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Abstra
tThe spe
trum of the Diri
hlet-Lapla
e operator de�ned on a bounded domain ina smooth and 
omplete surfa
e 
onsists in a stri
tly positive sequen
e, in
reasing toin�nity. The aim of this thesis is to approximate numeri
ally the �rst eigenvalues of thisoperator using a �nite element based method, then to address the following optimizationproblem: what is the domain whi
h minimizes the k-th eigenvalue among all domainsof a given area, and what is this eigenvalue equal to? This latter has its roots in theFaber-Krahn and Krahn-Szeg® theorems, whi
h answer the question for the �rst and these
ond eigenvalue of a domain in the Eu
lidean spa
e. For higher eigenvalues and otherunderlying surfa
es like the sphere and hyperboli
 spa
e, shape optimization has beenperformed to provide domains whi
h are 
andidates to be solutions. This gives rise tosome observations about the 
omparison of eigenvalues of domains in various surfa
es.The problem of lo
ating a 
ir
ular obsta
le inside a ball to maximize the �rst eigenvaluesis also addressed in this do
ument.Keywords: Spe
tral geometry; Diri
hlet-Lapla
e operator; Eigenvalues; Numeri
al ap-proximations; Shape optimization; Finite Element Method; Uzawa Algorithm.
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RésuméLe spe
tre de l'opérateur de Lapla
e-Diri
hlet dé�ni sur un domaine borné d'unesurfa
e lisse et 
omplète est une suite stri
tement positive, 
roissante, tendant vers l'in�ni.Le but de 
ette thèse est d'appro
her les premières valeurs propres de 
et opérateurde manière numérique à l'aide d'une méthode d'éléments �nis, puis de 
onsidérer leproblème d'optimisation suivant : quel est le domaine qui minimise la k-ème valeur propreparmi tous les domaines d'aire donnée, et que vaut 
ette valeur propre ? Ce derniertrouve son origine dans les théorèmes de Faber-Krahn et Krahn-Szeg®, qui règlent le
as de la première et de la deuxième valeur propre d'un domaine de l'espa
e eu
lidien.Des méthodes en optimisation de forme ont été élaborées pour proposer des domaines
andidats à être solution pour des valeurs propres plus élevées ainsi que pour d'autressurfa
es sous-ja
entes 
omme la sphère et l'espa
e hyperbolique. Cela a donné lieu àdes observations sur la 
omparaison de valeurs propres asso
iées à des domaines surdi�érentes surfa
es. Le problème du pla
ement d'un obsta
le 
ir
ulaire à l'intérieur d'uneboule a�n de maximiser les premières valeurs propres est aussi abordé dans 
ette thèse.Mots 
lés : Géométrie spe
trale ; Opérateur de Diri
hlet-Lapla
e ; Valeurs propres ;Approximations numériques ; Optimisation de forme ; Méthode des éléments �nis ; Algo-rithme d'Uzawa.
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Chapter 1Introdu
tionThis thesis is mainly 
on
erned with an optimization problem from the �eld of spe
tralgeometry. The notions involved in its de�nition are addressed within this framework.However, the approa
h 
hosen to deal with this problem 
omes mostly from numeri
alanalysis. This 
ontext made of two di�erent areas of mathemati
s is present throughoutthis do
ument. In order to be understandable for people who are less familiar with oneof them, some relatively elementary notions from both are re
alled. As an illustration,spe
ial 
are is taken to develop expli
itly geometri
 notions as well as to outline the partof the Finite Element Method required for this work.To get qui
kly to the heart of the matter in this introdu
tion, some notions arepostponed to the next se
tions where they are properly de�ned. However when thishappens, the 
orresponding 
laim is 
arefully indi
ated. After setting the framework ofthe topi
 with a few motivations, this introdu
tion deals with the issues addressed in thisthesis, through theoreti
al statements, state-of-the-art results and personal 
ontributions.Context and motivationsLet (M,g) be a smooth, 
omplete Riemannian manifold 1 and let ΩM ⊂ M be adomain, namely a bounded open set inM . Moreover assume that g is smooth. Althoughthis introdu
tion takes pla
e in any dimension, only two-dimensional manifolds are 
on-sidered in the rest of this thesis. Let ∆g denote the Lapla
e operator 2. The underlyingproblem is this:
(P)







Find a map u := uΩM
: ΩM → R, u 6≡ 0, and a s
alar λ := λΩM

su
h that
−∆gu = λu in ΩM ,

u = 0 on ∂ΩM .1. The fundamental de�nition of a Riemannian manifold is not repeated in this do
ument. See [dC76,De�nition 5-10.5a℄ for a de�nition.2. See Subse
tion 2.1.3 and Equation (3.1) for its expression using lo
al 
oordinates.1



2 CHAPTER 1. INTRODUCTIONThe spe
tral theorem 3 ensures that there exist a stri
tly positive sequen
e
0 < λ1,ΩM

≤ λ2,ΩM
≤ ...ր +∞,tending to +∞ and a sequen
e of fun
tions (un,ΩM

)n∈N\{0}, forming a Hilbert basis of
L2(ΩM ), su
h that for all n ∈ N\{0}, (λn,ΩM

, un,ΩM
) is a solution of (P). Of 
ourse, theseeigenvalues λn,ΩM

and eigenfun
tions un,Ω highly depend 4 on the underlying domain
ΩM . In this 
ase, the set of all the eigenvalues forms the spe
trum of the Lapla
e operatoron ΩM�it is also 
alled the spe
trum of ΩM for 
onvenien
e�. In this thesis, a numeri
alstudy of the spe
trum is proposed, from the approximation of eigenvalues of 
ertaindomains in various manifolds to the optimization of eigenvalues with respe
t to thedomain.Two domains whi
h have the same spe
trum are 
alled isospe
tral. One of the inter-esting properties of the spe
trum is its invarian
e under isometries 5, meaning that twoisometri
 domains are isospe
tral. The 
onverse statement does not hold as proved byJ. Milnor who exhibited a pair of 16-dimensional isospe
tral �at tori whi
h are not iso-metri
 [Mil64℄. With regard to the parti
ular 
ase of two-dimensional domains, M. Ka
asked his famous question �Can one hear the shape of a drum? � 6 [Ka
66℄. A negativeanswer in the form of two isospe
tral planar domains was later given by C. Gordon,D. Webb and S. Wolpert in [GWW92℄ and followed thereafter by families of isospe
tralplanar domains [BCDS94℄. See Figure 1.1. Both rely on qualitative arguments avoidingexpli
it 
omputations of the spe
trum of the domains involved. A
tually, the behaviourof the spe
trum of a domain subje
t to small perturbations has been intensively studied,resulting in numerous theorems. The 
lassi
al referen
es [BGM71℄, [Bér86℄ and [Cha84℄present a qualitative study in spe
tral geometry. It shows that the spe
trum is a usefultool for 
omparing several domains, whi
h is observed using numeri
al experiments fortwo and three-dimensional domains [Reu06℄. This observation gave rise to the develop-ment of appli
ations for shape re
ognition.As M. Ka
 already knew [Ka
66℄, geometri
 and topologi
al properties of a smoothand bounded planar domain 
an be derived from its spe
trum. More generally for a do-main ΩM in a manifold of dimension N ∈ N\{0} with boundary ∂ΩM regular enough, theasymptoti
 behaviour of large eigenvalues give information about some of the domain'sfeatures. An illustration of this is the famous Weyl asymptoti
 formula 7,

λ
N/2
k,ΩM

∼ (2π)N

ωN

k

volg(ΩM )
, as k →∞,3. See Theorem 3.1.2.4. This dependen
e is also indi
ated using the notation λn(ΩM ).5. The de�nition of an isometry implies dire
tly that there exist two 
harts within the 
oe�
ients ofthe metri
 of two isometri
 Riemannian manifolds are equal. Hen
e, the expressions (3.1) of the Lapla
eoperator in both surfa
es are the same.6. As stated in [CH53, Se
tion V.5℄, every eigenfrequen
y fk of a drum 
orresponds to √

λk,Ω, where
λk,Ω is the k-th eigenvalue asso
iated to the domain Ω representing the drumhead.7. See [Cha84, Se
tion VII.3℄ where ∂ΩM is supposed to be pie
ewise smooth.



3

Figure 1.1: The isospe
tral domains given in [GWW92℄.where ωN denotes the volume of the unit ball of RN and volg the volume measuredusing the metri
 g. Another general formula involving the spe
trum and properties ofthe underlying domain is given in [MS67℄, namely
(4πt)

N
2

∑

k≥1

e−λk,ΩM
t = volg(ΩM ) +

(4πt)
1
2

4
vol(∂ΩM ) +

t

3

∫

ΩM

K − t

6

∫

∂ΩM

J + o(t
3
2 ),where J is the mean 
urvature of the boundary ∂ΩM and K is the s
alar 
urvature.Individual eigenvalues 
an also deliver information. As an illustration, 
onsider the
hara
terization of the eigenvalues given by the Rayleigh quotient and the Min-maxtheorem 8, namely

λk,ΩM
= min

Ek∈Vk

max
v∈Ek\{0}

∫

ΩM

|∇v|2 dVg

∫

ΩM

v2 dVg

,where Vk denotes the set of all subspa
es Ek of H1
0 (ΩM ) of dimension k. In parti
ularfor k = 1,

λ1,ΩM
= min

u∈H1
0 (ΩM )\{0}

∫

ΩM

|∇u|2 dVg

∫

ΩM

v2 dVg

.Together with symmetri
 de
reasing rearrangements of fun
tions 9, it leads to the Faber-Krahn inequality, 
onje
tured by Lord Rayleigh [Ray45℄.8. See also De�nition 3.3.1 and Theorem 3.3.2.9. See [Kes06℄ for symmetrization te
hniques.



4 CHAPTER 1. INTRODUCTIONTheorem 1.1.1 (Faber-Krahn inequality, [Fab23℄, [Kra25℄). Let ΩRN ⊂ R
N be a boundedopen set of volume V > 0 and Ω∗

1,RN ⊂ R
N be the open ball of same volume. Then,

λ1(Ω
∗
1,RN ) ≤ λ1(ΩRN ),with equality if and only if ΩRN = Ω∗

1,RN .This result also holds in the sphere and in hyperboli
 spa
e as mentioned in [Cha84,Se
tion IV.2℄. Note it will be re
overed numeri
ally for these three surfa
es in Se
-tion 5.2. About arbitrary Riemannian manifolds, a theorem from [PS09℄ asserts thatin the neighbourhood of ea
h non-degenerated 
riti
al point p of the s
alar 
urvature,there exist small extremal domains for the �rst eigenvalue whi
h are 
lose to a geodesi
ball 
entred at p. By extremal domains, the authors mean that the derivative of the �rsteigenvalue�seen as a real valued fun
tion of a volume preserving deformation�vanishes.With regard to the se
ond eigenvalue, the analogous result to the Faber-Krahn inequalityis the Krahn-Szeg® inequality.Theorem 1.1.2 (Krahn-Szeg® inequality, [Kra26℄ 10). Let ΩRN ⊂ R
N be a bounded openset of volume V > 0 and Ω∗

2,RN ⊂ R
N be the domain 
onsisting of two disjoint open ballsof volume V/2. Then,

λ2(Ω
∗
2,RN ) ≤ λ2(ΩRN ),with equality if and only if ΩRN = Ω∗

2,RN .Its proof follows dire
tly from the Faber-Krahn inequality together with the Courantnodal theorem 11 and a res
aling argument. The latter makes use of the invarian
e underhomothety of the fun
tional 12
Ω 7−→ λk,RN (Ω) vol(Ω)2/N , k ∈ N \ {0}, (1.1)de�ned on regular bounded domains in R

N .For a volume V = 1, the minimal value rea
hed by the ball Ω∗
1,RN ⊂ R

N is given by
λ1(Ω

∗
1,RN ) = ω

2/N
N j2N/2−1,1,where jN/2−1,1 denotes the �rst zero of the N/2 − 1 Bessel fun
tion JN/2−1, whereas

λ2(Ω
∗
2,RN ) = 22/N λ1(Ω

∗
1,RN ),see [Cha84, Se
tion IV.2, Remark 4℄. The de�nition of the Bessel fun
tions and theirdetailed study make expli
it the eigenvalues for the ball of RN . However, ex
ept for very10. G. Pólya attributed the result to G. Szeg® in his paper [Pól55℄, but this inequality was alsopusblished independently by I. Hong [Hon54℄ one year earlier.11. A nodal domain of a fun
tion u de�ned on a domain ΩM is a 
onne
ted 
omponent of the set

ΩM \ {x ∈ ΩM | u(x) = 0}. This theorem asserts that the number of nodal domains of an eigenfun
tion
uk asso
iated to λk is at most k, for all k ∈ N. See [CH53, Se
tion VI.6℄.12. It follows from dire
t 
omputations.



5spe
i�
 domains su
h as a re
tangle in the plane, getting expli
it values is unfeasible forgeneral domains. This is a �rst reason to deal with the spe
trum of the Diri
hlet-Lapla
eoperator using a numeri
al approa
h.Another argument to 
onsider 
omputational approximations is related to the op-timization problem generalizing the Faber-Krahn and Krahn-Szeg® inequalities to anyeigenvalue λk, namely
(Popt)







Find an open set Ω∗
k,M ⊂M of volume V > 0, su
h that

λk(Ω
∗
k,M) ≤ λk(ΩM ),for all open sets ΩM ⊂M of volume V .Indeed, for any integer k ≥ 3, no analogous results to the Faber-Krahn or to the Krahn-Szeg® inequalities exist. Nevertheless, legitima
y of the problem (Popt) has been enhan
edby a re
ent result by D. Bu
ur [Bu
12℄ for quasi-open sets�instead of open sets�in R

N ,
N ≥ 1, also rea
hed independently by D. Mazzoleni and A. Pratelli [MP13℄. This result
laims that a solution exists in su
h a 
lass of domains for any k. Furthermore, it ensuresthe optimizer to be bounded and to have �nite perimeter.Several numeri
al experiments have been performed to �nd a 
andidate to be theoptimizer in (Popt). E. Oudet is a pre
ursor in this �eld with his work [Oud04℄. It isrestri
ted to the domains in R

2 minimizing the �rst ten eigenvalues. It suggests�asexpe
ted by the mathemati
al 
ommunity�that the 
andidate asso
iated to the thirdand fourth eigenvalues are a dis
 and two dis
 of di�erent area respe
tively. Thereafter,his results were improved by P. R. S. Antunes and P. Freitas in their paper [AF12℄,where they found a di�erent shape for the 
andidate asso
iated to the seventh eigenvalue.They also extended the results to the �rst �fteen eigenvalues, see Figure 1.2, as well asto Neumann and Robin boundary 
onditions with J.B. Kennedy in [AFK13℄. Withregard to Neumann-Lapla
e eigenvalues whi
h form a positive sequen
e 0 = µ0(ΩM ) <
µ1(ΩM ) ≤ µ2(ΩM ) ≤ ...ր +∞, the relevant optimization problem is to maximize the k-th eigenvalue µk among all domains of a given volume. The 
ounterpart to Faber-Krahninequality is the Szeg®-Weinberger inequality [Wei56℄. It 
laims, for domains of volume1, that

µ1(Ω) ≤ µ1(Ω∗∗
1,RN ) = ω

2/N
N p2N/2,1,where Ω∗∗

1,RN is a ball of volume 1 in R
N and pN/2,1 denotes the �rst zero of the derivativeof the fun
tion t 7→ t1−N/2JN/2. M. S. Ashbaugh and R. D. Benguria extended thisinequality to domains 
ontained in a hemisphere of SN , as well as to smooth domains in

D
N [AB01℄.Moreover, a theorem by A. Girouard, N. Nadirashvili, and I. Polterovi
h [GNP09℄ isthe analogous result to the Krahn-Szeg® inequality in dimension 2. It asserts, for simply
onne
ted planar domains of volume 1, that

µ2(Ω) < 2µ1(Ω
∗∗
1,RN ) vol(Ω

∗∗
1,RN ),with equality attained in the limit by a family of domains degenerating to a disjointunion of two identi
al disks.



6 CHAPTER 1. INTRODUCTION
Figure 1.2: Planar domains minimizing the �fth (left) up to the �fteenth (right) eigen-value among domains of a given volume from [AF12℄.Issues addressed in this thesis and ensuing resultsThe two main topi
s of this thesis are the numeri
al approximation of eigenvaluesof the Lapla
e operator on domains in surfa
es, and their numeri
al optimization withrespe
t to the domain. The numeri
al method used to perform approximation of eigen-values is based on the Finite Element Method. To take into 
onsideration the 
urvatureof a general manifold, the 
omputations take pla
e in the open set of a 
hart. Contraryto 
lassi
al surfa
e dis
retization whi
h interpolates a surfa
e in R

3�see [JU08℄�, theadvantage is that surfa
es whi
h are non-embeddable in R
3, su
h as hyperboli
 spa
e,
an be 
onsidered. The metri
 
ontribution is then introdu
ed into the 
omponents ofthe matri
es involved in the approximated problem. Indeed, the eigenvalues appearingin a �nite linear system are used to approximate the desired eigenvalues of the Lapla
eoperator. For this purpose, a Lan
zos method is performed. The surfa
es 
hosen fornumeri
al approximations of eigenvalues are R2, the sphere S2, hyperboli
 spa
e throughthe Poin
aré dis
 model D2 and a family of surfa
es with non-
onstant 
urvature.The optimization problem (Popt) is addressed numeri
ally by minimizing the �rst�fteen eigenvalues for a domain in R

2 to re
over the results in [AF12℄. Then, the analo-gous optimization problem in the sphere S2 and in the Poin
aré dis
 model D2 are 
arriedout numeri
ally. It leads to Table 1.1 13 repeated from the main part of this do
ument.Note the value reported for the thirteenth eigenvalue is slightly larger in the sphere thanhyperboli
 spa
e. Moreover, the optimizers Ω∗
k,D2 , k = 1, . . . , 15, in the Poin
aré dis
are displayed in Figure 1.3.The shape optimization pro
ess to deal with (Popt) relies on a des
ent method algo-rithm, whi
h takes advantage of the Hadamard Variational Formula (4.6) given subse-quently. The volume 
onstraint 14 appearing in (Popt) is handled with a Uzawa Algorithm,whi
h is a new approa
h. The optimal domain is obtained by �nding a saddle point ofa Lagrangian L of the form L(Ω, µ) = λk(Ω) + µ(vol(Ω) − V ), where the notations arepre
isely de�ned in Chapter 4. Up to now, optimization on surfa
es di�erent from theplane does not seem to have been studied numeri
ally. As a 
omparison in R

2, the FiniteElement Method is also used in [Oud04℄ to 
ompute eigenvalues approximation, whereasan algorithm based on the Method of Fundamental Solutions 15 is employed in [AF12℄.13. The values displayed in this table are 
omputed with masslumping (the notion of masslumping isre
alled in De�nition 2.2.9).14. The invarian
e under homothety of the fun
tional given by (1.1) allows to bypass this volume
onstraint for optimization in R
2. Indeed, di�erent values in the volume 
onstraints lead to the sameoptimal domain in (Popt) up to a res
aling transformation.15. [BT05℄ and [FHM67℄ are 
lassi
al referen
es on this issue.
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Table 1.1: Numeri
al approximation of λk(Ω∗
k,M), for Ω∗

k,M the optimizer of volume 0.1in M = S
2, R2, D2 for the k-th eigenvalue, k = 1, . . . , 15.

k λk(Ω
∗
k,S2) ⊂ S

2 λk(Ω
∗
k,R2) ⊂ R

2 λk(Ω
∗
k,D2) ⊂ D

21 180.855 181.7 182.6392 364.356 363.9 364.8273 460.927 463.0 464.0684 639.377 647.8 653.6125 784.251 785.3 789.8296 888.975 890.5 894.2147 1063.127 1065.1 1089.2518 1199.235 1200.1 1207.2129 1330.355 1340.6 1341.36010 1439.525 1448.2 1445.20511 1583.765 1605.5 1632.55012 1738.957 1743.7 1757.70013 1890.493 1888.4 1887.36014 1999.437 2022.2 2026.39415 2125.772 2111.6 2148.878
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Figure 1.3: Optimizers of volume 0.1 in D
2 for the k-th eigenvalue, k = 1, . . . , 15, left toright, then downwards. The point in the domains denotes the origin of D2.Contrary to the former, this is a meshless method, representing 
omputer memory and
omputational time savings.Another optimization problem is about the pla
ement of a 
ir
ular obsta
le inside adomain. This issue is dis
ussed in [Hen06, Se
tion 3.5℄. In this thesis, the maximizationof an eigenvalue of a ball with respe
t to the lo
ation of a 
ir
ular obsta
le inside isaddressed numeri
ally. After validation for the �rst and se
ond eigenvalues in the plane,in the sphere and in the Poin
aré dis
 whi
h are theoreti
ally known 16, investigationsare 
arried out for the third, fourth and �fth eigenvalues in these three surfa
es. Notethe optimal pla
ement seems to be related to the extremal points of the 
orrespondingeigenfun
tion de�ned on the ball without obsta
le.As regard with the numeri
al optimization of eigenvalues with respe
t to the domain,this work does not 
laim to deliver a proof of the optimality of a domain but onlyapproximate 
andidates to be an optimizer. Indeed, on the one hand the algorithmrea
hes lo
al�and not global�minima, and on the other hand it is in general almostunfeasible to prove theoreti
ally that a domain is in fa
t a solution. Even for k = 3 in

R
2, it is not yet proven that the dis
 is the optimizer, despite numeri
al 
on�rmationsand agreement 17 in the mathemati
al 
ommunity. Noti
e that not only 
an an expli
itexpression for the boundary of the optimal domain not be guessed for k ≥ 5, but it is16. The �rst and se
ond eigenvalues are maximal when the obsta
le is lo
ated at the 
entre of theball. For λ1, this result is stated in [Her63℄ for R2 and in [AA05℄ for S2 and for D2. It is extended to λ2in [ESK08℄.17. As stated in Open Problem 8 from [Hen06℄. This referen
e also states that S. A. Wolf andJ. B. Keller proved that the dis
 in R

2 is a lo
al minimizer for λ3 [WK94℄. However, 
omputationstogether with numeri
al experiments by A. Berger seem to invalidate that the ball in R
3 minimizes λ3.



9also very likely that no su
h expli
it des
ription is possible. However, some interestingproperties 
an be derived, su
h as the fa
t that the 
andidate obtained numeri
ally to bethe domain minimizing the thirteenth eigenvalue in the plane is not symmetri
 [AF12℄.Another 
uriosity raised by numeri
al investigations is given by the 
omparison of thevalue of the �rst eigenvalue λ1(Ω∗
1,M ) asso
iated to the optimal domain Ω∗

1,M in various
urved surfa
esM . For this numeri
al experiment, the sphere S2 whose 
urvature equals1, the upper sheet H of a hyperboloid whose 
urvature lies between 0 and 1, the planeand the Poin
aré dis
 whose 
urvature equals -1 are addressed. The optimizer is a ball�
entred at the point of maximal 
urvature for H�in ea
h of these surfa
es and for avolume of 0.01, the following inequalities hold
λ1(Ω

∗
1,S2) < λ1(Ω

∗
1,R2) < λ1(Ω

∗
1,D2) < λ1(Ω

∗
1,H)and the 
orresponding values are

1816.57 < 1816.80 < 1817.6 < 1819.10.It 
ould have been expe
ted�at least for small volumes�that there is a ranking ofsu
h eigenvalues with respe
t to the 
urvature. But the eigenvalue resulting from theexperiment in the upper sheet of a hyperboloid is not between those 
oming from theplane and the sphere. It is even higher than the eigenvalue of the ball in the Poin
arédis
. A same ranking appears also for the se
ond and for higher eigenvalues. Su
h kindsof observations were possible thanks to numeri
al investigations.Organisation of the thesisThis do
ument is organized in �ve 
hapters and three appendi
es. After this intro-du
tion, Chapter 2 presents basi
 notions and tools from geometry, the Finite ElementMethod and the Lan
zos method to �nd eigenvalues asso
iated to a �nite linear sys-tem. The third 
hapter deals with the underlying problem, that is, the 
omputationof eigenvalues of the Diri
hlet-Lapla
e operator. After its theoreti
al statement and itsnumeri
al approximation, the estimation of the error between an exa
t eigenvalue and itsapproximation is performed and also illustrated using numeri
al examples. It is followedby numeri
al validations for spe
i�
 domains su
h as a ball in R
2 and by experimentsin the plane R

2, the sphere S
2, the Poin
aré dis
 D

2 and a manifold with non-
onstant
urvature. The problem of lo
ating an obsta
le in a ball to minimize its �rst eigenvaluesis also addressed, as well as a 
omparison of the �rst eigenvalues of a ball in R
2, S2 and

D
2. It is based on the prepubli
ation [Str12a℄. Then, Chapters 4 and 5 are devotedto the optimization problem (Popt). The former introdu
es shape optimization requiredto establish the main formula to deform a domain and also the Uzawa algorithm toextend the problem on domains in manifolds. The latter states the problem theoret-i
ally and displays numeri
al results: some validations to re
over optimal 
andidatesalready obtained in [AF12℄ and some investigations in S

2 and D
2, together with someoptimizations in a sheet of a hyperboloid. The numeri
al results presented in Chapter 5



10 CHAPTER 1. INTRODUCTIONare those in [Str12b℄. Finally, the do
ument ends with three appendi
es: the �rst onedeals with some notions of fun
tional analysis, espe
ially Sobolev spa
es whi
h are thesuitable framework for the underlying and optimization problems. Appendix B providesa detailed example of the optimization of an eigenvalue with respe
t to a domain in amanifold�namely λ7(ΩM ) for ΩM in the Poin
aré dis
 D
2�, whereas some additionalnumeri
al values are displayed in Appendix C.



Chapter 2Fundamental toolsThis 
hapter is devoted to re
all some 
lassi
al notions and tools about various 
on-
epts involved in the following 
hapters. This thesis takes pla
e between two main �eldsof mathemati
s, namely geometry and numeri
al analysis. To be as a

essible as possible,a 
hoi
e has been made to present some basi
 notions required from both. Notations very
ommon in mathemati
s are used in this 
hapter in order to avoid needless 
omplexity,even if they do not 
oin
ide with the usual ones whi
h exist in these parti
ular �elds.However, spe
ial 
are has been taken to mention the more frequent notations when ithappens.This 
hapter is divided into three parts: the �rst one is about Riemannian geome-try and 
al
ulus on a manifold. In this part, some 
lassi
al tools are introdu
ed in theframework of a manifold and the expression of the volume element, of the gradient of afun
tion and of the Lapla
e operator are expli
itly established in lo
al 
oordinates usinga 
hart (U,α). Pre
isely, performing the 
omputations using a 
hart is a spe
i�
ity of ourapproa
h and it is parti
ularly helpful for the numeri
al implementation of our method.The se
ond se
tion is a short introdu
tion to the Finite Element Method, restri
ted tothe aspe
ts and results that are useful in the sequel. It leads to 
onsider approximationof fun
tional spa
es by dis
retized spa
es, and to approa
h the 
omputation of integralsusing quadrature rules. The notion of masslumping is also addressed. Finally, the lastse
tion is 
on
erned with the Lan
zos method, used to solve �nite dimensional eigen-problems. In ea
h part, some 
lassi
al referen
es about these topi
s are given.Throughout this 
hapter, N ∈ N\{0} stands for the dimension of the ambient spa
e.2.1 About di�erential geometry and 
al
ulus on manifoldsIn this se
tion, M denotes a di�erentiable manifold of dimension N . Assume that
M is smooth, that is, M is of 
lass C∞, although less regularity would be su�
ient.Moreover, (M,g) denotes a Riemannian manifold of dimension N .11



12 CHAPTER 2. FUNDAMENTAL TOOLS2.1.1 Di�erential forms, volume element and integration on a manifoldThis subse
tion begins with the de�nition of several notions and tools useful to intro-du
e operators and integration on a manifold, and with some of them properties. Thereferen
e book they are derived from is [Boo75℄, espe
ially its 
hapter V. Refer to itfor the proofs of the results presented below as well as for some 
omplements intention-ally skipped here. With regard to the development of the notion of integration over amanifold, see [dC94, Chapter 4℄. Thereafter, a more te
hni
al part is dedi
ated to theexpression of the volume element in lo
al 
oordinates.In this subse
tion, V denotes a ve
tor spa
e over R of dimension N and V ∗ its dualspa
e. Although only dimension N = 2 is needed for our purpose, this topi
s is exposedin any dimension, be
ause it does not add any extra di�
ulties.De�nition 2.1.1 ( Derived from [Boo75, De�nition V-5.1℄ ). A tensor φ on V is amultilinear map
φ : V × · · · × V
︸ ︷︷ ︸

r times ×V ∗ × · · · × V ∗
︸ ︷︷ ︸

s times −→ R,where r ∈ N denotes the 
ovariant order of φ and s ∈ N its 
ontravariant order.Notation 2.1.2. From now on, r ∈ N and s ∈ N always stand for non-negative integer.The set of all tensors of 
ovariant order r and 
ontravariant order s is denoted by T r
s (V ).It is a ve
tor spa
e over R of dimension N r+s, see [Boo75, Theorem 5.2℄ for a proof. Inthe following, only 
ovariant tensors are used, that is s = 0, and the set of all 
ovarianttensors of order r is denoted by T r(V ) instead of T r

0 (V ). Set T 0(V ) = R by 
onvention.Notation 2.1.3. Throughout this do
ument, ve
tors and ve
tor �elds are denoted usingbold font. Moreover, the transpose of a matrix A is denoted by AT and the transpose ofthe inverse A−1 of a matrix A by A−T .De�nition 2.1.4 ( [Boo75, De�nition V-5.3℄ ). A C∞(M)-
ovariant tensor �eld of order
r ∈ N on a manifold M is a fun
tion φ :M → ∪p∈MT r(TpM), p 7→ φp, su
h that for all
C∞(M)-ve
tor �elds X1, . . . ,Xr, the map

φ(X1, . . . ,Xr) :M → R

p 7→ φp(X1(p), . . . ,Xr(p)),is a C∞(M)-fun
tion.The set of all C∞(M)-
ovariant tensor �elds of order r on M is denoted by T r(M).Set T 0(M) = C∞(M) by 
onvention.De�nition 2.1.5 ( [Boo75, De�nitions V-5.4 and V-6.12℄ ). A 
ovariant tensor φ ∈
T r(V ), of order r ∈ N is symmetri
, respe
tively alternating, if for ea
h v1, . . . ,vr ∈ V ,

φ(v1, . . . ,vi, . . . ,vj , . . . ,vr) = φ(v1, . . . ,vj , . . . ,vi, . . . ,vr), ∀ 1 ≤ i, j ≤ r,
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tively
φ(v1, . . . ,vi, . . . ,vj , . . . ,vr) = −φ(v1, . . . ,vj , . . . ,vi, . . . ,vr), ∀ 1 ≤ i, j ≤ r.By extension, a tensor �eld is symmetri
, respe
tively alternating, if it has this propertyat ea
h point. Moreover, an alternating 
ovariant tensor �eld of order r on a manifold

M is 
alled an exterior di�erential form of degree r, or simply a r-form.Remark 2.1.1. The set of all symmetri
 tensors, respe
tively alternating tensors, forms asubspa
e of T r(V ), denoted by Σr(V ), respe
tively Λr(V ). Moreover, Σr(V ) ∩ Λr(V ) =
{0}. The same remark holds for a manifold M instead of V , with the notations Σr(M),respe
tively Λr(M).Remark 2.1.2. Let {e1, . . . ,eN} be a basis of V and φ 6= 0 be a alternating 
ovarianttensor of order r = N on V . Then, a dire
t 
omputation involving the multilinearity of
φ gives, for all v1, . . . ,vN ∈ V , with vi =∑N

j=1Ci,jej , i = 1, . . . N ,
φ(v1, . . . ,vN ) = detC φ(e1, . . . ,eN ),where C is the matrix with 
omponent Ci,j on the i-th row and j-th 
olumn.De�nition - Proposition 2.1.6 ( [Boo75, De�nition V-6.1 and Theorem V-6.2℄ ). Let

φ ∈ T r(V ) and ψ ∈ T s(V ) be two 
ovariant tensors. The produ
t of φ and ψ, denoted
φ⊗ ψ is a tensor of order r + s de�ned by

φ⊗ ψ(v1, . . . ,vr,vr+1. . . . ,vr+s) = φ(v1, . . . ,vr)ψ(vr+1, . . . ,vr+s),for all v1, . . . ,vr+s ∈ V . The produ
t de�nes a mapping (φ,ψ) 7→ φ ⊗ ψ of T r(V ) ×
T s(V )→ T r+s(V ) whi
h is bilinear and asso
iative.By extension, the produ
t of two 
ovariant tensor �elds on a manifold M is de�nedat ea
h point p ∈M , using the previous de�nition on the ve
tor spa
e TpM :De�nition - Proposition 2.1.7 ( [Boo75, Theorem V-6.3℄ ). Let φ ∈ T r(M), and
ψ ∈ T s(M) be two 
ovariant tensor �elds over a manifold M . The produ
t of φ and ψ,denoted φ⊗ ψ, is a 
ovariant tensor �eld of order r + s on M de�ned by

φ⊗ ψ(p) = φp ⊗ ψp, ∀p ∈M.The produ
t de�nes an appli
ation T r(M)×T s(M)→ T r+s(M), (φ,ψ) 7→ φ⊗ψ, whi
his bilinear and asso
iative.Remark 2.1.3. The tensor produ
t of alternating tensors on V is not, in general, analternating tensor on V . It leads to introdu
e another notion of produ
t, whi
h veri�esthis property.



14 CHAPTER 2. FUNDAMENTAL TOOLSDe�nition 2.1.8 ( [Boo75, De�nition V-6.5 and Lemma V-6.6℄ ). The mapping ∧ :
Λr(V )× Λs(V )→ Λr+s(V ), (φ,ψ) 7→ φ ∧ ψ, de�ned by

φ ∧ ψ(v1, . . . ,vr+s) =
1

r!s!

∑

σ∈S(r+s)

sgn(σ)φ⊗ ψ(vσ(1), . . . ,vσ(r+s))for all v1, . . . ,vr+s ∈ V , where S(N) denotes the set of all permutations of {1, . . . , N}and sgn(σ) denotes the signature of σ, is 
alled exterior produ
t or wedge produ
t of φand ψ. This produ
t is bilinear and asso
iative.Remark 2.1.4 ( [Boo75, Corollary V-6.7℄ ). It is a straightforward 
al
ulation to see thatif φi ∈ Λri(V ), ri ∈ N, i = 1, . . . , k, then for all v1, . . . ,vr1+···+rk ∈ V

φ1 ∧ · · · ∧ φk(v1, . . . ,vr1+···+rk)

=
1

r1! . . . rk!

