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Abstract

This thesis consists of two largely independent parts. In the first part, we study three kinds of
homologies of metric spaces and graphs.

« The first, magnitude homology, is a categorification of Leinster’s magnitude and mea-
sures phenomena broadly related to geodesics in the space. After introducing magnitude
homology of graphs as a categorification of magnitude, Hepworth and Willerton proved
versions of the Kiinneth formula for products and of the Mayer-Vietoris sequence for
certain decompositions. They also introduced the concept of diagonality, stating that
magnitude homology vanishes for the most part. We verify that the Kiinneth formula,
Mayer-Vietoris sequence and concept of diagonality all hold in the metric context, when
appropriately restated. We also show that median graphs (and metric spaces) are diag-
onal.

+ The second, dubbed Roe homology, is a coarse homology theory of locally finite graphs.
We study the first homology group, providing a decomposition as a direct sum: the first
part measuring the ends of the graph, the second measuring a kind of “coarse cycle
structure”.

« The third, uniformly finite homology, is a refinement of sorts of Roe homology, defined
for uniformly locally finite graphs (graphs with a bound on the degrees of their vertices).
We restate some of the previously obtained results on Roe homology in the context of
uniformly finite homology. In short, the ends and “coarse cycle structure” also play a
part, although in a less satisfying manner. We also define a notion of higher dimen-
sional expansion of simplicial complexes (generalizing usual expansion), and after some
tweaks, provide a characterization of the vanishing of the first homology group (with
coefficients in Z) for transitive graphs in terms of ends, “coarse cycle structure” and
expansion.

The second part consists of some comments on the implementation of the so-called Vinberg
algorithm, which can be used to find a finite-volume fundamental polyhedron for the reflec-
tion groups of certain Lorentzian lattices (if such a polyhedron exists). This algorithm has
been successfully used in manual computations, and also implemented on computers. Perhaps
the best known implementation is that of Guglielmetti; also of note is that of Bogachev and
Perepechko. The implementation presented here (written in the Julia programming language)
can claim novelty in that it is the first (to my knowledge) able to treat non diagonal lattices
over number fields other than Q; this is made possible by the rich ecosystem of mathematical
packages available for Julia.

Key words: metric space, graph, homology, coarse geometry, flow, hyperbolic geometry, al-
gorithm, lattice, polyhedron.






VII

Résumeée

Ceci est une these pot-pourri. On commence par étudier trois types d’homologies sur graphes
et espaces métriques.

« Premieérement, I’homologie de magnitude, une catégorification de la notion de magni-
tude due a Leinster, qui mesure certains phénoménes vaguement liés aux géodésiques.
Apres avoir introduit la notion d’homologie de magnitude sur les graphes, Hepworth
et Willerton ont prouvé des versions de la formule de Kiinneth pour les produits, et de
la séquence de Mayer-Vietoris pour certaines décompositions. Ils ont aussi introduit
le concept de diagonalité, qui se résume en la nullité d’'une majorité des groupes d’ho-
mologie. Nous vérifions que la formule de Kiinneth, la séquence de Mayer-Vietoris et
le concept de diagonalité restent valides dans le contexte métrique, une fois correcte-
ment rephrasés. Nous prouvons aussi que les graphes et espaces métriques médians
sont diagonaux.

« Deuxiemement, I’homologie de Roe, qui est une homologie grossiére sur les graphes
localement finis. Nous étudions son premier groupe d’homologie, décomposable en une
somme directe dont un c6té mesure les bouts du graphe et 'autre une certaine forme
grossiere de «structure de circuits».

« Troisiemement, I’homologie uniformément finie, obtenue en raffinant ’homologie de
Roe, est définie pour les graphes uniformément localement finis. Une partie des résul-
tats obtenus pour ’homologie de Roe peuvent étre adaptés a '’homologie uniformément
finie: les bouts et une forme grossiere de «structure de circuits» apparaissent a nouveau,
mais de maniére moins satisfaisante. Nous définissons une certaine forme d’expansion
sur les complexes simpliciaux; celle-ci généralisant la notion usuelle d’expansion. Aprées
quelques adaptations, nous prouvons une caractérisation de la nullité du premier groupe
d’homologie uniformément finie (a coefficients dans Z) pour les graphes transitifs en
termes de bouts, «structure grossiere de cicruits», et expansion.

La deuxiéme partie consiste en quelques commentaires sur I'implémentation de I’algorithme
dit de Vinberg, qui est utilisé pour trouver un polyhédre fondamental de volume fini (s’il existe)
pour le groupe de réflexions de certains réseaux Lorentziens. Cet algorithme a déja été utilisé
manuellement avec succes, et implémenté sur ordinateur. L’implémentation la plus connue
est probablement celle de Guglielmetti; citons aussi celle de Bogachev et Perepechko. L’in-
térét de I'implémentation présentée ici (écrite en Julia) est qu’elle est la premiere (a ce que je
sache) a étre (théoriquement) capable de traiter des réseaux non diagonaux a coefficients non
rationels; chose principalement rendue possible par I’écosysteme de bibliotheques mathéma-
tiques disponible pour le langage Julia.

Mots clés: espace métrique, graphe, homologie, géométrie grossiere, flot, géométrie hyper-
bolique, algorithme, réseau, polyedre.
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1 Introduction

Organization. The four main parts are chapters 3, 4, 5, and 7. Inbetween, the necessary
definitions and background are introduced as needed. The remainder of chapter 1 will be
dedicated to summarizing the content and main results of each of chapters 3, 4, 5, and 7.

Attribution/collaboration disclaimer.
« Chapter 3 is based on joint work with Tom Kaiser [BK21],
« Chapters 4 and 5 are also based on joint work with Tom Kaiser, mostly available at [BK20],

« Chapter 7 is ongoing work with Nikolay Bogachev and Alexander Perepechko.

1.1 Magnitude homology, median spaces and diagonality

Chapter 3 has two somewhat independent purposes, both related to the notion of magnitude
homology—a categorification of magnitude—in short defined as follows. Let X be a metric
space. Given two points x, y of X, the interval [x, y] C Xis the set of points z € X satisfying
d(x,z) + d(z,y) = d(x,y). The magnitude homology of X is the homology of its magnitude
complex, which, at height k, is spanned freely by (k + 1)-tuples of consecutively distinct points
in X. Its boundary operator is the alternating sum of the maps 9;, each defined as sending the
tuple (xg, ..., X5, ..., Xg) to {Xg, ..., X, ..., %) if X5 € [%5_1, %, 1], and to 0 otherwise.
Defining the length I(x) of a (k + 1)-tuple x := (g, ..., x;) as the sum

k-1

I(x) = Z d(%, Xi+1),
i=0

we see that the boundary operator preserves length. It follows that magnitude homology is

graded (in R>() by the length.

Magnitude Homology of Median Spaces Our first aim is to analyze the magnitude homol-
ogy of median metric spaces. Recall that the (metric) space Xis called median if, for any three
distinct points x, y, z € X, the intersection [x, y]n[y, z]n[z, x] is a singleton. Median spaces are
relatively common: examples include trees (more generally R-trees), any product of median
spaces with the ! metric, and skeleta of CAT(0) cube complexes. For more examples and in-
formation on median spaces, see [CDH10]. We call a (k + 1)-tuple (xy, ..., x;) saturated if each
interval [x;, x;; 1] contains only x; and x;, 1, and, extending the notion of diagonality defined
in [HW17], say that X is diagonal if all its magnitude homology groups are spanned by linear
combinations of saturated tuples.
We obtain the following.

Proposition 3.5.3. Median metric spaces are diagonal.

In Section 3.2, we verify that median graphs are diagonal. The key tool here is the characteri-
zation of median graphs as retracts of hypercubes, due to Bandelt [Ban84]. Then, in Section 3.4,
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we formally define diagonality and verify that it is stable under some constructions on metric
spaces (e.g. retracts, products, and filtrations). Finally, Section 3.5 is devoted to proving diag-
onality of median spaces, by what amounts to an approximation of a median space by finite
median graphs. The argument uses the stability of diagonality mentioned above, along with
an equivalence between finite median spaces and finite median graphs, due to Avann [Ava61].

Kiinneth and Mayer-Vietoris Formulae Section 3.3 is dedicated to the second part of this
chapter: verifying that the Kiinneth and Mayer-Vietoris formulae for graph magnitude ho-
mology, proven in [HW17], generalize to the metric setting.

Recall that the I' product of two metric spaces X,Y has the Cartesian product X x Y as
underlying set, and its distance map is given by

dxxy((x, ), (7, y")) = dx(x, x") + dy(y, y").
The “metrized” variant of the Kiinneth theorem in [HW17] has the following form.

Proposition 3.3.2 (Kiinneth theorem—metric case). If X, Y are metric spaces and X xY is their
I' product, then there exists a natural “cross-product” morphism

MH, (X) ® MH, (Y) 5 MH, (X x )
[fl®[g] ~ [fg],

which fits into a natural short exact sequence

0 = MH, (X) ® MH,(Y) 5 MH, (X xY) — Tor(MH,_;(X), MH,.(Y)) — 0.

The proof found in [HW17] translates rather easily to the metric setting, as is done in Sec-
tion 3.3.1.

The Mayer-Vietoris formula in [HW17] uses so-called projecting decompositions of graphs.
We will use the following metric analogue of a projecting decomposition. A gated decomposi-
tion of the metric space X is a pair of subspaces Y, Z satisfying X =Y u Z and such that:

» Y n Zis gated relative to Z: given any z € Z, there is a unique element y, € Y n Z, called
a gate, such that forany y € Y n Z, y, is in [z, y].

« Y n Zlies “between” Y and Z: for any z € Zand y €Y, there exists some w € Y n Z such
that wis in [y, z].

The notion of gated subsets in metric spaces is fairly well-studied (see e.g. [DS87]).
Our “metrized” variant of the Mayer-Vietoris theorem of [HW17] has the following form.

Theorem 3.3.12 (Mayer-Vietoris—metric case). If X = Y v Z is a gated decomposition of X
and W =Y n Z, then the inclusions

WY, j, WoZ iy: Y > X,iy: Z->X
induce a short exact sequence

0 - ML W) 2 vy @ ML) P MEL (X) — o



1.2 The first Roe homology 3

The proof requires a bit more care than the Kiinneth theorem, since the discreteness of
graphs allows for some simplifying assumptions. Unlike in [HW17], no naturality property
for the Mayer-Vietoris formula is given here, though we do expect a naturality statement
similar to the one in [HW17] to hold in the metric case, assuming the right setup.

A remark on betweenness. In a metric space X, we say that a point z is between two given
points xand yif z € [x, y], that is, if d(x, y) = d(x, z) + d(z, y). When one discards the grading,
the magnitude homology groups only depend on the “betweenness” relation. Thus, many
arguments can be worked out without appealing to either notion of length or distance, instead
relying only on betweenness. We strove to make this reliance as apparent as possible, while
de-emphasizing the length grading. The advantage of this approach appears, for instance, in
the proof of Proposition 3.5.3.

1.2 The first Roe homology

In chapter 4, we study the first group of so-called “Roe”! homology of locally finite graphs. Fix
a locally finite connected graph X (all vertices have finite degree), and consider the increasing
Rips complexes R.X (r € IN) defined over X. On any one of these complexes, one can define a
chain complex whose chains are functions from simplices to the coefficient ring A, or “infinite
formal sums” of simplices. The inclusion of chains corresponding to a given Rips complex
to a larger Rips complex are chain maps, and one can take the inductive limit of those chain
complexes. The homology H.°(X, A) of this inductive limit is what we call Roe homology—it
is a special case of Roe’s coarse homology, defined in greater generality (see e.g. [Roe03]).
In particular, H°(X, A) is invariant under quasi-isometries [Mos03, Step 3 in the proof of
Theorem 12].

We focus only on the first group of Roe homology, H;°(X, A), which enjoys a relatively
intuitive combinatorial description. Recall that a (A-valued) flow on a locally finite graph Xis
an assignment, to each (preliminarily oriented) edge of X, of a value in A, in such a way that,
for all vertices v of X, the sum of values of edges pointing to vis equal to the sum of values of
edges pointing away from v (i.e., “in=out”).

Theorem 4.1.4. If Xis a locally finite graph and A a ring, then

Zi(X,A)

=g xay

where Z;(X, A) is the space of all (A-valued) flows on X, and €,,(X, A) is the space of all flows
which can be decomposed as (potentially infinite) sums of circuits of bounded length.

In a sense, this description tells us that H;°(X, A) measures the existence of flows which
don’t arise as “local” phenomena.

In [Dial5], Diana shows that for a tree T with a finite number n of ends, H;°(T, A) has
dimension n — 12. If T has infinitely many ends, a similar description can be obtained:

This denomination does not appear to be commonplace.
’Diana’s result uses uniformly finite homology but for finite-ended trees, Roe and uniformly finite homology
agree.
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Theorem 4.2.1. If Tis a locally finite tree, and % a carefully chosen® set of birays on T which
satisfies in particular |%| + 1 = |Ends(T)|, then

H®(T,A) = A%,

Thus, as can be guessed from theorem 4.1.4, the group H;°(T, A) is entirely characterized
by the ends of T.
We then obtain a decomposition of H; (X, A) in the general case.

Theorem 4.3.1. Let X be a locally finite graph and T a carefully chosen? subtree of X. Then

B(X, A)

H(X,A) = H>(T, A —_—
¢ ) (T, Ao Ca(X.A)

where € (X, A) is the space of flows on X that can be written as (potentially infinite) sums of
circuits.

Note that €,,(X, A) differs from € (X, A) in that the latter includes sums of circuits of arbi-
trarily large length, while in the former, each sum only consists of circuits of at most a given
length. In other words, the first homology of Xis the direct sum of two terms: the first comes
from the ends of X, while the second measures the extent to which “sums of circuits” differ
from “sums of circuits of bounded length”.

From this decomposition, the following are clear:

« If X has at least two ends, its first homology is non trivial.

« If X has circuits of arbitrarily large length that cannot be decomposed into smaller cir-
cuits (think: chaining together increasingly long cycle graphs), its first homology is also
non trivial. Note that this part is dependent on the choice of coefficient rings!

Finally, in the case where A = Z/2Z, we can further improve our understanding of H;*(X, A):

(X,A)

Theorem 4.4.6. If Xis a (locally finite) graph and A = Z/2Z, then (X A)

if and only if it is infinite-dimensional.

is non-vanishing

The proof of the above uses both compactness/finiteness of A = Z/2Z., and the fact that A
is a field.

1.3 The first uniformly finite homology in Z

In chapter 5, we study the first group of uniformly finite homology on uniformly locally finite
graphs. Recall that a graph X is said to be uniformly locally finite if there is a bound on the
degree of all its vertices. If A is a normed coefficient ring (say Z, Q, R), we can adapt the con-
struction of Roe homology on X with coefficients in A by restricting the chains to be the maps
from simplices to A that are uniformly bounded (i.e., elements of £=°). Using the assumption
that X is uniformly locally finite, one gets a well-defined new homology H*(X, A), called uni-
formly finite homology, due to Block and Weinberger [BW92]. As for Roe homology, uniformly

3Such a set always exists.
“The requirement is that the inclusion of rays from Tto X induces a bijection Ends(T) — Ends(X)
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finite homology is a quasi-isometry invariant ([Mos03, Step 3 in the proof of Theorem 12]),
and [BW92] further proved that H(}‘f(X , Z) vanishes exactly when Xis a non-amenable graph.
This served as a motivation for our study of H(X, Z), our goal being to find a reasonably
intuitive characterization for the vanishing of H}lf(X 7).

By simple adaptations of the arguments of chapter 4, we easily get the following.

Theorem 5.1.5. If Xis a uniformly locally finite graph, then

Z3U(X, A)

HY(x,A) = 22"
1 BI(X, A)

where quf(X ,A) is the space of all uniformly bounded flows on X, and &Uf(X, A) is the

space of all flows which can be decomposed as uniformly bounded sums of circuits of bounded

length.

Theorem 5.2.1. If Tis a uniformly locally finite tree, and % a carefully chosen® set of birays
on T, then
HYM(T, A) = 12(&, A).

Thus, similarly to theorem 4.2.1, Hluf(T, A) counts the ends of T.

Recall that for Roe homology, Theorem 4.3.1 provides a decomposition of the first homology
into a direct sum corresponding to, respectively, the ends of the graph, and its circuit structure.
In the case of uniformly finite homology, there is no such decomposition that we know of, but
the following can still be said:

Theorem 5.2.2. Let X be a uniformly locally finite graph and T a carefully chosen® subtree of
X. Then H{lf(T, A) embeds in H{‘f(X ,A).

Thus, as soon as X has at least 2 ends, Hlllf(X , A) does not vanish.
Next, in the case of transitive graph, we find another phenomenon responsible for the non-
vanishing of Hluf(X ,A):

Lemma 5.3.1. Let X be a uniformly locally finite transitive graph, and &5U(X, A) the space
of uniformly bounded flows obtained as uniformly bounded sums of circuits of length at most
r(reN). If

&U(x, A) = e3(X, A),

for all r € N, then Hff(X, A) # 0.

The assumption of transitivity can be relaxed slightly, as we will see.

Finally, we define two related notions of n-expansion (n € IN) for simplicial complexes, and
“coarsifications” of these; in the case n = 0, we recover the usual definition of expansion on
graphs. Being relatively opaque (though arguably natural), we postpone the definitions.

The important property of (our variants of) n-expansion is that it allows a characterization
of the vanishing of H(X, Z) when X is transitive.

Theorem 5.4.15. Let X be a uniformly locally finite transitive graph. Then H}lf(X ,Z) # 0 if
and only if either of the three following phenomena occur:

>Same condition as in theorem 4.2.1.
®Similarly to theorem 4.2.2, the condition is that the inclusion T < X induces an injection Ends(T) — Ends(X).
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1. X has more than one end;
2. for allr, (X, Z) = €M(X, Z);

3. X does not have what we call pure Hluf-expansion.

1.4 Implementing Vinberg’s algorithm

Chapter 7 contains some comments on mostly practical aspects of the implementation of Vin-
berg’s algorithm on computer.

Given a totally real number field K embedded in R, with ring of integers R, consider a sym-
metric (n+1)x(n+1) matrix Q with coefficients in R. This matrix is said to define an admissible
Lorentzian quadratic form on V := R**! (defined as x, y — x'Qy) if:

« the signature of Q1is (n, 1);

« for any non-trivial embedding o of K in R, the matrix Q7 obtained by applying o to the
coeflicients of Q is positive definite (i.e., of signature (n + 1,0)).

In case K = Q (and R = Z), being admissible simply means being of signature (n,1). Let L
denote the lattice (R)**! sitting inside V. Let O denote the group of linear automorphisms of
V that preserve Q and 6O the subgroup of automorphisms of the lattice L, also preserving Q.
Up to taking an index-two subgroup, those two groups can be seen as groups of isometries of
hyperbolic space H": 0 being a double-cover of the full group of isometries © of H", and 6 a
double-cover of a subgroup O thereof. It turns out, by results of Borel and Harish-Chandra,
Venkov, and Vinberg, that 6 is a lattice in the Lie group 6, meaning that

. O is a discrete subgroup of &;

« OL is of finite covolume in @~, i.e., a fundamental polyhedron for 6L in H" is of finite
volume.

Being a group of isometries of hyperbolic space, we can consider the subgroup 6L of 6F
generated by the reflections (of hyperbolic space, along hyperplanes) contained in 6L. We
will say that the lattice L (by which we actually mean the pair (L, Q)) is reflective if 6F is of
finite covolume in G; if that is the case, L is furthermore called anisotropic if 6 is cocompact
in 0, and isotropic otherwise. It has been shown by Vinberg that in high enough dimensions,
reflective lattices don’t exist. Vinberg also provided a decomposition of G into a semidirect
product
oL = 6 % s,

where S := (Sym P) n 6% with Sym Pthe group of automorphisms of the fundamental polyhe-
dron P. Thus, reflectivity of OL can be restated as finiteness of S.

The (technical) purpose of Vinberg’s algorithm is the construction of the fundamental poly-
hedron P for @~rL by enumeration of its sides; if oL is reflective, this is a finite process. If oL is
not reflective, Vinberg’s algorithm does not terminate. In that case, though, a strategy devised
by Bugaenko allows to detect non reflectivity after a finite (not known in advance) number
of steps of Vinberg’s algorithm, in some cases; this is usually referred to as the “infinite-order
symmetry test”. The main idea is that non-reflectivity is equivalent to S being infinite, which is
itself equivalent to the intersection of the sets of fixed points of enough elements of S (viewed
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as isometries of H") being empty. The (socio-academical) purpose of Vinberg’s algorithm is to
find high dimensional hyperbolic finite volume and/or compact Coxeter polyhedra (Coxeter,
meaning that the angles between adjacent faces are of the form 7 /n for n = 2,3, ...). Notably,
the record such compact polyhedron (dimension 8) was found by Bugaenko using this method
in 1992. It is somewhat surprising (and personally disappointing) that after almost 30 years
and multiple computer implementations of the algorithm, Bugaenko still holds the record!

After some comments on the question of decidability of reflectivity of O, we will focus on
some aspects of the implementation of this algorithm as an actual computer program.

Apart from manual applications of the algorithm (by Vinberg himself and others) and some
ad-hoc implementations for specific purposes (Bugaenko, Mark, McLeod, Allcock, Nikulin),
two implementations are commonly known:

« The first one is a C++ program by Guglielmetti [Gugl7a]. It has the advantages of being
comparatively very efficient, and easy to use. It also contains a version of the infinite-
order symmetry test (and quite a few further functionalities), and can thus be (at least
theoretically) used to prove both reflectivity and non-reflectivity. Its main drawback is
that it only deals with diagonal quadratic forms. Another one is that it is not entirely
field-agnostic, in that the range of possible number fields usable is restricted to Q(v/d)
(for the majority of sensible d € {1,...,100}) and Q(cos(%”)). This is probably a minor
inconvenience, since we know, by results of Vinberg, that reflective lattices are only

defined over Q(+/2), Q(+/5), Q(Cos(%”)) in dimension n > 22.

+ The second is a SageMath/Python script by Bogachev and Perepechko [BP17; BP18].
This implementation only deals with forms over Z, but covers non diagonal ones.

The implementation presented here combines aspects of both [Gug17a; BP17] and is, at least
theoretically, applicable to any (totally real) number field K for which R is principal and any
admissible form over R. It is written in the Julia programming language [Bez+17], and uses
the Hecke number theory package [Fie+17] to cover the necessary number theoretic aspects,
along with quadratic forms, linear algebra, etc.






2 Preliminaries and notation: graphs
and metric spaces

2.1 Graphs

Recall that a (combinatorial) graph X is the data of a set VX of vertices and a symmetric,
anti-reflexive relation EX C (VX)?, whose elements, up to symmetry, are called edges. Two
vertices, u, v are neighbors, or adjacent, written u ~ v, if (u,v) € EX and the valency or degree
of a vertex vis the number of its neighbors. The graph Xis said to be locally finite if all vertices
of X have finite valencys; it is uniformly locally finite if there exists some natural number K
such that all vertices have valency at most K. A path in X is a sequence of vertices, each
neighboring its successor in the sequence; it is called simple if no vertex appears twice. The
index set of the sequence can be

« {0,...,n} for some positive integer n, or
« N, in which case the path is called a ray, or
+ Z, in which case it is called a biray.

The length of the path is n in the first case, and infinite in the latter two. A circuit is a path
of finite length such that the first vertex in the sequence is equal to the last; it is simple if no
vertex, except the first/last, appears twice. The graph Xis connected if any pair of its vertices
appear in some common path. The induced distance on the connected graph X is the metric
on VX obtained by setting

dx(u,v) = length of a shortest path containing both u and v.

If X is not connected, dy is sometimes called a pseudo-distance. If v € VX is a vertex, the ball
B(v,r) of radius r € IN is the set of vertices at distance at most r from v. Note that if Xis locally

finite, all balls are finite, while if X is uniformly locally finite with all vertices of valency < K,
Kr+1_1

all balls of radius r have cardinality at most =————. From now on, all graphs are assumed to
be locally finite and connected. Two rays in X are said to be close if no removal of a finite
set of vertices (a compact set) disconnects the rays; being close is an equivalence relation on
the set of rays. An end of X is an equivalence class of rays under “being close”. Let us write
Ends X for the set of ends of X; it is common knowledge that Ends X can also be described as
the appropriate limit of the inverse system {X — K | K compact}.

