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Introduction

The realization by the physics community that the classical Yang-Mills field the-
ory can be geometrically described in terms of quantities related to fibre bundles
[35,13], lead to the discovery of interesting topological aspects of this theory, and
revitalized the old idea of formulating a physical theory in terms of geometrical
properties of some manifold.

The same geometrical setting combined with the path integral formalism to
describe the quantum theory, allowed an elegant explanation of the presence of the
gauge anomaly (3], 2 kind of quantum breaking of the classical gaunge invariance.

Previous work on the algebraic aspects of those anomalies revealed a coho-
mological method to construct them [6,41,33}. Such an approach makes use of
quantities defined on the total space of the fibre bundle upon which the classical
theory is based.

In the present work we use the same cohomologlcal setup to find the possihle
anomalies associated to symmetries that are related to diffeomorphisms of the base
space of the fibre bundle.

We tried as much as possible to really solve the resulting cohomology, but at the
end we had to content ourselves with some special examples of anomalies, leaving
open the question whether they are trivial or not.

This work is organized as follows.

Chapter I is a collection of definitions and propositions of differential geom-
etry, and of classical gauge field theory. In Chapter 1I we use this material to
geometrically formulate a field theory and the problem of the occurrence of the
anomalies.

In the first section of Chapter 11 we briefly-explain what is immeant by symmetry
of a field theory, and we introduce the concept of anomaly.

In Section 11.2 the axial and gange anomalies of a theory based on a trivial bundle
are treated as examples. The Wess-Zumino consistency condition for the gauge
anomaly is then introduced.

Section I1.3 begins with the definition of the coboundary operator associated to
a representation of a Lie algebra and of the resulting cohomology. We then show
how the gange anomaly can be interpreted as a non-trivial element of some appro-
priate cohomology, and give a method of constructing it. The material contained
in this section is more or less standard.

In Section 11.4 we explain what we mean by symmetry related to diffeomor-
phisms of the base space of the fibre bundle upon which the theory is based. We
then introduce the associated anomaly and show that it also verifies a natural
consistency condition.

In Section II.5 we formulate the problem of finding the above anomaly in
purely mathematical terms. Through a descent equation we relate the uninte-
grated anomaly with an element of a cohomology with coefficients in the algebra
of functions depending on the gauge potential. The concepts of local cochains and
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their symbols are introduced there.

In Section II.6 we apply some techniques of differential analysis to characterize
the symbols of the local cocycles. We then look for globally and naturally defined
quantities whose symbols possess the same characteristics and determine which
ones are non-trivial.

In Section II.7 we restrict onr analysis to the affine transformations of the base
space. Globally defined cocycles exist then; with them we construct the affine
anomaly.

Section I1.8 contains a geometrical treatment of the conformal anomaly. In the
last subsection we show how the conformal anomaly of a two dimensional manifold
with constant curvatnre can be interpreted as an affine anomaly.

In the Appendix we collected the proofs which were not written in the main
text.



I Fibre bundles and gauge theories

I.1 Differential manifolds and differential geometry

We begin this chapter by recalling some well known definitions and concepts of
differential geometry. Most of the material covered here is taken from the excellent
book of §.Kobayashi and K.Nomizu [26]. See also [14,21,30,18].

I.1.1 Differential manifolds

Definition L.1.1 A (reecl) manifold M of dimension n is a Hausdorff topological
space with the property that every point z of M has a neighborhood U homeomorphic
to R™.

Denote by ¢ the homeomorphism U — R™. The couple (U, ) is called a chart
of the manifold M.
An atlas on M is a set of charts {(U,,¢q}} such that the sets U/, cover M. From
now on we provide M with a fixed atlas {(U,,¢.)} -

If M as a topological space is compact we call it a compact mamfold. In this
case the index a can be chosen such that it belongs to a finite set.

Definition I1.1.2 A (smooth) differential manifold M is @ manifold with the prop-
erty that the maps wag = a0z’ of R" into R™ are smooth, i.c. cll their partial
derivatives ezist.

A manifold M is said to be orientable if there exists an atlas {{U,, pa}} such that
for all a, 8 the Jacobian |§—gfﬁ| is positive everywhere in pg(U, N Uy).
Denote by z* the coordinate functions

k. R —
z#: R"— R ,u=1,...,n
U — pH

where 7 = (v',...,o").

Definition 1.1.3 The system of functions ¢* = z# o, : Uy — R 15 called a
local coordinate system in U, .

We shall simply write z* for tpg(m_) where no confusion arises.
Given two manifolds M and M with atlases {(Ua,¢a)} and {{Us,$a)} a map
¢: M — M is said to be smooth if its representatives

Gp0d0wr : palUaNé™(Us)) — @a(Us)

are smooth.

A map ¢ : M — M is called a diffeomorphism if it is a homeomorphism and
both ¢ and ¢! are smooth.

We shall denote by Diff M the group of all diffeommorphisms of a manifold M onto
itself.



Definition 1.1.4 A onc-parameter group of diffeomorphisms of M is a map
v: RxM— M
(t,2) — ¢oz]

such that i) p, € Diff M, Vte R
i) 0P = Pris

I.1.2 Tangent and cotangent spaces
Let C*(M) be the algebra of smooth functions on M:
C®(M)={f: M — R, fsmooth}
Definition 1.1.5 A tangent vector v, of M at x is a linear map:
v.: C®(M) — R
satisfying the Leibniz rule:

v(fg) = (v=flg(z) + f(z)(v.g), f,9€ CT(M)

The vector space TM, consisting of all tangent vectors of M at z is called the
tangent space of M at z. It can be proven that dimTM, = n = dimM.

We can find a (local) basis for TM, in the following way. Let (Us, ¢4) be a
chart of M and define the tangent vector 8, at z € U, C M by setting

3 -1 oo
Ouf =g o(fova’), fECT(M)
It is easy to prove that the J, ’s are linearly independent. Namely

a8, = 0 implies

v - a v v
am#(tpa c ‘Pal) = a”@z =a (I'I)
The basis {J,, ¢ = 1,...,n} is called the natural basis of T M, with respect to the
local coordinate system {¢%} in U,.
Denote by {8,} the natural basis with respect to the local coordinate system
{wp}. In the overlapping region U, N Uz we have

0 = a"dup, =a”

. 3] ~ d ~ i . OpY
0f = gomlfops)= g ml(fowlt opus) = 5= (fo el )58
.o Ovis dz”
1.€. 8” = —6;-,;"6,_, = 5;";;8., (12)

where
IH

o™ = pp(z) and phs(2') = 2¥ = ¢i(z), z€UNUp

6



The components {v4} of the tangent vector v, at « € U, with respect to the local
coordinate system in U, are the coordinates of v, with respect to the natural basis
{0,}: ve = vl0,.

From eqnation (I.1) we immediately get v4 = vh.

Definition 1.1.6 Given a smooth map ¢ : M — M its derivative dd, (or ($.); )
at x is the linear map

do. : TM, — TMy.

gtven by ) ) ) )
(dgev.)f =v(fo @), feC®(M)

Definition I.1.7 A covector w, of M at = is a linear map TM,. — R.

The vector space consisting of all covectors of M at z is therefore the dual of T M,.
It will be denoted by TM_ and it is called the cotangent space of M at x. We have
dimTM; = dimTM, =n.

We shall designate the basis of TM dual to {8,} by {dz*} and call it the natural
cobasis of TM. By definition dz“(3,) = &7,

I.1.3 Tensor flelds

Having defined the tangent and cotangent spaces at a point z of M we can form
the tensor prodact

o~
p—times g—times

P
RQTMEZTM. @ - @TM. TM,®--- @ TM,
q

It is called the tensor space of type (p,q) over TM,.
It can be shown that the tensor space of type (p,q) is isomorphic to the space of
all multilinear maps

ITMy x - xTM, xTM, x---xTM; — R

B -~
g—times p—times

Definition 1.1.8 A tensor field TP of type (p,q) on M is a smooth assignment of
an element of @ T M, to each point z of M.

A tensor field of type (p,0) resp. (0,q} is called contravariani of degree p resp.
covariant of degree ¢. By definition a tensor field of type (0,0) is a function on M.
We shall denote by T7P(M) the space of all tensor fields of type (p,q) over M.
The components of a tensor field TP with respect to a local coordinate system in
U, are the functions T}~ #» € C(U,) given by

Tr(z) = T 2r(2) 0, ® - ®0,,8dz" @ .- @dz™, zel,
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where {8,} and {dz"} are the natural bases of TM, resp. T M.

Denoting by the same symbol 8, resp. dz” the tensor field on U, which associates
to each point z € U, the natural basis element 8, € TM, resp. dz¥ € TM?, a
tensor field T} on U, can be expressed as

I3 =T 08, ® 80, ®@d" @ - @dz™ (1.3)
Given two tensor fields TP and T" their tensor product e T is the tensor field
of type (p+r,q+s) given by
(TP @ T7)(z) = TP(z) @ ()

l?eﬂnitﬁion 1.1.9 Given a smooth map ¢ : M — M and a covariant tensor field
T, on M its pull-back ¢*T, is the tensor field on M defined by

¢ Ty(z;0),...,02) = T($(z); dogvl,. .., dp.0?), +ieTM,

We clearly have: d)’(Tq ® T’q,) = d)"f’q ® ¢_>"fl~”qr.
Given a diffeomorphism ¢ : M — M z}nd a contravariant tensor field 77 on
M, the contravariant tensor field ¢.7% on M is defined by

¢.TP(Z;0%,...,08) = TP(z;d @), ..., ¢ @F)
where ¢(z) =z, &L e TM;
It has to be noted that ¢.T? can be defined only for a diffeomorphism ¢.

I.1.4 Riemannian metrics

Definition 1.1.10 A (pscudo) Riemannian melric g on M is a covariant tensor
field of type (0,2) with the property thatl g(x), considered as a bilinear map

glz) :TM, xTM, — R
is symmetric and (non-degenerate) positive definite.

A manifold M equipped with a (pseudo) Riemannian metric g is called a (pscudo)
Riemannian manifold.

A Riemannian manifold M is called Euclidean if there exists a diffeomorphism
¢ : M —— R" and the metric g verifies

(') g=6

where 6 is the canonical metric on R".
A metric g on a manifold M defines an isomorphism between T'M, and T'M
in the following manner. Each tangent vector v, determines a covector ¢v, by

g

vo(w,) = g(z; v, we), Yw, € TM,

8



The application v, —— fv, is clearly linear, and since g, is non-degenerate it is an
isomorphism.
The components of the covector #v, with respect to a local coordinate system in
U, are given by .

Vpp = guu(z)vy, z € U, (1.4)

The above isomorphism can be naturally extended to the tensor space leading to
an identification of tensors of type (p,q) with tensors of type (p-k,q+k), (-q<k<p).
The same applies (locally) to tensor fields. 7

When not necessary, we shall not actually distinguish a contravariant tensor field
TP from its associated covariant tensor field ¢T,,.

I1.1.5 Vector fields
Definition I1.1.11 A vector field on M is a contravariant tensor field of type (1,0).

The set of all vector fields on M is natnrally a vector space with respect to the
pointwise defined sum and scalar multiplication. This vector space will be denoted

by x(M).
In what follows we often identify a vector field X on M with a derivation on the
algebra C'*(M) by (see [14]) .
X C®(M)— C=(M) (1.5)
f—Xf with X f(z) = X.f , X, = X(z)
We clearly have X{(fg) = (X f)g + f(Xg)., ie X € Der C®(M).
The Lie bracket of two vector fields X and ¥ on M is the vector field [X, Y]

defined by
(X, Y)f = X(Yf) -Y(Xf), feC™(M)

The components of [X,Y] with respect to a local coordinate system are given by
[X,¥]* = XY* - Y X* | (1.6)

As can be easily verified the Lie bracket satisfies the Jacobi identity. Hence,
equipped with this product, X(M) becomes a Lie algebra.

Definition 1.1.12 Let ¢ : M — M be a smooth map. Two vector fields X €
X(M) and X € X(M) are said to be ¢-related if

X(¢(z)) = dp . X(z), Vze M

re. if ) ) i i
Xfop=X(fo¢), VfeC=(M)

The ¢-relation satisfies the following condition:

9



Proposition I.1.1 Let X; € X(M) be ¢-related to X; € x(M), i = 1,2. Then
{X1,X,] is p-related to [ X1, X2

Given a diffeomorphism ¢ : M — M and a vector field X on M, the vector field
#.X on M (see above) can also be defined by

6. X(d(z)) = dp. X (z), Vo €M (1.7)

Clearly X and ¢.X are ¢-related.

The most important property of a vector field on a compact manifold M is that
it can be considered as the generator of a one-parameter group of diffeomorphisms
of M. To see how the two concepts are related we first note that a one-parameter
group of diffeomorphisms ¢, of a manifold M induces a vector field X by

X.f = 1213%”(‘,0,(@)) —f(e)], VeeM, feC=(M) (18)

where to simplify we have assuimed p—o(z) = z.

Conversely it can be proven [26] that given a vector field X on a compact manifold
M, there exists a unique one-parameter group of diffeomorphisms p,, with p¢(z) =
z, which induces the given X. In this case ¢, is said to be generated by X.

I1.1.6 Lie derivatives

Let ; be a one-parameter group of diffeomorphisms of a manifold A/ and X the
induced vector field.

Definition 1.1.13 Given a covariant (resp. contravariant) tensor field T, (resp.
T?) on M its Lie derivative with respect to X, LxT, (resp. LxT?) 1s the covariant
(resp. contravariant) tensor field on M defined by

LxTy(z) = lim, ¢ %[‘P:Tq(x) — T(=)]
resp.  LxTP(z) = limy_o }[T?(z) — . TP(z)]

Even though we have defined the Lie derivative for covariant resp. contravariant
tensor fields separately, it can be easily generalized to tensor fields of any type [26].
The Lie derivative has the following properties:

Proposition 1.1.2 &) Lx(T,@T?)=LxT, @ T? +T,® LxT*
i) Lxf=Xf, feC>(M)
ii1) LyY =[X,Y], X,Y € x(M)
)

w) Lixyj=Lxoly—LyolLy

To express the components of the Lie derivative of a tensor field we need the
following Proposition.

10



Proposition 1.1.3 Let 3, and dz” be the neturd tensor fields on U, C M. For
any vector field Z on M we have

i) Lz8, = —(8,2°)3,
i) Lzde* = dz°8,2"

where Z° are the components of Z with respect to the local coordinate system in

Uy.

From (1.3) and Propositions 1.1.2 and 1.1.3 it follows that the components of the
tensor field LzT? of type (p,q) are given by

LoTir = 2P0, T s 4 Th s 8, 29 4 - + T2 9, Z°

przvy

_ TP#J My a Zﬂl .. TPI. P a Zﬂ; (Ig)

1 - U vy U

It has to be remarked that on a Riemannian manifold we generally have (see (1.1.4))

(LxT,) # Lx°T, (1.10)

I.1.7 Differential forms

Denote by A T'M_ the space of all g-linear skew-symmetric maps w?

wi  TM,x.-.-xTM,— R, z€M

q-times

AT M is called the q-th exterior power of TM.. Since dimTM, = n = dimM
we clearly have ATM; =0 for ¢ > n.
Note that even though the index ¢ appears as a superscript, wl is actually a
covariant tensor.

Let wi € ATM. and 7; € A"TM.. Their ezterior product wl A 7] is the
element of AY*" T M defined by

wiATI(v),.. . 0itT) = (1.11)

1 .
= o X sign el I ) I, ), ol € T,
T

T

where the summation is over all permutations 7 of (1,...,¢+7) and sign 7 denotes
the sign of the permutation .
1t is easy to verify that

wiAT =(-1)" 1] AWl {1.12)

Definition 1.1.14 A g-form w? on M s a smooth essignment of an element of
AN TM. to each point z of M.
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We shall denote by Q9(M) the (pointwise defined) vector space of all gq-forms on
M and by (M) the graded vector space Bro (M) , dimM = n , where by
definition °(M) = C=(M).

The exterior product of two forms is pointwise defined by
WwIAT(z) = wi(z) A T7(2)

With respect to this product Q(M) becomes a graded anticommutative algebra.
To a q-form w? corresponds a g-linear (over C*®(M)) skew symmetric map

@ X(M) x oo x X(M) — C®(M) (1.13)

-

e
g—times

SN fiXyy o foX) = e f0%(Xe,. o, X,), fi € CZ(M)

given by
@ X1,..., X )(z) = i z; Xa(),..., X(z)), VM

It can actually be shown [26] that this correspondence is bijectiv. Henceforth we
shall identify a g-form with such a map.

Definition 1.1.15 Given a g-form w? on M its ezlerior derivative is the (g+1)-
form dw? given by

g+l

dwi( X1y, Xop) = Y ()™ X ( Xy, -aty oo Xg)
i=1

+ Y () (X XL Xy sy By Xop)y Xi € X(M)

i<
where i means that the i-th term is omitted from the set (X,...,Xq41).
As a special case we have for a one-form w
dw(Xy,X3) = Xiw(X3) — Xow(X:) — w([X;, X3])
The exterior derivation has the following properties:

Propoesition 1.1.4 ) d2=0
i71) d is an antiderivation in the algebra (M), i.e.
AwIAT)=dwI AT +(—1)9wI A drT
i) ¢"od=dog” for every smooth map ¢

Definition 1.1.16 Let X be a vector field on M. The interior product 1x with
respect to X, is the antiderivation of degree —1 of U M)

iy QM) — QM)
given by i) 1ixf=0, feQM)=C®M)
T.E) (1qu)(X],...,Xq_1) :wq(X,xYl,...,.qu_l), X,' S X(M)

12



Proposition 1.1.5 Given a ¢g-form w? on M its Lie derivative Lzw? with respect
to Z € X(M) is given by

q
Lzo¥(Xyy.., X,) = Zw¥( Xy, X)-3 wi( Xy, 12, X, ., X,),  Xi € X(M)

i=1

Restricted to Y M) the Lie derivative fulfills the following conditions:

Proposition 1.1.6 i) Lz(wIAT" )= LzwIAT" +wIA Lz7’

!-t) Lz:dO‘tz—lZOd

'm) Lzl o1z, — 1z, 0 Lz1 = 1[31'32], Z,Z,‘ = X(M)
From condition 1) it follows

iv} LzOd=d0Lz

The councept of form can be generalized to include the so called vector-valued
forms.
Let A7TM_ ® F be the space of all g-linear skew-synmimetric maps, again denoted
by wi,
wi: TM, x---xTM, —F, zeM

q—lirmes

where F'is a finite dimensional vector space.

In analogy with a real valued form, a F-valued form is a smooth assignment of an
element of AYTM; ® F to each point z € M.

The space of all F-valued q-forms on M is denoted by Q9(M; F). 1t is isomorphic
to the space of all g-linear (over C>(M)) skew-symmetric maps

X(M) x - x X(M) — C>(M, F)

where C°(M; F} denotes the vector space of all sinooth maps M — F.

All operations defined above are still meaningful for F-valued {forms except for
the exterior product, which can be defined only if F is an algebra.
In this case, if we denote the product in F' by a dot, the exterior product A in
QUM F) = @, 0(M; F) is defined by

WIAT(Xy, o Xgpr) = ' (1.14)
1 - r I r A
= F szgnﬂ'wq(}lﬂ(l}, . w(q)) T ( m{q+l}s e - Avr(q-{»r})s -}H c }-(M)

In the special case where F is a Lie algebra L with product [, |, we shall denote
the above product by {A]

(WIATT)( Xy, n oy Kgpn) =

1 T r r
= G}T‘ri ‘szgnﬂ- [w ( w(1)y - X"I(q)):'r (Aﬂ{q+l)s R ’Aﬂ'(q-}—r))] (115)
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For a L-valued 1-form w we have
[w A w](X), X3) = [w(X),w(Xz)] = [w(Xz2),w(Xh)] = 2[w(X:),w(X)]  (1.16)

which in general differs from 0.
It is easily checked that this product verifies:

1) [wiATT)=(-1)"H 7" Awl

) AT ()7 A A+ At AT =
A7
1.e. for a L-valued 1-form w :

[wAwAw]]=0 (1.18)
Equipped with this product (M; L) becones a graded Lie algebra.

I.1.8 Integration on Riemannian manifolds

Let M be a compact, oriented, n-dimensional, Riemannian manifold with metric g.

v, defined on U, C M

Since M is oriented the set of n-forms ¢

1
€l (z) = 82y, d2?* Ao Ada?, 2z € U, (1.19)
n!

where g(z) 1s the determinant of the “matrix” g,.(z), patch together to give a
globally defined n-form € on M. The n-form € is called the natural volume form

on M.

Definttion L.1.17 Given a q-form w on M, the (n-q)-form *w whose components
with respect to a local coordinate system in U, are given by

1
g
is called the (Hodge) dual form of w.

Wiy anmg (T) 8(T) €y g 87 g, (7)), T E U

On a n-dimensional manifold M the *-operator verifies
“w? = (=10, w e QI(M) (1.20)

Definition 1.1.18 Given a vector field X on M its divergence div X is the func-
tion on M given by
Lxe=(divX)e, X €X(M)

From the Iocal expression of the volume form in a coordinate neighborhood U, it
can be easily verified that

(divX)(n:):\/gl(_m)au(Jg(x)X“), z € U, (1.21)
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Proposition 1.1.7 The divergence of ¢ vector field X on a n-dimcnsional Rie-
mannian mantfold M can also be ezpressed as

div X = (=1 *d'X

where we have identified through the meiric g the vector field X with a I-form on
M.

Let {{Ua,¢.)} be an atlas on M. Given a general n-form w on M we loosely define
the integral of w on M by

o

where w..., is the component of the form w with respect to the local coordinate
system in U,. The integral on the right-hand side is a usual multiple integral
on R".

Observe that for a compact manifold the index a belongs to a finite set, hence the
above sum is finite.

For a more mathematically precise definition of an integral on a manifold see
e.g. [14].

As can be easily checked the n-form w can be written as w = *we, where *w €

C>=(M). Therefore w;.., = “w,/g, and

wa =¥ f%w(’) o= (Cwy/B)(z)d e = Z.f ‘w(z)/g(z)d'z  (1.22)

a va(la}

where in the last equation we have used the same symbol for a function on U/, and
its pull-back on ©,(U,).

Proposition 1.1.8 {Stokes) Let M be a n-dimensional, compact, oriented man-
ifold with boundary M. OM is a (n — 1)-dimensional submanifold of M.
For a (n —1)-form w on M the following equality holds

/ dw = w
M oM
where GM 15 oriented coherently with M.

Corollary 1.1.1 Let M be @ n-dimenstonal, compact, oriented manifold without
boundary, i.e. OM = 0. Then for any (n — 1)-form w on M, [}, dw = 0.

For a n-form w on a n-dimensional manifold M we have
Lyw=diyw+1xdw = diyw, VX € X(M)
Therefore on a manifold M without boundary

fM Lyé =0, VX €X(M) (1.23)
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I1.1.9 Lie groups

Definition 1.1.19 A4 Lie group G is a manifold with a group structure such that
the map
GxG@—G

(g,h) — g.h™?

is smooth.

The identity element of G will be denoted by e.
Let L, (resp. R,) be the left (resp. right) multiplication operator

L,: G—CG
' h—+ g.h (resp. R,h = h.g)
A vector fleld X on G is called left invariant (resp. right invariant) if it satisfies
L, X=X (resp. By, X =X) Vge (&
ie. (dLg)pXp = Xgn Vg, he G

Definition 1.1.20 The Lie algebra LG of the Lic.grou.p G is the Lie algebra of all
left invertant vector fields on G.

Proposition 1.1.9 The vector space LG is isomorphic to TG,, the tangent space
of G at the identity e.

