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T Introduction

Statistical optics is the study of the random properties of optical phenomena. Statistical models
are invoked when the physical quantities are not complerely specified in advance and cannot be
predicted with perfect precision by a deterministic model. Randomness in optical phenomena
arises becanse of (i) unpredictable fluctuations of the light or of the medium through which the
light propagates, (i} scattering of light from rough surfaces, diffused glass or turbulent media,
like fluids and gas, which imparts random variations to the optical wave, and (iii) noise in the
pracess of photon detection, which imparts random flucwations to the detecied energy.

The random fluctuations of light waves are characterized by the degree of coherence. Light may
be ctassified as (i) incoherent, (i) coherent, or, in general, (iii} partially coherent. Incoherent
light is random because it is a superposition of emissions from many atoms radiating
independently and a1 different optical frequencies and phases. Examples of incoherent light
sources are low-pressure gas discharge lamps, such as neon tubes, and thermal light sources,
as light bulbs or the sun. Coherent light is characterized by photons that are all identical and
indistinguishable. Thus coherent optical waves have a single optical frequency - high spectral
purity — and a perfectly predictable and deterministic phase function. Lasers t, such as solid-
slate, gas ot dye lasers, are examples of coherent light sources.

Modern optics uses coherent light maindy (i) as carrier of information, (3i) when high spectral
purity is of interest, or (i} when high radiance is required. In technical applications, modern
optics has experienced deep changes over the last years. For many years, coherent optics has
been reserved for laboratory research applications and for industrial high-end products, such as
high resolution metrology methods, medical instrumentation, laser manufacturing or optical
inspection methods. The limitation was mainly due to the cost and the size of the coherent light
sources. Recent progress in semiconductor science and batch technology for microelectronics
manufacturing allowed coherent optics to penetrate the low cost, customer preduct market.
Namely cheap, reliable and easy-to-use light sources, such as light emitting diodes (LED) or
laser diodes (L), and application specific photodetection sysiems, photodiode arrays (PDA)
and charge coupled devices (CCD), became available for the design and the realization of low
cost optical systems. Examples are computer peripheries (optical storage drives, laser printers,
pointing devices), compact disc (CD) units for audio and video application, CCD cameras and
digiwat photography, avto focus systemns for photography, laser pointers, infrared (R} remote
control systems, optical telecommunications, etc.

1 !;ighl Amplification by Stimulated Emission of Radiation
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The work presented here discusses randomaess in optical phenomena. The results are used for
the design and the experimental investigation of two different types of optical systems. The
statistical aspects of these systems are emphasized.

Chapter 2 provides a review of the mathematical concepts to describe statistical optics and
. presents the specific results that will be used in later chapters. Chapter 3 deals with white-light
interferometry. The progress in photodetector array technology over the last years gave rise to a
revival of broad band light sources for interferometry in technical applications. Our
contribution o this development is 2 dispersive white-light interferometer for absolute distance
measurement in the sub-millimeter range. Spectral analysis of the interferogram allows to
compensale the measurement for wavelength sensitive dispersive targets. The validity of the
method is experimentally demonsirated. Applications of the interferometer are (i) autofocusing
systems, (i) non-contact profilometry, and (iii} non-destructive thin {ilm characterization
systems. Chapter 4 is concerned with scattering of coherent light from rough surfaces. The
result is a random spatial distribution of the light intensity, known as laser speckle. Contrary to
well known techniques for measuring displacement or velocity of constantly moving objects,
the detection of movement at arbitrary low speed, including change of direction, requires a
completely different approach of apto-electronic detection and signal processing. We have
theoretically and expertmentally investigated a laser speckle based technique for non-contact
detection of in-planc movement of rough objects which satisfies these requirements. Its
application in an optical computer mouse working on arbitrary desk surfaces.is discussed. The
noise properties of the photodetection system ate analyzed. Finally, Chapter 5 compares
coherence and speckle theory from the physical and the statistical point of view and concludes

with some general considerations about modem optics in technical applications.
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2 Statistical Methods in Optics

The statistical aspects of optical systems play & central role in this work. Thus the mathematical
methods used to analyze statistical phenomena are first discussed in this chapter. Specific
results and the statistical tools which are used in the following are presented. Section |
summarizes the concept of probability and random variables. Section 2 extends the notion of
random variables to the more general concept of random processes. Section 3 finally is

concerned with statistics and points out the difference between statistics and probability.

2.1 Probability and Random Variables

Probability theory is a mathematical treatment of the intuitive notion of hazard. 1t is a rigorous
s!‘.!udy of phenomena where no deterministic mathematical model can be applied. Experiments
with outcomes that cannot be predicted in advance are referred to as random experiments. The
collection of all possible outcomes of a random experiment is the set of events {A].

2.1.1 Randem Variables

When a ceal number u(A) is assigned to every possible event A of a random experiment, a
random variable U then consists of both the set of all possible values u(A) together with their
associated probabilities. A random variable U is called discrete if the experimental outcomes
consist of a set of discrete numbers [uj, u3, ..., up, ...}. Any uy is characterized by theevent
U = u, and its probability p, = P(U = uy). Thus a discrete random variable U is defined by the
mathematical application, known as the probability mass function (PMF) or the distribution,
which assigns the probability p, to each number uy,. A random variable U is called continuos if
the experimental outcomes can lie anywhere on a continuum of possible values. The probability
that the random variable takes a value within the interval (a, b] is calculated through

b
Pla<U<b)= [du pdfy(u), (8> —, b <o) (2.1)
a

where pdfy(u) is the probability density function (PDF) or the distribution of the random
variable. This function entirely describes the probabilistic behaviour of the random variable and

satisfies
pdfy(w) 20 (2.2a)
Jdl.l pdfy(u) = 1. (2.2h)

The distribution of some frequently used random variables are given in § 2.5.

Statistical Methods in Opiics



2.1.2 System of random varlahles

Consider two random experiments with sets of events [A} and {B), respectively. A numerical
value u(A) is assigned to each outcome A of the first experiment and w(B) to each cutcome B of
the second experiment. The joint random variable UV is defined 1o be the collection of all
possible joint numbers (u,v) together with an associated measure of probability. According to
“the case of one random vanable, the probabilistic behaviour of the joint random variable UV is
characterized by the joint probability density function (JPDF) pdfyrv{u,v), which satisfies the
two-dimensional form of Eq. (2.2). The marginal PDF of the random vartable U is found
from the jPDF of the joint random variable UV through

pdfuiu) = jdv pdfyviv,v). 2.3)

—og

The marginal PDF of the random variable V is found by interchanging the variables uand v in
Eq. (2.3). If the random variables U and V are statistically independent, that is, the
probabilistic behaviour of one random variable is not influenced by the other, their jPDF is
simply given by

pdiuvin,v) = pdfu(u) pdiv(v). 24

2.1.3 Statistical Averages

The probabilistic behaviour of a random variable can be pantially characterized and summarized
by some numerical values. Let g{u) be a function that for every value o of a random variable U
assigns 4 new real value g{u). The statistical average of g(u) is then defined by

E(g(u)) = [du g(u)pdfy(n). (2.5)

. The simplest statistical average propesties of a random variable are its moments, which are
obtained from Eq. (2.5) by setting g{u) = vk to obtain the kth moment. Of particular
imponance are the first moment (for k = 1), known as the mean ot the expectation,

E(U) = u u pdfu(u),l (2.6)

and the second moment (for k = 2)

E(U2) = fdu u2 pdry(u). 2.7

Statisticnl Methods in Optics
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Often, the fluctoations of a random variable about its cxﬁectation are of interest, in which case
the central moments, obtained from Eq. (2.5) by setting g(u) = (\-E(UN¥ to obtain the kth
central moment, play the key role, Of particular importance is the second central moment

ou?= Jdu (u - ECUY? pdfy(u), 2.8)

known as the variance of the random variable. For practical evaluation of the variance, it can
easily be shown that

oy? = E(U2) - EXU). . (2.9)

The square root oy of the variance, known as the standard deviation, is a measure of the
dispersion or spread of values assnmed by the random variable.

2.1.3.1 Joint moments of random variables
Let U and V be jointiy distributed random variables. The joint moments of U and V are then

e oo

E(Unvm)= | [dudv unvm pdfyy(a,v). 2.10)

—C) -0
Of practical importance are the correlation between U and V (forn=m =1}

Cuv=EQUV)= | [dudvuvpdfyv(u,v), @11

the covariance of U and V
Covyv = E([u - E(U)]-{v - E(V)]) = Cyv - E(U)E(V), (2.12)
and the correlation coefficient

= Covuv (2.43)
ayoV

The correlation coefficient i is a direct measure for the simitarity of the fluctuations of U and
V. Ifu=1,Uand V are perfectly correlated and their fluctuations are essentially identical.
When L =0, U and V are uncorrelated. Two statistically independeat random variables are
aiways uncorrelated. The inverse is not true; i.e., lack of correlation does not necessarily imply
statistical independence.

Siatistical Methods in Oplics



2.1.4 Transformation of Random Vnriables

1t is of interest to determine the PDFs of random variables afier they have been subjected to a
linear — or non-lincar — transformation. Consider two jointly distributed random variables W
and Z that are functionally related to two joinily distributed random variables U and V by

w = f(u,v)

2= gluv). (2.14)

The problem is 1o find the JPDF of WZ, assumed that the jPDF of UV is known. Only single
valued, one-10-one transformations f(u,v) and g(u,v) in Eq. (2.14) are considered, for which
the inverse transformations exist. Then u and v are expressed in terms of w and z by

Flw,z)
G{w,z) .

=3
It

(2.15)

<
t

The probability that the values u and v lie in an incremental area AuAv-equals the probability
that w and z lic in the elementary area AwAz. Thus for small AuAv and AwAz

pdiwz(w.z)AwAz = pdiyv(u,v)Audv - (2.16)
and

duAv =l AwAz, | 217
where [Jl is the Jacobian of the inverse transformation, calculated from Eq. (2.15) through

dFf dF

1] oW % 2.18
“lecac | (2.18)

dw dz

where } stands for the modulus of the deierminant. Substituting Eqs. {2.15) and {2.17) in
Eq. (2.16) finally yields ;

pdiwz(w,z) = Ul pdfyy{u,v}. u=F(w,z); v=G0G{wz) (2.19)

2.1.5 Sums of Random Variables, Central Limit Theorem

A basic theorem of enormous importance is the central limit theorem. Consider N independent
random variables Uy, U, ..., Uy with arbitrary PDF, expectation E(U,) and variance
6n2>»0{n=1,2, ... N). Let a new random variable U be defined by the sum

Statistical Methods in Opiics



N
1
U=— 2 U,. 2.20
m Ig n ( )
Then, under certain conditions that are often met in practice, as the number N of random

variables tends to infinity, it can be shown 1-3 that the PDF of the random variable U
approaches Gaussian distribution

. 1 (u — E(U)?
lim pdfy(u) = exps — s 2.21
a0 " o "{ 202 } @20
with expectation E(U) and variance &2 given by
| N
E(U)=—= ) E(lU,),
( mng], 11)
| N
or=t S on2. 222

=
il

A plov of the Gaussian distribution in Eq. (2.21) is shown in Fig. 2.1.

[_“ 1 o pdfy(u)
o172
20
u
0 T -
0 E(U) .

Fig. 2.1 Gaussian probability density function.

2.1.6 Gavssian Random Variables

Many random phenomena in physics resull from addition of a large number of independent
random events. By virte of the centeal limit theorem, Gaussian random variables accordingly
play a role of unsurpassed importance in the probabilistic analysis of physical phenomena. Of
most importance in the following are two uncorrelated (1 = 0), jointly distributed Gaussian
randam variables U and V, each having zera expeciatian E{U) = E(V} = 0 and equal variance
o2, In this case, their jPDF is

Statistical Methods in Optics



1 u? 4 v2
digy(uy)= ——expd— ——
petd 2nc? p{ 2¢2 }

| u? 1 v2
EXp{= ~=— - exp{— =— } = pdf df . 2,23
Tora P{ 202} Tro p{ 202} pdfu(u) pdfy(v).  (2.23)

.Equalion {2.23) shows that the jPDF factors into the product of (wo marginal PDFs. Thus two
uncorrelated Gaussian random variables are also statisticatly independent (§ 2.1.2).

2.1.7 Complex-Valued Random Variables

In the previous sections, the properties of random variables that take on real values have been
described, Frequently in the study of optical waves, it is necessary to consider random
variables that take on complex vatues. Underlying the definition of every random variable,
there is a set of events {A} and a set of associated probabilities. If a complex number u(A) is
assigned to each event A, the set of all possible complex numbers together with their associated
prababilitics define a complex-valued random variable U. To describe the statistical properties
of the random variable U, it is most convenient to define the joint statistical properties of its
real and imaginary parts. Thus if U =R + jI represents a complex random variable that can
take on specific values u = + j-i, & complete descripiion of U entails specification of the
JPDF of R and 1. Of special interest are jointly circular complea Gaussian random variables,
with jJPDF described by Eq. (2.23), Contours of constant probability are circles in the (i)
plane explaining the denomination of circular complex Ganssian. According to Eq. (2.23), the
real and imaginary parts of circular complex Gaussian random variables arc uncorrelated and
therefore independent.

2.1.2 Random Phasor Sums

In optics, the most frequent case of compléx numbers are phasors, representing amplitude and
phase of monochromatic waves. Sums of complex-valued random variables are referred to as
random phasor sums. Consider the sum of N complex phasors up, the ath phasor having
random amplitade u, 7 YN and phase ¢, (n = 1, 2, ..., N), as sketched in Fig, 2.2.

Im(U)
7

Re (U}

U

Fig. 2.2 Random phasor sum in the complex plane.

Statistical Meshods in Opics



The resnltant phasor U, with amplitude U and phase ¢, can be written as
1 N
U=U b} =— eifn . uz90 .
expljo} = 7= n% npeitn (2.24)

For the sake of simplicity of the statistical analysis, the following assumptions, which are
generally satisfied in practical problems, abont the elementary phasors vy, are made:

(i) The amplitude u, / VN and the phase ¢, of the nth elementary phasor are statistically
independent of each other and of the other N-1 phasors.
(i) The phases ¢y are uniformly distributed in the intecval [-m, ) (§ 2.5).

The real (r) and imagirary (i) parts of the resultant phasor U = r + j-i are given by

N

r = Re[Uexp{jo}] = \r]_ﬁ Y. uncosdn . (2.252)
- n=1
N

i = Im[ Uexpljo}] = Qlﬁ Y upsingo (2.25b)
n=1

By virtue of the central limit theorem, both r and i are approximately Gaussian random
variables for large N. To specify their jPDF, the guantities E(r), E(i), &,2, 62, and the
correlation coefficient P must be calcnlated. It can readily be shown ! that E(r) = E(i} = 0,
62 = 0;2 = 02 = E(U2)/2, and L = 0. Then, at the limit of very large N, the jPDF of the real
and imaginary parts of the random phasor sum.U obeys circular complex Gaussian distribotion

. | 2 +i2
pdf(r.i) = z—n-o_—zexp {- 27 } . (2.26)

2.1.8.1 Statistics of the Amplitude and the Phase

In many applications, the amplitude U and the phase ¢ of the random phasor sum U have more
physical appeal than the real (r) and imaginary (i) parts. The change from rectangular (r,i) to
polar (U.,$) coordinates is a single valued, one-to-one transformation and the results in § 2.1.4
can be wsed 1o find the jPDF of U and ¢. The inverse functions of the transformation are
r = Ucosd and i = Usind, which gives for the Jacobian in Eq.(2.18) iJl=U. From
Eqs. (2.19) and (2.26) one obtains for the jJPDF of the amplitude U and the phase ¢

2
——expy— ——= Uz0,-m<op=n
pdf(U.¢) = 2102 p{ 202} . 2.27)

i} otherwise

$Swalistical Methods in Optics
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The marginal PDF of U is found by integrating Eq. (2.27) over the phase ¢. The result is

2
= exp{- U—} 20
plfy =9 o© 202 . {2.28)

0 otherwise

which is known as the Rayleigh distribution. A plot of this function is shown in Fig. 2.3.
Expectation E(U) and variance g2 are related to the parameter o2 in Eq, (2.28) threugh

E(U):w/;—to,

oy = [2 - ’23)02 ) (2.29)
o pdf()
e-112 -
Ulo
0 . >
0 E(U)y o= yiv2

Fig. 2.3 Rayleigh probability density function of the amplitude U,

The marginal PDF of the phase ¢ is found by integrating Eq. (2.27) aver the amplitude U. It
follows that the phase ¢ obeys the uniform distribution in the interval [-x, x] {§ 2.5). Note that
the jPDF in Eq. (2.27) is the product of the marginal PDFs of U and ¢, Thus the amplitade U
and phase ¢ of the random phasor sum are statistically independent (§ 2.1.2).

2.2 Random Processes

The notion of randem processes is a generalization of the concept of random varisbles, for
which the random events are functions rather than numbers. In general, random processes are
functions of time or space. Underlying the concept of a random process is still a randem
experiment, with a sel of events [A] and an associated measure of probability. A random
process U(t,A) assigns to each elementary event A the rea! valued function u{t,A) [or u{x,A)]
with independent time variable 1 [or space variable x] (for the sake of simplicity, the following
results are expressed in terms of the time variable 1, keeping in mind that the space versions are
seif-evident). U(1,A} has the following interpretations: it is 2

Statistical Methods in Oplics
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() afamily (or an ensemble) of functions U(t,A). In this interpretation, t and A are variable.

(i) a single time function U(1) {or a sample of the given process). In this interpretation, t is
variable and A is fixed,

(iii) a random variable U{A) equal to the state of the process at time 1. In this interpretation, t is
fixed and A is variable.

(iv) anumber U, if tand A are fixed.

.The most general description of a random process is a complete enumeration of all sample

"functions composing the random process, together with a specification of their probabilities.
This complete description is seldom possible nor desirable. The most useful description
consists of the first-order PDF pdfy{u:t), which is calculated for a fixed time t, and the second-
order PDF pdfy(n,,uzt;,tz), which is calculated at time t; and . The notation U(t) will be used
Lo represent a randoim process omiiting its dependence on A,

‘2.2.1 Stationarity and Ergedicity

A random process is called strict-sense stationary if its probabilistic properties are invariant to a
shift of the time ongin, meaning that the processes U(t) and Ul + 1) have the same statistical -
propertics for any T. In particutar, the first-order POF of a strict-5ense stationary random
process U(t) is independent of t and hence can be written as pdfy(u). Similarly, the second-
order PDF depends only on the time delay T =tz —t( and can be writien as pdfy(ug,uz:1). A
random process is called wide-sense stationary if it satisfies the more restrictive conditions

E(u(t)) = E(u) (2.30)

and
E(u(r)utz)) = E(a(t + Du(v)) . (2.31)

The inost severe restriction on random processes is ergedicity. A random process is ergodic if
any time and ensemble averages are equal and interchangeable. Thus if g(n) is the quantity to

be averaged, the time average
i TR
1 E(@)= tim 1j‘dt glu(®) (2.32)
T=oo © =172

equals the ensemble average
E(g)= [du g{u) pdfy(u) . (2.33)

Only ergodic random processes which satisfy the conditions in Egs. (2.20) to (2.33) are

considered in the following.

Suatistical Metheds in Optics
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2.2.2 Speciral Analysis of Random Processes 1

There are lwo different classes of time functions u(t). If u{t) has the property
Jot iz < o, (2.34)

il is Fourier transformable and (he Fourier transform

e

ftvy = [duuqy ez (2.35)

—o

always exists. If u(t) dees not satisfy Eq. (2.34) but satisfies

Ti2
lim % dtul(t) < «, {2.36)
T=ee ~ -T2

it is said to have finite average power. In any case, the distribution of energy or power over
frequency is of interest. Since the sample function u(t) of the random process U(t) is unknown
int advance, the quantity to be concerned with is the expected distribution of energy or power,
known as the energy (ESD) and pawer (PSD) spectral density, respectively. 1f u(t) is Fourier
transformable [Eq. (2.34)], the ESD of the random process U(t) is defined by

Su(v) = E(Ilicvy2) . (2.37)

If u(r) has finite average power, according 1o Eg. (2.34), the Faurier integral in Eq. (2.35)
does nat exist. However, the truncated function

T T
t -=Sts 5
uﬁt):{ v 2 2 (2.38)
0 otherwise
daes have a Fourier transform Gr(v), and the PSD of u(c) is defined by
Gyv) = lim FE(fvIE) . (2.39)
T
Energy and power spectral densities are real, positive and even functions of v and satisfy
Javeym = Jor EQun) (2.40a)
[av Suev) = E(u2) . (2.40b)

Statistical Melhaods in Cprics
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2.2.3 Linearly Filtered Random Process !

Let the random process V(t) consist of sample functions which result from passing all sample
funetions of the random process U{t} through a linear filter with impulse response s(t) and
transfer function $(v). Then V(t) is called a lincarly filtered random process. The ESD (for a
Fourier transformable random process U{t)) or the PSD (for a finite average power random
process U(t)} of V(1) is then given by

Lv(v) = S ¢y(v) (2.41a)
or
Gviv) = B2 ¢uv) (2.41b)

respectively. Thus the £SD {(PSD) of the output random process V({t} is simply the squared
madulus of the transfer function of the linear filter 1§(v)[2 times the ESD (PSD) of the input
random process.

2.2.4 Wiener-Khinchin Theorem and Autocorrelation Function

The autocorrelation function of an ergedic random process is

Cu() = E{ut + tHu(t))
7

lim 'Lr ]Jdt ult + THut) . (2.42)
7]

T—es = =

It is an even function of the time delay T and satisfies Cy(0) = E(u?). A major practical
irnportance of the antocorrelation function lies in its relationship to the power spectral density:
for a random process that is at least wide-sense stationary, the antocorrelation function and the
power spectral density form a Fourier transform pair, namely

Cuvy= _[d‘l: Cy(r) gj2mve

Cum = [dv Sy(v) eizmr, (2.43)

This very special retationship is known as the Wiener-Khinchin theorem.

