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Convergence with probability one of stochastic approximation
algorithms whose average is cooperative
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Abstract. We consider a stochastic approximation process

Xp+l — Xp = Vn+1(F(xn) + Up+1)
where F : R" — R™ is a C? irreducible cooperative dissipative vector fielth,}n>o0 is a
sequence of positive numbers decreasing to O {@hd,>o a sequence of uniformly bounded
R™ martingale differences. We show that under certain conditior{s;grand{U, } the sequence
{x.}n>0 converges with probability one toward the equilibria set of the vector field

AMS classification scheme numbers: 62L20, 34Fxx, 34Cxx

1. Introduction

We consider atochastic approximation (SA) algorithaefined onR™ by

Xnt1 = X = Y1 (F (xp) + Ups1) n=0 1)
where{y,} is a sequence of non-negative step sizes,

F:R" > R"

u=@t...,u") = (Fi(), ..., Fu(u))

is a smooth vector field and/, },,>0 is a sequence @ -valued random variables.
Throughout the paper the standing assumptions are hypotheses 1.1 and 1.2 below.

Hypothesis 1.1.F is a C?, cooperative irreducible and dissipative vector field.

Cooperativemeans

oF;
W(u»o forall ueR"™ and i#j
u

andirreducible means that the Jacobian matfis (x) is irreducible for allx € R™.

The (local)solution flowinduced byF is denoted byd = {®,} wherer — ®,(x) is the
solution toy = F(y) with initial condition y(0) = x. The assumption thaft is dissipative
means that there exists a b8llc R™ with the property that for every compact gétc R”
there existg" > 0 such thatd,(K) c B forallr > T. The set

A= ﬂ ®,(B)

t>0

0951-7715/00/030601+16$30.00 © 2000 IOP Publishing Ltd and LMS Publishing Ltd 601



602 M Benam

is a compact invariant set called thkbal attractorof F.

Invariant and empirical occupation measures of SA associated with a cooperative vector
field have been considered recently by Bemand Hirsch (1999a) for processes wéthnstant
step size§i.e.y, = v).

The purpose of this paper is to study the limiting behaviour of (1) for processes with
decreasing step size¥his is motivated by the study of certain adaptive processes arising in
game theory (see, e.g., B&émaand Hirsch 1999b) and neural networks (Fort and Pages 1995,
Sadeghi 1998, Beiiiam et al 1998).

Our next assumption is classical in the stochastic approximation literature (see, e.g.,
Kushner and Yin 1997, Duflo 1996, 1997, Bémal999).

Here and throughout, the Euclidean nornwo€ R™ is denoted by x|; the open ball
aboutx of radiuss is denoted byB;(x).

Hypothesis 1.2. (a) F is Lipschitz and bounded on a neighbourhood of thg.get n > 0}.
That is, there exist$ > 0 such that

sup{nF(x)u rxel Bs<xn)}

n>0
and

Sup{w : x,y S U B(S(xn)9 X ?é y}

e — I =0

are almost certainly finite.
(b) >y = oo
n

(c) Forall¢ > 0O,
Ze‘c/”" < 0.

(d) {U,} is a bounded martingale difference sequence.

Condition (d) means that tH&/,,} are defined on a probability spa¢e, F, P) and that there
is a non-decreasing sequence of the sub-sigmafflfisuch that

e U, is F, measurable and (U,+1|F,) = 0, where E(-|F,) stands for the conditional
expectation with respect tg,.

e There exists a constaft> 0 such that sup|U,| < ' almost certainly.

Our main result asserts that (under suitable condition8)sample paths of (1) converge
with probability one toward equilibria of (theorem 2.1). Under a milder assumption®n
we can estimate the probability of convergence toward a sink (theorem 2.5). This is obtained
by combining several recent results both from the theory of stochastic approximation and the
theory of cooperative dynamical systems.

General results are stated in section 2 and proved in section 3. Section 4 improves the
main results for certain classes of cooperative vector fields.
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2. Statement of the main results

Let £ denote theequilibrium seof F; that is
E={peR" : F(p) =0}

We leti1(p) > --- > A,(p) denote the real parts of the eigenvalues of the Jacobian matrix
DF(p).

As usual an equilibriunp is said to bdinearly unstablef 11(p) > 0. We let&;,, denote
the set of linearly unstable equilibria.

