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Abstract
We present a methodology for generating fractal fracture networks in one, two and three dimensions that respects the dual 
power-law model, in which the scaling characteristics are set by the two independent parameters: (1) the correlation dimension 
that pertains to separation of fracture centers, and (2) the length exponent that governs the distribution of fracture lengths. 
Synthetic fracture distributions were generated to evaluate the stereological relationships between the scaling parameters 
of 2D and 3D networks, and the scaling of fracture intersection points along a scanline through the network. The results 
showed that it is not possible to estimate the 2D and 3D fractal scaling parameters of the correlation dimension from the 
1D correlation dimension of fracture spacing from scanlines through the network, even if the length exponent is known a 
priori. Synthetic 1D distributions of fracture spacing of known correlation dimension were used as a benchmark to test the 
consistency of estimates of fractal dimension derived from box-counting, two-point correlation, and power-law fitting. The 
results showed that the correlation dimension obtained from the two-point correlation method provided the most stable and 
reliable estimate of the fractal dimension of fractures on 1D scanlines or boreholes. Application of the two-point correla-
tion function to the observed fracture distributions along three deep boreholes in crystalline rock at Basel, Switzerland and 
Soultz-sous-Forêts, France showed that the distribution was fractal over more than two orders of magnitude in scale, and 
in all cases the fractal dimensions was in the range 0.86–0.88. Similar results were obtained for fracture sets of common 
orientation within the wells, although the fractal dimension ranged between 0.65 and 0.75. This constitutes strong evidence 
that fracturing in rock masses penetrated by the wells follows a fractal organization.
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List of symbols
D	� Correlation dimension
a	� Fracture length exponent
r	� Distance between fracture centers (m)
l	� Fracture length (m)
C(r)	� Correlation function

Np(r)	� Number of pairs of fractures whose center-to-
center distance is less than r

Nt	� Total number of fractures
L	� Domain length in 1D, 2D and 3D (m)
m	� Number of equal-sized sub-domains in a Multipli-

cative Cascade process
lmin	� Minimum fracture length (m) in DFN generation
lratio	� The ratio of sub-domain side length to the domain 

side length in Multiplicative Cascade process
P	� Probability of having a fracture in a sub-domain 

in Multiplicative Cascade process
U	� Fracture assignment vector
CumP	� Cumulative probability density vector
t	� Ruler length in 1D box-counting technique
Nb(t)	� Number of rulers of length t containing at least 

one fracture
Db	� Box-dimension
s	� Fracture spacing
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Ns	� Number of spacings greater than or equal to a 
specific spacing s

Ds	� Power-law exponent of fracture spacing
κ	� Fischer coefficient

1  Introduction

Enhanced Geothermal Systems (EGS) aim to extract the heat 
from the earth by circulating fluids (e.g., water) between 
injection and production wells drilled into sufficient depth 
to reach temperatures higher than 150 °C. Outside of areas 
of recent volcanism, the target reservoirs tend to be found 
in low-porosity basement rocks, where natural flow occurs 
primarily through the fracture network (Genter et al. 2010; 
Gillespie et al. 1993). The natural fracture transmissivity 
is usually insufficient to allow economical flow rates, and 
thus must be enhanced. This is typically accomplished by 
performing massive fluid injections into the reservoir to 
increase the permeability of the fractured media, a pro-
cess referred to as hydraulic stimulation. The mechanisms 
underlying the process are complex and not fully understood. 
However, evidence suggests that shearing of rough-walled 
fractures resulting from effective stress changes in response 
to the increased pore pressure plays a role in increasing 
fracture permeability (Evans et al. 2005; Evans 2005). The 
elevated pore pressure can also generate new fractures. 
Hydraulic shearing/fracturing is commonly accompanied 
by microseismic activity, and some events may be large 
enough to be felt. The public fear of induced damaging 
earthquakes has led to project curtailment in some cases, 
such as occurred in the Basel and St. Gallen geothermal 
projects in Switzerland. Thus, the major challenge in devel-
oping geothermal resources is to enhance the permeability of 
the target reservoir adequately through hydraulic stimulation 
without inducing damaging seismicity.

To design and assess EGS development strategies, a 
geological model of the target rock mass is required. This 
geological model should be representative of the whole res-
ervoir with a realistic representation of relevant geological 
attributes such as the fracture network geometry from small 
to large scales. The characterization of the fracture network 
is especially challenging at early project stages when data 
from only a single exploration well penetrating the target 
reservoir may be available.

Since the deterministic characterization of fracture net-
work in deep reservoirs is not yet possible, stochastic realiza-
tions, referred as discrete fracture networks (DFN), condi-
tioned by statistical parameters that are amenable estimation 
are widely used to generate fractures within the rock mass, 
perhaps supplemented by deterministic fractures at the well-
bore where direct observations are available. DFN models 
have been widely used to simulate the geomechanical and 

hydrological behavior of fractured rocks in many engineer-
ing applications, such as radioactive waste disposal, EGS 
developments, underground construction, hydraulic fractur-
ing in shale gas exploitation (Lei et al. 2017 and references 
therein). However, the fracture length distribution in DFN 
models, which is a key parameter that influences the con-
nectivity of the fracture network, is particularly difficult to 
constrain from borehole observations alone.

Fracture network characteristics have been studied from 
outcrops and multi-well study sites, where a more complete 
characterization of the fractures is possible (Cowie et al. 
1996). In such situations, it has been observed that several 
attributes of fracture networks exhibit power-law patterns 
referred to as fractal organization (e.g., Barton 1995; Bonnet 
et al. 2001; Bour et al. 2002; Davy et al. 1990; de Dreuzy 
et al. 2002; Lei et al. 2015; Odling et al. 1999). Specifically, 
power-law scaling has been applied to characterize spatial 
distribution, trace length, spacing, RQD [Rock Quality 
Designation, Deere and Deere (1988)], aperture, surface 
roughness etc. (e.g., Barton and Zoback 1992; Boadu and 
Long 1994; Bonnet et al. 2001; Power and Tullis 1991), that 
influence the connectivity of fractured rocks (e.g., Algha-
landis et al. 2015; Darcel et al. 2003c). Fractal DFNs con-
sider fractures of all scales leading to a more representative 
model of the target rock mass (Davy et al. 2018). The ori-
gin of the prevalence of power-law scaling in nature is not 
entirely clear, although several researchers have proposed 
the implied statistical scaling is a facet of the behavior of 
complex self-organized critical dynamics (Allegre et al. 
1982; Bak et al. 1988; Sornette 2006; Sornette et al. 1990). 
Davy et al. (2010) and Spyropoulos et al. (2002) have shown 
that the stress interactions between fractures in a growing 
fracture population can lead to power-law distributions. This 
suggests that some relations exist between the characteris-
tics of the fracture network and the stress variability within 
this fractured rock mass. In the special case when a single 
fracture is present, the size of the stress perturbation scales 
linearly to the size of the fracture inducing the perturbation 
(Eshelby 1957; Pollard and Segall 1987). However, for a 
fracture network, the interrelationship between stress and 
fractures becomes non-trivial (Valley et al. 2014). Neverthe-
less, studies of near-continuous profiles of borehole failure 
suggests that stress fluctuations also follow power-law scal-
ing (e.g., Day-Lewis 2008; Valley and Evans 2014). The 
relation between the power-law scaling of fracture networks 
and stress fluctuations are not well understood. Clarification 
of the potential relationship could have important practical 
implications, such as allowing constraints to be placed on 
attributes of the fracture network such as fracture length 
distribution that are otherwise hard to quantify by obser-
vation of stress fluctuations from borehole failure. In this 
regard, Afshari Moein et al. (2018a) have proposed stress-
based tomography, which uses stress fluctuations along 
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the boreholes to infer a probabilistic image of the fracture 
network.

Further applications could also be envisaged if a clear 
link could be established between power-law scaling of frac-
ture attributes and the seismogenic b-value parameter that 
relates the earthquake frequency and magnitude. Alghalan-
dis et al. (2013) have explored the possibility of extracting 
the fracture network geometry from induced seismicity in a 
geothermal project in the Cooper Basin of South Australia. 
Afshari Moein et al. (2018b) have also found similarities 
between the scaling properties of induced seismicity patterns 
and fracture network. These similarities led to a statistical 
seismicity model that could forecast the maximum magni-
tude in hydraulic stimulation as a function of perturbed vol-
ume based on clustering and size distribution of early events.

