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Introduction 
The realization by the physics community that the classical Yang-Mills field the­
ory can be geometrically described in terms of quantities related to fibre bundles 
[35,13], lead to the discovery of interesting topological aspects of this theory, and 
revitalized the old idea of formulating a physical theory in terms of geometrical 
properties of some manifold. 

The same geometrical setting combined with the path integral formalism to 
describe the quantum theory, allowed an elegant explanation of the presence of the 
gauge anomaly [3], a kind of quantum breaking of the classical gauge invariance. 

Previous work on the algebraic aspects of those anomalies revealed a coho-
mological method to construct them [6,41,33]. Such an approach makes use of 
quantities defined on the total space of the fibre bundle upon which the classical 
theory is based. 

In the present work we use the same cohomological setup to find the possible 
anomalies associated to symmetries that are related to diffeomorphisms of the base 
space of the fibre bundle. 

We tried as much as possible to really solve the resulting cohomology, but at the 

end we had to content ourselves with some special examples of anomalies, leaving 

open the question whether they are trivial or not. 

This work is organized as follows. 

Chapter I is a collection of definitions and propositions of differential geom­
etry, and of classical gauge field theory. In Chapter II we use this material to 
geometrically formulate a field theory and the problem of the occurrence of the 
anomalies. 

In the first section of Chapter II we briefly explain what is meant by symmetry 
of a field theory, and we introduce the concept of anomaly. 
In Section II.2 the axial and gauge anomalies of a theory based on a trivial bundle 
are treated as examples. The Wess-Zumino consistency condition for the gauge 
anomaly is then introduced. 

Section II.3 begins with the definition of the coboundary operator associated to 
a representation of a Lie algebra and of the resulting cohomology. We then show 
how the gauge anomaly can be interpreted as a non-trivial element of some appro­
priate cohomology, and give a method of constructing it. The material contained 
in this section is more or less standard. 

In Section II.4 we explain what we mean by symmetry related to diffeomor­
phisms of the base space of the fibre bundle upon which the theory is based. We 
then introduce the associated anomaly and show that it also verifies a natural 
consistency condition. 

In Section II.5 we formulate the problem of finding the above anomaly in 
purely mathematical terms. Through a descent equation we relate the uninte-
grated anomaly with an element of a cohomology with coefficients in the algebra 
of functions depending on the gauge potential. The concepts of local cochains and 
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their symbols are introduced there. 
In Section II.6 we apply some techniques of differential analysis to characterize 

the symbols of the local cocycles. We then look for globally and naturally denned 
quantities whose symbols possess the same characteristics and determine which 
ones are non-tri vial. 

In Section II.7 we restrict our analysis to the affine transformations of the base 
space. Globally defined cocycles exist then; with them we construct the affine 
anomaly. 

Section II.8 contains a geometrical treatment of the conformai anomaly. In the 
last subsection we show how the conformai anomaly of a two dimensional manifold 
with constant curvature can be interpreted as an affine anomaly. 

In the Appendix we collected the proofs which were not written in the main 
text. 
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I Fibre bundles and gauge theories 

L l Differential manifolds and differential geometry 

We begin this chapter by recalling some well known definitions and concepts of 

differential geometry. Most of the material covered here is taken from the excellent 

book of S.Kobayaski and K.Nomizu [26]. See also [14,21,30,18]. 

L l . 1 Differential manifolds 

Def ini t ion 1.1.1 A (real) manifold M of dimension n is a Hausdorff topological 
space with the property that every point x of M has a neighborhood U homeomorphic 
to R n . 

Denote by if the homeomorphism U —> R". The couple (U,y>) is called a chart 
of the manifold M. 

An atlas on M is a set of charts {(£/<*, <?a)} such that the sets Ua cover M. From 
now on we provide M with a fixed atlas {(UQttpa)} . 

If M as a topological space is compact we call it a compact manifold. In this 
case the index a can be chosen such that it belongs to a finite set. 

Defini t ion 1.1.2 A (smooth) differential manifold M is a manifold with the prop­
erty that the maps ipaß = <pa o<Pßl o / R n into R n are smooth, i.e. all their partial 
derivatives exist. 

A manifold M is said to be orientable if there exists an atlas {(Uajtpa)} such that 
for all a , ß the Jacobian l-ff^l is positive everywhere in <fß(UQ D Uß). 

Denote by xM the coordinate functions 

x* : R" —y R , fx = 1,...,71 

V\ » V^ 

where v = ( v 1 , . . . , vn). 

Defini t ion 1.1.3 The system of functions (p£ = a:M o ipa : Ua —* R is called a 
local coordinate system in U0 . 

We shall simply write x1* for y>£(x) where no confusion arises. 

Given two manifolds M and M with atlases {(UQi<pa)} and {(U0,tpa)} a map 
<j> : M —> M is said to be smooth if its representatives 

<j>ßo<f>o<pll Kp0(U0H^-1 (U0)) —>Vß{Üß) 

are smooth. 
A map <j> : M —» M is called a diffeomorphism if it is a homeomorphism and 
both <j> and 4>~l are smooth. 

We shall denote by Di ff M the group of all diffeomorphisms of a manifold M onto 
itself. 

5 



Def in i t ion 1.1.4 A one--parameter group of diffeomorphisms of M is a map 

tpx R x M —> M 

(t,x) i—><pt(x) 

such that i) (fit € Diff M, V* e R 

« ) <Pt°<ps = <pt+* 

1.1.2 Tangent and co tangent spaces 

Let C°°(M) be the algebra of smooth functions on M: 

C°°(M) - {/ : M —» R , / smooth } 

Def in i t ion 1.1.5 A tangent vector Vx of M at x is a linear map: 

Vx : C°°(M) • R 

satisfying the Leibniz rule: 

V1(Is) = {v.f)g(x) + f[z){vmg), f,geC~(M) 

The vector space TMx consisting of all tangent vectors of M at x is called the 
tangent space of M at x. It can be proven that dimTMx = n = dimM. 

We can find a (local) basis for TMx in the following way. Let (Uai<pa) be a 
chart of M and define the tangent vector O^ at x 6 U0 C M by setting 

It is easy to prove that the d^ 's are linearly independent. Namely 

0^d11 = 0 implies 

0 = ^ 0 ^ = 0 ^ ( ^ 0 0 = 0 " ^ " = a" (1-1) 

The basis {(¾,, /* = 1 , . . . , n } is called the natural basis of T M 1 with respect to the 
local coordinate system {y£} in U0. 

Denote by {d' } the natural basis with respect to the local coordinate system 
{y>£}. In the overlapping region Ua D Uß we have 

& f = - ( / 0 ( ^ 1 ) = - ( / 0 W - 1 O W 0 0 ) = - ( / 0 ^ 1 ) ¾ 

, e - ^u = -^7777^ = "^7771^ (1-2) dx'» v d /M 

where 
x"1 = w£(x) and < ^ ( x ' ) = Z" = ^ ( x ) , x € tfa n ^ 

6 



The components {v%} of the tangent vector Vx at x Ç UQ with respect to the local 

coordinate system in U0. are the coordinates of Vx with respect to the natural basis 

From equation (1.1) we immediately get v£ = vx<p£. 

Definit ion 1.1.6 Given a smooth map <f> : M — • M its derivative d<j)x (or (</>m)x ) 

at x is the linear map 

d<f>x : TMx —* TMM 

given by 

Wmvm)f = vm(jo4), feC°°(M) 

Defini t ion 1.1.7 A covector u>x of M at x is a linear map TMx — • R, 

The vector space consisting of all covectors of M at x is therefore the dual of TMx. 
It will be denoted by TMx and it is called the cotangent space of M at x. We have 
dimTM* = dimTMx = n. 

We shall designate the basis of TMx dual to ( ¾ } by {dx**} and call it the natural 
cobasis of TM^. By definition dxv(dti) = 8». 

1.1.3 T e n s o r fields 

Having defined the tangent and cotangent spaces at a point x of M we can form 

the tensor product 

p 

6¾ TMx= TMx ® • • • ® TMx ® TMl ® • • • ® TMl 
q . v 

p-times q-times 

It is called the tensor space of type (p,q) over TMx. 
It can be shown tha t the tensor space of type (p,q) is isomorphic to the space of 
all multilinear maps 

TMx x - • • x TMx x TM'X x • • • x TM'X —> R 1
 r ' v ^ 

q- times p-times 

Defini t ion 1.1.8 A tensor field T£ of type (p,q) on M is a smooth assignment of 
an element of (QqTMx to each point x of M. 

A tensor field of type (p, 0) resp. (0,g) is called contravariant of degree p resp. 
covariant of degree q. By definition a tensor field of type (0,0) is a function on M. 
We shall denote by Tf[M) the space of all tensor fields of type (p, q) over M. 
The components of a tensor field T* with respect to a local coordinate system in 
Ua are the functions T£;;;£ G C°°{UQ) given by 

3?( a ) = TZ:»7(X) Ôw ® • • • ® d*. ® d** ® • * • ® dz"% x£Ua 
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where ( ¾ } and {dxu} are the natural bases of TMx resp. TM^. 

Denoting by the same symbol dß resp. dxu the tensor field on Ua which associates 

to each point x € Ua the natural basis element c?M £ TMx resp. dxv € J 1 Mj, a 

tensor field T p on Ï7« can be expressed as 

Tï = T£::% d* ® * • • ® ^ ® ^ 1 ® • • • ® <**"• (1-3) 

Given two tensor fields T£ and Ï J their tensor product T* ® !TJ is the tensor field 
of type (p-f-r,q+s) given by 

( 7 ? ® ? ; ) ( z ) = T>q(x) ® TJ(X) 

Def in i t ion 1.1.9 Given a smooth map <f> : M —» M and a covariant tensor field 

Tq on M its pull-back <f>"Tq is the tensor field on M defined by 

4>%(x^li...yx) = fq(4>(x)^d<i>xvl.^,d<l>xvl), vi £ TMx 

We clearly have: 4>~{fq ® f'q>) = <p~Tq ® ^f'q<. 

Given a diffeomorphism <j> : M —• M and a contravari ant tensor field Tp on 
M , the contravariant tensor field é„Tp on M is defined by 

^!'(5;¾,...,¾) = 1-(*;^¾,...,^¾) 

where <£(x) = ä, (¾ Ç ^ W * 

It has to be noted that </>*Tp can be defined only for a diffeomorphism <j>. 

1.1.4 R i e m a n n i a n m e t r i c s 

Def in i t ion 1.1.10 A (pseudo) Riemannian metric g on M is a covariant tensor 
field of type (0,2) with the property thai g(x), considered as a bilinear map 

g(x) : TMx x TMx — • R 

is symmetric and (non-degenerate) positive definite. 

A manifold M equipped with a (pseudo) Riemannian metric g is called a (pseudo) 
Riemannian manifold. 

A Riemannian manifold M is called Euclidean if there exists a diffeomorphism 
<j> : M — • R n and the metric g verifies 

where 6 is the canonical metric on R n . 
A metric g on a manifold M defines an isomorphism between TMx and TM^ 

in the following manner. Each tangent vector Vx determines a covector 9Vx by 

evx(wx) = g(x;vx,wx), Vwx Ç TMx 
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The application Vx \—• 9Vx is clearly linear, and since gx is non-degenerate it is an 
isomorphism. 

The components of the covector 9Vx with respect to a local coordinate system in 

JJa axe given by 

' « « ^ ^ K . * e U0, (1.4) 

The above isomorphism can be naturally extended to the tensor space leading to 
an identification of tensors of type (p,q) with tensors of type (p-k,q+k), ( -q<k<p) . 
The same applies (locally) to tensor fields. 
When not necessary, we shall not actually distinguish a contravariant tensor field 
Tp from its associated covariant tensor field 9Tp. 

1.1.5 V e c t o r fields 

Defini t ion 1.1.11 A vector field on M is a contravariant tensor field of type (1,0). 

The set of all vector fields on M is naturally a vector space with respect to the 
pointwise defined sum and scalar multiplication. This vector space will be denoted 
by X(M). 
In what follows we often identify a vector field X on M with a derivation on the 
algebra C°°(M) by (see [14]) -

X : C°°(M) —> C°°(M) (1.5) 

f _ Xf with Xf(x) = Xxf , Xx = X(x) 

We clearly have X(fg) = (Xf)g + f(Xg) t i.e. X G Der C°°(M). 

The Lie bracket of two vector fields X and Y on M is the vector field [X, Y] 

defined by 

\X,Y]f = X(Yf) - Y(Xf), f 6 C - ( J IO 

The components of [X, Y] with respect to a local coordinate system are given by 

[X,Y]ß = XYß -YX» (1.6) 

As can be easily verified the Lie bracket satisfies the Jacobi identity. Hence, 
equipped with this product, X(M) becomes a Lie algebra. 

Defini t ion 1.1.12 Let <f> : M —> M be a smooth map. Two vector fields X € 
X(M) and X G X(M) are said to be (^-related if 

X($(x)) = d$xX(x)} Vx G M 

i.e. if 
Xfo<j> = X(fo<f>), Vf G C*(M) 

The ^-relation satisfies the following condition: 
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P r o p o s i t i o n L l . 1 Let X{ e X(M) be <j>-related to X{ e X(M), i = 1,2. Then 

[Xi)X2] is 4>-related to [Xi^X2]-

Given a diffeomorphism <j> : M —* M and a vector field X on M , the vector field 
<fr*X on M (see above) can also be defined by 

<f>*X(<j>(x)) = d<f>xX(x), V a : 6 M (1.7) 

Clearly Jf and <f>mX are ^»-related. 

The most important property of a vector field on a compact manifold M is that 
it can be considered as the generator of a one-parameter group of diffeomorphisms 
of M. To see how the two concepts are related we first note that a one-parameter 
group of diffeomorphisms ipt of a manifold M induces a vector field X by 

X.f = Jxm±\f(Vt(z))-f(x)], Vx (E M, f£C°°(M) (1.8) 

where to simplify we have assumed tpt=0(x) = x. 
Conversely it can be proven [26] that given a vector field Ä" on a compact manifold 
M , there exists a unique one-parameter group of diffeomorphisms fti with ^o(x) = 
xi which induces the given X. In this case tpt is said to be generated by X. 

1.1.6 Lie derivat ives 

Let (pt be a one-parameter group of difTeomorphisms of a manifold JIf and X the 
induced vector field. 

Def in i t ion 1.1.13 Given a covariant (resp. contravariant) tensor field Tq (resp. 
Tp) on M its Lie derivative with respect to X, LxTq (resp. LxT

9) is the covariant 
(resp. contravariant) tensor field on M defined by 

LxTq(x) = l i m ^ o 1M^(X) - T9(X)] 

resp. LxT
p(x) = Hm4^0 H7^(2O ~ ^Tp(x)} 

Even though we have defined the Lie derivative for covariant resp. contravariant 
tensor fields separately, it can be easily generalized to tensor fields of any type [26]. 
The Lie derivative has the following properties: 

P r o p o s i t i o n 1.1.2 i) Lx(T9 ® Tp) = LxT9 ® Tp + T9 ® LXTP 

U) Lxf = Xf, f€C»(M) 
Ui) LxY = [X, Y), X, Y e X(M) 

iv) L[x,Y] = Lx o Ly - L Y O Lx 

To express the components of the Lie derivative of a tensor field we need the 

following Proposition. 
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P r o p o s i t i o n 1.1.3 Let O1x and dxu be the natural tensor fields on UQ C M. For 

any vector field Z on M we have 

i) L2O11 = -(O11ZO)Op 
H) Lzdx" = dxpdpZ

v 

where Zp are the components of Z with respect to the local coordinate system in 

U0. 

From (1.3) and Propositions 1.1.2 and 1.1.3 it follows that the components of the 

tensor field LzT* of type (p,q) are given by 

i>zT%:::: = z>dp 1%::% + 3¾:¾ a, z> + ••• + r«::^ < z> 
- T^-d,Z>" •••- T^Ô,Z" (1.9) 

It has to be remarked that on a Riemannian manifold we generally have (see (1.1.4)) 

"(LxT9)^Lx
8T, (1.10) 

1.1.7 Different ia l f o rms 

Denote by f\q TM; the space of all q-linear skew-symmetric maps wx 

w% : TMx x • • • x TM^ —> R, œ € M 

q —times 

f\qTM; is called the q-th exterior power of TM;. Since dimTMx = n = dimM 
we clearly have /\q TMx" = 0 for q > n. 

Note that even though the index q appears as a superscript, wj is actually a 
covariant tensor. 

Let w« e AqTM; and rT
x e KTM;. Their exterior product u>£ A rr

x is the 
element of A9 + r TM; denned by 

« Î A T f > i , . . , ^ ) = (LU) 

= 4rE^"^^(^1\...)^V;(<(9+I\---1^u+r)), vi s TMK 
qlrl w 

where the summation is over all permutations 7 r o f ( l , . . . , g - | - r ) and sign IT denotes 
the sign of the permutation n. 
It is easy to verify that 

« • A T ; = ( - I ) " T ; A Ü ; ; ( U 2 ) 

Defini t ion 1.1.14 A q-form u)q on M is a smooth assignment of an element of 
f\qTM; to each point x of M. 
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We shall denote by Q,q(M) the (pointwise defined) vector space of all q-forms on 
M and by Si(M) the graded vector space ®q=0ft

9{M) , dimM = n , where by 
definition Q°(M) = C°°(M). 
The exterior product of two forms is pointwise defined by 

w9 A r r ( x ) = 4 ) A T ' ( I ) 

With respect to this product Q(M) becomes a graded anticommutative algebra. 

To a q-form usq corresponds a q-linear (over C°°(M)) skew symmetric map 

ùq : X(M) X---x X(M) —• C°°(M) (1.13) 

q —times 

^ ( / 1 ^ 1 , - . . . / ^ , ) = / 1 - - / ^ ( ¾ , . . . , ^ ) , / i € C ~ ( J t f ) 

given by 
&(XU...,X9)(Z) = Vi(XiX1[X),...,Xq(x)), Vx <E M 

It can actually be shown [26] that this correspondence is bijectiv. Henceforth we 

shall identify a q-form with such a map. 

Def in i t ion 1.1.15 Given a q-form wq on M its exterior derivative is the (q + 1)-

form du>q given by 

AS(X1,..., X 9 + 1 ) = £ ( - l ) i + 1 XiWi(X1, . . . , £ , . . . , A',+i ) 
» = 1 

+ ^ ( - ! ^ ^ ( [ ^ , • , A ^ X ! , . . . , « , . . . , ; , . . . , ^ , + ! ) , Xi e X(M) 

where î means that the i-ih term is omitted from the set (Xx,... ,X9+1). 

As a special case we have for a one-form u> 

dw(Xi,X2) = X1W(X2) - X 2 w(Xi) - w([Xi,X 2]) 

The exterior derivation has the following properties: 

P r o p o s i t i o n 1.1.4 i) d2 = 0 
H) d is an antiderivati on in the algebra fì(M), i.e. 

d(u>q Arr) = dw«AT r + (-\)q uq h drr 

Hi) <fc~ 0 d = do (j>* for every smooth map <f> 

Def in i t ion 1.1.16 Let X be a vector field on M. The interior product ix with 

respect to X, is the antiderivation of degree —1 of Q(M) 

ix : W(M) — > n « _ 1 ( M ) 

given by i) ixf = 0, f € fi°(M) = C°°(M) 
« ) (ix»q)(Xu...,X9.,)= W^(X9X1,... ,X9^1), Xt £ X(M) 
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P r o p o s i t i o n 1.1.5 Given a q-form coq on M its Lie derivative L2^
q with respect 

to Z € X(M) is given by 

Lz^(Xu...ìXq) = Z^(Xu...,Xq)~J2^(Xu...ì{ZìXil...ìXq)! XiZX(M) 
i=i 

Restricted to H(M) the Lie derivative fulfills the following conditions: 

P r o p o s i t i o n 1.1.6 i) L2(u
q A rT) = L2u

q
 A T ' + ^ A Lzr

T 

U) L2 = d o %z — i2 o d 

Ui) L2i Ot22 -I22 o Lz1 =i[2l,z7}, Z, Zi G X(M) 

From condition H) it follows 

tv) L2 o d = do L2 

The concept of form can be generalized to include the so called vector-valued 
forms. 
Let f\q TMx ® F be the space of all q-linear skew-symmetric maps, again denoted 

by w;, 
u)l : TMx x ••• x TMx —> F , x <E M 

* v 1 v S ' 
q —times 

where F is a finite dimensional vector space. 

In analogy with a real valued form, a F-valued form is a smooth assignment of an 
element of f\g TM* <g> F to each point x G M . 

The space of all F-valued q-forms on M is denoted by Qq(M\F). It is isomorphic 
to the space of all q-linear (over C°°(M)) skew-symmetric maps 

wq : X(M) X---x X(M) — • C°°(M\F) 

where C°°(M; F) denotes the vector space of all smooth maps M —> F. 
All operations defined above are still meaningful for F-valued forms except for 

the exterior product, which can be defined only if F is an algebra. 

In this case, if we denote the product in F by a dot, the exterior product A in 

Cl(M\ F) = e 9 = 0 n * ( M ; F ) is defined by 

^ A / ( I l r . , V ) = (1.14) 

= -TiY, si9n ^ ' ( ^ ( i ) , . - . , X„{q)) • T 1 - (A^ 9 + 1 J , . . . , X„(q+r)), Xi € X(M) 
q\r\ v 

In the special case where F is a Lie algebra L with product [, ], we shall denote 
the above product by [ A ] 

I«'A T'pr,,... ,*,+,) = 
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For a i-valued 1-form w we have 

M w ] ( X 1 J , ) = [W(A-J)1W(X2)] - KX2J5W(X1)) = 2[w(Xx),w(X2)] (1.16) 

which in general differs from 0. 
It is easily checked that this product verifies: 

t) K Ar r ] = (- l )* p + 1[r r Aw«] 

H) (-1)«* K A [rT A **]] + ( - l ) 9 r [Tr A [<r8 A w9]] + ( - 1 ) " [<r* A K A rr]] = 0 
(1.17) 

i.e. for a L-valued 1-form w : 

[w A [w Aw]] = 0 (1.18) 

Equipped with this product ft(M; L) becomes a graded Lie algebra. 

1.1.8 Integration on Riemannian manifolds 

Let. M be a compact, oriented, n-dimensional, Riemannian manifold with metric g. 
Since M is oriented the set of n-forms e\ua defined on U0 C M 

e\Ua(z) = - Wg(^ 1 . . . y ,A M 1 A - - A d z " " , x G U0 (1.19) 

where g(x) is the determinant of the "matrix" g^(x), patch together to give a 
globally denned n-form € on M. The n-form c is called the natural volume form 
on M. 

Definition 1.1.17 Given a q-form w on M, the (n-q)-form *w whose components 
with respect to a local coordinate system in U0 are given by 

*<*w-*«-,(*) = i>/^^1...M)l_^...^^^..^^Wpi...Pï(a;)) x e U0 

is called the (Hodge) dual form o/w. 

On a n-dimensional manifold M the +-operator verifies 

**o>9 = (-!)«<"-«) w, w« e n«(M) (1.20) 

Definition 1.1.18 Given a vector field X on M its divergence div X is the func­
tion on M given by 

LX€ = {divX)€, Xe X(M) 

From the local expression of the volume form in a coordinate neighborhood Ua it 
can be easily verified that 

(div X)(X) =-L=dß(yfe{x)X1'), x e U0 (1.21) 
Vg(^) 
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P r o p o s i t i o n 1.1.7 The divergence of a vector field X on a n-dimcnsional Rie-

mannian manifold M can also be expressed as 

divX = {-l)n+1*d*X 

where we have identified through the metric g the vector field X with a 1-form on 
M. 

Let {(Uai tpa)} be an atlas on M. Given a general n-form w o n M w e loosely define 
the integral of w on M by 

L» = Zf mM1'<*-M<r> 
JM a J<p0(Ua) 

where W]...n is the component of the form u? with respect to the local coordinate 

system in Ua. The integral on the right-hand side is a usual multiple integral 
on R n . 

Observe that for a compact manifold the index a belongs to a finite set, hence the 
above sum is finite. 

For a more mathematically precise definition of an integral on a manifold see 
e.g. [14]. 
As can be easily checked the n-form u> can be written as u) = *u>e, where *w G 

C°°(M). Therefore U1...,, = ~Uy/£, and 

/ " = E / ,„ ^ " ( ^ V S K * ) ^ = ^ - / m M « ) ^ (1-22) 
JM a Jv0(U0) a Jifia(Uo) 

where in the last equation we have used the same symbol for a function on U0 and 
its pull-back on <pQ(UQ). 

P r o p o s i t i o n 1.1.8 (Stokes) Let M be a n-dimensional, compact, oriented man­
ifold with boundary dM. dM is a (n — l)-dimensional submanifold of M. 
For a (n — I)-form u> on M the following equality holds 

/ du; = / o> 
JM JdM 

where dM is oriented coherently with M. 

Corol lary 1.1.1 Let M be a n-dimensional, compact, oriented manifold without 
boundary, i.e. dM = 0. Then for any (n — l)-form u) on M, JM dw = 0. 

For a n-form ut on a n-dimensional manifold M we have 

Lxw = dixw ~r ixdw = «feyw, VAr € X(M) 

Therefore on a manifold M without boundary 

/ LxU = 0, VA' e X(M) (1.23) 
JM 
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1.1.9 Lie groups 

Def in i t ion 1.1.19 A Lie group G is a manifold with a group structure suck that 
the map 

GxG —>G 

(g,h) i—yg.hr1 

is smooth. 

The identity element of G will be denoted by e. 
Let L3 (resp. Rg) be the left (resp. right) multiplication operator 

L1: G ^ G 

h I—1- g.h (resp. Rgh = h.g) 

A vector field X on G is called left invariant (resp. right invariant) if it satisfies 

Lg„X = X (resp. R9,X = X) V5 G G 

i.e. (dLg)hXh = Xg.h V9ih€G 

Def in i t ion 1.1.20 The Lie algebra LG of the Lie group G is the Lie algebra of all 

left invariant vector fields on G. 

