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1 Introduction 

Statistical optics is (he study of the random properties of optical phenomena. Statistical models 

are invoked when the physical quantities are not completely specified in advance and cannot be 

predicted with perfect precision by a deterministic model. Randomness in optical phenomena 

arises because of (i) unpredictable fluctuations of the light or of the medium through which the 

light propagates, (ii) scattering of light from rough surfaces, diffused glass or turbulent media, 

like fluids and gas, which imparts random variations to the optical wave, and (iii) noise in the 

process of photon detection, which imparts random fluctuations to the detected energy. 

The random fluctuations of light waves are characterized by lhe degree of coherence. Light may 

be classified as (i) incoherent, (ii) coherent, or, in general, (iii) partially coherent. Incoherent 

light is random because it is a superposition of emissions from many atoms radiating 

independently and at different optical frequencies and phases. Examples of incoherent light 

sources are low-pressure gas discharge lamps, such as neon tubes, and thermal light sources, 

as light bulbs or the sun. Coherent light is characterized by photons that are all identical and 

indistinguishable. Thus coherent optical waves have a single optical frequency - high spectral 

purity - and a perfectly predictable and deterministic phase function. Lasers t, such as solid-

state, gas or dye lasers, are examples of coherent light sources. 

Modern optics uses coherent light mainly (i) as carrier of information, (ii) when high spectral 

purity is of interest, or (iii) when high radiance is required. In technical applications, modern 

optics has experienced deep changes over the last years. For many years, coherent optics has 

been reserved for laboratory research applications and for industrial high-end products, such as 

high resolution metrology methods, medical instrumentation, laser manufacturing or optical 

inspection methods. The limitation was mainly due to the cost and the size of the coherent light 

sources. Recent progress in semiconductor science and batch technology for microelectronics 

manufacturing allowed coherent optics to penetrate the low cost, customer product market. 

Namely cheap, reliable and easy-to-use light sources, such as light emitting diodes (LED) or 

laser diodes (LD), and application specific photodetection systems, photodiode arrays (PDA) 

and charge coupled devices (CCD), became available for the design and the realization of low 

cost optical systems. Examples are computer peripheries (optical storage drives, laser printers, 

pointing devices), compact disc (CD) units for audio and video application, CCD cameras and 

digital photography, auto focus systems for photography, laser pointers, infrared (IR) remote 

control systems, optical telecommunications, etc. 

t Light Amplification by Stimulated Emission oF ffadialion 
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The work presented here discusses randomness in optical phenomena. The results are used for 

the design and the experimental investigation of two differenl types of optical systems. The 

statistical aspects of these systems are emphasized. 

Chapter 2 provides a review of the mathematical concepts to describe statistical optics and 

presents the specific results that wi l l be used in later chapters. Chapter 3 deals with white-light 

interferometry. The progress in photodetector array technology over the last years gave rise to a 

revival o f broad band light sources for interferometry in technical applications. Our 

contribution to this development is a dispersive white-light interferometer for absolute distance 

measurement in the sub-millimeter range. Spectral analysis of the interferogram allows to 

compensate the measurement for wavelength sensitive dispersive targets. The validity of the 

method is experimentally demonstrated. Applications of the interferometer are (i) autofocusing 

systems, (i i) non-contact profilometry, and (ììi) non-destructive thin film characterization 

systems. Chapter 4 is concerned with scattering of coherent light from rough surfaces. The 

result is a random spatial distribution of the light intensity, known as laser speckle. Contrary to 

well known techniques for measuring displacement or velocity of constantly moving objects, 

the detection of movement at arbitrary low speed, including change of direction, requires a 

completely different approach of opto-electronic detection and signal processing. We have 

theoretically and experimentally investigated a laser speckle based technique for non-contact 

detection of in-plane movement of rough objects which satisfies these requirements. Its 

application in an optical computer mouse working on arbitrary desk surfaces is discussed. The 

noise properties of the photodetection system are analyzed. Finally, Chapter 5 compares 

coherence and speckle theory from the physical and the statistical point of view and concludes 

with some general considerations about modern optics in technical applications. 

Introduction 
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2 Statistical Methods in Optics 

The statistical aspects of optical systems play a central role in this work. Thus the mathematical 

methods used Io analyze statistical phenomena are first discussed in this chapter. Specific 

results and the statistical tools which are used in the following are presented. Section 1 

summarizes the concept of probability and random variables. Section 2 extends the notion of 

random variables to the more general concept of random processes. Section 3 finally is 

concerned with statistics and points out the difference between statistics and probability. 

2.1 Probability and Random Variables 

Probability theory is a mathematical treatment of the intuitive notion of hazard. It is a rigorous 
i 

study of phenomena where no deterministic mathematical model can be applied. Experiments 
with outcomes that cannot be predicted in advance are referred to as random experiments. The 

collection of all possible outcomes of a random experiment is the set of events (A ). 

2.1.] Random Variables 

When a real number u(A) is assigned to every possible event A of a random experiment, a 

random variable U then consists of both the set of all possible values u(A) together with their 

associated probabilities. A random variable U is called discrete if the experimental outcomes 

consist of a set of discrete numbers [111,112 un,...}. Any un is characterized by theevent 

U = Un and its probability pn = P(U = un). Thus a discrete random variable U is defined by the 

mathematical application, known as the probability mass function [PMF) or the distribution, 

which assigns the probability pn to each number un. A random variable U is called continuos if 

the experimental outcomes can lie anywhere on a continuum of possible values. The probability 

that the random variable takes a value within the interval [a, b] is calculated through 

b 
P(a<U<b) = Jdupdfu(u), ( a>-~ , b < «) (2.1) 

a 

where pdfu(u) is the probability density function (PDF) or the distribution of the random 

variable. This function entirely describes the probabilistic behaviour of the random variable and 

satisfies 

pdfu(u) > 0 (2.2a) 

Jdupdfu(u)= 1. (2.2b) 

The distribution of some frequently used random variables are given in § 2.5. 

Statistical Methods in Optics 
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2.1.2 System of random variables 

Consider two random experiments with sets of events (A) and (B), respectively. A numerical 

value u(A) is assigned to each outcome A of the first experiment and v(B) to each outcome B of 

the second experiment. The joint random variable UV is defined to be the collection of all 

possible joint numbers (u,v) together with an associated measure of probability. According to 

the case of one random variable, the probabilistic behaviour of the joint random variable UV is 

characterized by lhc joint probability density function QPDF) pdfuv(u.v). which satisfies the 

two-dimensional form of Eq. (2.2). The marginal PDF of the random variable U is found 

from the jPDF of the joint random variable UV through 

pdfu(u)= Jdv pdfuv(u.v). (2.3) 

The marginal PDFoï the random variable V is found by interchanging the variables u and v in 

Eq. (2.3). If the random variables U and V are statistically independent, that is. the 

probabilistic behaviour of one random variable is not influenced by the other, their JPDF is 

simply given by 

pdfuv(u.v) = pdfu(u) pdfv(v). (2.4) 

2.1.3 Statistical Averages 

The probabilistic behaviour of a random variable can be partially characterized and summarized 

by some numerical values. Let g(u) be a function that for every value u of a random variable U 

assigns a new real value g(u). The statistical average of g(u) is then defined by 

E(g(u))= Jdug(u)pdfu(u). (2.5) 

The simplest statistical average properties of a random variable are its moments, which arc 

obtained from Eq. (2.5) by setting g(u) = uk to obtain the klh moment. Of particular 

importance are the first moment (for k = 1), known as the mean or the expectation, 

E(U)= fduupdfu(u) , (2.6) 

and the second moment (for k = 2) 

E(U*)= Jdu u2 pdfu(u). (2.7) 

Statistical Methods in Optics 
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Often, the fluctuations of a random variable about its expectation are of interest, in which case 

the central moments, obtained from Eq. (2.5) by setting g(u) = (u-E(U))k to obtain the klh 

central moment, play the key role. Of particular importance is the second central moment 

au
2 = Jdu (u - E(U))2 pdfu(u), (2.8) 

known as the variance of the random variable. For practical evaluation of the variance, it can 

easily be shown that 

Ou2 = E(U*) - E2(U). (2.9) 

The square root Ou of the variance, known as the standard deviation, is a measure of the 

dispersion or spread of values assumed by the random variable. 

2.1.3.1 Joint moments of random variables 

Let U and V bejointly distributed random variables. The joint moments of U and V are then 

E(U11V"") = J Jdudv u"vm pdfijv(u.v). (2.10) 

Of practical importance are the correlation between U and V (for n = m = 1) 

OO CO 

CuV = E(UV)= J Jdudv uv pdfuv(u.v), (2.11) 

the covariance of U and V 

Covuv = E([u - E(U)][V - E(V)]) = Cuv - E(U)E(V), (2.12) 

and the correlation coefficient 

n^ÇSïuy.. ( 2 J 3 ) 

CTUC)V 

The correlation coefficient u. is a direct measure for the similarity of the fluctuations of U and 

V. If p. = i, U and V are perfectly correlated and their fluctuations are essentially identical. 

When \i = O, U and V are uncorrected. Two statistically independent random variables are 

always uncorrected. The inverse is not true; i.e., lack of correlation does not necessarily imply 

statistical independence. 

Statistical Meihods in Optics 
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2.1.4 Transformation of Random Variables 

Il is of interest to determine the PDFs of random variables after they have been subjected to a 

linear - or non-linear - transformation. Consider two jointly distributed random variables W 

and Z that are functionally related to two jointly distributed random variables U and V by 

w = f ( u , v ) 
, (2-14) 

z = g(u,v) . 

The problem is to find the JPDF of WZ, assumed that the jPDF of UV is known. Only single 

valued, one-to-one transformations f(u,v) and g(u,v) in Eq. (2.14) are considered, for which 

the inverse transformations exist. Then u and v are expressed in terms of w and z by 

U = " ( ,W l Z! (2.15) 
v = G(W1E) . 

The probability that the values u and v lie in an incremental area AuAv equals the probability 

that w and z lie in the elementary area AwAz. Thus for small AuAv and AwAz 

pdfwz(w.z)AwAz = pdfyv(". V)AuAv (2.16) 

and 

AuAv = IJI AwAz, (2.17) 

where IJI is the Jacobian of the inverse transformation, calculated from Eq. {2.15) through 

Ul = 
5w 5z 
8G 3G 
5w Hz 

(2.18) 

where tl stands for the modulus of the determinant. Substituting Eqs. (2.15) and {2.17) in 

Eq. (2.16) finally yields 

pdfwz(w.z) = Ul pdfuv(u.v). u = F(w,z) ; v = G(w,z) (2.19) 

2.1.5 Sums of Random Variables, Central Limit Theorem 

A basic theorem of enormous importance is the central limit theorem. Consider N independent 

random variables U|, U2, ..., UN with arbitrary PDF, expectation E(Un) and variance 

On
2 > O (n = 1. 2 N). Let a new random variable U be defined by the sum 

Statistical Methods in Optics 



7 

u = * t é u - (2.20) 

Then, under certain conditions that are often met in practice, as the number N of random 

variables tends to infinity, it can be shown , - 3 that the PDF of the random variable U 

approaches Gaussian distribution 

limpdfu(u, 1 e J . M J t f ! 
N_J„ V2no { 2c2 

with expectation E(U) and variance a2 given by 

1 N 

(2.21) 

ECU) = ^ Z E ( U n , , 

N 

n=l 

A plot of the Gaussian distribution in Eq. (2.21) is shown in Fig. 2.1. 

(2.22) 

[ -

n-

V2rtopdfu(u) 

2o \ 

U 

0 E(U) . 

Fig. 2.1 Gaussian probability density function. 

2.1.6 Gaussian Random Variables 

Many random phenomena in physics result from addition of a large number of independent 

random events. By virtue of the central limit theorem. Gaussian random variables accordingly 

play a role of unsurpassed importance in the probabilistic analysis of physical phenomena. Of 

most importance in the following are two uncorrelated (U, = 0), jointly distributed Gaussian 

random variables U and V, each having zero expectation E(U) = E(V) = 0 and equal variance 

a2. In this case, their jPDF is 

Statistical Methods in Optics 



8 

1 [ u 2 + v2 1 

pdfuv(l,,v) = _ e x p | _ _ _ | 

=ikexp f ä} • itcxp (- ä}=pdfu(L) pdfv(v) • t2-23' 
Equation (2.23) shows that the jPDF factors into the product of two marginal PDFs. Thus two 

uncorrected Gaussian random variables are also statistically independent (§ 2.1.2). 

2.1.7 Complex-Valued Random Variables 

In the previous sections, the properties of random variables that take on real values have been 

described. Frequently in the study of optical waves, it is necessary to consider random 

variables that take on complex values. Underlying the definition of every random variable, 

there is a sel of events {A} and a set of associated probabilities. If a complex number u(A) is 

assigned to each event A, the set of all possible complex numbers together with their associated 

probabilities define a complex-valued random variable U. To describe the statistical properties 

of the random variable U, it is most convenient to define the joint statistical properties of its 

real and imaginary parts. Thus if U = R + j-I represents a complex random variable that can 

lake on specific values u = r + j i , a complete description of U entails specification of the 

JPDF of R and I. Of special interest are jointly circular complex Gaussian random variables, 

with jPDF described by Eq. (2.23). Contours of constant probability are circles in the (r,i) 

plane explaining the denomination of circular complex Gaussian. According to Eq. (2.23), the 

real and imaginary parts of circular complex Gaussian random variables arc uncorrelated and 

therefore independent. 

2.1.8 Random Phasor Sums 

In optics, the most frequent case of complex numbers are phasors, representing amplitude and 

phase of monochromatic waves. Sums of complex-valued random variables are referred to as 

random phasor sums. Consider the sum of N complex phasors Un, the nth phasor having 

random amplitude Un / VN and phase $n (n = 1, 2,..., N), as sketched in Fig. 2.2. 

+ Im(U) 

+-Re{U} 

Fig. 2.2 Random phasor sum in the complex plane. 

Statistical Meitinds in Optics 
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The resultant phasor U, wilh amplitude U and phase ¢, can be written as 

1 N 

U = Uexp{j<t>} = ~ £ uneJ*n . U > 0 (2.24) 

For the sake of simplicity of the statistical analysis, the following assumptions, which are 

generally satisfied in practical problems, about the elementary phasors Un are made: 

(i) The amplitude Un IVN and the phase §n of the /jth elementary phasor are statistically 

independent of each other and of the other N-1 phasors. 

(ii) The phases 4J)n are uniformly distributed in the interval [-Ti, Tt] (§ 2.5), 

The real (r) and imaginary (i) parts of the resultant phasor U = r + j i are given by 

N 

r = Re[Uexplj<H] = -= £ UnCOS(Jtn , (2.25a) 

N 

i = Im[Uexp{j<M] = j= J , unsin4>n . (2.25b) 

By virtue of the central limit theorem, both r and i are approximately Gaussian random 

variables for large N. To specify their jPDF, the quantities E(r), E(i), a r
2 , Qj2, and the 

correlation coefficient U, must be calculated. It can readily be shown ' that E(r) = E(i) = O, 

or2 = a i 2 = a 2 = E(U2)/2, and ii = 0. Then, at the limit of very large N, thejPDF of the real 

and imaginary parts of the random phasor sum U obeys circular complex Gaussian distribution 

pdf(r,i) = - — - e x p 
2no 2 2a2 

i21 
(2.26) 

2.1.8.1 Statistics of the Amplitude and the Phase 

In many applications, the amplitude U and the phase <f of the random phasor sum V have more 

physical appeal than the real (r) and imaginary (i) parts. The change from rectangular (r.i) to 

polar (UT<p) coordinates is a single valued, one-to-one transformation and the results in § 2.1.4 

can be used to find the jPDF of U and ¢. The inverse functions of the transformation are 

r = Ucos((i and i =Usin<t>, which gives for the Jacobian in Eq. (2.18) IJI= U. From 

Eqs. (2.19) and (2.26) one obtains f o r t h e j / W o f the amplitude U and the phase ty 

fU / U2I 
- e x p < - —-

pdf(U,<)) = S 2na2 { 2o2 

U > 0, - n < <t> < it 
(2.27) 

0 otherwise 

Statistical Methods in Optics 
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The marginal PDF of U is found by integrating Eq. (2.27) over the phase ¢. The result is 

pdf(U)=< o2 [ 2a2 

I 0 

U > 0 

otherwise 

(2.28) 

which is known as the Raylcigh distribution. A plot of this function is shown in Fig. 2.3. 

Expectation E(U) and variance Ou2 are related to the parameter a2 in Eq. (2.28) through 

E(U) =-W J a, 

ou' = ( 2 - | ) o 2 . (2.29) 

a pdf(U) 

.-1/2 -

. U/a 

O E(U)/ a = \JTÜ2 

Fig. 2.3 Rayleigh probability density function of the amplitude U. 

The marginal PDF of the phase <}» is found by integrating Eq. (2.27) over the amplitude U. It 

follows that the phase $ obeys the uniform distribution in the interval [-JE, JC] (§ 2.5). Note that 

the jPDF in Eq. (2.27) is the product of the marginal PDFs of U and ¢. Thus the amplitude U 

and phase ¢1 of lhe random phasor sum are statistically independent (§ 2.1.2). 

2.2 R a n d o m P r o c e s s e s 

The notion of random processes is a generalization of the concept of random variables, for 

which the random events are functions rather than numbers. In general, random processes are 

functions of time or space. Underlying the concept of a random process is still a random 

experiment, with a sel of events [A) and an associated measure of probability. A random 

process U(t,A) assigns to each elementary event A the real valued function u(t,A) (or u(x,A)] 

with independent time variable t [or space variable x] (for the sake of simplicity, the following 

results are expressed in terms of the time variable t, keeping in mind that the space versions are 

self-evident). U(t,A) has the following interpretations: it is 2 

Statistical Methods in Optics 
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(i) a family (or an ensemble) of functions U(t,A). In this interpretation, t and A are variable. 

(ii) a single time function U(t) (or a sample of the given process). In this interpretation, t is 

variable and A is fixed, 

(iii) a random variable U(A) equal to the state of the process at time t. In this interpretation, t is 

fixed and A is variable. 

(iv) a number U, if t and A are fixed. 

.The most general description of a random process is a complete enumeration of all sample 

functions composing the random process, together with a specification of their probabilities. 

This complete description is seldom possible nor desirable. The most useful description 

consists of the first-order PDF pdfu(u;t). which is calculated for a fixed time t, and the second-

order PDF pdfu(U|,u2;t|,t2), which is calculated at time t| and t2. The notation U(t) will be used 

to represent a random process omitting its dependence on A. 

2.2.1 Stationarity and Ergodicity 

A random process is called strict-sense stationary if its probabilistic properties are invariant to a 

shift of the time origin, meaning that the processes U(t) and U(t + T ) have the same statistical 

properties for any T. In particular, the first-order PDF of a strict-sense stationary random 

process U(I) is independent of t and hence can be written as pdfij(u). Similarly, the second-

order PDF depends only on the time delay T = t2 — 11 and can be written as pdfu(u[,U2;T). A 

random process is called wide-sense stationary if it satisfies the more restrictive conditions 

E(U(O) = E(U) (2.30) 

and 

E(U(Ii)U(C2)) = E(u(t +T)U(I)) . (2.31) 

The most severe restriction on random processes is ergodicity. A random process is ergodic if 

any time and ensemble averages are equal and interchangeable. Thus if g(u) is the quantity to 

be averaged, the time average 

T/2 

E(g)= lim ^ fdtg(u(t)) (2.32) 
T-*» -t /2 

equals the ensemble average 

E(g) = Jdu g(u) pdfu(u) . (2.33) 

Only ergodic random processes which satisfy the conditions in Eqs. (2.30) to (2.33) are 

considered in the following. 

Statistical Methods in Optics 
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2.2.2 Spectral Analysis of Random Processes ' 

There arc two different classes of time functions u(f). Tf u(i) has the property 

jdttul2<<», (2.34) 

it is Fourier transformable and the Fourier transform 

U(V) = Jdt u(t) e-i2™ (2.35) 

always exists. If u(t) does not satisfy Eq. (2.34) but satisfies 

T/2 
lirn ^ fdtu2(t)<«, (2.36) 

it is said to have finite average power. In any case, the distribution of energy or power over 

frequency is of interest. Since the sample function u(t) of the random process U(t) is unknown 

in advance, the quantity to be concerned with is the expected distribution of energy or power, 

known as the energy [ESD) and power (PSD) spectral density, respectively. If u(t) is Fourier 

transformable [Eq. (2.34)], the ESD of the random process U(t) is defined by 

ïu(v) = E(lÛ(v)|2) . (2.37) 

If u(t) has finite average power, according to Eq. (2.34), the Fourier integral in Eq. (2.35) 

does not exist. However, the truncated function 

T T 
u-rfOH 2 2 (2.38) 

0 otherwise 

u(t) - J * ! ^ J 

does have a Fourier transform ux(v), and the PSD of u(t) is defined by 

<Mv)= lim ;U(|ÛT{V)|2) . (2.39) 
T-»-> 

Energy and power spectral densities are real, positive and even functions of v and satisfy 

DD » 

Jdvïu(v)= JdtE(u2(t)) (2.40a) 

Jdv <Mv) = E(u2) . (2.40b) 

Statistical M el hod s in Optics 
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2.2.3 Linearly Filtered Random Process ' 

Let the random process V(t) consist of sample functions which result from passing ali sample 

functions of the random process U(t) through a linear Filter with impulse response s(t) and 

transfer function s(v). Then V(t) is called a linearly filtered random process. The ESD (for a 

Fourier transformable random process U(I)) or the PSD (for a finite average power random 

process U(t)> of V{t) is then given by 

Sv(V) = Is(V)I2 Su(V) (2.41a) 

<&v(v) = Is(V)I2^u(V), (2.41b) 

respectively. Thus the ESD (PSD) of the output random process V(t) is simply the squared 

modulus of the transfer function of the linear filter |s(v)|2 times the ESD {PSD) of the input 

random process. 

2.2.4 Wiener-Khinchin Theorem and Autocorrelation Function 

The autocorrelation function of an ergodic random process is 

Cu(T) = E(u( t+ T)u(O) 

172 

= lim 4 fdt u(t + T)u(t) . (2.42) 
T 

T-t° 

It is an even function of the time delay T and satisfies Cu(O) = B(u2). A major practical 

importance of the autocorrelation function lies in its relationship to the power spectral density: 

for a random process that is at least wide-sense stationary, the autocorrelation function and the 

power spectral density form a Fourier transform pair, namely 

uà 

1Su(V)= Jdt Cu(T) e-J2nvT 

Cu(T)= | dv«u(v )eJ 2 l I V ' t . (2.43) 

This very special relationship is known as the Wiener-Khinchin theorem. 

Statistical Methods in Optics 
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2.2.5 Analytic Signals, Envelope and Phase 

Il is common practice Io represent a real-valued signal by a complex-valued signal, whose real 

pari equals the original signal. Provided thai only linear operations are performed on the 

complex signal, the original signal can be determined at any lime by taking the real part of the 

complex signal. The main reason for preferring a complex representation is to simplify the 

algebra when the signal passes through linear systems. Consider a monochromatic, real-valued 

signal u(t) at frequency VQ 

u(t) = U cos(2rtvni + < (2.44) 

where U and § stand for the amplitude and phase, respectively. The complex representation of 

(he signal is then 

u ( t )=Uexp{j2nv 0 t ) , (2.45) 

where D = U cxp | j$ | is the complex-valued phasor representing the amplitude and phase of 

u(t). The Fourier transform of u(t) in Eq. (2.44) is 

U(V) = U exp{j((iv/vo} s [5(v+v0) + 8(V-V0)] , (2.46) 

as shown in Fig. 2.4a), whereas the Fourier transform of the complex-valued representation 

u(t) in Eq. (2.45) is 

Û(v) = U S(v-vo), (2.47) 

as shown in Fig. 2.4b). 

a) 

yU* ò(v+v0) 

i 

b) 

2"U 0(V-V0) 

1_ -V 0 V0 

U OCv-V0) 

V0 

Fig. 2.4 Fourier transform of a) a monochromatic real-valued signal and b) the unilateral 

form of its complex representation. 

