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Abstract 

Digital allpass networks and Wave Digital Filters (WDFs) corres­
pond to important and robust filter categories that can be flexibly 
adapted to satisfy general purpose or specific requirements in a large 
range of signal processing domains, including telecommunications, 
consumer electronics, multimedia, bio-medical applications, instru­
mentation, microsystems design, and many more. 

In this report, complex and real allpass networks and Wave Digital 
Filters are studied, emphasizing lattice-type structures for the latter, 
which are composed of two parallel-connected allpass functions. 

The purpose of this study is multi-fold, and comprises theoretical as 
well as practical aspects. Hence, regarding complex and real allpass 
functions, a systematic study of stability-related properties is per­
formed, resulting in the generalization of a known stability condition, 
and further in several new stability conditions. Additionally, the 
basic features of half-band symmetric allpass filters are identified. 

Moreover, an extended review of complex and real WDFs is pre­
sented, leading to several interesting results, including the provision 
of synoptic design tables for real lattice-type WDFs. 

Specific WDF configurations are then discussed in detail, encompass­
ing bireciprocal (i.e. half-band) WDFs, which are demonstrated to be 
essentially real, warped bireciprocal WDFs, various Digital Hilbert 
Transformers, and several filter approximation methods. 

Finally, a series of examples is provided along the report, allowing in 
most cases to reproduce the results so as to verify the described 
features, or to perform comparisons. 



Résumé 

Les réseaux numériques passe-tout et les filtres numériques d'onde 
(WDFs) correspondent à d'importantes catégories de filtres robustes, 
que l'on peut aisément adapter pour résoudre des problèmes géné­
raux ou spécifiques de traitement du signal dans les télécommunica­
tions, ou dans l'électronique grand-public, les multimédias, les appli­
cations bio-médicales, l'instrumentation, les microsystèmes, etc.. 

Ce rapport considère l'étude de filtres passe-tout et de WDFs 
complexes et réels, en privilégiant pour ces derniers les structures en 
treillis constituées de deux passe-tout branchés en parallèle. 

L'objectif de cette étude est multiple et comprend des aspects théori­
ques et pratiques. Considérant les passe-tout complexes et réels, une 
étude systématique des conditions de stabilité est effectuée, résul­
tant en la généralisation d'une condition de stabilité connue, ainsi 
qu'en plusieurs nouvelles conditions de stabilité. De plus, les proprié­
tés élémentaires de filtres passe-tout demi-bande sont établies. 

En outre, le passage en revue approfondi des WDFs complexes et 
réels conduit à plusieurs résultats intéressants, dont l'établissement 
d'un tableau synoptique pour la conception de WDFs réels en treillis. 

Plusieurs configurations de WDFs sont ensuite discutées en détail, 
comprenant les WDFs demi-bande, qui s'avèrent être essentiellement 
réels, les WDFs demi-bande modifiés, divers transformateurs de 
Hilbert numériques, ainsi que quelques méthodes d'approximation. 

Enfin, une suite d'exemples est fournie tout le long du rapport, 
permettant dans la plupart des cas de reproduire les résultats afin de 
vérifier les propriétés décrites, ou d'effectuer des comparaisons. 
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Chapter 1 

Introduction 

1.1 Motivation and objectives 

Lossless Infinite Impulse Response (HR) digital filters, either derived 
from related analog reference networks, or directly designed in the 
digital domain, deserve a particular interest because of the nume­
rous remarkable advantages they are offering, such as low sensitivity 
to filter coefficients, low round-off noise, and stability under finite-
precision arithmetic conditions, more details on these issues being 
provided in the course of the report. 

Essential representatives of lossless HR digital filters are allpass 
filters, and the whole class of Wave Digital Filters (WDFs) [Fett71, 
Fett86], from which generic filters, but also a plenty of application 
specific filters, can be designed. 

Wave Digital Filters are obtained following a refined methodology 
consisting in designing an analog lossless reference two-port suiting 
to the considered application. Expressing the input/output signals in 
terms of "wave" quantities - actually a linear combination of voltage 
and current quantities of the analog reference filter - in order to 
avoid delay-free loops in the digital domain, the lossless reference 
two-port is then mapped onto a digital network termed "Wave Digital 
Filter" using the bilinear transform [Fett71, Fett86]. Interestingly, 
since the lossless reference two-port is by essence featuring two 
complementary input/output signal pairs, WDFs provide a natural 
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means to realize branching filters, among other attractive filter 
configurations. 

Moreover, the WDF design methodology is observed to inherently 
embrace both analog and digital filtering domains, including lumped 
and commensurate distributed time-continuous analog filters, analog 
time-discrete filters, and of course also digital filters. A natural link 
is thus established to the large palette of filter design methods 
elaborated in the frame of each of these domains, including special 
filter configurations, filter design charts, design tools, and approxi­
mation techniques, which fosters the valorization I reuse of the 
substantial accumulated amount of knowledge, and reduces design 
efforts of filter designers. 

Simultaneously, the connection between filtering domains stimulates 
the elaboration of new filtering solutions, either at theoretical or at 
practical levels. For the latter, one notices that attractive mixed 
analog-digital network configurations can be established, especially 
in relation with the design of special purpose analog-to-digital and/or 
digital-to-analog converters complying with particular constraints 
(low power consumption, limited overall complexity, avoidance of 
bulky or costly discrete analog components). 

An important category of filtering functions is given by lattice-type 
reciprocal functions, which are shown to rely at conceptual level, but 
also at implementation level if selected so, on allpass networks. 

Although the majority of filtering algorithms are focusing on the 
process of real signals, there are motivations to handle complex 
signals as well, either locally in sub-units, or at larger scale 
according to the application. Examples are given by analytic signal 
processing, or phase/group delay equalization for telecommunica­
tions, among others. 

The main subject of this report concerns the study of allpass and 
lattice-type reciprocal WDF networks of both complex and real 
nature, following several objectives. 

The first objective aims at studying the fundamentals of complex/real 
allpass networks and WDFs, recalling of course known properties, 
and elaborating complementary ones, taking in particular care of 
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identifying and grouping important data that are useful for applied 
filter design. 

Based on the former work, the second purpose of the report is to 
study particular filters subclasses, namely (multirate) half-band 
WDFs, and Digital Hilbert Transformers. 

The third objective concerns the discussion of selected filter approxi­
mation methods, two of them being related to the design of prototype 
lowpass responses, whereas the last handled approximation techni­
que deals with the so-called "eigenfilter" approach. 

Finally, numerous examples are provided along the report to illustra­
te concepts and results. 

1.2 Outline 

The two first chapters are providing the fundamentals serving as 
support for the remaining chapters. 

Chapter 2 discusses the elementary characteristics of allpass net­
works. In addition, separating the phase response of complex allpass 
functions into their even and odd constituent parts, a series of 
properties is derived regarding the design of purely even phase res­
ponse allpasses, stability conditions, and further issues. Finally, as a 
preparatory step for the later study of bireciprocal WDFs, the char­
acteristics of half-band symmetric allpass networks are established. 

Chapter 3 is then systematically reviewing the field of real and com­
plex Wave Digital Filter design, motivating the reason of recoursing 
to complex filtering, whereas the design of lattice-type reciprocal 
filters is thoroughly discussed. Also, design parameters are grouped 
into tables to render practical designs easier. 

Chapter 4 covers the field of bireciprocal Wave Digital Filter design, 
discussing first the intrinsinc real nature of such networks, whereas 
corresponding implementation structures are next considered, 
noticing that two realizations are possible for antimetric-type 
bireciprocal WDFs. 

Chapter 5 covers then the issue of approximating prototype anti-
metric filters, proposing an extension to the known design frame­
work provided in [Gazs85a]. Moreover, the approximation of warped 
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bireciprocal filters is also discussed, with implementation into the 
same framework. 

Chapter 6 considers the realization of Digital Hilbert Transforms 
playing an important role for the process of analytic signals. A se­
lected set of causal filter implementations are discussed, identifying 
in particular a WDF configuration suitable for almost linear phase 
response with midband symmetry, and symmetric group delay. 

Chapter 7 focuses on a so-called "eigenfilter" allpass approximation 
technique, the purpose being to find out what is the internal 
symmetry of a specific matrix used in the core part of the eigenfilter 
method, in order to lower the computational load. 

Final considerations are then drawn in Chapter 8. 

1.3 Main contributions 

The main contributions elaborated in this work are the following. 

Chapter 2: in relationship to the study of allpass networks, several 
new stability assessment criteria are proposed, either based on the 
measure of the spanned phase range, or relying on the observation of 
the even and odd phase response components. Additionally, basic 
properties of complex half-band symmetric allpass functions are also 
provided. 

Chapter 3: systematic review of complex and real WDFs, with 
proposition of specific contributions. 

Chapter 4: a first contribution is given by recognizing that lattice-
type reciprocal half-band WDFs featuring a so-called bireciprocal 
characteristic function are essentially real in nature. A second contri­
bution concerns the implementation of real antimetric bireciprocal 
WDFs (and degenerate complex filters derived thereof), where two 
alternative structures are identified and commented. 

Chapter 5: two design methods are proposed for integration into the 
design framework described in [Gazs85a], the first one concerning 
antimetric WDFs, whereas the second is covering the case of so-
called "warped" bireciprocal WDFs, with provision of their funda­
mental equation, also applicable to non-prototype lowpass filter 
responses. 
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Chapter 6: systematic discussion of the design of Digital Hilbert 
Transformers. 

Chapter 7: in the scope of the particular eigenfilter allpass appro­
ximation method: analysis of the internal symmetries featured by a 
specific matrix used in the core part of the eigenfilter method. 

Appendix: general organization of the collected data and formulas. 

A detailed list of contributions is provided and commented in the 
conclusion of each chapter. 

Recommendation 

It is advised to read the Appendix, introducing the terminology and 
mathematical background used, prior to reading the remaining part 
of the report. 



Chapter 2 
Elementary Properties of Allpass 
Networks 

2.1 Introduction 

Complex or real allpass functions are fundamental filtering networks 
featuring many interesting properties [Bele68, Schu94, Vaid93]. In 
addition to their obvious use for phase and group delay equalization, 
and for designing finite bandwidth fractional delays [Laak96], 
allpass functions appear in many other contexts, where their loss-
lessness, their suitability to be canonically implemented in various 
structures, their intervention as elementary building block for the 
realization of lattice-type reciprocal filter functions, including the 
design of multirate filterbanks [Renf87a, Renf87b], are appreciated. 

Furthermore, considering the close link between the phase/group 
delay responses of allpass networks and their pole configuration, 
allpasses are offering complementary stability tests, used to assess 
their own stability, but with obvious extension to polynomials and 
rational functions. 

Allpass networks are therefore regularly applied, either in circuit 
theoretic problems as a formal support to study filter functions and 
related properties, or in the domain of filter approximation (polyno­
mial phase interpolation [Henk81a], phase/group delay equalization, 
e.g. [Decz72, Decz73, Decz74, Dedi95, Lang92, Lang93], amplitude-
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only approximation, e.g. [Lang93, Tarr95], mixed amplitude/phase 
approximation, e.g. [Leeb92, Föld91] ), including allpass-based filter 
transformations [Cons70, Gull86, Iwak91], or in applications. 

This chapter aims at discussing several basic properties featured by 
allpass networks, along the following organization. First, several 
definitions are recalled in Section 2.2, before handling in Section 2.3 
the even/odd phase constituents of complex allpass filters, which will 
in particular serve to establish the explicit form of even phased 
allpass networks in Section 2.4. Stability related properties are next 
covered in detail in Section 2.5, whereas Section 2.6 is devoted to 
analyzing half-band symmetric allpass filters, which play an impor­
tant role in (multirate) applications. Finally, Section 2.7 recalling 
very shortly that the identified allpass properties determined in the 
z-domain have their counterpart in the yr -domain and vice-versa, the 
conclusions are sketched in Section 2.8. 

2.2 Frequency response of complex allpass 
functions 

2.2.1 Transfer function of complex allpass networks 
It is recalled that a discrete-time function A{z) is said to be allpass 
if[Vaid93]: 

I A ( ^ ) I = C , C > 0 , withce^, for al io, (2.1) 

i.e. when the magnitude response is constant over the complete 
frequency domain. A{z) is further designated as a unit-magnitude 
allpass for c = 1, in which case the frequency response can be written 
as : 

A(e-/fl) = e - ^ ( f l ) , (2.2) 

where ß/^iü) is the phase response. In the realm of this report, 
allpass networks are always assumed to be of unit-magnitude type. 
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Transfer function 

The transfer function of an Nth-order rational discrete-time allpass 
function is specified by [Vaid93] : 

Mz) = Z D(Z) = Z ^J=»dv-Z , (2.3a) 

with dN*0. (2.3b) 

A(z) can be reformulated as follows to achieve a canonic expression 
with respect to the number of free parameters (i.e. real and imagi­
nary parts of the filter coefficients) : 

zN -P(z) 
Mz) = A- (Z), (2.4a) 

P(z) 

with P(Z) = JIy=Q pv -zv , Pv=dy/dN, PN=l, (2.4b) 

and A. = d*N/dN=eje; 9 = Aig{fy=-2-Aig{dN}. (2.4c,d) 

P(z) is thus specified as a monic polynomial1. The transfer function 
A(z) can also be rewritten in product form, cf (A.78a) : 

A(Z) = X-Yl 
v=l 

1 * N 

Z — Zoov 
(2.5) 

where zœV, v = 1,...,N, correspond to the poles of the allpass function, 
including those located at the origin. 

Poles and zeros configurations 

As can be observed from equation (2.5), the poles and zeros of an 
allpass function occur in reciprocal conjugate pairs, each pole zTCV 

being accompanied by a zero located at l /z^ v . This distribution 
includes the case where z^v = 0> the corresponding zero becoming 
infinite. Clearly, the poles of stable and causal allpass functions are 
all confined to the open unit circle; accordingly, the zeros are exclu­
sively situated outside the unit-circle, cf Figure 2.1. Accordingly, all-

1 A polynomial is said to be monic when its leading coefficient, associated to the 

highest power of the independent variable, is equal to +1 [Bele68, p. 406]. 
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pass functions are by essence featuring a maximum phase response, 
cf Subsection A.8.1. 

Im(z) I lm(z) t 

* Re(z) * Re(z) 

Figure 2.1: Distribution of poles and zeros of stable and non-pathologi-
ca l 2 allpass functions :a) complex case; b) real case. 

Allpass 
type 

Real 

Complex 
with even 

ft»(Û> 

General 
complex 

Symmetry of 
phase response 

Odd symmetry 
( except possible 

e = ±n ) 
Even symmetry 

No symmetry 

Parity 
ofAf 

Any 

Even 

Any 

List of real and 
independent parameters 

PRO .-,PR(N-I)''PIv =0 ,Vv; 
with either X = ±1, or 6 = O, ± n. 

PRO '->PR(N12-l)<PIO >•••>PÌ(N/2-1)• 
together with 0. 
( Refer to Section 2.4 for details ) 

PRO'-'PR(N-I^ Pio <-'Pi (N-I)' 

together with 6. 

Nb of 
canonic 
parms 

N + l 

N + Ì 

2N+1 

Table 2.1: Canonic number of real parameters requested to fully 
specify an allpass function. 

2.2.2 Canonic n u m b e r of parameters 

Equations (2.4a) and (2.5) show that an Nth-order complex allpass is 
fully characterized by (2Af-Hl) real and independent parameters, 
namely : 

- the real and imaginary components of the filter coefficients 
PO '•••' PN-X i together with G ; 

2 Cf Subsection 2.2.6. 
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or any linear combination thereof, including the corresponding poles 
Zooi ,• ..,Zoojv- Clearly, the number of free parameters drops down to 
(N +1) for real allpass networks, with pv eM, Vve[0 , l , . . . ,N- l ] , and 
A = ±1 or 0 = 0, ± ;r. A summary is provided in Table 2.1, including the 
case of complex allpass networks featuring an even phase response, 
tha t will be covered in detail in Section 2.4. 

2.2.3 Phase response 
Based on (2.4a), the phase response of A(z), is defined as : 

ßA(£2) = -Aig{A(eja)}=-[0 + NQ + 2ßP(Q)], (2.6) 

where ßp(Q) corresponds to the phase response of polynomial 
P(z). Decomposing the coefficients pv in (2.4b) into their real and 
imaginary constituents : 

Pv =PRv +JPIv, (2-7) 

ßp{Q) can in turn be specified as : 

Y " „ O D , , -SHl(VJJ)+ Dr,, -COS(VJ.*] 

ßp ( ß ) = -arctan 
Z y I o Pj;vsin(vQ) + p/v-cos(vfl) 

^ Hj=O PRv -COS(VU)- p/v -SiIi(VO) 

with pN =1, i.e. pRN =1, pm = 0. 

(2.8) 

Except for a possible phase shift of 0 = ±n, rea/ allpass functions are 
clearly featuring an odd phase response with plv =0,Vve[0,l, . . . , iV]. 

Unwrapped phase response 

According to Subsection A.5.2, phase responses are considered either 
using their Principal Value ßAPW(Q), or their unwrapped form 
ßA(Q), where both expressions are connected by the phase unwrap­
ping factor kA(Q), cf (A.69). In this report, unwrapped phase res­
ponses are evaluated with respect to the reference point : 

ßA(£2 = 0) = ßA?w (Q =0) = -[9 + 2ßP(G=O)], (2.9a) 

with ßP (Q = 0) = -arctan ( ^ ^ 0 Plv /¾ PRv ) - (2.9b) 

thus implying kA (Q = 0) = 0. 
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Example 

An example of a 3rd-order complex and stable allpass is presented in 
Figure 2.2 and Table 2.2, including the corresponding phase response 
in Principal Valued and unwrapped form, the related phase unwrap­
ping factor k^ (Q), group delay T^ (Q), and poles configuration. 

•5 1 

> 
cS-1 J S (, 

1 -0.5 O 0.5 1 

) Q/JI 

^ 2 

S 0 

-1 -0.5 0 0.5 1 

b) Ci/n 
-0.5 0 0.5 

£2/71 

-+ Re(z) 

Figure 2.2: Characteristics of a 3rd-order complex allpass: 
a) PV of the phase response; c) Unwrapped phase response; 
b) Phase unwrapping factor; d) Group delay; 

e) Poles configuration. 

Bin 

^ M V 

V 

— 

1 
2 
3 

e In, Re{z„v} 

0 
-0.20068185138151 

-0.15354945297270 

-0.26422833019066 

InUz00,, } 

— 

- 0.60886993992255 

0.87488889993960 

0.22649405639718 

Table 2.2: Parameters specifying the allpass illustrated in Figure 2.2. 

2.2.4 Group de lay 

The group delay of A(z), normalized to the sampling period Ts, is 
given by : 

ail 
(2.10) 

Tp(Q) being the group delay of polynomial P(z). A compact expres­
sion of Tp(Q) is best achieved introducing the auxiliary variables 
u(Q) and w(Q): 
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u(Q) = ìm{^=Qpv -e^}, W(Q) = Rc{^=Qpv-e^n}; (2.11a,b) 

and their derivatives : 

U(Q) = ̂  = R e ( S j 1 0 v . * - e * " } , (2.12a) 

^ = ̂  = - ^ - 0 v-Pv-e^l (2.12b) 

Hence, ßp(ü) and Tp(U) merely become : 

ßP(Q) = -arctm(u(Q)/w(Q)), (2.13a) 

Xp (Q.) = • 
1ù(Q)-w(Q)-u(Q)-w(Q)^ 

u2(Q) + w2(Q) 
(2.13b) 

An example is provided in Figure 2.2d. 

2.2.5 Biconjugate of complex allpass functions 

Using equations (A.8) and (2.5), the biconjugate A(z) of A(z) is 
observed to verify : 

AjT)=A-1 (Z"1), (2.14a) 

which, in terms of the corresponding phase response ßA (Q) of A(z), 
leads to the following symmetry 3 : 

ßA(Q) = -ßA(-Q). (2.14b) 

This result can as well be derived from equations (2.6) and (2.8). The 
group delay XA (Q) of A(z) is finally characterized by : 

XA(Q) = +XA(-Q). (2.14c) 

For real allpass functions, A(z) = A(z), i.e. ßA(Q) = ßA(Q), and 
(2.14b) reduces then to the odd symmetry ßA(Q) = -ßA(-Q), 
implying in turn the even symmetry XA(Q) = XA(-Q) in (2.14c). 

3 This symmetry is a direct consequence of the para-odd nature of the complex 
phase response, as can be demonstrated in the \jr -domain from (A.55), (A. 11), 
(A.31), and (A.56b). 
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Example 

The frequency responses and poles configuration of the biconjugate 
A(z) of the allpass A(z) specified in Table 2.2 and Figure 2.2 are 
represented in Figure 2.3. The poles of A(z) are merely the complex 
conjugates of the poles of A(z). 

K 1 

w 0 

<£ -1 

») Zl -1 -0.5 O 0.6 1 

CilU 

-1 -0.5 0 0.5 1 

b) Clin 

*>Re(z) 

-1 -0.5 0 0.5 1 

CiIn 

Figure 2.3: Biconjugate of the complex allpass presented in Figure 2.2: 
a) PV of the phase response; c) Unwrapped phase response; 
b) Phase unwrapping factor; d) Group delay; 

e) Poles configuration. 

2.2.6 Pathological allpass functions 
Adopting the terminology defined in [Henk81a] for real arbitrary-
phase polynomials, a complex or real allpass function is said to be 
pathological when at least one of its poles, including possible multi­
plicity, lies on the unit-circle. In such a case, the associated zeros 
coincide with the poles located on the unit-circle, cf (2.5), and the 
allpass behaves like a lower-order allpass function. 

Precisely stated, let us split A(z) in (2.5) into a non-pathological all-
pass A] (z), and a purely pathological one A2 (z), respectively : 

(2.15a) A ( Z ) = A 1 ( Z ) - A 2 ( ^ ) , 

A1(Z)-
"i 

=A-n 
/z=l 

1- £°°l/z ' ̂  

Z Zco\fl 

" 2 

A2(O = I l 
V=I 

1 
1 — Zoo2v ' Z 

Z — Zoo2v 

(2.15b) 

with N = ni + n 2 ; si l l 1*1. |z«2v| = l» VM,V. 
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Defining 

Zoo2v =exp( ; ' -5 v ) , (2.16) 

the next formulas are obtained : 

A2(Z) = C-I)"2 - 1 1 ¾ exp(-y-5 v ) , z*cxp(j-8v), V v ; (2.17a) 

ß Al(O) = YHx 8v±n2-K ; TA2(O) = 0; 0*8V, V V . (2.17b,c) 

Moreover, applying L'Hospital's rule [Abra70, Youn73], (2.17a,b,c) 
are shown to be also valid for z = exp( j-8v) and O = 8 v, V v , respec­
tively, so that finally : 

A2(z) = (-1)"2 -11^=1 exp(-y .S v ) , V z ; (2.18a) 

ßAl(O) = YyIl 5 v ±>*2-ff; T A 2 ( ß ) = 0; V ß . (2.18b,c) 

In conclusion, A2 (z) reduces to a complex unimodular constant, and 
the global allpass A(z) behaves like an allpass of degree (N -n2). 

In practice, the net effect of A2 (z) is indistinguishable from the 
contribution of A. Moreover, besides of being non-economic, patho­
logical allpass functions should be imperatively avoided , because 4 : 

> their phase response is highly sensitive near to O = 8V, 
Vve[l,2,.. . ,n2] ; 

> they are prone to spurious internal signal states (non-controllable 
and/or non-observable states [Bele68]), depending on their imple­
mentation structure. 

4 It is however noticed that pathological allpass functions may harmlessly occur 
within intermediate steps of certain constructive design methods, as long as 
the final allpass is non-pathological. 
For instance in [Henk81a], real arbitrary-phase polynomials are generated by 
original recurrence formulae. The method proceeds systematically, starting 
from a set of zeroth and first-order polynomials, constructing higher-order 
polynomials by interpolation, with inheritance of former interpolation points. 
Depending on the problem formulation, i.e. preliminary organization of design 
parameters, pathological polynomials may without problem occur in interme­
diate design steps. Most important in the present context, it is demonstrated 
in [Henk81a] that the pathological character is not propagated to the next 
higher-order polynomial using the proposed recurrence formulae. 
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In the remainder of this report, only non-pathological allpass func­
tions are considered. 

2.2.7 Loss l e s snes s of complex al lpass funct ions 

According to (2.2), the input and output signals of a stable unit-mag­
nitude allpass network, denoted by x(n) and y(n), respectively, are 
related by \Y(ejn )\=\X(eja)\, Vß. Hence, one verifies for any x(n) : 

2da_=P+2*\xI jiifdÇl (2.19) 
In Ja I V 'I In 

where a is an arbitrary real constant. Applying Parseval's theorem 
results in : 

£>=i;;=-j W = E : = J * ( « ) | 2 = £ , . (2-2°) 
and one observes that the energy of the output signal Ey equals the 
energy of the input signal Ex. Allpass functions are therefore consid­
ered as lossless functions, or pseudo-lossless functions according to 
the terminology introduced in [Fett72b]. 

f a + ZTT 

L Vß) 
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2.3 Even/odd phase response constituents of 
complex allpass functions 

This section aims at deriving for any complex allpass network an 
equivalent allpass composed of elementary allpass functions with 
even and odd phase response. The purpose of this operation is three­
fold. First, the basic pole structure of allpass functions with purely 
even phase response is identified, and will give rise to a detailed dis­
cussion in Section 2.4. Second, the relationship between the original 
complex allpass and the related elementary allpass functions with 
even/odd symmetry is analyzed, providing in particular the basis for 
simplified allpass design methods, as examplified in Subsection 2.3.4. 
Finally, the achieved relationships will serve in Section 2.5 to 
develop original stability criteria. Most of the results produced in the 
present section were published in [Anso99]. 

2.3.1 Decompos i t ion of complex a l lpass funct ions 

Making use of equation (2.14b), the even and odd parts of the phase 
response ßA, i.e. ß^ and ßAQ > respectively, are specified as : 

ßAE(Q)=0.5[ßA(£2) + ßA(-Q)] = 0.5[ßA(Q)-ßA(Q)] , (2.21a) 

ßAO(Ü) = 0.5[ßA(Ü)-ßA(-Q)] = 0.5-[ßA(ü) + ßA(Ü)} , (2.21b) 

with ßA(Q)^ßAE(ü) + ßA0(Q). (2.22) 

For reasons that will be explained later, it is not possible to assign 
rational allpass functions to ß^ or ßAO in the most general case of 
A(z). However, rational allpass filters can always be allocated to 
twice the value of ß^ and ßAo- The next functions are thus 
introduced : 

A'E (eJ° ) = e~J-2^(U), A0 [eJO } = e-j-2-ßA0 <ß>, (2.23a,b) 

fulfilling A2(z) = A'E(z)-Ab(z), (2.24) 

according to (2.22). Finally, the next useful formulas are achieved 
from (2.21) and (2.23) : 

Ak(Z) = A(Z)/ A(Ij, Ao (z) = A(Z)-AJz). (2.25a,b) 
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2.3.2 Allpass functions with purely even/odd phase 
response 

Obviously, a complex allpass 5 A(z) = AE(z) featuring a purely even 
phase response verifies ßA0 (Q) = O, Vß , resulting in .4OCz) = I due 
to (2.23b). Equation (2.25b) thus involves : 

A(z) = AE(z) = l/ AE(z). (2.26) 

Consequently, any pole Z00,- of A = AE is necessarily paired to another 
pole Zoo,+i = 1/Zoo,- a s depicted in Figure 2.4. Excluding any pole 
configuration that would lead to a collapse between poles and zeros, 
complex allpass filters with a purely even phase response are conse­
quently demonstrated to be: 

1) necessarily of even degree N = NE = 2k, with £ = 0,1,2,...; 

2) precisely composed of NE /2 stable and as many unstable poles for 
iV£>2;and 

3) devoid of any constituent allpass filter of real type. 

I m ( z ) ' 

r 
M 
"v. 
\j. 

Figure 2.4: Pole/zero configuration for a 2nd-order complex allpass 
featuring a purely even phase response. 

Clearly, allpass filters 6 A(Z) = AQ(Z) featuring a purely odd phase 
response, except for a possible phase shift 6 = ±n, are of real type 
with /3AE (Q) = 0, Vß , and AE (z) = 1. Equation (2.25a) implies then : 

A(Z) = A0(Z) = A0(Z). (2.27) 

5 The function AE is distinct from A'E in (2.23a) and (2.25a). 
6 The function A0 is distinct from A0 in (2.23b) and (2.25b). 
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2.3.3 Refined decomposition of allpass functions 
The case of a general complex allpass A(z) is now reconsidered by 
factorizing it into three parts, namely an allpass A\ (z) collecting all 
real constituents of A(z), a complex allpass A2 (z) gathering all com­
ponents of A(z) featuring a purely even phase response, and a 
residual complex allpass Aj (z) whose phase response is neither even 
nor odd : 

A(Z) = A-A1(Z)-A2(Z)-A3(Z). (2.28) 

To render later developments clearer, the unimodular constant A is 
explicitly extracted in (2.28) from the elementary A((z), / = 1,2,3, 
thus fixing A, = 1, V i, in (2.5). 

Denoting the degree of A,- by N1-, it is observed that N - N\ + N2 + Nj, 
where N\ and Nj are of any parity, whereas N2 is necessarily even. 
Moreover, A\(z) and A2 (z) are satisfying : 

A1(Z) = AjW), A2(Z) = I/ A2(Z), (2.29a,b) 

due to (2.27) and (2.26), so that equations (2.25a,b) result in : 

Ak(Z) = X2-AJ(Z)-Aj(Z)/Aj(T), (2-3Oa) 

Ab (z) = A? (z)-A3 (z)-A3 (z). (2.30b) 

One notices that for Nj >0, neither Afe(z) nor AQ (z) correspond to 
the true square of a rational function, which explains a posteriori the 
reason of splitting the square of A(z) into constituents featuring an 
even/odd phase response, cf equation (2.24). 

The degrees of polynomials A (z), Ag(z), and AQ (Z) in (2.24) and 
(2.30) amount to : 

degJA2 (z)} = 2N =2(/Vj +N2 +N3), (2.31a) 

deg{Air(z)} = 2(JV2+/V3), deg{Aà(z)} = 2(/V,+/V3), (2.31b,c) 

leading to : 

deg{A2 (z)} = deg_Reduced {A'E (Z)-AQ(Z)} 

<deg{A£(z)}+deg{AÓ(z)}, (2.32) 
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where deg_Recjucec| {A'E (Z)-AO (Z)} measures the degree of the reduced 
term Ag ( Z)-AQ (Z) achieved after cancellation of matching poles and 
zeros. Clearly, equality in (2.32) only holds for N^-O. 

Example 

A decomposition example based on the allpass specified in Table 2.3 
is illustrated in Figure 2.5, including the unwrapped phase response 
and its even/odd constituents, and the group delay. The pole constel­
lations of A(z), A'E(Z), and AQ (Z) are also represented, where dis­
tinct labels are used to identify the poles assigned to Aj (z), i = 1,2,3. 

ÌI 
-2 

CCL 

b) 

•-..../PAE (fi), 

'NßAO(") 

-1 -0.5 0 0.5 1 
Q/7t 

•• Re(z) • Re(z) 

Figure 2.5: Decomposition of a 6th-order complex allpass function 
(with * : poles of A1 (z), B : poles of A2 (z), x : poles of A3(z)) : 
a) Unwrapped phase response; d) Pole configuration of A(z) ; 
b) Even/odd parts of phase; e) Pole configuration of A'E ( z ) ; 
c) Group delay; f) Pole configuration of A^ (z). 
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WE^0: 

ein 

£00 V 

V 

— 
1 

2 

3 

4 

5 

6 

fl/ff, Re{Zoov} 

0.85 

Im{z,„v } 

— 

0.90 exp(j-0.40-n) 
* 

Zoo2 = Zo°l 

0.85 exp(j-0.90-n) 

Zoo4 = l / Z o o 3 

0.85-exp(j-0.65-ff) 

0.50-exp(j-0.20-rc) 

Table 2.3: Parameters specifying the allpass A(z) in Figure 2.5. 

2.3.4 Design of complex allpass functions using the 
decomposed form 

Following the former discussions, one observes that complex allpass 
functions without pure even or odd phase symmetry, can be designed 
(i.e. approximated) : 

1) either directly from their phase specification, in which case an 
approximation tool for complex allpasses is requested, or 

2) indirectly from the even/odd parts of the specified phase, making 
use of (2.28) - (2.30a,b), together with approximation tools for 
allpass networks featuring purely even/odd phase responses. 

Usually, the optimization criteria are different for the direct and 
indirect design methods, so that the corresponding residual approxi­
mation errors will differ as well. 

When applying the second method, it is in general necessary to per­
form a. joint approximation of Ag (z) and AQ (Z) , cf (2.30a,b), includ­
ing the factorization of the constituent networks A,(z), / = 1,2,3, to 
have a better control of the residual error distribution. 

In particular cases, it is possible to proceed to a rough approximation 
of complex allpasses using approximation tools previewed for real 
allpass functions only, as illustrated in the next example. 

Example 

A 5th-order complex allpass ACz) fulfilling the next phase response 
specifications : 
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ßAs (U) = (N-0.5)-Ü, for O e [ - i r , 0.4-n], (2.33a) 

ßAs(Ü) = (N-0.5)-Q+n, for £2e[0.6n,n]; (2.33b) 

as depicted in Figure 2.6a), should be designed. Such allpass func­
tions are useful to realize antimetric lattice-type wave digital filters, 
cf Chapter 3, featuring an almost linear phase response. 

1 O 

a) 
-1 -0.5 0 0.5 

Q/7t 

K 10 

to 
ô 

«S.10 

b) 
-0.5 0 0.5 -0.5 0 0.5 

Cl/n 

Figure 2.6: Phase specification of a 5th-order complex allpass : 
a) Phase specification for A(z) ; b) Phase specification for A^ (z) ; 

c) Phase specification for A'F (z). 

Referring to (2.23), Figures 2.6b) and 2.6c) show the specified phase 
response of A0 (Z) and AE (z), corresponding to twice the odd/even 
parts of ßAs (U). According to Corollary 3 of Property 3 to be seen in 
Section 2.5, the allpass is known beforehand to be stable, the range 
of the specified phase response being ßAs (n)- ßAs (-n) = 2N. Conse­
quently, referring to (2.28) - (2.30), N2=O, A2(z) = l. 

In a further step, A(z) is indirectly designed through approximation 
of the lOth-order real allpass A0 (z), following the specified phase 
ßkos ( ^ ) m Figure 2.6b). The results are provided in Figure 2.7 and 
Table 2.4. Figures 2.7al) and 2.7a2) represent the achieved phase 
response and residual approximation error Eß'Ao ( ß ) » defined by : 

eß'AO W) = ßAO W)~ßAOs W), (2.34) 

whereas Figure 2.7d) depicts the pole configuration of A0 (z) . 
Clearly, since there are no poles occurring twice within given toler­
ances, Ni=O, Aj(Z) = I, and thus N = N^, A(z) = A^(z). The poles 
belonging to Aj (z) are then carefully selected, confronting the cor­
responding phase response to the specified one ßAs(£2) = ßA3s(ü), 
performing if necessary trial and error iterations. 
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-0.5 0 0.5 
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-0.2 
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-0.5 0 0.5 
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-0.5 0 0.5 
CIlK 
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- 0 
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< 
# - 2 , 
a2) 

0.5 

CiIn 
K 4 

o 
— 0 
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< 
tlf-4 
b2) 

0.5 
Clin 

•S 2 

O 

-r o 

ä 
U -2 
c2) 

V 
-1 -0.5 0 0.J 

Clin 

*>Re(z) 

Figure 2.7: Indirect design of 5th-order complex allpass from the odd 
part of the phase specification : 
a l ) Approximated ß'AO ( ß ) ; a2) Residual error of ß'A0 ( ß ) ; 
b 1) Measured ß'^ ( ß ) ; b2) Measured error of / 3 ^ ( ß ) ; 
cl) Measured /3^3 ( ß ) ; c2) Measured error of /J-43 ( ß ) ; 
d) Pole configuration of Aj1 ( z ), with indication of poles of A ̂  ( z ). 

ein 

£»v 

V 

— 

1 

2 

3 

4 

5 

6-10 

0/;r, Re{z„v} 

0 

0 

0.52727953136742 

Im{z«,v } 

— 

0.87494816536732 

0.17302611885221 
* 

Z«>3 = _ Z « > 2 

0.34298463301594 - 0.47628633440593 
* 

Ztov = 2OOfIl-Vl 

Table 2.4: Parameters specifying the allpass A^ ( z) in Figure 2.7. 

* * ,N v 

ein 

Zoo V 

— 

1-5 

ein, Re{Zoov} 

-0.25 

Im(Z00V } 

— 

J=»,,. »7 = 1 5, from Table2.4 

Table 2.5: Parameters specifying the allpass A3 (z) in Figure 2.7. 
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sä 
-0.2 

bl) 
-0.5 0 0.5 

Clin 

-0.5 0 0.5 

CIIK 
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O 
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< 

US' -3, 
b2) 

0 0.5 

Clin 

K 15 

-1 -0.5 0 0.5 
c2) CIlK 
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Figure 2.8: Design of 5th-order complex allpass : 
al) Measured ß'A0 ( ß ) ; a2) Measured error of ß'A0 (ß ) ; 
bl) Measured ß'AE (ß ) ; b2) Measured error of ß'AE (ß ) ; 
cl) Approximated ßA3(C2); c2) Residual error of ßA3 ( ß ) ; 
d) Pole configuration of A 3 ( z ). 

ein 

^TOV 

V 

— 
1 

2 

3 

4 

5 

0/7T, Re{zœv} 

-0.25 

0 

0.42947066493390 

Z«>3 = 

0.26975615538154 

Z°°5 = 

Im(Z 0 0 V > 

— 
0.83103852841610 

0.17862887686643 
* 

~Zoo2 
-0.34662547930327 

* 
"Z0O 4 

Table 2.6: Parameters specifying the allpass A3 (z) in Figure 2.8. 

Once the poles of A3 (z) are identified, cf Figure 2.7d), the constant 
X in (2.28) and (2.30a) is determined minimizing either the meas­
ured error £ß>AE(Q) of ß'^iQ), or the measured error EßA3(£2) of 
ßA3 ( ß ) , where £ ^ £ ( * 2 ) and £^3(12) are defined similarly to 
(2.34). The parameters of A^(z) being established, cf Table 2.5, the 
assessment of the achieved allpass can be complemented as depicted 
in Figures 2.7bl) to 2.7c2). It should be noticed that the obtained 
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results could be further improved performing additional approxima­
tion iterations involving both odd and even parts of the phase 
response. These improvements were not undertaken in this work. 

The allpass A(z) = A3 (z) was also directly approximated for compari­
son purposes, resulting in Figure 2.8 and Table 2.6. 

It is observed that the indirectly designed allpass provides a correct 
estimation of the targeted allpass, but should be improved to get a 
usable solution. Moreover, the residual phase approximation errors 
in Figures 2.7a2), b2), c2) and Figures 2.8a2), b2), and c2) are noticed 
to differ depending on the used approximation criterion, in particular 
regarding the respective number and size of the ripples. 

2.4 Explicit form of allpass functions with 
purely even phase response 

Referring to Subsection 2.3.2, a non-pathological complex allpass 
Ag (z) featuring a purely even phase response /?4£(ß), and being 
thus of necessarily even degree N, can be written as : 

N/2 

A£(Z)=A- n 
V=I 

( * ^ 
I ZooV ' Z 

Z~ Zooy 

l-z/ûv 1_, zN -P(z) 
z-l/z, >ooV 

= X.± L±±± (2.35) 
P(Z) 

where the poles z^y are necessarily complex with Im(Z00V }*0, 
I Zoov I*!> ^ v - Clearly, P(z) is a circularly symmetric polynomial, cf 
Subsection A.2.8, as can be verified from : 

P(Z) = UvIi2 (^-(z^+yZ0OY)-Z + ! ) , (2.36) 

inducing that P(z) can be reformulated as : 

p W = l J = 0 ^ ' ^ - with P0=PN=I, (2.37) 

and Pß=PN-ß> ß = l,2,...,N/2. 

Moreover, extracting from P(z) the factor zNI2 : 

P(z) = zNI2-P'(z), (2.38) 

it is possible to specify an auxiliary rational function P'(z) : 
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l"<0 = i * / 2 + 5 Ä 2 H p^WW+Z-"*"2*-*] 

which can be rearranged in the following compact form : 

N/2 

PXz)=^Pr)-
JJ=O 

^ + r " ^ 

(2.39) 

(2.40a) 

with PO=PN/2> PT)=Z-PNII-T) for r? = l ,2 , . . . , (^ /2-1) , (2.40b) 

and p'NI2=2-po=2. 

Hence, using (2.40a) together with (2.38) and (2.35), AE(z) and its 
corresponding phase response ß^ (Q) can be expressed in the next 
canonic form : 

A , Ì ì zN -P(z) . P'(z) 
Ap(Z) = A = /••—; , 

E P(z) P'(z) 
ßAE(0) = -[e + 2-ßp>(Q)], 0 = Arg{A} 

with 

and 

)3p '(ß) = -arctan 

PN/2 -2 

PT) = PRT] + J • PIT) . 

=* PR(NIl)=2, p'l(N/2)=° 

(2.41) 

(2.42a) 

(2.42b) 

(2.42c) 

(2.42d) 

Clearly, it is verified from equations (2.42b) and (2.42a) that ßp> (Q) 
and thus ßAE (Q) are even functions of Q. 

Moreover, the number of real parameters fully specifying A% (z) is 
the same as for real allpass functions, namely (N+ 1), corresponding 
to the real and imaginary components of p^, r; = 0,1,...,(N/2-1), 
together with 9, cf Table 2.1. 

Finally, the design steps to achieve an allpass with even phase 
response are the following : 

1) Select an even degree N. 
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2) Approximate ß^E (Q) according to the specified phase response 
ßAEs (Q) using (2.42a) - (2.42d) together with a selected approxi­
mation method. The rational function P'(z) of degree N12 and X 
or 9 are then established. 

3) Derive the polynomial P(z) in (2.37) applying : 

PO=U PNIi-T1=Pv/! for 77 = 1,2,...,(^/2-1); ( g ^ 

PNI2=PÓ'<
 a n d Pk=PN-k for fc = (W/2 + 1),...,N. 

Examples 

Figure 2.9 and Table 2.7 present a 6th-order complex allpass with 
even phase and thus odd group delay. 

Figures 2.10 - 2.12, with corresponding Tables 2.8 - 2.10, are in turn 
showing 6th-order allpass functions AE (z) featuring an even and 
almost linear phase response over |ß|e[0,0.9-n], approximated in the 
equiripple sense. The figures represent the unwrapped phase 
ßA£ (Q), the corresponding group delay, the unwrapped phase of the 
constituent allpass AE\ (z) collecting the stable poles of AE (z), the 
residual approximation error : 

£ßAE (O) = ßAE (A)~ßAEs ( ß ) , (2-44) 

where ßAEs (Q) is the specified phase response, and the poles con­
figuration of AE (z). 

Interestingly, one notices that the poles tend to collapse with the real 
axis for rather low slopes, cf Figure 2.11, whereas the poles lean to 
become all pathological for higher slope values, cf Figure 2.12, with a 
quasi-regular distribution along the unit-circle within the specified 
frequency range. 
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Figure 2.9: 6th-order complex allpass with purely even phase response: 
a) PV of the phase response; c) Unwrapped phase response; 
b) Phase unwrapping factor; d) Group delay; 

e) Poles configuration. 

8BSÉSR9Ë 

Bin 

'oov 

V 

— 
1 

2 

3 

4,5,6 

9In, Re{Zoov} 

0.08941355286258 

-0.20068185138151 

-0.15354945297270 

-0.26422833019066 

Zoov = ! > 

Im(Z00V } 

— 
- 0.60886993992255 

0.87488889993960 

0.22649405639718 

Zoo(7-v) 

Table 2.7: Parameters specifying the allpass illustrated in Figure 2.9. 

It is further remarked for allpass networks featuring an even phase, 
that the spanned phase range [/3^(^)-/3^(0)] can be specified in a 
very flexible way, namely that it is not constrained to k-n, \k\<N, 
ksZ, compared to the real allpass case, cf (2.58). This property can 
be in particular well exploited in the realm of allpass-based filter 
transformation methods [AnsoOO]. 
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Figure 2.10: 6th-order complex allpass with even and almost linear 
phase response with ßAE(Q) = 3-\£2\, |ß|e[0,0.9-7T] : 
a) Unwrapped phase response; c) Unwrapped phase of A£j (z) ; 
b) Group delay; d) Residual approximation error; 

e) Poles configuration. 
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Table 2.8: Parameters specifying the allpass illustrated in Figure 2.10. 

S] 
b) 

-1 -0.5 0 0.5 1 
Clin 

-0.5 0 0.5 
Clin 

ê. 
W • 

i) 

0.5 
Clin 

lm(z) 

* * Re(Z) 

Figure 2.11: 6th-order complex allpass with even and almost linear 
phase response with / 3 M £ (ß ) s0 .2 | ß | , |ß|e[0,0.9-71] : 
a) Unwrapped phase response; c) Unwrapped phase of A%\ (z) ; 
b) Group delay; d) Residual approximation error; 

e) Poles configuration. 
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Table 2.9: Parameters specifying the allpass illustrated in Figure 2.11. 
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Figure 2.12: 6th-order complex allpass with even and almost linear 

phase response with JSy4̂  (i2) = 7.0-|f21, |ß|e[0,0.9-7t] : 
a) Unwrapped phase response; c) Unwrapped phase of Ag\ (z) ; 
b) Group delay; d) Residual approximation error; 

e) Poles configuration. 
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Table 2.10: Parameters specifying the allpass illustrated in Figure 2.12. 
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2.5 Stability-related properties of complex 
allpass functions 

This section aims at discussing in detail the relationship between the 
stability of complex allpass functions and their phase or group delay 
responses. These properties are for instance useful to determine the 
strict stability of allpass networks by measuring their phase/group 
delay responses over the whole frequency domain, without having to 
explicitly compute the poles. In addition to assessing the strict stabil­
ity of an allpass, these properties provide an easy way to establish 
the number of stable and unstable poles belonging to any allpass, by 
observation of its phase response over the whole frequency domain. 
Moreover, in the frame of an allpass approximation problem, it is 
then possible to check the consistency of the specified phase response 
to be achieved, before actually launching the approximation. 

This section is structured as follows. A non-exhaustive synopsis of 
known stability-related properties is first provided as background to 
the discussed developments. Next, the connection between the stabil­
ity and the monotone increasing character of the phase response of 
an allpass is recalled, before making the link with the spanned range 
of the phase response, which is central to this section. The features of 
the allpass mean group delay are then handled. Finally, stability 
conditions are established in relation with the even and odd parts of 
the allpass phase response. Part of the results achieved in this 
section were published in [Anso99]. 

Clearly, the stability-related properties presented in this section di­
rectly apply to complex polynomials as well, considering the straight 
link between allpass functions and their denominator, cf (2.4). 

2.5.1 Known stability related properties 
There exist of course many different definitions of the stability, ac­
cording to the classes of problems to be handled. Important taxonomy 
criteria are [Levi96, Lopa96, Khal96]: 1) the linearity/non-linearity of 
the considered system; 2) the type of mathematical model best repre­
senting the behavior of the system (i.e. total or partial differential 
equations for systems with lumped or distributed parameters, re­
spectively); 3) the deterministic or stochastic character of the system; 
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4) the time invariant, time varying, or periodically time varying 
nature of the system; 5) the type of signals handled within the sys­
tem and at its interfaces, including time-continuous, time-discrete, 
digital, or mixed signals; 6) others. 

This report is focusing on linear time-invariant (LTI) systems only, 
modeled by rational functions, so that the notion of stability is exclu­
sively linked to the pole constellation of the systems 7. Numerous 
different stability criteria and test methods were elaborated in the 
literature to cover general or specific cases, e.g. [Bish96], in particu­
lar to reduce computation costs, which is most often achieved by 
avoidance of the explicit calculation of the poles. 

In this section, the link between the stability and the phase/group 
delay responses of polynomials and allpass functions is considered, 
centering the discussion on the case of digital systems. The results 
extend however directly to time-discrete systems, or to time-continu­
ous systems with either lumped or commensurate distributed 
parameters using the bilinear transform. 

Table 2.11 provides a selected set of stability criteria for polynomials 
and allpass functions that were discussed in the literature. This list 
is by far non-exhaustive. The known stability criteria corresponding 
to Cases 7 and 8 in Table 2.11 are recalled in Subsections 2.5.2 and 
2.5.3, and will serve as basis for the elaboration of new criteria. 

It is recalled that any (complex) rational function F(z) is said to be strictly 
stable when all its poles lie within the open unit-circle in the z -plane. F(z) is 
on the contrary denoted unstable when at least one of its poles is outside the 
closed unit-circle, whereas it becomes strictly unstable when all poles are 
confined outside the closed unit-circle. Poles on the unit-circle are not 
considered here. 
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2.5.2 Stabi l i ty and m o n o t o n e phase-response 

Case of first-order allpass functions 

Property 1 [Bele68, p. 167], [Vaid93, p. 76], (Table 2.11, Case 7) : 
A necessary and sufficient condition for a first-order complex allpass 
A(z) to be strictly stable (strictly unstable) is that its group delay 
TA ( ß ) is strictly positive (strictly negative) over the whole frequency 
axis, or equivalently, that its unwrapped phase response is a mono­
tone increasing (decreasing) function over the whole frequency range. 

Proof of necessity : A first-order allpass with pole zM=p-eJ , 
p > 0, is considered : 

A(z) = A- 1 ~ ^ - z
= A . z - l . 1 - ^ - z . (2.45) 

Z~Z<*> 1 - Z o o - Z 

From the frequency response : 

one derives directly the phase response 10 and group delay : 

( p sm(Q-S) 

(2.46) 

ßA(Q) = Q-0 + 2ßP(Q), p V ( ß ) = arctan 
l - p c o s ( ß - 5 ) 

(2.47) 

,„, dßA(Q) 1 -p 2 

TAW=
 PA.l = 5 f :. (2.48) 

dü ( l - p ) 2 + 2 p - [ l - c o s ( ß - 5 ) ] 
which are defined for all parameter values, except in the pathological 
case {p = 1, Q - 8 } already handled in Subsection 2.2.6, and for which 
TA(Q) = Q, V ß . For non-pathological cases, the denominator of XA 

is observed from (2.48) to fulfill : 

Denom{TA(ß)}>0, Vß, Vp | ( p > 0 ) n ( p * l ) , (2.49) 

10 The phase response is here defined slightly differently than in (2.6) - (2.8) in 
order to render later considerations easier; the group delay and unwrapped 
phase response remain clearly unaffected. 
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so that the next relationships are achieved from (2.48) : 

T i 4 (ß )>0 ,Vß <=> 0<p<l ; (2.50a) 
T A (ß)<0, Vß <=> p>\. (2.50b) 

Hence, the group delay of a causal and strictly stable first-order 
allpass, i.e. 0 < p < l , is strictly positive over the whole frequency 
domain. As a result, the corresponding unwrapped phase response is 
a monotone increasing function of ß . Similarly, for a strictly 
unstable allpass, i.e. p > l , T A (ß)<0 , Vß , and the unwrapped 
phase becomes a monotone decreasing function of ß , Vß . Necessity 
conditions are thus read in (2.50a) from right to left. • 

Proof of sufficiency : Conversely, a first-order allpass featuring a 
monotone increasing (decreasing) phase response - or equivalently a 
strictly positive (negative) group delay - is necessarily stricly stable 
(strictly unstable), as can be readily verified from (2.48) and 
(2.50a,b). Sufficiency conditions are consequently read from left to 
right in (2.50a,b). • 

Case of Nth-order allpass functions 

Property 2 (Table 2.11, Case 7) : 
For an Nth-order complex or real allpass A(z), the condition of 
strictly positive (strictly negative) group delay TA ( ß ) over the whole 
frequency axis, or equivalently, the observation of a monotone 
increasing (decreasing) response of the unwrapped phase ßA(ü), are 
necessary but insufficient conditions to guarantee the strict stability 
(strict instability) of A(z) • 

Proof of necessity : Decomposing an Nth-order complex or real 
allpass filter into a cascade of elementary (complex) first-order cells : 

N N N 
Mz) = Y[AyU) , 0 A ( U ) = X0 A v (ß ) , TA (ß)= £ T A v ( ß ) (2.51) 

V=I V=I V=I 

where Ay (z), ßj^v(ü), and T A v ( ß ) represent the transfer func­
tion, phase response, and group delay of each elementary cell, and 
assuming that every pole ZcoV of A(z) is located within the open 
unit-circle, one deduces from (2.50a) that : 
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0 < p v < l , Vv => T A ( ß ) > 0 , Vß, (2.52a) 

namely, that the phase response of A(z) is monotone increasing. 
Similarly, when every pole of A(z) is lying outside the closed unit-
circle, (2.50a) is implying : 

pv>l,Vv =>TA(ß)<0,Vß, (2.52b) 

the phase response of A(z) becoming then monotone decreasing. 
These features are verified for both complex and real A(z). • 

Proof of insufficiency : The reciprocal assertion to the former 
demonstration would be misleading for Nth-order allpass functions, 
since compensation effects may occur between the contributions of 
the constituent cells. • 

Example 

The next example illustrates the proof of insufficiency. A 4th-order 
complex allpass A(z) counting three stable poles, and an unstable 
one is specified in Figure 2.13 and Table 2.12. Although A(z) fea­
tures a strictly positive group delay and thus a monotone increasing 
phase response, this allpass is undoubtedly unstable. 

K 4 

12 
QÎ 0 

a) 

b) 

1 

1 

PA (Q) - ß A (-TI) 

-0.5 0 

y 
-0.5 0 

n/n 

PA(") 

0.5 1 

Vj 
0.5 1 

I m ( z ) ' 

y ^y 
J • He(Z) 

Figure 2.13: Unstable 4th-order complex allpass function featuring a 
monotone increasing phase response: 
a) Unwrapped phase response; c) Poles configuration. 
b) Group delay; 
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0.70 • exp(j-0.30-tf) 

0.80 exp(j- 0.45 -n) 

0.50 • exp(j- 0.60 -n) 

1.80 • exp(j- 0.40 -K) 

Table 2.12: Parameters specifying the allpass illustrated in Figure 2.13. 

2.5.3 Spanned range of the phase response 

Case of first-order allpass functions 

Property 3 (Table 2.11, Case 8) : 
The necessary and sufficient condition for a first-order complex 
allpass A(z) to be strictly stable (unstable) is that the range spanned 
by its unwrapped phase response verifies for any constant aeffl: 

ßA(n)-ßA(-K) = ßA(a + 2n:)-ßA(a) = ±271, V a e # , (2.53) 

where the positive (negative) sign applies in the stable (unstable) 
case in the right hand-sided part of the formula. 

Proof of necess i ty : Starting from (2.47), we specify : 

ßA(Q) = Q-9 + 2-ßP(Q), ßP (O) = aKtau(U p (Q)/Wp (O)), (2.54a) 
Up(Q) = P-Sm(Q-S), Wp(Q) = I-P-COs(Q-S). (2.54b) 

In the stable case, i.e. 0 < p < l , WP(Q)>0 is clearly verified V ß , 
whereas Up(Q) evolves with changing sign. Up(Q) /Wp(Q) is obvi­
ously an odd cyclic function of period 2n centered on Q=S, and so 
does ßp(Q). Moreover, the min/max values of Up (Q)/Wp (Q) are 
observed to be finite, due to Wp (Q) >0 , so that the min/max values 
of ßp(Q) are confined to 0< ßpmsK =-ßpmin <nl2. Consequently, 
ßP(Q) = ßPPV(Q), and ßP(a + 2n)-ßP(a) = 0, VaeM, due to pe­
riodicity. (2.53) is thus demonstrated from (2.54a) in the stable case. 
An example is presented in Figure 2.14 and Table 2.13. 
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Figure 2.14: Spanned range of the phase response of a stable lst-order 
complex allpass with p = 0.90, 5 = 0.40 • n : 
a) Functions Up(Q), Wp(Ci); c) Unwrapped phase of A(z) ; 
b) Phase ßP(Ci); d) Group delay of A(z) ; 

e) Pole configuration. 
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Table 2.13: Parameters specifying the allpass illustrated in Figure 2.14. 

