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Abstract

The spectrum of the Dirichlet-Laplace operator defined on a bounded domain in
a smooth and complete surface consists in a strictly positive sequence, increasing to
infinity. The aim of this thesis is to approximate numerically the first eigenvalues of this
operator using a finite element based method, then to address the following optimization
problem: what is the domain which minimizes the k-th eigenvalue among all domains
of a given area, and what is this eigenvalue equal to? This latter has its roots in the
Faber-Krahn and Krahn-Szeg6 theorems, which answer the question for the first and the
second eigenvalue of a domain in the Euclidean space. For higher eigenvalues and other
underlying surfaces like the sphere and hyperbolic space, shape optimization has been
performed to provide domains which are candidates to be solutions. This gives rise to
some observations about the comparison of eigenvalues of domains in various surfaces.
The problem of locating a circular obstacle inside a ball to maximize the first eigenvalues
is also addressed in this document.

Keywords: Spectral geometry; Dirichlet-Laplace operator; Figenvalues; Numerical ap-
proximations; Shape optimization; Finite Element Method; Uzawa Algorithm.
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Résumé

Le spectre de l'opérateur de Laplace-Dirichlet défini sur un domaine borné d’une
surface lisse et compléte est une suite strictement positive, croissante, tendant vers I'infini.
Le but de cette thése est d’approcher les premiéres valeurs propres de cet opérateur
de maniére numeérique & ’aide d’'une méthode d’éléments finis, puis de considérer le
probléme d’optimisation suivant : quel est le domaine qui minimise la k-éme valeur propre
parmi tous les domaines d’aire donnée, et que vaut cette valeur propre? Ce dernier
trouve son origine dans les théorémes de Faber-Krahn et Krahn-Szegs, qui réglent le
cas de la premiére et de la deuxiéme valeur propre d’'un domaine de I’espace euclidien.
Des méthodes en optimisation de forme ont été élaborées pour proposer des domaines
candidats & étre solution pour des valeurs propres plus élevées ainsi que pour d’autres
surfaces sous-jacentes comme la sphére et ’espace hyperbolique. Cela a donné lieu a
des observations sur la comparaison de valeurs propres associées a des domaines sur
différentes surfaces. Le probléeme du placement d’un obstacle circulaire & 'intérieur d’une
boule afin de maximiser les premiéres valeurs propres est aussi abordé dans cette thése.

Mots clés : Géométrie spectrale; Opérateur de Dirichlet-Laplace; Valeurs propres;
Approximations numériques ; Optimisation de forme; Méthode des éléments finis; Algo-
rithme d’Uzawa.
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Chapter 1

Introduction

This thesis is mainly concerned with an optimization problem from the field of spectral
geometry. The notions involved in its definition are addressed within this framework.
However, the approach chosen to deal with this problem comes mostly from numerical
analysis. This context made of two different areas of mathematics is present throughout
this document. In order to be understandable for people who are less familiar with one
of them, some relatively elementary notions from both are recalled. As an illustration,
special care is taken to develop explicitly geometric notions as well as to outline the part
of the Finite Element Method required for this work.

To get quickly to the heart of the matter in this introduction, some notions are
postponed to the next sections where they are properly defined. However when this
happens, the corresponding claim is carefully indicated. After setting the framework of
the topic with a few motivations, this introduction deals with the issues addressed in this
thesis, through theoretical statements, state-of-the-art results and personal contributions.

Context and motivations

Let (M,g) be a smooth, complete Riemannian manifold! and let Q) C M be a
domain, namely a bounded open set in M. Moreover assume that g is smooth. Although
this introduction takes place in any dimension, only two-dimensional manifolds are con-
sidered in the rest of this thesis. Let A, denote the Laplace operator 2. The underlying
problem is this:

Find a map u :=ugq,, : Qy — R,u # 0, and a scalar A := \q,, such that
(P) —Agu = Au in Qyy,
u = 0 on 0Qy.

1. The fundamental definition of a Riemannian manifold is not repeated in this document. See [dC76,
Definition 5-10.5a] for a definition.
2. See Subsection 2.1.3 and Equation (3.1) for its expression using local coordinates.
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3

The spectral theorem °® ensures that there exist a strictly positive sequence

0 < Aoy <Ay <./ 400,

tending to +o0o and a sequence of functions (un,q,,)nen {0y, forming a Hilbert basis of
L?(Qyr), such that for all n € N\ {0}, (An.q,,, Un.q,,) is a solution of (P). Of course, these
eigenvalues A\, q,, and eigenfunctions u,q highly depend* on the underlying domain
Qar. In this case, the set of all the eigenvalues forms the spectrum of the Laplace operator
on 2/—it is also called the spectrum of Qs for convenience—. In this thesis, a numerical
study of the spectrum is proposed, from the approximation of eigenvalues of certain
domains in various manifolds to the optimization of eigenvalues with respect to the
domain.

Two domains which have the same spectrum are called isospectral. One of the inter-
esting properties of the spectrum is its invariance under isometries ®, meaning that two
isometric domains are isospectral. The converse statement does not hold as proved by
J. Milnor who exhibited a pair of 16-dimensional isospectral flat tori which are not iso-
metric [Mil64]. With regard to the particular case of two-dimensional domains, M. Kac
asked his famous question “Can one hear the shape of a drum?”% [Kac66]. A negative
answer in the form of two isospectral planar domains was later given by C. Gordon,
D. Webb and S. Wolpert in [GWW92| and followed thereafter by families of isospectral
planar domains [BCDS94|. See Figure 1.1. Both rely on qualitative arguments avoiding
explicit computations of the spectrum of the domains involved. Actually, the behaviour
of the spectrum of a domain subject to small perturbations has been intensively studied,
resulting in numerous theorems. The classical references [BGMT71], [Bér86] and [Cha84]
present a qualitative study in spectral geometry. It shows that the spectrum is a useful
tool for comparing several domains, which is observed using numerical experiments for
two and three-dimensional domains [Reu06|. This observation gave rise to the develop-
ment of applications for shape recognition.

As M. Kac already knew [Kac66], geometric and topological properties of a smooth
and bounded planar domain can be derived from its spectrum. More generally for a do-
main s in a manifold of dimension N € N\ {0} with boundary 0, regular enough, the
asymptotic behaviour of large eigenvalues give information about some of the domain’s
features. An illustration of this is the famous Weyl asymptotic formula”,

A2 e2m)N ok
ko2 wn  volg(Qar)

, as k — oo,

3. See Theorem 3.1.2.

4. This dependence is also indicated using the notation A, (Qar).

5. The definition of an isometry implies directly that there exist two charts within the coefficients of
the metric of two isometric Riemannian manifolds are equal. Hence, the expressions (3.1) of the Laplace
operator in both surfaces are the same.

6. As stated in [CH53, Section V.5], every eigenfrequency fi of a drum corresponds to /Ax,q, where
Ak, is the k-th eigenvalue associated to the domain (2 representing the drumhead.

7. See [Cha84, Section VII.3] where Qs is supposed to be piecewise smooth.



Figure 1.1: The isospectral domains given in [GWW92].

where wy denotes the volume of the unit ball of RY and vol, the volume measured
using the metric g. Another general formula involving the spectrum and properties of
the underlying domain is given in [MS67], namely

ol

47t
(4mt)=2 Ze Aksart = voly (Qar) + (1) vol(0Qr) + /K—— / J+o(t %)

where J is the mean curvature of the boundary 92y, and K is the scalar curvature.
Individual eigenvalues can also deliver information. As an illustration, consider the
characterization of the eigenvalues given by the Rayleigh quotient and the Min-max

theorem &, namely
/ﬂvvﬁd%

Ak, = min - max
M EkEVk vEEL\{0} 9 o
/v dV,

Qnr

where V) denotes the set of all subspaces Ej of H} () of dimension k. In particular

for k =1,
/ﬁVuFd%
Q
Aoy = min -
’ u€HI (Qar)\{0
Qs

Together with symmetric decreasing rearrangements of functions?, it leads to the Faber-
Krahn inequality, conjectured by Lord Rayleigh [Ray45].

8. See also Definition 3.3.1 and Theorem 3.3.2.
9. See [Kes06] for symmetrization techniques.
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Theorem 1.1.1 (Faber-Krahn inequality, [Fab23], [Kra25]). Let Qgn C RY be a bounded
open set of volume V' > 0 and Q] pn C RY be the open ball of same volume. Then,

M(Qgn) < Ai(Qpw),

with equality if and only if Qpn = QF pn-

This result also holds in the sphere and in hyperbolic space as mentioned in [Cha84,
Section IV.2]. Note it will be recovered numerically for these three surfaces in Sec-
tion 5.2. About arbitrary Riemannian manifolds, a theorem from [PS09] asserts that
in the neighbourhood of each non-degenerated critical point p of the scalar curvature,
there exist small extremal domains for the first eigenvalue which are close to a geodesic
ball centred at p. By extremal domains, the authors mean that the derivative of the first
eigenvalue—seen as a real valued function of a volume preserving deformation—vanishes.
With regard to the second eigenvalue, the analogous result to the Faber-Krahn inequality
is the Krahn-Szegd inequality.

Theorem 1.1.2 (Krahn-Szegd inequality, [Kra26] 1°). Let Qpgx C RN be a bounded open
set of volume V> 0 and 05 on C RY be the domain consisting of two disjoint open balls

of volume V /2. Then,
A2(925 gv) < Ao (Qpw),
with equality if and only if Qpn = Q5 pn -

Its proof follows directly from the Faber-Krahn inequality together with the Courant
nodal theorem ' and a rescaling argument. The latter makes use of the invariance under
homothety of the functional '

Q> \orn () vol( )N, ke N\ {0}, (1.1)

defined on regular bounded domains in RV,
For a volume V' =1, the minimal value reached by the ball Qf o x C RY is given by

2/N .9
A1 T,RN) :w]\{ IN/2-1,1

where jn/o_1,1 denotes the first zero of the N/2 — 1 Bessel function Jn/2-1, whereas
>\2( ;,RN) = 22/N )\1( ;RN)a

see [Cha84, Section IV.2, Remark 4|. The definition of the Bessel functions and their
detailed study make explicit the eigenvalues for the ball of RY. However, except for very

10. G. Polya attributed the result to G. Szegd in his paper [P6l55], but this inequality was also
pusblished independently by I. Hong [Hon54] one year earlier.

11. A nodal domain of a function u defined on a domain Qjs is a connected component of the set
Qum \ {z € Quar | u(z) = 0}. This theorem asserts that the number of nodal domains of an eigenfunction
uy, associated to Ay is at most k, for all k € N. See [CH53, Section VI.6].

12. It follows from direct computations.




specific domains such as a rectangle in the plane, getting explicit values is unfeasible for
general domains. This is a first reason to deal with the spectrum of the Dirichlet-Laplace
operator using a numerical approach.

Another argument to consider computational approximations is related to the op-
timization problem generalizing the Faber-Krahn and Krahn-Szeg6 inequalities to any
eigenvalue )\, namely

Find an open set €} ,, C M of volume V' > 0, such that

(Popt) (25 1) < Ak(Qar),
for all open sets 2y C M of volume V.

Indeed, for any integer & > 3, no analogous results to the Faber-Krahn or to the Krahn-
Szegd inequalities exist. Nevertheless, legitimacy of the problem (P, ) has been enhanced
by a recent result by D. Bucur [Bucl2| for quasi-open sets—instead of open sets—in R,
N > 1, also reached independently by D. Mazzoleni and A. Pratelli [MP13]. This result
claims that a solution exists in such a class of domains for any k. Furthermore, it ensures
the optimizer to be bounded and to have finite perimeter.

Several numerical experiments have been performed to find a candidate to be the
optimizer in (Pypt). E. Oudet is a precursor in this field with his work [Oud04|. It is
restricted to the domains in R? minimizing the first ten eigenvalues. It suggests—as
expected by the mathematical community—that the candidate associated to the third
and fourth eigenvalues are a disc and two disc of different area respectively. Thereafter,
his results were improved by P. R. S. Antunes and P. Freitas in their paper [AF12],
where they found a different shape for the candidate associated to the seventh eigenvalue.
They also extended the results to the first fifteen eigenvalues, see Figure 1.2, as well as
to Neumann and Robin boundary conditions with J.B. Kennedy in [AFK13]. With
regard to Neumann-Laplace eigenvalues which form a positive sequence 0 = po(Qns) <
w1 (7)) < pa(Qar) < ... 7 400, the relevant optimization problem is to maximize the k-
th eigenvalue pp among all domains of a given volume. The counterpart to Faber-Krahn
inequality is the Szegé-Weinberger inequality [Wei56]. It claims, for domains of volume

1, that
Kk 2/N
pa () < pa( 1,RN) = WJ\{ p%\/’/zl’

where Q** . is a ball of volume 1 in RY and p ~/2,1 denotes the first zero of the derivative

1,RN
of the function t — tI*N/QJN/Q. M. S. Ashbaugh and R. D. Benguria extended this
inequality to domains contained in a hemisphere of SV, as well as to smooth domains in
DV [ABO1].

Moreover, a theorem by A. Girouard, N. Nadirashvili, and I. Polterovich [GNP09] is
the analogous result to the Krahn-Szegs inequality in dimension 2. It asserts, for simply

connected planar domains of volume 1, that

p2(€2) < 241 (27 ) vol (),
with equality attained in the limit by a family of domains degenerating to a disjoint
union of two identical disks.
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e e (2 (a3) (ae)

Figure 1.2: Planar domains minimizing the fifth (left) up to the fifteenth (right) eigen-
value among domains of a given volume from [AF12].

Issues addressed in this thesis and ensuing results

The two main topics of this thesis are the numerical approximation of eigenvalues
of the Laplace operator on domains in surfaces, and their numerical optimization with
respect to the domain. The numerical method used to perform approximation of eigen-
values is based on the Finite Element Method. To take into consideration the curvature
of a general manifold, the computations take place in the open set of a chart. Contrary
to classical surface discretization which interpolates a surface in R3—see [JUO8]—, the
advantage is that surfaces which are non-embeddable in R3, such as hyperbolic space,
can be considered. The metric contribution is then introduced into the components of
the matrices involved in the approximated problem. Indeed, the eigenvalues appearing
in a finite linear system are used to approximate the desired eigenvalues of the Laplace
operator. For this purpose, a Lanczos method is performed. The surfaces chosen for
numerical approximations of eigenvalues are R?, the sphere S?, hyperbolic space through
the Poincaré disc model D? and a family of surfaces with non-constant curvature.

The optimization problem (P,) is addressed numerically by minimizing the first
fifteen eigenvalues for a domain in R? to recover the results in [AF12]. Then, the analo-
gous optimization problem in the sphere S? and in the Poincaré disc model D? are carried
out numerically. It leads to Table 1.1 '3 repeated from the main part of this document.
Note the value reported for the thirteenth eigenvalue is slightly larger in the sphere than
hyperbolic space. Moreover, the optimizers {2y k =1,...,15, in the Poincaré disc
are displayed in Figure 1.3.

The shape optimization process to deal with (P ) relies on a descent method algo-
rithm, which takes advantage of the Hadamard Variational Formula (4.6) given subse-
quently. The volume constraint ' appearing in (P, ) is handled with a Uzawa Algorithm,
which is a new approach. The optimal domain is obtained by finding a saddle point of
a Lagrangian £ of the form L£(Q, u) = A\p(Q) + p(vol(Q) — V), where the notations are
precisely defined in Chapter 4. Up to now, optimization on surfaces different from the
plane does not seem to have been studied numerically. As a comparison in R?, the Finite
Element Method is also used in [Oud04] to compute eigenvalues approximation, whereas
an algorithm based on the Method of Fundamental Solutions!® is employed in [AF12].

7]]])2 )

13. The values displayed in this table are computed with masslumping (the notion of masslumping is
recalled in Definition 2.2.9).

14. The invariance under homothety of the functional given by (1.1) allows to bypass this volume
constraint for optimization in R?. Indeed, different values in the volume constraints lead to the same
optimal domain in (P,p:) up to a rescaling transformation.

15. [BT05] and [FHM67] are classical references on this issue.



Table 1.1: Numerical approximation of A,(€2} ,,), for F ,, the optimizer of volume 0.1
in M = S?, R?, D? for the k-th eigenvalue, k =1, ...,15.

k| M(Qf g2) C©S? | A5 go) CR? | Ap(Qf o) € D?
1 180.855 181.7 182.639
2 364.356 363.9 364.827
3 460.927 463.0 464.068
4 639.377 647.8 653.612
5 784.251 785.3 789.829
6 888.975 890.5 894.214
7 1063.127 1065.1 1089.251
8 1199.235 1200.1 1207.212
9 1330.355 1340.6 1341.360
10 1439.525 1448.2 1445.205
11 1583.765 1605.5 1632.550
12 1738.957 1743.7 1757.700
13 1890.493 1888.4 1887.360
14 1999.437 2022.2 2026.394
15 2125.772 2111.6 2148.878
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Figure 1.3: Optimizers of volume 0.1 in D? for the k-th eigenvalue, k = 1,..., 15, left to
right, then downwards. The point in the domains denotes the origin of D?.

<
Q
N

Contrary to the former, this is a meshless method, representing computer memory and
computational time savings.

Another optimization problem is about the placement of a circular obstacle inside a
domain. This issue is discussed in [Hen06, Section 3.5|. In this thesis, the maximization
of an eigenvalue of a ball with respect to the location of a circular obstacle inside is
addressed numerically. After validation for the first and second eigenvalues in the plane,
in the sphere and in the Poincaré disc which are theoretically known '®, investigations
are carried out for the third, fourth and fifth eigenvalues in these three surfaces. Note
the optimal placement seems to be related to the extremal points of the corresponding
eigenfunction defined on the ball without obstacle.

As regard with the numerical optimization of eigenvalues with respect to the domain,
this work does not claim to deliver a proof of the optimality of a domain but only
approximate candidates to be an optimizer. Indeed, on the one hand the algorithm
reaches local—and not global—minima, and on the other hand it is in general almost
unfeasible to prove theoretically that a domain is in fact a solution. Even for k = 3 in
R?, it is not yet proven that the disc is the optimizer, despite numerical confirmations
and agreement'” in the mathematical community. Notice that not only can an explicit
expression for the boundary of the optimal domain not be guessed for k > 5, but it is

16. The first and second eigenvalues are maximal when the obstacle is located at the centre of the
ball. For )1, this result is stated in [Her63] for R? and in [AA05] for S® and for D?. Tt is extended to A2
in [ESKO08].

17. As stated in Open Problem 8 from [Hen06]. This reference also states that S. A. Wolf and
J. B. Keller proved that the disc in R? is a local minimizer for A3 [WK94]. However, computations
together with numerical experiments by A. Berger seem to invalidate that the ball in R® minimizes \s.



also very likely that no such explicit description is possible. However, some interesting
properties can be derived, such as the fact that the candidate obtained numerically to be
the domain minimizing the thirteenth eigenvalue in the plane is not symmetric [AF12].
Another curiosity raised by numerical investigations is given by the comparison of the
value of the first eigenvalue )q(Q’iM) associated to the optimal domain 0 ), in various
curved surfaces M. For this numerical experiment, the sphere S? whose curvature equals
1, the upper sheet H of a hyperboloid whose curvature lies between 0 and 1, the plane
and the Poincaré disc whose curvature equals -1 are addressed. The optimizer is a ball—
centred at the point of maximal curvature for H—in each of these surfaces and for a
volume of 0.01, the following inequalities hold

A g2) <A ) < AL(Q p2) < M (2 )
and the corresponding values are
1816.57 < 1816.80 < 1817.6 < 1819.10.

It could have been expected—at least for small volumes—that there is a ranking of
such eigenvalues with respect to the curvature. But the eigenvalue resulting from the
experiment in the upper sheet of a hyperboloid is not between those coming from the
plane and the sphere. It is even higher than the eigenvalue of the ball in the Poincaré
disc. A same ranking appears also for the second and for higher eigenvalues. Such kinds
of observations were possible thanks to numerical investigations.

Organisation of the thesis

This document is organized in five chapters and three appendices. After this intro-
duction, Chapter 2 presents basic notions and tools from geometry, the Finite Element
Method and the Lanczos method to find eigenvalues associated to a finite linear sys-
tem. The third chapter deals with the underlying problem, that is, the computation
of eigenvalues of the Dirichlet-Laplace operator. After its theoretical statement and its
numerical approximation, the estimation of the error between an exact eigenvalue and its
approximation is performed and also illustrated using numerical examples. It is followed
by numerical validations for specific domains such as a ball in R? and by experiments
in the plane R?, the sphere S?, the Poincaré disc D? and a manifold with non-constant
curvature. The problem of locating an obstacle in a ball to minimize its first eigenvalues
is also addressed, as well as a comparison of the first eigenvalues of a ball in R?, S? and
D2. It is based on the prepublication [Str12a|. Then, Chapters 4 and 5 are devoted
to the optimization problem (P,y¢). The former introduces shape optimization required
to establish the main formula to deform a domain and also the Uzawa algorithm to
extend the problem on domains in manifolds. The latter states the problem theoret-
ically and displays numerical results: some validations to recover optimal candidates
already obtained in [AF12] and some investigations in S? and D?, together with some
optimizations in a sheet of a hyperboloid. The numerical results presented in Chapter 5
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are those in [Str12b]. Finally, the document ends with three appendices: the first one
deals with some notions of functional analysis, especially Sobolev spaces which are the
suitable framework for the underlying and optimization problems. Appendix B provides
a detailed example of the optimization of an eigenvalue with respect to a domain in a
manifold—namely A7(Qys) for Qj/ in the Poincaré disc D*—, whereas some additional
numerical values are displayed in Appendix C.



Chapter 2

Fundamental tools

This chapter is devoted to recall some classical notions and tools about various con-
cepts involved in the following chapters. This thesis takes place between two main fields
of mathematics, namely geometry and numerical analysis. To be as accessible as possible,
a choice has been made to present some basic notions required from both. Notations very
common in mathematics are used in this chapter in order to avoid needless complexity,
even if they do not coincide with the usual ones which exist in these particular fields.
However, special care has been taken to mention the more frequent notations when it
happens.

This chapter is divided into three parts: the first one is about Riemannian geome-
try and calculus on a manifold. In this part, some classical tools are introduced in the
framework of a manifold and the expression of the volume element, of the gradient of a
function and of the Laplace operator are explicitly established in local coordinates using
a chart (U, a). Precisely, performing the computations using a chart is a specificity of our
approach and it is particularly helpful for the numerical implementation of our method.
The second section is a short introduction to the Finite Element Method, restricted to
the aspects and results that are useful in the sequel. It leads to consider approximation
of functional spaces by discretized spaces, and to approach the computation of integrals
using quadrature rules. The notion of masslumping is also addressed. Finally, the last
section is concerned with the Lanczos method, used to solve finite dimensional eigen-
problems. In each part, some classical references about these topics are given.

Throughout this chapter, N € N\ {0} stands for the dimension of the ambient space.

2.1 About differential geometry and calculus on manifolds

In this section, M denotes a differentiable manifold of dimension N. Assume that
M is smooth, that is, M is of class C*°, although less regularity would be sufficient.
Moreover, (M, g) denotes a Riemannian manifold of dimension N.

11
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2.1.1 Differential forms, volume element and integration on a manifold

This subsection begins with the definition of several notions and tools useful to intro-
duce operators and integration on a manifold, and with some of them properties. The
reference book they are derived from is [Boo75], especially its chapter V. Refer to it
for the proofs of the results presented below as well as for some complements intention-
ally skipped here. With regard to the development of the notion of integration over a
manifold, see [dC94, Chapter 4|. Thereafter, a more technical part is dedicated to the
expression of the volume element in local coordinates.

In this subsection, V' denotes a vector space over R of dimension N and V* its dual
space. Although only dimension N = 2 is needed for our purpose, this topics is exposed
in any dimension, because it does not add any extra difficulties.

Definition 2.1.1 ( Derived from [Boo75, Definition V-5.1] ). A tensor ¢ on V is a
multilinear map

P VX XxVXV x .- xV* —R,

~
r times s times

where r € N denotes the covariant order of ¢ and s € N its contravariant order.

Notation 2.1.2. From now on, r € N and s € N always stand for non-negative integer.
The set of all tensors of covariant order r and contravariant order s is denoted by 7. (V).
It is a vector space over R of dimension N" "% see [Boo75, Theorem 5.2 for a proof. In
the following, only covariant tensors are used, that is s = 0, and the set of all covariant
tensors of order 7 is denoted by 77 (V) instead of 77 (V). Set 7°(V) = R by convention.

Notation 2.1.3. Throughout this document, vectors and vector fields are denoted using
bold font. Moreover, the transpose of a matrix A is denoted by AT and the transpose of
the inverse A~! of a matrix A by AT,

Definition 2.1.4 ( [Boo75, Definition V-5.3] ). A C°°(M)-covariant tensor field of order
r € N on a manifold M is a function ¢ : M — Upey T (I, M), p — ¢y, such that for all
C>°(M)-vector fields X7y, ..., X, the map

o(X1,....X,): M — R
p = gbp(Xl(p)""’XT‘(p)),

is a C*>°(M)-function.
The set of all C*°(M)-covariant tensor fields of order r on M is denoted by 7" (M).
Set TO(M) = C>(M) by convention.

Definition 2.1.5 ( [Boo75, Definitions V-5.4 and V-6.12] ). A covariant tensor ¢ €
T"(V), of order r € N is symmetric, respectively alternating, if for each vy,...,v,. € V,

A(V1,. ., Vs, V., V) = P(VL, ..V, Vg, 0p), V<45 <y
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respectively
A(V1,. ., VsV, V) = —0(V1, .,V Vs, ), V<G5 <

By extension, a tensor field is symmetric, respectively alternating, if it has this property
at each point. Moreover, an alternating covariant tensor field of order r on a manifold
M is called an exterior differential form of degree r, or simply a r-form.

Remark 2.1.1. The set of all symmetric tensors, respectively alternating tensors, forms a
subspace of T"(V'), denoted by X"(V'), respectively A"(V'). Moreover, X" (V) NA"(V) =
{0}. The same remark holds for a manifold M instead of V', with the notations X" (M),
respectively A" (M).

Remark 2.1.2. Let {e1,...,en} be a basis of V and ¢ # 0 be a alternating covariant
tensor of order r = N on V. Then, a direct computation involving the multilinearity of
¢ gives, for all vy,..., o5 € V, with v; = Z;Vﬂ Cijej,i=1,...N,

¢(v1,...,on) =det C ¢(ey,...,en),
where C' is the matrix with component C; ; on the i-th row and j-th column.

Definition - Proposition 2.1.6 ( [Boo75, Definition V-6.1 and Theorem V-6.2] ). Let
¢ €T (V) and ¢ € T5(V) be two covariant tensors. The product of ¢ and v, denoted
¢ ® 1 is a tensor of order r + s defined by

¢ ® T/J(Ula <o s Upy Upp1- - - 7'U'r'—|—s) = (b(vla s 7”7’)¢(v7’+17 s 7'U'r'—|—s)7

for all v1,...,vp45 € V. The product defines a mapping (¢,¢) — ¢ @ ¢ of T"(V) x
T*(V) — T"5(V) which is bilinear and associative.

By extension, the product of two covariant tensor fields on a manifold M is defined
at each point p € M, using the previous definition on the vector space T, M:

Definition - Proposition 2.1.7 ( [Boo75, Theorem V-6.3] ). Let ¢ € T"(M), and
¥ € T*(M) be two covariant tensor fields over a manifold M. The product of ¢ and 1,
denoted ¢ ® v, is a covariant tensor field of order r + s on M defined by

PR Y(p) = dp @y, Vpe M.

The product defines an application 7" (M) x T*(M) — T" (M), (¢,) — ¢ @1, which

is bilinear and associative.

Remark 2.1.3. The tensor product of alternating tensors on V is not, in general, an
alternating tensor on V. It leads to introduce another notion of product, which verifies
this property.



14 CHAPTER 2. FUNDAMENTAL TOOLS

Definition 2.1.8 ( [Boo75, Definition V-6.5 and Lemma V-6.6] ). The mapping A :
A"(V) x A5(V) = A"T5(V), (¢, ¢) — ¢ A, defined by

1

¢/\71Z)(,v1""’v'r‘+s) = m

Z SgIl(O')gb ® sz)(’va'(l), oo ?UO'(T'—|—S))

o€G(r+s)

for all v1,...,vp4s € V, where &(V) denotes the set of all permutations of {1,..., N}
and sgn(o) denotes the signature of o, is called exterior product or wedge product of ¢
and . This product is bilinear and associative.

