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Nonlinearity13 (2000) 601–616. Printed in the UK PII: S0951-7715(00)01965-4

Convergence with probability one of stochastic approximation
algorithms whose average is cooperative

Michel Benäım
Departement de Mathématiques, Université Cergy-Pontoise, France

Received 18 February 1999, in final form 29 September 1999
Recommended by L Bunimovich

Abstract. We consider a stochastic approximation process
xn+1− xn = γn+1(F (xn) +Un+1)

whereF : Rm → Rm is a C2 irreducible cooperative dissipative vector field,{γn}n>0 is a
sequence of positive numbers decreasing to 0 and{Un}n>0 a sequence of uniformly bounded
Rm martingale differences. We show that under certain conditions on{γn} and{Un} the sequence
{xn}n>0 converges with probability one toward the equilibria set of the vector fieldF .

AMS classification scheme numbers: 62L20, 34Fxx, 34Cxx

1. Introduction

We consider astochastic approximation (SA) algorithmdefined onRm by

xn+1− xn = γn+1(F (xn) +Un+1) n > 0 (1)

where{γn} is a sequence of non-negative step sizes,

F : Rm→ Rm

u = (u1, . . . , um)→ (F1(u), . . . , Fm(u))

is a smooth vector field and{Un}n>0 is a sequence ofRm-valued random variables.
Throughout the paper the standing assumptions are hypotheses 1.1 and 1.2 below.

Hypothesis 1.1.F is aC2, cooperative irreducible and dissipative vector field.

Cooperativemeans

∂Fi

∂uj
(u) > 0 for all u ∈ Rm and i 6= j

andirreduciblemeans that the Jacobian matrixDF(x) is irreducible for allx ∈ Rm.
The (local)solution flowinduced byF is denoted by8 = {8t } wheret → 8t(x) is the

solution toẏ = F(y) with initial conditiony(0) = x. The assumption thatF is dissipative
means that there exists a ballB ⊂ Rm with the property that for every compact setK ⊂ Rm
there existsT > 0 such that8t(K) ⊂ B for all t > T . The set

3 =
⋂
t>0

8t(B)

0951-7715/00/030601+16$30.00 © 2000 IOP Publishing Ltd and LMS Publishing Ltd 601



602 M Benäım

is a compact invariant set called theglobal attractorof F .
Invariant and empirical occupation measures of SA associated with a cooperative vector

field have been considered recently by Benaı̈m and Hirsch (1999a) for processes withconstant
step sizes(i.e.γn = γ ).

The purpose of this paper is to study the limiting behaviour of (1) for processes with
decreasing step sizes.This is motivated by the study of certain adaptive processes arising in
game theory (see, e.g., Benaı̈m and Hirsch 1999b) and neural networks (Fort and Pages 1995,
Sadeghi 1998, Benaı̈m et al 1998).

Our next assumption is classical in the stochastic approximation literature (see, e.g.,
Kushner and Yin 1997, Duflo 1996, 1997, Benaı̈m 1999).

Here and throughout, the Euclidean norm ofx ∈ Rm is denoted by‖x‖; the open ball
aboutx of radiusδ is denoted byBδ(x).

Hypothesis 1.2. (a) F is Lipschitz and bounded on a neighbourhood of the set{xn : n > 0}.
That is, there existsδ > 0 such that

sup

{
‖F(x)‖ : x ∈

⋃
n>0

Bδ(xn)

}
and

sup

{‖F(x)− F(y)‖
‖x − y‖ : x, y ∈

⋃
n>0

Bδ(xn), x 6= y
}

are almost certainly finite.

(b)
∑
n

γn = ∞.

(c) For all c > 0, ∑
n

e−c/γn <∞.

(d) {Un} is a bounded martingale difference sequence.

Condition (d) means that the{Un} are defined on a probability space(�,F, P ) and that there
is a non-decreasing sequence of the sub-sigma field{Fn} such that

• Un is Fn measurable andE(Un+1|Fn) = 0, whereE(·|Fn) stands for the conditional
expectation with respect toFn.
• There exists a constant0 > 0 such that supn ‖Un‖ 6 0 almost certainly.

Our main result asserts that (under suitable conditions onF ) sample paths of (1) converge
with probability one toward equilibria ofF (theorem 2.1). Under a milder assumption onF ,
we can estimate the probability of convergence toward a sink (theorem 2.5). This is obtained
by combining several recent results both from the theory of stochastic approximation and the
theory of cooperative dynamical systems.

General results are stated in section 2 and proved in section 3. Section 4 improves the
main results for certain classes of cooperative vector fields.
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2. Statement of the main results

Let E denote theequilibrium setof F ; that is

E = {p ∈ Rm : F(p) = 0}.
We letλ1(p) > · · · > λm(p) denote the real parts of the eigenvalues of the Jacobian matrix
DF(p).

As usual an equilibriump is said to belinearly unstableif λ1(p) > 0. We letElu denote
the set of linearly unstable equilibria.