An orientation O of X is a subset of EX such that for each e = (u,v) € EX, exactly one of
(u,v), (v, u) lies in O, that is, we direct the edges. If O is an orientation of X, a flow on Xis a
function f : O — A (for some ring A) satisfying:

Y fav- Y frw=0 weVX.

us.t. us.t.
(u,v)€0 (v,u)eO
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IfU C VX, we let 0°U denote the set of edges with exactly one endpoint in U. The value of a
flow fon the boundary 0°Uis defined as

Y, fe.
e€(o°U)n0O

An automorphism of X is a function ¢ : VX — VX satisfying u ~ v & ¢(u) ~ ¢p(v); Xis
called (vertex) transitive if for any pair of vertices v;, v, € VX, there exists an automorphism ¢
of X such that ¢(v;) = w,.

Given two graphs X and Y, a map ¢ : VX — VYis said to be a quasi-isometry (abbreviated
QI) if there exists a constant K > 0 such that:

« If v,v" € VXare at distance d, then ¢v, pv" are at distance at least K ~1d — K and at most
Kd + K.

« Any v € VY is at distance at most K from some element of ¢[V X].

Two graphs X and Y are said to be quasi-isometric if there exists some quasi-isometry from
one to the other; this is an equivalence relation. Equivalently, X, Y are quasi-isometric if there
existp : VX - VY, ¢ : VY - VXand K such that:

o dy(pv,pv") < Kdx(v,v") for all v,v" € X;
o dx(Yu,yu") < Kdy(u,u’) for all u,u’ €Y;
o dx(Y¢v,v) < Kforallv e X;
o dy(¢yu,u) < Kforallu €Y,

in which case ¢, i are called quasi-inverses to each other.
Note that the cardinality of Ends(X) is quasi-isometry invariant (actually, a quasi-isometry
¢ : X — Yfunctorially induces a map Ends(¢) : Ends(X) — Ends(Y)).

Cayley graphs. If Gis a group and S C G a set of generators of G, the graph C(G, S) whose
vertices are the elements of G and such that g is adjacent to h if and only if gh™! € Su §71
(g # h) is called the Cayley graph of G with respect to S. This graph is always transitive, and
if S is finite, it is also locally finite, hence uniformly locally finite.

2.2 Simplicial complexes

Recall that a simplicial complex is the data of a set V of vertices, plus a subset X of the set of
finite subsets @](V) of V, such that X

« contains all singletons {v} for v € V; and
« is closed under subsets: if r C 0 € X, then 7 € X

The elements of X are called the simplices of X. Let us write X, or X(;) for the simplices of
cardinality n + 1, called n-simplices. The n-skeleton of X is the simplicial complex consisting
of all simplices of X of cardinality at most n + 1; the 1-skeleton of a simplicial complex is
(equivalent to) a graph. Xis said to be [uniformly] locally finite if its 1-skeleton is [uniformly]
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locally finite. The faces of an n-simplex o are the (n — 1)-simplices contained in o; we write
7 < o to say that 7 is a face of 0. Finally, an orientation of X consists (for our purposes) in a
choice of sign [7 : o] = + for each simplex o and face 7 of o, such that if 6 is a common face
of 7,7/, both faces of o, then [0 : /] - [t : 0] = —[0 : 7] - [r : o]. From now on, assume that
all simplicial complexes are endowed with a choice of orientation (it does not matter which
one). Any graph defines a simplicial complex. Fix r € IN”? and a graph X; the r~th Rips complex
R.(X) is the simplicial complex on vertex set VX, and with simplices:

{o e PAV) : du,v) <rvuveo}

where g’f(S) is the set of finite subsets of S. In other words, the simplices are the finite subsets
of vertices of diameter at most r. It is clear that the 1-skeleton of R{(X) is just X, and that
if r <'s, then R(X) C Ry(X). If X is a [uniformly] locally finite graph, then R.(X) is also

[uniformly] locally finite. We will call any simplex in some R,(X) a large simplex, in contrast
to the small simplices of X.
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3 Magnitude homology, median spaces
and diagonality

In this chapter, we verify that the Kiinneth and Mayer-Vietoris formulae for magnitude homol-
ogy of graphs, proven by Hepworth and Willerton, generalize naturally to the metric setting.
Similarly, we extend the notion of diagonality of graphs to metric spaces, and verify its stabil-
ity under products, retracts, and filtrations. As an application, we show that median spaces are
diagonal; in particular any Menger convex median space has vanishing magnitude homology.

3.1 Background
In this section, we provide necessary definitions and settle on notation used in the chapter.

3.1.1 Metric Spaces

Let (X, d) be a metric space. Finite sequences of points in X are written using angle brackets:
x = (xp, ..., %) and identified with maps [k] — X, where [k] := {0,...,k}. If x; # x;,; for all
0 <i < k, we call such a sequence a k-path'; the set of k-paths in X is denoted by Pi(X), and
the set of all paths by P(X). The length I(x) of a k-path x = (xq, ... x¢) is defined as the sum

k-1

I(x) =Y d(x, % 1)-
i=0

Given two points x, y € X, we say that a third point z € X lies between them if
d(x,y) =d(x,z) +d(z, y).

In other words, z turns the triangle inequality into an equality. If furthermore z # xand z # y,
we say that z lies strictly between x and y. We write [x, y]| for the set of points between x and y
and ]x, y[ for those strictly between. We call [x, y] and |x, y[ intervals for obvious reasons. A
k-path x is saturated if each strict interval |x;, x;, [ is empty. A metric space is Menger convex
if no strict interval between distinct points is empty.

A map f: X — Ybetween metric spaces is non-expanding (or 1-Lipschitz) if for all x, x” € X,
we have

d(fx, fx') <d(x,x").

We let Met denote the category with objects metric spaces and morphisms given by 1-Lipschitz
maps.

A subset A of a metric space Xis convex if for all a, b € A, the interval [a, b] in Xis contained
in A; in other words, any point between two points of A is also in A. Note that this definition
is stronger than the one found in [HW17] for graphs.

If Xis a set and A is a directed set, a filtration of X is a family (U,)aea of subsets of X

This definition of path supersedes the graph-theoretical one of chapter 2 for the rest of this chapter.
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satisfying |, U, = X and such that for any a < f, we have U, C Uy,

If Yis a subspace of X, a retraction of X onto Y is a 1-Lipschitz map f: X — Y satisfying
le = IdY

Finally, if X and Y are metric spaces, we will always endow the set X x Y with the I' metric,
that is:

dxxy((x, ), (X", ")) = dx(x, X") + dy(y. y").

Note that the I' product of metric space is not the categorical product in Met. Instead, under
the interpretation of metric spaces as categories enriched over [0, o] (so-called Lawvere metric
spaces), the I' product becomes the tensor product in that category (see [Leil3, Section 1.4]).

3.1.2 Graphs

For simplicity’s sake, we will assume all graphs to be connected. This assumption makes the
pair (V,dg), where dg is the induced distance, into a metric space; note that d; takes values in
IN, thus has discrete range.

In the case of graphs, the condition for 1-Lipschitz maps can be restated in terms of edges
as follows: If G = (V,E) and G’ = (V’, E’) are graphs, then f: V — V’ is 1-Lipschitz if and
only if, for all u,v € V, (u,v) € E implies (fu, fv) € E’ or fu = fv.

From the data (V,d;), the set E of edges of G can easily be recovered: it is the set of pairs
(u,v) satisfying ds(u, v) = 1. With this fact in mind, we will henceforth view graphs as special
cases of metric spaces (given by pairs (V, d;)) rather than combinatorial objects (given by pairs
(V, E)).

A subset U of vertices of a graph G = (V, E) can be understood to define a metric space in
two ways. On the one hand, one can look at the graph G(U) = (U, E n U?), and consider the
induced distance dg(y); on the other hand, one can simply restrict dg to U x U. According to
our interpretation of graphs as “special” metric spaces, we will only use the second definition.

In the case of graphs, it is easily seen that the graph-theoretic Cartesian product agrees with
our definition of the I! product of metric spaces. Hence, from now on, we will use the term
“Cartesian product” with this definition in mind, and not that of a categorical direct product.

Since our definitions differ from the ones in [HW17], some care has to be taken in the
“translation” process. The results stated in [HW17] tend to assume a more combinatorial
setting, while the generalizations we present here are stated from a metric viewpoint.

3.1.3 Magnitude Homology

Magnitude homology is a R>(-graded homology introduced in [HW17] for graphs, and in [LS17]
for arbitrary metric spaces, among other structures. It is a categorification of magnitude, itself
an invariant (in the form of a power series) of finite metric spaces introduced in [Leil3]. More
precisely, in the case of a finite graph X, the magnitude #X of Xis recovered from its magnitude

homology (MH;C(X ))EE?N via the formula (borrowed from [HW17, p.32]):

#X(9) = ) (=D rank(MH(X)) - ¢!
k.l

that is, as a “weighted” Euler characteristic. We will focus strictly on magnitude homology,
but the interested reader can find an up-to-date bibliography of magnitude and magnitude
homology maintained by T. Leinster in [Lei].

Let us recall its definition, in the metric case:
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Definition 3.1.1 (Magnitude complex). Let X be a metric space. The magnitude complex of X
is the chain complex (MC,.(X), 9,.) defined by:

MCi(X) = Z[P(X)],

(the free abelian group on the set of all k-paths in X) with boundary map

k—1
= ) (=13 - MC(X) = MCp_1(X),
i=1

where 9 ; : MCi(X) — MCy_;(X) is defined by

~ Vxps X, x)  if x; is between x;_; and X4

O (X0, ooy Xy ovn s X)) = .
hei{Xo i k) 0 otherwise.

We will write MZ(X) for ker 9y and MBy(X) for im d; respectively, so that the k-th magni-
tude homology group of Xis

MH(X) = MZy(X)/MBy(X).

The magnitude complex enjoys a grading on R>( by letting MC;C(X ) be the subgroup of MCr(X)
spanned by the k-paths of length I
A 1-Lipschitz map f: X — Yinduces a morphism of magnitude complexes by letting:

MCk(f)(_x‘O, ,xk> = (()fx0> ’ka) ifl(fxo’ ska> = l<x(), ,xk);

otherwise.

Thus, MC,.(+) defines a functor from the category Met of metric spaces and 1-Lipschitz maps
to the category of chain complexes over Z with R>-grading.

3.2 Median Graphs

Definition 3.2.1 (Median graphs). A graph X is said to be median if, for any three pairwise
distinct points x, y, z € X, the intersection [x, y]|n[y, z]n[x, z] consists of a single point, written
m(x,y,z).

Median graphs have been thoroughly studied. The two prototypical examples of median
graphs are trees and hypercubes. Since, in a Cartesian product of graphs, the interval between
two pairs of points is exactly the product of the respective intervals in each coordinate, it is
easily seen that a Cartesian product of median graphs is still median. Any convex subgraph of a
median graph is median as well, thus yielding many other examples. Finally, it has been shown
by Chepoi ([Che00, Theorem 6.1]) that median graphs are exactly the 1-skeleta of CAT(0) cube
complexes. The cycle graph of length 3 and the graph obtained by adding a diagonal path of
length 2 to a square are both examples of non median graphs, the former failing at existence,
and the latter at uniqueness of middle points (that is, vertices in the intersection of the intervals
given by three distinct vertices).

In a graph X, all paths have integral length, which implies that the groups MC;C(X ) vanish
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when [ ¢ IN. Furthermore, no k-path has length less than k, so the groups MC;C(X ) also vanish
when [ < k. Graphically, this means that, when placed on a quadrant of the Z? grid, all
magnitude homology groups vanish “above the diagonal”.

Definition 3.2.2 (Diagonality ((HW17, Definition 7.1])). A graph Xis diagonal if, for all k #
I € N, the group MH;C(X ) vanishes.

In other words, Xis diagonal if the magnitude homology groups vanish outside the diagonal.
In this section, and as preparation for Sections 3.4 and 3.5, we prove the following:

Proposition 3.2.3. Median graphs are diagonal.

We will shortly present a beautiful characterization of median graphs, due to Bandelt, which
will be used in the proof of Proposition 3.2.3. Some preliminary definitions are necessary:

Fix a set X, and let Qx be the graph whose vertices are the finite subsets of X, and which has
an edge between two subsets if and only if either contains exactly one more element than the
other. A graph isomorphic to some Qy is called a hypercube ([BM83]).

If Xisa graph, Y C Xa subspace (recall our convention on subspaces of graphs), and f: X —
Y a 1-Lipschitz map satisfying f|y = Idy and such that d(x,x”) = 1 implies d(fx, fx") = 1 for
all x,x” € X, then we say that Yis an edge-preserved retract of X. Note that edge-preserved
retracts are in particular retracts, by definition.

Theorem 3.2.4 ([Ban84, Theorem 2]). Median graphs are precisely the edge-preserved
retracts of hypercubes.

We need three simple properties of diagonality, whose proofs we will not linger on, since
generalizations will be given in Section 3.4.

Proposition 3.2.5 ((HW17, Proposition 7.3]). Cartesian products of diagonal graphs are diag-
onal.

Proof. By applying the Kiinneth formula and noting that diagonal graphs have torsion-free
homologies. See [HW17, Proposition 7.3] for the full argument. O]

Corollary 3.2.6. Finite hypercubes are diagonal.

Proof. The complete graph on two vertices K, is diagonal, and a finite hypercube is a finite
Cartesian product of copies of K. [

Proposition 3.2.7. Retracts of diagonal graphs are diagonal.

Proof. A retraction f: X — Y has left inverse the inclusion :: Y — X. Functoriality of MH;<
implies that MH;C( f): MH;C(X ) —> MH;C(Y) is surjective. Hence, if MH;C(X ) vanishes outside
the diagonal, so does MH;C(Y) =0. O

Proposition 3.2.8. Graphs with filtrations by diagonal graphs are diagonal.
Proof. Let (Uy), be a filtration of X, so that MZL(X) = | J, MZL(U,) and MBL(X) = |, MBL(U,,).

If for all @ and k # [, MZk(U,) = MBL(U,), then MZL(X) = MBL(X) and the homology vanishes
outside the diagonal. O

We can now proceed with the proof of Proposition 3.2.3:

Proof of Proposition 3.2.3. Fix a median graph X and a hypercube Q of which X is a retract.
Q has a filtration by finite hypercubes, which are diagonal (Corollary 3.2.6); hence so is Q
(Proposition 3.2.8), and thus X (Proposition 3.2.7). O
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3.3 The Kiinneth and Mayer-Vietoris Formulae

In [HW17], Hepworth and Willerton describe versions of the Kiinneth, excision, and Mayer-
Vietoris formulae for magnitude homology of graphs. In [LS17], Leinster and Shulman, ex-
tending magnitude homology to metric spaces, asked whether those extend to this new setting.
The answer is yes, assuming the right reinterpretations. More precisely:

Hepworth and Willerton’s statement and proof of the Kiinneth theorem ([HW17, Theorem
5.3]) extend verbatim to I! products of metric spaces.

Similarly, Hepworth and Willerton’s statement and proof of the excision and Mayer-Vietoris
formulae ((HW17, Theorem 6.5]) extend to gated decompositions of metric spaces (Defini-
tion 3.3.10) with minimal changes. Those “minimal changes” are a bit trickier than simple
generalizations. In particular, the “metric excision formula” that we define is not strictly a
generalization of the graph-theoretic one of [HW17], since the definitions we use are not
themselves generalizations of the ones in [HW17].

Since our arguments mainly consist in tweaking the original constructions of Hepworth
and Willerton, having a copy of [HW17] at hand will prove useful!

3.3.1 The Kiinneth Formula

If X,Y are metric spaces, we endow the Cartesian product X x Y with the I! metric:

d((x,y), (x",y") = d(x,x") + d(y,y").

This implies that the intervals satisfy the identity

[Ce,y), (", y)] =[x, y] x [x", y'],

which explains the I! metric appearing in this context. Recall also that the I! product reduces
to the usual Cartesian product in the case of graphs.

Summary of differences.The arguments in [HW17, Section 8] go through verbatim when
proving the Kiinneth formula in the case of metric spaces, since the main ingredient is the “in-
terval structure”, which generalizes directly from graphs to metric spaces. Our downplaying
of length as a grading of magnitude homology simplifies some expressions by virtue of getting
rid of some ;s and \/s; this is syntactical. Our arguments do not provide any new insight,
but merely confirm that the generalization holds.

We now retrace [HW17, Section 8] closely, with the metric case in mind.

Definition 3.3.1 (Interleavings, cross product ((HW17, Definition 5.2])). Fixn,l € N, let k =
n + I, and write [k] for the set {0, ..., k}.
A map o = (op,0,) : [n+1] = [n] x[]] satisfying

« 0(0)=(0,0)and o(n + 1) = (n,1);
« if (i) = (a,b), then (i + 1) is either (a + 1,b) or (a,b + 1),

is called a staircase path. Write n,[" for the set of (n,[) staircase paths. A staircase path is just
a geodesic from (0,0) to (n,[) in the obvious grid. The sign sgno of o is (—1)°, where s is the
number of squares “below the staircase”, i.e.

s=M{(a.b) e [n]x[l] : a=o0x() = b <o
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If x is an n-path in X, y an l-path in Y, and o € .n,[" a staircase path, the interleaving of x and'y
along o is the k-path xgy defined by xgy := (X X y) o 0 (where x x y is identified with the map
[n] x [I] > X xY).

The cross product is the morphism of chain complexes
O: MCyu(X) ® MC,.(Y) = MC,(X xY),

sending a pure tensor x ® y to the alternating sum of all its interleavings:

X®y 5 Z sgn(a)(xgy).

oenl’

Verifying that [] really defines a morphism mostly involves the same arguments as for the
cross product map in simplicial homology: we will refer to those arguments as “generic”. The
non-generic part appears due to the possible vanishing of a “partial boundary” 9;z, which
happens when z; ¢ [z;_1,z;,1]. Thus, to show that [J indeed commutes with the boundaries,
we must understand the betweenness relations in a given interleaving z = xgy in terms of the
betweenness relations in the paths x and y, and of o.

We visualize a staircase path o = {0y, 0,) as an actual (irregular) staircase on the [n] x [I]
grid, going from bottom-left (0, 0) to top-right (n, [), with horizontal coordinate given by x and
vertical by y. Any 0 < m < n + [ defines a point o(m) on the staircase; exactly one of:

A “corner”: which means that its predecessor and successor differ in both coordinates. There

o
are two distinct types of corners, looking like " and | respectively. In that case, (xxy),,
will necessarily be between its neighbors.

A “flat”: which means that o,(m + 1) = oy(m) = o, (m — 1) and o,(m) = op(m — 1) +1 =
o
op(m + 1) — 1. In that case (xxy),, is between its neighbors if and only if x
between its neighbors, independently of y.

op,(m)

A “wall”: which means that o(m + 1) = o,(m) = op,(m — 1) and 6,(m) = o,(m— 1) + 1 =
o,(m+1)—1. In that case (xgy)m is between its neighbors if and only if y () is between
its neighbors, independently of x.

If o is a staircase path and m is a corner point for o, then there exists a unique other staircase
path ¢’ with “dual” corner and opposite sign. More precisely, ¢’ and o are equal, except at m,
where

o (m) = (op(m — 1) + 6(m) — 6,(m — 1), 63(m — 1) + 03,(m) — o(m — 1).
When applying d,,, the two interleavings xgy and x(;y will thus cancel out and the between-
ness relations in x and y do not matter.

If m is a flat of o, one can delete the column with coordinate o(m) and get a new staircase
o’ in .n — 1,I". The sign of ¢’ differs from that of o by (—l)av(m), and

’

c o
Om(xxy) = 9, (m)X XY

A similar description holds for walls. With these identities, it is a simple matter to adapt the
“generic arguments” to the case of the magnitude complex.
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Proposition 3.3.2 (Kiinneth theorem ((HW17, Theorem 4.3])). The cross product map induces
a morphism

MH, (X) ® MHL (Y) 5 MH, (X x )
[fl®[g] = [fg]

which fits into a natural short exact sequence

0 — MH, (X) ® MH,(Y) > MH, (X x Y) — Tor(MH,_;(X), MH,(Y)) — 0.

To prove Proposition 3.3.2 (at the end of the subsection), we first set the stage and verify a
few preliminary results.

Definition 3.3.3 ((HW17, Definition 8.1]). If X is a metric space, we define the pointed sim-
plicial set MS(X) with, as k-simplices, the (k + 1)-tuples of points (xg, ..., x¢) : [k] = Xin X,
plus basepoint simplices pt;, along with face and degeneracy maps defined by

(X0s o> Xy oy Xy 1E X5 € [X5-1, Xi01]

deilxg, ..., %, ..., X)) i=
ki{Xo 1 ) Pte_; otherwise,

and

Ski{X05 oo s Xiy wvs Xpe) 5= {XQs +ev s Xy Xy oo Xie)s

and on basepoints:

di Pty = Py,
Sk,iPtk = Plyq-
In [HW17, Definition 8.1], for a graph G and [ € NN, the simplicial set M)(G) is defined. In

our notation, this set corresponds to the sub-simplicial set of MS(G) obtained by restricting to
paths of length /, so that our MS(G) is equal to their \/; M(G).

Proposition 3.3.4 ((HW17, Proposition 8.2]). Let X,Y be metric spaces. The morphism of
pointed simplicial sets

O: MS(X)AMS(Y) > MS(X xY)
[x,y] > (x,y)

is an isomorphism.

Let us clarify the notation: x and y are k-simplices of MS(X) and MS(Y) respectively, that
is, maps [k] - Xand [k] — Y. Thus, the pair (x,y) is an element of MS(X) x MS(Y), and [x, y]
an element of MS(X) AMS(Y). Finally, (x,y) : [k] & X xYis the “product” of the given maps,
hence an element of MS(X xY).

Proof. Bijectivity and commutation with degeneracy maps is clear. For face maps, one uses
the product identity for intervals in the I' product, plus the fact that dri(x,y) # pt_, if and
only if both di ;x # pt;_; and di;y # pt;_; hold. O]
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Still following [HW17], given a pointed simplicial set S, the normalized reduced chain com-
plex N,.(S) associated to S is defined by

Ni(S) := Z[{k-simplices}]/Z[{degenerate and basepoint simplices}],

with boundary map induced by
k
I = Y (—Didy;.
i=0

Since a simplex in MS(X) is degenerate if and only if two consecutive points are equal, the
following holds:

Proposition 3.3.5 ((HW17, Lemma 8.3]). Ni(MS(X)) and MC(X) are isomorphic chain com-
plexes.

Proof. MC(X) is generated by the k-paths in X; that is, the (k + 1)-tuples of consecutively
distinct points in X. N (MS(X)) is generated by the non-degenerate non-basepoint simplices
of MS(X), which are exactly the k-paths. Thus, the groups are isomorphic. On Ni(MS(X)),
the boundary is defined as 9 = Zf:_ll(—l)idk,l—. Since di; sends a simplex x to a basepoint if
and only if x; ¢ [x,_q,X41], di; sends x to zero at the level of chain maps, which shows that
the boundary maps agree. ]

From now on, we will identify Nj.(MS(X)) with MCy(X).
Remember that given a simplicial set S, there exists, for any k, a natural bijection

s(e) : S « Mor(A[k], S)

where A[k] is the canonical k-simplex. The (inverse of this) bijection is obtained by sending
a morphism f : A[k] — S to the image through f of the single non-degenerate k-simplex
Id : [k] — [k] in A[k]. Under the interpretation of simplicial sets as presheaves, this bijection
is simply the Yoneda lemma.

If 0 = {0y, 0,) is a (n, [)-staircase, o defines a morphism of simplicial complexes

o, Aln+1] - Aln] x A[l],
by sending a face ¢ : [m] — [n+ 1] of A[n + 1] to the pair of faces

(opo¢ : [m] = [nl.oye ¢ : [m] = [I])

in A[n] x A[l]. Finally, if x and y are simplices in the simplicial sets S and T respectively, they
are naturally associated to morphisms s(x) : A[n] — S,s(y): A[l] — T, so that one has a
morphism:

s()x s(y) : Aln] x All] > SxT.

Given pointed simplicial sets S, T, we now define the reduced Eilenberg-Zilber map

VN NL(S) ® Nu(T) = NL(SAT)
x®yENL)ONTM > Y [5G xs(y)) o 0],

oen,l’
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where [+] : SxT — SATis the collapsing map.
The following abstract property of V¥ is proven in [HW17]:

Proposition 3.3.6 ((HW17, Proposition 8.4]). VWisa quasi-isomorphism.

Let us now concretely describe the map VNin the case at hand. Fix generators x € N,(MS(X))
and y € NJ(MS(Y)). When x is seen as a simplex of MS(X), we have

x: [n] - X.
Through the identification “simplex<>morphism”, x becomes

s(x) : Aln] - MS(X)
(¢p: [m] — [n]) € Aln]p, = (x< ¢ : [m] > X) € MS(X),.

