criteria for a given data set. As
an illustration we apply the methodology to the two widely used split criteria: Gini Index
and Information Gain. This mathematical comparison conducts us to affirm that there are
some differences in the choice of an attribute of split between the two criteria. Therefore,
the structure of an decision tree depends on the decision split criterion. Numerically, the
number of cases in which the two criteria are selecting differently is so small, that we can
say that in general the split criteria choose similarly.

In the actual context of increasing sizes of databases, a natural concern is the behavior
of these split functions when the size of the data set, from which the decision trees are

constructed, increases. In this purpose, a new family of split functions, including the well
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known ones, is introduced. The behavior of the whole family of split functions is evaluated
with respect to the increasing sizes of databases, by taking into consideration the following
criteria: tree size, error rate for the training data, error rate for the test data. The conducted
tests have revealed that the size of the databases definitely influences the behavior of the
split functions. Especially the widely used Information Gain is very sensitive to the size
of the training set. The simplest split functions of the introduced family behave in a very
stable way and, furthermore, the created trees are superior to the trees inferred using the
Gini Index or the Information Gain based on our evaluation criteria. This is important,
especially in a KDD context as the size of the training sets can vary from very small to
very large.

When decision trees have to be constructed from very large data sets, a natural idea
is to perform sampling. Our new technique of sampling data sets guarantees that the
decision trees inferred from the whole database as well as from the sampled database are
almost always identical. This affirmation is sustained by our formal analysis of the sampling
technique that is followed by evaluations on real data sets.

The formal methodology introduced in this thesis combined with the new family of split
functions we defined will furnish to the user the way to choose the appropriate criterion
to construct decision trees from large data sets in function of its specific requirements like

accuracy and simplicity of rules.
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Chapter 1

Introduction

In the last years, we have seen an explosive growth in our capabilities to both generate
and collect data. Examples of this growth can be found in all sectors such as scientific,
business and governmental organizations. Even though there is a large amount of available
data, there is an obvious lack of valuable information. The development of new tools and
techniques to extract the required information from huge amounts of data is one of the
main challenges of the emerging field of Knowledge Discovery in Databases (KDD).

In [18], the Knowledge Discovery in Databases is defined as the non trivial process of
identifying valid, novel, potentially useful, and ultimately understandable patterns in data.

The KDD process includes several steps and, an important one is the Data Mining
step, which consists of particular data mining algorithms that, under some acceptable
computational efficiency limitations, produces a particular enumeration of patterns. The
Data Mining component of the KDD process is mainly concerned with means by which
patterns are extracted and enumerated from the data. Data mining is a fruitful area of
research with an abundant wealth of practical applications.

The tasks well suited for data mining are: classification, estimation, prediction, affinity
grouping, clustering and description.

Some of these tasks are best approached in a top-down manner called hypothesis testing.
In hypothesis testing, a database past behavior is used to verify or disprove preconceived
notions, ideas, and hunches concerning relationships in the data. Other tasks are best
approached in a bottom-up manner called knowledge discovery. In knowledge discovery, no

prior assumptions are made; the data is allowed to speak for itself. Knowledge discovery



comes in two flavors: directed and undirected. Directed knowledge discovery attempts to
explain or categorize some particular data field. Undirected knowledge discovery attempts
to find patterns or similarities among groups of records without use of a particular target
field or collection of predefined classes. All of these activities fall under our definition of
data mining.

An important aspect of the mining problem lies in the need to extend known techniques
and tools in a way that they are robust enough to handle the characteristics of real world
databases.

The algorithms for classification involve inducing a classification function (or a classifier
in terms of values of “condition” attributes) that partitions a given set of tuples into
meaningful disjoint subclasses, as defined by user or the values of some “decision” attributes.
The simplest way to represent a classifier is a black box which produces a decision for every
admissible pattern of data that is presented to it [66]. Classification algorithms discover
patterns that distinguish tuples belonging to one concept from those belonging to other
concepts [14].

Some purposes of classification [21] are:

e Data simplification Classification can be a means of reducing large amounts of data
to manageable summary form. As the volume and complexity of data increase, the
human brain becomes less able to hold in balance all the different factors that are
relevant to the assessment of the data. Technological change, in the form of more
powerful computers, is the driving force behind this problem. Summarizing data can
help to detect any important relationships and pattern within the data. More efficient

organization and retrieval of the information available is possible in this way.

e Another purpose of classification is the prediction. If data have been summarized
in a manner which allows relationships to emerge more clearly, the results are often
sufficiently striking to aid the investigator in making predictions, or in discovering

some hypotheses to account for the form of the data.

e There are various properties which one could hope that classification would possess.

These desiderata are likely to depend on the field of study and the use that will be



made of classification. In the addition to the aims of simplification and prediction are
stability and objectivity.
The first requirement of stability can be interpreted in several ways. One could

demand that the classification be little affected:

a) by small errors in recording the variables describing each object;
b) by the addition of a few new objects to the data set;

¢) by the recording of a new variables for each object in the data set;

The second requirement of stability involves that the objects under study are a repre-
sentative sample from some larger collection of objects; the third requirement involves

an analogous assumption about variables.

Objectivity involves the repeatability of results.
In the literature, one way to classify classification methods [66] is:

e statistical pattern recognition: Bayesian classifiers, linear discriminants (normal dis-
tribution, logistic regression), nearest neighbor methods (absolute distance, Euclidean

distance, various normalized distances);

e neural networks: perceptrons (least mean square learning systems), multilayer neural

networks (back-propagation);

e machine learning methods: decision trees;

Decision trees and memory based reasoning are techniques well-suited to classification.
Link analysis is also useful for classification in some circumstances.

A decision tree is a classifier constructed using a divide-and-conquer strategy, by select-
ing an attribute as the root of the tree and making branches for all different values of this
attribute. If all examples at a particular node belong to one class this node becomes a leaf.
Otherwise, we may select an attribute that does not occur on the path to the root, and
create further branches for all its values.

The selection of a feature (attribute) as a node to partition data available to it is done
using a criterion. In general, feature selection is a process that chooses an optimal subset

of features according to a certain criterion.



Several advantages of decision tree based classification have been pointed out in the

literature. We enumerate some of them:

e Knowledge acquisition from pre-classified examples circumvents the bottleneck of ac-

quiring knowledge from a domain expert.

e The methods are non-parametric as opposed to inferential methods, trees can model

a wide range of data distributions.

e Hierarchical decomposition implies better use of available attributes and computa-

tional efficiency in classification.

e Trees classifiers can treat uni-modal as well as multi-modal data in the same fashion

as opposed to some statistical methods.

e Trees can be used in deterministic as well as in incomplete problems. In deterministic
domains, the dependent variable can be determined from the independent variables,

whereas in incomplete problems, it cannot.
e Trees perform classification by tests whose semantics are clear to domain experts.
e Computationally, the decision trees procedure is a relatively quick one.

e In many applications that require easily explained solution formats, tree induction is

the procedure of choice.

e The attractiveness of the tree-based methods is due to the fact that, in contrast to
neural networks, decision trees represent rules that can be easily understood and
interpreted. A production rule [56] is represented as L — R in which the left-hand

side L is a conjunction of attribute-based tests and the right-hand side R is a class.

1.1 Our contributions

This thesis considers decision trees, which are a way to represent rules underlying data.
The selection of the attribute used in each node of the tree to split the data (split
criterion) is crucial in order to correctly classify objects. The criterion specifies the details

of measuring feature subsets. The choice of a criterion can be influenced by the purposes



of feature selection. We need evaluation of features. For example, the evaluation of a
feature can be measured in terms of whether selected features help improve a classifier’s
accuracy and whether selected features help simplify the learned results so that they are
more understandable. Different split criteria were proposed in the literature (Information
Gain, Gini Index, etc.). It is not obvious which of the split criteria will produce the “best”
decision tree for a given data set. A large amount of empirical tests were conducted in
order to answer this question, and no conclusive results were found. No one made a formal
analysis of these split criteria and that is why this work treats in detail these criteria.

Therefore, this thesis gives a formal analysis of the well-known split criteria: Gini Index
and Information Gain, in order to achieve more fundamental insights on how to select
split criteria. First, the set of the commonly used split criteria are expressed in one single
formalism in order to make them comparable. Secondly, the newly formulated split criteria
are compared on a theoretical base. The results of the mathematical comparison of these
functions conduct us to say that there are definitively some differences in the attribute
selection done by these two criteria. By this formal analysis, we were able to study the
behavior of the Gini Index and Information Gain, to give an exact mathematical description
of the situations when they are choosing the same test to split on and when they are choosing
different tests. This allows us, without constructing decision trees, to decide for a given
database if the Gini Index criterion and the Information Gain criterion select the same split
attribute. It is important to emphasize that the number of the cases in which the selection
of attribute done by the two criteria is not similar is very small. This permits us to affirm
that, in general, the two criteria select identically.

The two well-known split criteria behave more or less equivalently. In the actual context
of work, when we are confronted with very large databases, a study of these split criteria
in relation with increasing sizes of data sets is useful. For this objective, a new family of
split criteria (including the Gini Index and the Information Gain functions) is introduced.
The new defined family of split functions is tested on data sets of different sizes. The tests
show the sensitivity of the two popular split functions to the variation of the training set
sizes and the predictable behavior of the simplest members of the introduced family of split

functions.



The sensitivity of the behavior of the Gini Index and Information Gain functions in
the relation with the size of the training sets, leads us to realize, in a third step, a formal
analysis of the relation between the size of a training set and the decision tree inferred from
this training set. A new sampling procedure that allows us to reduce the training set size,
without encumbering the quality of the inferred decision trees is introduced. An exhaustive
set of tests is conducted, to show that the theoretically proven properties are also valid in
practice. The new proposed sampling procedure is applied to real data sets, and it is shown
an almost perfect behavior of it in the sense, that the decision tree inferred from the whole

database as well as the sampled database are almost always identical.

1.2 Overview of the thesis

The main topic of this thesis is the behavior of the split criteria used in decision tree
induction in the context of large data sets.

Chapter 2 presents a survey of decision trees induction and discusses fundamental issues
associated to it in the context of large data sets.

Chapter 3, begins with a presentation of the studies conducted by other researchers to
analyze decision trees. We approach this issue in another manner: our contribution is the
formal analysis of the existing decision tree criteria: Gini Index and Information Gain. We
characterize mathematically how the two split criteria choose the split attributes. There
are some differences in their choice, and this conducts us to analyze them in relation with
the increasing size of databases.

In a context of large data sets, chapter 4, addresses another way to build better trees:
by introducing a new family of split functions (including the well known split functions
Gini Index and Information Gain) which are tested on data sets of different size.

Chapter 5, is dedicated to our new technique of sampling applied to large data sets
which guarantees that the decision trees inferred from the whole database as well as from
the sampled database are almost always identical. Theoretical analyzes and practical eval-
uations on real large data sets prove the validity of our new technique of sampling.

Finally, chapter 6 provides general conclusions and outlines the contribution of this

thesis.



Chapter 2

Existing work on decision trees

This chapter begins with a rough introduction to inductive learning, followed by some defini-
tions used in this work and a quick overview of the process of decision tree induction. Some
of the issues related to the construction of decision trees and to our work are reminded.
The methods used to evaluate the decision trees are presented. We list the other exploration

methods before enumerating the applications of decision trees.

2.1 Introduction to the Inductive Learning

Learning is defined by [62] as “changes in a system that enables it to do the same task or
tasks drawn for the same population more efficiently and more effectively the next time.”

A gystem can change in two ways:

(1) by acquiring new knowledge from external sources, or

(2) by modifying itself using its current knowledge more effectively.
Corresponding to these two types of changes, the learning can be divided into:

(1) empirical learning (or inductive learning or similarity-based learning) (accomplished
by reasoning from external supplied examples to produce general rules or procedures;
many algorithms operate by comparing the training examples to one another to find

similarities), and

(2) speedup learning or skill acquisition (in which the system improves its performance

by exploiting its current knowledge more effectively).



The empirical learning is subdivided into two types: (1.a) supervised learning and (1.b)
unsupervised learning.

In the supervised discovery (1.a), the learning program is given examples of the form
(zi,vi), and it is supposed to learn a function f, such as f(x;) = y; for all 4. Using the
training examples the function is constructed to be used later to predict y values for new,
previously unseen, x values. Each x value corresponds to a description of some object,
situation or event and each y is a simpler description. Each possible value of y corresponds
to a class, and the function f can be viewed as assigning each z to a class. For example,
z could be a description of a client’s recent purchases, and y the decision to send that
customer a catalog or not; or z could be a record of a cellular-telephone call, and y the
decision whether it is fraudulent or not. The function f can be viewed as a model, that
can be used to classify unlabelled, previously unseen examples. The generated model can
be evaluated in terms of accuracy (error rate), comprehensibility, compactness, learning
speed, classification speed, etc.

The unsupervised discovery (1.b) is split off into clustering and discovery. The learning
program is given a set of z; values and asked to search for regularities that take the form
of “clusters” of x; values, and hence this task is called clustering. The discovery programs
look for more complex relationship among the z; values.

Several areas of human activity can involve supervised machine learning: predicting the
use of a land, based on satellite images; assigning credit to individual basis of financial
information; sorting letters based on machine-readable post-codes; preliminary diagnosis of
a patient’s disease; etc.

Throughout this thesis we use the following definitions:

Definition 2.1.1. An information system I, is a system < U, A >, where:

(1) U = {u1,us,...,ujy} is a finite non-empty set, called the universe or object space;
elements of U are called objects, or examples, or instances;

(2) A = {A;1,4,,...,A)4} is also a finite non-empty set; elements of A are called
attributes, or variables, or features;

(3) for every A; € A there is a mapping A; from U into some space A; : U — A;(U)
and A;(U) = {4;(u)|u € U} is called the domain of the attribute A;.

Definition 2.1.2. According to [21] and [68], the attributes are categorized into:

(1) numeric: the values taken by a numeric, or quantitative, attribute are real numbers.
Sometimes a distinction is made between ratio numeric attributes and interval numeric
attributes. For ratio attributes, the value “0” is unambiguously defined: if z; and zo are



two values taken by a ratio attribute, 7+ is well defined. When measuring distance between
an object and itself forms a natural zero. For interval attributes the value zero is not well
defined, but the difference (1 — x2) has meaning. The temperature of a patient is an
example of an interval attribute, since it would not be useful to attempt to define “zero
temperature” in this context.

(2) nominal and ordinal: each of these types of attribute comprises a set of discrete
states such that each object belongs to one and only one state. Example is the “colour of
eyes”, this attribute having the states: “blue”, “green”, “brown”, “black”, etc. Nominal
attributes are those for which no ordering can be placed on the different states. If two
individuals are observed to belong to the states Sy, S2, respectively, of a nominal attribute,
then either S; = S; or S; # Ss; statements as “S; < S2” have no meaning for nominal
attribute. Ordinal attributes are those for which an underlying order can be imposed on
the attributes states: the situation “Si # S2” can be resolved into either “S; < S»” or
“S1 > S3”. The attribute “temperature” having the states: “hot”, “mild” and “cool” is an
ordinal attribute.

Nominal attributes are sometimes called categorical, enumerate, or discrete. Enumer-
ated is the standard term used in computer science to denote a categorical data type; how-
ever, the strict definition of the term-namely, to put into one-to-one correspondence with
the natural numbers-implies an ordering, which is specifically not implied in the machine
learning context. Discrete has also connotations of ordering because you often discretize a
continuous, numeric quantity. Ordinal attributes are generally called numeric, or perhaps
continuous, but without the implication of mathematical continuity. A special case of the
nominal scale is the dichotomy, which has only two members-often designated as true and
false, or yes and no. Such attributes are called sometimes boolean.

Definition 2.1.3. A decision table is an information system < U, A > in which A is
partitioned into two sets C and D: A = CUD and CND = (. The attributes in C
are called condition attributes and attributes in D are called decision attributes or target
attributes. The target attribute is assumed to take values in a predefined set of nominal or
ordinal values. It is also referred to class or label.

Definition 2.1.4. A data set is a set of examples. We distinguish between the training set
that is a set of labelled examples, and the test set that is a set of unlabelled examples.

Definition 2.1.5. A model is a mapping between the condition variables and the target
variable. It is used to predict the target variable for unlabelled examples. Usually the target
variable is referred as the dependent or the response variable, and all the other variables
are referred to as independent, explanatory, or predictor variables.

Definition 2.1.6. A learner is any procedure used to build a model. In the context of
this thesis we are referring the learners to computer programs that built the model from a
training set without interaction with the users or other for of knowledge about the problem.

2.2 Basics of Decision Trees

Decision tree learning is one of the most widely used methods for inductive learning, the
learning function corresponds to a decision tree. The decision trees are used to classify
examples, more exactly to assign a new example on the basis of a set of measurements to

one of a number of possible classes. The basis in the induction of a decision tree is the



10

training set, which consists of objects. Each object is described by a set of attributes and
a class label. Each attribute measures some important feature of an object. The values of
the attributes can be ordered or unordered. Each object of the training set belongs to one
of a set of mutually exclusive classes. The induction task is to obtain classifications rules
that can determine the class of any object based on its values of the attributes.
Definition 2.2.1. A decision tree [56] is a form of classifier, a structure that is either:

a leaf, indicating a class, or

a decision node, that specifies some test to be carried out on a single attribute value,
with one branch and subtree for each possible outcome of the test.

The objects are classified by decision trees which sort them down from the root to some
leaf node, which provides the classification (the class) of each object. An decision tree
contains zero or more internal nodes and one or more leaf nodes. The internal nodes have
two or more child nodes. Each non terminal node contains a split which specifies a test
of some attribute, and each branch descending from that node corresponds to one of the
possible values for this attribute. Each leaf node has its class label. A leaf node is said to
be pure if all of its training examples are belonging to the same class.

Thus, an example is classified by starting with the root node, testing the attribute
corresponding to the root node, then moving down the tree branch corresponding to the
value of the attribute in the given example. This process continues until the example

reaches a leaf node.

2.2.1 The Basic Decision Tree Learning Algorithm

The construction of a tree is called tree induction. Most algorithms that have been devel-
oped for learning decision trees are variations on a core algorithm that employs a top-down,
greedy search through the space of possible decision trees. The ID3 algorithm (Quinlan
1986) and its successor C4.5 (Quinlan 1993) or the CART (Breiman 1984) are such ex-
amples. The original idea goes back to the skeleton of Hunt’s method [56] for construct-
ing a decision tree from a set £ of training examples, examples belonging to the classes:

{e1,¢9,... ¢k}

e If £ contains no cases, the decision tree will be a leaf; the associated class of this leaf

have to be determined from information outside of L.
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e If £ contains one or more examples, all belonging to the same class ¢;, the decision

tree will be a leaf identifying class c;.

e If £ contains examples of different classes, £ is refined into subsets of examples belong-
ing to the same class or heading towards a single class. A test based on a goodness
measure and on a single attribute is chosen to split the examples of £ in several
subsets. The test has one or more mutually exclusive outcomes Oy, 0s,...,0O,, cor-
responding to the values of the chosen attribute. £ is split in £y, Lo, ..., L,, where
each £; contains all the examples of £ having the outcome O;. The decision tree
is formed by a decision node identifying the test, and one branch for each possible
outcome. This procedure is recursively applied to each subset of training examples,

so that the ith branch leads to the decision tree constructed from the subset £;.