A point p ∈ E is asink if λ1(p) < 0.
A non-degenerate arc of equilibriaJ ⊂ E is the image of the closed unit interval under

an injectiveC1 immersionh : [0, 1] → Rm such thatJ = h([0, 1]) ⊂ E . We say thatJ
is orderedif h′(t) has positive entries for allt ∈ [0, 1]. A degenerate arc of equilibriais an
equilibrium.

We letMerg(8) denote the set of Borel probability measures which are invariant and
ergodic for8. Forµ ∈Merg(8) we letλ1(µ) > λ2(µ) . . . denote the Lyapounov exponents
of 8 with respect toµ.

The limit set of the sequence{xn}, denoted byL({xn}), is the set of pointsp ∈ Rm such that
limk→∞ xnk = p for some sequencenk →∞. We writeL({xn}) = {∞} if lim n→∞ ‖xn‖ = ∞.

Convergence with probability one

Given a compact setK ⊂ Rm we say that process (1) isnon-degenerateatK if there exists a
neighbourhoodN of K andb > 0 such that for all unit vectorsv ∈ Rm

E(sup(〈Un+1, v〉, 0)|Fn, xn ∈ N ) > b.
Theorem 2.1.Assume:

(i) The process (1) is non-degenerate at3 (the global attractor ofF ).
(ii) There exists1

2 < α 6 1 such that

sup{(1 +α)λ2(µ)− λ1(µ) : µ ∈Merg(8)} < 0.

Then with probability one eitherL({xn}) = ∞; or L({xn}) is an ordered arc (possibly
degenerate) contained inE \ Elu. If F is real analytic, then with probability one either
L({xn}) = ∞; or L({xn}) = p ∈ E \ Elu.
Remark 2.2. The verification of condition (ii) in theorem 2.1 requires the computation of
the quantityα(8, r) = supµ(rλ2(µ)− λ1(µ)) where the supremum is taken over all ergodic
measures. Estimates ofα(8, r) are given in Benäım (1997), in terms of the entries ofDF .

Conjecture 2.3. The conclusion of theorem 2.1 holds whether or not condition (ii) is satisfied.

Convergence with positive probability

In addition to hypothesis (1.1) we shall assume in this section thatF satisfies the following
hypothesis.

Hypothesis 2.4. (a) F is (globally) Lipschitz and bounded.
(b) All equilibria are simple:

∀p ∈ E Det(DF(p)) 6= 0.
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We letLeb denote the Lebesgue measure onRm. We also writeLeb(A) = ∫
A

dx for any Borel
setA ⊂ Rm.

Theorem 2.5.Let M ⊂ Rm be a compact neighbourhood of3 positively invariant under
8. For all ε > 0 there exists a compact setMε ⊂ M, positively invariant under8, and
δ = δ(ε) > 0 such that

(a) Leb(M \Mε) 6 ε.
(b) Mε2 ⊂ Mε1 for ε2 6 ε1,

⋃
ε>0Mε = M.

(c) LetL denote the Lipschitz constant ofF, B = e−2L/8m02 and

k0 = inf
{
k ∈ N : sup

j>k
γj 6 1

2Bδ
2
}
.

Then for allk > k0

P(L({xn}) is a sink|Fk) >
[
1− 2m

∞∑
j=k

γj exp

(−Bδ2

γj

)]
P(∃m > k : xm ∈ Mε |Fk).

Corollary 2.6. LetMε, δ andk0 be as in theorem 2.5. Then

(a) ∀k > k0

P(L({xn}) is a sink|xk ∈ Mε) >
[
1− 2m

∞∑
j=k

γj exp

(−Bδ2

γj

)]
.

(b) lim
k→∞

P(L({xn}) is a sink|xk ∈ Mε) = 1.

Suppose now that the sequence{γn} depends on a parameterθ ∈ Rp. That isγn = γ θn .
Suppose, furthermore, that

(i) γ θn 6 γ θ
′

n for θ 6 θ ′,
(ii) lim θ→0(supn∈N γ

θ
n ) = 0.

This situation occurs, for example, in certain problems of game theory for whichθ ∈ R+ and

γ θn =
1

n + 1/θ
.

Let {xθn} denote the sequence defined by (1) withγ θn instead ofγn.

Corollary 2.7. LetMε be as in theorem 2.5. Then

lim
θ→0

P(L({xθn}) is a sink|xθ0 ∈ Mε) = 1.

Proof. Let θ0 ∈ Rp. Forθ 6 θ0∑
j>0

γ θj exp

(−bδ2

γ θj

)
6 sup

j

γ θj

∑
j>0

exp

(−bδ2

γ
θ0
j

)
.

Thus, corollary 2.6 implies the result. �

Corollary 2.8. Letµ be a probability measure onRm absolutely continuous with respect to
the Lebesgue measure onRm. Suppose

(i) xθ0 is a random variable havingµ as probability distribution.
(ii) The Radon–Nikodym derivativedµ/dx is inLp(dx) for somep > 1.
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Then

lim
θ→0

P(L({xθn}) is a sink) = 1.

