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Preface 

This thesis presents a part of the work I have done at the University of 
Neuchâtel in the high energy theory group. It addresses the field of phenomeno-
logical string theory from the effective field theory point of view. This field 
bloomed in the mid eighties after the discovery of the heterotic superstrings and 
compactifications which would lead to phenomenologically interesting models. 
Intensive efforts were then made to find the string vacuum which would lead to 
a string theory containing the Standard Model in its low-energy limit. It was 
rapidly realized that no known principles would pick out the correct vacuum 
but this search lead to a better understanding of string theory itself and also of 
supersymmetric field theories. 

My interest in string phenomenology was sparked by the publication of Dixon, 
Kaplunovsky and Louis [17] where the threshold corrections to gauge coupling 
constant arising from string 1-loop were computed. The problem of the non-
harmonic threshold corrections raised at that time lead to a clarification of the 
status of quantum corrections in supersymmetric effective field theories of strings. 
The understanding of these corrections in terms of anomaly cancellation of a 
physical string symmetry (target-space duality) by Derendinger et al. [15], in 
particular, showed how these symmetries could be a tool in the construction of 
low-energy effective theories. 

Quantum corrections to string effective field theories is a difficult subject since 
one has to disentangle string effects from quantum field effects and at the same 
time keep only relevant terms in the low-energy approximation. This can be 
illustrated for example by the debate on the use of the linear multiplet L or the 
chiral multiplet S. The first one appears to be natural from the string theory point 
of view since it contains the curl of the antisymmetric tensor field d^Byp and the 
dilaton C as its lowest components. These fields are always present in the massless 
spectrum of the heterotic superstring and moreover, the vacuum expectation 
value of the dilaton is. in the string frame, the string loop-counting parameter. 
On the other hand, from the supersymmetric field theory point of view, the 
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dural multiplet formulation is better suited for the analysis of its holomorphic 
properties. 

The quantum corrections are determined by computing various scattering 
processes at the string level and, from the low-energy limit of these amplitudes, 
determine the effective theory. Going beyond the tree level allows the effective 
theory to be sensitive to the massive string states which can enter string loops. 
The use of the Wilson approach to effective theories permits to unambiguously 
define the order of the quantum corrections and therefore to extricate the string 
loop effects from the genuine field theory loops. The Wilson action is not a 
physical object and can suffer from anomalies. These anomalies can be separated 
in two classes. There are the non-local anomalies which arises through massless 
states circulating in fermions loops and local anomalies which are anomalies of 
the Kahler symmetry of the effective action and can be traced back to target-
space duality. The latter can be cancelled, in some cases, by a four-dimensional 
Green-Schwarz mechanism. This leads us to the work of this thesis. 

The idea behind my work is the following. The computation of quantum cor­
rections at the string level is difficult and up to now a limited amount of data 
is available. For example, the work of Dixon et al. cited earlier only includes 
moduli dependent threshold corrections to gauge couplings leaving out any con­
tribution of the matter fields. If exact results are difficult to derive, one can try to 
extract hints from a limiting case which would direct our search of string quan­
tum corrections. This philosophy has motivated the study of the reduction of 
the Green-Schwarz counterterm in Calabi-Yau compactification of the heterotic 
superstring. 

We work in the zero-slope limit of the superstring and start our analysis with 
the ten-dimensional supergravity lagrangian of the EQ X E'g heterotic superstring. 
This theory contains higher derivatives counterterms which cancel gauge, grav­
itational and mixed anomalies: the so called Green-Schwarz counterterms. The 
compactification scheme which we will consider is the (2,2) Calabi-Yau compact­
ification of the heterotic superstring and leads to an JV = 1 supergravity in four 
dimensions. In the limit where the compactification scale is much smaller than 
the Planck scale, it amounts to a harmonic expansion of the ten-dimensional fields 
over the Calabi-Yau manifold. The reduction of the Green-Schwarz counterterm 
to four dimension will then give us informations on the effective theory in the 
large radius of compactification limit by fitting the terms obtained by reduction 
with the result of N = 1 supersymmetric field theory. 

The text of this thesis is organized as follow. The first chapter is a gen­
eral introduction to the problem of quantum corrections in effective theories and 
presents the superconformai approach to supergravity. The second chapter is 
the reduction of the Green-Schwarz counterterm itself while the analysis is done 
separately in chapter 3. These three chapters can be read independently since 
they refer only to results and not to the details of each other. 
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1.1. Effective field theories as a low-energy limit of superstrings 3 

Since the advent of string theory, high-energy particle theorists have embarked 
on two opposite research directions. One approdi starts on the solid ground of 
the Standard Model of elementary particles and goes up in energy to describe 
physics beyond the electroweak scale while the other starts at the Planck scale 
with the new concept of extended objects at the fundamental level and goes 
down in energy. Today the gap between superstrings and experimental physics 
is bridged in part by effective quantum field theory. We know that physics up 
to the Tev scale is well described by quantum field theory. This means that in 
its low-energy limit, string theory must be described by an effective field theory. 
Gaining control of the passage from high to low-energy is a crucial step for string 
theories since it contains the seeds of its first experimental checks by introducing 
new effects which will have no counterpart in ordinary field theory. 

In this chapter we will briefly describe how string theory determines the form 
of this effective theory and the different roles played by massless and massive 
string states. The accent will be put on the role played by string symmetries 
which introduce very restrictive constraints on the form of the effective theories. 
We will also introduce the basics of the superconformai formalism, one of the 
formalisms used to describe the low-energy effective theory. As an example of 
the interplay between string theories and four-dimensional field theories, we will 
end this chapter by expeditiously going through the problem of loop corrections 
to gauge coupling, a problem that has fuelled intensive work in the past few years. 
This will allow us, to introduce the concept of moduli fields and their links to 
field-dependent couplings. 

1.1 Effective field theories as a low-energy limit 
of superstrings 

The low-energy limit of string theories is a rather clear concept. It is the limit in 
which the physics appears to be described by point-like objects. This corresponds 
to lim or equivalentlv to Hm . Technically, the situation is more intricate since 

a'- t-O " Mp—ïOQ 

there are various ways to obtain an effective quantum field theory from strings. 
They all have some pro and con as I will briefly show below. 

The effective field theory describes the dynamics of the massless string degrees 
of freedom. The heavy states, being of order of the Planck mass, play only an 
indirect role when quantum loops are taken into account. At the beginning of the 
nineties, some one-loop string effects to effective fields theories were computed 
[17, 3, 4, 5] in the form of threshold corrections to gauge couplings. At this point, 
the interpretation of these corrections as an anomaly cancellation process was not 
clear. This confusion can be traced back to the distinction between the notions 
of Wilson effective actions and the usual one particle ireducible (IPI) effective 
action of field theory. Let us recall that the Wilson action is an effective action in 
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which all the modes above, a certain scale \i have been integrated out. This means 
that not only the heavy states have to be integrated but also light states with 
large momenta. The Wilson action is not a physical object since it does not take 
into account the running of the physical quantities. It can therefore be anomalous 
under some physical symmetries of the theory. The physical quantities have to 
be extracted out of the IPI effective action. In the case of effective field theory of 
strings, this IPI effective action corresponds to the generating functional of the 
one-particle irreducible Feynman diagram of the theory defined by the Wilson 
action. This justifies the following nomenclature. The effective theory is the 
quantum field theory defined in the Wilson sense and the effective action refers 
to the usual IPI. 

If at tree-level the two notions are equivalent, it is not the case anymore 
when loop corrections are taken into account. At tree-level, there is basically 
one scale in the problem given by the momenta of the external states or more 
precisely by the ratio -~ where E is the energy of the process and M# the mass 
of the heavy particles. If quantum effects are taken into account, the situation 
is more complicated since it involves two scales. First there is an ultra-violet 
scale M(/v which cuts off loops above a certain scale where the effective theory 
description is not valid anymore. Second there is an infra-red scale MJR which has 
to be introduced in order to regularize the divergences introduced by massless 
loops. The physical observables depend on Mm through the renormalization-
group equations. With this in mind, we can now more precisely state what is 
meant by one-loop corrections to string effective field theory. Generically, the 
effective field theory can be written as a supergravity lagrangian C whose form 
is determined order by order in string loops. The one-loop corrected C is 

C^ is the tree-level (classical) contribution and the one-loop corrections Öl\ 
When computing physical quantities, the one-loop corrections are of two types. 
First there are the genuine quantum field corrections which arise from loops 
constructed with vertices of C^. These vertices have themselves been constructed 
from string tree-level expressions. Second we have new tree-diagram arising from 
C^. Their role is to cancel anomalies of string physical symmetries (like target 
space duality) which arise from C^0K This reasoning can be carried to n-loop 
corrections. Note that this interplay between field and string corrections can be 
described in the framework of the Wilson action. 

One way to obtain the effective theory is to compute scattering amplitudes 
of massless states at the string level and then construct a four-dimensional field 
theory reproducing the same amplitudes in the low energy limit. In the conformai 
field theory language this amount to compute N-point correlation functions 

A-^(V1(Z1 Z1 A),...,V5v(*, z, k)) (1.1) 
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where the VJ are vertex operators and g is the string coupling constant, z and z are 
the insertion points on the world-sheet and k is the momentum. For example, 
in the case of the universal sector of the heterotic superstring, the low-energy 
supergravity lagrangian up to two derivatives is determined by computing 2, 
3 and 4 point functions at string tree-level [21, 22, 23, 8]. This leads to the 
following lagrangian density for the metric (g^), the antisymmetric tensor (B^), 
the dilaton (</?) and the gauge fields 

where H^9 = d^Bvp + dyBPß + dpB^u and F^ is the gauge field strength. By 
associating strings modes to fields in the above lagrangian, one relates the string 
coupling constant g to the four-dimensional gravitational constant K and the 
gauge coupling constant g$, 

k is the level of the Kac-Moody algebra of world-sheet currents. Higher derivative 
terms are also introduced see for example Gross and Sloan [24] 

This method has the advantage of providing relations between the string pa­
rameters and field theory parameters in a rather simple way. Its disadvantages 
are obvious. Computations become difficult when one goes to higher orders and 
up to now few string loop calculations have been done. 

An alternative way to proceed is to use the sigma-model approach. This 
method is also called the background field method since it describes the propa­
gation of the string in a given background. With the low-energy effective field 
theory in mind one can see these background fields as the result of the integra­
tion of heavy modes. The equations of motions of these background fields are a 
consequence of the superconformai invariance of the world-sheet. 

If the effects of string tree-level are well known, going beyond one-loop is a 
difficult task and the use of exact string symmetries is a help in determining the 
possible forms of the effective theory, as will be shown in the next section. 

1.2 Beyond the classical level 

Introducing quantum corrections in effective field theories of string is a difficult 
problem. In the high-energy regime we are faced with string quantum effects. 
These induce modifications to the effective field theory. In the low-energy regime, 
as physics is described by a field theory, we have to take into account the usual 
quantum effects. 

Analysis done at the string tree-level in the low-energy limit is easier since 
it does not require the introduction of the massive string modes. Quantum cor­
rections to string scattering are described by world-sheet of genus greater than 
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one. For example, one-loop corrections are determined by world-sheet with the 
topology of a torus. At tree-level, low momenta in the external lines imply low 
momentum in the internal lines which in turns means that massive string modes 
play no role in the computation of the scattering amplitude. At the quantum 
level, there is the possibility of having massive string states circulating in the 
internal loops even for low external momenta. We have to take the full string 
spectrum into account in the computation, the massless states as well as the infi­
nite tower of massive excitations. This will be reflected in. the low-energy theory 
by the introduction of new terms in the lagrangian. 

On top of these, we have also to take into account the quantum corrections 
in the effective field theory. These appear as standard loop effects of field theory. 
Both the Wilson and the lPIeffective actions enter are needed. 

1.3 Superconformai formalism 

As seen above, the effective field theory of low-energy superstring can be described 
by an N = 1 supergravity. Over the years, many supergravity theories have been 
constructed. They differ mainly by their auxiliary fields. All these theories 
can be derived from a theory with a larger symmetry algebra, the conformai 
supergravity. In order to go from the superconfonnal theory down to the super-
Poincaré theory a new multiplet has to be introduced. This multiplet is called 
the compensator. Fixing the compensator allows us to go from conformai to 
the Poincaré theory. Various choices of the compensator will lead to different 
formulations of supergravity. The superconformai tensor calculus is particulary 
well suited for our study and we will recall some facts about it below. A complete 
review of tensor calculus can be found in [30]. 