P r o p o s i t i o n 1.1.9 The vector space LG is isomorphic to TG1.. the tangent space 
of G at the identity e. 

Proof: Given an element Xe of TGe we associate to it a left invariant vector field 
X by 

Xg = (dLg)€Xei Vg € G 

and viceversa Xe = X(e). D 

From the above Proposition it follows that dim LG = dim. G = n. 
Let (T^, i = 1 , . . . ,77.} be a basis of TGe = LG. The structure constant c*- of 

LG with respect to the basis {Ti} are the numbers given by 

[TuTjI = cïjTk, * \ j , * = l , . . . , n (1.24) 

Denote by adg the following automorphism 

adg : G —• G 

h i—• g.h.g'1 

Defini t ion 1.1.21 The action ad of G in G 

ad : G —> AutG 

g i — • adg 

is called the adjoint action of G in G. 
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Given an element E of LG, the vector field adg.E is again left invariant. Moreover 

we know that (see page 10) 

adg»[EitE2] ~ [adg»Ei,adg„Ei\, Ei,E2 € LG 

The map adg» is therefore an automorphism of LG. To simplify we shall denote it 

also by adg. 

Defini t ion 1.1.22 The representation of G in LG given by 

ad : G —• Avi LG 

g i—* adg 

is called the adjoint representation of G. 

It can be shown that a left invariant vector field on C? always generates a one-

parameter group of automorphisms of G. Let <pt be the one-parameter group of 

automorphisms of G generated by E 6 LG and denote by exp iE the group element 

¥>((e), t € R-

Defini t ion 1.1.23 exptE is called the one-parameter subgroup of G generated by 

EeLG. 

The derivative of the adjoint representation ad of G, i.e. the associated representa­
tion of LG in LG, will be denoted by Ad, and it is called the adjoint representation 
of LG. 

Ad : LG—> Der LG 

E*—> AdE 

By definition 

AdEH = lim ~[adcxptEH - H], E, H E LG (I.25) 

P r o p o s i t i o n 1.1.10 The representation Adß is explicitly given by 

AdEH = [E,H], E,H € LG 

Assume G is a matrix Lie group. In this case its Lie algebra LG is isomorphic to 
a matrix Lie algebra, i.e. we have 

[ £ i , ü y = E\Eî — E2Ei, L)i 6 LG 

where on the right-hand side the matr ix multiplication is understood. 
As set of matrices we moreover have G C LG. The adjoint representation of G' is 
explicitly given by 

adgE = gEg~\ g € G, E e LG 
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1.2 Principal fibre bundles and associated vector bundles 

1.2.1 A c t i o n of a Lie group on a manifold 

Let M be a smooth manifold and G a Lie group. 

Def in i t ion 1.2.1 A Lie group G is said to act on a manifold M on the right (resp. 

on the left) if to every element g £ G it is associated a diffeomorphism ag of M 

satisfying ag.h = a>h o ag (resp. afl.h = ag o a/J Vg, h Ç G and if the map: 

a : GxM —> M 

(g,x) i—• ag(x) 

is smooth. 

The action a is said to be free if ag(x) = x for some î Ç M implies g = e = identity 

of G. 
The orbit of a point x of M is the set of points {ag(x) 6 M,g G G} . If the action 

a is free then there is a bijection between the orbit of x and G. 
To simplify the notation we shall write ag(x) — x • g (resp. ag(x) = g • x) for a right 

(resp. left) action a. 
As we saw before every element E of the Lie algebra LG of G generates a 

one-parameter subgroup exp tE of G. If G acts on a manifold M the vector field 
E £ LG induces a vector field ZE on M by 

ZE(x)f=Um-t{f(a„plE(x))-f(x)}, Vx e M, f e C[M) (1.26) 

Def in i t ion 1.2.2 The vector field ZE on M induced by an element E 6 LG is 
called the fundamental vector field associated to E. 

P r o p o s i t i o n 1.2.1 Let G act on a manifold M on the right (resp. on the left) 
and let ZE and ZF be the fundamental vector fields on M associated io E resp. 
FeLG. 
Then we have 

Z[E,F\ - [ZE.ZF] (resp. ZyEtF\ = -[ZE1ZF] ) 

1.2.2 Principal fibre bundle s 

Let P be a smooth manifold and G a Lie group acting on P on the right. 
The action of G induces an equivalence relation in P by: (x ~ y) if y = x • g for 
some g € G) i.e. two points are equivalent if they are in the same orbit. 
It can be proved [26] tha t under some not too restrictive conditions on P and a 

the quotient space P / G , i.e. the set of all orbits, has the structure of a smooth 

manifold. 

Defini t ion 1.2.3 A principal fibre bundle (P — • M,G) , or briefly P, over the 
manifold M consists of a manifold P and a free right action of a Lie group G on P 
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such that: 

i. the projection ir is smooth 

2. 7T factors through PjG and induces a diffeomorphism P/G —» M, i.e. M 

may be identified with the orbit manifold P/G 

S. the manifold P is locally trivial, i.e. for every open set U01 of M, there exists 

a diffeomorphism TpQ 

^ : TT-HU0)^U0XG 

z i—» (ir(z),<f>a(z)) 

where <f>0 : 7r-1(£/Q) —» G satisfies <j>Q(z • g) = <j>a{z) • g 

The manifold P is called the total space, M the base space and G the structure 
group of the fibre bundle. The set of points 7r - 1(x), X € M , is called the fibre over 
x. The fibre over £ is a manifold diffeomorphic to G. 

Given an atlas {{UQ,tp0)} of M the family {{UaiTpQ)} is said to be a principal 
coordinate representation for P. 
The map ipaß : TT^iU0 H U0) —> G 

z ~ 4>a(z).[fo{z)]-* 

depends only on the orbit of z: 

4'cß{z-g) = fQß{z) 

This means that ifiaß can be considered as a map on Ua H Uß 

i>Qß : UanUp —>G 

x i—> Tpaß(z) with TT(Z) = x 

The maps {ifiaß} a r e called transition functions of the fibre bundle corresponding 

to the open covering {U0} of M. 
As an example consider the product manifold P = MxG. A right action a of 

G on P is defined by: ag(x,k) = (x,h.g) , (x, h) E M x G. The projection TT is 
simply 7r(x,/i.) = x. Clearly U^(U0) = Ua x G. 
The principal fibre bundle (M x G - % M, G) is called trivial. 

Def in i t i on 1.2.4 A (global) section a of a fibre bundle P is a smooth map 
(T : M —> P such thai ix o a is the identity transformation of M. 

We shall denote by SecP the set of all sections of a bundle P. 

P r o p o s i t i o n 1.2.2 A principal fibre bundle P admits a global section iff it is the 
trivial bundle MxG. 
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Given a principal coordinate representation {(Uatil)a)} for P it is possible to find 
a family of local sections cra : Ua —» Tr_1(£/a) in the following way. 
Consider the map z i—• z • <j>a(z)~x^ z 6 TT _ 1 (£ / Q ) . As before this map depends 
only on the orbit of 2, hence it determines a map 

*a : Ua —* TT-1CCZ0) (1,27) 

x 1—• 2 - ^ ( 2 ) - 1 

where as usual TT(Z) = x. 

Clearly 7T(<TQ(K)) = x. The local sections {<ra} are called the natural (local) sections 

associated to the principal coordinate representation {{UQ,i>a)} for P. 
On an overlapping region Ua D Uß we have 

<ra(x) = 2 • ¢0(2)"1 = * • (^e(2O'1-Vv^(2O) = 
= (jß{x)-i<0a{x), x£ U0HU0, 71-(2) = ,T (1.28) 

By Proposition 1.2.1 the right action of G on P induces a homomorphism 

LG —> X(P) 

E^ZE 

As the action of G transforms a fibre 7r_1(a:) over x onto itself, the tangent vector 
ZE(Z) lays in the tangent space of 7r-1(a;) at 2, 7:(2) = x. 

Defini t ion 1.2.5 The tangent space of the fibre Tr-1Ja;) at 2 is called the vertical 

subspace ofTPz and shall be denoted by V2. 

A vector field Z on P is called vertical if Z{z) (E V2, V2 6 P . As an example ZE-
E € LG, is a vertical vector field. The set of all vertical vector fields, denoted by 
Xv(P), is a subalgebra of X(P) . 

P r o p o s i t i o n 1.2.3 The set XV(P) of all vertical vector fields on P is isomorphic 
to C°°(P;LG). The isomorphism being given by 

C~(P;LG)-*XV(P) 

e ^ Z e 

with Ze(z) = Ze(z)(z) where Ze(z) is the fundamental vector field associated to 

e{z)€LG. 

A difTeomorphism ip of P onto itself is called an automorphism of the principal 
fibre bundle (P - % M, G) if it satisfies: $(z • g) = Hz) • g, V2 € P. 
An automorphism i> of P induces a difTeomorphism j$ of M given by 

U(x) = TT(^(Z) ) , ir(z) = x 
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An automorphism ifi is called vertical (or based) if j ^ is the identity transformation 
of M . For such an automorphism we clearly have ij>(z) = 2-7(2) where 7 : P —> G. 
The condition i/f(z • g) = ij>(z) • g implies (z • g) - 7(2 • g) ~ (z • 7(2)) • g. Since the 
action a is free this means that 7 must satisfy 

j(z^g) = g-ìMz).g = adg-n(z) (I.29) 

We shall denote by AutP (resp. Aut0P) the group of all automorphisms (resp. 

vertical automorphisms) of P. 

For the trivial bundle P = M x G , AutQP is isomorphic to the group of smooth 

maps C°°(M;(j?), the multiplication in C°°(M\G) being defined pointwise: 

71-72(3)=71(3)-72(3), V x G M , 7 l , 7 2 G C°°(MiG) 

An element 7 Ç C°°(M; G) determines an element ip £ AUIQP by 

V-(Z1A.) = (¢ ,7(3) . Z1), (.T5A) eP = M x G 

In this case 7 is given by 7(2:,/1) = h~l.*f(x).h. 

Denote by r the following homomorphism 

r : D Ì / / M —-> , t o C ^ M i G ) 

where 7¾: C°°(M;<7) —> C°°(M; G) 

7'—> ^ 7 = 7 0 ^ 1 

P r o p o s i t i o n 1.2.4 Xef. P be a trivial bundle. Then AutP is isomorphic to the 
semidirect product of DiffM and AUIQP relative to the homomorphism r 

AutP = DiffM xT Aut0P 

Proof: to an element (4>,7) € DiffMxTAutQP we associate an element ^ E AutP 

by 
V-(»,fc) = {${x),-f(<t>{x)).h), {x,h) e M x G 

We have 

¢1 ofaix.h) = ^1(^2(3),72(^2(3)).¾) = 

= ((Ai 0^2(^),71(^1 0^2(3))-72(^2(3:)).¾) = 

= (¢1 0^2(3),(71-^,72)((/.! o^?(a:))./i) 

i.e. to V1I0V^ corresponds the element (<^i°^2)7i'T*i72) oîDiffM x T J4U<0 .P, which 
by definition is the semidirect product (<^i,7i).T(^2)72)- D 
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1.2.3 Associated vector bundles 

Given a principal fibre bundle P with structure group G and a representation p 
of G in the vector space F , we can associate with P a fibre bundle P xp F in the 
following way. 
In the cartesian product P x F we define an equivalence relation by setting 

(z,u) ~ (z\v') if (z',v') = (z • g.pig'^v) for some g € G 

Denote the quotient space of P x F by the above relation by PxpF. An equivalence 
class in PxpF will be denoted by [z}v]. By definition [z,u] = \z • g,p(g~l)v], g G G. 
A projection 7i> of P xpF onto M is defined by 7rF([z,u]) = n(z) = x. 

Given a principal coordinate representation {(Ua,il>a)} for P , the diffeomor-
phism ij)a : 7r-1(?7a) —• U0, x G induces a map 

F 0 a : *?(Va) - [ 1 , X F 

given by 

' M * , " ] ) = (^Z]1Ma(Z))V), [Z,V\ £ IT^(P 0 ) 

With the help of these maps a manifold structure can be introduced on P xp F , 

see e.g. [26]. 

D e f i n i t i o n 1.2.6 (P xpF - ¾ M , F , G ) is called the vector bundle associated with 

P by the representation p. It is a vector bundle with standard fibre F and structure 

group G. 

A .F-valued q-form w on P is called equivariant with respect to the representation 
p of G in F if 

agw = p{g-1)ou>i Vg £ G (1.30) 

L e m m a 1.2.1 To every equivariant map s : P — • F corresponds a global section 

s of P XpF and viceversa. The section s is given by s : M —• P xp F 

x t—» s(x) = [2,5(2)] 
with 7r(z) = x. 

The set of all sections of the associated vector bundle P xp F is naturally a vector 
space over C with respect to the following operations 

(S1 + s2)(x) = [ZjS1(Z)+ S2(*)], TT(Z) = X 
OCS-I(X) = [z,asi(z)}, oc G C 

where s; € Sec P xp F and s~i denotes the corresponding equivariant map P —• F. 
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1.2.4 E x a m p l e s 

The most important example of a principal fibre bundle is the so called bundle 

of linear frames. This was introduced by E.Cartan who called it "la méthode 

du repère mobile". Its importance is due to the fact that every field theory in a 

Riemannian manifold is implicitly formulated in terms of this fibre bundle. 

A linear frame Ux of a manifold M is an ordered basis of the tangent space 

TMx at x e M 

ux = ( e i ( x ) , . . . , e^a ; ) ) , €i(x) e TMx, n = dimM 

Two linear frames Ux and u'x are related by a change of basis 

e'i(x) = e^E? briefly u'x = Ux • E (1.32) 

where E belongs to the general linear group G £ ( n , R ) . 
Denote by LMx the set of all linear frames of M at x, and by LM the disjoint 

union of all LMx, x £ M. By associating to a linear frame ux Ç LMx its base 
point x, we trivially define a map TT : LM —* M. 
Given an atlas {(Ua,tpa)} on M and the natural basis ( ¾ , ^ = 1 , . . . ,n} of TMx, 
x £ Ua, each linear frame Ux can be expressed as 

ux = (EC[X)O1,,...,EZ(X)O11), E(x) e Gi(TX1R) 

This shows that there is a bijection 

V'o : i r - 1 ^ ) — * £ / a x G L ( n , R ) 

ux^(x,E(x)) 

With the help of the maps ij>a we can introduce a manifold structure on LM. 
If we let GL(n, R ) act on LM as a change of basis 

a : LMxGL[U9K) —» LM 

(ux, E) i—>ux- E, ux e LMx 

we obtain a free right action of GL(n, R ) on LM. 

Defini t ion 1.2.7 The so obtained principal fibre bundle (LM - % M, G L ( n , R ) ) 
t5 called the bundle of linear frames over M. 

Definit ion 1.2.8 A manifold M is called parallelizable if the bundle of linear 
frames over M is trivial. 

If M is a Riemannian manifold with metric g, then we can choose an orthonormal 
(with respect to g) frame ox = (e-i(x),... ,en(x)) at x £ M: 

g(x;ei(x),ej(x)) = S), et-(z), ej(x) € TMx 
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Two orthonormal frames Ox and o'x are related by an orthogonal change of basis, 

i.e. o'x = Ox • O where O € 0 ( n , R ) . 

The set of all orthonormal frames at x will be denoted by OMx. Analogously to 
the bundle of linear frames we can construct the bundle of orthonormal frames 
(OM - ^ M , 0(n, R) ) over M . 

Given an atlas {(£/«> ¥><*)} o n Ai the basis elements e;(x) of an orthonormal fraine 
Ox = (e i ( jc) , . . . , e„(;c)) at x £ Ua can still be expressed as (see eq. 1.32) 

€i(x) = E?(x)dß, i,fi = l , . . . , n 

where {dß} is the natural basis of TMx. 

From the orthonormality of the e;(x)'s it follows that in this case the inverse matrix 
of E, denoted by e, is given by 

e%x) = g^(x)E»(x), x<EUa (1.33) 

D e f i n i t i o n 1.2.9 The functions e1 on UQ are called vielbeins. In the case that M 

is a A-dimensional manifold they are called vierbeins or tetrads. 

If the Riemannian manifold M is oriented we can consider the oriented orthonormal 
frames. Two such frames at x 6 M are related by 

o'x = ox • 0 where in this case O € 5 0 ( T T , R ) 

We shall denote by (OM+ —̂-* M, 5 0 ( n , R ) ) the resulting bundle of oriented or­
thonormal frames. 

As an example of an associated vector bundle, consider the canonical represen­
tation i of GL(n, R ) in R" 

(4(JE)I?)1" = E}vj or L(E)V = Ev, v^(v\...,vn) (E R n 

and the associated vector bundle (LM xL R " -£-> M,Rn,GL(n,R)). 

Given a linear frame Ux = ( e i ( ; r ) , . . . , en(x)) at x 6 M , every tangent vector 
vx 6 TMx can be written as 

Vx = vx(x)ei(x) 

where vx{x) are the coordinates of Vx with respect to the linear frame ux. As usual 
the coordinates of Vx with respect to the frame u'x = ux • E are given by 

vu(x) = el(x)vu(x) 

Identifying the coordinates of a tangent vector with respect to a linear frame with 
a vector in R n , we obtain an isomorphism 

TMx -^ p-\x) 

vx i—> [uXiv(x)} = [ux -E,ev(x)} = [ux,v'(x)] 

where v(x) = ( ^ ( j c ) , . . . ,vn(x)). 
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Defini t ion 1.2.10 The associated vector bundle LM x t R n is denoted by TM and 
it is called the tangent bundle of M. 

Since a vector field on M is a smooth assignment of an element of TMx to each 
x e M, we can identify X(M) with SecTM. 

Defini t ion 1.2.11 The Hn-valued 1-form 0 on LM given by 

B(UX\VJ) = u'1 (dirUxw), w e TLM11x 

where u'1 (dnUxw) are the coordinates of the tangent vector dirUTw G TMx with 
respect to the linear frame Ux, is called the solder (or canonical) form of LM. 

If uQ is a local section of LM over Ua then we clearly have 

(u*J)r = ^dx" e*, xeVa (1.34) 

where ua(x) = {E^(x)d^} and {ê,} is the canonical basis of R". 

Defini t ion 1.2.12 The tensor bundle TM* of type (p,q) over M is the associated 
vector bundle 

TM^ = LM xp(R
n)p®(Rn')* 

where the representation p of GL(n,R) in ( R n ) p <g> ( R " ' ) 9 is given by 

p(E)[(vu...ivp)®(ÜJu...i^q)} = (Evu... ,Evp)®(ëôJi,. . . ,Cw9) 

where E G GL(n,R), u,- Ç R" , (¾ € R n *. and è denotes the transposed matrix of 

As can be easily verified the fibre over x of this vector bundle is isomorphic to 
CCQTMX. Thus the space Tf(M) of all tensor fields of type (p,q) over M can be 
identified with SecTM*. 
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1.3 Connections in a principal fibre bundle 

1.3.1 Def ini t ion of a c o n n e c t i o n 

Let (P -^~* M,G) be a principal fibre bundle over a n-dimensional manifold M. 
The fibre ir~ï(x) over x € M is a submanifold of P, therefore we can consider its 
tangent space at a point z € 7r_1(x). We defined it (see Definition 1.2.5) as the 
vertical subspace V2 at z G P. Clearly V2 C TP2. 
Another subspace H2 of TP2, such that TP2 — Vz © H2, is called horizontal 

Def in i t ion 1.3.1 A connection T in the principal fibre bundle (P —* M,G) is a 
smooth assignment of a horizontal subspace H2 to each point z of P, such that 

Hz.g = (dag)zH2, Vz e P 

where a is the right action of G on P. 

A tangent vector belonging to Hz is called a horizontal vector. 
From the above Definition it follows that given a connection T in P, any vector 

field Z on P can be uniquely decomposed as 

Z = Zv + Zh with Zv(z) € V; and Zh(z) € H2, Vz e P 

i.e. X(P) = Xv(P) © Xh(P), where the notation used is evident. 
We shall denote by h the projection 

h : X(P) —» Xh(P) (1.35) 

and by hz its local version h- : TP- —> H2. 

Def in i t ion 1.3.2 A r-form r on P satisfying 

T(zv,zu...,zr^) = o, vzvexv(P), VZiZX(P) 

is called a horizontal form. 

P r o p o s i t i o n 1.3.1 Let r be an invariant, i.e. d"gr = r, Vg 6 G, horizontal r-form 
on P. Then r = 7r"f , where f is a uniquely defined r-form on M. 

1.3.2 T h e connect ion form and its curvature form 

In the physics literature a connection is usually introduced through a gauge po­
tential A, which is XG-valued 1-form on the space-time manifold. We shall see 
in the next section how the gauge potential comes about. For the moment let us 
introduce a LG-valued 1-form w cm P associated to the connection T. 
By Proposition 1.2.3 any vertical vector field Zv on P can be written as Zv = Ze, 
where e € G°°(P\ LG). We define u; by 

u{Z) = u>(Zv + Zh)=w(Zv) = et VZtX(P) 
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i.e. by 
t) w(Zc) = ff, eeC"(P;LG) 

ii) uj(Zh) = 0, VZ* ZXH(P) ^ ^ 

Observe that w implicitly depends on the connection T through the decomposition 

Z = ZV + Zh. 
The so defined LG-valued 1-form u> is called the connection form on P. 

P r o p o s i t i o n 1.3.2 TAe connection form u> satisfies 

a"u) = adg-i o a> 

i.e. u> is equivariant with respect to the adjoint representation of G. 

P r o p o s i t i o n 1.3.3 Given an automorphism 7(1 of P and a connection form w on 
P, the form ip'uj is stili a connection form. 

The utility of a connection T in a principal fibre bundle P is that it allows the 
introduction of a so-called exterior covariant derivative and more important , of 
a covariant derivation which acts on the sections of any vector bundle associated 
with P (see below). 

Given a r-form r on P, its exterior covariant derivative, denoted by Dr, is the 
( r+l) - form given by 

Dr(Zu...,Zr+,) = dr(hZu...,hZr+1), Z1 € X(P) (1.37) 

where h is the projection (1.35). By definition Dr is clearly horizontal. 
The LG-valued 2-form Du) deserves special attention. 

Defini t ion 1.3.3 Given a connection form u> on P, the LG-valued 2-form DUJ is 
called the curvature form of w. It will be denoted by O. 

P r o p o s i t i o n 1.3.4 The curvature form Q, satisfies 

i) Sl = du) -r |[w A u>] (structure equation of Maurer-Cartan) 

H) DU = 0 (Bianchi's identity) 

Choosing a basis {!;, 2 = 1 , . . . ,dimG} of LG, we can write 

u> = U^T1-, a = CVTi1 where w1' € il1 [P)9CV G &(P) 

Denoting by cjj- the structure constants of LG with respect to the basis {XI}, the 
structure equation of Maurer-Cartan can be expressed as 

fì^^'+^^A^ (I.38) 
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1.3.3 Horizontal lifts 

Given a connection V in (P —* M, G) and a vector field X on the base space M, 
there is a unique horizontal vector field Är* on P such that 

d7Tz X^z) = X(Tr(Z)), Vz £ P 

Definition 1.3.4 The vector field X" on P is called the (horizontal) lift with re­
spect to the given connection F, of the vector field X on M. 

It can be shown that the lift X* is invariant, i.e. 

O 8 JT = JT , Vg £ G (1.39) 

If X generates a one-parameter group of difTeomorphisms of M, then X" gener­
ates (locally) a one-parameter group of automorphisms of P , called the parallel 
displacement. 

1.3.4 The covariant derivative 

As we said before the importance of a connection T in the principal fibre bundle 
(P —̂-> M, G) is that it determines a linear map between the sections of any vector 
bundle associated with P. This map is defined as follows. 
By Lemma 1.2.1 to a section s of the vector bundle P xp F we can associate an 
equivariant map s : P —» F and viceversa. Given a vector field X on the base 
space M, the map X's : P —? F , where X* is the lift of X with respect to a 
given connection T in P, is still equivariant. Hence we can associate to it a section 
VxsoîPxpF 

Vxs(x) = [z,X"s(z)], ir(z) = x 

Definition 1.3.5 The section VxS of P XP F associated to the equivariant map 
X's is called the covariant derivative of s with respect to the vector field X on M. 

The covariant derivative Vx satisfies the following conditions. 

Propos i t ion 1.3.5 i) Vx+Ys = Vxs + VYs, X,Y € X(M) 

H) VfXs = fVxs, f e C - ( M ) 
U. VfXs{x) = f(x)Vxs(x) 

Hi) Vxfs = (Xf)s + fVxs 

By conditions i) and H) above and given a section s of P xp F , we can define a 
(SecP xp F )-valued 1-form Vs on M by setting 

Vs(X) = Vxs, X € X(M) (1.40) 

Definition 1.3.6 The (SecP xp F )-valued 1-form Vs on M is called the covari­
ant differential of s € SecP xfi F . 
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Suppose we are given a principal coordinate representation for P and the associated 
set of natural sections {<r0} (see 1.27). To a section s of the associated vector bundle 
P xp F corresponds an equivariant map s : P —• Fì hence a set of maps {5 a } , 
where -sa = s o aa : Ua — • F. We can consider the covariant derivative V j as 
acting on the map sQ by defining 

Vxsa = X*so<ra (1.41) 

P r o p o s i t i o n 1.3.6 Let [(T01] be the set of naturai local sections of the principal 
fibre bundle (P —» M,G) ,and X' the lift with respect to a connection T in P of 
the vector field X on M. Given a map S : P — • F, equivariant with respect to a 
representation p of G in the vector space F, the map VjrsQ = X*s o oa is explicitly 
given by 

Vxsa(x) = XxsQ + dp[(<Taw)(x\Xx)]sa(x), x e M 

where dp is the derivative of the representation p, which is a representation of LG 
in F, and u> is the connection form of the connection T. 

