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Abstract

In the first part of this thesis, we study Lotka-Volterra food chains. This model consid-
ers n species whose interactions are governed by Lotka-Volterra equations. More precisely,
species 7 is the prey of species 141 and the predator of species ¢ — 1. In addition, there can
be intra-specific interactions but there can be no other interactions than those mentioned
above.

First, we consider this model as a stochastic differential equation, i.e. we assume that
the drift is a Lotka-Volterra type food chain. In this model, we also assume that the noise
is degenerate and, more precisely, that it only affects species 1 or species n.

We show that, under these assumptions, species persistence is equivalent to the drift
having an equilibrium point with all its coordinates positive. Under the condition that
all species are present, we understand persistence to mean that the semigroup converges
in total variation to a single invariant probability measure whose support is contained in
the positive orthant. If we neglect the intra-specific competition of at least one species,
then we show that the speed of convergence is polynomial. However, if all species have
intra-specific interactions, then the speed of convergence is exponential.

In a second step, we consider this model as a piecewise deterministic Markov process.
I.e. we consider the model generated by the random switching between N food chains of
the Lotka-Volterra type. We also assume that there are two food chains that differ only
in the resources allocated to the first species.

Under these conditions, we show that the persistence of species is equivalent to the
positivity of the coordinates of the equilibrium point of the average chain. Furthermore,
we show that the speed of convergence is exponential. In the case of extinction, we also
determine which species become extinct and which species survive. We also show that
the extinction rate is exponential while the semi-group converges in law to an invariant
probability measure putting weight only on the surviving species. In addition, we also
discuss the critical case and the sensitivity of the model to parameters.

The second part of this thesis deals with quasi-stationarity with random moving bound-
aries. More precisely, we assume that the boundary can only take a finite number of
possible values and that these changes are governed by a jump process. Under new
Champagnat-Villemonais conditions, we show the existence of a Q-process and a quasi-
ergodic measure. Moreover, we also show the ergodicity of the flow induced by the
marginal law of the process conditioned not to be absorbed.

Keywords: Markov processes; stochastic differential equations; degenerate noise; piece-
wise deterministic Markov processes; stochastic persistence; Lotka-Volterra model; Hor-
mander condition; quasi-stationarity; quasi-ergodic distribution; Q-process; random mov-
ing boundaries; time-inhomogeneous Markov processes.
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Résumé

Dans la premiere partie de cette these, nous étudions les chaines alimentaires de type
Lotka-Volterra. Ce modele considere n especes dont les interactions sont régies par des
équations de Lotka-Volterra. Plus précisément, 1’espece i est la proie de l'espece ¢ + 1 et
le prédateur de 'espece @ — 1. De plus, il peut y avoir des interactions intra-spécifiques
mais il ne peut pas y avoir d’autres interactions que celles mentionnées ci-dessus.

Dans un premier temps, nous considérons ce modele sous la forme d’une équation
différentielle stochastique, c.-a-d. que nous supposons que la dérive est une chaine ali-
mentaire de type Lotka-Volterra. Dans ce modele, nous supposons également que le bruit
est dégénéré et plus précisément, qu’il n’affecte que ’espece 1 ou l'espece n.

Nous montrons que, sous ces hypotheses, la persistance des espéces est équivalente
au fait que la dérive possede un point d’équilibre ayant toutes ses coordonnées positives.
Sous la condition que toutes les espéces sont présentes, nous entendons par persistance que
le semi-groupe converge en variation totale vers une unique probabilité invariante dont
le support est contenu dans l'orthant positif. Si nous négligeons la compétition intra-
spécifique d’au moins une espece, nous montrons qu’alors, la vitesse de convergence est
polynomiale. Cependant, si toutes les espeéces possedent des interactions intra-spécifiques,
alors la vitesse de convergence est exponentielle.

Dans un second temps, nous considérons ce modele sous la forme d’un processus de
Markov déterministes par morceaux. C.-a-d. nous considérons le modele engendré par le
switch aléatoire entre N chaines alimentaires de type Lotka-Volterra. Nous faisons aussi
I’hypothese qu’il y a deux chaines alimentaires qui ne different que par les ressources
allouées a la premiere espece.

Sous ces conditions, nous montrons que la persistance des espeéces est équivalente a
la positivité des coordonnées du point d’équilibre de la chaine moyenne. De plus, nous
montrons que la vitesse de convergence est exponentielle. Dans le cas de I'extinction,
nous déterminons également quelles especes s’éteignent et quelles especes survivent. Nous
montrons aussi que la vitesse d’extinction est exponentielle tandis que le semi-groupe
converge en loi vers une probabilité invariante mettant du poids uniquement sur les especes
survivantes. De plus, nous traitons également du cas critique ainsi que de la sensibilité
du modele aux parametres.

La deuxiéme partie de cette these traite de la quasi-stationnarité avec frontiéres mobiles
aléatoires. Plus précisément, nous faisons I’hypothese que la frontiére ne peut prendre
qu'un nombre fini de valeurs possibles et que ces changements sont régis par un processus
de sauts. Sous de nouvelles conditions de type Champagnat-Villemonais, nous montrons
Iexistence d'un Q-processus et d’une mesure quasi-ergodique. De plus, nous montrons
aussi l'ergodicité du flot induit par la loi marginale du processus conditionné a ne pas étre
absorbé.
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Mots-clés : Processus de Markov; équations différentielles stochastiques; bruit dégénéré;
processus de Markov déterministes par morceaux; persistance stochastique; modele de
Lotka-Volterra; condition de Hormander; quasi-stationnarité; distribution quasi-ergodique;
Q-processus; frontieres mobiles aléatoires; processus de Markov non homogenes.
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Chapitre 1

Introduction

Nous allons présenter ici les notions et résultats principaux qui seront utilisés durant
cette these. Il n’est pas pour objectif de refaire ici un cours entier sur les processus de
Markov, les processus sous-markoviens ainsi que leurs applications. Cette partie a plus
pour but de mettre un contexte sur les modeles étudiés ainsi que de fixer les notations et
définitions qui peuvent parfois légerement différer d’un auteur a 'autre. C’est pourquoi
nous supposerons qu’a partir de ce moment précis, le lecteur est familier avec ce genre de
notions si ce n’est un expert du domaine.

Cette partie est grandement inspirée de 'article Stochastic Persistence de M. Benaim
[Benl§|, du livre Markov Chains on Metric Spaces, A Short Course de M. Benaim et T.
Hurth [BH22| ainsi que de la these Persistance de Processus de Markov Déterministes par
Morceaur de E. Strickler [Str19].

1.1 Processus de Markov

Nous considérons (2, F, (F;):, P) un espace probabilisé filtré et (M, d) un espace polon-
ais, c.-a-d. un espace métrique séparable complet. Nous allons commencer par nous
donner un processus de Markov a temps continu X = (X (¢)); défini sur  a valeurs dans
M. Nous allons supposer que ses trajectoires sont cadlag (i.e. continues a droite, limites
a gauche). Pour p une probabilité sur M, on note P, (resp. E,) la loi (resp. I'espérance)
du processus X sous la condition initiale y. Dans le cas particulier de la mesure de Dirac
en un point, d,, on notera plutét P, et E,. On notera également X* ou X% le processus
sous cette condition initiale.

Rappelons que le semi-groupe (P;); associé au processus X est défini pour toute fonction
réelle mesurable bornée f et pour tout x € M par

Pof(e) = Eu[f(X ()] = /M F() Py dy).

Le semi-groupe agit également sur les boréliens par
Pt(m, B) = Pt]_B(l')

ol B est un borélien. Rappelons que cet opérateur satisfait la propriété de semi-groupe,
ou aussi appelée les équations de Chapman-Kolmogorov,

P, s = P, o P, pour tout t,s > 0,
Py, = Id.
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Notons également que le semi-groupe agit sur les probabilités par

WP(B) = /M Pz, B)u(da)

pour n’importe quelle probabilité ;1 et n’importe quel borélien B.

Définition 1.1. On dit qu’une probabilité p sur M est invariante pour le processus X, si
pour tout t > 0,

pby = p.

On note Pj(A), resp. Perg(A), Pensemble des probabilités invariantes, resp. er-
godiques, sur A C M. On rappelle qu'une probabilité invariante p est dite ergodique
si u(B) € {0,1} pour tout ensemble borélien invariant B. On rappelle aussi que B est
dit invariant si P,1g = 1 pour tout t.

Apres ces définitions préliminaires, il est temps de savoir ce qu’il nous intéressera de
comprendre sur ce processus. Nous n’allons pas y aller par quatre chemins, nous serons
intéressés par le comportement a long terme du processus X. Autrement dit, nous voulons
savoir quand ce processus admet une probabilité invariante, si elle est unique et si c’est le
cas, quelle est la vitesse de convergence du semi-groupe vers elle. En d’autres termes, si
1 est 'unique probabilité invariante, quelle est la vitesse de convergence de P, vers pu. Ici,
on va considérer principalement deux types de convergence, la convergence en variation
totale et la convergence en loi.

Rappelons que la norme en variation totale est définie pour deux probabilités u, v par

|l —v|lry :==sup{|pf —vf| | f: M — R mesurable bornée, || f||l < 1},

uf—/f

On dit qu'une suite de probabilités (u,) converge faiblement ou en loi vers p si pour
toute fonction réelle continue bornée f,

avec la notation

n—oo

Afin de pouvoir répondre a toutes ces interrogations, il nous faut un peu plus d’outils
mathématiques bien acérés. On commence par définir Cp,(M) comme 'ensemble des fonc-
tions réelles continues bornées sur M.

Définition 1.2. On dit que le processus X (ou son semi-groupe (P;)) est Feller si pour
toute fonction f € Cy(M), Uapplication (t,x) — P.f(x) est continue.

Il est important de noter que la notion de processus Feller est assez confuse. En effet,
suivant les auteurs, ils préféreront utiliser des notions plus adaptées au contexte comme
la notion de Feller forte ou Feller faible. La définition considérée ici est souvent appelée
Cy-Feller dans la littérature.

Une des raisons principales de considérer des processus Feller est la proposition suivante
qui garantit l'existence de probabilités invariantes dans le cas ou l'espace d’états M est
compact, voir [Strl9, Proposition 1.6].
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Proposition 1.3. Si le processus X est Feller et l'espace d’états M est compact, alors il
existe des probabilités invariantes.

Nous verrons dans la suite que cette notion apparaitra dans énormément de grands
résultats. Notamment, les processus de Markov des Chapitres [2] et [3] seront Feller.

Nous voulons a présent déterminer un critére dans le cas ou M est non compact et pour
cela, nous allons commencer par définir le fameux générateur infinitésimal. Nous notons
L le générateur infinitésimal de (P;); défini pour les fonctions f € Cy(M) satisfaisant :

1. Pour tout € M, la limite Lf(z) := lim RIET@) existe.,
—

2. Lf € Cy(M).
3. sup {|Pf — flleo < 0.
0<t<1

L’ensemble de telles fonctions est noté D(L) C Cy(M) et est appelé le domaine de L.

Intuitivement, le point 1. nous dit que cet objet joue d’une certaine maniere le role
de la dérivée pour ce type de processus. En effet, pour toute fonction f € D(L) et tout
t>0,ona PfeDL) et pour tout x € M,

db f
dt

() = L(Pf)(z) = R(LS)(x)- (1.1)

Voir |[LG16, Proposition 6.10] par exemple. Une autre conséquence que nous utiliserons
tres souvent est la tres belle formule de Dynkin, voir [Dyn65, Theorem 5.1].

Proposition 1.4 (Formule de Dynkin). Supposons que le processus X soit Feller, alors
pour toute fonction f € D(L), tout x € M et tout temps d’arrét T tels que E,[7] < oo, on
a T
B X = )+ . | [ 2sx(onas).
0

La proposition suivante est une caractérisation tres intéressante des probabilités invari-
antes pour les processus Feller en terme du générateur infinitésimal et est tirée de [Str19,
Proposition 1.5].

Proposition 1.5. Si X est un processus Feller de générateur L, alors p est une probabilité
invariante si et seulement si uLf = 0 pour toute fonction f € D(L).

Nous définissons maintenant ce qu’on appelle communément le carré du champ qui
est d'une certaine maniere l’analogue de la variance pour notre processus X. Notons
D*(L) C Cy(M) 'ensemble des fonctions f telles que f, f> € D(L). Ainsi I'opérateur
carré du champ, T, est défini pour les fonctions f € D?(L) par

I(f) = Lf* — 2fL].

Notons que I'(f) = limy_o § (P.f? — (P.f)?), ce qui implique immédiatement que I'(f) >
0.

Pour définir un critere sur I'existence de probabilités invariantes dans le cas d'un espace
d’états non compact, il nous faut encore quelques petites définitions.
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Une fonction continue f : M — R, est dite propre si pour tout R > 0, I’ensemble
{r € M| f(z) < R} est compact. Dans le cas ou M = R", cette propriété est équivalente
a lim”mHﬁoo f(i) = OQ.

Un autre outil qui va jouer un roéle décisif dans I’existence de probabilités invariantes
est la famille des mesures empiriques d’occupation (II7), définie pour la condition initiale
x € M par

T 1 '
Ht () = ;/‘ l{Xz(s)e.}ds.
0

Nous notons pour des fonctions continues f,g: M — R

MIS(t) = F(X (1)) — f(a) — / g(X7(s))ds.

On dit que (f,g) est dans le générateur étendu si pour tout x € M, (MI9(t)); est une

martingale locale. Si de plus
Mo
lim ———=

t—o00

=0,

on dit que (f,g) satisfait la loi forte des grands nombres. Remarquons immédiatement
que par , (f, Lf) est dans le générateur étendu pour toute fonction f € D(L). Ainsi,
le terme étendu est bien choisi.

Nous pouvons enfin établir le critere suivant qui est tiré de [Benl8, Théoreme 2.2].

Proposition 1.6. Supposons que le processus X soit Feller. Supposons aussi qu’il existe
une fonction propre V: M — R telle que (V, LV') satisfait la loi forte des grands nombres
et qu’il existe des constantes a > 0, C' > 0 telles que

LV < —aV +C.

Alors,

1. Pour tout x € M, limsup, IV < g De plus, (II7); est tendue et ses points

limites faibles sont dans P, (M). En particulier, Pi,,(M) est non-vide.
2. L’ensemble Py, (M) est compact et pV < g pour toute probabilité p € Pi,(M).

3. On a pour tout t > 0,
C C
PV <e™ (V — —) + —.

(0% (0%

Remarque 1.7. La fonction V' est ce qu’on appelle communément une fonction de Lya-
punov. Il est intéressant de noter que ce critére se généralise pour des fonctions (f,q)
appartenant au générateur étendu, satisfaisant la loi forte des grands nombres et telles
que

gs—f+C

pour une certaine constante C' > 0. Notons également que I’Hypothése 3 et le Théoreme
2.2 de [Benl1§] généralisent encore ce critére.
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Remarque 1.8. 1] est intéressant de voir que la Proposition[1.3 est un cas particulier de
la proposition précédente dans le cas ou M est compact. En effet, dans ce cas il suffit de
prendre V=0 comme fonction de Lyapunov.

Il est & présent temps de nous pencher sur ’élaboration d’un critére assurant I'unicité
de la probabilité invariante.

Définition 1.9. Un point x € M est un point de Doeblin s’il existe un voisinage U de x,
une mesure non nulle & sur M et un tempst > 0 tels que pour tout y € U, on a l'inégalité

By, ) = £().

En pratique, il est tres difficile de démontrer qu’'un point est un point de Doeblin
puisqu’il faut déterminer une mesure qui va fonctionner uniformément sur un voisinage.
Heureusement, nous ne sommes pas totalement démunis pour déterminer de tels points.
En effet, dans certains cas particuliers, nous pourrons utiliser les fameuses conditions de
Hormander ou conditions de crochet qui vont impliquer I’existence d’un point de Doeblin.
Nous définirons précisément ces notions dans le cadre de certaines équations différentielles
stochastiques (Section et dans celui de certains processus de Markov déterministes
par morceaux (Section . Cependant, nous verrons malgré tout que ces conditions ne
sont pas des recettes miracles et qu’elles sont loin d’étre aussi faciles a vérifier que nous
le voudrions.

Pour accompagner cette notion de point de Doeblin, nous allons définir celle d’accessibilité.

Définition 1.10. Un point y € M est dit accessible depuis x € M si pour tout voisinage
U dey, il existe un temps t > 0 tel que Py(z,U) > 0.
On note 'y, l’ensemble des éléments y accessibles depuis x et pour D C M, on note

I'p = (. Uensemble des points accessibles depuis D.
rzeD

Intuitivement et comme le nom le laissait penser, y est accessible depuis x si en partant
de x on peut étre aussi proche de y qu’on le désir si on est assez patient pour attendre
suffisamment longtemps. Nous verrons des criteres plus pratiques pour vérifier que des
points sont accessibles, & nouveau dans les cas particuliers des Sections [I.3] et [T.4]

En combinant ces deux outils, on arrive a la proposition suivante qui va décrire un peu
plus ’ensemble des probabilités invariantes. Il s’agit d’une combinaison entre le Lemme
1.4 et la Proposition 1.8 de [Str19|.

Proposition 1.11. Supposons que le processus X est Feller. S’il existe un point de
Doeblin x qui est accessible depuis M (i.e. x € Ty ), alors il existe au plus une probabilité
mvariante.

On remarque immédiatement qu’en combinant les Propositions et [L.T1], on obtient
un critere pour l'existence et I'unicité de la probabilité invariante. Méme mieux ! Ces
deux conditions suffisent en fait a impliquer la convergence exponentielle en variation
totale du semi-groupe vers cette unique probabilité invariante.

Théoreme 1.12. Supposons que le processus X soit Feller. Supposons aussi l’existence
d’une fonction propre V. : M — Ry telle que (V,LV) satisfait la loi forte des grands
nombres et qu’il existe des constantes a > 0, C' > 0 telles que

LV < —aV +C.
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S’il existe un point de Doeblin x € Ty, alors il existe une unique probabilité invariante
IT sur M et des constantes A > 0 et K > 0 telles que pour tout t > 0 et toute fonction
f: M — R mesurable bornée avec || f|lyv <1,

|Bf = Tfllv < Ke || f = T1flv,
ot || fllv 1= sup,en % En particulier, il existe une constante K' > 0 telle que pour
tout x € M,
[Pi(z,) =T [lrv < K'e™(1+ V(x)).

Il s’agit du Théoreme 4.10 de [Benl8| et on peut aussi citer [Str19, Corollaire 1.1].

Remarque 1.13. On peut remplacer la condition de la fonction de Lyapunov sur le
générateur infinitésimal par une condition de la fonction de Lyapunov sur le semi-groupe,
un peu comme celle du point 3. de la Proposition 1.6 Plus précisément, cette condition
est

PV <AV 4+ K pour tout t € [Tp, T1],

pour certaines constantes 0 < v <1, K > 0 et pour certains temps Ty < T.
Notons aussi que la preuve de ce théoréeme fait appel au fameux théoréeme de Harris et
nous renvoyons 4 [BH22, Théoréme 8.7] pour un énoncé précis.

1.2 Contexte des dynamiques de populations

Dans cette these, nous allons explorer quelques modeles de dynamiques de populations
dont le contexte choisi ici est le méme que celui de [Benl8|. Nous cherchons a modéliser
n especes cohabitant paisiblement ou non ainsi que leurs interactions. Comme le laissait
penser la section précédente, nous allons les modéliser par un processus de Markov.

Ainsi, les questions qui nous intéressaient précédemment deviennent : est-ce que toutes
les especes survivent ? Si oui, en quelle proportion et a quelle vitesse vont-elles se retrouver
proche de I’équilibre ? Si non, quelles especes vont s’éteindre, a quelle vitesse et en quelle
proportion les espéces survivantes se retrouveront-elles ?

Mathématiquement, cela revient a considérer un processus de Markov X = (X3,..., X,)
sur l'espace d’états M C R} = {z € R" | 2; >0, i =1,...,n} ou chaque X; représente
la densité de I'espece 7. On note

M, ={xeM|z;>0,i=1,...,n},
0M:={x€M|Hmi:0},
i=1

I’ensemble de survie, resp. [’ensemble d’extinction des especes. Comme nous ne voulons
pas modéliser le phénomene de la génération spontanée, nous supposons que ces deux
ensembles sont invariants pour le processus X, i.e. Play = 1oy et Bly, = 1y,
pour tout ¢ > 0. Nous allons maintenant définir un peu plus précisément les notions de
persistances et d’extinctions.

Définition 1.14. 1. On dit que les n espéces sont persistantes stochastiquement sl
existe une unique probabilité invariante 11 sur My telle que pour toute condition
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initiale v € M,
1£: () = TC) v — 0.

2. 1l y a extinction presque siire d’au moins une espece si pour toute condition initiale
T € M+,

P, <lim X(1) e aM) ~1.

t—o00

3. L’espece 1 va s’éteindre presque stirement si pour toute condition initiale x € M,

t—00

P, (hm Xi(t) = o) ~1.

On remarque immédiatement qu’il y a extinction des qu'une espece disparait, i.e. il
existe 7 tel que lim; o X;(t) = 0 presque sirement. Dans les Chapitres [2] et nous
aurons besoin de notions de persistance et d’extinction plus précises que nous définirons
a ce moment-la.

Pour avoir de la persistance, une simple fonction de Lyapunov comme au Théoreme
[1.12] ne suffit plus étant donné que nous voulons ici une probabilité invariante sur M. et
non plus sur M. Il nous faut donc une fonction de Lyapunov qui va controéler I'infini (cette
fois-ci comme dans le Théoreme , une fonction de Lyapunov qui va contréler le bord
et enfin, un point de Doeblin x € M, accessible depuis M, . Nous ne voulons pas entrer
ici dans les détails techniques et c¢’est pourquoi nous renvoyons le lecteur aux Hypothéses
3 et 4 ainsi qu’au Théoreme 4.10 de [Benl§| pour la construction de ces fonctions de
Lypunov et d'un résultat général correspondant.

Remarque 1.15. Dans le cas ou [’espace d’états M est compact, on a déja une fonction
de Lyapunov qui contréle linfini (il suffit de prendre la fonction nulle par la Remarque
@. On en a donc seulement besoin d’une qui controle le bord dans ce cas.

Nous allons quand méme développer un peu en ce qui concerne la construction de la
fonction de Lyapunov contrélant le bord. Une maniere de procéder est de considérer les
si fameux taux d’invasion. L’idée est de regarder, non pas le comportement asymptotique
de X;(t), mais celui de M On remarque immédiatement que cela permettra de
déterminer si ’espéce ¢ survivra ou non puisque, si cette limite est positive, I’espece ¢ aura
tendance a croitre tandis que si elle est négative, I'espece ¢ va tendre vers I'extinction.

On verra que sous de bonnes hypotheses, cette limite existe. Méme mieux ! Dans cer-
taines équations différentielles stochastiques et dans certains processus de Markov déter-
ministes par morceaux (c.f. Sections et |1.4]), si la distribution initiale est une prob-
abilité ergodique sur le bord on arrivera a déterminer une formule (voir les Définitions-
Propositions et . Plus précisément, pour p € P.,,(0M), on notera, si la limite
existe, le taux d’invasion de 1’espéce ¢ par rapport a pu,

Ai(p) == lim M

D’apres les Chapitres 5 et 6 de [Benl18], dans ces mémes cas particuliers, une condition
suffisante pour construire une fonction de Lyapunov qui contrdle le bord (et donc assurer
la persistance des especes) est I'existence de constantes positives oy, ..., o, > 0 telles que
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pour toute probabilité p € Pe,q(OM),

Intuitivement, cette condition nous dit que le bord va repousser le processus s’il s’en
approche trop pres puisqu’en moyenne, on aura un taux d’invasion positif pour les especes
sur le bord.

En ce qui concerne le cas de 'extinction, c¢’est un peu plus délicat et a nouveau, nous ne
voulons pas entrer ici dans les détails. Notons quand méme qu’une maniere de procéder
est de déterminer une condition similaire & la condition (1.2)) mais pour un nombre re-
streint d’especes et sans surprise, ce seront celles qui persisteront. Nous pouvons citer le
Théoreme 1.3 de [HN18a] et le Théoreme 3 de [BS19a] qui utilisent ce genre de conditions
et nous renvoyons aussi le lecteur au Théoreme 1.14 de [Str19] pour des conditions plus
générales.

1.3 Cas des équations différentielles stochastiques

Une premiere maniere de modéliser ces especes est d’utiliser les équations différentielles
stochastiques (abrégées en SDE). Cela permet notamment de considérer du bruit qui
modélise des changements dans les taux de naissance et de mort des individus, comme
pas exemple des changements aléatoires de températures qui influent sur la survivabilité
des individus.

Plus précisément, on considere la SDE sur R’} suivante :

dX;(t) = X;(O)F(X () dt + Z(X () X;(t)dB;  i=1,...,n, (1.3)

ot F': R" — R" est une fonction C*, (B},...,BP) est un vecteur de mouvements
browniens indépendants et ¥ : R” — R™ est une fonction C*° bornée. Notons que nous
pouvons affaiblir les hypothéses sur les fonctions F' et ¥, mais nous avons choisi ce contexte
pour plus de simplicité et de clarté.