A point p € £ is asinkif A;1(p) < O.

A non-degenerate arc of equilibrid c £ is the image of the closed unit interval under
an injectiveC! immersioni : [0, 1] — R” such that/ = ([0, 1]) c £. We say that/
is orderedif 4'(¢) has positive entries for ail € [0, 1]. A degenerate arc of equilibrizgs an
equilibrium.

We let M,,,(P) denote the set of Borel probability measures which are invariant and
ergodic for®. Forp € M...(®) we letii(n) > A2(u) ... denote the Lyapounov exponents
of @ with respect tqu.

The limit set of the sequenge, }, denoted by ({x,,}), is the set of pointp € R™ such that
limy_, o x,, = pforsomesequeneg — oo. WewriteL({x,}) = {oo}iflim ,_ . [lx,] = o0.

Convergence with probability one

Given a compact sek ¢ R™ we say that process (1) i@n-degeneratat K if there exists a
neighbourhoodV of K andb > 0 such that for all unit vectors € R™

E(Sup({Uy+1, v), O)|F,, x4 € N) 2 b.
Theorem 2.1. Assume:

(i) The process (1) is non-degeneratefatthe global attractor ofF).
(i) There exists} < o < 1such that

sSup((1 +a)ra(u) — Aa(p) @ € Mepg(P)} < 0.

Then with probability one eithef.({x,}) = oo; or L({x,}) is an ordered arc (possibly
degenerate) contained i \ &,. If F is real analytic, then with probability one either
L({xn}) = 0o0; Or L({xn}) =pEe€ & \ glu-

Remark 2.2. The verification of condition (ii) in theorem 2.1 requires the computation of
the quantitye (®, r) = sup, (rA2(n) — A1(w)) where the supremum is taken over all ergodic
measures. Estimates@f®, r) are given in Beniagn (1997), in terms of the entries &fF .

Conjecture 2.3. The conclusion of theorem 2.1 holds whether or not condition (ii) is satisfied.

Convergence with positive probability

In addition to hypothesis (1.1) we shall assume in this sectionAlestisfies the following
hypothesis.

Hypothesis 2.4. (a) F is (globally) Lipschitz and bounded.
(b) All equilibria are simple:

Vp € & Det(DF(p)) # 0.
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We letLeb denote the Lebesgue measurékh We also writeL.eb(A) = |, dx for any Borel
setA C R™.

Theorem 2.5.Let M c R™ be a compact neighbourhood o&f positively invariant under
®. For all ¢ > 0 there exists a compact s¢f. C M, positively invariant under®, and
8 = §(¢) > Osuch that

(@) Leb(M \ M,) < e.

(b) M62 C M61 for e < €1, Ue>0 Me =M.
(c) LetL denote the Lipschitz constant Bf B = e 2" /8nI"'? and

ko = inf Hk e N: supy; < %Béz}.
izk

Then for allk > kg
2

)]P(Elm >k :x, € Mc|Fp).
J

P(L({x,}) is a sink| F;) > [1 —2m Z Yi exp(
Jj=k

Corollary 2.6. Let M., § andkg be as in theorem 2.5. Then
(a) Yk > ko

>0 _ RS2
P(L({x,}) is asinklx; € M,) > [1_ onSy, exp( fé >]

=k J

(b) kILmOO P(L({x,})isasink|x; € M,) = 1.

Suppose now that the sequerigg} depends on a parametere R?. Thatisy, = y..
Suppose, furthermore, that

(i) yf <yl foro <o,
(ii) lim g—.o(SUB,en ¥4y = O.
This situation occurs, for example, in certain problems of game theory for whici®, and
1
n+1/6°
Let {x?} denote the sequence defined by (1) withinstead ofy,,.