Proof: Given an element X, of T(G. we associate to il a left invariant vector field
X by
‘Xg = (.d’Lg)e‘X—ca Vg €G

and viceversa X, = X(e). D

From the above Proposition it follows that dim LG = dim G = n.
Let {T:, t=1,...,n} be a basis of TG, = LG. The structure constant e:‘J of
LG with respect to the basis {T;} are the numbers given by

1T, T5) = 5 Ty, i, k=1,...4n (1.24)
Denote by ad, the following automorphism
ad, : G — G
h+— g.h.g™?
Definition 1.1.21 The action ad of G in G
ad : G — AutG

g — ad,

s called the adjoint aetion of G in G.
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Given an element E of LG, the vector field ad,. E is again left invariant. Moreover
we know that (see page 10)

ad,.|E,, Ey) = [ad,.E,,ad,. By], Ei,E;€ LG

The map ad,. is therefore an antomorphism of LG. To simplify we shall denote it
also by ad,.

Definition 1.1.22 The representation of G in LG given by

ad : G — AutLG

g &—>'adg
is called the adjoint representation of G.

It can be shown that a left invariant vector field on G always generates a one-
parameter group of automorphisms of G. Let ¢, be the one-parameter group of
automorphisms of G generated by £ € LG and denote by exp ¢E the group element
¢ie), t€R.

Definition 1.1.23 exptE s called the one-perameter subgroup of G generated by
EeLG. '

The derivative of the adjoint representation ad of G, i.e. the associated representa-
tion of LG in LG, will be denoted by Ad, and it is called the adjoint representation
of LG.

Ad . LG -~ Der LG

EF— Adg
By definition
1
AdgH = ]ti_{%f[ad"‘I"EH ~-H], E,He€lLG (1.25)
Proposition 1.1.10 The representation Adg is ezxplicitly given by
AdgH = |E,H|, E,H € LG

Assume G is a matrix Lie group. In this case its Lie algebra LG is isomorphic to
a matrix Lie algebra, i.e. we have

[Ey, By] = E\E, — Ey,E;, E; € LG

where on the right-hand side the matrix multiplication is understood.
As set of matrices we moreover have G C LG. The adjoint representation of G is
explicitly given by

ad,BE=gEg™', ¢g€G, EeclLG

17



1.2 Principal fibre bundles and associated vector bundles
I1.2.1 Action of a Lie group on a manifold
Let M be a smooth manifold and G a Lie group.

Definition 1.2.1 A Lie group G 1s said to act on a manifold M on the right (resp.
on the left) if Lo every element g € G it is associaled a diffeornorphism a, of M
satisfying agn = ap 0 ag (resp. @gp = a4 0 an) Vg, h € G and if the map:

a: GxM — M
(g,z) — a,(z)
ts smooth.

The action a is said to be free if a,(2) = = for some z € M implies ¢ = ¢ = identity
of G.
The orbit of a point z of M is the set of points {a,(z) € M,g € G} . If the action
a is free then there is a bijection betweeun the orbit of z and G.
To simplify the notation we shall write a,(z) = z - g (resp. g,(z) = g-z) for a right
(resp. left) action a.

As we saw before every element E of the Lie algebra LG of G generates a

one-parameter subgroup exptE of G. If G acts on a manifold M the vector field
E ¢ LG induces a vector field Zg on M by

Zo(e) f =lim s flacpn(z) ~ (@), Vee M, eC=(M)  (126)

Definition 1.2.2 The vector field Zg on M induced by an element E € LG 1is
called the fundamental vector field associated to E.

Proposition 1.2.1 Let G act on a mantfold M on the right (resp. on the left)
and let Zg and Zr be the fundamental vector fields on M assoctated to E resp.
FelG.

Then we have

Z[E,F] = [ZE,ZF] (resp. Z[E.F] = —[ZE,ZF] )

1.2.2 Principal fibre bundles

Let P be a smooth manifold and G a Lie group acting on P on the right.

The action of G induces an equivalence relation in P by: (z ~y)ify =z - g for
some g € G, i.e. two points are equivalent if they are in the same orbit.

It can be proved [26] that uuder some not too restrictive conditions on P and a
the quotient space P/G, i.e. the set of all orbits, has the structure of a smooth
manifold.

Definition 1.2.3 A principal fibre bundle (P — M,G ), or briefly P, over the
manitfold M consists of a manifold P and a free right action of a Lie group G on P
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such that:

1. the projection T is smooth

2. w factors through P/G and induces a diffcomorphism P/G — M, i.e. M
may be tdentified with the orbit manifold P/G

3. the manifold P is locally trivial, t.e. for every open set U, of M, there exists
a diffeomorphism 1,
Yo : 7w HU,) — Uy x G
2 — (#(2),4a(2))

where ¢, : 77N U,) — G satisfies ¢a{z+9) = da(z) - ¢

The manifold P is called the toial space, M the base space and G the structure
group of the fibre bundle. The set of points 77'(z), = € M, is called the fibre over
@. The fibre over x is a manifold diffeomorphic to G.

Given an atlas {(U/4, @)} of M the family {(Ua, 94 )} is said to be a principal
coordinate representation for P.
The map %ap : 7 (U NUg}~— G

z — @a(2).[ga(2)]

depends only on the orbit of 2:

"J’cvﬁ(z -g) = 11[10:/3(3)
This means that 3,3 can be considered as a map on U, N Uy
Yapg » UsNUpg — G
x — YPap(z) withn(z) ==

The maps {5} are called transition functions of the fibre bundle corresponding
to the open covering {U,} of M.

As an example consider the product manifold P = M x G. A right action a of
G on P is defined by: ay(z,h) = (z,h.9) , (z,h) € M x G. The projection 7 is
simply m({z,h) = z. Clearly n7{U,) = U, x G.
The principal fibre bundle (M x G —— M, G) is called trivial.

Definition 1.2.4 A (global} section ¢ of a fibre bundle P is a smooth map
o : M — P such that x 0 ¢ is the identity transformation of M.

We shall denote by SecP the set of all sections of a bundie P.

Proposition 1.2.2 A principal fibre bundle P admits a global section iff it is the
trivial bundle M x G. :
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Given a principal coordinate representation {(Uy,%.)} for P it is possible to find
a family of local sections o, : U, — 7' (U,) in the following way.

Consider the map z — z - ¢o(z)"", 2z € 77 (U,). As before this map depends
only on the orbit of z, hence it determines a map

0o i Uy — 771 (Uy) (1.27)
£ 2 galz)

where as usual 7(z) = 2.

Clearly n(ca(z)) = . The local sections {o,} are called the natural (local) sections

associated to the principal coordinate representation {(U,,v,)} for P.

On an overlapping region U, N Uz we have

0a(z) =z ¢a(2) =2 (85(2)7 Ypalz))
= og(z) Ygulzr), zelU,NlUy w(z)==x (1.28)

By Proposition 1.2.1 the right action of G on P induces a homomorphism

LG — X(P)
EFE+— Zg

-1

As the action of G transforms a fibre 77 '(z} over = onto itself, the tangent vector

Zg(z) lays in the tangent space of 7~ '(z) at z, m(z)} = w.

Definition L.2.5 The tangent space of the fibre n='(z) at z is called the vertical
subspace of TP, and shall be denoted by V..

A vector field Z on P is called vertical if Z(z) € V., Vz e P. As an example Zg,
E ¢ LG, is a vertical vector field. The set of all vertical vector fields, denoted by
X,(P), is a subalgebra of X(P).

Proposition 1.2.3 The set X,(P) of all vertical vector fields on P 15 isomorphic
to C°(P; LG). The tsomorphism being given by

C°(P; LG) — X,(P)
£— Z,

with Z,(z) = Z..)(z) where Z,() is the fundamental vector field associated to
e(z2) € LG.

A diffeomorphism 1 of P onto itself is called an automorphism of the principal
fibre bundle (P —— M, G) if it satisfles: ¥(z-g) = ¥(z)-9, Yz € P.
An automorphism 1 of P induces a diffeomorphism 7, of M given by

Ju(x) = m(¥(z)), m(z) =2z
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An antomorphism ¥ is called vertical (or based) if 7 is the identity transformation
of M. For such an antomorphism we clearly have #(z) = z-9(z) where ¥ : P — G.

The condition ¢(z - g) = (z) - g implies (z - g)-¥(z - g) = (z - 4(z)) - 9. Since the
action a is free this means that ¥ must satisly

Hz-9) = g7 3(2)g = adg-14(2) (1.29)

We shall denote by AutP (resp. AutoP) the group of all antomorphisms (resp.
vertical automorphisms) of P.

For the trivial bundle P = M x G, AuloP is isomorphic to the group of smooth
maps C®(M;G), the multiplication in C*(AM; G) being defined pointwise:

N-72(2) = nlz)12(z), Yz € M, 1,7 € CF(M;G)
An element v € C°(M;G) determines an element 3 € AutoP by
Pz, h) = (z,y(z).h), (z2,h)eP=MxG

In this case ¥ is given by ¥(z,kh) = A7 .y(z).h.
Denote by 7 the following homomorphism

T: DiffM — AwtC=(M;G)
or— 7y
where 74 : C®(M;G) — C®(M;G)
Y Ty =097
Proposition 1.2.4 Let P be a irivial bundle. Then AulP is isomorphic to the
semidirect product of Diff M and AutyP relative to the homomorphism 7
AutP = Diff M x, AutoP

Proof: to an element (¢,v) € Diff M x . AutyP we associate an element ¢ € AutP
by
P(z,h) = (¢(z),v(d(z)).R), (z,h) €M x G

We have
Py 0 tha(z, h) = P1(da(2), T2 d2(2)).h) =

= ($1 0 $2(z), 1 (1 0 ba(z)) 1222 )) ) =
= (¢ 0 ¢y ) (11 T¢;72)[¢1 o ¢alz)).h

i.e. to i, 01, corresponds the element (@) 0z, vy .74, 72) of Diff M x, AutoP, which
by definition is the semidirect product (¢1,v).-(¢2,72). O
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I1.2.3 Associated vector bundles

Given a principal fibre bundle P with structure group G and a representation p
of G in the vector space F, we can associate with P a fibre bundle P x, F in the
following way.

In the cartesian product P x F we define an equivalence relation by setting

(z,v) ~ (2,v') (2, v')=(z-g,p(g7")v) for some g € G

Denote the quotient space of P x F' by the above relation by P x,F. An equivalence
class in P x,F will be denoted by [z,v]. By definition [z,v] = [z g,p(g“)v], geG.
A pro_]ectlon 7g of P x, F onto M is defined by 7p([z,?]) = 7(z) = z.

Given a principal coordinate representation {(Uy, %)} for P, the diffeomor-
phism ¢, : #71(U,) — U, x G induces a map

F‘d)a ‘ WI_:‘I(UC:) — Uy x F

given by
F"i['a([z,v]) = (m(z),p(da(2))v), [2,0] € WI'_"I(UO)

With the help of these maps a manifold structure can be introduced on P x, F,
see e.g. [26).

Definition 1.2.6 (P x,F =5 M, F,G) is called the vecior bundle associated with
P by the representation p. It is a vector bundle with standard fibre F and structure
group G.

A F-valued gq-form w on P is called equivarian{ with respect to the representation
pof Gin Fif

aw=plg)ow, Vge€G (1.30)

Lemma 1.2.1 To every equivariant map 3 : P — F corresponds a global section
s of P x, F and viceversa. The section s is given by s : M —Px,F

r s s(z) = [2,5(2)
with w(z) = z.

The set of all sections of the associated vector bundle P x, F' is naturally a vector
space over C with respect to the following operations

(81 + 82)(z) = [5,81(2) + 52(2)], 7(2) =z

asi(z) = {2, ad (2)], ocC (131)

where 5; € Sec P x, F and §; denotes the corresponding equivariant map P — F.
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1.2.4 Examples

The most important example of a principal fibre bundle is the so called bundle
of linear frames. This was introduced by E.Cartan who called it “la méthode
du repére mobile”. Its importance is due to the fact that every field theory in a
Riemannian manifold is implicitly formulated in terms of this fibre bundle.

A linear frame u, of a manifold M is an ordered basis of the tangent space
TM,atze M '

u; = (e1(z),...,en(2)), elz) € TM,, n=dmM
Two linear frames u, and ., are related by a change of basis
ei(z) = ey (x)EY briefly u. = u, - E (1.32)

where E belongs to the general linear group GL(n,R).

Denote by LM, the set of all linear frames of M at z, and by LM the disjoint
union of all LM,, « € M. By associating to a linear frame v, € LM, its base
point z, we trivially define a map n: LM — M.

Given an atlas {(U,,¢4)} on M and the natural basis {3,,p = 1,...,n} of TM,,
z € U,, each linear frame u_, can be expressed as

ue = (BY(2)d,,.., B(2)3,), E(z) € GL(n,R)
This shows that there is a bijection
Yo ¢ 7 Y {Uy) — Uy x GL(n,R)
Uy — (z, B(z))

With the lLelp of the maps ¢, we can introduce a manifold structure on LM.
I we let GL(n,R) act on LM as a change of basis

a: LM xGL(n,R) — LM
(e, B) — u, - E, uy € LM,
we obtain a free right action of GL{(n,R)} on LM.

Definition I.2.7 The so obtained principal fibre bundle (LM — M,GL(n,R))
ts called the bundle of linear frames over M.

Definition 1.2.8 A manifold M 1is called parallelizable if the bundle of linear
frames over M is trivial.

If M is a Riemannian manifold with metric g, then we can choose an orthonormal
(with respect to g) frame o, = (e;(z),...,e.(z)) at = € M:

glz;ei(z),ei(z)) = &, cilz),e;(z) € TM;
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Two orthonormal frames o, and o} are related by an orthogonal change of basis,
i.e. of = o, - O where O € O(n,R).

The set of all orthonormal frames at = will be denoted by OM,. Analogously to
the bundle of linear frames we can construct the bundle of orthonormal frames
(OM = M,0(n,R)) over M. '

Given an atlas {(U,,¥.)} on M the basis elements ¢;(z) of an orthonormal frame
or = (e1(z),...,en(z)) at & € U, can still be expressed as (see eq. 1.32)

ei(z) = Ef(z)8,, i,u=1,...,n

where {0, } is the natural basis of TM,.
From the orthonormality of the €;(x)’s it follows that in this case the inverse matrix
of E, denoted by e, is given by

€.(2) = gu(2) B! (z), z €U, (1.33)

)

Definition 1.2.9 The functions eL on U, are called vielbeins. In the case that M
ts a 4-dimensional manifold they are called vierbeins or tetrads.

If the Riemanman manifold A is oriented we can consider the oriented orthonormal
frames. Two such frames at z € M are related by

o, = 0, + O where in this case O € SO{n,R)

We shall denote by (OM* -~ M, SO(n,R}) the resulting bundle of oriented or-
thonormal frames.
As an example of an associated vector bundle, consider the canonical represen-

tation ¢ of GL(n,R) in R”
(W(E)Y) = Ex’ or o E)Yo = Ev, @=(v',...,v")€R"

and the associated vector bundle (LM x, R* -25 M, R, GL(n,R)).
Given a linear frame %, = (ei;(z),...,e(z)) at ¢ € M, every tangent vector
v, € TM, can be written as
v, = v'(z)e ()

where v*(:n) are the coordinates of v, with respect to the linear frame w,. As usual
the coordinates of v, with respect to the frame v/, = u, - E are given by

vi(z) = e (z)v" ()

Identifying the coordinates of a tangent vector with respect to a linear frame with
a vector in R", we obtain an isomorphism

T™, = p(z)
ve > fue, ¥(@)] = [us - By ed(e)i = [ug, ()]

where #(z) = (v!(z),...,v"(z)).
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Definition 1.2.10 The associeled vector bundle LM x, R" ts denoted by TM and
it is called the tangent bundle of M.

Since a vector field on M is a smooth assigninent of an element of T'M_ to each
x € M, we can identify X{(M) with SecTM.

Definition 1.2.11 The R"-valued I-form 6 on LM given by
Bluzyw) =ul (dmy w), we TLM,,

where u;! (dm, w) are the coordinaies of the tangent vector dm, w € TM, with
respect to the linear frame u., is called the solder {or canonical) form of LM.

If u, is a local section of LM over U, then we clearly have
(u,8), = e dx*é;, z €U, (1.34)
where uq(z) = {EF(x2)8.} and {¢é;} is the canonical basis of R".

Definition 1.2.12 The tensor bundle TM? of type (p,q) over M is the associated
vector bundle

TM? = LM »x,(R")P @ (R"")"
where the representation p of GL(n,R) in (R")? @ (R"7)? is given by
PEN(Thy ... ) @ (G1y... W) = (Eh,...,E¥,) @ (edy,...,ew,)

where E € GL{n,R), v; € R", &; € R"", end € denolcs the transposcd mairiz of
e=E1 ‘

As can be easily verified the fibre over x of this vector bundle is isomorphic to
@, T M. Thus the space TP(M) of all tensor fields of type (p,q) over M can be
identified with Sec TM?.
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I.3 Connections in a principal fibre bundle
I.3.1 Definition of a connection

Let (P —+ M,G) be a principal fibre bundle over a n-dimensional manifold M.
The fibre 7~}(z) over ¢ € M is a submanifold of P, therefore we can consider its
tangent space ai a point z € 77 '(z). We defined it (see Definition 1.2.5) as the
vertical subspace V, at z € P. Clearly V, C TP,.

Another subspace H, of TP,, such that TP, = V, @ H,, is called horizontel

Definition 1.3.1 A connection T in the principal fibre bundle (P —— M,G)is a
smooth assignment of a horizontal subspace H, to each point z of P, such that

H,,=(day). H,, YzeP
where a s the right action of G on P.

A tangent vector belonging to H, is called a horizontal vector.
From the above Definition it follows that given a connection I' in P, any vector
field Z on P can be nniquely decomposed as

Z=2,4+ 2y with Z,(z) € V., and Zn(z) € H,, Vze€ P

i.e. X{P)}= X,(P)® Xn(P), where the notation used is evident.
We shall denote by A the projection

h: X(P) — Xn(P) (1.35)
and by h. its local version h, : TP, — H,.
Definition 1.3.2 A r-form 1 on P salisfying
2y, 21y...,2,.1) =0, VZ,€X,(P), VZ,€x(P)
s called a horizontal form.

Proposition 1.3.1 Let 7 be an invariant, i.e. a;7 = 7, Yg € G, horizontal r-form
on P. Then 7=7n"7, where T is a uniquely defined r-form on M.

1.3.2 The connection formm and its curvature form

In the physics literature a connection is usnally introduced through a gauge po-
tential A, which is LG-valued 1-form on the space-time manifold. We shall see
in the nexi section how the gauge potential comes about. For the moment let us
introduce a LG-valued 1-form w on P associated to the connection T.

By Proposition 1.2.3 any vertical vector field Z, on P can be written as Z, = Z,,
where € € C°(P; LG). We define w by

w(Z)=w(Z.+ Zp)=w(Z,)=¢, VYZ e X(P)
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i.e. by
1) w(Z.)=¢, €€ C®P;LG)
i) w(Zr)=0, VZ,€ Xp(P)
Observe that w implicitly depends on the connection I' through the decomposition

Z2=2Z,+ Z.
The so defined LG-valued 1-form w is called the connection form on P.

(1.36)

Proposition 1.3.2 The connection form w satisfies
aw=oadyow
i.e. w 15 equivariant with respect to the adjoint representation of G.

Proposition 1.3.3 Given an aufomorphism + of P and a connection form w on
P, the form ¥*w s still @ connection form.

The utility of a counection I' in a principal fibre bundle P is that it allows the
introduction of a so-called exterior covariant derivative and meore important, of
a covariant derivation which acts on the sections of any vector bundle associated
with P (see below).

Given a r-form 7 on P, its ezierior covariant derivative, denoted by D, is the
(r+1)-form given by

DT(Z],...,Z,.,.l._l) = d-T(h.Z],...,hZ,._l_]), Zi c X(_P) (]37)

where h is the projection (1.35). By definition D7 is clearly horizontal.
The LG-valued 2-form Dw deserves special attention.

Definition 1.3.3 Given a connection form w on P, the LG-valued 2-form Dw 1s
called the curvature form of w. It will be denoted by 9.

Proposition 1.3.4 The curvature form Q) satisfies

1) Q=dw+ wAw] (structure equation of Maurer-Cartan)
1) D=0 (Bianchi’s identity)

Choosing a basis {T;, ¢t = 1,...,dimG} of LG, we can write
w=wT, Q=0T wherew' € Q(P),Q ¢ Q}(P)

Denoting by cf; the structure constants of LG with respect to the basis {T}}, the
structure equation of Maurer-Cartan can be expressed as

0 = dw' + %c;k W A w* (1.38)
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1.3.3 Horizontal lifts

Given a connection I in (P - M, G) and a vector field X on the base space M,
there is a unique horizontal vector field X~ on P such that

drn, X"(z} = X(=(z)), VzeP

Definition 1.3.4 The vector field X™ on P is called the (horizontal) lift with re-
spect to the given connection I, of the vector field X on M.

It can be shown that the lift X™ is invariant, i.e.
a. X" =X", YgeG (1.39)

If X generates a one-parameter group of diffeomorphisms of M, then X gener-
ates (locally) a one-parameter group of automorphisms of P, called the parallel
displacement.

1.3.4 The covariant derivative

As we said before the importance of a counection I' in the principal fibre bundle
(P - M,G) is that it determines a linear map between the sectious of any vector
bundle associated with P. This map is defined as follows.
By Lemima 1.2.1 to a section s of the vector bundle P x, F' we can associate an
equivariant map § : P — F and viceversa. Given a vector field X on the base
space M, the map X"§ : P — F, where X~ is the lift of X with respect to a
given connection I' in P, is still equivariant. Hence we can associate to 1t a section
Visof Px,F

Vxs(z) = [2,X"5(z)}, n(z) =«

Definition 1.3.5 The section Vs of P x, F associated to the equivariant map
X5 1s called the covariant derivative of s with respect to the vector field X on M.

The covariant derivative V x satisfies the following conditions.
Proposition I.3.5 i) Vy,ys=Vxs+ Vys, X,Y € Xx(M)

i) Vixs= fVxs, feC=M)
i.e. Vixs{z) = f(z)Vxs(z)

itt) Vxfs=(Xf)s+ fVxs

By conditions i) and i) above and given a section s of P x, F', we can define a
(Sec P x, F )-valued 1-form Vs on M by setting

Vs(X)=Vxs, X € X(M) (1.40)

Definition 1.3.6 The (Sec P x, F )-valued 1-form Vs on M is called the covari-
ant differcntial of s € Sec P x, F .
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Suppose we are given a principal coordinate representation for P and the associated
set of natural sections {0, } (see 1.27). To a section s of the associated vector bundle
P x, F corresponds an equivariant map s : P — F, hence a set of maps {s,},
where s, = s§00, : U, — F. We can consider the covariant denvative Vyx as
acting on the map s, by defining

Vxsa=X"50 s (1.41)

Proposition 1.3.6 Let {a,} be the set of natural local sections of the principal
fibre bundle (P — M,G) ,and X~ the lift with respect to a connection T in P of
the vector field X on M. Given a map § : P — F, equivariant with respect to a
representation p of G in the vector space F, the map Vs, = X"§0 0, 15 ezplicitly
given by

Vixsa(z) = Xosa +dpl(ow)(z; Xo)|salz), z €M

where dp is the derivative of the representation p, which is a representation of LG
in F', and w is the connection form of the connection T'.

Proof: denote by z the point o,(z) of P and by F the element of LG given by
E = w(z;(do,)e Xo) = (o5w)(z: Xo)
The tangent vector (de, ). X, can be expressed as
(doa)e Xe = X[ + Zg(2)

where Zg is the fundamental vector field associated to E € LG.
Whence '

X78(z) = X735 = [(doo)Xo|5 — Zg(2)s =
= X.(300,) — lim %[E(z - exptE) — §(2)]
As § is equivariant, the last term in the above equation is equal to
iy 3 plexp ~1E)3(2) - 6] =
= —lim *lp(exp tE) ~ 1]3(z) = ~dp(E)i(2)

Thus
X"5(z) = Xosa + dp(E)3(z), 2z = 04(z)

which proves the Proposition. O

Corollary 1.3.1 By considering, analogously to (1.40), Vs, to be a F-valued 1-
form on U, we ezplicitly have

Vsa =dss + dp(o,w)sa

1t is usually in this form that the connection I' appears in a field theory. We shall
see later on that the map s, can be interpreted as a matter field of ihe theory.
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I.3.5 Linear connections

An important example of connections are those in the principal fibre bundle LM
(or OM) (see Subsection 1.2.4)}.