Pour le lecteur assidu, nous le renvoyons a |[LG16| pour les fondements du calcul
stochastique. Pour la théorie générale sur les modeles de population, nous le renvoyons
a [SBA11,HNC21] et pour des exemples, nous le renvoyons entre autres a [HTU22| pour
un modele sur les récoltes et les stockages, & [HNC21| pour un modele épidémique de type
SIR, a [HNS22| pour une classification des modeles de populations a trois especes ainsi
qu’a [HN18c,[HN18b| pour des modeles de chaines alimentaires.

Nous allons a présent redéfinir les notions des sections précédentes dans ce contexte ainsi
que des critéres sur 'existence d’une solution, sur I'existence de probabilités invariantes
et sur la vitesse de convergence.

On va noter I'espace d’états R’} au lieu de M, 'ensemble de survie R’} au lieu de M,
et I'ensemble d’extinction OR?, pour dM, ot ces ensembles sont définis comme a la section
précédente.

On note L le générateur formel et 'y le carré du champ formel qui sont définis pour
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des fonctions ¢ : R — R, C?, par

Z.CEF

)3 ZEQ ’83: (z)

et

=Yt ()

La proposition suivante est une proposition fourre-tout qui nous donnera ’existence d’une
solution forte ainsi que 'existence de probabilités invariantes. De plus, elle donnera aussi
un lien entre L et £ (le générateur infinitésimal) et un autre entre I'; et I', le carré du
champ tel qu'il est défini a la Section [L.1] Il s’agit de la Proposition 3.1 de [Ben18§].

Proposition 1.16. Supposons qu’il existe une fonction C* propre U : R" — [1,00] et des
constantes i,y > 0, B > 0 telles que

LU < —aU + f
et

I'L(U) < AU
Alors,

1) Pour tout v € R, il existe une unique solution forte (X*(t))>0 C R} d la SDE
avec la condztzon initiale X*(0) = x. De plus, X*(t) est continue en (t,x) et
en partz’cuh’er, le processus est Feller.

2) Notons CZ(R'}) Uensemble des fonctions réelles C* a support compact, alors C2(R'}) C
D*(L), I’ensemble des fonctions f telles que f, f> € D(L). De plus, pour toute fonc-
tion f € C2(R%),

Lf(x)=Lf(z) et T(f)(x)=TLf)(@).

3) L’ensemble OR'} est invariant.

4) La fonction UY? est une fonction de Lyapunov et en particulier, il existe des prob-
abilités invariantes sur RY.

5) sup E(U(X7"(t))) < gpour toutz € R et pU = [Udp < gpour tout jt € Piny(R7).
0

Pour définir les autres notions des sections précédentes, commencons par définir les
champs de vecteurs,



10 Chapitre 1 Introduction

ou e; est le j-éme vecteur de la base canonique de R™. Pour définir une condition de
Hormander, nous avons encore besoin de définir les ensembles

Bt = {A', ..., A",
EF:=E"'U{[v,W]|V e E*¥' W e EFTU{A"}} k> 2.

Nous notons [, -] 'opérateur du crochet de Lie qui est défini pour des champs de vecteurs
lisses V, W : R®™ — R"™ et pour x € R" par

[V, W](z) := DW(x)V(z) — DV ()W (x), (1.4)

ou DV (z) = (gTV(:c)) est la matrice jacobienne de V' au point x. Derniere petite
J 17]

notation, pour x € R" et k > 1, on écrit E*(z) := {V(z) | V € E*}.
Définition 1.17. La SDE (1.3) satisfait la condition forte de Hormander au point x € R’}

s’il existe k € N* tel que
span(E"(x)) = R".

Remarque 1.18. Par [Benl18, Corollaire 5.4] ou (BH22, Théoréme 6.30], si la condition
forte de Hormander est vérifiée en x, alors x est un point de Doeblin.

Considérons a présent le systeme de controle déterministe associé a (|1.3),

=A%y + Y WA (y), (1.5)

ott la fonction de controle u = (u', ..., u") : R, — R™ est au moins continue par morceaux.

On note y(u, , -) la solution maximale de (|1.5]) partant de = et dont la fonction de contrdle
est u. La caractérisation suivante de I'accessibilité est tirée de [Benl8, Proposition 5.3].

Proposition 1.19. Soient x,z € R, alors z € I, si et seulement si pour n’importe quel

voisinage O de z, il existe une fonction de contrile u telle que y(u,x,t) € O pour un
certain t > 0.

Nous allons maintenant définir les taux d’invasion dans ce contexte.

Définition 1.20. Le taux d’invasion de l’espéce i par rapport d p € Pe,g(ORY) est défini

par
1 1
Ai(p) = p | Fi— 537 ) = Fy— =%2 ) dy,
+

pour autant que F; — %2 € L'(p).

Par la Remarque 2.2 de [HN18c|, cette définition est bien la méme que celle définie a la
Section . Grace a la forme particuliere de , pour tout I C {1,...,n}, les ensembles
de la forme

{:EGRTJF|xi>Osii€Ietxi:0sinon}

sont invariants pour le processus. Ainsi les probabilités ergodiques sur le bord doivent
étre supportées par un tel espace et pour p € Perq(OR?), nous notons I, le I associé a
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1. Ces probabilités ergodiques sur le bord ont la propriété suivante tirée du Lemme 5.1
de [HN18a].

Proposition 1.21. Soit i € Pery(ORY). Alors pouri € 1,

Ai(p) = 0.

L’intuition derriere ce résultat est que si 'on est dans le support d’une probabilité
ergodique sur le bord, alors le processus a tendance a ne pas trop croitre ni décroitre.

On peut maintenant donner le critere suivant qui assure l'existence et 'unicité de la
probabilité invariante. Il est tiré du Corollaire 5.4 de [Benl§].

Théoreme 1.22. Supposons que les hypothéses de la Proposition |1.16] soient vraies et
que

1
F, — 523 € L'(p) vue Pinw(ORY) et Vi=1,...,n.

On suppose aussi qu’il existe des nombres py,...,p, > 0 tels que pour tout f1 € Pepg(ORY)

> pidi(p) > 0. (1.6)

Sl existe un point x* € I'ry, NRY . satisfaisant la condition forte de Hormander, alors,

(a) Pinw(RY,) = {II} et I est absolument continue par rapport a la mesure de Lebesgue
sur R™.

(b) Pour tout f € L'(II) et tout v € R" tlggo II7 f = 11f presque sirement. De plus,
(Py); converge vers 11 en variation totale.

n

Y., alors la

(¢) Si de plus, la condition forte de Hormander est vérifiée pour tout x € R
densité de 11 est C*.

Remarque 1.23. Par le point 5) de la Proposition pour avoir l'intégrabilité de
F,— %Ef par rapport a nimporte quelle probabilité invariante sur le bord, il suffit que

n

D

=1

1
Fi—52? <aU +b

pour certaines constantes a,b > 0.

Pour pouvoir en dire plus sur la vitesse de convergence, il nous faut des conditions plus
fortes sur les fonctions de Lyapunov. A nouveau, ce résultat est tiré du Corollaire 5.4
de [Benl§].

Théoreme 1.24. Supposons que les conditions du théoreme précédent soient vérifiées.
Supposons de plus qu’il existe € > 0 tel que pour tout i+ =1,...,n,

14+¢eF; >0
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et qu’il existe ¢ > 1 et C' > 0 tels que

L

U
U

q n
+> |Fjlr < CVU.
j=1

Alors, il existe des constantes \,0,v > 0 et K > 0 telles que pour tout t > 0 et toute
fonction f: R — R mesurable bornée telle que || f|lw, < 1,

IPf = TLf lwy < Ke || f = ILf lw,,

lf (=)

\ U‘9 T
ou W6(17) = = et “f”We = SuprR1+ 1+Wy(z) -

(T2, =)0

1.4 Cas des processus de Markov déterministes par
morceaux

Une deuxieéme maniere de modéliser ces especes est de passer par la théorie des processus
de Markov déterministes par morceauz (PDMP en abrégé). En fait, c’est un petit abus de
langage puisque dans cette these, nous considérons plutot le cas particulier des processus
issus de changements aléatoires d’environnements. Cela nous permettra, contrairement
au cas des SDE, de négliger le bruit dit quotidien pour nous concentrer sur l'effet du
changement aléatoire d’environnements sur les especes. Cela peut modéliser, entre autres,
le passage entre le jour et la nuit, le changement de saisons, de températures ou encore
I’éruption d’un volcan.

De maniere informelle, cela veut dire que nous allons laisser les especes faire tran-
quillement leur vie dans un environnement puis a un temps aléatoire, nous allons changer
d’environnement. Les espéces vont ainsi vivre dans ce nouvel environnement et de nou-
veau a un temps aléatoire, nous allons effectuer un nouveau changement d’environnement.
En continuant ainsi de suite, nous obtenons notre processus.

Pour le lecteur assidu qui veut perfectionner ses connaissances dans la théorie générale
des PDMP, nous le renvoyons au livre de M. Davis [Dav93] qui est entre autres I'inventeur
de cette théorie. Nous le renvoyons aussi a [BH12| pour des conditions sur la régularité des
mesures invariantes, a [CDG™17] pour une compilation d’exemples en biologie, a [HS19]
pour un modele proie-prédateur, a [GPS19] pour un modele de Moran et a [Bon23,RTW12]
pour des applications concretes sur les cancers pour le premier et sur les membranes pour
le second.

Pour définir mathématiquement ces processus, nous allons noter £ := {1,... N}
I’ensemble des environnements possibles et I’environnement j sera modélisé par le champ
de vecteurs GV : R™ — R™. Nous allons supposer ici qu’il est de la forme

Gl (z) == x; F} (x), i=1,...,n, (1.7)
ou F7 : R* — R" est un champ de vecteurs que nous admettrons C* pour plus de
simplicité.

Nous supposons qu’il existe un sous-ensemble compact B C R’} positivement invariant
pour tous les environnements, i.e. si on note ¢’ le flot induit par la dynamique du j-éme
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environnement (c.-a-d. le flot induit par dz(t) = G7(z(t))dt), alors
l(B) C B

pour tout ¢t > 0 et tout 5 € F.
On définit ainsi notre processus sur 'espace d’états B x E par

{ dX(t) = GTO(X(t))dt, (1.8)

P(J(t+s)=j|F, J(t) =1) =bijs+ o(s) pouri#j,

ou J(t) est un processus de sauts a temps continu sur F, F;, = o{(X(s), J(s)) | s < t}
est la filtration naturelle et b;; > 0 sont les taux de sauts. Notons que .J joue le rdle du
temps aléatoire de changement d’environnements. On va noter la solution de ce processus
(Z@(t))s>0 sous la condition initiale Z7)(0) = (z,7) et on suppose qu'elle est bien
définie pour tout temps t > 0.

Remarque 1.25. L’hypothese de l'existence d’un compact positivement invariant B peut
sembler assez restrictive, mais dans bon nombre d’exemples, avec probabilité 1, le processus
va entrer dans B x E en temps fini. C.-a-d. pour tout (x,j) € R} x E, il existe t > 0
tel que Z@9)(t) € B x E. On peut notamment citer I’Exemple 3.4 sur un modéle SIS
de (NS20] et ’Ezemple 3.2 sur un modéle SIR de [Str21|]. Ainsi, on peut travailler sur ce
compact sans que ce ne soit trop restrictif.

On va utiliser ici les notations B x E, By x F et 0B x E au lieu de M, M, et OM.
On précise aussi que B, et 0B sont définis exactement de la méme maniere que M, et
OM avec B au lieu de M. On remarque immédiatement que 0B x E est positivement
invariant pour le processus Z.

Le résultat suivant est tiré de [BLBMZ15, Proposition 2.1].

Proposition 1.26. Le processus (1.8 est Feller.

Remarque 1.27. Comme l’espace d’états est compact, alors, par la Proposition il
existe des probabilités invariantes. Cependant, rien ne garantit qu’elles ne donnent pas
de masse a 0B X E.

Il est maintenant temps de redéfinir les notions des sections précédentes. Le générateur
infinitésimal £ est défini dans ce contexte pour des fonctions g : B x £ — R lisses en la
premiere variable par

Lg(w,i) = (G (), Vg(z,)) + > _ by (9(x, 5) — g(x, 1)),

jEE

ou (-,-) est le produit scalaire usuel de R”, b;;, i # j sont les taux de sauts et on pose

Comme pour le cas des SDE, nous allons définir une condition forte de Hérmander qui,
si elle est vérifiée en un point, alors ce point est de Doeblin, c.f. [BH22, Théoreme 6.7].
Pour cela, nous définissons les ensembles

Fo={G" -G |i,j=1,...,N},
ka:fk_lu{[V,Gj]lve‘Fk—laj:17~~aN} kZla
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ou [+, ] est l'opérateur du crochet de Lie défini par ([1.4). Nous notons pour x € R" et
k>1, Fp(x) :={V(z) |V € Fi}.

Définition 1.28. On dit que le PDMP (1.8)) satisfait la condition forte de Hormander
au point (x,7) € B X E s’il existe k € N tel que
span(Fi(z)) = R™.

Nous allons utiliser un systeme déterministe de controle pour avoir une caractérisation
sympatique de l'accessibilité. On considere 1’équation différentielle ordinaire

yt) = Z ! ()G (y(t)), (1.9)

ot la fonction de controle u = (ul,...,u") : Ry — RY est au moins continue par
morceaux. On note y(u, z,-) la solution maximale de (1.9)) sous la condition initiale x et

la fonction de contrdle u. Le résultat suivant est la Proposition 6.2 de |[Benl8].

Proposition 1.29. Soient (z,j),(y,i) € B x E. Alors (y,1) € I'tz;) si et seulement si
pour n’importe quel voisinage O C B de y, il existe une fonction de controle u telle que
y(u,z,t) € O pour un certain t > 0.

On sait grace a la preuve de la Proposition 3.5 de [Bou23| que la définition suivante du
taux d’invasion est la méme que celle de la Section

Définition 1.30. Le taux d’invasion de [’espéce i par rapport a p € Pi(0B X E) est
défini par

M =Y [ Rl (o), (1.10)

ot 1 (A) := u(A x {j}) pour tout borélien A C B.

Il est intéressant de remarquer que les espaces
{reB|x;>0siieletz; =0sinon} x £

pour I C {1,...,n} sont invariants pour notre processus. Cela est di a la forme parti-
culiére des champs de vecteurs G7. Ainsi les probabilités ergodiques sur le bord doivent
étre supportées par un tel espace et pour p € Pe,(0B x E), nous notons I, le I précédent
associé a u. La proposition suivante donne une propriété intéressante de ces probabilités
ergodiques sur le bord.

Proposition 1.31. Soit p € P.,,(0B x E). Alors pour i € 1,,,

Ai(p) = 0.

Ce résultat est tiré de [Bou23, Proposition 3.5]. L’intuition derriere ce résultat est que
si on est dans le support d’une probabilité ergodique sur le bord, le processus a tendance
a ne pas trop bouger.
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On peut enfin énoncer le théoréme principal de la partie persistance pour ce type de
modeles. Il s’agit du Corollaire 6.3 de [Benl§].

Théoreme 1.32. Supposons qu’il existe des nombres aq, . .., a, > 0 tels que pour n’importe
quelle p € P,y (0B x E)

Nous supposons aussi lexistence d'un point (p*,j) € I'p,.xp) N (By x E) vérifiant la
condition forte de Hormander. Alors,

(a) Il existe une unique probabilité invariante 11 sur By x E.

(b) 11 est absolument continue par rapport d la mesure de Lebesque sur B x E et pour

toute condition initiale (x,j) € By X E, Hﬁ”“”” converge faiblement vers 11 p.s.

lorsque t tend vers l’infini.
(¢) Pour tout (x,j) € By X E,
1P((2,5),-) = () lrv < C(1+ W(z))e™”
pour certains p > 0, C' > 0 et la fonction W est définie pour x € B, par

W (x) = elfmax{=2izs asln(@i),1})

pour un certain 6 > 0.

Il est intéressant de noter que grace a la compacité de 'espace d’états, et contrairement
au cas des SDE, nous n’avons pas besoin de renforcer les conditions sur les fonctions de
Lyapunov pour obtenir une convergence exponentielle en variation totale.

1.5 Quasi-stationnarité

Cette section considere un cadre un peu différent et est fortement inspirée de la these
Quasi-stationnarité avec frontiéres mobiles de W. Ogafrain [O¢al9]. Nous supposons que
notre espace d’états M se réécrit comme M U {0} ou 0 est un élément dit absorbant,
c.-a-d.

X(t) =0, pour tout t > 7y

ou 7y = inf{t | X(¢t) = 0} est le temps d’atteinte de 0. On va faire 'hypothese que le
processus va mourir (ou atteindre ) en temps fini, c.-a-d. pour tout z € M,

P.(19 < o0) = 1.

On va aussi faire 'hypothese que le processus a toujours une probabilité positive de
survivre jusqu’au temps t pour tout ¢, i.e. pour tout x € M et tout ¢t > 0,

P.(t < 79) > 0.
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La premiere chose qu’on remarque, c¢’est qu’avec de telles conditions, il existe une unique
probabilité invariante 0y, la mesure de Dirac en 0. Ainsi, les questions des chapitres
précédents ne présentent pas un grand intérét dans ce contexte. Ce qui le devient par
contre, c’est le comportement du processus avant d’étre absorbé par 0. C’est pourquoi
nous allons nous intéresser ici a la notion de quasi-stationnarité.

Si par malheur le lecteur ne trouvait pas son bonheur dans ces pages, nous l'invitons a
étancher sa soif de connaissances en se penchant sur ’excellent survol de S. Méléard et D.
Villemonais [MV12]. Nous lui conseillons aussi [CV16a,CV17a,CV17b| pour une série de
criteres et de propriétés sur ces processus, [BCOV21| pour d’autres critéres et propriétés
sur ces processus dans le cas dégénéré, [BC15,BCP18| pour des méthodes d’approximation
des QSD (c.f. définition suivante) et enfin [vD91,/CV16b| pour des exemples sur les
processus de naissance et de mort.

Définition 1.33. On dit qu’une probabilité o sur M est une distribution quasi-stationnaire
(abrégée en QSD) pour le processus X si pour tout t > 0,

P (X(t) €|t <) =al).

Il est important de noter que cette notion de QSD joue le role analogue a celle de la
probabilité invariante dans le cadre de la quasi-stationnarité. C’est pourquoi, la plupart
des questions qui nous intéressaient dans les sections précédentes se reportent sur la QSD.
Cette fois-ci, pour ce qui est de la convergence, nous allons regarder celle du semi-groupe
conditionné & ne pas étre absorbé vers la QSD, c.-a-d. P, (X(¢) € - |t < 79) = a(-).

Nous continuons en rappelant le résultat classique suivant qui stipule que sous P,, 75
suit une loi exponentielle. Voir par exemple [O¢al9, Proposition 1].

Proposition 1.34. Si a est une QSD alors, il existe A > 0 tel que

]P)a(t < Ta) = e M,

On définit le semi-groupe tué (P,), par

Pif(z) == Eu[f(Xt)Licr,)

pour toute fonction f : M — R mesurable bornée et tout z € M. En notant L le
générateur associé, le résultat suivant fait écho a la Proposition dans le cadre de la
quasi-stationnarité (voir Proposition 4 de [MV12]).

Proposition 1.35. Supposons qu’il existe un sous-ensemble D C D(L) tel que pour tout
sous-ensemble B C M, il existe une suite de fonctions (f,), C D uniformément bornées
qui converge simplement vers 1g. Alors, une probabilité o est une QSD si et seulement
s’il existe une constante X > 0 telle que pour tout f € D et pour tout t > 0,

aLf = —\af.
Dans ce cas, la constante X est la méme que celle de la Proposition |1.5/).

Nous allons maintenant définir deux conditions qui vont garantir ’existence et 1'unicité
de la QSD ainsi que la convergence exponentielle en variation totale du semi-groupe
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conditionné a ne pas étre absorbé vers cette QSD. En d’autres termes, des conditions
magiques qui nous permettent de répondre entierement a nos questions. Elles sont dues
a N. Champagnat et D. Villemonais dans [CV16a]. Nous invitons aussi le lecteur a se
pencher sur leur article [CV23] pour d’autres types de conditions.

Hypothese 1.36. [l existe une probabilité v sur M, un temps to > 0 et deuzr constantes
c1,c9 > 0 tels que

(A1) Pour tout x € M,
P, (X(to) c - | ty < Ta) > Cly(').

(A2) Pour tout x € M et toutt > 0,

P, (t < 15) > P, (t < 75) .

La condition (A1) est une version conditionnelle de la condition de Doeblin et (A2) est
une inégalité de type Harnack. Le résultat suivant est le Théoreme 2.1 de [CV16a].

Théoréme 1.37. Les conditions (A1)-(A2) sont satisfaites si et seulement s’il existe une
unique QSD a sur M et des constantes C,~ > 0 telles que pour n’importe quelle probabilité
initiale p sur M,

P, (X(t) € | to < 7o) — a(")[lrv < Ce™

Un autre objet intéressant dans le contexte de la quasi-stationnarité est le concept
de Q-processus. L’idée est de regarder la loi du processus X conditionnée a ne jamais
étre absorbée. Cela nous donnera des informations sur la trajectoire du processus X a
condition qu’il survive tres longtemps. Pour ce faire, nous définissons, si elle existe, la
famille de probabilités (Q,)zen par

Qu(B) := lim P, (B | T < 75)

T—o00

pour tout s > 0 et tout B € F,.

Définition 1.38. Sila famille (Qy).cnr existe, alors le processus de Markov ((X¢)i>0, (Qu)zenr)
est appelé le QQ-processus de X.

Ainsi, il est aussi intéressant d’avoir des conditions sur I'existence d’un tel processus. En
fait, I'Hypothese nous donne un tel résultat et le théoreme suivant est tiré de [CV16al,
Théoreme 1.3].

Théoreme 1.39. Sous [’Hypothése [1.536], il existe un QQ-processus qui est un processus
de Markov. De plus, ce processus admet une unique probabilité invariante 3 sur M et il
existe des constantes C,y > 0 telles que pour tout v € M,

1Qu(X(t) € ) = BO)lzv < Ce™™.

Le dernier concept de base que nous verrons ici est celui de la distribution quasi-
ergodique.
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Définition 1.40. On dit que B est une distribution quasi-ergodique pour le processus X
s’il existe une probabilité initiale p telle que pour toute fonction f : M — R mesurable

bornée, t
1
B, () [ 1o

Cette notion est intéressante puisque sous de bonnes conditions, la distribution quasi-
ergodique est la probabilité invariante du QQ-processus. Le théoreme suivant présente une
telle condition et c’est le Corollaire 2.3 de [CV1T7h].

t<7‘3> t—>—>6f

Théoréme 1.41. Supposons que I’Hypothése est vérifiée et notons B la probabilité
invariante du Q-processus. Alors, il existe une constante C' > 0 telle que pour toute
fonction f: M — R mesurable bornée,

s, (3 [ soxena

W. Ogafrain a étendu toutes ces notions dans sa these |Ogal9] dans le cadre plus général
des frontieres mobiles, c.-a-d. dans le cadre ou 1’élément absorbant 0 varie au cours du
temps. Il a notamment considéré des cas ou la frontiere est périodique dans [O¢al8] et
dans un cadre plus général dans |O¢a20b| ou il établit des conditions semblables & celles
de 'Hypothese [1.36]

Nous allons a présent redéfinir ces notions dans ce contexte. Il est important de noter
que puisque la frontiere varie au cours du temps, cela nous amene a considérer des pro-
cessus de Markov non-homogenes. Plus précisément, nous nous donnons une famille de
sous-ensembles mesurables A = (A;);>o de M représentant la frontiere mobile absorbante
du processus X. Notons M, := M\ A, l'espace d’états du processus X au temps t. Comme
dans le cas homogene, nous définissons

t<m)_B4§CMNw_

t

Ta:=1inf{t > 0: X, € A} (1.12)

comme le temps d’atteinte de la frontiere A par X. Nous nous plagons dans un contexte
ou ce temps d’atteinte est un temps d’arrét. C’est le cas si nous supposons, par exemple,
que les A; sont fermés et que le processus X a ses trajectoires cadlag.

Nous notons encore P, la loi du processus X sous les conditions initiales s, z, i.e.
P .(Xs = x) = 1. Nous supposons aussi que pour tout s < t et tout x € M,

Pt <7a) >0 et Pyu(ra<o0)=1
Définition 1.42. Dans le contexte des frontiéres mobiles, on a les définitions suivantes.
1. St la famille de probabilités (Qsz)s>0zem, définie par
Qs2(B) := T11_I>rolo P,.(B|T < 7a), pour tout B € Fgp:=0(X, s <u<t)
eziste, alors le processus ((Xi)i>0, (Qsz)s>00em,) €St le Q-processus.

2. Une probabilité [ est une distribution quasi-ergodique s’il existe une distribution
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initiale p telle que pour toute fonction f : M — R mesurable bornée,

EO,# (%/0 f(XS)dS

Remarque 1.43. [l a été démontré dans [O¢al8, Proposition 1] que la généralisation
naturelle de la notion de QSD,

t < TA) )H—OZﬂ(f)

Poo(X(t) €|t <Ta)=0l), pour tout t > s,

n’est pas pertinente deés que les frontieres sont mobiles. En effet, dans ce cas-la de tels
objets ne peuvent exister.

Nous supposons les conditions suivantes qui sont similaires a celles de 'Hypotheéses
dans le cas des frontieres mobiles.