Ve =
Corollary 2.7. Let M, be as in theorem 2.5. Then
gimO P(L({x?}) is a sink|x§ € M) = 1.
Proof. Let8y € R”. Forf < 6,
) —bs?
Z Y; exp 7 )
j>0 Vi

Thus, corollary 2.6 implies the result. O

) —bs?
<supy] Y exp( —;
J

J >0 4

Corollary 2.8. Let 1 be a probability measure oR™ absolutely continuous with respect to
the Lebesgue measure &%¥. Suppose

(i) x§ is a random variable having as probability distribution.
(i) The Radon—Nikodym derivativi: /dx is in L?(dx) for somep > 1.
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Then
gim0 P(L({x?}) is asink = 1.
Proof. Letn > 0. Choose a compact st C R™ positively invariant unde> such that

uM) >21—n.
Let M. C M be as in theorem 2.5. By the Holder inequality

(M) — p(Me)| = / 2—“(x>dx'<”d—“ Leb(M \ M)*Y/»
M\M, X d)C p
where
r\ Yp
o] (L2
dx » R | Ox

Thus by theorem 2.5(a)

du

(M) — (M| < H— ep,
dx

p

Therefore,
P(L({x’}) isasink = P(L({x’}) is asink|x§ € M. )u(M,)

d
> P(L({x?}) is a sink|x§ € ME)<1 —n— d—“ e<11/P>>.
X
P

Using corollary 2.7, we obtain

liminf P(L({x"}) is a sink > (1 —n— o 61_1/,,).
6—0 dx »

Sincen ande are arbitrary, this proves the result. a

3. Proof of the results

The general idea of the proof is the following. On one hand, the limit sets of stochastic

approximation processes are known toibternally chain recurrentwith probability one

(Bendm 1996). On the other hand, an internally chain-recurrent set for a strongly monotonic
flow either consists of equilibria or is contained in a smooth unordered hypersurface (Hirsch
1999). As such a hypersurface is ‘repelling’ in a positive direction, we use a recent result

(Bendm 1999) adapted from Pemantle (1990), to prove that the préegssonverges toward
the equilibria set.
Background and preliminary results

Let & be a flow on a metric spacé. A point p C X is calledchain recurrenfor ¥ (Conley
1978) if for alle, T > 0 there exist pointsg, x1, ..., x, in X and times; > T such that
X0 =x, = x and

d(P;,(x;), xi+1) < € i=0,n-1

The flow W is called a chain-recurrent flow if every poipte X is chain recurrent.
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A setL C R™ is said to banternally chain recurrenfor @ if it is a non-empty compact
connected invariant set such that the restricted figW is a chain-recurrent flow. We & (®)
denote the set of chain-recurrent points dar As the flow® is dissipative, it follows from
Conley (1978) thaR () is internally chain recurrent fob.

The following result follows from proposition 4.4 and corollary 6.11 of Bem&1999)
based on Berie (1996).

Theorem 3.1. Supposé is dissipative (not necessarily cooperative) and hypothesis 1.2 holds.
Then with probability one eithek ({x,}) = co or L({x,}) is internally chain recurrent.

For cooperative vector fields, internally chain-recurrent sets enjoy strong topological
properties that we now describe.

The vector order ilR™ is written asx > y with the meaning that; > y; for all i. If
x > yandx #£ y we writex > y. If x; > y; for all i, then we writex > y. As the vector
field F is cooperative and irreducible, the flalvhaspositive derivativegHirsch 1985, Smith
1995). Thatis

Dd,(x) >0
for allx € R™ andr > 0. In particular® is strongly monotonic
x>y = D(x)> D(y)

fort > 0.

AsetA Cc R™ is said to beunorderedf no two of its points are related by .

An equilibriump is said to beasymptotically stable from belofthere existst <« p such
thatlim,_, , ®,(x) = p. We leté,,;, C £ denote the set of equilibria which are asymptotically
stable from below. By strong monotonicity jf € &, then there is a non-empty open set
of points whose forward trajectories converge towarfilom below. It follows that,;;, is a
countable set.

Givenp € & letV(p) = {x € R™ : w(x) > p}. The following proposition summarizes
some results by Hirsch (1988), Tétak (1996) and others.

Proposition 3.2. There exists a unique equilibriup, € &, such thatV(p,) = R". If

P € Easb \ {P*} then

(@) S, = dV(p) is a closed invariant unordered hypersurface.

(b) Letr : R™ — E denote the orthogonal projection onto the hyperplane perpendicular to
a vectore > 0. Thenr|S, mapsS, homeomorphically ont& and the magr|S,) ! is
ct.

(c) LetK C S, be acompactinvariant set. For eaghe K there exist a unit vectdr(x) > 0
and a (continuous) splitting

R" =T.S5, ® Rb(x)
invariant by D®,, such that
[DP,(x)w| < Ce " DD, (x)b(x)]

for every unit vectow € 7, S,. HereC andn are positive constants which can be chosen
independent oK .