Equation (2.47) is the unilateral form of Eq. (2.46) and satisfies 

U(V) = 2£(V) U(V) . V>0 (2.48) 

where 2e(v) = I + sgn(v). By analogy, any real-valued signal - deterministic or random - can 

be represented by a complex-valued signal whose real part equals the original signal. 
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2.2.5.1 Analytic Signal f 

An analytic signal u(t) is a complex function of time (or space) whose Fourier transform u(v) 

is the unilateral form U+(V) of the Fourier transform u{v) of its real part u(t), namely 

U(O = U(O +j-«(u(t)) (2.49) 

with 

U(V) = U+(V) = 2E(V) U(V) . (2.50) 

W(-) in Eq. (2.49) stands for the Hilbert transform of (•), which is defined by 

W(U(O) = i® u(t) = i f d î — . (2.51) 
n t-x 

where ® denotes the convolution integral indicating that the Hilbert transform is equivalent to a 

linear filter with impulse response s(t) = (rct)"1 and transfer function s(v) = -jsgn(v). The 

Hilbert transform is a pure ±n/2 phase shifter [ls(v)l s 1, arg(s(v)) = -sgn(v)-rc/2] so that the 

Hilbert transform W(u(t)) is the quadrature signal of u(t). 

2.2.5.2 The Analytic Signal as a Complex-Valued Random Process 

If u(t) is the sample function of a random process U(O. the analytic signal representation u(t) 

may be regarded as the sample function of a complex-valued random process U(t). Let Cu(X) 

and *Su(v) represent the autocorrelation function and the PSD of the real-valued random 

process U(t). ft can be shown ' that the autocorrelation function and the PSD of the analytic 

signal representation are given by 

Cu(X) = 2Cu(T) + j-2W(Cu(x)) (2.52) 

and 

f 4*u(v) V > 0 
Su(V) = « + u ( v ) = ' , (2.53) 

0 v < 0 

respectively. Thus the autocorrelation function of an analytic signal has a unilateral Fourier 

transform and is itself an analytic signal. 

Similarly, the cross-correlation function of two jointly analytic signals u(t) and v(t), defined by 

Cuv(t) = E(u(t+x)v*(0), is given by 

CUV(T) = 2CU V(t) + j'2W(Cuv(x)). (2.54) 

where Cuv(x) is the cross-correlation function of the real-valued random processes U(t) and 

V(t). 
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2.2.5.3 Envelope and Phase 

The analytic signal in Eq. (2.49) can be written in polar coordinates by 

u(l) = r(t)exp{j<Xt)}, (2.55) 

where r(t) = V " 2 + (^(u))2 i s t h e module and ¢{1) = tarr1 [Sf(u)/u] is the argument of u(t) 

(the time dependence of u(t) has been omitted to simplify the notation). Thus a model of the 

instantaneous amplitude (or envelope) and phase of u(t) can be defined by the module r(t) and 

the argument ¢(() of the analytic signal u(t), respectively. As an example, a narrow-band 

(Av « VQ) random signal u(t) and its calculated envelope rft) are shown in Fig. 2.5. 

Fig. 2.5 Narrow-band random signal u(l) and the calculated envelope r(t). 

2.3 Statistics 

Probability theory is a mathematical description developed as an abstract model and its 

conclusions are deductions. All parameters of a probabilistic model are assumed to be fully 

defined and known. Thus probability problems have unique and precise solutions. In practical 

situations, this is rarely the case and statistical methods need to be invoked. Statistics suggests 

probabilistic models of physical systems and investigates their validity and quality by means of 

experimental tests. The goal is to gain insight into the behaviour of physical systems and Io 

facilitate better predictions and decisions regarding these systems. 

2.3.1 Statistical Methods 

There are two fundamental classes of statistical methods 2 '4 . Given a postulated probabilistic 

model of a physical system, which depends on some parameters, and a set of experimental 

data. 

(i) Statistical estimation establishes the best values of the parameters of the probabilistic model 

using the set of experimental data. 
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(ii) Statistical testing qualifies a hypothesis on the parameters or on the probabilistic model 

itself using the set of experimental data. The result of the test is used either to accept or to 

reject the hypothesis. 

Only statistical estimation is used in later chapters. 

Suppose performance of an experiment N times and that the random variable U is the 

characteristic of interest of the possible outcomes. The random variable defined on the nth 

performance of the experiment is denoted by Un. The set of random variables (Ui, U2 

U N I is called a sample of size N of the random variable U whose probabilistic behaviour is 

specified by the probabilistic model. The word statistic is used to describe any function of 

some random variables T = T(Uj, U2, -..). The argument of the statistic may either be 

experimental values, which are obtained by the performance of (real) experiments with the 

physical system, or values obtained by the performance of (hypothetical) experiments with the 

postulated model. The statistic T is called estimator of the parameter P of the probabilistic 

•model if the observed value of T estimates the value of P. A good estimator has the property to 

be unbiased, meaning that E(T) = P. The quality of an estimator T is also characterized by its 

variance Of2; the smaller the variance the better the quality of the estimator. 

2.3.2 Frequently used Statistics 

2.3.2.1 Sample Mean 

A fundamental statistic of the sample (U[, U2 Um) is the sample mean U, which is an 

estimator of the expectation E(U). It is usually defined by 4 

1 N 

U = ^ £ U n . (2-56) 
n=l 

Mean and variance of 0 are E(D) = E(U) and O 0 : = a\j2 I N, respectively. Thus the 

sample mean defined by Eq. (2.56) is an unbiased estimator of the expectation E(U) whose 

quality increases with the sample size N. 

2.3.2.2 Sample Variance 

Another fundamental statistic of the sample (Ui, U2 U N ) is the sample variance S2, 

which is an estimator of the variance 0"u2- It is most frequently defined by 4 

N 

S2 = ^ X CUn-U)V (2.57) 
n=l 

It can readily be shown that the sample variance in Eq. (2.57) is an unbiased estimator of the 

variance, 
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2.3.2.3 Modeling of Data 

The progress in digital computer technology over the last years made available powerful 

numerical tools for statistical purposes. Modeling of data is a method that can be used to 

estimate simultaneously the parameters of a probabilistic model from the sample {U|, U2 

U N | . The basic approach of data modeling is usually to design a figurc-of-merit function that 

measures the agreement between the data and the model with a particular choice of values of the 

parameters. The figure-of-merit function is conventionally arranged so that small values 

represent close agreement ?. The parameters of the model are then adjusted to achieve a 

minimum in the figure-of-merit function, yielding best-fit parameters. 

Data modeling is used in later chapters to determine numerically the parameters of a PDF from 

a sample ( U1. U2 UN ). First, the elements Un of the sample are distributed in K equally 

spaced classes. A good choice 6 of the number of classes is K = VN- The number of elements 

within a class is called the frequency. When N grows without bound, the histogram {frequency 

vs. classes) approaches the PDF of the random variable U. For bounded N, data modeling can 

be used to fit the model of the PDF to the histogram yielding best-fit estimates of the 

probabilistic parameters. 
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2.5 Some Distributions, their Means and Variances 2>4 

• Poisson PMF for urj = 0, 1, 2, ... 

>-u0 i pmfu(uo) = ̂ j-e-A- \>0 

E(U) = X Ou2 = X 

Uniform PDF for a < u < b 

pdfuOO = 5"TT3" - » < b < a < «. 

E(U) = (a + b) 12 ou2 = (b - a)2 /12 

Gaussian (normal) PDF for - « < u < « 

pdfu(u) = j==exp-
ouV2n 

_ (u -E(U) ) 2 | 

2ou2 J 

-™ < E(U) < ™ ou > O 

RayieighPDF for u £0 

pdfu(u) = - e x p - — o > 0 

E(U) = VÏ72 O Ou2 = (2-7172) O2 

• Negative Exponential PDF for u S O 

pdfu(u) = X e-*u X > O 

E(U)= I /X Ou2 =1 /X2 

• Gamma PDF for u S O 

u a e-u/b 
pdfu(u) = a > - 1 , b > O 

T(EM-Db8+1 

E(U) = (a+l)b GU2=(a+l)b2 
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3 White-Light Interferometry 

White-tight sources in optical interferometry have experienced a revival during the last years. 

The main reasons are the progress in photodetector array technology and the availability of 

digital computers to process large amounts of data obtained from interferometers. 

When monochromatic light of wavelength X- is used, optical path differences (OPDs) larger 

than X can be measured by incremental counting the interference fringes while the OPD is 

scanned ' . Absolute measurements, which do not require scanning of the OPD to be 

measured, are possible using either multiple wavelength 2-3 or white-light sources. The broad 

spectrum of white-light sources further allows spectral analysis of the measurements. 

Interesting interferometric techniques using white-light sources have been developed, e.g., 

coherence scanning microscopy 4^5, temporally or spatially scanned white-light 

interferometry 6 , low coherence reflectometry 7 , Fourier transform spectroscopy 8 , or 

dispersive white-fight interferometry 9 . The main drawback of white-light sources is their low 

coherent optical power (radiance). 

In terms of Chapter 1, an optical wave may be qualified as a random process. In practical 

applications, a partial description of the random properties by some statistical averages is 

sufficient for predicting the outcomes of an experiment. Section 1 is concerned with the 

definitions of these statistical averages, mainly the optical intensity and the mutual coherence 

function, and with the criteria by which light is classified as incoherent, coherent, or in general, 

partially coherent. Temporal and spatial coherence are discussed, and the relationship between 

the temporal coherence and the spectrum of light is established. Section 2 investigates the 

coherence of two waves and their ability to interfere. Emphasis is laid on the temporal 

coherence. The results are used in Section 3 to investigate a dispersive white-light 

interferometer for absolute distance measurement, using a diffractive element to increase the 

temporal coherence of the 1 ight source and a linear photodetector array to scan the interference 

signal. The interferometer measures distances in the millimeter range without using 

mechanically moving parts. The channelled spectrum further allows to compensate the 

measurement for wavelength sensitive dispersive targets, such as dielectric multilayer systems. 

Section 4 concludes this chapter on white-light interferometry. 

3.1 Statistical Properties of Random Light 

In this section, the statistical averages commonly used to describe random light are defined: the 

optical intensity and the mutual coherence function. The coherence of an optical wave can be 

separated in two contributions, the temporal and the spatial coherence. Temporal coherence 

qualifies the ability of a light beam to interfere with a time delayed (but not spatially shifted) 
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replica of itself. Spatial coherence qualifies the ability of a light beam to interfere with a 

spatially shifted (but not time delayed) replica of itself. 

3.1.1 Optical Intensity 

. An arbitrary optical wave can be described by the comp lex-valued wavefunction U(x,t). For 

example, U(x,t) may take the form U0(x)exp{j2nvt) for monochromatic light of optical 

frequency v. The optical intensity I(x,t) is the statistical average 

I(x,i) = E(lU(x,t)l2) (3.1) 

of the instantaneous intensity IU(x,t)|2. The intensity may be time independent or may be a 

function of time. The former case applies when the optical wave is stationary; that is, the 

instantaneous intensity fluctuates randomly with time, but its average in Eq. (3.1) is constant. 

Only stationary optical waves are considered in the following. The intensity can then be 

determined by time averaging the instantaneous intensity over a long time interval 

T72 

I (x)= lim L Jdt IU(x,t)l2 . (3.2) 
T-*« -172 

It is important to state that commonly used photodetection systems inherently perform the time 

averaging in Eq. (3.2), because optical frequencies (typically v = 5101 4 Hz) exceed the 

spectral bandwidth of the detection systems (typically B < 109 Hz) by orders of magnitudes. 

3.1.2 Mutual Coherence Function 

The spatial and temporal fluctuations of random light are described by the cross-correlation 
function of U(x,t) at pairs of positions xj and X2 at a time delay T later, known as the mutual 
coherence function 

C(X|,x2,T) = E(U{xi,t + T)U*(x2,t)). (3.3) 

When T = O and the two points coincide so that X| = X2 = x, the mutual coherence function 

equals the intensity in Eq. (3.1) [I = C(x,x,0)]. Thus the mutual coherence function carries 

information about both the intensity and the degree of correlation (coherence) of light. It is 

convenient to define the complex degree of coherence by 

« , , « . f l . ^ S g . (3.4, 
Vl(X1)I(X2) 
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which is independent of the intensity. The dependence of (I on time and positions describes the 

temporal and spatial coherence of light. 

3.1.2.1 Temporal Coherence and Spectrum 

Consider the fluctuations of stationary light as a function of time when the two points coincide 

so that X[ = \2 = x- The stationary random process U(x,t) then has constant intensity I = 

E(IU(I)I2) (the x dependence has been omitted to simplify the notation). The random 

fluctuations of U(t) are characterized by a time interval within which the process is correlated, 

but uncorrected when examined over longer time scales. A quantitative measure of this 

temporal behaviour is established by the temporal coherence function 

C(T) =E(U(t+T)IT(O), (3.5) 

which is the position independent form of the mutual coherence function in Eq. (3.3). Its 

normalized form 

C(T) E(U(t + T)U'(t)) 
^=ms I C36) 

is known as the complex degree of coherence. Its absolute value Ip-(T)I is bounded by zero and 

unity. Usually, IfI(T)I drops from its largest value I)I(O)I = 1 as T increases and the fluctuations 

become uncorrelated (incoherent) for sufficiently large T. If lu,(T)l decreases monotonically with 

time delay T, the fluctuations are correlated for T < Tc, but uncorrelated for T » Tc, where Tc is 

the coherence time of the light. The coherence time TC is the width of I)I(T)I and is usually 

defined by the power equivalent width 

TC= JdTlU.(T)|2. (3.7) 

Light for which the coherence time Tc is much longer than the differences of the time delays 
encountered in an optical system is considered to be completely coherent. Thus, light is 
coherent if the optical path differences encountered are smaller than the coherence length 

lc = ncxc, (3.8) 

where c is the speed of light and n is the refraction index of the medium through which the light 

propagates (for the sake of simplicity, it is assumed that n = 1 in the following). By virtue of 

the Wiener-Khinchin theorem, the temporal coherence function C(T) in Eq. (3.5) and the 
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unilateral power spectral density ^+(v) of the analytic signal representation of light are related 

through the Fourier transform (§ 2.2.5) 

i C(t) = fdv ^+(V) d 2 « « . (3.9) 

The spectrum of light is often confined to a narrow band Av centered about a center frequency 

Vo- Because of the Fourier-transform relation between ï+(v) and C(T), the bandwidth Av is 

inversely related to the coherence time xc, as illustrated in Fig. 3.1, The coherence time of a 

light wave can be increased by using an optical filter to reduce the bandwidth Av. This method 

of increasing the coherence time of a broad band light source will be used in Section 3. 

" 1S+(V) 

FT 

FT-' A V (v ) 

Avc 

L 
Fig. 3.1 Coherence time Tc

 and spectral width Avc are inversely proportional. FT: Fourier 
transform, FT-1: inverse Fourier transform. 

The spectral width Avc = 1/TC is calculated from the power spectral density *§+ through l0 

r ~ 12 

Av,- = 

JdV1S+(V) 

J dv [1S+(V)]' 

(3.10) 

Typical values of the coherence time i c [coherence length lc] are 3 fs [800 nm] for filtered 

sunlight (X0 = 600 nm, AA, = 400 nm), 45 fs [20 u.m] for LEDs (X0 = 1 p.m. AK = 50 nm), 
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I ns [30 cm] for filtered gas discharge lamps (e.g. Hg198 green line Xo = 546 nm), or 30 ns 

[IO m] for GaAlAs laser diodes (X0 = 780 nm). 

3. J.2-2 Spatial Coherence 

The spatial correlation of light is described by the mutual coherence function in Eq. (3.3) for a 

fixed time delay T. The normalized mutual coherence function for T = O, 

Vl(Xl)I(X2) 

is known as the normalized mutual intensity. When the optical path difference encountered in 

an optical system is much shorler than the coherence length lc [Eq. (3.8)], the light may be 

considered temporally coherent and the mutual intensity |i(xi,X2) in Eq. (3.11) completely 

describes the spatial coherence. Again, l|i(x|,X2)l is bounded by zero and unity, and it is 

regarded as a measure of the degree of spatial coherence. The spatial coherence of light in the 

vicinity of a given position xj is unity when x2 = X| and drops as the distance lxi-x2 l 

increases. The coherence area Sc is defined by the power equivalent width of lji(xi,X2)l and >s 

calculated through 

S c = J d ^ x 2 IR(Xi1X2)I
2 , (3.12) 

where spatial stationarity of u. has been assumed so that Sc is position independent. If Sc is 

larger than the size of the aperture through which light is transmitted, so that lu.(x|,X2>l = 1 a t 

all points of interest, the light is considered to be spatially coherent. Similarly, if Sc is smaller 

than the resolution of the optical system, i.e., lu.(X],X2)l = 0 for practically all X| * x2, the 

light is spatially incoherent. 

To conclude this section, it is stated that complete (temporal or spatial) coherence and 

incoherence are only idealizations representing the two limits to partial coherence. 

3.2 Interference of Partially Coherent Light 

When two - or more - optical waves are present simultaneously at the same point of space, the 

total wavefunction is the sum of the individual wavefunctions. This basic principle of 

superposition follows from the linearity of the wave equation l0. For monochromatic waves of 

the same optical wavelength, the superposition principle must be applied to the complex 

amplitudes U(x,t), and the intensity of the superposed waves is not necessarily the sum of the 

intensities of the waves. The difference is attributed to interference, which depends on the 

phase relationship between the waves. The statistical properties of two partially coherent waves 
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U i and U2 are described by the degree to which their fluctuations are correlated. At a given 

position x and time t, the intensities of the two waves are Ii = E(IUiI2) and h = E(IU2l2}, 

whereas their cross-correlation is described by the statistical average C12 = E(U ] U2*) and its 

normalized form 

^ = ™ . (3,3, 
VI|l2 

When the two waves are superposed, the intensity I of their sum is 

I = E(IU1 + U2I2) = E(IU il2) +E(IU2I
2) + E(UiU2*) +E(U1

4U2) 

= I l+ I 2 + 2VÏÏH Re(Il]2I. (3.14) 

The third term on the right-hand side of Eq. (3.14) represents the optical interference. It is 

useful to write the interference term in Eq. (3.14) as 

I = I1 +I2 + 2VÏTÏ2~!U|2lcoscp, (3.15) 

where <p = argju,^) is the phase of Ji]2- For two completely correlated waves [|i|2 = 

exp(j(p)], Eq. (3.15) reduces to I = I] + I2 + 2VliI2coscp. For two completely uncorrected 

waves [U-12 = 0], there is no interference and Eq. (3.15) becomes I = I1-*-12. The strength of 

the interference is measured by the visibility 

V = , I m I " " i m i n , (3.16) 
!max + 'mm 

also known as the modulation depth or the contrast of the interference pattern. Imax and Imin 

are the maximum and the minimum values that the intensity I takes when (p is varied. Since 

-1 < cos(p < 1, Eq. (3.15) yields 

V = ^ H i 1 1 1 . (3.17) 

In the frequently encountered case where I) = I2, the visibility reduces to T = lu.|2'-

3.2.1 Interference and Temporal Coherence 

The interference function in Eq. (3.14) can be used to investigate the influence of the temporal 

coherence between two light waves on their ability to interfere. Consider a partially coherent 

wave U0(O with intensity IQ and complex degree of temporal coherence u.(T) [Eq. (3.6)]. 
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Addition of Uo(t) and a time delayed replica Un(I + T) can be achieved by using an 

interferometer first introduced by Michelson ' ', as sketched in Fig. 3.2. The interferometer is 

formed by a beamsplitter BS and two plane mirrors M\ and Af2- The collimated light wave 

Un(t) is divided by the beamsplitter into two waves U](t) = aiUrj(t) and U2(t) = a2Un(t), 

where aj and a2 are real numbers satisfying ai2 + a22 ̂  1, and a[ > 0, a2 > 0. The waves Uj(t) 

and U2(t) are reflected by the mirrors M\ and A/2, respectively, and return to the beamsplitter 

where they are recombined. 

Ux'///////, 

BS 

"71 
1/ 

U2 

V 
^ 7 PD 

1 
M-, 

Fig. 3.2 Michelson interferometer. 

The difference L between the two arms of the interferometer gives rise to a time delay 

2L (3.18) 

Due to the fast variations of optical waves which are beyond the temporal resolution of 

commonly used photodetection systems (§3.1.1), the photodetector PD performs temporal 

averaging of the optical wave U = Ui + U2 (or statistical averaging, since the random process 

U is assumed to be ergodic). The response of the photodetector is therefore governed by the 

intensity I of the optical wave U [Eqs. (3.1) and (3.2)]. Taking account of the relative time 

delay T of the wave U2 with respect to U ], the intensity detected by the photodetector can be 

written as 

I(T) = E(IU, (O+U2(I + t ) |2 ) . (3.19) 

Expansion of Eq. (3.19) yields the interference function in Eq. (3.14), with u,|2 = H(T). 

Introducing I| = aj2 I and I2 = a2
2 I , one obtains 

1(T) = I 0 ( V + a22)[l + a ] ; a { a ^ 2 Re(H(T))]. (3.20) 
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In lhe case of a symmetric beamsplitter without loss (a|2 + a22 = 1, aj = a2), the interference 

function becomes 

Kt) = I 0 [ I + R e ( M ( T ) ) ] . (3.21) 

As an example, consider a partially coherent plane wave with complex degree of temporal 

coherence \L(V) = W1O' exp{j2ïtvoTJ. Substituting into Eq. (3.21), one obtains 1(T)ZIn = 

[ I +IjI(X)I cos(2nvot)J, as shown in Fig. 3.3. The relation between I and T is commonly known 

as the interferogram. The visibility V(T) of the interferogram has a peak value of unity for T s 0 

and vanishes for T » Tc, i.e., when the optical path difference 2L is much larger than the 

coherence length lc. Interference occurs when the optical path difference is smaller than lc. 

Fig. 3.3 Interferogram of partially coherent light. 

It is physically appealing to write Eq. (3.21) in terms of the unilateral power spectral density 

S + of the optical wave. Using the Fourier transform relation between S + and C in Eq. (3.9), 

substituting into Eq. (3.21), and noting that IS+(V) is real and C(T) = IQM-(T), one obtains 

I(T) = fdv 1S+(V) + Re fdv "S+(V) eJ2ivt •} {!• 
= Jdv«+<v)[l +cos(2nvT)], (3.22) 

'" i where IQ = |dv S+(V) has been used. 