Hypothese 1.44. II existe une famille de probabilités (vi)i>o telle que vy est définie sur
My, un temps tg > 0 et deur constantes ci,co > 0 tels que

1. Pour tout s >0 et x € M,,

Py o(Xorto € - | 5410 < Ta) = C1Vqy(4)-

2. Pour toutt > s et tout x € M,

]P)Syl’s (t < TA) Z CQIps,x(t < TA)

Ces conditions sont tirées de I'article [O¢a20b|. Remarquons que 'auteur s’est inspiré
des conditions plus générales de [CV1§| dans lesquelles les constantes ¢y, co dépendent de
s et qui peuvent amener a des vitesses de convergence sous-exponentielles.

De maniere analogue au cas homogene, nous obtenons les mémes genres de résultats
qui sont résumés dans le théoreme suivant.

Théoréme 1.45. Supposons que I’Hypothése [1.44) soit vérifiée. Alors,

1. Si la frontiére est périodique, asymptotiquement périodique ou convergente, il existe
une distribution quasi-ergodique pour le processus X .

2. 1l existe un Q)-processus pour le processus X .

3. 1l existe deuzx constantes C,~vy > 0 telles que, pour tout s < t < T, x € M et
B € fs,t;
Que(B) = Pou(B| T < 7a)] < Ce "0,

Le point 1. est [O¢a20b, Théoreme 2| pour la frontiere périodique ou asymptotique-
ment périodique et [O¢a20al, Théoréme 2] pour la frontiére convergente, nous renvoyons le
lecteur a ces deux articles pour les définitions précises de ces types de frontieres. Le point
2. découle de |CV18, Théoreme 3.3] et la derniere partie suit de [Oga20b, Théoreme 1].
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1.6 Qu’y a-t-il dans cette these 7

Le but de cette section est de présenter les résultats principaux de cette these.

1.6.1 Chaines alimentaires de type Lotka-Volterra

Cette premiere partie a pour objectif de présenter ce qu’on appelle les chaines alimen-
taires de type Lotka-Volterra. On verra dans les deux parties suivantes et
qu'un des objectifs de cette theése est d’étudier ce modele, d’abord sous la forme d’une
SDE et ensuite sous la forme d'un PDMP. Ce seront d’ailleurs les propos des Chapitres
et 3

L’idée est de généraliser les équations de Lotka-Volterra du modele proie-prédateur en
un modele de chaine alimentaire. Ce qu’on va appeler une chaine alimentaire de type
Lotka-Volterra est le champ de vecteurs G : R* — R" défini par

Gi(z) =z, Fi(z) i=1,...n,

ou F : R"™ — R"” est le champ de vecteurs défini par

a10 — 1171 — Q1222 =1,
Fi(z) = —ajo+ @i 1%i—1 — Qi T — Qi ip1%ipn 1 =2,...,n—1, (1.13)
—0Qno + an,nflxnfl — Qpp T t=n,
avec a1, a;; > 0 pour ¢ # j et a; > 0 pour i =2,...,n.

Notons que a;; représente le taux de compétition intra-espece de 1'espece i, a;9 son taux
de mortalité (ou son taux de croissance pour l'espece 1), a; ;-1 son taux de prédation de
I'espece ¢ — 1 et a; ;41 son taux de mortalité dii au prédateur ¢ + 1.

Les premiers a avoir considéré un tel modele sont T. Gard et T. Hallam en 1979 dans
[GH79]. Ils ont considéré le cas déterministe, c.-a-d. le modele sous la forme d’une
équation différentielle ordinaire

X(t) = G(X(t)), (1.14)

en faisant également I’hypothese qu’il n’y a pas de compétition inter-espece, i.e. a;; = 0
pour ¢ = 2,...,n. Ils ont montré que la persistance des especes est équivalente a la
positivité d’une constante dépendante, bien entendu, des parametres du modele.

En fait, cette constante est intimement liée au point d’équilibre de F', i.e. un point
p € R tel que F(p) = 0. Il est facile de voir que cet équilibre existe et est unique. On
dira d’ailleurs qu’il est positif si p € R .

Un premier résultat en ce sens est [HS98, Théoreéme 5.3.1] de J. Hofbauer et K. Sigmund
qui stipule que si ce point d’équilibre est positif, alors peu importe la condition initiale
x € R% ., la solution va converger vers ce point. Ce résultat est résumé dans le théoréme
suivant.

Théoréme 1.46. Notons X*(t) la solution de (1.14) sous la condition initiale x € R},
et p le point d’équilibre de F'. Si p est positif, alors

X*(t) — p.

Définition 1.47. On dit qu’un point y d’un processus X est globalement asymptotique-
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ment stable sl satisfait la conclusion du théoréme précédent.

Notons Fj;, la restriction de F' aux k premieres especes. Remarquons que Fj; a toujours
un point d’équilibre positif. En fait, si F' n’a pas d’équilibre positif, il existe k& < n tel que
Fj; a un équilibre positif pour s = 1,...,k et Fj; non pour ¢ = k+1,...,n. On renvoie le
lecteur au Lemme pour plus de détails.

Supposons maintenant que F' n’a pas d’équilibre positif et prenons £ comme précédem-
ment. Notons p* le point d’équilibre de F; et posons p* := (pf,...,p},0,...,0) € R%,
alors la proposition suivante complete le théoreme précédent. Il convient de noter qu’aux
modestes connaissances de 'auteur, ce résultat est nouveau et il en assume donc pleine-
ment la paternité.

Proposition 1.48. Le point p* est globalement asymptotiquement stable sur R} .

Preuve. Prenons ¢; > 0 et définissons ¢; par ¢;_; a;—1,;, = ¢; @;;—1 pour @ = 2,...,n.
Définissons également la fonction

n

V(z) = Z ci (s — piIn(x;)) + Z ;.

i=k+1

On peut montrer que V' est bien une fonction de Lyapunov (au sens classique des équations
différentielles) en imitant la preuve du Théoreme 5.3.1 de [HS9§| et en utilisant le Lemme
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Finalement, ce que nous dit ce résultat, c’est que si une espece va mourir, alors toutes
celles au-dessus d’elle dans la chaine alimentaire vont aussi trépasser. On verra que dans
les modeles bruités, un comportement similaire va se produire.

1.6.2 Modélisation des chaines alimentaires de type Lotka-
Volterra par des SDE
Cette partie présente les résultats du Chapitre [2 qui sont tirés de I'article [BBN22|,

Stochastic persistence in degenerate stochastic Lotka-Volterra food chain, Dis-
crete and Continuous Dynamical Systems - Series B, Vol. 27, No. 11, Novem-
ber 2022, pp. 6841-6863,

élaboré en collaboration avec Michel Benaim et Dang H. Nguyen.
Le but de I'article est d’étudier les chaines alimentaires de type Lotka-Volterra sous la
forme d'une SDE. Plus précisément, d’étudier sur R’ la SDE

dX;(t) = X;(O)F(X (1)) dt + 0; X;(t)dB}  i=1,...,n,

ot F est le champ de vecteurs défini par (1.13)), o; > 0 sont des constantes et (B}, ..., B}")
est un vecteur de mouvements browniens indépendants. On remarque tout de suite que
cette SDE est bien dans le cadre de celles de la Section [L.3l

On commence par noter que ce modele a déja été étudié par A. Hening et D. Nguyen
dans le cas sans compétition inter-espece dans [HN18c| et dans le cas ou elle est présente
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dans [HN18b|. Mais alors quel est I'intérét de I’étudier & nouveau ? En fait, c’est parce
qu’ils ont considéré seulement le cas non-dégénéré. Ainsi, le but de cet article est de
montrer qu’on retrouve les mémes genres de résultats dans le cas dégénéré.

Pour avoir la dégénérescence du systeéme, on va supposer qu’au moins un des o; est nul
et bien entendu qu’ils ne le sont pas tous. On va méme faire I’hypothese que le bruit
affecte au minimum la premiere ou la derniere espéece, i.e. g; > 0 ou g, > 0. On a encore
besoin de définir le champ de vecteurs

1 2
27

F,:=F -

qui est le champ de vecteurs de la SDE sous la forme Stratonovich. D’une certaine
maniére, F' va jouer le role analogue a F' (défini par ) dans le cadre de la SDE. On
peut enfin présenter le théoreme suivant qui traite du cas de la persistance et qui est la
combinaison des Théoréemes et

Théoreme 1.49. Supposons que o1 > 0 ou o, > 0 et que F posséde un équilibre positif.
Alors,

(a) 1l existe une unique probabilité invariante I1 sur R, qui est absolument continue
par rapport a la mesure de Lebesque sur R"™ et dont la densité est C*.

(b) Pour toute f € L*(II) et tout x € R, tlim Iy f = 11f presque sirement.
—00

(c) Le semi-groupe (P;); converge vers Il en variation totale.

o Sl existe 1 < 1 < n tel que a; = 0, alors la vitesse de convergence est au
moins polynomiale.

e Sia; > 0 pour tout i, alors la vitesse de convergence est exponentielle.

Nous avons aussi obtenu des résultats pour le cas de Pextinction. A noter quand
méme qu’une partie avait déja été faite dans [HN18c, HN18b| et c’est pourquoi ces ré-
sultats sont seulement partiels et complémentaires aux leurs. Notons pour 1 < k < n,
Rf) ={r € R} | 21,...,26 > 0, Zpg1,...,2, = 0} et RSZ)L ={r e RY | 2q,...,2p >
0, Tk41,--., 2, = 0}. Le théoreme suivant est le Théoreme .

Théoréeme 1.50. Supposons qu’il existe 1 < k < n tel que ﬁlk possede un équilibre positif

et Fv‘kﬂ non avec la particularité que la k + 1-éme coordonnée de son point d’équilibre est
strictement négative. Supposons de plus que g1 > 0 ou o, > 0. Alors,

(b) Sia; >0 pour touti=1,...,n, le semi-groupe (P(x,-)); converge faiblement vers
II(-) pour toute condition initiale x € R} .

Remarque 1.51. Par souct de complétude, nous allons donner ici les résultats principaux
de [HN18d, HN18b] sur l'extinction. Sous les conditions du théoréme précédent,

(a) S’il existe 1 < i < n tel que a; = 0, alors lim %ft]EI[Xj(s)]ds = 0 pour tout

t—o0 0
J=k+1,...,n et toute condition initiale v € R’ .
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(b) Sia; >0 pour tout i, alors les espéces k, ..., n vont s’éteindre presque stirement et
la vitesse de convergence est exponentielle.

Dans le cas de la persistance, il faut noter que les vitesses de convergence obtenues
ne se déduisent pas du Théoreme [1.24] étant donné que notre modele ne satisfait pas ses
hypotheses. C’est pourquoi nous avons di déterminer d’autres conditions qui assurent
des vitesses de convergence.

Pour cela, on se place dans le cadre ou F' est C* mais pas forcément une chaine al-
imentaire de type Lotka-Volterra. L’idée est de renforcer les conditions sur la fonction
de Lyapunov de la Proposition et de construire de nouvelles fonctions de Lyapunov.
Comme ce sont des constructions tres techniques, nous ne les détaillerons pas ici et c¢’est
pourquoi nous renvoyons le lecteur a la Section [2.4]

On note tout de méme que nous aurons a nouveau besoin de la condition ainsi
que d'un point z* € I'rn, NRY, satisfaisant la condition forte de Hérmander pour ces
constructions.

Cependant, afin de tout de méme donner un énoncé succinct, nous allons définir pour
une fonction f : R} — R, et une mesure p, la f-norme par

|l :=sup{|pg| | g : R, — R mesurable bornée, |g| < f}.

Le premier théoreme donne des taux polynomiaux tandis que le second considere des taux
exponentiels, ce sont, respectivement, les Théoréemes et [2.25]

Théoréeme 1.52. Sous les bonnes hypothéses de renforcement des fonctions de Lyapunov

(c.f. Théoréme . il existe une fonction C* propre W : Rt | — Ry et une constante
B >0 telles que

Jim 7| Pz, ) =)y =0, x€RL,.

—00

Théoréme 1.53. Si on renforce encore les hypothéses du théoréme précédent (c.f. Théoréme

, il existe une fonction continue propre W R?, — [1,00[ et une constante ¢ > 0
telles que
. t n
tlirgloeg ||Pt(:L‘,) _H()“W =0, =z GR_H_-

En particulier, nous verrons que ces convergences impliquent celle en variation totale.

1.6.3 Modélisation des chaines alimentaires de type Lotka-
Volterra par des PDMP
Cette partie présente les résultats du Chapitre 3| qui sont tirés de mon article [Bou23|,

Persistence in randomly switched Lotka-Volterra food chains, ESAIM: Proba-
bility and Statistics, 27:324-344, 2023.

L’objectif de cet article est de comprendre comment se comporte les chaines alimentaires
de type Lotka-Volterra dans le cadre des PDMP et plus précisément dans celui de la
Section [L.4]

On considére E := {1,..., N} 'ensemble des environnements possibles et on suppose
que chacun modélise une chaine alimentaire de type Lotka-Volterra, c.-a-d. pour tout
7 € E, on considere le champ de vecteurs

GI(x) == 2;F/ (2), i=1,...,n,
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avec

Jj _ =1
' 19 — G1171 — Q1272 t=14

T (o) - — j L

F(x) := — Qi+ Qii—1Ti—1 — Qi Ti — Qi1 Tiv1 L =2,...,n— 1

j L
—Qy + Ann—1Tn—1 — Apn Tn t=n,

ou ajy, a1, iy, > 0 pour i # k, k#0et a; > 0pouri=1,...,n.

Le premier résultat que nous démontrons est la proposition suivante. Il s’agit de la
Proposition (3.1}

Proposition 1.54. Il existe un compact B C R} tel que B X I est positivement invariant
pour le PDMP engendré par les G7. De plus, avec probabilité 1, le processus va entrer
dans ce compact en temps fini.

On va considérer ici le cas ou il existe un changement d’environnements qui affecte
uniquement la premiere espece. Cela va modéliser par exemple 1'ajout de nutriments qui
ne peuvent étre mangés que par cette espece. Plus précisément, on a I’hypothése suivante.

Hypothese 1.55. [l existe deux environnements (1, B2 € E tels que

b1 B2
{ aéo # a}jm
1 _ 2 y —
ayy = Qg  pouri=2,...,n.
Comme le processus de sauts J est irréductible sur E, nous notons v = (vy,...,vy),
v; > 0, son unique probabilité invariante. Nous définissons le champ de vecteurs moyen

par

N

G" = Z VjGj.

j=1

Nous définissons F" et a7; de la méme maniere. Remarquons d’ailleurs que G” reste une
chaine alimentaire de type Lotka-Volterra et nous verrons que F" jouera le réle analogue
a dans le cas des PDMP.

Comme a la Sous-Section , on définit pour k£ < n, F|’]’C la restriction de F” a k
especes. On note K comme étant le premier £ < n tel que F";( possede un équilibre

positif et F|’}<+1 non ou K = n §'il n’existe pas un tel k. Nous notons aussi ¢** ’équilibre
de F‘ll;
Définissons la constante suivante qui sera liée au comportement de 'espece k + 1,

- . v *k
Lyy = —Qpy10 T Qht1k Gk -

Nous verrons dans la Sous-Section que cette constante est positive si et seule-
ment si Fy possede un équilibre positif. Définissons pour 1 < k& < n les ensembles
B¥ :={zx € B|x,...,a > 0et xpi1,....,0, = 0} et B¥ :={x € B | ay,... 2 >
0 et Tgy1,...,x, =0}

On peut enfin énoncer les résultats du Chapitre[3|qui sont, respectivement, les Théorémes

8.5, B.6 et 3.7}
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Théoréme 1.56 (Persistance). Supposons que Z’Hypothése soit vérifiée et que K = n.
Alors,

(a) 1l existe une unique probabilité invariante 11 sur By X E.

(b) 11 est absolument continue par rapport d la mesure de Lebesque sur B x E et pour

toute condition initiale (x,j) € By X E, H?’j) converge faiblement vers 11 p.s.

lorsque t tend vers l’infini.

c) Il existe une fonction continue W : By — R, telle que lim W(x) = oo et des
+ + 1L
z—

constantes p, C' > 0 telles que pour toute condition initiale (x,j) € By X E,
1P (. ), ) =) lrv < C(1+ W (z)) e .

Théoréme 1.57 (Extinction). Supposons que Z’Hypothése soit vérifiée, que K = k <
n et que I, , < 0. Alors,

(i) Pino(B x E) = Pi(B* x E) et il existe une unique probabilité invariante 1% sur

k
BI x E.

(ii) Les espéces k + 1,k + 2,...,n vont s’éteindre presque sirement exponentiellement
vite et les taux d’extinction sont Ly, —ay, oq,-- -, —0pg TESpEctivement.

(iii) Pour tout (x,7) € By X E, le semi-groupe Py((x,7),-) converge faiblement vers I1¥(-).

Théoréme 1.58 (Cas critique). Supposons que I’Hypothése soit vérifiée, que K =
k<mnetquel  , =0. Alors,

o Les especes 1,...,k sont persistantes en moyenne, i.e. lim; % f; Xi(s)ds = q*
pourt=1,...,k.

o Les espéces k+ 2,k + 3,...,n vont s’éteindre presque sturement exponentiellement

v

vite et les taux d’extinction sont —aj o, —Ay 30, -, —0ng TESPECtivement.

o Pino(BY™ X E) est vide et les points limites faibles de (I1;) sont presque sirement
dans P(B* x E). De plus, lim;_, % fot Xpy1(s)ds = 0.

Il est intéressant de noter que le cas critique n’a pas fait I'objet de beaucoup d’études,
mais on peut tout de méme citer [NS20].

Finalement, la Section [3.5] établit quelques résultats sur la sensibilité du modele aux
parameétres. Supposons que nous perturbons les parameétres des F/ de maniére a ce que
chaque parametre dépende de I’environnement, c.-a-d. que a;; deviennent &Zk pour k # 0
et al, = @, sinon. Notons F7 ces nouveaux champs de vecteurs et remarquons que les
G7 associés via sont encore des chaines alimentaires de type Lotka-Volterra. On
fera référence au modele non-perturbé pour le PDMP engendré par les G et le modele
perturbé pour celui engendré par les G7.

Comme nous n’avons qu'un nombre fini de parametres, il existe € > 0 tel que

lal —al | <e Vi,m et Vj € E.

m
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Nous montrons dans la Proposition[3.27 que si € est suffisamment petit, le modele perturbé
et le modele non-perturbé ont les mémes signes pour les taux d’invasion. Donc, si ¢ est
suffisamment petit et si le modele non-perturbé est dans le cas persistant, alors le modele
perturbé est aussi dans ce cas-la. Remarquons que cela fonctionne aussi pour le cas de
I’extinction et que ce sont les mémes especes qui survivent ou qui s’éteignent.

Notons aussi que nous ne pouvons rien dire sur le cas critique puisqu’en perturbant le
modele, nous ne sommes plus capables de calculer Z,",, qui, nous le verrons (c.f. Propo-
sition , dépend des taux d’invasion. Ainsi, nous ne pouvons pas déterminer si cette
constante restera nulle ou non.

1.6.4 Quasi-stationnarité avec frontieres mobiles aléatoires

Cette partie présente les résultats du Chapitre [4 élaborés en collaboration avec William
Ocafrain. Méme si ce chapitre prend la forme d’un article, les résultats n’ont pas encore
été ni publiés, ni soumis a un journal, ni méme postés sur Arxiv. Une des raisons a cela
est que ces résultats sont en cours de généralisation, ceci en collaboration avec William
Ocgafrain et Oliver Tough.

L’objectif de ce chapitre est de généraliser la notion de frontieres mobiles en la notion
de frontieres mobiles aléatoires. On considere ici la situation ou il y a un nombre fini de
frontieres possibles et on suppose que la frontieére absorbante change de maniere aléatoire
au cours du temps parmi celles-la. Notre but est de définir des conditions semblables a
celles de I’'Hypothese afin d’obtenir des résultats similaires a ceux du Théoreme [1.45]

Plus précisément, nous considérons ((Xi)i>o0, (Psz)s>0zem, (Fst)s<t) un processus de
Markov vivant sur un espace d’états polonais E. Nous considérons également N sous-
ensembles de E, (4;)i=1..n et nous notons A := {1,...,N}. Nous allons commencer
par considérer w : Ry — A une fonction cadlag et nous lui associons la frontiere mobile
déterministe (A, )r>0. Nous notons

Tw = inf{t >0:X; € A’lUt}

le temps d’atteinte de cette frontiere mobile. Comme a la Section nous supposons
que nous sommes dans les bons cas pour que 7, soit un temps d’arrét pour tout w.
L’hypothese suivante assurera que le modele présenté dans la suite sera bien défini.

Hypothése 1.59. Pour toute fonction cidligw : R, — A, s >0 etz € E,,_,
P (10 < +00) =1,

et pour tout s <t et x € E,,,
P, (1 > t) > 0.

Nous pouvons maintenant établir I'hypothese principale de ce chapitre.

Hypothese 1.60. Il existe c1,co > 0 et tg > 0 tels que, pour toute fonction cadla
. . . . e, . (w) ('ug
w: Ry — A, il existe une famille de probabilités (v, )i>o telle que pour tout t > 0, v,

est définie sur E,, et telle que

e Pour tout s > 0 et tout x € E,,_,

Pyo(Xorso € - | 7w > 5+ to) > cilh ().
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o Pour tout s <t ettoutx € B,

P (Tw > t) > Py (T > 1).

s,ugw)
On remarque tout de suite que cette hypotheése demande que 'Hypothese[1.44] soit vraie
pour toute fonction cadlag w.
Pour générer de I’aléa, on va se donner un processus de sauts irréductible (I;);>o sur A
et on lui associe la famille de probabilités (P;);cs telle que P;(Iy = i) = 1. On note I
I'ensemble de ses trajectoires. Pour w € I*°, t > s, et u € P(E,,), on définit

¢w,t,s(ﬂl) = Ps,u(Xt € - | Tw > t);

le flot associé a cette frontiere. Ainsi pouri € A et u € P(E;), on peut définir le processus
(Yi)i>0 par Yy := u, Iy :=1 et pour tout ¢t > 0 par

}/t = QS(IS)SZ(),I‘/,O(}/E)) .

Notons que ce processus est bien défini grace a I'Hypothese Ainsi, le processus
(Y2, It)¢>0 est un processus de Markov sur P(E) x A et on note (P;);>¢ son semi-groupe.

On définit maintenant la distance de Wasserstein sur P(P(E)xA) pour I'; A € P(P(E)x
A) par

Wi(T,A) = inf E(||g — v||ry + Liusr),
e A L #17)
ot IIr A est 'ensemble des couplages entre I' et A.
On peut a présent énoncer le premier résultat de ce chapitre qui assure 'existence
et I'unicité de la probabilité invariante pour le processus (Y3, I;):>o ainsi que la conver-

gence exponentielle en Wasserstein de (Pt)t vers cette probabilité invariante. Il s’agit du
Théoreme L5

Théoréme 1.61. Sous les Hypothéses et il existe une unique probabilité in-
variante I1 sur P(E) x A telle que pour toutt > 0,1 € A et p € P(E;),

Wl(pt((:uv Z), ')7 H()) < Cei’yta
pour certaines constantes C,~v > 0.

Le second résultat assure, sous les Hypothéses et [I.60], I'existence d'un Q-processus
et d'une distribution quasi-ergodique pour le processus X. Notons que ces objets sont
définis comme a la Définition avec 17 := inf{t > 0| X; € Ay} au lieu de 74. C’est le
Théoréme [4.6

Théoréme 1.62. Supposons que les Hypothéses et [1.60 sont vérifiées. Alors, pour
touti € A, il existe P;-presque stirement un QQ-processus et une distribution quasi-ergodique
pour le processus (X¢)i>o absorbé par la frontiére mobile aléatoire (Ay,)i>o-

Remarque 1.63. Toutes ces définitions et tous ces résultats restent valides en temps
discret.
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Nous avons ensuite appliqué ces résultats dans le contexte des chaines de Markov dis-
crétes sur un espace d’états fini. Si nous supposons que F := ﬂf\il E; # 0, que la chaine
est irréductible sur E et qu’il y a certaine sorte d’irréductibilité sur E, alors nous montrons

que les Hypotheses et sont vérifiées.
Plan de la these

Cette these est organisée comme suit.

 Le Chapitre [2fest tiré de 'article [BBN22]. Nous définissons les chaines alimentaires
de type Lotka-Volterra sous la forme d’une SDE dégénérée en donnant des criteres
pour la persistance et I'extinction. Nous établissons aussi des criteres plus généraux
sur un type de SDE afin d’obtenir des vitesses de convergence et nous appliquons
ensuite ces criteres dans ce contexte.

« Le Chapitre |3| est tiré de l'article [Bou23| et nous considérons aussi les chaines
alimentaires de type Lotka-Volterra mais sous le prisme des PDMP cette fois. En
plus de discuter de la persistance et de l'extinction, nous traitons aussi du cas
critique ainsi que la sensibilité du modele aux parametres.

o Au Chapitre[d] nous nous intéressons a la quasi-stationnarité avec frontieres mobiles
aléatoires. Nous redéfinissons notamment les notions de ()-processus et de distribu-
tion quasi-ergodique dans ce contexte. Nous établissons également des criteres pour
I’existence de tels objets.
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Chapter 2

Stochastic persistence in degenerate
stochastic Lotka-Volterra food chains

This chapter is based on the article [BBN22] which is a joint work with Michel Be-
naim and Dang H. Nguyen. It has been published in Discrete and Continuous Dynamical
Systems - Series B, Vol. 27, No. 11, November 2022, pp. 6841-6863.