Proof. Let η > 0. Choose a compact setM ⊂ Rm positively invariant under8 such that
µ(M) > 1− η.

LetMε ⊂ M be as in theorem 2.5. By the Holder inequality

|µ(M)− µ(Mε)| =
∣∣∣∣ ∫

M\Mε

dµ

dx
(x) dx

∣∣∣∣ 6 ∥∥∥∥dµ

dx

∥∥∥∥
p

Leb(M \Mε)
1−1/p

where ∥∥∥∥dµ

dx
dx

∥∥∥∥
p

=
(∫

Rm

∣∣∣∣dµdx
∣∣∣∣p)1/p

.

Thus by theorem 2.5(a)

|µ(M)− µ(Mε | 6
∥∥∥∥dµ

dx

∥∥∥∥
p

ε(1−1/p).

Therefore,

P(L({xθn}) is a sink) = P(L({xθn}) is a sink|xθ0 ∈ Mε)µ(Mε)

> P(L({xθn}) is a sink|xθ0 ∈ Mε)

(
1− η −

∥∥∥∥dµ

dx

∥∥∥∥
p

ε(1−1/p)

)
.

Using corollary 2.7, we obtain

lim inf
θ→0

P(L({xθn}) is a sink) >
(

1− η −
∥∥∥∥dµ

dx

∥∥∥∥
p

ε1−1/p

)
.

Sinceη andε are arbitrary, this proves the result. �

3. Proof of the results

The general idea of the proof is the following. On one hand, the limit sets of stochastic
approximation processes are known to beinternally chain recurrentwith probability one
(Benäım 1996). On the other hand, an internally chain-recurrent set for a strongly monotonic
flow either consists of equilibria or is contained in a smooth unordered hypersurface (Hirsch
1999). As such a hypersurface is ‘repelling’ in a positive direction, we use a recent result
(Benäım 1999) adapted from Pemantle (1990), to prove that the process{xn} converges toward
the equilibria set.

Background and preliminary results

Let9 be a flow on a metric spaceX. A pointp ⊂ X is calledchain recurrentfor 9 (Conley
1978) if for all ε, T > 0 there exist pointsx0, x1, . . . , xn in X and timesti > T such that
x0 = xn = x and

d(8ti (xi), xi+1) < ε i = 0, n− 1.

The flow9 is called a chain-recurrent flow if every pointp ∈ X is chain recurrent.
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A setL ⊂ Rm is said to beinternally chain recurrentfor 8 if it is a non-empty compact
connected invariant set such that the restricted flow8|L is a chain-recurrent flow. We letR(8)
denote the set of chain-recurrent points for8. As the flow8 is dissipative, it follows from
Conley (1978) thatR(8) is internally chain recurrent for8.

The following result follows from proposition 4.4 and corollary 6.11 of Benaı̈m (1999)
based on Benaı̈m (1996).

Theorem 3.1.SupposeF is dissipative (not necessarily cooperative) and hypothesis 1.2 holds.
Then with probability one eitherL({xn}) = ∞ or L({xn}) is internally chain recurrent.

For cooperative vector fields, internally chain-recurrent sets enjoy strong topological
properties that we now describe.

The vector order inRm is written asx > y with the meaning thatxi > yi for all i. If
x > y andx 6= y we writex > y. If xi > yi for all i, then we writex � y. As the vector
fieldF is cooperative and irreducible, the flow8 haspositive derivatives(Hirsch 1985, Smith
1995). That is

D8t(x)� 0

for all x ∈ Rm andt > 0. In particular,8 is strongly monotonic:

x > y ⇒ 8t(x)� 8t(y)

for t > 0.
A setA ⊂ Rm is said to beunorderedif no two of its points are related by> .
An equilibriump is said to beasymptotically stable from belowif there existsx � p such

that limt→∞8t(x) = p. We letEasb ⊂ E denote the set of equilibria which are asymptotically
stable from below. By strong monotonicity ifp ∈ Easb then there is a non-empty open set
of points whose forward trajectories converge towardp from below. It follows thatEasb is a
countable set.

Givenp ∈ Easb letV (p) = {x ∈ Rm : ω(x) > p}. The following proposition summarizes
some results by Hirsch (1988), Tereščák (1996) and others.

Proposition 3.2. There exists a unique equilibriump∗ ∈ Easb such thatV (p∗) = Rm. If
p ∈ Easb \ {p∗} then

(a) Sp = ∂V (p) is a closed invariant unordered hypersurface.
(b) Letπ : Rm→ E denote the orthogonal projection onto the hyperplane perpendicular to

a vectore � 0. Thenπ |Sp mapsSp homeomorphically ontoE and the map(π |Sp)−1 is
C1.