Definition I.3.7 A connection in LM (resp. OM ) is called a linear connection
(resp. a Riemannian connection) of the mantfold M.

Consider the associated vector bundle TM = LM x, R", where as usnal n =
dim M. We saw in Subsection 1.2.4 that its sections can be considered as vector
fields on M. Hence, in this case the covariant derivative V x maps the vector field

Y € X(M) into the vector field VY.
Given a local coordinate system in U, C M, we can write X = X#3, ,Y =Y*d,.
Therefore, by Proposition 1.3.5
ViY = ViY¥9,=(AY")3, +Y"Vxd, =
= (XY")3, + X*Y "V, 0,

Denoting the components of the vector field V5 8, by I, we finally obtain

VxY = (XY? + X*Y"T2)8, inUs C M (1.42)

Definition I1.3.8 The functions I'Y,, on U, are called the components of the linear
connection with respect to the local coordinatc system in U,. Thcy are also called

Christoffel’s symbols.

Definition I1.3.9 4 Riemannian connection is called Levi-Civita (or symmetric)
if Fo, =g,

Proposition 1.8.7 The components of the unique Levi- Civita connection of a Rie-
mannian manifold M are given by

T%, = 1 ¢°% (3,95, + 8,95, ~ oy
where g 15 the melric tensor of M.
Given three vector fields X,Y,Z on M, we can form the following vector fields
T(X,)Y)=VxY - Vi X + [X,Y] (1.43)
and R(X,Y}Z =VyVyZ - VyVxZ - VixvZ
It is easy to check that

T(f‘lXafZY) = flsz(XaY)
and R(AHX, 2Y)f:Z = fLfafsR(X,Y)Z, fi€ C®(M)

From this it follows [26] that the map T resp. R is actually a tensor field of type
(1,2) resp. (1,3) on M.
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Definition 1.3.10 The tensor field T' resp. R ts called the torsion resp. the cur-
veture of the linear connection of M.

Proposition 1.3.8 The components of the torsion T resp. curvature R with re-
spect to ¢ local coordinatle system are given by

L] — -] o
ufl uf = rﬁ.u

Rg,, = 0.J0;—-0.T,+T. T o

prtwf T tertoug

where by definition R(X,Y)§ = X*Y R,

Definition 1.3.11 The fensor field of iype (0,2), denoted by Ric, whose compo-
nents ere locally given by
R’iC‘gu = R;av

ts called the Ricci tensor field.
If M is a Riemannian menifold with metric g then the function R which is locally
given by

R = ¢" Ricy,

15 called the scalar curvature of M.
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I.4 Geometrical interpretation of a gauge theory

In this section we shall show how the fields of a gauge theory can be interpreted as
geometric quantities related to a principal fibre bundle and its associated vector
bundles.

To simplify matters we shall take the structure group G to be a matrix Lie group,

as e.g. SU(r).

I1.4.1 Gauge transformations and changes of section

Let (P — M, Q@) be a principal fibre bundle with a principal coordinate repre-
sentation {(U,,1%a)} . Given a connection I' in P with connection form w, we
can pull-back w on U, with the help of the natural local section o,. Denote this
pull-back by A, = oLw. A, is a LG-valued 1-form on U,. The relation between
two such local forms A, and As on an overlapping region U, N Uz is given by the
following Proposition.

Proposition 1.4.1 Let {(U,,v4)} be a principal coordinate representation of a
principal fibre bundle P and {0,} the associated set of natural local sections. Given
a connection T' in P with connection form w, the forms A, = o w verify the
following compatibility condition

Ag, = "nbaﬁ("r')_lAu zPap() + ﬁ’aﬂ(zjrld@baﬂw z € UaNUg

where o5 1 U, NUg — G are the transttion functions corresponding to the given
principal coordinate representation and the matriz mulliplication 1s undersiood.

The first important consequence of Proposition 1.4.1 is that due to their transfor-
mation properties on an overlapping region, the forms A, don’t patch together to
give a globally defined 1-form on the base space M. Secondly, the above compati-
bility condition involves only the transition functions 9,4, which relate the sections
0, and o5 by (see 1.24)

op(z) = oa(2) - Yap(z), z€ U NUp
or briefly
o'ﬁ = Oq 'd’aﬁ iIl Ua ﬂ Uﬁ
We can thus immediately formulate the following

Corollary 1.4.1 Let {o.} and {0'a} be two sels of natural local sections related
by

'
Ta =00 Ya

where v, ts @ smooth map U, — G.
Given a connection form w on P, the forms A, = o jw and A', = o'gw on U,
satisfy

Aa=7"4aYa + 73 d7a (1.44)
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Condition (1.44) is wbat physicists call a gauge transformation. It arises from
the change of section o, — 0, +7,. It’s easily verified that the set of all gauge
transformations forms a group isomorphic to C=(U,; G).

In physical terms a 1-form on the space-time manifold “transforming” as 4, is
a so called gauge potfential. Hence, a first step in finding a geometrical formulation
of a classical gauge theory is to identify the space-time manifold with an open set
U, of the base space M of a principal fibre bundle (P — M,G) , and the gauge
potential with the pull-back by a natural local section ¢, over U, of a connection
form « on P.

The fact that the space-time must be considered a subset of a Jarger manifold is
welcome for the following argument. If we take the space-time to be the Euclidean
manifold R" and require the action functional of the gauge theory to be finite,
then, due to the behaviour of the gauge potential at infinity, we can construct in
a natural way a principal fibre bundle with base space R" UU,,, where U, is a
neighborhood of the point at infinity (sec e.g. [16]). As it is well known R" U U,
is diffeomorphic, through a stereographic projection, to the n-dimensional sphere
S™. Hence, the constructed fibre bundle is equivalent to a fibre bundle over §".
In other words, the finiteness of the action functional forced us to compactify the
space-time to S§".

Taking this argument into account, the appropriate geometrical framework to
mathematically describe a classical gauge theory is thus the principal fibre bundle
(P - 5™,G). An atlas on 8" is given by two charts {(U,,¢a), o =1,2}, where
U, resp. U is the southern resp. northern hemisphere of §”. The above mentioned
stereographic projection identifies I/; with the space-time R". In this framework
the gauge potential is therefore the pull-back by a natural section o, over U, of a
connection form w on (P — §",G).

Henceforth we won’t limit ourselves to the specific case M = 5" but consider
instead a general compact base space M without boundary. We shall generally call
gauge potential the pull-back by a natural section o, over U, C M of a connection
form w on (P - M,G) .

Returning to the gauge transformations, we interpreted them as changes of
natural section o, — 0, - vo- The disadvantage of this interpretation is that it is
local, 1.e. we can perform different gauge transformations in different open sets U,
of M. To avoid this we indnce a change in any natural section by composing it
with a vertical automorphism ¢ of P

0, — 0, =00,
Since 9 can be expressed as ¥(z) = z - §(z), z € P (see page 21) we obtain
o(2) = $(0a(2)) = 0a() - $(0u(2)) = 0a(z) - Ya(z) (1.45)

where v, = Yo o,.
The transformed gauge potential A, on U, is given by

A, =0 w= (Yoo w=0,0¢w
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As ¢ is an automorphism of P, by Proposition 1.3.3 ¥ w is still a connection form.
Hence, from an active point of view, A, can be considered as being the pull-back
by the natural section o, of the transformed connection form % w.

We naturally arrive at the following definition (see [2])

Definition 1.4.1 A gauge transformation in the principal fibre bundle P is a ver-
tical automorphism of P.

This definition is very useful in a mathematical formulation of a gange theory since
it is perfectly global.

By the above Definition the group of all gauge transformations, denoted by G,
is isomorphic to the group of vertical antomorphisms of P, ie. G = AutyP. Every
element 1 of AutoP determines a map ¥ : P — G satisfying (see (1.29))

Y(z-g) = adg1%(z), Vg€G

This means that ¥ is equivariant with respect to the adjoint representation of G
in G. By Lemima 1.2.1 this is equivalent to say that ¥ is a section of the assaciated
vector bundle P x4 G (G is a matrix Lie group, hence a vector space). Observe

that we can pointwise define a group multiplication in Sec(P x,4 G ) by setting
(see Subsection 1.2.3)

mve(z) = [3,‘?1(5]-?2(5)], 71,72 € Sec( P Xaa G )= ze P

and that to 1 o, in AutyP corresponds ;.7; in Sec(P X0 G ).
We leuristically proved

Proposition 1.4.2 The group of all gauge transformations G = Autq P is isomor-
phic to the group See(P x.a G ).

It can be shown [31] that Sec(P X.4 G ) is an infinite dimensional Lie group. Its
Lie algebra is the infinite dimensional Lie algebra of all sections of the associated
vector bundle P x4 LG , where ad is the adjoint representation of G (see Definition
1.1.22). The algebraic product in Sec(P X.q LG ) is defined pointwise as above.

A one-parameter subgroup %; of Sec(P X .4 G ) generated by ¢ € Sec{ P X9 LG )
is denoted by vy, = exp te, and by this it is meant

Ye(z) = [z,expté(2)}, w(z)==

where £ : P — LG is the equivariant map corresponding to the section «¢.

From Proposition 1.4.2 it follows that the Lie algebra £G of the group of gauge
transformations G is isomorphic to Sec(P x4 LG ).

By Proposition 1.2.3 the equivariant map € € C®(P; LG) uniquely determines a
. vertical vector field Z;. Given any connection form w on P, £ is given by € = w(Z;)
(see (I1.36)).

Since € is equivariant with respect to the adjoint representation of G we must have

w(z+g; 2= g)) = adg-'w(-’o'; Ze(2))
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By Proposition 1.3.2 this impliesA
w(z - g;Ze(2 - g)) = (agw)(z; Z:(2)) = w(z2 - gi(day). Ze(z)), Vz€ P, g€ G

As (day),Z:(z) is vertical from the above equation it follows that the vertical vector
field Z; associated to the equivariant map € is invariant, i.e. a,.Z; = Z; (see (1.7)).
The vector field Z; is the one induced by the one-parameter group 1, of vertical
automorphisms of P given by

Pe(2) = z-'h(z) = z -exp té(z)

To avoid a cumbersome notation we shall use the same symbol ¢ for € and &.
Denote by X!(P) the set of all vertical invariant vector fields on P. X!(P) is a
subalgebra of X(P).

Proposition 1.4.3 The Lic algebra Sec P x,4 LG = LG s isomorphic to the Lie
algebra XI(P) with product given by minus the Lie brackei. In other words

Z[‘l 2] = —[ZGHZGE]
where €; 1s the equiveriant map corresponding to the section €; € Sec P x 9 LG .

Proof: we must only prove the stated equality. Denote by Z; the vertical invariant
vector field Z,,, ¢ = 1,2. To the Lie bracket |Z,, Z,] corresponds the equivariant
map

w{[21,22]) = Z1(Z2) - Lz,0(Zs)

where Lz is the Lie derivative,
As Z; is induced by a one-parameter group ¥, of antomorphisms of P and since
Y w is still a connection form, the 1-form

L1
Lz,w = 11_1.]3 ?['d"w —rw]
is horizontal. Hence w([Z;, Z;]) = Z,w(Z;) or

@([21, Z2]) = }{Zww(22) — Zaw(Z))} =
= Hdw(Z,,Z;) 4+ w([21,22))} =
= {0(2,, Z2) - [w(Z:1),w(Z,)] + w([Z1, Z2])}
wliere { is the curvature form of w. As the Z; are vertical, }(Z,, Z,) vanishes. We

thus obtain
w([2y, Z]) = —[w(Z1),w(Z32)] = —[es,62] DO

The above minus sign is reminiscent of Proposition 1.2.1. In fact the group
Sec(P xg9 G ) = AutyP acts on P on the left

B0y, (2) = 11 0 P2(2) = ay, 0 ay,(2), ¥i € AutpP
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See also [29], where this sitnation is explained for the general case of the diffeo-
morphism group of a manifold.

Under an infinitesimal gauge transformation represented by v = expec, € € 1,
£ € Sec(P xq4 LG ), the gauge potential A, = o,w transforms as follows

Ao = A = Ay + €([As, 0] + dea) + o(€) (1.46)

where e, =00, : U, — LG.
By Corollary 1.3.1 and Proposition 1.1.10 the infinitesimal gauge transformation
(1.46) is equivalent to

A, A = A, + Ve, + 0(52) (1.47)

where Ve, is 1the covariant differential of £,.
From the active point of view the infinitesimal gauge transformation (1.47) is equiv-
alent to

w—ow =w+telzw+ ofe?) {1.48)

where Z, 1s the vertical invariant vector field associated to ¢ € Sec P x4 LG .
Thus
o.Lzw=Ve, =Vole (1.49)

Let Q be the curvature form of the connection form w on P.

Definition 1.4.2 Given a set of natural sections {o,} of P, the LG-valued 2-form
o 82 on U, is called the gauge field strength form.

The gauge field strength form will be denoted by F,. Clearly
F, = dA, + 1[A4a A A4 (1.50)

Under the gauge transformation represented by v € Sec(P x,4 G ) the field strength
F, transforms as

F,— F =+'F,y, wherey, =700, (1.51)

1.4.2 DMatter fields

Usually in a gauge theory so called matter fields are also present. These are fields
defined on the space-time manifold which transform under a gauge transformation
according to an irreducible representation p of the structure group G.

Consider the associated vector bundle P x, F', where F is the irreducible vec-
tor space corresponding to p. Given an equivariant map

$:P—F, §(z:9)=p(g)7d(z), Vg€G,z€P
and a set of natural sections {¢,} of P, the map
¢a:$00a=0';t]3:Ua—)F
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transforms under the gange transformation represented by v € See P x,; G as
(see (1.45))

$ulz) = oo (z) = d(oa(z):

)

= @loq(z)- Ya(z)) = p(Ye(z)) " dalz), z €U, (1.52)
where as usual v, = Y0 o,.
From this it follows that the matter fields of the theory can be considered as the
pull-back by a natural section of the equivariant maps ¢ : P — F. As for the
gauge potential A,, the matter field ¢, is defined only locally on U, C M.

We saw in Subsection 1.3.4 how the covariant derivative Vx is defined to act
on ¢, (see 1.41)

Vxda = X400,

where X~ is the horizontal lift of X € X(M). Since X~ is still equivariant, Vx ¢,
transforms under a gauge transformation as a matter field

(Vxga)(z) = X $00,(z) = p(1a(2)) " Vi alz) (1.53)

It is for this reason that the covariant derivative is so useful.

The most important example of matter fields are the so called spinor fields or
spinors. To introduce them consider the bundle of oriented orthonormal frames
(OM+ —— M,50(n,R)) of an orientable Riemannian manifold M (see Subsec-
tion 1.2.4). As it is well known the special orthogonal gronp §O(n, R) possesses for
n even two inequivalent complex irreducible representations of dimension d = 2771,
Denote them by D resp. D~.

Definition 1.4.3 A righthanded resp. lefthanded Weyl spinor is the pull-back by
a natural seetion e, of OM™* of a map ¥, resp. ¥_ : OMt — C¢, equivariant
with respeel to the representation DT resp. D™ of SO(n,R) in C4, d = 2571,

Definition 1.4.4 A Dirac spinor is the pull-back by ¢ natural seetion eo of OM™
of amapyp : OM*T — C¥ equivariant with respect to the representation D* @ D~
of SO(n,R) in C¥ d=2:"1.

It has to be noted that in order to globally define a spinor field on a manifold
M, the latter must also satisfy a special topological condition, namely its second
Stiefel-Whitney class must vanish (see [14]).

Definition 1.4.5 An orientable, Riemannian manifold whose second Stiefel
Whitney class vanishes is ealled a spin manifold.

By taking the tensor product of a spinor field and a general matter field defined
on the same open set U,

ed @0 : Uy — CIQF

we clearly obtain a spinor which transforms also under a gauge transformation in
the principal fibre bundle (P —— M,G) .
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I.4.3 The symmetry group of a gauge theory

A gauge field theory with gauge group G is usually formulated in terms of fields
defined on the space-time manifold. Geomnetrically the latter is identified with a
subset of the base space M of a principal fibre bundle (P —— M,G) . From what
we have seen in the preceding subsections, the geomeirical objects corresponding to
the fields of the theory are all pull-backs by natural sections of quantities globally
defined on the total space P. Since the physics doesn’t specify which particular
natural section has to be used, we are in the presence of a degree of freedom which
translates in a symmetry of the theory. As we have seen, this gauge symmetry 1s
induced by vertical automnorphisms of P, hence AutoP is an invariance group of
the theory.

Clearly this is not the only possible invariance. The action functional of the
theory is usually constructed in such a way that it is invariant also under transfor-
mations which are related to the geometric properties of the space-time manifold.
As an example, a gauge theory formmulated in a 4-dimensional Minkowski space is
assumed to be invariant under Poincaré transformations, which form the so called
isometry group of the Minkowski space. We shall assume that this extra invariance
group, denoted by Gar, can be identified with a subgroup of ihe diffeomorphism
group Dt ff M of the base space of the principal fibre bundle upon which the theory
is based.

In the special case that this principal fibre bundle is trivial we can com-
bine the gauge invariance group AutyP with Gur to form the semi-direct product
Gm %, AutoP (see Proposition 1.2.4). Therefore the total invariance group, de-
noted by Gr, of a gauge theory based on a trivial fibre bundle P is isomorphic to
a subgroup of the automorphism group AutP.

QT = QM X, ATLtUP C AutP (154)
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I Anomalies

In this chapter we shall consider a gauge field theory based on the trivial bundle
P =M x G. Even though we shall later work with the bundle of linear frames
LM, we don’t explicitly consider the gauge theory based on it, i.e. the gravitational
theory. In what follows P is always different from LM.

The fact that P is trivial implies by Proposition 1.2.2 that it admits a global
section ¢, which in turn allows us to pull-back on M every geometrical quantity
defined on P. In the trivial bundle case we can thus extend to the whole base
space M the gauge theory originally formulated on an open set of M. Henceforth
we shall assume that M is a compact, connected, spin manifold of even dimension
n = 2k and without boundary. In other words we forget about the physical reality
of our space-time and consider a gauge theory as a purely geometrical setting.

For a trivial bundle P the group of all vertical automorphisms AutyF is iso-
morplhic to the group C®(M;G) (see page 21). For a trivial P we thus have (cf.
Subsection 1.4.1)

G = AutgP = Sec P x ¢ G = C®(M;G)
and (see Proposition 1.4.3)
LG =X} (P)= Sec P x,0 LG = C™(M; LG)

A gauge transformation (see Definition 1.4.1) is therefore represented by an element
v € C=(M;G). v plays the role of the locally defined map v, € C®(U,;G) of
Section 1.4.

II.1 Classical and quantum symmetries
I1.1.1 Gilobal formulation of a classical field theory

A classical field theory is usually defined by an action functional §, which is given
by an integral on the space-time manifold of a Lagrangian £. The Lagrangianis a
function of the fields, generally denoted by ¢, and their derivatives d¢ (see [34]).
By classical we mean that no factors of & should appear in £. This can always be
accomplished by appropriately rescaling the fields ¢. According to the above we
replace the space-time manifold by the manifold M.

S =[c d =[ “L(4,d
6= [, £06.48) = [, < L(6.48)
where € is the volume form on M (see Subsection 1.1.8).
We shall limit ourselves to local field theories, i.e. those where the n-form £ at
a point z of M depends on the fields taken at z only. In this case the action
functional § is called local.
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The field equetions of the theory are obtained by reguiring that the action
functional be stationary nnder an arbitrary variation é¢ of the fields. By assnming
the field ¢ is a g-form and by implicitly taking into account the signs which arise
from commuting é¢ resp. éd¢ to the right in 6L, we can write

§S fé,c f{ /\6¢+ad¢f\6d¢}—

- f{ Ao+ (— )"‘“"[d(aaiﬁf\éeﬁ) SLM‘?‘]}"

Bf. ac
= n-q 4 _ __ l’l—g—] —_—
Jlgg + (D d6d¢]A6¢+( U Jon 0ig " ¥
where n = dim M.

Since the variation 8¢ is arbitrary, and by assumption M = 0, the condition
65 = 0 implies
oL aLr

gg V(DD g =0 (IL.1)

The theory is said to be invariant under the transformation ¢ — ¢’ if the value
of the action doesn’t change, i.e. if

Sl¢] = $l¢']

To obtain the above eguality is sufficient that the Lagrangian changes by an exterior
derivative

L—L=L4,d¢)=L+dX (11.2)

where X is a vector field on M, identified through the metric with a 1-form.
By applying the star operation on both sides of (II.2), we see that under a sym-
metry transformation *C changes at mnost by a divergence (see Proposition 1.1.7)

Lo =L+ (1) div X (11.3)

Consider an infinitesimal symmetry transformation ¢ — ¢’ = ¢ 4 6,9. By repeat-
ing the same steps as in the derivation of the field equations (Il.l), we obtain
ac

L = {[ +(-1)""d—] AP} + (— lnqld(

544 A 8.9)

8d¢
L 4'X

Therefore, for fields verifying the field equations (II.1), i.e. on shell, the (n — 1)-
form

=X 4 (-1 1% A b0 (I1.4)

is closed, i.e. d*7 = 0.
This is just a simplified form of Noether’s theorem, which states that to each one-
parameter invariance gronp corresponds a conserved current j, which is the vector
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field on M given by (see (1.20))

=X 4 (- 1)*'*(%%“0@ (Ls)

Conserved means: div j = 0 for fields verifying (11.1).

I1.1.2 The quantum case: the effective action

The quantum field theory corresponding to a classical action §, if it exists, is
specified by a set of vacuum expectation values of time-ordered products of field’s
operators, so called Green functions, with the help of which every observable of
the theory can in principle be computed (see e.g. [24]).

In the path integral formulation of the quantum theory, the vacuum expectation
value < O > of an operator O is given by tlie weighted mean

< 0>= [(dg]O(g) e # (IL6)

where the symbol [[d¢] means that we must “sum” over all possible classical field’s

configurations, and we set W[0] = [[dd]¢ “RSl - = 1. O(¢) is the explicit form of
the operator O in function of the fields ¢.
By assuming the operator O is a p-form, equation (I1.6) can be written as

<0> = —h— f (dg) e~ 5 {51+ [y In0(@N)
J=0
6 i 6
= —EEWO[J] |J=0 —ﬁﬁ]n I’Vo[J] ’_]=0 (I]T)

where J is an external (n-p)-form.

It is in the form (IL.7) that vacuum expectation values usually appear in the path

integral formalism, i.e. as functional derivatives of so called generating functionals.
Consider the generating functional W of the Green’s functions

W(J) = [ldg] e it I (1L.8)

where in this case J is a (n-q)-form, ¢ being a q-form.
We can express it as

1
W[J]) = e a2l (11.9)

wliere Z[J] is the generating functional of the connected Green functions [24].
By performing a functional Legendre transformation on Z|J| we can define a new

functional I' by

I[¢] = 2]J] - /JAd: with ¢_5_z (11.10)

Definition I1.1.1 The functional I' is called the effective action of the theory.
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In general the effective action is a non-local functional of ¢, which can formally be
given by an expansion in powers of k [24,32]

NI AR (11.11)
k=0

A term of order k in this expansion describes processes which correspond to Feyn-
man diagrams with k loops. We shall assume that each term in (II.11) gives a
finite contribution, in other words we shall assume that the effective action has
been regularized.

It can be shown that the 0-th order term in (II.11) is the classical action §

rg) = S[¢]

In analogy to the classical case we say that the quantum theory is invariant under
the transformation ¢ — ¢’ if

Il¢] = Tlg,

Hence a classical symmetry is still a symmetry of the quantum theory if
g =T™g], Vvk2>1 (11.12)

If this is the case then the vacuum expectation value of Noether’s current ;7 (11.5)
is conserved, < div 7 >= 0, independently of any field equations.