Proof: denote by z the point o-a(x) of P and by E the element of LG given by 

E = u)(z- {dffa)tXx) = (<T'QUJ){X;XX) 

The tangent vector (daa)rXx can be expressed as 

(daQ)xXx = X: + ZE(z) 

where ZE is the fundamental vector field associated to E S LG. 
Whence 

X's(z) = X's ~ [(daQ)xXx]s — ZE(Z)S = 

= Xx(s o aa) - lim -\s(z • exptE) — s(z)} 

As s is equivariant, the last term in the above equation is equal to 

1¾ 7 We x p -iË)*(z) - â] = 

= - lim -[/>(exp iE) - l ] i (z ) = -dp(E)s(z) 

Thus 
X's(z) = Xxsa + dp(E)s{z)y z = aQ(x) 

which proves the Proposition. O 

Corol lary 1.3.1 By considering, -analogously to (1.40), VsQ to be a F-valued Î-
form on Ua we explicitly have 

Vsa = dsa + dp{<TQu))$a 

It is usually in this form that the connection T appears in a field theory. We shall 
see later on that the map sa can be interpreted as a matter field of the theory. 
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1.3.5 Linear c o n n e c t i o n s 

An important example of connections are those in the principal fibre bundle LM 
(or OM) (see Subsection 1.2.4). 

Def in i t ion 1.3.7 A connection in LM (resp. OM) is called a linear connection 
(resp. a Riemannian connection) of the manifold M. 

Consider the associated vector bundle TM = LM xt R n , where as usual n = 
dim M. We saw in Subsection 1.2.4 that its sections can be considered as vector 
fields on M. Hence, in this case the covariant derivative Vx niaps the vector field 
Y e X(M) into the vector field VxY. 

Given a local coordinate system in UQ C M, we can write X = A ' ^ ^ , Y = Y^d1x. 
Therefore, by Proposition 1.3.5 

v A - y = vxY
vdv = (XYv)dv + YvVxdv = 

= (XYv)dv + X^YvVBtidu 

Denoting the components of the vector field VQ du by Yp
 y we finally obtain 

VxY = ( ^ + J T i ; ) % ìnUaCM (I.42) 

Def in i t ion 1.3.8 The functions T^u on Ua are called the components of the linear 
connection with respect to the local coordinate system in UQ. They are also called 
Christoff el's symbols. 

Def in i t ion 1.3.9 A Riemannian connection is called Levi-Civita (or symmetric) 

P r o p o s i t i o n 1.3.7 The components of the unique Levi-Civita connection of a Rie­
mannian manifold M are given by 

r;„ = \ 9aß {dßgßv + dvgßlt - dßg^) 

where g ìs the metric tensor of M. 

Given three vector fields X, K, Z on M , we can form the following vector fields 

T(X,Y) = VxY- VYX + [ X , y ] 

and R(X,Y)Z = VxVyZ - VyVxZ - V[XiY]Z 

It is easy to check that 

T(UXJ2Y) = hf2T(X,Y) 

and R(f,XJ2Y)fzZ - J\f2f3R(X,Y)Z, /,• G C ~ ( M ) 

From this it follows [26] that the map T resp. R is actually a tensor field of type 
(1,2) resp. (1,3) on M. 
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Defini t ion 1.3.10 The tensor field T resp. R is called the torsion resp. the cur­

vature of the linear connection of M. 

P r o p o s i t i o n 1.3.8 TAe components of the torsion T resp. curvature R with re­
spect to a local coordinate system are given by 

rpa p a p a 
•Lpß — l nß lßn 

Rßnv = Vn*vß ~ Qv*-^ß + T^TTuß — Y1^T^ß 

where by definition R(X,Y)^ = X^YURa
ßßU. 

Defini t ion 1.3.11 The tensor field of type (0,2), denoted by Rie, whose compo­
nents are locally given by 

Ricßu = R^Qt/ 

is called the Ricci tensor field. 
If M is a Riemannian manifold with metric g then the function V, which is locally 
given by 

% = g^Ric^V 

is called the scalar curvature of M. 
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1.4 Geometrical interpretation of a gauge theory 

In this section we shall show how the fields of a gauge theory can be interpreted as 

geometric quantities related to a principal fibre bundle and its associated vector 
bundles. 
To simplify matters we shall take the structure group G to be a matr ix Lie group, 

as e.g. SU(r). 

1.4.1 G a u g e transformat ions and changes of sect ion 

Let (P —^ Af, G) be a principal fibre bundle with a principal coordinate repre­
sentation {{UQ,ipa)} . Given a connection r in P with connection form w, we 
can pull-back OJ on U0 with the help of the natural local section aa. Denote this 
pull-back by A0 — <TQW. AQ is a LG-valued 1-form on U0. The relation between 
two such local forms A0 and Aß on an overlapping region U0 n U0 is given by the 
following Proposition. 

P r o p o s i t i o n 1.4.1 Let {(Uaiif>a)} be a principal coordinate representation of a 
principal fibre bundle P and {cra} the associated set of natural local sections. Given 
a connection T in P with connection form w, the forms A0 — crau> verify the 
following compatibility condition 

A0x = i'Qß(x)~^AQTi>oß(x) + rpaßixy1 dipQ0x, x e Ua H U0 

where il>o0
 : U0, H Uß —* G are the transition functions corresponding to the given 

principal coordinate representation and the matrix multiplication is understood. 

The first important consequence of Proposition 1.4.1 is that due to their transfor­
mation properties on an overlapping region, the forms Aa don ' t patch together to 
give a globally defined 1-form on the base space M. Secondly, the above compati­
bility condition involves only the transition functions ipa0, which relate the sections 
aQ and G0 by (see 1.24) 

o-ß(x) = aQ(x) • Ip00(X), x e U0DU0 

or briefly 
o-0 = &Q • i/)aß in Ua n Uß 

We can thus immediately formulate the following 

Corol lary 1.4.1 Lei {cra} and {o-'a} be two sets of natural local sections related 

O-'a = V* * la 

where 7Q is a smooth map Ua —» G. 
Given a connection form w on P, the forms A0 = aaUJ and A'Q = u'oW on U0 

satisfy 
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Condition (1.44) is what physicists call a gauge transformation. It arises from 
the change of section aa —+ aa - 7 a . It 's easily verified that the set of all gauge 
transformations forms a group isomorphic to C°°(Ua; G). 

In physical terms a 1-form on the space-time manifold "transforming" as Aa is 
a so called gauge potential Hence, a first step in finding a geometrical formulation 
of a classical gauge theory is to identify the space-time manifold with an open set 
UQ of the base space M of a principal fibre bundle (P -?-* M, G) , and the gauge 
potential with the pull-back by a natural local section aa over UQ of a connection 
form LU on P. 

The fact tha t the space-time must be considered a subset of a larger manifold is 
welcome for the following argument. If we take the space-time to be the Euclidean 
manifold R n and require the action functional of the gauge theory to be finite, 
then, due to the behaviour of the gauge potential at infinity, we can construct in 
a natural way a principal fibre bundle with base space R" U U00, where U00 is a 
neighborhood of the point at infinity (see e.g. [16]). As it is well known R" U U00 

is diffeomorphic, through a stereographic projection, to the n-dimensional sphere 
5 " . Hence, the constructed fibre bundle is equivalent to a fibre bundle over 5 " . 
In other words, the finiteness of the action functional forced us to compactify the 
space-time to 5 n . 

Taking this argument into account, the appropriate geometrical framework to 
mathematically describe a classical gauge theory is thus the principal fibre bundle 
(P ~^-* Sn,G), An atlas on Sn is given by two charts {(Ï7a,y>0), a = 1,2}, where 
Ui resp. U2 is the southern resp. northern hemisphere of 5 " . The above mentioned 
stereographic projection identifies U\ with the space-time R n . In this framework 
the gauge potential is therefore the pull-back by a natural section vy over U\ of a 
connection form u> on (P —• 5" ,G) . 

Henceforth we won't limit ourselves to the specific case M = 5 " but consider 
instead a general compact base space M without boundary. We shall generally call 
gauge potential the pull-back by a natural section aa over Ua C M of a connection 
form w on (P - % M1 G) . 

Returning to the gauge transformations, we interpreted them as changes of 
natural section o~Q —* <rQ "ya. The disadvantage of this interpretation is that it is 
local, i.e. we can perform different gauge transformations in different open sets Ua 

of M. To avoid this we induce a change in any natural section by composing it 
with a vertical automorphism ip of P 

<rQ - • <T'Q = VJ 0 C o 

Since ip can be expressed as V'(2) — z ' ï(z)i z € P (see page 21) we obtain 

<(*) = V ' K ( z ) ) = *«(*) • 7 K ( * 0 ) = *«(*) • 7«(*) (1-45) 

where 7Q = 7 0 ^ . 

The transformed gauge potential A'0 on Ua is given by 
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As ij) is an automorphism of P , by Proposition 1.3.3 ij>*u) is still a connection form. 
Hence, from an active point of view, A'a can be considered as being the pull-back 
by the natural section <ra of the transformed connection form ^w. 
We naturally arrive at the following definition (see [2]) 

Def in i t ion 1.4.1 A gauge transformation in the principal fibre bundle P is a ver­
tical automorphism of P. 

This definition is very useful in a mathematical formulation of a gauge theory since 

it is perfectly global. 

By the above Definition the group of all gauge transformations, denoted by Q, 
is isomorphic to the group of vertical automorphisms of P , i.e. Q = AuI0P. Every 
element ij> of Aut0P determines a map 7 : P —• G satisfying (see (1.29)) 

This means that 7 is equivariant with respect to the adjoint representation of G 
in G. By Lemma 1.2.1 this is equivalent to say that 7 is a section of the associated 
vector bundle P xadG (G is a matrix Lie group, hence a vector space). Observe 
that we can pointwise define a group multiplication in Sec(P xadG ) by setting 
(see Subsection 1.2.3) 

71-72(^) = [2,71(-)-72(*)], 7i,72 e Sec(P xadG ), 2 £ P 

and tha t to ^ 1 0 ^ 2 in Aut0P corresponds 71.72 in Sec(P xad G ). 

We heuristically proved 

P r o p o s i t i o n 1.4.2 The group of all gauge transformations Q = AuI0P is isomor­

phic to the group Sec(P XadG ) . 

It can be shown [31] that Sec(P xad G ) is an infinite dimensional Lie group. Its 
Lie algebra is the infinite dimensional Lie algebra of all sections of the associated 
vector bundle P xad LG , where ad is the adjoint representation of G (see Definition 
1.1.22). The algebraic product in Sec(P xad LG ) is defined pointwise as above. 

A one-parameter subgroup % of Sec(P xadG ) generated by e G Sec(P xadLG ) 
is denoted by yt — exp te, and by this it is meant 

7((x) = {z,expië(z)}, ir(z) = x 

where f : P —> LG is the equivariant map corresponding to the section e. 
From Proposition 1.4.2 it follows tha t the Lie algebra CQ of the group of gauge 

transformations Q is isomorphic to Sec(P xad LG ). 

By Proposition 1.2.3 the equivariant map ë E C°°(P; LG) uniquely determines a 
vertical vector field Ze- Given any connection form u? on P, ë is given by ë — w{Zt) 
(see (1.36)). 
Since £ is equivariant with respect to the adjoint representation of G we must have 

w{z • g; Zi(z • g)) = adg-xu(z\ Zë(z)) 
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By Proposition 1.3.2 this implies 

^(z-g-Zi(z-g)) = (agw)(z',Zè(z))=w(z-g-(dag)zZi(z)\ V^G P, g£G 

As (dag)zZi(z) is vertical from the above equation it follows that the vertical vector 
field Zi associated to the equivariant map e is invariant, i.e. ag,Zt = Zi (see (1.7)). 
The vector field Zs is the one induced by the one-parameter group V't of vertical 
automorphisms of P given by 

TJ>t(z) ~ z • jt(z) = z • exp tê(z) 

To avoid a cumbersome notation we shall use the same symbol e for e and è. 
Denote by Xl3(P) the set of all vertical invariant vector fields on P. X^(P) is a 
subalgebra of X(P) . 

P r o p o s i t i o n 1.4.3 The Lie algebra SecP xajLG = CQ is isomorphic to the Lie 
algebra x[(P) with product given by minus the Lie bracket. In other words 

where e, is the equivariant map corresponding to the section £, Ç Sec P xa(j LG . 

P r o o f : we must only prove the stated equality. Denote by Z{ the vertical invariant. 
vector field Zti, i = 1,2. To the Lie bracket [Z1)Z2] corresponds the equivariant 
map 

W(IZ19Z2]) = ZMZ2)-LzM^) 

where Lz is the Lie derivative. 
As Z1 is induced by a one-parameter group ipt of automorphisms of P and since 

V'("OJ is still a connection form, the 1-forni 

Lz^ = hrn -[^("w — u>] 

is horizontal. Hence U)(IZ1)Z2]) = Z1Ui(Z2) or 

U(IZuZ2]) = IiZ1U1(Z2) - Z2W(Z1)] = 

= \{dw(Zu Z2)+ ^i]Z1, Z2])] = 

= 1[U(ZuZ2) - MZ1)MZ2)]+u,(]ZuZ2])) 

where H is the curvature form of w. As the Zi are vertical, Cl(Zi1Z2) vanishes. We 
thus obtain 

U(IZuZ2]) = -MZ1)MZ2)] = - [£ i , e 2 ] ° 

The above minus sign is reminiscent of Proposition 1.2.1. In fact the group 
Sec (P xad G ) = AuI0P acts on P on the left 

a$lQx{,7(z) = V1I o ip2(z) = a^ o a^3(z), ipi g Aut0P 
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See also [29], where this situation is explained for the general case of the difTeo-
morphism group of a manifold. 

Under an infinitesimal gauge transformation represented by 7 = exp££, e <C 1, 
e € Sec(P xadLG ), the gauge potential Aa = crau) transforms as follows 

A0^AI0 = A0+ e([AQ,eQ] + dea) + o(e2) (1.46) 

where ea = £ 0 <ra : Ua —» LG. 
By Corollary 1.3.1 and Proposition 1.1.10 the infinitesimal gauge transformation 

(1.46) is equivalent to 

AQ -> A'a = Aa + tVeQ + o(e2) (1.47) 

where V e a is the covariant differential of £a. 
From the active point of view the infinitesimal gauge transformation (1.47) is equiv­
alent to 

uj -» u/ = w + cLZru? + o{e2) (1.48) 

where Ze is the vertical invariant vector field associated to e E Sec P x a jXG' . 

Thus 

<?*aLz.w = VeQ = Va'Qe (1.49) 

Let fì be the curvature form of the connection form OJ on P. 

Def in i t ion 1.4.2 Given a set of naturai sections {&a} of P, the LG-valued 2-form 

aaQ on Ua is called the gauge field strength form. 

The gauge field strength form will be denoted by Fa. Clearly 

Fa = dAa + \{Aa/\ A«} (1.50) 

Under the gauge transformation represented by 7 G Sec(P xQ(i G ) the field strength 
Fa transforms as 

Fa -> F'a = 7 - a F 0 7 Q where 7^ = 7 0 <ra (1.51) 

1.4.2 M a t t e r fields 

Usually in a gauge theory so called matter fields are also present. These are fields 
defined on the space-time manifold which transform under a gauge transformation 
according to an irreducible representation p of the structure group G. 

Consider the associated vector bundle P x p F , where F is the irreducible vec­
tor space corresponding to p. Given an equivariant map 

4>:P-^F, 4>(z-g) = p(g)~14>(z), Vp € G, z G P 

and a set of natural sections {&a} of P, the map 

<pa = 4>oaa = <T~a<f> : Uc — > F 

36 



transforms under the gauge transformation represented by 7 G Sec P xadG as 
(see (1.45)) 

<t>'a(x) = $°<r'a{x) = î>(<Ta(x)'î(<7a(x)) = 

= j>(aa{x)-7Q{x)) = p{ya(x))-14>a(z), * € t f a (1.52) 

where as usual j a = 7 0 cra. 

From this it follows that the matter fields of the theory can be considered as the 
pull-back by a natural section of the equivariant maps <f> : P —> F . As for the 
gauge potential ^ 0 , the matter field <j>a is defined only locally on Ua C M. 

We saw in Subsection 1.3.4 how the covariant derivative V ^ is defined to act 
on 4>a (see 1.41) 

vx<l>a ~ x*4>oaa 

where X" is the horizontal lift of X £ X(M). Since X'<j> is still equivariant, Vx<f>a 

transforms under a gauge transformation as a matter field 

( V ^ n ) V ) = X-* 0 <M = pMx))-1
 V A - < U X ) (1-53) 

It is for this reason tha t the covariant derivative is so useful. 
The most important example of matter fields are the so called spinor fields or 

spinors. To introduce them consider the bundle of oriented orthonormal frames 
( O M + ——> M , 5 0 ( n , R ) ) of an orientable Riemannian manifold M (see Subsec­
tion 1.2.4). As it is well known the special orthogonal group 5 0 ( T I , R ) possesses for 
TI even two inequivalent complex irreducible representations of dimension d = 2 " 1 . 
Denote them by D+ resp. D~. 

Defini t ion 1.4.3 A right-handed resp. left-handed Weyl spinor is the pull-back by 
a natural section eQ of OM+ of a map Tp+ resp. V'- ; OM+ —> Cd, equivariant 
with respect to the representation D+ resp. D~ of S 0 ( T Ì . , R ) in Cd

; d = 2 * _ 1 . 

Defini t ion 1.4.4 A Dirac spinor is the pull-back by a natural section ea of OM+ 

of a map ip : OM+ —• C , equivariant with respect to the representation D+ @ D~ 
o / S O ( n , R ) i n C M , 4 = 2 ? " 1 . 

It has to be noted that in order to globally define a spinor field on a manifold 
Af, the latter must also satisfy a special topological condition, namely its second 
Stiefel-Whitney class must vanish (see [14]). 

Defini t ion 1.4.5 An orientable, Riemannian manifold whose second Stiefel-
Whitney class vanishes is called a spin manifold. 

By taking the tensor product of a spinor field and a general matter field defined 
on the same open set Ua 

e'aî>®°~a4> : Ua — > C d ® F 

we clearly obtain a spinor which transforms also under a gauge transformation in 
the principal fibre bundle (P —* M, G) . 
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1.4.3 T h e s y m m e t r y group of a gauge theory 

A gauge field theory with gauge group G is usually formulated in terms of fields 
defined on the space-time manifold. Geometrically the latter is identified with a 
subset of the base space M of a principal fibre bundle (P —* M^G) . From what 
we have seen in the preceding subsections, the geometrical objects corresponding to 
the fields of the theory are all pull-backs by natural sections of quantities globally 
defined on the total space P. Since the physics doesn't specify which particular 
natural section has to be used, we are in the presence of a degree of freedom which 
translates in a symmetry of the theory. As we have seen, this gauge symmetry is 
induced by vertical automorphisms of P , hence AUIQP is an invariance group of 
the theory. 

Clearly this is not the only possible invariance. The action functional of the 
theory is usually constructed in such a way that it is invariant, also under transfor­
mations which are related to the geometric properties of the space-time manifold. 
As an example, a gauge theory formulated in a 4-dimensional Minkowski space is 
assumed to be invariant under Poincaré transformations, which form the so called 
isometry group of the Minkowski space. We shall assume that this extra invariance 
group, denoted by QM-, can be identified with a subgroup of the diffeomorphism 
group DiffM of the base space of the principal fibre bundle upon which the theory 
is based. 

In the special case that this principal fibre bundle is trivial we can com­
bine the gauge invariance group Aut0P with QM to form the semi-direct product 
QM X T AUIQP (see Proposition 1.2.4). Therefore the total invariance group, de­
noted by QT-, of a gauge theory based on a trivial fibre bundle P is isomorphic to 
a subgroup of the automorphism group AutP. 

QT = QM X T AUI0P C AutP (1.54) 
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II Anomalies 

In this chapter we shall consider a gauge field theory based on the trivial bundle 
P = MxG. Even though we shall later work with the bundle of linear frames 
X M , we don' t explicitly consider the gauge theory based on it, i.e. the gravitational 
theory. In what follows P is always different from LM. 

The fact tha t P is trivial implies by Proposition 1.2.2 that it admits a global 
section <r, which in turn allows us to pull-back on M every geometrical quantity 
defined on P. In the trivial bundle case we can thus extend to the whole base 
space M the gauge theory originally formulated on an open set of M. Henceforth 
we shall assume that M is a compact, connected, spin manifold of even dimension 
n = 2k and without boundary. In other words we forget about the physical reality 
of our space-time and consider a gauge theory as a purely geometrical setting. 

For a trivial bundle P the group of all vertical automorphisms AuI0P is iso­
morphic to the group C°°(M\G) (see page 21). For a trivial P we thus have (cf. 
Subsection 1.4.1) 

G = AUi0P^ SecP xad G £ C ° ° ( M ; G ) 

and (see Proposition 1.4.3) 

CQ ^ Xi(P) ^ SecP xad LG =*C°°{M;LG) 

A gauge transformation (see Definition 1.4.1) is therefore represented by an element 

7 6 C°°(M;G). 7 plays the rôle of the locally defined map -yQ e C^[U0; G) of 

Section 1.4. 

II . 1 Classical and quantum symmetries 

II .1 .1 Global formulat ion of a classical field theory 

A classical field theory is usually defined by an action functional S1 which is given 
by an integral on the space-time manifold of a Lagrangian C. The Lagrangian is a 
function of the fields, generally denoted by <f>, and their derivatives d<j> (see [34]). 
By classical we mean that no factors of H should appear in C. This can always be 
accomplished by appropriately rescaling the fields <f>. According to the above we 
replace the space-time manifold by the manifold M. 

5 M = f C(<t>,d<t>) = j e'C(<t>,d<f,) 
J M J M 

where e is the volume form on M (see Subsection 1.1.8). 
We shall limit ourselves to local field theories, i.e. those where the n-form C at 
a point x of M depends on the fields taken at x only. In this case the action 
functional S is called local. 
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The field equations of the theory are obtained by requiring that the action 
functional be stationary under an arbitrary variation 6(f> of the fields. By assuming 
the field <j> is a q-form and by implicitly taking into account the signs which arise 
from commuting S<j> resp. 8d<f> to the right in 6C, we can write 

([£§ + ( - D - A A ^ + (-1)—/ g-
>M o<p ad<j> JdMOd(P 

where n = dim M. 
Since the variation S<f> is arbitrary, and by assumption dM = 0, the condition 
SS = 0 implies 

S^-1^^=0 (iu) 

The theory is said to be invariant under the transformation <j> —* <j>' if the value 

of the action doesn't change, i.e. if 

SW = SW] 

To obtain the above equality is sufficient that the Lagrangian changes by an exterior 
derivative 

£ - > £ ' = €(¢'^¢') = C + d*X (II.2) 

where X is a vector field on M , identified through the metric with a 1-form. 
By applying the star operation on both sides of (II.2), we see that under a sym­
metry transformation *C changes at most by a divergence (see Proposition 1.1.7) 

X — *£ = X + ( - l ) n + 1 divX (II.3) 

Consider an infinitesimal symmetry transformation <f> —> <j>' = <f> + 60<f>. By repeat­
ing the same steps as in the derivation of the field equations (II.1), we obtain 

6oC = { f ^ + ( " i r 9 ^ l A W } + ( ' i r 9 " l r f ( ë A W ) 

= d*X 

Therefore, for fields verifying the field equations (H-I), i.e. on shell, the (n - I ) -
form 

V = - * * + ( - U — ' ä | A W (II.4) 

is closed, i.e. d*j — 0. 
This is just a simplified form of Noether's theorem, which states that to each one-
parameter invariance group corresponds a conserved current j , which is the vector 
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field on M given by (see (1.20)) 

J = - * + ( - I ) - ( J^ A U) (II.5) 

Conserved means: div j = 0 for fields verifying (II.1). 

I L l . 2 T h e q u a n t u m case : the effective act ion 

The quantum field theory corresponding to a classical action 5 , if it exists, is 
specified by a set of vacuum expectation values of time-ordered products of field's 
operators, so called Green functions, with the help of which every observable of 
the theory can in principle be computed (see e.g. [24]). 

In the path integral formulation of the quantum theory, the vacuum expectation 
value < O > of an operator O is given by the weighted mean 

< 0 > = | [ < ^ ] 0 ( < £ ) e - f t 5 | * ] (11.6; 

where the symbol f[d<f>] means that we must "sum" over all possible classical field's 

configurations, and we set W[O] = J[d4] e"A5M = 1. 0(<t>) is the explicit form of 
the operator O in function of the fields </>. 

By assuming the operator O is a p-form, equation (II.6) can be written as 

< 0 > = - A - / [ ^ ] C - S ^ + / « J A 0 ^ 
SJ J J=O 

= -hjjWo[J] 1/=0= -hjj\nW0[J} | , = 0 (II.7) 

where J is an external (n-p)-form. 

It is in the form (II.7) that vacuum expectation values usually appear in the path 
integral formalism, i.e. as functional derivatives of so called generating junctionals. 

Consider the generating functional W of the Green's functions 

W[J] = / [^ ]e- f i { 5 t * ] + ÌM j A *> (II.8) 

where in this case J is a (n-q)-form, <j> being a q-form. 
We can express it as 

W[J] = e"fiz | J ) (II.9) 

where Z[J] is the generating functional of the connected Green functions (24). 
By performing a functional Legendre transformation on Z[J] we can define a new 
functional T by 

r [ 0 ] = z[j] - f j A <t> with <j> = ^ - (IMO) 
JM OJ 

Defini t ion II . 1.1 The functional T is called the effective action of the theory. 
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In general the effective action is a non-local functional of <£, which can formally be 
given by an expansion in powers of h [24,32] 

r[<fl = vjft*rWM (ini) 
k=0 

A term of order k in this expansion describes processes which correspond to Feyn­
man diagrams with k loops. We shall assume that each term in (11.11) gives a 
finite contribution, in other words we shall assume that the effective action has 
been regularized, 
It can be shown that the 0-th order term in (11.11) is the classical action S 

In analogy to the classical case we say that the quantum theory is invariant under 

the transformation <f> —» <j>' if 

Hence a classical symmetry is still a symmetry of the quantum theory if 

rik)[<f>'} = r{k)[$], V^ > i (11.12) 

If this is the case then the vacuum expectation value of Noether's current j (II.5) 
is conserved, < div j > = 0, independently of any field equations. 

