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Abstract

Digital allpass networks and Wave Digital Filters (WDFs) carres-
pond to important and robust filter categories that can be flexibly
adapted to satisfy general purpose or specific requirements in a large
range of signal processing domains, inclnding telecommunications,
consumer electronics, multimedia, bio-medical applications, instru-
mentation, microsystems design, and many mare,

In this report, complex and real allpass netwarks and Wave Digital
Filters are studied, emphasizing lattice-type structures for the latter,
which are camposed of twa parallel-connected allpass functions.

The purpose of this study is multi-fold, and comprises theoretical as
well as practical aspects. Hence, regarding complex and real allpass
functions, a systematic study of stability-related properties is per-
formed, resulting in the generalization of a knewn stability condition,
and further in several new stability conditions. Additionally, the
basic features of half-hand symmetric allpass filters are identified.

Moreover, an extended review of complex and real WDFs is pre-
sented, leading to several interesting results, including the provision
of synaptic design tables for real lattice-type WDF's.

Specific WDF configurations are then discussed in detail, encompass-
ing bireciprocal (i.e. half-band} WDFs, which are demonstrated to be
essentially real, warped bireciprocal WDFs, varions Digital Hilbert
Transformers, and several filter approximation methods.

Finally, a series of examples is provided along the report, allowing in
mast cases to reproduce the results so as to verify the described
features, or to perform comparisons.



Résumé

Les réseaux numériques passe-tout et les filtres numériques d’onde
(WDFs) correspondent a d'impertantes catégories de filires robustes,
que l'on peut aisément adaptar pour résondre des probleémes géné-
raux on spécifiques de traitement du signal dans les télécommunica-
tions, ou dans I'électronique grand-public, les multimédias, les appli-
cations bio-médicales, I'instrumentation, les microgystémes, etc..

Ce rapport considére Fétude de filtres passe-tout et de WDFs
complexes et réels, en privilégiant pour ces derniers les structures en
treillis constituées de deux passe-tont branchés en paralléle.

L'objectif de cette étude est multiple et comprend des aspects théori-
ques et pratignes. Considérant les passe-tout complexes et réels, une
étude systématique des conditions de stabilité est effectuée, résul-
tant en la généralisation d'une condition de stabilité connue, ainsi
qu'en plusieurs nouvelles conditions de stabilité. De plus, les proprié-
tés élémentaires de filtres passe-tont demi-bande sont établies.

En outre, le passage en revue approfondi des WDFs complexes et
réels conduit & plusieurs résultats intéressants, dont I'établissement
d'un tablean synoptique pour la conception de WDF's réels en treillis.

Plusieurs configurations de WDFs sont ensnite discutées en détail,
comprenant les WDFs demi-bande, qui s’avérent étre essentiellement
réels, les WDFs demi-bande modifiés, divers transformateurs de
Hilbert numériques, ainsi que quelques méthedes d’approximation.

Enfin, une suite d’exemples est fournie tout le long du rapport,
permettant dans la plupart des cas de reproduire les résultats afin de
vérifier les propriétés décrites, ou d'effectner des comparaisons.
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Chapter 1

Introduction

1.1 Motivation and objectives

Lossless Infinite Impulse Response (IIR) digital filters, either derived
from related analog reference networks, or directly designed in the
digital domain, deserve a particular interest because of the nume-
rous remarkable advantages they are offering, such as low sensitivity
to filter coefficients, low round-off noise, and stability under finite-
precision arithmetic conditions, more details on these issnes being
provided in the course of the report.

Essential representatives of lossless IIR digital filters are allpass
filters, and the whole class of Wave Digital Filters (WDFs) [Fett71,
Fett86], from which generic filters, but alse a plenty of application
specific filters, can be designed.

Wave Digital Filters are obtained following a refined methodology
censisting in designing an analog lossless reference two-port suiting
to the considered application. Expressing the input/output signals in
terms of “wave” quantities — actually a linear combination of voltage
and current quantities of the analog reference fiiter — in order to
avoid delay-free loops in the digital domain, the lossless reference
two-port is then mapped onto a digital network termed “Wave Digital
Filter” using the bilinear transform [Fett71, Fett86)]. Interestingly,
since the lossless reference two-port is by essence featuring two
complementary input/output signal pairs, WDFs provide a natural
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means to realize branching filters, among other attractive filter
configurations.

Moreover, the WDF design methodology is observed to inherently
embrace both analog and digital filtering domains, including lumped
and commensurate distributed time-continuous analeg filters, analog
time-discrete filters, and of course also digital filters. A natural Jink
is thus established to the large palette of filter desigu methods
elaborated in the frame of each of these domains, inclnding special
filter configurations, filter design charts, design tools, and approxi-
mation techniques, which fosters the valorization / reuse of the
substantial accumulated amonnt of knowledge, and reduces design
efforts of filter designers,

Simultaneounsly, the connection between filtering domains stimulates
the elaboration of new filtering solutions, either at theoretical or at
practical levels. For the latter, one notices that attractive mixed
analog-digital network configurations can be established, especially
in relation with the design of special purpose analog-to-digital and/or
digital-te-analog couverters complying with particular constraints
(low power consumption, limited overall complexity, avoidance of
bulky or costly discrete analog components).

An important category of filtering functions is given by lattice-type
reciprocal functions, which are shown {o rely at conceptual level, but
also at implementation level if selected so, on allpass networks,

Although the majority of filtering algorithms are focusing ou the
process of real signals, there are motivations to handle complex
gignals as well, either locally in sub-units, or at larger scale
according ta the application, Examples are given by analytic signal
processing, or phase/group delay equalization for telecommunica-
tions, ameng others.

The main subject of this report concerns the study of allpass and

lattice-type reciprocal WDF networks of both complex and real
nature, following several objectives.

The first objective aims at studying the fundamentals of complex/real
allpass networks and WDFs, recalling of course known properties,
and elaborating complementary ones, taking in particular care of
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identifying and grouping important data that are useful for applied
filter design.

Based on tbe former work, the second purpose of the report is to
study particular filters subclasses, namely (multirate) half-band
WDF's, and Digital Hilbert Transformers.

The third objective concerns the discussion of selected filter approxi-
mation methods, two of them being related to the design of prototype
lowpass responses, whereas the last handled approximation techni-
que deals with the so-called “eigenfilter” approach.

Finally, numerous examples are provided along tbe report to illnstra-
te concepts and results.

1.2 Outline

The two first chapters are providing the fundamentals serving as
support for the remaining chapters.

Chapter 2 discusses the elementary charecteristics of allpass net-
works, In addition, separating the phase response of complex allpass
functions into their even and odd constituent parts, a series of
properties is derived regarding the design of purely even phase res-
ponse allpasses, stability conditions, and further issues. Finally, as a
preparatory step for the later study of bireciprocal WDFs, the char-
acteristics of half-band symmetric allpass networks are established.

Chapter 3 is tben systematically reviewing the field of real and com-
plex Wave Digital Filter design, motivating the reason of recoursing
to complex filtering, whereas the design of lattice-type reciprocal
filters is thoronghly discussed. Also, design parameters are grouped
into tables to render practical designs easier,

Chapter 4 covers the field of bireciprocal Wave Digital Filter design,
discussing first the intrinsinc real nature of such networks, whereas
corresponding implementation structures are next considered,

noticing that two realizations are possible for antimetric-type
bireciprocal WDFs,

Cbapter 5 covers then the issne of approximating prototype anti-
metric filters, proposing an exteusion to the known design frame-
work provided in {Gazs85a). Moreover, the approximation of warped
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birecipracal filters is also discussed, with implementation into the
same framework,

Chapter 6 considers the realization of Digital Hilbert Transforms
playing an important role for the process of analytic signals. A se-
lected set of causal filter implementations are discussed, identifying
in particular a WDF configuration suitable for almost linear phase
response with midband symmetry, and symmetrie group delay.

Chapter 7 focuses on a so-called “eigenfilter” allpass approximation
technique, the purpese being to find out what is the internal
symmetry of a specific matrix used in the core part of the eigenfilter
method, in order to lower the computational load.

Final considerations are then drawn in Chapter 8.

1.3 Main contributions

The main contributions elaborated in this work are the following.

Chapter 2: in relatienship to the study of allpass networks, several
new stability assessment criteria are proposed, either based on the
measure of the spanned phase range, or relying on the observation of
the even and odd phase response components. Additionally, basic
properties of complex half-band symmetric allpass functions are also
provided.

Chapter 3: systematic review of complex and real WDFs, with
proposition of specific contributions.

Chapter 4: a first contribution is given by recognizing that lattice-
type reciprocal half-band WDFs featuring a so-called bireciprocal
characteristic function are essentially real in nature. A second contri-
bution concerns the implementation of real antimetric bireciprocal
WDFs (and degenerate complex filters derived thereof), where two
alternative structures are identified and commented.

Chapter 5: two design methods are proposed for integration into the
design framework described in [Gazs85a], the first one concerning
antimetric WDFs, whereas the second is covering the case of so-
called “warped” bireciprocal WDFs, with provision of their funda-
mental equation, also applicable to non-prototype lowpass filter
responses.
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Chapter 6: systematic discussion of the design of Digital Hilbert
Transformers,

Chapter 7: in the scope of the particular eigenfilter allpass appro-
ximation method: analysis of the internal symmetries featured by a
gpecific matrix used in the core part of the eigenfilter method.

Appendix: general organization of the collected data and formulas.

A detailed list of contributions is provided and commented in the
conclusion of each cbapter.

Recommendation

It is advised to read the Appendix, introducing the terminology and
mathematical background used, prior to reading the remaining part
of the report.



Chapter 2

Elementary Properties of Allpass
Networks

2.1 Introduction

Complex or real allpass functions are fundamental filtering networks
featuring many interesting properties [Bele68, Schii94, Vaid93). In
addition to their obvious use for phase and group delay equalization,
and for designing finite bandwidth fractional delays [Laak96],
allpass functions appear in many other contexts, where their loss-
lessness, their snitability to be canonically implemented in varions
structures, their intervention as elementary building block for the
realization of lattice-type reciprocal filter functions, inclnding the
design of multirate filterbanks [Renf87a, Renf37b], are appreciated.

Furthermore, considering the close link between the phase/group
delay responses of allpass networks and their pole configuration,
allpasses are offering complementary stability tests, nsed to assess
their own stability, but with obvions extension to polynomials and
rational functions.

Allpass networks are therefore regularly applied, either in circuit
theoretic prablems as a formal support to study filter functions and
related properties, or in the domain of filter approximation (polyno-
mial phase interpolation [Henk81a), phase/gronp delay equalization,
e.g. [Decz72, Decz73, Decz74, Dedi9, Lang92, Lang93], amplitude-
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only approximation, e.g. [Lang93, Tarr95), mixed amplitude/phase
approximation, e.g. [Leeb92, F61d911 ), including allpass-based filter
transformations [Cons70, Giill86, Iwak91], or in applications.

This chapter aims at discussing several basic properties featured by
allpass networks, along the following organization. First, several
definitions are recalled in Section 2.2, before handling in Section 2.3
the even/odd phase constituents of complex allpass filters, which will
in particular serve to establish the explicit form of even pbased
allpass networks in Section 2.4, Stability related properties are next
covered in detail in Section 2.5, whereas Section 2.6 is devoted to
analyzing half-band symmetric allpass filters, which play an impor-
tant role in (multirate) applications. Finally, Section 2.7 recalling
very shortly that the identified allpass properties determined in the
z-domain bave their counterpart in the y -domain and vice-versa, the
cohclugions are sketched in Section 2.8.

2.2 Frequency response of complex allpass
functions

2.2.1 Transfer function of complex allpass networks

1t is recalled that a discrete-time function A(z) is said to be allpass
if [Vaid93] :

| 4(<"?)

i.e. when the magnitnde response is constant over the complete
frequency domain. A(z) is further designated as a urit-magnitude
allpass for ¢ = 1, in which case the frequency response can be written
as:

=¢, ¢>0, withce®, for all 2, 2.1

A(ejg )=e_j‘85(m, 2.2)

where B4 (£2) is the phase response. In the realm of this report,
allpass networks are always assumed to be of unit-magnitnde type.
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Transfer function
The transfer functioi of an Nth-order rational discrete-time allpass
function is specified by [Vaid93] :

- N N *
A(Z)=ZN'D(Z)=Z 'Ev=0 dv'z v (2'33}
D(Z) 23;0 dv'zv

with dy #0. (2.3b)

A(z) can be reformulated as follows to achieve a canonic expression
with respect to the number of free parameters (i.e. real and imagi-
nary parts of the filter coefficiente) :

N .B2)
A=2-22 _
(z) 0 (2.4a)
with  P(@=Xypv 2", p=dy/dy, py=1, 2.4b)
and A=dy fdy=e®;  0=Ag{A}=-2.Arg{dy}. (24cd)

P(z) is thus specified as a monic polynomizl 1. The transfer function
A(z) can also be rewritten in product form, cf (A.78a) :

N .,
A=A [M] ) (2.5)

v=i| 27 lov

where z.y, v =1,....N, correspond to the poles of the allpass function,
including those located at the origin,

Poles and zeros configurations

As can be observed from equation (2.5), the poles and zeros of an
allpass function occur in reciprocal conjugate pairs, each pole z.,,
being accompanied by a zero located at 1/z.,. This distribution
includes the case where z,, =0, the corresponding zero becoming
infinite. Clearly, the poles of stable and causal allpass functions are
all confined to the open unit circle; accordingly, the zeros are exclu-
sively situated outside the unit-circle, cf Figure 2.1, Accordingly, all-

1 A polynomial is said to be monic when its leading coefficient, associated to the
highest power of the independent variable, is equal to +1 {Bele6B, p. 406].
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pass functions are by essence featuring a maximum phase response,
of Snbsection A.8.1,

Im(z) 4 Im{z) 4

0/\ )
x x
1';Fie(z)
K/
o

Figure 2.1: Distribution of poles and zeros of stable and non-patbologi-
cal 2 allpass functions :a) complex case; b) real case.

a}

Allpass | Symmetry of |Parity List of real and Nb of
type phase response | of N independent parameters canonic
parms
Real i Odd symmetry | Any | ppg,..., PR(N-1); Piv =0,¥¥; N+1
(e"geztgs?b'e with either A =1,0r0 =0, £ 1.
Coﬂnplex Even symmetry | Even [ ppg,..., P.;Q(NIZ—I); Pio vaf(NfZ—D; N+1
with even N
BL(2) together with €.
A ( Refer to Section 2.4 for details )
General | Nosymmetwy | Any | ppy s PR{N=1)-PIO s PI(N-1)3 2N +1
complex

together with €.

Table 2.1: Canonic number of real parameters requested to fully
specify an allpass funetion,

2.2.2 Canonic number of parameters

Equations (2.4a) and (2.5) show that an Nth-order complex allpass is
fully characterized by (2N +1) real and independent parameters,
namely :

- the real and imaginary components of the filter coefficients
PO s PN -1, together with 0

2 Cf Subsection 2.2.6.
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or any linear combination thereof, including the corresponding poles
Zoo] v Zeopy - Clearly; the number of free parameters drops down to
(N +1) for real allpass networks, with p, e R, Vve[0,1,..,N-1], and
A=1%1 or =0, 7, A summary is provided in Table 2.1, including the
case of complex allpass networks featuring an even phase responee,
that will be covered in detail in Section 2.4,

2.2.3 Phase response
Based on (2.4a), the phase response of A(z), is defined as:

Ba(ty=-argl Ale#? Y= -l6 + NQ+28p (D)), 2.6)

where Bp(£2) corresponds to the phase response of polynomial
P(z). Decomposing the coefficients p, in (2.4b) into their real and
imaginary constituents :

Pv=DPRv+J Plv: 2.7
B p (£2) can in turn be specified as :

Bp () _ arctan{ 21{}’:0 PRy -Sin(v{2}+ py, -cos(vL2)
P = -

N - (2.8)
2y=0 PRy COoS(VQ)~ pjy -sin(vi2)

With PN =1, ie. PRN =1, PIN =0.

Except for a possible phase shift of 8 =+x, real allpass functions are
clearly featuring an odd phase response with py, =0,¥ve{0,1,..,N1.

Unwrapped phase response

According to Snbsection A.5.2, phase responses are considered either
using their Principal Value B,py(£2), or their unwrapped form
B4 (2), where both expressions are connected by the pbase unwrap-
ping factor k4 (£2), cf (A.69). In this report, nnwrapped phase res-
ponses are evaluated with respect to the reference point ;

Ba(2=0)=PB,py (2=0)=-{0+28p (2=0)], (2.9a)
with  Bp(Q=0)=-arctan (T o prv /oy Py ) - (2.9b)

thus implying &4 (2=0)=0.
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Example

An example of a 3rd-order complex and stable allpass is presented in
Figure 2.2 and Table 2.2, inclnding the corresponding phase response
in Principal Valned and unwrapped form, the related phase unwrap-
ping factor k4 (), group delay T4 (£), and poles configuration.

"B 2
& £ ry
% 0 8 o Im(z)
P < X
QlEs 0 65 AIE 6 65
8) Qin 3} Qin x 1.
: 2 » Re(z)

o/

e)

ka (€D
Ta (52

4 05 0 05 1 5 o o5 1
b} Qin dj - Qi

Figure 2.2: Characteristics of a 3rd-order complex allpass:
a) PV of the phase response; ¢) Unwrapped phase responss;
b) Phase unwrapping factor; d) Group delay;

o) Poles configuration.
L v 8/z, Re{z,, } m{z., }
fix — 0 —_—
Ty 1 - 0.20068185138151 —0.60886993992255
2 —0.15354945297270 0.87488389993960
3 - 0.26422833019066 0.22649405639718

Table 2.2: Parameters specifying the allpass llustrated in Figure 2.2.

2.2.4 Group delay

The group delay of A(z), normalized to the sampling period T, is
given by :
1:A(.Q)=M=—[N+2-1:P(.Q)], (2.10)
a2
Tp (£2) being the group delay of polynomial P(z). A compact expres-
sion of Tp(R) is best achieved introducing the auxiliary variables
u(£2} and w(£2):
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H(Q)ﬂm{z,to Py -em}, w(Q}=Re{_2$’=0 Py <em}; {2.11a,b)

and their derivatives :

i@ =2C) _je{5N v, M), (2.122)
w(9)=d‘;§;2).—.-1rn{z§=0v—pv e } (2.12b)

Hence, fp (2} and T p (£2) merely become :
Bp (£2) = -arctan (u(2)/w(£2)), (2.13a)
r,,(m=-[‘*‘9)‘:’(9)‘“g‘2”“’(9’]. (2.13b)

w” (L) +w(Q2)

An example is provided in Figure 2.2d.

2.2.5 Biconjugate of complex allpass functions
Using equations (A.8) and (2.5), the biconjugate A(z) of A(z) is
observed to verify :

A(=a"l, (2.14a)

which, in terms of the corresponding phase response Sz (22) of A(z),
leads to the following symmetry 3 :

Bz (2)=-B4(-Q). - (2.14b)

This result can as well be derived from equations (2.6) and (2.8). The
group delay 73 (£2) of A(z) is finally characterized by :

T {R2)=+T,4(-€2). (2.14¢)
For real allpass functions, A(z)=A(z), ie. Bz (2)=B4(R), and

(2.14b) reduces then to the odd symmetry B,(R2)=~B8,4(-0),
implying in turn the even symmetry T, (£2)=74(-£2) in (2.14¢c).

3 This symmetry is a direct consequence of the para-odd nature of the complex
phase response, as can be demonstrated in the y -domain from {A.55), (A.11),
(A.31), and (A 66b).
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Example

The frequency responses and peles configuration of the biconjugate
A(z) of the allpass A(z) specified in Table 2.2 and Figure 2.2 are
represented in Figure 2.3. The poles of A(z) are merely the complex
conjugates of the poles of A(z).

E 1 e 4

Py - 2 A

g, & 0/‘/ Im{z)

P o 2

@5 6 s TS 6 05 1 X

i} Qin ¢} Q/n N
Z 20 ” Refz)

g 1|8

¢ =0

=2 © Al o
4 05 ¢ 05 1 0.1 45 a 0.5

b) Qin d) £2in

Figure 2.3: Biconjugate of the complex allpass presented in Figure 2.2:
a) PV of the phase response; ¢) Unwrapped phase response;
k) Phase unwrapping factor; d) Group delay;
&) Poles configuration.

2.2,6 Pathological sllpass functions

Adepting the terminolegy defined in [Henk81a] for real arbitrary-
phase polynomials, a complex or real allpass function is said to be
pathological when at least one of its poles, inclnding possible multi-
plicity, lies on the unit-circle. In such a case, the associated zeros
coincide with the poles located on the unit-circle, cf (2.5), and the
allpass bebaves like a lower-order allpass function.,

Precisely stated, let us split A(z) in (2.5) into a non-pathological all-
pass A, {z), and a purely pathological one A5 (z), respectively :

A(zZ)= Ay (2)- A2 (2), (2.15a)
mo 1-zop -2 3 [ P P

Ay ()= AT | ——2 2 Ay (=TT | —2=2 2 | (2.15b)
u=l| 2= Zeolp . v=ll 27 22y

with N=n| +ny; |zm1u|#1, |22y |=1, ¥ a,v.



Elementary Properties of Alipass Networks 15

Defining
Zoo2y =€XP(J- 8y ), {2.16)

the next formulas are obtained :
Ay ()=(-1" ]2, exp(-j-8,), z#exp(j-8y),Vv; (217a)
BM(Q)=2:§] 8y tny m; Taa(§2)=0; Q=5,,Vv.(217he)

Moreover, applying L'Hospital’s rule [Abra70, Youn73], (2.17a,b,c)
are shown to be also valid for z =exp{j.5, ) and 2 =4,,, Vv, respec-
tively, so that finally :

A ()= I exp(-j-8,), V z; (2.18a)
ﬂA2(9)=E:i1 8y tny -m; Ty(R)=0; V2. (2.18b,c)
In conclusion, A; (z) reduces to a complex unimodular coustant, and

the global allpass A(z) behaves like an allpass of degree (N —n3 ).

In practice, the net effect of A, (z) is indistinguishable from the
contribution of A. Moreover, besides of being non-economic, patho-
logical allpass functious should be imperatively avoided , because 4 :

» their phase respouse is highly sensitive near to 2=4§,,
vve(l2..,ml;
» they are prone to spurious internal signal states (non-controllable

and/or non-observable states [Bele68]), depending on their imple-
mentation structure.

4 Tt iz however noticed that pathological allpass functions may harmlessly occur

within intermediate steps of certain constructive design methods, as long as
the final allpass is non-pathological.
For instance in [Henk81a), real arbitrary-phase polynomials are genecated by
original racurrence formulae. The method proceeds systematically, starting
from a set of zeroth and first-order polynomials, constructing higher-order
polynomials by interpolation, with inheritance of former interpolation points,
Depending on the problem formulation, i.e. preliminary organization of design
parameters, pathological pelynomials may without problem occur in interme-
diate design steps. Most important in the present context, it is demonstrated
in {(Henk81a] that the pathological character is not propagated to the next
higher-order polynemial using the proposed recurrence formulae.
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In the remainder of this report, only non-pathological allpass func-
tions are considered.

2.2,7 Losslessness of complex allpass functions

According to (2.2), the input and cutput signals of a stable unit-mag-

nitude allpass network, denoted by x(n) and y(n), respectively, are

related by 1¥ (7 )i=l X (e )1, V2. Hence, ane verifies for any x(n) :
2

( Jie; ) aQ (2.19)

J-a+2rr Y(ejg )‘2 £=r+2n‘ xlo
o 2r Ja 2x

where a is an arbitrary real constant. Applying Parseval's theorem
results in :

2 2
E, =2:=—m| y(”)l =2?=-m’ x(n)] =E,, (2.20)

and ane abserves that the energy of the output signal E, equals the
energy of the input signal E, . Allpass functions are therefore consid-
ered as lossless functions, or pseudo-lossless functions according to
the terminelogy introduced in [Fett72b].



Elementary Properties of Allpass Networks 17

2.3 [Even/odd phase response constituents of
complex allpass functions

This section aims at deriving for any complex allpass network an
equivalent allpass composed of elementary allpass functions with
even and odd phase response. The purpose of this operation is three-
fold. First, the basic pole structure of allpass functions with purely
even pbase respouse is identified, and will give rise to a detailed dis-
cussion in Section 2.4, Second, the relatiouship between the original
complex allpass and the related elementary allpass functions with
even/odd symmetry is analyzed, providing in particular the basis for
simplified allpass design methods, as examplified in Subsection 2.3.4.
Finally, the achieved relationships will serve in Section 2.5 to
develop original stability criteria. Most of the results produced in the
present section were published in [Ans099].

2.3.1 Decompaosition of complex allpass functions

Making use of eqnation (2.14b), the even and odd parts of the phase
respouse fB4,i.e. B4r and 840, respectively, are specified as :

Bar (2)=05:[4(2)+Ba(-D)]=05-[Bo(2)-B5 (D],  (221a)
Bao (2)=05.[B4 (2)-Ba(-2)]=05-[Bo(H)+ Bz ()],  (2.21b)
with  BA(2)=Bap (D)+Bao (2). (2.22)

For reasons that will be explained later, it is not possible to assign
rational allpass functions to B4z or B4 in the most general case of
A(z). However, rational allpass filters can always be allocated to
twice the valne of Bsr and B,o. The next functions are thus
introdnced :

A (ejﬂ )= PR TS YA (eiﬂ )=e— F2Bao (D) (2.23a,h)

fulfilling A2 (2)= Ap(2)-Ap (2), (2.24)

according to (2.22). Finally, the next useful formulas are achieved
from (2.21) and (2.23) :

AE(2)=A(2)] A(z), AH()=A(2)-A(2). (2.25a,b)



18 Chapter 2

2.3.2 Allpass functions with purely even/odd phase
response

Obviously, a complex allpass 5 A(z)=Ag(z) featuring a purely even
phase response verifies B40 (2)=0, VR, resulting in A) (z)=1 due
ta (2.23h). Equation (2.25b) thns involves ;

A(Z)=Ag (z) =1/ Ag (2). (2.26)

Cansequently, any pole z,,; of A= Ag is necessarily paired to another
pole z.i41 =1/z,; as depicted in Figure 2.4. Excluding any pole
configuration that would lead to a collapse between poles and zeros,
complex allpass filters with a purely even phase response are conse-
quently demonstrated to be:

1) necessarily of eveun degree N = Ng =2k, with £=0,1,2,...;

2) precisely composed of Ng /2 stable and as many unstable poles for
Ng 22;and

3) devoid of any coustituent allpass filter of real type.

Im(z) ¢

K\o

- 1=Fle{z}
Q

| Y,

Figure 2.4: Pole/zero configuration for a 2nd-order complex allpass
featuring a purely even phase response.

Clearly, allpass filters 8 A(z)=Ap (z) featuring a purely odd phase
response, except for a possible phase shift 8 =+x, are of real type
with B.r (2)=0, V2, and Af (z)=1. Equation (2.252) implies then :

A(Z)=Ap (D)=Ap (2). (2.27)

5 The function Ag is distinct from Af in{2.23a) and (2,25a).
6 The function A is distinct from A¢) in (2.23b) and (2.25b).
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2.3.3 Refined decomposition of allpass functions

The case of a gene'raj complex allpass A(z) is now reconsidered by
factorizing it into three parts, namely an allpass A (z) collecting all
real constitnents of A(z), a complex allpass A; (z) gathering all com-
ponents of A(z) featuring a purely even pbase response, and a
residual complex allpass 4; (z) whose phase response iz neither even
nor odd :

A()=A-A4(2) A (2) A(2). (2.28)

To render later developments clearer, the unimodular constant 4 is
explicitly extracted in (2.28) from the elementary 4;(z), i=1,2,3,
thus fixing 4; =1, Vi, in (2.5).

Denoting the degree of 4; by N, it is observed that N =N; + Ny + N3,
where N; and Nj are of any parity, whereas N; is necessarily even.
Moreover, 4 (z) and A;(z) are satisfying :

A=A, &)=Y KD, (2.29a,b)

due to (2.27) and (2.26), so that equations (2.25a,b) result in :
Ap ()= A2 () 4 ()] B (o), (2.30a)
A0 (2)= AL (2) A3 (2) A3 (D). (2.30b)

One noticas that for N3 >0, neither Ag(z) nor A (z) correspond to
the true square of a rational function, which explains a pasteriori the
reason of splitting the square of A(z) into constituents featuring an
even/odd phase response, cf equation (2.24),

The degrees of polynomials 4% (z), Af(z), and A (z) in (2.24) and
(2.30) amount to :

deg{A? (2)}=2N =2(N, + N, +N3), 2.31a)
deg {Az (2)}=2(N, +N3), deg{A)(2)}=2(N; +N3), (2.31b,c)
leading to :

deg{A% (2)}=deg_Reduces {AE (2)- 46 (2)}
<deg{Af (2)}+deg{Ad (2)}. (2.32)
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where deg_Rreduced {AE (2) Ap (z)} measures the degree of the reduced
term Ag (2)- Ap (2) achieved after cancellation of matching poles and
zeros, Clearly, equality in (2.32) only holds for N3 =0.

Example

A decomposition example based on the allpass specified in Table 2.3
is illustrated in Figure 2.5, inclnding the unwrapped phase response
and its even/odd constituents, and the group delay. The pole constel-
lations of A(z), Ag(z), and Aj(z) are also represented, where dis-
tinct labels are used to identify the poles assigned to A;(z), i=1,2,3.

]

g 3 =
o ¢ &
-1 0.5 0 0.5 1

1) Qin
Im(z)
s Refz)
]
d)

Figure 2.5: Decomposition of a 6th-order complex allpass function
(with % : poles of 4, (2}, B :polesof 4, (z}, X :polesof 4, (2)):
a) Unwrapped phase response; d) Pole configuration of A(z);
b) Even/odd partis of phase; e) Pole configuretion of Ag (z);
¢) Group delay, f) Pole cenfiguration of A4; (z).
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ea v 0/m, Re{zpy } n{z., }
8in — ; Q.85 F —
Zooy 1 0.90-exp(j-0.40-7)

2 Zos7 =Z:01

3 0.85 . expy{ j- 0.90- 1)

4 Tood =1fz:.,3

5 0.85.exp(j-0.65-1m)

6 0.50 exp(j-0.20- 1)

Table 2.3: Parameters specifying the allpass A(z) in Figure 2.5.

2.3.4 Design of complex allpass functlons using the
decomposed form

Following the former discussions, one observes that complex allpass
functions withont pure even or odd phase symmetry, can be designed
(i.e. approximated) ;

1) either directly from their phase specification, in which case an
approximation tool for complex allpasses is requested, ot

2) indirectly from the even/odd parts of the specified phase, making
use of (2.28) - (2.30a,b), together with approximation tools for
allpass networks featuring purely even/odd phase responses.

Usually, the optimization criteria are different for the direct and
indirect design methods, so that the corresponding residual approxi-
mation errors will differ as well.

When applying the second method, it is in general necessary to per-
form a joint approximation of Ag (z) and Ag(z), cf (2.30a,b), includ-
ing the factorization of the constituent networks A4;(z), i=1,2,3, to
have a better control of the residual error distribntion.

In particular cases, it is possible to proceed to a rough approximation
of complex allpasses using approximation tools previewed for real
allpass functions only, as illustrated in the next example.

Example

A bth-order complex allpass A(z) fulfilling the next phase response
specifications ;
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Bas ()=(N-05)-2, for Qel-r, 04-7], (2.33a)
Bas ()=(N-05).2+n, for e|06-7, 7] (2.33b)

as depicted in Figure 2.6a), should be designed. Such allpass func-
tions are useful to realize antimetric lattice-type wave digital filters,
cf Chapter 3, featuring an almost linear phase response.

N — (e € 2
— — -
1-— pram—

g t|/ gw 0 / g 0
pe =S & —
< L] Ef_m 55: -1

05 0 05 1 1405 0 05 1 05 0 05 1
a) Qi b) Qin ¢) Qi

Figure 26: Phase specificatlon of a 5th-order complex allpass :
a) Phase specification for A(z); b)Phase specification for 4; (z);
¢) Phase specification for 4y (z).

Referring to (2.23), Figures 2.6b) and 2.6¢c} show the specified phase
response of A)(z) and Ag(z), corresponding to twice the odd/even
parts of B4, (£2). According to Corollary 3 of Property 3 to be seen in
Section 2.5, the ailpass is known beforehand to be stable, the range
of the specified phase response being B4, (%) Bas (—7)=2N, Conse-
quently, referring to (2.28) - (2.30), N> =0, A3 (z)=1.

In a further step, A(z) is indirectly designed throngh approximation
of the 10th-order real allpass Ap (z), following the specified phase
Bios (£2) in Figure 2.6b). The results are pravided in Figure 2.7 and
Table 2.4. Figures 2.7al) and 2.7a2) represent the achieved phase
response and residual approximation error £g-40 (£2), defined by :

Egap(82)=Bio(£2)-Bips (82), (2.34)

whereas Figure 2.7d) depicts the pole configuration of Aj(z).
Clearly, since there are no poles oceurring twice within given toler-
ances, Ny =0, A;(z)=1, and thus N=N3, A(z)=A3(z). The poles
belonging to A3(z) are then carefully selected, confronting the cor-
responding phase response to the specified one 8,,(2)=8,3,(82),
performing if necessary trial and error iterations.



Elementary Properties of Alipass Networks

23

B 10 JTee
@, 2
= =}
S §

W= %5 0 o5 2 0.5 1
al} Qfn a2} Qfin
B2 E 4
g: 2 or/\
B §; \/
2550 U5 N 05 1
bi} Qin b2} Qin
® ) K

= 3 \./
& .

o5 ¢ o5 1 w 2-1 05 0 05
cl) Qfm c2) Qin

Figure 2.7: Indirect design of 5th-order complex allpass from the odd
part of the phase specification :

al) Approximated By, (£2);

a2) Residual error of B, (£2);

b1) Measured 84z (£2); b2) Measured ervor of Bz (£2);
¢1) Measured B4, (£2); ¢2) Measured error of B, (£2);
d) Pole configuration of A5 (z), with indication of poles of 4, (2).

v 8/%, Re{zoy } In{ 2, }
— 0 —
1 0 0.87494816536732
2 0.52727953136742 0.17302611885221
3 Iy == Z; 2
4 0.34298463301594 | —0.47628633440593
5 Tw§ = Z:,J_
6~10 Zoy = Zafbiv)
Tahle 2.4: Parameters specifying the allpass A; (z) in Figure 2,7,
v 8/r, Ref{z,, } m{z.,}
— -0.25 b
Zoov 1-5 toaps = 1....,5, from Table 2.4
Table 2.5: Parameters specifying the allpass A;(z) in Figure 2.7,
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Figure 2.8: Design of jth-order complex allpass :
al) Measured B, (2); a2) Measured error of B, (£2);
b1) Measured Bz (£2); b2) Measured error of B, (£2);

¢l} Approximated 4, (£2);

d) Pole configuration of 44 (z).

¢2) Residual error of 8,5(82);

Ley v 0in, Re{zy} m{z,, }

gin — -0.25 —

Zooy ! 0 (.83103852841610
2 0.42947066493390 0.17862887686643
3 w3 = "‘z:az
4 0.26975615538154 | —0.34662347930327
3 T05 = "Tooq

Table 2.6: Parameters specifying the allpass 4, (z) In Figure 2.8,

Once the pales of A3(z) are identified, cf Figure 2.7d), the constant
A in (2.28) and (2.30a) is determined minimizing either the meas-
ured error £g'45 (2) of Bip(Q), or the measured error £g4,(Q) of
Ba3(R2), where £g,z(Q2) and £g,3(2) are defined similarly to
(2.34). The parameters of A3(z) being established, ¢f Table 2.5, the
assessment of the achieved allpass can be complemented as depicted
in Figures 2.7b1) to 2.7¢2). It should be noticed tbat the obtained
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results could be further improved performing additional approxima-
tion iterations involving both odd and even parts of the phase
response. These improvements were not undertaken in this work.
The allpass A(z)=A3(z) was also directly approximated for compari-
son purposes, resulting in Figure 2.8 and Table 2.6.

1t is observed that the indirectly designed alipass provides a correct
estimation of the targeted allpass, but should be improved to get a
usable solution. Moreover, the residual phase approximation errors
in Figures 2.7a2), b2), ¢2) and Figures 2.8a2), b2), and ¢2) are noticed
to differ depending on the used approximation criterion, in particular
regarding the respective number and size of the ripples.

24  Explicit form of allpass functions with
purely even phase response

Referring to Snbsection 2.8.2, a non-pathological complex alipass
Ag (z) featuring a purely even phase response B,z (£2), and being
thus of necessarily even degree N, can be written as :

Ny gty oz | [1-2/2% ¥ P(2)
A =A- ” v . v [=a. . (2.35)
E(Z) V=l{ Z_zoov ]{Z_l/zoov P(Z)

where the poles z,, are necessarily éomplex with Im{z.y }#0,
|20y [#1, Vv. Clearly, P(z) i8 a circularly symmetric polynomial, cf
Subsection A.2.8, as can be verified from :

P@)=TIN2 (22 -ty +Y 2wy ) 2+1), (2.36)
inducing that P(z) can be reformulated as :

P()=XN 4 pu-2*, with po=py=1, (2.37)
and Pp =pN_u, ﬂ=l,2,...,N:"’2.

Moreover, extracting from P(z) the factor 27
Pn=""%.P(2), (2.38)

it is possible to specify an auxiliary rational function P’(z) :
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’ N/2)-1 _ _ _
P(D=pyn+ T g pp,[z((mz) #) 4 ~UNI) p)]
=Pni2 "‘2#.—:‘12 PN 2= '(zn +z‘"] (2.39)

which can be rearranged in the following compact form :
NI |
2 +z
P'(2)= ‘. , (2.40a)
(2) ; Pn ( 5 ]

with PO =Pni2s Pp=2-Pnpp forn=12,..(N/2-1), (2.40b)
and P‘;”z =2'p0 =2.

Hence, using (2.40a) together with (2.38) and (2.35), Ag (z) and its
corresponding phase response B,p (2) can be expressed in the next
canonic form ;

N -ﬁ(z) =A-F(Z)

Ap(z)=A- , 2.41
E(2) P(2) P(2) (2.41)
Bap(2)=-[0+2-Bp-(2)], ©O=Arg{d}, (2.42a)
NiZ ¢

~0 Pl -cos(ni2) :

with Bpr () = -arctan 2::2 T (2.42b)
D=0 Phy-cos(ns2)

and Pn=PRy*Jj Py (2.42¢)
Pvi2=2 = pR(Ni2) =2, Pi(Ni2)=0. (2.42d)

Clearly, it is verified from equations (2.42b} and (2.42a) that Bp/(£2)
and thus B, (£2) are even functions of 2.

Moreover, the number of real parameters fully specifying Ag(z) is
the same as for real allpass functions, namely (N +1), corresponding
to the real and imaginary components of py, 7=0,1,.,(N/2-1},
together with @, ¢f Table 2.1.

Finally, the design steps to achieve an allpass with even phase
response are the following :

1) Select an even degree N.
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2) Approximate Bar (£2) according to the specified phase response
Bags (£2) nsing (2.42a) — (2.42d) together with a selected approxi-
mation metbod. The rational function P'(z) of degree N/2 and 1
or # are then established.

3) Derive the polynomizl P(z) in (2.37) applying :

Pni2=ph; and pg =py_p for k=(N/2+1),..N. '

Examples

Figure 2.9 and Table 2.7 present a 6th-order complex allpass with
even phase and thus odd gronp delay.

Figures 2.10 - 2.12, with corresponding Tables 2.8 — 2,10, are in turn
showing 6th-order allpass functions Ag(z) featuring an even and
almost linear phase response over |2|€[0,0.9-#], approximated in the
equiripple sense. The figures represent the unwrapped phase
B ar (£2), the corresponding group delay, the unwrapped phase of the
constituent allpass Ag;(z) collecting the stable poles of Agp(z), the
residual approximation error :

€gar ()= Pag (S)- Baps (2}, (2.44)

where B4r. (£2) is the specified phase response, and the poles con-
figuration of Ag (2).

Interestingly, one notices that the poles tend to collapse with the real
axis for rather low slopes, ef Figure 2.11, whereas the poles lean to
become all pathologica! for higher slepe values, of Figure 2.12, with a
quasi-regular distribution along the unit-circle within the specified
frequency range.
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Figure 2.9: 6th-order complex allpass with purely even phase response:
. a) PV of the phase response; ¢) Unwrapped phase response;
b) Phase unwrapping factor; d) Group delay;

) Poles configuration.
v @im, Ref{z.y } Im{z,, }
#in — 0.08941355286258 —
ooy 1 —0.20068185138151 - 0.60886993992255
2 —0.15354945297270 0.87488889993960
3 - 0.26422833019066 0.22649405639718
4,56 Zay =1/ Zu(7-v)

Tahle 2.7: Parameters specifying the allpass illustrated in Figure 2.9.

It is further remarked for allpass networks featuring an even pbase,
that the spanned phase range [f,(7)-84(0)] can be specified in a
very flexible way, namely that it is not constrained to k-x, |k|<N,
ke Z, compared to the resl allpass case, cf (2.58). This property can
be in particular well exploited in the realm of allpass-based filter
transformation methods [Anso00].
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£, = _
=) 8 of - Im (2}
w 1 m
cEI‘. 0 & o
‘05 0 65 ‘T 05 0 05 1 < | x
) Qi <) Q/x x i,
4 ) ¥ Re(z)
— N“"h
G ¢ °
w 0 =0
& 2 H x
495 0 03 w 3 03 3 e} x
b) Qi d) Qi

Figure 2.10; 6th-order compiex alipass with even and almost linear
phase response with B, (2)=3.|2|, |2|€[0,09-7] :

a) Unwrapped phase response; ¢) Unwrapped phase of Ag; (z2);
b) Group delay; d) Residual approximation error,
e) Poles configuration.
v @/m, Re{zay } Im{z., }
TR — — 1.83510972898010 —
Zeny 1 0.74388651897665 0.09236788798514
2 0.22551516611338 0.47668290476940
3 - 0.43048106800464 0.36843269843914
4,5,6 Zoy T/ 2o (7

Tahle 2,6: Parameters specifying the allpass illustrated in Figure 2.10.

.:G,Z B4
= é 2
gUJ = 4
b =2
&, < miz)
4 05 G 05 4 05 0 85 1
1) Qfm ) £ i a
02 £ e
g 7 .
:: ULJA_’\ 2 4 8
= w
o2 &
4 05 0 05 1| W o 1
b) Q/n d) Qin

Figure 2.11: 6th-order complex allpass with even and almost linear
phase response with B,z (2)=02:|82|,|2|<[0,09 7] :

a) Unwrapped phase response;

b) Group delay;

¢) Unwrapped phase of Apq(z);

d) Residual approximation error;
e) Poies configuration.
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v 8/n, Re{z,, } Im{z,, }
@in — —0.12826397587580 —
Zeoy 1 0.85166346668685 0.00176400940432
2 —0.32875734449001 0.02791122713453
3 0.25763874038248 0.03312962170538
4,5.6 Zow =1/ 274y

Tahie 2.9: Parameters specifying the allpass iliustrated in Figure 2.11.

3 5
g G 4 Im{z) ¢
= 2 a2
&, C
-l 0.5 0.5 1 0% 0 05
a) ¢) Q/m 1.
20 G0 *Re(z)
G 1o =
5 3
. N wl
$.
408§ 0.5 0 oE :
b) d) Qin

Figure 2.12: 6th-order complex allpass with even and almost linear

phase response with B, (2)=7042|, |2}<[0,09.7]:

a) Unwrapped phase response; ¢) Unwrapped phase of Ag;(z);
b) Group delay: d) Residual approximation error;
o) Poles configuration.
v 9/n, Re{z.y } Im{zy }
8in — —0.11225369076380 —
Zooy 1 0.78161237133097 0.49396122657832
2 —-0.57845621521259 0.72015627456241
3 0.15354645535954 0.90894345006201
4,5,6 Zoy =1/ 20(7)

Table 2.10: Parameters specifying the allpass iliustrated in Figure 2.12.
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2,5 Stability-related properties of complex
allpass functions

This section aims at discnssing in detail the relationship between the
stability of complex allpass functions and their phase or gronp delay
responses. These properties are for instance useful to determine the
strict stability of allpass networks by measuring their phase/gronp
delay responses over the whole frequency domain, without having to
explicitly compute the poles. In addition to assessing the strict stabil-
ity of an allpass, these properties provide an easy way to establish
the number of stable and unstable poles belonging to any allpass, by
observation of its phase response over the whole frequency domain.
Moreover, in the frame of an allpass approximation problem, it is
then possible to check the consistency of the specified phase response
to be achieved, before actually launching the approximation.

This section is structured as follows. A non-exhanstive synopsis of
known stability-related properties is first provided as background to
the discussed developments, Next, the connection between the stabil-
ity and the monotone increasing character of the phase response of
an allpass is recalled, before making the link with the spanned range
of the phase response, which is central to this section. The features of
the allpass mean group delay are then handled. Finally, stability
conditions are establisbed in relation with the even and odd parts of
the allpass phase response. Part of the results achieved in this
section were publisbed in [Anso99].

Clearly, the stability-related properties presented in this section di-
rectly apply to complex polynomials as well, congidering the straight
link between allpass functions and their denominator, cf (2.4).

2.,5.1 Known stability related properties

There exist of course many different definitions of the stability, ac-
cording ta the classes of prablems to be bandled. Important taxenomy
criteria are [Levi96, Lopa96, Khal96): 1) the linearity/mon-linearity of
the considered system; 2) the type of mathematical model best repre-
senting the behavior of the system (i.e. total or partial differential
equations for systems with lumped or distributed parameters, re-
spectively); 3) the deterministic or stochastic character of the system;
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4) the time invariant, time varying, or periodically time varying
nature of the system; 5) the type of signals handled within the sys-
tem and at its interfaces, including time-continnons, time-discrete,
digital, or mixed signals; 6) others.

This report is focusing on linear time-invariant (LTI} systems only,
modeled by rational functions, so that the notion of stability is exclu-
sively linked to the pole constellation of the systems 7. Numerous
different stability criteria and test methods were elaborated in the
literature to cover general or specific cases, e.g. [Bish98], in particu-
lar to reduce computation costs, which is most often achieved by
avoidance of the explicit calculation of the poles.

In this section, the link between the stability and the phase/group
delay responses of polynomials and allpass functions is considered,
centering the discussion on the case of digital systems. The results
extend however directly to time-discrete systems, or to time-continu-
ous systems with either lumped or commensnrate distribnted
parameters nsing the bilinear transform.

Table 2.11 provides a selected set of stability criteria for polynomials
and allpass functions that were discussed in the literature. This list
is by far non-exhaunstive. The known stability criteria corresponding
to Cases 7 and 8 in Table 2.11 are recalled in Subsections 2.5.2 and
2.5.3, and will serve as basis for the elaboration of new criteria.

7 It is recalled that any (complex) rational function F(z) is said to be strictly
stable when all its poles lie within the open unit-circle in the z-plane. F(z) is
on the conirary denoted unstable when at least one of its poles is outside the
closed unit-circle, whereas it becomes strictly unstable when all poles are
confined outside the closed unit-circle. Poles on the unit-circle are not
considered here.
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2.5.2 Stability and monotone phase-response
Case of first-order allpass functions

Property 1 [Belet8, p. 167], [Vaid93, p. 76], (Table 2.11, Case 7) :
A necessary and sufficient condition for a first-order complex allpass
A(z) to be strictly stable (strictly unstable} is that its gronp delay
T4 (£2) is strictly positive (strictly negative) over the whole frequency
axis, or equivalently, that its untwrapped phase response is a mono-
tone increasing (decreasing) function over the whole frequency range.

Proof of necessity : A first-order allpass with pole z, =p-ef5,
p 20, is considered :

* *
A(Z)ﬂ.w:l.z—l.ﬂz_r (2.45)
2™ 2o I-2-2”
From the frequency response :
, : j(82-8)
Al ) -i(0-8) 1zpre” "
(e ) € l_p'e—j(Q’s) (2-46)
one derives directly the phase response 10 and group delay :
0 -sin(£2 - 8)
—0-6+2. = _p-sidi-9) | (247
Ba(82) 0+2-Bp (L), Pr(82) amtan(l__p.cos(ﬂ_a)] )
dp (R i-p?
Ta@)=2a8) p (2.48)

dQ _(l-—p)2 +2p-[1-cos(2-8)]

which are defined for all parameter values, except in the pathological
case {p =1,2 =8} already handled in Subsection 2.2.6, and for which
TA(£2)=0, V 2. For non-pathological cases, the denominator of T 4
is observed from (2.48) to fulfill :

Denom{T 4 (2)}>0, VQ, Vp| (p20)n(p=l), (2.49)

10 The phase response is here defined slightly differently than in (2.6) - {2.8) in
order to render later considerations easier; the group delay and unwrapped
phase response remain clearly unaffected.
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so that the next relationships are achieved from (2.48) :

T4(82)>0, V2 o 0=Zp<l; (2.50a)
T4(2)<0, V2 o p>i (2.50b)

Hence, the group delay of a causal and strictly stable first-order
allpass, i.e. 02 p<1, is strictly positive over the whole frequency
domain. As a result, the corresponding unwrapped phase response is
a monotone increasing function of £2. Similarly, for a strictly
unstable allpass, i.e. p>1, T4(£2)<0, V2, and the unwrapped
phase becomes a monotone decreasing function of Q2, V2. Necessity
conditions are thus read in (2.50a) from right to left. [

Proof of sufficiency : Conversely, a first-order allpass featuring a
monotone increasing (decreasing) phase response — or equivalently a
strictly positive (negative) group delay — is necessarily stricly stable
{strictly unstable), as can be readily verified from (2.48) and
(2.50a,b). Sufficiency conditions are consequently read from left to
right in (2.50a,b). B

Cuase ofoh-order allpass functions

Property 2 (Table 2.11, Case 7):

For an Nth-order complex or real allpass A(z), the condition of
strictly positive (strictly negative) group delay 74 (£2) over the whole
frequency axis, or equivalently, the observation of a monotone
increasing (decreasing) response of the unwrapped phase 4 (42), are
necessary bot insufficient conditions to guarantee the strict stability
(strict instability) of A(z).

Proof of necessity : Decomposing an Nth-order complex or real
allpass filter into a cascade of elementary (complex) first-order cells :

N N N
AD=TTA (), Ba(@) = T BAv(R2), TA(2)= YT 4,(2) (251)
v=l v=1 v=1
where A, (z), B, (82), and T 4,,(£2) represent the transfer fune-
tion, phase response, and group delay of each elementary cell, and
assuming that every pole z., of A(z) is located within the open
unit-circle, one deduces from (2.50a) that :
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0<py<l, ¥¥ = TA2)>0, Vv, (2.52a)

namely, that the phase response of A(z) is monotone increasing.
Similarly, when every pole of A(z) is lying outside the closed unit-
circle, (2.50a) is implying :

Py >1,Vy =T, (2)<0,Y42, (2.52b)

the phase response of A(z) becoming then monetone decreasing.
These features are verified for both complex and real A(z). a

Proof of insufficiency : The reciprocal assertion to the former
demonstration would be misleading for Nth-order allpass functions,
since compensation effects may occur between the contributions of
the constituent cells. [ |

Example

The next example illustrates the proof of insufficiency, A 4th-order
complex allpass A(z) counting three stable poles, and an unstable
onie is specified in Figure 2.13 and Table 2.12. Altbough A(z) fea-
tures a strictly positive group delay and thus a monotone increasing
phase respongse, this allpass is undoubtedly unstable.

g4 o T x
"a'f R Ba (€2)- Ba (1t) Im{z) 4
o 0f X
A 05 ] 0.5 1 xy X
) Oin 1
16 Re(z)
% |3 A
l..}
. )
L1 0.5 ] 05 1
b} Qin

Figure 2.13: Unstable 4th-order complex allpass functlon featuring a
monotone Increasing phase response:
a} Unwrapped phase response; c) Poles configuration,
b) Group delay;
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e v 0/m, Re{zy,, } Im{z,, }

e/n 0 e

Zeoy 0.70. exp(j-0.30.17)

0.80.exp(j-0.45. 1)
0.50.-exp(j-0.60-7)
1.80-exp(j-0.40.7)

Table 2.12: Parameters specifying the allpass illusirated in Figure 2.13.

alw | ie]

2.5.3 Spanned range of the phase response
Case of first-order allpass functions

Property 3 (Table 2.11, Case 8);

The necessary and sufficient condition for a first-order complex
allpass A(z) to be strictly stable (unstable) is that the range spanned
by its unwrapped phase response verifies for any constant « ¢ # :

Ba(m)-Ba(-m)=Baa+2n)-B(a)=F2r, YaeR, (2.53)

where the positive (negative) sign applies in the stable (unstable)
case in the right hand-sided part of the formula.

