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Abstract. We describe the conjugacy classes of affine automorphisms in the group
Aut (n,K) (respectively Bir(K")) of automorphisms (respectively of birational maps)
of K”. From this we deduce also the classification of conjugacy classes of automorphisms
of P" in the Cremona group Bir(K").

1. Introduction

Let K be an algebraically closed field of characteristic 0 and let K” and P” denote
respectively the affine and projective n-spaces over K.

The Cremona group, which is the group of birational maps of these two spaces,
Bir(K") = Bir(IP"), has been studied a lot, especially in dimension 2 and 3, see
for example [Hud] and [AIC]. Its subgroup of biregular morphisms (or automor-
phisms) of K", called the affine Cremona group Aut(n, K), has been also much
explored. We refer to [Kra] for a list of references.

In both cases, the question of the conjugacy classes of elements is natural. For
Bir(P?), the classical approach can be found in [Kan] and [Wim]. A modern clas-
sification of birational morphisms of prime order was completed in [BaB], [DeF]
and [BeB]. We refer to [KrS] and their references for the group Aut (n, K).

In the literature, the affine and projective cases are often treated separately, with
different methods, although the groups are very close as we can see in the following
diagram:

PGL(n+1,K) C Bir(P™)
U l
GL(n,K) Cc Aff(n,K) C Aut(n,K) C Bir(K").

In this paper, we restrict ourselves neither to small dimensions nor to finite ele-
ments, but to the case of maps of degree 1. We give the conjugacy classes, in the
Cremona groups, of automorphisms of K" and P” that maps lines to lines. Explic-
itely these are the group Aff (n, K) of affine automorphisms of K" and the group
PGL(n + 1,K) of automorphisms of P (or linear birational maps). These two
groups are very classical and studied in many domains of mathematics.
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More precisely, the goal of this paper is to find under which conditions two
affine automorphisms of K" are conjugate in Aff (n, K) itself, in Aut(n, K), or
in Bir(K"). For this purpose, we describe the trace on Aff (n, K) of the conju-
gacy classes of an affine automorphism in Aff (n, K), Aut(n, K) and Bir(K"),
respectively in Sections 2, 3, and 4.

The similar question in the projective case is to find under which conditions
two linear automorphisms of P” are conjugate in the group Bir (P"). This will be
answered in Section 5.

Let Aut(7") = GL(n,Z) denote the group of automorphisms of the group
7" = (K*)". As K" contains 7" as an open subset, we get a natural injection
T : GL(n,Z) — Bir(K") which image normalizes D(n, K), the subgroup of
G L(n, K) made up of diagonal automorphisms (x1, ... , Xp) = (€1X1, ... , 0¥pXy),
with o; € K*,i = 1,..., n. Identifying G L(n, Z) with its image, the group of
monomial birational maps with coefficients 1, we will see GL (n, Z) as a subgroup
of Bir(KK™). For a further description of the inclusion GL(n,Z) C Bir(K"), see
[GoP]. (Note that there is another natural inclusion from GL(n, Z) to GL(n, K) C
Bir(K"), but we won'’t use this one in this paper.)

Among the affine transformations of K", we distinguish those that we call
almost-diagonal automorphisms: namely maps of the form (x1, ... , x,) — (x1 +
1, apx2, ... ,0nxy). The ; € K*, i = 2, ..., n will be called the eigenvalues of
the map. It is clear that Aut(7"~') = GL(n — 1, Z) normalizes the set AD(n, K)
of almost-diagonal automorphisms.

We can now extend our diagram:

PGL(n +1,K) C Bir(P")
U I
GL(n,K) Cc Aff(n,K) C Aut(n,K) C Bir(K") D Aut(T™)= GL(n,7Z)
U U U U
Dn,K)  AD@n,K) Aut(T""YY=GL(n — 1, 7).

We will prove the following results:
Theorem 1 (Conjugacy classes of affine automorphisms of K").

1. In the affine Cremona group Aut(n, K) (Section 3)
— The conjugacy classes of affine automorphisms that fix a point are given by
their Jordan normal form, as in GL(n, K).
— Any affine automorphism that fix no point is conjugate to an almost-diagonal
automorphism, unique up to a permutation of its eigenvalues.
2. In the Cremona group Bir(K") (Section 4)
— Any affine automorphism of K" is conjugate, either to a diagonal, or to an
almost-diagonal automorphism of K", exclusively.
— The conjugacy classes of diagonal and almost-diagonal automorphisms of
K" are respectively given by the orbits of the actions of GL(n,Z) and
GL(n — 1, Z) by conjugation. These actions correspond respectively to the
natural actions of Aut(T") and Aut (T"~ ") on T" and T"~.
— In particular, if n > 1, two affine automorphisms of the same finite order
are conjugate in Bir (K").
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From theorem 1 we can deduce the analogue result on P”, which is the fol-
lowing Theorem (Section 5). We define almost-diagonal automorphism of P"* to
be a map of the form (xg : ... : x;) = (X0 : xXp + X1 : 02X2 © ... 0tpXy), With
oy, ..., a, € K

Theorem 2 (Conjugacy classes of automorphisms of P” in the Cremona group
Bir(P")).