In the unstable case, i.e. p >1, Up(Q) and Wp (Q) are both evolving 
with changing sign, Up (Q)/Wp (Q) and ßp(Q) remaining odd cy­
clic functions of period 2n centered on Q=S. The derivative of 
Up /Wp is now demonstrated to be strictly negative, except at 
Wp(Q) = O, cf (2.55), so that UP(Q)/WP(Q) and thus the unwrap­
ped ßp(Q) become monotone decreasing functions of Q. 

dQ 

U P (Q)^-P [p-cos(Q-5)] 

Wp (Q) f W} (Q) 
(2.55) 

Furthermore, assuming provisionally that 0<8<nl2, it is noticed 
that the frequencies Q\ and Qj1 verifying Up(Q) = O alternate with 
the frequencies n Qi and Q^ at which Wp (Q) = 0, so that : 

-n<Q\ <Qi <Qj, <Q$ <n, (2.56a) 
with Q\=8-n, Qi=S-C, Qj1=O, Q$=8+E,, (2.56b) 

Wp ( Ci ) = 0 has clearly two solutions in the non-pathological case p > 1. 
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and § = arccos(l/p), 0<%<7tl2. 

The values of the unwrapped ßp(Q) are then fulfilling : 

ßP (-7C) > ßP (Q1 ) > ßP (Q2 ) > &> (A3 ) > ßp ( ß 4 ) > ßp (*), (2.56c) 
with ft, (U1 ) = 0, ßP(O2) =-ret2, ßP (Q3) =-Tt, (2.56d) 

ßP (Q4) =-37t/2, ßP(7C) = ßp(-x)-2Jt. 

There is hence precisely one wrapping point at .O3 within the fre­
quency domain Q e[-7t,Tt], so that ßP(Q)$ßPVy(Q). Conse­
quently, ßP(7t)- ßp (-ti) = -In, the spanned range of A(z) becoming 
ßA (n)~ßA (-n) = -2n. When assigning S to other quadrants than 
0<<5<?r/2, i.e. (k-2)-7tl2<8<(k-\)-nl2, k = 0,1,3, the frequencies 
Q1, i" = 1,2,3,4, are cycUcly reordered, so that precisely one wrapping 
point is still encountered within £2e[-7t,7t], and the former results 
remain valid. This concludes the proof of (2.53) in the unstable case. 
An example is presented in Figure 2.15 and Table 2.14. 

The demonstration of the necessity condition is thus completed. • 

Figure 2.15: Spanned range of the phase response of an unstable 
lst-order complex allpass with p = 2.00, S = 0.40 • Tl : 
a) Functions Up(Q), Wp(Q); c) Unwrapped phase of A(z); 
b) Phase ßP(Q); d) Group delay of A(z) ; 

e) Pole configuration. 
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Im(Z00V } 

— 
2.00 exp(j-0.40-a) 

Table 2.14: Parameters specifying the allpass illustrated in Figure 2.15. 
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Proof of sufficiency : The proof proceeds in the reverse sense and 
is thus omitted. • 

Case of mixed stable/unstable Nth-order allpass functions 

Corollary 1 to Property 3 : 
Extending the result of Property 3 to Nth-order allpass functions 
A(z) that are non-pathological but possibly featuring a mixed stable/ 
unstable poles configuration, and denoting by AT1 and N2 the number 
of stable and unstable poles, respectively, the next formulas are 
established from (2.53) : 

/8^(^)-/5,1(-^) = ̂ ( 0 + 2^)-/5,1(0) = 2^-11, (2.57a) 
with H = N1-N2, \n\<Nt neZ, 

and N1=(N+ n)/2, N2=(N-n)/2, N1+N2=N. (2.57b) 

Proof : The proof is omitted due to evidence. • 

Example 

Figure 2.13 shows the example of a 4th-order allpass with N1 =3 and 
N2=I, inducing n = 2, so that ßA(n)-ß ^(-It) = An. 

Real Nth-order allpass : In the real case, (2.57a) can be replaced by 
the simpler form : 

ßAW~ßA(0) = ßA(K)-9 =7t-n , (2.58) 

the definition of n remaining the same than in (2.57a,b). 

Complex allpass with even phase response : In this case, since 
the numbers of stable and unstable poles are by essence the same, 
n = 0 in (2.57), with N even. 

Remark on the parity of the parameter n : Recalling that A(z) 
is assumed non-pathological, it is observed from (2.57a,b) that 
n = N1 -N2=I-N1 -N , namely that n has the same parity than N 
regardless of the poles distribution among stable/unstable ones 12. 

12 The assumption of the non-pathological character of A(z) in (2.57) is essential 
to verify N1 + N2 = N, involving 1) that the spanned range of the phase is 
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Spanned phase range over extended frequency domain 

Corollary 2 to Property 3 : 
Expressions (2.57a,b) evaluated over an extended frequency domain 
are verifying the next formula that is in particular useful in the 
frame of allpass-based filter transformation methods [AnsoOO] : 

ßA(K-2n+a)-ßA (a) = 2n-K-n , KeZ,aeM, (2.59) 

the parameter n remaining specified as in (2.57a,b). 

Proof : 
Performing the substitution aH>(k-l)-27t+a, keN+, in (2.57a), 
one achieves : 

ßA(k-27t+a)-ßA((k-l)-2n+a) = 2n-n , keN+,aeM. (2.60) 

Evaluating recurrently (2.60) for k = K,K-l,K-2,...,1, with KeN+, 
and summing up all resulting equations, one gets : 

ßA(K-2K+a)-ßA(a) = 2n-Kn , KeN+,aeM. (2.61) 

It is then remarked that the arguments of ßA (.) occur in decreasing 
order when reading (2.57a) from left to right. This is also the case in 
(2.60) for k e N+, but not any more when assigning negative values 
to k, in which case it is necessary to change as well the sign of the 
right hand-sided part of (2.60). It is thus demonstrated that (2.61) 
can be generalized as specified in (2.59). • 

Case of strictly stable/unstable Nth-order allpass functions 

Corollary 3 to Property 3 [Bele68, p. 167], [Vaid93, p. 76], (Table 
2.11, Case 8) : 
The necessary and sufficient condition for an Nth-order complex 
allpass A(z) to be strictly stable (strictly unstable) is that the range 
spanned by its unwrapped phase verifies for any constant aeM : 

ßA(n)-ßA(-7t) = ßA(a + 2n)-ßA(a) = ±27c-N, VaeM. (2.62) 

decreasing by steps of 2n with every unstable pole; and 2) that n and N 
share the same parity. 
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where the positive (negative) sign applies in the stable (unstable) 
case in the right hand-sided part of the formula. 

Proof of necessity : Assuming that A(z) is strictly stable (strictly 
unstable), n = N-[=N and JV2 =0 (n = -N2=-./V and Nj=O) are 
verified in (2.57), resulting in (2.62) with appropriate sign. • 

Proof of sufficiency : The proof proceeds in the reverse sense and 
is thus omitted. • 

Remarks : 
Considering the phase ßA(Q) = ßAE(Q) + ßA0(G) of an Nth-order 
allpass, where ßA0 ( ß ) is assumed purely odd, and noting that by 
essence ß^ (-n) = ß^ (Tt), (2.57) can be restated as : 

ßA(n)-ßA(-7t) = ßAO(7t)-ßAO(-7t) = 2-ßAO(K) = 2n-n, 
=> ßA0(n) = n-n (2.63) 

showing that for a complex allpass, it suffices to consider the span­
ned range of ßAo(&) over Ue[O, n], similarly to the case of real 
allpass networks 13, cf (2.58). This remark applies also to (2.59), and, 
as mentioned in [Anso99], to (2.62) to assess the strict stability/un-
stability of a complex allpass. 

Discussion 
The publications [Bele68] and [Vaid93] are covering Property 1, and 
Corollary 3 of Property 3, limiting the last to the case of strictly 
stable Nth-order allpass filters, and proving it by the sole invocation 
of the monotone increasing character of the phase, without explicit 
provision of a thorough analysis of the spanned phase range as 
provided in Property 3 in this document. 
It is believed that the discussion proposed in the report offers an 
enlarged insight into the stability-related features of complex allpass 
functions. Hence, Property 2 is catching the attention to avoid undue 
extension of Property 1 from the lst-order to the Nth-order case 14. 

13 The only difference is that ßA0 (ß ) is by definition assumed to be purely odd, 
i.e. ßA0 (i2) = -ßA0 ( - ß ) , whereas for a real allpass network, ßA(i2) can be 
affected by a possible phase shift 0 = ±n. 

14 There is no originality claim with this respect. 
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Moreover, Corollary 1 to Property 3 is of much richer use to assess 
the number of stable/unstable poles of an Nth-order allpass. Finally, 
Corollary 2 to Property 3, representing the most general formulation 
of the spanned phase range derived in this report, is useful in the 
realm of allpass-based filter transformation methods [AnsoOO]. 

2.5.4 Mean group de lay 

Corollary 4 to Property 3 : 
Given an Nth-order allpass A(z) that is non-pathological but possi­
bly featuring a mixed stable/unstable poles configuration. The mean 
group delay of A(z) measured over û e [a, (a +2/r)], Va eM, fulfills: 

T j = n, with \n\<N t neZ, (2.64) 

the parameter n remaining specified as in (2.57a,b). 

Proof : The mean group delay is specified by : 

— . a+2n 
ZA=— J TA(Ü)dQ = — -[ßA(a + 2n)-ßA(a)], (2.65) 

1% 2K 

a 

where ßA(a + 2n) and ßA(a) are evaluated along the unwrapped 
function ßA(Q), Va eM. (2.64) results then by direct application of 
(2.57a). • 

Corollary 5 to Property 3 : 
The necessary and sufficient condition for an Nth-order allpass A(z) 
to be strictly stable (strictly unstable) is that its mean group delay 
measured over Ü e [a, (a +2n)], Va e M, verifies. 

ZX = ±N, (2.66) 

the positive (negative) sign applying in the stable (unstable) case. 

Proof : (2.66) is a particular case of (2.64), the demonstration procee­
ding similarly to the proof of Corollary 3 to Property 3. • 

Examples 

Three application examples of (2.64) are proposed in Figure 2.16, 
referring to the allpass networks A(z) specified in Tables 2.13, 2.14, 
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and 2.12, respectively. The depicted mean values TA =n were nume­
rically processed over all measured values of TA(Q), Qe[-jt,Jt)], 
producing results that are correct within a marginal error which can 
be cancelled out by rounding the achieved value. In practice, if the 
density of measured values TA(Q) is sufficient, (2.64) provides an 
accurate assessment on the stable/unstable pole distribution of A(z) • 

-0.5 0 0.5 

Si/n 

T A ( O ) 

, • T A = 2 

c) 
-0.5 0 0.5 

Q/JC 

Figure 2.16: Examples of group delay and mean group delay : 
a) Stable lst-order complex allpass specified in Table 2.13; 
b) Unstable lst-order complex allpass specified in Table 2.14; 
c) Unstable 4th-order complex allpass specified in Table 2.12. 

Remarks : 
Let us decompose the group delay of a complex allpass into its even 
and odd parts : 

XA(Q) = XAE(Q)+XA0(Q), (2.67) 

with TAE(Q) = dßA0(Q)/dQ, xA0(Q) = dßAE (Q)JdQ, (2.68a,b) 

since the first derivative of an even (odd) real and continuous func­
tion is odd (even), cf Table A.l. It is observed that the mean value of 
xAO ( ^ ) measured over Qe[a, a + 2n], Va eM, equals zero by 
essence, so that (2.64) can be restated : 

TA-TAE
 =n> with \n\<N t nsZ, (2.69) 

where the integration interval is limited to Q e [a, a+Jt]. The same 
remark applies to (2.66) as well. 

Discussion 
The literature is usually limiting itself to Corollary 5 to Property 3 in 
the strict stable case, while (2.64) is observed to be more general and 
powerful. 
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2.5.5 Stability conditions related to the constituent 
parts of complex allpass networks 

The demonstrations discussed below are based on the results devel­
oped in Section 2.3, and more specifically in Subsection 2.3.3. 

Lemma 1 [Anso99] : 
A necessary but insufficient condition for a complex allpass A(z) in 
(2.28) to be stable is that AT2 =0, i.e. A2 (z) = l, so that A(z) is devoid 
of any constituent allpass featuring a purely even phase response. 

Proof of necessity : According to Subsection 2.3.2, A2 (z) counts by 
essence N212 unstable poles. Stability is therefore only granted for 
N2=O. • 

Proof of insufficiency : Obviously, no constraint has been expres­
sed with respect to Aj (z) and A3 (z) that are also affecting the 
stability of A(z) in (2.28). • 

Theorem 1 [Anso99] : 
A necessary and sufficient condition for a complex allpass A(z) in 
(2.28) to be strictly stable is that Af2 =0, and that Ao (z) in (2.30b) is 
strictly stable. 

Proof of necessity : The strict stability of A(z) implies strict sta­
bility of Aj (z), A2(Z), and A3 (z). However, stability of A2 is only 
granted for N2=O. Finally, strict stability of A\(z) and A3 (z), and 
thus of A3(z), implies strict stability of Ao (z) in (2.30b). • 

Proof of sufficiency : The proof is evident and thus omitted. • 

Remark : It is furthermore observed from (2.28), (2.30), and (2.31), 
that a stable complex allpass A(z) fulfills : 

deg{A2(z)}=deg{A£(z)}>deg{A£(z)>. (2.70) 

where deg(.) denotes the non-reduced degree of a rational function. 
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2.5.6 Stabi l i ty condi t ions deduced from the e v e n and 
odd group delay symmetr ie s 

Case of first-order allpass functions 

Theorem 2 [Anso99], (Table 2.7, Case 9) : 
Considering the even and odd parts of the group delay, i.e. T^g (ß ) 
and TAQ ( ß ) , respectively, a necessary and sufficient condition for a 
first-order complex allpass A(z) to be strictly stable is given by: 

rAE(Q)>\rAO(U)\>0, Vß , (2.71a) 

or equivalently, using (2.68a,b), by : 

d/3A O(ß) /dß>|d/3A £(ß) /dß|>0, Vß . (2.71b) 

Proof of necessity : The strict stability of A(z) involves xA ( ß ) > O, 
V ß , according to (2.50a), and thus : 

TA(aü) = rAE(i2)+aTAO(ü)>0, wi tha = ±l, (2.72) 

which is equal to T^ (Q)>\vAo (£2)\, Vß , and thus to (2.71a). The 
derivation of (2.71b) from (2.71a) is obvious due to (2.68). Hence, it is 
observed that for a strictly stable first-order allpass, the odd phase 
component necessarily exists, is monotone increasing, and is steeper 
than the absolute value of the even phase component variation. • 

Proof of sufficiency : The demonstration is direct, proceeding in 
the reverse order than just developed, and is therefore omitted. • 

Remarks : First, it is observed in (2.71a) that rAE (U) and If^0 (ß) | 
are both even functions of ß , so that it suffices to apply (2.71a) to 
the reduced interval £2e[a,a+n], Va eR. Second, (2.71a) confirms 
that an allpass featuring a purely odd group delay, i.e. T^g (ß ) = 
ßAO (Q) = O is necessarily unstable. Finally, for a real allpass, 
TA0( ß ) = °> and (2.71a) reduces to TA(£2)=TAE(i2)>0, Vß . 

Examples 

Theorem 2 is illustrated through two examples. The first one is 
depicted in Figure 2.17 and refers to the stable first-order allpass 
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specified in Table 2.13. Figure 2.18 presents the second example 
covering the unstable case according to the specifications provided in 
Table 2.14. 

K 2 

1 ' 
CQ. 
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a l ) 
-1 -0.5 0 0.5 1 

Cì/K 
20 
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bl) n/n 
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CQ. 

il) 

a 

b2) 

ßAE(ß) ß ^ 

J 
1 -0.5 0 0.5 1 

CIlK 

-1 -0.5 0 0.5 
n /7 i 

Figure 2.17: Stable lst-order complex allpass specified in Table 2.13: 
al) Unwrapped phase; b2) Even/odd parts of group delay; 
a2) Even/odd parts of phase; b3) XAE ( ß ) - \xA0 ( £2 )|. 
bl) Group delay; 

Figure 2.18: Unstable lst-order complex allpass specified in Table 2.14: 
al) Unwrapped phase; b2) Even/odd parts of group delay; 
a2) Even/odd parts of phase; b3) TAE (î2)-\rA0 (fl)|. 
bl) Group delay; 

Case ofNth-order allpass functions 

Property 4 [Anso99] : 
The conditions (2.71a,b) are necessary but insufficient to ensure 
strict stability of Nth-order complex allpass functions. 
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Proof of necess i ty : Adopting (2.51), the strict stability of every 
elementary allpass A\ (z) involves : 

rAEv(O)>\tAOv(O)\>0, v = l,2 N, VO, (2.73a) 

resulting in the next relationship after summation of all formulas : 

N 

T-AE(O)=Y *'AEv (O) 
v=l 
N 

> S \*A0v(O)\> 
V=I 

N 
Y, *AOv (O) 

V=I 
= 1 ^ 0 ( 0 ) ^ 0 , VO, (2.73b) 

which concludes the demonstration. 

Proof of insufficiency : The reason of insufficiency stems from the 
fact that compensation effects may occur between the constituent 
even/odd parts in the unstable case, similarly to the situation 
encountered in Property 2. • 

Remark : Theorem 2 and Property 4 are the counterparts of Proper­
ties 1 and 2, respectively, expressed in terms of the even/odd parts of 
the allpass phase and group delay. 

10 
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Figure 2.19: Unstable 4th-order complex allpass specified in Table 2.12: 
al) Unwrapped phase; b2) Even/odd parts of group delay; 
a2) Even/odd parts of phase; b3) Tx^ ( ß ) - IT4 0 ( ß )|. 
bl) Group delay; 
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Example 

The proof of insufficiency is examplified in Figure 2.19, using the 
unstable 4th-order allpass A(z) specified in Table 2.12. It is observed 
that (2.73a) is fulfilled despite of the obvious instability of A(z). 

2.6 Half-band symmetric allpass functions 

This section is devoted to complex half-band symmetric allpass fun-
tions that are by essence featuring a midband phase symmetry over 
both positive and negative frequency ranges. In their most general 
form, such networks offer a certain degree of freedom in the specifi­
cation of the phase response over the positive frequency range with 
respect to the negative one, whereas this degree of freedom drops in 
the case of constrained half-band symmetric allpass functions. 

Half-band symmetric allpasses are interesting for the implementa­
tion simplifications they provide due to their specific pole constel­
lations, and they play an important role as constitutive networks of 
amplitude/phase selective half-band filters, cf Chapters 4 and 5. 

In the sequel of this section, the definition and general form of half-
band symmetric allpass networks are first provided. The correspond­
ing allpass expression and related pole configurations are next speci­
fied. The implied implementation simplifications are then discussed, 
followed by a short presentation of the constrained case. Finally 
several examples are illustrated. 

2.6.1 Definition of the phase response of half-band 
symmetric allpass functions in the general case 

In its most general form, the phase response of a complex half-band 
symmetric allpass A(z) is specified as follows for Ü e[-n,n] : 

0A(U)-Ai (0) = ftt(«)-Äi(w-ß). (2-74a) 

implying: TA(Q) = xA(n-Q). (2.74b) 

Expression (2.74a) is known for real allpass networks, and shows 
that the phase response is necessarily verifying : 

ßA(n/2) = 0.5-[ßA(0) + ßA(7t)]. (2.75a) 
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Considering (2.74a) over the negative frequency range ß s [-77:,0], 
and applying (2.57a) to ßA (Tt) and ßA(n-il) : 

ßA(n) = ßA(-n) + 2n-n, (2.76a) 

ßA(n-Q) = ßA(-n-ü) + 2nn, (2.76b) 

one achieves : 

ßA{Q)-ßA(0) = ßA(-n)-ßA(-n-Q), (2.76c) 

demonstrating that the phase response is fulfilling: 

ßA{-n 12) = 0.5 \ßA (-«) + fti (0)]. (2.75b) 

Figure 2.20 depicts the phase response of general form complex half-
band symmetric allpass functions. 
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Figure 2.20: Phase response of half-band symmetric allpass networks 
(general case). 

2.6.2 Expl ic i t form of half-band symmetr ic a l lpass 
funct ions in the general case 

This subsection aims at identifying the explicit form of the constitu­
ent denominator of complex allpass networks verifying the condition 
(2.74a). The development is processed in two steps, establishing first 
in Lemma 2 an equivalent expression for (2.74a), before deriving the 
explicit form of the allpass denominator in Theorem 3, which repre­
sents the central part of this subsection. 
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Lemma 2 : Reformulating (2.74a) as specified in (2.77a), equations 
(2.77a) and (2.77b) are demonstrated to be equivalent, ßP ( ß ) being 
defined in (2.6) - (2.8). 

ßA{a) + ßA(7C-£3) = ßA(0) + ßA(7t) « (2.77a) 

« ßP(Q) + ßp(7t-Q) = ßP(0) + ßp(7t). (2.77b) 

Proof: The demonstration is merely achieved applying (2.6) to each 
of the four terms appearing in (2.77a), resulting in (2.77b). • 

Theorem 3 : 
The necessary and sufficient condition for an N th-order complex all-
pass A(z) to feature a general form half-band symmetric phase 
response as specified in (2.77a,b) is that P(z) is para-even for AT 
even, and para-odd for N odd, cf Table A.3 : 

N/2 N/2-1 
N even: P(z)= £ pR2v-z

2v+j- £ W(2v+l)-z > (2-™a) 
v=0 v=0 

with P/?(2v+l) =P/2v =0> v = 0,...,A//2-l; 

(#-1)/2 -, 
N odd: PU)= I [/>*(2v+l)-z2V+1+;-P/2vz2VJ. (2.78b) 

v=0 
with pR2v = />/(2v+l)=°> v = 0,...,(Ar-l)/2; 

verifying in each case: PRN=1> PIN=®- (2.78c) 

Proof of necessity : The proof of necessity is elaborated starting 
from equation (2.77b), and taking the tangent of both left and right 
hand-sided parts of it, as specified in (2.79a). The expressions being 
rather involved, it is useful to rewrite the left and right hand-sided 
parts of (2.79a) as provided in (2.79b,c) : 

tm[ßp(Q) + ßp(7t-Q)]=tan[ßp(0) + ßp(x)], (2.79a) 

NUm1(Q) (2.79b) 
with tan[ßP(Q) + ßP(n-ü)]= 

and tm[ßP(0) + ßp(7i)] 

Dern(£2) 

Num2 (2.79c) 
Den 7 



52 Chapter 2 

Next, applying (2.79b,c) jointly with (2.8), one obtains formulas 
(2.80a) - (2.8Od) after a longer development that is omitted for con­
ciseness. 

N N f r -, 
NUm1(O) = -*£ X { ( - l ) "+( - l ) v I PKvPi11-cosKv-P)O] 

v=0 /I=O VL J 

+[(-1)M
 -(-1)V]-[PRVPRH - Piv Pi ß]sinvO-cos HO }, (2.80a) 

N N . 

DeIi1(O)=Y X {(-1)'1 -IPRvPRn - PIv WjiJ-cos[(v-/i)fl] 
v=0 /i=0 

-[(-D"+(-l)V]-/»ÄvP/M-sin[(v-Ai)fl]}, (2.80b) 

Num2=-^=0 X j U [(- 1 )" + ( - 1 ^ ] - P A V W M > (2-8Oc) 

^ n 2 = X v U I j U ( - 1 ^ - [ P A V M M - W v W M ] - (2-80d) 

One notices that when v and ß share the same parity, i.e. for (v + ß) 
even, (2.81a) is verified, whereas (2.81b) applies when v and ß are of 
different parity, i.e. for (v + ß) odd : 

for (v + /z) even: (-1)^+(-1^=2-(-1)" , (2.81a) 

( - l ) " - ( - l ) v = 0 ; 

for (v+ /i) odd: (-1)"+(-l)v =0, (2.81b) 

( - l ) " - ( - l ) v =2-(-1)". 

Consequently, equations (2.80a,c) can be rewritten as follows: 

NUm1(O) =-^^ S j U 2-(-1)" - P A V ^ - C O S E ( V - M ) U ] 

(v+ß) even 

"Sv=O X j U 2• (-1)» {PRvPRß-Plvpiß]-smvO.cosßO, (2.82a) 
(v+/i)odd 

ArMm2=-XvU Z j U 2^-V*1 PRvPIß- (2.82b) 
(v+/i)even 

According to (2.82b), NUm2=O for (v + it) odd, implying that Num\ 
should do the same for (v + ß) odd. Consequently : 
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Hv=Q XjI=O (.-^f-[pRvPRß-Piv Pi ß]sinvQ-cos fi£2=0 
(v+ji)odd 

V ß e [ - n, n ] , which involves : 

PRvPRn-PIvPln=°> for (v +/i) odd. (2.83) 

Case 1) TV even : Assuming first that JV is even, and introducing 
(2.78c) in (2.83) with v = N, one achieves: 

PRH=O, for ß odd. (2.84) 

Considering in a second step any even v , and inserting (2.84) into 
(2.83), results in : 

Plv - Pin - 0 > for v even, ß odd, (2.85) 

meaning that at least every second coefficient Pj71 in the sequence 
77 = 0,1,2,...,N is zero valued. Equation (2.84) remaining valid, this 
leads a priori to two possible solutions, namely: 

Plß=0, for ß even => P(z) para-even; (2.86a) 

Pi11=O, for ß odd => />(z) even; (2.86b) 

In case P(z) is para-even, one verifies PRvPiß =0 for (v + ß) even, 
implying that both terms Num 1 and Num 2 in (2.82a,b) become identi­
cally zero V£2e[-7t,7t], thus fulfilling (2.77a,b). 

Regarding the denominators Den,, i = l,2, it is noticed in (2.77b) that 
ßp(ü) + ßp(n-£2) = ßp(0) + ßp(K) corresponds to a finite value, so 
that the tangents in (2.79b,c) are properly defined. Accordingly, the 
numerators and denominators in (2.79b,c) cannot be simultaneously 
zero valued. Since Num\ = Num2=0, it is confirmed that Den,(Q)*0, 
v\Q e[-7r,7r] , 1 = 1,2. Additionally, Detn are observed to be non-
identically zero in (2.80b,d). The solution (2.86a) is thus validated. 

If instead one is considering P(z) as an even polynomial following 
(2.86b), no solution can be derived from (2.82a,b) except in the real 
case to be discussed later in the Corollary 3 of Theorem 3. In addi­
tion, (2.77b) cannot be found back from an even complex P(z)- The 
solution (2.86b) is consequently rejected. 
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Case 2) N odd : Proceeding similarly for N odd, the only solution is 
given by : 

PRv =Plp = 0 for v even, p odd => P(z) para-odd. (2.87) 

The demonstration of the necessity condition of Theorem 3 is thus 
completed. • 

Proof of sufficiency : Assuming that polynomial P(z) is fulfilling 
either (2.78a) or (2.78b) in addition to (2.78c), one establishes from 
(2.8) : 

ßP(£2) = -ßp(K-Q) => ßp(0) = -ßP(7t). (2.88a,b) 

Subtracting (2.88b) from (2.88a) results in (2.77b), and therefore in 
the equivalent expression (2.77a). The sufficiency condition of 
Theorem 3 is thus demonstrated. • 

Corollary 1 to Theorem 3 : 
Consequently to the para-even/odd nature of P(z) in Theorem 3, the 
Nth-order complex allpass A(z) is taking the values listed in Table 
2.15 for z = ±j, involving the indicated values for the phase response 
ßA {±n12) specified in (2.75a,b). 

Proof: Introducing z = ±j into (2.78a,b) involves (2.89a), and thus 
(2.89b) using (2.77a). The values of A(±j) and ßA(±n/2) in Table 
2.15 are then directly derived in function of N. • 

P(±j) = (-1)N-P(±j) => A(±j) = X-(Tjf; (2.89a,b) 

N 

4k 

4k +1 

4 * + 2 

4* + 3 

A(±;)/A = (T7)N 

1 

*j 

- 1 

±j 

ßA(±K/2)+e 

In-X] 

±n/2 + 2n-ri 

n + In-T) 

+•nll + ln-T) 

Table 2.15: Specific values of A(± j) and ßA (±n 12), for N > 1, k e N ,ri e Z 

( r] selected according to the unwrapped phase ßA(Q) + 9 ). 
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Corollary 2 to Theorem 3 : 
In case the Nth-order allpass A(z) in Theorem 3 is real, then P(z) 
reduces to an even (odd) polynomial for N even (odd), respectively. 

Proof: The demonstration is evident and thus omitted. • 

2.6.3 Pole configurations of half-band symmetric 
allpass functions in the general case 

Based on Theorem 3 and its Corollary 2, the pole configurations of 
half-band symmetric allpass networks are established. This is done 
considering elementary first-order para-odd, and second-order para-
even polynomials. Higher-order para-even/odd polynomials are then 
achieved by a mere product of lower-order polynomials, following the 
rules described in (A. 15). 

The Nth-order polynomial P(z) being monic by definition (p^ =1), 
and considering the conditions to be fulfilled by a polynomial to get 
para-even/odd, cf Table A.3, it is observed that P(z) can only become 
para-even for N even, and para-odd for N odd. 

Case oflst-order para-odd polynomials 

The condition to be verified by a first-order monic polynomial Pj (z) 
specified in (2.90a) to become para-odd is Re(Z00J) = O, resulting in 
(2.90b), including the real case a =0. 

?l(z)-z-Zcci; (2.90a) 

P1(Z) para-odd: Z001 = j • a, with a eM. (2.90b) 

Case of 2nd-order para-even polynomials 

In case of a second-order para-even polynomial P2 (z), cf (2.91a), the 
conditions to satisfy are Re(Z00J + Z0^) = Im(Z00J Z0^)=O. Two sub­
cases are considered according to the fulfillment of Re(Z00J + Z1x^) = O. 

Subcase 1: Re(Z00J }=Re{zco2}=0 : This subcase merely corresponds 
to the product of two para-odd first-order polynomials, cf (2.90b), 
resulting in (2.91b). Im(Z00] -Z0^)=O is then necessarily satisfied. It 
is noticed that the two factors a,-, i = 1,2, encompassing the value 
a,:=0, are in general independent of each other. 
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Subcase 2: Re{zooi} = -Re{zoo2}?i0 : In this subcase, Z00J =<* + j-Yi 
and Z002 =-« + ;'-72' w^h a>7i .72 e-^> a n ^ a*0 by assumption. The 
condition Im(Z00] • Z002 }=0 is then inducing (2.91c). 

^ 2 ( z ) = (z -Zool ) - (z -Zoo2) = Z2 -(Zool +Zoo2)-Z + Zool - Z ^ ! (2.91a) 

?2(z) para-even: 

Subcase 1: Zwi =./-0¾, with a,- e l , i = 1,2; (2.91b) 

Subcase 2: z * ^ = - ^ . with Re(Z001)^O, i = 1,2. (2-91c) 

Allpass pole configurations for complex para-even/odd P(z) 

The allpass pole constellations corresponding to elementary complex 
para-even/odd polynomials P(z) following (2.90b) and (2.91b,c) are 
represented in the left column of Figure 2.21, parts a) and b). Higher-
order complex para-even/odd P(z) are obtained by multiplication of 
elementary complex para-even/odd polynomials, including elemen­
tary real even/odd polynomials P(z) discussed below. 

Allpass pole configurations for real even/odd P(z) 

In the real case, the relationship (2.90b) becomes (2.92a), whereas 
(2.91b,c) result in (2.92b,c,d). The corresponding allpass pole configu­
rations are illustrated in the right column of Figure 2.21, parts a), b), 
and c). 

P1 (z) odd: Z0Oi=O; (2.92a) 

P2(Z) even: 

Subcase 1: Z00I=J-O, z002=z^,i, with a e l ; (2.92b) 

Subcase 2: ZM1 e M, Z002 =-z«,i, with z«,i*0; (2.92c) 

P4(z) even: Z00I eC, Z002 =-z0Oi, Z00J =C\, Z004 = -z Ì i . (2.92d) 
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P(z) Complex P(z) Real P(z) 

a) lst-order para-odd l m ( z ) " 

Re(z) 

l m ( z ) " 

*Re(z) 

b) 2nd-order para-even l m ( z ) " 

*Re(z ) *f-»-Re(z) 

c) 4th-order para-even 

Similar to complex case b) * Re(z) 

d) Para-even and 
circularly symmetric 
( irreducible case ) 

• Re(z) 
Impossible 

in the irreducible case 

Figure 2.21: Pole configurations for elementary half-band symmetric 
allpass functions (general case). 

2.6.4 Para-even and circularly symmetric case 
The case where the denominator P(z) of a half-band symmetric all-
pass A(z) is para-even and circularly symmetric is handled by split­
ting A(z) into two allpasses, namely A01(Z) collecting all real pole 
configurations, the remaining complex poles being taken over by 
Aß (z) , the related denominators being labeled Pa (z) and Pß(z) : 

Mz) = Aa (z)-Aß (z); Aa(z)real, A^ (z) complex; (2.93) 
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the factor X of A(z) being assigned to Aß (z). Clearly, the circular 
symmetry involves a necessarily paired occurrence of poles verifying 
«« i+i = y Zoo « > excluding poles at the origin because their inverse 
would be rejected to infinity. The elementary real pole configurations 
of Pa (z) obtained from Figures 2.21b and 2.21c are thus represented 
in Figure 2.22. Obviously, every pole in Figure 2.22 is precisely 
cancelled out by a zero of the same configuration, so that, whatever 
its degree, A01 (z) is demonstrated to be fully reducible to the degene­
rate allpass A^ (z) = 1. 

*+V>Re(z) 

Im (Z ) ; : 

*• Re(z) 

l m ( z ) " 
X jS~' 

A--
\ • * — 

X ^ 

~ ~ \ X 

• • A i 
— "*" / 

' X 

Re(z) 

Figure 2.22: Pole configurations for real elementary half-band symmet­
ric allpass functions with even and circularly symmetric 
denominator. 

Considering Aß(z), whose poles are necessarily non-real by assump­
tion, i.e. Im(Z0Oj)^O, the relationships (2.91b) and (2.91c) are re­
placed by (2.94a) and (2.94b), respectively, as depicted in Figure 2.21, 
part d). 

P2 (z) para-even: 

Z00I=^a1Z002=IZz00I, with a*O, aeM; (2.94a) 

P${z) para-even: 

Zooi eC, Zoo2=-zL\, Z00S=IIz00I, Zoo4=-l/z~l- (2-94b) 

The next corollary can thus be formulated. 

Corollary 3 to Theorem 3 : 
Referring to Theorem 3, an irreducible N -th order (N even) complex 
allpass A(z) owning a para-even and circularly symmetric denomi­
nator P(z) is: 1) necessarily devoid of real pole configurations; and 
thus 2) featuring a purely even phase response. Moreover, the 
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auxiliary rational function P'(z) defined in (2.40a,b) is para-even for 
Nil even, and parâ^odd for N/2 odd. 

Proof: The fact that an irreducible complex allpass A(z) with para-
even and circularly symmetric denominator P(z) is necessarily de­
void of real pole configurations follows from the developments made 
at beginning of this subsection. According to Subsection 2.3.2, A(z) 
is then certified to feature a purely even phase response, in addition 
to the half-band symmetry. Finally, the para-even/odd property of 
P'(z) in function of the parity of Nil is a consequence of (2.40b). • 

2.6.5 Implementat ion s impli f icat ions 

Due to the para-even/odd nature of the denominator P(z) of a gen­
eral case half-band symmetric allpass A(z), a (limited) implementa­
tion simplification is rendered possible making use of (A.28). Indeed, 
specifying: 

z = j - z , (2.95) 

equations (2.78a,b) can be rewritten: 

N even: 
N/2 

P(Z)= I PR2VÌ-V -Z 
2v 

v=0 

N /2-1 

+ I 
v=0 

( i \ v i2v+l 
P / ( 2 v + l ) - ( - 1 ) -Z 

W odd: 
(AM)/2 

P(Z) = J- £ \ PR(IV+I) '(-ti 
V=O L 

,v+1 s2v+l , „ / 1 \V s2v 
•Z + P / 2 v - ( _ 1 ) -Z 

(2.96a) 

(2.96b) 

P(z) behaving similarly, A(z) can be realized using real allpass 
structures, except for the j factors introducing a mere swap between 
the real and imaginary parts of the signals, and which occur in par­
ticular in connection with the complex delays. This implementation 
simplification was already cited in [Meer83, Vaid87a]. More explic­
itly, the transfer function of A(z) can be expressed as : 

-Nn 
N, 

A(Z)=^-Z'"0 - n 
M=I 

1 + J-CCf1-Z N2 

n 
V=I 

1 * 

Z ZaoV z-]-aß 

with N = N0 +N1 +2-N2; a^eM, a^^O; 

1 + ¾ •z 

Z + Zooy 

(2.97a) 

(2.97b) 
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where NQ represents the number of poles at the origin, N] denoting 
the number of purely imaginary poles following (2.90b) and (2.91b), 
whereas #2 specifies the number of paired poles according to (2.91c). 
Finally, one achieves : 

N-No _ N( A(Z) = X- f 

with dv = 2• Im(Z001, }; ey 

N1 

°n 
(\ + CC1, - Z ^ " • 

z+a, 

2 

n 
V=I 

1 + dy -Z + Çy -Z 

z +dy -z + ey 

ZooV I 

(2.98a) 

(2.98b) 

Implementation simplifications in the real case 

Clearly, P(z) and thus A(z) are both becoming even or odd func­
tions in the real case. Hence, A(z) can be reformulated as : 

(2.99a) N even: 

W odd: 

A(Z) = A( Z
Z ) ; 

A(z) = z ' A(Z1Y, (2.99b) 

a feature that is well known for the realization of real half-band 
allpass-based networks [Noss83, Gazs85a, Fett86, Vaid93], Â(z2) 
representing an even degreed allpass. The form of A(z) is leading to 
drastic reductions in hardware resources, computation throughput, 
and power consumption, especially for multirate filterbank imple­
mentations, as cited in the mentioned references. 

2.6.6 H a l f - b a n d s y m m e t r i c a l l p a s s f u n c t i o n s i n t h e 
c o n s t r a i n e d c a s e 

Two conditions are introduced in [Fett85] for the design of half-band 
symmetric allpasses used to realize specific amplitude and mixed 
amplitude/phase selective half-band filters. These conditions are: 

N even: 

N odd: 

A(z) = - A - ! ( - z ) ; 

A(z) = -A(-z). 

(2.100a) 

(2.100b) 

Inserting (2.78a,b) into (2.100a,b), respectively, results in : 
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N even: A(z) with para-even and circularly symmetric (2.101a) 
denominator P ( z ) ; with X = ±j; 

N odd: A(z) with real and odd P(z); withA = ±l; (2.101b) 

so that A(z) is featuring either a purely even phase response for N 
even if irreducible (cf Corollary 3 to Theorem 3), or a purely odd 
phase response. The subject is discussed in detail in Chapter 4. 

Moreover, inserting the values of A specified in (2.101a,b) into 
(2.89b) results in : 

A(±j) = ±j, VN, » ßA(±n/2) = ±n/2 + 2n-ri, VN; (2.102a,b) 

thus replacing Table 2.15. The upper/lower signs appearing on both 
sides of every equation (2.102a,b) are not any more correlated. The 
factor T] is selected according to the unwrapped phase ßA(Q). 

2.6.7 Examples 
A first example illustrating a general case half-band symmetric 
allpass was already discussed in Figure 2.8 and Table 2.6. Several 
further examples are described below, the first corresponding to a 
5th-order complex para-odd allpass depicted in Figure 2.23 with 
parameters specified in Table 2.16. 

•5 4 

^f ° 
Cu. 

-2 

a) 

20 

g 10 

Ì* 0 
-10 

b) 

1 -0.5 

1 -0.5 

0 

0 

Cl/K 

0.5 1 

0.5 1 

lm(z) ' 

C 
C) : 

S 
t • ne(z) 

J 
: 

Figure 2.23: 5th-order complex half-band symmetric allpass function 
with para-odd denominator P(z) : 
a) Unwrapped phase response; c) Poles configuration. 
b) Group delay; 
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K 

ein 

Zoo V 

V 

— 
1 

2 

3 

4,5 

ein, Re{Zoov} 

O 

Im(Z00V } 

— 
1.20exp(- j0 .50-7T) 

0.90 -exp(j- 0.40 -n) 

0 . 8 0 e x p ( - j 0 . 1 5 - 7 r ) 

* 
Zoo V = ~^oo(7 - V ) 

Table 2.16: Parameters specifying the allpass illustrated in Figure 2.23. 

5 4 

I 2 
< 

ca 
a) 

20 

5 ° 

b) 

1 -0.5 0 0.5 1 
SiIn 

- . ^ - ^ -

n^v M 
1 -0.5 0 0.5 1 

Clin 

I m ( z ) ' 

C 
} - \ 

I «" I Iti IZj 

Figure 2.24: 4th-order complex half-band symmetric allpass function 
featuring an even phase response, and thus a para-even 
and circularly symmetric denominator P(z) : 
a) Unwrapped phase response; c) Poles configuration. 
b) Group delay; 

billig» 
ein 

^QOV 

V 

— 
1 

2 

3,4 

ein, Re{ Z o o v } 

0 

Im(Z00V } 

— 
0.90 • exp( j - 0.40 -n) 

* 
Z<»>2 = - z ~ l 

Zoov = I / Z o o ( 5 - V i 

Table 2.17: Parameters specifying the allpass illustrated in Figure 2.24. 

The two next examples present complex allpass networks featuring 
an even phase response. A general case is depicted in Figure 2.24 
with parameters given in Table 2.17, whereas Figure 2.25 and Table 
2.18 correspond to an allpass with almost linear phase response 
ßAE(Q) = 3-\&\ over |ß|e[0,;r], the adopted legend and represented 
characteristics being the same than in Figure 2.7. 
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-0.5 0 0.5 
£2/71 

b) 
-0.5 0 0.5 

£2/71 

-0.5 0 0.5 
£2/7C 

K 5 

- o 

W -

d) 
0.5 

£2/71 

•-Re(z) 

Figure 2.25: 6th-order complex half-band symmetric allpass with even 
and almost linear phase with ßAE (Q) = 3-\Q\, \Q\e[0,n] : 
a) Unwrapped phase response; c) Unwrapped phase of A^\ (z) ; 
b) Group delay; d) Residual approximation error; 

e) Poles configuration. 

ein 

^oov 

V 

— 
1 

2 

3 

4,5,6 

ein, Re{Zoov> 

-0.5 

0 

0.64830915709478 

Im{zTOV } 

— 
0.55943181755232 

0.19851187299565 
* 

Zoo3 = ~ £ a > 2 

Zoov = ' ^°°(7-Vi 

Table 2.18: Parameters specifying the allpass illustrated in Figure 2.25. 
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Figure 2.26: 4th-order real half-band symmetric allpass function with 
even denominator P(z) : 
a) Unwrapped phase response; c) Poles configuration. 
b) Group delay; 
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HK: 
QIn 

£00 V 

V 

— 

1 

2 

3,4 

Bin, Re{z„v} 

O 

ImUooy } 

— 

0.90 • exp(j- 0.40 -n) 
* 

Zoo2 = ~Z°ol 
zoov — Z°°(5-Vi 

Table 2.19: Parameters specifying the allpass illustrated in Figure 2.26. 

Finally, Figure 2.26 and Table 2.19 illustrate the case of a real even-
ordered allpass. 

2.7 Allpass properties in the \|/-domain 

It is observed that all elementary properties of allpass functions that 
were identified or demonstrated in the z -domain in this chapter, 
have their direct counterpart in the yr -domain, and vice-versa, both 
domains being related through the bilinear transform. 

2.8 Conclusion 

In this chapter, various elementary properties of allpass functions 
were discussed in detail. After recall of basic definitions, a detailed 
analysis of the even/odd allpass phase response constituents was 
undertaken in Section 2.3, allowing for a factorization of allpass 
functions into elementary allpasses. The explicit form of allpass 
networks with purely even phase response was then derived, which 
is in particular useful to perform the approximation of such filters. 
Next, the stability of allpass functions, and by extension of polynomi­
als, was discussed in Section 2.5, focusing on the relationship 
between stability and phase or group delay responses. Finally, com­
plex half-band symmetric allpass filters were handled in Section 2.6. 

It is observed that an important part of the results achieved in the 
chapter is merely based on the analysis of the even/odd allpass phase 
constituents, with exploitation of the identified properties. 
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Contributions 

The main contributions 15 of the chapter considered as original to the 
best knowledge of the author are : 

> C2-I: Establishment of the refined decomposition of complex 
allpass functions (2.28) and their correspondence to related purely 
even and odd phase response constituents (2.30a,b), including 
their potential use for simplified approximation of complex allpass 
filters as described in Subsection 2.3.4, and the provision of the 
explicit form of allpass functions featuring a purely even phase 
response as discussed in Section 2.4. 

> C2-II: Systematic study of stability-related properties of complex 
and real allpass functions as presented in Section 2.5, with 
gradual progression of the features analysis. Results of particular 
interest are : 

• C2-II/1: Provision of a new proof of the known Property 3 in 
Subsection 2.5.3. 

• C2-II/2: Expression (2.59) specifying the spanned phase range 
over extended frequency domain, representing a generalization 
of known spanned phase range expressions [Bele68, Vaid93], 
tha t is in particular useful in the frame of allpass-based filter 
transformation methods [AnsoOO], and allows for a precise enu­
meration of stable and unstable poles belonging to the assessed 
allpass, provided the applied phase unwrapping technique is 
secure. 

• C2-II/3: Identified stability conditions related to the constitu­
ent parts of complex allpass networks in Subsection 2.5.5, with 
contribution of Lemma 1 and Theorem 1. 

• C2-II/4: Identified stability conditions deduced from the even 
and odd group delay symmetries as discussed in Subsection 
2.5.6, with contribution of Theorem 2 and Property 4. 

15 In this report, contributions that are claimed to be original are listed adopting 
the following numbering scheme : 
Cx-y/z, where "C" stands for claimed original contribution, V specifies the 
concerned report chapter, "y" corresponds to the index of the claimed contribu­
tion, whereas "z" is potentially used for numbering the constituent parts of 
the claimed contribution. 
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> C2-III: Systematic study of half-band symmetric allpass functions 
as handled in Section 2.6, with identification of the fact that 
complex half-band allpass filters are featuring two separate 
symmetries in the positive and negative frequency ranges, cf 
(2.74a), (2.76c), and Figure 2.20, the main contribution being pro­
vided by Theorem 3 and related corollaries. Moreover, a restricted 
version of Theorem 3 is discussed in Subsection 2.6.6 for the case 
of constrained half-band symmetric allpass functions. 

A further contribution is given by the observation made along the 
examples described in Subsection 2.4, that purely even phase res­
ponse allpass functions offer a remarkable flexibility to diversely 
shape their phase response, since the spanned phase range 
[/U(T)-Z^(O)] is unconstrained. This fact can in particular be 
exploited in allpass-based transformation methods to partially shift 
out (or shift in) portions of the frequency response of transformed 
filters [AnsoOO], rendering non-circular transformations possible. 

Further potential research 

Based on the former considerations, the next subjects are proposed 
for potential further research: 

> Systematic study of the available design space of allpass functions 
with purely even phase response, and general complex allpass 
functions, by approximating classes of phase responses, establish­
ing guidelines if appropriate. 

> Study of further elementary properties featured by complex allpass 
functions, in relation with particular filter configurations. As an 
example, the formal and practical study of complex filters for 
analytic signal processing could be envisaged, based on the refined 
allpass decomposition (2.28). 

> Systematic study of allpass-based filter transformations, exploit­
ing the results developed in the chapter, e.g. along already 
collected ideas [AnsoOO]. 

> Others. 



Chapter 3 
Complex and Real Wave Digital 
Filters 

3.1 Introduction 

The concept of Wave Digital Filters was introduced in 1971 by A. 
Fettweis [Fett71] as a basis for designing what we will call "robust" 
time-discrete filters. It is remarkable to observe, after almost 30 
years of regular progress, how many - diversely oriented - theoreti­
cal and practical results, including industrial applications, were 
elaborated from these seminal ideas. 

Hence, the WDF principle can be perceived as a true paradigm for 
robust digital signal processing, offering original solutions to a wide 
range of signal processing problems, including : 

> Real linear time-invariant filtering, using : 

- Classical WDF structures (e.g. ladder, lattice) [Fett86]; 

- Power WDF structures i [Hahn85, Host85, Zhan88]; 

- Orthogonal WDF structures 2 [Fett90, Depr80, Suzu91]; 

- Lattice structured FIR filters [Fett86, Zaln89, Vaid88]; 

1 Filter structures essentially based on classical networks, but using power wave 
signal quantities. 

2 Recent filter configurations resulting from original factorization methods. 
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> Complex linear time-invariant filters [Fett81a, Meer83, Schü91, 
Jarm94, Scar94]; 

> Hypercomplex linear time-invariant filters [Kant89, Ebbi90, 
Schü90, Schü91, Fuku95, Kama97]; 

> Signal modulation and multirate processing [Fett82, Gazs86a], in 
particular with retrieval of re fleeted power [Dabr87a, Dabr87b]; 

> Bidimensional and N-Dimensional signal processing [Zou89, 
Doma91, Fett94, ICAS94, Gu94], in particular using complex net­
works [Fett87, Blej90, Janc93]; 

> Adaptive signal processing [Kubi85b, Zaln90, Tan92, Tan94]; 

> Numerical integration and modelling of linear and non-linear 
time-variant processes described by Partial Differential Equations 
[Fett89, Fett92b, Fett92c, Nits93, Fett94, ICAS94, Sche98]; 

and many more topics, dealing e.g. with practical DSP and VLSI 
implementation aspects. 

However, one should also mention the numerous contributions 
originating from complementary approaches. These include design 
methods relying on various types of analog-to-digital transformations 
[Tant95] for the mapping of classical analog networks onto digital 
filters (e.g. backward difference approximation, impulse invariant 
method, matched z -transformation, etc.), in particular LDI-based 
methods [Brut75, Turn86, Nowr90, Nowr93]. 

Other contributions concern the Markel and Gray lattice filter struc­
tures [Gray79], resonator-based orthogonal filters and filter-banks 
[Péce88, Péce89, Padm91, Padm96], contributions proposed by 
Vaidyanathan and al. [Vaid84, Vaid88], and many others. 

This chapter is dealing with complex and real WDF design limited to 
the linear time-invariant case. The sequel of the chapter is organized 
as follows. Section 3.2 is first recalling the fundamental properties of 
real WDFs, whereas complex WDFs are introduced in Section 3.3. 
Section 3.4 is then presenting in detail complex lossless two-ports, 
mainly focusing on lattice-type networks. In addition to reminding 
the essential features of symmetric and antimetric lossless two-ports, 
this section discusses in particular: i) achievement of higher-order 
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lossless two-ports by cascading lower-order symmetric/antimetric 
ones, including the scalar case; ii) doubly magnitude-complementary 
networks offering an interesting low-sensitivity to mismatches; 
iii) transformations of lossless two-ports; iv) equivalent implementa­
tions of real antimetric lossless two-ports. Next, the canonic number 
of design parameters characterizing lossless two-ports is handled in 
Section 3.5, discussing also their use to achieve different filter 
responses. Section 3.6 is then devoted to the mapping procedure of 
complex lossless two-ports from the yr -domain into the z -domain, 
followed by the conclusions drawn in Section 3.7. 

3.2 Real Wave Digital Filters 

The concept of WDFs introduces a framework consisting in a rule-
based mapping of classical analog networks (i.e. passive lumped 
element-based filter structures, or commensurate distributed 
networks), either onto analog time-discrete networks (e.g. switched 
capacitor filters), or onto digital filters [Fett71, Fett86]. Only digital 
filters are considered in this report. 

The Wave Digital Filters achieved after mapping are featuring the 
following properties : 

• They are fulfilling the realizability - or computability - conditions, 
[Fett84a, Fett86, Croc75], in the sense that the resulting digital 
networks : (i) are organized in ordered sequences of computation 
operations (precedence dependencies, etc.), and (ii) are devoid of 
any delay-free loop. 

• They inherit the properties of the analog reference network they 
are derived from, which most importantly involves preservation of 
passivity and losslessness [Fett88, Fett72a, Fett72b, Fett75, 
Fett86, Deso75, Doma84, Vaid85a], which in turn implies further 
essential characteristics, including low sensitivity, low round-off 
noise, and stability under finite-precision arithmetic conditions. 
These properties will be discussed in Subsections 3.2.2 and 3.2.3. 

A comprehensive tutorial paper on Wave Digital Filters and their 
design can be found in [Fett86], whereas complementary introductory 
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material is available in [Boit90, Laws90, Suzu90, Anto93], and 
[Schü94]. 

3.2.1 Mapping procedure to achieve real WDFs from 
analog reference filters 

The mapping procedure recalled below applies to real networks 
[Fett86]. This method proceeds similarly to derive complex WDFs 
[Fett81a, Schu91]. 

Three frequency domains are considered for designing WDFs 
[Fett86], cf Section A.3 : 

• the p -domain, where p is the actual complex frequency; 
• the \jr -domain, y corresponding to Richards' variable used for the 

design of commensurate distributed reference filters; 
• the z-domain, where z is the standard complex frequency vari­

able used in digital signal processing; z is related to y/ through 
the bilinear transform, cf (A.50). 

The transfer of analog reference filters into the digital domain should 
be performed using convenient signal variables. Hence, a first at­
tempt based on the digitization of voltages and currents of the analog 
network fails very soon, because this leads to unrealizable filters con­
taining delay-free loops. To circumvent this problem, wave quantities 
as known from the scattering parameter theory [Bele68, Youl71, 
Fett92a] are used instead for designing WDFs [Fett86]. 

Instantaneous quantities 

'v v 

a v — » ~ 

bv - " — 
uv 

1 

-vR v 

a v v 

Rv 

bv "V 

Steady-state quantities 

'v v 

A v — « -

B v - " — 
Uv 

"VRv 

"V v 

Rv 

Bv -" 

Figure 3.1: Representation of a port (real networks). 
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These wave quantities are defined with respect to each port of the 
reference network, where a port is characterized by a voltage, a cur­
rent, and a constant port resistance R for real networks (Figure 3.1). 
One distinguishes incident waves (denoted by a or A ), which propa­
gate in the forward direction, and reflected waves (denoted by b or 
B ), propagating in the backward direction. The port quantities can 
moreover be considered either as instantaneous quantities in the 
time domain (lower case symbols a and b ), or steady-state quantities 
in the frequency domain (upper case symbols A and B ). 

The incident and reflected waves can be defined as power, voltage or 
current wave quantities [Fett86], where the power waves correspond 
to the usual wave quantities known from the classical scattering pa­
rameter theory. The difference between these quantities being mar­
ginal [Kubi85a], and considering the related implementation simpli­
fications [Fett86], only voltage wave quantities are considered in the 
report. 

The mapping procedure applied for the derivation of WDFs proceeds 
now as follows (Figure 3.2). A passive reference filter is first selected 
and specified in the y -plane. This reference filter is characterized by 
voltage quantities, elementary one-port and two-port components, 
and basic parallel / serial interconnection networks fufilling Kirch-
hoffs interconnection laws. If necessary, the reference filter includes 
also compact second and fourth-order filter sections (Brune, Darling­
ton C, D, and E cells). 

The elementary one- and two-port components are subdivided into 
frequency dependent components (equivalent capacitances and induc­
tances, Unit Elements, etc.), and frequency independent components 
(resistances, ideal transformers, etc.). 

The interconnection network as a whole is frequency independent, 
and is usually decomposed into elementary parallel and serial inter­
connections, or into more general interconnections when required. 
These interconnection networks are all defined as multiports to get a 
consistent description in the wave domain. 

In a second step, the reference filter is described using wave quanti­
ties in the Y -plane, cf Figure 3.2. The elementary components are 
then defined by a reflectance coefficient S(ys) for one-ports, and by a 
scattering matrix S(yr) for two-ports or multiports. Furthermore, the 
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interconnection networks are converted into so-called adaptors char­
acterized by a frequency independent multiport scattering matrix 
[Fett86]. 

Signal quantities : 

Components : 

• Freq. dep. : 

• Freq. indep. 

interconnections : 
( Kirchhofe Laws ) 
( Frequency indep. ) 

Network 
representation : 

Passive reference filter 
(\jr- plane) 

Voltage/Current domain 

U, I 

L, C, UE, QUARL; 
Brune / Darlington cells 

R, Transformer, 
Gyrator, Circulator 

Parallel / Serial 
Interconnections 

General Interconnect. 