As can be expected it is not always possible to find a regularized effective actioun
such that (1I1.12) is verified. In that case we say that the theory possesses an
anomaly. '
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II.2 Axial and gauge anomalies

In this section we consider gauge theories on a parallelizable manifold M whose
matter fields ¢ are Dirac spinors transforming under a gauge transformation ac-
cording to a r-dimensional, fundamental representation of the matrix Lie group
SU(r). As it is well known there exist two such represeniations, which are conju-
gate to each other. Writing ¥ = ¥ ® ¢p, (see Subsection 1.4.2), this means that
¥p is the pull-back by the global section ¢ of (P -~ M, SU(7)) of an equivariant

map ¥p
¥p: P — C", 1,l;p(z ~g) = p(g)'llﬂp(z), V; € Pge SU(r) (11.13)

where p(g) = g or ¢".
The covariant derivative Vx4, X € X(M), is thus given by (see Proposition 1.3.6)

Viyp = XY+ AX ) =X @ Xebp +hm @ A(X)Yp ifp(g) =g
resp. Vy¢ = Xy + AX)¢ ifp(g) =g (11.14)

where A is the gauge potential, a 1-form on M taking values in the Lie algebra
su(r) of SU(r).

Observe that A4 is antihermitian, i.e. A(z; v, )t = —A(z;v.), Yo, € TM,.

Instead of taking the real and imaginary parts of ¢ as independent matter fields, we
take ¢ and ¢ = p'° = 1.1’}\4‘1’08”.!‘}:1 where {7, i=0,...,n—-1},n =2k = dim M,
are the well known ~v-matrices.

The decomposition of the Dirac spinor 1 as a sum of right- and left-handed spinors

Y=ty + o = (ag +Yu-) ® Yp

. Y (11.15)
¢M:i:=('1_d5211)¢ﬂh 75:7‘370"'7‘“_'11 752:1
will be frequently used.
I1.2.1 The axial anomaly
Consider the gange theory defined by the following classical Lagrangian
L= 1% W+ ke = g d+ A)g + hec. (I11.16)

where the operator ¥ is locally given by ¥(z) = v'Ef(2)V.¥(z), z € M, E!
being the inverse vielbeins (see (1.33)), and +h.c. means that the hermitian con-
jugate of the preceding expression lhas to be added.

A part from being invariant under the gauge transformations

b(z) — (z)P(z) = ¥u(z) ® v(z) " Pplz)
P(z) — Py(z) : (11.17)
A = y(z) A v(z) + v(x) T dye, ¥ € CP(M;SU(r))
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the Lagrangian (I1.16) is also invariant nnder the following (global) chiral trans-
formations (e)
Yi(z) — Uy

, Usr € U(1 I1.18

Yo(z) — U (e) TSV (118)

This can be easily verified by noting that *L can be written as

L= i{’f_’+ ¥op + 9 ¥} +hee

Are these symmetries still present in the quantum theory? The answer is no, in
the sense that either the gauge invariance or the global chiral invariance has to be
abandoned at the quantum level.

In a gauge theory the gauge invariance is clearly more fundamental than the global
chiral invariance. We thus choose to retain the gauge symmetry. The price we pay
is that the resulting effective action I is not invariant under the full gronp of chiral
transformations (11.18). The pathological transformations are the so called ezial

transformations
Pila) = Uyy(e)
b(z) — U (o)
By writing U = €', o € R, (11.19) is equivalent to

P(z) — € p(x)

UeU(l) (I11.19)

Under an infinitesimal axial transformation, @ « 1, the change in the eflective
action is found to be

(¢, A] = T3, %, 4] + ahA[A] + o(a®R?)
where A[A] is the azial anomaly. In four dimensions it is explicitly given by [20,41]
Al4] = ——— / Tr(F A F) (11.20)
M

47?2

where F' = dA 4+ J[A A A] = dA + A A A is the gauge field strength form, and Tr
denotes the trace.
Since Tr(AAAAN AN A) =0 we have

Tr(FAF)=dTr(dANA+2AN AN A)

The axial anomaly actually vanishes for a trivial bundle over a manifold M without
boundary.
I1.2.2 The gauge anomaly

In a physical theory there is no reason for the fields ¢, and v'_ to transform under a
gauge transformation according to the same irreducible representation of the gauge
group G. In a chiral theory it is usually assumed that the right-handed fermion
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field ¢, transforms according to a representation p, whereas the left-handed one,
¥P_, is assumed to transforin according to the conjugate representation p~.

For the case G = SU(r) and p(g) = g, ¢ € SU(r), the gauge invariant La-
grangian for such a theory is given by the following expression

L= H{oye Widhe +¥- ¥} +he. = (11.21)
= {¥(dt Ay +9-(d+ L)} + hec.
where locally 4*(z) = v' Ef(z)A;(=).
By using the decomposition (II.15) the above Lagrangian is equivalent to

*L=3¢(d+ F+ s d) + hec. (11.22)

where f = 1(A+ A"} and 4 = J(A— 4°).

As it turns out it is not possible to find a gauge invariant effective action I' cor-
responding to the Lagrangian I1.21. The best one can do is to give a I' which,
under an infinitesimal gauge transformation represented by 4 = expeg, € < 1,

£ € C°(M;su(r)) (see (1.47))

ty, — YL =y —eey + o(€)
o = Y =P —eeTpo + o) (11.23)
A — A =A+eVe+ole?)

varies as follows
D[, , A') = Tl &, 4] + heA[4se] + of h?) (11.24)

In four dimensions the gauge anomaly A[A;¢] is given by [41]

AlAe] = -‘—/MTr{ad(dAAAJr;AAAAA)} (11.25)

47?
Observe that the gauge anomaly doesn’t depend on the matier fields 1. This will
be important in the subsequent algebraic analysis of the anonalies.
I1.2.3 The Wess-Zumino consistency condition

By defining the infinitesimal variation of the gauge potential A under a gaunge
transformation by §§A = Ve and considering two subsequent infinitesimal gauge
transformations v; = exp ey, &; € C®(M;su(r)), t = 1,2, we find

B8 A — 63650 A = 8irel g (11.26)

This is a direct consequence of the Lie group structure of the group of gauge
transformations G.

45



Let us define the variation ¥(¢) of a functional W depending on the gauge potential
A by

(J(e)W)(4] = ltin& %{W[A +tVe] — WA} = %W[A + 165A4)|i=0 (11.27)
By definition we have

9e)0(ex)W 4] = S(9ea)W) 1A + 165 All oy =

d d € €z £ fe7
= dtd WA + 165 A + 165 A + 1167 67 4)|
= {[ 6tt]W[A + 165 A + 1852 A + t165 657 A} imico =
= d d W[A + 165 A+ té"A]’ _ci WA + té5 852 A}
- dtd df g *a t=0
Thus by making use of (11.26) we easily find
(Fe1 ) ez) — De2)Pey ) )W = O([ey, &5] )W (11.28)

If we drop the dependence of the eflective action I' on the matter fields we can
express (11.24) as

(e)T[A] = hA[A; €] (11.29)
From equation (I1.28) we immediately get the Wess-Zumino consistency condi-
tion [36] for the gauge anomaly A

3(e1)Al4; 2] — I(ea)AAi 1] = Al4s [er, &) (11.30)

Equation (11.30) is the starting point for the algebraic coustruction of the anoma-
lies. If a gauge anomaly exists, as given by a variation of an effective action, then
it must satisfy (11.30). Such anomalies are called consistent to distinguish them
from the so called covariant anomalies [4].
Observe that no consistency condition exists for the axial anomaly (11.20). This is
due to the abelian character of the axial symmetry.

A method to find a possible consistent anomaly is thus to solve equation (11.30),
i.e. to look for all functionals A depending on the gauge potential A and on the
map ¢ € C*(M; LG), which verify (11.30). A trivial solution to equation (11.30) is
given by

A[A;e) = 9(e)A[A] (11.31)

where A is a locel functional of the gauge potential A.
If the gauge anomaly were given by an expression like (I11.31) then by subtracting
AA from the effective action I', which is equivalent to modilying the classical
Lagrangian £ by terms of order £, so called counter terms, we could define a gauge
invariant effective action T

He)l = d(e)T — hA) =0

Therefore the non-trivial consistent anomalies are given by the solutions of (11.30)
modulo solutions of the form (11.31). This is almost a cohomological problem.
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I1.3 Cohomological construction of the gauge anomalies

I1.3.1 Representations of a Lie algebra and the associated coboundary
operators

In this subsection we introduce the algebraic machinery which will allow us to
identify the non-trivial consistent anomalies with representatives of appropnate
coliomological classes. As reference we used [22].
Let L be a Lie algebra and 9 a representation of L in the vector space F
¥: L — L(F)
E — 9(E) with 9([Ey, E2]) = 9 Ey) 0 I(E,) — I E3) 0 d(Ey), E; € L

where L(F) is the Lie algebra of all linear transformations of F.
Denote by A*(L; F) the vector space of all k-linear skew-symmetric maps A*

Mo Lx...xL—F

k—times

Definition I1.3.1 An element A* € A*(L; F) is called a k-cochain with values
i F.

Given a k-cochain A¥ we define a (k+1)-cochain ésA* by

k41 ]
619Ak(E1, e aEk-H) = Z (_1)i+1 ﬂ(E:)[Ak(EI: s ,ia s aEk+l)]+
i=1
+Z(_1)i+j Ak([E'ian]aEIs“‘,i,‘"ajt"'1Ek+l‘)& E; e L (]]32)

i<

Definition I11.8.2 The opcrator 6 : N*(L; F) — A**Y(L; F) is called the (Che-
valley) coboundary operator associated to the representation ¥ of L in F.

Observe the similarity of (I1.32) with Definition 1.1.15 for the exterior derivative.
In fact a g-form w9 is a special example of a q-cochain for the case (see (1.13))
L=x(M), F=C®M)andd(X)f =Xf, Xex(M), [eC~M).

Thus Q9(M) C AN (X{(M); C>=(M)).

Proposition I1.3.1 The coboundary operator 8y verifies §3 = 0.

Definition I1.3.3 A k-cochain )¢ is called a k-cocycle if b Ak = 0. )
The cocycle X* is called a k-coboundary if \* = 650%71 for some (k-1)-cochain A*-1,

Denote by Z*(L; F) resp. N¥(L: F) the subspaces of all k-cocycles resp. k-cobound-
aries. Clearly N*(L;F) C ZX(L; F).

Definition I1.3.4 The quotient spacc H*(L; F) = Z*(L;F)/N*(L; F) is callcd
the k-th cohomelogy (space) of L with coefficients in F.
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In the special case
ZUM) = ZAX(M) CX(M)) NQY(M), NO(M) = NUX(M); C=(M)) N (M)

the space Z9M)/N%(M), denoted by H} g....(M), is called the g-th de Rham
cohomology of M. A g-form in Z9Y M) resp. NY(M) is called closed resp. ezact.

If F is an algebra with product - we can define, analogously to the exterior
prodnct (1.11), a product A in A(L; F) = @i=0 A*(L; F) by

MNAph By, Eep) = (11.33)

I .
= W Z signm /\k(E,,.(l), e ,E,r(k)) . ;.Ll(Eﬂ(k+1), e ,E,,(H_”)

where E; € L and A, ! € A(L; F).

As should be expected (cf. Proposition 1.1.4), the coboundary operator é; is an

antiderivation in the algebra A(L; F') with product (11.33)

Sa(A A ul) = Es0E A p! 4 (—T)* N A S5y (11.34)

By (I1.34) the subspaces Z(L; F) = @x=0Z*(L;F) and N(L; F) = @y N*(L; F)
are subalgebras of A(L; F). Moreover N(L; F') is an ideal of Z(L; F), i.e.
Z(L;FYANN(L;F) C N(L; F).

Hence the cohomology H(L; F) = ®x—oH*(L; F) inlerits the algebra strncture of
A(L; F).

I1.3.2 Cohomological construction of the gauge anomalies

In this subsection we apply the formalism of the preceding subsection to the case
L = LG = C(M; LG), the Lie algebra of the group of gauge transformations G
[6].

To begin with we take the vector space F as the space of all functionals W which
depend on the gange potential 4. We denote this space by F[A].

We define a representation of £& in F[A] by the variation J(¢) introduced in (IL.27)

9 : LG — L(F|A))
€ — J(c)
with (9(e)W)[A4] = 1@3%{14/[;1 +1Ve] — W[A]} (I1.35)

That ¥ is a representation is evident from (11.28).
By considering the effective action I' as a 0-cochain, we see that the gauge
anomaly A is the I-cochain given by

AlAie) = (6,T)(4ie]
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In view of Proposition 11.3.1, the anomaly A satisfies
dsA =10 (I1.36)
which by (11.32) is equivalent to the Wess-Zumino consistency condition (I1.30)
0 = (65A)[A;eq,62) = F(e1)A[A; €] — Hez)A[A;64] — A4 €1, 2]

A consistent gauge anomaly is thns a 1-cocycle belonging to Z'(£G; F[A]).

By the discussion following (I11.31), to cohomologically describe a non-trivial
anomaly we restrict ourselves to the space Fi.[A] of local functionals depending
on the gange potential A. Is the resulting space Z1(LG; Fic[A4]) big enough to
contain all gange anomalies? This seems to be the case [7], as can also be seen
from the explicit 4-dimensional example (I1.25). Thus by assuniing that all gange
anomalies are local, we can identify the non-trivial consistent ones with elements
of HY(LG; Fi..[A]).

By definition a local anomaly can be expressed as

Ald;e] = /MDI'"(A;e) (11.37)

where D"(A;¢€) is a n-form on M depending on the gauge potential 4, the map
¢ and possibly their derivatives. D*™{4;¢) must be local, i.e. at a point = € M it
must depend on its arguments taken at # only.

Observe that by Corollary I.1.1 we can modify the n-form D"(4;¢) by adding to
it an exact form without changing the anomaly A[A4;¢].

Denote by Q5(M) the space of all local g-forins on M depending on the gauge
potential A. We can easily generalize the representation (I1.35) of £G in F[A] to
a representation, denoted by 9., of LG in the vector space Q% (M)

(F10c(e)D)(A) = lim —1-[Dq(A +1tVe)—DA)] = 32 AVe, DIA)e Q5(M)
t—0 1 a4

The n-form D¥"(A;¢e) can thus be interpreted as a I-cochain in AN(LG; Q7% (M)).
Clearly

(e1)Al4; g = jM Droc(€1) D" (A; £)

and therefore also
(6s0)[4; €1, 2] = jM(J;och*”)(A;sl,sz) (11.38)

where 8, is the coboundary operator associated to the representation ¥j,..
In view of Corollary 1.1.1 condition (I1.36) is therefore equivalent to

(610D ") Aj€1,€2) = d (D" (4;64,6€2)) (11.39)
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where d is the exterior derivative and D"~ is a 2-cochain with values in Q757 (AI).
Similarly, the 1-cochain D' "(A4;¢) gives rise to a non-trivial anomaly provided

D' (Ase) # (610 D7) A;e) (modulo an exact form) (11.40)

where D*(A) € Q7 (M).
We shall find a solution to equation (11.39) by means of Proposition 1.4.3, which
identifies £G with the Lie algebra x!(P) of vertical invariant vector fields on P
with product given by minus the Lie bracket. See also [7] where a similar approach
has been adopted.

By Proposition 1.4.3 the map ¢ € C®(M; LG) = LG can be expressed as

e=w(Z)oo =07 (w(Z,))

where Z, € XI(P), w is the connection form and o a global section of the trivial
bundle P.
As A = ¢ w we can write

D' Ase) = Do wio (w(Z,))) = D)™ (w: Z) (I1.41)

From eq. (1.49) and the {fact that the 1-form Lz w is horizontal (see the proof of
Proposition 1.4.3). we have

'D],vl(A + fVEﬁEg) = 'Dl.n(o-"(w + 1 Lz”u-‘);(w +{LZ¢1“})(Z:2) c U)
Whence

1 .
(Droc(€1)D' " )(Aieq) = li_}}g ;[Dclr'n(u-' +tLlz wiZ,) ~ D" w: Z,,)

f
i

= (9(Z, D} )w: Z,,) (11.42)

Henceforth we shall simply write Z; for the vertical invariant vector field Z, .
e; € LG.

Denote by X_(P) the Lie algebra of all vector fields on P with product given
by minus the Lie bracket.

Proposition I1.3.2 The operation 9 defined in (11.42) is a representation of the
Lie algebra X_(P) in the vector space QI(F) of all g-forms on P depending on a
connection form.

Proof: observe that by definition ¥ satisfies
- - - d - -
(9 Z1)9(Z22)D)(w) = E(l’(zz)'Dq)(u«‘ +1Lz,w)liz0 =

9 4 B + 110 + Ly + L) mimo = e ALz, Loyw, D € Q3(P)
dt dt’ Jw
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Therefore, by Proposition [.1.2

(3(2,)9(25) — 9 2:)8( 21)] D w ‘Z’ ALz Lzw— Lz Law)=
= O Lz = (3= (21, 2P (w) ©

Given a g-form ?.?"(w) € Q9({P), we can define a k-cochain, denoted by DR
belonging to A*(XX(P); Qi *(P)) b
AD9 . XI(P) x - x XI(P) — QM P) (11.43)
Zyyo s 2k — d 2y, .., 21D (w)
wlere ©(Z,,...,Z,) =12, 0 --0132,, 1z, being the interior product with respect to
Z; € XI(P) (see Definition 1.1.16).
Assume now we are given a polynomial g-form D o,y(w) By this we mean a form

constructed out of exterior products of w and dw only. A polvnomial form is
obviously local. By Proposition 1.1.6 we clearly have

B 2) Bl (w) = Lz, Dl () (11.44)

Denote by & the coboundary operator associated to the representation 9 of X.(P).

Proposition 11.3.3

(ququ) = k+)d'Dpo|’y + ( 1) d k+1D:ofy
where d is the erterior derivative on P, and d:*“@gom 1s the (k+1)-cochain given
by

d1 k+]Dzoly(w; 21y lin) = di( 2y, i )bqozy(w)

P
Proof: by definition
k+1

6(1kDpo;y)(w§qu~-sZk+1) = Z (—l)iﬂ [1kD;oiy W.Zl'."":is"'1zk+l )!

=1

+ Y () B @i = (20 23], Za i oo Ban) =

i<y
k+1 )
=Z(—l]'+lz(zl,---, Zk+1)Lz I (w)
+ 3 (-1 -2, 25), 21, s Zicx1) Dy ()
i<

where the caret means omission.
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Lemnma I1.3.1 Let X;,i=1,...,k+ 1, be any vector ficld. Then

dif Xy, .., X)) = (-1 )k+11(X1-. ceos X )d
k+1

+ (‘l)k{Z(—l)iHl(Xls---:5a---1Xk+1)LX.-
=1
+ Z(_I)H-j z(_[)‘rHXJ']aXla---75""13?1"- an+])}
t<y

For the proof of this Lemma see the Appendix, where most of the proofs of Chapter
IT are handwritten.

Thus
5(1kﬁLzy)(W§ Zyyoo s Zien) = ("1_)* d(lkﬂﬁgory(w; Zryeeiy Zis1))
+ DL, (@i 2y B

which proves the proposition. O

Let 07 1*D% be the “pull-back™ of the k-cochain (11.43)
e DN 2y, k) =02y, 2 ) D) (11.45]

For a polynomial g-form @;Ow[w), the k-cochain a'z“@go,y(w} clearly belongs to
A¥(LG; Qi'k(.ﬂ-f)). (The only problem could arise from g7 1zdw. But g7 1zdw =
=0"1z(0 - J[wAw]) = -0 w(Z),w] = —{e, 4]).

As can be easily checked we have

6{0.-_-(0-1*@:‘,’;’_) = U’(kaﬁgo;y)

Thus. by Proposition 11.3.3 and Proposition 1.1 .4

= g ¥ dDe

- k9
5{0,:0. 1 D poiy

poly

+ =1V d(g k1 DT

po!y1

A solution to eq. (11.39} is therefore given by the I-cochain

Dio(Aie) = 071, D03 0 (w), €= w(Z) (11.46)
where the polynomial (n+1)-form @;:'I;(w) has to satisfy
2y, Z2)dD5 (w) = 0 (11.47)

This means that dDJ})(w) has to be horizontal. The only horizontal polynomial
forms on P are the forms polynomial in €2, the curvature form of w, and these are
the building blocks of the so called characteristic classes of vector bundles (see e.g.
27).

Denote by V¥(LG) the space of all symmetric k-linear maps LG* — R. Given
an element S* of this space, a horizontal polynomial 2k-form on P is given by

S = QA AQSHT, . LT
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where {T;, i = 1,...,dimG} is a basis of the Lie algebra LG.
Let 8% be Ad-invariant, i.e.

k
S SEi,...,|E,E),...,Ex) =0, VE,E;€ LG (11.48)
=1

Definition 11.8.5 The (2k ~1)-form TS*(w) on P defined by

3 . . .
TSHw) = k[ di{w" AQY A QY SHT,, T =

where
Q=10+ 1~ t)wrw] =fdw+ LjwAw], 1ER

ts called the Chern transgression (or Chern- 51mans) form associated o the Ad-
invariant map S*,

Proposition 11.3.4 Let 8% : LGY — R be an Ad-invariant h-linear symmetric
map. Then
S¥ () = dTS*(w)

Proof: we have

a9, = d(fdu_.. 4 %f:’]:u,‘ iy u.-'}) = 1'2[du.‘ A\ w] = fZ[Q A w] =

= {{Q Aw], since [wAlwhw]]=0

Thus,

1 k
dTSk(u}) = k/o di{s;w‘nhmln' - Z S;i,ﬂ,,_,.,f[nlf\w]

m=2 1

(m)

= k'/ di{‘sdw ..... 0, +Stlw/\w]n| ..... nl} =
= k/ dt{S%q, q. /di 8.0, =84(9Q) O

By Proposition 11.3.4 a {n+1)-form satisfying {I1.47) is given by
Dn+1( ) TS;—'#l(w)

poly \¥

We’ve finally found a solution to eq. (11.39), namely
DI (Ase) = 0 12TS  w), €= w(Z) (11.49)

poly

Explicitly (cf. eq. [41])
Dwfy (Ae) = (5 + 1)/ dt {Se F. ..... Fe ~ ﬂ(’-"2 - 7—')5,2;,4]_;.-,‘,_,';'} (11.50})

53



where Fy = 0", =t F + 3(1* — 1){A A A].
For a matrix Lie algebra an example of a k-linear symmetric Ad-invariant map &*
is the symmetrized trace Str

Str(F,y, ... ,Ej,) = Z TT(E,(I),... ,E,(k)) (I1.51)

As can be easily checked the 4-dimensional anomaly (11.25) is proportional to the
integral of (I1.50) with the choice Str for S3.

What about condition (I11.40)? The only thing one can say is that if the (n+1)-
form DAl (w) in (11.46) is exact, i.e.

Dpay(w) = d Dy, (w)

poly

then the 1-cochain (11.46) doesn’t verify (11.40}. Indeed

DoolAie) = ¢1z2dD), (w) =
= G's{Lz‘D;ol'y(w) - dzzD;ofy(w)} =
= ﬁ;oc(e)o"ﬁsu,y(w) (modulo an exact form)
That the form TS¥*!(w) is not exact is part of Chevalley’s theorem [12] whicl
states that TS¥*1(w) e HZy, (P}
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1I.4 Base space anomalies

11.4.1 Introduction

In this section we introduce the base space anomalies, i.e. the possible, non-trivial,
consistent anomalies associated to transformations of the base space M which are
symmetries of a classical gauge field theory (see Subsection 1.4.3). As usual we
take M to be a compact, n = 2k-dimensional spin manifold without boundary. In
what follows we shall explicitly show the dependence of ithe theory on the metric
tensor g. Obviously g is considered as an external classical field, i.e. we shall work
in a background gravitational field.