(c) LetK ⊂ Sp be a compact invariant set. For eachx ∈ K there exist a unit vectorb(x)� 0
and a (continuous) splitting

Rm = TxSp ⊕ Rb(x)
invariant byD8t, such that

‖D8t(x)w‖ 6 Ce−ηt‖D8t(x)b(x)‖
for every unit vectorw ∈ TxSp. HereC andη are positive constants which can be chosen
independent ofK.
Equivalently: for every8-invariant and ergodic probability measureµ with support in
K,

λ2(µ)− λ1(µ) < −η (2)

whereλ1(µ) andλ2(µ) denote, respectively, the largest and the second largest Lyapounov
exponents of8 with respect toµ.
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(d) LetK be as in (c). Suppose, furthermore, thatK is an attractor for8|Sp and that there
existα > 0 andη′ > 0 (depending onK) such that the inequality (2) can be strengthened
to

(1 +α)λ2(µ)− λ1(µ) < −η′. (3)

Then the basin of attraction ofK in Sp is aC1+α manifold.

Proof. Letp∗ be an infimum (for the vector ordering) of the setE . That isp 6 p∗ andp ∈ E
imply p = p∗. Let x ∈ Rm. Since almost every trajectory has an omega limit set consisting
of equilibria (Hirsch 1985) there existsy smaller thanx andp∗ such that the omega limit set
of y consists of equilibria. Therefore, by monotonicityω(y) = p∗ 6 ω(x).

Except for the assertion thatπ(Sp) = E and (π |Sp)−1 is C1 the proof of (a) and (b)
is similar to Hirsch (1988, theorem 2.1). Smoothness of(π |Sp)−1 is proved by Terěsčák
(1996). To see thatπ(Sp) = E let z ∈ E. Then there exist real numberss < t such that
z + se � p � z + te. Thusω(z + se) 6 p 6 ω(z + te) and there existst 6 τ 6 s such that
z + τe ∈ Sp. Henceπ(z + τe) = z. Assertion (c) follows from the well knownexponential
separation propertyand has been proved many times (see, e.g., Ruelle 1979, Tereščák 1996,
Benäım 1997). Assertion (d) is proved in Benaı̈m (1997). �

Givenp ∈ Easb we letR(8|Sp) denote the chain-recurrent set of8|Sp. The next result
follows from Hirsch (1999).

Theorem 3.3.Let L ⊂ Rm be an internally chain recurrent. Then eitherL is an ordered
arc (possibly degenerate) contained inE \ Elu; or there existsp ∈ Eabs \ {p∗} such that
L ⊂ R(8|Sp). WhenF is real analytic ordered arc of equilibria are degenerates.

Proof. By theorem 1.6 of Hirsch (1999),L is either an unordered set or aC1 ordered arc of
equilibria. IfL is unordered and is not an equilibrium, orL is a linearly unstable equilibrium
then by corollary 3.4 (more precisely the proof of corollary 3.4) and proposition 3.5 of Benaı̈m
and Hirsch (1999a),L lies in Sp for somep ∈ Eabs . By a result of Jiang (1991), whenF is
real analytic, then it cannot have a non-degenerate ordered arc of equilibria. �

Proof of theorem 2.1

Let p ∈ Easb \ {p∗} and letE−p ⊂ E denote the set of equilibriaq ∈ Sp satisfyingλ1(q) 6 0.
Forq ∈ E−p , the Perron Frobenius theorem (or proposition 3.2(c)) implies thatq is an attractor
for the restricted flow8|Sp whose basin of attraction is the open subset ofSp defined as

B(q,8|Sp) =
{
x ∈ Sp : lim

t→∞dist(8t(x), q) = 0
}
.

Define

R′p = R(8|Sp) \ E−p .
It is not hard to see that

R′p = R(8|Sp)
⋂{

Sp \
⋃
q∈E−p

B(q,8|Sp)
}
.

This makesR′p a compact invariant subset ofR(8|Sp).
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As each component ofR(8) is internally chain recurrent (Conley 1978), theorem 3.3
implies that

R(8) =
{ ⋃
p∈Easb\p∗

R′p
}⋃

E \ Elu. (4)

By theorem 3.1 the sequence{xn} converges almost certainly towardR(8). Therefore, to
prove theorem 2.1 we have to show that

P

(
lim
n→∞dist

(
xn,

⋃
p∈Easb\p∗

R′p
)
= 0

)
= 0.

SinceEasb is countable it suffices to show that for allp ∈ Easb \ p∗

P( lim
n→∞dist(xn,R′p) = 0) = 0. (5)

To prove (5) we use the following general result proved in Benaı̈m (1999; theorem 9.1)
and improved by Tarrès (1999; theorem 3.1), which generalizes a result of Pemantle (1990).

Theorem 3.4.Let {xn} be a SA process of the form (1) whereF is a smooth vector field (not
necessarily cooperative). LetK be a compact invariant set andS a smooth locally invariant
manifold containingK. Assume that:

(i) The tangent bundle ofRm restricted toK splits continuously into two sub-bundles invariant
byD8t

TKRm = TKS ⊕ L.

(ii) There exist positive constantsC, β such that for allx ∈ K, w ∈ L andt > 0

‖D8t(x)w‖ > Ceβt‖w‖.