∑

σ∈S(r1+···+rk)

sgn(σ)φ1 ⊗ · · · ⊗ φk(vσ(1), . . . ,vσ(r1+···+rk)).De�nition 2.1.9 ( [Boo75, De�nition V-7.5℄ ). AmanifoldM is orientable if it is possibleto de�ne a C∞(M)-N -form φ on M whi
h is not zero at any point. In this 
ase, M issaid to be oriented by φ.Theorem 2.1.10 ( [Boo75, Theorem V-7.7℄ ). Let (M,g) be an orientable Riemannianmanifold. Corresponding to an orientation of M there is a uniquely determined N -form
Φ whi
h gives the orientation and whi
h has the value +1 on every oriented orthonormalframe.De�nition 2.1.11. The N -form Φ of the previous theorem is 
alled volume element andis denoted 1 by dVg.Notation 2.1.12. Let T (V ) = ⊕∞

i=0T r(V ) and Λ(V ) = ⊕∞
i=0Λ

r(V ). These two dire
tsums are a
tually asso
iative algebra, see [Boo75, Corollary V-6.8℄. Moreover it holdsthat Λ(V ) = ⊕N
i=0Λ

r(V ), see [Boo75, Theorem V-6.10℄.Theorem 2.1.13 ( [Boo75, De�nition V-6.11℄ ). Let V and W be two �nite dimensionalve
tor spa
es and F∗ : W → V be a linear mapping. Then, the mapping F ∗ : T (V ) →
T (W ) de�ned by, F ∗(φ)(w) = φ(F∗(w)) for all φ ∈ T (V ) and w ∈ W , takes Λ(V ) into
Λ(W ) and is a homomorphism of these (exterior) algebras.In parti
ular, if α denotes the map of a 
hart (U,α) in a neighbourhood of a point
p ∈ M , the derivative T·α−1 : RN → ∪q∈UTqM of α−1 is a linear mapping. Thus it 
anbe employed to transport the volume element from M to R

N using T·α−1∗.The required tools are now at our disposal to give the expression of the volume elementin lo
al 
oordinates. This expression is intensively used in the sequel and espe
ially in thenumeri
al implementation. That is the reason why the following development is made1. This notation 
omes from its use in measure theory, as it appears later.
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itly, although it is a parti
ular 
ase of Remark 2.1.2. Let (M,g) be a Riemannianmanifold oriented by the volume element dVg, and let (α,U) be a 
hart of M in theneighbourhood of a point p ∈M . Let {E1(p), . . . ,EN (p)}p∈U denote 2 the basis of TpMsu
h that
TpαEi(p) = ∂xi α(p), ∀i = 1, . . . , N, (2.1)where {∂xi}Ni=1 denotes the usual lo
al 
oordinates 3. However, there is no parti
ularreason for {E1(p), . . . ,EN (p)}p∈U to be orthonormal with respe
t to the Riemannianmetri
 g(p), so in general dVg(E1(p), . . . ,EN (p)) 6= 1. Thus, we 
onsider an orthonormal(with respe
t to g(p)) basis {F1(p), . . . ,FN (p)}p∈U of TpM , that is g(p)(Fi(p),Fj(p)) =

δij . So, it allows us to express the ve
torsEi(p), i = 1, . . . , N , using the basis {Fk(p)}Nk=1:
Ei(p) =

N∑

k=1

Ai,k(p)Fk(p), Ai,k ∈ R, 1 ≤ i, k ≤ N,or equivalently,




| |
E1(p) · · · EN (p)
| |





︸ ︷︷ ︸

=: E(p)

=






A1,1(p) · · · A1,N (p)... . . . ...
AN,1(p) · · · AN,N (p)






︸ ︷︷ ︸

=: A(p)






− F1(p) −...
− FN (p) −






︸ ︷︷ ︸

=: F (p)

.

At ea
h point p ∈ M , the metri
 g 
an be represented by a matrix G(α(p)) using thelo
al 
oordinates, that is
Gi,j(α(p)) = g(p)(Ei(p),Ej(p)), 1 ≤ i, j ≤ N. (2.2)Then,

Gi,j(α(p)) = g(p)

(
N∑

k=1

Ai,k(p)Fk(p),
N∑

k=1

Aj,k(p)Fk(p)

)

=

N∑

k=1

Ai,k(p)Aj,k(p) = (A(p)AT (p))i,j . (2.3)2. Although α does not appear in the notation of Ei(p), i = 1, . . . , N , these ve
tors a
tually dependon the 
hart.3. A
tually, the lo
al 
oordinates do not depend on the point α(p) where they are estimated. Theyare sometimes denoted by {

∂
∂xi

}N

i=1
.
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dVg(E1(p), . . . ,EN (p)) = dVg





N∑

k1=1

A1,k1(p)Fk1
(p), . . . ,

N∑

kN=1

AN,kN (p)FkN
(p)





=
N∑

k1,...,kN=1

A1,k1(p) · · ·AN,kN (p)dVg(Fk1
(p), . . . ,FkN

(p))

σ(i):=ki
=

∑

σ∈S(N)

sgn(σ)A1,σ(1)(p) · · ·AN,σ(N)(p)

= detA(p) =
√

detG(α(p)), (2.4)where the last equality 
omes from equality (2.3).There is still a manipulation remaining, 
onsisting in expressing the volume elementin α(U) ⊂ R
N , where U is the open set of the 
hart. Sin
e p 7→ Tα(p)α

−1∗dVg is an
N -form 4 on R

N by Theorem 2.1.13, it 
an be written at a point p ∈ α(U) as
Tα(p)α

−1∗dVg = f(p) dx1(p) ∧ · · · ∧ dxN(p), (2.5)where f : α(U)→ R is a C
∞(α(U))-fun
tion to be determined and {dxj}Nj=1 is the dualbasis of {∂xk}Nk=1, that is, dxj (∂xk) = δj,k, where δjk denotes the Krone
ker symbol.First, noti
e that, for p ∈ U ,

Tα(p)α
−1∗dVg (∂x1, . . . ,∂xN ) := dVg

(
Tα(p)α

−1∂x1, . . . , Tα(p)α
−1∂xN

)

= dVg(E1(p), . . . ,EN (p))

=
√

detG(α(p)) (2.6)where the last equality 
omes from (2.4). Then, for any vi =
∑N

ki=1 vi,ki∂xki
∈ R

N ,
i = 1, . . . , N , it holds that

Tα(p)α
−1∗dVg(v1, . . . ,vn)

= Tα(p)α
−1∗





N∑

k1=1

v1,k1∂xk1
, . . . ,

N∑

kN=1

vN,kN∂xkN





=

N∑

k1,...,kN=1

v1,k1 · · · vN,kNTα(p)α
−1∗dVg (∂xk1

, . . . ,∂xkN
)

=
∑

σ∈S(N)

sgn(σ)v1,σ(1) · · · vN,σ(N)Tα(p)α
−1∗dVg (∂x1, . . . ,∂xN )(2.6)

=
√

detG(α(p))
∑

σ∈S(N)

sgn(σ)v1,σ(1) · · · vN,σ(N).4. This N-form is 
alled pullba
k of dVg by α−1. It is more often denoted by α−1∗dVg.
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dx1 ∧ · · · ∧ dxN (v1, . . . ,vN )

= dx1 ∧ · · · ∧ dxN





N∑

k1=1

v1,k1∂xk1
, . . . ,

N∑

kN=1

vN,kN∂xkN





=

N∑

k1,...,kN=1

v1,k1 · · · vN,kN dx1 ∧ · · · ∧ dxN (∂xk1
, . . . ,∂xkN

)

=
∑

σ∈S(N)

sgn(σ)v1,σ(1) · · · vN,σ(N) dx1 ∧ · · · ∧ dxN (∂x1, . . . ,∂xN )
︸ ︷︷ ︸

=1

.Finally, the volume element 
an be expressed in lo
al 
oordinates by
Tα(p)α

−1∗dVg(v1, . . . ,vn) =
√

detG(α(p)) dx1 ∧ · · · ∧ dxN (v1, . . . ,vN ), (2.7)for all v1, . . . ,vN ∈ R
N . Hen
e, f =

√
detG in equality (2.5).Following [dC94, Chapter 4℄, the notion of integrals over a Riemannian manifold

(M,g) 
an be now addressed. The aim is to 
ompute integrals of a fun
tion over α(U),for a given 
hart (α,U) using the expression of the volume element in lo
al 
oordinates.Indeed, it will be useful again for the numeri
al 
omputations involved in the sequel.Before dealing with integrals of a fun
tion, let us �rst de�ne the integral of an N -formover a bounded subset of RN .De�nition 2.1.14. Let φ be an N -form in an open subset D ⊂ R
N with 
ompa
tsupport K 
ontained in U . If φ is written as φ = fdx1∧ · · · ∧dxN , for a C∞(D)-fun
tion

f , then the integral of φ over D is de�ned by
∫

D

φ =

∫

K

f dx1 . . . dxN ,where dx1 . . . dxN denotes the Lebesgue measure on R
N .The map α of a 
hart allows to extend this de�nition to an oriented manifold. To avoid
onvergen
e problems, it is 
onvenient�although generally not required�to assume thesupport of the N -form to be 
ompa
t. It holds for instan
e if M is 
ompa
t. Moreover,make �rst the assumption that the support of the N -form is 
ontained in an open set ofa 
hart.De�nition 2.1.15. Let (M,g) be an oriented Riemannian manifold 5, φ be a N -form on

M having 
ompa
t support in the open set U of a 
hart (α,U). The integral of φ over
M is de�ned by ∫

M

φ =

∫

α(U)

T·α
−1∗φ.5. The metri
 g does not play any role in this de�nition.



18 CHAPTER 2. FUNDAMENTAL TOOLSThe orientability of the manifold ensures that this de�nition does not depend on the
hoi
e of the map. The 
hoi
e of an orientation for M �xes the sign of the integral.Finally, if φ has 
ompa
t support, but not 
ompletely inside the open set of a 
hart,then to integrate φ over the entire manifold, a partition of unity {ψi} 
ompatible withthe 
overing by the open sets of the 
harts is required. Indeed, it allows to apply theprevious de�nition to ea
h ψiφ. The integral of φ over M is then the sum of the integralsof the ψiφ over M .Now, the de�nition of an integral of a fun
tion f : M → R over a Riemannianmanifold (M,g) follows naturally.De�nition 2.1.16. Let (M,g) be an oriented Riemannian manifold, and let dVg be theasso
iated volume element. A fun
tion f :M → R is integrable over M if f has 
ompa
tsupport in M . Furthermore, the integral of f over M is the integral of the N -form 6
fdVg.Remark 2.1.5. Assume f to be as in the previous de�nition. If the support of f is
ompa
t and in
luded in the open set U of a 
hart (α,U), then,

∫

M

fdVg =

∫

α(U)

T·α
−1∗(fdVg) =

∫

α(U)

f ◦ α−1
√
detG dx1 . . . dxN ,by equation (2.7). This formula will be intensively used for the eigenvalue problem on aRiemannian manifold.The 
lassi
al and expe
ted properties of the integral de�ned above are proved in[Boo75, Se
tion VI-2℄.2.1.2 Expression of the gradient in lo
al 
oordinatesThis subse
tion is based on the se
ond 
hapter of [GHL04℄.De�nition 2.1.17 ( [Cha84, De�nition I-1℄ ). Let f : M → R be a fun
tion of 
lass

C∞(M). The gradient of f , denoted ∇ f is the ve
tor �eld on M de�ned by
g(p)(∇ f(p),Z(p)) = Z(f)(p), ∀Z ∈ χ(M), ∀p ∈M,where χ(M) denotes the ve
tor spa
e of all ve
tor �elds of 
lass C∞(M).Remark 2.1.6. The Riesz representation Theorem (Theorem A.1.3) ensures that the gra-dient of a fun
tion f is well de�ned.Proposition 2.1.18. Let f, h ∈ C∞(M). Then,

∇(f + h) = ∇ f +∇h,

∇(fh) = f∇h+ h∇ f .6. The N-form fdVg has 
ompa
t support in M .



2.1. GEOMETRY AND CALCULUS ON MANIFOLDS 19Remark 2.1.7. Let (α,U) be a 
hart of M in the neighbourhood of a point p ∈M . As inthe previous subse
tion with equation (2.2), 
onsider the family of matri
es {G(α(p))}p∈Urepresenting the metri
 g at ea
h point p ∈ U in the usual lo
al 
oordinates {∂xi}Ni=1.Let us 
arry out an analogous development as the one that gave the expression of thevolume element in lo
al 
oordinates. The gradient of a fun
tion f ∈ C∞(M) 
an beexpressed at a point p ∈ U in the basis {Ei(p)}Ni=1 de�ned in equation (2.1), that is
∇ f(p) =

N∑

k=1

βk(p)Ek(p),thus, for all i = 1, . . . , N ,
g(p)(∇ f(p),Ei(p)) =

N∑

k=1

βk(p)Gk,i(α(p)).For p ∈ U , the de�nition of the gradient applied to Z(p) = Ei(p), i = 1, . . . , N , and thede�nition of {Ei(p)}Ni=1, yield
g(p)(∇ f(p),Ei(p)) = Ei(f)(p) = Tα(p)α

−1∂xi(f)(p) = ∂xi(f ◦ α−1)(α(p)).Hen
e, for all i = 1, . . . , N ,
∂xi(f ◦ α−1)(α(p)) =

N∑

k=1

βk(p)Gk,i(α(p)),that is,
∇us(f ◦ α−1)(α(p)) = GT (α(p))∇ f(p),where ∇us denotes the usual gradient operator a
ting on fun
tions de�ned on an openset of RN . Finally, the gradient of f in lo
al 
oordinates is given, for all p ∈ U , by 7

∇ f = G−T
∇us(f ◦ α−1) ◦ α,or by

∇ f = G−1
∇us(f ◦ α−1) ◦ α, (2.8)thanks to the symmetry of G sin
e it represents a metri
.In order to de�ne the divergen
e and the Lapla
e operators on a Riemannian manifold

(M,g), several tools need to be introdu
ed.De�nition 2.1.19 ( [GHL04, De�nition 1.52 bis℄ ). Let U ⊂ M be an open set of M .The Lie bra
ket is the mapping [·, ·] : χ(U)× χ(U)→ χ(U) de�ned by
[X,Y ] =XY − Y X, X,Y ∈ χ(U).7. As mentioned before, G−T denotes the transpose of the inverse of the matrix G.



20 CHAPTER 2. FUNDAMENTAL TOOLSRemark 2.1.8. The Lie bra
ket is a R-bilinear, anti
ommutative mapping, and satis�esthe Ja
obi identity, that is,
[X, [Y ,Z]] + [Y , [Z,X ]] + [Z, [X,Y ]] = 0. ∀X,Y ,Z ∈ χ(U).De�nition 2.1.20 ( [GHL04, De�nitions 2.49 and 2.50℄ ). A 
onne
tion on M is amapping ∇ : χ(M) × χ(M) → χ(M), denoted by (X ,Y ) 7→ ∇XY , su
h that for all

X,Y , ξ, ζ ∈ χ(M) and for all f ∈ C∞(M):(i) ∇ξ(fX + Y )(p) = ξ(f)(p)X(p) + f(p)∇ξX(p) +∇ξY (p);(ii) ∇fξ+ζ(X)(p) = f(p)∇ξX(p) +∇ζX(p).Moreover, ∇XY is said to be torsion-free if it also satis�es(iii) [X,Y ] (p) = (∇XY −∇YX)(p).Theorem 2.1.21 ( [GHL04, Theorem 2.51℄ ). Let (M,g) be a Riemannian manifold.Then, there exists a unique torsion-free 
onne
tion ∇ satisfying for all X ,Y , ξ ∈ χ(M),
ξ(g(X ,Y )(p)) = g(∇ξX(p),Y (p)) + g(X(p),∇ξY (p)).De�nition 2.1.22 ( [GHL04, De�nition 2.53℄ ). The 
onne
tion de�ned in the abovetheorem is 
alled the Levi-Civita 
onne
tion.Remark 2.1.9. It 
an ben shown 8 that the Levi-Civita 
onne
tion is 
hara
terized by

g(∇XY ,Z) =
1

2
(X(g(Y ,Z)) + Y (g(Z ,X))−Z(g(X ,Y ))

+ g(Z, [X,Y ])− g(X , [Y ,Z]) + g(Y , [X,Z])) .for all X,Y ,Z ∈ χ(M). Hen
eforth, ∇ denotes the Levi-Civita 
onne
tion on (M,g).De�nition 2.1.23 ( [GHL04, De�nition 2.67℄ ). Let c : I → M be a smooth 
urve. Ave
tor �eld along c is a 
urve X : I → TM , su
h that X(t) ∈ Tc(t)M , for any t ∈ I.The ve
tor spa
e of all ve
tor �elds along c is denoted by χc(M).De�nition - Proposition 2.1.24 ( [GHL04, Theorem 2.68℄ ). Let c : I → M bea smooth 
urve. There exists a unique operator, denoted by D
dt and 
alled 
ovariantderivative, de�ned on the ve
tor spa
e of all ve
tor �elds along c, whi
h satis�es to thefollowing 
onditions:(i) for all X ∈ χc(M), f ∈ C∞(I),

D

dt
fX(t) = f(t)

D

dt
X(t) + f ′(t)X(t);8. See the proof of [GHL04, Theorem 2.51℄.



2.1. GEOMETRY AND CALCULUS ON MANIFOLDS 21(ii) if there exists a neighbourhood of t0 in I su
h that X is the restri
tion to c of ave
tor �eld Y de�ned on a neighbourhood of c(t0) in M , then
D

dt
X(t0) = ∇c′(t0)Y (c(t0)).De�nition 2.1.25 ( [GHL04, De�nitions 2.71 and 2.77℄ ). Let c : I → M be a smooth
urve. A ve
tor �eld X along c is said to be parallel if D

dtX(t) ≡ 0. A 
urve γ on M is
alled a geodesi
 if γ′(t) is a parallel ve
tor �eld along γ, that is, if D
dtγ

′(t) ≡ 0.2.1.3 Divergen
e and Lapla
e operators in lo
al 
oordinatesNow the divergen
e operator, then the Lapla
e operator are de�ned using the notionsintrodu
ed in the previous subse
tion, following [Cha84, Chapter I℄.De�nition 2.1.26 ( [Cha84, De�nition I.2℄ ). Let X ∈ χ(M) be a ve
tor �eld of 
lass
C∞(M). For all p ∈M , 
onsider the mapping ψp : TpM → TpM de�ned by

ξ 7→ ψp(ξ) = ∇ξX.The divergen
e of X, denoted by divX, is the mapping from M to R de�ned by
divX(p) = tra
e (ψp),for all p ∈M .Remark 2.1.10. With the notations of the previous de�nition, for all p ∈M , there existsa bije
tion φ : RN → TpM , v 7→ φ(v), depending on the 
hart (α,U) 
ontaining p, givenby

φ(v)(f) = v(f ◦ α−1), ∀f ∈ Ck(M), k ≥ 1.The tra
e in De�nition 2.1.26 is the tra
e of the matrix representing 9 the linear mapping
φ−1 ◦ ψp ◦ φ.Proposition 2.1.27. Let X,Y ∈ χ(M) be two ve
tor �elds of 
lass C∞(M). Then,(i) divX ∈ C∞(M);(ii) div(X + Y ) = divX + divY ;(iii) div(fX) = f divX + g(∇ f ,X), for all f ∈ C∞(M).De�nition 2.1.28 ( [Cha84, De�nition I.3℄ ). Let f ∈ C∞(M). The Lapla
e operator of
f , or lapla
ian of f , is the fun
tion ∆f :M → R, de�ned by

∆f = div(∇ f).Sometimes ∆ is denoted by ∆g to spe
ify the dependen
y upon g.9. It makes sense sin
e the tra
e of a matrix is invariant under 
hange of basis.



22 CHAPTER 2. FUNDAMENTAL TOOLSProposition 2.1.29. Let f, h ∈ C∞(M). Then,(i) ∆f ∈ C∞(M);(ii) ∆(f + h) = ∆f +∆h;(iii) div(h∇ f) = h∆f + g(∇ h,∇ f);(iv) ∆(fh) = h∆f + g(∇ f ,∇h) + f∆h.As for the volume element and the gradient, the expression of the divergen
e operatorand of the Lapla
e operator in the lo
al 
oordinates {∂xi}Ni=1 will be useful for the mainpart of the do
ument. For this purpose, 
onsider a 
hart (α,U) in the neighbourhood ofa point p ∈M and denote by G(α(p)) the matrix representing g(p) in this basis.If the ve
tor �eld X ∈ χ(M) of 
lass C∞(M) 
an be written using lo
al 
oordinatesas X =
∑N

j=1 ξj∂xj , then
divX =

1
√

det(G)

N∑

j=1

∂xj

(

ξj
√

det(G)
)

.Moreover, if f ∈ Ck(U), k ≥ 2, then
∆f =

1
√

det(G)

N∑

j,k=1

∂xj

(

Gj,k
√

det(G)∂xkf
)

, (2.9)where Gj,k denotes the (j, k)-
omponent of the inverse G−1 of the matrix G.To derive properly these expressions, a development 10 involving Christo�el symbolshas to be 
arried out. It is built throughout the �rst se
tion of [Cha84, Chapter I℄.2.1.4 Results of 
al
ulus on a manifoldThe following reminders from [Cha84, Se
tion I.2℄ are 
lassi
al results of ve
tor 
al-
ulus in the framework of a Riemannian manifold.Theorem 2.1.30 (Divergen
e Theorem I). IfX ∈ χ(M) is a ve
tor �eld of 
lass C∞(M)with 
ompa
t support in M , then
∫

M

divX dVg = 0,where dVg denotes the volume element given in De�nition 2.1.11.Assume moreover that M is oriented and has a boundary ∂M with indu
ed (N − 1)-volume element denoted by dσ. The notion of boundary ∂M 
an be found in [Boo75,De�nition VI.4.1℄, whereas to de�ne dσ, the exterior di�erentiation of a di�erential formis required. For this latter, we refer to [Boo75, Se
tion V.8℄.10. It is a similar development as the one derived for the expression of the volume element and of thegradient in lo
al 
oordinates, but it is more te
hni
al.
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e Theorem II). Let X ∈ χ(M) be a ve
tor �eld of 
lass
C∞(M ) with 
ompa
t support on M . Then,

∫

M

divX dVg =

∫

∂M

g(X ,n) dσ,where n denotes the outward unit normal (with respe
t to g) ve
tor �eld on the boundary
∂M .Theorem 2.1.32 (Green's formula). Let f, h ∈ C∞(M ) be two fun
tions su
h that h∇fhas 
ompa
t support on M . Then,

∫

M

h∆f dVg =

∫

∂M

h g(∇f ,n) dσ −
∫

M

g(∇ f ,∇h) dVg,where n denotes the outward unit normal (with respe
t to g) ve
tor �eld on the boundary
∂M .2.2 Some notions about the Finite Element Method2.2.1 De�nitionsThis se
tion is mainly from the book [Cia78℄ and [EG02℄, but this re
all is restri
tedto the notions useful for the future appli
ations to our problem. The former referen
ebook is 
lassi
 in this �eld and 
overs the topi
 very broadly. Most of the followingde�nitions are derived from its se
ond 
hapter. Throughout this se
tion, Ω denotes adomain of RN , that is a bounded open set of RN .De�nition 2.2.1. A mesh M of a domain Ω ⊂ R

N is a subdivision in a �nite numberof subsets Ki, i = 1, . . . , I, su
h that(i) Ω̄ =
I⋃

i=1

Ki;(ii) Every Ki, i = 1, . . . , I, is 
losed and has a non-empty interior ◦
Ki;(iii) Every Ki, i = 1, . . . , I, has a Lips
hitz boundary ∂Ki;(iv) ◦

Ki ∩
◦
Kj = ∅ for all Ki,Kj , i, j = 1, . . . , I, i 6= j.Remark 2.2.1. If the sets Ki, i = 1, . . . , I, 
onsist of N -simpli
es, then usually an addi-tional 
ondition onM is required:(v) For all Ki,Kj , i, j = 1, . . . , I, i 6= j, the interse
tion Ki ∩Kj is either empty, or isa shared vertex, or is a shared fa
e (edge).Two examples of forbidden situations involving subsets K of a mesh are presented inFigure 2.1.
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Ki

Kj

Ki′

Kj′Figure 2.1: The 
ouples of 2-simpli
es (or triangles) {Ki,Kj} and {Ki′ ,Kj′} does notsatisfy the 
ondition (v). Moreover, the 
ouple {Ki′ ,Kj′} does not verify (iv) neither.De�nition 2.2.2. A �nite element in R
N is a triple (K,P,Σ) where:(i) K is a 
losed subset of RN with a non-empty interior and a Lips
hitz boundary;(ii) P is a spa
e of real-valued fun
tions de�ned over the set K;(iii) Σ is a �nite set of linearly independent linear forms σi : P → R, i = 1, . . . ,M .Moreover, Σ is P -unisolvent, that is for all real numbers αi, i = 1, . . . ,M , there exists aunique fun
tion p ∈ P whi
h satis�es

σi(p) = αi, i = 1, . . . ,M.Remark 2.2.2. The P -unisolven
e property implies in parti
ular that there exist fun
tions
ϕloc
i , i = 1, . . . ,M , whi
h satisfy

σj(ϕ
loc
i ) = δij , i, j = 1, . . . ,M.De�nition 2.2.3. With the previous notations, the fun
tions ϕloc

i , i = 1, . . . ,M , are
alled lo
al shape fun
tions.De�nition 2.2.4. Let (K,P,Σ) be a �nite element in R
N . If there exist M points

s1, . . . , sM ∈ K, 
alled nodes, su
h that for all p ∈ P ,
σi(p) = p(si), i = 1, . . . ,M,then the triple (K,P,Σ) is 
alled a Lagrange �nite element.Remark 2.2.3. In this 
ontext, the lo
al shape fun
tions ϕloc

i , i = 1, . . . ,M , satisfy
ϕloc
i (sj) = δij , i, j = 1, . . . ,M,where δi,j denotes the Krone
ker symbol.A family of examples is given by the Lagrange �nite elements of type Pk, k ∈ N,whose de�nition is re
alled here.



2.2. SOME NOTIONS ABOUT THE FINITE ELEMENT METHOD 25De�nition 2.2.5. Let Pk, k ∈ N, denote the spa
e of all polynomial in N variables withreal 
oe�
ents and of degree lower or equal to k, that is
Pk :=






p : RN → R : p(x1, . . . , xN ) =

∑

i1+···+iN≤k

αi1,...,iNx
i1
1 · · · xiNN , αi1,··· ,iN ∈ R






.A �nite element (K,P,Σ) is 
alled a Lagrange �nite element of type Pk in R

N , or simply�nite element of type Pk, if
◦ K is a N -simplex;
◦ P = Pk|K ;
◦ The set of nodes {si}Mi=1 appearing in De�nition 2.2.4 
oin
ides with the set
S :=

{(
i1
k
P loc
1 , . . . ,

iN+1

k
P loc
N+1

)

, 0 ≤ i1, . . . , iN+1 ≤ k, 0 < i1 + · · ·+ iN+1 ≤ k
}

,where P loc
1 , . . . , P loc

N+1 denote the verti
es of K.Remark 2.2.4. It makes sense to 
onsider Lagrange �nite elements of type Pk sin
e the
P -unisolven
e property is readily veri�ed 11 for su
h a �nite element. Moreover, for
k,N ∈ N, it holds that

M := #S = dimPk =

(
N + k

k

)

.Usually, �nite elements of type Pk for k = 1, 2, are used. See Figure 2.2. An advantageprovided by su
h elements is that if (K̂, P̂ , Σ̂) and (K,P,Σ) are two �nite elements oftype Pk, then they 
an be 
ompared in the following way.
b b

b b

b b

b b b
s1

s2

s3 s1

s2

s3

s4

s5

s6

Figure 2.2: Lagrange �nite element of type P1 (left) and of type P2 (right) in R
2.De�nition 2.2.6. Two Lagrange �nite elements (K̂, P̂ , Σ̂) and (K,P,Σ) are 
alled a�ne-equivalent if there exists an invertible a�ne mapping F : RN → R

N , F (x̂) = B(x̂) + b,
B ∈MN (R), b ∈ R

N , su
h that
◦ K = F (K̂);
◦ P = {p : K → R, p = p̂ ◦ F−1, p̂ ∈ P̂};
◦ si = F (ŝi), i = 1, . . . ,M .11. See for instan
e [EG02, Se
tions 2.2 and 2.3℄.



26 CHAPTER 2. FUNDAMENTAL TOOLSSee Figure 2.5 for an illustration in a parti
ular 
ase. In the sequel, �nite elementsof type P1 are used to approximate the spe
trum of the Diri
hlet-Lapla
e operator. Thefa
t that every 
ouple of su
h elements is a�ne-equivalent is 
ru
ial for the numeri
alimplementation.2.2.2 The Galerkin methodLet (V, (·|·)) be a Hilbert spa
e, a : V ×V → R a symmetri
, 
ontinuous, V -ellipti
 12bilinear form and l : V → R a 
ontinuous linear form. Consider the following linearabstra
t variational problem
(Pabs){ Find u ∈ V su
h that

a(u, v) = l(v), ∀v ∈ V,whi
h admits a unique solution by the Lax-Milgram Theoreom 13. The Galerkin method
onsists in approximating (Pabs) by de�ning similar problems in ea
h element of a family
(Vh)h of �nite dimensional subspa
es of V :

(Pabs,h){ Find uh ∈ Vh su
h that
a(uh, vh) = l(vh), ∀vh ∈ Vh.Sin
e Vh ⊂ V , there exists a unique solution to (Pabs,h) thanks to the same result. Theusual way to get (Vh)h is to 
reate a family of asso
iated meshes (Mh)h of Ω. Thesubs
ript h stands for the dependen
e on the geometry of the mesh, more pre
isely

h := max
K∈Mh

hK = max
K∈Mh

diam(K),where the (abusive) notation K ∈ Mh denotes the fa
t that K is the geometri
 set of a�nite element (K,Σ, P ) of the meshMh (K will denote the geometri
 subset of a �niteelement for the remainder of this se
tion and this notation will be used in the sequel).The parameter h is usually 
alled the diameter of the mesh Mh. The famous Céa'sLemma 14 indi
ates that if the following approximation property
lim
h→0

inf
vh∈Vh

‖v − vh‖V = 0, ∀v ∈ V, (2.10)holds, then the approximated solution uh tends to u for the norm ‖·‖V . Indeed, on the�rst hand, the linearity of l and bilinearity of a imply a(u− uh, vh) = 0 for all vh ∈ Vh.On the other hand, if Cell and Ccont denote respe
tively the V -ellipti
ity 
onstant andthe 
ontinuity 
onstant 15 of a, then
Cell ‖u− uh‖2V ≤ a(u− uh, u− uh) = a(u− uh, u− vh) ≤ Ccont ‖u− uh‖V ‖u− vh‖V .12. The V -ellipti
ity is re
alled in De�nition A.1.4.13. See Theorem A.1.5 in the appendix.14. See [Cia78, Theorem 2.4.1℄.15. It means that α = Cell and C = Ccont respe
tively in De�nition A.1.4.
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‖u− uh‖V ≤

Ccont

Cell

inf
vh∈Vh

‖u− vh‖V .In order to verify the 
ondition imposed by (2.10), a standard assumption is to ask thefamily (Mh)h to be regular in the following sense:De�nition 2.2.7. A family of meshes (Mh)h of Ω is 
alled regular if it veri�es:(i) h approa
hes 0 ;(ii) There exists a 
onstant γ > 0 su
h that
∀h,∀K ∈ Mh,

hK
ρK
≤ γ,where ρK denotes the diameter of the largest sphere ins
ribed in K.Obviously, the �rst 
ondition is ne
essary in order to approximate V in
reasinglybetter by the family (Mh)h. However, the 
ondition (ii), whi
h for
es elements not tobe too �at, has to be added to allow global 
onvergen
e of fun
tions in Vh to fun
tionsin V . This fa
t is stated more pre
isely in Theorem 2.2.8 for parti
ular 
hoi
es of V and

Vh. See also Figure 2.3
hK

ρK

K

Figure 2.3: A triangle K with diameter hK and whose the largest 
ir
le ins
ribed in Khas a ray of length ρK .In the sequel, the spe
trum of the Diri
hlet-Lapla
e operator is approximate withinthis framework. More pre
isely, the suitable 
hoi
e for the spa
e V is the Sobolev spa
e 16
H1

0 (Ω) over a polygonal domain Ω ⊂ R
2. Moreover, a mesh made of �nite elements of16. See De�nition-Proposition A.2.11.
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1

ϕh,i

MhPi

Figure 2.4: Shape fun
tion ϕh,i.type P1 is used to set
Vh =

{

vh ∈ C0
(
Ω
) ∣
∣ vh|∂Ω ≡ 0, vh|K a�ne for all triangles K of the meshMh

}

.(2.11)Let Nh be the number of nodes 17 Pi of all the elements K forming the mesh Mh.For all i = 1, . . . , Nh, let ϕh,i denote the fun
tions given by
ϕh,i ∈ Vh, ϕh,i(Pj) = δij , ∀ 1 ≤ i, j ≤ Nh, (2.12)where δij is the 
lassi
al notation for the Krone
ker symbol. See Figure 2.4, where ashape fun
tion ϕh,i is represented. It is straightforward that {ϕh,i}Nh

i=1 is a basis of Vh,so every vh ∈ Vh 
an be written as
vh(x) =

Nh∑

i=1

vh(Pi)ϕh,i(x), ∀x ∈ Ω. (2.13)Thus, it de�nes an interpolation operator Πh : V → Vh, v → Πh(v) = vh. Besides, thelo
al interpolation operator Πh,K over K 
an be de�ned analogously by
Πh,K(v) =

3∑

i=1

v(si)ϕ
loc
i , ∀v ∈ V,where the notations of de�ntions 2.2.3 and 2.2.4 are used. Then, there exists a 
onstant

C > 0 su
h that the following upper bounds 18
‖v −Πh,Kv‖Hm

0 (K) ≤ C h
2−m
K

(
hK
ρK

)m

‖v‖H2
0 (K) , m = 0, 1, 2,17. By extension, these points are 
alled nodes of the mesh Mh.18. A more general statement of this result 
an be found in [EG02, Theorem 2.7.2℄.



2.2. SOME NOTIONS ABOUT THE FINITE ELEMENT METHOD 29holds for all v ∈ H2(K), where the Sobolev spa
e H2(K) and the semi-norm ‖·‖Hm
0 (K)are both de�ned in the appendix (see A.2.9 and A.2.17). The ratio hK/ρk appears in thislast expression, thus, to extend this lo
al result to the whole domain Ω, the 
ondition(ii) in the de�nition 2.2.7 of a regular family of meshes is ne
essary. A 
lassi
al resultfor global 
onvergen
e is [Cia78, Theorem 3.2.1℄, whi
h 
an be trans
ribed here in our
ontext as follows.Theorem 2.2.8. Let Ω be a polygonal domain, let V be the spa
e H1

0 (Ω) and let Vh bede�ned by (2.11). Consider a regular family (Mh)h of meshes 
onsisting of Lagrange�nite elements of type P1, and the interpolation operator Πh over Ω. Then, there existsa 
onstant C, independant of h, su
h that for all v ∈ H2 ∩H1
0 (Ω),

‖v −Πhv‖Hm(Ω) ≤ C h2−m ‖v‖H2
0 (Ω) , m = 0, 1,where the norms ‖·‖Hm(Ω) and ‖·‖H2

0 (Ω) are given in De�nition A.2.9 and in Proposi-tion A.2.17.2.2.3 Numeri
al implementation: quadrature rule and storageLet us 
ome ba
k to the problems (Pabs ) and (Pabs,h ) de�ned at the beginning of theprevious subse
tion, with the parti
ular 
hoi
es V = H1
0 (Ω) and Vh de�ned by (2.11)�so�nite element of type P1 is appropriate�, with its basis {ϕh,i}Nh

i=1 given by (2.12). Thenotation uh ∈ R
Nh is abusively used again for the ve
tor whose j-th 
omponent (uh)jis the value of the solution uh to (Pabs,h ) at node Pj , j = 1, . . . , Nh, of a meshMh of Ω,that is

uh(x) =

Nh∑

j=1

(uh)j ϕh,j(x), ∀x ∈ Ω. (2.14)It is su�
ient to verify the equality on Vh appearing in (Pabs,h ) only for ea
h basisfun
tions ϕh,i. Hen
e, thanks to the bilinearity of a, the problem (Pabs,h ) 
an be rewrittenas
(Pabs,h)



Find uh ∈ R
Nh su
h that

Nh∑

j=1

a(ϕh,j , ϕh,i) (uh)j = l(ϕh,i), ∀i = 1, . . . , Nh.Finally, denoting by A ∈MNh
(R) the matrix de�ned by

Ai,j = a(ϕh,j , ϕh,i), i, j = 1, . . . , Nh,and by b ∈ R
Nh the ve
tor de�ned by

bi = l(ϕh,i), i = 1, . . . , Nh,the �nal formulation of problem (Pabs,h ) is
(Pabs,h){ Find uh ∈ R

Nh su
h that
Auh = b.