As can be expected it is not always possible to find a regularized effective action 
such tha t (11.12) is verified. In that case we say that the theory possesses an 
anomaly. 
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II.2 Axial and gauge anomalies 

In this section we consider gauge theories on a p arali eli z able manifold M whose 
mat ter fields ip are Dirac spinors transforming under a gauge transformation ac­
cording to a r-dimensional, fundamental representation of the matrix Lie group 
SU(r). As it is well known there exist two such representations, which are conju­
gate to each other. Writing tp = VM ® V P ) (see Subsection 1.4.2), this means that 
ipp is the pull-back by the global section a of (P —% M,SU(r)) of an equivariant 
map ipp 

i>p:P—*Cr, MfQ) = PiQ)-1M*)* Vz€P,96SU(r) (11.13) 

where p(g) = g or g\ 

The covariant derivative VA-VS X € X(M), is thus given by (see Proposition 1.3.6) 

Vxi/> = X$ + A(X)il> = Xil>M®Xil>p + il>M®A(X)il>P \ip(g) = g 

resp. Vxi> = XV' + A(X)'f if p(g) = g' (11.14) 

where A is the gauge potential, a 1-form on M taking values in the Lie algebra 
su(r) of SU(r). 

Observe that A is antihermitian, i.e. A(x;vxY = —A(x;vx), Wvx G TMx. 

Instead of taking the real and imaginary parts of V as independent matter fields, we 

take VJ and i/> = VJ,7° = V 'M7°®V'PI where {7' , i = 0 , . . . , n - 1 } , n ~ 2k = dim M, 
are the well known 7-matrices. 
The decomposition of the Dirac spinor V as a sum of right- and left-handed spinors 

Ip = Tp+ + V- = (V'M + + V1Af-) ® V'P 

V M ± = ( ^ ) V M , 7S = W T 0 - " ? " - 1 . 75
2 = 1 ( I L 1 5 ) 

will be frequently used. 

I I . 2 . 1 T h e axial a n o m a l y 

Consider the gauge theory defined by the following classical Lagrangian 

+£ = \i> 770 + h.c. = {$(¢+ 4)V + h.c. (11.16) 

where the operator ft is locally given by J?ip(x) ~ ^xEi(x)Vilip(x)i x 6 M, E-1 

being the inverse vielbeins (see (1.33)), and +/i.e. means that the henni ti an con­
jugate of the preceding expression has to be added. 
A part from being invariant under the gauge transformations 

ip(z) -» l(xYìrtp(x) = V'Affa) ® -y(x)~lMx) 

^ ( x ) -> Mx) (11.17) 

A, -» 7 ( * ) ' 1 ^ - 7 ( * ) + 7 W 1 ^ - T * , 7 e C ° ° ( M ; 5 f / ( r ) ) 
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the Lagrangian (11.16) is also invariant under the following (global) chiral trans­
formations 

£S : utU • v±e u{1) (IL18) 

This can be easily verified by noting that *C can be written as 

*£=|{^ + W + + ̂  7?1>-} + h.c. 

Are these symmetries still present in the quantum theory? The answer is no, in 
the sense that either the gauge invariance or the global chiral invariance lias to be 
abandoned at the quantum level. 
In a gauge theory the gauge invariance is clearly more fundamental than the global 
chiral invariance. We thus choose to retain the gauge symmetry. The price we pay 
is that the resulting effective action T is not invariant under the full group of chiral 
transformations (11.18). The pathological transformations are the so called axial 
transformations 

By writing U = e'Q, a € R, (11.19) is equivalent to 

Under an infinitesimal axial transformation, a < 1, the change in the effective 

action is found to be 

r h M , A ] -» T[^f1A] + ahA[A] + o(a2h2) 

where A[A] is the axial anomaly. In four dimensions it is explicitly given by [20,41] 

A[A] = - ~ J Tr(FAF) (11.20) 
4TTZ JM 

where F = dA + \[A A A] = dA -f A A A is the gauge field strength form, and Tr 
denotes the trace. 
Since Tr(A A A A A A A) = 0 we have 

Tr(F AF) = d-Tr{dA A A + \A A A A A) 

The axial anomaly actually vanishes for a trivial bundle over a manifold M without 
boundary. 

II .2 .2 T h e g a u g e a n o m a l y 

In a physical theory there is no reason for the fields ip+ and V'- to transform under a 
gauge transformation according to the same irreducible representation of the gauge 
group G. In a chiral theory it is usually assumed that the right-handed fermion 
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field Tp+ transforms according to a representation p, whereas the left-handed one, 
V>_, is assumed to transform according to the conjugate representation p". 

For the case G = SU(r) and p(g) = <?, g 6 SU(r), the gauge invariant La-
grangian for such a theory is given by the following expression 

+L = j { ^ + y+v>+ + ï>- p-ii>-} + /i.e. = (11.21) 

where locally 4*(x) = YE?(z)Afa). 
By using the decomposition (11.15) the above Lagrangian is equivalent to 

*C = \4i ¢+ i + 75 fO^ + fc.c (11.22) 

where j = §(4+ 4*) and jrf = J ( ^ - ft). 
As it turns out it is not possible to find a gauge invariant effective action T cor­
responding to the Lagrangian 11.21. The best one can do is to give a T which, 
under an infinitesimal gauge transformation represented by 7 = exp ee, e <C 1, 
e € C°°{M;su(r)) (see (1.47)) 

V'+ -» 4i = V'+-€cV'++o(e2) 

V>_ -» V- = V ' - - ^ " ^ - + o ( e 2 ) (11.23) 

4 -> A' = A + <rV£ + o(€2) 

varies as follows 

T(^W"', A'] = r h M ' , 4 + ftcA^jeJ + o^ft*) (11.24) 

In four dimensions the gauge anomaly A[A; e] is given by [41] 

A[A; ¢1 = 7 ½ / Tr{e <2(dA A A + ^A A A A A)} (11.25) 

Observe that the gauge anomaly doesn't depend on the matter fields V>. This will 
be important in the subsequent algebraic analysis of the anomalies. 

II.2.3 The Wess-Zumino consistency condition 

By defining the infinitesimal variation of the gauge potential A under a gauge 
transformation by SQA = VE and considering two subsequent infinitesimal gauge 
transformations ^ = expee^, e,- G Coa(M\su{r))i i = 1,2, we find 

6?S?A-6?6'0'A = ifrMÌA (II.26) 

This is a direct consequence of the Lie group structure of the group of gauge 
transformations Q. 
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Let us define the variation tf(e) of a functional W depending on the gauge potential 

A by 

We)W)[A] = Km][W[A + iVe] - W[A)) = ^-W[A + iS(
0A}\t=0 (11.27) 

t-*0 t at 
By definition we have 

0(S^(E2)W[A] = J1We2)W) [A + tê<0> A]\t=0 = 

at at it=t=o 

= | { [ | + ^ W \ A + tS'oA + iSoA + Ü6'0'8'0> A]}\l=k0 = 

= Jilt W[A + tS°A + l6'°A]Li=o + I W\A + ^ " 4 1 , = 0 
Thus by making use of (11.26) we easily find 

W e 1 M e 2 ) - 0 ( 6 , M e 1 ) ) ^ = 4(Ie11Ci))W (11.28) 

If we drop the dependence of the effective action F on the mat ter fields we can 
express (11.24) as 

d(e)T[A} = HA[A-e] (II.29) 

From equation (11.28) we immediately get the Wess-Zumino consistency condi­
tion [36] for the gauge anomaly A 

0(E1)A[A^E2] - V(E2)A[A^1] = A[A;[eue2]] (11.30) 

Equation (11.30) is the starting point for the algebraic construction of the anoma­
lies. If a gauge anomaly exists, as given by a variation of an effective action, then 
it must satisfy (11.30). Such anomalies are called consistent to distinguish them 
from the so called covariant anomalies [4]. 
Observe tha t no consistency condition exists for the axial anomaly (11.20). This is 
due to the abelian character of the axial symmetry. 

A method to find a possible consistent anomaly is thus to solve equation (11.30), 
i.e. to look for all funct ional A depending on the gauge potential A and on the 
map e € C°°(M\LG), which verify (11.30). A trivial solution to equation (11.30) is 
given by 

à\Me] = $(e)L\A] (II.31) 

where A is a local functional of the gauge potential A. 
If the gauge anomaly were given by an expression like (11.31) then by subtracting 
TiA from the effective action T, which is equivalent to modifying the classical 
Lagrangian C by terms of order fi, so called counter terms, we could define a gauge 
invariant effective action T 

i>(e)f = tf(£)(r-fcÄ) = 0 

Therefore the non-trivial consistent anomalies are given by the solutions of (11.30) 
modulo solutions of the form (11.31). This is almost a cohomological problem. 
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II.3 Cohomological construction of the gauge anomalies 

II .3 .1 Representa t ions of a Lie algebra and the a s s o c i a t e d coboundary 
operators 

In this subsection we introduce the algebraic machinery which will allow us to 

identify the non-trivial consistent anomalies with representatives of appropriate 

cohomological classes. As reference we used [22]. 

Let L be a Lie algebra and Î? a representation of L in the vector space F 

ti : L —> L(F) 

E >—* #(E) with #({EUE2]) = 0[E1)O U(E2) - 0(E2) o 0(E1), Ei e L 

where L(F) is the Lie algebra of all linear transformations of F. 

Denote by /\k(L; F) the vector space of all k-linear skew-symmetric maps Xk 

Xk : Lk = Lx---x L —> F 

k — times 

Defini t ion II .3 .1 An element Xk G f\k(L;F) is called a k-cochain with values 
in F. 

Given a k-cochain Â  we define a (k-f l)-cochain 8$\k by 

8o\k(Eu...,EM) = ^ ( - l ) , ' + 1 i ? ( £ 1 . ) [ A f c ( ^ i , . . . , î , . . . , J E H i ) ] + 
»=i 

+ ^ { - 1 ) 1 " + ^ ^ ¾ , ¾ ] , ¾ , . . . , . , . . . , ; , . . . , E k + 1 ) , EiCL (11.32) 

Defini t ion II .3 .2 The operator 6* : Ak(L;F) —* f\k+1(L\F) is called the (Che-

valley) coboundary operator associated to the representation $ of L in F. 

Observe the similarity of (11.32) with Definition 1.1.15 for the exterior derivative. 
In fact a q-form wq is a special example of a q-cochain for the case (see (1.13)) 
L = X(M), F = C°°(M) and #(X)f = Xf, X 6 X(M), / e C*>(M). 
Thus W(M) C A9(X(M); C^(M)). 

P r o p o s i t i o n II .3.1 The coboundary operator 8$ verifies S^ = 0. 

Defini t ion I I .3 .3 A k-cochain \k is called a k-cocycle if 8^Xk = 0. 
The cocycle \k is called a k-coboundary if A* = 8s\k~l for some (k-l)-cochain Xk~l. 

Denote by Zk(L; F) resp. Nk(L; F) the subspaces of all k-cocycles resp. k-cobound-
aries. Clearly Nk(L;F) C Zk(L;F). 

Defini t ion IL3 .4 The quotient space Hk(L;F) = Zk(L;F)/Nk(L\F) is called 
the k-th cohomology (space) of L with coefficients in F, 

47 



In the special case 

Zq(M) = Zq(X(M); C^(M)) O W(M), Nq(M) = Nq(X(M); C°°(M)) n W(M) 

the space Zq(M)/Nq(M), denoted by H^eRham(M)i is called the q-th de Rham 
cohomology of M. A q-form in Zq(M) resp. Nq(M) is called cfo-sed resp. exact 

If F is an algebra with product • we can define, analogously to the exterior 
product (LU), a product A in f\{L\F) = ®k=o Ak(L\ F) by 

A W ( ^ 1 . . . , * ? * + ! ) = (11.33) 

= L Ï / î S SÌ9n7r^ (-ElT(I)J" •» ^1T(Jt)) - ^ ( ^ ( f c + l ) , - - - ,^ff(fc+l)) 

where E1- e I and A*, ^ e A(L; F). 
As should be expected (cf. Proposition 1.1.4), the coboundary operator 6̂  is an 
antiderivation in the algebra /\(L;F) with product (11.33) 

Sâ(X
k A fj) = 6^\k A fj} + (-l) f c A* A V ' (11.34) 

By (11.34) the subspaces Z[L; F) = ®k=0Z
k{L;F) and N(L; F) = ®k=iNk(L\F) 

are subalgebras of f\(L;F). Moreover N[L; F) is an ideal of Z[L; JF1), i.e. 
Z(L; F ) A tf(I; F) C JV(I; F ) . 
Hence the cohomology H[L; F) = ®k=oHk[L'i F) inherits the algebra structure of 
ML; F). 

II.3.2 Cohomological construct ion of the gauge anomalies 

In this subsection we apply the formalism of the preceding subsection to the case 
L = CQ = C°°(M\ LG), the Lie algebra of the group of gauge transformations Q 
[6]. 
To begin with we take the vector space F as the space of all function als W which 
depend on the gauge potential A. We denote this space by .F[A]. 
We define a representation of CQ in F[A] by the variation i?(e) introduced in (11.27) 

•d : CQ-^ L(T[A)) 

with [-U(C)W)[A] = lim -[W[A + t Ve] - W[A]] (11.35) 

That i? is a representation is evident from (11.28). 
By considering the effective action T as a 0-cochain, we see that the gauge 

anomaly A is the 1-cochain given by 

A[A;e] = ±(6&r)[A;e] 
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In view of Proposition II .3.1, the anomaly A satisfies 

^ A = 0 (11.36) 

which by (11.32) is equivalent to the Wess-Zumino consistency condition (11.30) 

0 = (S,A)[A;eue2] = ^ e 1 ) A [ A ; ¢,] - tf(e,)A[A;e,] - A(A; [¢,,¢,)] 

A consistent gauge anomaly is thus a 1-cocycle belonging to Z1 (CQ-,T[A]). 

By the discussion following (11.31), to cohomologically describe a non-trivial 
anomaly we restrict ourselves to the space ^ 0 6 [ i l ] of local functionals depending 
on the gauge potential A. Is the resulting space Zl(CQ;TiOc[A]) big enough to 
contain all gauge anomalies? This seems to be the case [7], as can also be seen 
from the explicit 4-dimensional example (11.25). Thus by assuming that all gauge 
anomalies are local, we can identify the non-trivial consistent ones with elements 

of H\CQ;F1x[A])-
By definition a local anomaly can be expressed as 

A[A; e] = I V1^(Me) (11.37) 
JM 

where T>i,n(A;e) is a n-form on M depending on the gauge potential A, the map 

e and possibly their derivatives. Vl,n(A\e) must be local, i.e. at a point x € M it 
must depend on its arguments taken at $ only. 
Observe that by Corollary 1.1.1 we can modify the n-form X>1,n(A;ir) by adding to 
it an exact form without changing the anomaly A[A; e]. 

Denote by Q,A(M) the space of all local q-forins on M depending on the gauge 
potential A. We can easily generalize the representation (11.35) of CQ in T[A] to 

a representation, denoted by i ? ^ , of CQ in the vector space ClA(M) 

WW)W)W = Jim \[V(A + t Ve) - Iy(A)] = ^ A V £ , V(A) e Ü"A(M) 

The n-form 2?1,n(A;e) can thus be interpreted as a 1-cochain in f\^(CQ\ÇV\(M)). 
Clearly 

tf(e,)A[A;e2] = f ^« (c i ) î> 1 , n (A;e a ) 
JM 

and therefore also 

( 0 , A ) [ A ^ 1 1 C 2 ] = ! (SiOcV^)(A;eue2) (11.38) 
JM 

where 6(oc is the coboundary operator associated to the representation tf/oc. 

In view of Corollary 1.1.1 condition (11.36) is therefore equivalent to 

(6locV
1-n)(A;e1,e2) = d(V2'n-ì(A-eue2)) (II.39) 
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where dis the exterior derivative and V2'n 1 is a 2-cochain with values in Q^ ^ (M). 

Similarly, the 1-cochain Vi'n{A\e) gives rise to a non-trivial anomaly provided 

Vhn{A]£) + (6[ocV
n)(A;e) (modulo an exact form) (11.40) 

where Vn(A) € fln
A(M). 

We shall find a solution to equation (11.39) by means of Proposition 1.4.3, which 
identifies CQ with the Lie algebra x[(P) of vertical invariant vector fields on P 
with product given by minus the Lie bracket. See also [7] where a similar approach 
has been adopted. 

By Proposition 1.4.3 the map e E C°°(M;LG) = CQ can be expressed as 

£ = ui(Ze) O (T = ff'(U)(Zg)) 

where Zt £ X[,(P). w is the connection form and a a global section of the trivial 
bundle P. 
As A = cr'u, we can write 

V^n(A;e) - Vl'n(vwo-(u>(Ze))) = V^n(u,:Zt) (11.41 ) 

From eq. (1-49) and the fact that the 1-fonii Lz1U, is horizontal (see the proof of 

Proposition 1.4.3). we have 

V^(A + / V c 1 ; C2) = 2 ^ V ( U - + iLZtiu;);(u>+lLZtiu;)(Ze3)c<7) 

Whence 

(0IaAe1)V^)(AiE2) = limi[Z>i-n(u; + t Lz,x*\Zei) - V^(u,:Zt7)) -

= (à(Ztl)Vl*)(u>xZt7) (I1.42) 

Henceforth we shall simply write Zi for the vertical invariant vector field ZCi. 

us CG. 
Denote by X-(P) the Lie algebra of all vector fields on P with product given 

by minus the Lie bracket. 

P r o p o s i t i o n II .3 .2 The operation i? defined in (11.42) is a representation of the 
Lie algebra X-(P) in the vector space Cl^(P) of ail q-forms on P depending on a 
connection form. 

Proof: observe that by definition 1O satisfies 

(4(Z1)O(Z2)TP)(U,) = J1WZ2)V")^ 4- lLZlu;)\t=0 = 

= Tt-JT1V
9I" + i L ^ + ' ' 1 ^ + iLz^))\t=v=o = ^ - A Lz3Lz1U,, V* e Ul(P) at at' ou, 
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Therefore, by Proposition 1.1.2 

WZ1)I)(Z2) - 0 ( Z 2 M Z 1 ) ] Z > » = — A (L22Lz1W - Lz1Lz2U;) = 
Ou) 

du> 
A L-[Z11Z8]W = W - [ Z 1 , Z 2 ]P*)(w) a 

Given a q-form P*(u?) € n*{P) , we can define a k-cochain, denoted by ikVq
i 

belonging to f\k(Xl(P); Q^(P)) by 

i*X* : Xj(P) x • •. x Xi(P) —* fì«-*(P) (II.43) 

Z 1 , . . . , ¾ - 1(Z 1 , . . . , Z f c ) * V ) 

where 1 ( Z 1 , . . . , Zk) = iz t 0 • • • 0 iZn 1̂ 1 being the interior product with respect to 
Zi £ A^(P) (see Definition 1.1.16). 
Assume now we are given a polynomial q-form £>p0/y(<^)- By this we mean a form 
constructed out of exterior products of u; and duj only. A polynomial form is 
obviously local. By Proposition 1.1.6 we clearly have 

0 ( Z 1 ) P ^ M = 1*,¾,,,,!-;) ( I L 4 4 > 

Denote by 6 the coboundary operator associated to the representation $ of V-(P). 

P r o p o s i t i o n II .3 .3 

where d is the exterior derivative on P, and d^^^V^ is the (k + 1 )-cochain given 

Proof: by definition 

< ( » * ^ . y ) ( « i 2 i . . . . , ^ + i ) = è ( - l ) , ' + , * ( ^ ) [ « * ^ i , ( « « ' : ^ . - - - i » " . - - . , ^ + i ) ] 
1 = 1 

+ £ ( - 1 ) ' « 1"^[Ui-[Z1, Zj], Z1, ...,î,...,j,...,Zk+i) = 

» = i 

+ £ (-I)1+-1' I ( - [ Z 1 ; Z J ] , Z 1 , . . . , î , . . . , j , . . . ,Z A + 1 ) *^ y (u ; ) 
• <i 

where the caret means omission. 
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L e m m a II .3 .1 Let Xi, i = 1 , . . . ,k + 1, be any vector field. Then 

di(Xl9...tXk+i) = (-I)^h(X1,...,Xk+1)d 

+ ( - 1 ) ^ ( - 1 ) ^ 1 ( ^ ! , . . . , ! , . . . , AVI)XA-, 

+ Yti-iy^ii-^x^Xu...^...,],...^^)} 

For the proof of this Lemma see the Appendix, where most of the proofs of Chapter 

II are handwrit ten. 
Thus 

^ ¾ , ) ^ ; ^ , . . . , ¾ : ) = (-l)kd(ik+1f>lo!y(u;;Zu...,Zk+,)) 

+ tMd&pety(u-tZlì...ìZk+ì) 

which proves the proposition. D 

Let a'ikf>q be the "pull-back : ; of the k-cochain (11.43) 

<7'ikf>q{u':Z1:...,Zk.) = cr'-i{Zu...,Zk)V
q(u;) (11.45] 

For a polynomial q-form Vq
poly{^), the k-cochain ^ ' ^ ^ L / y ^ ' } clearly belongs to 

[\k{CG\ftqÄ (-^-O)- (The only problem could arise from tr'izduj. But cr^izdw = 

= a'iz{Q~ i[u; A w ] ) = -(T-[Ut(Z)1U!] = -[etA]). 

As can be easily checked we have 

Thus , by Proposition II.3.3 and Proposition 1.1.4 

A solution to eq. (11-39) is therefore given by the 1-cochain 

where the polynomial (n + l)-form V^iy(w) has to satisfy 

' ( ¾ , ¾ ) ¾ ^ ) ^ (11.47) 

This means tha t d^Jy(u>) has to be horizontal. The only horizontal polynomial 
forms on P are the forms polynomial in Sì, the curvature form of w, and these are 
the building blocks of the so called characteristic classes of vector bundles (see e.g. 
[27]). 

Denote by yk(LG) the space of all symmetric k-linear maps LGk —•• R . Given 
an element Sk of this space, a horizontal polynomial 2k-form on P is given by 

Sk{U) = ft" A • • - A UikS^Ti1,..., Ti J 
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where {Ti, i = 1, . . - ,dimG} is a basis of the Lie algebra LG. 
Let. Sk be Ad-invariant, i.e. 

k 

£ £ ' ( ^ , . . . , [ £ , £ , 1 , . . . , ^ ) = 0, ^E, E1 e LG (II.48) 

Definition II.3.5 The (2k - \)-form TSk{u) on P defined by 

TSk(w) = kPdi{^AnyA--.Çïï}Sk(Tiii...,Th) = 
Jo 

Jo 
di S , o n 

W,Wt ,...,lit 

where 
Qt = tft + l(t2 _ f ^ A u ' ] = idu + ^[UJ Au;], f € R 

15 called the Chern transgression (or Chern-Simons) form associated to the Ad-
invariant map Sk. 

Proposition II.3.4 Let Sh : LGk —> R be an Ad-invariant k-iinear symmetric 
map. Then 

Sk(U) = dTSk(us) 

Proof: we have 

düt = rf(fdu; + ^2Iu.-A^j) = I 2 I ^ A w ] = /2JnAu;] = 

= /[(1,Aw]. since [̂  A [D A w]] = 0 

Thus, 

</rS*(u;) = k PdI[SLx n ( - E ^ n ( <KW] n ,} = 

( m ) 

— k I dt{Sdul0i nt + S([wAw] ,nr ,..,,n,} = 
•/o 

= * / ' *{^n,.n „, = f ^ n n, = SkW a 

By Proposition II.3.4 a (n-Hl)-form satisfying (11.47) is given by 

V^iH = TS''+1{->) 

We've finally found a solution to eq. (11.39), namely 

V]^y(Me) = <r'I2TS^ (^ e = w(Z) (11.49) 

Explicitly (cf. eq. [41]) 

Vl2v(A;e) = (f + l)j*dt{s};tLjt - ?(/2 - 0 ¾ ^ Ft) ("-5O) 
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where Ft = c'üt = tF + \(i2 - t)\A A ,4]. 
For a matr ix Lie algebra an example of a k-linear symmetric .Atf-in vari ant map Sk 

is the symmetrized trace Sir 

Str{Eu. ..,Ek) - £ T r ( ^ 1 ) , . . . ,£,(*)) (11.51) 

As can be easily checked the 4-dimension al anomaly (11.25) is proportional to the 

integral of (11.50) with the choice Sir for 5 3 . 

W h a t about condition (11.40)? The only thing one can say is that if the (n + 1)-

form i > ^ ( w ) in (11.46) is exact, i.e. 

then the 1-cochain (11.46) doesn't verify (11.40). Indeed 

= ^{LzV;oly(u.-)-dxz%lv(u)} = 

— $ioc[£)&"Dp0Iv(^) (modulo an exact form) 

That the form TSì'^ius) is not exact is part of Chevalley's theorem [12] which 

states that TSt+1M e H]^[P). 
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II.4 Base space anomalies 

I I . 4 . 1 I n t r o d u c t i o n 

In this section we introduce the base space anomalies, i.e. the possible, non-trivial, 
consistent anomalies associated to transformations of the base space M which are 
symmetries of a classical gauge field theory (see Subsection 1.4.3). As usual we 
take M to be a compact, n = 2fc-dimensional spin manifold without boundary. In 
what follows we shall explicitly show the dependence of the theory on the metric 
tensor g. Obviously g is considered as an externa] classical field, i.e. we shall work 
in a background gravitational field. 

We suppose the classical theory is given by an action functional S which can 
be expressed by an integral on M of a Lagrangian C. The theory so formulated is 
global, i.e. it is chart independent. This means that the classical theory is automat­
ically invariant, under general coordinate transformations or, from an active point 
of view, diffeomorphisms of M. Now we impose that the quantum theory, if it 
exists, possesses this "symmetry" too; in other words anomalies associated to (in­
finitesimal) diffeomorphisms (or Einstein transformations), so called grax^iiaiional 
anomalies, should be absent. 