Remark 2.1.4 ( [Boo75, Corollary V-6.7] ). It is a straightforward calculation to see that
if g, € N"(V), r; € Nyi=1,... k, then for all v1,...,Vp4eeqp, €V

gbl Ao A gbk('vl, - ,’U,»1+...+7~k)
1
BECIRRY > sgn(0)d1 @ ® k(Vo(1y - - Vor(rypeetrn))-
o€ (r1+-+rg)

Definition 2.1.9 ( [Boo75, Definition V-7.5] ). A manifold M is orientable if it is possible

to define a C°°(M)-N-form ¢ on M which is not zero at any point. In this case, M is
said to be oriented by ¢.

Theorem 2.1.10 ( [Boo75, Theorem V-7.7| ). Let (M,g) be an orientable Riemannian
manifold. Corresponding to an orientation of M there is a uniquely determined N -form
® which gives the orientation and which has the value +1 on every oriented orthonormal
frame.

Definition 2.1.11. The N-form ® of the previous theorem is called volume element and
is denoted ! by dvy.

Notation 2.1.12. Let 7(V) = &2,7"(V) and A(V) = &2 A"(V). These two direct
sums are actually associative algebra, see [Boo75, Corollary V-6.8]. Moreover it holds
that A(V) = @Y ,A"(V), see [Boo75, Theorem V-6.10].

Theorem 2.1.13 ( [Boo75, Definition V-6.11] ). Let V' and W be two finite dimensional
vector spaces and F, : W — V' be a linear mapping. Then, the mapping F* : T(V) —
T (W) defined by, F*(¢)(w) = ¢(Fi(w)) for all p € T(V) and w € W, takes A(V') into
A(W) and is a homomorphism of these (exterior) algebras.

In particular, if o denotes the map of a chart (U, «) in a neighbourhood of a point
p € M, the derivative T.a~ ' : RV — UgevTyM of a~!is a linear mapping. Thus it can
be employed to transport the volume element from M to RN using T.a~*.

The required tools are now at our disposal to give the expression of the volume element
in local coordinates. This expression is intensively used in the sequel and especially in the
numerical implementation. That is the reason why the following development is made

1. This notation comes from its use in measure theory, as it appears later.
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explicitly, although it is a particular case of Remark 2.1.2. Let (M, g) be a Riemannian
manifold oriented by the volume element dVj, and let («,U) be a chart of M in the
neighbourhood of a point p € M. Let {E1(p),..., EN(p)}per denote? the basis of T,M
such that

TpOin(p) = a$i|a(p), Vi=1,...,N, (2.1)
where {Bml}f\i | denotes the usual local coordinates®. However, there is no particular
reason for {E1(p),..., En(p)},cy to be orthonormal with respect to the Riemannian
metric g(p), so in general dVy(E1(p), ..., En(p)) # 1. Thus, we consider an orthonormal
(with respect to g(p)) basis {Fi(p), ..., Fn(p)}pev of T,M, that is g(p)(F;(p), Fj(p)) =
dij. So, it allows us to express the vectors E;(p), ¢ = 1,..., N, using the basis {Fk(p)}évzl:

N
Ei(p) = Aix(p)Fe(p), Aix€R, 1<i k<N,

k=1
or equivalently,
| ! Aia(p) - An()\ (- R -
Ei(p) En(p) | = : : :
| | Avalp) - Avx®) \= Fv) -/
= E(p) —- Z(p) —. }(p)

At each point p € M, the metric g can be represented by a matrix G(a(p)) using the
local coordinates, that is

Gij(alp)) = 9(p)(Ei(p), Ej(p)), 1<4,j<N. (2.2)

Then,

N N
Gijla(p)) = g(p) (Z Az‘,k(p)Fk(p),ZAj,k(p)Fk(P)>

N
= ) AikP)Ajk(p) = (A(P)A" ()i ;- (23)
k=1

2. Although « does not appear in the notation of E;(p), i = 1,..., N, these vectors actually depend
on the chart.
3. Actually, the local coordinates do not depend on the point a(p) where they are estimated. They

N
are sometimes denoted by {%} .
i)iz1
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Besides,

dVy(Er(p),....En(p)) = Z A iy (P) Frey (P Z AN oy (P) Frep (P)
k1=1 kn=1

N
= Z A1k () ANy (P)AV(Fiey (P)s - - - Fiene (D))

k1, kn=1
o(i):=k;
Qls Z sgn(o) A1 1) (P) - Ano(v) (D)
c€G(N)
= detA(p) = /detG(a(p)), (2.4)

where the last equality comes from equality (2.3).
There is still a manipulation remaining, consisting in expressing the volume element

in a(U) C RN, where U is the open set of the chart. Since p Ta(p)ofl*dvg is an
N-form* on RY by Theorem 2.1.13, it can be written at a point p € a(U) as

Topya AV, = f(p)dzi(p) A~ Ada(p), (2.5)

where f: a(U) — R is a C*®(a(U))-function to be determined and {dxj} _, is the dual

basis of {8a:k}i,v 1» that is, dzj (k) = 6;, where §;;, denotes the Kronecker symbol.

First, notice that, for p € U,

Ta(p)oz_l*dVg (8:81, e ,8:8]\]) = dV ( a(p )Oé 8:81, .. ,Ta(p)a_laacN)
= d‘/g(El( )a’EN(p))
= det G(a(p)) (2.6)

where the last equality comes from (2.4). Then, for any v; = Z]k\izl Vi, 0Tk, € RY,

1=1,...,N, it holds that

Ta(p)afl*d‘/:q(vl, - ,vn)
N N
= Ta(p)ozfl* Z (W ok, , ..., Z UNJgNa:Ek,N
k;1:1 k‘N:1
N
= Z Vlky """ UN,kNTa(p)Oé_l*dVg (Bmkl, ceey Bka)
k1,...kn=1
= Y sen(0)vre0) N e Tape AV (81, ..., dTN)
c€B(N)
Vdet G(a Z sgn(0)v1 5(1) " UN,o(N)-
JEG( )

4. This N-form is called pullback of dV, by a~'. It is more often denoted by a~'*dVj.
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On the other hand,

dzi A--- /\de('vl,...,'vN)
N N
= dzy A--- ANday Zvl7kla$kl,..., Z vN,kNBackN
k=1 kn=1
N

= Z Uik UNgy Azt Ao Aday (0Tk,, ..., OTky)

k1, k=1
= Z sgn(0)vi 4(1) - UNe(n) dT1 A - Aday (O, . .., 0ZN) .

c€G(N) -1

Finally, the volume element can be expressed in local coordinates by

Ta(p)afl*d%(vl, ooy ) =/ det G(a(p))dxy A - Aday (v, ..., ON), (2.7)

for all vy,...,vn € RY. Hence, f = v/det G in equality (2.5).

Following [dC94, Chapter 4], the notion of integrals over a Riemannian manifold
(M, g) can be now addressed. The aim is to compute integrals of a function over a(U),
for a given chart (o, U) using the expression of the volume element in local coordinates.
Indeed, it will be useful again for the numerical computations involved in the sequel.
Before dealing with integrals of a function, let us first define the integral of an N-form
over a bounded subset of RY.

Definition 2.1.14. Let ¢ be an N-form in an open subset D C RY with compact
support K contained in U. If ¢ is written as ¢ = fdx; A--- Adxy, for a C*°(D)-function
f, then the integral of ¢ over D is defined by

D/QS:[Zfdxl...de,

where dz; ...dxy denotes the Lebesgue measure on RV,

The map « of a chart allows to extend this definition to an oriented manifold. To avoid
convergence problems, it is convenient—although generally not required—to assume the
support of the N-form to be compact. It holds for instance if M is compact. Moreover,
make first the assumption that the support of the N-form is contained in an open set of
a chart.

Definition 2.1.15. Let (M, g) be an oriented Riemannian manifold®, ¢ be a N-form on
M having compact support in the open set U of a chart (o, U). The integral of ¢ over

M is defined by
/¢: / T.o 1*¢.
M

a(U)

5. The metric g does not play any role in this definition.
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The orientability of the manifold ensures that this definition does not depend on the
choice of the map. The choice of an orientation for M fixes the sign of the integral.
Finally, if ¢ has compact support, but not completely inside the open set of a chart,
then to integrate ¢ over the entire manifold, a partition of unity {t;} compatible with
the covering by the open sets of the charts is required. Indeed, it allows to apply the
previous definition to each 1;¢. The integral of ¢ over M is then the sum of the integrals
of the ;¢ over M.

Now, the definition of an integral of a function f : M — R over a Riemannian
manifold (M, g) follows naturally.

Definition 2.1.16. Let (M, g) be an oriented Riemannian manifold, and let dV}, be the
associated volume element. A function f : M — R is integrable over M if f has compact

support in M. Furthermore, the integral of f over M is the integral of the N-form
fdv,.

Remark 2.1.5. Assume f to be as in the previous definition. If the support of f is
compact and included in the open set U of a chart (o, U), then,

/de: /T_al*(fdvg): /foalmdxl...dx]\;,

M a(U) a(U)

by equation (2.7). This formula will be intensively used for the eigenvalue problem on a
Riemannian manifold.

The classical and expected properties of the integral defined above are proved in
[Boo75, Section VI-2].
2.1.2 Expression of the gradient in local coordinates

This subsection is based on the second chapter of [GHLO04].

Definition 2.1.17 ( [Cha84, Definition I-1] ). Let f : M — R be a function of class
C*>°(M). The gradient of f, denoted V f is the vector field on M defined by

g)(V f(p), Z(p)) = Z(f)(p), VZ € x(M), Vpe M,

where x (M) denotes the vector space of all vector fields of class C*°(M).

Remark 2.1.6. The Riesz representation Theorem (Theorem A.1.3) ensures that the gra-
dient of a function f is well defined.

Proposition 2.1.18. Let f,h € C*°(M). Then,

V(f+h) = Vf+Vh,
V(fh) = fVh+hVf.

6. The N-form fdV, has compact support in M.
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Remark 2.1.7. Let (a, U) be a chart of M in the neighbourhood of a point p € M. Asin

the previous subsection with equation (2.2), consider the family of matrices {G(a(p))},crs

representing the metric g at each point p € U in the usual local coordinates {8:1:2}21\; 1-
Let us carry out an analogous development as the one that gave the expression of the
volume element in local coordinates. The gradient of a function f € C°°(M) can be
expressed at a point p € U in the basis {E;(p)}, defined in equation (2.1), that is

N
V £(p) = Br(p)Ek(p),
k=1

thus, forallt=1,..., N,

N

9®)(V £(p), Ei(p)) = > _ Bi(p)Gh,i(a(p)).

k=1
For p € U, the definition of the gradient applied to Z(p) = E;(p), i =1,..., N, and the
definition of { E;(p)}Y.,, yield
9g)(V £(p), Ei(p)) = Ei(f)(p) = Tayer '0zi(f)(p) = 8zs(f o o™ ') (a(p)).
Hence, for all i =1,..., N,

N

di(f o0 )(a(p) = 3 Au(p)Crilo(p)).

k=1

that is,
Vus(f 0o o™ M) (ap)) = GT(a(p))V £(p).

where V,s denotes the usual gradient operator acting on functions defined on an open
set of RV, Finally, the gradient of f in local coordinates is given, for all p € U, by’

Vf=GTVu(foat)oa,

or by
Vf=G'Vus(foaoa, (2.8)
thanks to the symmetry of G since it represents a metric.

In order to define the divergence and the Laplace operators on a Riemannian manifold
(M, g), several tools need to be introduced.

Definition 2.1.19 ( [GHLO04, Definition 1.52 bis| ). Let U C M be an open set of M.
The Lie bracket is the mapping [+, -] : x(U) x x(U) — x(U) defined by

X, Y]=XY -YX, X,Ye({).

7. As mentioned before, G=T denotes the transpose of the inverse of the matrix G.
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Remark 2.1.8. The Lie bracket is a R-bilinear, anticommutative mapping, and satisfies
the Jacobi identity, that is,

(X, [Y,Z||+|Y,[Z,X]]+[Z,[X,Y]|=0. VX,Y,Z € x(U).

Definition 2.1.20 ( [GHL04, Definitions 2.49 and 2.50] ). A connection on M is a
mapping V : x(M) x x(M) — x(M), denoted by (X,Y) — VxY, such that for all
X, Y £, ¢ € x(M) and for all f € C®(M):

() Ve(f X +Y)(p) = &(f) ()X (p) + f(p)VeX(p) + VeY (p);
(i) Vyere(X)(p) = f(p)VeX(p) + VX (p).
Moreover, VxY is said to be torsion-free if it also satisfies
(iii) [X,Y](p) =(VxY — VyX)(p).

Theorem 2.1.21 ( [GHLO04, Theorem 2.51| ). Let (M,g) be a Riemannian manifold.
Then, there exists a unique torsion-free connection V satisfying for oll X,Y , & € x(M),

£(9(X,Y)(p)) = 9(VeX(p), Y (p)) + 9(X(p), VeY (p))-

Definition 2.1.22 ( [GHLO04, Definition 2.53] ). The connection defined in the above
theorem is called the Levi- Civita connection.

Remark 2.1.9. It can ben shown® that the Levi-Civita connection is characterized by

Y(VxY.Z) = L (X(o(Y,2))+Y(g(Z X)) - Z(4(X.Y))
+g(Z, [X7Y]) - g(X, [Y7 Z]) + g(Y, [X7 Z])) :

for all X,Y,Z € x(M). Henceforth, V denotes the Levi-Civita connection on (M, g).

Definition 2.1.23 ( [GHLO04, Definition 2.67] ). Let ¢ : I — M be a smooth curve. A
vector field along c is a curve X : I — T'M, such that X(t) € T,y M, for any ¢ € I.

The vector space of all vector fields along ¢ is denoted by x.(M).

Definition - Proposition 2.1.24 ( [GHL04, Theorem 2.68] ). Let ¢ : I — M be
a smooth curve. There exists a unique operator, denoted by % and called covariant
derivative, defined on the vector space of all vector fields along ¢, which satisfies to the
following conditions:

(i) for all X € x.(M), f e C>(I),

D D ’ .
—fX(8) = fOZX@) + () X(®);

8. See the proof of [GHL04, Theorem 2.51].
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(ii) if there exists a neighbourhood of tg in I such that X is the restriction to ¢ of a
vector field Y defined on a neighbourhood of ¢(tg) in M, then

%X(tO) = Ver(a) Y (e(to))-

Definition 2.1.25 ( [GHLO04, Definitions 2.71 and 2.77] ). Let ¢: I — M be a smooth
curve. A vector field X along c is said to be parallel if %X(t) =0. A curve vy on M is
called a geodesic if 7/(t) is a parallel vector field along v, that is, if %7’(75) =0.

2.1.3 Divergence and Laplace operators in local coordinates

Now the divergence operator, then the Laplace operator are defined using the notions
introduced in the previous subsection, following [Cha84, Chapter I.

Definition 2.1.26 ( [Cha84, Definition 1.2] ). Let X € x(M) be a vector field of class
C>*(M). For all p € M, consider the mapping v, : T,M — T,,M defined by

£ p(§) = Ve X.
The divergence of X, denoted by div X, is the mapping from M to R defined by
div X (p) = trace (1),
for all p € M.

Remark 2.1.10. With the notations of the previous definition, for all p € M, there exists
a bijection ¢ : RV — T,M, v — ¢(v), depending on the chart (o, U) containing p, given
b
' P()(f) =v(foa™), VfeClHM)k>1.
The trace in Definition 2.1.26 is the trace of the matrix representing® the linear mapping
¢_1 o ¢p o .
Proposition 2.1.27. Let X, Y € x(M) be two vector fields of class C*°(M). Then,
(i) divX € C*(M);
(i7) div(X +Y) =divX +divY;
(1i1) div(fX) = fdivX +g(V f,X), for all f € C*(M).

Definition 2.1.28 ( [Cha84, Definition 1.3] ). Let f € C>°(M). The Laplace operator of
f, or laplacian of f, is the function Af : M — R, defined by

Af = div(V §).

Sometimes A is denoted by A, to specify the dependency upon g.

9. It makes sense since the trace of a matrix is invariant under change of basis.
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Proposition 2.1.29. Let f,h € C*°(M). Then,
(1) Af € C(M);
(i) A(f+h)=Af+ Ah;
(iii) div(hV f)=hAf+ g(V h,V f);
(iv) A(fh) =hAf+g(V £,V h)+ fAh.

As for the volume element and the gradient, the expression of the divergence operator
and of the Laplace operator in the local coordinates {sz}f\; 1 will be useful for the main
part of the document. For this purpose, consider a chart («,U) in the neighbourhood of
a point p € M and denote by G(«a(p)) the matrix representing g(p) in this basis.

If the vector field X € x (M) of class C>°(M) can be written using local coordinates
as X = Zjvzl §j0x;, then

N
div X = \/%(G) > 05 (¢1/det(@))
j=1

Moreover, if f € C*(U), k > 2, then

_ 1 o (i
Af—mjglaxg <G \/det(G)aazkf), (2.9)

where G7* denotes the (j, k)-component of the inverse G~' of the matrix G.
To derive properly these expressions, a development '* involving Christoffel symbols
has to be carried out. It is built throughout the first section of [Cha84, Chapter I].

2.1.4 Results of calculus on a manifold

The following reminders from [Cha84, Section I.2] are classical results of vector cal-
culus in the framework of a Riemannian manifold.

Theorem 2.1.30 (Divergence Theorem I). If X € x(M) is a vector field of class C>°(M)
with compact support in M, then

/dideVg — 0,
M

where AV, denotes the volume element given in Definition 2.1.11.

Assume moreover that M is oriented and has a boundary 0M with induced (N — 1)-
volume element denoted by do. The notion of boundary dM can be found in [BooT75,
Definition VI.4.1], whereas to define do, the ezterior differentiation of a differential form
is required. For this latter, we refer to [Boo75, Section V.8].

10. It is a similar development as the one derived for the expression of the volume element and of the
gradient in local coordinates, but it is more technical.
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Theorem 2.1.31 (Divergence Theorem II). Let X € x(M) be a vector field of class
C>® (M) with compact support on M. Then,

/dideVg - /g(X,n) do,
M oM

where n denotes the outward unit normal (with respect to g) vector field on the boundary

oM.

Theorem 2.1.32 (Green’s formula). Let f,h € C*°(M) be two functions such that hV f
has compact support on M. Then,

[rarav,= [ havsmao - [o(v £.9m)av,
M oM M

where n denotes the outward unit normal (with respect to g) vector field on the boundary
oM.

2.2 Some notions about the Finite Element Method

2.2.1 Definitions

This section is mainly from the book [Cia78| and [EG02|, but this recall is restricted
to the notions useful for the future applications to our problem. The former reference
book is classic in this field and covers the topic very broadly. Most of the following
definitions are derived from its second chapter. Throughout this section, {2 denotes a
domain of RY, that is a bounded open set of RV,

Definition 2.2.1. A mesh M of a domain Q C R¥ is a subdivision in a finite number
of subsets K;, i =1,...,1, such that

I
i) Q=K
i=1
(ii) Every K;, i =1,...,1, is closed and has a non-empty interior Kj;
(iii) Every K;, i =1,...,1I, has a Lipschitz boundary 0Kj;
(iv) K; NK; = () for all K, K;,i,j=1,...,1,1 #£7.
Remark 2.2.1. If the sets K;, i = 1,..., I, consist of N-simplices, then usually an addi-

tional condition on M is required:
v) Forall K;, K;,i,7=1,...,1, 1 # j, the intersection K; N K is either empty, or is
(v) j i =110 # ], j pty,
a shared vertex, or is a shared face (edge).

Two examples of forbidden situations involving subsets K of a mesh are presented in
Figure 2.1.
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L

Figure 2.1: The couples of 2-simplices (or triangles) {K;, K;} and {K;, K;} does not
satisfy the condition (v). Moreover, the couple {K;, K;/} does not verify (iv) neither.

Definition 2.2.2. A finite element in RY is a triple (K, P,%) where:
(i) K is a closed subset of RV with a non-empty interior and a Lipschitz boundary;
(ii) P is a space of real-valued functions defined over the set K;
(iii) ¥ is a finite set of linearly independent linear forms o; : P - R, i =1,..., M.
Moreover, Y is P-unisolvent, that is for all real numbers «;, i = 1,..., M, there exists a
unique function p € P which satisfies

oi(p)=aq, i=1,...,M.

Remark 2.2.2. The P-unisolvence property implies in particular that there exist functions
loc

@, i =1,..., M, which satisfy
o () = 8, G, j=1,..., M.

Definition 2.2.3. With the previous notations, the functions ¢i~°c, i=1,...,M, are
called local shape functions.

Definition 2.2.4. Let (K, P,X) be a finite element in RY. If there exist M points
S1,.-.,80m € K, called nodes, such that for all p € P,

oi(p) =p(si), i=1,..., M,
then the triple (K, P, ) is called a Lagrange finite element.

Remark 2.2.3. In this context, the local shape functions l°¢, i = 1,..., M, satisfy

i
(p%oc(sj') :(52‘]‘, i,j:1,...,M,

where 0; ; denotes the Kronecker symbol.

A family of examples is given by the Lagrange finite elements of type Pi, k € N,
whose definition is recalled here.
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Definition 2.2.5. Let Py, k € N, denote the space of all polynomial in NV variables with
real coefficents and of degree lower or equal to k, that is

- N . _ i i
Pr:=qp:RY > R:p(zy,...,zN) = Z Qi@ TNy Qg iy €ER
i1ty <k

A finite element (K, P,Y) is called a Lagrange finite element of type Py in RY, or simply
finite element of type Py, if

o K is a N-simplex;

o P= ]Pk|K;

o The set of nodes {s;}£, appearing in Definition 2.2.4 coincides with the set

S = {(%p{OC,...,ZNglP}g;l), 0<itynnyinet <k, 0<ip4-+ine gk;},

where P°°, ... ,P}\‘,’il denote the vertices of K.

Remark 2.2.4. Tt makes sense to consider Lagrange finite elements of type Py since the
P-unisolvence property is readily verified!' for such a finite element. Moreover, for

k,N € N, it holds that
N+k
k .

Usually, finite elements of type Py, for k = 1,2, are used. See Figure 2.2. An advantage
provided by such elements is that if (K, P,Y) and (K, P,X) are two finite elements of
type Pg, then they can be compared in the following way.

AN

Figure 2.2: Lagrange finite element of type P; (left) and of type Py (right) in R2.

M = #8 = dim Py, = (

Definition 2.2.6. Two Lagrange finite elements (K, P, ) and (K, P, %) are called affine-
equivalent if there exists an invertible affine mapping ' : RN — RN F(#) = B(2) + b,
B € My(R), b € RY, such that

o K = F(K);

o P:{p:K—)R,p:f)oF‘l,ﬁEP};

o s =F(3)i=1,..., M.

11. See for instance [EG02, Sections 2.2 and 2.3].
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See Figure 2.5 for an illustration in a particular case. In the sequel, finite elements
of type P; are used to approximate the spectrum of the Dirichlet-Laplace operator. The
fact that every couple of such elements is affine-equivalent is crucial for the numerical
implementation.

2.2.2 The Galerkin method

Let (V,(-|-)) be a Hilbert space, a : V x V — R a symmetric, continuous, V-elliptic 2
bilinear form and [ : V' — R a continuous linear form. Consider the following linear
abstract variational problem

(Pase) Find v € V such that
W)\ a(u,v) =1(v), YveV,

which admits a unique solution by the Lax-Milgram Theoreom '3. The Galerkin method
consists in approximating (Pgps) by defining similar problems in each element of a family
(V3),, of finite dimensional subspaces of V:

Find uy € V}, such that
a(uh,vh) = l(vh), Y, € Vy,.

(Pabs,h) {

Since V}, C V, there exists a unique solution to (Pgps ) thanks to the same result. The
usual way to get (V},), is to create a family of associated meshes (My), of Q. The
subscript h stands for the dependence on the geometry of the mesh, more precisely

h:= max hx = max diam(K),
KeMy KeMy
where the (abusive) notation K € My, denotes the fact that K is the geometric set of a
finite element (K, 3, P) of the mesh M}, (K will denote the geometric subset of a finite
element for the remainder of this section and this notation will be used in the sequel).
The parameter h is usually called the diameter of the mesh Mj. The famous Céa’s
Lemma ' indicates that if the following approximation property

li inf - =0, Yvey, 2.10

fim inf. v —oally v (2.10)
holds, then the approximated solution uj, tends to u for the norm ||-||;,. Indeed, on the
first hand, the linearity of [ and bilinearity of a imply a(u — up,v,) = 0 for all v, € V},.
On the other hand, if C; and C,yyt denote respectively the V-ellipticity constant and
the continuity constant '® of a, then

Conllu—uplly < alu —up,u —up) = alu —up,u —v3) < Ceont u— uplly lu— vally -

12. The V-ellipticity is recalled in Definition A.1.4.

13. See Theorem A.1.5 in the appendix.

14. See [Cia78, Theorem 2.4.1].

15. It means that a = C¢y; and C' = Cont respectively in Definition A.1.4.
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So,

cont

inf |lu—vply -

uUu—"u <
o= wnlly < <2 inf

In order to verify the condition imposed by (2.10), a standard assumption is to ask the
family (M})p, to be regular in the following sense:

Definition 2.2.7. A family of meshes (My), of Q is called regular if it verifies:
(i) h approaches 0 ;
(ii) There exists a constant v > 0 such that

h
Yh,VEK € M, - <+,
PK

where pg denotes the diameter of the largest sphere inscribed in K.

Obviously, the first condition is necessary in order to approzimate V increasingly
better by the family (My,),. However, the condition (ii), which forces elements not to
be too flat, has to be added to allow global convergence of functions in V} to functions
in V. This fact is stated more precisely in Theorem 2.2.8 for particular choices of V' and
Vi. See also Figure 2.3

)

Figure 2.3: A triangle K with diameter hx and whose the largest circle inscribed in K
has a ray of length pg.

In the sequel, the spectrum of the Dirichlet-Laplace operator is approximate within
this framework. More precisely, the suitable choice for the space V is the Sobolev space '
HZ () over a polygonal domain 2 C R%. Moreover, a mesh made of finite elements of

16. See Definition-Proposition A.2.11.
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Figure 2.4: Shape function ¢y, ;.

type P; is used to set

Vi, = {vh ecl (ﬁ) | Uh| g0 =0, Un| affine for all triangles K of the mesh Mh} .

(2.11)
Let Ny be the number of nodes!” P; of all the elements K forming the mesh My,
For all i = 1,..., Ny, let ¢, ; denote the functions given by

Ohi € Vi,  oni(Pj) =035, V1 <id,j <N, (2.12)

where 0;; is the classical notation for the Kronecker symbol. See Figure 2.4, where a

shape function oy, ; is represented. It is straightforward that {gphyi}ivz”l is a basis of V},,
so every v, € Vj, can be written as

Np
wn(@) =Y vn(B)pni(z), Vo e (2.13)
i=1

Thus, it defines an interpolation operator I, : V- — V3, v — I, (v) = vp,. Besides, the
local interpolation operator IIj x over K can be defined analogously by

U(Si)wiocv Vv € Vvv

M-

Oy x(v) =

=1

where the notations of defintions 2.2.3 and 2.2.4 are used. Then, there exists a constant
C > 0 such that the following upper bounds '®

h m
— 2-m [ K —
o= ol < O™ (55 ol m=0.1.2

17. By extension, these points are called nodes of the mesh My,.
18. A more general statement of this result can be found in [EG02, Theorem 2.7.2].
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holds for all v € H?(K), where the Sobolev space H?(K) and the semi-norm H-HH{)n(K)
are both defined in the appendix (see A.2.9 and A.2.17). The ratio hx /px appears in this
last expression, thus, to extend this local result to the whole domain €2, the condition
(ii) in the definition 2.2.7 of a regular family of meshes is necessary. A classical result
for global convergence is [Cia78, Theorem 3.2.1|, which can be transcribed here in our
context as follows.