We suppose the classical theory is given by an action functional § which can
be expressed by an integral on M of a Lagrangian £. The theory so formulated is
global, i.e. it is chart independent. Thismeans that the classical tlieory is automat-
ically invanant under general coordinate transformations or, from an active poinut
of view, diffeomorphisms of M. Now we impose that the quantum theory, if it
exists, possesses this “symmetry™ too: in other words anomalies associated to (in-
finitesimal) diffeomorphisms (or Einstein transformations), so called gravitational
anomalies, should be absent.

Having established the general covariance of the theory we may now choose an
atlas on A and work in a coordinate neighborhood. This would allow us to work
with quantities, as the Christoffel’s symbols and the vielbeins, which are defined
locally on M.

Gauge invariance and general covariance are usually not the only symmetries of
a classical theory. A theory can also be invariant under transformations which are
so to speak only in part of geometrical nature. By this we mean that a symmetry
can result from transforming some fields according to their geometrical character
and the remaining ones in a suitable way.

The simplest example thereof is the free Yang-Mills theory in a 4-dimensional
Riemannian space with metric g. The action {unctional is given by

1
S|F,g] = Efm Tr("F A F)

where F is the gauge field strength form and *F is its dual form (see Defini-
tion 1.1.17).
General covariance implies S{F’, ¢') = S[F, g]. where

F'=F4+elxF and ¢ =g+elxg, el

X being the vector field on M generating the infinitesimal diffeomorphism corre-
sponding to the (infinitesimal) change of coordinates (see below).

But we also have S[F', g] = S|F,g],if X generates an infinitesimal conformal trans-
formation of the 4-dimensional Riemannian manifold Af. This can be checked by
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noting that for an infinitesimal conformal transformation X we have (cf. Proposi-

tion J1.8.5)
2
Ly'r="Lyr+(1~- —g)dit')f tr
n

T being a q-form on a n-dimensional Riemannian manifold.
Hence,

il

SiF',g] = S[Fgl+ %fM Tr{"LxFANF+ FALxF}+o(¢) =

S[F, g} + %fM Ly Tr(*F A F) + o[é)

The last term in the above equation vanishes if M is without boundary.
At the quantum level this symmetry is not maintained [25]. The associated
anomaly is called conformal (or trace, or Weyl) anomaly.

The question we shall try to answer is whether there are other possible anoma-
lies of this kind in a gauge field theory.

I11.4.2 Infinitesimal diffeomorphisms and the consistency condition for
the base space ancimnalies

In Subsection I.1.5 we saw that a vector field A on a compact manifold Af, i.e.
a section of the tangent bundle T'Af. generates a one-paranieter group of diffeo-
morphisms of M. Since the vector space X(Af) of all smooth vector fields on A/
1s a Lie algebra with respect to the product given by the Lie bracket, the natural
conclusion would be to identify X(Af) with the infinite dimensional Lie algebra of
the diffeomorphism group Diff M. Due to the infinite dimension things are not
so simple. First of all not all diffeomorphisms close to the identity lie on a one-
parameter group of diffeomorphisms. So we must find another way to parametrize
the identity component of Diff M. This can still be done using X(AM), but more
structure on M is needed, i.e. a linear connection. For details see {31].
Secondly, similarly to what we explicitly showed in Proposition 1.4.3, the group
multiplication in Diff M, i.e. the composition of maps, induces a product in X(AM)
which is the negative of the Lie bracket.
Keeping in mind these remarks we set LDiffA = X_(M), where the subscript -
means that the product in X{Af) is minus the Lie bracket.

Under a diffeomorphism ¢, a covariant tensor field 7, on A transforms accord-
ing to

T, - T, = ¢T, (11.52)

where ¢T, is the pull-back of T, (cf. Definition 1.1.9).
Observe that the pull-back is an anti-representation of DiffM in the space of all
covariant tensors.

The infinitesimal variation 6,7, of T, under an infinitesimal diffeomorphism be-
longing to the one-parameter subgroup generated by X € X_(Af), briefly under
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the infinitesimal diffeomorphism X, is given by (cf. Definition 1.1.13)
6T, =T, — T, = LxT, (11.53)

where Lx is the Lie derivative with respect to X.
A spinor field v transforms as a scalar under the action of the diffeomorphism
group [15)

P =yod=¢"y, e DiffM (11.54)

Thus, under an infinitesimal diffeomorphism X
b = Ly,  locally éo¥(z) = X*8,%(z)

The assumed absence of gravitational anomalies for a gauge theory on a Rieman-
nian manifold means (see Subsection 11.1.2)

Ty ¢ 4" g') = TH[4. ¢, A.g), Yk

where ¢’ = ¢ + eLyi, etc., e € 1. X € X(A]).
Suppose now the classical theory is invariant under the following transformation

of the fields

¥ o= Y =i
A = A=A+edfA=A+elyd, X ex(M) (11.53)
g — g =g

where the variation &) ¢ is not given by the Lie derivative.

Analogously to the gauge anomalies we shall be interested in finding local non-
trivial anomalies A associated to the transformations (11.53), which depend on the
gauge potential A and the metric g only. At the one-loop level A is given by

eA[A,g; X] =T ¢, 4", g] - TW [y, 4. 4, g]

or (cf. (11.27) and (11.29))

Al4,g; X) = lim %{F‘”[A +ely A, gl - T[4, 9]} = 9(X)T[4,9]  (1156)

where we have neglected the dependence of the one-loop effective action on the
matter fields. '
As can be easily verified we have (cf. Proposition 11.3.2)

(I(X1)0(X2) = H(X2)9( X)) = 9(=[X,, X, ))r™

get st5Therefore, the consistent base space anomaly has to satisfy the consistency
condition

V(X1)A[A4, 9. X2) — I(AXL)A4,0: Xy ] = Al4, g5 -[X1, X;]) (11.57)
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This is similar to the consistency condition for the gravitational anomalies [36].
Again we shall look for non-trivial anomalies, i.e. those which are not variations
of local functionals

AlA,g; X] # H(X)A[A4, g]

The problem being identical to the one considered in the preceding section, we
directly formulate it in cohomological terms.
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II.5 Cohomological construction of the base space anoma-
lies

In this section we state the problemn of finding possible, non-trivial, consistent,
local base space anomalies, in the most possible appropriate mathematical form.

As we know a local anomaly A{A, g; X] is given by an integral on M of a local
n-form D'"{ A, ¢; X). By means of the variation J{X) introduced in (11.56), we
define a representation ¥ of X.(M) in the vector space 2% (M) of all local g-forms
on M depending on a gauge potential A (cf. Proposition 11.3.2). By assumption
J(X) doesn’t act on the metric g; we shall therefore omut the possible dependence
of the local forms on it.

Denote by é the coboundary operator associated to the representation ¢. A non-
trivial, consistent, local anomaly, if it exists, is given by a local n-form D'"(4; X'}

satisfying (cf. (11.39) and (I1.40))

(6DM")(A: Xy, Xy) = d(DP"7H (A Xy, X))

58
and D4 X) £ (6D")(A: X) (modulo an exact form) (11.58)

In the next subsection we show how the solufions of the above equations are related
to elements of H"*1(X_(M); CT(AI)), where C'P(M) = Q%(A]) is the space of all
local functions on M depending on a gauge potential 4.

I1.5.1 Local cochaius and the descent equation

We begin this subsection by giving a more precise definition of the space Q%(Af).
The gauge potential A belongs to N'(Af: LG), LG being the Lie algebra of tle
structure group of the trivial bundle upon which the gauge theory is based.
Denote by Vi (0 (M; LG); Q(A)) the vector space of all symmetric, m-linear,
local maps D7, (6]
D QNMILG) > - x QMM LG) — QU M) (11.59)

m

mtimes

Aty Am — DL(Ay, ..., Am)

The term local is taken here in its mathematical meaning, i.e. the map D7 is such
that
suppDi(Ay,...,Apn) CsuppAdy N - NsuppA,,

where suppA is the support of the 1-form A [14].

1t is a theorem of differential analysis which identifies the mathematical with the
physical meaning of local. In fact for a local map D2 the gq-form D? (A,,..., A.)
is local, 1.e. at a point ¢ € M it depends on its arguments and their derivatives
taken at z only [11].

Since QY (M, LG) = QM) Q® LG, the local map D7, can be written as

D! =D ®@¢m {11.60)
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where D7, is a local map Q'(A)™ — Q9(M) and ¥, a covariant tensor of degree
m on LG.
A local g-form D(A) € Q% (M) can clearly be expressed as

D(4) = Y DhA,..., 4) (11.61)
m=0

where s is finite.
In the following we shall identify through (11.61) the space Q% (M) with the direct
sum @, _o Vi Q1 (M; LG); Q9(M)), s being a fixed finite integer.

Definition I1.5.1 The “ezterior” product of two local maps T} and DI is the
local maep Df A DY, defined by

(Df A Dfn)(Al* .- 5-4f+m} =
1
= ([ + m)1 ZDA{J(‘4”“)5 ©e '?‘4“’“)) & Dgn(‘qﬂ(f'Fl)‘. s !A'ﬂ'“'*'m])

Obviously, DY A D3, = (-1) D, A DY.
The so defined product makes the direct sum Q3 (Af) = @;_, 1%(M) into a graded
anticommutative algebra.

Definition I1.5.2 The derivative of the local map D?, is the Q91 (M )-ralued local
map d" D3, given by
D! =doD?

1.€., dDI(A4,,....4,)=d(DL(A;,...,An))
where on the right-hand side d is the ordinary exterior derivative.
As can be easily verified the operation d is an antiderivation in ¥, (Af).

Proposition I1.5.1 The lincar transformation 9¥(X ), X € X. (M), which maps
the local map DY, to the map ¥V (X )DL, given by

(O (X)DL)( A1,y Am) = D Dol Ly A, An), A€ Q1M LG)

=1
defines a representation 9Y of X.( M) tn the graded differential algebra (S, (A1), d7).
Proof: that the map ¥¥D? is local follows from suppLyxy A C suppA N suppX
(see {21], vol.l, ch.IV).

From

m

(3% (X )0 (X2ID% ) A An) = S (X)DE)(Ar, o, L, Aiy . An) =

-
I}
—

=Y " DU(Ay,... . Ly, Ai Ly, Ay AR) + > DE (AL Ly, Ly A An)
‘#J =1



it follows JY{ X J9V(X,) — V(X )IY(X,) = 9V(~[X,, X))
As can be easily checked 9V(X') is a derivation in {1, and trivially ¥(X }d" =
=d9(X) D

The representation #“ defined in Proposition I1.5.1 corresponds to the repre-
sentation ¥ introduced in (I1.56) (see above)

(XD A) = 3 (8 (X)DLYA, .., A) (11.62)

m=0

We can now define a local k-cochain D" = T! _ D" with values in Q3 (M) as a
k-linear, skew-symmetric map

DF o X (M) %o x X (M) — 2, (M) {I1.63})
k—times
such that
.su,pp'Df;;'(Xl, e R )(Ay. AR Csupp X0 Nsupp X Nsupp A M- NsuppA,y

Observe that the cochain Dk? can be considered as a local map
Dhe . x (A1) > QUM LG)™ — Q3(M)

Again, the so obtained ¢-form D59(X,..... X )(4;,..., ) is local.
As usual we denote by A{(X.(A]): 2 ,(A])) the algebra, with product (11.33), of all
local cochains.

We finally arrive al the identification of the local n-form D'"( 4: X') giving rise
to an anomaly with the local 1-cochain D" (cl. (I1.61))

DA X) = Z DL X)(A,..., A)
=0

Denote by é¥ the coboundary operator associated to the representation ¥¥. From
eq. (11.62) it follows

(6-D].ﬂ )(A;_X'I"A’z) = Z 6VD:,;"(,X1,A'2)(A. e A)

or briefly §D'" = > VD" = VD'

m=0

Definition I1.5.3 The derivative of the local k-cochain D*9 is the local cochain
dD*9 given by
dD*? = d" o D*7

where the derivative on the right-hand side is defined in Definitian [1.5.2.
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Since 9Y is a representation in the graded differential algebra 3( M), in particular
?Y od” = d 09,1t can be easily verified that

§'od=dcé" (11.64)
Condition (IL.58) is thus equivalent to

6VD],n — d/DZ,n—l

and D" # VD" 4+ dDH (11.65)

Application of the nilpotent operator é¥ on both sides of the first equation in
(11.65) and use of (I1.64) gives

46D =0

A theorem by De Wilde [38] states that a local map L*? with values in the closed g-
forms, (q<n), of a n-dimensional manifold M can be expressed as L*9 = dc L*97!,
where L*971 is a local map with values in 29°1(A). By generalizing this tlieorem
to the local cochaius D*9 (see [6]). we get

5\-‘92‘:1—] — dei‘n—?

which is sinular to the equation we started from. Thus. the first equation in (I11.63)
implies the existence of local k-cochains, 1 < & < n + 1, satisfving

EYDRTTEY = gDMHI R 1 <k <+ (11.66)

Equation (11.66) is a so called descent equation. It always arises when one of the
two cohomologys of a double differential complex. in the present case
{A(X-(M); S0, (M)); Y, d}, is trivial {10}
Similarly, by applying ¥ on both sides of the second equation in (11.65) and using
the first one, we get

d'DZ.n—l ?é dé"Dlv"‘]

or, by the cited theorem,
D2n=1 _ gvpinct 4 gpin-?
Thus, the k-cochains in (I1.66) must be such that
Dhamkt) L gYDkInkl L gD 1<k <n+ (11.67)
The bottom equations in the systems (11.66) and (I1.67) read

6V/Dn+l,0 — 0

Dn+l,0 # 5an,0 (1168)
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This means that the cochain D"*'®is a cocycle belonging to H"* (X (M ); Q% (M) =

= HY(X (M);CL(M)).
Therefore, if it exists a local 1-cochain D' verifying (11.65) then it must exist a
local (n+1)-cochain D™*? verifying (11.68).
It has to be emphasized that the converse is not true: it is not always possible to
ascend eq. (I1.66) [6)].
Observe that §¥Dr+l0 = $°*  §VDr+i0 = imp]ies YD1l = 0, Vm, since 6V
doesn’t change the number of the Ap's.
The problem of solving (I1.65) is now reduced to ﬁndmg HM Y X (M);CT(M))
and ascending eq. (11.66).

Remark that a similar procedure for finding the consistent gauge anomalies has
been used in reference {6]. 1n our treatment of that case (see Subsection 11.3.2) a
role similar to the descent equation is plaved by Proposition 11.3.3.

I1.5.2 The local expression of the local cochains and their symbols

~ In this subsection we introduce the notation used to locally describe differential
operators [14,9). The symbols of the local cochains are then defined [39].
As we said, the local k-cochain D*° can be considered as a local map

DEO LA (M)* x QUAL LG)™ — C=(M)

antisymmetric in its first & arguments (vector fields), and symmetric in the re-
maining m ones (LG-valued 1-forms). We are iuterested in the local form of the
function DE°(X,,....Xx)(4,....,4,) in a coordinate neighborhood i C Af. In
the following we shal] omit the second superscript in DE°.

Notation Let {z*, p=1,...,n} be alocal coordinate system in [". We denote
by D, the following partial differential operator
) a°!+"'+0'n
D, = GaTor Ganent Ow € N (11.69)

The subscript o in (11.69) is a so called multi-indez. It stands for a = {a;,..., 0,).
Given two multi-indices a and 3 their sum a + £ is the multi-index given by
a+f8=(ay+p,...,an + B,). The number a; + .- + a, will be denoted by |a|.
Let £ = (£1,...,&n), £ € R, be a n component object. We denote by £ the number
given by

E=6 4= Hf o = (040, 00)

As can be easily verified the operator D, satisfies a generalized Leibniz rule
(f9)= Z ( ) a-3fUDsg). fog € C=(U7) (11.70)
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where 3°5_, stands for 323 _,--- 3" g and ol = oy - el
We are ready to explicitly write down the local expression of a general local cochain
Dk, namely

[DE(X1y o X )(Ary e A )l (2) = (11.71)
= Y ¥ a@@) e (DaX,,..., DaXi; DpAy,..., DguA,,)

a‘,...,a* ﬁl.---,ﬂ’"
where X; = (X},..., X"}, 1 <i < k, resp. A;, 1 <1 < m, are the components of
the vector field X}, resp. the 1-form A4;, with respect to the local coordinate system
in U. a(z)*' °"#"F" is a linear map from (R")* x (R")™ x LG™ to R.
Choosing a basis {T,, p=1,...,dimG} of LG we can express (I.71) as

[DE(Xy,. ., XM Ay, An)liz) = (11.72)
= ¥ Y @) (DX, D Xe: Dy AP .. Dguw AP x
al ot 3"
% Yl Toyvo oy T )

where d(r)""""k;gl"'ﬁm is a linear map from {R")* x (R")" tec R and ¥, is a

covariant tensor of degree m on LG {cf. (11.60)).

Definition I1.5.4 The fotal order of the local cochain DE, is the maximal value
of ||+ -+ + |o¥| + 8% + -+ 4 |8™| for which the map d(z)e' = # 8" {5 not
vanishing identically.

Let &, 1 <1 <k and (5, 1 <1 < m, be covectors belonging to TA{,, r ¢ .
Locally, e.g. & = & .dx*.

Definition I1.5.5 The characteristic polynomial of the local cochain Dk, denoted
by Pp, 1s the polynomial given by

Pp(fl’ v !£k;A'1:! T s}"krlgh Cae :Cm;A’IH.r:- . ,Afr:”:r) =
- z z 5?1 T fgkg] l e ggmd(x')ol"'Okiﬁ""ﬁm(xl:“ LA an;r; Afl”:: e ,Afr:":)
a' ‘3t

i 0'1
where, e.g. £ =11,& ).

Observe that the total degree of Pp is given by the total order of D plus (k4+m).
When no confusion arises we simply write X; resp. A} for X;. resp. A",

Proposition I1.5.2 The characteristic polynomial Pp possesses the following sym-
metry

P‘D( !Ei:! 5£i;a 3 ,.X,'l, ,A’,',” ?)3
:—PD( ?E!lz'. 361';: ' ,X,'j,, ’X’.lﬂ I.)
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Proof: this follows from the antisymmetry of tlhe local cochain Df in the X;. O

Definition I1.5.6 The degree of a monomial in Pp is the (k+m ) tuple
(la*], s la* 18 .., 18™])

where [o’| =%, al, |8 = £, B, and the o, resp. 3. are the partial degrees of the
monomtal with respect to {L resp. CL. p=1,...,n.

Assume that in the characteristic polynomial Pp there are terms of degree
(Q‘Ia---,akoala"w laOs---sO;bIa"'ame OSkDSkISk (}]73)
i
(k1)

By Proposition 11.5.2 we can assume a; > a;4; > 2.

Definition I1.5.7 The symbol of the local cochain DX, denoted by op. consists
of those terms of Pp of degree (11.73). where ky is the largest possible, S b is
mazimol for this value of ky. and the o;’s are mazimal for these values of ky ond
hDHINY
iwl=1 {-

Definition I1.5.8 The order of the local cochain DY, is the degree of onc monomial
in the symbol of DX

In the nex: section we shall express the symbol of the coboundary §YD* by means

of the symbol of D% . This will allow us to determine the form of the symbols of
the cocvcles, and thus of the possible non-trivial elements of H(X.(A); CF(M)).
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II.6 Cohomology of X_(AM) with coefficients in CP(M)

In this section we solve the cohomology H"+(X_.(M); CT(M)) by a method similar
to the one used by the authors of reference [39] to compute H(X(M); Q" (M), where
the representation of X(M) in (M) is given by the Lie derivative.

I1.6.1 The relation between the symbols o;vp and op

By definition, the coboundary operator 6 associated to the representation ¥
defined in Proposition I1.5.1 acts on the local k-cochain D as

DX (X, o Xk Ay, A) = (I11.74)
k+1
_Z l-HZDk ""7£"" ‘Yk'rl)(Alﬂ . 3LX.'A13"-aAm)
+E '+~"D" (=X X X i e X ) Aq, . 40
t(j

The components of the Lie derivative Ly A? of the l-form 47 with respect to a
local coordinate system in [/, are given by (cf. (1.10))

(Lx AP}, = X*8, 4% + A%8,X" (10.75)

Therefore the action of the representation 9¥(X') on the local cochain D¥ trans-
forms a term D3A in the local expression (11.71) into

DsLx AP = {Ds(X"0,4% + A%0,X")}

il

{Z( ) “)(Dg_e8,47) + (Da_s A2} D53, X*1]}

The characteristic polynomial of 9V (X;)D% (X1,...,%,..., Xes1) (A1, ..., Am}isthus
given by

- ﬁ I 1 i
222 ( ){<C"Xf > T Ay (i AR L AT
i=1..8%. §t=0

+<AP‘ X, 6.5f L 51 . d(:r)(l’ }1)‘::;---36_; Ap‘ ]}_

m

‘Z Z{< X > (& + Q) - d(@) (i AT, AZL) (11T6)
F < AP X > (G4 Q) d(z) (e AP &, .. AP )}

where < {j,v; > is the value of the covector (; € TAf] applied on the tangent
vector v, € TM_.
By analogously treating the term D,[X,, X;| we arrive at the {ollowing Proposition
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Proposition I1.6.1 The characteristic polynomial Fyvp of the local coboundary
§VDE is given by

Poep(ry o Ghrri Xuy s Xt |Gy oy G AT AR =

*
+
3

]
M
o
¢
v
&>

(il Gt e G AT )

1 =1

k+1

+Z( 1) ‘*‘Z<A JXi> Po(ooivoi|Ge Qb G (i AT L ARY)

+Y (1Y < &, X: > Pol. E-+£J N PR SR, SN SN PR
i<y ! 1
(:J (i)
+3(-1)* < £, X > Pol.. £,+§J I UUETUNE DUDE PR
i<

l!)

where Pp is the characteristic palynamial of the cochain DX,.

From Proposition 11.6.1 it follows that a monomial of degree (a;....,ax:b;,... by)
gives rise to terms in Fyvp of degrees

(al,...,a,-_l,d;,a,,-.....a;,:bl.....bg —d, + 1,...,bm) 0<d <}
(01 ..... a;_ l‘df'!‘l a; Gk;bl ..... bl"‘d[....=bm)
(I1.77)
(a,,...,a,-—c;,...._aj_] ¢, +1l.a;..... ap: by, .., bn) 0 < ¢ <a;
{ay....,a; —¢;+1.....a; . c0005...., ay: by, ..., )
Assume the order of the local cochain Dk is
(@yy.yap. 1yen 1,000,000y, 0y) {(11.78)

{ky)

From (I1.77) and Definition 11.5.8 we get that in this case the order of §¥D*

(a1 18r Loy 130,000,050y, ) (11.79)

(ki +1}

Terms of this degree in Psvp, i.e. the symbol of 6¥D¥, can arise only from the
symbol of D or from terms of degree

(a'ls"'$akosla"'??$"‘1 ]T. a01"'10;bl1---:bm): k0+151.§k1

(1) (k1 +1)

which are so to speak already contained in ep through antisyimnmetnzation.
1t has to be emphasized that this is valid only if the order of D is (I1.78). As can
be seen from (I1.77) terms of degree (I1.79) can also result from terms of degree
“larger” then (11.78), which are absent by the assumption on the order of Df .
By taking into account all possible contributions of degree (11.79) in Psvp we obtain

67



Proposition I1.6.2 Let op be the symbol of the local cochain DX, of order (I1.78).
Then the symbol ogvp of the local coboundary 6V DX s given by

0-5“13(‘511""€k1+1;X1="'an-%-lKla"':Cm;AI]nr"':Afr:“) =

= Y (-1 S <, Xi> & Deop(die i)
kﬂ+1$i$k1+] =1

+ Y P <A Xi> & Dymoplo i i)
ko+1<i<hy +1 =1 !

+ Y (1Y <&, X > X, Dxopl(oFegefe )
kn+1é§§k:+1

+ Y (WP <&, X > 6 Dop(en GG
ku+lé§%k1+1

ki+1 k41 _

+ Y Y (-1 <& X;> X, Dyopl.. i i)
i=ka+1 j=k +2

where we have infreduced the operation y- D, f(z) = d—d; (z + fy)li-o-

In the next subsection we interpret the svibol of a local cochain itself as a
cochain, and show that the symbol of the coboundary D% is a suitable cobound-
ary of the symbal of D¥ .

