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1. Introduction

Ledoit and Wolf (2008) recommend a bootstrap method to test equality of Sharpe ratios between
two funds, accounting for the finite sample properties of the return distribution and for the potential
autocorrelation and heteroskedasticity. If one of the funds has non-normally distributed returns,
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comparing funds based on the Sharpe ratio is often not enough, as it ignores investors’ positive pre-
ferences for odd moments and aversion to even moments. This weakness of the Sharpe ratio is well
known and several alternatives have been proposed. For the analysis of hedge fund returns, the modi-
fied Sharpe ratio proposed by Favre and Galeano (2002) and Gregoriou and Gueyie (2003) is now
increasingly popular. It is defined as the ratio between the average excess return of the fund and its
modified Value-at-Risk. The latter is an estimator for Value-at-Risk based on the Cornish-Fisher
expansion and the first four moments of the return distribution. The modified Sharpe ratio has been
frequently used in research on performance of investments with non-normal returns such as hedge
funds (see e.g., Amenc et al., 2003; Bali et al., 2013; Eling and Schuhmacher, 2007).

While there exist many risk-adjusted return measures to evaluate the performance of a single fund,
previous research seems to have focused only on testing the equality of the Sharpe ratio of two funds
(Jobson and Korkie, 1981; Memmel, 2003; Ledoit and Wolf, 2008). We develop a similar test for the
modified Sharpe ratio. Compared to other performance measures taking the non-normality of the
return distribution into account, the modified Sharpe ratio has the advantage of being asymptotically
normal with an explicit function for its standard error. For small samples, we describe a bootstrap
procedure to obtain the p-values corresponding to the studentized test statistic, accounting for the
finite sample properties of the return distribution and the potential autocorrelation, heteroskedasticity
and cross-dependence. The validity of the proposed methodology is verified through a Monte Carlo
study. In the empirical application on the relative performance of hedge funds over the period
2008-2012 we find that, especially for hedge funds pursuing a Relative Value investment style,
returns are non-normal leading to up to 22% of disagreement between the Sharpe and modified
Sharpe ratio regarding equal-performance. For the other funds disagreement between the two tests
ranges between 5% and 14%.

2. Testing equality of modified Sharpe ratios

Gregoriou and Gueyie (2003) define the modified Sharpe ratio as the ratio between the excess
return of the fund and its modified Value-at-Risk (mVaR):

_ my—r1p
mSR;(ot) = mVaR (o)’ (1)

where m; is the population mean return for fund manager i and r;, is the mean return on a benchmark
asset at the corresponding horizon. Modified VaR approximates the VaR under the true (unknown)
distribution with the second order Cornish-Fisher expansion. Let R; be the return of fund manager
i. Denote the g-th centered portfolio moment m,; = E[(Ri — m;)?], with m; = E[Ry]. For a loss probability
o, the modified VaR is:

mVaR;(e) = —m; + , /m2,i<—zm - %(zﬁ —1)s; — 21—4(22 —3z,)ki + 31—6(222 - 521)51-2), (2)
with s; = mj3; /mi_/i2 the skewness, k; = my; /mﬁ,i — 3 the excess kurtosis, and z, the o-percentile of the
standard normal distribution. Note that, for the mSR in (1) to be correctly defined, it is required that
mVaR;(«) is strictly positive. For loss probabilities o of 5% and 10%, this will be almost always the case
for realistic return distributions. Also of interest is the skewness-kurtosis boundary derived by
Jondeau and Rockinger (2001) to ensure that the corresponding Cornish-Fisher density approximation
is everywhere positively valued.

Gregoriou and Gueyie (2003) set o to 5%. Favre and Galeano (2002) consider an o of 1% and 5%.
Other authors, like Jaschke (December 2002) and Boudt et al. (2008), warn against the use of small
values of «, based on the fact that the Cornish-Fisher approximation of the quantile function becomes
less and less reliable for o — 0. For small estimation samples, this so-called “wrong tail behavior” of
the Cornish-Fisher approximation is likely to be aggravated by the estimation error in the moments of
the return distribution. We therefore follow Jaschke (December 2002) and Boudt et al. (2008) and
recommend testing for equal-performance using the mSR at higher values of o, such as 5% and 10%.
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We use o = 10% (i.e. mVaR at the 90% risk level) in the sequel as our baseline investigation, but also
explore the properties of the test for oo = 5%.