Statistical Methads in Optics
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2.2.5 Analylic Signals, Envelope and Phase

It is common practice lo represent a real-valued signal by a complex-valued signal, whose real
parnt equals the original signal. Provided that only linear operations are performed on the
complex signal, the original signal can be dztermined at any time by taking the real part of the
complex signal. The main reasen for preferring a complex represeniation is 1o simplify the
. algebra when the signal passes through linear systems. Consider a monochromatic, real-valued

signal uft) at frequency vg

u{t) = U cos(2nvgt + ) . (2.44)

where U and ¢ stand for the amplitude and phase, respectively. The complex representation of

the signal is then
u(t) = U exp { j2mvot ), (2.45)

where U= U cxp{j¢} is the complex-valued phasor representing the amplitude and phase of
u(t). The Fourier transform of u{t) in Eq. (2.44) is

Bvy = U exp { jovivo} 3 [Btv+vo) + Bv—va)] | (2.46)
as shown in Fig. 2.4a), whereas the Fourier transform of the complex-valued representation
u(t) in Eq. (2.45) is

fi(v) = U 8(v-vg) , (2.47)

as shown in Fig. 2.4b).

a) b)

c>
=>

| | U d(v—vp)
FU* 8{v+vp) 7 U d(v-vq)

I

=Yg Vo Yo

Fig. 2.4 Fourier transform of a} a monochromatic real-valued signal and b} the unilateral
form of its complex representation.

Equation (2.47) is the unilateral form of Eq. {2.46) and satisfies
ti(v) = 2e(v) O(v) . v20 (2.48)

where 26(v) = | +sgn(v). By anatogy, any real-valued signal — deterministic or random — can
be represented by a complex-valued signal whose real part equals the original signal.

Statistical Methods in Optics
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2.2.5.1 Analytic Signal
An analytic signal u(t) is a complex function of time (or space) whose Fourier transform i)
is the unilateral form {*+(v) of the Fourier transform G(v) of its real part u(t), namely

r

u(t) = uft) + j-F(wlty (2.49)

with
fi(v) = 0wy = 2e(vy B(v) {2.50)

#(-) in Eq. (2.49) stands for the Hilbert transform of (-}, which is defined by

@) = = O u() = & f‘“ uy

—o

{2.51)

where ® denotes the convolution integral indicating that the Hilbert transform is equivalent to a
linear filter with impulse response s{t) = (mt)~! and transfer function §(v) = —j-sgn(v). The
Hilbert transform is a pure +m/2 phase shifter irg(v)l =1, arg(?(v)) = -sgn(v)- /2] so that the
Hilbert transform #{u(i)) is the quadrature signal of u(t).

2.2.5.2 The Analytic Signal as a Complex-Valued Random Process

1f u(t) is the sample function of a random process U(1), the analytic signal representation u(t)
may be regarded as the sample function of a complex-valued random process U{t). Let Cyy(t)
and Yyy(v) represent the autocorrelation function and the PSD of the real-valued randem
process U(t). It can be shown ! that the antocorrelation function and the PSD of the analytic
signal representation are given by

Cult} = 2Cu(T) + j2RICy(T) (2.52)

and

Gulv) =9ry(v) = ' (2.53)

4%plv) v >0
ve

respectively. Thus the autocorrelation function of an analytic signal has a unilateral Fourier
transform and is itself an analytic signal.

Similarly, the cross-correlation function of two jointly analytic signals u(t) and v(1), defined by
Cyw(t) = E(u(t+t)v'(t)), is ptven by

Cuv(r) = 2Cuv(T) + - 2H(Cyv(th , (2.54)

where Cyv(t) is the cross-correlation function of the real-valued random processes U(t) and
V().
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2.2.5.3 Envelope and Phase
The analytic signal in Eq. {2.49) can be written in polar coardinates by

u{t) = ey exp {jo0) ). (2.55)

where r{t) = Y u2 + (W(W)? is the module and ¢(1) = tan~! [H(u)iu} is the argument of u(t)
(the time dependence of u(t) has been omitted to simplify the notation). Thus a model of the
instantaneous amplitude {or envelope) and phase of u{1) can be defined by the module r(1) and
the argament ¢(t) of the analytic signal u(t), respectively. As an example, a parrow-band
(Av << vg) random signal u(t) and its calculated envelope r{t) are shown in Fig. 2.5.

(0 () = fa(t)

Fig. 2.5 Narrow-band random signal 1(t) and the calculated envelope r(t).

2.3 Statistics

Probability theory is a mathematical description developed as an abstract model and its
conclosions are deductions. All parameters of a probabilistic model are assumed 1o be fully
defined and known. Thus probability problems have unique and precise solutions. In practical
situations, this is rarely the case and statistical methads need to be invoked. Statistics suggests
probabilistic nodels of physical systerns and investigates their validity and quality by means of
experimentat tesis. The goal is to gain insight into the behaviour of physical systems and to
facilitate better predictions and decisions regarding these systems.

2.3.1 Statistical Methods

There are two fundamental classes of statistical methads 24. Given a postulated probabilistic
model of a physical system, which depends on some parameters, and a set of experimenta)
data,

(i) Sratistical estimation establishes the best values of the parameters of the probabilistic model
using the set of experimental data.

Statistical Methods in Oplics
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(ii) Seatistical testing qualifies a hypothesis on the parameters or on the probabilistic maodel
itself using the sev of experimental data. The result of the test is used either to accept or to
reject the hypothesis,

Only statistical estimation is used in later chapters.

Suppose performance of an experiment N times and that the random variable U is the
characteristic of interest of the possible outcomes. The random variable defined on the nth
performance of the experiment is denoted by Uy, The set of random variables (U, Uy, ...,
Upy} ts called a sample of size N of the random variable U whose probabilistic behaviour is
specified by the probabilistic model. The word statistic is used to describe any function of
some random variables T =T(Ujy, Us, ...). The argument of the statistic may either be
experimental values, which are obtained by the performance of (real) experiments with the
physical system, or values obtained by the performance of (hypothetical) experiments with the
postulated model. The statistic T is called estimator of the parameter P of the probabilistic
model if the observed value of T estimates the value of P. A pood estimator has the property to
be unbiased, meaning that E(T) = P. The quality of an estimator T is also characierized by its
variance &2, the smaller the variance the better the quality of the estimator.

2.3.2 Frequently used Statistics

2.3.2.1 Sample Mean
A fundamental statistic of the sample {U|, Uz, ..., Uy) is the sample mean U, which is an
estimator of the expectation E(U). It is usually defined by 4

L
N

b=z

U= U, . (2.56)

=
I

Mean and variance of U are E(U) = E(U) and oF? = oy? / N, respectively. Thus the
sample mean defined by Eq. (2.56) is an unbiased estimator of the expectation E(U} whose
quality increases with the sample size N. :

2.3.2.2 Sample Variance

Another fundamental statistic of the sample {Uj, Uy, .... Uy] is the sample variance 52,
which is an estimator of the variance ay?. It is mast frequently defined by 4

N
s2= L 2 (U, 0P, (2.57)
n=1

It can readily be shown that the sample variance in Eq. (2.57} is an unbiased estimator of the

variance.
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2.3.2.3 Modeling of Data

The progress in digital computer technology over the last years made available powerful
numerical tools for statistical purposcs. Modeling of data is a method that can be vsed to
estimate simultaneausly the parameters of a probabilistic model from the sample (U, U, ...,
Un}. The basic approach of data modeling is usually ta design a figure-of-merit funciion that
measures the agreement between the data and the model with a particular choice of values of the
parameters. The figure-of-merit function is canventionally arranged so that small values
represent close agreement 3. The parameters of the madel are then adjusted 1o achieve a
minimum in the figure-of-merit function, yielding best-fit parameters.

Data modeling is used in later chapters to determine numerically the parameters of a PDF from
a sample (U, Uz, ..., Un). First, the elements Uy, of the sample are distributed in K equally
spaced classes. A good choice 8 of the number of classes is K = VN. The number of elements
within a class is called the frequency. When N grows withaut bound, the histogram {frequency
vs. classes) approaches the PDF of the randam variable U. For bounded N, data medeling can
be used to fil the model of the PDF to the histogram yielding best-fit estimates of the
prababilistic parameters,
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2.5 Some Distributions, their Means and Variances 2,4

e Poisson PMF forug=0,1,2, ..

L

AUp Y
pmifu(up) = o e

E(Uy=a

« Uniform PDF fora<u<b

pde(U) = b 1_ a

E(Uy=(a+b)/2

» Gaussian {normal) PDF for = <u <o

_(u-EW)

1
dfy = €x|
pfuly) ouvin P {

—0 < E(U) < oo
« Rayleigh PDF foru2 0
u
pdfyf{w) = ; exp {-

E(U)=Vn2¢c

» Negative Exponential PDF foruz 0

pdfylu) = A e—tu
E(W=1/A
» Gamma PDFforuz
ua e-ufb

pdfy(u) =

E(U) ={a+1)b

u?
202

Ia+1)bat]

A>0

oyl=2

—m<hb<agm

oyl =(b-a)2/ 12

agy>0

c>0

oy? = (2-2) ¢?
A>0
opl=1/A2
a>=1, b>0

oy? = (a+1)b?
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3 White-Light Interferometry

White-light sources in optical interferometry have experienced a revival during the last years.
The main reasons are the progress in photodetector array technology and the availability of
digital computers to process large amounts of data obtained from interferometers.

When monochromatic light of wavelength A is nsed, optical path differences (OPDs) larger
than A can be measured by incremental counting the intetference fringes while the OPD is
'scanned 1. Absclute measurements, which do not require scanning of the OPD to be
measured, are possible using either multiple wavelength 2.3 or white-light sources. The broad
spectrum of white-light sources further allows spectral analysis of the measurements.
Interesting interferometric techniques using white-light sources have been developed, e.g.,
coherence scanning microscopy +%, temporally or spatially scanned white-light
interferometry 6, low coherence reflectometry 7, Fourier transform spectrascopy 8, or
dispersive white-light interferometry %. The main drawback of white-light sources is their low
coherent optical power (radiance).

In terms of Chapter 1, an optical wave may be qualified as a tandom process. In practical
applications, a partial description of the random properties by some statistical averages is
sufficient for predicting the outcomes of an experiment. Section | is concerned with the
definitions of these statistical averages, mainly the optical intensity and the mutnal coherence
function, and with the criteria by which light is classified as incoherent, coherent, or in general,
partially coherent. Temporal and spatial coherence are discussed, and the relationship between
the temporal coherence and the spectrum of light is established, Section 2 investigates the
coherence of two waves and their ability to interfere. Emphasis is laid on the temporal
coherence. The results are nsed in Section 3 to invesiigate a dispersive white-light
interferometer for absolute distance measurement, using a diffraciive element to increase the
temporal coherence of the light source and a linear photodetector array to scan the interference
signal. The interferometer measures distances in the millimeter range without using
mechanically moving paris. The channelled spectrum further allows to compensate the
measurement for wavelength sensitive dispersive targets, such as dielectric multilayer systems.
Section 4 concludes this chapter on white-light interferometry.

3.1 Statistical Properties of Random Light

In this section, the statistical averages commonly used to describe random light are defined: the
optical intensity and the mutual coherence function. The coherence of an optical wave can be
separated in two contributions, the temporal and the spatial coherence. Temporal coherence
qﬁaliﬁes the ability of a light beam to interfere with a time delayed (but not spatially shifted)
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replica of itself. Spatial coherence qualifies the ability of a light beam to interfere wiih a
spatially shifled {but not time delayed) replica of itself.

3.1.1 Optical Intensity

. An arbitrary optical wave can be described by the complex-valued wavefunction U(x.t). For
example, U(x 1) may take the form Ug(x)exp{j2nrvt] for monochromatic light of optical
frequency v. The optical intensity I(x,1) is the statistical average

I(x,0) = E(IU(x 112} (3.1

of the instantaneous intensity [U(x,1)I2, The intensity may be time independent or may be a
fonction of time. The former case hpplies when the optical wave is stationary; that is, the
instantanecus intensity fluctuates randomly with time, but its average in Eq. (3.1) is consiant.
Only stationary optical waves are considered in the following, The intensity can then be
determined by time averaging the instantaneous intensity over a long time interval

| T
I{x)= lim = |}dt U012 . (3.2)
T—oa T —1Jf.2

It is important to statc that commonly used photodetection systems inherenily pecform the time
averaging in Eq. (3.2), because optical frequencies (1ypically v = 5-1014 Hz) exceed the
speciral bandwidth of the detection systems (typically B < 109 Hz) by orders of magnitudes.

3.1.2 Mutual Coherence Function

The spatial and temporal fluctuntions of random light are described by the cross-correlation
function of U(x,t) a1 pairs of positions x; and x7 at a time delay T later, known as the mutnal
coherence function

Clxpxe.m) = E(UGx 1.t + DU*(x2.1)). (3.3)

When T = 0 and the two points coincide so that x; = x2 = x, the muival coherence function
equals the intensity in Eq. (3.1) [I = C(x,x,0)). Thus the mutual coherence function carries
information about both the intensity and the degree of correlation (coherence) of light. I is
convenient to define the complex degree of coherence by

C(x1.x2.1T)

= . 4
T P2y e
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which ts independent of the intensity. The dependence of (1t on time and positions describes the
temporal and spatial coherence of light.

3.1.2.1 Temporal Coherence and Spectrum

Consider the fluciuations of stationary light as a function of time when the two points coincide
so that x; = x7 = x. The stationary random process U(x,1) then has constant intensily T =
E(IU{t)”2) (the x dependence has been omitted 1o simplify the notation). The random
fluctuations of U(t) are characterized by a time interval within which the process is comrelated,
but uncorrelated when examined over longer time scales. A quantitative measure of this
temporal behaviour is established by the temporal coherence function

C(n) = E(U(t + U*(D)), (3.5)

which is the position independent form of the mutual coherence function in Eq. (3.3). Its
normalized form

C(ry _ E(U(t + DU*) 36

MY =55y = N

is known as the complex degree of coherence. Its absolute value i1(t)! is bounded by zero and
unity. Usually, {p{1)l drops from its largest value [p(0)f = 1 as T increases and the fluctuations
become uncorrelated (incoherent) for sufficiently large . If fa(T)l decreases monctonically with
time delay T, the fluctuations are correlated for T < ¢, but uncorrelated for T >> T, where 1 is
the coherence time of the light. The coherence time T, is the width of u¢t)! and is usually
defined by the power equivalen width

Te= [dTi(oR ' 3.7)

Light for which the coherence time T is much longer than the differences of the time delays
encountered in an optical system is considered to be completely coherent. Thus, light is
coherent if the optical path differences encountered are smaller than the coherence length

le =nete, (3.8)

where ¢ is the speed of light and n 1s the refraction index of the medium through which the light
propagates (for the sake of simplicity, it is assumed that n = 1 in the following). By virtue of
the Wiener-Khinchin theorem, the temporal coherence function C(t) in Eq. (3.5) and the
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unilateral power spectral density $+(v) of the analytic signal representation of light are related
through the Fourier transform (§ 2.2.5)

Clv) = Jdv GH(v) el2RvT (3.9)

The spectrum of light is often confined to a narrow band Av centered about a center frequency
vg. Because of the Fourier-transform relation between $+(v) and C(1), the bandwidth Av is
inversely related to the coherence time g, as illustrated in Fig. 3.1, The coherence time of a
light wave can be increased by using an optical filter to reduce the bandwidth Av. This method
of increasing the coherence time of a broad band light source will be used in Sectian 3.

Il L v)
Av,
v
FT ; >
—_— vo
l——
FI‘" ‘Q"’(V)
Av,
v
{ »
Yo

Fig. 3.1 Coherence tine 1, and spectral width Av, are inversely proportional. FT: Fourier
transform, FT-!: inverse Fourier iransform.

The spectral width Ay, = |/1; is calculated from the power spectral density 6+ through 10

Lj’wdv °§+(v)]2

P LA B
> T

Jdv [¢*w]?

(3.10)

Typical values of 1he coherence time 1; [coherence length 1] are 3 fs (800 nm] for filiered
sunlight (Ag = 600 nm, AA = 400 nm), 45 fs (20 pm] for LEDs (hg = | pm, AL = 50 nm),
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| ns [30 cm] for filtered gas discharge lamps (e.g. Hg!98 green line Ay = 546 nm), or 30 ns
[10 m] for GaAlAs laser diodes (Ap = 780 nmy).

3.1.2.2 Spatial Coherence )
The spatial correlation of light is described by the mutual coherence function in Eq. (3.3} fora
fixed time delay . The normalized mutual coherence function for =0,

_ _Cxx9) ' 311
hix xp) = TS @1

is known as the normalized mutual intensity. When the optical path difference encouatered in
an optical system is much shorter than the coherence length I; [Eq. (3.8)], the light may be
éonsidered temporally coherent and the mutual intensity p(x(,X2) in Eq. (3.11) completely
describes the spatial coherence. Again, Iu(x(,x2)| is bounded by zero and unity, and it is
regarded as a measure of the degree of spatial coherence. The spatial coherence of light in the
vicinity of a given position Xy i5 unity when x2 = x| and drops as the distance Ix(—x»l
increases. The coherence area S is defined by the power equivalent width of Ipn(x,xz)l and is
calculated through

Se= [ a2 in(xix)i? (3.12)
where spatial stationarity of | has been assumed so that S¢ is position indepeadent. If S; is
lacger than the size of the aperture through which light is iransmitted, so that Ipn(x,xz} = 1 at
all points of interest, the light is considered 10 be spatially coherent. Similarly, if S, is smaller
than the resolution of the optical system, i.e., Ij{x;,x7)l = 0 for practically all x| # x3, the
light is spatially incoherent.

Te cenclude this section, it is stated that complete (termporal or spatial) coherence and
incoherence are only idealizations representing the two limits to partial coherence,

3.2 Interference of Partialy Coherent Light

When two — of more — optical waves are present simaitaneously at the same point of space, the
total wavefuaction is the sum of the individual wavefunctions. This basic principle of
superposition follows from the linearity of the wave equation 10, For monochromatic waves of
the same optical wavelength, the superposition principle must be applied to the complex
amplitudes U(x.t), and the intensity of the superposed waves is not necessarily the sum of the
intensities of the waves. The difference is attributed to interference, which depends on the
phase relationship between the waves. The statistical properties of two partially coherent waves
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Uy and Uz are described by the degree to which their fluctuations are correlated. At a given
position x and time t, the intensities of the twe waves are 1) = E(IU12) and I = E(IU3R2),
whereas their cross-correlation is described by the statistical average Cyz = E(UjUz*) and its
normalized form

E(U,Us*
uu=%mu. (3.13)

When the two waves are superposed, the intensity I of their surn is

1=E(IU; + Uai2) = E(1U112) + E(IU2) + E(U \Uz*) + E(U*Uz)

=l +h+ 2k Refpiz}. (3.14)

The third term on the right-hand side of Eq. (3.14) represents the optical interference. It is
useful to write the interference term in Eq. (3.14) as

P=1; + I3+ 2yTiiz gyl Cosg , (3.15)

where ¢ = arg{t1z) is the phase of puy3. For two completely correlated waves [[2 =
exp(j9)]. Eq. (3.15) reduces to 1 = Ij + 13 + 2v11T; cosy. For two completely uncorrelated
waves [j;7 = 0], there is no interference and Eq. (3.15) becomes | =1; 4 1. The strength of
the interference is measured by the visibility

Imax = Imin

V= Imax + Imin’ (3.16)

also known as the modulation depth or the contrast of the interference pattern. Imax and Iipin
are the maximumm and the minimum values that the intensity 1 takes when @ is varied. Since
-1 £cosp £ 1, Eq. (3.15) yields

2\IW

ot . (3.17)

V=

In the frequently encountered case where [; = I3, the visibility reduces to ¥ = I3l
3.2.1 Interference and Temporal Coherence
The interference function in Eq. (3.14) can be used to investigate the influence of the temporal

coherence between two light waves on their ability to interfere. Consider a partially coherent
wave Ug(t) with intensity Iy and complex degree of temporal coherence p(t) [Eq. (3.6)].
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Addition of Ug(t) and a time delayed replica Ug(t + 1) can be achieved by using an
interferometer first introduced by Michelson 11, as sketched in Fig. 3.2. The interferometer is
formed by a beamsplitter BS and two plane mirrors M| and M2. The collimated light wave
Up(1) is divided by the beamsplitier into two waves Uy(t) = a;Ug(t) and Ua(1) = apUg(t).
where ay and a3 are real numbers satisfying a;2 + a2 £ 1, and a; > 0, a2 > 0. The waves Uj(t)
and Ua(1) are reflected by the mirrors M| and M3, respectively, and retum to the beamsplitter
where they are recombined.

. L
M| s
Uy »
BS f
= TR
0 %
W v,

f CPPD

Fig. 3.2 Michelson interferometer.