Abstract

We consider a Lotka-Volterra food chain model with possibly intra-specific compe-
tition in a stochastic environment represented by stochastic differential equations.
In the non-degenerate setting, this model has already been studied by A. Hening
and D. Nguyen in [HN18b, HN18c| where they provided conditions for stochastic
persistence and extinction. In this paper, we extend their results to the degenerate
situation in which the top or the bottom species is subject to random perturbations.
Under the persistence condition, there exists a unique invariant probability measure
supported by the interior of R} having a smooth density.

Moreover, we study a more general model, in which we give new conditions which
make it possible to characterize the convergence of the semi-group towards the
unique invariant probability measure either at an exponential rate or at a poly-
nomial one. This will be used in the stochastic Lotka-Volterra food chain to see
that if intra-specific competition occurs for all species, the rate of convergence is
exponential while in the other cases it is polynomial.

Keywords Markov processes; stochastic differential equations; stochastic persistence;
Lotka-Volterra food chains; prey-predator; Hormander condition; rate of convergence;
degenerate noise

2020 MSC 60J60, 60H10, 37H15, 92D25

2.1 Introduction

We consider a stochastic food chain model with n species. Species n is the apex predator
which hunts species n —1 which is in turn the predator of species n —2 which hunts species
n — 3 and so on until species 1 which is at the bottom of the food chain.

More precisely, the model is given by the following (possibly degenerate) Lotka-Volterra
food chain stochastic differential equation on R} :={x € R" | 2; >0, i =1,...,n},

dX;(t) = Xi(OF;(X () dt + o; X3(t)dB}  i=1,...,n, (2.1)
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whereby
10 — 1171 — A12T2 1 =1,
Fz(l") = —@jo + Qi 1Ti—1 — @ Ti — Qi1 Tip; L=2,...,n—1, (2-2)
—Qpo + Apn—1Tp—1 — pp Tp L =n,

with ay1,a;; > 0 for i # 7, a;; > 0,0, >0fori=1,...,nand (B},..., B")>0 a vector of
independent Brownian motions.

The quantity X;(¢) represents the density of species i at time t, a; its intra-specific
competition rate, a;o its death rate (or growth rate for species 1), a;,;_; the rate at which
it hunts species ¢ —1, and a; ;41 the rate at which it is hunted by species i+ 1. In addition,
the capital growth rate of species i is subject to environmental fluctuations whose variance
is measured by o?.

In the deterministic case (i.e. o; = 0 for all 7), this model was first considered by
T. Gard and T. Hallam in the late seventies in [GH79] when there is no intra-specific
competition (i.e. a; = 0 for all ¢ > 2). They gave a criterion based uniquely on the
coefficients a;; for persistence and extinction.

Equation (2.1)) with non-zero o;s, is a natural way to incorporate random fluctuations
in the growth rate. Although the choice of a constant variance o? seems oversimplified
as commented on in [All16], stochastic models with linear diffusion terms have been used
extensively by biologists for predicting population dynamics and estimating extinction
likelihoods in [DMS91}Fol94,[LES03|. They were also used to explore how stochasticity
can facilitate or inhibit the persistence of populations, coexistence of interacting species
or genotypes; see e.g. [ERSS13|Sch12a] and the references therein.

Following this line, A. Hening and D. Nguyen in [HN18b,[HN18c] studied in the
non-degenerate case (i.e. o; # 0 for all 4) and provided general conditions for persistence
and extinction.

The main purpose of this paper is to extend their results to the degenerate setting
whereby some but not all of the o;s are 0. This is motivated by the fact that environmental
fluctuations may have different impacts to different species in an ecological system. For
instance, some species, perhaps because of their biological nature, may be negligibly
affected by the sources of environmental randomness under consideration.

We will focus our attention here on the specific case whereby the noise affects at least the
top or bottom species (meaning that oy # 0 or 0, # 0) and show that the conditions given
in [HN18b, HN18¢c| ensuring persistence of the process remain valid. Here by persistence
we mean that:

(a) There exists a unique invariant probability measure on R", = {z € R} | [[_, z; >
0} called the persistent measure.

(b) Whenever the initial condition lies in R”} , , the process converges (in distribution) to
the persistent measure.

Another key question is to understand the rate of this convergence and how this rate
is determined by the model parameters. We will see here that positive intra-specific rates
(i.e. a; > 0 for all i) ensure an exponential rate of convergence (exactly like in the non-
degenerate case ( [HN18a] [HN18b])) whilst, if some of the rates are zero (i.e. a; = 0 for
some i), one can only ensure a polynomial rate of convergence. This will be established
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in Section in a general framework providing new results that can be applied beyond
Lotka-Volterra food chain models.

Outline of contents The first part of Section is devoted to some preliminaries and
notations. We present the main results of this paper in the second part. More precisely,
under some conditions, we characterize the persistence of all species and the rates of
convergence to a unique invariant probability measure. We also provide criteria for the
extinction of some species. The first part of Section is devoted to the introduction
of some mathematical tools and follows [Benl8|. In particular, we provide a very useful
criterion which ensures the persistence. In the second part, we prove Theorem [2.6, which
provides conditions for stochastic persistence.

In section [2.4) we shall prove general results on the rates of convergence of the semi-
group towards the unique invariant probability measure. We will then use these to prove
Theorem [2.7, which characterizes the convergence rates of our model. We will see that
the intra-specific competition will give an exponential rate whereas without it we will only
have a polynomial one. Section then focuses on the case of extinction of at least one
species. The appendix (Section contains some technical proofs of Section and

for convenience.

2.2 Notations and results

2.2.1 Notations
Throughout the paper, we let

]R?r+:—{x€]Rﬁ|Hxi>0} and aRii—{l‘ERi’H%—O}

i=1 i=1

denote, respectively, the interior and the boundary of R’. For 1 < j < n, we define ]Ri
and R, in the same way and we also define

R(f) = {xER’HfIh,---,iL‘jZO, in+1>---’f’f’n:O}

and '
R(il = {.’L‘ERZL|QJ17,$]>07 ':Cj+17"'7xn:0}-

We let (X?(t))i>0 denote the solution to (2.1) with initial condition X*(0) = z and
(P;)¢>0 denote its transition kernel defined by P, f(z) := E[f(X*(t))] for every measurable
bounded function f: R} — R and by P;(z, B) := P;15(x) for all Borel set B C R.

A Borel set B is called invariant if

Pt]-B - ]_B

for all ¢ > 0.

Given an invariant set A C R"} (typically A =R", or A = 0R"), we let P;,,(A) (resp.
Perg(A)) denote the set of invariant (resp. ergodic) probability measure of the process that
are supported by A, i.e. p(A) =1 for u € Piny(A) (resp. for p € Pery(A)). Recall that an
invariant probability measure p is ergodic if for every invariant Borel set B, u(B) € {0,1}.
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We also let (Hf)te]R+ denote the set of empirical occupation measures of the process
(X*(t)) with initial condition = € R'}, that is

Ht (-) = - t / 1{XT }dS
0

For a function f : R} — R and a measure p, we write pf := [ f(z)u(dz).
Recall that the total variation distance between two probability measures p,v on R’}
is defined by

= v||rv :==sup{|pnf —vf|| f: R} — R measurable bounded, || f||oc < 1}.
In the same manner, for f: R} — R, , we define the f-norm by
]l ¢ := sup{|ng| | g : R — R measurable bounded, |g| < f}.
Remark that when f =1, it is the total variation norm.

We say that a map f : R} — R is proper if | l‘im f(x) = oc.

|—o0
2.2.2 Preliminaries
We start this part by rewriting (2.1)) in the Stratonovich formalism

dX;(t) = X;(OF;(X(8)) dt + 0, X;(t) o dB!  i=1,...,n, (2.3)
where
i=1,...,n. (2.4)
Remark 2.1. If we let a a10 = a1 — 307, Qo = Qi + 307 fori > 2 and a; = a;; if i # 0,
then F is defined by (2.2)) with a;; replaced by a;;.

An equilibrium p* for F given by (2.4)) (i.e. F (p*) = 0) is called positive if p* € R}, . It
turns out that the existence of a such point (which has to be unique) is a necessary and
sufficient condition for stochastic persistence. Before stating our main theorems, we will
give another equivalent condition of the existence of this positive equilibrium for F' and
we start by defining a parameter, called d(n).

For a,b,m € N, a < b, we let A%(m) denote the set of permutations of {a,a+1,...,b—
1,b} that are product of m disjoint transpositions of the form (i i + 1) and we let

A= | Alm)
m=0

Remark that A%(m) =0 if m > =% Now, we define

5(n) ::510 Qjj—1 — Zako H a1 Z H%a(y

Jj=2 k=2 I=k+1 aeAkljl
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Example 2.2.

A} ={Idpo,(12),23)},
Af = {Idp2s4,(12),(23),(34),(12)(34)}
5(2) = a10 a21 - 520 511,
5(3) = Q10 Gz2 Qo1 — Aop A32 A1] — A3 A2 A1 — (30 A2 A2] .-

Remark 2.3. If a; = 0 for i > 2, then §(n) = k(n) [ @;i—1 where K(n) is introduced
i=2

in [HN18¢]. In some sense, 6(n) can be seen as a generalisation of k(n), since it is also
defined for a;; > 0.

We can now state the link between the constant d(n) and the nature of the equilibrium
of F.
Proposition 2.4. g(n) >0<= F has a positive (necessarily unique) equilibrium p*.
The proof is technical and postponed to Appendix [2.6.2, Moreover, since the exis-

tence of a positive equilibrium for F' is a necessary and sufficient condition for stochastic
persistence, so is the positivity of d(n).

Remark 2.5. The proof of Proposition provides an explicit formula for p*. This
extends the results in [HN18b] since it also provides an explicit formula for I, (as defined
in [HN18b]). It is also interesting to note that by [HN18b, Proposition 3.1] 6(n) and
7T, have the same sign and as only the positivity of these two parameters is important,
working with one or the other doesn’t matter.

2.2.3 Main results

With the help of the previous parts, we can now state the stochastic persistence theorem.

Theorem 2.6. Suppose that o1 > 0 or o, > 0 and that 6(n) > 0. Then
(a) Pino(RLy) = {11}

(b) 11 is absolutely continuous with respect to the Lebesque measure of R™ and its density
is C°.
(¢) For all f € L*(II) and z € R, tlim 7 f = 11f a.s. and (P;) converges to 11 in
— 00
total variation.
The next result specifies the rate of convergence of (F;) toward II.

Theorem 2.7. Suppose that o1 > 0 or o, > 0 and that 5(n) > 0.

(a) If a;; =0 for some i =2,...,n, then there exists qo > 1 such that for all 1 < q < qo
there exists a proper C? function Wy, : R — Ry such that for all1 < 3 <gq

lim 771 | A ) = 10y, =0, v €L,

where W, = Wy 1.
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(b) If a;; > 0 for all i, then there exist ¢ > 0 and a continuous proper function W
R? ., — [1,00[ such that

lim e | P, ) —TI()||p = 0, @ € R,
—00

Remark 2.8. Theorem clearly implies convergence in total variation (take 5 = q in
(a) and note that W > 1 in (b)).

We have seen in the previous theorems that positivity of parameter d(n) ensures the
persistence of all species. If we want to characterise extinction of at least one of them,
we have to suppose that there exists 1 <4 < n such that §(i) < 0. Intuitively if species i
goes extinct, species ¢ + 1 must become extinct too since its only source of food is species
1. Arguing in the same manner, we intuitively conclude that species i+ 2, ..., n also must
become extinct. This will be done in Lemma 2.34

A. Hening and D. Nguyen already proved it in [HN18b,|HN18c| in the degenerate and
non-degenerate setting :

Theorem 2.9 (A. Hening, D. Nguyen 2018). Suppose that there exists 1 < j* < n such

that 6(3%) > 0 and §(j* + 1) < 0.

(a) If a; =0 for somei =2,...,n, then tlim %fotEx[Xk(s)]ds =0, fork=j"+1,...,n
—00

and all x € R} . Moreover, for every e > 0, there exists a compact set K. C RSZ_?
such that for all v € R,

1 t
liminf—/ P, [(X1(5),...,Xj:(s)) € K]ds > 1 —e.
0

t—o00

(b) If a;; >0 for alli=1,...,n, then X;+41,...,X, go extinct almost surely exponen-
tially fast and for every e > 0, there exists a compact set K. C ]Rgf;) such that for

allz € R,
li%nianP’m [(X1(t),...,X+(t) e K] >1—e.
—00
Moreover, if o1,...,05+ > 0, there exists a unique invariant probability measure 11

supported by RS{? such that for all x € R}, Py(x,-) converges weakly to II(-), i.e.
for all continuous bounded functions f : R} — R,

lim P f () = TLf (z).

Remark 2.10. Statement (a) of Theorem is proved in [HN18d] in the case where
a; =0 for all i > 2. The proof easily extends verbatim to the present situation.

The next theorem complements the second assertion of Theorem

Theorem 2.11. Suppose that there exists 1 < j* < n such that 6(j*) > 0 and 6(j*+1) <0
and moreover that o1 > 0 or o« > 0. Then

(a) Piny(R") = Pio(RY)) and Py, (RY)) = {11}
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(b) If ai; >0 foralli=1...,n, P(x,-) converges weakly to I1(-) for all x € R, .

Remark 2.12. In [HN18d], when except for the lowest tropic level, species have no
intraspecific competition (that is, a; = 0,1 = 2,...,n), the authors cannot show that
Xi(t),k > j* converges to O exponentially fast with probability 1 if g(j*) > 0 and
g(j* + 1) < 0 because it is not easy to show the tightness of the family of random oc-
cupation measures when a; = 0,1 = 2,...,n.

Using newly-developed coupling techniques, one can obtain the exponential convergence
of Xi(t),k > j* with probability 1. This result is beyond the scope of this paper and it will
be reported in [BNN20)].

2.3 Stochastic persistence

2.3.1 Some mathematical tools

In this section, we introduce some tools that will be needed for the proof of Theorem
. We consider the general stochastic differential equation given by under the
assumption that F; is C*° but not necessarily of the form (2.2).

Let L and I'y, respectively denote the formal generator and the formal carré du champ
defined by

n

- dg 1 9%g
Lo@) = Y aiw) 2 @)+ £ 3 o220 )
i=1 ! i

=1

and )
,_ 2.2 99
FOUCEDNEIEE)
for g : R — R a C* map (see [Benl8, Section 3.2] for more details).
Let Cy(R%) be the set of real-valued bounded continuous functions on R”. We let £

be the infinitesimal generator of (P,);>o on Cy(R’}) and D(L) C Cyp(R"}) be its domain.
Following [Ben18], recall that D(L) is defined as the set of f € C,(R") for which

1. Lf(z) = PII(l) w exists for all x € R ;
—

2. Lf € Cy(R);

3. sup HIBf — flle < .
0<t<1

For a map f € D(L) such that f? € D(L), we let

Lf = L(f*) —2fLf

denote the carré du champ operator.
The next result is Proposition 3.1 in [Benl8] but for the second part of assertion 2 for
which we provide the proof in the Appendix [2.6.1]

Proposition 2.13. Suppose that there exists a C* proper map U : R} — [1,00[ and
constants o,y > 0, > 0 such that

LU < —aU+f (2.5)
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and
[ (U) <yU (2.6)

Then,

1) For each x € RY, there exists a unique strong solution (X*(t))>0 C R% to
with initial condition X*(0) = x and X*(t) is continuous in (t,z). In particular, the
process is Cy(R")-Feller, that is for each continuous bounded function f : R} — R,
the mapping (t,x) — P,f(x) is continuous.

2) sup E(U(X*(t))) < g forallz € R and pU = [Udp < g for all 11 € Piy(RY).
>0

3) If C2(R"}) is the set of C* real valued maps with compact support, then CZ(R") C
D*(L), the set of functions f such that f, f* € D(L) and for all f € C2(R?),

Lf(x)=Lf(z) and T(f)(x) =Tr(f)(2).

4) The set ORY is invariant under (Py):>o.

5) For ¢ > 1, the process

[NIE
N

My(z) == U2(X*(t)) = U (x)—c/o Uz(X*(s))ds, t>0

is a martingale that satisfies the strong law of large numbers, that is

M,
lim )

t—o00 t

=0
P, almost surely for all v € R}. There also exists K > 0 such that
LU? < —cU? + K.

In the proof of persistence, accessibility also plays a key role.

Definition 2.14. A point y € R} is accessible from x € R} if for every neighbourhood
U of y, there exists t > 0 such that P;(xz,U) > 0.
We denote by ', the set of points y that are accessible from x and for D C R}, we let

I'p = (T'z be the set of accessible points from D.
xzeD

Let

Az) = (z1Fy(2), ..., 2aFy(z)) and Al(z) = ojxje;, j=1,...,n, (2.7)
where e; stands for the j-th vector of the canonical basis of R". Now, we consider the
deterministic control system associated to (2.3)

n

g =Ay)+ > ulAl(y) (2.8)

j=1
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where the control function u = (u!,... u") : R — R" is at least piecewise continuous.

We let y(u,z,-) denote the maximal solution to (2.8) starting from = and with control
function w.
The next result is Proposition 5.3 in [Ben18].

Proposition 2.15. Let x,z € R, then z € I', if and only if for every neighbourhood O
of z, there exists a control sequence u such that y(u,x,t) € O for somet > 0.

We also need the so-called Hormander condition. Let
Bt = {AY, ... A",
EF:=E"'U{[v,\W] |V e EF W e EFTU{AY Y} k>2,

where [+, ] denotes the Lie bracket operator and A',... A" are defined by (2.7)). Recall
that given two smooth vector fields V, W : R* — R"™ and x € R,

[V, Wi(z) :== DW (2)V (z) — DV (2)W (),

81’j
For z € R" and k > 1, we let E¥(z) := {V(z) | V € E*}.

Definition 2.16. We say that (2.3) satisfies the strong Hérmander condition at x € R”}
if there exists k € N* such that

where DV (x) = (%(x)> ~stands for the Jacobian matrix of V' at .
i.j

span(E*(x)) = R™.

For p € Perg(OR?) provided F, € L'(p) we let

uF = / Fdu

denote the invasion rate of species i with respect to p. See |[Benl8| Chapter 5 or [HN18c|
for more details.

Theorem will be deduced from the next theorem which is a reformulation of Corol-
lary 5.4 in |[Benl18].

Theorem 2.17. Suppose the hypotheses of Proposition are satisfied and assume
moreover that

Fye L'(p) V€ Piny(ORY) andi=1,...,n, (2.9)

and that there exist positive numbers py, ..., p, such that for all p € Perq(ORY),

> pink; > 0. (2.10)
=1

If there exists x* € Ppe, NRY, satisfying the strong Hormander condition, then,

(a) Pinw(RY,) = {II} and II is absolutely continuous with respect to the Lebesgue mea-
sure of R™.
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(b) Forall f € L'(II) and x € R}, tlim 7 f =11f a.s. and (P;) converge to 11 in total
—00

variation.

(c) If furthemore the strong Hormander condition is satisfy for every x € R’y then the
density of I1 is C™.

Remark 2.18. By part (2) of Proposition[2.13, a sufficient condition for ([2.9) is

n

Y B <alU +b

i=1
for some constants a,b > 0.

2.3.2 Proof of Theorem 2.6/
To prove the theorem, we assume that F; is given by (2.2)). Let

Ulx):=1+ i CiT; (2.11)

i
A — .
Wherecl>0,cl-:clHﬁforz:z...,n.
k=2 7T

Lemma 2.19. The function U and the parameters

a:= min {ap}, [:=a+ sup{czi(ao—anz)+car}, v:= max {o;]
i=2,...,n 21>0 i=1,...,n

satisfy hypotheses (2.5)) and ([2.6) of Proposition [2.13. Moreover

Fie L'(p)
for all pn € Piny(ORY) andi=1,...,n.

Proof. The first part of the proof is easy and left to the reader (see [HN18c, Lemma
3.2] for a detailed one). The second one follows from Remark [2.18]
U

We now relate the sign of d(n) to the persistence condition ([2.10j).

Proposition 2.20. g(n) > 0 is equivalent to condition (2.10) of Theorem .

Proof. First suppose that 6(n) > 0. By Lemma 4 in [SBA11], condition (£2.10) is
equivalent to

max_pky >0, ()

1,...,n

for every p1 € Piny(OR?). By Lemma 3.5 of [HN18c|, the first part of the proof of Theorem
1.1 (i) in [HN18b] and Remark [2.3] (x) is verified.
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Remark that in [HN18bl[HN18c| the aforesaid proofs do not require the non-degeneracy
of the process, so they are still true in this setting.

Conversely, suppose is true. By Theorem 5.1 of [Benl§| and Lemma , there
exists p € Pinw(R" ) such that ,uﬁi =0 forall i =1,...,n. Now, let us write explicitly
the system Mﬁi =0

0= 513—52 f$1 p(dx) — ar ff2 p(dx) _ =1,
0=—a + a1 [ w1 pldx) — @ fxz dz) — @1 [ i p(dz) i # 1,n,
0= —ano + Anpn-1 fxn_l pu(dx) — apny, fa:n (dx) 1 =n.

So ( f rip(dr), f T pu( dm)) is the unique solution of the previous system and by

definition of u, thls solution is strictly positive. By Proposition [2.4] g(n) >0
0

The next proposition is Theorem 5.3.1 of [HS9§| for the intra-specific case and Exercise
5.3.2 of [HS9§]| for the non-intra-specific one.

Proposition 2.21. Assume the equivalent conditions of Proposition[2.4) are satisfied, then
for the deterministic system X; = X;Fy(X), i =1,...,n (i.e. system ([2.3) without noise),
p* (as defined in Proposition (2.4 W is globally asymptotically stable i.e. for every initial
condition xo € R, , the solution X®(t) has the property that X*(t) — p*.

Corollary 2.22. Under the equivalent conditions of Pmposition prelp, .

Proof. We start by rewriting the control equation for ({2.3))

where u = (u', ..., u") : R, — R™ is at least piecewise continuous.
If we take u = 0, by Proposition the solution y(0,z,t) — p* for every x € R,
We conclude by using Proposition

Now, we discuss Héormander’s condition.

Proposition 2.23. Assume that either o1 > 0 or o, > 0. Then the strong Hormander
condition for (2.3|) is satisfied for every x € R’} |

Proof. Recall that for z € R?, A'(z) = oyzyey and A%(x) = (2, Fy(2), . . ., 2, FW(2)).
We immediately get for z € R} that DA'(z) and DA°(z) are the n x n matrix defined as

1 o1 if (1,7) = (1,1),
bA @”‘:{ 0 i) £ )
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and as
ﬁl(x)—i—xlg—i(a:) 1 gi(m) 0 0
©292@)  F2) +2292(@) 2292 () . :
DA®(z) = 0 xdgfg(a:) 0
’ K Tp—1 ag;j EZL')
0 0 angis (@) Fal@) +an (o)

We now define recursively the family of vector fields b* € E*, k > 1 by

bt = Al
{bk—H [bk AY.

We have for z € R’ that b¥ has the form

k
Wi(x) = o1y sz a;;—1 and bf(x) =0 for all j > k.

=2

The assumption o > 0 makes {b'(z),...,b"(x)} a basis of R" for every x € R},. So
Hormander’s condition holds true for every x € R |
The case 0, > 0 is very similar and left to the reader.

O

By Lemma“ 2.19 the functlon U defined by - 2.11)) satisfies the hypotheses of Proposition
2.13|and furthermore ([2.9) is satisfied. Since ¢ ( ) > 0and by | Proposmon 0, hypothesis
holds true. Under conditions o1 > 0 or o, > 0 and 5( ) > 0, Corollary “ and
Proposition make the equilibrium p* an accessible point satisfying the strong Hor-
mander condition. Proposition [2.23|proves moreover that the strong Hérmander condition

holds at every z € R} |
Then hypotheses of Theorem hold true and Theorem [2.6] follows.

2.4 Rate of convergence

2.4.1 General main results on the rate of convergence

As in Section we consider the general stochastic differential equation given by
under the assumption that F; is C* but not necessarily of the form (2.2)).

We suppose here that there exists a map U : R} — R satisfying the hypotheses of
Proposition and the additional conditions:

lim inf Ulz) > 0, (2.12)

=00 In |||

lim sup (LU(x) + po Z |E(x)\> < 0 for some py > 0 (2.13)

[[]| =00




2.4 Rate of convergence 41

and

> |Fi(x)| < CU™(x) for some dy > 1 and C > 0. (2.14)
=1

We also assume that the persistence condition of Theorem [2.0] is satisfied, that is there
exist pi,...,p, > 0 such that

Zpipjfi > 0 for every p1 € Perg(ORY). (2.15)

=1

Remark that we can assume that )" | p; is sufficiently small without loss of generality.
Consider the function

V(z) =U(z) — Zpi In ;.

When 7" | p; is sufficiently small, we deduce from (2.12) and (2.13)) that the function
V (z) satisfies
V(z) >0 for any z € R, and lim V(z)= o0

[[]| =00

and
LV(z) < hlgojemy = holgjajzay, = € RY, (2.16)

for some positive constants hy, ho, M.
Let us define the constant gy > 1 such that

g — 1
2

—a+ =0 (2.17)

where a and v are as in (2.5 and (2.6)).