30 CHAPTER 2. FUNDAMENTAL TOOLSIn order to solve this problem, the �rst task to perform is to build the matrix A and theve
tor b. Frequently, the 
omponents Ai,j of A 
onsist of integrals involving ϕh,i and
ϕh,j . Moreover, A is symmetri
. For example, in Chapter 3, a matrix M ∈ MNh

(R)arises, whose 
omponents are de�ned by
Mi,j =

∫

Ω

ϕh,jϕh,i, i, j = 1, . . . , Nh,as mentioned 19 by the equation (3.4). Sin
e the support of the basis fun
tion ϕi isredu
ed 20 to the triangles K su
h that Pi belongs to K, it follows that
Mi,j =

∑

(K,P,Σ)∈Mh
Pi,Pj∈K

∫

K

ϕh,jϕh,i, i, j = 1, . . . , Nh.Nevertheless, instead of 
omputing ea
h 
omponent of M one by one, a more suitableway of pro
eeding is to add the 
ontribution of ea
h triangle K ofMh to the 
omponents
orresponding to the asso
iated nodes of K. It means that for ea
h K, whose verti
esare denoted P loc
1 , P loc

2 , P loc
3 , a lo
al matrix M loc

K ∈M3(R) is built, su
h that
M loc

K i,j =

∫

K

ϕloc

j ϕloc

i , i, j = 1, . . . , 3,where ϕloc

i is the basis fun
tion taking value 1 at P loc

i , i = 1, 2, 3. The algorithm of
onstru
tion of a symmetri
 matrix is given by (I denotes the number of triangles K inthe meshMh) Matrix 
onstru
tion abstra
t algorithmInitialize M ← 0;for K = 1 to I doCompute the 3 by 3 lo
al matrix M loc

K ;for i = 1 to 3 doAssemble the lo
al matrix into the global matrix by performing:for j = i to 3 do
M [Pi, Pj ]←M [Pi, Pj ] +M loc

K [i, j];end j;end i;end K; Algorithm 1.19. A
tually, the equation reported in this remainder 
orresponds to the parti
ular 
ase where theunderlying manifold is an open set of R2, sin
e the volume element dVg appearing in equation (3.4), ishere the Lebesgue measure. The general 
ase is not 
onsidered in this se
tion for the sake of 
larity. SeeChapter 3 for details.20. An important aspe
t of the Finite Element Method is that the support of the basis fun
tions ϕiis small, in order to make the 
omputation of these integrals numeri
ally inexpensive.



2.2. SOME NOTIONS ABOUT THE FINITE ELEMENT METHOD 31Two points deserve to be developed: the numeri
al 
omputation of the lo
al matrixand the step of assembling and storage of the lo
al matrix into the global matrix�thisis dis
ussed later�.As mentioned before, the Finite Element Method will be applied to our problem with�nite elements of type P1. It is easy to show that every su
h element (K,P,Σ) is a�neequivalent to the element (K̂, P̂ , Σ̂), 
alled referen
e element, de�ned by
K̂ := {(x̂1, x̂2) ∈ R

2 : x̂1, x̂2 ≥ 0, x̂1 + x̂2 ≤ 1};
P̂ := P1|K̂ ;

Σ̂ := {(1, 0), (0, 1), (0, 0)},with asso
iated lo
al shape fun
tions ϕ̂loc
i , i = 1, 2, 3, de�ned for x̂ ∈ K̂, by

ϕ̂loc
1 (x̂1, x̂2) = x̂1;

ϕ̂loc
2 (x̂1, x̂2) = x̂2;

ϕ̂loc
3 (x̂1, x̂2) = 1− x̂1 − x̂2.Indeed, denoting 
lo
kwise by P loc
1 , P loc

2 and P loc
3 the verti
es of K�or equivalently, thenodes of Σ�, it is su�
ient to take in De�nition 2.2.6 the fun
tion FK := F : R2 → R

2,de�ned by
FK(x̂) =

3∑

i=1

ϕ̂loc
i (x̂)P loc

i , ∀x̂ ∈ K̂,so that the lo
al shape fun
tions ϕloc
i de�ned on K satisfy ϕ̂loc

i = ϕloc
i ◦ FK , i = 1, 2, 3,and

detDFK(x̂) =
(

P loc

1 − P loc

3

∣
∣
∣P loc

2 − P loc

3

)

> 0,sin
e K is a (non �at) triangle and Fk is orientation preserving. So, the Ja
obian de-terminant of FK does not depend on the point x̂ where it is 
omputed. See Figure 2.5.The property of a�ne-equivalen
e is extensively used to transport the 
omputation ofintegrals over K onto K̂. Indeed, for an integrable fun
tion Ψ : K → R de�ned on K,the 
hange of variables x = FK(x̂) gives
∫

K

Ψ(x) dx = detDFK(x̂)

∫

K̂

Ψ ◦ FK(x̂) dx̂.So building the whole matrix M redu
es to apply a quadrature rule to approximateintegrals only over K̂. In the sequel, we employ a quadrature rule of the form 21
∫

K̂

Ψ ◦ FK(x̂) dx̂ ≃ 1

6

3∑

l=1

Ψ ◦ FK(λ̂l), (2.15)21. The 1/6 fa
tor 
omes from the produ
t of a uniform weight 1/3 and the area of K̂ equal to 1/2.
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K̂ x̂

K
FK(x̂)

FK

P loc

3

P loc

1

P loc

2

Figure 2.5: The mapping Fk takes the set K̂ of the referen
e element into the set K ofan element (K,P,Σ). FK is the expli
it invertible a�ne mapping in De�nition 2.2.6 thatmakes (K̂, P̂ , Σ̂) and (K,P,Σ) a�ne-equivalent.with two di�erent 
hoi
es of integration points λ̂l, namely
λ̂1 = (1, 0), λ̂2 = (0, 1), λ̂3 = (0, 0), (2.16)and λ̂′1 =

(

0,
1

2

), λ̂′2 = (1

2
, 0

), λ̂′3 = (1

2
,
1

2

)

. (2.17)Remark 2.2.5. The approximation (2.15) with the 
hoi
e of integration points givenby (2.16) is a
tually an equality if ψ is a polynomial fun
tion of degree at most 1,whereas with the 
hoi
e of integration points given by (2.16), it is exa
t for all polynomialfun
tions of degree at most 2. See [QSS07, Subse
tion 9.9.2℄.De�nition 2.2.9. The approximation (2.15) with the 
hoi
e of integration points givenby (2.16) de�nes a quadrature rule using masslumping. By opposition, the 
hoi
e ofintegration points given by (2.17) makes (2.15) a quadrature rule without masslumping.The notion of masslumping is addressed within the framework of eigenvalues opti-mization in Subse
tion 3.5.1.The terminology of the last de�nition 
omes from the form taken by the matrix M ,
alled mass matrix in elasti
ity theory: the 
omponent Mi,j , i, j = 1, . . . , Nh, 
an be
omputed over the referen
e element K̂ and then approximated using a quadrature ruleof the form (2.15), that is
Mi,j =

∑

(K,P,Σ)∈Mh
Pi,Pj∈K

∫

K

ϕh,j(x)ϕh,i(x)dx =
∑

(K,P,Σ)∈Mh
Pi,Pj∈K

∫

K

ϕloc
locK(j)(x)ϕ

loc
locK(i)(x)dx

=
∑

(K,P,Σ)∈Mh
Pi,Pj∈K

detDFK

∫

K̂

ϕ̂loc
locK(j)(x̂)ϕ̂

loc
locK(i)(x̂)dx̂

≃ 1

6

∑

(K,P,Σ)∈Mh
Pi,Pj∈K

detDFK

3∑

l=1

ϕ̂loc
locK(i)(λ̂l)ϕ̂

loc
locK(j)(λ̂l),



2.3. THE LANCZOS METHOD 33where locK(i) ∈ {1, 2, 3} denotes the lo
al numbering in K of the node i, 1 ≤ i ≤ Nh.The quadrature rule whose integration points are given by (2.16) leads to Mi,j = δi,j ,where δi,j denotes the Krone
ker symbol, sin
e ψ = ϕh,jϕh,i and ϕ̂loc
locK(i)(λ̂l) = δlocK(i),l.Thus, all non-zero 
omponent of the mass matrix M are lumped on the diagonal. Withthe other 
hoi
e (2.16) of integration points, M is no longer diagonal, but still remainssparse 22 so a judi
ious way of storage must be used. It leads us to the se
ond point wewanted to develop in the algorithm 1.Assume two points of a triangle K are lo
ally numbered P loc

locK(i) and P loc

locK(j), andglobally numbered Pi and Pj . Adding naively the 
ontribution M loc

K locK(i),locK(j) of thiselement to the asso
iated 
omponent Mi,j of the global matrix would imply to handlea large and sparse Nh by Nh matrix M . Instead, a standard storage for the matrix M ,known as Compressed Sparse Row (CSR) 23, is used. It 
onsists in storing a sparse m by
n matrix A with nz non-zero 
omponents, using three ve
tors: a real ve
tor aa of size nz
ontaining the non-zero values of A, and two integers ve
tors ia and ja with respe
tivesize m+ 1 and nz to determine the lo
ation in A of these non-zero elements. Pre
isely,using square bra
kets to indi
ate a 
omponent of a ve
tor as it is in a standard 
omputerprogram, it yields:
◦ aa[i] is the i-th non-zero value of A listed left-to-right, then top-to-bottom, i =

1, . . . , nz;
◦ ia[i] is the index in aa of the �rst non-zero element of row i in A, i = 1, . . . ,m, and
ia[m+1] = nz+1 by 
onvention and for pra
ti
al reasons. In other words, the non-zero 
omponents lying on the i-th row of A are stored in aa[ia[i]], . . . ,aa[ia[i+1℄-1℄;

◦ ja[i] is the index of the 
olumn in A of the i-th 
omponent of aa, i = 1, . . . , nz.Thus, if Ai,j 6= 0 is the k-th non-zero element of A, then aa[k] = Ai,j , ia[i] ≤ k < ia[i+1]and ja[k] = j.To 
ompare the amount of memory needed to store the matrix M using or not theCSR method, 
onsider for a moment a mesh Mh with Nh points inside the underlyingdomain as a graph Γ = (V,E). The degree deg(v) of a vertex v ∈ V is the number of edges
e ∈ E su
h that v belongs to e, or equivalently, the number of neighbours of v. Denotingby d := maxv∈V deg(v) the maximal degree of Γ, then at most 2dNh + (Nh + 1) =
(2d + 1)Nh + 1 memory lo
ations are needed, 
ompared with Nh

2 without using CSR.Usually, d is small, so large is the gain.The assembling of the lo
al matrix M loc

K into the global matrix M has to be 
arriedout with 
aution, see [Saa03, Se
tion 2.3℄.2.3 The Lan
zos methodThroughout this se
tion, A ∈MN (R) denotes a N by N symmetri
 matrix with real
omponents.22. No rigorous de�nition is known to the author. However, in [GMS92℄, the authors refer to thefollowing informal de�nition due to J. H. Wilkinson: a sparse matrix is any matrix with enough zerosthat it pays to take advantage of them.23. It is also known as Compressed Row Storage (CRS), see [Saa03, Se
tion 3.4℄.



34 CHAPTER 2. FUNDAMENTAL TOOLS2.3.1 De�nition and basi
 propertiesGiven su
h a matrix A, the spe
tral theorem in �nite dimensional spa
e reads asfollows.Theorem 2.3.1. Let A ∈MN (R), be a symmetri
, de�nite, positive matrix. Then, thereexist 0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λN ∈ R≥0, and x1, . . . ,xN ∈ R
N 
onsisting in a orthonormalbasis of RN , su
h that

Axk = λkxk,for all k = 1, . . . , N .Notation 2.3.2. Throughout this do
ument, the eigenvalues of A are numbered inas
ending order and when 
onfusion 
an o

urs, the asso
iated matrix is pre
ised byindi
ating λ(A) instead of λ, for instan
e.Moreover, in this se
tion, (·|·) denotes the usual inner produ
t on R
N , and ‖·‖ denotesthe resulting Eu
lidean norm.This theorem states the existen
e of eigenvalues and eigenve
tors, whereas the Lan
-zos method provides in
reasingly better estimates of extremal eigenvalues of A througha family of matri
es Tk ∈ Mk(R). This method is so 
alled 24, after the Hungarianmathemati
ian K. Lán
zos, and there exist several variants to it.The aim is to apply this method to a problem involving a large and sparse matrix A,a 
ase in whi
h it is e�
ient. It is spe
ially indi
ated 25 when we are interested in the�rst or last eigenvalues and eigenve
tors of A. To get qui
kly to the heart of the matter,
onsult [GVL96, Chapter 9℄, or to go deeper into this topi
, [CW02℄ provides a detailedoutline in various situations depending in parti
ular on the properties of the matrix A.This subse
tion is based on both referen
es. Finally, [LSY98℄ is useful for the softwareimplementation.Let us try to understand where this method 
omes from. First, re
all the notion ofRayleigh quotient and the Min-max Theorem, given in the �nite dimensional 
ontext.De�nition 2.3.3. The Rayleigh quotient is de�ned for a matrix A and a non-zero ve
tor

x ∈ R
N , by

RA(x) =
(Ax|x)
(x|x) .Theorem 2.3.4 ( Min-max Theorem, [CW02, Theorem 8.1.2℄ ). With the previous no-tations and denoting by Si the set of all subspa
e of RN of dimension i ≤ N , it yields

λi = min
V ∈Si

max
x∈V \{0}

RA(x),24. Sometimes referen
e is made to the Arnoldi-Lan
zos Method, after the name of the Ameri
anengineer Walter Edwin Arnoldi, whi
h is a generalization of the Lan
zos Method for any matrix.25. The reasons will be 
lear when the algorithm will be given



2.3. THE LANCZOS METHOD 35in parti
ular,
λ1 = min

x 6=0
RA(x),

λN = max
x 6=0

RA(x).Assume that an orthonormal basis {qi}1≤i≤N of RN is at our disposal and denote by
Qk, 1 ≤ k ≤ N , the N by k matrix whose i-th 
olumn is the ve
tor qi. For 1 ≤ k ≤ N ,set

mk := λ1(Q
T
kAQk),

Mk := λk(Q
T
kAQk).Using the Min-max Theorem,

mk = min
x6=0

(AQkx|Qkx)

(x|x) = min
x6=0

(AQkx|Qkx)

(Qkx|Qkx)
≥ λ1(A),

Mk = max
x6=0

(AQkx|Qkx)

(x|x) = max
x 6=0

(AQkx|Qkx)

(Qkx|Qkx)
≤ λN (A),where the se
ond equalities hold sin
e {qi}1≤i≤N is orthonormal. In parti
ular, mN =

λ1(A) and MN = λN (A) be
ause A and QT
NAQN are by de�nition similar. The Lan
zosmethod 
onsists in 
hoosing iteratively the qi in order to obtain in
reasingly betterestimates of λ1(A) and λN (A). Given {qi}1≤i≤N , for k < N , qk+1 must be 
hosen ina judi
ious way. To this end, 
onsider xk ∈ span{q1, . . . , qk} su
h that RA(xk) = mk.Sin
e ∇RA(x) is pointing into the steepest (positive) dire
tion of the surfa
e given by

{(x, RA(x)),x ∈ R
N \ {0}} at point x, in order to obtain mk+1 < mk, qk+1 
ould be
hosen su
h that

∇RA(xk) ∈ span{q1, . . . , qk+1}. (2.18)In a similar way for Mk+1, denoting by yk ∈ span{q1, . . . , qk} the ve
tor satisfying
RA(yk) =Mk, the following extra 
ondition on qk+1 
ould be imposed

∇RA(yk) ∈ span{q1, . . . , qk+1}. (2.19)Thanks to the equality
∇RA(x) =

2

(x|x)(Ax−RA(x)x),obtained after easy 
omputations, noti
e that ∇RA(x) ∈ span{x, Ax}, thus if
span{q1, . . . , qk} = span{q1, Aq1, . . . , Ak−1q1}, (2.20)and if qk+1 satis�es span{q1, . . . , qk+1} = span{q1, Aq1, . . . , Akq1}, both 
onditions(2.18) and (2.19) hold simultaneously and it yields mk+1 < mk and Mk+1 > Mk.



36 CHAPTER 2. FUNDAMENTAL TOOLSDe�nition 2.3.5. Let A ∈MN (R) be a matrix and v ∈ R
N be any ve
tor. The k-orderKrylov matrix asso
iated to A and v is the N by k matrix de�ned by

K(A,v, k) =
[

v, Av, A2v, . . . , Ak−1v
]

,for all k = 1, . . . , N , and its range
K(A,v, k) = span

{

v, Av, A2v, . . . , Ak−1v
}

,is 
alled k-order Krylov subspa
e asso
iated to A and v.With this terminology, the task to be performed is to �nd a not too expensive mannerto build an orthonormal basis for the Krylov subspa
es K(A, q1, k). For this purpose,starting from an arbitrary q1 with Eu
lidean norm equals 1, set q̃2 := Aq1− (Aq1|q1)q1in order to have a new ve
tor in the span of {q1, Aq1} orthogonal to q1. If q̃2 6= 0, set
q2 := q̃2/‖q̃2‖. The following ve
tors are built by orthogonalizing with respe
t to thelast two basis ve
tors and then normalized, namely, for k ≥ 2,

q̃k+1 = Aqk − (Aqk|qk)qk − (Aqk|qk−1)qk−1,

qk+1 =
1

‖q̃k+1‖
q̃k+1.Then it is su�
ient to guarantee the orthonormality of the families {qi}1≤i≤k, for all

k = 1, . . . , N . Indeed, by indu
tion on k, if {qi}1≤i≤k is orthonormal, then qk+1 isorthogonal to qk and qk−1 by 
onstru
tion, and for 1 ≤ i ≤ k − 2,
(qk+1|qi) =

1

‖q̃k+1‖
(Aqk − (Aqk|qk)qk − (Aqk|qk−1)qk−1|qi) =

1

‖q̃k+1‖
(qk|Aqi)

=
1

‖q̃k+1‖
(qk|qi+1‖q̃i+1‖+ (Aqi|qi)qi + (Aqi|qi−1)qi−1) = 0,where the se
ond equality 
omes from the symmetry of A, and the third one from thede�nition of qi+1, from the orthonormality of {qi}1≤i≤k and from the fa
t that Aqibelongs to K(A,v, k). A
tually, for i = 1, q0 should be set to 0 so that the last term inthe last inner produ
t makes sense.If for some 1 ≤ k ≤ N − 1, q̃k+1 = 0, then the pro
ess breaks down. But, itmeans that {q1, . . . , qk} spans an invariant subspa
e of A, or equivalently, that k =

rank (K(A, q1, N)). Thus, in order to �nd ea
h eigenvalue of A it is su�
ient to ask q1to have a non-zero proje
tion on every eigenve
tor of A. Su
h a 
ondition holds withprobability 1, so no spe
ial 
hoi
e of q1 is needed in pra
ti
e. More pre
isely, by noti
ingin the previous development that Aqk 
an by written in terms of solely qk−1, qk and
qk+1, it yields readily, for all k = 1, . . . , rank (K(A, q1, N)),

AQk = QkTk + q̃k+1ek
T ,
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k is the last 
anoni
al basis ve
tor of Rk, and

Tk =












α1 β1 0 . . . 0

β1 α2
. . . . . . ...

0
. . . . . . . . . 0... . . . . . . . . . βk−1

0 . . . 0 βk−1 αk












∈Mk(R),where
αk = (Aqk|qk), k = 1, . . . , N,

βk = (Aqk+1|qk), k = 1, . . . , N − 1.Moreover, the 
ondition (2.20) expressing that {qi}1≤i≤k is a basis of K(A, q1, k) holds,sin
e it 
learly holds for k = 1 and by indu
tion on k = 1, . . . , N , if it is true for
j = 1, . . . , k, then
qk+1 = Aqk − αkqk − βk−1qk−1 ∈ span{qk−1, qk, Aqk} ⊂ span{q1, . . . , Ak−1q1, A

kqk}by indu
tion assumption. Finally, sin
e there exist c1, . . . , ck ∈ R su
h that qk = c1q1 +
· · · + ckA

k−1q1, it implies Aqk ∈ span{Aq1, . . . , Akq1}.De�nition 2.3.6. With the previous notations, the matrix Tk is 
alled Lan
zos matrixof order k, the ve
tors qk are 
alled Lan
zos ve
tors. Moreover, an eigenvalue µ of Tkis 
alled a Ritz value of A and the ve
tor v := Qku, where u is the eigenve
tor of Tkasso
iated to µ, is 
alled a Ritz ve
tor of A and by extension, (µ,v) is 
alled a Ritz pairof A.If the pro
ess rea
hes k = N , then AQN = QNTN and so the Ritz values of A are theeigenvalues of A, and the asso
iated eigenve
tors are the Ritz ve
tors. Thus, the problemis redu
ed to 
ompute the eigenvalues of a tridiagonal matrix. However, in pra
ti
e N islarge and the pro
ess stops for k ≪ N . The quality of the approximation of the extremaleigenvalues of A by those of Tk is stated in a result by Y. Saad, whi
h reads, adapted inour notations, as follows:Theorem 2.3.7 ( [Saa80, Theorem 2℄ ). For m ≤ N su
h that qm provided by theLan
zos method is not zero, let µ1 < · · · < µm be the eigenvalues of Tm, {xk}1≤k≤m bean orthonormal family of eigenve
tors of A asso
iated to λ1, . . . , λm. Assume that q1 hasa non-zero proje
tion on every xk, k = 1, . . . ,m. If 26 µi−1 < λi for some i = 1, . . . ,m,then
0 ≤ µi − λi ≤ (λN − λi)

(
Ki

Tm−i(γi)
tanα(xi, q1)

)226. For i = 1, there is no additional 
ondition, so set µ0 = −1.
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Ki =

i−1∏

j=1

λN − µj
λi − µj

,and where Tm−i denotes the Chebyshev polynomial of the �rst kind of degree m− i givenby
Tm−i(x) =

1

2

(

(x+
√

x2 − 1)m−i + (x−
√

x2 − 1)m−i
)

,

γi = 1 + 2(λi+1 − λi)/(λN − λi) and α(xi, q1) denotes the angle between xi and q1.This result emphasizes the in�uen
e of the initial ve
tor q1 on the approximationthrough its angle with the �rst eigenve
tors of A, but mainly, it raises the 
onvergen
erate through the Chebyshev polynomial Tm−i in γi. The behaviour of Tk, as k tends to
∞, is well known: in our 
ontext, if √(γj − 1)/2 (m− j) > 1, then it holds 27 that

Tm−i(γi) ∼ e2(m−i)
√

(γi−1)/2 .2.3.2 Implementation of the methodAs before, let q1 be an initial arbitrary ve
tor of Eu
lidean norm equals 1. Forpra
ti
al reason, noti
e that for k < rank (K(A, q1, N)),
‖q̃k+1‖qk+1 = q̃k+1 = Aqk − αkqk − βk−1qk−1, (2.21)and taking the inner produ
t against qk+1 implies

‖q̃k+1‖ = (Aqk|qk+1) = βk.The Lan
zos algorithm 
an now be expressed as follows:Lan
zos basi
 Algorithm
q1 given.Initialize β0 ← 1; q0 ← 0; q̃0 ← q1; k ← 0;while βk 6= 0

qk+1 ← q̃k/βk; k ← k + 1; αk ← (Aqk|qk);
q̃k ← Aqk − αkqk − βk−1qk−1;
βk ← ‖q̃k‖;end Algorithm 2.27. See [Par80, Appendix B℄. Here, we re
all that m should be large in order to get a good approxi-mation of the spe
trum of A.
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tually, βk = 0 never o

urs on a 
omputer. To approximate numeri
ally the �rst keigenvalues of A, we �x 28 m > k and use the Lan
zos algorithm until 
omputing βm. Atthis step, m Ritz pairs (µ1,v1), . . . , (µm,vm) of A are at our disposal as approximationsof the 
orresponding eigenpairs of A. The Ritz values are numbered in as
ending order.Noti
ing that if Tku = µu, then the ve
tor v = Qku veri�es
‖Av − µv‖ = ‖AQku−Qkµu‖ = ‖(AQk −QkTk)u‖ = ‖q̃k+1ek

Tu‖
= ‖q̃k+1‖|(u)k| = |βk||(u)k|,where the last equality 
omes from (2.21), and where (u)k denotes the k-th 
omponent ofthe ve
tor u. The stopping 
riterion used numeri
ally 
onsists in 
ontrolling the quantity

|βk||(ui)k|, with vi = Qmui. In general, this 
riterion is not satis�ed (after rea
hing mthe �rst time). Thus, the pro
ess restarts using a judi
ious 
hoi
e of q1, involving theorthonormal ve
tors previously 
omputed, until 
onvergen
e (a
tually, an impli
it shiftedQR algorithm is a
hieved). A detailed des
ription of the exa
t implementation 
an befound in [LSY98℄, whi
h goes beyond the s
ope of this subse
tion whose aim was tounderstand the grounds of this method. Moreover, this way of restarting the pro
ess isdesigned to get good estimates of the asso
iated eigenve
tors.Remark 2.3.1. Besides, rounding errors due to �nite pre
ision on a 
omputer indu
e a lossof orthogonality for the ve
tors qk. But Paige in [Pai71℄ noti
ed that this loss is 
aused by
ombination of rounding errors together with 
onvergen
e for the eigenvalues. There existmodi�ed Lan
zos methods 
arrying out a re-orthogonalization but the 
ounterpart pri
eis a bearable extra memory pla
e and additional 
omputational time. But there too, somevariants�as one 
arrying blo
k 
omputations�exist in order to be more e�
ient . . .In the sequel, to approximate the spe
trum of the Diri
hlet-Lapla
e operator, a linearsystem has to be solved, whi
h is of the form
Su = λMu, (2.22)where S,M ∈ MN (R) are symmetri
 and positive de�nite matri
es 29, and (λ,u) ∈

R>0 × R
N are a sought eigenpair, with λ belonging to the smallest eigenvalues. Totransform this system into one appearing in Theorem 2.3.1, we perform the Choleskyde
omposition of M into

M = LTL,where L ∈MN (R) is an upper triangular symmetri
 matrix. Setting v := Lu, it yields
L−TSL−1v = λv,and sin
e L−TSL−1 is symmetri
, the Lan
zos method 
an be applied. To solve thissystem avoiding the expli
it 
omputation of L−1, we su

essively(i) solve the triangular system Lw = v;28. In [LSY98, Se
tion A.1.4℄, they re
ommend to assign m = 2k.29. From elasti
ity theory, the matrix S is 
alled sti�ness matrix.
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ompute x := Sw;(iii) solve the triangular system LTy = x.Finally, the eigenve
tor u in (2.22) 
an be re
overd by solving the triangular system
Lu = v.Thus, as shown by the implementation of the algorithm, the user must only providea routine performing a matrix-ve
tor produ
t to apply the Lan
zos method�togetherwith the ARPACK pa
kage 30�in order to solve numeri
ally the system given by (2.22).

30. It is des
ribed in [LSY98℄.



Chapter 3Computation of eigenvalues of theDiri
hlet-Lapla
ian
This 
hapter is based on the prepubli
ation [Str12a℄, whi
h 
an makes redundan
ieso

ur with the previous 
hapter. The goal of this arti
le is to 
ompute numeri
allythe spe
trum of the Diri
hlet-Lapla
e operator on a domain in a surfa
e 1 using a �niteelement based method. This algorithm is detailed and an estimation of the error made inapproximating an eigenvalue is presented and 
he
ked on theoreti
ally known examples.Then, the results of 
omputations are exhibited, espe
ially for domain in surfa
es di�erentfrom R

2.In the present 
hapter, more details are given about the tools and notions usedin [Str12a℄. In parti
ular, the existen
e of solutions is established for the eigenvalueproblem 
onsisting in �nding a non-zero map u : ΩM → R and a s
alar λ ∈ R, su
h that
−∆gu = λu, on the domain ΩM , with Diri
hlet boundary 
onditions. The variationalformulation of the problem is derived into details, followed by a dis
ussion about theequivalen
e with the initial formulation of the problem, through the regularity of ∂ΩM .This variational formulation is suitable for the numeri
al 
omputations based on theapproximation of the problem, whi
h is the subje
t of the se
ond se
tion. Then, theerror made in doing this approximation, both for the eigenvalues and the eigenfun
tions,is presented in the third and fourth se
tion. Finally, the examples exhibited in thearti
le are repeated. It 
onsists in numeri
al validations for a ball in R

2 together withsome experiments for balls of various volumes in the sphere S
2 and in hyperboli
 spa
e.A 
omparison between the eigenvalues of the Diri
hlet-Lapla
e operator on these balls inthese three surfa
es is 
arried out. Perforated balls and a family of surfa
es of revolutionwith various 
urvatures are other examples presented here.1. Pre
ise de�nition of the notions approa
hed in this short introdu
tion are given in details in the�rst se
tion below. 41



42 CHAPTER 3. COMPUTATION OF EIGENVALUES3.1 Theoreti
al statement of the problemLet (M,g) be a smooth, 
omplete Riemannian manifold of dimension 2 and ΩM ⊂ Mbe a domain, namely a bounded open set in M . First, assume that ∂ΩM is regularenough 2 and that g is smooth. These assumptions on ∂ΩM and g are weakened later.Analogously to Subse
tion 2.1, a Riemannian metri
 g being an inner produ
t on ea
htangent spa
e of the manifold, it 
an be represented at ea
h point x of M by a matrix
G(π(x)) ∈ M2(R) using a 
hart (U, π), where ΩM ⊂ U ⊂ M and π : U → R

2 is adi�eomorphism onto its range. Denote by x1, x2 the lo
al 
oordinates, and by ∆g theLapla
e operator given for all f ∈ C∞(M) by
∆gf =

1
√

det(G)

2∑

j,k=1

∂xj

(

Gjk
√

det(G)∂xkf
)

, (3.1)where Gjk is the (j, k)-
omponent of the inverse of the matrix G as outlined in Subse
tion2.1.3. Consider the following problem
(P)







Find a map u := uΩM
: ΩM → R, u 6≡ 0, and a s
alar λ := λΩM

su
h that
−∆gu = λu in ΩM ,

u = 0 on ∂ΩM .De�nition 3.1.1. The map u is 
alled an eigenfun
tion asso
iated to the eigenvalue λ.The 
ouple (u, λ) is 
alled an eigensolution or an eigenpair.Let C∞c (ΩM ) denote the spa
e of C∞(ΩM )-fun
tions with 
ompa
t support in ΩM ,
Hk(ΩM ) the Sobolev spa
e of order k ∈ N \ {0}, and H1

0 (ΩM ) the 
losure in H1(ΩM )of C∞c (ΩM ). The spa
e Hs(Ω), for a domain Ω and a s
alar s ∈ R, brie�y appearssubsequently in the dis
ussion about the regularity of the solutions to the problem (P).For a 
omplete de�nition of Sobolev spa
es and 
onne
ted notions, see Subse
tion A.2in the appendix.The spe
tral theorem is the main tool to prove the existen
e of eigensolutions. For aproof of this 
lassi
al result, see for example [Bre11, Theorem 6.11℄.Theorem 3.1.2 (spe
tral theorem). Let (E, (·|·)) be a separable Hilbert spa
e of in�nitedimension and T be a positive, self-adjoint and 
ompa
t operator on E. Then, thereexist a sequen
e (xm)m∈N\{0} of eigenve
tors de�ning a Hilbert basis of E and a sequen
e
(µm)m∈N\{0} of asso
iated eigenvalues 
onverging to 0, su
h that Txm = µmxm.To prove the existen
e of eigensolutions to the problem (P) let us �rst 
onsider
f ∈ L2(ΩM ) and u a solution to the problem

(Pf )







Find u ∈ H2(ΩM ), su
h that
−∆gu = f in ΩM ,

u = 0 on ∂ΩM .2. For instan
e assume that ∂ΩM is smooth.



3.1. THEORETICAL STATEMENT OF THE PROBLEM 43The Green Formula 3 shows that u belongs to H1
0 (ΩM ) and is solution of the problem

(WPf )







Find u ∈ H1
0 (ΩM ) su
h that

∫

ΩM

g(∇u,∇v) dVg =

∫

ΩM

fv dVg, ∀v ∈ H1
0 (ΩM ),where dVg denotes the volume element on M and ∇ the gradient asso
iated to g, asde�ned in Se
tion 2.1. Using the developments made in that se
tion, the volume element

dVg 
an be written in terms of Lebesgue measure using the lo
al 
oordinates in π(U) as
dVg =

√
detGdx1dx2, and the gradient of a fun
tion v ∈ H1

0 (ΩM ) is given by
∇v = G−1

∇us(v ◦ π−1),where ∇us = (∂x1, ∂x2) denotes the usual gradient in R
2 in the sense of the distributionstheory, see Se
tion A.2 in the appendix. The left hand side of the equality in (WPf ) 
anbe rewritten over Ω := π(ΩM ) using the bilinear form

a : H1
0 (Ω)×H1

0 (Ω) → R

(u, v) 7→ a(u, v) =

∫

Ω

∇uTG−1
∇v
√
detG,and the right hand side with the linear form

lf : H1
0 (Ω) → R

v 7→ lf (v) =

∫

Ω

fv
√
detG.In order to apply the Lax-Milgram Theorem 4 in this 
ontext, assume the 
omponents

Gi,j , i, j = 1, 2, of the matrix G to satisfy
(H1) Gi,j is bounded on ΩM for i, j = 1, 2;
(H2) there exists C > 0 su
h that detG ≥ C on ΩM .A su�
ient 
ondition for these assumptions to hold is that there exists a 
ompa
tset K su
h that ΩM ⊂ K ⊂ U . Indeed, the 
omponents Gi,j , i, j = 1, 2, and thus
detG are 
ontinuous maps. With these assumptions, the bilinear form a is 
ontinuous,
H1

0 (ΩM )-ellipti
 5, with 
onstant of ellipti
ity denoted by Cell . The linear form lf is
ontinuous, thanks to the Poin
aré's inequality 6. So, the Lax-Milgram Theorem holds:there exists a unique solution u ∈ H1
0 (ΩM ) to the problem (WPf ).3. See Se
tion A.2 in the appendix.4. See Theorem A.1.5.5. See De�nition A.1.4.6. It is re
alled in Proposition A.2.16.