The difference L between the two arms of the interferometer gives rise to a ime delay

=2 (3.18)
Due 1o the fast variations of optical waves which are beyond the temporal resolution of
commonly used photodetection systems (§ 3.1.1), the photodetector PD performs temporal
averaging of the optical wave U = U, + Uz (or statistical averaging, since the random process
U is assumed to be ergodic). The response of the photodetector is therefore governed by the
intensity 1 of the optical wave U [Eqgs. (3.1) and (3.2)]. Taking account of the relative time
delay 1 of the wave Uz with respect to Uy, the intensity detected by the photodetector can be

writlen as
(1) = BQU, (+Ua(t + DI2) (3.19)

Expansion of Eq. (3.19) yields the interference function in Eq. (3.14), with ju 2 = p(1).
Introducing 17 = a;2 L and I = 2321, one oblains

(=10 (a2 +a2)[1 + ;ﬁ—aﬁﬁ Re(u()]. (3.20)

‘White-Light Interferometry



28

In the casc of a symmetric beamsplitter without loss (2,2 + ap2 = 1, aj = a2), the interference
function becomes

Ity =1 [1 + Re[p(n)} . (3.21)

As an example, consider a partially coherent plane wave with complex degree of temporal

"coherence pit) = lp(e)l exp{j2nvet). Substituting inte Eq. (3.21), one obtains I{t)/ip =
[1+H{t) cos(2nvyT)], as shown in Fig. 3.3. The relation between [ and T is commonly known
as the interferogram. The visibility V (1) of the interferogram has a peak value of unity for t=0
and vanishes for T >> 1, i.e., when the optical path difference 2L is much larger thap the
coherence length Ic. Interference occurs when the optical path difference is smaller than 1.,

]('C)’]O “Vo

0 7
¢

Fig. 3.3 interferogram of partially coherent light.

h is physically appealing to write Eq. (3.2]) in terms of the ﬁnilateral power spectral density
%+ of the optical wave. Using the Fourier transform relation between €+ and C in Eq. (3.9),
substituting into Eq. (3.21), and noting that €¥(v) is real and C(1) = Igh(T), one obtains

()= Ojdv %+(v) +Re {Jdv G+(v) ejznv‘:]

= l)Id\r LH(v) [ + cos(2rvT)], (3.22)

where lg =(Jdv %+(v) has been used,

Equation {3.22) can be interprefed as & weighted (incoherent) superposition of imerferograms
preduced by each of the monochromatic components of the wave. Each component v produces
an interferogram with amplitude $+{v), period 1/v and unit visibility ¥, but the visibilily of the
cotnposite interferogram reduces for increasing - as a result of the different periods.
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3.2.1.{ Experimental results
The Fourier relationship between power spectral density and temporal coherence function of

light [Eq. (3.9)] has been expérimentally investigated. The light source was a hight emiing
diode (LED ABB 1A225) working at g =910 nm with a spectral bandwidth of
approximately Ak = 60 nm. The coherence length is then lg = c1; = Ap2/nAR 112 = 4.4 um,
where a Lorentzian spectrum ¥ has been assumed. The spectrum of the light source has been
experimentally determined with the help of a monochromator. Figure 3.4 shows a plot of the
measured power spectrum %+ versus the wavelength A. The weak modulation of the spectrum
{speciral period AAf= 7.6 nmy) is due to Fabry-Perot resonances, similar to those observed in
laser diodes which emit light as longitudinal modes of the Fabry-Peror cavity !2. The spectral
separation Avy besween the spectral lines, known as the free spectral range 13, is related to the
length of the Fabry-Perot cavity d and the index of refraction n of the light emitting medium
through Avy = c/2nd. Introducing for n = 3.5 (GaAs) and Ave= cAAifhg? = 2.88 THz, one
obtains for the length of the cavity approximately d = 15 pm.

Alfs 7.6 nm

920

=
L

%+A) [norm.]

o
wvh
\'

Alm =60 nm

Ag=N0am \
L. 1 l L I |

860 870 830 890 500 210 920 %30 540 950
A fnm)

Fig. 3.4 Measured power spectrum of LED ABB 1A225.

The LED has then been used in the Michelson inerferometer in Fig, 3.2. The mirror M5 of the
intecferometer was mounted on a piezo translator (PZT) to scan a femporal white-light
interferogram 8, which has been detected by the photodetector PD. Figure 3.5 shows a plot of
the measured intensity 1 versus the mirror displacement L. The spatial period of the
interferogram Axp = 455 am is haif the center wavelength Xg of the emitted Iight. The
observed coherence length o = 4.6 um is in good agreement with the value calculated from
the spectral daia (I, = 4.4 um). The reappearance of coherence in the interferogram about the
mirror displacement Axg= £ 52 pm (Fig. 3.5) results from the periodic modulation of the
power spectum %+ (Fig. 3.4). The Fourier transform relation between 9+ and C {Eq. (3.9)]
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relates Axgp and the modulation peried A)f through Axp= Ag2/2A%¢. Introducing for
hop=910nm and for Ahf=7.6 nm, one obiains Axy= 54 um, which is in good
agreement with the observed value in the interferogram (Axr= 52 pm [Fig. 3.4]).

Ax, «455 nm

T I «4.4 ym

171,
=

-15 -50 -25 0 25 50 75

Mirmor Displacement L [um]
Fig. 3.5 Interferogram of LED ABB 1A225,

The results show that the spectral content of light can be analyzed by Fourier transforming its
interference function. This technique is widely used and commonly known as Fourier-
transform spectroscopy 2.

3.3 Applications of White-Light Interferometry

3.3.1 Temporally Scanned White-Light Interferometry

Coherence scanning microscopy %35 is nsed for surface topography inspection, profilometry
and high resolution imaging. The basic setup of the method is the white-light Michelson
interieromcter in Fig. 3.2, The object under test is placed in the sensing arm of the
interferometer and imaged on a CCD camera at the output of the interferometer. The intensity
detected by each pixel of the camera is a function of the degree of coherence Ipl (Eq. (3.20)]
between corresponding points in the object and reference planes. Three-dimensional,
topographical images are obtained by monitoring the degrec of coherence Il when the optical
. path difference is scanned by moving the reference mirror atong the optical axis.

Displacement scnsors based on white-light interferometry are used either directly for measuring
and positioning or indirectly for determining other measurements which can be encoded in
displacements. A receiver interferometer of the Michelson type, mounted in series with the
sensing interferometer, is scanned either temporally or spatially 6. The intensity detected at the
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ouiput of the receiver interferometer is a function of the complex degree of coherence lul which
is maximum when the optical path differences in the sensing and the receiving interferometers
are equal. Monitaring of the degree of coherence Iul versus the optical path difference in the
receiver interferometer yields' the displacement measurement, The technique, also known as
optical low coherence reflectometry, found various applications in optical fiber sensors 14,
optical waveguide testing !5, and non-invasive biomedical investigations 7.

3.3.2 Dispersive White-Light Interferometry

In § 3.1, it has been shown that coherence time . and spectral bandwidth Av of light are
inversely related [Eq. (3.10)] and that interference only occurs for optical path differences
simaller than the coherence length I = ¢T;. In this section, a technique for interferometric
measurements of optical path differences larger than the aatural coherence length of the light
source is investigated. A dispersive element is used at the output of the interferometer to
spatially decompose the spectrum of a white-light source. It results a smaller bandwidth and a
longer coherence time of the channelled spectral components. A linear photodiode array then
scans the spectral fringe pattern.

For the phase evaluation, we used the method described in Paper I Absolute distance
measurement with synchronously sampled white-light channelled spectrum interferometry: The
local phase of the interference signal is obtained from synchronized sampling with four
sgc\mples per fringe period. The absolute distance is calculated from the slope of the measured
phases against wavelength. The minimum distance is limited by the spectral width of the light
source and the maximum distance by the spectral resolution of the dispersive element. Using an
LED source (AX = 80 nm) and a simple diffraction grating (14'000 lines), the range of
operation is from 8 pm to 1.9 mm. Experimental results showed an accuracy of better than
2! nm for a distance of 125 um and better than 12 nm for any position within 50 ;tm and
150 um. The absence of any mechanical movement, minimum hardware reqnirement, and
Simple darta processing algorithm are appealing features in applications as (i} fast distance
control systems, (ii) absolute distance measurement devices and (jii) non-contact profilometry.
The use of the interferometer has then been extended to compensate effects of wavelength
sensitive dispersive targets, as described in Paper II Dispersive white-light interferometry for
absolute distance measurement with dielectric multilayer systems on the targer: The phase of the
reffected wave changes as a function of wavelength and causes errors in the interferometric
distance measurement. Speciral analysis of the white-light interferogram allows to measuore
tilese effects in situ, and the correct mechanical distance can be determined. The method is
based on numerical fitting the model of the phase function, which depends on the parameters of
tile wavelength sensitive target, to the measured phase values. The effects of dielectric
multilayer systems on the target have been experimentally investigated for ane and two layers
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{photoresist on Si0; upon Si). The results showed that the thicknesses of these layers can also
be determined with an acciracy of the order of 10 nm. The method presentied can be readily
integrated into distance control systems, such as antofocusing int holographic lithography for
microelectronics manufacturing 16, and profilometers based on white-light interferometry.

.3.4 Conclusions

The optical intensity and the mutual coherence function are statistical averages commonly used
to characterize the random properties of light. The coherence of light can be separated into two
contributions: the temporal and the spatial coherence. The relationship between the temporal
coherence and (he spectrum of light has been experimemally investigated. A dispersive white-
light interferometer to measure absolute distances in the millimeter range without mechanically
maving parts has bzen demonstrated. Spectral analysis of the interference signal further allows
to compensate the measurement for dispersive targets. Efficient implementations of the
interferometer are possible due to the availability of photodetector arrays and digital computers
for the data processing. The absence of any mechanical movement, minimum hardware
requiresnent, short data acquisition time, and simple data processing algorithm make the
method particularly suited for fast on-line measurement systems in industrial environment.
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4 Detection of Moving Speckles

When a coherent light source such as 2 laser illuminates a diffusing object, the scattered light
takes a pranular, random spatial distribution, as illustrated in Fig. 4.1. The unordered and
chaatic structure of the granularity is not related to the macroscopic properties of the object
under illumination, but depends on the microscopic structure — the roughness — of the object.
This physical phenomenon is commonly known as laser speckles 1.2,

Fig. 4.1 Speckle pattern formed by scattered light from a diffusing object under coherent
iltumination.

In the beginning, laser speckles were regarded only as annoying spatial noise reducing the
resolution of optical systems and falsifying the detection of optical intensities. In the fallowing,
it was soon realized that Jaser speckles are carrying random spatial information on the shape
and position of diffusing objects. As a result, speckle phenomenon quickly found a large
number of applications, as speckle pattern photography 3.4, speckle pattern correlation
interferometry 5.6, and electronic speckle pattern interferometry 7-%. Detection of dynamic
speckles, cansed by movement of the diffusing object under illumination, led to many
applications to measure displacement and velocity of moving objects 10-13,

In terms of Chapter 2, a speckle pattern may be regarded as a random process in space.
Section | is concerned with the statistical properties of speckle patterns. First and second order
statistics of the intensity and the phase are reviewed. Sums of speckle patierns are also
considered. The statistical properties of the complex Fourier transform of the speckle pattern
intensity are investigated in detail. Section 2 discusses the impact of speckles on the spatial
resolution of optical systems and the accuracy of the inensity measurements. Section 3 deals
with detection of moving speckles, caused by in-plane movement of diffusing objects, A
speckle pattern based detector, which measures linear displacements and the direction withont
ambiguity and at arbitrarily low speed, is presented. The statistical properties of the
measurement signal are investigated in detail. The application of the method ir an optical

Detection of Maving Speckles



36

compuier mouse is discussed in Section 4, The mouse waorks on arbitrary desk surfaces
without any mechanically moving parts. Section 5 deals with noise in photodetection, which
imparts randoin fluctuations to the detected signal. As an example, the results are used for the
design of the optical compuier mouse. Section § finally concludes this chapter on detection of

maving speckles.
4.1 Statistical Properties of Speckle Patterns

The physical origin of the speckle phenomenon (Fig. 4.1 is the roughness of most surfaces
on the scale of optical wavelengths. When coherent light is reflected from a surface, the opticat
wave resulting in any moderately distant point results from coherent addition of a multitude of
superposed wavelcts, each arising from a different microscopic element of the surface under
illumination. According to Fig. 4.2a), the distance travelled by the wavelets may differ by
many wavelengths if the surface is truly rough. Interference of the randomly dephased
wavelets then results in the granular speckle pattern. With reference to Fig. 4.2b), diffraction
must be invoked to explain speckle phenoménon in imaging systems. The intensity at a given -
point in the image plane results from the coherent addition of contributions from many
independent surface areas in the object plane. To abtain speckles, it is necessary only that the
diffraction limited point spread function of the imaging system is broad compared with the
microscopic surface variatians, so that a multitude of randomly dephased contributions add at
each paint in the image plane,

Thus speckles are formed by scattered light from microscopically rough surfaces wnder
coherent iliumination and appear either in free-space propagation or in imaging Systems.

{xo0-Y0) x.y) (x0.¥q) (x.y)

) S
Z =
U z

U(x)

— | a) ; b)

Fig, 4.2 Physical origin of speckle phenomenon in a) free space propagation and b}
imaging systems.
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4.1.1 First-Order Statistics of Speckle Patterns

4.1.1.1 Linearly Polarized Speckle Patterns

The first-order statistics of linearly polarized speckle patterns are investigated in this section.
With reference to Fig. 4.2a), the complex-valued phasor of the optical wave U(x), with
amplitude 1U{x)l and phase $(x), is represented as the sum of many elementary phasors uy
(n=1,2, ., N)

N
, 1 .
Ux) = IU)lexp { id(x) } i~ > lup(x)l exp { jon(xr } (4.1)
n=1

‘where lug VN and ¢, are the amplitude and phase of the nth elementary phasor, respectively.
In order to investigate the statistical properties of the phaser U, the intensity I =IU”2 and
phase ¢ of the optical wave, the following assumpticns are made:

(i) The amplitude lu,UVN and the phase ¢y, of the nth elementary phasor uy, ate statistically
independent of each other and of the other N—1 phasors.

(i) The phases ¢, are uniformly distributed in the intervai [—m,x]. This assumption is fulfilled
if the surface roughness p is large compared with the optical wavelength.

According to § 2.1.8 for large N, the joint PDF of the real (r) and imaginary (i) parts of the
optical wave in Eq. (4.1) [U(x) = r(x) + j-i(x}] obeys circular complex Gaussian distribution

. 1 2 +i2
pdf(r,i) = ol exp{— Py } R 4.2)

with 62 = E(IUI2)/2. The joint PDF of the intensity I and the phase ¢ (pdf(1,9}] is obtained by
change of variables 1=r2 +i? and ¢ = tan-!(i/r) in Eq. {4.2). Integration over the
comresponding variables yields (§ 2.1.2) the marginal PDF of the intensity I

1

Aexp{— —} 120

pdtm =9 297 207 . (4.3)
G otherwise

and the phase ¢ |

1
T ~m<d=n

pdf($) = - 4.4
[} otherwise
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Note that pdi(1,¢) = pdf()pdi{¢) indicating that intensity and phase of speckle pattems are

statistically independent.

Froin Eq. (4.3), the expectation and the second order moment of the intensity are E(I) = 202

and E(12) = 2E%(), respectively. The variance of the intensity is therefore 62 = E(I)-EX(]) =

E2(I). If the contrast " of the speckle pattern intensity is defined as the ratio between the
. standard deviation o and the expectation E(I), it follows that the contrast of a linearly polarized

speckle pattern is [ = o/E(l) = 1.

4,1.1.2 Fist-order Statistics of Sums of Speckle Patterns

In many practical situations, the intensity results from a sum of two — ot more — polarized
speckle patterns. If the light fields are coherent, the amplitudes add and the first-order statistics
of the speckle pattern intensity do not change . If the light fields are incoberent, e.g., when
the rough surface depolarizes the scattered light or when the illuminating beam contains several
oplical wavelengths, the intensities add and the first-order statistics change.

Consider incoherent superposition of M linearly polarized speckle patierns which are
statistically independent, with intensities I, (m = 1, 2, ..., M) and identical expectations E(I ;).
The total intensity is then

I= Yy . (4.5)

lis expectation E{T} is the sum of the expectations of the individual speckle pattern intensities

M
E()= 3 E(lg) =M E(In) . (4.6)

m=§

The second order moment is calculated through

E(12)=E[ [élm] i J:E{£1m2J+E{ nénlml"J

=M E(In?) + M(M - 1)E(I)E(ly) . 4.7
Introducing E(Iy2) = 2E2(1) in Eq. (4.7) and using the result in Eq. (4.6), one obtains

E(12) = (M2 + M) EX(I) =% E1). (4.8)

The variance o)2 = E(12)-E%(1} of the total intensity | in Eq. (4.5) is then
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o= ﬁ EX1) , ' (4.9)

and the speckle contrast Ty = 01/ E(1) = 1 / VM.

It can be shown 4 that the approximate PDF of the total intensity 1 in Eq. (4.5) is

pdr(|)=(E—I‘("I—))M % exp{— M ﬁ} (4.10)

where I°(:) is the gamma function of (-). Figure 4.3 shows a plot of the PDF in Eq. (4.10) for
different values of M. Note that for M = 1, Eq. (4.10) is identical with the negative
exponential distribution in Eq. (4.3}, and at the limit for M — =, Eq. (4.10) approaches a
Dirac delta function 8(I-E(I)), in which case the standard deviation of and thus the speckle

contrast I approach zero.

3

E(I)-pdf(l)

1/ E()
Fig. 4.3 Probability density function of the intensity for different numbers M of
incoherentiy superposed speckle patterns.

4.1.2 Second-Order Statistics of Speckle Patterns

" In the previous section, the first-order statistics of speckle patierns have been investigated to
describe the probabilistic behaviour in a single point. The second-order statistics are discussed
in this section to describe the probabilistic behaviour of the spatial structure of speckle patterns.
Namely the autocorrelation function, from which the average speckle size is calculated, and the

power spectral density are of interest.

4.1.2.1 Free Space Propagation
Consider the free space propagation geometry in Fig. 4.2a). A coherent light wave Ug of
optical wavelength X is incident on the rough surface. The field reflected from the surface is

written as U(xo) = Uo(xo)p(xo), where p(xp) = Ip{xpo)lexp{jy(xp)} describes the surface
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roughness. The complex field U(x) in the observation point x is obtained from:U(xg) by the
Fresne!-Kirchhoff 15 integrat

U(x}:ﬁpj—[fzk—zl_ldlxo Uo(xo)pixo) exp{ %(x-xo)i}, (4.1

where k = 2n/A is the wave veclor.

To calculate the autocorrelation function Cy of the complex field U, the following assumptions
about the statistical propertices of the surface roughness p are made:

(i} The phase y is uniformly distributed in the interval [-r,R], so that E(p} = E(Ip})E(y) =2 0.
(ii) The correlation [ength |, of the surface roughness is smaller than the optical wavelength A
(Ip <)), s0 that 16

A2
E(px1)p*(x2)) = 5 8(x1x2). (4.12)

Introducing Eq. {4.11} in Cy(xy.x2) = E(U(x[)U‘(xz)), followed by an interchange of
orders of integration and averaging yields

Cylx).x2) =-—15 expl K (X|2—x22) ?O(Axllz) , (4.13)
nEZ 2z

where I = [Ug{xo)R is the intensity distribution of the illuminating wave, io =FT{lp) and
AX = xy=x3. It is convenient to define the normalized correlation factor

E( U(x1)U*(x2)) (4.14)

nixqx2) = B(UR)

and the real-valued degree of correlation

|T0(Axﬂz)|

A 4.15
[Tl “.13)

(A =

The autocorrelation of the speckle patter intensity | can be calculated through

Ci(x1,x2) = E(U(x DU (x1)U(x2)U*(x2)}

= B(Ux U (x1) JE(Ux)U* (x2)) + E(Utx U (xz) JE(U* (1) U(xp)) . (4.16)
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Introducing Eqs. (4.14) and ¢4.15) into Eq. {4.16) finally yields
Ciax) = EXD (1 + u(ax)i2) . (417

The resnlt shows that the autocorrelation of the speckle pattern intensity in free space
propagation geometry is given by the Fourier transform of the intensity distribution of the
illamination spot.

The average area A of a speckle is commonly defined by the power equivalent surface of the
autocorrelation function

"

[azx noexyr2

As= [d2x ()R = (hz)? ':—2 . (4.18)
- [ [a2x Io(x)]

where Parseval's theorem |7 has been used to obtain the third expression in Eq. (4.18).

The power spectral density $(p) of the speckle pattern intensity I is calculated by Fourier
transforming the autocorrelation function Cy(x) in Eq. (4.17), according to the Wiener-
Khinchin theorem (§ 2.2.4). The result is ’

fa2x ngeo2 nx-rzp)iz
%(p) = EADY 3(p) + ——— , (4.19)

2
[ a2 IIo(x)Iz}

—ea

where p and X are conjugate Fourier coordinate vectors. Thus the power spectral density
consists of a Dirac delta function at zero spatial frequency and a component extended over
spatial frequencies given by the normalized autocorrelation function of the intensity distribution
of the illumination spot.

4.1.2.2 Imaging Geometry

With reference to Fig. 4.2b), consider imaging of a diffosing object under coherent
illumination. The scattered light wave U(xg) = Ug(xo)p{xg) is imaged by the lens L. The
light wave U{x) in the image plane is then

U = [ d2xo Ug(xolpixe) hix-mxo) . (4.20)
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where h(x) is the diffraction limited point spread function of the imaging system

1
VA

hix) = jd2xp P(xp) expl—j %xp x]. {4.21)

—0

Ap is the aperture surface of the papil of the imaging lens, d} is the distance between the lens L
(with focal length f) and the image ptane, m = (dy/)-1 is the magnification factor of the
imaging system, P(xp) is the complex-valued pupil function and xp is the spatial coordinate
vector in the pupil plane.

The average intensity E(I{x}) = E( U(x)U'(x)) in the image plane is calculated using
Eq. {(4.20), followed by an interchange of orders of integration and averaging. The result is

Edx) = [ d2xo Wo(x)12 ih(x-mxo)i2 . 4.22)

The autocorrelation function Cylxy,x2) = E(U(xl)U’(xg)) of the light wave U(x) in the
image plane is calculated using Eg. (4.20), followed by an interchange of orders of integration
and averaging. Assuming that the intensity distribution 1Ug(xo)? of the illumination wave

varies slowly within the resolution spot of the imaging system, the result in Eq. (4.12) can be
used and the autocorrelation function becomes

Cy(x).x2) = lUg(xg)2 Idﬁxo h(x;—xg)h*(x2—x0) = E(I(x)) p(x1—x2), (4.23)
where
(x) = Kl'p J-d?xp IP(xp)I2 exp{—j g—l xp x} (4.24)

is the normalized antocorrelation function of the point spread function h in Eq. (4.21). Finally,
as in the case of frec space propagation (§ 4.1.2.1), the autocorrelation of the intensity in the
image plane can be writlen as

Cr(ax) = B2 {1 + lp(ax?) . {4.25)

Similarly, in accordance with Eq. (4.19), the power specteal density of the speckle pattern
intensity I in the image plane is
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oo

[d2xp IP(xp)2 1P(xp-A2p)12
Y(p) = EYY 8(p) + ——
[ Ja2xp |P(xp)12J

%(p) consists of a Dirac delta function at zero spatial frequency and a component extended aver

(4.26)

2

spatial frequencies piven by the normalized autocorrelation function of the intensity
transmittance IPi2 of the lens pupil.