— Any automorphism of P" is conjugate, either to a diagonal or to an almost-
diagonal automorphism of P", exclusively.

— The conjugacy classes of diagonal and almost-diagonal automorphisms of P"
are respectively given by the orbits of the actions of GL(n, Z) and GL(n—1, Z)
by conjugation. These actions correspond respectively to the natural actions of
Aut (T") and Aut (T" V) on T" and T"L.

— In particular, if n > 1, two automorphisms of P" of the same finite order are
conjugate in Bir (K"), (see [BeB], Proposition 2.1.).

2. Conjugacy classes of Aff (n, K)

Denote by K[ X] = K[X}, ... , X,]the polynomial ring in the variables X1, ... , X,
over K and by K(X) = K(X1, ..., X,) its field of fractions. Elements of Bir (K")
can be written in the form ¢ = (g1, ... , ¢,), where each ¢; belongs to K(X). Any
birational map ¢ € Bir(K") induces a map

" F> Fog, (F e K(X))

which is a K-automorphism of the field K(X). Conversely, any K-automorphism
of K(X) is of this form. So, Bir(K") is anti-isomorphic to the group of K-auto-
morphisms of K(X) and its subgroups Aut(n, K), Aff(n, K) and GL(n, K) cor-
responds respectively to the groups of K-automorphisms of K[X], K[X]<; and
K[X];. Here, K[X]<; and K[X]; denote respectively the sets of polynomials of
degree < 1 and egal to 1.

The study of the conjugacy classes of Af f (n, K) is elementary and well-known.
Leta, B € Aff (n, K);letusrecall that the first dichotomy consists in separating the
cases according to whether « and § fix a point or not, since an affine automorphism
that fixes a point cannot be conjugate to one with no fixed point.

If both o and B fix a point, they are respectively conjugate to linear automor-
phisms o’ and 8" of K" (elements of G L(n, K)), and are then conjugate if and only
if these have the same Jordan normal form. We will say that these Jordan normal
forms are also the Jordan normal forms of o and B. That doesn’t depend on the
choice of @’ and B’.

We will extend this idea to the case of affine automorphisms with no fixed point.
Suppose that o has no fixed point. We consider a basis (1, Py, ..., P,) of K[X]<;
such that the matrix of o, X has the Jordan normal form

J (A1, k1)

J(Ars kr)
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w1
where J (i, k) = € GL(k,K) is a Jordan block of size k. Observe
w1
"
that A1 = 1 and k1 > 1, as « fixes no point.
Then, 7 : (x1,...,x,) = (Pi1(x1,...,%x3),..., Py(x1,...,x,)) is an affine

automorphism of K" such that

X1 t X1 1
X J(A1, k= 1) X 0

rax ! . > A I A )
X, J (s ky) X, 0

by analogy, we will also say that (1) is the Jordan normal form of «.

By observing that an automorphism given by formula (1) is of infinite order
(since char (K) = 0), we see that any affine automorphism of finite order has a fixed
point, which is true in general for any automorphism of finite order (see [KrS]).

Looking at the linear action of «* on K[X]<1, we observe that the pairs (;, k;)
characterize the conjugacy class of «. We have thus showed the following proposi-
tion:

Proposition 1 (Conjugacy classes in Aff (n, K)). Two affine automorphisms of
K" are conjugate if and only if they have the same Jordan normal form. O

3. Conjugation in the group Aut(n, K)

Itis clear that the conjugation in Aut (n, K) respects the dichotomy of the existence
or not of a fixed point.

When there exists a fixed point, passing from the group Af f (n, K) to Aut (n, K)
does not bring anything new:

Proposition 2. Two affine automorphisms of K" that fix a point are conjugate in
Aut (n, K) if and only if they are already conjugate in Af f (n, K).