Finally, for ¢ € }1, min{qo, F 211, let

q q i <
W@:{V’+CU if1<q<2, (2.18)

Va4 CU2 if g > 2,

and

i=1 T

'W@%=<ﬁ¥95)g (2.19)

for some C,e* > 0. Remark that W, > 0 and that W > 1 when Y | p; is sufficiently
small.
We can now state two new general theorems for the rates of convergence.

Theorem 2.24. Assume that there exists a map U : R}, — R satisfying the hypotheses
of Proposition|2.15, (2.12), (2.13), (2.14) and (2.15)). Suppose moreover that there exists
z* € I'rn, NRY, which satisfies the strong Hérmander condition. Then for all q €

}1,min{qo, q°;2 [ and for all 1 < 3 < g,

lim tﬁ_l HPt(‘Ta ) - H(')HW,;’(I = 07 YIS Ri-‘r

t—o00
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where Wsg = Wo " and W, is defined by (2.18).

Theorem 2.25. Assume that there exists a map U : R} — R satisfying hypotheses of

Proposition[2.15, [2.14) and (2.15)). Suppose that [2.12)) and ([2-13)) are strengthened to
InU(x)

lim inf >0 2.20
|zl|—oc In ||| (220)
and
lim sup (L InU(x) + po Z |F,(:B)]) < 0 for some py > 0 (2.21)
[|lz]|—o0 i=1

respectively. Assume moreover that there exists ©* € FR1+ NR?  which satisfies the strong
Hormander condition. Then there exists ¢ > 0 such that

lim e [Py(w,) = TI() o = 0, @ € R,
—00

where W s defined by (2.19)).

Before proving these theorems, we will apply them in the next part to prove the poly-
nomial or exponential rate of convergence in the Lotka-Volterra food chain model.

2.4.2 Proof of Theorem
To prove Theorem [2.7, we will use Theorem [2.24] and [2.25]

(a) Suppose that a; = 0 for some i = 2,...,n. By Lemma [2.19, U satisfies the hy-
potheses of Proposition [2.13] We have from (12.5) that

LU(x) +po Y _|Fi(2)] < —alU + B +po Y |Fi(w)].
i=1 i=1

Since F; and U are linear functions, then for py sufficiently small (2.13)) holds true
and (2.12)) is trivially verified. We also deduce that for each dy > 1, there exists

a constant C' > 0 such that (2.14) holds. Since g(n) > 0, by Proposition [2.20}
(2.15)) is immediately verified. Moreover by Corollary and Proposition [2.23]

p* € I'rp, NRY, satisfies the strong Hormander condition.

Thus, by Theorem , for all ¢q € }1, min{qo, g0+2 [ and for all 1 < 3 <gq

2

tim £ ||z, ) =TIy, =0, @ € R,

t—00

where ¢qq is defined by (2.17), W, by (2.18) and W5, = qu—ﬂ/q'

(b) Suppose that a; > 0 for all i. The verification of the hypotheses of Proposition [2.13]
and of inequalities (2.14) and (2.15) is basically the same as in the case (a). (2.20))
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follows from the form of U. To prove (2.21)), first remark that

_ LU(z) 1T(U)(x)

 Ulr) 2 Ux

_ Clxl(alo - CL11$1) - ZLQ CiQijox; — Z?:Q Ciaiia:? . 1 Z?:1 ¢
L+ 00 cix; 2 (1 +> cixi)2

LInU(x)

It thus becomes clear that LInU(x) is bounded above by a linear function of ||z|
with a negative slope. Then (2.21]) holds true for p, > 0 sufficiently small. Since
g(n) > 0, by Corollary [2.22 and Proposition [2.23, p* € I'gr, NRY, satisfies the
strong Hormander condition.

Thus, by Theorem [2.25] there exists ¢ > 0 such that

lim & Pz, ) ~ ()5 =0, z€RY,

t—o00

where W is defined by (2.19)).

This concludes the proof.

Remark 2.26. In the case (a), i.e. a; =0 for somei=2,...,n, if o1 >0 and 0; =0,
fori=2...,n, then we can easily verify that for any q > 0,

LU (x) < B, — a,U%(x)

for some B,,ay > 0. Thus, in view of Proposz'tz’on the degree of t°~1 in Theorem

part (a) can be any positive number.

Remark 2.27. The positivity of a;; allows us to choose a stronger Lyapunov function. It
implies that (X) enters in a compact exponentially fast and this is why the semi-group
(P;) converges to the stationary distribution exponentially fast.

2.4.3 Proofs of Theorem [2.24] and Theorem [2.25]

We start by the proof of Theorem [2.24] In order to obtain the polynomial convergence

rate, we will show that for each ¢ € }1,min{q0, qof [, there is a T" > 0 such that the

proper function W, : R, — R, defined by (2.18) satisfies

Pr(Wy(z)) — Wy(z) < =W/ (2) + K1gy,<py(2) (2.22)

for some , K, R > 0. We will also show that the Markov chain (X*(kT")), oy is aperiodic,
irreducible and all compact sets in R’ | are petite. Then by [JR02, Theorem 3.6], for all
1<p<q,
tliglo ¢t ||Pt(x> ) - H(')”W&q =0, z¢€ R:L-+

where Wg , = qu_ﬁ/q.

To proceed, let us recall some concepts and results needed to prove the main theorem.
Let ® = ($g, Py,...) be a discrete-time Markov chain on a general state space (E,€),
where £ is a countably generated o-algebra. Denote by P the Markov transition kernel
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for ®. If there is a non-trivial o-finite positive measure ¢ on (F,€) such that for any
A € & satisfying ¢(A) > 0 we have

ZPk(:p,A) >0, zek
k=1

where P¥ is the k-step transition kernel of @, then the Markov chain @ is called (-
irreducible. 1t is known that if ® is p-irreducible, then there exist a positive integer d
and disjoint subsets Fy, ..., E4_1 C FE such that foralli =0,...,d—1and all z € E;, we
have

P(z,E;) =1 where j =i+ 1 (mod d)

and
d—1
© <E\ U E) = 0.
=0
The smallest positive integer d satisfying the above condition is called the period of ®.
An aperiodic Markov chain is a chain with period d = 1.

A set C € & is called petite, if there exist a non-negative sequence (ag)reny with
> e, ar = 1 and a nontrivial positive measure v on (E, &) such that

[e.9]

> aP(x,A) > v(A), zeCAEE.

k=1

Lemma 2.28. [f there exists p* € e, AR, satisfying the strong Hormander condition,
then for any T > 0, the Markov chain (X*(kT)),cy @5 aperiodic, irreducible and all
compact sets in R}y | are petite.

Proof. Due to the strong Hérmander condition, by [IK74] the transition probability
Py(z,-) of (X*(t)) has a smooth density, denoted by p(t,z,y). Let ¢* € R}, and T > 0
such that p(T, p*, ¢*) > 0. Since p(t, z,y) is smooth, we can find r > 0 such that

inf {p(T’,z,y) | v € B(p",r),y € B(¢",r)} =: 6 >0, (2.23)

where B(z,r) is the open ball with radius r centered at x.
By accessibility of p*, for each compact set K C R’} there exists kx > 0 such that

Pyr(z, B(p*,7/2)) >0

for any x € K, k > kg. Due to the compactness of K and the Feller property of (X*(¢)),
we can easily obtain that

inlf({PkT(x, B(p*,1))} == kx>0, for any k > kg. (2.24)
Te

Applying the Chapman—Kolmogorov equation and using (2.23) and (2.24]), we have

inf {Pornyr(e, O)) 2 Gerdm(CNB(q" 7)), k= kk (2.25)
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for any measurable subset C' C R, where m(-) is the Lebesgue measure on R’} . Obvi-

ously, (2.25) implies that the Markov chain ((X®(kT)),cy is irreducible and every compact
set K is petite. Moreover, ((X*(kT)),cy is aperiodic because if it is not, then there is
d > 1 and disjoint subsets Ej, ..., E4 1 such that for alli =0,...,d — 1 and x € E;,

Pr(z,E;) =1, j=i+1 (mod d).
This implies that for any ¥ € N and z € E;
P(kd+1)T($, E;)=1, j=i+1 (modd). (2.26)

Now, observe that at least one of the two sets Ey N B(¢*,r) and B(¢*,7) \ Ey has nonzero
Lebesgue measure. If m(FEq N B(q*,r)) > 0, for any x € Ey, letting K be a compact set
containing z, then we have from ([2.25)) that

Pkarvyr(z, Eo) > <o xérm(Eo N B(q*, 7)) >0, k> kg

which contradict the fact that Ey, £y are disjoint and Pyqy1yr(z, E1) = 1. Likewise, if
m(B(q*,r)\ Eo) > 0, for any z € E,;_1, letting K be a compact set containing x, we have

from (2.25)) that
Piaryr(z, B(q",r) \ Eo) > G,xdrm(B(q",r) \ Eo) >0, k> kg

which contradict Pgi1yr(z, Ey) = 1 and v € E4_;. The contradiction argument above
shows that the Markov chain ((X*(kT')), oy is aperiodic.
O

Now, we want to prove that for all ¢ € } 1, min{qo, qo; 21 [, W, satisfies (2.22). The proof
will follow the approach in [BNN20|]. To proceed, we first need the next technical results.
We start by next lemma that provided very useful inequalities.

Lemma 2.29. Let p > 0. There exists ¢, > 0 such that for any a > 0 and x € R we have

1+p P I+p fp <
@t ] < {a +(1+ p)aPz + cp|z] ifp<1, .27

alﬂ’—i—(1+p)apx+ap—i—cp(|x|2p+1) if p> 1.

As an application, for a random variable Y and a constant k > 0, one has that there
exists K1 > 0 such that

(2.28)

By < JF 0 +p)REY + K\E[Y]' ifp=1,
T K+ (14 p)PEY + k2 + Ky (B]Y 2+ 1) ifp> 1.

Moreover, there exists c,p, > 0 depending only on p,b > 0 such that if x +a > 0 then

a*P + (14 p)aPz — LaP + ¢, (|z[*P + 1) if p <1,

2.29
@+ (L4 plars — b+ @+ ay(laf? + 1) ifp> 1

(a+x)"P—b(a+x)? < {
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Proof. If 2 > a/2 then
(a+2)"? —a'™? — (1 + p)aPz < cz' .

If 2 < —a/2 then
la+ 2" — P — (1 + p)aPz < cp|x|'TP.

If p < 1 we are done for this two cases. For p > 1, since a > 0, it is enough to remark
that ¢,|z|"? < a? + ¢, (|x]* + 1).
If |z| < a/2, consider the function

f@)=(a+2)"" —a"? — (1 +p)az.

We have f(0) = 0, f'(0) = 0, f"(z) = (1 + p)p(a + x)P~1. By Taylor’s expansion, there
exists 0 < &, < 1 such that

22(a + &x)Pt
5 .

fl@) = (1 +p)p

If 0 < p <1, then 2*(a + &x)P~! < 2?(2lz|)P~! < ¢plz[P™. If p > 1 then we have from
Young’s inequality that

2 (a+ &x)P < 2%(3/2a)P 7 < aP + ||

Thus, (2.27) has been proved. (2.28) straightforwardly follows. To prove (2.29)), we
consider two cases. If 0 < a + x < 27/Pq then we have (a + x)'™? < 2-0+P)/pgl+P and

the inequality is true by choosing a constant ¢, sufficiently large that
—(4p)/p 1p 0 1
2-WHPIPgIHP 4 —gP < 0MP 4 ¢y,
2 —_ .

If a4+ 2 > 27"?q then —b(a + z)? < —La? and (2.29) follows (2.27).
0J

Let 2p := inf{Z?zlpi,uE € Pip(ORY)} > 0 and let n* be a positive integer such
that (n* — 1)hy — 2h; > £.

Lemma 2.30. Suppose that U satisfies hypotheses of Proposition |2.15 and inequalities
(2.12), (2.13)), (2.14) and (2.15). Then there exist T* > 0,5 > 0 such that

E. /T LV(X(s))ds < —pT

forany T € [T*,n*T*], v € R}, ||z|| < M, and dist(z,0R"}) < 9.

Proof. The lemma is well known; see [Ben18, Proposition 8.2] or [HN18al Proposition
4.1].
[
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Lemma 2.31. Suppose U satisfies the hypotheses of Proposition [2.13. Let qo like in
(2.17), i.e. qo > 1 satisfies —a + %7 = 0 where o and v are as in (2.5) and (2.6). For
any 1 < q < qo,

LUY(x) < kig — koqU%(), xe€RY (2.30)
for some positive constants kiq, kaog. As a result,
k
E,U9(X (1)) < k—lq + U%z)e 2t > 0. (2.31)
2q
On the other hand,
E. UP(X(t)) < 5'UP(x) (2.32)

for any p > 1 and some constant K, > 0.

Proof. The estimate (2.30)) is straight forward calculations but we give here the proof
for completeness. For 1 < ¢ < qo, by (2.5) and (2.6 we have

LU(x) = qU"(2) LU(x) + Salg — 1) U () To(U)()

—1
< qU%(x) (—a + qu) +qpU ().
Since ¢ < qo, then there exist k4, b2y > 0 such that
LUY(x) < kig — kogU%(w), € R

Then (2.31]) follows by a standard application of It6’s formula to the function e*2e!{79( X (¢)).
Finally, it is easy to check that

LU?(x) < K,UP(x)

for some constant K, > 0. An application of It6’s formula and Gronwall’s inequality
derives (2.32)). A more detailed proof can be found in [Benl8| Section 9.3] for and
(2.32).

O

Proposition 2.32. Assume U satisfies the hypotheses of Proposition|2.13 and inequalities
(2.12), (2.13), (2.14) and (2.15). Let q¢ be any number in the interval } 1, min{qo, qo;Q}[.
There is k* > 0 and C,C* > 0 such that

E,[CUNX(n'T*)) + VX (n'T"))] < CUYz) + Vi(z) — *[CU(z) + Vq(az:)]q%1 +C*
ifl1<qg<2and
EL[CUM2(X (0" T")+VI(X (0°T"))] < CUM2(2)4 V(@) [CUH (@) +V(2)] 7 +C"

if g > 2.

Proof. First we assume that 1 < ¢ < 2. In the sequel, C* is a generic constant
depending on T, M,n* but independent of z € R%} . C* can differ from line to line.
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Suppose X (0) = z. We have from It6’s formula that
t
V(X(t) =V(x) +/ LV (X (s))ds + M(t).
0

It can be seen that M (t) is a martingale with quadratic variation:

(M (1)) = / Do(V)(X(s))ds < K / V(X (5))ds (2.33)

for some constant K independent of t.

Note that by ([2.14), |LV (z)| < CU%(x) which together with (2.33) and (2.32) and

applications of [t0’s isometry and Hoélder’s inequality implies that

q

t
E, / LV(X(s))ds| <C*U(z)™ and E, |M(t)|? < C*U%x), t<n*T*. (2.34)
0

We have from ([2.34)) and (2.28) that

q

E,[V(X ()] <V(z) + g [Ez /0 t LV(X(S))ds] VIl(z) + C°E, /0 t LV(X(s))ds + M(?)

<Vi(x) +q lEgc /t LV(X(S))ds] VIt (x) + C* (1 4+ Ut (2)), t<n*T".

(2.35)
Thus, if ||z|| < M and dist(z, OR"}) < §, we have E, f(f LV (X(s))ds < —pt, t € [T*,n*T"].
As a result

E,[V(X(T))]? <V9(z) — qpTVe ' (z) + C*(1 + U (z)), T e [T*,n*T*].  (2.36)

On the other hand, we have from
T
V(X(T))=V(z)+ / LV(X(s))ds+ M(T) <V(x)+ hT+ M(T)
0

and that
E,[V(X(T)]? <V(x) + ghy TV (z) + Co(1 + U (z)), T <n*T*, (2.37)

for some C5 independent of x. Since V(x) is bounded on the set {x € R}, : ||z]| <
M, dist(z,OR" , ) > 6}, by combining (2.36) and (2.37)) for ||z|| < M, we obtain that

E,[V(X(T))? <Vi(x) — qpTVT N (z)+ C*, T e[T*,n*T". (2.38)

Define
E=f{t >0: || X@)|| < M}ART™).
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From now on, we suppose that ||| > M. For t < &, we have
t
V(X(t) =V(z)+ / LV(X(s))ds+ M(t) < V(x) — haot + M (). (2.39)
0

We have from ([2.38)) and the strong Markov property of X (¢) that

Eo [Lie<r=(ne—1 VI(X (" T*))]
<E. [Lie<rm—1y [VUX(E)) + C*]]
— o [Lig<re@me—1pap(n*T* — VI H(X ()]
<E, [Lie<rm—1(V(z) + M(£))? + C*]
— apT"Ey [Liecr ey (V (@) + M(€))*7']
(due to (2.39))

<E, [1@@@*1)} (W(z) 1) 4 MV (@) + C (MO + 1>>]

((2.29) is applied here).
(2.40)
If T%(n* —1) < ¢ < T*n* we have
E, [Liesre o1y VIX (n*T))]
<E, [Ligesre -1y VX (€)) + C*]
+ gmE, [Liesree—1y (0T = EVITHX(€))]
(due to and the strong Markov property)
<E; [Lezre -0y [(V(z) + M(€) — ha€)? + C]]
+ g T By [Lieste (ne—1yy (V (@) + M(§) — ho)™]
(because of (2.39))
<E, [Liezr -y (V(2) = ghalVI(2) + ¢M (VT (2) + C* (IM ()] + 1)7)]
+ 297 g TR, [Ligsrene—nyy (V@) + |M(€)]97)]
((2:27) and the inequality |z + y|9™" <277 (|z|7" 4 |y|?"") are applied here)

<E,

ter-oeap (Vi) = 5V )+ b @V o)+ (1@ +1) )]

(since (n* — 1)hg — 297 hy > P and E>T(n" —1)).
2 (2.41)

As a result, by adding (2.40) and (2.41)) and noting that E, M (§) = 0, we have

E,VI(X(0'T") V() = g5TVI (@) + CEo(IM(§)] +1)°
(2.42)

<V(x) = g5TV! () + OV (a)
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where the inequality E,(|M ()| + 1)? < C*U%x) comes from an application of the
Burkholder-Davis-Gundy Inequality, Holder’s inequality and ([2.33]) and (2.32)).
From ([2.31]), we have

kg

E.UY(X(n*T*)) <U%z) — (1 — e ™ ) Ud(z) + —2

. 2.43
o (243)

Combining (2.42) and ([2.43)), we can easily get that

E, [VUX(n*T")) + CUYX (n*T*))] < V() + CU(z) — &*[Vi(x) + CU(z)] "D/ O,
(2.44)

for some k* > 0,C* > 0 and sufficiently large C.
If ¢ > 2 then ¢o > 2 and 2¢ — 2 < ¢ since ¢ < min{qp, qof}. We carry the proof

in the same manner with use of the inequalities (2.27)), (2.28)) and (2.29) for the case
p=q—1>1 and we obtain that

E, V(X (n*T*)) <V(x) — 2TV (@) + VI (2) + CE (IM(€)] + 1)%

2
<Vi(z) — (qu* — )V () + C* U2 (z) (2.45)
<Vi(x) = (5T (@) + CUH ()

when we choose T sufficiently large. (Note that p and ¢ do not depend on the choice of
T* so we can choose T > qlp.) Since 2q — 2 < qp, we have from (2.31]) that

* * k —
E,U72(X (n*T*)) <U2(z) — (1 — e *2e2™7) U272 (z) + “L(2g-2) (2.46)
k2, (2q-2)
Combining two displays above, we obtain
E, [VI(X(n*T*)) + CU (X (n*T™))] (2.47)
< Vi(z) + CU2(x) — w*[V(x) + CUM ()] Ve . C*

for some k* > 0, C* > 0 and sufficiently large C'.

O

Fix ¢ € }1,min{q0, q0;-2}[’ then W, defined by ({2.18) is proper and for R > 0, the

set {W, < R} is compact and by Lemma also petite. Then for 0 < & < Kk*, by
Proposition there exists R > 0 such that

PoerWy — Wy < —RWID/1 4+ C* 1y, <py.
Using Lemma and Theorem 3.6 of [JR02|, we get for all 1 < < g¢q

lim 71 Py, ) = T() ||y, =0, = €RY,

where W3, = qu ~A/4 This concludes the proof of Theorem m



2.5 Extinction 51

We pass now to the proof of Theorem and we first need the next proposition.

Proposition 2.33. Suppose that hypotheses of Proposition |2.15, (2.14), (2.15)), (2.20]),
(2.21) hold. Then there is k* € (0,1) and K* > 0, ¢* > 0 such that

M . % o ﬂ e* i §

Proof. The result is basically proved in |[Ben18,HN18aj.

In other words, this proposition shows that

— o~

PW(z) < K*+r'W(x), zeR},

for some constants K* > 0, k € (0,1) independent of z and ¢ and for W defined by (2.19)).
For R large enough and since W is proper, we have

PW(2) < #W(2) + K1 gp_p (1), = €RY,

for some A* € (k,1) and a K* > 0. Then by Lemma M, the set {1V < R} is petite. By
the second corollary of Theorem 6.2 of [MT92], there exists ¢ > 0 such that

lim et || Py(z,) — TI(}) |y = 0, x€RZ,.

t—o00

This concludes the proof of Theorem [2.25]

2.5 Extinction

In Section [2.2] we have seen that intuitively, if species j* goes extinct then species
7+ 1,...,n do too. Next lemma confirms that this intuition is correct. Remark that A.
Hening and D.Nguyen already proved it in [HN18b, HN18¢| with other tools since they

didn’t have the constant §(n).

Lemma 2.34. The following hold true.

(a) If 6(n) > 0, then 6(n — 1) > 0.
(b) If 5(n — 1) <0, then d(n) < 0.

(c) If 6(n) <0, then there is no invariant probability measure supported by R, .
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Proof. First, notice that d(n) can be rewritten as

n

5(71) alo CL],; 1—E ako aji—1 g Ha]a
=2

j= k=2 I=k+1 acAk=1j=1
n—1
= Qpnp—1 | Q10 Qji—1 — E ako || all 1 E Ha], ano g ”(lga
j=2 k=2 I=k+1 acAk1j=1 acAT j=1
= Uy 15(n—1 — Uno g ||a]a
acAT! j=1

Then parts (a) and (b) become clear. Suppose there exists 1 € Py, (R’ ), then by same

arguments as in the proof of Proposition 2.20, 4(n) > 0 and (c) follows.
O

Remark 2.35. The same conclusions holds true with n replaced by i in last lemma and
in particular if 6(i) < 0 there is no invariant probability measure supported by R +)+ In

particular, this implies that if there exists 1 < i < n such that 5( ) <0, then 5( ) <0 for
all k =1+1,...,n and furthermore, there is no invariant probability measures supported
by RY) forallk=1i,... n.

2.5.1 Proof of Theorem 2.11]
Since g(j*) >0 and oy > 0 or 0= > 0, by Theorem m we obtain that

(1) Pono(RL,) = {IT}.

(I1) (PY7) converge to IT in total variation where (P")) stands for the transition kernel
restricted to the first j* species.

Point (a) then follows from Remark and (/).

By the form of the Lyapunov function W constructed in Theorem and by the second
Corollary of Theorem 6.2 of [MT92], (P;) converge weakly uniformly on each compact set

of R Jr.jr), i.e. for each continuous bounded function f : R(ﬁ) — R, and each compact set

K cRY),
hm(wMEﬂ@—Hﬂ@OZ

=00 \ zcK

By [HN18b], we know that species 1, ..., x;+ are persistent in probability, that is for any

e > 0, there exists a compact set K. C ]Rgf +) such that for all z € R?_,

li{nianP’z (Xa(t),....X=(t) e K. ] >1—e.
—00
Moreover, always by [HN18b|, species xj+41, ..., T, goes extinct almost surely. Then by
the latter, the Feller property and by mimicking the proof of Theorem 1.1 (7i¢) of [HN18b],
we get point (b), that is P(z,-) converges weakly to II(-) for all x € R" .

O
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2.6 Appendix

2.6.1 Proof of Proposition [2.13| point 2

The first part is Proposition 3.1 in [Ben18] and the second one is Lemma 3.2 of [HN18c|,
but we give the proof for completeness.