As an example, consider the frequently encountered case of a circular lens apertore of diameter
D. The autocorrelation function of the intensity I in Eg. (4.25) is then

2
c,m:a?m(l + [2 J'%l ) (4.27)

where 1 = IAxI-DfAd| and Ji(-) is the Bessel function of the first kind and order { of (-). A plot
of the autocorrelation function in Eq. (4.27) is shown in Fig. 4.4a). Fourier transforming
Eq. (4.27) yields the power spectral density |2

8 ipl ipl Ipl 52
- E2 afipty _Ipt _ Pt
(p) = B4 [8(]]) * pm2 2 (COS (Pm) P l (Pm) J } ! (4.28)

where pm = D/Ady is the cut-off spatial frequency. A plat of 4(p) is shown in Fig. 4.4b).

2t a) — b)
e el
T =
2 &
© 2
»
L T 05— 1 T
-3 -2 -1 0 1 2 3 -1 0 l
r lp”pm

Fig. 4.4 a) Autocorrelation funciion and b) power spectral density of the speckle patiern
intensity in the image plane.

The average surface Ag of a speckle is calculated from Eq. (4.18), The result is AgAp = (Ad[)2,
where Ap = tD?/4 is the aperture surface of the lens pupil, from which the average speckle
diameter Ax, is calculated as
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Ad
Axﬁ%ﬁ- (4.29)

To close this section, # can be shown | that the joint PDF of the phase & of speckle pattemns is

_ 1 O 1 —
pdf(01.42) = M]_ﬁz)m[ﬁ st + 58 + VB2 |, (4.30)

where [} = lul cos{dz-¢1) and p is the correlation factor [Eqgs. {4.14) and (4.24)]. Both ¢ and
¢ must be in the interval [-mt,n]. Figure 4.5 shows a plot of pdf{$1.47) vs. Ad = ¢y,

1.2
1.0
0.8}
0.6}-
0.4}
0.2
0.0 b=

1

pdf(Ag)

Fig. 4.5 Joint PDF of the phase § of the speckle pattern intensity.
4.1.3 Statistical Properties of the Fourier Transform of Speckle Patlerns

The statistical propertics of the Fourier transform of the speckle patiern intensity I in the image
plane in Fig. 4.2b) is investigated in this section. Using Eq. {4.20), the intensity I=
U{x)U*(x) in the image plane can be described by the (wo-dimensional convolution integral

I(x)= | d¥xg'd?xo" p(x0)p* (X0 h(x-x0 )h*(x-x0") . (4.31)
where xg' and xp" are spatial coordinate vectors in the object plane {The complex-valued
phasor Ug of the illuminating beam [Eq. {4.20)] has been omitted in Eq. {(4.31) for the sake
of simplicity). In general, the Fourier transform of a random process, as the speckle pattern
intensity | in Eq. (4.31), does nof exist |8, Nevenheless, the statistical properties of the

Fourier transform of the speckle pattern inteasity

1oy = ficp)t expliop)t = Idzx I(x) exp{-j2npx} {4.32)
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can be investigated. I?t and ¢ are the amplitude and phase of the complex Fourier transfoml? at
spatial frequency coordindte p. It tan be shown [Paper 111, Appendix A) that for any spatial
frequency p the amplitude fllin Eq. (4.32) is Rayleigh distributed, namely

A A 2 n
N II—(Plex {— MEJ—} T(p} =20
pdi¢ gyl =9 ®¥4P) 2x¥4(p) (4.33)
0 otherwise
and that the phase  obeys the uniform distribution
] <
T -nLe<n
pdf(e) = : {4.34)
0 otherwise

The parameter x of the Rayleigh distribution in Eq. (4.33) is a function of the spatial

frequency p and depends on the autocorrelation function Cf of the Fourier transform i of the
point spread function h of the imaging system [Eq. (4.21)] through x(p} = ICi(p)l-G, where
262 = E(I). Mean 1y and variance %2 of the amplitude il are then given by 19

1 =43 IChpN o (4.35)

and
23(p) =(2 - %] ICh(p)I2 a2 . (4.36)

The autocorrelation function C7 of the Fourier transform Tof the speckle pattern intensity 1 is
calculated through

citap =E(1(p) T+p-ap)) - (4.37)

It can be shown {see Paper [II, Appendix B) that Eq. (4.37) becomes

Cl{Ap) = Chip) Ch{Ap-p) 3(p) H(Ap—p) + CiiXp) 8(Ap) . (4.38)

The Dirac 8-functions in Eq. {4.38) show that different spatial frequency components of the
Fourier transform of the speckle pattem intensity are uncerrelated; i.e. Ci(Ap) =0, V Ap = 0.

In conclusion, it is stated that the amplitude M1 of the complex Fouricr wansform T of speckle
patiern intensity [ is Rayleigh distributed and the phase ¢ is uniformly distributed, independent
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of the spatial frequency coordinate p, and that the Fourier transform componenls? for different

p are uncorrelated.
4.2 Detection of Speckle Patterns and Speckled Images

In the experimental measurement of speckle patierns, the aperture of the photodetector is
necessarily of finite size. 1t results a spatial integration of the speckle pattern which changes the
statistics of the measured intensity. A similar effect occurs if the speckle pattern is blurred,
e.g., if the speckle pattern moves during the measurement. It can be shown |2 that the first-
order statistics of integrated (or blurred) speckle patterns equal the statistics of sums of speckle
patterns, developed in § 4.1.1.2, where the parameter M is related 1o the number of correlation
cells (number of speckles) M; within the aperture of the photodelector (or within the integration
time of photodetection in the case of blurred speckies) through M = Mg+ 1,

The influence of speckle noise on the accuracy of intensity measurements can be characterized
by the relative average variation ;2 / E4(I) of the detected intensity, which depends on the ratio
of the photodetector aperture and the speckle size. The resulting noise is given in a good
approximation by 16

(4.39)

The number M; of speckles within the photodetector aperture of area Ap can be calculated
using Eq. (4.18). In the case of imaging geometry and for Mg >> 1, one obtains (§ 4.1.2.2)

Ap Ap
. 4.40
(Adp)? (4.40)

A
M5=AJi

If Ap is smaller than the speckle area A, one gets Mg = 0 and Eq. (4.39) yields the speckle
contrast ' =1 (§ 4.1.1). Equations (4.39) and (4.40) show that accurate intensity
meagurements in the coherent image of a diffusely scattering object can only be obtained at
reduced spatial resolution, well below the diffraction limit of the imaging systems.

4.3 Detection of Moving Speckles

The dynamic behaviour of speckle patterns, caused by in-plane motion of diffusing objects,
has been used in the past in many applications to measure displacement and velocity of moving
objects. The relation between the speckle pattern variation and the object movement has been
investigated in detail 2221, Consider illumination of the diffusing object with a Gaussian laser
beam with spot diameter 2w and wavefront curvature radius R, as shown in Fig. 4.6. In the
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case of free space propagation [Fig. 4 6a)), the displacement vectors dg of the diffusing objcct
and d of the speckle paitern are related through 21

d:do(§+ |J, (4.41)

where 2 is the distance from the object to the observation plane. Equation {4.41) shows that d
is incecased as the observation plane is separated from the plane z = -R where boiling speckles
exist. Boiling speckles statistically change their shape when the diffusing object moves, but
there is no appreciable displacement of their position (d = 0). In addition, the translation
direction of the speckle pattern is changed in front of and behind the plane 2 = -R. In the
special case of collimated illumination (R — eo), Eq. (4.4]) reduces to d = dg.

a) diffusing boiling observation
object  plane plane

2

L

z
b) diffusing imaging observalion image hoiling
object lens plane plane plane
| V. 74 4
7071 o 7
. 3 -1-. I
— |2 —~ = ;‘H-“"—..:
i W
:Tdo “‘u_. _“_--“'- id 'ldl d=0
L v L
A o | 4 A

Fig. 4.6 Dynamic speckles in a) free space and b) imaging geometry for illumination of
the diffusing object with a converging Gaussian laser beam.

In the case of imaging geometry [Fig. 4.6b)], it can be shown 2! that the displacement vector
d of the speckle pattem in the image space is given by

d=dom(DRb- I], (4.42)
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where m = dy/dg is the magnification factor of thc imaging system and, with reference to
Fig. 4.6b}, D and Dy = —-RZ/(do-N(dp-f+R) are the distances from the image plane 1o the
ohscrvation and the boiling plane, respectively. Again, the translation direction of the speckle
pattern is changed in front of and behind the boiling planc where d = 0. When the image
equation {1/=1/do+1/d|] is satisfied, one gets D = 0 and Eq. (4.42) reduces to

dy=-mdo. (4.43)

Equation {4.43) shows that the spsckle pattern movement in the image plane of the diffusing
object is independent of the illumination.

It is tmportant to note that in both geometries {free space and imaging) dynamic speckles follow
boiling or wanslation motion depending on the conditions of illumination and observation
(except in the image plane of the diffusing object). However, at arbitrary observation planes a
mixcd specklc motion of boiling and translation appears.

Several techniques for detection of movement using speckle patterns have been reported in the
past. The methods are based on first-order statistics measurement of speckle pattern intensity
variation 10, zero-crossing measurement for the intensity fluctuation of spaiially integrated
speckle patterns !, spatial filtering of speckle patterns 12, or speckie pattern correlation
measurement '3, The proposed methods measure constant velocities of diffusing objects and
do not detect the direction of the movement. The correlation between sequentially recorded
speckie patierns can be used to estimate the movement (and its direction) of the object. This
technique suffers from intensive calculation for the two-dimensional comrelation estimation.

4.3.1 Detection of Movement with Spatial Filtering of Speckle Patterns

A method for detection of in-plane displacement of diffusing objects, based on spatial filtering
of translating speckle patlemns, has been published (Paper [1I) and is further discussed in this
section. The basic setup is shown in Fig. 4.7. The collimated coherent light beam at optical
wavelength A illuminates the diffusing object moving in a plane perpendicular to the optical
axis. Lens L images the object in the image plane at distance dj. The aperture of the lens is
limited by a diaphragm with diameter D. A linearly polarized speckie patiern is obtained with
the telp of the pelarizer P, The proposed photodetector geometry for spatial filtering of the
speckle paitern is shown in Fig. 4.8. Two interlaced comb photodetector arrays sy and s are
connected differentially. Each array has N fingers of width w and length ly. The finger spacing
is A and the overall detector length is 1y = NA. By optical matching the speckle size Axg
{Eq. (4.29)) and the spatial period A of the comb photodelector arrays {Axg = 2A/m (Paper
LI1)], the output signal i versus displacement x is zero-offset, quasi sinusoidal with spatial
period A,
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Fig. 4.7 Optical setnp for detection of Fig. 4.8 Comb photodetector array for
in-plane movement of a diffusing object spatial filtering of the speckle pattern.
with speckle pattern.

A typical output signal i versus displacement x is shown in Fig. 4.9. Movements at arbitrary
low speed can be measured by zero-crossing detection of this signal. The direction of the
movement can be determined with the help of the quadrature signal iq, which is preduced by a
second interlaced pair of differentially connected comb phatodetector arrays siq and 52, shifted
by Ax = A/4 with respect to 8; and s; (Fig. 4.8). The signal i in Fig. 4.9 can be described by

i(x) = u(x) cos(2R/A-x + ¢(x)} . (4.44)

where u(x)} and ¢(x) are the statistical amplitude and phase, respectively.

=1y {K) —— iy(X)
? — i) =i, —— u(x)
5 0 \ M v ﬂ”f\*’l\ﬂﬂ N f\ﬂ“ﬂ ﬁ M l”
RTAY v uv Ay U
l !
0 5 10 15 20

Displacement x [A]
Fig. 4.9 Typical signals if{x} and iz{x} in phase opposition for N = 5 fingers. The zero-

offset, quast sinusoidal output signal i(x) is calculated through i = ij—is. The amplitude
u(x) is the envelope function of the output signal i(x).

4.3.1.1 First-Ovrder Statistics of the Quiput signal
An important firsi-order statistical property of the output signal i in Eq. (4.44) is the PDF of
the amplitude u. It can be used to calculate the probability of signal fading, that is, the
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probalility that the amplitude u is smaller than the minimom value ujim for which zero-crossing
can be reliably detected. it can be shown {Paper III) 1hat the amplitude u is Rayleigh
distributed, namely

v
[=]

icxp{- ﬁ} y
pdfluy=4 212 , (4.45)

0 otherwise

independent of the number N and the length ly of the fingers of the comb photodetector arrays,
i.e., independent of the number of speckles covered by the detector. Mean E{u) and variance
0,2 of the amplitude are related to the parameter T in Eq. {4.45) through E(u) = ¥7/2-1 and
a,? = (2-12) 12,

This result bas been cxperimentally demonstrated for the experimental setop in Fig. 4.7
{Puper [II). The histograms of the ampiitude u of 1he output signai i, obtained from 32'000
measured samples for N=3, 5, 11 and 25 fingers, are shown in Fig. 4.10. The best
fitting 22 Rayleigh distributions, according 1o Eq. (4.45), are also shown in Fig. 4.10 by
solid lines. The mean value E{u) of the amplitude v is proportional to YN and Ty, whereas the
ratio gy/E(u) between the standard deviation o, and E(u) is invariant with respect 1o N and ly.

. — 1 Detector

— Lh

0 N=

: 113 = | - -eee 2 Detectors

Xx N=25 E: 0] " — 3 Deteclots

E{u)/o, = const. g i . .

gl | ]
A, ) 0.0 'R | ) ";— 3
0.4 0.6 00 01 02 03 04 0S5
u [a.u.] U / E{u)

Fig. 4.10 Histogram of the amplitude « Fig. 4.11 Probability of signal fading
aof the ontput signal i, obtained from versus threshold value uyyy of the
32'000 weasured samples for N = 3, 5, amplitude u of the output signal in the

11 and 25 fingers. The best fitting case of 1, 2 and 3 independent detectors.
Rayleigh distributions are shown as
solid tines.

The Rayleigh distribution of the amplitude u implies that signal fading cannot be excluded,
because the probability for amplitudes smatler than any arbitrary low amplitude vy, gets never
zero. Figure 4.1] shows 1he probability of signal fading P(u<u)jy) versus the relative
threshold m;,,/E(L). Using two or more independent detectors increase the reliability, as

shown in Fig. 4.11.
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4.3.1.2 Second-Order Statistics of the Outpur Signal

Important second order statistical properties of the output signal i in Eq. (4.44) are the
.autpcorrelation function and the PDF of the phase difference A¢ for a displacement Ax. The
latter can be used to characterize the accuracy of the measurement and to calculate the
probability of an erroneows detection of reversed movement, when the quadrature signal ig is
used to determine the direciion of the movement. It can be shown {Paper III) that the

autocorrelation function is
Ci(Ax) = p{Ax) cos(2ZRpp Ax), (4.46)
where we have introduced the (normalized) correlation factor

- lexl IAXI < 1y
Ix

n(AX) = . (4.47)
0 otherwise

which is defined by the envelope of the autocorrelation fuaction in Eq. (4.46). The correlation
length I of outpui signal i is defined by the condition p{lc) = 0. Using Eq. (4.47), this
condition gives for the correlation length i = Iy,

The joint PDF of the phase ¢ of the speckle pattern intensity I in Eq. (4.30) can be adopted to
describe the PDF of the phase difference A¢ for a displacemeat Ax of the output signal i. The

result is
N = L in- T -
PANAG) = [B sin'!p+ 5B + V 1-p2 ] (4.48)

where [§ = ptcos{(Ad-Ad) and u is the correlation factor given by Eq. (4.47). For the PDF in
Eq. (4.4B) to be valid, the phase difference A must be in the interval A + T, where Ad =
2/A-AX is the expected phase difference for a displacement Ax. As the correlation factor g
increases, the POF becomes more and more concentrated about A, indicating that the output
signal becomes more and more accurate,

With reference to Fig. 4.12, the probability Pe that the phase error of consecutive zero-
crossings for the displacement Ax = A/2 of the output signal i is smaller than € {€ < ) can be
calculated by integrating Eq. (4.48) over the interval A = Ad * &, with the correlation factor
it = [-1/2N [Eq. (4.47)] and the expected phase difference A§ = m. The result shows ihat
the phase accuracy of the measurement is determined by the number of fingers N of the comb
photodetector arrays. The probability to find the next zero crossing within the confidence
interval € are shown in Fig. 4.13 for N.=3, 5, 11, and 25. When the quadratore signal i is
used to determine the direction of the movement, the phase difference error of the output signal
i for the displacement Ax = A/4 must be smaller than lel £ 7/2 in order 10 avoid erroneous
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detection of reversed movemert. Thus the reliability Rq of the detected direction can be
caleulated hy integrating Eq. (4.48) over the interval A¢ = A§ * /2, with the correlation
factor W = 1-1/4N [Eq. (4.47)] and the expected phase difference A$ =n/2. For N=3, 5,
11, and 25 fingers, the values of the reliability are Rgq = 0.958, 0.975, 0.989, 0.995 and
0.997, respectively. Note that the results of the above considerations are valid under the
assumption that no signal fading occurs.

Y}
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Fig. 4.12 Phase accuracy of output Fig. 4.13 Probability of zero-crassing
signal i, characterized by the error € of within the confidence interval £.
consecutive Zero-crossings.

The second order statistical properties of output signal i have been experimeatally investigated.
Figure 4.14 shows the histogram of phase difference A¢ for a displacement &x = Afd and Ax =
Af2, obtained from 32'000 measured samples for N = 5 fingers, The expected phase
differences wre Ad = n/2 and Ad = 1, respeciively. The theoretical values of the correlation

" factor p, obtained from Eq. (4.47), are u(A/4) = 0.95 and p{A/2) = 0.90. The best fiting 22
PDFs from Eq. (4.48) are also shown in Fig. 4.14. The values of the fit parameter are
H{ Ax=AS4) = 0.94 and U (Ax=A/2) = 0.82. The autocorrelation function C; of the measured
output signul i for N = 5 fingers is shown in Fig. 4.15 as solid line. The correlation factor py,
which 1$ the envelope function of Cj, 1s represented by the dotied line. For comparison, the
thecretical correlation faclor u from Eq. (4.47) is plotted as dashed line. The difference
between the theoretical and the experimental correlation factors p and py in Fig. 4.15 is due to
spatial frequency noise in the power speetrum of the measured output signal i. The histogram
of the phase difference A of the output signal i for various displacements Ax have been
calenlated from 32'000 measured samples. The PDF in Eq. (4.48) has then been fitted 10 the
histograins. The values of the fit parameter pg, are indicated in Fig. 4.15 by dots. Note the
good agreement between the values Ji5 and the measured correlation factor ppy.
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Fig. 4.14 Histogram of the phase Fig. 4.15 Autocorrelation function C; and
difference A for displacement Ax=A/4 correlation facter ., of the measured
and A2 of the output signal i for N=35. outpnt signal i, The theoretical correlation
The bes: fitting PDFs are shown as solid factor it is shown as dashed line. Fitting
and dotted lines. the PDF to the histograms of ihe phase
difference A¢ yields the values pgy
indicated by dots.

An ideally band pass filtered signal, whose spatial frequency band extends from pip 10 Prmax.
has an average number of zeros per spatial coordinate unit given by 23

| Do~ Poin |
nzc=z[-——"“'* """] . (4.49)

3 Pmax — Pmin

1t has been shown (Paper I1I) that 2 minimum number of fingers Nyin = 3 is required to
avoid overlapping of adjacent spectral bands in the transfer function of the spatiat filter (comb
photodetecior array) and that the power equivalent width of the spectral bands is §px = 1/NA.
Iniroducing pmax = Po + 8px/2 and pmin = po — Spx/2 in Eq. (4.49), where pp = L/A is the
carrier spatial frequency, the average number of zero-crossings ny per spatial period A of the
output signal i is related to the number of fingers N through

N
nge=2 [ 14 (12N =2 Ly (4.50)
A 3 A 24NZ

A plot of the relative average error ny-Af2-1 = 1/24N2 versus N is shown in Fig. 4.16. The
result is an important criteria for the accuracy of displacement measurements and shows that the
measured distance dp, systematically over-estimates the distance d by the factor 1/24N2, Again,
the result is valid under the assumption that no signal fading occurs (§ 4.3.1.1). The use of the
quadrature signal for direction sensitive detection of the movement might eliminate this effect of
the finite bandwidth of the spatial filter on the displacement measurement. A rigorous analysis

remains to be done.
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Fig. 4.16 Relative average crror of the owiput signal i versus the number of fingers N.

4.3.1.3 Detection of Two-Dimensional Movement

In the case of two-dimensional displacements, the autocorrelation function C; in Eq. (4.46) of
the output signal i depends on the displacement angle o between the x-axis of the comb
photodetector array (Fig. 4.B) and the displacement vector d of the speckle pattern. With
reference to Fig. 4.17, the value of the correlation factor p in Eq. (4.47) is proportional to the
overlapping arcu Ac of the detector surface before and after displacement Id| at angle . The
correlation faclor g versus the x-component Ax of the displacement vector d and the
displacement angle o is readily found by geometrical considerations. The result is

L(Ax.0) =(| - éf)(l - Al—y" lana), 4.51)

which depends on the overail detector length I = NA and the finger length by,

SILTITLLELSSLT LSS
e

B N N R e,

Fig. 4.17 Geometrical represemation of the correlation after displacement d.

A plot el the correlation facter in Eq. (4.51) versus Ax for displacement angle a =0°, 45°,
60 and 75° is shown in Fig. 4.18. Note that the correlation length I, given by the condition
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M{le) = 0. equals the detector length 1, for displacement angles lal < oy, where oy =
lan"(lyllx) is the angle of the diagonal of the detector, b decreases for 90° 2 lal > oy.
Figure 4,19 shows the correlation length 1. versus displacement angle o for comb
photodetector arrays with ly/ly = 0.5, 1 and 2 (&g = 26.6°, 45° and 63°). The maximum
displacement angle oy, where the photodetector array still correctly decodes the x-component
Ax of the displacement vector d, is limited by the condition I{0tm) = NminA = 3A, which gives
.f()r the maximum angle tantty = 1y/3A for N> 3 and oy = og for N=3.

These results show that the output signal j decodes the x-component of the displacement vector
d. The corvelation factor Y, and thus the phase accuracy of the output signal, decreases for
increasing displacement angles o However, high values of correlation between conseentive
zero-crossings of the output signal i can be obtained {p(Ax=A/s2)]. Hence zero-crossing
detection allows mast reliable and accurate displacement measurements for o < oy,

1 g,
E | K‘\
=3 -~ K
£ B \\
-~ = [ — L/, =05 RSN
é —_ y' x \ .
1 Ayl =1 Y
_ s 1, f1, =2 ‘\ﬁ;:,‘
0 : 0 1 L I VO .
00 02 04 06 08 10 0 15 30 45 60 73 90
d
Ax11, o [deg]
© Fig. 4.18 Correlation factor i versus x- Fig. 4.19 Correlation length I, versus
component of the displacement vector d displacement angle w for different
Sor different displacement angles o geometries of comb photodetecior arrays.