44 CHAPTER 3. COMPUTATION OF EIGENVALUESIt is natural at this point to 
onsider the spa
e L2(Ω) endowed with the s
alar produ
t
(·|·)H given by

(v|w)H =

∫

Ω

v(x)w(x)
√

detG(x) dx, ∀v,w ∈ L2(Ω), (3.2)where x = (x1, x2). The assumptions made on g ensure this spa
e, denoted by H, to bea Hilbert spa
e and the norm ‖ · ‖H to be equivalent to ‖ · ‖L2(Ω). For 
onvenien
e, C−and C+ denotes the two positive 
onstants su
h that, for all f ∈ L2(Ω),
C−‖f‖L2(Ω) ≤ ‖f‖H ≤ C+‖f‖L2(Ω). (3.3)Thus, with these notations, the following operator is well de�ned

TD : H → H

f 7→ u,where u is the solution to the problem (WPf ). Moreover, TD satis�es the assumptionsof the spe
tral theorem: �rst, TD is positive sin
e for f ∈ H and u solution of (WPf ),
(TDf |f)H =

∫

Ω

fu
√
detG = lf (u) = a(u, u) ≥ 0,by H1

0 (ΩM )-ellipti
ity of a. A
tually, TD is stri
tly positive sin
e f 6≡ 0 implies u 6≡ 0.Se
ondly, TD is self-adjoint sin
e for f, g ∈ H, and u = TDf , w = TDg, the equality in
(WPf ) applied to v = w gives

a(u,w) = lf (w),and in (WPg) applied with v = u,
a(w, u) = lg(u),thus

(f |TDg)H = lf (w) = a(u,w) = lg(u) = (TDf |g)H .Finally, to see that TD is 
ompa
t, we �rst show that TD is bounded in H1
0 (Ω): let f ∈ Hand u = TDf . The equality in (WPf ) applied to v = u gives

Cell‖u‖2H1
0 (Ω) ≤ a(u, u) = lf (u) ≤ ‖f‖H‖u‖H ≤ C2C2

+‖f‖H1
0 (Ω)‖u‖H1

0 (Ω),where C > 0 is the 
onstant appearing in the Poin
aré's inequality. So
‖TDf‖H1

0 (Ω) = ‖u‖H1
0 (Ω) ≤

C2C2
+

Cell

‖f‖H1
0 (Ω).
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e TD : H → H1
0 (Ω) is bounded, i : H1

0 (Ω) →֒ L2(Ω) is 
ompa
t by the Relli
h'sTheorem 7 and sin
e ‖ · ‖H and ‖ · ‖L2(Ω) are equivalent, TD is 
ompa
t. The spe
traltheorem 
an be applied in that 
ontext: there exist a sequen
e (un)n∈N\{0} of eigenve
torsde�ning a Hilbert basis ofH and a sequen
e (µn)m∈N\{0} of positive asso
iated eigenvalues
onverging to 0, su
h that TDun = µnun for all n ∈ N \ {0}.The equality TDun = µnun means that u = µnun is a solution to (WPun), that is
∫

ΩM

g(∇u,∇v) dVg =

∫

ΩM

unv dVg ∀v ∈ H1
0 (ΩM ),Using the notations λn,Ω := 1/µn and un,Ω := un for all n ∈ N \ {0}, this means thatthere exist a stri
tly positive sequen
e

0 < λ1,Ω ≤ λ2,Ω ≤ ...ր +∞,tending to +∞ and a sequen
e of fun
tions (un,Ω)n∈N\{0}, forming a Hilbert basis of H,su
h that for all n ∈ N \ {0}, (λn,Ω, un,Ω) is solution of the problem
(WP)







Find u ∈ H1
0 (ΩM ), u 6≡ 0, and λ ∈ R su
h that

∫

ΩM

g(∇u,∇v) dVg = λ

∫

ΩM

uv dVg, ∀v ∈ H1
0 (ΩM ).De�nition 3.1.3. The problem (WP) is a weak formulation of the problem (P). A
ouple (u, λ) solution of (WP) is 
alled a weak solution or a weak eigenpair. The s
alar

λ is 
alled a weak eigenvalue and the fun
tion u a weak eigenfun
tion.In the sequel, the dependen
e on the domain is sometimes expli
itly indi
ated byspe
ifying (weak-)eigenvalue of ΩM or (weak-)eigenfun
tion of ΩM and will be denotedby λn(ΩM ). On the 
ontrary when no ambiguity is possible, the subs
ript indi
ating thedomain will be omitted, as in un.Remark 3.1.1. The orthogonality in H is the orthogonality in L2(ΩM ) endowed with themeasure given by the volume element dVg.A natural question whi
h arises now is to know when a weak eigenpair (λ, u) isa solution to the initial problem (P). A
tually, it depends on the regularity of theboundary of the domain ΩM , or equivalently on the boundary of the domain Ω, sin
e πis supposed to be a di�eomorphism. Without going into details, the rest of this subse
tionis dedi
ated to a dis
ussion about several 
ases.First, if ∂ΩM is at least of 
lass C2, all the previous 
omputations hold (in parti
ular,the Green Formula and the well de�nition of the spa
es used). Moreover, if (λ, u) is aweak solution, then u is solution of (WPλu). And by the Theorem 8.12 in [GT01℄, u isalso in H2(ΩM ) ∩H1
0 (ΩM ). Thus, for all ϕ ∈ C∞c (ΩM ),

∫

ΩM

−∆guϕdVg = λ

∫

ΩM

uϕdVg,7. See Theorem A.2.18 in the appendix.



46 CHAPTER 3. COMPUTATION OF EIGENVALUESby the Green Formula. Finally, by de�nition of C∞c (ΩM ), the equality −∆gu = λu holdsin Ω and (u, λ) is also an eigensolution.Remark 3.1.2. As stated in Theorem 8.13 in [GT01℄, the regularity of the eigenfun
tion
u is the same as the regularity of the boundary of the domain. More pre
isely, if ∂ΩM isof 
lass Ck+2, then u is of 
lass Ck+2(ΩM ), for all k ∈ N. In parti
ular, ∂ΩM of 
lass C∞implies u of 
lass C∞(ΩM ).If Ω is only supposed to have a polygonal boundary, the Green Formula still holds,so an eigenpair (u, λ) is also a weak eigenpair, as stated in [Gri85, Theorem 1.5.3.1℄.The 
onverse is not ne
essarily true, and depends on the largest angle ω of the polygondes
ribed by ∂Ω. In this situation, the 
ondition u ∈ H1+π/ω(Ω) holds, see [Gri92,Corollary 2.4.4 and Remark 2.4.6℄. In parti
ular, if Ω is a 
onvex polygonal set, a weakeigenpair is also an eigenpair.Keeping this in mind, we fo
us in the sequel on the problem (WP) and its solutionsto avoid ambiguity.3.2 Numeri
al pro
essing of the problemA �nite element method is used to solve numeri
ally the problem (P). The Galerkinmethod 8 
onsists in reformulating (WP) as a similar problem in a family of �nite di-mensional fun
tional subspa
es Vh ⊂ H1

0 (Ω) asso
iated to a family of meshesMh:
(WPh)

{ Find uh ∈ Vh, uh 6≡ 0, and λh ∈ R su
h that
a(uh, vh) = λh(uh|vh)H , ∀vh ∈ Vh.Note that be
ause of the regularity of π, (WPh) 
an be expressed in terms of fun
tionsdire
tly de�ned on Ω.De�nition 3.2.1. The problem (WPh) is an approximated problem of the problem

(WP). A 
ouple (uh, λh) solution of (WPh) is 
alled an approximated solution or anapproximated eigenpair. The s
alar λh is 
alled an approximated eigenvalue and thefun
tion uh an approximated eigenfun
tion.Existen
e of approximated solutions holds thanks to the �nite dimension of Vh andthe in
lusion Vh ⊂ H1
0 (Ω): there exist a stri
tly positive sequen
e

0 < λh,1,Ω ≤ λh,2,Ω ≤ ... ≤ λh,Nh,Ω ,where Nh = dimVh and a sequen
e of fun
tions (uh,n,Ω)n=1,...,Nh
, being an orthonormalbasis of Vh, su
h that for all n = 1, . . . Nh, (λh,n,Ω, uh,n,Ω) is solution of the problem

(WPh). The subs
ript h stands for the dependen
e on the geometry of the mesh, morepre
isely
h := max

K∈Mh

hK = max
K∈Mh

diam(K),8. See Subse
tion 2.2.2 for more details.



3.2. NUMERICAL PROCESSING OF THE PROBLEM 47whereK is the geometri
 element of a �nite element (K,Σ, P ) of the meshMh. Moreover,the family of spa
es (Vh)h is supposed to be asso
iated to a regular family (Mh)h ofmeshes in the sense of De�nition 2.2.7. For the 
omputations, a �nite element methodmade of triangles of type P1 is used, as de�ned in De�nition 2.2.5. It implies, for all h,that
Vh =

{

vh ∈ C0
(
Ω
) ∣
∣ vh|∂Ω ≡ 0, vh|K a�ne for all triangles K of the meshMh

}

.Following the 
lassi
al pro
ess of the �nite element method, 
onsider a basis {ϕh,i}Nh
i=1 of

Vh, given by
ϕh,i ∈ Vh, ϕh,i(Pj) = δij , ∀ 1 ≤ i, j ≤ Nh,where Pi denotes the nodes ofMh inside Ω and δij the Krone
ker symbol, 1 ≤ i, j ≤ Nh,as re
alled in Se
tion 2.2. With these notations, every fun
tion vh ∈ Vh 
an be writtenas

vh(x) =

Nh∑

i=1

vh(Pi)ϕh,i(x), ∀x ∈ Ω,and the bilinear form a and the linear form l are 
ompletely determined by the values
a(ϕh,j , ϕh,i) and l(ϕh,i) respe
tively, 1 ≤ i, j ≤ Nh. So, introdu
ing the matri
es M ∈
MNh

(R) and S ∈MNh
(R) given by
Mi,j =

∫

Ω

ϕh,jϕh,i dVg, ∀1 ≤ i, j ≤ Nh, (3.4)
Si,j = a(∇ϕh,j ,∇ϕh,i), ∀1 ≤ i, j ≤ Nh, (3.5)the approximated problem 
an be reformulated as

(WPh)

{ Find uh ∈ R
Nh ,uh 6= 0 and λh ∈ R su
h that

Suh = λhMuh.By 
oer
ivity of a, S is positive de�nite. This problem is then solved numeri
ally with aLan
zos pro
ess from the ARPACK library, as re
alled in Se
tion 2.3.Remark 3.2.1. The integrals appearing in the 
omputation of matri
es M and S areapproximated using quadrature formula: both without masslumping (nodes of an element
oin
ide with the middle of its edges) and also for M , with masslumping (nodes of anelement 
oin
ide with the verti
es, that makes M to be diagonal). See Subse
tion 2.2.3.The approximated problem is used numeri
ally and so, the solutions obtained are onlyapproximated eigenpairs. Thus, it is natural to wonder how 
lose are the approximatedsolutions to the exa
t ones. Of 
ourse, it depends on the domain Ω and on the qualityof the meshMh. It is the main point of the next subse
tion.



48 CHAPTER 3. COMPUTATION OF EIGENVALUES3.3 Estimation of the error |λh,k − λk|Two results are given in this se
tion: the �rst one gives a bound on the error
|λh,k − λk| from [RT83, Chapter 6℄ and [Bof10, Chapters 7 and 8℄. This se
tion fol-lows the presentation made in [RT83, Chapter 6℄, although a slight adaptation of 
ontextis ne
essary to take into 
onsideration the in�uen
e of the metri
 g in the bilinear form
a and in the norm ‖·‖H . The se
ond result, from [BO87℄, is more pre
ise in the 
ase ofa multiple eigenvalue but more 
ompli
ated. It is given without proof.The notations of the previous se
tions are used again. Besides, assume that thedomain Ω has a polygonal boundary to 
onsider only the error made by the approximationof H1

0 (Ω) by Vh and not the error due to the approximation of Ω itself.First, let us re
all a 
lassi
al and important result.De�nition 3.3.1. For v ∈ H1
0 (Ω), v 6= 0, the Rayleigh quotient is de�ned by

R(v) = a(v, v)

(v|v)H
=

∫

Ω

∇vTG−1
∇v dVg

∫

Ω

v2 dVg

.Proposition 3.3.2 (Min-max Theorem). For all k ∈ N \ {0},
λk = min

Ek∈Vk

max
v∈Ek\{0}

R(v),where Vk denotes the set of all subspa
es Ek of H1
0 (Ω) of dimension k.Proof. On the �rst hand, denoting by M(λk) the subspa
e spanned by the k �rst eigen-fun
tions (if λk is not simple, for example λk−i+1 = · · · = λk = · · · = λk+j , pi
k any iasso
iated eigenfun
tions), and writing v =

∑k
j=1 αjvj an element of M(λk),

min
Ek∈Vk

max
v∈Ek\{0}

R(v) ≤ max
v∈M(λk)\{0}

R(v)

= max
(α1,...,αk)6=(0,...,0)

∑k
j=1 α

2
ja(uj , uj)

∑k
j=1 α

2
j

= max
(α1,...,αk)6=(0,...,0)

∑k
j=1 α

2
jλj

∑k
j=1 α

2
j

≤ λk,by H-orthonormality of the eigenfun
tions. In parti
ular, noti
e that over M(λk), theRayleigh quotient is maximal at uk and R(uk) = λk. On the other hand, for Ek ∈ Vk, itis always possible, by an orthogonality pro
ess, to 
hoose v∗ ∈ Ek su
h that (v∗|ui)H = 0for all i = 1, . . . , k − 1. Su
h a ve
tor 
an be written v∗ =∑j≥k αjuj , so
min

Ek∈Vk

max
v∈Ek\{0}

R(v) ≥ min
Ek∈Vk

R(v∗) =
∑

j≥k α
2
jλj

∑

j≥k α
2
j

≥ λk.

�



3.3. ESTIMATION OF THE ERROR |λh,k − λk| 49This result being valid in a more general framework, it holds of 
ourse also for theapproximated eigenvalues (with a similar proof), namely for all k = 1, . . . , Nh,
λh,k = min

Eh,k∈Vh,k

max
vh∈Eh,k\{0}

R(vh),where Vh,k denotes the set of all subspa
es Eh,k of Vh of dimension k. Furthermore, thefollowing inequality holds for all k = 1, . . . , Nh,
λk ≤ λk,h , 1 ≤ k ≤ Nh. (3.6)Indeed, sin
e Vh ⊂ H1

0 (Ω), all subspa
e of Vh of dimension k is also a subspa
e of H1
0 (Ω)of dimension k, and

λk = min
Ek∈Vk

max
v∈Ek\{0}

R(v) ≤ min
Ek∈Vh,k

max
vh∈Ek\{0}

R(vh) = λh,k,The 
onverse estimation is the main part to establish the error |λh,k − λk|. In that aim,we follow the presentation in [RT83℄. Let us introdu
e Πh : H1
0 (Ω) 7→ Vh the ellipti
proje
tion operator uniquely determined by

a(v −Πhv, vh) = 0, ∀vh ∈ Vh.Both following lemmas do not need to be adapted from [RT83℄, but they are given witha proof, for the sake of 
ompleteness.Lemma 3.3.3 ( [RT83, Lemma 6.4-1℄ ). Set σh,k := inf
v∈M(λk)
‖v‖H=1

‖Πhv‖H for all integers
k ≥ 1. If σh,k > 0, then for all integer 1 ≤ k ≤ Nh,

λh,k ≤
λk
σ2h,k

.Proof. Let M(λk) be the subspa
e spanned by the k �rst eigenfun
tions. Sin
e σh,k > 0,
dim(ΠhM(λk)) = k. Choosing Eh,k = ΠhM(λk) in the Min-max Theorem yields
λh,k ≤ max

vh∈ΠhM(λk)\{0}
R(vh) = max

v∈M(λk),‖v‖H=1

a(Πhv,Πhv)

‖Πhv‖2H
≤ max

v∈M(λk),‖v‖H=1

a(v, v)

‖Πhv‖2H
,by homogeneity of R and by de�nition of the ellipti
 proje
tion operator Πh. Sin
e

λk = max
v∈M(λk)

R(v),it implies
λh,k ≤ max

v∈M(λk),‖v‖H=1

a(v, v)

‖Πhv‖2H
≤ λk sup

v∈M(λk),‖v‖H=1

1

‖Πhv‖2H
=

λk
σ2h,k

.

�



50 CHAPTER 3. COMPUTATION OF EIGENVALUESLemma 3.3.4 ( [RT83, Lemma 6.4-2℄ ). For all integer k ≥ 1, there exists a 
onstant
C1 := C1(k) > 0, independent of h, su
h that for all subspa
es Vh of V of dimension
k ≤ Nh,

σ2h,k ≥ 1− C1 sup
v∈M(λk)
‖v‖H=1

‖v −Πhv‖2H1
0 (Ω) .In parti
ular, the inequality holds for C1 = 2Ccont

√
kλ−1

1 , where Ccont is the 
onstant of
ontinuity of a.Remark 3.3.1. For all u, v ∈ H1
0 (Ω), it holds that

a(u, v) =

∫

Ω

∇uTG−1
∇v
√
detG ≤ sup

x∈Ω

√

detG(x) ‖u‖H1
0 (Ω) ‖v‖H1

0 (Ω) .So, a bound for the 
ontinuity 
onstant of a is given by Ccont ≤ supx∈Ω
√

detG(x) whi
his �nite by assumption.Proof. Let v ∈ M(λk), ‖v‖H = 1. Let us write v as v =
∑k

j=1 αjuj with ∑k
j=1 α

2
j = 1,by orthonormality. So,

1− ‖Πhv‖2H = (v −Πhv|v +Πhv)H = −‖v −Πhv‖2H + 2 (v −Πhv|v)H ,thus,
‖Πhv‖2H ≥ 1− 2 (v −Πhv|v)H .Besides, sin
e λj > 0 for all j ∈ N \ {0},

(v −Πhv|v)H =

k∑

j=1

αj (v −Πhv|uj)H =

k∑

j=1

αjλ
−1
j a(v −Πhv, uj).The equality a(v −Πhv, vh) = 0 holds in parti
ular for vh = Πhuj , so,

(v −Πhv|v)H =

k∑

j=1

αjλ
−1
j a(v −Πhv, uj −Πhuj),and by de�nition of Ccont , the Minkowski inequality yields

(v −Πhv|v)H ≤ Ccont ‖v −Πhv‖H1
0 (Ω)

k∑

j=1

|αj|λ−1
j ‖uj −Πhuj‖H1

0 (Ω)

≤ Ccont ‖v −Πhv‖H1
0 (Ω)





k∑

j=1

α2
jλ

−2
j





1/2



k∑

j=1

‖uj −Πhuj‖2H1
0 (Ω)





1/2

≤ Ccont ‖v −Πhv‖H1
0 (Ω) λ

−1
1

√
k sup
v∈M(λk)
‖v‖H=1

‖v −Πhv‖H1
0 (Ω) .



3.3. ESTIMATION OF THE ERROR |λh,k − λk| 51Denoting by C1 = 2Ccont

√
kλ−1

1 , it holds that
‖Πhv‖2H ≥ 1− C1 sup

v∈M(λk)
‖v‖H=1

‖v −Πhv‖2H1
0 (Ω) .

�The next proposition states that an approximated eigenvalue λh,k 
onverges to the
orresponding eigenvalue λk. It is the main result we wanted to develop. Furthermore,if the asso
iated eigenfun
tions are su�
iently regular, namely at least H2(Ω), then itleads to an order of 
onvergen
e O(h2) for |λh,k − λk|.Proposition 3.3.5. For all integer 1 ≤ k ≤ Nh, and for h > 0 small enough, thereexists a 
onstant C2 > 0 independent of the subspa
e Vh of dimension k, su
h that
0 ≤ λh,k − λk ≤ C2 sup

v∈M(λk)
‖v‖H=1

inf
vh∈Vh

‖v − vh‖2H1
0 (Ω) .In parti
ular, the inequality holds with

C2 = 2C1
C2
cont

C2
ell

λk = 4
√
k
C3
cont

C2
ell

λk
λ1
,where C1 is the 
onstant appearing in Lemma 3.3.4 and Ccont , resp. Cell , denotes the
onstant of 
ontinuity of a, resp. of H1

0 (Ω)-ellipti
ity of a.Remark 3.3.2. The properties of the mesh and of the elements used, involving pie
ewiselinear fun
tions, ensure 9 that
lim
h→0

inf
vh∈Vh

‖v − vh‖H1
0 (Ω) = 0, ∀v ∈ H1

0 (Ω).Proof of proposition 3.3.5. For all v ∈ H1
0 (Ω),

Cell ‖v −Πhv‖2H1
0 (Ω) ≤ a(v −Πhv, v −Πhv)

= a(v −Πhv, v − vh)−
=0

︷ ︸︸ ︷

a(v −Πhv,Πhv − vh)
≤ Ccont ‖v −Πhv‖H1

0 (Ω) ‖v − vh‖H1
0 (Ω) ,hen
e,

‖v −Πhv‖H1
0 (Ω) ≤

Ccont

Cell

inf
vh∈Vh

‖v − vh‖H1
0 (Ω) , ∀v ∈ H1

0 (Ω). (3.7)Besides, by an argument similar to the one in the proof of Lemma 3.3.4 involving theMinkowsky inequality, for all v ∈M(λk) su
h that ‖v‖H = 1, it yields
‖v −Πhv‖H1

0 (Ω) ≤





k∑

j=1

‖uj −Πhuj‖2H1
0 (Ω)





1/2

,9. see Subse
tion 2.2.2.



52 CHAPTER 3. COMPUTATION OF EIGENVALUESso, taking into 
onsideration Remark 3.3.2 applied to ea
h uj and Πhuj of the abovesum, and taking the supremum over all v ∈M(λk) su
h that ‖v‖H = 1, it holds that
lim
h→0

sup
v∈M(λk)
‖v‖H=1

‖v −Πhv‖H1
0 (Ω) = 0.So, by Lemma 3.3.4, for h > 0 small enough, σh,k > 0 so that the assumption of Lemma3.3.3 holds. Finally, it yields

λh,k ≤
λk
σ2h,k

≤ λk

1− C1 sup
v∈M(λk)
‖v‖H=1

‖v −Πhv‖2H1
0 (Ω)

.For x > 0 su�
iently small, it is 
lear that
1

1− x ≤ 1 + 2x,and applied with
x = C1 sup

v∈M(λk)
‖v‖H=1

‖v −Πhv‖2H1
0 (Ω) ,whi
h is as small as desired sin
e C1 does not depend on h, it leads to the expe
tedresult, that is,

λh,k ≤




1 + 2C1 sup

v∈M(λk)
‖v‖H=1

‖v −Πhv‖2H1
0 (Ω)




λk(3.7)

≤




1 + 2C1

C2
cont

C2
ell

sup
v∈M(λk)
‖v‖H=1

inf
vh∈Vh

‖v − vh‖2H1
0 (Ω)




λk.

�Remark 3.3.3. This result implies in parti
ular that if λk is simple, then λh,k is alsosimple, for h > 0 small enough.Noti
e that the error |λh,k − λk| depends on the square of the distan
e between the
k �rst eigenspa
es and the approximated spa
e Vh. Be
ause Vh involves pie
ewise linearfun
tions, for a fun
tion v ∈ H2(Ω), there exists 10 a 
onstant C3 > 0 independent of h,su
h that

‖v −Πhv‖2H1
0 (Ω) ≤ C3h

2 ‖v‖2H2
0 (Ω) ,10. See Theorem 2.2.8.



3.4. ESTIMATION OF THE ERROR ‖uh,k − uk‖H1
0 (Ω) 53where ‖·‖H2

0 (Ω) is de�ned in Proposition A.2.17. Thus, if the eigenfun
tions are in H2(Ω),applying this inequality to v =
∑k

j=1 αjuj ∈M(λk), ‖v‖H = 1, yields
sup

v∈M(λk)
‖v‖H=1

‖v −Πhv‖2H1
0 (Ω) ≤ C3h

2

∥
∥
∥
∥
∥
∥

k∑

j=1

αj∆uj

∥
∥
∥
∥
∥
∥

2

L2(Ω)

≤ C3h
2

∥
∥
∥
∥
∥
∥

k∑

j=1

αjλjuj

∥
∥
∥
∥
∥
∥

2

L2(Ω)

≤ C3λ
2
kh

2 ‖v‖2L2(Ω) ≤
C3

C−
λ2kh

2, (3.8)where C− is the 
onstant in the equivalen
e (3.3) of the norms ‖·‖2L (Ω) and ‖·‖H . So,the estimation
|λh,k − λk| ≤ O(h2),is obtained if the eigenfun
tions are in H2(Ω). This 
ase arises for example if Ω is 
onvex,see [Gri85, Theorem 3.2.1.2℄ and the dis
ussion at the end of Subse
tion 3.1.Remark 3.3.4. A
tually, the 
onvergen
e of λk depends only on the regularity of theeigenfun
tions of the asso
iated eigenspa
e and not about all the previous eigenfun
tions,see [KO06℄ for details.As mentioned, a more pre
ise bound valid in a general 
ase is now exhibited. It 
anbe found in [BO87, Theorem 3.1℄. For 
onvenien
e for the rest of the present subse
tiononly, the eigenvalues are numbered without multipli
ity, that is, for k ∈ N \ {0}, λk,1 =

· · · = λk,qk =: λk denotes the k-th eigenvalue of multipli
ity qk, and uk,i, i = 1, . . . , qk,denotes the eigenfun
tions asso
iated to λk. Moreover, we indi
ate by Ek the eigenspa
easso
iated to λk and use a similar notation, with a subs
ript h, for the approximatedeigenvalues, eigenfun
tions and eigenspa
es.Theorem 3.3.6 ( [BO87, Theorem 3.1℄ ). There exist two positive 
onstants C and h0,both independent of k, su
h that, for h ≤ h0,
λh,k,i − λk,i ≤ Cǫk,i(h)2, i = 1, . . . , qk, k ∈ N \ {0},where
ǫk,i(h) := inf

v∈Ek
a(v,v)=1

a(v,uh,k,j )=0, j=1,...,i−1

inf
vh∈Vh

a(v − vh, v − vh)1/2.3.4 Estimation of the error ‖uh,k − uk‖H1

0
(Ω)Let us give a bound on the error ‖uh,k − uk‖H1

0 (Ω) by adapting slightly the workfrom [RT83, Chapter 6℄, similarly as what is performed in the previous se
tion. Themain restri
tion in the following development is that λk is supposed to be simple. How-ever, a stronger result from [BO87℄, holding for a multiple eigenvalue, is mentionedwithout proof. The regularity of the eigenfun
tions is also addressed, where the order of
onvergen
e is O(h). The notations of the previous se
tion are used.



54 CHAPTER 3. COMPUTATION OF EIGENVALUESEx
ept for Theorem 3.4.3 at the end of the subse
tion, let us assume that λk is simple.So it makes sense to 
onsider
ρh,k = max

1≤j≤Nh
j 6=k

λk
λh,j − λk

.Lemma 3.4.1. For h > 0 small enough and a 
onvenient 
hoi
e of uh,k,
‖uh,k − uk‖H ≤ 2(1 + ρh,k) ‖uk −Πhuk‖H ,where the norm ‖·‖H 
omes from the inner produ
t previously introdu
ed in equation(3.2).Proof. Set vh,k = (Πhuk|uh,k)H uh,k and let us �nd an upper bound for the two �rstterms in the right hand side of the following inequality

‖uh,k − uk‖H ≤ ‖uh,k − vh,k‖H + ‖vh,k −Πhuk‖H + ‖Πhuk − uk‖H . (3.9)For the �rst one, by de�nition of vh,k,
vh,k − uh,k = ((Πhuk|uh,k)H − 1)uh,k,and sin
e the family {uhi
}Nh
i=1 is orthonormal for (·|·)H , it yields
‖vh,k − uh,k‖H = | (Πhuk|uh,k)H − 1|.The triangle inequality applied twi
e gives

=1
︷ ︸︸ ︷

‖uk‖H −‖uk − vh,k‖H ≤
=|(Πhuk,uh,k)H|
︷ ︸︸ ︷

‖vh,k‖H ≤
=1

︷ ︸︸ ︷

‖uk‖H + ‖uk − vh,k‖H ,whi
h 
an also be written as,
∣
∣
∣

∣
∣(Πhuk, uh,k)H

∣
∣− 1

∣
∣
∣ ≤ ‖uk − vh,k‖H .Upon 
hanging the sign of uh,k, assume that (Πhuk, uh,k)H ≥ 0, and then

‖vh,k − uh,k‖H ≤ ‖uk − vh,k‖H ≤ ‖uk −Πhuk‖H + ‖Πhuk − vh,k‖H .Thus, an upper bound for the �rst term in (3.9) 
omposed by the se
ond and third termshas been found. It remains to show that
‖Πhuk − vh,k‖H ≤ ρh,k ‖uk −Πhuk‖H .For this purpose, let us write Πhuk in the orthonormal basis {uh,j}Nh

j=1 of Vh:
Πhuk − vh,k =

Nh∑

j=1

(Πhuk|uh,j)H uh,j − (Πhuk|uh,k)H uh,k =

Nh∑

j=1
j 6=k

(Πhuk|uh,j)H uh,j.



3.4. ESTIMATION OF THE ERROR ‖uh,k − uk‖H1
0 (Ω) 55So,

‖Πhuk − vh,k‖2H =

Nh∑

j=1
j 6=k

(Πhuk|uh,j)2H . (3.10)Besides, by de�nition of the solutions uk and uh,j , and of the operator Πh, it holds that,for all j = 1, . . . , Nh,
λh,j (Πhuk|uh,j)H = a(Πhuk, uh,j) = a(Πhuk − uk, uh,j) + a(uk, uh,j)

= a(uk, uh,j) = λk (uk|uh,j)H .Removing λk (Πhuk|uh,j)H both sides and then dividing by λh,j − λk (possible for h > 0small enough by 
onvergen
e of λh,j to λj , j = 1, . . . , Nh) for all j di�erent from k, ityields
(Πhuk|uh,j)H = ρh,k (uk −Πhuk|uh,i)H ,and �nally in (3.10),

‖Πhuk − vh,k‖2H = ρ2h,k

Nh∑

j=1
j 6=k

(uk −Πhuk|uh,j)2H ≤ ρ2h,k

Nh∑

j=1

(uk −Πhuk|uh,j)2H

= ρ2h,k ‖uk −Πhuk‖2H .
�The following theorem is the main result we wanted to develop.Theorem 3.4.2. For h > 0 small enough, there exists a 
onstant Cvect > 0, su
h that

‖uh,k − uk‖H ≤ Cvect sup
v∈M(λk)
‖v‖H=1

inf
vh∈Vh

‖v − vh‖H .Proof. The assumptions on the metri
 g implies that ‖·‖H is equivalent to ‖·‖L2(Ω), whi
his itself equivalent to ‖·‖H1
0 (Ω) by the Poin
aré's inequality, sin
e Ω is bounded. So, thereexists a 
onstant C(g) su
h that,

‖uk −Πhuk‖2H ≤ C(g) ‖uk −Πhuk‖2H1
0 (Ω)

(3.7)
≤ C(g)

C2
cont

C2
ell

inf
vh∈Vh

‖uk − vh‖2H1
0 (Ω)

≤ C(g)
C2
cont

C2
ell

sup
v∈M(λk)
‖v‖H=1

inf
vh∈Vh

‖v − vh‖2H1
0 (Ω) , (3.11)where the fa
t that uk ∈M(λk), ‖uk‖H = 1, is used for the last inequality. Moreover,

a(uh,k − uk, uh,k − uk) = λh,k + λk − 2λk (uk|uh,k)H
= λh,k + λk

(
1− 2 (uk|uh,k)H

)

= λh,k + λk(‖uh,k − uk‖2H − 1),
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e
‖uh,k − uk‖2H1

0 (Ω) ≤
1

Cell

a(uh,k − uk, uh,k − uk)

≤ 1

Cell

(

λh,k − λk + λk ‖uh,k − uk‖2H
)

.On the �rst hand, Proposition 3.3.5 yields
λh,k − λk ≤ C2 sup

v∈M(λk)
‖v‖H=1

inf
vh∈Vh

‖v − vh‖2H1
0 (Ω) ,on the other hand, for h > 0 small enough, Lemma 3.4.1 and inequality (3.11) imply,

‖uh,k − uk‖2H ≤ 4(1 + ρh,k)
2 ‖uk −Πhuk‖2H

≤ 4(1 + ρh,k)
2 C(g)

C2
cont

C2
ell

sup
v∈M(λk)
‖v‖H=1

inf
vh∈Vh

‖v − vh‖2H1
0 (Ω) .By gathering all the 
onstants in Cvect as follows,

Cvect :=

(
1

Cell

(

C2 + λk 4 (1 + ρh,k)
2 C(g)

C2
cont

C2
ell

))1/2

,it �nally yields,
‖uh,k − uk‖2H1

0 (Ω) ≤ C2
vect sup

v∈M(λk)
‖v‖H=1

inf
vh∈Vh

‖v − vh‖2H1
0 (Ω) .

�As a 
onsequen
e, if the eigenfun
tions uj belong to H2(Ω) for all j = 1, . . . , k, theorder of 
onvergen
e for ‖uh,k − uk‖H1
0 (Ω) is

‖uh,k − uk‖H1
0 (Ω) ≤ Cvect sup

v∈M(λk)
‖v‖H=1

inf
vh∈Vh

‖v − vh‖H1
0 (Ω)

≤ Cvect sup
v∈M(λk)
‖v‖H=1

‖v −Πhv‖H1
0 (Ω)

≤ Cvect

(
C3

C−

)1/2

λkh,where the last inequality 
omes from (3.8). So, the order of 
onvergen
e in the norm
‖·‖H1

0 (Ω) is O(h) in the 
ase of a simple eigenvalue and for su�
iently regular eigenfun
-tions.Let us �nally give a more pre
ise bound valid even if the multipli
ity of λk equals
m ≥ 1. The result presented at the end of the last subse
tion is 
ompleted as follows.