2.3 Constructing the Decision Tree Classifier

The decision trees are constructed top-down, beginning with the question “which attribute
should be tested at the root of the tree?” To answer this question, each instance attribute is
evaluated using a criterion to determine how well it alone classifies the training examples.
The attribute selected by the criterion is used as test at the root node of the tree. For
each possible value of this attribute a branch is then created and, the training examples
are sorted to the appropriate descendant node (i.e, down the branch corresponding to the
example’s value for this attribute). This process is repeated using the training examples
associated with each descendant node to select the best attribute to test at that point of
the tree.

The central choice in the algorithm of the construction of a decision tree is the selection
of the attribute to test at each node in the tree. We would like to choose the attribute that
is most useful to classify examples. What is a good quantitative measure of the worth of an
attribute? Most of the methods described in literature agree that a split which maintains the
classes’ proportions in every subset has no utility, and a split in which each subset contains
only examples of one class has maximum utility. Attribute evaluation criteria are heuristics
reliable in the decision tree construction. Ben-Bassat [5] proposed an attribute evaluation

criteria taxonomy. He divided the criteria into three, not necessarily distinct, categories:
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attribute evaluation criteria derived from the information theory, criteria derived from
distance measures and criteria derived from dependence measures. A detailed description

of each category of attribute evaluation can be found in [39)].

o (Criteria derived from information theory: Examples of this variety are criteria based
on Shannon’s entropy. Tree construction by maximizing global mutual information,
i.e, by expanding tree nodes that contribute to the largest gain in average mutual
information of the whole tree, is explored in pattern recognition. Tree construction
by locally optimizing Information Gain, the reduction in entropy due to splitting each
individual node, is explored in pattern recognition, in sequential fault diagnosis and
in machine learning [54]. In [34] the G-statistic is proposed for tree construction as

well as for deciding when to stop.

o Criteria derived from distance measures: here “distance” refers to the distance be-
tween class probability distributions. The feature evaluation criteria in this class
measure separability, divergence or discrimination between classes. A popular dis-
tance measure is the Gini Index of diversity. The Gini Index has been used for tree
construction in statistics, pattern recognition and sequential fault diagnosis. The two-
ing rule, Bhattacharya distance, Kolmogorov-Smirnoff distance and the x2 statistic

are some other distance-based measures that have been used for tree induction.

o Criteria derived from dependence measures: they use the statistical dependence be-

tween two random variables.

There exist several attribute selection criteria that do not clearly belong to any category in
Ben-Basset’s taxonomy. Quinlan and Rivest [57] suggested the use of Risannen’s minimum
description length for deciding which splits to prefer over others and also for pruning.
Heath [22] used for oblique decision tree induction the maz minority and the sum minority
measures, representing the maximum and the sum of the number of misclassified points on
either side of a binary split.

A consistent part of the work of this thesis is to bring into a common formalism the most
popular decision tree criteria, in order to compare them theoretically. In the literature of

speciality we can find only empirical comparisons between the decision trees inferred using
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different criteria of split, no one did a “real” analysis. More details about the existing
empirical studies can be found in the next chapter. Our formal analysis will permit us to
formulate the conditions when the selection performed by the different split criteria is the
same (independent of the use of an criterion or other). This theoretical evaluation leads us

to introduce a new family of split criteria.

2.4 Right Sized Trees

The recursive partitioning method of inferring decision trees described in subsection 2.2.1
will continue to subdivide the set of training cases until each subset in the partitions contains
cases of a single class, or until no test offers any improvement. While this is sometimes
a reasonable strategy, in reality it can lead to difficulties when there is noise in the data,
or when the number of training examples is too small. In either of these cases, trees that
overfit the training examples are produced. A hypothesis overfits the training examples
if some other hypothesis that fits the training examples less well actually performs better
over the entire distribution of instances (i.e., including instances beyond the training set).

There are several approaches to avoid overfitting in decision tree learning;:

e approaches that stop growing the tree earlier, before it reaches the point where it

perfectly classifies the training data, referred as pre-pruning methods, and

e approaches that allow the tree to overfit the data, and then post-prune the tree,

referred as post-pruning methods.

All the methods make a trade-off between the size of the tree and an estimate of error rate.

To determine the correct final tree size there are several approaches which:

e use a separate set of examples, distinct from the training examples, to evaluate the

utility of post-pruning nodes from the tree,

e use all the data for training, but apply a statistical test to estimate whether expanding

a particular node is likely to produce an improvement beyond the training set,

e use an explicit measure of the complexity for encoding the training examples and the

decision tree, stopping growth of the tree when this encoding size is minimized.



14

Post-pruning is the most common method of pruning decision trees. A full tree is generated,
overfitting the data, and then pruned back. Breiman et al. [7] suggested the following
procedure: build the complete tree (a tree in which splitting no leaf node further will
improve the accuracy on the training data) and then remove the subtrees that are not
contributing significantly towards generalization accuracy. Their pruning method, cost
complexity pruning has two stages: in the first one, a sequence of increasingly smaller trees
are built on the training data. In the second stage, one of these trees is chosen as the
pruned tree based on its accuracy on a pruning set. Another technique which predicts error
rate of the tree and its subtrees using a new set of cases which is distinct from the training
set is reduced-error pruning [55]. This family of techniques has the drawback that when
data is scarce they are conducting to worse trees. To solve this, Breiman [7] proposed the
cross-validation approach. In C4.5 Quinlan proposed another technique, rule post pruning,
that uses only the training set from which the tree was built; to predict error rates he
used a method called pessimistic pruning based on the confidence limits for the binomial
distribution. A detailed description of the advantages and inconveniences of the approaches

used to avoid overfitting in decision tree learning is given in [36].

2.5 Other Issues in Decision Trees

2.5.1 Feature Subset Selection and Subsample Selection

Tree constructions involves many issues other than finding good splits and knowing when
to stop recursive splitting. Using algorithms for large databases is a classical scaling up

problem. It is associated with the following characteristics of large databases:
e the size of database, e.g., millions of examples,
e the number of attributes describing the examples, e.g., hundreds or thousands,
e most often the features are continuous-valued, not discrete,
e features may be correlated.

The last problem, along with the second, can be addressed by performing feature selection

using algorithms that are able to select the most significant features even when they are
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highly correlated. The problem with the large number of attributes of a database can be
solved performing feature selection as a preprocessing step. Another approach is to ran-
domly choose disjoint subsets of features and run the algorithms on these reduced databases.
Those giving best results should be kept. The best approach to solve the problem of having
large numbers of attributes is to rank them and use only the features with highest rankings.
A good description of the algorithms which can be used for this type of feature selection
can be found in [11]. In [6], Blum and Langley review the problem of selecting relevant
features. The feature selection methods are grouped into three classes: those that embed
the selection within the basic induction algorithm, those that use feature selection to filter
features passed to induction, and those that treat feature selection as a wrapper around
the induction process.

Just as some attributes are more useful than others, some examples may be better for
the learning process than others. The problem associated with the large size of a database
can be addressed by splitting the database into several disjoint subsets (simple random
sampling), and then by generating decision trees for each subset. It was shown that the
accuracy of each generated decision tree is less than that of one that could have been
generated from the entire data set. Stratification is a technique from a subfield of statistics
called sample surveys. Subclasses of interest are identified beforehand, treated differently
and reweighting is performed on samples. No major improvements were observed. Another
approach to the same problem which is also related to the continuous-valued features, is
to discretize them. Quinlan suggested windowing, a random training sample method, for
his programs ID3 and C4.5 [54, 56]. A initially randomly chosen window can be iteratively
expanded to include only the “important” training samples. Catlett [9] describes another
method called peepholing designed for large training sets. The method works by examining
random subsets of the larger sets of examples to be assessed. From these it is possible to
eliminate attributes and a large fraction of their range of values.

Solid knowledge about the effect of sampling in the context of decision tree induction
is very important, because the amount of available data is drastically increasing, and the
existing induction tools are not able to handle large amounts of data. However the existing

methods do not provide a one-shot sampling approach. To overcome the problem of large
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data sets, in chapter 5, we propose a new sampling method which is efficient as shown by
our theoretical analysis and also by the reported experiments on real databases. Differently
to the other existing methods, our sampling technique is applied only once before beginning
the decision tree induction (not for each node of the decision tree).

A more complete description of the problems that occur when dealing with large databases

and the algorithms which can solve them can be found in [11].

2.5.2 Missing Values

In real world data sets, it is often the case that some attribute values are missing from the

data. Several solutions were proposed in the literature:

e The simplest method is to replace the unknown value with the most common value

for the attribute found in the training set.

e Another method is to consider the unknown value as another possible value of the
attribute and when building the tree, each decision node can contain a branch for the

case where the tested attribute takes an unknown value.

e In C4.5 a probability is assigned to each of the possible values. The probabilities
are estimated on the basis of the observed frequencies of the possible values for the
attribute in the examples at the current node. These fractional values are used to
compute the Information Gain and can be further subdivided at subsequent branches

of the tree if another missing attribute value is to be tested.

e CART uses another strategy: surrogate splits. Instead of keeping, at each node, only
the attribute minimizing the impurity function, CART keeps a ranking of attributes
producing a similar split. When classifying an example, if the value of the best
attribute is unknown, CART will look for the attribute with a known value following

the order given by the ranking.

2.5.3 Multivariate Splits

Usually the decision trees are univariate, i.e., theirs splits are constructed based on one

attribute. Multivariate decision trees can use splits that contain more than one attribute
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at each internal node. Most of the work on multivariate splits considered linear (oblique)
trees: the tests are based on a linear combination of the attributes at some internal nodes.
The first proposed oblique decision tree algorithm was CART-LC [7]. Another ones are:
the Linear Machine Decision Trees (LMDT) proposed by Brodley and Utgoff [63, 8, 16],
Simulated Annealing of Decision Trees (SADT) proposed by Heath, Kasif and Salzberg
[22], and another alternative is offered by linear programming (LP). Another systems which
performs oblique decision tree induction is the Oblique Classifier 1 (OC1) [40]. More details

of these methods can be found in [39, 1].

2.5.4 Analyses

Several researchers have tried to evaluate the tree induction method itself, to precisely
answer questions such as “it is possible to build optimal trees?”, “how good are particular
feature evaluation rules or pruning methods?”. Our investigations are related to the second
question, more precisely we made theoretical investigations in the choice of the attribute

on which we split on, if the split criterion is the Gini Index or the Information Gain.
NP-hardness

Several aspect of optimal tree construction are known to be intractable. Hyafil and Rivest
[24] proved that the problem of building optimal decision trees from decision tables, optimal
in the sense of minimizing the expected number of tests required to qualify an unknown
sample, is NP-hard. Usually the algorithms perform a one-step lookahead search. Once a
decision is taken, it is never reconsidered. This hill-climbing search without backtracking
has the risk of converging to locally optimal solutions that are not globally optimal. This
strategy allows to build decision trees in time linear to the number of examples.

The articles [39, 36] discuss also some other issues involved in construction of decision
trees like: improving on greedy induction, use of fuzziness to remove data fragmentation
and class overlap, incorporating attribute measurement costs and misclassification costs
into tree construction, estimating class probabilities from trees, use of multiple trees to

reduce variance and incremental induction of trees.
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2.6 Methods for Evaluation Decision Trees

An important point is the design of the empirical evaluation of decision trees. In this sec-
tion we review the common practice and present the methodology of empirical evaluation
followed in this dissertation. This methodology will be applied in chapter 4 where we will
evaluate the quality of the inferred decision trees using our new family of split functions
(compared with the trees constructed the classical split functions: Gini Index and Infor-
mation Gain), and respectively in chapter 5 where we will test the validity of our new
technique of sampling applied to large data sets.

In the machine learning literature the parameters considered frequently include error
rate, comprehensibility, compactness, learning speed, classification speed, etc.

Definition 2.6.1. The error rate is computed as the ratio between the number of mis-
classifications and the total number of examples. The accuracy is the proportion of objects
that are correctly classified by a decision tree.

Definition 2.6.2. We need to distinguish between two different error rates. One, denoted
as resubstitution error estimates the error rate from the training set, and the other, the
generalization error rate, estimates the error from an independent test set.

The evaluation of the rules generated by decision trees is done using the the concepts of
completeness and consistency. These concepts have been explored by researchers in many
areas, but no single terminology to describe them has been established. A detailed overview
of them is given in [26].

Let P and N respectively denote the number of positive and negative examples in
the training set. Let p and n respectively represent the number of positive and negative
examples covered by a given rule R.

Definition 2.6.3. The coverage of R is the number of cases that satisfy the rule: cov(R) =
p + n, where p may be referred to as support or positive coverage and n may be referred to

as negative coverage.
Definition 2.6.4. For the given rule, the ratio &, denoted compl(R), is called the com-

P
pleteness or relative coverage of R.

Definition 2.6.5. The ratio zﬁ denoted cons(R), is called the consistency or training

accuracy of R, and HLH denoted inc(R), the inconsistency or training error rate.

If compl(R) = 100% then R is complete cover of the training examples. If inc(R) = 0%,

then R it is a consistent cover.
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We used in this thesis the Quinlan’s error rates definitions for decision trees [56]. More
precisely: when N training cases are covered by a leaf, E of them incorrectly, the resubsti-
tution error rate for this leaf is % The sum of the resubstitution error rates at the leaves,
divided by the number of cases in the training set represents the error rate on the training
data. If we use the test data in the same manner, we obtain the error rate on the test data.
If pruning is performed, error estimates for leaves and subtrees are computed assuming
that they were used to classify a set of unseen cases of the same size as the training set.
So a leaf covering N training cases with a predicted error rate of Ugor(E, N) (the upper
limit of a binomial distribution corresponding to a given confidence level C'F) would give
rise to a predicted N x Ucr(E, N) errors. Similarly, the number of predicted errors asso-
ciated with a (sub)tree is the sum of the predicted errors of its branches. The sum of the
predicted errors at the leaves, divided by the number of cases in the training set, provides
the estimate of the error rate of the pruned tree on unseen cases. The Quinlan’s confusion

matriz is useful for characterizing accuracy.

Definition 2.6.6. The size of the model (number of nodes, number of leaves or depth of
a tree) represents its degree in compactness.

Definition 2.6.7. The learning time is the time needed by the algorithm to build the
classifier. The classification time or testing time represents the time needed to classify a
new example.

As all the algorithms used in this dissertation are relatively fast, we exclude the learning

time or the classification time from our experimental comparisons.
Estimating the Error Rate

To evaluate a given classifier, which is in our case a decision tree, one should construct
training and test sets. This can be done by drawing randomly a very large a very large
independent set of examples from the same population. The decision tree generated from
the training set is used to classify each of the examples in the test set. If the number
of examples is large enough, the proportion of misclassified examples gives an unbiased
estimate of the error rate. In reality, it is difficult sometimes to obtain large training and
test sets, so the available data, are used both to build the decision tree and to estimate

the error rate. The resubstitution estimate is used, but the problem is that it is a biased
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estimator. This is why in practice the methods of evaluation split the available data into

two samples: the training set and the test set. Several methods exist for obtaining samples.

e Bootstrap: it is a procedure of sampling with replacement from the available data.
If n examples are available, a sample of size n is drawn with replacement to form
the training set. The test set contains the set of examples that do not appear in the
training set. The learning algorithm generates a model from the training set. This
model is used to classify the examples of the test set. This process is repeated several
times (ten times), each time using a different bootstrap sample. The estimate of the
error rate on the given data set is the average of the error rates in each bootstrap

sample.

e n-fold Cross-Validation: the examples are randomly placed into one of the n parti-
tions. A sample is formed by setting aside one of n partitions as the test set, and
the remaining partitions make up the training set. The model is used to classify the
examples of the test set. This whole process is repeated for each of the n training-test
set. The estimate of the error rate on the given data set is the average of the error rate
in each fold. A variant of this method referred as stratified cross validation, obtains

partitions of the data that maintain the distribution of the classes in the original data.

e Monte-Carlo Cross-Validation: is a special case of n-fold Cross-Validation. A per-
centage of the available examples (usually 2/3) is randomly placed in the training set
and the remaining examples are placed in the test set. After learning takes place on
the training set, the model is estimated on test set. This whole process is repeated
for many training-test pairs. The estimate of the error rate on the given data set is

the average of the error rates in each run.

The method we have chosen in our evaluations is a 10-fold stratified cross validation, as

in the literature it is emphasized as being the best one.

2.7 Other Exploration Methods

There exist several alternatives to decision trees to explore data, such as: neural networks,

nearest neighbor methods, regression analysis, genetic classifiers, decision tables, decision
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rules, linear discriminant analysis. Researchers have compared these methods to decision
trees on specific problems. A survey of these comparisons and the results obtained by the

researchers can found in [39].

2.8 Applications of Decision Trees

Decision trees are one of the most commonly used algorithms, both in real world ap-
plications and in academic research. This is due to the positive points referred to in the
literature; some of their characteristics have been already point up in the introduction. The
application areas are numerous: in agriculture, astronomy, biomedical engineering, control
systems, financial analysis, manufacturing and production, medicine, molecular biology,
object recognition, pharmacology, physics, plant diseases, power systems, remote sensing,
software development, text processing. The works dedicated to applications of decision

trees in real world are listed in [39]. In [17, 18] you can also find several applications.



Chapter 3

Uniform Formalization of Split
Criteria and Theoretical
Comparison between them

In this chapter, we first focus our attention on the existing decision split criteria and on
the research directions consecrated to this essential step of decision tree algorithm. The
fundamental concepts used to introduce the decision split functions are presented in an
uniform way. Secondly, we use a common formalism to present the best known decision
split criteria: Index of Gini, Information Gain, Twoing Rule, Max Minority, Sum Minority,
Sum of Variances, Minimum Message Length. This formalism permits to introduce a formal
methodology, which allows us to analytically compare multiple split criteria, and thus to
present fundamental insights into the decision process. As an illustration, in the third part
of this chapter, we give a theoretical characterization of the Gini Index split criterion (the
conditions when an attribute is selected as test by the Gini Index function and when not),
respectively of the Information Gain criterion followed by the comparison between them.
We establish the cases (the conditions to be satisfied by the database’s parameters) in which
they are choosing the same attribute to split on and the cases in which they are choosing

different attributes to split on.