Having established the general covariance of the theory we may now choose an 
atlas on M and work in a coordinate neighborhood. This would allow us to work 
with quantities, as the ChristorTel's symbols and the vielbeins. which are defined 
locally on M. 

Gauge invariance and general covariance are usually not the only symmetries of 
a classical theory. A theory can also be invariant under transformations which are 
so to speak only in part of geometrical nature. By this we mean that a symmetry 
can result from transforming some fields according to their geometrica] character 
and the remaining ones in a suitable way. 

The simplest example thereof is the free Yang-Mills theory in a 4-dimensional 
Riemannian space with metric g. The action functional is given by 

S\F,g] = \ [ TrCFAF) 
2 JM 

where F is the gauge field strength form and *F is its dual form {see Defini­
tion 1.1.17). 
General covariance implies S[F\g'} = S[F,g]. where 

F' = F + tLxF and g' = g + cLxg, e < 1 

-V being the vector field on M generating the infinitesimal diffeomorphism corre­
sponding to the (infinitesimal) change of coordinates (see below). 
But we also have S[F^g] — S[F^g], if Ar generates an infinitesimal conformai trans­
formation of the 4-dimensional Riemannian manifold M. This can be checked by 
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noting that for an infinitesimal conformai transformation A* we have (cf. Proposi­

tion 11.8.5} 
2o 

Lx* T = *Lxr + (1 1)divX*T 
n 

T being a q-form on a n-dimensional Riemannian manifold. 
Hence, 

SiF19] = S[Fi9}+€- f Tr{*LxFAF + *FALxF} + o(t2) = 
ZJM 

= S[F,g}+(- [ LxTrCFAF) + 0U
2) 

The last te rm in the above equation vanishes if M is without, boundary. 
At the quantum level this symmetry is not maintained [25]. The associated 
anomaly is called conforma! (or trace, or Wc y I) anomaly. 

The question we shall try to answer is whether there are other possible anoma­
lies of this kind in a gauge field theory. 

I I . 4 . 2 I n f i n i t e s i m a l d i f f e o m o r p h i s m s a n d t h e c o n s i s t e n c y c o n d i t i o n for 
t h e b a s e s p a c e a n o m a l i e s 

In Subsection 1.1.5 we saw that a vector field A" on a compact manifold M. i.e. 
a section of the tangent bundle TM. generates a one-parameter group of diffeo-
morphisms of M. Since the vector space X(M) of all smooth vector fields on M 
is a Lie algebra with respect to the product given by the Lie bracket, the natural 
conclusion would be to identify X(M) with the infinite dimensional Lie algebra of 
the diffeomorphism group DiffM. Due to the infinite dimension things are not. 
so simple. First of all not all diffeomorphisms close to the identity lie on a one-
parameter group of diffeomorpliisms. So we must find another way to parametrize 
the identity component of DiffM. This can still be done using X(M). but more 
s tructure on M is needed, i.e. a linear connection. For details see [31]. 
Secondly, similarly to what we explicitly showed in Proposition 1.4.3, the group 
multiplication in DiffM, i.e. the composition of maps, induces a product in X[M) 
which is the negative of the Lie bracket. 

Keeping in mind these remarks we set CDiff M = \".(A/), where the subscript -
means tha t the product in X(M) is minus the Lie bracket. 

Under a dirTeomorphism ¢, a covariant tensor field Tq on M transforms accord­
ing to 

r , - r ; = * - r , (11.52) 

where <j>'Tq is the pull-back of Tq (cf. Definition 1.1.9). 
Observe that the pull-back is an anti-representation of DiffM in the space of all 
covariant tensors. 

The infinitesimal variation 60Tq of Tq under an infinitesimal diffeomorphism be­
longing to the one-parameter subgroup generated by A' € X.(M ), briefly under 
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the infinitesimal diffeomorphism X, is given by (cf. Definition 1.1.13) 

80Tq = T^-Tq = LxTq (11.53) 

where Lx is the Lie derivative with respect to A'. 
A spinor field ifi transforms as a scalar under the action of the diffeomorphism 
group [15] 

$' = y> o <£ = ¢'4^ 4> € DiJJM (11.54) 

Thus, under an infinitesimal diffeomorphism A' 

604> = £A*VS locally S0Hx) = X^d^x) 

The assumed absence of gravitational anomalies for a gauge theory on a Rieman-
nian manifold means {see Subsection II.1.2) 

where V'' = V' + tLx4\ etc., e < 1. A' € X(M). 
Suppose now the classical theory is invariant under the following transformation 

of the fields 

V' -» V ' = V' + f$óV 
A - A' = A + t6*A = A + tLxA , X € X-(M) (11.55) 

Q -^ g' = 9 

where the variation 6* $ is not given by the Lie derivative. 
Analogously to the gauge anomalies we shall be interested in finding local non-

trivial anomalies A associated to the transformations (11.55). which depend on the 
gauge potential A and the metric g only. At the one-loop level A is given by 

eA[A,g]X) = T{])U-'J',A':g}-rtl>[4',i^A,g} 

or (cf. (II.27) and (11.29)) 

A[A,g;X) = Jim ^ { r ( , ' [ ^ + tLxA,g] - T^A.g]} = 4[X)T11^g] (11.56) 

where we have neglected the dependence of the one-loop effective action on the 
matter fields. 
As can be easily verified we have (cf. Proposition II.3.2) 

WX1)V(X2) - tiXiWX^P» = ,3(-(X1 1X2Dr'" 

get st5Therefore, the consistent base space anomaly has to satisfy the consistency 
condition 

J(Xi)A[A,^X2) - 0(X2)A[A,^X1] = A[A,g; -[X15A2J) (11.57) 
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This is similar to the consistency condition for the gravitational anomalies [36]. 
Again we shall look for non-trivial anomalies, i.e. those which are not variations 
of local functional 

The problem being identical to the one considered in the preceding section, we 
directly formulate it in cohomological terms. 
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II.5 Cohomological construction of the base space anoma­
lies 

In this section we state the problem of finding possible, non-trivial, consistent, 
local base space anomalies, in the most possible appropriate mathematical form. 

As we know a local anomaly A[A,g; X] is given by an integral on JIf of a local 
n-form Vi,n(A,g; X). By means of the variation 1O(X) introduced in (11.56), we 
define a representation t? of X-(M) in the vector space QA(M) of all local q-forms 
on M depending on a gauge potential A (cf. Proposition II.3.2). By assumption 
ti(X) doesn't act on the metric g\ we shall therefore omit the possible dependence 
of the local forms on it. 

Denote by 6 the coboundary operator associated to the representation tf. A non-
trivial, consistent, local anomaly, if it exists, is given by a local n-form V1,n(A;X) 
satisfying (cf. (I1.39) and (11.40)) 

(6V^)(AiX11X2) = d (V^-i (A; Xu X2)) 
and V^(AiX) 4 (6Vn)(AiX) (modulo an exact form) l '°^} 

In the next subsection we show how the solutions of the above equations are related 

to elements of Hn+l(X.(M)\ Cf(M)), where Cf[M) = Q0JM) is the space of ail 

local functions on M depending on a gauge potential -4. 

I I . 5 . 1 Loca l c o c h a i n s a n d t h e descen t e q u a t i o n 

We begin this subsection by giving a more precise definition of the space UA(M). 
The gauge potential A belongs to Sl^(M: LG), LG being the Lie algebra of the 

structure group of the trivial bundle upon which the gauge theory is based. 
Denote by M^jW(M: LG): W[M)) the vector space of all symmetric, m-linear. 
heal maps 2¾ [6] 

Vfn : W(MILG) x • •• x 9} (M \ LG) —* W(M ) (11.59) 
* ^ -

m-times 
Au... M«, — V9JA1, ...,An) 

The term local is taken here in its mathematical meaning, i.e. the map Vfn is such 

that. 
SUPpVfn(Aw^An) C suppAi n---n$uppAm 

where suppA is the support of the 1-form A [14]. 
It is a theorem of differential analysis which identifies the mathematical with the 
physical meaning of local. In fact for a local map Vfn the q-form Vn(Ai, • • • ,Am ) 
is local, i.e. at a point x £ M it depends on its arguments and their derivatives 

taken at a- only [11). 
Since W(M[LG) = Q1 [M) ® LG, the local map Vfn can be written as 

Vfn = VfnC1^7n (11.60) 
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where Vfn is a local map fì1(M)ffl —* Qq(M) and 4'm a covariant tensor of degree 
m on LG. 
A local q-form T^(A) € UA(M) can clearly be expressed as 

W(A)= Y, V>m(At...,A) (11.61) 
m = 0 

where ^ is finite. 
In the following we shall identify through (11.61) the space ÙA(M) with the direct 
sum ¢ ^ 0 VKc(^(M; IG) ; n«(A/)), 5 being a fixed finite integer. 

Definition II.5.1 The "exterior" product of two local maps Vf and Vfn is the 
local map Vf A Vfn defined by 

(VfAVf71)(A1,...,^) = 

[I -T TTl-). w 

Obviously, X^APJ, = ( - 1 ) " ¾ ADf. 
The so defined product makes the direct sum U'A(M) = ©"_0 QA(M) into a graded 
anticommutative algebra. 

Definition IL5.2 The derivative of the loca! map Vfn is the Qq+i(M)-valued loco! 
map 0"VJn, given by 

s-vi = dov;n 

i.e., d-Vl(Al.,...,Am) = d(V«JA^... ,An)) 

where on the right-hand side d is the ordinary exterior derivative. 

As can be easily verified the operation d~ is an antiderivation in flA(AI). 

Proposition II.5.1 The linear transformation tfv(Ar), A' € X-(M), which maps 
the local map Vfn to the map ^(X)Vfn given by 

(r(X)V^)(Alì...ìAm) = f^Vl(Au...,LxAl,.....Am)> A, € ^ ( A / ; LG) 

defines a representation tfv of X.(M) in the graded differential algebra (Q."A(M).d~ ). 

Proof: that the map ^ ¾ is local follows from suppLxA C suppA D svppX 
(see [21], vol.1, ch.IV). 
From 

(^(X1 W(X2)Vfn )( Au... ,Am) = ^(^ (X2)Vfn)(A1,..., LXlA„..., Am) = 

= f w i i ,^ M,- ^ l + f ^ U i Wx1^- -4J 
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it follows dv(X,)tiv(X2) - i?v(X2)i?
v(Ar

1) = t?v(-[A' î,X2]). 
As can be easily checked i?v(A") is a derivation in U'A and trivially i?v(A")rf" = 
= d'tiv(X). ü 

The representation i?v denned in Proposition II.5.1 corresponds to the repre­
sentation i? introduced in (11.56) (see above) 

WX)W)[A)= Y. (r (X)Vl)(A,..., A) (11.62) 
m=0 

We can now define a local k-cochain Vk,~ = 1^,=0¾" w ^ h values in Q~A(M) as a 
k-linear, skew-symmetric map 

Vk'' : X-(M) x - • • x \ .(A/) — nA(M) (11.63) 

fc — ( I TTIf S 

such that 

5UPpX1^-(A1...., A'fc)(i41;.. .,.4m) C suppXiH- • -nsuppXkDsuppAin- • -nsttppAm 

Observe that the cochain 2¾9 can be considered as a local map 

V^ : \.{M)k >. W(MUGr —• W{M) 

Again, the so obtained q-form 2?m
,ç(A"i.....Xk)(-4i,. • -, -4m) is local. 

As usual we denote by AU-(M); QA[M)) the algebra, with product (11.33). of all 
local cochains. 

We finally arrive at the identification of the local n-form Vln{A\ X) giving rise 
to an anomaly with the local 1-cochain T?1'" (cf. (11.61)) 

V-(A-X)= Y, V^"(X)(A,...,A) 
m=0 

Denote by 6V the coboundary operator associated to the representation i?v. From 
eq. (11.62) it follows 

(SV1^)(A-Xi,X2)= Y, ^VIf(XuX2)(A,...,A) 
m=0 

or briefly 6Vhn = £ 6vV^n = 6vVl-n 

Definition II.5.3 The derivative of the local k-cochain Vk,q is the local cochain 
dVh*q given by 

dVk'q = d' o Vk« 

where the derivative on the right-hand side is defined in Definition II.5.2. 
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Since tfv is a representation in the graded differential algebra fì^(M), in particular 
i?v o d" = t i "0T? v , it can be easily verified that 

6V od=dcév (II.64) 

Condition (11.58) is thus equivalent to 

and 2?1'" / 6vVn + dP 1 ' " " 1 l } 

Application of the nilpotent operator 6V on both sides of the first equation in 

(11.65) and use of (II.64) gives 

^ v p 2 , n - i = 0 

A theorem by De Wilde [38] states that a local map Lk,q with values in the closed q-
forms, (q<n) , of a n-dimensional manifold M can be expressed as Lk,q — dcL*'*'1. 
where L*'9 - 1 is a local map with values in Qq~1(M). By generalizing this theorem 
to the local cochains T>k,q (see [6]). we get 

which is similar to the equation we started from. Thus, the first equation in (11.65) 
implies the existence of local k-rochains, 1 < k < n 4- 1, satisfying 

6Vvkin-k+i = dvh+i,n-k^ J <k <n + l (11.66) 

Equation (11.66) is a so called descent equation. It always arises when one of the 
two cohomologys of a double differential complex, in the present case 
{A( . \ - (M) ;n ; , (M)) ; S", d}, is trivial JlO]. 

Similarly, by applying 6V on both sides of the second equation in (11.65) and using 
the first one, we get 

dX>2'n~l ±d6"Vl>n-y 

or, by the cited theorem, 

Thus , the k-cochains in (11.66) must be such that 

•pfc.n-A + l ^ 6VVk-l,n-k + l + d p f c , n - ^ 1 < k < n + ì ( I I . 6 7 ) 

The bot tom equations in the systems (11.66) and (11.67) read 

J v p n + 1,0 _ Q 

p n + 1,0 _i Jv7^".0 11.68 
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This means that the cochain "P"+1'° is a cocycle belonging to Hn+1 [X.(M); Ü°A{M)) = 

= Hn+l[X.(M);Cf[M)). 

Therefore, if it exists a local 1-cochain T>i,r> verifying (11.65) then it must exist a 

local (n+l)-cochain 2?"+1-0 verifying (11.68). 
It has to be emphasized that the converse is not true: it is not always possible to 

ascend eq. (11.66) [6]. 

Observe that 6vVn+'<° = E ^ = 0 ^ V ^ + 1 ' ° = 0 implies ^2¾+ 1 ' 0 = 0, Vm, since * v 

doesn't change the number of the .4/5S. 

The problem of solving (11.65) is now reduced to finding H71^[X-[M)- C ^ ( M ) ) 

and ascending eq. (11.66). 
Remark that a similar procedure for finding the consistent gauge anomalies has 

been used in reference [6]. In our treatment of that case (see Subsection II.3.2) a 
rôle similar to the descent equation is played by Proposition II.3.3. 

I I . 5 . 2 T h e local e x p r e s s i o n of t h e local cocha ins a n d t h e i r s y m b o l s 

In this subsection we introduce the notation used to locally describe differential 

operators [14,9]. The symbols of the local cochains are then defined [39]. 

As we said, the local k-cochain V^ can be considered as a local map 

Vk
m° : X-(M)*1 x Ql{M:LG)m —* C^[M) 

antisymmetric in its first k arguments (vector fields), and symmetric in the re­
maining m ones (£(?-valued 1-forms). We are interested in the local form of the 
function £>^°(A*i,..,, A \ ) ( . 4 i , . . . , .4m ) in a coordinate neighborhood V C M. In 
the following we shall omit the second superscript in 2¾0 . 

N o t a t i o n Let {xM. /J = 1....,7?} be a local coordinate system in £". We denote 
by DQ the following partial differential operator 

DQ = — . a , £ N (11.69) 

The subscript a in (11.69) is a so called multi-index. It stands for a = ( Q 1 , . . . , Qn). 
Given two multi-indices a and ß their sum a + ß is the multi-index given by 
a + ß = (a i + / ? i , . . . , a n + ßn)- The number Q1 + • • • + a n will be denoted by |a | . 
Let £ = (fii • • • »fn)j & € R , be a n component object. We denote by £a the number 
given by 

r = ff'---c = nc". « = (<>! «,] 
H = I 

As can be easily verified the operator Da satisfies a generalized Leibniz rule 

DMg) = È (l\(Da-0f)(Dû9h f,g € C~{U) (11.70) 
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where £Jg=0 stands for E^1L0 • • • L ^ = o a n c* a! = Ct1! • • • an! . 

We are ready to explicitly write down the local expression of a general local cochain 
Z ^ , namely 

[Vi[Xu. . . , ^ ) ( ^ , . . . , ^ ) ) ( * ) = (11.71) 

a* t...,a
k ß l

 t...,ß
m 

where X, = ( A ' / , . . . , A r"), 1 < i < A:, resp. A/, 1 < / < m, are the components of 
the vector field AT,-, resp. the 1-form v4/, with respect to the local coordinate system 
in U. a(aOf t l '"°* i /5l-'3m is a linear map from (Rn) f c x ( R n ) m x LG"1 to R . 
Choosing a basis {Tp, p = 1 , . . . ,dimG} of LG we can express (11.71) as 

[Vk
m(Xu... ,Xk)(Au... ,Am)}(x) = (11.72) 

= E E (!(!!' '^^(^^.. . . ,^Xn^Ar ^A?)x 
Q1 Q* (31 , . . . , /?" ' 

X Vm(Tp1 , . . . .Tp111) 

where ¢1(1)°1-°11"1-0"1 is a linear map from (R")* x (R")"1 to R and ?m is a 

covariant tensor of degree m on LG (cf. (11.60)). 

D e f i n i t i o n I I . 5 . 4 The lofai order of ihe local cochain V^ is the maximal value 

of Ia1I + ••• + \ak\ 4- 1/31I + ••• + \ßm\ for which ihe map d(x)ol-°lßi-0'" is not 
vanishing identically. 

Let ¢,1, 1 < ! < ^, and Q. 1 < / < m, be covectors belonging to TM^. x £ ¢'". 
Locally, e.g. J1- = Çi„dxu. 

D e f i n i t i o n I I . 5 . 5 JTie characteristic polynomial of the local cochain T)^n, denoted 
by P-p, is the polynomial given by 

Pv(iu-,lk\XlI,...,Xllw\(i,...,<;m;A?!t,...,AZ-I) = 

«Aere, e-j-ff' = ^ « . ' ; -

Observe that the total degree of P-p is given by the total order of V plus (k + m). 
When no confusion arises we simply write A\ resp. Af1 for Xix resp. Afx. 

P r o p o s i t i o n I I . 5 . 2 The characteristic polynomial P-p possesses the following sym­

metry 

Pv\ , c i , , ]{ t 2 , ; Ï A i 1 , , A 1 ? , {•••) = 

= — Pv{ iii-2-, ,&, , ; ,A , ; , ,A1 1 , | ---) 
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Proof: this follows from the antisymmetry of the loca] cochain Vk
m in the A*,-. • 

Defini t ion II .5 .6 The degree of a monomial in P-p is the (k-f-mj-tuple 

(!a I | , . . . , |a*|; | /n--- , l /H) 

where \ax\ = E^aJ1 , \ßl\ = £ , , /¾, and Me al resP- /¾ ar€ Me partial degrees of the 
monomial with respect to Ç resp. (1^, pt = l , . . . , n . 

Assume that in the characteristic polynomial Fp there are terms of degree 

( 0 , , . . . , 0 ^ , 1 , . . . , 1 , 0 , . . . , 0 ; &, , . . . , 6 m ) , OKk0Kk1Kk (11.73) 
î 

By Proposition II.5.2 we can assume a, > ai+i > 2. 

Definit ion II .5 .7 The symbol of the local cochain V^n. denoted by ap. consists 
of those terms of Pj> of degree (11.73). where ki is the largest possible, Y,T=Ì h is 
maximal for this value of k'i. and the o,-^ arc maxiinal for these values of k\ and 

Definit ion I I . 5 . 8 The order of the local cochain V^ is the degree of one monomial 
iii the symbol of V^. 

In the next section we shall express the symbol of the coboundary 6VV^ by means 
of the symbol of 2¾,. This will allow us to determine the form of the symbols of 
the cocycles, and thus of the possible non-trivial elements of H (X-(M )\ C™ (M )). 
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II.6 Cohomology of A-(M) with coefficients in Cf(M) 
In this section we solve the cohomology #"+ 1(X-(M); C^(M)) by a method similar 
to the one used by the authors of reference [39] to compute H(X[M)\Q'(M)). where 
the representation of X(M) in Q"(M) is given by the Lie derivative. 

II.6.1 The relation between the symbols a ivy and ej> 

By definition, the coboundary operator 6V associated to the representation i?v 

defined in Proposition II.5.1 acts on the local k-cochain Vk
m as 

FTk(Xu..., AVi ) (A 1 , . . . , A7n)= (11.74) 

+ £ ( - I ) 1 + ' 2 ^ ( - [ A , ; A,', A 1 1 . . . ^ . . . , j Xk+1 )(-^ .4m) 

The components of the Lie derivative Lx Ap of the 1-form Ap with respect to a 
local coordinate system in U. are given by (cf. (LlO)) 

(LxA^ = -V"Ô^J -F AId11X" (11.75) 

Therefore the action of the representation i?v(A') on the local cochain V7n trans­
forms a term D^A in the local expression (11.71) into 

A 3 L x A * = {DßWdvAl + AldrX»)} 

= i E (f] \{DéX
v)(Da.fduAl) + {Dß.tADiDtd.Xn}} 

The characteristic polynomial of i?v(Ar,-)X)J1(A"i,... , i , . - • ,A^+1 ){Ai,..., A7n) is thus 
given by 

E E E ß'i{<0,A',>^Cf'-i'...d(xr(...i...;A«,...,A^) 
/ = 1 ...ßi...e' = 0 ^ ' 

+ < A?,Xi > g Cf'-'' • • • d(x) ( • • • i • • • i Aï '„ . . . , {!,..., AS",)} = 
m 

= E E {< 0. A', > ({,• + O)13' • • • d(a-)-(. • - J . . . ; Aï '„ . . . , AS".) (11.76) 
/ = 1 . . . / 31 . . . 

+ < AfSA1 > (t- + OV5' • " d ( i ) 1 - - ^ . . . ^ , . . . , ^ . . . , A ^ ) } 

(0 
where < d,vx > ls the value of the covector Q G TMl applied on the tangent 
vector vx € TMx. 
By analogously treating the term D0[Xi1Xj] we arrive at the following Proposition 
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P r o p o s i t i o n I I . 6 . 1 The characteristic polynomial P6VQ of the local coboundary 
6vT)^n is given by 

= E(-i) ,'+IE<0,*>ft("-J---;lfi...u + 6 . . .a: i4r. - .^) 

+ £ ( - 1 ) ' < ti,* >Fv(...ti + ts...}...;...Xi.. . / . . .!•••) 

"' (ò J) 
di 

where P$ is the characteristic polynomial of the cochain V)n. 

From Proposition II.6.1 it follows that a monomial of degree ( a 1 ; . . . . a* ;ò i , . . . ,On,) 

gives rise to terms in P^v of degrees 

( 0 1 , . . . , ^ . 1 , 4 : ^ . . . . , ^ : 0 1 . . . . , 0 / - d, + l , . . . . 6 m ) 0 < 4 < 6; 

(O 1 , . . . .Qi_udi -r 1,O1-,... ,<7+;&i;... ,h\ - 4 . . . . .bm) 
(11.77) 

( ö i , . . . ,o,; - c t-,.. . .uj_i,c,- + 1.0,-....,(1¾: & 1 ; . . . , ò m ) O < c, < a,-

( O 1 . . . . , O, - C1: + 1 . . . . , 0 ^ , 0 , - , 0 ^ , . . . . 0 ^ 6 ! , . . . . ^ ) 

Assume the order of the local cochain Vk
m is 

( 0 1 , . . . , 0 , , , . . 1 , . . . . 1 , 0 , . . . , 0 : 6 ^ . . . , 0 ^ ) (11.78) 
i 

(M 

From (11.77) and Definition II.5.8 we get that in this case the order of £VP£, is 

( ^ , . . . , 0 ^ , 1 , . . . , 1 , 0 , . . . , 0 ; ^ , . . . , 6 m ) (11.79) 

< * i + i ) 

Terms of this degree in Ps*vi i-e- t n e symbol of ^ ¾ , can arise only from the 
symbol of 2¾, or from terms of degree 

( a j , . . . , 0 . ^ , 1 , . . . , O 1 . . . , 1 , 0 , . . . , 0 ;&j , . . . , 6 m ) , k0 + 1 < i < ^i 

(-") (fci+i) 

which are so to speak already contained in o-v through antisymmetrization. 
It has to be emphasized that this is valid only if the order of Vk

m is (11.78). As can 
be seen from (11.77) terms of degree (11.79) can also result from terms of degree 
"larger" then (11.78), which are absent by the assumption on the order of 2¾,. 
By taking into account all possible contributions of degree (11.79) in P^v we obtain 
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P r o p o s i t i o n II .6 .2 Lei <r-p be the symbol of the local cochain V)n of order (11.78). 
Then the symbol Cs^v of the local coboundary S^V)n is given by 

= E ( - i ) t + 1 E < ù>Xi> ti' ̂ W - - - î . . . ; . - - 1 . - - 1 - •) 

m 

+ E ( - i r + 1 E < ̂ \Xi > 6 - A ^ M - . . î . . . ; . . -î.. .!•••) 

+ Ë ( - ! ) ' < { , • , * , • > * ; • ̂ 1 M - • • ; * • • • ; • • • J--• I•••) 

X J 

+ £ ( - i y ' + 1 <f,-,JT> > € i - I î f i < r 1 , ( . . . i . . . ; . . . i . . . | - . . ) 
i<j 

+ E E ( - î r ^ ^ - Y ^ X , . / ) ^ ^ ( . . . t . . . ; . . . ? . . -I---) 

where we have introduced the operation y • Dxf(x) == x / ( ^ + ty)\t=0. 

In the next subsection we interpret the symbol of a local cochain itself as a 

cochain. and show that the symbol of the coboundary S^V)n is a suitable cobound­

ary of the symbol of V)n. 