Proof of necessity : Starting from (2.47), we specify :

Ba(2)=02-6+2.Bp(2), Bp(R2)=arctan (Up(2)/Wp(2)), (2.54a)
Up (82) = psin(Q2 - §), Wp (2)=1-p-cos(£2-85). (2.54b)

In the stable case, i.e. 0 p<l, Wp(£2)>0 is clearly verified Y0,
whereas Up (£2) evolves with changing sign. Up (2)/Wp (£2) is obvi-
ausly an odd cyclic fumction of period 27 centered on £ =6, and so
does Bp (£2). Mareaver, the min/max values of Up (2)/Wp (Q) are
abserved to be finite, due to Wp (2)>0, so that the min/max values
of Bp(f2) are confined to 0< Bpax =—Bpmin <7/2. Consequently,
Bp (22)=Bppy (R2), and Bp(a+27)-Bp(a)=0, YaeR, due to pe-
riodicity. (2.53) is tbus demonstrated from (2.54a) in the stable case.
An example is presented in Pigure 2.14 and Table 2.13.
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B BPrm Im{z) 1

S TP - -

o\ L / a\
-

&

N
U (€D

)

)‘ » Re(z)

1 058 0 05 1 1 05 & 05 1
a) Qi ¢} Qi

£ .

g o\f\ %m

& e

s ] €
45 ¢ 65 1 4 85 ¢ 05 1

b) Qin d) Qir

Figure 2.14: Spanned range of the phase response of a stable 1st-order
complex allpass with p=0.90, § =040-7 :
a) Functions Up (2}, Wp(£2); ) Unwrapped phase of A(z2);

b) Phase Bp (£2); d) Group delay of A(z);
e) Pole configuration.
v 8/n, Re{z,, } Im{z,,, }
— 0 —
1 0.90.exp(j-0.40.7)

Table 2.13: Parameters specifying the allpass illustrated in Figure 2,14.

In the unstable case, ie. p>1, Up (2) and Wp (£2) are both evolving
with changing sign, Up (Q)/Wp(£2) and Sp (£2) remaining odd cy-
clic functions of period 2% centered on 2 =86. The derivative of
Up /Wp is now demonstrated to be strictly negative, except at
Wp (82)=0, cf (2.55), so that Up (2)}/Wp(£2) and thus the unwrap-
ped Bp (£2) become monctone decreasing functions of £2.

d (UP (-Q) —,O'[P—COS(.Q-(S)] (2_55)
dQLWp (82) W;% (2) '

Furthermore, assuming provisionally that 0<6 <#x/2, it is noticed
that the frequencies £; and 2, verifying Up (£2)=0 alternate with
the frequencies 11 Q5 and Q4 at which Wp (£2)=0, so that :

~E<Q <<y <Qy<m, (2.56a)
with Q=8-n, §=6-§ =8, Q=8+, (2.56b)

11 Wp (2)=0 has clearly two solutions in the non-pathological case p = 1.
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and E=arccos(l/p), 0<&<m/2.
The valnes of the unwrapped fSp (£2) are then fulfilling :

Br(—m)>Bp (821)>Bp(27)>Bp (23)>Pp (£24) > Bp(®), (2.56¢)
with  Bp(25)=0, Bp(82;)=-7/2, Bp(%)=-m,  (2.56d)
Bp(Q4)=-37/2, Bp(n)=PBp(-n)-2x.

There is hence precisely one wrapping point at 3 within the fre-
quency domain Qe[-n,7x], so that Bp(2)#Bppyv (2). Conse-
quently, Bp(7)- Bp(-m)=~2m, the spanned range of A(z) becoming
Ba(m)— B4 (~-m)=-2n. When assigning & to other quadrants than
0<8<m/2,le (k-2) 7288 <(k-1)-m/2, k=0,1,3, the frequencies
£2;, i=1,2,3,4, are cyclicly reordered, so that precisely one wrapping
point is still enconntered within 2 [ -r,x], and the former results
remain valid. This conclndes the proof of (2.53) in the unstable case.
An example is presented in Figure 2.16 and Table 2.14.

The demonstration of the necessity condition is thus completed. B

k]

0

e | & x
. \\j/,f/— @ [ R
3 Up fﬂ) q{' m (Z )
105 0 05
a) OQ'n )

Be ©)/x
Ta€2)

05 0 05 1 “r 05 0 05 1 e)
b) Qi d) Qi

Figure 2.15: Spanned range of the phase response of an unstable
1st-order complex allpass with p=2.00, 6 =040-x :
a) Functions Up (£2), Wp (£2); ¢) Unwrapped phase of A(z);
b) Phase Bp (£2); d) Group delay of A(2);
e) Pole configuration.

v f/n, Re{z,, } Im{z,.y, }
—_ 0 —_
1 2.00-exp(j-0.40-7)

Table 2.14: Parameters specifying tbe allpass illustrated in Figure 2.15.
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Proof of sufficisncy : The proof proceeds in the reverse sense and
is thus omitted. u

Case of mixved stable/unstable Nth-order allpass functions

Corollary 1 to Proparty 3 ;

Extending the result of Property 3 to Nth-order allpass functions
A(z) that are non-pathological but possibly featuring a mixed stable/
unstable poles configuration, and denoting by N; and N, the number
of stable and unstable poles, respectively, the next formulas are
established from (2.53) :

Ba(m)—Ba(-n)=Ba(a+2x)-Pa(a)=2z"n, (2.57a)
with n=Ny~Ny, |n|sN  neZ,
and Ni=(N+n)/2, Ny=(N-n)/2, Ny +Nz=N. (2.57b)
Proof : The proof is omitted due to evidence. |
Example

Figure 2.13 shows the example of a 4th-order allpass with N; =3 and
Ny =1, inducing n=2, so that By ()~ By (-m)=4drm.

Real Nth-ordar allpasa : In the real case, (2.57a) can be replaced by
the simpler form :

Ba(m)-Ba(0)=Ba(m)-6=7-n, (2.58)
the definition of » remaining the same than in (2.57a,b).

Complex allpass with even phase response : In this case, since
the numbers of stable and nnstable poles are by essence the same,
n=0 in (2.57), with N even.

Remark on the parity nf the parameter n : Recalling that A(z)
is assumed non-pathological, it is observed from (2.57ab) that
n=Ny —Ny =2-N; =N, namely that » has the same parity than N
regardless of the poles distribution among stable/unstable ones 12,

12 The assumption of the non-pathological character of A(z) in (2.57) is essential
to verify N|+N; =N, involving 1) that the spanned range of the phase is
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Spanned phase range over extended frequency domain

Corollary 2 to Property 3 :

Expressions (2.57a,b) evaluated over an extended frequency domain
are verifying the next formula that is in particular useful in the
frame of allpass-based filter transformation metbods [Anso00] :

BalK-2r+a)-Bsla)=2n-K-n, KeZ,uekR, (2.59)

the parameter » remaining specified as in (2.57a,b).

Proof :
Performing the substitution a—=(k-1).2x+a, ke N, in (2.57a),
one achieves :

Batk 2n+a)-Bak-1)2n+a)=2n-n, keN, aeckR. (2.60)

Evaluating recurrently (2.60) for k=K ,K-1,K-2,..,1, with KeN,,
and summing up all resulting equations, one gets :

Ba(K-2r+a)-Bal(a)=2r-K-n, KeN,,aeR. (2.51)

It is then remarked that the arguments of B4 (.) occur in decreasing
order when reading (2.57a) from Ieft to right. This is also the case in
(2.60) for k€N, but not any more when assigning negative values
to k, in which case it is necessary to change as well the sign of the
right hand-sided part of (2.60). It is thus demonstrated that (2.61)
can be generalized as specified in (2.59). [ |

Case of strictly stablelunstable Nth-order allpass functions

Corollary 3 to Property 3 [Bele68, p. 167), (Vaid93, p. 76], (Table
2.11, Case 8) :

The necessary and sufficient condition for an Nth-order complex
allpass A(z) to be strictly stable (strictly unstable) is that the range
spanned by its unwrapped pbase verifies for any coustant g ¢ B :

Ba(m)-Ba(-7)=B4(a+2m)~Bs(a)=32r-N, VaeR. (2.62)

decreasing by steps of 27 with every unstable pole; and 2) that » and N
share the same parity.
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where the positive (negative) sign applies in the stable (unstable)
case in the right bhand-sided part of the formula.

Proof of necessity : Assuming that A(z) is strictly stable (strictly
unstable), n=N1 =N and N2 ={ (n=—N2 =-N and N] =0) are

verified in (2.57), resnlting in (2.62) with appropriate sign. |
Proof of sufficiency : The proof proceeds in the reverse sense and
is thus omitted. |
Remarks :

Considering the pbase £4(Q2)=8,4r(2)+ Bao(£2) of an Nth-order
allpass, where B4o (2) is assumed purely odd, and noting that by
essence Bur (-7)=Bar (7), (2.57) can be restated as :

Ba(m)—Ba(—m)=Ba0 (B)-Bao (-7)=2-Bpp (R)=27-n,
= Bao(m)=n-n (2.63)

showing that for a complex allpass, it suffices to consider the span-
ned range of B4 (2) over Qe[d, x], similarly to the case of real
allpass networks 18, ¢f (2.58). This remark applies also to (2.59), and,
ag mentioned in [Ango99], to (2.62) to assess the strict stability/un-
stability of a complex allpass.

Discussion

The punblications {Bele68] and [Vaid93] are covering Property 1, and
Corollary 3 of Property 3, limiting the last to the case of strictly
stable Nth-order allpass filters, and proving it by the sole invocation
of the monotone increasing character of the phase, withont explicit
provision of a thorough analysis of the spanned phase range as
provided in Property 3 in this document.

It is believed that the discussion proposed in the report offers an
enlarged insight into the stability-relatad features of complex allpass
functions. Hence, Property 2 is catching the attention to aveid undune
extension of Property 1 from the lst-order to the Nth-order case 14,

13 The only difference is that f,, (£2) is by definition assumed to be purely odd,
ie Pao(82)=-P,40 (-42), whereas for a real allpass network, §, (£2) can be
affected by a possible phase shift § =+x.

14 There is no originality elaim with this respect.
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Moreover, Corollary 1 to Property 3 is of much richer use to assess
the number of stable/unstable poles of an Nth-order allpass. Finally,
Corollary 2 to Property 3, representing the most general formulatioo
of the spanned phase range derived in this report, is useful in the
realm of allpass-based filter transformation methods [Anso00].

2.5.4 Mean group delay

Corollary 4 to Property 3 :

Given an Nth-order allpass A(z) that is non-pathological but possi-
bly featuring a mixed stable/nnstable poles configurstion. The mean
group delay of A(z) measured over 2 e[a,(a+27)), Vae R, fulfills:

T.=n, with |n|sN nez, (2.64)
the parameter n remaining specified as in (2.67a,b).

Proof : The mean group delay is specified by :

J— a+lm
T, =$ | ‘c,,(.Q)-d.(2=ﬁ-[ﬁ,4(a+2n)—BA(a)], (2.65)
[/

where f,(a+2n) and B, (a) are evaluated along the unwrapped
function B4(2), Yae . (2.64) results then by direct application of
(2.57a). |

Corollary 5 to Property 3 :

The necessary and sufficient condition for an Nth-order allpass A(z)
to be strictly stable (strictly unstable) is that its meao group delay
measured over Qela,(¢+2x)], Ya e R, verifies.

Ta =%N, (2.66)
the positive (negative) sign applying in the stable (unstable) case.

Proof : (2.66) is a particular case of (2.64), the demonstration procee-
ding similarly to the proof of Corollary 3 to Property 3. |

Examples

Three application examples of (2.64) are proposed in Figure 2.16,
referring to the allpass networks A(z) specified in Tables 2.13, 2.14,
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and 2.12, respectively. The depicted mean valnes 7, =»n were nume-
rically processed over all measured values of 74(2), Q¢e[-=,n)],
producing resulte that are correct within a marginal error which can
be cancelled ont by rounding the achieved value. In practice, if the
density of measured values T4 (2) is sufficient, (2.64) provides an
accurate assessment on the stable/unstable pale distribution of A(z).

20 - 0 10
g [ @ 84 -\-“*\vn Odlg | ©@
=1 — it —— - J—
o ‘cA=1\‘ vt =1 & | LTa=2
Py 4 3 ] S— s
- 45 0 05 1 4+ 05 0 05 -+ 05 0 05 1
a} Qin b) Qin ¢) Qim

Figure 2.16: Examples of group delay and mean group delay :
a) Stable 1st-order complex allpass specified in Table 2.13;
b) Unstable 1st-order complex allpass specified in Table 2.14;
¢) Unsgtable 4th-order complex allpass specified in Table 2,12,

Remarks :
Let us decompose the gronp delay of a complex allpass into its even
and odd parts :

TA(E)=Tup () +T40(82), (2.67)
with TAE(Q)=dﬁA0(-Q)/dQ, ‘FAo(Q)=dﬂAE(Q)/dQ, (2.68a,b)

since the first derivative of an even (odd) real and continncus func-
tion is odd (even), cf Table A.1. Tt is observed that the mean value of
Tao (2) measured over Qela,a+2n), Yae R, equals zero by
essence, so that (2.64) can be restated :

T4 =Tap =n, with |n|sN neZz, (2.69)

where the integration interval is limited to £2 ¢(a, @ +7]. The same
remark applies to (2.66) as well.

Discussion

The literature is usually limiting itself to Corollary 6 to Property 3 in
the strict stable case, while (2.64) is cbserved to be more general and
pawerful.
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2.5.5 Stability conditions related to the constituent
parts of complex allpass networks

The demonstrations discussed below are based on the results devel-
oped in Section 2.3, and more specifically in Subsection 2.3.3.

Lemma 1 [Anso99] :

A pecessary but insufficient condition for a complex allpass A(z) in
(2.28) to be stable is that N, =0, i.e. 4y (z)=1, 50 that A(z) is devoid
of any constituent allpass featuring a purely even phase respouse.

Proof of necessity : According to Subsection 2.3.2, 4 (z) counts by
essence N, /2 unstable poles. Stability is therefore only granted for
N5 =0, [ ]

Proof ¢f inaufficiency : Obviously, no constraint has been expres-
sed with respect to 4 (z) and A;(z) that are also affecting the
stability of A(z) in (2.28). [ ]

Theorem 1 [Ansc99] :

A necessary and sufficient condition for a complex allpass A(z) in
(2.28) to be strictly stable is that N, =0, and that Aj (z) in (2.30b) is
strictly stahle.

Proof of necessity : The strict stability of A(z) implies strict sta-
bility of A (z), A (z), and A3 (z). However, stability of 4, is only
granted for N, =0. Finally, strict stability of 4 (z) and 43(z), and
thus of 4; (z), implies strict stability of A) (z) in (2.30b). [ |

Proof of aufficiency : The proof is evident and thus omitted. n

Remark : It is furthermore observed from (2.28)}, (2.30), and (2.31),
that a stable complex allpass A(z) fulfills :

deg{A® (2)}=deg{A) (2)}2 deg{A ()} (2.70)

where deg(.) denotes the non-reduced degree of a rational function.



46 Chapter 2

2.5.6 Stability conditions deduced from the even and
odd group delay symmetries

Case of first-order allpasa functions

Theorem 2 [Anso98], (Table 2.7, Case 9) :

Considering the even and odd parts of the group delay, i.e. T4 (£2)
and 7,4 (2), respectively, a necessary and sufficient condition for a
first-order complex allpass A(z) to be strictly stable is given by:

TAE (R2)>[T40 (82)|20, vV, (2.71a)
or equivalently, using (2.68a,b), by :
dBao (£2)/42 >|dBar (2)/d02|20, V. 2.71b)

Proof of necessity : The strict stability of A(z) involves 7,(2)>0,
v, aceording to (2.50a), and thus :

T4(a-2)=Tgp (2)+a - Tyo (2)>0, witb a=%l, (2.72)

which is equal to 7,5 (2)>[r40 (2)], V&2, and thus to (2.71a). The
derivation of (2.71b) from (2.71a) is obvions dne to (2.68). Hence, it is
observed that for a strictly stable first-order allpass, the odd phase
component necessarily exists, is monotone increasing, and is steeper
than the absolnte valne of the even phase component variation. H

Proof of aufficiency : The demonstration is direct, proceeding in
the reverse order than just developed, and is therefore omitted. W

Remarks : First, it is observed in (2.71a) that 7,5 (22) and [t 40 (2)]
are both even functions of £2, so that it suffices to apply (2.71a) to
the reduced interval Q e[a,a+x], Va e R. Second, (2.71a) confirms
that an allpass featuring a purely odd group delay, ie. T4 (2)=
Bao (2)=0 is necessarily nnstable. Finally, for a real allpass,
Tao(£2)=0,and (2.71a) rednces to T 4 (2)=T £ (£2)>0, V2.

Examples

Theorem 2 is illustrsted through two examples. The first one is
depicted in Figure 2.17 and refers to the stable first-order allpass
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specified in Table 2.13. Figure 2.18 presents the second example
covering the nnstable case according to the specifications provided in
Table 2.14.
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Figure 2.17; Stable 1st-order complex allpass specified in Table 2.13:

al} Unwrapped phase; b2} Even/odd parts of group delay;
a2) Even/odd parts of phase;  b3) T4x () —|T 45 (2)].
b1) Group delay;
1
|4
< 0
@-1\
o 2
R Y S
al} Qin
2 2 : =
g s G ol o T | &
5 N\ AN (| w -
¥ / g2 Mot 32
ATIETT 05 ek T T R VAR s b6 05
}1}] Qin k2) Qi b3) Qin

Figure 2.18; Unstable Ist-order complex allpass sperified in Table 2.14:

al) Unwrapped phase; b2) Even/odd parts of group delay;
a2) Even/odd parts of phase;  b3) 7,40 (R2) |74 (£2)].
b1) Group delay;

Case of Nth-order allpass functions

Property 4 [Ansc99] :
The conditions (2.71a,b} are necessary but insufficient to ensure
strict stability of Nth-order complex allpass functions.
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Proof of necessity : Adopting (2.51), the strict stability of every
elemeutary allpass 4, (z) involves :

Tapy (82)>[Ta0y (2)|20, v=1.2,..N, V&2, (2.73a)

resulting in the cext relationship after summation of all formulas :

N
TAE(2)=3Y Tap, (2)
v=l

N N
>3 [taoy (2)>| T Taoy ()| =[rao(Q)|20, v, (2.73b)
v=l v=l
which concludes the demonstration. [ |

Proof of inaufficiency : The reasoo of insufficiency stems from the
fact that compeosation effects may occur between the constitnent
even/odd parts in the unstable case, similarly to the situation
encountered in Property 2. ]

Remark : Theorem 2 and Property 4 are the counterparts of Proper-
ties 1 and 2, respectively, expressed in terms of the even/odd parts of
the allpass phase and gronp delay.

g ¢ g 4
a2 =
g "_/ g 2
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bl) Q/n b2) 0/n b3) n

Figure 2.19;: Unstable 4th-order complex allpass specified in Table 2,12:
al) Unwrapped phase; b2} Even/odd parts of group delay;
a2) Even/odd parts of phase; b3} 7,45 (2)—|T,40 (2)].
b1) Group delay;
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Example

The proof of insufficiency is examplified in Figure 2.19, using the
unstable 4th-order allpass A(z) specified in Table 2.12, It is observed
that (2.73a) is fulfilled despite of the obvious instability of A(z).

2.6 Half-band symmetric allpass functions

This section is devoted to complex half-band symmetric allpass fun-
tions that are by essence featuring a midband phase symmetry over
both positive and negative frequency ranges. In their maost general
form, such networks offer a certain degree of freedom in the specifi-
cation of the phase response aver the positive frequency range with
respect to the negative one, whereas this degree of freedom drops in
the case of constrained half-band symmetric allpass functions.

Half-band symmeiric allpasses are interesting for the implementa-
tion simplifications they provide due to their specific pole constel-
lations, and they play an important role as constitutive networks of
amplitude/phase selective half-band filters, cf Chapters 4 and 5.

In the sequel of this section, the definition and general farm of half-
band symmetric allpass networks are first provided. The correspoend-
ing allpass expression and related pole configurations are next speci-
fied. The implied implementation simplifications are then discnssed,
followed by a short presentation of the constrained case. Finally
several examples are illustrated.

2.6.1 Definition of the phase response of half-band
symmetric allpass functions in the general case

In its most general form, the phase response of a camplex half-band
symmefric allpass A(z) is specified as follows for Q€e[-n,x] :

Ba(2)-Ba(0)=Ba(m)-Ba(n-R2), (2.74a)
implying : TAa(E) =T, (x-82). (2.74b)

Expression (2.74a) is known for real allpass networks, and shows
that the phase response is necessarily verifying :

Ba(R12)=05.[B4 (0)+ Ba (). (2.758)
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Considering (2.74a) over the negative frequency range £2¢[-7,0],
and applying (2.57a) to B84 () and B4 (n-42) :

Bam)=B4(-m)+2n-n, (2.76a)
Bain-8)=f,(-7-2)+2xn, (2.76b)
one achieves :
Pa(Q)-B4(0)=B4(-7)-Ba(-n-Q), (2.76¢)
demonstreting that the phese response is fulfilling:
Ba(~m/2)=05.[Bs(~m)+B4(0)] (2.75b)

Figure 2.20 depicts the phase response of general form complex half-
band symmetric allpass functions.

e
&
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Figure 2.20: Phase response of half-band symmetric allpass networks
(general case),

2.6.2 Explicit form of half-band symmetric allpass
functions in the general case

Thig subsection aims at identifying the explicit form of the constitu-
ent denominator of complex allpass networks verifying the condition
(2.74a). The development iz processed in two steps, establishing first
in Lemme 2 an equivalent expression for (2.74a), before deriving the
explicit form of the allpass denominator in Theorem 3, which repre-
sents the central part of this subsection.
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Lemma 2 : Reformulating (2.74a) as specified in (2.77a), equations
(2.77a) and (2.77b) are demonstrated to be equivalent, Bp (£2) being
defined in (2.6) — (2.8).

ﬁA(Q)+ﬁA {N—Q)=ﬁ,‘ (0)+ﬁA (R’) = {2.773)

&  Bp()+Bp(n-2)=Bp(0)+Bp(n). (2.77b)

Proof; The demonstration is merely achieved applying (2.6) to each

of the four terms appearing in (2.77a), resulting in (2.77b). |
Theorem 8 :

The necessary and sufficient condition for an N th-order complex all-
pass A(z) to feature a general form halfband symmetric phase
response as specified in (2.77a,b) is that P(z) is para-even for N
even, and para-odd for N odd, ¢f Table A.3 :

N{2 N2

N evem: P(2)= 3, pray -2 +J° % Prav+) 2 (2.78a)
v=0 v=0
with PR(2v+1) = Pr2v =0, V=0,...,Nf2—l;
(N2 2v+l 2
N odd: P()= Y [pﬂ(m,) YL fpray 2 "], (2.78b)
v=0
with PR2v = PI{2v+]) =0, v =0,....(N —1)!2;
verifying in each case: pry =1,  piv =0. (2.78¢)

Proof of necessity : The proof of necessity is elaborated starting
from equation (2.77b), and taking the tangent of both left and right
hand-sided parts of it, as specified in (2.79a). The expressions being
rather involved, it is useful to rewrite the left and right hand-sided
parts of (2,792) as provided in (2,79b,c) :

tan[Bp () + Bp (x—2)]=1an[Bp (0} + Bp (7)], (2.79a)

i oy N () (2.79h)
e tanlBp (D)+ B (x Q)]_ Den(Q)’

and tan[Bp (0)+ Bp (m)]= Numy (2.79¢)

Den
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Next, applying (2.79b,c) jointly with (2.8), one obtains formulas
(2.80a) — (2.80d) after a longer development that is omitted for con-
ciseness.

N N
Mumy(@y==F T {[-1* + 0" |- by gy -cosliv- @)
v=0 p=0
+[(-1)»u —(—1_)"]-[%, PRyt — Piv pm]-sinvﬁ -cos pk2 } (2.80a)
N N
Deny()=% X {(—1)”'[Pmp.tzp-Pwmp]'cos[("-ﬂ)m
v=0 (=0

~[-1* + -1 | pry pry -sinlev- w1 }, 2:80)
Nump=-S 00 TN o[-0 +¢-1" | oavpry» (2.80¢)

Deny=Yao oo V" | PRy PRy~ P1v PIL | (2.80d)

One notices that when v and i share the same parity, i.e. for (v+u)
even, (2.81a) is verified, whereas (2.81b) applies when v and g ave of
different parity, i.e. for (v+u) odd :

for (v+pt) even: (=D +(=1)Y =2-(-)¥, (2.81a)
(-W* -1y =0,
for (v+p) odd: (=H¥ +(-1y =0, (2.81b)

¥ - (-1 =2-(-DH*.
Consequently, equations (2.80a,c) can be rewritten as follows:

Num (2y=-F 3.5 TN 2:(-D* - ppy by -cosl(v - 1) €2)

(v+pu)even
N N .
~Y o0 T o 2:(-DF [ pry PRy — Prv pry | -Sinv2 cos p2, (2.82a)
(v+pu}odd
Numy=-3 3 o SN0 2:-D*  prypiy- (2.82b)
(v+ i) even

According to (2.82b), Num,=0 for (v+ u) odd, implying that Num,
should do the same for (v + it} odd. Consequently :
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Z‘to Z,!Lo (~-1# '[PRvPRp. -Pme]-SiﬂVQ'OOSHQEU
(v+u)odd

V2 e[-n,n], which involves ;

PRvPRu = Piv Prg =0, for (v+u) edd. (2.83)

Case 1) N even : Assuming first that ¥ is even, and introducing
(2.78¢) in (2.83) with v =N, ene achieves:

PRu =0, for pedd (2.84)

Considering in a second step any even v, and inserting (2.84) into
(2.83), results in :

Piv - Piu=0, for v even, u odd, (2.85)

meaning that at least every second coefficient p;, in the sequence
1=0,1,2,..,N is zero valued. Equation (2.84) remaining valid, this
leads a priori to twe possible solutions, namely:

pig =0, for peven =  P(z) para-even; (2.86a)
Piu =0, for p odd =  P(z) even, (2.86h)

In case P(z) is para-even, ene verifies ppy, py,, =0 for (v+u) even,
implying tbat both terms Num | and Nwm , in (2.82a,b) become identi-
cally zero V2 e[ -x, 7], thus fulfilling (2.77a,b).

Regarding the deneminators Den;, i=1,2, it is noticed in (2.77b) that
Bp (82)+Bp(m-82)=Bp (0)+ Bp (x) correspends to a finite value, so
that the tangents in (2.79b,c) are properly defined. Accordingly, the
numerators and deneminators in (2.79b,c) cannot be simultaneonsly
zero valued. Since Num = Num =0, it is confirmed that Den;(£2)=0,
VQe[-n,n], i=1,2. Additienally, Den; are observed to be non-
identically zero in (2.80b,d). The solntion (2.86a) is thus validated.

If instead one is considering P(z) as an even pelynomial following
{2.86b), no solution can be derived from (2.82a,b) except in the real
case to be discussed later in the Corollary 3 of Theorem 3. In addi-
tion, (2.77b} cannot be found back from an even complex P(z). The
selution (2.86b) is consequently rejected.
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Case 2) N odd : Proceeding similarly for N odd, the only solution is
given by :

PRy =Piy=0 for veven, podd = P(z) para-odd. (2.87)

The demonstration of the necessity condition of Theorem 3 is thus
completed. |

Pronf nf sufficiency : Assuming that polynomial P(z) is fulfilling
either (2.78a) or (2.78b) in addition to (2.78¢), one establishes from
(2.8):

Br(Q)=-Bp(n-2) = Pp(0)=—Bp(n). (288ah) .

Subtracting (2.88b) from (2.88a) results in (2.77h), and therefore in
the equivalent expression (2.77a). The sofficiency condition of
Theorem 3 is thns demonstrated. |

Cnrollary 1 to Theorem 3 :

Consequently to the para-even/odd nature of P(z) in Theorem 3, the
N th-order complex allpass A(z) is taking the values listed in Table
2.15 for z=¢ j, involving the indicated valnes for the phase response
B4 (X7 /2) specified in (2.75a,b).

Pronf: Introducing z=1; into (2.78a,b) involves (2.89a), and thns
(2.89h) using (2.77a). The values of A(xj) and B, (2x/2) in Table
2.15 are then dirvectly derived in function of N . n

Pj)=(-1)" -Bxj) = ApH=A-FHY; (28%ab)

N A pA=EHY Ba(x7m/2)+6
4k 1 2m -5
4k +1 FJi tn/2+ 2
4k +2 -1 T+2n-m
4k +3 *j Fri2+2r-n

Table 2.15: Specific values of A(tj) and §, (+r/2),for N21, ke N ,neZ
( nselected according to the unwrapped phase £, (2)+8 ).
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Corollary 2 to Theorem 3 ;
In case the N th-order allpass A(z) in Theorem 3 is real, then P(z)
reduces to an even {odd) polynomial for ¥ even (odd), respectively.

Proof: The demonstration is evident and thus omitted. [ ]

2.6.3 Pole configurations of half-band symmetric
allpass functions in the general case

Based on Theorem 3 and its Corollary 2, the pole configurations of
half-band symmetric allpass networks are established. This is done
considering elementary first-order para-odd, and second-order para-
even polynomials. Higher-order para-even/odd polynomials are then
achieved by a mere product of lower-order polynomials, following the
rules described in (A.15).

The N th-order polynomial P(z) being monic by definition ( py =1),
and considering the conditions to be fulfilled by a polynomial to get
para-even/odd, cf Table A.3, it is observed that P(z) can only become
para-even for N even, and para-odd for N odd.

Case of 1st-order para-odd polynomials

The condition to be verified by a first-order monic polynomial P (z)
specified in (2.90a) to become para-odd is Re{z.;}=0, resulting in
(2.90b), including the real case a =0.

Pi(2)=2— Zel; (2.90a)
Py (z) para-odd: Zwl = j@, with aelR. (2.90b)

Case of 2nd-order para-even polynomials

In case of a second-order para-even polynomial P, (z}, cf (2.91a), the
conditions to satisfy are Re{z.) + 2. }=Im{zw) <22 }=0. Two sub-
cases are considered according to the fulfillment of Re{z,; + 2.7 }=0.

Snbcase 1t Re{z..; }=Re{z..2 }=0 : This subcase merely corresponds
to the product of two para-odd first-order polynomials, cf (2.90b),
resulting in (2.91b). Im{z,,] ‘2.2 }=0 is then necessarily satisfied. Ii
is noticed that the two factors «;, i=1,2, encompassing the value
a; =0, are in general independent of each other,
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Subcase 2: Re{z,;}=-Re{z,2}#0 : In this subcase, z.,| =a+ j-y
and 7,7 =-a+ j.y,, with a,y,,y, € R, and a 20 by assumption. The
condition Im{z, - 2,2 }=0 is then inducing (2.91¢).

P3(2)=(2=Zeo1 ) (2= 202} =22 =(Zoo] + 2002 ) 2+ Zeo] * 202} (291a)
P, (z) para-even:
Subcase 1; Zwi = j0y, with o eR,i=12; (2.91b)

Subcase 2: Zo2 =—2w], With Re{zq}#0,i=12. (2.91¢)

Allpass pole canfigurations far complex para-evenfodd P(z)

The allpass pole constellations corresponding to elementary complex
para-even/odd polynomials P(z) following (2.90b) and (2.91b,c) are
represented in the left column of Figure 2.21, parts a) and b). Higher-
order complex para-evenfodd P(z) are obtained by multiplication of
elementary complex para-even/odd polynomials, including elemen-
tary real even/odd polynomials P(z) discussed below.

Allpass pole configurations for real even/odd P(z)

In the real case, the relationship (2.90b} becomes (2.92a), whereas
(2.91b,¢) result in (2.92b,¢,d). The corresponding allpass pole configu-
rations are illustrated in the right column of Figure 2.21, parts a), b),
and ¢).

Pi(z) odd: Zw] =03 (2.92a)
Py (z) evem:
Subcase 11 z,; = /'@, 2,2 =201, With aecR; (2.92b)
Subcase 2: 7. €R, 2w) == Zw]» with z,) 20; (2.92¢)

Py(z) evenl: 2,1 €C, 202 =—Zuol» Zeo3 = Zonl» Zood =—Zeo| - (2.92d)
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P(z) Complex P(z) Real P(z)
a) 1st-order para-odd fm{z) ¢ Im(z)
!
LeRe(z) Ly Re(z}
b) 2nd-order para-even Im{z) ¢ Im (2}
L Re(z)
<) dth-order para-even Im(z)
Similar 1 complex case b) %% Re(z)
d) Para-even and Imi{z)
circularly symmetric “ ;"
{ icreducible case ) v Impossibl
1. Re (2) _ possible
s in the irreducible case
¥ %

Figure 2.21: Pole configurations for clementary half-band symmetric
allpass functions (general case),

2.6.4 Para-even and circularly symmetric case

The case where the denominator P(z) of a balf-band symmetric all-
pass A(z) is para-even and circularly symmetric is handled by split-
ting A(z) into two allpasses, namely Ay (z) collecting all real pole
configurations, the remaining complex poles being taken over by
Ag(z) , the related denominators being labeled F, (z) and Pg(2):

A(2) = Aq (2)- Ag (2);

Aq (2) real, Ag(z) complex;

(2.93)
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the factor A of A(z) being assigned to Ag(z). Clearly, the circular
symmetry involves a necessarily paired occnrrence of poles verifying
Zwis) =1/2;, exclnding poles at the origin becanse their inverse
would be rejected to infinity. The elementary real pole configurations
of P, (z) obtained from Figures 2.21b and 2.21c¢ are thns represented
in Figure 2.22. Obviously, every pole in Figure 2.22 is precisely
cancelled ont by a zero of the same configuration, so that, whatever
its degree, A, (2) is demonstrated to be fully reducible to the degerne-
rate allpass A; (z)=1.

miz) Im{z)

Re(z) ! »Reiz)

Figure 2.22: Pole configurations for real elementary half-band symmet-
ric allpass functions with even and circularly symmetric
denominator.

Considering Ag (z), whose poles are necessarily non-real by assump-
tion, i.e. Im{z,; }=0, the relationships (2.91b) and (2.91c) are re-
placed by (2.94a) and (2.94b), respectively, as depicted ia Figure 2.21,
part d).

Py (z) para-even:
Zo] = Jrll, Zawa =125, with a0, aeR; (2,94a)
P4(z) para-even:

%ot €C 202 =21, Zeo3 =1/ 2}, Zog =-1izhy.  (2:94D)

The next corellary can thus be formulated.

Corollary 3 to Theorem 8 :

Referring to Theorem 3, an irreducible N -th order (N even) complex
allpass A(z) ewning a para-even and circularly symmetric denomi-
nator P(z) is: 1) necessarily devoid of real pole configurations; and
thus 2) featuriog a purely even phase respoose. Moreover, the
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auxiliary rational function P’(z) defined in (2. 40a,b) is para-even for
Ni{2 even, and pard-ddd for ¥/2 odd.

Proof: The fact that an irreducible complex allpass A{z) with para-
even and circularly symmetric denominator P(z) is necessarily de-
void of real pole configurations follows from the developments made
at beginning of this subsection. According to Subsection 2.3.2, A(z)
ig then certified to feature a purely even phase response, in addition
to the half-band symmetry. Finslly, the para-even/odd property of
P’(z) in function of the parity of N/2 is a consequence of (2.40b). B

2.6.5 Implementation simplifications

Due to the para-even/odd nature of the denominator P(z) of a gen-
eral case half-band symmetric allpass A(z), a (limited) implementa-
tion simplification is rendered possible making use of (A.28). Indeed,
specifying:

i=j-z, (2.95)
equations (2.78a,b) can be rewritten:
N even:
P( N2 v .21; Nzl v A2v+1
2)=3 prov-(-DV -2+ ¥ proven (<D . (2.96a)
v=0 v=0
N odd:
= i (N2 v+1 2v+l 2v 2 96b
P(2)=j- % | PRC2ve) (-1 +pray (-1 Y [ (2.96b)

v=0

P(z) behaving similarly, A(z) can be realized using rea! allpass
structures, except for the ; factors introducing a mere swap between
the real and imaginary parts of the signals, and which occur in par-
ticular in connection with the complex delays. This implementation
simplification was already cited in [Meer83, Vaid87al. More explic-
itly, the transfer function of A(z) can be expressed as ;

1+ - .

A(zy=A-z"No . 1‘[ 7O ]] ey 2 [ Iy 2 | (2.97a)
g\ 27I % ) ymg| 2%y 2+ Zeoy

with N=Ng +N| +2.Ny; aneR,a#;tO; (2.97h)
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where N, represents the number of poles at the arigin, N; denoting
the number of purely imaginary pales following (2.90b) and (2.91b),
whereas N, specifies the number of paired poles according to (2.91¢),
Finally, one achieves :

_ v Ml YN (14d, 24e, - 82
A=A Mo Mo T (Lo 2} M | (2.98)
p=1 v=l| £°+d, - 2i+e

with d‘l’ =2-Im{zmv b3 y =| Z°°'V|2‘ (2.98b)

Implementation simplifications in the real case

Clearly, P(z) and thns A(z) are hoth becoming even or odd func-
tions in the real case. Hence, A(z) can be reformulated as :

N even: A=Ay, (2.99a)
N odd: Aln)=z1.A(%y; (2.99b)

a feature that is well kngwn for the realization of real half-band
allpass-based networks [Noss83, Gazs85a, Fett86, Vaid93], A(:2)
representing an even degreed allpass. The form of A(z) is leading to
drastic reductions in hardware resources, compntation thronghput,
and power consumption, especially for multirate filterbank imple-
mentations, as cited in the mentioned references.

2.6.6 Half-band symmetric allpass functions in the
constrained case

Two canditions are introduced in [Fett85) for the design of half-band
symmetric allpasses used to realize specific amplitude and mixed
amplitude/phase selective half-band filters. These conditions are:

N even: AlD)=-A"1(-2); (2.100a)
N add: A(D)=-A(-2). (2.100b)
Inserting (2.78a,b) into (2.100a,b), respectively, results in :
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N even: A{(z) with para-even and circularly symnietric (2.101a)
dencminator P(z); with A=%;

N odd: A(z) with real and odd P(z); with A=%1; (2.101b)

sa that A(z) is featuring either a purely even phase response for N
even if irreducible {¢f Corollary 3 to Theorem 3), or a purely odd
phase response. The subject is discussed in detail in Chapter 4.

Moreaver, inserting the values of A specified in (2.101a,b) into
(2.89b) results in :

A(xj)=%j, YN, e BiEn/2)=1n/242x-n, VN; (2.102a,b)

thus replacing Table 2.15. The upper/lower signs appearing on hotb
gides of every equation (2.102a,b} are not any more correlated. The
factor 7 is selected according to the unwrapped phase B4 (€2).

2,6.7 Examples

A first example illustrating a general case half-hand symmetric
allpass was already discussed in Figure 2.8 and Table 2.6. Several
further examples are described below, the first corresponding to a
Sth-order complex para-odd allpass depicted in Figure 2.23 with
parameters specified in Table 2.16.

B4
@ ‘ -/v—/_— |m (z) 1
=
& .
25 05 0 05 1 /{\*\
07
3 = L, Re(z)

Ta (£2)
5 o D

I M|

1 05 ] 0.5 1
b) Qir

Figure 2,23: 5th-order complex half-band symmetric allpass function
with para-odd denominator P(z) :
a)} Unwrapped phase response; c) Polea configuration.
b) Group delay;
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v 8/, Re{z.,} n{z,, }
0/n — 0 _—
Zoay 1 1.20-exp(~j-0.50.7}

2 0.90.exp(j-0.40-7)

3 0.80.exp(- j-0.15-x})

45 Zoy =~ Zn(1-v)

Table 2.16: Parameters specifying the allpass illustrated in Figure 2,23,

E 4
3. \ / Im(z) 4
m-t L
o 3 9 BE 1
a) Qin 1.
% * Re(z}
g 0 ‘ \»J
-
el ‘ )
205 iy ] 7% i
B) Qin

Figure 2.24: 4th-order complex haif-band symmeitric allpass function
featuring an even pbase response, and tbus a para-even
and circularly symmetric denominator P(z} :

a) Unwrapped phase response; ) Poles configuration.

b) Group delay;

o v 9/%, Relz,, } In{z,, }
o/ — Q —
Zuoy 1 ¢.90-exp(j-0.40.7)

2 Zo2 =-Z;_=|
3.4 Zoov =1 2o (5-)

Table 2.17: Parametars specifying the allpass illustrated in Figure 2.24.

The two next examples present complex allpass networks featuring
an even phase response. A general case is depicted in Figure 2.24
with parameters given in Table 2.17, whereas Figure 2.25 and Table
2.18 correspond to an allpass with almost linear phase response
Bag (2)=3.]2| over |22|e(0,7], the adopted legend and represented
characteristics being the same than in Figure 2.7.
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g? £
@ 2 g o/
w1 m 2
& &
1 05 0 0.5 1 -1 05 0 05 1
a) Qin ¢) Qin
o~ g §
g N;
w 0 =0
-2 &l
v &
4 05 0 05 1| WS B
b) Qin d) Qin

'Irn[z}

Ae{z)

e) X

Figure 2.25: §th-order complex half-hand symmeiric allpass with even
and almost linear phase with S,r (2)=3.]2|, |2{e[0,#] :
a) Unwrapped phase response; ¢} Unwrapped phase of Agq(z);

b) Group delay; d) Residual approximation error;
e} Poles configuration.

v 8/, Re{zoy } Im{z.y }

— -0.5 —
Zooy 1 0 0.55943181755232

2 0.64830915709478 0.19851187299565

3 w3 =~ 1;2

4!5t6 Teoy =]!zw{7—v}

Tahle 2.18: Parameters specifying the allpass illustrated in Figure 2.25.

%
g o /_/ I (2)
&
A5 3 5 ) i /{j\
a) Qin i
20 *Re(z)
g
Ew 1 \"(\_,/
c)
o5 Y 7 % 3
b) Qi

Figure 2.26: 4th-order real half-hand symmeitric allpass function with
even denominator P(z) :

a) Unwrapped phase response;

b} Group delay;

¢) Poles configuration.
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v 0/%, Re{z,, } im{z,, }
— 0 _
1 0.90-exp(j-0.40.7)
2 - L]
%2 T ~Zm)
3.4 Zuy = Zo(5-y)

Table 2.19: Parameters specifying the allpass illustrated in Figure 2.26.

Finally, Figure 2.26 and Table 2.19 illustrate the case of a real even-
ordered allpass.

2.7 Allpass properties in the 'qr-doinain

It is observed that all elementary properties of allpass functions that
were identified or demonstrated in the z-domain in this chapter,
bave their direct counterpart in the y-domain, and vice-versa, both
domains being related through the bilinear transform.

2.8 Conclusion

In tbis chapter, various elementary properties of alipass functions
were discussed in detail. After recall of basic definitions, a detailed
analysis of the even/odd allpass phase response constitnents was
undertaken in Section 2.3, allowing for a factorization of allpass
functions into elementary allpasses. The explicit form of allpass
networks with purely even phase response was then derived, which
is in particular useful to perform the approximation of sucb filters.
Next, the stability of allpass functions, and by extension of polynomi-
als, was discussed in Section 2.5, focusing on the relationship
between stability and phase or gronp delay responses. Finally, com-
plex half-band symmetric allpass filters were handled in Section 2.6.

It is observed that an important part of the results achieved in the
chapter is merely based on the analysis of the even/odd allpass phase
constituents, with exploitation of the identified properties.
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Contributions

The main contributiohs 15 of tbe chapter considered as original to the
best knowledge of the author are :

» C2-I. Establishment of the refined decomposition of complex
allpass funetions (2.28) and their correspondence to related purely
even and odd phase response constituents (2.30a,b), including
their potential use for simplified approximation of complex allpass
filters as described in Subsection 2.3.4, and the provision of the
explicit form of allpass functions featuring a purely even phase
response as discussed in Section 2.4.

» C2-II: Systematic study of stability-related properties of complex
and real allpass functions as presented in Section 2.5, with
gradual progression of the features analysis. Results of particular
interest are :

e C2-H/1: Provision of a new proof of the known Property 3 in
Subsection 2.5.3.

e (2-11/2: Expression (2.69) specifying the spanned phase range
over extended frequency domnain, representing a generalization
of known spanned phase range expressions [Bele68, Vaid93],
that is in particular nseful in the frame of allpass-based filter
transformation methods [Anso00], and allows for a precise enu-
meration of stable and unstable poles belonging to the assessed
allpass, provided the applied phase unwrapping technique is
gecure.

¢ C2-11/3: Ydentified stability conditions related to the constitu-
ent parts of complex allpass networks in Subsection 2.5.5, with
contribution of Leimma 1 and Theorem 1.

+ (C2-1V/4: ldentified stability conditions deduced from the even
and odd group delay symmetries as discussed in Subsection
2.5.6, with contribution of Theorem 2 and Property 4.

15 In this report, contributions that are claimed to be original are listed adopting
the following numbering scheme :
Cx-y/iz, where “C” stands for claimed original contribution, “x” specifies the
concerned report chapter, “y” corresponds to the index of the claimed contribu-
tion, whereas “z” is potentially used for numbering the constituent parts of
the claimed contribution.
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» C2-111: Systematic study of half-hand symmetric allpass functions
as handled in Section 2.6, with identification of the fact that
complex half-band allpass filters are featuring two separate
symmetries in the positive and negative frequency ranges, cf
(2.74a), (2.76¢), and Figure 2,20, the main contribution being pro-
vided by Theorem 3 and related corollaries. Moreover, a restricted
version of Theorem 3 is discussed in Subsection 2.6.6 for the case
of congtrained half-band symmetric allpass functions.

A further contribution is given by the observation made along the
examples described in Subsection 2.4, that purely even phase res-
ponse allpass functions offer a remarkable flexibility to diversely
shape their phase response, since the spanmed phase range
{Ba(m)—B4{0)] is unconstrained. This fact can in particular he
exploited in allpass-based transformation methods to partially shift
ont (or shift in) portions of the frequency response of transformed
filters [Ango00], rendering non-circular transformations possible,

Further potential research

Based on the former considerations, the next subjects are proposed
for potential furtber research:

» Systematic study of the available design space of allpass functions
with purely even phase response, and general complex allpass
functions, by approximating classes of phase responses, establish-
ing guidelines if appropriate.

¥ Study of further elementary properties featured by complex allpass
functions, in relation with particular filter configurations. As an
example, the formal and practical study of complex filters for
analytic signal processing could be envisaged, based on the refined
allpass decomposition (2.28).

» Systematic study of ellpass-based filter transformations, exploit-
ing the results developed in the chapter, e.g. along already
collected ideas [AnsoQ0}.

» Others.
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Complex and Real Wave Digital
Filters

3.1 Introduction

The concept of Wave Digital Filters was introeduced in 1971 by A.
Fettweis [FettT1] as a basis for designing what we will call “robust”
time-discrete filters. It is remarkable to observe, after almost 30
years of regular progress, how many — diversely oriented — theoreti-
cal and practical results, including industrial applications, were
elaborated from these seminal ideas,

Hence, the WDF principle can be perceived as a true paradigm for
robust digital signal processing, offering criginal solutions to a wide
range of signal processing problems, including :

» Real linear time-invariant filtering, using :
- Classical WDF structures (e.g. ladder, lattice) [Fett86];
~ Power WDF structures 1 [Hahn85, Host85, Zhan8§];
-~ Orthogonal WDF structures 2 [Fett90, Depr80, Suzud1];
— Laitice structured FIR filters [Fett88, Zaln89, Vaid88];

1 Filter structures essentially based on classical networks, but using power wave
signal quantities.
2 Recent filter configurations resulting from original factorization methods,
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» Complex linear time-invgricnt filters [Fett8l1a, Meer83, Schii®l,
Jarm94, Scar94];

» Hypercomplex linear time-invariani filters [Kant89, Ebbi90,
Schiif0, Schii9l, Fukn95, Kama97];

> Signal modulation and multirate processing [Fett82, Gazs86al, in
particular with retrieval of reflected power [Dabr87a, Dabr87b];

» Bidimensional and N-Dimensional signael processing [Zou89,
Doma91, Feti94, YCAS94, Gudd], in particular using complex net-
works [Fett87, Blej90, Janc93];

¥» Adaptive signal processing [Kubi85b, Zaln30, Tan92, Tan94];

» Numerical integration and modelling of linear and non-linear
time-varient processes described by Partiel Differentiol Equations
[Fett89, Fett92b, Fett92c, Nits93, Fett94, ICAS94, Sched8);

and many more topics, dealing e.g. with practical DSP and VLSI
implementation aspects.

However, one should also mention the numerous contributions
originating from complementary approaches. These inclnde design
methods relying on varions types of analog-to-digital transformations
[Tant95] for the mapping of classical analog networks onto digital
filtexrs (e.g. backward difference approximation, impulse invariant
method, matched :z-transformation, etc.), in particular LDI-based
methods [Brut76, Turn86, Nowr90, Nowr93).

Other contribntions concern the Markel and Gray lattice filter struc-
tures [Gray79)], resonator-based orthogonal filters and filter-banks
(Péce88, Péce89, Padm91, Padm96], contributions proposed by
Vaidyanathan and al. [Vaid84, Vaid88), and many others,

This chapter is dealing with complex and real WDF design limited to
the linear time-invariant case. The sequel of the chapter is organized
as follows. Section 3.2 is first recalling the fundamental properties of
real WDFs, whereas complex WDFs are introduced in Section 3.3.
Section 3.4 is then presenting in detail complex lossless two-ports,
mainly focusing on lattice-type networks. In addition to reminding
the essential features of symmetric and antimetric lossless two-ports,
this section discusses in particular; i) achievement of higher-order
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lossless two-ports by cascading lower-order symmetric/antimetric
ones, including the scalar case; ii) deubly maghitude-complementary
networks offering an intereating low-sensitivity to mismatches;
iii) tranaformations of lossless twe-perts; iv) equivalent implementa-
tions of real antimetric lossless two-ports. Next, the canonic number
of design parameters characterizing lossless two-ports is handled in
Section 3.5, discussing alse their use to achieve different filter
responses. Section 3.6 is then devoted to the mapping procedure of
complex lossless two-ports from the y-domain into the z-demain,
followed by the conclusions drawn in Section 3.7.

3.2 Real Wave Digital Filters

The concept of WDFs introduces a framework consisting in a rule-
based mapping of classical analog networks (i.e. passive lumped
element-based filter structures, or commensurete distributed
networks), either onto analog time-discrete networks (e.g. switched
capacitor filters), or onto digital filters [Fett71, Fett86]. Only digital
filters are considered in this report.

The Wave Digital Filters achieved after mapping are featuring the
following properties :

+ They are fulfilling the realizability — or computability — conditions,
(FettB4a, Fett86, Croc75], in the sense that the resulting digital
networks : (i) are organized in ordered sequences of computation
operations (precedence dependencies, etc.), and (ii} are deveoid of
any delay-free loop.

¢ They inherit the properties of the analog reference network they
are derived from, which most impertantly invelves preservation of
pessivity and losslessness [Fett88, Fett72a, Fett72b, Fett75,
Fett86, Deso75, Doma84, Vaid85a), which in turn implies further
essential characteristics, including low sensitivity, low round-off
noise, and stability under finite-precision arithmetic conditions.
These properties will be discussed in Snbsections 3.2.2 and 3.2.3.

A comprebensive tntorial paper on Wave Digital Filters and their
design can be found in [Fett86], whereas complementary intrednctory
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material is available in [Boit90, Laws90, Suzu90, Anto93), and
[Schi94).

