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Abstract

Fourier transform spectroscopy is a well known and widely used technique. Tt is a powerful
tool to measure the spectra of weak extended sources, since it offers distinet throughput
and multiplex advantages, providing higher signal-to-noise ratio performanee compared
with other methods. Many commercial Fourier spectrometers sre available. Their main
applications are in ficlds that require high resolution., Thercfore, commonly used Fourier
spectrometers necessitate a scanning mirror mechanism with very high precision, resulting
in large size and high cost.

Nowadays, lower resolution miniature spectrometers become attractive because of new
applications, expanding opportunities in a remarkable variety of disciplines and industries.
Miniaturization could make instruments and sensors smaller, cheaper and faster. Target
applications are various and they include color measurements, industrial process control,
quality control of food, environmental monitoring or medical diagnosties. Other aspects,
like the size and the fabrication cost, play an important role for this type of miniature
spectrometers, enabling the realization of small size, portable sensor solutions.

In this thesis, we report on two specific miniaturized spectrometers. Both devices are
based on the Michelson interferometer. The first one is a spatially modulated (stationary)
Fourier spectrometer and the second one is a time-scanning interferometer. This work
includes an overview of the subject of Fourier transform spectroscopy (FTS), =s well as
more specific facets regarding Fourier spectrometers, essentially when considering miero-
sized devices.

The stationary Fourier transform spectrometer operates in the visible wavelength
range. No moving parts, no imaging system and compactness are the characteristics
of this spectromecter. It is functional for applications requiring moderate spectral resolu-
tion (10 nm) but 8 good stray light suppression in the blue region (better than 20 dB).
The measured resolution of the spectromcter is 3 nm at a wavelength of 633 nm. The
dimensions are 3 mm x 3.3 mm x 25 mm.

The time-scanning Fourier transform spectrometer is based on micro-optical electro-
mechanical systems (MOEMS) technology. An electrostatic comb drive actuator moves
the scanning mirror. The maximurmn optical path differenec is equal to 77 pm. The mea-
sured resolution of the spectrometer is 6 nm at a wavelength of 633 nm. The dimensions
arc 5 mm %X 5 mm x 0.5 mm.
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Chapter 1

Introduction

Fourier transform spectroscopy {FTS) is a powerful tool which is now widely used. It
is a2 well-known technique to measure the spectra of weak extended sources, since it
offers distinet throughput and multiplex advantages, providing higher signal-to-noise ratio
performance eompared with other methods like grating or Fabry-Perot.

Many commercial Fourier spectrometers are available and their main applications are
ia fields that require high resolution. Therefore, commonly used Fourier spectrometers
necessitate a seanning mirror mechanism with very high precision, resulting in large size
and high cost.

Nowadays, lowcr resolution miniature spectrometers find their ‘raison d’étre’ because
of new applications, expanding opportunities in a remarkable variety of disciplines and
iadustries. Target applications are varicus and they include color measurements, indus-
trial process control, environmental monitoring or medical diagnostics. Qther aspects,
like the size and the fabrication cost, play an important role for this type of miniature
spectrometers.

The trend towards miniaturization started in the early 1990s, with spectrometers which
are sufficiently portable to bring the sensor to the sample. With the title ‘Spectrometers
move out of the lab’, the magazine Laser Focus World devoted its cover article of the
February 2001 issue to miniature spectrometers:

‘Thought the first spectroscope was developed nearly 200 years age, only in
the last decade ar so has spectroscopic instrumentation escaped the confines
of the laboratory. Thanks to a fortnitous combination of circumstaoces — the
mass production of optical fibers, the dcvclopment of less costly and more
cfficient detectors and optics, and the emergence of personal computers - the
practical applications of spectroscopy has expanded beyond the lab and into
the field, into the factory, and even into the buman body. In fact, applications
once thought impossible, or at best, impractical, are now nearly commonplace,
using real-time, in situ spectroscopy.’

The vast majority of commercially available portabie colour sensors arc grating-based
spectrometers. The reason is the relatively easy fabrication and assembly of the critical
clements. Cur aim in this thesis is to demonstrate that miniaturized Fourier spectrometers
have an enormous potential for the same task, especially when their realization utilizes
particularly versatile technologies of micro-systems fabrication. ’
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Outline of this thesis

Most of the work reported in this thesis was undertaken in the framework of the project

_Microspec, which was part of the EUREKA programine for promoting European rescarch
and development. Three Swiss and two British industrial and non-industrial pariners col-
laborated to develop prototypes of miniaturized cheap spectrometers operatiog in the vis-
ible wavelength range. The waork is the result of the collaboration between IMT (Tastitute
of Microtechnology), CSEM Ziirich (formertly Paul Scherrer Institute), GretagMacheth,
BRI (Brewing Rescarch International) and Msquared. The markets are in the food and
drink industries (beer eclour), the graphies and imaging industries (surface colour mea-
surements), the process control in chemistry and the environment monitoring of eolour
(surface and ground waters),

The present work is an investigation of the potentials and limitations of miniature
Fourier spectrometers. In other words, we shall give a theoretical and experimental eval-
uation of Fourier spectrometers when their dimensioes become comparable to existing
portahle spectroscopic sensing systems. The evaluation has been undertaken by simulat-
ing interference patterns and by discussing specific aspects of miniasture Fourier spectrom-
eters (chapter 3). Experimental assessments have been carried out by means of a modular
stationary Michelson interferometer (section 4.1). Additionally, this thesis presents two
specific compact spectrometers. Both deviees arc based on the well-known Michelson
interferometer. The first one is a spatially modulated Fourier spectrometer (sections 4.2
and 4.3) and the sccond one is a time-scanning interferometer (sections 5.2 and 5.3).

The stationary Fourier spectrometer described in chapter 4 is built with a non coo-
ventional shape of the beamsplitter and it operates in tbe visible wavelength range. No
moving patts, no imaging system and compactness are the characteristics of this spec-
trometer. It is functional for applications requiring moderate spectral resolution (10 nm)
but a good stray light suppression in the blue region (better than 20 dB). The principal
advantage of stationary Fourier spectrometers is the absence of a mobile mirror, since
the interfercgram is spread in space ratber than in time. For the detection, a photodiode
array (PDA) is necessary to record the iaterferogram instantaneously. The resolution is
limited by the relatively small amount of sampling points (or pixel of the PDA}), contrary
to a scanning configuration where the major limiting factar is the maximum achievable
path difference. Therefore, the ambition of spatially modulated and static-type Fourier
spectrometers is to be stable, compact and robust enough to operate as portable sen-
sors; their aspect is mostly monolithic and their tolerance against vibrations has to be
strong. Due to the fact that a silicon PDA is used, their wavelength renge is normally
restricted from the ultraviolet to the near-infrared. Detector arrays for other wavelengths
are non-standard.

Despite the clear advantages of a stationary configuration, the time-scanning solution
described in chapter 5 offers some benefits as well. The use of a single photodiede,
instead of an array (PDA), eliminates the nuisance coming from the background intensity
distribution. The resolution is not limited by the number of pixels of the PDA, but only
by the maximum achievable scan distance of the mirror. In addition, the inflnenee of the
angular extension of the souree is strongly reduced, since the mirrors are not tilted with
respeet to cach other. The development of this original micro-electro-mechanical system
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(MEMS) based interferometer is the result of a collaboration with the Sensors, Actuators
and Micresystem Laboratory (SAMLAB) of our institute. This device is currently under
investigation in view of an industrial prototype.

The size of the time-scanning Michelson interferometer, which is in the order of the
millimeter, and the specific fabrication technology are fundamental asscts. Together with
the advantages offered by a scanning configuration, they provide net profit to this partie-
ular solution. The experimental characterization of the motion of the mirror is presented
and we demonstrate that the device is suitable for Fourier spectroseopy in the visible and
near-infrared region with & resolution better than 10 nm.

Finally, in chapter §, we give a description of silicon micromachining, more partic-
ularly silicon-on-insulator (SOI) technology, which is the teehnique used to realize the
time-scanning Michelson interferometer. This technology is nowadays widely nsed to
build movable devices using silicon integrated-circuit batch-fabrication processes, so-called
MEMS (micro-electro-mechanical systems). MOEMS (micro-optical- electro-mechanical
systems) is the combination of mieroopties and micromechanics. This combination is a
challenging new field and it is exploited in order to ereate a wider class of integrated
microoptieal systems. As the two constituent technologies in MOEMS are eompatible
with integrated-cireuit technology, they allow batch processing. This, MOEMS can be
produced in large quantity at low cost, which makes them highly attractive for eommercial
applications.



Chapter 2

Elements of Fourier transform
spectroscopy

The aim of this chapter is to give an overview of the subject of Fourier transform spec-
troscopy (FTS). Indeed, a lot has been written since the huge development of this tech-
nique, in the seventies. The relevant themes {those that made FTS famous) will be
mentioned in this introduetion, but rather than extending their description, we will focus
on clements closer to this specific work. First of all, the notion of interferogram will be
presented from its formation to the connection with the spectrum, introducing the con-
cepts of coberence and random processes. In a second part, we shall discuss the recovery
of the spectrum from the interferogram. Specific aspects resulting from the particularity
of our devices will be treated: asymmoetric interferograms and phase errors. Finally, we
shall intraduce the notion of resolution and develop the typical aspects dealing with the
instrument and their influence on the spectrum.

The discussion presented in this chapter is mainly issued from a number of books
introdueing and treating particular aspects of FTS [1,2, 3,4, 5,6, 7, 8, 9].

Known advantages of Fourier transform spectroscopy.

The general advantages of Fourier transform spectrometers over dispersive instruments
arise from two major concepts known as the throughput {or étendue) advantage as first
described by Jacquinet [10] and the multiplex advantage pointed cut by Fellgett [113.
Basically, both ideas deal with the total amount of usable recorded signal, or the ability
to collect large amounts of energy at high resolution.

Compared with a grating-type spectrometers, tbe advantage of Jacquinot states that
in the case of the interferometer an extended source at the input or entrance aperture
does not reduce significantly the resolution. Assuming the same area of the aperture, the
same gathering ability of the diverging light source and the same resclving power, then
about 200 times more power can be put through the interferometer than through an ideal
grating speetromoter [4, p. 22).

Compared with grating-type spectrometer, the advantage of Fellgett tells that, all
along the interferogram, the intorferometer receives information about the entire spectral
range. Assuming the same recording time and the same resolving power, then the signal-

5



to-noise ratio (SNR) in tbe spectrum obtained with an interfcrometer raises with the
amount of spectral elements, whereas it stays constant with a grating spectrometer. The
multiplex principle can be expressed as [4, p. 24]

(SNR), _
m =VM, (2.1)

where (SNR);, (SNR)g are the signal-to-noise ratios of the interferometer and of the
grating, respectively and M is the number of spectral elements. It should be added
that this consideration is only true if the considercd noise is additive, i.e. if thc noise is
indcpendent of the signal level.

2.1 Interferogram and spectrum

In Fourier transform spectroscopy, the spectrum of a source is obtained from the mea-
surcment of the complex degree of coherence between two interfering waves as the path
difference is varied in a two-beam interferometer (Fig. 2.1). The radiation of the source
is divided into two beams passing via d; and d; respectively. After the two beams have
merged, they reach the detector with a phase delay determined by the path difference
§ = dy - dy. The itensity at a point in the interference signal is recorded as a function
of the delay in the interferometer.

d,
);:} —p@H
Source Detector
Interferometer

Figure 2.1: Schematic arrangement for a two-beam interferometer.

At the output of the interferometer, the recorded optical power > as a function of
the path difference is propartional to the interferogram F(4) and, as will be shown in
the following discussion, the interferogram is the Fourier transform of the spectrum of
the incident light. Thercfore, since the Fourier transform is a reciprocal operation, one
has only to take the Fourier transform of the interferogram to recover the spectrum. An
interesting method, the wisibility technigue, has been developed by Michelson in order
to recover the spectrum from the envelop of the interferogram. For more details sec
reference [3]. However, the measurement of the visibility only leads to the recovery of a
spectrum which is symmetric with respect to its central frequency.

Suppose a two-beam interferometer which is perfectly symmetric, i.e. the optical and
geometrical path differences are equal, and assume that the interferometer receives a
monochromatic radiation of wavenumber oy with a spectral component of power By, the

6



power P at the outpnt of the interferometer will vary as
P(8) = By costlrand), (2.2)

where
a=1/A (2.3)

Using a trigonometric relation, Eq. (2.2) can he rewritten as
I 1
P(J) = EBO -+ EBO COS[ZTI’O’QJ]. (24)

The signal P(8} corresponds to the time-averaged value of a radiant flux density integrated
over the detector area at & specific path difference 4.
We define the interferogram

F(8) = By cos[2nayd] (2.5)

as the variable part of the output signal P. ]

If tbe interferometer is illuminated by several monochromatic lines, each radiation
creates o similar cosinusoidal modulation and tbe resulting interferogram is the sum of
all modulations:

F(8) = Y_ Bmcos[2ropd). (2.6)
Orn
Lngically, in ease of a continuous spectrum spreading from o, to o3, the interferogram

hecomes o
F(8) = j B(o) cosf2rod|do, 2.7)

1
where B(o) = dP(o)/do is the power spectral density. B(o)de is the power contained
in the interval ¢ to o + do. The total power in the spectrum, or the total quantity of
radiation in the signal, corresponds to the mean valne

. I A oo .
Jim = f_ P85 [D B(o)do = Py, (2.8)

of the output signal P(8).

The most widely used two-beam interferometer in FTS is the Michelson tnterferome-
ter; some hasic setnps are shown in Fig. 2.3. The path difference is created either by the
motion or the tilt of one mirror with respect to the other.

2.1.1 Interference function

We describe now the previous considerations by introducing the concept of coherence,
as well as the fundamental relation that governs FTS, known as the Wiener-Kintchine
thegrem.

Coherence is differentiated into temporal and spatial coherenee. When considering
temporal coherence, we arc concerned with the ability of a light beam to interfere with a
time-delayed version of itself. We refer to such a division as amplitude splitting. If we are

7



@) ) ()

1(8) [ B(c)
6=

Figure 2.2: Relation between (a) the detected signal of a two-beam interferometer, (b)
the interferogram and {c} the power spectrum.

concerned with the ability of a light beam to interfere with a spatially shifted version of
itself, we are considering spatial coherence. We refer to this type of division as wavefront
splitting. In this section we discuss temporal coherence.

For clarity reasons, it is morc appropriate to switch to a time notation of the useful
paramecters: the light frequency v and the retardation 7.

Quasi-monochromatic analytical light source

Assume that the light souree is a quasi-monochromatic radiation produced by an optical
disturbance at a single point, and let

u(t) = at) expli2mugt) (2.9)

be the analytical signal representation of the emitted light, where aft) = a(t) explig(t)]
is the complex amplitude or, time-varying phasor amplitude [12, p. 104] representing the
real amplitude {or envelope) aft} and the phase ¢(t).

In a two-beam interferometer, u(t) is split in two parts w; (1) = s;u(t) and wa(t) =
saut + 7) as shown in Fig. 2.4. 5, and s, are real numbers determined by the losses in
the two branches (ineluding losses due to the transmission of the optical components and,
for a Michelson interferometer, the fact that half of the incoming radiation can get out
through the entrance).

After the recombination of the two beams, the instantaneous intensity f(2, 7}, or ra-
diant flux density, at the output of the interferometer becomes

I{t, 1) = [y + v2l® = Jwl? + fuaf* + 2Re{w 13}, (2.10}

that is
I(t, 7} = &3 |u(®)|? + sjut + )I? + 25 5Re{u()u’ (t + N} (2.13)

Real source

If the optical disturbance introduced previously is emitting light in & certain statistical
manner, it is then necessary to introduce the concept of randem process. In fact, the
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Figure 2.3: Two different configurations of a Michelson interferometer used for Fourier
spectroscopy. A: Source; B: Collimatar; C: Beamsplitter; Dy: Fixed mirror. {a) In the
scanning configuration, the phase delay is generated by the movable mirror (D). If a
perfectly syminetric interferogram is desired, the nse of a compensator (E) is necessary.
F: Condensator; G: single pixel detector. (k) In the stetionery configuration, the phase
delay is gencrated by the tilt of the second mirror (I} and therefore the interferogram is
spread in space. With this configuration, a photo-detector array (1) is needed. The lens
(H) is used to image the interference plane onto the detector in order to minimize the
cffect of the source size.

wave amplitude emitted by any real source has properties that change witb time in an
unpredictable way to some degree; in other words, a light source is not a single disturbance
but a random function of time. Therefore, it becomes important to study the role played
by tbe statistical propertics of light, since they determine the outcome of most oplical
experiments. In many practical cases, an incomplete description in terms of second-order
averages is sufficient. Flements of statistical optics, ineluding a description of random
processes, arc given in appendix A.

We have discussed the behaviour of a single analytical function u(t) representing an
optical disturbance. Consider now an enscmble U of random functions with cach sample
function being typical of the entire ensemble. I/ is said to be a random process and u one
sample function. The randomness is contained in the complex amplitude, or phasor o)
(Fig. 2.5) and is given by a certain probability distribution depending on the statistical
properties of the ensemble.

Considering a real source, the instantaneous intensity I given by Eq. (2.11) will become
an averaged intensity fp =< { >r over the integration time T of the detector (e.g. T =
1/20 s, for the human eye [13, p. 467]):

In{ry = st <|ul(t)*>r +53 <Jult+ )P >r 425 9 Re{<u(tlu"(t + ) >r).  (2.12)
e
Ir{r)

Note that the detcctor has a certain finite area over which the signal is integrated. The
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Figure 2.4: Prineiples of Fouricr transform spectroscopy using a two-beam interferometer.
7 is the difference of the time of flight between the two branches of the interferometer
{(r = d/c, where 4 is the path difference).

Imjc}

a(t)
Refo}

Figure 2.5: Random phasor with a contour of constant probability having a certain stan-
dard dcviation.

complex function I'(7) is called the temporal coherence function and is the time autocor-
relation function of the analytical signal u(t) (see Eq. (A.16)). For a delay r =0, T is
real and the quantity

T(0) = Iy =< u{t)P>r (2.13)

iz equel to the total spectral power of the incoming radiation. We can then rewrite the
dctected intensity as

In(7) = (82 + 52)Ip + 2s15:Re{T(7)}. (2.14)

For v = 0 the temporal coherence is maximum and the detected intensity is Ip(0) =
(51 + 82)%fo. When 7 — %00, one is in an incoherent regime and Re{T'(+00)} = 0, which
means that no interfercnce is detected as a function of 7, i.e. In{to0) = (53 + s2)/p.
Note that if U is a stationary random process, I' (and consequently fp) are indepen-
dent of time, in other words, the statistical propertics arc invariant with respect to time
translation. As a matter of fact, [ is only a function of the time difference +.
It is convenicnt to define the compler degree of coherence

(s} -
¥(r) = Ok (2.15)
which is the normalized version of the coherence function. The degree of coherence quan-
tifies the temporal coherence of the incoming radiation. Tts modulus [y(7)} is the visibility
curve, or envelope of the interferogram, and it has values hetween 0 and 1, with [y{0)| = 1.

10



Equation (2.14) is then expressed as

25 S
In=(s}+s)o |1+ mRﬁ{‘I(T)} : (2.16)

In order to rcach an analytical cxpression for the interferogram, we express the time
autocorrelation function by introducing the representation for a2 quasi-monochromatic
radiation from Eq. (2.9):

1 T
I'(7) = f/ a(t) exp[i2mugtla’ (t4+1) exp[—i2mug(t+7)] =< alf)a"(t+7) >p exp|—i2ryT].
a
{217
By representing I'(7) in & complex manner (Fig. 2.6), it follows that

Im{[(t)} (%) = <> exp[-f2mv,T]

€ C, with phase g(z)

' Re{T(1)} = (%)

Figurc 2.6: Complex representation of the temporal coherence function I'(r) for a qnasi-
monochromatic radiation. The time auntocorrelation function < o(t)e*(t + 7) >¢ of the
complex amplitude a(t) of the analytical signal representation is a complex function
having & phase ¢(7). The interferogram £ (7) is the real part of the function of coherence.