(iii) There exists1
2 < α 6 1 such thatF andS areC1+α.

(iv) The process (1) is non-degenerate atK.

ThenP(limn→∞ d(xn,K) = 0) = 0.

We can now pass to the proof of (5). SetK = R′p andS = Sp. Assumption (i) of theorem 3.4
follows from proposition 3.2(c).

By definition ofK each equilibriumq ∈ K satisfiesλ1(q) > 0. Therefore, by corollary 4.3
of Benäım (1997),

lim
t→∞

1

t
log

(
sup
x∈K
‖D8t(x)b(x)‖

)
> 0.

This proves assumption (ii). Assumption (iii) follows from proposition 3.2(d) applied to the
global attractor of8|Sp, and assumption (iv) is part of the hypotheses. This concludes the
proof of theorem 2.1.
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Proof of theorem 2.5

The proof of theorem 2.5 uses a different type of argument. LetEls ⊂ E denote the set of sinks
(linearly stable equilibria). For eachp ∈ S letW(p) denote the basin of attraction ofp:

W(p) = {x ∈ Rm : ω(x) = {p}}
and let

W(Els ) = ∪p∈ElsW(p).
Let N ⊂ W(Els ) ∩ M denote a fundamental neighbourhood ofEls (N is compact and
8t(N) ⊂ Int(N) for all t > 0). By definition ofN andW(Els )⋃

t>0

8−t (N) = W(Els ).

Thus, for allε > 0

Tε = inf {t > 0 : Leb(M ∩W(Els ) \8−t (N)) 6 ε} <∞.
SetMε = M ∩8−Tε (N).

By theorem 4.4(b) of Hirsch (1985),Leb(Rm \W(Els )) = 0. HenceLeb(M \Mε) 6 ε
proving assertion (a) of theorem 2.5. Assertion (b) follows directly from the definition ofMε .

We now pass to the proof of assertion (c). Set

τ0 = 0 and τn =
n∑
i=1

γi for n > 1.

LetX : R+→ Rm denote the continuous time affine interpolated process defined by

X(τn + s) = xn + s
xn+1− xn
τn+1− τn

for all n ∈ N and 06 s 6 γn+1.
For t > 0 define

DX(t) = sup
k∈N
‖81(X(t + k))−X(t + k + 1)‖.

Givenε > 0 chooseδ > 0 small enough so that

Nδ(81(Mε)) ⊂ int(Mε) (6)

whereNδ(A) stands for theδ neighbourhood of setA.
We claim that ifX(t) ∈ Mε andDX(t) 6 δ then the limit set of{xn} is a sink. Indeed, the

assumptionsX(t) ∈ Mε andDX(t) 6 δ combined with (6) imply thatX(t + k) ∈ Mε for all
k > 0. Therefore,L({xn})∩Mε 6= ∅. SinceL({xn}) is internally chain recurrent (theorem 3.1)
L({xn}) has to be a sink.

Therefore, for allk > 0

{∃j > k xj ∈ Mε andDX(τj ) 6 δ} ⊂ {L({xn}) is a sink}. (7)

To conclude the proof we shall now estimate the probability of the event

{∃j > k xj ∈ Mε andDX(τj ) 6 δ}.



610 M Benäım

Lemma 3.5. LetJ ∈ N ∪ {∞} be a stopping time. Forδ > 0 set

k0(δ) = inf
{
k ∈ N : sup

j>k
γj 6 Bδ2/2

}
.

Then forδ small enough

P((k0(δ) 6 J <∞) andDX(τJ ) > δ|FJ ) 6 1{k0(δ)6J<∞}
∫ ∞
τJ

r(s, δ)ds

where

r(s, δ) = 2m exp

(−Bδ2

γk+1

)
for τk 6 s < τk+1.

Proof. To shorten the notation writek0 = k0(δ),

P(DX(τJ ) > δ|FJ )1{k06J<∞} =
∑
j>k0

P((DX(τj ) > δ)1{J=j}|FJ )

=
∑
j>k0

P((DX(τj ) > δ)1{J=j}|Fj )

=
∑
j>k0

P((DX(τj ) > δ)|Fj )1{J=j}.

Therefore, it suffices to prove that

P(DX(τj ) > δ|Fj ) 6
∫ ∞
τj

r(s, δ)ds (8)

for all j > k0. By definition ofDX(τj ) we have

P(DX(τj ) > δ|Fj ) 6
∑
k∈N

P(‖X(τj + k + 1)−81(X(τj + k)‖ > δ|Fj ).

Letm(t) = inf {j ∈ N : τj > t}. Then

P(DX(τj ) > δ|Fj ) 6
∑
k∈N

E(P (‖X(τj + k + 1)−81(X(τj + k)‖ > δ|Fm(τj+k)|Fj ). (9)

We claim that for allt > τk0

P(‖X(t + 1)−81(X(t))‖ > δ|Fm(t)) 6
∫ t+1

t

r(s, δ)ds. (10)

Clearly (10) combined with (9) proves (8).