Theorem 2.2.8. Let € be a polygonal domain, let V' be the space H&(Q) and let Vj, be
defined by (2.11). Consider a reqular family (My), of meshes consisting of Lagrange
finite elements of type P1, and the interpolation operator 11y over ). Then, there exists
a constant C, independant of h, such that for all v € H> N H(Q),

[0 = 0]l gy < CH* ™ [[0ll g2y, m=0,1,

where the norms ||| gm ) and ||||H§(Q) are given in Definition A.2.9 and in Proposi-
tion A.2.17.

2.2.3 Numerical implementation: quadrature rule and storage

Let us come back to the problems (Pgps) and (Pgps 5) defined at the beginning of the
previous subsection, with the particular choices V = H}(2) and V}, defined by (2.11)—so
finite element of type P; is appropriate—, with its basis {(Phﬂ'}é\ill given by (2.12). The
notation up € RV* is abusively used again for the vector whose j-th component (up,) j
is the value of the solution uy, to (Pgps,n) at node Pj, j = 1,..., Ny, of a mesh M, of Q,

that is
Np,

un() =Y (un); onj(x), VreQ. (2.14)
j=1
It is sufficient to verify the equality on V}, appearing in (Pgpsp) only for each basis
functions ¢y, ;. Hence, thanks to the bilinearity of a, the problem (Pgs 1) can be rewritten
as
Find up € RV such that
Np,
Za(tph,jagph,i) (’U;h)] = l(@hﬂ'), Vi = 17"'7Nh'
j=1

Finally, denoting by A € My, (R) the matrix defined by

(Pabs,h)

Aij=alenj, ¢ni), 4j=1,...,Np,
and by b € RV: the vector defined by
by =Upni), 1=1,..., Ny,
the final formulation of problem (Pgps ) is

P ) Find up € RM such that
abs,h Auh =b.
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In order to solve this problem, the first task to perform is to build the matrix A and the
vector b. Frequently, the components A;; of A consist of integrals involving ¢y, ; and
¢n,j. Moreover, A is symmetric. For example, in Chapter 3, a matrix M € My, (R)
arises, whose components are defined by

M;; = /SDh,jSDh,i, ,7=1,...,Np,
Q

as mentioned ' by the equation (3.4). Since the support of the basis function ¢; is
reduced ?° to the triangles K such that P; belongs to K, it follows that

Mi,j = Z /SDhJSDh,z‘a iajzl"",Nh'
(K,PYX)eMy, i
Pi,PjeK
Nevertheless, instead of computing each component of M one by one, a more suitable
way of proceeding is to add the contribution of each triangle K of M), to the components
corresponding to the associated nodes of K. It means that for each K, whose vertices
are denoted Pll"c, P2loc, P?foc, a local matriz M [lgc € M3(R) is built, such that

l l l .
Mlgci,j = /Sojoc(pioca 1,) = 17 737
K

where /¢

2¢ is the basis function taking value 1 at Pil"c, 1 = 1,2,3. The algorithm of
construction of a symmetric matrix is given by (I denotes the number of triangles K in

the mesh My)

Matrix construction abstract algorithm

Initialize M <« 0;
for K=1 to [ do
Compute the 3 by 3 local matrix M¢;
for t=1 to 3 do
Assemble the local matrix into the global matrix by performing:
for j=1 to 3 do
M(P;, Pj] <= M[P;, Pj] + M¢[i, 515
end 7;
end 7;
end K;

Algorithm 1.

19. Actually, the equation reported in this remainder corresponds to the particular case where the
underlying manifold is an open set of R?, since the volume element dV, appearing in equation (3.4), is
here the Lebesgue measure. The general case is not considered in this section for the sake of clarity. See
Chapter 3 for details.

20. An important aspect of the Finite Element Method is that the support of the basis functions ¢;
is small, in order to make the computation of these integrals numerically inexpensive.
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Two points deserve to be developed: the numerical computation of the local matrix
and the step of assembling and storage of the local matrix into the global matrix—this
is discussed later—.

As mentioned before, the Finite Element Method will be applied to our problem with
finite elements of type P1. It is easy to show that every such element (K, P,%) is affine
equivalent to the element (K P E) called reference element, defined by

K = {(&1,22) ER?: &y,09 > 0,81 + &y < 1};
P = ]P’1|A;
K

X o= {(170)7 (07 1)7 (07 0)}7

with associated local shape functions gbioc 1 =1,2,3, defined for & € K, by

P&y, 29) = I
PR (81,82) = o
P&y, 29) = 1—dy — do.

Indeed, denoting clockwise by Pll"c, PQZ"C and Pz,foc the vertices of K—or equivalently, the
nodes of ¥—, it is sufficient to take in Definition 2.2.6 the function F := F : R? — R?,
defined by

% (1) :Z ploc(z)Ploc, Vie K,

so that the local shape functions goloc defined on K satisfy gb%oc = gpﬁoc oFr,1=1,2,3,

and
det DFic () = (P{ — Py

Pl — P >0,

since K is a (non flat) triangle and Fy, is orientation preserving. So, the Jacobian de-
terminant of F does not depend on the point & where it is computed. See Figure 2.5.
The property of affine-equivalence is extensively used to transport the computation of
integrals over K onto K. Indeed, for an integrable function ¥ : K — R defined on K,
the change of variables © = F (Z) gives

/\Il(x) dz = det DFy(2) / Vo P (i) di.
K %

So building the whole matrix M reduces to apply a quadrature rule to approximate
integrals only over K. In the sequel, we employ a quadrature rule of the form 2!

| =

3
/\IJoFK —Z o Fr(N), (2.15)

K

21. The 1/6 factor comes from the product of a uniform weight 1/3 and the area of K equal to 1/2.
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i P

/—\* Fre(2)
K

loc
P3

=

-
=

Figure 2.5: The mapping F}, takes the set K of the reference element into the set K of
an element (K, P,Y). Fk is the explicit invertible affine mapping in Definition 2.2.6 that
makes (K, P,Y) and (K, P,Y) affine-equivalent.

with two different choices of integration points 5\1, namely

A1 = (1,0), Ao = (0,1), Az = (0,0), (2.16)

- 1 - 1 “ 11
and )\/ = <0, 5), )\12 = <§,0>, )\g = <§, 5) . (217)

Remark 2.2.5. The approximation (2.15) with the choice of integration points given
by (2.16) is actually an equality if ¢ is a polynomial function of degree at most 1,
whereas with the choice of integration points given by (2.16), it is exact for all polynomial
functions of degree at most 2. See [QSS07, Subsection 9.9.2].

Definition 2.2.9. The approximation (2.15) with the choice of integration points given
by (2.16) defines a quadrature rule using masslumping. By opposition, the choice of
integration points given by (2.17) makes (2.15) a quadrature rule without masslumping.

The notion of masslumping is addressed within the framework of eigenvalues opti-
mization in Subsection 3.5.1.

The terminology of the last definition comes from the form taken by the matrix M,
called mass matriz in elasticity theory: the component M;;, 7,5 = 1,..., N}, can be
computed over the reference element K and then approximated using a quadrature rule
of the form (2.15), that is

Mi; = > / onj(@)pni(e)de = Y / Plocr () () Plocr (i (x)dz

(K,P,E)EM}LK (K7P,E)€MhK
Pi,PjEK Pi,PjEK
— ~loc ~\ ~loc AN 1A
= E det DFy / Procs () (£) Plocy (1) (2)dE
(K7P72)€Mh K
Pi,PjEK

3
. ) . .
- > det DFk Y 4106, oy A)Ios iy (M)
(K,P,Y)EM,, =1
P, PieK

12
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where lock (i) € {1,2,3} denotes the local numbering in K of the node i, 1 < i < Nj,.
The quadrature rule whose integration points are given by (2.16) leads to M;; = ¢ j,
where ¢; ; denotes the Kronecker symbol, since 9 = ¢y, jpp,; and cﬁigEK(i)(j\l) = Olock (i),1-
Thus, all non-zero component of the mass matrix M are lumped on the diagonal. With
the other choice (2.16) of integration points, M is no longer diagonal, but still remains
sparse 22 so a judicious way of storage must be used. It leads us to the second point we
wanted to develop in the algorithm 1.

Assume two points of a triangle K are locally numbered PIZOOCCK (i) and PIOCK(J.),

globally numbered P; and P;. Adding naively the contribution M IlgCIOCK (i), Jock (7) of this
element to the associated component M; ; of the global matrix would imply to handle
a large and sparse N by Nj matrix M. Instead, a standard storage for the matrix M,
known as Compressed Sparse Row (CSR) ??, is used. It consists in storing a sparse m by
n matrix A with nz non-zero components, using three vectors: a real vector aa of size nz
containing the non-zero values of A, and two integers vectors ta and ja with respective
size m + 1 and nz to determine the location in A of these non-zero elements. Precisely,
using square brackets to indicate a component of a vector as it is in a standard computer
program, it yields:

o aali] is the i-th non-zero value of A listed left-to-right, then top-to-bottom, i =
1,...,nz;

o tali] is the index in aa of the first non-zero element of row i in A, i =1,...,m, and
talm+1] = nz+1 by convention and for practical reasons. In other words, the non-
zero components lying on the i-th row of A are stored in aaliali]],. .., aalia[i+1]-1];

o jali] is the index of the column in A of the i-th component of aa, i =1,...,nz.
Thus, if A; ; # 0 is the k-th non-zero element of A, then aalk] = A; ;, ia[i] < k < tali+1]
and jalk] = j.

To compare the amount of memory needed to store the matrix M using or not the
CSR method, consider for a moment a mesh M} with N, points inside the underlying
domain as a graph I' = (V, E)). The degree deg(v) of a vertex v € V' is the number of edges
e € E such that v belongs to e, or equivalently, the number of neighbours of v. Denoting
by d := max,cy deg(v) the maximal degree of T', then at most 2dNj, + (N, + 1) =
(2d + 1)Nj, + 1 memory locations are needed, compared with N,? without using CSR.
Usually, d is small, so large is the gain.

The assembling of the local matrix M Ilé’c into the global matrix M has to be carried
out with caution, see [Saa03, Section 2.3].

loc and

2.3 The Lanczos method

Throughout this section, A € My (R) denotes a N by N symmetric matrix with real
components.

22. No rigorous definition is known to the author. However, in [GMS92], the authors refer to the
following informal definition due to J. H. Wilkinson: a sparse matrix is any matrix with enough zeros
that it pays to take advantage of them.

23. It is also known as Compressed Row Storage (CRS), see [Saa03, Section 3.4].
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2.3.1 Definition and basic properties

Given such a matrix A, the spectral theorem in finite dimensional space reads as
follows.

Theorem 2.3.1. Let A € My(R), be a symmetric, definite, positive matriz. Then, there
exist 0 <A < A <--- <Ay € Rxq, and zq,...,xN € RN consisting in a orthonormal
basis of RN | such that

Axy = Aok,
forallk=1,... N.

Notation 2.3.2. Throughout this document, the eigenvalues of A are numbered in
ascending order and when confusion can occurs, the associated matrix is precised by
indicating A(A) instead of A, for instance.

Moreover, in this section, (-|-) denotes the usual inner product on RV, and ||-|| denotes
the resulting Euclidean norm.

This theorem states the existence of eigenvalues and eigenvectors, whereas the Lanc-
zos method provides increasingly better estimates of extremal eigenvalues of A through
a family of matrices T}, € My(R). This method is so called?*, after the Hungarian
mathematician K. Lanczos, and there exist several variants to it.

The aim is to apply this method to a problem involving a large and sparse matrix A,
a case in which it is efficient. It is specially indicated >® when we are interested in the
first or last eigenvalues and eigenvectors of A. To get quickly to the heart of the matter,
consult [GVL96, Chapter 9], or to go deeper into this topic, [CWO02] provides a detailed
outline in various situations depending in particular on the properties of the matrix A.
This subsection is based on both references. Finally, [LSY98] is useful for the software
implementation.

Let us try to understand where this method comes from. First, recall the notion of
Rayleigh quotient and the Min-max Theorem, given in the finite dimensional context.

Definition 2.3.3. The Rayleigh quotient is defined for a matrix A and a non-zero vector
z € RN, by

(Az|z)

(z|) -

Ra(x) =

Theorem 2.3.4 ( Min-max Theorem, [CWO02, Theorem 8.1.2| ). With the previous no-
tations and denoting by S; the set of all subspace of RN of dimension i < N, it yields

Ai = min max Ra(x),
VES; meV\{0}

24. Sometimes reference is made to the Arnoldi-Lanczos Method, after the name of the American
engineer Walter Edwin Arnoldi, which is a generalization of the Lanczos Method for any matrix.
25. The reasons will be clear when the algorithm will be given
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i particular,

Al = r;l;g Ra(x),
AN = max Ry(x).
x#0

Assume that an orthonormal basis {g;},;-y of RY is at our disposal and denote by
Qr, 1 <k < N, the N by k matrix whose i-th column is the vector g;. For 1 < k < N,
set

me = M(QFAQy),
M, = MN(QFAQy).

Using the Min-max Theorem,

(AQrz|Qpx) . (AQrz|Qr)

T ) @i o
_ (AQrz|Qrx) (AQrz|Qpx)
Mo T e @l Y

where the second equalities hold since {q;},;< is orthonormal. In particular, my =
M (A) and My = Ay (A) because A and QL AQx are by definition similar. The Lanczos
method consists in choosing iteratively the g; in order to obtain increasingly better
estimates of A\j(A4) and An(A). Given {q;},<;<n, for & < N, gr+1 must be chosen in
a judicious way. To this end, consider xp € span{qi,...,qr} such that R4(xz) = my.
Since VR 4(x) is pointing into the steepest (positive) direction of the surface given by
{(z,Ra(z)),= € RN\ {0}} at point x, in order to obtain my,1 < My, qrs1 could be
chosen such that

VRa(xk) € span{qy,..., qk+1} (2.18)

In a similar way for My, denoting by ygr € span{qi,...,qr} the vector satisfying
R4(yk) = My, the following extra condition on gg41 could be imposed

VR4(yk) € span{qi, ..., qr+1}- (2.19)

Thanks to the equality

VRy(x) = ﬁ(zﬁlw — Ra(x)x),

obtained after easy computations, notice that VR4 (x) € span{x, Az}, thus if
span{qi, ..., qu} = span{qi, Aqq, ..., A* 1q1}, (2.20)

and if qgy1 satisfies span{qi,...,qe+1} = span{qi, Aq,..., AFq1}, both conditions
(2.18) and (2.19) hold simultaneously and it yields mygi1 < my and My > M.
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Definition 2.3.5. Let A € My (R) be a matrix and v € RY be any vector. The k-order
Krylov matriz associated to A and v is the N by k matrix defined by

K(A v, k) = [v,Av,A2v,...,Ak*1'v] ,
forall k=1,..., N, and its range
K(A,v,k) = span {’U, Av, A%, . .. ,Akilv} )

is called k-order Krylov subspace associated to A and v.

With this terminology, the task to be performed is to find a not too expensive manner
to build an orthonormal basis for the Krylov subspaces (A, qg1,k). For this purpose,
starting from an arbitrary g; with Euclidean norm equals 1, set g2 := Aq1 — (Aq1|g1)q1
in order to have a new vector in the span of {q1, Ag1} orthogonal to q;. If g2 # 0, set
g2 := G2/||@z2]|. The following vectors are built by orthogonalizing with respect to the
last two basis vectors and then normalized, namely, for & > 2,

Gk+1 = Aqr — (Agqrlak)ar — (Agqrlqr—1)qk—1,
1 -
qr+1 = 9k+1-
| Gret1]l

Then it is sufficient to guarantee the orthonormality of the families {q;}1<;<g, for all
k =1,...,N. Indeed, by induction on k, if {g;}1<;<k is orthonormal, then gpyq is
orthogonal to g and gg—1 by construction, and for 1 <i <k — 2,

1
[Pyl

1
(Aqr, — (Agklar)ar — (Aqr|qr—1)ak—1lq:) = (gr|Aq;)

(Qk+1\Q') = —=
’ G+l

o (aklgisa @i | + (Agila)gi + (Agilio1)ai—) = O,
|G+

where the second equality comes from the symmetry of A, and the third one from the

definition of g;41, from the orthonormality of {g;},.,~; and from the fact that Ag;

belongs to K(A,v, k). Actually, for i = 1, qo should be set to 0 so that the last term in

the last inner product makes sense.

If for some 1 < k < N — 1, @r+1 = 0, then the process breaks down. But, it
means that {q1,...,qr} spans an invariant subspace of A, or equivalently, that k& =
rank(K (A, g1, N)). Thus, in order to find each eigenvalue of A it is sufficient to ask g1
to have a non-zero projection on every eigenvector of A. Such a condition holds with
probability 1, so no special choice of g1 is needed in practice. More precisely, by noticing
in the previous development that Aqg can by written in terms of solely qx_1, qr and
Qk+1, it yields readily, for all k = 1,..., rank(K (A, q1,N)),

AQy = QiT + Grr1ex’
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where e, € RF is the last canonical basis vector of R¥, and

(65} 51 0 0
/81 a - -
Th=1|o . . - 0 | € Mp(R),
L B
0 0 5]?,1 (697
where
ap = (AQHQk), kJ:l,...,N,

Be = (Agigalgr), k=1,....N -1

Moreover, the condition (2.20) expressing that {g;}, ;< is a basis of K(4, g1, k) holds,
since it clearly holds for k¥ = 1 and by induction on k& = 1,...,N, if it is true for
7=1,...,k, then

Qk+1 = Aqr — axqr — Br—19k—1 € span{qr—1,qk, Aqr} C span{qi, ... AR gy, Akl]k}

by induction assumption. Finally, since there exist c¢q,...,c; € R such that g = c1q1 +
o4 AR gy, it implies Aq € span{Aqy, ..., AFqi}.

Definition 2.3.6. With the previous notations, the matrix T} is called Lanczos matriz
of order k, the vectors qi are called Lanczos vectors. Moreover, an eigenvalue p of Ty
is called a Ritz value of A and the vector v := Qru, where u is the eigenvector of T}
associated to p, is called a Ritz vector of A and by extension, (u,v) is called a Ritz pair
of A.

If the process reaches kK = N, then AQn = QnTn and so the Ritz values of A are the
eigenvalues of A, and the associated eigenvectors are the Ritz vectors. Thus, the problem
is reduced to compute the eigenvalues of a tridiagonal matrix. However, in practice N is
large and the process stops for £ < N. The quality of the approximation of the extremal
eigenvalues of A by those of T} is stated in a result by Y. Saad, which reads, adapted in
our notations, as follows:

Theorem 2.3.7 ( [Saa80, Theorem 2| ). For m < N such that gy, provided by the

Lanczos method is not zero, let p11 < --- < puy, be the eigenvalues of Tp,, {Tk}i1<k<m be
an orthonormal family of eigenvectors of A associated to A1,..., \p,. Assume that q1 has
a non-zero projection on every xi, k=1,....m. If 26 p;_1 < \; for somei=1,...,m,
then

K; ?
0<pui—Xi<(Av—N\) (Til(y) tana(ﬂ%,m))

26. For ¢ = 1, there is no additional condition, so set puo = —1.
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where
i1y y
N — Hj
K; = ,
! ]1;[1 )\z — My

and where T,,_; denotes the Chebyshev polynomial of the first kind of degree m — i given
by

1 | |
)= L (e VT e ),
¥ =14+ 2(XNip1 — M)/ (AN — Ni) and a(z;, q1) denotes the angle between x; and qy.

This result emphasizes the influence of the initial vector g; on the approximation
through its angle with the first eigenvectors of A, but mainly, it raises the convergence
rate through the Chebyshev polynomial T},_; in ;. The behaviour of T}, as k tends to
o0, is well known: in our context, if /(y; — 1)/2 (m — j) > 1, then it holds? that

i () ~ XM=V (i=1)/2

2.3.2 Implementation of the method

As before, let gq; be an initial arbitrary vector of Euclidean norm equals 1. For
practical reason, notice that for k < rank(K(A, g1, N)),

lark+1llgr+1 = Ge+1 = Aqr — arqr — Br—1qr—1, (2.21)
and taking the inner product against gg41 implies
gk+11l = (Agk|gr+1) = B

The Lanczos algorithm can now be expressed as follows:

Lanczos basic Algorithm

g1 given.
Initialize By <+ 1; qo <+ 0; qo < q1; k+ 0;
while S # 0
Qi+1 < Qk/Brs k< k+1; o + (Agklqr);
Gk < Agr — axqr — Br-1qk—1;
B llaklls
end

Algorithm 2.

27. See [Par80, Appendix B]. Here, we recall that m should be large in order to get a good approxi-
mation of the spectrum of A.
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Actually, 8 = 0 never occurs on a computer. To approximate numerically the first k
eigenvalues of A, we fix?® m > k and use the Lanczos algorithm until computing f3,,,. At
this step, m Ritz pairs (u1,v1), ..., (m, Vm) of A are at our disposal as approximations
of the corresponding eigenpairs of A. The Ritz values are numbered in ascending order.
Noticing that if Tpu = pu, then the vector v = Qru verifies

[Av — | = [[AQwu — Qruull = [|(AQk — QrTk)ull = ||Gr+1er” ull
= |Gkl (w)k| = |Bell(w)l,

where the last equality comes from (2.21), and where (u); denotes the k-th component of
the vector u. The stopping criterion used numerically consists in controlling the quantity
|8k ||(w;)k|, with v; = Q. u;. In general, this criterion is not satisfied (after reaching m
the first time). Thus, the process restarts using a judicious choice of g1, involving the
orthonormal vectors previously computed, until convergence (actually, an implicit shifted
QR algorithm is achieved). A detailed description of the exact implementation can be
found in [LSY98|, which goes beyond the scope of this subsection whose aim was to
understand the grounds of this method. Moreover, this way of restarting the process is
designed to get good estimates of the associated eigenvectors.

Remark 2.3.1. Besides, rounding errors due to finite precision on a computer induce a loss
of orthogonality for the vectors gg. But Paige in [Pai71] noticed that this loss is caused by
combination of rounding errors together with convergence for the eigenvalues. There exist
modified Lanczos methods carrying out a re-orthogonalization but the counterpart price
is a bearable extra memory place and additional computational time. But there too, some
variants—as one carrying block computations—exist in order to be more efficient ...

In the sequel, to approximate the spectrum of the Dirichlet-Laplace operator, a linear
system has to be solved, which is of the form

Su = AMu, (2.22)

where S, M € My(R) are symmetric and positive definite matrices?®, and (\,u) €
R-o x RN are a sought eigenpair, with A belonging to the smallest eigenvalues. To
transform this system into one appearing in Theorem 2.3.1, we perform the Cholesky
decomposition of M into

M=1L"L,

where L € My (R) is an upper triangular symmetric matrix. Setting v := Lu, it yields
L~ TSL v = Mo,

and since L=TSL™! is symmetric, the Lanczos method can be applied. To solve this
system avoiding the explicit computation of L™!, we successively

(i) solve the triangular system Lw = v;

28. In [LSY98, Section A.1.4], they recommend to assign m = 2k.
29. From elasticity theory, the matrix S is called stiffness matrix.
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(ii) compute x := Sw;
(iii) solve the triangular system LTy = .

Finally, the eigenvector w in (2.22) can be recoverd by solving the triangular system
Lu =w.

Thus, as shown by the implementation of the algorithm, the user must only provide
a routine performing a matrix-vector product to apply the Lanczos method—together
with the ARPACK package 3*—in order to solve numerically the system given by (2.22).

30. It is described in [LSY98].



Chapter 3

Computation of eigenvalues of the
Dirichlet-Laplacian

This chapter is based on the prepublication [Str12a], which can makes redundancies
occur with the previous chapter. The goal of this article is to compute numerically
the spectrum of the Dirichlet-Laplace operator on a domain in a surface! using a finite
element based method. This algorithm is detailed and an estimation of the error made in
approximating an eigenvalue is presented and checked on theoretically known examples.
Then, the results of computations are exhibited, especially for domain in surfaces different
from R2.

In the present chapter, more details are given about the tools and notions used
in [Str12al. In particular, the existence of solutions is established for the eigenvalue
problem consisting in finding a non-zero map wu : Q3 — R and a scalar A € R, such that
—Agu = Au, on the domain ), with Dirichlet boundary conditions. The variational
formulation of the problem is derived into details, followed by a discussion about the
equivalence with the initial formulation of the problem, through the regularity of 0Q2,.
This variational formulation is suitable for the numerical computations based on the
approximation of the problem, which is the subject of the second section. Then, the
error made in doing this approximation, both for the eigenvalues and the eigenfunctions,
is presented in the third and fourth section. Finally, the examples exhibited in the
article are repeated. It consists in numerical validations for a ball in R? together with
some experiments for balls of various volumes in the sphere S? and in hyperbolic space.
A comparison between the eigenvalues of the Dirichlet-Laplace operator on these balls in
these three surfaces is carried out. Perforated balls and a family of surfaces of revolution
with various curvatures are other examples presented here.

1. Precise definition of the notions approached in this short introduction are given in details in the
first section below.

41
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3.1 Theoretical statement of the problem

Let (M, g) be a smooth, complete Riemannian manifold of dimension 2 and Q) C M
be a domain, namely a bounded open set in M. First, assume that Qs is regular
enough? and that g is smooth. These assumptions on 9Q;; and g are weakened later.
Analogously to Subsection 2.1, a Riemannian metric g being an inner product on each
tangent space of the manifold, it can be represented at each point z of M by a matrix
G(m(z)) € My(R) using a chart (U, ), where Qyy CU C M and 7w: U — RZ?isa
diffeomorphism onto its range. Denote by x1,z2 the local coordinates, and by A, the
Laplace operator given for all f € C*°(M) by

__ 1 o (b
Agf = ngl ow; (G7*\/Aet(G)owf ) . (3.1)

where G/* is the (4, k)-component of the inverse of the matrix G as outlined in Subsection
2.1.3. Consider the following problem

Find a map u :=ugq,, : Qu — R,u # 0, and a scalar A := A\q,, such that
(P) —Agu = Au in Qyy,
u = 0 on 0.

Definition 3.1.1. The map u is called an eigenfunction associated to the eigenvalue .
The couple (u, A) is called an eigensolution or an eigenpair.

Let C2°(Q2pr) denote the space of C*°(€2ys)-functions with compact support in Qay,
H*(Qy) the Sobolev space of order k € N\ {0}, and HJ(Qy/) the closure in H'(Q)
of C(Qr). The space H*(Q2), for a domain Q and a scalar s € R, briefly appears
subsequently in the discussion about the regularity of the solutions to the problem (P).
For a complete definition of Sobolev spaces and connected notions, see Subsection A.2
in the appendix.

The spectral theorem is the main tool to prove the existence of eigensolutions. For a
proof of this classical result, see for example [Brell, Theorem 6.11].

Theorem 3.1.2 (spectral theorem). Let (E, (-|-)) be a separable Hilbert space of infinite
dimension and T be a positive, self-adjoint and compact operator on E. Then, there
exist a sequence (xm)meN\{O} of eigenvectors defining a Hilbert basis of E and a sequence
(1m)mem\qoy of associated eigenvalues converging to 0, such that Txm = pmTm.

To prove the existence of eigensolutions to the problem (P) let us first consider
f € L*(Qu) and u a solution to the problem

Find u € H%(Qy), such that
(Py) —Agu = f inQpp,
w = 0 on 0.

2. For instance assume that 0Qp; is smooth.
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The Green Formula?® shows that u belongs to H3(€) and is solution of the problem

Find u € HE(Qyr) such that
(WPy) / 9(Vu, Vov)dV, = / fudV,, Yove Hi (),
QM QM
where dV, denotes the volume element on M and V the gradient associated to g, as
defined in Section 2.1. Using the developments made in that section, the volume element

dVj can be written in terms of Lebesgue measure using the local coordinates in 7(U) as
dV, = Vdet Gdzidzs, and the gradient of a function v € H} () is given by

Vo = G*IVUS(U o 7r_1),

where Vs = (0x1,d13) denotes the usual gradient in R? in the sense of the distributions
theory, see Section A.2 in the appendix. The left hand side of the equality in (WPy) can
be rewritten over Q := m(Qj) using the bilinear form

a:H(Q) x HY(Q) — R
(u,v) — a(u,v):/VuTG1VvvdetG,
Q

and the right hand side with the linear form
Iy :Hy(Q) — R
v o= lf(v) = /fv\/det G.
Q

In order to apply the Lax-Milgram Theorem® in this context, assume the components
Gij, 1, = 1,2, of the matrix G to satisfy

(H1) Gy j is bounded on Q; for i,j =1,2;
(H3) there exists C' > 0 such that det G > C on Q.