Network scheme 
Signal Flow Graph 

Wave domain 

Wave Digital Filter 

( z - plane ) 

Wave digital domain 

A, B 
Correspondence 

Scattering Parms 

sii (v) 

Parallel I Serial 
Adaptors 

General Adaptors 

Wave Flow Graph 

A1B 

Bilinear 

Direct 
H11W 

Scattering Parms 

S1, Wl 

Mapping 

Direct 
Mapping 

Parallel I Serial 
Adaptors 

General Adaptors 

Wave Flow Graph 

Figure 3.2: Mapping procedure from analog reference filters onto WDFs 
(real networks). 

The last step consists in transferring the achieved wave filter from 
the analog domain into the digital domain using the bilinear trans­
form. Obviously, all frequency independent building blocks (con­
cerned components, adaptors) are directly mapped into the digital 
domain (Figure 3.2). 

An example of the procedure is given in Figure 3.3 for an elementary 
doubly-terminated third-order ladder structure. The internal struc­
ture of the adaptors can be found in [Fett86]. 

As can be observed from Figure 3.3, WDFs achieved from classical 
two-ports are featuring two input and two output signals, making the 
four entries - i.e. transfer functions - of the scattering matrix simul­
taneously available. This property, which extends directly to multi-
ports, is appreciated for many applications (e.g. branching filters, 
analysis and synthesis filter banks), and leads to economic solutions. 
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Figure 3.3: Example of mapping procedure for a 3rd-order ladder filter: 
a) Analog reference filter; b) Intermediate step; c) Derived Ladder WDF. 

A further advantage for WDFs is that the extended corpora available 
for the design of classical filters, including design tables and charts 
[Zver67, Saal79], or elaborated approximation tools, e.g. [Szen77], 
can all be (re-)used for WDFs, resulting in a rich framework. It 
should be emphasized that the phase distortion introduced by the 
bilinear transform occurring in the WDF design process, is by no 
means a limitation for applications requiring fulfillment of a specified 
phase response, since the distortion can be pre-compensated prior to 
performing the approximation, e.g. [Henk81a, Föld91]. 

3.2.2 Passivity and losslessness 
When applied to digital circuits, the notions of passivity and lossless­
ness are referring to a measure of instantaneous power (time 
domain), or a measure of steady-state power (frequency domain) as­
signed to all input/output terminals of the circuit, and to all internal 
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signals corresponding to the leads of the basic building blocks compo­
sing the network, cf [Fett88, Fett72b, Boyd82]. When the (instanta­
neous or steady-state) total power absorbed by a digital circuit is 
proved to be nonnegative or equal to zero for any choice of input 
signals, it is said to be passive or lossless, respectively. 

External passivity and external losslessness are further distinguished 
from internal passivity and internal losslessness, respectively 
[Fett88]. External passivity and losslessness refers to the balance of 
the absorbed (steady-state) power of a digital circuit as observed from 
input/output terminals only, and corresponds to a behavioural char­
acteristic of the network. External losslessness is essential to achieve 
low-sensitive digital networks, and is sufficient to ensure input/ 
output stability under linear conditions. 

A digital circuit is in turn denoted as internally passive or lossless 
when it is comprehensively composed of passive or lossless building 
blocks, which corresponds to a structural property of the network. 
Internal passivity or losslessness is the only one which may guaran­
tee stability under finite-precision operational conditions (i.e. avoid­
ance of small and large scale limit-cycles, forced response stability, 
marginal parasitic oscillations occurring with periodic input signals, 
stability under looped conditions) [Fett88], provided the digital 
network is properly designed. 

Due to the principle of power conservation, it is observed that inter­
nal passivity or losslessness involves external passivity or lossless­
ness, respectively, whereas the converse assertion is not necessarily 
verified [Fett88]. 

Considering the mapping procedure applied for the derivation of 
WDFs, it turns out that WDFs are by construction only composed of 
passive or lossless building blocks, and are therefore internally - and 
by extension also externally - passive or lossless. Applying in addi­
tion well-defined signal quantization and overflow handling rules 
[Fett75, Meer79, Meer80a] in case of finite-precision arithmetic 
implementation, where the signals under consideration are precisely 
selected at the ports of the constituent building blocks, WDFs are 
shown to present all the desired features for robust digital filtering. 
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3.2.3 Sensitivity, round-off noise, and stability 
WDFs are thus characterized by the next interrelated features : 

• Low sensitivity to filter coefficients : 
Due to the Orchard-Fettweis Theorem [Orch66, Hasl81a], the at­
tenuation response of terminated classical lossless analog net­
works is particularly insensitive to parameter variations within 
the passband. Hence, the resulting WDFs are characterized by a 
very low sensitivity to filter coefficients, allowing for coarsely 
quantized coefficients and reduced implementation complexity 
[Fett73, Fett74b, Yang81, Fett86]. 
It is noticed that the sensitivity observed in the stopband of both 
analog and corresponding WDF networks is depending on the un­
derlying filter structure [Rega88a, Pras87]. Lattice filters are for 
instance known for their perceptible sensitivity in the stopband, 
compared e.g. to ladder networks - a reason why they are usually 
avoided in the analog domain 3. 
Finally, it is mentioned that singly terminated reference filters are 
leading to more sensitive WDF structures [Fett86]. 

• Low round-off noise : 
Connected to their low passband sensitivity [Fett72a, Fett73, 
Fett74b, Ullr76], WDFs are characterized by a performant signal-
to-noise ratio, allowing for shorter signal wordlengths (cf fixed-
point implementation). 

• Stability under linear conditions : 
This property is automatically fulfilled due to internal passivity / 
losslessness of WDFs. 

• Stability under finite-precision arithmetic conditions : 
The stability under finite-precision operational conditions, inclu­
ding avoidance of small and large scale limit-cycles through 
controlled signal quantization and overflow handling, stability for 

3 Another reason why analog lattice filters are normally avoided for filtering 
purposes is because of their implementation costs : the structure is either non-
canonic (cf basic lattice, T-, and n-networks), or it requires a transformer (cf 
Jaumann, bridged-T networks) [Bele68, Blin76]. The stopband sensitivity of 
analog lattice structures is on the other hand of crucial importance for instru­
mentation and measurement purposes, e.g. the Wheatstone bridge. 
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periodic input signals, forced response stability, and the strong 
conditions of stability under looped conditions, can be shown to be 
fulfilled by WDFs, provided specific design guidelines are followed 
[Fett75, Meer79, Meer80a, Noss83, Fett86, Dabr86, Fett88, 
Butt88, Butt89]. 

3.2.4 Factorization methods and related WDF 
structures 

Basically, the Wave Digital Filter structures essentially differ accord­
ing to the factorization method used to synthesize the lossless N-port 
to be designed. Hence, starting from the abstract mathematical de­
scription of the N-port to be synthesized, expressing the relationship 
between the externally ingoing and outgoing signal quantities, the 
factorization consists in systematically extracting from the original 
mathematical description elementary (zero-, first-, second-, or fourth-
order) sections, allowing for a gradual degree reduction of the N-port 
description, until it has been fully handled. This process is influenced 
by important aspects, such as the reciprocal or non-reciprocal nature 
of the N-port to design, or the possible necessity to achieve a canonic 
implementation. 

The factorization is done using either the rational impedance/admit­
tance matrices of the lossless N-port, or its chain matrix, scattering 
matrix, scattering transfer matrix 4, or one out of its two scattering 
hybrid matrices [Bele68, Fett90] 5.6. 

Finally, apart from possible (local) transformations aiming at simpli­
fying the N-port implementation, e.g. to avoid the use of costly 
components, the overall structure of the resulting N-port is fixed 
associating to each elementary (zero-, first-, second-, or fourth-order) 
section a corresponding physically realizable network. 

4 The scattering transfer matrix is also termed scattering chain matrix. 
5 The factorization of the scattering matrix or scattering hybrid matrices results 

in networks that are costly to implement in the time-continuous domain, since 
they involve many circulators; conversely, the corresponding WDF structures 
are simple to realize [Fett90], 

6 For lossless one-ports, the mathematical description reduces either to a scalar 
impedance/admittance (in fact a reactance due to losslessness), or to a reflec­
tance [Bele68]. 



Complex and Real Wave Digital Filters 

rs
 C

om
pl

ex
 

(i
nc

lu
di

ng
 

on
e-

re
al

 c
as

e)
 

av
e 

D
ig

it
al

 F
ilt

c 

O
ne

-r
ea

l 
co

m
pl

ex
 

1 

re
te

 
fil

te
rs

 

C
om

pl
ex

 

T
im

e 
di

sc
 

R
ea

l 

uo
us

 f
ilt

er
s 

C
om

pl
ex

 
(i

nc
lu

di
ng

 
re

al
 c

as
e)

 

T
im

e 
co

nt
ir

i 

R
ea

l 

••3 

•s 
[F

et
t8

1a
, 

M
ee

r8
0b

] 
[F

et
t8

6]
 

[B
el

e6
8]

, 
pp

. 
13

5-
13

8.
 

[B
ah

e8
4]

, 
pp

. 
48

-4
9.

 
F

os
te

r 
1+

2 

[S
ch

u9
1]

 
[M

ee
r8

0b
, 

F
et

t8
1a

] 
[F

et
t8

6]
 

[B
el

e6
8]

, 
pp

. 
14

3-
14

9.
 

[B
el

e6
8]

, 
pp

. 
14

1-
14

3;
 

[B
ah

e8
4]

, 
pp

. 
51

-5
7.

 

C
au

er
 1

+2
 

[S
ch

ü9
1]

 
[M

ee
r8

0b
] 

[F
et

t8
6]

 
[B

ah
e8

4]
, 

pp
. 

14
2-

14
6.

 
R

ic
ha

rd
s 

( 
[F

et
t8

6]
 )

 
( 

M
ix

ed
 )

 

[BJ3U3J) 

[S
ch

u9
1]

 
[M

ee
r8

0b
, 

F
et

t8
1a

] 
[F

et
t8

6]
 

I 

I 

I 

! 

C
ha

in
 o

f 
ci

rc
ul

at
or

-t
yp

e 
al

lp
as

s 
se

ct
io

ns
 

co1 

OO 

[V
ai

d8
7a

, 
S

ar
a8

7,
 

R
eg

a8
8b

] 

! 

! 

! 

C
om

pl
ex

 r
ea

c­
ta

nc
e 

in
te

rp
re

te
d 

as
 r

ea
l a

nt
im

et
ri

c 
tw

o-
po

rt
 

[R
eg

a8
8b

] 
[N

ow
r9

3]
 

! 

! 

O
th

er
 a

llp
as

s 
im

pl
em

en
ta

ti
on

s 

Dijpsds 

I 

t 
\ 

I 
1 2 

I 
§ 
3 
ë 

1 
eo 
v 
e* 

I 



78 Chapter 3 

1 
1 

IP 
III 

If OO « 

4 •£ ™ *-* 
^ t~- 0 0 VO 
E " " B 00 

U S u ö EiSS 
18¾ 
3 Ö N 

> (D 3 

01 
4) 

g 

1 
a 
V 

i 
a 
6 

H) 

4) 

J 
1 

•s 
S 
d o 
S 
N 

1 

i 
°! 
W 

a 

ÎS 

8 
••a 

I 

B 
O 

1 

OO 

§ 

Cri 

«S Jß o^ 

tu 
In 

! 

I 

OO O 

'S SP 

Ez 

ON i-7 

IP 
1 £ 15 

es 

| ( ! 3 0 j d l 3 3 ^ 

|B30jdl33J-U0U 
pue iBDOjdpaa 



Complex and Real Wave Digital Filters 79 

|.S I 
«»«'S -¾ 
B 3 cd 
O 9 V 

1 il ei 
S If 

1 
1 
I 1 

l î 

î 

[KMUdpatf 

§ « s 

CO OH (¾ 

£ -« 

« 

|BDOJdpaj-uou 
PUB |B30jdl33)I 

œ 

Es 2 

a -a 

CJ TO 

si 
'3 • 
a a 

cS 



80 Chapter 3 

Clearly, considering the number of factorization methods, including 
mixed approaches, considering also the variety of possible implemen­
tations for the elementary sections involving different components, 
and the available (local) transformation techniques that can be 
applied, e.g. Kuroda-Levy methods [Frai69], it turns out that the 
number of achievable lossless analog reference N-ports, and of the 
Wave Digital Filters derived thereof, is significant. 

Obviously, under strict linear and nominal operational conditions, all 
these different lossless N-port implementation structures are equiva­
lent, the same remark applying to all corresponding WDF structures. 
However, under real life operational conditions, involving : 

> for classical analog N-ports: sensitivity to component tolerances 
with respect to nominal value, including loss effects; sensitivity to 
varying physical quantities (temperature, humidity, others); 
sensitivity to (small-scale) component non-linearities; component 
implementation costs and sizes; others; 

> for WDFs: sensitivity to filter coefficients, allowing for more I less 
coarsely quantized coefficients; level of round-off noise (type of 
quantization rule adopted; number of internal signals quantized, 
etc.); implementation costs related to regularity of the structure; 
others; 

important qualitative and quantitative differences are observed. 
Regarding the WDF realization procedure, the designer can follow 
three approaches: 

> either he already disposes of existing WDF structures fulfilling the 
needs of the considered application, in which case it suffices to 
adjust their degree and coefficients to the application problem 
(simplest case); 

> or he disposes of an appropriate analog reference N-port he can 
map into the WDF domain applying the correspondence rules 
(more involved situation, but avoiding the factorization process); 

> or he proceeds otherwise to the factorization, producing the final 
WDF without necessarily generating the reference N-port (most 
involved situation, but offering the marginal possibility to achieve 
original WDF structures, although many were already published). 
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Table 3.1 provides a non-exhaustive list of factorization methods and 
implementation structures obtained for lossless one-ports (i.e. reac­
tances), considering the analog reference networks, and related 
digital and WDF structures. 

Table 3.2 is in turn presenting a non-exhaustive list of factorization 
methods and related implementation structures for doubly resistor 
terminated lossless two-ports, further structures being referred to in 
Table 3.3. It is recalled that Darlington's insertion loss synthesis 
technique, originally elaborated for reciprocal lossless two-ports only 
[Darl39, Youl71], and later extended to the non-reciprocal case by 
Youla, was playing a central role in the filter synthesis field. 

3.2.5 WDF design procedure 
Schematically, the WDF design procedure involves the next steps, 
whose effective execution depends on the encountered situation and 
the objectives of the handled application : 

Phase 1: Unquantized filter design (floatingpoint): 

> Set the specifications, including selection of filter degree, identify 
the reciprocal/non-reciprocal nature of the filter, including the 
lattice-type case, determine the constraints and available degrees 
of freedom regarding the requested amplitude/phase response, 
with possibly prescribed transmission zeros, etc.; 

> Approximate the filter, selecting an optimization criterion (e.g. 
maxflat, minimax, others) and the approximation method, to 
establish the filter coefficients (floating point precision); 

> Determine the corresponding lossless two-port scattering matrix, 
or equivalent description of the two-port; 

> If necessary, perform the factorization to synthesize the detailed 
implementation structure of the lossless reference two-port; 

> If necessary, apply equivalence transformations (e.g. Kuroda-
Levy's method), or select alternative implementations of Brune 
sections, or Darlington C-, D-, and E-sections, etc.; 

> Map the lossless reference two-port onto the corresponding WDF 
structure, possibly including careful simplifications/modifications 
of the structure that are preserving the fundamental properties of 
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the original WDF (e.g. mapping onto Essentially Equivalent State-
Space WDFs "J [Wanh81, Sjös93]); 

> Thoroughly assess the functionality of the obtained WDF. 

Phase 2: Finite wordlength implementation (fixed point): 

> Optimize the quantized value of the filter coefficients according to 
the target implementation platform; 

> Apply a scaling to all authorized filter signals; 

> Quantize all authorized filter signals, either individually, or 
globally according to the target implementation platform; 

> Thoroughly assess the functionality of the achieved WDF. 

Phase 3: Physical (software / hardware) implementation: 

> Perform the physical realization of the filter and check the results. 

A detailed discussion of the design procedure, including provision of 
examples, can be found in [Fett86, Laws90, Wanh99], and [Sjös93]. 

3.3 Complex Wave Digital Filters 

The extension of filtering methods to the complex numbering field 
presents several interests. First at conceptual level, expressing 
(certain) filtering problems in the complex field often provides a more 
regular and compact - sometimes even elegant - description of the 
situation, which helps in getting a better insight of the problem, in 
specifying solution strategies and elaborating design/approximation 
tools, or in handling specific applications. This motivation certainly 
holds also in case the final target filter is real. 

Second, selected practical applications undoubtedly do also benefit 
from the use of complex filters, as will be seen in Subsection 3.3.3, 
and this even if the handled signals are real (e.g. analytic signal 
processing). 

The question to be answered then in case of digital signal processing 
is to know if there is a reason to physically implement filters in com­
plex form, since the networks dealt with in the present context are 
linear - at least under ideal operational conditions - and can thus be 



Complex and Real Wave Digital Filters 83 

equivalently represented by a real network, considering complex 
signals as a mere arrangement of real signal pairs following specific 
mathematical rules [Meer80b]. The answer to this question is then 
given by the actual implementation costs related to the application, 
and should be handled case by case. Indeed, the relationship between 
the original complex filter and its real counterpart is more compli­
cated than it might seem, and can affect issues like the selection of 
the filter structure, regularity and modularity of the solution, cluster­
ing of operations, roundoff-noise since signal quantization is not 
necessarily processed equally in both cases, ease of software/hard­
ware realization, etc.. A definite answer is thus not given here. 

The remainder of this section is organized as follows. The equiva­
lence between complex and real networks is first discussed in Subsec­
tion 3.3.1. A classification is then established in Subsection 3.3.2 to 
distinguish situations according to the (non-) realness of the consid­
ered filters and related input/output signals. Next, Subsection 3.3.3 
motivates the use of complex filters, furnishing a short list of applica­
tion examples. In Subsection 3.3.4, several categories of filtering 
problems are differentiated in terms of real/complex classical filter­
ing and broadband matching problems. The additional components 
needed to realize complex WDFs are then introduced in Subsection 
3.3.5, before discussing in Subsection 3.3.6 the concept of one-
realness related to the implementation of complex WDFs. 

3.3.1 Equivalence between complex and real 
networks 

Given any (not necessarily lossless) complex two-port N as repre­
sented in Figure 3.4a. The two-port is featuring incident and reflec­
ted waves /4,-(1//0 and B,(y), i = 1,2, respectively, together with the 
scattering matrix S(V) = (SM (y/)}, k,l = 1,2, where S^ (yr) correspond 
to the scattering parameters. AU quantities are related by : 

A = ' Al ^ fßli P (S11 S 1 ^ 
B = S = B = S A, (3.1a,b,c,d) 

A2J [B2) [S2\ S22) 

explicit mention of the variable Y being dropped for simplicity. AU 
quantities being complex, they can be decomposed into their constitu­
tive real analytic and imaginary analytic parts, cf Subsections A.2.2 
and A.2.6 : 
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A = AiRa +J-Ala* Bi = BiRa + J-Bila> Skl =SklRa +J-Sklla> 

which applies by extension to the matrix forms : 

A = ARa+J-AIa> B=BRa+J BIa> S = SRa + j - SIa; 

Clearly, introducing (3.3a,b,c) into (3.Id) leads to : 

(BRa) (SR0 

SIa 

Sia) 

S Ra 

(ARa) 
AIa 

\ ) 

(3.2a,b,c) 

(3.3a,b,c) 

(3.4) 

thus demonstrating that any complex two-port can be equivalently 
expressed by a real 4-port [Meer80b]. The next topic of interest 
concerns the relationship between the degree of the original complex 
scattering matrix S, and the real equivalent one specified by the 
degrees of SRa and Sja, due to their impact on the implementation 
complexity. Since the scattering parameters are rational functions, 
they will be considered first. 

Degree of the real and imaginary analytic parts of rational 
functions 

Given a complex scattering parameter S with dropped indices for 
simplicity, which is considered in reduced form, i.e. the numerator 
and denominator are coprirne. Moreover, S is factorized into two 
terms Sa and Sß, Sa collecting all real zero/pole configurations, Sß 
gathering the remainder part of S : 

S = SaSß, with Sa = 5^, (3.5a,b) 

so that the real analytic and imaginary analytic parts of S become : 

SaSß+SaSß SaSß+SaSß 
sRa Z 7, - ¾ sßRa 

and similarly : SIa ~Sa SßJa ; 

(3.6a) 

(3.6b) 

Sß Ra a n ^ Sßja being the real and imaginary analytic parts of Sß. 
Denoting by Numx and Denx the numerator and denominator of any 
reduced rational function X , respectively, so that X = Numx lDenx > 
one establishes : 
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deg(NumSRa )<deg(Nums) + deg(DenSß ), (3.7a) 

deg(DenSRa ) = deg(Dens ) + deg(DenSß ) < 2 • deg(Dens ). (3.7b) 

deg(.) indicating the degree of the polynomials. Possible common 
factors between the numerator and denominator of SR0 generated 
during the process, and which could be cancelled out, are here not 
taken into account. Clearly, similar results hold for 5/fl. In case the 
considered two-port is lossless, the additional condition : 

deg(Nums ) < deg(Dens ), ( N lossless ); (3.8a) 

is verified for each of the scattering parameters in (3.1c), the degree 
of which being then specified by the degree of the denominator. 

Degree of the real and imaginary analytic parts of the 
scattering matrix of lossless two-ports 

Focusing on lossless two-ports, and referring to Subsections 3.4.4 to 
3.4.7, it is observed that : 

> Non-reciprocal case: The degree of the scattering parameters of 
S/fa and SIa evolve individually along (3.7), so tha t the prediction 
of the degrees of SRa and Sja is limited in precision to : 

deg(S)<deg(SÄ a)<2-deg(S), deg(S)<deg(S / a )<2-deg(S); (3.9a,b) 

the degree of the matrices being specified by the common denomi­
nator in S. (3.9a,b) also apply to the general reciprocal case. 

> Lattice-type reciprocal case: SR0 and SIa are remarked to be them­
selves of lattice-type. According to Subsection 3.4.13, the scatter­
ing matrix of lattice-type lossless two-ports can be factorized into a 
product of lower-order scattering matrices of same type. I t is then 
possible to apply (3.5) and (3.6) at matrix level, so that : 

deg(SRa ) = deg(SIa ) = deg(S ) + deg(Sß ). (3.10) 

3.3.2 Classification according to (non-) realness of 
networks and signals 

Different situations are distinguished depending on the complex or 
real nature of the filter networks on one hand, and of the input/out­
put signals assigned to them on the other hand, cf Table 3.4 and 
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Figure 3.4. The two-ports N considered in this subsection are not 
necessarily lossless. Cases 1 and 4 in Table 3.4 are classical, and are 
both illustrated in Figure 3.4a, selecting the appropriate real/ 
complex interpretation for the network and signals. 

Case 2 may occur when a real filter network N is embedded in a 
larger system that is processing complex signals. Referring to (3.4) 
with Sja sO since the two-port N is real, it is observed that two 
instances of N are needed, namely one to handle the real part of the 
signals, and a second one to process separately the imaginary compo­
nents of the signals [Meer80b], as represented in Figure 3.4b. 

Case 3 is to be considered differently, two typical examples being 
listed in Table 3.4. Finally, Case 5 refers to the situation where the 
two-port N becomes degenerate complex, in the sense that it reduces 
to a real network N' using an appropriate set of complex constants at 
its inputs/outputs, as illustrated in Figure 3.4c. One of the constants 
a,-, ßi, i' = l,2, should at least be complex. An example is given in 
Figure 3.4d for a\ =/¼ =1, CC2 =ß2 =±j, where the multiplications by 
±j merely correspond to swapping the real and imaginary parts of 
the handled signals, in addition to a sign change (upper and lower 
signs in Figure 3.4d are matching with those of (¾ = /¼ = ± j )• 

Case 

1 

2 

3 

4 

5 
(Degenerate 

complex) 

Network 
N 

Real 

Complex 

Complex 

Network 
N' 

Real 

Signals 

Real 

Complex 

Real 

Complex 

Complex 

Figure 

3.4a 

3.4b 

3.4a 

3.4c 
3.4d 

Examples 

Classical situation 

Occurs when N is part of 
a complex system 

1) Analytic signal proces­
sing based algorithms 
(cf Subsection 3.3.1) 

2) Complex allpass N im­
plementing a real anti-
metric lossless 2-port 

Classical situation 

Cf Subsection 3.4.15 and 
Chapter 4 

Table 3.4: Classification according to (non-)realness of two-ports and 
signals. 
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Figure 3.4; Interpretation of the different cases listed in Table 3.4. 

3.3.3 Usefulness of complex signal filtering methods 
The motivations for extending filtering techniques to the complex 
domain are multiple : 

> At formal mathematical and circuit theory levels: 

• Establishment of a compact filter description formalism ren­
dering the design and approximation procedures often simpler, 
and helping in better identifying the fundamental features of 
different filter structures, including real ones. 

• Others; 

> At applied mathematical and circuits and systems levels: 

• Enriched mathematical support to design filters, that can open 
new possibilities even when the target filter is real (e.g. allpass-
based transformation techniques [AnsoOO] ); 
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• Disposal of the necessary network theoretic background in view 
of elaborating filter approximation tools, including the case of 
real antimetric target filters handled through approximation of 
a complex allpass 12; 

• Others; 

At application level, to perform (examples): 

• Analytic signal processing: 

a Filtering of communication signals, where complex solutions 
are suited to achieve asymmetric amplitude and group delay 
responses by offering independent control of the lower/upper 
stopband rolloff rates, while maintaining low intersymbol 
interference (e.g. single-sideband bandpass filters [Lind96]); 

o Phase or group delay equalization to compensate signal dis­
tortions induced either by dispersive processes or communi­
cation channels, or to partly restore signals suffering from 
non-linear distortions 13 ; 

a Same as above, extended to tunable filters [Take80]; 

a Hilbert Transform-based signal transmultiplexing [IEEE82]; 

a Others, cf Chapter 6; 

• Wideband stereo audio coding relying on complex signal proces­
sing, the left/right audio channels appearing, respectively, on 
the positive/negative frequencies of the complex-valued coder 
signal [Härm97b, Härm98]; 

• Multiscale signal analysis for fractal-type signals, or images, 
e.g. [Bhar98]; 

• Multidimensional filtering, e.g. image filtering involving non-
separable filter kernels; 

• Beamforming, radar, and sonar processing, etc.; 

• Others. 

12 In this case, the complex allpass is not necessarily implemented but serves as 
a means to process the target filter coefficients. 

13 It is in particular noted that complex allpass networks can offer a two-sided 
sharp selectivity at low passband frequencies, with respect to real allpasses 
whose performance is limited by the presence of the complex conjugate poles. 
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3.3.4 Categories of filtering problems 
Referring to Figure 3.7, different categories of filtering problems are 
distinguished depending on the real/complex essence of the lossless 
two-port, and the nature of the terminations Zg 1 (^ ) , i = l,2, which 
should in any case be strictly positive real functions 14, cf Table 3.5. 

Case 

1 

2 

3 

4 

• 5 

6 
7 

8 

9 

10 

Problem 
category 

Classical 
filtering 

Single 
broadband 
matching 

Double 
broadband 
matching 

Lossless 
two-port 
(filter) 

Real 

Complex 

Real 
Complex 

Real 

Complex 

Termination 
impedances 14 

ZfI (V) I ZE2(yr) 
ZE\ = ZE2 = % > ° 

RE1>0 %2>° 
ZE\ = ZE2 ~RE > 0 

RE\ >° RE2>0 

zEi=zE2=zE as) 
REl>0 

ZE\ (V) 

Z £ 2 (V) 

ZE2 (V) 

Other non-standard 
terminations 

Zfil(V) ZE2(V) 

Voltage 
source 

E2 

Uncon­
strained 

E2 =0 

E2 s 0 

References 

( many ) 

(many) 

(many) 

(many) 

[Schu91] 

[Youl64, Chen95b] 
Seemingly 
not covered 
[Carl83, Yarm88, 
Paul89, Dedi94] 
[Hasl81b] 

Seemingly 
not covered 

Table 3.5: Categories of real and complex filtering problems, referring to 
the doubly terminated lossless two-port in Figure 3.7. 

Classical filtering problems correspond to cases where both termina­
tion impedances are assigned a constant real/complex value, whereas 
one is dealing with single (or double) broadband matching problems 
when Z£2 (o r both Zg j and Zg 2) become frequency dependent termi­
nations. Single (double) broadband matching consists in matching 
the generator impedance Z^j to the load impedance Z# 2 over a 
specified frequency band through a lossless two-port, often denoted 
as a "tuner" in this context. I t is observed that the single/double 

14OnIy real passive termination impedances ZEi(\jr), / = 1,2, are considered 
here. These impedances are necessarily dissipative, and are thus strictly posi­
tive real functions, i.e. Re {ZEi (y/ )} > 0, i = 1,2, for Re {y } > 0 [Bele68], p. 131. 

15 ZE is a complex-valued constant verifying Re{Z£ }> 0. 
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broadband matching problems involving a complex lossless two-port 
have apparently not been covered in the literature. 

This report is considering cases 1 to 4, with focus on cases 1 and 3. 

3.3.5 Complex WDF c o m p o n e n t s and s tructures 

The design of complex WDFs proceeds similarly to the real case, 
except that: i) additional components are introduced, ii) factorization 
methods are adapted, and iii) care should be taken with respect to 
the use of complex adaptors and finite-precision WDF implementa­
tion in order to guarantee all stability conditions. The third issue will 
be addressed in the next subsection. 

Components of the complex 
reference two-port 

Imaginary resistance 16 [Bele68] 

Complex transformer 17 [Bele68] 

Complex gyrator17 

Complex Unit Element*7 

Serial I parallel interconnection 
networks 16 

=> 

Derived components 

One-real complex 
[Fett81a] 

of the complex WDF 

Complex 
(excl. one-real case) 

Complex unimodular multiplication 
[Meer80b, Fett81a, Naga90b, Schü91] 

[Meer80b, Fett81a, Schü91] 

[Meer80b, Schü91, Naga90b] 

[Naga90b] 

Real adaptors 
[Fett81a] 

Complex adaptors 
[Schü91] 

Table 3.6: Additional components used to design complex doubly 
terminated lossless reference two-ports and related WDFs. 

Referring to Table 3.6, the design of complex lossless reference two-
ports and WDFs derived thereof involves the following additional 
components with respect to the real case : 

> Imaginary resistances [Bele68], p. 57, which are necessarily occur­
ring, and are implemented as unimodular multiplications in the 
WDF domain; 

> Complex ideal transformers w [Bele68 (p. 120), Meer80b, Fett81a, 
Schu91]; 

16 Requested in all cases. 
17 Requested according to desired lossless reference two-port / WDF structure. 
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> Complex gyrators 19 [Meer80b, Schü91, Naga90b]; and 

> Complex Unit Elements [Naga90b]; 

the latter three appearing according to the considered network. Infor­
mations on factorization methods and associated implementation 
structures can be found in Tables 3.1 - 3.3. 

3.3.6 One-realness and related topics 

An important issue concerns the mutual adaptation of the intercon­
nected components. To solve this problem, Fettweis introduced the 
notion of one-realness - known from Richards' Theorem [Bahe84] -
into the WDF framework to implement complex impedances 
[Fett81a]. A complex impedance Z (i/O in the reference network is 
called one-real when Z(yr=l) = R is real and positive. Under this 
condition, the corresponding reflectance S(yf) = [Z(\is)-R]/[Z(ii/) + R] 
features a transmission zero at yr = 1, i.e. at z = °°, thus ascertaining 
that the component is devoid of any delay-free loop between its leads 
in the WDF domain (realizability condition) 20. Furthermore, and this 
has a direct impact on the WDF implementation, it is then possible to 
realize the series/parallel network interconnections using real 
adaptors in the WDF domain, all stability properties known for real 
WDFs extending then to the complex case [Fett81a]. This approach 
avoids thus the elaboration of complex adaptors, and, more impor­
tant, the specific study of all stability conditions (cf Subsection 3.2.3) 
in the complex case, at cost of the (mild) one-real constraint. 

In [Schü91], Schütte is establishing the following: 

a) First, he derives the overall formulas for complex serial/parallel 
adaptors in the unconstrained case 21, and demonstrates further 
that constrained complex serial/parallel adaptors become structur­
ally identical to real ones, including the same real adaptor coeffi-

18 Ideal complex transformers were originally considered as a pure mathematical 
concept, being physically unrealizable as a real passive network [Carl62]. It 
was later shown in [Meer80b, Schu91] that ideal complex N-port transformers 
can certainly be physically implemented as real 2N-port transformers. 

19 Although not labeled as such, complex gyrators were already discussed in 
[Bele68], pp. 213-214. 

2 0 Internal avoidance of delay-free loops should though be checked separately. 
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cient, the only difference being that their port resistances are 
complex 22. 

b) Second, Schütte considers complex reactances implemented in a 
Foster 1-type configuration, involving by construction constrained 
three-port serial adaptors only. From there, he demonstrates in 
detail that the Foster 1-type WDF implementation of any complex 
reactance results in precisely the same WDF structure when 
deriving it: 1) either as a general (i.e. non one-real) complex reac­
tance involving complex adaptors with complex port resistances in 
the WDF domain, or 2) as an equivalent one-real complex reactan­
ce implemented with real adaptors featuring real port resistances, 
the adaptor coefficients being real and identical in both cases. 
Clearly, only the interpretation of the port resistances changes 
from one implementation to the other 2^. 

c) Consequently, he deduces that one-realness is not introducing any 
functional constraint regarding the implementation of single reac­
tances 24. 

Regarding point c), it is though recalled that one-realness can mar­
ginally affect the functionality of implemented two-ports, as it may 
happen for lattice-type filters realized as Lattice WDFs [Fett81a]. 

2 1 Serial/parallel adaptors are termed unconstrained when all their port resis­
tances can take arbitrary positive values. The adaptors are called constrained 
when one of their ports is reflection free, involving that the corresponding port 
resistance is fixed by the other port resistances [Fett86]. 

2 2 According to the terminology used, WDF "port resistances" are labeled as such 
irrespective of the real/complex constant value assigned to them. 

2 3 Notes of the author: i) The logical link between points a) and b) above is not 
explicitly presented as such in [Schu91]. Instead a rather detailed but informa­
tive development is done based on the Foster 1-type implementation, making 
implicitly use of constrained serial adaptors, ii) Implementing instead the 
complex reactances in Foster 2-type structure would require constrained three-
port parallel adaptors only, featuring again real adaptor coefficients, thus 
leading to the same conclusions. 

24 Note of the author: The generalization expressed in c) out of the observations 
made on the Foster 1-type WDF implementation of complex reactances is 
justified by the fact that every complex reactance can be represented in the 
complex Foster 1-type form, cf [Bele68], Section 3, p. 135. 
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It turns out that any kind of one-real/non one-real complex reactance 
and lossless two-port requires numerous complex unimodular multi­
plications located next to adaptors when implemented in the WDF 
domain. These unimodular multiplications are not exactly realizable 
in finite-precision arithmetic (quantization of filter coefficients only is 
considered here), so that the lossless character of WDFs cannot be 
preserved in the strict sense when realized in this form. 

Starting with a complex WDF reactance involving adaptors with real 
coefficients, this problem is circumvented in [Schü89, Schu91] by 
integrating the complex unimodular multiplications into the adap­
tors. This procedure is particularly attractive in case of two-port 
adaptors, which can then be replaced by a two-port cross-adaptor 25 

[Schii89], requiring two successive Multiply-and-Accumulate (MAC) 
operations, involving the corresponding complex adaptor coefficient 
in its true and complex conjugate forms, thus allowing for a lossless 
realization of the cross-adaptor in finite precision (two's complemen­
tary number representation) [Schü89, Schü91]. In addition, this 
cross-adaptor can be assembled into serial/parallel 3-port adaptors 
which are all efficiently implementable on MAC-based processors, cf 
performance data in [Schu91]. The proposed solution is particularly 
appealing for reactances realized with Richards' structure. Although 
the signal quantizations could be performed at the same locations in 
the cross-adaptor based WDF than in the original one (same signals 
undergoing same scaling factors), which would in principle imply the 
same behaviour for both WDF structures with respect to stability 
issues, it would be mandatory to assess the stability question 
explicitly, including scaling and coefficient sensitivity, a topic that 
was unfortunately not covered in [Schu91]. 

Finally, Schütte proposes an extension to Darlington's insertion loss 
synthesis method to handle the case of lossless two-ports terminated 
on constant complex impedances, cf Case 5 in Table 3.5. 

In conclusion, complex WDFs can be realized either in one-real form, 
or in general complex form, the latter providing for a lossless and 
efficient implementation of certain WDF structures on signal proces­
sors, while requiring an explicit verification of the stability. 

25ThIs cross-adaptor corresponds to the complex extension of the classical 
Markel and Gray two-multiplier lattice section. 
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3.4 Complex lossless two-ports 

This section represents the core part of the chapter, recalling 
fundamental properties of lossless two-ports (directly applicable to 
corresponding WDFs), and elaborating new results. 

3.4.1 Notion of complex power 
The total steady-state complex power P(W) entering a complex pas­
sive iV-port (cf Figure 3.5) is given by [Bele68, Bahe84] : 

w = ä f t ( v ) - / i ( v ) . (3-n) 

Figure 3.5: Complex passive N-port. 

P(W) can be decomposed into the total average active power Pa (w) 
and the total average reactive power Pr(w), respectively [Bele68] : 

P(W) = Pa(W) + J-Pr(W) (3.12a) 

Pa 0/O = Re{P(V)} ; Pr (v) = Im{P(V)} ; Vv e C. (3.12b, c) 

Since the active and reactive powers supplied by the external sources 
to a Kirchhoff network are respectively equal to the total active and 
reactive power absorbed by the constitutive elements, Pa and P1. can 
be reformulated as follows [Bahe84, Bele68] : 

Pa(W) = Pd (W) + 2-[Tm(W) + Te(W)lMw} (3.13a) 

Pr (W) = Px (W) +2-[Tm (w)-Te (yr)].lm{w}, (3.13b) 

where Pj corresponds to the total average power dissipated by real 
resistances, Px to the total average reactive power absorbed by 
imaginary resistances [Bele68], whereas Tm and Te are correspon-
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ding to the total average magnetic and electric energy stored within 
inductances and capacitances, respectively. It is observed that 
Pd(W), Tm (V) and Te (y) are by essence non-negative real functions 
V ^ e C , while Px (\jf) can take any real value for yreC. Moreover, 
P0 = Pd for yr = j-$. 

Categories of complex N-ports 

In view of (3.13a), the following categories of Af-ports are considered 
[Bele68, Bahe84, Fett72b] : 

Passive complex N-ports : Pa(y/)>0 for Re{y}> 0 (3.14a) 

Lossless complex N-ports : P0(V) = O for y = j-<f> (3.14b) 

Non-energic complex N-ports : Pa (y ) = 0 V> e C. (3.14C) 

Noticing tha t Pj, Tm, Te, and Px are all para-even quantities, and 
introducing (3.13) into (3.12a), the para-even part of P (y/) yields : 

Pe(Y) = 0.5-[P(yr) + P*(V)] =Pd(V) , ( 3 " 1 5 ) 

Consequently, condition (3.14b) characterizing lossless complex N-
ports can be equivalently expressed by : 

Pe (V) = O, Vy e C . (3.16) 

Classification of WDF building blocks 

The basic building blocks used for designing WDFs can be classified 
according to (3.14) [Fett72b, Schu91]. Hence, under linear opera­
tional conditions, (complex) ideal transformers (P(yr) = 0,ViireC), 
(complex) gyrators, circulators, imaginary resistances, and all kinds 
of (complex) adaptors, are shown to be non-energic. These elements 
are thus reflecting back all the active power they are receiving. 

Capacitances, inductances, (complex) Unit Elements (UEs), and 
(complex) Quasi-Reciprocal Lines (QUARLs) are in turn lossless 
under the same conditions. Hence, these elements may temporarily 
store active power. 
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3.4.2 Bas ic propert ies of complex loss less one-ports 

The complex passive one-port represented in Figure 3.6 is terminated 
on a voltage source featuring a complex internal impedance of 
constant value ZE with Re{Z£ } > 0. The corresponding incident and 
reflected voltage waves, A(w) and 5(1//0, respectively, are then 
defined as [Schu91] : 

A = U + ZE-I; B = U-Z*E-I; Re{z£}>0; (3.17a,b,c) 

u=Z*E-A + ZEB A-B (3.18a,b) 
* ' * 

ZE+^E ZE+ZE 

El ' 1 

> BZ[U r 
"1 i 
Z^ 

9C 

Z(V) 

Figure 3.6: Terminated complex passive one-port. 

In case ZE reduces to a real resistance, i.e. Zg = RE, equations (3.17) 
and (3.18) are merely replaced by [Fett86] : 

A = U +RE • / ; B=U-RE-I; RE>0; (3.19a,b,c) 

U=(A +B)Il; I = (A-B)I(2-RE) . (3.20a,b) 

The reflectance S(w) of the complex one-port is then defined : 

S(yr) = ̂  = ̂ L ; with Z(w) = ̂ ± , <3.21a,b) 
A(yr) Z+Z E Kw) 

Z(yr) corresponding to the input impedance of the one-port. 
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According to (3.12b), (3.11), (3.18), and (3.21a), the total average 
active power delivered to the one-port is : 

Pa(y/) = Re{U-I*}=0.5[UI*+U*l] 

A-A*-B B* _A-A*-(l-S-S*) (3.22) 

2-(ZE+ZE) 2-(ZE+Z*E) 

where the argument y has been dropped for simplicity in the right-
hand sided part of (3.22). 

It is noted that the active power delivered by the voltage source 
becomes maximum for B(y/) = 0, namely when the one-port is said to 
be matched, or adapted to the source. Under these circumstances, one 
verifies from (3.17b) and (3.21b), or directly from (3.21a), that : 

Z(yr) = ZE(Y) => Pa max (Y) = ^ * , • ( 3 ' 2 3 ) 

2-(ZE +ZE) 

The normalized active power transferred from the source to the 
complex one-port is thus determined by : 

Pa (V) = Pa (V)/Pa max (V) = l-Sty)-S*(yr). (3.24) 

Hence, (3.14a,b) can be reformulated in function of S(ys) : 

Passive complex one-port : S(yr)-S*(y)<l for Re {y }> 0 (3.25a) 

Lossless complex one-port : S(ys)- S*(y) = l for y = ./-0- (3.25b) 

Clearly, for lossless (complex) one-ports, the reflectance becomes a 
(complex) allpass function, and the one-port collapses to a pure (com­
plex) reactance. In this case, (3.25b) can be equally represented by : 

S(W)-S^y) = I, VyeC, (3.26) 

proceeding similarly to the replacement of (3.14b) by (3.16). 

3.4.3 Basic properties of complex lossless two-ports 
A doubly terminated complex lossless two-port as illustrated in Fig­
ure 3.7 is considered. The two-port is terminated on both sides on 
constant complex impedances ZE\, ZE2, with R e ( Z ^ }> 0, k =1,2. 
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Figure 3.7: Doubly terminated complex lossless two-port. 

Grouping the incident waves A^ and the reflected waves B^, k = 1,2, 
into vectors : 

^ = Ul A2]
7, B = [B1 B2V, (3.27) 

their relation can be expressed introducing the scattering matrix S : 

B = SA, Su sn 
^21 S22 

(3.28) 

where S\ \ corresponds to the input reflection coefficient (or input ref­
lectance), and 522 *° *n e output reflection coefficient (or output reflec­
tance). Similarly, ,¾ is defined as the forward transmission coeffi­
cient (or transmittance), and S^2 as the backward transmission coeffi­
cient (or backward transmittance). For complex lossless lumped ele­
ment-based two-ports, the entries of S(yr) are all rational functions 
of v , and are analytic for Re{y }> 0. 

In the remainder of the report, and without limitation of the results, 
cf [Schu91, Fett86, Paul86], the constant termination impedances are 
assumed to be equal, i.e. Zg) = Zg2 = Zg, so that the voltage and 
power scattering matrices become identical [Fett86, Schu91]. 

Under this assumption, and according to (3.12b), (3.11), and (3.22), 
the total active power dissipated by the two-port is given by : 

P0(Y) = 
IU(Ak -Al-Bk-Bl) 

2-(2 E +Z*E) 
(3.29) 

Using (3.27) and (3.28), Pa (yr) can be expressed in a matrix form : 
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(A* r A-B*T B) A*T -(I2-S*7 -S)-A 
Pa (V> = : ; = « » (3-3°) 

2-(ZE+ZE) 2-(ZE+ZE) 
where the superscript T indicates matrix transposition, whereas I2 

denotes the 2x2 unit-matrix. Consequently to (3.14a), the Hermitian 
matrix (I2 -S*T -S) is positive definite for Re{y }^0 for a passive 
complex two-port, and the corresponding S(v) is thus a bounded 
matrix [Bele68]. For lossless complex two-ports, the next expression 
is derived : 

S^-S = S-Sl = I2, (3-31) 

which is at the origin of Feldkeller's equations, and of Belevitch's 
parameterized form of the scattering matrix [Bele68]. 

3.4.4 Parameterized form of the scattering matrix 
Based on [Bele68], and adopting the modified notation introduced in 
[Fett69, Fett81b, Fett87], the scattering matrix can be rewritten in 
the parameterized canonic form : 

5 = 1 . 
8 

(3.32) 

where the following conditions hold, e.g. [Fett87] : 

1) f, g, and h are polynomials in yr, related by : 

g-g*=h-K+f-U. (3.33) 

In one of these polynomials, one of the coefficients may be selected 
arbitrarily, e.g. equal to 1. 

2) g is a scattering Hurwitz polynomial [Fett84b], which means that: 

> g(VO*0 for Re{v } > 0, 

> g and g„ are relatively prime, i.e. (g* / g) corresponds to a 
non-trivial stable allpass function. 

3) a is a unimodular constant, i.e. | o \ = 1. 

4) The subscript asterisk designates the paraconjugate, cf (A. 11). 
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5) If the two-port is real, all coefficients in S may be selected real, 
i.e. / , g, and h are then real polynomials, and a = ±l. For real 
lossless two-ports, (3.33) is equivalent to the analytic continuation 
of Feldkeller's relations, cf [Bele68]. 

It is demonstrated from (3.32) and (3.33) that : 

det(S(yr)) = -a-gJyr)/g(yr), (3.34) 

i.e. the determinant of S(yr) corresponds to an allpass function 
[Bele68]. Furthermore, introducing the unimodular constants a, ß, 
y, and a', and defining the polynomials : 

/ ' = « • / , g' = ßg, h'^y-h, (3.35a,b,c) 

the matrix S ' defined by : 

1 
S' = -

g' f -o'K 
(3.36) 

is shown to satisfy all the conditions 1) - 5) listed above, several 
network-level interpretations being possible to establish the relation­
ship between S and S'. 

Direct extension of the former properties to multidimensional lossless 
two-ports is possible, cf [Fett87]. 

One introduces further the characteristic function of the two-port : 

C ( r ) s M = W (3.37) 
S2I(V) /(V) 

and the attenuation a2i(¢) of ^21 > processed toryr = J-4> '• 

«2x(0) = -2O-log{|521(7-^)|} = lO-log{ 1+|C(7-0)|2 }• (3.38) 

Hence, the characteristic function is directly related to the amplitude 
response of .¾ 26- C(Y) is frequently used to solve the amplitude ap­
proximation problem of S21 f° r lattice-type reciprocal networks. 

2 6 (3.38) is valid for both reciprocal and non-reciprocal lossless two-ports. 
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3.4.5 Reciprocal lossless two-ports 
Several kinds of lossless two-ports are distinguished. A first classifi­
cation is made between reciprocal and non-reciprocal lossless two-
ports. By definition, a (complex or real) lossless two-port is said to be 
reciprocal when it is verifying [Bele68] : 

^21 = ̂ 12 ' (3.39) 

otherwise, the two-port is denoted non-reciprocal. Reciprocal lossless 
two-ports are then further subdivided into (necessarily reciprocal) 
lattice-type two-ports, owing their name to their basic structure 
depicted in Figures 3.8 and 3.9, and into general reciprocal two-ports, 
which cannot be reduced to a lattice-type structure, an example being 
given in [Feis65] by the so-called L-filters (Laufzeitgeebnet) suitable 
for joint amplitude and phase approximation, that are offering an 
advantageous solution for narrow-band Frequency Modulation (FM) 
systems. In this report, the terms "lattice-type" and "lattice-type 
reciprocal" are interchangeably used to denote the corresponding 
lossless two-ports. Finally, lattice-type two-ports are classified into 
symmetric and antimetric (or anti-symmetric) lossless two-ports, as 
specified in Subsections 3.4.6 and 3.4.7. 

3.4.6 Complex symmetric lossless two-ports 
The next developments are achieved proceeding similarly to [Fett87], 
which handles the case of antimetric filters. 

By definition, a complex lossless two-port is said to be symmetric -
and thus reciprocal - when it is fulfilling [Bele68, Fett81a] : 

^ 2 1 = ½ . 5Il =522 (3.40a,b) 

which implies : 

/ = a . / „ , h = -a-h,, C,=-C. (3.41a,b,c) 

Conversely, if (3.40a) and (3.41c) hold, then (3.40b) also holds, so that 
the two-port is demonstrated to be symmetric. 

It is observed from (3.41c) that the characteristic function C of a 
complex symmetric lossless two-port is para-odd. Consequently, 
according to (A. 18b), C becomes a purely imaginary-valued function 
for real frequencies tp = V' • 0 • 
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Hence, from the former considerations and (3.38), it is demonstrated 
that the amplitude approximation of 521 can be reformulated as a 
real approximation problem in C ( j • ¢) I j . 

The following (complex) functions are next introduced [Fett81a] : 

S 1=S 1 1 -S 2 I , S2=Sn+S2l (3.42a,b) 

which can be reformulated as provided hereafter using (3.32) : 

S1=[H-Z)Jg, S2={h + f)/g. (3.43a,b) 

From equations (3.33) and (3.41a,b), it can be shown that : 

5 r 5 i * = V s 2 * = 1 ' (3-44) 

namely, that S1 and S2 are (complex) allpass functions. 

Let ^1 and g2 be the lowest-degree denominators of S1 and S2, 
respectively. It is observed from (3.43) that ^1 and g2 divide g, and 
are therefore themselves scattering Hurwitz polynomials. Defining 
S1 = Z1 /g\ and S2 = f2/g2 , and making use of (3.44), shows that S1 

and S2 can be rewritten as : 

5 i = < V g l * / g l ' S2=o2-g2t/g2 (3.45a,b) 

where 0\ and O2 are unimodular constants, i.e. \o\ | = |<r2 | = 1-
Next, using (3.42) to express S11 and S21 in function of S1 and S2 : 

S1 j = (S2 + S1 )/2, S21= (S2 - S1 )/2 (3.46a,b) 

and making use of (3.45) together with (3.40), it is possible to process 
S in the form (3.32) : 

g = 8\ -gl, Ä = ( < 7 2 - g r g 2 » + ( V 8 i * ' s 2 ) / 2 (3.47a,b) 
a = ~aìa2' f = (a2'8\'Z2*~a\'8ì*'82)l2 (3-48a,b) 

and condition (3.33) is fulfilled. 

Using (3.46), the scattering matrix can be reformulated in a canonic 
form with respect to the number of instanciated allpass functions 
[Fett86] : 

'-1 n 
I l 1J' 

'S1 (T r-i n 
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Figure 3.8 illustrates the corresponding structure : 

Figure 3.8; Functional description of symmetric lossless two-ports. 

3.4.7 Complex antimetric lossless two-ports 
A complex lossless two-port is by definition said to be antimetric -
and thus reciprocal - when it is fulfilling [Bele68, Fett81a, Fett87] : 

S 2 I = S ] 2 , S n = - S 2 2 (3.50a,b) 

which involves : 

/ = <*• / . , h = °-K> C^=C. (3.51a,b,c) 

Conversely, if (3.50a) and (3.51c) hold, then (3.50b) also holds, so that 
the two-port is demonstrated to be antimetric [Fett87]. 

Equation (3.51c) shows that the characteristic function C of a com­
plex antimetric lossless two-port is para-even. C becomes thus a 
purely real-valued function for real frequencies yr = j-<j>. Hence, 
similarly to the case of symmetric two-ports, it is demonstrated that 
the amplitude approximation of S2i can be reformulated as a real 
approximation problem in C( j • ¢). 

The following (complex) functions are next defined [Fett81a, Fett87] : 

Si=Sn-J-S2U S2=Sn +J-S2I (3.52a,b) 

which can be reformulated as : 

S1=[H- j • / ) / g , S2=(h + j-f)/g, (3.53a,b) 

and it can be shown from equations (3.33) and (3.51a,b) that (3.44) 
still holds, i.e. Sj and 52 are (usually complex) allpass functions. 

Let gy and g2 be the lowest-degree denominators of 5j and S2, 
respectively. Similarly to the symmetric case, 5j and S2 can be 
rewritten as : 
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Sl = a\ ' 8I* /8I ' S2=a2'82*l82 (3.54a,b) 

where a and a are unimodular constants. Using (3.52), Sj1 and 
521 c a n ^e expressed as functions of S1 and 52 : 

SÌ X=(S2+ S1 )/2, S2I = (S2 - Si )/(2 • j) (3.55a,b) 

and the following formulae can be derived [Fett87] : 

8 = 8\-g2> h = (a2-gì-g2^+Gì-gl,-g2)/2 (3.56a,b) 

a=axa2, f = {a2-gx-gVf-ox-gyf-g2)l{2-j). (3.57a,b) 

and (3.33) is shown to be verified. 

Using (3.55), the scattering matrix can be reformulated in a canonic 
form with respect to the number of instanciated allpass functions : 

(HJ Vj) 

'S1 O^ 

[O 52J 
' - 1 Hj) 

, 1 "J, 

Figure 3.9 illustrates the corresponding structure : 

Figure 3.9: Functional description of antimetri e lossless two-ports. 

3.4.8 Matched loss less two-ports 

A complex or real lossless two-port is said to be matched when the 
following condition is fulfilled [Bele68, p. 172] : 

S 1 1=S 2 2=O «=> A = O. (3.59) 

Due to (3.33), S12 and 52! are then demonstrated to be allpass 
functions. A reciprocal realization of the matched lossless two-port is 
merely achieved from symmetric and antimetric lossless two-ports by 
setting S1 = - S2 into formulas (3.46a) and (3.55a), respectively. 
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3.4.9 Power and allpass complementarity of lattice-
type lossless two-ports 

It follows from (3.32) and (3.33) that the scattering parameters S21 

and Si J of any kind of lossless two-port, regardless of reciprocity, 
symmetry, and antimetry, are power complementary, cf Subsection 
A.8.2. 

Furthermore, equations (3.42a,b) show that S21
 a n d ^11 belonging to 

a (complex or real) symmetric lossless two-port are in addition allpass 
complementary, cf Subsection A.8.3. S21 and S11 are thus doubly 
complementary, cf Subsection A.8.4. 

On the contrary, it follows from (3.55a,b) that : 

S11 (V) ± S2J (V) = ±^Y^- s2(¥) • 

demonstrating that S21 and Su of a (complex or real) antimetric 
lossless two-port are certainly not allpass complementary. 

3.4.10 Analytic frequency responses of lattice-type 
lossless two-ports 

The analytic frequency responses of the scattering parameters of 
lattice-type lossless two-ports are derived in this subsection. The 
resulting expressions are intentionally provided with redundancy. 