Proof of the claim. LetX,U, γ : R+ → Rm denote the continuous time processes defined
by

X = xn U(t) = Un+1 γ (t) = γn+1

for τn 6 t < τn+1. Then for all 06 h 6 1 andt > 0

X(t + h)−8h(X(t)) =
∫ h

0
[F(X(t + s))− F(8s(X(t))] ds +

∫ t+h

t

U(s) ds.
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F and{Un} being bounded‖X(t)−X(t)‖ = O(γ (t)). Hence

‖X(t + h)−8h(X(t))‖ 6 L
∫ h

0
‖X(t + s)−8s(X(t))‖ ds +C sup

t6s6t+1
γ (s) +1(t)

where

1(t) = sup
06h61

∥∥∥∥ ∫ t+h

t

U(s) ds

∥∥∥∥
andC is a positive constant (C = L(0 + supx ‖F(x)‖)). Thus, by Gronwall’s inequality we
find that

sup
06h61

‖X(t + h)−8h(X(t))‖ 6 eL
(
1(t) +C sup

t6s6t+1
γ (s)

)
.

Sincet > τk0, supt6s6t+1 γ (s) = O(δ2). Hence forδ small enough

C sup
t6s6t+1

γ (s) 6 δ/2.

Therefore,

P(‖X(t + 1)−81(X(t))‖ > δ|Fm(t)) 6 P(1(t) > 1
2δe
−L|Fm(t))

By a classical application of exponential martingale inequality (inequality (18) in Benaı̈m
(1998)) we have

P(1(t) > α|Fm(t)) 6 2m exp

( −α2

2m02
∫ t+1
t

γ (s) ds

)
.

Hence

P(‖X(t + 1)−81(X(t))‖ > δ|Fm(t)) 6 exp

( −Bδ2∫ t+1
t

γ (s) ds

)
As the functionx → e−Bδ

2/x is convex forx 6 Bδ2/2, the Jensen inequality implies

P(‖X(t + 1)−81(X(t))‖ > δ|Fm(t)) 6
∫ t+1

t

exp

(−Bδ2

γ (s)

)
ds

for t > τk0. This concludes the proof of the claim. �

Let k > k0. Define the stopping timeJ = inf {j > k : xj ∈ Mε}. Inclusion (7) and
lemma (3.5) imply

P(L({xn} is a sink|Fk) > P(J <∞ andDX(τJ ) 6 δ|Fk)

= E(E(1J<∞P(DX(τJ ) 6 δ|FJ )|Fk)) > E
((

1−
∫ ∞
τJ

r(s, δ)ds

)
1J<∞|Fk

)
>
(

1−
∫ ∞
τk

r(δ, s)ds

)
P(J <∞|Fk)

=
(

1− 2m
∑
i>k

γi exp

(−Bδ2

γi

))
P(∃j > k : xj ∈ Mε |Fk).

This concludes the proof of the result.
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4. Special systems

The purpose of this section is to answer, at least partially, conjecture 2.3 for certain classes of
cooperative systems. We continue to assume hypotheses 1.1 and 1.2.

Theorem 4.1.SupposeF is Morse–Smale and (1) is non-degenerate at3. Then with
probability one eitherL({xn}) = {∞} or; L{xn} is a linearly stable equilibrium.

Proof. Let γ be a periodic orbit ofF of periodT > 0. SinceF is cooperativeγ is unordered
(see, e.g., theorem 3.3) and unstable (this follows, for example, from proposition 3.2(c)). The
vector fieldF beingC2 and Morse–Smaleγ is thus a hyperbolic linearly unstable periodic
orbit whose local stable manifoldWs

loc(γ ) isC2. Therefore, theorem 3.4 applied withK = γ
andS = Ws

loc(γ ) shows thatP(limn→∞ dist(xn, γ ) = 0) = 0 (cf Benäım and Hirsch 1995b).
Similarly,P(limn→∞ dist(xn, e) = 0) = 0 for every linearly unstable equilibrium (cf Pemantle
1990, Brandiere and Duflo 1996). Since for a Morse–Smale vector field the chain-recurrent
set consists of finitely many hyperbolic equilibria and periodic orbits, theorem 3.1 implies the
result. �

The next result has been used by Benaı̈m et al (1998), as well as Sadeghi (1998), to prove
the convergence of that dimensional neural network Kohonen algorithm; and by Benaı̈m and
Hirsch (1999b) in game theory.

Theorem 4.2.SupposeF has one unique equilibriump∗ then with probability one either
L({xn}) = {∞} or L({xn}) = p∗.
Proof. The proof follows from theorems 3.1 and 3.3. �

Two-dimensional systems

Theorem 4.3.Supposem = 2. Then

(i) With probability one,L(xn) is a point or a compact arc of equilibria, such an arc being
C1 and either unordered or ordered.