Proof. Let «, B be two affine automorphisms which have fixed points. Chang-
ing « and B within their Aff (n, K)-conjugacy classes, we can suppose that o
and 8 belong to GL(n,K). Let 7 € Aut(n,K) be such that ra = Bz and let
p € GL(n, K) denote the tangent map of 7 at the origin; then pa = Sp. O

On the other hand, if there are no fixed points, by means of elements of
Aut(n, K), it is possible to modify the size of the Jordan blocks as the follow-
ing shows:

Example 1. The affine automorphisms
X1 . 10 X1
« X2 11 b
[ x 10 X1
()= () ()

T+
/\\/—\
S - e
—
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. . X1 X1
are conjugate by the automorphism 7 : < > xiGi=1) |-
2 X2 = Ty

Geometrically, the affine automorphisms « and B on K? respectively leave
. . . . —xp2 . .
invariant the conics C; given by xp + 15— =t and the lines L, given by x» =1
where ¢ € K; the action of these automorphisms on this curves is just a translation
by 1 on the axis x;. The automorphism 7 sends every conic C; on the line L,

without changing the coordinate x1, and so sends the orbits of @ on those of .

Example 2. The affine automorphisms

X1 1 X1 1
X2 11 X2 0
o = +
Xn 11 Xp 0
X1 1 X1 1
X2 1 X2 0
B g +
Xn 1 Xn 0
are conjugate by the automorphism
X1 X1
X2 X2+ Pa(xy)
-] * | = | *3+ P, x) ’
Xn Xp + Po(x1, ..., Xn—1)
where P, € K[X1, ..., X;;—1] is defined by the formula
" (x k-1 Ym—2
x — _ x| +m—
Pm=2< N )(—1>"xm_k+(—1>m 1(m—l)( - )

k=1

where we denote by ( g) the polynomial %Q(Q -DQ-2)---(Q—(r—1)),

forr e N, Q € K[Xq, ..., X,].
We give a more precise idea, we explicit the polynomials P», ... , Ps:

P = —%x](xl — 1)(see Example 1)

Py = —xixz + $(cp — Dxi(xg + 1)

Py = —xix3+ 3x1(x1 + Dxy — g(cp — Dy (g 4+ D(xp +2)
Ps = —xix4 + 2x1(x1 + Das — 2x1(xp + Dxp 4+ 2)x2

— 35 (1 — Dxy(xy 4+ Dy +2)(x1 +3)
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Geometrically, the affine automorphisms « and 8 on K? respectively leave

invariant the curves given by x + P>(x1) = 7, x3 + P3(x1,x2) = 10, ... ,x, +
P,(x1,...,x,—1) = 1, and the lines given by x; = 1;,i = 2,...,n where
(t2,...,Tp) € K"~ the action of these automorphisms on this curves is just a

translation by 1 on the axis x1. The automorphism 7 sends the curves on the lines
without changing the coordinate x1, and so sends the orbits of @ on those of 8.

In fact, we can generalize this example to reduce a lot the size of the Jordan
blocks:

Proposition 3. An affine automorphism of K" with no fixed point is conjugate, in
Aut (n, K), to an almost-diagonal automorphism, unique up to a permutation of its
eigenvalues.

More precisely, the automorphism

X1 y JA, ki1 —1) X1 1
b%) J (A2, k2) X7 0
o . = . N ,
Xn Jr, k) Xn 0
with A1 =1,

on Jordan normal form, is conjugate, in Aut (n, K), to the almost-diagonal auto-
morphism

X1 A di X1 1
X2 Ay - Ldy, X2
ap : s . R o R
Xn Ar - Ldy, Xn 0
A
where ) - Idy = . € GL(k, K) is the diagonal part of J (A, k).
A

Proof. 1. The conjugation
Foran automorphism : (x1, ..., x,) > (P1(X1, ..., X))y .oy Po(x1, ..., X)),
we have m o @ = ap o & if and only if

% Pi+1ifj=1

a(Pj)z{u(j)Pjifj>l @
where 1 (j) denotes the j-th eigenvalue of ap.
If j is the first indice of the i-th block, set P; = X;. If not, there exists
0; € K[Xy,...,X;_1] such that «*(Q;) = u(j)Q; — X;_1 (see Lemma
1 below); then let P; = X; + Q; so that «*(P;) = o™ (X;) + «™(Qj) =
W)X+ Xjo0) + WNQj — Xjo1) = u()(Xj + Q)) = pn(j)P;. Itis
clear that the map defined by these P; is an automorphism of K" that conjugates
o and ap.
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2. The unicity
Let us suppose that the two almost-diagonal automorphisms

Op (X1, ..., X)) > (X1, L2X2, U3X3, ..., pXp) + (1,0,...,0)
Oy (X1, ..., %5) > (X1, V2X2,V3X3, ..., VpXy) + (1,0,...,0)

are conjugate in Aut(n, K): there exists 7 € Aut(n, K) such that 6, o 7 =
7 o 6,. By derivation, one sees that

1 1

j2%) V2
oM(x) = M@B,(x)) o . (3)