22
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3.1 Finding Splits to Construct Decision Tree: State of
the Art

The current work in the field of the construction of decision trees that is related to our
work can be divided into three groups.

The early work in the field of decision tree construction focused mainly on the definition
and on the realization of classification systems. Such systems have intensively been devel-
oped since the 1980’s [38, 58]. In the 1980’s, Breiman et al.’s book [7] on classification and
regression trees (CART) and Quinlan’s work on ID3 [53, 54] provided the foundations for
what has become a large body of research on one of the central technique of experimental
machine learning. Many variants of decision tree algorithms have been introduced in the
last decade. The majority of the work has been concentrated on decision trees in which each
node checks the value of a single attribute [7, 54, 56]. Quinlan initially proposed decision
trees for classification in domains with symbolic-valued attributes [54], and latter extended
them to numeric domains [55]. When the attributes are numeric, the tests have the form
A; > k, where A; is one of the attributes of an example and k is a constant. Researchers
have also studied decision trees in which the test at a node uses Boolean combinations of
attributes [42, 43, 59] or linear combinations of attributes [39]. All these systems are using
different measures of impurity / entropy / goodness [32] to select the split attribute in
order to construct the decision tree. We enumerate seven examples of such measures: the
Information Gain [56], the Gini Index [7], the Twoing Rule [7], Max Minority [22], Sum
Minority [22], Sum of Variances [40], MML [65].

Given the large number of evaluation measures, a natural concern is to decide their
relative effectiveness in constructing “good” trees. That is the reason for which, the second
part of the work in this field is dedicated to the analysis and to the comparison of different
decision tree construction algorithms. Comparisons of different methods are interesting to
determine which method is suitable for a given situation. Evaluations in the direction of
deciding the effectiveness of the decision split criteria have been predominantly empirical.
In spite of a large number of comparative studies, very few so far have concluded that a
particular feature evaluation rule is significantly better than others. Baker and Jain [4]

reported experiments comparing eleven feature evaluation criteria and concluded that the
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feature rankings induced by various rules are very similar. Several feature evaluation criteria
are compared using simulated data by Moshe Ben-Bassat in [5], on a sequential, multi-class
classification problem. The conclusions are that no feature selection rule is consistently
superior to the others, and that no specific strategy for alternating different rules seems to be
significantly more effective. Mingers [35] compared several attribute selection criteria, and
concluded that the tree quality does not seem to depend on the specific criterion used. Babic
[3] compared ID3 and CART for two clinical diagnosis problems. Miyakawa [37] compared
three activity-based measures, (), O, and loss both analytically and empirically. He showed
that @ and O do not choose non-essential variables at tree nodes, and that they produce
trees that are 1/4th the size of the trees produced by loss. Fayyad and Irani [32] showed that
their measure C-SEP, performs better than Gini Index and Information Gain for specific
types of problems. Several researchers pointed out that Information Gain is biased towards
attributes with a large number of possible values. Mingers [34] compared Information
Gain and x? statistic for growing the tree as well as for stop splitting. He concluded
that x? corrected Information Gain’s bias towards multivalued attributes. Quinlan [56]
suggested Gain Ratio as a remedy for the bias of Information Gain. Mantaras [13] argued
that Gain Ratio had its own set of problems, and suggested information theory based
distance between partitions for tree constructions. White and Liu [67] present experiments
to conclude that Information Gain, Gain Ratio and Mantara’s measure are worse than
a x? based statistical measure, in terms of their bias towards multiple-valued attributes.
J. Gama [19] (Esprit Project 5170 StatLog (1991-1994)) tried to predict the error rate
of a particular classification algorithm and he indicated that no single method can be
considered better than the others. About 20 different algorithms were evaluated on more
than 20 different data sets. Kononenko [27] pointed out that Minimum Description Length
based feature evaluation criteria have the least bias towards multi-valued attributes. In
[28] twenty-two decision tree and two neural network algorithms are compared in terms of
classification accuracy, training time, and number of leaves. In a recent paper, [64], the
authors proposed a measure for the distance between the bias of two evaluation metrics
and gave numerical approximations of it.

Several researchers have tried to evaluate the tree induction method itself, to answer
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questions such as: is it possible to build optimal trees? How good are particular heuristics?
Several aspects of optimal tree construction are known to be intractable. Hyafil and Rivest
[24] proved that the problem of building optimal decision trees from decision tables, optimal
in the sense of minimizing the expected number of tests required to classify an unknown
sample is NP-Complete.

Finally there is a third family of work that relates to our interest. This work is connected
to the Rough Set theory, which is an important approach characterizing classification from
the viewpoint of set theory. It is a mathematical approach to imprecision, vagueness and
uncertainty in data analysis. The basic operations of the Rough Set theory (the lower and
the upper approximations) are used to discover fundamental patterns in data. This concept
was proposed to solve basic problems, such as: description of set of objects in terms of
attribute values, dependencies (full or partial) between attributes, reduction of attributes,
significance of attributes. These are exactly the same problems put by classification in
general, and by decision trees construction in particular. There exist decision systems
based on the Rough Set formalism [29, 47, 69]. Most of this systems are build on top of
the basic formalism introduced by Pawlak [44, 45, 46, 49, 29]. All this systems are using
the simple roughness function given by Pawlak [48] as split criteria.

The existing decision tree work focused on the comparisons between the different systems
seems to be almost empirical. It is a relatively hard task to compare the existing systems as
they evolved from different backgrounds; some are founded in information theory, others in
discriminant analysis, others are based on encoding techniques etc. Theoretical comparisons
are very difficult as no common formalism was used. Therefore, most of the work went into
empirical comparison of the different systems (see second group of related work). The
results of these projects are very helpful for practical purposes, but do not really improve
the fundamental understanding of the split criteria. It is not known how the different
criteria relate to each other. Are they fundamentally all the same? Are there major
differences? In order to answer these questions we will have to find a basic formalism that
allows expressing the criteria. A clean formulation of the investigated split criteria is the
key for a well-founded formal and empirical analysis.

However, a thorough understanding of the behavior of the split functions demands an
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analytical and direct comparison between them, without using any other external measure.
Our contribution is to introduce a formal methodology, which allows us to analytically
compare multiple split criteria. This permits us to present fundamental insights into the
decision process. Furthermore, we are able to present a formal description of how to select
between split criteria for a given data set. As an illustration we apply the methodology
to the two widely used split criteria: Gini Index and Information Gain. Thus, our work
tries to overcome the lack of basic understanding of the split criteria selection process, by
combining a proper formulation of the successfully used split criteria, followed by a formal
and an experimental comparison.

In the following four sections we present notations and definitions necessary to introduce
a formalism in which all the split criteria are uniformly presented. We give a detailed
presentation of the Gini Index and Information Gain criteria using this formalism, and we

briefly introduce some others.

3.2 Notations

To realize a theoretical analysis we begin by introducing some notations and definitions.
Let £ be a learning sample, £ = {(21,¢1),---, (zz||,cs)}. We denote by ||£]| the number
of objects in £. Let z; be a measurement vector and we have Vi € {1,...,||£||}, z;: € X, X
being the measurement space. The set of classes is C = {c1,¢2,...,¢,}, so Vi€ {1,...,J},
¢; € C. The prior probability that an object belongs to a given class ¢;, is given by

ple) = ||‘|i§||" Given a test T, with n possible outcomes, we denote by t; the set of the

objects in £ having the outcome i. The probability that the test T has the outcome i is

estimated by p(t;) = H'Z” We denote by ||¢;, t;|| the number of objects of £ that lay in the

class ¢; and have the outcome j for the test T. The probability that an object lays in ¢;
and has the outcome j is given by p(c;,t;) = % The conditional probability, p(c;|t;),
that an object lays in the class ¢;, under the condition that the test T has the outcome j,

is estimated by the Bayes formula: p(c;t;) = %’S). Obviously we have: Zle p(e) =1,

Zf:lp(cl”]) = 17 V] € {1,...,”} and p(Cz'); p(cl|tj)7 p(tl) € [07 1]7 VJ € {1,,7L} and
Vie{l,...,k}.
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3.3 Definition of the Gini Index Function

In [7] the binary tree structured classifiers are constructed by repeated splits of subsets of
L into two descendant subsets, beginning with £ itself. To determine the binary splits of £
into smaller and smaller sets, we have to select each split of a subset so that the examples
in each of the descendent subsets are “purer” than the data in the parent subset. The
idea is to introduce a measure of impurity (impurity function), the node impurity is largest
when all examples classes are equally mixed together in it, and smallest when the node
contains examples belonging to only one class. Thus, it was introduced the goodness of
split criterion which is derived from the notion of impurity function.

Definition 3.3.1. An impurity function is a function ¢ defined on the set of all k-tuples

of numbers (p(c1),p(c2), .. .,p(ck)) satisfying p(c;) > 0, Vi € {1,...,k} and Z’le p(e) =1
with the following properties:

1) ¢ achieves its maximum at the point (7, % Sk
2) ¢ achieves its minimum at the points (1,0,...,0), (0,1,...,0),..., (0,0,...,1);
3) ¢ is a symmetric function of (p(c1),p(ca), - -, plck))-

Definition 3.3.2. Given an impurity function ¢, the impurity measure of any node t is

defined by:
i(t) = o(p(ert), plealt), - . ., pleklt))-

Definition 3.3.3. If a split s in a node t divides all examples into two subsets t; and ¢t
of proportions p; and p2, the decrease of impurity is defined as:

Ai(s,t) =i(t) — p1i(t1) — pi(t2)-
Definition 3.3.4. The goodness of split ¢(s,t) is defined as Ai(s,t).

Definition 3.3.5. If a test T is used in a node ¢ and this test is based on an attribute having
n possible values, the the impurity measure of any node t and the decrease of impurity are

generalized as follows:
i(t) = g(p(er[t), plealt), - - pek|t))

Ai(s,t) = i(t) — Zp(tj)z(tj)

Definition 3.3.6. Breiman adopts in his work the Gini diversity Index which has the
following form:

k k k
$plcrlt), plealt),-..p(erlt)) =Y Y pleiltpleilt) =1 =Y (p(eilt).
i=1 j=1,j#1 i=1

In a node ¢t an impurity function based on the Gini Index criterion assigns an example to a

class ¢; with the probability p(c;|t). The estimated probability that the item is actually in
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class j is p(c;|t). Therefore, the estimated probability of misclassification under this rule is
the Gini Index: i(t) = 355y )1 joss P(ciP(cs1) = 1 = 305, ((cs11))”.

This function can also be interpreted in terms of variance. In a node ¢ we assign to all
examples belonging to class ¢; the value 1, and to all other examples the value 0. The sample
variance of these values is: p(c;|t)(1 — p(c;|t)). There are k classes, thus the corresponding
variances are summed together: i(t) = 35_; p(c;[t)(1 — p(c;[t) = 1= X5_, (p(c;[t))>.
Definition 3.3.7. Having a test T' with n outcomes the goodness of the split is

k n k

gini(T) =1 (p(c:))* = Y _p(t:) > ple;lta) (1 — plejlt))

i=1 i=1 j=1

The Gini Index criterion selects a test that maximizes this function.

3.4 Definition of the Information Gain Function

The Information Gain function [56] has its origin in the information theory. It is based
on the notion of entropy, which characterizes the impurity of an arbitrary set of examples.
The information conveyed by a message depends on its probability and can be measured
in bits as the negative logarithm to the base 2 of that probability. If we randomly select

an example of a set the probability that it belongs to the class ¢; is equal to p(¢;) = “%H,

?

and the amount of information the message “it belongs to ¢;” conveys is —log, (p(c;)).

Definition 3.4.1. The expected information provided by a message in respect to the class
membership can be expressed as:

k

info(£) = = p(ci) logy (p(ci))

i=1
The quantity info(£) measures the average amount of information needed to identify the
class of a case in £. This quantity is also known as the entropy of the set L relative to the
k-wise classification.
The logarithm is still base 2 because entropy is a measure of the expected encoding length
measured in bits. We will consider a similar measurement after £ has been partitioned into
L1,Ls,...,Ly, in accordance with the n outcomes of a test 7. The expected information
requirement is the weighted sum over the subsets: infor(£) = .7, p(t;)info(£;), info(L;)

being the amount of information needed to identify the class of a case in £;.
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Definition 3.4.2. The information gained by partitioning £ in accordance to the test T
is measured by the quantity: gain(7") = info(£) — infor(L£). We can rewrite the

k k

gain(T) = = 3 plei) loga(p(ei)) + D plts) 3 pleslti) 1og (p(c; i)

i=1 i=1 j=1

The Information Gain criterion selects a test that maximizes the Information Gain function.

3.5 Other Split Criteria

This section presents some of the best known and most used criteria in the decision tree
construction using our formalism.

The Twoing Criterion
The Twoing Criterion was introduced by Breiman [7] to improve decision tree induction
when there are a relatively large number of classes. We have a test based on an attribute

having two possible values (n = 2). The Twoing Rule is defined as:

i 2
twoing(T) = p(t1)p(t2) <Z|p(ci|t1)—p(ci|tz)|> =

k 2
p(t1)(1 = p(t1)) (Z Ip(eiltr) — p(cilt2)|> (3.5.1)

If there are only two classes (k = 2) it is easy to show that the Twoing Rule corresponds
to the Gini Index function.

The Max Minority Criterion
Max Minority is based on the number of misclassified objects on either side of a binary

split. It was used by [22] for oblique decision tree induction.

k

Minority(Ty,) = z Ip(cs[t1)p(t1)]
i=1,i#max |p(c;|t1)p(t1)]
k

Minority(Tg) = Z Ip(cs[t2)p(t2)]
i=1,izmax |p(ci|t2)p(t2)]
Max Minority(T) = max{Minority(7y), Minority(Tg)} (3.5.2)
The Sum Minority Criterion
Sum Minority is the sum of the Minority(Tr) and Minority(Tr) which are defined as for

the Maxz Minority measure. The Sum Minority was also used by [22].

Sum Minority(T") = Minority(7r.) + Minority(Tr) (3.5.3)
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The Sum of Variances Criterion

The definition of the Sum of Variances measure given in [40] is:

Variance(Tr) = Z p(Cz‘,h)—zp(ci’tl)

i=1 = P (t1)
2
. (cist2)
Variance(Tg) = Z p(ciyta) — Z R,
i=1 =1 P (t2)
Variance(T) = Variance(Ty) + Variance(TR) (3.5.4)

The MML Criterion
The MML was introduced by [65]. From Shannon’s information theory we know that in an
optimal code, the message length of an event E, MsglLen(E), where E has the probability
P(E), is given by MsgLen(E) = —log,(E). For a hypothesis H and data D, the Bayes
formula [50] gives: P(HND) = P(H) - P(D|H) = P(D) - P(H|D) where:

1. P(H) represents the prior probability of hypothesis H (it represents p(¢;)),
2. P(H|D) represents the posterior probability of hypothesis H (it represents p(t;|c;)),
3. P(D|H) represents the likelihood of the hypothesis (it represents p(c;|t;)).
Applying the function —log, to the Bayes formula, we obtain:

MsgLen(H N D) = MsgLen(H) + MsgLen(D|H) = MsgLen(D) + MsgLen(H|D).

In inductive inference one normally wants the hypothesis H with the largest posterior
probability. MsgLen(H) can usually be estimated well and MsgLen(D|H) can also be
calculated. We may maximize the posterior probability of a model, P(H|D), by maximizing

P(H) - P(D|H), which is equivalent to minimize the message length:
MML(T) = —log,(P(H)- P(D|H)) = —log,(P(H)) — log,(P(D|H))
= —log,(p(t;)) —logs(p(cilt;))
= MsgLen(H) + MsgLen(D|H) (3.5.5)
After presenting all these criteria using a single formalism, we are able to introduce a
formal methodology which is useful to compare analytically any pair criteria.

The next section is dedicated to the presentation of this methodology applied to Gini

Index and Information Gain criteria.
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3.6 Theoretical Analysis of the Gini Index and Infor-
mation Gain Criteria

Fundamental knowledge about split criteria can be found by performing an analytical com-
parison between them. The selection of an attribute at each node of a tree is dictated by
the split criterion. In practice it was noticed that different decision trees are obtained by
using one or other split criterion. So, we have to compare locally the attribute selection
performed by one or other criterion. We concentrate our attention to the Gini Index and
Information Gain criteria. The same methodology which we will present here can be applied
to analytically compare any other pair of split criteria.

The test selected to split a given node is that one which maximizes the Gini Index
function, respectively the Information Gain function. So, the selected test by these crite-
ria, T*, will satisfy: gini(T™*) = maxy 7 possitie test gini(T") and, respectively, gain(T*) =

MaXy T possible test $AN(T). So we have:

gini(T™*) > gini(T"),V T possible test (3.6.1)
and, respectively,

gain(T*) > gain(T),V T possible test. (3.6.2)

To obtain a characterization of the widely used Gini Index and Information Gain criteria,
and to compare them, we restraint them, to the situation in which we have only two possible

outcomes for the test T', n = 2, and two possible classes k = 2. Therefore, we have:

gini(T) = 1= (p(ci))> = > p(t:) Y ple;lti) (1 — pleg|ta) (36.3)
=1 =1 j=1
and, respectively
2 2
gain(T) = — > p(e;) loga(p(ci)) + Y p(t:) D ple;ts) logs (p(ey|t:)) (3.6.4)
i=1 i=1 j=1

For simplicity we denote by: z = p(c1), r = p(t1), p = p(e1]t1) and g = p(cq|t2). We have:
1—z=p(c), 1 —7 =p(t), 1 — p = p(ealt1) and 1 — g = p(ca|t2). Using these notations
and some simple calculations we rewrite the Gini Index function and the Information Gain
function as:

gini(T) = 2z(1 —z) — 2rp(1 —p) —2(1 —r)q(1 — q) (3.6.5)
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and, respectively

gain(T) = —zlogy(z) — (1 —z)logy(1 —z) + r[plogy(p) + (1 — p) log, (1 — p)]
+(1—7)lglogy(q) + (1 — ) log,(1 — q)] (3.6.6)
where z,p,q € (0,1) and r € [0,1].
Let us suppose we have two tests, T,T' (based on two different attributes) which are
used to split a given node. Now we analyze if the Gini Index criterion and the Information
Gain criterion will select the same test. If this is not the case, we would like to know under

which conditions the two criteria select differently.