Thus, the composite
(s(x) x s(y)) e 0y = Aln+1] = MS(X) x MS(Y)
is defined as
(¢ : [m] = [n+1]) € Aln + 1] = ((s(x) x s(y)) ° 02 )($) € MS(X) x MS(Y)
=(xcop°pyeoy°9),

and passing back from morphisms to simplices (evaluating at Id : [n+ 1] — [n +1]), the result
is simply

xeopeld,yeo,eld) = (xeap,ye0,) € MS(X), x MS(Y),.
Proposition 3.3.7 ((HW17, Proof of Theorem 5.3]). The cross product
O: MC.(X) @ MC,(Y) > MC,(X xY)
is a quasi-isomorphism.

Proof. The proofis essentially obtained by forgetting the grading in [HW17, Proof of Theorem
5.3]. More precisely, the map [J is a quasi-isomorphism if and only if it is one at each “level”
of the grading, i.e., if, for each [ > 0, it restricts to a quasi-isomorphism:

O @D MCH(X) ® MCA(Y) —» MCL(X x ),
ll+lz=l

which is the content of [HW17, Proof of Theorem 5.3]. O

Proof of Proposition 3.3.2. Applying the algebraic Kiinneth formula to MC,(X) and MC,(Y)
yields a short exact sequence

0 — MH,(X) ® MH,(Y) — H,(MC,(X) ® MC,(Y))
— Tor(MH,_;(X), MH,(Y)) — 0.
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By Proposition 3.3.7, the middle term is isomorphic, through H,((J), to MH, (X xY). Naturality
follows from naturality in the algebraic Kiinneth formula and that of the cross product map.

O

Note that the “length aware” sequence in [HW17] can easily be recovered by fixing [ in
H,(MC..(X) ® MC,.(Y)).

3.3.2 The excision Formula

Definition 3.3.8 (Gated sets). Given a metric space X, a subset A of X is said to be gated if
for any x € X, there exists some a, € A such that a, is between x and all a € A. The point a,
is called a gate between x and A.

Gated sets enjoy the following properties (see [DS87]—more about gated sets in median
spaces can be found in [CDH10]).

Proposition 3.3.9 ([DS87, pp. 114, 112, 115 respectively]). Let X be a metric space and A a
gated subset of X. Then:

e A is convex.
e For any x € X, there exists a unique gate a, € A for x.
e The map x — a, is non-expanding, and is the identity on A.

From now on, we write 7: X — A for the map sending x to its gate a,. Note that by the
above, is a (1-Lipschitz) retraction from X to A; it follows that MC,. () : MC,(X) - MC,(A)
is a (well-defined) epimorphism.

Summary of differences. As for the Kiinneth formula, the proofs of excision and Mayer-
Vietoris in [HW17] essentially generalize without trouble, yet some more care is needed,
mainly because of slight differences in the definitions.

Apart from the differences in definitions, the main obstacle to generalizing [HW17] appears
in their [HW17, Lemma 9.5] and [HW17, Proof of Theorem 6.6]* in which, once a length [ is
fixed, [HW17] uses the vanishing of the groups MC;C(X ) for k > [; this does not hold in general
for metric spaces.

Finally, unlike [HW17], we have not verified naturality of the Mayer-Vietoris sequence in
the metric case.

To conclude, we will (again) follow [HW17, Section 9] very closely and highlight where
changes are required.

Definition 3.3.10 (Gated decomposition). Let X be a metric space and Y, Z, W subspaces sat-
isfying X = YuZand W =Y n Z If Wis gated with respect to Z, and for each z € Z and
y €Y, the intersection W n [y, z] is non-empty, then we say that the triple (X;Y, Z) is a gated
decomposition of X.

Note that from W being gated in Zand W n [y, z| being non-empty, it follows that 7(z) lies
between z and any element of Y.

Following [HW17], we write MC,.(Y, Z) for the subcomplex of MC,.(X) spanned by paths
entirely contained in either Y or Z. We can now state the excision theorem:

2Note that [HW17] contains both a “Proof of Theorem 6.6 assuming Theorem 6.5” (page 50), and a “Proof of
Theorem 6.6” (page 52). The latter is actually the proof of Theorem 6.5.
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Theorem 3.3.11 (excision—metric setting). If (X;Y, Z) is a gated decomposition of X, then the
inclusion
MC, (Y, Z) = MC.(X)

is a quasi-isomorphism.
The Mayer-Vietoris theorem follows easily from excision.

Theorem 3.3.12 (Mayer-Vietoris—metric case). If (X;Y, Z) is a gated decomposition of X and
W =Y n Z, then the inclusions

vy WY, j,  WosZiy: Y>> X,iy: Z-X
induce a short exact sequence

0 - MHW) S M, () @ MEL(2) S MH,L (X) - 0

Proof. The proof is obtained from the argument in [HW17, Proof of Theorem 6.6, assuming
Theorem 6.5] by dropping the grading (and noting that since we deal with metric spaces, we do
not have to worry about path-connected components as they do). In our case theorem 3.3.11
takes on the role of their Theorem 6.5. ]

Proof of excision.

For the remainder of the section, let us fix a gated decomposition (X;Y,Z) andlet W :=Y n Z
We define, fora €Y — Z,b € Z — Y (or vice versa) and k > 0:

Ar(a,b) = Z[{xg, ..., x1) | xo = a,x = b, xq, ..., X1 € W} < MCi(X).
For b € Z — Y we define

Bi(b) := Z[{{xp, ..., X¢) | X = b, X, ..., X1 € Y}] < MCr(X),
B(b) = ZI{(xp, - %6} | % = b, %, > ¥y € WH < MCR(X),

and fori € N
F(b;i) == Z[{{x0, ..., Xp) | X = b, X050, i1 €Y, X, ..., X € W} < MCr(X),
and symmetrically for b € Y — Z. Finally for i € N set
G (i) = Z[{{xp, ..., x) | Xg» ... » Xk—; all lie in Y, or all lie in Z}] < MCi(X).

These all define sub-chain complexes of MC,,(X); the definitions match the ones found in [HW17,
Section 9], except that our last G, (i)s correspond to the F;s found in [HW17, Proof of Theorem
6.6, p. 52].

It is clear that G,(0) = MC,(Y, Z), G(l) = MCi(X) for all k <[, and G, (I) < G.(I + 1) for all
L Tt follows that MC,.(X) is the direct limit of the system
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Thus, to show that the inclusion MC,(Y, Z) < MC,(X) is a quasi-isomorphism, it is enough
to do so for each inclusion G,(I) = G,(I + 1). Indeed, once this is done, the whole system
becomes a chain of isomorphisms after passing to homology, and each inclusion of G,(I) to
the limit MC,.(X) as well. In particular, this is true for the inclusion MC,.(Y, Z) < MC,.(X).

This is essentially the only thing we have to change from the argument of [HW17].

Let [ be fixed from now on, and given a chain complex C,, write >JC, for the shifted chain
complex (X/C, ) = Cr—j-

Proposition 3.3.13 ((HW17, Lemma 9.2]). The complex A, (a,b) is acyclic.

Proof. The proof of [HW17, Lemma 9.2] applies verbatim, once the grading is dropped.
Recall that gated decompositions are required to satisfy the following: for y € Yand z € Z,

W n [y,z] # @. This condition is necessary for the case k = 1 in the cited proof: ifa € Y — Z

and b € Z —, it is necessary for a point of W between a and b to exist, so that 7(b) is well-

defined. OJ

Define the set
JAD={x=(xp,...x) : xp,... €Y, ¢ Z},

and define Ji(I) symmetrically.

Proposition 3.3.14 ((HW17, Lemma 9.5]). For anyb € Z —Y, there is an isomorphism

F(b,1+ 1)/F(b.1) = D sA(x.b).
xe J,(1)

In particular, the quotient F,(b,1)/F.(b,0) is acyclic. The same holds forb € Y — Z with J4(I)
replaced by Jy/(1).

Proof. Apply the proof of [HW17, Lemma 9.5], or more precisely the part showing that each
complex F,/F,_; (in their notation) is acyclic. ]

Proposition 3.3.15. For any b € YAZ, the quotient B,(b)/B,(b) is acyclic.
Proof. Consider the directed system:
B,(b) = F.(b,0) < F,(b,1) < - < F,(b,)) < F. (bl + 1) < ...
Since we have inclusions F,(b,) < B,(b) for all [, and for each k <[,
F(b, 1) = Bi(b),

it follows that B,.(b) is the direct limit of the above system. Passing to homology, each inclusion
F.(b,]) < If*(b,l + 1) becomes an isomorphism by Proposition 3.3.14. It follows then that the
inclusion B, (b) < B,(b) also becomes an isomorphism. O

For k > [, define the set
Kk(l) = {X = (xk_l, ,xk> D Xp—] € YAZ},

and if k < [, let Ki(I) == @.
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Proposition 3.3.16 ((HW17, Proof of Theorem 6.6 p. 52]). There is an isomorphism of chain
complexes

G+ 1/GD = P (3'BCs—)/B.xc), -

XEKk(l)

In particular, the inclusion G, (I) < G,(I + 1) is a quasi-isomorphism.

Proof. Apply the part of [HW17, Proof of Theorem 6.6 p. 52] showing that each quotient
F;/F,_; (in their notation) is acyclic. [

We can now prove the excision formula:

Proof of theorem 3.3.11. Each inclusion in the directed system

is a quasi-isomorphism by Proposition 3.3.16, and MC,.(X) is the direct limit of this system.
Thus, the inclusions induce isomorphisms

MH,(Y,Z) = H(G,(0)) = - = HG, () = HG,(+ 1)) = ...

and MH,.(X) (along with the morphisms induced by inclusions into MH, (X)) is the limit of
this diagram. It follows that each inclusion, in particular MC, (Y, Z) — MC,(X) is a quasi-
isomorphism. O

3.4 Diagonality

In the first section, we have seen that median graphs are diagonal (in the sense of Hepworth
and Willerton). Knowing that median graphs are special cases of median spaces motivates us
to try and find a corresponding description for median spaces. In this section, we introduce
the notion of diagonality for metric spaces and verify some of its properties. As hoped, we
will see in the next section that median spaces are indeed diagonal.

Recall that a path x = (x, ..., x) is saturated if all strict intervals |x;, x;;1[ are empty. In
what follows, for any chain o := ), Ayx, we will write og for the “saturated” part of g, that is,

0s = Zx saturated AXX'

Definition 3.4.1 (Diagonality). A space X is said to be diagonal if MHy(X) is generated by
linear combinations of saturated paths, for all kK € IN.

Let Sp(X) denote the span of saturated paths, as a submodule of MCi(X). Recall that the
support of a chain Yy cp (x) AxX is by definition the set {x € P(X) : Ay # 0}.

Proposition 3.4.2. The supports of elements in Si(X) and MB(X) are mutually disjoint. In
particular, Si(X) n MBi(X) = {0}.

Proof. By linearity, it suffices to verify that for any path x, its boundary dx = ¥ ;,(~1)'9;x has
no saturated path in its support. This follows by definition of the boundary operator, since
9;x is non-zero exactly when x; €]x,_1, x;;1[, which implies that (x, ..., %_1, Xj41, ... Xx) is not
saturated. O

Thus, diagonality can be restated in different ways:
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Proposition 3.4.3. The following are equivalent:
1. X is diagonal;
2. MZi(X) = (MZ(X) n Si(X)) & MBi(X);

3. Given a cycle o = o5+ 0’ € MZi(X), with og the part corresponding to saturated paths
and o’ the rest, we must have o’ € MBi(X);

4. The “inclusion-then-quotient” morphism MZ(X) n S(X) - MHi(X) is an isomorphism.
Proof. We show 1=2=4=1and 1<3.

1=2 By Proposition 3.4.2, MZy(X) n Sp(X) and MBi(X) intersect trivially. By diagonality,
given 0 € MZp(X), there exists o, € MZi(X) n Si(X) such that o and oy are equal in
homology, i.e., 0 — o5 € MBi(X). Thus, MZi(X) n Sp(X) + MBi(X) = MZi(X).

2=4 C(Clear.
4=1 Clear.

1=3 Fix 0 = 05+ 0’ € MZy(X) as in 3. By diagonality, there exists o € MZx(X) n S¢(X) and
o” € MBy(X) such that o5 + ¢’ = 05 + ¢”, hence 05— 0§ = ¢” — ¢’. Since the support
of o5 — 0§ consists of saturated chains and ¢” has no saturated chains in its support,
necessarily 0’ = ¢” and o5 = 3.

3=1 Clear.

In particular, it follows directly from the last item that:
Corollary 3.4.4. A diagonal space has torsion-free homology.
The following proposition supports our choice of terminology:

Proposition 3.4.5. A graph is diagonal in the sense of Hepworth and Willerton if and only if it
is diagonal in the above sense.

Proof. In a graph, a k-path is saturated if and only if it has length k. Thus, having vanishing ho-
mology outside the diagonal and having homology groups generated by (linear combinations
of) saturated paths are equivalent conditions. O

Corollary 3.4.6. A diagonal Menger convex space has vanishing homology (except possibly at
k=0)

Proof. A Menger convex space has no saturated path. O]

In the next few propositions, we verify stability of diagonality under some usual construc-
tions.

Proposition 3.4.7. If (U,),, is a filtration of a space X such that each Uy is diagonal, then so is
X
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Proof. Fix 0 € MZi(X), and write 0 = o5 + ¢’. Fix a large enough that U, contains all points
in the support of o, and, for each non-saturated path x in the support of ¢’, also contains
a “witness” to non-saturation of the path (that is, a point p €]x;, x;,1[ for some i). Then,
o € MZi(U,), o still consists of saturated paths in Uy, and ¢’ of non-saturated paths in U,.
Since U, is diagonal, we conclude that o’ € MB(U,) < MBy(X). O

Proposition 3.4.8. An ' product of diagonal spaces is diagonal.

Proof. By applying the (metric) Kiinneth formula. Let X,Y be diagonal spaces. For any fixed
k, we have a short exact sequence

O
0 > P MH,(X) ® MH/(Y) — MH(X xY) - Tor(...,...) = 0.
n+l=k

The torsion part being zero (Corollary 3.4.4), an isomorphism

O
P MH,(X) ® MH(Y) — MH(X x Y)
n+l=k

remains. Since both MH,(X) and MH|(Y) are generated by (linear combinations of) saturated
paths, the whole domain of the isomorphism is generated by pure tensors of such, and MH(Xx
Y) by their images. Noting that if z is an interleaving of two paths x,y as in the definition of
the map [, then z is saturated if and only if both x,y are, we conclude that MHy(X x Y) is
generated by (linear combinations of) saturated paths. O]

Proposition 3.4.9. If (X;Y, Z) is a gated decomposition and Y, Z are convex and diagonal, then
X is diagonal.

Proof. By applying a fragment of the (metric) Mayer-Vietoris sequence, we have an epimor-
phism
MH,(Y) ® MH,(Z) — MH,(X),

and the image of saturated paths in either Y or Z are still saturated in X by convexity. O]

Definition 3.4.10 (Betweenness preservation, reflection). If X,Y are two metric spaces, and
f: X — Yis an injective map, we say that it

« preserves betweenness if y € [x, z] implies fy € [ fx, fz]; and
« reflects betweenness if fy € [ fx, fz] implies y € [x, z].

In case fboth preserves and reflects betweenness, we say it is a betweenness embedding. If it
is also surjective, it becomes a betweenness isomorphism.

Let us give a few examples of maps that do or do not preserve or reflect betweenness:

« If Xis a metric space, A > 0 and AX denotes the metric space obtained by rescaling X by
A, then the identity map X — AXis both preserving and reflecting.

+ The composition of preserving (resp. reflecting) maps is still preserving (resp. reflect-
ing). Thus, one sees that being preserving or reflecting is not related to being 1-Lipschitz,
since, at least for finite metric spaces, one can always compose a map with a rescaling
to be (or not) 1-Lipschitz.
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« The projections onto a coordinate R> — R are preserving but not reflecting.
« The piecewise-linear map on the unit interval [0, 1] — [0, 1] defined by

2x if

x <
2(1—x) ifx>

N =D | =

b
is neither preserving nor reflecting.

Proposition 3.4.11. If f: X — Y is a betweenness embedding, then f induces a morphism of
chain complexes:

fe : MCy(X) » MC.(Y)
(x05 s X)) > (fX0sees fX5)-

If f is bijective, this turns into an isomorphism.

Note that this induced morphism is not the one given by the magnitude functor, since a
betweenness embedding may fail to preserve the length of paths.

Proof. Injectivity plus the betweenness preserving and reflecting imply that f commutes with
boundaries. O

Proposition 3.4.12. If f: X — Y is a betweenness isomorphism between metric
spaces and Y is diagonal, then so is X.

Proof. Since fpreserves and reflects betweenness, images of saturated paths are saturated, and
vice versa. The same can be said of homological cycles and boundaries. ]

Proposition 3.4.13. Retracts of diagonal spaces are diagonal.

Proof. Let f: X — Ybe a retraction.

If y is a path in Y, then y is saturated in Y if and only if it is saturated in X. Indeed, assume
first that y is not saturated in X, so that there exists some x € X strictly between y; and
¥%+1- Then, since fis non-expanding and fixes y; and y;, 1, it follows that fx € Yis also strictly
between y; and y;, 1, so that y is not saturated in Y. This shows that non-saturation in X implies
non-saturation in Y, and the converse is obvious.

Consider now a cycle 0 = 05+ 0’ € MZ(Y). Since Y C X, o is still a cycle in X, and its
decomposition into “saturated+non-saturated” in X is still o = og + o’. Thus, assuming X
is diagonal, 0’ € MB(X), that is, there exists some 7 € MCy{(X) with ¢’ = 9r. Applying
fi: MCu(X) » MC,(Y)too’, we get f.o’ = f.0r = df,.r. Since ¢’ has supportin?, f.c’ =o’.
Thus ¢’ = 9f,r € MBi(Y). This shows that Y is diagonal. O]

3.5 Median Spaces are Diagonal

We will need the following fact due to Avann:

Proposition 3.5.1 ([Ava61]). If X is a finite median space, then there exists a finite graph G(X)
and a betweenness isomorphism ¢ : X — G(X). In particular, G(X) is median.
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Another important property of median spaces:
Proposition 3.5.2. Any median space has a filtration by finite median subspaces.

Proof. Any finite subset of a median space Xhas a finite so-called median hull, that is, a smallest
median subspace of X containing the set in question (see [BC08, p.7]). Taking all such finite
median hulls yields a filtration by finite median subspaces. ]

It is now easy to conclude with the following:
Proposition 3.5.3. Median spaces are diagonal.

Proof. Finite median graphs are diagonal, and by applying Propositions 3.4.12 and 3.5.1, so are
finite median spaces. [

Corollary 3.5.4. Median Menger convex spaces have vanishing homology (except possibly at
k=0).

Menger convexity is already known to be strongly related to vanishing in the magnitude
homology:

« In[LS17], itis shown that MH;(X) = 0 if and only if Xis Menger convex, and MH,(X) =
0 if X is Menger convex and satisfies two more “straightness” conditions (Corollary 4.5
and Theorem 4.21 respectively).

« [Jub18, Corollary 4.9] shows that if MH,(X) = 0 for some n > 1, then X is Menger con-
vex. Conversely, and extending the results of [LS17], [Jub18, Corollary 7.3] shows that
assuming Menger convexity and the same “straightness” conditions as above, MH,(X) =
0 for all n > 1 (this result is also obtained in [KY18]).

Those two straightness conditions are geodeticy and no 4-cuts:

« Xis geodetic if for any x, y, z,w € X, it follows from z,w € [x, y] that either z € [x, w]
or z € [w, y].

« Xhas no 4-cuts if for any sequence x # y # z # w € X, it follows from y € [x,z] and
z € [y, w] that y,z € [x, w].

Note that median spaces do not necessarily satisfy either geodeticy or having no 4-cuts: the
four-cycle graph C, being a prime example of a graph satisfying neither. Conversely, Euclidean
space is geodetic and has no 4-cuts, but is not median. As such, Corollary 3.5.4 yields a new
crop of spaces with vanishing homology.

3.6 What (could be) next

Betweenness. As we have seen already, the proof of diagonality of median spaces required us
to step out of the category of metric spaces and 1-Lipschitz maps. This indicates that, perhaps,
the metric structure is too rigid for the study of magnitude homology. We can instead restrict
our attention to a much more basic notion of “betweenness” space: a set X endowed with a
map [, ¢] : X x X - P(X) satistying the following axioms:
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1. x,z € [x,z];
2. y € [x,z] implies [x, y] C [x,z] and [y, z] C [x, z];
3. w,y € [x,z] implies: w € [x, y] if and only if y € [w, z].

With simple adaptations of the definitions, a working notion of magnitude homology appears,
and essentially all of the above constructions still work. Complications arise when looking for
a suitable notion of morphism that would generalize both that of 1-Lipschitz map and of the
betweenness embedding defined earlier.

A simpler proof of excision. The proof of excision presented above is very opaque (to me)
and quite algebraic in nature. Our approach on generalizing it from graphs to metric spaces
consisted essentially in finding where the argument failed for metric spaces, and patching it
up. It would be interesting to find an argument more direct and geometric, one that would
enlighten us to what really happens.

Coarsifying magnitude. Is there a good quasi-isometry invariant notion of magnitude ho-
mology? None that we have found. It seems that magnitude homology is too sensitive to the
rigid structure of graphs, to be easily coarsified, and no approach tried so far was satisfying.



31

4 The first Roe homology

In this chapter, we give a combinatorial description of the first group of Roe homology H;°(X, A)
for a locally finite graph X, in terms of flows and circuits. We prove that when X is a tree,
H{°(X, A) essentially counts ends. In the general case, we decompose H;°(X, A) into a direct
sum H°(X, A) = H{ (T, A) ® (X, A)/Bx(X, A): the first component counts ends, while the
second measures the extent to which infinite sums of circuits (€(X, A)) differ from infinite
sums of circuits of uniformly bounded length (€,(X, A))—the choice of ring A matters. Fi-
nally, using “bases” for the space € (X, A) of flows decomposable as infinite sums of circuits,
we show that if A = Z,, then €(X, A)/F-(X, A) does not vanish if and only if it is infinite
dimensional.

4.1 Flows, circuits, and H;”

Recall that all graphs are assumed to be connected and locally finite, meaning that all vertices
are of finite degree; in particular, all graphs are countable. From local finiteness follows that
all metric balls B(v) = {u € VX : d(u,v) < r} are finite. Furthermore, using connectivity,
X is the union of its metric balls centered at any of its vertices, VX = |J,en B(v) Vv € VX
Endowing the (vertex set of the) graph X with the discrete topology, the compact sets are just
the finite ones, and the above property allows (a simple form of) “exhaustion by compacts”.

4.1.1 Local Finiteness

In this chapter, we will often view functions f : S — A from a set S to a coefficient ring A
as infinite formal sums ) ¢ f(s) - s. We might want to apply a function to each s € S and
extend “linearly” to infinite sums, or sum an infinite number of such sums. For all of this to be
well-defined, some care is needed; the point of this subsection is to give a general explanation
of why all the constructions appearing later are well-defined and behave as expected; it is
elementary and may safely be skipped.

Fix any set S and ring A: the support supp fof a function f : S — A is the set of elements
of S on which fis non-zero. A set F of functions f : S — A is said to be locally finite if any
s € S lies in the support of only finitely many functions fin F. If Fis locally finite, one can

define the sum
YF=)f:S>A
feF

of all elements of F. This sum can either be defined as the limit of its finite sub-sums under
the product topology on A% (A discrete), or, more elementarily, by setting:

O.HE= > £

feF
sesupp f

We also say that a set of subsets of Sis locally finite if the corresponding set of indicator func-
tions is itself locally finite. Although overly convoluted, one can rephrase the local finiteness
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of a graph X using the above terminology, by remarking that X is locally finite if and only if
the family {{u, v} | u ~ v} is itself locally finite.

Let ¢ : S — AT be a map such that ¢[S] C AT is locally finite. Given a function f : § — A,
one can define

$f T — At Y f(s)- $(s)(®),

SES

which is well-defined by local finiteness of #[S]. Moreover, given any locally finite set F C A5
of functions, the set

$f] f € F;

will still be locally finite.