A sufficient condition for these assumptions to hold is that there exists a compact
set K such that Qy C K C U. Indeed, the components G;;, 4,5 = 1,2, and thus
det G are continuous maps. With these assumptions, the bilinear form a is continuous,
H (2py)-elliptic®, with constant of ellipticity denoted by C.;. The linear form [ 7 is
continuous, thanks to the Poincaré’s inequality 8. So, the Lax-Milgram Theorem holds:
there exists a unique solution u € H}(Qas) to the problem (WPy).

3. See Section A.2 in the appendix.
4. See Theorem A.1.5.

5. See Definition A.1.4.

6. It is recalled in Proposition A.2.16.
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It is natural at this point to consider the space L?(2) endowed with the scalar product
(‘|")m given by

(vlw) g = /v(x)w(x)\/det G(x)dx, VYv,w € L*(Q), (3.2)
Q

where x = (21, x2). The assumptions made on g ensure this space, denoted by H, to be
a Hilbert space and the norm || - ||z to be equivalent to || - ||;2(q). For convenience, C_
and C, denotes the two positive constants such that, for all f € L?(£2),

C_\fllrz) < fllm < Cillfll2@)- (3.3)

Thus, with these notations, the following operator is well defined

TD:H — H
A

where u is the solution to the problem (WWPy). Moreover, Tp satisfies the assumptions
of the spectral theorem: first, Tp is positive since for f € H and u solution of (WPj),

(Tpflf)y = /fuvdetG =lf(u) = a(u,u) > 0,

Q

by Hg(Qr)-ellipticity of a. Actually, Tp is strictly positive since f # 0 implies u # 0.
Secondly, Tp is self-adjoint since for f,g € H, and u = Tpf, w = Tpg, the equality in
(WPy) applied to v = w gives

a(u, w) = lf(w),

and in WP,) applied with v = u,
CL(U}, u) = lg(u),

thus
(fITpg) g = ly(w) = a(u,w) = lg(u) = (Tn flg) -
Finally, to see that T is compact, we first show that T is bounded in H}(Q): let f € H
and u = Tp f. The equality in (WPy) applied to v = u gives
Cenllullfyy @) < alu,u) = 1p(u) < ||f|mlulla < C*Cfllay o) lull g @),

where C' > 0 is the constant appearing in the Poincaré’s inequality. So

0202
1T fll 30y = Nl gz ) < Cell+ 1N 222 )
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Since Tp : H — HE(Q) is bounded, i : H}(Q) — L?(2) is compact by the Rellich’s
Theorem 7 and since || - ||z and | - || r2(q) are equivalent, T is compact. The spectral
theorem can be applied in that context: there exist a sequence (u,)nen {0} of eigenvectors
defining a Hilbert basis of H and a sequence (Mn)meN\{o} of positive associated eigenvalues
converging to 0, such that Tpu, = pnu, for all n € N\ {0}.

The equality Tpu, = pnu, means that u = u,u, is a solution to (WP, ), that is

/g(Vu,Vv)dV;,: /unvdVg Yo € HY (),
QM QM

Using the notations A\, = 1/py, and up o := u, for all n € N\ {0}, this means that
there exist a strictly positive sequence

0< A0 < A <. S o0,

tending to 400 and a sequence of functions (un0)nem {0}, forming a Hilbert basis of H,
such that for all n € N\ {0}, (Ay 0, un) is solution of the problem

Find u € H}(Qu),u # 0, and A € R such that
(WP) / 9(Vu, Vo)dV, = A / wdV,, Yve H( Q).
QM QM

Definition 3.1.3. The problem (WP) is a weak formulation of the problem (P). A
couple (u, ) solution of (WP) is called a weak solution or a weak eigenpair. The scalar
A is called a weak eigenvalue and the function u a weak eigenfunction.

In the sequel, the dependence on the domain is sometimes explicitly indicated by
specifying (weak-)eigenvalue of Qs or (weak-)eigenfunction of Qj; and will be denoted
by An(€as). On the contrary when no ambiguity is possible, the subscript indicating the
domain will be omitted, as in u,.

Remark 3.1.1. The orthogonality in H is the orthogonality in L*(Q,/) endowed with the
measure given by the volume element dV,.

A natural question which arises now is to know when a weak eigenpair (A, u) is
a solution to the initial problem (P). Actually, it depends on the regularity of the
boundary of the domain 25/, or equivalently on the boundary of the domain €2, since 7
is supposed to be a diffeomorphism. Without going into details, the rest of this subsection
is dedicated to a discussion about several cases.

First, if Q) is at least of class C?, all the previous computations hold (in particular,
the Green Formula and the well definition of the spaces used). Moreover, if (A, u) is a
weak solution, then wu is solution of (WPy,). And by the Theorem 8.12 in [GTO01|, u is
also in H*(Qr) N HY (). Thus, for all ¢ € C(Q),

7. See Theorem A.2.18 in the appendix.
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by the Green Formula. Finally, by definition of C2°(2as), the equality —Agu = Au holds
in Q and (u, ) is also an eigensolution.

Remark 3.1.2. As stated in Theorem 8.13 in [GTO01], the regularity of the eigenfunction
u is the same as the regularity of the boundary of the domain. More precisely, if 9, is
of class C**2, then u is of class C**2(Qyy), for all k € N. In particular, 9Qy of class C*
implies u of class C*(Qxy).

If Q2 is only supposed to have a polygonal boundary, the Green Formula still holds,
so an eigenpair (u,\) is also a weak eigenpair, as stated in [Gri85, Theorem 1.5.3.1].
The converse is not necessarily true, and depends on the largest angle w of the polygon
described by 9. In this situation, the condition v € H™/“(Q) holds, see [Gri92,
Corollary 2.4.4 and Remark 2.4.6]. In particular, if 2 is a convex polygonal set, a weak
eigenpair is also an eigenpair.

Keeping this in mind, we focus in the sequel on the problem (WP) and its solutions
to avoid ambiguity.

3.2 Numerical processing of the problem

A finite element method is used to solve numerically the problem (P). The Galerkin
method ® consists in reformulating (WP) as a similar problem in a family of finite di-
mensional functional subspaces V,, C H{(Q) associated to a family of meshes Mp:

Find up, € Vi, up, £ 0, and Ay, € R such that
a(uh,vh) = )\h(uh|vh)H, Yo, € Vp,.

(WPh) {

Note that because of the regularity of 7, (WP},) can be expressed in terms of functions
directly defined on Q.

Definition 3.2.1. The problem (WPy) is an approzimated problem of the problem
(WP). A couple (up, Ap) solution of (WPy,) is called an approzimated solution or an
approximated eigenpair. The scalar )\ is called an approrimated eigenvalue and the
function wy, an approzrimated eigenfunction.

Existence of approximated solutions holds thanks to the finite dimension of V}, and
the inclusion Vj, C H}(Q): there exist a strictly positive sequence

0< M1 20 . < AN,.Q

where Nj, = dim V}, and a sequence of functions (up, 5, 0)n=1,.. n,, being an orthonormal
basis of V},, such that for all n = 1,... Ny, (Ann,0,Unn0) is solution of the problem
(WP}). The subscript h stands for the dependence on the geometry of the mesh, more
precisely

h:= max hx = max diam(K),
KEMh KEMh

8. See Subsection 2.2.2 for more details.
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where K is the geometric element of a finite element (K, ¥, P) of the mesh Mj,. Moreover,
the family of spaces (V4),, is supposed to be associated to a regular family (My,), of
meshes in the sense of Definition 2.2.7. For the computations, a finite element method
made of triangles of type P; is used, as defined in Definition 2.2.5. It implies, for all A,
that

Vi, = {vh ecl (ﬁ) | Uh|8ﬂ =0, vh|K affine for all triangles K of the mesh Mh} .

Following the classical process of the finite element method, consider a basis {gohvi}ivzhl of
V4, given by

Oni € Vi, oni(Pj) = 0ij, V1<i,j < Ny,
where P; denotes the nodes of M, inside €2 and ¢;; the Kronecker symbol, 1 <4, j < N,

as recalled in Section 2.2. With these notations, every function vy € Vj can be written
as

Np
vp(z) = th(Pi)goh,i(x), V€,
i=1

and the bilinear form a and the linear form [ are completely determined by the values
a(en,j,en:) and I(pp,;) respectively, 1 < 4,5 < Nj. So, introducing the matrices M €
My, (R) and S € My, (R) given by

Mi; = /soh,jsoh,i dVy, V1 <45 < Np, (3.4)
Q
Sij = a(Venj, Vni), V1 <i,j< Ny, (3.5)

the approximated problem can be reformulated as

Find uy, € RV» up, # 0 and \j, € R such that
WP) _
Suh = )\hMuh.

By coercivity of a, S is positive definite. This problem is then solved numerically with a
Lanczos process from the ARPACK library, as recalled in Section 2.3.

Remark 3.2.1. The integrals appearing in the computation of matrices M and S are
approximated using quadrature formula: both without masslumping (nodes of an element
coincide with the middle of its edges) and also for M, with masslumping (nodes of an
element coincide with the vertices, that makes M to be diagonal). See Subsection 2.2.3.

The approximated problem is used numerically and so, the solutions obtained are only
approximated eigenpairs. Thus, it is natural to wonder how close are the approximated
solutions to the exact ones. Of course, it depends on the domain €2 and on the quality
of the mesh Mj. It is the main point of the next subsection.
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3.3 Estimation of the error |\, ; — Ay

Two results are given in this section: the first one gives a bound on the error
|Ani — Ai| from [RT83, Chapter 6] and [Bofl0, Chapters 7 and 8]. This section fol-
lows the presentation made in [RT83, Chapter 6], although a slight adaptation of context
is necessary to take into consideration the influence of the metric ¢ in the bilinear form
a and in the norm ||-||;. The second result, from [BO87], is more precise in the case of
a multiple eigenvalue but more complicated. It is given without proof.

The notations of the previous sections are used again. Besides, assume that the
domain €2 has a polygonal boundary to consider only the error made by the approximation
of H}(Q) by V}, and not the error due to the approximation of € itself.

First, let us recall a classical and important result.

Definition 3.3.1. For v € H}(Q), v # 0, the Rayleigh quotient is defined by

Vo G Vv dy,

R(v) = a(v,v) 0

(v]v)
" / v2dv,
Q
Proposition 3.3.2 (Min-max Theorem). For all k € N\ {0},

A= min  max R(v),
EpeVy UEEk\{O}

where Vi, denotes the set of all subspaces Ey, of Hol(Q) of dimension k.

Proof. On the first hand, denoting by M () the subspace spanned by the k first eigen-
functions (if Ay is not simple, for example A\p_;j 11 = -+ = Ay = --- = Ay, pick any i

associated eigenfunctions), and writing v = Z§:1 a;jv;j an element of M (),

min max R(v) < max  R(v)
ELEVy, veEL\{0} veM (Ap)\{0}
Z?:l a?a(u]-, u;)
= max L 2
(ai,...,a)#(0,...,0) ijl o

k 2
2j=1 952
= max ]197]2] < Ak,
0,...,0 ; g
(1) 20,00 S| 02

by H-orthonormality of the eigenfunctions. In particular, notice that over M (), the
Rayleigh quotient is maximal at ux and R(ug) = Ag. On the other hand, for Ey € Vg, it
is always possible, by an orthogonality process, to choose v* € Fj, such that (v*|u;)g =0

foralli=1,...,k — 1. Such a vector can be written v* = ijk QjUj, SO
2
. . Do isk AGA;
min  max R(v) > min R(v*) = Lj; > Ak
EkEV]g UEEk\{O} EkEV]g Z]Zk Oc]
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This result being valid in a more general framework, it holds of course also for the
approximated eigenvalues (with a similar proof), namely for all k =1,..., N,

Apk = min max  R(vy)
’ Ep k€Vh,k vn€Ep 1 \{0} 7

where V), 1, denotes the set of all subspaces Ej, ;. of V}, of dimension k. Furthermore, the
following inequality holds for all k =1,..., N,

e € Ay 1<k <Ny (3.6)

Indeed, since V}, C H&(Q), all subspace of V}, of dimension k is also a subspace of H&(Q)
of dimension k, and

A= min max R(v) < min max  R(vn) = Ap ks
ELEVE veEL\{0} ER€Vn kv, € B \{0}

The converse estimation is the main part to establish the error |\, i — Ag|. In that aim,
we follow the presentation in [RT83]. Let us introduce IIj, : H}(Q) ~ Vj, the elliptic
projection operator uniquely determined by

a(v — pv,vp) =0, Yo, € V.

Both following lemmas do not need to be adapted from [RT83|, but they are given with
a proof, for the sake of completeness.

Lemma 3.3.3 ( [RT83, Lemma 6.4-1] ). Set oy, = in(f)\ )HHthH for all integers
veEM (A
ol =1
k> 1. If opp > 0, then for all integer 1 < k < Ny,
Ah,k < 5 -
Oh.k
Proof. Let M()j) be the subspace spanned by the k first eigenfunctions. Since oy, > 0,
dim(IT, M (Ag)) = k. Choosing Ej, , = II, M (\g) in the Min-max Theorem yields
11,0, 11
M < max R = max  S0IwIo) al,v)
vp €T, M (Ax)\{0} M) llvllg=1 || x5 veM ), vl =1 ||TIyv| %

by homogeneity of R and by definition of the elliptic projection operator II;. Since

A\ = R(v),
F= L) )
it implies
a(v,v) 1 Ak

Ak < max ——— < A\ sup = .
veM ) oly=1 [Thollf ~  vemvilolg=1 ITollf Ohk
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Lemma 3.3.4 ( |[RT83, Lemma 6.4-2| ). For all integer k > 1, there exists a constant
Cy = C1(k) > 0, independent of h, such that for all subspaces Vi, of V' of dimension
k< Nh7
ohp>1-C1 sup |o— Hh””%{g(n) :
vEM (X\g)
l[oll =1

In particular, the inequality holds for C7 = 2C ont \/E)\fl, where Ceont 15 the constant of
continuity of a.

Remark 3.3.1. For all u,v € H}(), it holds that

o, v) = / VTG VOV G < sup AR G) [l e 9]y
Q

So, a bound for the continuity constant of a is given by Ceont < sup,cq 1/det G(x) which
is finite by assumption.

Proof. Let v € M(\g), ||[v||y = 1. Let us write v as v = Z;?:l ajuj with Zle a? =1,
by orthonormality. So,

1= |[Hpv7 = (v = Myolo + o)y = = [Jo = Wyl +2 (v = yolo)

thus,
IMaoll? > 1 -2 (0 — Tyofo) .

Besides, since \; > 0 for all j € N'\ {0},

k k
(v —Ipv|v)y = Zaj (v —Ipvluy) y = Zaj)\j_la(v — v, uj).
j=1 j=1

The equality a(v — IIv,v) = 0 holds in particular for v, = II,u;, so,

k
(v —TIpv|v)y = Z ozj)\;la(v — Ipv, uy — Ipug),
j=1

and by definition of C,yt, the Minkowski inequality yields

k
(v =Tolo) < Ceont [0 = Tavlla ey D 1y A7 s = Tty 1
j=1

N 2 1/2
_ 2
< Ceont v =Tl ey [ D a3A;? > Mg = Tt s o
P j=1
< Ceont v =1Invll g (o ATWE sup o - M0l g3 -

UGM()\k)
l[oll =1
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Denoting by Oy = 2C ont VKA, it holds that

Mol = 1-C1 sup o= Mol o).
veM(Ag)
l[oll =1

The next proposition states that an approximated eigenvalue A ; converges to the
corresponding eigenvalue A. It is the main result we wanted to develop. Furthermore,
if the associated eigenfunctions are sufficiently regular, namely at least H?((2), then it
leads to an order of convergence O(h?) for |Apx — Agl.

Proposition 3.3.5. For all integer 1 < k < Ny, and for h > 0 small enough, there
exists a constant Co > 0 independent of the subspace Vi, of dimension k, such that

0< i —A<Cy sup inf lv — 'UhHHl ) -
veEM () VhEVR
ol z=1
In particular, the inequality holds with
Cy = 20, Cgont)\ 4\/— cont )‘k
= . =
Cau Cell At
where C7 is the constant appearing in Lemma 3.3.4 and C ont, resp. Cey, denotes the
constant of continuity of a, resp. of HE(Q)-ellipticity of a.

Remark 3.3.2. The properties of the mesh and of the elements used, involving piecewise
linear functions, ensure? that

_ _ 1
}llli%vlrg/ llv vhHHl @ =0, YveH(Q).

Proof of proposition 3.5.5. For all v € H}(R),

Cellv— Hhv\@é(ﬂ) < a(v— T, v — Iio)
=0

— CL('U — ]___[h’l), v — 'Uh) - CL('U - Hh'U, Hh'U - 'Uh)
< Ceont |lv— Hh’UHH&(Q) lo — vhHHé(Q) '

hence, c
cont

Cent vhe

[0 = vl ga o) < inf v —onllpgae, Vo€ Hg(9). (3.7)

Besides, by an argument similar to the one in the proof of Lemma 3.3.4 involving the
Minkowsky inequality, for all v € M (\g) such that ||v||; = 1, it yields

1/2

k
2
||U—Hhv||H1(Q ZHUJ _HhujHH&(Q) )

9. see Subsection 2.2.2.
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so, taking into consideration Remark 3.3.2 applied to each u; and IIju; of the above
sum, and taking the supremum over all v € M ()) such that ||v||;; = 1, it holds that

lim sup |lv—TIIpv| g1 = 0.
h—0 veM(Ay) Hy Q)
l[oll =1

So, by Lemma 3.3.4, for h > 0 small enough, o, ;, > 0 so that the assumption of Lemma
3.3.3 holds. Finally, it yields

Ak Ak

2 S 2 :
O 1=C1 sup v —Tlpol[gq)

UEM(}\k)
l[oll =1

Ak <

For x > 0 sufficiently small, it is clear that

1

— X

<142z,

and applied with
2
r=C1 sup |v-— HhUHH(}(Q) )
vEM (M)
loll =1
which is as small as desired since C; does not depend on h, it leads to the expected
result, that is,

Ak < 1+2C; sup |v— Hthle(Q) Ak
vEM () 0
llvll =1
(3.7) c2
< 1420, =2 sup  inf |jv — vp|/3s A
Cgll veM()\k)”hEVh Hy ()
llvll =1

Remark 3.3.3. This result implies in particular that if A, is simple, then \;; is also
simple, for A > 0 small enough.

Notice that the error [Ay , — Ag| depends on the square of the distance between the
k first eigenspaces and the approrimated space V. Because V}, involves piecewise linear
functions, for a function v € H?(f2), there exists '° a constant C3 > 0 independent of h,
such that

v — Hhv\ﬁ{g(n) < Csh? Hv\ﬁfg(ﬂ) ;

10. See Theorem 2.2.8.
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where ||||H§(Q) is defined in Proposition A.2.17. Thus, if the eigenfunctions are in H?(£2),
applying this inequality to v = Z?Zl ajuj € M(Ag), ||v]l g =1, yields

2 2
k k
?\}[18 ) HU — Hth%{é(Q) < Cgh2 ZO(jAu]‘ < Cgh2 Zaj)\juj
lollg=1 = L?(®) = 12(9)
2712 2 03 212
< GAR vl = 7N (38)

where C'_ is the constant in the equivalence (3.3) of the norms ||-|3 () and ||-|| . So,
the estimation
Ak — Al < O(h%),

is obtained if the eigenfunctions are in H2(£2). This case arises for example if €2 is convex,
see [Gri85, Theorem 3.2.1.2] and the discussion at the end of Subsection 3.1.

Remark 3.3.4. Actually, the convergence of Ap depends only on the regularity of the
eigenfunctions of the associated eigenspace and not about all the previous eigenfunctions,
see [KOO06] for details.

As mentioned, a more precise bound valid in a general case is now exhibited. It can
be found in [BO87, Theorem 3.1|. For convenience for the rest of the present subsection
only, the eigenvalues are numbered without multiplicity, that is, for £ € N\ {0}, Ay 1 =
“+ = Mg, = Ap denotes the k-th eigenvalue of multiplicity qx, and ug;, i = 1,...,qx,
denotes the eigenfunctions associated to A\p. Moreover, we indicate by Ej, the eigenspace
associated to A\ and use a similar notation, with a subscript h, for the approximated
eigenvalues, eigenfunctions and eigenspaces.

Theorem 3.3.6 ( [BO87, Theorem 3.1] ). There exist two positive constants C and hg,
both independent of k, such that, for h < hg,

Mki— M < Ceri(h)?, i=1,...,q., keN\{0},

where
ek.i(h) == inf inf a(v—wvp,v— vh)l/g.
’ ’UEEk UhEVh
a(v,v)=1

a(”?“h,k,j):07j:17"'7i_1

3.4 Estimation of the error |lujxr — ul| g )

Let us give a bound on the error |jupj — ukHH&(Q) by adapting slightly the work

from [RT83, Chapter 6], similarly as what is performed in the previous section. The
main restriction in the following development is that A is supposed to be simple. How-
ever, a stronger result from [BO87], holding for a multiple eigenvalue, is mentioned
without proof. The regularity of the eigenfunctions is also addressed, where the order of
convergence is O(h). The notations of the previous section are used.
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Except for Theorem 3.4.3 at the end of the subsection, let us assume that A is simple.
So it makes sense to consider

Ak
hEk = max ———.
Ph, 1<G<Ny Apj — Ak

J#k

Lemma 3.4.1. For h > 0 small enough and a convenient choice of up 1,

Nunk — urll gy < 2014 prx) [Jlur — Mpugl| g

where the norm ||-||; comes from the inner product previously introduced in equation
(3.2).

Proof. Set v = (Hpug|unk) g uni and let us find an upper bound for the two first
terms in the right hand side of the following inequality

lunke — urlly < lunke — vaplly + lone — Daugll g + Tpue — urll g - (3.9)
For the first one, by definition of vy, x,
Ve — gk = (Mpug|ung) g — 1)tk
and since the family {up, }" is orthonormal for (-|-), it yields
lvnke — unkll g = | (Mauk|unk) ;y — 11
The triangle inequality applied twice gives
=1 =| (Mnukun i) | =1
—~— —_—~— —~—
lukll g = llue = vnplly < Monglly < lukllg + e — vngll g
which can also be written as,
‘ | (Mhur, unk) | — 1‘ < luk = vhkll g -
Upon changing the sign of uy,j, assume that (II,uy, uh,k)H > 0, and then
lvng = ungllg < lluk = vnell g < llwe — Dpuell g + Mpwe — vl g -

Thus, an upper bound for the first term in (3.9) composed by the second and third terms
has been found. It remains to show that

ITTpur — vhkll g < ok lluk — Tpugll g -

For this purpose, let us write II,u; in the orthonormal basis {uhd}j-v:hl of V},:
Np, Np,
Myuy, = ong = (Mpuglun ) g wng — (yuglung) g unk =Y yuglung) g un .
Jj=1 Jj=1

ik
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So,
Np,

Tk — vn el f =Y (Mpuglun) ;- (3.10)

j=1

i#k
Besides, by definition of the solutions u; and wy, ;, and of the operator IIj, it holds that,
forall j=1,..., Ny,

A Mpuglun )y = a(llpug, upg) = a(llpug — ug, up ) + alug, up,j)
= a(up, un;) = M (uk|ung) g -
Removing Ay (ITpug|up ;) both sides and then dividing by Aj, ; — Ag, (possible for A > 0
small enough by convergence of Ay ; to A; , 7 =1,...,Ny) for all j different from £k, it
yields
(Mpuglun ) g = phk (ue — Mpuglun) g

and finally in (3.10),

Nh Nh

Mhwe = vniell sy = Phn Y (ur—Maugluny)y < phg Y (e — Mhulun) 3
i=1 i=1
i#k

= il — Myug 3 -

The following theorem is the main result we wanted to develop.

Theorem 3.4.2. For h > 0 small enough, there exists a constant Cyect > 0, such that

llwn i — UkHH < Cyeet sup inf |[v — gl -
vEM(A) VhEVR
l[oll =1
Proof. The assumptions on the metric g implies that [|-||;; is equivalent to |[-|| ;2 (¢, Which
is itself equivalent to ||| Hi(@) Py the Poincaré’s inequality, since €2 is bounded. So, there

exists a constant C(g) such that,

lok - el < Clo) fux - Tl 2 Co) S it g — vnllZ
k ruklly < k nukllie) < ez, k— Uhllm(o)
< C(g)% sup inf |lv —op50 (3.11)
B Cgll vEM (N\g) vREVR Hy ($2)
[lv]l =1

where the fact that uy € M(\g), ||ug| ; =1, is used for the last inequality. Moreover,
a(up e — Uy Un ke — Uk) = A+ Ap — 2A, (ug|un k)
= Ang + M (1= 2 (ugluni) )

= Mg+ Me(lung — w3 — 1),
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hence
9 1
luni — ukHHé(Q) < Cella(uh,k — Uk, Uk — Uk)
1

<

7 (M= Mot s = il )

On the first hand, Proposition 3.3.5 yields

. 2

Mg — A < Cy sup inf |[jv— Uh”H&(Q) ,
veEM(Ag) VhEVR
l[oll =1

on the other hand, for A > 0 small enough, Lemma 3.4.1 and inequality (3.11) imply,

une —well3; < A0+ prp)? lue — Myurl
C2 2
< 414 pnp)® Clg) —<5"  sup  inf [jv —wvallF ) -
Cgll UGM()\k) UhEVh Ho (Q)

llvll =1
By gathering all the constants in Ceqt as follows,
. 1 2 Czont 12
Coect = o Co+ M4 (1+pri) C(g) C—fu )

it finally yields,

a2 2 : o (12
[tk uk”H&(Q) < Cect v;\l}(pxk) virelf/h lv vhHHg(Q) :
l[oll =1

As a consequence, if the eigenfunctions u; belong to H?(Q) for all j = 1,...,k, the
order of convergence for ||up, — ukHH&(Q) is

Up e — Uk < C su inf ||v— vyl

H ) HH&(Q) vect veMg\k)thVh || HHO(Q)
l[oll =1

Cuect Sup ”U - Hhv”H&(Q)
UGM()\k)
l[oll =1

Ca\ /2
> Cvect (C_3> Akha

IN

N

where the last inequality comes from (3.8). So, the order of convergence in the norm
II]l Hi@) 18 O(h) in the case of a simple eigenvalue and for sufficiently regular eigenfunc-
tions.

Let us finally give a more precise bound valid even if the multiplicity of Ay equals
m > 1. The result presented at the end of the last subsection is completed as follows.
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Theorem 3.4.3 ( [BO87, Theorem 3.1| ). The eigenfunctions uy; can be chosen such
that, for h < hg,

[th,ki — kil @) < Cer,i(h).-

where
ek.i(h) == inf inf a(v—wvp,v— vh)1/2,
’ vEE) VL EVR
a(v,v)=1

(l('l},uh’kyj)zo,j=1,...,’i71

3.5 Numerical experiments on surfaces

The main idea is to use a chart (U, 7) of the manifold (M, ¢g) and to make the compu-
tations in the open set 7(U) C R? endowed with the metric induced by g. The examples
of manifolds (M, g) presented in this section are R?, the sphere S?, the Poincaré disc D?
and a family of surfaces of revolution with various non-constant curvatures. After some
numerical validations for two domains of R? known theoretically, namely a ball and a
square, a comparison of the first eigenvalues of a ball in R?, S? and D? is carried out.
Finally, a last example is considered. It consists in removing a small ball, namely the
obstacle, from a ball of radius 1. We focus on the behaviour of the first five eigenvalues
with respect to the position of the obstacle inside the ball in R?, in S? and in D?.

For each of these cases, and when there is no ambiguity about the current space, B
denotes the ball centred at the origin of volume 1 (for the volume element induced by
the corresponding metric g). If not stated otherwise, the discretization of B is carried
out by a triangulation with triangles of type P; as mentioned previously. From 500
equidistributed points on the boundary, 20225 nodes are built altogether.