1.3.1 Supermultiplets 

Conformai supergravity is the gauge theory of the N = 1 superconformai algebra 
5«(2,2|1). Superconformai multiplets are characterized by two weights w and n 
which determine how the lowest component c of the multiplet transforms under 
dilatation and chiral U(I) rotation, 

SxDc = w\Dc, 
SQC = ^nOc. 

XD parametrize the dilatations and B the chiral rotation. The most general mul­
tiplet one can construct is a vector multiplet V and the others are obtained for 
special value of w and n. The different types of multiplets of use here are grouped 
in the table on top of the next page. 

(1.2) 



1.3. Superconformai formalism 

Multiplet 

Vector ( complex ) 
Vector ( real ) 
Chiral ( right ) 
Chiral ( left ) 
Linear ( real ) 

Symbol 

V 
V 
E 
S 
L 

w n Components 

w n 
w 0 
n n 

—n n 
2 0 

c, Xp1 m, n, bft, A, d\ 
C1^M1N1B111X1D] 
Z, lfrRih] 
h ^L, ft] 
c, ̂ 1 B11] 

Table 1.1: Supermultiplets 

In order to do some calculations, the following formulas giving the embeddings 
of the chiral E, anti-chiral E and linear multiplet L into a vector multiplet will 
be useful, 

V(S) = [z,-^Ä1-/,*:/,zZ)<z,0,0], 

V(S) = [ 2 , ^ , - / , - 1 / , - ^ ^ 0 , 0 ] , (1.3) 

V(L) = [c, ¢ , 0 , 0 , ^ , ^ , - 0 ^ ( 7 ] . 

In the case of the linear multiplet, we have a constraint on the B^ field, 

£££" = 0 

Df1 is the superconformai covariant derivative and Oc the superconformai 
d'Alembertian operator. Once the symmetry has been fixed down to Poincaré, 
only the auxiliary field left is the gauge field A^ of the chiral U(I) transformation. 
The covariant derivative reduces then to, 

K = % - 2 A»n (1.4) 

where n is the chiral weight. 
In this work we will be mostly interested in the bosonic components of the 

real vector multiplet (V). the chiral multiplets (E, Ë) and the real linear multiplet 
(L). 

E : W = U = Q [2,0, h] [ 2 , 0 , - / s , z/s, ^ 2 , 0 , 0 ] 

Ë: W = U = Q [zAk] [zA-ft,-iffi,-ifyzAà 

L: w = 2:n = Q [C1Q1V11] [C, 0,0,0,^,0, -GCC] 

where DCC is [32]. 

(1.5) 

UCC = UC+-RC (1.6) 
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Vi = 

2,= 
2,- = 

Zi , O , m,-

^,0,/sJ 
Zi,O, hi 

ni , 6(/J , O , di 

since the dilatori C has chiral weight 0. The multiplication law for the bosonic 
components reduces to 

; « = i,2 

V3 = V1XV2 

= ZxZ2 , 0 i *1™2 + Z2TUi , ZiU2 + 22"l. ZiO211 + Z2O^ , 0 , 

z\d2 + z2dx + TTiIm2 + nin2 - 61̂ 62** - Dc^ziDCfZz2] 

S 3 = Si x S2 

= [ZlZ2 ,0,Zi/E 2 + 2 2 / s i ] 

V = E x E 

zz , 0 , - ( Z / E + z/E) , - i ( z / s - I / £ ) , -{(zd^z - zö^z) 

, 0 , 2 ( / E / £ - O11Pz)] 

with 
U>3 = Wi + W2 , n 3 = Ui + Tl2. 

Powers of bosonic multiplets are given by 

V* = [Ck, 0 , fcC^M , kC^N , A C * - 1 ^ t 0 

IzC-1D + ìfc(fc - l)Cfc"2(Af2 H- ./V2 - B 2 - (D^C)(DC^C))] 

S* = [zk , 0 , fcz^/r] 

Sfc = [zfc , 0 , Az^1Zs] 

In the case w = n = 0 one has the following expansion for functions of chiral 
fields 

$(2) = Wz)1O1W2 ] 

¢ ( 2 , 2 ) = [<é(z), 0, - ( ^ / E + ^ / E ) 
, » f^/s - 4>sfz) 
, i ( & J D J * - &Z?<z) , 0 

The Chern-Simon multiplet is determined from the gauge kinetic terms. The 
gauge field strength W is normalized such that the highest component of WW 
contains the Yang-Mills action, 

WW = P« pa I*» _|_ r)2 _ LfPvpv Fa P° 
• • - , - • - , 2 ^ 4 w P° 
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The gauge kinetic terms are then given by 

j[SWW]F + h.c (1.7) 

with S a chiral multiplet. The gauge coupling is 

I = R* [S]. 

The non-abelian Chern-Simon multiplet is defined in terms of W by 

[(S + S)fl]fl = - |([SWW]f + h.c). (1.8) 

In the Wess-Zumino gauge, its bosonic components are then 

0,0,0,0, ^ W ^ , 0, \F^F" "" - l-D2 

where wvpa is the Chern-Simon form. 

1.3.2 Tree-level lagrangian 

The tree-level supergravity lagrangian will be described by the following mul­
tiplets. The compensator field SQ will be chosen to be a chiral multiplet with 
w = 1 = n. This is the simplest choice and leads to a minimal Poincaré super-
gravity. Matter will be put in chiral multiplets with vanishing Weyl and chiral 
weight. The dilaton and the antisymmetric tensor fields will appear in a linear 
multiplet L. This determines the weights to be w = 2 , n = 0. The lagrangian 
becomes a superconformai D density, 

C = S o W ^ , E, 2ev + [S>(£)] _ + h.c. (1.9) 
D 

In the case of superstring effective theories, at tree-level, the function $ is given 

SQSO V SQSQ J 

with the function F(x) is 

The function K appearing in the argument of F is a real function of the scalars zl 

and Zi called the Kahler potential while w (S) is the superpotential. Considering 
only the bosonic sector, the field content of the various multiplets is, 

V = [0,0,0,0,^,0,0] 
S0 = [-Zo5O1Zo]. 
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Here £ ' represents either the matter multiplets or the chiral moduli. The com­
ponent expression for the bosonic kinetic terms is [16], 

rl£ = - a Ä 4 + i ^ a M C Ö " c + a ^ ö " z ^ 
4 {tfcf " 4«»C --K2T^VK - Z^K[FVF1U,]. 

(1.10) 

In (1.10), the last gauge symmetry, the dilatation symmetry which remained, has 
been fixed by imposing that the Einstein term, 

1 _ 
0-2O^o eR, 

has the canonical form, 
_3J_ 

2 K2' 

A much more detailed analysis of the supergravity lagrangian with a linear mul­
tiplet can be found in [16]. In this reference, it is also shown how one goes from 
the above formulation to the more familiar formulation of supergravities using 
chiral multiplets only. 

1.4 Field-dependent gauge couplings 

As briefly sketched in section (1.1), one knows in principle how to compute an 
effective quantum field theory representing the low-energy limit of a superstring 
theory. Practically, it is wiser to use some physical arguments to determine 
the form of the effective theory than to attempt a brute force calculation. The 
strategy is rather simple. One starts with a quantity which is well defined both at 
the field and string theory level. This allows the comparison of results obtained 
by using field theoretical technics with direct calculations from strings. 

In recent years, much work in this spirit has been devoted to the computation 
of quantum corrections to gauge couplings or more precisely to field-dependent 
gauge couplings. In string theory, the gauge couplings ga depends on the vacuum 
expectation values of moduli fields. The indice a labels the factor of the gauge 
group when G = TlG11- These fields are called moduli since they parametrize the 
string vacuum. The value of the gauge couplings in the effective theory cannot 
yet be determined since we have no mechanism to fix the expectation values 
of these moduli. In the past few years, the dependence of ga on these moduli 
fields has been intensively studied but many questions still remain open [28]. 
One field always present in the gravitational sector of string theory is the dilaton 
field. This field can be embedded into either a chiral or a linear multiplet. Even 
if the two choices are physically equivalent, thev differ conceptually. From the 
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supersymmetric field theory point of view it is more natural to use, as for the 
other moduli and matter fields, a chiral multiplet. This multiplet allow a clearer 
analytic analysis of the theory and general results exist for it. The problem with 
the embedding of the dilaton field in a chiral multiplet is that its relation to the 
string vertex operator can not be determined at tree-level like for all the other 
fields. It has to be corrected order by order in perturbation theory. This shows 
that from the string point of view, the situation is completely different. It is 
the linear multiplet which is more natural to use for the dilaton fields. Moreover 
the dilaton always comes with an antisymmetric tensor field which only appears 
through its curl in the lagrangian and becomes naturally one of the components 
of the linear multiplet. 

The interests of the gauge couplings is that not only its field theoretical as­
pects are well known but also that it has been computed in string theory by 
various authors [17, 3, 4, 5] beyond the tree-level. Recall that at tree-level, ga is 
universally given by [21], 

\ = kaReS, (1.11) 
Qa 

where S is the chiral multiplet for the dilaton and kQ is the Kac-Moody level. 
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2.1. Motivations 15 

2.1 Motivations 

The Green-Schwarz counterterm AS is expected to yield information on quantum 
corrections to string effective field theories in the following way. Assuming that 
the compactification scale Mc is much smaller than the Planck scale Mp, one can 
first take the field theory (zero-slope) limit of the string and then do a compact­
ification of the extra dimensions. In this work, we will be concerned only with 
the heterotic superstring. Its field theory limit is a supergravity super-Yang-Mills 
ten-dimensional field theory with stringy corrections. The Green-Schwarz coun­
terterm is introduced to cancel gauge, gravitational and mixed anomalies arising 
through an hexagon diagram. AS is composed of higher dimensional operators. 
The reduction of this theory to four dimensions will lead to an N = 1 supergrav­
ity, super Yang-Mills theory. In the superconformai formalism, these theories 
can be characterized by the Kahler potential K, a real function of the supersym-
metric multiplets and a holomorphic superpotential w. The anomalies arising in 
the Wilson action can be cancelled by a four-dimensional Green-Schwarz mech­
anism. Calculations in orbifolds have shown that these corrections to the tree 
level lagrangian take the form 

-J^C(K)[LK]0. 

One should therefore expect to see some of the components of the above ex­
pression arising in the reduction of AS. This "fitting procedure" between four-
dimensional supergravity and the reduction of AS will be giving us informations 
on the large T limit of the Kahler potential K where T is the overall moduli 
( radius of compactification). 

This chapter is organized as follow. First I recall how the Green-Schwarz 
counterterm is constructed in the ten-dimensional field theory limit of the Eg x E'8 

heterotic string. This construction will be done using the language of differential 
forms since it will be the one used later on in this work. After a brief introduction 
to the spin connection and some general facts about dimensional reduction, we 
will concentrate on our specific problem; the reduction of the Green-Schwarz 
counterterm. The spectrum of the Calabi Yau compactification will be explicitly 
written and the harmonic expansion over K of AS presented. A special part of 
AS. the one involving the antisymmetric tensor, will be considered in more details 
since it was the subject of some analysis in the littérature. We will therefore end 
with some general features of the part of the Green-Schwarz counterterm involving 
the anti-symmetric tensor field and compare with some published results. 
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2.2 The Green Schwarz counterterm in 10 di­
mensions 

The Green-Schwarz counterterm, AS, in ten dimensions cancels gauge, gravi­
tational and mixed anomalies. General methods have been found to compute 
anomalies in various space-time dimensions. In order to define the notation, we 
will briefly describe the construction of AS using the language of differential 
forms developed by Zumino et al. [39, 40] and [2]. 

The zero-slope limit of the heterotic string theory based on £g x .2¾ is a ten-
dimensional N = 1 supergravity-superYang-Mills effective field theory. Even if 
the following results are more general, we will concentrate on this model in this 
thesis. Let us represent the effective action of this theory by T. The existence 
of a continuous symmetry at the classical level implies the existence of a con­
served current, O11J^ = 0. An anomaly is the breakdown of this symmetry at 
the quantum level. This means that the vacuum expectation value of d^J^ does 
not vanish and therefore that ST ^ 0[I]. The bosonic terms of anomalies can be 
characterized as follow. 