4.1.2 Roe Homology

Given a locally finite simplicial complex X and a choice of coefficient ring A, one can extend the
usual definition of simplicial homology on X to a form of homology with infinite support (in a
more general context also known as Borel-Moore, or closed, homology). This is the homology
induced by the chain complex (C,(X, A),d.(X, A)) with:

« Cy(X, A) the A-module of functions from X, to A (generally interpreted as infinite formal
sums of n-simplices);

e d)(X,A) : Cy)(X,A) » C,_1(X, A) obtained by sending an n-simplex to the alternating
sum of its faces, and extending “linearly”:

f:Zf(U)'U > Z (f(G)Z[T : a]-r).

o <o
N

=d,(f(o)0)

A routine calculation (making essential use of the local finiteness condition (see section 4.1.1))
ensures that this is well-defined and yields a chain complex. With notation

Z(X,A) =kerd (X,A),  By(X,A):=imd, (X, A),

we get Hy(X, A) = Z,(X, A)/Bu(X, A).
For r < s, we have C,(R(X), A) C C.(Ry(X), A) and this inclusion agrees with the boundary
operators d,. We can therefore define the Roe chain complex C.°(X, A) by letting:

CE(X, A) = ] CR(X, A)),

r>0

and defining the boundary operator d.°(X, A) accordingly. Finally, the Roe homology (of X
with coefficients in A) is simply the homology of this chain complex. With notation

72 (X, A) == kerd,’ (X, A), By (X, A) := imd,° (X, A),
we get H, (X, A) = Z,°(X, A)/B; (X, A). Note that we also have

UrZn" (R(X, A))
U BR(R(X, A))

H (X, A) =
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If no confusion is possible, we will not index our chain complexes with the choice of base
ring and/or of simplicial complex. Furthermore, from now on, A will always denote the chosen
coefficient ring; if the choice does not matter, we will usually drop it.

We state the following essential property of Roe homology without proof:

Theorem 4.1.1. Roe homology is quasi-isometry invariant.

Proof. Follows from [Mit01, Theorem 3.10]. O

4.1.3 Circuits, birays and flows

Fix a (locally finite) graph X. Let us call any element of Z;(X) a flow. This terminology is
motivated by the fact that, given an orientation of X, an element of Z;(X) can be described as
an assignment to each edge e from u to v of some value f(e) € A, interpreted as a quantity of
“flow” running through e, from u to v; the prescription d; f = 0 states the usual condition that
the sum of incoming flow on a vertex is equal to the sum of outgoing flow.

We can single out two indecomposable (in an informal sense) units of flow on X; those given
by simple circuits and simple birays. More precisely, any circuit and biray can be traversed in
two directions (corresponding to inversing the indexing sequence). Choose one representative
direction for each: this defines an orientation of the circuits and birays. Let @ denote the set
of (oriented) simple circuits and birays. Now, to any s € &, associate the element Ds € Z;(X),
defined as the sum of edges appearing in s with sign, depending on whether the edge has the
same or opposite orientation to that of s. In other words:

0 ife¢supps,
(Ds)(e) =11

if e € supp s and e, s have agreeing orientation,

—1 ife € suppsand e, shave disagreeing orientation.

Any flow on X can be decomposed into a sum of simple circuits and birays:

Lemma 4.1.2. Given any (A-valued) flow f on the graph X, there exists a function A : @ — A,
such that {A(s) - Ds|s € &} is locally finite, and satisfying

f=> As) Ps.
NEC)

If A is such that {A(s) - Ds|s € &} is locally finite, we call A locally finitely supported. Given
a locally finitely supported function A : @ — A, let us write 21 for the sum ) g A(s) - Ds.

Proof. Fix an enumeration {g;};~; of the edges of X. We will construct A iteratively, starting
with the zero function, iterating over edges and adding first circuits, then birays to A in a
locally finite manner.

Start with A = 0, and iter over each edge ¢; in order:

« If ¢ lies in some circuit of supp(f — 2 1), add this circuit with proper weighting to A, in
such a way that now ¢; ¢ supp(f — 22).

+ Otherwise, do nothing.
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Note that after each step, A stays locally finite, and that after step i, (2 1)(g;) stabilizes. In the
end (or rather, in the limit) supp(f — 21) is a forest. Indeed, assume it contains a circuit and
let ¢; be the first edge in this circuit; the very construction of A at step i yields a contradiction.

Since f — DA is a flow, this forest has no vertex of degree 1, and any path can be extended
into a biray. Now, iterate again over each edge ¢; in order:

« If e lies in supp(f — D 1), add any biray containing e; with proper weighting to A, in such
a way that now ¢; ¢ supp(f — 221).

+ Otherwise, do nothing.

Note that after each step, A remains locally finite and that supp(f — 2 1) stays a forest. At the
limit all edges have been removed, and thus P A = f, as needed. O]

Circuit space. Fix a graph X. Let € = €(X) denote the set of circuits of X, chosen with some
orientation, and €, = €,(X) the subset of €(X) consisting of circuits of length at most r. As
seen above, to any oriented circuit ¢ € €, one can associate a function ¢ : EX — A sending
an edge to 0 if it does not lie in the circuit, and to £1 if it does, according to orientation; note
that Dclies in Z;(X). Let A®®) denote the set of functions from € to A that are locally finitely
supported. Formally,

A©) = {f : 6> A :vee EX|{c : f(c)# 0ne€suppDc} < oo}
It is easy to see that A(®) is an A-module. This association can be extended to a linear map:
D : AC) , 7.(X),

with essential use of the local finiteness condition. For any r > 0, we similarly get a module
of functions A¢X)) and a restricted map

@, : AGX) 5 7.(X).

Actually, local finiteness of an element of ACLD) comes for free since the local finiteness of
the graph implies that only a finite number of circuits of a given length can contain a given
edge. Thus, ACX)) g simply the set of functions €(X) — A.

Finally, let us write

C(X,A):=imD, G(X,A):=imD, Gu(X A):=|)imD,

r

Under the interpretation of Z;(X) as the space of all flows on X, the space € (X) [resp. G(X),
B(X)] corresponds to flows that can be written as any locally finite sum of circuits [resp.
circuits of length at most r, circuits of uniformly bounded length]. Some remarks:

« Each €,(X, A) and (X, A) is an A-module.

o If Xis a tree, then all €,(X) and €(X) are trivial.
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In the sequel, when no confusion is in sight, we will usually not distinguish between an
oriented circuit ¢ € € and the element D¢ € € it defines (similarly for birays and sums of
such).

Let us say that X has A-large circuits if the sequence %;(X, A) C €5(X,A) C ... does not
stabilizes (i.e., if €, (X, A) is different from €.(X, A) for all r).

Proposition 4.1.3. Both having A-large circuits and the vanishing of (X, A)/€(X, A) are
invariant under quasi-isometries.

Proof. Let X,Y be two locally finite graphs, and ¢ : VX — VY, ¢ : VY — VX quasi-inverses
with constant K.

If u, v are two vertices both in X or Y, let p, ,, be a geodesic path joining u to v. If p is a path
in X of length /, let ¢p denote the path in Y obtained by concatenating the segments pgy,. 4.
for each edge (u;, u;, 1) of p; define similarly ¥p if p is a path in Y. Since ¢ is a quasi-isometry,
¢p has length at most IK, and /¢p at most IK2. If vis a vertex of p, ¢vis at distance at most
K from v. It follows that for each edge e := (u;, ;1) of p, e and Y ¢e differ by a circuit of length
3K +1: this circuit consists of the concatenation, in order, of e, then Py iy then the reverse
of e, then pyg, .- By summing over the edges of p, it follows that p and y¢p differ by an
element of €7 (X, A), for L > 3K + 1.

Assume now that (Y, A) = (Y, A), and let p € (X, A) for some large enough s. Since
pis a uniformly bounded sum of circuits of length at most s, ¢p is a uniformly bounded sum of
circuits of length at most K, i.e., lies in Gg,(Y, A). For s large enough, G (Y, A) = €Y, A),
and ¢p € 6.Y, A), so that y¢pp € Gx (X, A). Since y¢p and p differ by an element of G (X, A),
we conclude that p € Grax(kr,1)(X; A). Thus, Goo(X, A) = Grax(kr.1)(A), as was to be shown.

The fact that the vanishing of €(X, A)/€-(X, A) is invariant under quasi-isometries fol-
lows the same pattern. Fix X,Y, @, ¢, K as above with € (Y, A) = (Y, A) and f € (X, A).
The image ¢f of f through ¢ is an element of € (Y, A). Indeed, if f = ¥ cs(x) Acc is locally
finite, then ¢ f = Zce(g(x) Acpc is also locally finite, since the existence of an infinite number
of circuits ¢c with A, # 0 sharing an edge would imply an infinite number of circuits ¢ with
Ae # 0 intersecting on a compact in X, hence also sharing an edge. Now, ¢fis in G (Y, A)
by assumption, so that y¢ f € (X, A), and Y¢ fand f differ by an element of &} (X, A). We
conclude that f € €,(X, A) too. O]

4.1.4 H;” in terms of flows.

In this subsection, we provide an equivalent definition of H;°, which can be summarized as
“all flows” modulo “all sums of circuits of uniformly bounded lengths”.
Fix a locally finite graph X, and choose, for each pair of vertices x1, x, € VX of X, a geodesic
path p, ,, connecting x; to x,.
If c = (cq, .., ¢y) € €, is a circuit in X of length < r, associate to c its triangulation:
n—1

Ac = Z [ ciy1.c1] € AR,
-—
=1 triangle in R.(X)

This assignment is locally finite, and therefore extends to a linear map:

A A(Sr N A(Rr(X))(Z) = CZ(RF(X))’
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which, by construction, satisfies dyoA = 9. In particular, we see that:
GUX, A) = D(A®) = doA[6,] C d[Co(RAX), A)] = B (R(X), A)
so that, since €(X, A) C Z;(X, A):
G(X,A) C Bi(R(X),A)n Zi(X, A). (4.1.1)

Conversely, given a triangle t = [x1,x,x3] € Rr(x)(z), associate to t the circuit ¢t =
Dy %, Pxyx Pryx, € C3p obtained by concatenating the geodesics. Again, this assignment is
locally finite, and extends to a linear map:

¢ : C(R(X)) = AR 5 ACs

Assume now that f € B;(R(X), A)n Z;(X, A), so that f = dFwith F € C;(R(X), A). From the
fact that f € Z;(X, A) follows that dF = @ cF. This shows that:

By(R(X), A) n Z(X, A) C Gs(X, A) (4.1.2)

By combining eq. (4.1.1), eq. (4.1.2) and the fact that B{*(X, A) = |, B’ (R(X), A), we con-
clude:
Boo(X, A) = Z1(X, A) n BY(X, A). (4.1.3)

Now fix some r € IN and consider the composite morphism:
®, : Z1(X,A) = Zi(R(X), A) » Hi(R(X), A).
We claim that ®, is surjective, and that its kernel satisfies:
G, C ker @, C 63,

Indeed, let f = Z[u,v]e RO f([u,v])-[u,v] be a representative of an element of H;(R(X), A),
and define i
f= 2 fQuvDpuy

[uv]€R, (X))

f is obtained by replacing edges in R(X) by geodesics in X. By construction, f and f differ
by an appropriate locally finite sum of triangles of R,(X), hence are equal in homology. This
verifies surjectivity. The two inclusions involving the kernel follow from eqs. (4.1.1) and (4.1.2),
since ker ®, = Z;(X, A) n B{(R(X), A).

We now easily obtain the desired desciption of H;”:

Theorem 4.1.4. If X is a (locally finite) graph, then

Zi(X, A)

H(X,A) = ——.
T = g )
Proof. We consider the composite morphism

Zfo(Xa A) _ UrZI(Rr(X):A)
BY(X,4) U, Bi(R(X). A)

By : Z1(X, A) & Z2(X, A) —
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Surjectivity of all ®, implies surjectivity of ®. Furthermore, ker ®,, = G(X, A), since ker ®,, =
U, ker ®,. O

Lemma 4.1.5. If X is a (locally finite) graph with (X, A) = G(X, A), then, for any large
enough s, the map @, descends to an isomorphism:
. ZiI(X A
5 A

: — H{(R(X), A),
s G(X,A) 1(R(X), 4)
as does &, to an isomorphism:

~ Z1(X, A
5 . ACLA)

o | ——— — H{ (X, A).
Cgr(X,A)_) 1( )

Furthermore, the following triangle of isomorphisms commutes:

Zl(X ,A)
(gr(X,A)
\600
o

Hi(Ry(X), A)

> Hy (X, A).

Proof. That we have isomorphisms follows from the fact that (X, A) = G(X, A) = G(X, A)
for large enough s, commutativity from the fact that all maps involved are appropriate quo-
tients of inclusions. O

4.2 The case of trees

The goal of this section is to understand the relation between H;® and trees. In the first part,
we will compute H;°(T), where T'is a tree. The second part is devoted to understanding the
relation between the homology of a graph X and that of a tree that “represents” the ends of X.

4.2.1 H(tree)

We will show (expanding on a result of [Dial5]) that given a tree T, there exists a set 9% of
birays on T such that H{°(T, A) can be identified with the set A% of functions & — A. We
will first briefly explain the properties we need % to have and illustrate how to construct it.
A formal description of its construction and verification of the properties it ought to satisfy is
tedious, but straightforward. We choose to provide an illustration instead; see fig. 4.1.

Simplifying assumptions. Let us start with three easy steps. First, from the decomposition
H{°(T) = Z{(T)/6(T) and the fact that G, is trivial for trees, it follows that H;°(T) = Z;(T).
Second, all elements of Z;(T) are entirely supported on edges incident to vertices of degree
at least 2, so that all vertices of degree 1 can be discarded from the tree without interfering
with Z;(T). We can therefore safely assume that Thas no vertices of degree 1. Finally, by local
finiteness and a simple “unrolling” of high valency vertices, one can transform T into a tree
T’ with only vertices of valency 2 or 3, and such that at least one is of valency 2; it is then a
simple matter to verify that Z;(T) and Z;(T") are isomorphic. From now on, let us therefore
assume that Tis a tree with all vertices of degree 2 or 3, and at least one of degree 2.
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Comb decomposition. Let T be a tree (with only vertices of degrees 2 and 3 by assumption)
and vy € VT be a vertex of degree 2. We will make use of a decomposition of T into a set of
rays covering it, dubbed comb decomposition, and defined as an IN-indexed sequence (£,),, of
sets of simple rays on T, with the following properties:

1. Each edge of Tis covered by exactly one ray in exactly one %,.
2. 9%, contains exactly two rays, both starting at v,.

3. For any n > k, the only vertex that a ray in %, shares with a ray in % is its starting
point, and in that case k = n — 1.

Let T, be the subtree of T covered by all rays in | ., %.

Let us explain how to construct such a decomposition. First, %) consists of two edge-disjoint
rays leaving vy. Then, assuming X, ..., %, have been defined, let V,,; consist of all vertices
contained in some ray of some %, such that one edge incident to the vertex is not contained
in any previously defined ray. Let &, consist of one ray per vertex in V,,, ;, starting at this
vertex and leaving through the free edge in any direction, as long as it does not intersect T},.
This process can end after some n if the set V;,,; is empty, or continue indefinitely.

It is easy to see that this construction yields a family satisfying the required properties
(see fig. 4.1).

Good set of birays. Given a comb decomposition (%), of T, we construct a set & of birays
on T endowed with a well ordering < satisfying the following conditions:

1. Each edge is covered by at least 1 and at most 3 birays of 9.

For any edge e € ET, let %B(e) be the set of elements of 9 covering e. Let us say that b € A is
last on eif b € FB8(e) and for all b’ € FB(e), we have b’ < b. For any b € 93, define the set

My, :={e : bislast one}.
2. Each set Mj, is non-empty and connected, and | J,c gz Mp = ET.

3. Whenever b is last on e, there exists some other edge e’ such that %(e) = ZB(e’) L {b}.

The construction of the set 9 naturally follows from that of a comb decomposition. A
preliminary (well-founded but not total) order structure comes naturally with it, and it suffices
to extend it carefully to find our well ordering on 9. Instead of explaining this construction
precisely, let us refer to fig. 4.1: the construction can easily be deduced from this example.

We can now state and prove our main result concerning trees.

Theorem 4.2.1. If B is a good set of birays for the tree T, then
H(T,A) = A%,
Proof. Consider the morphism

D : A% - Z,(T, A) = H*(T, A)
g D $(b)-b.

beAB
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Figure 4.1: Comb decomposition of a tree and the corresponding set of birays 9. The black
dot is .

Since only a finite number of elements of 9 passes through any given edge, this map is well-
defined, and A-linearity is clear.

It remains to verify that 9 is injective and surjective.

For injectivity, assume that ¢ € A% is non-zero, and let b the first (w.r.t our order) biray
with ¢(b) # 0. Take some e € M, (item 2); by definition of M, the value of 2(¢) on e is equal
to [e : b]@(b) (where [e : b] corrects the sign if the orientations of e and b disagree), which is
non-zero by hypothesis.

For surjectivity, given an element f € Z;(T, A), we construct a preimage ¢ of fby induc-
tively defining its values on the rays b € %, using the well-ordering on 9. Fix some b € &
and assume that for all ¥* < b, $(b”) is defined and is such that whenever an edge e € ET is
covered only by birays b’ < b, the sum ),/ [e : b"]¢(b’) is equal to f(e) (this is an obviously
necessary condition, since the value of Z¢ on e is entirely defined by the coeflicients associ-
ated to each b’ € JB(e), and all elements therein have already been given a coefficient). Take
any edge e € M, and define

gb) = fle) = ), [e: b'1g).

eeb’<b

Let us verify that this definition does not depend on the choice of e € M;,. By item 2, it suffices
to compare the values obtained for two adjacent edges e;, e;. Let vbe the vertex shared by ey, ey;
it is either of degree 2 or of degree 3, in which case it is incident to a third edge e;. We treat
only the case of degree 3, the other one being similar but simpler. For definiteness, assume
that the local configuration around vis as presented in fig. 4.2. In particular, the orientation of
edges (thick arrows) and all birays involved (dotted thin arrows) are assumed to be as given
by the figure. First, note that since e;,e; € M, all birays in & traversing e;, e, come before b,
which implies that this is also the case for e3: indeed, any biray traversing e; must then either
traverse e; or e, (otherwise it would get stuck). A few remarks (with index arithmetic mod 3):

« B(e) n Bleip1) n Bleiry) = @ and Be) C Ber1) u Bleira).

« Any b’ € B(e3) comes before b, so that f(e3) = Zb,egg(%)[e : b’]p(b") by the induction
hypothesis.

« Fori=1,2andany b’ € B(e), e : V'] = +. If b € B(e3), then [e3,b"] is +if b’ € FB(e;)
and — otherwise. This is a consequence of our choice of orientations.
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Figure 4.2: Local configuration in the inductive construction of <.

We then get (with 3B; := HB(e;) and B;; := B(e;) n B(e)))

fler) — f(ex) = f(e3) (fis a flow)

= Z les : b"]p(b") (second observation)
b'e%B,

= Z o) — Z H(b") (decomposing & third observation)
b'eRBs b'eRBys

= ) g0+ Y g0
beRB,y b€ B p—{b}

- Z P(b’) — Z P(b") (adding zero)
b eBrp—{b} bRy,

= Z (") — Z H(") (grouping)
b € B, —{b} b € By—{b}

and a rebalancing of the sum yields the desired equality. By construction, the definition of ¢
on b satisfies the inductive hypothesis, and letting ¢ be the resulting map 9% — A, it is clear
that D¢ = f, surjectivity is verified. O]

4.2.2 Subtrees

Fix a graph X, some vertex v, € VX and a tree T contained in X and containing vy. The set of
ends of Tis in natural bijection with the set of simple rays starting at v; recall that each such
ray also defines an end of X. Consider the map

EndsT — Ends X,

obtained by sending a simple ray starting at v, in T to the end of X it represents. We say that
Tis end-respecting if this map is injective, and end-defining if it is bijective. End-defining trees
always exist.

Theorem 4.2.2. Let X be a graph and T an end-respecting subtree of X. Then
Zl(T) nNeE = {0}
In particular, the natural map Hy°(T) — H;°(X) is injective.

Before proving this, we need a small technical lemma.
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Lemma 4.2.3. Let X be a graph, T an end-respecting subtree of X and e an edge of T. Let{& ., &_}
be the partition ofEnds T induced by the removal in T of the edgee. Then, there exists some compact
K of X such that the partition of Ends T (seen as a subset of Ends X) induced by the removal of K
in X is as fine as the partition {&,, &_}. In other words, there exists some K such that whenever
two ends of T are separated by e in T, then these same ends, seen as ends of X, are now separated
by K in X.

Proof. Assume this is not the case, and fix some vertex v, € VT. Then, for each compact ball
B(vy, r) (with rlarge enough), there exist rays €/, and e’ representing ends in &, and &_ respec-
tively and such that ¢/, and e” are not separated by B(vy, r). Since the ends represented by €', , e
are ends of T, we can assume that ¢/, e’ are actually rays of T. Take respective accumulations

points e, and e_ of the sequences (¢!, ), and (e”),. We then have
+ e, and e_ define ends of X, since they are (simple) rays of T.

+ e, represents an element in &, by its construction as an accumulation point of rays in
&, ; the same holds fore_, &_.

« ey, e_ are close in X] since given any compact K, one can choose long enough approxi-
mations €/, e’ of (e, ,e_ respectively) that are not separated by K, by assumption.

The second and third items are contradictory, since two distinct ends cannot be represented
by close elements. This proves the lemma. [

We can now proceed with proving the theorem.

Proof of Theorem 4.2.2. The second part of the theorem follows from the first, using H;°(T) =

Z1(T) (T being a tree), and the characterization of H;°(X) as %

To prove the first part, assume towards a contradiction that it does not hold. Then, there
exists some non-zero element f of Z;(T) that also lies in - f can be written as some sum
Y. Ac - ¢ of circuits of X. For notational convenience, let us discard the coefficients A. and let
C be the set of circuits appearing in the sum, so that f = ) .~c. Fix some edge ¢, of T such
that f(ey) # 0; e partitions the ends of T into exactly two parts &,, &_, and since T is end-
respecting, these parts correspond to two disjoint parts of ends of X. Using lemma 4.2.3, take
a compact K C X that

- contains ej, and
« separates the ends of T as finely as ¢, does.

By extending K if needed, one can assume that all connected components of X — K are
actually infinite. Let L be the union of all connected components that contain ends of &, , and
L’ the union of all remaining connected components (both L and L” may contain ends of X
that are not ends of T; the important point is that all ends in &, are in L and all ends in &_ are
inL’).

We make a few remarks:

« Both 9°L and 9°L’ are cuts of the graph X, in the sense that removing either of those sets

of edges disconnects the graph into exactly two connected components. This is a direct
consequence of the definitions of L and L’.
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« The value of fon the cut 9°L, defined as ), ; f(e), is equal to f(ey). Indeed, this can
be seen by decomposing finto a sum of birays in T: each biray in this decomposition
contributes to f(e;) in the same amount as it contributes to the value of fon the cut 0°L
(by construction of L).

« For any circuit cand coefficient A, the value ) ,c5e; Ac(e) of Ac on 9°L is zero. Indeed, any
time an edge of 9°L is crossed by ¢, another one is crossed in the opposite direction.

Let Ck be the set of all circuits in C that contain some vertex of K. It is clear that f — ), Cx
is zero on all of K and also on 0°L (for the latter, note that for any edge in 9°L, all the circuits
of C containing this edge must necessarily lie in Cg). Since the set Cy is finite, the third of our
remarks implies that f — ). Cx has non-zero value on ¢°L, a contradiction. [

4.3 Tree & Circuits decomposition

By the result of the last section, we know that given a graph X and an end-defining tree Tin X,
the (first Roe) homology of T embeds in that of X. The following shows that this embedding
is in fact a summand in a direct decomposition of H;°(X)—the other summand being € /€.

Theorem 4.3.1. Let X be a (locally finite) graph and T an end-defining subtree of X. Then

€(X)

HP00 = HP (T @ —— =

Proof. We first show that Z;(T) + €(X) = Z;(X), i.e., that any f € Z;(X) can be written as a
sum f = fr+ fewith fre Z{(T) and fg € @.

Intuitively, we will use circuits (elements of 6) to “push” the flow f onto the tree T. First,
decompose finto a sum of circuits and birays, using lemma 4.1.2. We can then write:

f= ) > A2 + oD AZb + Y ADe

ecEnds X beB(e,e) e+e’€Ends X beB(e,e’) ceC

where B(e, ¢’) is the set of birays coming from end e and going to end e’. Fix a ball B(v,r) and
consider all birays that appear in the decomposition of fand intersect the ball.

« If b € B(e, e) is a biray coming from the same end it is going to, there must exist a path
outside of the ball connecting the two remaining strands of b. The concatenation of this
path with the piece of b intersecting the ball yields a circuit, whose removal pushes b
outside of the ball.

« Ifb € B(e,e’) is a biray coming from a different end it is going to, there exists a biray by
in the tree T with the same ends, and there exist two paths outside of the ball, connecting
the matching strands of b and b;. The concatenation of the two connecting paths with
the appropriate pieces of b and by yields a circuit, whose removal pushes b outside of
B(vy,r) —T.