F(r) = |T{1)| cos[g(r) — 2mrnp7]. (2.18)

if the freqnency band under investigation is narrow, then the eovelope |I') varics much
slower than the modulation cos[2r1y7].

Contrast

The eonitrast in the vicinity of the path difference 7 is defined as the visibility curve
[¥(#,7)|, taking into account the losses in the interferometer in each branch of the inter-

ferometor:
Imnx(T) - Imia(T) _ 23132

S N 5 W A = Rl

Z ("l (2.19)
2

2.1.2 Power spectrum and Wiener-Kintchine theorem

In order to continuec the discussion, we intreduce the notion of spectral density, since we
wish to find the spectral distribution that charecterizes the entire random process. In
particular, we bring up the notions of energy and power spectral densities.

Again, let u(t) (Fq. (2.9)) be our sample function of a stationary (section A.2.1)
linearly filtered (section A.3.2) random process U{t), then:
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» if u{t) is Fourier transformable (Eq. (A.17)) with (1) being the Fourier transform
of u(t), then the energy spectral density of u(t), in terms of the ensemble avernge
<.>p (section A.2.1), is

E(v) =<|t(v)]* >z {2.20)
» if u(t) has a hinite average power (Eg. {A.21)), then the truncated function ur(t} =

rect(2T, t)u(t} is Fourier transformable, with tir(r) being the Fourier transform of
ur(t}, and then the power spectral density of u(t) is

B) = Jim Slir>x

Tooo 2T (2.21)

The power spectral density B(i} has the following properties [12, p. 70] (the same prop-
erties can be derived for the energy spectral density E{v)):

1. B{¥) > 0; the power spectral density is positive and real-valued.

2. B(—v) = B(v); the power spectral density is an even funetion and U(t) is a real-
valued random process.

3. %, B(v)dv =<u®>,,

where <.>, is the time gvernge (section A.2.1). The third is obtained by using Parceval’s
theorem and says that the energy is conscrved:

. <lar()*>E
L. [Thf.;“*ﬁ““ @
m — < fm ]'uT V)l dv >E

f ud(t)dt, Pa.rceval

It

j_ o:o B{)dv

Il

= %E:oﬁf <u(t)>g dt

= <u’>,.
It is shown in section A.4 thai, for a stationary random process, there exisis a rola-

tionship between the time antocorrelation function and the power speetral density of the
source. This relationship is known as the Wiener-Kintchine theorem:

B(v) = fm T(7) expli2mer)dr. (2.22)

-0
The reader can find the demonstration of this theorem in section A.4.1. This theorem
says that the temporal cohercnee function and the power spectral density are linked by a

Fourier transform.
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2.1.3 Temporal coherence of a random process

Because of the reciprocity of the Fourier transform, and since the random process U(1) is
assumed to be stationary (note that U(t) does not need to be ergodic, see section A.2.1),
it follows from Eq. (2.22) that the temporal coherence function I'(r) is given by

D(r) 2<ult + Pu(t) >= f’ B(v) exp|—i2rvr]dy, (2.23)

and, consequently, the complex degree of coherence {7} becomes

_ J% B(v) expli2mvr]dy
y(r) = = B (2.24)

where [ B(v}dv = T'(0) is the total power in the spectrum of the source.

Time of coherence

The time of coherence 7. of the incoming radiation can be defined as (12, p. 167
o= [ hir)far (2.25)

The time of coberence tells whether the radiation has a high or a low temporal coherence.
A quasi-monochromatic light wave bas a long time of cohercnce. This can be scen with
an interferometric measurcment, because of the large number of oscillations under the
envelope. On the contrary, if the modulation vanishes rapidly with 7, the time of coherence
is small.

For instance, if the spectrum has a rectangular shape, as shown in Fig. 2.7, the time
of cohcrence is [12, p. 168]

e = Av) (2.26)
whbere Av is the spectral width. In the same way, the time of coherence of a laser line
B(v) @ F(x) ®) ey )
1
Av < 1/2 T
v Ay T

Figure 2.7: Relation between (a) the widtb Av of a rectangular spectrum B(v), the
covelope of the interferogram, shown in (b) and (c) and the time of coherence 7, defined
here as the width at half maximum of the envelope,

having a Gaussian spectral distribution is

7 = 0.664A07", (2.27)
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where Av is the spectral width.
Sometimes it is preferable to use the length of coherence

L =7fc, (2.28)

because we often measure the interferogram as a function of path difference, where ¢ is
the speed of light in the vacuum corresponding to ..

2.2 Recovery of the power spectrum

Iu the previous section we presented the Wiener-Kintchine theorem which relates the au-
tocorrelation function of a signal with its spectrum; we remind that ['(7) is a complex
function and B{v) a real-valued funetion. In addition, we have seen that at the out-
put of 8 two-beam iuterferometer, the detected modulation is the real pert of the time
autocorrelation function, named the interferogram.

In this section, we shall show bow to retrieve the physical spectrum from tbe interfer-
ogram.

2.2.1 Physical and mathematical spectrum

The spectrunm retricved from the interferogram via Wiener-Kintchine is defined for fre-
queuncies from —o0 to 00. Ou the other hand, we know that the spectnun of a given light
source is physical, and therefore defined for positive frequencics only.

Assumning a symmetric interferometer, the result of the complex Fourier transform of
I' and the result of the cosine transform of Re{I'} {we name it [} are cqual. Equa-
tion (2.22) can then be written as

B(v)

I

]m I")(r) cosl2mer]dr
—o0

2/00 I {r) eos[Zrvrldr, —co<v < oo, (2.29)
0

with B{r/) being symmetric. It can be considered as the cven part of the physical spectrum,
which can be defined as the sum of an even an odd part, as shown in Fig. 2.8.

Bodd

/\&4 ¥
v v 1

v

Figure 2.8: Convenicent representation of the physical speetrum by the sum of an even
and an odd function.

With these assumptions, we find that

By} = 4]:0 I (r) cos[2rurldr, » >0, (2.30)
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which means that with a symmetric interferometer, the physical spectrum defined for
positive frequencies is retrieved by means of the cosine Fourier transform of the real part
of the autocorrelation function, taking into account ouly a positive time delay . The
factor in front of the integral is of little importanee, since we are more interested in
studying the ‘shape’ of a spectrum than its guantity.

Wavelength domain
In terms of the path difference 8 = 7e, Eq. {2.30) becomes

B(o) = 4 L * F(8) cosj2ras)ds, (2.31)

where ¢ = v/c = 1/ are the wavenumber and A the wavelength. For practical reasons,
we may represent the power spectral density also in the wavelength domain. Since the
power contained in an infinitely small portion of the spectral density must he equal for
any representation of the Fourier frequency, it follows that

[BA(A}A| = |B,{o)do| = |B.(v)de], (2.32)

where 1
do = ~d). (2.33)

B, and B, are two distinct power spectral densities.

2.2.2 Complex Fourier transform

So far it has heen assumed that the interferogram F'(7) is a symmetric function. This is
the reason why onc needs only to carry out a cosine Fourier transform for positive valnes
of 7. In other words, the interferogram needs only to be recorded on the positive side of
the zero path difference.

Nevertheless, for several reasons that will be listed bhelow and that are intrinsie to
the interferometer, the measured interferogram may not necessarly he symmetric. In
those particular cases, we may perform the complex Fourier transform on the complete
interferogram, that is the two-sided interferogram. As a matter of fact, the result will
he complex, which docs not mean that the spectrum is complex. The result of the
complex Fourier transform will qualify and quantify the asymmetry of the interferometer.
The complex transform of an asymmetric interferogram gives the power spectral density,
as well as the plase shift proper to each frequency, which has heen introduced by the
interferometer. With an asymmetric interferogram, we have

F) = /m F(7) expli2rurldr, (2.34)

—

where £(v) is the complex Fourier transform of F(r). The power spectrum B(v) is then

given by
B(v) = [F(v)| = V2. + FZ, (2.35)
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and the phase delay (for cach frequency) introduced by the interferometer is

®(v) = tan™" Im{Fle)} (2.36)
Re{F(v)}
1f the interferogram is symmetrie, all cosinusoidal modulations corresponding to a partie-
ular frequency, add constructively at + = 0, and thercfore a cosine Fourier transform is
sufficient; thus B = F and ® =0.

The two-sided transform gives the positions of bands correctly, as well as the absolute
power levels {7, p. 187]. Despite this fact, the Fourier spectroscopist usually tries to avoid
any type of distortion in order to record one-sided interferograms. The reason is that
one might be limited hy the number of sampling points to be processed when performing
high resolution spectroscopy. Additionally, the recording time is half. For situations with
low SNR ratios, the cosine transform is preferred to the complex transform, since, in the
latier case, all components of the noise are positive (due to the modulus of the transform),
whereas in the cosine transform, the noise averages to zero [1, 14].

2.2.3 Asymmetric interferograms

As mentioned above, the function of coherence I' is an even function. The reason why the
measured interferogram is asymmetriec is only due to the interferometer. In this section
we discuss different types of asymmetries, causing phase shift or phase errors, as well as
the manner to retrieve the power spectrum under these conditions.

An interferometer is said asymmetric cither when

¢ the two branches have diffcrent transmission properties,
¢ no sampling point hits the zero path difference,
® the span used to record the interferogram, is not centered.

In addition, the phase delay arising from the path difference, can be nonlinear. In such a
sitnation, we refer to a distorted interferogram. The distinction between asymmetry and
distortion is relevant, since in the first case, a complex Fourier transform gives the power
spectrum, but in the sceond case, the phase has to be corrected.

Asymmetry and phase correction are subjects that have been treated by many authors,
Particularly in high precision FTS (besides the high attention that must be paid to the
moechanical, optical and electronics design of the spectrometer) the algorithms used to
process the recorded interferogram play & eritical role. This includes phase correction and
phase discrepancies, correction of asymmetric interferograms, chirping, phase correction
of cmission lines, correction of instrument line-shape distortions, interpolation of the zero
patb difference, drive nonlinearities. The subject is vast and the reader can refer to the
following incomplete list of publications [1, 15, 16, 17, 18, 19, 20, 21, 22, 23].

On the contrary, our specific applications require moderate resolution, and thercfore
we focus on the aspects listed at the beginning of this section. They will be discussed in
a gencral way and then presented in a practical way in the following chapters. Due to tbe
fact that our devices are not optimized to carry out one-sided interferograms, we always
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record two-sided interferograms. Indeed, the center of our interest is focused on easily
mounted, non-sensitive and non-perfectly adjusted interferometers.

For the treatment of asymmetry due to the dispersion ot to the sampling position of
the zero path difference, the complex Fourier transform gives the correct spectrum. It
is an advantage, beeause it eliminates any dependence of tbe computed spectrum on the
location of the origin. If one would perform one-sided interferograms, then the origin bad
to be known very accurately. Reference [24] gives a complete description of distortions in
the spectrum due to an offset in the origin of the interferogram.

Offset at the center of the span

The span is the window, in terms of path diflerence, used to record the interferogram.
The problem of nsing a shifted span in which the centre of the span and the zero of the
geometrical path difference do not coincide, is treated in reference {7, p. 181-182]. The
result shows that if the offsct is small compared to the span, then the terms, introduced
by the offset, vanish when the medulus of the complex Fourier transform is taken. On
the other hand, variations will appear in the spectrum, which increase with the offset.

Note that the offsct in the zero path difference and tbe offset in the span are two
different problems.

Dispersion
By using a dispersive interferometer, it may be possible to determine the thickness d of a
plate placed in one brench of the intcrferometer. In this case the interferogram is
e o]
1(6) = f B(o) cosi2réo — ®(o)|de, (2.37)
—00
where
®(c) = 2r2dn(o)e (2.38)

is the phase shift introduced by the plate having a dispersive index of refraction of n{a).

In conventional FT'S, asymmctry due to a dispersive effect in one braneh of the inter-
ferometer is usually avoided by mean of a compensation plate of tbe same thickness and
material than the beam splitter, as shown in Fig. 2.3(a}.

Distortion

Path difference nonlinearities cannot simply be compensated by using a complex Fourier
transform. In fact, in such a case § is no more a linear ramp. In practice, the difference
between each sampling point, in terms of path difference, is not constant. Then, the
spectrum can be retrieved by

Blo)= [ : F(6) explizno(d — A(8)]dS, (2.39)

where A(8) is the path discrepancy as a function of the path differcnce. The funetion
Afd) can he obtained by an interferometric measurement.
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Of course, the ideal procedure is to remove the cause of phase error in the interfcrom-
eter itself. This is the reason why generally, in high precision FTS, the scanning of the
mirror is operated by means of self-controlled drive systems (e.g. piezo-clectric devices in
combination with an interferometric contral, which is conpled with feed-back electronics).

2.2.4 Sampling

An additional important feature in recovering the power spectrum comes from the fact
that the signal is sampled in order to be recorded. In this section, we will show that
sampling the interferogram does not alter the spectrum, but attention has to be paid to
the sampling interval with respect to the band width of interest. In addition, we will show
the influence of the finite number of samples on the spectrum.

The sampling theorem

We refer to the work of Shannon {25]. He showed that for a finite spectrum, the entirc
information contained in its continuous interferogram can exactly be contained in a sam-
pled interferogram. In practical cases, the measured spectrum is never infinite, since it is
always limited either by the emission itself, by tbe transmission of the materials, or the
spectral sensitivity of tbe detector.

Consider the sampled interferogram

R(3) = FEOWE,5), (2.40)
where W (b, z) is the comb function |26}

(=]
W(b,z)=b 3y olz—kb). (2.41)
k=—00
having Dirac peaks g at the positions kb (k is an integer), also called the shah function.
‘With this representation, the sampled interferogram can be writien as

R(®)=b 3 F(0)e(d~ k) (242)
k=—00

By the convolution thcorem, and knowing that the Fourier transform of W (b, z) is bW (1/b,m)
[26] (m are the Fourier frequencies), the Fourier transform of the sampled function be-
comes .

Fy =bW(1/b,0) 0 B(g) = Byplo), (2.43)
where o stands for the convolution operation. This relation shows that the power spectrim
is repeated at intervals 1/6. Now, if the true spectrum is band-limited so that B(e) =0
for ¢ > Oy, it can be represented as

Blo)rect{0max/2,0 — 0wnx/2) = bB1p(0), 0 < 0 < Omax. (2.44)

where ¢pay is the cutoff frequency. This means that the analogue band-limited spectrum
B(e) can be obtained unambiguonsly from a sampled function F,(6), as illustrated in
Fig. 2.9. Note that for oma, < 1/2b (no alinsing effect), the analogue interferogram F(8)
itself can unambiguously be reconstructed by means of its sampled version Fy(3).
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Figurc 2.9: (&) Continuous interferogram; (b) Comb function (or shah function W (b, z));
(c) Sampled interferogram; {d), (e) and {f) Fourier transform of (a), (b), respectively of

(e).

Necessary number of sampling points

The evaluation of a given spectral extension Ao at a given resolution relies on two pa-
rameters: the optical path maximum d,,. 2and the sampling interval b. Of course, they
are related to the number of sampling points N by 8. = Nb. It follows from Eq. (2.44}
that

b=1/26max = Aminf2- (2.45)

This result is evident, since one always needs at least two sampling points to sample the
smallest modulation {Amg). For larger intervals the interferogram is not sampled enough
(undersampling); therefore the power spectrum eannot be recovered and aliasing effects
occur.

For the choice of the number of sampling points N, the minimum desired frequency
Omin 18 relevant. Indeed, the path difference needs to be lang enough to resolve o, as
well. The number of samples will be

N = 2800, (2.46)

where Ag = Ggax — Opin
In order to illustrate this discussion, we give two numerical examples:

* Consider an application in colorimetry, with a specification of 10 nm resolution in the
visible wavelength range {(Agin = 380 nm to Ame, = 730 nm, i.e. omin = 1.37 pm™?
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t0 Omax = 2.63 um™'). Then, the necessary optical path beecomes (Eq. (2.58))
Sune = 27 ym and the sampling interval becomes b = 190 nm. Therefore the
required number of samples is (Eq. (2.46)) N =142

¢ Now, consider an application in telecommunication with the following requirements:
1 nm resolution and a spectral window extending fram Ayn = 1.40 pm t0 Apax =
1.65 pm. Then we get b= 700 nin, dpax = 1.36 mm, and N = 2000.

Note that the effect of apodization is not taken into account in these examples. As will
be shown in the next section, apodization decrcases the resolution. As a consequence,
Omax has to be increased, as well as N, in order to achieve the same requirements. As
an example, Table 2.1 shows that with a triangular apodization the width of a single
frequency is enlarged by a factor of about 1.5) &, and NV are increased by the same
factor.

Fourier aeries

We have seen that a finite spectrum B(¢) end its corresponding interferogram F(d) can
be recanstructed uniquely from each other using a convenient sampling. In addition, both
functions are well-behaved periodic functions and therefore may be represented by lincar
series of complex periodic functions:

R = i B(o,) exp[—i2ndo,,) (2.47)
and oo
B(a) = 3 F(d.) expli2rbno], (2.48)

where oy, are the discrete frequencies and 4, the discrete sample positions. Equation (2.47)
is used to fabricate interferograms numerically {sec next chapter) and Eq. (2.48) to retrieve
the spectrum from a recorded sampled interferogram.

Of course in practice, the number of samples IV is finite and we consider finite Fourier
series. In that case, the cffect is similar to the truncation of the interferogram discussed
in section 2.3.1.

2.3 Instrumental function

The instrumental function, also celled apparatus function, instrument profile or instru-
ment line-shape, is defined as the power spectral density which we would obtain for a
rigorously monochromatic radiation. The instrumental function includes any type of in-
fluence of the instrument over the spectrum. In this section, we will discuss the following
effects and their spectral respouses:

¢ Truncation: the interferogram is recorded over a finite span limited by the optical
path maximum ...
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e Apodization: decreases the effect of truncation and of low S/N ratio at the borders
of tbe interferogram.

¢ Field of view: the influence of the size of a cireular souree {or entrance aperture},
in terms of angle of acceptance.

In a very general manner, following the eoncept of Fourier opties (linear systems),
the instrument profile can be represented by a function h{e), ealled the spectral impulse
response. Then, the spectrum can be written as

B'(o) = h(c) 0 B(o), (249)

where B(g) is the spectrum issued from the true interferogram F(8). From the convolution
theorem, the multiplication of two functions is the eonvolution of their respective Fourier
transforms. Therefore, the transfered interferogram F'(8) becomes

F'(5) = H(3)F(5), 2.50)

where H(0) is the transfer function of the instrument.

Resolution

Strictly speaking, resolution represents the smallest spectral interval that can be dis-
cerned.
1t is convenicnt to describe the quality of the resolution in terms of resolving power

o
do’

R= (2.51)

which is & measure of the ahility to separate neighbouring lines, where do is tbe resolution
in terms of width of the instrument function h(s). For a given spectral range Ao =
Tmax — Temin, the resolving power

M== (2.52)

represents the number of accessible spectral elements.

2.3.1 Truncation

If the interferogram is measured over a finite path difference range —dmax t0 dmp, the
interferogram is represented by

F(8) = rect(dmsx, 8) F(8), (2.53)

where reet{dn, §) is defined to be equal to 1 for —dmax < § < duay and zera otherwise.
Following Eq. (2.49), the reconstructed speetrum beeomes

B, (o) = sinc(1/28mu, &) © B(a), (2.54)
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Figure 210: (a) Truncation of the interferogram with a rectangular functien. (k) The
instrumental line-shape, which is the Fourier transform of rect{fmax,8), is a sinc function
with a first zero at 1/24,,..

where sinc(a, £} = sin{mz/a)/(wz/a) is a function of z with a first zero at the position
z = a. The sinc function, shown in Fig. 2.10(b), is the instrumental function associated
with the truncation.