3.2.1 Mapping procedure to achieve real WDF's from

analog reference filters

The mapping procedure recalled below applies to real networks
[Fett86]. This method proceeds similarly to derive complex WDFs
[Fett81a, Schii91].

Three frequency domains are considered for designing WDFs
[Fett86], of Section A.3 :

¢ the p-domain, where p is the actual complex frequency;

¢ the y-domain, ¢ corresponding to Richards' variable used for the
design of commensurate distributed reference filters;

+ the z-domain, where z is the standard complex frequency vari-
able used in digital signal processing; z is related to v through
the bilinear transform, cf (A.50).

The transfer of analog reference filters into the digital domain sheuld
be performed using convenient signal variables. Hence, a first at-
tempt based on the digitization of voltages and currents of the analog
network fails very soon, because this leads to unrealizable filters con-
taining delay-free loops. To circumvent this problem, weve quantities
as known from the scaitering parameter theory [Bele68, Youl7l,
Fett92a) are used instead for designing WDF's [Fett86).

instantaneous quantities { Steady-state quantities

c
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£ Ry Ry

gl -- o -

= b, B, ™

Figure 3.1: Representation of a port (real networks).
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These wave quantities are defined with respect to each port of the
reference network, where a port is characterized by a voltage, a cur-
rent, and a constant port resistence R for real networks (Figure 3.1).
One distinguishes incident waves {denoted by a or A), which propa-
gate in the forward direction, and reflected waves (denoted by & or
B), propagating in the backward direction. The port guantities can
moreover be considered either as instantaneous quantities in the
time domain (lower case symbols a and &), or steady-state quantities
in the frequency domain (upper case symbols A and B).

The incident and reflected waves can be defined as power, voltage or
current wave quaniities [Fett86], where the power waves correspond
to the usual wave quantities known from the classical scattering pa-
rameter theory. The difference between these quantities being mar-
ginal [KubiB5a), and considering the related implementation simpli-
fications [Fett86], only voltage wave quantities are considered in the
report.

The mapping procedure applied for the derivation of WDFs proceeds
now as follows (Figure 3.2). A passive reference filter is first selected
and specified in the y -plane. This reference filter is characterized by
voltage quantities, elementary one-port and two-port components,
and basic parailel / serial interconnection networks fufilling Kirch-
hoff's interconnection laws. 1f necessary, the reference filter incindes
also compact second and fourth-order filter sections (Brune, Darling-
ton C, D, and E cells).

The elementary one- and two-port components are subdivided into
frequency dependent components {equivalent capacitances and induc-
tances, Unit Elements, etc.), and frequency independent components
(resistances, ideal transformers, ete.).

The interconnection network as a whole is frequency independent,
and is nsuaily decomposed into elementary parallel and serial inter-
connections, or into more general interconnections when required.
These interconnection networks are all defined as multiports to get a
consistent description in the wave domain,

In a second step, the reference filter is described nsing wave gquanti-
ties in the y -plane, cf Figure 3.2. The elementary components are
then defined by a reflectance coefficient S(@) for one-ports, and by a
scattering matrix S(y) for two-ports or multiports. Furthermore, the



72 Chapter 3

interconnection networks are converted into so-called adaptors char-
acterized by a frequency independent multiport scattering matrix
[Fett86).

Passive ralerence filar Wave Digilal Filler
(y-plane} {z-plena}
Vohage/Current domain Wave domaln Wave digilal domaein
Signal quantities : U AB Comespondence B
| |
Components : Bingar
+ Freq, dep. ! L, C, UE, QUAAL; Scattering Parma VO g oonering Parms
Bruns / Davlinglon cells
ko 8, &) | Ty - sy
+ Freq. indep. : R, Transformer, Direct - L+
Gyrator, Clrculator L b
Inlerconneclions : Perallel  Sertel Parstel/Senal | | Poraiei  Serial
{ Kiechhotl's Laws ) intgrconnactions Adapiarg ﬁ_._ Adsplors
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( Frequancy Indep. ) | Genoraltmercommect General Adagiors General Adapiors
o
Metwiork Netwark schams
represantallon : l Signel Flow Graph Wave Flow Graph Wave Flow Graph

Figure 3.2: Mapping procedure from analog reference filters onto WDFs
(real networks),

The last step consists in transferring the achieved wave filter from
the analog domain into the digital domain using the bilinear trans-
form. Obviounsly, all frequency independent building blocks (con-
cerned components, adaptors) are directly mapped into the digital
domain (Figure 3.2).

An example of the procedure is given in Figure 3.3 for an elementary
doubly-terminated third-order ladder structure, The internal struc-
ture of the adaptors can be found in [Fett86].

As can be observed from Figure 3.3, WDFs achieved from classical
two-ports are featuring two input and twe output signals, making the
four entries — i.e. transfer functions — of the scattering matrix simul-
taneously available. This property, which extends directly to multi-
ports, is appreciated for many applications (e.g. branching filters,
analysis and synthesis filter banks), and leads to economic sointions.
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Figure 3.3: Example of mapping procedure for a 3rd-order ladder filter:
a) Analog reference filter; b) intermediate step; ¢) Derlved Ladder WDF.

A furtber advantage for WDF's is that the extended corpora available
for the design of classical filters, including design tables and charts
[Zver67, Saal79)], or elaborated approximation tools, e.g. [Szen77],
can all be (re-)used for WDFs, resulting in a rich framework. It
should be emphasized that the phase distortion introduced by tbe
bilinear transform eccurring in the WDF design process, is by ne
means a limitation for applications requiring fulfillment of a specified
phase response, since the distortion can be pre-compensated prior to
performing the approximation, e.g. [Henk81a, Fold91).

3.2.2 Passivity and losslessness

When applied to digital circuits, the notions of passivity and lessless-
ness are referring to a measure of instanfaneous power (time
domain), or a measure of steady-state power (frequency demain) as-
gigned to all input/outpnt terminals of the circuit, and to all internal
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signals corresponding to the leads of the basic bunilding blocks compo-
sing the network, cf [Fett88, Fett72b, Boyd82]. When the (instanta-
neous or steady-state) total power absorbed by a digital circnit is
praved to be nounegative or equal to zero for any choice of inpnt
sigmals, it is said to be passive or loasless, respectively.

External passivity and external losslessness are further distinguished
from internal passivity and internal losslessness, respectively
[Fett88]. External passivity and losslessness refers to the balance of
the absorbed (steady-state) power of a digital circuit as observed from
inpnt/ontpnt terminals only, and corresponds to a behavioural char-
acteristic of the network. External losslessness is essential to achieve
low-sensitive digital networks, and is sufficient to ensure inpunt/
outpnt stability under linear conditions.

A digital circuit is in turn denoted as infernally passive or lossless
when it is comprehensively composed of passive or lossless building
blocks, which corresponds to a structural property of the network.
Internal passivity or losslessness is the only one which may gnaran-
tee stability under finite-precision operational conditions (i.e. avoid-
ance of small and large scale limit-cycles, forced response stability,
marginal parasitic oscillations oceurring with periedic input signals,
stability under looped conditions) {Fett88), provided the digital
network ig praoperly degigned.

Due to the principle of power conservation, it is obgerved that inter-
nal passivity or losslessness involves external passivity or lossless-
ness, respectively, whereas the converse assertion is not necessarily
verified [Fett88).

Considering the mapping procedure applied for the derivation of
WDFs, it turns out that WDFs are by construction only composed of
passive or lossless building blocks, and are therefore internally — and
by extension also externally — passive or lossless. Applying in addi-
tion well-defined signal quantization and overflow handling rules
[Fett75, Meer79, Meer80a) in case of finite-precision arithmetic
implementation, where the signals under consideration are precisely
selected at the ports of the constitnent building blocks, WDFs are
gsbown to present all the desired features for rebnst digital filtering.



Complex and Real Wave Digital Filters 75

3.2.3 Sensitivity, round-off noise, and stability
WDPFs are thus chafacterized by the next interrelated features :

Low sensitivity to filter coefficients

Due to the Orchard-Fettweis Theorem [Orch66, Hasl81a], the at-
tennation response of ferminated classical lossless analog net-
works is particularly insensitive to parameter variations within
the passband. Hence, the resulting WDFs are characterized by a
very low sensitivity to filter coefficients, allowing for coarsely
quantized coefficients and reduced implementation complexity
[Fett73, Fett74b, Yang81, Fett86].

It is noticed that the sensitivity observed in the stopband of hoth
analog and corresponding WDF networks is depending on the un-
derlying filter structure (Rega88a, Pras87]. Lattice filters are for
instance known for their perceptible sensitivity in the stopband,
compared e.g. to ladder networks — a reason why they are usnally
avoided in the analog domain 3.

Finally, it is mentioned that singly terminated reference filters are
leading to more sengitive WDF structures [Fett86].

Low round-off noise :

Connected to their low passband sensitivity [Fett72a, Fett73,
Fett74b, Ullr76], WDFs are cbaracterized by a performant signal-
to-noise ratio, allowing for shorter signal wordlengths (¢f fixed-
point implementation).

Stability under linear conditions :
This property is antomatically fuifilled due to internal passivity /
Yosslessness of WDFs,

Stability under finite-precision arithmetic conditions :

The stability under finite-precision operational conditions, inclu-
ding avoidance of small and large scale limit-cycles through
controlled signal quantization and overflow bandling, stability for

Another reason why analog lattice filters are nmormally avoided for filtering
purposes is because of their implementation costs ; the structure is either non-
canonic (cf basic lattice, T-, and IT-networks), or it requires a transformer (cf
Jaumann, bridged-T networks) {Bele88, Blin76). The stopband sensitivity of
analog lattice structures is on the other hend of crucial importance for instru-
mentation and measurement purposes, e.g. the Wheatatone bridge.
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periodic input signals, forced response stability, and the strong
conditions of stability under looped conditions, can be shown to be
fulfifled by WDFs, provided specific design guidelines are followed
[Fett75, Meer79, Meer80a, Noss83, Feti86, Dabr86, Fett8§,
Butt88, Butts9).

3.2.4 Factorization methods and related WDF
structures

Basically, the Wave Digital Filter structures essentially differ accord-
ing to the factorization method nsed to synthesize the lossless N-part
to be designed. Hence, starting from the abstract mathematical de-
scription of the N-port to be synthesized, expressing the relationship
between the externally ingoing and outgoing signal quantities, the
factorization consists in systematically extracting from the eriginal
mathematical description elementary (zero-, first-, second-, or fourth-
order) sections, allowing for a gradual degree reduction of the N-port
description, until it has been fully handled. This process is influenced
by important aspects, such as the reciprocal or nen-reciprocal nature
of the N-port to design, or the possible necessity to achieve a canonic
implementation.

The factorization is done using either the rational impedance/admit-
tance matrices of the lassless N-port, or its chain matrix, scattering
matrix, scattering transfer matrix 4, or one out of its twe scattering
hybrid matrices [Bele68, Fett90] 6. &,

Finally, apart from possible (local) transfarmations aiming at simpli-
fying the N-port implementation, e.g. to avoid the use of costly
components, the overall structure of the resulting N-port is fixed
associating to eacb elementary (zero-, first-, second-, or fourth-order)
section a corresponding physically realizable netweork.

4 The scattering transfer matrix is also termed scattering chain matrix.

5 The factorization of the scattering matrix or scattering bybrid matrices results
in networks that are costly to implement in the time-continuous domain, since
they involve many circulators; conversely, the corresponding WDF structures
are simple to realize [Fatt90].

¢ For lossless one-ports, the mathematical description reduces either to a scalar
impedance/admittance (in fact a eeactance due to losslessness), or te a reflec-
tance [Bele68].
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Clearly, considering the number of factorization methods, including
mixed approaches, considering also the variety of possible implemnen-
tations for the elementary sections involving different components,
and the available (local) teansformation techniques that can be
applied, e.g. Kuroda-Levy methods [Frai69], it turns cut that the
number of achievable lossless analog reference N-ports, and of the
Wave Digital Filters derived thereof, is significant.

Obviensly, under strict linear and nominal eperational conditions, all
these different lossless N-port implementatien structures are equiva-
lent, the same remark applying to all correspending WDF structures.
However, under real life operational conditions, involving :

> for classical analog N-ports: sensitivity to component tolerances
with respect to nominal value, including less effects; sensitivity to
varying physical quantities (temperature, humidity, others),
sengitivity to (small-scale) component nen-linearities; component
implementation costs and sizes; others;

> for WDF's: sensitivity to filter coefficients, allowing for more / less
coarsely quantized coefficients; level of round-off noise (type of
quantization rule adopted; number of internal signals quantized,
etc.); implementation costs related to regularity of the structure;
others;

important qualitative and quantitative differences are observed.

Regarding the WDF realization procedure, the designer can follow

three approaches:

> either he already disposes of existing WDF structures fulfilling the
needs of the considered application, in which case it suffices to
adjust their degree and coefficients to the application problem
{simplest case);

> or he disposes of an appropriate analog reference N-port he can
map into the WDF domain applying the correspondence rules
(more invelved situation, but avoiding the factorization process);

» or he proceeds otherwise to the factorization, preducing the final
WDF without necessarily generating the reference N-port (most
involved situation, but offering the marginal possibility to achieve
original WDF structures, althongh many were already published).
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Table 3.1 provides a non-exhaustive list of factorization methods and
implementation structures obtained for lossless one-ports (i.e. reac-
tances), considering the analog reference networks, and related
digital and WDF structures.

Table 3.2 is in turn presenting a non-exhanstive list of factorization
methods and related implementation structnres for doubly resistor
terminated lossless two-ports, further structures being referred to in
Table 3.3. It is recalled that Darlington’s insertion loss synthesis
technique, originally elaborated for reciprocal lossless two-ports only
[Darl39, Youl71], and later extended to the non-reciprocal case by
Youla, was playing a centrat role in the filter synthesis field.

3.2.5 WDF design procedure

Schematically, the WDF design procedure invoives the next steps,
whose effective execution depends on the enconntered situation and
the objectives of the handled application :

Phase 1: Unquantized filter design (floating point):

» Set the specifications, including selection of filter degree, identify
the reciprocal/mon-reciprocal nature of the filter, including the
lattice-type case, determine the constraints and available degrees
of freedom regarding the requested amplitude/phase respouse,
with possibly prescribed transmission zeros, etc.;

» Approximate the filter, selecting an optimization criterion (e.g.
maxflat, minimax, others) and the approximation method, to
establish the filter coefficients (floating point precision);

¥ Determine the corresponding lossless two-port scattering matrix,
or equivalent description of the two-port;

» If necessary, perform the factorization to synthesize the detailed
implementation structure of the lossless reference two-port;

¥ K necessary, apply equivalence transformations (e.g. Kuroda-
Levy’'s method), or select alternative implementations of Brune
sections, or Darlington C—-, I)—, and E-sections, etc.;

» Map the lossless reference two-port onto the corresponding WDF
structure, possibly inclnding carefid simplifications/modifications
of the structure that are preserving the fundamental properties of
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the original WDF (e.g. mapping onto Essentially Equivalent State-
Space WDF's 10 [Wanh81, Sjss93]);

» Thoroughly assess the functionality of the obtained WDF.

Phase 2: Finite wordlength implementation (fixed point):

» Optimize the quantized valuoe of the filter coefficients according to
the target implementation platform;

» Apply a scaling to all antherized filter signals;

» Quantize all authorized filter signals, either individually, er
globally according to the target implementation platform;

» Thoroughly assess the functionality of the achieved WDF.

Phase 3: Physical (software/hardware) implementation:
¥ Perform the physical realization of the filter and check the results.

A detailed discussion of the design procedure, inclnding provision of
examples, can be fonnd in [Fett86, Laws90, Wanh99], and [Sj5s93].

3.3 Complex Wave Digital Filters

The extension of filtering methods to the complex numbering field
presents several interests. First at conceptual level, expressing
(certain) filtering probleme in the complex field often provides a more
regular and compact - sometimes even elegant — descriptien of the
situation, which helps in getting a better insight of the problem, in
specifying solution strategies and elaborating design/approximation
tools, or in handling specific applications. This metivation certainly
holds also in case the final target filter is real.

Second, selected practical applications undoubtedly do alse benefit
from the nse of complex filters, as will be seen in Snbsection 3.3.3,
and this even if the handled signals are real (e.g. analytic signal
processing).

The question to be answersd then in case of digital signal processing
is to know if there is a reason to physically implement filters in com-
plex form, since the networks dealt with in the present context are
linear — at least under ideal operational conditions — and can thos be
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equivalently represented by a real network, considering complex
signals as a mere arrangement of real signal pairs following specific
mathematical rules {Meer80b]. The answer to this question is then
given by the actual implementation costs related to the application,
and should be handled case by case. Indeed, the relationship between
the original complex filter and its real counterpart is more compli-
cated than it might seem, and can affect issues like the selection of
the filter structure, regularity and modularity of the solution, cluster-
ing of operations, roundoff-noise since signal quantization is not
necessarily processed equally in both cases, ease of software/hard.
ware realization, etc.. A definite answer is tbus not given here.

The remainder of this section is organized as follows. The equiva-
lence hetween complex and real networks is first discussed in Subsec-
tion 3.3.1. A classification is then estsblished in Subsection 3.3.2 to
distinguish situations according to the (non-) realness of the consid-
ered filters and related inpntfoutput signals. Next, Snbsection 3.3.3
motivates the use of complex filters, furnishing a short list of applica-
tion examples. ln Subsection 3.3.4, several categories of filtering
problems are differentiated in terms of real/complex classical filter-
ing and breadband matching problems. The additional components
needed to realize complex WDFs are then intreduced in Subsection
3.3.5, before discussing in Subsection 3.3.6 the concept of one-
realness related to the implementation of complex WDF's.

3.3.1 Equivalence between complex and real
networks

Given any (not necessarily lossless) complex two-port N as repre-
sented in Figure 3.4a. The two-port is featuring incident and reflec-
ted waves A;(y) and B; (v), i=1,2, respectively, together with the
scattering matrix §(y)={Sy (¥)}, k,I=1,2, where S, () correspond
to the scattering parameters. All quantities are related by :

A By S S12 ]
A= , B= , 8= , B=S8-4, (3.labed
(Az ] {Bz ] (Szl S22

explicit mention of the variable ¥ being dropped for simplicity. All
quantities being complex, they can be decomposed into their constitu-
tive real analytic and imaginary analytic parts, cf Subsections A.2.2
and A2.6:
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A=Apa+j A Bi=Bipa+J Bilg; S =Spra tJ-Suitas  (3.28,b,c)
which applies by extension to the matrix forms :
A=Ag, +j-Aly; B=Bp,+j-Bp; S=Spa+j Si (3.3a,b,c)

Clearly, introducing (3.3a,b,c) into (3.1d) leads to :

B S -8 A

Ra - Ra I Ia : Ra ’ (3.4)

By, Sta | Sra A
thus demonstrating that any complex two-port can be equivalently
expressed by a real 4-port [Meer80bl. The next topic of interest
concerns the relationship between the degree of the original complex
scattering matrix §, and the real equivalent one specified by the
degrees of Sp, and Sj,, due to their impact on the implementation

complexity. Since the scattering parameters are rational functions,
they will be considered first.

Degree of the real and imaginary analytic parts of rational
functions

Given a complex scattering parameter § with dropped indices for
simplicity, which is considered in reduced form, i.e. the numerator
and denominator are coprime. Moreover, § is factorized inte two
terms S and Sg, Sy collecting all real zero/pole configurations, Sg
gathering the remainder part of 5 -

§=Sy-Sp, with S; =S, (3.5a,b)
50 that the real analytic and imaginary analytic parts of § become :
Sa-Sp+Se-Sp SaSp+S4-Sp
- 2 B 2
and similarly ; Sta=Sa Spia i (3.6b)

SRa =Sa'SﬁRa’ I (3.6a)

Sgrq and Sg,;, being the real and imaginary analytic parts of Sg.
Denoting by Numy and Deny the numerator and denominator of any
reduced rational function X, respectively, so that X = Numy /Deny ,
one establishes :
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deg(Numgy, )< deg(Numg ) +deg(Dens, ), (3.7a)
deg(Deng,, ) =deg(Deng ) +deg(Deng, ) <2-deg(Deng ). (3.7b)

deg(.) indicating the degree of the polynomials. Possible common
factors between the numerator and denominator of Sg, generated
during the process, and which could be cancelled out, are here not
taken into account. Clearly, similar resnlts hold for S;,. 1n case the
considered two-port is lossless, the additional condition :

deg(Numg )< deg(Deng), (N lossless ); (3.8a)

is verified for each of the scattering parameters in (3.1¢), the degree
of which being then specified by the degree of the denominator.

Degree of the real and imaginary analytic parts of the
seattering mairix of lossless two-ports

Focusing on lossless two-ports, and referring to Subsections 3.4.4 to
3.4.7, it is observed that :

» Non-reciprocal case: The degree of the scattering parameters of
Sp, and Sj, evolve individually along (3.7), so that the prediction
of the degrees of Sy, and §;, is limited in precision to :

dog(S )< deg(Sp, )S2-deg(S), deg(S)<Sdeg(Si)<2-deg(S); (3.9a,b)

the degree of the matrices being specified by the common denomi-
nator in §. (3.9a,b) also apply to the general reciprocal case.

» Lattice-type reciprocal case: Sp, and §j, are remarked to be them-
selves of lattice-type. According to Subsection 3.4.13, the scatter-
ing mafrix of lattice-type lossless two-ports can be factorized into a
product of lower-order scattering matrices of same type. It is then
possible to apply (3.5) and (3.6) at matrix level, so that :

deg(Sg, ) =deg(Sy, ) =deg(S) +deg(Sg ). {3.10)

3.3.2 Classification according to (non-) realness of
networks and signals
Different situations are distinguished depending on the complex or

real nature of the filter networks on one hand, and of the inpnt/out-
put signals assigned to them on the other hand, ¢f Table 3.4 and
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Figure 3.4. The two-ports N considered in this subsection are not
necessarily lossless. Cases 1 and 4 in Table 3.4 are classical, and are
both illustrated in Figure 3.4a, selecting the appropriate real/
complex interpretation for the network and signals.

Case 2 may occur when a real filter network N is embedded in a
larger system that is processing complex signals. Referring to (3.4)
with §j, =0 since the two-port N is real, it is observed that two
instances of N are needed, namely one to handle the real part of the
signals, and a second one to process separately the imaginary compo-
nents of the signals [Meer80b], as represented in Figure 3.4b.

Case 3 is to be considered differently, two typical examples being
listed in Table 3.4, Finally, Case 5 refers to the sitnation where the
two-pert N becomes degenerate complex, in the sense that it rednces
to a real network N’ using an appropriate set of complex constants at
its inputs/ontpnts, as illustrated in Figure 3.4c. One of the constants
o;, B;, i=1,2, should at least be complex. An example is given in
Figure 3.4d for a; = B; =1, @; = B = j, where the multiplications by
+ j merely correspond to swapping the real and imaginary parts of
the bandled signals, in addition to a sign change (upper and lower
signs in Figure 3.4d are matching with those of @, = B; =% j).

Case Network | Network | Sigmals | Figure Examples
N N’
1 Real — Real 3.4a Classical situation
2 Complex 3.4b Occurs when N is part of
) a complex system
3 Complex —_ Real — Iy Analytic signal proces-
sing based algorithms

{cf Subsection 3.3.1)

2) Complex allpass N im-
plementing a real anti-
meiric lossless 2-port

4 Complex 3.4a Classical simation
5 Complex Real Complex 3.4c Cf Subsection 3.4.15 and
{Degenerate 3.4d Chapter 4
complex)

Table 3.4: Classification according to (non-)realness of two-ports and
signals.
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Figure 3.4: Interpretation of the different cases listed in Table 3.4,

3.3.3 Usefulness of complex signal filtering methods

The motivations for extending filtering techniques to the complex
domain are multiple :

> At formal mathematical and circnit theory levels:

¢ Establishment of a compact filter description formalism remn-
dering the design and approximation procedures often simpler,
and helping in better identifying the fundamental features of
different filter structures, including real ones.

e (thers;
» At applied mathematical and circuits and systems levels:

¢ Enriched mathematical snpport to design filters, that can open
new possibilities even when the target filter is real (e.g. allpass-
based transformation technignes [Anso00] );
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« Disposal of the necessary network theoretic background in view

of elaborating filter approximation toels, including the case of
real antimetric target filters handled through approximation of
a complex allpass 12;

¢ Others;

» At application level, to perform {(examples):

¢ Analytic signal processing:

a Filtering of communication signals, wbhere complex solutions
are suited to achieve asymmetric amplitnde and group delay
respenses by offering independent control of the lower/npper
stopband rolloff rates, while maintaining low intersymbel
interference (e.g. single-sideband bandpass filters [Lind96]);

o Phase or group delay equalization to compensate signal dis-
tortions induced either by dispersive processes or communi-
cation channels, or to partly restore signals suffering from
nen-linear distortions 13 ;

o Same as above, extended to tunable filters [Take80];
o Hilbert Transform-based signal transmultiplexing [[EEE82];
a Others, cf Chapter 6;

Wideband stereo andic coding relying on complex signal proces-
sing, the left/right audio channels appearing, respectively, on
the pesitive/negative frequencies of the complex-valued coder
signal [Hiarm97b, Harm98];

Muitiscale signal analysis for fractal-type signals, or images,
e.g. [Bhar98];

Multidimensional filtering, e.g. image filtering involving non-
separable filter kernels;

Beamforming, radar, and sonar processing, etc.;
Others,

12 In thig case, the complex allpass is not necessarily implemented but serves as

a means to process the target filter coefficients.

131t is in particular noted that complex allpass networks can offer a two-sided

sharp selectivity at low passband frequencies, with respect to real allpasses
whose performance is limited by the presence of the complex conjugate poles.
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3.3.4 Categories of filtering problems

Referring to Figure 3.7, different categories of filtering problems are
distinguished depending on the real/complex essence of the lossless
two-port, and the nature of the terminations Zg; (), i=1,2, which
should in any case he strictly positive real functions 14, of Table 3.5

Case Problem Lossless Termination Voltage References
category two-port impedances 14 source
(filler) | Zg, (y) J Zg, (w) Ey
1 [ Classical Real Zgy=Zgy =Rg >0 Uncon- | { many )
trained
2 ﬁlteﬁng RE] =0 | R£2 =0 s ne (maﬂ)’)
3 Complex Zz1 =25, =Rp >0 { many )
4 Rey >0 | Rgy >0 (many)
- Zy =2g, =25 U9) [Schig1]
6 | Single Real Rgy >0 | Zg,(y) | Ey =0 | [Youl64, ChendSb]
7 |broadband 1 Complex Seemingly
matching not covered
g | Double Real Zg (¥) | Zga(w) | Ep =0 | [Carl83, Yarm§s,
bhroadband Panl89, Dedi94]
9 | matching Other non-standard [Hasi81b]
terminations
10 Complex | Zg, () | Zg,(w) Seemingly
not covered

Table 3.5: Categories of real and complex filtering problems, referring to
the doubly terminated lossless two-port in Figure 3.7,

Classical filtering problems correspond to cases where both termina-
tion impedances arve assigned a constant real/complex value, whereas
one is dealing with single (or double) broadband matching problems
when Zg; (or bath Zg and Zg;) become frequency dependent termi-
nations. Single (double)} broadband matching consists in matching
the generator impedance Zg; to the load impedance Zg; over a
specified frequency band through a lossless two-part, often denoted
as a “tuner” in this context. It is observed that the single/double

14 Only real passive termination impedances Zg (y), i=1,2, are considered
here. These impedances are necessarily dissipative, and are thus strictly posi-
tive real functions, i.e. Re{Zg (w)}>0, i=1,2, for Re{y }=0 [Bele68), p. 131.

15 Zp is a complex-valued constant verifying Re{Z; }>0.
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broadband matching problems involving a complex lossless two-port
have apparently not been covered in the literature.

This report is considering cases 1 to 4, with focus on cases 1 and 3.

3.3.5 Complex WDF components and structures

The design of complex WDFs proceeds similarly to the real case,
except that: i) additional components are introduced, ii) factorization
methods are adapted, and iii) care should be taken with respect to
the use of complex adaptors and finite-precision WDF implementa-
tion in arder to guarantee all stability conditions. The third issne will
be addressed in the next subsection.

Cotaponents of the complex Derived components of the complex WDF
reference two-port One-real complex Complex
(Fett81a] {excl. one-real case)
Imaginary resistance 16 [Bele68) = Complex unitnodular multiplication
[Meer80b, Feti81a, Naga90b, Schii91]
Complex transformer 17 [Bele68] = [Meer80b, FettB1a, Schii91]
Complex gyrator 17 = [Meer80b, Schi91, Naga90b)
Complex Unit Element 17 = {Naga90bl
Serial / parallel interconnection = Real adaptors Cotaplex adaptors
networks 16 {Fet1812] [Schii9n]

Table 3.6: Additional components used to design complex doubly
terminated lossless reference two-ports and related WDFs.

Referring to Table 3.6, the design of complex lossless reference two-
parts and WDFs derived thereof involves the following additional
components with respect to the real case :

» Imaginary resistances [Bele68], p. 57, which are necessarily accur-
ring, and are implemented as unimoedular multiplications in the
WDF domain;

¥» Complex ideal transformers 18 [Bele68 (p. 120), Meer80b, Fett81a,
Schudl];

18 Requested in all cases.
17 Requested according to desired lossless reference two-port / WDF structure,
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» Complex gyrators 1# [Meer80b, Schii91, Naga90b); and
» Complex Unit Eleinents {Naga90b);

the latter three appearing according to the considered network. Infor-
mations on factorization methods and associated implementation
structures can be found in Tables 3.1 — 3.3.

3.3.6 One-realness and related topics

An important issne concerns the mutual adaptation of the intercon-
nected components. T¢ solve this problem, Fettweis introduced the
nation of one-realness — known from Richards’ Theorem [Bahe84] —
into the WDF framework to implement complex impedances
[Fett81al. A complex impedance Z(y) in the reference network is
called one-real when Z(y=1)=R is real and positive. Under this
condition, the corresponding reflectance S(w)=[Z(yv)-R1/[Z(y}+R]
features a transmission zers at w =1, i.e. at z=o0, thus ascertaining
that the component is devoid of any delay-free loop between its leads
in the WDF domain (realizability condition) 20. Furthermore, and this
has a direct impact ¢n the WDF implementation, it is then possible to
realize the series/parallel network interconnections wusing real
adaptors in the WDF domain, all stability properties known for real
WDF's extending then to the complex case [Fett8la). This approach
avoids thus the elaboration of complex adaptors, and, more impor-
tant, the specific study of all stability conditions (cf Subsection 3.2.3)
in the complex case, at cost of the (mild) one-real constraint.

In [Schii91], Schiitte is establishing the following:

a) First, he derives the overall formulas for complex serial/parallel
adaptors in the unconstrained case 21, and demonstrates further
that constrained complex serial/parallel adaptors become structur-
ally identical to real ones, inclnding the same real adaptor coeffi-

18 Ideal complex transformers were originally considered as a pure mathematical
concept, being physically unrealizable as a real passive network [Carl82]. Tt
was later shown in [Meer80b, Schi®1) that ideal complex N-port transformers
can certainly be physically implemented as real 2N-port transformers.

19 Although not labeled as such, complex gyrators were already discussed in
[Bele68], pp. 213-214.

20 Internal avoidance of delay-free loops should though be checked separately.
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cient, the only difference being that their port resistances are
complex 22,

b) Second, Schiitte considers complex reactances implemented in a
Foster 1-type configuration, involving by construction constrained
three-port serial adaptors only. From there, he demonstrates in
detail that the Foster 1-type WDF implementation of any complex
reactance results in precisely the same WDF structure wben
deriving it: 1) either as a general (i.e. non one-real) complex reac-
tance involving complex adaptors with complex port resistances in
the WDF domain, or 2) as an equivalent one-real complex reactan-
ce implemented with real adaptors featnring real port resistances,
the adaptor coefficients being real and identical in both cases.
Clearly, only the interpretation of the port resistances changes
from one implementetion to the other 23,

¢) Consequently, he deduces that one-realness is not introducing any
functional constraint regarding the implementation of single reac-
tances 24,

Regarding point ¢), it is though recalled that one-realness can mar-
ginally affect the functionality of implemented two-ports, as it may
happen for lattice-type filters realized as Lattice WDF's [Fett81a].

21 Serial/parallel adaptors are termed unconstrained when all their port resis-
tances can take arbitrary positive valnes. The adaptore are called consetrained
when one of their portz is reflection free, involving that the corresponding port
resistance is fixed by the other port resistances [Fett86).

22 According to the terminology used, WDF “port resistances” are labeled a5 such
trrespective of the real/complex constent value assigned to them.

23 Notes of the author: i) The logical link between points a} and b) above is not
explicitly presented as such in [Schii®1}. Instead a rether detailed but informa-
tive development is done based on the Foster 1-type implementetion, making
implicitly use of constrained serial adaptore. ii}) Implementing instesd the
complex reactances in Foster 2-type structure would require constrained three-
port paraliel adaptors only, featuring aguin real adaptor coefficients, thus
leading to the same conclusions.

24 Note of the author: The generalization expressed in ¢) ont of the observations
made on the Foster 1-type WDF implementation of complex reactances is
justified by the fact that every complex reactance can be represented in the
complex Foster 1-type form, cf [Bele68], Section 3, p. 135.
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It turns out that any kind of one-real/mon one-real complex reactance
and lossless two-port reguires numerous complex unimodular multi-
plications located next to adaptors when implemented in the WDF
domain. These unimodular multiplications are not exactly realizable
in finite-precision arithmetic {(gnantization of filter coefficients only is
considered here), so that the lossless character of WDFs cannot be
preserved in the strict sense when realized in this form.

Starting with a complex WDF reactance involving adaptors with real
coefficients, this problem is circumvented in [Scbii89, Schia9l) by
integrating the complex unimodular multiplications into the adap-
tors. This procedure is particularly attractive in case of two-port
adaptors, wbich can then be replaced by a two-port cross-adaptor 25
[Schii89], requiring two successive Multiply-and-Accumulate (MAC)
operations, involving the corresponding complex adaptor coefficient
in its true and complex conjugate forms, thus allowing for a lossless
realization of the cross-adaptor in finite precision (two's complemen-
tary number representation) [Schiif9, Schii91]. In addition, this
cross-adaptor can be assembled into serial/parallel 3-port adaptors
which are all efficiently implementable on MAC-based processors, cf
performance data in [Schi91). The proposed sclution is particularly
appealing for reactances realized with Richards’ structure. Althoughb
the signal gquantizations could be performed at the same locations in
the cross-adaptor based WDF than in the original one (same signals
undergoing same scaling factors), which would in principle imply the
same behaviour for both WDF structures with respect to stability
issues, it would be mandatory to assess the stability question
explicitly, including scaling and coefficient semsitivity, a topic that
was unfortunately not covered in [Schii91).

Finally, Schiitte proposes an extension to Darlington’s insertion loss
synthesis methed to handle the case of lossless two-ports terminated
on constant complex impedances, cf Case 5 in Table 3.5.

In conclusion, complex WDFs can be realized either in one-real form,
or in general complex form, the latter providing for a lossless and
efficient implementation of certain WDF structures on signal proces-
sors, while requiring an explicit verification of the stability.

25 This cross-adaptor corresponds to the complex extension of the classiral
Markel and Gray two-multiplier lattice section.
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34 Complex lossless two-ports

This section represents the core part of the chapter, recalling
fundamental properties of lossless two-ports {directly applicable to
corresponding WDFs), and elaborating new results.

3.4.1 Notion of complex power

The total steady-state complex power P(y) entering a complex pas-
sive N-port (cf Figure 3.5) is given by [Bele68, Bahe84] :

Pwy=Y0 Ur @)1z ). (3.11)

i Iy
o

U

Figure 3.6: Complex passive N-port,

P(y) can be decompased into the fofal average active power P, (W)
and the fotal average reactive power P, (), respectively [Bele68] :

P(y)= Py (y)+ j-Pr (V) (3.12a)
Pa Gr)=Re{P(y)}; P, (v)=Im{P(¥)}; Yy € C. (3.12b, ¢)

Since the active and reactive powers supplied by the external scurces
to a Kirchhoff network are respectively equat to the total active and
reactive power absorbed by the constitutive elements, P, and P, can
be refoymulated as follows [Bahe84, Bele68] :

Po(W)=Pq () +2:[Tp (w)+T, (w)] Relw} (3.13a)
P (w)=P, () +2:[Ty (w)-T, (y)] imy }, (3.13b)

where Py corresponds to the total average power dissipated by real
resistances, P, to the total average reactive power absorbed by
imaginary resistances [Bele68], whereas 7,, and 7, are correspon-
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ding to the total average magnetic and electric energy stored within
inductances and chpacitances, respectively. It is observed that
Py (), T, (w) and T, () are by essence non-negative real functions
Yy e, while P, () can take any real value for y e C'. Moreover,
P,=Pifory=j¢.

Cuategories of complex N-porta

In view of (3.13a), the following categories of N-ports are considered
[Bele68, Bahe84, Fett72b] :

Passive complex N-ports : Py (w)20 for Refw}20  (3.14a)
Lossless complex N-poris : P,(w)=0 for w=j-¢ (8.14b)
Non-energic complex N-ports : P, (y)=0 YyeC. (3.14¢)

Noticing that Py, T,,, T,, and P, sre all para-even quantities, and
introducing (8.13} into (3.12a), the para-even part of P(y) yields :

P, (¥)=05.[Py)+ R (W) =P (¥) , (3.15)

Consequently, condition (3.14b) characterizing lossless complex N-
ports can be equivalently expressed by :

P, (y)=0, Vyel. (3.16)

Clasaification of WDF building blocks

The basgic building blocks nsed for designing WDFs can be classified
according to (3.14) [Fett72b, Schi91]. Hence, under linear opera-
tional conditions, (complex) ideal transformers (P(y)=0,Vye(C),
(complex) gyrators, circulators, imaginary reeistances, and all kinds
of (complex) adaptors, are shown to be non-energic. These elements
are thus reflecting back all the active power they are receiving,

Capacitances, inductances, (complex) Unit Elements (UEs), and
(complex) Quasi-Reciprocal Lines (QUARLs) are in turn lossless
under the same conditions. Hence, these elements may temporarily
atore active power.



96 Chapter 3

3.4.2 Basic propertles of complex lossless one-ports

The complex passive one-port represented in Figure 3.6 is terminated
on a voltage source featuring a complex internal impedance of
constant value Zg with Re{Zg } > 0. The corresponding incident and

reflected voltage waves, A(y) and B(y), respectively, are then
defined as [Schii91] ;

A=U+Zg-I; B=U-Z*E-I; Re{Zg)}>0; (3.17abe)
*
U =EL_Z£:'B; I =_A:"§”T . {3.18a,b)
Zg +Zg Zg +Zf
Zg b
. P 'U
Y
]
Ztw)

Figure 3.6: Terminated complex passive one-port.

In case Z i rednces to a real resistance, i.e. Zg =R, equations (3.17)
and (3.18) are merely replaced by [Fett86] :

A=U+Rg -I; B=U-Rg-I; Rp>0; (3.19a,b,c)
U=(A+B)/2; I=(A-B)/(2-Rg) . (3.20a,b)
The reflectance S(y) of the complex one-port is then defined :
*
Bly) Z-Zg . Uiy) 3
S(y)=——= i with Z(y)==—"=, (3.21a,b)
W= w Zz; Y e

Z(y') corresponding to the inpnt impedance of the one-port.
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According to (3.12b), (3.11), (3.18), and (3.21a), the total average
active power delivered te the one-port is :

Py (w)=Re{U -1*}=05-[U-1*+U*.I]
=A.A*_B.B*=A-A*-[I—S-S*) (3.22)
2(Zg+Zp) 2 (Zg+Zp)

where the argument y has been drapped for simplicity in the right-
hand sided part of (3.22).

It is noted that tbe active power delivered by the voltage source
becomes maximnm for B(y)=0, namely when the one-part is said to
be maiched, or adapted to the source. Under these circumstances, one
verifies from (3.17b) and (3.21b), or directly from (3.21a), that :

* A
Zw)y=Zg W) = Pomax (W)=—A§~T ) (3.23)
2Zp+2g)

The normalized active power transferred from tbe source to the
complex one-port is thus determined by :

Pa(W)=Py W)/ Pymax (W) = 1-S(¥) S*(¥). (8.24)

Hence, (3.14a,b) can be reformulated in function of S(y) :

Passive complex one-port :  S(w)-S*(y)<1 for Re{y}20 (3.25a)
Lossless complex one-port :  S(y)-S*(w)=1 for y=j-¢. (3.25h)
Clearly, for lossless (complex) one-ports, the reflectance becomes a

{complex) allpass function, and the one-port collapses te a pure (com-
plex) reactance. In this case, (3.25b) can be equally represented by ;

Sw)-S.(w)=1, VyeC, (3.26)
proceeding similarly te the replacement of (3.14b) by (3.16).

3.4.3 Basic properties of complex lossless two-ports

A doubly terminated complex lossless two-port as illustrated in Fig-
ure 3.7 is considered. The two-port is terminated on botb sides on
constant complex impedances Z g, Z g3, with Re{Z gz }>0, k=1,2.
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Zgy=2¢ I

o) 2
. A e A
)

i

]
g
L}

(]
m

i
o

e Zg

Z,t0 &)

Figure 3.7: Doubly terminated complex lossless two-port.

Grouping the incident waves A; and the reflected waves B, k=1,2,
into vectors :

a=[a 41", B=[8 B,]", (3.27)
their relation can be expressed introducing the scatfering matrix S :
B=s.4, s=|51 &2} (3.28)
521 S22

where Sy corresponds to the input reflection coefficient (or input ref-
lectance), and Syy to the output reflection coefficient (or output reflec-
tonce). Similarly, §,; is defined as the forward transmission coeffi-
cient (or transmittance), and S|; as the backward transmission coeffi-
cient (or backward transmittance). For complex lossless lumped ele-
ment-based two-ports, the entries of S(y) are all rational functions
of v, and are analytic for Re{y }=0.

In the remainder of the report, and withont limitation of the results,
cf [Schii91, Fett86, Paul86), the constant termination impedances are
assumed to be equal, i.e. Zy; =Zfy =Zf, so that the voltage and
power scattering matrices become identical [Fett86, Schi91].

Under this assumption, and according to (3.12b), (3.11), and (3.22),
the total active power dissipated by the two-port is given by :

2 * *
it (Ag <Ax —By -By)
2(2g +ZE)

(3.29)

Py y)=

| Using (3.27) and (3.28), P, (¥) can be expressed in a matrix form :
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(A7 .A-BT.B) AT .@1,-57 .5)-4
2(Zg +ZF) 2(Zg +2F)

Po(y) = y (3.30)

where the superscript T indicates matrix transposition, whereas I,
denotes the 2 x 2 unit-matrix. Consequently to (3.14a), the Hermitian
matrix (I -8 .8) is positive definite for Re{v }=0 for a passive
complex two-port, and the corresponding S{(y) is thus a bounded
matrix [Bele68]. For lossless complex two-parts, the next expression
is derived :

5] -8§=58-8]=1,, (3.31)

which is at the origin of Feldkeller’s equations, and of Belevitch's
parameterized form of the scattering matrix [Bele68].
3.44 Parameterized form of the scattering matrix

Based on {Bele68], and adepting the modified netatien introduced in
[Fett69, Fett81b, Feit87], the scattering matrix can be rewritten in
the parameterized cangnic form :

S=l. hooo S , (3.32)
g f -0k,

wbere the following canditions held, e.g. [Fett87] :
1) F, g, and 4 are polynomials in y, related by :
g 8u=h-h +f fi. (3.33)
In one of these polynomials, ene of the coefficients may be selected
arbitrarily, e.g. equal to 1.
2) g is a scattering Hurwitz pelynamial [Fett84b], which means that:
> g@)#0 for Re{y } 2 0,

» g and g, are relatively prime, i.e. (g,/g) corresponds to a
non-trivial stable allpass function.

3) o is a unimodular constant, i.e. | o|=1.

4) The subscript asterisk designates the paraconjugate, ¢f (A.11).
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5) If the two-port is real, all coefficients in S may be selected real,
ie. f, g, and A are then real polynomials, and o =}. For real
lossless two-ports, (3.33) is equivalent to the analytic continuation
of Feldkeller’s relations, cf [Bele68].

It is demonstrated from (3.32) and (3.33) that :
det(S(y))=-0-g W) g, (3.34)

i.e. the determinant of S(y) corresponds to an allpass function
[Bele68). Furthermore, introducing the unimodular constants «, B,
v, and o', and defining the polynomials :

f'=a‘f) g’=ﬁ'g$ h'=?'hl (3.35a,b,0)
the matrix $’ defined by :
L[+ K
S'='__,' ’ PR | (3.36}
g [f -0 -h*]

is shown to satisfy all the conditions 1) — 5) listed ahove, several
network-level interpretations being possible to establish the relation-
ship between § and §°.

Direct extension of the former properties to multidimensional lossless
two-ports is possible, cf [Fett87].

One introduces further the characteristic function of the twg-port :

SSuw) _ ay) (3.37)
S (w)  f(y)

and the attenuation a;1(¢) of Sy, processed for y = j-¢ :
agy ($)=-20-log{| 21 (j-#)| } =10-log{ 1+| C(j-¢)|2 }. (3.38)

Hence, the characteristic function is directly related to the amplitude
response of 91 26, C(yr) is frequently used to solve the amplitude ap-
proximation problem of §,; for lattice-type reciprocal networks.

Cw)

26 (3.38) is valid for both reciprocal and non-reciprocal lossless two-ports,
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3.4.5 Reciprocal lossless two-ports

Several kinds of lossless two-ports are distinguished. A first classifi-
cation is made between reciprocal and non-reciprocal lossless two-
ports. By definition, a (complex ot real) lossless two-port is said to be
reciprocal when it is verifying [Bele68] :

S$21=5812, (3.39)

otherwige, the two-port is denoted non-reciprocal. Reciprocal lossless
two-ports are then further subdivided into (necessarily reciprocal)
lattice-type two-ports, owing their name to their basic structure
depicted in Figures 3.8 and 3.9, and into general reciprocal two-ports,
which cannot be reduced to a lattice-type structure, an example being
given in [Feis65] by the so-called L-filters (Laufzeilgeebnet) snitable
for joint amplitude and phase approximation, that are offering an
advantageous solution for narrow-band Frequency Modulation (FM)
systems. In this report, the terms “lattice-type” and “lattice-type
reciprocal” are interchangeably used to denote the corresponding
lossless two-ports. Finally, lattice-type two-ports are classified into
symmetric and antimetric (or anti-symimetric) lossless two-ports, as
specified in Subsections 3.4.6 and 3.4.7.

3.4.6 Complex symmetric lossless two-ports

The next developments are achieved proceeding similarly to [Fett87],
which handles the case of antimetric filters,

By definition, a complex lossless two-port is said to be symmetric ~
and thus reciprocal - when it is fulfilling [Bele68, Feit81a) :

$21=512, Su=3%» (3.402,b)
which implies :

f=6-f,, h=-0c-h,, C,

Conversely, if (3.40a) and (3.41c) hold, then (3.40b} also holds, so that
the two-port is demonstrated to be symmetric.

It is observed from (3.41c) that the characteristic function C of a
compliex syminetric lossless two-port is para-odd. Congequently,
according to (A.18b), C becomes a purely imaginary-valued function
for real frequencies v = j-¢.

-C. (3.41a,b,c)
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Hence, from the former considerations and (3.38), it is demonstrated
that the amplitude approximation of §;; can be reformulated as a
real approximation problemin C(j-¢)/ j.

The following (camplex) functions are next introdnced [Fett81a}:

S; =811 =521, S3=S11+5 (3.42a,b)
which can be reformulated as provided hereafter nsing (3.32) :
Si=(h-fVg, Sa=(n+1Vs. (3.43a)
From egnations (3.33) and (3.41a,b), it can be shown that :
S, S =8, 8, =1, (3.44)

namely, that S, and 5, are (complex) allpass functions.

Let g; and g, be the lowest-degree denominators of 5| and 3,
respectively. 1t is observed from (3.43) that g, and g, divide g, and
are therefore themselves scattering Hurwitz polynemials. Defining

= fi/g1 and S; = f,/g2, and making use of (3.44), shows that §,
and S, can be rewritten as :

§,=018n /81> 5,=0585/8, (3.45a,b)
where o; and ¢, are unimodular constants, ie. | o) |=|o; |=1.
Next, using (3.42) to express §;; and §3; in function of 5} and S5 :

Si1=(82+51Y2, Sy=(S2-5)2 (3.46a,b)

and making nse of (3.45) together with (3.40), it is poseuble to process
S in the form (3.32) .

8=81"82, h=(0,-8-82.%08.°8,)2 (347a)b)
O'=—G]-62, f=(028182$_a]g]*82)f2 (30483’1))
and condition (3.33) is fulfilled.

Using (3.46), the scattering matrix can be reformulated in a canonic
form with respect to the number of instanciated allpass functions

[Fett86] :
1 (-1 1\ (s 0)(-1 1
LB ) ae



Complex and Real Wave Digital Filters 103

Figure 3.8 illustrates the corresponding structure :

1/2

Figure 3.8: Functional description of symmetric lossless two-ports.

3.4.7 Complex antimetric lossless two-ports
A complex lossless two-port is by definition said to be entimetric -
and thus reciprocal — when it is fulfilling [Bele68, Fett81a, Fett87] :
SZ] =S]2’ S“ =_S22 (3.50&,b)

which involves :

f=o-f,, h=oc-h,, C,=C. (3.51a,b,c)
Conversely, if (3.60a) and (3.51¢c) hold, then (3.50b) also holds, s¢ that
the two-port is demonstrated to be antimetric [Fett87].

Equation (3.51c) shows that the characteristic function C of a com-
plex antimetric lossless two-port is para-even. C becomes thns a
purely real-valned function for real frequencies ¥ = j-¢. Hence,
similarly to the case of symmetric two-ports, it is demonstrated that
the amplitude approximation of 5,; can be reformulated as a real
approximation problem in C(j-¢).

The following (complex) functions are next defined (Fett81a, Fett87] :

;=S ~-JjSn, S2=8n+j-Sn (3.52a,b)
which can be reformulated as ;
Si=h-j-fVe, Sa=(+j-rYs, (3.53a,b)

and it can be shown from equations (3.33) and (3.51a,b) that (3.44)
still holds, i.e. §) and §, are (usunally complex) allpass functions.

Let g, and g, be the lowest-degree denominators of §; and $,,
respectively. Similarly to the symmetric case, $; and S5, can be
rewritten as :
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5,20, 81 /8), 5,505,825 /2, (3.54a,b)

where g, and o, are unimodular constants. Using (3.52), $;; and
841 can be expressed as functions of §; and §,; :

S =(S3+51)2, $3=(52-5)(2-j) (3.55a,b)
and the following formulae can be derived [Fett87] :
E=E1 82, h=(02'gl'82*"'01'3]*'82)"‘2 (356&,b)
U=U]-02, f=(02'8] 'gzst_a]'g]*'gz)f(z'j)‘ (357a,b)
and {(3.33) is shown to be verified.

Using (3.55), the scattering matrix can be reformulated in a canonic
form with respect to the number of instanciated allpass functions :

gL~V 1% 04f-1 1j) (3.58)
2\ I fllo 5, 1 1/j§
Figure 3.9 illustrates the corresponding structure :

_ _ uz2
4 S w) B
+ +
Vi fa* + 1725
Az > Sty )% By

Figure 3,9: Functional description of antimetric lossless two-ports.

3.4.8 Matched lossless two-ports

A complex or real lossiess two-port is said to be matched when the
foliowing condition is fulfilled [Bele68, p. 172] :

Sll 5522 =0 = hEO. (3.59)

Due teo (3.33), $15 and S§3; are then demonstrated to be allpass
functions. A reciprocal realization of the matched lossless two-port is
merely achieved from symmetric and antimetric lossless two-ports by
setting §; =- S, into formulas (3.46a) and (3.55a), respectively.
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3.4.9 Power and allpass complementarity of lattice-
type lossless two-ports

It follows from (3.32) and (3.33) that the scattering parameters S5,
and $y; of any kind of lessless two-port, regardless of reciprocity,
symmeiry, and antimetry, are power complementary, cf Subsection
AB82,

Furthermeore, equations (3.42a,b) show that §,; and $;; belonging te
a (complex or real) symmetric lossless two-port are in addition allpass
complementary, ¢f Snbsection A.8.3. §; and §;; are thns doubly
complementary, cf Snbsection A.8.4.