Thus, in each case, one can remove a circuit from a biray to push it outside of B(v,,r) — T. To
build the function fg, proceed then as follows. Start with some ball B(vy, r), and connect the
birays intersecting the ball as explained above. Then, iteratively, choose a ball containing all
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connecting paths of the previous step, and find new connecting paths. This process will result
in one infinite ladder for each biray b in some B(e, e) (sides: two rays defined by b, rungs: the
connecting paths), and one bi-infinite ladder for each biray b in some B(e,e”) (sides: b and the
corresponding biray of T, rungs: the connecting paths). Each such ladder is decomposed into
a sum of circuits in the obvious way. Let then

fe= Z Ap(circuits in the ladder of b) + Z Acc.
b

ce@
To see that this function is well-defined as a locally finite sum, note that:

+ The part ) ¢ Accis locally finite to begin with, so that it suffices to ensure that the other
one is locally finite.

« At each step of the process, only a finite number of circuits are used, since only a finite
number of birays intersect any given finite ball (the original decomposition of f was
locally finite to begin with). Furthermore, any edge can only be in the support of circuits
in two consecutive steps of the construction (each new step adds circuits in a given
“annulus”).

This shows that, indeed, f# is locally finite and such that f — f is supported on T.
Combining the above with theorem 4.2.2, we conclude that

Z)(T) ® €(X) = Z1(X),
and taking a quotient by €, (X) yields

C(X) _ Zi(X)
Col(X)  Cu(X)

zZi(Me = HP(X),

as was to be shown. O]

4.4 More on circuits

As seen above, given a graph X, and any end-defining subtree T of X, we know that
H{°(X,A) = H°(T, A) ® 6(X, A)/6-(X, A).

In section 4.2.1, we saw that the group H;°(T, A) can be naturally described as the function
space A% for some well chosen set of birays % on T—we have found a basis of sorts for the
left summand in the direct sum decomposition of H;°(X, A). We will not reach such a simple
description of the quotient € /€. Nevertheless, by an infinite Gaussian elimination process,
we will find nested bases for the spaces 6, and € (but not 6€,,), and see that as soon as €, #+ 6,
the quotient space € /6., is infinite dimensional (when A is a field, a necessary condition for
Gaussian elimination to work in general). Thus, in the rest of this section, A will always denote

a field.
4.4.1 A basis for ¢

Let G* denote the countable set of simple circuits in X, chosen with orientation. Remark that
the spaces A and A©® have the same image through 9, namely 6.
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From now on, given a fixed coefficient ring A, we call a subset & of € a basis if it is locally
finite and is such that the map

A% S B, § > 3¢ = Speqp®) b

is bijective. Note that this map is well-defined by virtue of the local finiteness of 3. Surjectiv-
ity of this map amounts to saying that the set 9% spans & under infinite sums; injectivity to the
fact that no non-trivial infinite sum vanishes. We make the same definition for the subspaces
6, (r < o).

Theorem 4.4.1. There exists a basis for 6.

Proof. First, enumerate the edges of X, say EX = {ej}ieny. If f € G, let I(f) denote the first

edge (w.r.t. our enumeration) in the support of fand v(f) := f(I(f)); by convention, let also

1(0) = oo, and if f € G, f(co) = 0. Then, enumerate the elements of D[C°], say D[C°] = {cj}jen.
We now define the following function inductively

F:NxN— AEX

Fyj=c¢ Vj,
F; itj<t
Fyi=1_. FEF
t+1’] Ft,j - t’i((;t :)t)) * ‘Ft,t lf] 2 t + 1

with the convention that if F;; = 0, the fraction is just zero. This function is nothing more
than the “history” of applying (column-wise) Gaussian elimination to the infinite matrix whose
rows are the simple circuits: ¢ denotes the iteration number, so that at t = 0, the matrix has
not yet changed, and j is the row number. Two elementary remarks are in order:

1. Forallt > j, we have F, ; = F; ;. Let us thus write g; := F; ;.
2. For alli > j, we then have g;(I(g;)) = 0.

If i is of the form I(g;) for some j, we call ¢; a leading edge.
We claim that the set B := {g;| j € N, g; # 0} satisfies the requirements of the theorem. We
must therefore show that it is locally finite, and that the assignment

S:A% 56 g ) gb)-b
beB

is a bijection.

Note first that by the second remark made above, all non-zero gjs are distinct.

Local finiteness. Assume 3 is not locally finite. Then, there exists some edge ¢; lying in
the support of infinitely many gjs. This edge cannot be a leading edge, by the second remark
above. Assume then that ¢; is not a leading edge, and that it is the first edge supported on
infinitely many gjs. Then, for all i’ < i, ¢y is in the support of finitely many gjs, so that there
exists some large enough j satisfying:

. gj(ei’) =0 foralli’ <i;

. gJ(e,) # 0.
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But this means that i = I( gj), a contradiction.

Injectivity of 2. Since X is linear, it suffices to show that 3(¢) = 0 implies ¢ = 0. Fix ¢ non-
zero, and take the least i with ¢(g;) # 0. By construction, X(¢)(I(g;)) = ¢(g;) # 0, thus proving
injectivity.

Surjectivity of 3. Fix some f € @, so that, without loss of generality f = ). ifi-¢. By
hypothesis, the family {f;-c;}; is locally finite. By “reversing” the Gaussian elimination process,
we get

j—1
=g+ Z At j8h

t=0
for some coefficients /; j. Thus,

j-1
F=Y(fig+ D fikj ) (4.4.4)
j t=0

For any t, consider the set J, := {j >t : f;A;; # 0}. We claim that J; is finite for all #. Indeed,
assuming this is not the case, there exists a least t with J; infinite. Let ¢; be the leading edge of
g we have, forall j > ¢

j—1 t
cile) = gle) + . Asjgs(e) =0+ . A jgi(e)
s=0 s=0

because ¢;, being the leading edge of g, lies in the support of no g; with s > . It follows that

t
fefe) = D fils gie). (4.4.5)
s=0

By assumption, J; is finite for all s < ¢, so that J; — |, J; is itself infinite. For any j in this set,
the sum in eq. (4.4.5) becomes

fici(e) = fiksjgile) # 0,

which is in contradiction with the local finiteness assumption on f, and thus proves that all
sets J; are finite. With this fact at hand, we can permute the sums in eq. (4.4.4) and get

f= Z (fl‘gt+ ij/lt,j'gt)-
t

>t

Hence flies in 2[ 98], thus showing surjectivity.
U

Note that in this process, we have chosen to start the Gaussian elimination with simple
circuits, but could have chosen any other set that generates & (“generates” in the sense that
any element of € can be written as a locally finite sum of simple circuits). Similarly, had we
added all birays to this initial set, the same process would have given a basis of the space Z;(X)
in one stroke, since we know already that the set @ generates Z;(X).
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4.4.2 Nested bases for the spaces G,s

By theorem 4.4.1, we have found a basis 9% of elements of €. The goal here is to refine this
basis into a nested sequence:

’ ’ ’ ’ ’
B1C By C - C B C B C... CHB,

in such a way that each 98/ [resp. 98’] is a basis of the space 6 [resp. €].

Choose first a well-ordering {g,/@ < B} of € and an increasing sequence of ordinals f; <
fo < ... < fi < Pizq < ... < B (i € N) such that 6; = {g,la < f;} for alli € N.

Let % be the basis of € provided by theorem 4.4.1. The set & is countable; let us choose
an enumeration {b;| i € N} of %. By theorem 4.4.1, there is an isomorphism A% < €. Any
element g of €thus (uniquely) defines a function N — A by means of our chosen enumeration
of AB. From now on, we identify € and (N — A) = AN if g € G, g(i) is the coeflicient
associated to b; € & in the unique decomposition of g as a (infinite) sum of elements of .

Let

I(g) == min{i : g(i) # 0}.
By convention, let also I(0) = oo, and for any g € 6, g(c0) = 0.

Lemma 4.4.2. Let X be a (locally finite) graph. There exists a nested sequence of locally finite
subsets of €
B C By C By CRBy 1 C...CHB,

such that each %] is a basis of 6; and %’ is a basis of G.
The proof follows the same pattern as that of theorem 4.4.1.

Proof. Recall that we have chosen a well-ordering {g,| « < f} of the set 6, and ordinals f; <
fo < ...such that €; = {g,| « < f;} for all i, and that any element of € is silently identified with
amap IN - A by means of theorem 4.4.1 and an enumeration {b;};cy of Z.

We define the “Gaussian elimination” map

v: pxfxIN—> A

inductively over its first parameter as follows:

V.0 = 8o
limy e, V5 o if 7is a limit ordinal,
Veg = Vo otherwise and 7 > ¢, (4.4.6)

Vrfl,a(l(vffl,rfl))

Ve -~ V1 ,— otherwise.
T 1’0( fol,rfl(l(vrfl,rfl)) T l’T 1 ’

where the limit is a pointwise limit (meaning that at any coordinate r € IN, the transfinite se-
quence (V; o(r))s<7 is eventually constant), and whenever v;_; ;_4 is zero, the fraction in 4.4.6
is set to zero, by convention.
From now on, we will write v, for the diagonal element v, ,, and A;, for the fraction
Vo1, (Ve 0-1))

VT—l,‘L’—l(l(VT—l,‘L’—l ))

0), or 0 for any other 7.

when 7 < avand 7is successor (again set to zero by convention whenv,_; ;4 =
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Let us briefly explain our interpretation of the map v as an infinite Gaussian elimination.
An element of € is uniquely determined by a map IN — A, as explained above, which we view
as an infinite row. The sequence (g,)y<p of elements of €is viewed as a list of rows: a matrix
(ve(n))g<pnen- Finally, the matrix is modified by iterating over each row and subtracting (a
suitable multiple of) it from the next rows; we thus get a “stack” of matrices: (v;,4(1))q r< neN-

We start with the matrix whose rows are the elements of &, ordered along the ordinal . At
time 7 = 0, the matrix has not been modified. At time 7 = o + 1, we pivot around the element
V5o Note that if the row « lies before or is the pivot (i.e.,, @ < 0), it is not modified. If row «
lies after the pivot (@ > 7), we must subtract the pivot from row a. In case 7 is a limit ordinal,
we just accumulate all changes that happened up until time 7.

We start by showing by induction on 7 that:

(P1) For any n € IN, the number of ordinals o<z such that v,(n) # 0 is finite.
(P2) The limit in Equation (4.4.6) is actually well-defined.
(P3) For any e and o < min(z, &), we have v; ,(I(v,)) = 0.

(P4) The value of v, 4 is
Vra = Vo0 — Z As+1a Vo (4.4.7)

o<min{a,r}

Indeed, assume the above holds for any 6 < z.
If £ = 0: Then (P1),(P2),(P3) and (P4) hold trivially.
If 7 is successor: (P1) is easy: by the induction hypothesis, {oc <7 —1 : v, (n) # 0} is finite,
and{oc <7 : vy(n) # 0} can contain at most one more element.
(P2) does not apply to successor ordinals.
For (P3), we see that if 7 > @, then (by definition of v)

Ve o(l(V5)) = ve(l(v5))

which is zero by the induction hypothesis (i.e. (P3) holds at 7 = ). If 7<a, then
Vra = Vr-1,a— Ar,(x V1,015 (4.4.8)

which, evaluated at I(v,_; ;_1), is zero by construction. If ¢ < 7 — 1, both v;_; ,(I(v,)) and
Vr—17-1(I(v5)) are zero, hence so is v; 4.
Finally, (P4). If 7<«, then min{z, ¢} = 7, and:

Via = Vr—1,a _/17,0( Vr—11-1

=Wa— Z Acr+1,a Vo _Ar,a Vr—171-15
o<r—1

=W~ Z Ao+1a Vo

o<min(r,x)
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by definition of v, ,. If 7 > o, we get min{r, a} = «, and

Via = Vi—1,0 = Voot Z )Lc7+l,a Vo
o<min{a,7—1}

=Vyat Z Aa+1,a Vo

o<min{a,r}

If zis limit: We first check (P1). It suffices to show that for any n, the number of ordinals
o < twith vy(n) # 0 is finite. If n = I(v,) for some o < r, then the number of § < o for
which vy(n) # 0 is finite by the induction hypothesis ((P1)), and for any 7 > 6 > o, vy(n) = 0,
also by the induction hypothesis ((P3)). Assume then that there exists some n which is not a
leading coefficient (i.e., of the form I(v,) for some ¢ < 7) and in the support of infinitely many
Vs (0 < 7). We can take n to be the least such integer, and for o large enough (similarly to the
local finiteness part in the proof of theorem 4.4.1), we will have:

Vd(n) * 0: VO’(k) = Os Vk < na

so that n is actually the leading coefficient of v, a contradiction.
We now check (P2). Let « be arbitrary, then

Vo = lm( vy g — Z Aor 410 Vor
’ o<t ’ ’

o’<min{a,0}

which we need to verify to be well-defined. In other words, we need to check that for any n,
the sequence

o = VO,a(n) + Z Ao"—i—l,a Vo (n)

o’<min{a,c}

stabilizes starting at some ordinal. But by (P1), v,-(n) is zero for ¢’ large enough, so that the
sequence indeed stabilizes. Furthermore, it stabilizes to:

VO,a(”) + Z A(H—l,oc : VO'(”):
o<min{a,r}
which also proves (P4).
It remains to check (P3). If o < 7, a, then

Vr,a(l(Vo)) = g_i,glz_vo’,a(l(vo)) = O_iior_l:l<z_vo’,a(l(vo)) =lim0 = 0.

This closes the inductive verification of ??.
Let now
B = {vgla < B,v,#0}, B ={vla < o1, v, 70}

Note that by (P1), each non-zero v, has a well-defined leading index I(v,), and v,#vg implies
I(vg) # l(vp). 1t follows that 9B’ is at most countable. We can now check the following conse-
quences of this process:

1. %B] spans 6; and %’ spans € (i.e., the maps A% @, and A? — € are surjective).
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Indeed, 4.4.7 yields (by setting a = 1)

Ve =W, — Z Aot1z Voo
o<t

so that we get
Voo =Vet Z Aot1z Voo

o<t

so that any element of € (resp. 6;) is a locally finite sum of elements of %" (resp. A;).
2. B’ is locally finite, as a subset of A%, by the same argument as the proof of (P1) for
limit.

3. B’ is locally finite, as a subset of AFX. Indeed, every e € EX appears in the support of
a finite number of b € 9B, and every b € % appears in the support of a finite number of
elements of %’ (by the point above).

4. The set B’ is independent (i.e., the map A% - Bis injective). Suppose not. Then, there
exists a subset § C f and non-zero coefficients (y,) . ki such that ), flo Vo = 0. Let
7o := min . Then Yoe ki Vo(l(v,)) = Ho, @ contradiction.

]

4.4.3 Infinite dimensionality of € /6,

Using lemma 4.4.2, we get a sufficient condition for the infinite dimensionality of the quotient
€ /G, as an A-vector space.

Lemma 4.4.3. Let X be a locally finite graph. If €, # 6; for alli € N, then € /6 is infinite-
dimensional as a vector space.

Proof. The condition Vi € N 6, # 6; means that for all i, there exists i’ > i with &; C 6y; let
{ij}j be a sequence of indices with %ij C %ijﬂ for all j, and choose an element b; € 991’] - 931’] »
for each j. Let {J,},env be a partition of IN into IN subsets of cardinality IN, and

fo=>.b, neN.
i€

We claim that the family {f,}, is linearly independent in the quotient, i.e., that no non-trivial
sum thereof lies in €. Let us verify the claim. Such a sum has the form

S=Y Iafu=2, > Mb;
n n jej,

(which is well-defined since the b;s form a locally finite set). Assuming the sum lies in €,
hence in some 6, and we must thus get

S= Y, mwb,

beRB!

0=S=S=> Y Abi— >, mb.

n jej, be B

so that
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Grouping the coefficients belonging to a given b € %’ yields a sum

0= Z Kpb,

be%B’

and each xj, must then be zero, since %’ is itself a basis. But, by construction of the f;s, there
are non-zero coefficients A, belonging to elements b € 93/ for arbitrary high i, while the
belong only to elements b € 9B;. This is a contradiction, and concludes the proof. [

4.4.4 More about Z /27

The results obtained so far can be strengthened in the case of A = Z /27 by using compactness.

Lemma 4.4.4. Let X be a locally finite graph, and A = Z./27.. If there exists r such that any
circuit of X lies in 6,, then € = 6,.

Proof. Endow both AEX and A® with the product topology, with A discrete; both spaces are
compact. The set A% is closed in AG, hence compact, and the restriction of 9 : AC - AEX
to A% is continuous. By assumption, for any circuit ¢ € G, there exists some ¢, € A% with
D¢, = De. Fix any element of € and any i € A® with D equal to this element. Let {¢}ien
be an enumeration of the elements of € appearing in 1. Then, by construction,

n
DY = ), D =1lim ) D
i i=1

One can then replace P ¢; by D¢ and use linearity of O

n n
=lim ) D¢, = nmgz<z %) .
"= " i=1

By compactness of A® and closure of A% therein, one may choose a subsequence (indexed by
(Mm)m) of i ¢ )n converging to some element ¢ of A% Then:

nm nm
=1limP (Z %) =9 (lim > ¢Ci) = D¢,
m i=1 =
now using continuity of 9| ,o,. O
We easily deduce the following.

Corollary 4.4.5. Let X be a locally finite graph, and A = Z/27Z. Then, the following are equiv-
alent:

1. There exists somer such that € = 6.
2. There exists somer such that €, = 6,
3. There exists somer such that for allr’ > r 6, = 6,.

4. There exists somer such that any circuit of X lies in 6.
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Proof. Indeed, each downward implication is obvious, and lemma 4.4.4 allows closing the
chain. ]

Finally, putting together what we have so far:

Theorem 4.4.6. Let X be a locally finite graph and A = Z./27Z. If the quotient € /G does not
vanish, then it is infinite dimensional.

Proof. € /€5 # 0 implies that € # 6, and hence that none of the equivalent conditions
of corollary 4.4.5 hold. It then suffices to apply lemma 4.4.3. O]

4.5 What (could be) next

Z-large circuits. In the case of A = Z,, all notions of “having large circuits” are equivalent.
This is a priori also the case for any finite field Z,, but not otherwise. One might ask the
following question: assuming that any circuit of length < s lies in €(X, Z), does it hold that
6(X,Z) C 6(X,Z)? Without compactness, mimicking the argument for A = Z, does not
work. On the other hand, we didn’t manage to find a counter-example to this question.

Large circuits and finitely presented groups. It is relatively clear that a finitely presented
group has Z,-small circuits, since any circuit defines a relation, and all relations are made of
a finite number of small relations. Does the converse hold ? (I guess not).
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5 The first uniformly finite homology
in Z.

This is a continuation of chapter 4. We give a combinatorial description of the first group
of uniformly finite homology H(X, A) for a uniformly locally finite graph X, in terms of
bounded flows and circuits. We prove that when X is a tree, Hluf(X, A) essentially counts
ends. In the general case, we verify that H{‘f(X , A) contains a copy of Hluf(T, A),whenT < X
is a subtree of X such that the ends of T embed in the ends of X. We define a rather ad-
hoc definition of higher dimensional expansion for simplicial complexes, and show that for
transitive locally finite graphs, the non-vanishing of HY(X, Z) is equivalent to the disjunction
of three phenomena: 1. the existence of more than one end; 2. a sufficiently massaged notion
of expansion; 3. the existence of circuits that cannot be decomposed into smaller circuits (in a
suitably coarse sense).

In this chapter, all graphs considered will be uniformly locally finite and connected. The
definition of uniformly finite homology is obtained from that of Roe homology by restricting
the functions in the chain complexes to be uniformly bounded (that is, by replacing AS by
£7°(S, A)). It follows that uniformly finite and Roe homology share some properties; we will
rely on the constructions of chapter 4, and point out the differences as they appear.

In [BW92], Block and Weinberger show that the vanishing of H(}‘f(X ,Z)is equivalent to non-
amenability of X. The main motivation for this chapter is the search for a characterization for
the vanishing of H{‘f(X 7).

5.1 Flows, circuits, and H
From now on, let A be a normed ring.

5.1.1 Uniformly finite homology

Recall that given a locally finite simplicial complex X, C.(X, A) is the chain complex whose
chains are the functions X(,;) — A. We define simplicial uniformly finite homology as the
homology of the sub-chain complex CsU(X, A) of C.(X, A) whose chains are the functions
Xn) — A of finite £ norm, i.e., the elements of {*(X,, A). Similarly, we define uniformly
finite homology as the homology of the inductive limit c™ (X, A) of the chain complexes
csuf(x, A).

We state the following essential property of uniformly finite homology without proof:

Theorem 5.1.1 (Uniformly homology is QI invariant). Uniformly finite homology is quasi-
isometry invariant.

Proof. [BW92], or by adapting the argument of quasi-isometry invariance of Roe homology.
]
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5.1.2 Circuits, birays and flows

If S is an arbitrary set and F C £°(S, A), call F uniformly locally finite if each F is locally finite
(section 4.1.1) and ), F € £%°(S, A). Recall (lemma 4.1.2) that any flow on X can be decomposed
into a sum of circuits and birays. A similar statement holds for uniformly bounded flows:

Lemma 5.1.2. Given any uniformly bounded flow f on the uniformly locally finite graph X,
there exists a function A € @ — A, such that {A(s) - Ds|s € &} is uniformly locally finite, and

satisfying:

f= Z A(s) - Ds.
e
Proof. Follows from the proof of lemma 4.1.2. [

When A = Z, we can be a bit more precise. If f, g are Z-valued flows on X, let us write
f < gto mean that for all e € EX;, f(e) # 0 implies 0 < f(e) < g(e) or g(e) < f(e) < 0; we say
that fis below g. Visually, this means that fis a “smaller” flow than g.

Lemma 5.1.3. Given any uniformly bounded Z-valued flow f on the uniformly locally finite
graph X, there exists a function A € @ — Z, such that {A(s) - Ds |s € &} is uniformly locally
finite, satisfies

f= Z/l(s)-@s,

S€G
and such that A(s) - Ds < f for all s.

Proof. First, note that given any non-zero Z-valued flow f, there exists some simple biray or
circuit s such that £9s < f(with sign depending on orientation).

The argument then follows the proof of lemma 4.1.2: we iterate over the edges of X, and at
each edge, remove a circuit £s with £9s < fas long as such a circuit exists. At the limit, no
circuit +s with +9s < fremains, and we iterate over all edges again, now subtracting birays
+s with £Zs < f, in the same manner. O]

Fix a (uniformly locally finite) graph X. Recall that ACD) denotes the set of functions from
C(X) to A that are locally finitely supported, and that

9 . ACX) Z(X,A),
maps such a function to its representation as a flow on X. Let us write

&U(X, A) = D[E°(C(X), A)],
E(X, A) = EM(x, A).

The same remarks as for Roe homology apply here.
Lemma 5.1.4. The stabilization of the sequence (€5*{(X, A)), is quasi-isometry invariant.

Proof. By adapting the argument of proposition 4.1.3 (note that if X,Y, ¢, 1, K are as given
in proposition 4.1.3, and f € Z{"(X, A), then fand ¢ f differ by an element of C2*f(X, A) by
uniform local finiteness). [
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5.1.3 H! in terms of flows.

Recall that the first Roe homology can be described as H;*(X) =
holds for uniformly finite homology:

Z(X)
Co(X)

A similar description

Theorem 5.1.5. If X is a (uniformly locally finite) graph, then

Z(X)

Hff(X) = %ST(X)

If (%rsuf(X )), stabilizes, then Hlllf(X )= HlsUf(RrX ) for large enoughr.

Proof. Follows from the proofs of theorem 4.1.4 and lemma 4.1.5 by using uniform local finite-
ness and the fact that all functions at play are uniformly bounded. [

If X is a uniformly finite graph, there is an obvious map z : Z{*(X,Z) — Z,(X,Z/27)
mapping fto gof, where q : Z — Z,/27Z is the quotient map. Furthermore, z[€SM(X,Z)] C
Goo(X,Z./]27), so that z passes to a morphism Hlllf(X, Z) - H{°(X,Z./2Z).

Lemma 5.1.6. Let X be a uniformly locally finite graph. The morphism
HY(X,7) - H®(X,Z/2Z)
is surjective.

Proof. Fix a representative f € Z;(X,Z/2Z) of an element of H; (X, Z). Take the decompo-
sition of finto a sum of circuits and birays (theorem 4.3.1). Since ftakes value in Z/2Z, this
decomposition satisfies the property that the circuits and birays involved do not intersect on
edges. For each of those, choose an orientation, thus defining an element f € Z,(X,7Z) with
values in {—1,0, 1}. Clearly f is uniformly bounded, and a preimage to f. O]

Thus, by the above, Hluf(X , Z) cannot vanish if H;°(X, Z/2Z) doesn’t.