Hence, the constituent allpass functions S1 and S2 of the scattering 
parameters Sj j and S21 are expressed in function of their respective 
complex phase variables (P1 and 4>2, cf Subsection A.4.1 : 

S1(V) = CXp(HP1(Vr)), S2(V) = CXp(HP2(V))- (3.61a,b) 

Next, the quantities # j a n d &A a r e introduced as the mean value, 
and mean difference value of (P1 and (P2 , respectively : 

(Px(V) = (O1 (V) + #2W))12; ¢ ^ ) = ( ^ ( ^ ) - 0 2 ^ ) ) / 2 . (3.62a,b) 

Accordingly, considering symmetric lossless two-ports first, it follows 
from (3.46), (3.61), and (3.62) that the analytic frequency responses of 
S11 and S21, and thus C, can be expressed as : 

1±7 
S1(Y) 

S2(V) 
(3.60) 
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Symmetric : S\ \ (Y ) = exp(-$£ (Y )) • cosh($4 (v )), (3.63) 

S2I (Y) = exp(-<&£ (W)) • sinh(#4 (y)), (3.64) 

C(Y) =coth(0A(Y)). (3-65) 

Similarly, using (3.55), (3.61), and (3.62), the analytic frequency re­
sponses of Sj i and S21 are formulated as follows for antimetric loss­
less two-ports : 

Antimetric : S\ 1 (Y) = exp(-0£ (Y)) • cosh(#^(Y)), (3.66) 

52i (Y) = -J-exp(-0>£ (Y)) • sinh(04 (Y)), (3.67) 

C(Y) =;• coth($A (Y))- (3.68) 

3.4.11 Real frequency responses of latt ice-type loss­
l e s s two-ports 

According to (A.56b), all phase responses verify #(j'-0) = ./-¢)(0) for 
real frequencies Y - J-$> a n d the former expressions can be reformu­
lated as given below : 

Si U-0^eXPt-J-(P1 (0)), S2(J-¢) = ̂ ^(-J-C)2W). (3.69a,b) 

<P z W) = (V1W) + (P2W)/ 2, ç>4 (0) = (C)1 (0)-(P2 W)/'2. (3.70a,b) 

Symmetric: Sn(j-^ = exp(-j-<pLW))-cos(<pAW)), (3.71) 

S21 (j-^ = j-cxp(-j-q>x (0))-SiH(C)4(0)), (3.72) 

CU-0) = - . / - ^1 (^ (0 ) ) ; (3.73) 

Antimetric : S1 j (; • 0) = exp(- j • q>x (0)) • cos(ç>4 (0)), (3.74) 

S21O--0) = exp(-;.<px(0)).sin(ç>4(0)), (3.75) 

CU-M =cot(ç>^(0)). (3.76) 

Symmetric lossless two-ports 

The frequency responses of Sj j and S21 can be rewritten as : 

5n(y-0) = |s.1(7-0)|-exp(-j-(P.1(0)), 1 = 1,2 (3.77) 



Complex and Real Wave Digital Filters 107 

where p n correspond to the phase responses of S,i, / = 1,2. Hence, in 
case of (complex or real) symmetric lossless two-ports, comparing 
(3.77) with (3.71) and (3.72), the amplitude responses of S11 and S2\ 
are specified by : 

I S n U-*) |=| cos(ç>4 (0)) I , I S21O"-*) I = I sin(p4(0)) I , (3.78a,b) 

which confirms their power complementarity for real frequencies. 
Moreover, adopting the notation provided in [Lang93], the phase 
responses of S1 i and S21 are determined by : 

P1 j (0) = Px (0) ± I • [ 1 - sign( COS(P4 (0)) ) ] (3.79a) 

p21(0) = 0 2 ; (0 ) - |± | . [ l - s ign ( s in (p 4 (0 ) ) ) ] . (3.79b) 

The terms in brackets appearing in (3.79a,b) introduce fixed phase 
steps of ±K induced by the transmission zeros of S11 and S21 that 
are located on the imaginary axis y = j-<j>. These terms occur in the 
stopband(s) of the corresponding functions, and are therefore usually 
omitted for simplification purposes. 

Disregarding these last factors, it is observed from (3.79a,b) that 
p (0) and p 2 (0) are equal, except for a constant phase lag of n 12. 
Hence, for (complex or real) symmetric lossless two-ports, S11 and 
S21 are providing quadratured phase responses. 

Antimetric lossless two-ports 

Proceeding similarly for the antimetric case, the amplitude responses 
of S1 1 and S21 are still given by (3.78), whereas the phase responses 
are expressed by : 

p n ( 0 ) = 0x(0)±|-[ l -s ign(cos(p4(0)) ) ] (3.80a) 

P21 (0) = 0^ (0)±|-[l-sign(sin(p4 (0)) )]. (3.80b) 

Disregarding the terms in brackets occurring in (3.80a,b), the phase 
responses are this time shown to be in-phase. 
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Group delay 

Finally, for both (complex or real) symmetric and antimetric lossless 
two-ports, the group delays Tu (0) and T2j(0) of S11 and S2] are 
determined by : 

Tii(*) = T2iW) = [ T 1 ( 0 ) + T 2 ( « ) ] / 2 (3.81) 

where Tj(^) and T2 (0) correspond to the group delay of S\ and S2. 
The Dirac impulses induced by the right hand-sided factors in (3.79) 
and (3.80) have been ignored in (3.81). 

According to (2.52a), an important result of (3.81) is that the group 
delay of stable symmetric and antimetric lossless two-ports is strictly 
positive at any frequency. 

Remark on the amplitude responses 

It follows from (3.38) that the amplitude response of S2J and the 
characteristic function C of a (complex or real) symmetric or anti-
metric lossless two-port are directly interrelated. Equation (3.78b) is 
further demonstrating that the amplitude response of S21 is directly 
connected to the mean phase difference (p&. Hence, from a conceptual 
point of view, it is strictly equivalent to perform the amplitude ap­
proximation directly on S2i, or to process it using either C or q>A 

[Henk96]. Invoking the power complementarity between S21 and 
S]], the same observations apply to S\\. 

The formal equivalence between an amplitude approximation relying 
on C or on ¢)̂  is demonstrated in [Henk97a] for real symmetric and 
antimetric lossless two-ports (lattice-type structure). Application 
examples on the amplitude approximation based on q>^ are presented 
e.g. in [Tarr95]. 

3.4.12 Minimum/non-minimum p h a s e re sponse 

According to Subsections 3.4.6 and 3.4.7, and later Subsections 3.4.16 
and 3.5.1, symmetric and antimetric lossless two-ports are essential­
ly featuring para-even/odd polynomials / and h, except for a uni-
modular constant. 

Due to (A.25), the scattering parameters S21 and S\\ of (complex or 
real) symmetric/antimetric lossless two-ports are thus shown to be : 
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> either of minimum phase type, in which case all finite transmis­
sion zeros are located on the imaginary axis \if = j-(j>; 

> or of non-minimum phase type, in which case the finite transmis­
sion zeros that are outside the imaginary axis yr = j-<p are evenly 
distributed over the left and right half-planes in the \jf -domain. 

Hence, minimum phase filters with finite transmission zeros located 
in the open left half-plane of the Y -domain are not realizable with 
(complex or real) symmetric/antimetric lossless two-ports. 

3.4.13 Composi t ion of symmetr ic and ant imetr ic loss­
l e s s two-ports 

Lossless two-ports can be equivalently represented using their scat­
tering matrix S, scattering chain (or transfer) matrix K, or scatter­
ing hybrid matrices of the first and second kind, H and H ', respec­
tively, as defined in [Bele68, Fett90]. 

Accordingly, higher-order lossless two-ports can be assembled in dif­
ferent ways from lower-order ones, merely by cascading the corre­
sponding scattering matrices of the same type (i.e. S, K, H, or H ' ). 
Clearly, the same approach can be applied for factorization purposes, 
e.g. [Fett90]. 

In this subsection, the assembly of lossless two-ports is considered by 
cascading their scattering matrices S. A second situation is then 
discussed where selected scattering parameters belonging to different 
lossless two-ports are cascaded. The results are valid for both real 
and complex networks. 

Cascading the scattering matrix of lossless two-ports 

Using (3.40), it is shown that the scattering matrix resulting from 
cascading (i.e. multiplying) the scattering matrices of two symmetric 
two-ports is itself symmetric, cf [Fett86] Section DC B : 

S = S'S" = (s' s: H 
ò2ì 

21 
Sil 

0 I l - 0 I l ò l l + ò 2 1 ò 2 1 ' 

11 
K" 
Ä21 

21 

ò21 
0 I l 

(s 11 
J21 

V 
: S 2 i ' s n + s î i 21" 

(3.82a) 

(3.82b) 
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Equivalently, it is demonstrated that the scattering matrix achieved 
by cascading the scattering matrices of two antimetric lossless two-
ports, is itself antimetric when reversing the sign of the second input 
signal (an operation which is normally irrelevant), cf [Fett86] : 

S = S'S"--
0 I l SL \(S 

21 
ò21 0 I l 

11 21 ' ' 
521 ~S\x 

0 
-1 

11 
f21 

21 
S 

11 

0 I l - 0 I l ò l l + ò 2 1 ò 2 1 ' 
o n/ ç^ ç/ off 
"̂ 21 ~ ^21 ' 0 I l 0 H "^21-

(3.83a) 

(3.83b) 

Obviously, the symmetric/antimetric property is preserved when cas­
cading the scattering matrices of two-ports of same type. On the con­
trary, when cascading the scattering matrices of two mixed symmet­
ric/antimetric two-ports, one achieves a two-port with four different 
scattering parameters, where the reciprocity is in particular lost27. 

Cascading the scattering parameters of lossless two-ports 

A different situation occurs when pairs of scattering parameters 
belonging to separate (complex or real) two-ports are cascaded. This 
is useful to realize particular single-input two-output, or two-input 
single-output filter configurations. 

A2=O 

Figure 3.10: Cascadi 

_f/ 

Su(W) 

S21(W) 

T " ftn 1 •• J i 0A (W ) T 

W . . . N ! 
; I _ ' W J ; 

u^A j : , 

S(w) 

*BVV) I 

nw) I 

ïd filters structures. 

>u\ 

* O2 

27 Following this observation, it seems that at least certain kinds of non-recipro­
cal lossless two-ports could be designed by cascading the scattering matrices of 
two mixed symmetric/antimetric two-ports. However, the usefulness of these 
configurations (e.g. with respect to group delay, implementation costs, limita­
tions in frequency responses) should be checked, and an appropriate factoriza­
tion method should be found. 
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As depicted in Figure 3.10, the whole filter denoted by S(Y) is com­
posed of a two-port 5'(V) providing two power-complementary out­
puts, which are in turn processed by a pair of identical two-ports 
S"(Y). S'(Y) and the pair of two-ports S"(Y), including their contri­
buting scattering parameters S\ (Y) and S"B (Y), are selected 
according to Table 3.7 : 

il 
0Il 0A' S2l~S2l'SB- (3.84) 

Using (3.63), (3.64), (3.66), and (3.67), the para-even/odd nature of 
the characteristic function C(Y) > and thus the symmetric/antimetric-
like behavior of the achieved filter configuration S(Y), are deter­
mined in Table 3.7. Replacing S'(Y) with an antimetric structure 
produces similar results. It is observed that none of the resulting 
structures in Table 3.7 is any more power complementary. 

Case 

Index 

1 

2 

3 

4 

S'(Y) 
Type 

Symmetric 

" 

" 

" 

Type 

Symmetric 

Symmetric 

Antimetric 

Antimetric 

S"(Y) 

SA(Y) 

Sh 

Sh 

Sh 

Sh 

Sh(W) 

Six 

SU 
S2\ 

Sh 

S(Y) 

C(Y) Type 

C = C, 

C = C, 

C = - C , 

C =-C, 

Antimetric-like 

Antimetric-like 

Symmetric-like 

Symmetric-like 

Table 3.7: Categories of cascaded filters structures. 

3.4.14 Doubly magnitude-complementary networks 
A particular filter configuration is obtained for the first row of Table 
3.7, when S"(Y) = S'(Y)- I*1 this case, the achieved filter responses 
are the following : 

Sn(Y) = [Sh(Y) ]2=exp(-2-0z (Y))-cosh2(0^(Y)), (3.85a) 

S2I(Y) = [S^(Y) ]2=cxp(-2-0z(Y))-smh2(0A(Y)), (3.85b) 

showing that the responses are in-phase. Observing that Su (Y) is a 
perfect square, its magnitude is given by : 
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|Sn (V)I = s i l (V)-SiV (V) = COSh2 (<MvO). (3.86) 

Proceeding similarly with S21 (v). it is demonstrated that S\\ (v) and 
S21 (V) aTe magnitude complementary, cf (A.83) : 

|Sn (V)| + |S2i (V)| = Sfi (V)-SiV (V) + $21 (V)-^i* (V) (3.87) 

= cosh 2(^(v))-s inh 2(0Z | (v)) = l. 

Similarly, it is demonstrated that the difference between Sn(V) and 
521 (V) results in an allpass response : 

S1, (V) - S21 (V) = exp(-2 • Oz (V)) , (3.88) 

so that these transfer functions are finally proved to be doubly 
magnitude-complementary, cf Subsection A.8.6. When implementing 
these filters, one should take care of the subtraction occurring in 
(3.88), because using an addition instead destroys the allpass comple­
mentarity. Equations (3.87) and (3.88) were formerly derived in 
[Rega87] for real systems operating under real frequencies, limited 
to £ = 0. 

It is observed that (e.g. lowpass/highpass) complementary filter pairs 
Hi(z), 1 = 1,2, designed using linear phase FIR filters implemented in 
direct form such that H2 (z) = z~NI2 -H1 (z), are by construction dou­
bly magnitude-complementary, provided the transfer function H1 is 
approximated so as to satisfy 0 < H1 (exp( jQ )) I exp( - NU / 2 ) < 1, V Q. 

Sensitivity to mismatches of doubly complementary networks 

By definition, both kinds of networks, namely (i) doubly complemen­
tary and (ii) doubly magnitude complementary networks, are fulfil­
ling the allpass complementary condition. For practical applications, 
the question arises to evaluate in how far the allpass complementari­
ty is preserved when mismatches occur (essentially concerns mixed 
analog/digital processes). 
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* i i (V) 

S21(V) 

S(w) 

T+ Transducer 1 

T * Transducer 2 > 
+•S 

Signal splitting Transducers Reconstruction 

Electrical signals 
in analog or digital form 

Signals of other physical 
nature (e.g. acoust. signals) 

Figure 3.11: Sensitivity to mismatches : Example of practical situation. 

Figure 3.11 depicts a typical practical situation requiring signal split­
ting into complementary frequency ranges, followed by separate pro­
cessing of the achieved signals, and a reconstruction. Such a situa­
tion is encountered e.g. when complementary transducers are used, 
each of them best fitting to a certain frequency range. A typical 
example is given by high quality multiway loudspeaker crossovers, 
considering the two-way system with a woofer/midrange speaker and 
a tweeter as a particular case [Rega87]. For technological reasons (in 
the given example : e.g. non-coincidental driver mounting), or for 
operational reasons (in the example : e.g. off-axis listening), a mis­
match in phase - and more generally also in magnitude - may occur 
between the signal components before reconstruction. 

Figure 3.12 represents a model of the situation considered at a fixed 
frequency. The constant parameters e and 6 correspond to the 
magnitude and phase mismatches between the two branches. 

Sn(V) 

S2 i (v) 

S(V) 

(l-e)-e-^3^ 
Figure 3.12: Sensitivity to mismatches : Model for : 
> symmetric doubly complementary networks (X = ±1); 
> antimetric doubly magnitude complementary networks (X = — 1). 
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For (complex or real) symmetric lossless two-ports, and according to 
(3.71) and (3.72), the overall transfer function as illustrated in Figure 
3.12 is given by : 

ß(e ,0 ,0) = | ß(e ,0 ,0) I•exp(-y-ç>fi(e,0,¢)) = BlA (3.89) 

o(e ,o ,0) = exp(-j.ç>2;)-{[cos(ç>4) + X-(l-e)-sin(ç)4)-sin(0)] 

+ X - ; - ( l - e ) . s i n ( 9 4 ) - c o s ( 0 ) } . (3.90) 

with ç>„ = ç>„(0) and ç>. = ç>. (0). The variation of the magnitude 
and phase responses is then provided by : 

4 | ß | = | ß ( e . 0 , * ) | - | ß ( O , O , * ) | 

= A | l+(e2-2-e)-sin2(<p4) + X-(l-e)-sin(2-ç)4)-sin(0) -1 (3.91) 

AçQ =çQ(£,e,$)-(pQ (0,0,0) 

: X • j ç> - arctan 
(1-e)-COS(O)-tan(ç>4) 

l + X-(l-e)-sin(0)-tan(ç>4) 
(3.92) 

For magnitude and phase mismatches situated within (-0.2 < e < 0.2) 
and (-71 / 4 < 0 < n 14), respectively, the greatest variation of A\Q\ 

and A<pQ is achieved for ç> =±n/4, i.e. | Sn | = | S2I J = Va/2. Figure 
3.13 displays the results for <p = / r /4 and X = I . It is observed that 
A\Q\ is strongly sensitive to a phase mismatch 0 , whereas Aq>Q is 
sensitive to both magnitude and phase mismatches. 

Figure 3.13: Sensitivity of symmetric doubly complementary networks 
(cp . = n 14; X = 1) : a) Variation of A\ Q | ; b) Variation of Aq)Q. 
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Figure 3.14: Sensitivity of antimetric doubly magnitude compi, networks 
(¢). = Tt 14; X = -1) ; a) Variation of A\ Q | ; b) Variation of ACQ . 

Sensitivity of doubly magnitude complementary networks to 
mismatches 

For an antimetric doubly magnitude complementary network (first 
case in Table 3.7), the transfer function Q is expressed as follows 
using (3.85a,b) : 

Ô ( e , e ^ ) = exp(-2-;-<px).{[cos2 (<p A ) + ( l -e)-s in 2 (<pA )-cos(0)j 

- j -( l -£)-sin2(<p4)-s in(ö)}. (3.93) 

A\ Q I and A<p are then determined by : 

4 | ß | = |ß(e,0,«)|-|Q(O,Ot*)| 

= ̂ J l + (e2 -2e)-sin4 ((pA) + 0.5[(i-e)-cos(.8)-l]sm2 (2<pA) -1 (3.94) 

A<pQ=9Q(£,8,t)-<pQ(0,0,4) 

= arc tan 
( l -e ) -s in(0) . Uu^(P 4 ) 

! + ( ! -£ ) • cos(0) • tan2 (çA ) 
(3.95) 

For (-0.2<e<0.2) and {-nlA<6 <n/4), the greatest variation of 
A\Q\ and aq> occurs again for ç>. =±zr/4 (X =-1) . Figure 3.14 
displays the results for <p = n 14. 

It is observed that A\ Q | is this time much less sensitive to a phase 
mismatch 0. Furthermore, for e - constant in Figure 3.14a, it is 
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observed that any phase mismatch caused by 9 decreases the 
magnitude | Q |, which corresponds to a minimum sensitivity 
situation [Rega87]. Moreover, /\y is less sensitive to e. 

In summary, qualitatively extending these observations to cases 
where e and 8 are time-varying, it is shown that doubly complemen­
tary filter pairs are much more sensitive to phase and magnitude 
mismatches than doubly magnitude complementary filter pairs. 
Hence, the latter should be selected for applications needing a low 
sensitivity, such as in the example of the multiway loudspeaker 
crossover, whereas the former should be used in applications requir­
ing a high sensitivity, e.g. for instrumentation and measurement. 

It is however noted that for a given filter order, doubly magnitude 
complementary filter pairs are featuring a less selective amplitude 
response, because Su and S21 a r e expressed as perfect squares, cf 
(3.85a,b). 

3.4.15 E lementary transformations of complex loss­
less two-ports 

Preliminary note 

The transformations discussed in this subsection assume that the 
signals processed by the lossless two-port are complex. Hence, refer­
ring to Table 3.4, only Cases 2, 4, and 5 are authorized. 

«— A2 

*~> B7 

Figure 3.15: Equivalent two-port configurations, with identical incident 
and reflected waves. 
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General equivalence transformation 

An arbitrary - not necessarily reciprocal - complex or real lossless 
two-port N featuring a scattering matrix S(yr) (3.32) is considered in 
Figure 3.15a, with complex input/output signals. 

Introducing the unimodular constants a.\, a2, ß\, and /?2> the two-
port N can be decomposed as shown in Figure 3.15b, where the inter­
nal two-port JV' is characterized by the scattering matrix [Fettôla] : 

S'-- •ß;-sn 12 -ßl - 5 1 2 

a, ß 2 ' 521 

with 

a 2 . / ? 2 - S 22 V 
a' 

/ ' 

a 

- a ' 
(3.96a) 

(3.96b) 

Transformations preserving the symmetry I antimetry 

A symmetric or antimetric lossless two-port N can be mapped onto a 
two-port JV' of the same type, that is featuring purely para-even/odd 
constitutive polynomials f and h'. Conversely, JV' can be mapped 
onto N. This is achieved by forcing CT' = ±1 in (3.96a). The correspon­
ding transformations are provided in Table 3.8a. They are specified 
both for the notation defined in (3.35) and (3.36), and for (3.96). 

These transformations will in particular serve in Section 3.5 to iden­
tify the number of independent design parameters available in loss­
less two-ports. 

Transformations for general reciprocal and non-reciprocal 
two-ports 

Still forcing CT' = ± 1 , Table 3.8b and Table 3.8c are provided for the 
general reciprocal and non-reciprocal cases, respectively. 

Transformation from symmetric to antimetric lossless two-
ports and vice-versa 

Similarly, it is possible to map a symmetric (antimetric) lossless two-
port N onto an antimetric (symmetric) lossless two-port JV' using the 
transformation specified in Table 3.8d 28. 

28 Adapted from [Bele68, p. 298], and [Fett69, Fett81b, Fett87]. 
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Hence, in case of complex lattice-type lossless two-ports, a direct cor­
respondence exists between symmetric and antimetric type two-
ports. Therefore, from a filtering (i.e. frequency discrimination) point 
of view, complex symmetric and antimetric lossless two-ports are 
shown to be equivalent, except for the constant phase shifts of ± n 12 
specified in Table 3.8d. For filtering applications requiring the 
realization of a single transfer function, i.e. S\ i or S21, the difference 
between the two kinds of networks is conceptually irrelevant. 
However, for applications requiring the simultaneous realization of 
several transfer functions, e.g. Sj ] together with S21 for a single-
input two-output filter configuration, the selection of the type of two-
port affects the phase shift between the output signals of the filter, as 
was established in Subsection 3.4.11. 

Transformation of lossless two-ports into one-real two-ports 

Referring to [Fett81a], an arbitrary (not necessarily reciprocal) com­
plex lossless two-port N can be mapped onto a one-real complex two-
port N', with S'(v = 1) = S'*(v = 1), applying the parameters : 

0TTO^F' MlO^iT 7ÌW=TP (3'97a'b'c) 

0= /*(v=D-/(v=-i) 
' /(v=D-/*(v=-i): (3.97d) 

to the transformation specified in (3.35) and (3.36). The condition for 
this transformation to succeed in achieving a one-real two-port N' is 
given by [Fett81a] : 

C(W = 1) • C *(v = -1) = C* (v = 1)- C(V = -1)- (3.98) 

Using (3.97), the same result can alternatively be obtained applying 
(3.96) with parameters [Fett81a] : 

Ct1 = /3; a2=a'*oaßy; ß^=y*, ß2=a*. (3.99a-d) 
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Observations 

Coming back to the restrictions made in the application of Table 3.8 
to Cases 2, 4, and 5 only, according to Table 3.4, it becomes obvious 
why these restrictions have been established. Indeed, in Case 1 from 
Table 3.4, real lossless two-ports of symmetric and antimetric type 
are of totally different nature. This can be deduced from (3.43) and 
(3.53), where the constituent allpass functions of real symmetric 
lossless two-ports are themselves real, whereas they become complex 
for real antimetric lossless two-ports. 

Despite of this, when the two-port N is real with complex input/out­
put signals, Table 3.8 applies without problem. Taking for example 
the transformations in Table 3.8d, N is then mapped onto a degener­
ate complex lossless two-port N', and vice-versa. Figure 3.4d illus­
trates the case where N' is real, and N degenerate complex. 

The expressed restrictions extend to Case 3 of Table 3.4 handling 
real signals. 

3.4.16 P h a s e re sponse of polynomials f and h 

Para-even/odd polynomials are featuring a constant phase response 
for y = j''• 0, except for possible phase steps, cf (A.30). 

Referring to the network transformations in Table 3.8a, the polyno­
mials f and h' belonging to the transformed lattice-type two-port 
N' are para-even/odd. Since f and h' are related to the polynomials 
f and h of network N by unimodular constants - cf Table 3.8a - it 
is demonstrated that / and h of symmetric and antimetric lossless 
two-ports are featuring a constant phase response, except for 
possible local phase steps. 

3.4.17 Rea l lo s s l e s s two-ports 

Clearly, referring back to (3.28), the condition to fulfil to get real 
lossless two-ports, including non-reciprocal networks, reduces to : 

Ia{S}=0; (3.100) 

cf (A.8) and (A.9), which implies : 

Ia{Sy}=0 « SiJ(W) = SiJ(V); i,j = l,2. (3-101) 
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Real symmetric lossless two-ports 

Applying (3.101) to (3.46), it is observed that the constitutive allpass 
networks of real symmetric lossless two-ports are necessarily real, 
and vice-versa : 

Ia(S1 )=0 <=> S1(Y) = S1(W); '' = 1,2. (3.102) 

Real antimetric lossless two-ports 

Similarly, introducing (3.101) into (3.55), it is demonstrated that the 
constitutive allpass functions of real antimetric two-ports necessarily 
verify the following condition [Meer83, Fett87] : 

S1-(V) = So^)(VO; « = 1,2; (3-103) 

which induces, cf (A. 10) : 

SiI(VO = SiI(VO = Ra(S2(VO)=Ra(S1(Vr)) (3.104a) 

^ ( V O = S2iO/0 = Ia(S2(vO}=-Ia{Si(vO>. (3.104b) 

Hence, the allpass functions Si and S2 are normally complex for real 
antimetric two-ports, except for trivial networks not retained here, 
e.g. S2] =0. The complete form of the resulting scattering matrix is 
given below for later reuse : 

( Ra(S2) Ia(S2) ^ 
5 \ Ia(S2) -Ra(S2)J (3-105a> 

J Ra(Si) - I a ( S 1 H 

" ^ - I a ( S i ) - R a ( S i ) / ( 3 , 1 0 5 b ) 

Real equivalent scattering matrix of complex allpass functions 

Let us consider the response B = SA of a complex allpass, with scat­
tering function S(XiT). The real analytic part of the response can be 
written : 

Ra(B)=[B + B]/2 = [S- A + S -A]/2 

= [(S + S)-(A + Ä) + (S-S)-(A-Ä)]/4. 

Proceeding similarly for the imaginary analytic part, and simplifying 
the results, one achieves : 
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R a ( B ) = R a ( S ) R a ( A ) - I a ( S ) I a ( A ) 

I a (B)=Ia (S )Ra(A) + Ra(S) Ia (A) . 
(3.106a) 

(3.106b) 

Accordingly, the response of a complex allpass can be equally expres­
sed by a real scattering matrix : 

' R a ( A ) W R a ( S ) - I a ( S ) V R a ( A n 

I a ( B ) J { Ia(S) R a ( S ) J ' [ I a ( A ) / 

which, following (A. 10), is identical to : 

( Ra(B)"! f0 O f R a ( S ) - I a ( S ) V 0 O f R a ( A ) ) 

Ia(B) 1 0 1 0 Ia(A) 
(3.108) 

Ia(S) Ra(S) 

The equivalence represented in Figure 3.16 is thus established. 

a2(n) 

«) 

Re 

Im 

S(y) Re 

Im 

O1(Zi) a i ( n ) o~ 

b2(n) a2(n) 

b) 

M») 

Figure 3.16: Equivalent implementations of a complex allpass function. 

Equivalence between real antimetric lossless two-ports and complex 
allpass functions 

Comparing (3.107) with (3.105a), and setting Ra(B)=B1 , Ia (B)=B 2 , 
Ra(A)=Aj, Ia(A)=A2 , and S = S2, one observes that a real anti-
metric lossless two-port of degree n can be realized by a complex 
allpass S2 of degree nil, provided that the sign of A2 is changed 
[Meer83], cf Figure 3.17a : 

Ra (S 2 ) - I a ( S 2 ) " 

{ Ia (S 2 } R a ( S 2 } j 

1 0 ) 

0 - 1 
(3.109) 

Of course, this sign change can be simply dropped when A2 =0 
[Vaid87a], as it often occurs in analysis branching filters. 
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a , (n ) o-*-
Re 

-1 
a 2(11) <-*••£> 

Im 

S2 (V) Re 
M") M") 

a) 

Re 

-Sl (V) f>~.o i2 („) O2(B)O.-*.-
Im Im 

Si(V) Re 
-+-° *i («) 

-1 

Im 

b) 

A 1 ( H ) 

a2 (n) 

c) 

Im S1(V) 

• * - - • • ^ 1 ( n ) O 1 (n) < • - > -

Im Im 

• * - • M « ) a 2 ( " ) 
Re Re 

<0 

>--• ft) (n) 

M") 

Figure 3.17; Networks equivalent to a real antimetric lossless two-port. 

Alternatively, introducing S = S\ into (3.107) and comparing with 
(3.105b), it is demonstrated that a real antimetric lossless two-port 
can be equally implemented by the allpass S1, making sure that B2 

is changed in sign, cf Figure 3.17b : 

O^ 
-1 

' R a ( S 1 ) - I a ( S 1 ) 

I a ( S 1 } R a ( S 1 ) 
(3.110) 

Again, the sign change can be dropped when B2 is ignored, as it is 
usually the case in synthesis branching filters. 

Finally, making use of the identity given in Figure 3.16, two further 
variants can be obtained for the implementation of real antimetric 
lossless two-ports 29, cf Figure 3.17c,d. 

3.5 Independent parameters characterizing 
lossless two-ports 

This section aims at determining the maximum number of real and 
independent parameters fully specifying a lossless two-port N of 
degree n, emphasizing the lattice-type case. These parameters basi-

29 The purpose of establishing the exhaustive list of implementations for real 
antimetric lossless two-ports is in providing the basis for a precise comparison 
of implementation structures described in the literature, in particular regard­
ing the implementation of Quasi-Mirror Filterbanks, cf Chapter 4. 
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cally correspond to the coefficients of the scattering matrix polyno­
mials / , h, g, including the constant a, or to any equivalent set of 
parameters (e.g. zero/poles configurations, or the parameters of the 
constituent allpass functions specifying lattice-type two-ports, etc.). 

The identification of these independent parameters, considered in 
relationship with the filter type and degree, provides an insight of 
the kind of filter responses that can be realized, and furnishes essen­
tial informations for the elaboration of filter approximation methods 
and tools. 

3.5.1 Independent parameters of complex lossless 
two-ports 

Canonic form, of lattice-type lossless two-ports 

According to Table 3.8a, a symmetric/antimetric lossless two-port N 
can be mapped onto a two-port N' of same type featuring purely 
para-even/odd polynomials f and h', and conversely. The character­
istic function - and thus the amplitude response - remains invariant 
to this transformation, i.e. C(y/) = C'(y/). Moreover, the phase res­
ponses of both networks are the same, except for a constant phase 
shift specified by a. 

Consequently, the two-port N' involving para-even/odd polynomials 
only - and thus the maximum number of free parameters - corre­
sponds to the canonic form of the network to be designed for a speci­
fied amplitude and/or phase response, except for the parameter a 
fixing the constant phase shift between the responses of N and W. 

The approximation of symmetric and antimetric lossless two-ports 
should therefore be performed in two steps, determining the two-port 
N' first, and mapping it in a second step onto the network N accor­
ding to the application specifications. 

Degree of two-port and polynomials f, h, and g 

Next, the degree of polynomials / , h, and g, denoted by rif, nA, and 
n, respectively, are introduced, deg(.) indicating the degree : 

nf=deg(f), nh=deg(h), n = deg(g). (3.111a,b,c) 



Complex and Real Wave Digital Filters 125 

Due to (3.33), the degrees of the polynomials are verifying : 

n = max (ny,n/,) , rtf <n, Kj1 <n, (3.112a,b,c) 

n = deg(g) corresponding to the degree of the two-port. Considering 
further the relationship between two-ports N and /V", one derives : 

nt'=n.f, H^=Hf1, n' = n. (3.113a,b,c) 

Maximum number of independent parameters characterizing 
lattice-type lossless two-ports 

Given the degree of the two-port JV, the maximum number of real 
and independent parameters available in the set [o, f, h, g) that 
are fully characterizing N , is looked for. 

Considering the canonic equivalent N' of N , and referring to Table 
3.8a, it is observed that both parameters a and o'-±\ should be 
fixed to have a one-to-one correspondence between N and W . More­
over, a ' plays a particular role, since it decides upon the para-even/ 
odd nature of f and A'. Both a and a' should thus be fixed sepa­
rately by the application. 

Hence, three different measures of the maximum number of free 
parameters are introduced, namely tot_nb_parms_N for N, counting 
a and a', tot_nb_parms_N' for N', counting o', and nb_parms_N', 
excluding a' 30 : 

tot_nb_parms_N =tot_nb_parms_N' + 1, (only complex N, N') (3.114a) 

tot_nb_parms_N = tot_nb_parms_N', (only real N, N'; N = N') (3.114b) 

tot_nb_parms_N' = nbjparms_N' + l, (complex+ real N, N') (3.114c) 

Complex symmetric lossless two-ports 

The following expression is derived from (3.33) and (3.41) for N' : 

g'-g*=-o'-(h'2-f'2) = -o'-(h'-f')-(h' + f); a' = ±l. (3.115a,b) 

Factors (h'-f) and (A' + / ' ) are then fixed with (3.47b) and (3.48b): 

h'-f' = °[-ê[*-S2> h' + f' = a'2.g^g'2,; (3.116a,b) 

30 Equation (3.114b) is valid for Case 1 in Table 3.4. 
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with g' = g[-g'2; a'. =-o 7 < T ; 3 _ 0 ; ' =1 ,2 . (3.117a,b) 

The polynomial g' is arbitrarily assumed monk 31, cf Subsection 
3.4.4. The same assumption is made for g[ and g'2, agreeing with 
(3.117a). Besides these constraints, g', g[, and g'2 are general com­
plex polynomials, and are thus counting 2 • ri = 2 • (n[ + n'2 ), 2 • n{, and 
2 • ri2 real free parameters, respectively, with n[ = deg(g,; ), * = 1,2. 

Hence, the right-hand sided parts of (3.116a,b), which are completely 
interrelated, are counting 2 n ' + l real free parameters, including 
Arg{a{ } or Arg{<72 }, where a{ and 02 are linked by (3.117b) 32. 

Clearly, the left-hand sided parts of (3.116a,b), i.e. (h'±f), count 
the same amount of real independent parameters. This is easily 
verified taking into account that deg(/i'± / ' ) = "'» and that the lead­
ing coefficient of {h'±f) is unimodular. The polynomials f and h' 
being respectively para-even (-odd) and para-odd (-even) for symmet­
ric lossless two-ports, it is observed that they are precisely and 
separately contributing to the real and imaginary part of each 
coefficient in the factors (A' ± / ' ) , cf (A.26). 

It is further noticed from (3.116) and (3.117b) that it suffices to know 
either both polynomials f and A', or one of the right-hand sided 
terms in (3.116), to fully determine N', without costly use of (3.33). 
Moreover, when designing strictly stable networks, i.e. both g{ and 
g2 are strictly Hurwitz, and assuming that f and h' are known, it 
suffices to use only one expression of (3.116a,b) to uniquely deter­
mine g{ and g 2 by factorization. On the contrary, both equations 
(3.116a,b) are requested to handle unstable networks. 

Finally, nb_parms_N' = (2-n + l) for complex symmetric lossless two-
ports, cf Table 3.9. 

Complex antimetric lossless two-ports 

For complex antimetric lossless two-ports, equations (3.115) - (3.117) 
are replaced by : 

3 1 A polynomial is monic when its leading coefficient, associated to the highest 
power of the independent variable, is equal to +1 [Bele68, p. 406]. 

32 It is recalled that parameter a' = ±1 is not counted in nb_parms_N', cf (3.114c). 
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g'-g'*=o'-(h'2+f'2) = o'.(h'-j-f').(h' + j.f');o' = ±l; (3.118a,b) 

h'-j-f' = o[-g'iif-g'2; h'+j-f' = a'2-g'rg'^; (3.119a,b) 

with g' = g[-g'2; o'.=a' /<7[3_.}; '' = 1.2. (3.120a,b) 

The development proceeds very similarly to the symmetric case, and 
is dropped for conciseness. The number of design parameters is 
exactly the same than for the symmetric case, cf Table 3.9. 

*t£'v-,-.-V'vJ"»iliàhtfS. .--.• ; • ---i'.--

Lattice-type N' 
( Symmetric or antimetric ) 

General reciprocal N ' 

Non-reciprocal N' 

nb_pa 

Complex N' 

2-n + l 

3-n + l 

4-n + 2 

rms_N' 

Real N' 

n + 1 

For« odd: (3 - /1 -1 ) /2 + 1 
For n even: 3 -n /2 + l 

2-n + l 

Table 3.9: Maximum number of real independent parameters 
of lossless two-ports 32. 

Max. number of independent parameters characterizing non-
reciprocal and general reciprocal lossless two-ports 

For the sake of completeness, the non-reciprocal and general recipro­
cal cases are briefly handled. Complex non-reciprocal lossless two-
ports N' are best designed by directly approximating the irreducible 
and unit-bounded coefficient Sfa = fig'. Assuming that g' is monk, 
whereas f is a general unconstrained complex polynomial, the 
maximum number of real independent parameters is (4 • n + T) 32. 

The factor (A' • h't ) is then uniquely determined from (3.33). However, 
h' cannot be uniquely obtained from (n'A*), due to the multiple fac­
torization possibilities [Bele68, p. 284]. Moreover, an arbitrary uni-
modular constant can be assigned to A' without affecting (A' • A^), cf 
(3.35c). The factorization is thus observed to be much more intricate 
than for lattice-type networks, ( A' • A* ) being of degree 2 • n/,. 

Finally, the data for the general reciprocal case are also provided in 
Table 3.9, noticing that f = a'-f-±f is verified due to reciprocity, 
involving that f is para-even/odd, cf Table 3.8b. 
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Authorized/prohibited network configurations for lattice-type 
lossless two-ports 

It is observed from Subsection 3.4.4 that polynomials / and h can't 
simultaneously possess a (single or multiple) zero at y = 0, otherwise 
polynomial g should own the same zero(s) due to (3.33), which would 
be in contradiction with the strictly Hurwitz nature of g. 

Applying this rule to the transformed two-port N', a list of 
prohibited network configurations can be established using (A.26), cf 
Table 3.10. The mentioned polynomials F-(y), H'i(yf), / = 1,...,4, are 
specified by the notation introduced in (A.26), and are all evaluated 
at v = 0. 

!111 
Symmetric 
case 

Antimetric 
case 

C(W) 

C = KlTe 
C=KIf0 

C = KIfe 

C=KIf0 

Lattice 
Complex 

F{ = H'A=0 

F^=Hi=O 

F{ = H{=0 

F^=H\=0 

-type lossless two-p 
Imaginary 

# 4 = 0 

/=4=0 

Prohibited 

F 4 = # 4 = 0 

ort TV' 
Real 

F^=O 

H{=0 

F{ = H{=0 

Prohibited 

Table 3.10: Prohibited configurations for lattice-type lossless two-ports 
(all polynomials F({\ff), Hj(yf), i = 1,...,4, are evaluated at y =0). 

Purely imaginary and real lossless two-ports N' are defined for F{ = 
Fi=Hi^H'3=0, and F2=F^=H'2=H%=0, respectively. In the real 
case, the two-ports N and N' become identical, with o' = a = ±l. 

3.5.2 Independent parameters of real lattice-type 
lossless two-ports 

Real lattice-type lossless two-ports are featuring a = ±1, and the two-
ports N' and N are thus identical, polynomials / and h becoming 
necessarily para-even/odd. It is recalled that symmetric and anti-
metric two-ports correspond to fundamentally different filter configu­
rations in the real case. The maximum number of real independent 
parameters is provided in Table 3.9 using (3.114b,c). 
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Degree of two-port and polynomials f, h, and g 

The definitions provided in (3.111) and (3.112) clearly apply to real 
two-ports. For classification purposes, the terms rifo and nnQ are 
further introduced, indicating the number of zeros of / and h lying 
at y/ - 0. Finally, the number of transmission zeros of 521 - f I g and 
S\ i = h I g located at infinity, denoted by Hfx, and Hf1x, respectively, 
are specified by : 

Kf00=H-Hf, nhoo= n-nh. (3.121) 

Real symmetric lossless two-ports 

Real para-even/odd polynomials merely reduce to even/odd polynomi­
als. From (3.41), / and h are respectively even and odd for a = 1, 
whereas they become odd and even for a = -1 [Bele68]. 

itSM 
a = \ 

(7 = - 1 

C L i l M j l ' ^ v . ' V ' , ' t « 

aRia*ts..-* 

Typ. resp. of S2I 

Parity of / , h 

Monic / , h (31,33) 

Degree 

Zeros at origin 

Zeros at infinity 

Typ. resp. of S2I 

Parity of / , h 

Monic / , h (31,33) 

Degree 

Zeros at origin 

Zeros at infinity 

Odd degree n 

/(V) I *(V) 
Lowpass 

Even 

-
n f < n - 1 

(rif even) 

"/0=° 
n y b o ^ l 

Odd 

Yes 

nh=n 

(nh odd) 

" A O ^ 1 

"A«. = 0 

Highpass 

Odd 

Yes 

nf=n 

{rif odd) 

nf0>\ 

Ij^=O 

Even 

-
nh <n-\ 

(nh even) 

"AO= 0 

«*»*! 

Even degree n 

/(V) I MV) 
Bandstop 

Even 

Yes 

nr = n 

(nt even) 

nfo=0 

"fio = 0 

Odd 

-
nh <n-l 

(«A o d d ) 

" A O ^ 1 

»A» ^ l 

Bandpass 

Odd 

-
rif <n-l 

(rif odd) 

nf0>l 

" / « , > 1 

Even 

Yes 

" A = " 

(nh even) 

" A O = 0 

" A o o = 0 

Table 3.11: Elementary parameters for real symmetric lossless two-
ports. 

3 3 The polynomial g was assumed monic for the establishment of this table, 
which contains an entry to indicate whether f or h are monic as well. No 
indication, i.e. "-", means that the situation is application dependent. 
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Clearly, real even (odd) polynomials are necessarily of even (odd) 
degree. Hence, one deduces that / and h are of different degree for 
real symmetric lossless two-ports, the parity of their degree being 
specified by their even/odd nature. 

Furthermore, the polynomial / or h that is of odd degree has neces­
sarily an odd number of zeros at the origin, but at least one. Con­
versely, the polynomial / or h that is of even degree should be 
devoid of any zero at the origin, cf Table 3.10. 

Typical resp. of S2I 

Monic / , / i (31,33) 

Zeros at origin 

Zeros at infinity 

Examples of amplitude 
approximated filters 

Butterworth 
Chebyshev 
Inverse Cheb. 
Elliptic 

/(V) I A(V) 
LP, HP, BP, BS 
No 

"/0=° 
" /bo=0 

No 

"AO=0 

" A o o = 0 

BS Chebyshev 
BP Inv. Chebyshev 
Elliptic 

" A = " 

/(V) I A(V) 
LP, HP, BP, BS 

- -

" /0"AO=O (34) 

ByOo=O "Aoo=0 

HP Chebyshev 
LP Inv. Chebyshev 
Modified elliptic ( 35 ) 

Table 3.12a: Basic parameters for real antimetric lossless two-ports 
( LP: Lowpass; HP: Highpass; BP: Bandpass; BS: Bandstop ). 

Considering the behavior at infinity, cf (3.121), the polynomial / or 
h that has lower degree than n is associated to a necessarily odd 
number of transmission zeros at infinity, but at least one. Inversely, 
the polynomial / or h of degree n does not induce any transmission 

3 4 In all generality, zeros may be located at the origin, in which case they should 
be assigned to exactly one of the polynomials f and h in accordance with the 
filter response. The zeros should necessarily occur pairwise. 

3 5 Even ordered filters can be modified to feature pairs of attenuation zeros/poles 
at the origin or/and at infinity. The modification can be performed using a 
particular transformation [Sedr78], or other approximation methods. Note 
that modified elliptic filters achieved by transformation are not any more equi-
ripple in both passband and stopband, and that they are suboptimal with 
respect to frequency selectivity. 
In the present case, the modification provides either attenuation zeros or 
attenuation poles at the origin. 



Complex and Real Wave Digital Filters 131 

zero at infinity. Hence, analyzing the asymptotic behavior of polyno­
mials / and h at the origin and infinity, it is possible to collect the 
parameters corresponding to typical filter responses assigned to S21, 
cf Table 3.11. 

Real antimetric lossless two-ports 

According to Table 3.10, the polynomials / and h belonging to real 
antimetric lossless two-ports are necessarily even, i.e. a-I [Youl71, 
Fett84b]. Consequently, / and h are both of even degree. 

Furthermore, the results achieved in Subsection 3.4.16, in particular 
formulas (3.103) and (3.104), directly apply. Hence, the next expres­
sions are derived from (3.54) : 

The basic parameters for designing real antimetric lossless two-ports 
are provided in Table 3.12a for the case where / and h are of same 
(even) degree. Table 3.12b completes the figure for situations where 
/ and h are of different (even) degree. 

Typical resp. of S2I 

Monic / ,A (31,33) 

Zeros at origin 

Zeros at infinity 

Examples of amplitude 
approximated filters 

Butterworth 
Chebyshev 
Inverse Cheb. 
Elliptic 

Ht =n-2k , iif, =n 

f(V) I Hv) 
Lowpass, Bandpass 

- Yes 

" / 0 "M)=O <34> 

np„>2 "AoO=O 

LP/BP Butterworth 
LP/BP Chebyshev 

Modified elliptic (36 ) 

rif=n, nh =n-2k 

/(V) I HV) 
Highpass, Bandstop 

Yes -

" /0"AO=O <34> 

"/bo = 0 "/,« ^2 

HP/BS Butterworth 

HP/BS Inv. Chebyshev 
Modified elliptic (36 ) 

Table 3.12b: Basic parameters for real antimetric lossless two-ports 
(*=l , . . . ,n /2) . 

36 These modified elliptic filters are featuring attenuation zeros/poles at the 
origin and at infinity. Hence, these filters can be realized with equally-valued 
termination resistances. 
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3.6 Mapping of lossless two-ports into the z-
domain 

The mapping of the complex or real lossless two-ports is performed 
by application of the forward bilinear transform TB defined in (A.50). 
Details on the procedure are provided in Section A.6. The following 
discussion concentrates on lattice-type lossless two-ports, in which 
case one is essentially interested in the Tg transformation of allpass 
functions, cf (A.77) and (A.78). 

Signal 
quantities 

Parameter­
ized 
scattering 
matrix 

Network 
functions 

Incident waves 

Reflected waves 

Polynomials 

Unitary constant 

Allpass functions 

Transfer functions 

Characteristic fct. 

Forward bili 

y -domain 

A1(W), O1Cn-T3) 

Bi(W), bi(n-Ts) 

/(VO 

h(V) 

g(V) 

a 

Si(V) 

Sn(W) 

C(yr) = Su / S 2 1 

near tr 

=> 

=> 

=> 

=> 

=> 

=> 

ansform T R 

2—» 

Z -domain 

Ai(z), a{(n) 

B,-(*) ,&,(") 

P(Z) 

R(Z) 

Q(z) 

X 

H1(Z) 

Hn(Z) 

Cz(z) = Hu/H2l 

Table 3.13: Bilinear transformation of canonic lattice-type lossless two-
ports N (i = l,2). 

The correspondence between the signal quantities, polynomials, and 
network functions when passing from the y -domain to the z-
domain, is defined in Table 3.13. It is observed that the incident and 
reflected waves are represented with the same symbols in both 
domains, although they are mathematically not equal when procee­
ding from one domain to the other. This shouldn't be a problem, the 
distinction being usually clearly indicated by the context. 

Clearly, all formulas elaborated in the yr -domain for lattice-type 
lossless two-ports have their counterpart in the z -domain under TB 

transformation conditions. 
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According to (A.78b), the unimodular constants X1 belonging to the 
(stable) allpass functions H,(z) , i = 1,2, are related to those of 
Si (Y) by: 

f, * \ 

*i=<*i--n 
V=I \-y oojV 

with n,- =n,i +«,'2> 

Voojv * _ 1 . v=l,2,...,ni2; 

(3.123) 

Hi(z) and S,(v) being of same degree «,-, n,i corresponding to the 
number of poles located at 1//- = -1 (i.e. z = 0), whereas n,2 indicates 
the number of poles verifying V°°JV * - l (i.e. Zx,^ *0), v = 1,2,...,/1,2. 

The z -domain counterpart of (3.48a) and (3.57a) is then achieved 
defining : 

X = O =±CT] -(72 = ±?7 • Ai -Â2, 

with 

and 

"12 

V=I 

1 _,//• , ) "22 

^l-Voolv J V=I 

l-V°o2v 

k l - V » 2 v , 

(3.124a) 

(3.124b) 

Vooiv'4-!» v = 1,2 «2i; 

where the upper (lower) sign in (3.124a) holds for symmetric 
(antimetric) two-ports. 

: * • - « • • . '•• 
• • « . ; - ' • ' ' .-VV ^ - » f -

j . " " * " i~. '-1.'."-1. 

Svmmetric 
lossless 
two-ports 

Antimetric 
lossless 
two-ports 

Case 1 : 

(A' = CT' = 1) 

Case 2 : 

Case 1 : 

(A' = a ' = l) 

Case 2 : 

Modified forward bilinear transform TB P 

y/ -domain 

/'(v)-/; (Y) 
h'(Y) = K(Y) 

f'(Y) = J7O(Y) 
h'(Y) = K(Y) 

f'(Y) = fé(Y) 
h'(Y) = K(Y) 

f'(Y) = ZO(Y) 
h'(Y) = K(Y) 

= > 

= > 

= > 

= > 

Z -domain 

P'(Z) = PPCS(Z) 

R'(z) = R'pCA(z) 

P'(Z) = PPCA(Z) 
R'(Z) = R'PCS(Z) 

P'(Z) = PPCS(Z) 

R'(z) = R'pCS(z) 

P'(Z) = PPCA(Z) 

R'(Z) = R1PCA (Z) 

Table 3.14: Bilinear transformation of canonic lattice-type lossless two-
ports N'. 
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Considering now the canonic form N ' of lattice-type lossless two-
ports, cf Subsection 3.5.1, the complementary relations given in 
Table 3.14 are established, cf Section A.7. It is noticed that the 
network transformation defined in (3.96) and Table 3.8a in the y/ -
domain, which provide the rules for passing from a non-canonic two-
port N to its canonic form N' and conversely, applies without 
change in the z -domain, since only constants are involved. 

3.7 Conclusion 

This chapter is providing a survey on complex and real WDF filter 
design. Starting with a detailed review of real WDF design, a 
gradual introduction to complex filtering is proposed, recalling that 
complex and real filters are formally equivalent, but may differ in 
practice, thus relegating the question of the choice between both 
solutions to case by case selections fixed by the applications. A 
review of available complex WDF structures is then proposed, includ­
ing a discussion on the important concept of one-realness elaborated 
by Fettweis. 

The essential part of the chapter is then devoted to recalling basic 
properties of complex and real lossless two-ports WDFs are derived 
from, putting the emphasis on lattice-type structures, and proposing 
specific contributions along the presented matter. It is in particular 
demonstrated using elementary equivalence transformations that 
complex lattice-type lossless filters are belonging to a single class of 
networks, with a marginal difference between symmetric and 
antimetric implementations which is not affecting the amplitude 
response, the phase response of both structures differing only by a 
constant phase shift. Conversely, but this fact was of course well 
known before, real symmetric and antimetric filters are fundamen­
tally different. 

Further issues introduced in the chapter are listed below among the 
contributions. 
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Contributions 

Chapter 3 holds a particular place in the report, since it is furnishing 
an extended review on complex and real Wave Digital Filter design, 
recalling numerous essential properties of lossless two-ports WDFs 
are relying on, and providing a sound basis of knowledge for 
succeeding chapters. Logically, most of the material presented in this 
chapter is of course well known. 

However, the structured survey proposed in the chapter helps in 
ordering the subject, classifying problems, and identifying topics 
deserving attention for further research beyond those mentioned 
later in the conclusions. 

C3-I: As such, the systematic review proposed in Chapter 3 is 
considered as original. 

In addition, to the best knowledge of the author, the next specific 
contributions are considered as original : 

> C3-II: Analysis of cascaded scattering parameters of lattice-type 
lossless two-ports as handled in Subsection 3.4.13, cf Table 3.7, 
and study of complex doubly magnitude-complementary networks 
treated in Subsection 3.4.14 which are identified to have much 
lower amplitude sensitivity to mismatches, compared to classical 
doubly-complementary networks. 

> C3-III: Establishment of an exhaustive list of complex allpass 
configurations that are equivalent to a real antimetric lossless 
two-port, cf Figure 3.17, useful to compare published filter 
structures. 

> C3-IV: Detailed discussion of the independent parameters of 
complex lossless two-ports, including identification of allowed/ 
prohibited configurations of lattice-type lossless two-ports, cf 
Table 3.10, and provision of synoptic design tables for real 
symmetric and antimetric lossless two-ports, cf Tables 3.11, 3.12a, 
and 3.12b. 

C3-V: Moreover, based on the survey of diverse filtering problems 
handled in Subsection 3.3.4, the field of single/double broadband 
matching is recognized as interesting for WDF implementations, 
noticing in particular that the complex case was seemingly not 
covered in the literature. 
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Further potential research 

Based on the former reflections, the next subjects are proposed for 
potential further research: 

> Following the discussion held in Subsection 3.3.6, detailed study of 
the implementation of non-one-real complex WDFs to get lossless 
and economic realizations of WDFs, using in particular the cross-
adaptor proposed in [Schü89, Schü91], with mandatory assess­
ment of all stability conditions related to the finite-precision 
implementation. 

> Detailed study of single and double broadband matching networks 
implemented as WDFs, analyzing in particular the reason why 
complex broadband matching was seemingly not covered before. 

> Systematic study of (complex) non-reciprocal and general recipro­
cal networks implemented as WDFs, whereas it is noticed that the 
subject is already generously covered in the literature for 
standard filter configurations of real type. 

> Application of case studies exploiting the identified lower ampli­
tude sensitivity of (complex) doubly-magnitude complementary 
networks to parameter mismatches, cf Subsection 3.4.14. 

> Others. 



Chapter 4 
Bireciprocal-Type Wave Digital 
Filters 

4.1 Introduction 

Bireciprocal WDFs 1 correspond to half-band filters realizing power 
complementary lowpass and highpass filter pairs used to design 
multirate IIR-based Quasi-Mirror Filters (QMFs) [Vaid87d], or tree-
shaped filterbanks, to perform signal analysis and synthesis in the 
frame of applications ranging from communications, to spectral sig­
nal analysis/estimation, hearing aids design, subband speech/audio/ 
image coding [Sauv90], elementary signal transmultiplexing, and 
also pattern recognition, to mention some of them. Half-band filters 
are of course also intensively applied to signal decimation and 
interpolation, in particular in connection with (oversampled) analog-
to-digital converters (ADCs) [Dijk88] and digital-to-analog converters 
(DACs), in which case the lowpass filter response is used alone. 

Half-band filters have been intensively studied in the literature. 
They rely either on Finite Impulse Response (FIR) filters [Croc83, 
Nuss83, Gala84, Vaid93, Vaid90, Vaid88], or on HR filters [Vaid87a, 
Rega88b, Vaid90], with few extensions to complex half-band filtering, 
e.g. [Fett85]. 

1 The meaning of the term "bireciprocal" will be explained in Section 4.3. 
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Many contributions have been published on bireciprocal WDFs, 
especially in the real symmetric case [Noss83, Gazs85a, Fett86], 
considering the significant implementation simplifications incurred 
in terms of hardware, number of processed operations, etc., cf e.g. 
[Fett86]. However, the real antimetric case is covered as well 
[Meer83], including also complex bireciprocal WDFs [Fett85]. 

The objectives of this chapter are twofold. The first objective, acting 
as a complementary contribution to [Fett85], aims at formally de­
monstrating that any IIR-based half-band filter realized as a lattice-
type lossless two-port is precisely composed of a real symmetric or 
real antimetric lossless two-port. Any complex half-band filter 
configuration derived thereof is achieved through elementary trans­
formations resulting in degenerate complex two-ports. This result 
clarifies the interpretation of many properties established in 
[Fett85], while removing reservations expressed in the same paper 
for the complex case. 

The second objective is to provide a detailed list of possible half-band 
signal analysis and synthesis arrangements, still based on lattice-
type lossless two-ports, and including the corresponding implemen­
tation structures. It is then shown that half-band filters relying on a 
real antimetric lossless two-port, can be interpreted and realized in 
two different ways under multirate operational conditions, with 
related constraints guiding the actual choice to be made according to 
the application requirements. 