II .6 .2 Algebraic interpretat ion of t h e s y m b o l s 

Def in i t ion II .6 .1 Let F be a vector space and {e*} a basis of the dual space F'. 
A function p : F —> R is called polynomial if it can be expressed as a polynomial 
of the e] 's. 

Denote by Pq,p(TMx) the space of all polynomial functions p 

p : TM^ x ™Z —* R 

As an example the characteristic polynomial Pv of a local cochain V)n is a poly­
nomial function belonging to Pk+2™-k[TMx). 
Consider the representation p of the group GL{n,R) in Pq-P{TMX) defined by 

(^(^,...,(,;^,,,.,¾ = ¾,..^¾;^%,.,.,^%) 

•where in a basis E^i = (ÈÇ^^dx", £, ç TMl, Ë being the transposed of the 
matr ix E. 
The corresponding representation p. of the Lie algebra gl(n, R ) is given by 

P-[V)P = jf[p(exptU)p]\t=0i U € <?/(", R) 
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We explicitly have 

-Z^(UX5)- Dx.p(tu..., (q-,xu... , A ; ) 
(11.80) 

where the operation y • Dx was introduced in Proposition II.6.2. 
In the special case where U = X ® £ € 5/(77,R)5 i.e. Ujf = Xß(Vi ti,v = 1,...,77. 
we have 

Üti=<tiiX>£ resp. UXj=Ki1X^X (11.81) 

As usual we introduce r-cochains C, which are r-linear, skew-symmetric maps 

Cr : 91(U9KY — P^(TMx) 

Since by assumption the symbol <7p of a local cochain Vk
m is linear in A", resp. £, 

for Ar0 + 1 < i < k\, and by Proposition II.5.2 antisymmetric in the pairs (£ ] ;A\), 
we can consider it as a (fci-fc0)-cochain C p - n 

given by 

±<rv(Zi--.faX1...Xk\C1...(miAìl...A*'') (II.82) 

where UB = Xh+a ® {fc(1+,. 1 < 5 < Tr1 - Ic0. 
Denote by S. the coboundary operator associated to the representation p. of 

ff/(n,R) in Pi-P(TM1). 

P r o p o s i t i o n I I . 6 .3 Xĉ  a-p be the symbol of a local cochain V)n of order (IJ. 78). 
and asvT> the symbol of the coboundary 6v'D^n. Considered as cochains C-$~ " resp. 
C^iko+\ as in (11.82), they satisfy 

C6V1) = ( - 1 ) * 0 b.GV 

This Proposition will allow us to determine the form of the symbols of the local 
cocycles and to restrict the search of the non-trivial ones. 
Observe that even though our cochains and symbols differ from those in refer­
ence [39], Proposition II.6.3 is formally equivalent to equation (3.4) of the same 
reference. 

With a procedure similar to the one used by the authors of [39] we can restrict 
ourselves to local cochains of order (11.78) with 

fco tn 

£ a + £ 6< + m - \k - (*i - *°)] = ° (IL83> 
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As a consequence of (II.83) we obtain 

P-(I)C^(U1,... ,11^.^) = 0, ï/, = ** 0 +.®&.+.> 1 < * < * , - * < > (11.84) 

where 1 is the identity element of gl{n, R ) . 

This can be easily verified by using (11.80) and noting that ( • D^ £° = \a\ £Q. 

P r o p o s i t i o n I I . 6 . 4 Let Pw(TMx) be the space of polynomial functions p verify­
ing />„(l)p = 0. Then 

Hr(gl(n,R);P™(TMx)) = h}(9l(n,R)) x P^(TMx) 

where / \J(^/(n, R) ) is the space of ali r-linear, skew-symmetric, Ad-invariant mops 
«7/(77, R ) r —* R, and P^fL0(TMx) is the subspace of all polynomial functions in­
variant under the representation p.. 

P r o o f : see §5 of reference [39]. 

P r o p o s i t i o n I I . 6 . 5 The elements of P%f=0{TMx) are given by ordinary polyno­

mials in < £i,Xj > . 1 < i < q, 1 < j < p. 

P r o o f : see [37]. 

We are ready to write down the general form of the symbol of a local cocycle of 
order (11.78). For a cocycle P ^ we clearly have a^v = 0. By Proposition I].6.3 
this implies 6.&T> = 0. Moreover we want at least that 2¾, is not the coboundary of 

a local cochain 1¾,-3 of order (O 1 . . . . . <n-(l. 1 , . . . , 1 , 0 , . . . . 0 ; 6 1 : . . . . bm ) . i.e. we 
î 

require that 

It follows that the symbol <7p, identified with the (fci-fco)-cochain 
belongs to 

Hkl'k"{gl{n,K)\Pkv+2mM,+k-kl [TMx)) 

By assumption a-p is linear in the A^, 1 < i < ^1, resp. Af, 1 < I < m, C°°(M)-
linear in the Xj, fc] < j < fc, and of degree a,- > 2 in the £,, 1 < i < k0. By 
Propositions II.6.4 and II.6.5 it must therefore have the following form 

^ ' - ^ ( X f c o + 1 ® ^ 0 + 1 , . . . , A ^ ® ^ 1 ) 5 f c ( l ( 6 , - - - , a J ; A ' 1 , . . . , A \ , ) x (11.85) 

Xi(ArAI+1,. - . , X k ) h A • • • A fo A C1 A • • • A O1 A A\l A • • • A A^' 

with k — fci = ko -rh -r m < n. 
In the above formula Akl~° is an element of Aki~kt>(gl(n,K)) and Skn is a poly­
nomial linear in the & and A", and, by Proposition II.5.2, symmetric in the pairs 

P i ) , l < i < f c o . 
Sk{' can therefore be considered as the restriction to the elements A',- ® £,• of a to-
linear, symmetric map <7/(n,R)fc(1 —> R. 
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By Proposition II.6.4 Sk° must be invariant under the representation p., which on 
monomials of the form A',- ® d is equivalent to minus the adjoint representation 

of p / ( n , R ) (cf. (11.80)). Hence Sh' is an element of Vj"(gl{",R)), the space of all 
fco-linear, symmetric, .Ad-invariant maps j / ( n , R)fc° —* R. 
Observe tha t in (11.85) we omitted the vector symbol on the arguments of Akl~k" 
since its .Ad-invariance implies that its value doesn't, depend on the chosen basis 

O f T M 1 resp. TM1". 
From (11.85) it is evident that the order of a cocycle 7¾, is 

( 2 , . . . , 2 , 1 , . . . , 1 , 0 , . . . , 0 ; 1 , . . . , 1 , 0 , . . . . 0 ) , k-k^ko+h+m < n (11.86) 
I T 1 

(M (M Ci> 
In the next subsections we shall look for globally defined local cocycles £ ^ + 1 with 

symbol given by (11.85), in particular for those which are not coboundaries. 

I I . 6 . 3 C o c h a i n s w i t h va lues in T?A[M) 

To properly handle the quantities we shall work with in what follows, we need 
some intermediate concepts. 

Analogously to tl'A[M) we can define 7^ 4 . the space of tensor fields of type 
(p, q) depending locally on the gauge potential A (cf. Subsection II.5.1). The 
representation tfv of X.[M) in Ü'A(M) is easily generalized to a representation. 
denoted also by tfv, in T*A{M). Its associated coboundary operator 6V acts on 
local k-cochains 
r ^ 6 A ' f ( X - ( M ) ; T / j 4 ( M ) ) a s i n ( I 1 . 7 4 ) . 

P r o p o s i t i o n I I . 6 .6 Let TM}.be the tc nsor bundle of type (U) over M. We have 

TM\ ^LM xodgl(ntR) 

where LM is the bundle of linear frames over M and ad is the adjoint representa­
tion ofGL{n,R) (cf. Subsection 1.2.I1). 

Proof: by definition ^ / ( n , R ) is the group of endomorphisms of R", which is iso­
morphic to R n ® R"". We have 

adE(v®£) = E[V(S)U)E-1 ={Ev<8>É-là), v€ R", J 6 R"' 

The proposition then follows from Definition 1.2.12. D 

We pointwise define a product in T^(M) — SecTM] by setting 

(T1-T2)(X) = [^ ,T 1 (X)T 2 (X)] , T1. £ T1HM), ux € LMxt xSM 

where T1-(I) e gì(n,K) are the components of T, with respect to the linear frame 
uT. The components of the tensor field T1 • T2 with respect to a local coordinate 
system are clearly given by 

(T1-T2)H(X) = 7 r , ( * ) ! £ , ( * ) , x € M (11.87) 
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The product 
ITuT2J = T1-T2-T2-T1 (11.88) 

obviously makes 7]*(M) into a Lie algebra. 
Given an element Sp of Vï(fff(n)R-)) we denote by the same symbol the map 

5 p : T1
1CM) x •-. x X1

1CM) —» C°°(M) 

given by 
So(T1,...,Tp)(X) = SO(T1(X)1...,TV(x)), x e M (11.89) 

where T,-(«) € g/(n,R) are the components of 7} with respect to any linear frame. 
The products (11.87) and (11.88) induce the products A (11.33) and [A] (cf. (1.15)) 
in the space of cochains with values in T^A{M). 
Remember that we have 

/ A T ' r j - l f V A r * (11.90) 

Sy(rk A r ') = * V A T ' + ( -1 ) V A />V (11.91 ) 

The map (11.89) induces a map. also denoted by Sp. 

S" : A(X-(Af)-^(M)) x ••• x A ( M M ) ^ ( M ) ) - A ''(X-(M); C^(Jl/ )) 

given by 

5 " ( ^ , . . . , A p 1 . Y t l f . . + i r ) = (11.92) 

= » , ] ,,E^^P(T*'(A',ii ),-,^1-,¾,^!) 
K1. • • • Kp. v 

Propos i t ion II.6.7 

1 = 1 

Proof: locally we can write 

S ' ( T * \ . - . . T - * ' ' ) = 

= TJJ w A • - - A rkJv ^Sp(dßi ® dx"1, • - -, ̂ 1 . ® da:"" ) 

where T*/W is a &i-cochain with values in C^(M), The statement then follows 
from (11.91). Ü 

Proposition II.6.8 Let Sp € V;(?^(n,R)). Then for any k-cochain rk 

53(-1)***1+""1-**-1 »5"(Tfc' , . . . , [T* A T*'], . . . , T*") = 0 
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Proof: let {E$, atß - l , . . . , n } be the canonical basis of p/ (n,R), i.e. {E%)$ = 

6*¾. Then 

£(_l)*(*i+-+*.--i),SP(T*i , . . . , [T* A Tfc'J, . . . ,T*') = 

= £(_!)*(*.+ - + * - . ) ^ - . A . . . r»».ATfc•« .. . A T ^ ^ J B ^ , , . . . , [E^ ££. ] , . . . ,££) = 

i = l 

since Sp is Ad-invariant. D 

11.6,4 T h e natural ly defined differential cochains 

Let M be a compact, connected, n-dimensional manifold. Henceforth we provide M 
with a linear connection T. which doesn't need to be Levi-Civita nor Riemannian. 

P r o p o s i t i o n II .6 .9 Lei T be a linear connection of a manifold M and Vx the 
associated covariani derivative with respect to the vector field X on M. Then 

Qx = Lx - Vx 

is a tensor field of type (1.1) on M. 

Proof: see page 235 of reference [26]. 

P r o p o s i t i o n II .6 .10 The components of Qx with respect to a local coordinate 

system are given by 

[Cx)I = -deX° -XT% 

where Y°@ are the components of the linear connection T. 

Proof: it suffices to show tha t 

[Cx(K)]0 = (LxY - VxY)* = ~Yô(d0X
a -r X'T%) 

and this follows from (1.10) and (1.42). D 

In the terminology of the preceding subsection the map 

Q : X-(M) —» T 1 V M ) (11.93) 

X^Qx 

is thus a local 1-cochain with values in T*A{M). Observe that Q can depend on 
the gauge potential A only if the linear connection T does. We shall see in the next 
section examples thereof. In this subsection we limit ourselves to A-independent 
1-cochains Q, 
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The symbol of Q is given by 

<rQ(i,X) = -X®( (11.94) 

As its order is (1; • • •) we call it a l-differentiaï cochain. 

Denote by S the local 2-cochain with values in T^A(M) defined by 

S = tvQ-\[QAQ] (11.95) 

Since Q doesn't depend on the gauge potential we can write 

S(X1,X2) = Q{XliXs) - [Qx1IQx7], XUX2 6 X-(M) 

Observe the similarity of (11.95) with the structure equation of Maurer-Cartan for 
the curvature form (cf. Proposition 1.3.4). 

L e m m a I I . 6 . 1 Let Tp be the components of a linear connection T. Under an 

infinitesimal diffeomorphism X G X.[M) they transform according to 

C - r ^ = (LxT)I,= 
= x'd.r'w + T'„d„x' + T%,dvx' - r^daX' + d„d„x> 

P r o o f : see reference [40]. 

P r o p o s i t i o n II .6 .11 The components of the tensor field S(X\.X2) are given by 

S(XUX2)% = -X;(Lx3T)°fiû -f X!(LxJ)°pl3 - R(X1 ,X7)^ -Y11X2 e \.(M) 

where R is the curvature tensor field of the linear connection T. 

P r o o f : by making use of Proposition II.6.10 and (11.87) we can straightforwardly 

compute S(X1,X2)
1^1. The proposition then follows by comparing the result with 

Lemma II.6.1 and Proposition 1.3.7. • 

From the above proposition and Lemma II.6.1 it follows that the symbol of the 
2-cochain S is 

Vs(^XuX3) = (X1 O f 1 ) < (ltX2 > (11.96) 

S is thus of order (2,0 ; • • •); i.e. it is a 2-dirTerential cochain. 
Since [Q A [Q A Q]] = 0, from (11.95) we get 

6VS = [QAS^Q] = [QAS] (11.97) 

Consider the following 2p-cochain with values in C^(M) 

S P (5 ) = S P ( 5 , . . . , 5 ) (11.98) 

where 5 p e V/(ff/(n,R)). 
Its symbol is 

S^X1 ® (u... ,Xp® (p)i(Xp+u... ,X2^1 A - . . A f p (11.99) 
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We have thus found a local cochain whose symbol has the form (11.85) necessary 

to be a cocycle. In fact, 

tvS'(S) = 'ts'(S,...,6vS,...,S) = J2S,{S,...,lQ,S],...,S) = 0, 

(!) '= ' (O 
but , 

Propos i t ion I I .6 .12 

S'(S) = 6vpf1dtS1,(QìStt.^ìStì 
Jo 

where St = i6vQ- £[<? A QJ"= 1 S + \{i -i2)[Q AQ], 1 e R. 

Proof: analogous to the proof of Proposition II.3.4. 

Since [LxT) is the only naturally and globally defined quantity on M whose local 
expression contains a term like diiduX

(>. we obtain 

Corollary II .6 .1 There arc no non-trivial cocycle s of order (2,.., ,2,0 0 ; • • • ) . 
i.e. 

H2.diIf(X.(M)-CT(M]) = 0 

It remains to us to consider the !-differential cochains whose symbols are given by 
the first factor in (11.85). 

Observe that the 2-cochain St defined in Proposition II.6.12 is of order (1.1 :• • •). 
Its symbol is the symbol of \{i - i2)\Q A Q]. i.e. 

(i~ ^)[X1 ®(UX20{2] 

It follows tha t the (2p - l)-cochain 

TS% = p / 1 dtSp{QtSt,...,St) (11.100) 

is of order ( 1 , . . . ,1; • • •) and that its symbol is given by 

(2p-l ) 

(11.101) 
where U{ = X1; ® £ , i = 1 . . . . , 2p - 1. 
Now for any Lie algebra L there exists a linear map 
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called the Cartari map, which is explicitly given by [22] 

( ^ ( ^ , . . . , V i ) = (11.102) 

= ( 2 * - ^ ^ ^ 

We thus obtain that the symbol of TSQ is 

( - 1 P P i ( ^ ) ( J r 1 » È , , . . . , * * . , » { , , _ , ) , (11.103) 

which has exactly the same form as the first factor in (11.85). 
Unfortunately, by Proposition II.6.12, 

6VTS% = S p ( S ) / 0 

The case p = 1 deserves special attention. 
By using Proposition II.6.11 and Lemma II.6.1 it is straightforward to compute 

S\S) = Tr[S). Namely 

Tr 5 ( X 1 5 X 2 ) = LXiTrQX7 - Lx2TrQx1 + 2 V A U W Y 2 ) 

Denote by TrQ the cochain given by TTQ(X) = TrQx- From the above formula 

we get 

[6VTTQ)(XUX2) = LxJrQx2 - Lx7TrQx1 +TrR(X11X2) (11.104) 

This result will be used later on (0 construct non-trivial (n + l)-cocycles. 
Since Qx is the only naturally and globally defined quantity on M whose local 

expression contains a term like d^X1,, we can state the following 

C o r o l l a r y I I . 6 . 2 H[.diii(\.(^I)\Cf(M)) = 0f p # n + 1 

I I . 6 . 5 T h e O-differential c o c h a i n s 

By definition the O-differential cochains are those of order (0 . . . . ,0 ; • • •). 

From (11.85) we see that the O-diff. cocycles must have the following form 

i(Xu...ìXk)V^y(A) = tkVk
pl,y(A;Xlìt..tXk) (11.105) 

where T)1I01 (A) is a polynomial k-form depending on the gauge potential A, i.e. an 
element of V^[U1 (M\ LG)\ ùk(M)) (cf. Subsections II.3.2 and II.5.1). 
Similarly to (11.44) we have 

(W)V^)(A) = LxTt^(A) (11.106) 

Since i ( A ' j , . . . iXk+i)Vk
tolv(A) = 0. Lemma II.3.1 implies 

( ^ ^ y ( i ) P ^ . . . : A V O = « , . . . , A V i ) ^ U ( ^ ) (IMOT) 

Therefore, to give rise to a cocycle the k-form V^01 (A) must be closed. From 
(11.107) it is also evident that tkVk

poly[A) is a non-trivial cocycle only if Vu
poly(A) 6 

LiìeRham(M). We proved 
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C o r o l l a r y I I . 6 . 3 H0.diff(X.(M); Cf(M)) = H£RhaJM] 

where H^eRham{M) is the subalgebra of H^RUamiM) consisting of polynomial forms 

in the gauge potential A. In particular we have 

BS%ff{X.{M); Cf(M)) = 0, n = dim M 

I I . 6 . 6 T h e 1-differential (n-J- l ) -cocycles 

Consider the (n+l)-cochain inV^oly(A) A TrQ. AS V^oiy(A) is closed, we obtain 

P r o p o s i t i o n I I . 6 . 1 3 Let r be any n-form on M. Then the (n-f-S)-cockain inr A 
6VTTQ vanishes identically. 

P r o o f : see the Appendix. 

The above constructed (n-f-l)-cochain is therefore a cocycle. That it is non-trivial 
is evident, since to construct the polynomial form Vp0Ì (A) no use has been made 
of the linear connection of M. 

C o r o l l a r y I I . 6 . 4 H^d)ff(X.(M);Cf(M)) - Ü»Apoly(M) 

As can be verified by a direct calculation, it is possible to ascend eq. (11.66) starting 
with the cocycle inV^oiy(A) A TTQ only if the curvature of the linear connection V 
of M satisfies 

TrR[Ji1^X2) = 0, VA', € X-(Jl/) 

In that case we find the following n-form which integrated can give rise to a possible 
base space anomaly 

^ ( • 4 ; A') = V;oly(A)Tr Qx, X e X.(M) (11.108) 

Notice that the above condition on the curvature is satisfied if T is a Riemannian 
connection [21]. 
In the next sections we shall find more 1-dirTerential (n-f-l)-cocycles by restricting 
the cochains to subalgebras of X-(M ). 
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IL 7 Affine anomalies 

Let M be a compact, n-dimensional, orientable manifold equipped with a linear 
connection F. 

In this section we find a special class of cocycles belonging to f\n+l(a(M)\ C^(M)). 
where a(M) denotes the subalgebra of X-(M) consisting of infinitesimal affine 
transformations of M , and ascend equation (11.66), thus finding a local n-form 
giving rise to a possible base space anomaly associated to the infinitesimal affine 
transformations or briefly an affine anomaly. 

I I .7 .1 T h e a(M)-restr ic ted , 1-differential cochains 

Def in i t ion II .7 .1 A vector field X on M' is called an infinitesimal affine transfor­
mation if (LxT) = 0. where T represents the components of the linear connection 
of M. 

We denote by a(M) the space of all infinitesimal affine transformations of M. 
Clearly a(M) is a subalgebra of X-(M). Observe that a(M) implicitly depends on 
the linear connection T of M . 

Let S be the 2-cochain with values in T^A[M) defined in (11.95). In view of 
Proposition II.6.11 we have 

S[X11X2) - -R[X^X2) for A, £ a(M) 

where R is the curvature tensor field of T. 

Briefly, 

S l o w - WQ - \\Q A Q ] ) U A / , - - - R U A / , (11.109) 

Whence, 

r S g U w ) = ( - 1 ) P _ 1 P f at S»(QJR + \(t2 - i)[Q A Q],.. . ) U M ) (H-HO) 

where TS% is the (2p - l)-cochain (11.100). 

Defini t ion II .7 .2 Let X be a vector field on M which generates the 1-paramcter 
group of diffeomorphisms ipt. Its natural lift, denoted by A", is the vector field 
on LM induced by the !-parameter group of diffeomorphisms *pwt which maps the 
linear frame Ux — {e,(x)}, i — 1 , . . . , n . into y \ ( ( u , ) = {(dtpt)x€i{x)}, x € M. 

P r o p o s i t i o n II .7 .1 i) The natural lift X is invariant, i.e. agwX — X, 

ii) Xand Xare TT-related, where TT is the projection 
LM — • M (cf. Definition 1.1.12). 

iti) ( A 1 T x 2 I - [ A 1 5 A 2 ] , A 1 -CX-(M) 
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Proof: see reference [26]. 

Let u) be the connection form associated to the linear connection T. By definition 
w is a #/(n, Reva lued 1-form on LM. Denote by Ü its curvature form. 

P r o p o s i t i o n II .7 .2 The components of the tensor field Qx = Lx - ^x rt$p. 

R(XjY) with respect to the linear frame Ux are given by 

[Qx])(T) = -wj(«r; X) 
. . , a* € M 

resp. R(XJYYJ(X) = U)(U^XJY) 

where X and Y are the natural lifts of X and Y £ X(M). 

Proof: see the Appendix. 

As Sp is .Ad-invariant we can write 

r [TSP
Q(X, , . . . , A V i ) ] = (11.111) 

Jo 

= ( - 1 ^ ^ 7 5 ¾ ¾ . . , ¾ - ! ] . Xi€a{M) 

where n is the projection LM —? M and Ct, = 1 Q + ^(/2 - /)[u> A w). 
Observe that TSp(w) is the Chern transgression form on the bundle LM (cf. Def­
inition II.3.5). 
By Proposition II.6.12 and (11.109) we have 

FTS%\a{M) = [-lYS*(R)UM) (11.112) 

For $p € y^{gl(n,Il)), SP(R) is a 2p-form on M which is a combination of char­
acteristic classes of the tangent bundle TM [21]. Assuming that M is of even 
dimension and setting p = ~ -f 1 in (11.112) we obtain 

* V r s | + 1 Ia(M) = ( - l )S + 1 S ' + l ( Ä ) | a < M ) - 0 (11.113) 

The (n-M)-cochain TSQ is therefore a cocycle of 6V when restricted to a(M). 
That it is non-trivial follows from the following argument. Its order is ( 1 , . . . , 1 ; 0). 

l 
( n + l ) 

therefore by equation (11-77) it may only be the coboundary of a cochain of order 
( 1 , . . . , 1 ; 0), but this is excluded by the discussion following Proposition II.6.5. 

T 

Remember that, the Chern transgression TS*+l(iv) was used in Subsection II.3.2 
to construct the gauge anomaly of a theory based on a trivial bundle R. As it is 
well known Einstein's theory of gravity can be geometrically interpreted as a gauge 
theory based on the bundle LM (or OAZ+ if spinors are present) which by defini­
tion is trivial only if M is parallelizable. The gauge anomaly of this special gauge 
theory is called the Lorentz anomaly. 
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As we have already said in Subsection II.4.1 a classical theory formulated in 
terms of a Lagrangian L is automatically invariant under the diffeomorphism group 
of M. The possible anomaly associated to this invariance is the gravitational 
anomaly. Due to the tight relation between the bundle LM and its base space 
M, in particular between an infinitesimal difTeomorphism X and its natural lift X, 
the gravitational anomaly, too, can be constructed starting with the transgression 
form T 5 > + 1 ( w ) , where u> represents a linear connection of M. It suffices to replace 
the vertical invariant vector fields Zi of Subsection II.3.2 with the natural lifts 
Xi [7]. As this fact suggests there is a relation between the gravitational and the 
Lorentz anomaly. Indeed, for a parallelizable manifold, one can shift, the anomaly 
from the gravitational to the Lorentz form by adding a Bardeen-Zumino counter 
term to the Lagrangian C [36,1,7]. To be definite we shall assume that all theories 
we consider are free from gravitational anomalies. 

As can be seen from (11.111) the cocycle 7r" TSQ \a{M) is nothing else than the 
restriction to a(M) of the (n + l)-cochain i " " 1 " 1 ! ^ 4 1 ^ ) out of which the gravita­
tional anomaly is constructed. Therefore, the form of the affine anomaly we are 
looking for must be the same as the one of the gravitational anomaly restricted to 
a(M). 

It has to be emphasized that this doesn't mean that the affine anomaly is a 
gravitational anomaly. First of all the infinitesimal transformations of the fields 
(11.55) we assume are not given by the (natural) action of the diffeomorphism 
group; we can therefore not say a priori that the two kinds of anomalies coincide. 
In Subsection II.7.3 we shall give the only (at least, to us) known example of a the­
ory possessing an affine anomaly. Unfortunately for this theory the affine anomaly 
is equivalent to a Lorentz anomaly and thus, according to the above, equivalent to 
a gravitational anomaly. Secondly, the gravitational anomaly is usually computed 
by taking as linear connection the Levi-Civita connection of the assumed paral­
lelizable Riemannian manifold M: as we shall see below our construction of the 
affine anomaly is not limited to this case and moreover it enables us to introduce 
a gauge potential-dependence. 