Equivalently: for everyb-invariant and ergodic probability measuye with support in

K,

ho(p) — ra(p) < —n 2

wherei; (1) andi, () denote, respectively, the largest and the second largest Lyapounov
exponents of with respect tqu.
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(d) LetK be asin (c). Suppose, furthermore, tikats an attractor for®|S, and that there
existe > 0andn’ > 0 (depending orK) such that the inequality (2) can be strengthened
to

(L +o)ro(p) — Aa(p) < —1'. 3

Then the basin of attraction df in S, is a C*** manifold.

Proof. Let px be an infimum (for the vector ordering) of the getThatisp < pxandp € £
imply p = px. Letx € R™. Since almost every trajectory has an omega limit set consisting
of equilibria (Hirsch 1985) there existssmaller tharx and p+ such that the omega limit set
of y consists of equilibria. Therefore, by monotonicityy) = p* < w(x).

Except for the assertion that(S,) = E and(x|S,)~! is C* the proof of (a) and (b)
is similar to Hirsch (1988, theorem 2.1). SmoothnessrfS,)~* is proved by Ter&ak
(1996). To see that(S,) = E letz € E. Then there exist real numbeys< ¢ such that
Z+se K p K z+te. Thusw(z +se) < p < w(z +te) and there exists < T < s such that
z+te € §,. Hencen(z + re) = z. Assertion (c) follows from the well knowaxponential
separation propertynd has been proved many times (see, e.g., Ruelle 197%dkrE996,
Bendm 1997). Assertion (d) is proved in Béna(1997). |

Givenp e &, we letR(®|S,) denote the chain-recurrent set®dfS,. The next result
follows from Hirsch (1999).

Theorem 3.3.Let L ¢ R™ be an internally chain recurrent. Then eithéris an ordered
arc (possibly degenerate) contained dn\ &;,; or there existsp € &, \ {p«} such that
L C R(®|S,). WhenF is real analytic ordered arc of equilibria are degenerates.

Proof. By theorem 1.6 of Hirsch (1999), is either an unordered set oI ordered arc of
equilibria. If L is unordered and is not an equilibrium, biis a linearly unstable equilibrium
then by corollary 3.4 (more precisely the proof of corollary 3.4) and proposition 3.5 offBena
and Hirsch (1999a)L. lies in S, for somep € &,,. By a result of Jiang (1991), whef is
real analytic, then it cannot have a non-degenerate ordered arc of equilibria. O

Proof of theorem 2.1

Let p € & \ {p«} @and let€,; C & denote the set of equilibria € S, satisfyingri(g) < 0.
Forg € £, the Perron Frobenius theorem (or proposition 3.2(c)) impliesgtiean attractor
for the restricted flowd|S, whose basin of attraction is the open subsef pflefined as

B(q, ®IS,) = {x €Sy Jim dist(®,(x), q) = o},
Define
R, = R(PISp) \ &,

Itis not hard to see that

R, = R(cl>|s,,)ﬂ {S,,\ U B(q, ®|Sp)}-

qeéy

This makesR;, a compact invariant subset &f(P|S),).
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As each component oR(®) is internally chain recurrent (Conley 1978), theorem 3.3
implies that

R((D):{ U R’p}Ug\&u. 4)

PEEash \P*

By theorem 3.1 the sequen¢e,} converges almost certainly towaf(®). Therefore, to
prove theorem 2.1 we have to show that

P( lim dist(xn, U R;,) = ):o.

PEEash \P*

Since&,y, is countable it suffices to show that for glle £, \ p*

P(lim dist(x,, R) = 0) = 0. (5)

n—o00

To prove (5) we use the following general result proved in Ben@d 999; theorem 9.1)
and improved by Tags (1999; theorem 3.1), which generalizes a result of Pemantle (1990).

Theorem 3.4.Let{x,} be a SA process of the form (1) whetas a smooth vector field (not
necessarily cooperative). L& be a compact invariant set artla smooth locally invariant
manifold containingk. Assume that:

(i) Thetangentbundle @™ restricted toK splits continuously into two sub-bundles invariant
by D®,

TxkR" = Tx S& L.
(i) There exist positive constan€ g such that forallx € K, w € Landr > 0
ID®,(x)w] > Ce’|wl].