Despite the recent advances, a physical linkage between 
scaling properties of key reservoir characteristics such as 
fracture network, stress fluctuations and microseismic fre-
quency size distribution is still lacking (Afshari Moein 
2018). A necessary step towards establishing potential rela-
tionships is to improve our understanding of the characteris-
tics and limitations of the scaling laws in each discipline. In 
this paper, our principal aim is to clarify the scaling proper-
ties of 1D fracture spacing data from three deep boreholes. 
Pursuant to this, 1D synthetic fracture spacing data were 
generated to identify the best methodology for characteriz-
ing the scaling properties of borehole data. Then, we explore 
the possibility of using 1D fracture spacing data obtained 
from boreholes to constrain 2D and 3D structural models of 
the rock mass. Finally, we outline the scaling characteristics 
of natural fractures derived from borehole images of two 
geothermal reservoirs of Basel and Soultz-sous-Forêts, and 
discuss the potential implication of the scaling relationships.

2 � Scaling of Fractures in 2D from Synthetic 
Networks

2.1 � Synthetic Fracture Network Model

To analyze the limitations of line sampling and power-
law scaling of borehole data and possible extrapolation to 
a 3D geological model, a discrete fracture network model 
with valid stereological relationships is required. Discrete 
fracture networks (DFN) are geometrical representations 
of fracture attributes derived using stochastic methods and 
computational tools. The only DFN model we are aware of 
that respects stereological relationships is a dual-power-law 
model proposed by Davy et al. (1990) that is based upon 
Eq. (1), below. Here, we begin by presenting a step-by-step 
methodology for generating a DFN that respects this equa-
tion. The DFN model generated from the Eq. (1) that links 

the fractal spatial patterns of fractures to power-law distribu-
tions of fracture length and fracture centers given by:

Here, n(l,,L)dl is the number of fractures whose length is 
in the range [l, l + dl] and whose centers belong to a cubic 
volume in three dimensions of side length L, α is a constant 
related to the fracture density, D is the correlation dimen-
sion of fracture centers, and a is the length exponent. Many 
researchers have applied this model to study hydraulics and 
mechanics of fractal DFNs (e.g., Harthong et al. 2012; Kim 
2007; Lei and Gao 2018; Verscheure et al. 2012). As an 
example, when a = D + 1, the DFN generated is self-similar 
and the connectivity of the network is scale invariant (Darcel 
et al. 2003c). Bour et al. (2002) applied this statistical model 
to evaluate scaling inherent in the fracture network geom-
etry of multiscale fracture maps taken from outcrops in the 
Hornelen basin (Norway). The dual power-law model con-
tains no direct relationship between first-order descriptors, 
such as D and a and hence it is referred to as a first-order 
model. Bour and Davy (1999) present a second order rela-
tion in which the exponents, D and a are related by x = a−1

D
, 

where x is the exponent of a power-law including the average 
distance d from a fracture to the closest fractures having a 
larger length (i.e., d(l) ∼ lx ). Darcel et al. (2003a) intro-
duced another scaling law for the Hornelen basin dataset 
that relates the length of a fracture to the mean distance from 
the fracture center to its nearest neighbor. They related this 
scaling law to the stress shadow which is present around 
large fractures. Davy et al. (2010) extended the theory to 
address the problem of fracture intersections and proposed 
some simple rules that are not present in the first-order 
model. In this paper, we use the initial form of the dual 
power-law model without any modifications. Values of the 
two power-law indices, D and a, will be limited to ranges 
suggested by extensive measurements published in the lit-
erature. Specifically, studies of 2D outcrops yield estimates 
for the correlation dimension D of between 1.3 and 2, and 
the length exponent a falls between 1.3 and 3.5 (Bonnet et al. 
2001; Renshaw 1999). Unfortunately, no estimates of D and 
a for 3D networks are reported in the literature as there is 
no direct method to image 3D size distribution of fractures 
at depth.

Before presenting the DFN generation methodology, it 
is useful to clarify the available technique to compute the 
fractal dimension (D) of fracture patterns. Fractal geometry 
has been widely utilized to quantify the scaling properties 
of fracture networks (e.g., Chilès 1988; Davy 1993). For a 
detailed analysis of the scaling in fractured media, we refer 
to Bonnet et al. (2001). The spatial organization of frac-
tures can be quantified by a box-counting technique (Allegre 
et al. 1982; Berkowitz and Hadad 1997; La Pointe 1988; 
Odling 1992) or two-point correlation function (Hentschel 

(1)n(l, L)dl = � ⋅ LDl−adl, l ∈ [lmin, lmax]
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and Procaccia 1983). The traditional box-counting technique 
is strongly affected by finite size effects, whereas the two-
point correlation function is less affected and seems a better 
method to derive the scaling exponent of the spatial distri-
bution of fracture centers in 2D fracture outcrops (Bonnet 
et al. 2001; Bour et al. 2002). We illustrate the differences in 
implementation of these techniques to 1D fracture patterns 
in Sect. 3. The two-point correlation function or correlation 
integral describes the spatial correlation of fracture centers, 
and is given by,

where Nt is the total number of fractures, Np is the number 
of pairs of fractures whose center-to-center distance is less 
than r and Nt(Nt−1)

2
 is the total number of pairs of fractures 

(Bonnet et al. 2001). The correlation dimension (D) can be 
determined by computing the local slope of the correlation 
function C(r) in a log–log plot. The correlation function has 
been widely used by earth scientists to characterize the spa-
tial distribution of micro-fractures in rock samples in granite 
and also earthquake hypocenters (Hirata et al. 1987). Here, 
we apply the concept of correlation function to: (1) validate 
our synthetic DFN generator and (2) analyze 1D fracture 
patterns in deep boreholes.

2.1.1 � DFN Generation Methodology

Here, we briefly review and illustrate some DFN genera-
tion methodologies that can be found in the literature, and 
comment on their possible implications. The conventional 
Poisson DFN model, also known as the Baecher model, is 
an early DFN model developed to study the hydraulic and 
mechanical behavior of fracture networks (e.g., Baecher and 
Lanney 1978; Baghbanan and Jing 2007; Bour and Davy 
1997; de Dreuzy et al. 2001; Dershowitz and Einstein 1988). 
The concept behind the Poisson DFN model is to populate 
a medium with a random (uniform) distribution of fracture 
centers (Dershowitz et al. 1993). However, this model is 
not able to represent the tendency of fracture populations to 
display clustering at different scales. An alternative that does 
not suffer from this deficiency is the fractal fracture network 
approach that generates networks that capture the scaling 
and clustering seen in real fracture networks.

We found two methods to generate fractal fracture net-
works in the literature; (1) the Levy–Lee flight model and 
(2) Imposition of a power-law length distribution to a fractal 
spatial distribution of fracture centers generated by a multi-
plicative cascade process. The Levy–Lee flight process is a 
random walk method that generates fractal fracture networks 
by imposing power-law steps in random directions between 
0° and 360° (Clemo and Smith 1997). The distance between 
two consecutive fracture centers is selected randomly from a 

(2)C(r) =
2

Nt(Nt − 1)
Np(r) ∼ rD,

power-law distribution with an exponent of D, and the frac-
ture length is taken as proportional to the distance from the 
previous fracture. This methodology is implemented in the 
commercial software package Fracman (Dershowitz et al. 
1993). Since the generation domain of a fracture network is 
limited, the consecutive fractures might extend outside of 
the 2D and 3D domain, and the fractal dimension (D) of the 
generated network will thus not necessarily correspond to 
the input fractal dimension (Darcel 2002). For this reason, 
we were unable to obtain an equivalence between output and 
input D when using the Levy–Lee fractal DFN generator.

The general methodology based on the Multiplicative 
Cascade process has already been described in different 
papers (e.g., Harthong et al. 2012; Verscheure et al. 2012), 
although details of its implementation are lacking. Thus, 
here we give a step-by-step description of the implementa-
tion we have used. This process includes both the genera-
tion of a fractal density distribution in a recursive operation 
of fragmentation and the allocation of a power-law length 
distribution, as given in Eq. (1). We begin by describing the 
methodology used to generate 2D fractal networks before 
progressing to cover 3D network generation.