First we will write the Gini Index (Information Gain) functions for the tests T, T":

gini(T) = 2z(1—2z)—2rp(1—p)—2(1 —7)q(1l —q) (3.6.7)

gini(T") = 22'(1—2')—2r"p'(1 —p') —2(1—-7")g'(1 — ¢') (3.6.8)

and, respectively

gain(T) = —xlogy(z) — (1 — z)logy(1 —z) + r[plogy(p) + (1 — p) log, (1 — p)]
+(1 —r)lglogs(g) + (1 — g) log, (1 — q)] (36.9)
gain(T') = —a'logy(a') — (1 —2')logy(1 — ') +1'[plogy(p') + (1 — p') logy (1 — p')]
+(1—1")[q' logy(q') + (1 — q') logy(1 — ¢')] (3.6.10)

where z,p,q,p',q¢' € (0,1) and r,r' € [0,1].
We observe that

=1 (3.6.11)

as ¢ = p(cy) = ||‘|c£ ||‘ = z'. This probability remains constant, independently of the selected

test. The number of examples belonging to the class ¢; and to the class ¢y respectively,
remains constant, independently of the selected test, and therefore, the following relation
holds:

rip-q)+a=r'"0'—d)+d (3.6.12)
r relates to r',p,q,p', ¢ as it follows:

Pl ot o
po T 1;1_);”1 . (3.6.13)
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and 7' relates to r,p,q,p',q" as it follows::

_rlp—9+a—¢

T , v A (3.6.14)

P

The cases p = q, p' = ¢, and ¢ = ¢’ will be treated separately in the section 3.7.

Furthermore, the following conditions must be satisfied:

rp—q)+q—4¢

r>0& O >0,p #£¢q (3.6.15)
rZO@rl(pl_;l_);_ql_qZO,p#q (3.6.16)
r'gl#r'—lg@c)WgO,p'#q' (3.6.17)
r51¢r—150®rl(pl_§lz;rql_p50,p;éq (3.6.18)
p,¢,p,q €[0,1] (3.6.19)

The difference between the Gini Index functions corresponding to the tests 7' and T’
can be written using (3.6.12) as:
gini(T) — gini(T") = 2r'p'(1—p) +2(1 —r)¢'(1 = ¢') — 2rp(1 —p) — 2(1 = r)g(1 — q)
= 20'q? —r'p? +1'p —1'¢ —¢® + ) - 20 — 1P’ +rp—1q—¢* +q)
= 20'(d =P )@ +P)+rp-a)p+a) + (¢ - d)a+d)]

= 2frp—g)lp+q—p' - ¢)+ (¢ —d)g—1")] (3.6.20)

where p,q,r,p',¢',r" € [0,1].
To simplify our expression, we introduce f;:

f= (¢ —9)(g—p)
T -dta—p —1q)

If the difference between the Gini Index functions corresponding to the tests T, T' is

 P#G PHa#ED +4 (3.6.21)

positive, then the favorite test for the Gini Index criterion is 7', and if this difference is
negative, then the favorite test is 7”. The same holds for the Information Gain functions.

The difference corresponding to the Information Gain functions is expressed as follows:
gain(T) — gain(T") = r[plogy(p) + (1 — p)logy(1 — p)] + (1 - r)[glog,(q) +
+(1 = g)logy (1 — g)] — r'[p'logs (p') + (1 — p') logy (1 — p)] +

+(1~r")lg' loga(¢)) + (1~ ¢) logy (1 — ¢')] (3.6.22)
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where p,q,p',q' € (0,1) and r,r' € [0,1].
To simplify this expression, we will use the function f(z) to substitute zlog,(z) + (1 —
z)log,(1 —z). We have f: (0,1) = [—1,0). Its derivative is negative on the interval (0, 1]

and positive on the interval [%, 1). Its second derivative is positive on (0,1). Thus, this

function is monotonically decreasing on (0, 1] and monotonically increasing on [5,1). It

is a strictly convex function.
Using the function f defined before, the difference between the Information Gain func-

tions corresponding to the tests T, T’ can be rewritten as:

gain(T) — gain(T") = r(f(p) — f(a)) —r'(f(P') = £(d)) + f(a) - £ () (3.6.23)

Using (3.6.12), we obtain:

gain(T) — gain(T") = r (f(p) — £(q)) — % @) - F&) + @) - £&)

=r|(f(p) — £(2) ;’ - g (F&) — £(@))| - g‘_f] (f@) — £@) + f(@) — £(d)
= p,%q, [(f(p) = f(@) (@' — ') = () - f(d) (p— )] -

- p,%q, [(g—d") - (f(P) = f(d) — (f(a) — f(d") @ —¢")]
=Ll - 1@)@ - &) - ) - F@)a—p) +

P—q

+(fle) = f(d)- 0@ —d) - (") - f(d)) (e —d)} (3.6.24)

Now we apply the Lagrange theorem to the function f on the intervals: [p,q], [p',q'];
and [g, ¢']. The function f is continuous on [p, ¢], its derivative f' exists and it is finite on

[p, ¢, so by the Lagrange theorem we have:
Ja1 € (o), ) = LSO (36.25)

For [p', ¢'] the theorem’s conditions are also satisfied and therefore:

300 € 01,0, f(aa) = L =IO (3.6.26)

and similarly for [g, ¢'] we have:

320 € (@0, J'ar) = {00 (36.27)
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We express the Information Gain difference as:

gain(T) — gain(T") = p i 7 {rl(f' @) - @ —d) - f(@2)®' —d)a—d)] +
+f(@s)a—d)p' —d) - fl@)' =) a—d)}
= r[f'(z)p - q) — f(@)p— ) + f'(23)(qg — ) = f'(z2) (g — ¢)
= (- (f'(z1) — f'(22)) + (@ — ¢)(f'(z3) — ['(22))

= T‘El + Eg (3628)

where p' # ¢, By = (p — @)(f'(21) — f'(22)), and By = (¢ — ¢')(f'(23) — f'(22)).
We will establish the sign of this difference taking into account the conditions (3.6.15),
(3.6.16), (3.6.17), (3.6.18), p# ¢, p' # ¢', and q # ¢'.

We denote by fo the ratio:

B (=) (@) — ['(z)
= T T T D (e — Filan)) (8.6.29)

The following proposition is used in our analysis to establish the order of the points

Z1,T2,T3-

Proposition 3.6.1. If f is a strictly convex function defined on (0,1) and 0 < a < b <

¢ < 1 we have:
)= 1@ _ §(©)~ 1) _ £~ 1)

b—a c—a c—b

(3.6.30)

Proof:
a<b<e=b=Xx+ (1-Nec, with A € (0,1). f(b) = f(ha+ (1 — X)e¢) < Af(a) +

(1 = XN f(c) by the strictly convexity of f. We have f(b) — f(a) < (1 — N)(f(c) — f(a)). So

f(b)—f(a 1-A)(f(c)—f(a)) _ flc)—Ff(a
(z_a( ) < (1)—(>\§(Z—a)( )) - (Z_a( ) ().

We have f(b) — f(c) = f(Aa+ (1= Ne) — f(c) < A(f(a) — f(c). So LB-L >
/\(f}Ea)—f(c)) _ f(a)=f() ().

(a—c) a—c

The proposition results from (%) and (*%).

As r,r' € [0,1] and (3.6.12) must be satisfied, the terms p' — ¢', ¢' — ¢, and ¢ — p
can not be simultaneously positive or simultaneously negative, consequently, two terms are
negative and one is positive or one term is negative and two terms are positive. Thus,

the characterization of the Gini Index and Information Gain functions will be done for the
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following six cases:

'pl_ql>0 'pl_ql>0 (pl_ql<0
M g=p>0 2§ ¢g-p<0 B){ ¢-p>0
[ ¢ —a¢<0 [ ¢ —¢>0 | ¢ —q¢>0
'p’—q’<0 'p’—q’<0 rp’—q’>0
44 g—p<0 ()] ¢g—-p>0 (6) ¢g—p<O0 (3.6.31)
g —q¢>0 [ ¢ —¢<0 | ¢ —4¢<0

3.7 The Intervals of Coincidence/Non-coincidence of
the Gini Index and Information Gain Criteria

In this section, we present the intervals of coincidence/non-coincidence in the choice of the
split attribute for the Gini Index and Information Gain criteria. The sign of the differences
of the Gini Index functions corresponding to two tests 7', T' and of the Information Gain
functions are established for the six situations in (3.6.31). If the sign of the difference of
the Gini Index functions gini(T") — gini(T") is the same as the sign of the difference of the
Information Gain functions gain(7T') — gain(7"), then the two split criteria select the same
attribute to split on, otherwise the two split functions select different attributes to split on.

Theorem 3.7.1. Suppose we have two available tests T, T' and our task is to determine if
the test selected by the Gini Index or Information Gain criterion is the same or not. T and
T' can be characterized by the parameters p,q,r and p',q',r" respectively. We determine
the mazimum and the minimum of the following probabilities: {p,q,p',q'}.

(i) If max{p,q,p',q'} and min{p,q,p’,q'} belong to the same test, if we obtain {p,q}, or
{P',q'} as minimum-mazimum pair, then the two criteria of split will select the same
test to split on.

(i) If we obtain {p,p'}, {p,q'}, {¢,P'} or {q,q'} as minimum-mazimum pair, then there
are two possible situations to distinguish. If (fi —r)(fa —r) > 0, then the two criteria
choose the same test, and, if (fi—r)(fa—r) < 0, then the two criteria choose different
tests.

Case 1: p—¢ >0,g—p>0,¢ —q<O.

This case can be subdivided into following subcases:
(@) 0<p<¢ <g<p <1,

b) 0<p<g<p <g<l,

() 0<q¢d <p<g<yp <1,

d) 0<d <p<p <qg<l,

() 0<¢ <p' <p<qg<l.
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Case 1.(a): 0<p<¢ <g<p <1
Proof:

We have to establish in this subcase the sign of the expression (3.6.20). First we show
that f; € (0,1). We have fi >0as: ¢ —¢<0,¢g—p' <0,p—gq<0Oandp+q—p —¢ <0.
Using the expression of f; given in (3.6.21) we obtain: f; — 1 = ﬁ%&”:—il%) <0 as
¢d—p>0,p—p' <0,p—q<0,andp+q—p —¢ <O0.

For r and 7' we must assure that (3.6.15), (3.6.16), (3.6.17), and (3.6.18) are satisfied.
(3.6.17) is satisfied as: p—q¢ < 0,¢—p' <0,p ' —¢ > 0and r > 0. (3.6.18) is satisfied

as: p'—¢ >0,¢ —p>0,p—g<0andr >0. But to verify that (3.6.15) and (3.6.16)

! ! 7 !
are satisfied, it is necessary that r < ﬁ and ' < 1()1’—31" Both ratios: ﬁ, I‘f,_qq, are

positive and smaller than 1, so we can conclude that for this case we have: r € |0, ‘ZT_;]

and ' € [0 4=q ]

¢

In addition we can easily show that f; < UL fi— %’T_,f =

L= =9 and we have

p+q—p' —q
that g—¢' >0and p+q—p' — ¢ <0.

q

Knowing the position of r and f; relative to ‘i)’%q we can establish the sign of the

difference between gini(T) and gini(T") given by (3.6.20). For r € [0, f1] we have gini(T) —
gini(T") < 0 and for r € [fl, %] we have gini(T) — gini(7T") > 0.

To evaluate the difference between gain(7T') and gain(7") expressed in (3.6.28) we proceed
in the same way. The conditions obtained for 7 and ' remain valid. We must find this time
the position of f, and of r. First, we establish the order of z1,x2,x3. These points can
be ordered by considering all the possible permutations of them. Applying the proposition
(3.6.30) to the probabilities p < ¢ < p',p< ¢ <q, p< ¢ <P, and ¢ < ¢ < p' we find
that f'(z1) < f'(z3) < f'(z2). And, using that f' is strictly monotonically increasing (its
derivative, f", is positive), we conclude that we have to analyze only the case z; < z3 < x2.
The other cases would contradict the monotonicity of f'.

Now, it is easy to show that F; > 0, E; < 0 and f2 € [0, ‘;:_;;1). We have f; < g%;

as using (3.6.29): fo < ‘ful%; & % <1< f'(z3) > f'(x1) which is true as

demonstrated before. So, for r € [0, f2] we have gain(T) — gain(T') < 0, and for r €

[fz, ‘;,T—f] we have gain(T) — gain(T") > 0.
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In conclusion, for 0 < p < ¢' < ¢ < p' < 1 we have: r € [O,‘;’%;], r e [0, ;)’,i‘f;,]

and fi,fo € [0, ‘i:%;’]. If r € [0,min{f1, f2}], then the same test T is selected by
both split criteria. If r € (min{fy, fo}, max{fi, f2}), then different splits are selected.

Ifre [max{ f1, f2}, ﬁ], then the same test T is selected by both split criteria.

Case 1.(b): 0<p<¢ <p' <g<1
Proof:

To establish the position of r and ' we use the conditions (3.6.15), (3.6.16), (3.6.17), and
(3.6.18) as we did before, and we obtain: r € [’;:_—_;, ';'T_g] and r' € [0,1]. The expression
p+q—p' — ¢ can be negative or positive. If p+q—p' — ¢ <0 then,asr>0,p—q¢ <0,
qg—q >0, and, g —p' > 0, we have gini(T) — gini(T") > 0. If p+q —p' — ¢ > 0 then we
have fi > 1. Asr <1, then we have r < f; and, therefore we have gini(T) — gini(T") > 0.
Therefore, for r € [%, g%g] and r' € [0,1] we have gini(T) — gini(T") > 0.

To evaluate the difference between the gain(7T") and gain(7") we proceed in the same
way. The conditions obtained for r and 7' remain valid. The points z1, 22,23 will be
ordered as in the previous case 1.(a). Applying the proposition (3.6.30) to the probabilities
p<qg <p,p<qd <gq ¢ <p <gq, and p < p' < g and using that f’ is strictly

monotonically increasing, we conclude that we have only two possible cases: 1 < 22 < 3,

and zo < 71 < 3.

(i) In the case 71 < my < 3, we have that f'(z1) < f'(z2) < f'(z3), therefore E; > 0

and Es > 0. Thus we have gain(T) — gain(T") > 0.

(ii) In the case zo < z1 < 3, we have that f'(z2) < f'(z1) < f'(23), so E1 <0, E> > 0.
We show that fo > £=2: fo > £=0 & LWLl 5 1 & f/(zy) > f'(21) which is

true as we are in the case o < 1 < z3 and f’ is strictly monotonically increasing.

Therefore we have gain(T') — gain(7") > 0.

In conclusion, for 0 < p < ¢' < p' < ¢ < 1 we have: r € [’;T_;, 'i:_;ﬂ, r’ € [0,1], and the

behavior of the two split functions is identical, both are choosing T as split.
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Case 1.(¢): 0<¢ <p<g<p <1
Proof:

We have: r € [0,1] and 7' € [;’,%‘f;,, 1‘3,__‘2’, ] . The expression p+q—p' —¢' can be negative

or positive. If p+q—p'—¢' > 0then,asr >0, p—q < 0,¢—¢q' >0, and, ¢g—p' < 0, we have
gini(T) — gini(T") < 0. f p+ g —p' — ¢ <0 then we have f; > 1. As r < 1, then we have

r < fi and, therefore we have gini(7T) — gini(7") < 0. For r € [0,1] and r' € [I;Liq(;—,, ﬁ,%qq’—,]

we have gini(T) — gini(T") < 0.
Applying proposition (3.6.30) to the probabilities ¢ <p < q, ¢ <p<p', ¢ <qg<p,
and p < ¢ < p' and, using that f' is strictly monotonically increasing, we conclude that we

have only the following cases to analyze: 3 < 1 < z2 and z3 < T2 < 1.

(i) If z3 < #1 < z2 we have: E; > 0, E; < 0, and fo > 1, and therefore, gain(T') —

gain(T') < 0. To demonstrate that fo > 1 is equivalent to show that % >

;__g’,. The left side of the inequality is greater than 1 as we have % >le

f'(z3) < f'(x1). The right side of the inequality is strictly less than 1 as we have

q—p

— <1lep> ¢'. By combining these two observations the inequality to show

becomes obviously.

(ii) For the other situation z3 < x5 < x; we have: E; <0, Es < 0. Therefore gain(7T') —

gain(T") <0.

In conclusion, for 0 < ¢' < p < ¢ <p' <1 we have: r € [0,1], r' € [;’:‘{II, , :,i‘{;,], and

the behavior of the two split functions is identical, both are choosing T" as split.

Case 1.(d): 0<¢'<p<p' <g<1
Proof:

Using the conditions (3.6.15), (3.6.16), (3.6.17), and (3.6.18) we obtain: r € [I;;T_f; 1] ,
r'e [pfql 1] and f; € [”IJ 1]. Ifr e [’;;;f,fl], then we have gini(T") — gini(7") > 0. If

p'—q"’ p—q’

r € [f1, 1], then we have gini(T") — gini(7T") < 0.
Applying the proposition (3.6.30) to the probabilities ¢/ < p<p', ¢ <p<gq, ¢ <p <
g, and p < p' < q and, using that f' is strictly monotonically increasing we conclude that

we have only the case x5 < £3 < x1 to analyze. As 25 < 23 < 21 we have: 1 <0, Ey > 0,
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and fy € (u 1). For r € [%,ﬁ] we have gain(T) — gain(T") > 0 and for r € [f2,1]

p—q’

we have gain(T) — gain(T") < 0.

(i) Proof for fo > ’1’:%;’: We demonstrate this inequality by equivalencies. First we use

the expression of f, given in (3.6.29) and we obtain:

/

P —q
p—q

fa> & (f'(ws) = f1(@)) g — ) > (f'(z1) = (@)@ - ) &

After some simple calculations we obtain:

& fl@s)(g—q)+ @) =p) + @) -9 >0

We substitute f'(z1), f'(z2), f'(z3) by using (3.6.25), (3.6.26), (3.6.27):

o f@ - fd) fld) - f@) fla) — f(p)
q—p

-+ R )

g P-9>0e

< flQ@' -p)—fE)E —a) - fE)a—p) >0 ()
Asp<p <q,Tae(0,1),so that
p'=ap+(l—-a)g
() & fl@(1 —a) + f(p)a> flap+ (1 - a)q)
which is true by the strict convexity of f.

(ii) Proof for fo < 1: As we did before, we use also here the proof by equivalencies. We

substitute fo by its expression given in (3.6.29) and we obtain:
fa<le (f(@2) = fl(@3))(a—4q") > (f'(z2) = f'(21)) (g —p) &

& fls)d =)+ flx2)p—d) + f'(x1)(g—p) >0 &

We substitute f'(z1), f'(z2), f'(x3) by their expressions given in (3.6.25), (3.6.26),

and (3.6.27):
ﬁw(q’_q)_pw(p—q')—kw(q_m>0©
¢ -q p—aq

S ()P —p) - @ —4)+ fO)(p—q) >0 (%)
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Asq <p<p,Tae€(0,1), so that:
p=aq +(1-a)yp

(%) & ("1 —a) + f(d)a> flag + (1 —a)p’)

which is true by the strict convexity of f.