Hn Vn

where M(x) = (m;;(x)) denotes the Jacobian matrix of 7 at x =
(X1, .00y Xn).
So we have ;Limij(x)vj_l =m;j(x1 + 1, vax2, ..., vuXxp), Where uy =vy = 1.
Hence the m;; are eigenvectors of 6 and belong to K[ X>, ... , X, ], by Lemma
2 below. In particular, we see that M(0,...,0) = M(1,0,...,0) = M6,
(0, ...,0)). Since 7 is an automorphism of K", we have det (M (x)) = det (M
0, ...,0)) € K*, so equality (3) evaluated at x = (0, ..., 0) shows that the
diagonal matrices

n
i,j=1

and
Mn Vn

are conjugate in G L(n, K), i.e. the ; and the v; are equal up to permutation.
O

Remark 1. 1. In fact, Proposition 3 shows also that « and ap are conjugate in
the famous Jonquiére subgroup of Aut(n, K) given by {¢ = (¢1,...,¢n) €
Aut(n,K) | ¢; e K[Xy,...,X;]fori =1,...,n}.

2. The characteristic 0 is very important here, because Lemma 1 (and then Propo-
sition 3) is false in characteristic > 0: let L be any field of characteristic p, and

a1, Qz, ... ,op be the affine automorphisms
ap (X1, x2, .0, X)) (0 + Lo+ X1, 00, Xt Xk 1y Xk 1y Xkd 2y - -+ 5 Xn)e
Then ay, a2, ... , a1 are all of order p and conjugate in Bir(IL") but not o),

which is of order p°.

Lemma 1. If j is notthe first indice of a block, there exists Q; € K[ X1, ..., X;_1]
such that o™ (Q;) = n(HQ; — X;_1.
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Proof. Let us recall that :

X1 +1 if k is the first indice
0 (Xp) = of the first block (k = 1)
K= o) X if k is the first indice of another block

A(k) Xy 4+ Xy —1 if k is not the first indice of a block

We will prove the stronger assertion (that implies the Lemma, usingk = j — 1,
as ((j — 1) = u(j)):

For any integers 1 <k <nandt >0, the monomial XﬁXk is
in the image of the linear map of vector spaces 4

(a* — puk)id) : K[ X1, ..., Xi] = K[Xq, ..., Xl

— Since (a* —i d)hqul | 1s surjective, the assertion (4) is true for k = 1 and 7 > 0.

— In the same way, if kK > 1 is the first indice of a block, since o™ (Xy) = (k) Xy,
the linear map (a* — p(k)id) IKDx, 1%, is surjective and the assertion (4) is correct
forkand t > 0.

— Lastly, if & is not the first indice of a block, we have

XX = X+ DT () Xk + Xio)
= pOXT Xp + (6 + DROX Xk + Y ar s X3 X,

l,s

where g; ; € K, and all the (/, s) are strictly smaller than (k, t), for the lexico-
graphical order.

The assertion (4) is then right by induction on the indices (k, t). |

Lemma 2. For any almost-diagonal automorphism 0,: (x1, X2, ... , Xp) = (x1+1,
Aax2, ..., Apxy) of K7, the eigenvectors on;f belong to K[ X2, ..., X,].

Proof. We first observe that the map 6} leaves invariant the decomposition

Kixl= P [Tx - Kixi

(az,... ,ap)eNn—1 \i>2

and that the IT;>> X;% are eigenvectors. Since the only eigenspace of 0} in K[X]
is K- 1, any eigenvector is in K[ X7, ... , X,]. O
4. Conjugation in the group Bir(K")

4.1. Diagonalizable and birationaly almost-diagonal affine automorphisms

The conjugation of elements of Aff (n, K) in Bir(K") changes the dichotomy on
the existence of a fixed point, as the following example shows:
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Example 3. The two affine automorphisms
X1 10 X1
“«(2)~ ()
[ X1 10 X1 1
i (2)= 61 () 6)

are conjugate by the birational map

In fact, choosing K2 as the open subset xo # 0 of P2, the two affine automorphisms
become

6£:(x0:x1:x2)|—>(xo:x1:x2+x1)
B:(xo:x1:x2) > (x0:x1+x0:x2)

and the birational map corresponds only to the permutation of coordinates
@ (x0:x1:x2) > (x1:x2: X0).

Let us recall that D(n, K) denotes the subgroup of G L(n, K) made up of diag-
onal automorphisms and AD(n, K) the subset of Aff (n, K) made up of almost-
diagonal automorphisms. We will say thatoe € Aff (n, K) is diagonalizable (respec-
tively birationaly almost-diagonal) if there exists w € Aff (n, K) such that wozr ~!
€ D(n, K) (respectively if there exists w € Bir(K") such thatranr ' € AD(n, K)).

These two notions provide the dichotomy for conjugation in Bir(K"), as the
following result shows:

Proposition 4. An affine automorphism of K" is either diagonalizable or biratio-
naly almost-diagonal, exclusively.