Gregoriou and Gueyie (2003) set the benchmark return r, in (1) to the risk-free rate. Amenc et al.
(2003) note that this would only make sense if the CAPM is an appropriate model for the alternative uni-
verse. This is clearly not the case in our application on relative performance of hedge funds, as investors
in hedge funds also require a premium for the funds’ exposure to credit and liquidity risk, among others.
In what follows, we set the benchmark return in the modified Sharpe ratio to zero implying that inves-
tors compare hedge funds based on their differences in the risk adjusted absolute returns.’

2.1. Pairwise test

Replacing population moments with sample ones in (1) and (2) provides us with estimates of the
modified VaR and the modified Sharpe ratio. Denote the sample moments as m;, 1, ;, Ms;, My;, S; and ki,
and the resulting modified VaR and Sharpe ratio as mVaR;(c) and mSR;(c;). We denote by 4;_; the (true)
difference of this performance measure between fund i and j (i + j) and by 4;_; the corresponding esti-
mate. We are interested in testing the null of equal modified Sharpe ratios between funds i and j:
m; m;

Hp : Ai,j = mSRl(GC) — mSRJ(OC) = mVaR,—(oc) — mVaRj(:x)

-0,

based on the estimated difference in the cross-product of the fund’s return and the other fund’s
mVaR?: 4; j = rhimVaRj(oc) - mijaR,-(oc). The test statistic we recommend to use for evaluating the null
is the ratio between 4;_; and its standard error. Under regularity conditions, the Delta method implies
that this studentized test statistic is asymptotically normally distributed.

2.1.1. Standard error of A;_j

First we express all centered moments with uncentered ones: g,; = Z[T:]r;{t /T, where r;; is the rea-
lized return of manager i at time t and T is the number of observations. We have i, ; = &,; — m?,
s = 83, — 31y + 2/} and fy; = 84 — 41 83, + 628y, — 3imd. It follows that 4; ; is a function
of the mean and second to fourth moments about the origin of the two series:
ZI,-,,» = f(Mi, 824,83, 84, M), 82, 83, 8aj). If li’i,j is a consistent estimator of the asymptotic covariance
matrix between these arguments, then an estimate for the standard error of 21i,j is

s(ZIi,j) = ,/V’ UV, _j/T with the gradient of A,] given by Vi _j = (mVaR dm; —midiaRj)—
(mVaR;dr; — m]-diaR,-), with:

dmVaR; = —dif — z,————diiy ; — Sidmy ;i + mz_,ds,)

1 1
22—
( )(2 s
T 1 .
i+ mz_,-dk,-> +%(22i—521)< Fs 2dm, i+ 2 mz_is,-ds,),

\/_

z —3z,) (

T As mentioned by a referee, the proposed equal mSR performance test could also be of interest for other risk-free rate
definitions. If the risk free rate is constant over the period, this is straightforward. When the risk free rate is stochastic, it would
imply that the distribution of the test statistic not only depends on the (co) moments of the hedge fund returns, but also on those
of the risk free rate process. This comes at the price of making the test statistic less tractable. As a solution, we recommend to apply
the proposed test directly on the excess returns. This leads to a small approximation error in the calculation of the mVaR, which, as
shown in Danielsson (2011, Chapter 5) is negligible compared to the statistical uncertainty in the volatility, skewness and kurtosis.

2 An alternative way to test the difference in modified Sharpe ratios is to consider directly the estimated difference in modified
Sharpe ratios 21,-,]- = mSR,-(oc) - m:SR]-(ot). The apparent advantage of this alternative test statistic is that its construction is similar to
the traditional one used by Jobson and Korkie (1981), Memmel (2003) and Ledoit and Wolf (2008) to test for the equality of two
Sharpe ratios. The disadvantage however is that both the numerator and denominator depend on the inverse of the modified VaR.
For funds with positive sample skewness, the modified Sharpe ratio can be close to zero, and extremely fat tailed. By considering
the test statistic that cross-multiplies the mean and mVaR of the two funds, we obtain a statistic that is analytically more simple
and better behaved. We verified this statement in a simulation study (results are available from the authors upon request).
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where d§; = ()’ drns; — 1.5ms 10,2 diiny) /i3, dki = (3 ding; — 21y g diny,) /g, and similarly for
Jj, and:

din; = (1,0,0,0,0,0,0,0)

dri; = (0,0,0,0,1,0,0,0)'

driny; = (-21m;,1,0,0,0,0,0,0)

driny; = (0,0,0,0,—21;,1,0,0)

diins; = (—38&2,; + 6m?, —31;,1,0,0,0,0,0)'

drisj = (0,0,0,0, -3, + 6m?, —31m;,1,0)’

diing; = (—483,; + 128, — 123, 6m?, —4m;, 1,0,0,0,0)'
dingj = (0,0,0,0, —4&3; + 128, — 123, 62, —4r;, 1),

To account for the autocorrelation and heteroscedasticity in hedge fund returns, we recommend to

estimate ‘i’i,j using the heteroscedasticity and autocorrelation robust (HAC) kernel estimators of
Andrews (1991) and Andrews and Monahan (1992).