In conclusion, for 0 < ¢' < p < p' < ¢ < 1 we have r € [2=2.1| and 7' € |2=L. 1|.
p—q P—q

For r € [’;L—_;,min{ /1, f2}] the same test T is selected by both split criteria, for r» €

(min{ f1, fo}, max{f1, fo}) different splits are selected, and for r € [max{fi, f2}, 1] the same

test T" is selected by both split criteria.

Case l.(e): 0<¢' <p' <p<g<l1
Proof:

This case is dropped as it contradicts the conditions (3.6.17) and (3.6.18). Asp'—¢' <0,
3.6.17) e r(p—q)+q—p <0&7r> ’;—_g. As the ratio % is strictly greater than 1, this
implies that r > 1, but this is in contradiction with the fact that r represents a probability,

so that r must be equal or less than 1. Therefore such a case can not be possible.

Case 2: p—¢'" >0,g—p<0,¢ —qg<0
This case can be subdivided into following subcases:
(a) 0<g<p<g<p <1
b 0<g<gd<p<p <1
(c)0<g<g <p <p<1

Case 2.(a): 0<g<p<¢ <p <1

Proof: This case is dropped as it contradicts the condition (3.6.18).

Case 2.(b): 0<g¢g<¢' <p<p' <1

Proof: We have: r € [ql;q 1], r € [0 ”7‘1’] and f; € [u 1]. Ifre [u,fl] we

p—q’ ’p'—q p—q’ p—q

have gini(T) — gini(T") > 0. If r € [f1, 1] we have gini(T) — gini(T") < 0.
The points x;,x2, 3 can be ordered in the following ways: xz; < z3 < x5, 3 < 1 < Z3,

z3 < 13 < 1. Applying the proposition (3.6.30) to the points ¢ < ¢’ < p, ¢ < ¢ <P,
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g<p<yp,and ¢ < p< p' and, using that f’ is strictly monotonically increasing increasing
we conclude that we have only the case z3 < z1 < zo with z2 # x3. So we have: E; <0,

E> >0,and f> € [q'—_q 1). So, if r € I:Z)I;;I,fQ] we have gain(T) — gain(T") > 0, and, if

p—q’

r € [f2,1] we have gain(T') — gain(T") < 0.

In conclusion, in the case 0 < ¢ < ¢' < p < p' < 1wehave: r € [‘ZT_;’, 1], r' e [0, ;’,__'fll,],
and f1, fa € [‘—gj_qq, 1). Ifre [%}Q,min{fl,fg}] then the same test is chosen by both cri-
teria. If r € (min{f1, fo}, max{fi, f2}) then different tests are chosen by the two criteria,

and if r € [max{f1, f2}, 1] then the same test is chosen by both criteria.

Case 2.(c): 0<g<¢ <p <p<1
Proof: We have: r € [ﬁ, 1], r" e€[0,1]. f p+q—p — ¢ >0, then we have gini(T) —
gini(T") > 0. f p+q—p' — ¢ <0 then, f; > 1, so gini(T') — gini(T") > 0. For r € [%, 1]
and 7' € [0, 1] we have gini(T') — gini(T') > 0.

The points x;1,x2, 3 can be ordered in the following ways: 1 < z3 < 22, 3 < 21 < X2,
and z3 < x2 < z1. Applying the proposition (3.6.30) to the points ¢ < ¢’ < p', ¢ < ¢ < p,
g <p < p,and ¢ < p' < p and, using that f' is strictly monotonically increasing,
we conclude that we have to analyze only the cases x3 < x1 < %3, with z2 # z3 and
23 < T2 < x1. In the case z3 < 1 < z2 with 9 # x3 we have: Fy < 0, E; > 0, and
f2 > 1, so we have gain(T) — gain(T") > 0. In the case z3 < z2 < z; we have: E; > 0 and
E5> > 0, so we have gain(T') — gain(T") > 0.

In conclusion, in the case 0 < ¢ < ¢’ <p' <p <1 we have: r € [ﬁ, 1] and ' € [0,1]

and the same split is selected by the two functions.

Case 3: p —¢ <0,qg—p>0,¢—q¢>0

This case can be subdivided into following subcases:
(a) 0<p<g<p <qg <1
b)) 0<p<p <g<g<l1
(o) 0<p' <p<g<d <l

Case 3.(a): 0<p<g<p <¢g <1

Proof: This case is dropped as it contradicts the condition (3.6.17).
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Case 3.(b): 0<p<p <g<g <1
Proof: We have: r € [0 u], r e [q_q' 1] and f; € [0 u]. If r € [0, f1] we have

’ p—q p'—q"’ > p—q

gini(T) — gini(T") < 0. It r € [ fi, ﬁ] we have gini(T) — gini(T") > 0.

The points z1,z2,z3 can be ordered in following ways: 71 < zo < z3, 1 < z3 < T2,
s < x1 < x3. Applying the proposition (3.6.30)to the points p < p' < ¢, p < p' < ¢,
p<q<d,and p < ¢ < ¢ and, using that f' is strictly monotonically increasing we
conclude that we have only the case z1 < 23 < x3, with 1 # x3. In this case 1 < z2 < x3
with z; # z3 we have: E; > 0, B3 < 0 and f; € [0,%). For r € [0, f2] we have

gain(T") — gain(T") < 0 and for r € [fQ, ’;’7—75] we have gain(T) — gain(T") > 0.

In conclusion, in the case 0 < p < p' < ¢ < ¢’ < 1 we have: r € [0, %], r' € [I‘f,__qql, , 1]
and fi, f2 € [0, %). If r € [0,min{ f1, f2}], then the same test is chosen by both criteria.
If r € (min{f1, fo},max{f1, f2}), then different tests are chosen by the two criteria. If

rE [max{ fi, f2}, ’;T_;], then the same test is chosen by both criteria.

Case 3.(c): 0<p' <p<g<qg <1

Proof: We have: r € [0,1], »' € [I‘f,%‘i]',, I’)’:‘g,]. Ifp+q—p —¢ > 0, then we have

gini(T) —gini(T") < 0. If p+q—p' — ¢’ <0, then we have f; > 1 so gini(T") — gini(T") < 0.

For r € [0,1] and ' € [g,%qq’,, ;’,i‘f;,] we have gini(T") — gini(7") < 0.

The points x1,%2,x3 can be ordered in following ways: =1 < 22 < x3, 21 < =3 < I,
and 5 < z1 < z3. Applying the proposition (3.6.30) to the points p' < p < ¢, p' <p < ¢,
p<qg<q,and p < ¢ < ¢ and, using that f' is strictly monotonically increasing, we
conclude that we have only the cases 1 < z2 < 3, with ;1 # x3 and 23 < 27 < 3.
In the case 17 < z2 < x3 with 27 # z3 we have: Ey > 0, E» < 0, and fo > 1. We
have gain(T) — gain(7T") < 0. In the case z5 < ;1 < 3 we have: E; <0 and E; <0 =

gain(T") — gain(T") < 0.

In conclusion, in the case 0 < p' <p<qg< ¢ <1 wehaver €[0,1],r € [;f,__‘f;,, If’,__’f;,]

and both criteria select the same test.

Case 4: p—¢ <0,q—p<0,¢ —¢>0
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This case can be subdivided into following subcases:
( (a) 0<p' <g<p<g <1

b) 0<p' <g<gd <p<l1
¢)0<g<p <p<g<l1
d)0<g<p<p<qg<l

e

(
(
(d)
() 0<g<p <¢d <p<1

\

Case4.(a): 0<p' <g<p<g<l1

Proof: We have: r € [0,1] and r' € |2=L 2= | Tfp+q—p' —¢' <0, then gini(T) —
P’ p—q

gini(T") <0. If p+q—p' —¢' >0, then f; > 1 so gini(T) — gini(T") < 0. For r € [0,1] and

r' e [ ;’,i‘g, , zlal’qu’] we have gini(T") — gini(7") < 0.

The points z1, 2,23 can be ordered as is following: z; < z2 < z3, 1 < z3 < I,
T2 <1 < 23, T2 < 23 < 71, 3 < 21 < T2, and xz3 < z2 < x1. Applying the proposition
(3.6.30) to the points p' < ¢ < p, P < ¢ < ¢, p <p <, and ¢ < p < ¢ and,
using that f' is strictly monotonically increasing, we conclude that we have only the cases
1 < xy < z3 and zo < 7 < z3. In the case z; < x5 < z3 we have: E; <0, E; < 0. So

gain(T) — gain(T") < 0. In the case x5 < z1 < x3 we have: E; >0, Es <0and f > 1. So

gain(T') — gain(T") < 0.

In conclusion, in the case 0 < p' < ¢ <p < ¢ <1 wehave: r € [0,1], 7' € [;’,__‘f]’, , 1‘)1’_—%1”]’

and both criteria select the same test.

Case 4.(b): 0<p' <g<¢ <p<1

Proof: We have: r € [0, ‘g%g], r' e [0, 1?’7—31,’] and fi € [0, %]. If r € [0, f1], then
gini(T) — gini(T") < 0. If r € [ 11, ﬁ] then gini(T) — gini(T") > 0.

The points z1, %2, 3 can be ordered in the following ways: z; < 2 < z3, 1 < r3 < I3,
o <1 < 23, T2 < 23 < 71, 3 < 21 < 2, and 3 < z2 < x1. Applying the proposition
(3.6.30) to the points p' < ¢ < ¢',p' < g < p,p' < ¢ <p,and ¢ < ¢' < p and, using that f’
is strictly monotonically increasing, we conclude that we have only the case 22 < x3 < 7.
We have: £y >0, E; <0, f2 € [O, ‘;:_;;1]. So, if r € [0, f2] we have gain(T) — gain(T") <0,
and if r € [fz, ’—’I;_qu] we have gain(T) — gain(T") > 0.

In conclusion, in the case 0 < p' < ¢ < ¢' < p < 1, wehave: r € [0, 'i:_;j] ,7 € [0, g,__‘f],]

and fi, f2 € [0, Z,IT_,;I]- If r € [0,min{ f1, f2}], then the same test is chosen by both criteria.
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If r € (min{fi, fo}, max{f1, f2}), then different tests are chosen by the two criteria. If

re [max{ fi, 2}, ‘;’T_:], then the same test is chosen by both criteria.

Case 4.(c): 0<g<p' <p<g <1

Proof: We have: r € [u 1], r' e [”_q’ 1], and f1 € [p’—_q 1]. Ifr e [”I—_q,fl] we

p—q’ p'—q"’ p—q’ p—q

have gini(T) — gini(T") > 0. If r € [f1,1] we have gini(T) — gini(T") < 0.

The points z1, %2, 3 can be ordered in the following ways: z; < 2 < z3, 1 < z3 < I3,
o < m1 < 23, T2 < 23 < 71, 3 < 21 < T2, and 3 < z2 < x1. Applying the proposition
(3.6.30) to the points ¢ < p' < p, g < p' < ¢,q < p<q,and p < p < ¢ and,
using that f’ is strictly monotonically increasing, we conclude that we have only the case
1 <x3 < x3. So we have: E; <0, By >0,and fs € (%,1). For r € I:I;:_—_;,fz] we have
gain(T') — gain(T") > 0 and for r € [fa,1] we have gain(T') — gain(7T") < 0.

In conclusion, in the case 0 < ¢ < p' < p < ¢ < 1, we have: r € [’;%;’,1],
r' e [”_q’ 1], and fi,f2 € [”I—_q 1). Ifr e [%,min{fl,fz}], then the same test is

p'—q"’ p—q’ -

chosen by both criteria. If r € (min{ fi, fo}, max{fi, fo}) then different tests are chosen by

the two criteria. If r € [max{f1, f2}, 1], then both criteria select the same test.

Case 4.(d): O0<g<p<p <¢g <1

Proof: This case is dropped as it contradicts the conditions (3.6.17) and (3.6.18).

Case4d.(e): 0<g<p' <¢g <p<1
Proof: We have: r € [pl—_q q,—_q] and 7' € [0,1]. f p+ ¢ —p' —q' > 0, then gini(T) —

P—q’ p—q

gini(T") > 0. If p+q—p'—¢' <0, then f; > 1, so gini(T')—gini(T’) > 0. Forr € [’;%g, g%g]

and ' € [0,1] we have gini(T") — gini(T") > 0.

The points x1,22,2x3 can be ordered in following ways: z; < zo < x3, 71 < z3 < Z3,
T <11 <23, T2 < x3 < 21, T3 < 71 < To, and x3 < 3 < x1. Applying the proposition
(3.6.30) to the points ¢ < p' < ¢, ¢ < p' <p,q< ¢ <p,and p' < ¢ < p and, using that f’
is strictly monotonically increasing, we conclude that we have only the cases z3 < z1 < z2
and z3 < 22 < 1. In the case z3 < 21 <z we have: E; <0, Es > 0, and fo > ‘;'T_g. So,

for r € [‘;T—;’, Z:%g] we have gain(T) — gain(T") > 0. In the case z3 < z3 < 7 we have:
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E; >0, E; > 0. So we have gain(T") — gain(T") > 0.
In conclusion, in the case 0 < ¢ < p < p' < ¢ <1, we have: r € [%, g%g], r" €[0,1]

and the two criteria select the same test.

Case 5: p —¢ <0,q—p>0,¢ —qg<0

This case can be subdivided into following subcases:
(a) 0<p<p <qg<g<1
b)) 0<p <p<gd<g<l
() 0<p <qgd <p<ygxl
Case 5.(a): 0<p<p <¢ <g<l1
Proof: We have: r € [‘2%;1, IZT_;I] andr' € [0,1]. If p+¢g—p'—¢' <0 = gini(T)—gini(T") >
0. fp+q—p' —¢ >0then, f; > 1, so gini(T) — gini(T') > 0. For r € [‘g%g, ’;'%;1] and
r' € [0,1] we have gini(T) — gini(T") > 0.
The points x1,%2,x3 can be ordered in following ways: 1 < 23 < x3, 22 < x1 < I3,
zo < x3 < z1. Applying the proposition (3.6.30) to the points p' < p' < ¢', p < p' < g,
p<q <gq,and p' < ¢' < ¢ and, using that f’ is strictly monotonically increasing, we
conclude that we have only the cases z; < z2 < 23 and z2 < 1 < 23 with 2 # z3. In
the case 1 < 2 < z3 we have: E; > 0 and E; > 0. So gain(T') — gain(7T") > 0. In the
case 3 < x1 < 3, T2 # x3 we have: Ey < 0, B3 > 0, and fo > EJQ. So we obtain
gain(T') — gain(T") > 0.
In conclusion, in the case 0 < p < p' < ¢ < g <1, we haver € [%, ﬁ], r' €]0,1],

and both criteria select the same test.

Case 5.(b): 0<p' <p<¢g <g<l1
Proof: We have: r € [‘;’T_,f,l], r' e [0, ;’,%‘f;,] and f1 € [%,1]. Ifr e [%,fl] we
have gini(T) — gini(T") > 0 and, if 7 € [f1, 1] we have gini(T) — gini(T") < 0.

The points x1,%2,x3 can be ordered in following ways: 1 < 23 < x3, 22 < x1 < I3,
and x5 < 3 < z1. Applying the proposition (3.6.30) to the points p' < p < ¢', p' <p < g,
p < ¢ < q,and p < ¢ < ¢ and, using that f' is strictly monotonically increasing we

conclude that we have only the case x5 < 1 < x3 with 2 # z3. We have: E; <0, E; > 0,
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p—q’ p—

and fy € [u 1). We have for r € [‘1’—7;,&] gain(T") — gain(T") > 0 and for r € [f2,1]
gain(T") — gain(T") < 0.

In conclusion, in the case 0 < p' < p < ¢' < ¢ < 1 we have: r € [ﬁ, 1], r' € [0, ;’,i’f;,]

and f1, f2 € [‘;’%;1, 1). Ifre [ﬁ,min{fl, fg}], then the same test is chosen by both cri-
teria. If r € (min{f, fo}, max{f1, f2}), then different tests are chosen by the two criteria.

If r € [max{fi, f2},1], then the same test is chosen by both criteria.

Case 5.(c):0<p' <¢ <p<g<1

Proof: This case is dropped as it contradicts the condition (3.6.18).

Case 6: p—¢' >0,qg—p<0,¢ —¢qg<0
This case can be subdivided into following subcases:
(a) 0<¢ <p <g<p<l1
B o0<gd<g<p <p<l
() 0<d <g<p<yp <1
Case 6.(a): 0<¢' <p'<g<p<l1

Proof: This case is dropped as it contradicts the condition (3.6.17).

Case 6.(b): 0<¢' <g<p' <p<1

Proof: We have: r € [0, %] andr' € [0, g—q ] If r € [0, f1] we have gini(T)—gini(T") <

q P —q¢
O0andifr e [fl, ’;’7—_;1] we have gini(T') — gini(T") > 0.
The points z1,z2,z3 can be ordered in following ways: z2 < z3 < x1, 23 < 1 < T2,
and z3 < 2 < z1. Applying the proposition (3.6.30) to the points ¢’ < ¢ < p', ¢’ < q < p,
¢ <p < p,and q < p' < p and, using that f' is strictly monotonically increasing, we

conclude that we have only the case 3 < z3 < x; with 1 # x3. So we have: E; > 0,

E, <0, and f, € [O ”I—_q). For r € [0, f2] we have gain(T") — gain(7T") < 0 and for

’ p—gq

re [fz, %] we have gain(T") — gain(T") > 0.

In conclusion, in the case 0 < ¢' < ¢ < p' < p <1 wehave: r € [0, ’;’T_g] ,r € [0, I‘f,__’fll,)
and fi, f2 € [O, ’I’)’_—_g]. If r € [0,min{ f1, f2}], then the same test is chosen by both criteria.

If r € (min{f1, fo},max{f1, f2}), then different tests are chosen by the two criteria. If
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r e [max{ fi, f2}, ’;%g] then the same test is selected by both criteria.

Case 6.(c): 0<¢ <g<p<yp <1

Proof: We have: r € [0,1] and 7’ € q,:ql,, ”,iq’, .Ifp+qg—p' —q <0, then gini(T) —
P—q ' p—q

gini(7") <0. If p+q—p' — ¢ > 0then f; > 1 then gini(T) — gini(7") < 0. So for r € [0,1]

and ' € [1‘)1,__‘1;, , ;5’_—%1,’] we have gini(T) — gini(T") < 0.