2.1.2 � 2D Fractal DFN Generation

2.1.2.1  Initial Parameters  The input parameters required 
to generate a 2D DFN are: domain length L, length expo-
nent a ( a > 1 ), correlation dimension of fracture centers D 
( 1 < D ⩽ 2 ), fracture density constant α, and the minimum 
length of the fractures lmin. The latter is necessary to limit 
the number of iterations in the fractal density distribution 
and the total number of fractures Nt. We expect to have a 
power-law correlation function (Eq. 2) extending from the 
minimum length (e.g., 1 m) upwards over at least two orders 
of magnitude (100 m). The number of iterations n required 
to reach the degree of fragmentation set by the minimum 
length lmin is computed from:

Since we are defining the domain length (L) as one of 
the inputs of the DFN model, there is no constraint on the 
maximum fracture length lmax and it can vary depending on 
the length exponent a. The total number of fractures Nt can 
be calculated by integrating Eq. (1) over the fractures larger 
than the minimum length, as shown in Eq. (4).

2.1.2.2  Fractal Distribution of  Density (Multiplicative Cas‑
cade Process)  The fractal density distribution of fractures 

(3)lmin =
L

2n

(4)Nt =

∞

∫
lmin

n(l, L) ⋅ dl =
�

a − 1
LDl

−(a−1)

min
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of given fractal dimension D is generated using a so-called 
multiplicative cascade process applied to a domain whose 
size is L (e.g., Darcel et al. 2003c; Lovejoy and Schertzer 
1986; Meakin 1991). The methodology we have imple-
mented follows that outlined by Darcel et  al. (2003c). To 
summarize, in the first iteration, the domain of size L is 
subdivided into m equal-sized sub-domains. Thus, the ratio 
of sub-domain side length to domain side length is lratio = 
√

m . Then, n initial probabilities, Pi, are chosen that satisfy 
Eqs. (5) and (6),

In our implementation, we follow Darcel et al. (2003c) and 
take lratio = 2 and m = 4. The four probabilities are randomly 
assigned to each of the sub-domains. In the second iteration, 
each sub-domain (parent) is itself subdivided into four equal 
parts (offspring). The same four probabilities used in the first 
iteration are then multiplied by the probability of the parent 
sub-domain in question and the results randomly assigned to 
the four offspring sub-domains (Harthong et al. 2012; Vers-
cheure et al. 2012). The process of division and assignment of 
permuted and multiplied probabilities is then repeated in sub-
sequent iterations to produce a fractal probability map on the 
domain that has increasingly fine resolution. The map derived 
from Eqs. (5) and (6) defines the second order fractal spectrum 
of the probability field. For a detailed description on the multi-
fractal spectrum of a DFN we refer to Bonnet et al. (2001) and 
Hentschel and Procaccia (1983). For n iterations, the Multipli-
cative Cascade process generates 2n × 2n probabilities assigned 
to sub-blocks whose size from Eq. (3) is lmin =

L

2n
 (assuming 

(5)

m
∑

i=1

P2
i

(

1

lratio

)D
= 1

(6)
m
∑

i=1

Pi = 1

lratio = 2). The fractal probability field generated in this way 
is taken as a proxy for the fractal fracture density distribution.

2.1.2.3  Assigning Random Fracture Centers According 
to Probability Maps  Although the generation of fractal density 
distributions is well described in the literature (Darcel et al. 
2003c; Harthong et al. 2012; Kim 2007), the further steps of 
populating a given probability density map with a realization 
of a random fracture network has not been described in detail. 
Thus, we provide a step-by-step description of the procedure 
we implemented in our DFN generator, which uses the dis-
crete inverse transform method to extract random distributions 
from the probability density map. The procedure is illustrated 
in Fig. 1. We begin by writing the [n × n] probability density 
map as a 1 × n2 probability density vector by concatenating 
successive columns, and then taking the cumulative sum of 
its elements to obtain the cumulative probability density vec-
tor CumP. The cumulative sum of the probability density 
vector is close, but not necessarily equal to unity due to com-
putational inaccuracy in the multiplicative cascade process. 
Thus, CumP is normalized by the cumulative sum, giving a 
monotonically increasing series whose last element is unity, 
as shown in Fig. 1.

Now, a fracture assignment vector U containing Nt (the 
total number of fractures computed from Eq. 4) uniform ran-
dom numbers between 0 and 1 is generated, where Nt is the 
total number of fractures to be used in populating the domain 
(Eq. 4). That is,

The discrete inverse transform method is then used to map 
each element Ui of U to the closest matching element of cumP 
according to the inequality,

(7)U =
[

u1 u2 u3 … uNt

]

(8)cumPj−1 ⩽ Ui < cumPj

Fig. 1   Illustration of the 
procedure for populating the 
probability distribution map 
generated using the multipli-
cative cascade process with 
fracture centers, and then 
assigning a power-law length 
distribution to the fractures that 
is consistent with Eq. (13). The 
vector U in the center is the 
fracture assignment vector. This 
illustration corresponds to the 
classical approach to imple-
ment a heterogeneous Poisson 
point process (e.g., Moller and 
Waagepetersen 2003)
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Thus, each element Ui of the fracture assignment vector 
U is associated with an element cumPj of cumP (Fig. 1) and 
hence the corresponding cell of the probability density map. In 
this way, fracture centers are uniquely assigned to cells of the 
probability density map, although elements in U that have the 
same value will be mapped to the same cell. The specific dis-
tribution realized depends upon the random number set used 
to form U. The exact position of the fracture center within a 
cell is attributed randomly using a uniform probability over 
the cell.

2.1.2.4  Assigning a  Fracture Length to  Fracture Centers  At 
this stage, U is the vector containing Nt random numbers and 
each random number represents a fracture that has been 
located inside the domain. We define a length vector lf  , written 
as in Eq. (9), whose Nt elements represent the lengths of each 
fracture written in descending order (i.e., 
lf 1 > lf 2 > lf 3 > ⋯ > lfNt

)

The index fi for each element of the length vector maps to 
the corresponding index i of the fracture assignment vector, Ui, 
and thus to locations on the probability density map (Fig. 1). 
The actual fracture lengths of the vectors lf are assigned as fol-
lows. For a first-order model, the number of fractures having 
a length between l and l + dl is defined by Eq. (1). Therefore, 
the number of fractures whose length is greater or equal to a 
given length l′ is given by,

Now, if we select the first fracture in the length vector 
whose length is lf1 (= lmax), the number of fractures greater 
than or equal to lf1 is equal to 1. Therefore, substituting l� = lf1 
into Eq. (10) and equating to unity gives:

Similarly, for any index i of lf, the number of fractures 
whose length is greater than l′

fi
 is i, and thus,

Rearranging Eq. (12) gives an expression for the length of 
each fracture, l′

fi
 , in the length vector, lf, as.

(9)lf =
[

lf1 lf2 lf3 … lfNt

]

(10)

∞

∫
l�

n(l, L) ⋅ dl =

∞

∫
l�

� ⋅ LDl−a ⋅ dl =
�

a − 1
LDl�−(a−1)

(11)
�

a − 1
LDlf1

−(a−1)=1

(12)
�

a − 1
LDlfi

−(a−1) = i

(13)lfi =

(

�

a − 1

LD

i

)
1

a−1

The described methodology of random DFN generation 
was implemented in a MATLAB script. An example of a 
fractal probability field generated in a domain of size L = 
500 m for a fractal dimension of D = 1.5 is presented in 
Fig. 2a. The number of iterations was set to n = 6, giving a 
minimum length, lmin, of 7.8 m from Eq. (3). Finer density 
maps can be obtained by using a higher number of iterations. 
A realization of fractal DFN computed from the probabil-
ity map using length exponent a = 2 is shown in Fig. 2b. 
The fracture density parameter, α, was taken as 1 so as to 
give approximately 1433 fractures. The fractal nature of the 
distribution of centers was verified by calculating the two-
point correlation function of fracture centers C(r) given by 
Eq. (2) for fracture separations, r, that were logarithmically 
uniformly spaced with 20 points for each order of magnitude 
up to the maximum separation of 500 m. The resulting cor-
relation function is shown in Fig. 2c, together with the local 
slope of the log–log plot. The slope has a constant value of 
1.5 over two orders of magnitude between r = 1 − 100 m, 
as expected for a fractal distribution of fractal dimension 
1.5. The fractal nature of the length distribution is demon-
strated in Fig. 2d which shows the logarithm of the number 
of fractures having a length greater or equal to l versus the 
logarithm of l. The data define a power-law with a slope of 
− 1, consistent with expectations that the slope should be 
1 − a (Bonnet et al. 2001).