The chapter is organized as follows. Section 4.2 recalls shortly the 
structure of cascaded half-band analysis and synthesis networks 
operating under multirate conditions and realized with lossless two-
ports, including the condition for perfect reconstruction of the origi­
nal signal. In Section 4.3, the perfect reconstruction condition is 
specialized for lattice-type lossless two-ports, leading to a bireciprocal 
form of the corresponding characteristic function, which in turn 
implies that bireciprocal WDFs are essentially real, complex cases 
being derived thereof. The relationship between real and complex 
bireciprocal WDFs is described in Section 4.4. Section 4.5 is then 
furnishing details on real bireciprocal WDF configurations, including 
degree of the constituent allpass functions, and pole constellation. 
These data are then compiled in Section 4.6 to establish synoptic 
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tables valid in both real and complex cases. The corresponding imple­
mentation structures are discussed in Section 4.7, before drawing the 
conclusions in Section 4.8. 

4.2 Cascaded half-band analysis I synthesis 
networks realized with lossless two-ports 

Referring to [Fett85], the network arrangement illustrated in 
Figure 4.1 is considered, where N corresponds to a lossless two-port 
of reciprocal or non-reciprocal type 2, with scattering matrix S. The 
transpose network of N is indicated by N , and features B = S -A. 
N is a priori considered real or complex. 

A1 (nTs ) o->. 

bi(nTs) o-^ 

^> a2(nTs) = 0 

b2(nTs) 

Figure 4.1: Network configuration involving multipliers u(n) and v(n) 
for halving the sampling rate [Fett85]. 

The functions u(n) and v(n) occurring in Figure 4.1 take alternately 
the values 1 and O, either in the same or in opposite phases. The two 
situations are distinguished by the parameter q = ±1 : 

u(n) = [1 + (-1)" ]/2 = [l + e j-ni2/2]/2, 

v(n) = [l + q--(- l ) n] /2 = q-u(n) + (\-q)l2. 

(4.1a) 

(4.1b) 

2 The two-ports referred to in this chapter correspond to the normalized two-
ports N' specified in Subsection 3.5.1. However, the apostrophe is dropped for 
simplicity. 
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Clearly, v(n) = u(n) for ¢ = 1, and v(n) = l-M(n) for ¢ = - 1 . As demon­
strated in [Fett85], applying to the entrance of the network arrange­
ment in Figure 4.1 the signals : 

O1(TiTs) = A1-e
pnTs , a2(nTs) = 0 (4.2a,b) 

where A1 is a complex constant, and assuming that the reciprocal or 
non-reciprocal two-port N fulfills the condition3 : 

C(l /y) = -<7/C*(V), (4.3) 

then the following output signals are achieved : 

O1 (nTs ) = 0.5-A1-U(X(S(V))-ep'n'Ts , (4-4a) 

b2(nTs) = —^—1—T"e -bx(nTs), (4.4b) 
S]2(V) 

where the determinant det(S(y)) corresponds to an allpass function, 
cf (3.34). It is remarked from (4.4a) that, except for an allpass-type 
distortion, the input signal ay can be perfectly reconstructed under 
condition (4.3), and this irrespective of: i) the filtering performance of 
N, and ii) the fact that every second sample of signals d\ and d2 in 
Figure 4.1 is reduced to zero [Fett85]. 

4.3 Bireciprocal WDFs 

For lattice-type lossless two-ports N, the characteristic function is 
verifying (3.41c) and (3.51c) in the symmetric and antimetric cases, 
respectively, which can be rewritten in a compact form : 

C(y) = - r C* (v), with r = l for symmetric N, and 
r = -1 for antimetric N, 

(4.5) 

so that (4.3) can be reformulated as : 

C(\/ys) = q-r/C(y). (4.6) 

Hence, except for the sign introduced by the factor q-r = ±\, the 
characteristic function of lattice-type lossless two-ports is observed to 

3 The assumption made in Subsection 3.4.3, stating that the termination impe­
dances of the lossless two-port N are equal, i.e. Z £ 1 = Z £ 1 = ZE , is recalled. 
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be of bireciprocal (or self-reciprocal) type, explaining in the same time 
the name assigned to the corresponding WDFe. Although the charac­
teristic function of lattice-type lossless two-ports was originally 
termed bireciprocal or self-reciprocal only for qr = l [Fett85], the 
definition is extended in this report to q • r = ±1. This choice will be 
commented later in Section 4.4. 

Furthermore, C (v) (and by extension the corresponding network N) 
will be called : 

> bireciprocal of the first kind for q-\, and 
> bireciprocal of the second kind for ¢ = - 1 . 

The degree n of the two-port N is linked to q as follows [Fett85], 
page 897 : 

for 9 = 1 : n odd; for ¢ = -1 : n even; with n = n\ + n2; (4.7) 

where nj and n2 correspond to the degree of the constituent allpass 
functions 5,- (v), i = 1,2, cf Figures 3.8 and 3.9. 

Replacing C(y) in (4.6) with (3.37), and applying (3.46) and (3.55) for 
symmetric and antimetric two-ports, respectively, the next result is 
obtained [Fett85] : 

forg = l: S2(VY)-Si(V) = S1(Vv)-S2(Vy, (4.8a) 

for ¢ = - 1 : S2(IZv)-S2(V) = Si(Vv)-Si(V)- (4.8b) 

which is noticed to be independent of r, i.e. (4.8a,b) are valid for both 
symmetric and antimetric two-ports 4. Assuming without limitation 
that 5,- (v), i = 1,2, are stable, the unstable allpass : 

S'(v) = Si(V)/S2(V); (4.9) 

is defined and introduced into (4.8a,b), which are then replaced by : 

forq = l: S'(V) = S'(Vv); (4.10a) 

for<? = - l : S'(v) = -VS'(\lv)-- (4.10b) 

Moreover, denoting by H'(z) and #,(z) the bilinear transform of 
S'(v)> and S,- (v), respectively, i.e. : 

4 Starting from here, the discussion proceeds more directly than in [Fett85]. 
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tf'(z) = TB{S'0/O}, Hi (z) = TB {5,(1/0}, i = 1.2; (4.11a,b) 

and making use of Table A.6, (4.10a,b) is equivalenty expressed by : 

for ^ = I (i.e. n odd): H'(z) = -H'(-z); (4.12a) 

for q = -1 (i.e. n even): ff'(z) = - l / # ' ( - z ) - . (4.12b) 

Referring to Subsection 2.6.6, it is demonstrated that : 

1) if H\z) is fulfilling (4.12a), then H'(z) is certified to be real with 
odd denominator due to (2.101b), to feature an odd phase, and to 
belong to a real lossless two-port N of symmetric type; or 

2) if H'(z) is verifying (4.12b), then H\z) has a para-even and 
circularly symmetric denominator following (2.101a), such that the 
phase response of H'(z) is purely even if H'(z) is irreducible. 
Moreover, assigning the stable poles of H'(z) to H\ (z), and the 
unstable ones to l/#2(z)> 8^d specifying the constants Xj of 
Hj(z), « = 1,2, as follows according to (2.101a) : 

X1=X^ =±exp(±j-rt/4), with A1
2 =X' = ±j; (4.13a,b) 

one achieves : #j ( z ) = #2 U ) • (4.13c) 

Consequently, considering (3.103) which applies directly to the z-
domain, it is proved that H,-(z), / = 1,2, are belonging to a real 
lossless two-port N of antimetric type. 

In conclusion, it is proved that, irrespective of their possible complex 
nature, lattice-type bireciprocal WDFs are necessarily and precisely 
composed of a real symmetric or a real antimetric lossless two-port 
whenever (4.12a) or (4.12b) are respectively applying, including any 
equivalent form thereof as (4.10a,b) : 

for ¢ = 1 (i.e. n odd) : Af real symmetric two-port; (4.14a) 

for q = -1 (i.e. n even) : A' real antimetric two-port. (4.14b) 

Complex bireciprocal WDFs are then merely achieved by direct 
extension of the real network to process complex signals, or using 
elementary transformations leading to degenerate complex two-ports, 
as will be seen in the next section. 
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4.4 Relationships between real and complex 
bireciprocal WDFs 

Following the former considerations, the relationship between the 
basic real lattice-type lossless two-ports with bireciprocal characteris­
tic function, and the configurations derived thereof to handle complex 
signals, is indicated in Table 4.1. The vertical mappings merely 
correspond to passing from filter configurations of Case 1 in Table 3.4 
to filters of Case 2 in Table 3.4. From there, it is then possible to 
transform originally real symmetric (antimetric) filters into degene­
rate complex antimetric (symmetric) filters proceeding horizontally 
in Table 4.1, applying the transformations indicated in Table 3.8d. 
The resulting filters correspond to Case 5 configurations in Table 3.4, 
an example of their structure being provided in Figure 3.4d. 
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Applied 
I/O signals 

Real 

Complex 

Real 

Complex 

Symmetric N 

Original real symmetric N 
(Case 1, Table 3.4) 

U 
Derived real symmetric N 

(Case 2, Table 3.4) 

Impossible configuration 

Derived degenerate 
complex symmetric N 

(Case 5, Table 3.4) 

Antimetric N 

( 5 ) 

( 5 ) 

< = 

impossible Configuration . 

Derived degenerate 
complex antimetric N 

(Case 5, Table 3.4) 

Original real antimetric N 
(Case 1, Table 3.4) 

U 
Derived real antimetric N 

(Case 2, Table 3.4) 

Table 4.1: Relationship between original real bireciprocal WDFs and 
WDFs derived thereof to process complex signals. 

The possibility of realizing the real antimetric lossless two-port N as 
a complex allpass (cf Subsection 3.4.17 and Case 3 in Table 3.4) is 
reserved, and does not affect the results above. 

5 Horizontal mappings in Table 4.1 imply application of transformations speci­
fied in Table 3.8d. 



144 Chapter 4 

Discussion 

The relationships established in Table 4.1 clarify many points 
regarding bireciprocal filters : 

1) It was observed that (4.8a,b), and thus (4.10a,b), and (4.12a,b), are 
independent of the factor r, although r appears explicitly in (4.6). 
The reason is that for the original real two-port, q and r are tight­
ly connected, with q = r = 1 in the symmetric case, and q - r = -1 for 
the antimetric case. When transforming the original real symmet­
ric (antimetric) WDF into an antimetric (symmetric) one using the 
transformation in Table 3.8d, C(yr) i-> ± J-C(Y), so that (4.6) is 
replaced by (4.15a), and thus (4.15b) introducing the r' factor of 
the achieved WDF, with r'= -r. 

C(l/yr) = -q-r/C(yr) =» C(l/yr) = q-r'/C(v). (4.15a,b) 

Hence, the result depends on the interpretation of the same situa­
tion. Either one considers (4.15a) when referring to the original 
real WDF, or one is retaining (4.15b) taking the transformed dege­
nerate complex WDF as reference, in which case the sign change 
drops. This explains why r has no effect on (4.8), (4.10), and (4.12). 

2) Accordingly, the extension of the definition of bireciprocal C (ys) 
and bireciprocal WDFs to q • r = -1 in (4.6) is not critical. 

3) According to (3.38), the filter amplitude response is linked to 
\C(j-$)\ which is invariant to the transformation in Table 3.8d. 
Hence, in case of bireciprocal WDFs, the notion of lowpass/high-
pass filtering, which is otherwise not well defined for complex 
filters, applies without problem to the derived degenerate complex 
WDFs. 

4) In [Fett85], many properties that were derived/verified individual­
ly for complex bireciprocal WDFs could be achieved more easily 
recognizing that complex WDFs are obtained through elementary 
transformations from real bireciprocal WDFs according to Table 
4.1. As an example, on p. 898 of [Fett85], one-realness of complex 
bireciprocal WDFs is proved by showing that (4.6) satisfies the 
condition (3.98), which is of course true. But demonstrating that 
(4.6) involves realness of the core bireciprocal WDF is stronger, 
because this fact implies that many properties are automatically 
extended to the complex case. 
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5) As a complement to topic 4), reservations expressed for the com­
plex case can be removed. In [Fett85], p. 896, end of Section III.A, 
it is stated that the poles of real symmetric bireciprocal WDFs 
designed under specific conditions, e.g. properly designed lowpass/ 
highpass responses (cf Appendix 1 in [Fett85]), are all lying on the 
unit circle | v | = l> with negative real part to ensure stability. 
Later, on p. 897, it is explained that this property does no longer 
have to be correct for complex symmetric bireciprocal WDFs. 
Again, based on Table 4.1, it is certified that this property extends 
without restriction to the (degenerate) complex case. 

4.5 Configuration of real bireciprocal WDFs 

This section aims at establishing the elementary properties of real 
bireciprocal WDFs of both symmetric and antimetric type. 

4.5.1 Phase response of half-band symmetric allpass 
functions in the y-domain 

Equations (2.74a,b) and (2.75a) characterizing half-band symmetric 
allpass functions are equivalently expressed as follows in the y-
domain, referring to S'(V) : 

<Ps'W-(Ps'(O) = (Ps'(^)-(Ps'(1/0); T S ' ( 0 ) = T 5 <(1/0) ; (4.16a,b) 

çS' (l) = 0.5-[ç>s> (0) + Vs' (»)]• (4-16c) 

where c>s'(0) a n Q Ts'(0) 8 ^ * n e phase and group delay of S'(j-Q). 
Furthermore, the \jf -domain counterpart of (2.102a,b) is : 

S'(y/ = ±j) = ±j, Vn, <=> <ps>(Q = ±l) = ±]t/2 + 27i-Ti, Vn. (4.17a,b) 

Specifying the phase response of 5,(./-0) by ç>,(0), i = 1,2, one 
deduces from (4.9) and (3.70b) : 

^ ' ( 0 ) = ̂ ( 0 ) - ^ 2 ( 0 ) = 2 . ^ ( 0 ) ; (4.18) 

Clearly, due to (3.71) - (3.76), <pS'(0 = ±l) in (4.17b) is located in the 
center of a transition band, implying |5n (±y')| = |52i(±y)| for both 
symmetric/antimetric cases, resulting in : 

\Sn(y = ±j)\2 =\S2]{Y = ±j)\2 =112 (4.19) 
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due to the power complementarity of S-t\, i = l,2. To get proper half-
band filters, involving a lowpass (highpass) response for S\\ (S21 ) or 
vice-versa, a single transition band should only exist within 
|0|6[O,°°], s o that Tj = O is fixed in (4.17b), leading with (4.16c) to : 

|ç>5'(0)+ç>5'(°°) I="• (4.20) 

Finally, ç>$'(0) *s specified as indicated in Table 4.2, ^>pass and <t>stop 

corresponding to the passband and stopband edge frequencies, with 

Qpass <1< fatop' 

Case 

1 

2. 

S11 ( ; -0) 

Lowpass 

Highpass 

s2i<.j-t) 

Highpass 

Lowpass 

khio.^i 
<pS'(0) = 0 

ç>S'(0)s±7r 

khwlftp.»] 
<ps-(Q) = ±1t 

ç>s<(0)sO 

Table 4.2: Specification of <ps- (0) according to the desired response of 
5,,(7-0),( = 1,2. 

4.5.2 Real symmetr ic bireciprocal WDFs 

S'(V) being real in this case, <ps>(0) = 0,±?i, so that ¢$'(0°) is speci­
fied according to Table 4.3. Since <ps> (°°)-<Ps' (0) = ±n is then verified 
in any case, and recalling that Si ( S2 ) is assumed stable (unstable), it 
follows from (2.58) that the degree difference between Sj and S2 is 1. 
n,-, i = l,2, are then interrelated as indicated in Table 4.3. 

Case 

1 

2 

3 

4 

A 

-1 

1 

l 

-1 

<PS'(¢=0) 

+n 

0 

0 

-TC 

<ps> (0 = +1) 

+nil 

-nil 

+nil 

-nil 

Ps'(0 = °°) 

0 

-TC 

+71 

0 

»,-, 1 = 1 , 2 . 

nl - "2 ~~ 1 

It1 - H2 +1 

Table 4.3: Specifications of <ps- (0), <ps- (°°), and interrelation between 
",-, 1 = 1 , 2 . 

Pole configurations in the z-domain 

The pole configurations of H'(z) are verifying (2.92a-d), as illustra­
ted in Figure 2.21 (real case). Since the degree n of H'(z) is odd, 
there is at least one pole at z = 0, which is stable, and thus assigned 
to H\ (z) that was assumed stable. According to this scheme, the 

ftp://ftp.�


Bireciprocal-Type Wave Digital Filters 147 

degree of H1 (H2) is necessarily odd (even), resulting in the specifica­
tions (4.21a,b) examplified in Table 4.4. 

n = 2k+\; M1 =«2 +(-I)* =[n + (-l)* ]/2; with keN+. (4.21a,b) 

k 
n 

"1 

"2 

1 

3 

1 

2 

2 

5 

3 

2 

3 
7 

3 

4 

4 

9 

5 

4 

5 
11 

5 

6 

6 
13 

7 

6 

Table 4.4: Specification of n,, ; = l, 2, in function of k and n (low degrees). 

All remaining poles of H'(z) are allocated to H1 and I/H2 according 
to their stability 6. Clearly, H1 and Ei can be reformulated as follows 
using (2.99): 

H 1 (Z) = Z ^ - H i ( Z 2 ) , H2(Z) = H2(Z
2); (4.22a,b) 

so that : 

H1 (Z) = - / / ! (-Z), H2(z) = H2(-z); (4.23a,b) 

H'(Z) = Hx (Z)IH2 (z) verifying again (4.12a). 

The form of /Z1 and H2 in (4.22) is quite well known for real symmet­
ric bireciprocal networks [Noss83, Gazs85a, Fett86, Vaid93], and 
leads to drastic reductions in terms of hardware resources, computa­
tion throughput, and power consumption, especially for multirate 
filterbank implementations, as cited in the mentioned references. 

Pole configurations in the yr-domain 

For consistency, the pole configurations (2.92a,b,c,d) are provided 
below in the v -domain : 

Vool ^ - I =* self-reciprocal poles; (4.24a) 

V001 eC, IVooi| = l . and V o o 2 = v d . with XfT001 * - l (4.24b) 
=> complex conjugate poles; 

6 According to the described pole allocation scheme, all remaining poles poten­
tially located at the origin, occurring in this case pairwise, would be logically 
assigned to H1. This avoids a simultaneous appearance of identical poles 
within both H1, i = 1,2, which could then be factorized out of the filter. 
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1//«,! eÄ.Vcoi *-l,andyoo2=l/Vooi (4.24c) 
=> psiired reciprocal poles; 

XIf001 e(C,|^oo l | / l )and^oo2=l/^=ol.^oo3=F«l.^=c4=1 /^l (4.24d) 
=> quadruplet poles; 

where the poles (4.24a) belong to Sj (x/f) only, according to the former 
convention. Consequently to (4.24), it is noted that the denominators 
of (stable) 5,- are circularly symmetric, cf (A.36a). 

The xjf -domain pole constellations and their z -domain counterparts 
are represented in Table 4.5a and Table 4.5d, respectively, the 
relative position of the poles matching from one domain to the other 
(only stable poles are considered in Table 4.5). 

Finally, it is demonstrated that (4.23a,b) is equally expressed by : 

S, (1/VO = (-1)''-S,-(V), / = 1,2. (4.25) 

4.5.3 Real antimetric !»reciprocal WDFs 

For real antimetric bireciprocal WDFs, the degree n of H'(z), and 
thus S'(xjf), is even, with an equal number of stable and unstable 
poles, cf Figure 2.21d, to be distributed over /J,- (5,), i = 1,2, so that 
the next formulas are established : 

n = 2k; nx=n2=nl2; with keN+. (4.26a,b) 

Table 4.6 is then specifying q>s> (O) and <ps< (°o) in accordance with 
(4.20). Two new terms appear with respect to the symmetric situation 
in Table 4.3, namely 8 and k. 

Case 

1 

2 

3 

4 

A 

- ( - D * j 

(-D* J 

-(-D* J 

(-D* j 

n , (¢ = 0) 

+ a - ( - I ) * S 

- ( - I )* S 

(-D* S 

-n + (-I)* S 

Ç>S'(0=+1) 

+ 7T/2 

-nil 

+nil 

-nil 

C>S'(0 = °°) 

(-D* s 
-K + (-I)* S 

+w-(- I )* -5 

- ( - I )* -5 

s'm 
Same poles for 

Cases 1 + 2 

Same poles for 
Cases 3 + 4 

(conjugate of 
Cases 1 + 2) 

Table 4.6: Specifications of q>s> (0), <ps- (°°), in connection with factor k 
from (4.26a), and with S > 0 (Table valid for prototype filters). 
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Table 4.5: Pole arrangements for lattice-type lossless two-ports featuring 
a !»reciprocal characteristic function in the y -domain, and 
their counterpart expressed in the z-domain ( ( = 1,2). 

7 The denominators of stable S,- are circularly symmetric (CS) polynomials. 
8 The denominator of H1 is an odd polynomial containing at least one zero at the 

origin. Conversely, the denominator of H2 is even and devoid of any zero at 
the origin. 

9 The denominators of H1 are para-even (para-odd) polynomials for an even 
(odd) number of purely imaginary poles. 
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The factor 5 > 0 takes into account the fact that the even phase 
response of S '(Y) is not constrained to go through an integer 
multiple of n at ¢ = 0,00. The factor k, specifying the degree of S'(V) 
in (4.26a), determines the number of possible phase ripples occurring 
within the passband/stopband, and influences therefore q>s< (0 = 0,°°). 
Examples explaining the relationship are given in Figure 4.2 and 4.3. 
k is in addition also affecting A due to sign changes indicated in 
Table 2.15. 

Figure 4.2: 2nd-order real antimetric bireciprocal WDF (prototype resp.) 
(specifications: ßH 's (fl ) = 0, for | fl | e [0,0.45 • n ] and 

0 w i (ß ) = ;r,for \i2\e[0.55-n,x] ): 
a) Unwrapped phase ßH- ; dl) Attenuation | Hn|, |H2i\ ; 
b) Unwrapped ßH,, ßH2; d2) Passband attenuation; 
c) Residual approx. error; e) Group delay of Hn ; 

f) Pole configuration of H,, H-,. 

M^slkimik-
H1 

»2 

6\ln 

*°olv 

O2In 

Zoo 2 V 

V 

— 

1 

— 

1 

BiIn, Re(Z001V } 

+ 0.25 

0 

-0 .25 

Im(Z00(V } 

— 

0.67985845889550 

— 
* 

Z«21 = z ~ l l 

Table 4.7: Parameters specifying the filter illustrated in Figure 4.2. 
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V. 15 

ft O 
eg " -1 -0.5 0 0.5 1 
a) n/n 

•5 3 

o 
— 0 

W -3 
0.5 

n / j t 

-1 -0.5 0 0.5 1 
e) iì/K 

-1 -0.5 0 0.5 1 
b) ö / n 

- ,0 .1 

IH11I | ? » 

!WIM 
-1 -0.5 0 0.5 1 

il) Clin 

*Re(z) 

Figure 4.3: 4th-order real antimetric bireeiprocal WDF (prototype resp.) 
(specifications: ßH-s (ß)=0, for |ß|e[0,0.45-rc] and 

ßH's(ü) = K,tor |ß|e[0.55-w,w] ) : 
a) Unwrapped phase ßH'\ dl) Attenuation |Hn\, \H1x|; 
b) Unwrapped ßHi, ßH2; d2) Passband attenuation; 
c) Residual approx. error; e) Group delay; 

f) Pole configuration of H1, H0. 

Hx 

H2 

BxIn 

ZoolV 

O1In 

Zoo 2 V 

V 

— 
1 

2 

— 
1 

2 

e,-/ff, Re{Z o o i v} 

-0.25 

0 

0 

+ 0.25 

Im{Zoo,v } 

— 
0.86771611627277 

-0.38691676301199 

— 
* 

z°o2i = z°°n 
* 

Z=o 22 = z ~ 1 2 

Table 4.8: Parameters specifying the filter illustrated in Figure 4.3. 
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Pole configurations in the z-domain 

The pole configurations of H'(z) are satisfying (2.94a,b), as shown in 
Figure 2.2 Id, the stable (unstable) poles being allocated to H^ (1/ H2), 
while applying (4.13a) and (4.13c). Figures 4.2 and 4.3 illustrate the 
effect of parameters 8 and k, based on simple examples of second-
and fourth-order allpass filters H'(z) approximated in the equiripple 
sense, corresponding both to Case 3 of Table 4.6. 

Based on (2.97a) but excluding real poles, so that NQ=O in (2.97a), 
one demonstrates : 

#,-(-*) = ( - ! )"•• -^-#70); <4-27> 

which results in the next equations making use of (4.13) : 

Hx(z) = (-\)nl2-X'-H2(-z) = ±j-H2(-z), (4.28a) 

H2(z) = (-l)n/2 -X'* -H1^z) = T j-H^-z).' (4.28b) 

so that W(Z) = H1(Z)IH2(Z) is confirmed to satisfy (4.12b). The 
implementation simplifications of H\ and H2 are discussed in Sub­
section 2.6.5 [Meer83, Vaid87a]. 

Pole configurations in the yr-domain 

The pole configurations (2.94a,b) become in the ys -domain : 

Vcoiv 6 C, IVooiv I = ! => self-para-reciprocal pole yrxlv ; (4.29a) 

Vooiv e<C, IVooivl*1 =» paired PoIeS(^001V , l / ^ ^ l v ) . (4.29b) 

Moreover, (4.13a) and (4.28) result in : 

S; (V) = 5(3-,) (V); ' = 1 ' 2 (4-3°) 

S1(yr) = ±j-S2(l/yr), S2(Vr) = Tj-S1(VxIr) (4.31a,b) 

The denominators of stable 5,- are shown to be para-circularly 
symmetric, cf (A.42a). The \jr -domain pole configurations and their 
corresponding z-domain counterparts are represented in Table 4.5b,c 
and Table 4.5e,f, respectively. 
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4.6 Configuration of complex bireciprocal 
WDFs 

Based on the real bireciprocal WDF configurations described in Sec­
tion 4.5, and on the relationships linking complex to real bireciprocal 
WDFs as described in Table 4.1, it is possible to establish the synop­
tic Tables 4.9 and 4.10 covering all cases. 

4.6.1 Output signals achieved for a cascade of 
analysis and synthesis bireciprocal WDFs 

Hence, the output signals bi(nTs), J' = 1,2, of the half-band filter 
network depicted in Figure 4.1 and specified in (4.4a,b), are taking 
the next form in the real and complex lattice-type case : 

O1(HTs) = OST-Si(V)-S2(IIr)-IA1 -eP-nTn, (4.32a) 

which is independent of q, and : 

b2(nTs) = (-l)nt -r-eJi2n/2 -bx (nTs), for ¢ = 1; (4.32b) 

b2(nTs) = + j-r-eji2n/2-bx(nTs), for q = - 1 . (4.32c) 

Usually, the output b2 (nTs ) is dropped. 
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4.7 Implementation structures 

Knowing all features of complex / real bireciprocal lossless two-ports/ 
WDFs, it is possible to determine their implementation structure. 

"l(nTs) 

a) 

"\ ("Ts ) 

b) 

Vr£"> 
c2 «2 ; \jt+ 

t,(«rj 

M ^ ) 

4fci(«rs) 
a 

t> »~ 
462(«rj 

Figure 4.4: General configuration according to Fig. 4.1 for bireciprocal 
lossless two-ports (lattice-typecase only) (y-domain, V?,r ): 
a) Complete structure; b) Simplified represention. 

Figure 4.4a presents the general network after Figure 4.1, when 
replacing the two-port N by the detailed structure of symmetric or 
antimetric two-ports, according to Fig. 3.8 and Fig. 3.9. Figure 4.4 is 
valid for any q and r, with constant a defined as : 

= l/Vr" a = 
1, for r= 1 (symmetric case) 

Mj, for r--\ (antimetriccase). 
(4.33) 

Figure 4.4b is achieved after elementary rescaling 13 performed only 
to simplify later figures on the discrete-time network implementa­
tion. The two-port N is relabeled Ni due to rescaling. The same is 
done for the signals c,-, dj, which become c\, d\, £ = 1,2. It is noted 
that the analysis and synthesis two-ports are kept identical in their 
internal structure in Figure 4.4, so as to preserve implementation 
modularity (usage of same components for time-multiplexed or 

13 Optimal signal scaling of the whole network configuration in Fig. 4.4b and 
later figures derived thereof should be explicitly done for each application. 
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duplicated instantiation). Further modifications could otherwise be 
introduced into Figure 4.4b, e.g. to ensure proper intermediate signal 
scaling. 

i i (n) 

a) 

12 Î2 

> < — > < 
b) F. FSI2 Fs 

> < > < 
c) Fs F1 /2 Fs 

Figure 4.5: Equivalent representations of signal multiplication by u(n) : 
a) Original operation in the yr -domain; 
b) Decimation I interpolation stage in the z -domain; 
c) Representation involving memoryless switches [Croc83], 

b) 

m H(z) 

H(z) t i 

- * • = - * . 

- > s —*• 

H(zM) 

IL 

liM 

H(zL) 

Figure 4.6: Noble identities for multirate networks [Vaid93] : 
a) First identity; b) Second identity. 

The different representations for signal multiplication, and the noble 
identities used for multirate signal processing, are recalled in 
Figures 4.5 and 4.6, respectively. It is important to notice that when 
using decimation and interpolation operators in the z -domain, as 
illustrated in Figure 4.5b and Figure 4.6, all signals of the network 
are assumed to be synchronized, i.e. in phase, with respect to the 
highest sampling signal. This feature is ensured for q = \, whereas 
care should be taken for q = -\. 

4.7.1 Bireciprocal networks of first kind (complex 
and real cases) 

The discrete-time implementation is then achieved from Figure 4.4b 
and Figure 4.5b for bireciprocal networks of the first kind (q = 1), as 
depicted in Figure 4.7a. The digital network is labelled N 2 , and the 
actual sampling frequency is mentioned below the corresponding 
structures. According to (4.21b), the two-port JV 2 illustrated in Fig. 
4.7a features odd and even degrees H1 and n2 for the constituent 
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allpass functions H\ and H 2, respectively 14, which are labeled 
according to (4.22a,b). 

« I W ) 

a) 

a\(nTs) 

b) 

a\(nTs) 

C) 

F1Il 

Figure 4.7: Discrete-time implementation for q = 1, Vr : 
a) z-domain representation of Fig. 4.4b (nj odd, «2 even); 
b) Structure after use of noble identities (nj odd, «2 even); 
c) Switch-level representation (switches with memory effect; 

structure independent of the relative parity of H1 and n-? ). 

Figure 4.7b is then obtained after application of the noble identities, 
and the switch-level representation of the discrete-time implementa­
tion is finally provided in Figure 4.7c. Figure 4.7c was formerly pre­
sented in [Fett85] for symmetric networks only. 

An important notice has to be made here regarding the behavioral 
interpretation of switches occurring in multirate networks. Indeed, 

14 It is noted that the odd (even) degree allocated to n{ (n2) does not affect at all 
the final implementation structure depicted in Figure 4.7c, which is general. 
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the switches are sometimes assumed to operate memoryless, trans­
ferring the data instantaneously from input tö output, whereas they 
are supposed to include a memory effect in other situations. 

In case of Figure 4.7c, the switches are incorporating a memory func­
tion. While the closed path of each switch is transferring the data, 
the disconnected lead is actually memorizing the signal value 
provided at the former sampling period, referring to the highest sam­
pling rate related to the switch (valid for both decimation and inter­
polation stages). In terms of a concrete realization, this means that 
the corresponding data should be stored in a memory or register. 

4.7.2 Bireciprocal networks of second kind (complex 
and real cases) 

For bireciprocal-type two-ports of the second kind (q = -l), there are 
two implementation possibilities, depending on whether the signals 
c[ and c'2 in Figure 4.4b should be conveyed synchronously from the 
analysis to the synthesis two-port, or not. 

The asynchronous case, i.e. where c{ and c'2 are transferred out of 
phase, is discussed first. The implementation structure is merely 
obtained by noticing that only one of the signals c{ and c'2 in Figure 
4.4b is actually transmitted at a time. As shown in Figure 4.8, the 
path between the analysis and synthesis two-ports can thus be time-
multiplexed. Any intermediate signal processing, e.g. signal condi­
tioning for communication purposes, or signal compression/decom­
pression, could be performed similarly. Further simplifications e.g. 
relying on noble identities, are not possible for q = -l, as already 
mentioned before. Finally, it is remarked that the switches occurring 
in Fig. 4.8 are devoid of any memory effect, and that the whole net­
work configuration, including transfer channel between analysis and 
synthesis two-ports, is operating at highest sampling frequency Fs. 
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Figure 4.8: Discrete-time implementation of first type for ¢ = - 1 , Vr 
(memoryless switches). 
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Figure 4.9: Discrete-time implementation of second type for ¢ = - 1 , Vr ; 
a) z-domain representation of Fig. 4.4b, with delay insertion; 
b) Modified structure letting appear two multipliers u(n) ; 
c) Replacement of multipliers by decimator/interpolation stages; 
d) Switch-level representation (memoryless switches, cf text). 
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The second approach for implementing bireciprocal two-ports of the 
second kind consists in transforming the structure in Figure 4.4b so 
that both paths between the analysis and synthesis two-ports opera­
te in phase, replacing v(n) by w(n). Therefore, two unit-delays are 
first introduced at the cross-section of the whole structure, at level of 
signals d{ and d2, cf Figure 4.9a. The output signals of the unit-
delays are labeled d{ and d2. Next, observing that the steady-state 
values of v(n) and u(n) fulfill v(n) = w(n±l) 15, the following expres­
sion is verified : 

d"2{n) = d'2(n-l) = v{n-l)-c'2(n-l) 

= M(n)-c 2 (n- l ) , 

leading to Figure 4.9b [Gala84, Fig. 10]. Clearly, the signals c{ and 
c 2 can now be conveyed in phase from the analysis to the synthesis 
two-ports, at cost of two delay elements, and an increase of the over­
all group delay by one sampling period. The data transfer is per­
formed using two channels operating at half the sampling rate. 

Figures 4.9c and 4.9d are then merely obtained using Figure 4.5. 
Again, further simplifications relying on noble identities are not 
possible (¢ = -1) . It is noticed that the switch-level representation 
provided in Figure 4.9d relies on memoryless-type switches 16. 

4.7.3 Case of real antimetric bireciprocal networks 
The results provided in Figures 4.8 and 4.9 can be specialized for real 
antimetric networks as depicted in Figure 4.10. Figure 4.10a shows 
the basic configuration in the \\r -domain. I t is derived directly from 
Figure 4.4a, where Figures 3.17b and 3.17d were selected for 
illustration purposes for the analysis and synthesis two-ports, 
respectively. Figure 4.10b presents the discrete-time implementation 
of first type according to Figure 4.8, whereas the second type of 

15 Causality is here of no concern since v(n) and u(n) are deterministic signals. 
16 The dashed areas in Fig. 4.9d involving each a unit-delay and a switch, could 

as well be interpreted as switches with memory effect. This notation would 
however be problematic, because of the simultaneous occurrence of two differ­
ent types of switches in the same schematic, namely with and without memory 
effect. The representation of Fig. 4.9d is therefore preferred in this report. 
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implementation is drawn Figures 4.10cl and 4.10c2, which are 
respectively equivalent to Figures 4.9c and 4.9d. 
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Figure 4.10: Real antimetric case q = r = -1 : 
a) Original structure after Fig. 4.4a (selected allpass fcts); 
b) Discrete time implementation of 1st type (memoryless switches); 
c) Discrete time implementation of 2nd type : 

cl) Structure corresponding to Fig. 4.9c; 
c2) Switch-level representation (memoryless switches). 

4.7.4 Discussion 
It was found that some publications dealing with the discrete-time 
implementation of analysis/synthesis networks based on real anti-
metric bireciprocal filters, are intermixing the switch-level represen-
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tations of Figure 4.10b and Figure 4.10c2, i.e. of the first and second 
types of implementation structures. 

Indeed, Figure 19a in [Vaid87a] is noticed to be identical to Figure 
4.10cl, taking into account the factor r = - l in (4.32a), letting think 
that the referred structure is based on the implementation of second 
type according to the classification of this report, with synchronized 
data transfer between analysis and synthesis two-ports, and addi­
tional delay. However, the switch-level representation provided in 
Figure 19b of [Vaid87a] corresponds to a direct implementation of 
the original structure in Figure 4.4a, functionally equivalent to the 
first implementation in Figure 4.10b, without additional delay, i.e. 
where the data are transferred out of phase over the channel. Hence, 
both implementation structures were mixed up in that paper. 

In a later publication of the same authors, the switch-level imple­
mentation of Figure 4.10b is mentioned again in Figure 18 of 
[Rega88b], but without explicit reference to Figure 4.10cl, so that no 
conclusion can be drawn from that paper 1^. 

4.7.5 Comparison of half-band filter structures at 
signal processing level 

A signal processing level comparison of bireciprocal half-band filter 
structures is made in Table 4.11. It is observed that bireciprocal 
WDFs of the first kind ( q = 1 ) naturally offer a synchronized data 
transfer of both channels at decimated rate, thus allowing for 
potential joint signal processing between the sub-sampled channel 
signals. This feature can be exploited in certain speech and image 
subband compression algorithms exploiting channel cross-correla­
tion, e.g. [Wong97], which can be processed at decimated rate. 

On the other hand, bireciprocal WDFs of the second kind (q = -l) are 
essentially conveying data that are out of phase, since the original 
signals c{ and c'2 were sampled out phase. However, inserting a 
delay into each path, it is possible to synchronize the channel signals 
for data transfer purposes only, without changing the fact that the 
original signals c{ and c'2 were acquired out of phase. Hence, in case 

17 Opportunity to discuss the subject directly with the authors of [Vaid87a, 
Rega88b] was not given. 
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the sub-sampled channel signals are undergoing a joint signal 
processing algorithm operated at decimated rate, it may be necessary 
to re-synchronize the data, e.g. using a costly signal interpolation 
filter approximating a fractional delay of Ts /2 [Laak96], with 
(considerably) increased group delay. 

Clearly, it becomes apparent from this discussion that to achieve an 
overall optimal solution, it is essential to choose the type of 
bireciprocal network configuration - selection of a bireciprocal WDF 
of first/second kind, and in the latter case, selection of the first/ 
second type of structure, cf Figures 4.8 and 4.9 - according to the 
global application requirements. 
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Table 4.11: Synopsis of properties related to complex/real bireciprocal 
network configurations based on Fig. 4.4 (Vr) . 

18 Joint signal processing between the sub-sampled channel signals, processed at 
decimated rate (e.g. speech and image compression algorithms exploiting 
channel cross-correlation). 

19 The original signals c{ and c2 being sampled out of phase, it may be necessa­
ry to adjust the joint signal processing algorithms operating on the sub-
sampled signals, e.g. using a signal interpolation filter approximating a 
fractional delay of 7", 12, at cost of increased group delay. 
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4.8 Conclusion 

Motivated by the former publication [Fett85], the main object of the 
chapter was to study the class of complex bireciprocal WDFs, 
emphasizing lattice-type structures. Initially perceived as a generali­
zation of real bireciprocal WDFs which are currently used for multi-
rate signal processing, but also for economic implementations of 
monorate filters, the subject of complex bireciprocal WDFs rised 
interesting questions concerning the distribution of the spectral 
signal energy with respect to the real case, possible pole constella­
tions, and detailed implementation structures. 

Actually, based on Theorem 3 from Chapter 2, it is demonstrated in 
Chapter 4 that any kind of lattice-type WDF featuring a bireciprocal 
characteristic function is necessarily relying on a real bireciprocal 
network, which may undergo elementary two-port transformations 
resulting then in degenerate complex bireciprocal WDFs, as was illus­
trated in Table 4.1. This result helped in clarifying the interpretation 
of former achievements elaborated in [Fett85], while removing 
reservations that were expressed in the same reference. 

Simultaneously, the same result rises the question of the usefulness 
of degenerate complex bireciprocal WDFs, a topic that was not han­
dled in the report, further studies on application fields being needed. 

The chapter proposes additionally synoptic tables specifying all 
possible bireciprocal WDF arrangements, including corresponding 
pole configurations, and discusses in detail the available discrete 
time implementation structures. 

Contributions 

To the best knowledge of the author, the next contributions proposed 
in the chapter are considered as original: 

> C4-I: As a complementary contribution to [Fett85], formal demon­
stration establishing that any IIR-based half-band filter realized 
in form of a lattice-type lossless two-port is precisely composed of 
a real symmetric or real antimetric lossless two-port (Section 4.3), 
including identification of the relationships between all possible 
bireciprocal WDF configurations, cf Table 4.1. 
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> C4-II: Elaboration of synoptic tables summarizing all possible 
configurations of lattice-type lossless networks featuring a 
bireciprocal characteristic function, expressed in both yr- and z-
domains, cf Tables 4.9 and 4.10, including precise list of possible 
pole constellations provided in Table 4.5. 

> C4-III: Detailed analysis of discrete-time implementation struc­
tures for bireciprocal networks of the second kind (Subsection 
4.7.2), distinguishing two implementation structures depicted in 
Figures 4.8 and 4.9, including specialization thereof for the real 
antimetric case presented in Figure 4.10. Moreover, a comparison 
at signal processing level of half-band filter structures is provided 
in Subsection 4.7.5, resulting in Table 4.11. 

Further potential research 

The following subjects are proposed for potential further research: 

> Study of non-reciprocal and general reciprocal lossless signal 
analysis/synthesis pairs offering a perfect signal reconstruction, 
identifying their properties and possible fields of application. 

> Identify applications that could benefit from implementations 
relying on bireciprocal networks of the second kind, potentially 
including joint processing between sub-sampled channel signals 
executed at decimated rate. 

> Identify possible applications needing degenerate complex bireci­
procal filters. 

> Others. 



Chapter 5 
Design of Lattice-Type WDFs 

5.1 Introduction 

This chapter proposes two extensions of the filter design framework 
that was devised in [Gazs85a] for symmetric lattice WDFs. The first 
extension, discussed in Section 5.2, concerns the design of prototype 
antimetric lattice-type WDFs, obtained by revising a subset of the 
design equations used in [Gazs85a], and adapting the pole distribu­
tion scheme to the antimetric case, providing a series of examples to 
illustrate the results. 

The second extension handled in Section 5.3 covers the design of so-
called warped bireciprocal lattice-type WDFs, which can be perceived 
as a generalization of bireciprocal filters, and offer an interesting 
approach to achieve multiplierless filter implementations in the sym­
metric case [Gazs85b, Güll86, Mili97, Mili99]. Section 5.3 recalls 
specific formulas characterizing warped bireciprocal filters, and fur­
nishes the fundamental equation these filters rely on, before explain­
ing how their design can be embedded in the framework described in 
[Gazs85a]. Both symmetric and antimetric cases are treated, 
whereas it is noticed that suitable antimetric lattice-type WDF 
implementations are presently not identified to fully exploit the 
potentialities offered by warped bireciprocal filters. 

The contributions of Sections 5.2 and 5.3 can be merged, leading to 
an enriched design framework that is easy to use also for non-
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specialists, and presents a general interest that is not exclusively 
connected to the realization of Wave Digital Filters. 

At the end of the chapter, conclusions are drawn in Section 5.4, with 
a discussion of further possible research activities related to the 
subject. 

5.2 Design of prototype antimetric lattice-
type WDFs 

Based on his former publication [Darl70], Darlington proposed in 
[Darl78] a remarkably simple and efficient method for the approxi­
mation of odd-degreed elliptic lowpass filters. This method proceeds 
by elementary transformation of the original filter into a modified 
filter with enlarged transition band, the procedure being recursively 
applied several times until the transition band is considered suffi­
ciently wide (or equivalenty until both pass- and stopbands become 
suitably narrow) to approximate the passband and stopband in the 
minimax sense using formulas for Chebyshev filters. The achieved 
filters are then transformed back into the original domain, the quali­
ty of the approximation being excellent in most cases. 

Hence, the method described in [Darl78] proposes : 

i) an algebraic solution for the approximation of odd-ordered proto­
type lowpass elliptic filters, thus rendering the approximation of 
elliptic filters possible, e.g. on pocket calculators or on compact 
DSP platforms, without necessary recourse to complicated 
Jacobian elliptic functions; 

ii) a unified design framework for prototype lowpass filters, includ­
ing Butterworth, Chebyshev, and elliptic filters, where inverse 
Chebyshev filters are also covered using simple filter transfor­
mations; 

iii) explicit provision of all critical frequencies for elliptic filters, 
including frequencies of minimum and maximum passband loss, 
transmission zeros, and frequencies of minimum stopband loss. 

Later, Gazsi neatly integrated these results into a design framework 
[Gazs85a] for odd-degreed prototype symmetric Lattice WDFs, with a 
thorough exploitation of the available design margins to achieve best 
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frequency and amplitude selectivity, covering the bireciprocal case as 
well. The regularly cited publication [Gazs85a] can be considered as 
a reference for prototype filter design as such, without necessary 
connection to lattice WDF implementation. The framework described 
in [Gazs85a] was integrated in various academic and commercial 
filter design tools such as Falcon [Gazs86], and Filter Architect ™ 
from Frontier Design [FronOO]. 

It should be noticed for completeness that other contributions to the 
analytic design of elliptic filters were also proposed, e.g. [Luto93, 
Rabi-93, Luto92]. 

This section aims at extending the approach of [Darl78, Gazs85a] to 
antimetric lossless two-ports referring to even-ordered lowpass proto­
type filters, including the bireciprocal case. Examples of antimetric 
lattice-type WDF designs are provided. 

5.2.1 Notation 
For practical reasons, the notation adopted in this section complies 
with [Gazs85a], thus differing from the remainder of the report. 
Various definitions from [Gazs85a] are recalled for consistency. 

Referring to Figure 5.1a, the next quantities are introduced : 

as : Specified minimum attenuation in the stopband in [dB]; 
ap : Maximum allowable attenuation spread in the passband in [dB]; 
fs : Lower edge frequency of the stopband; 
fp : Upper edge frequency of the passband; 
F : Sampling frequency. 

<4-H 

-—' ap _ j 
! 

a) 
F/2 

f[Hz] 

59 as 
T3 

C 

Ì 

Wk0 1 k 0 
b) 

Figure 5.1: Design specifications for lowpass filters : 
a) Original filter specifications; b) Normalized specifications. 

The stopband and passband ripple factors es and ep are defined by : 
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es = V l O ^ / 1 0 - l , ep =^10 û " / 1 0 - l ; (5.1a,b) 

a,=10-log(l+£,2), ap=10-log(l + e j ) ; (5.2a,b) 

whereas the yr -plane real frequencies 0S and <j>p are fixed by : 

¢, =tm(n-fs/F), $„ = tan{n• fp/F) ; (5.3a,b) 

/ s = — arctan (^ ) , / p = — arctan Up ). (5.4a,b) 

The following relationships are thus clearly verified : 

as^>ap <=> es^>ep; (5.5a,b) 

fs>fp <=> ^s > ̂ p- (5.6a,b) 

5.2.2 Darlington's design method for elliptic filters 
Table 5.1 furnishes the definition of all necessary filter design para­
meters and quantities to apply Darlington's design method for ellip­
tic filters. The normalized frequency variable Q0, and normalized 
stopband/passband edge frequencies Ic0 and Vk0, respectively, are in 
particular introduced, cf Table 5.1 and Figure 5.1b : 

0o(<M = *o; <M0p ) = l/*o- (5.7a,b) 

The rational function FQ (0Q ) determining the filter response, and all 
related critical frequencies, are defined for both symmetric and anti-
metric cases. FQ (0Q ) is a self-reciprocal function verifying : 

F0 (l/^o) = 1/F0 (0o); FoV<o) = r0; F0(VkQ)=Vr0. (5.8a,b,c) 

Starting with the normalized quantities in Table 5.1, it is possible to 
recursively map the original filter into new filter configurations 
using the forward transformation defined in Table 5.2, the index i 
indicating the number of successively applied transformations. Most 
important, the width of the transition band and the amplitude 
discrimination factor are both observed to increase at each iteration : 

Ic0 > 1 => lci+i > ki ; r0 » 1 => /J+1 = 2 • rf » rt ; (5.9a,b) 
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Quantities 
Variables 

Functions 

Constants 

Frequency 

Normalized 
frequency 
Rational 
function 

Transfer 
function 

Characteristic 
function 

Edge 
frequencies 
Normalized 
edge freq. 
Amplitude 
discrimination 
factor 

Definition 

0 

¢0 = 0 / v ^ '0/> 

^ ( ¢ 0 ) - ^ 0 - n 2 2 

v=l 0O -0ov 

^o(^o)=n i0v
 2 ° 

V=I 0o -0Ov 

I0Ii(M))I - I T I 
l + 4-^.Fo

2(0o) 

l cU0o)| - ,, . , 

«J-'o-rçf(0o) 
0,. 0P 

0j ^ * o =4**I*P >1'<t'p ^1/ko 

ro=4e>lEP ^ 1 

Remarks 

- Symmetric case; 
- Does not explicitly 

appear in [Gazs85a] 

- Antimetric case 
[this report] 

- Does not explicitly 
appear in [Gazs85a] 

- Does not explicitly 
appear in [Gazs85a] 

Table 5.1: Definition of filter design parameters I quantities [Darl78]. 

Quantities 
Normalized 
frequency 

Rational 
function 

Critical 
frequencies 

Normalized 
edge freq. 
Amplitude 
discrimination 
factor 

Forward transformation 

0,-+1=*,' - 0 , + 7 ( ^ - 0 , ) 2 - ! 

^)+I (0,+1 ) = 

= rt-F1 M +^.F1Mf-I 

0(>+i)v =*i -0iv +V^i '0>v )2 - 1 

*i+i =kf +4k?_1 

r j + 1 = r ? + > / r , 4 - l s 2 . r ? > l 

Backward transformation 

^-1(0,-1) = 

= - ^ - ( ^ ( 0 , ) + 1/^(0,)) 
2r,-

0(,-i)v =T"(0,v + 1 /0,v )• |0iv I - 1 

*i-i =V°-5-(*,+ 1 / f c ,) . I*il>i 

»•w =^0.5-(^+1/^-) 

Table 5.2: Forward and backward transformations [Dar 178]. 
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so tha t the passband (stopband) response can be approximated in the 
minimax sense by a Chebyshev (inverse Chebyshev) filter response 
after i = 4 iterations. The parameters of the achieved filter are then 
retrieved in the original domain using the backward transformation 
specified in Table 5.2 [Darl78]. 

At each iteration, the rational function is verifying : 

Fi(Ub) = I/Fi«*); F,-(*,-) = r,-; F1-(I/*,-) = !//-,-. (5.10a,b,c) 

and 

(N-l) 12 

F1 (¢1)=^- n 
v=l 

!-0<v -¢1 

<t>t 
VT1 1-ftv-ß2 

=i tf -ml 
(5.11a,b) 

in the symmetric and antimetric cases, respectively. After i = 4 itera­
tions, the frequency range Q4 > k4 corresponds to an inverse Cheby­
shev stopband in ^4(^4) , the behavior in the stopband being 
approximately proportional to I/TN (£4 IQ4 ) , where TN (.) denotes the 
Chebyshev polynomial of degree /V [Darl78]. Hence, with £4 » 1 : 

TN(IC4ZQ4) 

so that : 

= 1; TN(k4l<l>4) 

¢4 =£4 

:2"-1-*? (5.12a,b) 

04=1 

F4(Ic4) ^^ = TN(I) _ „ A M 

F4(I)
 4 TN(IC4) 

= ̂ =^r-7T-,=2 -h 
N 

T4=-
(2-k4) N 

» 1 . (5.13a,b) 

Equation (5.13b) is essential for the design of elliptic filters. It is 
used: i) to fix the minimum filter degree Nm[n requested by the 
specifications; and ii) once the effective filter degree is selected, to 
systematically distribute the design margin to achieve best frequency 
and amplitude selectivity, cf [Gazs85a]. 

/Vmin is established from (5.13b) noting that ri+i =2-(¾)2 for i = 0,1,2,3, 
leading to (5.14a), and thus to (5.14b), complying with [Gazs85a]. 
The effectively selected filter degree N should be an odd (even) 
integer for symmetric (antimetric) filters, fulfilling N > /Vmjn. 

(2-k4f =(4.r2
Q)S => JVn 

8-ln(4-e, /e p) 

ln(2-*4) 
(5.14a,b) 
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5.2.3 D e s i g n method for prototype ant imetr ic latt ice-
type WDFs 

The design procedure applying to antimetric lattice-type WDFs is 
described in Table 5.3. 

Symmetric case Antimetric case 

Introduce filter specifications [Gazs85a] 
(same procedure for both symmetric/antimetric cases) 

Jl 
Select filter degree [Gazs85a] 

(same formulas for both symmetric/antimetric cases to establish Nn^n ; 
but selected N is odd (even) for symmetric (antimetric) case, with N > Nn^n ) 

Jl 
Determination of the design margin [Gazs85a] 

(same procedure for both symmetric/antimetric cases) 

U U 
Determination of filter parameters 

[Gazs85a] 
(specific eq.for symmetric case) 

Determination of filter parameters 
[this report] 

(specific eq. for antimetric case) 

Table 5.3: Design procedure for symmetric/antimetric lattice-type WDFs 
(for Butterworth, Chebyshev, and elliptic filters, including birecipro-
cal Butterworth and elliptic filters). 

Most of the framework developed in [Gazs85a] applies directly to the 
antimetric case, except the determination of the filter parameters 
which are specific to the symmetric and antimetric cases. The 
remainder of this section essentially concentrates on the determina­
tion of antimetric filter parameters. 

Pole distribution over the lattice branches for prototype anti-
metric lowpass filters 

From Subsection 3.4.17 and equation (A.77a) the form of the consti­
tuent allpass networks of antimetric WDFs is recalled : 

N1 

Si(VO = ̂ r I I 
V=I 

f * \ 
W +VoolV 
V-Voolv 

S2(Y) = Si(VT), ox=e m (5.15a,b,c) 

where S] (yr) and thus 52 (V), of filter degree : 
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Ni=N1=NIl; N = Im; with m e N+; (5.16a,b) 

are devoid of real pole configurations. In Subsections 5.2.4 to 5.2.6, 
the poles of Sj and S2 will be produced simultaneously without dis­
tinction of their attribution to Si or S1. A pole distribution strategy 
among the lattice branches should therefore be defined. 

Proceeding similarly to Section 4.3 and Subsections 4.5.1 and 4.5.3, 
both allpass functions Si (v) and S1 (V) are assumed stable, whereas 
the allpass : 

5'(V) = S1(V)/ S2 (V), (5.17a) 

with phase response : 

?>S'(0) = 91 (0)-?2(0) = 2-ç>4(*). (5.17b) 

is clearly unstable. Referring to (3.74) - (3.76), a lowpass response is 
assigned to Sj i (V) according to Tables 5.4 and 5.1. 

Sn(J-*) 

Lowpass 

S21 U -¢) 

Highpass 

| * | e [ 0 . * p ] 

(Ps' W) s 0 

k | e [ ^ , ° ° ] 

q>s-(<p) = ±K 

Table 5.4: Specification of <ps- (¢). 

Constraining further <ps'($) so that ÇS'(°O) = +K, results in the next 
specifications : 

<PS' (0 = 0) = (-1)"1-Sp, <p5>W = oo) = +x-(-l)m.8si (5.18a,b) 

involving thé factor m from (5.16b), and the phase ripple factors 
Sp >0, Ss >0. Equations (5.18a,b) can be compared with Case 3 in 
Table 4.6, and are valid for prototype Butterworth, Chebyshev, and 
elliptic lowpass filter responses. 

For prototype lowpass filters, the poles of Sn (V) are known to be al­
ternately distributed over Sj (v) and S2(V)- Assuming Su and thus 
S] and S2 to be stable, (5.18a,b) imply that the poles of Sn are cycli­
cally distributed over S\ and S2, by sorting the poles in increasing 
order of their argument (trigonometric orientation), and assigning 
the first pole with lowest argument to S]. The described distribution 
scheme is independent of the factor m in (5.16b), and applies thus to 
all even filter degrees. Two examples are provided in Figure 5.2. 
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ReM 

ImM 

b) X ^ > * 

, 

\ l 
ReM 

Figure S.2: Cyclic pole distribution of Sn (yr) over the lattice branches 
S1 (v) and S2 (V) of prototype antimetric lowpass filters 
(unmarked poles being assigned to S2(y/)) : 
a) Pole distribution of the 8th-order filter described in Figure 5.3; 
b) Pole distribution of the lOth-order filter described in Figure 5.4. 