Proof.

1. Existence of the conjugation
Leta € Aff (n, K). If @ fixes no point, then « is birationaly almost-diagonal,
by Proposition (3). Else, by a conjugation in Af f (n, K), we may suppose that
a € GL(n,K); if o is not diagonalizable, we verify, as in the example (3)
above, that « is birationaly almost-diagonal.

N (I (. my) ,
Explicitly, let o be of the form x ] x,withm; > 1.

Then, the birational map

1 x X,

T (xlv"' 5'x}’l) -2 (_7 T ey _’xm|+l’xm|+2»--- 5xn)
X1 X1 X1
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conjugates « to the affine automorphism

X =

that fixes no point and so that is birationally almost-diagonal.

. The diagonal and almost-diagonal automorphisms of K" are in distinct conju-

gacy classes of Bir(K™)

Suppose that 6, is an almost-diagonal automorphism of K" conjugate in
Bir(K") to a diagonal automorphism p, by a birational map 7. We write
Pus 05, 7 in their explicit form:

Op : (x1,x2, ..., x) > C x1+1 , daxa o, ApXp )
Pu s (X1, X2, X)) > (X1, H2X2 ..., HaXn )
. Pr(xiyexn)  Pa(xiye.,Xn) Pu (X140, Xn)

T X2 Xn) 2 (GRS QoG O )
with u;, A; € K* and P;, Q; € K[X] without common divisors. Since 65 gives
an automorphism of K[X] the condition 76, = p, 7 implies that % =
/Li%, foranyi =1, ..., n.Then all the P; and Q; must be eigenvectors of 6.,
viewed as a K-linear map. But such eigenvectors belongs to K[X», ... , X,]

(Lemma 2) and so the map 7 cannot be birational. O

Remark 2. The fact that a non-diagonalizable automorphism of K" is conjugate,
in Bir(K"), to an affine automorphism with no fixed point can also be viewed as
follows:

Let us consider the automorphism

"
X1 L p x1
o = .
Xn 1 u I Xn
of K", and his extension to an automorphism
1
X0 H X0
xi 1w xq
a . — .
Xn 1w Xn
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of P"(K). We observe that & leaves invariant the open set (x| # 0) of P”(K) and
it induces in it the affine automorphism

!

1 X0
X0

X2 pohl 2 :

gl |~ 3 w40
) :

*n w | X 0
n

of K", that fixes no point. We go from « to 8 by exchange of xo and x;.

4.2. Actions of GL(n,Z) and GL(n — 1, 7Z)

Let us summarize the situation; we have
Aff(n,K) = Aff(n, K) N (Bir(K") e D(n, K) ¥ Bir(K") ¢ AD(n, K))

where Bir(K") e B = {mran~! |« € B, 7 € Bir(K")}.

We continue our study by describing the trace on D(n, K) (respectively on
AD(n, K)) of the conjugacy class of an element p,, (respectively 6,) of D(n, K)
(respectively AD(n, K)). Equivalently, we are looking for:

(Bir(K") e p,) N D(n,K)
(Bir(K") e 0,) N AD(n, K)

Action of GL(n, Z) on D(n, K)
For this purpose, let us recall that 7" = (K*)" and consider the isomorphism
P " — D(n,K) C Bir(K™)
W1y eoe o) = [(X1, .00, X)) B (UIXT, -, i Xp)]

that is G L(n, Z)-equivariant for actions that we discribe now:
The action on 7" is the natural action of of GL(n, Z) = Aut(7™): a matrix

A= (aij)?jzl € GL(n,Z) maps an element (i, ... ., uy) € (K*)" on
A.(I’le e //Ln) — (M‘i’llugn . _len’ MTZIM‘ZIZZ .. MZZn’ e, Millnlugrﬂ . MZ””)-

On the other side, we have the injective homomorphism

T :GL(n,7) — Bir(K")
A= (@)} oy = [0, ) == g™

whose image normalizes D(n, K). This gives then an action of GL(n,Z) on
D(n, K) by conjugation.
We get the formula:

TA)opoTA) "=p(Aepw|ne®)' AcGLO.Z) (5

that proves that p is equivariant and that
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(Bir(K") e p(u) N D(n,K) D p(GL(n,Z) o ).

We will see further that this is an equality, i.e. that two diagonal automorphisms of
K" that are conjugate in Bir(K") are conjugate by an element of GL(n, Z) (see
Proposition 6).