2.1.2. Calculation of p-values

From the central limit theorem, it follows that, under standard regularity conditions, the absolute
value of the studentized test statistic %;_; = |4;_j|/s(4:_;) is asymptotically distributed as the absolute
value of a standard normal random variable. The corresponding p-value is computed as
Di_j = 2®@(—1;_j) where @ denotes the cumulative distribution of a standard normal random variable.

Because of the small sample size in our empirical application, we also consider a bootstrap method
to compute the p-value. To generate bootstrap data, we resample with replacement either individual
pairs, as in the i.i.d. bootstrap of Efron (1979), or blocks of fixed size | > 1, following the circular block-
bootstrap of Politis and Romano (1992). Based on the B bootstrap pairs (r:2 rjj?), the bootstrap test

i
statistics are computed as %;%, = (4%, — 4;;)/s(4;;), where b denotes the estimators computed on
the b-th bootstrap data set. The correction for the non-zero performance differential in the sample
ensures that in the bootstrap population the null hypothesis of equal-performance is satisfied.
Under the bootstrap approach, we compute the p-value as p; j = (Zﬁzll{ﬁ,ffj\ > T} +1)/B+1)
where I[{-} is the indicator function (Davison, 1997, p. 141). We set B = 499 in the sequel.

3. Monte Carlo study
3.1. Size

To test the size properties of the proposed test (at the 90% and 95% risk levels, i.e. o = 10% and
o = 5%) of two funds, i and j, we generate the returns of fund i and j from an identical marginal return
process, that are joined together in a bivariate distribution using a Normal copula with correlation of
0.5. The marginal return process has an unconditional mean and variance equal to one. They either (i)
are i.i.d., or (ii) follow an AR(1) model with auto-regressive parameter equal to 0.2. The conditional
marginal innovations are either: (i) normal, (ii) standardized Student-t with six degrees of freedom
or (iii) standardized skewed Student-t with six degrees of freedom and asymmetry parameter
& = 0.75 (negative skewness); see Fernandez and Steel (1998). Overall, this leads to six data generating
processes (DGPs). The size of the simulated DPGs is set to T = 60 and T = 1000 to study the small size
and asymptotic properties of the estimators.

For each DGP, we report in Fig. 1 the 95% confidence bands of the rejection rate (over five hundred
Monte Carlo replications) using the asymptotic (solid bars) and block-bootstrap (dashed bars) based

p-values at the 5% significance level. For the block-bootstrap test, the block-size is set to the [T'/*]
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Fig. 1. Size results for the modified Sharpe ratio at the 90% (top plots) and 95% (bottom plots) risk level when p-values are
computed under the asymptotic Normal approximation (full line) or bootstrap approach (dashed line). The vertical bars
represent the 95% confidence bands of the frequency of rejecting the null hypothesis at the 5% significance level.

rule-of-thumb. The top and bottom panels correspond to testing for equal performance using the 90%
and 95% risk level in the modified VaR calculation, respectively.”> We see that in the presence of AR
dynamics in the return, the test using the asymptotic normal distribution is oversized in small samples,
while the block-bootstrap test still has correct size properties. The same observation holds when testing

3 To save space, we report size results at the 5% level. Results at the 10% significance level are qualitatively similar and are
available from the authors upon request.
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Fig. 2. Power results for the modified Sharpe ratio at the 90% (top plots) and 95% (bottom plots) risk level when varying the
mean parameter /; between g; (y = 1: equal-performance) and f;/10 (y = 1/10: under-performance of fund j). The plot
displays the frequency of rejections at the 5% significance level of the null hypothesis of equal modified Sharpe ratio for y
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ranging from 1 (equal-performance) to 1/10 (under-performance of fund j).

at the 95% risk level (bottom plots) in the presence of fat-tailed return distributions: in contrast with the
bootstrap test having correct size, the asymptotic test is oversized. For large samples, the null hypothesis

of correct size cannot be rejected for both the asymptotic and bootstrap based tests.
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Table 1

Left: Average mean and standard deviation (in percent) together with average skewness and kurtosis of monthly hedge fund
returns over the period 2008-2012. Middle and right parts report percentages of (non-) rejections (at the 5% significance level) of
the Sharpe ratio and modified Sharpe ratio (at the 90% risk level for the middle part, and at the 95% risk level for the right part)
equality tests. R-R: both rejections; NR-R: rejection of modified Sharpe test only; R-NR: rejection of Sharpe ratio test only; NR-NR:
non-rejection of both tests.