2.1.3 � Effect of Geometric Boundaries on 2D Fractal DFNs

Fractures in generated DFNs may extend outside the pre-
defined domain (L). The application of such DFNs in any 
modeling scenarios requires a proper understanding of 
the possible effect of geometric boundaries. The specific 
geometric boundary implemented may alter the statistics 
of DFNs from the infinite domain case. In this section, we 
define two boundary treatment methods and apply them to 
various 2D DFNs to examine their effect. The first method 
completely removes those fractures that extend outside the 
domain length (L), and the second trims the fracture sec-
tions that protrude out of the domain with the consequence 
that the fracture centers of the trimmed fractures become 
repositioned within the domain.

Darcel et al. (2003b) have shown that the behavior of 
fractal DFNs broadly divides into two regimes with a tran-
sition at a = 2. We restrict our analysis to the two ranges 
that lie on either side of the transition and take the width of 
each range to be consistent with the range of values com-
monly reported for natural fracture networks. That is, we 
take 1.3 ⩽ a ⩽ 2 and 2 < a ⩽ 3.5 . Higher values of the length 
exponent a correspond to a higher ratio of smaller to larger 
fractures. Thus, values of a that lie in the first range generate 
a greater proportion of large fractures than values that lie in 
the second range, and hence would be expected to have a 
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greater number of fractures extending outside the domain 
and thus have a larger impact on the statistics of the bounded 
DFN. Figure 3 illustrates the results of applying two differ-
ent boundary treatment methods to the generation of fractal 
DFNs with length exponents of a = 1.5 and a = 2.5 within 
a domain of length L = 100 m. The correlation dimension 
of fracture centers, D was taken as 1.5 in both cases. In the 
following, we explore the spatial distribution and length dis-
tribution of DFNs, before and after implementing geometric 
boundary treatments.

2.1.3.1  Removal or Trimming of Fractures that Extend Out‑
side the Domain  Figure 4a shows the correlation functions, 
C(r), and their log–log slope derived from the DFNs shown 
in Fig. 3a–c for the case a = 1.5 that differ in the way frac-
tures that extend outside the domain are treated. The curves 
denoted ‘fractures remain’ are for the case where all fractures 
are counted with their true length, regardless of whether they 
extend outside the domain boundary shown in red in Fig. 3a. 
This is presented as a reference. There are 69 fractures that 
extend outside the domain, which is 17% of the total num-
ber of fractures. The curve denoted ‘fractures removed’ cor-
respond to the case where these 69 fractures are removed 
(i.e., Fig.  3b). Clearly, removing the fractures completely 
has a negligible impact on the correlation function, and the 
log–log slope, neither of which differ significantly from the 
reference case where all fractures are included. The curve 
denoted ‘fractures trimmed’ corresponds to the case where 
fractures are truncated at the domain boundary. It should be 

noted that truncating the fractures does not change the total 
number of fractures. However, it does affect the coordinates 
of the centers of the trimmed fractures, and hence could 
affect the statistics of the distance between fracture cent-
ers. The log–log slope curve of the trimmed DFN in Fig. 4a 
lies slightly above the reference curve defined for all frac-
tures, although not greatly so. The cumulative length distri-
butions for the three cases are shown in Fig. 4b. Here, the 
effect of removing the fractures is to progressively deplete 
the distribution at all length scales, whereas trimming the 
fractures limits significant depletion to fractures longer than 
~ 40  m. Figure  4c, d shows the corresponding correlation 
functions with their log–log slope functions, and the cumu-
lative length distributions for a DFN generated with a = 2.5. 
Again, curves are shown for the cases where fractures that 
extend outside the domain are either retained with their full 
length, removed, or trimmed (i.e., Fig. 3 d–f, respectively). 
For the realization used in this example, 38 fractures extend 
outside the domain, which is 2% of the total number of 
fractures. Evidently, the effect of removing or trimming the 
fractures on the correlation functions and their associated 
log–log slope functions is negligible in both cases. Com-
paratively Fig.  4c, d shows that the effect of removing is 
less considerable when a > 1.5 . As is the case a = 1.5, the 
cumulative length distribution obtained by trimming was 
less affected at long fracture lengths than for removing frac-
tures, the deviation from the infinite domain case becoming 
significant for fracture lengths greater than 40 m.

Fig. 2   a Realization of a 
fracture density distribution 
in a domain of 500 m for a 
fractal dimension of 1.5 and an 
lmin of 2 m. b A DFN realiza-
tion generated from a using 
a length exponent a = 2. The 
fracture density parameter, α, 
was taken as 0.3 so as to give 
approximately 1433 fractures. c 
Correlation function of fracture 
centers C(r) computed from 
the density distribution in a, 
together with the local slope 
and the slope expected for D =

1.5. d Verification that the 
cumulative frequency distribu-
tion of length computed from 
b is linear with a slope equal to 
1 − a on a log–log plot
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3 � 3D DFN Generation and Stereological 
Analyses

3.1 � 3D DFN Generation and Verification

DFN generation in three dimensions is identical to two 
dimensions, except that the density distribution is slightly 
different. A 3D probability map of a given fractal dimension 
is produced by generating eight initial probabilities (instead 
of four as in 2D fragmentation), subdividing each block into 
to eight sub-blocks, assigning a random permutation of the 
eight initial probabilities to the sub-blocks of each parent, 
and finally multiplying the permuted probabilities by the 
parent probability. The rest of the generation methodology 
follows the 2D procedure. Figure 5a represents a 3D DFN 
generated in a 500 m domain using the dual power-law 
model with the parameters D = 2.7, a = 2.8, � = 0.02 and 
lmin =10 m. Figure 5b, c demonstrates the fractal nature of 
the spatial and length distributions of the fracture network 

respectively (r and R represents the distance between frac-
ture centers and the radius of a fracture plane). For this dem-
onstration, fractures that extend outside the domain bound-
ary were included with their full length.

3.2 � Stereological Analysis

Stereological relationships relate the geometrical properties 
of a DFN in different dimensions (e.g., a 2D trace plane 
intersecting 3D network or a 1D scanline intersecting a 2D 
trace plane). A detailed stereological analysis of fractal 
DFNs has been presented by Darcel et al. (2003b). In this 
section, we focus on the relationships derived for relating 
1D scanlines intersecting 2D and 3D synthetic networks.

For the length distributions, there is a simple relationship 
between a2Dand a1D given by Eq. (14).

(14)a1D = a2D − 1

Fig. 3   a Realization of a random fractal DFN generated in a domain 
of length 100  m (outlined in red) with exponents of a = 1.5 and 
D = 1.5, and no geometric boundary imposed (i.e., some longer frac-
tures extend outside the frame boundary at ± 100  m). b The same 
DFN generated in a, but with all fractures that extend outside the 
domain removed. c The same DFN generated in a, but with fractures 

that extend outside the domain truncated. d Realization of a random 
fractal DFN generated in a domain of length 100 m (outlined in red) 
with exponents of a = 2.5 and D = 1.5, and no boundary imposed. e 
The same DFN generated in d but with all fractures that extend out-
side the domain removed. f The same DFN generated in d, but with 
fractures that extend outside the domain truncated
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Fig. 4   Effect on correlation 
functions and length distribu-
tions of applying two different 
approaches to the problem of 
fractures that extend beyond 
the domain boundary, namely 
to remove the fractures (blue), 
or to trim them so they do not 
extend beyond the domain 
boundary (green). The curves 
obtained by including such frac-
tures with their true length are 
shown for comparison (brown), 
a correlation functions and their 
log–log slope, and b length 
distributions derived from 
the DFNs in Fig. 3a, b which 
correspond to the case a = 1.5. 
The domain length is 100 m. 
The log–log slopes of the C(r) 
functions should be flat and 
equal to 1.5 (i.e., a correlation 
dimension of 1.5), as shown by 
the black dashed line. c Correla-
tion functions and their log–log 
slopes and d length distribu-
tions derived from the DFNs in 
Fig. 3d, e which correspond to 
the case a = 2.5

Fig. 5   a A synthetic 3D 
network generated in a 500 m 
domain using dual power-law 
model with D = 2.7, a = 2.8, lmin 
= 10 m and α = 0.02. b Cor-
relation function and its local 
slope of the generated network. 
c Complementary cumula-
tive length distribution of the 
generated network (N is the 
number of fractures larger than 
size of R)
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Since the lengths of fractures intersecting a borehole are 
essentially not observable, this relationship is not relevant 
here. The exponent of the spatial distribution of fracture 
centers ( D2D ) in a 2D L × L domain is related to the expo-
nent of the spatial distribution of fracture intersections of 
a 1D scanline of length L ( D1D ) by a relation whose form 
depends on the length exponent of the DFN, as given in 
Eqs. (15)–(17) after Darcel et al. (2003b):

Darcel et  al. (2003b) performed numerical simula-
tions with synthetic DFNs to attempt to verify the above 
stereological relationships but found that they were only 
partly valid. Here we use a different stereological analysis 
approach to clarify the range of validity of Eqs. (15)–(17).