If one considers a sampled interferogram F(4,) truncated at the sampling position
n = N, then the spectrum B(g) in Eq. (2.54) is given by the cxpression in Eq. (2.48).
Since one knows that at the wavenumber o, = m/26,, the sinc(1/28,4., 0} is equal
ta 1 for m = 0 and equal to 0 for m # 0, it tumns out that

N
Bi(om) = Y. F(d,) expli2ndnon] = Blom). (2.55)

n=1

The choice of the criterion that will determine the resolution is discussed now. The
theoretical resolution can be defined as [1, p. 55)

86 = 0.5/6muxs (2.56)

which corresponds to the scparation of two lines whose interference has a heat frequeney
being zero at dqax. In this essc, the resolving power (Eq. (2.51)) will he

R = 20600 = 2K, (2.57)

where K, is the number of recorded modulation period for a given wavenumhber o and a
given path difference maximum Jp,... For a grating spectrometer, the resolving power is
the number of grating periods that are illuminated. By analogy, in Fourier spectroscopy
the resolving power is related to the numher of modulation period that onc can measure.
When considering a power spectrum as a function of the wavelength A, the theoretical

resolution (Eq. (2.56)) is
A = 0.532/Eruxs (2.58)

which shows that thc resolution decreases with the square of the wavelength. 1n see-
tion 3.3.2 we shall sce that, with a convenient processing, it is possible to get a constant
resolution as a function of the wavelength.
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On the other hand we can consider, as introduced in the beginning of this section,
that a certain width is associated to a given apparatus function. In our cese, the full half
width at maximum (FWHM) of the function sinc(0.5/0mue, o} is 0.603 /8.

In future, when discussing the resolution, we shall keep the notion of theeretical reso-
lution, as well as the valuc of the FWHM of & calculated or measured line.

2.3.2 Apodization

As geen, the main effect of truncation is the presence of secondary maxima, called stde-
lobes, in the power spectrum of a monochromatic radiation. 1t is the primary purpose of
apodization to reduce these sidelobes {27, 28, 29]. Of course, the smaller the modulation
at the position of the truncation, the lower the effect of truncation; indeed, for smooth
broadband spectra, the effect of truncation vanishes and the use of apodization will have
& different purpose, that is to diminish the effect caused by poor signal-to-noise ratio at
the borders of the interferogram.

Any well-chosen function can be used as apodizing function A(6) to multiply the
interferogram. The modified spectrum is the given by the convolution of the original
spectrum with the Fourier transform A(e) of the apodization function A(8). Therefore,
it is the shape of fi(o), which determines the instrument function and, of course, the
resolution. The choice of the apodization depends on how much resolution one can concede
for the desired effect; thus a trade-off has to ke found.

As a simple example, let us consider a triangular apodization as shown in Fig. 2.11.
After apodization, the interferogram is triang(fmax, 8)F(8), where triang(6pmay,8) = 1 —

(b)

4 B{o)

Figure 2.11: {a) Interferogram of (1) a truncated monochromatic radiation of wavenumber
gp and (2} the same radiation after a {3} triangular apodization. (b} Power spectra of the
cases (1) and (2), named (4) and (5} respectively. The width FWHM is 0.603/dp., for
(4} and 0.886 /6 for (5) (see Table 2.1).

|8} /8imex is @ triangular function with a first zero at d,,.. DBecause a triangle is the
convohition of two rectangles, the resulting spectrum becomes

B.(0) = B(g) 0 5inc*(1/8pax, 7). (2.59)
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In this case, the instrumental function is a sine? funetion. Here the width of the linc-sbape
is 0.886 /5y

Table 2.1 shows the deterioration of resolution, in terms of percentage increase of
the full halfi width at maximum (FWHM]} of a monochromatic source, for some com-
mon apodization filters. The increase of the FWHM is compared with an unapodized
spectrum recorded with a given path difference maximum §,,.,. The height of the first
sidelobe is given in pereent of the principal maximum. We notice that the stronger the

Table 2.1:
Apodizing filter FWHM | First sidelobe height

Unapodized | rect(§pm, 0) 0.603 /6 max 22%

Triangle | 1 |8}/ Gmax 0.886 /6 n 4.7%

Cosine | cos{rd /28 0.820/80x 71%

Happ-Genzel [30] | 0.54 + 0.46 cosind/Smax) { 0.908/ 8 mnx 0.6%

Blackman-Harris [30] | 0.42 + 0.50 cos{md/Emax]

+0.08 cos[278 / Smax) 1.150/6max %
Gauss | exp[—=8%/d2 ] 0.963/6 0%

Super Gauss | exp|—=d!/63 ] 0.823 /0max 10.8%

filter, the larger the width of the instrumental function and the better the suppression
of the sidelobes. The best trade-off is offered by the triangular and the Happ-Genzel
filters. Additionally, both Blters have the advantage to become zero at the cnds of the
interferogram.

2.3.3 Field of view

A realistic interferometer works with an entrance slit or a source of finite size. In this
section, we discuss the instrumental function of & Michclson interferometer for a cireular
aperture.

The important parameter in this discussion is the solid angle §! subtended by the
source at the collimator (sec Fig. B.1). As scen from Fig. 2.12, for & displacement §/2 of

572

Figure 2.12: Change of path length in a two beam interferometer for a beam with oblique
incidence -y.
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the mirror, the optical path difference for an oblique beam of angle -y is

(8/ cosy) — dtanysiny = §cosy. (2.60)
FOT Ymex € 72, the interferogram for a given wavenumber o, becomes
F(8) x j:m cos|2nayd cosy| sinydy, (2.61)
and after the integration
F{8) cc sine(1/oo(l — 05 Yna), 8) cos[2n85], (2.62)
where
F = (1+ cosv..)/2. (2.63)
By replacing ¢o87,,.. = 1 — {¢/27, the mean wavenumber & can be expressed as
7 = op(1 — /4n). (2.64)

This means that the resnlting interference is a cosine modulation, shifted to a lower
frequency & with respect to the true frequency gy, and multiplied by a sine function with
a first zero at 2m/aQ) = [0p(1— €08 Yo )] ™! Asshown in Fig. 2.13, the resulting spectrum

4 B()

— [+— 8o,

S, ©

AT

Figure 2.13: Left: Interferogram duc to a circular source making a solid angle £2 with
respect to the collimator. Right: Corresponding power spectrum.

is a rectangle centered at & and with a widtb of
doqn = opf)/2m. (2.63)
In conclusion, the instrument function is
Bi(o) = rect{c§/dr, ¢ + 7). (2.66)

2.4 Noise

The last aspect treated in this chapter is related to the effect of noise in Fourier transform
spectroscopy. The interferogram signal is always accompanied by statistical errors and
we want to know their effect on the spectrum. Several types of noise and their origins
will be presented in this section.
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Signal-to-noise ratio

The quantity that characterizes statistical fluctuations is the standard deviation (std), or
the variance var = std® =< (u — 4)* >=<u?> —&*, where « is a random variable snd @
is its mesn value. The root mean square (RMS) value is equal to the standard deviation,
if the mecan valuc of the random variahle is zero, i.e. RMS = v/<u? >,

The signal-to-noise ratio {SNR) of a random variable is defined as

SNR = @*/var = &%/ <{u —a)’> . {2.67)

In the case of & detector generating an clectric current proportional to the incoming
photon flux, the SNR is the ratio hetween the mean power of the electrical signal and the
mean power of the noise.

2.4.1 The types of noise

In spectroscopy, we usually distinguish between additive noise and multiplicative noise.
The first one is the noise added to the signal; the latter varies with the signal power.
In the introduetion of this chapter we have mentioned the multiplex advantage of an
interferometer over a dispersive spectrometer (Fellgett advantage). This advantage occurs
only for additive noise.

In terms of electro-optical detection, the noise contribution will depend on the energy
of the detected photons, in other words on the wavelength region under investigation.
Table 2.2 shows the common subdivision of photons in the infrared regions and their
correspanding cnergy. In the far infrared region, photon encrgies are smaller than kaT at
room temperature; on the contrary, in the near-infrared, photon energics are higher.

Table 2.2: Spectral ranges with the corresponding photon energies of near and middle
infrared (NIR) and far infrared (FIR} (thermal energy kaT = 26 meV at T= 300°K).

NIR FIR
wavelength 700 nm — 25 pm — 1 mm
wavenumber | 14300 ecm™! —  400em™? — 10cm™?
frequency | 4.3- 10" Hz — 1210 Hz — 3 10" Hz
phaton energy (hv) 1.78 eV —  496meV — 124 meV

Additive noise

Thermal notse {or Johnson noise, electronic noise, circuit noise} arises from thermal
fluctuations of the current in the detector and is indcpendent of the signal level. As
mentioned above, in the infrared region, photon cnergics are smaller than these thermal
fluctuations and, thercfore, detectors will mainly he limited hy thermal noise.

In addition, we mention the dark-current neise, which is an additive noisc as well.
Photodetcetion devices also generate dark-current noise, which is present even in the
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absence of light and results from random electron-hole pairs generated thermally or hy
tunneling (31, p. 674].

Multiplicative noise

Photon noise (or quantum notse, shot notse) is associated to the electromagnetie radiation
itself and is a fundamental quantity. It refers to the fluctuations resulting from the
random arrival of photons at the detector. The standard deviation of thesc fluctuations
is proportional to the square root of the numher of photons arriving. Therefore, the
noise power is proportional to the square root of the signal power. Photon noise is a
multiplicative noise. In the near-infrared and visible region, very sensitive detectors (c.g.
photo-diodes) are available, which allow to approach photon-noise-limited detection. In
this easc, there is no multiplex advantage of the FTS over a dispersive instrument (note
that the interferometer still cnjoys the luminosity or étendue advantage).
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Chapter 3

Considerations about miniature
Fourier spectrometers

In the previous chapter, general aspects of Fourier transform spectrascopy have been
considered. Now, we shall treat more specific facets regarding Fourier spectrometers,
essentially when considering micro-sized devices. Two miniature Faurier spectrometers
(a stationary and a seanning one) will be presented later. The topics discussed here are
related to given particularities concerning canfiguration, or conception, assoctated with
these instruments, as well as their potential performance.

3.1 Specifications

As will be mentioned in this section, one important application of miniature spectrom-
ctars is colorimetry. In the field of colour science, the specifications require a relatively
low resalution in the visible wavelength range and a good intensity accuracy in the blne
region. Despiie the fact that the results of measurements are given by steps of 10 nm
(in textile, paint or ink industry, the measured spectra are in general smoath}, the wave-
length accuracy is high, better than 0.5 nm. These requirements fit in general with the
performance achievable by miniature spectrometers.

Investigating the potential and evaluating the performance of micro-sized Fourier spec-
trometers requires to select specific key parameters. Here, the straylight suppression
ability, the colour recognition and the contrast are considered as quality indicators.

In our case the straylight suppression ability of the spectrometer, especially in the blue
region, has been chosen as the most relevant indicator. The reason for that is associated
with colour science. Firstly, the cyc is particularly sensitive to spectral changes in the
blue, which means that small variations in this wavelength region give a relatively large
change in colour coordinates, Secondly, tbe commonly used type of spectrometer far this
application i8 the grating spectrometer, which is particular sensitive to straylight. In real-
ity, Fourier transform spectrometers (of any type) are not sensitive to physical straylight,
believed as scattered parasitic light. The unique effect caused by physical straylight is a
reduction of the contrast by a certain factar, but in principle the visibility curve is not
altered. In our study, straylight is meant as a comparison parameter, and one shonld be

29



aware that what is called ‘straylight’ comes from the mathematical transformation of an
undesired notsy contribution distributed in the spectrum. This is the fundamental reason
why a mathematical treatment of the interferogram can reduce the spectral weight in a
given suppressed region (sce seciions 3.2.2, 3.3.2, 4.1.2 and 4.1.1).

It is convenient to define the suppression spectrum S(A), which is a different repre-
sentation of the transmission spectrum T'(A). The suppression spectrum is expressed in
dB and is calculated as

S(A} = —10og,, [T(A)). (3.1)

The reference value SU used to quantify the straylight suppression ability is defined as

1 A2
SU =+ ]A " s(yar, (3.2)
which is the mean value of S(A) hetween Ay = 400 nm and A, = 470 nm, when a blue-
blocking filter (GG495} is measured (see Appendix C). In section 4.1.1, measurements of
SU, carried out with a spatially modulated interferometer, are used to practically evaluate
the performance of the spectrometer.

An additional key featurc usced to evaluate the performance, is the colour separation
AF introduced in section 3.1.1. AE is the ahility of the spectrometer to measure the real
colour of a sample.

Finally, the contrasi € of the central fringe for a symmetrical (or non-dispersive)
configuration can be considered as a good indicator for the reliability of the interferogram.
The limit value for the contrast hes been determined empirically from interferograms
fulfilling tbe specifications concerning SU and AE. In other words, the contrast is here a
quality factor that indicates whether the interferogram will give a spectrum which achieves
the desired performance.

Micro-sized spectrometers should satisfy the following specifications:

® AX=10nm,
* wavelength range 380 nm < A < 730 nm,

® ) accuracy < 0.5 nm,

SU > 204dB,
s AE <1,

e C > 50%.

3.1.1 Colorimetry

Colorimetry is the measurement of colours. One fundamental aspect related with micro-
sized spectrometers (of any type or concept) is colour science, since they find most of
their applications in this held.
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In 1931, the ‘Commission Internationale de U'Eclairage’ (CIE) developed a standard
method of determining colours, called CIE 1931, which is based on perceptnal and physi-
ological measurements. 1t represents an internationally agreed method of colour identifi-
cation based on & linear combination of trichromatic stimuli [32]. Colours are represented
in a so-called CIE diagram (or chromaticity diagram, see Fig. 3.1), which is based on the
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Figure 3.1: CIE 1931 Standard Colour Table, used to specify colours.

ability of the human eye to match colours. It is a mathematical construction that has
the advantage that the position of each colour in relation to the primary colours can be

calculated.
The values plotted in the CIE 1931 diagram arc chtain from the measurement of the

tristimuli values X, ¥ and Z obtained as follows:
X = KY T\
Y = KY.T(Ng(X)
Z = KY T(NbA)
with K = 106/ g(A),
where (), g(A) and b(A) arc the so called tristimuli functions determined hy the CIE and
T'(A) is the transmission spcctrum. In order to study colours using two dimensional maps,
three new variahles z, ¥ and z (colour-masses) were derived from the three measured values
of X, Y and Z by dividing each of these numbers by their total sum: z = X/(X +Y + 2),

y=Y/(X+Y+2Z)and z = Z/(X + ¥ + Z). With this conversion, the sums of the
colour-masses add up to one (z+ ¢+ z = 1). Only two of the new values thus remain

(3.3)
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independent, and these can be shown on a two-dimensional chart. In the CIE diagram
sbown in Fig. 3.1, the horizontal axis represemts the values for z, and the vertical axis the
values for y.

Colour separation

Unfortunately, the CIE Standard Colour Table cannot be used to determine colour dif-
ferences as simple gradations on a chart. This drawback has always been the subject of
criticism. Indeed, for the application of calour in industry, it is not only the measurement
of colour that is significant, but also the exact determination of colour differences. Then,
in 1976, a new gystem emerged, recommended by the ClE and named CIE, L*a*b*, which
is now widely used for non-sclf-luminous objects such as textiles, paints and plastics. The
CIE L*a*¥* system is derived from the CIE Standard Colour Table by transforming the
original X, ¥ and Z coordinates into the three new reference values of L*, a* and b [33):

)% 1/3
1 — -
o)

- [(;)’ - (;0)1":]
m|(5)"-(£)"] 59

with Xo = 98.072, Yo = 100 and Zy = 118.225. If one of the ratios §-, # and % is
smaller than (.008856, then the respective ratio changes to:

Lo

It

)
j

b

il

X X 1/3
= = 7.787(?) +16/116
i} o
Y Yy
v = ”87(F) +16/116
0 0
/3
zﬂ = 7.787(25) +16/116. (3.5)
0 (1]

The separation between twa colours is defined as

AE = VAL ¥ Aa? + Bb2, (36)

Whon AE is smaller than 1, then the ability of the human eyc to distinguish two adjacent
colours vanishes.

3.1.2 Number of pixels and dynamic range

We have mentioned the sampling of an interferogram. At the output of a CCD line the
signal is as well digitized and, as B consequence, the level of a suppression region varies
as a function of the degree of digitalization n, expressed in bits. The total number of
available grey levels is equal to 27. We shall sce here that it is not recommended to
aversample the interfcrogram.
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The noise-free interferogram
F, =Y eos{2rmn/N)], (3.7

has been digitized. It is composed by a given set of frequeneics m (m < N/2), being
integers (to avoid sidelobes). Of course, the finer the digitization, the lower the mean
level of the suppressed frequencies p. 1t is shown that p is linear with 5 above & cortain
digitization level. Indecd, when compared with one grey level, which is equal to 1/27,
the ratio E(n) = p/(1/2") (see Fig. 3.2) saturates after having reached & certain degree of

4
1
Am
L -
1/
0 > m
Moin Miax N/2

Figure 3.2: Square spectrum retrieved from the digitized interferogram from Eq. (3.7). p
is the mean level of the suppressed frequencies and 1/27 corresponds to one grey level.
The spectrum is composed of integer frequencies m extending from Mmmin t0 Mmex.

digitization 7.

The ratio = (after saturation) is plotted in Fig. 3.3 as a function of the number N
of sampling points. As can be seen, = is proportional to the square root of N. This
means that, for a given digitization, the higher the sampling rate, the higher the mean
level of suppressed frequencies. As a consequence, oversampling the interferogram is not
recommended.

The ratio = in Fig. 3.3 depends on the bandwidth of the spectrum. Table 3.1 shows

Table 3.1: Square root law followed by the ratic = in function of the bandwidth Am.

&m[
0.8N/2 | 0.232V/N
0.6N/2 | 0.179vN
0.4N/2 | 0122V
0.2N/2 | 0.061v/N

the factors multiplying the square root of =. It is shown that the larger the bandwidth,
the greater the effect of an oversampling.
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Figure 3.3: Ratio 2 = p/(1/2") as a function of the number of sampling points N (plain
line). Here, the dashed line is 0.179v/N.

3.2 Performance of a stationary Fourier spectrome-
ter '

In the case of a stationary Fourier spectrometer, as presented in chapter 4, the device
parameters that affect the specifications given in section 3.1 are:

+ the number of sampling points N,
¢ the dynamic range n of the detector,

o the area of the pixel and its pitch,

the background intensity distribution and nonuniformity,
e the tilts of the mirror a, and o,

¢ the maximum optical path differcnce 6,

the cutoff wavelength Amiq,

the lateral extension h of the source,

s the focal length of the collimating lens,

s the distance z from the interference planc to the detector,
s the distortion,

¢ the dispersion,
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« the noisc.

In Fig. 3.4, thesc parameters are illustrated.

g E
& E CCD line;
| A > ~snumber of pixels N
—sdynamic range 1
- h » —+pixel width and height
Source -+dead space between pixels
~snoise
f
Collimating lm'ls‘::—._;.__l':—'
* b
|Gt tivperin, ) ¥
RIIZ i T TITTFIIITA =
5 "
Tilt and fix mirrors: A »
~+ilt angle o, and o, T
~+distortion A= 28, IN

Figurc 3.4: Illustration of the parameters affecting the performance of a stationary Fourier
spectrometer.

It s the alm of this section to assess the device parameters necessary to achieve the
specifications. This evaluation has been carried out by simulating specific interferograms,
in which the device parameters are takcn into account.

Additiona! features will be discussed in scction 3.4 concerning tbe influence of the
extension of the light source.

3.2.1 Resolution and dynamic range

We know that, according to Eq. (2.58), the theoretical resolution for a two-sided inter-
ferogram is equal to 64 = 2A2/NAny,. It follows that the amount of sampling points
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necessary to achieve an experimental resolution AA, defined as the full half width masxd-
mum (FWHM) of a peak, must be superior to

N = 2% [ A6, {3.8)
where A, i5 the cutoff wavelength. A theorctical resolution of 10 nm at A = 730 nm,
requires 280 sampling points for Ay, = 380 nm (a similar numerical example is given in
section 2.2.4).

