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1 Provided you are not currently within eyesight of this landmark. And can trust your eyes. And 
neglect the possibility that thieves replaced it with a convincing duplicate. And… 
2 Although, lacking a concept of intestinal bacteria and with more pressing matters on their 
minds, one may forgive the afflicted for their failure to appreciate the difference. 



3 Uta-Napishti is the original version of what would later become Noah in the Abrahamic 
religions, escaping death due to quarrelling gods, and eventually achieving immortality due to 
what amounts to a contractual loophole. It’s a great story. 
4 It seems the Babylonian poet favored symbolism over seaworthiness (Maul, 2015). 







5 For the example in Figure 1-1, we would have a two-dimensional parameters space: the first 
dimension for the possible suspects, the second dimension corresponds to the possible weapons. 
6 The top-right coordinate in the parameter space of Figure 1-1, for example, has the coordinates 
‘Reverend McMurder’ and ‘Knife’. 







7 The support of a function is the subset of its possible input which does not map to zero. For the 
special case of probability density functions, this means the set of all possible hypotheses: those 
with nonzero probability density. 



8 Convex support means that all points on a straight line between any two points within the 
support set are also supported. Cubes, spheres, pyramids, and similar shapes are all examples of 
geometric shapes which would constitute a convex support. A donut, or any other shape with 
holes or a non-convex hull, would not have convex support. 







9 Somewhat unsurprising, since the samples in the urn were originally drawn from the dice. 





10 Borrowing from before: if grid parameters can be thought of as a TV screen, our field 
generator could be thought of as a puppet theatre. Assuming we want scenes with a policeman 
and a crocodile, both the TV screen and the puppet theatre could theoretically create them. 
However, if we would randomly shake the system (assuming shaking a TV would randomly 
re-arrange its pixels), only the puppet theatre would consistently create scenes with a crocodile 
and a policeman. If we would subsequently like to convert these random scenes to a TV screen 
(grid parameterization), we could just use a camera (field generator) to film the puppet theatre 
(hyperparameterization). 









11 Think navigation system rather than treasure map: The former homes you in on the target, 
whereas the latter requires you to follow its steps exactly. 





12 This chapter has been published in Water Resources Research: Ramgraber, M., Albert, C., & 
Schirmer, M. (2019). Data Assimilation and Online Parameter Optimization in Groundwater 
Modeling Using Nested Particle Filters. Water Resources Research. 
https://doi.org/10.1029/2018WR024408. 





































































































13 This chapter has been published in Water Resources Research: Ramgraber, M., Camporese, 
M., Renard, P., Salandin, P., & Schirmer, M. (2020). Quasi-online groundwater model 
optimization under constraints of geological consistency based on iterative importance 
sampling. Water Resources Research. https://doi.org/10.1029/2019wr026777. 

























































































































14 In case of directional bias of the particle (and consequently deviation vector ) arrangement, 
this bias will likely propagate to the Jacobian estimate. 





15 For further intuition, imagine an automatic car driving along the bottom of a winding valley. 
We would like to prescribe rules which speed up the voyage while guaranteeing a minimum of 
safety. One rule we might ascribe could be that whenever the car finds itself on a straight road, 
it should accelerate. Conversely, if the car approaches a curve, it should slow down. This is what 
the first term does. If the road further dips downward and would thus accelerate due to the slope, 
we should reduce the acceleration accordingly (or even break) to maintain a controllable 
velocity. This is what the second term does. 
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16 Then emcee samples are composed of 100 walkers making 445 jumps each, burn-in removed. 
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17 Recall the geometric interpretation of the inner product: An inner product between two vectors 
is (i) maximized if both vectors are collinear and pointing in the same direction, (ii) minimized 
if both vectors are collinear and pointing in opposite directions, and (iii) zero if both vectors are 
orthogonal. 























18 Positively spatially and/or temporally correlated errors assume that if one prediction deviates 
in a certain way from the observations – for example by under-prediction – other nearby 
predictions (in space or time) will display similar deviations. As a practical example: if a 
groundwater model over-predicts the water table in a well at a certain time by 2 m, chances are 
high that the next prediction 15 minutes later will display a similar error. A temporally correlated 
error would reflect this. 



19  As opposed to classic particle filters, or equivalently asexual reproduction, beneficial 
mutations no longer have to occur within a single lineage. Beneficial mutations of multiple 
individuals can be explored in parallel, and combined into a new individual, shortening the 
evolution process. Without information exchange between the particles, we are restricted to 
single lineages. 
20  An example of a justified error: explicit forecast noise corrupts knowledge of transient 
variables during forecast and constitute a form of variance inflation. In this case, this is desired, 
as it reflects the imperfection of the numerical model as a vehicle for the transformation of 
information: in time, the noise may override the model predictions, blurring the forecast into an 
ambiguous fog. A time-invariable piece of knowledge, however, such as the identity of the 
culprit in the murder case, should neither change nor corrupt with time. 





21 A parallel could be drawn to computer screens: To visualize variations of an image of – say – 
an apple, only a single parameter (say, its location on the screen) might suffice. If we want to 
represent arbitrary images, however, we require additional parameters, and eventually it makes 



more sense to represent the image as pixels. While each single image we visualize will never 
require the full pixel resolution, the full dimensionality is nonetheless required for the versatility. 
22  A-priori simplification may not always be possible, since the nature of this correlation 
structure is often non-trivial, particularly in pursuit of geological realism (see Chapter 3). 
23  Jacobians are essentially model diagnostic matrices: they contain detailed predictive 
information about how the model’s output will respond to changes to its parameters. Needless 
to say, this information is extremely useful if you want to optimize a model’s parameters to 
achieve a desired output. 
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Symbol Type Meaning 
  

vector state predictions 
vector parameters (Section 1, Section 2); grid parameters (Section 3 onwards) 
vector state observations (observed or simulated) 
vector hyperparameters 
vector raw forcing data 
vector transformed forcings 
function probability density function (pdf) 
function particle approximation of probability density function 
function Dirac delta measure 
matrix observation extraction matrix 
vector mean 
matrix covariance matrix 
scalar number of particles 
scalar particle index 
scalar resampled particle index 
scalar unnormalized particle weight 
scalar normalized particle weight 
scalar likelihood increment 
scalar total likelihood 
scalar number of model cells 
function uniform probability density function 
function Gaussian probability density function 
function stochastic universal resampling 
function field generator 
function forcing model 
function inverse distance weighting 
function numerical model 
vector hydraulic conductivity 
vector internal variability of hydraulic conductivity 
vector specific yield 
vector forcing spline control points 
scalar recharge delay 
scalar lumped model error standard deviation 
