Equation (3.22) can be interpreted as a weighted (incoherent) superposition of interferograms 

produced by each of the monochromatic components of the wave. Each component v produces 

an interferogram with amplitude S+(V), period 1/v and unit visibility T", but the visibility of the 

composite interferogram reduces for increasing T as a result of the different periods. 
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3.2.1.1 Experimental results 

The Fourier relationship between power spectral density and temporal coherence function of 

light [Eq. (3.9)] has been experimentally investigated- The light source was a light emitting 

diode (LED ABB 1A225) working at Xo s 910 nm with a spectral bandwidth of 

approximately AX]/2 = 60 nm. The coherence length is then lc = CTC = Xo2ZnAX 1/2 = 4.4 (im, 

where a Lorentzian spectrum ! 0 has been assumed. The spectrum of the light source has been 

experimentally determined with the help of a monochromator. Figure 3.4 shows a plot of the 

measured power spectrum 1A+ versus the wavelength X. The weak modulation of the spectrum 

(spectral period AXf = 7.6 nm) is due to Fabry-Perot resonances, similar to those observed in 

laser diodes which emit light as longitudinal modes of the Fabry-Perot cavity 12. The spectral 

separation AVf between the spectral lines, known as the free spectral range l 3 , is related to the 

length of the Fabry-Perot cavity d and the index of refraction n of the light emitting medium 

through Avf = c/2nd. Introducing for n = 3.5 (GaAs) and AVf = cAXf/Xn2 3 2,88 THz, one 

obtains for the length of the cavity approximately d = 15 u,m. 

AXf = 7.6 nm 

860 870 880 890 900 910 920 930 940 950 

X[nm] 

Fig. 3.4 Measured power spectrum of LED ABB ÌA22S. 

The LED has then been used in the Michelson interferometer in Fig. 3.2. The mirror Mi of the 

interferometer was mounted on a piezo translator (PZT) to scan a temporal white-light 

interferogram 6 , which has been detected by the photodetector PD. Figure 3.5 shows a plot of 

the measured intensity I versus the mirror displacement L. The spatial period of the 

interferogram Axp = 455 nm is half the center wavelength Xo of the emitted light. The 

observed coherence length lc = 4.6 u\m is in good agreement with the value calculated from 

the spectral data (lc = 4.4 ii.m). The reappearance of coherence in the interferogram about the 

mirror displacement Axf = ± 52 u,m (Fig- 3.5) results from the periodic modulation of the 

power spectrum 1S+ (Fig. 3.4). The Fourier transform relation between %+ and C (Eq. (3.9)] 
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relates Axf and the modulation period AXf through Axr = >.o2/2AXf. Introducing for 

Xrj = 910nm and for AXf=7.6nm, one obtains Axr = 54 urn, which is in good 

agreement with the observed value in the interferogram (Axr = 52 urn [Fig. 3.4]). 

Fig, 3.5 Interferogram of LED ABB 1A225. 

The results show that the spectral content of light can be analyzed by Fourier transforming its 

interference function. This technique is widely used and commonly known as Fourier-

transform spectroscopy 8. 

3.3 Applications of White-Light Interferometry 

3.3.1 Temporally Scanned White-Light Interferometry 

Coherence scanning microscopy 4 5 is used for surface topography inspection, profilometry 

and high resolution imaging. The basic setup of the method is the white-light Michelson 

interferometer in Fig. 3.2. The object under test is placed in the sensing arm of the 

interferometer and imaged on a CCD camera at the output of the interferometer. The intensity 

detected by each pixel of the camera is a function of the degree of coherence lu.1 [Eq. (3.20)] 

between corresponding points in the object and reference planes. Three-dimensional, 

topographical images are obtained by monitoring the degree of coherence IuJ when the optical 

path difference is scanned by moving the reference mirror along the optica] axis. 

Displacement sensors based on white-light interferometry are used either directly for measuring 

and positioning or indirectly for determining other measurements which can be encoded in 

displacements. A receiver interferometer of the Michelson type, mounted in series with the 

sensing interferometer, is scanned either temporally or spatially 6. The intensity detected at the 
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output of the receiver interferometer is a function of the complex degree of coherence IuJ which 

is maximum when the optical path differences in the sensing and the receiving interferometers 

are equal. Monitoring of the degree of coherence IuJ versus the optical path difference in the 

receiver interferometer yields the displacement measurement. The technique, also known as 

optical low coherence reflectometry, found various applications in optical fiber sensors l 4 , 

optical waveguide testing , 5 , and non-invasive biomedical investigations 7. 

3.3.2 Dispersive White-Light Interferometry 

In § 3.1, it has been shown that coherence time xc and spectral bandwidth Av of light are 

inversely related [Eq. (3.10)] and that interference only occurs for optical path differences 

smaller than the coherence length lc = cxc. In this section, a technique for interferometric 

measurements of optical path differences larger than the natural coherence length of the light 

source is investigated. A dispersive element is used at the output of the interferometer to 

spatially decompose the spectrum of a white-light source. It results a smaller bandwidth and a 

longer coherence time of the channelled spectral components. A linear photodiode array then 

scans the spectral fringe pattern. 

For the phase evaluation, we used the method described in Paper I Absolute distance 

measurement with synchronously sampled white-light channelled spectrum interferometry: The 

local phase of the interference signal is obtained from synchronized sampling with four 

samples per fringe period. The absolute distance is calculated from the slope of the measured 

phases against wavelength. The minimum distance is limited by the spectral width of the light 

source and the maximum distance by the spectral resolution of the dispersive element. Using an 

LED source (AX = 80 nm) and a simple diffraction grating (14'0OO lines), the range of 

operation is from 8 u.m to 1.9 mm. Experimental results showed an accuracy of better than 

2 nm for a distance of 125 u.m and better than 12 nm for any position within 50 u\m and 

150 u.m. The absence of any mechanical movement, minimum hardware requirement, and 

simple data processing algorithm are appealing features in applications as (i) fast distance 

control systems, (ii) absolute distance measurement devices and (iii) non-contact profilometry. 

t h e use of the interferometer has then been extended to compensate effects of wavelength 

sensitive dispersive targets, as described in Paper II Dispersive white-light interferometry for 

absolute distance measurement with dielectric multilayer systems on the target: The phase of the 

reflected wave changes as a function of wavelength and causes errors in the interferometric 

distance measurement. Spectral analysis of the white-light interferogram allows to measure 

these effects in situ, and the correct mechanical distance can be determined. The method is 

based on numerical fitting the model of the phase function, which depends on the parameters of 

the wavelength sensitive target, to the measured phase values. The effects of dielectric 

multilayer systems on the target have been experimentally investigated for one and two layers 
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(photoresist on SÌO2 upon Si)- The results showed that the thicknesses of these layers can also 

be determined with an accuracy of the order of 10 nm. The method presented can be readily 

integrated into distance control systems, such as autofocusing in holographic lithography for 

microelectronics manufacturing 16, and profilometers based on white-light interferometry. 

3.4 Conclusions 

The optical intensity and the mutual coherence function are statistical averages commonly used 

to characterize the random properties of light. The coherence of light can be separated into two 

contributions: the temporal and the spatial coherence. The relationship between the temporal 

coherence and the spectrum of light has been experimentally investigated. A dispersive white-

light interferometer to measure absolute distances in the millimeter range without mechanically 

moving parts has been demonstrated. Spectral analysis of the interference signal further allows 

to compensate the measurement for dispersive targets. Efficient implementations of the 

interferometer are possible due to the availability of photodetector arrays and digital computers 

for the data processing. The absence of any mechanical movement, minimum hardware 

requirement, short data acquisition time, and simple data processing algorithm make the 

method particularly suited for fast on-line measurement systems in industrial environment. 
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4 Detection of Moving Speckles 

When a coherent light source such as a laser illuminates a diffusing object, the scattered light 

takes a granular, random spatial distribution, as illustrated in Fig. 4.1, The unordered and 

chaotic structure of the granularity is not related to the macroscopic properties of the object 

under illumination, but depends on the microscopic structure - the roughness - of the object. 

This physical phenomenon is commonly known as laser speckles 1^2. 

Fig. 4.1 Speckle pattern formed by scattered light from a diffusing object under coherent 

illumination. 

In the beginning, laser speckles were regarded only as annoying spatial noise reducing the 

resolution of optical systems and falsifying the detection of optical intensities. In the following, 

it was soon realized that laser speckles are carrying random spatial information on the shape 

and position of diffusing objects. As a result, speckle phenomenon quickly found a large 

number of applications, as speckle pattern photography 3>4, speckle pattern correlation 

interferometry 5-6, and electronic speckle pattern interferometry 7~9. Detection of dynamic 

speckles, caused by movement of the diffusing object under illumination, led to many 

applications to measure displacement and velocity of moving objects 1°-'3. 

In terms of Chapter 2, a speckle pattern may be regarded as a random process in space. 

Section 1 is concerned with the statistical properties of speckle patterns. First and second order 

statistics of the intensity and the phase are reviewed. Sums of speckle patterns are also 

considered. The statistical properties of the complex Fourier transform of the speckle pattern 

intensity are investigated in detail. Section 2 discusses the impact of speckles on the spatial 

resolution of optical systems and the accuracy of the intensity measurements. Section 3 deals 

with detection of moving speckles, caused by in-plane movement of diffusing objects. A 

speckle pattern based detector, which measures linear displacements and the direction without 

ambiguity and at arbitrarily low speed, is presented. The statistical properties of the 

measurement signal are investigated in detail. The application of the method in an optical 
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computer mouse is discussed in Section 4. The mouse works on arbitrary desk surfaces 

without any mechanically moving parts. Section 5 deals with noise in photodetection, which 

imparts random fluctuations to the detected signal. As an example, the results are used for the 

design of the optical computer mouse. Section 6 finally concludes this chapter on detection of 

moving speckles. 

4.1 Statistical Properties of Speckle Patterns 

The physical origin of the speckle phenomenon (Fig. 4.1) is the roughness of most surfaces 

on the scale of optical wavelengths. When coherent light is reflected from a surface, the optical 

wave resulting in any moderately distant point results from coherent addition of a multitude of 

superposed wavelets, each arising from a different microscopic element of the surface under 

illumination. According to Fig. 4.2a), the distance travelled by the wavelets may differ by 

many wavelengths if the surface is truly rough. Interference of the randomly dephased 

wavelets then results in the granular speckle pattern. With reference to Fig, 4.2b), diffraction 

must be invoked to explain speckle phenomenon in imaging systems. The intensity at a given 

point in the image plane results from the coherent addition of contributions from many 

independent surface areas in the object plane. To obtain speckJes, it is necessary only that the 

diffraction limited point spread function of the imaging system is broad compared with the 

microscopic surface variations, so that a multitude of randomly dephased contributions add at 

each point in the image plane, 

Thus speckles are formed by scattered light from microscopically rough surfaces under 

coherent illumination and appear either in free-space propagation or in imaging systems. 

Fig. 4.2 Physical origin of speckle phenomenon in a) free space propagation and b) 
imaging systems. 
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4.1.1 First-Order Statistics of Speckle Patterns 

4.1.1.1 Linearly Polarized Speckle Patterns 

The first-order statistics of linearly polarized speckle patterns are investigated in this section. 

With reference to Fig. 4.2a), the complex-valued phasor of the optical wave U(x), with 

amplitude IU(x)l and phase <J>(x), is represented as the sum of many elementary phasors Un 

Cn= 1, 2 N) 

1 N 

U(X) = IU(X)IeXp(J(I1(X)) = ^ = £ Iu11(X)I exp(jt|)n(x)} , (4.1) 

where luJ/VN and fy„ are the amplitude and phase of the nth elementary phasor, respectively. 

In order to investigate the statistical properties of the phasor U, the intensity I = IUI2 and 

phase <)> of the optical wave, the following assumptions are made: 

(i) The amplitude IunIZVR and the phase Qn of the rtth elementary phasor Un are statistically 

independent of each other and of the other N-1 phasors. 

(ii) The phases <pn are uniformly distributed in the interval [-n.Jt]. This assumption is fulfilled 

if the surface roughness p is large compared with the optical wavelength. 

According to § 2,1.8 for large N, the joint PDF of the real (r) and imaginary (i) parts of the 

optical wave in Eq. (4.1) [U(x) = r(x) + j-i(x)] obeys circular complex Gaussian distribution 

pdf(r,i) = ~—-exp-
2ÎICT2 

+ Ì 2 1 (4.2) 
2<J2 

with O2 = E(IUI2)/2. The joint PDF of the intensity 1 and the phase § [pdf(I,<J>)] is obtained by 

change of variables I = r2 + i2 and $ = tan_ l( i / r) in Eq. (4.2). Integration over the 

corresponding variables yields (§2.1.2) the marginal PDF of the intensity I 

f -UxPJ--M i>o 
pdf(I) = j 2 ° 2 I 2 ° 2 ' , (4.3) 

I 0 otherwise 

-JC < $ < TI 

(4.4) 
otherwise 
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Note that pdf(I,<(i) = pdf(I)pdf(<})) indicating that intensity and phase of speckle patterns are 

statistically independent. 

From Eq. (4.3), the expectation and the second order moment of the intensity are E(I) = 2 c 2 

and E(I2) = 2E2(I), respectively. The variance of the intensity is therefore Oi2 = E(I2)-E2(I) = 

E2O). If the contrast P of the speckle pattern intensity is defined as the ratio between the 

. standard deviation 0*1 and the expectation E(I), it follows that the contrast of a linearly polarized 

speckle pattern is T = Oi/E(l) = 1. 

4,1.1.2 Fist-order Statistics of Sums of Speckle Patterns 

In many practical situations, the intensity results from a sum of two - or more - polarized 

speckle patterns. If the light fields are coherent, the amplitudes add and the first-order statistics 

of the speckle pattern intensity do not change ' . If the light fields are incoherent, e.g., when 

the rough surface depolarizes the scattered light or when the illuminating beam contains several 

optical wavelengths, the intensities add and the first-order statistics change. 

Consider incoherent superposition of M linearly polarized speckle patterns which are 

statistically independent, with intensities Im (m = 1,2,.... M) and identical expectations E(Im). 

The total intensity is then 

M 

I= £ Im • 
m=l 

(4.5) 

Its expectation E(I) is the sum of the expectations of the individual speckle pattern intensities 

E(D= X E ( I m ) = M E ( I m ) . 
m=l 

(4.6) 

The second order moment is calculated through 

2 

E(I2) = E 
M 

S'. 
Lm=I 

= E | £ l m
2 

m=n 
+ E £"n,In 

= M E(In,2) + M(M - I)EfI111)E(I11). (4.7) 

Introducing E(Im
2) = 2E2(Im) in Eq. (4.7) and using the result in Eq. (4.6), one obtains 

E(I2) = (M2 + M) E2(Im) =-^p- E 2 ( l ) . (4.8) 

The variance 0[2 = E(I2)-E2(I) of the total intensity I in Eq. (4.5) is then 
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Ol2 = M E2O). 

and the speckle contrast F M = O] / E(I) = 1 / VM. 

It can be shown I 4 that the approximate PDF of the total intensity I in Eq. (4.5) is 

(4.9) 

P ^ = (Il)J M ^M TM-I r I 
(4.10) 

where T( ) is the gamma function of (•). Figure 4.3 shows a plot of the PDF in Eq. (4.10) for 

different values of M. Note that for M = 1, Eq. (4.10) is identical with the negative 

exponential distribution in Eq. (4.3), and at the limit for M -> » , Eq. (4.10) approaches a 

Dirac delta function S(I-E(I)), in which case the standard deviation Oi and thus the speckle 

contrast F«, approach zero. 

.-. 
•o 
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M = I 
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! \ M = 5 
/ \ - - - M = I O 
i - - \ — - M = 40 
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0 1 

1/E(I) 

Fig. 4.3 Probability density function of the intensity for diffèrent numbers M of 

incoherently superposed speckle patterns. 

4.1.2 Second-Order Statistics of Speckle Patterns 

In the previous section, the first-order statistics of speckle patterns have been investigated to 

describe the probabilistic behaviour in a single point. The second-order statistics are discussed 

in this section to describe the probabilistic behaviour of the spatial structure of speckle patterns. 

Namely the autocorrelation function, from which the average speckle size is calculated, and the 

power spectral density are of interest. 

4.1.2.1 Free Space Propagation 

Consider the free space propagation geometry in Fig. 4.2a). A coherent light wave Uo of 

optical wavelength X is incident on the rough surface. The field reflected from the surface is 

written as U(xç>> = Uo(xo)p(*o). where p(xo) = lp(xo)lexp{j\|J(xo)) describes the surface 
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roughness. The complex field U(x) in the observation point x is obtained fromU(x0) by the 

Fresne I -Kirchhoff l 5 integral 

UCx) = ^ ^ 1 J d 2 X 0 U 0 ( x 0 ) p ( x 0 ) e x p { | ( x - " 0 ) 2 } . (4.11) 

where k = 2n/X is the wave vector. 

To calculate the autocorrelation function Cu of the complex field U1 the following assumptions 

about the statistical properties of the surface roughness p arc made: 

(i) The phase V)/ is uniformly distributed in the interval [-Jt1Ti]. so that E(p) = E(IpI)E(V) = ® • 

(ii) The correlation length Ip of the surface roughness is smaller than the optical wavelength \ 

(Ip < X), so that l 6 

E(p(x,)p'(x2)) = ~ 6(Xi-X2). (4.12) 

Introducing Eq. (4.11) in Cu(Xi1X2) = E(U(xi)U*(x2)), followed by an interchange of 

orders of integration and averaging yields 

C u U h M ) = ^ 2 expj I (x,2-X22) J t 0 ( A x A z ) . (4.13) 

where I 0 = IUo(X0)I
2 is the intensity distribution of the illuminating wave, I 0 = FT(Io) and 

Ax = Xj-X2. It is convenient to define the normalized correlation factor 

, E(U(X1)U^x2)) 
U(Xl1X2) = -^-z -r—*- (4.14) 
HV E(IU(X)I*) 

and the real-valued degree of correlation 

Ii0(AxAz)I 
W A x ) l = -~^»r- (415) 

The autocorrelation of the speckle pattern intensity I can be calculated through 

Ci(Xi1X2) = E(U(X i)U'(x i )U(x2)U*(x2)) 

= E(U(X,)U»(x1))E(U(X2)U*(x2)) + E(U(x|)U'{x2))E(U*(x l)U(x2)) . (4.16) 

Detection of Moving Speckles 



41 

Introducing Eqs. (4.14) and {4.15) into Eq. (4.16) finally yields 

C1(Ax) = E2(I)(l +Iu(Ax)I2) . {4-17) 

The result shows that the autocorrelation of the speckle pattern intensity in free space 

propagation geometry is given by the Fourier transform of the intensity distribution of the 

illumination spot. 

The average area As of a speckle is commonly defined by the power equivalent surface of the 

autocorrelation function 

As = Jd2X Iu(X)I2 = (Xz)2 -
}d2x H0(X)I2 

}d2x I0(K) 

(4.18) 

where Parseval's theorem l7 has been used to obtain the third expression in Eq. (4.18). 

The power spectral density "S(P) of the speckle pattern intensity I is calculated by Fourier 

transforming the autocorrelation function Q(x) in Eq. (4.17), according to the Wiener-

Khinchin theorem (§ 2.2.4). The result is 

*<p) = E\V)< 

}d2x H0(X)I2 H(X-XzP)I2 

5(P) + 

Jd2X H0(X)I2 

(4.19) 

where p and x are conjugate Fourier coordinate vectors. Thus the power spectral density 

consists of a Dirac delta function at zero spatial frequency and a component extended over 

spatial frequencies given by the normalized autocorrelation function of the intensity distribution 

of the illumination spot. 

4.1.2.2 Imaging Geometry 

With reference to Fig. 4.2b), consider imaging of a diffusing object under coherent 

illumination. The scattered light wave U(x0) = U0(x0)p(x0) is imaged by the iens L. The 

light wave U(x) in the image plane is then 

U(x)= Jd2X0 U0(X0)P(X0) h(x-mxo) . (4.20) 
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where h(x) is the diffraction limited point spread function of the imaging system 

h ( x , = ^ J d 2 x p P < x p , e x p | - j M x p x } - (4'21) 

Ap is the aperture surface of the pupil of the imaging lens, di is the distance between the lens L 

(with focal length 0 and the image plane, m = (d|/f)-l is the magnification factor of the 

imaging system, P(xp) is the complex-valued pupil function and xp is the spatial coordinate 

vector in the pupil plane. 

The average intensity E(I(X)) = E(U(x)U*(x)) in the image plane is calculated using 

Eq. (4.20), followed by an interchange of orders of integration and averaging. The result is 

E(Kx))= } d2x0 IU0(X0)I
2 Ih(x-mxo)!2. (4.22) 

The autocorrelation function Cu(Xi,«2) = E(U(xi)U*(X2)) of the light wave U(x) in the 

image plane is calculated using Eq. (4.20), followed by an interchange of orders of integration 

and averaging. Assuming that the intensity distribution IUo(Xo)I2 of the illumination wave 

varies slowly within the resolution spot of the imaging system, the result in Eq. (4.12) can be 

used and the autocorrelation function becomes 

Cu(Xi-X2) = IU0(X0)I
2 J d2x0 h(x|-xo)h*(x2-xo) = E(I(X)) n(x|-x2>, (4.23) 

where 

U-(X)=^ [d2xp IP(xP)|2 expj-j ^ x p xl (4.24) 

is the normalized autocorrelation function of the point spread function h in Eq. (4.21). Finally, 

as in the case of free space propagation (§ 4,1.2.1), the autocorrelation of the intensity in the 

image plane can be written as 

Q(Ax) = E2(I) ( I + In(Ax)I2) . (4.25) 

Similarly, in accordance with Eq. (4.19), the power spectral density of the speckle pattern 
intensity I in the image plane is 
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Jd2XpIP(Xp)I2 IP(Xp-Up)I2 

<&(p) = E2(I)<j 5(p)-(-

|d2xp IP(Xp)I2 

(4.26) 

1S(P) consists of a Dirac della function at zero spatial frequency and a component extended over 

spatial frequencies given by the normalized autocorrelation function of the intensity 

transmittance IPI2 of the Jens pupil. 

As an example, consider the frequently encountered case of a circular tens aperture of diameter 

D. The autocorrelation function of the intensity I in Eq. (4.25) is then 

C1(D= E2(I)f I + | 2
J - ^ I 
irr 

(4.27) 

where r = lAxl-D/Xd[ and J ] ( ) is the Bessel function of the first kind and order 1 of (•). A plot 

of lhc autocorrelation function in Eq. (4.27) is shown in Fig. 4.4a). Fourier transforming 

Eq. (4.27) yields the power spectral density '-2 

»CPÏ = E2O) 5(P) + 
P m 2 J t 2 

C0S-.fIeL^_ i e l A / 
^PmJ Pm \ 

1 - (S {4.28) 

where p m = D/X.dj is the cut-off spatial frequency. A plot of *8(p) is shown in Fig. 4.4b). 

2 | 

W 

U 

Fig. 4.4 a) Autocorrelation function and b) power spectral density of the speckle pattern 

intensity in the image plane. 

The average surface As of a speckle is calculated from Eq. (4.18). The result is A5Ap = (Xd[)2, 

where Ap = nD2/4 is the aperture surface of the lens pupil, from which the average speckle 

diameter Axs is calculated as 
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4 Idi 
AXS = - - ^ . (4.29) 

To close [his section, it can be shown ' thai the joint PDF of the phased of speckle patterns is 

pdf«fl.<J>2) = 2 j i ( ' ^ 2
) 3 / 2 [ ß sin-'ß + \ ß + V~H^ ] , (4.30) 

where ß = l|il cos(iti2-<E>i) and \i is the correlation factor [Eqs. (4.14) and (4.24)). Both ¢1 and 

¢2 must be in the interval [-7r,n], Figure 4.5 shows a plot of pdf(<tn,«ti2) vs. A(J) = ¢2-^1. 
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Fig. 4.5 Joint PDF of the phase tf> of the speckle pattern intensity. 