In order to determine the amount of sampling points N and dynamic range 1 necessary
to achieve a given experimental resolution A, twe-sided interferograms of monuchromatic
radiations have becn simulated, with the following device parameters:

« the dynamic range is n = 16 bit,

& the pixel width is s = 20 um,

& the pixel period is b= 20 pm,

¢ the background intensity is Lambertian,

¢ the tilts of the mirror are o, = 3.5 mred and o, = 0,

¢ the cutofl wavelength is Ay = 350 nm,

¢ the Jateral extension of the source is i = 400 gm,

» the focal of the collimating lens is { = B0 mum,

« the distanee from the interference plane to the detector is 2 = 4 mm,

s the standard deviation of the noise is proportional to the signal and is equal to 5
bit.

The result of the simulated experimental resolution in terms of FWHM is shown in Fig. 3.5.

It can be secn that the simulated experimente] resolution has a A? dependence as
expected theoretically (Eq. 3.8). In addition, it turns out that, with these seleeted deviee
parameters, the experimental resolution will be decreased by a factor ahont 1.7 compared
with the theoretieal resolution. From table 2.1, one remembers that in case of truncation,
the resolution is reduced by a factor 1.2.

Experimental measurements will be shown in section 4.3.1.

As expected, Fig. 3.5 reveals that for shorter wavelengths, the resolving power is higher.
This will be exploited in section 3.3.2 to enhance the straylight suppression ability SU.
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Figure 3.5 Simulated experimental resolution in term of full width at half maximum
(FWHM) as a function of the wavelengtb, for different numbers of pixels. No apodization
was used.

3.2.2 Egnalization of the interferogram

A particularity of stationary Fourier spectrometers is the nonuniform distribution of the
background intensity, caused by the fact that the interference is spread in space. We
distingnish between the slowly varying distribution generated by the light source, which
is never spatially uniform, and the local contributions caused by inhomogeneities of the
optical components or the detector array.

In section 4.1.2, the influence of inhomogeneities will be discussed and experimental
mectheds to remove thein will be proposed. Here, we treat tbe subtraction of the smooth
variations of the background intensity (we simply call it background in the following
discussion) from the mathematical point of view.

The background nomuniformity has two consequences:

e It brings a high spectral weight to the very low frequencies; if the background is a
constant offset, only a zero frequency component is added to the spectrum.

¢ [t adds strong modulations overall the spectrum.

The stronger effect is caused by the fact that the first point of the interferogram is not at
the same level as the last one. In addition to spectral undulations, this adds a baseline
contribution. Figure 3.6 shows a schematie interferogram on a certain background. The
corresponding spectrum shows typical wavy contributions and & raised bascline. In this
classical case, removing tbe mean value of the interferogram does not help.

The frequency of the parasite ripples is equal to half the inverse of the pixel number,
1/2N. Their amplitude is about equal to the difference Al between the beginning and
the end of the interferogram (sce Fig. 3.6). The baseline of the spectrum raises by about
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Figure 3.6: Left: Interferogram (plain line) and background (dashed line}. Right: Result-
ing spectrum (plain line) and haseline (dashed line).

the same magnitude. 1t can be observed that a small difference AJ of 2% compared with
the mean value of the interferogram, gives a ripples amplitude of 1.5% and a bascline
raising of 2% (17 dB) compared with the intensity of a white spectrum.

In reality, the light sourec is cmitting with a Lambertian distribution, which gives
rise to high nonuniformity of the background, particularly when the majority of the light
emitted by the souree is collected. Then, an apodizing effect appesrs, which deteriorates
the resolution. As a result, the averaging, or equalization procedure has to include a local
stretching of the interferogram.

Equalization procedure

In order to obtain the offset-frec interferogram F,, without background, the signsl I,
recorded at the sampling pasitions n is equalized and stretched as follows:

1
F,=2_1, 3.9
7 (39)
where 1
==Y 1L {3.10)
L kEL

is the mean value (over L points) of the detected signal. The longer the number of
sampling L considered for averaging, the smaother the equalization. A typical value for
& 512 pixel interferogram is L = 50.

As scen above, a small difference AJ between the two ends of the interferogram causes
a dramatic effect on the spectrum. In practice, a background removal as described in
scction 4.1.2 does not let a perfectly leveled interferogram. Therefore, we operate an
equalization of the interferogram, as well as of the measured background.

Figure 4.9 shows an equalized interferogram with the measured background being
removed.

3.2.3 Response of a photodiode array

An additional aspect, typical for compact Fourier spectrometers based on a stationary
configuration, follows from the fact that a photadiode array (PDA) is used. In the casc
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of the spectroineter as described in chapter 4, the detector is a CCD linc composed of N
pixel having a width s of 20 pum and a height of 500 um. Neigbbour pixcls arc separated
by a 5 um dead zone, so that the period b becomes of 25 um.

The width s of the pixel arca in the z-direction determines the calculated intensity
responsc of the spectral components. This feature is illustrated in Fig. 3.7. In practice,
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Figure 3.7: Representation of the effect induced by a detector with a period b and a pixel
width s (s < b).

the recorded interferogram is the true interferogram multiplied by a Dirac comb, which
is convoluted by a rectangular function of width s (Fig. 3.7(a)). In the Fourier space
(Fig. 3.7(b)), this leads to a convolution of the spectrum with the mnltiplication of a
Dirac comb and a sin¢ function having the first zero at 1/2s: sinc(1/2s,o). This sinc
function changes the spectral response of the spectrometer.

If the widith s is equal to the sampling interval b, then the spectral response is zero
for the wavenumber o,,,, corresponding to the cutoff frequency. This is an evident result,
Since, at Omay, the contrast would be zera. In our particular case, the ratio between the
active area and the sampling interval is 80%, which gives a zero response at 1.25 X 0pax.
In this configuration, the power of the cutoff frequency is reduced by 24%.

Pixel height

Due to the particular shape of the pixels described above, a stationary interferometer
is very sensitive to the tilt of the fringes shown in Fig. 3.8. This inclination is caused
by the tilt a, of the mirror perpendicular to the tilt a; which is used to generate the
interferogram (see Fig. 3.8).

For a specetrum corresponding to a standard red test plate used for colour calibration
and a cutoff Ay, = 350 nm, it has been shown that an unwanted mirror tilt of o, =
0.5 mrad (i.e. a fringes inclination of 6°) leads to a decrease of tbe contrast from 86% to
51%, giving rise to & colour change of AE = 0.3.

The effect due to the extension of the pixel is of course larger when the detected
modulation has a short spatial variation. Then, since the resolution of spatially modulated
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Figure 3.8: Inclined interference pattern. Some pixcl are represented; the ratio between
the pixel height and the pixel period is equal to 20.

interfcrometers is depending an the amount of pixel number, attention has to be paid to
the position accuracy of the tilt mirror; the morc vertical the fringes, the closer the
minimum desired aecessible wavelength to the cut off. In case of spectroscopy in the
visible with a desired wavelength range from 380 nm to 730 nun, we suggest a cutoff at
Amin = 350 nm.

3.3 Noise analysis and reduction of noise

In section 2.4, the different types of noise encountered in Fourier spectroscopy have been
presented. One additional contribution, the fixed pattcrn naise {or background intensity
distribution), will be discussed in section 4.1.1 and section 4.1.2. In both cases, i.e.
statistical noise or fixed pattern noise, apodization helps to reduee the efleet caused by
poor signal-to-noise ratio near the borders of broad band interfcrograms. The aim of
this section is to study the signal-to-noise ratio (SNR) in the spectrum, particularly for
broadband spectra. In addition, a method is proposed to reduee the effect of noise in
broadband spectra by using variable apodization.

Overview

The detailed treatment of the relationship between the noise in the interferogram and the
resulting signal-to-noise ratio in the calculated spectrum is a complex study. Aceording
to Chamberlain 7, p. 283], “it can take you into some of the more esoteric branches of
the subject.” Janine Connes [1] has given a complete trcatment of the problematie of
noise. Since then, noise levels in FTS have been considered by several studies, either by
discussing random sampling errors for a monochromatic spectral line [34] and more general
spectra [35, 22], or by cstimating signal-to-noise ratios in the computed spectrum from
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observation of the noise in the interferogram [36], or comparing tbe SNR cbtained with
Fourier spectrometer and dispersive scanning devices [37), or analyzing effect of sampling
jitter indueed by frequency fluctithtions of the refereoce lascr, as well as caused by detector
and electronic noise [38]. Note that the study of systematic sampling crrors [24] refers
rather to the problem of phase distortion.

More recently, a derivation of the SNR from basic principles in optical interferometric
cross correlators based on broadband light sources has been carried out [39]. Interfero-
metric cross correlators are used to detect the amplitude and phase of optical signals in
interferometric mieroscopy [40) or dispersive spectroscopy [41, 42). This technigue dif-
fers from FTS, in which the focus is on autocorrelation, in emphasizing pbase-sensitive
detection and cross-correlation.

Camparizon between SNR of dispersive avd Fourier spectrometers has been a driving
force in the study of noise. This has lead to the well-known multiplex advantage pointed
out by Fellgett, which is valid even in the prescnec of high background ooise [43]. Since this
beneft does not apply for multiplicative ncise, e.g. shot noise, the unanimous opinion
is that FTS offers, in UV-Visible spectroscopy, no significant advantages in SNR over
dispersive techniques, except for line emission spectra [44]. We mention that reference
[45] describes a UV-Visible stationary FT spectrometer, which is not limited by shot noise
and so the Feligett advantage applies. The question of the applicability of the Fellgett
advantage in a standard Michelson interferometer optimized for the UV-Visible region
has been described by the authors of reference [46]. They reported that tbe noise in
the spectrum was localized on the peaks rather than distributed equally throughout the
spectrum and they found that the presence of large peaks had no effect on smaller signals.
Nevertheless, the experimental verification of the applicability of the Fellgett advantage
has not been as uncquivocal. SNR. characteristies of a hybrid dispersive interfercmeter has
been discussed in reference [47) and the conclusion was that the presence of large peaks
degraded the SNIR of smaller peaks. In addition, it is shown that Bicker noise (1/ f-noise)
remains localized where the spectral weight is, coutrary to shot noise, which is uniformiy
distributed throughout the baseline of the spectrum [48)].

Finally, note that for stationary Fourier spectrometers, using a linear photodiode array,
the quantization noise ean limit the SNR, particularly when the contrast is low [49, 50].
In addition, when the interferogram is spread in space rather than in time, the size
of the source has an important influence on the visibility of the interference pattern.
Reference [51] discusses the optimization of the SNR for a stationary Fourier spectrometer.

3.3.1 Treatment of the noise problem in the spectrum

The main aspect that limits such an analysis is the shape of the speetrum (or the interfer-
ogram). This is the reason why people give normally qualitative treatments. Generally,
onc separates the problem between monochromatic radiation, hroadhand spectra with-
out sharp features and broadband spectra containing absorption lines. Here we focus on
broadhand spectra without sharp features, since they represent the spectra of interest
when considering the main application of micro-sized spectrometers. Note that absorp-
tion spectra cousisting of broadband spectra with sharp absarption lines, require a high
dynamic range. Indeed, their corresponding interferograms consist mainty of low contrast
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modulations extending as far as the length of coberence of the sharpest feature. This
limitation can be suppressed by the technique of donble beam differencing {52].

In this section, we try to find the inflnence of the shape of the interferogram (i.e.
its cnvelop) and the SNR in the spectrum. We shall show that this influence can be
quantified with a unique value, the coherence length, which is defined as the area under
the envelope (Eq. (2.25)).

In this section, a Gaussian spectrum with variable width has been used, since it
well represents the types of spectra considered in Fourier spectroscopy with micro-sized
devices. In addition, it has the advantage that the relation between the cnvelop of the
interferogram and the shape of the spectrum are known.

Statiatical noise analysis

The noise analysis has been carried out by generating digital white noise, which has been
added to a sampled and digitized interferogram

I, = 0.5 exp[—mn? fuf] cos[2mmon/N] + 0.5, (3.11)

consisting of a cosine modulation having a Gaussian envelop, where n are the sampling
positions (~-N/2 < n < N/2 — 1), uwy the FWHM of the Ganssian cnvelop and my is &
probe frequeney, which will be nsed for the calculation of the SNR. The corresponding
spectrum

N/2-1
B, « Y I.oxp[2Zrmn/N]
n=—N/2
o exp[—r(m — mg)? fwl (3.12)
has a Gaussian shape, where
N
wg = o (3.13)

is the FWHM of the Gaussian spectrum.

The noise is charaeterized hy the standard deviation. The intensity [ of the interfer-
ogram at zero path difference (ZPD) is 1. As will he shown below, the noise power f3\5
in the interferogram is proportional to the spectral noise B3yg, which is evident since
the Fourier transform is a linear transformation. Then, the SNR at the ZPD will give an
estimation of the SNR in the spectrum withont compnting the transform.

The work of Connes (1] indieates that the noise in the spectrum is at a minimum when
the interferogram is recorded continuously through an RC filter, and a Fourier transform
of the filtered interferogram is made. When the same interforogram is sampled and a
digital Fourier transform is compnted, the same result is achieved with a step-record
method. If k is the step interval in the time domain, the variance of the spectral noise
power is given [36], without apodization, by

By = 2ThIRs, (3.14)

where T is the total recording time. This is trne when b is larger than the integration
time 7 given by the RC filter (r = RC).
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Now, if the delay in the interferometer is measured in terms of optical path differ-
cnee increments b, the variance for a one-sided unapodized interferogram of N points

becomes 53]
Blys = 2VH 2. (3.15)

An analogous result is given by reference [54) for two-sided interferograms.

Eatimation of the SNR

A bandpass spectrum of total width Ao can be divided into M spectral elements. From
Eq. (2.52), the number of spectral elements can be rewritten as M = Ao N/0pa. Follow-
ing reference [36], the intensity at ZPD can be estimated as

To = Bumaxo 200y, (3.16)

where B, is the maximum intensity of the handpass spectrum. Calculating the quantity

anxb/-BRMS g‘iV(‘.“)
) V2
SNRg = SNR, X = SNR , 3.17
B A "N Ag (3.17)
where 8., = 6N,

The first remark resulting from Eq. (3.15) is evident, since the Fourier transform is
a linear operation: if all interferogram parameters (i.e. number of sampling points and
cutoff frequency) are fixed, then the noise power in the spectrum is proportional ta the
noise power in the interferogram. In addition, if the RMS value of the interferogram is
fixed, then the RMS value of the noise in the spectrum is proportional to the square root
of the number of sampling points N and proportional to the cutoff wavelength Az, = b/2.

An additional parameter Ag, characteristic of the spectrum, is taken into account in
Eq. (3.17). Again, if the interferogram parameters are fixed, we ohserve that the SNRp
in the spectrum is proportional to the SNR; in the interferogram. On the other hand,
for a given spectrum, when the noisc in the interferogram is fixed, the SNRp is inverse
proportional to the square root of the number of sampling points and inverse proportional
to the cutoff wavelength.

As mentioned previously, in the study of the signal-to-noise ratio, the relevant notion
is the shape of the spectrum. We consider now two cases:

1. oversampling of the interferogram, and

2. observing the interferogram at longer path lengths,

Oversampling

In a stationary configuration, oversampling the interferogram is equivalent to decreasing
the tilt of the mirror. To treat this configuration, we use the fact that the width of
the spectrum is Ao = Mdos = M /24, and we assume that the numhber of detectable
spectral elements M is fixed. In the extreme ease of no tilt, all pixels detect ZPD only. In
this case, the width of the spectrum would be ‘infinite’, sinee the path difference is zero,

43



but the detector pixels record the totel encrgy contained in the spectrum. Equation (3.17)
becomes SNRp = SNR;2v/2N /M.

Then, for constant number of samples N and number of spectral elements M, the
SNRp in the spectrum is constant. This has been observed by adding digitally generated
white noise to several interferograms having a different cutoff wavelength Ap;,. The
expericnce has been undertaken with additive and multiplicative noise; the fact that
SNRp is constant has becn observed in both cases.

In conclusion, when the number of sampling points is fixed by the device configuration,
it is preferable te choose a cutoff wavclength as closc as possible to the minimum observed
wavelength.

Larger path differences

Observing the interferogram at larger optical path differences ;. with constant optical
difference increment 5, is equivalent to adding additional sampling peints. In this case,
the longer the path the better the spectrum is resolved, but the width of the spectrum
Ao remains the same. Eqnation (3.17) becomes SNRp = SNR;\/i/bAar\/ﬁ. Thus, we
obtain that the SNRp in the spectrum is inversely proportional to the square root of the
number of sampling points. This means that a higher number of sampling points yiclds
& lower SNRp. This result is understandable, since & broad band spectrum gives rise
to an interferogram baving an impartant contribution near ZPD, decreasing very rapidly
with inercasing optical path difference. Thus, observing the interferogram at larger path
differences, i.c. where no substantial information is available, will add more noise power
than signal power.

Note that the SNR of monochromatic radiation has an opposite behaviour. A monochro-
matic line will generate an interferogram, which is a cosine modulation. When this mod-
ulation is Fourier transformed in the spectral domain, it will give a narrow line intensity
distribution, which is directly proportional to the maxiinum optical path difference {or
the number of sampling points N). On the other hand, the RMS valne of the noisc in
the spectrum increases with the squarc root of N {Eq. (3.15)). Thus, the SNR in the
spectrum will increase proportionally with V.

By studying this case with Gaussian spectral Yine shapes, we observe that the hehaviour
of the SNRp as a function of N is not strictly dictated by Eq. (3.17). For a number of
sampling points N (larger than Np), the SNRp behaves like expected, but for N below
Ny we observe that the SNRRp is decreasing. Figure 3.9 shows this behaviour, whieh has
been pointed out, but not qnantified, by Chamberlain [7, p. 285]. From Fig. 3.9, we
notice that the meximum of the curve is at Ny, which corresponds about to the width of
the Gaussian envelope in the pixcl domain (Np & wy), in this case 256 pixels. A closer
observation shows that the maximum signal-to-noise ratio is achieved when the contrast in
the interferogram is about 40%. The same experiment has been carried out with different
cohercnce lengths and it turned ont that the maximum SNRg occurs always when the
contrast is about 40%.

The position Ny, at which the maximum SNRa occurs, depends only on the coberence
length defined here as {. = bwy. Ny is independent of the noise level fpymg in the inter-
ferogram, as well as of the dynamic range {except if one uses less than 9 bit or 512 grey
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Figure 3.9: Signal-to-noise ratio in the power spectrum of a Gaussian line shape. The
envelop of the interferogram has a width w, given in numbers of samples. The relation
with the eoherence length is {. = buy.

level).

The linear rclation between the coherence length and the maximum signal-to-noise
ratio in the speetrum (at the position Ng) is shown in Fig. 3.10. This result is in accordance
with Eq. (3.17), because the width of the band Ag can be estimated as the inverse of the
coherence length.

Of course, the position Ny would be the ideal position (in term of SNR ) for truncating
an interferogram for & given coherence length {.. In reality, due to the poor resolution
available after such a truncation, one has to choose a trade off between loss of SNRy and
desired resolution. A similar trade off hetween the amplitude of the sidelohes due to the
truncation and the SNR 5 for a Lorentzian spectral line shape was studied in reference [53].
The practicel application in reference [53) was to find of the best signal-to-noise ratio for
ahsorption spectra.

The previcus results change if apodization is applied. In the quest of the hest achiev-
able SNR 5, apodization ean be used to reduce the sidelohes [55] and enhance the SNR g,
taking into aceount that the resolution is deteriorated. In Eq. (3.14), apodization is taken
into account by a factor &}, which is the mean value of the square of the weighting function
{Q is equal to unity for no weighting): Bjs = Q2Thi3ys. For a triangular apodization,
this factor is 0.31. This makes the signal-to-noise ratio about threc times better, but the
resolution 1.47 times lower.