11.6.2 Algebraic interpretation of the symbols

Definition 11.6.1 Let F be a vector space and {¢7} a basis of the dual space F-.
A function p : F —~ R is called polynomial if il can be expressed as a polynomial
of the e} ’s.

Denote by P9%(T M) the space of all polynomial functions p
p:TM*xTM? — R

As an example the characteristic polynomial Pp of a local cochain D¥ is a poly-
nomial function belonging to P*+¥m*(TAf ).
Consider the representation p of the group GL{n,R) in P??(T M) defined by

(p(E)p)(fla'-'séq;Xh'"’Xp}:p(Eély"'aﬁgq;E-lXIJ-"aE'IXpJ
where in a basis }_:','5,- = (Eg,-),ld;r“, £ € TM;, E being the transposed of the

matrix E.
The corresponding representation p. of the Lie algebra gi(n, R) is given by

d R
p.(Ulp = a[ﬂ(exw(* Plle=o, U € gl{n,R)
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We explicitly have

(p-(UPNE, - € Xy X)) = ST &) - Deplby, . i Xy o0 Xp)

E ( ) DXJP(EM yéq;-Xh"'?Xp)
(I1.80)
where the operation y - D, was lntroduced in Proposition I11.6.2.
In the special case where 7 = e { € gl{n,R), ie. U = X¥¢,, pv=1,.
we have

Ubi=<€,X>¢ resp. UX;=<6,X;>X (11.81)

As usual we introduce r-cochains C7, which are r-linear, skew-symmetric maps
C" o oglin,R)" — P¥?(TM,)

Since by assumption the symbol op of a local cochain DF, is linear in X; resp. &
for ko +1 <7 < &y, and by Proposition 11.5.2 antisymumetric in the pairs (§;, X;),
we can consider it as a (&;-kg)-cochain (T-f,‘_k“

C;l_k" : gf(?’!,R)k’_k" - Pk..*?m,kn-}-k—h(T‘AJr)
given by
Cp ™ Uy Uk a1 e G G AT AP X X s Kay 1o Xi) =

2 op(6y o b Na e XalG e G AT ABY) (11.82)

where U, = _fkn“ ®§_;m+,.. 1 <5<k — ko
Denote by é. the coboundary operator associated to the representation p. of

gl(n,R) in PYP(TAL;).

Proposition 11.6.3 Let op be the symbol of a local cockain DY, of order (11.78),
and ogvp the symbol of the coboundary 6D~ . Considered as cochains ("” M resp.
CéVDko-}-], as in (11.82), they satisfy

opvp ={-1)" 6. 0p

This Proposition will allow us to determine the form of the symbols of the local
cocycles and to restrict the search of the non-trivial ones.
Observe that even though our cochains and symbols differ from those in refer-
ence [39], Proposition 11.6.3 is formally equivalent to equation (3.4) of the same
reference.

With a procedure similar to the one used by the authors of [39] we can restrict
ourselves to local cochains of order (11.78) with

}:a,+25,+m—[k (ky — ko)} =0 (11.83)
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As a consequence of (I1.83) we obtain
p-(1)C5 Uy, Uy k) = 0, Uy = Koy @ husy 1< s <ky— ko (1184

where 1 is the identity element of gi(n, R).
This can be easily verified by using (11.80) and noting that £ - D, £* = |a|£°.

Proposition I1.6.4 Let P*?(TM,) be the space of polynomial functions p verify-
ing p.(1)p = 0. Then

H'(gl(n,R); P**(TM.)) = Aj(gl(n,R)) x PI2o(TM.,)

where A7(gl(n,R)) is the space of all r-linear, skew-symmetric, Ad-invariant maps
gl(n,R)" — R, and P} (TM.) is the subspace of all polynomial functions in-
variant under the representation p..

Proof: see §5 of reference [39].

Proposition 11.6.5 The elements of PJ2(TM.) are given by ordinary polyno-
mials in < §,X;>,1<:1<q,1<;7<p.

Proof: see [37}.

We are ready to write down the general form of the symbaol of a local cocycle of
order (11.78). For a cocycle D we clearly have gsvp = 0. By Proposition 11.6.3

this implies é.0p = 0. Moreover we want at least that D is not the coboundary of
a local cochain D¥-7 of order (a;.....ak 1oo..y 1 ,0,...,0ib;,....b,), 1.e. we

require that
op % (~1)6.0;

It follows that the symbol op, identified with the (k;-kg)-cochain (';,‘_k” (11.82),
belongs to )

Hkl—kn(gl(n,R); Pko+2m,ku+k—k, (Tﬂ!{r))
By assumption op is linear in the X;, 1 <1 < k;, resp. A7, 1 <1 < m, C®(M)-
linear in the X;, k) < j < k, and of degree a; > 2 in the £, 1 < ¢ < k. By
Propositions I1.6.4 and 11.6.5 it must therefore have the following form

Akl_kﬂ(xkq—i-l & éku+], I -.Xka ® éh )Sk"(élﬁ e !{kg:.‘yl,' .. i‘X’ru)X (1185)

XU Xy 41y Xe)Ea Ao Aley AGLA <Ay NAT A A AP

withk -k, =ko+ 1l +m < n.

In the above formula A% =% is an element of AY ™ (gl(n,R)) and S* is a poly-
nomial linear in the & and X; and, by Proposition I1.5.2, symmetric in the pairs
(ghxi), 1< 1 < kO- . -

Sk can therefore be considered as the restriction to the elements X; ® € of a k-
linear, symmetric map gl{n,R)* — R..-
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By Proposition 11.6.4 §* _must be invariant under the representation p., which on
monomials of the form A ® f, 1s equivalent to tmnus the adjoint representation
of gl(n,R) (cf. (11.80)). Hence S* is an element of Vii(gl(n,R)), the space of all
ko-linear, symmetric, Ad-invariant maps gl(n,R)* — R.

Observe that in (I1.85) we omitted the vector symbol on the arguments of A%
since its Ad-invariance implies that its value doesn’t depend on the chosen basis
of TM, resp. TM.

From (I1.85) it is evident that the order of a cocycle D¥ is

~ ko

(Zies 200000, 1,000,010, 1,0,00,0), kmhy = kotlibm S (11.86)
1 1
(ka) (k1) (L}

In the next subsections we shall look for glo‘ba]ly defined local cocycles D2 with
symbol given by (11.85), in particular for those which are not coboundaries.

11.6.3 Cochains with values in 7' ,{A])

To properly handle the quantities we shall work with in what follows, we need
some intermediate concepts.

Analogously to {2,(Af) we can define 7[,, the space of tensor fields of type
(p.q) depending locally on the gauge potential A4 (cf. Subsection 11.5.1). The
representation ¥¥ of X.(M) in Q,(M) is easily generalized to a representation.
denoted also by ¥V, in 7;pA(M). Its associated coboundary operalor &Y acts on
loca] k-cochains
™ e AYIX(M); Tri(M)) as in (I1.74).

Proposition I1.6.6 Let TM] be the tensor bundle of type (1,1) over M. We have
TM} ~ LM x4 gl(n.R) '

where LM 1s the bundle of linear frames aver M and ad is the adjoint represento-
tion of GL(n,R) (ef. Subsection 1.2.4).

Proof: by definition gl(n,R) is the group of endomorphisms of R", which is iso-
morphic to R" ® R**. We have

adp(t @)= E(fQG)E™' = (Efr®@ £7'G), 7eR", de R™
The proposition then follows from Definition 1.2.12. O
We pointwise define a product in T}(M) = Sec TM] by setting

(T - T )(z) = [ue, T1(2)To(2)], Ti€ TN (M), v, € LM,, z €M

where T(z) € gli{(n,R) are the components of T; with respect to the linear frame
t,. The components of the tensor field T} - T, with respect to a local coordinate
system are clearly given by

(I; - T)olz) =TV (2} (z), z€ M (11.87)
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The product
=T, T, -1, - Th (11.88)

obviously makes 7;'(M) into a Lie algebra.
Given an element §” of V/(gl(n,R)) we denote by the same symbol the map

S?: THM) x -+« x THM) — C®(M)
given by
SHT,,...,T,)(2) = §%(Ts(),..., Tylz)), z€M (11.89)

where T;(z) € gi(n,R) are the components of T; with respect to any linear frame.
The products (11.87) and (11.88) induce the products A (11.33) and [A] (cf. (1.15))
in the space of cochains with values in 7,' (M.
Remember that we have

P ATl = (=) At (I1.90)

Vit AT = Vrh AT 4 (1)t A8V (11.91)
The map (11.89) induces a map. also denoted by S?,
i k. PSR
S ANXMET (M) < o- s A(AM): TR (M)) ~ A (XM CF(AD)

given by

SPrh TN X X ) = (11.92)

: 1 : . .
= .l.“ ' k‘ ‘ZSEQTT 71'5”(1'*’(‘\,,“,._...),...,‘rk”(...,.\,,(k,+___+k?,!)
1:° " Rpe &

Proposition I11.6.7

p
5“5”(1’*‘, ... ,‘rk") = Z(—l)‘”*"'“‘" S”(‘rk’ e ,6\’1'"‘, ... ,1"'1’)
=1
Proof: locally we can write
SP(T‘”,.. . ,1"*") =

= TEM A A rﬁ:;”"S”(Bm @ dz,...,8,, ®dz"r)

where 75# is a k;-cochain with values in CF(M). The statement then follows

from (11.91). O

Proposition I1.6.8 Let 57 € Vi(gl(n,R)). Then for any k-cochain 7*

P
Z(-l)k(k'+"'+k"‘ 1Se(rR PR AR, ) =0
=1
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Proof: let {E§, @,8 =1,...,n} be the canonical basis of gi(n,R), i.e. (E3) =
6565. Then

P
ST 1)b ke Spr [k A kL) =
1=]1
P .
— Z(_l)k[k|+--.+k£—l).rf:: HIA,..TI;:MAT:::F-. AT :HiSP E::’ ,[EU,E:"].,E::) —

|
—

IR

P
= Tl’:.u A Tf:: LA Tt:.u;- ZSP Ew ,[EV,EM], Eu, —
i=1
since SP is Ad-invariant. O

I11.6.4 The naturally defined differential cochains

Let M be a compact, connected, n-dimensional manifold. Henceforth we provide A
with a linear connection I", which doesn’t need to be Levi-Civita nor Riemannian.

Proposttion I1.6.9 Let T be a linear connection of a manifold M ond Vy the
associaled covariant derivalive with respect to the vector field X on M. Then

Qx = Ly — Vy
1s a tensor field of type (1,1) on M.
Proof: see page 235 of reference {26].

Proposition I1.6.10 The components of Qx with respect to @ local coordinate
system are grven by

Qx5 = ~8a X — X"
where T'S; are the components of the linear connection T
Proof: it suffices to show that
@x(Y)° = (LxY — VxY)* = ~YP(3X° + X°T2)
and this follows from (L.10) and (1.42). O

In the terminology of the preceding subsection the map

Q: X.AM)— TL(M) (11.93)

is thus a local 1-cochain with values in 7}',(Af). Observe that @ can depend on
the gauge potential A only if the linear connection I' does. We shall see in the next
section examples thereof. In this subsection we limit ourselves to A-independent
l-cochains @.
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The symbol of @ is given by

As its order is (1;---) we call it a 1-differential cochain.
Denote by § the local 2-cochain with values in 7;!,(M) defined by

§=6Q-1QAQ) (11.95)

Since @ doesn’t depend on the gauge potential we can write
S(ArI:X2): Q{X;,X:i_[QXHQXQL X'.laX? € X-(ﬂd)

Observe the similarity of (11.95) with the structure equation of Maurer-Cartan for
the curvature form (cf. Proposition 1.3.4).

Lemumna I1.6.1 Let T2, be the components of a linear connection I'. Undcr an
infinitesimal diffeomorphism X € X_(M) they transfarm accarding to

', —T%, = (LxT), =
= X°8,10, +T0,6,X° +T* 8,X° ~T7 0,X?+0,0,)°
Proof: see reference {40).
Proposition I1.6.11 The camponents of the tensor field S(X1.X;) are given by
S(A1L, X)) = —X{(Lx, 7% + X5(Lx,T)53 — R(X,X2)5, X1.X; € X.(M)
where R is the curvature tensor field of the linear connection T.

Proof: by making use of Proposition 11.6.10 and (I1.87) we can straightiorwardly
compute S(Xy, X;)%. The proposition then follows by comparing the result with
Lemma I11.6.1 and Proposition 1.3.7. O

From the above proposition and Lemma I1.6.1 it follows that the symbol of the
2-cochain S is

os(é X1, X,) = (X1 86) < &,X, > (11.96)

S is thus of order {2,0;---); i.e. it is a 2-differential cochain.
Since [Q A [Q A Q]] =0, from {I11.95) we get

§¥S=[Qnr6Q={QAS] (11.97)
Consider the following 2p-cochain with values in C®(M)
SP(S) = 87(S,...,5) (11.98)
where S? € Vi(gl(n,R)).
Its symbol is
SP( X1 @&y, Xy @)t Xty Xop)Ey A= A&y (11.99)
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We have thus found a local cochain whose symbol has the form (11.85) necessary
to be a cocycle. In fact,

p P
§'8?°(8) = ZS"(S,...,&‘T'S,...,S) = ZS’(S,...,[Q;S],...,S) =0,
=1 (i) i=1 (’)
but,

Proposition 11.6.12
1
$(5)=8"p [ dtS7(Q. S\ 5)

where §, =t&Q - SIQAQ) =t S +1(t - t*}Q A Q). t € R.

Proof: analogous to the proof of Propoesition 11.3.4.
Since {LxT') is the only naturally and globally defined quantity on A whose local

expression contains a term like 3,0, X 7, we obtain

Corollary I1.6.1 There are ne non-trivial cocycles of order (2.....2.0.....0 ;).
1e,

Hz-d,'ff(.\'.(ﬂl); ('f(}‘lf)) =0

It remains to us to consider the 1-differential cochains whose symbols are given by
the first factor in (I1.B3).

Observe that the 2-cochain §, defined in Proposition 11.6.12 is of order (1.1 :-- ).
Its symbol is the symbol of (1 — 2){Q ~ Q, i.e.

(= @6 6 6

It follows that the {2p — 1)-cochain

1
TS5 = p/o dSP(Q, S,....,5,) (11.100)

is of order (1,...,1; --+) aud that its symbol is given by
1

(2p-1)

1 -1 . , ,
pj; di(f "tz)p—l_"_zsr'gn ﬁSP(UTU)s‘Uﬂﬂ]:{"xw]]?- . '&[Uw(Zp—Z)’Uxup—])])

2°-1
(I1.101)
where U; = X,-@f_;, i=1,...,2p- 1.
Now for any Lie algebra L there exists a linear map

pr  VR(L) — AP (L),
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called the Cartan map, which is explicitly given by [22]

(pLSPY)En, .- Erpa ) = (11.102)
(-1 p-1) .
T Tei(2p—1)! ;319"”3’(&(1,,[E,,(z,,E,,(s,],...,[E,,up_n,E,,m_,,])
We thus obtain that the symbol of TS is
(_-]')ﬂp1 (pngp)(Xl ® 611 v 5X2p-1 ® £2p-1): (11103)

which has exactly the same form as the first factor in (11.85).
Unfortunately, by Proposition 11.6.12,

§YTSE = SP(S) # 0

The case p = 1 deserves special attention.
By using Proposition 11.6.11 and Lemuma 11.6.1 il is straightforward to compule

S18) = Tr(S). Namely
TrS(X1, X2} = Lx, TrQx, — Lx,TrQx, + Tr R(X,, Xy)
Denote by Trg the cochain given by Tro(X) = T Qx. From the above formula
we get
(ETro)X,, X)) = Ly TrQy, - Ly, TrQx, + Tr R(X1, X)) (11.104)

This result will be used later on to construct non-trivial (n+1}-cocycles.
Since @y is the only naturally and globally defined quantity on Al whose local
expression contains a term like 8, X", we can state the following

COI‘O”al'y II.6-2 Hf_d,”(\.(ﬂf): ('r(ﬂ]]) = 0_. p ?—L n + 1

11.6.5 The 0-differential cochains

By definition the 0-differential cochains are those of order (0,....0;.--).
From (I1.85) we see that the 0-diff. cocycles must have the following form

WX,y Xi)Dhgy (A) = *DE (A5 X0, Xd) (11.105)

where ’D’,;o,y(A) is a polynomial k-form depending on the gauge potential A4, i.e. an
element of VI (Q(M; LG ); Q*(M)) (cf. Subsections 11.3.2 and I1.5.1).

Similarly to (11.44) we have

(9V(X)Ds,, W A) = Ly Df,,, (A) (11.106)
Since (X, ... ,X;.H)D:ozy(A) = 0, Lemma 11.3.1 implies
(62 Doy (AN X1 -+ Kiwr) = o Xa, o, Kigs ) d Dpppy (A) (11.107)

Therefore, to give rise to a cocycle the k-form D:oay(-4) must be closed. From
(11.107) it is also evident that z"'D;o,y(A) is a non-trivial cocycle only if 'D:o,y(A) €
HY cram(M). We proved
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Corollary I1.6.3  Ho.qiss(X.(M); C(M)) = Hi graw{ M)

where Hi puam (M) 15 the subalgebra of Haeriam{ M) consisting of polynomial forms
in the gauge potential A. In particular we have

HSEH(X-UVI)Q CT(M)=0, n=dmM

11.6.6 The 1-differential (n41)-cocycles
Consider the (n+1)-cochain "D}, (A) ATrq. As D, (4) is closed, we obtain

poly

8 ("D (A) A Tro) = (—1)" "D

po poly

(A) A6 Trg

Proposition I1.6.13 Let 7 be any n-form on M. Then the (n+2)-cochain "1 A
8YTrg vanishes identically.

Proof: see the Appendix.

The above constructed (n+1)-cochain 1s therefore a cocycle. That it is non-trivial
is evident, since to construct the polynomial form 77

poiy(4) no use has been made
of the linear connection of Af.

Corollary 11.6.4 HIHGO(M ) CT M) = Qg (A)

As can be verified by a direct calculation. it is possible to ascend eq. (11.66) starting
with the cocycle :"D7, (A) A Trg only if the curvature of the linear connection
of M satisfies

Tr R(X).X,) =0, ¥X;,ex. (M)

In that case we find the following n-form which integrated can give rise to a possible
base space anomaly

DI (4, X) =

poly

rAVTr Q. X € X-(M) (1.108)
Notice that the above condition on the curvature is satisfied if I' is a Riemannian
connection [21].

In the next sections we shall find more 1-differential (n+1)-cocycles by restricting
the cochains to subalgebras of X_.( ).
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I1.7 Affine anomalies:

Let M be a compact, n-dimensional, orientable manifold equipped with a linear
connection T.

In this section we find a special class of cocycles belonging to A" (a(M); CF (M),
where a(M) denotes the subalgebra of X.(M) consisting of infinitesimal affine
transformations of M, and ascend equation (I1.66), thus finding a local n-form
giving rise to a possible base space anomaly associated to the infinitesimal affine
transformations or briefly an affine anomely.

ILI.7.1 The a(M)-restricted, 1-differential cochains

Definition I1.7.1 A vector field X on M is called an infinitesimal affine transfor-
mation if (Lx[') = 0, where T represents the components of the linear connection

of M.

We denote by a(AM) the space of all infinitesimal affine transformations of 1f.
Clearly a{ M) is a subalgebra of X_{M). Observe that o{ Af) 1mplicitly depends on
the hinear connection I' of Af.

Let S be the 2-cochain with values in 7),(Af) defined in (11.95). In view of
Proposition 11.6.11 we lave

S(X,,X,) = ~R(X,.X,) for X; € o( M)

where K is the curvature tensor field of T.
Briefly,
5|aw) =(6¥Q ~ %[Q A Qagary = — Rlacany (11.109)

Whence,

1
TSR |aany = (—1)p_1P/; dtSP(Q.tR+ P - 1)[Q AQ] .. Naar (11.110)

where T8 is the (2p — 1)-cochain (11.100).

Definition II.7.2 Let X be a veclor field on M which generates the 1-paramcter
group of diffeomorphisms @,. Its natural lifi. denoted by X, is the vector ficld
on LM induced by the 1-parameter group of diffcomorphisms ., which maps the
linear frame u, = {e;(z)}, 1 =1,...,n, into ¢, (u.) = {(dp,)ei(z)}, = € M.

Proposition I1.7.1 i) The natural lift X is invariant, i.e. a,. X = X,
Vg € GL(n,R)

1) Xand X are m-related, where 7 is the projection

LM — M (cf Definition 1.1.12).
i) (X1, X.) =X, X2}, X € X.(M)
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Proof: see reference [26].

Let w be the connection form associated to the linear connection I'. By definition
w is a gl{n,R)-valued 1-form on LM. Denote by Q its curvature form.

Proposition I1.7.2 The companents of the tensor field Qx = Lx — Vx resp.
R(X,Y) with respect to the linear frame u_ are given by

Ji(z) = —wi(ug X
[@xJ5( ). ,(. )_  reM
resp.  R(X,Y)i(z) = Qj(u; X, Y)
where X and ¥ are the natural lifts of X and ¥ € x(M).

Proof: see the Appendix.

As 57 is Ad-invatiant we can write

7 | TSH(Xy, .o Xppy)] = (11.111)
- - 1
:("l)pr(‘\,‘.le---:XZP—‘.l)pA dt‘sp(“"zgh-":gf)=
= (=1 P ITSP(ws X1, Xt )y Ay € a( M)

where 7 is the projection LAf — Af and 2, =10 + %(12 — tfw A w].

Observe that TSP(w) is the Chern transgression form on the bundle LAf (cf. Def-
inition I11.3.3). '

By Proposition 11.6.12 and (11.109) we have

8 TS laiat) = (=11 SP(R)|a(ar (11.112)

For &7 € Vi(gl(n,R})), SP(R) is a 2p-form on A which is a combination of chai-
acteristic classes of the tangent bundle TAf [21]. Assuming that M is of even
dimension and setting p = § + 1 in (11.112) we obtain

§TSE angy = (~1) 3 ST (R)ogary = 0 (11.113)

The (n+1)-cochain T.S'ngl is therefore a cocycle of §¥ when restricted to a(M).
That it is non-trivial follows from the following argument. Its orderis (1,..., } 1 0),
therefore by equation (I1.77) it may only be the coboundary of a cochain c:f ;]r)der
(1,... ,IT i 0), but this is excluded by the discussion following Proposition 11.6.5.
(n)

Reniember that the Chern transgression 753 *!(w) was nsed in Subsection 11.3.2
to construct the gauge anomaly of a theory based on a trivial bundle P. As it is
well known Einstein’s theory of gravity can be geometrically interpreted as a gauge
theory based on the bundle LM (or OM* if spinors are present) which by defini-
tion is trivial only if M is parallelizable. The gauge anomaly of this special gauge
theory is called the Lorent: anomaly.
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As we have already said in Subsection I1.4.1 a classical theory formulated in
terms of a Lagrangian £ is automatically invariant under the diffeomorphism group
of M. The possible anomaly associated to this invariance is the gravitational
anomaly. Due to the tight relation between the bundle LM and its base space
M, in particular between an infinitesimal diffeomorphism X and its natural lift X,
the gravitational anomaly, too, can be constructed starting with the transgression
form 783+ (w), where w represents a linear connection of M. Ii suffices to replace
t!le vertical invariant vector fields Z; of Subsection 11.3.2 with the natural lifts
X; [7]. As this fact suggests there is a relation between the gravitational and the
Lorentz anomaly. Indeed, for a parallelizable manifold, one can shift the anomaly
from the gravitational to the Lorentz form by adding a Bardeen-Zumino counter
term to the Lagrangian £ [36,1,7]. To be definite we shall assume that all theories
we consider are free from gravitational anomalies.,

As can be seen from (11.111) the cocycle 7~ TSE;H |la(a1) is nothing else than the
restriction to a(M) of the (n+1)-cochain :"t*'TS7*!(w) out of which the gravita-
tional anomaly is constructed. Therefore, the form of the affine anomaly we are
looking for must be the same as the one of the gravitational anomaly restricted to
a(M).