On the contrary, it follows from (3.55a,b) that :

Syt Sy w)=1+ <Sp(yr) - 1t o= |, (3.60)
1) 21 (W) 2 2(¥) { J S, W)

demonstrating that S»; and §j; of a (complex or real) antimetric
lossless two-port are certainly not allpass complementary.

3.4.10 Analytic frequency responses of lattice-type
lossless two-ports

The analytic frequency responses of the scattering parameters of
lattice-type lessless tweo-ports are derived in this subsection. The
resulting expressions are intentionally provided with redundancy.

Hence, the constituent allpass functions $; and 5, of thbe scattering
parameters §;; and §,; are expressed in functien of their respective
complex phase variables @, and @,, of Subsection A.4.1;

SiW)y=exp(~D1 (), Sa(y)=exp(—Pr(¥)). (3.61a,b)

Next, the quantities 5 and @, are introduced as the mean value,
and mean difference valne of @, and @, , respectively :

DL W)=(O,W)+ P, )2 D, W)=(D G)-B,¥)/2. (362ab)

Accordingly, considering symmetric lossless twe-ports first, it follows
from (3.46), (3.61), and (3.62) that the analytic frequency responses of
511 and S, and thns C, can be expressed as :
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Symmetric: S| (y)=exp(-@z (¢))- cosh(P 4 (v)), (3.63)
8$210p) =exp(=@y () - sinh(P4 (), (3.64)
C(y) =coth(d 4{w)). (3.65)

Similarly, using (3.56), (3.61), and (3.62), the analytic frequency re-
sponses of $;; and §y; are formulated as follows for antimetric loss-
less two-ports :

Antimetric : S)1(y)=exp(—@x () - cosh(® 4 (¥)), (3.66)
S (@)=~ j exp(-@x (y))-sinh(DP 4 (¥ ), (3.67)
Cy) = j-coth{d 4(v)). (3.68)

3.4.11 Real frequency responses of lattice-type loss-
less two-ports

According to (A.56b), all phase responses verify &(j.-¢)=j @{$) for
real frequencies = j- ¢, and the former expressions can be reformu-
lated as given below :

S1(j-¢)=exp(=j-91(9)), S2(j-¢)=exp(—j-@2(¢)). (3.69ab}

Symmetric : §,,(j-$)=exp(-j- ¢ ($)-cos(p , (), 3.71)
Sy, (J )= j-exp(=J @ (#))-sin(p , (9)), (3.72)
C(j-¢)y ==j-col(p 4(9)); (3.73)
Antimetric : §, (j-¢)=exp(-j- @ (¢)) cos(p 4 (), (3.74)
8, (f-¢)=exp(—j @5 (8))-sin(p , (), (3.75)
C(j-¢) =cot(p 4(¢)). (3.76)
Symmetric lossless two-ports

The frequency responses of 5); and §3; can be rewritten as :

S0 )=| 8,050 | exp= -y (43, i=12 (3.77)
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where ¢, correspond to the phase responses of §;;, i=1,2. Hence, in
case of (complex or real) symmetric lossless two-ports, comparing
(3.77) with (3.71) and (3.72), the amplitude responses of §;; and $,,
are specified by :

|8, 9)|=| cost@, @B |, |50 |=|sinto, 00|, 378

which confirms their power complementarity for real freguencies.
Moreover, adopting the notation provided in [Lang93), the phase
responses of S;; and §,; are determined by :

MOSINONESS [1-sign(coste, @1 )] (3.79a)
INOETMOREES [1-sign( sin(o , o0 )| (3.79b)

The terms in brsckets appearing in (3.78a,b) introduce fixed phase
steps of +x indnced by the transmission zerss of Sj; and $§;; that
are located on the imaginary axis w = j-¢. These terms occur in the
stopband(s) of the corresponding functions, and are therefore usnally
omitted for simplification purposes.

Disregarding these last factors, it is observed from (3.79a,b) that
?,,(#) and ?,,(¢) are egual, except for a constant phase lag of #/2.

ence, for (complex or real) symmetric lossless two-ports, §;; and
$5) are providing quadretured phase responses.

Antimetric lossless two-ports

Proceeding similarly for the antimetric case, the amplitude responses
of S;; and S, are still given by (3.78), whereas the phase responses
are expressed by :

9, #)=0, (¢):t%-[1—sign(cos(¢ Lo»)] (3.80a)
9., ®) =05 (t.b)i-%-[l—sign(sin(q;d @» )] (3.80b)

Disregarding the terms in brackets occurring in (3.80a,b), the phase
responses are this time shown to be in-phase.
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Group delay

Finally, for both (complex or real) symmetric and antimetric lossless
two-ports, the group delays Ty;(¢) and Ty (¢) of §); and Sy are
determined by :

Tu @)=ty =[T1@+T2() ]/ 2 (3.81)

where T,(¢) and T, (#) correspond to the group delay of $; and S;.
The Dirac impulses induced by the right hand-sided facters in (3.79)
and (3.80) have been ignored in (3.81).

According to (2.52a), an important result of (3.81) is that the group
delay of stable symmetric and antimetric lossless two-ports is strictly
positive at any frequency.

Remark on the amplitude responses

It follows from (3.38) that the amplitnde response of §;; and the
characteristic function € of a (complex or real) symmetric or anti-
metric lossless two-port are directly interrelated. Eqnation (3.78b) is
further demonstrating that the amplitude response of Sy, is directly
connected to the mean phase difference ¢ 4. Hence, from a conceptual
point of view, it is strictly equivalent to perform the amplitude ap-
proximation directly on §;;, or to process it using either C or ¢,
{Henk96]. Invoking the power complementarity between S$;; and
S11, the same obgervations apply to $i;.

The formal equivalence between an amplitnde approximation relying
on C or on ¢, is demonstrated in [Henk97a] for real symmetric and
antimetric lossless two-ports (lattice-type structure). Application
examples on the amplitude approximation based on ¢4 are presented
e.g. in [Tarr95].

3.4.12 Minimum/non-minimum phase response

According to Snbsections 3.4.6 and 3.4.7, and later Subsections 3.4.16
and 3.6.1, symmetric and antimetric lossless two-ports are essential-
ly featuring para-ever/odd polynemials f and %, except for a uni-
modular constant.

Due to (A.25), the scattering parameters S;; and Sj; of (complex or
real) symmetric/antimetric lossless two-ports are thns shown to be ;
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» either of minimum phase type, in which case all finite transmis-
sion zeros are located on the imaginary axid ¢ = j- ¢;

¥ or of non-minimum phase type, in which case the finite transmis-
sion zeros that are ontside tbe imaginary axis ¢ = j-¢ are evenly
distribnted over the left and right half-planes in the ¥ -domain.

Hence, minimum pbase filters with finite transmission zeros located
in the opern left half-plane of the y -domain are not realizable with
(complex or real) symmetric/antimetric lossless two-ports.

3.4.13 Composition of symmeiric and antimetric loss-
less two-ports

Lossless two-ports can be equivalently represented unsing their scat-
tering matrix §, scattering chain (or transfer) matrix K, or scatter-
ing hybrid matrices of the first and second kind, H and H’, respec-
tively, as defined in [Bele68, Fett90].

Accordingly, higher-order lossless two-ports can be assembled in dif-
ferent ways from lower-order anes, merely by cascading the corre-
sponding scattering matrices of the same type (ie. §, K, H,or H').
Clearly, the same approach can be applied for factorization purposes,
e.g. [Fett90).

In this snbsection, the assembly of lossless two-ports is considered by
cascading their scattering matrices S. A second situation is then
discussed where selected scattering parameters belonging to different
lossless two-ports are cascaded. The results are valid for both real
and complex networks.

Cascading the scattering matrix of lossleas two-porta

Using (3.40), it is shown that the scattering matrix resulting from
cascading {(i.e. multiplying) the scattering matrices of two symmetric
two-ports i8 itself symmetric, ef {Feti86] Section IX B :

s=s'.s'={s“ Szn],(su 321]=[Sn 321] (3.820)
S2l Sl] S2] Sll S2l Sll

Sin =St S +8yy 7835 S =558, +57, -85 (3.82b)
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Equivalently, it is demonstrated that the scattering matrix achieved
by cascading the scattering matrices of two antimetric lossless two-
ports, is itself antimetric when reversing the sign of the second input
signal (an operation which is normally irrelevant), cf [Fett86] :

§=5"-§"= Sh Sy ] St S .[" 0]={Sn 5a J (3.838)
Sy = J Sy -S o -1 L8y, -5,

Su=Si S Sy S Sy =85 S-S Sy B8
Obviously, the symmetric/antimetric property is preserved when cas-
cading the scattering matrices of two-ports of same type. On the con-
trary, when cascading the scattering matrices of two mixed symmet-
ric/antimetric two-ports, one achieves a two-port with four different
scattering parameters, where the reciprocity is in particular lost 27,

Cascading the scattering parameters of lossless two-ports

A different situation occurs when pairs of scattering parameters
belonging te separate (complex or real) two-ports are cascaded. This
is useful to realize particular single-input two-output, or two-input
single-output filter configurations.

: i I
NN E el
4y =0 E So1(w) J : PP i = 5,
D) VoY b
----------- c S"0y) Vo

Figure 3.10: Cascaded filters structures,

27 Following this observation, it seems that at least certain kinds of non-recipro-
cal logsless two-ports could be designed by cascading the scattering matrices of
two mixed symmetri¢/antimetric two-ports. However, the usefulness of these
configurations (e.g. with respect to group delay, implementstion costs, limita-
tions in frequency responses) should be checked, and an appropriate factoriza-
tion method should be found.
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As depicted in Figure 3.10, the whole filter denoted by S(y) is com-
posed of a two-port S'(y) providing two power-complementary out-
puts, which are in turn processed by a pair of identical two-ports
57(w). §'(y) and the pair of two-ports $”{y), including their contri-
buting scattering parameters S} (y) and Sp(y), are selected
according to Table 3.7 ;

8,55, 5% 55, =55, 55 (3.84)

Using (3.63), (3.64), (3.66), and (8.67), the para-even/odd nature of
the characteristic function C{y), and thus the symmetric/antimetric-
like behavior of the achieved filter configuration $(y), are deter-
mined in Table 3.7. Replacing S§’(y) with an antimetric structure
produces similar results. It is observed that none of the resulting
structures in Table 3.7 is any more power complementary.

Case | S'(y) 5§y} S{w)

e | Twe | Twe |Siw)|Spaw)| C@y | Ty
| Symmetric | Symmetric Sf 1 S5 c=C, Antimetric-like
2 * Symmeiric 831 11 C=C, |Antimetric-like
3 * Antimetric Sh Sil C=-C, Symmetric-like
4 " Antimetric S5 511 C =-C, | Symmetric-like

Table 3.7: Categories of cascaded filters structures.

3.4.14 Dounbly magnitude-complementary networks

A particular filter configuration is obtained for the first row of Table
3.7, when S$*(y)=S(). In this case, the achieved filter responses
are the following :

S @w)=[ {1 ) 12=exp(-2-®5 @))-cosh? (D 4 (), (3.858)
S21 ) =055 () 12=exp(~2- 05 (v))-sinh® (B 4(p)), (3.85b)

showing that the responses are in-pbase. Observing that §;,(y) is a
perfect square, its magnitnde is given by :
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1511 0| = 817 @) S{1x () = cosh® (& 4 (@) (3.86)

Proceeding similarly with §;;(y), it is demonstrated that $;;(¥) and
521 (¢) are magnitude complementary, cf (A.83) :

|S11 )| +[S21 (W)| = Si1 W) Siye W)+ S5 (W) S5 () (3.87)
=cosh? (@ 4(w ) —sinh? (D 4(w) =1.

Similarly, it is demonstrated that the difference between S;;(y) and
S21 (@) results in an allpass response :

Sl] (W)_ Sz] (W)=exp(_2'¢z (W)) y (3-88)

so that these transfer functions are finally proved to be doubly
magnitude-complementary, ¢f Subsection A.8.6. When implementing
these filters, one should take care of the subtraction occurring in
(3.88), becanse using an addition instead destroys the allpass comple-
mentarity. Equations (3.87) and (3.88) were formerly derived in
[Rega87] for real systems operating under real freguencies, limited
to £=0.

1t is observed that (e.g. lowpass/highpass) complementary filter pairs
H; (2), i=1,2, designed using linear phase FIR filters implemented in
direct form such that H, (z)=z-¥/2 — H|(z), are by construction don-
bly magnitnde-complementary, provided the transfer function H, is
approximated so as to satisfy 0< H; (exp(jf2))/exp{~NQ/2)<1, V2.

Sensitivity to mismatches of doubly complementary networks

By definition, both kinds of networks, namely (i) doubly complemen-
tary and (ii) doubly magnitnde complementary networks, are fulfil-
ling the allpass complementary condition, For practical applications,
the guestion arises to evaluate in how far the allpass complementari-
ty is preserved when mismatches occur (essentially concerns mixed
analog/digital processes).
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Suly)

i S210y) :

Signal splitting  Transducers  Reconstruction

Electrical signals Signals of other physical
in analog or digital form nature (e.g. acoust. signals)

Figure 8.11: Sensitivity to mismatches ; Example of practieal situation.

Figure 3.11 depicts a typical practical situation requiring signal split-
ting into complementary frequency ranges, followed by separate pro-
cessing of the achieved signals, and a reconstruction. Such a sitna-
tion is encountered e.g. when complementary transducers are used,
each of them best fitting to a certain frequency range. A typical
example is given by high quality multiway londspeaker crossovers,
considering the two-way system with a woefer/midrange speaker and
a tweeter as a particular case [Rega871. For technelogical reasons (in
the given example : e.g. non-coincidental driver mounting), or for
operational reasons (in the example : e.g. off-axis listening), a mis-
match in phase — and mere generally also in magnitnde — may occur
between the signal compeonents before reconstruction.

Figure 3.12 represents a model of the situation considered at a fixed
frequency. The constant parameters £ and & correspond to the
magnitude and phase mismatches between the twe branches.

': i) b .
4 1 1 X + B
R D o e

Flgure 3.12: Sensitivity to mismatches ; Model for :
» symmetric donhly complementary networks (X =t1);
»_antimetric doubly magnitnde complementary networks (X =-1).
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Far (complex or real) symmetric lossless two-parts, and accarding to
{3.71) and (3.72), the averall transfer function as illustrated in Figure
3.121s given by :

Q(£,6,¢)=| 0(£.6.,9) I-exp(—j-qog (€,6,9)=B/A (3.89)
Q(2.8,9)=exp(~j- ¢ ) {[cos(p ) + X -(1-€)sin(p , ) -sin(6))]
+X -j-(l—e)-sin(QA)-ws(B)}. (3.90)

with ¢, =¢,(¢) and ¢, =@, @). The variation of the magnitude
and phase responses is then provided hy :

4| Q| =| 0(£,6,4) |-| 0(0,0,¢) |
=J1+(ez-2-e)-sm2(¢4)+x.(1-3)-sm(2.¢4)-sm(9) -1 (391
A¢Q =¢Q (E'e»¢)-¢g (0»0'¢)

1-€)- cos(9)-
—x-{ g, —woun D )\ e
-(1=¢) sin(9) - tan(g ,)

For magnitnde and phase mismatches situated within (-0.2<£<0.2)
and (-7/4<@<r/4), respectively, the greatest variation of A| Q|
and 4, is achieved for ¢, =2n/4, ie. |8 |=|Sn |=v2/2. Figure
3.13 displays the results for ¢ A=F/4 and X =1. It is ghserved that
Al Q| ie strongly sensitive to a phase mismatch @, whereas 4p,, is
sensitive to both magnitude and phase mismatches.

Figure 3.13: Sensitivity of symmetric doubly complemeotary networks
(@, =n/4 X =1) : a) Variation of A| O |; b) Variation of Ag.
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05"

AlQI

e/

02 "oz

Figuve 3.14: Sensitivity of antimetric doubly magnitude compl. networks
(@, =m/4 X =-1) : a) Variation of 4| 0 |; b) Variation of A¢,.

Senasitivity of doubly magnitude complementary networks to
mismatches

For an antimetric doubly magnitnde complementary network (first
case in Table 3.7), the transfer function { is expressed as follows
using (3.85a,b) :

Q(¢.8,9)=exp(-2- j-@ 5 )-{lcos? (9 ;) +(1~¢):sin? (¢ ;) cos(8)]
—j-(l—s)-sinz(q;p‘,_.l )-sin(@) }. (3.93)
4| Q| and .dth are then determined by :
4| @|=| 0(2,8,) || 2(0.0,) |
=J1+(e’—2s)-sin“(.pd)+o.5[(1—.«:)-cos(e)—l]-sinz(zqod) -1 (3.94)
A, =0, (€,8,0)-9,(0,0,¢)

(1-€)-sin@)- tan’ (g , )

= arctan (3.95)

1+ (1-€)-cos(8) tan? (g ;)

For (-022£<0.2) and (-n/4<6=sn/4), the greatest variation of
A Q| and ap, occurs again for ¢  =in/4 (X =-1). Figure 3.14
displays the results for ¢ A=R4

It is observed that 4| Q| is this time much less sensitive to a phase
mismatch 8. Furthermore, for €=constant in Figure 3.14a, it is
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observed that any phase mismatch caused by @ decreases the
magnitude ||, which corresponds to a minimum sensitivity
situation [Rega87). Moreover, ap 0 is less sensitive to £.

In summary, quoalitetively extending these observations to cases
where £ and 8 are time-varying, it is shown that doubly complemen-
tary filter pairs are much more sensitive ta phase and magnitude
mismatches than donbly magnitude complementary filter pairs.
Hence, the latter should be selected for applications needing a low
sensitivity, such as in the example of the multiway loudspeaker
crossover, whereas the former should be used in applications requir-
ing a high sensitivity, e.g. for instrumentation and measurement.

It is however noted that for a given filter order, doubly magnitude
complementary filter pairs are featuring a less selective amplitnde

response, becausa §,; and §,, are expressed as perfect squares, cf
(3.85a,b).

3.4.15 Elementary transformations of complex loss-
less two-ports

Preliminary note

The transformations discussed in this subsection assume that the
signals processed by the lossless two-port are complex. Hence, refer-
ring to Table 3.4, only Cases 2, 4, and 5 are anthorized,

I ul o 1

Ay a— A 4 ' —<T—:—<—o Ay
N ) B N' Ez :

By o—e] »— B, B, | . By

a) oy N !

Figure 3.15: Equivalent two-port configurations, with idenfical incident
and refiected waves.
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General equivalence transformation

An arbitrary - not necessarily reciprocat — cf;i'nplex or real lossless
two-port N featuring a scatteriag matrix () (3.32) is considered in
Figure 3.15a, with complex input/output signals.

Introducing the unimodular constants a;, a,, B, and f;, the two-
port N can be decomposed as shown in Figure 3.15b, where the iater-
nal two-port N’ is characterized by the scattering matrix [Fett81a) :

* * * * ’ ’ ’
oGBSy 9By Sy 1 (Ko

* * * * 8; f’ —o’ K (3.963.)
a) By Sy ey BySy *

with g'=g. (3.96b)

Transformations preserving the symmetry [ antimetry

A symmetric or antimetric lossless two-port N can be mapped onto a
two-port N’ of the same type, that is featuring purely para-even/odd
constitutive polynomials s’ and #’. Conversely, N’ can be mapped
onto N. This is achieved by forcing ¢’ =1 in (3.96a). The correspon-
ding transformations are provided in Table 3.8a. They are gpecified
both for the notation defined in (3.35) and (3.36), and for (3.96).

These transformations will in particular serve in Section 3.5 to iden-
tify the number of independent design parameters available in loss-
less two-ports.

Transformations for general reciprocal and non-reciprocal
two-ports

Still forcing ¢’ =z1, Table 3.8b and Table 3.8¢ are provided for the
general reciprocal and non-reciprocal cases, respectively.

Transformation from symmetric to antimetric lossless two-
ports and vice-versa

Similarly, it is possible to map a symmetric (antimetric) lossless two-
port N onte an antimetric (symmetric) lossless two-port N’ using the
transformation specified in Table 3.8d 28.

28 Adapted from [Bele68, p. 298], and [Fett69, Fett81b, Fett87].
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Hence, in case of complex lattice-type lossless two-ports, a direct cor-
respondence exists between symmetric and antimetric type two-
ports. Therefore, from a filtering (i.e. frequency discrimination) point
of view, complex symmetric and antimetric lossless two-ports are
shown to be equivalent, except for the constant phase shifts of t7/2
specified in Table 3.8d. For filtering applications requiring the
realization of a single transfer function, i.e. §j; or Sy, the difference
between the two kinds of networks is concepinally irrelevant.
However, for applications requiring the simultaneous realization of
several transfer functions, e.g. $;; together with S, for a single-
input two-output filter configuration, the selection of the type of two-
port affects the phase shift befween the ontput signals of the filter, as
was establisbed in Subsection 3.4.11.

Transformation of losalesa two-porta into one-real two-ports

Referring to [Fett81al, an arbitrary (not necessarily reciprocal) com-
plex lossless two-port N can be mapped onto a one-real complex two-
port N, with S’(y =1)=§"*(y =1), applying the parameters :

_[frw=h,  _[erw=D __ [A*y=D)
fw=n"’ gly=1)" Y By =1) (3.97a,b,c)
’ * =1). =-1
o= |LE¥=D)-fr=-1) 3970

Nfw=bD fry=-1)’

to the transformation specified in (3.35) and (3.36). The condition for
this transformation to sncceed in achieving a one-real two-port N’ is
given by [Fett81a] :

Cy=1)-C*(y=-1)=C*(y=1)-Cyr=-1). (3.98)

Using (3.97), the same result can alternatively be obtained applying
(3.96) with parameters [Fett81a] :

a,=8; a,=c'*0-a-B.y; B ,=y* B,=a* (3.99a~d)
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Observationa

Coming back to the restrictions made in the application of Table 3.8
to Cases 2, 4, and 5 culy, according to Table 3.4, it becomes obvious
wby these restrictions bave been establisbed. Indeed, in Case 1 from
Table 3.4, real lossless two-ports of symmetric and antimetric type
are of totally different nature. This can be dednced from (3.43) and
{3.53), where the constituent allpass functions of real symmetric
lossless two-ports are themselves real, whereas they become complex
for real antimetric lossless two-ports.

Despite of this, when the two-port N is real with complex input/out-
put signals, Table 3.8 applies withont problem. Taking for example
the transformations in Table 3.8d, N is then mapped onto a degener-
ate complex lossless two-port N’, and vice-versa. Figure 3.4d illus-
trates the case where N’ is real, and N degenerete complex,

The expressed restrictions extend to Case 3 of Table 3.4 handling
real signals.

3.4.16 Phase response of polynomials f and h
Para-even/odd polynomials are featuring a constant phase response
for v = j-¢, except for possible phase steps, ¢f (A.30).

Referring to the network transformations in Table 3.8a, the polyno-
mials f' and &' belonging to the transformed lattice-{ype two-port
N’ are para-even/odd. Since f’ and 4’ are related to the polynomials
f and & of network N by unimodular constants — ¢f Table 3.8a - it
is demonstrated that f and % of symmetric and antimetric lossless
two-ports are featuring a constant phase response, except for
possible local phase steps.

3.4.17 Real lossless two-ports

Clearly, refexring back to (3.28), the condition to fulfil to get real
lossless two-ports, including non-reciprocal networks, reduces to :

1a($3=0; (3.100)
of (A.8) and (A.9), which implies :
I{S; =0 & S;@=8;Ww);  ij=12. (3.101)
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Real symmetric lossless two-ports

Applying (3.101) to (3.46), it is observed that the constitutive allpass
networks of real symmetric lossless two-ports are necessarily real,
and vice-versa :

Ia{$;}=0 & S;(W)=S;(¥); i=12. (3.102)

Real antimetric lossless two-ports

Similarly, introducing (3.101) into (3.55), it is demonstrated that the
constitntive allpass functions of real antimetric tweo-ports necessarily
verify the following condition [Meer83, Fett87] :

S;(wi=8a-Hw) i=12; (3.103)

which induces, ¢f (A.10) :
Snw)=81(¥)=Ra{Sz(¥)}=Ra(5)(v)} (3.104a)
S21(¥)=S21 (W) =1a{S, (¥)}=—~1a{S; (y)}. (3.104b)

Hence, the allpass functions §; and §, are normally complex for real
antimetric two-perts, except for trivial netwerks not retained here,
e.g. 5§31 =0. The complete form of the resulting scattering matrix is
given below for later rense :

_{Ra{$2} la{S2}
"l 1a{s,) -Ra{S,) (3-105a)
( Ra{§;) -Ia{S;}
| -1a(s1) -Ragsy)f (8.105b)

Real equivalent scattering matrix of complex allpass functions

Let us consider the response B=S5- A of a complex allpass, with scat-

tering function S{i'). The real analytic part of the response can be
written :

Ra{B}=(B+B]/2=[S-A+5-A}/2
=[(S+5)-(A+A)+(S-5)-(4-A)}/4.

Proceeding similarly for the imaginary analytic part, and simplifying
the results, ene achieves :
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Ra{B}=Ra{S§}-Ra{d}-1a{5} la{A} (3.106a)
Ia{B}=1a{5}-Ra{A} +Ra{S}-Ia{a}. (3.106b)

Accordingly, the response of a complex allpass can be equally expres-
sed by a real scattering matrix :

Ra{B} _(Ra{S) -Ta{S} ' Ra{A}
Ia{B} Ia{S} Ra{S} || la{A}f

which, following (A.10), is identical to :

Ra{B}) (0 1)(Ra{S} -Ia{S}) (0 1) (Ra{4) (3.108)
1a{B} ) (1 0| 1a{5) Ra(Sy |1 0)| Iaga) |

(3.107)

The equivalence represented in Figure 3.16 is thus established.

ay(n) o— — b a(#) o3y o b
1(n) Rel su) |Re 1 (%) 1 *,_. 5@ TRW_; 1(n)
am el b et e— i )

a) b)

Figure 3.16: Equivalent implementations of a complex allpass functlon.

Equivalence between real antimetric lossless two-ports and complex
alipass functions

Comparing (3.107) with (3.105a), and setting Ra{B}= 8¢, 1a{B}= B3,
Ra{A}=4;, Ia{A}=43, and S=S,, one observes that a real anti-
metric lossless two-port of degree n can be realized by a complex
allpass S of degree n/2, provided that the sign of A, is changed
[Meer83), cf Figure 3.17a :

_(Ra{S2} -la{sz})(t ©
S '{ In{S+} Ra{$S, }] [0 _1]' (3.109)

Of course, this sign change can be simply dropped when A, =0
[Vaid87al, as it often occurs in enalysis branching filters.
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Figure 3.17: Networks equivalent to a real antimetric lossless two-port.

Alternatively, introducing $=§; into (3.107) and comparing with
{3.106Db), it is demonstrated that a real antimetric lossless two-port
can be equally implemented by the allpass §;, making sure that B,
is changed in sign, cf Figure 3.17h :

_(1 0)(Ra{$;} -Ta{s;}
S‘[o —1][1:1{8,} Ra{Sl}]‘ @110

Again, the sign change can be dropped when B, is ignored, as it is
usually the case in synthesis branching filters.

Finally, making use of the identity given in Figure 3.16, two further
variants can be cbtained for the implementation of real antimetric
lossless two-ports 28, cf Figure 3.17¢,d.

3.5 Independent parameters characterizing
lossless two-ports
This section aims at determining the maximum number of real and

independent parameters fully specifying a lossless two-port N of
degree n, emphasizing the lattice-type case. These parameters basi-

29 The purpose of establishing the exhaustive list of implementations for real
antimetric lossless two-ports is in providing the basis for a precise comparison
of implementation structures described in the literature, in particular regard-
ing the implementetion of Quasi-Mirror Filterbanks, ef Chapter 4.
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cally correspond to the coefficients of the scattering matrix polyno-
mials f, k, g, including the constant ¢, or to any equivalent set of
parameters (e.g. zero/poles configurations, or the parameters of the
constituent allpass functions specifying lattice-type two-ports, etc.).

The identification of these independent parameters, considered in
relationship with the filter type and degree, provides an insigbt of
the kind of filter responses that can be realized, and furnishes essen-
tial informations for the elabaration of filter approximation methods
and tools.

3.5.1 Independent parameters of complex lossless
two-ports

Canonic form of lattice-type lossless two-ports

According to Table 3.8a, a symmetric/antimetric lossless two-port N
can be mapped anto a two-port N’ of same type featuring purely
para-even/odd polynomials f‘ and 4’, and conversely. The character-
istic function — and thus the amplitude response - remains invariant
to this transformation, i.e. C{y)=C'(y). Moreover, the phase res-
panses of both networks are the same, except for a constant phase
shift specified by o.

Consequently, the two-port N’ involving para-even/odd polynomials
ouly ~ and thus the maximum number of free parameters — corre-
sponds to the canonic form of the network to be designed for a speci-
fied amplitude and/or phase response, except for the parameter o
fixing the constant phase shift between the responses of N and N'.

The approximation of symmetric and antimetric lossless two-ports
should therefore be performed in two steps, determining the two-port
N’ first, and mapping it in a second step onto the network N aceor-
ding to the application specifications.

Degree of two-port and polynomials f, h, and g

Next, the degree of polynomials f, h, and g, denoted by ny, ny, and
#, respectively, are introduced, deg(.) indicating the degree :

ﬂf =deg(f)» ny =deg(h)’ n=deg(g)- (3.1113,'],0)
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Due to (3.33), the degrees of the polynomials are verifying :

n=max (ng,np), ngs<n, npsn, (3.112a,b,0)

n=deg(g) corresponding to the degree of the two-port. Considering
further the relationship between two-ports N and N’, one derives :

ngpe=ng, npe=ng, n=n. (3.113a,b,c)

Maximum number of independent parameters characterizing
lattice-type lossless two-ports

Given the degree of the two-port N, the maximum number of real
and independent parameters available in the set (¢, f, &, g} that
are fully characterizing N, is looked for.

Considering the canonic equivalent N’ of ¥, and referring to Table
8.8a, it is observed that both parameters ¢ and o’'=:t1 should be
fixed to have a ene-to-one correspondence between ¥ and N'. More-
aver, o’ plays a particular role, since it decides upen the para-even/
odd nature of f’ and A’. Both ¢ and ¢’ should thns be fixed sepa-
rately by the application.

Hence, thrse different measures of the maximum number of free
parameters are introduced, namely fof_nb_parms_N for N, counting
o and o', tot_nb_parms_N' for N’, counting o', and rb_parms N’,
excluding ¢’ 30 ;

tot_nb_parms_N =tot_nb_parms_N'+1, (only complex N, N’) (3.114a)
to1_nb_parms_N = tot_nb_parms_N’, {onlyreal N, N'; N=N') (3.114b)
1o1_nb_parms_N'=nb_parms_N'+1, (complex +real N, N'}  (3.114c)

Complex symmetric lossless two-ports
The following expression is derived from (3.33) and (3.41) for N’

g gi=—0"- (B = f2y=—o' (W= f)-(W+[f?; o'=tl. (3.115a,b)
Factors (' - f) and (&’ + f') are then fixed with (3.47b) and (3.48b):
K-f'=0]-g,-85; W+f=0,-g-g5;  (3.116ab)

30 Equation (3.114b) is valid for Case 1 in Table 3.4.
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with g'=818% aE:—a’/o‘E3_i); i=1,2, (3.117a,b)

The polynomial g’ is arbitrarily assumed monic 81, ¢f Snbsection
3.4.4. The same assumption is made for gi and g5, agreeing with
(3.117a). Besides these constraints, g’, g1, and g5 are general com-
plex polynomials, and are thus counting 2-n'=2.(n; +n%), 2-n{, and
2.n5 real free parameters, respectively, with »/ =deg(g}}, i=1,2.

Hence, the right-hand sided parts of (3.116a,b), which are completely
interrelated, are counting 2.n'+1 real free parameters, including
Arg{oj } or Arg{oj }, where o{ and &; are linked by (3.117b) %2,

Clearly, the left-hand sided parts of (3.116ab}, i.e. (2% f"), count
the same amount of real independent parameters. This is easily
verified taking into account that deg(h’t f’)=n’, and that the lead-
ing coefficient of (A" + £’} is unimodular, The polynomials f’ and 4’
being respectively para-even (-odd) and para-odd (-even) for symmet-
ric lossless two-ports, it is observed that they are precisely and
separately contribnting to the real and imaginary part of each
coefficient in the factors (A" '}, cf (A.26).

It is further noticed from (3.116) and (8.117b) that it suffices to know
either both polynomials " and #’, or one of the right-hand sided
terms in (3.116), to fully determine N’, withont costly use of (3.33).
Moreover, when designing strictly stable networks, i.e. both g{ and
g5 are strictly Hurwitz, and assuming that f’ and 4’ are known, it
suffices to nse only one expression of (3.116a,b) to uniquely deter-
mine gi and g5 by factorization, On the contrary, both equations
(3.118a,b) are requested to handle unsteble networks.

Finally, nb_parms_N’'=(2.n+1) for complex symmetric lossless two-
ports, cf Table 3.9,
Complex antimetric lossless fwo-ports

For complex antimetric lossless two-ports, equations (3.115) - (3.117)
are replaced by :

31 A polynomial is monic when ita leading coefficient, associated to the highest
power of the independent variable, iz equal to +1 [BeleB8, p. 406).
32 1t is recalled that parameter o’ =11 is not oountgd in nb_parms_N', cf (3.114¢).
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g gi=0"-(Wr+f2y=0'-(W-j )W+ j f); 0'=11; (3.118a,b)

BW=j-f'=0-8.-8y WHJjf'=0,-8/-85; (3.119ab)
with 8'=8-8y 0;=0"[0, 5 i=12. (3.120a,b)
The development proceeds very similarly to the symmetric case, and

is dropped for conciseness. The nnmber of design parameters is
exactly the same than for the symmetric case, cf Table 3.9.

nb_parms_N'
Complex N* Real N’
Lattice-type N’ _ n+
( Symmetric or antimetric ) 2ontl n+l
General reciprocal N’ 3on+l For n odd: (3-n—-1)/2+1

For n even: 3-n/2+1
Non-reciprocal N’ 4.n+2 2en+1

Table 3.8 Maximum number of real independent parameters
of lossless two-ports 32,

Max. number of independent parameters characterizing non-
reciprocal and general reciprocal logsleaa tivo-porta

For the sake of completeness, the non-reciprocal and general recipro-
cal cases are briefly handled. Complex non-reciprocal lossless two-
ports N‘ are best designed by directly approximating the irreducible
and unit-bounded coefficient $3; = f’/g’. Assuming that g‘ is monic,
whereas f’ is a gemeral unconstrained complex polynomial, the
maximum number of real independent parameters is (4-n + 2) 32,

The factor (#'- ;) is then uniquely determined from (3.33). However,
k' cannoti be uniquely ohtained from (#’- k), due to the multiple fac-
torization possibilities [Bele68, p. 284). Moreover, an arbitrary uni-
medular constant can be assigned to #’ without affecting (4" h,), f
(3.356¢). The factorization is thus observed to be much more intricate
than for lattice-type networks, (k- k) being of degree 2-n,.

Finally, the data for the general reciprocal case are also provided in
Table 3.9, noticing that f'=a’- £, =% ) is verified due to reciprocity,
involving that f’ is para-even/odd, ¢f Table 3.8b.
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Authorized/prohibited network configurations for lattice-type
lossless two-porta

It is observed from Snbsection 3.4.4 that polynomials f and % can't
simultaneonsly possess a (single or multiple) zero at ¥ =0, otherwise
polynomial g should own the same zero(s) due to (3.33), which would
be in contradiction with the strictly Hurwitz nature of ¢.

Applying this rule te the transformed two-port N', a list of
prohibited network configurations can be establisbed using (A.26), cf
Table 3.10. The mentioned polynomials F/(y), H; (w), i=1...,4, are
specified by the notation introdnced in (A.26), and are all evalnated
aty=0.

C'(w) Lattice-type lossless two-port N’
v Complex Imaginary Real
Symmetric | C'=h,/f, | F{=H4=0 Hi=0 F =0
case c=n,/f; | Fi=Hj=0 Fi=0 Hi=0
Antimetric | C'=h,/f. | Fi=H{=0 Prohibited F{=H{=0
e C'=hy/fs | Fa=Hy=0 | Fj=H}=0 | Prohibited
Table 3.10: Prohibited configurations for lattice-type lossless two-ports
(all polynomials F;/{(y), H{{y), i =1...,4, are evaluated at ¢ = 0).

Purely imaginary and real lossless two-ports N are defined for F{ =
Fi=H{=H45=0,and Fj=F;=H) =Hj =0, respectively. In the real
case, the two-ports N and N’ become identical, with o’ =0 =%1.

3.5.2 Independent parameters of real lattice-type
lossless two-ports

Real lattice-type lossless two-ports are featuring o =1, and the two-
ports N and N are thus identical, polynomials f and h becoming
necessarily para-even/odd. 1t is recalled that symmetric and anti-
metric two-ports correspond to fundamentally different filter configu-
rations in the real case. The maximum number of real independent
parameters is provided in Table 3.9 using (3.114b,c).
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Degree of two-port and polynomials f, h, and g

The definitions provided in (3.111) and (3.112) clearly apply to real
two-ports. For classification purposes, the terms nsq and nyg are
further introduced, indicating the number of zeros of f and 4 lying
at ¥ =0. Finally, the number of transmission zeros of $;; = f/g and
S11 =h/ g located at infinity, denoted by n s, and ., respectively,
are specified by :

Rfo SR=Rg, ho =R~y (3.121)

Real symmetric lossless two-ports

Real para-even/odd polynomials merely reduce to even/odd polynomi-
als. From (3.41), f and h are respectively even and odd for o =1,
whereas they become odd and even for o = -1 {Bele68].

Odd degree Even degree n
2 ry | e fay |
Typ. vesp. of §4; Lowpass Bandstop
Parityof f, Even Odd Even Odd
Monic f, & (31.33) - Yes Yes -
Degree By <n-1 ny=n ne=n ny <n—1
(nyeven) | (nyodd) | (n) even) | (ny odd)
Zeros at origin ngg=0 Ao 21 ngp=0 nyg 21
Zeros at infinivy B o 21 B =0 ng, =0 Rp, 21
a=-1 [ Typ.resp.of §y Highpass Bandpass
Parityof f, h Odd Even Odd Even
Monic f, # (31,33) Yes - - Yes
Degree ng=n nysn-1 | ngsn-1 Ay =h

(ry odd) | (npeven) | (n; odd) | (ny evem

Zeros al origin nrozl fpp =0 nrg 21 fipg =0

Zeros at infinity np, =0 Ny, 21 np 21 Np =0

Table 3.11: Elementary paremeters for real symmetric lossless two-
ports.

33 The polynomial g was assumed monic for the establishment of this table,
which contains an entry to indicate whether f or h are monic as well. No
indication, i.e. “-", means that the situation is application dependent.
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Clearly, real even (odd) polynomials are necessarily of even (odd)
degree. Hence, one deduces that f and k are of different degree for
real symmetric lossless two-ports, the parity of their degree being
specified by their even/odd nature.

Furthermore, the polynomial f or 4 that is of odd degree has neces-
sarily an odd number of zeros at the origin, but at least one. Con-
versely, the polynomial f or h tbat is of even degree should be
devoid of any zero at the origin, cf Table 3.10.

n ! =hp=n
= fw) | orw) | ofw) | k)

Typical resp. of Sy, LP, HP, BF, BS LF, HP, BF, BS
Monic f, A (31,33) No No - | _
Zeros at origin npg =0 npg =0 ”fO‘”M]:o (34)
Zeros at infinity Ngo=0 | Mp=0 | np, =0 | Pheo =0
Examples of amplitsde | Bunerworth | - -
approximated filters Chebyshev BS Chebyshev HP Chebyshev

Inverse Cheb. | BP Inv. Chebyshev LP Inv. Chebyshev

Elliptic Elliptic Modified elliptic (35}

Table 3.12a: Basic parameters for real antimetric lossless two-poris
( LP: Lowpass; HP: Highpass; BP: Bandpass; BS: Bandstop ).

Considering the behavior at infinity, cf (3.121), the polynomial f or
h that has lower degree than n is associated to a necessarily odd
number of transmission zeros at infinity, but at least one. Inversely,
the polynomial f or h of degree n does not induce any transmission

34 [n all generality, zeros may be located at the origin, in which case they should
be assigned to exactly one of the polynomials f and % in accordance with the
filter response. The zeros should necessarily occur pairwise.

35 Even ordered filtere can be modified to feature paira of attenuation zeros/poles
at the origin orfand at infinity. The modification can be performed nsing a
particular transformation [Sedr78), or other approximation tmethods. Note
that modified elliptic filtere achieved by transformation are not any more equi-
ripple in both passband and stopband, and that they are suboptimal with
respect to frequency selectivity.

In the present case, the modilication provides either attenuation zeros or
attenuation pales at the origin,
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zero at infinity. Hence, analyzing the asymptotlc behavior of polyno-
mials f and & at the origin and infinity, it i§ possible to collect the
parameters corresponding to typical filter responses assigned to 854,
cf Table 3.11.

Real aatimetric lossless two-ports

According to Table 3.10, the polynomials f and A belonging to real
antimetric lossless two-ports are necessarily even, i.e. =1 [Youl71,
Fett84b). Consequently, f and k4 are both of even degree.

Furthermore, the results achieved in Snbsection 3.4.16, in particular
formulas (3.103) and (3.104}, directly apply. Hence, the next expres-
sions are derived from (3.54) :

g1=281 o, =g;', (3.122)
The basic parameters for designing real antimetric lossless two-ports
are provided in Table 3.12a for the case where f and h are of same
(even) degree. Table 3.12b completes the figure for situations where
f and & are of different {(even) degree.

' nr=n-2k, ny=n{ ng=n, np=n-2k

.. sy | omawy | ofay | e
Typical resp. of §5; Lowpass, Bandpass | Highpass, Bandstop
Monic f, A (31.33) - | Yes Yes | -
Zeros at origin Agp-npo =0 G | npgnpg=0 34
Zeros at infinity 22 | Gho=0 | np=0 | np22
Examnples of amplilide { Butterworth | LF/BP Butterwoerth HP/BS Butterworth
approximated filters Chebyshev LP/BP Chebyshev -

Inverse Cheb. | - HP/BS Inv. Chebyshev

Elliptic Modified elliptic ¢3¢) | Modified elliptic (36)

Table 3.12b: Baslc parameters for real antimetrlc lossless two-ports
(k=1,..,n/2).

36 These modified elliptic filters are featuring attenuation zeros/poles at the
origin gnd at infinity. Hence, these filters can be realized with equally-valued
termination resistances.




132 Chapter 8

3.6 Mapping of lossless two-ports into the z-
domain

The mapping of the complex or real lossless two-ports is performed
by application of the forward bilinear transforma Tg defined in (A.50).
Details on the procedure are provided in Section A.6. The following
discussion concentrates on lattice-type lossless two-ports, in which
case one is essentially interested in the Ty transformation of alipass
functions, ¢f (A.77) and (A.78).

Forward bilinear transform Tg =

'l

y -domain Z-demain

Signal Incident waves A (w), a; (n-T,) = A (2), a;(n)
quantities

Reflected waves B (y), b;(n-T) = B;(z), b; ()
Parameter- | Polynomials fly) = P(2)
ized
scattering hy) = R(z)
matrix gy) = Q(z)

Unitary constant [ = A
Network ] Allpass functions S; (y) = H ()
functions

Transfer functions Sq) = Hy(2)

Characteristic fet. Cly)=51/5y = C.(z)=H /Hy

Table 3.13: Blllnear transformation of canonic lattice-type lossless two-
ports N (i=1,2).

The correspondence between the signal quantities, polynomials, and
network functions when passing from the ¥ -domain to the z-
domain, is defined in Table 3.13. 1t is observed that the incident and
reflected waves are represented with the same symbols in both
domains, althongh they are mathematically not equal when procee-
ding from one domain to the other. This shouldn’t be a problem, the
distinction being usnally clearly indicated by the context.

Clearly, all formulas elaborated in the y -domain for lattice-type
lossless two-ports have their counterpart in the z-domain under Ty
transformation conditions.
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According to (A.78b), the unimodular constants A; belonging to the
(stable) allpass functions H;(z), i=1,2, airé related to those of

S;(w) by:
Bid (™.
y=0, 1 [%_w_w
v=1 ¥ iy

], with n;=n; +n,

(3.123)

Wiy -1, v=12,..0;72;

H;(z) and S; () being of same degree n;, n;; corresponding to the
number of poles located at  =-1 (ie. z=0), whereas n;, indicates
the number of poles verifying v ;y -1 (i.e. 25 #0), v=1,2,...,5;3.

The z-domain counterpart of (3.48a) and (3.57a) is then achieved

defining :

with

and

A=o=20) -0, =£-41 - A3,

v=1

¥ wiv #-1 ]

®1211- w
1.'|=1-[[ ¥ woly

1-% 51y

22 1_1Fw2
vl | 1~y

V=1,2,...,n2,';

],

(3.124a)

(3.124b)

where the upper (lower) sign in (3.124a) holds for symmetric
(antimetric) twa-ports. .

Modified forward bilinear transform Tgpp

yr «domain

Z -domain

oy Case [ : flan=Ffw) | o | P(D=Ppes (z)
wopons | A=07=D | Wy =ho @) R'(2) = Rpca (2)
Case 2: fla=fow) | | | P(@=Ppcal2)
(A'=6'=-D| »iy)=he(y) R'(z)=Rpcs (2)
Antimetric | Case 1 Fry=fiw) | o | P(2)=Ppes(2)
wapons | A=0=0 | wa=h ) R'(2)= Rpcs (2)
Case 2 F=f0) | o | P=Pca (o
A'=0'=~1)| h'(y)=h, @) R'(z2)=Rpca (2)

Table 3.14: Bilinear transformatian of cananle latilce-type lossless two-

parts N,
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Considering now the canonic form N’ of lattice-type lossless two-
ports, cf Subsection 3.5.1, the complementary relations given in
Table 3.14 are established, cf Section A.7. It is noticed that the
network transformation defined in (3.96) and Table 3.8a in the -
domain, which provide the rules for passing from a non-canonic two-
port N to its canomic form N’ and conversely, applies without
change in the z-domain, since only constants are involved.

3.7 Conclusion

This chapter is providing a survey on complex and real WDF filter
design. Starting with a detailed review of real WDF design, a
gradual intreduction to complex filtering is proposed, recalling that
complex and real filters are formally eqnivalent, but may differ in
practice, thus relegating the question of the choice between both
solutions to case by case selections fixed by the applications. A
review of available complex WDF structures is then proposed, includ-
ing a discussion on the important concept of one-realness elaborated
by Fettweis.

The essential part of the chapter is then devoted to recalling basic
properties of complex and real lossless two-ports WDF's are derived
from, putting the emphasis on lattice-type structures, and proposing
specific contributions along the presented matter. It is in particular
demonstrated using elementary equivalence iransformations that
complex lattice-type lossless filters are belonging to a single class of
networks, with a marginal difference between symmetric and
antimetric implementations which is net affecting the amplitude
response, the phase response of both structures differing only by a
constant phase shift. Conversely, but this fact was of course well
known before, real symmetric and antimetric filters are fundamen-
tally different.

Further issues introduced in the chapter are listed below among the
contributions.
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Contributions

Chapter 3 holds a particular place in the report, since it is furnishing
an extended review on complex and real Wave Digital Filter design,
recalling numerous essential properties of lossless two-ports WDFs
are relying on, and providing a sound basis of knowledge for
sncceeding chapters. Logically, most of the material presented in this
chapter is of course well known.

However, the structured survey proposed in the chapter helps in
ordering the snbject, classifying problems, and identifying topics
deserving attention for further research beyond those mentioned
later in the conclusions.

C3-I: As such, the systematic review proposed in Chapter 3 is
considered as original.

In addition, to the best knowledge of the anthor, the next specific
contribntions are considered as original :

» C3-II: Analysis of cascaded scattering parameters of lattice-type
lossless two-ports as handled in Subsection 3.4.13, cf Table 3.7,
and study of complex doubly magnitude-complementary networks
treated in Subsection 3.4.14 which are identified to have mnch
lower amplitnde sensitivity to mismatches, compared to classical
donbly-complementary networks.

» C3-1I: Establishment of an exhaustive list of complex allpass
configurations that are equivalent te a real antimetric lossless
two-port, c¢f Figure 3.17, useful to compare pnblisbed filter
structures. '

» €8-IV: Detailed discnssion of the independent parameters of
complex lossless two-ports, inclnding identification of allowed /
prohibited configurations of lattice-type lossless two-ports, cf
Table 3.10, and provision of synoptic design tables for real
symmetric and antimeiric lossless two-ports, cf Tables 3.11, 3.12a,
and 3.12b.

C3-V: Moreover, based on the survey of diverse filtering problems
handled in Subsection 3.3.4, the field of single/donble broadband
matching is recognized as interesting for WDF implementatious,
noticing in particular that the complex case was seemingly not
covered in the literature.



136 Chapter 3

Further potential research

Based on the former reflections, the next subjects are proposed for
potential further research:

» Following the discussion held in Subsection 3.3.6, detailed study of
the implementation of non-one-real complex WDFs to get lossless
and economic realizations of WDF's, using in particular the cross-
adaptor proposed in [Schii89, Schii9l], with mandatory assess-
ment of all stability conditions related to the finite-precision
implementation.

» Detailed study of single and double broadband matching networks
implemented as WDFs, analyzing in particular the reason why
complex broadband matching was seemingly not covered before.

» Systematic study of (complex) non-reciprocal and general recipro-
cal networks implemented as WDFs, whereas it is noticed that the
subject is already generously covered in the literature for
standard filter configurations of real type.

» Application of case studies exploiting the identified lower ampli-
tude sensitivity of (complex) doubly-magnitude complementary
networks to parameter mismatches, cf Subsection 3.4.14.

» QOthers.
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Bireciprocal-Type Wave Digital
Filters

4.1 Introduction

Bireciprocal WDFs ! correspand to half-band filters realizing power
complementary lowpass and higbpass filter pairs used to design
multirate IIR-based Quasi-Mirror Filters (QMFs) [Vaid87d], or tree-
sbaped filterbanks, to perform signal analysis and synthesis in the
frame of applications renging from communications, to spectral sig-
nal analysis/estimation, bearing aids design, snbband speech/andio/
image coding [Sanv90], elementary signal transmultiplexing, and
also pattern recognitien, to mention some of them. Half-band filters
are of course alse intensively applied to signal decimation and
interpolation, in particular in connection with {oversampled) analog-
to-digital canverters (ADCs) [Dijk88] and digital-to-analeg canverters
(DACs}, in whicb case the lowpass filter response is used alone.

Half-band filters have been intensively studied in the literature.
They rely either on Finite Impulse Response (FIR) filters [Croc83,
Nuss83, Gala84, Vaid93, Vaid90, Vaid88], or on IR filters [Vaid87a,
Rega88b, Vaid90], with few extensions to complex half-band filtering,
e.g. [Fett85].

1 The meaning of the term “bireciprocal” will be explained in Section 4.3.
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Many contributions bave been publisbed on bireciprocal WDFs,
especially in the real symmetric case (Noss83, Gazs85a, Feit86],
considering the significant implementation simplifications incurred
in terms of hardware, number of processed operations, ete., cf eg.
[Fett86). However, the real antimetric case is covered as well
[(Meer83], including also complex bireciprocal WDFs [Fett85).

The objectives of this chapter are twofold. The first objective, acting
as a complementary contribution to [Fett85], aims at formally de-
monstrating tbat any IIR-based half-band filter realized as a lattice-
type lossless two-port is precisely composed of a ree! symmetric or
rea! antimetric lossless two-port. Any complex half-band filter
configuration derived thereof is achieved tbrough elementary trans-
formations resulting in degenerate complex two-ports. This resuit
clarifies the interpretation of many properties establisbed in
(Fett85), while removing reservations expressed in the same paper
for the complex case.