Analytical treatment

As mentioned before, the previous study has been carried by adding digitally generated
white noisc to a known interferogram (a cosine modulation damped hy a Gaussian en-
velop). As the relation between this interferogram and its corresponding power spectrum
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Figure 3.10: Left: Signal-to-noise ratio in the spectrum as a function of the coherence
length. Right: Position Ny, at which the maximum SNRg occurs.

is well-known, it is possible to find an analytical expression for the signal-to-noise ratio
in the spectrum, The sbape of the interferogram and of the spectrum are characterized
by onc cssential parameter, the coherenee length £,

From Eqgs. (3.12) and (3.13), the Fourier transformed interferogram becomes

B, x exp[—7(m — mg)*L1/N?). (3.18)
Thking the noise power as given in Eq. (3.15), we obtain

exp|-m(m — mg)*12/N?)
OINE I, ’

SNRjp = const (3.19)

for a given RMS value of the interferogram, where the constant factor depends on the
cohcrence length and the cotoff wavelength. Three curves of the SNRp of a Ganssian
spectral line shape are shown in Fig. 3.11 for three different coherence lengths.

3.3.2 Improving straylight suppression

The previous section has shown that apodization reduces the signal-to-noise ratio in the
spectrum hy a factor @. In seetion 3.2.1, we have scen that a broad band spectrum is
hetter rosolved at shorter wavelengths. Indeed, the theorctical resolution increases with
the square of the wavelength, i.e SA{A) = 0.5A2 /8 10x, Where by is fixed.

The Fourier spectroscopist usually gives the power spectral density as a function of the
wavenumbcr. Nevertheless, by analogy with dispersive methods, it is convenient to show
speetra as a function of the wavelength. This means that, once dpa and N have heen
sot to achicve a certain resolution at An.., all shorter wavelengths are hetter resolved.
For instance, taking again the numerical example given in section 2.2.4, having fixed the
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Figure 3.11: SNRp of a Fourier transformed interferogram consisting of a cosine modu-
lation with a Gaussian envelope. Curves (a}, (b) and (¢} correspond to three different
cohcrence lengths: ££°) > 19’] > Ig‘]. In this example, m — my is 0.25.

parameters for a theoretical resolution of 10 nm at A = 730 nm, one gets a theoretical
resolution of 2.7 nm at A = 380 nm.

For applications in the visible which require a goad reduction of the noise in the hize
region, it is possible to apply stronger weighting functions at shorter wavelengths and,
conscquently, improve the straylight suppression in this region.

Fourier transforming a truncated interferogram at selected positions depending on the
wavelength allows to get a constant resclution §A. Essentially, if one records the same
amount of modulations K = dm/) for each wavelength separately, one obtains the
same resolution for every wavelength in tenns of resolving power. This is equivalent to
Fourier transforming the interferogram with different apodization at each frequency. If
the desired resolution 8 is fixed, the necessary path length fo record a given frequency is

D(A} = wad?/5A, (3.20)

where wa is the apodization factor, such as FWHM = wp /8., (see Table 2.1, eg.
wya = 0.603 for a rectangle and wa = 0.886 for a triangular apodization).

Ta achieve a constant resolution in the wavelength domain, the Fourier transform is
calculated with a varying strength D) of the apodization:

B()) = % [ ADs @) explizné/ N, (321)

where A{D;, d) is zero ontside the interval D;. The normalization of the integral has been
discussed in section 2.2.1.

With this procedure, we get a stronger apodization for shorter wavelengths., Apodiza-
tion will be practically studied in chapter 4, mainly to reduce the effeet of fixed pattern
naise in spatially modulated interferometers.
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3.4 Effect of the source extension

In section 2.3.3, the effect of a circular source in a scanning Michelson interferometer has
been discussed. 1t was scen that the size of the souree and the visibility are closely related.

In commonly used Fourier transform spectrometers, high resolution is a requirement.
This is the reason why the studies are concerned with the effect of very long driving
distances of the mirrot, for instance, distortions due to off-focus [56), or misalignment of
the movable mirror [57].

We consider now the aperture in micro-sized Fourier spectrometers. The problem is
treated for a stationary Michelson interferometer.

The motivation for such investigations is the ability for a system to eollect spectral
power. Figure B.1 illustrates the notion of étendue {or throughput), which quantifies
this eapability. In order to facilitate the understanding, the scheme in Fig, B.1 shows a
eollimator (entrance of the system) and a condensor (exit of the system). In addition the
source and the collector are circular. In reslity, the sonrce and the collector can have any
shape and the relevant clement remains the solid angle generated between tbe source and
the detector, or vice-versa (sec Fig. 3.12).

System System

Figure 3.12: The angular acceptance of a system is cither defined by the solid angle
Omegay subtended hy the detector (a}, or vice-versa, Omega, by thé source (b).

In other words, the crucial point is the angle of the bundle of rays passing through
the system. Snch a study consists then in summing the effect of all angles. Of course,
as shown in Fig. B.1, additional opticel elements (eollimator and/or condensor) ean be
added in order to optimize the gathering of the light withont altering the performance of
the system.

The maximum scceptance salid angle {2 can be either calculated or measured. For
some systems it can be determined analytically {section 2.3.3). Tn the case of an ampli-
tude splitting interferameter, €} can be measured by focusing a monoehromatic radiation
onto the interference planc and observing tbe interference pattern. The maximum ac-
ceptance angle is the angle subtended hy the foeus spot and the first minimum in the
interference pattern. For a spatially invariant system (e.g. time seanming interferome-
ter), this measurement can be earried out at one location (sec Figs. 5.5 and 5.6). When
the acceptanee angle varies as a function of the position in the system (eg. stationary
configuration), the measurement has to be carried out over the entire system {58].
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3.4.1 Spatial coherence

Dealing with an extended emitting surface instead of & point source brings us into the
ficld of spatiol coherence. Indeed, the fact that interference occurs even when the souree
is composed by laterally separated point sources, apparently not phase correlated, is a
sign of coherence. Usually, onc is not interested in what happens at the source itself,
but rather how the source is perceived at a certain distanee through a system capable
to measure the cohercnce (i.e. an interference generator). [n other words, if the optical
elements through which the light passes are unable to resolve the individual radiating
elements in the source, the source must be considered as incoherent.

The quality of the fringes produced by an interferometric system can be deseribed
quantitatively by the contrast C (or the visibility).

Young's experiment

Young's experiment is the casiest way to measure the degree of spatial coherenee between
two scparate point sources. Remember that the Michelson interferometer has been used
in the previous chapter to quantify the temporal coherence. In Young's experiment two
pinholes separated by a distance e are placed at a distance ! from a source of size ki (sce
Fig. 3.13). The two apertures serve as sources of secondary wavelets.

Figure 3.13: Young's experiment with an extended source. Two laterally separated point
sources give rise to two fringe patterns. The modulation arises from the path difference
§ = d» — dy. The different patterns issued from these point sources add up incoherently.

If the source is a point source, both pinholes will emit wavefronts, which are per-
fectly phase correlated. More precisely, using the same formalism as in section 2.1.1, the
modulztion of the intensity behind the pinholes (in the far-field) is described by the inter-
ference term 2Re{u;u3}, where u(f) is the optical disturbance at the single point souree.
By analogy with temporal coherence, the inteusity modulation at the observation plane
is governed by the interference term 2Re{u(d) )u{d; + 8)*}, where 8 = d, — d, is the path
differenee in Fig. 3.13. Considering the paraxial appraximation, the intensity modulation
is a cosine function.
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The eontrast is maximum when the two sources, u; and u,, are corrclated. The
contrast is zero when the two sources are uncorrelated, for instanee, if they are illuminated
by two separate point sources having no phase relation. Nevertheless, these two cases do
not fully describe the question of spatial coherence. Indecd, fringes can still be visible
when the two points are illuminated by an extended source. In reality, one is coneerned
with the perception of the source by the pinholes, independently of how the source is
described. For instance, if they are close together, they will give rise to fringes even if the
source 15 large. On the other band, i the pinholes are widely separated and the source
is far away from the screen, it is perceived as & suffielently small souree to give rise to
friages agaio.

Note that in this experiment, the pinholes are considered sufficiently small if the
following condition Bgiape. <€ A/h {12, p. 174] for the diameter is fulfilled.

In Young's experiment, as described in Fig. 3.13, the cootrast C is [59, p. 522]

. amh
sinc (T) ‘ . (3.22)

Sinee the spatial frequency of the fringes is higher for distent pinholes, the contrast
deercases when a increases. A similar remark can be made for the wavelength: the
smaller the wavelength, the higher the frequency of the fringes. If the source is placed at
& large distance I, or has a small extension h, then the eontrast is higher. An additional
interesting effcct arises when the sinc funetion in Eq. (3.22) is negative. In this ease, the
fringes are shifted by half a period.

C=

The Van Cittert-Zernike theorem

The discussion can he carried on in a more formal fashion, hut this is not the purpose
of this section. Neverthecless, one can hardly avoid to mention the Van Cittert-Zernike
theorem, which is one of the most important theorems of modern opties. The interested
reader is referred to the books of Hecht (59| (section 12.3) and Goodman [12] (seetion 5.2
to 5.6).

A mathematical description of Young's experiment, considering both temporal and
spatial echerence, leads to the definition of the mutual coherence funetion, which gives
the degree of echerenee (temporal and spatial} between two laterally separated radiators.
The propagation of the mutual intensity (using paraxial approximation) is described hy
the Van Cittert-Zernike theorem.

For instance, the Airy disk issued from the diffraction of a plane wave through a
cireular aperture is a sign of temporal eoherence (the wave has one single wavelength), as
well as spatial coherence (the wave is plane).

3.4.2 Michelson interferometer: stationary configuration

One applicatioo of the results obtained from Young’s experiment is the determination of
the maximum allowed acceptance angle # in a stationary Fourier specirometer, as it will
be described in chapter 4. The configuration is shown in Fig. 3.14.
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detector line

Figure 3.14: Configurstion for a spatially modulated Fourier transform spectrometer,
based on a Michelson interferometer with a tilt mirror, without imaging lens. The impot-
tant parameters are the lateral extension of the source h, the distance from the source to
the callimation lens {, the divergence angle {or acceptance angle) 4, the tilt of the mirror
o, the wavelength A (in order to determine the maximum aceeptance angle, one takes
Awin), and finally the distance 2 from the interference plane to the detector.

" The setup paramcters that influence the visihility of the interference pattern are listed
in Fig. 3.14. The crucial parameter is the divergence angle #, which canses a shift of the
interference pattern. This shift is a function of the setup parameters. In order to know
how large ean he the shift £, in term of wavelength for a contrast of 50%, the following
integral has to be solved:

I{d,e2) = fj /:2 1/2+ 1/2cos[2m /(8 -+ €)]de. (3.23)

Then, the caleulation of the corresponding contrast C = (Juax — fmin)/(Fmax + Fmin), gives:
Clea) = sinc(menfA). (3.24)

The first zero of this function is at a shift corresponding to A and the contrast is 50%
when the shift is A/1.67 (see Fig. 3.15).

The path difference 4 depends on the tilt of the mirror & as § = tan[2ajz = 2oz,
where x is the position on the linc detector. The shift £, of the interference pattern can
be expressed in terms of the shift £, over the detector line:

£y, = £520. (3.25)

The hchaviour of the contrast can he rewritten: Cle,) = sinc{me,2a/A). The shift e, = 26
i determined by the divergence angle 8 = h/l. Then, the contrast C as a function of the
setup parameters becomes

h2a
A )-

(g sinc(ﬂzgf—a) = sine(s (3.26}
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Figure 3.15: Contrast C in function of the shift £, given in wavelength. The contrast is
50% when the shift corresponds to about A/1.67.

Note that in order to have a parallel beam, ! is equal to the focal length of the collimating
lens.

In order to keep a contrast always higher than 50%, it follows that the setup parameters
are related to each other by the relation

IA/1.67
h2e '

z < (3.27)
8s shown in Fig. 3.16. At a distance z of 3 mm, the maximum acceptence angle is
0.011 rad. For practical reasons, if a collimation lens with a numerical aperture N4 equal
te 0.2 is desired, then, in order to illuminate the whole detector line, a focal lens of 33 mm
has to be used (we assume a 512-pixel detector with a length of 13 mm). It follows from
Eq. (3.27), that the the lateral dimension h of the source must be smaller than 360 um.

Cylindrical lens.

In a spatially modulated Fourier spectrometer a eylindrical lens can be used to increase
the throughput. This is shown in Fig. 3.17.

The issue of the maximum aeceeptance angle ean be solved by tresting the problem
separately in the z-direction {parallel to the modulation) and in the y-direction (per-
pendieular to the modulation). The acceptance angle 8; is given by Eq. {3.27) (where
hfl = 8.) and the consequences have been diseussed in this section. On the other hand,
the acceptanee angle 8, can be set by following the discussion in section 2.3.3. The major
eontrast loss due to 8, is obtained at the border of the interferogram, where the optical
path difference is maximum,
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Figure 3.16: Distance z from the interference plane to the detector as a function of the
divergence angle # = h/l. Wavelength A = 380 nm and tilt of the mirror & = 3.5 mrad,
corresponding to a cutoff wavelength of Ay, = 350 nm for a pixcl pitch of 25 um.
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Figure 3.17: Using a cylindrical lens to gather the Bight diverging in the y-direction. A:
aperture; D: detector ling; L1: cylindrical lens; L2: collimating lens; 8,: divergence in the
z-dircetion; 8,: divergence in the y-direction.
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Chapter 4

Stationary Fourier transform
spectrometer

Yo this chapter, we present a miniature statianary Fourier transform spectrometer, which
operates in the visible wavelength range. No moving parts, no imaging system and com-
pactness are the characteristics of this spectrometer. lt is functional for applications
requiring moderate spectral resclution (10 mm) but a good stray light suppression in the
blue region (better than 20 dB). Target applications are various. They include color mea-
surements, industrial process control, enviroomental monitoring or medical diagnostics.

Commouly used FT spectromcters with moving parts requirc a high mechanical pre-
cision and provide medium to high resolution. Far historical and practical reasons, their
main applications spread from the ncar to the far infrared, particularly in astronomy.
Nowadays applications in the ultraviolet arc found [60, 61, 62, 63, 64] bringing cven
higher requircment concerning mechanieal accuracy, optical quality of the compovents
and the type of materials.

The principsl advantage of stationary FT spectrometers is the abscnce of a mobile
mirror, since the interferogram is spread in space rather than in time. For the detec-
tian, a photodiode array (PDA) is necessary to record the interferogram instantancously.
The resolution is limited by the relatively small amount of sampling points (ar pixcls of
the PDA), contrary ta a scanning canfiguration where the major limiting factor is the
maximum achicvable path difference. Therefore, the ambition of spatially modulated and
static-type Fourier spectrometers is to be stable, compact and robust eoough to operate
as portable scnsors; their aspect is mostly mouolithic and their tolerance against vibra-
tions has to be strong. Due to the fact that & PDA is used, their wavelength range is
oormally restricted from the ultraviolet to the near-infrared, since detector arrays for
different wavelengths are non-standard.

A wide variety of instrument configurations are used. At first, when no detector arrays
werc available, Stroke and Funkhouser [65] proposed the technique of holographic spec-
troscopy to overcome the disadvantage of conveational Fourier transform method (high
accuracy scanning and substantial computational need). They recorded the interference
pattern from a compensated Michelson-Twyman-Green interferometer on a photographic
plate and demonstrated that re-illumination with cohercut light would then display the
spectrum of the source. In other words, the recaonstruction of the spectrum from the
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interferogram was performed optically. This work has later been cxtended using triangle
[66], Lloyds mirror [67] and Mach-Zender-type interferometers. A simple and cxtremely
cheap method using photographic recording was proposed by Billings {68]. This method
was consisting in a z-cut plate of & uniaxial erystal placed between circular polarizers.

The advent of PDA and tbe advances in computers made possible the rapid record-
ing of spatially distributed interferograms. Between several possible configurations listed
hereafter, the Michelson interferometer {mostly used in time-scanning instruments too)
is the classical one. It has heen proposed in various configurations arranged with imeg-
ing optics [45], without imaging optics and a gathering cylindrical lens [69]. Additional
amplitude splitting deviees use the so-called Sagnac (or triangle-path, or common-path}
mterferometer {70, 71, 72]. A variation is suggested in eference [73] and consists in square-
and-triangle topology. The considerable advantage of common-path configurations is the
total independence of the contrast of the interference from the extension of the source.
Thbese apectrometers do not normally make use of an aperture, but they need a collimating
lens to Fourier transform the source onto the detector. The concept of wave-front-dividing
is presented citber with stepped mirrors [74] or a double-mirror arrangemeot. Finally, io-
terferometers exploiting polarizing effects of birefringent materials have been developed,
for instance with a Savert plate [75] or a Wollaston prism |76]. In addition, a recent study
[58} has shown that polarizer spectrometers can be built using liquid erystal technology,
allowing extremely compact and low-cost devices. They avoid any eollimating or imaging
optics and are able to detect the interference pattern at tbe place of its creation.

Usually, despite the amount of studies, the investigated instruments never go beyond
tbe stage of prototypes and, nowadays, only dispersive (e.g. grating) devices are widely
commercially available. The principal reason is the relatively high cost (compared to a
dispersive mcthod) bronght on by the aptical components, as well as by the alignment and
assembly steps. Then, these limitations do not counter-balance the higher throngbput
offered by stationary Fourier spectrometers for the common applications listed above.
Note that the work of Boer et al. [58] pretends to get rid of those restrictions.

In the following sections, we experimentally investigate the potential and limitations
of statie-type Fourier spectrometers. Initially, we present experiments carried out with a
modular Michelson interferometer having a tilted mirror. The results are used either to
describe the performanee, or to study specific aspects of & given configuration. Emphasis
is put on the straylight suppression ability and the relevance of the background distri-
bution (typical for any stationary configuration), which represents the larger amount of
disturbance in the spectrum. Both aspects arc associated to the performance of these
particular spectrometers, taking into account the applications. Therefore, the influence
of the background over the straylight suppression is studied. In addition, we present
some methods to improve the straylight suppression, either by removing the background
distribution, or by processing the interferogram in order to reduce the background effect.
In the last two sections of the chapter we present a prototype bascd on a miniaturized
Michelson interferometer and built with a non-conventional shape of the beamsplitter.
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4.1 Preliminary experiments

In the following, we present a series of experiments carried out with a Michelson inter-
ferometer having a tilt mirrar. The major goal of this study was to run measurements
with a modular apparatus permitting to vary tbe essential set-up parameters in order te
quantify their influence on the performance. In other words, we analyze the bebaviour,
the potential, the limitations and the pessible improvements of a device with given con-
figuration. Most of these evaluations are not possible with the device presented later,
since the geometry and the components are fixed. Note that the presented aspects are
typical for stationary Fourier spectrometers and most of tbem do not apply to scanning

configurations.
The set-up is shown in Fig. 4.1. The interference pattern generated by the tilt of the

Wil PDA,, CCD array (2-D)

PDA,, CCD line
Switchable mirror

IL, f= 200 mm

Figure 4.1: Michelson interferomecter used as stationary Fourier spectrometer. CL: colli-
mation lens; IL: imaging leas; PDA;: CCD line (Hamamatsu, 512 or 1024 pixel, 16 bit);
PDA,: 2-D CCD array (1024 x 1280 pixel, 12 bit).

mirror is recorded by a CCD line {PDA, ), wbose position can vary along the z-axis. The
collimation lens makes an image 1:1 of the two mirrors (i.e. the interfercnce plane) onte
the detector. The angle of the tilt mirror can he set as desired in order to choose a given
maximum optical path difference J;.x or a minimum accessible wavelengtb Ay, The
quality of the fringes (verticality and eventual distortien arising from misalignments) can
be checked on-line by means of a 2-D CCD array (PDA;). The choice of the PDA is made
by a switchable mirrar placed between them and the imaging lens. Tbhe beamsplitter is
a 5 cm cube (splitting 50:50). Sufficient space is left between the beamsplitter and the
mirrors in order to insert optical elements like polarizers or glass plates. The source is gen-
erated by a diffusing surface illuminated in transmission and covered Ly a 2-dimensional
stap, which can be opened to 25 mm x 25 mm. If a laser source is used, the light is
first scattered by an additional rotating diffuser as shown in Fig. 4.2. In this manner a
spatially incoherent monochromatic light source with a nearly Lambertian distribution
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Diffuser and 2-D stop

Rotatlng diffuser

Figure 4.2: Layout of the light source considered in the setup.

can be created. By varying the width and beight of the stop, we can set a field of view.
In other words we vary the angle between the source and the collimation lens: 8, stays
for the divergence angle in the z-direction (slit width) and 8, stays for tbe divergence
angle in the y-direction (slit height), as sbown in Fig. 4.1. The samples and filters to be
analyzed are put in front of the diffusing surface.