(i) There exists% < a < 1suchthatF andS are C1*,
(iv) The process (1) is non-degeneratekat

ThenP(lim,_ s d(x,, K) =0) = 0.

We can now pass to the proof of (5). Jet= R/, andS = S,,. Assumption (i) of theorem 3.4
follows from proposition 3.2(c).

By definition of K each equilibriung € K satisfies.1(¢g) > 0. Therefore, by corollary 4.3
of Benam (1997),

1
lim = log (sup||Dd>,(x)b(X)||) > 0.
t—oo t

xekK

This proves assumption (ii). Assumption (iii) follows from proposition 3.2(d) applied to the
global attractor of®|S,, and assumption (iv) is part of the hypotheses. This concludes the
proof of theorem 2.1.



Convergence of stochastic approximation algorithms 609

Proof of theorem 2.5

The proof of theorem 2.5 uses a different type of argument&j.et £ denote the set of sinks
(linearly stable equilibria). For eaghe S let W(p) denote the basin of attraction pf

W(p)={xeR": wkx)={p}}
and let
W(gls) = UpEE,SW(p)~

Let N Cc W(&) N M denote a fundamental neighbourhood &f (N is compact and
®,(N) C Int(N) for all t > 0). By definition of N andW (&)

Jo-v) =wen.

t>0
Thus, foralle > 0
T.=inf{t >0: Leb(M N W(&; )\ P_,(N)) < €} < 0.

SetM, = M N ®_7.(N).
By theorem 4.4(b) of Hirsch (1985)eb(R™ \ W (&;5)) = 0. HenceLeb(M \ M) < €
proving assertion (a) of theorem 2.5. Assertion (b) follows directly from the definitidi.of
We now pass to the proof of assertion (c). Set

n
70=0 and rn:Zyi for n>1
i=1

Let X : Ry — R™ denote the continuous time affine interpolated process defined by

Xp+1 — X
X(t,+s) =x, +s— =~
Tp+l — Tn

foralln € Nand 0< s < pu+1.
Fort > 0 define

Dx(t) =sup||®1(X(t+k)) — X +k+ 1.
keN

Givene > 0 choosel > 0 small enough so that
Ns(®1(M,)) C int(M,) (6)

whereN;(A) stands for thé neighbourhood of set.

We claim that ifX (1) € M. andDyx (¢) < § then the limit set ofx, } is a sink. Indeed, the
assumption (1) € M. and Dx(t) < § combined with (6) imply thaX (¢ + k) € M, for all
k > 0. ThereforeL({x,})NM,. # @. SinceL ({x,}) is internally chain recurrent (theorem 3.1)
L({x,}) has to be a sink.

Therefore, for alk > 0

{3j > kx; € M. andDx(t;) < 8} C {L({x,})is a sink. @)
To conclude the proof we shall now estimate the probability of the event

{3j > kx; € M. andDx(z;) < §}.
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Lemma 3.5. LetJ € NU {oo} be a stopping time. Fa¥ > 0 set
ko(8) = inf {k eN: supy; < 352/2}.
ik
Then fors small enough

o0
P((ko(8) < J < 00) and Dx(zy) = 8|F,) < 1{k0(3)<1<oo}/ r(s,8)ds
L

where

—B8§?
r(s,8) = 2mexp for 7 <s < Tp+1.
YVk+1

Proof. To shorten the notation writley = ko (8),
P(Dx(ty) = 81F 1) Lirogi<oo) = Z P((Dx(zj) = 8)Ly=j|1Fy)

Jj=ko

=Y P((Dx(x)) = 8)1=|F))

Jj=ko

=Y PUDx(z) = OIFNLy=j.

Jj=ko

Therefore, it suffices to prove that

P(Dx(tj) 2 8|F)) < /wr(s, 8) ds ®)

J

for all j > ko. By definition of Dx(t;) we have

P(Dx(tj) =2 38|F;) < ZP(IIX(U thk+1) — Qu(X(z; +K)| = 8|F)).
keN

Letm(r) =inf{j e N: t; > t}. Then

P(Dx(zj) =2 8|F;) < Z E(P(|X(tj +k+1) — P1(X(z; + k)| = 8|Fm;+)|F))- 9
keN

We claim that for alk >

t+1
PUIX(E+1) = DuX )] > 81 Fney) < f r(s, 8) ds. (10)

Clearly (10) combined with (9) proves (8).