3.5. NUMERICAL EXPERIMENTS ON SURFACES 57Theorem 3.4.3 ( [BO87, Theorem 3.1℄ ). The eigenfun
tions uk,i 
an be 
hosen su
hthat, for h ≤ h0,
‖uh,k,i − uk,i‖H1

0 (Ω) ≤ Cǫk,i(h).where
ǫk,i(h) := inf

v∈Ek
a(v,v)=1

a(v,uh,k,j )=0, j=1,...,i−1

inf
vh∈Vh

a(v − vh, v − vh)1/2,3.5 Numeri
al experiments on surfa
esThe main idea is to use a 
hart (U, π) of the manifold (M,g) and to make the 
ompu-tations in the open set π(U) ⊂ R2 endowed with the metri
 indu
ed by g. The examplesof manifolds (M,g) presented in this se
tion are R2, the sphere S
2, the Poin
aré dis
 D

2and a family of surfa
es of revolution with various non-
onstant 
urvatures. After somenumeri
al validations for two domains of R2 known theoreti
ally, namely a ball and asquare, a 
omparison of the �rst eigenvalues of a ball in R
2, S2 and D

2 is 
arried out.Finally, a last example is 
onsidered. It 
onsists in removing a small ball, namely theobsta
le, from a ball of radius 1. We fo
us on the behaviour of the �rst �ve eigenvalueswith respe
t to the position of the obsta
le inside the ball in R
2, in S

2 and in D
2.For ea
h of these 
ases, and when there is no ambiguity about the 
urrent spa
e, Bdenotes the ball 
entred at the origin of volume 1 (for the volume element indu
ed bythe 
orresponding metri
 g). If not stated otherwise, the dis
retization of B is 
arriedout by a triangulation with triangles of type P1 as mentioned previously. From 500equidistributed points on the boundary, 20225 nodes are built altogether.3.5.1 About the use of masslumpingThe numeri
al approximations of the eigenvalues presented in this do
ument arefrequently 
omputed both with and without masslumping. This subse
tion is dedi
atedto a brief dis
ussion about this notion. The previous notations are used.The equation (3.6) points out that the eigenvalue λk,h asso
iated to the approximatedspa
e Vh ⊂ H1

0 (Ω) is above the exa
t one λk. It is always the 
ase when the approxima-tion is 
omputed without masslumping. However, some approximations 
omputed withmasslumping are below the theoreti
al value. It is due to the fa
t that the use of mass-lumping may provide only an approximated value of λk,h and thus does not represent a
ontradi
tion to the equation (3.6). Indeed, integrals of polynomial fun
tions of degree2 are involved to 
ompute an approximated eigenvalue λk,h, while the quadrature rulewith masslumping is exa
t up to degree 1 only as mentioned in the Remark 2.2.5. Onthe 
ontrary, not using masslumping gives the exa
t value of λk,h. Hen
e, the eigenvaluegiven without masslumping always provides an upper bound for the exa
t eigenvalue.Unfortunately, the approximated eigenvalue 
omputed with masslumping does notfurnish a lower bound for the exa
t eigenvalue in general. Indeed, in [AD03℄ the authorsuse masslumping to evaluate the eigenvalues asso
iated to two meshes of a square in R
2:



58 CHAPTER 3. COMPUTATION OF EIGENVALUESone providing an approximated eigenvalue below the exa
t one, the other an approxi-mated eigenvalue above. Nevertheless, their other numeri
al simulations�using mesheshaving some ni
e properties� seem to show that the eigenvalues approximated withmasslumping are below when the asso
iated eigenfun
tions belong to H2(Ω). But notheoreti
al result is derived when masslumping is used.3.5.2 Numeri
al validationsThis subse
tion deals with a square and a ball in R
2, and a hemisphere of S2. Thesedomains having asso
iated eigenvalues that are known theoreti
ally, they have been 
ho-sen to verify that the program runs 
orre
tly. Furthermore, a ball in the Poin
aré dis


D
2 is also 
onsidered in order to study and 
ompare the asymptoti
 behaviour when thevolume goes to zero. The 
anoni
al representation of D2 (and of R2) are 
hosen. Thematrix GD2(u, v), representing the hyperboli
 metri
 at ea
h point (u, v) of D2 is givenby

GD2(u, v) =
4

(1− u2 − v2)2
I,where I denotes the 2 by 2 identity matrix. For the sphere, the stereographi
 map (U, πN )is used, where U = S

2 \ {(0, 0, 1)} and
πN : U → R

2

(x, y, z) 7→ πN (x, y, z) =
1

1− z (x, y).The 
orresponding matrix GS2 evaluated in a point (u, v) ∈ R
2 is given by

GS2(u, v) =
4

(1 + u2 + v2)2
I.First, the knowledge of the exa
t value of λk(B), for B in the plane R

2 enables to
he
k the validity of the program (see [CH53, � V.5℄). The �rst ten eigenvalues λk(B)are reported in Table 3.1, where jn,k denotes the k-th root of the Bessel fun
tion Jn. Italso 
ontains the 
orresponding values obtained numeri
ally for 
omparison.Remark 3.5.1. Noti
e that the present experiments substantiate the suggestion in [AD03℄,surmising that the eigenvalues obtained with masslumping stay below the exa
t ones.To verify numeri
ally that the estimation of the error eh,k := |λk − λh,k| is of order
h2 as mentioned in the previous se
tion, we shall 
onsider a domain Ω where the exa
teigenvalues are known as well as an exa
t boundary approximation is possible. Moreover,the eigenfun
tions must be in H2(Ω), whi
h is the 
ase if Ω is 
onvex as mentionnedbefore. A mesh re�nement is then 
arried out: ea
h triangle is divided in four similartriangles in order to have nested meshes with smaller and smaller parameter h, so atea
h re�nement, h is halved.



3.5. NUMERICAL EXPERIMENTS ON SURFACES 59Table 3.1: Exa
t value of λk(B), k = 1, . . . , 10, for B ⊂ R
2 and numeri
al approximationobtained. Eigenvalue Exa
t value for

B ⊂ R
2

Approximation obtainedwith (left) and without(right) masslumping
λ1 j20,1π ≃ 18.168 18.167 18.170
λ2 j21,1π ≃ 46.125 46.117 46.131
λ3 j21,1π ≃ 46.125 46.117 46.140
λ4 j22,1π ≃ 82.858 82.831 82.889
λ5 j22,1π ≃ 82.858 82.839 82.897
λ6 j20,2π ≃ 95.729 95.697 95.775
λ7 j23,1π ≃ 127.885 127.829 127.967
λ8 j23,1π ≃ 127.885 127.829 127.967
λ9 j21,2π ≃ 154.625 154.542 154.697
λ10 j21,2π ≃ 154.625 154.546 154.796In R

2 we 
onsider the square S := [0, 1] × [0, 1]. A simple separation of variablesshows that the spe
trum of S is the set
{
(k2 + l2)π2 | l, k ∈ N \ {0}

}
.The experimental error eh,1 obtained seems to verify the Theorem 3.3.6 (the slopes inFigure 3.1 are approximatively equal to 2).For the sphere, no simple example with exa
t boundary approximation has beenfound. However, it is known that the �rst eigenvalue of −∆g on S

2 is 2 and that the
oordinate fun
tions in R
3 are asso
iated eigenfun
tions (see [Cha84, Se
tion II.4, Propo-sition 1℄). In parti
ular, they have a hemisphere as a nodal domain, and so the �rsteigenvalue of a hemisphere is also 2, that is,

λ1(Bπ/2(S)) = 2,where Bπ/2(S) is the ball 
entred in S = (0, 0,−1) of radius π/2 in S
2, that is the southernhemisphere. Noti
e that the order of 
onvergen
e in that 
ase is the same, despite of theapproximation of the domain. For both examples, the 
omputed error eh,1 is representedin Table 3.2 and in Figure 3.1.When 
onsidering the 
ase of the Poin
aré dis
, the following asymptoti
 result is
arried out: the value of λ1,D2(BD2

ǫ (0, 0)) vol(BD2

ǫ (0, 0)) is expe
ted to be 
lose to thesame quantity for the ball in R
2 (equipped with the 
anoni
al metri
), where BD2

ǫ (0, 0)denotes the ball of a small radius ǫ 
entred at (0, 0) in the Poin
aré dis
. Thanks to the



60 CHAPTER 3. COMPUTATION OF EIGENVALUES
Table 3.2: Error resulting from the approximation of λ1(S) ≃ 19.739, on nested meshesof the square S ⊂ R

2 (left) and of λ1(Bπ/2(S)) = 2, on nested meshes of the hemisphere
Bπ/2(S) ⊂ S

2 (right).
h

eh,1(S) with (left) and with-out (right) masslumping h
eh,1(Bπ/2(S)) with (left) andwithout (right) masslumping

0.2
√
2

22
-0.164 0.488 0.492 -0.072 0.171

0.2
√
2

23
-0.041 0.122 0.253 -0.020 0.046

0.2
√
2

24 -0.010 0.030 0.135 -0.006 0.012
0.2

√
2

25
-0.003 0.008 0.0706 -0.002 0.003

0.2
√
2

26
-0.0006 0.0019 0.0380 -0.0004 0.0007

Figure 3.1: Graph of h 7→ eh,1(S) (left) and of h 7→ eh,1(Bπ/2(S)) (right) in a logarithmi
s
ale. The blue plain 
urves 
orrespond to 
omputations whithout masslumping and thered dashed ones to 
omputations with masslumping.
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Figure 3.2: Graph of vol(BM
r (0, 0)) 7→ λ1,D2(BM

r (0, 0)) vol(BM
r (0, 0)) for M = S

2, D2.The blue plain 
urves 
orrespond to 
omputations without masslumping and the reddashed ones to 
omputations with masslumping. The plot on the right is a detail forsmall volumes.invarian
e under homothety of the fun
tional Ω 7→ λk,R2(Ω) vol(Ω), k ∈ N \ {0}, de�nedon regular bounded domains in R
2,

λ1,R2(BR2

ǫ (0, 0)) vol(BR2

ǫ (0, 0)) = λ1,R2(BR2
) vol(BR2

) = j20,1π ≃ 18.168.The obtained value for the approximation of the smallest ball BD2

3·10−4(0, 0) is 18.196 with-out masslumping and 18.123 with masslumping. The obtained 
urve is in
reasing withrespe
t to the volume of the ball. The same analysis holds near the point (0, 0,−1) ∈ S
2,for the sphere. The 
orresponding values obtained are 18.191, respe
tively 18.118, andthe 
urve is de
reasing with respe
t to the volume of the ball, see Figure 3.2. Asymptot-i
ally, these values are 
onsistent with those 
omputed for λ1(B), with B ⊂ R

2.3.5.3 Comparison of balls in R2, in S2 and in D2Of 
ourse, some other eigenvalues 
an also be 
omputed. The �rst forty eigenvaluesof the ball B in the manifolds R2, S2 and D
2 have been performed. It pointed out thatfor a �xed subs
ript k, sometimes λk(B) is smaller in R

2 than in S
2 (k = 11, 12, 16,17, 20, 21, 26, 27, 31, 32, 33, 34, 39 and 40), whereas it is smaller in D

2 than in R
2 forsome other subs
ripts (k = 11, 12, 16, 20, 21, 24, 25, 31, 32, 37 and 38). See Figure 3.3displaying these forty eigenvalues, and Table 3.3 where the �rst twenty eigenvalues arereported 11. It leads to 
ompare (theoreti
ally) the spe
trum of a ball of volume V in thesphere S

2 and in R
2. The spe
trum of the ball B in S

2 is not known expli
itely, but thespe
trum of a hemisphere, that is V = 2π, is well known, see [BB80, pp. 243 � 244℄: all
k(k + 1), k ∈ N

∗ is an eigenvalue with multipli
ity k. Besides, the spe
trum of the ball11. A 
omplete table with all the forty eigenvalues is given in the Appendix. See Table C.1.
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2 is obtained in ranking the �rst zeros jn,k of the Bessel fun
tionsand res
aling by the 
orresponding fa
tor, namely 0.5. We expe
t that the number ofsubs
ripts k for whi
h λk(B) is smaller in R

2 than in S
2 to be in�nite, and that thereverse inequality holds, repla
ing S

2 by D
2.Open question 1. The inequalities

λk,R2(B) ≤ λk,S2(B) (3.12)and
λk,D2(B) ≤ λk,R2(B) (3.13)holds for an in�nity of subs
ripts k, where B denotes the ball of volume 1 in the 
orre-sponding spa
e.Of 
ourse, the other natural question arising at that point, is to know if the 
onverseinqualities to (3.12) and (3.13) hold.Open question 2. Is the number of subs
ripts k for whi
h
λk,R2(B) ≥ λk,S2(B),respe
tively
λk,D2(B) ≥ λk,R2(B),in�nite?A way to ta
kle theoreti
ally these problems, at least for R

2 and the sphere, is to
ompare the eigenvalues of a ball of volume 2π in these three spa
es as mentioned above.Indeed, the spe
trum is expli
itly known in that 
ase. The di�
ulty is to rank the zerosof the Bessel fun
tions in order to study the asymptoti
 behaviour of these fun
tions.
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Table 3.3: Computation of λk(B), k = 1, . . . , 20, for the ball B in R

2, in S
2 and in thePoin
aré dis
 D

2.Eigenvalue Approximation with (left) and without (right) masslumping in
R
2

S
2

D
2

λ1 18.167 18.170 17.343 17.346 18.974 18.977
λ2 46.117 46.131 44.879 44.892 47.327 47.340
λ3 46.117 46.140 44.879 44.901 47.327 47.349
λ4 82.831 82.889 81.631 81.689 84.025 84.084
λ5 82.839 82.897 81.640 81.697 84.034 84.092
λ6 95.697 95.775 92.782 92.858 98.528 98.607
λ7 127.829 127.967 127.139 127.277 128.583 128.722
λ8 127.829 127.967 127.139 127.277 128.583 128.722
λ9 154.542 154.697 150.382 150.532 158.583 158.741
λ10 154.546 154.796 150.385 150.629 158.587 158.843
λ11 180.790 181.066 181.096 181.374 180.679 180.955
λ12 180.790 181.066 181.097 181.374 180.680 180.955
λ13 222.383 222.803 217.423 217.835 227.224 227.653
λ14 222.440 222.855 217.478 217.886 227.283 227.707
λ15 235.074 235.544 228.408 228.866 240.102 240.592
λ16 241.513 242.007 243.303 243.801 240.102 240.592
λ17 241.514 242.007 243.303 243.801 241.550 242.033
λ18 299.020 299.776 293.707 294.450 304.240 305.009
λ19 299.020 299.777 293.707 294.452 304.240 305.011
λ20 309.835 310.650 313.603 314.428 306.687 307.494
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CHAPTER3.COMPUTATIONOFEIGENVALUESFigure 3.3: Graph of k 7→ λk(B) for the ball B in R

2 (red points), in S
2 (bla
k 
rosses) and in the Poin
aré dis
 D

2 (bluetriangles).
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al experiments in non-
onstant 
urvatureInvestigations have also been 
arried out in manifolds with non-
onstant 
urvatureusing a family of surfa
es of revolution obtained by rotating (around the y-axis) a familyof 
urves t ∈ R 7→ (0, α(t), β(t)) ∈ R
3. Without loss of generality, assume α̇2 + β̇2 = 1.Dire
t 
al
ulations show that the 
orresponding matrix asso
iated to the metri
 in apoint (t, θ) ∈ R×]− π, π[ is

G(t, θ) =

(
1 0
0 β2(t)

)

,and that the 
urvature is
κ(t) = −β

′′(t)
β(t)

.In parti
ular, B is an Eu
lidean ball and the surfa
e of revolution is smooth if α(0) =
β(0) = 0 and β̇(0) = 1. Su
h 
onditions are for example satis�ed by

β(t) = t+ bt3,where b is a real parameter whi
h gives a 
ontrol of the 
urvature
κ(t) = − 6b

1 + bt2
,(only negative values of b�so β̇2 ≤ 1�give surfa
es of revolution embedded into R

3).Some values in a range from -1 to 1 are assigned to the parameter b in the expression of β.It results to various 
urved manifolds: negative 
urvature for b positive, zero 
urvaturefor b = 0, and positive 
urvature for b negative. Results for λk(B), k = 1, . . . , 9, are
olle
ted in Table 3.4 and Figure 3.4. The values 
orresponding to the zero 
urvature
ase b = 0 are 
onsistent with those 
omputed for B ⊂ R
2. An eigenfun
tion asso
iatedto the �rst eigenvalue for the parameter b = −0.5 is plotted in Figure 3.5. Noti
e thatthis fun
tion is a radial fun
tion and that its amplitude (1.802) is smaller than the one(1.926) of the 
orresponding eigenfun
tion for the zero 
urvature spa
e, as expe
ted.

3.5.5 Ball with an obsta
leIn this last subse
tion, the domain 
onsidered is a ball of radius 1 in R
2, in S

2 andin the Poin
aré dis
 D2 in whi
h lies an obsta
le 
onsisting in a ball of radius 0.01. Thisproblem is addressed in a slightly di�erent setting in [HKK01℄ as well as in [CGI+00℄where numeri
al simulations are performed. In the present do
ument, the idea is tomove radially the obsta
le from the 
entre to the boundary in order to see where λk(Bx)is maximal, where Bx denotes the ball with this obsta
le 
entred at (x, 0). Thanks tosymmetries of the ball, it is obviously su�
ient to move the obsta
le along the positivepart of the x-axis.
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λ1

λ2

λ3

λ4

λ5

λ6

λ7

λ8

λ9

Figure 3.4: Plot of λk(B), k = 1, . . . , 9, with respe
t to the parameter b de�ning thefamily of surfa
es of revolution. The line at b = 0 emphasizes the results for the zero
urvature spa
e.

Figure 3.5: Plot of u1(B), for the parameter b = −0.5.



3.5. NUMERICAL EXPERIMENTS ON SURFACES 67Table 3.4: Approximation of λ1(B), in a family of manifolds with non-
onstant 
urvature
ontrolled by the parameter b: the �rst line in every 
ell 
orresponds to values withmasslumping, the se
ond one to values without masslumping).
b -1 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4

λ1(B)
12.232 12.972 13.662 14.313 14.931 15.521 16.08712.235 12.974 13.664 14.315 14.933 15.524 16.090

b -0.3 -0.2 -0.1 0 0.1 0.2 0.3
λ1(B)

16.633 17.160 17.671 18.167 18.650 19.120 19.57916.636 17.163 17.674 18.170 18.653 19.123 19.582
b 0.4 0.5 0.6 0.7 0.8 0.9 1

λ1(B)
20.028 20.468 20.898 21.320 21.735 22.142 22.54220.031 20.471 20.901 21.323 21.738 22.145 22.546J. Hers
h in [Her63℄ proved that the maximum of λ1(Bx) is rea
hed by B0 in R

2, thatis when the obsta
le is at the 
entre of the ball. The same stands in S
2 and in D

2, asstated in [AA05℄. A. El Sou� and R. Kiwan extended this result to the se
ond eigenvaluein R
2, in S

2 and in D
2, see [ESK08℄. Numeri
ally, these results have been re
overed andsome investigations have been 
arried out for λk(Bx), k up to 5, in R

2, in S
2 and in D

2.The results are 
olle
ted in Tables 3.5, 3.6 and 3.7. Five di�erent domains 
orrespondingto �ve di�erent lo
ations for the obsta
le are displayed. Noti
e that the 
hoi
e B0.98 torepresent an obsta
le at the boundary of the ball 
omes from numeri
al reasons. But su
ha lo
ation for the obsta
le is not expe
ted to realize the maximum of λk(Bx) for any k,sin
e the eigenfun
tions uk(Bx) are zero on the boundary of B.In R
2, for k = 3, some more a

urate 
omputations have been made to lo
ate withpre
ision the 
entre of the obsta
le. In order to do that, the radius of the obsta
le ballhas been redu
ed to 0.001. The maximum of λ3,R2(Bx) is about 16.558, and is attainedfor an obsta
le 
entred near (0.447, 0). Noti
e that this position for the 
entre of theobsta
le 
orresponds more or less to the point where u3(B1) attains its extremum, namely

(0.481, 0), where u3(B1) denotes the third eigenfun
tion de�ned on the ball of radius 1without obsta
le and normalized in R
2. It is in a

ordan
e with the formula in Theorem 1of [Oza81℄. It 
laims, for all simple eigenvalue λk,R2(B1) of the non-perforated domain,that

λk,R2(Bx) = λk,R2(B1) +
2π

| log r|uk(B1)(x)
2 +O(| log r|−2),where uk(B1) denotes the eigenfun
tion asso
iated to λk,R2(B1). An analogous formulaholds for multiples eigenvalues as stated in [Flu95, Theorem 9℄. See also Appendix C.2for additional numeri
al simulations about the pla
ement of an obsta
le.Qualitatively in S

2 and in D
2, similar results are found: for k = 1 or 2, λk,D2(Bx) is
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ted, whereas for k = 3, 4 or 5, the maximum 
orresponds to
x 6= 0.Table 3.5: Approximation of λk,R2(Bx), k = 1, . . . , 5, for various obsta
les 
entred at
x = 0, 0.25, 0.5, 0.75 and 0.98.Eigenvalue Approximation obtained for the domain

B0 B0.25 B0.5 B0.75 B0.98

λ1 7.890 7.378 6.560 6.001 5.787
λ2 14.6925 14.6924 14.688 14.685 14.684
λ3 14.695 16.163 17.003 15.612 14.705
λ4 26.382 26.394 26.398 26.389 26.385
λ5 26.385 26.652 28.743 27.588 26.419Table 3.6: Approximation of λk,S2(Bx), k = 1, . . . , 5, for various obsta
les 
entred at

x = 0, 0.25, 0.5, 0.75 and 0.98.Eigenvalue Approximation obtained for the domain
B0 B0.25 B0.5 B0.75 B0.98

λ1 7.575 7.084 6.271 5.688 5.452
λ2 14.716 14.713 14.709 14.705 14.704
λ3 14.716 16.205 17.198 15.735 14.729
λ4 27.497 27.510 27.517 27.507 27.500
λ5 27.500 27.725 29.595 28.626 27.542Table 3.7: Approximation of λk,D2(Bx), k = 1, . . . , 5, for various obsta
les 
entred at

x = 0, 0.25, 0.5, 0.75 and 0.98.Eigenvalue Approximation obtained for the domain
B0 B0.25 B0.5 B0.75 B0.98

λ1 7.568 7.091 6.352 5.836 5.635
λ2 13.486 13.485 13.481 13.479 13.478
λ3 13.489 14.737 15.521 14.326 13.498
λ4 23.288 23.297 23.302 23.294 23.290
λ5 23.290 23.518 25.297 24.472 23.323



Chapter 4Preliminaries to optimization ofeigenvalues with respe
t to thedomainThis 
hapter is dedi
ated to de�ne notions and tools about the optimization pro
essto rea
h a domain with a minimal asso
iated k-th Diri
hlet-Lapla
e eigenvalue amongall domains of a given volume. These 
on
epts are not new, even though they areadapted and presented in our 
ontext. It paves the way for the next 
hapter, where theoptimization problem is stated and the numeri
al results are displayed.The main referen
e is [MS76℄. It is a prepubli
ation of more than two hundredspages. A lot of de�nitions and notions whose s
ope is beyond this thesis are de�ned toa
hieve [MS76, Theorem 5.2℄ whi
h is the main result to derive the 
entral formula (4.6).Another goal of this 
hapter, and espe
ially its �rst se
tion, is to provide the reader somesele
ted portions of it in a judi
ious sequen
e, fo
using only on its relevant parts for ourgoal. Indeed, the extra
ted notions displayed here are s
attered throughout the abundantand very detailed results of this referen
e. Se
tion 4.1 represents an easier and qui
kerway to enter this matter. In parti
ular, 
ertain parts of some proofs, espe
ially aboutexisten
e results are only sket
hed. Moreover, the s
ope of some of their very generalassertions are restri
ted for the sake of 
larity. However, spe
ial 
are is taken to des
ribehow the results are reported in the present do
ument.The main 
onsequen
e of the 
onsideration of the metri
 in the shape optimizationpro
ess, 
ompared to the planar 
ase, is that the volume 
onstraint is unavoidable ina 
urved manifold. A Uzawa algorithm is 
hosen to deal with this 
onstraint. It isintrodu
ed in the se
ond se
tion and applied to the 
onsidered optimization problem.The third se
tion deals with some te
hni
al aspe
ts to make use numeri
ally of theoptimization formula (4.6) derived in Se
tion 4.1. Indeed, some theoreti
ally non-existentobsta
les arise with the numeri
al implementation. Some of them are presented in thatse
tion. 69



70 CHAPTER 4. PRELIMINARIES TO OPTIMIZATION4.1 Details of the shape optimization stepFirst, a theoreti
al framework for the shape optimization is introdu
ed, relying onan analysis of the perturbations of a domain. A referen
e on this topi
 is the generalwork [MS76℄. Hadamard was a pre
ursor in the domain: the well known Hadamardvariational formula from his work [Had68℄ represents the basis of the main tool to seeka minimizing domain in a judi
ious way. It provides a variational 
omputation withrespe
t to the domain for an eigenvalue of an ellipti
 operator. The aim of this se
tionis to adapt this formula in our 
ontext, namely in an open set of R2, endowed with themetri
 given by G, as presented before. For that purpose and in order to ensure that thisremarkable formula does not 
ome as a 
omplete surprise, the tools introdu
ed in [MS76℄are used, omitting sometimes the proof of some of their 
lassi
al properties, for the sakeof 
larity. However, in su
h situations pre
ise referen
es in [MS76℄, [All07℄ and [HP05℄ aregiven. Although the development in the two last referen
es rea
hes almost the same goalas ours, we 
onsider more general deformations of the initial domain to be 
onsistent withthe 
ontext of the main result, namely Proposition 4.1.11 and espe
ially Formula 4.6.4.1.1 Di�erentiation with respe
t to the domainLet J : F → R be a fun
tional de�ned over a set of feasible shapes Ω. In general, thisfun
tional J is 
alled 
ost fun
tional, be
ause the goal is to �nd a domain Ω∗ su
h that
J(Ω∗) ≤ J(Ω), ∀Ω ∈ F .In a 
lassi
al framework, for example for a regular mapping f : Rn 7→ R, a way to obtaina lo
al minimum f(x∗) of f is to �nd the points where the derivative of f vanishes.If the derivative of f is known expli
itly, des
ent methods 
an be then applied to �nd

x∗ numeri
ally. By analogy, the main idea is to set a framework in whi
h a notionof di�erentiation for the 
ost fun
tional J makes sense. For that purpose, the set ofall feasible shapes must admit a stru
ture of normed ve
tor spa
e. A 
lassi
al way ofpro
eeding is to 
onsider an initial domain 1 Ω0 ∈ F and to restri
t the feasible shapesto some deformations of it in the following way: let 
onsider θ ∈W 1,∞(R2,R2) whi
h isbounded and has a bounded derivative 2. The mapping θ 
an be interpreted as a ve
tor�eld over R2, 
alled in this 
ontext deformation �eld. The set of all feasible shapes from
Ω0 is then

F(Ω0) :=
{
Ωθ = (id+θ)(Ω0) : θ ∈W 1,∞(R2,R2)

}
, (4.1)where (id+θ)(Ω0) = {x + θ(x) : x ∈ Ω0}, see Figure 4.1. The following lemma statesthat for θ small enough, id+θ is a di�eomorphism, that is a di�erentiable bije
tion witha di�erentiable inverse, and so that a deformation is reversible in the sense that from Ωθ,one 
an rea
h Ω0 ba
k.1. In the sequel, Ω0 is a polygonal set.2. In the sense of the distributions theory. See Se
tion A.2 in the appendix for any notion on Sobolevspa
es.
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Ωθ

Ω

x

x+ θ(x)

Figure 4.1: An initial domain Ω and the resulting Ωθ under the deformation �eld θ.Lemma 4.1.1 ( [All07, Lemma 6.13℄ ). For all θ ∈ W 1,∞(R2,R2), ‖θ‖W 1,∞(R2,R2) < 1,the mapping T = id+θ : Ω0 7→ Ωθ is a di�eomorphism su
h that T−1−id∈W 1,∞(R2,R2).Proof. First, let show that T is a bije
tion: denoting by ‖ · ‖ the Eu
lidean norm on R
2,for all x,y ∈ R

2, it holds that
‖θ(x)− θ(y)‖ =

∣
∣
∣
∣
∣
∣

1∫

0

Dθ(y + t(x− y))(x− y) dt

∣
∣
∣
∣
∣
∣

≤ ‖θ‖W 1,∞(R2,R2) ‖x− y‖,so θ is a 
ontra
tion mapping sin
e ‖θ‖W 1,∞(R2,R2) < 1. Moreover, for y ∈ R2, it isstraightforward that the mapping given by S(x) = y−θ(x) is also a 
ontra
tion mapping,and so it admits a unique �xed point x0, that is S(x0) = x0. Thus, y = T (x0) and Tis onto. Besides, for x,y ∈ R
2, x 6= y, one gets

‖T (x)− T (y)‖ ≥ ‖x− y‖ − ‖θ(x)− θ(y)‖ ≥
(

1− ‖θ‖W 1,∞(R2,R2)

)

‖x− y‖ > 0,so T is one-to-one.It remains to show that T−1 − id belongs to W 1,∞(R2,R2). First, sin
e T−1 − id =
(id−T ) ◦ T−1, one gets ∥∥T−1 − id

∥
∥
L∞(R2,R2)

= ‖θ‖L∞(R2,R2) < 1. Besides, the 
ondition
‖θ‖W 1,∞(R2,R2) < 1 implies (DT )−1 =

∑

j≥0
(−Dθ)j <∞ and so T−1 is di�erentiable with

D(T−1) = (DT )−1 ◦ T−1. Finally,
D(T−1 − id) = (DT )−1 ◦ T−1 − I =

(
(DT )−1 − I

)
◦ T−1 =




∑

j≥1

(−Dθ)j


 ◦ T−1,where I is the 2 by 2 identity matrix. Hen
e,
∥
∥D(T−1 − id)

∥
∥
L∞(R2,R2)

≤
‖Dθ‖L∞(R2,R2)

1− ‖Dθ‖L∞(R2,R2)

,



72 CHAPTER 4. PRELIMINARIES TO OPTIMIZATIONwhi
h 
ompletes the proof. �Remark 4.1.1. The set of all the mappings T appearing in Lemma 4.1.1 is denoted by
T =

{
T : R2 → R

2 | T − id∈W 1,∞(R2,R2) and T−1 − id∈W 1,∞(R2,R2)
}
. (4.2)The spa
e W 1,∞(R2,R2) is 
ommonly used as 
lass of regularity for the deformation θ.However, we 
ould have worked with bounded mappings in C2(R2,R2) having boundedderivative as well, or with mappings inW 2,∞(R2,R2). It would have been more 
onsistentwith the last result, whi
h adapts the Hadamard Variational Formula involving an openset of 
lass C2, or of 
lass W 2,∞.The geometri
 interpretation of the next proposition is: if two small enough defor-mation �elds θ1 and θ2 have the same normal 
omponent on ∂Ω0, then the deformateddomains (id+θ1)(Ω0) and (id+θ2)(Ω0) are the same up to the se
ond order. But tostate it properly, the notions of di�erentiability usually used in the 
ontext of shapeoptimization are required. They are re
alled here.De�nition 4.1.2. Let B1 and B2 be Bana
h spa
es and F be a mapping from an openset U ⊂ B1 into B2. The mapping F is 
alled Fré
het di�erentiable at an element u ∈ Uif there exists a bounded linear mapping DF (u) : B1 → B2 su
h that

‖F (u+ h)− F (u)−DF (u)h‖B2
= o

(
‖h‖B1

)
.The linear mapping DF (u) is 
alled the Fré
het derivative of F at u.The Fré
het derivative, veri�es the usual properties of a derivative, in parti
ular theprodu
t rule and the 
hain rule hold, see [Car67, Chapter 2℄.De�nition 4.1.3 ( [All07, De�nition 6.15℄ ). Let Ω0 be a bounded open set in R

2 and
J be a mapping from the set of all feasible shapes F(Ω0) given by (4.1) into R. Themapping J is 
alled di�erentiable with respe
t to the domain in Ω0 if the mapping

Ψ : W 1,∞(R2,R2) −→ R

θ 7−→ J ((id+θ)(Ω0)) ,is Fré
het di�erentiable at 0.The Fré
het derivative of Ψ at 0 is denoted in this 
ase by J ′(Ω0) in order to have,using De�nition 4.1.2:
J ((id+θ) (Ω0)) = J (Ω0) + J ′ (Ω0) θ + o

(

‖θ‖W 1,∞(R2,R2)

)

. (4.3)Remark 4.1.2. At that point, it is possible to guess that the fun
tional whi
h maps
θ ∈ W 1,∞(R2,R2) into id+θ in T , where T is the set of deformations de�ned by (4.2),will be often used in the sequel. So, it might be tempting to di�erentiate it, but T is nota Bana
h spa
e. A
tually, admitting a more general de�nition of the di�erentiability, it ispossible to give a sense to the derivative of θ ∈W 1,∞(R2,R2) 7→ (id+θ)(Ω0) ∈ F(Ω0), for



4.1. DETAILS OF THE SHAPE OPTIMIZATION STEP 73an open set Ω0 ⊂ R
2 and F(Ω0) given by (4.1). But the main issue is that a multivaluedfun
tional taking values in W 1,∞(R2,R2) is obtained, and that the identity id de�ned on

W 1,∞(R2,R2) is one of these possible values. Howewer, this topi
 is beyond the s
opeof this thesis. See [MS76, Chapters 2 and 3℄ where this notion of di�erentiability isdeveloped with 
aution.In our 
ontext, the metri
 
onsidered on R
2 
omes from a parametrisation and 
anbe given, at ea
h point x ∈ R

2 by a matrix G(x) satisfying the assumptions re
alled atthe beginning of Se
tion 5.1. Denoting by (·|·)G the 
orresponding inner produ
t, theproposition brie�y dis
ussed above 
an be given as follows.Proposition 4.1.4 ( [All07, Prop. 6.17℄ ). Let Ω0 ⊂ R
2 be a domain of 
lass C1,

n be the outward unit normal (with respe
t to (·|·)G) ve
tor �eld on ∂Ω0 and J be amapping di�erentiable with respe
t to the domain in Ω0. If θ1, θ2 ∈W 1,∞(R2,R2) satisfy
θ2 − θ1 ∈ C1(R2,R2) and (θ1|n)G = (θ2|n)G on ∂Ω0, then the derivative J ′(Ω0) satis�es

J ′(Ω0)θ1 = J ′(Ω0)θ2.To prove this proposition, some 
lassi
al results in dynami
al systems are needed butnot repeated here. See [HSD04, Chapter 17℄ and [Ma09℄ for a more general frameworkand for proves. For a ve
tor �eld θ ∈ W 1,∞(R2,R2) ∩ C1(R2,R2), and x ∈ R
2, let us
onsider the di�erential equation with initial 
onditions:

(Eθ,x)







dy

dt
= θ (y(t)) ,

y(0) = x.Sin
e θ is of 
lass C1(R2,R2), there exists a unique solution y : I → R
2 de�ned on anopen interval I ⊂ R 
ontaining 0 by the Cau
hy-Lips
hitz's Theorem. By the Gronwall'sLemma, it is a
tually de�ned on I = R be
ause θ is bounded. Thus, the �ow

ϕθ : R× R
2 −→ R

2

(t,x) 7−→ ϕθ(t,x) = y(t),where y is the unique solution of (Eθ,x) is well de�ned. It follows that for all t ∈ R,
ϕθ(t, ·) is a bije
tion of inverse ϕθ(−t, ·), and of regularity C1(R2,R2).In addition, the following lemma is helpful.Lemma 4.1.5 ( [All07, Lemma 6.20℄ ). Let Ω0 be a regular domain in R

2, n be theoutward unit normal (with respe
t to (·|·)G) ve
tor �eld on ∂Ω0 and θ ∈ W 1,∞(R2,R2).If (θ|n)G = 0 on ∂Ω0, then, ϕθ(t,Ω0) = Ω0, for all t ∈ R.Proof. Set t ∈ R and x ∈ ∂Ω0. By uniqueness of the solutions y to (Eθ,x), sin
e dy/dt =
θ(y(t)) is tangent to ∂Ω0 (for (·|·)G) by assumption, the fa
t that the integral 
urves aretangent to θ implies ϕθ(t,x) ∈ ∂Ω0. Conversely, for all x′ ∈ ∂Ω0, x := ϕθ(−t,x′) ∈ ∂Ω0by the same argument and is su
h that ϕθ(t,x) = x

′. So ϕθ(t, ∂Ω0) = ∂Ω0.By uniqueness of the solutions y to (Eθ,x), an initial 
ondition x ∈ Ω0 implies thatthe solution remains in Ω0 by the �rst part above, that is ϕθ(t,x) ∈ Ω0. Conversely, forall x′ ∈ Ω0, x := ϕθ(−t,x′) ∈ Ω0 is su
h that ϕθ(t,x) = x
′. So, ϕθ(t,Ω0) = Ω0. �



74 CHAPTER 4. PRELIMINARIES TO OPTIMIZATIONProof of the proposition 4.1.4. Set θ := θ2 − θ1 ∈ C1(R2,R2), so that (θ|n)G = 0 and bythe previous lemma, ϕθ(t,Ω0) = Ω0. For x ∈ R
2, using the same notations as before for

(Eθ,x) and ϕθ, let us introdu
e the mappings
Γ1 : V(0) −→ W 1,∞(R2,R2)

t 7−→ Γ1(t) = ϕθ(t, ·) − id,

Γ2 : W 1,∞(R2,R2) −→ R

α 7−→ Γ2(α) = J ((id+α) (Ω0)) ,

Γ : R −→ R

t 7−→ Γ(t) = Γ2 ◦ Γ1(t),where V(0) is a small neighbourhood of 0 in R, su
h that ϕθ(t, ·) − id belongs to
W 1,∞(R2,R2) for all t ∈ V(0). A
tually, ϕθ(t, ·) ∈ C1(R2,R2) implies that ϕθ(t, ·) and
Dϕθ(t, ·) exist. Moreover, ϕθ(t, ·)− id is uniformly bounded sin
e

‖ϕθ(t,x)− x‖ =
∥
∥
∥
∥

∫ t

0
θ(y(s))ds

∥
∥
∥
∥
≤ ‖θ‖L∞(R2,R2) ε, ∀x ∈ R

2,where ε is the diameter of V(0), and the same 
omputation applied to Dϕθ(t,x), whi
his the �ow asso
iated to (EDθ,x)
3, proves that ϕθ(t, ·)− I is uniformly bounded 4.Then, noti
e that Γ(t) = J (ϕθ(t,Ω0)) = J (Ω0) is 
onstant, by Lemma 4.1.5. So,taking the (usual) derivative yields

d

dt
J (ϕθ(t,Ω0)) = 0, ∀t ∈ R.Let us now 
ompute the Fré
het derivative of Γ1 at 0 and of Γ2 at 0. For all x ∈ R

2, asimple limited development of the solution y to (Eθ,x) of order 1 at 0 yields
y(t) = y(0) +Dy(0)t+ o (|t|) ,whi
h is equivalent to
ϕθ (t,x) = x+ θ(x)t+ o (|t|) .By de�nition, the Fré
het derivative of Γ1 at 0 is the bounded linear mapping DΓ1(0) :

R→W 1,∞(R2,R2) de�ned by
Γ1(t) = Γ1(0) +DΓ1(0)t+ o(|t|) ,or equivalently,

ϕθ (t, ·)− id= ϕθ(0, ·) − id+DΓ1(0)t+ o (|t|) .3. See for example [Ma09, Proposition 3.22℄.4. See [MS76, Theorem 3.1℄ for a 
omplete proof. However, their proof requires the notion of di�er-entiability tou
hed on in Remark 4.1.2.