Apodization functions

As will be shown, apodizing function are not only applicd to minimize sidelobes en-
gendered by truncation (see section 2.3.2). In reality, this undesired effect does not have
harmful consequences since we measure mainly broadband spectra. In our case (especially
when the spectrum is highly broadband), apodization is one of the methods proposed to
reduce the influence of inhomogeneous background distribution on the straylight suppres-
sion ability of the spectrometer.

Three different apodizing function were used and studied (see section 2.3.2)

1. Triangle: 1 — |z, — N/2|/(N/2) (goes to zero at the edges),

2. Hamming (or Happ-Genzel) [30]: 0.54 + 0.46 cos[w(z, — N/2)/(N/2)] (8% at tke
edges),

3. Gauss: exp[—m(z, — N/2)2/(0.41N)?] (1% at the edges),

where N is the total number of sampling points and z,, their respective position. A trade-
off between loss of resolution and straylight suppression ability has to be chosen, and the
performance of the spectrometer will then be determined by the best resolution/straylight-
suppression ratio.

Transmission spectrum

The transmission spectrum T(A) of a sample is the ratio between the measured sample
spectrum and the white light spectrum used for the measurement (see also section 3.1
and Eg. (3.1)). For comparison interest, when we shall talk about straylight suppression
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in the blue region (typically with a GG495 filter), a distinction will be made betwecn
transmission spectrum and simple spectrum. In fact, the value of the suppression depends
strongly on the type of white light that is used. We introduce the notion of straylight
suppression with transmission spectra, since the evaluation of a given speetrometer (when
compared with other spectrometers) is realized with a given type of illumination,

4.1.1 Straylight suppression

The suppression spectrum S(A), as well as the reference value SU used to quantify the
straylight suppression ability is defined in section 3.1. Additionally, the suppression ca-
pability is determined with inonochromatic radiation (at 633 nm) and, in this case, is
defined as the mean valuc of S(A) between 400 nm and 550 nm. In case of simple spectra,
the suppression is calcwlated by normalizing to spectrum to 1.

Type of white light spectrum

Figure 4.4 shows typical suppression spectra of a GG495 filter, measured with a halogen, &
xcnon low-pressure and & xenon high-pressure lamp, whose spectra are shown in Fig. 4.3.
It is important to note the difference between the lamps used to measure a trausmission
spectrum. The higher the amount of spectral power in the blue, the higher the suppression
in this region. On the contrary, almost no difference is noticeable when the suppression
of simple spectra is considerad, which is the reason why this approach is used to compare
the performance. Note that the slightly lower suppression for both xenon lamps (curves
{b) and (¢)) is due to the own transmittance of the GG495 filter (the balogen lamp has
practically no spectral power in the blue).

1.0

o
o

=
=)

Intensity [a.u.)
=
L.

o
o

0.0k

wavelength [nm]

Figure 4.3: Spectra of white light lamps used in our experiments: xenon low-pressure
(solid); xenon high-pressure (dashed); halogen (dot-dashed).
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Suppression spectrum 5 [dB]

wavelength [nm]

Figure 4.4: Suppression spectra of a GG495 Elter (long-pass 495 nm): (a) simple spectrum
with & halogen lamp, (b) simple spectrum with a xenon low-pressure lamp, (c) simple
spectrum with & xenon high-pressure lamp, (d) transmission obtained with a xenon high-
pressure lamp, () transmission obtained with a xenon low-pressure lamp, (f) transmission
obtained with a balogen lamp. Note that the curves are smoothed (10 points) in order to
facilitate the readability of the grapb.

Straylight near a monochromatic line

As mentioned, the straylight suppression ability can be evaluated witb monochromatic
radiation (sec Fig. 4.5). An additional feature is considered here: tbe widtb of the line at
a suppression of 20 dB. This value decreases when the interferogram is apodized, contrary
to the full widtb at half maximum (FWHM). In Fig. 4.5, the curve has not been smoothed,
unlike to Fig, 4.4,

Straylight, number of sampling points and length of coherence

In Fig. 4.6, we have plotted the SU values for a GG495 filter, a monochromatic filter
(633 nm) and a red HelNe laser. For each measurement, we have varied the number of
sampling points and applied different apodization function. The interferogram is trun-
cated and then apodized. The optieal path difference between two ncighbour pixels is
constant. Of course, the background distribution is not removed in order to examine
the efficiency of the respective apodizing filters, as well as to observe the influence of
inhomogeneities.

As mentioned by Barnes [71], noise introduced by spurious spatial variations of the
intensity should not be ignored. This so-called fixed pattern noise gives rise to systematic
noise. In reality, it is the ratio between the visibility (or contrast) and the noise pattern
that matters. This is tbe reason why, if possible, the removal of the background should be
carried out (this aspect is treated in the next section). Evaluating these effeets is complex
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Figure 4.5: Normalized spectrum for a HeNe laser.

since each background is particular; nevertheless tendencies can he pointed out.

The first obscrvation is the dependence of the straylight suppression ability SU on
the number of pixels when the spectrum is broad: if the interferogram is not apodized,
SU drops with N . The same hehaviour is seen in scanning Fourier spectroneters and is
commented by Chamherlain (7, p. 283): the SNR in the spectrum increases up to the point
where the oscillations are damped out, and beyond the noise will continue to increase with
the path difference (see Fig. 3.9). In our case, it is possible to limit the influence of lack
of contrast, and thercfore to gain SU, by apodizing the interferogram. Nevertheless when
the apodization filter is weaker, SU deteriorates again (sce Fig. 4.6, left).

The relation between SU and the point where the contrast is lower than a certain
value is shown by the three diagrams of Fig. 4.6. For both the GG495 filter and for the
monochromatic filter, SU starts to decrease when the visibility is 1%; for the first filter
it oceurs when the the interferogram is truncated with a width of abont 320 pixel and for
the second one at 380 pixel (independently of the shapes of the cnvelopes). Finally, if the
length of coherence of the radiation is long enough, a larger number of uscd pixels gives a
higher SU. Note that for the HelNe laser the general values of SU are lower because the
effect of truncation is larger.

Best apadization

1t appears clearly from Fig. 4.6 that the hest apodization depends on the length of coher-
ence. For broad band spectra, the Gauss filter is the more efficient. Tt may be understood
hy the fact that this filter damps the lateral part of the interferogram, which has a low
contrast. Nevertheless the loss of resolution is high (almost the double in terms of FWHM,
see Table 2.1). For narrow band spectra and line spectra, the triangle apodization seems
to be most suitable.
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Figure 4.6: SU values of simple spectra of a GG495 long-pass filter (left), a monochromatic
filter at 633 nm (center) and a red HelNe laser (right). They arc represented as a function
of the number of pixels N, and shown (a) without apodization, (b) with a triangle, (c) a
Hamming, and (d) a Gauss apodization filter.

Straylight and sampling rate

So far, the tilt of the mirror has been kept constant {7.52 mrad). In the measurements
presented previously, the minimum accessible wavelength Ay, was 376 nm. In other words
the path difference between neighbour pixel was constant. In this series, we process the
total number of sampling points N and we vary the tilt of the mirror in order to observe
the influence of oversempling the interferogram. Fig. 4.7 shows 4 interferograms of the
same spectrum with several sampling rate, each one corresponding to a different Ay,.
The calculations of the straylight suppression are shown in Fig. 4.8 for a GG495 filter and
a red HeNe laser, not apodized and apodized with a triangle, respectively.

These results indicate that there is a gain with a cut-off frequency which is closc to the
minimum wavelength to be observed. Even if with aversampling interferograms the visible
fringes are spread over the whole detector (and eventual inhomogeneities are ‘covered'),
the resolution lost in reducing the angle of the tilt mirror does not allow to inspect
sufficiently accurately the spectral frequencies corresponding to suppressed regions. In
fact, diminishing the tilt makes the separation between neighbouring Fourier frequencies
larger at a given frequency range.

It arises that the best épay is given by the tilt of the mirror corresponding to a Ay
close (and slightly inferior) to the minimum wavelength to be measured.
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Figure 4.7: 4 interferograms of the simple spectrum of a GG495 filter used for the calcu-
lation of SU shown in Fig. 4.8. (a} Agin = 376 nm, (b) Anw = 287 nm, (¢) Amin = 218
nm, {d) Ay, = 135 nm. In these measurements, the interferometer is slightly dispersive.
Note the position of one inhomogeneity of the background intensity distribution (arrow).
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Figure 4.8: Behaviour of SU/ as a function of the minimum accessible wavelength A,
Simple spectra of a GG495 filter measured hy means of a halogen lamp (a and h) and of
a red lascr HeNe (c and d), not apodized (a and c) and apodized with a triangle (b and
d). The total number of sampling peints is N = 512,
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Final remarks

As far as the interferogram has oscillations corresponding to more than 1% of the nseful
dynamic range of the detector, it is worthwhile to eonsider an increased number of sam-
pling points. As a matter of fact, a spectrum that needs to he resolved (e.g. emission or
absorption lines, cut-off filters) will in any case give a modulation signal at high optical
path differences. This means, following the previons considerations, that the only limita-
tion will be the amount and the amplitude of the fixed pattern noise compared with the
signal and the eapacity of the device to discriminate the oscillation, in term of dynamic
range. From the experimental paint of view, we may restrict the wavelength range of
interest by cutting the spectrum above 730 nm.

4.1.2 Backgronnd intensity distribution

In this section we present the importance of removing the fixed pattern noise or back-
ground intensity distribution. We shall introduce some experimental methads to record
the background and to remove it from the interferogram. Finally, the gain in terms of
straylight suppression ahility will he shown.

Unfortunately, this systematic noise varies from setup to setup. Therefare, it would
be best to determine the background for each measurement.

Methods

After apodization, which simply reduces (but does not eliminate} the effect of fixed pattern
naise, the following methods can be considered to remove the background:

1. Record the intensity of one arm while blocking the other one, and vice-versa. This
procedure is accurate but necds a three-step recording and shutters.

2. Tilt the mirror in order to get diagonal fringes. This method needs one mirror on a
movahle support. It may be labarions to recover the previous position,

3. Opcn the aperture to reduce the spatial coherence of the source. Consequently, the
interference disappcars. Note that the inhomogeneities are smoothed, since they are
illuminated by an incoherent source.

4. Make the polarization of two branches of the interferometer orthogonal by means of
linear polerizers. Here, a rotating element is needed and half the light is always last.
We heve avoided this problem by placing two switchable liquid crystal (LC) cells in
each branch. The LC cells polarize the light lineerly when switched off. Nevertheless
additional 50% of the light intensity is lost due to the poor transmission of the cell.
ln addition, the LC cclls do not have a high enough polerizing effect to completely
remove the interference.

5. Chirping the interference.
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6. Record a monochromatic line and process it to find the position of the inhomo-
gencities. This method can mainly detect sharp features. However, when the in-
tensity of the interference is low, the inhomogeneity is not visible. In this case, a
measurement with an additional monochromatic line having a different frequency is
IICCCSSATY. '

When the background is determined, we subtract it from the recorded interferogram, as
shown in Fig. 4.9. In the ideal case, the background is measured iinmediately before or
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Figure 4.9: Interferogram (left) without and (right) with background removal. The sub-
tracted background is shown in the center.

after the interferogram. If this is not possihle, the background is recorded once and then
multiplied by a factor proportional to the mean intcnsity of the interferogram, before
being subtracted.

After having investigated thesc methods, we have chosen, in our mcasurements, to
apply a scquential recording of each arm of the interferometer (method f1). For the
prototype, we recorded the background hy tilting the mirror hefore gluing it and used
this result as a calibration {incthod §2).

Finally, note that for configurations where the interference is created hy hirefringent
elements, the hackground can he ohtained from the in-phase and the antiphase interfero-
gram [75, 77).

Straylight and number of pixel

Contrary to ‘dirty’ interferograms (see section 4.1.1), reducing the numher of sampling
points does not affect the straylight suppression ability, whatever the apodization is.
Table 4.1 demonstrates the obvious gain in SU for a GG495 filter when the background

is removed .
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Table 4.1: SU values in [dB] for a GG495 filter with (‘clean’) and without (‘dirty’)
background removal.

! dirty l clean

Na apodization | 17.4 | 254
Triangle | 20.0 | 25.7
Hamming | 20.0 | 25.6
Gauss | 21.2 | 25.7

4.1.3 Statistical noise

We consider now statistieal neise, in opposition te fixed pattern noise. This topie has
been abundantly treated in the history of Fourier speetroscopy (sce seetions 2.4 and 3.3).

In this section, we characterize the noisc given by the PDA, and cstimate the SNR in
the spectrum in relation with the SNR in the interferogram. Additionally, tendencies for
the standard deviation are given ss a function of the number of sampling peints and the
intensity. Finally, we shall introdnce the notion of jitter noise.

Detector noise

The linear image sensor used was a 512 pixel Hamamatsn 55462-512Q), consisting of 512
separate silicon pbotodiodes in line. The size of each diode eell is 25 pm x 500 pm. The
readout is processed with dedicated electronies supplied by the University of Karlsruhe.
It delivers 8 16-bit digital signal.

We start by describing the noise when no interference is detected. Fig 4.10 shows
the dark eurrent for cach photediode ccll with their respeetive standard deviation. From
Fig 4.10, we note that the dark current is diffcrent for differcnt pixels in the detector. The
results are plotted in grey level units. Knowing that the dynamic range is 16 bit (65536
levels), we find that the dark current has an offset eorresponding to 0.2% of the total
dynamic range, and that its standard deviation is equivalent to 2 bit. When intensity is
detected, a pattern appears which carresponds to the different sensitivities of each pixel
(Fig 4.10 lower left). These dissimilarities arc in the arder of 0.1%, but for isclated cases
can rise to 0.5%. Nate that at full dynamie tbe standard deviation corresponds to 8 bit.
When the background cannot be measured, the pattern shown in Fig 4.10 lower left has
to he removed.

Figure 4.11 shows that the behaviour of the noise level in term of standard deviation
in a function of the averaged intensity is linear. The SNR is constant and equal to 40000,
which means that we tave a multiplex disadvantage (see section 2.4.1, also deseribed in
Reference [78]).

Noise in the spectrum

As mentioned previonsly, the background intensity distribution gives rise to a fixed noise
contribution in the spectrum. Fig. 4.12 shows that no statistieal noise contribution is
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Figure 4.10: Upper left: dark current of each pixel of the Hamamatsu PDA for an integra-
tion time of 40 ms. Upper right: standard deviation of each pixel. Lower left: difference
in pixel sensitivity to the collected intensity. Lower right: respective standard deviations.

added when the background is not removed. In reality, cven if the spectrnm issued
from the dirty interferogram appears a lot more agitated (dashed line in Fig 4.12), it
has the same amount of statistical noise as the spectrum caleulated from the cleancd
interferogram.

Note that for the previous measurement (broad band) the SNR is about 8000. Per-
forming a mcasurement with different band widths leads to notice that for a medium
band (width of 100 nmn) the SNR is 20000 and for a narrow band {(monochromatic line),
the SNR is about 27000. This lcads us to presume that, like before, the amount of pixels
effectively recording a modulation is an important paramecter.

Jitter noise

The study of statistieal noise in the spectrum is a complex task. The study should
first take into aceount the type of speetrum, and then it will depend on a variety of
parameters like the maximum optical patb difference, the number N of sampling points
N and the average intensity of the interferogram. The previous analysis of the influcnee
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Figure 4.11: Left: standard deviation as a function of the detected intensity measured
with a filter having variable transmission. Right: SNR as a funetion of the intensity.
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Figure 4.12: Left: Halogen lamp spectrutn with (solid line) and without (dashed ling)
background removal. Right: SNR of the respective measurements.

these parameters in terms of straylight suppression can give an estimatc. Some trends
can be pointed ont by regarding the standard deviation and the signal-to-noise ratio for
given spectra when several measurements under identical coaditions are performed.

As a function of the tilt of the mirror, it is seen in Fig. 4.13 that the SNR tends to
lower with the in¢reasing of the considered pixel number, except when the spectrum is
small carrow band. Conecerning the average intensity of the interferogram, no sufficient
explanation can be given. Fxcept a general decreasing tendency of the SNR in funetion
of N, no simple description of the role played by the effective nsed dynamic range of
the detector can be given. Keeping an equal contrast, low intensity interferogram should
contains less noise (see Fig. 4.11). On the other hand, they do not benefit from a large

dynamic range.
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Figure 4.13: 3NR for (a) broadband spectrum, (b) medium band (550 nm to 650 nm)
and (¢) a narrow line.

Finally, an additional contribution arises from the sampling jitter, which gives a higher
noise contribution at positions where the slope of the recorded modulation is high (see
Fig. 4.14). A study by Kolar [79], has shown that noisc produced by jitter is relevant in

the UV-VIS region.
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Figure 4.14: Dependence of the slope of the modulation of s narrow line with the standard
deviation at the respective sampling positions.
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4.2 Description of the prototype

We describe now a Fourier transform spectrometer based on a stationary Michelson in-
terferometer, which uses 8 non-conventional construction of the beamsplitter. The moti-
vation for this particular design was to realize a compact system. The principle is shown
in Fig. 4.15. The beamsplitter is of clongated eonstruction as shown in Fig. 4.15 and has
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Figure 4.15: Left: Principle of the stationary FT spectrometer using a non-conventional
configuration. Right: Drawing of the beamsplitter used in the setup. One surface of the
beamsplitter is coated with aluminum.

a cross-section of 3 mm x 3.3 mm; its length is adapted to the detector size.

In 1970, Girard [80] described a deviee for stellar spectroscopy, which was using a
similar beamsplitter. The interferogram was recorded by mean of a single detector moving
along the z-direction. Girard named this particular configuration ‘air wedge fringes’
interferometer.

This uncommon geometry of the beam splitter permits to drastically shorten the
distance between the mirrors and the detector. This quality permits to avoid the use of a
lens to image the interference plane onto the detector plane. In addition, contrary to cubic
beamspliticrs, this distance does not scale with the length of the PDA. In other words,
as the resolving power is set by the number of pixels of the PDA, this arrangement is
independent of the desired resolution. The reason for this choice is the desire to minimize
the number of optical elements, as well as additional assembly and positioning steps.

As shown in Fig. 4.15, the beamsplitter has onc face coated with aluminum, which
avoids the use and handling of a second mirror. Note that, in theory, the limiting dimen-
sion of this configuration would be the heighbt of the PDA pixels (500 pm in our case).
Nevertheless, as will be shown here below, assembly is a delicate task and should not
be neglected. Figure 4.16 shows an interferometer with optical components having an
inadequate size. The dimension of the beamsplitter is 1 mm x ! mm x 8 mm.

4.2,1 Mounting and assembly
A prototype bas been constructed following the design presented previously.
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Figure 4.19: Background intensity distribution of the prototype. The peak coincides with
a dust particle on pixels number 554 and 555. The intensity is nonnalized to 1.

of about 0.5 pm over the length of the detector (25 mm), which is cnough to cause an
important discrepancy in the spectrum shown in Fig. 4.21.

Phase correction procedure

To get rid of the distortion effect, we nced to identify the exact phase at each sampling
point, which is obviously not linear anymore. The procedure consists in measuring the
position of the points where the modulation of a monochromatic radiation crosses the
z-axis {sec Fig. 4.15). We usc either a linear or a sinusoidal interpolation. The second
one is more realistic. Then, the result is transposed via a polynomial interpolation to the
real position of the pixel. The result is shown in Fig. 4.20, which gives the phase delay in
ierms of pixels for each pixel position.
The distortion An is applicable to every frequency and is taken into account in the
Fourier transform as
N
B =Y F.expli2nm{n — An)/N), {4.1)
n=1
where m are the Fourier frequencies and F,, the interferogram values sampled at the
position »n.