5.2 Trees

This section, following section 4.2.1, is devoted to the analysis of Hlllf(X ,A) in relation to trees.
We first verify that Hll‘f(X , A) essentially counts the number of ends of X if the latter is a tree.
Furthermore, we show that whenever Xis a nicely embedded subtree of some Y, then the first
uniformly finite homology of X embeds in that of Y.

5.2.1 HY(tree)

Let T be a (uniformly locally finite) connected tree. By the same arguments as section 4.2.1,
one can assume without loss of generality, up to quasi-isometry, that Tis composed of vertices
of degree 2 and 3 exclusively.

Furthermore, from the decomposition

HYY(T) = Z§°(T) /8N(D),

it is clear that Hlllf(T) = Zfo(T).
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An important property of the construction 9 of a good set of birays is that: any edge of T
is contained in at most 3 birays of .

Using this property, theorem 4.2.1 translates easily to a similar characterization of the first
uniformly finite homology of T.

Theorem 5.2.1. If % is a good set of birays for the tree T, then
HM(T, A) = (%, A).
Proof. Recall the isomorphism

D : A% - Z,(T, A) = H(T, A)
g > $(b)-b,

beR

from the proof of theorem 4.2.1. It suffices to verify that & restricts to an isomorphism from
1°(RB, A) to Z3(T, A) = H(T, A).

P maps {*°(%, A) into ZU(T, A): since any edge has at most three elements of % lying
over it, so that |D¢|c < 3|¢]co-

D¢~ (3 4) is surjective onto Z3(T, A): Indeed, recall that given f € Z (T, A), a preimage

¢ € A% of fis constructed inductively on 2 by setting

$(b) = fle)— ). [e: b'1p®"),

eeb’<b

where e is an edge such that b is the last element of & containing e. Recall also that by 3 (in
the list of properties that the set 98 satisfies), there exists some edge e’ such that

VeB :eeb}={b"e€RB :ecb'}—{b}
which means that

> e s b1g")

eeb’<b

PN CERATCS

e’eb’

=1/l < £l

(&)

o0

where the first and second equalities follow from the inductive definition of ¢. It follows that

Ip@) < 2] fllo,

and thus, [¢]e < 2] f]eo-
Note that when restricted to £°(%,A) — leuf(T, A), D becomes a homeomorphism with
respect to the €= norm.

O

5.2.2 Subtrees

By the decomposition of Roe homology, we know that a graph with more than one end has
non-vanishing first Roe homology. This is also the case for uniformly finite homology.
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Theorem 5.2.2. Let X be a graph and T an end-respecting subtree of X. Then
Z(T) n Bt = {o}.
In particular, the natural map Hlllf(T) — Hluf(X) is injective.

Proof. The proof of theorem 4.2.1 applies. O]

5.3 Large circuits

Let us say that a uniformly locally finite graph X has A-large circuits for uniformly finite
homology if
vr >0 EM(X, A) = GM(X, A).

From now on, let us only consider the case A = Z.

Lemma 5.3.1. If X is vertex-transitive and has Z-large circuits for uniformly finite homology,
then HY(X, Z) # o.

Proof. First, fix a vertex vy € VX of X. By transitivity, one can choose a family {¢;,}; j ;en of
automorphisms of X such that the sets ¢; [ B(v, )] are all pairwise disjoints.

Second, given g € t*°(G,, Z), we claim that one can always decompose gasasum g = Y.’ ; g;
such that each g; € £°(C,, Z) is of norm 1 and such that the circuits in the support of g; are
all edge-disjoint. Indeed, one can first write g = g, — g_, with g,,g_ > 0, and treat them
separately, so that without loss of generality g > 0. Let us then consider a maximal set Cy of
pairwise non-edge-intersecting circuits in the support of g (Z o r n); subtract ZCECg cfrom g

and iterate. This process must end after a finite number of steps. Indeed, if c is a circuit (of
length < r) in the support of g, there is a uniformly bounded number of other circuits of length
< rintersecting g, and each can be subtracted at most | g, times, so that ¢ will be subtracted
(by maximality) after a uniformly bounded number of steps. The sums ZCECg c of each step
define the desired g;s.

Let us now proceed with the bulk of the proof. Assume that (‘gss“f(X ,Z.)), does not stabilize,
but Hluf(X ,Z) = 0. For each s, fix some f; € ‘io”fouf(X ,Z) — %Ssuf(X ,Z.); by construction, f; €
(X, Z) for some r, and fs = Dg, for some g, € £°(C,,Z). By the argument above, one
may decompose g; as a finite sum gg = ) ; g;, so that f; = },; D g;, which implies that at least
one D g; lies in ‘g§OUf(X ,Z) — %Ssuf(X ,Z.). By construction, @ g; has norm 1. We can thus (up
to replacing f; by @ g;) assume that f; = D g, has norm 1 and g, is an edge-disjoint sum of
circuits. For each i € IN, let gl be the restriction of g; to circuits entirely contained in B(vy, i),

and let f! = Dgl. It is clear that g! ey g pointwise, and similarly f! — f..

Let f = 3, ﬂog{)i,_rl. By construction, the supports of each ﬂoqﬁi}l are pairwise disjoint,
so that f € Z{™(X,Z) and |f| = 1. By the hypothesis that H(X,Z) = 0, there exists
some s € N and k € {*(Cg, Z) such that 2k = f Consider the family (ko¢;,);, for r =
s + 1. By construction, P (ke¢;,) is equal to f. on increasingly large balls around v;, when
i — oo. Since the sequence (keg;,); is uniformly bounded, it has an accumulation point, say
¢ € 12°(GC, Z), which implies that D¢ is an accumulation point of (f');. Since (f'); converges
to f,, we conclude that f, = D¢ € G,(X,Z), a contradiction to the assumption that f, ¢
C(X,Z). N
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5.4 Expansion

Recall that a (uniformly locally finite) graph Xis said to be amenable if it satisfies the following
condition:
Ve > 03U VX : |0°U| < €|U|.

If X is non-amenable, then
l0°U|

= 11
02U VX (U]

£

is called the Cheeger constant of X, and X is sometimes called an expander.
One of the selling points of uniformly finite homology, proved by Block and Weinberger, is
the following.

Theorem 5.4.1 (Part of [BW92, Theorem 3.1]). A uniformly locally finite graph X is an ex-
pander if and only ifHé‘f(X, Z)=0.

Motivated by the above, our goal in this section is to capture the geometric idea behind
expansion into a higher dimensional analogue.

5.4.1 Basics

Let X be a uniformly locally finite simplicial complex. If U C VX is a set of vertices, we also
use U for the induced simplicial subcomplex.

Definition 5.4.2 (H*-Expansion). We say that Xhas HS"-expansion if there exists a function
K : N-N satisfying the following: for any f € Z™(X,Z) and UC;V X, there exists g €
34t (X, Z) such that d*glyy = fland |gleo < K(Ifloo)-

We say that X has pure HS™-expansion if there exists a function K : IN—N satisfying
the following: for any f € BS“(X,Z) and UC; VX, there exists g € C,Slifl(X ,Z.) such that

d**fgly = flyand |gle < K(|floo)-

Intuitively, expansion can be interpreted as homological cycles locally being homological
boundaries, with control. In other words, one can always kill “pieces of cycles” with “pieces
of boundaries” in a bounded way. We will see that this property always implies that sim-
plicial uniformly finite homology vanishes, at the corresponding dimension. Note that Hsvt-
expansion is stronger than pure H,iuf-expansion. Note also that the function K : N — N in
the definition of [pure] expansion can be taken monotonous.

Lemma 5.4.3. If X has H,fo-expansion, then H,fuf(X ,Z,) = 0.

Proof. Assume that K : N — N is as given by HS"-expansion. Fix f € Z5(X,Z), and
(U; C VX); a nested sequence of finite subsets exhausting VX. For each i, let g; € C,Slifl(X ,Z)
satisfying dsu il; = fly, and | g < K(|f]), as given by H,fuf—expansion.

Then the sequence (g;); has an accumulation point, say g, since its elements are uniformly
bounded (by K(| f])). Since dsuf g is also an accumulation point of (a5t 1)i» which converges
to f, we conclude that d*fg = f

Thus, fis in B¥(X, Z) and H3*(X,Z) = 0. ]

Remark 5.4.4. Consider the following condition on X: there exists some constant N such that

forany f € Z$¥(X, Z), one can write f = zfi"lf | f,, with each f; of norm 1 and in Z(X, Z). If
this condition held, we could always take the function K : IN — N in the definition of [pure]
H,?‘Jf—expansion to be linear. We do not know whether this holds, even in dimension 1.
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5.4.2 Dimension 0

For n = 0, we have an equivalence between the following three properties
1. Xis an expander;
2. HY(X,Z) = 0;
3. Xhas H{"-expansion.

The equivalence between the first two items is already known. We will reproduce one direc-

tion of this equivalence here, and (re) prove the other by way of Hg‘uf—expansion. Note that

HY(X, Z) = HY(X, Z), since CJ¥(X,Z) = Z$*(X,Z) = Z}(X, Z) and any edge in a Rips
complex can be approximated by a path between its end points.

Proposition 5.4.5 ((BW92, Proof of Theorem 3.1, p.912]). Let X be a uniformly locally finite
graph. If H(}lf(X, Z) = 0, then X is an expander.

We follow [BW92, Proof of Theorem 3.1, p.912], with essentially cosmetic modifications.

Proof. Assume H&‘f(X ,Z.) = 0, so that any bounded function on the vertices of X is the bound-
ary of a bounded function on its edges. Consider the constant function 1 : VX — Z. By
assumption, there exists some ¢ € C*¥(X, Z) with d*f¢ = 1. Fix some UC;VX. Then

U= > 1(v)

veU

= ) (@ ip)w),

veU

now, using the fact that (dSUf¢)(v) =Y eV : elple)

=D ) [v: elgle),

veU vee

and if e is an edge with both endpoints in U, it will appear twice in the above sum, with opposite
signs, and cancel out, while if e has both endpoints outside of U, it will not appear, so that

= Y v : elg(e)

ecoU
< Y 10 < Iglw - 0°U1.
ecoU
Thus, [0°U| > |@l=U], and |¢|=! is a lower bound to the Cheeger constant. O

This shows the implication (2) = (1). We know already that (3) = (2) (lemma 5.4.3), and it
remains to show (1) = (3).

suf _

Lemma 5.4.6. Let X be a uniformly locally finite graph. If X is an expander, then X has H;
expansion.

When n = 0, the definition of H,fuf—expansion simplifies greatly. First, any uniformly
bounded function f : VX — Z can be decomposed as f, — f_, with f,, f_ > 0. Then, each of
f+, f_ can be decomposed into a finite sum of 0/1-valued functions (as many as their respective



60 5 The first uniformly finite homology in Z

norms). The definition of ngf-expansion can thus be restated as the existence of a constant
K such that for any 0/1-valued function f and finite set U, there exists some g € {*(EX, Z)
with (@)l = fly and |gle < K. Interpreting fas an indicator function, we get: For any
UCeVXand W C U there exists some g € {*(EX, Z) with (dSUfg)IU = ywand |g|e < K We
will use this restatement, along with an argument of Benjamini and Schramm based on the
“max flow/min cut” theorem to prove lemma 5.4.6:

Proof of lemma 5.4.6. Assume that X is non-amenable with Cheeger constant ¢ > 0. Given
UCsVXand W C U, the argument in [BS97, Proof of lemma 2.1] constructs a flow g on U. In
their argument, the flux at vertices in W, (which corresponds exactly to dSUfg) is a rational
¢ > 0 and 0 everywhere else, while the value of g on edges is at most 1. Scaling by ¢! yields
abound of K = ¢! for g. O

5.4.3 Dimension 1

In dimension 1 (the one we are interested in), we do not know whether Hfo-eXpansion is
equivalent to the vanishing of Hlsuf(X ,Z.) in general, though it is true in the transitive case.
Before showing this, we need a technical lemma:

Lemma 5.4.7. Assume X is uniformly locally finite and one-ended. Let f € ZISUf(X, Z) and
UCsVX. Then, there exists ' € Z{*(X, Z) with finite support, f'|; = fly and such that | f’| <

£

Proof. Fix fand U as in the statement. Consider the decomposition of fas a sum of circuits
and birays given by lemma 5.1.3. Let g be the sum of circuits and birays of this decomposition
(with same weights) that intersect U; by construction |g| < |f|. Take some V C VX large
enough that all circuits in g are contained in V. We can write R gly) = X, n,v for some
coefficients n,, in such a way that each v with n, # 0 corresponds to a vertex in V from which
n, rays start, counted with sign and multiplicity. Since ), n, = 0, there are as many rays
with positive sign as negative sign (with multiplicity). Since X is one-ended, all rays in g’ can
be connected outside of V. Furthermore one can always connect two rays with opposite sign
without intersecting any other ray: if we start at ray v; (positive) and a path to v, (negative)
intersects v, ..., v,_1, there will necessarily be a pair v;, v;;; with opposite sign, and one can
connect those with the restriction of our original path from v; to v,. Then, we modify g by
connecting two rays of opposite signs (making them into a circuit) without touching anything
else, and iterate the process (i.e., take some big ball V containing all circuits, and connect two
rays) until we reach some flow f’, consisting only of a finite number of circuits, and satisfying

11 <1fland f'ly = flu- =

Theorem 5.4.8. If X is an infinite, vertex-transitive uniformly locally finite simplicial complex
and Hlsuf(X ,Z) =0, then X has HlsUf-expansion.

Proof. First, note that Hlsuf(X ,Z.) = 0 implies that X is one-ended (theorem 5.2.2).

Suppose X does not have H*-expansion but H{*(X,Z) = 0. Then, there exist sequences
of functions (f; € leuf(X ,Z))); and of finite sets (U; SV X); as in the definition, with | f| = C
for some C, but such that if dsufFi|Ui = fily, then |F| > K;, with K; — 0.

For all i, let f/ be as given by lemma 5.4.7. Since Xis infinite and transitive, one can assume
that the supports of all fs are pairwise disjoint.
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Let f == ), f/. Then, f € Z5(X, Z) (of norm < C) implies the existence of some F €
Cguf(X ,Z) with d¥F = f. In particular, ds™fp i = f, and since |F| < K; for large enough i,
we get a contradiction. O

Note that we do not actually need as much as transitivity, but merely being able to move
finite pieces of the graphs sufficiently far.
Note also that if lemma 5.4.7 held in dimension higher than 1, then so would theorem 5.4.8.

5.4.4 H-expansion

The notion of H,f“f—expansion is clearly not a coarse one. Our goal being to characterize the
vanishing of Hlllf(X ,Z.), we need to make it quasi-isometry invariant.

Let us first isolate a basic but useful property of flows on Rips complexes that will be used
later on:

Lemma 5.4.9. Let X be a uniformly locally finite graph. For anyr € N, there exists some K € N
such that for all f € Z{*(R.X, Z), there exists G € C3"X(R,X, Z) satisfying f—d*™G € Z3¥(X, Z)
and |G| < K| f|; in particular, | f — dMG| < K’|f| for some K’ depending only on r and X.

In other words, flows on Rips complexes can be pushed to flows on the original graph with
“fixed cost”.

Proof. For any pair of vertices u,v € VX, choose a geodesic path p, ,, connecting u to v. If
dx(u,v) < r, then the edge [u,v] € E(R.X) is equal to p,,, modulo a sum of triangles in
R.X. By uniform local finiteness, the number of triangles involved is uniformly bounded (for
fixed ), and by summing over the edges in f € Z{"(R,X,Z), we get the desired element
G € C™(R.X,Z). Uniform local finiteness also implies that d*fG has norm bounded by a
constant (depending on r) times the norm of f, whence the last statement. ]

Definition 5.4.10 (H,;lf-expansion). Let X be a uniformly locally finite graph. We say that X
has H,‘,lf-expansion [respectively pure H,}‘f-expansion] if there exists K : N xIN — IN and
u : N — N such that for any r € N and f € Z$"(R,X, Z) [respectively f € B*(R,X, Z)] and
UCs VX, there exists F € C,Sl‘ifl(Ru(r)X ,Z) with |F| < K(|f],r) and (d*“F)|y = flo-

The definition of [pure] H5"-expansion on a simplicial complex states that any cycle [bound-
ary] fcan be killed locally at a fixed cost depending on | f]. Similarly [pure] H¥-expansion
states that at a Rips complex of any coarseness r, any cycle [boundary] fcan be killed locally
at a fixed cost depending on | f| and r, with a possible change of coarseness u(r).

Unrolling the definition of [pure] expansion yields the formula

VrauvNaK : VUC VXV € Wel(R.X, Z) with |f] = N
3F € CS¥ (R, X, Z) with (¥ F)}y = flyand [F| < K, (5.4.1)

with W = Z for expansion and W = B for pure expansion. Negating this formula yields:

IVuINVK © UCVXIf € Wa(R X, Z) with [f] = N
VF € CY (R, X, Z) with (d®F)|; = fly we have |[F| > K. (5.4.2)

Lemma 5.4.11. If X is a uniformly locally finite graph with H¥ -expansion, then H¥(X,Z) = o.
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Proof. By the same argument as lemma 5.4.3. If f € ZM(X, Z) then f € Z*{(R,X, Z) for some
r. Then, larger and larger pieces of fcan be killed by boundaries of elements of Cgifl (RynX.2Z)
of uniformly bounded norms. It suffices then to take an accumulation point of these elements.

]

Lemma 5.4.12. If X is a uniformly locally finite graph and R,X eventually has [pure] Hv-
expansion, then X has [pure] H,;lf—expansion.

Proof. If RgX has [pure] H,f“f-expansion, then there exists K; : IN — IN as in the defini-
tion. Assume that RgX has [pure] H,fuf-expansion for all s > r. Letting u(s) := max(s,r) and
K(N,s) := Ky (5)(N), it follows that X has [pure] HY-expansion. O

Lemma 5.4.13. H,‘llf-expansion and pure H,;lf-expansion are quasi-isometry invariants.

Proof. Assume Y has [pure] H¥-expansion (with functions K € NN 3 ¢ NN), and ¢ :
X =Y,y : Y - Xare quasi-isometry inverses with constant N. Fix f € Z,?uf(RrOX ,Z.) [resp.
B,S,uf(RrOX ,Z)] and U finite. Take s(rp) large enough that all simplices in R, X are mapped to
simplices in Ry, )Y via ¢; let g € Z,f’uf(Rs(rO)Y, Z) [resp. B,SIUf(Rs(rO)Y, Z))] be the image of fvia ¢,
and V := ¢[U]. There is some L depending only on ry and N such that | g| < L|f|. Since Y has
[pure] H,?uf—expansi(zn, there exists some G € Cgifl (Ru(s(ry))Y> 2) with |G| < K(L|f], s(rp)) and
(d*™G)|y = gly- Let Fbe the image of G via ; in a sufficiently large Rips complex Re(u(s(ro) X
The function ry — r(u(s(ry))) does not depend on £, but only on Nand u € NN, Similarly the

norm of Fis bounded by L’ |G| < L’K(L|f], s(r)) for some constant L’ depending only on s and
N. Now, d**{F can be homotoped to fin Rr(u(s(ry)))X With a cost depending only on | f| and

1o, S, N. This shows that X has [pure] H,‘,lf—expansion. O

Lemma 5.4.14. If X is such that %rSUf(X ,Z) = €3%M(X,7) for some r and is one-ended, then
HM(X, Z) # 0 implies that X does not have pure H" -expansion.

In other words, if Hluf(X, Z) # 0 then at least one of the three phenomena (ends, large
circuits, pure expansion) is responsible for it.

Proof. Assume that Hluf(X ,Z)) # 0, X is one-ended and, for some ry, ‘griuf(X 7)) = <‘gosouf(X 7).

By lemma 5.4.11, X does not have Hlllf—expansion, and it remains to show that it does not have
pure H-expansion.

Since X does not have Hff—expansion, and by eq. (5.4.2), after some quantified r,u, N, K,
we can find f € leUf(RrX ,Z) and UC¢V X such that |f| = N and for any F € CTUf(RrX ,Z)
satisfying (dSUfF)|U = fly, we have |F| > K. First, note that r can be assumed to be arbitrarily
large, since if f € Z{*(R.X, Z) then f € Z3*(R X, Z) for any r’ > r. Since R,X is one-ended
and by lemma 5.4.7, fcan be replaced by some f’ of finite support with same norm and equal
to fon U; we may therefore assume that f has finite support. By lemma 5.4.9, there exists
some A € Czsuf(RrX ,Z.) also of finite support, such that g := f — dsUEA f€ quf(X ,Z). Now,
g is a flow of finite support on X, and can thus be decomposed as a finite sum of circuits. By
the assumption %rf)uf(X .Z) = €¥(X,7), g can be written as a (uniformly bounded) sum of

circuits of length < ry, and by triangulating those, g € Biuf(RroX ,Z). Thus, f = g+ d*™A I
with both summands lying in Bi‘If(R,X ,Z.) (since r was assumed big enough that r > ry), so

that f € Bﬁuf(RrX ,Z.) too. Thus, in context of the quantifiers r,u, N, K, f can be chosen in
B™(R,X, Z), which shows that X has pure H-expansion. O
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Theorem 5.4.15. Let X be a uniformly locally finite transitive graph, and consider the following
three conditions:

1. X has more than one end.
2. X has Z-large circuits; that s, <‘6rsuf(X Z) + %&uf(X ,Z.) for anyr.
3. X does not have pure Hluf—expansion.

Then H(X, Z) # 0 if and only if either of the above holds.

Proof. Ttems 1 and 2 imply HM(X, Z) # 0 by the content of section 5.2.1 and by lemma 5.3.1,
respectively. Let us then assume that neither of items 1 and 2 hold, but item 3 does. Towards
a contradiction, assume furthermore that Hlllf(X ,Z)) = 0. By theorem 5.1.5, Hlsuf(RsX \Z) =

suf

HIUf(X ,Z) = 0 for slarge enough. By transitivity and theorem 5.4.8, Ry X eventually has H;
expansion, and in particular pure Hlsuf-expansion. This implies in particular that X has pure
H-expansion .

Conversely, if Hluf(X ,Z) # 0, but Xis one-ended and (‘gf“f(X , Z.)), stabilizes, we can apply

lemma 5.4.14, and X does not have pure Hluf-expansion. [

5.5 What (could be) next

Non-transitive graphs. After reading theorem 5.4.15, the first question coming to mind is
probably: what about the non transitive case? As remarked before, transitivity is a com-
fortable assumption, but can be weakened: all we really use is the ability to move finite sets
around, so that e.g., each vertex having an infinite orbit under Aut X is strong enough. This
is obviously still far from general, but we could not find suitable alternatives to theorem 5.4.8
and lemma 5.3.1.

Higher dimensions. We know that H-expansion is quasi-isometry invariant and implies
the vanishing of HY. When does the converse hold? Can some arguments of the casen =1
be generalized to arbitrary n?

A better understanding of the vanishing of H. In a sense, the decomposition of theo-
rem 5.4.15 is quite artificial, and it is not clear that each of the three phenomena is independent
of the others. Perhaps this could be refined.
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6 Preliminaries and notation:
Lorentzian lattices

6.1 Hyperbolic Space

We mainly work with the hyperboloid model of hyperbolic space H", whose construction is
sketched below. Fix an (n+1)-dimensional real vector space V, endowed with a non-degenerate
symmetric bilinear form q of signature (n, 1). If x,y € V, we will usually write xy = q(x, y),
and x? == g(x, x), which we call the length of x. Say that xis positive [resp. negative, isotropic]
if its length is positive [resp. negative, zero]. By Sylvester’s law of inertia, there exists a basis
B :={v, ..., v} of Vsuch that g can be written

q (Z X Y, ym) = —Xo)o + ), X
i i

i>1

or, in other words, that the Gram matrix (g(v;, vj))i, jis diagonal with diagonal entries -1, 1,...., 1.
From now on, we fix this basis Bof V, and if x is an element of V, x; represents its i-th coordinate
with respect to B. Let

Cy={xeV: x?<0}L

This is a convex cone, consisting of two connected components (also convex cones) Cj; and
Gy = —Cf} with, without loss of generality, v, € C{; ; in other words, Cf} consists of the elements
x € Vsatisfying x> < 0 and x; > 0. Note that the action of R™ on V preserves the sign of the
length of elements ((Ax)* = A%x%) and preserves each cone Cf. Hyperbolic n-space is then

defined as the quotient:
H" := G /R*.

Since any x € Vof negative length can be normalized to have length —1, the elements of Gy /R*
are uniquely represented by elements x with x, > 0 and of length —1; this set is usually called
the upper sheet of the hyperboloid.

From now on, we will usually not distinguish elements x € V of negative length from their
equivalence class in H".