4.3.1.4 Signal Quality

The signal quality is investigated with the help of the ratio T'2 = ;2 / [E(i;)+E(i2)]? between
the variance g;2 of the output signal i, which is proporiional to the useful rms signal power,
and the squared sum of the expectations of the signals i) and iz of the individual comb
photodetecior arrays [E(i;)+E(iz)]2, which is proportional to the mean power responsible for
the detection shot noise. It has been shown (Paper III) that the ratic I'2 can be analytically
approximated by

0".2

- A
T4 E2)

1
2 -
r a NI,

sincH{wiA), (4.52)

where E(i|)+E(i2) = 2E(i() for E(i|} = E(ia).
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Note that N and the ratio Iy/A in Eq. (4.52) are the approximate numbers of uncorrelated
speckle cells in the x and y direction, respectively, which are covered by the comb
photodetector arrays and contrihuie to the measurement.

The signal contrast T = o; / [E(1)+E(i2)] = o;/ 2E(iy) is readily found from Eq. (4.52).
Figure 4.20 shows a plot of the signal contrast T versus the number of fingers N for
lyfh =25 and w/A =0.25. The values o/ 2E(i() obtained from the experimentally
measured signals i and i; (32°000 samples) are shown as dots for N =3, 5,7, 11,25 and 41
fingers. To proof the validity of the analytical approximation in Eq. (4.52), the ratio I'? has
been numerically calculated. The square root of the results (') are represented in Fig. 4.20 by
the dotted line. Inspection of Fig. 4.20 shows that the simple analytical approximation in
Eq. (4.52) can be used as a good estimation of the signal quality 2 and the signal contrast [
for 2 given deiector geometry.

5
® Expenimentally measured values
E 4 — Analytical approximation
- oy — Numerically simulated values
E ir e LiA=25
g .
[ -
. 2
)
lIlllllllllllll]llll_l.lll
0 10 20 30 40 50
N

Fig. 4.20 Signal contrast T for comb photadetector arrays with N =3, 5, 7, 11, 25 and
44 fingers (LA = 25, w/A = 0.25, A = 100 pm). The analytically calculated values and
the vahies obtained from numerical calcilation are shown as solid and dotted lines,
respectively.

4.4 Optical Computer Mouse

A conventional computer mouse has some mechanically moving pants (angular encoders,
tracking ball} which are delicate and expensive for the fabrication and susceptible 1o dust,
shock and weat. An optical computer mouse without any mechanically moving parts and
working on arbitrary desk surfaces is investigated in this section. Figure 4.21 shows a
schematic cross-section of the mouse. The proposed method uses comb photodelector arrays to
decode the two-dimensional movement of the speckle patiern, which is produced by imaging
the coherently illuminated (rough) desk surface as natural encoding of the movement. {Imaging
grometry is proposed, since fiee space propagation geometry requires an accurate wavefront
curvature and spot size of the illuminating beam 1o obtain a well defined relationship between
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the displacement vectors of the surface and the speckle pattern (§ 4.3) and 2 well defined
speckle size (§ 4.1.2.1}, which is hardly obtained in large series industrial production). The
statistical properties of the output signals, which have been investigated in § 4.3, are used for
design considerations of both the geometry of the comb photodetector arrays and the optical
imaging systcm.

comb photedetecior arays

Fig. 4.21 Schematic drawing of an optical computer mouse using comb photodetector
arrays to decode the movement of the speckie pattern produced by imaging the coherenily
illuminaied {rough)} desk surface.

4.4.1 Design considerations

4.4.1.1 Number of fingers of comb photodetector arrays

From § 4.3.1.2, the phase accuracy of the output signal i of comb photodetector arrays is
given by the number of fingers N. Computer mice are displacement sensing devices and do not
require high measurement accuracies. Thus a small number of fingers (N 2 3) can be used 1o
maximize the signal modulation T (Fig. 4.19} and to minimize the required area an the silicon
chip for the sensor.

4.4.1.2 Arrangeanent of comb phoiodetector arrays

Two-dimensional movements at any displacement angle o (0° < o < 360") must be decoded by
a computer mouse. Compact arrangements of three and four square comb photodetector arrays
with N = 5 fingers are schematically sketched in Fig. 4.22. (Only one comb array of each
detector is represented for the sake of simplicity). The maximum displacement angle o,
where the individual comb detectors still correctly decode the projection of the displacement
vector d on the x-axis (Fig. 4.8), is approximately oy = tan="(1y/3A) = tan-1(5/3) = 60". It
follows that both gcometries decode twao linearly independent componenis of d at any
displacement angle o and thus generate the two-dimensional displacement vector space. The
amangement of four comb photodetector arrays in Fig. 4.22b) is redundant, i.e., at least three
cdmb photodetector arrays decode independently the two components of the displacement
vector d. Therefore this arrangement has increased reliability, as shown in Fig. 4.11 for two
independent detectors.
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21 3

a) b}

Fig. 4.22 Arrangement of a) 3 and b) 4 comb photodetector arrays for detection of two-
dintensional movement. For any displacement angle o, two linearly independent
projections of the displacement vector d are decoded. The arrangement of four detectors
is redundant and therefore has increased reliabitity.

4.4.1.3 Power budger and imaging system

Low power consumplion is a stringent criteria for the commercial realization of a computer
mouse, The rms electric current is of the differential output signal i of the comb photodetector
arrays is relited to the optical power of the light source Pg through

is=Tiy, (4.53)
where I is the signal contrast, given by Eq. (4.52) {Fig. 4.20], and

=S58 Rg Py . (4.54)

iy is the average electric current of the sum of the signals 1| and iz of the individual comb
photodetector arrays. Sy, is the spectral sensitivity of the photodetector, 75 is the fillfactor of the
photadeiecior array, €2 is the solid angle of the imaging system and Rg = dR/d(} is the
differential scattering reflection coefficient of the desk surface. Assuming optical matching of
the speckle size Axg and the comb period A [Axg = 4/m-AdyfD = 2441 (Paper 11, the solid
angle of the imaging system, £ = m{D/2dg)2, is readily expressed by

QiE E N 4.55
n(A (4.55)

where m = dy/dg is the magnification factor of the imaging system. The fillfaclor ¢ in
Eq. (4.54), given by the ratio of the (effective) pholosensitive aiea of the comb photodetector
arrays and the surface of the imaged illumination spot, is

2Nwl
= Wy
M= (4.56)
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in the case of a circular illumination spot with radius rp = ri/m. Squarc comb photodetector
arrays are proposed to allow compact arrangements of the detection cells, as shown in
Fig. 4.22. Compact arrangements requite a minimum spot radius r; in the detection plane cnd
therefere optimize the power budget, since i« (1/r)2 [Eqgs. (4.52) to (4.56)]. Furlher
improvement of the power budget can be achieved using microlens arrays 2425 for the
imaging system, as shown in Fig. 4.21. Each photodetection cell is illuminated by an
individual lens, which allows minimum spot radii rj and maximum fillfaciors 1.

As an example, consider the arrangement of four comb photodetector arrays in Fig. 4.22b),
with comb arrays having N = 3 fingers of length ly = 350 um and width w = 15 pm and
finger spacing A = 70 um. Using a laser diode with output power Py = 1 mW at & = 850 nm,
and introducing for the spectral sensitivity Sy = 0.5 A/W and for the differential reflection
coeffictent Rg = 0.1 sr-!, the average electric currents i, of the sum of the signals iy and i and
the rms eleciric current ig of the differential output signal i are calculated from Eqs. (4.52) to
(4.56). When a single lens is used for the imaging setup with m = ], the minimum spot radius
is fimin = 700 tm and the resulis ace iy = 0.79 nA and ig = 73 pA, respectively. When each
detector is illuminaied by an individual lens, as shown in Fig. 4.21, the minimum spot radius
is Fipin = 250 um and the resulis are iy = 6.3 nA and i = 585 pA.

4.5 Noise in Photodetection

Photodetectors using lighi-generated charge camriers are most often cmployed to measure
optical power, e.g., p-n junction photodiodes {(PD), phoiomultipliers (PM}, avalanche
photodiodes (APD), and charge coupled devices (CCD). Ideally, shey respond 1o an optical
power Pg by generating a proportional electric current i;. However, any real device generates a
random electric current i whose value fluctuates around its mean value E(i) = i;. This random
fluctuation, which is referred to as noise, limits the smallest amouni of optical power that can
bc measured. Several sources of noise are inherent in the process of photodetection.

4.5.1 Noise sources

4.5.1.] Shot Noise

The most fundamental source of noise is associated with the random fluctnations of the arrivals
of the {discrete) photons. The mean photon flux for the optical power Py is @ = Po/hv, where
h= 6.63-10-3% J's is Planck's constant and v is the opiical frequency. The number n of
photons counted in a time interval At is random with mean E(n) = ®At. Under the assumption
that the phoions are statistically independent, the distribution of the number n of photons is
described by Poisson statistics 26, for which o,2 = E(n) (§2.5). Shot noise is commonly
modeled by an equivalent noise current generator with current variance 26
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Oy = 2¢Bin, (4.57)

where & = 1.6-10-'% C is the clectron charge and B (= 1/2RC) is the power equivalent
bandwidth of the eleciric circuit, as shown in Fig. 4.23.

4.5.1.2 Gain Nuise

The gain G of some amplifying photodeteciors, such as avalanche photodiodes or
photomultiphiers, has random fluctuations, Each detected photon gencrates an average number
G of carriers but with an unccrtainty which depends on the amplification process. The shot
noise in amplifying photodctection systems is 26

G2y = 2¢GF(C)B; . ' (4.58)

where F(G) = E(GZW/EZ(G) is the excess noise factor,

4.5.1.3 Dark Current Noise

The electric current which is delivered by the photodetection device in the absence of any
opiical radiation is referred to as dark current ig. It is mainly due to random thermal excitation
of electrons. Dark current noise is modeled by an equivalent noise current generator with

current variance as given in Eq. (4.57) for the shot noise.

4.5.1.4 Thermal (Johnson) Noise

Thermal noisc describes the fluctuations of the electric current across a dissipative circnit
element. The Muctuations are caused by the thermal motion of the charge carriers. It is
commonly modeled by an equivaleat noise current generator, with current variance 26

ol = T8 (4.59)

in parallel with the circuit resistor R, as shown in Fig. 4.23. kg = 1.3807-10-23 ¥/K is
Boltzmaaa's constant and T is the absoluie iemperature. Note that the thevrmal neoise ig
independent of the signal current i;.

c
EE 2

\ 2
Ia O5n OTN

Fig. 4.23 Equivalent electric circuit of a photodetection device. ip is the signal curreny,
osn? is the ctreent variunce of the equivalent shot-noise current generator, Ory? is the
current vartauce of the equivalent thermal (Johnson) noise current generator.
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4.5.2 Signal-to-Noise Ratio

The measurement guality of the detected optical signal is commonly characterized by the signal-
to-noise ratio (SNR) of the average electric power of the signal [Ps = E2(i)R) and the noise
[Py = on? R]. Using the results in § 4.5.1, the SNR is

i,2 R ig2

= . dkpiB"
ol + G'II'N) R 2eBGF(G)ia +ia) + — g

SNR =

(4.60)

ldeal photodetection systems are shot noise limited, i.e., Ogn2 >> Gn? and iy >> ig. The SNR
in Eq. (4.60) then reduces to

SNR = (4.61)

4.5.2.1 Signal-to-Noise Ratio of the Optical Computer Mause
As an example, the signal-to-noise ratio of the detection system for 1he optical computer mouse
in § 4.4 is discussed. The signal current ig and the average current iy, which is responsible for
the shat naise, are given by Eqs. (4.53) and (4.54), respectively. For a photodiode with unity
amplification gain and exccss noise factor (G = |, F = 1), the signal-to-noise ratio becomes

2,2
2eB(is + ig) + 4—‘“}33

SNR =

(4.62)

Consider shot naise limited photodetection {Gsn2 >> OTN2) and i3 >> iy, in which case SNR =
T'2i, / 2eB. For canstant finger width w, inspection of Egs. (4.52) 10 (4.56) shows that the
SNR is independent of the aumber N and the length 1y of the fingers but proportional to 1/Ar;2,
50 that a minimum finger spacing Amip and spot radius fimin maximizes the SNR,

In the case of thermal naise limited photodetection (G2 >> Ggn2), Eq. (4.62) reduces to
SNR = T2i42 / 4kgT(B/R). Introducing Eqs. (4.52) (o (4.56) leads 10 SNR & (N/AR2)2,
where square comb phatodetector arrays have been assumed (ly = NA). The SNR increases
with the number of fingers N but decreases with increasing finger spacing A and spot radius ;.
Note that for both shot noise and thermal noise limited detection the minimuim finger spacing
Amin is limited by ihe silicon technalogy used for the sensor and the minimom spot radius by
the condition 2rjm;n 2 ﬁly {square comb photodetectors),

As an example, the signal-ta-noise ratio of the photodetection system in § 4.4.1.2 is calculated.
For an equivalent spectral bandwidth B = 21t 105 Hz with resistor R = | MAQ for the clectric
circnit in Fig. 4.23, the current variance of the equivalent shot noise current generator is GgN2
= 2.510-23 A2, wlien a single lens is used for the imaging system, and ogn2 = 2:10-22 A2,
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when microlens arrays are uscd 1o individually illuminate the comb photodetector arrays in
Fig. 4.22b). In both cases, the current variance of the equivalent Johnson noise current
generator is opn? = 1.7.10-20 A Tlus both conligurations are thermal noise limited (o2 >
osn?), and the signal-to-noise ratios are SNR = 5 dB and SNR = 23 dB, respectively.

4.6 Conclusions

Speckle phenomena arise from scattering of coherent light by diffusing objects. The physical
arigin of the abserved granularity in speckie patterns is the roughness of most surfaces on the
scale of optieal wavelengths. Speckle patlern may he regarded as a random process in space.
First and seeond order statistical propertics of speckle patterns have been reviewed, both in free
space propagation and in imaging systems. The statistics of integrated and incoherently
superposed speckle patterns have also been considered. lo general, the Fourier transform of a
rendom proeess does not exist. However, the statistical properties of the Fourier transform of
speckle patterns could be analyzed. It turned out, that the ampliwude of the camplex Fourier
transform of the speckle pattern intensity is Rayleigh distributed and the phase is uniformly
distributed, independent of the spatial frequency eoordinate, and that the Fourier transform
components for different spatial frequencies are uncorrelated.

The dynmnic behuvicur of speckle patterns, caused by in-plane motion of the diffusing cbject,
hus been hiiefly reviewed. Two different ehanges in dynamic speckles can be distinguished:
boiling and translation. Boiling speckles statistically change their shape when the diffusing
object moves, but there is no appreciable displacement of their positions. Translating speckles
move as a whole without any significant change in the pattern within the correlation length
given by the illwminated surface. Whether dynamic speckles are in 1he boiling or the translation
regime depends on the conditions of ilumination and observation, Most dynamic speckle
putterns contain both bailing and translating elements,

A methad lor non-contact detection of in-plane movement of diffusing objects, based on spatial
filtering of (translating) speckle parerns, has been presented. Two periodic comb photodetector
arrays connected differentially and matching of the speckle size with the period of the
photodetector arrays produce a zero offset, quasi-sinusoidal output signal. The movement can
then be measured at arbitrarily low speed by zero-crossing detection of this signal. The
direction of the movement ean be detected with the help of a quadrature signal, which is
produced by a second pair of interlaeed comb photodetector arrays. First and second order
statistical properties of the oulput signal of these detectors have been investigated theoretically
and experimentilly to determine reliability and aceuracy of the ineasurement. It twrned out, that
the amplitude of the signal is Rayleigh distributed, independent of the number and the length of
the fingers of the comb arrays, i.e., independent of the number of speckles covered by the
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detecior. However, correlation length and phase accuracy of the signal are given by the number
of fingers. Both, the aumocorrelation of the signal and the distribution of the measured phase
difference for a given displacement have been calculated for both one and two dimensional
displacements of the speckle pattern. The average number of zero-crossings of the signal per
unit displacement has been calculated as a function of the number of fingers. In addition, the
signal quality (signal-to-noise ratio SNR) has been investigated with respect to the geometry of
the comb arrays. The theoretical results have been verified by experimental measurements and

by numerical simulations.

The results can be used for optimum design of the geometry of the comb photodetector arrays,
the optimization parameters depending on the aimed application. As an example, the application
of the technigue in an optical computer mouse, which can be operated on arbitrary {rough) desk
surfaces, has been discussed. Some design considerations have been detailed.
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5 Final Considerations

The abjective of the presented work was to discuss randomniess in optical phenomena and the
rale it plays in optical applications. Some effects of temparal coherence of fight, dynamic laser
speckles and noise in the process of phatan detection have becn investigated. The results have
been used to design two different 1ypes of optical systems, i.e., a dispersive white-light
interferometer for absolute distance measurement in the sub-millimeter range and a speckle
pattern based displacement sensor for an optical computer mouse working on arbitrary desk
surfaces. The validity of both designs have been experimentally demanstrated. Bath optical
systems are based on physical phenomena which, at first glance, might be regarded as
annoying limitatians, i.e., the low coherence of white-light sources and the spatial noise
(speckles) in scanered light. However, a rigorous analysis and understanding of the physical
concepts have led 10 optimum design and successful demanstration of the systems.

Temporal coherence and specklc theory deal with the statistical properties of two optical
phenomena which seem to have no physical relationship, Coherence describes the random
fluctuations of light waves due to the superpasition of uncorrelated radiations at differen
opticul frequencies and phases, whereas speckle theary describes the random fluctuations of
scattered light from diffusing objects under caherent illumination. However, light waves and
speckle patterns may be regarded as random processes in time and space, respectively, and the
same methods are nsed 1o describe mathematically their prababilistic behaviour. The random
properties of light waves are usually characterized by statistical averapes, namely the aptical
intensity, the mutal coherence function and the power spectral density. This partial description
i)y some statistical averages is sufficient because commanly used photadetection sysiems
inherently perform time averages due to the optical frequencies which exceed the speciral
bandwidth of the detection systems by far. A more complete statistical description of the
speckle phenomenan is given by the first and second order probability density functions of the
intensity and phase.

Figure 5.1 shows a bloc diagram of an optical measurement system. [t is the author's
conviction that a system optimization must start with maximizing the optical measurement
signal and with minimizing the noise sources in arder to obtain the highest value of the (optical}
signal-lo-noise-ratic (SNR). It follows optimization of the remaining elements in Fig. 5.1
(phoion detection, electronic circuils and signal processing). This optimization procedure is

justified by the unidirectional signal flux: a bad signai-to-noise ratio at the outpnt of one

element cannot be restored by the following elements.
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Optical Sensor

Generation of - - -
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Noise Noise  Noise Noise — Electric Signal

Fig. 5.1 Bloc diagram of an optical measurement system.

Ag an example, some optimization aspects of the displacement sensor for the aptical computer
mouse are considered. The oplical measurement signal can be maximized by (i) enhancing the
speckle contrast with the help of a polarizer [Fig. 4.7 and § 4.1.1.2], (ii) nsing microlens
arrays for maximum power budget [§ 4.4.1.3), and (iii) optimizing the signal contrast with the
geometry of the comb photodetector arrays [§ 4.3.1.4), Imaging geometry eliminates the
boiling behaviour in the dynamic speckle pattem [§ 4.3], which may be regarded as noise for
the deiection of translating speckles.

The progress in dighal compuler technology over the last years made available powerfnl tools
to numerically simulate models of physical systems. The main advantage of modeling and
numerical simulation lies in the fact that the influence of the individual parameters on the
system behaviour is distinguishable. A major danger lies in the eventual discrepancy between
the behaviour of the real physical system and the generally simplifying model, which might
lead to erroncous conclusijons. As a result, even best designed, modeled and simulated systems
have to be experimentally verified.

Thanks for reading ihis thesis!
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7 Publications

Paper 1

Absolute distance measurement with synchronously sampled
white-light ehanneled spectrum interferometry

U. Schnell, E. Zimmermann, R. Dindliker

We describe a white-light channeled spectrum interferometer for absolule distance measurement
in the range of 8 pm to 1.9 mm, using a diffractive element and a linzar detector array to scan
the intetference signal. The local phase of the spectral fringe pattern is obtained from
synchronized sampling with four samples per fringe period. The absolute distance is calculated
from 1he slope of the measured phases vs. wavelength, First, the distance is determined 1o
better than A/8 in order to overcome the phase ambiguity. Then, one of the measured local
phases can be used Lo determine the exact distance with interferometric accuracy. Test resulis
showed an accuracy of better than 2 nm for a distance of 125 pm and better than 12 nm for
any position within 50 pm to 150 pum,

Paper 2

Dispersive white-light interferometry for absolute distanee
measurement with dielectric multi-layer systems oun the target

U. Schrell, R. Dindliker, $. Gray

We have exiended a dispersive white-light interferometer for absolute distance measurement to
include effacts of dielectric multi-layer systems on the target. The phase of 1he reflected wave
changes as a function of wavelength and layer thickness and causes errors in the interferometric
distance measurement, With dispersive white-light interferometry these effects can be measured
‘in-situ' and the correct mechanical distance can be deiermined. The effects of thin films
deposited on the 1arget have been investigaled for one and two layers (photo-resist and 8i0; on
Si). Experimental results show that the thickness of these layers can also be determined with an
accuracy of the order of 10 nm,
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Paper 3

Detection of movement with laser speekle patterns:
Statistical properties

U. Schnell, J. Piot, R. Dindliker

We present an optical method for detection of in-plane movement of a diffusing object. The
technique is bused on spatial filtering of the iaser speckle pattern, which is produced by
illumination of the object with coherent light. Two interlaced differential comb photodetecter
arrays act as periodic filter to the spatial frequency spectrum of the speckie patiern intensity,
The detector produces a zero-offset, periodic output signal versus displacement which permits
to measure the movement at arbitrarily low speed. The direction of the movement can be
detected with the help of the quadrature signal, which is preduced by a second pair of
intertaced comb photodetector arrays. By maiching speckie stze and period of the comb
photodetector arrays, the output signal versus displacement is quasi sinusoidal with statistical
amplitude und phase. First and second order stalistics of the sighal are investigated. First, the
probability density function and the autocorrelation function of the complex Fourier transform
of the speckle pattern intensity are determined. Then, the statistical properties of the spectrum
of the filtered signal and the signal itself are calculated. It turns out, that the amplitude of the
signal is Rayleigh distributed, Both, autocorrclation function of the signal and probability
density function of the measured phase difference for a given displacement are calculated. The
potential accuracy of displacement measurements is analyzed. In addition, the signal quality is
investigated with ecspect to the geomelry of the dewector. The theorctical results are
experimemally verified.
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Absolute distance measurement with synchronously
sampled white-light channelled spectrum interferometry

U Schnell, E Zimmermann and R Dindliker

Instilute of Microlechnology, University of Neuchftel, Breguet 2, CH-2000 Neuchfitel,
Switzerlond

Received 20 Februnry 1955, in final farm 9 May 1995

Abstract, We deseribe a white-light channelled speetrum inlerferomeler lar absolute distance
reasurement in the range of B pm 1o 1.9 mm, using o diffractive element ond a linear deteclor
array o scan the inlerference signal. The local phase of the spectral fringe pattern is obtained
from synchronized sampling with four samples per (ringe period. The absolute distance is
catculaled from ihe slope ol the measured phases against wavelength. First, the distance is
determined to bettes than A/E in order lo overcome the phase ambiguity. Then, one of the
reasured hocal phases can be used to determine lhe exact distanee with interferometric accuracy.
Test resulis showead an accuracy of better than 2 nm for a distance of 125 xm and better than
12 nm for any position within 5¢ pzm 1o 150 pm.