Consider an infinitesimal gauge or coordinate transformation parametrized by 
A. The corresponding anomaly is described bv the variation of an effective action 

r, 
G(A) = g . (2.1) 

The anomaly G is subject to the Wess-Zumino consistency condition which relates 
two succesive transformations, 

AA 1G(A 2) - A A 2 G ( A 1 ) = G(A) (2.2) 

where 

A = [A11A2] 

In our case, the space M is ten-dimensional and mathematically G is an integral 
. over M of a ten form. Formally, this ten form is determined by a gauge invariant 

12 form Ii2(F,R) where F and R are the gauge and gravitational curvature. 
By using the expression of the curvatures in term of their respective generalized 
Chern-Simons form, 

TV[F"] = (HJgL1 ; Tr[iî"] = dn^>-1! 

it follows that 
dTr[Fm] = dtr[#n) = 0 

and 
d/ l2 = 0. 
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7i2 is closed and can be written locally, 

Z12(F1A) = OZ11(A1W) 

where A and w are the gauge and spin connection. These matrix valued 1-forms 
are related to the curvatures by 

F = dA +A2 = UFZdXtAdX0T8, 
(2.3) 

, , AfP A W T " W 
4 J ^ W 

R = dw + u2 = \Rùùôçdxfi Adx^, 

where t™ = -P? denotes generators for the vector, (10), representation of the 
Lorentz group 50(1,9) and TB are generators for the adjoint representation of 
Es x -Cs- Since /12 is gauge invariant, there exists an 11 form depending on the 
gauge or spin connection such that, 

d<5A/n = 0. 

In the above equation S\ denotes an infinitesimal gauge or Lorentz transformation 
with parameter A (a zero form). Then, locally 

^Z11=OZ1
1O(A1A1W)1 

where the superscript 1 indicates that 7io is linear in A. The consistent anomaly 
G can then be written as 

G(A1A1W)=CyZj0(A1A1W). (2.4) 

C is a constant defined by the normalization of the anomaly (see [40]). The 
12-form characterizing gravitational, Yang-Mills and mixed anomalies arising in 
hexagon 1-loop diagram is determined by the chiral fermions of the theory and 
is given by [2] 

Z12 = -£ l r [Z*] + iTr[F<] tr [R2) 

- ^ T r [ F 2 ] (4tr[i?*] + 5(tr[i?2])2) 

+ ( £ + I i I f ) ( ^ 2 ] ) 3 (2-5) 

+ (1 + ^ t T [ Z i 4 I t I [ A * ] 

+ ^ t T [ Z f ] . 

I adopt the convention where Tr refers to traces in the adjoint representation 
and tr to traces in the fundamental representation of the various groups. The 
Green-Schwarz anomaly cancellation can take place only if /12 factorizes as. 

/12 = h A J8. (2.6) 



18 2. The Green-Schwarz mechanism in CaJabi-Vau cowpactifìcation 

This allows the possibility of cancelling anomalies using the antisymmetric tensor 
field Bft».The factorization requires then that tiR6 is absent and, second, that 
TrF6 factorizes. These requirements imply that n = 496 and that the gauge 
group cannot contain an independent 6 order Casimir, conditions which are far 
from trivial. It is amazing that in the case of the Es x E'8 heterotic string, both of 
them are realized. First the dimension of Es x E'8 is 248 + 248 = 496 and second, 

TrF6 =' ^-TrF2TrF4 L-(TrF2)3, (2.7) 
48 14400v ; v ; 

which is specific to Fg x Fg. This choice is not the only solution but it will be 
the only one studied here. From this, one can read off the 4 and 8-form of (2.6), 

h(F,R) = J-JrF*-^0(TrF2)2 +^rR*+ j-2(trR2)2-^TrF2UR2, 

I4[F1R) = trR2-±TrF2. 
(2.8) 

In this case, G takes the form, 

G(A) = C (I+ a) J(URi-TrF2) It(F,R, A) 

+ C(\-a)j (u f >(A,u,A) - JP(A,u, A)) IS(F,R) 

where I!
6 is defined by dl'6 = S^I7 with /8 = d/7. J^ a n ^ ^ 2 ^ a r e t w 0 2-forms 

whose infinitesimal transformation gives the Lorentz and Chern-Simons form, a 
is an integration constant. This anomaly can be compensated by introducing a 
counterterm AS such that 

G + SA (AS) = 0. 

A crucial element which permits the construction of AS is the presence of the 
antisymmetric tensor field B& whose gauge transformation is 

5i? = 4 (G)-<4 ( i )-
AS is given by 

A 5 = - C | [ ß A / 8 ( F , Ä ) - ( | + u)/7(A,a;)/3(A,u;)], (2.9) 

where B is the 2-form ^B^dx*1 A àxu. I3 and I7 are respectively 3 and 7-forms 
polynomial in A and LO. I7 is defined above and J3 is determined by I4 = d/3. The 
explicit form for the counterterm (2.9) is then given in terms of the connections 
and curvatures by introducing in the above expression 

/3(.4.0;) = n£(w) - ä n f M , 

IMM = J-^C(A) + i n » - ^TrF2Uf(A) + ì t r Ä ' f t » (2.10) 

- à fn?M) tri?2 + H3^)TrF2I 



2.3. Dimensionai reduction 19 

The relevant Chern-Simons forms are [I]: 

Qg(A) = Tr [A(dA) + §*3] , 

n£(w) = Tr [u(dw) + |UJ3] , 

îîf(^4) = Tr U ( ^ ) 3 + fX3(di4)2 + 4i4(di4)i42(d>4) 
(2.11) 

+2Aò(dA) + f A7] , 

fìf(w) = Ti[u{du)3 + lu^<kü)2 + lu(du)uH<ko) 

+2w5(dw) + fu;71 

2,3 Dimensional reduction 

Before doing the actual compactification on a Calabi-Yau manifold, let us review 
the process of dimensional reduction and introduce some notation. 

We start by introducing a notation convinient for problems involving dimen­
sional reduction in general. The conventions are analogous to ref. [35] (see also 
[34] for a derivation of the effective theory of N = 4 superstrings using similar 
methods). It will be assumed that we are reducing a theory from ten dimension to 
four but most of the formulas can be generalized to other cases. Ten-dimensional 
indices, with values 0 , 1 , . . . , 9 will be hatted: 

Curved indices : ß, vì p, ò, 
Flat indices : rô,rc,j5, s. 

Four-dimensional space-time indices (= 0,1,2,3) will be: 

Curved indices : /i, v, p, a, 
Flat indices : ra,n,p,s, 

and finally indices for the six compact dimensions will read 

Curved indices : a, /?. 7 = 1 , 2 , . . . , 6 , 
Flat indices : a,6,c = 1,2,.. . ,6 . 

As for indices, fields defined in ten dimensions will be hatted when used in ex­
pressions involving reduced fields. The ten-dimensional metric g^ and the flat 
metric 

j)ft« = diag(l, - 1 , . . . , - 1 ) (2.12) 

are related by the zehnbein V^1 

9j» = V ^ V Ï W (2-13) 
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Dimensional reduction proceeds in two steps. The theory is first rewritten as 
a 4-1-6 dimensional theory, with 50(1,3) x 50(6) Lorentz symmetry. Symmetries 
in 50(1,9) /50(1,3) x 50(6) allow to choose a convenient form for the zehnbein, 
which displays the particle content of the reduced theory. Then, the fields are 
assumed not to depend on the internal compact coordinates. 

Using ten-dimensional Lorentz symmetry 50(1,9) acting on indices m,n..., 
the zehnbein can be taken as 

Vt = ( "7 2KP ) • (2.14) 

In this expression, the scalar fields #£ correspond to the internal vierbein, tp = 
det<3>£ and A; is a parameter which will be determined for convenience later on. 
This choice for Vf is invariant under the 50(1,3) x 50(6) subgroup of 50(1,9) . 
The 36 components of $° contain 21 independent scalar degrees of freedom since 
50(6) symmetry can be used to remove 15 components. Using eq. (2.13), the 
metric tensor becomes 

-2KAlK1 -hQß â» = ^ ^_z;tr°" _ ;>_ W ) i (2.15) 

where the internal metric is 
haß = Ktytab. (2.16) 

The inverse zehnbein V&m is defined by 

yßAyn = ^mn_ 

it reads 

(2.17) 

with 
K = V* A^, V£V; = S"m, (2.18) 

and $£ is the inverse internal vierbein, $*$£ = <5J. This leads to the following 
inverse metric tensor, 

9
 ~[-2KA»« -ha2 + 4K2<p-2kA» 01Al) ^ 1 9 J 

In ten dimensions, fiat indices m,n,... are lowered using ^ n 3 ^ raised with its 
inverse y)mn while in the four dimensional space-time, curved (fiat) indices are 
now lowered with gßV (rj^) and raised with gßV (rfv). 

As an illustration let's derive the ordinary reduction of the Einstein action. 
It involves the curvature tensor defined by 

Rfiûpqiû) = dfiûptf - dfiùffi + w^'ww-ç - 4 ¾ ¾ ¾ , (2.20) 
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in terms of the connection CJ^ — —Q^p. It is useful to work with flat indices 
only and to introduce 

0 * * = V&G>m. (2.21) 

and recall that Un1Ap is antisymmetric under the exchange of the last two indices. 
The curvature scalar is then 

and Einstein action is 

S9^. = ~ Jd10XVR(U), (2.23) 

where V = det VV". The connection w^ap is a scalar under general ten dimensional 
coordinate transformations. It is a function of the zehnbein, its inverse and its 
first derivative: 

+ finp ,m " p m . f t j 

(2.24) 

where 

f W = \ (ySyl - VM) dovi, = -U^. (2.25) 
The curvature scalar can then easily be computed: 

R(u) = wV*** - û***^/ + 2 ^ W - (2-26) 
In the gravity action (2.23), terms involving derivatives of connections can be 
eliminated by partial integration, to obtain 

Ss™. = - ^ j / d10x V («V*** + ***»*V) • (2-27) 

This equation will be useful to normalise correctly the lower dimensional theories. 
eq. (2.24), (2.25), (2.14) and (2.17) can then be used to compute the connec­

tions ùfnnp for the case of dimensional reduction, 

<9a(any field) = 0. 

This results in 

Wmnp = V~k [Wmnp + A^( IOgIp) (TWV^ ~ W Ï ) ] , 

ûmab = +|vfcvï[*;(^*«6)-*î(dM*««)], ( 2 2 8 ) 

Wamn = —Kip .Tm nSPQ fl, 

ûabc = 0. 
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Notice that wamb can also be written as, ûamb = 5 ^ ¾ ¾ ^ ^ ¾ ^ ) . In these 
expressions, the abelian gauge curvatures are 

^ n = W J £ , / £ = O11Al - M ; , (2.29) 

and the space-time connections umnp are defined using eq. (2.24) and (2.25) 
for four-dimensional quantities without hat. [Also, $£ = — $ a a due to our flat 
metric, eq. (2.12)]. 

The dimensionally reduced connections, eq. (2.28), always contain one space-
time derivative, appearing in the form 1¾¾ since connections Wmnp have only flat 
indices. The connection without space-time flat indices, CJ0^ must then vanish. 