3.5.1 About the use of masslumping

The numerical approximations of the eigenvalues presented in this document are
frequently computed both with and without masslumping. This subsection is dedicated
to a brief discussion about this notion. The previous notations are used.

The equation (3.6) points out that the eigenvalue Ay, ;, associated to the approximated
space Vj, C H&(Q) is above the exact one A\;. It is always the case when the approxima-
tion is computed without masslumping. However, some approximations computed with
masslumping are below the theoretical value. It is due to the fact that the use of mass-
lumping may provide only an approximated value of Ay ; and thus does not represent a
contradiction to the equation (3.6). Indeed, integrals of polynomial functions of degree
2 are involved to compute an approximated eigenvalue Ay 5, while the quadrature rule
with masslumping is exact up to degree 1 only as mentioned in the Remark 2.2.5. On
the contrary, not using masslumping gives the exact value of A; ;. Hence, the eigenvalue
given without masslumping always provides an upper bound for the exact eigenvalue.

Unfortunately, the approximated eigenvalue computed with masslumping does not
furnish a lower bound for the exact eigenvalue in general. Indeed, in [ADO03] the authors
use masslumping to evaluate the eigenvalues associated to two meshes of a square in R?:
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one providing an approximated eigenvalue below the exact one, the other an approxi-
mated eigenvalue above. Nevertheless, their other numerical simulations—using meshes
having some nice properties— seem to show that the eigenvalues approximated with
masslumping are below when the associated eigenfunctions belong to H2($2). But no
theoretical result is derived when masslumping is used.

3.5.2 Numerical validations

This subsection deals with a square and a ball in R?, and a hemisphere of S%. These
domains having associated eigenvalues that are known theoretically, they have been cho-
sen to verify that the program runs correctly. Furthermore, a ball in the Poincaré disc
D? is also considered in order to study and compare the asymptotic behaviour when the
volume goes to zero. The canonical representation of D? (and of R?) are chosen. The
matrix Gpe(u,v), representing the hyperbolic metric at each point (u,v) of D? is given
by

4

GD2(U,’U) - _(1 _ u2 _ 1)2)2 9

where I denotes the 2 by 2 identity matrix. For the sphere, the stereographic map (U, 7y)
is used, where U = S?\ {(0,0,1)} and

ay U — R?

(z,9).

—> =
(,I,y,Z) WN(JT,y,Z) 1— 2

The corresponding matrix Gge evaluated in a point (u,v) € R? is given by

4

Gs2(u,v) = —— 1.
S ( ) (1 + 2 +v2)2
First, the knowledge of the exact value of A\y(B), for B in the plane R? enables to
check the validity of the program (see [CH53, § V.5]). The first ten eigenvalues \x(B)
are reported in Table 3.1, where j, ;. denotes the k-th root of the Bessel function J,. It
also contains the corresponding values obtained numerically for comparison.

Remark 3.5.1. Notice that the present experiments substantiate the suggestion in [AD03],
surmising that the eigenvalues obtained with masslumping stay below the exact ones.

To verify numerically that the estimation of the error ey := |\, — Ay 1| is of order
h? as mentioned in the previous section, we shall consider a domain  where the exact
eigenvalues are known as well as an exact boundary approximation is possible. Moreover,
the eigenfunctions must be in H?({2), which is the case if Q is convex as mentionned
before. A mesh refinement is then carried out: each triangle is divided in four similar
triangles in order to have nested meshes with smaller and smaller parameter h, so at
each refinement, h is halved.
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Table 3.1: Exact value of \i(B), k = 1,...,10, for B C R? and numerical approximation
obtained.

Approximation obtained
. Exact value for ) i
Eigenvalue BC R with (left) and without
(right) masslumping
A1 j3717r ~ 18.168 18.167 18.170
A2 jiam ~46.125 46.117 46.131
A3 jiam ~ 46.125 46.117 46.140
A4 3 m ~ 82.858 82.831 82.889
A5 j22717r o~ 82.858 82.839 82.897
A6 j3727r ~ 95.729 95.697 95.775
A7 j5m ~ 127.885 127.829 127.967
A8 jg’lﬂ' ~ 127.885 127.829 127.967
A9 Jiom ~ 154.625 154.542 154.697
A10 Jiom = 154.625 154.546 154.796
In R? we consider the square S := [0,1] x [0,1]. A simple separation of variables

shows that the spectrum of S is the set
{(¥* +1*)7* | I,k e N\ {0}}.

The experimental error ey ; obtained seems to verify the Theorem 3.3.6 (the slopes in
Figure 3.1 are approximatively equal to 2).

For the sphere, no simple example with exact boundary approximation has been
found. However, it is known that the first eigenvalue of —A, on S? is 2 and that the
coordinate functions in R? are associated eigenfunctions (see [Cha84, Section I1.4, Propo-
sition 1]|). In particular, they have a hemisphere as a nodal domain, and so the first
eigenvalue of a hemisphere is also 2, that is,

A(Brj2(8)) =2,

where By 5(S) is the ball centred in S = (0,0, —1) of radius /2 in S?, that is the southern
hemisphere. Notice that the order of convergence in that case is the same, despite of the
approximation of the domain. For both examples, the computed error ey, ; is represented
in Table 3.2 and in Figure 3.1.

When considering the case of the Poincaré disc, the following asymptotic result is
carried out: the value of A; p2 (B”*(0,0)) vol(BP*(0,0)) is expected to be close to the
same quantity for the ball in R? (equipped with the canonical metric), where BE]D)2 (0,0)
denotes the ball of a small radius € centred at (0,0) in the Poincaré disc. Thanks to the



60

CHAPTER 3. COMPUTATION OF EIGENVALUES

Table 3.2: Error resulting from the approximation of A1(S) ~ 19.739, on nested meshes
of the square S C R? (left) and of A\ (B,/2(S)) = 2, on nested meshes of the hemisphere
By 5(S) C S? (right).

en,1(S) with (left) and with-

en,1(Br/2(8)) with (left) and

h h
out (right) masslumping without (right) masslumping
0.2/2 -0.164 0.488 0.492 -0.072 0.171
0.2/2 -0.041 0.122 0.253 -0.020 0.046
0.2/2 -0.010 0.030 0.135 -0.006 0.012
0.2/2 -0.003 0.008 0.0706 -0.002 0.003
0.2/ -0.0006 0.0019 0.0380 -0.0004 0.0007
0 0
10 10
1) 1)
10 10
.2; -2
10 10
-3 -3
10 10
-4 -4
10 3 2 110 1 0
10 10 10 10 10 10

Figure 3.1: Graph of h — ey, 1(S) (left) and of h + ey, 1(Br/2(S)) (right) in a logarithmic
scale. The blue plain curves correspond to computations whithout masslumping and the

red dashed ones to computations with masslumping.
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55 19.5 ——
50 g =
451 19.01 =
40 T
18.5 o~
35 :
30
18.01
257 NS
201 17.51 NN
15 S
10 ; ; ; ; ‘ 17.0 ; ; = ;
0 10 20 30 40 50 60 0.0 0.5 1.0 1.5 2.0

Figure 3.2: Graph of vol(BM(0,0)) — A, p2(B}(0,0)) vol(B}M(0,0)) for M = S?, D2
The blue plain curves correspond to computations without masslumping and the red
dashed ones to computations with masslumping. The plot on the right is a detail for
small volumes.

invariance under homothety of the functional Q — Ay g2(Q2) vol(2), k € N\ {0}, defined
on regular bounded domains in R?,

Mgz (BR(0,0)) vol (BE(0,0)) = Ay g2 (B¥) vol(B¥') = j2 7 =~ 18.168.

The obtained value for the approximation of the smallest ball B?io,4 (0,0) is 18.196 with-
out masslumping and 18.123 with masslumping. The obtained curve is increasing with
respect to the volume of the ball. The same analysis holds near the point (0,0, —1) € S2,
for the sphere. The corresponding values obtained are 18.191, respectively 18.118, and
the curve is decreasing with respect to the volume of the ball, see Figure 3.2. Asymptot-

ically, these values are consistent with those computed for A\;(B), with B C R2.

3.5.3 Comparison of balls in R?, in S? and in D?

Of course, some other eigenvalues can also be computed. The first forty eigenvalues
of the ball B in the manifolds R?, S? and ID? have been performed. It pointed out that
for a fixed subscript k, sometimes A\(B) is smaller in R? than in S? (k = 11, 12, 16,
17, 20, 21, 26, 27, 31, 32, 33, 34, 39 and 40), whereas it is smaller in D? than in R? for
some other subscripts (k = 11, 12, 16, 20, 21, 24, 25, 31, 32, 37 and 38). See Figure 3.3
displaying these forty eigenvalues, and Table 3.3 where the first twenty eigenvalues are
reported 1. Tt leads to compare (theoretically) the spectrum of a ball of volume V in the
sphere S? and in R2. The spectrum of the ball B in S? is not known explicitely, but the
spectrum of a hemisphere, that is V' = 27, is well known, see [BB80, pp. 243 — 244]: all
k(k 4+ 1), k € N* is an eigenvalue with multiplicity k. Besides, the spectrum of the ball

11. A complete table with all the forty eigenvalues is given in the Appendix. See Table C.1.
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of same volume in R? is obtained in ranking the first zeros Jn,k of the Bessel functions
and rescaling by the corresponding factor, namely 0.5. We expect that the number of
subscripts k for which A, (B) is smaller in R? than in S? to be infinite, and that the
reverse inequality holds, replacing S? by D?.

Open question 1. The inequalities
Arr2(B) < Aps2(B) (3.12)

and
Aep2(B) < Apr2(B) (3.13)
holds for an infinity of subscripts k, where B denotes the ball of volume 1 in the corre-

sponding space.

Of course, the other natural question arising at that point, is to know if the converse
inqualities to (3.12) and (3.13) hold.

Open question 2. Is the number of subscripts k for which

Aer2(B) > A s2(B),

respectively
Akp2(B) = A r2(B),

infinite?

A way to tackle theoretically these problems, at least for R? and the sphere, is to
compare the eigenvalues of a ball of volume 27 in these three spaces as mentioned above.
Indeed, the spectrum is explicitly known in that case. The difficulty is to rank the zeros
of the Bessel functions in order to study the asymptotic behaviour of these functions.
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Table 3.3: Computation of \x(B), k = 1,...,20, for the ball B in R2, in S? and in the
Poincaré disc D?.

Figenvalue Approximation with (left) and without (right) masslumping in
R? S? D?
A1 18.167 18.170 17.343  17.346 18.974  18.977
A2 46.117  46.131 44.879  44.892 47.327  47.340
A3 46.117  46.140 44.879  44.901 47.327  47.349
Aq 82.831 82.889 81.631 81.689 84.025 84.084
A5 82.839  82.897 81.640  81.697 84.034  84.092
A6 95.697  95.775 92.782  92.858 98.528  98.607
A7 127.829  127.967 | 127.139  127.277 128.583  128.722
Ag 127.829  127.967 | 127.139  127.277 128.583  128.722
A9 154.542  154.697 | 150.382 150.532 | 158.583 158.741
A10 154.546  154.796 | 150.385  150.629 158.587  158.843
A1 180.790  181.066 | 181.096 181.374 | 180.679 180.955
A12 180.790  181.066 | 181.097 181.374 | 180.680  180.955
A13 222.383 222.803 | 217.423  217.835 227.224  227.653
A4 222.440  222.855 | 217.478  217.886 227.283  227.707
Als 235.074  235.544 | 228.408 228.866 240.102  240.592
A6 241.513  242.007 | 243.303  243.801 240.102  240.592
A7 241.514  242.007 | 243.303  243.801 241.550  242.033
A1g 299.020  299.776 | 293.707 294.450 | 304.240 305.009
A9 299.020 299.777 | 293.707 294.452 | 304.240 305.011
A20 309.835 310.650 | 313.603 314.428 306.687  307.494
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Figure 3.3: Graph of k + \.(B) for the ball B in R? (red points), in S? (black crosses) and in the Poincaré disc D? (blue
triangles).

79

SHATVANHOIA A0 NOLLVILAdNOD € H4.LdVHD



3.5. NUMERICAL EXPERIMENTS ON SURFACES 65

3.5.4 Numerical experiments in non-constant curvature

Investigations have also been carried out in manifolds with non-constant curvature
using a family of surfaces of revolution obtained by rotating (around the y-axis) a family
of curves t € R — (0,(t), B(t)) € R3. Without loss of generality, assume &% 4 52 = 1.
Direct calculations show that the corresponding matrix associated to the metric in a

point (¢,0) € Rx] — 7, x[ is
1 0
G(t’e) = <0 BZ@)) )

1/
B(t)
In particular, B is an Euclidean ball and the surface of revolution is smooth if a(0) =
B(0) = 0 and $(0) = 1. Such conditions are for example satisfied by

and that the curvature is

B(t) =t +bt’,
where b is a real parameter which gives a control of the curvature

60

A =~

(only negative values of b—so 3?2 < 1-—give surfaces of revolution embedded into R3).
Some values in a range from -1 to 1 are assigned to the parameter b in the expression of 3.
It results to various curved manifolds: negative curvature for b positive, zero curvature
for b = 0, and positive curvature for b negative. Results for \y(B), k = 1,...,9, are
collected in Table 3.4 and Figure 3.4. The values corresponding to the zero curvature
case b = 0 are consistent with those computed for B C R2. An eigenfunction associated
to the first eigenvalue for the parameter b = —0.5 is plotted in Figure 3.5. Notice that
this function is a radial function and that its amplitude (1.802) is smaller than the one
(1.926) of the corresponding eigenfunction for the zero curvature space, as expected.

3.5.5 Ball with an obstacle

In this last subsection, the domain considered is a ball of radius 1 in R?, in S? and
in the Poincaré disc D? in which lies an obstacle consisting in a ball of radius 0.01. This
problem is addressed in a slightly different setting in [HKKO01] as well as in [CGIT00]
where numerical simulations are performed. In the present document, the idea is to
move radially the obstacle from the centre to the boundary in order to see where A\ (By)
is maximal, where B, denotes the ball with this obstacle centred at (x,0). Thanks to
symmetries of the ball, it is obviously sufficient to move the obstacle along the positive
part of the z-axis.
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Figure 3.4: Plot of A\x(B), kK = 1,...,9, with respect to the parameter b defining the
family of surfaces of revolution. The line at b = 0 emphasizes the results for the zero
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Table 3.4: Approximation of A\;(B), in a family of manifolds with non-constant curvature
controlled by the parameter b: the first line in every cell corresponds to values with
masslumping, the second one to values without masslumping).

b | a1 | 09 | 08 | 07 | 06 | 05 | 04
A(p) | 12232 | 12972 [ 13,662 | 14.313 | 14931 [ 15521 | 16.087
! 12.235 | 12.974 | 13.664 | 14.315 | 14.933 | 15.524 | 16.090
b 03 | -02 | -01 0 01 | 02 | 03
() | 16633 | 17160 | T7.671 [ 18.167 [ 18.650 | 19.120 | 19.579
! 16.636 | 17.163 | 17.674 | 18.170 | 18.653 | 19.123 | 19.582
b 04 | 05 | 06 | 07 | 08 | 09 1
A(B) | 20:028 [ 20468 20898 121320 | 21.735 | 22.142 [ 22,542
! 20.031 | 20.471 | 20.901 | 21.323 | 21.738 | 22.145 | 22.546

J. Hersch in [Her63] proved that the maximum of \;(B,) is reached by By in R?, that
is when the obstacle is at the centre of the ball. The same stands in S? and in D?, as
stated in [AA05]. A. El Soufi and R. Kiwan extended this result to the second eigenvalue
in R?, in S? and in D?, see [ESK08]. Numerically, these results have been recovered and
some investigations have been carried out for \x(B,), k up to 5, in R?, in S? and in D?.
The results are collected in Tables 3.5, 3.6 and 3.7. Five different domains corresponding
to five different locations for the obstacle are displayed. Notice that the choice By gg to
represent an obstacle at the boundary of the ball comes from numerical reasons. But such
a location for the obstacle is not expected to realize the maximum of A\x(B,) for any k,
since the eigenfunctions uy(B;) are zero on the boundary of B.

In R?, for k = 3, some more accurate computations have been made to locate with
precision the centre of the obstacle. In order to do that, the radius of the obstacle ball
has been reduced to 0.001. The maximum of A3 g2(B,) is about 16.558, and is attained
for an obstacle centred near (0.447, 0). Notice that this position for the centre of the
obstacle corresponds more or less to the point where ug(B7) attains its extremum, namely
(0.481,0), where ug(By) denotes the third eigenfunction defined on the ball of radius 1
without obstacle and normalized in R?. It is in accordance with the formula in Theorem 1
of [Oza81]. It claims, for all simple eigenvalue Aj g2(Bj) of the non-perforated domain,

that
2T

Aer2(Bz) = Mg r2(B1) + Tog 7|

up(B1)(2)? + O(|log r|~?),
where uy(B1) denotes the eigenfunction associated to A; g2(B1). An analogous formula
holds for multiples eigenvalues as stated in [Flu95, Theorem 9|. See also Appendix C.2
for additional numerical simulations about the placement of an obstacle.

Qualitatively in S? and in D?, similar results are found: for k =1 or 2, Agp2(Be) is



68

maximal for z = 0 as expected, whereas for k = 3,4 or 5, the maximum corresponds to

x # 0.
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Table 3.5: Approximation of A\jge2(B:), k =
z =0, 0.25, 0.5, 0.75 and 0.98.

Table 3.6: Approximation of Ay ¢2(B;), k = 1,...,5, for various obstacles centred at

1,...,5, for various obstacles centred at

Approximation obtained for the domain

Eigenvalue
By By 25 By s Bo.7s | Bo.os
A 7.890 7.378 6.560 6.001 5.787
Ao 14.6925 | 14.6924 | 14.688 | 14.685 | 14.684
A3 14.695 16.163 | 17.003 | 15.612 | 14.705
A4 26.382 26.394 | 26.398 | 26.389 | 26.385
A5 26.385 26.652 | 28.743 | 27.588 | 26.419

z —0,0.25, 0.5, 0.75 and 0.98.

Approximation obtained for the domain

Eigenvalue

By Bo.2s Bos Bozs | Bo.os
A1 7.575 | 7.084 6.271 5.688 | 5.452
Ao 14.716 | 14.713 | 14.709 | 14.705 | 14.704
A3 14.716 | 16.205 | 17.198 | 15.735 | 14.729
bV 27.497 | 27.510 | 27.517 | 27.507 | 27.500
A5 27.500 | 27.725 | 29.595 | 28.626 | 27.542

1,...,5, for various obstacles centred at

Table 3.7: Approximation of Ay p2(B:), k =
z =0, 0.25, 0.5, 0.75 and 0.98.

Eigenvalue

Approximation obtained for the domain

By By 25 By s Bo.7s | Bo.os
A1 7.568 7.091 6.352 5.836 5.635
Ao 13.486 | 13.485 | 13.481 | 13.479 | 13.478
A3 13.489 | 14.737 | 15.521 | 14.326 | 13.498
A4 23.288 | 23.297 | 23.302 | 23.294 | 23.290
A5 23.290 | 23.518 | 25.297 | 24.472 | 23.323



Chapter 4

Preliminaries to optimization of
eigenvalues with respect to the
domain

This chapter is dedicated to define notions and tools about the optimization process
to reach a domain with a minimal associated k-th Dirichlet-Laplace eigenvalue among
all domains of a given volume. These concepts are not new, even though they are
adapted and presented in our context. It paves the way for the next chapter, where the
optimization problem is stated and the numerical results are displayed.

The main reference is [MS76]. It is a prepublication of more than two hundreds
pages. A lot of definitions and notions whose scope is beyond this thesis are defined to
achieve [MS76, Theorem 5.2] which is the main result to derive the central formula (4.6).
Another goal of this chapter, and especially its first section, is to provide the reader some
selected portions of it in a judicious sequence, focusing only on its relevant parts for our
goal. Indeed, the extracted notions displayed here are scattered throughout the abundant
and very detailed results of this reference. Section 4.1 represents an easier and quicker
way to enter this matter. In particular, certain parts of some proofs, especially about
existence results are only sketched. Moreover, the scope of some of their very general
assertions are restricted for the sake of clarity. However, special care is taken to describe
how the results are reported in the present document.

The main consequence of the consideration of the metric in the shape optimization
process, compared to the planar case, is that the volume constraint is unavoidable in
a curved manifold. A Uzawa algorithm is chosen to deal with this constraint. It is
introduced in the second section and applied to the considered optimization problem.

The third section deals with some technical aspects to make use numerically of the
optimization formula (4.6) derived in Section 4.1. Indeed, some theoretically non-existent
obstacles arise with the numerical implementation. Some of them are presented in that
section.

69
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4.1 Details of the shape optimization step

First, a theoretical framework for the shape optimization is introduced, relying on
an analysis of the perturbations of a domain. A reference on this topic is the general
work [MS76]. Hadamard was a precursor in the domain: the well known Hadamard
variational formula from his work [Had68] represents the basis of the main tool to seek
a minimizing domain in @ judicious way. It provides a variational computation with
respect to the domain for an eigenvalue of an elliptic operator. The aim of this section
is to adapt this formula in our context, namely in an open set of R?, endowed with the
metric given by G, as presented before. For that purpose and in order to ensure that this
remarkable formula does not come as a complete surprise, the tools introduced in [MS76]
are used, omitting sometimes the proof of some of their classical properties, for the sake
of clarity. However, in such situations precise references in [MS76], [All07] and [HP05] are
given. Although the development in the two last references reaches almost the same goal
as ours, we consider more general deformations of the initial domain to be consistent with
the context of the main result, namely Proposition 4.1.11 and especially Formula 4.6.

4.1.1 Differentiation with respect to the domain

Let J : F — R be a functional defined over a set of feasible shapes €. In general, this
functional J is called cost functional, because the goal is to find a domain €2* such that

JQ) < J(Q), VQeF.

In a classical framework, for example for a regular mapping f : R” — R, a way to obtain
a local minimum f(z*) of f is to find the points where the derivative of f vanishes.
If the derivative of f is known explicitly, descent methods can be then applied to find
x* numerically. By analogy, the main idea is to set a framework in which a notion
of differentiation for the cost functional J makes sense. For that purpose, the set of
all feasible shapes must admit a structure of normed vector space. A classical way of
proceeding is to consider an initial domain' €y € F and to restrict the feasible shapes
to some deformations of it in the following way: let consider § € W1°°(R? R?) which is
bounded and has a bounded derivative?. The mapping # can be interpreted as a vector
field over R?, called in this context deformation field. The set of all feasible shapes from
Qp is then

F(Qo) := {Qg = (1d+6)(Q) : § € WH(R? R?)}, (4.1)

where (id+60)(Qy) = {x + 0(x) : ¢ € Qp}, see Figure 4.1. The following lemma states
that for # small enough, id+6 is a diffeomorphism, that is a differentiable bijection with
a differentiable inverse, and so that a deformation is reversible in the sense that from €y,
one can reach Qg back.

1. In the sequel, € is a polygonal set.
2. In the sense of the distributions theory. See Section A.2 in the appendix for any notion on Sobolev
spaces.
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v+ 0(o)

Figure 4.1: An initial domain £ and the resulting Q¢ under the deformation field 6.

Lemma 4.1.1 ( [All07, Lemma 6.13] ). For all § € W1>°(R? R?), 101l 1,00 (2 R2) < 1,
the mapping T = id+0 : Qg — Qg is a diffeomorphism such that T—1—id € W1 (R? R?).
Proof. First, let show that 7T is a bijection: denoting by || - || the Euclidean norm on R2,
for all z,y € R?, it holds that
1
I6@) ~ 6()l| = | [ Doty + t(e ~ y))(@ — ) dt] < [Bllysqeo o 12—
0
so # is a contraction mapping since H0|]W1,°@(R27R2) < 1. Moreover, for y € R?, it is
straightforward that the mapping given by S(x) = y—60(x) is also a contraction mapping,

and so it admits a unique fixed point xg, that is S(xg) = xo. Thus, y = T(xg) and T
is onto. Besides, for x,y € R?, & # y, one gets

IT(@) T > e — yll - 10) ~ 0@ > (1 [Blysqe ) Iz -yl >0,

so T' is one-to-one.
It remains to show that 7-1 — id belongs to W1 (R2?,R?). First, since 7! —id =
(id—T) o T, one gets HT‘1 — idHLw(RQ,RQ) = |0l oo (r2,r2) < 1. Besides, the condition

1011100 (R2,R2) < 1 implies (DT)~! = Y (—=D#)} < oo and so T~ is differentiable with
Jj=20
D(T~Y) = (DT)"' o T~'. Finally,

DT =id) = (DT) " o7 = [ = ((DT) " = 1)o7 = | 3 (~DoY | 0T,
j>1

where [ is the 2 by 2 identity matrix. Hence,
10| Loo (2 r2)

-1 .
DT =i o ey < 7 DOl 2 gy
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which completes the proof. |

Remark 4.1.1. The set of all the mappings T appearing in Lemma 4.1.1 is denoted by
T={T:R°>R*| T—ide WH'°(R*,R?*) and T~ —ide Wh™(R* R*)}. (4.2)

The space W1 (R2?, R?) is commonly used as class of regularity for the deformation 6.
However, we could have worked with bounded mappings in C2(R?,R?) having bounded
derivative as well, or with mappings in W2 (R?, R?). It would have been more consistent
with the last result, which adapts the Hadamard Variational Formula involving an open
set of class C2, or of class W2,

The geometric interpretation of the next proposition is: if two small enough defor-
mation fields 6; and 65 have the same normal component on 9€)g, then the deformated
domains (id+#61)(0) and (id+62)(€Q) are the same up to the second order. But to
state it properly, the notions of differentiability usually used in the context of shape
optimization are required. They are recalled here.

Definition 4.1.2. Let B; and Bs be Banach spaces and F' be a mapping from an open
set U C By into Bs. The mapping F' is called Fréchet differentiable at an element v € U
if there exists a bounded linear mapping DF'(u) : By — Bs such that

|F(u+ h) = F(u) = DF(u)hl| g, = o (Il 5,) -
The linear mapping DF'(u) is called the Fréchet derivative of F at w.

The Fréchet derivative, verifies the usual properties of a derivative, in particular the
product rule and the chain rule hold, see [Car67, Chapter 2].

Definition 4.1.3 ( [All07, Definition 6.15] ). Let €y be a bounded open set in R? and
J be a mapping from the set of all feasible shapes F(€) given by (4.1) into R. The
mapping J is called differentiable with respect to the domain in Qg if the mapping

U Whe(R%,R?) — R
0 — J((id+6)()),

is Fréchet differentiable at 0.

The Fréchet derivative of U at 0 is denoted in this case by J'(£) in order to have,
using Definition 4.1.2:

J((d+6) () = 7 (20) + 7 ()0 + 0 (101 2 ) ) - (4.3)

Remark 4.1.2. At that point, it is possible to guess that the functional which maps
6 € Who°(R2 R?) into id+6 in T, where T is the set of deformations defined by (4.2),
will be often used in the sequel. So, it might be tempting to differentiate it, but T is not
a Banach space. Actually, admitting a more general definition of the differentiability, it is
possible to give a sense to the derivative of § € W1 (R2 R?) - (id+6)(Q) € F(Qp), for
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an open set 2y C R? and F (o) given by (4.1). But the main issue is that a multivalued
functional taking values in W1°°(R2 R?) is obtained, and that the identity id defined on
Who°(R2R?) is one of these possible values. Howewer, this topic is beyond the scope
of this thesis. See [MS76, Chapters 2 and 3] where this notion of differentiability is
developed with caution.

In our context, the metric considered on R? comes from a parametrisation and can
be given, at each point & € R? by a matrix G(=x) satisfying the assumptions recalled at
the beginning of Section 5.1. Denoting by (-|-), the corresponding inner product, the
proposition briefly discussed above can be given as follows.