4.1.3 Statistical Properties of the Fourier Transform of Speckle Patterns 

The statistical properties of the Fourier transform of the speckle pattern intensity I in the image 

plane in Fig. 4.2b) is investigated in this section. Using Eq. (4.20), the intensity I = 

U(x)U*(x) in the image plane can be described by the two-dimensional convolution integral 

I(x) = J d 2 x 0 ' d 2 x 0 " P(xo')p*(xo")h(x-xo')h*(x-x0"). (4.31) 

where xrj>' and Xo" are spatial coordinate vectors in the object plane (The complex-valued 

phasor Uo of the illuminating beam [Eq. (4.20)] has been omitted in Eq. (4.31) for the sake 

of simplicity). In general, the Fourier transform of a random process, as the speckle pattern 

intensity I in Eq. (4.31), does not exist 18. Nevertheless, the statistical properties of the 

Fourier transform of the speckle pattern intensity 

î(p) = lî(p)lexp(j(p(p}l = Jd2X I (x )exp( - j2npx] (4.32) 
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can be investigated, lit and (p are the amplitude and phase of the complex Fourier transform I at 

spatial frequency coordinate p. It can be shown (Paper III, Appendix A) that for any spatial 

frequency p the amplitude III in Eq. (4.32) is Rayleigh distributed, namely 

pdf( lt(p)l )=i 

H(P)I 
K2(p) 

IKP)I2I 
, , U(P)I > 0 

2K2(p)J , (4.33) 

0 otherwise 

and that the phase tp obeys lhe uniform distribution 

f 1_ 
FU 

otherwise 

• , - i t < <p < n 
pdfftp) = \ 2K (4.34) 

The parameter K of the Rayleigh distribution in Eq. (4.33) is a function of the spatial 

frequency p and depends on the autocorrelation function Ch of the Fourier transform n of the 

point spread function h of the imaging system [Eq. (4.21 )] through K(p) = ICjî<p)!-a, where 

2a2 = E(I). Mean n, and variance y} of the amplitude III are then given by 19 

Tl(P) = -^|~ICfi(p)l O (4.35) 

and 

X2CP) = f2 - ^ IC h
f t (p ) | 2o2 . (4.36) 

The autocorrelation function Ci of the Fourier transform I of the speckle pattern intensity I is 

calculated through 

Cf(Ap) = E(î(p) H p - A p ) ) . (4.37) 

It can be shown (see Paper III, Appendix B) that Eq. (4.37) becomes 

Cf(Ap) = CfiCp) Ch(Ap-p) S(P) 6(Ap-P) + Qfiftp) 8(Ap). (4.38) 

The Dirac Ô-functions in Eq. (4.38) show that different spatial frequency components of the 

Fourier transform of the speckle pattern intensity are uncorrelated; i.e. Cf(Ap) = 0, V Ap * 0. 

A A 

In conclusion, it is stated that the amplitude III of the complex Fourier transform I of speckle 

pattern intensity I is Rayleigh distributed and the phase ip is uniformly distributed, independent 
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of the spatial frequency coordinate p. and that the Fourier transform components I for different 

p are uncorrelalcd. 

4.2 Detection or Speckle Patterns and Speckled Images 

In the experimental measurement of speckle patterns, the aperture of the photodetector is 

necessarily of finite size. It results a spatial integration of the speckle pattern which changes the 

statistics of the measured intensity. A similar effect occurs if the speckle pattern is blurred, 

e.g., if the speckle pattern moves during the measurement. It can be shown '-2 that the first-

order statistics of integrated (or blurred) speckle patterns equal the statistics of sums of speckJe 

patterns, developed in §4.1.1.2, where the parameter M is related to the number of correlation 

cells (number of speckles) Ms within the aperture of the photodetector (or within the integration 

time of photodetection in the case of blurred speckles) through M = Ms4 1. 

The influence of speckle noise on the accuracy of intensity measurements can be characterized 

by the relative average variation Oj21 E2O) of the detected intensity, which depends on the ratio 

of the photodetector aperture and the speckle size. The resulting noise is given in a good 

approximation by l 6 

The number Ms of speckles within the photodetector aperture of area AD can be calculated 

using Eq. (4.18). In the case of imaging geometry and for Ms » 1, one obtains (§ 4.1.2.2) 

MS = ^ = ^ - (4.40) 
As (Xd |)2 

If AD is smaller than the speckle area As, one gets Ms = 0 and Eq. (4.39) yields the speckle 

contrast T = I (§ 4.1.1). Equations (4.39) and (4.40) show that accurate intensity 

measurements in the coherent image of a diffusely scattering object can only be obtained at 

reduced spatial resolution, well below the diffraction limit of the imaging systems. 

4.3 Detection of Moving Speckles 

The dynamic behaviour of speckle patterns, caused by in-plane motion of diffusing objects, 

has been used in the past in many applications to measure displacement and velocity of moving 

objects. The relation between the speckle pattern variation and the object movement has been 

investigated in detail 20,21 Consider illumination of the diffusing object with a Gaussian laser 

beam with spot diameter 2w and wavefront curvature radius R, as shown in Fig. 4.6. In the 
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case of free space propagation [Fig. 4.6a)], the displacement vectors do of the diffusing object 

and d of the speckle pattern are related through 2 I 

d a d 0 ( | + l ) (4.41) 

where z is the distance from the object to the observation plane. Equation (4.41) shows that d 

is increased as the observation plane is separated from the plane z = -R where boiling speckles 

exist. Boiling speckles statistically change their shape when the diffusing object moves, but 

there is no appreciable displacement of their position (d = 0). In addition, the translation 

direction of the speckle pattern is changed in front of and behind the plane z = -R. In the 

special case of collimated illumination (R —» «) , Eq. {4.41) reduces tod = dr> 

a) diffusing boiling 
object plane 

(Z=-R) 

d = 0 

observation 
plane 

b) diffusing 
object 

imaging observation image boiling 
lens plane plane plane 

f o f Db f 

d = 0 

Fig. 4.6 Dynamic speckles in a) free space and b) imaging geometry for illumination of 

the diffusing object with a converging Gaussian laser beam. 

In the case of imaging geometry [Fig. 4.6b)], it can be shown 2 1 that the displacement vector 

d of the speckle pattern in the image space is given by 

d = d o m (S-O- (4.42) 
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where m = d|/do is (he magnification factor of the imaging system and, with reference to 

Fig. 4.6b), D and Db = -RP/fdo-OtdcH+R) are !he distances from the image plane to the 

observation and the boiling plane, respectively. Again, the translation direction of the speckle 

pattern is changed in front of and behind the boiling plane where d = 0. When the image 

equation ll/ï=Î/do+l/d\] is satisfied, one gets D = O and Eq. (4.42) reduces to 

d | = - m d 0 . (4.43) 

Equation (4.43) shows that the speckle pattern movement in the image plane of the diffusing 

object is independent of the illumination. 

It is important to note that in both geometries (free space and imaging) dynamic speckles follow 

boiling or translation motion depending on the conditions of illumination and observation 

(except in the image plane of the diffusing object). However, at arbitrary observation planes a 

mixed speckle motion of boiling and translation appears. 

Several techniques for detection of movement using speckle patterns have been reported in the 

past. The methods arc based on first-order statistics measurement of speckle pattern intensity 

variation m , zero-crossing measurement for the intensity fluctuation of spatially integrated 

speckle patterns " , spatial filtering of speckle patterns l 2 , or speckle pattern correlation 

measurement l3. The proposed methods measure constant velocities of diffusing objects and 

do not delect the direction of the movement. The correlation between sequentially recorded 

speckle patterns can be used to estimate the movement (and its direction) of the object. This 

technique suffers from intensive calculation for the two-dimensional correlation estimation. 

4.3.1 Detection of Movement with Spatial Filtering of Speckle Patterns 

A method for detection of in-plane displacement of diffusing objects, based on spatial filtering 

of translating speckle patterns, has been published (Paper III) and is further discussed in this 

section. The basic setup is shown in Fig. 4.7. The collimated coherent light beam at optical 

wavelength X illuminates the diffusing object moving in a plane perpendicular to the optical 

axis. Lens L images the object in the image plane at distance dj. The aperture of the lens is 

limited by a diaphragm with diameter D. A linearly polarized speckle pattern is obtained with 

the help of the polarizer P. The proposed photodetector geometry for spatial filtering of the 

speckle pattern is shown in Fig. 4.8. Two interlaced comb photodetector arrays sj and S2 are 

connected differentially. Each array has N fingers of width w and length ly. The finger spacing 

is A and the overall detector length is Ix = NA. By optical matching the speckle size Ax5 

[Eq. (4.29)] and the spatial period A of the comb photodetector arrays [Axs = 2A/n (Paper 

IH)], the output signal i versus displacement x is zero-offset, quasi sinusoidal with spatial 

period A. 
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diffusing 
object 

4X0 

Fig. 4.7 Optical setup for detection of 

in-plane movement of a diffusing object 

with speckle pattern. 

Fig. 4.8 Comb photodetector array for 

spatial filtering of the speckle pattern. 

A typical output signal i versus displacement x is shown in Fig. 4.9. Movements at arbitrary 

low speed can be measured by zero-crossing detection of this signal. The direction of the 

movement can be determined with the help of the quadrature signal iq, which is produced by a 

second interlaced pair of differentially connected comb photodetector arrays S|q and S2q, shifted 

by Ax = A/4 with respect to S| and S2 (Fig. 4.8). The signa) i in Fig. 4.9 can be described by 

i(x) = u(x) cos(2rc/A-x + <t»{x)) , 

where u(x) and <t»(x) are the statistical amplitude and phase, respectively. 

(4.44) 

i ( x ) - i r i j u(x) 

5 10 15 
Displacement x [A] 

20 

Fig. 4.9 Typical signals ij{x) and Ì2(x) in phase opposition for N = 5 fingers. The zero-

offset, quasi sinusoidal output signal i(x) is calculated through i = i/-t2- The amplitude 

u(x) is the envelope function of the output signal i(x). 

4.3.1.1 First-Order Statistics of the Output signal 

An important First-order statistical property of the output signal i in Eq. (4.44) is the PDF of 

the amplitude u. It can be used to calculate the probability of signal fading, that is, the 
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probability thai the amplitude u is smaller than the minimum value U|jm for which zero-crossing 

can be reliably detected. It can be shown (Paper III) that (he amplitude u is Rayleigh 

distributed, namely 

pdf(u) = 
cxp JJ 

2x2 
u > 0 

otherwise 

(4.45) 

independent of the number N and the length ly of the fingers of the comb photodetector arrays, 

i.e., independent of the number of speckles covered by the detector. Mean E(u) and variance 

o u
2 of the amplitude are related to the parameter x in Eq. (4.45) through E(u) = VJC72-T and 

au2 = (2-JI/2)-T2. 

This result has been experimentally demonstrated for the experimental setup in Fig. 4.7 

(Paper III). The histograms of the amplitude u of the output signal i, obtained from 32'0OO 

measured samples for N = 3, 5, 11 and 25 fingers, are shown in Fig. 4.10. The best 

fitting 2 2 Rayleigh distributions, according to Eq. (4.45), are also shown in Fig. 4.10 by 

solid lines. The mean value E(u) of the amplitude u is proportional to VN and VTy", whereas the 

ratio oVE(u) between [he standard deviation o u and E(u) is invariant with respect to N and ly. 

0.2 

0.2 0.4 
u [a.u.) 

Fig. 4.10 Histogram of the amplitude it 

of the output signal i. obtained from 

32'0OO measured samples far N = 3, 5, 
1} and 25 fingers. The best fitting 

Rayleigh distributions are ,shown as 

solid lines. 

Fig. 4.11 Probability of signal fading 

versus threshold value unm of the 

amplitude u of the output signal in the 

case of], 2 and 3 independent detectors. 

The Rayleigh distribution of the amplitude u implies that signal fading cannot be excluded, 

because the probability for amplitudes smaller than any arbitrary low amplitude u|jm gets never 

zero. Figure 4.11 shows the probability of signal fading P(u<ujjm) versus the relative 

threshold ii|jm/E(U). Using two or more independent detectors increase the reliability, ÜS 

shown in Fig. 4.11. 
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4.3.1.2 Second-Order Statistics of the Output Signal 

Important second order statistical properties of the output signal i in Eq. (4.44) are the 

autocorrelation function and the PDF of the phase difference A$ for a displacement Ax. The 

latter can be used to characterize the accuracy of the measurement and to calculate the 

probability of an erroneous detection of reversed movement, when the quadrature signal iq is 

used to determine the direction of the movement. It can be shown (Paper HI) that the 

autocorrelation function is 

Cj(Ax) = p-(Ax) cos(2rcpn Ax), (4.46) 

where we have introduced the (normalized) correlation factor 

M(Ax) = 
1 - - j — IAxI < Ix 

'* , (4.47) 
0 otherwise 

which is defined by the envelope of ihe autocorrelation function in Eq. (4.46). The correlation 

length lc of output signal i is defined by the condition u.(Ec) = 0. Using Eq. (4.47), this 

condition gives for the correlation length lc = Ix. 

The joint PDF of the phase <J> of the speckle pattern intensity I in Eq. (4.30) can be adopted to 

describe the PDF of the phase difference A<(t for a displacement Ax of the output signal i. The 

result is 

pdf(A^)=^~^[ßsin-'ß + | ß + V l - ß 2 ] , (4.48) 

where ß = |icos(A4i-A<tf) and (I is the correlation factor given by Eq. (4.47). For the PDF in 

Eq. (4.48) to be valid, the phase difference A$ must be in the interval AÌj> ± TC, where A^ = 

2ic/AAx is the expected phase difference for a displacement Ax. As the correlation factor u. 

increases, the PDF becomes more and more concentrated about A$, indicating that the output 

signal becomes more and more accurate, 

With reference to Fig. 4.12, the probability Pe that the phase error of consecutive zero-

Crossings for the displacement Ax = A/2 of the output signal i is smaller than e (e < Tt) can be 

calculated by integrating Eq. (4.48) over the interval A$ = A<j> ± 8, with the correlation factor 

[1 = 1-1/2N [Eq. (4.47)] and the expected phase difference A$ = Ji. The result shows that 

the phase accuracy of the measurement is determined by the number of fingers N of the comb 

photodetector arrays. The probability to find the next zero crossing within the confidence 

interval e are shown in Fig. 4.13 for N = 3, 5, 11, and 25. When the quadrature signal iq is 

used to determine the direction of the movement, the phase difference error of the output signal 

i for the displacement Ax = A/4 must be smaller than lei < 7t/2 in order to avoid erroneous 
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deteclion or reversed movement. Thus lhe reliability Rd of the delected direction can be 

calculated by integrating Eq. (4.48) over the interval AtJi = Aij> + it/2, with the correlation 

factor u;=: I-I/4N [Eq. (4.47)] and the expected phase difference A<j> = n/2. For N = 3, 5, 

11, and 25 fingers, the values of the reliability are Rd = 0.958, 0.975, 0.989, 0.995 and 

0.997, respectively. Note that lhe results of the above considerations are valid under the 

assumption that no signal fading occurs. 

X[A] 

Fig. 4.12 Phase accuracy of output 

signal i, characterized by the error e of 

consecutive zero-crossings. 
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Fig. 4.13 Probability of zero-crossing 

within the confidence interval £. 

The second order statistical properties of output signal i have been experimentally investigated. 

Figure 4.14 shows lhe histogram of phase difference A<f> for a displacement Ax = A/4 and Ax = 

A/2, obtained from 32'000 measured samples for N = 5 fingers, The expected phase 

differences are A<(> = ir/2 and Atp = ju, respectively. The theoretical values of the correlation 

factor u, obtained from Eq. (4.47), are u(A/4) = 0.95 and u.(A/2) = 0.90. The best fitting 2 2 

PDFs from Eq. (4.48) are also shown in Fig. 4.14. The values of the fit parameter are 

HIi1(Ax=AM) = 0.94 and ^ ( A x w A ^ ) = 0.82. The autocorrelation function Ci of the measured 

output signal i for N = 5 fingers is shown in Fig. 4.15 as solid line. The correlation factor u;m, 

which is (he envelope function of Q , is represented by the dotted line. For comparison, the 

theoretical correlation factor Ji from Eq. (4.47) is plotted as dashed line. The difference 

between the theoretical and the experimental correlation factors H and u.m in Fig. 4.15 is due to 

spatial frequency noise in the power spectrum of the measured output signal i. The histogram 

of the phase difference A$ of the output signal i for various displacements Ax have been 

calculated from 32'0OO measured samples. The PDF in Eq. (4.48) has then been fitted to the 

histograms. The values of the fit parameter u.fj( are indicated in Fig. 4.15 by dots. Note the 

good agreement between the values fim and the measured correlation factor \im. 
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•e-< 

O 

N = 5 X , ( Histograms 
pdf(M)(Mf.i=094) 

pdlïi*)0iii,=0.82) 

A 
0 1 2 

A(D[Tl] 

Fi1C. 4.14 Histogram of the phase 

difference A§ for displacement Ax=A/4 

and A/2 of the output signal ifor N=5. 

The best filling PDFs are shown as solid 

and doited lines. 

Fig. 4.15 Autocorrelation function C1- and 

correlation factor (im of the measured 

output signal i. Tlie theoretical correlation 

factor fi is shown as dashed line. Fitting 

the PDF to the histograms of the phase 

difference Aty yields the values /i/i( 

indicated by dots. 

An ideally band pass tillered signal, whose spatial frequency band extends from pm jn to p m a 

has an average number of zeros per spatial coordinate unit given by 2 3 

IW = 2 
"min 

3 PîTiax — Pmin 

1/2 

(4.49) 

It has been shown (Paper III) that a minimum number of fingers N m j n = 3 is required to 

avoid overlapping of adjacent spectral bands in the transfer function of the spatial filter (comb 

photodelector array) and that the power equivalent width of the spectral bands is Spx = 1/NA. 

Introducing pmax 
= PO + 5px/2 and pmin = po - Spx/2 in Eq. (4.49), where po = 1/A is the 

carrier spatial frequency, the average number of zero-crossings n K per spatial period A of the 

output signal i is related to the number of fingers N through 

A 3 
^ M 1 

24N2 
(4.50) 

A plot of the relative average error n z c A/2-l = 1/24N2 versus N is shown in Fig. 4.16. The 

result is an important criteria for the accuracy of displacement measurements and shows that the 

measured distance dm systematically over-estimates the distance d by the factor 1/24N2. Again, 

the result is valid under the assumption that no signal fading occurs (§ 4.3.1.1). The use of the 

quadrature signal for direction sensitive detection of the movement might eliminate this effect of 

the finite bandwidth of the spatial filter on the displacement measurement. A rigorous analysis 

remains to be done. 
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30 35 40 A5 50 

20 25 

Fig. 4. 16 Relative average error of the output signal i versus the number of fingers N. 

4.3.1.3 Detection oj Two-Dimensional Movement 

In the case of two-dimensional displacements, the autocorrelation function Q in Eq. (4.46) of 

the output signal i depends on the displacement angle a between the x-axis of the comb 

photodetcctor array (Fig. 4.8) and the displacement vector d of the speckle pattern. With 

reference Io Fig. 4.17, the value of the correlation factor y. in Eq. (4.47) is proportional to the 

overlapping area Ac of the detector surface before and after displacement IrJI at angle a. The 

correlation factor Ji versus the x-component Ax of the displacement vector d and the 

displacement angle a is readily found by geometrical considerations. The result is 

which depends on the overall detector length Ix = NA and the finger length Iy. 

(4.51) 

Fig. 4.17 Geometrical representation of the correlation after displacement d. 

A plot of the correlation factor in Eq. (4.51 ) versus Ax for displacement angle a = 0", 45", 

60' and 75* is shown in Fig. 4.18. Note that the correlation length lc, given by the condition 
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H-(Ic> = O, equals the detector length Ix for displacement angles IaI < ad, where a,j = 

tan-'Oy/'x) ' s m e a n g ' e °f t n e diagonal of the detector, but decreases for 90* ä lai > a j . 

Figure 4.19 shows the correlation length lc versus displacement angle a for comb 

photodetector arrays with IyZIx = 0.5, 1 and 2 ( a j = 26.6', 45* and 63*). The maximum 

displacement angle am , where the photodetector array still correctly decodes the x-component 

Ax of the displacement vector d, is limited by the condition lc(am) = NmjnA = 3A, which gives 

for the maximum angle tanam = Iy/3A for N > 3 and a m = a,j for N = 3. 

These results show that the output signal i decodes the x-component of the displacement vector 

d. The correlation factor fl, and thus the phase accuracy of the output signal, decreases for 

increasing displacement angles a. However, high values of correlation between consecutive 

zero-crossings of the output signal i can be obtained [u.(Ax=A/2)]. Hence zero-crossing 

detection allows most reliable and accurate displacement measurements for a < am . 

Iy'1, = 1 

\ 

- 1 , / 1 , = 1 

1,/1, = 2 
l l I 

\ 

W 
NW NA\ 

0 15 30 45 60 
a[deg] 

75 90 

Fig, 4.18 Correlation factor p. versus x-

component of the displacement vector d 

for different displacement angles CL 

Fig. 4.19 Correlation length lc versus 

displacement angle a for different 

geometries of comb photodetector arrays. 

4.3.1.4 Signal Quality 

The signal quality is investigated with the help of the ratio T"2 = a,21 [E(ij)+E(Ì2)l2 between 

the variance 0"i2 of the output signal i, which is proportional to the useful rms signal power, 

and the squared sum of the expectations of the signals i| and 12 of the individual comb 

photodetector arrays [E(ij)+E(Ì2)]2, which is proportional to the mean power responsible for 

the detection shot noise. It has been shown (Paper III) that the ratio r 2 can be analytically 

approximated by 

T"2 = - S 7 T T = 7 KT s i n c V / A ) , 
4 E2Oi) 4 N | y 

(4.52) 

where E(i|)+E(i2) = 2E(i|) for EOi) = E(i2). 
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Note ihat N and lhe ratio IyM in Eq. (4.52) are the approximate numbers of uncorrected 

speckle cells in lhe x and y direction, respectively, which are covered by the comb 

photodctector arrays and contribute to the measurement. 

The signal contrast T = CTj / [E(ii)+E(i2)J = a; I 2E(i|) is readily found from Eq. (4.52). 

Figure 4.20 shows a plot of the signal contrast T versus the number of fingers N for 

Jy/A = 2 5 and w/A =0.25. The values O j / 2 E ( i | ) obtained from the experimentally 

measured signals i and ii (32'0OO samples) arc shown as dots for N = 3, 5, 7, 11, 25 and 41 

fingers. To proof the validity of the analytical approximation in Eq. (4.52), the ratio I~2 has 

been numerically calculated. The square root of the results (O are represented in Fig. 4.20 by 

the doited line. Inspection of Fig. 4.20 shows that the simple analytical approximation in 

Eq. (4.52) can be used as a good estimation of the signal quality F2 and the signal contrast T 

for a given detector geometry. 

5 

£ 4 

(N J 

O 

£ 2 

I 
0 10 20 30 40 50 

N 

Fig. 4.20 Signal contrast f'for comb photodetector arrays with N = 3, 5, 7, H. 25 and 

41 fingers {ly/A = 25, w/A = 0.25, A = 100pm). The analytically calculated values and 

the values obtained from numerical calculation are shown as solid and dotted lines, 

respectively. 