Actionof GL(n — 1, Z) on AD(n, K)
We do the same for AD(n, K): we have the injective homomorphism

S:GLn—-1,7Z) — Bir(K")
A= (aij)lr‘l’jzz — [(_xl’ e, xn) ——> (xl’ ngl .. _ngn’ e, xg;ﬂ . .x’l;lnn)]

whose image normalizes A D (n, K) and who gives then an action of GL(n — 1, Z)
on AD(n, K) by conjugation.
With the action of GL(n — 1, Z) on (K*)"~! the bijection

0 : (K" ! - AD(n,K) C Bir(K")
W2, e V) = [(en, oo X)) > (e 102200, VX))

is GL(n — 1, Z)-equivariant, by the formula

[S(B)o8(1) o S(B) T=0Bew|ve®) ' BeGLm—1,Z) (6

and we see too that
(Bir(K") ¢ 0(v)) NAD(n,K) DO(GL(n —1,7) e v).

We will see further that this is an equality, i.e. that two almost-diagonal auto-
morphisms of K” that are conjugate in Bir(K") are conjugate by an element of
GL(n — 1, Z) (see Proposition 7).

4.3. Elements of finite order

Letus prove the equality between (Bir (K")ep())ND(n, K)and p(GL(n, Z)eu),
for elements € (K*)" of finite order. For n > 1, we do this by showing that
p(GL(n, Z) e 1) contains all diagonal automorphisms of the same order as . This
also proves that two affine automorphisms of the same finite order are conjugate in
Bir(K").

If n = 1 the group Bir(K) is equal to PGL(2,K) and a simple calculation
shows that two diagonal automorphisms x +— «x and x > Sx are conjugate if and
only if @ = %!, So the equality is true in dimension one too.

Proposition 5 (Diagonal automorphisms of finite order). Ifn > 1, two diagonal
automorphisms of K" of the same (finite) order are conjugate by an element of

GL(n,Z) C Bir(K").
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Proof. Let m be a positive integer and & a primitive m-th root of the unity. A
diagonal automorphism of K" of order m is given by p(«) : (x1,...,X,) >
(x1EM, ..., x,&™), where @ = (", ..., &™), and the greatest common divisor of
the exponents g = gecd(t1, ... , t,) is prime to m.

The action of GL(n, Z) on the diagonal automorphisms corresponds here to
the usual action of G L (n, Z) on the exponents (¢{, ... ,t,) € Z".

With elementary matrices, that add a multiple of a coordinate to another one,
we can map the vector t = (f1, ... ,t,) to the vector (g, 0, ... ,0), so the diago-
nal automorphism p(«) is in the same orbit as the automorphism (xq, ... , x,)
(x1&8,x2, ..., x,). Because g is prime to m, there exist p, g € Z such that pm +
gq = 1. Since

1) \o 0
we see that p(«) is conjugate, by an element of G L (n, Z), to the diagonal automor-

phism (x1,...,x,) = (1889, x288™  x3,... ,x,) = (x1€,x2,..., x,), which
concludes the proof. O

Corollary 1 (Conjugacy of affine automorphisms of finite order). Two affine auto-
morphisms of the same finite order are conjugate in Bir(K"), forn > 1. O

4.4. Conjugacy classes of diagonal automorphisms

Let us now continue the work for diagonal automorphisms that are not necessary
of finite order.

Proposition 6. Two diagonal automorphisms of K" that are conjugate in Bir (K")
are conjugate by an element of GL(n, 7).

Proof. To each diagonal automorphism p(«) € Aut(n,K), 0 = («1,...,0) €
(K*)", we associate the kernel A, of the following homomorphism:
8g : 2" — K*
(t, 12, ... 1) = oo™ .o

It is easy to verify that §yjeq = 8¢ © ‘M, for any M € GL(n,Z) and so that
Apea = M7L(Ay). If 8y is not injective, we can choose M (by theorem on
Smith’s normal form) such that A .y is generated by kieq, kaea, . . . ke, where
e1, ez, ..., e, are the canonical basis vectors of Z”, r < n and the k; are positive
integers such that k; divides k;_1 fori =2, ... ,r.Leta’ = (@], ... , ) = Mecr.
We observe that alf is a primitive k;-th root of the unity fori = 1, ... ,r. In par-
ticular, we have oy = (a})* for an integer s, so (s, —1, 0, ...0) € Apjqq, and then
k=k3=---=k - =1.
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Let p(«) and p(B) be two diagonal automorphisms conjugate in Bir (K"). We
will assume that A, is generated by ke, ez, ... , e, (replacing p(«) by another
element of its orbit if necessary, as we did above), so that ¢ is a primitive k-th root
of the unity and ap = a3 = -+ = o = 1, if r > 0. By the way, if r = n, we
see another time (Proposition 5) that any diagonal automorphism of finite order is
conjugate to another one of the form (xq, ..., x,;) — (Ex1,x2, ..., X,).