It has to be emphasized that this doesn't mean that the affine anomaly is a
gravitational anomaly. First of all the infinitesimal transformations of the fields
(I1.55) we assume are not given by the {natural) action of the diffeomorphism
group; we can therefore not sayv a priori that the two kinds of anomalies coincide.
Is Subsection 11.7.3 we shall give the only (at least to us) known example of a the-
ory possessing an affine anomaly. Unfortunately for this theory the affine anomaly
1s equivalent to a Lorentz anomaly and thus, according to the above, equivalent to
a gravitational anomaly. Secondly, the gravitational anomaly is usually computed
by taking as linear connection the Levi-Clivita connection of the assumed paral-
lelizable Riemannian manifold Af; as we shall see below our construction of the
affine anomaly is not limited to this case and moreover it enables us to introduce
a gauge potential-dependence.

I11.7.2 The descent equation for the a{M)-restricted 1-diff. cochains

To ascent equation (1]1.66) we shall mainly work with quantities, as the Chern
transgression form, defined on the total space LAf. We begin this subsection by
stating two lemmas valid for any principal fibre bundle (P —— M, G) .

Let h be the horizontal projection (1.35) associated to a connection I in P. We
denote by h" the projection

R V(P F)-— Q(P; F)
P — h"'{_ﬁ

given by hY(Z;,...,2,) =¥(hZ,,... . hZ,), ¢ € Q(P;F), Z; € X(P).

The exterior covariant derivative IJ (1.37) associated to the connection I' can thus
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be expressed as

D="hod
Let w be the connection form on P associated to I'and {E;, : = 1,...,dim G} a
basis of the Lie algebra LG.

Lemma I1.7.1 Denote by Q0 = Q'E; the curvature form of w. Then
Doh™=h"old~ Q' AZ,)]
where Zgp, 1s the fundamental vector field induced by E; € LG (cf. Definition I1.2.2).

Proof: see the Appendix.

Given an element §* € V7(LG) we denote by TS, | 0 < m < p—1, the
following invariant (2p ~ 2m — 1)-form on P

T2y, i = (- 1)P—f 4 (1= )" SP(w, Qs Q. Broo o, Er)
R (p—m-1}!
(11.114)
Lemma I1.7.2
ATSLy, 0= SoAZ8)TS, w2

1

.
1

Proof: see the Appendix.

Suppose now we are given another connection [ in P with connection form &.

I Subsection I1.3.2 we defined the representation ¥ of X.(P) in 9 (P), the space

of local g-forms on P depending on a connection form w {¢f. Proposition 11.3.2).
Given the (2p-2m-1)-form (11.114), a k-cochain, denoted by TSk 2p k-1 . belong-

ing to AX(X.(P); Q27*"1(P)) is defined by

TSet ¥ N2y, ., 2) = (11.115)
='$n“ CAQM AR 2y, Z0TSE, )=
1
= n—ﬂnh Ao A ARTITSE, (2, 2], Zi € Xo(P)

where £ and A" are the curvature form and the projection associated to I', and
TS

@iy, 15 constructed out of the connection form @.
Clearly, the k-cochain (11.115) doesn’t vanish identically only if 1 < k < 2p—2m—1.

Lemma IL.7.3 Let & be the coboundary operator associaled fo the representation
? of X.(P). Then

D Z TSEP N2y, Z0) = (1P (24, .., Ze)SP(Q)+

m=0
p-1 1 -

+ (=) Y ﬁQ‘l A AU ART((85TSE, L W Zay. ., 24
m=0 """
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Proof: see the Appendix.

We now return to the case P = LM and restrict the cochains TS::E-,;,,, to the sub-

algebra of X.(L M) consisting of natural liflts of infinitesimal affine transformations
of M.
Observe that the g-form TS::E;,,,(XI,...,A-';,) is invariant and by definition
horizontal. By Proposition 1.3.1 it can thus be identified with a form on M.
Generally the connection form @ is given by w + «, where « is a horizontal,
ad-equivariant, gl(n, R)-valued 1-form on LM. Any tensor field i of type (1,2)
on M determines such a 1-form « (and viceversa) by

fi(u:;u’) = K(I;d’ru:w!')? ur € LM, w€ TLJM‘"

where K(z;dn, w,-) are the components of the tensor K(x;dr,, w,-) of type (1,1)
with respect to the linear frame v (cf. Proposition 11.6.6).
In what follows we shall identify A with a tensor-valued 1-form on Af {21} by
setiing

Kiz;v)= K(x:v,), veTM,, (I1.116)
and by abuse of notation simply write x = 7" i,
In view of Proposition 11.7.2 and the fact that h"w = k = 7" I\, we can write (cf.
eq. (11.111))

TSk (X X)) =7 [ T86% m (X1 Ak) (11.117)

wlere the k-cochain TSS"‘}‘- .. belongs to A (a( M) Q9 (M),

Lemuna I1.7.4 Let K be a tensor field of type {1.2) an M and & the associated
horizontal, ad-equivariant, gl(n, R)-velued I-form on LA . Then to Ly K is asso-

ctated Lk, where X 1s the naturel ift of X € \(Af).
Proof: see the Appendix.

Assume now the tensor field A belongs to 7.}, (<f. Subsection 11.6.3), and that it
verifies

(SY( X)W )A)= Ly K(A4), VX € a(M) (11.118)
Since Lgw = 0 for X € a( M) {26], by Lemma 11.7.4 and condition (I11.118) we have
Lyo(A) = Lya(A) = (9"(X)x)(A), X € a(M)

Therelore by Proposition 11.7.1 17¢) we can write {or such a A-dependent connection

form @ )
Eﬂ“ Ao AN ARTEFTITSE L (K X)) =

=7 8V TSg wihe(Xy,. .., Xi))

Denote by TS5™*'7*(4) the following k-cochain belonging to A*(a(M ); 2 =¥ (A1))
kn+l-k : n+l—k
TSE™1-%(A) = _ZOTS;;(;)M
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where n = dim M.

Proposition I1.7.3 Let K(A) be a tensor field of type (1,2) on M, depending
on the gauge potential A and satisfying condition (I1.118). Then the k-cochains
TS:S’““‘"(A), 1 <k < n+1, verify the descent equation

dTSkn-H k(A) )k+1 6VTSk 1n+2- k(A) .

Proof: for p = 3 + 1 we have Sp(fl) = n"SP(R) = 0. Therefore by Lemma I1.7.3
and eq. (II.117)

D TSE M A Xy, Xa) = (D)7 (8 TS ™2 (A X, X))
Lemma 2 of Chapter XII of reference [27] states that for any q-form ¢ on M
Drp=drg=7rdo

The assertion then follows by noting that 7 is injective. 0O

For k = n + 2 the statement of Proposition I1.7.3 reads
TSG04 =0,
with (cf. (11.110))
rs3 o) - Tsa;:-(-z,o .
= (¥ <) / dtSY QIR+ N —1)QAQ]..) (I1119)
where Q\ = @y — A{4.:X) and R is the curvature tensor field of the linear

connection I'(A4).
Note that for A = 0 the (n+41)-cocycle (11.119) is equivalent to the restricted

cocycle TS;“IQ(M, (cf. (I1.110)). It can actually be proved that for a tensor field
K (A) verifying (I11.118) we have

Slc(M) =(6'Q - %[Q /\'Q])lu(M) = '_lec{ﬁf) (11.120)

which is identical to (11.109). Therefore, in genera]
ST '+1
2" 0(4) = lagat)

Is the cocycle TS"'H %(A) non-trivial? To answer this question we must know
its order and use eq. (II 7) to check if it can not be a coboudary. Unfortunately,
due to its restriction to e(M} and its A-dependence, its order can not be directly
read from (11.119) but must be determined case by case.

Assuming that TS“'H (A) 3s not trivial, a possible unintegrated, affine anomaly is
therefore given by the n-form TSCI;,‘"(A; X), X € a(M). Explicitly
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ul'

3 H '
TS (4; X) Z- TS;,'}“AMX =(— Zmr(f_) fdf 1-1)"

{8 Qx,tR+ L(1* —t)[K A K],.. ,-‘:?,--.,R)
{%-m+2)
—m.5§+1(ﬁ',f}?+§(t2—f.)[K/\K],...,t)ﬁR,...,R) (11.121)
(2-m42)
—(2 = m)STH (K, (1 - ) Qx, K}, 1R+ 1(1* = 1)K A K],.. "r .o R}
(g—m+2)

If K =0 then the above expression simplifies to
TS%“LX):(—]ﬁ(z-L2]$2” (Qx.R.....R) (11.122)

We shall discuss in the next subsection the physical implications of the affine
anomaly (11.121).

11.7.3 Physical interpretation of the affine anomaly

Consider a gauge theory based on a trivial bundle P = A/ x G whose base space
M is a compact, 2k-dimensional spin manifold without boundary. As usual in a
physical theory we assume that Af is provided with the Levi-Civita connection.

Definition I1.7.3 A4 vector field X' on a Riemannian manifold M is called an
infinitesimal isometry (or a Killing vector field) if Lyxg = 0, where g is the metric
tensor of M.

We denote by (M) the space of all infinitesimal isometries of Af. (M) is a
subalgebra of X_(M).

Proposition 11.7.4 Let M be a compact Riemannian manifold equipped with the
Levi- Civita connection. Then a{M) = (M).

Proof: see Corollary 3.9 of Ch.VI of [26].

From the above Proposition it follows that the anomaly we found in the preceding
subsection could appear in a theory invariant under the infinitesimal isometries.
Are there any classical field theories which possess such a symmetry and which
can also be anomalous?

Since by assumption all theories we consider are invariant under any infinitesimal
diffeomorphism provided one transforins the fields according to their geometrical
character, the invariance should result from varying some of the fields regardless
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of their intrinsic nature.
An example thereof is the chiral S{/(r)-gauge theory whose Lagrangian £ is locally
given by (cf. (11.16))

Llu, = i Frar e A(d = 1oiTH + A )pya + hoc. (11.123)

As usual ¥, = (1—'*2'&)@‘{‘,l ® ¥'p denotes a right-handed spinor field, v, being
the pull-back by a local section 0, = {Fin}, i1 =1,...,n,of OM* over U, C M
of an equivariant map ¢y : OM* — C%*, d = 277 (see Definition 1.4.4), and
¥p the pull-back by a global section of P = M x SU(r) of an equivariant map
¢p : P — C (see (11.13)).

In (11.123) e, = "e.¢; is the Hodge dual of the pull-back by o, of the solder form
8 of LM (see Definition 1.2.11}, T = Ff,-T;f 1s the pull-back of the so{n,R)-valued
connection form w corresponding to the Levi-Civita connection of M [26], 4 is the
gauge potential, and ¢} = 1{y',+/].

Even though to locally define £ one needs a local section o, it can be verified
that its definition is actually section-independent. This is a special case of a
gauge invariance, the so called local Lorent: invariance. As a consequence of this
symmetry the n-forms L|y, patch together to give a globally defined Lagrangian £
and therefore a theory which is general covariant (cI. Subsection 11.4.1}. This has
to be contrasted with the Lagrangian given by (11.16), which is general covariant
bul not Jocal Lorentz invariant.

As independent fields of the theory we take the sets {¥',,}, {¢.}, and the gauge
potential 4. The metric tensor g is then given by g = {7 ¢! ® ¢! } (see eqs. (1.33)
and (1.34)), from which the Levi-Civita connection can be constructed [26].

According to the above, the classical action S[{¥'.o}. {¥;a},{€.}, 4] is invari-
ant under the {infinitesimal) local Lorentz rotations

A oo giah
Paa — d'+a + af Ejaar'ﬁ"‘o
€, — €, — €l €l (11.124)

A — A

wheree € 1 and g, = e}aT,-j € C*(U,,s0(n,R)). This transformation corresponds
to the change of local section 0, — 04 - €xp €2,
The action S is also invariant under the infinitesimal diffeomorphisms

1[’+a| - 11[1+a| +€Ar¢+a
ef, — ¢ +elye, , X €X.(M) (11.125)

4 — A+ELAA

Clearly S is also invariant under the usual gauge transformations (I1.17), but in
this subsection we shall not consider this svmmetry.

Proposition I1.7.5 Let X € (M), and 0o = {E;n. i = 1,...,n}, be o local
section of OM*. Denote by [X,E;\)’, j = 1,...,n, the components of the vector
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field [ X, E;,] with respect to the linear frame o,. Then the matriz [X,E,)(z),
z € U,, whose elements are given by [X, E;;)’(z), belongs to so(n,R).

Proof: see the Appendix.

According to the above proposition, an orthonormal frame o, = {E,} is trans-
formed by an infinitesimal isometry X into the orthonormal frame

0'a = {Eia + €LxEin} = {E;o(6] + €| X, Eia)’)} = 00 - (1 + €[ X, E4))

We can thus interpret an infinitesimal isometry X as a change of local section
represented by the map [X, E,] € C®(U,;so(n,R)).

By combining an infinitesimal isometry with the inverse of the local Lorentz
rotation corresponding to it, we can define the following infinitesimal affine trans-
formations of the fields appearing in the action §

d’-{ra - d‘-&n =+ f(*Xl.['-{—c - %[‘X,ch,]; J;'i-d"-'vct)
e — ¢ L X € (M) (11.126)

[+ a

A — A4elxA

As the classical theory defined by the Lagrangian (I1.123) is separately invariant
under local Lorentz rotations and infinitesimal diffeomorphisms, it is clearly also
invariant under the combined transformations (11.126}. Notice that the transfor-
mation law (I.126) has the same forin as the one postulated in (11.55). Therefore.
the formalism we developed to construct the base space anomalies is applicable
and gives the unintegrated affine anomaly (11.121).

That such an anomaly does exist for tlie theory we are considering, lolows {from
the fact that the local Lorentz invariance can not be maintained at thie quantum
level [36,1]. This is not surprising since, as we said before, local Lorentz invariance
is just a special kind of gauge invariance. '

Thus, the affine anomaly

Ai[A,g;X]=A!TS$'"(A;X)= X € (M) (11.127)

where the g-dependence comes from the Levi-Civita connection used to construct
TSS", should be equivalent to the Lorentz anomaly associated to the infinitesimal
change of local section represented by the map (X, E,] € C=(U,;s0(n,R)), X ¢
(M).

What can we say about the tensor field K(A4) appearing in the general expres-
sion of TS:;,'"(A;X) ? Since Lyg = 0 for X € 1(M), the following tensor fields of
type (1,2) satisfy condition (11.118)

Ki((A)=Tr(*AQF), Ky A)=Tr(AQF)

where locally ?F = (¢g#*F, )3, ® dz*.
If the structure group G of the trivial bundle upon which the theory is based is
the [/(1)-group, then the tensor field

K;A)=1@ A
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where 1 is the identity tensor field on M, fuifills condition (11.118) for all X €
X.(M).

Which one of the above tensor fields has to be used in constructing TSé,‘"(A;X) is
not determined by the present analysis.
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I1.8 Conformal anomalies

Let M be a compact, n=2k-dimensional, oriented, Riemannian manifold without
boundary. In this section we restrict ourselves to the subalgebra of X_( M) consist-
ing of infinitesimal conformal transformations and give special examples of n-forms
D}"(X) which represent possible, unintegrated, consistent, conformal anomalies.

I1.8.1 Geometrical preliminaries

Proposition I1.8.1 Let M be an oriented Riemannian manifold equipped with the
nalural volume form € (sec (1.19)) and a Riemannian connection. Then, for every

vector field X on M, we have
divr X = -TrQyx

where div X denotes the divergence of X (sce Definition 1.1.18) and TrQy the
contraction locally grven by (Qx!% (cf. Subsection I1.6.4).

Proof: see Appendix 6 of |26;.

Corollary I1.8.1 The hypothescs being the same as tn the previous proposition.
we locally have

div X = ,X° + X*T%, = T, X 4 X¢T2,

where I'0; and TS5 are the companenis of the connection resp. the torsion with
respect to a local coordinate system.

Proof: this is immediate from Propositions 11.6.10 and 1.3.7.

Corollary I1.8.2 With the same hypotheses as those in Proposition 11.8.1 we have
div [ X,Y] = Ly(divY) — Ly(div X), VX.Y € x.(M)

Proof: this follows from eq. (I11.104) by noting that for 2 Riemanman connection
we have Tr R(X,Y) = 0, VX,Y € X.(M)}.

Definition I1.8.1 A vector field Z on M is called an infinitesimal conformal
transformation if Lzg = o g, where g 15 the metric lensor of M and o € C™(A[]).

We denote by ¢(M) the subalgebra of all infinitesimal conformal transformations
of M. Clearly «(M) C ¢(M) (cf. Defimition 11.7.3).

Proposition IL.8.2 Assume M is provided with the Levi- Civita connection. Then
the infinitestmal conformal transformation Z induces infinitesimal changes on the
curvature R, the Ricci tensor field Ric and the scalar curvafure R (see Defint-
tion 1.5.10).
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They are locally given by

(LzR)3,., = —3{6:V.Vy0 -6V, V30 — g5V, V%0 + 9,5V, V%0 }
(LzRic)s, = -3{(n—2)V4V.0 +gs.00}
L;R = —{eR+(n-1)00}

where O denoles the Laplacian, which is locally given by O = ¢g#*V V.
Proof: see [40].

Definition 11.8.2 Let M be a Riemannian manifold of dimension n>{ equipped
with the Levi- Civita connection. The tensor field W of type (1,3) whose components
are given by

1

H;Ew B Ew - (n = 2) (‘g‘zRiCﬁv - & Ricg, — gpug” P Ric,, — gs.9°" Ric,,)
R
6% gan — 6 gan
T Dn —z) w9 b

is called the Weyl conformal curvature tensor.
Proposition I1.8.3 Let Z € ¢(A). Then L1 = 0.

Proof: see [40].

Proposition I1.8.4 4dssume the manifold M is provided with the naturel volume
form €. Then the function ¢ of Dcfinition I1.8.1 1s given by

(div Z), Z € (M)

o=

3o

Proof: the proposition is easily proved by using the local expression {1.21) for the
divergence of Z.

From the above proposition it follows that for an infinitesimal isometry X we have

div X = 0.

Proposition I1.8.5 Let 7 be a g-form on M. Then for any infinifesimal confor-
mal transformation Z we have

2
Lyr="Lzr+({1- —g)(diz'Z)'r
n

where *1 denotes the Hodge dual form of v {see Definition 1.1.17).
Proof: see the Appendix.
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I1.8.2 Special solutions of H™"*'(c(M); CT(M))

In this subsection the Riemannian manifold M is provided with the natural volume
form € and a Riemannian connection.

Let D7(A) be an element of {0, (M}, i.e. a local n-form depending on the gauge
potential 4, satisfying

(BV(Z)D ) A) = L;DMA) + a(div Z)DNA), YZ €M), acR (IL128)

From Proposition 11.8.5 and Lemma I1.3.1 it follows that the n-cochain "D} (A4}
verifies
V"D Aoy = —aTro A"DI(A)|ean (11.129)

As in Subsection 11.6.6 consider the (n+1)-cochain
DAY = "DI(A) A Trolean (11.130)

From (I1.129) and Proposition 11.6.13 it follows that it is a cocvcle.
Using (11.128) and Lenuma 11.3.1 it can be verified that

—1y
D:‘H‘l'o(_‘q) = '(-u;lﬂévdln_]D:(-‘q)ic(ﬂf\z a 7__‘1 0

Therefore, the cocycle D10 4) is a non-trivial element of H™* (c(A): CT(A])
if the n-form DJ(4) verifies

(I(Z)D) N A) = Ly D A4), VZ € o(M) (11.131)

Notice that this condition is automatically fulfiled by the polynomial n-forms, i.e.
those forms constructed out of exterior products of 4 aud d4 only (cf. {11.106)). 1f
the n-form D7( A) is polynomial then the unrestricted cocycle (11.130) is equivalent
to the general one considered in Subsection 11.6.6. In the following D7 {A4) stands
for a non-polynomial n-form.

If D{A) meets condition (I1.131) we can ascend eq. (11.66) starting with
Dr+t19( 4). The resulting n-form D!""(A4; Z) is given by

DA Z)Y=DNA)TrQz = -DXA)(div Z}, Z € c(M] (11.132)

which is similar to the general one found in Subsection 11.6.6.

In what follows we identify through the +-operator (see Definition 1.1.17) the n-
form Dr(A) with the function D(A} = *D7(4). By Proposition 11.8.5, condition
(11.131) becomes

(9V(Z)DO)(A) = *(9"(Z)D])(4) = Ly DY(A) + (div Z) DU 4), ¥Z € (M)
(11.133)
The problem of constructing the possible A-dependent conformal anomalies is now
reduced to the one of finding functions D%( 4) verifying (11.133). This suffices from
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a mathematical point of view. Physically, the function D?(A) must fulfil also a
dimensionality requirement, as we now explain.

In units where i = ¢ = 1 the action functional 5, and therefore the anamaly,
must be dimensionless. Since the natural cobasis elements dz* are assumed to
have dimension of length, the components of the metric tensor are dimensionless.
Hence, the natural volume element € has dimension (length)". By assumption
the components of the gauge potential A have dimension (length)~!, whereas the
components of a vector field X have dimension of length, so that div X is dimen-
sionless. Clearly the exterior derivative reduces the dimension by one. From this
it follows that in units where i = ¢ = I the n-form D}{A4) must be dimensionless
or, equivalently, the function D?(4) must have dimension (length)™".

To construct a function meeting condition (I1.133) and of the right dimension-
ality, namely (length) ™, we have the metric tensor g, the gauge potential A, its
dual "4, and their exterior derivatives. Below we give some special examples of
such functions in two and four dimensions. To simplify the notation we express
them locally.

2-dimensions. The simplest example is
DAA) ="[1("A 1 4)] = (4,4

where y denotes the Killing form of the Lie algebra of the gauge group (.
The resulting conformal anomaly is given by the integral of

DIA:Z)= —q("AnA){divr Z), ZccM)
If the gauge group is {7{1), then the “divergence”
DYA) =V, 4" + AT, = -"d" A

satisfies (11.133) and is of dimension {length) 2. Its associated unintegrated con-
formal anomaly is given by

D (A Z) = (d"A)(div Z), Z € (M)

It is unlikely that the integrals of these 2-forms will ever appear as the conformal
anomalies of any physical theory because they are not gauge invariant.
If G = U(1), then the following polynomial cochain {cf. Subsection 11.6.6)

D].?

poly

(A;Z) = F(div Z)

15 gauge invariant and possesses all the requirements to be an anomaly.

4-dimensions. In this case the si.mplest example 1s
DY A) = y(Fu F*™)
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which is also gauge invariant.
The corresponding 4-form D! A; Z) is given by

DMA;Z)= —y("F A F)(div Z), Z € (M)

The integral of this form is the gauge contribution to the conformal anomaly [19]
of the free Yang-Mills theory (cf. Subsection 11.4.1).

I1.8.3 The A-independent conformal anomalies

In this subsection we use Proposition 11.8.2 to directly construct special n-forms
which combined with the 1-cochain Trg as in (11.132) give n-forms D}"(Z) veri-
fying (cf. Subsection 11.5.1)

(8D )21, Z,) = d (DI 2y, Z2))

. , ¥ Zi € cf I‘I)
and DI Zy) # (D) (Z,) {modulo an exact form)

(11.134)
In what follows the Riemannian manifold Af 1s provided with the natural volume
form € and the Levi-Civita connection.
Let 7 be any 4-independent n-form. By Proposition 11.8.1 and Corollary 11.8.2
the 1-cochain 7 Trg with values in the n-forms verifies

(5VTTT'Q](lezz) =77Tr Q([ZI:ZZD =
=d{(12,7)Tr Q(Z2) — (12,7) Tr Q2] }
— (L2, 7V Tr Q(Z2) + (Lz,7)Tr Q(Z4), VZi € X-(M)

Therefore, to verify the first equation in (11.134) we must find a n-form 7, such
that

(Lz,m)div Zy — (Lz,7.)div Z, = d(something), VZ; € ¢(M) (I11.135)

Observe that the second equation in (I11.134} is always satisfied since in our for-
malism, for an A-independent 0-cochain D%", we have 8¥D?" = 0, and 7. T+ Q7 =
—r(div Z) # d(something) if . is not the volume form €.