4.4 Optical Computer Mouse 

A conventional computer mouse has some mechanically moving parts (angular encoders, 

tracking ball) which are delicate and expensive for the fabrication and susceptible to dust, 

shock and wear. An optical computer mouse without any mechanically moving parts and 

working on arbitrary desk surfaces is investigated in this section. Figure 4.21 shows a 

schematic cross-section of the mouse. The proposed method uses comb photodetector arrays to 

decode the two-dimensional movement of the speckle pattern, which is produced by imaging 

the coherently illuminated (rough) desk surface as natural encoding of the movement. (Imaging 

geometry is proposed, since free space propagation geometry requires an accurate wavefront 

curvature and spot size of the illuminating beam to obtain a well defined relationship between 

Deteciion of Moving Speckles 

Experimentally measured values 

Analytical approximation 

Numerically simulated values 



57 

the displacement vectors of the surface and lhe speckle pattern (§ 4.3} and a well defined 

speckle size (§ 4.1.2.1), which is hardly obtained in large series industrial production). The 

statistical properties of the output signals, which have been investigated in § 4.3, are used for 

design considerations of both the geometry of the comb photodetector arrays and the optical 

imaging system. 

comb phoipdclcclor arrays 

Fig. 4.21 Schematic drawing of an optica! computer mouse using comb photodetector 

arrays to decode the movement of the speckle partem produced by imaging the coherently 

illuminated (rough) desk surface. 

4.4.1 Design considerations 

4.4.1.1 Number of fingers of comb photodetector arrays 

From § 4.3.1.2, the phase accuracy of the output signal i of comb photodetector arrays is 

given by the number of fingers N. Computer mice are displacement sensing devices and do not 

require high measurement accuracies. Thus a small number of fingers (N 2 3) can be used to 

maximize the signal modulation T (Fig. 4.19) and to minimize the required area on the silicon 

chip for the sensor. 

4.4.1.2 Arrangement of comb photodetector arrays 

Two-dimensional movements at any displacement angle a (O" < a < 360") must be decoded by 

a computer mouse. Compact arrangements of three and four square comb photodetector arrays 

with N = 5 fingers are schematically sketched in Fig. 4.22. (Only one comb array of each 

detector is represented for the sake of simplicity). The maximum displacement angle a m , 

where the individual comb detectors still correctly decode the projection of the displacement 

vector d on the x-axis (Fig. 4.8), is approximately ctm = tan-'(ly/3A) = tan_l(5/3) = 60*. It 

follows that both geometries decode two linearly independent components of d at any 

displacement angle a and thus generate the two-dimensional displacement vector space. The 

arrangement of four comb photodetector arrays in Fig. 4.22b) is redundant, i.e., at least three 

comb photodetector arrays decode independently the two components of the displacement 

vector d. Therefore this arrangement has increased reliability, as shown in Fig. 4.11 for two 

independent detectors. 
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a) b) 
Fig. 4.22 Arrangement of a) 3 and b) 4 comb photodetector arrays for detection of two-

dimensional movement. For any displacement angle (X1 (wo linearly independent 

projections of the displacement vector d are decoded. The arrangement of four detectors 

is redundant and therefore has increased reliability. 

4.4.1.3 Power budget und imaging system 

Low power consumption is a stringent criteria for the commercial realization of a computer 

mouse. The rms electric current is of the differential output signal i of the comb photodetector 

arrays is related to the optical power of the light source P0 through 

is = r ia , 

where f is the signal contrast, given by Eq. (4.52) (Fig. 4.20], and 

(4.53) 

iu = S * i i s " i R e P o . (4.54) 

ia is the average electric current of the sum of the signals ii and Ì2 of the individual comb 

photodetector arrays. S\ is the spectral sensitivity of the photodetector, T\S is the fillfaclor of the 

photodetector array, 0\ is the solid angle of the imaging system and Re = dR/dQ is the 

differential scattering reflection coefficient of the desk surface. Assuming optical matching of 

the speckle size Axs and the comb period A [Axs = 4/it-X.d[/D = 2A/it (Paper IH)], the solid 

angle of the imaging system, lij = it(D/2drj)2, is readily expressed by 

MTJ- (4.55) 

where m = di/do is the magnification factor of the imaging system. The fillfaclor T|s in 

Eq. (4.54), given by the ratio of the (effective) photosensitive area of the comb photodetector 

arrays and the surface of the imaged illumination spot, is 

% = 
2NwI, 

TZT. •2 
(4.56) 
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in the case of a circular illumination spot wilh radius r0 = r,/m. Square comb photodetcctor 

arrays are proposed to allow compact arrangements of the detection cells, as shown in 

Fig. 4.22. Compact arrangements require a minimum spot radius rj in the detection plane and 

therefore optimize the power budget, since is « (1/rj)2 [Eqs. (4.52) to (4.56)]. Further 

improvement of the power budget can be achieved using microlens arrays 2 4-2 5 for the 

imaging system, as shown in Fig. 4.21. Each photodetection cell is illuminated by an 

individual lens, which allows minimum spot radii rj and maximum fillfactors %. 

As an example, consider the arrangement of four comb photodetector arrays in Fig. 4.22b), 

with comb arrays having N = 5 fingers of length Iy = 350 ttm and width w = 15 u,m and 

finger spacing A = 70 pirn. Using a laser diode with output power P0 = 1 mW at X = 850 nm, 

and introducing for the spectral sensitivity Sx = 0.5 A/W and for the differential reflection 

coefficient Re = 0.1 s r 1 , the average electric currents ia of the sum of the signals i[ andÌ2 and 

the rms electric current is of the differential output signal i are calculated from Eqs. (4.52) to 

(4.56). When a single lens is used for the imaging setup with m = 1, the minimum spot radius 

is iïmin = 700 u.m and the results ate ia = 0.79 nA and is = 73 pA, respectively. When each 

detector is illuminated by an individual lens, as shown in Fig. 4.21, the minimum spot radius 

is rtmin = 250 pirn and the results are ia = 6.3 nA and is = 585 pA. 

4.5 Noise in Photodetection 

Photodetectors using light-generated charge carriers are most often employed to measure 

optical power, e.g., p-n junction photodiodes (PD), photomultipliers (PM), avalanche 

photodiodes (APD), and charge coupled devices (CCD). Ideally, they respond to an optical 

power P0 by generating a proportional electric current ia. However, any real device generates a 

random electric current i whose value fluctuates around its mean value E(i) = ia- This random 

fluctuation, which is referred to as noise, limits the smallest amount of optical power that can 

be measured. Several sources of noise are inherent in the process of photodetection. 

4.5.1 Noise sources 

4.5.1.1 Shot Noise 

The most fundamental source of noise is associated with the random fluctuations of the arrivals 

of the (discrete) photons. The mean photon flux for the optical power P0 is O = P0ZhV, where 

h = 6 -6310 - 3 4 J s is Planck's constant and v is the optical frequency. The number n of 

photons counted in a time interval At is random with mean E(n) = OAl. Under the assumption 

that the photons are statistically independent, the distribution of the number n of photons is 

described by Poisson statistics 2 6 , for which On
2 = E(n) (§2.5). Shot noise is commonly 

modeled by an equivalent noise current generator with current variance 2 6 
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o | N = 2eBia. (4.57) 

where e = 1.6-10-19 C is the electron charge and B (= 1/2RC) is the power equivalent 

bandwidth of the electric circuit, as shown in Fig. 4.23. 

4.5.1.2 Gain Noise 

The gain G of some amplifying photodetectors, such as avalanche photodiodes or 

photomultipliei's, has random fluctuations. Each detected photon generates an average number 

G of carriers but with an uncertainty which depends on the amplification process. The shot 

noise in amplifying photodetection systems is 2^ 

0 ^ N = 2CGF(G)Bi0 , (4.58) 

where F(G) = E(G2)/E2(G) is the excess noise factor. 

4.5.1.3 Dark Current Noise 

The electric current which is delivered by the photodetection device in the absence of any 

optical radiation is referred to as dark current id- It is mainly due to random thermal excitation 

of electrons. Dark current noise is modeled by an equivalent noise current generator with 

current variance as given in Eq. (4.57) for (he shot noise. 

4.5.1.4 Thermal (Johnson) Noise 

Thermal noise describes the fluctuations of the electric current across a dissipalive circuit 

element. The fluctuations are caused by the thermal motion of the charge carriers. Il is 

commonly modeled by an equivalent noise current generator, with current variance 2 6 

2 4k[jTB 
CTTN= R (4.59) 

in parallel with the circuit resistor R, as shown in Fig. 4.23. kß = 1.3807-10-23 J/K is 

Boltzmann's constant and T is the absolute temperature. Note that the thermal noise is 

independent of Hie signal current ia. 
I I , I •• 

ee.e, -
•a °SN 0TN 

( > • • i i • < 

1 
= C R 

• 

Fig. 4.23 Equivalent electric circuit of a photodetection device. ia is the signal current, 

CSN2 is the current variance of the equivalent shot-noise current generator, CTTN2 is the 

current variance of the equivalent thermal (Johnson) noise current generator. 
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4.S.Z Signal-to-Noise Ratio 

The measurement quality of the detected optical signal is commonly characterized by the signal-

to-noise ratio (SNR) of the average electric power of the signal [Ps = E2O)R] and the noise 

[PN = G N 2 R]. Using the results in § 4.5.1, the SNR is 

S N R = ( 2 Ìi>2 R2 \ = 4 k i f B ' <4-60> 
(CTSN + 0 T N ) R 2eBGF(G)(ia + id) + 1 ^ 

Ideal photodetection systems are shot noise limited, i.e., asN2 » OTN2 and 'a » id- The SNR 

in Eq. (4.60) then reduces to 

S N R = 2eBGT(GJ- <4"6» 

4.5.2.1 Signat-to-Noise Ratio of the Optical Computer Mouse 

As an example, the signal-to-noise ratio of the detection system for the optical computer mouse 

in § 4.4 is discussed. The signal current is and the average current ia, which is responsible for 

the shot noise, are given by Eqs. (4.53) and (4.54), respectively. For a photodiode with unity 

amplification gain and excess noise factor (G = 1,F= I), the signal-to-noise ratio becomes 

S N R = r 2 ' a 2
4 k B T B ' <4.62) 

2eB(ia + id) + - ¾ - ^ 

Gonsider shot noise limited photodetection (0"SN2 » c*TN2) and ia » ij , in which case SNR = 

T 2 i a / 2eB. For constant finger width w, inspection of Eqs, (4.52) to (4.56) shows that the 

SNR is independent of the number N and the length ly of the fingers but proportional to l/Arj2, 

so that a minimum finger spacing Amjn and spot radius nmin maximizes the SNR. 

In the case of thermal noise limited photodetection ( C T N 2 » ^SN2). Eq. (4.62) reduces to 

SNR = r 2 i a
2 / 4kBT(B/R). Introducing Eqs. (4.52) to (4.56) leads to SNR « (NMn 2 ) 2 , 

where square comb photodetector arrays have been assumed (ly = NA). The SNR increases 

with the number of fingers N but decreases with increasing finger spacing A and spot radius r;. 

Note that for both shot noise and thermal noise limited detection the minimum finger spacing 

Amj„ is limited by the silicon technology used for the sensor and the minimum spot radius by 

the condition 2rimjn > V2ly (square comb photodetectors). 

As an example, the signal-to-noise ratio of the photodetection system in § 4.4.1.2 is calculated. 

For an equivalent spectral bandwidth B = 2rt- IO5 Hz with resistor R = I MÏÎ for the electric 

circuit in Fig. 4.23, the current variance of the equivalent shot noise current generator is öSN2 

= 2.5- IO - 2 3 A2, when a single lens is used for the imaging system, and cJsN2 = 211O-22 A2, 
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when microlens arrays arc used 10 individually illuminale the comb photodetector arrays in 

Fig. 4.221)). In both cases, the current variance of the equivalent Johnson noise current 

generator is OTN2 = J .7- IO-2t A2. Thus both configurations are thermal noise limited (CTTN2 > 

o"SN2). and the signal-to-noise ratios are SNR = 5 dB and SNR = 23 dB, respectively. 

4.6 Conclusions 

Speckle phenomena arise from scattering of coherent light by diffusing objects. The physical 

origin of the observed granularity in speckle patterns is the roughness of most surfaces on the 

scale of optical wavelengths. Speckle pattern may be regarded as a random process in space. 

First and second order statistical properties of speckle patterns have been reviewed, both in free 

space propagation and in imaging systems. The statistics of integrated and incoherently 

superposed speckle patterns have also been considered. In general, the Fourier transform of a 

random process does not exist. However, the statistical properties of the Fourier transform of 

speckle patterns could be analyzed. It turned out, that the amplitude of the complex Fourier 

transform of the speckle pattern intensity is Rayleigh distributed and the phase is uniformly 

distributed, independent of the spatial frequency coordinate, and that the Fourier transform 

components for different spatial frequencies are uncorrected. 

The dynamic behaviour of speckle patterns, caused by in-plane motion of the diffusing object, 

has been briefly reviewed. Two different changes in dynamic speckles can be distinguished: 

boiling and translation. Boiling speckles statistically change their shape when the diffusing 

object moves, but there is no appreciable displacement of their positions. Translating speckles 

move as a whole without any significant change in the pattern within the correlation length 

given by the illuminated surface. Whether dynamic speckles arc in the boiling or the translation 

regime depends on the conditions of illumination and observation, Most dynamic speckle 

patterns contain both boiling and translating elements. 

A method for non-contact detection of in-plane movement of diffusing objects, based on spatial 

filtering of (translating) speckle patterns, has been presented. Two periodic comb photodetector 

arrays connected differentially and matching of the speckle size with the period of the 

photodetector arrays produce a zero offset, quasi-sinusoidal output signal. The movement can 

then be measured at arbitrarily low speed by zero-crossing detection of this signal. The 

direction of the movement can be detected with the help of a quadrature signal, which is 

produced by a second pair of interlaced comb photodetector arrays. First and second order 

statistical properties of the output signal of these detectors have been investigated theoretically 

and experimentally to determine reliability and accuracy of the measurement. It turned out, that 

the amplitude of the signal is Rayleigh distributed, independent of the number and the length of 

the fingers of the comb arrays, i.e., independent of the number of speckles covered by the 
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detector. However, correlation length and phase accuracy of the signal are given by the number 

of fingers. Both, the autocorrelation of the signal and the distribution of the measured phase 

difference for a given displacement have been calculated for both one and two dimensional 

displacements of the speckle pattern. The average number of zero-crossings of the signal per 

unit displacement has been calculated as a function of the number of fingers. In addition, the 

signal quality (signal-to-noise ratio SNR) has been investigated with respect to the geometry of 

the comb arrays. The theoretical results have been verified by experimental measurements and 

by numerical simulations. 

The results can be used for optimum design of the geometry of the comb photodetector arrays, 

the optimization parameters depending on the aimed application. As an example, the application 

of the technique in an optical computer mouse, which can be operated on arbitrary (rough) desk 

surfaces, has been discussed. Some design considerations have been detailed. 
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5 Final Considerations 

The objective of the presented work was to discuss randomness in optical phenomena and the 

role it plays in optical applications. Some effects of temporal coherence of light, dynamic laser 

speckles and noise in the process of photon detection have been investigated. The results have 

been used to design two different types of optical systems, i.e., a dispersive white-light 

interferometer for absolute distance measurement in the sub-millimeter range and a speckle 

pattern based displacement sensor for an optical computer mouse working on arbitrary desk 

surfaces. The validity of both designs have been experimentally demonstrated. Both optical 

systems are based on physical phenomena which, at first glance, might be regarded as 

annoying limitations, i.e., the low coherence of white-light sources and the spatial noise 

(speckles) in scattered light. However, a rigorous analysis and understanding of the physical 

concepts have led to optimum design and successful demonstration of the systems. 

Temporal coherence and speckle theory deal with the statistical properties of two optical 

phenomena which seem to have no physical relationship. Coherence describes the random 

fluctuations of light waves due to the superposition of uncorrelated radiations at different 

optical frequencies and phases, whereas speckle theory describes the random fluctuations of 

scattered light from diffusing objects under coherent illumination. However, light waves and 

speckle patterns may be regarded as random processes in lime and space, respectively, and the 

same methods are used to describe mathematically their probabilistic behaviour. The random 

properties of light waves are usually characterized by statistical averages, namely the optical 

intensity, the mutual coherence function and the power spectral density. This partial description 

by some statistical averages is sufficient because commonly used photodetection systems 

inherently perform time averages due to the optical frequencies which exceed the spectral 

bandwidth of the detection systems by far. A more complete statistical description of the 

speckle phenomenon is given by the first and second order probability density functions of the 

intensity and phase. 

Figure 5.1 shows a bloc diagram of an optical measurement system. It is the author's 

conviction that a system optimization must start with maximizing the optical measurement 

signal and with minimizing the noise sources in order to obtain the highest value of the (optical) 

signal-to-noise-ratio (SNR). It follows optimization of the remaining elements in Fig. 5.1 

(photon detection, electronic circuits and signal processing). This optimization procedure is 

justified by the unidirectional signal flux: a bad signal-to-noise ratio at the output of one 

element cannot be restored by the following elements. 
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Fig. 5.1 Bloc diagram of an optical measurement system. 
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As an example, some optimization aspects of the displacement sensor for the optica! computer 

mouse are considered. The optica! measurement signal can be maximized by (i) enhancing the 

speckle contrast with the help of a polarizer [Fig. 4.7 and § 4.1.1.2], (ii) using microlens 

arrays for maximum power budget [§ 4.4.1.3], and (iii) optimizing the signal contrast with the 

geometry of the comb photodetector arrays [§ 4.3.1.4]. Imaging geometry eliminates the 

boiling behaviour in the dynamic speckle pattern [§ 4.3], which may be regarded as noise for 

the detection of translating speckles. 

The progress in digital computer technology over the last years made available powerful tools 

to numerically simulate models of physical systems. The main advantage of modeling and 

numerical simulation lies in the fact that the influence of the individual parameters on the 

system behaviour is distinguishable. A major danger lies in the eventual discrepancy between 

the behaviour of the real physical system and the generally simplifying model, which might 

lead to erroneous conclusions. As a result, even best designed, modeled and simulated systems 

have to be experimentally verified. 

Thanks for reading this thesis! 
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7 Publications 

Paper ì 

Absolute distance measurement with synchronously sampled 

white-light channeled spectrum interferometry 

U. Schnell, E. Zimmermann, R. Dändliker 

We describe a white-light channeled spectrum interferometer for absolute distance measurement 

in the range of 8 urn to 1.9 mm, using a diffractive element and a linear detector array to scan 

the interference signal. The local phase of the spectral fringe pattern is obtained from 

synchronized sampling with four samples per fringe period. The absolute distance is calculated 

from the slope of the measured phases vs. wavelength. First, the distance is determined to 

better than W8 in order to overcome the phase ambiguity. Then, one of the measured local 

phases can be used to determine the exact distance with interferometric accuracy. Test results 

showed an accuracy of better than 2 nm for a distance of 125 u.m and better than 12 nm for 

any position within 50 u,m to 15Ö |im. 

Paper 2 

Dispersive white-light interferometry for absolute distance 

measurement with dielectric multi-layer systems on the target 

U. Schnell, R. Dändliker, S. Gray 

We have extended a dispersive white-light interferometer for absolute distance measurement to 

include effects of dielectric multi-layer systems on the target. The phase of the reflected wave 

changes as a function of wavelength and layer thickness and causes errors in the interferometric 

distance measurement. With dispersive white-light interferometry these effects can be measured 

'in-situ' and the correct mechanical distance can be determined. The effects of thin films 

deposited on the target have been investigated for one and two layers (photo-resist and SÌO2 on 

Si). Experimental results show that the thickness of these layers can also be determined with an 

accuracy of the order of 10 nm. 
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Paper 3 

Detection of movement with laser speckle patterns: 
Statistical properties 

U. Schnell, J, Piot, R. Dàndliker 

We present an optical method for detection of in-plane movement of a diffusing object. The 

technique is based on spatial filtering of the laser speckle pattern, which is produced by 

illumination of the object with coherent light. Two interlaced differential comb photodetector 

arrays act as periodic filter to the spatial frequency spectrum of the speckle pattern intensity. 

The detector produces a zero-offset, periodic output signal versus displacement which permits 

to measure the movement at arbitrarily low speed. The direction of the movement can be 

detected with the help of the quadrature signal, which is produced by a second pair of 

interlaced comb photodetector arrays. By matching speckle size and period of the comb 

photodetector arrays, the output signal versus displacement is quasi sinusoidal with statistical 

amplitude and phase. First and second order statistics of the signal are investigated. First, the 

probability density function and the autocorrelation function of the complex Fourier transform 

of the speckle pattern intensity are determined. Then, the statistical properties of the spectrum 

of the filtered signal and the signal itself are calculated. It turns out, that the amplitude of the 

signal is Raylcigh distributed. Both, autocorrelation function of the signal and probability 

density function of the measured phase difference for a given displacement are calculated. The 

potential accuracy of displacement measurements is analyzed. In addition, the signal quality is 

investigated with respect to the geometry of the detector. The theoretical results are 

experimentally verified. 
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Absolute distance measurement with synchronously 
sampled white-light channelled spectrum interferometry 

U Schnell , E Zimmermann and R Dändliker 

Institute of Microiechnology, University of Neuchfite), Breguet 2. CH-2000 Neuchfitel, 
Switzerland 

Received 20 February 1995, in final form 9 May 1995 

Abstract. We describe a white-light channelled spectrum ini erf e romei er for absolute distance 
measuremenl in the range of 8 ^m to 1.9 mm. using a diffrattive element and a linear detector 
array to scan the interference signal. The local phase of the spectral fringe pattern is obtained 
from synchronized sampling with four samples per fringe period. The absolute distance is 
calculated from the slope of the measured phases against wavelength. First, the distance is 
determined to better than A/8 in order to overcome the phase ambiguity. Then, one of the 
measured local phases can be used to determine the exact distance with interferometri e accuracy. 
Test results showed an accuracy of better than 2 nm for a distance of 125 pm and better than 
12 nm for any position within 50 /jm to 150 jtm. 

1. Introduction 

Absolute distance measurement with optical interferometry is possible using multiple 
wavelength [1] or white-light [2) sources. The first method suffers from phase ambiguity 
when the distance to be measured is larger than the longest synthetic wavelength. The 
second one requires a receiver interferometer to compensate the palhlength difference. The 
interferogram is then scanned, either mechanically in the temporal regime or electronically 
with a photodiode array in the spatial regime. Mechanical scanning suffers from limited 
speed, whereas spatial electronic scanning is limited to small displacement ranges. To avoid 
these problems, we present a white-light channelled spectrum interferometer with minimum 
hardware requirements and simple signal processing, An optical profilometer, which uses 
a similar approach of white-light interferometry with channelled spectrum detection, has 
recently been published by Schwider and Zhou [3]. 