The procedure used for the 2D stereological analysis 
is as follows. Fractal fracture networks were generated 
in a domain of 512 m × 512 m. The length exponent was 
assumed to lie between 1.3 and 3.5 and the correlation 
dimension of fracture centers was varied between 1 and 2. 
The minimum length of the fractures in each model was 
set to 1 m. Fractures that extended beyond the boundaries 
were trimmed. For each fracture network generated with 
a given D2D and length exponent, scanlines were placed 
every 1 m parallel to both x- and y-axis (i.e., 1025 scan-
lines in total) and the locations of fracture intersection 
points along each scanline determined. The correlation 
functions of these fracture intersection points along each 
scanline yielded estimates of D1D within the range of 
1–100 m. The resulting estimates of D1D were then plot-
ted as a function of the correlation dimension, D2D, of the 
fracture network in question.

The analysis was performed on two sets of 2D frac-
tal DFNs with different length exponents of a2D = 1.5 
and a2D = 2.5. For each length exponent, the correlation 
dimension D2D was varied from 1.1 to 1.9 in steps of 0.1 
(i.e., D2D =1.1, 1.2,…, 1.9), and a single DFN with ran-
dom fracture orientation generated for each step. For each 
value of length exponent a2D , the constant α in Eq. (1) 
was adjusted for each step to produce a large and con-
stant number of fractures centered in the domain, thereby 
eliminating the effects of the number of fractures on the 
analysis whilst ensuring a large number of intersections 
with 1D sampling lines. For a2D = 1.5, α was chosen so as 
to produce approximately 20,000 fractures (approximate 
P21 of 40), whilst a value that generated approximately 
200,000 (approximate P21 of 4) was used for a2D = 2.5. 
The difference in the number of fractures compensates for 
the tendency for a2D = 2.5 to generate proportionally fewer 

(15)D1D = 1, a2D ⩽ 2 and a2D ⩽ D2D

(16)D1D = D2D − a2D + 1, a2D ⩽ 2 and a2D ⩾ D2D

(17)D1D = D2D − 1, a2D ⩾ 2

larger fractures and hence fewer intersections. Figure 6a 
shows the resulting values of D1D obtained as a function 
of D2D for a2D = 1.5 together with the trends expected 
from Eqs. (15) and (16). Clearly, for D2D ⩾ a2D =1.5, the 
values of D1D scatter closely around 1, which is consistent 
with expectations from Eq. (15). However, for D2D ⩽ a2D , 
the analysis indicates a progressive discrepancy between 
the values of D1D obtained from the realizations and the 
stereological relationship of Eq. (16). Similar observations 
are reported by Darcel et al. (2003b) who referred to this 
range as a transition regime.

The corresponding results for a length exponent of 
2.5 are shown in Fig. 6b together with the expected trend 
from Eq. (17). It is evident that the D1D values derived 
from the scan lines overestimate the values expected from 
Eq. (17) for all values ofD2D , the overestimate increasing 
for smaller values of D2D . Similar results were found by 
Darcel et al. (2003b) who plotted only the average values 
of the D1D values as a function of D2D.

The stereological analyses presented above consider 
DFNs that have a random orientation of fractures. How-
ever, fractures mapped in boreholes or outcrops commonly 
fall into one of several discrete orientation sets that reflect 
the fracture families present in the rock mass. As an exam-
ple, Ziegler et al. (2015) used a fracture imaging log run 
in the Basel-1 borehole to characterize the natural fracture 
distribution in the rock mass penetrated by the well. They 
identified six potential fracture sets based on their orienta-
tion. To investigate the impact of preferred orientation of 
fractures on the stereological analysis, 2D fractal DFNs 
were generated that contained only two fracture sets which 
subtended angles of 45° and 135° from the x-axis. The 
procedure and parameter values used in the stereological 
analyses were the same as those applied for the random 
fracture orientation cases. The results, shown in Fig. 7c, 
d for a2D = 1.5 and a2D = 2.5 respectively, are in close 
agreement with the random orientation cases. Various 
fracture orientation configurations have been tested lead-
ing to the same conclusion.

It is of practical interest to examine the stereological rela-
tionship between fractures sampled along 1D scanlines (i.e., 
boreholes) cutting through 3D fracture networks. Darcel 
et al. (2003b) have shown the equations defining the theo-
retical stereological relationships between 2D trace planes 
and 3D synthetic networks are given by Eqs. (18–20).

Combining the above 3D to 2D equations with the 
2D to 1D relations for the majority of natural fractured 

(18)D2D = 2, a3D ⩽ 2 and a3D ⩽ D3D − 1

(19)
D2D = D3D − a3D + 1, a3D ⩽ 2 and a3D ⩾ D3D − 1

(20)D2D = D3D − 1, a3D ⩾ 2
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systems (i.e., a3D ⩾ 3 and a2D ⩾ 2 ) gives the required 3D 
to 1D equation as Eq. (21).

We performed a similar stereological analysis to those 
done previously, this time using 3D DFNs generated with 
a3D = 3.5, and D3D varied from 2.1 to 2.9 in steps of 0.1. 
Fracture orientations were random. For each DFN gen-
erated for each step, the 1D correlation dimension, D1D, 
was measured along 512 scanlines aligned with the z-axis 
and spaced every meter in the x-axis direction. The result-
ing D1D values are shown as a function of D3D in Fig. 7 
for a3D = 3.5, together with the trend from Eq. (21). For 
all values of a3D, the computed D1D remains on average 
close to 1. This illustrates that it is impossible to estimate 
the correlation dimension of a 3D fractal fracture network 
from 1D line samples taken from boreholes through it.

(21)D1D = D3D − 2, a3D ⩾ 3

Fig. 6   Stereology plot of 1D lines sampling a 2D fractal fracture net-
work. a Values of D1D obtained from DFN realizations with random 
fracture orientations generated with a2D = 1.5 as a function of D2D. 
For a given D2D value, the red line in the box denotes the median 
value of D1D taken over the realizations, and the lower and upper 
edges of the box denote the 25 and 75 percentile values, respectively, 

whose difference denotes the inter quartile range (IQR). The horizon-
tal short black lines lie 1.5IQRs from the upper and lower edges of 
the 25 and 75 percentiles. Red crosses are realization falling outside 
this range. b Same as a but with a2D = 2.5 with random fracture ori-
entations. c Same as a but with a2D = 1.5 and two orthogonal sets. d 
Same as a but with a2D = 2.5 and two orthogonal sets

Fig. 7   Stereology plot of 1D lines sampling a 3D fractal fracture net-
work. Values of D1D obtained from DFN realizations with random 
fracture orientations generated with a length exponent a3D = 3.5 as a 
function of D3D with random orientations
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4 � Techniques of Estimating Fractal 
Dimension Applied to Synthetic 1D Fractal 
Fracture Distributions

Fractal geometry has been widely applied to characterize 
fracture intersections along 1D scanlines in natural frac-
ture systems (e.g., Boadu and Long 1994; Ledésert et al. 
1993; Manning 1994; Merceron and Velde 1991; Moein 
et al. 2016; Roy et al. 2014). Here, we review the available 
techniques to estimate the fractal dimension of fractures 
intersecting 1D scanlines. Then, we apply these techniques 
to estimate the fractal dimension of synthetic patterns of 
known fractal dimension to determine the best and most 
reliable methodology to characterize 1D fracture patterns.