Proof of the claim. Let X, U, 7 : R, — R™ denote the continuous time processes defined
by

X =x, U(t) = Uy V() = Yo

fort, <t < 1,+1. ThenforallO< A <landr >0

h t+h
X(t+h) — ®(X (1) = / [F(X(t +5)) — F(®,(X(t))]ds + f U(s) ds.
0 t
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F and{U,} being bounded X (r) — X (1)|| = O(y (¢)). Hence

h
X +h) — Pp(X @) < L/O [X(t+s) = P (X@)[ds +C sup y(s) + A(r)

s+l
t+h o
/ U(s)ds
t

andC is a positive constant{ = L(I" + sup, || F(x)[)). Thus, by Gronwall’s inequality we
find that

where

A(t) = sup
0<h<l

sup [[X (1 +h) = &,(X(0)] <€ (AM+C sup 7(s)).

0<hkl t<s <+l
Sincet > Ty, SURg 1V (5) = 0(8?). Hence fors small enough

C sup y(s) <§/2

t<s <+l
Therefore,
P(IX(+1D) — 21X 2 8| Fne) < P(AR) 2= %SG’LIfmm)

By a classical application of exponential martingale inequality (inequality (18) iniBena
(1998)) we have

—a?
P(A@) 2 o|Fup) < 2m exp( " )
" 2mI2 [ (s) ds

Hence

—B#&?
P(X@+1) — (X)) = 8| Fmr) < expl ————
Nx@+1) 1(X@) [Finey) p(ﬁ,ﬂﬂs)dS)

As the functionx — e~5%*/* js convex forx < B$§2/2, the Jensen inequality implies

t+1 —382
POIX(+1) — @u(X () = 8| Fmery) < / exp( 70) )ds

for r > 1. This concludes the proof of the claim. O
Letk > ko. Define the stopping timg = inf{j > k : x; € M.}. Inclusion (7) and
lemma (3.5) imply
P(L({x,}isasink|F) > P(J < oo andDx(t;) < 8| Fr)
= E(E(Lj< P(Dx(zy) < 3|FNIFN)) = E((l—/ r(s,8) dS) 1J<oo|fk)

T

> (1—/Oor(8,s) ds)P(J < 00| Fy)

Tk

2

= <1—2mZy,»eXp(_BS ))P(Elj >k xj € M| Fp).
”

i>k !

This concludes the proof of the result.
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4. Special systems

The purpose of this section is to answer, at least partially, conjecture 2.3 for certain classes of
cooperative systems. We continue to assume hypotheses 1.1 and 1.2.

Theorem 4.1. SupposeF is Morse—Smale and (1) is non-degenerateAat Then with
probability one either. ({x,}) = {oo} or; L{x,} is a linearly stable equilibrium.

Proof. Let y be a periodic orbit oF of periodT > 0. SinceF is cooperative/ is unordered

(see, e.g., theorem 3.3) and unstable (this follows, for example, from proposition 3.2(c)). The
vector field F beingC? and Morse—Smalg is thus a hyperbolic linearly unstable periodic
orbit whose local stable manifold; .(y) is C2. Therefore, theorem 3.4 applied with= y

andS = W; .(y) shows thatP (lim,,_, o dist(x,, y) = 0) = 0 (cf Bendm and Hirsch 1995b).
Similarly, P (lim,,_, o dist(x,,, ¢) = 0) = 0 for every linearly unstable equilibrium (cf Pemantle
1990, Brandiere and Duflo 1996). Since for a Morse—Smale vector field the chain-recurrent
set consists of finitely many hyperbolic equilibria and periodic orbits, theorem 3.1 implies the
result. |

The next result has been used by Biemat al (1998), as well as Sadeghi (1998), to prove
the convergence of that dimensional neural network Kohonen algorithm; and bjnBand
Hirsch (1999b) in game theory.

Theorem 4.2. SupposeF has one unique equilibriunp, then with probability one either
L({-xn}) = {OO} or L({xn}) = Dx-

Proof. The proof follows from theorems 3.1 and 3.3. a

Two-dimensional systems

Theorem 4.3. Supposen = 2. Then

(i) With probability one,L(x,) is a point or a compact arc of equilibria, such an arc being
C* and either unordered or ordered.