(ii) If (1) is non-degenerate at3 thenL(xn) is almost certainly an ordered arc (possibly
degenerate) contained inE \ Elu. If, furthermore,F is real analytic then{xn} converges
almost certainly toward an equilibriump ∈ E \ Elu.

Proof. By theorems 3.1 and 3.3L(xn) is either an ordered arc of equilibria or a compact
connected subset ofR(8|Sp) for somep ∈ Eabs . In the latter case, asSp is one-dimensional,
R(8|Sp) consists of equilibria and thereforeL(xn) is an unorderedC1 arc of equilibria. This
proves (i).

Givenp ∈ Eabs \p∗. Fix 0< ε < 1
4η whereη is the constant given in proposition 3.2(c).

LetA∗p(ε) denote the set of equilibriaq ∈ Sp such thatλ2(q) > ε. It is clear thatA∗p(ε) is a
finite set which is a repeller for8|Sp. Let

Ap(ε) = {x ∈ Sp ∩3 : α(x) 6∈ A∗p(ε)}
denote the dual attractor ofA∗p(ε). Inequality (2) implies thatλ1(q) > 2λ2(q) + η/2 for all
equilibriumq ∈ Ap(ε). SinceSp is one dimensional, ergodic measures supported bySp are
Dirac measures at equilibria. Hence by proposition 3.2(d), the basin of attraction ofAp(ε) for
8|Sp is aC2 invariant manifold. Therefore,

P
(

lim
n→∞dist(xn,R′p ∩ Ap(ε)) = 0

)
= 0
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by application of theorem 3.4 exactly as in the proof of theorem 2.1. SinceA∗p(ε) consists of
linearly unstable equilibria

P
(

lim
n→∞dist(xn, A

∗
p(ε)) = 0

)
= 0

by application of Pemantle (1990), Brandiere and Duflo (1996) or theorem 3.4 applied with
K = a linearly unstable equilibrium andS the central stable manifold ofK. Part (ii) of the
proof now follows from the decomposition (4).

WhenF is real analytic it follows from Jiang (1991) that the ordered arc of equilibria are
degenerate. �

Three-dimensional systems

In this section we assume thatm = 3. As usual an equilibriume ∈ E is said to behyperbolic
if λi(e) 6= 0 for all i = 1, 2, 3. A hyperbolic equilibrium is called asaddleif λ1(e) > 0 and
λ3(e) < 0.

Theorem 4.4.Suppose

(i) Equilibria are hyperbolics.
(ii) {xn} is non-degenerate at3

(iii) There exists1
2 < α 6 1 such thatλ1(e) > (1 +α)λ2(e) at every saddle pointe.

Then{xn} converges with probability one toward a linearly stable equilibrium.

Proof. Let p ∈ Easb \ p∗. Let γ ⊂ Sp be a periodic orbit of periodT > 0 (if any) and
λ1(γ ) > λ2(γ ) > λ3(γ ) its Lyapounov exponents. For allx ∈ γ, the unity is an eigenvalue of
the matrixD8T (x) corresponding to the eigenvectorF(x) ∈ TxSp. Then, one of the exponents
λ2(γ ) or λ3(γ ) is zero. Hence, by proposition 3.2(d),

λ1(γ ) > λ2(γ ) + η > η

for someη > 0. Choose 0< ε < η/(1 +α), and letA∗p(ε) denote the union of equilibria
q ∈ Sp and periodic orbitsγ ∈ Sp having the property thatλ2(q) > ε, λ3(q) > 0 and
λ2(γ ) > ε. We claim thatA∗p(ε) consists of finitely many equilibria and periodic orbits.
Suppose for the moment that the claim is true. ThenA∗p(ε) is a compact repeller for8|Sp
whose dual attractor is

Ap(ε) = {x ∈ Sp : α(x) 6∈ A∗p(ε)}.
By the Poincaŕe recurrence theorem and the Poincaré–Bendixson theorem it is easy to see
that every ergodic invariant measureµ for 8 with support inAp(ε) is either supported by an
equilibrium or a periodic orbit. By definition ofAp(ε) and our assumptions on saddle points
this implies that

λ1(µ) > (1 +α)λ2(µ) + η′

for someη′ > 0. It then follows from proposition 3.2(d) that the basin of attraction ofAp(ε)

for 8|Sp isC1+α and by a proof similar to theorem 2.1

Pr(L(xn) ⊂ Ap(ε) ∩R′p) = 0.

SinceA∗p(ε) consists of finitely many hyperbolic unstable equilibria and periodic orbits

Pr(L(xn) ⊂ A∗p(ε)) = 0
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by an argument already used in the proof of theorem 4.1. Finally, sinceRp = (Rp ∩Ap(ε))∪
A∗p(ε) we find that

Pr(L(xn) ⊂ R′p) = 0

and we conclude exactly as in theorem 2.1.
Our last job is to prove the claim. LetE ⊂ Rm and 5 : Rm → E be as in

proposition 3.2(b). The flow8|Sp is conjugate to the flow onE induced by the planar vector
fieldG : E→ E defined byG = 5 ◦F ◦ (5|Sp)−1. Assertions (c) and (d) of proposition 3.2
imply that5|Sp is alwaysC1+ρ for someρ > 0. HenceG is C1+ρ . Therefore, the claim
follows from the following lemma.