4.1. DETAILS OF THE SHAPE OPTIMIZATION STEP 75So, DΓ1(0) = θ. Besides, sin
e J is di�erentiable with respe
t to the domain in Ω0, theFré
het derivative of Γ2 at 0 is J ′ (Ω0) by de�nition. Finally, by the 
hain rule appliedat t = 0, sin
e Γ1(0) = 0, it yields
0 =

d

dt
(J(ϕθ(0, ·)) =

d

dt
(Γ2 ◦ Γ1(0)) = J ′ (Ω0) θ.As θ = θ2 − θ1, the proof is 
ompleted by linearity. �The following lemma, given without proof, is useful throughout the rest of this se
tion.It is 
on
erned with the derivative of a 
omposition of a mapping g, depending on θ, withthe deformation id+θ. Hen
e, with the previous notations, if g is applied over Ωθ, then

g ◦ (id+θ) is de�ned on Ω0. And in order to integrate g over Ωθ, it is parti
ularly helpfulto 
arry out this 
omposition to di�erentiate the integral on the �xed domain Ω0, insteadof Ωθ.Lemma 4.1.6 ( [HP05, Lemma 5.3.3℄ ). Let g : W 1,∞(R2,R2) → L1(R2) be Fré
hetdi�erentiable at 0 su
h that g(0) ∈ W 1,1(R2) and Ψ : W 1,∞(R2,R2) → T be de�ned by
Ψ(θ) = id+θ. Then Φ : W 1,∞(R2,R2) → L1(R2) given by θ 7→ g(θ) ◦ Ψ(θ) is Fré
hetdi�erentiable at 0 ∈W 1,∞(R2,R2) and the expression of its derivative is given by

DΦ(0)θ = D(g ◦Ψ)(0)θ = Dg(0)θ + (∇g(0) |θ )G .Remark 4.1.3. See [HP05, Lemma 5.3.3℄ for a proof in 
ase of (·|·)G being the usual innerprodu
t in R
2. Looking at a sket
h of the proof, starting from

‖g(θ) ◦Ψ(θ)− g(0) −Dg(0)θ − (∇g|θ)G‖L1(R2) ,the term g(0) ◦ (id+θ)− g(0)− (∇g(0)|θ)G appears. This last term is equal after 
al
u-lations to o(‖θ‖W 1,∞(R2,R2)). Besides, other terms arise whi
h are bounded from aboveby o(‖θ‖W 1,∞(R2,R2)).The following result sets the assumptions to di�erentiate with respe
t to θ under the
∫ sign in a general 
ontext.Proposition 4.1.7. Let Ω ⊂ R

2 be a bounded measurable set and f : W 1,∞(R2,R2) →
L1(R2) be Fré
het di�erentiable at 0 ∈W 1,∞(R2,R2). Then, the mapping

Φ : W 1,∞(R2,R2) −→ R

θ 7−→ Φ(θ) =

∫

Ω

f(θ)(x)
√

detG(x) dx,is Fré
het di�erentiable at 0 ∈W 1,∞(R2,R2) and
DΦ(0)θ =

∫

Ω

Df(0)θ(x)
√

detG(x) dx.



76 CHAPTER 4. PRELIMINARIES TO OPTIMIZATIONProof. First, noti
e that the notions of measurability of Ω or integrability over Ω 
oin
idefor the measures dx and √detG(x) dx, thanks to the assumptions on G.To show the 
ontinuity of the linear mapping W 1,∞(R2,R2)→ R given by
θ 7→

∫

Ω

Df(0)θ(x)
√

detG(x) dx,noti
e that
∣
∣
∣
∣
∣
∣

∫

Ω

Df(0)θ(x)
√

detG(x) dx

∣
∣
∣
∣
∣
∣

≤ C ‖Df(0)‖L1(R2) ‖θ‖L∞(R2,R2) ≤ C ′ ‖θ‖W 1,∞(R2,R2) ,where C and C ′ are two positive 
onstants by assumption on f . Then, the followingequality must be proven for θ ∈W 1,∞(R2,R2),
∣
∣
∣
∣
∣
∣

Φ(θ)− Φ(0)−
∫

Ω

Df(0)θ(x)
√

detG(x) dx

∣
∣
∣
∣
∣
∣

= o(‖θ‖W 1,∞(R2,R2)),or equivalently,
∫

Ω

(f(θ)(x)− f(0)(x))
√

detG(x) dx =

∫

Ω

Df(0)θ(x)
√

detG(x) dx

+ o(‖θ‖W 1,∞(R2,R2)).Sin
e f is Fré
het di�erentiable at 0,
f(θ)− f(0) = Df(0)θ + o(‖θ‖W 1,∞(R2,R2)),and be
ause Df(0)θ belongs to L1(R2) for all θ ∈W 1,∞(R2,R2), it yields

∫

Ω

(f(θ)(x)− f(0)(x))
√

detG(x) dx

=

∫

Ω

Df(0)θ(x)
√

detG(x) + o(‖θ‖W 1,∞(R2,R2)) dx.Finally, sin
e Ω is bounded, then ∫Ω o(‖θ‖W 1,∞(R2,R2)) = o(‖θ‖W 1,∞(R2,R2)), that 
om-pletes the proof. �Assume now that the integral to be di�erentiated also depends on a moving domain.This is the topi
 of the next result.



4.1. DETAILS OF THE SHAPE OPTIMIZATION STEP 77Corollary 4.1.8. Let Ω ⊂ R
2 be a bounded measurable set and f : W 1,∞(R2,R2) →

L1(R2) be su
h that f(θ) ◦ (id+θ) is Fré
het di�erentiable at 0 ∈ W 1,∞(R2,R2). Then,the mapping
Φ : W 1,∞(R2,R2) −→ R

θ 7−→ Φ(θ) =

∫

Ωθ

f(θ)(x)
√

detG(x) dx,where Ωθ := (id+θ)Ω, is Fré
het di�erentiable at 0 ∈W 1,∞(R2,R2) and
DΦ(0)θ =

∫

Ω

[Df(0)θ(x) + div(θ(x)f(0)(x))]
√

detG(x) dx.Proof. As before, the measure√detG(x) dx has no parti
ular in�uen
e 
ompared to theusual Lebesgue measure. Using the substitution of variables in a Lips
hitz's framework 5,it yields
Φ(θ) =

∫

Ω

f(θ) ◦ (id+θ)(x)|detDx(id+θ)(x)|
√

detG(x) dx,where Dx(id+θ)(x) = I+Dxθ(x) denotes the ja
obian matrix of x ∈ R
2 7→ (id+θ)(x) ∈

R
2 at x. Introdu
e the mappings

ϕ1 : W 1,∞(R2,R2) −→ L1(R2)
θ 7−→ ϕ1(θ) = f(θ) ◦ (id+θ),

ϕ2 : W 1,∞(R2,R2) −→ R

θ 7−→ ϕ2(θ) = |det(I +Dxθ)|,and set ϕ = ϕ1 ·ϕ2. The absolute value in the expression of ϕ2 is a
tually not ne
essaryfor small θ ∈ W 1,∞(R2,R2) be
ause of the 
ontinuity of the determinant. ApplyingProposition 4.1.7 to the integrand ϕ(θ) leads to
DΦ(0)θ =

∫

Ω0

Dϕ(0)θ(x)
√

detG(x) dx.Now, we 
ompute Dϕ(0)θ. On the �rst hand, by Lemma 4.1.6 applied to g = f ,
Dϕ1(0)θ = Df(0)θ + (∇f(0)|θ)G .On the other hand, if L∞(R2,R4) denotes the spa
e of the 2 by 2 matri
es whose
omponents belong to L∞(R2) , endowed with the norm given by ‖H‖L∞(R2,R4) :=

ess supx∈R2{
∑

1≤i,j≤2 |Hi,j(x)|}, the Fré
het derivative at 0 of
α1 : W 1,∞(R2,R2) −→ L∞(R2,R4)

θ 7−→ α1(θ) = I +Dxθ,5. See for example [MS76, Lemma 4.1℄.



78 CHAPTER 4. PRELIMINARIES TO OPTIMIZATIONis given by θ 7→ Dxθ sin
e ‖Dxθ‖L∞(R2,R4) ≤ ‖θ‖W 1,∞(R2,R2) and sin
e α1(θ) − α1(0) =
Dxθ, whereas the Fré
het derivative at I of

α2 : L∞(R2,R4) −→ R

H 7−→ α2(H) = det(I +H),is given by H 7→ trace(H) by a 
lassi
al result 6. Hen
e, by the 
hain rule,
Dϕ2(0)θ = Dα2(I) (Dα1(0)θ) = trace(Dxθ) = div(θ),where the last equality 
omes from the de�nition of the divergen
e in (R2, (·|·)G

), seeDe�nition 2.1.26. Finally, applying the produ
t rule yields
Dϕ(0)θ =Dϕ1(0)θ ϕ2(0) + ϕ1(0)Dϕ2(0)θ

=Df(0)θ + (∇f(0)|θ)G + f(0) div(θ) = Df(0)θ + div(θf(0)),the last equality being stated in Proposition 2.1.27. �The next proposition is an adaptation of the previous results to the framework of thedi�erentiation with respe
t to the domain.Proposition 4.1.9. Let Ω0 ⊂ R
2 be a bounded measurable set and f ∈ W 1,1(R2). Con-sider the fun
tional

J : F(Ω0) −→ R

Ω 7−→ J(Ω) =

∫

Ω

f(x)
√

detG(x) dx.Then, J is di�erentiable with respe
t to the domain at Ω0, and for θ ∈W 1,∞(R2,R2),
J ′(Ω0)θ =

∫

Ω0

div(θ(x)f(x))
√

detG(x) dx,where div is the divergen
e operator de�ned on (R2, (·|·)
)

G
.Proof. By de�nition of the derivative with respe
t to the domain, we have to 
omputethe Fré
het derivative of θ ∈ W 1,∞(R2,R2) 7→ J((id+θ)(Ω0)) ∈ R at θ = 0. By Corol-lary 4.1.8, sin
e the integrand does not depend on θ, it yields

J ′(Ω0)θ =

∫

Ω0

div(θ(x)f(x))
√

detG(x) dx.

�6. For a more general statement, see for example [MS76, Lemma 4.2℄.
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ation of this last result 
onsists in the derivative with respe
t tothe domain of the fun
tional given by vol. The expression obtained is helpful for takinginto 
onsideration the volume 
onstraint in the optimization pro
ess. For that matter,it is su�
ient to assume that Ω0 is polygonal.Corollary 4.1.10. Let Ω0 ⊂ R
2 be a polygonal set. The fun
tional

vol : F(Ω0) −→ R

Ω 7−→ vol(Ω) =

∫

Ω

√

detG(x) dx,is di�erentiable with respe
t to the domain at Ω0 and its derivative is given, for θ ∈
W 1,∞(R2,R2), by

vol′(Ω0)θ =

∫

∂Ω0

(θ(x) |n(x))G
√

detG(x) dσ, (4.4)where n(x) is the outward unit normal (with respe
t to (·|·)G) ve
tor on the boundary
∂Ω0 at the point x and dσ is the 
orresponding 
urve element on ∂Ω0.Proof. With f ∈ W 1,1(R2) su
h that f ≡ 1 in a neighbourhood of Ω0, Proposition 4.1.9gives

vol′(Ω0)θ =

∫

Ω0

div(θ(x))
√

detG(x) dx =

∫

∂Ω0

(θ(x) |n(x) )G
√

detG(x) dσ,the last equality being obtained by applying the Divergen
e Theorem, see Theorem 2.1.31,thanks to the regularity of ∂Ω0. 7 �4.1.2 Appli
ation to J(Ω) = λk(Ω)Let Ω0 be an initial domain. The purpose of this subse
tion is to apply the di�eren-tiation results to the 
ost fun
tional given by
J : F (Ω0) → R

Ω 7→ J(Ω) = λk(Ω) := λk,Ω, (4.5)where F(Ω0) still denotes the set of all feasible shapes de�ned by (4.1). To show that
J is di�erentiable with respe
t to the domain, the results from [HP05℄ must be slightlyadapted. On the one hand, the metri
 g is taken into a

ount in the 
omputations, in theother hand, a deformation �eld θ of 
lass W 1,∞(R2,R2) is 
onsidered in the HadamardVariational Formula. The methodology in [HP05, � 5.6 and 5.7℄, 
onsisting in derivinginformally the formula in a �rst step and proving it rigorously afterwards provides agood explanation of where does this variational formula 
omes from. However, the way7. See [MS76, Thorem 4.2℄ for a statement with less regularity.



80 CHAPTER 4. PRELIMINARIES TO OPTIMIZATIONto obtain the expression λ′k(Ω0)θ relies on a regularity assumption of the asso
iatedeigenfun
tion uk(Ω0) that is not justi�ed here. A rigorous proof of this assumption maybe found in [HP05, Se
tion 5.7, pp. 210�211℄.Proposition 4.1.11. Let Ω0 ⊂ R
2 be a bounded open set of 
lass C2 and λk(Ω0) be theeigenvalue appearing in (Popt) whi
h is supposed to be simple, with asso
iated eigenfun
-tion denoted by uk(Ω0). Then, the fun
tional

λk : F(Ω0) −→ R

Ω 7−→ λk(Ω)is di�erentiable with respe
t to the domain at Ω0 and its derivative is given, for θ ∈
W 1,∞(R2,R2), by

λ′k(Ω0)θ = −
∫

∂Ω0

(
∂uk(Ω0)(x)

∂n(x)

)2

(θ(x) |n(x))G
√

detG(x) dσ. (4.6)where n(x) is the outward unit normal (with respe
t to (·|·)G) ve
tor on the boundary
∂Ω0 at the point x and dσ is the 
urve element on ∂Ω0.Remark 4.1.4. The regularity assumption on the boundary of Ω0 
an be weakened. In-deed, assuming Ω0 of 
lass W 2,∞(R2) is su�
ient. See [MS76, Theorem 5.2℄ applied tothe operator de�ned by u 7→ −∆gu − λku. 8 In this theorem of Murat-Simon, anotherresult holds for Ω0 of 
lass W 1,∞(R2)�for instan
e a polygonal set�. However it doesnot provide an expli
it formula whi
h 
ould be used numeri
ally.Proof. For 
onvenien
e, set uk(θ) : (id+θ)(Ω0) → R and let λk(θ) ∈ R be the solutionof (WP) on Ωθ := (id+θ)(Ω0). With these notations we have to 
ompute the Fré
hetderivative of λk at 0 ∈ W 1,∞(R2,R2). Sin
e Ω0 is of 
lass C2, the weak eigenfun
tion
uk(0) of (WP) over Ω0 satis�es uk(0) ∈ H2(Ω0), and so, is also an eigenfun
tion of (P),see [GT01, Theorem 8.12℄. Assume for the moment that λk, uk, ∇uk and ∆guk areFré
het di�erentiable at 0 ∈ W 1,∞(R2,R2). Thus, di�erentiating at 0 ∈ W 1,∞(R2,R2)the equality

−∆guk(θ)(x) = λkuk(θ)(x), ∀x ∈ Ω0,yields
−∆g (Duk(0)(x)) = (Dλk(0)) uk(0)(x) + λk(0)Duk(0)(x), ∀x ∈ Ω0.Then multiply by uk(0) the last equality and integrate over Ω0

−
∫

Ω0

uk(0)(x)∆g (Duk(0)(x))
√

detG(x) dx =

=

∫

Ω0

[
(Dλk(0)) u

2
k(0)(x) + λk(0)uk(0)(x)Duk(0)(x)

]√

detG(x) dx. (4.7)8. Their result 
an be applied to this operator sin
e the solution of −∆gu− λku = 0 is unique.
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e the eigenfun
tions are normalized for the norm ‖·‖H , Corollary 4.1.8 applied to
θ 7→

∫

(id+θ)(Ω0)

u2k(θ) ◦ (id+ θ)(x)
√

detG(x) dx,whose integrand θ ∈ W 1,∞(R2,R2) 7→ u2k(θ) ◦ (id+θ) is Fré
het di�erentiable at 0 byLemma 4.1.6, implies
∫

Ω0

[
2uk(0)Duk(0)θ + div(θ u2k(0))

]
(x)
√

detG(x) dx = 0. (4.8)The Divergen
e Theorem 2.1.31 provides the equality
∫

Ω0

div(θ u2k(0))(x)
√

detG(x) dx =

∫

∂Ω0

u2k(0)(x) (θ(x)|n(x))G
√

detG(x) dxand sin
e uk(0) vanishes on ∂Ω0, (4.8) be
omes
∫

Ω0

uk(0)(x)Duk(0)θ(x)
√

detG(x) dx = 0. (4.9)Thus, equality (4.7) may be rewritten as
−
∫

Ω0

uk(0)(x)∆g (Duk(0)(x))
√

detG(x) dx = Dλk(0).By applying the Green Formula twi
e to the left hand side and after noti
ing that twoterms are vanishing be
ause uk(0) ≡ 0 on ∂Ω0 and be
ause of equality (4.9), it follows
Dλk(0) =

∫

∂Ω0

∂uk(0)

∂n
Duk(0)

√
detGdσ. (4.10)Now, we 
ompute Duk(0) on ∂Ω0. From Lemma 4.1.6, it holds that

D (uk(θ) ◦ (id+θ)) (0)θ = Duk(0)θ + (∇uk(0)|θ)G . (4.11)Moreover, uk(θ) ◦ (id+θ) : Ω0 → R is 
onstant equal to zero on ∂Ω0, hen
e for x ∈ ∂Ω0,it yields
∇uk(0)(x) = n(x) (∇uk(0)(x)|n(x))G = n(x)

∂uk(0)(x)

∂n
,and 
ombining with (4.11) restri
ted to ∂Ω0 it follows

Duk ∂Ω0
(0)θ = −∂uk(0)

∂n
(n|θ)G .



82 CHAPTER 4. PRELIMINARIES TO OPTIMIZATIONThis last equality plugged in (4.10) gives the expe
ting formula for Dλk(0).The assumptions asserting that λk, uk, ∇uk and ∆guk are Fré
het di�erentiableat 0 ∈ W 1,∞(R2,R2) still should be justi�ed to 
omplete the proof. In the sequel,only a sket
h of the proof is outlined following [HP05℄. The idea is to show that θ ∈
W 1,∞(R2,R2) 7→ (λk(θ), uk(θ)) ∈ R ×H1(R2) is equal to another mapping whi
h is of
lass C∞. For that purpose, we introdu
e the operator Ψ :W 1,∞(R2,R2)×H1

0 (Ω0)×R→
H−1(Ω0)× R de�ned by
Ψ(θ, v, λ) = (− div(A(θ)∇v det(I +Dxθ))− λv det(I +Dxθ),

∫

Ω0

v2 det(I +Dxθ)− 1).where A(θ) = (I+Dxθ)
−1(I+Dxθ)

−T . Noti
e that the problem displa
ed over Ω0 usingthe substitution of variables y = (id+θ)x 
an be expressed by the equality
Ψ(θ, uk(θ) ◦ (id+θ), λk(θ)) = (0, 0).Proving that Ψ belongs to the C∞ 
lass is not the most di�
ult part but is te
hni
al.Then, the Open Mapping Theorem implies that the Fré
het derivative of Ψ with respe
tto (v, λ) is an isomorphism. To 
omplete the proof, a version of the Impli
it Fun
tionTheorem is used to show that there exists a mapping θ ∈W 1,∞(R2,R2) 7→ (v(θ), λ(θ)) ∈

H1
0 (Ω0) × R of 
lass C∞ de�ned on a neighbourhood V of 0 in W 1,∞(R2,R2), and thatthere exists a neighbourhood O of (0, uk(0), λk(0)) in W 1,∞(R2,R2)×H1

0 (Ω0)×R su
hthat, v(0) = uk(0), λ(0) = λk(0) and
Ψ−1({(0, 0)}) ∩ O = {(θ, v(θ), λ(θ)) : θ ∈ V} .Thus, θ ∈ W 1,∞(R2,R2) 7→ (v(θ), λ(θ)) ∈ H1

0 (Ω0) × R 
oin
ides with the fun
tion
θ ∈ W 1,∞(R2,R2) 7→ (u(θ) ◦ (id+θ), λk(θ)) ∈ H1

0 (Ω0) × R, whi
h shows the Fré
hetdi�erentiability of the eigenvalue and eigenfun
tion with respe
t to θ, as well as it justi�esthe 
omputations involving the Fré
het derivatives of ∇uk(θ) and ∆guk(θ). �Remark 4.1.5. Another proof in a regular 
ontext with an approa
h 
oming from theRiemannian geometry 
an be found in [ESI07℄, where the Corollary 2.1 
orresponds tothe statement of the adapted Hadamard Variational Formula given above. However, itprovides abstra
t formulas, whereas its translation in the open set of a 
hart is requiredfor the numeri
al appli
ations.4.1.3 Taking the multipli
ity into 
onsiderationThe fa
t that a multiple eigenvalue is not Fré
het-di�erentiable is well known, see forinstan
e [Hen06, Subse
tion 2.5.1℄. So, general deformations as de�ned in (4.1) are notpossible anymore, but given a �xed θ ∈W 1,∞(R2,R2), feasible shapes must be restri
tedto shapes of the form Ωtθ = (id+tθ)(Ω0), for t > 0 small enough. Thus, in order to dealwith a similar formula as (4.6) when multipli
ity o

urs, dire
tional derivatives are used.This is a 
lassi
al approa
h in su
h a 
ontext. The following result is proved in a general
ontext, see [Mun00, Theorem 4.3.1℄, and stated in [Hen06℄ for the eigenvalue problemof the Lapla
e operator in the Eu
lidean 
ase.



4.2. THE UZAWA ALGORITHM 83Proposition 4.1.12 ( Adapted from [Hen06, Theorem 2.5.8℄ ). Let Ω0 ⊂ R
2 be a boundedopen set of 
lass C2 and λk(Ω0) be the eigenvalue appearing in (Popt) of multipli
ity

m ≥ 1, with asso
iated eigenfun
tions denoted by uk1(Ω0), . . . , ukm(Ω0). Then, for asmall ε > 0, the fun
tional
λk : (−ε, ε) → R

t 7→ λk(Ωtθ)has a derivative at t = 0, that is for all θ ∈W 1,∞(R2,R2), the limit
lim
t→0

λk(Ωtθ)− λk(Ω0)

texists and is one of the eigenvalues of the m by m matrix D, whose 
omponents arede�ned by
Di,j = −

∫

∂Ω0

(
∂uki(Ω0)(x)

∂n(x)

∂ukj(Ω0)(x)

∂n(x)

)

(θ(x) |n(x))G
√

detG(x) dσ. (4.12)for i, j = 1, . . . ,m, where n(x) is the outward unit normal (with respe
t to (·|·)G) ve
toron the boundary ∂Ω0 at the point x and dσ is the 
urve element on ∂Ω0.Remark 4.1.6. When the eigenvalue λk(Ω0) is simple, that is m = 1, this result 
orre-sponds to Proposition 4.1.11.In our 
ontext, looking at the multipli
ity for an eigenvalue makes sense, sin
e for
k ≥ 2, the k-th eigenvalue λk(Ω∗) asso
iated to the domain Ω∗

k minimizing λk(Ω) amongall domain Ω of �xed volume, is expe
ted to have multipli
ity m > 1, at least forthe Eu
lidean 
ase, see [Hen06, Open problem 1℄. When multipli
ity o

urs, anotherapproa
h is to 
onsider the sub-di�erential of λk(Ω), see for instan
e [Cox95℄ about thistopi
.4.2 Dealing with the volume 
onstraint: the Uzawa algo-rithmHaving the formula (4.6) at our disposal, the optimization problem (Popt) 
an be nowaddressed. Formally, be
ause the fun
tional Ω 7→ vol(Ω)λk(Ω), is in general not invariantunder homothety in (R2, (·|·)G), the volume of the shape Ω has to be 
ontrolled duringthe optimization pro
ess. For this purpose, introdu
e the Lagrangian L of the problem
(Popt), given by

L : F(Ω0)× R → R

(Ω, µ) 7→ L(Ω, µ) = J(Ω) + µ(vol(Ω)− V0),



84 CHAPTER 4. PRELIMINARIES TO OPTIMIZATIONwhere the fun
tional J is given by (4.5) and F(Ω0) still denotes the set of all feasibleshapes from an initial domain Ω0 of 
lass C2 and of volume V0 satisfying 0 < V0 <
vol(π(U)) =: V , where (U, π) denotes the 
hart of M su
h that Ω0 ⊂ π(U). The positiveparameter µ is 
alled the Lagrange multiplier for the problem (Popt). Instead of dealingwith the optimization problem and its volume 
onstraint, we have to �nd a saddle pointof L without 
onstraint, that is to �nd (Ω′, µ′) ∈ F(Ω0)× R, su
h that

L(Ω′, µ) ≤ L(Ω′, µ′) ≤ L(Ω, µ′), ∀(Ω, µ) ∈ F(Ω0)×R. (4.13)This fa
t is more pre
isely stated in the next lemma. A general study of the Lagrangian
an be found in [FG82℄ and in [IK08℄ with appli
ations to optimization problems ofvarious types, or in [Cia82, Chapter 9℄, [All07, Chapter 3℄ and [IK08, Se
tion 4.6℄, with anappli
ation to the Uzawa algorithm�the method that will be implemented numeri
ally�to �nd a saddle point of the Lagrangian.Lemma 4.2.1. 9 With the previous notations, if (Ω∗, µ∗) ∈ F(Ω0)×R is a saddle pointof the Lagrangian, then the set Ω∗ is a solution to problem (Popt).Proof. The inequality
L(Ω∗, µ) ≤ L(Ω∗, µ∗), ∀µ ∈ R,in the de�nition of a saddle point (4.13), 
an be rewritten as

(µ − µ∗)(vol(Ω∗)− V0) ≤ 0, ∀µ ∈ R,and so, vol(Ω∗) = V0. Moreover, the other inequality in (4.13) yields
J(Ω∗) ≤ J(Ω) + µ∗(vol(Ω)− V0), ∀Ω ∈ F(Ω0),and, restri
ting to Ω ∈ F(Ω0) of volume V0, it gives J(Ω∗) ≤ J(Ω). Thus, Ω∗ is solutionof (Popt). �The idea behind the Uzawa algorithm is the following: assume that the se
ond 
om-ponent µ∗ ∈ R of a saddle point of L is at our disposal. Finding a minimizer Ω∗ ofthe problem (with 
onstraint) (Popt) is equivalent to �nd the �rst 
omponent Ω∗ of thesaddle point, ie a solution to the so 
alled primal problem (without 
onstraint):
(Pµ∗)

{ Find a set Ω∗ ∈ F(Ω0), su
h that
L(Ω∗, µ∗) ≤ L(Ω, µ∗), ∀Ω ∈ F(Ω0).The point is �rst to be able to �nd µ∗. It 
omes readily 10 that µ∗ satis�es

inf
Ω∈F(Ω0)

L(Ω, µ∗) = sup
µ∈R

inf
Ω∈F(Ω0)

L(Ω, µ).9. Lemma 4.2.1 is a version adapted to the 
ontext of di�erentiation with respe
t to the domainof [Cia82, Theorem 9.3-2℄.10. The aim is to show that inf and sup 
ommute when the de�nition of µ∗ is used. See for example[Cia82, Theorem 9.3-1℄.