2. -White-light channelled spectrum interferometry 

The basic set-up of a white-light channelled spectrum interferometer for absolute distance 
measurement is shown in figure 1. The beam of the white-light source (WLS) is colltmated 
by the lens Lo. The distance L to be measured is the difference between the two arms of 
the Michelson interferometer formed by a beamsplitter (BS) and two plane mirrors M1 and 
Ma. The output light of the interferometer passes through a diffraction grating (DG). The 
diffracted beam is then focused by the lens Li onto a linear photodiode array (PDA). The 
interference phase ¢ ( ^ ) is given by 

<P(v) = —2Lv (1) 
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where c is lhc speed of tight and v is the optical frequency. ¢(10 is a linear function of v 
and the absolute distance L is directly obtained from the slope <$' = d4>/du through 

4K 
(2) 

A typical measured channelled spectrum interference signal is shown in figure 2. It can be 
described as a function of the oplicnl frequency v by 

jr(v) = A(v) + B(v) cos d>(v) (3) 

where A(v) and B(v) are slowly varying functions of v and t>(v) is given in equation (1). 

WLS L0 
M1 '///////, 

t> BS 

"71 

n 
M, 

.DG 

Figure I. White-light channelled spectrum interferometer for absolute distance measurement 
using a diffraction grating (DG) and a photodiode array (PDA) for the signal processing. 

Optical frequency v 

Figure 2. Typical measured white-light channelled spectrum interference signal. 

3. Fundamental l imi tat ions 

The minimum working distance Lmin is limited by the spectral bandwidth Avs (AXj) of the 
white-Eight source. A minimum number of approximately two periods of the interference 
fringe pattern has to be detected by the photodiode array (PDA) in order to calculate a 
significant value of the slope * ' in equation (2). Hence, the minimum working distance 
Lf11J11 can be estimated from the total phase variation ¢1 across the spectral fringe pattern 
by the condition 

4ff AJLS 

¢ , = — A v 1 L = 4JT—T-L ^ 4JT (4) 
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which gives for (he minimum working distance 

Lmin = A (5) 
AX5 

where Xo is the centre wavelength of the source. 
The maximum working dislance Lm!SX is limited by the spectral resolution Avsr (AXîr) 

of the diffraction grating. Al the limi! al least three independent samples per period of the 
interference signal in equation (3) have to be resolved [4] to determine the phase function 
<t>(v), because there are three unknowns, A(v), B(v) and 4>(u). The condition for the 
distance is 

4jT AX, r 1 
A<D = —Av%IL = 4n^-L ^ \n (6) 

where A $ is the phase difference between two spectrally resolved samples, which gives 
for the maximum working distance 

L™ = 7 x | - (7) 

6AX11 

The spectral resolution of the diffraction grating is given by the relation (5) 

AXsr g cos 9, 

where NL is the number of illuminated lines on the diffraction grating, g is the grating 
constant (spatial period), 0, is the angle of incidence and D is the diameter of the incident 
beam. Typical values for the set-up shown in figure 1 are g = 0.5 /im, 6, =• 45° and 
D=S mm, which gives NL « 14000 for the grating and AXS = 80 nm at X0 = 800 nm 
for a LED light source, From equations (5) and (7) we find that this type of white-light 
channelled spectrum interferometer can be operated in a range of about L = 8 /im-1.9 mm. 

4. Synchronous sampling 

Following the optical arrangement shown in figure I, the dispersion of the diffraction grating 
(I)G) introduces a frequency spacing Av between two adjacent pixels n and n — 1 of the 
PlJA which results in a phaseshifl of 

47T 
A O , = 4>„ - <]>„_, = - L A u . (9) 

c 
The local phase <!»,, is then calculated, using five adjacent samples of the interference signal 
in equation (3) symmetrically centred at the sample s„, through [6) 

Sn = s„-i -sn+i = 2ßsin A4>jsin<I>n 

Cn = s„ - S"+2 + S"~2 = 2 5 sin2 A * s cos ¢,, 

<P„ = tan"1 ( ^ - s i n A d O . (10) 
(Sn . 

For equation (10) to be correct, the A(v) and B(v) in equation (3) should be constant. In 
practice, A(v) and B(\>) vary slowly with v (see figures 1 and 5), but the differences for 
five adjacent samples arc small and equation (10) is still valid. Using equations (3) and 
(10) it can easily be shown that the corresponding error is given by 
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e=\it~ . (13) 

which gives a maximum error of about S<t>„ = 3° for a relative slope of the average intensity 
M n + 1 - 4 , , - , ) /¾ = 10%, 

In order to make the phase evaluation simple and to minimize the hardware requirements, 
we adopted a synchronized sampling of the interference fringe pattern with four samples 
per fringe period. The optical arrangement of DG, L1 and PDA in figure 1 is designed so 
(hat for the desired working distance Lw [he frequency spacing A f between two adjacent 
pixels gives a phaseshift of A * s = JJT. Using equation (2), the measured absolute distance 
L is then calculated from the slope 4>' = d * /dv of the unwrapped local phases <t>„. The 
best value for the slope is obtained by a least squares fit, which averages very efficiently 
the errors introduced by the non-uniformity (figure 5) of the fringe pattern (equation (11)). 

5. Phase evaluation error 

When the real distance L differs from the working distance Lv, the phaseshift Û<J>, becomes 

A4» ( = \n. + £ (12) 

where the phaseshift error E is given by 

I t i Uw 

t-w 

In a first approximation, the local phases are calculated from equation (10) with £ = 0. 
These values On

0* arc related Io the true phases * „ by 

<t<0) = tan"1 [ — tan <P„) . (14) 
\COS£ J 

The corresponding phase evaluation error 54>t0J becomes 

= [tan -1 ( l /Vcös i ) —tan -1 (>/cos£)]sin2<t>n 

= /c(£)sin2<Pn (15) 

which consists of a periodic part siri24>„ and an envelope function /c(f i). Introducing 
equations ( I ) and (13), the periodic part can be expressed as 

in2<t>„ = s i n ( - ^ ^ £ j . (16) 

Figure 3 shows the phase evaluation error 8Q{0i as a function o f f for 2Lw/k0 = 10. Note 
that the envelope / e is only a function of the phaseshift error £. Numerical simulations show 
that the phase evaluation error in equation (15) causes an error for the measured distance 
which can be described by 

a(0)(£j = i i ! ^ = a^<o> (£) ( I 7 ) 

where Lm is calculated from the <t>£0), obtained in a first approximation witii E=O. It 
is seen that the parameter a depends only on the number N of local phases <t>„ used 
for the least squares fit to calculate the slope <P'. Figure 4 shows the calculated values 
of the parameter a as a function of N. The values for N = 20 and N = 50 are 
a = 2 x IO - 2 rad'1 and a ^ 4.5 x IO -3 rad"1, respectively. Following equation (15), 
or figure 4, the maximum relative error for the measured distance is S^x = afe(£). For 
E = 45° we get Ä™ = 3.4 x |0" 3 (N = 20), or &<® = 0.8 x 10"3 (N = 50). 

sin 
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Figure 3. Phase evaluation error i*(ll) as a function of ihe phaseshift error e for 2Lw/ktl = 10. 

250-

Figurc 4. Parameter a as a function of the number N of local phases •&„. 

Using the first approximation i,(0J of lhe measured distance L, the phaseshift error £ 
can be calculated through equation (13). Improved values ¢^11 of the local phases can then 
be calculated from equation (14) by 

<t><" = tan _ l (cos£tan^ 0 ) ) (18) 

which can be used to calculate a better value i. ( l ) of the measured distance L. This iterative 
phase correction method allows elimination of the phase evaluation error in equation (15) 
and the error for the measured distance in equation (17). 

Unwrapping of the local phases 4»„ is only possible if the phase difference between two 
adjacent samples 

A*„ » AO1 + (W™ - W j 1 ) » ^ ¢ , ± i * m (19) 

is smaller than it. Using equations (11) and (14), the condition for the phaseshift error is 

,(0) &<t>n(e)=!;7i+e±6<Pw Ç±jr+e + 2ME)<n (20) 

which gives for the maximum allowed phaseshift error £ma« = 56.4°, which corresponds, 
following equation (12), to a phaseshift of A<£t = 146.4° instead of 90°. 
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Kì|>iirc 5. l'toccssint; of ihn channelled spectrum: the observed interférence fringes in ihe 
sjiecmini ar\: synchronously delected with four samples per fringe period Io calculate lhc fringe 
liliiiscs. Every fourth sample is graphically emphasized Io dcmoiisiraic thai ihe sampling is 
(nearly) synchronous with lhc fringe pailern. 

6. I£xpcri mentili results 

Tlic synchronously sampled while-light channelled spectrum inlcrferomeler has been 
investigateti with the help of the optical set-up shown in ligure I. The while-light source 
was ii liglil emitting diode (LKD ABB 1A225) working at Xo = 890 nm with a spectral 
bandwidth or approximately Akx = 50 nm. After the lens L0 the beam was eollimatcd with 
a diameter of approximately 0 = 4 mm. The mirror M2 of the Michclson interferometer 
was mounted on a piczo lrnnslator (PZT) in series with a stepper motor (SM). In order to 
equalize ihe two inlerfcroinetcr arms (L = 0), the PZT was first used to scan a temporal 
while-light inlerlerogram [2], detected in the zero order of the diffraction grating. Then, 
llie ccnlre of gravity of lhc inlerlerogram was calculated [6] and Ihe PZT set so that L=O. 
A well couiroHcd working distance Lw was lhcn introduced by means of (he stepper motor. 
The diffraction graling had a spatial period g = 577.36 nm, and the angle of incidence was 
O1 = 50.4". Froin equation (8) we get then, with D = 4 mm, a spectral resolution for the 
diffraction grating of AA5, = 0.08 nm (An1, = 30 GHz). The focal length of the lens L, 
was 60 mm and the linear photodiode array had 512 pixels with a ccnlrc-to-centrc spacing 
of AA- = 25 /Am, In this case we get a spectral resolution of the channelled spectrum of 
0.16 uni/pixel (60 GHz/pixel). The line scan lime was 26.5 ins. 

According Io equations (5) and (7), this set-up can be operated in a range of L = 16 / im-
830/AMI. For a working distance of Lw = 125 /i-m we get a channelled spectrum as shown in 
figure 5. The fringe spacing is 20 pixels, as expected from the calculated spectral resolution. 
The synchronized samples y„ have been obtained by adding the measured intensities of five 
adjaccnl pixels on lhc PDA. The synchronized samples ^n and the unwrapped local phases 
<!>„ are also shown in figure 5. The slope <l>' was calculated by a least squares fit and the 
absolute distance L was obtained from equation (2). 

A statistical analysis of lhc maximum variation SL of the distance from 50 independent 
measurements was performed for different numbers N of local phases <!»„. The results for 
N = 17, 37, 57 and 77 arc shown in figure 6 by dots. The expected maximum variation SL, 
of the measured distance can also be estimated by using the maximum observed variation 
Ä<r>„ of an individual local phase <P„ and by calculating the variation of the slope * ' by 

interference signal 
O sync, samples 
• unwrapped <P, 

- 80 

- 60 

- 4 0 B. 

- 20 
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Figure 6. Siaiisiical analysis of the maximum variation iL of ine distance from 50 independent 
measurements compared with the expected maximum variation SLt as a function of the number 
N of local phases *„. 

considering only the two extreme phase values (Au = N). From equation (2) wc then get 

SLt = — 50>' = — -
4JT 4TT W A K 

(21) 

where Av is the frequency step between two samples. The maximum measured variation 
of an individual local phase 4>n was S<i>„ = 25 mrad and the standard deviation was 
ero. = 6 mrad. The maximum variation SL1 as a function of N, calculated from equation (21), 
is also shown in figure 6. 

If the reproducibility of the measured distance is belter than A.o/8, the phase ambiguity 
is overcome and one of the measured local phases <!>„, preferably at the centre of the fringe 
pattern can be used to determine the exact distance with inlcrferometric accuracy. The 
results show that the reproducibility was always better than *o/8 when the number N of 
the considered local phases was larger than 40 (figure 6). Using the measured maximum 
value of 5Q>n = 25 mrad for the phase variation, the accuracy of the measured distance is 
SL = 1.8 nm (oL = 0.4 nm) and the relative accuracy SL/L is better than 1.4 x 10"5. 
In order to demonstrate the phase evaluation with synchronized sampling, the distance L 
was scanned with the PZT. The distance was in an approximate range of L = 125 ± 25 /zm 
(e = ±18°). The PZT had 11 bit resolution and W = 57 local phases ¢,, were considered. 
The measured distance L is reported in figure 7 as a function of the voltage Uprx applied to 
the PZT for increasing and decreasing Upzl. The maximum difference SL = L- Ls between 
the measured distance L in figure 7 and the binomial smoothed! value Ls was SL = 190 nm, 
and the standard deviation was aiL = 35 nm. The relative accuracy is SLf Lv = 1.6 x 10"3. 
The maximum difference 54> = <J> - <PS between the measured phase * and the binomial 
smoothed value * s of an individual local phase <t>„ was S4> = 174 mrad (CT«, = 30 mrad) 
leading to an accuracy of SL = 12 nm (an = 2 nm) for the measured distance Lm. 

The phase evaluation error and its correction for non-ideal phaseshift A4>s T̂  n/2 is 
illustrated in figure 8. The uncorrected local phase variation 5<l><0) is depicted as a function 
of the distance L in a range of L = 54 ±1 .5 /xm (E ~ -51.1° ± 1.1°). The theoretical value 
of the maximum phase error 54>(0,

> given by equation (15), is fe(e = -51.1°) = ±230 mrad. 
The observed value was S<t>{0) = ±290 mrad (a* = 170 mrad), leading to an error for the 

t According to a smoothing algorithm derived from [7]. 
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Figure 7. Absolute distance measurement in a range of L = 125 ±25 j*m. N = 57 local phases 
t>„ have been used (o calculate the leasl squares fitted slope * ' to calculate L. 

-50.0 

55.5 

Figur« 8. Phase evaluation error J* (0) find coirected value S<t>(,) after one iteration for a 
non-ideal phaseshift of û * s fa 40°, instead of 90°. 

distance of SL = ±20 nm (IJ/. = 12 nm). After one iteration for lhe phase correction, these 
errors were reduced to i O ( , ) = ±90 mrad (o*« =; 38 mrad) and SL = ±6 nm (at = 3 nm), 
respectively, which is an improvement by a factor 3. 

7. Conclusions 

White-light interferomelry with spectral fringe detection is a simple and powerful method for 
absolute distance measurement in the millimetre range. The maximum operating distance 
is limited by the spectral resolution and the minimum distance by the spectral width of 
the source. Using an LED source (AA « 80 nm) and a simple diffraction grating (14000 
lines), the range of operation is from 8 /xm to 1.9 mm. It has been shown that a minimum 
sampling concept for the fringe evaluation, based on four samples per period, leads to a 
simple and fast algorithm, which works for 2.5 to 10 samples per period with a phase 
accuracy of better than A<I) = 0.1°. The method has been experimentally demonstrated 
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for a working distance of 125 /im with an 
resolution was found to be better than 3 nr 
minimum hardware requirement, minimum 
algorithm make this method particularly suiti 
distance measurement devices and for profil 

References 

[1] Tilford C R 1977 Appi. Opt. 1« 1857 
[2] Koch A and Ulrich R 1991 Sensors Actuators A 
[3) Schwider J and Zhou L 1994 Opt. Un. 19 995-7 
[4] Creaih K 1993 Temporal phase measurcmem 

Measurement Techniques ed D W Robinson 
pp 94-140 

(5] Bom M and Wolf E 1993 Principles of Optics 6tl 
[6] Dändliker R. Zimmermann E and Frosio G 1992 
[7] Marchand P and Marmel U 1983 Rev. Sd. Instivi 

with interferometry 651 

erating range from 50 ^m to 150 ^m. The 
The absence of any mechanical movemeni, 
npling concept, and simple phase evaluation 
for fast distance control systems, for absolute 
ietry. 

•27 201 

!hods lnierferogram Analysis, Digital Fringe Pattern 
I G T Reid (Bristol: Institute of Physics Publishing) 

In (Oxford: Pergamon) pp 401-13 
f. Lett. 17 679-81 
it 1034 



Paper II 



52a a reprint from Optics l e t t e r s 

Dispersive white-light interferometry for absolute 
distance measurement with 

dielectric multilayer systems on the target 

U. Schnell and R. Dändliker 

Institute of Microtnchnology. University of Neuchäiel. Brnguet 2. CH-2000 Netichotel. Stvilzerlnnd 

S. Gray 

UaltmniC. Tectuitilogies SA. Champs-Montants I2ls, CH-2074 Marin, Switzerland 

Rnneived Seplembur 20, 19!)5 

We have extended the use of a dispersive white-light interferometer for absolute distance measurement to 
include effects of dielectric multilayer systems on the target. The phase of the reflected wave changes as a 
function or wavelength and layer thickness and causes errors in the in ter fero metric distance measurement. 
With dispersive white-light interferometry these effects can lie measured in situ, and the correct mechanical 
distance can tie determined. The ejects of thin films deposited upon the target have been investigated for one 
and two layers 'photoresist and SiOj upon Sil Experimental results show that the thicknesses or these layers 
can also be determined with an accuracy of the order of IO nm. C 1996 Optical Society of America 

Absolute distance measurement by optical interfer­
ometry is possible with either a multi pie-wavelength1 

or a whito-lights"J source. In any case, a measure­
ment error occurs when interference effects of di­
electric thin-film multilayer systems on the target 
object are not taken into account. This measurement 
error can be avoided when the parameters (e.g., layer 
thickness and index of refraction of each layer) of the 
multilayer stack are known. One can use different op­
tical methods, based on ellipsometric,* photometric,6"" 
or interferometric1" measurements, to determine the 
parameters of multilayer systems. We have used a 
dispersive white-light interferometer4 first to charac­
terize in situ the multilayer system on the target and 
then to determine the correct mechanicnl distance, 

A schematic drawing of a dispersive white-light in­
terferometer for absolute distance measurement be­
tween two surfaces is shown in Fig. 1. The beam of 
the white-light source is collimated by lens Lo. Lens 
L, focuses the beam onto the surface of the target ob­
ject of the Fizeau interfcroineter. The interferometer 
is formed by one surface of prism P and the multilayer 
system. The distance L to be measured is the air gap 
between the reference surface of the prism and the top 
surface of the multilayer system. The output light of 
the interferometer passes through a diffraction grating 
(DG). The diffracted beam is then focused by lens La 
onto a linear pho tod elector array (PDA). The interfer­
ence phase '!'(fi as a function of optical frequency v can 
be written as 

<I>M = {%irIcYlLv + 6f("\ dm, n m ) . (D 

where c is the speed of light and Sr is the phase 
contribution on reflection on the multilayer system. 
To calculate 5r it is assumed that the multilayer system 
is formed by M isotropic stratified planar layers. 
Each layer m is characterized by its thickness dm and 
its complex index of refraction «,„ = nrm - ikm, where 

nrm is the real index of refraction, An, is the extinction 
coefficient of medium in, and i is an imaginary unit. 
The complex amplitude reflection coefficient R of 
the multilayer system can be calculated by a 2 X 2 
scattering matrix method." The result is of the form 

R-Sti/Sn - | Ä | e x p ( i S , ) , (2) 

where S21 and S n are two elements of the scattering 
matrix and è, is the observed phase shift on reflection 
to be introduced into Eq. (1). Sr can be written as 

-U") - ^ H Z 2rf"<"">)" + M " : d»" "'"'• (3> 

where the linear term on the right-hand side of Eq, (3) 
is due to the optical thickness of the multilayer stack 
and/"ni is a nonlinear function that describes the effects 
of multiple reflections within the stack. The basic 
idea of the method is to measure 0 sufficiently large 
number of interference phase values <i>„{i') and then 
to determine the best values of the parameters L, d,„, 
and n„, in Eq. (1) by numerically fitting the calculated 
phase function ll>(i') from Eqs. (1)-(3) to the measured 
values <l\i(i<). 

WLS LD L 

8
». I M L S U - , : . ^ J ' L 

J v 
h 

Fig. 1. Dispersive white-light interferometer to measure 
the absolute distance L between two surfaces with n dielec­
tric multi layer system (MLS) on the object target : WLS, 
white-light source; BS, beam splitter. 

0146-9592/96/070528-03$6.0<M> © 1996 Optical Society of America 
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A d i s p e r s i v e w hi tu-light in te r fe rence fr inge p a t t e r n 
t a n lie desc r ibed «s a funct ion of optical f requency i- by 

K I W •= AIW -t ÜIWcos <l>dO, (4) 

w h e r e AIc) a n d 0 ( c ) o r e slowly v a r y i n g funct ions of \> 
and 1IMi') is g iven l)y Eq. M). 

Fol lowing the optical a r r a n g e m e n t s h o w n in Fig. 1, 
d i spe r s ion of t he DG in t roduces a frequency spac ing UJ-
be tween two adjacent pixels n and n - 1 of t he PDA, 
which r e s u l t s in a p h a s e shif t of 

A<1>. - «I», 
4-n-

LA e (5) 

w h e r e t h e p h a s e con t r ibu t ion S,{i>) of t h e m u l t i l a y e r 
s y s t e m in Kq. (3) h a s been o m i t t e d . We t h e n ca l cu l a t e 
t he local p h a s e <l'„, u s ing five ad jacen t s a m p l e s of t h e 
in te r fe rence s igna l symmet r i ca l Iy cen te red a t s a m p l e 
s„, t h r o u g h 

S n - s v i - s„, 2 - 2U s in A<l>, sin <!'„, 

Cn =• s„ - * " " * " " " ' = 2 0 s in 2 A«!),., cos <l>„ , 

<l>„ = t a n " ' [ S n / C „ sin A t I ' , ] , (6) 

w h e r e 1 5 n ^ N a n d N is t h e n u m b e r of m e a s u r e d 
local p h a s e s 1I',,. AdO and fldO a r e a s s u m e d locally 
c o n s t a n t . IL h a s been s h o w n t h a t synchron ized s a m ­
pling wi th four samples per f r inge per iod is a n efficient 
a n d e r ror - to lé ra rit way to e v a l u a t e t he p h a s e s from the 
in te r fe rence p a t t e r n . ' T h e optical a r r a n g e m e n t of t he 
DG, L Ì , a n d the PDA in Fig . 1 is des igned so t h a t for 
t he des i r ed working d i s t ance L t h e frequency spac ing 
A K he tween two adjacent pixels g ives a p h a s e shi f t of 
A'l ' , a 17/2. We obta in t h e m e a s u r e d p h a s e function 
<l'„dO by u n w r a p p i n g the m e a s u r e d p h a s e v a l u e s 'l>„ 
ca lcu la ted Troni Eq. (6j . W h e n t h e n u m b e r N of m e a ­
s u r e d p h a s e va lues 'I1 , is l a r g e r t h a n the n u m b e r of 
p a r a m e t e r s used for t he ca lcu la ted p h a s e function t|>d0 
in ICq. (1), t he bes t va lues of t h e p a r a m e t e r s ! , , ( / , „ ,and 
nm n r e ob ta ined by a n a p p r o p r i a t e l e a s t - s q u a r e s algo­
r i t h m to fit t h e ca lcula ted p h a s e function ' I ' d ' ) to t he 
m e a s u r e d p h a s e va lues 'I*„d0-

T h e d i spe r s ive whi te- l ight i n t e r f e r o m e t e r for abso­
lu te d i s t ance m e a s u r e m e n t w i t h dielectr ic m u l t i l a y e r 
s y s t e m s on the t a rge t h a s been e x p e r i m e n t a l l y inves t i ­
ga ted with t h e help of t h e optical s e t u p s h o w n in Fig. 1. 
T h e light source was a halogen l a m p (G V, 20 W). T h e 
c e n t e r wave leng th of t h e s p e c t r u m de tec ted by t h e 
PDA w a s An = 632.8 nm. After l ens L0 t h e b e a m w a s 
col l imaled with n d i a m e t e r of a p p r o x i m a t e l y D = 
5 m m . Uncoa ted optical Tibers be tween t h e p r i s m 
a n d the mul t i l aye r sys tem in t roduced a n a p p r o x i m a t e 
work ing d i s tance of L = 125 ^ m . T h e DG h a d a spa­
t ia l per iod of g - 577.26 n m , a n d the ang l e of inci­
dence w a s 0; = 33.2". T h e focal l eng th of lens Lj w a s 
60 m m , and t h e l inear PDA h a d 5 1 2 p ixe ls with a 
ccn tcr - to-conter spacing of Ax •= 2 5 J im. T h e line s c a n 
t ime was 26.5 ms. In t h i s cose we ge t a spec t r a l 
resolut ion of t h e channeled s p e c t r u m of 0.2 n m / p i x o l 
(150 GHz /p ixe l ) , and a total spec t r a l b a n d w i d t h of a p ­
p rox imate ly 100 nm is de tec ted hy the PDA. For t h e 
work ing d i s t ance L = 125 ^ m we gel. n f r inge spac ing 

of 8 pixols. We obta ined the synchron ized s a m p l e s s,. 
by add ing t h e m e a s u r e d in tens i t i e s of t h r e e ad jacen t 
pixels on t h e PDA, g iv ing a p h a s e s t e p of A * , E 
•nil. The n u m b e r of considered local p h a s e s 4i„ w a s 
N — 237, ca lcu la ted from the synchron ized s a m p l e s s„ 
t h r o u g h Eq. (6). U n w r a p p i n g of t he local p h a s e s <!>„ 
delivered t he m e a s u r e d p h a s e function d ^ d O . 