The cone Zy == {x € V : x? = 0}—{0} consists of two connected components Z5,Zy =-Zy
(with, again, Z; = {x € Zy : x; > 0}), and R" acts, again, on Z;. Let us define

oH" := Zif /R*,

which is, by definition, the set of ideal points of hyperbolic space, and H" := H" 1 9H". Let

V™ be the set of elements x € Vwith x; > 0. The sets H", 9JH" are topologized as subspaces of

the quotient V*' /R*. Inside V* /R, the topological closure of H" is H"; this set is compact.
A distance can be defined on H" by setting (assuming x? = y? = —1)

dgn(x, y) = cosh™ ' (—xy),
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and it might be verified that the topology induced by this distance is the correct one.

Let O be the group of linear automorphisms of V preserving the form ¢, and 6 < O the index-
2 subgroup of O of elements preserving C;;. The action of 0 on Gy descends to an action on
H" which can be seen to preserve dgp. The group 0 is exactly the group of isometries of H"
with respect to dgp. Note that O also naturally acts on 9H".

If Wis a (k + 1)-dimensional linear subspace of V intersecting C‘J} , the quotient [W] =
(Wn C{,r )/R* is, by definition, a k-dimensional subspace of W. The correspondence W + [W]
is injective. Furthermore, since W n C‘J} # @, the restriction of g to W is of signature (k, 1),
so that [W] is isometric to H¥. 1-dimensional subspaces are called lines, and are exactly the
geodesic lines with respect to dgyn (i.e., isometric embeddings of R in H"). (n — 1)-dimensional
subspaces are called hyperplanes; the complement of a hyperplane consists of two connected
components, whose closures are called half-spaces.

If r is an element of V of positive length, then

rte={xeV: rx=0}

is an n-dimensional vector subspace of V interesting C;7, hence defines a hyperplane H, of H".
Any hyperplane is of the form H, for a unique r of positive length, up to multiplication by
an element of R*. The (closures of) the two connected components of H" — H, correspond
exactly to the elements v of H" such that vr > 0 and vr < 0, respectively, and are written
Hf and H,” respectively (passing from r to —r doesn’t change the hyperplane H, but swaps
the half-spaces). Thus, hyperplanes are in bijection with vectors of positive length, up to
multiplication by an element of R*, and half-spaces are in bijection with vectors of positive
length, up to multiplication by an element of R". Let us call oriented hyperplane the data of
a hyperplane H, and choice of corresponding half-space (equivalently, of a vector of positive
length, up to multiplication by an element of R*). The vector r (of positive length) defines an
isometry p, € 0 via

pri VoV
VeV — ZV—;r.
r
The map p, is called a reflection. Note that p;, = p, for any A € R*; r is called root of the
reflection. The fixed-point set of p, is r*, and the hyperplane H, is called the mirror of the
reflection.
The distance between a point v € H" and a hyperplane H, is

2
dv,H,) = sinh ™!, /—%
ver

If H, and Hj are two oriented hyperplanes, with > = s = 1, then:

« they intersect iff rs < 1, in which case the dihedral angle between H,, H; is cos_l(—rs);

« if rs = 1, the hyperplanes don’t intersect, but their closure in H" do, and the distance
between H,, H; is zero;

« if rs > 1, the hyperplanes don’t intersect, neither do their closures, and the distance
between H,, H is cosh™!(—rs); this distance is realized by a unique geodesic segment.
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6.1.1 Polyhedra

The definition of subspaces of H" as (quotients of non trivial) intersections of vector subspaces
of Vwith C‘J} , allows, assuming some care, a back and forth between convex geometry in H"
(even H") and cone-convex geometry in V. In particular, the convex hull of a set of points in
H" can be obtained via the cone-convex hull of the corresponding rays in V.

We call a locally finite intersection of half-spaces P := (7); H, with non-empty interior a
(convex) polyhedron (locally finite, meaning that any compact subset of H" intersects finitely
many hyperplanes H,.). Given any polyhedron P, there is a unique minimal set of half-spaces
{H. } satisfying P = (), Hy; the (oriented) hyperplanes H, are said to bound P. From now
on, when writing P := (); H,, it is silently assumed that all H, bound P. The (necessarily
nonempty) intersection of P with the hyperplane H, is called a facet of P, and if i # j and
H;n H;n Pis nonempty, this intersection is called a ridge. An ideal vertex of Pis an element of
OH" that is vertex of the closure of Pin H".

We have the following criteria for compactness and finiteness of volume of P:

+ Pis compact iff it is the convex hull of a finite number of vertices.
« Phas finite volume iff it is the convex hull of a finite number of potentially ideal vertices.

The Gram matrix G(P) of P = (); H, is the matrix (r;7j);; (assuming rl-2 = rjz = 1). The
polyhedron is said to be acute-angled if all its bounding hyperplanes either don’t intersect, or
do so at acute or right angle (< 7/2). By aresult of Andreev, two intersecting hyperplanes in an
acute-angled polyhedron will necessary do so at a ridge. The polyhedron is said to be Coxeter

if (it is acute-angled and) all angles are sub-multiples of 7 (i.e., of the form 7 /n (n = 2,3, ...)).

6.1.2 Discrete groups

We call a subgroup I' < O discrete if given any point v € H", the orbit T'v = {yv| y € I} is
a discrete subset of H" (this is equivalent to T being discrete as a topological subgroup of 6
under the compact open topology ([Rat06, Exercise 5.3.10, p. 165])).

If T is discrete, and v € H" is fixed by no element of T, the Dirichlet domain of I' at vis the
set:

Dr(v) :={ueH" : d(u,v) <d(u,yv)vy},

that is, the set of points closer to vthan to any of its images under I'. It is a polyhedron and a
fundamental domain for I'. The (discrete) group I' is said to be cocompact if Dp(v) is compact,
and of finite covolume if Dp(v) is of finite volume.

The group I' is infinite iff it has an element of infinite order ([Rat19, Lemma 1, p. 601]), and
an element of T has infinite order iff its fixed point set is empty (in H").

Lemma 6.1.1. IfT < O is discrete and preserves a proper subspace U <V, thenT is of infinite
covolume.

Proof. Follows from [Fur76, Theorem, p. 211] (Borel density theorem). O

6.1.3 Reflection groups

Fix a symmetric k x k matrix (m; ;); ; with non-diagonal entries in the set {0, 2,3, ...} and ones
on the diagonal. A Coxeter group is a group given by a presentation of the form

I := <g1, woo 8k ’ (glg])ml Vl,])
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(with (g; gj)o interpreted as the empty word, i.e., no relation). The matrix (m; j); ; is called the
Coxeter matrix of T'. The graph whose vertices are the generators g; and with an edge between
g and gj, labeled m; j, iff m;; # 2 is called the Coxeter diagram of I'. A Coxeter diagram is
called irreducible if its underlying graph is connected. A subdiagram of a Coxeter diagram is
the graph defined by any subset of vertices.

A discrete group T generated by reflections in H" (or Euclidean or spherical space) is called
a reflection group. Let Mr be the set of mirrors of reflections of I'; any (closure of a) connected
component of H” — ] My is called a cell. Any cell is the Dirichlet domain of any of its interior
points, and is furthermore a Coxeter polyhedron. Let H, , ..., H, be the (oriented) hyperplanes
bounding a cell D, and let 7/m;; be the dihedral angle between H, and Hrj ,orm; = 0if
the hyperplanes don’t intersect. By Poincaré’s polyhedron theorem, the Coxeter group with
matrix (m; j); ; is isomorphic to I' [EP94].

A Coxeter diagram is called hyperbolic [resp. Euclidean, spherical] iff it is the Coxeter di-
agram of a hyperbolic [resp. Euclidean, spherical] reflection group. The rank of a spherical
diagram is the number of its vertices; the rank of an Euclidean diagram is the number of its
vertices, minus the number of its maximal irreducible subdiagrams. A subdiagram of a Coxeter
diagram is called Euclidean [resp. spherical] if it itself is a Euclidean [resp. spherical] diagram.

The face structure of the (hyperbolic) reflection group I' can be read off the Coxeter diagram
defined by a cell Pof T*:

+ k-dimensional faces of P correspond to spherical subdiagrams of rank n — k.
« Ideal vertices of P correspond to Euclidean subdiagrams of rank n — 1.
Compactness and volume-finiteness of P can also be read off as follows ([Bug92]):

« Pis compact iff each spherical subdiagram of rank n — 1 (an edge of P) can be extended
in exactly two ways into a spherical subdiagram of rank n (a vertex of P).

+ Phas finite volume iff each spherical subdiagram of rank n—1 can be extended in exactly
two ways into either a spherical subdiagram of rank n or an Euclidean subdiagram of
rank n — 1 (an ideal vertex of P).

6.1.4 Reflection subgroups

Let T < O be a discrete group, and I, the subgroup of I' generated by reflections (in T). The
group I is said to be reflective if [T, : T'] is finite; in particular, if T is of finite covolume in @:
then I' is reflective iff I, is of finite covolume. Let Pbe a cell of I',. The group I decomposes as
a semi-direct product

I' =T, X Sym P,

where Symy P is the group of automorphisms of P contained in I' ([Vin72, Proposition 3, p.
27]). In particular,

« I'is reflective iff Symp Pis finite, iff all elements of Symp P have a fixed point (in H");

« I" acts transitively on the set of cells of T',.
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6.2 Number fields

A number field K is a finite field extension of Q, i.e., of the form K = Q(¢y, ..., @) for algebraic
a1, ...05,. We only care about totally real number fields, that is, number fields K such that all
embeddings of K in C are contained in R. If K is a number field, we let R denote the ring of
algebraic integers of K, i.e., those elements of K that are roots of some monic polynomial over
Z.. We only care about number fields whose ring of integers are principal ideal domains. In
that case, R is a free Z-module of same rank as the degree of K over Q ([Samé67, Corollary, p.
48]). By Dirichlet’s unit theorem, the group of units of R is finitely generated.
Write

tp : K—>Q
x> tr(x?) = Z:(ax)2

where o runs through all the (necessarily real) embeddings of K in C. Note that the trace of
x € Kis equal to one of the coefficients of the minimal polynomial of x over Q, which ensures
that t,(x) € Q for all x € K; furthermore, it implies that if x € R, then t;,(x) € Z (indeed,
to(x) = tr(x?), and since x € R, x> € R too, which means that its minimal polynomial has
coefficients in Z). We call t,(x) the t, norm of x, by abus; this is clearly just the quadratic form
associated to the bilinear form x, y — tr(xy). The square root of #; is a norm on K, seen as a
vector space over Q; it is actually the ¢2 norm on R™ applied to the embedding K <= R™ sending
x to the tuple (ox),, with o running through the m embeddings of K in C. The embedding
K < R™ maps R into a lattice of R™ ([Samé67, Proposition 1, p. 68]). In particular, for any
r € N, only finitely many elements of R have ¢, norm bounded above by r. This is important
for us: although the embeddings of R in R are not discrete, the embedding in R™ is.

6.3 Lorentzian lattices

Fix a totally real number field K with R principal. From now on, assume that an embedding
Id : K — R has been chosen (i.e., K is understood as a subfield of R). A free finitely generated
R-module L of rank n + 1 endowed with a symmetric bilinear form q : L x L — R of signature
(n, 1) with values in R is called a Lorentzian lattice. If an R-basis {v,...,v,41} of L is chosen,
the condition that g takes values in R is equivalent to the Gram matrix Q := (q(v;, vj)); j having
all coefficients in R. We say that the form q is admissible if for all non trivial field embeddings
o : K = R, the form q° = o00q is positive definite (i.e., of signature (n + 1,0)). We only care
about admissible forms.

By extension of coefficients, the form q defines a quadratic form of signature (n, 1) over the
R-vector space V := R ® L. As in section 6.1, let O be the group of linear automorphisms of
V preserving g, and O the index-2 subgroup of O preserving the connected components of Cy.
An element 7 of O preserves the lattice iff its matrix representation T w.r.t. the basis {}; has
entries in R, and preserves the form iff T’"QT = Q (where T is the adjoint of 7). By taking
determinants, it follows that (det T)2 = 1, so that det T € R is invertible in R, and in particular,
77! has coefficients in R. Let O be the subgroup of O of elements preserving the lattice L
(equivalently, with matrix coefficients in R).

By results of Borel and Harish-Chandra [BH62] the group O is of finite covolume in 6
when n > 2, and admissibility of g makes it discrete. If n > 4, K = Q, and ol is reflective, then



70 6 Preliminaries and notation: Lorentzian lattices

the fundamental polyhedron P for 6F is necessarily non-compact (thus has at least one vertex
at infinity). Conversely, if K # Q, a vertex at infinity corresponds to a vector v # 0 satisfying
q(v,v) = 0; applying a non-trivial embedding o to this equation yields ¢°(cv,ov) = 0 with
ov # 0, which is impossible since ¢° is positive definite; this shows that if K # Q, a finite
volume polyhedron P for OF is necessarily compact.

From now on call the lattice L reflective if the group 6 is.

Consider a reflection p, € 0 with respect to the vector r € V. For p, to preserve the lattice,
it is necessary and sufficient that p(v;) € L for all basis vectors v;, i.e., that

wir .
v —2—relL Vi,
7‘2

or equivalently that
2(vr)r; € r*R - Vivj. (6.3.1)

This is usually called the crystallographic condition. By rescaling r, one can assume without
loss of generality that some coeflicient of r, say ry, is equal to 1; in particular, eq. (6.3.1) (j = 1)
implies that 2:#; € R for all i. It follows that all coefficients rj must lie in K; indeed, there exists

at least one i such that 2% is not zero, so that multiplying

W
2r—z r]- € K,
——

€R

by the inverse of Z‘rizr implies r; € K. Consequently, up to rescaling, one can always assume
that r has coordinates in K, and by multiplying by an appropriately big common multiple of
the denominators, that r € L. Since R is principal, hence a UFD, one can furthermore assume
that the ged of (the coefficients) of r is a unit (of R). Let us call a lattice vector with unit ged
primitive. The crystallographic condition for primitive vectors can be simplified to:

2(vr) € r’R Vi,

By a result of Vinberg ([Vin84, Proposition 24, p. 98]), the length of a primitive vector
satisfying the crystallographic condition necessarily divides twice the last invariant factor F,
of ¢. Two primitive and colinear vectors r, s necessarily differ by a unit, so that r? and s? differ
by the square of a unit. Since the group of units R* of R is (abelian) finitely generated, the
quotient R* /(R*)? is finite; let Ube a set of representatives in R* of this quotient. Let D be a set
of representatives of divisors of 2F,, up to units, and UD the set of products ud with u € Uand
d € D; this set is finite. If ris a primitive root satisfying the crystallographic condition, there is
a unique unit u (up to sign) such that (ur)? € UD. Indeed, if u;, u, are such that (u;7)?, (uyr)? €
UD, we get ul-zr2 = wd; fori = 1,2 and w; € U,d; € D, and rearranging the equalities shows
that d;, d, differ by a unit, hence must be equal, and w;, w, differ by the square of a unit, hence
must also be equal; it follows that u% = ug, and u; = fu, (showing unicity). Furthermore, if r
is primitive satisfying the crystallographic condition, r? divides 2F,, so that there exists a unit
wwith wr? € D and a unit u with u?w™! € U, so that (ur)? = u?r? = u?>w~'wr? € UD (showing
existence).

The conclusion of this discussion is that there is a bijective correspondence between reflec-
tions preserving L and primitive lattice vectors satisfying the crystallographic condition of
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length contained in the (finite) set UD, up to sign.
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7 Implementing Vinberg’s algorithm

This chapter contains some comments on practical aspects of Vinberg’s algorithm. In order:
decidability questions, implementation details, and some examples (not necessarily new) of
reflective and non-reflective lattices found by means of the algorithm. The implementation
discussed—hereafter called Vinny—is available at [BB21].

7.1 Non-reflective groups

Fix a discrete group I' < O of finite covolume, and let T, denote the subgroup generated by
reflections of T. Let Pbe a cell of T,.. If Pis of finite volume, it is necessarily finite-sided ([Rat19,
Theorem 12.4.10, p. 639]). If Pis not of finite volume (i.e., T is not reflective), two cases must
be distinguished.

Lemma 7.1.1. T, is either trivial or infinite.

Proof. Note that T, being a reflection group, it is finite iff it has a finite number of reflections’.

Towards a contradiction, assume that I, is non-trivial but finite. By the decomposition
I' = T, X Symy P and finiteness of I',, for I" to be of finite covolume, so must be Symy. P.

Since T, is finite, it has a finite number of mirrors, and P is finite-sided. Let ry,...,r; be the
respective roots of the bounding hyperplanes of P, and let m := ),;r;. Since Symp P sends
a bounding hyperplane to a bounding hyperplane, Symr P permutes the corresponding set of
roots, and therefore fixes m. By lemma 6.1.1, Symy Phas infinite covolume, a contradiction. [

Lemma 7.1.2. IfT is not reflective, and T, is not trivial, then P is infinite-sided.

Proof. The polyhedron P has at least one bounding hyperplane since I, is non-trivial. As-
sume that P is finite-sided, with bounding hyperplanes H, ,..., H,. Let I == [, r- < Vbe the
intersection of (the subspaces induced by) all bounding hyperplanes of P. Note that:

« T, preserves I since each reflection along bounding hyperplanes of P does; Symg P pre-
serves I since its elements permute the bounding hyperplanes of P; henceI" = I',XSym P
preserves I

« Iis empty iff there exist two ultraparallel faces of P;

« given two ultraparallel faces Fj, F, of P, there exists a unique point m(F;, F,) at the cen-
ter of the unique geodesic joining the hyperbolic subspaces spanned by F; and F,, and
orthogonal to both.

Now, if I is non-empty, applying lemma 6.1.1 shows that I" is not of finite covolume, a con-
tradiction. On the other hand, if Iis empty, let m be the center of mass of all points of the form
m(Fy, F,) for all pairs of ultraparallel faces F;, F, of P. Symy P fixes m, hence must be finite,
contradicting the non-reflectivity of T',.

In conclusion, for I' to be non-reflective and I', non-trivial, P must be infinite-sided. O]

'Finitely many reflections implies finitely many mirrors, implies finitely many cells, hence a finite group.
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By the above, we now know that Pis of infinite volume if and only if it is either infinite-sided
or the whole space H".

Lemma 7.1.3. IfT, is not trivial, the set of roots {r;}; of bounding hyperplanes of P spans V.

Proof. Let I := (= < V be the intersection of (the subspaces induced by) all bounding

hyperplanes of P. Since Iis preserved by T, it must be trivial (lemma 6.1.1), hence span{r;}; =
V. ]

In particular, there necessarily exists a set of n + 1 linearly independent roots (this will be
used later on).

7.1.1 Trivial reflection subgroup

Gaél Collinet constructed? a simple example of an integer Lorentzian lattice with no roots. It
is given by the matrix
0 0 49
( 0 49 7 ) .
49 7 3

Thus, in this case, the group OF has a trivial reflection subgroup 6F, whose fundamental
polyhedron is the whole of H?, and Vinberg’s algorithm does not apply, since there are no
bounding hyperplanes.

7.2 Abstract description of Vinberg’s algorithm

Fix a discrete group I' < O of finite covolume, and let I, denote the subgroup generated by
reflections of I Vinberg’s algorithm [Vin72] is a procedure enabling the construction of a
cell P of T, by listing its bounding hyperplanes by increasing distance to a given basepoint
po € H". If Pis of finite volume, it is necessarily finite-sided ([Rat19, Theorem 12.4.10, p. 639])
and the algorithm halts, while if P is of infinite volume, the algorithm diverges.

If po € H" is a given point, let T,(p,) denote the subgroup of I', generated by reflections
fixing py (T(py) can be trivial). Let P, be any choice of cell for I',(py); it is a cone at p, and
there is a unique cell Pfor I, equal to P, in a small enough neighborhood of p,. The algorithm
runs as follows:

1. Fix a basepoint p, € H".
2. Let {H,, ...Hy} be the set of oriented bounding hyperplanes for a cell P, of I',(py).

3. Assume now that the oriented hyperplanes Hy,..., H; (I > k) have been found by the
algorithm, by increasing distance d(p,, H;) and with r := d(py, Hj). Assume furthermore

that the polyhedron P, := ﬂf:o H;™ is not of finite volume. Consider the set 77 of oriented
hyperplanes H such that:

« po € H™, and p, is at distance > r from H,
« His the mirror of a reflection of T,

« Hdoes not intersect either of Hy, ..., H; with an obtuse angle.

’In a talk given in Tunis in October 2013, titled Sur les réseaux lorentziens et leurs groupes d’automorphismes.
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Choose H;,; € #); minimizing its distance to p,.
4. Repeat the previous step as long as the polyhedron P, is not of finite volume.

Note that by discreteness, there can only be a finite number of reflection mirrors intersecting
any given ball around p,, so that there always exists some H;,; minimizing the distance.
Thus, the algorithm constructs a sequence (H;)Y,, (N € N U {oo}) of oriented hyperplanes.
The sequence is finite if P; is found to be of finite volume, in which case N =L
Let us briefly explain why the sequence (Hi)fio enumerates all bounding hyperplanes of P,
and only those. We will need the following property of bounding hyperplanes:

Lemma 7.2.1 ([Vin72, Proof of Proposition 4 (implicit), p. 28]). An oriented hyperplane H, at
non-zero distance from p, bounds P if and only if for each bounding hyperplane H, strictly closer
to po than H,, we have ee’ < 0 (i.e., H, and H, do not intersect with an obtuse angle).

Now, assume for a moment that the algorithm does not explicitly stop when P, is first found
to be of finite volume. We claim that the sequence of enumerated hyperplanes consists exactly
of those bounding P.

First, let us assume that some H; does not bound P, and let [ be the first such index. Since
the cone hyperplanes Hy, ..., H; are chosen to bound P, (hence P) by construction, H; does
not contain p,. Let H, be any bounding hyperplane closer to p, than H,. H, has non-obtuse
angles with all hyperplanes H,, ..., H;_1, since those are assumed to be bounding (and P is
acute-angled). Thus, H, satisfies the conditions of step 3. of the algorithm, and must have
been enumerated before Hj, from which follows that H; has non-obtuse angle with H, too.
Thus H; has non-obtuse angles with all bounding hyperplanes closer to p, than H;j is, and by
the lemma, H; is bounding, a contradiction.

Conversely, let us show that all hyperplanes bounding P are enumerated. If H, is such a
hyperplane, it necessarily has non-obtuse angles with all other bounding hyperplanes, and in
particular with all enumerated hyperplanes (since they have been verified to be bounding). By
discreteness, there are only a finite number of bounding hyperplanes (a fortiori enumerated
hyperplanes) closer to p, than H,, or at the same distance, and after having enumerated those,
H, is necessarily the next chosen hyperplane at step 3. of the algorithm. It follows that H, must
be enumerated.

Thus, putting aside the “halt on finite volume” part, the algorithm enumerates exactly the
bounding hyperplanes of P. The importance of this halting condition is that without it, the
algorithm never knows to stop. The following lemma ensures that with this condition added
back, the algorithm still enumerates all bounding hyperplanes.

Lemma 7.2.2 ([Vin72, Proposition 5]). If P; is of finite volume, then P = P,.

In particular, if P, is of finite volume, P and P; have the same bounding hyperplanes, and the
algorithm enumerates them. Conversely, by [Rat19, Theorem 12.4.10, p. 639], if P is of finite
volume, it has finitely many bounding hyperplanes, which are enumerated by the algorithm.
In conclusion, the algorithm halts iff P has finite volume, and outputs its finite number of
bounding hyperplanes.
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7.3 Infinite order symmetry test

Fix, as before, a discrete group I' < 0 of finite covolume, and P = ﬂizio Hr,_ a cell of T, such that
the sequence of oriented hyperplanes H, is as given by Vinberg’s algorithm, and N € IN u {co}
(depending on whether P is finite-sided or not). Assume furthermore that T, is non-trivial.
From the decomposition I' = T, X Symp P, it follows that I is reflective iff Sym P is finite,
which is equivalent to all elements of Symp P being of finite order (equivalently, having a
fixed point in H").

Fix a set of n + 1 linearly independent roots S := {r; , ..., 7; } defining bounding hyperplanes
of P(lemma 7.1.3). Any y € I is obviously entirely defined by its action on S. Furthermore, any
y € Symy P must send bounding hyperplanes of P to bounding hyperplanes of P, hence roots
thereof to roots thereof. Therefore, given y € Symp P, there exist n + 1 linearly independent
roots T := {rj,....r; } (defining bounding hyperplanes of P) such that yr; = r; for all k €
{0, ...,n}.

Conversely, assume that P has at least one vertex, and fix

+ two sets of n + 1 linearly independent roots defining bounding hyperplanes, say S :=
{rl-o, e "in} and T := {rvo, e rjn}, and

+ two sets of roots, say Vs and Vp, defining the bounding hyperplanes at vertices vs, vy of
P, respectively.