Inserting (2.28) into (2.27) leads to the following reduced action, 

S9rav = jdDxe {-^^-2)M ( W V P R + w« p ^ 

-tyD-*WhaßF°IUfF*'»' 

(2.30) 
where the explicit space-time dimension, D, dependence is shown. The free 
parameter k is then obtained by requiring that the dimensionally reduced theory 
contains a canonically normalised Einstein term. In the case D = 4, the zehnbein 
determinant is 

V = <p4k+1V, (2.31) 

where V = detV^1 is the vierbein determinant. With eq. (2.27) and (2.28), it 
is clear that Sgrav. contains the four-dimensional Einstein action multiplied by a 
factor (p2k+1. Choosing 

k = - \ (2.32) 

normalises correctly the Einstein action, and (2.30) becomes, 

Sgrav = Jd4xe {—&ïR 

+^^,(log^^flog^)} 

(2.33) 

This terminates the reduction of the gravitational sector. The dimensional 
reduction of the gauge sector is, on the other hand, very simple. The gauge 



2.4. Spectrum of CaJabi-Yau compactifìcation 

bosons Af are written as 

Af = (Af zB), (2.34) 

where Af are four-dimensional gauge potentials and z% are real scalar fields in 
the adjoint representation of the gauge group, a = 1,...,6. Gauge curvatures 
Ff0 read: 

H« = d^ + fBCD Ac^ = (D,za)
B, (2.35) 

fpB _ fBCD~C~D 
raß — J ZQ

 2S i 

in terms of the structure constants fBCD of the gauge group. 
In order to correctly normalise four-dimensional states, one starts with the 

gauge kinetic terms in ten-dimensional N = I supergravity coupled to super-
Yang-Mills : 

Sgauge = j d10x [-\è-*lAV SPsf*F&F&] , (2-36) 

where à is the real scalar field contained in the supergravity multiplet. The 
ten-dimensional gauge coupling constant is then g\o = 03'8. After dimensional 
reduction, using eq. (2.31, 2.34), one obtains 

-I0-3/Wg^rPP11F^ = -lfrV*ipF^FB-' + other terms, 

which indicates that the four-dimensional gauge coupling is 

9 = ̂ ' V 1 ' 2 = 9io<p-l/2. (2.37) 

2.4 Spectrum of Calabi-Yau compactification 

We consider the N = 1, d = 10 supergravity super Yang-Mills theory obtained in 
the zero slope limit of the E8 x E'8 heterotic superstring compactified on a Calabi-
Yau manifold K with the holonomy group embedded in the gauge group [H]. The 
spectrum of fields in ten dimensions is the supergravity multiplet containing the 
vielbein ê™, the antisymmetric tensor field B^ and a scalar field <p and their 
fermionic partners in addition to the super Yang-Mills multiplet containing the 
gauge degrees of freedom A^ and the gauginos xa- ^n this particular calculation, 
only the bosonic degrees of freedom are needed since (2.9) is bosonic. The next 
sections are of a rather technical nature. Before entering the core of the subject, 
we will introduce all the necessary notations and conventions. We will then write 
down the massless spectrum (zero-modes) of the charged fields before going to 
the supergravity multiplet. 
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2.4.1 Conventions and normalizations 

As will be shown below, many terms in AS are directly related to (TTF2)"1 A 
(tri?2)n for various power m and n. These terms can be easily computed in 
terms of the four-dimensional fields. 

Let us first define the normalization of the various generators appearing in 
this work. As a starting point we take the standard normalization of SU(N) 
generators for the fundamental representation (N) , 

t r [ r a , r b ] = Î5ûfc. (2.38) 

tr[...] means a trace in the fundamental representation N and Tr[...] is a trace 
in the adjoint representation. For a specific representation 72. the trace is written 
Tr^[...]. For any group G and representation Tl we define TGCR-) and C(G) as 

Trn[TaTb] = TG(1Z)5ab 

Tr[T0T6] = C{G)6ab 

C(G) is the quadratic -Casimir of the group G. Once the convention for the 
SU(N) generators is given, through, 

T5U1N)(N) = \ , C(SU(N)) = JV, 

the normalization of the other generators are determined through the branching 
rules. 

E& generators 

The 248 hermitian generators are written TQ with a = 1 , . . . , 248. They obey 
the commutation relations 

[Ta,Tß] = i / Q ^T 7 

where faSl are the structure constants of Es- For the adjoint representation, 

(T")*7 = ifQß\ 

They are normalized 
Tr [T0T9] = 30(5°5. 

to be consistent with (2.38) The branching rule for the adjoint of .E8 toSU(Z)xE6 

is 
248 = (1,78) © (8,1) © (3,27) © (3,2~7). 

and the choice of basis for the generators TQ is made accordingly, 

TA ,4 = 1,...,78 

ftI / = 1,...,27 
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The explicit, forms are, 

« c 

«„ 
//™\6c 

(ra)% 
fri/V'** 

= if*™ 

_ : fAil 

= ifabc 

~ 1J JJ 

= i til JJ kK 

- WA 

= i(A«)S«5 

= ië*\1JK 

The other components are obtained by antisymmetry. (CA)Jj are generators in 
the 27 and (CA)/ are generators in the 27 of i% (note the order of indices !). 
They are related by 

\a are the Gell-Mann matrices of SU(Z). eijk is the SU(S) totally antisymmet­
ric tensor and \lJK is the .¾ symmetric tensor of order 3. Since the T1 are 
imaginary, 

\UK _ T* 

A — AIJK-

Moreover, the normalization of Es generators imposes that 
\ILM\ _ =r/ 
* AJML — OOj. 

This normalization of the generators gives the following non-zero traces, 

Tr[X^T*] = 205AB 

Tr [TaTb] = 30<5Qfc 

TT[T1TJJ] = 30¾¾ 

Tr [ T ^ / , ^ ] ] = 30 (c*)/6? (2.40) 

Tr [Ta[fi},T'J}] = 30½ (X*).* 8j 

Tv[T1 [r^,^]] = SOu^ \IJK 

Tr (¾ [T)j, ft*] ] = 30teyfcX/l/K 
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50(l,9)(Lorentz) generators 

SO(1,9) has 45 generators ta , a = 1 , . . . , 45 which can be labeled with two 
indices as 

tMN , M,N = 1,...,10, (2.41) 

with the condition that tNM = -tMN. In the following, we will always consider 
M > N. They are normalized as1 

tr [tMNtpQ] = 6MP5NQ (2.42) 

In an 50(1,3) x 50(6) basis, the 45 generators are labeled 

^MN 

' fmn -tnm 

/a i__/6a m,n = 1,...,4 
- U16 = 1,...,6-

tma 

In this basis, the normalization becomes, 

tT[tmntM] = ômpon<* 

tT[taHcd] = <5QC<SW (2.43) 

t r [ i m a * n 6 ] = SmnSab. 

All the other traces are zero. 

2.4.2 Spectrum of the gauge sector 

The zero-modes of the gauge fields are in one to one correspondence with har­
monic form on K [19, chapt.16]. The number of massless fields depends on their 
transformation properties under the holonomy group. 

In ten dimensions, the gauge fields, AQ, Q = I , . . . , 496, belong to the adjoint-
representation of Eg x E8, 

(248,1)0(1 ,248) . 

Upon compactification à la Candelas et al.[11], the first E8 factor is broken to the 
maximal subgroup SU(Z) x .E6. By embedding the spin connection in E8 x £§, 
SU(Z) becomes the holonomy group of the internal space. The four-dimensional 
gauge group is then composed of two factors, EQ X E'8. Since £ 6 is generally 
used to produce the low-energy gauge group of phenomenological models, it is be 

:The usual normalization is tr [(:Vf'v(p<?] = 26i4p5s<i but is not well suited for our work 
since it is not compatible with the branching rules. 
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called the visible sector of the gauge group by opposition to E'B which is called 
the hidden sector. The adjoint representation reduces to, 

(248,1) e (1,248) = (1,1,248) 0 (1,78,1) 0 (3,27,1) 0 (3,2"7,1) 0 (8,1,1) 
(2-44) 

Using the convention (2.39) for the generators, the gauge fields can be written in 
a matrix form as 1-form over M4 x K, 

Â = iÂaTa 

= iÂ^^îM^+iÂ^ii+iAnT11 + ̂ ! ^ . (2.45) 

= i'(U =i<i) T^) ^TJiT = ,4(8) 

The lowercase greek indices a, / ? , . . . = 1 , . . . , 248 refer to the adjoint represen­
tation of .¾. The adjoint of .¾ will De labeled with latin uppercase letters of 
the begining of the alphabet A, B,... = 1 , . . . , 78 while letter from the middle 
of the alphabet / , J , . . . = 1,...,27 will represent matter multiplet as described 
below. The above expression (2.45) contains also two types of SU(Z) indices. 
They are both written with lowercase latin letters. Indices in the adjoint (8) will 
use the beginning of the alphabet a, ò , . . . = 1,...,8 and t, j , . . . = 1,2,3 will be 
reserved for the 3 or 3 of SU(Z). Recall that, as described in the introduction of 
this section, for complex representations, upper and lower indices are conjugate 
to each others. The superscript on the matrix valued fields labels the SU(Z) 
representation. In the following, fields which represent massless modes in four 
dimensions will be written without a hat. 

Fields which are invariant under SU(Z) each produce one vector zero-mode 
in 4 dimensions. They correspond to the EQ x .Eg gauge fields and are written as 
1-form over M4 

A<l){x) = AM(x)W , A,il)(x) = A^1)(x)dxtl. (2.46) 

The massless modes of the triplets and anti-triplets of SU(Z) are determined 
by the number of independent harmonic (2,1) and (1,1) forms over K. These 
numbers are called Hodge numbers and will be written h\\ and h\2- We will use 
the following notation for the forms on K. The indices u, v, w,.. go from 1 to 3, 
z and z are complex coordinates K. The covariantly constant (3,0) form present 
in all Calabi-Yau manifolds is 

% o ) = yiwvdz" A dzv A &z™. (2.47) 

The (l,l)-forms are, 

w « , (z, z) = Jj)J(z, z)dz" A ClJ1.. (2.48) 
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where j = 1 , . . . ,/in, while the (2,1) forms on K are written as 

<$„(* , z) = \jk)J(z, z)iz" A dz" A dzw. (2.49) 

where k = 1 , . . . , /^ i . For convenience, we also define TT^ forms by: 

We then introduce complex fields Ah and their complex conjugate Au — (Ah)* 
. The harmonic expansion is 

AW{xtz) = i[Au
 ud*u + AIiuàzu]fji 

hu 

J=I 
?/» 

At5) (a:, z) = i [An »dz* + X7,- Mz11] T
7 ' 

m 
ZCP(Z)U^(Z)UZn 

mli 

(2.50) 

C ^ and C'ü) are scalar fields in four dimensions which live in the 27 and 27 of 
EQ. They will be referred as matter fields in the following since they will form, 
with their supersymmetric partner, chiral matter superfields in four dimensions. 

Fields in the adjoint of SU(3) do not carry any gauge charge as can be seen 
from (2.44). They do not have gauge interaction but can have a phenomenological 
importance [37, 6]. Here, they will appear as a background field, 

A® = Au
Q(z,z)àzaT° + Aaa(z, z)dzaT

a (2.51) 

2.4.3 Gravitational sector 

Recall that in ten dimensions, the N = 1 supergravity multiplet contains the 
metric g^, the dilaton <p and the antisymmetric tensor B^. The zero-modes of 
the gravitational sector are determined by first writing the theory in the product 
space M4 x K. This correspond to breaking the ten-dimensional Lorentz group 
50(1,9) to SO(1,3) x 50(6). Secondly, the massless degrees of freedom left after 
Calabi-Yau compactification are determined by topological properties of K. The 
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dilatori ip(x) is a scalar under 50(1,9) in ten dimensions and will therefore be a 
scalar in the 4+6 dimensional theory. It has one zero-mode, a four-dimensional 
scalar field constant on K, 

<p(x)^<p{x). (2.52) 

The anti-symmetric tensor Bß$ leads to a O-form (B^,), 1-form (BMQ) and 
2-form (BQß) on K. The massless modes of these fields being in correspondence 
with harmonic forms on K, their number is determined by the Hodge diamond 
of the Calabi-Yau manifold. 

1 

O hn O 

1 Zi12 h2i 1 (2.53) 

O hn O 

1 

They will lead respectively to 1, O and hn massless fields. This can be summarized 
by 

B(xiz)=BA{x) + Bt(x,z), (2.54) 

B4{x) = - ^ ( ^ d a r * Adx" ;/i ,u = 1,..,4 , (2.55) 

B6(X, z) = Ba
b(x, z)dza Adzb ; a, b = 1,2,3 , (2.56) 

Ba
b(x,z) = J2aM(x)uMa

b(z). (2.57) 

The ten-dimensional metric §ßu(x) gives rise to three types of fields in 4-1-6 
dimensions, ^ ( s ) , g^afò), 9aß(x). Moreover, one degree of freedom, <r, invariant 
under 50(1,3) x SO (6), can be used to rescale the four-dimensional metric to 
normalize the lagrangian in four dimensions. The analysis of zero-modes of the 
metric gives the following results: 

• 9pi>(x) will produce one graviton in four dimensions. 

• gßQ has no zero-modes, this is due to the absence of continuous symmetries 
on Calabi-Yau manifolds. 