Let 7, = inf {t > 0 | U(X™(t)) > k} for x fixed. We write a Ab for the infimum between
a and b. By Dynkin’s formula and hypothesis ,

’Tk/\t
E, [UX(mx At)] = U(z) + E, [/ LU(X(S))CZS]
0
Tk/\t
< U(x) + BE [ Nt] — aE, l/ U(X(s))ds} .
0
By letting £ — 0o, we obtain that
t
E,[UX()] <U(x)+ pt —aE, [/ U(X(s))ds] :
0
By definition of a Markov kernel and the Fubini-Tonelli theorem, we finally have
t
PU(x) <U(z)+ pt — a/ P,U(z)ds.
0
By the same arguments as in the proof of Theorem 2.2 in |[Benl§|, we get

PU(z) < e~ (U(yc) = ﬁ) s

(0% «

This implies that for all z € R}

L™

limsup P,U(z) <

t—o00

We pass now to the proof of the second part. Let p € P (R ) and K > 0. By Fatou’s
lemma

p(KAU) = p[B(KAU)
= lim p [P (K AU)]

limsup P,(K AU)

%
t—o00
B

(67

<

By letting K — oo, we obtain that for every p € Pin(R7), pU <

Q™
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2.6.2 Proof of Proposition
Fori € {1,...,n — 2}, we define the map

f Al+1 U Az+2 - A?

for « € A7, and 8 € A}, by

fi<a><j>={q(” £ ad @) =B+

i else,

Then, it is straightforward that f; is a bijection.
We now write explicitly the system F(z) =0 :

ajp = a1+ ape T,
Aii1Ti—1 = Qo+ 5%+ Qi1 Tip1 1=2,...,n—1,
pn—1Tpn—-1 = Qano + App T

One can check by induction that

n n
T = 5 ; Tn g | | @ja(j) + Qit1,0 ajji-1
jmig1 I a€AP, | j=itl j=i+2
n n k—1
+ E ako || api—1 g || Qja(5)
k=i+2  l=k+1 acAk-l j=it]

fori=1,...,n—1.
Now, we determine the value of z,,. By the first equation of the system and the previous
relation, we have

n

n
G10 | | aji—1 = T1 an | | aj -1+ Taa12 A1 Qji—1

j=2 j=2 j=3
n n
= Tn E ai | | Uja(j) + a12 21 | | 45,8(5)
acAy j=2 BeAY J=3
+ agg ayy | |a” 1+ g ko | | ap-y E @11 aj,oz(j)
Jj=3 I=k+1 acAb~!
n k—1
+ as3p 12 21 | | ajj—1+ g Clko | | Clll 1 E a12 21 Qj 3(5)
j=4 I=k+1 56,4’6*1 J=3

0 Y [T +Zako IEIED N |

a€AT j=1 l=k+1 OzGAk 1j=1
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The last equality follows from the fact that f; is a bijection. Then we have

tn > [ =0(n).
ac A} j=1

As the sum to the left is strictly positive, we have that x, > 0 iff §(n) > 0. We conclude
the proof by noting that z,, > 0 iff z > 0.
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Chapter 3

Persistence in randomly switched
Lotka-Volterra food chains

This chapter is based on my article [Bou23] and it has been published in ESAIM: Prob-
ability and Statistics, 27:324-344, 2023.

Abstract

We consider a dynamical system obtained by the random switching between N
Lotka-Volterra food chains. Our key assumption will be that at least two vector
fields only differ on the resources allocated to the growth rate of the first species.
We will show that the existence of a positive equilibrium of the average vector field
is equivalent to the persistence of all species. Under this condition, the semi-group
converges exponentially quickly to a unique invariant probability measure on the
positive orthant. If this condition fails to hold, we have two possibilities. The first
possibility is the extinction case, in which a group of species becomes extinct expo-
nentially quickly while the distribution of the remaining species converges weakly
to another invariant probability measure. The second possibility is the critical case,
in which there is a weaker form of persistence of some species, whilst some of the
remaining become extinct exponentially quickly. We will also analyse the sensitivity
of this model to the parameters.

Keywords Lotka-Volterra food chains; random switching; piecewise deterministic
Markov processes; prey-predator; Hormander condition; stochastic persistence

2020 MSC 34F05, 37A50, 37H15, 60J99, 92D25

3.1 Introduction

We consider a population model obtained by the random switching between finitely
many vector fields. Each environment models a food chain that has the property that
species n is the apex predator and hunts species n — 1, which in turn is the predator of
species n — 2 and so on up to species 1 which is at the bottom of the food chain.

More precisely, let E := {1,..., N} denote the set of possible environments. For each
J € E, the dynamic in environment j is given by a Lotka-Volterra food chain differential
equation on the state space R" := {z € R" | x; >0, i = 1,...,n} defined as

dx(t) = G (x(t))dt. (3.1)
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Here G7 : R® — R" is the vector field defined by

J . J S
Gl(x) := z,; F] (2), i=1,...,n, (3.2)
with
Jj o _ =1
' 19 = G1171 — Q1272 t=14
(o) j L
Fl(x) := —Qp F Qii—1Ti—1 — Qi Ti — Giip1Tiv1 L =2,...,n— 1, (3.3)
j C_
—Qy + Ann—1Tn—1 — Upn Tn t=n,

where a{o,an,aik >0fori#k, k#0anda; >0fori=1,...,n.

The quantity a;; represents the intra-specific competition rate of species 1, a{o its death
rate (or growth rate for species 1), a; ;-1 the rate at which it hunts species i — 1, and a; ;41
its rate of being hunted by species 7 + 1.

Another interpretation of the rate a?, is a measure of the habitability of the environment
7 for species i. Indeed, if ago is small (or large for ¢ = 1) then environment j is good for
species i whilst if aJ, is large (or small for 4 = 1) then environment j is inhospitable for
species i. An example of switching which would only affect these rates would be cleaning
up a polluted area, thereby making the environment more liveable.

The switching model we consider in this paper is defined on R} x E by

P(J(t+5) = | Fon J(t) = i) = biys + os) for i # j, (3-4)

{ dX (t) = G'O(X(t))dt,
where J(t) is a continuous jump process on E, F; = o{(X(s), J(s)) | s < t} is the natural
filtration and b;; > 0 are the jump rates. The quantity X;(¢) represents the density of
species i at time t and J(t) the switching between environments. We let (Z@7)(t));>0
denote the solution to (3.4) with initial condition Z@9(0) = (, j).

Let ¢/ = {¢]} denote the flow induced by (3.1)). We say that M C R” is positively
invariant under ¢’ if
el(M)yc M forallt>0.

We also say that M x E is positively invariant for (3.4]) if M is positively invariant under
@l for all j € E.

Proposition 3.1. There exists a compact set B C R’ such that B X E is positively
invariant for (3.4). Moreover for every (x,j) € Rt x E, with probability 1 there exists a
time t > 0 such that Z&9)(t) € B x E.

The proof is postponed to Section [3.4.4] This proposition allows us to restrict the state
space of the process to B X E instead of R} x FE.

This type of process is a particular example of piecewise deterministic Markov process
(PDMP) in the sense of Davis [Dav84]. We refer the reader to [Benl8 BLBMZ15,BS19b|
for some general results on PDMP and [BL16,/HS19| for other examples of randomly
switching Lotka-Volterra vector fields.

Lotka-Volterra food chains were first considered by T. Gard and T. Hallam [GHT79| in
1979 in the deterministic case with no intra-specific competition. They gave a criterion
based uniquely on the coefficients for persistence and extinction. Recently, A. Hening



3.1 Introduction 59

and D. Nguyen [HN18b,HN18c| extended the model to the stochastic differential equa-
tions setting and also considered the case with intra-specific competition. They provided
conditions for persistence and extinction, mainly under the assumption that the noise is
non-degenerate. M. Benaim, A. Bourquin and D. Nguyen [BBN22| extended these re-
sults to the degenerate situation where the noise affects at least the top or the bottom
species. They also provided some criteria for polynomial rates of convergence. This paper
completes these studies.

We focus here on the situation where there are two environments for which all the
rates except the first one (ajg) are equal. In other words, the switching between these
environments only affects the growth rate of the first species. For instance, this may be
the addition of some pollutant or some nutrient only affecting micro-organisms which are
at the bottom of the food chain - see [FHVBI11,|Mor97] for example. This situation is in
fact very natural. Indeed, natural changes in the wild are generally not abrupt and the
first species is usually the most sensitive to small perturbations.

More precisely, throughout the paper we impose the following assumption.

Assumption 3.2. There exist (1,32 € E such that

a?é # af(%’
a%:a% forvo=2,... n.
By standard arguments on finite Markov chains, there exists a unique invariant proba-
bility measure of J on E defined by

v=(v,...,Un) (3.5)

where v; > 0 and ) v; = 1. Let

N

G =) G (3.6)

J=1

denote the average vector field.
Roughly speaking, our main results can be summarized as the equivalence of the fol-
lowing conditions:

1. G has a positive equilibrium ¢* (i.e. G*(¢*) =0and ¢f >0 fori=1,...,n).

2. The trajectories induced by & = G¥(z) converge to ¢*.

3. The PDMP defined by ({3.4)) is stochastically persistent.

Outline of contents Section B.2] introduces some notation and states the three main
results. The first result (Theorem [3.5)) gives conditions ensuring persistence of all species,
the second (Theorem is devoted to the extinction case and the third one (Theorem
deals with the critical case. In Section we introduce some general mathematical
tools and etablish some properties of the so-called invasion rate (defined by (3.9)). In
Section [3.4] we prove the main theorems and Proposition [3.1} Finally, in Section (3.5 we
investigate the sensitivity of the model subject to small disturbances.
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3.2 Notation and results

3.2.1 Notation
Throughout the paper we let

Hxi>0} and 0B := {:UEB

i=1

1o}

i=1

B+::{xEB

denote respectively the interior and the boundary of B. For 1 < k < n, we also let
B* ={xeB|x,...,x,>0and z341,..., 2, = 0},

Bﬁ::{xEB|x1,...,xk>Oandxk+1,...,xn:0},

k
i=1

For every initial condition (z,j) € B x E, we let (F;);>0 denote the transition kernel of
the process Z@)(t) (the solution to (3.4))) defined by

P, f(x,j) = E[f(Z")(1))]

OBk = {x c BF

for every measurable bounded function f: B x E — R and by
Pt((x>j>7A) = Pt]-A<$7j)

for all Borel set A C B x E. We also let P(, ;) and E(, ;) denote the probability measure
(respectively the expected value) conditioned on Z(®9)(0) = (x, 7).
A Borel set A C B x E is called invariant if

Pl1y=14, for all £ > 0.

Given an invariant set A C B x F (typically A = By x F or A = 0B x E), we let
Pinw(A) (resp. Perg(A)) denote the set of invariant (resp. ergodic) probability measures of
the process that are supported by A, i.e. p(A) = 1for p € Piny(A) (resp. for pp € Perg(A)).
Recall that an invariant probability measure p is ergodic if for every invariant Borel set
B, u(B) € {0,1}.

We also let ng’j ) denote the set of empirical occupation measures of the process
teR

(Z@)(t)) with initial condition (z,7) € B x E, which are defined by

x,j 1 t
HE J)(_) — ;/ {Z(z,j)(s)e.}ds.
0

For a measurable function f : B x E — R and a measure p, we write puf := [ f(z)u(dz)
whenever it makes sense.
We recall that the total variation distance between two probability measures p and v
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on B x E is defined by
| — v|ry = sup{|puf —vf|| f: B x E — R measurable bounded, || f||o < 1}.

We say that a sequence of probability measures (u,) on B X E converges weakly to a
probability measure p if for all continuous bounded functions f: Bx £ — R, lim u,f =
n—oo

wf
3.2.2 Main results

We will start by defining some general notions of persistence and extinction that will
be used in this paper:

1. We say that the n species are stochastically persistent if there exists a unique in-
variant probability measure IT on B, x E such that P,((x,),-) converges in total
variation to II for all initial conditions (z,i) € B, x E.

2. Species 1,...,k with k& < n are weakly persistent if there is a unique invariant
probability measure II¥ on B% x E such that P;((x,1),-) converges weakly to II* for
all initial conditions (z,7) € By x E.

3. Species © goes extinct almost surely exponentially quickly with rate X < 0 if for all

(‘Taj) < B+ X E7
In X7¥
P (hmn_z“):x) 1
’ t

t—o00

We refer to [Sch12b] for an overview of the different forms of persistence and related
notions.

Returning to our model, we note that intuitively due to the form of the G7s, if species i
goes extinct, species i + 1 must become extinct too since its only source of food is species
7. Arguing in the same manner we conclude that species 7 + 2,...,n must also become
extinct. We shall see that this is indeed the case in the main results.

To do this, let us first recall that the average vector fields is defined by G = Zjvzl v, G
where v = (v1,...,vy) is the unique invariant probability measure of J on E. It is
important to note that G* is also a Lotka-Volterra food chain defined by , that is
GY(z) = x;FY(x) where F"” is defined by with coefficients

N

ay, = Z vjal. (3.7)

=1

Remark also that a, = a;, for k& # 0.
We say that a point z is an equilibrium of a function H provided H(x) = 0. Moreover
we call it positive if all its coordinates are strictly positive (i.e. x; > 0 for all 7).

Lemma 3.3. There exists a unique equilibrium for F".

This lemma has already been proved in [BBN22, Proposition 1] where an explicit for-
mula is given in the proof. We can also refer to [HN18c¢, Section 4] where the authors also
explicitly calculate the equilibrium in the case where a; = 0 for i = 2,...,n.
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For k < n, we let F}] denote the average vector field for the model with k species
(i.e. F” defined by with n replaced by k). This is important to remark that by the
previous lemma, for each 1 < k < n — 1, there exists a unique equilibrium for Fl’;

In fact, we will see that all the dynamics of the system will be determined by the
equilibrium of F* and the one of Fll,; for k =1,...,n — 1. This is why for the remaining
of the paper, we let ¢* denote the unique equilibrium of F* and ¢** denote the one of
F‘l,; for k = 1,...,n — 1. Note that these equilibria can have negative coordinates, i.e.

q¢* € R", ¢** € R*. Next proposition investigates the relations between ¢** and ¢***!.

Proposition 3.4. The followings holds true.
1. If ¢***1 s positive then so too is ¢**.

2. The equilibrium q** is positive if and only if ¢;* > 0.

3. If ;* <0 then qzl_f{l < 0. In particular if ¢** is non-positive, then so too is ¢****.
This proposition is a combination of Lemma 5.1 of [BBN22] and Lemma 4.1 of [HN18¢].
Let us define the constant

— o v *k
Tiy = —Gpy10 + Gkt k O

which, as we shall see, is related to the survival of the species k + 1. It is important to
remark that by Lemma 5.1 and the proof of Proposition 2.4 of [BBN22|, 7, , = Cq,’;ff{l
for a constant C' > 0. Then by the second point of the previous proposition, Z,  , is
positive if and only if FIZ 41 has a positive equilibrium.

Now, it is essential to notice that F‘l{ always has a positive equilibrium since a{o >0
for all j. Then, we define K as the first £ < n such that Fik has a positive equilibrium
and Fﬁ<+1 not or K = n if there is no such k.

In the next theorems, we will see that there are three possibilities for the dynamic. The
first one is when K = n in which all species persist. The second one occurs under the
conditions that K = k < n and that Z,_,; < 0 and we have the persistence of the k first
one and the extinction of the n — k last species. The last possibility is the critical case
when K =k <n and Z_,, = 0 in which we have the persistence of the first k& species and

the extinction of the last n — k& — 1 species while the k£ + 1th dies in a more weaker sense.
Theorem 3.5 (Persistence). Suppose that Assumption[3.4 holds and that K = n. Then,
(a) There exists a unique invariant probability measure Il on By X E.

(b) 11 is absolutely continuous with respect to the Lebesque measure on B x E and for
all (z,7) € By X E, Hﬁ“"’) converges weakly to Il a.s. as t goes to infinity.

(c) There exist a continuous function W : By — Ry with lirgBW(ﬁ) = 0o and con-
T—r
stants p, C' > 0 such that for all (x,j) € By X E

|P:((z, 7)) = TL(-)|lov < C(1+W(x))e ™.

Further details on W will be given in section [3.4.1] Note also that this theorem shows
in particular the stochastic persistence of the n species.
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Theorem 3.6 (Extinction). Suppose that Assumptions holds, that K = k < n and
that Z, , < 0. Then,

(i) Piny(B X E) = Pino(B* x E) and there exists a unique invariant probability measure

I1* on B_’i x FE.
(ii) Species k + 1,k +2,...,n go extinct almost surely exponentially quickly with rates
Liy1r —Ry00s- - - » —0ng Tespectively.

(iii) For all (x,7) € By x E, the transition kernel Py((x, j),-) converges weakly to I1¥(.).
In particular, species 1, ...,k are weakly persistent.

Theorem 3.7 (Critical case). Suppose that Assumptions[3.4 holds, that K = k < n and

that Z, , = 0. Then,
o Species 1,...,k are persistence in mean, i.e. limt%oo%fot Xi(s)ds = q* for i =
1,...,k where ¢** is the positive equilibrium of F|7c

o Species k+ 2,k +3,...,n go extinct almost surely exponentially quickly with rates
—Qp 400, —ig0s - s —Gno TESPECtivEly.

. Pim(B_'frl x E) is empty and the weak limit points of (II;) lies almost surely in
P(B* x E). Moreover, lim;_, % fot Xir1(s)ds = 0.

It is important to notice that very few has been done for the critical case. We can
cite [NS20] in which a criterion and numerous examples are given.

3.3 Mathematical tools

In this section, we introduce some of the tools and properties needed for the proofs of
the main theorems. We consider the general PDMP given by assuming that the F7s
are C*° and sufficiently good for the process to be well defined at all £ > 0, but are not
necessarily of the form (3.3)).

We define for g : B x E — R smooth in the first variable the infinitesimal generator L
by

Ly(w,i) == (G'(x), Vglx,) + Y _ bij (9(x,§) — g(x, 1)),
JEE
where (-,-) stands for the canonical scalar product of R™ and b;;s are the jump rates
defined by for i # j and b; = 0 otherwise.

Definition 3.8. A point (y,i) € B X E is accessible from (x,j) € B x E if for every
neighbourhood U of (y, i), there exists t > 0 such that Pi((x,7),U) > 0.
We denote by I'(, ;) the set of points (y,) that are accessible from (z,j) and for D C

BxE, weletT'p= () T be the set of accessible points from D.
(z,5)€D
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To characterize accessibility, we consider the deterministic control system associated to

(3-),

y(t) = Z ! ()G (y(t)), (3.8)

where the control function u = (u!,...,u") : R, — R¥ is at least piecewise continuous.

We let y(u, x,-) denote the maximal solution to (3.8)) starting from x with control function
u. The next characterization is Proposition 6.2 in [Benl§].

Proposition 3.9. Suppose that (x,j),(y,1) € BXxE. Then (y,i) € I'j if and only if for
every neighbourhood O C B of y, there exists a control function u such that y(u,z,t) € O
for some t > 0.

We also need the so-called Héormander conditions. Let

Fo={G" -G |i,j=1,...,N},
Fe=FaU{lV."l|VeF, j=1,....N}  k>1,

where [+, -] denotes the Lie bracket operator. Recall that this operator is defined for every
smooth vector fields V, W : R — R" and every x € R" by

[V, W(z) :== DW (2)V (z) — DV (2)W (),

Ox;

where DV (x) = (a_v(a:)) ~stands for the Jacobian matrix of V" at z.
Z?]
For z € R" and k > 1, we write Fi(z) := {V(x) | V € Fi}.

Definition 3.10. We say that (3.4) satisfies the strong Hormander condition at (z,7j) €
B x E if there exists k € N such that

span(Fi(x)) = R".

It satisfies the weak Hérmander condition if Fy is weakened to F), = {G*,...,G"} and
there exist k and (z, j) like in the strong Hormander condition.

By the form of the G's, spaces of the form
Bl :={r € B|x;>0ifie I and x; =0 otherwise}

for some I C {1,...,n} are invariant for the process given by (3.4). An ergodic probability
measure on the boundary must then be supported by such a space. More precisely for
each p € Pey(0B x E), there exists I, C {1,...,n} such that M(Bi“ x B)=1.

For each 1 € P (B x E) and each j € E, we define the measure p/ by p/(A) :=
(A x {j}) for all Borel set A C B. As an example consider the invariant measure g
defined by p/ = ;801 for all j where dy is the Dirac measure at 0 € B and v is the
unique invariant probability measure on E. Then p = 0y ® v and I, = (.
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Definition 3.11. The invasion rate of species i with respect to p € Pip(0OB X E) is
defined by

NOEDS / Fi(a)dyi (), (3.9)

The next proposition gives a very useful property of the invasion rates with respect to
an ergodic probability measure on the boundary.

Proposition 3.12. Let j1 € Pey(0B x E). Then foriec I,,

Ai(p) = 0.

Proof. Let the process Z*(t) = (X*(t), J*(t)) be the solution of (3.4 with initial
distribution p1 € Pery(0B X E). Since F}s are C* and B x E is compact, then F; are
p-integrable. For ¢ € {1,...,n} by Birkhoff’s ergodic theorem we get that

In (XH(¢ 1 [t x* 1 (" .
lim ) g ;(S) ds = lim = [ F"9(x"(s))ds
t—00 t t—oo t 0 Xi (S) t—oo t 0

N
1 :
=limz /> 11: L= Y (X"(5)) ds
]:

_ Z;/BFZ?(Q:) W (dx) = Ni(p).

For i € I, if \;(it) # 0 the previous equation shows that

. 0 if A(u) <0
m o i )
Jim X7(8) = { o if A1) > 0,

which is in contradiction with p(BY x E) = 1.
0J

Remark 3.13. This proof doesn’t require that F7 is C* but only C°, thus the previous
result is much more general.

It is also interesting to note that this result can be deduced from the equality pLg = 0
with g(x,i) = In(x;).

Note again that this has already been proved in the setting of discrete Markov chains
in (SBA11] and in the context of some general stochastic differential equations in [Benls,
HNC?21], but not in the context of switching vector fields.

The next proposition shows a link between this invasion rate and the empirical occu-
pation measure.

Proposition 3.14. For all (z*,j*) € By x E,

Pa o) (lim (M - Mm)) = o) = 1. (3.10)

t—o00
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Proof. Like in Proposition |3.12 we have that

In (Xx())

wlr—\

/ L 9=y FY (X7 (5)) ds

/ / Liz@*.5%) (s)eda} A5

I dr) = A (H,ﬁ’”*’j*)) .
We conclude the proof by letting ¢ go to infinity.

oy

O

When the FJs are of the form (3.3), we can determine exactly the form of the set I,, for
p € Perg(0B x E). The next proposition has already been proved in [HN18b, Lemma A.1]
in the stochastic differential equations setting. We extend here the result to the model
with random switching.

Proposition 3.15. Suppose that the Fis are of the form (3.3)), then for each u €
Perg(0B x E) there exists 1 < k < N such that I, ={1,2,...,k} or I, =0.

Proof. We start by noting that I, = 0 if and only if 4 = dp ® v. We then suppose
that 1 # 6o ® v and we write [, = {i,..., 4} with i < i < ... <. We first assume
that ¢; > 1, then by definition u ({(z,j) € B x E | z;,—1 = 0}) = 1. By Proposition [3.12]

N N
0=\, (p) = —aj g — ai Z /xhd/ﬂ(ﬂf) — Qiy i1 Z/l’ilﬂdﬂj(%)
j=1 Jj=1

where aj , is defined by (3.7). Since the right-hand side is strictly negative, this is a
contradiction. We now assume that there exists m such that ¢,, — 1 > ¢,,_;. Then
p({(z,1) € Bx E|x;,_1 =0}) =1 and once again by Proposition [3.12]

O = >\’Lm (ILL) = _azm alm im Z /I’Lmd/“’t - a’lm im+1 Z / $1m+1du

which also leads to a contradiction since the right-hand side is always strictly negative.
OJ

3.4 Proofs

3.4.1 Proof of Theorem [3.5
Theorem (3.5 will be deduced from the next one which is Corollary 6.3 of |Benl§].
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Theorem 3.16. Suppose that there exist aq, . .., 0y, > 0 such that for all p € Pery(0BXE)
> aidi(p) > 0. (3.11)
i=1

Assume moreover that there exists (p*,j) € I' (g, xg) N (B4 X E) which satisfies the strong
Hérmander condition. Then

(a) There exists a unique invariant probability measure Il on By x E.

(b) 11 is absolutely continuous with respect to the Lebesque measure of B x E and for
all (z,7) € By X E, Hgm) converges weakly to Il a.s. as t goes to infinity.

(c) For all (x,j) € By x E,
1B(.).) — IOy < O+ W)

for some p >0 and
W(Z‘) = e(emax{fz?=1 Q; 11'1(1'2‘),1})

for some 6 > 0.

As said in the introduction, the positive equilibrium of F", ¢*, will play a central role
and more precisely its variations (¢*,j), j € E are points that will satisfy hypotheses of
the previous theorem. We start by proving the accessibility of these points.

Proposition 3.17. Assume that F¥ has a unique positive equilibrium q*. Then for any
JjE€E, (¢ 7) is accessible for all (z,i) € By x E.

Proof. Since GY is still a Lotka-Volterra food chain, by Theorem 5.3.1 of [HS9§|, ¢*
is globally asymptotically stable for the dynamic induced by the system

Vi) = GY(Y(¢))  i=1,...,n.

This means that for every initial condition yo € B, the solution Y¥(¢) has the property
that Y () — ¢".

Then by Proposition [3.9] it is enough to choose u(t) = v which is the invariant proba-
bility measure on E for the control function in to have accessibility of (¢*, 7) for all
jeE.

0

Remark 3.18. This proof also shows that if a point p* is globally asymptotically stable for
the dynamic induced by a linear combination of the vector fields G7, then for all k € E,
(p*, k) is accessible for all (x,i) € By X E.

We go on with the strong Hérmander condition.

Proposition 3.19. Under assumptions of Theorem[3.5, the strong Hérmander condition
holds true at (¢*,7) for all j € E.
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Proof. By Assumption , there exist 31, B2 such that G’fl = GfQ fori=2,...,n
and G (¢*) — G?(¢*) # 0. Let us consider the sequence (b*) defined by

bt =G0 — G = (G = GP)ey,
BHL = [oF, G,

where e is the first vector of the canonical basis of R". We want to prove that {b'(¢*),...,b"(¢*)}

is a basis of R".
To do this, we first remark that DG is a tridiagonal matrix

gin g1z 0 - 0

921 922 G23 :
DG™ =10 gp - - 0

: e In—1,n

0 - 0 gan1  Ynn

with coefficients 5
gu($) = FZ 1(1’) — Q4 T,
Gii1(T) = —ai 117,
gi,z‘—1($) = A ;—1T5.