The second objective is to provide a detailed list of possible balf-band
signal analysis and synthesis arrangements, still based on lattice-
type lossless two-ports, and inclnding the corresponding implemen-
tation structures. It is then shown that half-band filters relying on a
real antimetric lossless two-port, can be interpreted and realized in
two different ways under multirate operational conditions, with
related constraints guiding the actual choice to be made according to
the application requirementa.

The chapter is organized as follows. Section 4.2 recalls shortly the
structure of cascaded half-hand analysis and synthesis networks
operating under muitirate conditions and realized with lossless two-
ports, including the condition for perfect reconstruction of the origi-
nal signal. In Section 4.3, the perfect reconstruction condition is
specialized for lattice-type lossless two-ports, leading te a bireciprocal
form of the corresponding characteristic function, which in turn
implies that bireciprocal WDFs are essentially real, complex cases
being derived thereof. The relationship between real and complex
bireciprocal WDFs is described in Section 4.4. Section 4.5 is then
furnishing details on real bireciprocal WDF configurations, including
degree of the constituent allpass functions, and pole constellation.
These data are then compiled in Section 4.6 to establish syneptic
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tables valid in both real and complex cases. The corresponding imple-
mentation structurés are discussed in Section 4.7, before drawing the
conclusiens in Section 4.8,

4.2 Cascaded half-band analysis / synthesis
networks realized with lossless two-ports

Referring to [Fett85), the network arrangement illustrated in
Figure 4.1 is considered, where N corresponds te a lossless twe-port
of reciprocal or non-reciprocal type 2, with scattering matrix S. The
transpose network of N is indicated by N T and features B=S7 . A.
N 1is a priori considered real or complex.

ay(nTy) o N 3 az(nT,)=0
-1
9 €2
Y g FAALY)
NT
-1
B(nT,) . ., b2 (1)

Figure 4.1: Network configuration Involving multipliers u(s) and v(n)
for halving the sampling rate [Fett85].

The functions #(n) and v(n) occurring in Figure 4.1 take alternately
the valnes 1 and 0, either in the same or in oppasite phages. The tweo
situations are distinguished by the parameter g =11 :

w(m)=[1+ DM 12 =1+ /212, (4.1a)

v(n)={l1+g-(-1)" 112 = g -u(n)+(1~-4)/2. (4.1b)

2 The two-ports referred to in this chapter correspond to the normalized two-
ports N specified in Subsection 3.5.1, However, the apostrophe is dropped for
simplicity.
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Clearly, v(n)=u(n) for ¢=1, and v(n)=1-u(n) for g=-1. As demon-
strated in [Fett85], applying to the entrance of the network arrange-
ment in Figure 4.1 the signals :

ay(nT )= Ay -eP™s | ay(nT,)=0 (4.2a,b)

where A, is a complex constant, and assuming that the reciprocal or
non-reciprocal two-port N fulfills the condition 3 :

Ciw)=—q/Cs (W), (4.3)
then the foliowing ontput signals are achieved :

by (nTs)=05- A, -deq(S(y))-eP"Ts (4.43)
- / .
by (nT )=%'e’”""’2 by (1T ), (4.4b)

where the determinant det(S (7)) corresponds to an allpass function,
cf (3.34). It is remarked from (4.4a) that, except for an allpass-type
distortion, the input signal @ can be perfectly reconstructed under
condition (4.3), and this irrespective of: i} the filtering performance of
N, and ii) the fact that every second sample of signals 4, and 44 in
Figure 4.1 is reduced to zero [Fett85].

4.3 Bireciprocal WDF's

For lattice-type lossless two-ports N, the characteristic function is
verifying (3.41c) and (3.51¢) in the symmetric and antimetric cases,
regpectively, which can be rewritten in a compact form :

Cy)==-r-C,(y), with r=1 for symmetric N, and 4.5)
r=-] for antimetric N, '
so that (4.3) can be reformulated as :
CUiy)=q-riCW). (4.6)

Hence, except for the sign introdnced by the factor g-r==I1, the
characteristic function of lattice-type lossless two-ports is chserved to

3 The assumption made in Subsection 3.4.3, stating that the termination impe-
dances of the lossless twe-port N are equal, ie. Zg) =25 = Zg, is recalled.
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be of bireciprocal (or self-reciprocal) type, explaining in the same time
the name assigned to the corresponding WDF3, Altheugh the charac-
teristic function of lattice-type lossless two-parts was originally
termed bireciprocal or self-reciprocal ouly for g.r=1 [Fett85], the
definition is extended in this report to ¢-r=+1. This cheice will be
commented later in Section 4.4,
Furthermore, C(y) (and by extension the corresponding network N)
will be called :

¥ bireciprocal of the first kind for g=1, and

¥ bireciprocal of the second kind for g=-1.

The degree n of the two-port N is linked to 4 as follows [Fett85],
page 897 :

for g=1: rnodd; forg=-1: neven; with n=ny +n3; 4.7
where n; and r, correspond to the degree of the constituent allpass
functions S; (y), i=1,2, cf Figures 3.8 and 3.9,

Replacing C(y) in (4.6) with (3.37), and applying (3.46) and (3.55) for
symmetric and antimeiric two-ports, respectively, the next result is
obtained [Fett85] :

for g=1: So Q) S  (W)==-5(1/y)-S2(w); (4.8a)
for g=—1: $,(1/y)-S, (W)=-5; (1/y)- S5 W). (4.8b)
which is noticed to be independent of r, i.e. (4.8a,b) are valid for hoth

symmetric and antimetric two-parts 4. Assuming without limitation
that S; (), i=1,2, are stahle, the unstable allpass :

S'G)y=S51(w) S2(¥); 4.9
is defined and introduced into (4.8a,b), which are then replaced by :
for ¢=1: S'w)=-5'0/w); (4.10a)
far g=-1: S'yy=—1/5"(1/y)-. (4.10b)

Moreover, denoting by H’(z) and H;(z) the bilinear transform of
$'(w), and S; (), respectively, i.e. :

4 Starting from here, the discussion proceeds more directly than in (Fett85).



142 Chapter 4

H(2)=Tg{S'w)}, H;(=Tg{Si(¥)}, i=12; (4.11a,b)
and making use of Table A.6, (4.10a,b) is equivalenty expressed by :
for g=1 (ie. n odd): H'(2Y=-H'(-2); (4.12a)
for g=-1(i.e. n even): H(D==1tH'(=2)-. (4.12b)

Referring to Subsection 2.6.6, it is demensirated that :

1) if H'(z) is fulfilling (4.12a), then H’(z) is certified to be real with
odd denominator dne to (2.101b), to feature an edd phase, and to
belong to a real lossless two-port N of symmetric type; or

2)if H'(z) is verifying (4.12b), then H’(z) has a para-even and
circularly symmetric denominator follewing (2.101a), such that the
phase response of H’(z) is purely even if H’(z) is irreducible,
Moreover, assigning the stable poles of H'(z) to H;(z), and the
unstable ones to 1/H,(z), and specifying the constants A; of
H;(z), i=1,2, as follows according to (2.101a) :

M =2; =texp(tj-m/4), with AL=1"=%}j; (4.13a,b)
one achieves ; Hy(z)=H;(2). (4.13c)

Caonseqnently, considering (3.103) which applies directly to the z-
domain, it is proved that H;(z), i=1,2, are belonging to a real
lossless two-port N of antimetric type.

In conclusien, it is proved that, irrespective of their passible complex
natnre, lattice-type bireciprocal WDF's are necessarily and precisely
composed of a real symmetric or a real antimetric lossless two-port
whenever (4.12a) or (4.12b) are respectively applying, including any
equivalent form thereof as (4.10a,b) :

for g=1 (i.e. nodd): N real symmetric two-port; (4.14a)
for g=-1(i.e. n even): N real antimetric two-port. (4,.14b)

Complex bireciprocal WDFs are then merely achieved by direct
extension of the real netwerk to process complex signals, or nsing
elementary transfermations leading to degenerate complex twe-ports,
as will be seen in the next section.
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44 Relationships between real and complex
bireciprocal WDFs

Following the former considerations, the relationship hetween the
basic real lattice-type lossless two-ports with bireciprocal characteris-
tic function, and the configurations derived thereof to handle complex
signals, is indicated in Table 4.1. The vertical mappings mmerely
correspond to passing from filter configurations of Case 1 in Table 3.4
to filters of Case 2 in Table 3.4. From there, it is then possible to
transform originally real symmetric (antimetric) filters into degene-
rate complex antimetric (symmetric) filters proceeding horizontally
in Table 4.1, applying the transformations indicated in Table 3.8d.
The resulting filters correspond to Case 5 configurations in Table 3.4,
an example of their siructure being provided in Figure 3.4d.

Applied Symmetric N Antimetric N
I/0 signals _
Original real symmetric N N PR
s (Red (Case 1, Table 3.4) . Ipossible Sonfiguration .
g &
[ U
? = Comal Derived real symmetric ¥ | (5) Derived degenerate
23 omplex (Case 2, Table 3.4) = complex antimetric N
(Case 5, Table 3.4)
. Real Original real antimetric N
= 7T a (Case 1, Table 3.4)
(-
b y
a8
22 |com Derived degenerate (5) [ Derived real antimetric N
2 E omplex complex symmettic N = (Case 2, Table 3.4)
o (Case 5, Table 3.4)

Tahle 4.1: Relationshlp between original real bireclprocal WDFs and
WDFs derived thereof to process complex signals.

The possibility of realizing the real antimetric lossless two-port N as
a complex allpass (c¢f Subsection 3.4.17 and Case 3 in Table 3.4) is
reserved, and does not affect the results above.

% Horizontal mappings in Table 4.1 imply application of transformations speci-
fied in Table 3.8d.
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Discuaéion
The relationships established in Table 4.1 clarify many points
regarding bireciprocal filters :

1) It was observed that (4.8a,b), and thus (4.10a,b), and (4.12a,b), are
independent of the factor r, although r appears explicitly in (4.6).
The reason is that for the original real two-port, ¢ and r are tight-
ly connected, with ¢4 =r =1 in the symmetric case, and g=r=-1 for
the antimetric case. When transforming the original real symmet-
ric (antimetric) WDF into an antimetric (symmetric) one using the
transformation in Table 3.8d, C(y} - % j-C(y), so that (4.6) is
replaced by (4.15a), and thus (4.15b) introducing the r’ factor of
the achieved WDF, with r'=-r.

CUiy)=—q-riCy) = CU/y)=q-riCy). (4.15a,b)

Hence, the result depends on the interpretation of the same situa-
tion. Either one considers (4.15a) when referring to the original
real WDF, or one is retaining (4.15b) taking the transformed dege-
nerate complex WDF as reference, in which case the sign change
drops. This explains why r has no effect on (4.8), (4.10), and (4.12).

2) Accordingly, the extension of the definition of bireciprocal C(y)
and bireciprocal WDFs to g-r=-1 in (4.6} is not critical.

3) According to (3.38), the filter amplitude response is linked to
|C(j-¢)| which is invariant to the transformation in Table 3.8d.
Hence, in case of bireciprocal WDF's, the notion of lowpass/high-
pass filiering, which is otherwise not well defined for complex
filters, applies without problem to the derived degenerate complex
WDFs.

4) In [Fett85), many properties that were derived/verified individual-
ly for complex hireciprocal WDFs could be achieved more easily
recognizing that complex WDFs are obtained through elementary
transformations from real bireciprocal WDFs according to Table
4.1. As an example, on p. 898 of [Fett85], one-realness of complex
bireciprocal WDF's is proved by showing that (4.6) satisfies the
condition (3.98), which ig of course true. But demonstrating that
(4.8) involves realness of the core bireciprocal WDF is stronger,
because this fact implies that many properties are automatically
extended to the complex case.
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5) As a complement to topic 4), reservations expressed for the com-
plex case can be removed. In {Fett85], p. 896, end of Section IIL.A,
it is stated that the peles of real symmetric bireciprocal WDFs
designed under specific conditions, e.g. properly designed lowpass/
highpass responses (cf Appendix 1 in [Fett85)), are all lying on the
unit circle |w}=1, with negative real part to ensure stability.
Later, on p. 897, it is explained that this property does no longer
have to be correct for complex symmetric bireciprocal WDPFs.
Again, based on Table 4.1, it is certified that this property extends
without restriction to the (degenerate) complex case.

4.5 Configuration of real bireciprocal WDF's

This section aims at establishing the elementary preperties of real
bireciprocal WDFs of both symmetric and antimetric type.

4.5.1 Phase response of half-band symmetric alipass
functions in the y~-domain

Equatiens (2.74a,b) and (2.76a) characterizing half-band symmetric
alipass functions are equivalently expressed as follows in the y -
domain, referrving to $°(y) :

P57 (9) =05 () =9y () —@s (1/¢); Ty (P)=Ts (1/9); (4.16a,b)
@5 (1)=05-[@s (0) + g/ ()] (4.16¢)

where ¢g/(¢) and ts/($) are the phase and group delay of S'(j-¢).
Furthermore, the y-domain counterpart of (2.102a,b) is :

S'(w=tji)=tj, Vn, & o@g(¢p=tl)=2n/2+2x-n, ¥n. (4.17ab)

Specifying the phase response of S$;(j-¢) by ¢;(¢), i=1,2, one
deduces from (4.9) and (3.70b) :

Ps (P)=¢1(9)- 92 (9) =204 (9); {4.18)

Clearly, due to (3.71) — (3.76), @5’ (¢ =%1) in (4.17b) is located in the
center of a transition band, implying |8 ( /)|=|S2; (£ )| for both
symmetric/antimetric cases, resulting in :

|1y v =t )| =[Sy aw =+ jH|? =12 (4.19)
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due to the power complementarity of $;, i=1,2. To get proper half-
band filters, involving a lowpass (highpass) response for §;; (Sy;) or
vice-versa, a single transition band should only exist within
|¢| €[0, =], so that =0 is fixed in (4.17b), leading with (4.16¢) to :

|@s (0) +@g- (=}|=m. (4.20)

Finally, pg (¢) is specified as indicated in Table 4.2, ¢,,; and ¢,
corresponding to the passband and stopband edge frequencies, with
Ppass <1< Psrop-

Case | 5;,(j @) 21 (i 9) |#1€00.0pa51 | 10]€1850p + ]
1 Lowpass Highpass g5 (P)1=0 @ (@)=xn
2, Highpass Lowpass pg ()= @5 ($)=0

Table 4.2: Specification of pg- (¢) eccording to the desired response of
S,'[ (J¢)! i=1,2.

4,52 Real symmetric bireciprocal WDF's

§’'(y') being real in this case, @g (0)=0.t7, s0 that gg () is speci-
fied according to Table 4.3. Since @4 ()~ g (0)=17 is then verified
in any case, and recalling that §; (S;) is assumed stable (unstable), it
follows from (2.58) that the degree difference between §; and §, is 1.
n;, i=1,2, are then interrelated as indicated in Table 4.3.

Case A oy (§=0) Qg (@ =+1) Ps (§ =) m,i=12.
1 -1 +7 +1/2 0
2 1 0 -7/2 - m=n )
3 1 +x/2 +x
4 -1 — -7i2 0 m=ng
Table 4.3: Specifications of ¢ (0), 5 («), and interrelation between
=12,

Pole configurations in the z-domain

The pole configurations of H'(z) are verifying (2.92a-d), as illustra-
ted in Figure 2.21 (real case). Since the degree » of H'(z) is odd,
tbere is at least one pole at z=0, which is stable, and thus assigned
to H;(z) that was assumed stable. According to this scheme, the
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degree of H) (H;) is necessarily odd {even), resulting in the specifica-
tions (4.21a,b) examplified in Table 4.4.

n=2k+1; m=m+@D* =[n+(-1F112; with keN,. (4.21ab)

k 1 2 3 4 3 6
n 3 5 7 9 11 13
n 1 3 3 5 5 7
ny 2 2 4 4 6 6

Table 4.4: Specification of n;, i=1,2, in function of ¥ and n (low degrees).

All remaining poles of H'(z) are allocated to H; and 1/H, according
to their stability 6. Clearly, H, and H, ¢an be reformulated as follows
using (2.99):

=B (), Hy(z)=Hy(); (4.22a,b)
so that :
Hy(z)=-H|(-z), H(2)=Hp(-2); (4.23a,b)

H'(z)=Hy(z)/H,(2) verifying again (4.12a).

The form of H) and H; in (4.22) is quite well known for real symmet-
ric bireciprocal networks [Noss83, (Gazs85a, Fett86, Vaid93)], and
leads to drastic reductions in terms of hardware resources, computa-
tion throughput, and power consumption, especially for multirate
filterbank implementations, as cited in the mentioned references.

Pole configurations in the y-domain

For consistency, the pole configurations (2.92ab,c,d) are provided
below in the ¢ -domain :

Yeal =—1 =  self-reciprocal poles; (4.24a)

V) €C, [Weay|=1, and Yoo g =95, with ¥ # -1 (4.2db)
=  complex conjugate poles;

6 According to the described pole allocation scheme, all remaining poles poten-
tially located at the origin, occurring in this case pairwise, would be logically
assigned to H,. This avoids a simultaneous appearance of identical poles
within both H;, i =1,2, which could then be factorized out of the filter.
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Vool ER, Yool # 1, a0d Yooy =1/ ¥ 0 (4.24¢)
=  paired reciprocal poles;

Vo1 €C, lufwll#l, and Vo3 =1/ ¥ep, Yeos =¥inls Veod = /W (4.24d)
=, quadruplet poles;

where the poles (4.24a) belong to §; () only, according to the former
convention. Consequently to (4.24), it is noted that the denominators
of (stable) §; are circularly symmetric, cf (A.36a).

The y-domain pole constellations and their z-domain counterparts
are represented in Table 4.5a and Table 4.5d, respectively, the

relative position of the poles matching from one domain to the other
{only stable poles are considered in Table 4.5).

Finally, it is demonstrated that (4.23a,b) is equally expressed by :
S r)=(-1) 8 (w), i=12. (4.25)

4.5.3 Real antimetric bireciprocal WDF's

For real antimetric bireciprocal WDF's, the degree n of H'(z), and
thus S’(y), is even, with an equal number of stable and unstable
poles, cf Figure 2.21d, to be distributed over H; (5;), i=1,2, so that
the next formulas are establisbed :

n=2k; ﬂl =n2 =n,’2; With kEN+. (4-26a,b)

Table 4.6 is then specifying ¢/ (0) and ¢g ()} in accordance with
(4.20). Two new terms appear with respect to the symmetric gituation
in Table 4.3, namely § and k.

Case A @5 ($=0) P (p=4+1) Ps (p=) 5'(w)
0t | emoentoe +ri2 (1) -5 | same poles for
2 (_1)k j —(—l)k 5 -2 _,H(_])k 8 Cases | +2
3 —(-1)* (-t .5 +7i2 n-(-1)% .8 Sag’sjcego;e: ior
N 0| —erente -2 —(-n* .5 (éoag:%afzoyf

Table 4.6: Specifications of ps- (0), ¢g- (<), In connection with factor i
from (4.268a), and with § > 0 (Table valid for prototype filters).
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In the y~domain {n the z-domain

Bireciprocal
C{w) of st kind
(g=1)
Pole configurations for H ; ®
Bireciprocal $Im(z)
C(y) of 2nd kind
(g=-1) K \1

KJ Re(2)
e}

Pole configurations for H) ©)

0

} Im(2)

N, ;
KJ_/ Re(z)

Pole configurations for S Polg configurations for H ©

Table 4.5: Pole arrangements for lattice-type lossless two-ports featuring
a bireciprocal characteristic function In the y -domaln, and
their counterpart expressed in the z-domain ( i=1,2).

7 The denominators of stable §; are circularly symmetric (CS) polynomials.

8 The denominator of H, is an odd polynomial containing at least one zero at the
origin. Conversely, the denominator of H, is even and devoid of any zere at
the origin.

9 The denominators of H; are para-even (para.odd) polynomials for an even
{odd) number of purely imaginary poles.



150 Chapter 4

The factor §=0 takes into account the fact that the even phase
response of S'(y) is not constrained to go through an integer
multiple of 7 at ¢ =0,«. The factor k, specifying the degree of §'(y)
in (4,26a), determines the number of possible phase ripples occurring
within the passband/stopband, and influences therefore g/ (¢ =0,).
Examples explaining the relationship are given in Figure 4.2 and 4.3.
k is in addition also affecting A due to sign changes indicated in
Table 2.15.

£ g
: \_/ g
g &,
&1 05 0 05 | "
a) &in b) Im{z}
3 a0 >~ H1(2)
F \ \ : ﬁ \
30 = ‘
&, E L X ARyl Relz)
0 0.5 1 4 45 0 05
3] Qin a1} Qi 0
10 § —
— F t
g": g [I/“'l il %
= - \\._ i
% = Ly Vg y
- 05 0 05 - 05 0 05 1
)] Qin d2} Qin

Figure 4.2: 2nd-order real antimetrie bireciprocal WDF (prototype resp.)
(specifications: fy (Q)=0, for |2|e(0,045-7x] and
Bys (My=x,for|Q|e0.55-7,71):

a} Unwrapped phase g,-; d1) Attenuvation | H(,|, |Hx|;
b) Unwrapped 85, By1; d2) Passband attenuation;
¢} Residual approx. error; e) Group delay of H,;;

f) Pole configuration of H,, i,.

v 8; /7, Re{z, } n{zp }
H, o in — +0.25 —_
Zooly i 0 0.67985845889550
Hy | 0yim — -0.25 —
%y 1 Zo 2t = Lot

Table 4.7: Parameters specifying the filter illustrsted in Figure 4.2,
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L3k &
g0 & By
&850 05 1 s o0 w5 |
a) Q/n by Qin iz 1 /(@)
R 3 -
_ TN ,% \
= N W
SN e N Y G ot 1
: Il *Re(z)
5-3 11
] 0.5 1 ] 0.5 1
¢} Qin O/x ' K\E/
10 - n )
% I / i
& it \J
05 0 o8 5 0 05 1
&) Qrx Qin

Figure 4.3: 4th-order real antimetric bireciprocal WDF (prototype resp.)
(specifications: By, ({2)=0, for [£2|<[0,0.45-7] and
By (&) =x, for | 2|ef0.55. 7, 7] ):

a} Unwrapped phase 8,-;
b) Unwrapped 85, By4;
¢) Residual approx. error;,

e}

d1) Attenuation |y, |, | Hy s
d2) Passband attenuation;

Group delay;

f) Pole configuration of H,, H,.
Ny o 8; /7, Re{zopy J Im{z; }
m &l — —0.25 —
Zooly 1 O 0.86771611627277
2 0 - 0.38691676301199
Hy | 6yin - +0.25 —
w
Zwady 1 Z02] = Zeall
2 2022 T Ze0]2

Table 4.8: Parameters specifying the fiiter illustrated in Figure 4.3.
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Pole configurations in the z-domain

The pole configurations of H’(z) are satisfying (2.94ab), as shown in
Figure 2.21d, the stable (unstable) poles being allocated to H; (1/ H,),
while applying (4.13a) and (4.13¢). Figures 4.2 and 4.3 illnstrate the
effect of parameters & and %, based on simple examples of second-
and fourth-order allpass filters H’(z) approximated in the equiripple
sense, corresponding both te Case 3 of Table 4.6,

Based on (2.97a) bnt excinding real poles, so that Ny =0 in (2.97a),
one demenstrates ;

H; (-2)=(-1)% .37 “H; (2); (4.27)

which results in the next equations making nse of (4.13) :
Hy(2)=(-1)"2.1"Hy(~z) =% j-Hy(-2), (4.28a)
Hy(2)=(-D"2 2" By (-2)=F j-Hy (~2). (4.28b)

so that H'(z)=H{(2)/H2(z) is confirmed to satisfy (4.12b). The
implementation simplifications of H; and H, are discussed in Sub-
section 2.6.5 [Meer83, Vaid87a).

Pole configurations in the y-domain
The pole configurations (2.94a,b) become in the ¥ -domain :
Velv €C, [Wwiv|=1 = self-para-reciprocal pole v .1y ; (4.29a)
Veolv €C, Wiy |21 = paired poles(W o1y . 1/¥ oy )- (4.29b)
Moreover, (4.13a) and (4.28) result in :
S;w)=San ), i=12 (4.30)
Siw)=xj-S(1y), S ¥)=%j-51/y) (4.31a,b)

The denominators of stable §; are shown to be para-circularly
symmetric, cf (A.42a). The y-domain pole configurations and their
corresponding z-dernain counterparts are represented in Table 4.5b,c
and Table 4.5¢,{, respectively.
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4.6 Configuration of complex bireciprocal
WDFs

Based on the real bireciprocal WDF configurations described in Sec-
tion 4.5, and on the relationships linking complex to real hireciprocal
WDF's as described in Table 4.1, it is possible to establish the synop-
tic Tables 4.9 and 4.10 covering all cases.

4.6.1 Output signals achieved for a cascade of
analysis and synthesis bireciprocal WDF's

Hence, the ontput signals b; (n7;), i=1,2, of the half-band filter
network depicted in Figure 4.1 and specified in (4.4a,b), are taking
the next form in the real and complex lattice-type case ;

by (nTs)=05-r-S1(W)- S5 () -[Ay -eP"T5 ), (4.322)
which iz independent of 4, and :

by (nTs)=(-D)™ 7.2 b a7y, for g=1; (4.32b)

by (0T )y=F j-r-e@™2 b (aTy), for g=-1. (4.32¢)

Usually, the ontput b, (nT, } is dropped.
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4.7 Implementation structures

Knowing all features of complex / real bireciprocal lossless two-ports/
WDFs, it is pessible to determine their implementation structure.

Figure 44: General coofiguratico according to Fig. 4.1 for bireciprocal
lossless two-ports (lattice-type case only) (y -domain, V¢, r )
a) Complete structure; b) Simplified represention.

Figure 4.4a preseats the general netwark after Figure 4.1, when
replacing the two-port N by the detailed structure of symmetric or
antimetric tweo-ports, according to Fig. 3.8 and Fig. 3.9. Figure 4.4 is
valid for any ¢ and r, with constant ¢ defined as :

YN - a={l’ for r= 1 (symmetriccase) 433)

1/j, far r=-1 (antimetriccase).

Figure 4.4b is achieved after elemeatary rescaling 13 performed only
to simplify later figures an the discrete-time network implemeata-
tion. The two-port N is relabeled N, due to rescaling. The same is
dene for the signals ¢;, d;, which become ¢}, 4}, i=1,2. It is noted
that the analysis and synthesis two-ports are kept identical in their
internal structure ia Figure 4.4, so as to preserve implementation
modularity (nsage of same compenents for time-multiplexed or

13 Optimal signal scaling of the whole network configuration in Fig. 4.4b and
later figures derived thereof should be explicitly done for each application.
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duplicated instanciation). Further maodifications could otherwise be
introduced into Figure 4.4b, e.g. to ensure proper intermediate signal
scaling.

u(n) . . o Oy

——— e &———— —— ——>
8) b) F, Fy/2 F, ¢ F, F,/2 F,

Figure 4.5: Equivalent representations of signal multiplication by u(n):
a) Originai operation in the y -domain;
b) Decimation / interpolation stage in the z-domain;
c) Representation involving memoryless switches {Croc83].

o PG | = {a o]
o ~[FG T[]

Figure 4.6: Nobie identities for multirate networks [Vaid93] ;
a) First identity; b) Second identity.

I

The different representations for signal multiplication, and the ncble
identities used for multirate signal processing, are recalled in
Figures 4.5 and 4.6, respectively. It i3 important to notice that when
using decimation and interpolation operators in the z-domain, as
illustrated in Figure 4.5b and Figure 4.6, all signals of the netwark
are assumed to be synchronized, i.e. in phase, with respect to the
highest sampling signal. This feature is ensured for ¢=1, whereas
care shouid be taken for g=-~1.

4.7.1 Bireciprocal networks of first kind (complex
and real cases)

The discrete-time implemeniation is then achieved from Figure 4.4b
and Fignre 4.5b for bireciprocal networks of the first kind (g =i), as
depicted in Figure 4.7a. The digital network is labelled N,, and the
actual sampling frequency is mentioned below the corresponding
structures. According to (4.21b), the two-port N, illustrated in Fig,
4.7a features odd and even degrees #; and n, for the constituent
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allpass functions H, and H,, respectively 14, which are labeled
according to (4.22a,b).

Figure 4.7 Discrete-time implementatlon for ¢=1, vr:
a) z-domain representation of Fig. 4.4b (n; odd, r, even);
b) Structure after use of noble identities (n; odd, ny even);
¢) Switch-level representation (switcbes with memory effect;
structure independent of the relative parity of n; and n, ).

Figure 4.7b is then obtained after application of the noble identities,
and the switch-level representation of the discrete-time implementa-
tion is finally provided in Figure 4.7c. Figure 4.7¢ was formerly pre-
sented in [Fett85] for symmetric networks only,

An important notice has to be made here regarding the behavioral
interpretation of switches occurring in multirate networks. Indeed,

141t is noted that the odd (even) degree allocated to n; (ny) does not affect at all
the final implementation structure depicted in Figure 4.7¢, which is general,
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the switches are sometimes assumed to operate memoryless, trans-
ferring the data instantaneonsly from input to output, whereas they
are supposed to include a memory effect in other situations.

In case of Figure 4.7¢, the switches are incorporating a memory func-
tion. While the closed path of each switch is transferring the data,
the disconnected lead is actnally memorizing the signal value
provided at the former sampling period, referring to the highest sam-
pling rate related to the switch (valid for both decimation and inter-
polation stages). In terms of a concrete realization, this means that
the corresponding data should be stored in a memory or register.

4.7.2 Bireciprocal networks of second kind (complex
and real cases)

For bireciprocal-type two-ports of the second kind (g =-1), there are
two implementation possibilities, depending on whether the signals
¢i and ¢5 in Figure 4.4b should be conveyed synchronously from the
analysis to the synthesis two-port, or not.

The asynchronons case, i.e. where ¢; and c¢3 are transferred out of
phase, is discussed first. The implementation structure is merely
obtained by noticing that only one of the signals ¢{ and ¢} in Figure
4.4b is actnally transmitted at a time. As shown in Figure 4.8, the
path between the analysis and synthesis two-ports can thus be time-
multiplexed. Any intermediate signal processing, e.g. signal condi-
tioning for communication purposes, or signal compression/decom-
pression, could be performed similarly. Further simplifications e.g.
relying on noble identities, are not possible for g=-1, as already
mentioned before. Finally, it is remarked that the switches occurring
in Fig. 4.8 are devoid of any memory effect, and that the whole net-
work configuration, including transfer channel between analysis and
synthesis two-portis, is operating at highest sampling frequency F,.
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0> a[ =r
ay (n?;,l’ Ny Ic'g Iransfar a3 NT = N, or. Ay (nTy)
- channel 27 ‘[
< 0»5 4 4by (aTy)

Figure 4.8: Discrete-time implementation of first type for g=-1, ¥V r

(memoryless switches).
vin) al=r
a1{nT;) eh d3 d3 4b) (nT,
2w | o @@ IESANEC
< 4 a 4by(nT,)
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T z =1 dl
R N P S Rl
Ci - dj H df _ aby (nT,)
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ay (l’!T,) N €3 . - . di T_ 4bl(;ﬂ")
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.ci . . di . daj . 45, (nT,)
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P % | a7 aby(nT;)
d) > e— > ¢
F, F, /2 F,

Figure 4.9: Discrete-time implementation of second type for g=-1, ¥r;
a) z-domnin representation of Fig. 4.4b, with delay insertion;
b) Modified structure letting appear two multipliers «({n);
¢) Replacement of multipliers by decimator/interpolation stages;
d) Switch-level representation (memoryless switches, cf text).
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The second approach for implementing bireciprocal two-ports of the
second kind consists in transforming the structure in Figure 4.4b so
that both paths between the analysis and synthesis two-ports opera-
te in phase, replacing v(n) by u(n). Therefore, two unit-delays are
first introdneed at the cross-section of the whole structure, at level of
signals d{ and d%, cf Figure 4.9a. The outpnt signals of the unit-
delays are labeled 4 and d5. Next, observing that the steady-state
values of v{n) and w(r) fulfill v(n)=u(rx1) 15, the following expres-
sion is verified ;

di(n)=d’2(n—l)=-v(n—l)-c§ {n-1)

=u(n)-cz (n-1), “.38)

leading to Figure 4.9b [Gala84, Fig. 10]. Clearly, the signals ¢j and
¢4 can now be conveyed in phase from the analysis to the synthesis
two-ports, at cost of two delay elements, and an increase of the over-
all group delay by one sampling period. The data transfer is per-
formed nsing two channels operating at half the sampling rate.

Figures 4.9c and 4.9d are then merely obtained using Figure 4.5.
Again, further simplifications relying on noble identities are mot
possible (g=-1). It is noticed that the switch-level representation
provided in Figure 4.9d relies on memoryless-type switches 16,

4,73 Case of real antimetric bireciprocal networks

The results provided in Figures 4.8 and 4.9 can be specialized for real
antimetric networks as depicted in Figure 4.10. Figure 4.10a shows
the basic configuration in the ¥ -domain. It is derived directly from
Figure 4.4a, where Figures 3.17b and 3.17d were selected for
illustration purposes for the analysis and synthesis two-ports,
respectively. Figure 4,10b presents the discrete-time implementation
of first type according to Figure 4.8, whereas the second type of

15 Causality is here of no concern since v(a) and x(r) are deterministic signals.

16 The dashed areas in Fig. 4.9d involving each a unit-delay and a switch, could
as well be interpreted as switches with memory effect. This notation would
however be problematic, because of the simultaneous occurrence of two differ-
ent types of switches in the same schematic, namely with and without memory
effect. The representation of Fig. 4.9d is therefore preferred in this report.
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implementation is drawn Figures 4.10c1 and 4.10c2, which are
respectively equivalent to Figures 4.9¢ and 4.9d.

a) () wn) -1
Re Re ¢ v d, Re: Re
S16v) 2 iy Sy |, BOT)
e B T b e I oy 1%
a)
a {(nTy) [{E =Y -1
=P o
Re ¢} P
Re Hy(2) e ¢ : 2 Re Hy(2) Re_l b (aT;)
® i i 0+ 4 im| e hom
b) « »

Fs
ay(nT;) - - . E"]
Re Re ¢2 E m Re Re B (aT,)
1

H)(z) Hy(z) | -
R e T, it ot R
ci) > —> ¢
F, F, 12 Fs
@ (nTy) 1 el 0 l-l
Re Re ci|” _,5[; Re Re &y (nT;)
H1(2) = Hy(2z) | .
05 g, Fal 500
c2) > > ¢
F, Fy 12 F,

Figure 4.10: Real antimetric case g=r=-1:
a) Original structure after Fig. 4.4a (selected allpass fcte);
b) Discrete time implementation of 1st type (memoryless switches);
¢} Discrete time implementation of 2nd type :
¢1) Structure corresponding to Fig. 4.9¢;
£2) Switch-level representation (memoryless switches).

4.7.4 Discussion

1t was found that some publications dealing with the discrete-time
implementation of analysis/synthesis networks based on real anti-
metric bireciprocal filters, are intermixing the switch-level represen-
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tations of Figure 4.10b and Figure 4.10¢2, i.e. of the first and second
types of implementation structures.

Indeed, Figure 19a in [Vaid87a] is noticed to be identical to Figure
4.10¢c1, taking into acconnt the factor r =-1 in (4.32a), letting think
that the referred structare is based on tbe implementation of second
type according to the classification of this report, with synchronized
data transfer between analysis and synthesis two-ports, and addi-
tional delay. However, the switch-level representation provided in
Figure 19b of [Vaid87a] corresponds to a direct implementation of
the original structure in Figure 4.4a, functionally equivalent to the
first implementation in Figure 4.10b, without additional delay, i.e.
where the data are transferred ont of phase over the channel. Hence,
both implementation structures were mixed up in that paper.

In a later publication of the same anthors, the switch-level imple-
mentation of Figure 4.10b is mentioned again in Figure 18 of
[Rega88b], but withont explicit reference to Figure 4.10¢1, so that no
conclusion can be drawn from that paper 17,

475 Comparison of half-band filter structures at
signal processing level

A signal processing level comparison of bireciprocal half-band filter
structures is made in Table 4.11. It is observed that bireciprocal
WDFs of the first kind (¢=1) naturally offer a synchronized data
transfer of both channels at decimated rate, thus aillowing for
potential joint signal processing between the sub-sampled cbannel
signals. This feature can be exploited in certain speecb and image
subband compression algorithms exploiting cbhannel cross-correla-
tion, e.g. [Wong97], which can be processed at decimated rate.

On the other hand, bireciprocal WDFs of the second kind (¢=-1) are
essentially conveying data that are ont of phase, since the original
signals ¢{ and ¢, were sampled out phase. However, inserting a
delay into each path, it is possible to synchronize the channel signals
for data transfer purposes only, without changing the fact that the
original signals ¢; and ¢ were acquired ont of phase. Hence, in case

17 Opportunity to discuss the subject directly with the authors of [Vaid87a,
RegaB8b] was not given.
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the snb-sampled channel signals are undergoing a joint signal
processing algorithm operated at decimated rate, it may be necessary
to re-synchronize the data, e.g. using a costly signal interpolation
filter approximating a fractional delay of 7,./2 [Laak96], with
(considerably) increased group delay.

Clearly, it becomes apparent from this discnssion that to achieve an
overall optimal solntion, it is essential to choose the type of
bireciprocal netwark configuration - selection of a bireciprocal WDF
of first/second kind, and in the latter case, selection of the first/
second type of structure, of Figures 4.8 and 4.9 — according to the
global application requirements.

g | Type | o, c Path between Overall | Fig.
sampled analysis and synthesis two-ports group rel.
in phase delay [T, ]

T e ™~
o Al ',?,%ﬁ' Inphase | Nbrequested | Signalscan
s el data channels be jointly
by : transfer X rate processed 18
+1 [ots Yes Yes 2xF; /2 Yes Te 47
SEE No No 1x F, of 19 Tg2 | 48
2 No Yes 2IxF /2 of 19 Tga+l | 49

Table 4.11: Synopsis of propertles related to complex/real hireciprocal

network configurations based on Fig. 4.4 (¥ r )

18 Joint signal processing between the sub-sampled channel signals, processed at
decimated rate (e.g. speech and image compression algorithms exploiting
channel cross-correlation).

18 The original signals ¢] and ¢4 being sampled out of phase, it may be necessa-
ry to adjust the joint signal processing algorithms operating on the sub-
sampled signals, eg. using a signal interpolation filter approximating a
fractional delay of T, /2, at cost of increased group delay.
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4.8 Conclusion

Motivated by the former publication [Fett85], the main object of the
chapter was to study the class of complex bireciprocal WDFs,
emphasizing lattice-type structures. Initially perceived as a generali-
zation of real bireciprocal WDFs which are currently used for multi-
rate signal processing, but also for economic implementations of
monorate filters, the subject of complex bireciprocal WDFs rised
interesting questions concerning the distribution of the spectral
signal energy with respect te the real case, possible pole constella-
tious, and detailed implementation structures.

Actually, based on Theorem 3 from Chapter 2, it is demonstirated in
Chapter 4 that any kind of lattice-type WDF featuring a biraciprocal
characteristic function is necessarily relying on a real bireciprocal
network, which may undergo elementary two-port transformations
resulting then in degenerate complex bireciprocal WDFs, as was illus-
trated in Table 4.1. This result helped in clarifying the interpretation
of former achievements elaborated in [Fett85), while removing
reservations that were expressed in the same reference.

Simultaneously, the same result rises the question of the usefulness
of degenerate complex bireciprocal WDFs, a topic that was not han-
dled in the report, further studies on application fields being needed.

The chapter proposes additionally synocptic tables specifying all
possible bireciprocal WDF arrangements, including corresponding
pole configurations, and discusses in detail the available discrete
time implementation structures.

Contributions

To the best knowledge of the anthor, the next contributions proposed
in the chapter are considered as original:

» C4-I: As a complementary contribution to [Fett85], formal demon-
stration establishing that any ITR-based balf-band filter realized
in form of a lattice-type lossless two-port is precisely composed of
a real symmetric or real antimetric lossless two-port (Section 4.3),
including identification of the relationships between all possible
bireciprocal WDF configurations, cf Table 4.1.
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» C4-II: Elaboration of synoptic tables summarizing all possible
configurations of lattice-type lossless networks featuring a
bireciprocal characteristic function, expressed in both y- and z-
domains, cf Tables 4.9 and 4.10, including precise list of possible
pole constellations provided in Table 4.5.

» C4-III: Detailed analysis of discrete-time implementation strue-
tures for bireciprocal networks of the second kind (Subsection
4.7.2), distinguishing two implementation structures depicted in
Figures 4.8 and 4.9, including specialization thereof for the real
antumetric case presented in Figure 4.10. Moreover, a comparison
at gsignal processing level of half-band filter structures is provided
in Subsection 4.7.5, resulting in Table 4.11.

Further potential research

The following subjects are proposed for potential further research:

» Study of ron-reciprocal and general reciprocal lossless signal
analysis/synthesis pairs offering a perfect signal reconstruction,
identifying their properties and possible fields of application.

» Identify applications that could benefit from implementations
relying on bireciprocal networks of the second kind, potentially
including joint processing between sub-sampled cbannel signals
executed at decimated rate.

> Identify possible applications needing degenerate complex bireci-
procal filters.

¥» Others.



Chapter 5
Design of Lattice-Type WDF's

5.1 Introduction

This cbapter proposes two extensions of tbe filter design framework
that was devised in [Gazs85a) for symmetric lattice WDFs, The first
extension, discussed in Section 5.2, concerns the design of prototype
antimetric lattice-type WDFs, obtained by revising a subset of the
design equations used in [Gaze85a), and adapting the pole distribu-
tion scheme to the antimetric case, providing a series of examples to
illustrate the results.

The second extension handled in Section 5.3 covers the design of so-
called warped bireciprocal lattice-type WDFs, which can be perceived
as a generalization of birecipracal filters, and offer an interesting
approacb to achieve multiplierless filter implementations in the sym-
metric case [Gaze85b, Gall86, Milig7, Mili99). Section 5.3 recalis
specific formulas characterizing warped bireciprocal filters, and fur-
nishes the fundamental equation these filters rely on, before explain-
ing how their design can be embedded in the framework described in
[Gazs85a]. Both symmetric and antimetric ceses are treated,
whereas it is noticed that snitable antimetric lattice-type WDF
implementations are presently not identified to fully exploit the
potentialities offered by warped bireciprocal filters.

The contributions of Sections 5.2 and 5.3 can be merged, leading to
an enriched design framework that is easy to use also for non-
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gpecialists, and presents a general interest that is not exclusively
connected to the realization of Wave Digital Filters.

At the end of the chapter, conclusious are drawn in Section 5.4, with
a discussion of further possible research activities related to the
subject.

5.2 Design of prototype antimetric lattice-
type WDF's

Based on his former publication [Darl70], Darlington proposed in
[Darl78]) a remarkably simple and efficient method for the approxi-
mation of odd-degreed elliptic lowpass filters. This method proceeds
by elementary transformation of the original filter inte a modified
filter with enlarged transition band, the procedure being recursively
applied several times until the transition band is considered suffi-
ciently wide (or equivalenty until both pass- and stopbands become
snitably narrow) to approximate the passband and stopband in the
minimax sense using formulas for Chebyshev filters. The achieved
filters are then transformed back into the original demain, the quali-
ty of the approximation being excellent in most cases.

Hence, the method described in [Darl78] proposes :

i) an algebraic solntion for the approximation of odd-ordered proto-
type lowpass elliptic filters, thus rendering the approximation of
elliptic filters possible, e.g. on pocket calculators or on compact
DSP platforms, without necessary recourse to complicated
Jacobian elliptic functions;

ii) a unified design framework for prototype lowpass filters, incind-
ing Butterworth, Chebyshev, and elliptic filters, where inverse
Chebyshev filters are also covered using simple filter transfor-
mations;

iii) explicit provision of all critical frequencies for elliptic filters,
including frequenciesg of minimum and maximum passband loss,
transmission zeros, and frequencies of minimum stepband loss.

- Later, Gazsi neatly integrated these results into a design fremework
[Gazs85a] for odd-degreed prototype symmetric Lattice WDFs, with a
thorougb exploitation of the available design margins to achieve best
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frequnency and amplitude selectivity, covering the bireciprocal case as
well. The regularly cited publication [(3azs85a) can be considered as
a reference for prototype filter design as such, without necessary
connection to lattice WDF implementation. The framework described
in [(3azs8Ba) was integrated in various academic and commercial
filter design tools such as Falcon [(Gazs86], and Filter Architect TM
from Frontier Design [Fron00].

It should be noticed for completeness that other contributions to the
analytic design of elliptic filters were also proposed, e.g. [Luto93,
Rabr93, Luto92).

This section aims at extending the approach of [Darl78, Gazs85a] to
antimetric lossless two-ports referring to even-ordered lowpass proto-
type filters, including the bireciprocal case. Examples of antimetric
lattice-type WDF designs are provided.

5.2.1 Notation

For practical reasons, the notation adopted in this section complies
with [Gazs85a), thus differing from the remainder of the report.
Various definitions from [(Gazs85a] are recalled for consistency.

Referring to Figure 5.1a, the next gquantities are introduced ;

a, : Specified minimum attenuation in the stopband in [dB];

a, : Maximum allowable attenuation spread in the passband in (dB);
fs + Lower edge frequency of the stopband;

fp :Upper edge frequency of the passband,;

F : Sampling frequency.

g as g a|
Q p m é 1 IWJ
~ " o i
0t 1 Fi2 0 kg | kg w0
a) f [Hz] b) dy

Figure §.1: Design speclfications for lowpass filters :
a) Original filter specifications; b) Normatized specifications.

The stopband and passband ripple factors ¢; and ¢, are defined by :
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& =\/ 10% 10 _ . €p =1’ 10%7 /10 -1; (5.1a,b)

a =10-log(1+e§), a, =10—log(1+e§); (5.2a,b)

whereas the y -plane real frequencies ¢, and ¢, are fixed by :
¢s=tan(z-f/F),  ¢p=tan(x-f,/F); (5.3a,b)

F F
fy=2acan(@s}, S, =—-actan(g, ) (5.42,b)
The following relationships are thus clearly verified :

ag>a, & EPE,; (5.5a,b)
2 & >4, (5.6a,b)

5.2.2 Darlington’s design method for elliptic filters

Table 5.1 furnishes the definition of all necessary filter design para-
meters and quantities to apply Darlingtons design method for ellip-
tic filters. The normalized frequency variable ¢y, and normalized
stopband/passhand edge frequencies &, and 1/%p, respectively, are in
particular introduced, cf Table 5.1 and Figure 5.1b :

d0(¢s)=ko; 90 (9p )=l kg- (5.7a,b)

The rational function Fg(¢y) determining the filter response, and all
related critical frequencies, are defined for both symmetric and anti-
metric cases. Fy (¢ ) is a self-reciprocal function verifying :

Fo(ligg)=1iFa(¢dg):s Folkg)=rg; Fyllikg)=1irg. (5.8a,b,c)

Starting with the normalized quantities in Table 5.1, it is possible to
recurgively map the original filter into new filter configurations
using the forward transformation defined in Table 5.2, the index i
indicating the number of successively applied transformations. Most
important, the width of the transition band and the amplitude
discrimination factor are both observed to increase at each iteration :

ko>l = kask; reg®l = npa=2at®rg; 5.9a,b)
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Quantities Definition Remarks
Variables | Frequency ¢
Normalized = ]
frequeney | % o/ Jo, 9,
Functions | Rational (N=1)/2 y _ wg . ﬂ% — Symmetric case;
function Fol9g)=¢g- Il ———— {-Doesnotexplicitly
val BG - ¢§, appear in [Gazs85a]
Ni2 g2 42 ~ Antimetric case
Fy(dg)= 11 _f% [this report]
vat 9 — 9oy
Transfer o 1 - Does not explicitly
function IS" (it )l = 2 2 2 appear in [Gazs85a]
I+£p “rg 'Fo (%)
Characteristic oz 1 — Does not explicitly
function 1€ (g0 ) - er— appear in [Gazs85a)
£ P’ g - Fo (% )
Constants | Edge b5+ ¥p
frequencies
Normalized
 cdge freq. ok = ¢,/¢p>1,¢pH1;k0
Amplitude
discrimination { rg = Je, [e, >}
factor

Table 5.1: Definltion of filter design parameters / quantities [(Darl78].

Quantities Forward transformation Backward transformation
Normalized { 1
frequency ¢i+l =ki' ‘¢l‘ + (kl' '¢i )2 -1 ¢|’—l =:{'(¢£ +”¢j)' |¢t IZI

j
'l}u‘:;?i'lil Fiat in )= Fy (8=

2 1
ol -ﬂ-w.-m/(r,- ) -1 | =g (R @D+IE @)
Critical 2 1
frequencies Pintyy =hi -0y + 4k 83,0° =1 Pii-1yv =k_(¢:‘v 1) oy |21
i

Normalized . = o5k +17k)
edogr:nfielq’ k|+] = klz + k|4 _1 k"_] = 0‘5‘(k‘ +]!k‘ ) » |kl I)l
Amplitude

discrimination
factor

il =r,-2 +,‘rf’ -1 E2<r‘-2 =1

i =1'0‘5<(r,‘ +|J’r,)

Table 5.2: Forward and backward transformations [Darl78].
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so that the passband (stopband) response can be approximated in the
minimax sense by a Chebyshev (inverse Chebysbev) filter response
after i=4 iterations. The parameters of the achieved filter are then
retrieved in the original domain using the backward transformation
specified in Table 5.2 [Darl78].

At each iteration, the rational function is verifying :

F(Ue)=UF($); Filk)=ri; FEl/k)=1/r,. (5.10a,b,c)
and
(N—l)fz 2 NIZ 1_p42 42
Reo=6- 1 —2f 'f" L Fgp=T] S, (s11ab)
v=l O —by v=l O — ¢k

in the symmetric and antimetric cases, respectively. After i=4 itera-
tions, the frequency range ¢4 2k, corresponds to an inverse Cheby-
shev stopband in F,{(¢,), the behavior in the stopband being
approximately proportional to 1/Ty (k4 /¢4 ), where Ty {) denotes the
Chebyshev polynomial of degree N [Darl78). Hence, with k4> 1 :

T (kal$s) =1; Ty (kq/@4) g2Vl (5.12a,b)
P4 =kq P4 =1

go that ;

Fy(ky) IND - (2-kg )™
- = 1. (5.13ab)
F4 (1) rqg = TN UC4 ) k4 = rg 2 -

Equation (5.13b) is essential for the design of elliptic filters. It is
vsed: i} to fix the minimum filter degree Np;, requested by the
specifications; and ii} once the effective filter degree is selected, to
systematically distribute the design margin to achieve best frequency
and amplitnde selectivity, of [Gazs85a).

Nmin 18 established from (5.18b) noting that ., =2.(5)? for i=0,1,2,3,
leading to (5.14a), and thus to (5.14b), complying with [Gazs85a].
The effectively selected filter degree N should be an odd (even)
integer for symmetric (antimetric) filters, fulfilling ¥ 2 N;;,,.

B-In(4-¢,/€,)
(k) = (4 ”o) Nnin =——'ﬁl(—2j—;4)—p- (6.142.0)
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5.2.3 Design method for prototype antimetric lattice-
type WDF's

The design procedure applying to antimetric lattice-type WDFs is

described in Table 5.3.

Symmetric case | S Antimetric case

Introduce filter specifications [GazsB5a]
(same procedure for both symmetric/antimetric cases)

4
Select filter degree [Gazs85a)
{same formulas for both symmetriclantimetric cases to establish N, ;
but selected N is odd (even) for symmetric (antimetric) case, with N = N )

4

Determination of the design margin [Gazs85a]
{same procedure for both symmetriciantimelric cases)

1 1
Determination of filter parameters Determination of filter parameters
[GazsB5a) (this report]
{specific eq. for symmetric case) {specific eq. for antimetric case)

Table 5.3: Design procedure for symmetric/antimeiric lattlce-type WDFs
{for Butterworth, Chebyshev, and elliptic filters, including birecipro-
cal Butterworth and elliptic filters).