II .7 .2 T h e descent equat ion for the a(M)-restr icted 1-diff. c o c h a i n s 

To ascent equation (11.66) we shall mainly work with quantities, as the Chern 
transgression form, defined on the total space LM. We begin this subsection by 
stating two lemmas valid for any principal fibre bundle [P —^ M, G) . 

Let h be the horizontal projection (1.35) associated to a connection T in P. VVe 
denote by h' the projection 

k- : n - ( P ; F ) — ^ n - ( P ; F ) 

tt •—* h'f 

givenby A ^ ( Z 1 , . . . , Z9) = i>(hZu . . . ,hZq), V G fì'(PiF), Z1 e X(P). 
The exterior covariant derivative D (1.37) associated to the connection T can thus 
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be expressed as 
D = h- od 

Let uj be the connection form on P associated to T and {£,, i ~ 1 , . . . , dim. G} a 
basis of the Lie algebra LG. 

Lemma II.7.1 Denote by Q = Cl1Ei '^e curvature form of us. Then 

D oh' = h'o[d-ÇVAi{ZEi)] 

where ZEÌ is the fundamental vector field induced by Ei € LG (cf. Definition 1.2.2). 

Proof: see the Appendix. 

Given an element Sp G V1(LG) we denote by TS*.h /IM, 0 < m < p - 1, the 
following invariant (2p - 2m — l)-form on P 

TSIj1 /„. = (-1)" ; ¢ - - fdt(l-trsp[«;Mtr...M^E11....,E1J 
l ' ' {p - m - I)] Jo 

(11.114) 

Lemma II .7.2 
tn 

rfr«* U = 1 ^ ¾ , ) ^ , ,. |m! m > l 

Proof: see the Appendix. 

Suppose now we are given another connection T in P with connection form o\ 
In Subsection II.3.2 we defined the representation d of -X-(P) in QJ1(P). the space 
of local q-forms on P depending on a connection form u» (cf. Proposition 11.3.2). 

Given the (2p-2m-l)-form (11.114). a k-cochain, denoted by T5*;£~*~\ belong­

ing to hk(X.(P);nlp-l,-l(P)) is defined by 

TSt'2^ (Zi...., Zk)= (11.115) 

= -Ln<. A • • • A n'™ A A 1 M Z 1 z * )7¾, j = 

= ^ 7 H'1 A • • • A n''" A /r[t*rs? ; / i i . . . ^ ( Z 1 , . . . , Zk)l Zi e x.(P) 
' t i ' W 

where Si and h~ are the curvature form and the projection associated to T, and 
TS^1.1 i is constructed out of the connection form w. 
Clearly, the k-cochain (11.115) doesn't vanish identically only if 1 < A: < 2p—2m —1. 

Lemma II.7.3 Z,e/ 8 be the coboundary operator associated to the representation 
è of X.[P). Then 

p-i 

D ^ ^ ^ " ' ( 2 ^ . - . , ^ ) = (-1)^^(^,...,^)^(0)+ 
m=0 

+ ( - I ) 4 + 1 E - V 1 A--AfI'" A fc-[(«,*-':TSSi(l ,,,,)(^,...,2,)] 
m = 0 m: 
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Proof: see the Appendix. 

We now return to the case P = LM and restrict the cochains TSk'q- to the sub-
W ,W ,TT} 

algebra of X-(LM) consisting of natural lifts of infinitesimal affine transformations 
of M. 

Observe tha t the q-form TSj1I^(X1,...,Xk) is invariant and by definition 
horizontal. By Proposition 1.3.1 it can thus be identified with a form on M. 

Generally the connection form w is given by w 4- K, where « is a horizontal, 
ad-equivariant, $/(n, Reva lued 1-form on LM. Any tensor field A* of type (1,2) 
on M determines such a 1-form « (and viceversa) by 

K(UX;W) = K(r;rf7TUiu',-), Ux Cj LMx, w € T LMUT 

where K(x;dTTUiw, •) are the components of the tensor A"(x;cfrrUitt', •) of type (1,1) 

with respect to the linear frame uT (cf. Proposition II.6.6). 
In what follows we shall identify A* with a tensor-valued 1-form on M [21] by 
setting 

K(x:v) = K[x:v.-): v £ TMx. (11.116) 

and by abuse of notation simply write K = IT' K. 
In view of Proposition II.T.2 and the fact that h'Cò ~ K = TT" K, we can write (cf. 

eq. (11.111)) 
TS^JXU... Jk) = *• [ 1 5 J ^ ( A - , A \ ) (11.117) 

where the k-cochain TSg'%-.m belongs to Ak(a(M);fl<1(M)). 

L e m m a I I . 7 . 4 Lei K be a tensor field of type (JJ) on M and K the associated 
horizontal, ad-equivariant, gl[n,,R)-valued 1-form on LM. Then to LxK is asso­
ciated L^K1 where X is the natural lift of X £ X(M). 

Proof : see the Appendix. 

Assume now the tensor field A' belongs to T2
i
A (cf. Subsection 11.6.3), and that it 

verifies 

W(X)K)(A) = Lx K(A), VX e a(M) (11.118) 

Since Lxu) = 0 for X € a(M) [26], by Lemma II.7.4 and condition (11.118) we have 

LxU[A) - Lx-K(A) = W[X)K)(A), X € a(M) 

Therefore by Proposition II.7.1 Hi) we can write for such a 4-dependent connection 

form G) 

^ ' ^ . . . A o S ^ i i ^ r ^ , , {jxu...,xk)\ = 

ml 

Denote by TS%n+1~k(A) the following k-cochain belonging to A V ( M ) ; n j + 1 - * ( M ) J TS^(A) = £ TSk
Q%\-}

k, 
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where n = dim M. 

Proposi t ion II .7.3 Let K[A) he a tensor field of type (Ut) on M. depending • 
on the gauge potential A and satisfying condition (IJ.118). Then the k-cochains 
TSQ'^'^A), 1 < ifc < n + 1, verify the descent equation 

dTS$n+1-k(A) = ( - 1 ) ' + 1 6V TS^'^-'iA) 

Proof: for p = § + 1 we have SP(Ù) = TT'SP[R) = 0. Therefore by Lemma II.7.3 
and eq. (11.117) 

/ ? ! r T 5 j ' n + I - ^ ; ^ ^ ) = ( - 1 ) ^ ^ ^ 7 5 ¾ - 1 ' * 1 4 2 ¾ ^ , . . . , ^ ) ] 

Lemma 2 of Chapter XII of reference [27] states that for any q-form f- on M 

DTT'^P = dir'<p = Tr'dip 

The assertion then follows by noting that TT" is injective. • 

For h = n -f 2 the statement of Proposition II.7.3 reads 

tv TS^-0U) = Q, 

with (cf. (ILIlO)) 

TS^-0U) = TS^h0 = 

= (-1)^(= + 1) PdIS^(QJ R + \(12-1)[Q A <?],...) (11.119) 
JO 

where Qx = Qx — K[A;X) and R is tlie curvature tensor field of the linear 
connection T(A). 
Note that for A' = 0 the (n-i-l)-cocycle (11.119) is equivalent to the restricted 

cocycle TS£ Ia(M) (cf- (ILIlO)). It can actually be proved that for a tensor field 
A'(^4) verifying (11.118) we have 

5|fl(M) = (6VQ * \[Q A Q])Ia(M) = -R\*(M) (H.120) 

which is identical to (11.109). Therefore, in general 

TSg+1'°{A) = TSl+il{M) 

Is the cocycle TSQ ' (A) non-trivial? To answer this question we must know 
its order and use eq. (11.77) to check if it can not be a coboudary. Unfortunately. 
due to its restriction to a(M) and its ^4-dependence, its order can not be directly 
read from (11.119) but must be determined case by case. 
Assuming that TSQ+ ' [A) is not trivial, a possible unintegrated, affine anomaly is 
therefore given by the n-form TSQ'n(A;X), X € a{M). Explicitly 
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TS^(A;X)=± TSl
Q%A):JX ) = (-1)? ± J»B

+ 1^ f di (1 - <)" 

{S*+\Qx%iR+\(t* -t)[K tKK],...>R,...,R) 

(f-m + 2) 

- 7 0 . 5 ^ ( ^ , ^ + J ( t 2 - * ) [ A " A A I 1 . . . , t x Ä , . . . , Ä ) (II.121) 
1 

(f-m + 2) 

(f-m + 2) 

If A' = 0 then the above expression simplifies to 

r 5 j ' n ( A ' ) = ( - ] ) : ( j + 2 ) 5 t + 1 ( C , . , Ä Ä) (11.122) 

We shall discuss in the next subsection the physical implications of the affine 

anomaly (11.121). 

I I .7 .3 Phys ica l interpretat ion of t h e affine a n o m a l y 

Consider a gauge theory based on a trivial bundle P=MxG whose base space 
M is a compact, 2k-dimensional spin manifold without boundary. As usual in a 
physical theory we assume that M is provided with the Levi-Civita connection. 

Def in i t ion II .7 .3 A vector field X on a Ricmannian manifold M is called an 
infinitesimal isomeiry (or a Killing vector field) if LxQ — 0, where g is the metric 
tensor of M. 

We denote by i(M) the space of all infinitesimal isometries of M. %{M) is a 

subalgebra of X-(M). 

P r o p o s i t i o n II .7 .4 Let M be a compact Ricmannian manifold equipped with the 
Levi-Civita connection. Then a{M) = i (M) . 

Proof: see Corollary 3.9 of Ch.VI of [26]. 

From the above Proposition it follows that the anomaly we found in the preceding 
subsection could appear in a theory invariant under the infinitesimal isometries. 
Are there any classical field theories which possess such a symmetry and which 
can also be anomalous? 
Since by assumption all theories we consider are invariant under any infinitesimal 
diffeomorphism provided one transforms the fields according to their geometrical 
character, the invariance should result from varying some of the fields regardless 
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of their intrinsic nature. 
An example thereof is the chiral S£/(r)-gauge theory whose Lagrangian C is locally 

given by (cf. (11.16)) 

C\va = I Î>+*Y V A ( d - J ^ r J + A W+ 0 + k.c. (11.123) 

As usual V'+Q = ( 1 ^ ) V 5 M Q ® V'P denotes a right-handed spinor field, V'Ma being 
the pull-back by a local section oa = {£, a}i i = 1, •. M n , of OAf+ over UQ C M 
of an equivariant map tpM : OM+ —> C 2 d , <£ = 2ï~l (see Definition 1-4.4), and 
ij>p the pull-back by a global section of P = Jl/ x SU(r) of an equivariant map 
V'/> : P-* C (see (11.13)). 
In (11.123) *eQ ~ 'e^éi is the Hodge dual of the pull-back by oQ of the solder form 
O of LM (see Definition 1.2.11), T = T)Tf is the pull-back of the soin,R)-valued 
connection form u; corresponding to the Levi-Civita connection of M [26], A is the 
gauge potential, and <r) = ^[T% 7 J Ì -

Even though to locally define C one needs a local section oa it can be verified 
that its definition is actually section-independent. This is a special case of a 
gauge invariance, the so called local Lorentz invariance. As a consequence of this 
symmetry the n-forms C\vn patch together to give a globally defined Lagrangian C 
and therefore a theory which is genera] covariant (cf. Subsection 11.4.1). This has 
to be contrasted with the Lagrangian given by (11.16). which is general covariant 
but not local Lorentz invariant. 

As independent fields of the theory we take the sets {i/*+Q}, {^ó}; and the gauge 
potential .4. The metric tensor g is then given by g = {T* e'a ® c'Q} (see eqs. (1.33) 
and (1.34)), from which the Levi-Civita connection can be constructed (2G]. 

According to the above, the classical action 5 [{I / ' J .O}: {V'+o}; { e i}: '4] is invari­
ant under the (infinitesimal) local Lorentz rotations 

A — A 

where e < 1 and ea = e)QTf £ C°°(£/ 0 , so(n,R)) . This transformation corresponds 
to the change of local section 0o —» oQ • exp eeQ. 
The action S is also invariant, under the infinitesimal diffeomorphisms 

ci - c i + f X j e i , A' ^ X-(M) (11.125) 
A -* A-VcLxA 

Clearly S is also invariant under the usual gauge transformations (11.17), but in 
this subsection we shall not consider this symmetry. 

P r o p o s i t i o n II .7 .5 Let X € i{M). and oa = {EiQf i = 1 , . . . , n } . be a local 
section of OM*. Denote by (A",£^,Q]J? j = 1 , . . . , T I , the components of the vector 
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field [X,Eia] with respect to the linear frame oa. Then the matrix [X,Ea}(x), 
x 6 Ua! whose elements are given by [A',£, 'a] J(x). belongs to 50(77,R). 

Proof: see the Appendix. 

According to the above proposition, an orthonormal frame oa = {EiQ} is trans­

formed by an infinitesimal isometry A" into the orthonormal frame 

o'„ = {Eu, + e LxE,a} = {Eja{6\ + e [A', £,-„]')} = oa-(l + t\X, Ea}) 

We can thus interpret an infinitesimal isometry A" as a change of local section 
represented by the map [A", .E0] € C ° ° ( ! 7 0 ; S O ( T 7 . , R ) ) . 

By combining an infinitesimal isometry with the inverse of the local Lorentz 
rotation corresponding to it, we can define the following infinitesimal affine trans­
formations of the fields appearing in the action 5 

V>+a - V'+o + < (AW+0 - \[X, Ejo]< ^ + 0 ) 
e Q - c a , Xei(M) (11.126) 

A — A + eLxA 

As the classical theory defined by the Lagrangian (11.123) is separately invariant 
under local Lorentz rotations and infinitesimal diiTeomorphisms, it is clearly also 
invariant under the combined transformations (11.126}. Notice that the transfor­
mation law (11.126) has the same form as the one postulated in (11.55). Therefore. 
the formalism we developed to construct the base space anomalies is applicable 
and gives the unintegrated affine anomaly (11.121). 

That such an anomaly does exist for the theory we are considering, follows from 
the fact that the local Lorentz invariance can not be maintained at the quantum 
level [36,1]. This is not surprising since, as we said before, local Lorentz invariance 
is just a special kind of gauge invariance. 
Thus , the affine anomaly 

X[Atg;X) = f TS1Q-(A; X), X Zt(M) (11.127) 

where the ^-dependence comes from the Levi-Civita connection used to construct 
TSQ", should be equivalent to the Lorentz anomaly associated to the infinitesimal 
change of local section represented by the map [A', EQ] G C°°(U0; so(n, R ) ) . A* € 
>(M). 

Wha t can we say about the tensor field K(A) appearing in the general expres­
sion of TSq,n(A\X) ? Since Lxg = 0 for A' € *(M), the following tensor fields of 
type (1,2) satisfy condition (11.118) 

K1(A) = Tr (9A ® F), K1(A) = Tr(A% 9F) 

where locally 3F = (g"»Fvp)d„ ® dxp. 
If the structure group G of the trivial bundle upon which the theory is based is 
the f7(l)-group, then the tensor field 

K3(A) = I® A 
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where 1 is the identity tensor field on M, fulfills condition (11.118) for all A* £ 
X-(M). 
Which one of the above tensor fields has to be used in constructing TSqn[A\X) is 
not determined by the present analysis. 
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II.8 Conformai anomalies 

Let M be a compact, n=2k-dimensional, oriented, Riemannian manifold without 

boundary. In this section we restrict ourselves to the subalgebra of X-[M) consist­

ing of infinitesimal conformai transformations and give special examples of n-forms 

T>l,Tl(X) which represent possible, unintegrated, consistent, conformai anomalies. 

II .8 .1 Geometr ica l prel iminaries 

P r o p o s i t i o n II .8 .1 Let M be an oriented Riemannian manifold equipped with the 
natural volume form e (sec (1.19)) and a Riemannian connection. Then, for every 
vector field X on M, we have 

divX = -TrQx 

where divX denotes the divergence of X (sec Definition 1.1.18) and TrQx the 

contraction locally given by JQ.YI* (CJ- Subsection II.6.4)-

Proof: see Appendix 6 of j26j. 

Corol lary I I . 8 .1 The hypotheses being the sanie as in the previous proposition. 
we locally have 

div X = dQX° -r X»T°Q = V0X
0 + A'TM

Ö
0 

where T*ß and Ta
ö arc the components of the connection resp. the torsion with 

respect to a local coordinate system. 

Proof: this is immediate from Propositions II.6.10 and 1.3.T. 

Corol lary I I . 8 .2 With the same hypotheses as those in Proposition 11.8.1 we have 

div [X, Y) = LxidivY) - Ly {div X), VA', Y G X-(M) 

Proof: this follows from eq. (11,104) by noting that for a Riemannian connection 

we have TrR(X,Y) = 0, VA", Y € X-[M). 

Def in i t ion II .8 .1 A vector field Z on M is called an infinitesimal conformai 
transformation if Lz9 = eg, where g is the metric tensor of M and er 6 C°°{M). 

We denote by c(M) the subalgebra of all infinitésimal conformai transformations 
of M. Clearly i(M) C c{M) (cf. Definition II.7.3). 

P r o p o s i t i o n II .8.2 Assume M is provided with the Levi-Civita connection. Then 
the infinitesimal conformai transformation Z induces infinitesimal changes on the 
curvature R. the Ricci tensor field Rie and the scalar curvature R (see Defini­
tion 1.3.10). 
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They are locally given by 

(LzRic)ßu = -\{{n-2)VßVv<r + gßv0a} 

L2R = - { < r f t + ( n - I ) D a ) 

where G denotes the Laplacian, which is locally given by D = p^V^V^. 

Proof: see [40]. 

Definit ion II .8 .2 Let M be a Riemannian manifold of dimension n>4 equipped 

with the Levi-Civita connection. The tensor field W of type (1,3) whose components 

are given by 

•n - 2 
U%v = *§„* - I TT, (KR"a» - KKce„ - 9^gapRicpu - 90vg

opRicpll ) 

is called the Weyl conformai curvature tensor. 

P r o p o s i t i o n II .8 .3 Let Z e c{M). Then L2W = 0. 

Proof: see [40]. 

P r o p o s i t i o n II .8.4 Assume the manifold M is provided with the natural volume 
form e. Then the function a of Definition U.S.] is given by 

a = -{dir Z). Z e c(Jl/) 
77 

Proof: the proposition is easily proved by using the local expression (1.21) for the 
divergence of Z. 

From the above proposition it follows that for an infinitesimal isometry A* we have 

divX = Q. 

Propos i t i on II .8 .5 Let r be a q-form on M., Then for any infinitesimal confor­
mai transformation Z we have 

2q 
LZ*T = * £ z r + ( l - -l)(divZyr 

n 

where *r denotes the Hodge dual form of r (see Definition 1.1.17). 

Proof: see the Appendix. 
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I I .8 .2 Specia l so lut ions of Hn+1(c(M); Cf(M)) 

In this subsection the Riemannian manifold M is provided with the natural volume 
form € and a Riemannian connection. 

Let V"(A) be an element of H^(M), i.e. a local n-form depending on the gauge 
potential A, satisfying 

(W(Z)TT)(A) = L2V^(A) + a(div Z)Vn
c(A), \/Z € c(M), a € R (11.128) 

From Proposition II.8.5 and Lemma II.3.1 it follows that the n-cochain inV"(A) 
verifies 

6\nV:(A)\c(M] = -aTrQ A inVn
c(A)\c{M) (11.129) 

As in Subsection II.6.6 consider the (n+l)-cochain 

V^10(A) = i"Vl(A) A TrQ\c(M) (11.130) 

From (11.129) and Proposition II.6.13 it follows that it is a cocycle. 

Using (11.128) and Lemma II.3.1 it can be verified that 

V^(A) = tlLòvds-iV«{Ayìc{Mh a u o 

Therefore, the cocycle V?+lfi(A) is a non-trivial element of i / n + 1 (c (J \ / ) ; Cf(M)) 

if the n-form V"(A) verifies 

(W(Z)T^)(A) = L2Vi(A), VZ 6 c(M) (11.131) 

Notice that this condition is automatically fulfiled by the polynomial n-fonns. i.e. 
those forms constructed out of exterior products of A and dA only (cf. (11.106)). If 
the n-form Vi(A) is polynomial then the unrestricted cocycle (11.130) is equivalent 
to the general one considered in Subsection II.6.6. In the following V"(A) stands 
for a non-polynomial n-form. 

If Vi(A) meets condition (11.131) we can ascend eq. (11.66) starting with 
V?+l'°(A). The resulting n-form V]>n(A\ Z) is given by 

Vl'n(A;Z) = TC(A)TTQ2 = -Vn
c(A)(div Z), Z € c(M) (11.132) 

which is similar to the general one found in Subsection II.6.6. 
In what follows we identify through the +-operator (see Definition 1.1.17) the ri­
fornì V^(A) with the function TP(A) = *Vi(A). By Proposition II.8.5, condition 
(11.131) becomes 

(W(Z)TP)(A) = '(W(Z)Vi)(A) = LZV°C(A) + (div Z)VC(A), VZ G c(M) 
(11.133) 

The problem of constructing the possible ^-dependent conformai anomalies is now 
reduced to the one of finding functions V^(A) verifying (11.133). This suffices from 
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a mathematical point of view. Physically, the function V^(A) must fulfil also a 
dimensionality requirement, as we now explain. 

In units where h — c = 1 the action functional 5, and therefore the anomaly. 
must be dimensionless. Since the natural cobasis elements dxu are assumed to 
have dimension of length, the components of the metric tensor are dimensionless. 
Hence, the natural volume element e has dimension (length)". By assumption 
the components of the gauge potential A have dimension (length)"1, whereas the 
components of a vector field X have dimension of length, so that div X is dimen­
sionless. Clearly the exterior derivative reduces the dimension by one. From this 
it follows that in units where h — c = 1 the n-form V"(A) must be dimensionless 
or, equivalently, the function V^(A) must have dimension (length)"". 

To construct a function meeting condition (11.133) and of the right dimension­
ality, namely (length) -", we have the metric tensor g, the gauge potential A, its 
dual 'A) and their exterior derivatives. Below we give some special examples of 
such functions in two and four dimensions. To simplify the notation we express 
them locally. 

2-dimensions. The simplest example is 

V°(A) = '[-,(• A A.4)1 ^ i (A11A") 

where 7 denotes the Killing form of the Lie algebra of the gauge group G. 
The resulting conformai anomaly is given by the integral of 

V]<2(A\Z) = -',{*Af\A){divZ), Z e c(M) 

If (he gauge group is t'"(l). then the "divergence" 

V°C{A) = V „A" + A11T^ = - V M 

satisfies (11.133) and is of dimension (length) -2. Its associated unintegrated con-
formal anomaly is given by 

V\*(A\ Z) = (d'A) (div Z), Z € c(M) 

It is unlikely that the integrals of these 2-forms will ever appear as the conformai 
anomalies of any physical theory because they are not gauge invariant. 

If G = U(X), then the following polynomial cochain (cf. Subsection II.6.6) 

V%y(A;Z) = F(divZ) 

is gauge invariant and possesses all the requirements to be an anomaly. 

4-dimensions. In this case the simplest example is 

V°C(A) - J(F^Fn 

91 



which is also gauge invariant. 

The corresponding 4-form T>\,A(A\ Z) is given by 

V]'4(A;Z) = - ^ F h F) (div Z), Z e c(M) 

The integral of this form is the gauge contribution to the conformai anomaly [19j 
of the free Yang-Mills theory (cf. Subsection II.4.1). 

I I .8 .3 T h e ^ - i n d e p e n d e n t conformai anomal ies 

In this subsection we use Proposition II.8.2 to directly construct special n-forms 
which combined with the 1-cochain TTQ as in (11.132) give n-fornis V],n(Z) veri­
fying (cf. Subsection II.5.1) 

(6*Vl'»)(Zu Z2) = d(V2
c--'(Z^Z2)) 

. Zi e c(M) 
and V]'n[Zx) é- (*vDj'")(Zi) (modulo an exact form) ' 

(II. 134} 
In what follows the Riemannian manifold M is provided with the natural volume 
form € and the Levi-Civita connection. 

Let r be any .4-independent n-form. By Proposition II.8.1 and Corollary 11.8.2 
the 1-cochain r TTQ with values in the n-forms verifies 

(6vrTrQ)(Zi:Z2) = T TrQUZ1, Z2)) = 

= d{(iZ]T)TrQ(Z2)-(I23T)TrQ(Zy)] 

-(Lz1T)TrQ(Z2)^(Lz2T)TrQ(Zi), VZ,- e X-(M) 

Therefore, to verify the first equation in (11.134) we must find a n-form rc such 

that 

(Lz1Tc) div Z2 - (Lz3Tc) div Zi = (/(something), VZ1 e c(M) (11.135) 

Observe that the second equation in (11.134) is always satisfied since in our for­
malism, for an ^-independent 0-cochain V^,n, we have SvV°,Ti = 0, and TC Tr Q2 = 
— Tc(div Z) 7̂  rf (something) if TC is not the volume form e. 

As in the previous subsection we identify the n-form rc with the function / c == 
*rc. By Propositions II.8.5 and 1.1.7, condition (11.135) is equivalent to 

(Lz1 /c)div Z2 - (Lzjc)div Z1 = div (something), VZ1 G c(M) 

or 

J €{(LzJc)div Z2 -(LzJe)div Z 1 J = O , VZ^c(M) (11.136) 

The only geometrical quantities we have at our disposal to construct a function / c 

meeting condition (11.136) are the metric tensor g, the volume form e, the curvature 
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tensor field R and its covariant differentials. As explained in the preceding subsec­
tion, the functions fc must also fulfil the physical requirement of being of dimension 
(length)"". Obviously, in our units, the curvature has dimension (length)"2 . 