The points z1,%2,x3 can be ordered in following ways: zs < 3 < x1, 23 < 71 < Ta,
and z3 < x2 < x1. Applying the proposition (3.6.30) to the points ¢' < ¢ < p, ¢ < g <p',
qd <p<p,and g < p < p' and, using that f' is strictly monotonically increasing, we
conclude that we have only the cases 3 < x2 < x1 with 21 # x3 and z3 < 1 < z2 In

the case 3 < 1 < x2 we have: Ey <0, By < 0 = gain(T) — gain(7") < 0. In the case

x3 < 9 < 21, 21 # x3 we have: By > 0, B> < 0and f > 1. We have gain(T')—gain(T") < 0.

In conclusion, in the case 0 < ¢' < ¢ <p < p' <1 wehave: r € [0,1], 7' € [If,%‘f;,, I’)’,i‘f;,],

and both criteria select the same test.

The case p=q and p' = ¢

If p=q and p’ = ¢ the Gini Index functions become: gini(T) = 2z(1 — z) — 2p(1 — p)
and gini(7') = 2z(1 — z) — 2p'(1 — p'). As the relation r(p—q) +q = r'(p' = ¢') + ¢
must be satisfied, we obtain that ¢ = ¢'. So, we have: p = ¢ = ¢’ = p'. This implies that:
gini(T') = gini(T").

If p = q and p' = ¢’ the Information Gain functions become: gain(T) = —zlog,(z) —
(1—2z)logy(1—2z)+plogy(p) +(1—p)logy(1—p) and gain(T") = —zlogy(z) — (1—=) logy (1—
z) + p'log,(P') + (1 — p')log, (1 — p') As the relation r(p —q) + ¢ = r'(p’ — ¢') + ¢’ must
be satisfied, we obtain that ¢ = ¢'. So, we have: p = ¢ = ¢ = p'. This implies that:
gain(T) = gain(T").

3.8 Synthesis of Results

Here we present a synthesis of the obtained results. Suppose we have two available tests
T, T' and our task is to determine if the test selected by the Gini Index or Information

Gain criterion is the same or not. 7' and T" can be characterized by the parameters p,q,r
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and p', ¢',r' respectively. We determine the maximum and the minimum of the following
probabilities: {p,q,p’,¢'}. If max{p,q,p’,¢'} and min{p, q,p’,¢'} belong to the same test,
if we obtain {p, ¢}, or {p’, ¢'} as minimum-maximum pair, then the two criteria of split will
select the same test to split on. On the contrary , if we obtain {p,p'}, {p,q'}, {¢,p'} or
{¢,¢'} as minimum-maximum pair, then there are two possible situations to distinguish. If
(f1—7)(f2 —r) > 0, then the two criteria choose the same test, and, if (f1 —7)(f2 —7) <0,
then the two criteria choose different tests.

The results obtained for the six cases identified can be resumed in the following way.
For the case 1) we obtained two situations in which the two split criteria are selecting
different tests; by symmetry we obtain for the case 4) two such situations. Cases 2) and 5)
are similar (also by the symmetry) and for each of them we obtain one situation in which
the selection of test is done differently by the two criteria. Finally, cases 3) and 6) are

symmetric, and for each of them we obtain a situation of different selection.

3.9 Conclusions

Our approach in the comparison of split criteria is new by its analytical nature. We do not
use experimental settings or outside measures to reveal the differences between the split
criteria. By this formal analysis, we were able to study the behavior of the two well-known
split criteria Gini Index and Information Gain. We give an exact mathematical description
of the situations when they are choosing the same test to split on and when not. This
allows us, without constructing decision trees, to decide for a given database if the Gini
Index criterion and the Information Gain criterion select the same split attribute.

In order to compare the two split functions in a general way, we use the obtained results
to compute the frequency of agreement or disagreement of the two split functions. In a
sequence of tests, we considered all possible databases having two binary attributes and one
binary decision attribute containing 50 up to 200 tuples. We calculated then for all sizes of
databases the number of cases of disagreement. The number of cases of disagreement was
never higher than 2% of all cases. This explains why most empirical studies concluded that
there is no significant difference between the two criteria. Of course this does not exclude

that for some specific databases there might be an important difference. In general, however,
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both criteria behave more or less in the same way.

The split criteria formulas depend on the structure of the data set (see the probabilities
involved), so they are tied to the size of the data set. This observation combined with the
differences notified in the choice of an attribute by the two split criteria, Gini Index and
Information Gain, leads us to analyze the behavior of split criteria in the relation with
the size of the data set. In this thesis, we are not only interested in presenting the formal
behavior of the two well-known split functions locally, but also in presenting their behavior
in relation with the size of the databases from which the decision tree are inferred. The
next chapter is dedicated to the analysis of the decision trees constructed using the Gini
Index, Information Gain and our family of split functions in relation with the size of the

training data sets.



Chapter 4

Selecting Optimal Split
Functions for Large Data Sets

The previous chapter revealed the differences in the local selection of the appropriate at-
tribute using the Gini Index or Information Gain as split criterion. Thus, the previous
work represents the formal proof for the different results obtained in the empirical studies
conducted by different researchers, more exactly we explained why, by using the Gini Index
or Information Gain criteria, different decision trees are inferred. These two split criteria
were defined in different ways (e.g. minimizing impurity of a subset, or minimizing entropy
in a subset), and therefore they emphasize different properties of the inferred tree, such as
size or classification accuracy. The efficiency of existing decision tree algorithms has been
well established for relatively small data sets. Efficiency and scalability (we refer here to the
ability to construct decision trees efficiently given large amounts of data) become issues of
concern when these algorithms are applied to the mining of very large real-world databases.
The differences noticed in the selection of split attribute by the different split criteria and
the missing work in the perspective of large data sets conduct us to analyze their behavior
in such a situation. As we are interested in the application of these split criteria in a KDD
context (large sizes of data), we selected two well known split functions, namely Gini Index
(CART) and Information Gain (C4.5) and introduced our own family of split functions and
tested them on 9,000 data sets of different sizes (from 200 to 20,000 tuples). The tests have
shown that the two popular functions are very sensitive to the variation of the training set

sizes and therefore the quality of the inferred trees is highly dependent on the training set
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size. At the same time however, we were able to show that the simplest members of the
introduced family of split functions behave in a very predictable way and, furthermore, the
created trees were superior to the trees inferred using the Gini Index or the Information

Gain based on our evaluation criteria.

4.1 Introduction

Breiman’s CART [7] and Quinlans’s C4.5 [56] are systems created to be used in a machine
learning, respectively in a statistical context. Very often, exactly the same systems are
applied in a KDD context. However, this approach is not as straight forward as one might
conclude on a first glance. For instance, we realized that depending on the hardware
and on the operating system, C4.5 does not induce identical decision trees for the same
large database. A more thorough analysis of the underling inference algorithms shows why
these differences can occur. The split function applied by C4.5 is using numerical unstable
algorithms. This instability is mainly related to the size of the training data set. The larger
the data set the higher is the probability to get unstable behavior of the split function. An
obvious alternative to C4.5’s split function would be the split function used by CART, but
there are many more as we presented in chapter 3. As we described, the large number of
comparative studies of these functions were not really conclusive, and more importantly,
their main focus was not on the behavior of these functions in a KDD environment. The
size of the underlying data set was not taken into consideration.

In this chapter we will study the structure and the inference capabilities of decision
trees induced from data sets of various sizes. We did not restrict ourselves to a given set
of split functions, but we will analyze a whole family of split functions that ranges from
Gini Index (used by CART) to Information Gain (used by C4.5). This approach is based
on the observation that the Gini Index function is identical to the first term of the Taylor
development of the Information Gain function. In contrast to the above-cited literature
we will not only prospect the behavior of the two extremes (Information Gain and Gini
Index), but also the intermediate terms. We will specially analyze their behavior as they
are applied to a sequence of databases of growing size. The remainder of this chapter

is structured in the following way: the next section justifies the introduction of our new
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family of split functions. In the third section we introduce it. The fourth section describes
the experimental setup and the fifth section presents the obtained results, and then we

conclude.

4.2 Analysis of Information Gain and Gini Index

The notations and definitions related to the Gini Index and Information Gain criteria have
been already introduced in the previous chapter. One should notice that in the Information
Gain criterion, the logarithmic function is always applied to a probability that is in practice
estimated by a frequency depending on the size of the training set or subset (see beginning
of this section). For instance if a class ¢ has only one instance, its probability is estimated
by p(c) = m For a large data set this ratio will be very small, and therefore the value of
the logarithmic function of this probability will tend to negative infinity. We would like to
use a simpler function than the logarithmic function that allows us to manage exceptions
occurring for small probabilities in a convenient manner. Instead of the logarithmic function
we would prefer to use a polynomial function. An obvious candidate would be the Gini
Index introduced previously. However, it was pointed out that the Gini Index is not so good
as the Information Gain (see e.g. [28, 61]). Thus, we are looking for a polynomial function
that would approximate the logarithmic function. The most straightforward way to obtain
such a function, is to replace the logarithmic function by its Taylor series development. We
will now present this approach, introduce a new family of split functions and then analyze

and compare them.

4.3 Our New Family of Split Functions

The Taylor series development is a generic approach that allows us to approximate a n-
times derivable function by a polynomial function of degree n. Any function f satisfying

the above constraint will be approximated in a point xo in the following way:

fed=zo) , Sz, SOz

f(@) = f(zo) + + R,

For positive values, the logarithmic function can be derived infinitely often and therefore

satisfies the necessary conditions to be developed in a Taylor series. For the development
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of the logarithmic function in the point g = 1 we obtain:

Lo—1) &E-1?  Z@-1°
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This can be written as:
i
In() :2@ —r-1- -1+ 51 - -1
We will now substitute the logarithmic functions in the Information Gain by its de-
velopments, using the first term of the development, the first two terms, the first three
terms etc. In this way we construct a whole family of split functions. A particularly inter-
esting function in our family is the first one, constructed using only the first term of the

development of the logarithmic function.
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This represents nothing else then the Gini Index times a constant. Now, we have defined a
family of split functions with a first member equal to the Gini Index, followed by an infinity
of functions converging toward the Information Gain'. These split functions are the new

split criteria which we will use in our experiments.

4.4 Experiments

In order to compare the split functions with a minimum of bias, we built our own decision
tree induction system. This system is a variant of the C4.5 system with the possibility
to select a split function within the function family defined previously. This is the only
parameter of the system we varied during the tests, everything else (growing, pruning etc.)

remained unchanged.

1Even though the Taylor series development of the logarithmic function converges very quickly, for the
trees constructed by the split functions this is not necessarily the case. Empirical results of the convergence
can be found in section 4.5. A theoretical analysis of this behavior is outside the scope of this chapter.
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More precisely, our system was parameterized in the following way: as split functions
(split criteria) we used the Information Gain, the Gini Index and the first 49 functions of
the previously defined family of split functions. We are only interested in the influence of
the different split functions on constructing decision trees, and not in their influence on
pruning trees, and therefore we did not use any pruning algorithms.

In order to conduct the tests we had to provide a large set of different databases. We
were not able to find “real” data sets covering the whole spectrum of parameters we wanted
to take into consideration. Therefore, we generated the necessary data sets according to
our needs. The data sets are created using the same methodology employed by a large
number of researchers from the machine learning community or KDD: [51], [12], [10], [54],

and [33]. For the construction of the databases we used the following parameters:

size: the number of tuples per data set (200, 500, 1,000, 2000, 5000, 7500, 10,000, 15,000,
20,000)

#attributes: the number of attributes per data set (between 5 and 20)
domain size: number of possible discrete values per attribute (between 10 and 20)
F#classes: number of classes the tuples are belonging to (between 2 and 12)

#unclassifiable tuples: percentage of tuples per data set that can not be correctly

classified (between 1% and 20%)

size of classes: two types of class membership distributions were used 1) all classes have

the same size, 2) the size of each class is selected randomly.

For each of the nine possible values for size we generated 100 databases by varying the

other parameters randomly within the intervals predefined for each of them.
4.4.1 Test Setup

In order to analyze the behavior of the different split functions on data sets of different size,
we conducted a separate set of tests for each set of the 100 databases generated per size.

For each database we randomly sampled ten times 90% of the data as training set and we
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used the remaining 10% as test data. Overall, we created one thousand training and test
sets for the nine possible values of size. (We applied a 10-fold cross validation.)

We decided to evaluate 50 split functions (see parametrization of the system) on these
test sets. Per training-test pair we generated 50 decision trees corresponding to the 50
different split functions selected above.

In order to compare the 50 different trees we used the following three criteria which we

defined in the section 2.6:

1. tree size,
2. error rate for the training data,

3. error rate for the test data.

We denote the size of a database by m. So we have m € {200, 500, 1000, 2000, 5000,
7500, 10000, 15000, 20000}, and we denote this set of sizes by S. For each possible size m,
we generate 100 databases: Vm € S: di, with i € {1,2,...,100}.

For each of the possible size and for each of the possible database we use a 10-fold cross
validation, so: Ym € S and Vi € {1,2,...,100} we construct di¥, where k € {1,2,...,10}.
We obtain Vm € S: 1000 d¥* training-test databases. In our study we used 50 different
split functions to generate decision trees: f; where j € {1,2,...,50}.

For each possible size, for each training-test database and for each split function we

calculate:

ik,j

1. tree size: s}/,

2. error rate for the training data e/,

3. error rate for the test data ti*-J

Vm € S, Vi € {1,2,...,100}, Vk € {1,2,...,10}, and Vj € {1,2,...,50}.

To obtain ranks of size, of error rate for the training data and of error rate for the test
data for each split function, the procedure we used is described below. We present the

procedure only for the ranks of size, the other ranks are calculated similarly.
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e Vm € S, Vi € {1,2,...,100}, and Vj € {1,2,...,50} we calculate the average tree

. . 10 ik,j
size of the 10 sizes of the training-test databases: s}/ = %sm],
e Vm € S and Vi € {1,2,...,100} we assigned ranks to sizes s/, we denote these

ranks by: ri*J. These ranks of size were normalized as it follows:

Vm e S,Vie{1,2,...,100}, and Vj € {1,2,...,50}

i%,] : i%,]

Tm’J — MiNje{1,2,...,50} rm’J

max; pixd
je{1,2,...,50} T'm

i%,]
7o

- ' - ix.j
— MiNjefy,2,...,50} Tm

e In order to get one value for each split function, for each of the nine possible sizes of
databases, we calculated the average rank achieved by each split function for the one
hundred data sets per database size. Vm € S, and Vj € {1,2,...,50} we calculate
the average rank of the normalized ranks of size:

100 | i j
i = S
m 100
In this way we obtain for each possible size m € S and for each split function f; with
Jj € {1,2,...,50} the average rank of tree sizes. Analogously are calculated the others
average ranks of error rates on training data and on test data. These average ranks are

assigned to each split function as its ranks for a given database.

4.5 Results

In the previous section we presented three criteria, which now will be used to describe
the behavior of the 50 split functions regarding databases of various sizes. The size of the
generated decision trees is the first criterion used to present the behavior of the 50 split
functions. We are specially interested in analyzing the influence of the size of the database
on the created trees.

For each split function, for each of the nine possible sizes of databases, we calculated
the average rank achieved by each split function for the one hundred data sets per database
size. These values are represented in Figure 4.1.

The x-axis represents the Information Gain function, followed by the Taylor series de-

velopments using from 2 up to 49 terms and followed at the end by the Gini Index function.



58

Y
0.9
0.8 %\%\ % ~5-200
07 o \ = S-500
oc |4 = o
\ f/x{ 55,000

Ranks of size

05
0.4 Aw/f/ I |-+ s-7,500

03 ' e | |~5-10,000

— $-15,000

$-20,000

Split functions

Figure 4.1: Ranks of size vs. split functions

On the y-axis we can find the average rank achieved by each split function with respect to
the size of the inferred decision tree. For each database size we draw a line linking together
the average ranks achieved by the 50 split functions.

First of all, we can observe that the ranks of the split functions representing approxi-
mations of the Information Gain are slowly converging toward the rank of the Information
Gain. For some databases even the split functions using 50 terms of the Taylor development
still create trees different from those produced by the Information Gain split function.

Secondly, we notice that the split functions based on the first few terms of the Taylor
development do always create relatively large trees. The smallest trees are always obtained
for split functions using between 15 and 25 terms of the Taylor development. However,
as the size of the database increases, the number of terms used in the split function that
achieves the optimal rank decreases. For the largest database the smallest rank with respect
to the size of the inferred decision trees is achieved by a split function using 12 terms of
the Taylor development, and the Information Gain function obtains the maximal rank, the
Gini Index function leads to a smaller rank, but not the best one.

Furthermore, we can observe that the rank of the Information Gain increases steadily
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Figure 4.2: Ranks of sizes for Gini Index and Information Gain functions vs. sizes of
databases

with increasing database sizes. For small databases (up to 5,000 tuples) the rank of the
Information Gain can always be found in the first quarter of all ranks. Then, the rank
starts to increase until it reaches finally rank=1 for a 20,000 tuples database. This can
be more clearly in Figure 4.2 where we represent on the x-axis the sizes of the databases
and on the y-axis we can find the average rank achieved only by the Gini Index and the
Information Gain functions with respect to the size of the inferred decision trees. In other
words, compared to the other split functions, the relative size of the inferred trees by
Information Gain is increasing; for the largest database the Information Gain functions
creates the largest tree among the trees generated by all split criteria.

In the second sequence of tests we analyze the behavior of the split functions with respect
to the error rate on the training data. The results are resumed in Figure 4.3, which has the
same layout as Figure 4.1, the x-axis represents the split functions, the y-axis represents
this time the error-rate rank.

As for the previous criterion (size of the inferred decision tree) we can observe that the

ranks of the split functions based on the Taylor developments are converging towards the
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Figure 4.3: Ranks of error rate on training data vs. split functions

rank of the Information Gain function. With increasing database sizes we notice that the
error-rate rank for the Information Gain is decreasing. This can be explained quite easily,
by the increased relative size of the trees grown by the Information Gain (see Figure 4.1).
However, for the split function based on the first, the first two and the first three terms of
the Taylor development, we obtained always smaller ranks than for the Information Gain.
This even holds for the cases in which the size of the trees grown by the split function based
on the Taylor development was smaller than the size of the trees inferred by the Information
Gain. The first three split functions based on the Taylor development achieved always the
smallest ranks regardless of the database size.

In the Figure 4.4 we represent on the x-axis the possible sizes and on the y-axis we
represent the average ranks achieved only by the Gini Index and Information Gain functions
with respect to the error rate on the training data of the inferred decision trees.

Now, we have to analyze how the split functions behave on unseen data. Figure 4.5
pictures the error-rate rank for unseen data.