If the assignment r; — r; defines an element y of I, and if y sends Vs to V7, then y necessarily
lies in Symy P. Indeed, since y[Vs] = V7, y sends the polyhedral angle P :=(),¢y, H,™ at vertex
vs to the polyhedral angle Py := ﬂrEVT H, at vertex v, and since P is the only cell equal to
Ps [resp. Pr] in a small neighborhood of vg [resp. vy], it follows that y preserves P, and thus
y € Symg P.

Now, fix any element y € Symy P, and sets S, T, Vs, Vyas above, with y[S] = Tand y[Vs] = V.
Since Vinberg’s algorithm enumerates all bounding hyperplanes of P, all roots in SuT uVgu Vp
will have been enumerated after finitely many steps, and the symmetry y can be found by
looking at all possible pairs S, Tand testing whether the mapping S — Textends to an isometry
inT and sends Vg to V7. In particular, all elements of Symy Pof infinite order can be enumerated.
Finally, since the non-reflectivity of I' is equivalent to the existence of such an element of
Symy P, it can be decided, assuming P has a vertex, after a finite number of steps of Vinberg’s
algorithm. This argument is essentially an argument of Guglielmetti [Gugl17b, 6.2.6.2 p.116],
itself a variation of [Bug92, Lemmas 3.1-3.3, pp. 44-45]. Note that the argument only works if
Phas a vertex; I don’t know if this is always the case.

7.4 Decidability

Fix, as before, a discrete group I' < 0 of finite covolume, and let Pbe a cell of T;,.
Lemma 7.4.1. IfT, is non-trivial and P has at least one vertex, then reflectivity of I is decidable.

Proof. If T is reflective, then P is finite-sided and Vinberg’s algorithm halts with an enumera-
tion of its bounding hyperplanes. On the other hand, assume that I' is non-reflective (but I', is
non-trivial and P has at least one vertex). Then

+ Symp P contains some element y of infinite order;
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« there exists a set R of n + 1 linearly independent roots defining bounding hyperplanes
of P,

« there exists a set V of roots defining a vertex of P.

After a finite number of steps of Vinberg’s algorithm, all roots r and y(r) (r € R u Vg) have
been enumerated by the algorithm, and applying the infinite symmetry test, the isometry
y € Symy Pis found, thus witnessing non-reflectivity.

In both cases, an answer is obtained in finite time. O

Thus, the first obstacle to the general decidability of the reflectivity of I is the question of
existence of at least one reflection inT. In case I = OF, [, is non-trivial iff there exists a lattice
element r € L that satisfies the crystallographic condition, i.e., such that:

re; s
zr_erER Vi, Vj,

with ey, ..., e, the standard basis of L. This can be rephrased as the existence of a vector k € L
satisfying:
2(r'Qe)ri=k;j(r’'Qr) Vi, Vj,

where ’ denotes transposition. Thus, reflectivity of I' = O amounts to solving a set of dio-
phantine equations of degree 3 in R. I don’t know if this type of diophantine equation system
is restricted enough to be decidable in general.

The second obstacle to decidability of the reflectivity of I appears when applying the infinite-
order symmetry test: we need to ensure that any candidate symmetry y really does preserve
the cell P. The strategy highlighted above consists in checking that y sends the polyhedral
angle at some vertex of P to the polyhedral angle at some other vertex. Thus, P needs to have
at least one vertex; I don’t know if this is always the case. It might also be the case that the
constructed y necessarily preserves P, by virtue of sending n + 1 linearly independent roots
(defining bounding hyperplanes) to n+ 1 linearly indepedent roots (defining bounding hyper-
planes). In short, it is possible that this second obstacle really isn’t one.

7.5 Implementation

This section explains in some detail the practical aspects of implementing Vinberg’s algorithm,
as presented in section 7.2, when the discrete group at hand is of the form ©*. This implemen-
tation (Vinny) is strongly inspired by [Gug17a] and [BP17], although it evolved to be relatively
different from both.

The input to the algorithm is given as an (n + 1) x (n + 1) R-matrix Q, with the standing
assumption that K is totally real, and R principal. Let L be the R-lattice spanned by a basis
{eg, ... €y}, V := L ® R the associated real vector space and q the quadratic form on L and V
whose matrix with respect to the basis {¢;}; is Q. In what follows, we assume that the primitives
needed to work with K and R are already implemented (in practice, this is covered by the Hecke
library [Fie+17]).

7.5.1 Setup

Admissibility. We first need to check that g is an admissible Lorentzian form, i.e., that Qis
of signature (n, 1) and that under all non-identity (real) embeddings o, Q7 is positive definite.
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This is most easily done by diagonalizing the quadratic form: by a process very similar to
Gaussian reduction®, one can construct an R-matrix P, invertible in K, such that D := P’ or
is diagonal. Clearly, D7 = (P°)’Q°P?, and by counting the number of occurrences of positive
(negative, zero) entries in D and in the varying D, one can verify that Q defines an admissible
form.

Diagonalization. To facilitate the enumeration of roots and related computations, we mainly
work using a diagonalization of the form. Let, as above, Pand Dbe R-matrices with Pinvertible,
D diagonal and P’QP = D. Let dy, ..., d, denote the diagonal entries of D, and assume without
loss of generality that dy < 0 and that d; > 0 for all i > 1. Let py,..., p, be the columns of P.
By construction, {p;}; forms an orthogonal basis of L ® K, satisfying q(p;, p;) = d;. However,
{pi}; does not necessarily form a basis of the lattice L: its R-span can be a strict subgroup of L.
Nevertheless, there exist coefficients sy, ..., s, € R such that

—T]
Si Jj

These can be obtained as the respective least common multiples of each row of the matrix

P~!. From now on, the bulk of root enumeration and lattice computations is done using the

diagonal basis {p;/s;};, keeping in mind that not all R-combinations thereof are lattice elements.

Root lengths. Recall, by section 6.3, that enumerating the reflection mirrors of 6~ amounts
to enumerating the primitive roots of L of length contained in the set UD, up to sign, where:

. Uis a set of representatives for R* /(R*)?;

« Dis a set of representatives of the divisors of 2L up to units, where L is the last invariant

factor of Q.

Since R* is finitely generated and abelian, U is finite, and can be computed. Similarly, L can
be computed by applying Smith normal form to Q, and since R is principal, the set D is finite,
and can also be computed.

Note finally that not all elements of UD are valid root lengths: If r> = [ > 0, then (o7)? =
ol > 0, for all non-trivial embeddings o, since ¢° is positive-definite. Therefore, the set of root
lengths we need to consider consists of those elements of UD that have only strictly positive
Galois conjugates.

Choice of basepoint. In theory, the algorithm works for any given choice of basepoint v, in
H" (or even dH", modulo some adaptations). We will only treat the case where v, € H" is p,,
which was assumed to have negative length.

7.5.2 Enumerating roots

As seen above, enumerating the roots reduces to enumerating the roots of given length [, for
a finite number of possible Is. Recall that the distance between the hyperplane defined by a
root r and a point defined by v (with v < 0) is:

1 (rv)?
sinh -5
rév

Shttps://math.stackexchange.com/questions/1388421
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By monotonocity of sinh~! and \/» minimizing the distance amounts to minimizing the quan-

2 2
o @
sign in front of the fraction). If r has length [ and coordinates (ky, ..., k,) (with k; € s; ' R) with
respect to the diagonal basis {p;};, and v = vy = p,, this latter quantity is simply

(doko)?
l 3

tity — and, if vis fixed, to minimizing (noting that v? < 0, thus canceling the negative

which is obviously minimized simultaneously with k—g

Note in particular that the roots corresponding to hyperplanes containing v, are exactly
those with ky = 0. We will now explain the procedure of enumeration of roots with prescribed
length [ and first diagonal coordinate k.

Roots for a given pair (ky,[). Let r be a root of length [ with coordinates (ky, ..., k,) (with
k; € s7'R) with respect to the diagonal basis {p;};. By applying all embeddings ¢ : K — R
(0 = Id included) to the equality r? = I, we get a collection of equalities

Y o) k) = o) Vo

1

By admissibility of Q, 0(d;) > 0 for all i > 1 and o, which implies, for iy > 1, that

o OO~ By o@ok)? o) ~ Ty, o))’
otky)” = o(d;,) B o(d;,)

Vo.

By summing over the embeddings o, we get:

()~ B, ool
k) = Y ol) < ¥ =t

which implies that, if the length l and the prefix (ko, ..., ki _1) of diagonal coordinates of a root
are given, the possible values for k; have bounded #,-norm, and are therefore in finite number
(and computable).

Recall that to be able to cover all lattice elements in our search for roots, the diagonal co-
ordinates (ky, ..., k,), cannot be simply taken in R, but that k; must be taken in s 'R. Writing
k; := s; k!, the inequalities above can easily be rewritten, yielding:

) o(l) = Yici, o(d)o(k;)?
tZ(kio) S zo-: o'(di<)g(si )2 .

This essentially provides our approach to finding all roots of length [ with first diagonal
coordinate kj: assuming a prefix (ky,...,k;) has been fixed, enumerate all possible k/,; with
appropriately bounded ¢, norm, and repeat the procedure for all possible prefixes (ky, ..., ki 1)
After applying the base change matrix P to a completed diagonal coordinate vector (ky, ..., k),
thus getting a vector r in standard coordinates, it remains to verify that:

(7.5.1)

« ris an element of L (i.e., has entries in R). Indeed, not all elements of the form )’ k; p;
with k; € s IR are contained in L.
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« ris primitive. Indeed, we know that it is enough to enumerate primitive roots. Verify-
ing primitivity means computing a ged.

« r2 = I holds. Because using eq. (7.5.1) at each step only ensures bounds on the t, norms
of each diagonal coordinate k;.

. rsatisfies the crystallographic condition (i.e., the reflection along r preserves the
lattice). This means verifying that [ divides 2(re;) for all basis vectors e;.

« r has non-obtuse angles with all roots already found by the algorithm. This
amounts to computing a finite amount of products of the form r’ - Q- r and verifying that
the results are non-strictly negative.

Early exit. The root enumeration strategy described above is not optimal, in that, given a
prefix (ky, ..., k;), it may already be known that there is no way to extend it to a valid primitive
root. Let us now explain a few ways in which we can filter out bad prefixes earlier. Fix a prefix

(Kg, .- k).

- Integrality. Assume thatr; := };.; k;p; has a non-integral m-th coordinate with respect
to the canonical basis {e,...,e,+1} and that for all j > i, the vector p; has zero m-th
coordinate with respect to the canonical basis. No matter how k; 1, ..., k,, are chosen, the
resulting vector r = Zj kjp; cannot be in L. Thus, the prefix (ko, ..., k;) can be dropped as
soon as such an m exists.

« Norm bounds under conjugates. Since o(d;) (i > 1) is positive for all o, and r? = [, it
follows that ), i<i 0'(afj)0'(kj)2 < (1) must hold for all o. If this is not the case, the prefix
can be dropped.

+ Crystallographic condition. Recall that the crystallographic condition states that the
reflection along r preserves the lattice. To verify that this holds, it suffices to check that
the reflection sends each basis vector ¢; to an element of the lattice. A weaker (necessary)
condition is that the reflection sends each vector p; to an element of the lattice. This
latter condition can be rephrased as [ | 2k;d;, for all i. Consequently, if any k; does not
satisfy this relation, the prefix can be dropped.

« Acute angles. If a set of previous roots ry, ...,r; found by the algorithm are given, the
condition that r has non-obtuse angles with ry, ..., rj can be stated as a set of linear con-
straints on . It may be known, given only the prefix (ky, ..., k;) that r cannot satisfy those
constraints, and hence be dropped.

Finally, note that if the prefix (ko, ..., k,_1) of a root of length lis known, then k,, is necessarily

n 2
i=1 diki

- . ) . .
a square root of ) ; this doesn’t seem to useful in practice.

n+1

7.5.3 Fundamental cone

Recall that a fundamental cone P, at the point v, is a fundamental chamber of the group 6} (v;)
of (lattice preserving) reflections fixing vy. OF(v,) is a discrete subgroup of the stabilizer of v,
a compact group, and is therefore finite.

By section 7.5.2, and the fact that reflections fixing v, are exactly those along roots with
first diagonal coordinate k, = 0, we know how to enumerate the roots of reflections in 6} (vy).
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Assume that those roots are ry,...,r,,. To construct the set of roots defining the bounding
hyperplanes B of P, the algorithm proceeds as follows:

1. Start with B empty;

2. Iterate over the roots ry,..., 1, in no particular order. Assuming the intersection Pg :=
(g Hy is non-degenerate (contains an open set) and r; is the next root in the iteration:

« If Hy n Py is degenerate, skip r;.
« Otherwise, add r; to B.

3. After having iterated over all roots, remove those that do not bound Pg from the set B.

The resulting cone Pg is equal to Py. Both testing degeneration of H, n Pg and the removal of
non-bounding hyperplanes amount to feasibility of a finite set of linear inequalities, and can
thus be solved by linear programming methods.

Note that the usual linear programming libraries available in Julia do not handle exact com-
putations in R. In Vinny, to compute the fundamental cone P, the coeflicients of linear in-
equalities in R are therefore first approximated to a given precision, and then fed to the meth-
ods used to check feasibility. In theory, this could yield incorrect results, but it works well
enough in practice. To make this computation exact, it would probably be easiest to reimple-
ment any feasibility algorithm “by hand” on R.

7.5.4 Remaining roots

Recall that the main bulk of Vinberg’s algorithm is the enumeration of hyperplanes of reflec-
tions in OL, by increasing distance to vy. Assume that roots ry, ...r have been found, defining
hyperplanes Hy, ..., H, with, in particular:

« rr; < 0 for all i, j (acute angles);
« vy < 0 foralli(vy € H);
« the distance from v, to H; are increasing,.

The next step is to find a root r, ; defining a closest hyperplane Hy,; to v, verifying the above
conditions.

If (ko, ..., k) is the diagonal representation of the root r of length l defining hyperplane H,, the
condition rvy < 0 simply means that kg > 0 (since vy = py, so that rvy = dykg). Furthermore, the
distance between H, and v, is monotonically increasing with the fraction kZ /L By section 7.5.2,
we know how to enumerate all roots with given length [ and first diagonal coordinate k,, and
how to filter out only those satisfying the acute angle conditions. It therefore remains to
enumerate all pairs (ko,[) by increasing value of k2 /1.

By admissibility of g, for all o # Id, we have o(d,) > 0. Thus, given a root r of length / and
first diagonal coordinate ky, we have o(ky)? < o(1)/0o(dy), so that

(ko) = k§ + Y., o(kg)* < k§+ Y. o(l)/o(dy).
o#ld o=zld

In particular, given some M > 0, the set possible values for ky < M have bounded #,-norm, and
are finite in number. Given a fixed length [, one can therefore fix some arbitrary M, enumerate
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all possible ky < M, and order them to find the smallest possible ratio k3 /I By increasing M
as needed, one can continue and list the of possible k, by increasing order. Since the number
of possible lengths [ is finite, this allows iterating over the pairs (ky, ) by increasing distance,
and thus iterating over hyperplanes/roots.

7.5.5 Checking finiteness

Assume the algorithm found roots ry, ..., 7, defining polyhedron P; := ﬂf=1 H,, and let Dy be
the Coxeter diagram associated to P.. By section 6.1.3, we know that P, has finite volume iff
all spherical subdiagrams of D; of rank n — 1 extend in exactly two ways to either a spherical
diagram of rank n or an Euclidean diagram of rank n — 1. Checking volume finiteness thus
reduces to a problem of enumeration of Euclidean and spherical subdiagrams and both types
are classified into a finite number of easily recognizable families.

7.5.6 Infinite-order symmetry test

Assume the algorithm found roots ry, ..., 7, defining polyhedron P, := ﬂf:o H, . To apply the
symmetry test, we first list all (n + 1)-elements subsets S = {r;,...,r; } of {ry, ....,nj} and keep
only those S that are linearly independent (which amounts to computing the rank of a matrix).
We also list all subsets Vs of {ry, ...,n;} defining vertices of P. For each pair of such subsets
(S:= {rl-o, e r,-n}, Vs) and (T = {rjo, - rjn}, V1), we check that the assignment h F S (k=0,..,n)
extends to an element of GF , sending Vs to V7, and if it does, we check that it has no fixed
point in H". In that case, we conclude that Sym@~L P is infinite, and that 6L is non-reflective.
In more details, the following conditions need to be verified in order:

1. The Gram matrices of S and T agree (at that point, the assignment r;, + s; defines a
g-preserving linear isomorphism ¢ of V).

2. ¢ preserves the upper sheet (now ¢ € 0).

3. The matrix of ¢ (obtained as s~ 1t, where s,t are the matrices whose columns are the
elements of S and T, respectively) has coefficients in R (¢ € OF).

4. ¢lVsl = Vr (¢ € Sym, P).

5. ¢ has no fixed point in H", which is equivalent to checking that ker(¢—1d) has a positive
semi-definite basis (i.e., that ker(¢ — Id) does not intersect Cy).

7.5.7 Main libraries used

The implementation of Vinberg’s algorithm in Vinny made heavy use of the rich ecosystem
of libraries available for Julia. The entire list is relatively long, so let us only list the key ones:

Hecke, Nemo, & AbstractAlgebra [Fie+17] are general computer algebra and number theory
libraries. They provide essentially all number field related primitives (based on the
FLINT/ANTIC libraries [HJP13]) used in Vinny. Some linear algebra primitives (computa-
tion of kernels, normal forms of matrices, etc) are also used.

Tulip [TAL21] is a linear programming library used for the construction of the fundamental
cone Py (section 7.5.3).
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IntervalArithmetics [San+21] is a library providing primitives for safe floating point arith-
metic, using intervals. This library is used for the management of linear inequalities
on roots stemming from the acute angle condition (section 7.5.2). Order comparison for
field elements is a relatively expensive operation, even more so in comparison to floating
point based interval arithmetic. Consequently, by first approximating field elements by
floating point intervals, and computing with those, a majority of “acute-angle” induced
computations can be made faster.

LightGraphs [Bc17] is used to check Coxeter diagram isomorphisms. Since LightGraphs can
be used to find isomorphisms of edge- and vertex-labeled graphs, it is also used in the
infinite symmetry test (for which we actually require isomorphisms of Gram matrices).

7.6 Some (non)-reflective lattices

This section is devoted to some examples of reflective and non-reflective lattices. Only some
of them are new, but all have been checked using Vinny.

If M, N are square matrices, let us denote the block-diagonal matrix (1(\)4 ﬁ,) by M@ N; if M is
aring element, it is to be understood as a 1x1 matrix in the expression M @ N. Fix a totally real
number field K and its ring of algebraic integers R. Clearly, if M is of signature (m,,m_) and
N of signature (n,,n_), then M & Nis of signature (m, +n,,m_+n_), and for any embedding
0:K—->R (M&N)° =M@ N° Therefore, if M defines an admissible quadratic form, and
each N¢ is positive-definite, then M @ N also defines an admissible quadratic form. This leads
to the usual approach to building admissible quadratic form: let M be a positive element of R
all of whose conjugates are negative, and N a positive-definite Z-matrix. The matrix M @ Nis
necessarily admissible.

In the remainder of this section, we will identify a (symmetric admissible) matrix Q with the
Lorentzian lattice L it defines (the number field K and ring of integers R being clear in context),
and with the (any) cell P of the group 6.

7.6.1 Bugaenko’s dimension 7 and 8 compact polyhedra
Let E4, E;, Eg respectively denote the following positive-definite matrices:

0 -1 0 0 0 0 0
2 0 -1 0 0 0 (2) g 701 _01 g g 8 2 0 -1 0 0 0 0
0 2 0 -1 0 0 o 2 1 0 o0 o -1 0 2 -1 0 0 0 0
-1 0 2 -1 0 0 6 1 4 2 -1 0 o 0 -1 -1 2 -1 0 0 0
o -1 -1 2 -t oo | T o S, o . o 0 0 -1 2 -1 0 0
o 0 o0 -1 2 -1 o 0 0 o0 1 2 -4 o 0 0 0 -1 2 -1 0
o 0 o0 0 -1 2 o 0o o0 o0 o -1 s o 0 o0 0 0 -1 2 -1

o 0 0 0 0 0 -1 2

Let also K = Q(v/5), so that R = Z[¢], with ¢ := 1+T‘E In dimension 8, exactly one compact
Coxeter polyhedron is known, it is the cell Py of the reflective lattice —2¢ & Eg, as found by
Bugaenko [Bug92]. In dimension 7, two compact Coxeter polyhedra are known: the first, P;,
is the cell of the reflective lattice —2¢ @ E; and the second, Py, is the cell of the reflection
centralizer of @NrL, for L = —2¢ @ Eg; P; is due to Bugaenko, and P; to Allcock [All13]. It
turns out that P; is actually also a cell of the lattice —¢ @ 2E; (note the 2 moving around).
Furthermore, Pq is also a cell of —¢ @ 2Eg, and neither —2¢ ® E¢ nor —¢ @ 2E, is reflective. In
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summary :

lattice
polyhedron

—2¢ & Eg

oo

—¢ ® Eg

(¢]

26 ® E
P;

P

26 ® E
Py

Py

with co meaning that the polyhedron has infinite volume.

7.6.2 Over Q(cos(%”))
Let K := Q(cos(27/7), so that R = Z[2¢], with ¢ = cos(27/7). Let furthermore

¢o :=2¢, ¢y :=2cos(4rn/7), Py = 2cos(6x/7).

-y O 0
0 1 0 ) .
0 0 —1¢y—5¢ — 74,

This is an example of Guglielmetti [Gug17b, p.132]. This lattice is reflective, and, given the
basepoint p := (1,0, 0), Vinny finds the following roots:

Consider the lattice:

(0,—1,0),

(0,0,3¢g + 1¢1 + 2¢2),

(240 + ¢2. o, 0),

(=3¢0 — 1 — 362, 0, =4, =1, —3¢2),

the first two of which are cone roots. This example is worth mentioning for two reasons. First,
itis a correction of [Gug17b], which lists 5 roots; after investigation, it seems our fourth root is
missed by Alvin. Second, the dihedral angle between the hyperplanes of the third and fourth
roots is 7 /14, which is relatively high: a rare sight in practice.

7.6.3 Extending two families of Bogachev & Perepechko

Let U = ((1] (1]) Let also Ay denote the k x k matrix with 2s on the diagonal and —1s on the
upper and lower diagonals, and I the identity k x k matrix. The matrix Uis of signature (1, 1),
and both [ and Ay are positive definite (A is the Gram matrix of the irreducible spherical root
system of type Ay). It follows that each matrix M := —2 @ A, @ I is admissible over the field
Q.
In [BP18], Bogachev and Perepechko prove that M is reflective for k = 0,...,4. In fact, it
turns out that M; is reflective for k < 8, and not reflective for k = 9. By a result of Bugaenko
[Bug92], non-reflectivity of M implies non-reflectivity of M; = My @ I(I — k) for all [ > k, thus,
reflectivity of the family M, is entirely classified. A fundamental cell of Mg has 20 sides, and
after listing the 16 first hyperplanes of a cell of My, an infinite order symmetry can be found.

Another family of lattices investigated in [BP18] is —k @ A3 for small values of k. The
resulting number of sides (oo being equivalent to non-reflectivity) is given below. All non-
reflective entries, and those with k > 16 have been computed using Vinny. For the non-
reflective case, no more than the 20 first hyperplanes were necessary.

k

#sides |4 5|54 |6[6|0c0|7]|9|12| 0| 5 |c0|0c0|12] 5 |co0 |12

112134]5]6]7(8]9]10]11]12]13|14]15]16]17]18
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7.7 What (could be) next

Decidability. Given an admissible Lorentzian R-lattice L, the first obstacle to deciding reflec-
tivity of 6L amounts to solving a system of cubic diophantine equations in R. On one hand, it
is known that arbitrary systems of quadratic diophantine equations are undecidable. On the
other, the equations appearing in our context are restricted enough that they may be decid-
able. The second obstacle is the potential absence of a vertex of the fundamental cell of GF.
We should either prove this to never be the case, or find an example.

Non-principal number rings. In the implementation Vinny, the fact that R is a PID (hence
a unique factorization domain) is relatively important, since it allows the choice of unique
representatives for roots of hyperplanes. It is probable that, with some care, the algorithm
could also be adapted to work over non-principal rings.

New high dimensional reflective [cocompact] lattices. The original motivation behind Vi-
nny was the search for a new compact Coxeter polyhedron in dimension 7, 8 or even 9. Quite
a few lattices of a similar type to those used by Bugaenko have been tried, but no reflective
one has been found so far.

Performance. Vinny is not especially performant, and is in practice useless for matrices that
are either of high dimension, far from diagonal, or defined over “complicated” number rings.
I believe that with some architectural changes to the code, relatively large speed-ups can be
achieved. This may or may not be useful in practice.
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