• The zero-modes of gaß are obtained by determining the number of defor­
mations of the internal metric which preserve the SU (3) holonomy. They 
are deformations of the Kahler structure and deformations of the complex 
structure of K. These deformations are in one to one correspondence with 
(2, 1) forms and (1,1) forms respectively. 
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Problems involving gravitational fields can be formulated either with the met­
ric or with the vielbein as the fundamental field. As can be seen from equations 
(2.9) to (2.11), the Green-Schwarz counterterm involves the spin connection û, a 
field which has a simple expression in terms of the vielbein ê™ and we will ther-
fore use this formalisme in the following. An Ansatz for the zehnbein compatible 
with Calabi-Yau compactification is given by[7], 

SA.ffi"''(VW o 
eA = 0 . e + * f f ( x ) « ( * , y ) / " 

m, ß = 0 , . . . , 3 ; a, a = 4 , . . . , 9 

(2.58) 

a(x) is a scalar field used to keep a canonical normalization of the vierbein e™. 
<t>a (xiV) is t n e internal sechsbein. The spin connection coefficients associated to 
(2.58) can be readily computed from the formulas exposed in section 2.3 in the 
particular case where, 

/ (x)=e-H*> ; AJ(s,y) = 0 ; W j ' / û 

A direct computation leads to, 

'mnp = eH«) [umnp - § (ThnEg - VmpEü) B11C(X)) 
CJ, anp = 0 

(2.59) 
ùmhc = \e\a{x)E^[nd^àac-K^4>ab) 
ùabc = e-2a(*>wa6c(:r,v) 

"Jmnb — 0 

àanb = -1
ïe

32^dtia{x)E^7iab 

The harmonie expansion of the sechsbein takes the following form (in complex 
notation). 

è£(x,z) = c**(*> 
AU 

j=2 

/l21 

eSlxtz) = e°-3&(z)Z9{k)(x)ni%), 
(2.60) 

fc=i 

W*,*) = (*;(*,*))' ê2(Xiz) = (êZ{xtz)Y. 

a,ß} ö, ßa, 6, ä,ö = 1,2,3 

where f^[x) (g^(x)) are An (/121) scalar fields in four dimensions which in a 
sense parametrize the allowed deformations. 
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The number of harmonic forms varies from one manifold to the other but 
the Kahler form is always present (Zi11 > 1). Locally J can be written as J = 
idza A dza leading to 

-haj> = e^SQß. 

In this case, the spin connection one-forms simplify considerably, 

C>M(x) = eWw^f i ) - d^x\^% - i)mvE»n)dxmTnr, 
JK\x,y) = o, (2.61) 

In the general case, a complete expansion on harmonic forms leads to complicated 
formulas which are not written here, the following form being sufficient, 

where 
JW(X) = §wm n prm"da* 

w W (X1 y) = u^+ui* 
4K) = l^abmTabdxP (2.62) 
4K) = \uabcT*bdy* 

JMKHx,y) = comabT
madyb 

The curvature two form is then obtained as 

R = du; + J. (2.63) 

The physical dimension of the various fields in mass units are determined by 
their canonical kinetic terms. The dimension of the scalars CJ,Cj and of the 
vector fields A^ , A' is one. In the gravitational sector, the dimension of the 
spin connection counts the number of space-time derivatives, 

dim[ü/M>] = d i m ^ ] = tim[JMK)] = 1 , d i r n d l = 0. 

The Green-Schwarz counterterm will therefore introduce, in the effective Ia-
grangian, corrections of order greater than four. 

If supersymmetry is unbroken, all these fields have fermionic counterparts and 
arrange themselves into supermultiplets. In the gauge sector, ^ 1 ' and A1^ form 
the vector part of an EQ X .¾ gauge vector multiplet. A^ and A^ produce 
scalars which are part of /1(2,1) and fyi.i) chiral matter supermultiplets in the 
27 and 27 of EQ. In the gravity sector, it is interesting to see how fields from 
different origins appear in exactly the right number to form supermultiplets. The 
dilaton ip combined with the unique zero-mode of the four-dimensional part of 
the antisymmetric tensor B^u produces the scalar part of a chiral multiplet or 
can be embedded in a linear multiplet. Other chiral superfields are produced by 
the Kahler deformation of the metric combined with the massless scalars from 
the internal part of Baa. 
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2.5 Preliminary calculations 

At the beginning of this chapter, we constructed the ten-dimensional Green-
Schwarz counterterm and in the following sections introduced the necessary tools 
to describe its compactification on a Calabi-Yau manifold K. Now the actual 
computation is straightforward but lengthy. 

In the literature, some terms arising from AS have been analyzed [14, 25, 26] 
but a complete calculation has yet to be done. Even though in principle one can 
compute all of them, practically already a few of them are enough to extend our 
knowledge of quantum corrections in four dimensions. Moreover, many of these 
terms have more than two derivatives and their interpretation in four-dimensional 
supergravity is delicate. The idea is therefore to concentrate on the parts of AS 
in which we expect to find interesting contributions and then use our knowledge 
of string theory and supergravity to look for specific terms in the remaining parts. 
We will therefore compute in detail, 

ASB = -CJ BAh(F7R). (2.64) 

The computation is organised as follows. We will compute the reduction of TrF2 

and tri?2, two expressions appearing many times in AS. Next we will write the 
polynomials /g, /3, /7 in a form convenient for the particular cases analysed in the 
next chapter. 

2.5.1 Reduction of the gauge field s t rength 

Let us first compute the traces over the gauge sector. The hidden sector (Fg) is 
in a sense trivial since, as described earlier, its zero-modes are 248 gauge fields in 
four dimensions. Fields in the visible sector (¾) have SU(3) quantum numbers 
and carry the rich structure of Calabi-Yau compactification, 

Traces involving the gauge curvature are easy to compute since they require 
only the computation of TrF2. In the case of .¾, TrF4 is proportional to (TrF2J 
as is shown in (2.81). The trace over the gauge curvature in the hidden sector F' 
is also easily computed since the zero-modes have no dependence on the internal 
coordinates. We simply have 

Tr[F'2] = d î î fV) 

= Tr 
= Tr 

d^G\A>) (2.65) 
(d4^

/)2] + 2Tr[^'2d4^'] 

W ] • 
The exterior derivative operator d« = Jprdi^ will be written as d = d4 + dß. 

The trace of F2 is computed as follows, 

TrF2 = dttf](A) = Tr [(dA)2} + 2Tr [A2dA] . (2.66) 
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By embedding the SU(Z) holonomy group in the gauge group, 2¾ is broken to 
SU(Z) x EG. Using (2.44), the gauge fields decompose as 

Expressed in terms of gauge fields of the broken group, (2.66) contains a large 
number of terms. Group theoretical arguments allow us to determine which traces 
are not zero. Since we will use this argument later on, it will be briefly described 
here. 

The A field belongs to the 248 of E8. From the group theory point of view, 
the traces appear as Clebsh-Gordan coefficients of the singlet. The first term in 
(2.66) belongs to 

(248 x 248)Symmc(rt.c (2.67) 

of EQ. Its decomposition into irreducible representations is [36, p.113] 

248 x 248 = 1, + 2480 + 38755 + 2700O5 + 3038O0. (2.68) 

The subscripts 5 and a indicate whether the representation belongs to the sym­
metric (s) or antisymmetric (a) part of the tensor product. The presence of l s 

in this decomposition allows the presence of Tr (dA2). The absence of a singlet 
in the antisymmetric part of the decomposition forbids terms like TxA2 since A 
is a one-form. To express the trace in terms of the A^, one has to introduce the 
branching rule 

248 = (1,78) + (3,27) + (3,27) + (8,1) 

into (2.67) and into 

(248 x 248)/1„H_S!,mrnetr,.l; <g> 248 

for the second term in (2.66) before extracting all the terms which contain a 
singlet. (2.66) then becomes, 

TrF2 = Tr 

+ Tr 

(dA™)' 

(dA®)' 

+ 2Tr 

+ 2Tr 
(2.69) 

(AW) dA™ 

'(A^faA® 

+2 Tr [ d ^ d ^ * ) ] + 2Tr f(^3>)2 dA® + (A®)' dA® 

+2 ^[(^+^))(^, .4( 5 )} ] 

One can rewrite the first two lines as traces over curvatures. They are respectively 
defined as the F 6 field strength and background gauge curvature. These 4-forms 
are explicitely written as, 

Tr (dAM) + 2Tr (A^f dA^] = dAQ{f](A^) = Tr[F4
2], (2.70) 
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and 

Tr (dL4<«)*] + 2Tr [ (^ 8>)W 8>] = W f ( ^ ) = Tr[F6
2]. (2.71) 

The remaining traces of (2.69) can be computed using (2.40). By introducing the 
two operators D4 and Dß which act on the the gauge field 1-form as, 

D4A" = (I4A" - i(CAy AAAAJi 

D4Au = U4Au - i (C"4)/ AAAÄji 

(2.72) 

D6A
71' = de^' - ifëy.A'AA1' 

D6Au = d6ÄI{ - i(£)x
3AaAÄh 

and the superpotential 3-forms, 

W(A) = eijkXuKA^AA^AA™, 

W (A) = JWAnAAJjAAKk, 

(2.69) can be written as, 

(2.73) 

(2.74) 

where 

TtF* ^dQ(A)1 

H = Q3(A^)+ QZ{A^) 

- (30) (A!i A D4Au + AH A D4A
11) 

- (30) (AH A De1An + An A DtA
!i) 

+ C(W(^) + W(A7,)) 
In order to obtain an expression of TrF2 in term of four-dimensional fields, one 
has to introduce the harmonic expansion of the gauge fields into (2.74). For 
clarity, I split the resulting expression in four parts according to the number of 
space-time and internal indices. 

where fi|(P9i refers to a p-form on M4 and a ç-form on K. Its full expansion is 
a complicated expression in terms of the scalar fields C and forms on the Calabi-
Yau manifold which will be written, when needed, for the special case we will 
studv. 
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2.5.2 Reduction of the gravitational sector 

We will first start with the computation of the trace over i?2, which will be 
computed using the same tools as before for the trace in the gauge sector. This is 
possible since we are working in a formalism which mimics the gauge formalism. 
The gauge fields are the spin connection ù and the local group of symmetry is 
the Lorentz group in ten dimensions 50(1,9). 

The calculation will be done in two steps. First we rewrite tr/22 in 4 + 6 
dimensions. Next we introduce the spin connection Ansatz corresponding to 
Calabi-Yau compactification. 