Determination of the parameters %i and S5 

In addition to the poles, the constant £i in (5.15c) has to be fixed for 
every filter, the easiest being to evaluate the filter response at $ -> °°. 
The allpass S1 (yr) features then the next response using (3.69a) : 

lim Si(m = e~i'Vll'o)=ei^ Ç>l(°°) = - ! l - (5.19a,b) 

Accordingly, applying (3.55a), S11 (i/O becomes : 

lim S11 ( # ) = lim 0.5-[S1 (j<p) + Sx(j(p) J = COs(I1). (5.20) 

On the other hand, since ^1(^) = -^2(0°) = -%!, (3.70a) results in 
<p^ (00) = 0 , so t h a t : 

lim Sn(J(P)= lim cos Ç>S'(0) 
= cos 

n-(-l)m-Ss 

= (-l)m-sin(5c/2) 

(5.21a) 

(5.21b) 

is achieved from (3.74). Clearly, 8S is univocally determined from 
(5.21b) according to the specified amplitude response : 

5,=2 •aresin/lim |Sn(./0)|\, with 0<85<n/< (5.22) 

Finally, comparing (5.20) to (5.21a), it is possible to fix the parameter 
I 1 , this time with intervention of the factor m : 
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! 1 = 0 . 5 . [ K - ( - 1 ) W - $ 5 ] . (5.23) 

Allpass configurations in the z-domain 

Once S1 and thus 52 are fully determined, the corresponding allpass 
networks in the z-domain are obtained using (A.78a,b) : 

AT, 

H1(Z) = A 1 - I I 
V=] 

1 
1 Zoolv ' £ 
Z Z0O1V 

N1 ( 

H2(Z) = H1(Z); 

with A1=C-7'"6' = (J1 H 
v=l l-Voolv 

(5.24a,b) 

(5.24c) 

5.2.4 B u t t e r w o r t h a n t i m e t r i c l a t t i c e - t y p e W D F s 

As indicated in Table 5.3, the filter degree and design margin are 
determined for the antimetric case exactly in the same way than for 
symmetric lattice WDFs. The original formulas (31) to (35) provided 
in [Gazs85a] are thus directly applied to Butterworth antimetric 
lattice-type WDFs, including the bireciprocal case. 

The filter parameters are then established as follows. Having chosen 
a suitable factor y in equation (35) of [Gazs85a], the parameters Ai 
and S,- of the (real) auxiliary allpass sections S1 (Y) '• 

Si(Y) = 
Y -Ai-Y+ B1 with j = 1,2 Nil; 
Y +Ai -Y+ Bi 

are processed from : 

Ai =2- 1 7 cos[M'-0 .5) /Ar] , B , - - 1 r 

(5.25) 

(5.26a,b) 
1 + y "• ' ' i+y 

so that the poles of Sn (Y) are obtained pairwise using : 

{ V2M , Yn ) = 0 .5 - ( -4 ±V'A? -4-BA. 

Since cos2 [71-(1-0.5)/ A/]<1, V I = 1,2, . . . ,A//2, ^ 2 - 4 - ß , - < 0 , and the 
poles calculated from (5.27) are ascertained to be complex conjugate. 

(5.27) 
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Moreover, in the bireciprocal case, one achieves : 

r = 0 => Ai =2-cos[n-H-OS)IN], ß ( = l . (5.28a,b) 

The poles established in (5.27) are distributed over Si and S2 apply­
ing the method described in Subsection 5.2.3. Finally, the para­
meters Ss and £j are determined from (5.22) and (5.23) : 

lim |SiiO'0)| = O => 5,S=O, £i=?r/2; (5.29) 
¢->oo 

whereas 8p in (5.18a) is verifying Sp =0. 

5.2.5 Chebyshev ant imetr ic latt ice-type WDFs 

Similarly, the original formulas (31) - (33) and (39) - (42) provided in 
[Gazs85a] apply directly to design Chebyshev antimetric lattice-type 
WDFs. The parameters Ai and Bi of the auxiliary allpass sections 
S,- (yr) are then obtained from : 

Ai=r-cos[n-(i-0.5)/N], (5.30a) 

Bi ={w2 + w - 2 -2 -cos [K• (i-0.5)/N]}-(p2
p U; (5.30b) 

(5.25) remaining valid. The poles of Sn (y) are again retrieved pair-
wise using (5.27), and distributed over S\ and S2 following the 
method described in Subsection 5.2.3. Finally, the parameters 5S 

and £1 are again fixed by (5.29). 

5.2.6 Inverse Chebyshev antimetric lattice-type WDFs 

As observed in [Gazs85a], when |Sn(j0) | is featuring a Chebyshev 
lowpass response, then | S21 ( j<t>)\ has an inverse Chebyshev highpass 
response. Using adequate frequency transformations, it is possible to 
design an inverse Chebyshev lowpass filter from a lowpass Cheby­
shev filter. However, the parameter 6S should be replaced by : 

1 ( 1 l̂ 
lim I Sn (./0)1= ,-. => <5o=2-arcsin ; (5.31a,b) 

in the inverse Chebyshev case, where C5 corresponds to the stopband 
ripple factor actually selected during the design process, cf 
[Gazs85a], the parameter C1 being fixed by (5.23). 
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5.2.7 El l ipt ic ant imetr ic latt ice-type WDFs 

In case of elliptic antimetric lattice-type WDFs, the preliminary 
design steps including filter order selection and design margin distri­
bution are handled according to the original formulas (31) - (33) and 
(48) - (65) from [Gazs85a]. The next parameters are then calculated : 

c^= U ,*4n<wv1 f 0 r '" = 1.2.-,^/2; (5.32) 
cos [n:-(i-0.5)/N\ 

Cj-u=—— (cyv+cji) for 7 = 4,3,2,1; (5.33) 

Vi=Hc0Ji (5.34) 

A --^'"''f-Jl-tè+tf-*)•*-. (5.35a) 
1 + (W0-yi) y 

2 2 
B1=

 W°+yi
 0-(q0-4>p)

2. (5.35b) 

The poles of S11 are obtained from (5.27), and are distributed over S1 

and S2 applying the method described in Subsection 5.2.3. The 
parameter Ss is specified by (5.31b) also in the elliptic case, e^ 
corresponding to the stopband ripple factor selected during the 
design process, cf [Gazs85a]. §j is determined by (5.23). 

In the bireciprocal case, the formulas (5.35a,b) are replaced by : 

A1 = - 2 - • h-Ul+q? -y}\y} ; B1- = 1. (5.36a,b) 
l + yf v 

Finally, the auxiliary parameters : 

C4,i= , 5 * , , for / = 0,1,...,(^/2)-1; (5.37) 

- ) - 1 . . - = ^ - ( ^ , . - + ^ 1 ) . f ° r 7 = 4,3,2,1; (5.38) 

y/=i/c6..-; (5.39) 

are evaluated, such that the frequencies of zero passband loss : 
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foj=(F/JC)-stam(qo-^p-yi), i=l,2,...,N/2; (5.40) 

the transmission zeros : 

/00)1=(F/^)-arctan(^o-^/)'i), i = l,2 N/2; (5.41) 

the frequencies of maximum passband loss : 

/maxp;=(^/*>-arct™(«O-0p-:y/)» i = l,2,...,JV/2; (5.42) 

and the frequencies of minimum stopband attenuation : 

/imn*,i=(^/*>-arcten(«Ü-0p/y/). 1=1,2,...,^/2; (5.43) 

can be determined. Expressions (5.40) - (5.43) are useful for certain 
applications. 

5.2.8 Critical frequencies for e l l ipt ic symmetr ic 
la t t ice WDFs 

As a complement to [Gazs85a] for symmetric lattice WDFs, the 
frequencies of maximum passband loss and of minimum stopband 
attenuation can be achieved substituting (5.37) with : 

C4i= *4
 />rx for i = 0,l,...,(tf-l)/2; (5.44) 

COS(I-TtIN) 

where the range of index i changes only. Equations (5.38) - (5.39), 
and (5.42) - (5.43) apply then likely to the antimetric case. 

5.2.9 Examples 
Several examples selected from [Gazs85a] but applied to antimetric 
filters are described below. 

Example 1: Butterworth antimetric lowpass filter 

Filter specifications (same as in Example 1 from [Gazs85a]) : 

Passband : fp = 3.4 kHz ; ap = 0.5 dB ; (5.45a,b) 

Stopband: fs= 6.0 kHz; as =65 dB; (5.45c,d) 

Sampling frequency : F = 16 kHz. (5.45e) 
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The minimum filter degree is Nmjn = 7.63, so that N = 8 is chosen. 
The auxiliary design parameters ks and kp defined in (34a,b) from 
[Gazs85a] are then processed from the filter specifications and 
selected degree. Since both parameters are positive : 

ks =0.0540 < y < kp =0.1060; (5.46) 

a !»reciprocal implementation is not feasible. Selecting y = 0.0625 in 
order to assign the larger part of the design margin to the stopband, 
one achieves the filter parameters listed in Table 5.5, the correspond­
ing filter response being depicted in Figure 5.3. The pole configura­
tion obtained in the y -domain is shown in Figure 5.2a. 

Figure 5.3a presents in particular the phase response of the allpass : 

H '(z) = Hi(Z)/ H2(Z); (5.47) 

which is the z-domain counterpart of S'(yr) in (5.17a), and whose 
phase response ßH>(ü) is controlling the amplitude response of H\\ 
according to (5.17b) and (3.74) - (3.76). 

Figure 5.3: 8th-order Butterworth antimetric lowpass filter : 
a) Unwrapped phase ßH• ; b) Attenuation \HU\; 

__ c)Passband attenuation \HU\ 

t < 

Hx 

V** ^f*-*-

6\ln 

Z tolV 

V 

— 

1 

2 

3 

4 

Q1In, Re{Zooiv} 

-0.25977537719406 

0.05231399824605 

0.03415591601124 

0.03158371655286 

0.04020626591088 

Im(Z001V } 

— 

0.81933582215180 

0.30302258292284 

-0.09839409809681 

- 0.53383889454568 

Table 5.5: Parameters specifying the filter illustrated in Figure 5.3. 
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Example 2: Bireciprocal Butterworth antimetric lowpass filter 

Applying the same specifications (5.45) as in Example 1, but select­
ing this time N=IO, results in a larger design margin, and the 
auxiliary parameters ks and kp become : 

k„ =-0.1322 <y < kp =0.1319; (5.48) 

i.e. ks < 0 and kp > 0. It is thus possible to select y = 0, leading to a 
bireciprocal implementation, the corresponding filter parameters be­
ing listed in Table 5.6, whereas Figure 5.4 illustrates the filter 
response. The y -domain pole configuration is shown in Figure 5.2b. 

80 

-40 

b) 
2 4 6 8 

f [kHz] 

Figure 5.4: lOth-order bireciprocal Butterworth antimetric lowpass : 
a) Unwrapped phase ßH • ; b) Attenuation | H1, | ; 

c)Passband attenuation \HU\. 

^ J 

Hy 

. I Vj . * 

9\IK 

z°°lv 

V 

— 

1 

2 

3 

4 

5 

O1 Zn, Re{ Zooiv } 

-0.25 

0 

0 

0 

0 

0 

Im{z«,,v } 

— 

0.85408068546347 

0.41421356237310 

0.07870170682462 

- 0.24007875908012 

-0.61280078813993 

Table 5.6: Parameters specifying the filter illustrated in Figure 5.4. 

Example 3: Chebyshev antimetric lowpass filter 

Filter specifications (same as in Example 3 from [Gazs85a]) : 

Passband: / p = 3 k H z ; a p = l d B ; (5.49a,b) 

Stopband : fs = 5 kHz ; as = 40 dB ; (5.49c,d) 

Sampling frequency : F = 16 kHz. (5.49e) 



182 Chapter 5 

The minimum filter degree is Nmin =4.13, so that N =6 is chosen. 
The design margin can then be established by evaluating the lowest 
possible passband ripple factor ep m m defined in (39) from [Gazs85a]: 

Ep min =0.0342 < Ep < Ep = 0.5088. (5.50) 

Selecting e*p = 0.4 so that most part of the design margin is assigned 
to the stopband, the actual passband attenuation becoming then 
a* =0.645 dB according to (5.2b), one obtains the filter parameters 
given in Table 5.7, the related filter response being illustrated in 
Figure 5.5. 

- 2 0 
33 

b) 
2 4 

f [kHz] 

„ 1 . 5 

co 

2,1.0 

I'lKM 
c) 

" 0 2 4 6 8 

f [kHz] 

Figure 5.5: 6th-order Chebyshev antimetric lowpass filter : 
a) Unwrapped phase ßH • ; b) Attenuation | H1, | ; 

c) Passband attenuation | H, 

Ifflfl'iTI WliliiWtHi^'i 'lMl 

H\ 6\ln 

^oolV 

V 

— 
1 

2 

3 

6il Tt, R e ( Z ^ ) 

-0.30218075668495 

0.35479284769217 

0.65735545876089 

0.48819311778971 

Im(Z0OiV } 

— 
0.86592715139795 

0.25223160020901 

-0.64506856518177 

Table 5.7: Parameters specifying the filter illustrated in Figure 5.5. 

Example 4: Elliptic antimetric lowpass filter 

Filter specifications (same as Example 4 in [Gazs85a]) 

Passband : fp = 3.4 kHz ; ap = 0.2 dB ; 

Stopband : fs = 4.6 kHz ; as = 65 dB ; 

Sampling frequency : F = 16 kHz. 

(5.51a,b) 

(5.51c,d) 

(5.5Ie) 

The minimum filter degree is Nm i n =5.96, so that AT =8 is chosen to 
provide enough design margin (N = 6 could fit as well, but would 
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require high precision filter coefficients). Referring to equation (52) 
in [Gazs85a], the minimum value of the stopband edge frequency is 
Amin =3.86kHz, and the actual stopband edge frequency f* should 
be chosen so as to fulfil : 

Amin =3.86kHz < / ; < fs =4.60kHz. (5.52) 

Selecting f* = 4.50 kHz to allocate most of the design margin to the 
pass- and stopbands, the remainder part being assigned to the tran­
sition band [Gazs85a], it is possible to evaluate the lowest possible 
passband ripple factor ep ^n from (59) in [Gazs85a] : 

eP min =0.0093 < £*p < ep = 0.2170. (5.53) 

Selecting the actual passband ripple factor e* =0.18 to assign the 
larger part of the design margin to the stopband, which fixes the 
corresponding actual passband attenuation to a* =0.13848 dB from 
(5.2b), and the actual stopband attenuation to as =90.71 dB, yields 
the filter parameters provided in Table 5.8. The corresponding filter 
response is illustrated in Figure 5.6, whereas the critical frequencies 
defined by (5.40) - (5.43) are given in Table 5.9. 

I=. 10 

§ ° 
eg JC 
a) 

U 
2 4 6 8 

f [kHz] 

„120 
oa 
2 80 

= 40 
EC 

0C 

b) 

ILLA 

h 2 4 6 8 
I [kHz] 

ca 
2 0 . 2 

= 0.1 
X 

0C 

c) 

m 2 4 6 8 

f [kHz] 

Figure 5.6: 8th-order elliptic antimetric lowpass filter : 
a) Unwrapped phase ßH < ; b) Attenuation | //, j | ; 

c) Passband attenuation \HU\ 

Hl 9XIK 

Z°olV 

V 

— 

1 

2 

3 

4 

B1In, Re{zmiv} 

-0.28052450312371 

0.20468294350947 

0.41072763046873 

0.54194886369330 

0.27404665598165 

I m { Z0O1V > 

— 

0.93642211238009 

0.60056483916294 

-0.23006453964813 

-0.81731285151753 

Table 5.8: Parameters specifying the filter illustrated in Figure 5.6. 



184 Chapter 5 

i 

1 

2 

3 

4 

/o,- [kHz] 

0.879 30 

2.273 13 

3.045 61 

3.363 57 

/»,< [kHz] 

4.536 75 

4.858 42 

5.646 13 

7.085 37 

/max p,i [kHz] 

1.655 31 

2.729 07 

3.249 86 

3.400 OO 

/min s,i [kHz] 

4.500 00 

4.651 60 

5.180 17 

6.281 72 

Table 5.9: Critical frequencies. 

Example 5: Bireciprocal elliptic antimetric lowpass filter 

The same specifications (5.51) are considered as in Example 4, 
selecting however N=IO instead, which is suitable for a bireciprocal 
realization. The actual stopband edge frequency / / should then fit 
into the next interval : 

fs :4.50kHz < / ; < fs =4.60kHz. (5.54) 

Choosing fs =4.58kHz, the range for the actual passband ripple 
factor is established : 

^1=359.7929-10-6 < e*p < ep = 562.3414-10"1 (5.55) 

Selecting e*p = ep m j n , which corresponds to the marginal passband 
attenuation a* = o.6 //dB while fixing the stopband attenuation to 
oj =68.88dB, leads to the filter parameters provided in Table 5.10, 
the corresponding filter response being illustrated in Figure 5.7. 
Finally, the critical frequencies of the filter are listed in Table 5.11. 

_0 .3 
CD 
2,0.2 • 
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— o 

c) 

2 4 

f [kHz] 

Figure 5.7: lOth-order elliptic antimetric lowpass filter : 
a) Unwrapped phase ßH > ; b) Attenuation | H1, | ; 

c) Passband attenuation | H, 
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f%£ìk¥f$ 

H\ OXIK 

ZoolV 

V 

— 

1 

2 

3 

4 

5 

B1In, Re{z„ , v } 

-0 .25 

0 

0 

0 

0 

0 

Im{Zoo,v } 

— 

0.93577542142542 

0.63197358951259 

0.14404311871961 

-0.41206829753994 

-0.80066203701216 

Table 5.10: Parameters specifying the filter illustrated in Figure 5.7. 

i 

1 

2 

3 

4 

5 

/o,, [kHz] 

^ 2 - / , 0 . 5 

F / 2 - / „ . 4 

' ' / 2 - / - . 3 

F'2-f-.i 

^ / 2 - / . j 

/00 ,,• [kHz] 

4.583 69 

4.784 31 

5.242 83 

6.059 67 

7.285 06 

/max p.i [ k H z ] 

f ' 2 " / m i n j , 5 

f ' 2 " / m i i i s , 4 

FH-fmm s,3 

F/2-fmins,2 

F/2-fmias,l 

/min J1I [kHz] 

4.559 96 

4.656 67 

4.975 62 

5.600 03 

6.625 84 

Table 5.11: Critical frequencies. 

5.3 Warped bireciprocal lattice-type WDFs 
When a symmetric or antimetric bireciprocal lossless two-port is 
undergoing a lowpass-to-lowpass frequency transformation, the com­
plementary lowpass/highpass filter responses of the network, which 
are originally featuring a symmetry centered on fsIA, with sampling 
frequency fs, are getting warped. The 3 dB attenuation frequency 
originally located at fs 14 is then shifted to a new frequency labeled 
/3dB» a parameter controlling essential properties of the achieved 
network. In the frame of this report, bireciprocal lattice-type WDFs 
obtained following this procedure will be denoted as "warped" due to 
the shape of their frequency response. 

The motivations for using such filters are of different nature. First, 
regarding applications requiring signal analysis/synthesis filter 
pairs, including extension to filterbanks, there is sometimes a need 
for adjusting the width of the subbands to the handled signal and/or 
application requirements in a more flexible way than as offered by 
classical solutions. This is for instance the case for higher-quality 
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audio analysis/coding/recognition algorithms relying on auditory per­
ceptual models, cf e.g. [Lain96, Härm97a, Evan98] for the context. 

The second interest is related to implementation simplifications 
induced by the poles locus. Indeed, stable bireciprocal filters are fea­
turing poles that are either confined to Iv^v | = 1, Re{yrxV }<0, in the 
Y -domain, or that are presenting circular symmetries centered on 
the unit-circle along (4.24) and (4.29) in the symmetric and anti-
metric cases, respectively. The poles of warped bireciprocal filters are 
demonstrated to feature precisely the same circular symmetries, but 
centered on a circle with radius |^oov|<l for /3dB</s /4> o r 

| ^ M V | > l f o r / 3 d B > / s / 4 . 

For N th-order symmetric lattice WDFs, the resulting pole configura­
tion implies that (N-1)/2 WDF adaptor coefficients become 
identical * - though different from zero - and are solely controlled by 
/3dB- I^ i s * n e n possible to optimize the implementation of these 
filters by selecting /3 dB such that the adaptor coefficients reduce to a 
minimum number of shift-and-add operations, thus achieving 
(partly) multiplierless solutions 2. 

It is noticed that warped bireciprocal lattice-type WDFs are internal­
ly operating at highest sampling frequency when used in a multirate 
configuration. Moreover, it is observed that the warping process is 
mapping bireciprocal elliptic filters onto the whole class of so-called 
minimum Q-factor elliptic filters [Mili99], whereas Butterworth fil­
ters are merely transformed into standard non-bireciprocal Butter-
worth filters presenting no additional interest to those already iden­
tified in [Gazs85a]. Only elliptic filters are thus further discussed. 

Two authoring teams have studied the design of symmetric warped 
bireciprocal lattice WDFs. The first team composed of Güllüoglu and 
Gazsi seemingly discovered the subject in the frame of a systematic 
study of frequency transformations applied to symmetric lattice 

1 This property is also verified for warped bireciprocal symmetric lattice WDFs 
with non-prototype lowpass amplitude or mixed amplitude/phase responses, a 
fact that was to our knowledge not cited before. In this case, dedicated 
approximation methods shall however be elaborated. 

2 Suitable filter structures exploiting the pole configuration to optimally imple­
ment warped bireciprocal antimetric lattice-type WDFs were to our knowledge 
not yet found. 
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WDFs [Güll86]. The feasible design interval of / 3 ^ was identified 
[Güll86], pp. 32-35, in view of getting an optimal quantized value for 
the (N -1)/2 identical WDF adaptor coefficients, whereas an adapta­
tion of the design framework [Gazs85a] was presented in [Gazs85b]. 

A second team represented by MiUc and Lutovac recently published 
an extended study of the subject, following a different approach. 
Based on minimal Q-factor analog elliptic filters [Rabr94, Rabr93, 
Luto92], they first proposed realizations of odd-degreed elliptic half-
band filters implemented in cascaded [Luto96], parallel [Mili96, 
Luto96], and bireciprocal symmetric lattice WDF forms [Luto96] 3. A 
detailed sensitivity analysis [Luto98] was undertaken to achieve 
multiplierless filters [Luto97]. Finally, this team proposed the 
warped bireciprocal symmetric lattice WDF structure with fully 
quantized adaptor coefficients [Mili97, Mili99], whereas an economic 
realization for 1/3 band filters with partly quantized coefficients was 
formerly published in [Luto96]. 

As a matter of fact, referring to the class of minimal Q-factor elliptic 
filters, warped bireciprocal WDFs can be viewed as resulting from a 
generalization of bireciprocal WDFs, the latter becoming a particular 
but important case of the former. 

The objectives of this subsection are to establish the fundamental 
equation characterizing warped bireciprocal lattice-type WDFs, and 
to present a unified design method to achieve elliptic prototype low-
pass responses by adapting the framework developed in [Gazs85a], 
the symmetric case being already covered by [Gazs85b]. 

5.3.1 Principle 
Referring to bireciprocal WDFs expressed in the ^-domain, cf Sub­
section 4.5.1, the lowpass-to-lowpass transformation used to achieve 
warped bireciprocal WDFs merely consists in applying : 

0 >-> ¢/¢3 dB » with fa dB = tan(7r • /3 dB /fs ). (5.56a,b) 

Expression (4.16a) is then becoming : 

<Ps'($/<hdB )-<Ps'W) = (Ps'(°°)-<PS' (03dB/0); (5.57a) 

3 Even-ordered elliptic half-band filters realized with second-order cells were 
also considered in [Mili95]. 
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so that (4.16c) is replaced by : 

C>S'(0/fcdB) = 0.5-[C)5'(0) + ¾' («) ] . (5.57b) 

0 = 03 dB 

Accordingly, (4.19) gets : 

|Sn(#/fcdB) | 2 = 1 / 2 ; «or/ = 1,2. (5.58) 

0 = 03 dB 

Equation (5.56a) implies that the allpass function S'O/O specified in 
(4.9) and featuring (4.10a,b) for bireciprocal WDFs is mapped onto 
•S"(W03dB ) in the warped bireciprocal case, yielding : 

for ¢ = 1: S'(Y/<hdB) = S'(hdB/W); (5.59a) 

for ¢ = - 1 : S'(v/03dB) = -l/S'(03dB/V); (5.59b) 

where the parameter q distinguishes bireciprocal WDFs of the first 
and second kind, cf Section 4.3. The characteristic function of warped 
bireciprocal WDFs is then determined from (5.59a,b) : 

C(fcdB/vO = «T/C(y/fcdB). <5-60) 

with parameter r specified in (4.5). Finally, the passband and stop-
band edge frequencies that are verifying : 

$ pass =^-1 Qstop <=> Qpass'Qstop=1 (5.61a) 

for bireciprocal WDFs, are mapped onto : 

<l>pass /03 dB = 03 dB /Qstop <=> 0'pass "0SWp =03 dB (5.61b) 

for warped bireciprocal WDFs [Gazs85b, Gull86, Mili97]. 

5.3.2 D e s i g n method for w a r p e d bireciprocal e l l ipt ic 
lat t ice- type WDFs 

The design procedure for warped bireciprocal elliptic lattice-type 
WDFs and relying on the framework [Gazs85a] is described in Table 
5.12. As indicated, the steps involving the filter degree selection and 
the establishment of the design margin shall be adapted. The nota­
tion of [Gazs85a] is adopted for the remainder of this section. 
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Symmetric case Antimetric case 

Lntroduce filter specifications [Gazs85a] 
(same procedure as for non-warped symmetric!'antimetric cases) 

U 
Select filter degree [Gazs85b] 

(specific formulas applying to both symmetric/antimetric cases) 

U 
Determination of the design margin [Gazs85b] 

(specific formulas applying to both symmetric!antimetric cases) 

I I 
Determination of filter parameters 

[Gazs85a] 
(same specific equations than for the 

non-warped symmetric case) 

Determination of filter parameters 
[this report, Subsection 5.2.7] 

(same specific equations than for the 
non-warped antimetric case) 

Table 5.12: Design method for warped bireciprocal lattice-type WDFs 
(derived from analog elliptic minimal Q-factor prototype filters). 

Filter degree selection 

The design process starts by labeling the specified passband and 
stopband ripple factors as e'„, ES. Secondary passband and stopband 
ripple factors ep and es are then derived thereof which shall satisfy 
Ep =l/£y to achieve warped bireciprocal responses, thus setting : 

ep = min{£p, \IE'S }; E5= max{l/£p , E'S }; (5.62a,b) 

which is most often equivalent to : 

ep=l/Eg-, £s
=es- (5.63a,b) 

Assuming that (5.63a,b) apply, the minimum filter degree Nm jn 

specified in (5.14b) becomes [Gazs85b] : 

N mm 
16-ln(2-£^) ( 5 6 4 ) 

ln(2-fc4) 

The appropriate filter degree selection is then performed as usual, 
choosing an odd (even) degree N>Nmin for symmetric (antimetric) 
lattice-type WDFs. 
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Determination of the design margin 

Following the design framework in [Gazs85a], equation (48b) in 
[Gazs85a] necessarily applies, fixing TQ = es. According to (52a) in 
[Gazs85a], and referring to (5.3a,b), the lower stopband edge fre­
quency is getting : 

fcmin=V*ä; (5-65a) 

which corresponds to the next minimum value of <fo$B using (5.61b) : 

fodBmin =yj<l>p -^tmin =<l>p *0- (5.65b) 

Hence, instead of selecting the actual stopband edge frequency 0S in 
the prescribed range : 

*, min S is ^ &Î (5-66a) 

as suggested in (53) from [Gazs85a], it is possible to choose the 
related actual frequency ¢3 dB : 

& dB min ^ tè dB ^ 03 dB =y]<t>p^s • (5.66b) 

For symmetric lattice WDFs, as will be confirmed later, ¢3 ̂ B is 
directly determining the value of (N-I)Il identical WDF adaptor 
coefficients y^i • 

1 -<é* 2 I 

Y2i=—%r « tfdB-Jr12^; fcrf = l,2,...(tf-l)/2. (5.67a,b) 

In order to optimize the actual quantized value y\i so as to minimize 
the number of shift-and-adds, (5.66b) shall be replaced by: 

2 2 
1 - ^ 3 dB min _ 1 ^ p "^mJn * >

 1 - ^ 3 d B _ l ~ f t p - f e . (5.66c) 
1 + ^dBmin _ 1 + V^min " ^ " I + ^ ~1 + V * ' 

where the inequality signs are reversed with respect (5.66b), since 
d W d 1 d̂B <° f o r 03 dB >° according to (5.67a). Once y\{ is fixed, ^ d B 

is retrieved from (5.67b) with y2i =y\i-
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For antimetric lattice-type WDFs, no suitable implementation struc­
ture being known for the warped bireciprocal case, it suffices to 
select ^jB out of the range (5.66b). 

The design process resumes by substituting (55a) in [Gazs85a] with : 

¢0=03 dB A p - ( 5-6 8 ) 

Moreover, (59) - (61) in [Gazs85a] are supplanted by : 

£;=l/e5*=l/mo. (5-69) 

Finally, the parameter wo in (65) from [Gazs85a] is fixed to : 

w0 = -1 ; (5.70) 

for warped bireciprocal WDFs. 

Determination of the filter parameters 

As indicated in Table 5.12, the filter parameters are determined 
exactly in the same way than for non-warped non-bireciprocal filters, 
applying directly the formulas from [Gazs85a] in the symmetric case, 
or those provided in Subsection 5.2.7 for antimetric filters. 

Still, it is worth reformulating the main expressions. Hence, equa­
tions (70a), (71a) from [Gazs85a] are becoming : 

^ = ^ . 1 ^ 2 q-2_yiyy2. *2 ( B .7 1 a > b ) 

l + yf v v ; 

with i = l,2,...(Af-1)/2 for symmetric filters, and i-1,2,...N/2 for 
antimetric filters. Moreover, in the symmetric case, equations (66a), 
(72a), and (73a) in [Gazs85a] are superseeded by : 

7o=(l-03*dB)/(l + 03dB)- (5.72) 

y,..=*-1*-1 . Y2. JJILJ-4?**. (5.73a,b) 
7 ^ 1 Ai+B1+I' 72' I + Bi 1 + ^ 2 d B ' 

for i = 1,2,...(JV - I ) /2 , thus confirming (5.67a). It is observed from 
(5.72) that the WDF adaptor coefficient y0 is also determined by 
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03 dB. However, assuming that the latter is fixed by (5.67b), y0 can 
usually not be exactly represented in quantized form, and is then 
approximated. The optimal quantization of the WDF adaptor coeffi­
cients 72/-1 c a n then be performed making a sensitivity analysis 
along the method described in [Mili99]. 

5.3.3 Examples 

Two examples of warped bireciprocal elliptic WDFs of symmetric and 
antimetric type are described below. 

Example 1: Warped bireciprocal elliptic lowpass filter of 
symmetric type 

Filter specifications : 

Passband: /p=5.1kHz; ap=0.1dB; (5.74a,b) 

Stopband: /^6.OkHz; as =55 dB; (5.74c,d) 

Sampling frequency : F = 16 kHz. (5.74e) 

Non-warped reference filter 

A non-warped filter is first designed for comparison purposes. 
Applying the framework in [Gazs85a], the minimum filter degree is 
Nmin =5.67, so that N-7 is selected. The actual stopband edge 
frequency f* shall then be chosen within the next range : 

/.min =5.59kHz < / ; < fs =6.00kHz. (5.75) 

Setting ff = 5.9 kHz, the permissible values of the actual passband 
ripple factor e* are determined : 

£pmin =0.0269 < e*p < ep =0.1526. (5.76) 

Selecting £* =0.13, which fixes the actual passband attenuation to 
a* = 0.07278dB, and the actual stopband attenuation to aj =68.68dB, 
results in the filter parameters provided in Table 5.13. The corres­
ponding filter response is illustrated in Figure 5.8. The lattice WDF 
adaptor coefficients are listed in Table 5.14, their indexation scheme 
being specified in [Gazs85a]. 
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Figure 5.8: Non-warped 7th-order elliptic symmetric lowpass filter : 
a) Attenuation \HU\; b) Passband attenuation | H,, 1 • 
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2 
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O1/Ti, Re{Zooiv} 
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0.14376608575026 

-0.28900912995962 

Im{ z^iv } 

— 

0 

0.75409961847298 
* 

Zool3 — zool2 

0 

- 0.42794555096594 

-0.03515218911283 

— 

0.84665818654054 

0.52470416901359 
* 

Zoo2v = z o o 2 ( 5 - v ) 

Table 5.13: Parameters specifying the filter illustrated in Figure 5.8. 

i 

0 

1 

2 

3 

n i 
0.14376608575026 

-0.05507373031949 

-0.34984921902117 

-0.45047671141703 

72(-1 

— 

-0.27655014137966 

-0.65219251178112 

- 0.89996747942765 

Table 5.14: WDF adaptor coefficients ( indexation according to [Gazs85a] ). 

Warped bireciprocal filter 

A warped bireciprocal filter is next designed according to the same 
specifications (5.74). Equation (5.64) indicates that the minimum 
degree is N1n^n = 8.30, so that N = 9 is selected. The permissible range 
of the common WDF adaptor coefficients is established from (5.66c) : 

72/ min =-0.580834 < y*2i < y2i =-0.548345; (5.77) 
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with / = 1,2,3,4. Setting y*2i =- (2 - 1 + 2~4) = -0.5625 fixes the actual 
passband attenuation to a*p =9ndB, and the actual stopband attenua­
tion to a*s = 57.26 dB, resulting in the parameters and the lattice WDF 
adaptor coefficients listed in Tables 5.15 and 5.16, respectively. The 
corresponding filter response is illustrated in Figure 5.9. 

Hence, the implementation of the warped bireciprocal filter requires 
5 multiplications, and 4 double shifts-and-adds, compared to the non-
warped solution which needs 7 multiplications. The number of delays 
should however also be taken into account to make a fair comparison. 
Also, the group delay is not the same for both solutions. 
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Figure 5.9: Warped 9th-order elliptic symmetric lowpass filter : 
a) Attenuation | ff n | ; b) Passband attenuation |H,, 
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Table 5.15: Parameters specifying the filter illustrated in Figure 5.9. 
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i 

O 

1 

2 

3 

4 

Vii 

-0.3Ö791593829745 

- 0.5625 

-0.5625 

-0.5625 

- 0.5625 

m-i 
— 

-0.20158096088369 

-0.44071258525899 

-0.68641912204142 

-0.89731710799023 

Table 5.16: WDF adaptor coefficients ( indexation according to [Gazs85a] ). 

Improved warped bireciprocal filter 

The constraint imposed by (5.62) implies that the passband attenua­
tion is most often featuring a quasi-maxflat response with a substan­
tial margin at the edge frequency of the passband. This is the case 
for the warped bireciprocal filter depicted in Figure 5.9. It is then 
worth exploiting this margin, trying to reduce the degree of the 
warped bireciprocal filter, and/or the number of non-zero bits appear­
ing in the coefficients Y2i [Mili97] 4. 

Hence, an attempt is made to design a new warped bireciprocal WDF 
specifying a lower passband edge frequency f'p - 4.9 kHz, the other 
specifications in (5.74) remaining unchanged. The minimum filter 
degree becomes Nn^n = 7.80, implying that the effective filter degree 
is kept at N =9. The range of ŷ ,- is then updated as follows : 

72«min =-0.551963 < y*2i < y2i =-0.486123; (5.78) 

with i = l,2,3,4. Choosing 72,- =-2 - 1 =-0.5 sets the actual stopband 
attenuation to a*s = 57.03 dB. The resulting filter parameters and 
adaptor coefficients are provided in Tables 5.17 and 5.18, respec­
tively, and the filter response is shown in Figure 5.10. It is observed 
that the original passband specifications (5.74a,b) are fulfilled. 

Hence, the last warped bireciprocal filter configuration offers an 
improved solution, reducing the number of shifts-and-adds to 4 single 
shift operations. The remaining margin of the filter response can be 
used to quantize the coefficients 721-1 • 

4 Conversely, for applications that are sensitive to the group delay in the 
passband, the preservation of this margin is useful to maintain the peak of the 
group delay at sufficient distance from the passband edge frequency. 
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Figure 5.10: Improved warped 9th-order elliptic symmetric filter : 
a) Attenuation | /Z1, | ; b) Passband attenuation | H,, 
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Table 5.17: Parameters specifying the filter illustrated in Figure 5.10. 

I 

0 

1 

2 

3 

4 

Y2i 

-0.26794919243112 

-0.5 

-0.5 

-0.5 

-0.5 

72/-1 
— 

-0.17992431632529 

- 0.42350063658934 

-0.67565312697720 

-0.89345428164466 

Table 5.18: WDF adaptor coefficients ( indexation according to [Gazs85a] ). 

Example 2: Warped bireciprocal elliptic lowpass filter of 
antimetric type 

Keeping the same specifications (5.74), a warped bireciprocal elliptic 
WDF of antimetric type is designed. Since Nm\n =8.30, N = IO is 
selected, leading to the next interval for the actual frequency /3*33 : 
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/3 dB min =5.37 kHz < / 3 d B < / 3 d B =5.57 kHz; 

defined as : /3*dB = —-arctanl^dB ). 
K * ' 

(5.79) 

(5.80) 

Retaining /3*dB =5.5 kHz, which sets the actual passband attenuation 
to a* =2jtdB, and the actual stopband attenuation to O5 =63.07dB, 
results in the filter parameters provided in Table 5.19 and the filter 
response illustrated in Figure 5.11. 

Figure 5.11: Warped lOth-order elliptic antimetri e lowpass filter : 
a) Attenuation [H1,|; b) Passband attenuation | ffn | 
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Table 5.19: Parameters specifying the filter illustrated in Figure 5.11. 

Lower-order warped bireciprocal filter 

Observing as for the symmetric case that the design margin avail­
able at the passband edge frequency is relevant, a new warped bire­
ciprocal filter is designed with f'p = 4.9 kHz, leading to iVmin = 7.80, 
which allows for a degree reduction downto N = 8. Doing so, /3*^ 
shall be chosen according to the constraints : 

/3dBi = 5.45kHz < /3*dB < / 3 d B = 5.49kHz; (5.81) 
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showing that the design margin is tight. Setting /3^3 =5.48 kHz fixes 
Ö£ = 56.22 dB. The achieved filter parameters are given in Table 5.20, 
whereas the attenuation response is depicted Figure 5.12. The 
original passband specifications (5.74a,b) are noticed to be satisfied. 

Figure 5.12: Warped 8th-order elliptic antimetric lowpass filter : 
a) Attenuation | H, 1 [ ; b) Passband attenuation \HU\-
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Table 5.20: Parameters specifying the filter illustrated in Figure 5.12. 

5.4 Conclusion 

In this chapter, the design of lattice-type WDFs is handled by 
proposing two extensions of the framework [Gazs85a]. The first one 
concerns the approximation of lowpass prototype antimetric filters 
featuring Butterworth, Chebyshev, and elliptic responses, including 
the bireciprocal case, relying on an algebraic approximation method 
initially proposed in [Darl78] for symmetric filters. 

The second extension covers the design of warped bireciprocal lattice-
type WDFs suitable for multiplierless implementation in the 
symmetric case, both symmetric and antimetric elliptic prototype 
lowpass approximations being handled. 

Merging the proposed approximation methods with the initial frame­
work [Gazs85a], one achieves an enhanced design environment that 
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is easily usable also by non-specialists, presenting a general interest 
not exclusively linked to WDF filter design^ and that could be 
interfaced with dedicated (VLSI/DSP) filter implementation tools. 

Contributions 

The main contributions of the chapter considered as original to the 
best knowledge of the author are : 

> C5-I: Extension to the antimetric case of the prototype lowpass 
filter design framework published in [Gazs85a] by adapting the 
algebraic prototype filter approximation method proposed in 
[Darl78], both initially limited to the symmetric case. Moreover, a 
systematic scheme for distributing the filter poles over the lattice 
branches is proposed, cf Figure 5.2, that is valid for any (neces­
sarily even) degree of the filter, the filter parameter §j defined in 
(5.15c) being correspondingly specified in (5.23). 

> C5-II: Identification of the fundamental equation (5.60) charac­
terizing symmetric/antimetric warped bireciprocal WDFs, where 
(5.60) can be exploited in various ways to get new filter configura­
tions, additionally to the symmetric prototype lowpass case 
already published in [Gazs85b, Gull86, Mili97, Mili99]. In particu­
lar, (5.60) can serve the purpose of studying WDF implementa­
tions for multirate signal analysis / synthesis filter pairs operating 
at arbitrary fractional ratios of sampling rates. 

> C5-III: Incorporation of the design of antimetric-type warped bi­
reciprocal WDF filters to the framework [Gazs85a], with handling 
of the available design margin. It is recalled that the symmetric 
case was exhaustively studied in [Gull86, Mili97, Mili99], the 
integration of the symmetric case into the framework [Gazs85a] 
being carried out in [Gazs85b]. 

> C5-IV: Based on (5.60), identification of the fact that warped bire­
ciprocal lattice-type WDFs with non-prototype lowpass amplitude 
or mixed amplitude/phase responses can be designed, provided 
that adequate approximation techniques are elaborated. As a 
particular case mentioned in Footnote 1 of the chapter, symmetric 
warped bireciprocal WDFs are then featuring (N-1)/2 identical 
WDF adaptor coefficients as in the prototype lowpass case, and 
are thus amenable to efficient multiplierless implementations. 
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> C5-V: Moreover, specific Hilbert Transformers are noticed to be 
implementable in form of transformed warped bireciprocal lattice-
type WDFs, cf Chapter 6, the symmetric case potentially leading 
again to multiplierless structures. 

Further potential research 

Based on the former considerations, the next subjects are proposed 
for potential further research: 

> Design of a suitable antimetric lattice-type WDF structure provid­
ing for an efficient realization of standard antimetric filters, but 
also of warped bireciprocal antimetric filters, rendering multi­
plierless implementations possible in the latter case. 

Two cases are considered : 1) complete WDF implementation of 
reference two-ports, with access to both input and output signal 
pairs; 2) implementation of scalar transfer functions only. 

> Study of non-prototype lowpass amplitude and mixed amplitude/ 
phase approximation for warped bireciprocal WDFs (both symmet­
ric and antimetric cases, including also the extension to bandpass 
responses), with establishment of design guidelines if suitable. 

> Elaboration of design rules for warped bireciprocal Hilbert Trans­
formers for minimum phase and non-minimum phase cases. 

> Study of tunable warped bireciprocal WDFs, including control of 
parameter variation rate to maintain (transient) signal distortions 
induced by the parameter variation under a certain threshold. 

> Based on the expression of the characteristic function featured by 
warped bireciprocal WDFs, cf (5.60), study of multirate signal 
analysis I synthesis filter pairs operating at fractional ratios of 
sampling frequencies, distinguishing: 1) rational, and 2) irrational 
sampling ratios, with extension to complete WDF filterbanks. 

> Others. 
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Digital Hilbert Transformers 

6.1 Introduction 

Oscillatory phenomena and signals are often preferably described 
using their amplitude and phase (or frequency). However, for a real 
time-varying signal yj (/) = a(f)-cos(0(f)) with amplitude a(t) and 
phase <j)(t), the notions of amplitude and phase (and thus frequency) 
are ambiguous, yj being a scalar expression of two unknowns a and 
¢, which cannot be explicitly and uniquely defined from y\ [Vakm98, 
Cohe99]. 

To alleviate this ambiguity, Gabor introduced the concept oî Analytic 
Signals and the intimately related Hilbert Transform [Gabo46], giv­
ing rise to large fields of activities in telecommunications, measure­
ment and instrumentation techniques, physics, etc. [Vakm98]. 

Analytic signals and the Hilbert Transform were of course soon adop­
ted for discrete time signal processing, where Discrete Hilbert Trans­
formers (DHT) have been successfully used in a variety of application 
fields [Oppe89, Hahn96, Poul96], including telecommunications 
(e.g. signal modulation [Kamm92], effective sampling techniques for 
real bandpass signals), instrumentation (e.g. characterization of 
nonlinear processes, vibration analysis), biomedical signal processing 
(e.g. ECG, measurement of heart rate fluctuations), speech processing 
(e.g. pitch determination [Hess83], long term speech prediction for 
compression, detection of voicing signal components, speech/speaker 
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recognition), image processing [Hahn96], and radar techniques 
[Rouq96]. 

For applications requiring the detection or estimation of limited sets 
of frequency components, DHTs are offering efficient solutions for the 
Envelope Detection (non-instantaneous analysis), for the Instantane­
ous Envelope /Magnitude Detection, and for the Instantaneous Phase 
Detection [Boas92a, Boas92b]. When applicable, very economic and 
accurate solutions can be achieved with spectral subband decomposi­
tion methods [Rouq96] using decimated DHTs [Croc83]. 

Among the various structures available for the implementation of 
DHTs [Hahn96], this chapter is essentially considering causal struc­
tures, including linear phase Finite Impulse Response Filters (FIR) 
[Herr69, Oppe89], and Infinite Impulse Response Filters (HR) de­
rived from analog reference filters, and based either on allpass net­
works, or on Lattice Wave Digital Filters [Meer84, Fett86, Schu87]. 

The chapter is organized as follows. Section 6.2 recalls the definition 
and features of Analytic Signals and the Digital Hilbert Transform. A 
classification of DHT structures is provided in Section 6.3. Next, the 
properties of selected causal DHT structures are discussed in Section 
6.4, and a detailed list of the corresponding design parameters is 
given in Section 6.5. The selection of DHT performance measurement 
criteria and their influence on the design and approximation proce­
dure is covered in Section 6.6. The approximation of DHTs is briefly 
handled in Section 6.7, whereas Section 6.8 is devoted to the trans­
formation of half-band lowpass filters into midband DHTs. Finally, 
the conclusions are drawn in Section 6.9. 

6.2 Digital Hilbert Transform 

6.2.1 Ideal Digital Hilbert Transform 
By definition [Oppe89, Hahn96], a complex time-discrete signal 
y(n)- yi («) + j - y2 (")» composed of the real sequences y\(n) and 
3>2 (n) devoid of any DC component, is denoted analytic when yi is 
related to y\ through the ideal (and non-causal) DHT H 2\ ideal '• 



Digital Hilbert Transformers 203 

Y2 (e
 ji2) = H2i Ideal (e>ß ) • F1 (e^? ), 

Yi(ej'2k'n) = 0, / = 1,2, jfc=0,±l,±2,... 

(6.Ia) 

(6.Ib) 

Limiting the discussion for the remainder of the chapter to the basic 
frequency range IQI < n, the ideal DHT is defined as : 

# 2 1 Ideal (ej° ) = -j- s ign(ß) = e - / ( ^ 2 ) , i g n ( ß ) _ (6.2) 

Y1(Z) H 21 Ideal 

Y2(Z) 

YJ 

H Y Ideal 

Y(Z) 

Figure 6.1; Relation between DHT and analytic signal (ideal case). 

Hence, the spectrum of the analytic signal is given by (Figure 6.1) : 

Y(eiQ) = HY Ideal(e]n)-Mein), (6.3) 

HYIdeal(eJ-i2) = l+J-H2lldeal(ej-a), (6.4a) 

= l+sign(ß). (6.4b) 

Under ideal conditions, it is therefore observed that : 

(i) Hy ideal an<i Y have by construction a vanishing spectrum for 
non-positive frequencies; 

(ii) H2\ ideal (z) is a r e£U function, whereas HY ideal U) *s a complex 
one; 

(iii) applying the same approximation strategy, the design of 
H2] ideai or Hy i^eai results in a strictly equivalent solution. 

Furthermore, H2I Ideal ^s a r e a^ unit-bounded function which is thus 
amenable to approximated realization using pseudo-passive/lossless 
networks [Fett86]. 

6.2.2 Pract ica l Digital Hilbert Transform 

In practice, instead of applying the ideal DHT, a causal and thus re­
alizable three-terminal network is implemented, cf Figure 6.2, whose 



204 Chapter 6 

effect is in particular to introduce a (non-necessarily constant) delay 
T(£2) normalized to the sampling period Ts . 

X(i)-

DHT 
Hx(Z) 

H1(Z) 

l'i (Z) 

r200 

Figure 6.2: Block diagram of the DHT (real input signal). 

The resulting network is specified by (cf Figure 6.3) : 

Yi(Z) = H1(Z)-X(Z); / = 1,2; X ( e ° ) = 0 , 

Y(z) = HY(z)-X(z), 

Hy (Z) = H1 (z)+j-H2(z) = [ l + JH2I (Z)]-H1 (z), 

H2x (eJa ) = H2(e>Q )/Hx (e^ ) = H2X Ideal (e'*2 ) , 

for 0 < a < | ß | < b < j r , a«\, (n-b)«\. 

(6.5) 

(6.6) 

(6.7) 

(6.8) 

(6.9) 

X(z) 
>H2 

-Hx 

Y4J 
Hy 

Y(z) 

X(z) 
1» H1- • » H2x 

\ Hy 

1J ! Y(z) 

Figure 6.3: Relation between DHT and analytic signal (practical case). 

Under physical realization conditions, it is observed that : 

(i) the causal DHT is characterized by the quality of the amplitude 
and phase responses of H2x, but also by those of Hx and H2 ; 

(ii) applying the same approximation strategy, the design of H2\ or 
Hy may result in different solutions, and the target function 
(#21 o r Hy ) should be selected according to the application. 

For certain applications, (quasi-) linearity of the phase responses of 
Hi can be of significance. 
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6.3 Classification of DHT structures 

For 0 < Q < K, (6.2) shows that # 2 i = H21 ideal c a n be interpreted : 

(i) either as a single passband amplitude selective filter, sur­
rounded by two don't care bands bounded by unity to ensure 
pseudo-passivity I losslessness; 

(ii) or as an allpass function. 

Accordingly, various structures based on Finite Impulse Response 
(FIR) and Infinite Impulse Response (HR) filters are available for the 
implementation of DHTs [Hahn96]. Table 6.1 provides a synopsis of 
the major DHT network categories [Anso97b]. The different configu­
rations are characterized by the amplitude and phase responses of 
#21 > #i> a n d H2- The selection between these solutions is made 
according to the application requirements, and the efficiency of each 
configuration (selectivity, linear phase requirement, group delay, 
complexity). 

FIR based DHTs 

In Table 6.1, all non-exact linear phase FIR DHT configurations are 
grouped under the generic term General FIR. These are including 
e.g. non-linear phase and quasi-linear phase implementations, or the 
para-unitary lattice FIR [Vaid88]. These configurations are not fur­
ther discussed in this chapter. 

With respect to exact linear phase FIR DHTs, it is noted that two 
configurations are available, namely Type III and Type IV FIR filters 
[Oppe89, Herr69, Rabi74], cf Table 6.2. In order to comply with the 
notation introduced in Subsection 6.2.2, and with later developments 
in Section 6.4, the FIR filters mentioned in Table 6.2 are assigned to 
H2 (z). For 0 < Q < re, FIR Type III and Type IV filters are featuring 
a bandpass- and highpass-shaped amplitude response, respectively, 
cf Table 6.3. FIR Type IV filters can be approximated to achieve a 
bandpass-shaped amplitude response as well. 

Table 6.3 indicates also whether economic DHT implementations are 
possible or not when the frequency range (6.9) is specified symmetri­
cally around Q = ±n/2, i.e. b = iz-a (so-called midband DHTs). For 
FIR Type III filters, each second coefficient is then vanishing, i.e. 
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H2(Z) = H2(Z
2), resulting in a lower implementation complexity 

[Herr69, Rabi74], especially for multirate applications. This simplifi­
cation is not possible for FIR Type IV filters. 

Type IV FIR filters are not any more considered in this chapter. 

Linear phase 
FIR 

Type III 

Type IV 

Parity of filter 
degree N2 

Even N 2 

Odd W2 

Symmetry of 
coefficients 

Odd symmetry : 
hk~ h(N2-k)< 

k =0,1,..., N 2 

Transfer function 

H2(Z)= I hk-z~k 

k=0 

Table 6.2: Type III and IV linear phase FIR filters. 

FIR : Type IH 
Type IV 

IIR : Allpass based 
Symmetric LWDF 

Shape of H2l(e
jCuT) 

fovO<ü<n 
Bandpass 

Yes 
Possible 

Yes 

Highpass 

No 
Yes 

No 

Economic 
midband DHT 
implementation 

Possible 
Not possible 

Possible 
Possible 

Ref. 

[Oppe89] 

[Meer84] 

Table 6.3: Frequency response for linear phase FIR 
and IIR allpass/LWDF based DHTs. 

IIR based DHTs 

Regarding IIR DHTs, two kinds of filter classes were retained for 
detailed discussion in this chapter, namely allpass and Lattice Wave 
Digital Filter (LWDF) based DHT structures, because of their known 
advantages (i.e. robustness with respect to finite precision effects, 
etc.). All remaining IIR DHT implementation possibilities are refer­
red to as General IIR DHTs in Table 6.1, and are not further 
considered. 

Allpass and LWDF based DHTs can be realized either as phase 
splitters, Almost Linear Phase (ALP) networks including a pure 
delay, or so-called General ALP networks, cf Table 6.1. I t is noted 
that LWDF filters used for DHTs are exclusively of Symmetric type 
[Fett86] to ensure an exact phase shift of ±nl2 between the two 
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output signals of the filters. Antimetric type LWDFs would not be 
adequate, because their output signals are featuring a phase shift of 
0 or n. As mentioned in Table 6.3, LWDF DHTs have a bandpass-
shaped frequency response for 0 < Û < n. Furthermore, it is observed 
that both allpass and LWDF structures are amenable to economic 
implementations for midband DHTs, cf Table 6.3. 

Non-causal HR DHTs were also proposed in the literature, e.g. 
[Czar82, Stef82a, Stef82b], cf Table 6.1. In practice, such filters are 
factorized into cascaded causal and anti-causal sub-filters, with 
intermediate time-reversal of the (segmented) sequence of the signal 
to be processed, similarly to the scheme described in [Powe91]. 
Although such filters are featuring either an exact linear or ALP 
phase response depending on their precise implementation [Powe91], 
their design requires a thorough analysis to properly select the 
length of the signal segments, so as to keep the resulting harmonic 
distortion, group delay, and processing delay at an acceptable level. 
These structures were not considered in this report. 

6.4 Selected causal DHT structures 

6.4.1 Finite Impulse Response filter based DHTs 
The first configuration to be discussed consists in FIR filters with 
exactly linear phase response (T = constant) between X(z), and F,- (z) 
for 1 = 1,2. Hence, H 2 is selected as an FIR Type III filter of even 
degree N2, whereas H\ is a pure delay of degree N\ : 

H2FlR(Z) = I1^0 hk-z-k , HlFIR(z) = z-Ni, (6.10a,b) 

with TV 2 =2-N1, and % =-A(W2-Jt) ^or ^=0*1 Nl> a n d hN = 0. The 
corresponding block diagram is depicted in Figure 6.4 : 

X(z)~ 
Z - " ' • * i ( x ) 

H2(z) -+Y2(Z) 

Figure 6.4: Block diagram of linear phase FIR DHTs. 
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After reformulation of H2 FIR> * n e expression of the DHT is derived : 

#2ira?(Z) = If=Ii 1XN1-Ic) { zk - z ~ * ] - (6.11) 

The corresponding spectrum can be written in a compact form : (i) by 
observing that H2XFiR ^S approximating a constant response within 
each frequency range specified by (6.9), i.e. there are no sign changes 
within the bands; and (ii) by exploiting the odd frequency response in 
(6.11) : 

H21FiR(eji2) = -j-sign(Q) H2lFIR(ejii) (6.12) 

Hence, H 21 FIR meets the phase response of H 21 ideal exactly, 
whereas the amplitude response is approximated. Finally, the ampli­
tude response of Hy FIR ^8 derived : 

HYFIR(eji2) l + sign(£2)-H21Fm(ej°) (6.13) 

FIR filters are usually implemented in direct form [Oppe89], in 
which case the signal K1 (cf Figure 6.4) is directly available for FIR 
Type III filters l, without explicit realization of H\FJR. 