1. Introduction

Absolute distance measurement with optical interferometry is possible using multiple
wavelength [1} or white-light [2} sources. The first method suffers from phase ambiguity
when the distance to be measured is larger than the longest synthetic wavelength. The
second one requires a receiver interferometer to compensate the pathlength difference. The
interferogram is then scanned, either mechanically in the temporal regime or electronically
with a pholodiode array in the spatial regime. Mechanical scanning suffers from limited
speed, whereas spatial electronic scanning is limited to small displacement ranges. To avoid
these problems, we present a white-light channelled spectrum interferometer with minimum
hardware requirements and simple signal processing, An opiical profilometer, which uses
a similar approach of white-light interferomeiry with channelled spectrum detection, has
recently been published by Schwider and Zhou [3]).

2. ‘White-light channelled spectrum interferometry

The basic set-up of a white-light channelled spectrum interferometer for absolute distance
measurement is shown in figure 1. The beam of the white-light source {WLS) is collimated
by the lens Ly, The distance L to be measured is the difference between the two arms of
the Michelson interferometer formed by a beamsplitter (BS) and two plane mirrors M, and
M3. The omtpint light of the interferometer passes through a diffraction grating (DG). The
diffracted beam is then focused by the lens L, onto a lincar photodiode array (pDa). The
inerference phase ®(v) is given by

) = ZT”ZL\; )

0963-9659/95/050643+09519.50 (© 1995 10P Publishing Lid 643
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where ¢ is the speed of light and v is the optical frequency. ®(v) is a linear function of v
and the absolute distance L is directly obtained from the slope @' = d®/dv through

€ ')
Lza—;q:'. (2)

A ypical measured channelled spectrum interference signal is shown in figure 2. Tt can be
described as a function of the optical frequency v by

s(v) = Alv) + B(v)cos P(v) (33
where A{v) and B(v) are slowly varying functions of v and ®{v) is given in equation (1),

Figure I. White-light channelled spec!mrn' imerferometer for nbsolute distance measureinen
using a dillraction grating (PG) and a phetodiode array (o) for the signal processing.

Signal s(v}

Optical frequency v

Figure 2. Typical mensured white-light channelled specirum interference signal,

3. Fundamental limitations

The minimum working distance Ly, is limited by the spectral bandwidth Aw, {Ak,) of the
white-light source. A minimum number of approximately 1wo periods of the interference
fringe pattern has to be detected by the photodiode array (PDA) in order to calculate a
significant value of the slope @ in equation (2). Hence, thc minimum working distance
Loyia can be estimated from the total phase variation @, across the spectral fringe pattern
by the condition

4 Ak
G=—Awl=4r—3L >4r )
c Ao
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which gives for the minimum working distance

X

"l

where Ay is the centre wavelength of the source.
The maximum working distance Lmas is limited by the spectral resolution Avy, (AAy)

of the diffraction grating. At the limit at least three independent samples per period of the

interference signal in equation (3) have to be resolved (4] to determine the phasc function

& (v), heeause therc are three unknowns, A(v), B(v) and ®(v). The condition for the

distance is

(3

Lrnin =

an A
A¢=——A::,,L=4Jr—2"L S%Jr (6)
c ¥ :
where A% is the phasc difference between two spectrally resolved samples, which gives
for the maximum working distance

A3
= . 7
= )]
The spectral resolution of the diffraction grating is given by the rclation [5]
D
2o ®)

Adg M= gcosé,
whcre N is thc number of itluminated lines on the diffraction grating, g is the grating
constant {spatial period), 8, is the angle of incidence and D is thc diameter of the incident
hcam. Typical values for the set-up shown in figure | are g = 0.5 um, 6, = 45° and
D = 5 mim, which gives N & 14000 for the grating and AX; = 80 nm at 3y = 800 nm
for a LED light source, From equations (5) and (7) we find that this type of white-light
channelled spectrum interferometer can be operated in a range of abowt L =8 pm—1.9 mm.

4. Synchronous sampling

Following the optical arrangemcnt shown in figure 1, the dispersion of the diffraction grating
(G} introduces a Irequency spacing Av between two adjacent pixels nr and n — 1 of the
PDa which rcsults in a phascshifi of

45
AP, =@, — P = 'C_LAU (%)

The local phase @, is then calculated, using five adjacent samples of the interference signal
in equation {3) symmciricalty centred at the sample s,, through [6)

Sh = Sn—1 — Sngl = 2Bsin Ad, sin &,
Sn42 + Su=-2
2

@, < tan~! (i sin ACDS) . (10)
Gy
For equation (10) to be correct, the A(v) and B(v) in equation (3} should be constan. in
practice, A{v) and B(v) vary slowly with v (see figures 1 and 5), but the differences for
five adjacent samples arc small and equation (10) is stll valid. Using equations {3} and
(10} it can easily bc shown that the corresponding error is given by

At — Ane
b, = _“"tlz_ﬂ',,_"l cos &, (an

C, =3, — =28sin’ Adcos b,
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which gives a maximum error of about §®,, = 3° for a relative slope of the average intensity
(Ans1 = An-1)/ B = 10%,

In order to make the phase evaluation simple and to minimize the hardware requirements,
we adopted a synchronized sampling of the interference fringe pattern with four samples
per fringe period. The optical arrangement of DG, L) and PDA in figure 1 is designed so
that for the desired working distance L., the frequency spacing Av between two adjacent
pixels gives a phaseshift of A®; = %}T. Using equattan (2), the measured absolute distance
L is then calculated from the slope &' = d®/dv of the unwrapped local phases ®,. The
best value for the slope is obtained by a least squares fit, which averages very efficiently
the errors introduced by the non-unifarmity (figure 5) of the fringe pattern (equation (11)).

5. Phase evaluation error

When the real distance L differs from the working distance L, the phaseshift A®, becomes

Ad, =in+e (12)
where the phaseshift error ¢ s given by
L-L
L w
£=:zix . 13
g a3

In a first appreximation, the local phases are calculated from equation {10) with ¢ = 0,
These values @ arc related to the true phases &, by

1
q;wl =t bl R . 4
n an cose an @, {td)

The corresponding phase evaluation errar §!% becomes
0@ =0l o,

= [tan™! (1//Cos g} —tan~" (Va5 )] sin 2,

= fele)sin2d, (1%

which consists of a periodic part sin2®, and an envelope functian fu(e). Introducing
equations (1} and (13}, the pertodic part can be expressed as

sin 2@, = sin ( |6Lw£) . {16}

Ao
Figure 3 shows the phase evaluation error &% as a functien of & for 2L, /Ao = 10. Note
that the envelepe f. is only a function of the phaseshift emrer . Numerical simulations show
that the phase evaluation error in equation (15) causes an error for the measured distance
which can be descrived by

0y __
§() = L L. ad® () an

w

where L is calculated fram the ©, obtained in o ficst approximation with & = 0. It
is seen that the parameter o depends only on the number N of local phases &, used
for the least squares fit to calculate the slope ®'. Figure 4 shows the calculated values
of the parameter ¢ as a function of N. The values for N = 20 and N = 50 are
o =2 x 107 rad™! and & = 4.5 x 107% rad™!, respectively. Following equation (15),
or figure 4, the maximum relative error for the measured distance is 8%) = af,(e). For
£ =45 we get 8% = 3.4 % 107 (N =20), or 82, = 0.8 x 107 (N = 50).

max
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Figure 3. Phase evaluation emor 5% a5 n function of the phaseshift error € for 2L /Ay = 10.
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Figure 4. Parameter o as a function of the number N of local phases &,

Using the first approximation L'® of the measured distance L, the phaseshift error £
can be calculated through equation (13). Improved values @£ of the local phases can then
be calculated from equation (14) by

& = tan~! (cos £ tan 1) (18)

which can be used to calculate a better value L' of the measured distance L. This iterative
phase correction method allows elimination of the phase evaluation error in equation (15)
and the error for the measured distance in equation (17).

Unwrapping of the local phases &, is only possible if the phase difference between two
adjacent samples

AD, = A, + (300 — 50 )~ AD, £ (19
is smaller than x. Using equations (11) and {14}, the condition for the phascshift error is
Ab,(e)=tr+ e8P Cin+e+2fle) < (20

which gives for the maximum allowed phaseshift error £ma = 56.4°, which corresponds,
following equation {12}, 1o a phaseshift of Ad; = 146.4° instead of 90°.
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Fignre 5. Processing of the channelled spectrun:  the ubserved interfecence (dnges in ihe
speciruin are synchrononsly detected with four sainples per fringe period to calenlate the fringe
phases, Every fourll sample is graphically cinphasized 1o demonstrate that the sampling is
(neacly) syrcheonoug with the (ringe pattern.

6. Expevimental resulls

The synchrononsly sampled white-light channclled speetrum  interferometer has been
investignted with the help of the optical set-up shown in figure 1. The white-light source
was  light eminting, diode (LED ABB 1A223) working at Ap = 890 nm with a speetral
handwidih ol approximately Ad; = 50 nm. After the lens Lg the heam was collimated with
a dinmeter ol approximately £ = 4 nun. The mirror My of the Michelson interferometer
wils mownted on a piczo ranslator {(PZT) in serics with a stepper motor (SM). In order to
cqualize the two interferometer arms (L = 0), the PZT was first used 1o scan a temporal
white-light inteslerogram (2], detecied in the zevo order of the diffraction grating. Then,
the centre of gravity ol the interferogram was caleulated [6] and the PZT set 50 that L = 0.
A well conrotled working distance L, was (hen introduced by means of the stepper motor.
The diffraction grating had a spatial period g = 577.36 mm, and the angle of incidence was
# = 50.4°. From cquation (8) we get then, with £ =4 mm, a spectral resolution for the
diffruction grating of Akg = 0.08 nmv (Av, = 30 GHz). The focat length of the lens L,
wits 60 min and the lincar photodiode array had 512 pixels with a centre-to-centre spacing
of Ay = 25 pum. In this case we get a speeiral resolution of the channelled spectirum of
0.16 nm/pixel {60 GHz/pixel). The line scan (ime was 26.5 ms.

According to equations (5} and (7), this set-up can be operated in 2 range of L = 16 jem—
830 o, Far 2 working distance of L, = 125 pm we get s channelled spectrum as shown in
figure 5. The fringe spacing is 20 pixels, as expeeted from the caleulated spectral resolution.
The synchrontized samples s, have becn obtained hy adding the mcusured intensities of five
adjucent pixels on the pDA. The synchronized samples s, and (he unwrapped local phases
@, arc also shawn in figure 5. The slope @' was calculated hy a least squares fit and the
ahsalule distance L was ahtained fram equation {2).

A statistical analysis of the maoximum variation 5L of the distance from 50 independent
measurcments was performed lor different numbers N of lacal phases @,. The resulis for
N == 17,37, 57 and 77 are shown in figure 6 hy dots. The expected maximum variation 5L,
of the measured distance can also be cstimated by using the maximura obscrved variation
S, of ay individual local phase @, and by calculating the variation of the slope 9’ by
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Figure 6. Saistical analysis of the maximum variation §L of the distance from S0 independent
measurements compared with the expected maximum varfation 54, as a funclion of the number
N of local phases @,.

cansidering only the twa extreme phase values {(An = N). From equation (2) we then get

c , c &b,
8L = 47r5¢ T 4m NAv
where Av is the frequency step betwezn two samples. The maximum measured variation
of an individual local phase &, was 8¢, = 25 mrad and (he standard deviation was
o¢ = 6 mrad. The maximum variation 5L, as a function of N, calculated from equation (21),
is alsa shown in figure 6.

If the reproducibility of the measurcd distance is better than Ag/8, the phase ambiguity
is overcome and one of the measured local phases @,, preferably at the centre of the fringe
pattern can bc used to determine the exact distance with interferometric accuracy. The
resulis show that the reproducibility was always beuer than Ap/8 when the number N of
the considered local phases was larger than 40 (figure 6). Using the measured maximum
value of 8¢, = 25 mrad for the phase variation, the accuracy of the measured distance is
8L = 1.8 nm (5, = 0.4 nm) and the relative accuracy SL/L is better than 1.4 3 1073,
In order to demanstrate the phase evaluation with synchronized sampling, the distance L
was scanned with the pZT. The distance was in an approximate range of L = 125 +25 um
(¢ = £18°). The PZT had 11 bit resolution and N = 57 local phases ¢, were considered.
The measured distance L is reported in figure 7 as a function of the voltage Upy applied 10
the PZT for increasing and decreasing Uy, The maximum difference §L = L — L between
the measured distance L in figure 7 and the binomial smoothed value L was §L. = 190 nm,
and the standard deviation was o5 = 35 nm. The relative accuracy is §L/L,, = 1.6 x 1075
The maximum difference 5@ = @ — &, between the measured phase & and the binomial
smoothed value ©; of an individual local phase @, was 3¢ = 174 mrad {g¢ = 30 mrad)
leading to an accuracy of §L = 12 nm (g5, = 2 nm) for the measured distance L.

The phase evaluation error and its correction for non-ideal phaseshift A%, # a/2 is
illustrated in figure 8. The uncorrected [acal phase variation 9% is depicted as a function
of the distance L in arange of L = 54 £1.5 pum (& = —51.1°4:1.1°). The theoretical value
of the maximum phase error §&9, given by equation (15), is fu{e = —51.1°) = £230 mrad.
The observed value was 309 = 200 mrad (g4 = 170 mrad), leading 10 an error for the

1)

t According to a smoothing algorithm derived from |7).
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Figure 7. Absolute distance measurement in a rnge of L = 125425 pm. N = 57 local phases
&, have been used to calculate the least squares fitled slope @ 1o cal¢ulate L.
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Figure 8. Phose evaluntion error $29 nnd comected value @V ofier one jteration for a
non-ideal phaseshift of Ad, & 40°, instead of 90°.

distance of §L = 420 nm (o, = 12 nm). After onc iteration for the phase correction, these
crrors were reduced to 5O = 490 mrad {0y = 38 mirad) and §L = +6 nm (oy = 3 nm),
respectively, which is an improvement by a factor 3.

7. Conclusions

White-light intcrferometry with spectral fringe detection is a simple and powerful method for
absolute distance measurement in the millimetre range. The maximum operating disiance
is limited by the spectral resolution and the minimum distance by the spectral width of
the source. Using an LED source (AA = 80 nm) and a simple diffraction grating (14 000
lincs), the range of operation is from 8 pm ta 1.9 mm. It has becn shown that a minimum
sampling concept for the fringe evaluation, based on four samples per period, leads to a
simple and fast algerithm, which works for 2.5 ta 10 samples per period with a phase
accuracy of better than A® = 0.1°, The method has been experimentally demonstrated
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We have extended the use of a dispersive while-light interferometer for absolute distance mensurenent Lo

inctude effects of dielectric multilayar systems on 1he targel.

The phese of the reflecied wave changes as a

funetion of wavelength and layer thickness and causes ecrors in the interferometric distance messurement.
With dispersive white-light interferometay these effeets can be mensured in situ, and the eorrect mechanicnl

distance cnn be determined.
and twa layers (photaresisl and Si0, upon Si).

The affects of thin (ilms deposited upan the 1argel have been invesligated for one
Experimental results show 1thal the thicknesses of these layers

can also he determined wilh an accuracy of the order af 10 nm. & 1998 Optical Society of America

Absolute distance measurement by optical interfer-
ometry is possible with either a multiple-wavelength’
or a white-light’ source. In any case, a measure-
ment errar accurs when interference effects of di-
electric thin-film multilayer systems on the target
object are not taken into aecount. This measurement
error can be aveided when the parameters {e.gy., layer
thickness and index of refraction of each layer} of the
multilayer stack are known. One can use different op-
tical methods, based an ellipsometric,” phetometric,® ™
or interferometric' measurements, to determine the
parameters of multifayer systems. We have used a
dispersive white-light interferometer? first to charac-
terize (n st the multilayer system on the target and
then to determine the correct mechanieal distance.

A schematic drawing of a dispersive white-light in-
terferometer for absolute distance measurement be-
tween Lwo surfaces is shown in Fig. 1. The heam of
the white-light source is collimated by lens La. Lens
L, focuses the beam onte the surface of the target ob-
ject of the Fizeau interferometer. The interferometer
. ig formed by one surface of prism P and the mullilayer
system. The distance L to be measured is the air gap
between the reference surface of the prism and the top
surface of the multilayer system. The autput light of
the interferometer passes threngh a diffraction grating
(DG). The diffracted beam is then focused by lens Ly
ontt a linear phatodetector array {PDA), The interfer-
ence phase () as a function of aptical frequency v can
be written as

h{p) = {2m/e)2Lu + 8,(v; dim, na), 8%

where ¢ is the speed of light and &, is the phase
caontribution on reflection on the multilayer system.
Ta calculate 5, it is assumed that the multilayer sysiem
is formed by M isotropic stratified planar |ayers.
Each layer m is characterized by its thickness d., and
its complex index of refraction Ay = ., ~ ks, where

0146-9592/96/070528-03$6 00/0

fem is the real index of refraction, %, is the extinction
coefficient of medium m, and i is an imaginary unit.
The camplex amplitude reflection coefficient R aof
the multilayer system can be calculated by a 2 X 2
scattering matrix method® The result is of the farm

R= Sm/Su = lRlexp([ﬁ,l. (2)

where 8z, and §,, are iwo clements of the seattering
matrix and 4, is the observed phase shift on reflection
to be intraduced into Eq. (1). &, con be written as

anf M )
(1) = T(z 2(1,"“..,)" + fules do, nad, (3

=]

where the linear term on the right-hand side of Eq. (3)
is due to the optical thickness of the multilayer stack
and fu(is a nonlinear function thal describes the effects
of multiple reflections within the stack. The basic
idea of the meathed is to measure a sufficiently large
number of inter(erence phase valucs ¢, (¢} and then
to determine the best values of the parameters L, d.n,
and n. in Eq. (1} by numerically fitting the calculated
phase function (1) (rom Egs. (1)~(3) to the measured
values i, {r).

WLS L,

iy

Fig. 1. Dispersive white-light interferometer to measure
the absolute distance [ between two surfaces with n dielec-
tric multilayer system (MLS) on the object target: WLS,
white-light source; BS, beam splitter.

© 1986 Opticel Society of America



A dispersive white-light interference fringe pattern

can he described a3 2 funetion of vptical frequency v by

slo} = Alr) 4 Bleleos i), {4}

where Alr) and B{r) are slowly varying functinns of ¢
and ) is given by Bq. 11).

Follawing the vptical arrangement shown in Fig. 1,
dispersion of the DG introduces & frequency spaeing &4
between two adjacent pixels 1 and a =~ 1 of the PDA,
which results in a phese shift of

A, =y = oy = 2 L, (5)

where the phase contribulion §,{s) of the wmultilayer
system in Eq. 13) hns been omitied. We then calenlnte
the Jocal phase 9, using five adjncent samples of the
interference signal symmctrienlly centered al sample
$n, through

5, = 5.1 — Sz = 28 5in A, gin 4,
Surg + Sy- .
Co=58, = LLHL LR A, cos B, ,
h, = tan '[S,/C, sin Ad,], (6)

where 1 = g1 = N and N is the number of measured
local phases <, Alr) ond B{r) arc assumed locally
constant. 1L has heen shown thal synchronized som-
pling with four snmples por fringe period is an efficient
and erior-tolerant way to evaluate the phases fram the
interferenen pattern.’  'Phe opticnl arrangemamt of the
DG, Lg, ond the PDA in Fig. 1 is designed sa that for
the desived working distance L the frequency spacing
Au hetween twn adjacent pixels gives n phase shift of
A, = 7/2. We abtain the mensured phase function
4,15} by wnwrapping the measured phase vnlues o,
caleulated (rom Bq. (6). When the number N of mea-
sured phase values 9%, is larger then the number of
parameters used Nor the enleulated phase function ()
in Eq. (1), the best values of the parameters L, d,.,, and
i,y nre obtnined by nn appropriate least-squnres algo-
rithm to fit the enlculnted phnse fanction 4:(s} to the
measured phase values ', (v).