Using the Lorentz Chern-Simons three-form, the trace can be expressed as 

tri?2 = dQiL)(û) = tr [(dw)2] + 2tr [û2dû]. (2.75) 

where the trace is taken in the adjoint representation of 50(1,9) (45). In going 
to a 4 + 6 dimensional theory, 50(1,9) breaks down to 50(1,3) x S0{6) and 
SO(Q) down to SU(Z), the holonomy group. The branching rule for the 45 is, 

45 = (6,1) ©(1,15) e (4,6). (2.76) 

In this basis, the spin connections can be written as 

Û = «M+«<*>+«<"*>, (2.77) 

where 
w<"î(x) = ^nP,m(x)tnpdxA m = 1,...,10 
û ( / t ) ( î ) = 1¾*,*^)*0¾** n,p = 1,-..,4 

û<"*)(x) = wo n i A(s)io nds* a, b = 1,...,6 

The normalization of the generators is given in (2.43). The determination of the 
non-zero Clebsh-Gordan coefficients of 

(4*® *5) Symmetric"+ * 

for tr[dw2] and 
(45 ® 45)Anf-_5ymmetr.c <S> 45 —* 1 

for tr[w2du>] allows us to eliminate the vanishing traces. (2.75) then becomes, 

tr[R2] = (1¾ (w) 

= tr[(dw)2]+2tr[w2dw] 

= dn£ L \wM) + dfì£L)(w<*>) (2.78) 

+ tr [(dw<"*>2] + tr [ ( U ^ ) 2 (dw<*> +dw<-*))] 

+ t r [{wW+wW}dw( w l c >] 
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with the Chern-Simons form ft given by (2.11). tri?2 after the compactification 
on a Calabi-Yau manifold is given by the contribution of the zero-modes of the 
spin connection to (2.78). Inserting (2.62) into (2.78) gives a general expression 
which we order according to the number of space-time index of its terms. 

tr [R2JI 

tr[R2]| 

(4,0) 

(3,1) = 2 t r [ ( r f>+w<* ) 2 ) (CU*,'*' 

+2tr[{u,i*U(if>} ( W ] 

OJk + <w.w)] 

tr [R2II12 2) = t r [ (cU* '+ àtfJiK))2 + 2A4ulK)itf4
K) 

+2tr[(UK))2d^ + (J^) 2A^ 

+2tr{{J.K\^}(d6Jt
K)

 + d^)} 

+ tr[(cWM*>)2] 

+2tv\(jMV)2 (dtJt
K) + d4JW)} 

+2 tr [{uM +u[K\ W<«)} d4w<M*>] 

tr[R2]|(l!3) = 2tr[(<U*> + J^2) (d^ + d6^)] 

(2.79) 

+2tr[{ }d6JV] 

tr[R%m = d 6 f i 3 > H 

+2 tr [ c W ^ c W " * ) + «,WW2 (de^f + d4<4*>)] 

+2tr [{o/M> + J,K)MMK)} d6u/M*>] 

+2tr[{u;<'%<M*>}d4u;<M*>] 

tr + (d6c/M*>)2] 

+2trMJ"*>ïdfl«i,f) 

+2tr[{ J/\JMV }d,JM,<y 

The previous expression is particular;- long and leads to a large number of terms 
when inserted in the expressions of the Green-Schwarz counterterm. Fortunately, 
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it simplifies enormously in special cases. For example, the spin connection used 
for the simple truncation (2.61) reduces (2.79) to 

(M). 
tr[R2]|(4;0) = d 4 W ' ) 

tr[R2]|f2.2) = tr ((W"*))' +2tr (JMKJd4J^ 

+2tr[{o;^,a;(MA')}d4^M^] 
(2.80) 

tr[R2]| (3;1) = tr[R2] | ( 1 ] 3 )= t r [ R 2 ] | ( M = 0 

The full computation of AS requires an expression for tri?4. By looking 
at the expression of trfi2 in terms of w's, it is clear that the full expression 
for tri?4 contains higher derivatives and will therefore not enter our analysis. 
Moreover the first application of this computation will be the one generation 
model in which the gravitational sector is described by a metric independent of 
the internal coordinates (see below). This state of affairs forces us to leave this 
term out of the analysis since it only contains terms of dimension eight; all non­
zero derivatives being in M4. In this case, the analysis of B A 1% can be done 
using the above traces only. 

2.6 Reduction of ASB 

A complete calculation of AS would be interesting but is not a necessity now. 
As it will be described in the next chapter, the antisymmetric tensor in four 
dimensions, B^x), plays an important role in the study of quantum corrections 
to effective field theories of superstrings. It will be therfore much more profitable 
to study in details the reduction of the Green-Schwarz counterterm which involve 
the B field than to try to write down a complete reduction of AS. Before looking 
at the reduction of ASB itseif, let us write the explicit expression of AS in 
function of the ten-dimensional fields. All the tools have been presented in section 
(2.2) and will be applied here to the case of the heterotic string compactified on 
a Calabi-Yau manifold. 

We start by writting down the polynomials needed to compute the coun­
terterm in our case. We have the eight-form Is(F1R) (see 2.8), the seven-form 
I-(Â,ÛJ) and the three-form T 3 (AU;) (see2.10) polynomials. In our case,the eight-
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form /8(2.8) is, 

Ia(F,R) = ^ » , f 4 - ^ , ^ 1 

where the traces are taken over the adjoin of F8 x .¾ for the gauge curvature and 
over the fundamental of 50(1,9) for the gravitational curvature. Introducing, 

T r ^ 5 F 2 = Tr5 8F2+ T r ^ F 2 

Tr 5 8 x ^F 4 = Tr£8F4 + Tr£,F'4 

in the above formula allows us to drop the subscript. F8 and E'8 on the traces 
since it is clear from the context on which F8 sector the trace applies. J8 is 
only function of Tr[F2] and Tr[F'2] since for F8 groups, traces in the adjoint 
representation verify the property, 

T r [ f 1 = ïuo(T r[F 2])2- (2-81) 
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With this simplification, we can now write, 

hi 

gauge 

i gravit. 

81 m i serf 

J 8 -'S I gauge • 

1 
3600 

81 gravit *" 8|mixerf 

2 

ft+'* 

(TtF2)" + (TrF12Y - (Tr^2) ( 1 ^ ) 

è ** + &*#)' 
-¾¼ (TrF2 + Tr/"2) t r # 

J 3 ^^i gauge "• 3ljrrovi( ' 3lmtzetf 

uge 

/ i l 

31 mtrerf 

= -è"3G)(^), 

= n^(û), 

= 0 

(2.82) 

I7{Àtù)\ 
I gauge 

h(A,w)\gravit 

h{A^)\mixed 

A= /71^+/7L-*+/ 7\nnimp ' *7\gravit ' Imixerf 

i f#>( i ) - ^TrF 2 f i?(Ì ) 

An^(U) + è trÄ»nj(u) 

- J 5 (A^(A) t r ^ + ni,« (U)TrF2) 

For reasons of clarity, we present AS as a sum of a pure gauge ASi, Pure gravi­
tational AS2 and mixed part, 

AS = ASi + AS2 + AS3 
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where, 

AS1 ASi ö + ASi Q 

C 

3600 JM, LXK
B" ( ( T r F 2 ) 2 + ( ^ , 2 ) 2 - ( T r f 2 ) A M) 

- C H + °) LK S 1 « - T S M P * ^ A 5 5 ^ 

AS2 = A S 2 5 + AS2 a 

AS3 = A S 3 B + A S 3 Q 

C 
. . . / ^ A T r F 2 A t P * 2 

240 7M4XK 

,(G) »W/A 1 »W/.-. »(G) /v + I (I+ a) L» n™ A « * » - ̂ ) A ITO) 

(2.83) 
The reduction of ASi B is obtained by doing an expansion of the ten-dimensional 

fields over the harmonic forms of the internal manifold keeping only the massless 
modes in four dimensions. The reduction of the antisymmetric tensor B is given 
by (2.54-2.57) while the one of TrF2 has been explicitely done in (2.74). Let us 
split the integral in three parts, 

The first part is 

Ii = 
C 

A S 1 B = X 1 + ^ + X3. 

36007 M4 / M ( , / A ( T r F 2 ) 2 = + 3 6 Ö ö / d B A ( n A d f i ) ' (2'84) 

where f2 is given by (2.74) in terms of harmonic (Ij l)-forms and (1,2)-forms on 
K. The second part vanishes identically since it contains an 8-form on Af4, 

!•> = 
3600 

JBA(TTF'2)2 = 0. (2.85) 
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For the same reason, the third part also simplifies , 

^ = -éôf BATTF2ATTF2 

J U4B6 A n f V ) A d6n + d6B6 A Uf)(A') A d4H.i . 

(2.86) 
3600 , Mi 

Putting everything together leads to 

C 
^SiB = -ÏÏ77T7; I d5AHAdQ^d4B6AH^(^)Ad6n+d6B6AHf ]{Ä)Ad4Ü. 

3600J MAxK 
(2.87) 

The AS2 in (2.83) describes the gravitational contribution to AS. Its interpre­
tation is more delicate since it contains many higher derivative terms. One sees 
that, after integration by parts, ASB is function of dB only. A non-derivative 
coupling of the B field would have been impossible to interpret in the linear 
multiplet formalism. 

It is straightforward to derive the factorized expressions from (2.83). The 
complete results are long expressions which include operators of dimensions 6 or 
higher. If for example one concentrates only on the lowest dimensional operators, 
we can write, 

AS1 B|Äm, = g J _E -^JjA A CW1V4C^ ' 

+ E ^ f d4B4ACiJ)IV4c\k) 

" E È *#** / ^ B 4 A CW1V4C^ ' (2.88) 

- E E W*1)" j d4B4 A CWV4C
1^1 

• 1 1 1 J Md J=Ik=I 

C hl 

1800 Ë^HÎi)/w/u1 w ^ i - ^ ^ i ) 



2. The Green-Schwarz mechanism in Caiabi-Yau compactißcation 

where, 

JC 

jrU) 

K%k) 

A 2̂ 

V-Uk) 
*"3 

= f dz° A dza A Tr.F6 
JK 

= //S)AM 

= ^ # > A TrF6
2 

JK 

(2.89) 

The 2-forms rfik) are the following combinations of the harmonic forms on K, 

%' m = , ü r \ w A A d ^ (2.90) 

%' ?*) = w W ^ W A d z " . 

They depend only on the internal coordinates. If the expression (2.88) is in 
principle also computable, the general result would contain a large number of 
terms whose interpretation in terms of four-dimensional supergravity has to be 
done. 

In order to compare with previous work, we will use in the following the 
Ansatz of simple truncation for the zehnbein. In this case, AS2 and AS3 simplify 
greatly. With the simple truncation, AS2 has only contributions of dimension 
greater than 6. 

A5 2 B L m . 6 = 0. (2.91) 

The counterterms for the mixed anomaly are given by 

AS: 3Bldtm.6 — 
C 

240 

C 

KPf <P(x) tr[*4
2] 

+ mKL^h H*"""0)' 
+2tr (uWV)2d4uM 

(2.92) 

+2ti[{JM\JMV}d4J
MK)]) 

with the components of u/'WA') given by (2.61). 
The correction introduced in a four-dimensional effective lagrangian by the 

compactification of the Green-Schwarz counterterm on a Calabi-Yau manifold 
were already studied in the second half of the eighties by various authors. 
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Derendinger et al. [14], Ibanèz and Nilles [25] and Itoyama and Léon [26] studied 
the modification to the coupling of the axion. As is shown below, our calculation 
includes their results if one keeps only the dimension six corrections and assume 
their Ansatz for the metric. 

The correction to the axion coupling has its origin in 

AS B6 = -cf B6AI8. (2.93) 
J M 

Using (2.88,2.91,2.92) and keeping only the lowest dimensional operators, one 
obtains, 

C ^11 

^ ¾ , \dim6 = —— 2^ 

+jJ»W A * A (^ |TrF| - i ^jMf (X)TrF' >(,) 

f u>®\àz* A dzb Af-^TrF6
2 + 5tri?2.) f a®(x)tiRt{x) 

JK V 3 J J M* 

M4 

r „x i . . - / 1 _ A f 

+ 
Giving a vacuum expectation value to the background fields and imposing the 

Calabi-Yau condition 
TrFi(Z7Z) = 30tiRl(z,z) (2.94) 

one gets 

(2.95) 
/ a®(x) {-TrF4

2(i) + TiF'2(x) + S t r i a i ) } . 
J M\ 

I recall that (2.95) does not includes corrections of dimensions higher than 6. 
It is interesting to note that four-dimensional matter does not appear in these 
expressions. 
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3.1. Introduction 

This chapter presents the analysis of the reduction of the Green-Schwarz coun-
terterm in the presence of a single hu modulus. It contains an explicit derivation 
of the four-dimensional effective theory at tree-level. The explicit form of the 
reduced terms of ASs are given. These will allow us to compute in the large 
radius limit the Kahler potential including the matter fields. It wall be seen that 
these contributions take the form 

c(r + f -2EË) 

where c is a constant determined by the normalization of the ten-dimensional 
counterterm and by an integral over the internal space. 

This chapter can be read independently of the first two. It is self contained 
and only refers to chapter two for explicit results on the reduction of AS. 