It is then not hard to see that for each z € B,

k
bi(r) = (Gfl (z) — G (z)) H%iflxi and  bf(x) =0 for i > k.

1=2

By Assumption , {b'(q*),...,b"(q*)} is a basis of R™ and therefore the strong Hérman-
der condition holds true at (¢*,7) for all j € E.

O

Remark 3.20. If Assumption[3.9 is replaced by
{%#%,

afol:afog fori=1,....n—1.
Then a very similar proof also shows the strong Hérmander condition at (q*,j) for all
jEeE L.

Remark 3.21. This proof works also in a more general context but gives the weak Hor-
mander condition. Indeed, suppose that G' is a food chain living on R'. having the prop-
erties that species i eats species © — 1, is hunted by species © + 1, can have intra-specific
interactions and doesn’t interact with the other species. In a mathematical point of view,
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this means that for all x in the interior of R,

aag;G:1<I)<0 fori=1,...,n—1,
aGl -(2) >0 fori=2,...,n

6G;1(:1:) —0  forjAi—1,4i+1.

We consider a second vector fields

where h : R™ — R is a smooth function whose induced dynamics leaves R, invariant (i.e.
h(0) = 0) and ey stands for the first vector of the canonical basis of R™. We consider the
randomly switched model given by for the vector fields G* and G?. Then the weak
Hérmander condition holds true at (x,7) € R x {1,2} provided h(x) # 0.

Indeed, let’s take the same family of vector fields (b¥) as in the previous proposition,

1.e.
bt = G?,
{ bk+1 [bk Gl]

which has also the property that

1

k
H G and bl (x) =0 fori> k.
=2

Once again, this makes the set {b*(z),...,b"(z)} a basis of R™ provided h(z) # 0 and
proves the weak Hérmander condition at (x,j).

Remark 3.22. Under the assumptions of Theorem and with Remark by using
Proposition 2.10 of [BHS18], we also find the strong Hormander condition at (¢*, 7).

The next result is a key one to characterize the persistent condition (3.11]).

Proposition 3.23. Condition (3.11)) of Theorem is equivalent to the existence of a
unique positive equilibrium for FY.

Proof. We first suppose the existence of a positive equilibrium for F*. By Lemma 4
of [SBA11], condition ({3.11)) is equivalent to

max A;(u) >0, (3.12)

for every p € Piny (0B x E). We first prove (3.12)) for u € Pery(0B x E).

If u =39y ®@v, then \i(u) = afy, > 0. If p is any other ergodic probability measure, let
T = Z;VZI [ @ (dz). By Proposition|3.15| there exists 1 < k < n such that u(B% x E) =
1. Then,

_ v -
Akr1(p) = —Apy1,0 T Qkt1k Tk

v *k
= —Qpy10 T Qht1k Gk



70 Chapter 3 Persistence in randomly switched Lotka-Volterra food chains

where we recall that ¢** is the equilibrium of F;. With Proposition , we obtain the
system of equations A\;(u) = 0 for i = 1,..., k. The solution of this system is exactly the

equilibrium of |’,’€, then 7, = ¢;* and the second equality is therefore proved.

By Lemma 5.1 and the proof of Proposition 2.4 in [BBN22|, Ag11(p) = C ¢;% 1" for some
constant C' > 0. Then the existence of a positive equilibrium for F¥ and Proposition 3.4
prove the positivity of Agy1(p).

Suppose now that g € Pip (0B x E). Then by the ergodic decomposition theorem

there exist p;,, ..., iy, € Perg(0B x E) and p; > 0 such that

= Pifliy + .+ Drfli,

with iy < ... < i, uij(Bfﬂ x E) =1 and Zlepj = 1. Thus by Proposition [3.12}
Aiv41(pi;) = 0 for j = 2,...,k. By the ergodic case, this implies that X\;i1(u) =
pl)‘i1+1(:ui1> > 0.

Conversely, suppose that condition holds. Then by Theorem 6.1 and Theorem 4.4
of [Ben1§|, there exists at least one ergodic probability measure p supported by By x E.
By mimicking the proof of Proposition [3.12] we get that

Let z; = Zjvzl J @7 (dz), then the previous system can be rewritten as follows

O:a’fo—anfl—au@ Zzl,
0=—ayp+a;;i1Ti1 — i Ti — Qi1 Tip1 1=2,...,n—1,
0=—ayy+ ann-1Tn-1— Ann Ty 1=n.
This system of equations has exactly one solution (71,...,7,) which is by linearity the

equilibrium of F”. Moreover since the support of p is By x E, z; > 0 for all ¢ and this
concludes the proof.

O

The existence of a unique positive equilibrium for £ implies condition by Propo-
sition It also implies accessibility of (¢*,7) for all j € E by Proposition [3.17] More-
over by Assumption [3.2] and Proposition [3.19] the strong Hérmander condition holds true
at these points. Then Theorem follows from Theorem

3.4.2 Proof of Theorem [3.6l

Part i) Under the hypotheses of Theorem , there is no invariant probability measure

on Bﬁr x FE for i = k+1,...,n. Indeed, let us assume that there is one supported by

B! x E for one i = k+1,...,n. By mimicking the proof of Proposition [3.23] we can show

that £ has a unique positive equilibrium so that Proposition @ gives a contradiction.
We obtain in particular that

wa(B X E) = va(Bk X E)

which concludes the proof of the first part.
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Part ii) We start by claiming that for all u € P,,.,(B* x E)

—ai,,o L, ={1,...,7}, j<kandi=k+1,
i) = ¢ Ly it I, ={1,....k}andi=Fk +1, (3.13)
—at ifi> k4L

By definition of A;, bottom and upper cases are immediate. Let p be such that I, =
{1,...,k}, then by Proposition Ai(pp) = 0 for i = 1,... k. The solution of this
system of equations is ¢** and then Ay (p) = —aiy 0t Arrik qi¥ = Z,.,,. The claim is
thus proved. We recall that by the assumptions, Z," , < 0.

It follows from and Proposition that for all (z,j) € By x E,

lim X (t) =0 it=k+1,...,n.

t—o0

Now we claim that with probability 1 the weak limit points of (HEW )) when t — oo are
in Piny(BY x E) for all (z,j) € By x E.

Indeed by Theorem 2.2 of [Benl8|, for every (z,7) € By X E, (ng’j)) is tight and the
weak limit points are invariant probability measure almost surely. Suppose by contradic-
tion that there is a point (z,j) € By X E such that with positive probability, there exists
a sequence (t,, ), such that Hgi’j) — p weakly, = p1puy + papio With gy € Pi(B¥ 1 x E),
pi2 € Pino(B% x E), and p; > 0.

In the same manner as in the proof of Proposition Ak(p1) > 0. Moreover Propo-
sition implies that Ag(u2) = 0. Then with Proposition we get that

In X7 (tm)

m

lim

m— o0

m—r 00

This is in contradiction with the compactness of B and the claim is therefore proved.
By Proposition [3.14] equation (3.13) and the property of (II")) above we finally get
almost surely that

lim
t—o00

In X7(t) [ —af ifi>k+1,

T, ifi=k+ 1L
Then species k + 1,k + 2,...,n go extinct almost surely exponentially quickly with rate
Tii1s —@figgs - -+ —Qpg Tespectively.

Part iii) We start this part by the next proposition which gives a characterisation of the
remaining species x1, ..., Tk.

Proposition 3.24. For every € > 0, there exists a compact set K C Bﬁ X E such that
for all (x,j) € By x E,

liminf P, ) (X3 (2), ..., Xa(t), J(t) € K) > 1 —e.

t—o00

Remark 3.25. This property is called persistence in probability of species 1,....k in
(HN18b] and we still refer to [Sch12b] for an overview of the different forms of persistence.
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Proof.  Since F}j has a unique positive equilibrium, by Proposition W there exist
Qi,...,qax > 0 such that

k
=1

for every pu € Py, (0B* x E). Let £ : R — R, be a smooth function with bounded first
and second derivatives such that £(t) = ¢ for ¢ > 1 and let

V(z,7):=¢ (— Z Q; ln(a:i)> :

The latter with the help of Lemma 8.2 and Theorem 6.1 of [Benl8] (see also the proof
of Theorem 1.14 of [Str19] or Lemma 3.15 of [BL16]) implies that there exist constants
T,k,0 >0 and 0 < p < 1 such that the function

satisfies on By x E
PrVy < pVo + k.

Let (z,7) € By x E, then by the strong Markov property

m—1
B Vo(Z(mT))] < Vi, ) + 5 Y 4
i=0
and therefore
lim sup . ;) [Vy(Z(mT))] < (3.14)

It is straightforward that

k
LVy(x,§) = =OVo(x,§) Y aiF} ().
i=1
By compactness of M and smoothness of the F7s, there exists ¢ > 0 such that

LVy < cVp.

For (z,j) fixed, let the stopping time 7, := inf {t > 0 | Vp(Z®9)(t)) > m}. For a,b, we
write a A b for the minimum between a and b. Then by Dynkin’s formula,

Ei Va(Z(t A )] = Va(,5) + By [ [ ch(s))ds]

<Vilad) + B | [ Vatz(oas).



3.4 Proofs 73

Since Vp(x,j) — oo when x — OB*, by letting m — oo, we obtain that

t
B WH(Z(0)] < Valo )+ By | [ ozeas]
and by using Gronwall’s lemma, we get that
B [Vo(Z(1))] < € Vo(z, ).
For t € [mT, (m + 1)T1], the strong Markov property implies that

E(e) [Vo(Z(1))] < e Equ [Vo(Z(mT))] . (3.15)

Finally, we combine (3.14]) and (3.15) to obtain

K

limsupE, ) [Vo(Z(t))] < e : (3.16)
t—o0 1 - P
Now, let us fix € > 0 and define the compact set
K = {(m,j) € B* ><E|5Vg(x,j)§eCT1 n }
—P
Then with (3.16)), we get that
1
limsup P, ;) (Z(t) ¢ K) < limsupE, ; [5 e TP %(Z(t))] <e,
t—oo t—oo K
which concludes the proof.
O

By the hypotheses of Theorem , F; has a unique positive equilibrium which implies

by Theorem [3.5] that there exists a unique invariant probability measure ITI* on BY x E
such that the semi-group converges exponentially quickly to it. Moreover, with the form
of the function W the convergence is uniform on each compact set of B¥ x F meaning
that for each continuous bounded function f : B%¥ x E — Ry and each compact set
K CcBY xE,

lim | sup |Pif(z,j) — 1" f(z,j)| | =0. (3.17)
t—o00 (:E,j)GK

Moreover, by [BLBMZ15, Proposition 2.1] the process is Feller, meaning that for each
f: B x E — R continuous bounded, the map (¢, (x,j)) — P.f(z,7) is continuous.

Then, with the extinction exponentially quickly of species k+1, ..., n, Proposition [3.24]
and the Feller property, we can imitate the proof of Theorem (7i7) of [HN18b] to get
the weak convergence of the semi-group P,((x,j),-) to the invariant probability measure
I1%(-). This concludes the proof of the third part.
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3.4.3 Proof of Theorem

The two first parts of Theorem [3.7] work in the same way as in the proof of Theorem
combined with Proposition . We also refer to the proof of Theorem 1.1 point (ii)
of [HN18b).

For the last part, we want to use Corollary 2.8 of [NS20|. To do so, let us define the
extinction set

My :={(z,i) € Bx E | 2441 = 0},
the living set M, := (B x E)\ M, and the map

H : BxE — R
(z,i) +— H(z,i):=—F (x).

Then by Theorem 6.1 of [Benl8|, H, M, and M, satisfy the assumptions of [NS20] for
some good function V. It thus remains to prove the following:

If Pino(M) is not empty, then there is g € Pip (M) and i € Pinyp(Mo) such
that
wH > pH.

First remark that with Proposition , Pino(My) = Pmu(Bk x E). Moreover, since F\Il/c
has a positive equilibrium and with the help of Theorem [3.5] there is an ergodic probability
measure i such that i(Bf x E) =1. Then by (8.13)), Aps1(ft) = Z; 4.

On the other hand, if there is u € Py, (M, ), then we can always choose it ergodic and
with Proposition and Proposition , M(B_’f“l x E) > 0. Then, the same argument
as in Proposition implies that Z,", > 0 and thus gH < 0.

We conclude the proof by noting that with the help of Lemma 7.5 of [Benl8| or of the
proof of Proposition 2.7 of [NS20|, uH = 0 for all u € Py, (M).

3.4.4 Proof of Proposition 3.1

Let .
S(1) 1= Xa(t) + Y Xt
i=2
be the total weighted sum of all individuals of the population with weights ¢, = H;;:Q %

In particular, €; a;;—1 = €;-1 a@;—1;. In this proof, we omit the time dependence of the vari-
ables to simplify the notation, i.e. S; = S and X;(t) = X;. Then, using (3.4) and the
definition of the ¢;s, we get that

n n

S J 2 § 2 E J

S = aloXl — CLHXl — 5iaiiXi — 8Z'CLZ-0X1‘
i=2 =2

n
— a12X1 Xy + £2a91 X1 Xo + g €ii i1 X;i—1X;i — €i—10i-1,; Xi1X;

=3

n
j 2 2 : J
< G10X1 — Cllle — €iai0Xi.
=2
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_ J i ; J
Let v = maxjcg ajy and € = minjep min;—s __, €,a;,, then

S < ’)/Xl —CL11X12 _EZXZ
i=2
=(v+e)X; —anX; —¢S
<R-—-¢€S

for some constant R > 0. If S > £ then S <0 and if S(0) < L then S(t) < £ for all
t > 0. This makes the compact set

- R
B:= E ity < — +1
{xl—l— il e+ }

=2

positively invariant under ¢/ (the flow induced by (3.2))) for all j € E. Then B x E
is positively invariant for (3.4) and for every initial condition (z,j) € R} x E, with
probability 1, there exists a time ¢ > 0 such that Z@7)(t) € B x E.

3.5 Sensitivity

In this part, we will further analyse the sensitivity of model . First, we will see
that if all the vector fields are in some sense good for species k, then this species survives
in the switched model. Moreover, if all environments are good for at most the k first
species, then species k 4+ 1,...,n become extinct in the PDMP setting. Note that, this
property is not true in general, see [BL16] for example.

In a second step, we will see that if we perturb the coefficients a;, k # 0, in each
environment, so that in environment j, a;; becomes agk, then for a sufficiently small
perturbation, the noisy model still satisfies assumptions of Theorem or of Theorem
if the non-disturbed one satisfies them. Note that in the following, we will see that it is
not possible to calculate explicitly Z, ; for the perturbed model so that it is not possible
to say something about the critical case (i.e. Theorem for the perturbed model.

To do so, we first need to introduce some notations. Consider the more general sit-
uation where the vector fields F7 are defined by but each coefficient depends on
the environment, that is a;z, k # 0, becomes agk. For a,b,m € N, a < b, we let A%(m)
denote the set of permutations of {a,a + 1,...,b — 1,b} that are product of m disjoint
transpositions of the form (i ¢ + 1) and we let

A= ) Am).
m=0

Remark that A%(m) = 0 if m > b_“T“ Now, we define for 1 <k <nand j € E,

k k k
6 (k) := al, Hag,iq - Z Ao H a{,z—l Z H a'g,a(i)’ (3.18)
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Example 3.26.

A} = {Idposy.(12),(23)},
Al = {Idppsn. (12),(23),(34),(12)(34)},
0 (2) = aio agl - ago aip
5j(3) = G{O a§2 aél - ago a§2 a{1 - a:]);o agz ajlll - ago G{Q aél'
We already know that F‘Jk has a unique equilibrium (.7?]1, cee :z_:i) and moreover the proof

of Proposition 2.4 of [BBN22| gives us an explicit formula for z7, ,

Y ]l =5 k). (3.19)

k =
aeAl i=1

Since F" is still a Lotka-Volterra food chain, we define 6”(k) in the same way with a?
replaced by a¥,, and the formula (3.19) holds for ¢**, the equilibrium of F|’,’C Another point

is that by (3.19) and the proof of Proposition 2.4 of [BBN22|, Fﬁk has a unique positive
equilibrium if and only if 67(k) > 0 (and the same holds for Fy and 6" (k)).
Let’s go back to the case where the vector fields F7 are defined by (3.3)). Let

k k
A= Tl adeiy = D T aie0- (3.20)
acAk i=1 acAk =1

The second equality follows from the fact that afm = ajy for m # 0. Then, for pu €
Perg(0B x E) such that u(B% x E) =1, by the proof of Proposition we have that

v *k
M1 () = —ai 410 + Qry1k G
1
=—0"(k+1)
Ay
1 E+1 E+1 E+1 m—1
14 14
= A_ 3N Hai,i—l - E Qoo H Q-1 E A5 0(3)
k i=2 m=2 l=m+1 acAT1 i=1
T E+1 E+1 k+1 m—1
_ J J
AL E :’/j alOHai,i—l - E :a’mO H -1 @i,ali)
ko i=2 m=2 l=m+1 acAT1 i=1
1 X
- V)
=X E vj 0’ (k +1).
L

The second equality follows from Lemma 5.1 of [BBN22|. Recall that by the proofs of
the main theorems of this paper, the survival of species k 4+ 1 only depends on the sign of
Ak+1(p). This works in the same manner for one environment j € F but with the sign of
6 (k +1). Indeed, if 67(n) > 0, then by Proposition environment j causes all species
to survive. Otherwise, by Lemma 5.1 of [BBN22] (or Proposition [3.4), if 67(i) > 0 then
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§7(i—1) > 0, this implies that there exists m < n such that 6/(m) > 0 and 6’(m+1) < 0.
One can show that (i{, ...,@ 0,...,0) is globally asymptotically stable for the dynamic
induced by F7 where (f]l, ..., T ) is the positive equilibrium of Fl‘in (this works in the
same way as in [HS98, Theorem 5.3.1]). In this environment, species 1,..., m survive
while the others become extinct.

In other words, environment j is favourable to species k if and only if 67(k) > 0. By
the latter equation, this means that if all environments are good for species k£ then the
PDMP is also good for species k, meaning that with probability 1, species k survives.
Moreover, if all environments are good for at most &k species then the PDMP is bad for
species k+1,...,n.

Now, we will investigate the sensitivity of the model. Consider another PDMP Lotka-
Volterra food chain defined by with the same jump rates b;; and with also N en-
vironments 7 defined by but whose coefficients depend on the environment, that
is

S g ~j _
. ayg — (1121 — A1p%2 . 1=1,
I () - 5J oy i R S , = —
Fl(z) = =G+ @, 1Tio1 — G0 — @01 1=2,...,n—1, (3.21)
_x ~J _ i —
U + Wy 1 Tn—1 — Uy T 1=n.

Then there exist € > 0 such that

7o~ |<e Vi;mandVjcE. (3.22)

|a

We call the basic model for the one with the environments F 7 and the noisy model for
the one with the environments F7.

Proposition 3.27. Let u be an ergodic probability measure for the basic model and let
e be another ergodic probability measure for the noisy one. Suppose that I, = I, =
{1,...,k} so that u(B* x E) = u.(BY x E) = 1, then for ¢ sufficiently small, Ap41(p)
and My1(jte) have the same sign.

Proof. By Proposition [3.12, we have that
/\l(,u5>:0 7::1,...,]{1,
that is

0= ayy — Z;vﬂ G Jwdul — Z;Vﬂ iy J wadidd,

o w1 , e , N .
0= _iLiO + 2%1 Cfgzi—l fxi,ldug B Zj:]\} a%fi’fidﬂf: B Zj:l az,i-i—l fxiﬂdﬂg i # 1,k
0= —ag, + Zj:l aic,k—l Jaxadpl - Zj:l ayy, [ wrdpd.

Let & := Y| [@dpd, then by (3.22)
alfo +é Z ((111 — 8) i’i + (CL12 — 6) .f;,

0 < —(ajy —¢&) + (aii-1 +e)T5y — (ai — &) T — (i1 — &) T3y 1 # Lk,
0< —(CLZO — 8) + (ak,k_l + 5) i‘z_l — (akk — 5) i’i
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Then it is straightforward that

0% (k)
A,

iy < fale) = (3.23)
where 0°(k) and A are defined by (3.18) and (3.20) respectively but with ‘ajl'o replaced
by a¥fy + ¢, aly by aly —e i # 1, aii_l by ai;—1 + ¢ and al;, aiiﬂ by al, — ¢, afﬁl — .

In the same manner we obtain that

7 > ful—e) = (3.24)

where 0~¢(k) and A_© are defined as before with ¢ replaced by —e. Note that lim._,o fi(¢) =
lim. 0 fr(—¢) = g;".
Then if we let gi11(e) == —(ay 1 — €) + (aryir +€) frl(€),

Giot1(—€) < N1 (pe) < grr ()

In particular, lim. g gr+1(e) = Ak1(p) which concludes the proof.
O

As a result, if the noisy model satisfies Assumption [3.2] and the basic one satisfies
assumptions of Theorem or Theorem then the conclusions of these theorems are
also true for the noisy model.

Indeed, suppose first that the basic model satisfies assumptions of Theorem [3.5] Then
for ¢ > 0 sufficiently small, by the previous proposition and Proposition [3.23] condition
of Theorem is satisfied. Consider G the average vector field of the noisy
model, then

aj, —e <aj <ap+e Vi, k.

Like in the proof of Proposition [3.27] for ¢ > 0 sufficiently small, as F” has a positive
equilibrium, so does F”. Then by Proposition , Assumption , and Proposition m,
this equilibrium is accessible and verifies the strong Hoérmander condition. By Theorem
[3.16] the same conclusions as for basic model apply for the noisy one.

Now suppose that the basic model satisfies assumptions of Theorem [3.6 By Proposition
[3.27], for sufficiently small € > 0, the proof of Theorem [3.6) works in the same way for the
noisy model. The only thing that needs to be clarified is the rate of extinction of species
k+1, Z;7,. Indeed, we cannot have an explicit formula for this since we are not able
to calculate Agiq(pe) explicitly for . an ergodic probability measure for the noisy model
such that I, = {1,... k}.

However, with the help of the bounds of 77, given by (3.23) and (3.24), we can have
an estimate of it

ek +1) & (k+1)
— = <I <—.
A];s — Tk+1 — Ai

So that the extinction part works in the same way for the noisy model as for the basic
one.

Note that it also works the other way round. Indeed, let us consider a PDMP Lotka-
Volterra food chain with vector fields F7 defined by which satisfies Assumption
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[3:2] In order to have the conclusions of Theorem 3.5 or of Theorem [3.6] it suffices to find
e > 0 sufficiently small and coefficients a;;, & # 0 such that

g — @l | < e Vi,kand j € B

and such that the PDMP with vector fields F7 with coefficients a;;, k # 0 and ago satisfies
assumptions of Theorem [3.5] or Theorem [3.6] and Proposition [3.27]
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Chapter 4

Invariant measure for conditional
semi-flows induced by random
absorbing boundaries

This chapter is a joint work with William Ocafrain which has not yet been submitted
to Arziv. It is currently being generalised with the help of William Ocafrain and Oliver
Tough.

Abstract

We study a process absorbed by randomly moving boundaries and the process in-
duced by the conditional semi-flows of the previous one. More precisely, we prove
under suitable conditions the convergence in Wasserstein distance of the second pro-
cess toward a unique stationary distribution on the space of probability measures.
We also prove under these conditions the existence of a (-process and a quasi-ergodic
distribution for the first process. We also consider an example of Markov chain on
a finite state space.

Keywords Quasi-stationarity; quasi-ergodic distribution; Q-process; random moving
boundaries; time-inhomogeneous Markov processes; random walk

2020 MSC 60B10; 60J25; 37A25; 60F99; 60J10

4.1 Introduction

This paper aims to study some asymptotic properties of Markov processes conditioned
not to be absorbed by randomly moving boundaries. This is a follow-up to a series of
papers dealing with quasi-stationarity with deterministic moving boundaries, first studied
in the Ph.D. thesis [O¢al9| and then in the papers [O¢al8,|O¢a20bl|Oca20c,|O¢a20a].

Quasi-stationarity with moving boundaries refers to the study of Markov processes
(X¢)t>0 conditioned not to hit a moving boundary (A¢):>0, where (A;):>¢ is a collection of
measurable subsets representing the moving absorbing subset for the process X. In this
theory, we particularly study the asymptotic behavior of conditional probability measures,
such as the marginal law of X; conditioned not to be absorbed

P(Xte '|TA>t),
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where 7,4 is the hitting time of the moving boundary (A;):>o by the process X, i.e.
Ta:=1inf{t > 0: X, € A;}.

Another topic of interest is the asymptotic behavior of the probability measure

1 t
E(—/ ].Xse.dS|TA>t),
t J ‘

when t goes to infinity. In particular, when it converges, the limiting probability measure
is called the quasi-ergodic distribution.

The last main concept of interest is the so-called Q)-process, understood as the process
X "conditioned never to be absorbed" and whose the law on [0, ¢] is defined by the limiting
law of

P((Xu)o<u<t € - | Ta > T + 1),

when T' goes to infinity.

In this paper, we want to study these same asymptotic properties for a moving bound-
ary taken randomly. This means in particular that the probability measures mentioned
earlier are now random probability measures for which we want to study the almost sure
convergence. In particular, under some suitable conditions that we will spell out later, we
will prove that a Q-process and a quasi-ergodic distribution exist almost surely.