Proposition 4.1.4 ( [All07, Prop. 6.17] ). Let Qo C R? be a domain of class C?,
n be the outward unit normal (with respect to (-|-)o) vector field on 0 and J be a
mapping differentiable with respect to the domain in Qq. If 61, 0o € WH°(R? R?) satisfy
0 — 61 € CH(R%,R?) and (01|n), = (62|n) on 0Q, then the derivative J'(Q) satisfies

J'(Q0)01 = J' ()05

To prove this proposition, some classical results in dynamical systems are needed but
not repeated here. See [HSD04, Chapter 17] and [Ma09] for a more general framework
and for proves. For a vector field § € W1 °(R? R?) N C'(R?,R?), and = € R?, let us

consider the differential equation with initial conditions:

dy
(EG,:Z:) E 0 (y(t)) )

y(0) = =

Since 6 is of class C'(R2,IR?), there exists a unique solution y : I — R? defined on an
open interval I C R containing 0 by the Cauchy-Lipschitz’s Theorem. By the Gronwall’s
Lemma, it is actually defined on I = R because 6 is bounded. Thus, the flow

(p,g:RXR2 —5 TRZ
(t,$) — @G(t’x):y(t)’

where y is the unique solution of (Ejp ) is well defined. It follows that for all ¢ € R,
©a(t,-) is a bijection of inverse pg(—t,-), and of regularity C!(R?, R?).
In addition, the following lemma is helpful.

Lemma 4.1.5 ( [All07, Lemma 6.20] ). Let Qg be a regular domain in R?, m be the
outward unit normal (with respect to (-|-)g) vector field on 9Qy and 6 € WH>°(R?, R?).
If (Oln)g = 0 on 08y, then, pa(t, Q) = Qo, for all t € R.

Proof. Set t € R and x € 0Q. By uniqueness of the solutions y to (Ey 4), since dy/dt =
O(y(t)) is tangent to 08 (for (-|-),) by assumption, the fact that the integral curves are
tangent to 6 implies py(t,x) € 0Qy. Conversely, for all &’ € 90y, x = py(—t, ") € 0N
by the same argument and is such that g (t, ) = x’. So wy(t,0Q0) = 9.

By uniqueness of the solutions y to (Ep ), an initial condition & € Qg implies that
the solution remains in Qg by the first part above, that is py(t,x) € Q. Conversely, for
all ' € Q, x == pg(—t,x") € Qo is such that py(t,x) = x’. So, wy(t, Q) = Q. |
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Proof of the proposition 4.1.4. Set 6 := 05 — 0; € C*(R%, R?), so that (|n), = 0 and by
the previous lemma, @y(t, Q) = Qo. For & € R?, using the same notations as before for
(Eg ) and g, let us introduce the mappings

Iy: V(0) —  Whe(R2 R?)

t — Ty(t) = wp(t,-) —id,
Fy: WLHe(RZR?) — R

« — Tao(a) = J((id4a) (Q)),
r R — R

t — F(t) :Fgorl(t),

where V(0) is a small neighbourhood of 0 in R, such that ¢y(¢,-) — id belongs to
Whoo(R2 R?) for all t € V(0). Actually, py(t,-) € C(R? R?) implies that pg(t,-) and
Dyy(t,) exist. Moreover, py(t,-) — id is uniformly bounded since

loolt.2) —all = | [ 0fy(s))ds

< HHHLOO(R2,R2)€, Va € R27

where ¢ is the diameter of V(0), and the same computation applied to Dyy(t, ), which
is the flow associated to (Epgq) 2, proves that @g(t,-) — I is uniformly bounded *.

Then, notice that I'(t) = J (va(t,Q0)) = J (£) is constant, by Lemma 4.1.5. So,
taking the (usual) derivative yields

d
7 (Po(t,20)) =0, VteR.

Let us now compute the Fréchet derivative of I'; at 0 and of I'y at 0. For all € R?, a
simple limited development of the solution y to (Fjy ) of order 1 at 0 yields

y(t) = y(0) + Dy(0)t + o (|¢]),

which is equivalent to
g (t,x) =x+0(x)t+o(]t]).
By definition, the Fréchet derivative of I'y at 0 is the bounded linear mapping DI'1(0) :
R — W1(R? R?) defined by
I'y(t) =T'1(0) + DT'1(0)t + o([t]) ,

or equivalently,
o (t,-) —id= ¢g(0,-) —id+DI'1(0)t + o ([t]).

3. See for example [Ma09, Proposition 3.22].
4. See [MS76, Theorem 3.1] for a complete proof. However, their proof requires the notion of differ-
entiability touched on in Remark 4.1.2.
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So, DI'1(0) = 6. Besides, since J is differentiable with respect to the domain in g, the
Fréchet derivative of T's at 0 is J’ (Qg) by definition. Finally, by the chain rule applied
at t = 0, since I'1(0) = 0, it yields

d d
= — . = — F F - ! Q .
0= (J(@(0,)) = 7 (20 I'1(0)) = J' (o) 6
As 0 = 05 — 01, the proof is completed by linearity. |

The following lemma, given without proof, is useful throughout the rest of this section.
It is concerned with the derivative of a composition of a mapping g, depending on 6, with
the deformation id+6. Hence, with the previous notations, if g is applied over €y, then
go (id+80) is defined on 4. And in order to integrate g over $Qy, it is particularly helpful
to carry out this composition to differentiate the integral on the fixed domain €2y, instead
of Q,g.

Lemma 4.1.6 ( [HP05, Lemma 5.3.3] ). Let g : WY (R2 R2?) — LY(R?) be Fréchet
differentiable at 0 such that g(0) € WH1(R?) and ¥ : WH°(R2,R2?) — T be defined by
U(0) = id+6. Then ® : WH°(R2 R2?) — LY(R?) given by 0 — g(0) o U(0) is Fréchet
differentiable at 0 € WH>°(R2,R?) and the expression of its derivative is given by

D®(0)0 = D(g o W)(0)6 = Dg(0)0 + (Vg(0)[6) -

Remark 4.1.3. See [HP05, Lemma 5.3.3] for a proof in case of (-|-) being the usual inner
product in R?. Looking at a sketch of the proof, starting from

l9(6) o (0) — 9(0) — Dg(0)0 — (Vgl6) &l gy

the term ¢(0) o (id+0) — ¢g(0) — (Vg(0)|0) appears. This last term is equal after calcu-
lations to o([|0][yy1 oo(r2,r2))- Besides, other terms arise which are bounded from above

by 0(||9||W1,oo(R2,R2))-
The following result sets the assumptions to differentiate with respect to # under the
| sign in a general context.

Proposition 4.1.7. Let Q C R? be a bounded measurable set and f : W (R? R?) —
LY(R?) be Fréchet differentiable at 0 € W1°(R? R?). Then, the mapping

®: WhLe[R2R?) — R

0 — D) = / £(0)(z)\/det G (z) d,
Q

is Fréchet differentiable at 0 € W1°(R2?,R?) and

D®(0)0 = / Df(0)8(z)\/det G(z) da.
Q



76 CHAPTER 4. PRELIMINARIES TO OPTIMIZATION

Proof. First, notice that the notions of measurability of {2 or integrability over 2 coincide
for the measures do and \/det G(x) dx, thanks to the assumptions on G.
To show the continuity of the linear mapping W1 >°(R?,R?) — R given by

6?'—>/Df x)y/det G(x) de,

notice that
/Df z)y/det G(z) dz| < C [ Df(0)ll pagge) 101l Lo r2 r2) < C 101100 (m2 2y -

where C' and C’ are two positive constants by assumption on f. Then, the following
equality must be proven for § € W1>°(R2 R?),

/Df \/ detG d,I =0 ||9HW100 R2 ]RQ))
or equivalently,

/(f(@)(:c ) Vdet G(x daz—/Df x)y/det G(x) dx

9)
+ o([10]lyy1,00 (2 r2))-

Since f is Fréchet differentiable at 0,
f(0) = f(0) = Df(0)6 + o([10]lyy1.00 (g2 2 )

and because D f(0)6 belongs to L'(R?) for all § € W1H>°(R?,R?), it yields

/ (F(0)() — 1(0)(x)) /et G () dz

Q

— [ DAO8(@)VIXGTE) + o6l 52) o
Q

Finally, since € is bounded, then [0 (N0l w1.00 (2 r2)) = 010l 100 (2 R2)), that com-
pletes the proof. [ |

Assume now that the integral to be differentiated also depends on a moving domain.
This is the topic of the next result.
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Corollary 4.1.8. Let Q C R? be a bounded measurable set and f : WH*(R2, R?) —
LY(R?) be such that f(6) o (id+0) is Fréchet differentiable at 0 € W1H°(R?,R?). Then,
the mapping

®: WLe([R%LR?) —

R
0 — @(9):/f(G)(m)\/detG(m)da:,
Qg

where Qg := (id+0)Q, is Fréchet differentiable at 0 € WH*°(R? R?) and

DB(0)0 = / (DF(0)0() + div(6(x )] \/dot G () da.

Q

Proof. As before, the measure y/det G(x) de has no particular influence compared to the
usual Lebesgue measure. Using the substitution of variables in a Lipschitz’s framework %,

it yields
/ f(0) o (id+0)(x)| det D (id+0)(x)|/det G(x) dz,

where Dg(id+0)(z) = I+ D,0(x) denotes the jacobian matrix of z € R? s (id+0)(x) €
R? at x. Introduce the mappings

p1: WLHe(R2R?) — LY(R?)

0 — p1(0) = f(0) o (id+0),
w2 WL®(RZR?) — R

0 > p2(0) = | det(I 4+ Dg0)],

and set ¢ = @1 - 2. The absolute value in the expression of 9 is actually not necessary
for small § € WH*(R2,R?) because of the continuity of the determinant. Applying
Proposition 4.1.7 to the integrand ¢(6) leads to

0)0 = /Dcp 0(x)/det G(x) d.

Now, we compute D¢(0)f. On the first hand, by Lemma 4.1.6 applied to g = f,

Dip1(0)8 = Df(0)6 + (V £(0)|0) ¢

On the other hand, if L>°(R% R*) denotes the space of the 2 by 2 matrices whose
components belong to L(R?) , endowed with the norm given by [[H|| e gege) =
essSuPLer2 {2 1< j<2 [Hij()|}, the Fréchet derivative at 0 of

ar: WLHR(RZR?) — L®(R2 R?Y)

5. See for example [MS76, Lemma 4.1].
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is given by 0 — Dgf since |[Daf|| poo (2 gay < [|0]lyy1.00m2 r2) and since a1(f) — a1 (0) =
D.0, whereas the Fréchet derivative at I of

as: L®R%2RY) — R
H s as(H) = det(I + H),

is given by H s trace(H) by a classical result . Hence, by the chain rule,
Dg5(0)0 = Das(I) (Day(0)0) = trace(Dg6) = div(6),

where the last equality comes from the definition of the divergence in (R?, (|-),), see
Definition 2.1.26. Finally, applying the product rule yields

Dp(0)8 =Dep1(0)6 ¢2(0) + ¢1(0)Dp2(0)¢
=Df(0)0 + (V£(0)[0)g + f(0)div(d) = Df(0)6 + div(6(0)),
the last equality being stated in Proposition 2.1.27. |

The next proposition is an adaptation of the previous results to the framework of the
differentiation with respect to the domain.

Proposition 4.1.9. Let Qo C R? be a bounded measurable set and f € WHL(R2). Con-
sider the functional

J: f(Qo) — R

Q —  J(Q / x)y/det G(x) de.

Q
Then, J is differentiable with respect to the domain at g, and for § € WH°(R? R?),
J (£20)0 = /dlv ))\/det G(x) de,
Qo
where div is the divergence operator defined on (R?, (\))G

Proof. By definition of the derivative with respect to the domain, we have to compute
the Fréchet derivative of § € W1 (R2 R?) s J((id+80)(Qp)) € R at & = 0. By Corol-
lary 4.1.8, since the integrand does not depend on 6, it yields

J (£20)0 = /dlv ))\/det G(x) de.

Qo

6. For a more general statement, see for example [MS76, Lemma 4.2].
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An example of application of this last result consists in the derivative with respect to
the domain of the functional given by vol. The expression obtained is helpful for taking
into consideration the volume constraint in the optimization process. For that matter,
it is sufficient to assume that ) is polygonal.

Corollary 4.1.10. Let Qo C R? be a polygonal set. The functional

vol: F(Q) — R

Q —  vol(Q2) :/\/detG(m)dm,
Q

18 differentiable with respect to the domain at Qo and its derivative is given, for 6 €
W (R?, R?), by

vol'(Q0) = / (0(z) |n(z)) ¢ v/det G(z) do, (4.4)

0Q0

where n(x) is the outward unit normal (with respect to (-|-)s) vector on the boundary
0Qq at the point x and do is the corresponding curve element on 9.

Proof. With f € WH1(IR?) such that f =1 in a neighbourhood of €y, Proposition 4.1.9
gives

Vol (20)0 = / div(6(x))\/det ) da / (0(2) |n(x) ), /det G(@) do,

Qo 00

the last equality being obtained by applying the Divergence Theorem, see Theorem 2.1.31,
thanks to the regularity of 9. " |

4.1.2 Application to J(Q2) = \¢(Q)

Let Qg be an initial domain. The purpose of this subsection is to apply the differen-
tiation results to the cost functional given by

J: .7:(90) — R

where F(£p) still denotes the set of all feasible shapes defined by (4.1). To show that
J is differentiable with respect to the domain, the results from [HP05] must be slightly
adapted. On the one hand, the metric g is taken into account in the computations, in the
other hand, a deformation field 6 of class W1 >°(R? R?) is considered in the Hadamard
Variational Formula. The methodology in [HP05, § 5.6 and 5.7|, consisting in deriving
informally the formula in a first step and proving it rigorously afterwards provides a
good explanation of where does this variational formula comes from. However, the way

7. See [MS76, Thorem 4.2] for a statement with less regularity.
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to obtain the expression A} (£2p)f relies on a regularity assumption of the associated
eigenfunction ux (o) that is not justified here. A rigorous proof of this assumption may
be found in [HP05, Section 5.7, pp. 210-211].

Proposition 4.1.11. Let Qo C R? be a bounded open set of class C* and \i,(Qq) be the
eigenvalue appearing in (Popt) which is supposed to be simple, with associated eigenfunc-
tion denoted by uk(Q). Then, the functional

)\k: f(Qo) — R
Q  — Q)

18 differentiable with respect to the domain at Qo and its derivative is given, for 6 €
Wheo(R?,R?), by

N ()0 = — / (%) (6() In(@)),, /Aot C(@) do. (4.6)

Qo

where n(x) is the outward unit normal (with respect to (-|-)s) vector on the boundary
0 at the point x and do is the curve element on 0.

Remark 4.1.4. The regularity assumption on the boundary of £y can be weakened. In-
deed, assuming Qq of class W2 (R?) is sufficient. See [MS76, Theorem 5.2| applied to
the operator defined by u — —Aju — Agu.® In this theorem of Murat-Simon, another
result holds for Qg of class W1>°(R?)—for instance a polygonal set—. However it does
not provide an explicit formula which could be used numerically.

Proof. For convenience, set ug(6) : (id+6)(2p) — R and let A\x(6) € R be the solution
of (WP) on Qp := (id+0)(Qp). With these notations we have to compute the Fréchet
derivative of \; at 0 € W1°(R2 R?). Since Qg is of class C2, the weak eigenfunction
ur(0) of (WP) over Qq satisfies uz(0) € H?(p), and so, is also an eigenfunction of (P),
see [GTO1, Theorem 8.12]. Assume for the moment that \g, ux, Vug and Agjuy are
Fréchet differentiable at 0 € W1H*°(R? R?). Thus, differentiating at 0 € W1 (R? R?)
the equality
—Agup(0)(x) = Apug(0)(x), Ve Qy,
yields
— A, (Du(0)(x)) = (DA(0)) w (0)() + Me(0) Dug (0)(x), ¥ € Q.

Then multiply by ug(0) the last equality and integrate over g

- /uk(O)(:c)Ag (Dug(0)(x)) \/det G(x) dx =

Qo
~ [ [(DX(0) 20)(@) + A0 e (0)(2) D (0)(2)] Vet Gl) . (47
Qo

8. Their result can be applied to this operator since the solution of —Agu — Ayu = 0 is unique.
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Since the eigenfunctions are normalized for the norm ||-||,;, Corollary 4.1.8 applied to

6 — / ui (0) o (id + 0)(x)/det G(x) dz,

(id+60)(Q0)
whose integrand 6 € W1 (R? R?) — ui(0) o (id+6) is Fréchet differentiable at 0 by
Lemma 4.1.6, implies
/ [2ur,(0) Dug (0)0 + div(0 uj(0))] (x)\/det G(x) de = 0. (4.8)
Qo
The Divergence Theorem 2.1.31 provides the equality
/dlv 0 u3(0))(x)\/det G(zx) dz = / 0)(x) (B(x)|n(x)) \/det G(x) dze
Qo Qo
and since uy(0) vanishes on 09, (4.8) becomes
/uk(O)( )Duy(0)0(x)+/det G(x)dx = 0. (4.9)
Qo
Thus, equality (4.7) may be rewritten as
—/uk(O)( )A (Dug(0)(x)) /det G(x) de = DX(0
Qo

By applying the Green Formula twice to the left hand side and after noticing that two
terms are vanishing because ug(0) = 0 on 9 and because of equality (4.9), it follows

D)\k(O) = a%”io)l)uk(())vdet Gdo. (4.10)
Qo

Now, we compute Dug(0) on 9. From Lemma 4.1.6, it holds that
D (ug(0) o (id+6)) (0)0 = Duy(0)0 4+ (Vug(0)|0) - (4.11)
Moreover, u(6) o (id+6) : Q9 — R is constant equal to zero on 9€y, hence for x € 99y,

it yields
Vug(0)(@) = n(z) (Vug (0) (@) n(x)); = n(m)%,

and combining with (4.11) restricted to 9 it follows

Dugion, (0 = ~ 220y
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This last equality plugged in (4.10) gives the expecting formula for DA (0).

The assumptions asserting that A, up, Vug and Aguy are Fréchet differentiable
at 0 € Wh°(R2 R?) still should be justified to complete the proof. In the sequel,
only a sketch of the proof is outlined following [HP05]. The idea is to show that 6 €
W (R2 R?) s (Ax(0),ur(0)) € R x H'(R?) is equal to another mapping which is of
class C*. For that purpose, we introduce the operator ¥ : W1 (R? R?) x H{ (Qp) xR —
H=1(99) x R defined by

U(h,v,\) = (—div(A(@)Vodet(I + Dgb)) — Avdet(I + Dmé?),/v2 det(I 4+ Dg0) —1).
Qo

where A() = (I+ Dg40)" (I + D40)~T. Notice that the problem displaced over )y using
the substitution of variables y = (id+6)x can be expressed by the equality

U(0, ug(0) o (id-+6), A\, (0)) = (0,0).

Proving that ¥ belongs to the C* class is not the most difficult part but is technical.
Then, the Open Mapping Theorem implies that the Fréchet derivative of W with respect
to (v, ) is an isomorphism. To complete the proof, a version of the Implicit Function
Theorem is used to show that there exists a mapping 6 € W5 (R2,R?) s (v(6), \(0)) €
H}(90) x R of class C* defined on a neighbourhood V of 0 in W1°(R? R?), and that
there exists a neighbourhood O of (0, ux(0), \x(0)) in WL(R2, R?) x H}(Qp) x R such
that, v(0) = ug(0), A(0) = \¢(0) and

TH{(0,00) NO = {(8,v(0),\(0)) : 0 € V}.

Thus, § € WH(R2 R?) — (v(0),\(0)) € H{(Q0) x R coincides with the function
0 € WHo(R% R?) — (u(f) o (id+0), \e(0)) € HL() x R, which shows the Fréchet
differentiability of the eigenvalue and eigenfunction with respect to 6, as well as it justifies
the computations involving the Fréchet derivatives of Vug(6) and Aju(6). n

Remark 4.1.5. Another proof in a regular context with an approach coming from the
Riemannian geometry can be found in [ESI07|, where the Corollary 2.1 corresponds to
the statement of the adapted Hadamard Variational Formula given above. However, it
provides abstract formulas, whereas its translation in the open set of a chart is required
for the numerical applications.

4.1.3 Taking the multiplicity into consideration

The fact that a multiple eigenvalue is not Fréchet-differentiable is well known, see for
instance [Hen06, Subsection 2.5.1]. So, general deformations as defined in (4.1) are not
possible anymore, but given a fixed § € W1>°(R? R?), feasible shapes must be restricted
to shapes of the form Q9 = (id+t6)(), for ¢ > 0 small enough. Thus, in order to deal
with a similar formula as (4.6) when multiplicity occurs, directional derivatives are used.
This is a classical approach in such a context. The following result is proved in a general
context, see [Mun00, Theorem 4.3.1], and stated in [Hen06] for the eigenvalue problem
of the Laplace operator in the Euclidean case.
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Proposition 4.1.12 ( Adapted from [Hen06, Theorem 2.5.8] ). Let Qo C R? be a bounded
open set of class C* and \p(d) be the eigenvalue appearing in (Popt) of multiplicity
m > 1, with associated eigenfunctions denoted by ug (o), ..., k(o). Then, for a
small € > 0, the functional

At (—g,6) = R
t = Ae(Qup)

has a derivative at t = 0, that is for all & € W1 (R2 R?), the limit

lim Ak (S0) — M6 (Q0)
t—0 t

exists and is one of the eigenvalues of the m by m matriz D, whose components are

defined by

B Oy (Qo) () Oug(Q0) ()
Dy = — / ( T )(H(m)\n(m))G\/detG(:c)da. (4.12)

0

fori,j=1,...,m, where n(x) is the outward unit normal (with respect to (-|)) vector
on the boundary 0y at the point x and do is the curve element on 0€).

Remark 4.1.6. When the eigenvalue \;(€) is simple, that is m = 1, this result corre-
sponds to Proposition 4.1.11.

In our context, looking at the multiplicity for an eigenvalue makes sense, since for
k > 2, the k-th eigenvalue A\, (£2*) associated to the domain £} minimizing A, (£2) among
all domain € of fixed volume, is expected to have multiplicity m > 1, at least for
the Euclidean case, see [Hen06, Open problem 1|. When multiplicity occurs, another
approach is to consider the sub-differential of A\;(€2), see for instance [Cox95] about this
topic.

4.2 Dealing with the volume constraint: the Uzawa algo-
rithm

Having the formula (4.6) at our disposal, the optimization problem (P,;) can be now
addressed. Formally, because the functional £ — vol(2)A;(€2), is in general not invariant
under homothety in (R?, (:|-)), the volume of the shape Q has to be controlled during
the optimization process. For this purpose, introduce the Lagrangian L of the problem
(Popt)a given by

L: ]:(Q()) xR — R
(Qu) = L u)=J(Q) + p(vol(2) — Vo),
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where the functional J is given by (4.5) and F(€) still denotes the set of all feasible
shapes from an initial domain €y of class C?> and of volume Vj satisfying 0 < Vj <
vol(w(U)) =: V, where (U, w) denotes the chart of M such that Qo C 7(U). The positive
parameter y is called the Lagrange multiplier for the problem (P,). Instead of dealing
with the optimization problem and its volume constraint, we have to find a saddle point
of £ without constraint, that is to find (', ) € F(Q) x R, such that

LY, 1) < L, 1) < L), Y(Q, 1) € F(S) x R. (4.13)

This fact is more precisely stated in the next lemma. A general study of the Lagrangian
can be found in [FG82] and in [IK08] with applications to optimization problems of
various types, or in [Cia82, Chapter 9|, [All07, Chapter 3] and [IK08, Section 4.6], with an
application to the Uzawa algorithm—the method that will be implemented numerically—
to find a saddle point of the Lagrangian.

Lemma 4.2.1.  With the previous notations, if (Q*, u*) € F(Qp) x R is a saddle point
of the Lagrangian, then the set ¥* is a solution to problem (Popt).

Proof. The inequality
L pn) <L, pw*), YueR,

in the definition of a saddle point (4.13), can be rewritten as
(1 —p")(vol(2) — Vo) <0, VueR,
and so, vol(Q2*) = V. Moreover, the other inequality in (4.13) yields
J(QF) < J(Q) 4 p* (vol(Q) = Vo), VQ € F(S),

and, restricting to Q € F () of volume Vp, it gives J(2*) < J(€). Thus, Q* is solution
of (Popt). [ |

The idea behind the Uzawa algorithm is the following: assume that the second com-
ponent u* € R of a saddle point of £ is at our disposal. Finding a minimizer * of
the problem (with constraint) (Popt) is equivalent to find the first component Q* of the
saddle point, 7e a solution to the so called primal problem (without constraint):

(Poe) Find a set Q* € F(€y), such that
K L 1) < L(Q,u"), VQeF(Q).

The point is first to be able to find p*. It comes readily '° that p* satisfies

inf L(Q,u")=sup inf L(Q,pu).
QeF(Q0) ( H ) Meg QeF(Q0) ( M)

9. Lemma 4.2.1 is a version adapted to the context of differentiation with respect to the domain
of [Cia82, Theorem 9.3-2].
10. The aim is to show that inf and sup commute when the definition of p* is used. See for example
[Cia82, Theorem 9.3-1].
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So, the following dual problem has to be solved:
(Q){ Find p* € R, such that L(u*) = sup,er L(n),
where L : R — R, is given by

— Lp) = inf L. ).
L (1) LIS (2, 1)

Thus, to find numerically the solution Q*, two sequences (Q("))n N and (,u(”))n oy are
built simultaneously using a descent (or gradient) method. For this purpose, the expres-
sions of the derivative (with respect to the domain) of the Lagrangian with respect to
Q and the (classical) derivative of the Lagrangian with respect to u are required. Their
computation comes readily thanks to the equations (4.4) and (4.6) derived in the last
subsections: for Q € F(Qy), § € WH*°(R2 R?) and u € R, it holds that

oL - (D@D e e
@ = [ (u (2t ))w( Ine))g VAt G@do, (4.14)
@(Q, w) = vol(Q) — V. (4.15)

The initialization of the algorithm consists in an arbitrary Lagrange multiplier x(® > 0
and in an arbitrary polygonal domain Q) of volume Vj. Formula (4.14) is useful to find
a minimizer Q1) of (P,m) (without volume constraint anymore), whereas Formula
(4.15) is useful to find a maximizer of (Q). More precisely, these two steps are performed
as follows:

(i) compute Q1)
To find the infimum of Q — L£(, x(™), one wants equation (4.14) to vanish, for
all deformation fields . Numerically, the domains 2 used are polygonal sets, so

the only points controlled are their vertices Pi(n)

yi=1,...,Nyom . Following the

)

idea of a descent algorithm, the new position Pi(nH) of Pl-(n is the point on the line

passing through Pl.(n) in the direction'' of n(Pi(")) at a distance d;, given by

w () (@) )
d; = / p™ — Jur(7)(@) (B(x)n(z)); Vdet G(z)do,  (4.16)
Q) on(x)

where § € W1 (R? R?) is such that:

o 0(P;) = n(P);

o 6(P;) =0, for j #i.

In the Euclidean case, this can be simply '? written as Pi(nﬂ) = Pi(n) — din(Pi(")).

11. See Remark 4.2.1 below for the numerical implementation of n(FP;).
12. For a general manifold of dimension 2, it is more complicated. This aspect is the aim of Section 4.3.
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(ii) compute p™+1);
In the same spirit, the next Lagrange multiplier in the Uzawa algorithm is given by
plm ) =l 4 e(vol () — V),

where ¢ > 0 is a fixed parameter.
(iii) if a given stopping criterion is not reached ', back to step (i).

This optimization process is summarized in the following algorithm.

Uzawa Algorithm (in our shape optimization context)

Given £ >0, Q© a domain of volume V and tol a thresold.
n < 0; crit < 2tol;
while crit > tol
Compute Qf using a descent method given by (4.16);
Compute u" )« 1 4 c(vol(QM) — Vp);
update crit;
end

n+1)

Algorithm 3.

Remark 4.2.1. Let us clarify some relevant points for numerical implementation. First,
the value for the parameter ¢ at step (ii) has been fixed at 1000 after some calibration
experiments. Furthermore, the stopping criterion chosen is to ask the ratios

L(QUHR) Ry — £ )
L{Q0, pm)

k=1,...,10,

to be all smaller than a certain small tolerance € > 0. This equates to ask the last
ten computed values of the Lagrangian to vary little compared to the tolerance €. This
latter has been adjusted at ¢ = 107%. Although the volume is note preserved all along
the algorithm, notice that the volume of the final domain is very close to Vj as stated by
Lemma 4.2.1 and illustrated in an example in Appendix B.