A ser ies of e x p e r i m e n t s for Si s u b s t r a t e s wi th one 
l a y e r (photores is t ) or two l aye r s (pho to res i s t upon 
S iOj ) was pe r fo rmed . Il w a s a s s u m e d t h a t t h e refrac­
t ive indices of t h e Si s u b s t r a t e diS i - 3.85 - 0 .02i) , 
t he photores i s t [nr = 1.644), and silica (RSÌO» " 1-46) 

Fig. 2. Processing of the conaneled spect rum: the 
observed interference signal s(r) in the spectrum is 
synchronously detected with four samples per fringe period 
to calculate the fringe phases <l'„. The variation of the 
average level oTs(i') is due to the change of | R | in Eq. (2) as 
n function of*. 

neatutd fhatr ttJvtl 
/ „ ((!,•I.IWilsm.duu'Onf |tn) 
I n 10,-1.m »a. dfcD-0197 MmI 

(b) 

Fig. 3. (a) Comparison of measured and calcu­
lated nonlinear phase contribution f„, versus opti­
cal frequency <• (wavelength A) for photoresist (rf,) 
upon a Si subst ra te . <bl Comparison of measured 
and calculated nonlinear phase contribution fr< versus 
optical frequency ip (wavelength A) for photoresist (rf,) upon 
SiD2 (cisiU)) upon a Si substrate . 
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Table I, Comparison of Mechanical and 
Optica] Measurements of Layer Thickness id,, 

Photoresist; dSiOt> SiOi) and Measured 
Distance L without (LuJ and with Correction (LJ 

for Effects of the Thin Layers (AL = Luc - LJ" 

Photoresist upon SiO2 

Photoresist upon Si Substrate upon Si Substrate 

d, (/im| L (p.m) dr (/imi cfgiOi I*"11' 

Mech. Opt. La< L, AL Mech. Opt. Mech. Opt. 

.1.145 1.142 126.37 123.74 2.63 1.295 1.239 0.298 0.299 
1.198 1.202 125.27 123.53 1.74 1.490 1.483 0.298 0.303 
1.266 1.259 125.14 122.68 2.46 1.195 1.198 0.897 0.889 
1.338 1.342 126.63 124.48 2.15 1.290 1.295 0.897 0.890 
1.421 1.419 124.09 122.80 1.29 1.455 1.463 0.897 0.884 

"Mech., mechanically determined; Opt., optically 
determined. 

are known and independent of the optical frequency. 
Figure 2 shows a measured channeled spectrum inter­
ference signal s(f), the synchronized samplos s„, and 
the unwrapped local phases <l'„ for one layer of photo­
resist of thickness dr

 w 1.42 ^ m . Figure 3 shows 
experimental results obtained by fitting the theoreti­
cal phase function <l>(i>) in Eqs. (1)-(3) to the measured 
phase function ¢,,(*} with a Levenberg-Marquardt 
least-squares algorithm." This iterative method 
determines the maximum-likelihood estimate of pa­
rameters L and d,„ that minimizes the figure-of-merit 
function x2- defined by 

N 

X2 - I > " M - <!>(.<; L,d„,)f. (7) 
U - 1 

The results of the fit, fu?l, after deduction of the linear 
parts of <I>(e) in Eqs. (1) and (3), are compared with 
the measured phase values. To verify the method we 
measured the thicknesses d, or the photoresist and 
^SiO2 of the silica with a mechanical profilometer with 
vertical resolution of Uz = 5 nm. The corresponding 
theoretical phase function 'i'(i') was also calculated, 
and its nonlinear part is represented in Fig. 3 as 
fmtc- The differences between the measured values for 
the layer thicknesses were Ud, = 2 nm for one layer 
(photoresist) and Adr ~ 3 nm and iidsiO, = 8 nm for 
two layers (photoresist upon SiOa). 

More experimental results are listed in Table 1. 
A comparison of the optically and mechanically de­
termined thicknesses shows for most samples an 
agreement of better than 10 nm. The effect of the 
photoresist layer on the absolute distance measure­
ment is also shown in Table 1. We obtained the 
uncorrected value for the measured distance Lu c , ne­
glecting the effects of the multilayer system, by fitting 
the theoretical phase function in Eq. (1) with 5, = 0 to 

the measured phase values <i>„(i>) with a linear least-
squares algorithm. We obtained the corrected value 
for the measured distance Lc by fitting the theoretical 
phase function i|>(e) in Eqs. (1) and (3) to the measured 
phase function ¢,,(i') with the Levenberg-Marquardt 
least-squares algorithm, as described above. The 
difference AL = Luc - Lr between uncorrected and 
corrected values is of the order of 1-3 /im. In addi­
tion, the results in Table 1 indicate that the error AL 
does not increase either linearly or monotonically with 
layer thickness dr. This behavior can be explained 
by interference of the multiple reflections within the 
layer system. 

In conclusion, we have demonstrated that dispersive 
white-light interferometry can be used efficiently to 
measure in situ the effects of thin films on a target ob­
ject and to determine the correct mechanical distance 
to the top surface of the target. Experimental results 
for one and two layers (photoresist and S1O2 upon 
Si) show that the thicknesses of these layers can be 
determined with an accuracy of the order of 10 nm 
(assuming that the refractive indices are known). Ex­
tension of the method to more than two layers with 
unknown refractive indices seems possible. Introduc­
tion of a more general model of the phase contribution 
of the multilayer system1 ' could be used to measure 
multilayer structures with rough surfaces, interfaces, 
and finite substrates The method presented can be 
readily integrated into profilomcters and autofocusing 
systems based on white-light interferometry. 

This research was supported by the Commission 
pour l'Encouragement de Ia Recherche Scientifique. 
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Fig. 11. Expérimenta! investigation of the signal contrast I" for 
comb photodetuctor arrays with N " 3, 5, 7, 11, 25, und 41 fin­
gers <I,/A - 25, u/lf, = 0.25, A = 100^m). The analytically 
calculated values and the values obtained from numerical inte­
gration are shown as solid and dotted curves, respectively. 

a? a E2V)NIjUi2ZL sincsr>M). (32) 

An analytical approximation for the ratio V'2 is obtained 
by using the results in Eqs. (30) end (32), 

1 A 

- — sincV/A), (33) 4E2U1) 4 Nl 

where E(i,) + EIi2) = 2BUO ia used. Note that W and 
the ratio LjIfL in Eq. (33) are the approximate numbers of 
un correi a ted speckle cells in the x and y directions, re­
spectively, which are covered by the comb pho tod e tec tor 
arrays and contribute to the measurement. 

The signal contrast [" •= a{l[EUt) + EU2)] 
= o-,/2£(i|) is readily found from Eq. (33). Figure 
11 shows a plot of the signal contrast T versus the number 
of fingers N for A = 100 /im, ly = 2500 ^m, and w 
=̂ 25^m. The values 0,/2E(I]) obtained from the ex­

perimentally measured signals i and I1 (32,000 samples) 
arc shown as large solid dots for N = 3, 5, 7, 11, 25, and 
41 fingers. To prove the validity of the analytical ap­
proximation in Eq. (33), we have numerically calculated 
the ratio V2 according to Eqs. (29) and (31), using the 
power spectral density '.C1 in Eq. (9). The square root of 
the results (D is represented in Fig. 11 by the doited 
curve. Inspection of Fig. 11 shows that the simple ana­
lytical approximation in Eq. (33) can be used as a good es­
timation of the signal quality F2 and the signal contrast V 
for a given detector geometry. 

measured at arbitrarily low speed by zero-crossing detec­
tion of this signal. The direction of the movement can bs 
detected with the help of a quadrature signal, which is 
produced by a second pair of interlaced comb photodetoc-
tor arrays. First- and second-order statistical properties 
of the output signal have been investigated to determino 
the reliability and accuracy of the measurement. It 
turned out that the amplitude of the output signal is Ray-
leigh distributed, independent of the number and the 
length of the fingers of the comb photodetector arrays. 
However, the correlation length and phase accuracy of the 
signal are given by the number of fingers. Both the au­
tocorrelation of the signal and the distribution of the mea­
sured phase difference for a given displacement have 
been calculated. The potential accuracy of displacement 
measurements has been analyzed. The result shows that 
the measured distance systematically overestimates the 
displacement and that the accuracy increases with the 
number of fingers. In addition, the signal quality has 
been investigated with respect to the geometry of the 
comb photodetector arrays. The experimental measure­
ments are in good agreement with the theoretical results. 

APPENDIX A 
We start by introducing Eq. (13) into Eq. (14) and inte­
grating over the spatial coordinale vector x = (*,y), 
which leads to 

/(P) = J dVdVP(x')p*(x")[Â(p)expf-j2irpx') 

8 h '{-p)exp{->2jrpx")]. (Al) 

Evaluating the convolution in Eq. (Al) yields 

/(P) = J d2p'Â(P')Â*(p' - p)/(p) 

x J dVdVp(*')p*(x"> 

X cxp[-j2-!rp'(x' - x")]exp( -j2wpx"). 

(A2) 

Equation (A2) is then rewritten as 

Mp) = J dyÄ(p')Ä*(p' - P)Hp'. p). (A3) 

Interest is turned to H p ' , p) in Eq. (A3), which we ex­
press by the discrete sum 

5. CONCLUSIONS 
We have presented an optical method for noncontact de­
tection of in-plane movement of a diffusing object based 
on spatial filtering of laser speckle patterns. Two peri­
odic comb photodetector arrays connected differentially 
and matching of the speckle size with the period of the 
photodetector arrays produce a zero-offset, qu asi­
gi riuso id a I output signal. The movement can then be 

HP ' . P) = 2 exp[j'(ip„, - ipJ]ex])[-j2irp'(xB1 - x,,)] 

X exp(-j'27rpx,), (A4) 

where a t exp(jV*> ** = 1. 2. — K) are elementary phasor 
contributions from K different scattering regions of the 
diffusing object. Equation (A4) can be separated in two 
sums, which gives 
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Fig. 8. Histogram of the phase di (Toreri ce àó for dia placement 
Ar •= A/4 and A/2 or the output signal i, obtained from 32,000 
measured »amples for N - 6. The hest fitting probability den­
sity functions arc shown ee solid and dotted curves. 
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Fig. 10. Relative overage error of the output signal i versus the 
number of fingers W. 

Intion (actors fi and /i„, in Fig. 9 is Hue to spatial-
frequency noise in t he power spectral density of the 
measured ou tpu t signal i , as can be seen by comparing 
the power spectral densi t ies in Figs. 4(e) and 6. The his­
togram of the phrtsc difference A^ of t he output signal i 
for various displacements Ax were calculated from 32,000 
measured samples. The probability density function 
p d / Ï A ^ ) in Eq, (26) was then fitted to the histograms. 
The values of t he fit pa ramete r nSl a re indicated in Fig. 9 

by circles. Note the good agreement between the values 
/ini and the measured correlation factor fi„ . 

An ideally bandpass filtered signal whose spatial-
frequency band entends from p m j l l topntt has an average 
number of zeros per spatial coordinate unit given by16 

2 hr 
I n 3 - n3 \ , n 

1 Pm.. P mini 
3 Pm. . - P m i r / 

(27) 

If we introduce P 1 n , , = PQ + SpJl and P^n = p 0 - fyfl 
in Eq. (27), where pa = 1/A is the carrier spatial fre­
quency and Sp1 = 1/1, is the power equivalent width of 
the spectral bands [Fig. 4(c)], the average number of zero 
crossings n,c per spatial period A of the output signal i is 
related to the number of fingers N through 

(1/2N) 1 l " 2 / I \ 
1 + — 3 Â ( , + ^ ' (28) 

where I, = JVA is used. A plot of the relative average er­
rar n „ - A/2 - 1 ss 1/24/y2 versus N is shown in Fig. 10. 
The resul t is an important criterion for the accuracy of 
displacement measurements and shows that the mea­
sured distance d„, systematically overestimates the dis­
tance d by a factor of 1/24/v2. Again, the result is valid 
under the assumption tha t no signal fading occurs. The 
use of t he quadra tu re signal for direction-sensitive detec­
tion of the movement might eliminate this effect of the fi­
nite bandwidth of the spatial filter on the displacement 
measurement . A rigorous analysis remains to be done. 

4. S I G N A L Q U A L I T Y 

The signal quality is investigated with the help of the ra­
tio r 1 = 0MEd1) + EU7)]

7 of the variance a,1 of the 
output signal i , which is proportional to the useful rms 
signal power, to the squared sum of the expectations of 
the signals 1*1 and i2 of t he individual comb photodetcclor 
a r r ays [EU]) + EH1)]*, which is proportional to t he 
mean power responsible for the detection shot noise. 
E2Ui) can be calculated by means of the power spectral 
density Sf/] of the signal i, through 

E ' f i - / : / : d p ] d p r f ; , ( p , , P7)S(P1. p,). 

(29) 

If we introduce into Eq. (29) for 'J)1 the result of multi­
plying Eqs. (4) and (9), t he squared expectation of the sig­
nal I1 becomes 

E2U1) = E2H)(Nu)I,)3, (30) 

where p0 = 1/A and I1 = /VA are used. The variance of 
the output signal i is obtained from 

/ : / : âp,dp/.(}ip,,p,)[l - S(P11Py)I 

(31) 

For nn analytical evaluation of Eq. (31), the circular dia­
phragm with diameter D of the imaging lens L in Fig. 1 is 
replaced by a square diaphragm with side length D. I t 
can he shown (see Appendix C) t h a t Eq. (31) then becomes 
approximately 
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Fig. T. Histogram of the amplitude u or the output signal i, ob­
tained from 32,000 measured samples for N = 3,5, 11, and 25 
fingers. The best-fitting Rayleigh distributions arc shown as 
solid curves. 

C Second-Order Statistics of the Output Signal 
Important second-order statistical properties of the out­
put signal t in Eq. (12) are the autocorrelation Function 
and the probability density function of the phase differ­
ence Ad> for a displacement àx. The latter can be used to 
characterize the accuracy of the measurement and to cal­
culate the probability of an erroneous detection of re­
versed movement, when the quadrature signal i, is used 
to determine the direction of the movement. 

Ï. Autocorrelation Function of the Output Signal 
The autocorrelation function C,- of the output signal i can 
be calculated with the help of the Wien er- Kh in chin 
theorem,11 which relates the autocorrelation function C1 

to the power spectral density ',C1 through the Fourier 
transform C1ULX, AV) = FT'y{'S,iPl, py)\. With Eq. 
(11), the autocorrelation function in the x direction is 
found to be 

C1(Ux) = ^(Ar)coB{2n/JnA*>. (24) 

where 

,1(A1) = FT-^BmC1V1 p,)} 

{0 otherwise 

is the (normalized) correlation factor of the output signal 
i. The correlation length / ( of output signal i is defined 
by the condition HlI1) = 0. Using Bq. (25), this condition 
gives for the correlation length lc = I1. 

2. Probability Density Function of the Phase Difference 
The second-order joint probability density function of the 
phase of a speckle pattern intensity has been briefly dis­
cussed by Goodman.9 The Function can be adopted to de­
scribe the probability density function of the phase differ­
ence AaI for a displacement Ai of the output signal i. 
The result is 

+ ~ß+ V1I - ßA, (2S) 

where ß = fi, cos(Ad) — à$) and n is the correlation factor 
given by Eq. (25). For the probability density Function in 
Eq. (26) to be valid, the phase différence AcS must be in 
the interval Adì ± TI, where Atf = 2WA • Ai is the ex­
pected phase difference for a displacement A*. As the 
correlation factor it increases, the probability density 
function becomes more and more concentrated about A^, 
indicating that the output signal becomes more and more 
accurate. 

As an example, the probability P1 that the phase error 
of consecutive zero crossings for the displacement Ar 
= A/2 of the output signal i is smaller than f (* < ir) can 
be calculated by integrating Eq. (26) over the interval 
Arf> = Arf. î e, with the correlation factor M = 1 - 1/2N 
[Eq, (25)] and the expected phase difference A# = v. 
The result shows that the phase accuracy of the measure­
ment is determined by the number of fingers JV of the 
comb photodetector arrays. For example, the values of 
the probability that the phase difference Aai is within the 
error interval t = 0.1 • A* = 18° are P, <= 0.43, 0.55, 
0.71, 0.83. and 0.89 for Jv" = 3, 5, 11, 25, and 41 fingers, 
respectively. For an error interval ( = 0.2 • A^ = 36°, 
the values are P , = 0.69, 0.79, 0.89, 0.95, and 0.97, re­
spectively. When the quadrature signal i , is used to de­
termine the direction of the movement, the phase differ­
ence error of the output signa! i For the displacement 
Ai = A/4 must be smaller than|<| s TT/2 if erroneous de­
tection of reversed movement is to be avoided. Thus the 
reliability Rd of the detected direction can be calculated 
by integrating Eq. (26) over the interval A* = A# 
± TT/2, with the correlation factor /i = 1 - 1/4JV [Eq. 
(25)] and the expected phase difference A^ = TT/2. For 
N = 3,5, 11, 25. and 41 fingers, the values of the reliabil­
ity are Rd = 0.958, 0.975, 0.989, 0.995, and 0.997, respec­
tively. Note that the resulta of the above considerations 
are valid under the assumption that no signal fading oc­
curs. 

The second-order statistical properties of the output 
signal i was experimentally investigated. Figure 8 
shows the histogram of phase difference Adi for a displace­
ment Ax = A/4 and Ax = A/2, obtained from 32,000 mea­
sured samples Tor W = 5 fingers. The expected phase 
differences are Aoi = IT/2 and A ai = TT, respectively. The 
theoretical values of the correlation factor ft, obtained 
from Eq. (25), are ^(A/4) = 0.95 and iiifi/2) = 0.90. 
The best-fitting probability density functions pd[\ÙLif>) 
from Eq. (26) are also shown in Fig. 8. The values of the 
fit parameter are /ifit(Ax - A/4) = 0.94 and MB1(UI 
- A/2) = 0.82. The autocorrelation function C1- of the 
measured output signal i for N = 5 fingers is shown in 
Fig. 9 as solid curve. The correlation factor fx„ , which is 
the envelope function of C,-, is represented by the dotted 
curve. For comparison, the theoretical correlation factor 
fi from Eq. (25) is plotted as a dashed curve. The differ­
ence between the theoretical and the experimental corre-
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can be investigated. | / | and ç are the amplitude and the 
phase respectively of the complex Fourier transform I at 
spatial frequency coordinate p. j is the imaginary unit. 
Assuming that the complex amplitude of the speckle pat­
tern obeys circular Gaussian statistics,9'" it can be shown 
(see Appendix A) that for any spatial frequency p the am­
plitude j / | in Eq, (14) is Rayleigh distributed, namely, 

1/(P)I 
pdf(\np)\)= \ **rP) *1 2*!(p) 

o 

| / (PH' 
|/(P)I * o 

otherwise 
(15) 

and that the phase ip obeys the uniform distribution 

pdf{ç\ — - i r « f < i r (16) 
otherwise 

The parameter K of the Rayleigh distribution in Eq. (15) is 
a function of the spatial frequency p and depends on the 
autocorrelation function Cj1 of the Fourier transform A of 
the point-spread function h of the imaging system [Eq. 
(13)1 through *(p> - |C»(p)| • a, where 2a2 = E(I). 
Mean 17 and variance x2 of the amplitude |/| are then 
given by" 

n(v) = v^ß|C*(p) |0 , (17) 

/ ( P ) - ( 2 - W2)|C,i<p)|V. (18) 

2. Autocorrelation Function of the Fourier Transform of 
the Speckle Pattern Intensity 
The autocorrelation function C} of the Fourier transform 
1 of the speckle pattern intensity Ì is calculated through 

Cj(Ap) - E ( / ( p ) / * < p - ùp)]. (19) 

Again, assuming that the complex amplitude of the 
speckle pattern obeys circular Gaussian statistics, il can 
be shown (see Appendix B) that Eq. (19) becomes 

Cj(Ap) = Ci1(P)Cj1(O,? - p)<S(p)£(Ap - pi 

+ Ci^1(P)AAp). (20) 

The Dirac S functions in Eq. (20) show that different 
Bpatial-frequency components of the Fourier transform of 
the speckle pattern intensity ore uncorrected; i.e., 
Cj(Ap) " 0,VAp * 0. 

In conclusion, it is stated that the amplitude | / | of the 
complex Fourier transform I of speckle pattern intensity I 
is Rayleigh distributed and the phase <p is uniformly dis­
tributed, independent of the spatial frequency coordinate 
p. nnd that the Fourier transform components I for dif­
ferent p are uncorrelaled. To the best of our knowledge, 
this statement has not yet been published in the open lit­
erature. 

B. First-Order Statistics of the Outpul Signal: 
Probability Density Function of the Amplitude 
An important first-order statistical property of the output 
Bignnl 1 in Eq. (12) is the probability density function of 
Uic amplitude«. It can be used to calculate the probabil­
ity of signal fading, that is, the probability that the am­

plitude u is smaller than the minimum value Uj1n, for 
which zero-crossing can be reliably detected. The results 
in Eqs. (15) and (20) are used to determine the statistical 
properties of amplitude 11 end phase ¢ of the output sig­
nal 1", which can be expressed by the Fourier transform 

((*] = ^ " ( J ( P 1 ) S ( P 1 ) I . (21) 

H has been stated that the Fourier transform / of speckle 
pattern intensity / does not exist. Therefore, the output 
signal 1' cannot be calculated from Eq. (21). However, us­
ing Eqs. (5), (12), and (14), the Fourier transform in Eq. 
(21) can be written as 

udlcoB^w/ j , ) * + 4>[x)) 

= FT-1Ui(P1UeXp[Jv(P1)) 

* [S(P1 -Po) + %P, + Po)I ® s i n c i z i } , 

(22) 

where the terms (Ip0IxUi)'1, sinc^tup,), and 
/v

zsinc!(^pv) in Eq. (5) have been omitted for the sake of 
simplicity. We assume that the output signal r is a 
dis tribu tion-ergodic random process," which means that 
space and ensemble averages are equal and interchange­
able. Then, for the special case of an infinite width of the 
spatial filter s in the p, direction (sincff.pj) = S(pJ in 
Eq. (22)], Eq. (22) clearly reveals that amplitude u and 
phase 0 of the output signal 1 obey the same statistics as 
amplitude |/| and phase f of the Fourier transform / of 
the speckle pattern intensity I at spatial frequency p, 
= Po. i.e., the amplitude u is Rayleigh distributed, 
namely, 

pdfiu) = 2r ; 

0 

tj fc 0 

otherwise 
(23) 

Mean E(u) and variance cr„ of the amplitude u are re­
lated to the parameter T in Eq. (23) through E(u) 
= •fcrfi • J and o , ! = (2 - n/2) • A In the general 
case of a finite width of the spatial fitters in thep, direc­
tion (Unite spectral bandwidth Ap, in Eq. (5) and in Fig. 
4(a)], averaging of sums of uncorrelaled pairs of inverse 
Fourier transform components at spatial frequencies p, 
= P0 ± ftp, (Up, within the bandwidth Ap1) shows that 
the result in Eq. (23) is still valid. 