4.1 � Synthetic 1D Fracture Network Generation

We applied the Multiplicative Cascade process to generate 
1D fractal patterns (i.e., points along a scanline) of given 
fractal dimension using a procedure which is broadly simi-
lar to that described previously. The main differences are: 
(1) the generation domain is reduced to a line of size L m 
(instead of a square of L × L m2 ) and the number of initial 
probabilities is reduced to 2 (instead of four). The fragmen-
tation process is accomplished by dividing the domain size 
into two sub-domains in each iteration (i.e., lratio = 2). The 
initial parameters required to generate fractal patterns of 

fracture intersection points on a single scanline are the num-
ber of iterations n, the number of fracture intersection points 
Nt , and the scanline length of L. For our application, since 
we are only interested in the spatial distribution of inter-
section points, we skip the steps that assign fracture length 
to fracture locations on scanlines. Here, we set L = 512 m, 
n = 16 and populate 1000 random fracture locations with a 
fractal dimension of D1D = 0.75 . Figure 8a shows a sche-
matic representation of fractures on a sample synthetic scan-
line with an original length of 512 m. For the sake of clarity, 
only 64 m of the scanline is presented in this figure. In the 
following, we apply three different techniques to estimate the 
fractal dimension of this synthetic 1D scanline and evaluate 
the limitation and accuracy of each methodology.

4.2 � Fractal Dimension Estimation

4.2.1 � Two‑Point Correlation Function

The two-point correlation function computes the correlation 
dimension similar to 2D networks using Eq. (2). Figure 8b 
displays the application of two-point correlation function 
to compute the correlation dimension (D) of the synthetic 
fracture intersection point patterns of Fig. 8a. The computed 
correlation dimension is reasonably stable and close to the 
initial fractal dimension ( D = 0.75 ) over almost two orders 
of magnitude.

Fig. 8   a A schematic view of a synthetic fracture pattern on a 1D 
scanline domain, generated using a 1D Multiplicative Cascade pro-
cess with a D1D = 0.75 , L = 512 m, and n = 16. For the sake of clar-
ity, only 64 m of the scanline is plotted. The number of fractures in 
the entire domain is 1000. b Log–log plot of the two-point correla-

tion function and its local slope of the scanline shown in a. c Box-
counting analysis and its corresponding local slope of the synthetic 
1D scanline generated in a. dComplementary cumulative distribution 
of spacing and local slope of the synthetic 1D scanline generated in a 
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4.2.2 � Box‑Counting Technique

The box counting technique consists of covering the data 
space (here the scanline) with rulers of equal sizes t laid 
end-to-end and determining how many of the rulers contain 
data Nb(t) . The initial ruler length is chosen as the scanline 
length, and the procedure repeated sequentially using pro-
gressively smaller rulers that are fractions of the scanline 
length. If the distribution of fracture intersections follows a 
fractal behavior, then Nb(t) should be related to the rule 
length t by the relation Nb(t) ∼ t−Db (Chilès 1988; La Pointe 
1988). Thus the box-dimension, Db, can be evaluated by 
measuring the local slope of Nb(t) vs. t in a log–log plot. 
Note that some authors plotlog

(

Nb(t)

N

)

 vs. log(t) , although in 
that case the slope will be equal to 1 − Db (e.g., Ledésert 
et al. 1993; Velde et al. 1990). In general, this slope will not 
be constant over the entire range of t, as can be appreciated 
by considering the behavior at extreme values. When there 
is a small number of large rulers, all rulers will contain data 
and the local slope will essentially be − 1. On the other 
hand, when rulers are shorter than the minimum data spac-
ing, the number of rulers containing data will become a con-
stant equal to the number of data points and the slope on the 
log–log plot will tend to zero. In between these two extreme 
cases, a regime with a constant slope should develop if the 
data set is truly fractal, and this constant slope is an estima-
tor of the fractal dimension of the data set. Figure 8c shows 
the application of the box-counting techniques to compute 
the box-dimension of the dataset in Fig. 8a. Evidently, the 
plot of log(Nb(t)) versus log(t) does not show a fractal 
regime in which the local slope is constant for a considerable 
range.

4.2.3 � Power‑Law Distribution of Spacing

This method considers the spacing of fracture intersection 
points along a scanline or borehole. An approach to estimat-
ing the fractal dimension of the fractal intersection points is 
to compute the cumulative spacing distribution (Gillespie 
et al. 1993). That is, to plot the logarithm of the number 
of spacings Ns greater than or equal to a specific spacing 
(s) versus the logarithms of the specific spacing. If the dis-
tribution is fractal over a limited range, then the relation, 
Ns(s) ∼ s−Ds should be valid, and the slope should yield the 
fractal dimension, Ds. Although estimating the power-law 
scaling exponent from cumulative density distribution may 
be biased (Bonnet et al. 2001), we aim to evaluate the sta-
tionarity of the scaling exponents compared to other tech-
niques (i.e., extracting the exact scaling exponent is not 
the main purpose). Figure 8d displays cumulative distribu-
tion of fracture spacing derived from synthetic patterns on 
Fig. 8a. As was found for the box-counting technique, there 

is no extensive range over which the local slope of Ns(s) 
has a constant value. A short plateau can be seen between 
s = 50 cm and 1 m, at a slope and hence Ds value of 0.75, 
denoted by the dashed line in Fig. 8d. However, the feature 
is insufficiently distinct to be considered a priori as a reliable 
indicator of fractal behavior.

The results of applying the three techniques to estimate 
the fractal dimension of the 1D fracture spacing dataset 
show that the correlation function delivers a clear and sta-
ble estimate that is in accord with the fractal dimension used 
in generating the dataset. Although the power-law distribu-
tion of fracture spacing yields a similar fractal dimension, 
the slope plateau is not clearly recognizable as such in the 
log–log plot, and has a smaller range of validity. The esti-
mate of fractal dimension from the box-counting technique 
is biased and shows no constant slope over any range. Bour 
et al. (2002) applied the classical box-counting technique 
directly to the 2D outcrops from Hornelen basin and found 
no evidence of fractal behavior. In contrast, the two-point 
correlation function between fracture centers indicated frac-
tal behavior over a wide range of length scales and yielded 
an estimate of the correlation dimension of the fracture cent-
ers which appears to be the true fractal dimension.

5 � Scaling of 1D Natural Fracture 
Distribution in Three Deep Boreholes

The primary source of information on natural fracture net-
works in deep reservoirs stems from borehole wall image 
logs such as the acoustic televiewer. Fractures can be iden-
tified and their orientation obtained by fitting sinusoids to 
their traces on unwrapped images. Although the resolution 
of acoustic televiewer logs does not permit the identification 
of very thin discontinuities (Genter et al. 2010), the resulting 
fracturing dataset usually provides a reasonably complete 
sampling of the fracture families present in a rock mass. 
The fracture datasets discussed here were derived from a 
5 km deep geothermal well, Basel-1, located near Basel in 
Switzerland, and two 5 km deep wells, GPK3 and GPK4, 
at the Soultz Geothermal Project at Soultz-sous-Forêts in 
France. Both sites are located in the Upper Rhine Graben, a 
Cenozoic rift system (Dèzes et al. 2004). At both sites, the 
boreholes penetrate a Cenozoic and Mesozoic sedimentary 
series and reach the basement at 2.5 km in Basel and 1.4 km 
in Soultz-sous-Forêts. In Basel, the basement is essentially 
composed of a monzogranite (Häring et al. 2008). The top 
section of the basement was exposed at the surface prior the 
deposition of the Mesozoic sediments and thus is altered. 
In Soultz, the basement is mostly composed of a porphyric 
monzogranite with various level of hydrothermal alteration 
while the deepest part of the well penetrates a two-mica 
granite (Dezayes et al. 2010). Figure 9 shows stereographic 
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projections of the orientation of fractures derived from log 
runs in these three boreholes. The depth of fractures in the 
borehole logs has been converted from measured depth 
(MD) to true vertical depth (TVD) below ground. Several 
analyses were run using both MD and TVD and the same 
results were obtained. In earlier studies, the fractures in each 
borehole were picked and assigned to fracture sets based 
on their orientation. The sets and their mean orientations 
are listed in Tables 1 and 2, and are ranked in terms of the 
number of fractures they contain. Six fracture sets were rec-
ognized in Basel-1 (Ziegler et al. 2015) and seven sets in 
GPK3 and GPK4 (Valley and Genter 2007; Ziegler et al. 