6.4.2 Infinite Impulse Response allpass based DHTs 
Alternatively, DHTs can be implemented using IIR allpass (AP) 
filters A1- (z) of degree N, (cf Figure 6.5) : 

Hi AP (z) = Ai (z), « = 1,2, (6.14) 

resulting in an allpass type DHT of degree N : 

#21 AP (Z) ^ f 1 U ) - A 2 U ) , N=N^N2. (6.15) 

X(z)<— 

A1(Z) -+Y1(Z) 

A2(Z) ->Y2(z) 

Figure 6.5; Block diagram of HR allpass based DHTs. 

1 Y] is not directly available for FIR Type IV, implying possible additional costs. 
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The frequency responses are then given for i = 1,2 by : 

Ai(eJi2)=e-J-P^Q\ (6.16) 

#21 AP(ej-a)=e~j'ß21 " ( ß ) , /321Ap(ß) = /3A 2(ß)-jßA 1(ß) , (6.17a,b) 

where /3A(- and /32IAP are the phase responses of A1- and /Z2I /j>, re­
spectively. Comparing (6.17) to (6.2), H2\ ^p is seen to match the am­
plitude response of H21 ideal exactly, whereas the phase response is 
approximated over the frequency range (6.9). Clearly, the specified2 

phase response over (6.9) is given by (6.18), implying in turn (6.19) : 

0 2 l W 2 ) = (*/2)-sign(ß), (6.18) 

[ ^ 2 ( f l ) - ^ i ( f l ) l - à g n ( f l ) > 0 , N2ZN1. (6.19) 

The amplitude response of H Y AP is finally obtained : 

Hy AP(eJi2)\=2-\cos{ß2i AP/2-7t/4)\. (6.20) 

Depending on the selected structure and phase approximation, A\ 
and A2 are either featuring a Non-Linear Phase (NLP) response (so-
called phase splitters), or an Almost Linear Phase (ALP) response 
when required. 

6.4.2.1 Phase splitters 

Phase splitters are designed by the sole approximation of )321 pj., ap­
plying a certain optimality criterion (e.g. maximally flat, minimax), 
without separate consideration of ßAi or ßA2 [Gold69, Schü87]. The 
design is performed by approximating H2iAP as defined by (6.15)-
(6.17) over the frequency range (6.9) using the specifications (6.18). 
The achieved unstable allpass H2\ ^p is then factorized to assign the 
stable poles to A2 (z), and the unstable ones to A1

-1 (z). 

For applications that are insensitive to the phase response of Hx, ^p, 
phase splitters clearly provide the most efficient solution in terms of 
selectivity, computational load, and realization costs [Schu87]. It is 
recommended to implement the allpass functions A,- according to 

2 Specified quantities are denoted by suffix "s". 
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[Fett86] to ensure best functionality even under finite arithmetic 
conditions. 

For phase splitters, it is observed that Hy AP ^S a minimum phase 
function. 

6.4.2.2 ALP structures with pure delay component 
When required, allpass based DHTs can be realized with an Almost 
Linear Phase (ALP) response, in which case two categories of 
structures can be applied. The first category - discussed in this 
subsection - is given when one of the A,- reduces to a pure delay. 
This solution is simple to apply (elementary approximation problem) 
and often referred to, e.g. [Schu87], although it is offering a reduced 
number of design parameters (filter coefficients) with respect to the 
filter degree. 

Let us concretely assume that A2 is a pure delay, in which case the 
specified phase response ßA\s of Aj is derived from (6.16) and (6.18) : 

A2(Z) = Z-"2, ßAlsW) = N2-Q ~ß2l APs- (6-21) 

Hence, A\ is forced to approximate a non-integer delay over the 
specified frequency range (6.9), ensuring jointly : (i) the realization of 
^ 21AP > an<i (ii) a quasi-linear phase response of the overall Hy AP-> 
cf equation (6.7). A similar development applies of course when A\ 
and A2 are interchanged. 

6.4.2.3 General ALP structures 
The second category of allpass based ALP DHTs corresponds to the 
so-called General ALP structures, where both constituent A1- are non-
trivial. This configuration provides the maximum number of free 
parameters for a given degree N = N1 + N2. 

The specifications to fulfill are given by ß2\APs according to (6.18), 
together with the linear phase condition : 

ßAis(ß) = T, • ß + sign(ß)-ßi, « = 1,2 (6.22) 

where the specified group delay Ts is a design parameter with lim­
ited freedom, and where the constant parameters /i,- are chosen so as 
to satisfy (6.18): 
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ju2-Ml = ^ / 2 . (6.23) 

Basically, General ALP DHTs require the simultaneous approxima­
tion of two real objective functions, which can be selected as (applica­
tion dependent) : 

( i) $21AP together with one of the ßA{, the other ßAi being 
derived from there; 

(U) ßli AP together with a linear combination of ßAi. 

In addition to the selection of Ts and Jt1-, the number of available fil­
ter parameters can be distributed on demand over the two objective 
functions, so as to find the best tradeoff between tightness of ß2l ^ 
approximation, and almost linear phase achievement for ßAi and 
ßA2 • General ALP DHTs are therefore very flexible and considered 
as the most interesting allpass based structures for ALP. 

6.4.3 Lattice Wave Digital Filter based DHTs 
The last DHT configurations to be discussed are implemented as HR 
symmetric Lattice Wave Digital Filters, cf Chapter 3, first introduced 
by Nouta [Nout74], and by Fettweis and al. [Fett74a], following 
complementary approaches. Seemingly, their application to the 
design of DHTs was first discussed in [Meer84]. 

Figure 6.6: Block diagram of LWDF based DHTs. 

For the sake of consistency in the chapter, LWDF DHT structures 
are relabeled according to Figure 6.6. They are composed of two real 
allpass functions A,- of degree N,-, i = 1,2, and feature two doubly 
complementary transfer functions #,/,viw of degree N = N^ + N2 : 

AiLWD/-(Z) = O-S-[A2(Z) + ̂ ! ) 0 ' " 0 A1 (z)]. (6.24) 

The phase responses ßAi of A1- are still defined by (6.16). Introducing 
the quantities : 
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ßz LWDF = (0A2 + 0Al ) / 2 Î ßA LWDF = (0A2 ~ ßAi ) / 2 . (6.25) 

the frequency and phase responses of Hi LWDF a r e obtained : 

H2LWDF(eja)=-j-sign(ü)-e-jßsLWDF -| sm(ßÄLWDF) \ , (6.26) 

HiLWDF (eji2 )= e~jßlLWDF • | cos(/?4 LWDF ) | , (6.27) 

It 
ßn 1 LWDF = ßz LWDF > ßlll LWDF = ßz LWDF + T ' sign(ß). (6.28) 

In (6.26) and (6.27), the spectrum of / / , L W D F is provided in a com­
pact form achieved by observing that no sign changes are affecting 
ßA LWDF within each of the frequency ranges specified by (6.9). 

Hence, H2\LWDF meets the phase response of H i\ ideal exactly, 
whereas the amplitude response is approximated : 

#21 LWDF (eji2 )=-J-sign(ß) • | tan(04 L W D F )|. (6.29) 

The specifications of ßA LWDFS
 a r e> (6.19) remaining valid : 

ßA LWDFsW) = (n/4) -sign(ß), (6.30) 

so that I//,- LWDF I S 4l 12 in the frequency range (6.9). The amplitude 

response of Hy LWDF is * n e n easily derived : 

HY LWDF ( ^ ß ) = V2 • I sin(j84 LWDF + n IA)\. (6.31) 

Equation (6.31) shows that : 

(i) the maximum value of IHy LWDF I ls scaled by 4Î versus \HY FIR\ 
and \Hy AP\ provided in (6.13) and (6.20); 

(ii) apart from this factor A/2 , (6.31) and (6.20) are identical for 

ßA LWDF =021/iW2-

Considering the tight connection between allpass and LWDF based 
DHTs, the latter can similarly be subdivided into phase splitter 
structures, ALP networks containing a pure delay, and General ALP 
configurations. This issue will not be further developed here, except 
that General ALP LWDF DHTs should be approximated selecting 
ßä LWDF a n ( i ßz LWDF a s objective functions. 
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6.5 Design parameters 

Table 6.4 provides the design parameters for FIR DHTs, including 
possible filter degrees, specified amplitude response, group delay and 
complexity measure. 

Specified 
Freq.range 

General 
(Jb* Tt -a) 

Symmetric 
(b = K- a) 

Degree 
{Note 1) 

2-m + 2 

4-WI-2 

Specified amplitude resp. 
over freq. range (6.9) 

"2,(^)1 = 

= \H2(e
j<°-T) = 1 

S 

Group delay 

^Hl=ZH2 

Complexity 
{Note 2) 

N/2 

(N + 2)/ 4 

Table 6.4: Design parameters for FIR Type in DHT structures; 
{Note 1: N = N2 = 2 • N1 ; m = 1,2,3,... ). 
{Note 2: Indicates Nb of non-zero filter coefficients = Nb of multiplica­

tions I sampling period) 

Table 6.5 proceeds similarly for allpass and LWDF based DHTs, all 
parameters applying jointly to both categories of structures. It is 
noted that different types of DHT networks with distinct behavior 
are identified according to the parity oî N = N\ +N2, and assignment 
of the pure delay to A\ or A2 (cf Subsection 6.4.2.2). Hence, one dis­
tinguishes : 

• two types of Phase Splitters PSl and PS2 for odd and even 
degree N, respectively; 

• three types of ALP DHTs, namely type ALPI of odd degree N, 
where A1 reduces to a pure delay; type ALP2 of odd degree N, 
with pure delay A2 ; and type ALP3 of even degree N, with 
pure delay A] ; 

• two types of General ALP DHTs GALPl and GALP2 for odd 
and even degree N, respectively. 

For General ALP DHTs, the provided phase specifications, indicated 
for positive frequencies, are suggested values among other possible 
choices, cf (6.22) and (6.23). The same applies to the group delay. 

Finally, a distinction is made in Tables 6.4 and 6.5 according to the 
possible symmetry of the frequency range (midband DHTs). 
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DHT 

Allpass based 

LWDF based 

Structure 

Phase Splitter 

ALP with 
pure delay 

General ALP 

Phase Splitter 

ALP with 
pure delay 

General ALP 

Type 

PSl 

PS2 
ALPI 
ALP2 
ALP3 

GALPl 
GALP2 

PSl 
PS2 

ALPI 
ALP2 
ALP3 

GALPl 
GALP2 

References 

[Gold69, Ansa87] 

[Gold69] 
[Schü87] 

[Anso97a] 
[Anso97a] 
[Anso97a] 

[Meer84] 

[Schü87, Jian91] 

[Anso97a] 
[Anso97a] 
[Anso97a] 

Table 6.6: References related to Table 6.5. 

6.5.1 Midband DHTs 

As already mentioned in Section 6.3, an important situation occurs 
when the frequency range (6.9) is specified symmetrically around 
Q -±n12, i.e. b = n-a. In this case, FIR DHTs can be expressed in 
function of z2 (half of coefficients cancelled). For allpass and LWDF 
DHTs of PSl, ALPI, ALP2, and GALPl type (Table 6.5), the same 
applies to the constituent A1-, i =1,2, apart from a separate z-1 fac­
tor for Ni odd. This results in substantial savings already discussed 
in Chapters 2 and 4. 

Midrange DHTs of type PS2 and GALP2 as specified in Table 6.5 are 
verifying A\(z) = ±A2(-z), i.e. only half of the filter coefficients are 
independent. However, all coefficients are usually significant (read: 
non-zero), and the implementation costs are thus higher for PS2 and 
GALP2 for b = n - a than for PSl, ALPI, and GALPl type DHTs. 

Examples of equiripple midband DHTs designed with \ Q \ e [a, b] = 
[0.1 - TT, 0.9 • K] are provided in Figures 6.7a-h for the different imple­
mentation structures, which were chosen with a similar degree so as 
to compare their responses. 
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Specified 
freq. range 

General 

(b^n-a) 

Symmetric 

{b-n-a) 

Structure 

Phase Splitter 

ALP with 
pure delay 

General ALP 

Phase Splitter 

ALP with 
pure delay 

General ALP 

Type 

PSl 

PS2 

ALPI 

ALP2 

ALP3 

GALPl 

GALP2 

PSl 

PS2 

ALPI 

ALP2 

ALP3 

GALPl 

GALP2 

# 

2m + l 

2m 

2-m + l 

2-m+3 

2-m + 2 

2-m + l 

2-m + 2 

2-m + l 

2-m 

4-m-l 

4-m + l 

A-m 

4-m + l 

2-m + 2 

Degree 

( # - 1 ) / 2 

N/2 

( # - 1 ) / 2 
A\ pure delay 

( # - 1 ) / 2 

N/2 
Ay pure delay 

( # - 1 ) / 2 

N/2 

( # - 1 ) / 2 

N/2 

( # - 1 ) / 2 

Aj pure delay 

( # - 1 ) / 2 

N/2 
A\ pure delay 

( # - 1 ) / 2 

N/2 

#2 

( # + 1 ) / 2 

N/2 

( # + 1 ) / 2 

( # + 1 ) / 2 

Ä2 pure delay 

N/2 

( # + 1)/2 

N/2 

( # + 1)/2 

N/2 

( # + 1)/2 

( # + 1)/2 

Â2 pure delay 

N/2 

( # + 1 ) / 2 

N/2 

Table 6.5: Design parameters for ITR allpass based and for LWDF 
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Specified phase responses 

( h e r e f o r O < a < ß < £ » < ^ ) ; 

021s =n/2 

ßlls=n/2 

ßMs=Nr(0-T 

ß AIs=Nx-OiT + Tt I2 

ßA\s=Ni-o)-T-nl2 

ßAIs=N2-(OT 

ßMs = (N/2)-(0-T 

ß AIs=(N H)-(O-T+ n 12 

ßA\s={NI2)-(0-T-nlA 

ßAls=(NI2)-(0-T + nl4 

ß AXs=(N-I)O)-T 12 

ßAls =ßA\s +n/2 

ßl\s = n/2 

ßl\s =n/2 
ß AU=N1-O)-T 

ßAls=Nv(o-T + n/2 

ßA\s=N2-(o-T-nl2 

ßAls=N2-co-T 

ß A\s=(N 12)-(0-T 

ßAls = (N/2)-(0-T + n/2 

ßAis=(N/2)-OJ-T-7t/4 

ßAis=(N/2)-(0-T + n/4 

ßAls =(N-D-(O-T/2 

ßAls =ßAls +n/2 

Group delay (3 ) 

NLP 

NLP 

TAI =(N-i)/2 

XA2-(N-l)/2 

T A 1 = ( # + l ) / 2 

TA2=(N+1)/2 

T AI=N 12 

T Al-N 12 

TAI-N/2 

X A2-N12 

X AI- (N - 1 ) / 2 

TA2-(N-\)I2 

NLP 

NLP 

T A 1 = ( # - l ) / 2 

T Al-(N-1)12 

XAi-(N +1) /2 

XA2=(N+1)12 

X Ai=N 12 

X Al-N 12 

X Ai-N 12 

X Al-N 12 

XAx-(N-\)l2 

XAI-(N-\)I2 

Nbofindep. 
parameters 

# 

# 

( # + 1 ) /2 

( # - 1 ) / 2 

N/2 

N 

N 

(N-\)I2 

N/2 

( # + 1 ) /4 

( # - 1 ) / 4 

N/2 

( # - 1 ) / 2 

N/2 

Complexity ( 4 ) 

N 

N 

( # + 1 ) / 2 

(N - 1 ) / 2 

N/2 

N 

N 

( # - 1 ) / 2 

N ( 5 ) 

( # + 1 ) / 4 

( # - 1 ) / 4 

N/2 

( # - 1 ) / 2 

# ( 5 ) 

based DHT midband structures ( # = # ] + # 2 ; m = 1,2,3,...). 

3 NLP : Non Linear Phase. 
4 Indicates Nb of non-zero filter coeffs. = Nb of multiplications I sampling period. 
5 Coefficients of Aj and A2 are interrelated. 
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For illustration purpose, Figures 6.7b-h display each the response of 
AP and LWDF based DHTs composed of exactly the same constituent 
allpass filters A1 and A^. 

Amplitude response 

of H2 and H2\ 

a 0.5 

0 0.2 0.4 0.6 0.8 1 
fi/JI 

Residual approximation 

error of H 2 and H2\ 

0.15 

-0.15 
IA/V 

0 0.2 0.4 0.6 0.8 1 

n/n 
F i g u r e 6.7a: M i d b a n d FIR T y p e m DHT: N = N2=10, N1 =N2/2 = 5. 

Phase / amplitude 
response 

Residual approximation 
error of H 21 

Group delay of Hi 

AP 

3 ca 
'A2 

1e-3 

KMI 
0 0.2 0.4 0.6 0 . 8 1 

fi/Tt 
0 0.2 0.4 0.6 0.8 1 

fi/it 
0.2 0.4 0.6 0.8 1 

fi/rt 

LWDF -10 

I 
I'll 

|H2 | 
/ 

ÎHÏÎ1 

Jl 
16-3 

32 0 

-18-3 KMI 
0 0.2 0.4 0.6 os 1 

fi /it 
0 0.2 0.4 0.6 0.8 1 

fi/it 
"0 0.2 0.4 0.6 0.8 1 

fi/it 

F i g u r e 6.7b: M i d b a n d P S l DHTs: N 1 = 4 , N2 = 5 , N = /V1 + N2 =9. 

Phase I amplitude 
response 

Residual approximation 

error of « 2 1 

Group delay of Hj 

AP 

f 

0 0.2 0.4 0.6 0.8 1 
fi /it 

-2e-3 
0 0.2 0.4 0.6 0.8 1 

fi/it 
0 0.2 0.4 0.6 0.8 1 

fi/it 

LWDF -10 

"-1 -5 \ 

« oL 

IH2I 

W^ 

_2e-3 

K_ 0 

-2e-3 
0 0.2 0.4 0.6 0.8 1 

n / i t 
0 0.2 0.4 0.6 0.8 1 

n / H 
0 0.2 0.4 0.6 0.8 1 

fi /it 

F i g u r e 6 . 7 c : M i d b a n d P S 2 D H T s : AT1 =N2 = 4 , N = N1 +N2 = 8. 
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Phase/amplitude 
response . 

Residual approximation 

error of H 21 

Residual phase 
error of H-t 

AP 0.1 

J. o 

0 0.2 0.4 0.6 0.8 1 
Clin 

V\A 
0 0.2 0.4 0.6 0.B 1 

a in 

0.1 

J 0 
CQ. 

-0.1 0 0.2 0.4 0.6 0.S 1 
Clin 

LWDF 0.1 

X 0 

0 0.2 0.4 0.6 0.B 1 
Ci/K 

-0.1 V\A 
0 0.2 0.4 0.6 0.8 

Ci/K 

-0.05 

i=l,2 

0 0.2 0.4 0.6 0.8 1 

n/jt 

Figure 6.7d: Midband ALPI DHTs: N1 = 3 , N2 = 4, N = N1 + N2 = 7. 

Phase / amplitude 
response 

Residual approximation 
error of H2 j 

Residual phase 
error of H (-

AP 

0 0.2 0.4 0.6 0.8 1 
fi/JI 

0.5 

-0.5 
0.2 0.4 0.6 0.8 1 

Clin 
0 0.2 0.4 0.6 0.8 

Ci IK 

LWDF 0.75 

SS 0 V\A 
0.25 

0 0.2 0.4 0.6 0.8 1 
CIlK 

0 0.2 0.4 0.6 0.8 1 
Clin 

"0 0.2 0.4 0.6 0.8 1 
Clin 

Figure6.7e:MidbandALP2DHTs: N1 =4, N2 =5, N = N1 + N2 =9. 

Phase I amplitude 
response 

Residual approximation 
error of H2\ 

Residual phase 
error of //,• 

AP 1.0 

0 0.2 0.4 0.6 0.8 1 
a in 

-1.0 
0 0.2 0.4 0.6 0.8 1 

Clin 

1.0 

ä 
J" 
CQ. 

-1.0 

\ i-1 
•>. N 

\ / 

, 
/ 

s*\ / 
i=2 " 

0 0.2 0.4 0.6 0.8 1 
Cl In 

LWDF 
S o 

-1.0 YXL 0 0.2 0.4 0.6 0.8 1 
Clin 

0 0.2 0.4 0.6 0.8 1 
Clin 

0.5 

CQ. 

-0.5 

,i-1,2 
V 

0 0.2 0.4 0.6 0.8 1 
Clin 

Figure6.7f:MidbandALP3DHTs: N1 = N2= 4, N = N1 + N2 ^S. 
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Phase / amplitude 
response 

Residual approximation 
error of H2\ 

Residual phase 
error of H ,• 

AP 

3 
ca 

0.3 

T 
« 

0.2 0.4 0.6 0.8 
n / j i 

-0.3 
0.2 0.4 0.6 0.8 

fi/jt 

0.2 

J" 
-0.2 

0 0.2 0.4 0.6 0.8 1 
fi/jt 

LWDF _ 0 . 3 

S^ 0 

-0.3 

0.1 

0.2 0.4 0.6 0.8 

a in 
0 0.2 0.4 0.6 0.8 1 

Q / j t 

-0.1 
AA/ 

0 0.2 0.4 0.6 0.8 1 
fi/JI 

Figure 6.7g: Midband GALPl DHTs: N1 =4, N2 =5, N = N1 + N2 =9. 

Phase/amplitude 
response 

Residual approximation 
error of H2\ 

Residual phase 
error of H1 

AP 

0 0.2 0.4 0.6 0.8 1 

fi/Jt 

0.1 

ca. 
I 0 

-0.1 

0.1 

ä 

0 0.2 0.4 0.6 0.8 1 
fi/Jt 

-0.1 
0 0.2 0.4 0.6 0.8 1 

fi/Jt 

LWDF __0.1 

BS 0 
I 

-0.1 
0 0.2 0.4 0.6 0.8 1 

fi/it 
0 0.2 0.4 0.6 0.8 1 

fi/Jt 

0.05 
W 

CQ. 

W 
CO. 

-0.05 
0 0.2 0.4 0.6 0.8 1 

fi/jt 

Figure 6.7h: Midband GALP2 DHTs: N1 =N2=4, N = JV1 +N2 = 8. 

PSl, PS2, ALPI, ALP2, and ALP3 allpass and LWDF based DHTs 
are designed by taking ß21 ^p(Q) = 2-/J4LWDF(ß) as objective func­
tion. GALPl and GALP2 allpass and LWDF based DHTs are in turn 
achieved by choosing /32]/ip(ß) = 2-ß/nwDF ( ß) a n ^ ßzLWDF(ß) a s 

objective functions, with assignment of two free filter coefficients to 
each function. 

Tables 6.7 and 6.8 ( the allpass coefficients d^ are specified following 
(2.3) ) provide the DHT parameters corresponding to Figures 6.7a-h, 
with the following performance measures : 

5 F 1 R = max ( l - | f l21 F!R\ ). (6.32) 
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S Api = m a x 
a ; OAP2 =

 m a x I ßAis - ßAi I » '=1 .2 ; (6.33) 
ß, i 

-^ - ß'l\ AP 

ÖLWDFl = max 1 - H2ILWDF ; (6.34) 

5LlVDF 2 = 0.5 11 - P 21 Z.WOF j ~ "îï" V ! ~ \H21 LlVDF j max i 
ß " ' ' ' ß 

(6.35) 

5LlVDF 3 = m a x ^X LVVDF5 _ ßx LWDF • (6.36) 
ß ' ' 

Although Figures 6.7a-h are corresponding to particular specifica­
tions (selected frequency range, b = n -a, equiripple approximation, 
etc.), i.e. the results should be interpreted cautiously before drawing 
general conclusions, certain tendencies become nevertheless appar­
ent. Hence, the following observations are made (midband DHTs) : 

• for applications tha t are insensitive to the phase of 7/j and H 2 
(cf Figures 6.2 and 6.3), it is confirmed that Phase Splitters P S l 
and PS2 of both allpass and LWDF kind clearly provide the 
most efficient solution in terms of selectivity, computational 
load (degree), and realization costs (PSl offering better savings 
than PS2 in the midband case); 

• for applications needing an ALP response, ALPI and GALP2 
allpass and LWDF structures are competitive candidates with 
respect to FIR Type III. I t is observed that LWDF ALPI and 
GALP2 perform better tha t FIR Type III regarding the tight­
ness of the #21 approximation, at cost of a non-exact phase of 
H\ and H^. 

• for LWDF DHTs, the tangent function in (6.29) is noticed to be 
asymmetric around ±nlA. An equiripple approximation of 
ßA LWDF d ° e s certainly result in an equiripple response of 
H21LWDF > D U t with an offset as can be seen from Figures 6.7b-
h. This effect should be taken into account during the approxi­
mation process [Meer84], using for instance : 

> //21LWDF a s objective function, instead of )34 LWDF ' 
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> or keeping ß^ mrDF as objective function, but replacing 
the specified value (6.30) with : 

ßA LWDFs (U) = («/ 4-7j).sign(ß), (6.37) 

so as to compensate for the offset observed in H 21LWDF • 
The parameter r\ is then iteratively estimated, e.g. 
applying the Fibonacci optimization method [Rao84]. 

Equation (6.35) gives an a priori estimation of the approxima­
tion ripple achieved for H21 LWDF

 a&er compensation of the 
offset induced by the tangent function. 

It is finally remarked that this offset vanishes for very small 
approximation ripples, and can be disregarded in case of very 
tight approximation of H 21 ideal • 

• for GALPl and GALP2 allpass based DHTs, it is adviced to 
select one of the phase responses jS ĵ or ß^2 a s objective func­
tion for the control of the ALP phase, instead of their sum. 

• midband PSl, ALPI, ALP2, and GALPl allpass and LWDF 
based DHTs are all featuring an anti-symmetric response of ß^ 
and ß^2 about Q=n/2. Consequently, //21 > a n d the phase of 
Hi, 1 = 1,2, are all anti-symmetric, whereas the group delay of 
Hi is symmetric about Q=nl2. 

DHT parameters 

W = W 2 

h0 = ~h\0 

h\ =—hg 

h2 = -Ag 

A3 = - A 7 

A4 = - A 6 

h5 

SFIR 

FIR Type HI 
10 

-1.075000171Oe-Ol 

0 

-1.8301341833e-01 

0 

-6.2638790942e-01 

0 

0.10186 

Table 6.7: Parameters of the midband FIR DHT displayed in Figure 6.7a. 
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• similar to FIR Type III configurations, midband PS2 and 
GALP2 allpass and LWDF based DHTs are in contrast charac­
terized by a symmetric response of H21 about Q=n 12. Moreo­
ver, LWDF DHTs are featuring anti-symmetric phase responses 
of HiLWDp-, ¢' = 1,2, and thus a symmetric group delay of 
HiLWDF about Q=nl2. These structures are identified as 
potentially attractive for certain applications. 

In summary, compared to FIR Type III configurations, PSl, PS2, 
ALPI et GALP2 allpass and LWDF DHT structures are considered as 
useful for concrete applications. In contrast, ALP2, ALP3, and proba­
bly also GALPl DHT structures should a priori be disregarded for 
practical use, in view of their weak selectivity. 

In any case, complementary work consisting in a systematic design of 
FIR, allpass, and LWDF DHTs should be performed over the avail­
able parameter ranges, so as to identify the application fields (i.e. 
specification areas) where each DHT structure is more competitive. 
Further degrees of freedom available for GALPl and GALP2 configu­
rations, given by (6.22) and (6.23), should also be investigated. 

6.5.2 Symmetric responses of midband PS2 and 
GALP2 LWDF DHTs 

As already stated, the constituent allpass filters of midband PS2 and 
GALP2 LWDF DHTs are verifying : 

A1(Z) = H ) S -A2 (-Z), with 1 = 0,1. (6.38) 

Hence, using equations (2.6) - (2.8), the phase responses of A\ and 
A2 are shown to be related by : 

ßAi(Q) = N -nil-ßA2(Jt - f l ) - | . « t (6.39) 

with N = N\ +N2, and where the minus sign in front of the factor 
%-n was chosen to comply with (6.18) and (6.19). Accordingly, the 
following expression is derived : 

2-ßALWDF(0) = ßA2(0)-ßAi(0) 

= ßA2(Q) + ßA2(7t-Q)-N-K/2 + Ç-TC. (6.40) 
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Equation (6.40) demonstrates that ß^ LWDF
 a n ^ thus H 21 LWDF 

are both featuring ä symmetric response about Q = ±n 12 for maxi­
mally flat or equiripple approximation, cf Figures 6.7c and 6.7h. 
Moreover, under the same conditions, the expression : 

2- ßz LwDF(0) = ßA2(Q)- ßA2(" -Q) + N -nn-i-n, (6.41) 

shows that the phase response of Hi LWDF > « = 1»2, is anti-symmetric 
about Q=±nl2, resulting in a symmetric group delay of HnWDF, 
which is of interest for GALP2 DHT structures, cf Figure 6.7h. 

PS2 and GALP2 LWDF DHTs are therefore felt as potentially attrac­
tive for applications requiring these symmetries. 

6.6 Performance measurement criteria 

The selection of appropriate and uniform performance measurement 
criteria is important : 

(i) to provide a basis for comparison of different structures; 

(ii) to decide upon design and approximation strategies; 

(iii) to verify the fulfillment of application specifications. 

In this report, we are concerned by assessing two kinds of responses : 
approximation of H 21 ideal » a n d linearity of the phase responses of 
Hi i = 1,2, when required. The last assessment is obvious from (6.10), 
(6.14), (6.16), and (6.28), and will not be further discussed. 

The tightness of the approximation of H 21 ideal c a n m turn be evalu­
ated through two criteria [Anso97a] : 

• Direct measurement of H 21 ; 

• Indirect measurement of H 2\ • 

6.6.1 First criterion : direct measurement of H21 

The direct measurement of H 21 can be done using the next formula : 

H2i[eji2)=[l-A(£2) ].e-/[(*/2>sign(ß)-e(ß) ] ( 6 4 2 ) 

where A(U) is an even function accounting for the amplitude 
approximation error of H21, whereas £(Q) is an odd function corre­
sponding to the phase approximation error. 
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Hence, the following formulas are derived for a < \ Q \ < b : 

FIRDHT: £ = 0, 8FIR =max |4 (ß) | 

= max| 1-1 /Z2I F//?| I (6.43) 

AllpassDHT: A = O, 8AP = max|£(fl) | 

= max I fol APs -ßl\Ap\ (6.44) 

LWDF DHT : £ = 0, SLWDF = max | A(U) \ 

= mr?\ l~\H^L'WDF\ I (6-45) 
where the quantity S is a measure of the maximum deviation of H 21 
from the specified (amplitude or phase) response. 

Clearly, FIR and LWDF type DHTs are providing corresponding re­
sults (approximation of the amplitude of H i\ ) and their performance 
is therefore immediately comparable. 

The difficulty stems from the fact that allpass based DHTs are fea­
turing a phase approximation of H 21, which is not directly commen­
surable with an amplitude approximation. In this case, a comparison 
between structures has to be performed application dependently, cf 
[Czar82]. 

Finally, selecting the direct measurement of //21 for assessing the 
quality of the DHTs affects the design strategy of LWDF DHTs, in 
the sense that the offset observed in H 21 LWDF induced by the tan­
gent function has to be compensated, cf Subsection 6.5.1. 

6.6.2 Second criterion : indirect measurement of H21 

The second criterion providing this time a uniform performance 
evaluation, consists in an indirect measurement of H 21. This is 
achieved by using the definition of analytic signals, featuring by 
construction a vanishing spectrum for non-positive frequencies. 

Hence, measuring the attenuation of Hy achieved for - b < Ü < -a, 
one obtains an indirect measure of the quality of the approximation 
of H 2i, cf (6.4) and (6.7), which is commensurable for all DHT 
structures. Accordingly, equations (6.13), (6.20), and (6.31) apply 
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directly after prior normalization by 2, 2, and 4Ï for FIR, allpass, 
and LWDF DHTs, respectively. 

For FIR DHTs, both criteria are leading to the same result, cf (6.13) 
and (6.43). 

Allpass and LWDF based DHTs are in turn observed to be directly 
comparable using the second performance measurement criterion, 
since Hy AP a n ( i ^Y LWDF a r e identical after normalization, 
according to (6.20) and (6.31). Consequently, LWDF DHTs designed 
using to the second criterion do not feature any offset of H2\ LWDF • 

Most important, the final choice of the measurement criterion should 
be dictated by the application. 

6.7 Approximation of DHTs 

Almost any approximation method available for FIR, allpass and 
LWDF filters can be used for the approximation of DHTs, where 
various optimality criteria (e.g. maximally flat, minimax, etc.) can be 
applied. However, specific approximation methods have also been 
developed for designing DHTs [Koll90]. 

For minimax/equiripple approximation of FIR DHTs, tables of filter 
coefficients can be found in [Herr69] (FIR Type III), and in [Rabi74] 
(FIR Type III + IV). On the other hand, explicit formulas to compute 
the coefficients of maximally flat midband FIR DHTs are provided in 
[LeBi96] (FIR Type III) and in [Dumi97] (FIR Type III + IV). A com­
plementary approach was recently developed by Hermanowicz at TU 
Gdansk / Poland [Dabr97] for the design of FIR DHTs with reduction 
of the Gibbs phenomenon. 

For allpass based DHTs, explicit formulas can be found in [Stef82b] 
for the design of minimax phase splitters (type PS2), whereas a table 
of strongly quantized allpass coefficients (Canonic Signed Digit fixed 
point representation) is given in [Dawe85], also for minimax-like 
approximation. 

Finally, it should be mentioned that Digital Hilbert Transformers 
can be systematically derived from half-band lowpass filters using 
transformation methods recalled below. 
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6.8 Transformation of half-band lowpass 
filters into midband DHTs 

It is known that applying an elementary frequency shift, a real half-
band lowpass filter can be transformed into a complex bandpass filter 
with passband centered around Q=n/2, from which a real midband 
Digital Hilbert Transformer can be derived [Crys68]. The filter 
degree remains unchanged. 

More precisely, let us consider a half-band lowpass filter HLP(z) fea­
turing a maximum attenuation ap in the passband \Q\<Qp, and a 
minimum attenuation as in the stopband Qs < \ Q \ < n, with 

up. Applying the transformation : 

HBP(z) = HLP(-j-z). (6.46) 

Qs=n 

the zeros and poles of the half-band lowpass filter Hip are merely 
rotated counterclockwise by 90 degrees. As a result, the passband of 
Hip is shifted onto the frequency range a<Q<b, with a = nl2-Qp, 
and b = n/2 + Qp> whereas the stopband of H^p is mapped onto 
-b<Q<-a. 

Clearly, the real half-band lowpass filter HLp is transformed into a 
complex bandpass filter HBP, whose passband is symmetrically cen­
tered around Q=n/2, i.e. b = (n-a), and with a stopband symmetri­
cally centered around Q = -n 12, cf Figure 6.8. 

Re(z) 

Im(z)' 

buy 

-bk 
b) ^ 

, 

) 1 , 

Jr-a 
Re(z) 

Figure 6.8: Mapping of the passband and stopband ranges : 
a) Original real half-band lowpass filter; b) Derived complex bandpass 
with symmetric passband and stopband. 

The amplitude response of HLP is preserved by H Bp, apart from the 
frequency shift of Q =nl2. Moreover, if HLP is a minimum phase 
function, H Bp will be as well [Henk97b]. 
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The function Hßp in (6.46) precisely corresponds to the transfer 
function Hy described in (6.7), except for a possible scale factor y : 

Hy(z) = Y-HBp(z) = Y-HLp(-j-z). (6.47) 

The real DHT H2x is then derived from HY = HX + j - H2 by straight­
forward identification of Hx and H2, and final evaluation of 
H2x=H2IHx. 

Finally, standard frequency transformation methods can be applied 
to the achieved midband DHT H2x to obtain an asymmetric fre­
quency response, i.e. b * (n - a). This can be done using allpass-type 
transformations for HR DHT networks [Cons70], or mappings similar 
to [Oppe76, Croc76] for FIR DHTs. 

6.8.1 T r a n s f o r m a t i o n o f h a l f - b a n d l o w p a s s F I R 
f i l t e r s 

This transformation is known from [Jack75]. An N th-order FIR Type 
I linear phase half-band lowpass filter, where N is an even degree, is 
given by [Oppe89]: 

HLP(z) = z 

with : 

-N 1 . hN, + S h(Nx-2v+\) •( z 2v- l + z - (2v- l ) 

v=l 

(6.48) 

N = 4-m-2, m = l,2,3,...; Nx=N/2, and A^1 = 1 . (6.49) 

All odd indexed coefficients of the filter - except the central one A^ -
are zero valued. HBp is then readily derived : 

H BP(Z) = J 
N, -N, 

1-u ; V ( 1\V u („2v- l -(2v-l) \ 
1 + 7 - 2 - ( - 1 ) -«(Ni-2v+l)-U - 2 ) V=I 

Defining the scaling factor as y = j Ni, Hy becomes 

Hy(Z) = Hx(Z)+ J-H2(Z)=J HBp (z) 

from which Hx and H2 are easily achieved : 

(6.50) 

(6.51) 

Ni H1(Z) = Z''^, (6.52a) 
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H2(z) = z-Ni • £ (-l)v •AtN.-av+l) •( z2v~l~z^2v-l) ). (6.52b) 
v=l 

Equations (6.52a,b) are complying with (6.10) and (6.11). This result 
confirms that a half-band FIR Type I lowpass filter is mapped onto a 
midrange FIR Type III DHT of same degree. 

6.8.2 Transformation of half-band lowpass LWDFs of 
symmetr ic type 

The transformation of minimum phase half-band lowpass HR filters 
(general structure) into allpass based Phase Splitters was mentioned 
in [Gold69]. This concerned IIR filters of odd / even degree, resulting 
in PSl and PS2 type allpass DHTs. 

The application of this transformation to map odd degreed half-band 
(or bireciprocal) lowpass LWDF filters into allpass DHTs was discus­
sed in [Dawe85, Ansa87, Rega88b], the LWDF configurations being of 
symmetric type, cf Chapter 3. References [Dawe85, Ansa87] concen­
trated on the derivation of PSl allpass based DHT structures. In con­
trast, the mapping rules provided in [Rega88b] were stated in a gen­
eral way for an odd-degree, and can thus also be applied to achieve 
ALPI, ALP2, and GALPl allpass based DHT networks, although this 
feature was not explicitly mentioned by the authors. 

The transformation method is recalled below for filter networks of 
degree N = 4-m + l, m = 1,2,3,... . The resulting allpass DHT structures 
are thus of PSl, ALP2, and GALPl type, cf Table 6.5. Only half of the 
PSl configurations are handled with these filter degrees. 

From (4.22) and (6.24), a half-band lowpass LWDF of symmetric type 
is specified by : 

HLP(z) = 0.5-[A1 (z) + A2(z) ]; N=N1+N2=4-m + \; (6.53) 

with A J ( Z ) = A 1 ( Z 2 ) , Nx=2-m; (6.54a) 

and A 2 (Z) = Z - 1 - A 2 ( Z 2 ) , N2=2-m + \. (6.54b) 

Hip can thus be reformulated as : 

#L/> (z) = 0.5-[A1 (z2 H z " 1 - A 2 ( z 2 ) ] , (6.55) 
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and the corresponding complex bandpass becomes : 

HBP(z) = HLP(-j-z) = 0.5-[Âl(-z
2) + j-z-1 -À2(-z

2)]. 

Selecting y = 2 in (6.47), H\ and H2 are found to be : 

H1 (z) = Ax(-z
2), H2{z) = z-ì-À2(-z

2). 

(6.56) 

(6.57) 

The result corroborates (6.14), demonstrating that MPl (odd degreed 
Minimum Phase), ALP2, and GALPl half-band lowpass LWDFs of 
symmetric type (degree N - 4 • m +1 ) can be mapped onto PSl, ALP2, 
and GALPl midband allpass based DHTs (same degree). 

Clearly, the development above proceeds similarly to map MPl and 
ALPI half-band lowpass LWDFs (this time of degree iV = 4-m- l ) 
onto PSl and ALPI midband allpass based DHTs, which concludes 
the demonstration for all considered allpass DHT configurations. 

It is further recalled that minimum phase half-band lowpass LWDFs 
are featuring purely imaginary poles [Poly72, Benn88, Vaid93], cf Fi­
gure 6.9a. Consequently, the derived complex minimum phase band­
pass filter HBp is exclusively composed of real poles, cf Figure 6.9b. 

Im(z)" 

Re(z) * Re(z) 

Figure 6.9: Pole and zero configurations : 
a) for an odd degreed minimum phase half-band lowpass LWDF; 
b) for the derived minimum phase complex bandpass. 

Optionally, the achieved midband allpass based DHTs can be mapped 
onto LWDF DHTs replacing the network of Figure 6.5 by the one of 
Figure 6.6. Depending on the application, the resulting filter coeffi­
cients should however be reoptimized due to the asymmetric respon­
se of the tangent function in (6.29). 
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6.8.3 Transformat ion of half-band lowpass LWDFs of 
ant imetr ic type 

In this subsection, it is shown that even degreed half-band lowpass 
LWDF filters of antimetric type can be transformed into midband 
allpass DHTs of same degree, and conversely. 

Real antimetric type lowpass LWDFs (even degree N) are realized 
with a single complex allpass of degree N12, cf Subsection 3.4.17 
[Meer83, Vaid87a]. After transformation, the resulting allpass based 
DHTs are real, and composed of two real allpasses. The resulting 
allpass DHTs are of PS2 and GALP2 type of degree N = 2 • m and 
N = 2 • m + 2, respectively, with m = 1,2,3,... , cf Table 6.5. 

The transfer function of antimetric type LWDFs is, cf (3.104a) : 

HLP (z) = 0.5 • [ A(z) + AjT) ]. (6.58) 

In the half-band (bireciprocal) case, A(z) of degree N^ is specified by 
(2.98a) with NQ = 0 , and exclusion of real pole configurations : 

A(Z) = X-J •NI2 

n 
M=I 

l+aß -z 

z+a,, 

»2 

n 
V=I 

2 \ 1 + dy -z + ey -z 

z +dy -z + ey 

with z = j-z; X = ±e±j'nl4, NA=ny+2-n2=N 12. 

(6.59a) 

(6.59b) 

The transformed functions A(-j-z) and A(-j-z) are then evaluated 

A(-j-z) = X-jN 12^A1(Z), 

A(-j-z)=X*-f ^ . (-1/1LA1 ( -z) ; 

"i 
A](Z)=II 

M=I z+a.. 

\ "2 

n 
V=I 

( 2 ^ 

l + dy -z + ey -z 

K z2+dv-z + ev t 

so as to achieve the symmetric bandpass (6.46) : 

HBP(z) = HLP(-j-z) = 0.5-[A(-j-z) + A(-j-z)] 

= 0.5-X-jN/2 •[ A1 (Z) + A-2 . (-I)" ' -A1 ( -z) ] 

Hence, selecting : 

(6.60a) 

(6.60b) 

(6.60c) 

(6.61) 

y = ! .*" 1 . / -" ' 2 , (6.62) 
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and observing that A 2 (-1)"1 =±j, one obtains from (6.47) : 

Hy (z) = Y-HBP(z) = [Al(z)±j-A^-Z)]. (6.63) 

Finally, the constituent functions H1 and H2 of the derived midband 
allpass DHT are found to be : 

H1(Z) = A1 (z), H2(z) = ±A1(-z). (6.64a,b) 

It is thus demonstrated that even degreed half-band lowpass LWDF 
filters of antimetric type can be transformed into midband allpass 
DHTs of same degree, and conversely. More specifically, minimum 
phase and GALP2 half-band lowpass LWDFs of antimetric type are 
mapped onto midband PS2 and GALP2 allpass DHTs. The corres­
ponding network degrees are N = 2• m and N = 2-m + 2, respectively, 
with m = 1,2,3,... . 

Similarly to symmetric LWDFs, minimum phase half-band lowpass 
LWDFs of antimetric type are characterized by purely imaginary 
poles [Meer83]. As a consequence, the derived bandpass HBP, as well 
as the constituent allpass functions H1 and H2 of the resulting PS2 
DHT, are all purely real. 

Again, the allpass based DHTs obtained after transformation can be 
further converted into LWDF DHTs, substituting the network of Fig­
ure 6.5 by the one provided in Figure 6.6. Depending on the targeted 
application, the filter coefficients of the so achieved LWDF DHTs 
should possibly be reoptimized due to the tangent function in (6.29). 

It is worth noticing here that the original lowpass LWDF of anti-
metric type is then mapped onto a symmetric type LWDF implemen­
ting the DHT, which is an interesting result. 

6.8.4 Synopsis 
A synopsis on the transformation from half-band lowpass filters to 
corresponding midband DHT networks, and vice-versa, is given in 
Table 6.9. 
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Ĥt • - ^ 

, , r -

( S ^ 
o a 
3 3 
" 5 2 , 

, , 
£ 
O 

3 

P 1—1 

IU 
o\ O 
(/5 

3 

, , 
1« 
Os 
O 
Vl 

3 

FU
te

r 
de

gr
ee

 (
6 )

 

(S 

e 

O
dd

 
N

 

•o 

S 
•a 

O E
ve

n 
A

' 

:¾; 
•a 

S E
ve

n 
N

 

1 
Af 

PPO
 O

dd
 

N
 N

 
PPO

 E
ve

n 
N

 
O

dd
 

AT
 

E
ve

n 
A

f 

a 
Si 

Q 

€ 

a 

co 

S 

CO 

« 

t 

I 
i 

O O 0 0 0 0 0 0 0 0 0 0 0 

fe' 



Digital Hilbert Transformers 235 

6.9 Conclusion 

This chapter was devoted to studying Digital Hilbert Transformers 
along topics that will be summarized in the list of contributions. 

There is one issue that is important to notice. When the frequency 
response Hy (z) of DHTs - cf (6.7) and Figure 6.3 - is featuring a 
stopband that is not covering the entire frequency range -n < Q < 0, 
as it is the case for the DHT configurations discussed in this chapter, 
one has to take care that the input signal X(z) is devoid of any 
spectral energy at frequencies that are not filtered out by Hy (z)-
Otherwise, the DHT is leaking, since its output signal Y(z) possesses 
spectral contents at non-positive frequencies, condition (6.1b) being 
in particular violated, and the analyticity of the signal Y(z) is then 
consequently affected. 

In case the input signal X(z) is not naturally complying with all 
operational conditions, two solutions are possible. The first one 
consists in preconditioning X (z) with a real filter preceding the DHT 
and rejecting the injuring spectral contents (e.g. notch filter centered 
at Q = 0, and at Q = ±n according to the DHT used). 

The second possibility consists in designing a complex DHT with 
Hy (z) featuring a stopband extending to -it <£2 <0 as proposed in 
[Reil94] for FIR implementations. For allpass-based and lattice 
WDF-based DHT structures we propose the next alternatives : 

i) Design a slightly warped bireciprocal lattice-type WDF lowpass 
filter with /3dB < / i / 4 , cf Section 5.3, followed by the trans­
formation (6.46); 

ii) Apply a transformation from half-band lowpass filter to a 
midband DHT, followed by a complex first-order allpass-based 
frequency transformation; 

iii) Directly design a complex DHT embedding all functionalities. 
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Contributions 
To the best knowledge of the author, the next contributions of the 
chapter are considered as original : 

> C6-I: Systematic study of causal Digital Hilbert Transformers, 
related properties, frequency responses, and implementation 
structures, results of particular interest being : 

• C6-I/1: Classification of major categories of DHT structures as 
discussed in Section 6.3, where the amplitude and phase 
responses of Ü2\(z), but also those of the constitutive filters 
Hi(z), ' = 1,2, are distinguished, providing a synopsis in Table 
6.1. 

• C6-I/2: Determination of design parameters for general and 
symmetric FIR DHTs, as well as for general and midband 
allpass-based and lattice WDF-based DHT structures, as 
indicated in Tables 6.4 and 6.5, thoroughly comparing their 
features, and illustrating all cases with examples in the series 
of Figures 6.7. 

• C6-I/3: Following Subsection 6.5.2, identification of an HR 
network featuring an Almost Linear Phase response together 
with symmetric group delay and symmetric approximation of 
the Hilbert response around a quarter of the sampling 
frequency (actually the GALP2 lattice WDF DHT structure). 

• C6-I/4: Comparison of two DHT performance measurement 
criteria relying on different sets of error measures (cf Section 
6.6), the selection between them being done according to the 
application. 

> C6-II: Review of a known transformation method to convert low-
pass/highpass half-band filter pairs into midband DHTs (Section 
6.8), providing a synoptic view in Table 6.9. Moreover, even-
degreed half-band lattice WDFs of antimetric type were observed 
to be transformed into symmetric lattice WDF DHTs, a feature 
that was not cited before. Also, prior examples involving even-
degreed symmetric lattice WDF DHTs were not found in the 
literature. 
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Further potential research 
Potential further research is proposed for the subjects listed below : 

> Systematic design of FIR, allpass, and LWDF DHTs over the 
available parameter ranges, in order to identify specification areas 
and related application fields each of the DHT structures is best 
suiting to. 

> In the scope of analytic signal filtering problems, study of the joint 
approximation of the DHT and succeeding real filter, including 
analysis of the improvements. 

> As an extension of the covered subject, study of differential DHTs 
and differentiation operators, establishing a list of implementa­
tion structures and comparing their performance, considering in 
particular WDF-based solutions. 

> Others. 
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Eigenfilter Approximation of 
Allpass Filters and Lattice-Type 
WDFs 

7.1 Introduction 

The eigenfilter approach was introduced by Vaidyanathan and 
Nguyen [Vaid87b] as an alternative weighted least-squares discrete-
time filter approximation method. In this design method, the 
objective function is expressed in a quadratic form, and the filter 
coefficients are obtained as an eigenvector of a particular real, sym­
metric and positive-definite matrix Q. 

Compared to certain other approximation techniques, the eigenfilter 
approach features a simple and flexible formulation, supporting fre­
quency-domain, time-domain, or mixed time/frequency-domain speci­
fications [Vaid87b, Pei94a]. In addition, it can be adapted to various 
filter classes/structures, and does not request an initial guess of the 
solution. 

The eigenfilter technique was first applied to linear-phase FIR filters 
[Vaid87b], with a later generalization for arbitrary amplitude / phase 
response FIR filters [Nguy93]. Further applications concern the de­
sign of mono- and two-dimensional HR filters [Pei94a, Chen96]. More 
recently, the method was specialized for real [Nguy94] or complex 
[Pei94b] allpass filters, where the allpass functions can be applied 
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either to phase-equalization problems, or to designing HR lattice 
filters composed of elementary allpass networks [Nguy94, Pei94b, 
Fett74a, Fett81a, Vaid87a]. 

This chapter addresses the design of complex and real allpass eigen-
filters, including the design of Lattice-type Wave Digital Filters, the 
major contribution concerning the derivation of the general form of 
the eigenfilter matrix Q. The internal structure of this matrix is 
revealed, leading to a substantial improvement of the computational 
implementation of the eigenfilter approximation technique. The basic 
results were formerly published in [Anso95]. 

The remainder of the chapter is organized as follows. Section 7.2 
provides the matrix formulation of the allpass design problem. In 
Section 7.3, the connection between the weighted least squares and 
the eigenfilter approximation methods are recalled, including defini­
tion of the eigenfilter matrix Q, and discussion of related properties. 
The internal structure of the Q matrix is then identified in Section 
7.4, from which a complexity measure of the eigenfilter design 
method is established. The corresponding design algorithm is then 
presented in Section 7.5, and illustrated by two examples provided in 
Section 7.6, before drawing the conclusions in Section 7.7. 

7.2 Matrix formulation of the allpass design 
problem 

The transfer function (2.3a,b) of an Nth-order complex allpass is 
recalled 1 : 

z j y - g ( 2 ) = ^ - I v U ^ ^ ~ V ynthdN*0 (7.1a,b) 

The phase response ßA(Q) of the allpass is then specified by : 

0 A ( ß ) = -Arg{ A(eJ°)} = -[NQ+2ßD(Q)l (7.2) 

The definition of A(z) and the sign of the phase response ßA ( ß ) are differing 
from those used in [Anso95]. 
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ßl) ( ß ) = -arctan 

with coefficients : 

X V=Q dRv • sin(vfi ) + dIv • COs(VQ ) 

Z£lo dRv -COS(VU)-dlv sin(vß) 
(7.3) 

dv = dßV + j • djv. (7.4) 

Referring to Table 2.1, it is observed that the allpass defined in (7.1) 
- (7.4) counts (2-N+2) real parameters dRv and djv, for v-0,...,N, 
i.e. one more than the canonic number of free parameters of an N-th 
order complex allpass. This redundancy will be later alleviated by 
introducing a constraint into the approximation process. 

7.2.1 Ideal filter re sponse 

Ideally, the allpass is assumed to match the specified phase response 
ßAs (ß) exactly. In this case, one achieves from (7.2) - (7.3) 2 : 

ßDs(n) = -0.5[NQ + ßAs(Q)], (7.5) 

tan(ft,, W ) = /n , m v cos(PDs (Q)) 

_ -Z^Lo dRv • sin(vß ) + dlv • cos(vß ) (7.6) 

ü£Lo dRv • cos(vß ) - dlv • sin(vß ) 

After cross-multiplication and further trigonometric simplifications, 
the last expression can be rewritten as : 

Yy=o dRv -sWßDs +vß) + S jL 0 dIv .«»(/Sfl, +VU) = O, (7.7) 

where the equivalence between (7.6) and (7.7) is discussed e.g. in 
[Lang93], pp. 23-25. Introducing the vector notation : 

I d = idRO dR\ 
[C(Q) = [CR0 cm 

lcRv = sin(ßDs+vQ) 
\cIv =cos(ßDs+vQ) 

dRN I dI0 dl\ 
CRN I c /0 cn 

with v =.0,1,.. 

... d1N ] 

... C1N ] 

.,N; 

(7.8) 

(7.9) 

2 Specified quantities are denoted by suffix "s". 
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[.]Tdenoting transposition, leads to the equivalent inner product 
form [Pei94b] : 

d7 C(Q)=O. (7.10) 

Clearly, for real allpass filters djv =0, Vv, and the cjv terms are 
simply dropped. 

7.2.2 Actual fi lter re sponse 

In practice, the actual phase response will hardly match the desired 
response identically, and the left hand-sided term in (7.10) will be 
affected by the error function [Pei94b] : 

e(Q) = d7 -C(Q). (7.11) 

Comparing (7.11), (7.7), and (7.5), it is recognised that the error 
function e(Q) is non-linearly related to the phase response error. 

7.3 WLS approximation of complex allpass 
eigenfilters 

The Weighted Least-Squares (WLS) approximation of the complex 
allpass A(z) corresponds to the following unconstrained optimization 
problem : 

minimize EWLS = [ W (Q) • e(Q)2 - dQ (7.12) 

where r denotes the frequency region of interest, and W(Q) is a 
non-negative weighting function. Using (7.11), EWL$

 c a n be restated : 

EWLS=lr W(Q)-[dT -c]2-dQ 

Q)C-C7 dQ d=d7 Qd (7.13) 

with the specific Q matrix : 

O = J W(Q)-C-C7 dQ. (7.14) 

-<T{1 
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One deduces from the WLS formulation that Q is a real, symmetric, 
and definite-positive matrix [Vaid87b]. As such, all eigenvalues of Q 
are real and strictly positive [Cull72]. Introducing the constraint 
dT d = 1, so as to reduce the parameters to the canonical number of 
free parameters, and to avoid any trivial solution [Vaid87b], (7.12) 
can be replaced by the constrained optimization problem : 

minimize EWLS = f W(Q)-e(Q)2 dQ 

subject to dT d = l 

which is equivalent to the next formulation using the Lagrange 
multiplier optimization method [Rao84] : 

UQ-X.l).d=0 ( 7 1 6 ) 

\dT-d = l, 

where 1 denotes the N x N unit-matrix, and 0 the N x I zero 
column-vector. Hence, the solution vector d to the WLS approxima­
tion problem is simply an eigenvector of Q. According to Rayleigh's 
principle, this eigenvector corresponds to the minimum eigenvalue of 
Q [Vaid87b, Pei94a, Nguy93, Nguy94, Pei94b] and can easily be 
processed using the iterative power method [Vaid87b, Golu89]. 

It should be noticed that there are no direct means to enforce the 
stability of the designed allpass filters. Instead, the stability is 
indirectly controlled by the specified phase response ßAs (Q). Stabili­
ty should thus be checked after design. 