The dispersive white-light interferometer lor abso-
Jute distnnce mensurement with dielectric multilayer
systems on the tnrget hos been experimentslly investi-
gated with the help of the opticni setup shown in Fig. 1.
The light souree was a halogen lamp (G V, 20 W). The
center wavelength of the spectruom detected by ihe
PDA was 4 = 632.8 nm.  After Jens Lo the beam was
collimoted with n diameler of approximately D =
5 mm. Uncanted optical fibers between the prism
and the nwltilayer system introduced an approximate
working distanee of L = 125 um. The DG had a sps-
tin} period of g = 577.26 nm, and the angle of inci-
dence was #; = 33.2*. The foeal length of lens Ly was
60 mm, and the linear PDA had 512 pixels with n
center-ta-center spacing of Ax = 25 um. The line scan
time was 26.5 ms. In this cose we get n spectral
resolution of 1he channeled spectrum of 0.2 nm/pixel
(150 GHz/pixel), and a tota) spectral bandwidth of ap-
proximately 100 nim is detected hy the PDA.  For the
working distanee L = 125 um we get n fringe spacing

April 1,1996 / Vol, 21, Ne. 7/ OPTICS LETTERS 529

of 8 pixels. We abtained the synchronized semples s,
by nddiag the measured intensities of three adjacent
pizels on the PI)A, giving a phase step of A4, =
#/2. The number of cansidered local phases &, was
N = 237, calculated from the synchronized samples s,
through Eq. (6). Unwrapping of the local phases b,
delivered the measured phase function @,(¢).

A series of experiments for 5i substrales with one
layer (photoresist) ar twa layers (phaloresist upon
5i0;) was performed. [l was assumed that the refrac-
tive indices of the Si substeate [ng; = 3.85 — 0.020),
the photoresist (r, = 1.644), and silica (ngj, = 1.46)

—— wed«mn ||gn|?
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o Inmppd °,
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Fig. 2. Processing of the chnrnneled spectrum: the

shserved interference signal s(r) in the speclbum is
synchronously deteeted with four samples per fringe period
Lo calculate the fringe pheses @',. The varintion of the
avernge level of s{v} is due Lo the change of [R) in Eq. (2) a8
n function of ».
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Fig. 3. la) Comparison of mecasured "nnd calcw-

lated nonlinear phase contribution [, versus apti-
cal frequency o (wavelength A) for photoresist (d,)
upon a Si substrate. (b) Comparison of measured
and calculated nonlinear phase centribution fx versus
optica! frequency » (wavetength A) for photoresist [d,) upon
Si0; (dsivy) upon a Si substrate.
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Table 1, Comparison of Mechanica] and
Optical Measurements of Layer Thickness (d,,
Photoresist; dg;g,, 5i0:) and Measured
Distance L without {L..) and with Correction (L.)
for Effects of the Thin Layers {AL =L, - L.)*

Photbresist upon Si0,
upon Si Substrate

Photoresist upon Si Substrate

d, (gm) L{am) d, (um)

Moch. Opt. Lo, L.

1,145 1.142 126.37 122.74 2.63
1,198 1.202 125.27 123.53 1.74
1.266 1.259 125.14 122.68 2.46
1.338 1.342 126,63 124,48 2.15
1421 1.41% 124.09 122.80 1.29

dg;Q, (um}
AL Mech. Opt. Mech. Opt.

1.285 1.289 (.298 0.299
1.490 1.483 0.298 0.303
1.195 1.198 0.897 0.889
1.280 1.295 0.897 0.890
1.455 1.463 0.897 (.884

*Mech., mechanically determined; Opt., optically
determined.

are known and independent of the aptical frequency.
Figure 2 shows a measured channeled spectrum inter-
{erence signal s(¢), the synchronized samples s,, and
the unwrapped local phases &, for one layer of photo-
resist of thickness d, = 1.42 um. Figure 3 shaws
experimental results abtained by fitting the theareti-
cal phase lunction ®(»)in Eqs. (11-(3) {0 the measured
phase function <@, {»} with a Levenberg—Marquardt
least-squares elgorithm."! This iterative method
determines the maximum-likelihood estimate of pa-
rameters L and d,, that minimizes the ligure-of-merit
function 42, defined by

N
P = Y [Dalw - bl L, d)]P. ]

=l
The resuils of the fit, fup,. alter deduction of the linear
parts of M) in Eqgs. (1} and (3), are compared with
the measured phase values. To verify the method we
measured the thicknesses d, of the photoresist and
dsio, of the silica with & mechanical profilometer with
vertical resolution of Az = 5 nm.  The corresponding
thearetical phase function d{»} was also calculated,
and its nonlinear part is represented in Fig. 3 as
feec.  The differences between the measured values for
the layer thicknesses were Ad, = 2 nm for one layer
{photeresist) and Ad, = 3 nm and Adyin, = 8 nm for
two layers (photoresist upon 8i03).

More experimental results are listed in Table 1.
A comparisen af the optically and mechanically de-
termined thicknesses shows for most samples an
agreement of better than 10 nm. The effect of the
phataresist layer on the absolute distance measure-
ment is also shown in Table 1. We abtained the
uncorrected value for the measured distance Ly, ne-
glecting the effects of the muitilayer system, by fitting
the theoretical phase function in Eq. {1) with §, = 0 to

the measvred phase values d,{»} with a linear least-
squares algorithm. We obtained the corrected value
for the measured distance L. by [litting the theoretical
phase function @*() in Egs. (1) and (3) to the measured
phase function ®,{r) with the Levenberg—Marquardt
least-squares algorithm, as described abave. The
difference AL = L,, — L. between uncorrected and
corrected values is of the order of 1-3 pm. In addi-
tion, the rasults in Table 1 indicate that the error AL
does not increase either linearty or monotonically with
layer thickness d,. This behavior can be explained
by interference of the multiple refleclinns within the
layer system.

In conclusion, we have demanstrated that dispersive
white-light interferometry can be used efficienily to
measure in situ the effects of thin films on a target ob-
ject and to determine the correct mechanical distance
to the top surface of the target. Experimental results
for one and two layers (photoresist and Si0; upon
Si) show that the thicknesses of these layers can be
determined with an accuracy of the order of 10 nm
(assuming that the refractive indices are known). Ex-
tension of the method to more than two layers with
unknown refractive indices seems possible. Introduc-
tien of a more general madel of the phase contribution
of the multilayer system'? could be used to measure
multilayer structures with rough surfaces, interfaces,
and finite substrates. The method presented can be
readily integrated into profilometers and autofocusing
systems based on white-light interferometry.

This research was supported by the Comimission
pour I'Encouragement de la Recherche Scientilique.
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Fig. 11. Experimental investigation of the signal contrast | for
comh photodeteetor arrays with N = 3, 5, 7, 11, 25, and 41 fin-
gore (0 /A = 26, wi/d = 025, & = 100 pm).  The analylicalty
calculoted values and the values oblsined frem numerical inte-
grotion sre shown ss enlid and dotted curves, respectively.

o = EYINLw?A sinc(w/A). (32)

An analytical approximation for the ratie 1" is ebteined
by using the results in Egs. (30) and {(32),

P LN (33)
4E%iy 4 NI, sinc(w/A),

where £(1,) + Elig) = 2E(;) is used. Note thal N and
the ratio {, /A in Eq, (33) are the approximate numbers of
uncorrelated speckle cells in the x and y directions, re-
speciively, which are covered by the camb photodetector
arrays and contribute to the measurement.

The signal contrest = g, /[Eli,) + E(i3]]
= o2E(i,) is rendily found from Eq. (33). Figure
11 shiows a plot of the signal contrast ' versus the number
of fingers N for A = 100 am, [, = 2500 gm, and w
= 26 pm. The valuea o /2E{i;) obtained from the ex-
perimentally measured signals i and i, (32,000 samples)
pre shown as large solid dots for ¥ = 3, 5, 7, 11, 25, and
41 fingers. To prove the validity of the analyticai ap-
prouimation in Eq. {33), we bave numerically caienlsicd
the catio I'? oceording to Egs. (29) and (31), using the
power apeciral density '} in Eq. (9). The square rool of
the results IT} is represented in Fig. 11 by the dotied
curve.  Engpection of Fig. 11 shows that the simple ano-
Iytical npproximatian in Eq. (33) can be used as o good es-
timatian of the signal guality F? and the signal contrast I’
far a given detettor geometry.,

5. CONCLUSIONS

We have presented an opticel method (ar noncantact de-
tection of in-plane movement of a diffusing abject based
on spatial filtering of laser speckle patterns, Twao peri-
odic camb photodetector atrays connected differentialiy
and maiching of the speckle size with the periad of the
photodetector arrays produce 8 zero-oifset, quasi-
sinuspidal output signal. The mavement can then be
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measured ai arbitrarily low speed by zero-crossing detec.
tion of this signal. The direction of the movement can be
detected with the help of a quadrature signal, which is
produced by a second pair of interlaced ¢omb photodetee-
tor arrays. First- and second-order statistical propertics
of the output signal have been investigated to determina
the reliability and accuracy of the measurement. [t
turned out that the amplitude of the output signal is Roy-
leigh distributed, independent of the number and the
length of the fingers of the comb photadetector arrays,
However, the correlation length snd phase accuracy of the
signal are given by the number of fingers. Both the au-
tocorrelation of the signal and the distribution of the mea-
sured phase difference for a given displacement have
been calculated. The potential accuracy of displacement
measurementa has been analyzed. The resull shows that
the measured distance systematically averestimates the
displacement and that the accuracy increases with the
number of fingers. In addition, the signal quality has
beecn investigated with respect to ithe geometry of the
comb photodetector arcays. The experimental measure-
ments are in good agreement with the theoretical results,

APPENDIX A

We start by introducing Eq. (13) into Eq. {14} and inte-
grating over the spatial coordinate vector x = (x, y),
which leads to

kpy = j d% ' d%"p(x" Jp* (x") A (plexp( =2 wpx’)
@ h*(-plexp(—j27pxM). (A1)

Evaiuating the convolution in Eq. (A1) yielda
Hp) = Id’p'ﬁ(p'lﬁ‘[p' - pHtp)

X J d2r dic"p(x }p*(x*)

X% expl —j27p'(x’ — x")]exp{ —/2wpx").
(v

Equation (A2) is then rewritten as

ftpy = f & Atp A p - pIT(p'. B (A3)

Interest is turned to I'(p', p) in Eq. {A3), which we ex:
press by the discrete sum

NP, p) = 2 expli(e, - vallerpl ~27B(x,, - x,)]

X exp{—/2wpx,}, (A4)

where a, explJpd (B = 1, 2, ... K) are elementecy phasor

contributions from K differeni seattering regions of the

diffusing object.? Equation (A4) can be sepacated in two
sums, which gives
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Fig. 8. Hiatogrom of the phase difference A for diaplacement
Ar = A/4 and AP2 of the output aignal £, obtained from 32,000

measured samples for ¥ = 5. The hest fitting probabtlity den-
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Fig. 8. Autocorrclation functlon C; and correlation factor u,, of
the mengured output signal i.  The theoretical correlation factor
# ls ahown ma dashed eurve. Fitting the probability density
function to the histograms of the phnse difference A¢ yields the
values gy, Indicated by circlea,

sug’

Ay Af2 -1

Fig. 10. Relative average error of the output signal i versus the
number of fingers NV,

lation factors p end g, in Fig, % is due to spatial-
frequency neoise in the power apectral density of the
measured output signal {, as can be seen by comparing
the power speetral densities in Figs. 4oy and 6. The his-
togram of the phnse difference A4 of the output signal J
for various displncements Ax were calcnlated from 32,000
measured agmples.  The probahility denaity function
pdfiad) in Eq. (26) wae then fitted to the hictograms.
The values of the fit parameter uy, are indicated in Fig. @
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by circles. Note the good agreement between the values
An &nd the measured correlation factor i, .

An ideally bandpass filtered eignal whose spatial-
frequency band extends frem p_;, to p,,, has an average
number of zeros per spatisl coordinate unit given by!®

1 Pl = pﬁ.m) "
3 Proax = Print

if we introduce po,, = pg + &2 and pn = po - B2
in Eq. (27), where pg = /A ig the cerrier spatigl fre-
quency and dp, = 1/, is the power equivelent width of
the spectral bands [Fig. 4(c)}, the avernge number of zere
crossings n,. per spatial period A of the output signal i fe
relnted to the number of fingers ¥ through

(27)

nlf = (

2 (eN?e 2 1
= + — —
S b 3 =x\t o O

wherel, = NA isused. A plot of the relative average er-
vor o, - A2 — 1 = 124N% versus N ia shown in Fig. 10.
The resull is an important eriterion for the accutacy of
displarement messuremente and shows that the mea.
sured distence d,, systematicnlly overestimates the dis-
tance d by a factor of 1/24N2,  Agein, the result is valid
under the asaumption that ne signal fading cceurs. The
use of the quadrature signal for direclion-senaitive detec-
tion of the movement might eliminate this effect of the fi-
nite bendwidth of the apatial filter on the displacement
measurement. A rigorcus analysis remains to be done.

4, SIGNAL QUALITY
The signal quality is investignled with the help of the ra-
tio I'? = o, E(i;) + Etin))? of the variance ¢, of the
output signal i, which ia proportional to the useful rms
signal power, to the asquared sum of the expecietions of
the aignals i; and i; of the individuat comb photodetectar
arrays [E(i,) + E{iy))?, which is proportional to the
mean power responsible for the deiection ahoi noise.
E%i,) can be calculsted by means of the power spectral
density %i; of the signal ¢, through

E’(:‘,)=J’_ J -dp,dp,-‘fhip,.p,)ﬁtp,-p,)-
(29)

1§ we introduce into Eq. {29) for 5}, the resull of mulli-
plying Eqz. (4) and (), the sgunred expectation of the sig-
neal iy becomes

Eiy} = BXINwl,)?, (30)

where p, = 1A and !, = NA nre used. The veriance of
the output signal i is obtained from

o= j_ J_ dp.dp,%ilp,. p, 1 — B ps, Pl
(31)

For nn analylical evaiuation of Eq. (31), the circular din-
phragm with diameter D of the imaging lens L in Fig. 1 is
replaced by n square diaphragm with side length . 1t
ean he shown (see Appendix C) ibst Eq. (31) then becomes
approximately
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Fig. 7. Histogrom of the amplitude v of the output signnl i, ab-
tained from 32,000 messured semples for & = 3,5, t1, and 25
fingers. The besl-fitting Rayleigh distributions are shown as
solid curves.

C. Second-Order Statistics of the Outpui Signal
Important second-order statistica! properties of the out-
put signal { in Eq. (12) are the autororrelation function
and the probability density function of the phase differ-
ence Ag for n displaternent Ax. The Iatter can be used to
characterize the accuracy of the measurement and to cal-
culate the probability of an erroncous detection of re-
versed movement, when the quadrature signal i, is used
to determine the direction of the movement.

1. Autecorrelalion Funtction of the Outpu! Signal

The autocorrelation Tunction C; of the output signal i can
be calculated with the help of the Wiener—Khinchin
theorem,!! which relates the autocorrelation function C;
to the power spectral density !4; through the Fourier
transform C;(8x, 4y) = FT"'{%(p,, p,)}. With Eq
(11), the sutocorrelation function in the x direction is
found to be

Ci(ax) = p(Ax)cos{2appdx), (24}
where

a(Ax) = FT~YaincX{, p,)}

1 -

LNy
i (25)

4] otherwise

is the (normalized) carrelation factor of the output signal
i. The correlation length !, of nutput signal ¢ is defined
by the rondition u{l,} = ¢. Using Eq. {25}, this condition
gives for the correlatian length {, = 1, .

2. Probability Density Fnnction of the Phase Difference
The second-erder joint probability denaity function of the
phase of a speckie pattern intensity has been briefly dis-
cussed by Goodman.® The Function can be adopted ta de-
seriba the probability density function of the phage differ-
ence Ag for a displacement &x of the output signal 7.
The result iz

Schnell et af

2

sdf(dg) = ———
paf84) = S

+ g—p +4f1 - p*). (26)

(,G sin"t g

where 8 = u cos{d¢r — A¢) and p is the carrelation factor
given by Eq. (25). Far the probability density function in
Eq. (26) to be valid, the phase differenre 44 must be in
the interval A = m, where A = 2m/A - Ax is the ex-
pected phase difference for a displacement Ax, As the
correlation factor u increases, the probability density
function becomes more and mote concentrated about A ¢,
indicating that the output signal becomes more and more
accurate.

As an example, the probability P, that the phase error
of consecutive zero crossings for the displacement Ax
= A/2 of the output signal { ia amaller than e(e < ) can
be calculated by integrating Eq. (26) over the interval
Ad = Mg = ¢, with the rorrelation factor u = 1 — LN
[Eq. {25)] and the expected phase difference A% = 7.
The result shaws that the phase accuracy of the measure-
ment ta determined by the number of fingers N of the
comb photodetector arrays. For example, the values of
the probability that the phase difference A¢ is within the
error interval €= 0.1 . Ad = 18° are P, = 0.43, 0.55,
0.71, 0.83, and 0.88 for N = §, 5, 11, 25, and 41 fingers,
respectively, For an error interval € = 0.2. 44 = 36",
the values are P, = 0.69, 0.79, 0.89, 0.95, and 0.97, re-
spectively. When the quadrature signal i, is used to de-
termine the direction of the movement, the phase differ-
ence error of the output signal i for the displacement
Ax = A/4 must be smaller than |¢f < 7/2 if erroneous de-
tection of reversed movement is to be avoided. Thus the
relinbility R, of the detected direction can be calculated
by integrating Eq. (26} over the interval &4 = Ad
% @f2, with the correlation factor u = 1 — 144N [Eq.
(25)] and the expected phase difference D&v = /2. For
N = 3,5, 11, 25, and 41 fingera, the values of the reliabil-
ity are R4 = 0,958, 0.975, 0,989, 0.995, and 0.997, reapec-
tively. Note that the results of the above considerations
ore valid under the assumption that no signal fading oe-
curs,

The second-order atatistical properties of the output
signal i was experimentally investigated. Figure 8
showa the histogram of phase difference A for a displace-
ment Ax = A/4 and Ax = Af2, obtained from 32,000 mea-
sured samples for N = 5 fingers, The expected phase
differences are A g = m/2 and Ag¢ = m, respectively. The
theoretical valuea of the correlation factor kx, obtained
from Eq. {25}, are u(A/4) = 0,95 and wn{A/2) = 0.90.
The best-fitting probability denaity functions pdfla¢)
from Eq. (26) are also shown in Fig. 8. The values of the
fit parameter are ug(dx ~ A/4) = 0.94 and up(Ax
~ A/2) = 0.B2. The autocorrelation function C; of the
measured output signal [ for N = 5 fingers is shown in
Fig. 9 as solid curve. The rorrelation factor u,,, which ig
the envelope function of C;, is represented by the datted
eurve. For comparison, the theoretical correlation factor
& from Eq. {25} is plotted aa a dashed curve. The differ-
ence between the theoretical and the experimentsl corre-
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can be investigated. Jil and ¢ are the omplitude and the
phase respectively of the romplex Fourier trensfarm [ at
spatial frequency coordinate p. Jj is the imaginary unit.
Assuming that the complex amplitude of the speckle pat-
tern obeys cirenlsr Goussian statistics,®' it ean be shawn
[zee Appendix A) that for any spatial frequency p the am-
plitude |J] in Bq. (14) is Raylaigh distributed, namely,

lip)| p' |iu>1|°] gl = 0
el ——
«*(p) 26 p) P '
0 otharwise

pafliip}) =

and that the phese ¢ obeys the uniform distribution

1

pdfie) = { 27
0 otherwine

TnEesw Be3)

The parameter « of the Reyleigh distribution in Eq. {15}is
a function of the spatia) frequency p and depends on the
autecorrelntion function € of the Fourier transform A af
the point-sprend function & of the imaging system [Eq.
{13)] through xip) = |Ci(p)] - @, where 20% = E(1).
Meon 7 and variance x? of the amplitude |7| are then
given byt

alp) = Ju2|Ciiple, {17)
X¥(B) = (2 - wR)Cip) et (18

2. Autocorrelption Function of the Fourier Transform of

the Speckle Pattern Iniensity

'_I‘he outecorrelntion function C; of the Fourier transform
1 of the speck!e pattern intensity / is calculated through

Citap) = ELf(p*(p - ap)). (L9)

Again, mssuming that the complex amplitude of the
speckle pattern obeys circular Gaussien statstics, it cen
be shown [sea Appendix B) that Eq. (19) becomes

Citap) = Ciip)Ci{dp ~ p)S(plé(sp - p)
+ Cpp(p Eap). (20)

The Dirae § functions in Eg. (20) show that different
apatinl-frequency components af the Fourier transform of
the speckle poitern intensity are unrorrslated; i.e.,
Cilap) m 0, ¥ap # 0.

In conclusion, it is atated that the amplitude 11 of the
camplex Fourier transform 7 of speckle patiern intensity [
is Royleigh distributed and the phase p is uniformly dis-
tributed, independent of the spatial frequency coordinate
p. nnd that the Fourier transform compatents [ for dil-
ferent p are uncerrelated. To the best af our knowledge,
this atatement has not yet been published in the open lit-
eroture.

B. First-Order Siatistics of the Outpul Signal:
Peobability Density Function of the Amplitude
An lmportant first-order statisticn) property of the autput
signal { in Eq. (12} is the probability density funection of
the amplitude u. 11 can be used to celculate the probabil-
ity of signa) fading, that is, the probability that the am-
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plitude v is smaller than the minimum value uy, for
which zero-crossing can be reliably deteciad. The resulis
in Egs. (15) and {20) are used to determine the statistical
praperties of amplitede u and phase ¢ of the output sig-
nal i, which can be expressed by the Fourier transform

itx) = BT pos () (2t)

14 has been siated that the Fourier transform [ of speckle
patiern intensily I doss niot exist. Therefore, the output
signal I cannot be caleulated from Eq. (21). However, us.
ing Egs, {5}, (12}, end (14}, the Fouriey transform in Eq.
(21} can be written as

ul{r)cosiZappr + o))

= FT Y p)lexplivl 2,0
X [dlp, = po) + 8 p, + pol] © sinell,p,)},
(22)

where the terms (2pplaw)?,  sincXwp,), and
1,%sinc®(l,p,) in Eq. (5) have been omitted for the sake of
simplicity. We nssume that the output signal i is a
distribution-ergodic random process,'! which menns that
space and ensemble pverages are equal and interchange-
able. Then, for the special cose of an infinite widih of the
apatial filter s in the p, direction [sine(!, p.) = 8 p,} in
Eq. (22)], Eq. (22) clearly reveals that amplitude v and
phese ¢ of the autput signal i chey the same statistics os
amplitude |f| and phase ¢ of the Fourier transform § of
the speckle paitern intensity [ &1 spatial frequency p,
= pg, l.e, the amplitude « is Rayleigh distributed,
namaly,

u u?
el vE0
0 otherwise

pdfin) = {23)

Mean E{x) and varianee o,? of the nmplitude n are re-
lated to the parameter r in Eq. [23) throegh El)
= Jnl2. 7 and 0,2 = (2 — w2 - 7. In the gensra)
case of a finite width of the spatial filter s in the p, dirce-
tion [finite spectral bandwidth ap, in Eq. {5) and in Fig.
4{nl], averaging of sums of uncorrelated pairs of inverse
Fourier transform components ot spatial frequencies p,
= pp = Ap, (Ap, within the bandwidth &p,) shows that
the result in Eq. (23] is s\l valid.