3.1 Introduction. 

The analysis we propose here is an attempt to analyse the role of the ten-
dimensional Green-Schwarz counterterm AS in Calabi-Yau compactification. The 
moduli space of a Calabi-Yau manifold K has a product structure, M\ x M-i-
These two spaces control the number h\\ of harmonic (1,1) forms and the number 
hi\ of harmonic (2,1) forms on K. The first one are associated with deforma­
tion of the Kahler structure and the second one with deformation of the complex 
structure of the manifold. An important distinction one can make between these 
two numbers is 

/in > 1 ; h2i > 0 

This reflects at the level of Hodge numbers the fact that every Calabi-Yau man­
ifold is a Kahler manifold and has a natural (1,1) form, the Kahler form. Since 
the harmonic forms are assoicated with the zero-modes, this means that the par­
ticular mode associated with the Kahler form will be present in all Calabi-Yau 
compactification. This mode, sometimes called the "breathing mode", is related 
to the radius of compactification. It is then natural to study the model where 

hu = 1 ; /121 = 0 

This model is called, the one generation model since in the case of Calabi-Yau 
compactification, the number of matter generation at the weak scale is related to 
the Euler constant x by, 

Ngen. = g IxI = 1½ -&2i|-

The first point to stress is that this analysis is done in the limit of large 
compactification radius. Ultimately, field theories describing physics at the elec-
troweak scale, will have to be derived from a fundamental microscopic theory 
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like string theory. The natural scale of a string theory, Mstring, is related to the 
Planck scale Mp and contact with phenomenological physics is now done through 
its low-energy limit. In taking this limit, two different solutions are at hand. On 
one hand, if the compactification scale Mc is smaller than the string scale, one will 
first have to deal with an effective ten-dimensionaJ supergravity theory and then 
describe compactification process in terms of field theory. On the other hand, 
if the compactification scale is higher than the string scale the compactification 
will take place at the string level. 

In our analysis, the first case is assumed since we start with the Green-Schwarz 
counterterm which is defined in the ten-dimensional supergravity. This puts strin­
gent limitations on the validity of our results since our analysis will be sensitive 
only to the large T limit effects. This handicap will be overshot by the fact that 
it brings simplicity and allows to write down explicit expressions which should 
give us some insight to where to look for quantum corrections at the string level. 

The effective action will be described using the linear multiplet formulation 
and computation will be done using the superconformai approach of supergravity. 
The results will be checked against the known results on quantum corrections in 
effective four-dimensional effective theories from strings. In a first step, I will 
compute in components the four-dimensional lagrangian with corrections arising 
from a Green-Schwarz counterterm of the type described by Derendinger, Ferrara, 
Kounnas and Zwirner. We will concentrate on the terms containing up to two 
space-time derivatives, the higher derivatives contributions being less understood. 
This correction includes a linear multiplet L, the supersymmetric non-abelian 
Chern-Simons form and a Kahler function K. In our analysis we will need to 
compute the component expression of the effective lagrangian at tree-level CQ 
with its 1-loop corrections CQS- In computing the component expressions, one 
has to be careful to correctly fix the compensator and integrate out the auxiliary 
fields. 

3.2 Spectrum of Calabi-Yau compactification. 

The spectrum of massless fields of a Calabi-Yau compactification with the spin 
connection embedded in the gauge group is determined by its topological struc­
ture as is fully explained in [19]. In chapter two, the general case was considered 
and allows us to directly write the spectrum of our one generation model. The 
single kn form has to be proportional to the Kahler form J and is chosen to be, 

u = -iJ = Sb
adzQ A dzb. (3.1) 

In this section, we will always work in the complex notation for the internal space. 
Upper and lower indices are conjugate to each other by convention. In the gauge 
sector, the zero modes are gauge fields of the surviving EQ X E'S four-dimensional 
gauge group, these are not affected by the specific values of the Hodge numbers, 
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scalars belonging to the 27 of EQ. In addition to these, there are background 
fields which are singlets of EQ. They are explicitly given, in a matrix notation, 
by (2.5O)1 

Ä = ii4J(ar)T0<Lr* , ^ ( 1 ) = iA£(x)TAdaP , ^ ( 8 ) = iAfdz* + %AQ 'dz,-

A^=iC'I(x)dzifIi, 

AW = IC1(X)UZiT1*. 
(3.2) 

The gauge indices are 

a = 1, . . . ,128, ,4 = 1 , . . . ,27 , / = 1 , . . . ,27, a - 1 , . . . , 8 , 

and the space time indices /i = 0 , . . . ,4 for M4 and i = 1,2,3 for K. Note that 
only the uncharged background fields in the adjoint of SU(Z), A^s\ still have a 
dependence on the internal coordinates. 

The gravitational multiplet contains the metric, the antisymmetric tensor field 
and the dilaton. The metric is 

^=(e"3>" -AJ- (3-3) 
It corresponds to the metric used in [14]. In complex coordinate, the internal 
metric becomes, 

ha
h = -h\ = e^6i , / u = />°6 = 0. (3.4) 

The ten-dimension al dilaton tp has only one zero mode, a four-dimensional scalar 
field, (p(x). The antisymmetric tensor B^ produces a four-dimensional antisym­
metric tensor Bßl/ (x) and its internal part Bag has only one zero mode left, a 
pseudoscalar field a(x)eaß

1, or in terms of differential forms, BQ = ia(x)dzJAdzj. 
This completes the bosonic sector of this model. 

3.3 Construction of £4£>. 

The ten-dimensional effective lagrangian we are considering is the tree-level Ia-
grangian of Chapline and Manton [13], augmented with the Green-Schwarz coun-
terterm (2.9), 

£ = Co + £GS. (3-5) 

leQß is an antisymmetric tensor invariant under SU(S), e45 = ec? = ¢89 = + 1 = —£5-1 = 
-C76 = —egg, all other components are zero. 
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with 

Co is the field theory limit, or "zero slope limit", of the heterotic superstring in 
ten dimensions. The bosonic part of Co is, 

(3.6) 
where the ten-dimensional metric has the signature (+,—,—,...) and all hat­
ted quantities refer to ten-dimensional fields or indices. The trace of the field 
strengths F^ is taken over the adjoint representation of the gauge group E% x E'6. 
The antisymmetric tensor's field strength, H^^ is a dimension 5 operator. In 
addition to dB1^, it contains the gauge and Lorentz Chern-Simons terms which 
have a stringy origin [18], 

Hw = 3 idßecp - - ^ ¾ ¾ + - / 5 ¾ ¾ + c y c l i c permutations j , 

Q>% - -ST t f [àfiRùp - f ^ Ä ^ ] . 

Two dimensionful constants have been introduced, the ten-dimensional gravita­
tional constant k with a dimension (mass)-4 and a ten-dimensional gauge cou­
pling constant with dimension (mass)-3. 

The simplest way to reduce a higher dimensional field theory to four dimen­
sions, is dimensional reduction. This means that all the fields are required to be 
invariant under translations in the extra dimensions. If one denotes by ¢ ( ^ , ya) 
a generic field, where ya are the extra coordinates, this means that, 

Such reduction of (3.6) would produce a four-dimensional supergravity with an 
A* = 4 supersymmetry [12]. This is incompatible with a Calabi-Yau compacti-
fication which has explicitly being designed to produce an N = 1 space-time 
supersymmetry. As realized by Witten [38], a more elaborate reduction can 
lead to an N = 1 theory in four dimensions. One should not merely require 
the invariance of all fields under translation in the internal space but also the 
invariance under an SU(3) subgroup of the rotation of the 6 internal coordinates. 
The four supersymmetries belong to the fundamental of SU(A) which reduces 
under SU(Z) as 4 = 1 + 3 and leaves only one supersymmetry unbroken. 

This truncation corresponds to the model we are analysing. It selects the 
zero-modes which are invariant under SU(Z). This forbids contributions from 
the harmonic (2,1)-forms since they cannot lead to SU(Z) singlets. The only 



3.3. Construction of C^p. 51 

(l,l)-form leading to an invariant tensor is the complex structure introduced in 
(3.1). We are therefore left with a spectrum corresponding to /in = 1 , /112 = 0. 

The surviving zero modes of this truncation are then directly obtained by a 
simple group theoretical analysis. 

a * 6 [ 1 0 x l 0 ] s = (4,1)19 ( l ,6) î e (4,6) 

(3.8) 

4Dmetric singlet 
9tAi> eff(r) 

Bf» e [ ioxio]A = (4,1)1 e (1,6)1 e (4,6) 
4D»nti—sym. pseudoscaJtr 

Bg111 a[x) 

The gauge fields have 2 types of indices, a space time index in the 10 of 50(1,9) 
and a gauge index in E$®E'8. The simplest way to implement Witten's truncation 
is to include the SU(Z)G subgroup in one of the E$ factors. The gauge group in 
the reduced theory is then .¾ x .Eg. This truncation will lead to gauge fields of 
E'% in the hidden sector and to scalars and 2¾ gauge fields in the visible sector. 

248 = (78,1) e (27,3) © (27,3) © (1,8) 

10 = (4.1) © (1,3) © (1,3) 
I 

27 4D scalars 

conjugate Aa
Si 

(3-9) 
Notice that this truncation does not allow for contribution of uncharged scalars. 
They are in the adjoint of SU(S) (8) and are generically present in any Calabi-
Yau compactification. The reduction of (3.6) is then straightforward with the 
convention for the traces given in chapter 2. It leads to the following four-

Ee 

(4,1) 
I 

gauge fields 

AA 

© (M) 
I 

27 4D scalars 

V 
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dimensional lagrangian, 

e-'C 4D.N=1 — 

4 

+ ^ e - 2 V * ^a(X) - ^(30) (c'*V,c)J 

ie3a(lV~*Tr [F2 + F2] + Ze^'i (*) (30) Vfi"1WC'/ 

- ^ - ^ - ^ ( 3 0 ) ( ^ , (C0) C')2 

+2/cV* |W^| 2 - | c - 5 ^- i (30) 
3W 

OC 

where 

Vfi\ = O11C1-X[C*)'A^ 

CV11C' = itcfaC'1-C1VpCi1 
1=1 

( C ( C ) C ) = Y1C1[C*)' c , 
/,J=I 

and V11 is related to the antisymmetric tensor field strength, 

K / i — 1Ti 2 ^ / w " 

= ^ e " 1 W (ô"B^ - #1™"") . 

Its square verifies, 

The superpotential has been defined as, 

VV11 = -ZH^ H^. 

W = \UKC1CJCK. 

(3.10) 

(3.11) 

The four-dimensional gravitational constant K is related to the ten-dimensional 
one bv, 

1 • 
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where V is the volume of the internal space, g is the dimensionless gauge coupling 
constant, related to g by , 

1 . 
9 = Vv 9-

Notice that the fields have been rescaled in order to have the canonical dimensions 
in 4d. The lagrangian (3.10) can be put in a standard N-X supergravity form 
with a suitable redefinition of the fields. This rewriting will be done using the 
linear multiplet as is shown below. 

In [38] Witten wrote (3.10) with the dilaton field embedded in a chiral mul­
tiplet 5. This can also be done in the linear multiplet formalism introduced in 
chapter 1. In the linear multiplet formalism, the Green-Schwarz counterterms 
can be introduced as a superconformai D density. Explicitly, one can write the 
1-loop corrected lagrangian density as, 

C = 'S05o*]D+ [S*W] F + h.c. (3.12) 

$ 
SQSQ 

U, S, SeM = $ o + $cs 

The two pieces of $ are, $o the string tree-level contribution, 

$n =_j_(^y / 2
e -* /2 (3.13) 

and $0Si the Green-Schwarz counterterm [15, 9, 10], for the one modulus case. 

$GS = 
A L 

12SQSQ 
^K (3.14) 

where A is a constant. K is the Kahler potential. In our analysis, we expect 
to see only the large radius limit of the Green-Schwarz corrections and therefore 
we have to use the appropriate limit of K in (3.14). At tree-level, it can be 
determined from the kinetic terms of the above lagrangian. 

The components expression of the bosonic part of (3.12) have been computed 
in [16] for an arbitrary function $ 2 . 

C — CE 4- CKÌU + CAux. 

CE is the Einstein term, CK™ contains the kinetic terms of the scalars and an­
tisymmetric tensor while CAux. *

s the lagrangian density for the auxiliary fields. 
In order to fix the compensator we use the Einstein term CE, 

rlcE = --R -!<**>(•-*£ (3.15) 

2In [16], they also compute the terms bilinear in gauginos since they are specifically interested 
in the problem af gauginos condensation. 
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The compensator is determined, in the so called Einstein frame, by imposing that 
CE gives the canonical Einstein lagrangian, 

ZQZQ dC B- (3l6) 

where C is the dilaton, the lowest component of the linear multiplet L. The fixing 
is not affected by the presence of the Green-Schwarz term since 

£f<in. acquires two new terms with respect to the tree-level case, 

e'lCKin. = C-1C0Kin. - àcd^PÏ - I ^ (K^Zi - K2^Zi) . 