A class of solutions to eq. (11.136) consists of those functions fc verifying 

Lzfc = a(divZ)fCi VZ e C(M)1 o e R 

Examples thereof are the total contractions of tensor products of the Weyl tensor 
W. We denote such a contraction by fp\\>, where p is the number of times the 
tensor W appears in its expression. Since any contraction of W vanishes [14], the 
minimal value for p is 2. The function }2w is nothing else than the square of the 
norm || W \\ of W, which is locally defined'by 

W \\2= W^J-V*0^ 

We have 

Generally. 

o Ôfiir 

w ||2=--(tf*>z)|| w II2. Ze c(M) 
n 

Lzfpw = —(divZ)fav. Z e c(M) (11.137) 

As the dimension of W is ( length) ' 2 , p musi be equal to k = ^. 
A possible -4-independent conformai anomaly is therefore given by the integral of 

wV]'n(Z) = 9fkW(divZ).. Ar= £ , n > 4, Z e c(M) (11.138) 

Observe that the Weyl tensor vanishes identically for the 4-sphere S4 [14]. 
Clearly, the task of constructing more functions fc of dimension (length)"" and 
meeting condition (11.136) becomes harder with increasing dimension. Below we 
shall limit ourselves to functions that are linear combinations of total contractions 
of tensor products of the curvature tensor field only, and to manifolds of dimension 
two and four. Notice that by definition the Ricci tensor and the scalar curvature 
are already contractions of R. 

2-d imens ions . By using Proposition II.8.2 and partial integration we obtain 

f Cl(Lz1K)(T2-(Lz2Il)(T1]^(Ti-I) f e Ia1Oa2 -(T2Oa1) = 0, Zi £ c(M), V>7 
JM JM 

where <7, = -(rfù 'Z,) . 
Hence, the integral of the 2-form 

V^(Z) = "Jl(div Z), Z € c(M) (11.139) 

fulfils all the requirements to be a consistent conformai anomaly, and indeed it is 
one [19]. Observe that Tl is the only function of dimension ( length) - 2 we can build 
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with g and R. 

We shall see in Subsection 11.8.5 that in the case where 'R is constant, the 2-

dimensional conformai anomaly can be identified with an affine anomaly and thus 

be derived with the formalism of the previous section. 

4 - d i m e n s i o n s . Consider the squared norms || R ||2 and || Rie ||2. They are of 

dimension (length)"4 . By Proposition II.8.2 they verify 

LZ\\R\\7 = --a WRf -~R1C
3^VßVva 

n n 

L2 y Rie I]2 = --vWRictf--{n-2)Ricßl-VßVv<r--nOa, Z G c[M) 
n n n 

where a = -{dir Z). 

By using partial integration and the contracted Ricci identity |14) 

VsAiV* = \*»K 

we get 

f €{(LZl H Ä | | 2 ) a 2 - ( I 2 , | | i ? H V 1 J = - I Cn[C1Da2-C2UtTy) 
JM " « JM 

f e { ( I Z l II Rie H V 3 - ( I z 2 || Rtc\\2)a,} = f e 11(Cr1Da2 - V7Ga1) 
JM JM 

We also have 

f e{(LZin
2)a7 - (Lz.K^a,} = -(n - 1) [ ^TKa1Ua2-O2Ua1) 

JM n JM 

where Z, 6 c(M). 
Combining these three results we find that the linear combination 

a H R\\7 + 6 | | Rie ||2 + c 7 l 2 

fulfils condition (11.136) if ±a + b + 4 ^ c = 0. 

The 4-form 

V\'\Z) = *(a | | Ä | | 2 + 6 | | Ä i c | | 2 + c f t 2 ) ( d t r Z ) , Z Ge(M) (11.140) 

is thus a possible unintegrated conformai anomaly if 

a-\-b+3c = 0 (11.141) 

This result is the same as the one first obtained by Duff [19] using dimensional 
regularization techniques, and later by Bonora et al. [8] with a cohomological 

method. 
It has to be emphasized that our derivation differs from the one of reference |8] 
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in two aspects. First of all, we consider the action of the group of (infinitesima]) 

conformai transformations and not that of the abstract Weyl rescaling group (see 

below), and secondly, this action is assumed to leave invariant the metric tensor 

g and its derived Levi-Civita quantities (cf. Subsection II.4.1). As a consequence, 

the coformal anomaly 

Ac\g;Z} = f *{div Z)WJl, Z G c{M) (11.142) 
J M 

which was obtained by the authors of reference [1 T) and proved to be cohomological 

trivial in [8], doesn't even need to be considered in our approach since, by using 

partial integration and Proposition II.8.2, we obtain 

7 7 ( 4 - 7 7 . ) 

JM V ' 2JM S[U-I)JM 
TV 

i.e. the anomaly (11.142) vanishes identically in four dimensions. 
Clearly, it has still to be shown thai a classical field theory invariant under the 

transformations (11.55) with Z 6 c(M) does exist. We do this next. 

I I . 8 .4 T h e c lass ical , con fo rma i i n v a r i a n t , s ca la r field t h e o r y 

Let © be a function on M, in physical terms a scalar field, and consider the following 
classical action 

S | < M = / M { . V ó A t f o + ì ^ - < ? 2 7 e } (II.143) 

This is the so called conformally coupled, massless. scalar field theory (5[. 
Apart from being invariant under the infinitesimal difieomorphism transforma­
tions, this action is also invariant under the (Weyl) rescalings 

Ó - ^ = J J ^ , fler-(Jl/;R+) (11.144) 
g - g1 = ü2g 

It is these transformations that are physically interpreted as conformai transforma­
tions and are supposed to give rise to the above discussed conformai anomaly [8J. 

Two remarks are in order here. First of all, the Weyl rescaling group, which 
is isomorphic to C ° ° ( M ; R + ) , is abelian. Hence, analogously to the axial sym­
metry case (cf. Subsection II.2.1). no natural consistency condition exists for the 
associated Weyl or conformai anomaly. Secondly, the transformations (11.144) can 
not be described geometrically and so they don't fit our symmetry scheme (cf. 
Subsection 1.4.3). We therefore look for another formulation of the Weyl rescaling 
transformations (11.144). 

By making use of Propositions II.8.2 and II.8.5, it is a straightforward calcula­
tion to show tha t the action (11.143) is invariant under the following (geometrical) 
infinitesimal, conformai transformations 

9 ^ 9 = 9 
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which are of the same kind as those postulated in (11.55). 

Thus , the above construction of the conformai anomaly is a posteriori justified. 
Notice that for Z £ i{M) C c(M) the transformations (11,145) are just infinitesimal 
diffeomorphisms and that the conformai anomalies we found all vanish. This is 
consistent with the assumption of the absence of gravitational anomalies. 

II .8 .5 T h e 2-dimensional conformai anomaly as an affine a n o m a l y 

As it is well known [27] two dimensional real manifolds possess special properties. 
In this subsection we exploit them to relate the conformai anomaly (11.139) of a 
2-dimensional, orientable, Einstein manifold to an affine anomaly. 

Def in i t ion II .8 .3 An Einstein manifold is a Riemannian manifold M with the 
property that the Ricci tensor field of its Levi-Civita connection verifies 

RiC = kg 

where k is a constant and g the metric tensor of M. 

Def in i t ion II .8 .4 An almost complex structure on a manifold M is a tensor field 

J of type (1.1) satisfying 

J[x:J(x;vx)) = - r T ; Vr, € TMx, Vz € M 

Briefly, 
P = - 1 or in components J»J^ = - ^ 

Not all manifolds admit an almost complex structure. As an example only the two 
and six dimensional spheres possess such a structure. 

P r o p o s i t i o n II .8 .6 Let e be the natural volume form of a two dimensional, ori­
ented, Riemannian manifold M. Then the tensor field 

ts an almost complex structure of M. 

Proof: The components of Jt are given by J$ = gQ^€^ß = yfgg°*J£»ß-
Clearly, J* J* - J û % , = € ° % , - -<5° • 

Notice tha t every 2-dimensional, orientable manifold admits an almost complex 

structure since all such manifolds are complex [27]. 

As can be easily verified, the almost complex structure J( is parallel with respect 
to the Levi-Civita connection of M, i.e. 

VxJ1 = 0, VX € X-(M) (11.146) 

and it is invariant under the infinitesimal conformai transformations of Jl/, i.e. 

LZJ< = 0, VZ e c(M) (11.147) 
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P r o p o s i t i o n I I .8 .7 Let Z be an infinitesimal conformai transformai ion of a 

2-dimensional, oriented, Einstein manifold. Then Z can be uniquely written as 

Z = X+ J1Y 

where X and Y are infinitesimal isometrics. 

Proof: see [40]. 

In the following we assume that every infinitesimal conformai transformation of a 
2-dimensional, oriented, Einstein manifold is decomposed as in the above proposi­
tion. 

By the remark at the end of the preceding subsection, the isometric part A' of 
an infinitesimal conformai transformation Z of a 2-dimensional. oriented, Einstein 
manifold doesn't contribute to the conformai anomaly. Moreover, the vector field 
Jf[Z — X) = — Y is an infinitesimal isometry; it can thus be used to generate the 
affine anomaly (11.122}. 

As Y depends linearly on Z. we can define the following unintegrated, conformai 
anomaly 

VY[Z) = TS^(MZ - X)) = SS2(Qy.R) (11-148) 

Notice that by (II. 147) the Lie bracket of two infinitesimal conformai transforma­

tions Zi = Xj + J(Y). i = 1,2, is decomposed as 

[Z1. Zi] = [XuX2] - [YuY7] + J f { L \ y i ' 2 j + [Y,,.X2]] 

Therefore (cf. Proposition II.T.3). 

^Vj[Z1, Z2) = V1A[Z1, Z2)) = 

= -TS1A[X11Y2) + (K11AYi) = -FTS1J(X11Y,) - 6"TS1J(Y1,X2) = 

= d ITS2Ax11Y2) + TS2J (X1,Y2)] 

which shows that the conformai anomaly given by the integral of (11.148) is con­
sistent. 

As the Levi-Civita connection is torsionless we have (cf. Proposition II.6.10) 

Qx = - V A ' , V A e . \ - ( A / ) 

From (11.146) it therefore follows that 

Qj<x = J<Qx-, VA e X-(M) (11.149) 

If we take Tr as the bilinear, symmetric, j4rf-invariant map 5 2 , then the uninte­
grated, conformai anomaly (11.148) is locally given by 

VY(Z) = -3Tr{QMZ.x)R} = -§ WglQig-x^Jr^dz" A <fc" 

where use has been made of (11.149)-
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P r o p o s i t i o n I I . 8 . 8 Let M be a iwo dimensional, Riemannian inanifold with mei-
rie g. The components of the curvature tensor field R of the Levi-Civita connection 
of M are then given by 

where It is the scalar curvature. 

Proof: see [30]. 

Observe tha t by the above proposition a 2-dimensional, Einstein manifold has a 
constant scalar curvature. 

With the help of Proposition II.8.8 we can explicitly write down the expression of 
V]'2[Z) in terms of Z. Namely, 

VY[Z) = - f "K[Q(Z-JCiE = r ^ ( r f « ' Z ) ; Z € C(M) (11.150) 

where we used the fact that div X = 0 for A" £ *(M). 

The unintegrated. 2-dimensional, conformai anomaly (11.150) is the same as the 

one given in the preceding subsection (cf. (11.139)). 
Ii would clearly be nice if the decomposition of an infinitesimal conformai 

transformation as given in Proposition II.8.T were valid for any two dimensional 
manifold. We believe that this is the case, but we didn't find any proof of this. 
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Conclusions 

In this work we investigated the possibility of the appearance in a quantum field 
theory of consistent anomalies associated to symmetry transformations that are 
related to infinitesimal difTeomorphisms of the manifold M upon which the classical 
theory is based. 

The most important result wë found is the affine anomaly (11.121). Even its 
presence in the only known affine invariant field theory is masked by the Lorentz 
anomaly (see Subsection II.7.3), we believe that there are other instances where it 
describes a "proper" anomaly. As we saw in Subsection II.8.5 this is the case of 
the conformai anomaly of a two dimensional Einstein manifold. 

To be honest, we don't consider our treatment of the 2-dimensional conformai 
anomaly very satisfying from the topological point of view. A more elegant way of 
interpreting all conformai anomalies as affine anomalies would be the construction 
of a natural , conformai invariant connection in a bundle over M. Such a connection 
exists [28]. It is the normal conformai connection in the bundle of second order 
frames over M [28,23j.- However, our present knowledge of this subject is not deep 
enough to allow us realizing this program, and we must content ourselves with 
the brute force construction of the conformai anomalies given in Subsections II.8.2 
and II.8.3. 

99 



References 

[1] L.Alvarez-Gaumé, P.Ginsparg, Ann. of Phys. 161 (1985) 423 

[2] M.F.Atiyah, N.J.Hitchin, I.M.Singer, Proc.R.Soc. A362 (1978) 425 

[3] M.F.Atiyah, I.M.Singer, Proc.Natl.Acad.Sci. 81 (1984) 2597 

[4] W.A.Bardeen, B.Zumino, Nucl.Phys. B244 (1984) 421 

[5] N.D.Birrell, P.C.W.Davies, Quantum fields in curved space, (Cambridge Uni­
versity Press, 1982) 

[6] L.Bonora, P.Cotta-Ramusino, Comm.Math.Phys. &7 (1983) 589 

[7] L.Bonora. P.Cotta-Ramusino. M.Rinaldi, J.Stasheff. Comm.Malli .Phys. 112 
(1987) 237 

(8] L.Bonora, P.Cotta-Ramusino. C.Reina. Phys.Lett. 126B (1983) 305 

[9] B.Booss, D.D.Bleecker, Topology and analysis, (Springer-Verlag. 1985) 

[10] R.Bott , L.W.Tu, Differential forms in algebraic topology, (Springer-Verlag. 
1982) 

(H] M.Cahem S.Gutt, M.De Wilde, Lett.Mafh.Phys. 4 (1980) 157 

(12j S.S.Chern, Complex manifolds without potential theory. (Springer-Verlag. 

1979) 

[13] Y.M.Cho. J .Math.Phys. 16 (1975) 2029 

[14] Y.Choquet-Bruhat, C d e Witt-Morette, M.Dillard-Bleick, Analysis, manifolds 
and physics, (North-Holland, 1982) 

[15] L.Dabrowski, R.Percacci, Comm.Math.Phys. Ifìfi (1986} 691 

[16] M.Daniel, C.M.Viallet, Rev.Mod.Phys. 52 (1980) 175 

[17] S.Deser, M.J.DufT, C.J.Isham, Nucl.Phys. B i l l (1976) 45 

[18] J.Dieudoniié, Elements d'analyse, vol.III and IV, (Gauthier-Villars, 1971) 

[19] M.J.DufT, Nucl.Phys. B125 (1977) 334 

[20] K.Fujikawa, Phys.Rev. m i (1980) 2848 

[21] W.Greub, S.Halperin, R.Vanstone, Connections, curvature and cohomology. 
vol.1 and II, (Academic Press, 1972) 

100 



W.Greub, S.Halperin, R.Vanstone, Connections, curvature and cohomology, 

vol.Ill, (Academic Press, 1972) 

J .P.Harnad, R.B.Pett i t t , in Group theoretical methods in physics. Proceedings 
of the 5th international colloquium, (Academic Press, 1977) 

C.Itzykson, J.B.Zuber, Quantum field theory, (McGraw-Hill, 1980) 

R.Jackiw, in Relativity, groups and topology II, Les Houches 82, B.De Witt , 
R.Stora eds., (North Holland, 1984) 

S.Kobayashi, K.Nomizu, Foundations of differential geometry, vol.I, (Inter-

science, 1963) 

S.Kobayashi, K.Nomizu, Foundations of differential geometry, vol.IL (Inter-
science, 1969) 

S.Kobayashi, Transformation groups in differential geometry. (Springer-
Verlag, 1972) 

J.Milnor, in Relativity, groups and topology II, Les Houches 82. B.De Witt . 
R.Stora eds., (North Holland, 1984) 

C.W.Misner, K.S.Thome. J.A.Wheeler, Gravitation, (W.H.Freeman and 
Company, 1973) 

P.K.Mitter, C.M.Viallet, Comm.Math.Phys. 79 (1981) 457 

O.Piguet. Renormalisaiion des théories de jauge, (Troisième cycle de la 

physique en Suisse romande, 1983) 

R.Stora, in New developments in quantum field theories and statistical me­
chanics, Cargèse,1976, H.Levy, P.Mitter eds., {Plenum Press, 1977) 

W.Thirring, A course in mathematical physics, vol.II, (Springer-Verlag, 1978) 

A.Trautmann, Rep.Math.Phys. 1 (1970) 29 

J.Wess, B.Zumino, Phys.Lett. 37B (1971) 95 

H.Weyl, The classical groups, their invariants and representations, (Princeton 
Math. Series, 1946) 

M.De Wilde, Lett .Math.Phys. 5 (1981) 351 

M.De Wilde, P.B.A.Lecomte, J.Math.puTes et appi. f>2 (1983) 197 

K.Yano, The theory of Lie derivatives and its applications, (North-Holland, 
1957) 

[41] B.Zumino, Wu Yong-Shi, A.Zee, Nucl.Phys. B239 (1984) 477 

101 



The Appendix 

In this appendix we give the proofs that were not explicitly written in the main 
text. 

Lemma II.3.2 Let Xi, i = 1,... ,k 4-1, be any vector field. Then 

d.(A' , , . . . , JV4+1) = ( - 1 ) ^ 1 ( * , , . . . , XM)d 

+ ( - l )*{D- l ) , ' + , »( - ï i , - , 'V--. XM)LXi 
1=1 

+ ^(-1)^^(-1^^0],^, . . . , : , . . . , ; , . . . ,^+!)} 

Proof: VXfc, ^C^HL 

x. 

I-Xi <-(*:~.*i..)~ ^ x - x . o - - o - C x — ^ ^ . . c £_ v . o -£ 
' v . : .» c * - * • X * ° /C 

< , ̂ .1 * ^- i X1 = - . . a 

^ 2 - < (*,, .., (*; * j" l . - - , *_, ) - t - ^ . - . X , . , ) / - ^ 
J = ' 

( I . i 4 . 1 

rf.t 

I H.t 

Z n"<f»,,,;.,^,V».- - Z. (->"'* (V,.«a x, . 
* < i 

£7 



P r o p o s i t i o n I I .6 .13 Lei r be any n-form on M. Then the (n-hî)-cochain I7V A 
6VTTQ iwniskes identically. 

Proof: Wc fcwc 

( W * <5*T^yx..., x _ t y 

V ^r " 'C^1.. ^ w j ^ . , < ^ _ „ - ^ Ir 

*. (>'.. - y»*<^) ( "C - Ir K \ 

- ^ - • - • J C ^ ' °' ' r ù.- ' ^ °- ("-"V^--. ; V x , - "*fr)( ^ ^ 



P r o p o s i t i o n II .7 .2 The components of the tensor field Dx = Lx - Vx resp. 
R(X)Y) with respect to the linear frame vr are given by 

[Dx]S(X) = -*iiv,\X) 
. - . x e M 

resp. R°ß{X,Y)(T) = Ua
d(vx;X,Y) ' 

where X and Y are the natural lifts of X and Y € X(M). 

Proof: &À Ux h ^ v ^ ^ U31 = i £ " ( ^ d l ,^ . .JL }9 

i SS. 
A- I 

-it *• s.-L-.fi £-rw^ 4 ^ 1 "^x, -̂-̂  *̂4- (***, ^ r ^ --* c- ^ ^ 

-, - J r.. t, , , I i 

1 ' ( 
l . r f .r ì •-- , 

= - e ; JDxI"! £ \ 

-L-.fi


Lemma II.7.1 Denoie by Q = Q1Ei the euntature form of ^. Then 

D oh' = h' o [d-W /\i{ZEl)} 

where ZE; W the fundamental vector field induced by Ei £ LG (cf. Definition J.Î.2). 

Proof: ZL^ Of SU <s p- f;^ ^ P Ô *t x^ e K (P) / „;= , . P*. . 

O » h " ),'4 ( * , , - , *P ,) = ( H % ci ^ h* ) rtf (xti . _ X^1) -

a dh*^ ( h x , , . n X P . ( i ^ 

s-« < 

- t — ( - ' r " hx< h V ' h y . . ; .1--^.,)- r ( -V ' J - . *V ' ' , ' ^ , r , ^ . . 

Ü? 
- • * _ K v 

f-. 

i t i ' 

^ • J I - • • • • • * . • • .•%•• J + 

2 ( P - O . "* ' 

£7 



Lemma II.7.2 

i"=ì 

Proof: A .̂ Pw^ 

(-')' p : (cJ4 ( i .+ f"-' ':c 

) ' o 

- ' - ¾ ! " " - ' 1 " " ^ ' ' - • • • — • . . • 

-CF---) C '^ .^ i -n j^ . k< - • i L 

Zl -e (a- \TS P . 

i 

<v~y. 

•^ / • „ P 

(p.>»)(?.m.,)(\-+)'" <3? (-. 4 1<^J Ì , Ì I 4 . 



(-0 
P ^ ' 

(P--V 
di 0--O f p - v S ' p ( i l \ 

ri 4 - ^ - I g f f ( t . £"f> 

<->>^*.- .&<.£* 
(~ 

•*j — - - H . - j 



Lemma II.7.3 Let 6 be the coboundary operator associated to the représentation 
tJ ofX.(P). Then 

+ (-) fc+1£i^A---An''"A^|(^^r5^ ,J(Z11...,¾)] 

Proof: 

m = 0 m\ 

•; . p . K . I ( I p . K . i 

P -

- Z - V - - c_ 
-^- A . r. _ ! • 1 . D < = n ; y ^= 

f = c Pi 

U 

) _ _a , - t ( » £ j A ( s „ . . s. 

K r 

/ - - i 

1 / ^ L e ^ r r . c - 1 . 9 2 a ^ o ( P r o p o s t o * 31 3 ^ < f p A ^ " ^ L (• 

(-V" sp(-?n f- -

:Q: - . ? . f . rv > I 

>k'J f-

O 
P - ' 

f » s. O 
~3 

H- . • ,¾ . *• . i 

* - - L . , - , -

(V ^) 2* ) -- f-O''"*. fz 2. ) ^ / - O 



P - ' 

r 
M s. i 1Tn 

C-<) L . _ ^ ' e, 
*- A J l 

ff*. 

6-0 L 
n - o 

- i l '- • * J î . \ j l * * ^ ( ^ . , i ^ ^ T ç 1 1 

* , . - P 

-f- C-O 
P - " 

1 « . P - , * 

— Si. * . * XL ^ h 
t J ; ß . . , 0 , 

^ ? I 

^ c - . J . j ^ ^ 5 / -ù^x/kc S (½ /) T ^ ; 

' - = ^ ' S = . f . . f , 

/Ti 
i 'X : . . 1 % / ; : ^ C j ^ O1 > < ÜA^."> A^ iK«. ACC^V^J. C^W.,-1 "i>v/o{ ta*t*^W A^£ ?JL[ 

3~ 3 ^ 

D l TS 1^-"- ' /a . . , 
I*' I C L / W ; M - (-0"'^ (s,,. ^ 157A^ . 

P-1 

c--r'r _^_r e, C~. 
A - A _ i_ 

c-.r'j_ _a 
¢ , 

P ' ff=i 

rJ-SJJ. -HU io^V is*.-«* / 1 - O V 0 A M ^U K ) J Xtxc^vt ~T ; <i 
' ; ' . . - . «P., 

,V. C. 1 - f Oi^\ " ? < 

£7 



Lemma II.7.4 Let K be a iensor field of type (1,2) on M and K ihe associated 
horizontal, ad-equivariant, gl(n,Tl)-valued 1-jorm on LM. Then to LxK is asso­
ciated LxK, where X is the natural lift of X € X(M). 

Proo f : &A U x = ( e , 0 0 . e - O ) " ) Sk. * £ ^ c ^ I W ^ o.{ * e J-Ï 

' K f x , d i r . , , « , ) " . 2. K (V - dTT^ w , e ' * W , e :.'>^. U 

4-5 0 + 

K f x ; c/^ru, ^ , e * 7 0 , e - ( x ) 1 , \x/e <i.nM; 

ra jL 

4 - * o 

^ o 77 , TI « 4 ; + . 
£7 



P r o p o s i t i o n I I . 7 . 5 Let X € i(M) and oa = {Eict}, i = 1 , . . . , n , 6e a local section 
of OM+. Denote by [A',.Ej0]J\ j = 1,...,77, the components of the vector field 
| -Y,£;a] with respect to the linear frame oQ. Then the matrix [XJEQ](X), X 6 UQ: 

whose elements are git^en by [X,Ei0Y(X), belongs to ,SO(TÎ,R) . 

Proof: &A Q Jk -CPA frv^-kc t i*** £cJW ^ M -

Ct1V^ fjtcXOT. pCwc^i y^ ^ £ * 2 ^ ^7n D iure A&.\-e ^¾^: [2 6 "A 

^y1 S ( V Y ^ = y. 3 K v O - 9 Hv..V17 y.^ - a (v,, [y,,y,j) 



P r o p o s i t i o n II .8 .5 Let r be a q-form on M. Then for any infinitesimal confor­

mai transformation Z we have 

Lz'r = mLzr + ( 1 - ^)(div Z)9T 
n 

where *r denotes the Hodge dual form of r (see Definition I. J.17). 

Proof: Jk) cicfWl 

> . -A , . , ^ . -^ [ ( ^ ¾ )^ ' - r? ^ 21V <- , K ^ s )~ 

P 

Oil 

(Lz*? ^- L^ (f\. ^ t 
S 1 - - 3 

<J S 1 S °) 

. , . _ _ * , , , 

* (^n..,, 



-»O'X cx/<-v 4/*\for*\ ttVvA-.cvL CO-pv** <xi[ TxciAVjfav^c. {̂  zr* 2 . /ic<. -£c /w-c Jf-^w-*. 

*-a<äi s . ^ . (cfï,Og 
on 

2 
^^"\.îi^o^\ , - ^ . v , 

M o w /I0&-CJL V * P C Q p o s . 4 i O i ^ eCX>À2w p f f i o w - ^ . 

£D 