As in the previous subsection we identify the n-form 7, with the function f, =
*1.. By Propositions I1.8.5 and 1.1.7, condition (11.135) is equivalent to

(Lg, f)div Z; — (Lz, f.)div Z) = div (something), VZ; € ¢(M)

or

/e{(Lzlf,_.)dz'z-zz-(Lz,f,)divzl}=o, VZ; € e(M) (11.136)
M

The only geometrical quantities we have at our disposal to construct a function f.
meeting condition {I1.136) are the metric tensor g, the volume form €, the curvature
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tensor field R and its covariant differentials. As explained in the preceding subsec-
tion, the functions f. must also fulfi] the physical requirement of being of dimension
(length)™". Obviously, in our units, the curvature has dimension (length)~2.

A class of solutions to eq. {(I1.136) consists of those functions f, verifving

Lyfo=a(divZ)f., YZec(M), acR

Examples thereof are the total contractions of tensor products of the Weyl tensor
W. We denote such a contraction by fow, where p is the number of times the
tensor W appears in its expression. Since any contraction of W vanishes [14], the
minimal value for pis 2. The function f;u is nothing else than the square of the
norm || W |} of W, which is locally defined by

| W |12 Wog,, WO
We have 4
Lo | W P= —Z(die Z) | W |7, Z € (M)
n
Generally,

2
Lzfow = —f(div Z) for. Z€c(M) (11.137)

3
A possible 4-independent conformal anomaly is therefore given by the integral of

As the dimension of 1 is (length)~2, p musi be equal to & =

WDIZ) = fuw (div Z), k= n>4, Z€c(M) (11.13%)

n
5
Observe that the Wey| tensor vanishes identically for the 4-sphere S* [14].
Clearly, the task of constructing more functions f. of dimension {length)™" and
meeting condition (11.136) becomes harder with increasing dimension. Below we
shall limit ourselves to funciions that are linear combinations of 1ctal contractions
of tensor products of the curvature tensor field only, and to mnanifolds of dimension
two and four. Notice that by definition the Ricci tensor and the scalar curvature
are already contractions of R.

2-dimensions. By using Propesition 11.8.2 and partial integration we obtain
fMe (Lz,R)os—(Lz,R)oy] = ( -1)/M €|oy00y~ 0,00, =0, Zi € (M), ¥n

where o, = f(div Z;).
Hence, the integral of the 2-form

DiYZ)="RidivZ). Z € c(M) (11.139)

fulfils all the requirements to be a consistent conformal anomaly, and indeed it is
one [19]. Observe that R is the only function of dimension {length)=? we can build
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with ¢ and R.

We shall see in Subsection 11.8.5 that in the case where R is constant the 2-
dimensional conformal anomaly can be identified with an affine anomaly and thus
be derived with the formalism of the previous section.

4-dimensions. Consider the squared norms || R ||? and || Ric ||*. They are of
dimension (length)~¢. By Proposition 11.8.2 they verify

Ly |R|? = —ia | R |]? —§Ric0"vgvyo
n n
. 4 e 2 a 2
Ly || Ricll® = ——0|| Ricl]® ——(n - 2)Ric”" V4V, 0 - ;RGO‘, Z € c(M)
n n .

where 0 = 3(div Z).

By using partial integration and the contracted Ricei identity 114]
g1
N aRicl = 5\'.71,72

we get

4
R “2)01} = ;/;”573(0'1502 - 0,00y)

[ elLz I RIM o = Lz, |
M

.[ue{(f-zl || Ric “2)02 - (Lz; i| Ric “2)0'1} = [I!€R(UJDU") — 0950y)
We also have
4
/ e{(Lz]'R.z)ag - (122722)0'1} = —(n- 1)/”672(0150'2 - 0,00,)
M n ;

where Z; € c¢(M).

Combining these three results we find that the linear combination
ail R|* +b 1| Ric|* +cR’

fulfils condition (11.136) if #a+ b+ H2-le =,
The 4-form

DINZ)="(a | R)? +b)| Ric |? +¢R*)(dir Z), Z € (M) (11.140)
is thus a possible unintegrated conformal anomaly if
a+b+3c=0 (11.141)

This result is the same as the one first obtained by Duff {19] using dimensional
regularization techniques, and later by Bonora et al. [8] with a colioinological
method.

It has to be emphasized that our derivation differs from the one of reference 8]
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in two aspects. First of all, we consider the action of the group of (infinitesimal)
conformal transformations and not that of the absiract Wey] rescaling group (see
below), and secondly, this action is assumed to leave invariant the metric tensor
g and its derived Levi-Civita quantities (cf. Subsection I1.4.1). As a consequence,
the coformal anomaly

Algi Z) = '/Me(disz)D’R, Z ¢ (M) (11.142)

which was obtained by the authors of reference [17] and proved to be cohomological
trivial in [8), doesn’t even need to be considered in our approach since, by using
partial integration and Proposition 11.8.2, we obtain

. n n(4 —n) .
11 OR = -—— R = —m ———*
[Me(dzt Z)OR 2‘/‘;160 R 8(?1—1)/3-'.160.72

i.e. the anomaly (11.142) vanishes identically in four dimensions.
Clearly, it has still to be shown that a classical field theory invariant under the
transformations (I11.53) with Z € ¢(Af) does exist. We do this next.

I1.8.4 The classical, conformal invariant, scalar field theory

Let ¢ be a function on A, in physical terms a scalar field, and consider the following
classical action '

S(6,9] = fM{.'dc': fdo + 256 R) (11.143)

This is the so called conformally coupled. massless, scalar field theary {5].
Apart from being invariant under the infinitesimal diffeomorphism transforma-
iions, this action is also invariant under the {Weyl) rescalings

2= Y

¢ — =0 1e C*(MR7) (11.144)

It is these transformations that are physically interpreted as conformal transforma-
tions and are supposed to give rise to the above discussed conformal anomaly [8].

Two remarks are in order here. First of all, the Weyl rescaling group, which
is isomorphic to C®{M;R™"), is abelian. Hence, analogously to the axial sym-
melry case (cf. Subsection I1.2.1), no natural consistency condition exists for the
associated Weyl or conformal anomaly. Secondly, the transformations (11.144) can
not be described geometrically and so they don’t fit our symmetry scheme (cf.
Subsection 1.4.3). We therefore look for another formulation of the Weyl rescaling
transformations (11.144).

By making use of Propositions I11.8.2 and 11.8.5, it is a straightforward calcula-
tion 1o show that the action (I1.143) is invariant under the following (geometrical)
infinitesimal, conforinal transformations

$ — ¢'=¢+c{lzd+5(divZ)¢)

, , Zec(M), el (11.145)
9 — 9'=g



which are of the same kind as those postulated in (I1.55).

Thus, the above construction of the conformal anomaly i1s a posteriori justified.
Notice that for Z € (M) C e( M) the transformations (I1.145) are just infinitesimal
diffeomorphisms and that the conformal anomalies we found all vanish. This is
consistent with the assumption of the absence of gravitational anomalies.

I1.8.5 The 2-dimensional conformal anomaly as an affine anomaly

As it is well known [27] two dimensional real manifolds possess special properties.
In this snbsection we exploit them to relate the conformal anomaly (11.139) of a
2-dimensional, orientable, Einstein manifold to an affine anomaly.

Definition I1.8.3 An Einstein manifold is a Riemannian manifold M with the
property that the Ricci tensor field of its Levi-Civita conneetion verifies

Ric=kg
where k is 0 constant and g the metric tensor of M.

Definition I1.8.4 An almost compler structure on ¢ manifold M is o tensor field
J of type (1,1) satisfying

Jlz: J(ziv.)) = —v., Ve, € TM,. VYee M
Briefly,

J:= =1 or in components JoJ, = =&y

Not all manifolds admit an almost complex structure. As an example only the {wo
and six dimensional splieres possess such a structure.

Proposition I1.8.6 Let € be the natural volume form of o two dimensional, ort-
ented, Riemannian manifold Al. Then the tensor field

Je =%
ts an almost compler structure of A

Proof: The components of J, are given by J3 = ¢g%¥e,5 = ,/99°¥¢,5.
Clearly, Jg.]f = JoB s, = €*Fey, = —62 O

Notice that every 2-dimensional, orientable manifold admits an almost complex
structure since all such manifolds are complex {27].

As can be easily verified, the almost complex structure J, is parallel with respect
to the Levi-Civita connection of M, i.e.

VxJ, =0, VX €XxX.(M) (11.146)
and it is invariant under the infinitesimmal conformal transformations of A, i.e.

LzJ.=0, VZ¢€ (M) (11.147)
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Proposition IL.8.7 Let Z be an infinitesimal conformal transformation of a
2.dimenstonal, ortented, Etnstein manifold. Then Z can be uniquely writien as

Z=X+JY
where X and Y are infinitesimal isomelries.

Proof: see {40].

In the following we assume that every infinitesimal conformal transformation of a
2-dimensional, oriented, Einstein manifold is decomposed as in the above proposi-
tion. _

By the remark at the end of the preceding subsection, the isometric part X of
an infinitesimal conformal transformation Z of a 2-dimensional, oriented, Einstein
manifold doesn’t contribute to the conformal anomaly. Moreover, the vector field
J(Z — X) = -Y is an infinitesimal isomeiry; it can thus be nsed to generate the
affine anomaly (11.122).

As Y depends linearly on Z, we can define the following unintegrated, conformal
anomaly

DI*Z) = TSY(J(Z - X)) = 3S(Qy . R) (11.148)

Notice that by (I1.147) the Lie bracket of two infinitesimal conformal {ransforma-
tions Z; = X; + J.Y;. 1 = 1,2, is decomposed as

[21.Z5] = [X), ] = (10, 12) + JAIAL L Yo) + (1), Xol)
Therefore (cf. Proposition 11.7.3).

D21, Z) = D2y, Z4)) =
= —TS:;.‘Z([X]:}-;] + ¥, X,)) = _5"T‘S‘é-2(‘yl:y2) _ 5VTS$'2(Y,,_T\'2) _
= d{TS8;(X,,Y2) + TS5 (X1, Y1)}

which shows that the conformal anomaly given by the integral of {11.148) 1s con-
sistent.
As the Levi-Civita connection is torsionless we have (cf. Proposition 11.6.10}

Qx = VX, VX € X.(M)
From (J1.146) it therefore follows that
Qix =JQx. VX €Xx.(M) (11.149)

If we take Tr as the bilinear, symmetric, Ad-invariant map &2, then the uninte-
grated, conformal anomaly (11.148) is locally given by

DIZ) = ~3Tr{Quiz-x R} = ~31051Qiz_x |°R} . dz* A dz*

where nse has been made of (11.149).
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Proposition I11.8.8 Let M be a two dimensional, Riemannian manifold with met-
ric g. The components of the curvature tensor field R of the Levi- Civita connection
of M are then given by

o 1 a [»}
Rﬁuv = ER(éugﬁV - 6::9.@;1)

where R 18 the scalar curvature.

Proof: see [30].

Observe that by the above proposition a 2-dimensional, Einstein manifold has a
constant scalar curvature.

With the help of Proposition 11.8.8 we can explicitly write down the expression of
D)} Z) in terms of Z. Namely,

DINZ)= -2 RQuz-x)li = R(div Z), Zce(M) (11.150)

where we used the fact that divr X = 0 for X € 1(M).
The unintegrated, 2-dimensional, conformal anomaly (11.150} is the same as the
one given in the preceding subsection {cf. (11.139)}.

It would clearly be nice if the decomposition of an infinitesimal conformal
transformation as given in Proposition 11.8.7 were valid for any two dimensional
manifold. We believe that this is the case, but we didn’t find any proof of this.
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Conclusions

In this work we investigated the possibility of the appearance in a quantum field
theory of consistent anomalies associated to symmetry transformations that are
related to infinitesimal diffeomorphisms of the manifold M upon which the classical
theory is based.

The most important result we found 1s the affine anomaly {11.121}). Even its
presence in the only known affine invariant field theory is masked by the Lorentz
anomaly (see Subsection 11.7.3), we believe that there are other instances where it
describes a “proper” anomaly. As we saw in Subsection 11.8.5 this is the case of
the conformal anomaly of a two dimensional Einstein manifold.

To be honest, we don’t consider our treatment of the 2-dimensional conformal
anomaly very satis{lying from the topological point of view. A more elegant way of
interpreting all conformal anomalies as affine anomalies would be the construction
of a natural, conformal invariant connection in a bundle over M. Such a connection
exists [28]. It is the normal conformal connection in the bundle of second order
frames over Af [28,23]: However, our present knowledge of this subject is not deep
enough to allow us realizing this program, and we must content ourselves with
the brute force construction of the conformal anomalies given in Subsections 11.8.2

and 11.8.3.

99



References
[1] L.Alvarez-Gaumé, P.Ginsparg, Ann. of Phys. 161 (1985) 423
2] M.F.Atiyah, N.J.Hitchin, I.M.Singer, Proc.R.Soc. A362 (1978) 425
3] M.F.Atiyah, I.M.Singer, Proc.Natl. Acad.Sci. 81 (1984) 2597
[4] W.A.Bardeen, B.Zumino, Nucl.Phys. B244 (1984) 421

(6} N.D.Birrell, P.C.W.Davies, Quantum fields in curved space, (Cambridge Uni-
versity Press, 1982)

[6] L.Bonora, P.Cotta-Ramusino, Comm.Math.Phys. 87 (1983) 589

(7] L.Bonora. P.Cotta-Ramusino. M.Rinaldi. J.Stasheff, Comm.Matl.Phys. 112
(1987) 237

(8! L.Bounora, P.Cotta-Ramusino. C.Reina. Phys.Lett. 126B (1983} 305

[9] B.Booss, D.D.Bleecker. Topology end analysis, (Springer-Verlag. 1985)

[10] R.Bott, L.W.Tu, Differential forms in olgebraic topology. (Springer-Verlag.
1982)

{11] M.Cahen, S.Gutt, M.De Wilde. Lett.Math.Phys. 4 (1980) 157

i12] 5.5.Chern, Compler manifolds without pofential theory, (Springer-Verlag.
1979)

[13] Y.M.Cho, J.Math.Phys. 16 (1975) 2029

[14] Y.Choquet-Bruhat, C.de Witt-Morette, M.Dillard-Bleick, dnalysis, manifolds
and physies, (North-Holland, 1982)

[15] L.Dabrowski, R.Percacci, Comm.Math.Phys. 106 (1986) 691

(16] M.Daniel, C.M.Viallet, Rev.Mod.Phys. 52 {1980) 175

[17] S.Deser, M.J.Duff, C.J.Isham, Nucl.Phys. B111 (1976) 45

[18] J.Dieudonné, Eléments d’analyse, vol.Ill and 1V, (Gauthier-Villars, 1971)
[19] M.J.Duff, Nucl.Phys. B125 (1977) 334

[20] K.Fujikawa, Phys Rev. D21 (1980} 2848

[21] W.Greub, S.Halperin, R.Vanstone, Connections, curvalure and cohomology.
vol.l and J], {(Academic Press, 1972)

100



[22] W.Greub, S.Halperin, R.Vanstone, Connections, curvaiure and cohomelogy,
vol.IIl, (Academic Press, 1972}

{23] J.P.Harnad, R.B.Pettitt, in Group theoretical methods in physics, Proceedings
of the 5th international colloquium, (Academic Press, 1977)

[24] C.Itzykson, J.B.Zuber, Quantum field theory, (McGraw-Hill, 1980)

[25) R.Jackiw, in Relativily, groups and topology 1I, Les Houches 82, B.De Witt,
R.Stora eds., (North Holland, 1984)

[26] S.Kobayashi, K.Nomizu, Foundations of differential geomeciry, vol.l, (Inter-
science, 1963)

[27] S.Kobayashi, K.Nomizu, Foundations of differential geometry, vol.Il. {Inter-
science, 1969)

[28] S.Kobayashi, Transformation groups in differential gcometry, (Springer-
Verlag, 1972)

[29] J.Milnor, in Relativity, groups and topology II, Les Houches 82. B.De Witt.
R .Stora eds., (North Holland, 1984)

[30] C.W.Misner, K.S.Thorne, J.A Wheeler, Gravitation, (W.H.Freeman and
Company, 1973) '

[31] P.K.Mitter, C.M.Viallet, Comm.Math.Phys. 79 (1981} 457

[32] O.Piguet, Renormalisalion des théories de jauge, (Troisieme cycle de la
physique en Suisse romande, 1983)

[33] R.Stora, in New developments in quantum field theories and statisticol me-
chanics, Cargese, 1976, H.Levy, P.Mitter eds., (Plenum Press, 1977)

[34] W.Thirring, 4 course in mathematical physics, vol.11, (Springer- Verlag, 1978)
[35] A.Trautmann, Rep.Math.Phys. 1 {1970) 29
[36] J.Wess, B.Zumino, Phys.Lett. 37B (1971) 95

[37) H.Weyl, The classical groups. their invariants end representations. (Princeton
Math. Series, 1946)

38] M.De Wilde, Lett.Math.Phys. 5 (1981) 351
[39) M.De Wilde, P.B.A.Lecomte, J.Math.pures et appl. 62 (1983) 197

[40) K.Yano, The theory of Lie derivatives and its applications, (North-Holland,
1957)

[41] B.Zumino, Wu Yong-Shi, A.Zee, Nucl.Phys. B239 (1984} 477

101



The Appendix

In this appendix we give the proofs that were not explicitly written in the main

text.
Lemma I1.3.2 Let X;,1=1,...,k + 1, be any veclor field. Then

di( Xy, Xews) = (1) (X5, X M

k4]
1) {Z l)\+1 X], . ---,Xk-i-l)LX,-
i=]
+ Z(-l)i.ﬁ 1'(—'[)‘Pf!X'.i]:*xls- ‘. 1ia'° . :j:-' . aXJH-l)}

i<y

Proof: We Rewve (e [1'])

<o ' -t < S
- 4—[3‘4, xg-f“ ® ixi-l ® 2 J;xa = - =
P
= Z 'L(x-. lxt xa-] - x;-.) + ‘L(y Xy '\L"‘t
ye o
%WN

dale, x. V= (D7 a(x. 0, )d «

Kl

c O E O e b ren) ) -

et

i:-'u' . x“'\" (x'r' tx‘\-_r)L-xq:‘\ =
4 =1

= (-) ’L(xl,',xxu\d -

-« =l

(O IZ O Ot x ek - O () e

4'(3



Proposition 11.6.13 Lef r be any n-form on M. Then the (n+2}-cochain "7 A

8YTry vanishes identically.

Proof: We faux

- ‘__ —— e 1 C ! )'1.(.1 ] Y,I AR ) L Tn‘ L
et w - } Yram.y G“ﬂ(m.a\ x’?('-;\,
- v ! y’ (79 , )'-I—I{.. ‘\‘YB =
Fea X -
o f T / \ \
= — e A yl a )(.\__. PC P :I !l -
: G ¥
£ = 1 1
— A ()‘. - y/v_‘;\\. ./ ’E: ~ ._I\’ .'? ‘\;
oo ; )T Yoo N oA d
L':;/J-'\-Ll ’:—‘ r (] ! \f‘uy'\ \' AN c (ﬂ’.. HEE AN N : )"{x\ “ '}:{l‘), :,\r..c{

RPN IR R\ D T T S = S AR e 'L."c'\'_;'j{,.\

. c-'ub»-.‘(c:.;lhj R S A | ﬂ-"/"—'{ﬁpcj
)



Proposition I1.7.2 The components of the tensor field Dy = Ly — ¥y resp.
R(X,Y) with respeet to the linear frame u, are given by

(Dx)3(z) = —w§(us X)

. ., e M
resp. RE(X, Y ) () = Q§(v.: X, Y)

where X and Y are the natural lifts of X and Y € X(}M).
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Lemma I1.7.1 Denotfe by Q1 = ¥ E; the curvature form of w. Then
Doh"=h"old - nri(2g))
where Zg, is the fundamental vector field induced by E; € LG (cf. Definition 1.2.2)
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Lemma 11.7.3 Let 6 be the coboundary operator associated to the represeniation
3 of X.(P). Then

D Z TSSE 201 20) = (=12, 2087 (Q)+

p=-1

+ (_)k+1 Z _T;_'Q‘J A Q" AR [ k ITS‘P J“‘)(Zh"wzk)]
m=0 )
Proof
o DL 2D et fone
‘:;.l LI =P Y
ol TS o (s 2.
—_— L
et
| Y e, , X _ e . _ P
= L m—‘ T i - Dor\‘ Af:l ;k\) r —:‘: [% o
E;% Lemma T3] awor Lemmoe TL.32 < Pare
. * x < --\I
Dsh 31 (2., ix) = h [;‘J « (2, E"‘\l ) P (35\"" (=, ;‘v\![=
! ? J
5 -
- (—I) h [{(2\, :;-u\d - T A (2. iyc\'&(zé-\ -+
& 3 \
. =)
0T (2 2 ) la, w2 e fzia 1)
£zt ~ <y !
r‘fm_m Lemme L.72 oad propos':'l-oh 1'34 t P".I‘:‘*"’ .
3 = —~
) §(A) b meo
dTg’ -
W"G,..,Gm -
— o
\ ,__"_._ ((ZEC\TL-S;:_Q - ( , n->,l
;axf.tfw.n
f_ _ e ZpLvan ~ v = , c
|:)___ b ~ (Z 2»:)- (—I) /L(:": 2“\)%/-—?—)’"
s S L]



-t
'(P

e, 0. .
- (-.f) A ._-I__.-D- A. oA S ~ h‘ 4(2“_.2“}‘1 e (_3_‘_ \T r +
L] MI - . ‘:&a ! U":J An'
VT at ot
-~ = —;—.—rl PP ” I’) 4(2,,2“)4(25\7(8': e
Me o Lial : ':;er €
Wyt e / ¥
* 1 a' "I ~ -1 !
T at e RS Tl a2
e o M'_ ' ““‘JQ'- Qo ' ' " :
tofine  une  Fhen B mmesdle aE Ve cml" '!Jzo.J.‘ T "-fi . ;
) ] T w b Ve h I s I
r"\c-mxﬁj- f/m-»-. | "5222-.5.{)0.& ’8\(2\7(5: —_— P
< “E e, = Lo T Sa.
3N v £, (n

{’/.( L 3
a5

{f\‘; . £ inoe i N
= .L;..r\f\&/'\?)f./n: {ﬁ‘t Dﬂ""‘-') A -{pvl /“(L:'\-:J Cv«-.-i VI’.-'V:’{ Ly e G { LD

[

LAy | P
" ..I) | ] e, QP ¥ -
LI At e b (a2 )0 (2, )T

o B okt comsfen fn k1 s TS



Lemma I1.7.4 Let K be a fensor ficld of type (1,2) on M and « the associated
horizontal, ad-equivartant, gl{n,R)-valued I1-form on LM. Then fo Lx K is asso-
ciated Ly, where X 1s the natural lift of X € X(M).
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Proposition IL.7.5 Let X € 1(M) and o, = {Eio}, 1 =1,...,n, be a local section
of OM*. Denote by [X,E,)’, j = 1,...,n, the componcnis of the vector field
(X, Eio] with respect {o the linear frame 0o. Then the matriz | X, Eaj(z), = € U,,
whose clemenis are given by [X, Ei.)'(z), belongs to so(n,R). '

Proof: .t ) e Do matic temaon Mol on M.

go\ amay wecton Pucgobs Yo , 4023 om M owe Rone (u.c [26})
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Proposition I1.8.5 Let v be a g-form on M. Then for any infinitcsimal confor-
mal transformation Z we have

2
Lyr="Lzr+(1- f)(div Z)y'r
where *7 denotes the Hodge dual form of T (see Definition 1.1.17).
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