Finally, the outward unit normal (with respect to (-|-),) vector m on the boundary
0N at a vertex P; of {2 is implemented numerically from a generalization to surfaces of
the idea in [ESG82]: m is defined at a vertex P of a polygonal set in (R?, (-|-)) by '

> Vvol(K)Vek,p
KEE(P)

n(P) =

> Vvol(K)Vek,p
KEE(P)

where:
o E(P) denotes the set of elements K whose P is a vertex;

13. See Remark 4.2.1.
14. This vector depends on the metric through the gradient terms Vpx, p.
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Figure 4.2: The blue arrow represents the contribution of the element K to the normal
vector at point P lying on the boundary 0€2. The red dotted lines are parallel to the side
opposite P, and orthogonal to n in the Euclidean plane.

o ¢gk,p is the element shape function over K, taking value 1 at P.
It means that the contribution of an element to the normal vector at one of its vertices
lying on the boundary consists in the gradient of the element shape function associated to
the mentioned vertex, weighted by the volume of the element. In [ESG82]|, this definition
of a normal vector is stated in the Euclidean plane, namely where G = I the 2 by 2
identity matrix. Geometrically, this gradient points in the orthogonal direction of the
side opposite the vertex in question, see Figure 4.2.

4.3 Technical aspect about the way to move the boundary
of a domain in a surface

The last section shows that the consideration of the metric modifies deeply the pro-
cessing of the optimization problem, compared to the Euclidean case in R?. The main
illustration is the introduction of a Lagrange multiplier to solve the issue of lack of in-
variance under homothety of the functional Q@ — A\;(Q2). However, another technical

) lying on the boundary of Q™ given

)

consequence, is the displacement of a node Pi("
by the equation (4.16) which is repeated here: for all ¢ = 1,..., Nyom), the point Pi("
becomes, in the next step of the optimization, the point Pi("ﬂ)
through Pi(") in the direction of n(PZ-(n)) at a distance dl(-n) given by

lying on the line passing

2
(n) _ (n) _ w ) n(x e x)do
= | ( ] | O@in(e)g Vi G

where § € W1>°(R2 R?) is such that:
o 0(F") = n(P");

o (PM) =0, for j # .
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Figure 4.3: The blue arrows represent the deformation field # which transport the point

Pi(") onto the point Pi("ﬂ) for the next step of the optimization process.

Because of the discretization, the deformation field 6 is supposed to be linear between
two adjacent vertices, so the above integral reduces to

un (@) @)\
¢MZAMNUMW—<Q%%£L§ (0() In(@))g +/det Gla)do,

where e(_) and e( ") denote the two different edges of 90 containing P( ). See Fig-

ure 4.3. This 1ntegral is approximated numerically using the trapezoidal rule on each edge
(n) (n )

e;

foralli = 17 s Ny, the locus of P, still has to be determined. Indeed, contrary to
the Euclidean case where the new position is simply defined by Pi(nﬂ) = Pi(n) —din(Pi(n)),
it is less straightforward for a general metric represented by G. In this latter, the Fu-

clidean distance 5§n) > 0 corresponding to the amplitude dz(n) has to be determined, that

is, if v : [0,1] — [P(") P("H)] t— P(") + t(Pi("H) - Pi(")), denotes the parametrization
of the Fuclidean segment [P(n) P( +1)] whose extremities are Pi(n) and Pi(nH), where
Pi("ﬂ) = Pi(") - 5§") (PZ( )), then 62( ™) has to be chosen such that

and e Once the computation of the amplitude of the displacements d; completed

(n+1)

™

1 1
T 1/2
/mwmw: [ [ (e - ) an (0 - 2)| et
0
1

}1/2

- 5”‘/ (P Gly(t) n(P™)] " at.

0

Approximating the right hand side using the trapezoidal rule leads to

5(”)

\ 1/2
o (1 N [n(pi(n))T (P n(p;n))} / > (4.17)
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where we used the fact that n(Pi(n)) is unitary. The required quantity ¢ ™) also appears in

(3
G (Pi("ﬂ)), which cannot be determined explicitly in general. So, thanks to the regularity
assumption on the metric g, the components Gj ; : R? — R of G are smooth, and it holds
that

Gis(P"™V) = Giy(P™) + DGyj(&i) (B = P, ij=1,2,

(3

for some §;; between Pi(n) and Pi(nﬂ). The approximations §; ; ~ PZ.(") and a few
computations yield

n 5(71) n n n 12
4" = <1+ 140" (nDGn)(P™) n(P™)] >

(2

where (nDGn)(Pi(")) is just a compressed notation for

(n) (n) (n)y( p(n)
(nDGn)(PZ-(n)) _ n(PZ-(n))T DGl,l(Pi(n))n(Pi(n)) DGL?(Pi(n))(Pi(n)) n(Pi(n)).
DGy (P )n(P) DG (P7)(F)

K3 K3 K3 2

Hence, it finally reduces to find the zero of the function defines from R~ into itself by

(n) 1/2
5™ 522 <1 + [1 +6™ (nDGn)(P™) n(P;m)} > —d™,

(2

which is carried out using a Newton-Raphson’s method.

Remark 4.3.1. Other alternatives to determine the locus of Pi(nH) have been studied,

the most natural'® being the displacement along the geodesic passing through Pi(") and

tangent to n(Pi(n)). The drawback is that a different routine providing the geodesics
of the current surface must be given for each different surface. This is considerably
more onerous than computing the derivatives of the components Gj;, i,7 = 1,2, of
the matrix G. However, it has been implemented for the sphere S? where it is easy and
reasonably efficient to determine exactly the new position Pi("ﬂ) of Pi(") using a geodesic
displacement, but experimental computations provide results of similar quality as when
the points are displaced as explained in the present section.

The arguments that the user has to provide to the program is

o an initial domain consisting of two lists: one for the coordinates of each vertex on
the boundary of the initial domain in the open set of the chart, and one for the
edges, each of them being represented by couples of positive integers corresponding
to the number of the nodes at its extremities;

o the expression of the metric in the open set of the chart, that is a function taking
in argument a point @ in the open set of the chart and returning the matrix G(x)
representing the metric at the corresponding point on the surface;

o a function returning the derivatives of the components G; ; of G at a point x in
the open set of the chart.

15. Because geodesics generalize the notion of lines used for the shape optimization in the Euclidean
case.






Chapter 5

Optimization of eigenvalues of the
Dirichlet-Laplacian with respect to
the domain

This chapter is based on the prepublication [Str12b], that involves possible redundan-
cies with previous chapters. His goal is to answer, using numerical methods, the following
classical question ': what is the domain Q of the manifold (M, g) which minimizes \;(Q)
among all domains of a given area, and what is the value of the corresponding A, (€2;)?

Existence of optimal shapes in the class of quasi-open sets of R%, d € N, has been
recently proved, see [Bucl2] and [MP13]. Moreover, it has been shown that they are
bounded and have finite perimeter. However, results giving explicit domains for this
optimization problem exist only for the subscripts &k = 1 or 2. In R?, the Faber-Krahn
inequality ? states that the domain minimizing A\; among all domain of fixed volume is a
disc. The same result still holds in the sphere S? and in the Poincaré disc D?. For k = 2
in R?, the analogous result, due to Krahn and Szegs? asserts that the optimal domain

5 1s the union of two identical discs. For higher order eigenvalues and other manifolds,
almost no explicit results exist. This is a good motivation to investigate this problem.

The difficulty to find optimal shapes is the main reason to deal with it numerically.
E. Oudet is a precursor in this field with his work [Oud04]. It is concerned with domains
in R? and Dirichlet boundary conditions, and it uses the Finite Element Method and a
descent algorithm to find optimal shapes. Other approaches can be found in the litera-
ture, as one based on the Method of Fundamental Solutions*, used by P. R. S. Antunes
and P. Freitas [AF12|. Their work improves Oudet’s results and extends it to other
boundary conditions as well as higher order eigenvalues optimization. The algorithm
used is based on the method explained in Chapter 3 for the computation of the eigen-

1. The notations of the previous chapter are used again. Moreover, the concepts appearing in that
article are given more accurately in the sequel.

2. Theorem 1.1.1.

3. Theorem 1.1.2.

4. [BTO05] and [FHM67] are classical references on this issue.

91
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values and eigenfunctions, and consists in shape optimization to find a candidate to the
optimal domain. This step, including a Uzawa algorithm to take into consideration the
volume constraint to work in manifolds different from R?, was detailed in Chapter 4.
Actually, optimization on surfaces different from the plane does not seem to have been
studied numerically.

In the first section, the optimization problem is stated, while some numerical results
are presented in the second section, which come from [Str12b]. To check the validity of
the program, a comparison is carried out with the results in [AF12] of the shapes obtained
for the optimizers in R? of the first fifteen eigenvalues. Furthermore, a validation is made
for small domains in the sphere S? and in the Poincaré disc D?, where a similar behaviour
is expected. To illustrate various types of curvature, other examples in the sphere S?, in
the Poincaré disc D? and in a hyperboloid are also carried out.

5.1 Theoretical statement of the optimization problem

In spite of redundancies with the previous chapter, let us recall the main tools and
notations about the underlying problem.

Let (M, g) be a smooth, complete Riemannian manifold of dimension 2 and of volume
Viar € (0,00], let Qpr C M be a domain in M, let A, denote the Laplace operator given
by (2.9) and (U,7) denote a chart where )y C U C M and 7 : U — R?isa
diffeomorphism onto its range. As before, the metric g is represented at each point
x € M by the matrix G(w(z)) using the chart (U,x). In order to use the results of
Chapter 3, assume that there exists a compact set K such that Q); C K C U. So, the
assumptions (H;) and (Hs) on the metric g hold, that is the components G; ;, 1,5 = 1,2,
of the matrix G satisfy:

(H1) G is bounded on Qyf for 4,5 =1,2;
(Hs) there exists C' > 0 such that det G > C on Q.

Besides, with regard to the regularity of 02, the assumption asserting that Q := 7(Qxy)
has a polygonal boundary is sufficient to derive the weak formulation WWP) of the under-
lying problem (P), defined in Section 3.1, and is effective in the numerical computations.
As before, the notation H stands for the space L?(Q2) endowed with the scalar product
defined by (3.2) in Section 3.1. The Spectral Theorem implies henceforth that there
exist a sequence (uy)gen o} of weak eigenfunctions defining a Hilbert basis of H and a
sequence (Ag)ren fo} of associated weak eigenvalues such that

0<)\1§)\2§---/‘OO.

The framework for the optimization problem is now set up: For k € N\ {0} and a
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certain fixed volume 0 < V < Vi

Find a set €}, C M of volume V, such that the k-th eigenvalue Ay
appearing in problem (WP) satisfies

(Popt) Me(97) < Ae(€),

for all sets 2 € M of volume V.

Remark 5.1.1. The main aspect of the discussion about the relation between the solutions
and the weak solutions of the eigenvalue problem made at Section 3.1 lies in the regularity
of 002 or in the convexity of 2. During the opimization process, the convexity of the
polygonal domains are not guaranteed, so it might happen that over a solution Q* of
the optimization problem, the problem (P) does not make sense. This is the main
reason why the underlying problem consists in (WP) instead of (P), also with the fact
that this formulation is used numerically. Nevertheless, from now on, the scalar A(Q*)
resulting from the optimization process is abusively called an eigenvalue instead of a
weak eigenvalue.

A natural question which arises now is the existence of a solution to the optimization
problem. To answer it, the studies in [Bucl2] and [MP13] expand the scope of the
optimization problem to the class of quasi-open sets of R2. Indeed, in that framework
his result® ensures the existence of a bounded solution Qf for each k € N\ {0}. So, it
makes sense to study (Pop:) numerically.

With regard to the approximated problem, the discretization using the Finite Element
Method is described in Section 3.2, in particular it leads to solve the approximated
problem (WP},) defined in that section.

The main steps of an iteration of the optimization algorithm take place as follows:

1. Establishing a mesh given by the discretization of a boundary;
IT. Solving the finite dimensional eigenproblem given in (WP},);

III. Moving the boundary nodes of the mesh and hence get a new do-
main.

The first step consists in meshing a domain enclosed by a polygonal curve into tri-
angles, to be compatible with the type of elements used. At the very beginning of the
algorithm, an arbitrary—or guessed—closed curve is given. At the second step, the eigen-
value problem is solved numerically using a Lanczos process, as explained in Chapter 3
and recalled in Section 2.3. Finally, the third main step deals with the shape optimization
itself. The domain is modified through a displacement of the nodes lying on its boundary.
Hence, a new discretization of the boundary is obtained and if a stopping criterion is not
reached, the algorithm goes back to step I. The point of this third step is to deform the
domain in a clever way, in order to get a sequence of domains with increasingly lower
associated eigenvalue. It is explained in Chapter 4.

5. His result extends to RY, N > 1.
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5.2 Numerical computations

The aim of this subsection is to present the numerical computations obtained using
the algorithm described above, to compare them with results from the literature and to
investigate new examples on surfaces. It corresponds to Section 4 of the prepublication
[Str12b).

5.2.1 Surfaces studied numerically

As mentioned in the previous section, the main idea is to use a chart (U, 7) of the
manifold (M, g) and to make the computations in the open set 7(U) C R? endowed with
the corresponding metric. The manifolds (M, g) considered in this section are R?, the
sphere S?, the Poincaré disc D? and the upper sheet H C R? of a hyperboloid.

The canonical representation of R? and D? are chosen. Recall that the metric tensor
Gpe evaluated in a point (u,v) € D? is given by

4

Gpz(u,v) = mﬂ

where I denotes the 2 by 2 identity matrix. For the sphere, the stereographic map (U, 7y)
is used, where U = S?\ {(0,0,1)} and
ay:U — R?
1
((L’,y,Z) = 7TN((L',Z/,Z) = :(way)

The corresponding metric tensor Ggz evaluated in a point (u,v) € R? is given by

4

GS2 (u, U) = m[

The upper sheet of the hyperboloid defined by the equation 22 + y? — 22 = —1 is
parametrized by (Rs0x]0,27[, &), where « is given by

a ' Ryox]0,20] — R3

(r,0) — <rcos(0),rsin(0),\/1+—r?>_

The corresponding metric tensor G induced by the Euclidean metric of R? on H and
evaluated in a point (r,0) € R5¢x]0, 27| is given by

1+ 2r2

GH(T,H): 1+T2
0 2
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S

Figure 5.1: Plot of the optimizer for A5(§2 o) among all domain of volume 0.1 in the
sphere S

5.2.2 Numerical investigations

First, the program has been used to find the optimizer Q;;RQ, k=1,...,15, for the
first fifteen eigenvalues in R2. Even if the volume constraint is not necessary in this
case, no modifications have been done to compare the results with those in the article
[AF12, p. 13]. Beginning with various initial discretized boundaries, the best shapes
obtained match the ones in [AF12|. They are presented in Table 5.1, each eigenvalue being
computed with and without masslumping. A discussion about the use of masslumping

is done in Subsection 3.5.1. See also [ADO03].

Another numerical experiment consists in computing the optimizers for small domains
in the sphere and in the Poincaré disc. The optimizer for the k-th eigenvalue is denoted
in the sphere by Q;;SQ, and in the Poincaré disc by Q;DQ. Similar optimizers as in R?
are expected. Such computations have been made, with a fixed volume Vy = 0.1, see
Table 5.2. The domains in the Poincaré disc are also exhibited in this table. However
the visualization of domains in the sphere being not always practical, only one is shown

here, see Figure 5.1. All these results confirm the above expectation.

Then the value of the volume V[ has been increased up to 2 for domains in the sphere
and in the Poincaré disc. The relation between vol(2; g2) and Ax(€2) ¢2) is exhibited in
Figure 5.2.

Several remarks can be added to the results of these tables. A first observation is
about the domains obtained having two connected components, namely the candidates for
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Table 5.1: Numerical approximation of Ax(2} g2), & = 1,...,15, for Qf o, C R? the
optimizer of volume 1 for the k-th eigenvalue and corresponding shapes. The last column

contains the eigenvalues \;(Q2) from [AF12].

)‘k(QZ,ﬂ@) with (up)

k| and without (down) Qf e Ai(€) in [AF12]

masslumping
18.16
18.17
36.32
36.39
46.27
46.30
64.56
64.78
78.46
78.53
88.89
89.05
106.40
106.51
119.84
120.01
133.71
134.06
144.39
144.82
160.32
160.55
173.97
174.37
188.47
188.84
201.64
202.22
210.65
211.16

78.2

88.52

106.14

118.9

132.68

10 142.72

11 159.39

12 172.85

13 186.97

14 198.96

209.63

2010101000010/l A10] 810

15
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Table 5.2: Numerical approximation of A, (5 ,,), for Q5 ,, the optimizer of volume 0.1
in M = S? and D? for the k-th eigenvalue, k = 1,...,15.

Ae(Q2

rs2) C S? with

A (9

k (up) and without (up) and without 0 p2
(down) masslumping (down) masslumping

180.746 182.591

1
180.855 182.639 Q

.52 2

5 363.523 363.266 @Q
364.356 364.827
460.671 463.821

3
460.927 464.068 Q
635.875 645.270

4 O
639.377 653.612
782.932 788.515

)
784.251 789.829 O
887.979 892.784

6 &)
888.975 894.214

- 1062.208 1085.715 Cj
1063.127 1089.251

g 1197.243 1199.010 O
1199.235 1207.212
1328.802 1338.065

9 <
1330.355 1341.360
1437.1 .

10 37.185 1441.793 Q
1439.525 1445.205

1 1580.123 1622.091 @
1583.765 1632.550

12 1736.980 1752.412 @
1738.957 1757.700

13 1886.076 1884.925 Q
1890.493 1887.360

14 1996.383 2019.539 Q
1999.437 2026.394
2120. .

15 0.629 2138.361 Q
2125.772 2148.878
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Figure 5.2: Plot of A\ (£ o) with respect to vol(§2} o) for k=1,...,15.

the optimizer of the second and the fourth eigenvalue. The ratio between the volume of
their connected components has been performed in R?, in the sphere and in the Poincaré
disc. First for the plane: theoretically, the ratio for the second eigenvalue is 1 by the
Krahn-Szeg Theorem. Moreover, if the optimizer for the fourth eigenvalue is the union
of two discs, in accordance with the numerical results, this ratio is

oy

01
_17’ ~ (0.394,

<
—

by a result from B. Colbois and A. El Soufi [CES12]. Numerically, we found 0.390.
Although no such results exist in S? and in the Poincaré disc, due to the non-invariance
by homothety of €2 — vol(£2)A\;(€2) in these manifolds, the corresponding ratios have been
computed for comparison. In S?, they are about 0.997 and 0.392 respectively, whereas
for the Poincaré disc, they are about 0.999 and 0.387.

Besides, another remark is related to the evolution of )\k(Q;E), k=1,...,15, with
respect to the volume of Q;M for the three models M = R?,S? D?. In the plane, this
relation is of the form )\k(szRg) = csty/ vol(szRQ), k=1,...,15, where cst}, is a positive
constant, explicitly known for £k = 1 and 2 by the Faber-Krahn and the Krahn-Szegs
Theorems. The corresponding plots for S? are given in Figure 5.2. In each case, the
shape of the optimizer does not change considerably for close volume, as illustrated in
Figure 5.4, for )\10(9’1‘0782). To compare the three models, see Figure 5.3 which shows the
evolution for the first two eigenvalues. Notice that these eigenvalues decrease less in the
Poincaré disc than in R? and in the sphere, where the slope is the deepest.

Finally, some computations in the upper sheet H of the hyperboloid have been per-
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Figure 5.3: Plot of A\x(Q} ,,) with respect to vol(€2} ;,) for k = 1,2 and M = R? S% D?
in a logarithmic scale. The blue dotted curve, the red plain curve and the dashed black
curve concern the Poincaré disc, R? and the sphere respectively. The modulus of the
slope for the Poincaré disc is less than 1, whereas it is equal to 1 for R? and it is larger

than 1 for the sphere.

(/(
A

Figure 5.4: Plot of the optimizers for Ajo(€2]s.) and vol(£2

and 2.

)=10.1,02,...,09,1
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formed. The Gaussian curvature of this model is given by

1

k(r,0) = m

In particular, the Gaussian curvature is non-constant, strictly positive and attains its
maximum at the point (0,0) with x(0,0) = 1. Not surprisingly, numerical experiments
show that the optimizer QF ; for A; is a disc centred at (0,0,1). But, although the
curvature lies between 0 and 1 in the hyperboloid, this eigenvalue is larger than the
first eigenvalue of a ball of same volume in the plane (curvature 0), which is larger than
the first eigenvalue of a ball of same volume in the sphere (curvature 1). For instance,
denoting by Bas,0.01 the ball of volume 0.01 in M, it yields numerically

)‘1(382,0 01) =~ 1816.57 <
A1(Bgz2o1) ~ 1816.80 <
)‘1(311)2,0.01) ~ 1817.67 <
M(Broo1) =~ 1819.10.

For the second eigenvalue, the obtained candidate €23 ;; for the optimizer is two discs
of same volume, tangent at the point (0,0,1). The eigenvz’ﬂue computed is about 3643.50.
So, as for the first eigenvalue, the same ranking with respect to the space occurs for the
second eigenvalue.

Since the Gaussian curvature is radial and maximum at (0,0), an optimizer QZ I
having its centre of mass at the origin is expected. The results found for the first two
eigenvalues confirm this property. We focused also on the cases k = 4 and k = 13 since
the corresponding optimizer found in the spaces previously studied are not symmetric.
Numerically, for a volume equals 0.1, the candidates for the optimizer are those expected
(same shape as the corresponding domains found before) and their centre of mass are at
(0,0,1) (actually at a distance of about 10~ of this point). See Figure 5.5. Looking at
the eigenvalues obtained, both A(§2) ;) ~ 658.329 and A13(€2]3 ;) ~ 1905.911 are above
the corresponding eigenvalues in R?, in S? and in D?.

In conclusion, the algorithm presented in this chapter gives the same optimizers in
R? as those found previously by the community, and permits to extend the study to
other surfaces, even if they do not embed into R3. It can thereby give a intuition in some
cases not yet well known theoretically. Thus, some particularities arise quickly because
few results exist, as the fact that the eigenvalues of the optimizers for domains in the
hyperboloid lie above those in R? and in S2.
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Figure 5.5: Plot of the optimizers Q2 ; for the fourth eigenvalue (above), and Q73  for
the thirteenth eigenvalue (below), among all domain of volume 0.1. Their center of mass,
indicated by a red cross, lie at the origin.






Appendix A

Some notions on functional analysis,
distributions theory and Sobolev
spaces

The present appendix is intended to serve as a referral for fundamental notions em-
ployed in this document. It takes place aside from the other chapters, for sake of clarity
for most of the readers who are familiar with these notions and who might have seen this
reminder more as a way of losing track than as a gain of comprehension if it was inside
the main content. It is concerned with functional analysis, especially distributions theory
and Sobolev spaces. It is from various books, namely [Brell], [Kre78], [H6r83], [Rud73|
and [Sch66], which could be considered as references on these topics. Refer to them for
the proof of the results reported here. The notations of this appendix come from [Sch66].

A.1 General notions and results about Hilbert spaces

In this section, (H,(-|-)) denotes a Hilbert space over R, H* the topological dual
space of H, and V and W two Banach spaces. Moreover, let B(V; W) be the set of all
bounded linear operators defined on V' and taking values in W, and B(V), instead of
B(V;V), be the set of all bounded linear operators defined from V' to itself.

Definition - Proposition A.1.1 ( [Rud73, Theorem 4.10| ). If T' € B(H), then there
exists a unique bounded linear operator T* € B(H), called adjoint operator of T, satis-

fying
(Tzly) = (z|T"y), Va,y € H.

T is called self-adjoint if T = T*.

Definition A.1.2 ( [Rud73, Definition 4.16] ). A bounded linear operator 7" € B(V; W)
is called compact if for all bounded subsets A C V', T(A) C W has a compact closure.

Remark A.1.1. An equivalent definition of a compact operator can be readily deduced:
A bounded linear operator T' € B(V; W) is called compact if every bounded sequence

103
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{zn}, in V contains a subsequence {zp, }, such that {T'(zy,)}, converges to a point of
w.

Theorem A.1.3 (Riesz Representation Theorem, [Kre78, Theorem 3.8-1] ). The topo-
logical dual space H* of H is canonically isomorph to H, that is, for every bounded linear
functional | € H*, there exists a unique t; € H such that

() = (vltr), Vo€ B,
and [|If] g = |12l -
Definition A.1.4 ( [Brell, Definition in Section 5.3] ). A bilinear form a : H x H — R

is said to be

(i) continuous, if there is a constant C' > 0 such that |a(u,v)| < C ||ul|y ||v||; , for all
u,v € H;

(i) coercive or H-elliptic, if there is a constant a > 0 such that a(v,v) > a ||v|%, for
allv e H.

Theorem A.1.5 (Lax-Milgram Theorem, [Brell, Corollary 5.8| ). Leta: H x H - R
be a continuous, coercive, bilinear form and I € H* be a bounded linear form. Then,
there exists a unique element uw € H such that

a(u,v) =1(v), Yve H.

a(v,v) —l(v), if a is

Moreover, denoting by J : H — R the functional given by J(v) = %

symmetric, then w € H s characterized by the property

J(u) = irélg J(v).

A.2 Distributions theory and Sobolev spaces

Throughout this section, N € N denotes the dimension of the ambient space RV,
N > 2.
Definition A.2.1. A domain is a bounded open set of RY.

Henceforth, Q denotes a domain of RY and K a compact set of RY, although some
definitions or results may be extended to a more general context, for instance for un-
bounded open sets. However, the framework within Sobolev spaces are used in the main
part of the document takes place in a domain Q c RV,

Notation A.2.2 ( [Sch66, Chapter I] ). In the sequel, the following notations are used:

Cc = {o¢€ C(RY) | supp ¢ is a compact set of ]RN} ,
Ceo = {¢€Cc|suppg C Q},
cr = {o€ C®(RY) | supp ¢ is a compact set of JRN} ,

CX(K) = {¢€CF|supp¢ C K},
Cr(Q) = {pe€C™(Q)| supp¢ is a compact set in 2} .
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Definition A.2.3. The space C2°, respectively C2°(2), is called space of test functions,
respectively space of test functions on €.

Following the approach in [Sch66, p. 24|, the space C°(K) is endowed with the
following topology: a sequence (¢;); of functions in C2°(K) converges to 0 in CZ°(K)
if the sequences (¢;); and (0%¢;),, converge uniformly to 0 in RY, for all multi-indices
a=(a,...,ay) € NV where

oorttan

0% = ————ax
- a1 an *
A - Oy

This defines a notion of sequential continuity on C2°(K). This topology is defined by the
family of semi-norms:

Na(¢) = sup [|0°¢(z)[lpn . o€ NV,
zeRN
If C. i is endowed with the topology of the uniform convergence, then the topology
induced by Ce,x on CZ°(K) is coarser than this new one on C°(K). Indeed, if (¢;);,
¢j € C° for all j, converges to 0 for this new topology, it converges also uniformly to 0.

Definition A.2.4 ( [Sch66, Section 1.2] ). A distribution T is a linear form on C2°, which
is sequentially continuous, that is, if (¢;); is a sequence of functions in Cg°, with supp ¢;
in a compact subset K for all j, which converges to 0 in C2°(K), then (T'(¢;)); converges
to 0 in R.

Notation A.2.5. A distribution is said to be a continuous linear form on Cg°, and for a
test-function ¢ € C2°, the notation (T, ¢) is frequently used instead of T'(¢). Moreover,
it follows readily that the set of all distributions forms a vector space, denoted by CSOI—
analogously Cé?o/(Q), obtained by substituting RY by €, denotes the set of all distributions
on —.

Theorem A.2.6 ( [Hor83, Theorem 2.1.4] ). A linear form T on CZ° is a distribution if
and only if for every compact set K C R, there exist a constant C > 0 and a positive
integer d € N such that

(T, ¢) < C ) sup [0 ()], V6 € C3°(K).
ozENN,m
|a|<d

where |a| = Z;V:1 a;.