4.2. THE UZAWA ALGORITHM 85So, the following dual problem has to be solved:
(Q)

{ Find µ∗ ∈ R, su
h that L(µ∗) = supµ∈R L(µ),where L : R→ R, is given by
µ 7→ L(µ) = inf

Ω∈F(Ω0)
L(Ω, µ).Thus, to �nd numeri
ally the solution Ω∗, two sequen
es (Ω(n)

)

n∈N and (µ(n))
n∈N arebuilt simultaneously using a des
ent (or gradient) method. For this purpose, the expres-sions of the derivative (with respe
t to the domain) of the Lagrangian with respe
t to

Ω and the (
lassi
al) derivative of the Lagrangian with respe
t to µ are required. Their
omputation 
omes readily thanks to the equations (4.4) and (4.6) derived in the lastsubse
tions: for Ω ∈ F(Ω0), θ ∈W 1,∞(R2,R2) and µ ∈ R, it holds that
∂L
∂Ω

(Ω, µ)θ =

∫

∂Ω

(

µ−
(
∂uk(Ω)(x)

∂n(x)

)2
)

(θ(x)|n(x))G
√

detG(x)dσ, (4.14)
∂L
∂µ

(Ω, µ) = vol(Ω)− V0. (4.15)The initialization of the algorithm 
onsists in an arbitrary Lagrange multiplier µ(0) > 0and in an arbitrary polygonal domain Ω(0) of volume V0. Formula (4.14) is useful to �nda minimizer Ω(n+1) of (Pµ(n)) (without volume 
onstraint anymore), whereas Formula(4.15) is useful to �nd a maximizer of (Q). More pre
isely, these two steps are performedas follows:(i) 
ompute Ω(n+1);To �nd the in�mum of Ω 7→ L(Ω, µ(n)), one wants equation (4.14) to vanish, forall deformation �elds θ. Numeri
ally, the domains Ω used are polygonal sets, sothe only points 
ontrolled are their verti
es P (n)
i , i = 1, . . . , N∂Ω(n) . Following theidea of a des
ent algorithm, the new position P (n+1)
i of P (n)

i is the point on the linepassing through P (n)
i in the dire
tion 11 of n(P (n)

i ) at a distan
e di, given by
di =

∫

∂Ω(n)



µ(n) −
(

∂uk(Ω
(n))(x)

∂n(x)

)2


 (θ(x)|n(x))G
√

detG(x)dσ, (4.16)where θ ∈W 1,∞(R2,R2) is su
h that:
◦ θ(Pi) = n(Pi);
◦ θ(Pj) = 0, for j 6= i.In the Eu
lidean 
ase, this 
an be simply 12 written as P (n+1)

i = P
(n)
i − din(P (n)

i ).11. See Remark 4.2.1 below for the numeri
al implementation of n(Pi).12. For a general manifold of dimension 2, it is more 
ompli
ated. This aspe
t is the aim of Se
tion 4.3.
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ompute µ(n+1);In the same spirit, the next Lagrange multiplier in the Uzawa algorithm is given by
µ(n+1) = µ(n) + c(vol(Ω(n))− V0),where c > 0 is a �xed parameter.(iii) if a given stopping 
riterion is not rea
hed 13, ba
k to step (i).This optimization pro
ess is summarized in the following algorithm.Uzawa Algorithm (in our shape optimization 
ontext)Given µ(0) > 0, Ω(0) a domain of volume V0 and tol a thresold.

n← 0; crit← 2 tol;while crit > tolCompute Ω(n+1) using a des
ent method given by (4.16);Compute µ(n+1) ← µ(n) + c(vol(Ω(n))− V0);update crit;end Algorithm 3.Remark 4.2.1. Let us 
larify some relevant points for numeri
al implementation. First,the value for the parameter c at step (ii) has been �xed at 1000 after some 
alibrationexperiments. Furthermore, the stopping 
riterion 
hosen is to ask the ratios
L(Ω(n+k), µ(n+k))− L(Ω(n), µ(n))

L(Ω(n), µ(n))
, k = 1, . . . , 10,to be all smaller than a 
ertain small toleran
e ε > 0. This equates to ask the lastten 
omputed values of the Lagrangian to vary little 
ompared to the toleran
e ε. Thislatter has been adjusted at ε = 10−6. Although the volume is note preserved all alongthe algorithm, noti
e that the volume of the �nal domain is very 
lose to V0 as stated byLemma 4.2.1 and illustrated in an example in Appendix B.Finally, the outward unit normal (with respe
t to (·|·)G) ve
tor n on the boundary

∂Ω at a vertex Pi of Ω is implemented numeri
ally from a generalization to surfa
es ofthe idea in [ESG82℄: n is de�ned at a vertex P of a polygonal set in (R2, (·|·)G) by 14
n(P ) =

∑

K∈E(P )

vol(K)∇ϕK,P

∥
∥
∥
∥
∥

∑

K∈E(P )

vol(K)∇ϕK,P

∥
∥
∥
∥
∥

,where:
◦ E(P ) denotes the set of elements K whose P is a vertex;13. See Remark 4.2.1.14. This ve
tor depends on the metri
 through the gradient terms ∇ϕK,P .
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K

∇ϕK,P

∂Ω

PFigure 4.2: The blue arrow represents the 
ontribution of the element K to the normalve
tor at point P lying on the boundary ∂Ω. The red dotted lines are parallel to the sideopposite P , and orthogonal to n in the Eu
lidean plane.
◦ ϕK,P is the element shape fun
tion over K, taking value 1 at P .It means that the 
ontribution of an element to the normal ve
tor at one of its verti
eslying on the boundary 
onsists in the gradient of the element shape fun
tion asso
iated tothe mentioned vertex, weighted by the volume of the element. In [ESG82℄, this de�nitionof a normal ve
tor is stated in the Eu
lidean plane, namely where G = I the 2 by 2identity matrix. Geometri
ally, this gradient points in the orthogonal dire
tion of theside opposite the vertex in question, see Figure 4.2.4.3 Te
hni
al aspe
t about the way to move the boundaryof a domain in a surfa
eThe last se
tion shows that the 
onsideration of the metri
 modi�es deeply the pro-
essing of the optimization problem, 
ompared to the Eu
lidean 
ase in R

2. The mainillustration is the introdu
tion of a Lagrange multiplier to solve the issue of la
k of in-varian
e under homothety of the fun
tional Ω → λk(Ω). However, another te
hni
al
onsequen
e, is the displa
ement of a node P (n)
i lying on the boundary of ∂Ω(n) givenby the equation (4.16) whi
h is repeated here: for all i = 1, . . . , N∂Ω(n) , the point P (n)

ibe
omes, in the next step of the optimization, the point P (n+1)
i lying on the line passingthrough P (n)

i in the dire
tion of n(P (n)
i ) at a distan
e d(n)i given by

d
(n)
i =

∫

∂Ω(n)



µ(n) −
(

∂uk(Ω
(n))(x)

∂n(x)

)2


 (θ(x)|n(x))G
√

detG(x)dσ,where θ ∈W 1,∞(R2,R2) is su
h that:
◦ θ(P (n)

i ) = n(P
(n)
i );

◦ θ(P (n)
j ) = 0, for j 6= i.
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θ(P

(n)
i )

P
(n)
j

P
(n)
i

P
(n+1)
i

Ω(n)

∂Ω(n)

d
(n)
i

Figure 4.3: The blue arrows represent the deformation �eld θ whi
h transport the point
P

(n)
i onto the point P (n+1)

i for the next step of the optimization pro
ess.Be
ause of the dis
retization, the deformation �eld θ is supposed to be linear betweentwo adja
ent verti
es, so the above integral redu
es to
d
(n)
i =

∫

e
(n)
i,−∪e(n)

i,+



µ(n) −
(

∂uk(Ω
(n))(x)

∂n(x)

)2


 (θ(x)|n(x))G
√

detG(x)dσ,where e(n)i,− and e
(n)
i,+ denote the two di�erent edges of ∂Ω(n) 
ontaining P (n)

i . See Fig-ure 4.3. This integral is approximated numeri
ally using the trapezoidal rule on ea
h edge
e
(n)
i,− and e(n)i,+. On
e the 
omputation of the amplitude of the displa
ements di 
ompletedfor all i = 1, . . . , N∂Ω(n) , the lo
us of P (n+1)

i still has to be determined. Indeed, 
ontrary tothe Eu
lidean 
ase where the new position is simply de�ned by P (n+1)
i = P

(n)
i −din(P

(n)
i ),it is less straightforward for a general metri
 represented by G. In this latter, the Eu-
lidean distan
e δ(n)i > 0 
orresponding to the amplitude d(n)i has to be determined, thatis, if γ : [0, 1]→ [P

(n)
i , P

(n+1)
i ], t 7→ P

(n)
i + t(P

(n+1)
i −P (n)

i ), denotes the parametrizationof the Eu
lidean segment [P
(n)
i , P

(n+1)
i ] whose extremities are P (n)

i and P
(n+1)
i , where

P
(n+1)
i = P

(n)
i − δ(n)i n(P

(n)
i ), then δ(n)i has to be 
hosen su
h that

d
(n)
i =

1∫

0

‖γ̇(t)‖G dt :=

1∫

0

[(

P
(n+1)
i − P (n)

i

)T
G(γ(t))

(

P
(n+1)
i − P (n)

i

)]1/2

dt

= δ
(n)
i

1∫

0

[

n(P
(n)
i )T G(γ(t)) n(P

(n)
i )

]1/2
dt.Approximating the right hand side using the trapezoidal rule leads to

d
(n)
i ≃ δ

(n)
i

2

(

1 +
[

n(P
(n)
i )T G(P

(n+1)
i ) n(P

(n)
i )

]1/2
)

, (4.17)
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t that n(P (n)
i ) is unitary. The required quantity δ(n)i also appears in

G(P
(n+1)
i ), whi
h 
annot be determined expli
itly in general. So, thanks to the regularityassumption on the metri
 g, the 
omponents Gi,j : R

2 → R of G are smooth, and it holdsthat
Gi,j(P

(n+1)
i ) = Gi,j(P

(n)
i ) +DGi,j(ξi,j)(P

(n+1)
i − P (n)

i ), i, j = 1, 2,for some ξi,j between P
(n)
i and P

(n+1)
i . The approximations ξi,j ≃ P

(n)
i and a few
omputations yield

d
(n)
i ≃ δ

(n)
i

2

(

1 +
[

1 + δ
(n)
i (nDGn)(P

(n)
i ) n(P

(n)
i )

]1/2
)

,where (nDGn)(P
(n)
i ) is just a 
ompressed notation for

(nDGn)(P
(n)
i ) = n(P

(n)
i )T

(

DG1,1(P
(n)
i )n(P

(n)
i ) DG1,2(P

(n)
i )(P

(n)
i )

DG2,1(P
(n)
i )n(P

(n)
i ) DG2,2(P

(n)
i )(P

(n)
i )

)

n(P
(n)
i ).Hen
e, it �nally redu
es to �nd the zero of the fun
tion de�nes from R>0 into itself by

δ
(n)
i 7→ δ

(n)
i

2

(

1 +
[

1 + δ
(n)
i (nDGn)(P

(n)
i ) n(P

(n)
i )

]1/2
)

− d(n)i ,whi
h is 
arried out using a Newton-Raphson's method.Remark 4.3.1. Other alternatives to determine the lo
us of P (n+1)
i have been studied,the most natural 15 being the displa
ement along the geodesi
 passing through P (n)

i andtangent to n(P (n)
i ). The drawba
k is that a di�erent routine providing the geodesi
sof the 
urrent surfa
e must be given for ea
h di�erent surfa
e. This is 
onsiderablymore onerous than 
omputing the derivatives of the 
omponents Gi,j , i, j = 1, 2, ofthe matrix G. However, it has been implemented for the sphere S

2 where it is easy andreasonably e�
ient to determine exa
tly the new position P (n+1)
i of P (n)

i using a geodesi
displa
ement, but experimental 
omputations provide results of similar quality as whenthe points are displa
ed as explained in the present se
tion.The arguments that the user has to provide to the program is
◦ an initial domain 
onsisting of two lists: one for the 
oordinates of ea
h vertex onthe boundary of the initial domain in the open set of the 
hart, and one for theedges, ea
h of them being represented by 
ouples of positive integers 
orrespondingto the number of the nodes at its extremities;
◦ the expression of the metri
 in the open set of the 
hart, that is a fun
tion takingin argument a point x in the open set of the 
hart and returning the matrix G(x)representing the metri
 at the 
orresponding point on the surfa
e;
◦ a fun
tion returning the derivatives of the 
omponents Gi,j of G at a point x inthe open set of the 
hart.15. Be
ause geodesi
s generalize the notion of lines used for the shape optimization in the Eu
lidean
ase.





Chapter 5Optimization of eigenvalues of theDiri
hlet-Lapla
ian with respe
t tothe domainThis 
hapter is based on the prepubli
ation [Str12b℄, that involves possible redundan-
ies with previous 
hapters. His goal is to answer, using numeri
al methods, the following
lassi
al question 1: what is the domain Ω∗
k of the manifold (M,g) whi
h minimizes λk(Ω)among all domains of a given area, and what is the value of the 
orresponding λk(Ω∗

k)?Existen
e of optimal shapes in the 
lass of quasi-open sets of Rd, d ∈ N, has beenre
ently proved, see [Bu
12℄ and [MP13℄. Moreover, it has been shown that they arebounded and have �nite perimeter. However, results giving expli
it domains for thisoptimization problem exist only for the subs
ripts k = 1 or 2. In R
2, the Faber-Krahninequality 2 states that the domain minimizing λ1 among all domain of �xed volume is adis
. The same result still holds in the sphere S2 and in the Poin
aré dis
 D2. For k = 2in R

2, the analogous result, due to Krahn and Szeg® 3 asserts that the optimal domain
Ω∗
2 is the union of two identi
al dis
s. For higher order eigenvalues and other manifolds,almost no expli
it results exist. This is a good motivation to investigate this problem.The di�
ulty to �nd optimal shapes is the main reason to deal with it numeri
ally.E. Oudet is a pre
ursor in this �eld with his work [Oud04℄. It is 
on
erned with domainsin R

2 and Diri
hlet boundary 
onditions, and it uses the Finite Element Method and ades
ent algorithm to �nd optimal shapes. Other approa
hes 
an be found in the litera-ture, as one based on the Method of Fundamental Solutions 4, used by P. R. S. Antunesand P. Freitas [AF12℄. Their work improves Oudet's results and extends it to otherboundary 
onditions as well as higher order eigenvalues optimization. The algorithmused is based on the method explained in Chapter 3 for the 
omputation of the eigen-1. The notations of the previous 
hapter are used again. Moreover, the 
on
epts appearing in thatarti
le are given more a

urately in the sequel.2. Theorem 1.1.1.3. Theorem 1.1.2.4. [BT05℄ and [FHM67℄ are 
lassi
al referen
es on this issue.91



92 CHAPTER 5. OPTIMIZATION OF EIGENVALUESvalues and eigenfun
tions, and 
onsists in shape optimization to �nd a 
andidate to theoptimal domain. This step, in
luding a Uzawa algorithm to take into 
onsideration thevolume 
onstraint to work in manifolds di�erent from R
2, was detailed in Chapter 4.A
tually, optimization on surfa
es di�erent from the plane does not seem to have beenstudied numeri
ally.In the �rst se
tion, the optimization problem is stated, while some numeri
al resultsare presented in the se
ond se
tion, whi
h 
ome from [Str12b℄. To 
he
k the validity ofthe program, a 
omparison is 
arried out with the results in [AF12℄ of the shapes obtainedfor the optimizers in R

2 of the �rst �fteen eigenvalues. Furthermore, a validation is madefor small domains in the sphere S2 and in the Poin
aré dis
 D2, where a similar behaviouris expe
ted. To illustrate various types of 
urvature, other examples in the sphere S
2, inthe Poin
aré dis
 D

2 and in a hyperboloid are also 
arried out.5.1 Theoreti
al statement of the optimization problemIn spite of redundan
ies with the previous 
hapter, let us re
all the main tools andnotations about the underlying problem.Let (M,g) be a smooth, 
omplete Riemannian manifold of dimension 2 and of volume
VM ∈ (0,∞], let ΩM ⊂M be a domain in M , let ∆g denote the Lapla
e operator givenby (2.9) and (U, π) denote a 
hart where ΩM ⊂ U ⊂ M and π : U → R

2 is adi�eomorphism onto its range. As before, the metri
 g is represented at ea
h point
x ∈ M by the matrix G(π(x)) using the 
hart (U, π). In order to use the results ofChapter 3, assume that there exists a 
ompa
t set K su
h that ΩM ⊂ K ⊂ U . So, theassumptions (H1) and (H2) on the metri
 g hold, that is the 
omponents Gi,j , i, j = 1, 2,of the matrix G satisfy:
(H1) Gi,j is bounded on ΩM for i, j = 1, 2;
(H2) there exists C > 0 su
h that detG ≥ C on ΩM .Besides, with regard to the regularity of ∂Ω, the assumption asserting that Ω := π(ΩM )has a polygonal boundary is su�
ient to derive the weak formulation (WP) of the under-lying problem (P), de�ned in Se
tion 3.1, and is e�e
tive in the numeri
al 
omputations.As before, the notation H stands for the spa
e L2(Ω) endowed with the s
alar produ
tde�ned by (3.2) in Se
tion 3.1. The Spe
tral Theorem implies hen
eforth that thereexist a sequen
e (uk)k∈N\{0} of weak eigenfun
tions de�ning a Hilbert basis of H and asequen
e (λk)k∈N\{0} of asso
iated weak eigenvalues su
h that

0 < λ1 ≤ λ2 ≤ · · · ր ∞.The framework for the optimization problem is now set up: For k ∈ N \ {0} and a
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ertain �xed volume 0 < V < VM :
(Popt)







Find a set Ω∗
k ⊂M of volume V , su
h that the k-th eigenvalue λkappearing in problem (WP) satis�es

λk(Ω
∗
k) ≤ λk(Ω),for all sets Ω ⊂M of volume V .Remark 5.1.1. The main aspe
t of the dis
ussion about the relation between the solutionsand the weak solutions of the eigenvalue problem made at Se
tion 3.1 lies in the regularityof ∂Ω or in the 
onvexity of Ω. During the opimization pro
ess, the 
onvexity of thepolygonal domains are not guaranteed, so it might happen that over a solution Ω∗ ofthe optimization problem, the problem (P) does not make sense. This is the mainreason why the underlying problem 
onsists in (WP) instead of (P), also with the fa
tthat this formulation is used numeri
ally. Nevertheless, from now on, the s
alar λ(Ω∗)resulting from the optimization pro
ess is abusively 
alled an eigenvalue instead of aweak eigenvalue.A natural question whi
h arises now is the existen
e of a solution to the optimizationproblem. To answer it, the studies in [Bu
12℄ and [MP13℄ expand the s
ope of theoptimization problem to the 
lass of quasi-open sets of R2. Indeed, in that frameworkhis result 5 ensures the existen
e of a bounded solution Ω∗

k for ea
h k ∈ N \ {0}. So, itmakes sense to study (Popt) numeri
ally.With regard to the approximated problem, the dis
retization using the Finite ElementMethod is des
ribed in Se
tion 3.2, in parti
ular it leads to solve the approximatedproblem (WPh) de�ned in that se
tion.The main steps of an iteration of the optimization algorithm take pla
e as follows:I. Establishing a mesh given by the dis
retization of a boundary;II. Solving the �nite dimensional eigenproblem given in (WPh);III. Moving the boundary nodes of the mesh and hen
e get a new do-main.The �rst step 
onsists in meshing a domain en
losed by a polygonal 
urve into tri-angles, to be 
ompatible with the type of elements used. At the very beginning of thealgorithm, an arbitrary�or guessed�
losed 
urve is given. At the se
ond step, the eigen-value problem is solved numeri
ally using a Lan
zos pro
ess, as explained in Chapter 3and re
alled in Se
tion 2.3. Finally, the third main step deals with the shape optimizationitself. The domain is modi�ed through a displa
ement of the nodes lying on its boundary.Hen
e, a new dis
retization of the boundary is obtained and if a stopping 
riterion is notrea
hed, the algorithm goes ba
k to step I. The point of this third step is to deform thedomain in a 
lever way, in order to get a sequen
e of domains with in
reasingly lowerasso
iated eigenvalue. It is explained in Chapter 4.5. His result extends to R
N , N ≥ 1.
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al 
omputationsThe aim of this subse
tion is to present the numeri
al 
omputations obtained usingthe algorithm des
ribed above, to 
ompare them with results from the literature and toinvestigate new examples on surfa
es. It 
orresponds to Se
tion 4 of the prepubli
ation[Str12b℄.5.2.1 Surfa
es studied numeri
allyAs mentioned in the previous se
tion, the main idea is to use a 
hart (U, π) of themanifold (M,g) and to make the 
omputations in the open set π(U) ⊂ R
2 endowed withthe 
orresponding metri
. The manifolds (M,g) 
onsidered in this se
tion are R

2, thesphere S
2, the Poin
aré dis
 D

2 and the upper sheet H ⊂ R
3 of a hyperboloid.The 
anoni
al representation of R2 and D

2 are 
hosen. Re
all that the metri
 tensor
GD2 evaluated in a point (u, v) ∈ D

2 is given by
GD2(u, v) =

4

(1− u2 − v2)2
I ,where I denotes the 2 by 2 identity matrix. For the sphere, the stereographi
 map (U, πN )is used, where U = S

2 \ {(0, 0, 1)} and
πN : U → R

2

(x, y, z) 7→ πN (x, y, z) =
1

1− z (x, y).The 
orresponding metri
 tensor GS2 evaluated in a point (u, v) ∈ R
2 is given by

GS2(u, v) =
4

(1 + u2 + v2)2
I .The upper sheet of the hyperboloid de�ned by the equation x2 + y2 − z2 = −1 isparametrized by (R>0×]0, 2π[, α), where α is given by

α−1 : R>0×]0, 2π[ → R
3

(r, θ) 7→
(

r cos(θ), r sin(θ),
√

1 + r2
)

.The 
orresponding metri
 tensor GH indu
ed by the Eu
lidean metri
 of R3 on H andevaluated in a point (r, θ) ∈ R>0×]0, 2π[ is given by
GH(r, θ) =





1 + 2r2

1 + r2
0

0 r2



 .
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Figure 5.1: Plot of the optimizer for λ5(Ω∗
5,S2) among all domain of volume 0.1 in thesphere S

2.5.2.2 Numeri
al investigationsFirst, the program has been used to �nd the optimizer Ω∗
k,R2 , k = 1, . . . , 15, for the�rst �fteen eigenvalues in R

2. Even if the volume 
onstraint is not ne
essary in this
ase, no modi�
ations have been done to 
ompare the results with those in the arti
le[AF12, p. 13℄. Beginning with various initial dis
retized boundaries, the best shapesobtained mat
h the ones in [AF12℄. They are presented in Table 5.1, ea
h eigenvalue being
omputed with and without masslumping. A dis
ussion about the use of masslumpingis done in Subse
tion 3.5.1. See also [AD03℄.Another numeri
al experiment 
onsists in 
omputing the optimizers for small domainsin the sphere and in the Poin
aré dis
. The optimizer for the k-th eigenvalue is denotedin the sphere by Ω∗
k,S2 , and in the Poin
aré dis
 by Ω∗

k,D2 . Similar optimizers as in R
2are expe
ted. Su
h 
omputations have been made, with a �xed volume V0 = 0.1, seeTable 5.2. The domains in the Poin
aré dis
 are also exhibited in this table. Howeverthe visualization of domains in the sphere being not always pra
ti
al, only one is shownhere, see Figure 5.1. All these results 
on�rm the above expe
tation.Then the value of the volume V0 has been in
reased up to 2 for domains in the sphereand in the Poin
aré dis
. The relation between vol(Ω∗

k,S2) and λk(Ω∗
k,S2) is exhibited inFigure 5.2.Several remarks 
an be added to the results of these tables. A �rst observation isabout the domains obtained having two 
onne
ted 
omponents, namely the 
andidates for
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al approximation of λk(Ω∗
k,R2), k = 1, . . . , 15, for Ω∗

k,R2 ⊂ R
2 theoptimizer of volume 1 for the k-th eigenvalue and 
orresponding shapes. The last 
olumn
ontains the eigenvalues λk(Ω̃) from [AF12℄.

k

λk(Ω
∗
k,R2) with (up)and without (down)masslumping Ω∗

k,R2 λk(Ω̃) in [AF12℄1 18.16 -18.172 36.32 -36.393 46.27 -46.304 64.56 -64.785 78.46 78.278.536 88.89 88.5289.057 106.40 106.14106.518 119.84 118.9120.019 133.71 132.68134.0610 144.39 142.72144.8211 160.32 159.39160.5512 173.97 172.85174.3713 188.47 186.97188.8414 201.64 198.96202.2215 210.65 209.63211.16
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al approximation of λk(Ω∗
k,M), for Ω∗

k,M the optimizer of volume 0.1in M = S
2 and D

2 for the k-th eigenvalue, k = 1, . . . , 15.
k

λk(Ω
∗
k,S2) ⊂ S

2 with(up) and without(down) masslumping λk(Ω
∗
k,D2) ⊂ D

2 with(up) and without(down) masslumping Ω∗
k,D21 180.746 182.591180.855 182.6392 363.523 363.266364.356 364.8273 460.671 463.821460.927 464.0684 635.875 645.270639.377 653.6125 782.932 788.515784.251 789.8296 887.979 892.784888.975 894.2147 1062.208 1085.7151063.127 1089.2518 1197.243 1199.0101199.235 1207.2129 1328.802 1338.0651330.355 1341.36010 1437.185 1441.7931439.525 1445.20511 1580.123 1622.0911583.765 1632.55012 1736.980 1752.4121738.957 1757.70013 1886.076 1884.9251890.493 1887.36014 1996.383 2019.5391999.437 2026.39415 2120.629 2138.3612125.772 2148.878
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Figure 5.2: Plot of λk(Ω∗
k,S2) with respe
t to vol(Ω∗

k,S2) for k = 1, . . . , 15.the optimizer of the se
ond and the fourth eigenvalue. The ratio between the volume oftheir 
onne
ted 
omponents has been performed in R
2, in the sphere and in the Poin
arédis
. First for the plane: theoreti
ally, the ratio for the se
ond eigenvalue is 1 by theKrahn-Szeg® Theorem. Moreover, if the optimizer for the fourth eigenvalue is the unionof two dis
s, in a

ordan
e with the numeri
al results, this ratio is

j20,1
j21,1
≃ 0.394,by a result from B. Colbois and A. El Sou� [CES12℄. Numeri
ally, we found 0.390.Although no su
h results exist in S

2 and in the Poin
aré dis
, due to the non-invarian
eby homothety of Ω 7→ vol(Ω)λk(Ω) in these manifolds, the 
orresponding ratios have been
omputed for 
omparison. In S
2, they are about 0.997 and 0.392 respe
tively, whereasfor the Poin
aré dis
, they are about 0.999 and 0.387.Besides, another remark is related to the evolution of λk(Ω∗

k,E), k = 1, . . . , 15, withrespe
t to the volume of Ω∗
k,M for the three models M = R

2,S2,D2. In the plane, thisrelation is of the form λk(Ω
∗
k,R2) = cstk/ vol(Ω

∗
k,R2), k = 1, . . . , 15, where cstk is a positive
onstant, expli
itly known for k = 1 and 2 by the Faber-Krahn and the Krahn-Szeg®Theorems. The 
orresponding plots for S

2 are given in Figure 5.2. In ea
h 
ase, theshape of the optimizer does not 
hange 
onsiderably for 
lose volume, as illustrated inFigure 5.4, for λ10(Ω∗
10,S2). To 
ompare the three models, see Figure 5.3 whi
h shows theevolution for the �rst two eigenvalues. Noti
e that these eigenvalues de
rease less in thePoin
aré dis
 than in R

2 and in the sphere, where the slope is the deepest.Finally, some 
omputations in the upper sheet H of the hyperboloid have been per-



5.2. NUMERICAL COMPUTATIONS 99

Figure 5.3: Plot of λk(Ω∗
k,M) with respe
t to vol(Ω∗

k,M) for k = 1, 2 and M = R
2,S2,D2,in a logarithmi
 s
ale. The blue dotted 
urve, the red plain 
urve and the dashed bla
k
urve 
on
ern the Poin
aré dis
, R2 and the sphere respe
tively. The modulus of theslope for the Poin
aré dis
 is less than 1, whereas it is equal to 1 for R2 and it is largerthan 1 for the sphere.

Figure 5.4: Plot of the optimizers for λ10(Ω∗
10,S2) and vol(Ω∗

10,S2) = 0.1, 0.2, . . . , 0.9, 1and 2.
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urvature of this model is given by
κ(r, θ) =

1

(1 + 2r2)2
.In parti
ular, the Gaussian 
urvature is non-
onstant, stri
tly positive and attains itsmaximum at the point (0, 0) with κ(0, 0) = 1. Not surprisingly, numeri
al experimentsshow that the optimizer Ω∗

1,H for λ1 is a dis
 
entred at (0, 0, 1). But, although the
urvature lies between 0 and 1 in the hyperboloid, this eigenvalue is larger than the�rst eigenvalue of a ball of same volume in the plane (
urvature 0), whi
h is larger thanthe �rst eigenvalue of a ball of same volume in the sphere (
urvature 1). For instan
e,denoting by BM,0.01 the ball of volume 0.01 in M , it yields numeri
ally
λ1(BS2,0.01) ≃ 1816.57 <

λ1(BR2,0.01) ≃ 1816.80 <

λ1(BD2,0.01) ≃ 1817.67 <

λ1(BH,0.01) ≃ 1819.10.For the se
ond eigenvalue, the obtained 
andidate Ω∗
2,H for the optimizer is two dis
sof same volume, tangent at the point (0, 0, 1). The eigenvalue 
omputed is about 3643.50.So, as for the �rst eigenvalue, the same ranking with respe
t to the spa
e o

urs for these
ond eigenvalue.Sin
e the Gaussian 
urvature is radial and maximum at (0, 0), an optimizer Ω∗

k,Hhaving its 
entre of mass at the origin is expe
ted. The results found for the �rst twoeigenvalues 
on�rm this property. We fo
used also on the 
ases k = 4 and k = 13 sin
ethe 
orresponding optimizer found in the spa
es previously studied are not symmetri
.Numeri
ally, for a volume equals 0.1, the 
andidates for the optimizer are those expe
ted(same shape as the 
orresponding domains found before) and their 
entre of mass are at
(0, 0, 1) (a
tually at a distan
e of about 10−9 of this point). See Figure 5.5. Looking atthe eigenvalues obtained, both λ4(Ω∗

4,H) ≃ 658.329 and λ13(Ω∗
13,H) ≃ 1905.911 are abovethe 
orresponding eigenvalues in R

2, in S
2 and in D

2.In 
on
lusion, the algorithm presented in this 
hapter gives the same optimizers in
R
2 as those found previously by the 
ommunity, and permits to extend the study toother surfa
es, even if they do not embed into R

3. It 
an thereby give a intuition in some
ases not yet well known theoreti
ally. Thus, some parti
ularities arise qui
kly be
ausefew results exist, as the fa
t that the eigenvalues of the optimizers for domains in thehyperboloid lie above those in R
2 and in S

2.
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Figure 5.5: Plot of the optimizers Ω∗
4,H for the fourth eigenvalue (above), and Ω∗

13,H forthe thirteenth eigenvalue (below), among all domain of volume 0.1. Their 
enter of mass,indi
ated by a red 
ross, lie at the origin.





Appendix ASome notions on fun
tional analysis,distributions theory and Sobolevspa
esThe present appendix is intended to serve as a referral for fundamental notions em-ployed in this do
ument. It takes pla
e aside from the other 
hapters, for sake of 
larityfor most of the readers who are familiar with these notions and who might have seen thisreminder more as a way of losing tra
k than as a gain of 
omprehension if it was insidethe main 
ontent. It is 
on
erned with fun
tional analysis, espe
ially distributions theoryand Sobolev spa
es. It is from various books, namely [Bre11℄, [Kre78℄, [Hör83℄, [Rud73℄and [S
h66℄, whi
h 
ould be 
onsidered as referen
es on these topi
s. Refer to them forthe proof of the results reported here. The notations of this appendix 
ome from [S
h66℄.A.1 General notions and results about Hilbert spa
esIn this se
tion, (H, (· |·)) denotes a Hilbert spa
e over R, H∗ the topologi
al dualspa
e of H, and V and W two Bana
h spa
es. Moreover, let B(V ;W ) be the set of allbounded linear operators de�ned on V and taking values in W , and B(V ), instead of
B(V ;V ), be the set of all bounded linear operators de�ned from V to itself.De�nition - Proposition A.1.1 ( [Rud73, Theorem 4.10℄ ). If T ∈ B(H), then thereexists a unique bounded linear operator T ∗ ∈ B(H), 
alled adjoint operator of T , satis-fying

(Tx|y) = (x|T ∗y), ∀x, y ∈ H.
T is 
alled self-adjoint if T = T ∗.De�nition A.1.2 ( [Rud73, De�nition 4.16℄ ). A bounded linear operator T ∈ B(V ;W )is 
alled 
ompa
t if for all bounded subsets A ⊂ V , T (A) ⊂W has a 
ompa
t 
losure.Remark A.1.1. An equivalent de�nition of a 
ompa
t operator 
an be readily dedu
ed:A bounded linear operator T ∈ B(V ;W ) is 
alled 
ompa
t if every bounded sequen
e103
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{xn}n in V 
ontains a subsequen
e {xni}ni

su
h that {T (xni)}ni

onverges to a point of

W .Theorem A.1.3 (Riesz Representation Theorem, [Kre78, Theorem 3.8-1℄ ). The topo-logi
al dual spa
e H∗ of H is 
anoni
ally isomorph to H, that is, for every bounded linearfun
tional l ∈ H∗, there exists a unique tl ∈ H su
h that
l(v) = (v|tl), ∀v ∈ H,and ‖l‖H∗ = ‖tl‖H .De�nition A.1.4 ( [Bre11, De�nition in Se
tion 5.3℄ ). A bilinear form a : H ×H → Ris said to be(i) 
ontinuous, if there is a 
onstant C > 0 su
h that |a(u, v)| ≤ C ‖u‖H ‖v‖H , for all

u, v ∈ H;(ii) 
oer
ive or H-ellipti
, if there is a 
onstant α > 0 su
h that a(v, v) ≥ α ‖v‖2H , forall v ∈ H.Theorem A.1.5 (Lax-Milgram Theorem, [Bre11, Corollary 5.8℄ ). Let a : H ×H → Rbe a 
ontinuous, 
oer
ive, bilinear form and l ∈ H∗ be a bounded linear form. Then,there exists a unique element u ∈ H su
h that
a(u, v) = l(v), ∀v ∈ H.Moreover, denoting by J : H → R the fun
tional given by J(v) = 1

2a(v, v) − l(v), if a issymmetri
, then u ∈ H is 
hara
terized by the property
J(u) = min

v∈H
J(v).A.2 Distributions theory and Sobolev spa
esThroughout this se
tion, N ∈ N denotes the dimension of the ambient spa
e R

N ,
N ≥ 2.De�nition A.2.1. A domain is a bounded open set of RN .Hen
eforth, Ω denotes a domain of RN and K a 
ompa
t set of RN , although somede�nitions or results may be extended to a more general 
ontext, for instan
e for un-bounded open sets. However, the framework within Sobolev spa
es are used in the mainpart of the do
ument takes pla
e in a domain Ω ⊂ R

N .Notation A.2.2 ( [S
h66, Chapter I℄ ). In the sequel, the following notations are used:
Cc =

{
φ ∈ C(RN ) | suppφ is a 
ompa
t set of RN

}
,

Cc,Ω = {φ ∈ Cc | suppφ ⊂ Ω} ,
C∞c =

{
φ ∈ C∞(RN ) | suppφ is a 
ompa
t set of RN

}
,

C∞c (K) = {φ ∈ C∞c | suppφ ⊂ K} ,
C∞c (Ω) = {φ ∈ C∞(Ω) | suppφ is a 
ompa
t set in Ω} .
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e C∞c , respe
tively C∞c (Ω), is 
alled spa
e of test fun
tions,respe
tively spa
e of test fun
tions on Ω.Following the approa
h in [S
h66, p. 24℄, the spa
e C∞c (K) is endowed with thefollowing topology: a sequen
e (φj)j of fun
tions in C∞c (K) 
onverges to 0 in C∞c (K)if the sequen
es (φj)j and (∂αφj)j , 
onverge uniformly to 0 in R
N , for all multi-indi
es

α = (α1, . . . , αN ) ∈ N
N where

∂α =
∂α1+···+αN

∂xα1
1 · · · ∂xαN

N

.This de�nes a notion of sequential 
ontinuity on C∞c (K). This topology is de�ned by thefamily of semi-norms:
Nα(φ) = sup

x∈RN

‖∂αφ(x)‖
RN , α ∈ N

N .If Cc,K is endowed with the topology of the uniform 
onvergen
e, then the topologyindu
ed by Cc,K on C∞c (K) is 
oarser than this new one on C∞c (K). Indeed, if (φj)j ,
φj ∈ C∞c for all j, 
onverges to 0 for this new topology, it 
onverges also uniformly to 0.De�nition A.2.4 ( [S
h66, Se
tion I.2℄ ). A distribution T is a linear form on C∞c , whi
his sequentially 
ontinuous, that is, if (φj)j is a sequen
e of fun
tions in C∞c , with suppφjin a 
ompa
t subset K for all j, whi
h 
onverges to 0 in C∞c (K), then (T (φj))j 
onvergesto 0 in R.Notation A.2.5. A distribution is said to be a 
ontinuous linear form on C∞c , and for atest-fun
tion φ ∈ C∞c , the notation 〈T, φ〉 is frequently used instead of T (φ). Moreover,it follows readily that the set of all distributions forms a ve
tor spa
e, denoted by C∞′

c �analogously C∞′

c (Ω), obtained by substituting RN by Ω, denotes the set of all distributionson Ω�.Theorem A.2.6 ( [Hör83, Theorem 2.1.4℄ ). A linear form T on C∞c is a distribution ifand only if for every 
ompa
t set K ⊂ R
N , there exist a 
onstant C > 0 and a positiveinteger d ∈ N su
h that

|〈T, φ〉| ≤ C
∑

α∈NN ,
|α|≤d

sup
x∈K
|∂αφ(x)|, ∀φ ∈ C∞c (K).where |α| =∑N

j=1 αj .The weak topology in C∞′

c shall be used: a sequen
e (Tj)j , Tj ∈ C∞′

c for all j, 
onvergesto T if (〈Tj , φ〉)j 
onverges to 〈T, φ〉, for every φ ∈ C∞c .Theorem A.2.7 ( [Hör83, Theorem 2.1.8℄ ). 1 Let (Tj)j be a sequen
e, Tj ∈ C∞′

c . If thelimit
〈T, φ〉 := lim

j→∞
〈Tj , φ〉1. The analogous result holds in C∞

′

c (Ω).