For this test set it is almost impossible to identify a general tendency. For most data

sets we can not really observe any convergence. This might be related to the relatively
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Figure 4.4: Ranks of error rate on training data for Gini Index and Information Gain
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small size of the test sets used to evaluate the split functions (10% of the original database,
see section 4.4.1). However, it seems important to point out that for the nine database
sizes used, in seven cases the first three split functions achieved smaller ranks then the

Information Gain.

4.6 Conclusion

Our main interest in this chapter was to analyze if split functions introduced in a statistical
or machine learning context remain applicable in a KDD context. We introduced a new
family of split functions, the two extremes being the well known Information Gain (C4.5)
and Gini Index (CART). We presented a wide range of tests based on a variety of 9,000
training and test data sets. The conducted tests have revealed that the size of the databases
definitely influences the behavior of the split functions. Especially the widely used Infor-
mation Gain is very sensitive to the size of the training set. On the other hand we were able
to show, that the three simplest split functions of the introduced family behave in a very
stable way and, furthermore, the created trees were superior to the trees inferred using the
Gini Index or the Information Gain based on our evaluation criteria. This is important,
especially in a KDD context as the size of the training sets can vary from very small to
very large.

In the actual context of KDD, characterized by an extraordinary expansion of data that
are being generated and stored, another natural question which comes up is the following;:
How can we select smaller data sets to construct decision trees which are similar to those
which we would have construct if we would have used the whole data sets? The answer to
this question and an available solution is proposed in the next chapter where we describe

our method of sampling.



Chapter 5

Statistical Sampling on Large
Data Sets

The previous chapter was dedicated to the analysis of the behavior of the split functions when
larger and larger data sets are used for the construction of decision trees. To integrate the
decision tree induction in a KDD context, it is also necessary to guarantee the scalability
of this technique in order to be able to induce decision trees from very large databases. A
natural idea is to perform a sampling on the training database. This chapter gives a formal
and an experimental analysis of the effects on a decision tree inferred from training sets
created using statistical sampling. We introduce a set of sufficient conditions to assure that
the attributes selected by the Gini Index or Information Gain criterion in the original and
in the sampled database are the same. Based on these conditions we introduce a new method
to sample training sets for decision tree induction. We conducted an exhaustive set of tests
to show that the theoretically proven properties can also be validated in the experimental
setting. Our sampling technique was applied to some real databases in order to evaluate the
effects of sampling on the inferred decision trees. 255 decision trees were constructed using
the Information Gain function. These trees were analyzed based on siz evaluation criteria.
We were able to show an almost perfect behavior of the proposed sampling technique in the
sense, that the decision trees inferred from the whole database as well as from the sampled

database are almost always identical.
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5.1 Introduction

The enormity of some data sets used in recent practical applications prompts an investi-
gation of whether such huge training sets are necessary, and how they might be reduced
without sacrificing accuracy. The existing techniques to construct decision trees were not
designed to be integrated in KDD processes. Mainly, the very large amounts of data, usu-
ally available for building the training set, were not considered in the design of the decision
tree induction algorithms. Quite the contrary, the algorithms are very carefully designed
to make an optimal use of the available data sets.

The commonly adopted solution to solve this problem is statistical sampling. This is
not surprising, as for example C4.5 uses the same technique to create data samples for
training and testing the decision trees. What is surprising however, is the fact, that as far
as we know, it was never shown if sampling is really a valid technique for creating right

sized training data sets for decision tree induction algorithms.
5.1.1 Related Work

There exists however a large body of research that deals with the question of how to iter-
atively set up a training set in order to induce improved decision trees. In the literature,
the example-selection methods are partitioned into those that embed the selection process
within the learning algorithm, those that filter examples before passing them to the in-
duction process, and those that wrap example selection around successive calls to learning
technique procedures.

Related to decision trees, the Quinlan’s windowing [56] and the Cattlet’s peepholing
technique [9] represent well known classes of wrapper methods for example selection.

Musick et al. [41] propose a method for sampling a database in order to create a subset of
the original database, which guarantees the induction of a decision tree with a predefined
error rate. The empirical results presented by Musick et al. show that an appropriate
sampling can lead to good performance on a wide range of inputs.

John and Langley present in [25] generic methods for a data warehouse context to
create samples that are “close enough” to the original data. “Close enough” is defined as

the difference of accuracies of the induced classifiers of whole data set and of the sampled
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data set. The proposed approach can be applied to a naive Bayesian classifier, but it is not
appropriate for more sophisticated methods such as decision tree and rule induction.

Gehrke et al.’s BOAT [20] constructed an approximate tree using a fixed-size subsample,
and then refined it by scanning the full database. Provost et al. [52] studied different
strategies for mining larger and larger subsamples until accuracy asymptotes.

In contrast to systems that learn in main memory by subsampling, systems like SLIQ [31]
and SPRINT [60] use all the data, and concentrate on optimizing access to disk by always
reading examples (more precisely, attribute lists) sequentially. Domingos proposed in [15]
the VFDT system that builds decision trees using constant memory and constant time per
example and using the Hoeffding bounds to guarantee that its output is asymptotically
nearly identical to that of a conventional learner. It accesses data sequentially and uses
subsampling to potentially require much less than one scan.

There exists also a large body of research dealing with the question of sampling for
association rule induction [30, 23, 2, 70]. The proposed methods however are closely tied
to the construction of association rules and cannot be applied in a straight forward way to
decision tree and decision rule induction.

However, solid knowledge about the effect of sampling in the context of decision tree
induction remains an open issue. We intend to propose a different sampling technique that
can be justified theoretically and practically in the context of decision trees constructed
from very large data sets. We offer a sampling technique that is neither difficult to apply
nor expensive. The existing methods do not provide the kind of one-shot sampling approach
we aim at. Unlike to the other methods, our sampling technique is applied to the data set
only once at the beginning. It is not a procedure that must be repeated several times or
executed for each node of the decision tree. A single application of the sampling procedure
is enough to guarantee that the decision tree constructed from the smaller data set will be
close to the one constructed from the whole data set in terms of structure and evaluation
criteria. We will formally show how this type of data sampling for training sets affects
decision tree induction algorithms.

The next chapters are structured in the following way: we will first give a formal analysis,

followed by some empirical results. We will propose a new method suited to sample training
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sets for decision tree induction, we will show the decision trees stability when sampling is

applied to some real databases, and, finally, we will conclude.

5.2 Splitting Functions

By analyzing the introduced impurity split functions (see chapter 2), we can observe that
they are independent of the size of the database. However, once we introduce in the usual
way the frequency as an estimate for the conditional probability, we tie the goodness func-
tions to the size of the database. To illustrate this, we suppose (without loss of generality)
a database with n examples, with two attribute A;, A, having each one two possible out-
comes: 0 or 1, and, with one decision attribute D having two classes 0 or 1.

We denote by a;;; the number of tuples having a value equal to ¢ for the attribute Ay,
equal to j for the attribute Az, and equal to k for D. For example: a111 gives the number of
tuples having A; =1, Ay =1, and D = 1; ag19 gives the number of tuples having A; = 0,
Ay =1,and D = 0.

The a;j;, will have to respect the following conditions:

Q141 + Q140 + Aox1 + Aox0 =N
QAx11 + Ax10 + Ax01 + Ax00 = N

A1x1 + Gox1 = Gx11 + Gx01 (5.2.1)

where a;.r, stands for the number of tuples with A; = ¢ and D = k regardless of the value
of A, (i.e. Aixk = Qi1k + ai()k).

In this context the two goodness functions we introduced are written as:

Axx1 ) 2 xx0\2 2 [@1x10140 = Q0x100x0
d. (A1) = 1—( )—( )—— 5.2.2
goo gml( 1) n n n Al + A0ws ( )
A1x1 A1x1 A1x0 A1x0 Q%1 Q%1
gOOdgain(Al) - mn 10g2 ( 1**) + n 10g2 ( 1**) + n 10g2 (GO**) +
Qg0 agx0 Qsxex1 Q%1 Q% %0 Q450
1 _ G ( ) _ G0 ( ) 5.2.3
+ o 082 <a0**) o 082\, o 082\, ( )

The expression for A; can be written analogously. The Gini Index criterion and the Infor-

mation Gain criterion will select the attribute test that maximizes the respective functions



67

of goodness. In our context this can be expressed in the following way:

- { A1 if  o0deris (A1) — g00derie (42) 2 0

- (5.2.4)
Ay if go0d.y (A1) — g00de (A2) <0

For the Gini Index we obtain:

2 (0141010 = Q0x100%0 2 (a4110410 = Ax01Gx00
gOOdgini(Al) - gOOdgini(A2) = + + - +
n A1 5% AQx* n Q1% Q40 %

(5.2.5)

For the Information Gain we obtain:

a1 Q1% A1 % A1 %
gOOdgain(Al) - gOOdgain(Az) = ;1 10g2 (al 1) + ;LO 10g2 ( ! 0) +

Lk 1*x

a a a a
+ 0%1 10g2 ( 0*1) + 0%0 10g2 ( 0*0) _ Gs11 10g2 (a*u) .
n AQx* n AQxx n A1
ax10 ax10 ax01 ax01 ax00 ax00
- lo — lo - lo 5.2.6
n &2 (a*1*> n &2 (a*O*) n 82 (G*O*) ( )

Now we would like to formulate a set of sufficient conditions such that the size of the

database can be reduced and the attribute selected according to equation (5.2.4) remains the

same. We propose the following notations for the ratios which appear in (5.2.5) and (5.2.6):

Q11 Q%11 Q140 Q%10

a” a” a” " (5.2.7)
0x1 — *01 — 0x0 — ax00 —

n — Cb n €6 n CT n  C8

For two different databases with the same constants ¢y, ..., cg we can guarantee that the

same attribute will be selected to define the split function with respect to the Gini Index
criterion. It is easy to show that the same set of constraints is also sufficient to assure that
the attribute selected by the Information Gain criterion is the same for all databases with
the same set of constants.

If we consider another database characterized by the parameters: a,;, G, all*o, a;w,

’ ! U ! . . o, .
G015 01, Toxos Axoo, Satisfying the conditions (5.2.7) and:
i 7 7 7 i
A141 F G1a0 T Qour T Ao = T
i 7 7 7 i
Gy11 T G410 T Qyo1 T Gugo = T
i 7 I I
A141 T Qox1 = a1t Guor (5.2.8)

we will obtain for the Gini Index:

7 I I 7 7 7 7 I
! ! 2 (10140 | %x1%x0 2 (4110410 | Gx01%00
gOOdgini(Al) _gOOdgini(AQ) =~ ’ + ’ . + = . 7 . + * 7 *
n al** aO** a*l* a’*O*
(5.2.9)
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and for the Information Gain:

! ! al * a, * a, * al *
gOOdgain(Al) - gOOdgain(A2) = ;L,l 10g2 (all 1) + 711/0 IOgZ (all 0) +

L Tk

1 ! 7 ! ’ 1
Q Q Q, 47 a a
+ ;);1 10g2 (af)*l) + ;);0 10g2 <a9*0> _ :Lll 1 ( :k].].) _
Q%% (\EE] Q15
7 ! ! !
a a a a
_ *}0 10g2 ;klO _ *(,)1 10g2 :kOl _ *00 1 *00 5 210)
n Qyq 5 n a*O* *0*

Ay

We obtain that

gOOdgini (Al) - gOOdgini (A2) = gOOdgini (Al)’ - gOOdgini(

gOOdgain (Al) - gOOdgain (AQ) = gOOdgain (Al )I - gOOdgain (A2)I

using all*1 = %’al*l, all,k0 = %al*o, all** = %al*g, ..., and some simple calculations.
However there exists no guarantee that the Gini Index and Information Gain criterion
will select the same attribute (see chapter 4). The interpretation of the conditions given in
(5.2.7) is straightforward. The constant ¢; defines the proportion of tuples of the database
that have the value 1 for the attribute A; and belong to the class 1. All other constants
can be interpreted in the same way.
Based on this observation we will introduce in the next section a statistical sampling

technique applicable to the decision tree induction process.

5.3 Sampling

We have introduced in equation (5.2.7) a set of sufficient conditions to assure that the test
attribute selected by the Gini Index (Information Gain) criterion will be the same for all
databases satisfying these constraints. If we can guarantee that the selected test attribute
remains the same for different databases, then we are allowed to select a specific database
(the smallest one in our case) to construct the decision tree. The question we have to
answer is how to create a subset of the original database that satisfies the equations (5.2.7).

Suppose that a sampling has been performed on the database of size n. The resulting

database has the dimension n’ and its new parameters are: a,, . In order to guarantee that

ik

the same splits are performed in both databases, the databases have to satisfy the following
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conditions: . ) ) )
A1x1 — 2141 ax11 — 2x11 a1x0 — 2140 ax10 — 2x10
- T - 7 - 7 - 7
N (5.3.1)
@0x1 — 2gs1 ax01 — 201 @0:0 — 20x0 2:00 — 2x00
- - 7 - 7 - 7
n n n n n n n n

From =1 = % we obtain ﬁ = ﬁ = k. The same transformation can be applied to the
remaining constraints given in equation (5.3.1). The constant k, which is the same for all
eight constraints in (5.3.1) represents the reduction in size of the sampled database relative
to the original database. This allows us to define a sampling procedure to reduce the size
of the database, and, at the same time, to guarantee the same selection of split attributes
in the sampled and in the full database. However there is one important observation to
make: the values for a;;, are natural numbers as they represent the numbers of tuples that
belong to one of the eight specific groups. In order to obtain a database of size n/k, all the
values of a;;; must be multiples of . It is of course not realistic to impose such a condition.
Especially for a database with a large number of attributes or a large number of values per
attribute, this condition is very hard or even impossible to satisfy. Therefore we have to
introduce some approximations for the values of the a;j k-

We will now redefine the sampling procedure in the following way. First we select a
value for k (the reduction in size), then we calculate the a;jk by dividing the a;j; by k.
Afterwards the values of a; ;1 are rounded to become integer values. This can be achieved
in different ways, e.g. by applying the ceil function. The errors introduced by rounding
the values of a;-]-k may change the decision given by equation (5.2.4). As the selection of
an attribute is based on the sign of the difference of the two goodness functions of two
attributes, even very small changes of these values can inverse the selection.

The a;. ji, are the parameters of the goodness functions. By rounding a;j © we introduce
errors. The method used to estimate the error caused by this rounding in regard to the
goodness function is based on the law of the propagation of maximal errors. Given y =
f(x1,2a,...,2,), if a final result y is obtained by combining a certain number of partial
results z;, then it has to be analyzed how the maximal errors of the z; are affecting y. We

suppose that the z; are independent of each other. By developing y as a Taylor series and

by assuming that the errors are sufficiently small so that the terms of higher order than



70

one can be neglected, the absolute error of y can be estimated by:
o
Ay = Z Y Az

and the relative errors by:

T _nélny
Z(S_ ‘;5

Proposition 5.3.1. The absolute errors of the good;,; and of the good,,,, are majorized
by:

1
oy

22
|Agoodgml(a1*1, 015 @1x0) | < n

10

1
|Agoodgam(a1*1,a0*1,a1*0)| < —

1 sl
0gs n

Proof:
We estimate the absolute error of the good,;,; function. We have a1.1 + ags1 + @140 +

ag+0 = N, and therefore ag« = 7 — A141 — Gox1 — A140-

We obtain:
y = gOOdgini(al*la Q0«1 a1*o)
é
Ay = Y Aaya + Aao*l + Y ——Aaix0
6a1*1 da 0«1 6a1*0
We have:
(sy — l(n — % l) _ 20‘%*0 _ QG%*I
dar. n2 = nal,, n(n—ai.w)?
5y 2 Q(TL — A1xx — 2(10*1)
= —(n—2a —
0041 n? ( es1) n(n — a1sx)
5y — _20’%*1 _ 2a(2)*1
dai40 nal,,  n(n— aiwm)?
oy oy
Ayl < A Aa Aa
|Ay| < ‘5611 0151 + ‘5 don 0%1 T ‘6(11*0 1%0
For the individual components we obtain:
6—y — l(n — 2a 1) _ 2a%*0 _ 2a’%*l
0a1x1 n? ** na?,, n(n—apw)?

2Jaiwol® | 2 agul|?
|a1**|2 n |TL — A1 %%

2
DY 2 *%
(1| + 2laca ) +
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Analogously:
dy 2 2(n — arx — 2a041) 2 8
= |5 (1 — 2aum) — <= M+ ===
0ag«1 n?2 (n = 2a01) n(n — a1ex) =" Tt
and,
6y — _20’%*1 _ 2(1(2)*1 < g + g — é
da10 nal,, n(n—an)2| ~n n n’

Furthermore, we use Aai.q < 1, Aags1 < 1, and Aaj. < 1, because the error introduced

using the ceil function is bounded by 1. And therefore:

|Ay| < ‘

The estimation of the absolute error of the y = goodgain (a1+1, @041, a140) function can

be obtained in the same way. The partial derivatives of the good,,;, function are:

dy 1 atx1 1 N — Q1x1 — Qo1 — Q1x0 1 ass1 1 N — Gxxl
= —log, — —log, — —log, + —logy ——,
daia1 M Ares T N — Q14 n
dy 1 1 ag«1 1 log,, T 011 = G0x1 — G140 1 log., 2= n 1 log, = Gxxt
=—log,——— ——1lo — —log. —lo
a0 n—ar, n o2 N — Q1 82 n 082 ’
dy 1 log., 150 1 N — G141 — G0x1 — G1x0
= — 108, — —log, .
60/1*0 n A1 %% n N — Q1xx
We can majorize them as follows:
oy 1 ais1 1 N — Q151 — Qos1 — Q150 1 Qsx1 1 TN — Quxl
=|—-1o — —lo ——1lo + —log, ————
Sarw | |n i, 0 N — Q1 82 n 8
1 1 1 1 1 1 1 1 4 1
< —|logy —| + — |logy —| + — |logy —| + — |logy —| = — |log, —
n n n n n n n n n n
Anal 1 btain: | <% 4 1 oy 2 1
nalogously we obtain: |5z2—| < |10g2 n| and Saro | < |log2 n| . So the goodgyin
function can be majorized:
) é
|Ay| < ‘ Aaya + ‘ Y_| Aagw + ‘ Y_| Aaino
11 0aox1 daixo
4 1 1 10 1
< - 10%2_"“ 10%2_"“ lng_‘—_ log, —
n n n n

It is clear that % and % |10g2 %| seem to be relatively large upper bounds for the error

rates of functions that themselves are bounded by 0.5. However it is important to notice
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that the upper bound depends on n, the size of the database. Therefore it is possible to
reduce the possible error by increasing the value for n. For n = 1000 we know that the
error is bounded by 0.022 for the Gini Index function and by 0.099 for the Information
Gain function. Both functions % and % * log, (%) are converging to 0 when n tends to oco.