Most of the framework developed in {Gazs85a] applies directly to the
antimetric case, except the determination of the filter parameters
which are specific to the symmetric and antimetric cases. The
remainder of this section essentially concentrates on the determina-
tion of antimetric filter parameters.

Pole distribution over the lattice branches for prototype anti-
metric lowpass filters

From Subsection 3.4.17 and equation {A.77a) the form of the consti-
tnent allpass networks of antimetric WDFs is recalled :

N * I .
ssy=o;-[1 [—"‘”“"‘"“’ ] S W) =5, o=, (5.15a,b,0)
v=l | ¥ Vely

where §; () and thus §; (y), of filter degree :
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N =Ny=N/2; N=2m; with meN,; (6.16a,b)

are devoid of real pole configurations. In Subsections 5.2.4 to 5.2.6,
the poles of §; and §; will be produced simultanecusly without dis-
tinction of their attribntion to §; or S;. A pole distribution strategy
among the lattice brancbes should therefore be defined.

Proceeding similarly to Section 4.3 and Subsections 4.5.1 and 4.5.3,
both allpass functions S, () and §; (v) are assumed stable, whereas
the allpags :

S ) =81(v) 52 (¥), (5.17a)
with phase response :
Ps (@)= (P)-P2(P)=2-pa(9), (5.17b)

is clearly unstable. Referring to {(3.74) - (3.76), a lowpass response is
assigned to $;; (w) according to Tables 5.4 and 5.1.

S (i-#) Sy (i) l¢]et0.¢,] |¢| ety . =]

Lowpass Highpass P ($)=0 gs{$)=in

Table 5.4: Specification of ¢ (¢).

Constraining further g (¢) so that pg- (=) =+m, results in the next
specifications :

q’st(¢=0)=(-‘l)m -ap, Ps’ (¢=m)=+x—{ﬂ'l)m -63; (5183,h)

involving the factor m from (5.16b), and the phase ripple factors
5p 20, 85 20, Equations (5.18a,b) can be compared with Case 3 in
Table 4.6, and are valid for prototype Butterworth, Chebyshev, and
elliptic lowpass filter responses.

For prototype lowpass filters, the poles of §;1(y) are known to be al-
ternately distributed over §,(y) and §;(y). Assuming §;; and thus
5 and S, to be stable, (5.18a,b) imply that the poles of §;; are cycli-
cally distributed over §; and §;, by sorting the poles in increasing
order of their argument (irigonometric orientation), and assigning
the first pole witb lowest argument to §;. Tbe described distribution
scheme is independent of the factor » in (5.16b), and applies thus to
all even filter degrees. Two examples are provided in Figure 5.2
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im(y) Imiyi

S1tw Stlwd
Y
1
}He[w} g Re(yl

a)

Figure 5.2; Cyclic pole distribution of §;, (¥) over the lattlce branches
5) () and S, (v) of prototype antimetric lowpass filters
(unmarked poles being aasigned to §, (y)):
a) Pole distribution of the S8th-order filter described in Figure 5.3;
b) Pole distribution of the 10th-order filter described in Figure 5.4.

Determination of the parameters & and 5

In addition to the poles, the constant £; in (5.15¢) has to be fixed for
every filter, the easiest being to evaluate the filter respouse at ¢ - =,
The allpass $§; (y) features tben the next response using (3.69a) :

im S (jp)=e N 2ol o g (w)=-F. (5.19a,b)

9
Accordingly, applying (3.55a), S;; (v) becomes :

lim  $ip(j$)=lim 05 5 (jg)+3(je) |=cos(&;). (5.20)
p—roo p—roo

On the other hand, since @ («=)=—@;()=-£;, (3.70a) results in
@x (==)=0, so that :

— — m<
qbhm S )¢)—¢hm cos[“’s'(‘”] cos[ﬁ(—lz’—-‘f’i} (5.21a)

={~1)" .sin(85 /2) ' {5.21b)

is achieved from (3.74). Clearly, §; is univocally determined from
(5.21b) according to the specified amplitude response :

63=2—arcsin(¢l£n |.5‘11(j¢)|), with 0<4; <n/2. (5.22)

Finally, comparing (5.20) to (5.21a), it is possible to fix the parameter
£, this time with intervention of tbe factor m :
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£1=05[m- ("5 ). (6.23)

Allpass configurations in the z-domain

Once $; and thus S, are fully determined, the corresponding allpass
networks in the z-doimain are obtained using (A.78a,b) :

1 —
Hy(2)=4; - H[—-ﬂi] Hy (2)=Hy (2); (5.24a,b)
v=i | £7 Zeolv
with  A;=¢/ =0, [] M (5.24¢)
y= | " Velv

5.2.4 Butterworth antimetric lattice-type WDFs

As indicated in Table 5.3, the filter degree and design margin are
determined for the antimetric case exactly in the same way than for
sytnmetric lattice WDFs, The original formulas (31) to (35} provided
in [Gazs85a) are thus directly applied to Butterworth antimetric
lattice-type WDFs, inclunding the bireciprocal case.

The filter parameters are then established as follows. Having chosen
a suitable factor y in equation (35) of [Gazs85a), the parameters A
and B; of the (real) auxiliary allpass sections §; () :

2'— 4o a
=L AYIR it ia12,..802 (5.25)
YA Y+ B
are processed from :
2. /1'_?’ i o (5.26a,b)
A =2 e cos[z-(i-0.5)/N], B; oy’

so that the poles of S;; (') are obtained pairwise using :

{2, vai }=0.5-(—A§ 11‘A,'2 -4-B; } 5.27)

Since cos?[r (i-0.5)/N]<1, Yi=1,2,..N/2, A} -4-B; <0, and the
poles calculated from (5.27) are ascertained to be complex conjugate.
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Moreover, in the birecipracal case, one achieves :
y=0 = A =2-cos{n-(:-05)/N], B;=1. (5.28a,b)

The poles established in (5.27) are distributed over § and S, apply-
ing the method described in Suhsection 5.2.3. Finally, the para-
meters §; and &, are determined from (5.22) and (5.23) :

lim |$;()|=0 = 8;=0, & =nr/2; (5.29)
g—re0
whereas 8, in (5.18a} is verifying § p=0.

5.2.5 Chehyshev antimetric lattlce-type WDFs

Similarly, the original formulas (31) - (33) and (39) - (42) provided in
[Gazs85al apply directly to design Chebyshev antimetric lattice-type
WDFs. The parameters 4; and B; of the auxiliary allpass sections
S; (y) are then obtained from :

A =r-cos[x-(i-0.5)/N], (5.30a)
B; ={w2 +w™2 —2.c0s [r:-(i—O.S)!N]}-wf,/4; (5.30b)

(5.25) remaining valid. The poles of §;; (v} are again retrieved pair-
wise uging (5.27), and distribnted over §; and S, following the
method described in Subsection 5.2.3. Finally, the parameters §;
and £} are again fixed by (5.29).

5.2.6 Inverse Chebyshev antimetric lattice-type WDFs .

As ebserved in [Gazs85a), when |S)) (j¢)| is featuring a Chebysbev
lowpass response, then | $;; (j¢)| has an inverse Chebyshev highpass
response. Using adequate freqnency transformations, it is pessible to
design an inverse Chebyshev lowpass filter from a lowpass Cheby-
shev filter. However, the parameter 35 should be replaced by :

1 1
lim |S“(j¢)l=— —_— |;

in the inverse Chebyshev case, where ¢; corresponds to the stopband
ripple factor actually selected during the design process, cf
[Gazs85a], the parameter £, being fixed by (5.23).

= & =2-arcsin[ (5.31a,b)
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5.2,7 Elliptic antimetric lattice-type WDFs

In case of elliptic antimetric lattice-type WDFs, the preliminary
design steps inclnding filter order selection and design margin distri-
bution are handled according to the original formulas (31) - (33) and
(48) — (65) from [Gazs85a). The next parameters are then calculated :

94

= for i=12,.,N/2; 6.32
4. o [r:-(i—O.S)fN] or i=12,..N/2 { )
1 -1 ,
cigi=——Icii+cil for j=4,321; (5.33)
J-1, 2'%4(;.1 J.i)
yi=lco s 5.34)
2wy 90 Pp 2, 2_ 2\ .2 (5.352)
A,-=——-——-—2 -Jl—(qo +q Vi )-y,- ’ o0
1+(wy - 3;)
2 2
+ h
B =" —-(q0 4,12 (5.35b)
1+{wp -y}

The poles of §;; are obtained from (5.27), and are distributed over §;
and S, applying the method described in Subsection 5.2.3. The
parameter 8, is specified by (5.31b) also in the elliptic case, &
corresponding to the stopband ripple factor selected during the
design process, cf [Gazs85al. £; is determined by (5.23).

In the bireciprocal case, the formulas (5.35a,b) are replaced by :
2 .
1+ yl-2

A= J1-(q§ vt - ) ot s Bi=L. (5.36a,b)

Finally, the auxiliary parameters :

Chi =cos(ﬁ#m, for i=0,1,..(N/2)-1; (5.37)

oy —E~;—(c}‘5+c};]), for j=43,2.1; (5.38)
4

yi=Vcg s (6.39)

are evaluated, such that the frequencies of zero passband loss :
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foi =(Fix)-arctan(go-9p ), i=1,2,...N/2; (5.40)
the transmission zeros :

Fuoi =(Fim)-arctan(go -¢p/ y; ), i=1,2,.,N/2; (5.41)
the frequencies of maximum passband loss :

fuax pi =(Fim)-arctan(go -9, - ¥ ), i=1,2,..N/2; (5.42)
and the frequencies of minimum stopband attenuation :

fuinsi =(Fin)-actan{go -9,/ 5},  i=1,2,..N/2; (5.43)

can be determined. Expressions (5.40) — (5.43) are useful for certain
applications.

5.2.8 Critical frequencles for elliptic symmetric
iattice WDFs

As a complement to [Gazs85a) for symmetric lattice WDFs, the
frequencies of maximum passhand less and of minimum stopband
attenuation can be achieved substituting (5.37) with :

’ q4 .
j=————— i =0,1,....(N=-1)/2; 5.44)
4 cos{i-m/N) or ( ) ¢

where the range of index i changes only. Equations (5.38) — (5.39),
and (5.42) — (5.43) apply then likely to the antimetric case.

5.2.9 Examples

Several examples selected from [Gazs85a] but applied to antimetric
filters are described below.

Example 1: Butterworth antimetric lowpass filter
Filter specifications (same as in Example 1 from [Gaza85a]) :

Passband : fp =3.4kHz; ap =0.5dB; (5.45a,b)
Stopband : fi =6.0kHz; a; =65dB; (5.45¢,d)
Sampling frequency:  F =16kHz. (5.45e)
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The minimum filter degree is N, =7.63, so that N =8 is chosen.
The auxiliary design parameters &; and k, defined in (34a,b) from
[GazsB5a] are then processed from the filter specifications and
selected degree. Since both parameters are positive :

ks =0.0540 < y < k, =0.1060; (5.46)

a bireciprocal implementation is not feasible. Selecting ¥ =0.0625 in
order to assign the larger part of the design margin to the stopband,
one achieves the filter parameters listed in Table 5.5, the correspond-
ing filter response being depicted in Figure 5.3. The pole configura-
tion obtained in the v -domain is shown in Figure 5.2a.

Figure 5.3a presents in particular the phase response of the alipass :
H'(2)=Hy(2)/Hy(2); (5.47)
which is the z-domain counterpart of S'(y) in (5.17a), and whose

phase response Sy (£2) is controlling the amplitude response of Hy;
according to (5.17b) and (3.74) - (3.76).

o
=
-y
=

=]
=]

=

P 2 4 [
f [¥Hz] c) [ [kHz]

(=]
(=]

& Bu-()10 i
|H1| (98]
|H||leB]

or
—

2 L) 6 8
f [kHz|

Figure 5.3: 8th-order Butterworth antimetric lowpass filter :
a) Unwrapped phase §;+; b) Attenuation | 4,,|;
c) Passhand attenuation | #,,|.

R v 6; /7, Re{zop } m{z; }
Hy | on - —0.25977537719406 —
2ty 1 0.05231399824605 0.81933582215180
2 0.03415591601124 0.30302258292284
3 0.03158371655286 — 0.09839409809681
4 0.04020626591088 — 0.53383889454568

Table 5.5: Parameters specifying the filter illustrated in Figure 5.3.
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Example 2: Bireciprocal Butterworth antimetric lowpass filter

Applying the same specifications (6.45) as in Example 1, but select-
ing this time N =10, results in a larger design margin, and the
auxiliary parameters k; and %, become :

ks =—0.1322 < y < k, =0.1319; (5.48)

ie. ks <0 and kj >0. It is thus possible to select ¥ =0, leading to a
bireciprocal implementation, the corresponding filter parameters be-
ing listed in Table 5.6, whereas Figure 5.4 illustrates the filter
responge. The y -domain pole configuration is shown in Figure 5.2b.

H1s —a0 _10

T 1= 2

o = =

=5 __/__ —=4 —=15

g M = E

&0 2 4 6 ¢ 0 2 L 0 2 ]
a) ( (kHz] b) f [kHz) ¢} { (kH2)

Figure 5.4t 10th-order bireciprocal Butterworth antimetric lowpass :
a) Unwrapped phase §-; b) Attenuation | #,,{;
¢) Passband attenuation | H,,].

v 8; /%, Re{z,p } Im{ 2.5 }

— -025 -
Zoly 1 ¢ 0.85408068546347
2 0 0.41421356237310
3 ¢ 0.07870170682462
4 ¢ - 0.24007875908012
5 ¢ - 0.61280078813993

Table 5.6: Parameters specifying the filter illustrated in Figure 5.4,

Example 3: Chebyshev antimetric lowpass filter
Filter specifications (same as in Example 3 from [Gazs85a]) ;

Passband : fp =3kHz; ap =1dB; (5.4%9a,b)
Stopband : fs =5kHz; a, =40dB; (5.49¢,d)
Sampling frequency: F=16kHz. (5.4%e)
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The minimum filter degree is N, =4.13, so that N =6 is chosen.
The design margin can then be established by evaluating the lowest
posgible passband ripple factor ¢, p,;, defined in (39) from [Gazs85a]:

€pmin =0.0342 < €, < ¢, =0.5088. (5.50)
Selecting ¢, =0.4 so that most part of the design margin is assigned
to the stopband, the actual passband attenuation becoming then
aj, =0.645dB according to (5.2b), one obtains the filter parameters
given in Table 5.7, the related filter response being illnstrated in

Figure 5.5.

2]
=
o

2 4 6§ 8 [ 2 4 B
I 1kHz) c) f [(kHz]

=
K1
=

By (€210
howmoo
|H|||[dB]

s 5

ulu

[4,] [~]

<@
=

=
b

a) M |xHz]

Figure 5.5: 6th-order Chehyshevy antlmetric lowpass filter :
a} Unwrapped phase 8,,; b) Attenuation [H,,|;
¢) Passband attenuation | H,,].

e )| v 8;/r, Re{zapy } Im{z.p }
H | 8z - -~ 0.30218075668495 —
Zooty 0.35479284769217 0.86592715139795
0.65735545876089 0.25223160020901
0.48819311778971 - 0.64506856518177

Table 5.7: Parameters specifying the filter illustrated in Figure 6.5.

Example 4: Elliptic aatimetric lowpass filter
Filter specifications (same as Example 4 in [Gazs85a]) :

Passband : fp=34KHz; a,=02dB; (5.51a,b)
Stopband : fs =4.6kHz; a;, =65dB; (6.51c,d)
Sampling frequency: F=16kHz. (6.51e)

The minimum filter degree is N, =5.96, se that N =8 is chesen to
provide encugh design margin (N =6 could fit as well, but would
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require high precision filter coefficients). Referring to equation (52)
in [GazsB85a), the minimum value of the stopband edge frequency is
S min =3.86kHz, and the actual stopband edge frequency £ should
be chosen so as to fulfil :

fimin =3.86kHz £ f < f, =4.60kHz. (5.52)

Selecting £, =4.50kHz to allocate most of the design margin to the
pass- and stopbands, the remainder part being assigned to the tran-
sition band [Gazs86a], it is possible to evaluate the lowest possible
passband ripple factor €,y from (59) in [(Gazs85a] :

€pmin =0.0093 < £}, < £, =0.2170. _ (6.53)

Selecting the actual passband ripple factor e;, =0.18 to assign the
larger part of the design margin to the stopband, which fixes the
corresponding actual passband attennation to 47 =0.138484B from
(5.2b), and the actnal stopband attennation to a; =90.71dB, yields
the filter parameters provided in Table 5.8. The corresponding filter
response is illustrated in Figure 6.6, whereas the critical frequencies
defined by (5.40) — (5.43) are given in Table 5.9.
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Figure §.8: Bth-order elllptic antimetric lowpass filter :
a) Unwrapped phase gg,-; b) Attenuation | #,|;
¢) Passband attenuation | #,,|.

v 8;in, Re{zyp } Im{z.; }

— - 0.28052450312371 -
1 0.20468294350947 0.9364221 1238009
2 0.41072763046873 0.60056483916294
3 0.54194886369330 - 0.23006453964813
4 0.27404665598165 —0.81731285151753

Table 5.8; Parameters specifying the filter illustrated in Figure 5.6.
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f Jo; [kHz) fo,i [kHz] finax pi [KHZ) | fui ¢ [kHz)
1 0.879 30 4.536 75 1.655 31 4.500 0
2 221313 4.858 42 272907 4.651 60
3 3.045 61 5.646 13 3.249 86 5.180 17
4 3.363 57 7.085 37 3.400 00 6.281 72

Table 5.9: Critical frequencies.

Example 5; Bireciprocal elliptic antimetric lowpass filter

The same specifications (5.51) are considered as in Example 4,
selecting however N=10 instead, which is suitable for a bireciprocal
realization. The actual stopband edge frequency f;° should then fit
into the next interval :

fsmin =4.50kHz < fs* £ f, =4.60kHz. (5.54)

Choosing f, =4.58kHz, the range for the actual passband ripple
factor is established :

= -6 * _ 6
€pmin =359.7929-107 < g, < £, =562.3414-107. (6.55)

Selecting e; =€p min, Which corresponds to the marginal passband
attenuation " =06udp while fixing the stopband attenmation to
a; =68.88dB, leads to the filter parameters provided in Table 5.10,
the corresponding filter response being illustrated in Figure 5.7.
Finally, the critical frequencies of the filter are listed in Table 5.11.
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Figure 5.7: 10th-order elliptlc antimetric lowpass filter :
a) Unwrapped phase g,-; b) Attenuation | H,,|;
¢) Passband attenuation | #,,|.
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v 6; 1n, Re{zay ) Mz }
Hi| 6in - -0.25 —
Zoie 1 0 0.93577542142542
2 0 0.63197358951259
3 0 0.14404311871961
4 0 - 0.41206820753994
s 0 - 0.80066203701216

Table 5.10;: Parameters specifying the filter illustrated in Figure 5.7.

i fo.; I[kHz] fw i [KHZ] Smax pi [KHZ) | fmin s [kHz)
! Fi2-fos 4.583 69 Fi2= frins.s 455996
2 Fl2=~foq 478431 Fi2— foinsa 4.656 67
3 Fi2—fo3 5.242 83 Fi2- f:m 3 497562
4 Fil2—f.a 6.059 67 FI12- fins2 560003
5 Fi2—f, 7.285 06 Fi2— friasy 6.625 84

Table 5.11: Critical frequencies.

5.3 Warped bireciprocal lattice-type WDF's

When a symmetric or antimetric bireciprocal lossless two-port is
undergoing a lowpass-ta-lowpass frequency transformation, the com-
plementary lowpass/highpass filter responses of the network, which
are originally featuring a symmetry centered on f /4, with sampling
frequency f;, are getting warped. The 3 dB attenuation frequency
originally located at f;/4 is then shifted to a new frequency labeled
f14m, @ parameter controlling essential properties of the achieved
network. In the frame of this report, bireciprocal lattice-type WDF's
obtained following this procedure will be denoted as “warped” dne to
the shape of their frequency response.

The motivations for nsing snch filters are of different nature, First,
regarding applications requiring signal analysis/synthesis filter
pairs, inclnding extension to filterbanks, there is sometimes a need
for adjusting the width of the snbbands to the handled signal and/or
application requirements in a more flexible way than as offered by
classical solntions. This is for instance the case for higher-quality
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audio analysis/coding/recognition algorithms relying on auditory per-
ceptnal models, cf e.g. [Lain96, Harm97a, Evan98] for the context.

The second interest is related to implementation simplifications
induced by the poles locus. Indeed, stable bireciprocal filters are fea-
turing poles that are either confined to |y, |=), Re{wwy }<0, in the
y-domain, or that are presenting circular symmetries centered on
the unit-circle along (4.24) and (4.29) in the symmetric and anti-
metric cases, respectively. The poles of warped bireciprocal filters are
demonstrated to feature precisely the same circular symmetries, but
centered on a circle with radius |y, <1 for f3qp < f;/4, or
ll‘u’wv |)l for fzqg > f5 /4.

For N th-order symmetric lattice WDFs, the resulting pole configura-
tion implies that (N-1)/2 WDF adaptor coefficients become
identical 1 — thougb different from zero — and are solely controlied by
Sfagp- It is then possible to optimize the implementation of these
filters by selecting f;4p such that the adapter coefficients reduce to a
minimum number of shift-and-add operations, thus achieving
(partly) multiplierless solutions 2.

It is noticed that warped bireciprocal lattice-type WDFs are internal-
ly operating at highest sampling frequency when nsed in a multirate
configuration. Moreover, it is observed that the warping process is
mapping bireciprocal elliptic filters onte the whole class of so-called
minimum Q-facter elliptic filters [Mili99), whereas Butterworth fil-
ters are merely transformed into standard non-bireciprocal Butter-
worth filters presenting no additional interest to those already iden-
tified in [Gaz4§85a). Only elliptic filters are thng further discussed.

Two authoring teams have studied the design of symmetric warped
bireciprocal lattice WDF's. The first team composed of Gillioglu and
Gazsi seemingly discovered the subject in the frame of a systematic
study of frequency transformations applied te symmetric lattice

1 This property is also verified for warped bireciprocal symmetrie lattice WDF's
with non-prototype lowpass amplitude or mixed amplitude/phase responses, a
fact that was to our knowledge not cited before. In this case, dedicated
approximation methods shall however be elaborated.

2 Suitable filter structures exploiting the pole configuration to optimally imple-
ment warped bireciprocal entimetric lattice-type WDFs were to our knowledge
not yet found.
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WDFs [Gilll86]. The feasible design interval of fi4p was identified
[Gull86], pp. 32-35, in view of getting an optirial gnantized value for
the (¥ -1)/2 identical WDF adaptor coefficients, whereas an adapta-
tion of the design framework [Gazs85a] was presented in [Gazs85b].

A gecond team represented by Milic and Lntovac recently published
an extended study of the subject, following a different approach.
Based on minimal Q-factor analog elliptic filters [Rabr94, Rabr93,
Luto92], they first proposed realizations of odd-degreed elliptic half-
band filters implemented in cascaded [Luto96], parallel [Milio6,
Luto26], and bireciprocal symmetric lattice WDF forms [Luto36] 3. A
detailed sensitivity analysis [Luto98) was undertaken to achieve
multiplierless filiers [Luto97]. Finally, this team proposed the
warped hireciprocal symmetric lattice WDF structure with fully
quantized adaptor coefficients [Mili®7, Mili99], whereas an economic
realization for 1/3 band filters with partly quantized coefficients was
formerly publisbed in [Lnto96).

As a matter of fact, referring to the class of minimal Q-factor elliptic
filters, warped bireciprocal WDFs can be viewed as resulting from a
generalization of bireciprocal WDFs, the latier becoming a particular
but important case of the former.

The objectives of this subsection are to establish the fundamental
equation characterizing warped bireciprocal lattice-type WDFs, and
to present a unified design tnethod to achieve elliptic prototype low-
pass responses by adapting the framework developed in [Gazs85a],
the symmetric case being already covered by [Gazs85h].

5.3.1 Principle

Referring to bireciprocal WDFs expressed in the y -domain, cf Sub-
gection 4.5.1, the lowpass-to-lowpass transformation used to achieve
warped bireciprocal WDFs merely consists in applying :

¢ ¢/tsap, with ¢agp=tan(z-figs/f;).  (5.56a,b)
Expression (4.16a) is then becoming :

@5 (9034 )~ P57 (0) =95’ ()~ @5 ($34B /6); (5.57a)

3 Even-ordered elliptic half-band filters realized with second-order cells were
also considered in [Mili95].
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so that (4.16¢) is replaced by .

95 (#/¢308) =0.5-[ps (0) +g (). (5.57b)
¢=d198
Accordingly, (4.19) gets :
|11 Cig/30m)| =1/2;  fori=1,2. (5.58)
$9=d14p

Equaticn (5.56a) implies that the alipass function $'(y) specified in
{4.9) and featuring {4.10a,b) for bireciprocal WDFs is mapped onto
S'(I,U'/% dB ) in the warped bireciprocal case, vielding :

for g=1: S'W/b3a8)==S"($3am /¥); (5.59a)
for g=-1: S'(W/#3ap) =15 ($248 ¥); (5.59b)

where the parameter ¢ distinguishes bireciprocal WDFs of the first
and second kind, cf Section 4.3. The characteristic function of warped
bireciprocal WDF's is then determined from (5.69a,b} :

C(#3apf¥)=q-r/C(¥/d3aB), (5.60)

with parameter r specified in (4.5). Finally, the passband and stop-
band edge frequencies that are verifying :

Opass =Usiop S Bpass Pstop =1 (5.61a)
for bireciprocal WDFs, are mapped onto :

Opass /0308 =030 [Psop S Bpass Osiop = Poyp (5.61b)
for warped hireciprocal WDFs [Gazs85b, Giill86, Mili97].

5.3.2 Degign method for warped bireciprocal elliptic
lattice-type WDFs

The design procedure for warped bireciprocal elliptic lattice-type
WDFs and relying en the framework [Gazs86a) is described in Table
5.12. As indicated, the steps involving the filter degree selection and
the establishment of the design margin shall be adapted. The nota-
tion of [(Gazs85a] is adopted for the remainder of this section.
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Symmetric case | r Antimetric case

Introduce filter specifications [Gazs85a]
{same procedure as for non-warped symmetriclantimetric cases)
!
Select filter degree [Gazs85b]
(specific formulas applying to both symmetriclantimetric cases)
]

Determination of the design margin [Gazs85b]
{specific formulas applying to both symmetriciantimetric cases}

U Yy
Determination of filter parameters Determination of filter parameters
[Gazs83a] [this report, Subsection 5.2.7]
(same specific equations than for the (same specific equations than for the
non-warped symmeltric case) non-warped antimetric case)

o)

Table 5.12: Deslgn method for warped bireciprocal lattice-type WDFs
{derived from analog elliptic minimal Q-factor prototype filters).

Filter degree selection

The design process starts by labeling the specified passband and
stopband ripple factors as ¢, £;. Secondary passband and stopband
ripple factors £, and &; are then derived thereof which shall satisfy
€p =1/g; to achieve warped bireciprocal responses, thus setting :

ep =min{ep,Veg); e =max{l/€p,€5}; (5.62a,b)
which is most often equivalent to :

€p =1/eg; £ =&5. (5.63a,b)
Assuming that (5.63a,b) apply, the minimum filter degree N,
specified in (5.14b) becomes [Gazs85b] :

_16:In(2-&;)

in = (5.64)
min In(2 %4 )

The appropriate filter degree selection is then performed as usual,
choosing an odd (even) degree N =N, for symmetric (antimetric)
lattice-type WDF's.
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Determination of the design margin

Following the design framework in [Gazs85a), equation (48b) in
[Gazs85a) necessarily applies, fixing ro =¢,. According to (62a) in
[Gazs8b6a), and referring to (5.3a,b), the lower stopband edge fie-
quency is getting :

s min =Pp %25 (6.65a)
which corresponds to the next minimum value of $14p using (5.61b) :

$3dBmin =+/®p $s min =0p *%0- (5.65b)

Hence, instead of selecting the actual stopband edge frequency ¢; in
tbe prescribed range :

®smin = ¢: = ¢ (6.66a)

as suggested in (53) from [Gazs85a), it is possible to choose the
related actual frequency @5 p :

$3dBmin S Bap S P3aB =[0p 0 - (5.66b)

For symmetric lattice WDFs, as will be confirmed later, ¢34 is
directly determining the value of (N —1)/2 identical WDF adaptor
coefficients y,; :

1- ¢ =
Yai = ¢3dB = ﬁdﬂ_ 1i; for i=1,2,.(N-1)/2. (6.67a,b)

l+¢;ﬁ3 1+¥7;

In order to optimize the actual quantized value ¥; so as to minimize
the number of shift-and-adds, (6.66b) shall be replaced by:

2 2
l_¢3d8 min =]_¢p *®s min > 'J'Ei > l-¢3dB =1_¢p 2 . (6.66¢)
1+¢|32dBmin 14+¢p - ds min 1+¢32dB 1+¢p b5
where the inequality signs are reversed with respect (5.66b), since

dyy;/d $1gp <0 for ¢} = >0 according to (5.87a). Once 75, is fized, ¢, 4
is retrieved from (5.67b) with y,; =¢3;.
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For antimetric lattice-type WDF's, no snitable implementation struc-
ture being known for the warped bireciprocal case, it suffices to
select ¢34 ont of the range (5.66b).

The design process resumes by substituting (55a) in [Gazs85a] with :
do=03a8 /) - (5.88)
Moreover, (59) - (61) in [(Gazs85a] are supplanted by :

e, =1/€5 =1/my. (5.69)
Finally, the parameter wy in (65) from [Gazs85a) is fixed to :
wy =-1; (5.70)
for warped bireciprocal WDFs,

Determination of the filter parameters

As indicated in Table 5.12, the filter parameters are determined
exactly in the same way than for non-warped non-bireciprocal filters,
applying directly the formulas from [Gazs85a] in the symmetric case,
or those provided in Subsection 5.2.7 for antimetric filters.

Still, it is worth reformulating the main expressions. Hence, equa-
tions (70a), (71a) from [Gazs85a] are becoming :

_2-#3a8
l+y,?‘

-‘ﬁ—[q3+q52_y,.2).y‘.2 i Bi=0y3p; (5.71a,b)

with i=1,2,.(N-1)/2 for symmetric filters, and i=1,2,.N/2 for
antimetric filters, Moreover, in the symmetric case, equations (66a),
(72a), and (73a) in [Gazs85a] are snperseeded by :

Yo =(1'¢;dB )/(1+¢‘;d13 ) (5.72)

1-¢:2
Yait _A-B-1 o _1-B; _""73dB (5.73a,b)
LA +B 41 "1+ B; 1+¢32,
for i=1,2,.{N-1)/2, thus confirming (6.67a). It is observed from
(5.72) that the WDF adaptor coefficient ¥, is also determined by
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#3a5 - However, assuming that the latter is fixed by (5.67b), y4 can
usually not be exactly represented in gnantized form, and is then
approximated. The optimal quantization of the WDF adaptor coeffi-
cients y3;; can then be performed making a sensitivity analysis
along the method described in [Mili99].

5.3.3 Examples

Two examples of warped bireciprocal elliptic WDFs of symmetric and
antimetric type are described below.

Example 1: Warped bireciprocal elliptic lowpass filter of

symmetric type
Filter specifications ;
Passband : fp =5.1kHz; ap =0.1dB; (5.74a,b)
Stopband : ' f; =6.0kHz; a; =55d8; (5.74¢,d)
Sampling frequency: F=16kHz. (5.74e)

Non-warped reference filter

A non-warped filter is first designed for comparison purposes.
Applying the framework in [Gazs85a], the minimum filter degree is
Npin =567, so that N=7 is selected. The actnal stopband edge
frequency f,; shall then be chosen within the next range :

Fsmin =559kHz £ £, < f, =6.00kHz. (5.75)

Setting £, =5.9kHz, the permissible values of the actual passband
ripple factor £, are determined :

€pmin =0.0269 < £, < £, =0.1526. (5.76)

Selecting s?, =0.13, which fixes the actual passband attenuation to
a4, =007278dB, and the actual stopband attenuation to a; =68.68dB,
results in the filter parameters provided in Table 5.13. The corres-
ponding filter response is illustrated in Figure 5.8. The lattice WDF
adaptor coefficients are listed in Table 5.14, their indexation scheme
being specified in {Gazs85a).
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I jkHz) b

I ikHz)

Figure 5.8: Non-warped 7th-order elliptic symmetric lowpass filter :

a) Attenuation | 4,[;

b) Passhand attenuation | #1,,|.

Eliinsricie s B 6; /7, Re{Zupy } {20y }

H O /n — o —

Zuty 1 0.14376608575026 0
2 - 0.28900912995962 0.75409961847298

3 fwja = Z; 12

Hy| 6/=r — 0 —
T2y —0.42794555006594 0.84665818654054
2 -0.03515218911283 0.52470416901359

3,4 Zo2y = Zeo2(5 4

Table 5.13: Parameters speclfying the filter illustrated in Figure 5.8.

i Y2i Y2i-1

o 0.14376608575026 —

1 —0.05507373031949 ~0.27655014137966
2 —0.34984921902117 ~0.65219251178112
3 —0.45047671141703 - 0.89996747942765

Table 5.14: WDF adaptor coefficients ( indexation according to [Gazs85a) ).

Warped bireciprocal filter

A warped bireciprocal filter is next designed according to the same
specifications (5.74). Equation (5.64) indicates that the minimum
degree is Ny, =8.30, so that N =9 is selected. The permissible range
of the common WDF adaptor coefficients is established from (5.66¢) :

Y2imin =—0.580834 < 73; < y,; =—0548345; (5.77)
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with i=1,2,3,4. Setting 73; =—(2"1 +27*)=—0.5625 fixes the actual
passband attenuation to 4} =94 4B, and the actual stopband attenna-
tion to a; =57.26 dB, resulting in the parameters and the lattice WDF

adaptor coefficients listed in Tables 5.15 and 5.16, respectively. The

corresponding filter response is illustrated in Figure 5.9.

Hence, the implementation of the warped bireciprocal filter requires

5 muttiplications, and 4 double shifts-and-adds, compared to the non-
warped solution which needs 7 multiplications. The number of delays

should however also be taken into account to make a fair comparison.

Also, the group delay is not the same for bath solutions.

0 2

4
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Figure 5.9: Warped 9th-order elliptic symmetric lowpass filter ;
b) Passband attenuation | H,,|.

a} Attenuation | #,[;

v 8;ir, Re{zp } Im{z,; }
— 0 —
Tty - 0.30791593829745 0
2 - 0.53362043662225 0.78266617252140
3 —0.40520041460409 0.52585664326284
45 Zoly = Zao1(Goy)
Ha |l &/ — 0 —
Zegy 1 - 0.47430537807415 0.67930370996437
2 -~ 0.33794464524854 0.29559157232832
3,4 Zeoly =Z:_92(5—v)

Table 5.15: Parameters specifying the filter llustrated in Figure 5.9.
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i Y2i Y2i-1

0 - 0.30791593829745 Y

1 —0.5625 - 0.20158096088369
2 - 0.5625 - 0.44071258525899
3 -0.5625 - 0.68641912204142
4 -0.5625 - 0.89731710799023

Table 5.16: WDF adaptor coefficients ( indexation according to [Gazs86a] ).

Improved warped bireciprocal filter

The constraint imposed by (5.62) implies that the passband attenua-
tion is mest eften featuring a quasi-maxflat respense with a substan-
tial margin at the edge frequency of the passband, This is the case
for the warped bireciprocal filter depicted in Figure 6.9. It is then
worth expleiting this margin, trying to reduce the degree of the
warped bireciprocal filter, and/or the number of non-zero bits appear-
ing in the coefficients yp; [Mili97] 4.

Hence, an attempt is made to design a new warped bireciprocal WDF
specifying a lower passband edge frequency f, =4.9kHz, the other
specifications in (5.74) remaining unchanged. The minimum filter
degree becomes Np;, =7.80, implying that the effective filter degree
is kept at N =9. The range of ¥;; is then updated as follows :

Y2i min ==0.551963 < y3; < y7; =—0.486123; (5.78)

with i=1,2,3,4. Choosing ¥3; =-2"1 =—0.5 sets the actnal stopband
attenuation to a; =57.03dB. The resulting filter parameters and
adaptor coefficients are provided in Tables 5.17 and 5.18, respec-
tively, and the filter response is shewn in Figure 5.10. It is observed
that the original passband specifications (5.74a,b) are fulfilled.

Hence, the last warped bireciprocal filter configuration offers an
improved solution, reducing the number of shifts-and-adds tao 4 single
shift operations. The remaining margin of the filter response can be
used to quantize the coefficients yy;_;.

4 Conversely, for applications that are sensitive to the gronp delay in the
passhand, the preservation of this margin is useful to maintain the peak of the
group delay at sufficient distance from the passband edge frequency.
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Figure 5.10: Improved warped $th-order elliptic symmetric filter ;

a) Attenuation | Hy,|;

b) Passhand attenuation | &, |.

v 0; /m, Re{zoy } b 24 3
H | oz — 0 -
Zwly -026794919243112 0
-0.47336357041117 0.81815720485262
- 0.35587515914734 0.54484264489043
4.5 Zoty = Zoo1(7-3)
Hy| 6ix - 0 -
Zoa2y 1 - 0.41891328174430 0.70722320525788
2 -0.29498107908132 0.30481220334710
%4 Zeo2y = Zon2(5ov)

Table 5.17: Parameters specifying tbe filter lllustrated in Figure 5.10.

i Y2 ¥2i-1

0 - 0.26794919243112 —

1 -05 - 0.17992431632529
2 -0.5 - 0.42350063658934
3 -0.5 - 0.67565312697720
4 -05 - 0.89345228164466

Table 5.18: WDF adaptor coefficients { indexation according to [Gazs85a] ).

Example 2: Warped bireciprocal elliptic lowpass filter of

antimetric type

Keeping the same specifications (5.74), a warped bireciprocal elliptic
WDF of antimetric type is designed. Since Ny, =8.30, ¥ =10 is
selected, leading to the next interva) for the actual frequency f3ap !
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f3dBmin =5.37kHz $ f3gp € fagp =5.57kHz; (5.79)
defined as : 348 =-E-amtan (gb;’ 4B ) (5.80)

Retaining f34p =5.5 kHz , which sets the actual passband attennation
to 4}, =2xdB, and the actual stopband attenuation to a; =63.07dB,
results in the filter parameters provided in Table 5.19 and the filter
response illustrated in Figure 5.11.

T —
E W gn‘- --------------------- -
e 4 —
= / =

0% "+ & & %% % % 8
a) I [kHz] b) 1 [kHz]

Figure 5.11: Warped 10th-order elliptic antimetric lowpass filier :

a) Attenuation | #,,|; b) Passhand attenuation | H.,].
v 0;/m, Re{zoy } Im{z. }
H hin — - 0.15634694000763 —

Loy 1 —0.53058171713081 0.79279679676948
2 -0.41976630917910 0.57871844261077
3 —~0.30996396839362 0.14058145194416
4 —-0.3556321653947% -0.39213229283992
5 - 0479491887371 44 —-0.70442368113930

Tabie 5.19: Parameters specifying tbe filter illustrated in Figure 5.11.

Lower-order warped bireciprocal filter

Observing as for the symmetric case that the design margin avail-
able at the passband edge frequency is relevant, a new warped bire-
ciprocal filter is designed with f; =4.9kHz, leading to Np, =7.80,
which allows for a degree reduction downte N =8. Doing so, £
shall be chogen according to the constraints :

f3dBmin =5.45kHz £ f34p < fi4p =5.49kHz; (5.81)
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showing that the design margin is tight. Setting f34p =5.48kHz fixes
a; =56.22dB. The achieved filter parameters are given in Table 5.20,
whereas the attenuation response is depicted Figure 5.12. The
original passband specifications (5.74a,b} are noticed to be satisfied.
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Figure 5.12: Warped 8th-order elliptic antimetric lowpass filter :

a) Attenuation | H,,|; b) Passhand attenuation | H,,|.
i pa v 0;in, Relz.y } Im{z.4 }
H 1 o in -— © =0.15773875800594 —
Zooly 1 -0.51092307968437 0.7747041 4630975
2 -0.36237000796235 0.43444527086002
3 -0.30723054399275 -0.15747961945336
4 - 0.43753065976976 -0.63436526667171

Table 5.20: Parameters specifying the filter illustrated in Figure 5.12.

54 Conclusion

In this chapter, tbe design of lattice-type WDFs is handled by
proposing two extensions of the framework [Gazs85a). The first one
concerns the approximation of lowpass prototype antimetric filters
featuring Butterworth, Chebyshev, and elliptic responses, including
the bireciprocal case, relying on an algebraic approximation method
initially proposed in [Dar}78] for symmeiric filters.

The second extension covers the design of warped bireciprocal lattice-
type WDFs snitable for multiplierless implementation in the
symmetric case, both symmetric and antimetric elliptic prototype
lowpass approximations being handled.

' Merging tbe proposed approximation methods with the initial frame-
work [Gazs85al, one achieves an enhanced design environment that
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is easily nsable also by non-specialists, presenting a general interest
not exclusively linked to WDF filter desighi; and that could be
interfaced with dedicated (VLSLI/DSP) filter implementation tools.

Contributions

The main contribotions of the chapter considered as original to the
best knowledge of the anthor are :

» C5-1: Extension to the antimetric case of the prototype lowpass
filter design framework published in [GazsB85al by adapting the
algebraic prototype filter approximation method proposed in
[Darl78], both initially limited o the symmetric case. Moreover, a
systematic scheme for distributing the filter poles over the lattice
branches is proposed, cf Figure 5.2, that is valid for any (neces-
sarily even) degree of the filter, the filter parameter &, defined in
(56.15¢) being correspondingly specified in (5.23).

¥ C5H-II: ldentification of the fundamental equation (5.60) charac-
terizing symmetric/antimetric warped bireciprocal WDFs, where
(5.60) can be exploited in various ways to get new filter configura-
tions, additionally to the symmetric prototype lowpass case
already puoblished in [Gazs85b, Gillg6, Mili97, Mili99]. In particu-
lar, (5.60) can serve the purpose of studying WDF implementa-
tions for multirate signal analysis / synthesis filter pairs operating
at arbitrary fractional ratios of sampling rates.

» C5-1IIT: Incorporation of the design of antimetric-type warped bi-
reciprocal WDF filters to the framework [Gazs85a), witb handling
of the available design margin. It is recalled that the symmetric
case was exhaustively studied in [Gullg6, Mili97, Milig9], the
integration of the symmetric case into the framework [Gazs85a]
being carried ont in [Gazs85b).

» CB-IV: Based on (5.60), identification of the fact that warped bire-
ciprocal lattice-type WDF's with non-prototype lowpass amplitnde
or mixed amplitnde/phase responses can be designed, provided
that adequate approximation techniques are elaborated. As a
particular case mentioned in Footnote 1 of the chapter, symmetric
warped bireciprocal WDFs are then featuring (¥ -1)/2 identical
WDF adaptor coefficients as in the prototype lowpass case, and
are thns amenable to efficient multiplierless implementations.
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» C§-V: Moreover, specific Hilbert Transformers are noticed to be
implementable in form of transformed warped bireciprocal lattice-
type WDFs, cf Chapter 6, the symmetric case potentially leading
again to multiplierless structures.

Further potential research

Based on the former considerations, the next subjects are proposed
for potential further research:

» Design of a suitable antimetric lattice-type WDF structure provid-
ing for an efficient realization of standard antimetric filters, but
also of warped bireciprocal antimetric filters, rendering multi-
plierless implementations possible in the latter case.

Two cases are considered : 1) complete WDF implementation of
reference two-ports, with access to both input and ontput signal
pairs; 2} implementation of scalar transfer functions only.

¥ Stndy of non-prototype lowpass amplitude and mixed amplitude/
phase approximation for warped bireciprocal WDFs (both symmet-
ric and antimetric cases, inclnding also the extension to bandpass
responses), with establishment of design guidelines if suitable.

» Elaboration of design rules for warped bireciprocal Hilbert Trans-
formers for minimum phase and non-minimum phase cases.

» Study of tunable warped bireciprocal WDFs, including contrel of
parameter variation rete to maintain (transient) signal distortions
induced by the parameter variation under a certain threshold.

> Based on the expression of the characteristic function featured by
warped bireciprocal WDFs, cf (5.60), study of multirate signal
analysis [synthesis filter pairs operating at fractional ratios of
sampling frequencies, distinguishing: 1) rational, and 2} irrational
sampling ratios, with extension to complete WDF filterbanks.

» QOthers.



Chapter 6
Digital Hilbert Transformers

6.1 Introduction

QOscillatory phenomena and signals are often preferably described
using their amplitude and phase (or frequency). However, for a real
time-varying signal y; (¢)=a(r)-cos(¢(¢)) with amplitude a(s) and
phase ¢(z), the notions of amplitnde and phase (and thus frequency)
are ambignons, y; being a scalar expression of two unknowns a and
¢, which cannot be explicitly and uniquely defined from y; [Vakm98,
Cohe99).

To alleviate this ambiguity, Gabor introduced the concept of Analytic
Signals and the intimately related Hilbert Transform [Gabo46), giv-
ing rise to large fields of activities in telecommunications, measure-
ment and instrumentation techniques, physics, ete. [Vakm98].

Analytic signals and the Hilbert Transform were of course scon adop-
ted for discrete time signal processing, where Discrete Hilbert Trans-
formers (DHT) have been successfully used in a variety of application
fields [OppeB9, Hahn96, Poul96], including telecommunications
(e.g. signal modulation [Kamm$92], effective sampling techniques for
real bandpass signals), instrumentation (e.g. characterization of
nonlinear processes, vibration analysis), biomedical signal processing
(e.g. ECG, measurement of heart rate finctuations), speech processing
(e.g. pitch determination [Hess83], long term speech prediction for
compression, detection of veoicing signal components, speech/speaker
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recognition), image processing [Hahn96], and radar techniques
[Rong96).

For applications reqniring the detection or estimation of limited sets
of frequency components, DHTs are offering efficient soltious for the
Envelope Detection (nan-instantaneous analysis), for the Instantane-
ous Envelope/Magnitude Detection, and for the Instantaneous Phase
Detection [Boas92a, Boas92b). When applicable, very economic and
accurate sclutions can be achieved with spectral subband decomposi-
tion methads [Rong96] using decimated DHTs [Croc83].

Among the varions structures available for the implementation of
DHTs [Hahn96], this chapter is essentially cousidering causal struc-
tures, inclnding linear phase Finite Impulse Response Filters (FIR)
[Herr69, Oppe89], and Infinite Impulse Response Filtsrs (1IR) de-
rived from analog reference filters, and based either on ailpass net-
warks, or on Lattice Wave Digital Filters [Meer84, Feit86, Scha87).

The cbapter is organized as follows. Section 6.2 recalls the definition
and features of Analytic Signals and the Digital Hilbert Transform. A
classification of DHT structures is provided in Section 6.3. Next, the
properties of selected causal DHT structures are discussed in Section
6.4, and a detailed list of the correspending design parameters is
given in Section 6.5. The selection of DHT performance measurement
criteria and their inflnence on the design and approximation proce-
dure is covered in Section 6.6. The approximation of DHTS is briefly
handled in Section 6.7, whereas Section 6.8 is devoted to the trans-
formation of half-band lowpass filters into midband DHTs. Finally,
the conclusions are drawn in Section 6.9,

6.2 Digital Hiibert Transform

6.2.1 Ideal Digital Hilbert Transform

By definition [Oppe89, Hahn96], a complex time-discrete signal
y{m)=yi(n)+ j- yo(n), composed of the real sequences y;(n) and
¥ (n) devoid of any DC campanent, is denoted analytic when y, is
related to y; throngh the ideal (and non-causal) DHT H 34 14001 :
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Y20/ )=H2 14001 (€72 ) -1y (e"'?), (6.1a)
V(e 2T y=0, =12, k=0,£1+£2,.. {6.1b)

Limiting the discussion for the remainder of the chapter to the basic
frequency range | 2| <x, the ideal DHT is defined as :

H21 1dear (€7 )y == j -sign(§2) = ¢ {7/ D)sig0(8D) 6.2)

Y2 (2)  Hy tdeat
/

Y(2) i Hoitdews

»H—i> ¥(2)

Figure 6.1: Relation between DHT and analytic signal (ideal case).

Hence, the spectrum of the analytic signal is given by (Figure 6.1} :

Y(e/?)=Hy 1geat (€79 ) - 11(e79), 6.3)
Hy geat (€’ ) =1+ j-Ha1 jgeat (e/?), {6.4a)
=1+sign(2). (6.4b)

Under ideal conditions, it is therefore observed that :

(i} Hy j4eqr and ¥ have by consiruction a vanishing spectrum for
non-positive frequencies;

(il) H2jjdeqi(2) ig a real function, whereas Hy ;4. (2) is a complex
one;

(iii) applying the same approximation strategy, the design of
H 21 tdeat OF Hy 14,4 resulis in a strictly equivalent solntion.

Furthermore, H 3} 1404 i8 & real unit-bounded function which is thus
amenable to approximated realization using psendo-passive/lossless
networks [Fett86).

6.2.2 Practical Digital Hilbert Transform

In practice, instead of applying the ideal DHT, a causal and thus re-
alizable three-terminal network is implemented, cf Figure 6.2, whose
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effect is in particular to introduce a (non-necessarily constant) delay
T(£2) normalized to the sampling period T, .

X(z) o

Figure 6.2: Block diagram of the DHT (real input signal).

The resulting network is specified by (cf Figure 6.3) :

Yi(D=H(z)-X(z); i=12% Xx(%)=0, (6.5)
Y(2)=Hy(2) - X(2), (6.6)

Hy (D =H|(D+j Hy(2)=[1+j-Hy () H (D), (8.7)
Ho(e/ )= Hy (e ?)/ H)(e#? )2 Hyy 1goay (¢79), (6.8)

for O<as<|Q|<b<m, ax«<l, (-b)«l. 6.9)

Figure 6.3: Relation between DHT and analyiic signal (practical case).

Under physical realization conditions, it is observed that :

(i) the causal DHT is characterized by the quality of the amplitude
and phase responses of H,, but also by those of H; and H,;

(i) applying the same approximation strategy, the design of H; or
Hy may result in different solutions, and the target function
(Hj1 or Hy ) should be selected according to the application,

For certain applicatious, {(quasi-) linearity of the phase responses of
H; can be of significance.
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6.3 Classification of DHT structures

For 0<Q <n, (6.2) shows that Hy) = Hy) 14001 can be interpreted ;

(i} either as a single passhand amplitude selective filter, sur-
rounded by two don’t care bands bounded by unity to ensure
pseudo-pasgivity / losslessness;

(ii) or as an allpass function.

Accordingly, various structures based on Finite Impulse Response
(FIR) and Infinite Impulse Respense (IIR) filters are available for the
implementation of DHTs [Hahn96), Table 6.1 provides a synopsis of
the major DHT network categories [Anso97b). The different configu-
rations are characterized by the amplitude and phase responses of
Hyy, Hy, and H,. The selection between these solutions iz made
according to the application requirements, and the efficiency of each
configuration (selectivity, linear phase requirement, group delay,
cornplexity).

FIR based DHTs

In Table 6.1, all non-exact linear phase FIR DHT configurations are
grouped under the generic term General FIR. These are including
e.g. non-linear phase and quasi-linear phase implementations, or the
para-unitary lattice FIR [Vaid88)]. These configurations are not fur-
ther discussed in this chapter,

With respect to exact linear phase FIR DHTSs, it is neted that two
configurations are available, namely Type 111 and Type IV FIR filters
[Oppe8Y, Herr69, Rabi74], cf Table 6.2. In order to comply with the
netation introduced in Subsection 6.2.2, and with later developments
in Section 6.4, the FIR filters mentioned in Table 6.2 are assigned to
Hs{(z). For 0< Q2 <x, FIR Type I1I and Type 1V filters are featuring
a bandpass- and highpass-shaped amplitude response, respectively,
cf Table 6.3. FIR Type IV filters can be approximated to achieve a
bandpass-shaped amplitude response as well.

Table 6.3 indicates also whether economic DHT implementstions are
possible or not when the frequency range (6.9) is specified symmetri-
cally around 2=1r/2, ie. b=r —a (go-called midband DHTs). For
FIR Type I1I filters, each second coefficient is then vanishing, i.e.