The condition of conjugation implies that there exists a birational map

(p : ('xlv-x27 e 7-xl’l) -=* ((pl(-x17"' a-xn)v(pz(-xlv"' axn)a e 7¢l’l(xla e ,xn))»

where ¢; € K(X), such that ¢ o p(@) = p(B) o ¢, and then

@i (01X, ..., 0pxy) = p(@)* (@) = Big;i fori =1,... ,n.

So, every ¢; must be an eigenvector of p («)*, viewed as linear map of vector spaces,
and since p(«)* gives an automorphism of K[X], there must exist F;, G; € K[X]

eigenvectors of p(oz)‘*K[X] such that ¢; = g—’l This map can be diagonalized along

the basis of eigenvectors X1 X" ... X,,", and two vectors of this basis have the
same eigenvalue if and only if the difference of the exponent vectors is in the kernel
group A, associated to p ().

By a choice of representants in the classes mod A, we can put the transforma-
tion ¢ on the following form:

O (X1, ..., Xp) =2
Gt e, Mgy (K xa, LX), X

where each v; belongs to K(X1q, ..., X;).

Hence, the map ¢ defines a matrix A = (aij)?,j=1 in Mat, ,(Z), which is not
unique because of the choice of the representants. More precisely, ¢ defines an
unique element of the quotient of Mat, ,,(Z) by the relation

a . X, (61 kX, X))

(bi]')?,j=l ~ (Cij)lr'l’j:] ifbil —Ci] € kZ and b,‘j = Cij fori = 1,... ,n and
j>r.
We observe that 8 = (81, ..., B8:) = (1™ ..., o a%t Lo, m),

The birationaliy of ¢ implies, (see Lemma 3 below), that there exists a matrix
B = (b; J')?j=1 in the equivalence class associated to ¢ which is invertible. So, we

get from this that T(B),o(oc)T(B)_1 = p(p), by the fact that

Beu =(a1b” "'Olnb]" AU albnl "'Olnb"” )
= (C(lall ...andln e, alanl "-Oln“"" )
= ( /31 ey ﬂn ) — ﬂ
O
Lemma 3. [f the rational map
a
OX1, ... Xp) = (xi’ll ,..xnlnwl(xlk’xL X))
a a,
XM, (K, x0, L X))

is birational, then there exists an invertible matrix B = (b;;)! j=1 € GL(n, 7Z)
such that b;y — a;j1 € kZ and b;j = a;j fori =1,... ,nand j > r.
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Proof. Firstof all, if n = 1 and r = 0, the lemma is deduced from the fact that the
map x --+ x? is birational if and only if a = +1.

Suppose that r = n > 1 and let £ a primitive k-th root of the unity. The
conjugation of the linear automorphism of finite order vy : (x1,...,X,) —
(x1&,x2, ... ,x,) by ¢ gives the linear automorphism (of the same order) v, :
(X1, .o, Xn) > (&M, x,E™). If n = 1, the lemma follows from the
fact that x +— &x and x +— £“!x are conjugated in PGL(2, K) if and only if
ga = Eil, so aj; = £1 mod k . If n > 1, by Proposition 5, there exists an
invertible matrix B = (b; j);l, j=1 € GL(n,Z) such that T (B) conjugates vj to
vy. Explicitly, it gives that sbil = &% fori = 1,...,n, so bj; — a1 € kZ for
i =1,...,n.The lemma is then proved in this case.

It remains to prove the lemma when r is strictly smaller than n and n > 1.
In this case, the matrix (a;j)1<i<n,r+1<j<n has the maximal rank n — r, since
Xr41, --- X, appear only in the monomial part. There exists then an invertible
matrix M € GL,(Z) such that the coefficients of A’ = M A are the same as the
ones of the identity, for columns » + 1, ... , n. The composition of 7 (M) and ¢
gives a new birational map T (M) o ¢:

T(M)oe(xy,...,x,) = ()cfil ---xfi"w{(xlf,xz, AU S T
!/ ’
x?"‘ .. -x,a”'w/r’(mk, X2, .oy Xr),
x1a;+'v‘ ~'-)ff’“”erw;H(xlk,xz, e X ) e
X g (K X x),

which has the same structure as ¢, with matrix M A.

This map exchanges affine spaces of codimension r of type x| = 71, xy =
7, ..., X, = 7, and so must be its inverse. So, the map of K" given by the r first
coordinates of 7 (M) o ¢ must be birational.