This result has beet experimantslly demanstrated.
The histograms of amplitude u of output signal i, ob-
tained from 32,000 measured samples for N = 3, 5, 11,
and 25 fingers, are shown in Fig. 7. The best-fitting Ray.
leigh distributions, according to Eq. (23), are olse shown
in Fig. 7 by golid curves. The mean value E{u} of ampli-
iude u is proportional ta V¥ and JT,, whereas the retio
o, /E{u} af the standard deviation o, ta E(u) is invarinni
with respect to N ond 7,

The Rayleigh distribution of amplitude v in Eq. (23)
implies that signal fading cannat be excluded, becnuse the
probability for amplitudes smaller than any arbitrary low
amplitude u,,, never reaches zero [Plu < wy,) # 0
Yuyml These findings give signifieant criteria for the re-
liability of the messurement.
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Fig. 6. Power spectral densily 5;p, , 0) of the experimenlally
mensured putput signal i(x) in Fig. 5. The apectrol bandwidth
ap, is indicated for comparison with Fig. 4(a).

Filp. Dy = 5P, p 2ol )?
X {6 p, — po) + & p, + pal]
% sinc¥(wp,) @ sine?(l, p,}
% 8 sinc®,py ), an

n& shown in Fig. 4(c) for p, = 0. A typical zero-offaet,
quasi-sinusoidal output signal §, with the power spectral
densily described in Eq. (11), i3 shewn in Fig. 3. The sig-
nal ¢an be described by

i(x) = uix)cos[2mpox + P(x)], a2

where u(x) and ¢(x) are the statisiical amplitede and
phase, respectively.

F. Experimenlal Investigalion of Spatial Filtering

The concept of spatial filtering of laser speckle patterns
for detection of wmovement was oxperimentally investi-
gated with the help of the setup shown in Fig. 1. The
light source wos o He-Ne laser working at A = 633 nm.
The diffusing object was a Marato plate (Spindler &
Hoyer) mounted on n stepper motor with a linear step in-
crement of Ax,., = 2.5 pm.  The imaging lens L had a
focal length £ = 50 mm. The aperture was limited by a
eircular diaphragm with diameter D = 1.267 mm. The
distance between lens L and the image (object) plane was

Schnel ef af.

di(dg) = 100 mm. The magnification fastor of the imag.
ing system wasm = d;/dg = 1. From Eq. (8), the aver-
age speckle size is Ax, = 63.6 pm, which gives a cut-off
spatial frequency of p,, = 0.02 um™' in Bq. (10). A lin-
car phatodiode array of 512 pixels with center-to-center
spacing of Ax, = 25 pm was used Lo detect the movement
of Lhe speckle pattern. The pixel width and length were
w =25 pumand!, = 2,5 mm, respectively. The signal i,
was obthined by adding the measured intensities of N
pixels on the phetodiade array, spaced by A = 100 pm (4
pixels}, to emulate a comb phetodetecior array with spa-
tial frequency pp = 1/A = 0.01 gm~!.  Addition of the
intensities of N pixels shilted by A2 = 50 am (2 pixels)
delivered the signal iz in phase oppodition with respect to
i;. The dilferential output signal i was then obtained
fromi = i, — i;. Typical measured signalsi,, iy, andi
versus displacement x nre shown in Fig, 5 for N = 5 fin-
gers. The amplitude « of the output signal i in Eq. (12)
was calculated from u = [i? + #¥i}1"2, where Z{i} is
the Hilbert transform’? of i. The power spectral density
% of the signal i was obtained through “i{p,)
= |FTi(x)}|?, where FT{ -} stends for the Fourler
transfarm of (-}. The result is shown in Fig. 6. The
speciral bandwidth ap, = 6/, is alse indicaled in Fig. 8
for comparisen with Fig. 4(a).

3, STATISTICAL PROPERTIES OF THE
OQUTPUT SIGNAL

The stotistical properties of amplitude u and phase ¢ af
ouiput signal f in BEq. (12) and Fig. 5 are invesiigated to
characterize reliability and accuracy of the measurement,
First the probability density function and the autocorre-
lalion funciien of the complex Fourier transform of the
speckle pattern intensity are determined. Then the sta-
listical properties of the Fourier transform of the filtered
output signal i and of the signal itself are calculated.

A. Statistical Praperties of tha Fourier Transform of

the Speckle Pattern Intensity

1. Probability Density Funclion of the Fourier
Transform of the Speckle Paltern Intensity

The speckle patiern intensily / in the image plane in Fig.
1 can be deseribed by the two-dimensional convolution in-
tegral

I(x} = j a2 di " plx' ) pt (KA (x = X M (x — x7),
13

where p describes the roughness of the diffusing abject, h
is the impulse response (peint-spread function) of the im-
aging system,? and x', X" are spatial coordinate vectors in
the objeet plane. { - ¥* signds for the complex conjugats
of (+). [n generel, the Fourier transform of a random pro-
cess, a5 the speckle pottern intensity I in Eq. (13), does
not exiat.’?  Nevertholess, the statistical properties of the
Fourier transform of the speckle patlera intensity

oy = [ p)expligip)) = j i {x)expl —j2mp),
{14)
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g 4. (8l Tronsfer functian |$tp, , 0} of the phatodetectar,
hich is shown in Fig. 3, for the cage of w = A4 and I, = 54.
) Power apectiral donaity 2,(p, , 0 of the speckle pnttern inten.
Iy in the image plane in the cose of ¢ circular (golid curvel and
equare {(dashed curve) lens aperture.  The cut-off spotial fre-
leney p, is related ta the speckle size Ax, through pa

4fmdx, {cireular lons aperture), {¢) Pawer spectral density
(p, . Q) of the zera-offset, quaai-sinusoidel quiput signal.

(oo, pIE= 1§ - &l

+=

= (2pul,w)1LE Blp. - {2k + 1)pg)

x sinc’(wp,)} ® sinc®(l, p,)

% 1, *sinc*(l,p,). {5)

plat of the tranafer function [#(p, , 0)|® is shown in Fig.
a}for w = Al and I, = bA. A gecond interlaced poir
‘differentially connected comb photedeiector arrays 5,,
2d 55, Shifted by Ax = A/4 with respeet to g; and a,
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(Fig. 3), produces a signal i, in quedrature to the signal i.
The signals ¢ and i, then permit measurement of the
movement and ils directian without ambiguity and at ar-
bitrarily low speed.

C. Minimum Number of Fingers

The width of the spatial filter in the p, direction is given
by overall length {, of the comb photodetector arrays. A
minimum pumber of fingers N, is required to aveid
overlapping of adjocent spectral bands in the irnnsfer
funetion |5|2 of Eq. (5). This condition can be written os

(Zk + 1)pp + FAp, = {20k + 1) + 1)pp - H4p,,
(6

where Ap, is the width of the spectral boids [Fig. 4(a)].
Il we assume a bandwidth of Ap, = 64, , neglecting the
sidelobes beyond Ap,, we cover 96.7% of the speciral
content of the bands. If we introduce py = 1/A ond
1, = Na in Eq. (6], the minimum number of fingers N,
of the individual comb photodetectar arraye is then

Niin = 3, mn

D. Pawer Spectral Density of the Input Signal

In the ense of a eirculor lens aperture with dinmeter D,
the average speckle size 4x, in the image plane is related
to the parameters of the optical systems through

4 Ad,

Ax, = D £}

The power spectral density ¢, of the speckle pattern in-
tensity / hns circular symmetry and is given hy”

8
Ed By, py) = E”U){«ﬂp, Py =

A2

where p = (p,? + p,"1"2 ond E( - } is the stotistical ex-
pectation of (). p,, is the cut-olT spatial frequency, which
is related to the apeckle size Ax, in Eq. (8) through

X

Pm = DINd; = dImAx, . [§14)]

A ploi of the power spectral density 5,(p,, 0) in Eq. (3} ia
shawn in Fig. 4(b).

E. Power Speciral Density of the Quiput Signa)

By appraprinte choice of the spechle size Ax, in Eq. (B)
&nd the spatial peried A of the comb photedetector arrays,
all apeetra) bands except thase centered at spatinl fre-
quencies p, = *pg can be eliminated in the power spec
trol density ¥, of the output signal z.  An appropriate
cheice ts Ax, = 2A/m, which gives p, = 2pg for the eut-
off spatial frequency in Eg. (10), as shown in Fig. 4{b).
The pawer spectral density of the output signal i can then
be written as
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photodetector

dinphaigm L P

diffusing
ject

Fig. 1. Optical setup for deteclion of in-plene movement of a dif-
fuaing object with leser specklc potierne.

G, py) = Fipe, o MR PP (93]

where ¥} ig the power spectral density of the speckle pat-
tern intensity [; |5)? is the squared modulus of the trans-
fer function (called transfer function in the following) of
the spatial flter s; and p, and p, are spatisl-frequency
coerdinates eccording ta spstisl coerdinates x and y, re-
gpectively. (*) stands for the Fourier transform of {-).
Thus the pewer spectral density of the sutput randem
process (outpui signsl {) is simply the product of the
tranafer function of the spatiel filter {phetadetector s b and
the power spectral density of the input randem process
[epeckle patiern intensity 1),

A. One-Dimensional Deteclion of Moverment

Interest is turned te the detection of one-ditnensional in-
plane mevement, when the object ts meving along the x
axis. If the transfer function |§|* of the spatial filter in
Eq. (2) has sharp pesks st spatial frequencies p,
= *py, the power spectral density &} ef output gignsl i
glso has sharp peaks at the same epstisl frequencies.
Quiput signal { versus displacement x is then zera-offset,
qussi-sinusoidal with spatial peried A = 1/py. A typical
autput signal i versus displacement x is shown in Fig. 2,
Movement st erbitrarily jow speed can be measured by
zero-crassing detection of this signal.

B. Comh Array Deiector for Spetlal Filtering

A photodetector geometry for apatial filtering with sharp
peaks ab spatiel [requencies p, = *p, in the transfer
function ia shewn in Fig. 3. The detectar is composed of
twe interlseed comb photodetector arrays connected dif
ferentially. Each array has ¥ fingers of width w &nd
length f,, The finger spacing is A, and the oversll detec-
tor length is I, = NA. The sperture functicns 5, and s»
of the comb photedetector arrays, which are shifted by
Ax = A/, can be written es

re

sy(x, y) = hz Blx — kA) ® rect(x/w)

X rect(x/l,) X rect(y/l,), k e Z

salx, y) = 5)(x — A2, ¥). (3}

Schnell et al.

&(x) is & one-dimensional Uirac delta function, and
rect{x/a) = 1 for |x/a] = 1/2, zero otherwise. The trsns-
fer functian of the comb photodetector array s, is then

[§10px. 2,2 = (polaw)?

4

x| 2 &p, = kpo} sinc¥wp,)

® sine*(I, p,)
x 1, %sinc(2,p,), )

with pg = /A and sinc(x) = sin{rxMwx). Differential
connection of comb photodetectar arraye s, and 5, elimi-
nates the spatial-frequency cornponents, centered at g,
= 2kpg, in the transfer function of the individusl comb
photodetector arrays in Eq. (4). The trensfer lunclion of
the spatial filter can then be written as

Output lgnal i)
[
=
<]
=1
<]
<
]
=]
=]
<
-]
E—
<
-]
=]
—r]

Displacernent x

Fig. 2. Typical zero-affset, quasi-sinusaidal eutput signal with
spatial pericd A = lipg.

Fig. 3. Pouaible photodetecior genmetry for apatinl fltering with
shorp peske 8i spatial frequencies p, = 1A in the transfer
function. The photodetector is compoaed of two comb photode-
tector artays 5, #nd g4 connected differentiz(ly. Each array hos
N fingers of width w und length {,. The overall detector length
isd, = NA. A second pair of comb photodetector arrays 5,4 and
23, can be interlaced Lo detect the direction of the movement.



Schniell e al.

Detection of movement with laser speckle
patterns: statistical properties

U. Schnell, . Piat, and R. Dandliker
Institute of Microtechnology. University of Neuchérel. Breguel 2. CH 2000 Neuchatel, Switzerinnd

Reeeived May 5, 1097: revised mannscript received Angns! 11, 1087: occepred Sepirmber 2, 1497

We present on optical methad for detection of in-plone movement of a diffusing ahject. The technique is based
an spatiat filtering of the loser speckle patlern, which ie produced by illuminstion of the shject with cohercuy
light. Two interlaced differential comb phetodetector arrays acl as a periodic filier to the spntinl-frequeney
spectriin af the speckle patiern intensity. The detectar produces & zer-offset, periodic quiput signal versus
displacement that permits measurement af the movement at arbitrarily low speed. The direction of the move-
ment can be deterted with the help af the quadreture signal, which is praduced by a second poir of interlaced
comb photodelectar stoys.  When speckle size and peried of the comb photodetecior arrays sre maiched, the
autpul miganl versus displ L is quesi-si idal with statistical amplitude end phose. First- ond
secand-order statistics of Lthe signal are investigated. First the probability density (unction nnd the autecor-
relation function of the cemplex Fourier tranaferm of Lhe speckle patlern inlensity are determined. Then the
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statistical propertics of Lhe spectiim of Lhe filtered signal and of the signol itself are calculated. N twins out

thut the amplitade of Lthe signal is Rayleigh distribuied.

Borh the autocorrelation function of the signal and

the prebability density fuaction of the measured phase dilference for a given displacement are ealeulated.
The putentiol accurncy of displacement measirements is anolyzed. In addition, the signol quality is investi-

poled with respect Lo the geometry of the detector.

The theoretical results are experimentally verified.

© 1998 Optical Society of Americo |S0740.3232(98K02802-4]

OCIS codles: 030,6140, 030.5600, 330.4130.

. INTRODUCTION

'he dynamic behaviar of laser speckle patterns. caused by
1-plane motien of o diffusing ebject under illumination
rith eaherent light, has been used in many npplications
» measure the displacement and velocity of meving ob-
iets. The relation between speckle patiern variation
nd object movement has been investigated in detail ™2
everal techniques for deteetion of movement with laser
peckle palierns have been reported. The methods are
nsed an speekle pattern correlation measurement,® first-
rder-statistics measurement ef speckle paitern intensity
sriation,! zero-crossing measurement for the intensity
nctuation ef spatially integrated laser speckle patterns.®
r spatial Allering of laser speckle patterns®’ A laser
peckle patiern velocimeter using n periodic differential
pteetor hos been published by Ogiwnra ¢t al.®

In this paper we presenl a method for detection of
wavement (displaccment) rather than velocity of the ab-
ct, based on spatial filtering ef the laser speckle pattern.
we interloced differential cemb photodetector nrrays
nd aptical metching between the speckle size and the
mb detecior period produce o zero-offsel, gunsi-
nuscidal output sinnl versus displacement. The sta-
stical properties of amplitude and phase of the signai
te investigated to characierize reliability and aecuracy of
12 mepsurement. The signal quality is eharacterized by
1o ratio between the rms power aof the output signal and
18 mean power detected by tha individual comb photode-
clor arrays. This ratie is investigated with respect to
e geomelry of Lhe deteclor.

UTa0-3202/98/010207-11510.00

2. SPATIAL FILTERING

The basic setup for detection of in-plane movement, based
on spatial fillering of laser speckle patterns, is shown in
Fig. 1. The callimaled coherent light beam ot aptieal
wavelength A illuminates the diffusing object meving ina
plane perpendicular to the optienl axis. Lens L images
the ohject in the image plane at distance ;. The aper-
ture of the lens iz limited by a dinphragm with dinmeter
D. A linearly polarized speckle pattern is cblained with
the help af polarizer P, The static and dynnmic proper-
Lies of the speckle pattern in the image plane are well
established."2%!? The pheledetecior in the imege plane
produces an output signal i (measured eptical power),
which ean be destribed by the two-dimensional convelu-
tien integral

ilx,¥) = j f dédnf(E, mis(é — &, 7= y)

= Iz, y)®@slx, ¥}, (8%}

where I(x, y) is the speckle pattern intensily in the im-
age plane, s(x, y) is the aperture function of the phetode-
tector, and (x, ¥) and (£, 5} are spatial coordinates in the
detectien plane, The ronvolution integral in Eq. (1) re.
venls that the phetodetector performs a linear (spatial}
filtering of the speckle pattern intensity I Lincar filler-
ing of a randem process—the speckle patiern intensity —
enn bost be investigated with the concepl af pewer spoe-
trel density.”” The pawer speetrnl density 2, of ontput
signal i in Eq. (}) ean be wrilten as

@ 1998 Optical Saciety of America
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% 2,2 expl—j2px,)

m=n

Fip', p)

+ 2 0,2,explifn = #a}]

”n oy
X exp[—727p"(x, — x,]]
X exp(—j2wpx,) (Aba)
= Ka®&(p) + a{p', p). {ASh)

We assume that the pure phase contributions
exp[—j2nrp'(x, — x,)) and expl —j27px,) in Eq. (AS5a) do
not change the statistical properties of the random vari-
able o = |af - expljy,) in Eq. {ASb). lnveking the cen.
tral limit theorem'® shows that the random variable |af?
obeys a negative exponential distribution, which is

1 la|®
ﬁ EXP 20%
Q otherwise

{AB)

|n|2 =10
pdfijei®) =

:

and that the phase », obeys a uniform distribution.
Equlﬁinns (A3} and (A5b) reveal that the Fourier trans-
form J of the speckle pattern intensity I depends linearly
on the random varisble a. Therefore the squared modu-
lus ]2 and the phase @ of I still cbey negative exponen-
tial and uniform statistics, respectively.'™ A change of
variable finally shows that amplitude |1’| and phase ¢ in
Eq. {14) obey Rayleigh and uniferm distributions, leading
to the results in Egs. (15) and (16),

APPENDIX B
With introduction of Eq. (A2), Eg. (19) becomes

Cilap) = E{Jd"'p'd’x'dzx"
X AR — Plolx')o*(x)
X exp[—f2mp'(x' — x")}
4 exp[—jE*rrpx")f d%p d% g™
X AHpIEp" — B+ ARIPHE")p(x™)
X exp{je27pix” — x™]]
X explj2n(p —~ ﬁp]x’"']}. (B1)

Changing the order of spatial averaging and integraticn
in Eq. (B1) gives

Citap) = jd2p'd2p"d2x'd21"d=x'"d2x~'

x Hip, @', ¥, 6PIE[p(x"}p*(x")
X p*(x")p(x™)]exp(—jyn), (B2)

where
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A(p, ', p", ap) = A(p)Atp' - plipY)
XAP -p+ap (B3
and the phase term in Eq. {B2) is
W= Zn[px” + p'(x’ —x")— {p- Aplx™
- pix - am] {B4)

Assuming that the elementary phasor contributions
&), explipe) of the diffusing object are statistically inde-
pendent of each other, the spatial averaging in Eq. (B2)
reduces to!®!9

Efp(x")p*{x"1p (x")p{x"")]

= &x' — x")H(x” - x7) + 8x' — x")Hx" - x™),
(B5)

Intraducing Eg. (B5) inta Eq. (B2) yields
Cilap) = szp‘dzp“d%r'dQ"'ff(p, p. P, Ap
® expl = Zmpx’ Jexp[ 2 w(p — Ap)x™]
+ jd’p‘d 'y d d%"H(p, B, p’, Ap)
* exp(—j2wapx")

* expl —j2#{p’ — P"HX' - x")]. (B6)

Integrating Eq. (B6) over the spatial coordinates {x', '),
x", ¥), and (x*, ™) yields

Cilap) = Jd“p'd"p"ﬂ[p. PP Apdpidap - p)

+ Jdﬁp'dzp"fﬂp. P, p*, Ap}&lLD)

x ap - p). B7)
Finally, intreducing Eq. (B3) and integrating Eq. (B7)
over the spatial frequency coordinates (p,', p,') and
(8.", p," leads to the result in Eq. (20).

APPENDIX C

For a square lens diaphragm with side length D, the
power apectral density '¢; of the speckle pattern intensity
I has Cariesian symmetry and is given in the p,(,, direc-
tion by®

1 Py
:5}(.";(3’)) = Ez[Ix(yI] ‘g[pzlyl] + }Tm Tl;%”.

({C1
where T{x/a) = 1 — |x/a| for |x/a] = 1. zero otherwise,
and E*(I) = E¥1)EYI,). A plot of %(p,, 0) is shown
in Fig. 4(b} as a dotted curve. Separation of spatial
frequency coordinates p, and p, in Eq, {(29) then leads to

2.2 2
o = ot Kooy

= j dp, %:(p ] = d(p.l]

x j dpy%ilp 1 - BpY) (€2
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With Eq. (11), the first integrution un the right-hand side
of Eq. (C2) is approximately

£ipo)ip,
1
= 25 pol2pyl,0)° sinctuwpg) O ca

where the approximation sinc¥{!, p,) = rect{l, p.} was
made in Eq. (11) and &, = 1A, is the integration band-
width [aee Fig. 4(c)]. When Eq. (C1) is introduced into
Eq. (C3}, one obtains

1.t = 283 )Nw? sinc®(w/A), (C4)

where p,, = Zpy, pg = WA, and !, = NA are used. The
second integration on the right-hand side of Eq. {C2) can
be estimated by

at = B0 - dlp,)1e,

1
=5 EYI A, c5)
where the approximation sine¥{,p } = rectl, p,) was
made in Eq. (11}, §p, = 14, is the integration bandwidth,
and p,, = 2pq = 2A. Fma[ly. introducing Egs. (C4) and
{C5) into Eq. {C2) leads to the result in Eq. (30).
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