Digital Hilbert Transformers 207

Hy(z)=H, (z%), resulting in a lower implementation complexity
[Herr69, Rabi74), especially for multirate applications. This simplifi-
cation is not possible for FIR Type IV filters.

Type IV FIR filters are not any more considered in this chapter.

Linear phase | Parity of filter Symmetry of Transfer function
FIR degree N4 coefficients '
Type 111 Even N, Odd symmetry : N, "
ftk =—fi(N2_k). H2(3)= th-z
k=0
Type IV Odd N, k=0,1....N;

Table 6.2: Type III and IV linear phase FIR filters.

Shape of Hoy(e/*7 )| Economic Ref.
for0<<m midband DHT

Bandpass | Highpass implementation
FIR : Type I11 Yes No Possible [Oppe89)
Type IV Possible Yes Not possible “
IIR : Allpass based — — Possible
Symmetric LWDFE Yes No Possible [Meer84]

Table 6.3: Frequency response for linear phase FIR
and IIR allpass/LWDF based DHTs.

IIR based DHTs

Regarding 1IR DHTSs, two kinds of filter classes were retained for
detailed discussion in this chapter, namely ellpass and Lattice Wave
Digital Filter (LWDF) based DHT structures, because of their known
advantages (i.e. robustness with respect to finite precision effects,
etc.). All remaining DR DHT implementation possibilities are refer-
red to as General IR DHTs in Table 6.1, and are not further
considered.

Allpass and LWDF based DHTs can be realized either as phase
splitters, Almost Linear Phase (ALP) networks including a pure
delay, or so-called General ALP networks, cf Table 6.1, It is noted
that LWDF filters nsed for DHTs are exclusively of Symmetric type
[Fett86] to ensure an exact phase shift of +#/2 between the two
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output signals of tbe filters, Antimetric type LWDFs would not be
adequate, because their ontput signals are featuring a phase shift of
0 or n. As mentioned in Table 6.3, LWDF DHT's have a bandpass-
shaped frequency response for 0 < <x. Furthermore, it is obzerved
that both allpass and LWDF structures are amenahle to economic
implementations for midhand DHTSs, cf Tahle 6.3.

Non-causal IIR DHTs were also proposed in the literature, e.g.
[Czar82, Stef82a, StefB82b], cf Table 6.1. In practice, snch filters are
factorized into cascaded causal and anti-causal sub-filters, with
intermediate time-reversal of the (segmented) sequence of the signal
to be processed, similarly to the scheme described in [Powe01).
Although snch filters are featuring either an exact linear or ALP
phase response depending on their precise implementation [Powe91],
their design requires a thorough analysis to properly select the
length of the signal segments, so as to keep the resulting harmenic
distortion, group delay, and processing delay at an acceptable level.
These structures were not congidered in this report.

6.4 Selected causal DHT structures

6.4.1 Finite Impulse Response filter based DHTs

The first configuration to be discussed consists in FIR filters with
exactly linear phase response (T = constant ) hetween X(z), and ¥; (z)
for i=1,2, Hence, H, is selected as an FIR Type IH filter of even
degree N, whereas H, is a pure delay of degree N :

Hsz(Z)-‘-ij) h-2%, Himr@=2M, (6.10a,b)
with Ny =2.N{, and hy __h(Nz—k) for k=0.1,.. Wy, and hN =0. The
corresponding block diagram is depicted in Figure 6.4 :

h(z)
X{z) ¢
¥3(z)

Figure 6.4: Biock diagram of linear phase FIR DHTs.
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After reformulation of H, gz, the expression of the DHT is derived :

HZIFIR(Z)=2211 N k) [ & -Z'k]- {6.11)

The corresponding spectrum can be written in a compact form : (i) by
observing that H,, g is approximating a constant response within
each frequency range specified by (6.9), i.e. there are no sign changes
within the bands; and (ii) by exploiting the odd frequency response in
(6.11)

Ha; FiR (ej'g)=—f°8ign(9)'lﬂzl FIR (eF% )|° 6.12)

Hence, H,y iz meets the phase response of Hjjjs. exactly,
whereas the amplitnde response is approximated. Finally, the ampli-
tude response of Hy pg is derived :

Hy pr(e?)|=| 1+sign(@) o pr(e )| 619)

FIR filters are usually implemented in direct form [Oppe89], in
which case the signal Y; (cf Figure 6.4) is directly available for FIR
Type III filters !, without explicit realization of H; gz.

6.4.2 Infinite Impulse Response allpass based DHTs

Alternatively, DHTs can be implemented using IIR allpass (AP)
filters A; (z) of degree N; (cf Figure 6.5) :

H;ap(2}=A4;(2), i=12, (6.14)
resulting in an allpass type DHT of degree N :

Hyap (D=4 (2)-A2(2), N=N +Nj. (6.15)

e

Figure 6.5: Block diagram of IIR allpass based DHTSs.

X(z) o

1Y) is not directly available for FIR Type IV, implying possible additional costs.
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The frequency responses are then given for i =1,2 by :
Ao ) iBuD (6.16)
: -7 0
Hy) AP("”JQ )=-‘3 Huw @, B21 ap (2)= B a2(82)- Ba1(2), (8.17a,b)

where B,; and 8, ,p are the phase responses of A; and Hyj4p, re-
spectively. Comparing (6.17) to (6.2), H ;; 4p i8 seen to match the am-
plitude response of H ;) 4., exactly, whereas the phase response is
approximated over the frequency range (6.9). Clearly, the specified 2
phase response over (6.9) is given by (6.18), implying in turn (6.19) :

B21 aps (82)=(m/ 2) - sign(£2), (6.18)
[ Ba2(2) - Ba1(£2))-sign(2)>0, N, 2Ny (6.19)

The amplitude response of Hy 4p is finally obtained :
IHY .4}’(.91"‘42 )|=2—|cos( B2 Apf2—ﬂ:f4)|. (6.20)

Depending on the selected structure and phase approximation, A;
and A, are either featuring a Non-Linear Phase (NLP) response (so-
called phase splitiers), or an Almost Linear Phase (ALP) response
when required.

6.4.2.1 Phase splitters

Phase splittere are designed by the sole approximation of B, 4p, ap-
plying a certain optimality criterion (e.g. maximally flat, minimax),
withont separate consideration of B4 or B 4, [Gold69, Schii87]. The
design is performed by approximating H, 4p as defined by (8.15)-
(6.17) over the frequency range (6.9) nsing the specifications (6.18).
The achieved unstable allpass H,; 4p is then factorized to assign the
stsble poles to A4, (z), and the unstable ones to 4,7(z).

For applications that are insensitive to the phase response of H; 4p,
phase splitters clearly provide the most efficient solution in terms of
selectivity, computational load, and realization costs [Schu87], It is
recommended to implement the allpass functions 4; according to

2 Specified quantities are denoted by suffiz “s”.
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(Fett86] to ensure best functionality even under finite arithmetic
conditions.

For phase splitters, it is ebserved that Hy 4p is a minimum phase
function.

6.4.2.2 ALP sitructures with pure delay component

When required, allpass based DHTs can be realized with an Almost
Linear Phase (ALP) response, in which case two categories of
structures can be applied. The first category - discussed in this
subsection — is given when one of the A; reduces to a pure delay.
This sclution is simple to apply (elementary approximation problem}
and often referred to, e.g. [Schii87], althongh it is offering a reduced
number of design parameters (filter coefficients) with respect to the
filter degree.

Let us concretely assume that A, is a pure delay, in which case the
specified pbase response B4, of 4, is derived from (6.16) and (6.18) :

Az(2)=27N2, Bas(R)=Nz 2 - Bt aps. (6.21)

Hence, A; is forced to approximate a non-integer delay over the
specified frequency range (6.9}, ensuring jointly : (i) the realization of
H ) 4p» and (ii) a quasi-linear phase response of the averall Hy 4p,
of equation (6.7). A similar development applies of course when 4
and A, are interchanged.

6.4.2.3 General ALP structures

The second category of allpass based ALP DHTs corresponds to the
go-called General ALP structures, where both constituent A; are non-
trivial. This configuration provides the maximum number of free
parameters for a given degree N =Nj + N».

The specifications to fulfill are given by B85 4p; according to (6.18),
together with the linear pbase condition :

Bais (2)=T, -2 +sign()-pt;, =172 (6.22)

where the specified group delay 7, is a design parameter with lim-
ited freedom, and where the constant parameters u; are chosen so as
to satisfy (6.18) :
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My —py=m/2. (6.23)

Basically, General ALP DHTs require the simultaneous approxima-
tion of two real objective functions, which can be selected as (applica-
tion dependent) :

(1)  PBapap together with one of the B,;, the other B, being
derived from there;

(ii)  Boy 4p together with a linear combination of 8 4;.

In addition to the selection of T, and u;, the number of available fil-
ter parameters can be distributed on demand over the two objective
functions, 50 as to find the best tradeoff between tightness of g,; ,p
approximation, and almost linear phase achievement for £, and

B42. General ALP DHTs are therefore very flexible and counsidered
as the most interesting allpass based structures for ALP.

6.4.3 Lattice Wave Digital Filter based DHTs

The last DHT configuratiens to be discussed are implemented as IIR
symmetric Lattice Wave Digital Filters, cf Chapter 3, first introduced
by Nouta [Nont74), and by Fettweis and al. [Fett74a), following
complementary approaches. Seemingly, their application to the
design of DHTs was first discussed in [Meer84].

Yi(z)

f{(2)

Figure 6.6: Block diagram of LWDF based DHTs.

For the sake of consistency in the chapter, LWDF DHT structures
are relabeled according to Figure 6.6. They are composed of two real
allpass functions A; of degree N;, i=1,2, and feature two doubly
complementary transfer functions H; ;wpr of degree N=N; + N, :

Hitwor (2)=05.[ A3 (D)+(-DUD 41 () 1. (6.24)

The phase responses 8 4; of A; are still defined by (6.16). Introducing
the quantities :
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Briwpr =(Baz+Ba)2; Barwor =(Baz-Bal2, (6.25)

the frequency and phase responses of H; ;wpr are obtained :

H2 Lwor ("’ e )= - j-sign(@) ¢~ HPrIor . | sin(Ba wpr )|, (6.26)
Hy Lwpr (ej'ﬂ )= e FPriwor I cos(Ba Lwor ) | , (6.27)

T .
Briiwor =Bz Lwpr 3 Buz2iwpr =Bz LwDr +5-Slgn(9)— (6.28)

In (6.26) and {(6.27), the spectrum of H; ;wpr is provided in a com-
pact form achieved by observing that no sign changes are affecting
B4 twor Within each of the frequency ranges specified by (6.9).

Hence, Hjjipwpr meets the phase response of H oy exactly,
whereas the amplitude response is approximated :

H21 twpr (ej-ﬂ }= - j-sign(£2) -Itan(ﬁa LWDF )| . (6.29)
The specifications of B, ;wpr;s are, {6.19) remaining valid :
Ba Lwprs (R2) ={m 1 4) -sign(£2), (6.30)

5o that |H ;| LWDF | =+/2/2 in the frequency range (6.9). The amplitnde
response of Hy ;wpr is then easily derived :

|HY LWDF (e )'=~5-| Sin(ﬁa LWDF +?”4)|- (6.31)

Equation (6.31) sbows that :

(1) the maximum value of |Hy twor | is scaled by v2 versus |Hy F’RI
and |Hy ae| provided in (6.13) and (6.20);

(ii} apart from this factor ﬁ, (6.31) and (6.20) are identical for
Baiwpr =Baap/2.

Considering the tight connection between allpass and LWDF based
DHTs, the latter can similarly be subdivided into phase splitter
structures, ALP networks containing a pure delay, and General ALP
configurations. This issue will not be further developed here, except
that General ALP LWDF DHTs should be approximated selecting
Barwpr and Sy rwrne as objective functions.
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6.5 Design parameters

Table 6.4 prﬁvides the design parameters for FIR DHTs, including
possible filter degrees, specified amplitnde response, group delay and
complexity measure.

Specified Degree Specified amplitade resp. | Group delay | Complexity
Freq.range | (Note I) over freq. range (6.9) (Note 2)
General ;
. JT _
et —a)y|2:m+2 |H2|(e )L_ ta =ty | N2
Symmetri ; =
thor—a) | 4-m-2 =’Hz(e“"'7]| =1 =N | (v+2)r4
5

Table 6.4: Design parameters for FIR Type III DHT structures;
(Note : N=No=2-N, m=123,..).
(Note 2: Indicates Nb of non-zero filter coefficients = Nb of multiplica-
tions / sampling period)}

Table 6.5 proceeds similarly for alipass and LWDF based DHTs, all
parameters applying jointly te both categories of structures. It is
noted that different types of DHT networks with distinct behavior
are identified according ta the parity of N =N, + ¥, and assignment,
of the pure delay to A; or A, (cf Snbsection 6.4.2.2). Hence, one dis-
tinguishes :

* two types of Phase Splitters PS1 and PS2 for add and even
degree N, respectively;

s three types of ALP DHTs, namely type ALP1 of odd degree N,
where A; rednces to a pure delay; type ALP2 of odd degree N,
with pure delay A,; and type ALP3 of even degree N, with
pure delay A;;

* twa types of General ALP DHTs GALP1 and GALP2 for odd
and even degree N, regpectively.

For General ALP DHTSs, the provided phase specifications, indicated
for pogitive frequencies, are snggested values among other possible
choices, cf (6.22) and (6.23). The same applies ta the group delay.
Finally, a distinction is made in Tables 6.4 and 6.5 according te the
possible symmetry of the freqnency range (midband DHTs).
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DHT Structure Type References
Allpass based Phase Splitter P51 [Gold69, Ansa87]
P52 [Gold69]
ALP with ALP1 [Schiig7]
pure delay ALP2
ALP3 [Anso97a]
General ALP GALP1 [Anso97a]
GALP2 [Anso97a]
LWDF based Phase Splitter P51 [Meer84]
PS2
ALP with ALP1 [Schii8?, Jian21]
pure delay ALP2
ALP3 [Anso97a]
General ALP GALPI [Anso97a]
GALP2 [Anso97a]

Table 6.6: References related to Table 8.5.

6.5.1 Midband DHTs

As already mentioned in Section 6.3, an important situation occurs
when the frequency range (6.9) is specified symmetrically around
Q=+r/2,ie. b=x-a. In this cage, FIR DHTs can be expressed in
function of z2 (half of coefficients cancelled). For allpass and LWDF
DHTs of PS1, ALP1, AL P2, and GALP1 type (Table 6.5), the same
applies to the constituent A;, i=1,2, apart from a separate z~' fac-
tor for N; odd. This results in substantial savings already discussed
in Chapters 2 and 4.

Midrange DHT;s of type PS2 and GALP2 as specified in Table 6.5 are
verifying A;(z)=%A42(-2), i.e. ouly half of the filter coefficients are
independent. However, all coefficients are usnally significant (read:
non-zerg), and the implementation costs are thus higber for PS2 and
GALP2 for b= ~ a than for PS1, ALP1, and GALP1 type DHTs.

Examples of equiripple midband DHTs designed with | 2 | € [a, &]=
{0.1-7, 0.9 7] are provided in Figures 6.7a-h for the different imple-
mentation structures, which were chosen with a similar degree so as
to compare their responses.
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Specified Structure Type Degree
freq. range N M N,
General Phase Splitter PS1 | 2-m+]1 | (N-1)/2 (N+1)/2
(b#nm-a) PS2 | 2-m N/2 Ni2
ALP with ALP! 2-m+1 | (N-1)/2 (N+1)/2
pure delay A pure delay
ALP2 | 2.m+3 [(N-1)/2 [(N+1)/2
Az pure delay
ALP3 12.m+2 | N/2 N/2
Ay pure delay
General ALP | GALPY 1 2.m+1 | (N -1)/2 {(N+1)/2
GALF2Z {2.m+2 | N/2 Ni2
Symmetric | Phase Splitter PS1 | 2.m+]1 [(N-1)/2 |(N+1)/2
(b=n-a) Ps2 | 2-m Ni2 Ni2
ALP with ALP1 4-m-1 |(N-1)/2 (N+1)/2
pure delay Ay pure delay
ALP2 | 4.m+1 | (N-1)/2 (N+D/2
A9 pure delay
ALP3 | 4.m N2 N2
Ay pure delay
General ALP | GALP1 [ 4.m+1 [(N-1)/2 (N+1}/2
GALP2 12.m+2 | N/2 N/2

Table 6.5: Design parameters for IIR allpass based and for LWDF
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Bazs=Bas +712

Taz ~(N-1)/2

217
Specified phase responses Group delay (3) | Nbofindep. {Complexity (4)

(herefor 0<a<Q<b<m): i| parameters

Bajs =n/2 NLP N N

By =m/2 NLP N N

Bals =Ny-@' T Ta=(N-1)/2 |(N+1)/2 [(N+1)/2

Bazs =Ny 0-T+xm/2 Taz=(N-1)/2

Bas =Ny @ T-x/2 Ta =(N+D1)/2 [(N-1)/2 [ (N-1)/2

Bazs =Ny @ T Taz =(N+1)/2

Bais=(N/2)@T Ta=NI2 Ni2 N2

Bazs =(NID@T+m12 | Ty =N/2

Bale =(NID-@-T—r/d [ T4 =N/2 N N

Bazs=(NI2»0T+7/4 |Tap=Ni2

Bas=(N-1)-&-T/2 Ta=(N-1)/2 | N N

Bazs=Bas +7/2 Taz ~(N-1)/2

Bas=ni2 NLP (N-D/2 [(N-1)/2

Bas =mi2 NLP N/2 N (5

Bas =Ny @ T Ta =(N-1)/2 | (N+D)/4 [ (N+D/4

Baze=Ni-@T+m/2 Taz =(N-1)/2

Bais =Ny 0 T-~m/2 Ta~(N+1/2 | (N-1D/4 [(N-1)/4

Bazs =Ny -0 T T oz =(N+1)/2

Bas=(V/2)@-T Ta=N/2 NIZ N/2

Barzs=(NID@T+m/2 {Tpz=N/2

Bats =(N/2)aT-7/d4 | Ty =N/2 (N=1)/2 [ (N-1)/2

Bazs =(N/2)w-T+m/d {Tay~N/2

Bais=(N-1)-0-T/2 Ta=(N-1)/2 | N/2 N (5

based DHT midband structures (N =N +N;;, m=123,...).

3 NLPF : Non Linear Phase.

4 Indicates Nb of non-zero filter coeffs. « Nb of multiplications / sampling period.
5 Coefficients of A) and A; are interrelated.
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For illustration purpose, Figures 6.7b-h display each the response of
AP and LWDF based DHTs composed of exactly the same constituent
allpass filters 4; and A;.

Amptitnde response
of A5 and H 4

Residual approximation
error of H 7 and H 5,

=o.

1

% 02 o4 08 08 1
Qin

0.15

' \/\/\/
015!

0 02 04 08 08 1
{dir

I- | Hy|

Figure 6.7a: Midband FIR Type INDHT: N =N, =10, Ny =N, /2=5.

Phase / amplitude Residual approximation Group delay of H;
response ervor of H 5
AP 5 Je2 e
¥ Baz ,{,‘,‘ 2 12
1]
uz Bar S g
bc oz oace o8 1] "oz o1 0F o5 1 %02 04 05 05 1
Qin Qin Qm
LWDF[ " 8 ‘
—_— -]’2
= V\/\/\A . w
= =
= 2'
i o
~ Y0 02 04 06 08 1 0 02 04 06 08 0 02 04 06 08
Qi Q/x Oin

Figure 6.7b: Midband PS1 DHTs: N} =4, N, =5, N=Nj + Nj =9.

Phase / amplitude Residual approzimation |  Group delay of H;
response error of 5|
AP 5 23 1
g b€ o 2 4\
& Bar E w2
% oz as 0508 1| ™oz 040808 % 2 04 08 08 1
Q/n Q/x 2/n
LWDF| _ -t 23 e .
g [ B o4 e
B dim o - 4
—_— -g W ; -~ e 2
-] [Hi}Y | 200 0
~ % oz 0f 66 08 ¢ 0z 04 06 08 1 ‘0 0z 04 06 08 1
Qn f/x Qin

Figure 6.7c: Midband P82 DHTs: Ny =N, =4, N=N| + N, =8.
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Phase / asmplitude Residual approximation Residaal phase
response ; ervor of H4) errorof H;
AP 3 oA [X] . -
£ Baz 8 AL e
< e 2|7 o
Al L N
o 01 “aal i<t -
0 02 04 06 0B 1 "0 02 04 OB 08 1 "0 02 04 08 08 1
f}/x Gin Q/n
LWDF| _-w° — 0.05 =T
: Py
31 LN
= -3 - &
T o J | " u?oos
~ "0 02 04 0B 08 1 ez o 06 08 1 0 02 04 0B 06 9

O/n

Qix

Q/n

Figure 6.7d: Midband ALP1 DHTs: N,

=3, Ny =4, N=Ny + N, =7.

Phase / amplitude Residual approximation Resldual phase
response arror of H 3 errorof H;
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Qin i/m t/n
Figure 6.7e: Midband ALP2 DHTs: N) =4, No =5, N=N; + N, =9,
Phase / amplitude Resldual approximation Residual phase
respense error of Hyy ervor of H;
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Figure 6.7f: Midband ALP3 DHTs: N

=N2 =4, N:N] +N2 =8.
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Phase / amplitude Residual approximation Residual phase
response error of Hy| errorof H;
3 03 02
AP ® Baz ﬁfj \/\/\ &
2 Bai o o
= o %a & 2
0 02 04 06 0.8 1 P oz 04 06 08 1| %oz os o8 08 1
Nin 0/ Qin
LWDF| o — 03 ot -
g |IH ff | = &£ s
= gl C Lo
=3 ey 2 /\/\/
= . 03 2 0
~— "0 02 04 08 0B 1 ) 02 04 06 08 1 "0 02 04 0B 08 3
Q/n /1 Q/n

Figure 6.7g: Midband GALP1 DHTs: N; =4, Ny =5, N=N; + N3 =9,

0/x

)/n

Phase / amplitude Residual approximation Residual phase
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Figure 6.7h: Midband GALP2 DHTs: Nj = N3 =4, N=N| + N3 =8.

PS1, PS2, ALP1, ALP2, and ALP3 allpass and LWDF based DHTs
are designed by taking By, 4p(£2)=2-B, wpr (2) 88 objective func-
tion. GALP1 and GALP2 allpass and LWDF based DHTs are in turn
achieved by choosing By, 4p (2)=2.B,4 wpr (2) and Bx jywpr(£2) as
objective functions, with assignment of two free filter coefficients to
each function.

Tables 6.7 and 6.8 ( the allpass coefficients 4, are specified following
(2.3) ) provide the DHT parameters corresponding to Figures 6.7a-h,
with the following performance measures :

BFiR = max (1 ~|H21 Fie] )

(6.32)
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n . .
5Apl=max|-“—ﬂ‘21'.4p 3 Sapy=max| Bu; —Bai |, i=12; (6.33)
2|2 Q.

SLwpr1 =m‘§X| 1-|H 21 Lwor | |3 (6.34)

S wDF2 =0-5'[m‘gx (l_lHZILWDFl )— n,(lén (l-lelLWDFl )], (6.35)

OLWDF 3 = max | Bz Lwprs - Bz Lwor I (6.36)

Although Figures 6.7a-h are corresponding to particular specifica-
tions (selected frequency range, b=n —a, equiripple approximation,
ete.), i.e. the resulis shonld be interpreted cautionsly before drawing
general conclusions, certain tendencies become nevertheless appar-
ent. Hence, the following observations are made (midband DHTs) :

¢ for applications that are insensitive to the pbase of H and 4,
(cf Figures 6.2 and 6.3), it is confirmed that Phase Splitters PSI
and P52 of both allpass and LWDF kind clearly provide the
most efficient solution in terms of selectivity, compntetional
load (degree), and realization eosts (PS1 offering better savings
than PS2 in the midband case);

+ for applications needing an ALP response, ALP1 and GALP2
allpass and LWDF structures are compefitive candidates with
regpect to FIR Type I11. 1t is cbserved that LWDF ALP1 and
GALP2 perform better that FIR Type III regarding the tight-
ness of the H,; approximation, at cest of a non-exact phase of
H{ and H,.

¢ for LWDF DHTs, the tangent function in (6.29) is noticed to be
agymmetric around t#/4. An equiripple approximation of
Biiwpr does certainly result in an equiripple response of
Hs| pwpr , but with an offset as can be seen from Figures 6.7b-
h. This effect should be taken into account during the approxi-
mation process [Meer84], nsing for instance :

> Hs pwpr as objective function, instead of B4 rwor;
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» or keeping 84 wpr as objective function, but replacing
the specified value (6.30) with :

B Lwprs (82)=(/ 4—1) -sign(Q), (6.37)

80 as to compensate for the offset observed in Hz) rwpr.
The parameter 7 is then iteratively estimated, e.g.
applying the Fibanacci optimization method [Rao84].

Equation (6.35) gives an ¢ priori estimation of the approxima.
tion ripple achieved for Hj,;wpr after compensation of the
offset induced by the tangent function,

It is finally remarked that this offset vanishes for very small
approximation ripples, and can be disregarded in case of very
tight approximation of H3{ j4,a1.

for GALP1 and GALP2 allpass based DHTs, it is adviced to
select one of the phase responses B4, or B4 as objective func-
tion for the control of the ALP phase, instead of their sum.

midband PS1, ALP1, ALP2, and GALP1 allpass and LWDF
based DHTs are all featuring an anti-symmetric response of B4
and B4, about Q=xn/2. Consequently, H», and the phase of
H;, i=1,2, are all anti-symmetric, whereas the group delay of
H; is symmetric abont 2 =n/2.

DHT parameters FIR Type III
N=N, 10
hg =—hyo +1.0750001710e-01
h =—hg (]
hy =—hg -1.8301341833¢-01
hy =—hy 0
hy=—hg -6.2638790942¢-01
hg (]
SR 0.)0186

Table 6.7: Parameters of the midband FIR DHT displayed in Figure 8.7a.
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s gimilar to FIR Type III configurations, midband P52 and
GALP2 allpass and LWDF based DHTs are in contrast charac-
terized by a symmetric response of H,| about Q =x/2. Moreo-
ver, LWDF DHTs are featuring anti-symmetric phase responses
of H;iwpp, i=12, and thus a symmetric group delay of
H;rwpr about Q=nr/2. These structures are identified as
potentially attractive for certain applications.

In summary, compared to FIR Type Il configurations, PS1, PS2,
ALP1 et GALP?2 allpass and LWDF DHT structures are considered as
nseful for concrete applications. In contrast, ALP2, ALP3, and proba-
bly also GALP1 DHT structures should a priori be disregarded for
practical nse, in view of their weak selectivity.

In any case, complementary work consisting in a systematic design of
FIR, allpass, and LWDF DHTs should be performed over the avail-
able parameter ranges, 30 as to identify the application fields (i.e.
gpecification areas) where each DHT sfructure is more competitive,
Further degrees of freedom available for GALP1 and GALP?2 configu-
rations, given by (6.22) and (6.23), should also be investigated.

6.5.2 Symmetric responses of midband PS2 and
GALP2 LWDF DHTs

As already stated, the constituent allpass filters of midband P52 and
GALP2 LWDF DHTs are verifying :

A2 =(-1% Ay (=z), with £=0,1. (6.38)

Hence, using eqnations (2.6) - (2.8), the phase responses of 4; and
A; are shown to be related by :

Ba(@Q)=N-mi2-Bp(n-Q)-&-x, (6.39)

with ¥ =N} + Ny, and where the minus sign in front of the factor
E.n was chosen to comply with (6.18) and (6.19). Accordingly, the
following expression is derived :
2-Baiwpr ()= P42 (2) - B a1 (£2)
=ﬁA2(Q)+ﬁA2(ﬂ'—Q)—N'ﬂ'.f2+§-lt. (6.40)
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Equation {6.40) demonstrates that 3 A LWDF and thus | Hy11wpr
are both featuring a symmetric response about 2 =1x/2 for maxi-
mally flat or equiripple appreximation, cf Figures 6.7c and 6.7h.
Moreover, under the same conditions, the expression :

2By iwpr (2)=B42(2)-Bar(n-2)+N -=i2-E-m, (641)

shows that the phase response of H; ;ywpr, i =1,2, is anti-symmetri¢
abont 2 =1x/2, resulting in a symmetric group delay of H; ;wpr,
which is of interest for GALP2 DHT structures, ¢f Figure 6.7h.

PS2 and GALP2 LWDF DHT's are therefore felt as potentially attrac-
tive for applications requiring these symmetries.

6.6 Performance measurement criteria

The selection of appropriate and uniform performance measurement
criteria is important ;

(i)  to provide a basis for comparison of different structures;

(i) to decide npon design and approximation strategies;

(iil) to verify the fulfillment of application specifications,

In this report, we are concerued by assessing two kinds of responses :
approximation of H 5y 40, , and linearity of the phase responses of
H; i=12, when required. The last assesament is obvious from (6.10),
(6.14}, (6.16), and (6.28), and will not be further discussed.

The tightness of the approximation of H 3y ;4.1 can in turn he evalu-
ated through two criteria [Anso97a] :

¢ Direct measurement of H4,;

s Indirect measurement of H;.
6.6.1 First criterion : direct measurement of H21
The direct measurement of H,; can be done using the next formula :
Hyile#2 )=[1- a@) | e n/ Dsign(@) ~e@) ] (6.42)

where A(Q) is an even function accounting for tbe amplitude
approximation error of H,y, whereas £(£2) is an odd function corre-
sponding to the phase approximation error.
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Hence, the following formulas are derived for a<]Q|<b :

FIR DHT : £=0, SFiR =mgx|d(,(2)|'

=max|1-| H

ﬂ| | 21Fm|| (6.43)
Allpass DHT : A=0, Sap =n}§x|8(.{2)|

=m‘§x| Bataps —Paar | 6.49)
LWDF DHT : €£€=0, Siwpr =m3x| A) |
=m‘gx| 1_|H21LWDF|| (6.45)

where the quantity J is a measure of the maximum deviation of H ;,
from the specified (amplitude or phase) response.

Clearly, FIR and LWDF type DHTs are providing corresponding re-
sults {(approximation of the amplitude of H ;) and their performance
is therefore immediately comparable.

The difficulty stems from the fact that allpass based DHTs are fea-
turing a phase approximation of H,,, which is not directly commen-
surable with an amplitnde approximation. In this case, a comparison
between structures has to be performed application dependently, cf
[Czar82).

Finally, selecting the direct measurement of H,)for assessing the
guality of the DHTs affects the design strategy of LWDF DHTSs, in
the gense that the offset observed in H, pwpr induced by the tan-
gent function bas to be compensated, cf Subsection 6.5.1.

6.6.2 Second criterion : indirect measurement of H21

The second criterion providing this time a uniform performance
evaluation, consists in an indirect measurement of Hj,;. This is
achieved by using the definition of analytic signals, featuring by
construction a vanishing spectrum for non-positive frequencies.

Hence, measuring the attennation of Hy achieved for —b< Q2 < —¢,
one obtains an indirect measure of the quality of the approximation
of Hjy, cf (6.4) and (6.7), which is commensurable for all DHT
structures. Accordingly, equations (6.13), (6.20), and (6.31) apply
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directly after prior normalization by 2, 2, and +2 for FIR, allpass,
and LWDF DHTs, respectively.

For FIR DHTs, both criteria are leading to the same result, cf (6.13)
and (6.43).

Allpass and LWDF based DHTs are in turn observed to be directly
comparable using the second performance measurement criterion,
since Hy 40 and Hy gwpr are identical after normalization,
according to (6.20} and (6.31). Consequently, LWDF DHTs designed
using to the second criterion do not feature any offset of H 7, twpr -

Most important, the final choice of the measurement criterion should
be dictated by the application,

6.7 Approximation of DHTs

Almost any approximation method available for FIR, allpass and
LWDF filters can be used for the approximation of DHTSs, where
various optimality criteria (e.g. maximally flat, minimax, etc.} can be
applied. However, specific approximation methods have also been
developed for designing DHTs [Koll90].

For minimax/equiripple approximation of FIR DHTs, tables of filter
coefficients can be found in [Herr69] (FIR Type III), and in [Rabi74]
(FIR Type II1 + IV). On the other hand, explicit formulas to compnte
the coefficients of maximally flat midband FIR DHTs are provided in
[LeBi96] (FIR Type 111} and in [Dumi97] (FIR Type I1I + IV). A com-
plementary approach was recently developed by Hermanowicz at TU
(Gdansk / Poland [Dabr97] for the design of FIR DHTs with rednction
of the Gibbs pbenomenon.

For allpass based DHTs, explicit formulas can be found in [Stef32b]
for the design of minimax pbase splitters (type PS2), whereas a table
of strongly quantized allpass coefficients (Canonic Signed Digit fixed
point representation) is given in [Dawe85), also for minimax-like
approximation.

Finally, it should be mentioned that Digital Hilbert Transformers
can be systematically derived from half-band lowpass filters nsing
transformation methods recalled below.
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6.8 Transformation of half-band lowpass
filters into midband DHTs

It is known that applying an elementary frequency shift, a real half-
band lewpass filter can be transformed into a complex bandpass filter
witb passband centered around £ =#/2, from which a real midband
Digital Hilbert Transformer can be derived [Crys68]. The filter
degree remains unchanged.

Mere precisely, let us consider a half-band lowpass filter H;p(z) fea-
turing 8 maximum atienuation a, in the passband [2)<Q,, and a
minimum attennation a4; in the stopband £;<|Q|<z, with
Qg =7n - 82, . Applying the transformation :

Hpp(z)=Hpp(-j-2). (6.46)

the zeros and poles of the half-band lowpass filter H;p are merely
rotated counterclockwise by 90 degrees. As a result, the passband of
Hp is shifted onto the frequency range a<Q2<b, with a=z/2-Q,,
and b=#n/2+82,, whereas the stopband of H;p is mapped onto
=bs2<=a.

Clearly, the real half-band lowpass filter H;p is transformed into a
complex bandpass filter H gp, whose passband is symmetrically cen-
tered around 2 =#/2,i.e b=(7 —a), and with a stopband symmetri-
cally centered around 2 =-x/2, cf Figure 6.8.

P’

Im{z)

1, Relz)
-b\ /-a
b) !
Figure 8.8: Mapping of the passband and stopband ranges :

a) Original real half-band lowpass filter; b) Derived complex bandpass
with symmetric passband and stopband.

o
»

The amplitnde response of H;p is preserved by H gp, apart from the
frequency shift of 2 =x/2. Moreover, if H;p is a minimum phase
function, H gp will be as well [Henk97b].
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The function Hpp in (6.46) precisely corresponds to the transfer
function Hy described in (6.7), except for a posgible scale factor y :

Hy()=y-Hpp(2)=y -Hip(-j 7). (6.47)

The real DHT H;; is then derived from Hy =H; + j-H, by straight-
forward identification of H; and H,, and final evaluation of
Hoy=Hy/Hy.

Finally, standard frequency transformation methods can be applied
to the achieved midband DHT H,; to obtain an asymmetric fre-
quency response, i.e. b= (x —a). This can be done using allpass-type
transformations for IIR DHT networks [Cons70], or mappings similar
to (OppeT76, Croc76] for FIR DHTs.

6.8.1 Transformation of half-band lowpass FIR
filters

This transformation is known from [Jack75]). An N th-order FIR Type
I linear phase half-band lowpass filter, where ¥ is an even degree, is
given by [Oppe89):

m
HLP(Z)=Z_NI [ hNI + 2 h(N;—Z\MI) '(sz_l +Z_{2v_l) ):l (6.48)
v=l

with ;
N=4-m-2, m=123.; N;=N/2, and hy =1. (6.49)

All 0dd indexed coefficients of the filter — except the central one 4y -
are zera valued. H gp is then readily derived :

Hpgp(z2)= M

m
[ 14 3 (DY by, 2v) '(ZZV—I _ (b )] (6.50)

v=l
Defining the scaling factor as y= j ™1, Hy becomes :
Hy ()=H\()+ j-Hy(z)=y -Hpp(2) (6.51)
from which Hy and H , are easily achieved :
Hi(zn)=2"M, (6.52a)
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m
Hy(2)=2 ™M 3 (=) by, ava) ( T A ) (6.52b)
v=1
Equations (6.52a,b) are complying with (6.10) and (6.11). This result
confirms tbat a half-band FIR Type I lowpass filter is mapped onto a
midrange FIR Type I11 DHT of same degree.

8.8.2 Transformation of half-band lowpass LWDFs of
symmetric type

The transformation of minimum phase half-band lowpass IIR filters

(general structure) into allpass based Phase Splitters was mentioned

in [Gold69). This concerned IR filters of odd / even degree, resulting
in P51 and PS2 type allpass DHTs.

The application of this transformation to map odd degreed half-band
(or bireciprocal) lowpass LWDPF filters into allpass DHTs was discus-
sed in [Dawe86, Ansa87, Rega83bl, the LWDF configurations being of
symmetric type, cf Chapter 3, References ([Dawe85, Ansa87] concen-
trated on the derivation of PS1 allpass based DHT structures. In con-
trast, the mapping rules provided in [Rega88b] were stated in a gen-
eral way for an odd-degree, and can thus also be applied to achieve
ALP1, ALP2, and GALP] allpass based DHT networks, although this
feature was not explicitly mentioned by the anthors.

The transformation method is recalled below for filter networks of
degree N=4.m+1, m=1,2,3,... . The resulting allpass DHT structures
are thus of PS1, ALP2, and GALP1 type, cf Table 6.5. Only half of the
PS1 configurations are handled with these filter degrees.

From (4.22) and (6.24), a half-band lowpass LWDF of symmetric type
is specified by :

Hip(2)=05-[ 4+ Az(2) ]y N=N +Ny=4.m+1; (653)
with A1 (D)= A1 (%), Ny=2-m; (6.64a)
and Ay (D)=z"-Ay(27),  Ny=2.m+1. (6.54b)
H;p can thus be reformulated as :

Hpp(2)=05-[4,(zF)+27 -4, 2D, (6.55)
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and the corresponding complex bandpass becomes :
Hap()=Hyp (= 2)=05-[Ay (c22)+ jo 27 Ay (=22)]. (6:56)
Selecting ¥ =2 in (6.47), H, and H, are found toc be :
Hy(=4(-z%), Hy(2)=27-4,(-2%). (6.57)

The result corroborates (6.14), demonstrating that MP1 (odd degreed
Minimum Phase), ALP2, and GALP1 balf-band lowpass LWDFs of
symmetric type (degree N =4.m+1) can be mapped onto PS1, ALP2,
and GALP1 midband allpass based DHTs (same degree).

Clearly, the development above proceeds similarly to map MP1 and
ALP]1 half-band lowpass LWDFs (this time of degree N=4-m-1)
onto PS1 and ALP1 midband allpass based DHTs, which concindes
the demonstration for all considered allpass DHT configurations.

It is further recalled that minimum phase half-band lowpass LWDFs
are featuring purely imaginary poles [Poly72, Benn88, Vaid93], cf Fi-
gure 6.9a. Consequently, the derived complex minimum phase band-
pass filter H gp is exclusively composed of real poles, cf Figure 6.9b.

Im(2) Im(z)
1 Re(z} 1, Ra(z)
a) b)

Figure 6.9: Pole and zero configurations :
a) for an odd degreed minimum phase half-band iowpass LWDF;
b) for the derived minimum phase complex bandpass.

Optionally, the achieved midband allpass based DHTs can be mapped
onto LWDF DHTs replacing the network of Figure 6.5 by the one of
Figure 6.6. Depending on the application, the resulting filter coeffi-
cients should however be reoptimized due to the asymmetric respon-
se of the tangent function in (8.29),
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8.8.3 Transformatlon of half-band lowpass LWDFs of
antimetric type

In this subsection, it is shown that even degreed half-band lowpass
LWDF filters of antimetric type can be transformed into midband
allpass DHTs of same degree, and conversely.

Real antimetric type lowpass LWDFs (even degree N) are realized
with a single complex allpass of degree N/2, cf Subsection 3.4.17
[Meer83, Vaid87a]. After transformation, tbe resulting allpass based
DHTs are real, and composed of two real allpasses. The resulting
allpass DHTs are of P82 and GALP2 type of degree ¥N=2.m and
N =2-m+2, respectively, with m=1,2,3,... , cf Table 6.5,

The transfer function of antimetric type LWDFs is, ¢f (3.104a) :
Hp()=05-[4()+ 400 |} (6.58)

In the half-band (birecipracal) case, A{z) of degree N, is specified by
(2.98a) with Ny =0, and exclusion of real pole configurations :

mo 1ty 2) " (1od -5+, - 52
A=A M0 | 2= Tdv.i.iﬁ_ (6.59a)
p=t | St )yl | 27 +d, -24e
with 2=j.2; A=28974 Ny=me2.mp=N/2. (6.59b}

The transformed functions A(-j-z) and A(-j-z) are then evaluated :

A-jy=2a- V2 4 (), (6.602)
AT D=2 N2 o (6.60b)
moleq, -z ™ . .72
a@=1 |—= |11 M (6.60c)
peil Yy Juol 2°+d, -zt
s0 as to achieve the symmetric bandpass (6.46) :
Hpp(2)=Hpp (- j-2)=05-[ A(-j-)+A(-j ) ] (6.61)

=052 M2 [ 4@+ () A4 (-0 ]

Hence, selecting :
y=2.471. N2 (6.62)
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and abserving that A2 -(~1)" =+ j, ene obtains from (6.47) :
Hy (2)=y-Hpp()=[ At j 4 (-D) ] (6.63)

Finally, the constituent functions H; and H; of the derived midband
allpass DHT are found to be :

Hi(2)=A((z), Hz(z)=tA(-2). (6.64a,b)

It is thus demonstrated that even degreed half-band lowpass LWDF
filters of antimetric type can be transformed into midband allpass
DHTs of same degree, and conversely. More specifically, minimum
phase and GALP2 half-band lowpass LWDFs of antimetric type are
mapped onto midband P52 and GALP2 allpass DHTs. The corres-
ponding network degrees are N=2-m and N =2-m+ 2, respectively,
with m=1,2,3,... .

Similarly to symmetric LWD¥Fs, minimum phase halfband lowpass
LWDFs of antimetric type are characterized by purely imaginary
poles [Meer83]. As a consequence, the derived bandpass H gp, as well
as the constituent allpass functions #; and H, of the resulting P52
DHT, are all purely real.

Again, the allpass based DHTs obtained after transformation can be
further converted into LWDF DHTSs, substituting the network of Fig-
nre 6.5 by the one provided in Figure 6.6. Depending on the targeted
application, the filter coefficients of the so achieved LWDF DHTs
should pessibly be reoptimized due to the tangent function in (6.29).

1t is worth noticing here that the original lowpass LWDF of anti-
metric type is then mapped onto a symmetric type LWDF implemen-
ting the DHT, which is an interesting result.

6.8.4 Synopsis

A synopsis on the transformation from half-band lowpass filters to
corresponding midband DHT networks, and vice-versa, is given in
Table 6.9.
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6.9 Conclusion

This chapter was devoted to studying Digital Hilbert Transformers
along topics that will be summarized in the list of contributions.

There is one issue that is important to nofice. When the frequency
response Hy (z) of DHTs — ¢f (6.7) and Figure 6.3 - is featuring a
stopband that is not covering the entire frequency range -7 <Q2<0,
as it is the case for the DHT configurations discussed in this chapter,
one has to take care that the input signal X(z) is devoid of any
spectral energy at frequencies that are not filtered out by Hy (z).
Otherwise, the DHT is leaking, since its output signal Y (z) possesses
spectral contents at non-positive frequencies, condition (6.1b) being
in particular viclated, and the analyticity of the signal ¥(z) is then
consequently affected.

In case the inpnt signal X (z) is not naturally complying with all
operational conditions, two sclutions are possible. The first one
consists in precenditioning X (z) with a real filter preceding the DHT
and rejecting the injuring spectral contents (e.g. notch filter centered
at 2=0, and at 2 =+x according to the DHT used).

The second possibility consists in designing a complex DHT with
Hy (z) featuring a stopband extending te —z<{2<0 as proposed in
[Reil94] for FIR implementations. For allpass-based and lattice
WDF-based DHT structures we propose the next alternatives :

i} Design a slightly warped bireciprocal lattice-type WDF lowpass
filter with f34p < f; /4, cf Section 5.3, followed by the trans-
formation (6.46);

ii) Apply a transformation from halfband lowpass filter to a
midband DHT, followed by a complex first-order alipass-based
frequency transformation;

iii} Directly design a complex DHT embedding all functionalities.
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Contributions

To the best knowledge of the anthor, the next contribntions of the
chapter are considered as original ;

» C6-I: Systematic sindy of causal Digital Hilbert Transformers,
related properties, frequency responses, and implementation
structures, results of particular interest being :

C6-1/1: Classification of major categories of DHT structures as
discussed in Section 6.3, where the amplitnde and phase
responses of Hj;(z), but also those of the constitutive filters
H;(2), i=1,2, are distinguished, providing a synopsis in Table
6.1,

C8-1/2: Determination of design parameters for general and
symmetric FIR DHTs, as well as for general and midband
allpass-hased and lattice WDF-hased DHT structures, as
indicated in Tables 6.4 and 6.5, thoroughly comparing their
features, and illustrating all cases with examples in the series
of Figures 6.7.

C6-1/3: Following Subsection 6.5.2, identification of an IR
network featuring an Almost Linear Phase response together
with symmetric group delay and symmetric approximation of
the Hilbert response around a quarter of the sampling-
frequency (actually the GALP2 lattice WDF DHT structure).

C6-1/4: Comparison of two DHT performance measurement
criteria relying on different sets of error measures (cf Section
6.6), the selection between them being done according te the
application.

> C6-II: Review of a known transformation method to convert low-
pass’highpass half-band filter pairs into midband DHTs (Section
6.8), providing a synoptic view in Table 6.9. Moreaver, even-
degreed half-band lattice WDF's of antimetric type were observed
to be transformed inte symmetrie lattice WDF DHTs, a feature
that was not cited before. Also, prior examples involving even-
degreed symmetric lattice WDF DHTs were not found in the
literature.
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Further poteuﬁal research

Potential further research is proposed for the subjects listed below :

» Systematic design of FIR, allpass, and LWDF DHTs over the
available paraineter ranges, in order to identify specification areas
and related application fields each of the DHT structures iz best
suiting to.

% In the scope of analytic signal filtering problems, study of the joint
approximation of the DHT and succeeding real filter, including
analysis of the improvements.

» As an extension of the covered subject, study of differential DHTs
and differentiation operators, establishing a list of implementa-
tion structures and comparing their performance, considering in
particular WDF-based solutions.

¥ Others,
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Eigenfilter Approximation of
Allpass Filters and Lattice-Type
WDF's

7.1 Introduction

The eigenfilter approach was introduced by Vaidyanathan and
Nguyen [Vaid87b)] as an alternative weighted least-squares discrete-
time filter approximation method. In this design method, the
ohjective function is expressed in a quadratic form, and the filter
coefficients are obtained as an eigenvector of a particular real, sym-
metric and positive-definite matrix @ .

Compared to certain other approximation techniques, the eigenfilter
approach features a simple and flexible formulation, supporting fre-
quency-domain, time-domain, or mixed time/frequency-domain speci-
fications [Vaid87b, Pei94a). In addition, it can be adapted to various
filter classes/strnctures, and does not request an initial guess of the
solntion.

The eigenfilter technique was first applied to linear-phage FIR filters
[Vaid87b], with a later generalization for arbitrary amplitnde / phase
response FIR filters [Nguy93]. Further applications concern the de-
sign of mono- and two-dimensional IR filters [Pei94a, Chen96], More
recently, the method was specialized for real {Nguy94] or complex
[Pei94b] allpass filters, where the allpass functions can be applied
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either to phase-equalization problems, or to designing IR lattice
filters composed of elementary allpass netweorks [Npiy94, Pei94b,
Fett74a, Fett81a, Vaid87al.

This chapter addresses the design of complex and real allpass eigen-
filters, including the design of Lattice-type Wave Digital Filters, the
major contribution concerning the derivation of the general form of
the eigenfilter matrix @. The internal structure of this matrix is
revealed, leading to a substantial improvement of the computational
implementation of the eigenfilter approximation technique. The basie
results were formerly published in [Ans095].

The remainder of the chapter is organized as follows. Section 7.2
provides the matrix formulation of the allpass design problem. In
Section 7.3, the connection between the weighted least sqnares and
the eigenfilter approximation metheds are recalled, inclading defini-
tion of the eigenfilter matrix @, and discussion of related properties.
The internal strocture of the @ matrix is then identified in Section
7.4, from which a complexity measure of the eigenfilter design
method is established. The corresponding design algorithm is tben
presented in Section 7.5, and illustrated by twe examples provided in
Section 7.6, before drawing the conclusions in Section 7.7,

7.2 Matrix formulation of the allpass design
problem

The transfer function (2.3a,b) of an Nth-order complex allpass is
recalled ! :

- N N *
Pl D(z) _z DRHPY NET g

A(z)=
Z D(2) 1?,=0 dv.zv

. withdy #0 (7.1ab)

The pbase respense 8, (2) of the allpass is then specified by :
Ba(2)=-nrg{ A(e/2)}=-[NQ+26p (D)), (7.2)

! The definition of A(z) and the sign of the phase response B, ({2) are differing
from those used in [Anse95],
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N . '
Bp (£2) = —actan Y vo dry -SIN(VQ)+dy, -cos(vi2) , 71.9)

TN, dry -cos(v2)—dyy sin(v2)

with coefficients :
dy =dpy + j-djy. (7.4)

Referring to Table 2.1, it is observed that the allpass defined in (7.1)
- (7.4) counts (2-N+2) real parameters dg, and dj,, for v=0,. N,
i.e. ane more than the canonic number of free parameters of an N-th
order complex allpass. This redundancy will be later alleviated by
introducing a constraint into the approximation process,

7.2.1 Ideal filter response

Ideally, the allpass i¢ assumed to match the specified phase response
B4, (82) exactly. In this case, one achieves from (7.2)-(7.3) 2:

Bps (2)=-05-[NQ + B,; ()], (1.5)

- sin{Bps (£2))

an(Bos (D)= s (@)
=%y dgy -sin(vi2)+djy -cos(vi2) 1.6)

) 7_3;0 dgy -cos(vE2) —dy, -sin(vE2) '

After cross-multiplication and further trigonometric simplifications,
the last expression can be rewritten as :

SN o dry sin(Bps +vi2) + TN ay, -cos(Bps +¥02) =0, (1.7)

where the equivalence between (7.6) and (7.7) is discussed e.g. in
[Lang93], pp. 23-25. Introducing the vector notation :

{ d=[dpo dgy .. dry |dro dp - d 17 (1.8)
C(2)=[cro crm . cryvlcro e ew 17
{%=sm(ﬂm 0 with v=0L.N; (7.9)
cry =cos(Bps +v82)

2 Specified quantities are denoted by suffix “s”.
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{.]7 denoting transposition, leads to the equivalent inner product
form [Pei94b] :

dT .c(Q)=0. (7.10)

Clearly, for real allpass filters d;, =0, Vv, and the ¢/, terms are
simply dropped.

7.2.2 Actual filter response

In practice, the actual pbase response will hardly match the desired
responsge identically, and the left hand-sided term in (7.10) will be
affected by the error function [Pei94b] :

e()=dT .c(Q). (7.11)

Comparing (7.11), (7.7), and (7.5), it is recognised that the error
function e(£2) is non-linearly related to the phase response error.