Based on this analysis we can make two observations.
e First, the values of the two selected split functions are converging by increasing the
size of the sampled database towards the value of the respective function if applied

to the full database.

e Secondly, if a split function selects a different attribute to split on for the sampled
database than in the full database, then, because of the convergence described before,
we know that the quality of the two attributes with respect to the goodness of split
are close. As the selection of the split criterion is a local (not a global) optimiza-
tion process, these small differences in the selection of the split attribute should not

influence the quality of the inferred decision tree in an important way.

5.4 Experiments

In this section we present the results of a set of experiments conducted in order to show the
validity of the sampling process introduced in the previous sections. As described above,
we restrict ourselves to a very simple database consisting of two test attributes with two
possible values for each attribute, and a decision attribute with two possible classes.

To realize a detailed analysis we generated all the possible databases of the form de-
scribed above, containing 100 examples. These databases can be characterized using the
eight parameters introduced in equation (5.2.1). For instance db(20, 30,10, 40,25, 25,45, 5)
represents a database with ag«o = 20, a1« = 30, etc. Applying the sampling procedure
introduced previously with a sampling factor £ = 2 we will create a new database of the
form: db'(10,15, 5,20, 13,13,23,3). According to the equation (5.2.4) we find the attribute
to split on. If the attributes selected in db and db’ are the same, then we consider this as
a “correct” decision, if the attributes differ, then we treat this database as an “exception”.

Using this setting we conducted a wide range of tests. In this section we restrict ourselves
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Figure 5.1: Distribution of the goodness values for all exceptions.

to two tests. All the results presented here are relative to the Gini Index function. We
decided not to present the results for the Information Gain function as they are very similar
to the results obtained for the Gini Index function.

The first test conducted permits to analyze the occurrences of exceptions for weak classi-
fiers (low goodness values) as well as for strong classifiers (high goodness values). Therefore
we collected all exceptions, and created a histogram of the goodness values corresponding
to the attribute selected in the full database. The histogram for these values can be found
in Figure 5.1. We present four series in this graph. Each series corresponds to a different
sampling factor (k = 2,3,5,10). As we can see, the large majority of exceptions can be
found in the first bin, i.e. with goodness values smaller than 0.1. This is the bin that holds
the category of the weakest classifiers. This is not surprising as for all possible database
(with 100 examples in this test setting) most attributes deliver only weak classifiers.

The overall distribution of the goodness values is given in Figure 5.2.

If we divide the distribution of the exceptions by the distribution of the goodness values
we obtain the results presented in Figure 5.3. These values can be interpreted as the

“likeliness” to produce an exception for a given bin. If all values would have been equal,
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Figure 5.2: Distribution of all goodness values for the full database.
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Figure 5.4: Distribution of the differences between the goodness values of the attribute
selected in the full database and the attribute selected in the sampled database.

than the probability to have an exception would be the same for all bins. But this is clearly
not the case for our test. The stronger a classifier becomes, the less likely it is that the
proposed sampling algorithm produces an exception. This is a first important result.

The second test we conducted helps to analyze if in the case of an exception the difference
between the two attributes selected is important or not with respect to their goodness
values. To realize this test, we run our standard sampling procedure and calculate the
difference of the goodness values relative to the full database (as the full database we take
the reference database) of the two selected attributes. The results of this test are presented
in Figure 5.4. We can see that almost all differences are smaller than 0.1. There are very
few examples where the difference is greater than 0.1 and all of them belong to the database
with the highest sampling factor k£ = 10.

We can summarize that our sampling procedure guarantees that, if there exists a strong
split attribute, then this attribute will also be selected in the sampled database. In the
case where not the same attributes are selected we know that the alternative attribute is

in its quality/goodness still very close to the originally selected attribute.
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5.5 Experiments on Real Databases

In order to study the behavior of this new sampling technique on real databases, we took
five data sets from the University of California, Irvine, Repository of Machine Learning
Databases (UCI) ftp://ftp.ics.uci.edu and from http://www.cs.toronto.edu, data sets aris-
ing from real-life domains. We constructed the decision trees corresponding to these data
sets using the Quinlan’s C4.5 system. Our procedure of sampling was applied to these data
sets and we evaluated its effects on the constructed decision trees.

The data sets
We briefly describe the five data sets we used to study our sampling technique as well as
any modifications that were made for the experiment.
adult: This UCI data set was donated by R. Kohavi and B. Becker. The problem is to
classify the salary (“greater” or “less than 50,000”) of a person using a set of features.
We selected for our experiments the following 7 nominal attributes: “the education”, “the
marital status”, “the occupation”, “the relationship”, “the race”, “the sex” and “the native
country”. The data set consists in 45,222 instances. The 6 continuous attributes were
eliminated.!
mushrooms: The mushroom records were drawn from the Audubon Society Field Guide to
North American Mushrooms. The donor is Jeff Schlimmer. This data includes descriptions
of hypothetical samples corresponding to 23 species of gilled mushrooms in the Agaricus
and Lepiota Family. Each of the 8,124 tuples of the data set belongs to one of the two
possible classes: “edible” or “poisonous”. We selected only 4 among the 22 nominally
valued attributes: “the cap-shape”, “the cap-surface”, “the cap-color” and “the bruises”
(we were obliged to proceed in this way to avoid the uniqueness of the combinations of the
attributes’ values if all the attributes were used).
ann-thyroid: This is an UCI data set contributed by R. Werner. The problem is to
determine whether a patient referred to the clinic is hypothyroid. There are three classes:

“normal”, “hyperfunction”, and “subnormal functioning”. We selected the 15 nominal

1The continuous attributes present in the data sets: “adult”, “ann-thyroid”, and “allrep” were eliminated
to avoid the uniqueness of the combinations of the values of the attributes in the database. We will not
apply the grouping option existing in C4.5 to avoid the possible induced bias for our evaluations. In
appendix 5.6 we present the results obtained if all the attributes are used, the continuous attributes were
transformed into nominal ones.
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attributes of this data set of 7,200 tuples. The 6 continuous attribute of this data set were
eliminated.!
allrep: The thyroid disease records were supplied by the Garavan Institute and J. Ross
Quinlan. There are 4 classes: “replacement therapy”, “underreplacement”, “overreplace-
ment” and “negative”. We selected 21 nominal attributes of the database. The 8 continuous
attributes (7) were eliminated.!
titanic: The original source files were obtained from the data archive of the on-line Journal
Of Statistics Education. The titanic data set gives the values of four categorical attributes
for each of the 2021 people on board of the Titanic when it struck an iceberg and sank.
The attributes are: “social class (1st, 2nd, 3rd, and crewmember)”, “age (adult or child)”,
“sex”, and “whether or not the person survived”.

The System
We used C4.5, which was parameterized in the following way: as split function we used the
Information Gain, the weight was set equal to 1 (to be able to compare the structure of
the generated decision trees using the sampling procedure on a data set without bias: we
required that any test used in the tree must have at least one outcome). In a first step we
did not use the option indicating that the classifier is to be tested on unseen cases and, in
a second step, we used this option.

Test Setup
We selected for k (the reduction in size of the database) the values: 2, 3, 5 and 10. For
each possible combination of values of attributes of a given database, we calculate the
number of tuples in the database sharing this combination. If the database has n attributes
Aq, As, ..., Ay = D we obtain the numbers (introduced in the previous sections) a;, i,...;. ,
where i1 takes all the possible values of A;, is takes all the possible values of A,, and
in takes all the possible values of D. The tuples inserted in the sampled database are

calculated by dividing a;, 4,...;, by k, and by rounding them to integer values as follows:

Qiy,ig...in Zf @iy ig...in | _ Qiy,in...in
k ’ k - k

a.r . Y
By s8n.ely,

|'ai1,ik2:...in'| ’ lf [ail,iz...in] ?é ail,ig...in

To evaluate the quality of the decision trees inferred when the sampling is applied we used

the following criteria presented in the section 2.6:
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1. error rate on training data before pruning,

error rate on training data after pruning,

estimate of the error rate on training data after pruning,
error rate on test data before pruning,

error rate on test data after pruning,

A

estimate of the error rate on test data after pruning.
In a first step, we construct decision trees using all the examples of the data sets, without
examining test sets. From each of the 5 considered databases, we constructed 4 sampled
databases. The creation procedure of the sampled databases is described before. Totally,
we have 25 databases to evaluate. We produce one decision tree corresponding to each of
the 5 original databases and to each of the 20 sampled-databases.

In a second step, we prepared test files: we separate the examples of each database into
a training set and a test set. We produce decision trees from the 5 original databases and
from the sampled ones based on the training sets and we evaluate them on the prepared
test sets. The training-test sets corresponding to the 25 databases taken in consideration
were created in the following way: each of the five databases and each of the 20 sampled
databases, was randomly sampled ten times (70% of data was taken as training set and
the remaining 30% are used as test data). In this way, we generated totally 50 decision
trees for each of the 5 databases. For the ten training-test data sets obtained for each full
and sampled database, we calculated six average ranks corresponding to the six evaluation
criteria.

Results on Real Data Sets
In the previous subsection, we introduced six criteria, which now will be used to describe
the behavior of the inferred decision trees when the defined sampling procedure is applied.

In the first part, we will analyze the behavior of the first three criteria when the five
original databases and the sampled ones are not splitted into training and test sets, we
use all the examples to construct the decision trees. For all five databases, the behavior
of the error rate on the training data, when the sampling is performed, is presented in
Figure 5.5. The x-axis gives the size of the databases; the y-axis represents the error rate

on training data. For the majority of the databases the error rate on the training data
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Figure 5.5: The behavior of the error rates before pruning corresponding to the whole
database and to the sampled ones.

remains relatively stable when a 2, 3-sampling is performed. Beginning with a 5-sampling,
the error rate increases. A different situation is observed for the largest data set considered,
the “adult” one, for which the error rate on the training data decreases by sampling. The
fact that the error rate on the training data for the majority of the sampled databases
increases can be explained in the following way: the distribution of the combinations of
all the values of the attributes includes a high numbers of counts which cannot be exactly
divided by k£ = 5,10. (Remark: 10/n < 2/n and 5/n). By sampling the database, we will
modify the distribution of the combinations of the values with respect to the one of the
full database, so the Information Gain function may select other attributes, and the error
rate of the decision tree will change. The decrease of the error rate on training data for the
database “adult” is explained by the presence of the attribute “native-country”, which is a
41-multi-valued one. The Information Gain criterion has a strong bias in favor of tests with
many outcomes. The phenomenon of over-fitting explains the obtained result (we remember
that no test set was used and no pruning was performed). The behavior of the error rate

on the training data after pruning, when the sampling is performed, is presented in Figure
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Figure 5.6: The behavior of the error rates after pruning corresponding to the whole
database and to the sampled ones.

5.6. The x-axis represents the size of the databases. This time the y-axis represents the
error rate on training data after pruning. The error rates after pruning have the tendency
to increase slightly by sampling the databases. The estimates of the error rates when the
procedure of sampling is applied have the same tendency to increase slightly. We represent
them in Figure 5.7.

In the second part, we present the behavior of all the six evaluation criteria; the decision
trees are constructed from the training data and tested on the test data. We remember
that a 10-fold cross validation was applied for each database. In Figure 5.8 we show the
behavior of all six criteria for the database “adult”. The x-axis represents the size of
database and the y-axis represents the average ranks with respect to the six criteria. A
similar behavior as in the first part of analysis can be observed. The error rate on the
training data decreases by sampling the database. We explain this by the phenomenon of
over-fitting, which is eliminated by using test data and by pruning the tree. The error rate
before pruning on the test data increases faster than the others, this is explained by the

fact that the test data in the 2, 3, 5, 10-sampled database contains unique combinations of
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Figure 5.7: The behavior of the estimates of error rates after pruning corresponding to the
whole database and to the sampled ones.

values of attributes, which are not found in 2, 3, 5, 10-training data. The other criteria have
a more or less stable behavior. We will present only one another database, the “titanic”,
with the remark that the behavior of the criteria on the other databases is similar when
our procedure of sampling is performed. In the Figure 5.9 the x-axis and the y-axis have
the same interpretation as in Figure 5.8. We can notice the stability of the errors rate on
the training data before pruning, after pruning, and of the estimate. The criteria which
are estimated on the test data have a less stable behavior, they are increasing gradually
by sampling the database. We explain this by the presence of increasingly uniquely valued
tuples in the sampled database, which appear in the test set, but not in the training set.
The explanation is similar to the one given before when no test set was used. More precisely
by reducing the size of the database, the combinations of values of the attributes are not
divisible by 2, 3, 5, 10, so we change the probabilities, which are involved in the calculation
of the Information Gain function, which implies changes in the error rates of the inferred

decision trees.



Figure 5.8: The behavior of all the criteria for adult database when sampling is performed.

Figure 5.9:
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The behavior of all the criteria for titanic database when sampling is performed.
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The behavior of all criteria when sampling is
performed
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Figure 5.10: The behavior of all the criteria for adult database when sampling is performed.

5.6 Annexis: The results for the “adult” database when
our sampling procedure is performed

Here we present the results we obtained when using all the attributes of the adult database.
The continuous attributes of this database were transformed into nominal ones by using
a standard procedure. Each continuous attribute was discretizated by using 10 equiwidth
intervals. The width of each of 10 intervals for each attribute is calculated by adding succes-

. : a alues ribute — Mi alues ribute .
sively the quantity =*AtValuceOfAtivibute _BRANV aluesOf Altvibute {6 the mMiN ANV aluesO f Attribute-

The results we obtained are identically to those obtained before (see 5.10).

5.7 Conclusion

In this chapter, we presented a proportional sampling technique that allows reducing the
size of the training database for a decision tree induction algorithm and guarantees that
the induced trees for the full and the sampled database are very similar with respect to a
given set of criteria. The procedure can be characterized using simple equations. We have

formally proven that the split functions selected by the sampled database are approaching
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the split functions selected by the full database with increasing size of the sampled database.

In a set of tests we have shown that the theoretical results can also be verified in practice.
Tests have shown that good split attributes are also found in the sampled database. In
the case when in the sampled database a different attribute is selected we know, that the
selected attribute is in respect to the quality of the split still very close to the originally
selected attribute.

Our technique of sampling was applied to real databases and we were able to prove the
decision trees stability. This shows that the theoretically proven results hold also well in
practice.

In the next chapter we will conclude the thesis by evaluating the research carried out.



Chapter 6

Conclusions

In this thesis, we explored a specific tool for data exploration and classification, namely
decision trees. We started by undertaking o survey of existing work on decision trees. Then
we studied in detail the Gini Index and the Information Gain criteria of split in the context
of large data sets. A mew family of split functions was introduced and evaluated. In the
same context, a new sampling technique was defined and mathematically evaluated, before
to be tested on real large data sets. We recapitulate in the next section the main questions

treated in this dissertation and the given answers by it.

6.1 Summary

This thesis investigates three main questions about the induction of decision trees.

e Will the Gini Index and Information Gain split criteria select the same attribute to
split on in any situation? If not, what are the conditions satisfied by the database’s

parameters?

v Our contribution is to introduce a formal methodology, which allows us to analytically
compare multiple split criteria. We were able to present a formal description of how
to select between split criteria for a given data set. As an illustration we applied the

methodology to the two widely used split criteria: Gini Index and Information Gain.

First, the theoretical analysis of the split criteria, Gini Index and Information Gain,
given in chapter 3, provides evidence that these split functions do not always select

the same attribute for a given node. This explains why sometimes we obtain two
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different decision trees from the same set of examples if we use two different split

functions.

Secondly, the weak percentage of cases in which the two split criteria select differently
(only 2%), supports the results obtained in many empirical studies which claim that

there is no difference between the two split functions.

Thirdly, we define in chapter 3 the necessary and sufficient conditions to be satisfied
by the database’s parameters to obtain the same or a different selection of attributes

of split. We can say that both criteria behave more or less in the same way.

What will be the behavior of the Gini Index and Information Gain split functions
when the size of the database from which the decision trees are inferred is increased?
Are there other split functions with a more stable behavior in the case of increasing

size of databases?

The efficiency of existing decision tree algorithms has been well established for rela-
tively small data sets. Efficiency and scalability become issues of concern when these
algorithms are applied to the mining of very large real-world databases. The differ-
ences noticed in the selection of split attribute by the different split criteria and the
missing work in the perspective of large data sets lead us to analyze their behavior

in such a situation.

The conducted tests have revealed that the size of the databases definitely influences
the behavior of the split functions. Especially the widely used Information Gain is
very sensitive to the size of the training set. If the size of the databases increases, then

the relative size of the inferred trees using the Information Gain criterion increases.

We introduced a new family of split criteria which contains also the Gini Index and
Information Gain criteria. This family of split criteria is obtained by substituting the
logarithmic functions in the Information Gain by its developments in Taylor series,
using the first term of the development, the first two terms, etc. We were able to
show, that some split functions of our family (the split functions based on the first,
the first two and the first three terms of the Taylor development) behave in a very

stable way and, furthermore, the created trees were superior to the trees inferred
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using the Gini Index or the Information Gain based on our evaluation criteria (tree

size, error rate for the training data, error rate for the test data).

e Will the trees built from large sets of examples, using the Gini Index and information
Gain criteria, be equivalent to those constructed from the sampled sets of examples?
What is the suitable procedure of sampling to be applied in order to keep the same

structure and accuracy of the decision trees inferred from the un-sampled data sets?

v" The enormity of some data sets used in recent practical applications prompts an
investigation of whether such training sets are necessary and how they might be

reduced without sacrificing accuracy.

Basing the construction of decision trees using our new technique of sampling we as-
sure the creation of trees equivalent in structure and quality with those we would have
obtained if the whole database would have been used. This technique of compaction
of examples of the data set used before the application of decision tree algorithm is a

useful weapon to have when attacking huge data sets.

We propose that induction from very large data sets must be done using different split
criteria, by selecting the decision tree split criterion corresponding to the user’s specific
requirement: small size of the tree, accuracy, etc. The construction of trees from very
large data sets can be made manageable with the techniques presented here. Real world
applications with data sets of enormous size exist; they seem destined to grow larger. By
using small samples of data (the sampling being done according to our technique) we obtain
the same accuracies for the trees with those obtained if we would have used the whole set
of examples to construct the decision trees.

The application of decision trees as a tool for classification has a real future. This
affirmation is sustained by their advantages: their construction based on a simple and fast
algorithm, the capacity to handle data with noise and missing attributes, the possibility to
convert them to elementary rule sets which are easy to interpret and, as we show by this
thesis, their applicability to larger and larger data sets if new techniques as those presented

here are applied to ameliorate them.
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