(i) If (1) is non-degenerate af\ then L(x,) is almost certainly an ordered arc (possibly
degenerate) contained i\ &,. If, furthermore,F is real analytic then(x,} converges
almost certainly toward an equilibrium € £\ &,.

Proof. By theorems 3.1 and 3.B(x,) is either an ordered arc of equilibria or a compact
connected subset G(®|S,) for somep € &,;. In the latter case, &%, is one-dimensional,
R(®|S,) consists of equilibria and therefofgx, ) is an unordered'* arc of equilibria. This
proves (i).

Givenp € Eps \ p*. Fix0 < € < %1;7 wherer is the constant given in proposition 3.2(c).
Let A7 (e) denote the set of equilibrig € S, such thatio(q) > €. Itis clear thatA;(e) isa
finite set which is a repeller fob|S,. Let

Ap(e) = {x € S, N A ax) ¢ A%(€))

denote the dual attractor df}, (¢). Inequality (2) implies thaki(g) > 2r2(q) +n/2 for all
equilibriumg € A,(e). SinceS, is one dimensional, ergodic measures supportesl,bgre
Dirac measures at equilibria. Hence by proposition 3.2(d), the basin of attractigi{©ffor
®|S, is aC? invariant manifold. Therefore,

P(nli_lznocdist(xn, R, N Ap(€) = 0) =0
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by application of theorem 3.4 exactly as in the proof of theorem 2.1. Sirjce) consists of
linearly unstable equilibria
P( lim dist(x,, A%(e)) = o) =0

n— 0o

by application of Pemantle (1990), Brandiere and Duflo (1996) or theorem 3.4 applied with
K = alinearly unstable equilibrium ansithe central stable manifold d&&. Part (ii) of the
proof now follows from the decomposition (4).

WhenF is real analytic it follows from Jiang (1991) that the ordered arc of equilibria are
degenerate. O

Three-dimensional systems

In this section we assume that= 3. As usual an equilibriura € £ is said to benyperbolic
if A;(e) # 0foralli = 1,2, 3. Ahyperbolic equilibrium is called saddleif 11(¢) > 0 and
Xg(e) < 0.

Theorem 4.4. Suppose

(i) Equilibria are hyperbolics.
(i) {x,}is non-degenerate at
(i) There exists% < o < 1suchthathi(e) > (1 +a)Aiz(e) at every saddle poirt.

Then{x,} converges with probability one toward a linearly stable equilibrium.

Proof. Letp € &4 \ px. Lety C S, be a periodic orbit of period” > 0 (if any) and
r1(y) = Aa2(y) = As(y) its Lyapounov exponents. For alle y, the unity is an eigenvalue of
the matrixD @7 (x) corresponding to the eigenvect®(x) € 7, S,. Then, one of the exponents
A2(y) or A3(y) is zero. Hence, by proposition 3.2(d),

M) Z20y)+n=n

for somen > 0. Choose O< ¢ < n/(1+a), and IetA;;(e) denote the union of equilibria
q € S, and periodic orbitsy € S, having the property that,(q) > €, A3(g) > 0 and
A2(y) = €. We claim thatA’ () consists of finitely many equilibria and periodic orbits.
Suppose for the moment that the claim is true. Thgrte) is a compact repeller fob|S,
whose dual attractor is

Ape) ={xe S, alx) ¢& A;‘,(e)}.

By the Poincat recurrence theorem and the PoilgedBendixson theorem it is easy to see
that every ergodic invariant measyrgor ® with support inA , (¢) is either supported by an
equilibrium or a periodic orbit. By definition o4, (¢) and our assumptions on saddle points
this implies that

r(w) = A +a)ra(w) + 1

for somen’ > 0. It then follows from proposition 3.2(d) that the basin of attractiod pfe)
for ®|S, is C1* and by a proof similar to theorem 2.1

Pr(L(x,) C Ay(e)NR,) =0.
SinceA’, (¢) consists of finitely many hyperbolic unstable equilibria and periodic orbits

Pr(L(x,) C A,(€)) =0
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by an argument already used in the proof of theorem 4.1. Finally, ®nce (R, NA,(€))U
A;(e) we find that

Pr(L(x,) CR,) =0

and we conclude exactly as in theorem 2.1.