The weak topology in C‘CX’/ shall be used: a sequence (Tj) i T; € C‘CX’I for all j, converges

to T"if ({7}, ¢)); converges to (T',$), for every ¢ € CZ°.

Theorem A.2.7 ( [H6r83, Theorem 2.1.8] ). ! Let (T}); be a sequence, Tj € C'. If the
limit

(T, ¢) := lim (T}, $)

Jj—00

1. The analogous result holds in CSO/(Q).
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exists for every ¢ € C°, then T' € C‘gol. Thus, (TJ)] converges to T in CSOI. So, Cgol s a
complete vector space.

Definition - Proposition A.2.8 ( [Hor83, Definition 3.1.1] ). Let T' € C>' be a distri-
bution. For every multi-index a = (az,...,ayx) € NV, the derivative in the sense of the
distributions theory of T, or simply derivative of T', denoted by 0*T, is the distribution
defined by

(0°T, ¢) = (-=1)*NT,0%¢), Vo eC,

where |a| = Z;V:1 aj.

Remark A.2.1 (Distributions defined on a differentiable manifold [Sch66, Section 1.5] ).
The notion of distribution can be generalized to the context of a IN-dimensional differ-
entiable manifold M of class C*°. Similarly, the following

C(M) ={¢p€C>®(M)| supp ¢ is a compact set}

is defined and the associated space of distributions on M is denoted by € (M). This
latter space has properties analogous to C‘cx’l, except for certain aspects:
o A smooth vector field is needed to define derivative of distributions on M;
o A function f : M — R can generally not be regarded as a distribution on M: a
volume element ? d® must be chosen beforehand.
The book [Heb96| provides more details about distributions and Sobolev spaces on a
Riemannian manifold.

Definition A.2.9 (Sobolev spaces W™ P(€2) [Heb96, Definition 2.1], [AF03, Defini-
tion 3.2| ). Let m € N and p € [1,00]. The function space W™P(Q) defined by

W™P(Q) = {ue LP(Q) | 0%u € LF(Q), a € NV, |a| <m},

and endowed with the norm

1/p

lulwrrey = | 3 0%l |

aeNN |al<m

if p # oo, or

— (67
[[llygrm,o0 () = aeNI}VlﬁSmHa ull Ly »

if p = oo, is called Sobolev space of order m.3

If p =2, W™2(Q) is denoted by H™().

Remark A.2.2. For m € N, we define W™°(RN,RN') as the space of all mappings
Ib : RN — RN R ((L‘l,...,.%'N) — 1/1(.%'1,...,.%’]\7) = (1/11(361,...,xN),...,wN/(xl,...,xN)),
such that 1; € W™ (RY), forall 1 <i < N'.

2. See Subsection 2.1.1.
3. For an unbounded open set €2, the spaces W™ (Q) can also be defined from LP(f), in particular,
W™P(RY) also makes sense.
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Theorem A.2.10 ( [AF03, Theorems 3.3 and 3.6] ). For allm € N and p € [1,00]|, the
Sobolev spaces (W™ P(Q), | - lwmwr(qy) are Banach spaces. Moreover, for all m € N and
p € [1,00[, (W™P(Q),] - [lwmr)) are separable. In particular, for all m € N, H™(Q)
are separable Hilbert spaces endowed with the inner product given by

W) gmgy = Y. (0u0™) 120 -

aeNN |al<k

Definition - Proposition A.2.11 ( [Heb96, Definition 2.6], [AF03, Definition 3.2] ).
For a positive integer m € N, set the following notations:
o H{"(2) denotes the closure of C°(£2) in H™(2);
Endowed with the inner product induced by H™ (), H{*(?) is a Hilbert space.
o H™™(Q) denotes the topological dual space of H*().

By the Riesz Representation Theorem A.1.3, H~"(f2) can be identified to HJ*(2).
Moreover, the following result characterizes a distribution 7" on €2 belonging to H ().

Proposition A.2.12 ( [AF03, Theorem 3.9| ). A distribution T' on Q belongs to H~"™(2)
if and only if there exist functions fo € L*(Q) such that T can be written as

T= > 0fa facL*9)

aeNN |al<m

Analogously, the space HJ'(RY) can be defined by taking the closure of C° in
H™(RN), for m € N. Tt leads that HF*(RY) = H™(RY). In the same way, H ™ (RY)
represents the topological dual space of Hj*(R) and a characterization using the Fourier
transform holds.

Sobolev spaces are also defined for fractional order s € R. Several ways exist to
introduce them leading to equivalent definitions. For instance [Ada75, Chapter 7| uses
complex interpolations to define Ws’p(IR{N ) over the whole space as a first step, then
over a sufficiently smooth domain Q C RY thanks to continuation operators. Following
[DNPV12, Section 2|, we present in this appendix an approach starting from a kind
of generalization of the Holder condition for LP(€2). Sobolev spaces of fractional order
between 0 and 1 are defined first, then extended to any positive real number.

Definition A.2.13. Let Q € RY be an open set. For ¢ € (0,1) and p € [1,00), the
Sobolev space of order o denoted by WP () is the functional space defined by
WoP(Q) = {u € LP(Q) | (z,y) — L‘}j@)' € LP(Q x Q)} ,
o —y| 7

and endowed with the norm

1/p
_ P |u(z) — u(y)[”
HU/HWO'»P(Q) - <||uHLP(Q) + /{; 0 |gj — y|n+0p dl‘dy .
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As expected, the following proposition derived from [DNPV12, Proposition 2.1 &
Corollary 2.3] holds.

Proposition A.2.14 (derived from [DNPV12] ). For an open subset Q C RY and two
scalars o € (0,1) and p € [1,00), Sobolev spaces (WP(Q), ||-|lwer(q)) are Banach spaces.
Moreover, for o < o' < 1, there ezists a positive constant C' := C(n,s,p) such that for
every measurable function u : Q — R,

lellwer@ < Cllullyo ooy (A1)
meaning that
WeaP(Q) CWoP(Q). (A.2)
Furthermore, if O is a polygon, the equation (A.1) and the inclusion (A.2) can be
extended to o’ = 1.

The definition of Sobolev spaces for s € RN (1,00) can be given.

Definition A.2.15. Let © C RY be an open set, s € (0,00) and p € [1,00). Setting
s=m+ o, with m € N and ¢ € [0,1) the Sobolev space of order s denoted by W*P(Q)
is the functional space defined by

WHP(Q) = {u € W™P(Q) | 0w € WP(Q), a € NV, |a =m},

and endowed with the norm
1/p
lullweny = | lullfymoq) + > 10%ullyeny

|laj=m

Remark A.2.3. From the previous results, it comes readily that Sobolev spaces W*P(Q)
are also Banach spaces for s € R, and for s = m € N, that Definition A.2.15 coincides
with Definition A.2.9.

Let us go back to HJ*(€2) for a positive integer m € N and a domain 2, and define
another norm, equivalent to the norm induced by H" (), on this function space.
Proposition A.2.16 (Poincaré’s Inequality [AF03, Theorem 6.30] ). There exists a
positive constant C := C(Q) > 0, such that for all ¢ € C°(2),

1/2
2
[¢llL2@) < C > 10%6ll72 0
aeNY al=1
It extends®, using a density argument, to every u € H&(Q), that is
1/2

HUH%Q(Q) <C Z HaauH%?(Q)

aeNN |al=1

4. For this result, it is necessary that 2 has finite width, that is  is bounded in one direction.
Moreover, this assertion still holds for 1 < p < oo instead of p = 2.
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Proposition A.2.17 ( [AF03, Corollary 6.31] ). The semi-norm on H™ () given by
1/2

l[ll gzn () = > 10%ulfey , u€H™(Q),

aeNY Jajl=m
is a norm on Hy'(Q), equivalent to the standard norm H-HHm(Q).

Finally, let us recall some results about Sobolev spaces, which shall be very helpful
in the main part of the document.

Theorem A.2.18 (Particular case ® of the Rellich-Kondrachov Theorem [AF03, Theorem
6.3] ). Let Q be a domain of R?. The injection HE(Q) < L*(Q) is compact. Moreover,
if Q has a Lipschitz boundary, then the injection H'(Q) < L?(Q) is compact.

Let us assume henceforth that € is regular, for example, 99 is of class C'. Consider
the mapping u Use defined on C(Q), namely the functional space C!(Q) with compact

support in €, taking values in L%(99). Using a density argument, it can be extended
to H'(Q)) in a bounded linear operator called the trace operator, or simply trace, on
012, and also denoted by u +— Ulon The following properties® of the trace operator are

worthwhile:
1. If u belongs to H(£2), then U is in H'/2(99) and there exists a constant C' > 0

such that

10
o0y < € el Y€ B

2. The trace operator defined from H'(Q) surjects onto H/2(9Q);
3. The kernel of the trace operator is Ha(€2);
4. In that framework, the Green Formula holds:

ou _ ov
0oz Jo o

+/ uv (nle;) do, Vu,v € HY(Q),
o0

where n denotes the ouward unit vector field normal to 0€2. By extension:

ou
where — := (Vu|n) is the normal derivative of w.

on

5. The statement in [AF03] is more general.
6. See [AF03, Chapters 5 and 7].






Appendix B

A complete example: the
optimization of A7 in the Poincaré
disc

The motivation to present an example in the Poincaré disc D? comes from the need
to take the metric into consideration to deal with it. Moreover, displaying the resulting
domains is convenient in this manifold. On the other hand, the choice of A7 depends on
various reasons, including the fact that it is the first non symmetric optimizer among
other local minima we can reach starting from various initial domain.

B.1 Starting from various initial domains

The method of optimization described in the main part of the document is based on
a descent algorithm, which provides local minima. Starting from various initial domains
is necessary to enhance the effectiveness of the method to find global minima. In this
example, four different initial domains of volume 0.1 are considered: a square {2, a disc
Qg4, two squares of same volume (2o and tow discs of same volume §294. The square and
the disc are centred at the origin, whereas the connected components in the two other
examples are (arbitrarily) centred at (0,40.2). Each domain’s boundary is discretized
uniformly using 100 points, except for 2o, whose boundary contains 104 points, that is
each edge is subdivided into 13 pieces. Then, a mesh is built. See figure B.1.

Remark B.1.1. The mesh created for these domains does not take the metric into con-
sideration.

Each of these initial domains leads to a different candidate for the optimal domain.
To be consistent with the notations in the main part of the document, let €% denote
the domain returned by the algorithm starting from € g4,,,, for dom being s, d, 2s and

2d. See Figure B.2.
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Figure B.1: Plot of the four different initial domains Qj, Qg, Qs and Qag, for the optimization of A7 in D2 =
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Let us discuss the shape of the domains obtained. On the first hand, we recognize
the candidate for the optimal shape obtained in Subsection 5.2.2, namely Q}. On the
other hand, both examples starting from the disconnected domains 55 and 294 seem to
lead to the same candidate. An interesting result is the theorem from Wolf and Keller
recalled below. According to its authors, it is about how to find the minimizing planar
domain if it is disconnected, and the minimum value of A\j in this case. Let us introduce
their notations. Let D} be a domain in R? which minimizes \; among all domains of unit
area, and let A} = A(Dj}) be the minimum value of A;. Let rD be the domain obtained
from the domain D by multiplying all its lengths by the positive real number r.

Theorem B.1.1 ( [WK94, Theorem 8.1] ). Assume that D C R? is the union of two
disjoint domains, each of positive area. Then

Here i is a value of j < (k —1)/2 which minimizes X} + A} _;. Furthermore

- () )0l ")

It means that, in the plane, if a candidate to be an optimal domain for A; has two
connected components, then each of its connected components is an optimal domain for
Ai and Mgy, for 1 <4 < (k —1)/2, up to the suitable rescaling. Drawing a parallel in
the hyperbolic case is undoubtedly very precarious, but 25, and €23, can be compared to
the candidates to be the optimizer of A3 and A4, which seem to be a disc and two discs
respectively. Moreover, looking at the volume of the approximated balls appearing in
Figure B.2, we observe that the two larger balls have almost the same volume, and the
ratio with the smallest ball (about 0.390 for Qf, and 0.401 for Q3,) fits quite well the
comparison made in Section 5.2.2 for A4 (the ratio was 0.387). Qualitatively, it seems
that the algorithm starting from a disconnected domain may reach a domain consisting
of connected components obtained for eigenvalues of smaller order, illustrating somehow
this result in the Poincaré disc.

Once the candidate to be an optimal domain is obtained, two successive refinements
of the mesh are performed: during a refinement, every triangle is divided into four similar
triangles by connecting the middle of each of its edges, as illustrated in Figure B.3. Thus,
the diameter of the mesh, as defined in Subsection 2.2.2, is halved ! at each refinement,
so one may expect the error to be divided by 16 at the end. The values for A7 associated
to each domain €, €23, Q3 and €27, are collected in Table B.1.

The domain 2} has the smallest seventh eigenvalue among the four domains obtained.
Henceforth, only this example is considered. Its value is not exactly the same as the cor-
responding value in Table 5.2 because the discretizations are not the same. As mentioned
in Section 4.2, the Lagrange multiplier should converge. It is the case as shown in Fig-
ures B.4 and B.5, where the evolution of the Lagrange multiplier during the optimization

1. The same refinement is used consecutively for the numerical checkings in Subsection 3.5.2.
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Figure B.3: The triangle with vertices Py, P, and Ps is split into four similar triangles
numbered from 1 to 4 by connecting the middle of each of its edges (respresented here
using the blue dashed line segments).

@ | oo | 9 | % | 9

() ‘ 1065.435 ‘ 1262.799 ‘ 1126.055 ‘ 1121.961 with masslumping
7

1066.916 | 1266.005 | 1130.169 | 1124.818 without masslumping

Table B.1: Value of \7(2*), for the candidate Q, %, €5  and €2, of volume 0.1.

process is represented, together with the evolution of the volume, the eigenvalue and the
value of the cost functional. Besides, observe that the volume converges to the initial
volume as requested by the constraint imposed in the optimization problem. Moreover,
the value obtained after the refinements is not plotted, which explains the gap between
the optimal value and the last value represented at the extremity of the curve.
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Ak (£27)

213.121

462.824
566.903
738.546
1059.066
1063.027
1066.916
1497.089

00~ O O = W N o

Table B.2: Value of the first eight eigenvalues of 27 computed without masslumping.

B.2 Taking the multiplicity into consideration

As recommended in [LSY98, Section A.1.4], to perform an approximation of the k-
th eigenvalue, a few additional eigenvalues to the first £ ones are computed to avoid
splitting a cluster of eigenvalues. Computing the first eight eigenvalues is sufficient to
notice that A7(Q2%) and A\g(Q2%) are distant enough from each other. The first eight
eigenvalues associated to 2} are reported in Table B.2. The multiplicity of the seventh
eigenvalue appears: A5(2%), Ag(Q) and A7(QF) are within a range of about 0.74%. So,
instead of using Formula (4.6) which holds only for a simple eigenvalue, Formula (4.12)
is this time performed to take into consideration the multiplicity of A7(Q%) during the
shape optimization step. However, note this latter formula does not give a clue about
which directional derivative choosing among the three—in this case—eigenvalues of the
matrix D appearing in (4.12).

Thus, after detecting that multiplicity occurs by checking that the eigenvalue to be
optimized and the previous one are in a range of 1% 2, the optimization process is split
into three processes: one using the smallest eigenvalue of the matrix D for defining the
direction of the deformation in the shape optimization, a second one using the largest, and
a last one using Formula (4.6) valid for a simple eigenvalue. Nevertheless, no significant
improvement can be noticed by taking into account the multiplicity of the eigenvalue to be
optimized, compared to the optimization process using Formula 4.6. Indeed, neither the
value, namely 1068.794 (1065.521 and 1066.916 using respectively the smallest eigenvalue
of D, the largest eigenvalue D and using Formula 4.6), nor the shape of the optimal
domains resulting seem really different from each other. Moreover, an additional cost is
induced by such a modification. Indeed, the normal derivative of an eigenfunction u;,
7 =1,..., k—such a quantity appears in both Formulas 4.6 and 4.12—is determined by
solving the system resulting from

o0(n) Q) Q)

2. This threshold is arbitrary and may be reached even when no multiplicity occurs.
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where Q™ denotes the current domain and the other notations are the same as in the
main part of the document. In the algorithm, the computation of the normal derivative of
the eigenfunction takes place after the computation of the eigenfunction itself and of the
eigenvalue. So numerically, finding du;/On consists in solving a linear problem? of size
N, by Nyqm), where N, is the number of nodes of the current domain Q™ and N, a0 18
the number of nodes on the boundary of Q). Thus, for an eigenvalue of multiplicity m,
m systems have to be solved to find the partial derivative of the associated eigenfunctions.

Besides, as explained in Section 2.3 about the Lanczos method, the approximation of
the associated eigenfunctions are also performed by the algorithm. They are displayed
in Figure B.6.

Figure B.6: First seven eigenfunctions of QF.

3. After processing the Galerkin method as explained in Section 2.2.2.






Appendix C

Some additional numerical values

This appendix is devoted to collect additional values resulting from numerical ex-
periments. For the sake of clarity, they are aside from the main part of the document.
The knowledge of these values is not essential for the general comprehension, but can be
useful for a future accurate study or comparison.

C.1 Computation of the first forty eigenvalues of a ball of
volume 1 in R?, in the sphere S? and in the Poincaré

disc D?
Figure 3.3 represents the values of A\ g2(B), A\, s2(B) and A\, p2(B) for k =1,...,40,

where B denotes the ball of volume 1 in the manifold indicated in subscript. The corre-
sponding values are presented in Table C.1 below.
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Table C.1: Computation of A\i(B), k= 1,...,40, for the ball B in R? in S? and in the Poincaré¢ disc D?.

Approximation with (left) and without (right) masslumping in

Approximation with (left) and without (right) masslumping in

Eigenvalue Eigenvalue 2 -
AL 18.167 18.170 17.343  17.346 18.974 18.977 A21 309.839  310.650 | 313.607 314.429 306.691  307.494
A2 46.117  46.131 44.879  44.892 47.327  47.340 A22 324.787  325.470 | 316.046 316.711 333.280 333.983
A3 46.117  46.140 44.879 44901 47.327  47.349 A23 324.803  325.911 | 316.059 317.141 333.298  334.435
A 82.831 82.889 81.631 81.689 84.025 84.084 A24 384.120 385.371 | 378.916 380.150 380.312  381.556
As 82.839 82.897 81.640 81.697 84.034 84.092 A2s 384.125 385.372 | 378.920  380.152 380.312  381.558
A6 95.697  95.775 92.782  92.858 98.528  98.607 A26 385.633 386.892 | 391.878  393.159 389.297  390.566
A7 127.829 127.967 | 127.139  127.277 128.583 128.722 A27 385.634 386.893 | 391.879  393.159 389.302  390.568
Ag 127.829  127.967 | 127.139  127.277 128.583  128.722 A2g 423.475  425.004 | 413.099 414.591 433.568  435.138
A9 154.542  154.697 | 150.382  150.532 158.583  158.741 A29 423.677  425.173 | 413.295 414.754 433.778  435.313
Ao 154.546  154.796 | 150.385  150.629 158.587  158.843 A30 436.168  437.804 | 424.086 425.682 447.897  449.579
A1l 180.790  181.066 | 181.096 181.374 180.679  180.955 As1 468.795  470.659 | 472.890 474.803 460.862  462.698
A2 180.790  181.066 | 181.097 181.374 180.680  180.955 A32 468.800  470.659 | 472.891  474.803 460.867  462.698
A3 222.383 222.803 | 217.423 217.835 227.224  227.653 A33 477.519  479.450 | 478.020 479.921 482.228  484.183
A4 222.440  222.855 | 217.478 217.886 227.283  227.707 A34 477.520 479.450 | 478.024 479.921 482.229  484.183
A1s 235.074 235.544 | 228.408 228.866 240.102  240.592 Ass 531.227  533.605 | 519.654 521.981 542510  544.946
A6 241.513  242.007 | 243.303  243.801 240.102  240.592 A36 531.227 533.619 | 519.654 521.996 542.510  544.959
A17 241.514  242.007 | 243.303 243.801 241.550  242.033 As7 556.639  558.653 | 541.658 543.616 548.257  550.861
A1 299.020  299.776 | 293.707  294.450 304.240  305.009 Ass 556.684 559.959 | 541.695 544.891 548.258  550.861
A1g 299.020 299.777 | 293.707  294.452 304.240  305.011 A3g 559.239  561.890 | 571.948  574.659 571.185 573.260
A20 309.835 310.650 | 313.603  314.428 306.687  307.494 Ad0 559.240 561.891 | 571.949  574.659 571.238 574.601
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C.2 Placement of a circular obstacle inside a ball in R?, in
S? and in D?

This section is a complement to Subsection 3.5.5. It is concerned with some additional
numerical results about the placement of a circular obstacle inside a ball in R?, in S?
and in D?. In each of these surfaces, the domain is a ball of radius 1 from which a
smaller ball—called the obstacle—has been removed. In this appendix, obstacles of
radius r = 0.1, 0.01 and 0.001 are considered for the computation of the eigenvalues 3, 4
and 5. Thanks to symmetry of the domain, it is sufficient to consider obstacles centred at
a point (z,0) € M. Hence, let denote by By ), the ball of radius r, centred in (z,0) € M.
Furthermore, let )\HM be the maximum—with respect to the location of the obstacle—of

the k-th eigenvalue and let (2},,0) be the centre of the obstacle of radius r where this
maximum is attained.

Tables C.2, C.3 and C.4 present the value of AZ?M together with the position of the
centre xy,, for k = 3,4,5, for r = 0.1,0.01,0.001 and for M = R? S* D2

Moreover, Figures C.1 to C.9 show the evolution of A, (B}, 5;) with respect to the
location x of the centre of the obstacle, for k, M and r as above. In each of these figures,
three couples of graphs are plotted corresponding to the three different values 0.1, 0.01
and 0.001 of the radius r of the obstacle. The blue plain curves correspond to computa-
tions without masslumping and the red dashed ones to computations with masslumping.
Eigenvalues computed for the radius 0.1 are larger than those for the radius 0.01, which
are larger than those for the radius 0.001 as expected by domain monotonicity. Moreover,
the maximum of each graph is emphasized with a small vertical blue dashed segment,
whereas the long vertical black dashed segment indicates the abscissa of the point where
ug, v (Bi) attains its maximum, where ug p7(B1) denotes the k-th eigenfunction defined
on the ball of radius 1 without obstacle in M.

Observe that for £k = 3 and 5, as r becomes smaller and smaller, the maximum of
)\HM is achieved by a point closer and closer to a point maximizing ug(B1). On the
contrary for the fourth eigenvalue, the position of the obstacle has less influence on A},
Indeed, u4(B1) has nodal lines passing through the centre of the ball. Hence, addin;g a
small obstacle near a nodal line with Dirichlet condition on its boundary does not affect
too much the eigenfunction and a fortiori the eigenvalue. Because of the orthogonality
of the eigenfunctions, the same argument does not apply for the fifth eigenfunction. In
that case, the obstacle is not near a nodal line. See Figure C.13 representing the first

fifteen eigenfunctions uy, g2(B1).

Finally, Figures C.10 to C.12 display a comparison in M = R?,S?, D? of the evolution
of the k-th eigenvalue Ay s (B%9%) with respect to the location z of the centre of the
obstacle, k = 3,4,5. The small variations of the curves plotted seem to be caused by
sudden modifications of the mesh near the obstacle.
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Table C.2: Maximal value )\;’%2 of the k-th eigenvalue of the ball in R? with an obstacle
centred at (z)2,0), k=3,...,5.

centre of Approximations obtained for the
Eigenvalue the optimal optimal domain with an obstacle of radius
obstacle 0.1 0.01 0.001
)\g”?;@ (mgkg) 20.206  (0.38) | 17.139  (0.43) | 16.558  (0.447)
)\Z’EQ () R2) 27.400 (0.43) | 26.403  (0.44) | 26.389  (0.444)
)‘75"{?;%2 (;pg}@) 31.838 (0.41) | 28.765 (0.5) | 28.204 (0.52)

Table C.3: Maximal value )\Z’*SQ of the k-th eigenvalue of the ball in S? with an obstacle

centred at (,%,,0), k= 3,...,5.

centre of Approximations obtained for the
Eigenvalue the optimal optimal domain with an obstacle of radius
obstacle 0.1 0.01 0.001
Ay (205e) 20.596 (0.4) | 17.288 (0.44) | 16.681 (0.452)
)\Z:EQ (:CZ:;Q) 28.622  (0.45) | 27.517  (0.46) | 27.501  (0.463)
Ag{gz (xgg2) 31.706  (0.39) | 29.746  (0.46) | 29.257  (0.487)

Table C.4: Maximal value )\;’*DQ of the k-th eigenvalue of the ball in D? with an obstacle
centred at (z,3,,0), k=3,...,5.

centre of Approximations obtained for the
Eigenvalue the optimal optimal domain with an obstacle of radius
obstacle 0.1 0.01 0.001
A;ZEQ ($2E)2) 18.161  (0.39) | 15.600 (0.44) | 15.101  (0.453)
)\Z:E}Q (:UZ’]BQ) 24.102 (0.43) | 23.302 (0.46) | 23.291  (0.455)
Ag:j;)z (x;BQ) 28.654 (0.45) | 25.436  (0.53) | 24.911  (0.548)




C.2. PLACEMENT OF A CIRCULAR OBSTACLE INSIDE A BALL 125

Figure C.1: Evolution of the third eigenvalue A3 g2 (B .) with respect to the abscissa
of the location (z,0) of the centre of the obstacle.

Figure C.2: Evolution of the fourth eigenvalue Ay g2 (B’ ») with respect to the abscissa
x of the location (x,0) of the centre of the obstacle.
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Figure C.3: Evolution of the fifth eigenvalue A5 g2(B!, ) with respect to the abscissa
of the location (z,0) of the centre of the obstacle.

1.0

Figure C.4: Evolution of the third eigenvalue A3 g2 (B! ») with respect to the abscissa
of the location (z,0) of the centre of the obstacle.
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Figure C.5: Evolution of the fourth eigenvalue A\, g2 (B ») with respect to the abscissa
x of the location (x,0) of the centre of the obstacle.

Figure C.6: Evolution of the fifth eigenvalue A5 g2(B! «») with respect to the abscissa x
of the location (z,0) of the centre of the obstacle.
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1.0

Figure C.7: Evolution of the third eigenvalue A3 p2 (B ») with respect to the abscissa
of the location (z,0) of the centre of the obstacle.

Figure C.8: Evolution of the fourth eigenvalue Ay p2(B7 ») with respect to the abscissa
x of the location (z,0) of the centre of the obstacle.
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00 01 02 03 04 05 06 07 08 09 1.0

Figure C.9: Evolution of the fifth eigenvalue A5 p2(B] ;») with respect to the abscissa
of the location (z,0) of the centre of the obstacle.
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16.5

As(BYEY)
16.0
15.5-
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As(By )
14.5-

14.0

00 01 02 03 04 05 06 07 08 09 1.0

Figure C.10: Comparison of the evolution of the third eigenvalue A3/ (BY9') with
respect to the abscissa x of the location (x,0) of the centre of the obstacle in M =
R2, S%, D2
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28.0
275+
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26.5-
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26.0-
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24.57
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Figure C.11: Comparison of the evolution of the fourth eigenvalue )\4,M(Bg;9\21) with
respect to the abscissa x of the location (x,0) of the centre of the obstacle in M =
R% S?, D2

26-s(BUE)

24
(Bl

23 T T T T T T T T T T T T T T T T T T T
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Figure C.12: Comparison of the evolution of the fifth eigenvalue A5 a7 (B%9%!) with respect
to the abscissa  of the location (x,0) of the centre of the obstacle in M = R2 S D2,
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C.3 Representation of the first fifteen eigenfunctions on a
ball in R?.

The first fifteen eigenfunctions on a ball in R? are displayed in this section. As pre-
dicted by the separation of variables providing the analytic solutions, the eigenfunctions
associated to a simple eigenvalue are radial functions, whereas they are periodic functions
for multiple eigenvalues. In the latter case, the nodal lines—namely the curves where an
eigenfunction vanishes—are lines passing through the centre.

E

Figure C.13: First fifteen eigenfunctions on a ball in R2.
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