4.3 Characterization and results
In this section we show the performance of the prototype, in particular the straylight
suppression and resolution. Additionally, we present measurements with typical spectra,

as well as colour calculations.
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Deviation [pixel]

pixel position

Figure 4.20: Distortion of the mirror given in pixels. The optical path difference between
neighbour pixels is given by the cutoff wavelength. In this particular situation (A, =
366 nm), the measured maximum distortion at the center of the mirrar is 0.5 pm.

4.3.1 Straylight suppression and resolution

Figure 4.22 shows the suppression of the transmission spectrum of a GG495 filter measured
with & xenon high pressure lamp, whese spectrum is shown in Fig 4.3. The measurement
underlines the necessity of removing the background. Since no apodization is applicable,
the straylight suppression ability of the spectrometer would not achieve the specifica-
tions. For this specific measurement, reducing the number of used sampling points does
not enhance the suppression as one would expect after the eonsiderations presented in
section 4.1.1. In fact, the spreading of the interferogram due to dispersion, gives risc to
modulations with a relatively high contrast at any place of the detector. In reality, the re-
covering of the spectrum needs a larger detector arca than with a symmetric interferogram
and cutting down the number of used pixcls is harmful for the spectrum.

The significance of expanding the interferogram over the detector area end its reper-
cussion on the suppression is seen in Fig. 4.23. This graphic shows the closc relation
between the contrast of the central fringe and the suppression. As soon as the contrast
reaches roughly 50 %, the suppression is close ta 20 dB. In fact, in case of a RG695 filter,
the interferogram expresses a higher degree of symmetry, firstly, because the length of
coherence is longer (the spectrum extension is about 150 nm instead of 450 nm for the
white light), secandly, because the dispersion cffect is lower in this wavclength range.
Thercfore, it seems from the previcus considerations that dispersion deteriorates the sup-
pression. Note tbat for a symmetric configuration, the suppression is not affected by the
bandwidth, contrary to grating spectrometers, which show a clear dependence between
straylight and bandwidth.

The resclution together with the suppression have becn measured (Fig. 4.24). We
notice the effect of apodization on the suppression, primarily because of the reduction
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Figure 4.21: Left: spectrum of a HeNe laser recorded witbout phase correction. Right:
spectrum after the phase correction for the distortion of the tilt mirror.

of the sidclobes. Additionally, apodization drastically reduces the width of the line at
a suppression of 200 dB. The resolution in terms of FWHM are 4 nm and 5 nm for the
unapodized and the apodized spectrum, respectively.

The position accuracy of the center of a linc has heen determined using tbe output of
a monochromator as the source and by fitting the measurement with a Gaussian function
(sce Fig. 4.25). The phase correction duc to the mirrer distortion, measured previously
with a HeNe laser, has been applied. The results are reported in Table 4.2.

Table 4.2: Accuracy of the center of several line spectra measured with the prototype.

Input wavelength | Center | FWHM
400 nm (40l nm | 4 nm
460 nm | 458 nm | 5 nm
520 nm | 519 nm | 5.5 nm
580 nm | 578 nin | 6 nm
640nm | 640 nm | 7 nm
700 nm | 700 nm | 7 nm

4.3.2 Measurements with weak sources

To qualify the performance of a given spectrometer, one can test its ability to measure
weak sources. Fig. 4.26 shows suppression spectre. of three neutrel density filters. We
note that the deviation from the original curved is only sbout 1.5 dB, even when the
suppression is equivalent to 15 dB.
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Suppression spectrum S [dB)

wavelength [nm]

Figure 4.22: GG495 filter without (solid line) and with {dashed line) background removal.
Suppression of a transmission spectrum measured with a xenon high pressure Jamp. Sim-
ple spectra show a SU of 16 dB witbout removal and of 20 dB with remaoval.

4.3.3 Other spectra

Typical spectra have been measured and are shown in Figs. 4.27, 4.28 and 4.29

The spectrum of a xenon low-pressure lamp is composed of a series of sharp peaks
and is a good test for the wavelength accuracy of the spectrometer. It can be used for
calibration purposes, since the lamp is intense and, therefore, one does not deal with weak
signals.

The spectrum of a BG36 filter is nsed to examine the suppression ability as well as
the wavelength accuracy.

Finally, the Ar-Hg lamp intensity is weak and is adequate to examine the ability of
matching sharp peaks even when the average recorded intensity is low.

4.3.4 Colour measurements

In Fig. 4.30, we show colour measurements of some typical fluids. The ecaleulation of the
colour and the CIE1931 diagram are presented in section 3.1.1.
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Suppression spectrum 5 [dB]

wavelength {ran}

Figure 4.23: Suppression of transmission spectra of different short-pass filters measured
with a xenen high pressure lamp. The contrast of the interferogram for cach filter is: (a)
GG495: 35%. (b) OG530: 39%. (c) OG590: 42%. (d) RG630: 58%. (e) RG695: 64%.
(f) RG695 with an average intensity 5 times higher: 64%. The contrast of the white light
was 29%. The background has not been removed

Intensity [dB]

400 500 600 700
wavelength [nom]

Figure 4.24: Normalized spectrum for a HeNe laser without apodization (solid line) and
with a triangular apodization (dashed line). The interferogram was phase corrected as
shown in section 4.2.3.
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Figure 4.25: Line spectra. The source is the output of a monochromator.
ment is used to determine the position accuracy of the center of a line.
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Figure 4.26: Suppression spectra (dashed curves) for several neutral density filters. (a)
NG4 1 mm, (b) NG4 2 mm, (c) NG9 1 mm. The solid lincs are the original suppression

spectra of the filters obtained by a 1 nm resolution monochromator.
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Figure 4.27: Spectrum of a xenon low-pressure lamp. The dashed line is the spectrum
mesasured with a 1 nm resolution monochromator.
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Figure 4.28: Suppression spectrum of a filter BG36. The dashed line is the spectrum
measured with a 1 nm resolution monochromator.
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Figurc 4.29: Spectrum of a Ar-Hg lamp from Ocean-Optics. The dashed line is the
spectrum measured with a 3 nm resolution monochromator.
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Figure 4.30: Colour measurements of different fluids.
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4.4 Summary and conclusions

Investigating the potential of a particular staticnary Fouricr transform spectrometer is a
vast exercise that relies on a variety of aspects and parameters. To restrict the arca of
study, a selection of applications has to be chosen and, therefore, specifications have to
be set.

The key parameter chosen here is the straylight suppression ability of the spectrometer,
especially in the blue region. The reason for that has been introduced in section 3.2.1.

1t bas been seen tbat fixed pattern noise is the greatest source of tronble and the
background intensity distribution should always be rcmoved in order to reach the best
performance. If this is not possible, apodization, as well as cutting down the number of
used pixels, can help, but only for symmetrical configurations. Of course, the results vary
with tbe amount and type of inhomogeneities in the background.

For a simple spectrum of a GG495 filter, we have noticed that with a symmetrical
configuration SU has hecn enhanced from 23 dB to 27 dB by apodizing and reducing the
amount of unnecessary pixels and from 17 dB to 26 dB by removing tbe background. Note
that the maximwn values reported bere above result from two different setups, having
distinct backgrounds and are measured with a xenon and a halogen lamp, respectively.

In tbe casc of a dispersive interferometer, the only possibility of enhancing SU is the
background remnoval. We have obscrved an increase from 14 dB to 18 dB for a transmission
spoectrum (measured with a xcnon high pressure lamp) and from 17 dB to 21 dB for 4
simple spectrum. Note the difference of 3 dB between simple and transmission spectra.
The difference can be even higher with a different lamp type.

Following several measureinents, one can observe a difference in performance between a
symmetricel and a dispersive configuration. We may find the reason of that hy considering
the general contrast of an interferogram, together with the fact that the digital output
of our PDA line has a noise which is proportionsl {o the intensity. The spreading of
the interferogram along the detector diminishes tbe local contrast and therefore the ratio
between the modulation height and the noise. It might be that reducing the average
intensity could enhance this ratio, but, on tbe other band, tbe dynamic range diminishes
as well. We have noticed that a minimum contrast of $be central fringe of 50% is necessary.
Finally, we have observed a general [oss of 1 dB in terms of suppression ability between
tbe 512 and the 1024 pixel detector, which explains partly the difference between the
symmetrical and the dispersive devices.

In both types of arrangements, the cutoff wavelength should be as close as possible to
the minimum wavelength to be inspected.

As a consequence, we may be able now to give a saturation value for SU when the
best case is taken into account. With a symmetrical configuration, the best performance
(in terms of high straylight suppression and low loss of resolution) is achicved when a
512 pixel detector is used, the background is rcmoved, a variable apodization is applied
{150 pixel at 400 nm and 480 at 730 nm), and a high pressure xenon lamp is used in
casc of transmission spectra. 1n this case SU saturates at abont 28 dB {equal to 0.17%
of the intensity if the speetrum is normalized to 1). This corresponds to the measured
statistical noise shown in Fig. 4.11. The average intensity is 20000 grey levels and the
standard deviation corresponds to 0.15% of the dynamic range. With the prototype that
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has been constructed, the saturation cccurs at 21 dB after background removal.

We have mentioned that tbe SNR is constant as a function of the intensity. The
eonsequence is a multiplex disadvantage compared to & grating spectrometer. The ratio
of SNR between a grating and the interferometer scales with the square roct of the
number of spectral clements M {see also the introdnetion of chapter 2), which means
that the disadvantage grows with the spectral bandwidth. Nevertheless, this type of
interferometer keeps the advantage of large throughput compared with & grating. In
fact, at equal performance a slit width of 2.4 mm can be accepted for the interferometer,
comparcd with a slit of 100 g for the grating.

in coneclusion, we have presented a dispersive spatially modulated FTS based on a
Michelson interferomcter. A non-standard beam splitting configuration has lead to com-
pactness and reduced demands concerning spatial coherence. Combined with a cylindrieal
lens, these features enhance the throughput. Measurements have shown that this type
of spectrometer is well suited for applications in the visible wavelength range, which de
not require a high resolution (better tban 10 nm) but need a good stray light suppression
(better than 1%).
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Chapter 5

Fourier transform spectrometer
based on silicon technology

In the previous chapter, we have examined the relevance of the Fourier transform tech-
nique for a numher of applications that demand the utilization of portable and compact
devices, hut do not necessarily requirc a high resolution. The potential of miniature
Fourier transforin spectrometers have heen discussed by considering a statie-type Fourier
spectromoeter,

We report now on a Michelson interferometer with a scanning mirror. Despite the clear
advantages of a stationary configuration, the time-scanning solution offers some henefits
as well. The use of a single photodiode, instead of an array (PDA), climinates the nuisance
coming from the hackground intensity distribution. Then, the issue of resolution is not
a limitation arising from the number of pixels of the PDA, but only from the maximum
achievable scan distanee of the mirror. In addition, the harmful influence of the size of
the source is strongly reduced, since the mirrars are not tilted with respect to each other.

In the device presented in this chapter, the size, which is in the order of the miliimeter,
and the specific fahrication technology are fundamental assets. Together with the advan-
tages offered by a scanning configuration, they provide a net profit for this particular
solution.

In a scanning Michelson interferometer, the motion of the mirror is usually carried
out hy a piezo-clectric system. A recent study [81] showed that silicon microfahrication
can he used as an alternative method. In our situation, the mohile mirror is driven by an
clectrostatic comb actuator.

In this chapter, we shall give details about the technology that permits the fahrication
of the Michelson interferometer, as weli as the mobile mirror. Then, the experimental
characterization of the motion of the mirror is presented and we shall demonstrate that
the device is suitable for Fourier spectroscopy in the visible and near-infrared region with
a resolution better than 10 nm. Finally, an overview of further potential designs taking
advantage of the samc technology will be given.
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5.1 Optical micro-electro-mechanical systems

Miero-electro-mechanical systems (MEMS) include a vast variety of devices dealing with
micromachining technology. After MEMS eomponents have been built and used as sensors
for chemical and physical signals, pumps, motors, and much more, the integration of
optics, or the use of MEMS in comhination with optical signals is eonsiderably growing.

Optical MEMS (or MOEMS) technology plays an increasingly important role in do-
mains such as telecomimurnieations, optical networking, information storage, wireless tech-
nologies, environmental monitoring, remate sensing or display teehnology. Components
and systems as vartous as optical bench on a chip, integrated optical laser scanners, mi-
croshutters or optical switches have heen developed at industrial level. Therefore, the
combinetion of microopties, micromechanies and electronies exploited in order to create
a wider class of integrated micraoptical systems is a challenging new field.

Botb constituent technologies in MOEMS, that is microoptics and micromechanies,
have one important common festure: both technologies are compatible with integrated
eircuit technology and therefore allow batch proeessing. They can be produeed in large
quantity at low cost. This makes MOEMS highly ettractive for commercial applications.

5.1.1 Silicon micromachining

The {abrication of microsystems is basically redueed to etching and bonding of silicon, as
well as depositicn steps. The driving idea in micromachining is to use phatolithography,
instead of conventional machine turning ar milling.

Among the vast amount of different techniques and process steps, the technology
silicon-on-insulator (SOI) is one possible choice. SOI-based MOEMS can give rise to sev-
eral types of applications, like opticel cross connects [82), variable optical attenuators [83)]
and accelerometers [84].

We deseribe now the different steps used in the process of fabrication of SOI-based
MOEMS. A review of SOI technology is presented in reference [B5]. The great advantage
of this technology is its simplicity and small numher of process steps. The central idea
is the etching of & silicon layer, the device layer, which is on top of a silicondioxide layer
(also called sacrificial layer). The silicon is structured in such & way that the removal of
the saerificial layer will disengage some designed frames, letting others fixed.

Figure 5.1 shows the various steps involved in the febrieation of SOl-hased MOEMS.
The process starts by performing photolithagraphy on the SOl wafer in order to operate
dry etching of the device layer. The patterning of the silicon is carried out by deep reactive
ian etching {DRIE), which allows to fahricate vertical structures with a high aspeet ratio
and a good surface roughness of the side walls. This is s crueiat step that demands & lot of
optimization. The'SiQ; layer serves as an etch stap for DRIE. This is necessary to ensure
the struetures to have the same height over the whole wafer. The release of the structures
designed to he mabile is ohtained by dissalving the sacrifieial layer in fluoric acid (HF wet
etching). A final metallisation step is carried out in order to increese the conduetivity of
the device surface and to enhance the refleetivity of the mirrors. Note that hesides the
use of the silicondioxide layer as an etch stop for DRIE and as a sacrificial layer, it also
serves as insulator between the different eleetrodes of the final device.
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Figure 5.1: S80I technology: (a) SOI wafer composed of a silicon substrate wafer (the
height is net relevant), & buried silicondioxide (8i0;) layer (2 pm height) and a silicon
device layer (75 g height, in our case). (b) Deposition of a photoresist layer and pho-
tolithography. {c) Patterning of the wafer by deep reactive ion etching (DRIE). (d) Wet
ctching of the sacrificial layer with HF. (e) Mctallisation. (f) Assembly.

An obvious asset of 501 technology resides in the patterming of dedicated structures
atmed to facilitate the precisc assembly of optical elements like fibers, micro-ball lenscs
or micro-plates (c.g. beamsplitter).

5.2 Actuation

As mentioned above, the motion of the mobile mirror used in the Michelsen interferometer
is realized by mean of an electrostatic comb drive actuator. These types of actuators are
widely nsed in MEMS because of their simple construction and reliable operation. They
allow to get a considerable displacement up te 100 gm, but they cannot drive large loads
(86]. Therefore applicaticns arc mainly found in the area of optics where no output force
is needed [86].

A photograph of the actuator togetber with the mobile mirror designed for the Michel-
son interferometer is shown in Fig. 5.2. The actuator is composed of a series of comb elec-
trodes and springs. The actnation is driven by applying a voltage between the combs, as
shown in Fig. 5.3. Two oppositc comhb structures are electrically insulated. Onc of them
is fixed, whereas the other is mechanically connected to the suspension spring and the
mirror structure. The suspension beams visible in both Figs. 5.2 and 5.3 act as springs,
which counterhalance the electrostatic foree applied between the combs.
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Figure 5.6: Configuration used to messure the motion of the mirror. The beam is about
focused onto the two mirrors {a and b). The resulting interference pattern is illustrated
in the center. On the right is sketched the position of the detector with respect to tbe
interference pattern.

at the optical path maxitnum &4, one can define the maximum acceptance angle as the
angle corresponding to the first zero of the interference pattern. A caleulation with a
diverging Gaussian wave front shows that the maximum acceptance angle is 0.14 rad at
a distance of 40 pm between the mirrors. Note tbat in this celculation, the splitting
occurs at about 25 times the Rayleigh range zp from the focus point, which corresponds
to a radius w of the wave front of 60 um (about the height of the mirror), and permits
to consider the wavefront aa about spherical. At this distance, the appearance of the
interfercnee pattern depends only ou the path difference between tbe mirrors and on the
divergence angle. The optical path in each branch of the interferometer is about 1.5 mm.

5.3.1 Preliminary measurements

Messurements have bheen carricd out at moderate, medium and full performance of the
actuator, corresponding to a voltage V5 of £1 V, 5 V|, and 10 V, respectively. The
fixed voltage V4 = ~V3 in Fig. 5.3 was cqual to0 15 V.

Voltage range: -1 V < V<1V

We were able to measure the mirtor displacement by counting the number of fringes.
Figure 5.7 shows an interferogram with about 11.9 fringes, corresponding to0 8 dpa of
7.53 um (i.e. 3.76 um mirror dispiacement), for a triangular signal of the applied voltage
Va. The arrows indicate where the mirror changed the scanning direction. The contrast
is about 90%.

Voltage range: -5 V<l <8V

The linearity and the reproducihility of the motion of the mirror has been measured by
applying a voltage , corresponding to about half of the potential displacement. Both
scanning directions have been taken into aceount. The result is shown in Fig. 5.8. The
maximum optical path difference dua is equal to 40 um.

The accuracy of the peak given by the Fourier transform of the interferogram, cal-
culated for several scans of the mirror in the same dircction, is better than 1 nm. The
measured resolution for a HeNe laser is 16 nm in the backward direction and 23 nm in
the forward direction. In this particular case, the wavelength bas been calibrated for the
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Figure 5.7: Detected signal versus the scanning time for HeNe laser light {A = 633 nm).
Triangular voltage V, applied to the comb.

backward direction. We have observed a discrepancy in the center of the peak calenlating
from the opposite direction (see Fig. 5.8). This means that the scanning speed is not
exactly the same for both directions.

5.3.2 Drive non-linearity and hysteresis

The relatively large width of the peaks measured for both scanning directions, together
with discrepancy in position of the center of the peaks observed in the previous results
are probably caused by an bysteresis effect and a drive nonlinearity. This aspect will be
treated in the following.

Voltage range: -10 V < 13 < 10V

At full performance we observed a drive nonlinearity, which gives a distortion of the path
difference A(6) as great as £0.5 um in both scanning directions. In addition, a difference
between the two scan directions (bysteresis effect) is present. The maximum optical path
difference 8, achicved in this measurement was equal to 77 pum.

Figure 5.9 shows the drive nonlinearities A(d) with respect to the path difference 4.
For both scanning directions, the reproducibility of the motion in the same direction
is better than 125 nm. The observed nonlinearity can be understood by geometrical
considerations. The reason is the change of the capacitance between the combs when the
finger tips get close to the comb base [88, p. 92-93| (distance ¢ Fig. 5.10).

To get rid of the effect of the drive nonlinearity we have applied a pbase correction
similar to the one given by Eq. (4.1) in section 4.2.3 namely

B =3 Facxplizem(sa — AGa)/N) 5.4)

A=l

where A(d,) are the measured nonlinearities, as shown in Fig. 5.9.
Figure 5.11 shows the spectrum of a HeNe laser before and after the phase correction.
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Figure 5.8. Two different spectra of a HeNe Jaser (plain and dashed lines) measured for
both scanning directions of the mobile mirror. Left: Forward direction. The peaks are
centered at 626 nm and have a FWHM equal to 23 nm. Right: Backward direction. The
peaks are centered at 633 nm and bave a FWHM equal to 16 nm.