106 APPENDIX A. DISTRIBUTIONS AND SOBOLEV SPACESexists for every φ ∈ C∞c , then T ∈ C∞′

c . Thus, (Tj)j 
onverges to T in C∞′

c . So, C∞′

c is a
omplete ve
tor spa
e.De�nition - Proposition A.2.8 ( [Hör83, De�nition 3.1.1℄ ). Let T ∈ C∞′

c be a distri-bution. For every multi-index α = (α1, ..., αN ) ∈ N
N , the derivative in the sense of thedistributions theory of T , or simply derivative of T , denoted by ∂αT , is the distributionde�ned by

〈∂αT, φ〉 = (−1)|α|〈T, ∂αφ〉, ∀φ ∈ C∞c ,where |α| =∑N
j=1 αj .Remark A.2.1 (Distributions de�ned on a di�erentiable manifold [S
h66, Se
tion I.5℄ ).The notion of distribution 
an be generalized to the 
ontext of a N -dimensional di�er-entiable manifold M of 
lass C∞. Similarly, the following
C∞c (M) = {φ ∈ C∞(M) | suppφ is a 
ompa
t set}is de�ned and the asso
iated spa
e of distributions on M is denoted by C∞′

c (M). Thislatter spa
e has properties analogous to C∞′

c , ex
ept for 
ertain aspe
ts:
◦ A smooth ve
tor �eld is needed to de�ne derivative of distributions on M ;
◦ A fun
tion f : M → R 
an generally not be regarded as a distribution on M : avolume element 2 dΦ must be 
hosen beforehand.The book [Heb96℄ provides more details about distributions and Sobolev spa
es on aRiemannian manifold.De�nition A.2.9 (Sobolev spa
es Wm,p(Ω) [Heb96, De�nition 2.1℄, [AF03, De�ni-tion 3.2℄ ). Let m ∈ N and p ∈ [1,∞]. The fun
tion spa
e Wm,p(Ω) de�ned by

Wm,p(Ω) =
{
u ∈ Lp(Ω) | ∂αu ∈ Lp(Ω), α ∈ N

N , |α| ≤ m
}
,and endowed with the norm

‖u‖Wm,p(Ω) =




∑

α∈NN ,|α|≤m

‖∂αu‖pLp(Ω)





1/p

,if p 6=∞, or
‖u‖Wm,∞(Ω) = max

α∈NN ,|α|≤m
‖∂αu‖L∞(Ω) ,if p =∞, is 
alled Sobolev spa
e of order m. 3If p = 2, Wm,2(Ω) is denoted by Hm(Ω).Remark A.2.2. For m ∈ N, we de�ne Wm,∞(RN ,RN ′

) as the spa
e of all mappings
ψ : RN → R

N ′ , (x1, . . . , xN ) 7→ ψ(x1, . . . , xN ) = (ψ1(x1, . . . , xN ), . . . , ψN ′(x1, . . . , xN )),su
h that ψi ∈Wm,∞(RN ), for all 1 ≤ i ≤ N ′.2. See Subse
tion 2.1.1.3. For an unbounded open set Ω, the spa
es Wm,p(Ω) 
an also be de�ned from Lp(Ω), in parti
ular,
Wm,p(RN) also makes sense.



A.2. DISTRIBUTIONS THEORY AND SOBOLEV SPACES 107Theorem A.2.10 ( [AF03, Theorems 3.3 and 3.6℄ ). For all m ∈ N and p ∈ [1,∞], theSobolev spa
es (Wm,p(Ω), ‖ · ‖Wm,p(Ω)) are Bana
h spa
es. Moreover, for all m ∈ N and
p ∈ [1,∞[, (Wm,p(Ω), ‖ · ‖Wm,p(Ω)) are separable. In parti
ular, for all m ∈ N, Hm(Ω)are separable Hilbert spa
es endowed with the inner produ
t given by

(u|v)Hm(Ω) =
∑

α∈NN ,|α|≤k

(∂αu|∂αv)L2(Ω) .De�nition - Proposition A.2.11 ( [Heb96, De�nition 2.6℄, [AF03, De�nition 3.2℄ ).For a positive integer m ∈ N, set the following notations:
◦ Hm

0 (Ω) denotes the 
losure of C∞c (Ω) in Hm(Ω);Endowed with the inner produ
t indu
ed by Hm(Ω), Hm
0 (Ω) is a Hilbert spa
e.

◦ H−m(Ω) denotes the topologi
al dual spa
e of Hm
0 (Ω).By the Riesz Representation Theorem A.1.3, H−m(Ω) 
an be identi�ed to Hm

0 (Ω).Moreover, the following result 
hara
terizes a distribution T on Ω belonging to H−m(Ω).Proposition A.2.12 ( [AF03, Theorem 3.9℄ ). A distribution T on Ω belongs to H−m(Ω)if and only if there exist fun
tions fα ∈ L2(Ω) su
h that T 
an be written as
T =

∑

α∈NN ,|α|≤m

∂αfα, fα ∈ L2(Ω).Analogously, the spa
e Hm
0 (RN ) 
an be de�ned by taking the 
losure of C∞c in

Hm(RN ), for m ∈ N. It leads that Hm
0 (RN ) = Hm(RN ). In the same way, H−m(RN )represents the topologi
al dual spa
e of Hm

0 (R) and a 
hara
terization using the Fouriertransform holds.Sobolev spa
es are also de�ned for fra
tional order s ∈ R. Several ways exist tointrodu
e them leading to equivalent de�nitions. For instan
e [Ada75, Chapter 7℄ uses
omplex interpolations to de�ne W s,p(RN ) over the whole spa
e as a �rst step, thenover a su�
iently smooth domain Ω ⊂ R
N thanks to 
ontinuation operators. Following[DNPV12, Se
tion 2℄, we present in this appendix an approa
h starting from a kindof generalization of the Hölder 
ondition for Lp(Ω). Sobolev spa
es of fra
tional orderbetween 0 and 1 are de�ned �rst, then extended to any positive real number.De�nition A.2.13. Let Ω ⊂ R

N be an open set. For σ ∈ (0, 1) and p ∈ [1,∞), theSobolev spa
e of order σ denoted by W σ,p(Ω) is the fun
tional spa
e de�ned by
W σ,p(Ω) =

{

u ∈ Lp(Ω) | (x, y) 7→ |u(x)− u(y)|
|x− y|

N
p
+σ
∈ Lp(Ω× Ω)

}

,and endowed with the norm
‖u‖Wσ,p(Ω) =

(

‖u‖pLp(Ω) +

∫

Ω

∫

Ω

|u(x)− u(y)|p
|x− y|n+σp

dxdy

)1/p

.
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ted, the following proposition derived from [DNPV12, Proposition 2.1 &Corollary 2.3℄ holds.Proposition A.2.14 (derived from [DNPV12℄ ). For an open subset Ω ⊂ R
N , and twos
alars σ ∈ (0, 1) and p ∈ [1,∞), Sobolev spa
es (W σ,p(Ω), ‖·‖Wσ,p(Ω)) are Bana
h spa
es.Moreover, for σ ≤ σ′ < 1, there exists a positive 
onstant C := C(n, s, p) su
h that forevery measurable fun
tion u : Ω→ R,

‖u‖Wσ,p(Ω) ≤ C‖u‖Wσ′,p(Ω), (A.1)meaning that
W σ′,p(Ω) ⊆W σ,p(Ω). (A.2)Furthermore, if ∂Ω is a polygon, the equation (A.1) and the in
lusion (A.2) 
an beextended to σ′ = 1.The de�nition of Sobolev spa
es for s ∈ R ∩ (1,∞) 
an be given.De�nition A.2.15. Let Ω ⊂ R
N be an open set, s ∈ (0,∞) and p ∈ [1,∞). Setting

s = m+ σ, with m ∈ N and σ ∈ [0, 1) the Sobolev spa
e of order s denoted by W s,p(Ω)is the fun
tional spa
e de�ned by
W s,p(Ω) =

{
u ∈Wm,p(Ω) | ∂αu ∈W σ,p(Ω), α ∈ N

N , |α| = m
}
,and endowed with the norm

‖u‖W s,p(Ω) =



‖u‖pWm,p(Ω) +
∑

|α|=m

‖∂αu‖Wσ,p(Ω)





1/p

.Remark A.2.3. From the previous results, it 
omes readily that Sobolev spa
es W s,p(Ω)are also Bana
h spa
es for s ∈ R+, and for s = m ∈ N, that De�nition A.2.15 
oin
ideswith De�nition A.2.9.Let us go ba
k to Hm
0 (Ω) for a positive integer m ∈ N and a domain Ω, and de�neanother norm, equivalent to the norm indu
ed by Hm(Ω), on this fun
tion spa
e.Proposition A.2.16 (Poin
aré's Inequality [AF03, Theorem 6.30℄ ). There exists apositive 
onstant C := C(Ω) > 0, su
h that for all φ ∈ C∞c (Ω),
‖φ‖L2(Ω) ≤ C




∑

α∈NN ,|α|=1

‖∂αφ‖2L2(Ω)





1/2

.It extends 4, using a density argument, to every u ∈ H1
0 (Ω), that is

‖u‖2L2(Ω) ≤ C




∑

α∈NN ,|α|=1

‖∂αu‖2L2(Ω)





1/2

.4. For this result, it is ne
essary that Ω has �nite width, that is Ω is bounded in one dire
tion.Moreover, this assertion still holds for 1 ≤ p < ∞ instead of p = 2.



A.2. DISTRIBUTIONS THEORY AND SOBOLEV SPACES 109Proposition A.2.17 ( [AF03, Corollary 6.31℄ ). The semi-norm on Hm(Ω) given by
‖u‖Hm

0 (Ω) =




∑

α∈NN ,|α|=m

‖∂αu‖2L2(Ω)





1/2

, u ∈ Hm(Ω),is a norm on Hm
0 (Ω), equivalent to the standard norm ‖·‖Hm(Ω).Finally, let us re
all some results about Sobolev spa
es, whi
h shall be very helpfulin the main part of the do
ument.Theorem A.2.18 (Parti
ular 
ase 5 of the Relli
h-Kondra
hov Theorem [AF03, Theorem6.3℄ ). Let Ω be a domain of R2. The inje
tion H1

0 (Ω) →֒ L2(Ω) is 
ompa
t. Moreover,if Ω has a Lips
hitz boundary, then the inje
tion H1(Ω) →֒ L2(Ω) is 
ompa
t.Let us assume hen
eforth that Ω is regular, for example, ∂Ω is of 
lass C1. Considerthe mapping u 7→ u|∂Ω de�ned on C1c (Ω), namely the fun
tional spa
e C1(Ω) with 
ompa
tsupport in Ω, taking values in L2(∂Ω). Using a density argument, it 
an be extendedto H1(Ω) in a bounded linear operator 
alled the tra
e operator, or simply tra
e, on
∂Ω, and also denoted by u 7→ u|∂Ω . The following properties 6 of the tra
e operator areworthwhile:1. If u belongs to H1(Ω), then u|∂Ω is in H1/2(∂Ω) and there exists a 
onstant C > 0su
h that ∥

∥
∥u|∂Ω

∥
∥
∥
H1/2(∂Ω)

≤ C ‖u‖H1(Ω) , ∀u ∈ H1(Ω);2. The tra
e operator de�ned from H1(Ω) surje
ts onto H1/2(∂Ω);3. The kernel of the tra
e operator is H1
0 (Ω);4. In that framework, the Green Formula holds:

∫

Ω

∂u

∂xi
v = −

∫

Ω
u
∂v

∂xi
+

∫

∂Ω
uv (n|ei) dσ, ∀u, v ∈ H1(Ω),where n denotes the ouward unit ve
tor �eld normal to ∂Ω. By extension:

−
∫

Ω
∆uv =

∫

Ω
(∇u|∇v)−

∫

∂Ω

∂u

∂n
v dσ, ∀u, v ∈ H2(Ω),where ∂u

∂n
:= (∇u|n) is the normal derivative of u.

5. The statement in [AF03℄ is more general.6. See [AF03, Chapters 5 and 7℄.





Appendix BA 
omplete example: theoptimization of λ7 in the Poin
arédis
The motivation to present an example in the Poin
aré dis
 D
2 
omes from the needto take the metri
 into 
onsideration to deal with it. Moreover, displaying the resultingdomains is 
onvenient in this manifold. On the other hand, the 
hoi
e of λ7 depends onvarious reasons, in
luding the fa
t that it is the �rst non symmetri
 optimizer amongother lo
al minima we 
an rea
h starting from various initial domain.B.1 Starting from various initial domainsThe method of optimization des
ribed in the main part of the do
ument is based ona des
ent algorithm, whi
h provides lo
al minima. Starting from various initial domainsis ne
essary to enhan
e the e�e
tiveness of the method to �nd global minima. In thisexample, four di�erent initial domains of volume 0.1 are 
onsidered: a square Ωs, a dis


Ωd, two squares of same volume Ω2s and tow dis
s of same volume Ω2d. The square andthe dis
 are 
entred at the origin, whereas the 
onne
ted 
omponents in the two otherexamples are (arbitrarily) 
entred at (0,±0.2). Ea
h domain's boundary is dis
retizeduniformly using 100 points, ex
ept for Ω2s, whose boundary 
ontains 104 points, that isea
h edge is subdivided into 13 pie
es. Then, a mesh is built. See �gure B.1.Remark B.1.1. The mesh 
reated for these domains does not take the metri
 into 
on-sideration.Ea
h of these initial domains leads to a di�erent 
andidate for the optimal domain.To be 
onsistent with the notations in the main part of the do
ument, let Ω∗
dom

denotethe domain returned by the algorithm starting from Ωdom , for dom being s, d, 2s and
2d. See Figure B.2. 111



112
APPENDIXB.ACOMPLETEEXAMPLEFigure B.1: Plot of the four di�erent initial domains Ωs, Ωd, Ω2s and Ω2d, for the optimization of λ7 in D

2.



B.1.STARTINGFROMVARIOUSINITIALDOMAINS
113Figure B.2: Plot of the four 
andidates for the optimal domain of λ7 with volume 0.1 in D

2, starting respe
tively from Ωs(top left), Ωd (top right), Ω2s (bottom left) and Ω2d (bottom right).



114 APPENDIX B. A COMPLETE EXAMPLELet us dis
uss the shape of the domains obtained. On the �rst hand, we re
ognizethe 
andidate for the optimal shape obtained in Subse
tion 5.2.2, namely Ω∗
s. On theother hand, both examples starting from the dis
onne
ted domains Ω2s and Ω2d seem tolead to the same 
andidate. An interesting result is the theorem from Wolf and Kellerre
alled below. A

ording to its authors, it is about how to �nd the minimizing planardomain if it is dis
onne
ted, and the minimum value of λk in this 
ase. Let us introdu
etheir notations. Let D∗

k be a domain in R
2 whi
h minimizes λk among all domains of unitarea, and let λ∗k = λ(D∗

k) be the minimum value of λk. Let rD be the domain obtainedfrom the domain D by multiplying all its lengths by the positive real number r.Theorem B.1.1 ( [WK94, Theorem 8.1℄ ). Assume that D∗
k ⊂ R

2 is the union of twodisjoint domains, ea
h of positive area. Then
λ∗k = λ∗i + λ∗k−i = min

1≤j≤(k−1)/2
(λ∗j + λ∗k−j).Here i is a value of j ≤ (k − 1)/2 whi
h minimizes λ∗j + λ∗k−j. Furthermore

D∗
k =

((
λ∗i
λ∗k

)1/2

D∗
i

)
⋃
((

λ∗k−i

λ∗k

)1/2

D∗
k−i

)

.It means that, in the plane, if a 
andidate to be an optimal domain for λk has two
onne
ted 
omponents, then ea
h of its 
onne
ted 
omponents is an optimal domain for
λi and λk−i, for 1 ≤ i ≤ (k − 1)/2, up to the suitable res
aling. Drawing a parallel inthe hyperboli
 
ase is undoubtedly very pre
arious, but Ω∗

2s and Ω∗
2d 
an be 
ompared tothe 
andidates to be the optimizer of λ3 and λ4, whi
h seem to be a dis
 and two dis
srespe
tively. Moreover, looking at the volume of the approximated balls appearing inFigure B.2, we observe that the two larger balls have almost the same volume, and theratio with the smallest ball (about 0.390 for Ω∗

2d and 0.401 for Ω∗
2s) �ts quite well the
omparison made in Se
tion 5.2.2 for λ4 (the ratio was 0.387). Qualitatively, it seemsthat the algorithm starting from a dis
onne
ted domain may rea
h a domain 
onsistingof 
onne
ted 
omponents obtained for eigenvalues of smaller order, illustrating somehowthis result in the Poin
aré dis
.On
e the 
andidate to be an optimal domain is obtained, two su

essive re�nementsof the mesh are performed: during a re�nement, every triangle is divided into four similartriangles by 
onne
ting the middle of ea
h of its edges, as illustrated in Figure B.3. Thus,the diameter of the mesh, as de�ned in Subse
tion 2.2.2, is halved 1 at ea
h re�nement,so one may expe
t the error to be divided by 16 at the end. The values for λ7 asso
iatedto ea
h domain Ω∗

s, Ω∗
d, Ω∗

2s and Ω∗
2d, are 
olle
ted in Table B.1.The domain Ω∗

s has the smallest seventh eigenvalue among the four domains obtained.Hen
eforth, only this example is 
onsidered. Its value is not exa
tly the same as the 
or-responding value in Table 5.2 be
ause the dis
retizations are not the same. As mentionedin Se
tion 4.2, the Lagrange multiplier should 
onverge. It is the 
ase as shown in Fig-ures B.4 and B.5, where the evolution of the Lagrange multiplier during the optimization1. The same re�nement is used 
onse
utively for the numeri
al 
he
kings in Subse
tion 3.5.2.



B.1. STARTING FROM VARIOUS INITIAL DOMAINS 115
1 23 4P3

P2

P1Figure B.3: The triangle with verti
es P1, P2 and P3 is split into four similar trianglesnumbered from 1 to 4 by 
onne
ting the middle of ea
h of its edges (respresented hereusing the blue dashed line segments).
Ω∗ Ω∗

s Ω∗
d Ω∗

2s Ω∗
2d

λ7(Ω
∗)

1065.435 1262.799 1126.055 1121.961 with masslumping1066.916 1266.005 1130.169 1124.818 without masslumpingTable B.1: Value of λ7(Ω∗), for the 
andidate Ω∗
s, Ω∗

d, Ω∗
2s and Ω∗

2d of volume 0.1.pro
ess is represented, together with the evolution of the volume, the eigenvalue and thevalue of the 
ost fun
tional. Besides, observe that the volume 
onverges to the initialvolume as requested by the 
onstraint imposed in the optimization problem. Moreover,the value obtained after the re�nements is not plotted, whi
h explains the gap betweenthe optimal value and the last value represented at the extremity of the 
urve.



116
APPENDIXB.ACOMPLETEEXAMPLEFigure B.4: Evolution of the volume of the domain (top) and of the 
ost fun
tional L (bottom) with respe
t to the iterationof the optimization pro
ess starting from Ωs.



B.1.STARTINGFROMVARIOUSINITIALDOMAINS
117Figure B.5: Evolution of the eigenvalue of the domain (top) and of the Lagrange multiplier (bottom) with respe
t to theiteration of the optimization pro
ess starting from Ωs. The eigenvalue is 
omputed without masslumping.
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k λk(Ω

∗
s)1 213.1212 462.8243 566.9034 738.5465 1059.0666 1063.0277 1066.9168 1497.089Table B.2: Value of the �rst eight eigenvalues of Ω∗

s 
omputed without masslumping.B.2 Taking the multipli
ity into 
onsiderationAs re
ommended in [LSY98, Se
tion A.1.4℄, to perform an approximation of the k-th eigenvalue, a few additional eigenvalues to the �rst k ones are 
omputed to avoidsplitting a 
luster of eigenvalues. Computing the �rst eight eigenvalues is su�
ient tonoti
e that λ7(Ω∗
s) and λ8(Ω

∗
s) are distant enough from ea
h other. The �rst eighteigenvalues asso
iated to Ω∗

s are reported in Table B.2. The multipli
ity of the seventheigenvalue appears: λ5(Ω∗
s), λ6(Ω∗

s) and λ7(Ω∗
s) are within a range of about 0.74%. So,instead of using Formula (4.6) whi
h holds only for a simple eigenvalue, Formula (4.12)is this time performed to take into 
onsideration the multipli
ity of λ7(Ω∗

s) during theshape optimization step. However, note this latter formula does not give a 
lue aboutwhi
h dire
tional derivative 
hoosing among the three�in this 
ase�eigenvalues of thematrix D appearing in (4.12).Thus, after dete
ting that multipli
ity o

urs by 
he
king that the eigenvalue to beoptimized and the previous one are in a range of 1% 2, the optimization pro
ess is splitinto three pro
esses: one using the smallest eigenvalue of the matrix D for de�ning thedire
tion of the deformation in the shape optimization, a se
ond one using the largest, anda last one using Formula (4.6) valid for a simple eigenvalue. Nevertheless, no signi�
antimprovement 
an be noti
ed by taking into a

ount the multipli
ity of the eigenvalue to beoptimized, 
ompared to the optimization pro
ess using Formula 4.6. Indeed, neither thevalue, namely 1068.794 (1065.521 and 1066.916 using respe
tively the smallest eigenvalueof D, the largest eigenvalue D and using Formula 4.6), nor the shape of the optimaldomains resulting seem really di�erent from ea
h other. Moreover, an additional 
ost isindu
ed by su
h a modi�
ation. Indeed, the normal derivative of an eigenfun
tion uj ,
j = 1, . . . , k,�su
h a quantity appears in both Formulas 4.6 and 4.12�is determined bysolving the system resulting from

∫

∂Ω(n)

∂uj
∂n

v dσ =

∫

Ω(n)

g(∇uj ,∇v) dVg − λ
∫

Ω(n)

ujv dVg, ∀v ∈ H1(Ω(n)),2. This threshold is arbitrary and may be rea
hed even when no multipli
ity o

urs.



B.2. TAKING THE MULTIPLICITY INTO CONSIDERATION 119where Ω(n) denotes the 
urrent domain and the other notations are the same as in themain part of the do
ument. In the algorithm, the 
omputation of the normal derivative ofthe eigenfun
tion takes pla
e after the 
omputation of the eigenfun
tion itself and of theeigenvalue. So numeri
ally, �nding ∂uj/∂n 
onsists in solving a linear problem 3 of size
Nn by N∂Ω(n) , where Nn is the number of nodes of the 
urrent domain Ω(n) and N∂Ω(n) isthe number of nodes on the boundary of Ω(n). Thus, for an eigenvalue of multipli
ity m,
m systems have to be solved to �nd the partial derivative of the asso
iated eigenfun
tions.Besides, as explained in Se
tion 2.3 about the Lan
zos method, the approximation ofthe asso
iated eigenfun
tions are also performed by the algorithm. They are displayedin Figure B.6.

Figure B.6: First seven eigenfun
tions of Ω∗
s.

3. After pro
essing the Galerkin method as explained in Se
tion 2.2.2.





Appendix CSome additional numeri
al valuesThis appendix is devoted to 
olle
t additional values resulting from numeri
al ex-periments. For the sake of 
larity, they are aside from the main part of the do
ument.The knowledge of these values is not essential for the general 
omprehension, but 
an beuseful for a future a

urate study or 
omparison.C.1 Computation of the �rst forty eigenvalues of a ball ofvolume 1 in R
2, in the sphere S

2 and in the Poin
arédis
 D2Figure 3.3 represents the values of λk,R2(B), λk,S2(B) and λk,D2(B) for k = 1, . . . , 40,where B denotes the ball of volume 1 in the manifold indi
ated in subs
ript. The 
orre-sponding values are presented in Table C.1 below.

121
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APPENDIXC.SOMEADDITIONALNUMERICALVALUES

Table C.1: Computation of λk(B), k = 1, . . . , 40, for the ball B in R
2, in S

2 and in the Poin
aré dis
 D
2.Eigenvalue Approximation with (left) and without (right) masslumping in

R
2

S
2

D
2

λ1 18.167 18.170 17.343 17.346 18.974 18.977

λ2 46.117 46.131 44.879 44.892 47.327 47.340

λ3 46.117 46.140 44.879 44.901 47.327 47.349

λ4 82.831 82.889 81.631 81.689 84.025 84.084

λ5 82.839 82.897 81.640 81.697 84.034 84.092

λ6 95.697 95.775 92.782 92.858 98.528 98.607

λ7 127.829 127.967 127.139 127.277 128.583 128.722
λ8 127.829 127.967 127.139 127.277 128.583 128.722
λ9 154.542 154.697 150.382 150.532 158.583 158.741
λ10 154.546 154.796 150.385 150.629 158.587 158.843
λ11 180.790 181.066 181.096 181.374 180.679 180.955
λ12 180.790 181.066 181.097 181.374 180.680 180.955
λ13 222.383 222.803 217.423 217.835 227.224 227.653
λ14 222.440 222.855 217.478 217.886 227.283 227.707
λ15 235.074 235.544 228.408 228.866 240.102 240.592
λ16 241.513 242.007 243.303 243.801 240.102 240.592
λ17 241.514 242.007 243.303 243.801 241.550 242.033
λ18 299.020 299.776 293.707 294.450 304.240 305.009
λ19 299.020 299.777 293.707 294.452 304.240 305.011
λ20 309.835 310.650 313.603 314.428 306.687 307.494
Eigenvalue Approximation with (left) and without (right) masslumping in

R
2

S
2

D
2

λ21 309.839 310.650 313.607 314.429 306.691 307.494
λ22 324.787 325.470 316.046 316.711 333.280 333.983
λ23 324.803 325.911 316.059 317.141 333.298 334.435

λ24 384.120 385.371 378.916 380.150 380.312 381.556

λ25 384.125 385.372 378.920 380.152 380.312 381.558

λ26 385.633 386.892 391.878 393.159 389.297 390.566

λ27 385.634 386.893 391.879 393.159 389.302 390.568

λ28 423.475 425.004 413.099 414.591 433.568 435.138

λ29 423.677 425.173 413.295 414.754 433.778 435.313

λ30 436.168 437.804 424.086 425.682 447.897 449.579

λ31 468.795 470.659 472.890 474.803 460.862 462.698

λ32 468.800 470.659 472.891 474.803 460.867 462.698

λ33 477.519 479.450 478.020 479.921 482.228 484.183

λ34 477.520 479.450 478.024 479.921 482.229 484.183

λ35 531.227 533.605 519.654 521.981 542.510 544.946

λ36 531.227 533.619 519.654 521.996 542.510 544.959

λ37 556.639 558.653 541.658 543.616 548.257 550.861

λ38 556.684 559.959 541.695 544.891 548.258 550.861

λ39 559.239 561.890 571.948 574.659 571.185 573.260

λ40 559.240 561.891 571.949 574.659 571.238 574.601



C.2. PLACEMENT OF A CIRCULAR OBSTACLE INSIDE A BALL 123C.2 Pla
ement of a 
ir
ular obsta
le inside a ball in R
2, in

S2 and in D2This se
tion is a 
omplement to Subse
tion 3.5.5. It is 
on
erned with some additionalnumeri
al results about the pla
ement of a 
ir
ular obsta
le inside a ball in R
2, in S

2and in D2. In ea
h of these surfa
es, the domain is a ball of radius 1 from whi
h asmaller ball�
alled the obsta
le�has been removed. In this appendix, obsta
les ofradius r = 0.1, 0.01 and 0.001 are 
onsidered for the 
omputation of the eigenvalues 3, 4and 5. Thanks to symmetry of the domain, it is su�
ient to 
onsider obsta
les 
entred ata point (x, 0) ∈M . Hen
e, let denote by Br
x,M the ball of radius r, 
entred in (x, 0) ∈M .Furthermore, let λr,∗k,M be the maximum�with respe
t to the lo
ation of the obsta
le�ofthe k-th eigenvalue and let (xr,∗k,M , 0) be the 
entre of the obsta
le of radius r where thismaximum is attained.Tables C.2, C.3 and C.4 present the value of λr,∗k,M together with the position of the
entre xr,∗k,M , for k = 3, 4, 5, for r = 0.1, 0.01, 0.001 and for M = R2,S2,D2.Moreover, Figures C.1 to C.9 show the evolution of λk,M(Br

x,M ) with respe
t to thelo
ation x of the 
entre of the obsta
le, for k, M and r as above. In ea
h of these �gures,three 
ouples of graphs are plotted 
orresponding to the three di�erent values 0.1, 0.01and 0.001 of the radius r of the obsta
le. The blue plain 
urves 
orrespond to 
omputa-tions without masslumping and the red dashed ones to 
omputations with masslumping.Eigenvalues 
omputed for the radius 0.1 are larger than those for the radius 0.01, whi
hare larger than those for the radius 0.001 as expe
ted by domain monotoni
ity. Moreover,the maximum of ea
h graph is emphasized with a small verti
al blue dashed segment,whereas the long verti
al bla
k dashed segment indi
ates the abs
issa of the point where
uk,M(B1) attains its maximum, where uk,M (B1) denotes the k-th eigenfun
tion de�nedon the ball of radius 1 without obsta
le in M .Observe that for k = 3 and 5, as r be
omes smaller and smaller, the maximum of
λr,∗k,M is a
hieved by a point 
loser and 
loser to a point maximizing uk(B1). On the
ontrary for the fourth eigenvalue, the position of the obsta
le has less in�uen
e on λr,∗4,M .Indeed, u4(B1) has nodal lines passing through the 
entre of the ball. Hen
e, adding asmall obsta
le near a nodal line with Diri
hlet 
ondition on its boundary does not a�e
ttoo mu
h the eigenfun
tion and a fortiori the eigenvalue. Be
ause of the orthogonalityof the eigenfun
tions, the same argument does not apply for the �fth eigenfun
tion. Inthat 
ase, the obsta
le is not near a nodal line. See Figure C.13 representing the �rst�fteen eigenfun
tions uk,R2(B1).Finally, Figures C.10 to C.12 display a 
omparison inM = R

2,S2,D2 of the evolutionof the k-th eigenvalue λk,M(B0.001
x,M ) with respe
t to the lo
ation x of the 
entre of theobsta
le, k = 3, 4, 5. The small variations of the 
urves plotted seem to be 
aused bysudden modi�
ations of the mesh near the obsta
le.



124 APPENDIX C. SOME ADDITIONAL NUMERICAL VALUESTable C.2: Maximal value λr,∗
k,R2 of the k-th eigenvalue of the ball in R

2 with an obsta
le
entred at (xr,∗
k,R2 , 0), k = 3, . . . , 5.






entre ofthe optimalobsta
le 




Approximations obtained for theEigenvalue optimal domain with an obsta
le of radius0.1 0.01 0.001
λr,∗
3,R2 (xr,∗

3,R2) 20.206 (0.38) 17.139 (0.43) 16.558 (0.447)
λr,∗
4,R2 (xr,∗

4,R2) 27.400 (0.43) 26.403 (0.44) 26.389 (0.444)
λr,∗
5,R2 (xr,∗

5,R2) 31.838 (0.41) 28.765 (0.5) 28.204 (0.52)
Table C.3: Maximal value λr,∗

k,S2
of the k-th eigenvalue of the ball in S

2 with an obsta
le
entred at (xr,∗
k,S2

, 0), k = 3, . . . , 5.






entre ofthe optimalobsta
le 




Approximations obtained for theEigenvalue optimal domain with an obsta
le of radius0.1 0.01 0.001
λr,∗
3,S2

(xr,∗
3,S2

) 20.596 (0.4) 17.288 (0.44) 16.681 (0.452)
λr,∗
4,S2

(xr,∗
4,S2

) 28.622 (0.45) 27.517 (0.46) 27.501 (0.463)
λr,∗
5,S2

(xr,∗
5,S2

) 31.706 (0.39) 29.746 (0.46) 29.257 (0.487)
Table C.4: Maximal value λr,∗

k,D2 of the k-th eigenvalue of the ball in D
2 with an obsta
le
entred at (xr,∗

k,D2 , 0), k = 3, . . . , 5.






entre ofthe optimalobsta
le 




Approximations obtained for theEigenvalue optimal domain with an obsta
le of radius0.1 0.01 0.001
λr,∗
3,D2 (xr,∗

3,D2) 18.161 (0.39) 15.600 (0.44) 15.101 (0.453)
λr,∗
4,D2 (xr,∗

4,D2) 24.102 (0.43) 23.302 (0.46) 23.291 (0.455)
λr,∗
5,D2 (xr,∗

5,D2) 28.654 (0.45) 25.436 (0.53) 24.911 (0.548)



C.2. PLACEMENT OF A CIRCULAR OBSTACLE INSIDE A BALL 125

Figure C.1: Evolution of the third eigenvalue λ3,R2(Br
x,R2) with respe
t to the abs
issa xof the lo
ation (x, 0) of the 
entre of the obsta
le.

Figure C.2: Evolution of the fourth eigenvalue λ4,R2(Br
x,R2) with respe
t to the abs
issa

x of the lo
ation (x, 0) of the 
entre of the obsta
le.
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Figure C.3: Evolution of the �fth eigenvalue λ5,R2(Br
x,R2) with respe
t to the abs
issa xof the lo
ation (x, 0) of the 
entre of the obsta
le.

Figure C.4: Evolution of the third eigenvalue λ3,S2(Br
x,S2) with respe
t to the abs
issa xof the lo
ation (x, 0) of the 
entre of the obsta
le.
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Figure C.5: Evolution of the fourth eigenvalue λ4,S2(Br
x,S2) with respe
t to the abs
issa

x of the lo
ation (x, 0) of the 
entre of the obsta
le.

Figure C.6: Evolution of the �fth eigenvalue λ5,S2(Br
x,S2) with respe
t to the abs
issa xof the lo
ation (x, 0) of the 
entre of the obsta
le.
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Figure C.7: Evolution of the third eigenvalue λ3,D2(Br
x,D2) with respe
t to the abs
issa xof the lo
ation (x, 0) of the 
entre of the obsta
le.

Figure C.8: Evolution of the fourth eigenvalue λ4,D2(Br
x,D2) with respe
t to the abs
issa

x of the lo
ation (x, 0) of the 
entre of the obsta
le.
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Figure C.9: Evolution of the �fth eigenvalue λ5,D2(Br
x,D2) with respe
t to the abs
issa xof the lo
ation (x, 0) of the 
entre of the obsta
le.

Figure C.10: Comparison of the evolution of the third eigenvalue λ3,M (B0.001
x,M ) withrespe
t to the abs
issa x of the lo
ation (x, 0) of the 
entre of the obsta
le in M =

R
2,S2,D2.
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Figure C.11: Comparison of the evolution of the fourth eigenvalue λ4,M (B0.001
x,M ) withrespe
t to the abs
issa x of the lo
ation (x, 0) of the 
entre of the obsta
le in M =

R
2,S2,D2.

Figure C.12: Comparison of the evolution of the �fth eigenvalue λ5,M (B0.001
x,M ) with respe
tto the abs
issa x of the lo
ation (x, 0) of the 
entre of the obsta
le in M = R

2,S2,D2.



C.3. FIRST FIFTEEN EIGENFUNCTIONS ON A BALL IN R
2. 131C.3 Representation of the �rst �fteen eigenfun
tions on aball in R

2.The �rst �fteen eigenfun
tions on a ball in R
2 are displayed in this se
tion. As pre-di
ted by the separation of variables providing the analyti
 solutions, the eigenfun
tionsasso
iated to a simple eigenvalue are radial fun
tions, whereas they are periodi
 fun
tionsfor multiple eigenvalues. In the latter 
ase, the nodal lines�namely the 
urves where aneigenfun
tion vanishes�are lines passing through the 
entre.

Figure C.13: First �fteen eigenfun
tions on a ball in R
2.
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