The paper is organised as follows.

o In Section [4.2] we first present the notions of quasi-stationarity with deterministic
moving boundaries. Then, we deal with the random moving boundaries case and

present the general assumptions made on the process X as well as the main results
of the paper (Theorem and Theorem W4.6]).

« In Section[4.3] we prove Theorem [£.5) which is concerned by the asymptotic behavior
of P(X; € - | 74 > t) when A is a random moving boundary.

o In Section[4.4] we prove the almost sure existence of a -process and a quasi-ergodic
distribution which are the purpose of Theorem [4.6]

« Finally, in Section [£.5] we provide an example of a Markov chain on a finite state
space.

4.2 Main assumptions and results

This section aims to present the main assumptions of this paper, as well as the main
results that will be proved in the rest of the paper. We begin by presenting some results
on quasi-stationarity with moving boundaries that have been proven in the literature.
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4.2.1 A few results about quasi-stationarity with moving
boundaries

We consider a cadlag Markov process X = (X;);>o living on a Polish state space E.
We endow the process X with a family of probability measures (P; ,)s>0.cp satisfying
P .(Xs=2)=1
forall s >0and x € E.
We take a family of measurable subsets (A;);>0 of E with respect to the Borel o-algebra
of E and we and denote by 74 the hitting time of the boundary A by the process X, that

is,
T4 :=1inf{t > 0: X, € A;}.

We also let E, := E'\ A; denote the living state space at time t.

Implicitly, we will consider that (X¢):>0 and (A¢):>0 have sufficiently good properties so
that 74 is a stopping time with respect to the natural filtration of X, denoted by (F):>o.
This can be done for example by assuming that (X;):>o has almost surely cadlag paths
and (A;)s>o are closed subsets of E.

As mentioned in the introduction, quasi-stationarity with moving boundaries carries
on studying, in a very broad meaning, asymptotic behavior for processes conditioned not
to be absorbed by moving boundaries. A very natural question concerns the asymptotic
behavior of the probability measures P, ,(X; € - | 74 > t), for some initial distribution
1, when t goes to infinity. If a weak convergence of these probability measures is not
expected in the general case (a convergence could be expected when the boundaries are
"converging', see |O¢a20b|), we could however expect a mixing property with respect to
a given distance (in general the total variation distance). That is, for two different initial
distributions , pt2, the distance in total variation between P , (X; € - | 74 > t) and
Py 1, (Xy € - | T4 > t) goes to 0 when ¢ goes to infinity. This can be seen as a phenomenon
of asymptotic oblivion of the initial distribution for the conditional marginal law.

This property holds true, provided the following assumption.

Assumption 4.1 (Assumption (A’), [O¢a20b|). There ezists a family of probability mea-
sures (V)0 such that vy is defined on Ey, a time to > 0 and two constants c¢1,co > 0 such
that

(A’1) For all s >0 and x € Ej,

Ps,x(Xs-i-to € - | TA > S + t()) Z Clys-i—to(')-

(A’2) For all s <t and x € Ej,

Py, (Ta > t) > 2Py (T4 > 1).

Remark 4.2. This assumption is the time-inhomogeneous version of [C'V16a, Assumption
(A)]. See also [BCG20, Definition 2.2].

Under Assumption , a mixing property has been proved in [CV18, Theorem 2.1] by
showing the existence of two constants C',y > 0 such that, for all s < ¢ and all initial
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distributions 1, o on Ej,
IPe(Xp €| Ta>1) =Py (X € | 74 > t)|l 7y < Ce 79,

where || - ||rv is the usual total variation norm. In the original paper |[CV18|, the au-
thors actually considered a weaker condition than Assumption (.1} allowing ¢; and ¢ to
implicitly depend on s, allowing therefore to deal with sub-exponential mixing property.
We refer the reader to [CV1§| for a complete overview of their work. Nevertheless, in our
case, we will make use of the stronger condition Assumption for now.

Concerning the Q-process, we define the family of probability measures (Qs.)s>0.zc k.
(if it exists) by

Qs2(I) := Tlim P.(T'|7a>T), foralll' € Fo;:=0(X,:s<u<t). (4.1)
00

The @Q-process is then the time-inhomogeneous Markov process ((X¢)i>0, (Qs.2)s>02cE, )-
Recall that this process can be interpreted as the law of the process X conditioned to be
never absorbed.

In [CV18| Theorem 3.3], under Assumption [4.1] the authors show the existence of a
Q-process for the process X. This result has been extended in [O¢a20b, Theorem 1] by
proving that the convergence holds exponentially fast and uniformly in the initial
condition. More precisely, the author showed the existence of two constants C, vy > 0 such
that, for all s <t <7T, z € E; and I' € Fyy4,

|Qu2(T) =Py (T | 74 > T)| < Ce T,
Using the notation 7 o p(dz) := 2249 (where 7 is a positive function), a consequence
of this exponential convergence is that, for all initial distribution u supported on Ey and

t >0,

<S u

1 [* 1/t
H—/ Po(Xs €| 74 >t)ds — —/ Qo,5ou (X5 € -)ds
0 tJo v 7

t

where 7 is a positive function which we will not spelled out here. Hence, by |[O¢a20b,
Theorem 5], the inequality (4.2)) implies that the probability measure % fot Py (X5 € - |

T4 > t)ds converges weakly (resp. in total variation) if and only if %fot Qo,5ou(Xs €
-)ds converges weakly (resp. in total variation) when ¢ goes to infinity. This provides
therefore a criterion establishing the existence of a quasi-ergodic distribution, defined as
a probability measure 3 such that there exists an initial probability measure u supported
on Fj such that, for all bounded measurable function f: F — R,

1 t
]E()”u (;A f(XS>dS

Hence, in [O¢a20bl, Theorem 2], the author proved that a unique quasi-ergodic distribution
exists when the boundary is periodic or "converging'. A similar result has been extended
in |Oga20a, Theorem 2], dealing with boundaries asymptotically periodic.

For the interested reader, in the time-homogeneous case we refer to [CV23, MV12]
for general theory on the quasi-stationarity, to [CV16a,|CV17b| for some criteria to the

TA > t) — ﬂ(f)

t—o00
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convergence to the Q-process and to [CV17a,ZLS14] for the notion of quasi-ergodicity.
Less has been done for the time-inhomogeneous setting but we can cite [BCG20,/CV18,
DMV18]|. For the theory of moving boundaries, we can refer to [O¢a20a] and to the Ph.D.
thesis |O¢al9).

4.2.2 Set up and main assumptions

As in the previous subsection, we consider ((X;)i>0, (Psz)s>0xer, (Fst)s<t) a cadlag
Markov process living on a Polish state space E. We consider as well moving boundaries

taking values in a finite set of measurable subsets {Ay, ..., Ay}. Here, the moving bound-
ary is governed by a cadlag function w : Ry — {1,..., N}, i.e. the moving boundary is
(Aw,)ez0-

We let A := {1,..., N}. For convenience, we will use the notation 7, instead of 74 to

refer to the hitting time of the moving boundary corresponding to the function w, i.e.
Ty :=1nf{t > 0: X, € A, }.
A first necessary condition which has to be verified for each w is the following.

Assumption 4.3. For all cadlag function w : Ry — A, s >0 and x € E,_,
P (10 < 400) =1,

and for all s <t and x € E,_,
P (1 > t) > 0.

We can now present the main assumption of this paper.

Assumption 4.4. There exist c1,co > 0 and tg > 0 such that, for all cadlag function
w: Ry — A, there exists a sequence of probability measures (v, )i>o such that for all

t>0, Vtw) is defined on E,, and such that

e Foralls>0 andallz € E,,,

PS,J:(Xs—&-to €| 7Tw>s+1t) > Cle(i) ()

to
e Foralls<tandallx e FE,,,

P (Tw > t) > 2Py (T > 1).

S7V«gw)
In other terms, Assumption [4.4] is to assume that Assumption [4.1]is true for every w
with ¢1, co and ¢y which do not depend on w.
As seen previously, a consequence of Assumption is the existence of a )-process for
every w cadlag function. In particular, we will denote by @éff;) the probability measure

Qs . defined as in (4.1)) with 74 = 7.
4.2.3 Main results

The aim of this paper is to establish some results of quasi-stationarity with moving
boundaries when w is taken as a random function. As in the deterministic framework,
our study will mainly carry on:
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o The asymptotic behavior of the conditional marginal law when ¢ goes to infinity.
o The almost sure existence of a (Q-process.

o The asymptotic behavior of the expectation EM(% fot f(Xs)ds | T > t), when t goes
to infinity.

The random function w will be represented by the process (I;);>0, assumed to be an
irreducible Markov jump cadlag process (or an irreducible aperiodic Markov process in
the time-discrete case) defined on A. To ([;);>0 we associate a family of probability
measures (]f”i)ieA such that }f”i(fo =1i) =1

We denote the set of all the cadlag trajectories w = (ws)s>0 by I°°. We also denote, for
all w e I*°, t > s, and p supported on E,,_,

(/waiys(/vb) = Ps,,u<Xt € - | Tw > t)

In particular, this object is well defined for every w € I* since we have assumed that
Assumption [4.3] holds true for all w € I°°.

Then, for u supported on Ej,, we introduce the process (Y;):>o defined for Yy := u and
all £ > 0 by

}/1;/ = ¢(Is)320,t70(}/b)'

In the same way, the process Y defined in this way is well defined since (I)s>o € > for
every realisation. Then, the process (Y;, I;)t>0 is a Markov process on P(E) x A, where
P(E) is the space of probability measures on E, and we denote by (FP;):>¢ its associated
semigroup.

We are first interested in the existence and uniqueness of an invariant probability mea-
sure II for the process (Y;, It)+>0 as well as the rate of convergence of the semi-group toward
it. Since we are in a space of probability measures, it is natural to deal with the conver-
gence in Wasserstein distance. Recall that this distance is defined for I'; A € P(P(E) x A)
by

Wi(T,A) = inf E(||p—v + Lrusp), 4.3
(I, A) e (e =vlirv + Lingr) (4.3)
where IIp A is the set of all the couplings between I" and A.
We have all the ingredients to state the first main theorem of this paper.

Theorem 4.5. Under Assumptions[{.3 and[{.4], there exists a unique probability measure
IT on P(E) x A such that, for allt > 0,1 € A and p € P(E;),

Wi (Pt((ua Z)a ')7 H()) < 06_72
for some constants C,~y > 0.

As seen in the previous subsection, the existence of a ()-process related to the process
(I;)e>0 is straightforward since (I;)¢>o € I°°. Note that, it is defined as in (4.1)) with (1;):;>0
instead of w.

However, the question of the almost sure existence of a quasi-ergodic distribution is
still relevant from our point of view. In the same way as for the semi-flow ¢, s, we can
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define, for all w € I*°, ¢t > 0 and pu € P(E,,), the probability measure

1 t
Put(p) = ;/ Po (X € - | 7w > t)ds.
0

Again, these probability measures are well defined for all w € I*° since we have assumed
that Py, (7, > t) > 0 for all w.

Then we will prove the following result which ensures the existence of the quasi-ergodic
distribution.

Theorem 4.6. Under Assumptions [{.5 and[{.4) there exists a probability measure 5 on
E such that, for alli € A and u € P(E;), the weak convergence

B(Is)szo,t<lu) — 6

t—o00

holds true P;-almost surely.

Remark 4.7. [t is interesting to note that the sequence (B(1,),5,.t(1))t>0 s random while
B not.

Remark 4.8. The statements of the two theorems above are also valid in the discrete-time
case.

4.3 Ergodicity for conditional semi-flows induced by
random moving boundaries

The goal of this part is to prove Theorem [4.5] In fact, we will prove the following more
general result.

Theorem 4.9. We assume that there exist some constants C,~v > 0 such that, for any
t > s >0, any trajectory w € I, and any py, i € P(Ey,),

|Pw t.s(11) — Puwts(p2) |7y < Ce =), (4.4)

Then there exists a unique probability measure 11 on P(E) x A such that, for allt > 0,
¢ € A and K € P(EZ);
Wi(Pi((p,7), ), TI()) < C'e™,

for some constants C',~" > 0.

Remark 4.10. The condition (£.4) holds true under Assumptions[{.3 and[{.4] (see [CV1S,
Theorem 2.1]) and Theorem is a consequence. Note also again that this theorem is
stated in the continuous case but the discrete version works the same.

Proof. We want to prove that, for all ¢t > 0, ¢,5 € A, uy € P(E;) and ps € P(E;),

Wi (P((p1,), ), Pi((p2, §), ) < C'e ™.

Let us denote by (I})¢>o and (I} );>o two independent Markov processes having the same
transition law and starting from ¢ and j respectively. We denote by 7’ the meeting time
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of (I')s>0 and (I});>o and we construct the process (I7);>o as

fg:{jg ift<7',,

I'  otherwise.

Then, it is well known that (I7);>¢ has the same law as (I])i=o. In the following, we will
make a slight abuse of notations by denoting I’ instead of (I});>o for the trajectory so
that we will use ¢ri ;¢ instead of ¢(zi), ., +0, for the sake of clarity.

Then by (4.4), for all t > 7/,

@1i t0(1) — S5 s o) lTv = |05t © Gri v 0(b1) = Py o © i 71 9 (112) TV
< Cle 7=

Hence,

E([|¢ro(m) — 5 ro(k2)llrv) = E(ll@r olpn) — &5 0(p2) v 1<)
+ E(llrit0(p1) = b1 0(p2) lrv o)
< Ce ME(e) + 2P(7) > t).

We state the following lemma, whose proof will be postponed until after the present proof.
Lemma 4.11. There exist 7,C > 0 such that
P, (7 >t) < Ce . (4.5)
A consequence of this lemma is the existence of a 79 > 0 such that
E(e™) < +o0.

Let us define ' := min{~, 7,7}, then Lemma and equations (4.4]) and (4.5)) are still
valid with ~/ instead of (resp.) 7,7, 7. Then, there exists C’ > 0 such that

E (Wﬁ,t,o(ﬂl) — O 0(p2)llrv + 11;‘;&@]‘) = E(ll¢rt0(1) = 055 po(p2)l7v) + P(7" > 1)
< CeME(e) + 3P(7' > 1)
< e,

Hence, by definition of the Wasserstein distance, one obtains that
Wi (Pi((11,0), ), Pi((pa, 7)) < C'e ™
Integrating over u(duy,di) and v(dus,dj), we get that
Wr (uP,vP;) < Cle ',
This implies that for all s > 0,

Wi (UWPs, nPy) < Cle™ .
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Then the family (uP;)¢>o is a Cauchy sequence on (P(P(E) x A),W). Let us define the
distance
d((p, 1), (v, 7)) = [l = viizv + Ligj, (4.6)
then, the space (P(FE) x A, d) is Polish. One has by [Vil09, Theorem 6.18] that (P(P(E) x
A), W) is also Polish, so that there exists a probability measure IT on P(E) x A such that
Wy (uP,,TT) < C'e™ ™,
U

Proof of Lemma Let (((I))0, (I)>0), (Pi ;)i jea) be a Markov process on A2
such that . R o
Recall that we denote by 7/ the meeting time of (I;);>o and (I;);>0. By the Markov
property, for all s,¢ > 0,

]PZ‘J'[T, > 8+ t] = Eivj[17/>5]Pls,I~s (T/ > t)]
Hence, we deduce that, for all s, > 0,

max P; ;(7" > s+ t) < maxP; ;(7" > s) max P, ;(7' > t).
ij i ij

By Fekete’s lemma, there exists C' > 0 and v > 0 such that

max P; (7' > t) < Ce .
i.J
It remains to prove that v # 0. Note that v = 0 if and only if there exist 7, jo € A such
that
Pio,jo (T, = +OO) > 0.
However, since the process (I;):>¢ is an irreducible jump process (or an irreducible aperi-
odic Markov process in the time-discrete case), it is well known (see [Brél13]) that 7/ < +o00

a.s. for all ig, jo. Thus, v can be chosen positive and the conclusion follows, i.e. for all
1,7 €A,

Pi’j(T/ > t) < C’e*”t.

4.4 ()-process and quasi-ergodic distribution

In this section, we first establish some results on the Q-process for the process (X;)i>o
absorbed by the moving boundaries (Ay, ):>o. In a second time, using these results we will
turn to the proof of Theorem [4.6]

For w € I*, we define its associated killed semigroup (Py})i>s>0 for f : E — R
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measurable bounded and = € £, by
P £(2) = Bua(f(X0) L),

We define P/, in the same way for the process I = (I;);>¢ with the random stopping time
m:=1inf{t > 0: X; € AL}

Proposition 4.12. Under Assumptions [{.3 and there exists a family of random
variables (H; g)ien s>0 such that, for alli € A, s > 0 and p,v € P(Ey,), the convergence

P .
s,u(TI > t) SN ILL(H1/78)
IEDS’V(T[ > t) t—o0 I/(Hi75)

holds P;-almost surely. Moreover, one has P;-almost surely the equality
H; (x) = P;tHM(a:), Vs <t,Vo € Ey..

Remark 4.13. In particular, for all t € A and s > 0, the random variable H; ; depends
only on the process (Ay,)i>s.

Proof of Proposition [4.12, By Assumptions [4.3] and |[CV18, Theorem 3.3, for
every trajectory w € [, there exists a ()-process defined by and it follows from
[CV18| Proposition 3.1] that there exists of a family of nonnegative functions (1, )s>0 on
E,, such that

Pus(o >1) , pllu,s)
P, s(Tw > 1) t=o0 V(M)

and
P;f}tnw,t = Nw,s-
We take (w,)s0 = (I1)s0. Then [CV18, Proposition 3.1] implies that, P;-a.s., there exists

(n1.s)s>0 nonnegative such that

P i
u,s(TI > t) N M(nl ,s)
Pv,S(TI > t) t—oo V(nli,s)

and _
Ps],mﬂ,t = Nris-
We set H,; = nyi s and the result follows.

The next proposition ensure the existence of a Q)-process.

Proposition 4.14. Suppose that Assumptions[{.3 and[{.4] hold true. Then, for alli € A,
there exists P;-almost surely a Q-process for the process (Xi)i>o absorbed by the random
boundary (Ay,)i>0, whose semigroup is defined by

_ PLIf x Hi)(x)

étf(x) = i, (@) ;
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where x € Er, and f : E — R is measurable bounded. Moreover, P;-almost surely, there
exist C,y > 0 such that, for allt > s and p,v € P(EyL,),

||MQ£,t - VQg,t”TV < Ce (7).

Proof. The existence of a QQ-process almost surely is a consequence of [CV18, Theo-
rem 3.3], as well as the last inequality.
O

With all these results in mind, we can now proceed to the proof of Theorem [4.6]

Proof of Theorem First, let us define the set

€:={(,i) € PE) x A| peP(E)}.

Next, we denote by (Q!,)s<; the semigroup of the Q-process for the process (X;)i>o
absorbed by (Ap, )eo. For all i € P(Ey,), the process (Z;)is0 := (1Q} 4, It)i>0 is a Markov
process living on €. We denote by (R;):>o its semigroup. By the previous proposition,
for all i € A, P;-almost surely, one has for all s < ¢, py, o € P(EL),

||M1Q£,t - N2Q£,t||TV < Ce (),

By a reasoning similar to that of the proof of Theorem [£.9] there exists a probability
measure m on P(E) x A such that for all initial condition (u,i) € &,

Wl(Rt((pﬁ i)’ ')7 ﬂ-()) S Cle_v,a

for some C’,~4 > 0. This means that, for all function f : £ — R 1-Lipschitz with respect
to the distance d defined by (4.6)) and all initial condition (p,7) € &,

|Rof(p, i) —w(f)] < C'e™ " (4.7)

We now prove the existence of an ergodic theorem for the process (MQO +» It)i>0. Let f be
a 1-Lipschitz function. For all (u,7) € £ and ¢t > 0, we get that

s (|3 [ szt ([ scza)] )

2 t t
) / / Ei(f(Z) f(Zu)) = Bpi(f(Z)Epi(f(Zu))]duds

/ / wi(F(Z)[Bz,(F(Zu=s)) — Bs, 1. (F(Zums)])duds

T e e ons

20 20t 1

Lo (1] |f(Zs)|dS>_ [ B2 s
0 0

In other words, by changing the value of the constant C' > 0, the previous inequality
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and the exponential ergodicity of the process Z imply the existence of a constant C' > 0
(different from the previous one) such that, for all (u,i) € € and t > 0,

E,, (’% /0 ' (Z)ds —E,, G /0 t f(Zs)ds>

By (4.7), there exists C' > 0 (again different from the previous one) such that, for all f
1-Lipschitz, (u,i) € £, when t goes to infinity,

1 t
B (‘; | #zyas =)

By a similar argument as in [Og¢a20a), Proof of Theorem 2], we obtain the ergodic theorem
for all f 1-Lipschitz and initial condition (u,7) € &,

) < S (171) + ol /1)

) < Sallr) + o1 /1),

t—o00

2| rzgas o)

By taking f,(u, i) = u(g), with g such that ||g||oc < 1, we get that

1 t
¢ | ahads — wh).
0 t—o0

By using (4.2]) which holds true P;-almost surely, we conclude the almost sure existence
of a unique quasi-ergodic distribution 3, which is defined by

p:gre 71-(fg)‘

4.5 Example, Markov chains on a finite state space

We consider a discrete-time Markov chain (X,,),en defined on the state space £ which
is supposed to be finite. We take the state space A := {0,..., N} with N > 2 and the
absorbing subsets Ay, ..., Ay. Asin the introduction, we denote by E; := E\ A4; the living
state space. We also denote by E := ﬂfvzl E; the safe space. We will make the following
assumptions.

1. E#0.
2. The restriction of the chain (X,,),en to E is irreducible and aperiodic.

3. For all i € A and for all z € E;\E, there exists y € E such that

P.(X; €E)>0 and P, (X, =2)>0.
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Example 4.15. To have a more precise example in mind, consider E = {0, ..., K} with
K > 4 and (X,,), the Markov chain defined on E by Figure .

2/3 1/3 1/3 1/3 2/3

1/3 1/3

//\ /
1/3

Suppose that A = {1,2}, Ay = {0,K} and Ay = {0,1, K—1,K}, then E ={2,... | K —
2} and the hypotheses are satisfy.

1/3 1/3 1/3

Figure 4.1

With these assumptions, we have the following proposition.

Proposition 4.16. Let (I,)nen be an irreducible aperiodic Markov process on A. Then,
Assumptions[{.3 and[{.4) are satisfied. In particular, the conclusions of Theorems[4.5 and
[£.0 hold true.

Proof. We begin by noting that thanks to the assumptions of this section, Assump-
tion [4.3] is trivially verified.

To prove that Assumptionis also true, we first let 7. := inf{t > 0: X, ¢ E} denote
the hitting time of the complementary of the set E. The irreducibility and aperiodicity
of (X,)nen on F imply the existence of a time k > 0 and a constant ¢ > 0 such that, for
all z,y € E,

P, ( Xy =y, 75 > k) > c>0.

Note that for all w € I, 75 < 7, Py, p-almost surelnyor allm € Nand x € F,,,. Then,
the previous minorization implies that, for all z,y € F, m € N and w € I,

Pz (X =y, 7w >m+k) > c. (4.8)

Now, let m e Ny w e I*, z € I, and y € E,
x1,y1 € E such that

minio- Dy the assumptions, there exist

P, (Xi=21)>0 and P, (X;=y)>0.
Then by (4.8) and the Markov property,

Pm,x(Xm—l—k—i—Q =Y,y > M+ k+ 2)
>Pu(X1 =21) Prgroy Xnikt1 = 91,70 > m+ k+ 1) Py (X7 = y)
> 0.

Hence, there exists ¢ > 0 such that for alm e Ny we I*, x € E,, andy € E,

m+k+2?

Pm,:{:(Xm+k+2 =Y, Ty > M+ k+ 2) > ¢
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Thus for allm e Nywe I*® and x € E,,,

Pre(Xminaz € | Tw > m A4k +2) > ¢ [Bup o] V0 ()
where 1/7(7;" lk 42 is the uniform law on Ey, .., and [Ey,, | stands for the cardinality of
Ew, . v.s- Then, the first part of Assumption is verified for ¢; = ¢ |E|, to = k + 2 and

V&) the uniform law on E,,, for all m € N.
The second part follows since, for all x € F,, and all n > m,

]P’ (w)(Tw >n

1
Z Ppy (T > 1) > & Pro(T > 1),

yEE’UJm

|Ew

L

B This concludes the proof.

so that we can take ¢y =
O

We will now discuss the necessity of the assumptions 1 and 3 of this section. Let
E ={1,2,3} and (X,),, be the Markov chain on E defined by Figure 4.2

1/2
1/2

Figure 4.2

1. Suppose that A = {1,2}, A, = {2} and Ay, = {3}. Then E = {1}, (X,), is
irreducible and aperiodic on E and the third assumption is not true. Moreover, there
are trajectories w such that Py(n < 7,) = 0 for some n > 1, take w = (2,2,2,...)
for example. This proves that Assumptions can’t hold true in this setting.

2. If E = 0 then assumption 3 is not satisfy at all and by the previous case this
process is not well defined. For a more concrete counter-example, consider this time
A= {1, 2,3}, Al = {1}7 A2 = {2} and A3 = {3}

Remark 4.17. In both cases, the set of trajectories w that satisfy Po(n < 1,) = 0 for

some n > 1 is of positive probability.
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