Style Summary statistics Equal SR - mSR(« = 0.1) tests Equal SR - mSR(a = 0.05) tests
Mean  Std Skew  Kurt R-R  NR-R R-NR NR-NR R-R NR-R R-NR NR-NR
All 0.44 471 -033 582 657 070 852 8422 563 029 9.74 8433

Equity hedge 0.34 528 -0.27 483 444 034 8.05 87.17 4.06 0.21 8.65 87.07
Event-driven 0.52 389 -077 685 530 051 12.19  82.00 432 0.18 14.07 81.42
Macro 0.45 4.39 0.16 5.10 4.68 0.66 446 9021 416 030 5.03 90.50
Relative value  0.67 394 -095 934 475 057 2024 7443 3.75 0.26 21.78 7422

3.2. Power

In Fig. 2, we study the power of the test when the difference in modified Sharpe ratio between
the two funds increases. As a reference point, we take for fund i the returns from a skewed
Student-t distribution with mean p = 0.445%, standard deviation o = 1.07%, skewness parameter
¢=1 (no skewness) and degrees of freedom parameter v =500 (close to normal tails). This
parameter setup corresponds to one of the outperforming funds in our empirical database. We
consider the following variations to test the power of the test statistics: (i) approximative normal:
1 =0.445%,0; = 0 = 1.07%, & = & = 1,v; = v; = 500, (ii) skewness: u; =0.445%,0; = g; = 1.07%,
& =1,4=0.75v;=v; =500 and (iii) skewness and fat tails: y; =0.445%,0; = 0; =1.07%,¢ =1,
¢ =0.75,v; = 500, v; = 6. In both cases, for several values of y between 1 and 1/10, y; is set such
that 4 = yu,. For each setup, we generate i.i.d. data and analyze the power of the modified Sharpe
ratio bootstrap test.*

The power is computed as the average frequency of rejections of the null hypothesis at the 5% level.
We see that, in all three scenarios, the test has correct size for y = 1 and, when increasing the differ-
ence between the two modified Sharpe ratios, the power increases relatively slowly for T = 60, but the
slope becomes substantially more steep for T = 1000. The presence of skewness and fat tails in the
data seems to reduce slightly the power of the test.

4. Empirical illustration

The proposed modified Sharpe ratio will be useful when it leads to different decisions on equal-
performance than the test using the Sharpe ratio as performance measure. We investigate now the
(dis) agreement regarding equal-performance of the Sharpe ratio and modified Sharpe ratio test for
the 1552 funds in the Hedge Funds Research database over the period ranging from January 2008
to December 2012 (60 monthly observations). We perform the tests of equal-performance of
Sharpe and the modified Sharpe ratios for the 1,203,576 pairs using the block-bootstrap approach with
five hundred replications and block-size set to four; alternative specifications lead to similar results.®

In Table 1 we report the percentage of (non-)rejections (at the 5% significance level) of the Sharpe
ratio and modified Sharpe ratio (at the 90% and 95% risk levels) equality tests for all funds, and per
investment style. We see that especially for the Relative Value investment style and for the mVaR
at the 90% risk level, there is a large proportion of disagreement between the test; for 0.57% (resp.
20.24%) of the pairs the modified Sharpe ratio (resp. Sharpe ratio) rejects equal-performance, while
the other test does not. For the mVaR at the 95% risk level, the level of disagreement for Relative

4 Similar power plots are obtained when considering a reference fund with a higher return and volatility or when keeping
4; = y; but allowing for differences in volatility between funds i and j. To save space, these power plots are not reported, but they
are available from the authors upon request.

5 All computations are performed in the R statistical computing language with the package PeerPerformance (Ardia and Boudt,
2014). Computer code is available from the authors upon request.
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Value funds is even higher (around 22%). For the other funds, the disagreement ranges from 5% to 14%.
The high degree of disagreement for the Relative Value style can be explained by the more extreme
values for the skewness and kurtosis of the funds pursuing the relative value strategy, compared to
the other investment styles.
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