Fig. 9   The stereonet (lower hemisphere, equal area projection) plots of the poles of natural fractures in Basel-1, GPK3 and GPK4 with corre-
sponding Fischer coefficients of each set

Table 1   Number of fractures in sets and corresponding mean orienta-
tions in Basel-1 (Ziegler et al. 2015)

Total number of fractures = 1164

Fracture set Number 
of frac-
tures

Mean dip direction 
(°)

Mean dip angle (°)

1 348 250 66
2 297 68 62
3 173 195 61
4 152 307 68
5 53 37 68
6 12 133 76

Table 2   Number of 
fractures in recognized sets 
and corresponding mean 
orientations in boreholes GPK3 
and GPK4 at the Soultz-sous-
Forêts site

Total number of fractures in GPK3 = 1926
Total number of fractures in GPK4 = 2115

Fracture set Number of fractures Mean dip direction (°) Mean dip angle (°)

GPK3 GPK4 GPK3 GPK4 GPK3 GPK4

1 625 749 269 272 68 70
2 584 708 85 85 66 64
3 324 411 136 122 72 74
4 297 231 280 271 74 77
5 27 40 177 200 33 24
6 63 55 185 203 76 80
7 6 21 189 170 54 46
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2015), although some fractures could not be assigned to any 
of the fracture sets.

5.1 � Comparison of the Scaling Properties of 1D 
Fracture Distributions Obtained Using Different 
Techniques

Here, we applied the two-point correlation function tech-
nique, the box-counting method and statistical power-law 
distribution of spacing to compute the fractal dimension of 
fracture patterns in Basel-1 well. For this analysis, the entire 
fracture dataset is used without regard to the different sets 
(i.e., orientations). Figure 10a shows that the fractal dimen-
sion given by the correlation dimension derived from the 
two-point correlation method is reasonably constant over 
two orders of magnitude. On the other hand, the box-count-
ing technique does not show a plateau in the entire range 
(Fig. 10b) and the power-law analysis of spacing distribution 
shows a constant slope for less than one order of magnitude 
with a fractal dimension of 0.21 (Fig. 10c). According to the 
analysis of synthetic data (Sect. 3.1), the correlation dimen-
sion seems to be the true fractal dimension of fracture pat-
terns in deep boreholes.

5.2 � Fractal Dimension Estimation of 1D Spacing 
Distributions of Fractures in Different Sets

In this study, we consider only the first four sets (1–4) of the 
three boreholes which are the most populous. The number 

of fractures in other sets is too small to perform a fractal 
analysis. No consideration was given to the confidence of the 
identification of the individual fractures. For each of the four 
sets, two-point correlation functions of fracture intersection 
depths (in TVD) along the boreholes were computed for 
500 points logarithmically distributed uniformly in the range 
0.1–10,000 m (i.e., 100 for every order of magnitude). The 
local slopes of the log–log plots of the C(r) function were 
calculated for 25-point wide windows that were progres-
sively moved across the C(r) curves without overlap, thereby 
giving four slope values per decade.

The C(r) and log–log slope functions obtained from the 
analysis of the Basel-1 fracture sets are shown as functions 
of r in Fig. 11. In all cases, the log–log slope appears rea-
sonably flat save for local fluctuations for a range of r values 
that span at least 2–200 m, demonstrating that the spacing 
of the fracture intersection points is fractal over scales of at 
least 2–200 m. The best-fitting horizontal lines to the slope 
functions over this range gave the D1D estimates of between 
0.65 and 0.75, which are listed in Table 3 together with their 
standard deviations and corresponding ranges of validity.

Identical analyses were performed on the natural fracture 
sets imaged in GPK3 and GPK4 of the Soultz-sous-Forêts geo-
thermal reservoir, and the correlation and log–log slope func-
tions are shown in Figs. 12 and 13 respectively. In all cases, the 
log–log slope has a reasonably constant value over two and in 
some cases, three orders of magnitude (Table 3). The correla-
tion dimension (D1D) estimates for GPK3, obtained from the 
best-fit horizontal line over range 1–200 m, vary between 0.71 

Fig. 10   Application of three 
different techniques to compute 
the fractal dimension of fracture 
patterns in Basel-1 borehole, a 
two-point correlation function, 
b box-counting technique and c 
statistical distribution of spacing
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and 0.75 (Table 3), whereas those for GPK4 range between 
0.66 and 0.75.

5.3 � Fractal Dimension Estimation of 1D Spacing 
Distributions of all Fractures in Each Borehole

The correlation and slope functions of all fractures in the 
Basel-1, GPK3 and GPK4 datasets are shown in Fig. 14a–c, 
respectively. No consideration is given to the orientation of 
the fractures. For Basel-1, the log–log slope shows a con-
stant value over two orders of magnitude, and for GPK3 
and GPK4, over three orders of magnitude (Table 3). The 

estimated fractal dimensions for the three holes are very 
close to each other, being 0.86, 0.88 and 0.87 for Basel-1, 
GPK3 and GPK4 respectively, and the associated standard 
deviation of the local slope within the fractal range which 
spans 2–500 m is less than 0.06 in all cases.

6 � Discussion

The generation of discrete fracture network models con-
ditioned by available observations from boreholes or out-
crops is required in practically all subsurface rock mass 
characterization programs (e.g., Watanabe and Takahashi 
1993). The approach investigated here makes the assump-
tion that fracture networks can be considered as fractal 
objects. Fractal fracture networks require the values of 
scaling parameters that control the position and length of 
the fractures that form the network to be specified. The 
dual power-law mathematical model proposed by Davy 
et al. (1990) is a convenient way of describing the fracture 
network. The model contains two scaling parameters: the 
correlation dimension D, which controls the position of 
fracture centers, and the length exponent a, which con-
trols the fracture length distribution. One-dimensional, 
two-dimensional and three-dimensional synthetic frac-
ture datasets honoring this model can be generated using 
the Multiplicative Cascade process. This model forms the 
basis for our analyses.

Fig. 11   Correlation and log–log 
slope functions of fracture sets 
in the Basel-1 well. The best-fit 
horizontal line to the log–log 
slope function over the r range 
of 2–200 m which gives the 
value of D1D is shown together 
with the standard deviation. The 
range of r over which fractal 
scaling is seen is indicated 
between the vertical lines drawn 
at the 1 sigma variation of D1D. 
a Set 1, b set 2, c set 3, d set 4

Table 3   1D Fractal dimension of fracture patterns in three deep bore-
holes and the corresponding range

Correlation dimension obtained from the analyses of fracture inter-
section spacing in the three wells

Fracture set D
1D

 (Basel-1)
Range

D
1D

 (GPK3)
Range

D
1D

 (GPK4)
Range

1 0.75 ± 0.08
1.3–400 m

0.74 ± 0.05
2–1000 m

0.75 ± 0.11
1–2000 m

2 0.69 ± 0.07
2–200 m

0.72 ± 0.05
3–1000 m

0.74 ± 0.1
2–2000 m

3 0.65 ± 0.16
2–200 m

0.71 ± 0.08
2–1000 m

0.68 ± 0.12
1–1000 m

4 0.67 ± 0.08
2–400 m

0.72 ± 0.09
06–200 m

0.66 ± 0.09
1–200 m

Entire dataset 0.86 ± 0.03
2–200 m

0.88 ± 0.02
2–1000 m

0.87 ± 0.06
2–1000 m
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The Levy–Lee flight process as implemented in the Frac-
man software package was also considered as a fractal frac-
ture network generator. However, the fractal dimension of 
fracture centers of the generated network was found to differ 
from the input value, a result what is believed to be due to 
the effects of the finite size of the domain (Darcel 2002). 

Experiments with fracture networks generated in finite 
domains with the multiplicative cascade process showed 
that removal or trimming of fractures that crossed the 
domain boundary did not significantly impact the correla-
tion (i.e., fractal) dimension of fracture centers of the net-
work. However, only trimming preserved the fractal nature 

Fig. 12   Correlation and log–log 
slope functions in log–log space 
for the four fracture sets identi-
fied in the GPK3 well at the 
Soultz geothermal site: a set 1, 
b set 2, c set 3, d set 4

Fig. 13   Correlation and log–log 
slope functions local slopes for 
the four fracture sets identified 
in the GPK4 well at the Soultz 
geothermal site: a set 1, b set 2, 
c set 3, d set 4
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of the fracture length distribution, the deviation from fractal 
behavior becoming significant for larger fractures within the 
domain.