Our last job is to prove the clam. Lef ¢ R™ andIl : R” — E be as in
proposition 3.2(b). The flowp|S, is conjugate to the flow o&' induced by the planar vector
field G : E — E defined byG = Mo F o (I1]S,) 1. Assertions (c) and (d) of proposition 3.2
imply thatI1|S, is alwaysC*** for somep > 0. HenceG is C***. Therefore, the claim
follows from the following lemma.

Lemma 4.5.LetG : R?> — R? be aC'* dissipative vector field with hyperbolic equilibria.
Lete > OandletP (¢) denote the set of non-stationary periodic orbits whose largest Lyapounov
exponent is greater than ThenP (¢) is finite.

Here is a sketch of the proof. Lét denote the flow induced b§. Suppose that there exists
a sequencéy, },>o0 € P(¢) of distinct non-stationary periodic orbits of periofls > 0. By
compactness of the global attractor f@we can always suppose that converges toward a
compact seC for the Haussdorf topology. As eagh is internally chain recurrent, it is not
hard to see that is also internally chain recurrent. It then easily follows from Bemand
Hirsch (1995a), thaf is either a periodic orbit or aycle of equilibria That is an invariant
set consisting of cyclically connected saddles.

It is clear thatC cannot be a periodic orbit. Since, otherwise, there would &xist O,
(the period ofC), p € C andp, € y, such thatD®y, (p,) — D®r(p). This would imply
C € P(¢), makingC isolated. Therefore,

r—1
¢ =Jderuinh
i=0

wheree;,i = 0,...,r — 1 are equilibria (not necessarily distinct) anfigli = 0,...,r — 1
are distinct non-stationary orbits such thafl;) = ¢; andw(Y;) = ¢;+1 for all i € N, with
the convenient convention thgt = eq.

Let); < Oandu; > O0denote the eigenvalues of the Jacobian matX(e;), D; = (

and lety; = —Xi/ i

By Hartman’'sC? planar linearization theoremt (Hartman 1960) there exist0, N; (i)
a neighbourhood af; and aC* diffeomorphism; : (—n, 7)> — N;(n) such that; (0) = ¢;,
Dh;(0) = Id and

)»,'O
0#/)

hi(€Pu) = @, ((hi(u))
forall (u,t) € (—n, n)? x R such that & u € (—n, n)?. This implies:

(a) The proportion of time spent Iyy, in N;(n) is

with y; , implicitly defined by#; (0, y;i..) € ya.

t Hartman’s original theorem is stated 16F maps (or vector fields) with Lipschitz derivatives but the proof easily
adapts taC! maps with Holder derivatives



Convergence of stochastic approximation algorithms 615

@ o

Yi.n < yi,n+l Yin
n n n
wherec; andc; are positive constants depending onlypn

(b) c1

<o

Sincey,, = yo., and lim,_ « |yo.»| = 0, we necessarily have
ooty ...0,_1 = 1

(cfHofbauer 1981). Since the proportion of time spengbin UN; () goes to one as — oo
we find that

. T;
lim 2 = w;
n—oo T,
with
1 agay...q
W =—— i=1...,r
zZ i

andZ is a normalization constant defined py,_; w; = 1. This has the consequence that the
invariant probability measure,, supported by, converges for the weak* topology toward

r
m = E wi(Se,.
i=1

Now, using Liouville’s theorem we obtain

.1 1 .
e < lim TIog(Det(DQT”) =n“_>mooT/Tr(DF(®’(x))dt =nl|_>moo/Tr(DF(x))mn(dx)

n—00 n

= / Tr(DF ()m(dx) = ) wi THDF(e) = ) wi(hi + i)
i=1 i=1
1
= E(aO(l —ay) tapor(l—ap) +-- -+ (oor...a-) (1 — ;)

1
= E(ao —a,) =0.
We have reached a contradiction. O

To conclude this section we quote a result proved in Banand Hirsch (1999b), for
three-dimensional systems having negative divergence.

Theorem 4.6. Supposé has negative divergence:

3
dF;
Vu € R"div(F = — 0.
u (F)(u) ; 57 () <
Then, almost certainly.{x;} is a compact connected subsetofif, furthermore, the process
(1) is non-degenerate at then L{x,} is a compact connected subsetof &,,. WhenF is
analytic, £ is finite.
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