Lemma 4.5. LetG : R2 → R2 be aC1+ρ dissipative vector field with hyperbolic equilibria.
Letε > 0and letP(ε)denote the set of non-stationary periodic orbits whose largest Lyapounov
exponent is greater thanε. ThenP(ε) is finite.

Here is a sketch of the proof. Let8 denote the flow induced byG. Suppose that there exists
a sequence{γn}n>0 ∈ P(ε) of distinct non-stationary periodic orbits of periodsTn > 0. By
compactness of the global attractor forG we can always suppose thatγn converges toward a
compact setC for the Haussdorf topology. As eachγn is internally chain recurrent, it is not
hard to see thatC is also internally chain recurrent. It then easily follows from Benaı̈m and
Hirsch (1995a), thatC is either a periodic orbit or acycle of equilibria. That is an invariant
set consisting of cyclically connected saddles.

It is clear thatC cannot be a periodic orbit. Since, otherwise, there would existT > 0,
(the period ofC), p ∈ C andpn ∈ γn such thatD8Tn(pn) → D8T (p). This would imply
C ∈ P(ε), makingC isolated. Therefore,

C =
r−1⋃
i=0

({ei} ∪ {ϒi})

whereei, i = 0, . . . , r − 1 are equilibria (not necessarily distinct) andϒi, i = 0, . . . , r − 1
are distinct non-stationary orbits such thatα(ϒi) = ei andω(ϒi) = ei+1 for all i ∈ N, with
the convenient convention thater = e0.

Letλi < 0 andµi > 0 denote the eigenvalues of the Jacobian matrixDF(ei),Di =
( λi 0

0 µi

)
and letαi = −λi/µi .

By Hartman’sC1 planar linearization theorem† (Hartman 1960) there existη > 0, Ni(η)
a neighbourhood ofei and aC1 diffeomorphismhi : (−η, η)2→ Ni(η) such thathi(0) = ei ,
Dhi(0) = Id and

hi(e
tDi u) = 8t((hi(u))

for all (u, t) ∈ (−η, η)2 × R such that etDi u ∈ (−η, η)2. This implies:

(a) The proportion of time spent byγn in Ni(η) is

Ti,n = − 1

Tn

1

µi
log

( |yi,n|
ε

)
with yi,n implicitly defined byhi(0, yi,n) ∈ γn.

† Hartman’s original theorem is stated forC1 maps (or vector fields) with Lipschitz derivatives but the proof easily
adapts toC1 maps with Holder derivatives
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(b) c1

∣∣∣∣yi,nη
∣∣∣∣αi 6 ∣∣∣∣yi,n+1

η

∣∣∣∣ 6 c2

∣∣∣∣yi,nη
∣∣∣∣αi

wherec1 andc2 are positive constants depending only onη.

Sinceyr,n = y0,n and limn→∞ |y0,n| = 0, we necessarily have

α0α1 . . . αr−1 = 1

(cf Hofbauer 1981). Since the proportion of time spent byγn in∪Ni(η) goes to one asn→∞
we find that

lim
n→∞

Ti,n

Tn
= wi

with

wi = 1

Z

α0α1 . . . αi

µi
i = 1, . . . , r

andZ is a normalization constant defined by
∑r

i=1wi = 1. This has the consequence that the
invariant probability measuremn supported byγn converges for the weak* topology toward

m =
r∑
i=1

wiδei .

Now, using Liouville’s theorem we obtain

ε 6 lim
n→∞

1

Tn
log(Det(D8Tn) = lim

n→∞
1

Tn

∫
Tr(DF(8t(x)) dt = lim

n→∞

∫
Tr(DF(x))mn(dx)

=
∫

Tr(DF(x))m(dx) =
r∑
i=1

wi Tr(DF(ei)) =
r∑
i=1

wi(λi +µi)

= 1

Z
(α0(1− α1) + α0α1(1− α2) + · · · + (α0α1 . . . αr)(1− αr))

= 1

Z
(α0 − αr) = 0.

We have reached a contradiction. �
To conclude this section we quote a result proved in Benaı̈m and Hirsch (1999b), for

three-dimensional systems having negative divergence.

Theorem 4.6.SupposeF has negative divergence:

∀u ∈ Rm div(F )(u) =
3∑
i=1

∂Fi

∂ui
(u) < 0.

Then, almost certainlyL{xk} is a compact connected subset ofE . If, furthermore, the process
(1) is non-degenerate at3 thenL{xk} is a compact connected subset ofE \ Elu. WhenF is
analytic,E is finite.
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References
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Terěsčák I 1996 Dynamics ofC1 smooth strongly monotone discrete-time dynamical systemsPreprint

View publication stats

https://www.researchgate.net/publication/231076340