The scaling inherent in fractal fracture networks is quanti-
fied by scaling exponents (i.e., fractal dimensions). For 2D 
and 3D fracture networks, the fractal dimensions obtained 
from applying different measurement methods represent 
the scaling properties of different attributes of the fracture 
networks. For example, box-dimension is a measure of the 
space filling characteristics of the fractures (which inher-
ently accounts for the length and center-to-center separation 
of the fractures) and correlation dimension reveals the clus-
tering of fracture centers. Bour et al. (2002) applied the box-
counting technique to a fracture exposure in the Hornelen 
Basin, Norway and noted fractal behavior over a limited 
range of scales, whereas the two-point correlation function 
method indicated fractal behavior over a much larger range 
of scales. In contrast to 2D and 3D fracture networks, the 
distribution of fractures along 1D scanlines or boreholes 
depends only on the separation of fracture intersection points 
(i.e., the fracture length does not play any role in computing 
the scaling exponent). For this simple case of points along 
a line, it might be assumed that if the distribution is indeed 
fractal, then the same fractal dimension would be obtained 
regardless of the technique used to estimate it. However, 
our experiments with synthetic 1D fracture spacing data of 
known fractal dimension showed that the two-point corre-
lation method was the only technique that yielded stable 
and correct estimates for the fractal dimension of the series, 
as given by the correlation dimension. The box-counting 

technique and power-law distribution of spacing methods 
did not deliver reliable estimates of the fractal dimension.

The computation of 1D correlation dimensions for frac-
ture datasets from one deep borehole in Basel, Switzerland 
(Basel-1) and two deep boreholes in Soultz-sous-Forêts, 
France (GPK3 and GPK4) led to very similar values rang-
ing from 0.86 to 0.88 when considering all fracture orienta-
tions together. This fractal scaling is seen to be valid over 
more than two orders of magnitudes (i.e., typically in the 
range 2–1000 m), which covers the entire range that one 
can reasonably expect to resolve from the data lengths in 
question (2.5 km for Basel-1 and 3.5 km for GPK3 and 4) 
before finite size effects become manifest. This constitutes 
strong evidence that the fracture networks investigated fol-
low a fractal organization. Performing the analyses for each 
borehole on sets of fractures of similar orientations, yields 
correlation dimensions that are slightly lower, the values 
ranging from 0.65 to 0.75, although the ranges of validity of 
fractal scaling still span more than two orders of magnitude.

The data from the boreholes GPK3 and GPK4 at the 
Soultz site are of particular interest since they are only 30 m 
apart in the upper kilometer of the granite section and hence 
they sample essentially the same rock mass. The inter-well 
distance increases up to 700 m toward the bottom of the 
holes. Thus, the constancy in correlation dimension esti-
mates with depth and laterally in these boreholes indicates 
vertical and lateral homogeneity of the fractal characteristics 
of the fracture network in the rock volume sampled by the 
wells.

Fig. 14   Correlation and log–log 
slope functions derived from 
all fractures (grouped into 
one dataset regardless of their 
orientation) intersecting a the 
Basel-1 well, b the GPK3 well, 
c the GPK4 well
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The physical interpretation of the correlation dimension 
D1D in terms of the organization of the fracture network is 
not trivial (Davy et al. 2010). Uniformly spaced fractures or 
uniform randomly distributed fractures (Poisson’s process) 
will have a correlation dimension of 1.0. Smaller values of 
D1D will imply some clustering of the fractures. Our values 
for D1D suggest some clustering of the fractures, but not 
strong clustering. Previously reported scaling exponents of 
data from EPS1 at Soultz-sous-Forêts reported values in the 
range of 0.2–0.4 corresponding to the box-dimensions of 
0.6–0.8 (Ledésert et al. 1993), which are very close to the 
ranges of our fractal dimensions. The fractal dimension val-
ues obtained by fitting a power-law to the cumulative spac-
ing distribution for various fracture sets in GPK3 and GPK4 
yielded values of 0.63–1.0. These values are also similar to 
our findings, although the stability of the local slopes was 
not satisfying (Valley 2007). The degree of clustering and 
the fractal dimension is also interpreted by some authors 
as an indication of the “saturation” of the fracture network, 
i.e., the degree to which fracture location is dense enough to 
force fracture interactions during the growth process (Davy 
et al. 2010; Scholz 2002). A more saturated system will 
develop more uniform fracturing leading to higher fractal 
dimensions. This would indicate that our fracture network 
in Soultz and Basel are close to being saturated.

An important question concerns the constraints that an 
observed distribution of fracture intersection points along a 
borehole places on the scaling of the fracture network within 
the rock mass penetrated by the borehole. Clearly, the 1D 
distribution of fracture spacing along the hole reflects to 
some degree the characteristics of the 3D network (i.e., the 
parameters controlling fracture location (D3D) and fracture 
length (a3D) in the dual power-law model). Moreover, analy-
ses of borehole data show that fracture spacing distributions 
are commonly fractal in nature and characterized by a fractal 
dimension, D1D. Darcel et al. (2003b) derived stereological 
relationships for fractal DFNs which relate the D1D values 
derived from scanlines through a DFN to the scaling param-
eters of fracture patterns on 2D surfaces within the DFN 
(i.e., the correlation dimension of fracture centers, D2D, and 
the length exponent a2D), and also to the 3D scaling param-
eters (D3D and a3D). Applying the relations to synthetic 
data, they found that the 3D spatial distribution of fractures 
could not be constrained from the lower-dimension scaling 
parameters, except when the length exponent was known. 
However, our stereological analysis shows that even when 
the fracture length exponent is known, it is not possible to 
deduce 3D scaling parameters from 1D data. The problem is 
strongly underdetermined and leads to non-unique solutions. 
Additional information must be included to circumvent these 
limitations. This can be done in the case of geothermal res-
ervoir development by integrating the spatial distribution of 
induced seismicity (Afshari Moein et al. 2018b), although 

this information becomes available only after that reservoir 
stimulation has been performed. Another potential source 
of information stems from the in situ stress variations that 
are revealed by extensive wellbore failure that is commonly 
observed in deep boreholes (Afshari Moein et al. 2018a).

7 � Conclusions

Fractal fracture networks that respect the dual power-law 
model of Davy et al. (1990) were generated using a Multi-
plicative Cascade process. Two scaling parameters inherent 
in the model relate to the distribution of distances between 
fracture centers (correlation dimension, D), and the distribu-
tion of fracture lengths (length exponent, a). Analyses of 1D 
synthetic fracture distributions along lines generated within 
the model the and deep borehole fracturing data show that 
correlation dimension obtained from the two-point correla-
tion method provides the most stable and reliable estimate of 
the fractal dimension of fractures on 1D scanlines or bore-
holes. The spatial distributions of fractures along three deep 
boreholes in crystalline rock at Basel and Soultz-sous-Forêts 
was found to be fractal over more than two orders of mag-
nitude in scale, and in all cases the fractal dimensions lay in 
the range 0.86–0.88. Fracture sets of common orientation 
within the wells were also fractal over more than 2 orders of 
magnitude, although the fractal dimension ranged between 
0.65 and 0.75. This constitutes strong evidence that fractur-
ing in rock masses penetrated by the wells follows a fractal 
organization.

Analyses performed on synthetic fractal fracture net-
works show that it is not possible to estimate the 2D and 
3D fractal scaling parameters of correlation dimension 
or length exponent from the 1D correlation dimension of 
fracturing spacing from scanlines through the network. 
This was found to be true even if the length exponent of 
the fracture distribution was known a priori. The stere-
ological problem of constraining scaling in 2D and 3D 
from 1D observations is too underdetermined and requires 
information in addition to the length exponent. A possible 
development of this research is to perform stereological 
analysis on DFNs generated using novel algorithms that 
respect the mechanical interactions between neighboring 
fractures. Further datasets from deep boreholes and under-
ground laboratories will provide a valuable opportunity to 
test the methodologies developed in this paper.
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