This result has been experimentally demonstrated. 
The histograms of amplitude u of outpul signal 1, ob­
tained from 32,000 measured samples for N - 3, 5, 11, 
nnd 25 fingers, are shown in Fig. 7. The best-fitting Ray­
leigh distributions, according to Eq, (23), are also shown 
in Fig. 7 by solid curves. The mean value E(u) of ampli­
tude u is proportional to JN and JTy, whereas the ratio 
Ci11 /E(u) of the standard deviation aa ID E(u) is invariant 
with respect to /V and lT. 

The Rayleigh distribution or amplitude u in Eq. (23) 
implies that signal fading cannot be excluded, because the 
probability for amplitudes smaller than any arbitrary low 
amplitude uKn never reaches zero [P(u < i/|im) * 0, 
Vulim]- These findings give significant criteria for the re­
liability of the measurement. 
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Fig. 5. Typical measured signals I1Ii) nod ijfi) in phase oppo­
sition for N = 5 fingeis. The lero-ofTset. quasi-sinusoidal out­
put signnI Hx) is calculated through i = I1 - I1. The ampli­
tude ufjt) is the envelope function of the output signal i'U). 
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us shown in Fig. 4(c) Tor py = 0. A typical zero-offset, 
quasi-sinusoidal output signal i, with the power spectral 
density described in Eq. ( H ) , is shown in Fig. 3 . The sig­
nal can be described by 

Hx) = uU)cos[2ffpot + $(x)], (12) 

where u(x) and rf>(x) a r e the statist ical amplitude and 
phase, respectively. 

F. Experi meni a I Investigation of Spatial Filtering 
The concept of spatial filtering of laser speckle pa t te rns 
for detection of movement was experimental ly investi­
gated with the help of the setup shown in Fig, 1. The 
light source was a Hc-Ne laser working a t \ = 633 nrn. 
The diffusing object was a Maratn plate (Spindlcr & 
Hoyer) mounted on a stepper motor with a l inear s tep in­
crement of A x i u p = 2.5 p.m. The imaging lens L had a 
focal length f = 50 mm. The aper ture was limited by a 
circular d iaphragm with diameter D = 1.267 mm. The 
distance between lens L and the image (object) plane was 

d,(da)= 100mm. The magnification factor of the imag­
ing system was m = d//d0 - 1. From Eq. (8), the aver­
age speckle size is Ax, = 63.6 pin, which gives a cut-off 
spatial frequency of p,„ = 0.02 p.m~' in Eq. (10). A lin­
ear photodiode array of 512 pixels with center-to-con ter 
spacing of &xc = 2 5 / t m was used to detect t he movement 
of the speckle pat tern. The pixel width and length were 
w = 2 5 / i m a n d / j = 2 . 5 m m , respectively. T h e s i g n a l i , 
was obtained by adding the measured intensit ies of Ar 

pixels on the photodiode ar ray , spaced by A = 100 p.m. (4 
pixels), to emula te a comb photodeteclor a r r ay with spa­
tial frequency pa = VA = 0.01 p m _ 1 . Addition of the 
intensi t ies of N pixels shifted by A/2 = 50 p.m (2 pixels) 
delivered the signal I2 in phase opposition with respect to 
I 1 . The differential output signal i was then obtained 
from i = i"i - i 2 . Typical measured signals I 1 , i 2 , and i 
versus displacement x a re shown in Fig. 5 for N = 5 fin­
gers . The amplitude u of the output signal i in Eq. (12) 
was calculated from u = [i2 + . Ä ' 2 ( i ) ] " ! , where .7S(i) is 
the Hilbert transform1 2 of i . The power spectral density 
'.f) of the signal i was obtained through '('i(pÄ ) 
= IFTJi(Z)JI2 , where FT{ • J s t a n d s for t he Fourier 
transform of (-). The result is shown in Fig. 6. The 
spectral bandwidUi &px = GIl1 is also indicated in Fig, 6 
for comparison with Fig. 4(a). 

3, STATISTICALPROPERTIESOFTHE 
OUTPUT SIGNAL 
The statist ical properties of ampl i tude u and phase if/ of 
ou tpu t signal i in Eq. (12) and Fig. 5 a r e investigated to 
characterize reliability and accuracy of the measurement . 
Firs t the probability density function and the autocorre­
lation function of the complex Fourier transform of the 
speckle pa t te rn intensity are determined. Then the sta­
tistical properties of t he Fourier transform of the filtered 
output signal i and of the signal itself are calculated. 

A. Stalistical Properties of the Fourier Transform of 
the Speckle Pattern Intensity 

1. Probability Density Function of the Fourier 
Transform of the Speckle Pattern Intensity 
The speckle pattern intensity / in the image plane in Fig. 
1 can be described by the two-dimensional convolution in­
tegral 

/(X) d 2 x 'd**>(x ' )p*(x*)A(x - x'Wix - x"), 

(13) 

where (i describes the roughness of t he diffusing object, h 
is the impulse response (point-spread function) of the im­
aging system. 9 a n d « ' , Jt" are spatial coordinate vectors in 
t he object p lane . ( - )* s t ands for t he complex conjugate 
of ( ) . In general , the Fourier t ransform of a random pro­
cess, as the speckle pat tern intensity I in Eq. (13), does 
not exist. Nevertheless, t he stat is t ical propert ies of the 
Fourier t ransform of the speckle pa t te rn intensity 

/ ( P ) = | / ( p ) | e x p [ j > ( p ) ) = I d V < x ) c x p ( - j 2 T r p x ) , 

Ü4) 
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e. *. (a) Transfer function \s(p,, O)I1 of the photodelector, 
hich is shown in Fig. 3, for the cose of w •= rt/4 and (, = 5rt. 
) Power a pect ral density :(,(p, , 0) oTthe speckle pattern inlcn-
Iy in the image pione in the cose of a tircular (solid curve) and 
square (dashed curve) lens aperture. The cut-off spatial fre-
iency p„ is l'élu ted to the speckle siie Ai, through pm 

4'wAi, (circular lens aperture), (c) Power spectral density 
,Ip, , 0) of the «ro-offsct, quosi-sinujoidnl output signal. 

(P, • Py IÎ = = Is1 - s2| 

= « P e i » 1 ] 2 R * ( P . - <2* + D P D ] 

x sineHtVp1) ® s i n c ^ / j p , ) 

x l*sm<?\l,py). <5) 

plot of the transfer function | s ( p , , 0 ) | ! is shown in Pig. 
a ) for w = A/1 nnd I1 = 5A. A second interlaced pair 
' differentially connected comb photo-detector a r rays * l 0 

sd 5¾,, shifted by Ax - A/4 with respect to s i and S1 

[Fig. 3), produces a signal i , in quadrature to the signal t. 
The signals i and i , then permit measurement of the 
movement and its direction without ambiguity and a t ar­
bitrarily low speed. 

C. Minimum Number of Fingers 
The width of the spatial filter in the p , direction is given 
by overall length I1 of the comb photodetector ar rays . A 
minimum number of fingers Wmin is required to avoid 
overlapping of adjacent spectral bonds in the transfer 
function \s\2 of Eq. (5). This condition can be writ ten as 

(2ft + D p 0 +• Ì A p , =s [2(ft + 1) + l ] p 0 - J U p 1 , 
(6) 

where u p , is the width of the spectral bonds [Fig. 4(a)]. 
If wc assume a bandwidth of Ap , = GfIx , neglecting the 
side lobes beyond Ap., , we cover 96.7% of the spectral 
content of the bands . If wc introduce p0 = 1/A ond 
I1 = WA in Eq. (6), the minimum number of fingers Nmin 

of t he individual comb photodetector arrays is then 

Wn 3. (7) 

D. Power Spectral Density of the Input Signal 
In the case of a circular lens aper ture with diameter D , 
the average speckle s ire àx, in the image plane is related 
to the parameters of the optical systems through 

4 W j 
(8) 

The power spectral density '.( / of the speckle pat ter 
tensity I has circular symmetry and is given by^ 

-(APLPJ = E1U) S i P l . p , ) + — j - j 
Pm W 

Ha-^VHaI 
(9) 

where p = ( p , a + p^)m and £ ( - ) is the statistical ex­
pectation o f f ) . p„, is the cut-off spatial frequency, which 
is related to the speckle size Az1 in Eq. (8) through 

D/kd, •= 4 / i rAi , . (10) 

A plot of the power spectral density '(Spx , 0) in Eq. (9) is 
shown in Fig. 41b). 

E. Power Spectral Density of the Output Signal 
By appropriate choice of the speckle size Ax, in Eq. (8) 
and the spatial period A of the comb photodetector arrays , 
all spectral bands except those centered at spatial fre­
quencies P 1 = i p 0 con be eliminated in the power spec­
tral density '¢,- of the output signal i. An appropriate 
choice is Ax, = 2A/TT, which gives p „ - 2 p a for the cut­
off spatial frequency in Eq. (10), as shown in Fig. 4(b). 
The power spectral density of the output signal i can then 
be writ ten as 
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Pig. I. Optical setup for detecLion or in-plane movement of a dif­
fusing abject with laser speckle patterns. 

Six) is a one-dimensional Dirac delta function, and 
reetlx/a) = 1 forpr/a| s 1/2, rero otherwise. The trans­
fer function of the comb photodetector array s, is then 

l»,(Px.P,)l2 = (Po-!^)2 

X s(Pi ~ kPo) simtyuip,) 

Ssinc ' f / .pJ 

X lthinc%py), (4) 

» K P , . P,> = WP* . P,)I*{P. • P,)\2. (2) 

where '.F1 is the power spectral density of the speckle pat­
tern intensity /; |sp is the squared modulus of the trans­
fer function (called transfer function in the following) of 
the spatial filter s; and p, and py are spati a I-frequency 
coordinates according to spatial coordinates x and y, re­
spectively. (') stands Tor the Fourier transform of (-). 
Thus the power spectral density of the output random 
process (output signal O is simply the product of the 
transfer function of the spatial filter (photodetector s ) and 
the power spectral density of the input random process 
(speckle pattern intensity I). 

A. One-Dimensional Deteclion of Movement 
Interest is turned to the detection of one-dimensional in-
plane movement, when the object is moving along the x 
axis. If the transfer function Ii]1 of the spatial filter in 
Eq. (2) has sharp peaks at spatial frequencies p , 
" i p o , the power spectral density S^ of output signal i 
also has sharp peaks at the same spatial frequencies. 
Output signal i versus displacement x is then zero-offset, 
quasi-sinusoidal with spatial period A = Vp $. Atypical 
output signal i versus displacement x is shown in Fig. 2. 
Movement at arbitrarily low speed can be measured by 
lero-crossing detection of this signal. 

B. Comb Array Detector for Spatial Filtering 
A phatodetector geometry for spatial filtering with sharp 
peaks at spatial frequencies p , «* ±p0 in the transfer 
function is shown in Fig. 3. The detector is composed of 
two interlaced comb photodetector arrays connected dif­
ferentially. Each array has N fingers of width to and 
length I7. The finger spacing is A, and the overall detec­
tor length is I, = A/A. The aperture functions J1 and $2 

of the comb photodetector arrays, which are shifted by 
Ux = A/2, can be written as 

s,(x,y) = | X W* ~ *A)®rect(.r/u>) 

x rectfx//,) X rect(y//r), k e 2 

Si(x, y) = s,(jt - A/2, y). (3) 

with pa = 1/A and sinc(x) = sind™Win). Differential 
connection of comb photodetector arrays s, and 5¾ elimi­
nates the spatial-frequency components, centered at p , 
= 2kp0, in the transfer function of the individual comb 
photodetector arrays in Eq. (4). The transfer function of 
the spatial filter can then be written as 

illL 
PH 

V 

taiiiiwM/il ui/v||f vvyy 
III! 
(Ill 

Dtipbceimi * 

Fig. 2. Typical lero-offset, quasi-sinusoidal output signal with 
spatial period A - Up0. 

Fig. 3. Possible photodetector geometry for spatial filtering with 
aharp peaks at spatial frequencies px « il/A in the transfer 
function. The photodetector is composed of two comb photode­
tector arrays J1 and s s connected differentially. Bach array has 
N fingers of width w and length I, . The overall detector length 
is I, - NA. A second ppirof comb photodetector arrays Si, and 
S21 can be interlaced to detect the direction of the movement. 
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Wc p res uni on uptical method far detection ofin-plnnc movement ofa diffusing object. The technique is based 
on spalinl filtering of lho loser speckle palLom, which is produced by illumination of the object with coherent 
light. TwO interlaced differential comb pholodcleclor arrays act as a periodic Ii H er to the s pu tin I-Frequency 
spectrum or the speckle pattern intensity. The detector produces a zero-onset, periodic output signal versus 
displacement that permits measurement of the movement at arbitrarily low speed. The direction of the move­
ment can be detected with the help or the quadrature signal, which is produced by a second pair of interlaced 
comb photod elector arrnys. When speckle size and period of the comb photodctector arrays arc matched, the 
output HÌGIIII versus displacement is quesi-sinusoidal with statistical amplitude and phnsc. First- nnd 
second-order statistics or the signal are investigated. First the probability density function nnd the autocor­
relation function of the complex Fourier transform of the speckle pattern intensity are determined. Then the 
statistical properties of the spectrum of the filtered signal and of the signal itself are calculated. It turns out 
that the amplitude of the signal is Royloigh distributed. Both the autocorrelation function of the signal and 
the probability density function of the measured phase difference for a given displacement are calculated. 
Thu potentini accuracy of displacement measurements is nnnlyiod, In nddilion, the signal quality is investi­
gated with respect to the geometri' of the detector. The theoretical results are experimentally verified. 
© 1998 Optical Society of America |S0740.3232(9S»280M] 
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. INTRODUCTION 

"he dynamic behavior of laser speckle pa t te rns , caused by 
i-planc motion of a diffusing object under illumination 
'ith coherent light, has been used in many applications 
) measure the displacement and velocity of moving ob-
icts. The relation between speckle pat tern variation 
nd object movement has been investigated in detail. '-2 

everol techniques foi' detection of movement with laser 
peck I e pa t te rns have been reported. The methods ore 
used on speckle pat tern correlation measurement , 3 first-
rdcr-stotistics men su re men I of speckle pa t t e rn intensity 
»nation.* zero-crossing measurement for the intensity 
uctualion of spatially integrated laser speckle pa t te rns , 5 

r spat ia l filtering of laser speckle pa t terns . 6 , 5 A laser 
jecklc pottern vclocimeter using a periodic differential 
doctor has been published by Ogiwara et a i , 8 

In this paper we present a method for detection of 
lovement (displacement) r a the r than velocity of the ob­
éi , based on spatial filtering of the laser speckle pottern. 
wo interlaced differential comb photod e tector a r rays 
[id optical matching between the speckle size and the 
imb detector period produce a zero-offset, quasi-
nusoidal ou tpu t signal versus displacement . The sta-
stical properties of ampl i tude and phase of the signal 
re investigated to characterize reliability and accuracy of 
ID measurement . The signal quality is characterized by 
io rat io between the rtns power of the ou tpu t signal and 
ie mean power detected by the individual comh photode-
e tor orrays. This ratio is investigated with respect to 
ic geometry of the detector. 

2 . S P A T I A L F I L T E R I N G 

The basic se tup for detection of in-plane movement, based 
on spatial filtering of laser speckle pa t te rns , is shown in 
Fig. 1. The collimated coherent light beam a t optical 
wavelength \ i l luminates t he diffusing object moving in a 
plane perpendicular to the opticnl axis. Lens L images 
the object in the image plane at distance dt. The aper­
tu re of the lens is limited by a diaphragm with d iameter 
D. A linearly polarized speckle pa t te rn is obtained with 
the help of polarizer P. The static and dynamic proper­
ties of the speckle pat tern in the image plane are well 
established.1 '2 , 0 , 1 0 The photodetector in t he image plane 
produces an output signal i (measured optical power). 
which can be described by the two-dimensional convolu­
tion integral 

i ( x . j r ) = J J d{ÓV({, ? > • ( £ - * . 9 - J O 

= f ( r . y ) ® s ( i - , y l , (D 

where Hx, y) is the speckle pat tern intensity in t he im­
age plane, six, y) is the aper ture function of the photode­
tector, and tx, y) and (f, ç) are spatial coordinates in the 
detection plane. The convolution integral in Eq. (1) re­
veals t ha t the photodetector performs a linear (spatial) 
filtering of the speckle pat tern intensity 1. Linear filter­
ing of a random process—the speckle pa t te rn i n t e n s i t y -
can best be investigated with the concept of power spec­
tral dens i ty . " The power spectral density X/ of output 
signal I in Eq, (11 can be writ ten as 

0740-32:12/38/(110207-1(111(1.00 ©1998 Optical Society of Americn 
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T i p ' , P) = S D n 2 exp( - j27rpx„} 

+ S o™o«exp[;(<Pi„ - <Pn>] 

X ejcp[-j2Trp'(x,„ - x j ] 

x cxp(-,/'2upxJ (A5a) 

= Ka2S{p) + " ( P ' , P) . <A5b) 

We as sume t h a t the pure phase contributions 
exp[- j '2jrp ' (x,„ - Xn)] and exp(- j27rpx„) in Eq. (A5a) do 
not change the statistical properties of the random vari­
able a = | ß | • expOVo' ' " Eq. (A5b). Invoking the cen­
tral limit theorem 1 6 shows t h a t t he random variable | a | 2 

obeys a negative exponential distr ibution, which is 

pdftH*) = exp - 2v' 
W 2 * 0 

otherwise 
<A6) 

and tha t the phase ^ n obeys a uniform distribution. 
Equat ions (A3) and (A5b) reveal that t he Fourier t rans­
form I of the speckle pa t te rn intensity I depends linearly 
on the random variable a. Therefore t he squared modu­
lus | / | 2 and the phase ip ai I still obey negative exponen­
tial and uniform statist ica, respectively.17 A change of 
variable finally shows tha t ampl i tude | / | and phase <p in 
Eq. (14) obey Rayteigh and uniform distributions, leading 
to the resul ts in Eqs. (15) and 116). 

APPENDIX B 
With introduction or Eq. (A2), Eq. (19) becomes 

2„ -AK'AK" Cj(Ap) = Ei d V d V d 2 * 

x fc(p')A*(p' - p )p(x ' )p*(x") 

x exp[- . r277p'(x ' - x")] 

x exp(-]2vpx' ~)j dV d V d V 

x A*(p")A(p" - p + Ap)p*(x"')plx"') 

x exp[j2TTp"{x"' - x" ']] 

x exp [ j2 t r (p - dp)x""] (Hl) 

Changing the order of spatial averaging and integration 
in Eq. (Bl) gives 

Cj(Ap) = I d"p'dVdVdVdVd". 

x W(p, p ' , p " , A p ) E ( p ( x > * ( x " ) 

x p*(jt"1)p(x- ,)]exp(-y^>, (B2) 

HIp, p ' , p" , Ap) = A<p')A*<p' - p) / i*(p") 

X Â(p" - p + Ap) (B3) 

and the phase term in Eq. (B2) is 

* = 27r[px" + p ' ( x ' - x") - (p - Ap)x"" 

- p- lx '" - x ' " ) ] . (B4) 

Assuming tha t the e lementary phasor contributions 
Qj exp^Vt) of the diffusing object a r e statistically inde­
pendent of each other, the spatial averaging in Eq, (B2) 
reduces to1 8 '1 9 

Ä W i ' i p ^ x - i ^ d ' j p d " ) ] 

= S(x' - x")S{x" - x"') + ,5(*' - x"")J(x" - x""). 
(B5) 

Introducing Eq. (B5) into Eq. (B2) yields 

Cj(Ap) = J dydydVdV"fl<p, p', p", Ap) 

X expl-j^irpx'Jexpfj^irfp - ApIx'"] 

+ J dVdV'd^'dV'fffp. p', p", Ap) 

x exp ( - j 2wApx" ) 

x e x p [ - j 2 x ( p ' - p" ) (x ' - x")] . (B6) 

Integrating Eq. (B6) over the spatial coordinates {x ' , y ' ), 
l*"i y") , and (*"', y'") yields 

Cj(Ap) = I d V ' d * p " Â ( p , p ' , p" , Ap)<S(p)^Ap - p ) 

+ J dVdV'Wfp, p', p", Ap)A(Ap) 

x ,S(p' - p") . (B7) 

Finally, introducing Eq. (B3> and integrat ing Eq. (B7) 
over the spatial frequency coordinates (.px',p/) and 
W , PP leads to the result in Eq. (20). 

A P P E N D I X C 

For a square lens diaphragm with side length D, t he 
power spectral density '.(, of t he speckle pa t te rn intensity 
I has Cartes ian symmetry and is given in t h e p I ( J ) direc­
tion by9 

1 P-i/i 

where 

(C l ) 

where Tixla) = 1 - \xla\ for \xla\ « 1, zero otherwise, 
and EHl) = E2U1)E

1Oy). A plot of V,(p,, 0) is shown 
in Fig. 4(b) as a dotted curve. Separat ion of spatial-
frequency coordinates p, and py in Eq, (29) then leads to 

x J dpy%HPy)[l - SiPy)I (C2) 
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Willi Eq. ( U l , the fi ret integration un the right-hand side 
of Eq. (C2) is approximately 

uj * 2:C\(pa)Spx 

s 2!^tP0)12/J0Z1IW2 s i i i c W o / - f . (C3) 

where the approximation s i n c ^ p . , ) s FeCt(Z1P1) was 
made in Eq. (11) and Sp1 = \H, is the integration band­
width |see Fig. 4(c)|. When Eq. (C l ) is introduced into 
Eq, (C3), one obtains 

t7„a s 2E1HJNw2 s i n c V / A ) , <C4) 

where pw l = 2p» , p0 = 1/A, and Z, = NA a re used. The 
second integration on th t right-band Bide of Eq. (C2) can 
be est imated by 

a,r* a . ' ^ (0 | [1 - S\p,))Sp, 

s -E2Uy)I1*. <C5) 

where the approximation s i n c ^ ^ p ^ ) s recH^p, . ) was 
made in Eq. ( I l l , Spy = \Hy is the integration bandwidth, 
andp ,„ = 2po = 2/A. Finally, introducing Eqs. (C4) and 
(C5) into Eq. <C2) leads to the result in Eq. (30). 
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