7.3 WLS apprommatlon of complex allpass
eigenfilters

The Weighted Least-Squares (WLS) approximation of the complex
allpass A(z) corresponds to the following unconstrained optimization
problem :

minimize  Ewys =L_ W($2)-e(2)? -dQ (7.12)

where I' denotes the frequency region of interest, and W(42) is a
non-negative weighting function. Using (7.11), Ew; s can be restated :

Bws =, w2y a7 .c |? 40
=d7 [L_ wy.c.cT -dQ]-d=dT Q-d (7.13)
with the specific  matrix :

_ T
Q—jr w(2)-Cc-cT .40, (7.14)
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One deduces from the WLS formulation that @ is a real, symmetric,
and definite-positive matrix [Vaid87b). As such, all eigenvalues of 0
are real and strictly positive [Cull72]. Introducing the constraint
dT .d=1, so as to reduce the parameters to the canonical nuber of
free parameters, and te avoid any trivial solution [Vaid87b], (7.12)
can be replaced by the constrained optimization problem :

[minimize Bwrs =L. W(2)-e)” a2 (7.15)

subjecttc 47 .d=1

which is egnivalent to the next formulation using the Lagrange
multiplier optimization method [Rao84] :

(@-2-1)d=0 (7.16)
d7 .d=1,

where I denotes the N xN unit-matrix, and 6 the Nx1 zero
column-vector, Hence, the solntion vector d to the WLS approxima-
tion problem is simply an eigenvector of Q. According to Rayleigh's
principle, this eigenvector corresponds to the minimnm eigenvalne of
Q [Vaid87b, Pei94a, Nguy93, Nguy94, Pei94b] and can easily be
processed nsing the iterative power method [Vaid87b, Golu89].

It should be noticed that there are no direct means to enforce the
stability of the designed allpass filters. Instead, the stability is
indirectly controlled by the specified phase response f§,,(£2). Stabili-
ty should thus be checked after design.

7.4 Internal structure of the eigenfilter
matrix

The eigenfilter matrix @ is featuring several symmetries which are
best identified rewriting C(£2) as :

Cr(82)
Cr(&2)

.
s

- T
C(Q):[ {CR(Q)—[CRO €1« <gN ] (1.17)

Cr(D=[cqo 1 -~ ew )T

from which one derives :
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Cr €T fCcp-cT)
c, ¢k | ¢ ¢t

(7.18)

A CATAE

Inserting the last expression into (7.14) lets the internal structure of
the @ matrix become apparent :

T r
Cr -Cy ICR Gy | Crr | Cri (7.19)

T T[40k (27 | '
c; -} | c; -C] ® | Qn

Q=] W)

with, cf (7.18) Qi =Qh- (7.20)

Each of the sub-matrices Qgp, Qpr» @z, and @y can in turn be
decomposed into Toeplitz- and Hankel-form matrices, leading to a
highly regular problem formulation. For that purpose, let ns consider
an entry of Qpp :

Orr (V)= W(Q)-cry-cry -d<2 (7.21)

with p,v=01,. N, and:
Ry *Crv =sin(Bp; + pQ )-sin(Bps +v82)
=05-{ cos[(st-v) - 2]-cos[28p, +(n+v)-2]}  (7.22)
Introducing matrices P; and P, with elements :
Pi(pv)=(p-v)-2; P(pv)=2Bp,+(p+v)-Q2, (7.28)
it is possible to rewrite (7.21) in matrix form :
Orr =o.5-J’r W () [cos(P; )- cos(P; )] 42 . (7.24)
Equations (7.23) show that P, is a skew-symmetric Toeplitz matrix,

whereas P, corresponds to a Hankel matrix, as can be readily veri-
fied for N =3 :

0 -1 -2 -3 0123

1 0 -1 =2 1234
P = .0 = + -£2. (7.25
1=, 1 o 1|9 B=2Bpti, 5, (7.26)

3 2 1 0 3456
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Considering the configuration of matrices P; and P, together with
the even symmetry cos(tx)=cos(x), it is observed that Qpggr can be
decomposed into two constitnent matrices Q1 and Q- according to
(7.26) and (7.27), where Q) is shown to feature a Toeplitz symme-
try, whereas Q- is charscterized by a Hankel form symmetry.

{QRR =0ci-Qc2 . {Qm = O51+052
Qn=0c1+0c2 = Qg =~Cs1 +0s2

Hence, Qc; and Q¢ are composed of only (N +1) and (2N +1) dif-
ferent entries, respectively. The remaining entries of Q@ and Q¢3
are then structurally determined.

Proceeding similarly for @y, Qp;, and Q;z, the remaining expres-
sions in (7.26) and (7.27) are achieved. It is observed that @ is de-
termined by the same constituent matrices Q¢ and Q3 than Qpp.

(7.26)

Qc1=05- IF W(82)-cos(P, )-d2; [Symmetric Toeplitz)

lQCZ =0.5-_[r W(R2)-cos(P2 )-d2; [Hankel] (1.27)

Os1 =0.5-J-r W(.Q)—sin(Pl ) ds2; [Skew—symmerricToeplitz]

-Q52 =0-5-L, W(82)-sin(P, ) d2; [Hankel).

Op; and @z require the compntation of Qg and Qg¢7, which are
counting N and (2N +1) different entries, respectively. The entries
of the main diagonal of Qg are identical to zero and should not be
explicitly calculated. Moreover, only one of the matrices Qg and Qg
has to he processed, since they are interrelated by (7.20).

Finally, the evaluation of the 0 matrix of an N-th order complex
allpass filter requires the computation of (6N +3) different entries in
(7.27). For real allpass filters, this figure reduces to (3N +2) entries,
since only Qrp has to be processed 3. Further simplifications may
oceur in case of filter configuration symmetries, e.g. for the design of
half-band filters.

3 The provided complexity figures were updated with respect to [Anso95],
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75 Design algorithm

The straight implementation of the eigenfilter design method results
in the following algorithm :

Procedure {Elementary design algonthm for complex allpass eigentfiler}
Begin

Step 1: { Initialization }
Read allpass degree N, the specified frequency region ot
interest I, the specified phase response B ,;, and the non-
negative weighting function W(Q).

Step 2: { Execution of elementary eigenfilter design procedure }
Compute the eigenfilter @ metrix according to (7.26) and
(7.2'7), and get the allpess filter coefficients.

Step 3: { Finel verification }
Verify echieved phase respanse end approximation errar;
Check the filter stability explicitly.

End.

The compntation of the integrals occurring in (7.27) can be neatly
implemented using Simpson’s formula [Spie68, Abra70], which as-
sumes an odd number of equally spaced samples for each integration
interval.

Two strategies can be followed for the practical compntation of the
integrals in (7.27). The first one consists in performing the integra-
tion over the whole frequency domain, resulting in a single integra-
tion interval, witb a typical number of samples situated between 201
and 501 according to the required frequency resolution. Frequency
ranges that are not significant to the filter approximation (don’t care
bands) are then discriminated assigning a zero valne to the weigh-
ting function W(£2) at the corresponding frequencies. Conversely,
strictly positive values are essigned to W () for all significant fre-
quency ranges, where it is noticed that the distribntion of the sppro-
ximetion error can be steared by adjusting the value of W (),

A second strategy for computing the integrals in (7.27) consists in
performing integrations over separate intervals, where the frequency
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resclution (i.e. number of samplas) is selected for each interval accor-
ding to the expected filter selectivity, and to the requested control of
the approximation error.

Clearly, the relation between the specified phase response B ,;, the
weighting function, and the resulting pbase approximation error, is
not easily predictable, so that it is barely possible to determine
beforehand the appropriate weighting function so as to achieve a cer-
tain distribution (read: control) of the phase approximation exror.

It is therefore mnecessary to embed the eigenfilter approximation
method into an iterative optimization scheme, where the weighting
function is updated according to the actual phsese approximation
error, as it is presented below for a guasi-equiripple design.

Procedure { Design slgorithm for quasi-equiripple allpass eigenfiler }
Begin
Step 1: { Initialization }
Read allpass degree N, the specified frequency region of

interest I, the specified phase response £ 4,, and the non-
negative weighting function W (£2).

Step 2: { fterated execution of elementary eigenfilter design proc. }
While quasi-equiripple phase response is not met :

Compute the eigenfilter ¢ matrix eccording to (7.26)
and (7.27), and get the allpass filter coefficients,

Determine the envelope of the phese approximation
error ag given in [Nguy94].
Updste the weighting function accordingly.
EndWhile;
Step 3: { Finaf verification )
Verity echieved phase response and approximation error;
Check the stability explicitly.

End.

The weighting function can be appropriately updated using the enve-
lope (i.e. the curve connecting local maxima) of the phase approxima-
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tion error, as described in [Nguy94). The approximation process is
then terminated after convergence, which may be detected using
different criteria, for instance by measuring the variation of the
achieved allpass coefficients. In this case, when the variation of the
allpass coefficients obtained after tweo consecutive iterations is
getting below a threshold, the approximation process is terminated.
Detailed implementation informations can be found, e.g. in [Nguy94].

7.6 Examples

7.6.1 Exampie of phase equalization

The first application example concerns the phase equalization of a
camplex filter H(z) featuring an amplitude selectivity as shown in
Figure 7.1, and affected by a noticeahle phase distortion in the pass-
hand. H{(z) corresponds to a frequency-shifted sixth-order Chebyshev
filter with passband £ <|-0.07-7, 0.37.7], and a passband ampli-
tude ripple of 1 dB,

Hence, a complex allpass filter A(z) is designed in cascade with H(z)
to achieve the following responses :

G(z)=H(2)-A(z); Bg(2)=Bp (2)+B4(2) (7.28)

where the overall phase response is assumed to be almost linear in
the passband :

Bg(£2)=Ty -£2+6,. (7.29)

The target group delay T and phase shift & are not known before-
hand but can be iteratively estimated, where Ty sbould be kept as
low as possible, while ensuring the stability of the allpass filter. One
technique to achieve this objective consists in applying (multivariate)
Fibonacci sequences [Rao84] to To and &g in order to approach the
optimal value in a predefined number of steps. For each selected
value of these parameters, one performs the eigenfilter design algo-
‘rithm to approximate the allpass filter.
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Figure 7.1: Example of quasi-equiripple phase equalization:

a) Upper left: Amplitude resp. of complex filter to be compensated;

b) Upper right: Phase responses 4;

¢) Lower left: Corresponding group delay;

d) Lower right: Phase approximation error.

7.6.2 Example of lattice WDF design

The second example concerns the design of & real Almost Linear
Phase (ALP) bandpass lattice WDF of symmetric type:

H(2)=05[Aj(2)-Ay(2) ], N=N|+N, (7.30)
and A;(z)=z“~“ (7.31)

Clearly, the allpass A;(z) is requested to approximate the specified
phase response §44,(z)=N) -£2 within the first stopband, 84,,(2)=
N Q+x in the passband, and B4r,(z)=N;-Q +27 in the npper

4 The phase responses are represented in Figures 7.1 and 7.2 with reverse sign
compared to the definition in (2.6).
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stopband, from which it is understood that N, =N +2 is verified to
achieve best selectivity.

For the considered example, the filter orders Ny =28, N, =30, ie,
N =58, were selected. The passband is defined for 2 €[0.27, 0.4x],
and the stopbands for 2o, 0.15z]ufo.457, =]

The resulting amplitude response of H (z), and phase response of
A(z) defined as :
A(2)=A2(D) [ A4(D) (7.32)

are shown in Figure 7.2. As expected, B,((2) features a staircase-
shaped response with phase steps of 7, as required by the specifica-
tions for discrimination between passband and stopbands.
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Figure 7.2: Example of real ALP bandpass LWDF filter design:
a) Uper left:  Amplitude response of achieved ALP bandpass;
b} Upper right: Phase response 4 of allpass A;
¢) Lower left: Corresponding group delay;
d) Lower right: Phase approximation error.
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7.7 Conclusion

This chapter was devoted to analyzing basic properties featured by
eigenfilter approximation methods adapted to the design of allpass
functions and lattice-type WDF's following [Nguy94, Pei94b].

As a particular case of weighted least-squares approximation techni-
ques, the eigenfilter approach relies on a real, symmetric, and
definite-positive matrix ¢ whose internal structure is revealed in the
chapter, so that the precise number of independent entries of @ is
identified, Moreover, the coefficients of the approxiinated allpass are
merely provided by the eigenvector of @ corresponding to the
minimum eigenvalue of 0.

The eigenfilter approach offers the advantage that the approximation
problem formulation is simple, and supperts frequency-based, time-
based, and mixed frequency/time-domain specifications.

Conversely, as a particular weighted least-squares technique, the
eigenfilter approach is only controlling the general shope of the
approximated response, without gnaranteed precise fulfillment of im-
portant features such as stability, and prescribed transmission zeros
and/or minimum loss passband frequencies for lattice-type WDF's.

After publication of [Anso95], the attention of the author was drawn
to the fact that eigenfilter approaches — dne to their essentially
matrix orienfed processing — require substantially more computa-
tional operations than certain other methods [Henk95). This is
particularly the case compared to interpolation techniques relying on
compact recwrrence formulae, either for allpass and IIR filters
[Henk81a, Henk80a, F6ld91], or FIR filters [Leeb891, which in
addition offer a precise control of stability (IIR case) and prescribed
operational points. Regarding mixed time-frequency approximation
problems, the anthor was informed about a technique supporting the
transposition of mixed time-frequency specifications into the sole
frequency domain [Henk95, Henk80b].

From the practical point of view, the allpass eigenfilter approxima-
tion methed proved to be reliable for phase equalization problems
and Almost Linear Phase filter design. However, the design of
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(minimum-phase) amplitnde-approximated lattice-type WDF filters
showed to be sensitive to convergence problems, leading to periodic
variations of the filter coefficient configurations during the iterative
approximation process. Further efforts shonld thns be deserved to
this issne to achieve robust and general purpose eigenfilter methods.

Still, it is believed that the eigenfilter technigue, viewed as a general
purpese optimization tool, does provide an interesting framewerk for
quick design of (snhoptimal) filters, requiring a moderate develop-
ment effort only, and limited circuit theory background knowledge.

Contributions

The contribution of the chapter considered as original to the best
knowledge of the antheor is :

» C7-1: Identification and formunlation of the internal symmetries
characterizing the eigenfilter matrix @ for complex and real
allpass functions, leading to computational lead rednctions during
the execution of allpass eigenfilter-based approximations.

Further potential research
The next subjects are proposed for potential further research:

» The prioritary topic needing further research concerns robustness
improvement of the eigenfilter approximation technigue applied to
allpass functions and lattice-type WDFs, enhancing in particular
the stability and convergence of the approximation algerithm for
enlarged classes of filter responses.

» A secondary subject is given by the reformulation of the eigenfilter
matrix @ in Section 7.4 for allpass filters featuring specific
symmetries, including allpass networks with purely even phase
respense, half-band symmetric allpass functions, etc..

» Otbers.
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Conclusion

8.1 Summary and contributions

This work aimed at studying (complex and real) allpass networks
and Wave Digital Filters, emphasizing lattice-type structures for the
latter, in view of designing robust filters fulfilling general purpose or
specific requirements in numerons signal processing application
fields, including telecommunications, consumer electronics, multi-
media, telesurveillance, bie-medical applications, instrumentation,
microsystems design, and many further domaing of interest.

The objectives were threefold, namely i) stndying the fundamentals
of allpass networks and WDFs, as covered in Chapters 2 and 3;
ii) stndying particular filter subclasses, i.e. (multirate) half-band
WDF's and Digital Hilbert Transforms, as treated in Chapters 4 and
6; and iii) discussing selected filter approximation metheds handled
in Chapters 5 and 7.

Whenever possible, the subjects were processed methadologically,
performing classifications when appropriate, so as to establish clear
links — or to emphasize differences — between topics already known
from publications, and to identify other topics that were not yet
covered in the literature (cf e.g. Table 3.5). Additionally, the meth-
cdological approach helps in generalizing results te potentially
identify new fundamental properties, fromm which varions specific
filter configurations can be generated (cf e.g. equation (5.60), leading
to contributions C5-IV and C5-V).
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Many properties were achieved by analyzing different kinds of ele-
mentary filter response symmelries, as it was for instance the case in
Chapter 2 when decompasing complex allpass functions according to
their even/edd phase response constituents. These respense symme-
tries can most often be directly linked ta specific filter configurations,
or to particular sets of filter coefficients, as illustrated in Chapter 2
by the example of half-band symmetric allpags functions, or in
Chapters 4 and 5 by (warped) bireciprocal WDF's, etc..

Clearly, this link between filter response symmetries and filter con-
figurations/coefficients can be exploited in filter design procedures,
especially by adapting (infinite or finite precision) filter approxima-
tion methods, 8o as to generate filter configurations that are
structurally (and thus exactly) featuring the desired response sym-
metries, even when the filter coefficients are coareely approximated,
e.g. in view of minimizing the computatienal lead, and/or the imple-
mentaticn costs, and/er the power consumptien.

Further detailed discussions and conelusions on the work dene are
provided at the end of eacb chapter.

Contributlions

A set of 20 claimed original contribntions was established along the
report, certain of these claims being further subdivided into partial
claims. These contribntions are fully described in the conclusions of
the corresponding chapters, including the Appendix,

8.2 Perspectives

Many aspects related to the studied domain remain open to further
research of either theoretical or practical nature, specific subjects of
research being listed at the end of the chapters.

Important extension possibilities are given by the study of: i) non-
reciprocal and general reciprocal WDFs; ii) multirate signal analysis/
synthesis filter pairs and filterbanks operating at fracticnal ratios of
sampling frequencies; iii} dedicated approximation methods for
allpass filters and WDFs, including for nou-prototype amplitnde and
mixed amplitnde/phase respenses, and valid for both infinite and
finite precision filter coefficients; iv) application examples; v) cthers.
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Terminology and Mathematical
Background

A.1 Introduction

This appendix provides the elementary terminology, definitions, and
mathematical background referred to in the report.

The chapter is structured as follows. Section A.2 is first recalling
varions properties of real and complex functions. Section A.3 is next
specifying the frequency domains considered in the report. Sections
A4 and A5 are then defining the frequency responses in the so-
called y -domain and z-—-domain, respectively. The hilinear trans-
form of rational and polynomial functions are discussed in Sections
A6 and A.7, followed by the definition of several fundamental prop-
erties verified by single filter functions, or by sets of filter functions,
which are described in Section A.8. Short conclusions are finally
drawn in Section A.9.

A2 Real and complex functions

The mathematical quantities {constants, variables, and functions)
discnssed in the report all belong to the natural integer, signed
integer, real, and complex number systems (N, Z, B, C).



256 Appendix

To improve readability, scalar quantities are represented with plain-
text symbols, e.g. Function(x), whereas vectors and matrices are
denoted by hold-faced symbols, e.g. FunctionMatrix(x) .

A2.1 Real functions

A function f(y) is defined as a real function when it is real-valned
for a real argument ¥ ,ie. f(¥)eR foryveR.

A2.2 Complex functions

A function f(y) is specified as a complex funection when it is
complex-valned even if the argument v is restricted to the real
domain. The following decomposition can be applied :

fW)=fRa W)+ fra ), with j=+-1 A1)
v=E£+j9, with E¢eR {A2)

where fg, (%) and fy, (v) are real functions. fg, and f;, are speci-
fied as the real analytic and imaginary analytic parts of F ).

A23 Analytic functlons

Let f(y) be a complex function in some region R of the y -plane,
and let the derivative of f (y) be defined as :

fy+4y) - fy)
0 Ay

f)y= lim )
Ay -

provided that the limit exists independent of the manner in which

Ay — 0. If the derivative f(y) exists at all points v of the region R,

then f(y) is said to be analytic ! in R and is referred to as an

analytic function in R. Reformulating f(y) as:

f('V)= féa (§'¢) + .)' f!’a (§'¢) b

a necessary condition for f(y) to be analytic in X is that sz, and
Ji. satisfy the Cauchy-Riemann eguations in R :
af}éa (g,‘f*’)_afl:x (&.9) 0 fRa (§s¢)_—affa (g:‘ﬁ)

of % ¢ 3

! The terms regular and holomorphic are used as synonyms for analytic.
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The Cauchy-Riemann equations become in addition a sufficient con-
dition for f(y) to be analytic in % in case the former partial
derivatives are continuous in R [Spie74, Lavr77].

A point yy at which f(y) fails to be analytic is called a singular
point or a singularity of f(y). There are different kinds of singulari-
ties, including isolated singularities, poles, branch points, removable
singularities, essential singularities, and singulerities at infinity,
which can be classified using the Lanrent series of f(y) [Spie74).

A.24 Even and odd functions

It is recalled that a real or complex function f(y) satisfying
f)y=F(-w) is said to by even, whereas it is odd for
fy)=-f(-w). Any function, either real or complex, can be
decomposed into its even and odd constituents denoted fg and fp,
respectively :

FA=fe@)+fow), (A.3)
fs(w)=%-[f(w)+f(-w)], fow=2-[7m-fwl  Adab)

Derivative of even and odd functions

The (total) first derivative of any real or analytic complex function
f (), evaluated at any non-singular point of the y -plane [Youn73],
is denoted :

Fwy=d fiy) [/ dg. (A.5)

Whenever they exist, higher-order derivatives are achieved by iter-
ated application of (A.5). By vertne of (A.4), the first derivative of fg
and fo evaluated at non-singular points is :

f'E(w)=5-[f(w)—f(—W)], fo(w)=§-[f(w)+f(-w)]. (A.Ba,b)

Hence, the first derivative of an even (odd) function is odd (even).
The rule for higher-order derivatives is then obtained by induction, cf
Table A.1.
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a5 w) " rw) d2™ )
dy dw,Zm dw(2m+1)
Flw) Even Odd Even Odd
Odd Even Gdd Even

Tabie A.1: First-order and higher-order derivatives of even / odd
functions (m=1,2,..).

A.2.5 Complex conjugation

The complex conjugate of a variable ¥ is denoted by v *, and the
complex conjugate of a function f(y) by f*(y) :

w=lrenT. (A7)
A2.6 Biconjugation
The biconjugate of a complex function f(y) is defined as :
fW)=f*w". (a.8)

The biconjugate has been introdunced to precisely determine the real
and imaginary analytic parts of a function (Meer83] :

Ra{f(uf)}=fna(w)=-;- {ra+Fwy]
(A.9a,b)

a{f W)= f1a W) =-2'7[f(w-f(v) ]

It is noticed that :
Ra{f(w)}=Ra{r )}, a{f ) }=-la{r @)}. (A.10)

A.2,7 Paraconjugation
The paraconjugate of a complex function f(y) is given by :

L) = (u")=f(-v). (A.11)

Para-even and para-odd functions

A fonction satisfying f(w)= f, (¥) is said to be para-even, whereas it
is called para-odd for f(y)=-f,(¥). Any complex function can be
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decomposed into its para-even and para-odd constituents dencted
fe(y) and f, (¥) , respectively :

f@r=few)+fo¥). (A.12)
rw=limenw] fe=2lre-ne] @b

Hence :
f=f, & f,=0; f=f, & f,=0. (A.14a,b)
For real functions, the paraconjugate becomes f, (y)= f(-y), and

the para-even/odd constituents simply rednce to the even/edd parts of
f ), respectively.

Product and quotient of para-even and para-odd functions

In view of the former definitions, it is observed that the product of
twe para-even or two para-odd functicns is para-even; conversely, the
product of a para-even with a para-odd function is para-odd .

f,)e, w)=1f, )¢, (), = para-even;  (A.15a)
f,W)-g, W)=Lf (¥)-g, (¥)], = paraeven;  (A.1Sh)
foW)e,w)=-1f, (e, ¥)], = paraedd (A.16¢)

Same features are ohbvicnsly verified for the quetient of para-even/
odd functions.

Transformation of para-even/odd functions into para-odd/even
ones

As a particular case of (A.15b,c), selecting g, =1 j, it is noticed that
a para-even (para-cdd) function f becomes para-odd (para-even) :

(£j-f,¥))=-(tj-f,(y)), = para-cdd (A.162)

(£j-F,(w)l=+[£j f, )], =} para-even, (A.16b)
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Para-even and para-odd functions evaluated along the
imaginary axis

According to (A.11), the paraconjugate of any function f(y) evaln-
ated along the purely imaginary axis v = j-¢, ¢ € R, is equal to its
complex conjugate :

LG @=F*(i-9). (A.17)

It follows fram (A.13), (A.14) and (A.17) that a para-even (para-odd)
function evaluated along v = j-¢ is a purely real-valued (imaginary-
valued) function :

f=f, = [,Ge=jm{f¢)}=0, (A.18a)
f=f, = f,(-9=Re{f(j-¢)}=0. (A.18b)

Accordingly, the argument of any complex function f= f.+f,
processed along the imaginary axis y = j- ¢ is achieved using .

Arg{ f(j-¢) }=arctan(= j- £, (j-¢)/ fe (j-9)) . (A.19)
Real and imaginary analytic parta of para-even/odd functions
The following equations are verified by definition, applying (A.11) .

feW)=fax(W)=Ffe(-¥), fo@W)=—far(W)=—Sfo(-¥). (A20ab)

Introducing (A.20a,b) into (A.9a,b), it is demonstrated that the real
analytic and imaginary analytic parts of a para-even (para-odd)
functioun are even (odd) and odd (even), respectively :

Re{fe@)}= 3 [feW)+feW)]=Gpy) = Even; (A21a)
ta{f, ()} =2Lj oW - fo-9)=Gotw) = 044  (A21b)
Relfo, )= U= fo(-W)]How) = 0dd  (A210
a{f, W)} =-2-1—} oW+ fo(-w)=Hp(y) = Even. (A21d)

Accordingly, any para-even and para-odd complex function can be
reformulated as follows, using the real functions Gg, Gop, Hg, and
H o defined in (A.21) :
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feW)=Ge )+ j-Go¥), foW)=HoW)+jHp(y). (A22ab)

Derivative of para-even and para-odd functions

Taking into account Table A.1, the form of the first (total) derivative
of analytic para-even and para-odd functions, evaluated at non-
singular peints, is directly achieved from (A.22), resulting in Table
A2, The form of higher-order (total) derivatives is merely deduced by
induction, and emitted for conciseness.

Ra{ f(v)} l{ f ()} faw)
fan) Para-even 0Odd Even Para-odd
Para-odd Even Odd Para-even

Table A.2; First-order derivative of para-even and para-odd functions.

Polynomial functions

For pelynomial functions, the paracenjugate has the following form :
fW=Xloe, v = fa)=Z)ga (v, (29
o f@)=ay, TIV, w-v,,)
w1l M . (A24)
= f$(‘1y)=(-l) ‘aN 'Hv=1 (W+WO‘,)»

from which it is observed that the zeros yg, of f(y¥) are mapped
onto (-ygy) for £, (y).
Para-even and para-odd polynomials

Clearly, for para-even/odd pelynomials, i.e. f(y)=1f, (wv), the set of
zeros of f(v) and f, () become identical, ie. {vg, }={-v*q, }.
The zeros are thus eccurring as follows fory =& + j-¢ :

&1#0 = paired zeros (Woy .~ ¥y ), incl. multiplicity;  (A.25a)
& =0 = single or multiple zeros on axis Re{vy }=0. {(A.25b)

Using (A.23), one obtains a set of conditions to be verified by the
coefficients of para-even/odd polynomials (cf Table A.3) :
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Cooditions to be fulfilled
For ¥ even: For ¥ odd:

f(y)para-even =  f,(y)=0 Im{a, }=0 Re{ay }=0
flyyparaodd =  fo(y)=0 | Re{ay, }=0 | Im{ay }=0

Table A.3: Coefficients of para-even/odd polynomials .

Tbe most general form of para-evenfodd polynomials of degree N is
thus given by :
fey= F@)+jv-Faw?) (A.262)
foW)=y-Fay?)+j  Faty?) (A.26b)
where F; (v) are real polynomials of degree N;, i=1,2,3,4, with :
N=2.(Ny+Ny)+1; N=2.(N3+Ng)+l.  (A27ab)
It is noted that (A.26a,b) complies with (A.22a b).

Mapping of para-cven/odd polynomials into real polynomials
Performing the substitution y — (£ j.y) in (A.26a), it is deduced that
a para-even polynomial f, can be mapped into a real polynomial, the
real (imaginary) analytic part of f, being transformed into the even
(odd) part of the resulting polynomial, cf (A.28a). Applying the same
procedure to the para-odd polynomial £, in (A.26b), and multiplying
by j, one obtains (A.28b) 2 :

foxiw=  Fy) Ty -F-v?) (A.282)
J fEjiwy=Tw-Fa(-y1) - Fy(-v?). (A.28b)

Conversely, any real polynomial F composed of its even and odd con-
stituents :

Fy)=F (-y¥)+y Fy(-v?) (A.29)

2 These mappings are useful to simplify the implementation of certain types of
allpass functions, f Section 2.6, including so-called bireciprocal filters based
thereof, ¢f Chapter 4.
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can be mapped onto the para-even polynomial f, given in (A.26a)
nsing the substitntion v — (j-y). A para-odd polynomial can further
be achieved multiplying the result by (+ /), ¢f (A.16a).

Argument of para-even/odd polynomials along the imaginary
axis

According to (A.18), the argument of para-even/odd polynomials
evalnated along v = j-¢ is shown to be constant :

Arg{ fo(j-®)} = kem, keZ, (A.30a)
Arg{ fo(j-®) }=mI2+k 7, (A.30b)

except for posgible steps of value !-%, I€Z, encountered along
v = j-¢ when ¢ equals the imaginary part of the zeros of f, and f,,
respectively,

Rational functions

Clearly, the case of rational functions is handled by applying to the
numerator and denominator the properties derived for polynomials,

In particular, it is easily demonstrated that equations (A.26a,b), and
thus (A.28a,b), are also fulfilled for complex para-even/odd rational
functions, F; () corresponding now to real rational functions, with
{=1,2,3,4. Tbe demonstration is omitted for conciseness.

Transcendental functions

The paraconjugate of the exponential function is merely achieved
nsing Taylor’s series expansion [Abra70] :

[exe(s ) L=exp( £, (w)). (A8D)
The paraconjugates of the hyperbolic functions are then obtained :
[cosh(£ () |=cosh( £, (w)); [sinh(f(y)}],=sinh(, (w); (A.32ab)
[tanh(f @) | .= tanh( £, w)); [coth(f () ),=coth(f, ). (A.33a,b)
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A.2.8 Reciprocation
The reciprocal of any real or complex polynomial f(y) of degree N is
specified by :

Fan=y" sy (A.34)

where f and f are assumed to be devoid of any zero located at the
origin, so that they are uniguely interrelated, and of same degree.

Circularly symmetric and cireularly anti-symmetric polyno-
mials

A real or complex polynomial fulfilling f(y)=f(y) is said to be cir-
cularly symmetric (CS), whereas it is called circularly anti-symmetric
(CA) 3 for f(y)=-f(¥). Any polynomial can be decomposed into its
CS and CA parts denoted f . () and f., (¥), respectively :

FW)=Ffes W+ fea W), (A.35)

Location of zeros
Rewriting the formula (A.34) in an explicit form :
f=Xhoa, v’ = Fw=XN,a, vV, (A.37)

or  f@)=ay TI, W-voy)

7 N N (A.38)
the zeros wo, of f are clearly mapped onto 1/, for f. Further-
more, for CS and CA polynomials, the set of zeros of f and f become
identical, ie. {ygy }={1/¥o, }. The zeros are thus occurring as
follows, including any multiplicity in each case :

Woy =11 = sgelf-reciprocal zero; (A.39a)

3 Circularly (anti-) symmetric pelynomials are also termed (anti-) mirror-image
polynomials. Moreover, circularly anti-symmetric pelynomials are sometimes
also called anti-circularly symmetric [Bose851.
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Woy € B, o, #tl = pair of reciprocal zeros (v, ,l/v, ; (A.39D)
vov €C, [wov |=1 = complex conjugate zeros (vg, ,¥gy)  (A.39¢)

voy €C, [wov[=} = pair of reciprocal zeros (woy .l/voy ); (A.39d)
In case f. () andlor f., (¥) become real, (A.39d) is replaced by :
Voy €T, [woy |#1 = quadruplets (v, . ¥dy . L/voy, 1/ ¥5y ). (A.39¢)

Introducing (A.39a-e) into (A.38) and (A.37), the next properties are
obtained, ¥, indicating the number of zeros at Vo, =1 [Bose85]:

Conditions to be fulfilled
Parity of N Coefficients

v=12,..N | For N even
f@)CS = foop)=0 N even a,= ay_,
fw)CA = [fe(w)=0 Ny odd a, =—a

Table A.4: Basic properties of real and complex CS and CA polynomials,

A.2.9 Para-reciprocation
The para-reciprocal [Dels78)] of a complex function f(y) is defined
by 4

fan=ruyn=7aiy). (A.40)

Para-reciprocal polynomials

The notation (A.40) is maintained for polynomials in order to comply
with usual literature, e.g. [Vaid87a, Vaid93]. One should then take
care of the difference between (A.40) and (A.34).

Para-circularly symmetric and anti-symmetric polynomials

A complex polynomial of degree N satisfying fay=v " . F(v) is said
to be para-circularly symmetric (PCS), while it is termed pera-circu-

4 The f(y)= F(w¥) mapping is also referred to as the tilde-operator, or the
tilde notation, e.g. [Vaid87al, or [Vaid93] p. 28,
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larly anti-symmetric (PCA) for fuy)=-w¥ . fy). Any complex polyno-
mial can be split into its PCS and PCA constitnents :

FOWY=F W)+ 0, ). (A.41)
_fw+v” Fa) _fan-v" - Fu
S pes W)= 2 b L ey W)= > . (A42ah)
Location of zeros
One derives from (A.40) :

fr=Xlioe, v’ = v .Fau)=3XV a vV, (A4

o fw)=ay TIN, w-wov)

= WN'f(‘V)'_"aN 'H;}L] ("‘V{)u)'n:};l {V_”‘V(;v),
and the zeros g, of f are clearly mapped onto 1/y, for v% . F(y).
Furthermore, for PCS and PCA polynomials, the set of zeros of f
and ¢ . f(y) are just the same, ie. {yq, }={1/v{, } The zeros are
thus appearing as follows, including any multiplicity in each case :

Yoy =%l = self-reciprocal zero; ) (A.452)
Wov € R, gy £l = pair of reciprocal zeros (wg, ,l/wgy );  (Adbb)
woy €C, wov]=1 = self-para-reciprocal zero; (A.45¢c)
vov €C, [wov]®1 = pairof “ ¢ ¢ ¢ (g, liyey ). (A45d)

The features listed in Table A5 are then obtained, N; designating
again the number of zeres at Yoy =1

Conditions to be fulfilled
Parity of N Coefficients
v=L2,.N | For N even

FWIPCS = fpaW)=0] Nyeven |ay,= ayy |Imiay,,)=0

FWIPCA = [, (W)=0{ N ,o0dd |ay =—ap_y |Refa

nip2=0
Table A.5: Basic properties of complex PCS and PCA polynomials.
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A3 Frequency domains

Adopting the approach followed in the field of Wave Digital Filters
[Fett86, Bahe84], three complementary frequency domains are con-
sidered in the report :

the p-domain(p-plane), where p is the actual complex frequency;

the v -domain(y -plane), y correspending to Richards' variable
used for the design of commensurate distributed
reference filters;

the z-domain ( z-plane), where z is the common complex frequency
variable applied for digital signal processing.

iImip) w jo Hmiy) = jo jim (z)
-1 ]
A

p - plane W - plane Z - plane

Re (p)

V- piare e

Figure A.1: Mapping between the considered complex frequency domains.

Formally, the variables are defined as follows [Fett86] :

v=(z-1/(z+1) 3 v =tanh(p-7,/2); (A.46a,b)
z=(+y)/(1-¥) ; z=exp(p-Ts) ; (A47a,b)
p=;§-°al‘ctanh(w) ; p=TL-Ln(2) ; (A.48a.b)

5 ¥
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T, =1/f, ; W, =27 f; .  (A49ab)

where 7, and f, correspond to the sampling period and sampling

frequency, respectively. As can be seen, the v and z variables are

interrelated by the (forward) bilinear transform Ty [Jury73] :
H(z2)=Tp{SW)}=5@) (A.50)

¥ =(z-1)/(z+])

and the inverse bilinear transform Tig :

S)=Tip {H(2)}=H(2) (A51)
z=(1+y)/(1-y).

It is noticed that Tg is nermalized, according to what is practiced in
the WDF field [Fett86). Both variables ¥ and z are thus normalized

and dimensionless. This is in contrast to another used definition
Tg =(2/T;)-Tg, cf [Jack89, Oppe89, Anta93].

The relationship between real frequencies « in the p-plane and real
frequencies ¢ in the y -plane is given by :

¢=tan(w-T;/2}; p=j-@; v=j¢. (A.52a,b,c)

In particular, real frequencies @ lying in the Nyqnist range
(0Swsr-f,) are exactly mapped in a one-to-one correspondence
onto the range (0£¢ <), see Figure A.1. Furthermore, stable filters
in one domain are mapped onto stable filters in the other domains :

Re(y)>0 & Re(p)>0 & |z][>1
Re(y)=0 & Re(p)=0 o |z|=1 (A53)
Re(¥)<0 & Re(p)<0 & |z[<l.

1t follows from (A.52a) that the bilinear transform introduces a non-
linear distortion of the real frequency values when passing from the
y -domain to the z-domain and vice-versa. This distortion — denoted
as the frequency warping effect - is irrelevant in the design process of
linear time-invariant digital filters, since it can be precompensated
by adjusting the filter specifications.
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Finally, the normalized frequency Q is introduced, with a principal
value limited to 0<Q2<x for real filters, afid to -7<Q<zx for
complex filters :

Q=0T (A.54)

A3.1 Correspondences induced by the bilinear
transform

The next relations can be established from (A.46a) and (A.47a) :

v -domain z-domain
S(yw)o S(-y) o H()P H(/2)
Sty S(ify) = H()= H(-2)

Tabie A.6: Correspondences induced by the bilinear transform.

A.4 Frequency responses in the y-domain

In the report, the filter design is considered in both y and z-

domains. This section is devoted to defining the frequency responses

in the ¥ -domain, first in their analytic form.

A.4.1 Complex amplitude and phase responses

The transfer function S(y) of a filter is specified by :
Swy=exp(-[Xw)+ow)]), with X=X, ¢=0,,  (A55)

where X(y) and ®(y) are the complex attenuation and complex

phase of S(y), respectively, By definition, X{y) is para-even,

whereas @(y) is para-odd. Hence, according to (A.18), X and ¢ are

shown to be purely real and imaginary valnad for real frequencies
v =j-¢, p e R, which agrees with standard notations :

X(j-®)=x(@), (j-¢=j-0(9), with x(¢), ¢(9), ¢ R. (A.56ab)
It follows from (A.55) that X (y) and ®(y) are expressed as :
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Xwy=-3 -t swy 5,0 ¢(w)=—%-ln[f%]. (A5Tab)

A4.2 Complex group delay
The complex group delay T (w) of S(y) is defined by :

T(w)=% Day). (A.58)

Assuming that § is a rational function, i.e. SW)=N@)/D(y), the
camplex group delay can be rewritten using (A.57b) :

Ny M) (bay D)
Ny) N, )] |Dw) D,w)

(A.59)

-1
T(W)——z"

To evaluate the right hand-sided part of (A.59), let us consider the
palynemial N(y) and its derivative n(y), which, according to Table
A.2, are related as given below ;

n=n +n =N, with n =N, n =N_. (A.60)
Hence, the next result is ebtained :
NIN - N, [N,=2-(N,-n -N,-n )/ (N} -N?). (A.61)

Consequently, it is demcenstrated that expression (A.61), and by ex-
tension also the group delay T () in (A.59), are :

i) rational functions;

il) para-even, and thus of form (A.26a), F;(y¥) in (A.26a) carre-
sponding to real rational functions with i=1,2;

iii) real-valued for real frequeucies y = j-¢, ¢ R, according to
(A18), i.e. T(j-9)=T(¢).

A.43 Responses for real frequencies

Far i = j-¢, the attenuation and phase responses take the form :

X@)=X(j-9)=—Re{In(S(j-¢)}
==21n| $(j-9)-$,(j-9) [=-1n| $C-0)], (462)
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P(§)=-j - B(j-¢)=-Im{In(5(j-¢)}
=2In[$5(j-9)/S.(j-9)] =~Arg{S(j-9)} . (A.63)
where the attenuation measured in decibel is defined by :
a(¢)=-20-logjo| S(j-¢)|=(20/1n10)-x(¢) [dB)l.  (A.69)

The group delay is then given by :

T(¢)=T(f-¢)=% 0(9). (A.65)

A.5 Frequnency responses in the z-doniain

In this section, the frequency responses are given in the z-domain.
The notation is slightly changed with respect to the y -domain,
A.5.1 Amplitude and phase responses

In the z-demain, the frequency respense of any complex or real dis-
crete-time function H(z) is evaluated on the unit-circle | zI=1 :

a2 )= H(x) . =| Hle® )|<e—jBH (42) (A.66)

z=e’

where |H@™ ) is the amplitude response and Byt) the phase
response of H(z). Alternatively to | H (e/?)|, the attenuation res-
ponse ap (£2) is defined :

ag (2)==20. ]0g10| H(@ )| [dB]. (A.67)

A.52 Unwrapped phase response

Since the phase response

Bu(Q)= -Arg{H(ejﬂ )} (A.68)
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is a multi-valned function, it is not uniquely related ta the correspon-
ding filter function. In practice, ouly the Principal Value B ypy (£2)
of By (82) is usually considered 5 :

S PBypv(82)sn; By (2)=Byev(2)+2n-ky (£2) (A.69)

wbere Bpy (22) and the true phase response fp (£2) are related
by the frequency dependent integer factor iy (£2). If necessary,
B 17 (£2) can be reconstructed from fppy (£2) using varions phase
unwrapping techniques ta determine the factor kg (£2) :

- fram B ypy (£2) alone in the simplest case (eritical approach,
especially when the poles or zeros of H{z) become clustered);

- from Bjypy (22) together with its derivative (more reliable meth-
ods) [AlNa89, Kraj92, Trib77];

— other approach [Henk96], derived from {Henk84], page 77 bis.

Recently, phase unwrapping methods were also proposed for complex
signals and multidimensional signals, e.g. [Yama98, Yama95].

In this report, unwrapped phase responses are evalnated with res-
pect to the reference point :

By (2=0)=Bypy (£2=0), withs -r<By(Q=0<r, (A70)
involving by definition k (£2=0)=0.

A.5.3 Group delay

Thbe phase characterigtic of a filter can also be represented by the
group delay, normalized to the sampling period T :

Ty (Q)=—-—-dﬁ g‘;m (7,1 (A1)

% Usually, the Principal Velue iz formally specified either over the range
-7 < Bypy (2)<m, or over the range —x < fypy (2) <7, avoiding a simul-
teneous inclusion of both limits at +z , thus providing for a unique definition
of k(2) in (A.69). In practice, the selection between both definitions depends
on the used computer and/or software. In this report, the range of fy py was
extended to —n < By py (R)S7  to cover both ceses, assuming that k() is
properly and uniquely processed by the underlying computer/software.
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A.6 Bilinear transform of rational funections

The bilinear transform of stable and irreducible rational functions is
obtained by 2 mere application of the forward bilinear transform Tpg
defined in (A.50),

It is observed that singular points at v =1 are mapped onto z=-
through Tg. However, assuming the rational function S(y') in (A.50)
stable, these singular points at ¥ =1 may only occur in the nnmera-
tor of S(¥). S(y) is then specified as follows, s( corresponding to a
complex constant,

w -0 T2 )
SW)=sg - i m H“ - W Vou ) (A.72)
HV:] (V_'va)

with M=M;+M,, 0SM<N, N21,

and o, #1, for p=12,.,M,.

Applying the bilinear transform, one achieves :

"2 (z-z0u)
H(Z)=TB{S(W)}=ho-(z+1)(N‘M}-‘”—”, (A.73a)
H‘V—l (Z"'zmv)
M,
with hg-—-so-( ™ d 0 w‘”‘), (A.73b)
H‘c;l (l _'VQOV)
MWou DV (A730)

and 20p =

It is noticed that H(:) possesses (N —Af) zeros at z=~1. Further-
more, indicating the degree of a polynomial by deg(-), and denoting
the numerator and denominator of H (z) by muny and den gy, respec-
tively, it is remarked that :

Mi=0 = deglnum g y=deg(dengyg =N ; (A.74a)

deg(numpy )=N-M;,

deg(denyy )=N. (A.74b)

M1>0 = {
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As a consequence, deg(num g ) S deg(deny ), so that causality is guar-
anteed for H(z) in addition to stability when applying Tp to a stable
and causal §(y). The situations presented in Table A.7 are then

Appendix

distinguished.
Forward bilinear transform Tp |
* Inverse bilinear transform T,
Sy) H(z)
Case Type Parameters Type Parameters
1 All-pole Mi=My=M=0 — deg(numy )=N
deg{deny }=N
AN zerosat z=-1
2 — | M3=0 M=M=N All-pole deg(numpy )=0
AN zerosaty =1 deg(deng ) =N
3 —_— My =0 Causal deg(numpy )=N
M=M; FIR deg(deny )= N
IN polesaty =—1 IN polesatz=0
4 Allpass M=N Allpass | deg(numy y=N-M,
| 50 ]=1 deg(deng Y=N
AM, polesaty =-1 IAM, polesatz=0
Vov ==~Vay zov = 20y
velu,Mj. v=1,.M,.

Table A.T: Correspondence between different types of rational
filter functions,

A.6.1 Bilinear transform of allpass functions

According to the fourth entry in Table A.7, an allpass function is
expressed in the v -domain by :

with 1SM=M, +M; =N,

v+l

V¥ oy
V_Vao?

_1]Ml M,
v=1

S(y)=s9 [L

J

(A.75)

Vey #-1, forv=12,.,M2; and |s5¢ |=1.
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And the corresponding allpass function in the z-domain is -

. My (.
H(2)=Tg{SW)}=hg -z~ M1 1 [M] , (A.768)

M2 *
with ho=so-(-DM . JJ | =¥=v || (A.76b)
Sl -V

and Yoy #-1, 7.y %0, forv=12..M;.
The next relation is moreover established from (A.76b) :
lsol=t = |ho|=]Iy3 2wy |- (A.76¢)

Alternative expressions often used for S(w) and H(z) are:

S(y)=o-

8 W), ¥ *Vay
(W) v=] V_Waov

], v wao‘v s ¥V =l,2,....N; (A.77a)

with o=s¢-(-D"; (A.77b)

wbere g(y) is a monic 6 polynomial, that is strictly Hurwitz for a
strictly stable S(y), and ;

N{q1_,* .
H(z)=l-H[¥], ¥ 2oy, v=L2,..N; (A.T78a)

v=ll 27 Zeoy

where the constant A only depends on the poles z, distinct from

the origin :
Maf _ Myl1-w2
Asho JI | = o T | —= |, (A.78b)
v=l | 7oy val | 1=V ey
with Wy #-1, Zey #0, v=12,.,M,.

It is deduced from (A.77b) and (A.78b) that :
|sg|=1 =  |o|=1 =  |A|=1 (A.78¢)

§ A polynomial is monic when its leading coefficient, associated to the highest
power of the independent variable, is equal to +1 [Bele68, p. 408].
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A.7 Bilinear transform of polynomial
functions

It is useful to consider polynomial functions separately to observe
how the symmetries (i.e. eveness, oddness, etc.) are transferred from
one domain to the other. However, it is necessary to replace the
forward and inverse bilinear transforms defined in (A.50) and (A.51},
respectively, by the modified forward and inverse bilinear transforms
Tpp and Tgp specified below :

F()=Tpp{f}=+D" - fy) ‘ (A.79)

v=(z=-Di(z+1)
f@)=Tip{F(}=0-v)" -F(2) (A.80)

z={1+y)1-y)

so that a polynomial f(y) of degree N in the w -domain is mapped
onto a proper polynomial F(z) in the z-domain, and vice-versa. The
following correspondence table is then established :

Modified forward bilinear transform TL

Original polynomial in 1 -domain Target polynomial in Z ~domain
Polynomial type Expression Expression Polynomial type
Even fw)= f(-y) = |F(2)= F(2) cs

Odd fwy=-f(-y) = [F(2)=-F(2) CA
Para-even fwdy= f.(y) = [F(z)= " F(2) PCS
Para-odd fg)=—F. () = |F(=-2" .F(z) |PCA

Cs fay= Fa = |F(2)= (-1)" F(~2)|Even/0dd
CA fry=-Fw) = |F(2)=—~(-1)" F(=z) | Odd/Even
PCS fy= v¥ Fa | = [Fy= DY F,(2) |Para-eveniodd
PCA ray=-y" Fu) | = [F(=-(-1" F, (2) | Para-odd/even

Table A.8: Correspouvdence between different types of pelynomial
functions.
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It is remarked that Table A.8 helds for polynomials f(y) pessessing
zeros located at y =1, ef the discussion made ifi Section A.6, in which
case f(¥) and F(z) are not of same degree.

It is further noticed that proper CS, CA, PCS, and PCA polynomials
in the v -demain { z-demain) shguld be deveid of any zero located at
¥ =0 (2=0). The corresponding even, odd, para-even, and para-edd
polynomials in the z-demain (y -domain) will then be devoid of any
zero sitnated at z=1 (y =-1).

A.8 Properties of single filter functions and
sets of filter functions

The next definitions are given in the z-domain, but they apply as
well in the y -demain using appropriate adjustments determined by
the bilinear transform Tg.

A.8.1 Minimum, nop-minimum, and maximum phase
functions

It is recalled that the transmission zeros of a ratignal function —
either complex or real — merely correspond to the zeros of its nn-
merator polynemial. This definition applies to (causal and stable)
Infinite Impulse Response (IIR) filters, and to (causal) Finite Impulse
Response (FIR) filters,

Still by definition, a complex or real function is termed minimum
phase when its transmission zeros are all confined to the closed unit-
circle in the z-plane, i.e. |zgy|S1, YveN. Similarly, a function is
dendted as non-minimum phase when at least one of its transmission
zeros is located outside the closed unit-circle. Finally, a function
features a maximum phase respense when all its transmission zeros
are sitnated ontside the closed unmit-circle. As an example, non-
pathological allpass functions are of maximum phase type.

A8.2 Power complementarity

A set of N discrete-time functions [H(2), ..., Hy (2)] is said to be
power-complementary if the next property is verified [Fett86,Vaid90):
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Ei\;]ﬁk (2)-Hy(2)=¢, ¢>0, forallz. (A.81)

The power complementarity condition of a system expresses that the
global energy or steady-state power of its signals is preserved. In
particular, the global energy (steady-state power) of the input signals
is then equal to the global energy (steady-state power) of the output
signals. For a (pseudo-) lossless system, ¢ = 1 [Fett86, Vaid90).

A.8.3 Allpass complementarity

Similarly, a set of discrete-time functions [H, (z),..., Hy (2)] is said to
be allpass-complementary wben the next equation is fulfilled
[Fett86, Vaid90] :

YV (Hp(2)=A(2), A(2) being an allpass function.  (A.82)

This property indicates that a signal filtered by a set of allpass
complemeutary functions can be reconstructed exactly, except for a
possible phase distortion.

A.8.4 Double complementarity

A get of discrete-time functions is called doubly complementary when
both power and allpass complementarity conditions are met [Fett86,
Vaid90). The double complementarity condition plays a major role in
signal analysis and signal synthesis algorithms (branching filters,
filter banks, polyphase filters, etc.).

A85 Magnitude complemeuntarity

A set of N discrete-time functions [H{(z),..,Hy (z)] is said to be
maognitude-complementary if they are featuring the next property :

SV | He(@)|=e, ¢>0, for z=e5? (A.83)
For (pseudo-) lossless systems, ¢=1.

A.8.8 Double magnltude complementarity

Finally, a set of discrete-time functions is called doubly magnitude
complementary when both magnitude and allpass complementarity
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conditions are fulfilled 7. The double magnitude complementarity
condition is useful for the design of signal analysis and synthesis
algerithms requiring a certain insensitivity to phase mismatch
between the constituent signals. Applications have been referred to
in the field of high quality loudspeaker crossovers.

A9 Conclusion

In this appendix, a certain nnmber of elementary concepts and defi-
nitions were recalled as a general background for the report, empha-
sizing issues related to complex polynomials and rational functions.

Contributions

Although important parts of the developments, identified properties,
and proofs were elaborated by the author himself for the sake of this
report, no claim of originality is expressed for any specific topic
presented in this appendix, the subject being certainly trivial for
mathematicians, or specialists in circuit theory or automatic control.
CA-I: Still, the author feels that the systematic organization of the
appendix and the overall compiled information offer a certain level of
originality for the cireuits and systems engineering community.

T No particular name degignating this feature could be found in the literature;
hence, the term “doubly magnitude complementar(it)y” introduced here is
probably not known / understood outside of the report.
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