After the correction, the resolution is 6 nm (at 633 nm), which is close to the theoretical
limit of 5 am for dpaye = 77 pum. The same correction has been applied to other scans in
the same direction, resulting in a resolution that was always better than 10 nm.

5.3.3 Broad band interferogram

Witt the specific configuration deseribed above (sce Fig. 5.4), we bave managed to set
the ZPD at about the middle of a scan. The resulting measurement of a luminescence
diede at 800 nm is shown in Fig. 5.12. The poor contrast, about 5%, does not allow to
process conveniently the corresponding speetrum. indeed, the modnlation is close to the
dynamic range given by the acqnisition card, which is 10 bit.

[t is possible to distinguish the slight dispersion effect coming from tbe beam splitting
plate of 120 pm thickness used in the experiment.

5.3.4 Scanning speed

With the setup used here, it is feasible to undertake about 250 measurements per second.

The limiting factor is neither the responsc time bandwidth of the detector (typically
1 MHz}, nor the resonance frequency of such a device (estimated at about 1 kHz [88,
p. 106]}, but rather the digitalization capability of the acquisition card whose integration
time is 10 ps, whatever the sampling frequencies.

Since the sampling rate has to be sel in order to record the minimum accessible
wavelength Ay, with respect of the Nygnist theorem, the maximum permitted scanning
speed Ymay i5 equal to
’\min/ 2

Td !

Vepae = 0.5 (5.5)
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Figure 5.9: Nonlinearity of the mobile mirror. Results of the interferometrie measurements
for bath scanning directions. Left: four different scans (grey lines) in the same direction.
The deviation from their mean value (black line) is better £25 nm.

Figure 5.10: Part of the comb-drive actuator.

where 7, is the integration time of the acquisition card, With Ap;, = 380 nm and 7y =
10 g5, Vinax 15 equal to 9.5 mm/s. For a maximum optical path difference dpa = 70 zm,
3.7 ms arc needed and, therefore, abaut 250 scans per second can be carried out. This is
about 10 times more rapid than the CCD line used with the stationary Fourier transform
spectrometer described in the previous chapter.

5.3.5 Conclusion

The feasibility of the deviee has been demonstrated by preliminary measurements with
a HeNe laser. From the recorded interferograms it appears that the movable mirror has
a drive nonlincarity of about 1.4 %. This inhomogeneity is not present at voltages {1y
smaller than 5 V. For larger voltages (as great as 10 V) a phase correction can be applied.
This earrection has been applied to other scans, yiclding a resolution better than 10 nm
at 633 nm for d.y. = 77 pm. The repeatability of the motion of the mirror is better than
425 nm.

In conclusion, it is conceivable to use this device for Fourier spectroscopy with similar
specifications as those described in the previous chapters. The number of possible appli-
cations is considerable and the distinct advantages are the fabrication technology and the
extreme compact dimensions.
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Figure 5.11: Spectrum of a HeNe laser without phase correction (left) and after phase
correction (right), using A(#) of Fig. 5.9(left).
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Figure 5.12: Interferogram of & luminescence diode measured over several scans.
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5.4 OQOutlook

It turns out that the cnormous potential of the technology presented in this chapter offers
almost infinite possihilities. It is the aim of this section to give an overview of these vast
resourees. ’

We first introduec the suceessive steps and improvements, in terms of new designs,
in connection with the Michelson interferometer which we have already realized, in par-
ticular the use of fibers to bring in and collimate the light to the chip. We propose a
possible method to obtain microoptieal elements that are suitable for intcgration on the
interferometer chip. Finally, the versatility of this technology is illustrated with three
other designs of spectrometers using radieally differcnt spectroscopic concepts.

5.4.1 Michelson interferometer: next designs

The primary purposc in this study was to realize a 1movahle mirror that could serve in
a Michelson interferometer. We demonstrated that a chip composed of a mirror driven
by an SOl-based actuator was concejvahle practically and that the motion of the mirror
was suitable for Fourier spectroscopy with a resolution of 10 nm in the visible. Now,
the logical follow-up is to find the way to intcgratc the clements that will transform the
interferometer into a spoctrometer.

To improve the device, in terms of fahrication, ease of handling and optical perfor-
mance, cfforts have been focused on the alignment of the optical elements, the length of
tho optical path and the online calibration of the movable mirror. We propose two types
of designs. In the first one, emphaesis is put on the eollimation quality of the light souree,
while in the second design we privilege assemhly ease and reduction of the optical distance
from the input to the output of the interferometer. A scanning electron mieroseope (SEM)
photograph of both types of system are shown in Fig. 5.13. A fiber permits to hring the
light source very closc to the interferometer. The distances from the souvee to the mirrors
and from the mirrors to the output arc short. The beam splitting plate is self adjusted.
The actuator drives two identieal mirrors opposite to each other. The eollimation of the
souree is ensured by erossed cylindrical optica) elements: two GRIN lenses placed after
the input fiber and before the output fiber, and the curvature of the two mirrors.

The improved features are:

s As ‘light source’ serves a multimode fiber placed close to the interferometer and
adjusted hy mean of a U-grooves. Note that the fiber can be used either as a light
source, or &s a light eollector. In one configuration, hoth the cutput and the input
of the interferometer make use of fibers.

e The beam splitting plate is accommodated into a U-groove. Special attention has
been paid to set the position of the zero path difference.

s The collimation of the light souree is ensured by crossed cylindrical clements: a
gradient-index cylindrieal microlens (fber) and cylindrical mirrors. The collimating
fiber is placed at a distance of 31 pm from the input fiber and collimates the light
diverging vertically to the surface of the chip. The two mirrors have both a curvature
that collimates the light diverging horizontally.
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Chapter 6

Conclusions

In this work, the relevance of the Fourier transform technique for a number of applications
that demand the utilization of portable and compact devices has been clearly identified.
It has been shown that miniature Fourier spectrometers have a great potential eompared
with common portable devices based on dispersive metbods.

However, it bas also been shown tbat the well-known advantage of Fourier transform
spectroscapy (the throughput and multiplex advantage) does not necessarily apply to
miniaturc Fourier spectrometers. On the other hand, when compared to gratings, Fourier
spectrometers are never limited by the presence of the second order diffraction. The
limiting aspect comes mainly from the realization of the devices.

Stationary Fourier transform spectrometer

We have preseated a dispersive spatially modulated Fourier transform specirometer based
on a Michelson interfcrometer. A non-standard beam splitting configuration has lead
to compactness and reduced demands concerning spatial coherence. Combined with a
cylindrical lens, these features enhance the throughput. Messurements bave shown that
this type of spectrometer is well siited for applications in the visible waveleagth range,
which do not need high resolution, but require a good stray light suppression.

From the point of view of the performance, this Fourier spectrometer satisfies tbe
following requirements, typical for portable spectroscopic devices:

¢ Resolution: Al = 10 nm,

¢ Wavelength range: 380 nm < A < 730 nm,

Wavelength accuracy: < 0.5 nm,

Straylight suppression: SU > 20 dB,
o Colour scparation: AF < 1,
o Contrast: C > 50%.

To achieve these specifieations, signal processing is erucial. It has been seen that fixed
pattern noisc is the greatest source of trouble and the background intensity distribution
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should always be removed in order to reach the best performance. If this is not possible,
apodization and cutting down the number of used pixels ¢an belp, but only for symmetrical
configurations. Of cowrse, the results vary as a function of the amount and type of
inhomogeneities in the background.

The rcalization of this spectrometer is limited by assembly tolerances, which makes it
difficult to compete with grating-based solutions.

Time-scanning Michelson interferometer based on silicon micro-
machining

The feasibility of this novel device has becn demonstrated by preliminary measurements
with a HeNe laser. From the recorded interforograms it appears that the movable mirror
has a drive nonlinearity of about 1.4 % for a displacement of 8, = 70um at 10 V drive
voltage. For a displacement limited to . = 35um (voltage of 5 V), the movement is
very close to linear. A phase correction algorithm can be applied. With this correction
a resolution better than 10 nm at 633 nm was obtained since the repeatability of the
motion of the mirror is better than +25 nm for an optical path difference bpp, = T0pm.
It results that it is coneeivable to usc this device for Fouricr spectroscopy with similar
specifications as those described for the stationary configuration. The number of possible
applications is eonsiderable and tbe distinct advantsges are the fabrication technology
and the extreme compact dimensions.

The vast resources offered by SOf-technology have been illustrated. We have intro-
duced an improved design of the existing Michelson interferometer, with the aim of un-
dertaking spectroscopic measurements. In addition, we have shown three different designs
of devices illustrating the flexibility and adaptability of S5OI-based technology: a lamellar
grating interferometer, an array of eommutable slits to realize a Hadamard transformer
and a mavable curved diffraction grating. Finally, we propose a possible method to obtain
microoptical elements tbat are suitable for integration in the interferometer chip.
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Appendix A

Elements of statistical optics

This section is a summary from reference [12, pp. 11-17, and 60-76).

A.1 Random variables

A.1.1 Density functions

Let U be a continuous random variable and » a possible real number associated to the
random variable. Tbe probability that I/ assumes a given value can be expressed in terms
of the probebility densily function py(u). For instance, the Gaussian density is one specific
probability density function.

Now cousider two random variables U and V, the marginal probability density functions
of U and V are defined as

1l

i) /j: puv(u, v)de

polv) = [ poviu o) (A1)

where pyv(u,v) is the probability denstly function for the joint random variables UV,
Puv(t,v) must have unit volume (normalization), that is

f/_: o (u, v)dude = 1. (A2)

A.1.2 Statistical averages

Let g be a function that for every real number u assigns a new real number g(u). We
define the statistical average (or expected value) of g(u) by

<6 >s=3) = | slpoiuldn (a3)

By setting g{u) = »", we obtain the n th-order moments. The first moment (g(u) = u) is
the mean value, defincd by

i= L : upy(u)du (A.4)
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and the sccond order {g() = u?) is the mean-square value, defined by
- o
u? =f Wy (u)du. (A.5)

By sctting g(u) = (v — 6)*, we obtain the central momenis, which represent the fluetua-
tions of a random variable about its mean. The second central moment is the variance,
defined by

ol = /j:(u = @) ?py{u)du. (A.8)

With two random variables I and V, the joint momenis of {/ and V are defined by

n, _1m = o n, m d d . A.
<u"m > /f_muu puv (u, v)dudy (A7)
The correlation of U and V is
Tyv =<uv>= ,v)dudy, A,
gv =<uy //_:uvpuv(u v)dudv A.8)
the covarianee of U and V' is
Cyy =< (u - ﬁ)(ﬂ - !_)) »>=yy — 40 (Ag)
and the correlation coefficient is o
=2 (A.10)
ayoy

The correlation coefficient is a direct measure of the similarity of the fluctnations of U
and V. Using the Schwerz's inequality we can show that 0 < |p| < 1. If |g| = 1, we
say that U and V are perfectly correlated, meaning that tbeir fluctuations are identical,
and when |p| = 0, we say that U and V are uncorrelated. Two statistically independent
random variables are always uncorrelated and

pov(u,v) =pp(upv(v) = <wwd>=<u><v>. {A.11)

However, zero correlation does not necessarily imply statistical independence.

A.2 Random processes

A natural generalization of the concept of a random variable is a random process, for which
the random ovents are functions rather than numbers. We consider here only functions
with a dependence on time.!

Let U(t) be a random process and u(¢) the specific sample function contained in the
random process U (the waveforms «®) (), u®(1), ..., u®({t), ..., are the members of the
ensemble). As illustrated in Fig. A.1 vy = u(t;) and vy = u(t;) are two random values
of the funetion u(t). The joint probability density function of the random variables U(t,)
and U(t;) is denoted py(uy, ug; £, £3).

1Generalizations to functions of space (study of spatial coherence) are straightforward.
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Figure A.1: An ensemble of sample functions, whbere t; and ¢; are the parameters values
for which the joint probability density function py (u;,3; 41, ta2) is specified.

A.2.1 Stationarity

A random process is called stationary if the nth-order joint probability density function
Prlun, vz, .. tnity, b, ..., 4y) i5 independent of the choice of time arigin, that is, for the
first-order density function

pu(u;t) = py(u} (A.12)

and, for the sccond-order density function
Py, usi i, t2) = pultn, u;7), (A.13)

where T =t — t;. The stationarity implics that the ensemble average of a function g(u)
(defined in Eq. (A.3) for functions of numbers)

{+4]
<gt)>s= [ gluipuedu, (A19)
is independent of the time.

A stationary random process is called erpodic when the fime average of a function g
of a sample function u{t),

1 T
<g(ult)>= Jim = [ gult))ar (A.15)

is equal to the ensemble average: < g>p=<g>,.
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A.2.2 Autocorrelation function

In the same manner than with random variables (Eq. (A.8)), we can define, for a stationary
process U(t), the time autocorrelation function of a single known time function w(t) (u(t)
may he one sample function of a random process):

Fy(r) =<ult + r)ult) >= f/:m 1y ugpy (1), 1p; T)duy duy. (A.16)

Fromn the physical point of view, ['y(r) measures the structural similarity of u(t) and
u(t + 1), averaged over all time. For ergodic random processes, I'y (7) of all functions are
cqual.

Three important properties of autocorrelation functions of stationary processes are:

L. T[y(0) = w2,
2. Fu(-’r) = Fu(’l’),
3. |Ty(r)] £ Ty(0).

A.3 Spectral analysis of random processes
In spectral analysis of random processes it is impaortant to make the distinction between
the two following quantities: the spectral densities of known functions of time and of a

random process containing an entire ensemble of different functions. The first class of
function leads to the energy speciral density and the Iatter to the power spectral density.

A.3.1 Spectral density of known functions

Let u(#) be a known function of time.
If u(t) is Fourier transformable, that is

I i < oo, (A17)
then, its Fourier transform
afr) = fm u(t) exp[iZnet]dt (A.18)

always exists and the area nuder |%(v)[? is equal to the total energy contained in u(t),
according to the Parceval's theorem:

f_ * ()it = [_ a2 dv. (A.19)
Ev)
The guantity
E() = la(w)? (A.20)
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is the energy spectral density of u(f} and has the dimensions of energy per unit frequency.
If u(t) s not Fourier transformable, but has a finite average power

S S LA
nll—].lgoﬁ ot (t)di < oo, (A.21}
then, in general, the Fourier transform of u(f) does not exist. However, the truncated

function
up(t) = reet{T tjull), (A.22)

where rect(T, 1) is defined to be equal to 1 for —T" < t < T and zero otherwise, docs have
a Fourier transform

fp(y) = j_ ': wr(t) explizrulat (A.23)

and the quantity |ir(v)]? represents the distribution of energy. This leads to the definition
of the power spectral density
zaColi

B(y) = lim — ==, (A.24)

which has the dimension of power per unit frequency.

A.3.2 Spectral density of random processes

Similarly, let U () be a random process containing a set of single fuuctions heing Fourier
transformable or having a finite average power. Since we wish to find an energy spectral
distribution, or a power spectral distribution that characterize U(f), it is logical to defice
such quantities in terms of averages over the entire random proeess (i.e. over the whole
ensemble), defined by

Eylv) =<la{p)®>g (A.25)
and

<Mr()f>e (A.26)

By (v} = Nm

Let the random process V(1) consist of sample functions that result from passing

all sample functions of the random process U/(t) through a known linear filter having a

response h{t) as illustrated in Fig.A.2 . Then, V() is called a linearly filtered random

process. The energy spectral density Fy-() and the power spectral density By (v) are
related to their respeetive input spectral densities Fy(v) and By{v) by

Ey(v)
By{v)

(OB (), (a27)
AP Bo ). (A28)

A.4 The Wiener-Kintchine theorem

The concept of time autocorrelation functions I'(7), introduced in section A.2.2, plays a
great role in the theory of coherence. A major practical importance of autocorrelation
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Figure A.2: Spectral densities for linearly filtered random processes.

functions lies in the very special relationship they enjoy with respect to the power spectral
density. In a stationary random process, the autocorrelation funetion and power spectral
density form & Fourier transform pair

By(v) = f:: I'y(7) expli2rer]drT,

Ty(r)

li

j:: By(v) exp|—1i2mvr]dr. (A.20)

This very special relationship is known as the Wiener-Kintchine theorem.

A.4.1 Proof

To prove this theorem, we begin with the definition of the power spectral density given
by Eq. {A.26) and replace the Fonrier transform ir(r) given by Eq. (A.23):

By(v) = Jim {% <‘ j: : wr(t) exp[:'Z:rvt]dtr)E}. (A.30)

Using the definition of ur(t) {Eq. (A.22)) and the definition of the square modulus jul* =
uu”, the ensemble average in Eq. (A.30) can be written

I¥

<...>p <fm rect(T, 2)u(t) expli2mut]di F rect(T, t')u*(t') exp[—iZmut]dt' > ¢
-0 —o0

fj_m rect(T’ t)rect (T, ') <u(tyu(t') > expliZru(t — £)]dtdt’

I

end, replacing ¢ by ¢ — r,

//m rect(T, $rect(T,t — 1) <ult)u’(t — 7) > g expli2wvrldrdt
—00 —— e

I(r)

j_c:l"('r) expli2rur|dr j_c: rect(7, treet(T, t — T)dL.

fl
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Now, if we apply the limit in Eq. (A.30), only the second integral here above is concerned
and, for any fixed 7

. 1
T!l_rgo 77 | rect{T, #)rect(T,t — r}dt = 1.
Finally, Eq. {A.30) hecomes

By(v) = jw Ty{r) expli2wir)dr.

The inverse relationship follows from the properties of Fourier transforms.
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Appendix B

Elements of radiometry

We define here the terms oceurring when a signal is detected with an interferometer.
Indeed, confusicn is often made when using the notions of intensity, energy, power, etc. We
shall be cancerned both with the total quantity of radiation and, since we arc determining
spectra, with the guantity of radiation lying in a given speetral interval. The follawing
definitions arc given from reference {7, p. 92].

The International System of Units are given in |m, kg, s, Aj.

Radiant fluz  [W]=[1/5]
Total quantity of radiation in a signal, measured in power units ar in terms of rate of
cnergy flow.

Spectral flur  [W/Hz], or [W/m™!|
Flux of a particular frequency lying in the small interval » to v+ dv or, if wavenumber is

the variable, ¢ to ¢ + do.

Radiant fluz density  [W/m?)
Amount of lux Sowing through unit arca placed perpendicular to the direction of flow.

Spectral radiant fluz density  [W/(Hzm?)], or (W/(m~!-m?)]={W/m)

Intensity  [W/m?)
Time-averaged valuc of the radiant flux density.

Radience [W/(m?sr))
Amount of flux emitted by the umt area into unit solid angle.

Spectral radiance (W /(Hz-m”-sr)), (W/(m-s1)]
Amount of flux emitted per unit bandwidth by unit area of the souzce into unit solid angle.

Etendue [m? st
Following the previous definitions, one can define the thraughput or étendue of an inter-
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feroraeter as
E=0,A, = 034,, (B.1)

which is the cepacity of the system to transmit energy. This notiaon is illustrated in
Fig. B.1. In practice, as a souree is diverging and as the noise inereases with the sensitive

System

Figure B.1: Etendue of a system. The entrance aperture of area A, and the detectar of ares
Ay, subtend the solid angles €, and {1}y at the collimating lens {collimatar), respectively
the facusing lens (condensor).

arca of the detector, the common configuration for a scanning Michelson interferometer
consists in the nse of & collimator and a eondensor (see Fig. B.1). The first lens gathers
the light diverging from the souree, the second lens focuses the light onto the smallest
possible surface.

In a measnrement, one records power (not intensity or cnergy) and from this detected
signal one determines the distribution of the radiated power over the observed frequency
range, 1e. the spectral flur, or power spectral density, or power specirum.

The spectral power collected by the collimater is |7, p. 99)

L) =I()E [W/Hd, (B.2)

where }{1) is the spectral radiance of a source element.
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Appendix C
Filter GG495

Figures C.1 and C.2 show the transmission and suppression spectra of a filter GG495
measured with a spectrometer Perkin Elmer UV /VIS/NIR Lambdag00.
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Figure C.1: Transmission spectrum of a filter GG495.
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Figure C.2: Suppression spectrum of a filter GG495.
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