The z1 represent all the scalar degrees of freedom in the theory. In our analysis, 
they will be described by the general breathing mode modulus t and the scalars zl 

in the 27 of EQ. Since the counterterms do not modify the equations of motions of 
the auxiliary field A11 of (3.12), the corrections to the kinetic terms arising after 
the integration of the auxiliary fields are the same as in the one at tree-level. 
Finally, the kinetic terms can be written as, 

C1C Seal. ( 1 AC\ 1 1 

- G? + f ) w f 

-i^Vh [Kt^t- K{9»ï). 

(3.17) 
Setting A = O gives the tree-level lagrangian in components found in (1.10) 
and allows us to determine the field redefinition needed to write (3.10) in the 
standard supergravity form. The Kahler potential at string tree-level including 
the t moduli and the matter fields is [38, 14], 

K7rçe = -3\og(t + t-2zz) (3.18) 

with 
27 

ZZ = ^Z1Z*. 
/=1 
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The field redefinition is easily deduced by comparing the kinetic terms of the 
scalars C'} and axion a fields, 

C(x) = £e-3^Vi(x), 

t(x) = e^ipi(x)-iy/2K2a{x) + ^0)K2C'I{x)C,i{x)i (3.19) 

z1 = (30)*/cC/7(x). 

One then check that by substituting (3.19) into (1.10) that we get back (3.10). 
Note that the vector field V^ is not redefined. 

3.4 The Green-Schwarz counterterm. 
The computation of AS is straightforward. The counterterm is naturally split in 
two. One part, AS# contains the counterterm with the antisymmetric tensor field 
while the second part, AS/ is determined by the gauge fields and spin connections 
only. Moreover, each of these parts can be split in three, gauge, gravitational and 
mixed parts. For these, the notation of Green and Schwarz [18] will be used. 
AS8 is given by (2.83), 

ASB = AS1 ß + AS2B + AS3B 

AS1B = ~ 3 § ö / ^ A ( T r [ ^ ] 2 + T r [ F 2 ] 2 - T r [ F 2 ] T r [ ^ ] ) 

AS2B = - f JBA(^[R4]^\tT[R2f) (3-20) 

AS, R = 
C - = è /*Al^]tr[tf] 

One can discard from the above all the terms with more than two space-time 
derivatives since we will analyse them in a framework which describes only terms 
up to two derivatives. This has drastic consequences on AS since all the terms 
involving R2 have to be left out. For the terms coupling to A S B , 

AS2B = AS3B = O. 

Let's do explicitly the derivation of AS1 B-
One starts with, 

AS1B = -&ÔJB A [(TrF2)2 + ( T r F 2 ) 2 - TvF12A TrF2] 

. = ! ! + !2 + J 3 

The first term J1 can be written as, 

I1 = — f dB AT AdT (3.21) 
3600 7 ' 
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(3.22) 

where T is a the 3-form defined in (2.74). In our case, it reduces to, 

^lgen. = ü3(A^){x)^ü3{A^){z,z) 

-(30)d** A dzi A C1VvP1Ax* 

-(30)2 (^)* .4° Adz'A d ^ C f 

+^f1 (tijkhjKClC3CKdzi A dzj A dzfc + ex.) 

The exterior derivative with respect to the internal space simplifies to, 

O6F = TrF6
2 + 2(30); (y j \C'fd6A

a A dz,- A dz'. (3.23) 

The second tenn X2 in the integrand vanishes since (TrF'2)2 is an 8-form with 
indices on M4. The third term is given by , 

/3 = "3gQQ / d4B6 A Q3(A*) A d6JT + d6B6 A Q3[A) A d4T (3.24) 

Finally we have, 

ASiB = 5& / d ^ A C ' S ^ d x " 

/ d4a A (nf'(A(1I) + Hf1 (,4')) 
•/ Af4 v y 

I d4 (B4 Ad4|C'|2) 

/ M 4 d 4 B 4 A|Cfd 4 |C f ( 3 2 5 ) 

! d^. A (c'1 VCjdxA A d4 (c" VC'jdxA 

*§* f d4B4 A (c1 V CAxA \C\2 

+ & / ^ d 4 a A | C f ( f i f ^ + fifV)) 

where the real constants C1 Î = 1,. . . , 5 are defined below in terms of integrals 

T 3600 , , , 
A/4 

^ 4 

+ 
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over the internal space. 

C2 = -CJ 2Ì(Y) àziAdz'AU^AA^A^) 

Cz = _ C / K 4 ( T ) ( T )
 d^Ad"^dzJAdzlAAaAAb (3.26) 

C4 = -C f idZi A dzj A dzk A dz1' A dzj A dzk 

J K 

C5 = -CJ 2 ( y j (1¾ Ad^Ad**' A dzkAd6A
a 

In order to directly compare with the component expressions in the linear multi­
plet, it will be usefull to rewrite (3.25) in terms of C, t and zl. 

J dV4 V11W (Z1Z
1) 

120 3Ov^=2 

iSs. 
4 30', /¾' , Ui 

- Ì 5 s k r J dV< e^d.Imt z!z,(n™ [A^)+ U^[A')) 

_ <?4 1 
4 30 2 \ / 2K 6 y ^ dVA eWd^Imt (Z1VvZ^ dp [zJVuZj^ 

(3.27) 
The expressions have been ordered in power of -¾-. 

3.5 The Kahler potential. 

The Kahler potential appears in the four-dimensional Green-Schwarz counterterm 
through the combination (3.14), 

12 L ID 
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its component expression can easily be read from (3.17). The terms involving 
zero modes of the antisymmetric tensor are, 

AC 
C-1AsS(B) = — KaO11ImIt]PImIt] 

-i^VpfaPz1-Ki1Vz1) (3.28) 

A_ 

12 
•i^{KtdH-K1Wt). 

where A = ——-— (see [15]). The problem now is to determine K. As described 
oft 

in the introductory parts of this thesis, the reduction of AS should determine 
the four-dimensional Green-Schwarz counterterm in its large t limit. 

The first line involves the real dilaton field C coupling to the zero-mode coming 
from the internal part of the antisymmetric tensor through a coupling , 

Ae 

6 
—KttC (¾ Im ¢)(0" Im Ï). 

Since this coupling is absent from AS, we must have, 

KU = 0. (3.29) 

The second and the third lines can be directly compared with (3.25). Keeping 
only the terms with lowest order in 4f one finds that K is, 

C1 1 

It is interesting to note that both counterterms come exactly with the same form 
as the one would expect from the naive Witten's truncation. This result is valid 
for the lowest order in -4. 
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As a conclusion we will show the link between the work done in this thesis and 
the string computation of thresholds corrections. In 1991, Dixon, Kaplunovsky 
and Louis computed the moduli dependent threshold corrections to gauge cou­
plings [17]. Their computation was based on the one-loop string diagram with 
two external gauge bosons and an arbitrary number of moduli T". 

f 

external fange bon»» 

Arbitnrr number of T JMdi 

-^D) 

~\ 

external gauje btnoni 

If we consider only the overall modulus T, these threshold corrections A, for a 
unique gauge group factor, are 

61og[(r + f ) |i7(T)|4] J ^ F " " (4.1) 

where 6 is a constant and T)(T) is the Dedekind function, 

OO 

7?(T)=e l jrT/12n(l-e2ïri"r). 
n=l 

There are two important points to notice. First, these corrections are modular 
invariant as they should and, second, they contain a non-harmonic part. The 
presence of the log [T + TJ requires a careful analysis of the various contributions 
giving rise to (4.1) in the four-dimension al effective action. The modular invariant 
result (4.1) is generated by three modular covariant contributions. First there is 
a contact term where the moduli and the two gauge states interact in one vertex. 
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This contribution incorporates the effects of massive string states through an 
interaction term involving the Dedekind r\ functions. Its supersymmetrization 
leads to a term which can be expressed as an F density, 

\Logv(T)WW\F. (4.2) 

with a holomorphic T-dependence. In the above expression, W is a chiral multi­
plet representing the gauge field strength. The second diagram is the T mixing, 
in which the interaction between the moduli and the gauge fields is done through 
the antisymmetric tensor BßV. 

Arbitrary number of T' Gelds 

vwwwWwvwv 

This diagram will contribute to the log T + T diagram through a term involving 
the antisymmetric tensor field B111,. Its supersymmetrization leads to, 

[1Og(T + T) L] (4.3) 

These two diagrams are local anomalies which arise at string one-loop order. The 
last contribution comes from the one-loop diagram with fermion internal lines 

Arbitrary cumber of T fields 

and arises from a non local term, 

~ \waWaVc\og{T + T) 
JF 

(4.4) 

Vc is the non-local projector of a vector multiplet into a chiral one. In the 
Wilsonian approach, this last contribution is a one-loop diagram constructed from 
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the string tree-level effective action Ö°\ The first two contributions appears in 
£ ^ . Explicitly they can be written as, 

£<*> = i4[log(T + f)Z] +B [log M4 WaWa] + h.c 

= [(AlOg(T + T) + BlOgIT7(T)I4) L] 
(4.5) 

A and B are two constants appearing each in a specific diagram. B is equal to 6 
since it is the only term involving the Dedekind function. The local contribution 
of the triangle anomaly (4.4) to the gauge kinetic terms F^F^ are equivalent 
to the one produced by (4.3). This is due to the chiral projector Vc- As shown 
in [15], its action on a vector multiplet leads to a chiral multiplet whose lowest 
component is proportional to the lowest component of the vector multiplet plus a 
non-local piece which does not enter in our analysis. This anomalous contribution 
is known in terms of the other two since the full result is modular invariant. These 
three constants are related to b by, 

A + c=B = b. 

£(1J can therefore be written as, 

£(1) = 6 [log(T + f ) M4 L 
D 

- C log(T + f)L 
JD 

(4.6) 

(4.7) 

where C, here, is a constant appearing in the contribution of (4.4). 
In order to relate this analysis to the work done in this thesis, we have to take 

the large radius of compactification limit of (4.7) before interpreting the informa­
tion obtained from AS. The large radius of compactification limit corresponds 
to taking the large T-Y-T limit since the real part of the T modulus is related to 
the compactification radius, R, by 

t = R2 + W, 

with R measured in units of the Planck length. 
The modular group SL(2, Z) acts on t as, 

at — ib 
ict + d 

GSL(2,Z). (4.8) 

In the large t limit, this symmetry is broken down to a shift of the imaginary 
part of ¢, 

t —¥ t + itp. (4.9) 

The large t limit of the moduli dependent threshold corrections is 

log Ut + t) M41 
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It is important to note that now 
t + t 

is an invariant under (4.9).-
The large T limit of C^ can be taken on (4.7). In this setting the limit is 

very easily obtained. It contains two term, 

large T limit 

6[1Og(T + T)W^]1, - 4 b[(T+f)L]D ( 4 1 0 ) 

-C [logÇT + T)L]n — -C [I08(T + T) i ] D | L a r g e T 

The exact form of the second term is not needed since we know that it exactly 
cancels the contribution of the triangle graph. 

In this thesis it is the analysis of the first term, 

b [(T+ T)L]0 (4.11) 

which was developed. First it was derived directly from the compactification of 
the Green-Schwarz counterterm in ten dimensions. This shows that the mech­
anism of cancellation of anomalies arising from the hexagon diagram in ten di­
mensions is, after reduction, at the origin of the cancellation of triangle graph 
in four dimensions. The present analysis has been done only for the case of one 
/in modulus but all the tools have been developed to carry this analysis first to 
the case of one hi2 modulus and to more general cases. Our results also allow 
an explicit determination of the coefficient b of the anomaly in terms of integrals 
over the Calabi-Yau manifold. 

As is shown at the end of chapter 3, our construction also allows us to include 
matter fields in our expressions. It was shown that the matter contributions were 
of the type, 

"*{t + t-2zz)t (4.12) 

suggesting a supersymmetrization 

T + f - 2 L E ] 0 . (4,13) 

The combination of T, T1 E and Ê appears exactly as in the tree-level Kahler 
potential with the same relative coefficient. 

In conclusion I can say that the relation between the processes of anomaly 
cancelation in four and ten dimensions has been shown for the case of one mod­
ulus, the universal breathing mode. This shows the way to further investigations 
in this directions. For example, in the future I will complete this analysis by 
including an arbitrary number of moduli and matter fields. It will also be inter­
esting to see how these corrections obtained in the large T limit will give more 
general informations. 
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