By induction, there exists an invertible matrix C" = (c; ])l”;; | € GL,(Z) such

that ¢;; —aj, € kZ fori = 1,...,r. The matrix B’ = <C(;/ 1(111) (where Id €
GL,_(Z) denotes the identity matrix) satisfy the condition that b}, — a;, € kZ
and bl’.j = a{j fori =1,...,nand j > r. The same occurs for B = M~' B’ and
A=M'A. O

4.5. Conjugacy classes of almost-diagonal automorphisms

The case of almost-diagonal automorphism is deduced from the situation of diag-
onal automorphisms:

Proposition 7. Two almost-diagonal automorphisms of K" are conjugate in the
group Bir(K") if and only if they are conjugate by an element of GL(n — 1, Z).

Proof. Let 6(«) and 6(B8) be two almost-diagonal automorphisms of K":

O(a) : (x1,x2,...,%X,) > (x1+ 1, 0x2, @3x3, ..., 0pXy)
0B) : (x1,x2,...,x5) = (x1+ 1, Boxa, B3x3, ..., BuXn).
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We suppose that 6(«) and 0(8) are conjugate in Bir(K"), so that there exists a
birational map

Q](x]a~-'a xn)’ Qz(x]a'°"xn)"'.’ Ql’l(x]a""xn)

with P;, Q; € K[X] without common divisor, such that ¢ 0 () = 6(8) o ¢. This
implies that

. Pl(-xlvu-v-xn) Pz(-xlv"'v-xn) Pn(-xlv'~-7-xn)
@ (1, X200 Xp) -

Pixi + 1, a0x0, ... sapxn) — , Pilx1, ..., Xn)

= fori=2,...,n
Qi(x1 +1,00x2, ..., 0pxp) lQi(xlv~-- s Xn)

Since O () induces an automorphism 6 («)* of K[X], all the P; and Q;, for
i > 2, must be eigenvectors of 0(«)*, viewed as a K-linear map. Such eigenvec-

tors belongs to K[X», ... , X, ] (Lemma 2), then the map ¢ exchange lines of type
Xy = T0,X3 = 13,... ,X; = T, and so must be its inverse. This implies that the
map ¢’ 1 (X2, X3, ..., Xp) ~—» (Grd2umn) Fultz,.., x”)) given by the n — 1

" yons O2(x2,.0.,%0)” 77 7 Op(x2,..
last coordinates of ¢ is birational.

Since the birational map ¢’ of K"~! conjugates the diagonal automorphisms

pla) i (x2, ..., xp) = (02X2, A3X3, ... , OlpXy)

p(B) i (x2,...,xp) = (Bax2, B3X3, ..., BuXn),

Proposition 6 shows that p(«) and p(B) are conjugate by an element of GL(n —
1,72) C Bir(K”’]). Then, 6(«) and 6(B) are conjugated by the same element of
GL(n —1,7Z) C Bir(K"). O

5. Conjugacy classes of automorphisms of P” in the Cremona group

Let us work in P", the projective n-space over K. Choosing a coordinate x;, the
open subset U, ={(xo:...:xy) € P"|x; # 0} is isomorphic to K" via the map
(X0 © ... 0 Xn) Fo 2, ..., x’x L, 3t x") The restriction map ¢ + v;QV; ~
gives an 1somorphlsm of the group Bzr(IP’”) of birational maps of P to Bir(K"),
that we call both the Cremona group.

Let us recall that a birational map of P" is given by amap (xg : ... : x,) ——»
(Po(xg, ... ,Xp) : ... Py(x0,...,xn)),where Py, ..., P, € K[Xg,...,X,]are
homogeneous polynomials of the same degree (that will be called the degree of the
map). As a birational map is biregular if and only if its degree is one, the group of
automorphisms (biregular rational maps) of P” is PGL(n + 1, K).

We will denote diagonal (respectively almost-diagonal) automorphisms of P"

maps of the form (xg : ... : x3) — (x0 : o1x1 : ... opXy), Witha =
(a1, ... ,0y) € (K*)" (respectively (xg @ ... : x) > (x0 @ X9 + X1 : opxp :
Cpxn), Witha = (a2, ..., ay) € (K¥)" 1.

It is clear that the restriction map ¢ > vo@vy~! gives an isomorphism of

D(n, K) (respectively AD(n, K)) on the group of diagonal (respectively the set of
almost-diagonal) automorphisms of P".
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We can then explicit the conjugacy classes of automorphisms of P in the Cre-
mona group using the work made in affine space:

Any automorphism of P" is conjugate, in Bir (P"), either to a diagonal automor-
phism or to an almost-diagonal automorphism. The conjugacy classes of diagonal
and almost diagonal automorphisms of P” in the Cremona group are given by the
action of GL(n, Z) on the diagonal automorphisms and of GL(n — 1, Z) on the
almost-diagonal automorphisms (see Section 4).

Furthermore, if n > 1, two linear automorphisms of P of the same order are
conjugate in Bir(P"). This result was already proved in dimension 2 in ([BeB],
Proposition 2.1.) with another method that works also in higher dimension.
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