7.4 Internal structure of the eigenfilter 
matrix 

The eigenfilter matrix Q is featuring several symmetries which are 
best identified rewriting C(Q) as : 

C(Q) = 
CR(Q)~] \CR(£2) = [cR0 cRi ... cRN] 
C1(Q) 

(7.17) 
C1 (Q) =[c / 0 Q1 ... cIN ]T 

from which one derives : 



244 Chapter 7 

C CT = •[<* I c f ] 
CK C Ä 

C, -Ci 

CR -C1 

C1 C 
(7.18) 

Inserting the last expression into (7.14) lets the internal structure of 
the Q matrix become apparent : 

Q = jrW(Q) 
CR CR 

C1 CR 

CR C1 

C1 -C] 
•dQ = 

'QRR 

QlR 

QRI~ 

Qn 

with, cf (7.18): QlR=Q1R,-

(7.19) 

(7.20) 

Each of the sub-matrices QRR, QRJ , QJR , and Qn can in turn be 
decomposed into Toeplitz- and Hankel-form matrices, leading to a 
highly regular problem formulation. For that purpose, let us consider 
an entry of QRR : 

QRR(ß,V)= j r W(Q)-CR^CRy dÜ 

with jU,v = 0,l,...,N, and: 

CRfi CRv =sm(ßDs + / ^ ) s i n ( 0 D j +vß) 

= 0.5{cos[(p-v)Q]-cos[2ßDs+(ß+v)£2]} 

Introducing matrices P\ and P2 with elements : 

P!(/i,v) = ( A i - v ) ß ; P2(/i,v) = 2/3D,+(Ai+v)-ß, 

it is possible to rewrite (7.21) in matrix form : 

QRR =0.5- J W(Q)-[cos(Pi )-cos(P2 )]-dQ . 

(7.21) 

(7.22) 

(7.23) 

(7.24) 

Equations (7.23) show that P\ is a skew-symmetric Toeplitz matrix, 
whereas P2 corresponds to a Hankel matrix, as can be readily veri­
fied for N = 3 : 

P1 = 

'0 
1 
2 

3 

-1 
0 
1 
2 

- 2 
-1 

0 
1 

" 3 I 
- 2 
-1 

0 

Q ; P2=2ßDs + 

'0 1 2 3^ 
1 2 3 4 
2 3 4 5 
3 4 5 6 

Q. (7.25) 
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Considering the configuration of matrices P1 and P2 together with 
the even symmetry cos(±x) = cos(*), it is observed that QRR can be 
decomposed into two constituent matrices ßci a n d Qa according to 
(7.26) and (7.27), where QQ\ is shown to feature a Toeplitz symme­
try, whereas Qci *s characterized by a Hankel form symmetry. 

[QRR=QC\-QC2 . [Qm= Qsi+Qsi ( 7 2 6 ) 

[QII=QC\+QC2 ' [QIR=-QSI+QS2 

Hence, g c l and Qc2 are composed of only (N + 1) and (2JV + 1) dif­
ferent entries, respectively. The remaining entries of Qc\ and Qc2 
are then structurally determined. 

Proceeding similarly for Qn, QRI, and QjR , the remaining expres­
sions in (7.26) and (7.27) are achieved. It is observed that Qn is de­
termined by the same constituent matrices Qc\ and ßc2 than QRR . 

Qc\ = 0.5 • f W ( ß ) • COs(P1 ) • du ; [Symmetric Toeplitz ] 

QC2 =0.5 \ W(Q)-COs(F2 )• du ; [Hankel] 

051=0.5-( W(^)-SUi(P1 )dü; [Skew-symmetric Toeplitz] 

Q82 = 0.5 • ( W(U) • sin(P2 )• dû ; [Hankel]. 
"T 

QRj and Qm require the computation of Q$\ and 652» which are 
counting TV and (27V+1) different entries, respectively. The entries 
of the main diagonal of Q$\ are identical to zero and should not be 
explicitly calculated. Moreover, only one of the matrices Qm and Qm 
has to be processed, since they are interrelated by (7.20). 

Finally, the evaluation of the Q matrix of an TV -th order complex 
allpass filter requires the computation of (6/V + 3) different entries in 
(7.27). For real allpass filters, this figure reduces to (3/V + 2) entries, 
since only QRR has to be processed 3. Further simplifications may 
occur in case of filter configuration symmetries, e.g. for the design of 
half-band filters. 

3 The provided complexity figures were updated with respect to [Anso95]. 
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7.5 Design algorithm 

The straight implementation of the eigenfilter design method results 
in the following algorithm : 

Procedure {Elementary design algorithm for complex allpass eigenfiler} 

Begin 

Stepl: {Initialization} 
Read allpass degree N, the specified frequency region of 
interest r, the specified phase response ßAs, and the non-
negative weighting function W(Q). 

Step 2: { Execution of elementary eigenfilter design procedure } 
Compute the eigenfilter Q matrix according to (7.26) and 
(7.27), and get the allpass filter coefficients. 

Step 3: { Final verification } 
Verify achieved phase response and approximation error; 
Check the filter stability explicitly. 

End. 

The computation of the integrals occurring in (7.27) can be neatly 
implemented using Simpson's formula [Spie68, Abra70], which as­
sumes an odd number of equally spaced samples for each integration 
interval. 

Two strategies can be followed for the practical computation of the 
integrals in (7.27). The first one consists in performing the integra­
tion over the whole frequency domain, resulting in a single integra­
tion interval, with a typical number of samples situated between 201 
and 501 according to the required frequency resolution. Frequency 
ranges that are not significant to the filter approximation (don't care 
bands) are then discriminated assigning a zero value to the weigh­
ting function W(U) at the corresponding frequencies. Conversely, 
strictly positive values are assigned to W(U) for all significant fre­
quency ranges, where it is noticed that the distribution of the appro­
ximation error can be steared by adjusting the value of W(U). 

A second strategy for computing the integrals in (7.27) consists in 
performing integrations over separate intervals, where the frequency 
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resolution (i.e. number of samples) is selected for each interval accor­
ding to the expected filter selectivity, and to the requested control of 
the approximation error. 

Clearly, the relation between the specified phase response ßAs, the 
weighting function, and the resulting phase approximation error, is 
not easily predictable, so that it is barely possible to determine 
beforehand the appropriate weighting function so as to achieve a cer­
tain distribution (read: control) of the phase approximation error. 

It is therefore necessary to embed the eigenfilter approximation 
method into an iterative optimization scheme, where the weighting 
function is updated according to the actual phase approximation 
error, as it is presented below for a quasi-equiripple design. 

Procedure { Design algorithm for quasi-equiripple allpass eigenfiler} 

Begin 

Step 1 : {Initialization } 
Read allpass degree N, the specified frequency region of 
interest r, the specified phase response ßAs, and the non-
negative weighting function W(ß). 

Step 2: {Iterated execution of elementary eigenfilter design proc.} 

While quasi-equiripple phase response is not met : 

Compute the eigenfilter Q matrix according to (7.26) 
and (7.27), and get the allpass filter coefficients. 

Determine the envelope of the phase approximation 
error as given in [Nguy94]. 

Update the weighting function accordingly. 

EndWhile; 

Step 3: { Final verification } 
Verify achieved phase response and approximation error; 
Check the stability explicitly. 

End. 

The weighting function can be appropriately updated using the enve­
lope (i.e. the curve connecting local maxima) of the phase approxima-
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tion error, as described in [Nguy94]. The approximation process is 
then terminated after convergence, which may be detected using 
different criteria, for instance by measuring the variation of the 
achieved allpass coefficients. In this case, when the variation of the 
allpass coefficients obtained after two consecutive iterations is 
getting below a threshold, the approximation process is terminated. 
Detailed implementation informations can be found, e.g. in [Nguy94]. 

7.6 Examples 

7.6.1 Example of phase equal izat ion 

The first application example concerns the phase equalization of a 
complex filter H(z) featuring an amplitude selectivity as shown in 
Figure 7.1, and affected by a noticeable phase distortion in the pass-
band. H(z) corresponds to a frequency-shifted sixth-order Chebyshev 
filter with passband Q e [-0.07 -K, 0.37 n\, and a passband ampli­
tude ripple of 1 dB. 

Hence, a complex allpass filter A(z) is designed in cascade with H(z) 
to achieve the following responses : 

G(Z) = H(Z)-A(Z); ßG(Q) = ßH(ü) + ßA(ü) (7.28) 

where the overall phase response is assumed to be almost linear in 
the passband : 

ßG(Q)~T0Q+&0. (7.29) 

The target group delay TQ and phase shift ©o are not known before­
hand but can be iteratively estimated, where TQ should be kept as 
low as possible, while ensuring the stability of the allpass filter. One 
technique to achieve this objective consists in applying (multivariate) 
Fibonacci sequences [Rao84] to TQ and ©Q in order to approach the 
optimal value in a predefined number of steps. For each selected 
value of these parameters, one performs the eigenfilter design algo­
rithm to approximate the allpass filter. 
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Figure 7.1: Example of quasi-equiripple phase equalization: 
a) Upper left: Amplitude resp. of complex filter to be compensated; 
b) Upper right: Phase responses 4; 
c) Lower left: Corresponding group delay; 
d) Lower right: Phase approximation error. 

7.6.2 Example of lattice WDF design 
The second example concerns the design of a real Almost Linear 
Phase (ALP) bandpass lattice WDF of symmetric type: 

H(z) = 0.5 -[Ai (Z) -A2 (Z)], N = Nt+N2 (7.30) 

and A1(Z) = Z - ^ i . (7.31) 

Clearly, the allpass A2U) is requested to approximate the specified 
phase response ßA2s(z) = Nl & within the first stopband, ßA2s(z) = 
Ni-ü+n in the passband, and ßA2s(z) = N\ - ß + 2;r in the upper 

4 The phase responses are represented in Figures 7.1 and 7.2 with reverse sign 
compared to the definition in (2.6). 
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stopband, from which it is understood that N2=Ni+2 is verified to 
achieve best selectivity. 

For the considered example, the filter orders N^ = 28, N2 = 30, i.e. 
N = 58, were selected. The passband is defined for ß e[0.2TT, OAn], 
and the stopbands for Q e [O, 0. 15TT ]U [0.45TT , n ]. 

The resulting amplitude response of H(z), and phase response of 
A(z) defined as : 

A(Z) = A2(Z) /A1U) (7.32) 

are shown in Figure 7.2. As expected, ß^(i2) features a staircase-
shaped response with phase steps of n, as required by the specifica­
tions for discrimination between passband and stopbands. 
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Figure 7.2: Example of real ALP bandpass LWDF filter design: 
a) Uper left: Amplitude response of achieved ALP bandpass; 
b) Upper right: Phase response 4 of allpass A; 
c) Lower left: Corresponding group delay; 
d) Lower right: Phase approximation error. 
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7.7 Conclusion 

This chapter was devoted to analyzing basic properties featured by 
eigenfilter approximation methods adapted to the design of allpass 
functions and lattice-type WDFs following [Nguy94, Pei94b]. 

As a particular case of weighted least-squares approximation techni­
ques, the eigenfilter approach relies on a real, symmetric, and 
definite-positive matrix Q whose internal structure is revealed in the 
chapter, so that the precise number of independent entries of Q is 
identified. Moreover, the coefficients of the approximated allpass are 
merely provided by the eigenvector of Q corresponding to the 
minimum eigenvalue of Q. 

The eigenfilter approach offers the advantage that the approximation 
problem formulation is simple, and supports frequency-based, time-
based, and mixed frequency/time-domain specifications. 

Conversely, as a particular weighted least-squares technique, the 
eigenfilter approach is only controlling the general shape of the 
approximated response, without guaranteed precise fulfillment of im­
portant features such as stability, and prescribed transmission zeros 
and/or minimum loss passband frequencies for lattice-type WDFs. 

After publication of [Anso95], the attention of the author was drawn 
to the fact that eigenfilter approaches - due to their essentially 
matrix oriented processing - require substantially more computa­
tional operations than certain other methods [Henk95]. This is 
particularly the case compared to interpolation techniques relying on 
compact recurrence formulae, either for allpass and HR filters 
[Henk81a, Henk80a, Föld91], or FIR filters [Leeb89], which in 
addition offer a precise control of stability (IIR case) and prescribed 
operational points. Regarding mixed time-frequency approximation 
problems, the author was informed about a technique supporting the 
transposition of mixed time-frequency specifications into the sole 
frequency domain [Henk95, Henk80b]. 

From the practical point of view, the allpass eigenfilter approxima­
tion method proved to be reliable for phase equalization problems 
and Almost Linear Phase filter design. However, the design of 
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(minimum-phase) amplitude-approximated lattice-type WDF filters 
showed to be sensitive to convergence problems, leading to periodic 
variations of the filter coefficient configurations during the iterative 
approximation process. Further efforts should thus be deserved to 
this issue to achieve robust and general purpose eigenfilter methods. 

Still, it is believed that the eigenfilter technique, viewed as a general 
purpose optimization tool, does provide an interesting framework for 
quick design of (suboptimal) filters, requiring a moderate develop­
ment effort only, and limited circuit theory background knowledge. 

Contributions 

The contribution of the chapter considered as original to the best 
knowledge of the author is : 

> C7-I: Identification and formulation of the internal symmetries 
characterizing the eigenfilter matrix Q for complex and real 
allpass functions, leading to computational load reductions during 
the execution of allpass eigenfilter-based approximations. 

Further potential research 

The next subjects are proposed for potential further research: 

> The prioritary topic needing further research concerns robustness 
improvement of the eigenfilter approximation technique applied to 
allpass functions and lattice-type WDFs, enhancing in particular 
the stability and convergence of the approximation algorithm for 
enlarged classes of filter responses. 

> A secondary subject is given by the reformulation of the eigenfilter 
matrix Q in Section 7.4 for allpass filters featuring specific 
symmetries, including allpass networks with purely even phase 
response, half-band symmetric allpass functions, etc.. 

> Others. 
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Conclusion 

8.1 Summary and contributions 

This work aimed at studying (complex and real) allpass networks 
and Wave Digital Filters, emphasizing lattice-type structures for the 
latter, in view of designing robust filters fulfilling general purpose or 
specific requirements in numerous signal processing application 
fields, including telecommunications, consumer electronics, multi­
media, télésurveillance, bio-medical applications, instrumentation, 
microsystems design, and many further domains of interest. 

The objectives were threefold, namely i) studying the fundamentals 
of allpass networks and WDFs, as covered in Chapters 2 and 3; 
ii) studying particular filter subclasses, i.e. (multirate) half-band 
WDFs and Digital Hilbert Transforms, as treated in Chapters 4 and 
6; and iii) discussing selected filter approximation methods handled 
in Chapters 5 and 7. 

Whenever possible, the subjects were processed methodologically, 
performing classifications when appropriate, so as to establish clear 
links - or to emphasize differences - between topics already known 
from publications, and to identify other topics that were not yet 
covered in the literature (cf e.g. Table 3.5). Additionally, the meth­
odological approach helps in generalizing results to potentially 
identify new fundamental properties, from which various specific 
filter configurations can be generated (cf e.g. equation (5.60), leading 
to contributions C5-IV and C5-V). 
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Many properties were achieved by analyzing different kinds of ele­
mentary filter response symmetries, as it was for instance the case in 
Chapter 2 when decomposing complex allpass functions according to 
their even/odd phase response constituents. These response symme­
tries can most often be directly linked to specific filter configurations, 
or to particular sets of filter coefficients, as illustrated in Chapter 2 
by the example of half-band symmetric allpass functions, or in 
Chapters 4 and 5 by (warped) bireciprocal WDFs, etc.. 

Clearly, this link between filter response symmetries and filter con­
figurations/coefficients can be exploited in filter design procedures, 
especially by adapting (infinite or finite precision) filter approxima­
tion methods, so as to generate filter configurations that are 
structurally (and thus exactly) featuring the desired response sym­
metries, even when the filter coefficients are coarsely approximated, 
e.g. in view of minimizing the computational load, and/or the imple­
mentation costs, and/or the power consumption. 

Further detailed discussions and conclusions on the work done are 
provided at the end of each chapter. 

Contributions 

A set of 20 claimed original contributions was established along the 
report, certain of these claims being further subdivided into partial 
claims. These contributions are fully described in the conclusions of 
the corresponding chapters, including the Appendix. 

8.2 Perspectives 

Many aspects related to the studied domain remain open to further 
research of either theoretical or practical nature, specific subjects of 
research being listed at the end of the chapters. 

Important extension possibilities are given by the study of: i) non-
reciprocal and general reciprocal WDFs; ii) multirate signal analysis/ 
synthesis filter pairs and filterbanks operating at fractional ratios of 
sampling frequencies; iii) dedicated approximation methods for 
allpass filters and WDFs, including for non-prototype amplitude and 
mixed amplitude/phase responses, and valid for both infinite and 
finite precision filter coefficients; iv) application examples; v) others. 



Appendix 
Terminology and Mathematical 
Background 

A.1 Introduction 

This appendix provides the elementary terminology, definitions, and 
mathematical background referred to in the report. 

The chapter is structured as follows. Section A.2 is first recalling 
various properties of real and complex functions. Section A.3 is next 
specifying the frequency domains considered in the report. Sections 
A.4 and A.5 are then defining the frequency responses in the so-
called yr- domain and z - domain, respectively. The bilinear trans­
form of rational and polynomial functions are discussed in Sections 
A.6 and A.7, followed by the definition of several fundamental prop­
erties verified by single filter functions, or by sets of filter functions, 
which are described in Section A.8. Short conclusions are finally 
drawn in Section A.9. 

A.2 Real and complex functions 

The mathematical quantities (constants, variables, and functions) 
discussed in the report all belong to the natural integer, signed 
integer, real, and complex number systems (N, Z, M, C). 
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To improve readability, scalar quantities are represented with plain­
text symbols, e.g. Function(*), whereas vectors and matrices are 
denoted by bold-faced symbols, e.g. FunctionMatrix(jc). 

A.2.1 Real funct ions 

A function /(V) is defined as a real function when it is real-valued 
for a real argument \jf, i.e. f(y/)eM forifreM. 

A.2.2 Complex funct ions 

A function /(V) is specified as a complex function when it is 
complex-valued even if the argument v is restricted to the real 
domain. The following decomposition can be applied : 

Z(V) = Zjta(V) + ;-Z/B(V), with J = J=I (Al) 

V =1 + ./-0. with £ , 0 e # (A.2) 

where fna (v) and fja (v) are real functions. / / j a and fja are speci­
fied as the real analytic and imaginary analytic parts of / ( v ) -

A.2.3 Analyt ic funct ions 

Let /(V) be a complex function in some region SR of the y--alane, 
and let the derivative of /(V) be defined as : 

/ W = Hm Z(V + ̂ V)-Z(V)> 

4 y -> O ^ V 

provided that the limit exists independent of the manner in which 
A v ->0. If the derivative / ( v ) exists at all points v of the region SR, 
then / (V) is said to be analytic ! in SR and is referred to as an 
analytic function in SR. Reformulating /(V) as : 

Z(V) = ZjJ0 (I.*) +J-Z/a^.0) , 

a necessary condition for /(V) to be analytic in SR is that ffca and 
f/a satisfy the Cauchy-Riemann equations in SR : 

aZjto(g.0) = 3Z/«(g.0) 3Z«a(g.0) = -gZ/q(g.0) 
3£ 30 ' 3 ^ 9 | ' 

The terms regular and holomorphic are used as synonyms for analytic. 
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The Cauchy-Riemann equations become in addition a sufficient con­
dition for / (V) to bë analytic in SR in case the former partial 
derivatives are continuous in SR [Spie74, Lavr77]. 

A point Vo at which / ( v ) fails to be analytic is called a singular 
point or a singularity of /(V)- There are different kinds of singulari­
ties, including isolated singularities, poles, branch points, removable 
singularities, essential singularities, and singularities at infinity, 
which can be classified using the Laurent series of /(V) [Spie74]. 

A.2.4 Even and odd functions 
It is recalled that a real or complex function /(V) satisfying 
/(V) = /(~V) is said to by even, whereas it is odd for 
/ (V) = - / ( - V ) - Any function, either real or complex, can be 
decomposed into its even and odd constituents denoted fE and /Q , 
respectively : 

/ ( V ) = / E ( V ) + / O ( V ) , (A-3) 

/£(V) = ~ [ / ( V ) + / H / 0 ] , /o(V) = ~ [ / ( V ) - f(-¥)l (A.4a,b) 

Derivative of even and odd functions 

The (total) first derivative of any real or analytic complex function 
/ (V) , evaluated at any non-singular point of the v _ p l a n e [Youn73], 
is denoted : 

/ (V) = d / ( v ) / d , i . (A.5) 

Whenever they exist, higher-order derivatives are achieved by iter­
ated application of (A.5). By vertue of (A.4), the first derivative of fE 

and fo evaluated at non-singular points is : 

/£(V) = ̂ - [ / ( V ) - / ( - V ) l , /o(V) = ̂ -[/(VO + / ( - V ) i (A.6a,b) 

Hence, the first derivative of an even (odd) function is odd (even). 
The rule for higher-order derivatives is then obtained by induction, cf 
Table A l . 
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f(yr) Even 

Odd 

if (.V) 
dyr 

Odd 

Even 

d2m /m 
dyr2m 

Even 

Odd 

d(2m+I) f(w) 
d v ( 2 m + l ) 

Odd 

Even 

Table A.1: First-order and higher-order derivatives of even I odd 
functions (m = l,2,...). 

A.2.5 Complex conjugat ion 

The complex conjugate of a variable y/ is denoted by v *. and the 
complex conjugate of a function /(V) by f*(yr) : 

/ * (v) = [/(VO]*. (A.7) 

A.2.6 Biconjugat ion 

The biconjugate of a complex function / (V) is defined as : 

/m=f *(w*)- (A.8) 

(A.9a,b) 

The biconjugate has been introduced to precisely determine the real 
and imaginary analytic parts of a function [Meer83] : 

Ra{Z(V0}=Z*B(V0 = | -[/(1/0 + 7(VO"] 

MZ(VO}=Z/a(vO=;p-[ Z(VO-Z(VOl 

It is noticed that : 

Ra{7(vÖ}=Ra{/(VO}, Ia(T(VO }=-Ia{/(v)}. 

A.2.7 Paraconjugat ion 

The paraconjugate of a complex function /(V) is given by : 

(AlO) 

/*(V) = /*(-V*) = / ( - v ) - (All ) 

Para-even and para-odd functions 

A function satisfying /(V) = /* (V) is s&id to be para-even, whereas it 
is called para-odd for /(V) = - /* (V)- Any complex function can be 
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decomposed into its para-even and para-odd constituents denoted 
fe (X(T) and f0 (Y) , respectively : 

Z(V) = Ze(V) + Z0(V) • (A-12) 

/ e (V0 = ~ [/(VO+ /.(V) L Z0(V) =\\w)-f. (V)]- (A.13a,b) 

Hence : 

/ = / e <=> Z0=O; / = / /<=> / e = 0 . (A.14a,b) 

For real functions, the paraconjugate becomes Z*(V) = Z(-V)> and 
the para-even/odd constituents simply reduce to the even/odd parts of 
Z(V). respectively. 

Product and quotient of para-even and para-odd functions 

In view of the former definitions, it is observed that the product of 
two para-even or two para-odd functions is para-even; conversely, the 
product of a para-even with a para-odd function is para-odd : 

fe (V) -ge (V) = [Z6 (V) -8e(V)]* => para-even; (A.15a) 

Z0(V)-S0 (V) = [Z0(V)-S0 (V)]* => para-even; (A.15b) 

fe (Y)-80 (V) = - tZ e (V)-S0(V)]* => para-odd. (A.15c) 

Same features are obviously verified for the quotient of para-even/ 
odd functions. 

Transformation of para-even/odd functions into para-odd/even 
ones 

As a particular case of (A.15b,c), selecting g0 =±j, it is noticed that 
a para-even (para-odd) function f becomes para-odd (para-even) : 

[±j- fe (Y)] = -[±j-Z6(V)]* => para-odd. (A.16a) 

[± ; -Z o (V)] = +[±;-Z 0 (V)]* => para-even. (A. 16b) 
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Para-even and para-odd functions evaluated along the 
imaginary axis 

According to (A.11), the paraconjugate of any function f(yr) evalu­
ated along the purely imaginary axis yr = j • <p, <j> e M, is equal to its 
complex conjugate : 

/•O'-*) = /*O"-0). (A.17) 

It follows from (A. 13), (A. 14) and (A.17) that a para-even (para-odd) 
function evaluated along Y = j • $ is a purely real-valued (imaginary-
valued) function : 

f = fe => / o O-0) = ;-Im{/(y-0)}=O, (A. 18a) 

f = f0 =» /e(./-0) = Re{/(./-0)}=O. (A. 18b) 

Accordingly, the argument of any complex function f-f +f 
processed along the imaginary axis \jr-j-(p is achieved using : 

Arg{/(y-*) }=arctan(-j-/0 (;•«)//<. ( ;•«)) . (A.19) 

Real and imaginary analytic parts of para-even/odd functions 

The following equations are verified by definition, applying (A.11) : 

fe(Vf) = fe*(V) = fe(-Y), / 0 (V) = - / 0 * O/O = - / 0 (~V) • (A.20a,b) 

Introducing (A.20a,b) into (A.9a,b), it is demonstrated that the real 
analytic and imaginary analytic parts of a para-even (para-odd) 
function are even (odd) and odd (even), respectively : 

Ra{/«(V)}= ~ [ / e ( V ) + / e(-VO]=G£(v) => Even; (A.21a) 

l*{fe(Y)}=~tie(V)-fe(-V)]=G0m => Odd; (A.21b) 

Ra{/„(V0}= \-[fo(W)-fo(-Y)hH0(yr) => Odd; (A.21c) 

Hfo(Y)}=^-.-[fo(¥) + fo(-V)]=HE(Y) =* Even. (A.21d) 

Accordingly, any para-even and para-odd complex function can be 
reformulated as follows, using the real functions Gg, GQ, Hg, and 
H0 defined in (A.21) : 
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fe(V) = GE(y/) +J-G0(Y), f0(yr) = H0(y) + j-HE(yr). (A.22a,b) 

Derivative of para-even and para-odd functions 

Taking into account Table A.1, the form of the first (total) derivative 
of analytic para-even and para-odd functions, evaluated at non-
singular points, is directly achieved from (A.22), resulting in Table 
A.2. The form of higher-order (total) derivatives is merely deduced by 
induction, and omitted for conciseness. 

f(yr) Para-even 

Para-odd 

Ra{/(y)} 
Odd 

Even 

Ia{/(V)} 
Even 

Odd 

/ (V) 

Para-odd 

Para-even 

Table A.2: First-order derivative of para-even and para-odd functions. 

Polynomial functions 

For polynomial functions, the paraconjugate has the following form : 

/(V) = IjL0 VV V =» /*(V) = Iv=0VH/OV> (A.23) 

or f(Y) = a -Uv=I(Y-YQy) 
r • v * ( A-2 4 ) 

=> /* (Y) = (-1)" • aN - J[y=l (Y +Y0v ). 

from which it is observed that the zeros r/A0v of f(ys) are mapped 
onto (-Vov) for /»(y) . 

Para-even and para-odd polynomials 

Clearly, for para-even/odd polynomials, i.e. f(.yr) = ±f^(y/)> the set of 
zeros of f(y) and /„(y) become identical, i.e. {YOV}={~Y*OV}-
The zeros are thus occurring as follows for y = § + j • 0 : 

§o * 0 => paired zeros (yov »~"V Ov ) > "10I- multiplicity; (A.25a) 

£0 =0 =* single or multiple zeros on axis Re{i/f}=0. (A.25b) 

Using (A.23), one obtains a set of conditions to be verified by the 
coefficients of para-even/odd polynomials (cf Table A.3) : 
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f (V ) para-even => / 0 (V ) = O 

f (v ) para-odd => fe (v ) = 0 

Conditions to be fulfilled 
For v even : For v odd : 

Im{av }=0 

Re{av }=0 

Re{av }=0 

Im{av }=0 

Table A.3: Coefficients of para-even/odd polynomials . 

The most general form of para-even/odd polynomials of degree N is 
thus given by : 

/ e ( V ) = F1(Y
2) +j-yr-F2(Vr2) (A.26a) 

/ 0 ( V ) = V F3(v
2) + j - F 4 ( V 2 ) (A.26b) 

where F,- (v ) are real polynomials of degree Af1-, i = 1,2,3,4, with : 

N = 2-(Nl+N2) + l; N = 2-(N3+N4) + 1. (A.27a,b) 

It is noted that (A.26a,b) complies with (A.22a,b). 

Mapping of para-even/odd polynomials into real polynomials 

Performing the substitution v - K ± j-V) m (A.26a), it is deduced that 
a para-even polynomial fe can be mapped into a real polynomial, the 
real (imaginary) analytic part of fe being transformed into the even 
(odd) part of the resulting polynomial, cf (A. 28a). Applying the same 
procedure to the para-odd polynomial f0 in (A.26b), and multiplying 
by j , one obtains (A.28b) 2 : 

fe(±j-Y)= F 1 ( V ) T V F 2 ( V ) (A.28a) 

J-fo(±J-Y)= T V - F 3 ( V ) - F 4 ( V ) - (A.28b) 

Conversely, any real polynomial F composed of its even and odd con­
stituents : 

F(V) = F 1 ( V H v - F 2 ( V ) (A-29) 

2 These mappings are useful to simplify the implementation of certain types of 
allpass functions, cf Section 2.6, including so-called bireciprocal filters based 
thereof, cf Chapter 4. 
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can be mapped onto the para-even polynomial fe given in (A.26a) 
using the substitution yr -*(j-y/). A para-odd polynomial can further 
be achieved multiplying the result by (±j), cf (A. 16a). 

Argument of para-even/odd polynomials along the imaginary 
axis 

According to (A. 18), the argument of para-even/odd polynomials 
evaluated along yr = j'•• 0 is shown to be constant : 

Arg{/ e ( ; -0)}= k-n, keZ, (A.30a) 

ATg{f0(j^)}=n/2 + k-7v, (A.30b) 

except for possible steps of value l-n, IeZ, encountered along 
yf = j-$ when 0 equals the imaginary part of the zeros of fe and f0, 
respectively. 

Rational functions 

Clearly, the case of rational functions is handled by applying to the 
numerator and denominator the properties derived for polynomials. 

In particular, it is easily demonstrated that equations (A.26a,b), and 
thus (A.28a,b), are also fulfilled for complex para-even/odd rational 
functions, F,- (ys ) corresponding now to real rational functions, with 
( = 1,2,3,4. The demonstration is omitted for conciseness. 

Transcendental functions 

The paraconjugate of the exponential function is merely achieved 
using Taylor's series expansion [Abra70] : 

[exp(/(i/0)]*=exp(/*(i/0). (A.31) 

The paraconjugates of the hyperbolic functions are then obtained : 

[cosh{f (W))]*= cosh(/,(XiT)); [SiIu(Z(VO) L= sinh(/,O/O); (A.32a,b) 

[tanh(Z(V))]*=tanh(Z»0/O); [coth(Z(V)) ],= coth(Z*(vO). (A.33a,b) 
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A.2.8 Rec iprocat ion 

The reciprocal of any real or complex polynomial / (V) of degree N is 
specified by : 

f(V)=YN -fiW) (A-34) 

where / and / are assumed to be devoid of any zero located at the 
origin, so that they are uniquely interrelated, and of same degree. 

Circularly symmetric and circularly antisymmetric polyno­
mials 

A real or complex polynomial fulfilling / ( v ) - / (V) is said to be cir­
cularly symmetric (CS), whereas it is called circularly anti-symmetric 
(CA) 3 for /(V) = - / (V) - Any polynomial can be decomposed into its 
CS and CA parts denoted fcs (v) and fca (v) » respectively : 

/ ( V ) = / « ( V ) + /CÛ(V) , (A.35) 

/«0 /O = ~ [ / ( V ) + / ( V ) ] , / c a 0 / O = ~ [ / ( V ) - / ( V ) ] - (A.36a,b) 

Location of zeros 

Rewriting the formula (A.34) in an explicit form : 

/(VO = I j L o V ^ =» / W = I jLo *v -V(Af~V), (A.37) 

or /(V) = aN • nJLi (V-Vbv ) 

=> /(VO = ̂  -ITjL ("VOM)-IIv=i (V-1/Vov) . 
(A.38) 

the zeros Vov 0^ / a*"6 clearly mapped onto 1/V0v f° r 7- Further­
more, for CS and CA polynomials, the set of zeros of / and / become 
identical, i.e. {vov } sO/Vov }• The zeros are thus occurring as 
follows, including any multiplicity in each case : 

Vov = ±1 => self-reciprocal zero; (A.39a) 

3 Circularly (anti-) symmetric polynomials are also termed (anti-) mirror-image 
polynomials. Moreover, circularly anti-symmetric polynomials are sometimes 
also called anti-circularly symmetric [Bose85]. 
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y0v e M, yov *±l =* pair of reciprocal zeros (y ov-!/Vov ); (A.39b) 

y/0v eC, |vov| = l => complex conjugate zeros (vov-V civ) (A.39c) 

V0v e<C. |v ov |"1 => pair of reciprocal zeros ( Vov .i/Vov ); (A.39d) 

In case fcs (yr) and/or fca (yr) become real, (A.39d) is replaced by : 

yr0veC,\y/0v\*l => quadruplets (vov.Vov"Vov>l/VOv)- (A.39e) 

Introducing (A.39a-e) into (A.38) and (A.37), the next properties are 
obtained, Af 1 indicating the number of zeros at v f t v =1 [Bose85] : 

/(V)CS =» /o , (v ) = o 

Z(V)CA =» Zw(V) = O 

Conditions to be fulfilled 
Parity of A7] Coefficients 

v = 1,2 N For N even 

Nl even 

W1 odd 

a v = aAf-v 

a v = "0JV-V a A f / 2 = 0 

Table A.4: Basic properties of real and complex CS and CA polynomials. 

A.2.9 Para-reciprocation 
The para-reciprocal [Dels78] of a complex function Z(V) is defined 
by «: 

Z(V) = Z *(1/V*) = /(1/V). (A-4°) 

Para-reciprocal polynomials 

The notation (A.40) is maintained for polynomials in order to comply 
with usual literature, e.g. [Vaid87a, Vaid93]. One should then take 
care of the difference between (A.40) and (A.34). 

Para-circularly symmetric and anti-symmetric polynomials 

A complex polynomial of degree N satisfying f(yr)=wN /(V) *s s a id 
to be para-circularly symmetric (PCS), while it is termed para-circu-

The / ( y ) => / ( V ) mapping is also referred to as the tilde-operator, or the 
tiZcfe notation, e.g. [Vaid87a], or [Vaid93] p. 28. 
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larly anti-symmetric (PCA) for f(yr) = -yN -/(yr). Any complex polyno­
mial can be split into its PCS and PCA constituents : 

/ ( V ) = / p c i ( V ) + / p c a ( V ) -

fpc,™-
/(v)+v" -7(v) 

/ (v) = 
J pea v r 

/(V)-V^J(V) 

(A.41) 

(A.42a,b) 

Location of zeros 

One derives from (A.40) 

,v 

or / (V) = Ow-11^=1 (V-VOv) 

=» v* -Hv)=ON -nJU (-v^)-n^i (v-i/v5v). 

(A.43) 

(A.44) 

and the zeros T/A0V of / are clearly mapped onto 1/vov for yrN -7(V)-
Furthermore, for PCS and PCA polynomials, the set of zeros of / 
and yrN -7(V) are just the same, i.e. { VOv)-(1ZVOv }• The zeros are 
thus appearing as follows, including any multiplicity in each case : 

Vov = ± 1 =* self-reciprocal zero; . (A.45a) 

V0V e-*, Vov **! =* pair of reciprocal zeros ( Vov -^Vov ); (A.45b) 

Vov
 6 (C, |vov| = 1 => self-para-reciprocal zero; (A.45c) 

Vov e C, |v OV I "1 =» Pair of " " " " (vov.1/VOv)- (A.45d) 

The features listed in Table A.5 are then obtained, Ni designating 
again the number of zeros at yr 

Ov = 1 : 

/ (V)PCS => fpca (V) = O 

/(VOPCA =» fpcs (V) = O 

Con 
Parity of Nj 

/Vi even 

TV1 odd 

ditions to be fu 
Coeffi 

v =l,2,...,N 

av - aN_v 

a v = ~aN-v 

!filled 
cients 

For A' even 

lm{aN/2}=0 

R e { V / 2 } = 0 

Table A.5: Basic properties of complex PCS and PCA polynomials. 
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A.3 Frequency domains 

Adopting the approach followed in the field of Wave Digital Filters 
[Fett86, Bahe84], three complementary frequency domains are con­
sidered in the report : 

• the p -domain ( p -plane), where p is the actual complex frequency; 
• the y-domain (y -plane), Y corresponding to Richards' variable 

used for the design of commensurate distributed 
reference filters; 

• the z -domain ( z -plane), where z is the common complex frequency 
variable applied for digital signal processing. 

jlm(p) = j-o 

o> 1 
< o B

= 2 
\ 

Re (P) 

p - plane 

(0 

j-lm(v 

1 / 
2 

1 

) = )4 

U 1 
/ % 4 

(V) 

j lm (z) 

u 1 
6>s 2 

A : 

O) 1 

/ 10S 4 

A ' R" 
r \ i z i 

V - plane z - plane 

Re(p) 

j lm (z) 

Re(V) P 
^ Hf-; Re(Z) 

I p - plane ] | y - plane] | z - plane ] 

Figure A.1: Mapping between the considered complex frequency domains. 

Formally, the variables are defined as follows [Fett86] : 

Vr = ( z - l ) / ( z + l) ; yr = \urih(p-Ts/2); (A.46a,b) 

z = ( l+V)/(l-1>0 ; z = expO>-r ,) ; (A.47a,b) 

•arctanh(i//') ; ^ r - L n ( z ) ; (A.48a,b) 
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7-,=1// , ; 6 ) , = 2 * . / , . (A.49a,b) 

where T5 and / , correspond to the sampling period and sampling 
frequency, respectively. As can be seen, the yr and z variables are 
interrelated by the (forward) bilinear transform TB [Jury73] : 

H(z)=TB{sm}=sm (A.50) 
V = (z-l)/(z + D 

and the inverse bilinear transform T^ : 

S(V) = Tffi{tf(z)}=tf(z) (A.51) 

z = (l+VO/(l-V). 

It is noticed that Tg is normalized, according to what is practiced in 
the WDF field [Fett86]. Both variables y/ and z are thus normalized 
and dimensionless. This is in contrast to another used definition 
Tè =(2 / r , ) T B , cf [Jack89, Oppe89, Anto93]. 

The relationship between real frequencies a in the p -plane and real 
frequencies <p in the y/ -plane is given by : 

0 = tan(<u-r, /2) ; p = j - w ; y = j . Q . (A.52a,b,c) 

In particular, real frequencies a lying in the Nyquist range 
(0 < co < n • / , ) are exactly mapped in a one-to-one correspondence 
onto the range (0 < $ < °°), see Figure A.l. Furthermore, stable filters 
in one domain are mapped onto stable filters in the other domains : 

Re(i/0>0 <=> Re(p)>0 <=> | z | > l 
Re(I^) = O <=> Re(p) = 0 <=> | z | = l (A.53) 
Re(^)<0 <=> Re(/?)<0 » | z j<l . 

It follows from (A. 52a) that the bilinear transform introduces a non­
linear distortion of the real frequency values when passing from the 
yr -domain to the z-domain and vice-versa. This distortion - denoted 
as the frequency warping effect - is irrelevant in the design process of 
linear time-invariant digital filters, since it can be precompensated 
by adjusting the filter specifications. 
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Finally, the normalized frequency Q is introduced, with a principal 
value limited to 0<Q<n for real filters, ähd to -n<Q<it for 
complex filters : 

Q=O)T5. (A.54) 

A.3.1 Correspondences induced by the bilinear 
transform 

The next relations can be established from (A.46a) and (A.47a) : 

y/ -domain 

S(y/)^S(-yr) 

S(v)H>S(l/yr) 

<=> 

<=> 

Z-domain 

ff(z)H>#(]/z) 

H(z)r*H(-z) 

Table A.6: Correspondences induced by the bilinear transform. 

A.4 Frequency responses in the ^-domain 

In the report, the filter design is considered in both y and z-
domains. This section is devoted to defining the frequency responses 
in the \jf -domain, first in their analytic form. 

A.4.1 Complex amplitude and phase responses 
The transfer function S (yr) of a filter is specified by : 

S(VO = exp(-[X(vO+ #(V0]), with X = Xe, O=0O, (A.55) 

where X (vO and #(vO are the complex attenuation and complex 
phase of S(i/0> respectively. By definition, X(Y) is para-even, 
whereas 3»(v0 is para-odd. Hence, according to (A. 18), X and $> are 
shown to be purely real and imaginary valued for real frequencies 
¥ = J-1Py § e JR > which agrees with standard notations : 

X(J-M = XW), QU-Q) = J-M), with ^ ( f t ^ U e J ? . (A.56a,b) 

It follows from (A.55) that X(\jf) and #(v0 are expressed as : 
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X(VO = ~ - l n [ S(VO-S,(vO 1 *(V) = ~ - l n . s(w) (A.57a,b) 

A.4.2 Complex group de lay 

The complex group delay T(w) of S(w) is defined by : 

T(VO =-T" *(V)- (A.58) 

Assuming that 5 is a rational function, i.e. S(W) = N(W)/ D(w), the 
complex group delay can be rewritten using (A.57b) : 

T(V) = 
-1 AT(VQ Nt(w) 

N(w) W*(VO 

D(yf) _ D*(¥) 

D(W) O, (V) 
(A.59) 

To evaluate the right hand-sided part of (A.59), let us consider the 
polynomial N(w) and its derivative n(w), which, according to Table 
A.2, are related as given below : 

n = n +n =N, with n =N , n =N . e o ' e o o e (A.60) 

Hence, the next result is obtained : 

N/N - Nt/Nt=2-(N -n -N -n )/(N2-N2). (A.61) 

Consequently, it is demonstrated that expression (A.61), and by ex­
tension also the group delay T (i/O in (A.59), are : 

i) rational functions; 
ii) para-even, and thus of form (A.26a), Fi(W) in (A.26a) corre­

sponding to real rational functions with i -1,2 ; 
iii) real-valued for real frequencies w ~ J'• <P > 0 <= A, according to 

(A. 18), i.e. T(j ^) = T($). 

A.4.3 R e s p o n s e s for real frequencies 

For w-J-$> the attenuation and phase responses take the form : 

Z(0) = XÜ-*) = -Re{In(SU-*)) } 

= - - - ln |S( . / .«) .S ,O- .0) | = -lii| S(./-0)|, (A.62) 
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= j-in[S(j-$)/S,(j^)] =-Aig{S(j-$)}, (A.63) 

where the attenuation measured in decibel is defined by : 

a(0) = -2O-log lo |SO-0)| = (2O/lnlO)-;K(0) [dB]. (A.64) 

The group delay is then given by : 

TW = T(j -¢) = - 1 CM). (A.65) 
d0 

A.5 Frequency responses in the z-domain 

In this section, the frequency responses are given in the z-domain. 
The notation is slightly changed with respect to the y/ -domain. 

A.5.1 Amplitude and phase responses 
In the z-domain, the frequency response of any complex or real dis­
crete-time function H(z) is evaluated on the unit-circle I z I= 1 : 

H(e&)=H(z) = | f f (e ' û ) • « - # » ( f l ) (A.66) 
z = eji2 

where \H(eJ )1 is the amplitude response and ßH(Ü) the phase 
response of H(z). Alternatively to \H(eia)\, the attenuation res­
ponse ajj (U) is defined : 

aH (U) = -20 • logio| H(eJa )| [dB]. (A.67) 

A.5.2 Unwrapped phase response 
Since the phase response 

0 # ( ß ) = -Arg(ff(e->'ß)} (A.68) 
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is a multi-valued function, it is not uniquely related to the correspon­
ding filter function. In practice, only the Principal Value ßjjPV (^) 
of ßjj (U) is usually considered 5 : 

-n<ßHVV(Q)<n ; ßH (£2) = ßHPV (£2) + 2n-kH ( ß ) (A.69) 

where ßjjpy(Q) and the true phase response ßjj(ü) are related 
by the frequency dependent integer factor kfj(fì). If necessary, 
ßjj(ü) can be reconstructed from ßjjpy(Q) using various phase 
unwrapping techniques to determine the factor % (U) : 

- from ßjjpy(i2) alone in the simplest case (critical approach, 
especially when the poles or zeros of H(z) become clustered); 

- from ß jjpy (£2) together with its derivative (more reliable meth­
ods) [AlNa89, Kraj92, Trib77]; 

- other approach [Henk96], derived from [Henk84], page 77 bis. 

Recently, phase unwrapping methods were also proposed for complex 
signals and multidimensional signals, e.g. [Yama98, Yama95]. 

In this report, unwrapped phase responses are evaluated with res­
pect to the reference point : 

/3H (ß=0) = /3O T V(ß=0), withs -K<ßH(Q=0)<K, (A.70) 

involving by definition kH ( ß = 0) = 0. 

A.5.3 Group de lay 

The phase characteristic of a filter can also be represented by the 
group delay, normalized to the sampling period Ts : 

T w ( ß ) = % ^ > [r , ] . (A.71) 
a£2 

5 Usually, the Principal Value is formally specified either over the range 
-K<ßHfv{ii)<n, or over the range -rt<ßH?v{Ci)<n, avoiding a simul­
taneous inclusion of both limits at ±n , thus providing for a unique definition 
of k(£2) in (A.69). In practice, the selection between both definitions depends 
on the used computer and/or software. In this report, the range of ßH PV was 
extended to -n< ßHPV (i2)<n to cover both cases, assuming that k(Q) is 
properly and uniquely processed by the underlying computer/software. 
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A.6 Bilinear transform of rational functions 

The bilinear transform of stable and irreducible rational functions is 
obtained by a mere application of the forward bilinear transform Tg 
defined in (A.50). 

It is observed that singular points at v = 1 are mapped onto z = °° 
through Tg. However, assuming the rational function S(ys) in (A.50) 
stable, these singular points at y = 1 may only occur in the numera­
tor of 5(I/O- S(V) is then specified as follows, SQ corresponding to a 
complex constant : 

S(V) = S0 T T - ^ ' ( A - 7 2 ) 

nv=i (v - v « v ) 
with M=Af 1 H-M 2 , 0<M<N, N>1, 
and VO/i *1» forjU = l,2 M 2 . 

Applying the bilinear transform, one achieves : 

H(Z) = T 8 {S(v)}=*o - ( z f l ) « ^ • y Z~Z°ß , (A-7 3 a) 
Hv=I ( z z°°v ) 

(-2)M'-nSd-^) (A.73b) 
with A0 = *o r, 

nJuo-v-v) 
and Z o = ¾ z = ̂ - (A.730 

r Oß T « ,y 

It is noticed tha t H(z) possesses (N-M) zeros at z = - l . Further­
more, indicating the degree of a polynomial by deg(-), and denoting 
the numerator and denominator of H (z) by nunifj and den JJ , respec­
tively, it is remarked that : 

M j = O => deg(numH ) = deg(denH ) = N ; (A.74a) 

f deg(num u ) = N - M i , 
^ l > 0 =*' / w / v ( A ' 7 4 b ) 
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As a consequence, deg(numH ) < deg(<few# ), so that causality is guar­
anteed for H(z) in addition to stability when applying Tg to a stable 
and causal S(v). The situations presented in Table A.7 are then 
distinguished. 

Case 

1 

2 

3 

4 

Type 

All-pole 

Allpass 

Forward bilinear transform TB 

Inverse bilinear transform T 

S(Y) 

Parameters 

Af1 = M2 = Af =0 

AZ2=O, M=M1=N 
3 N zeros at yr = 1 

Mx = 0 

Af=M2 

3 N poles at y = -1 

Af=Af 

| s o | = 1 

3Af1 poles aty =-1 

Vov =-V~v 
V = 1,...,Af2. 

Type 

All-pole 

Causal 
FIR 

Allpass 

H(z) 

Parameters 

Atg{nuniff ) = N 
deg(denif ) = N 

3 N zeros at z = -1 

deg( numH ) = 0 
&eg(denn ) = N 

deginumfj ) = N 
deg(derifi ) = N 
3 N poles at z = 0 

deg(n«m^ ) = N-MX 

dsgiderifj ) = N 
3Af1 poles at z=0 

_,/ * 

v = l,...,Af2. 

Table A.7: Correspondence between different types of rational 
filter functions. 

A.6.1 Bilinear transform of allpass functions 
According to the fourth entry in Table A.7, an allpass function is 
expressed in the Y -domain by : 

S(Y) = S0 
Y-I MT(Y+YU^ 

n 
v=l 

V-Vcov [Y+l 

with \<M=M\ +M2 =N, 

Yoov ^ - 1 . for V = 1,2,...,M2; and | ̂ o I — 1 • 

(A.75) 
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And the corresponding allpass function in the z -domain is 

M, ( 
/ / ( Z ) = T B ( S ( V O ) = A O - * 1 I I 

V=I 

" V Zoov 

v « l 
W 2

 f 

with A 0 = ^ o C - D 1 n 
V=I 

\+yr 

Z Z0OV 

* \ 
ooV 

1-y ooV 

(A.76a) 

(A.76b) 

) 
and v'oov*-1» *°°v *°> for v = l,2,...,M2. 

The next relation is moreover established from (A.76b) : 

I'o 1=1 => i^ohnShoovi-
Alternative expressions often used for S(y) and H(z) are : 

(A. 76c) 

8 (W) v=l V-Voov 

W. with a = s0 - ( - I ) ' v ; 

, V y ^ , v =1,2,...,JV; (A.77a) 

(A.77b) 

where g (y) is a monic 6 polynomial, that is strictly Hurwitz for a 
strictly stable S (yr), and : 

, V Z o o V , v = 1,2,...,/V; (A.78a) 

w h e r e t h e c o n s t a n t A only depends on the poles Z00V d i s t inc t from 
t h e origin : 

M 2
 ( 

A = A 0 - I l 
v=l 

•1 M2
 f 

v=l 

1 - 1 / A ooV 

1-Vccv 
(A.78b) 

w i t h y ^ ^ - l , Z00V ^ 0 , V = I , 2 , . . . , M 2 . 

It is deduced from (A. 77b) and (A.78b) that : 

|*0 1 = 1 =» M = 1 => | A | = 1 . (A.78c) 

A polynomial is monic when its leading coefficient, associated to the highest 
power of the independent variable, is equal to +1 [Bele68, p. 406]. 
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A. 7 Bilinear transform of polynomial 
functions 

It is useful to consider polynomial functions separately to observe 
how the symmetries (i.e. eveness, oddness, etc.) are transferred from 
one domain to the other. However, it is necessary to replace the 
forward and inverse bilinear transforms defined in (A.50) and (A.51), 
respectively, by the modified forward and inverse bilinear transforms 
Tgp and Tjgp specified below : 

F(Z) = Tw{f(Y)}=(z + l)N -f(yr) 

/(V) = TiBp(F(Z)Hl-VO" -F(Z) 

V = (z-l)/(z + l) 

Z = (l+V)/(1-V0 

(A.79) 

(A.80) 

so that a polynomial /(V) of degree N in the y/--domain is mapped 
onto a proper polynomial F(z) in the z-domain, and vice-versa. The 
following correspondence table is then established : 

Original polyr 

Polynomial type 

Even 

Odd 

Para-even 

Para-odd 

CS 

CA 

PCS 

PCA 

Modified forward bilinear transform TDP 

omial in yr -domain 

Expression 

/ ( V ) = f(-W) 

fiw)=-fi-w) 

fiw)= fAw) 

f (W) = -fAW) 

f(W)= f(W) 

f(w) = -f(w) 

f(w)= wN f(w) 

f(w) = -wN -fiw) 

Target polynomial i 

Expression 

F(z)= Fiz) 

F( Z ) = - F ( Z ) 

Fiz)= zN-Fiz) 

F(z) = -zN -Fiz) 

Fiz)= i-\)N Fi-z) 

F(z) = -i-l)N F (-z) 

Fiz)= ( - 1 ) " F , ( Z ) 

F(z) = -(-l)N Ft(z) 

n z-domain 

Polynomial type 

CS 

CA 

PCS 

PCA 

Even / Odd 

Odd I Even 

Para-even/odd 

Para-odd/even 

Table A.8: Correspondence between different types of polynomial 
functions. 
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It is remarked that Table A.8 holds for polynomials f(yr) possessing 
zeros located at yr = 1, cf the discussion made iii Section A.6, in which 
case f(yr) and F(z) are not of same degree. 

It is further noticed that proper CS, CA, PCS, and PCA polynomials 
in the ys -domain ( z -domain) should be devoid of any zero located at 
1//=0 ( z = 0 ). The corresponding even, odd, para-even, and para-odd 
polynomials in the z -domain (yr -domain) will then be devoid of any 
zero situated at z = 1 (y = -1 ). 

A.8 Properties of single filter functions and 
sets of filter functions 

The next definitions are given in the z -domain, but they apply as 
well in the yr -domain using appropriate adjustments determined by 
the bilinear transform Tg. 

A.8.1 Minimum, non-minimum, and maximum phase 
functions 

It is recalled that the transmission zeros of a rational function -
either complex or real - merely correspond to the zeros of its nu­
merator polynomial. This definition applies to (causal and stable) 
Infinite Impulse Response (HR) filters, and to (causal) Finite Impulse 
Response (FIR) filters. 

Still by definition, a complex or real function is termed minimum 
phase when its transmission zeros are all confined to the closed unit-
circle in the z-plane, i.e. |zov|-l> Vv e TV. Similarly, a function is 
denoted as non-minimum phase when at least one of its transmission 
zeros is located outside the closed unit-circle. Finally, a function 
features a maximum phase response when all its transmission zeros 
are situated outside the closed unit-circle. As an example, non-
pathological allpass functions are of maximum phase type. 

A.8.2 Power complementarity 

A set of N discrete-time functions [Hi(z), ..., H^ (z)] is said to be 
power-complementary if the next property is verified [Fett86,Vaid90]: 
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I*Li#* (z)-Hk(z) = c, o f l , forali*. (A.81) 

The power complementarity condition of a system expresses that the 
global energy or steady-state power of its signals is preserved. In 
particular, the global energy (steady-state power) of the input signals 
is then equal to the global energy (steady-state power) of the output 
signals. For a (pseudo-) lossless system, c = 1 [Fett86, Vaid90]. 

A.8.3 Al lpass complementar i ty 

Similarly, a set of discrete-time functions [//j (z), ...,## U)] is said to 
be allpass-complementary when the next equation is fulfilled 
[Fett86, Vaid90] : 

Y,k=\Hk U ) = AU) > AU) being an allpass function. (A.82) 

This property indicates that a signal filtered by a set of allpass 
complementary functions can be reconstructed exactly, except for a 
possible phase distortion. 

A.8.4 Double complementar i ty 

A set of discrete-time functions is called doubly complementary when 
both power and allpass complementarity conditions are met [Fett86, 
Vaid90]. The double complementarity condition plays a major role in 
signal analysis and signal synthesis algorithms (branching filters, 
filter banks, polyphase filters, etc.). 

A.8.5 Magni tude complementar i ty 

A set of N discrete-time functions [H\(z),...,H^(z)] is said to be 
magnitude-complementary if they are featuring the next property : 

I jL 1 IAt(Z)I = C, o O , for* = ** 0 (A.83) 

For (pseudo-) lossless systems, c = 1. 

A.8.6 Double magni tude complementar i ty 

Finally, a set of discrete-time functions is called doubly magnitude 
complementary when both magnitude and allpass complementarity 
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conditions are fulfilled 7. The double magnitude complementarity 
condition is useful for the design of signal analysis and synthesis 
algorithms requiring a certain insensitivity to phase mismatch 
between the constituent signals. Applications have been referred to 
in the field of high quality loudspeaker crossovers. 

A.9 Conclusion 

In this appendix, a certain number of elementary concepts and defi­
nitions were recalled as a general background for the report, empha­
sizing issues related to complex polynomials and rational functions. 

Contributions 

Although important parts of the developments, identified properties, 
and proofs were elaborated by the author himself for the sake of this 
report, no claim of originality is expressed for any specific topic 
presented in this appendix, the subject being certainly trivial for 
mathematicians, or specialists in circuit theory or automatic control. 

CA-I: Still, the author feels that the systematic organization of the 
appendix and the overall compiled information offer a certain level of 
originality for the circuits and systems engineering community. 

No particular name designating this feature could be found in the literature; 
hence, the term "doubly magnitude complementar(it)y" introduced here is 
probably not known I understood outside of the report. 
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