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Abstract

In this article, we study a certain Galois property of subextensions
of k(Ators), the minimal field of definition of all torsion points of an
abelian variety A defined over a number field k. Concretely, we show
that each subfield of k(Aors) which is Galois over k (of possibly infinite
degree) and whose Galois group has finite exponent is contained in an
abelian extension of some finite extension of k. As an immediate
corollary of this result and a theorem of Bombieri and Zannier, we
deduce that each such field has the Northcott property, i.e. does not
contain any infinite set of algebraic numbers of bounded height.

1 Introduction

Throughout this article, we let Q be a fixed, once and for all, algebraic
closure of Q and all algebraic extensions of Q that appear will be
assumed to be subfields of Q.

Let G be an algebraic group defined over a number field k. Let
k(Giors) denote the smallest subfield of Q containing k over which
all torsion points of G are defined. For a number field M, we let
M?® denote the maximal abelian extension of M. Recall that a group
has exponent e if all its elements are torsion and the least common
multiple of their orders equals e. The goal of the present article is to
prove the following theorem:

Theorem 1. Let A be an abelian variety defined over a number field
k. Let e > 1 be an integer. Then there exists a finite extension
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M of k that depends only on A, k, and e such that for any subfield
F C k(Ators) with F/k Galois and Gal(F/k) of exponent at most e,
one has F C M?P.

If, instead of A, we consider G = G,,, the multiplicative torus
defined over a number field k, the analogue of Theorem [1] is trivial
(indeed, in this case, k(Giors) C k*). More interestingly, it can be
proved, combining the seminal result [BZ01, Theorem 1] with [CZI1]
Proposition 2.1], that every extension of k contained in k(Giors) (and
more generally in £°P) and having Galois group of finite exponent
satisfies the so-called Northcott property (N) introduced by Bombieri
and Zannier in [BZ0I]. More precisely, a subfield of Q is said to have
property (N) if it does not contain any infinite set of algebraic numbers
of bounded absolute logarithmic Weil height.

While, by Northcott’s theorem (see for instance [BG06, Theorem
1.6.8]), property (N) is clearly satisfied by number fields, determining
its validity for infinite extensions of Q is generally a hard problem.
The fields described above are, thanks to [BZ01, Theorem 1], the first
(and among the few) known examples of fields with this property.

One of our main motivations for this article was to prove an anal-
ogous result for abelian varieties. This is provided by the following
corollary:

Corollary 1. Let G = Gy, or G = A with A an abelian variety defined
over a number field k. Let k(Giors) denote the smallest subfield of Q
containing k over which every torsion point of G is defined. Then
every subfield of k(Giors) which is Galois over k and whose Galois
group has finite exponent has property (N).

The proof of Theorem [1] is carried out in Section [3] We remark
that, unlike the toric case, the extension k(Aios)/k is highly non-
abelian and our proof strategy relies on several important properties
of the Galois representations associated with the Tate module of A
(summarized in the key Proposition .

To briefly outline the main steps of the proof, we first notice that it
suffices to prove Theorem [1|if the extension F'/k is finite and therefore
contained in some k(A[n]) where A[n| denotes the kernel of multipli-
cation by n on A(Q). In Subsection we show furthermore how to
reduce the proof of Theorem [I| to the construction of two subgroups
W, and W/ of Gal(k(A[n])/k) satisfying certain conditions. As we
recall in Proposition [I]in Section [2] up to replacing k by a fixed finite
extension, we can write Gal(k(A[n])/k) canonically as the product of
the Galois groups Gal(k(A[p'])/k) for p! exactly dividing n. Moreover,
for each prime p, the Galois representation on the p-adic Tate module
of A yields an algebraic group G, over Z,, which has nice properties
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for all primes larger than some constant ¢. We then construct W, and
W/ in such a way that we can check the required conditions working
“prime by prime”. For small primes p (i.e. those less than or equal to
max{c, e}), we use the p-adic exponential map associated to G, while
for large primes p, we use a group-theoretic property of G,(F,) (see
Proposition |2 in Section .

In Section [ which is inspired by personal communication with
Habegger, we discuss the validity of Theorem [1| over other base fields:
in particular, we show that, while it holds if k is a finite field or a
p-adic field, there are infinite extensions of Q over which Theorem
is false. We remark that recently, motivated by the results of the
present paper, Gajda and Petersen proved in [GP24] that Theorem
holds over any field k£ that is finitely generated over either its prime
field, an algebraically closed field, or a local field. Finally, Corollary
is proved in Section [5] and is an easy consequence of our Theorem
[BZ01l, Theorem 1], and [CZ11), Proposition 2.1].

2 Preliminaries on abelian varieties

Let A be an abelian variety defined over a number field K C Q.

We fix some notation. Let K, = K(A[n]) be the smallest subfield
of Q containing K over which every point of A[n], the group of torsion
points of A of order dividing n, is defined. Then the extension K,,/K
is finite and Galois. Set g = dim A and G,, = Gal(K,,/K), which we
identify with a subgroup of GLag(Z/nZ) after having fixed once and
for all a compatible system of isomorphisms A[n] ~ (Z/nZ)%.

For a prime number p, we consider the representation

pp : Gal(Q/K) — GLoy(Z,),
coming from the p-adic Tate module

lim Alp"] = lim (Z/p"2)% =~ Z29

of A. We let G, denote the Zariski closure of p,(Gal(Q/K)) in GLagz,
endowed with the unique structure of a reduced closed subscheme of
GLay z,-

Set now Kpee = (J,,~0 Kpn, it is a Galois extension of K. Let
Gp~ denote its Galois group over K. Note that pp factors through
the restriction homomorphism Gal(Q/K) — Gpee. Furthermore, the
induced homomorphism Gpe — GLgg(Z)) is injective and we identify
Gp with its image in GLoy(Zy).

We collect here some well-known important classical results from
the theory of Galois representations attached to abelian varieties over



number fields. Recall that a smooth algebraic group G over Z, is
called reductive if both G ®z, Q, and G ®z, [}, are reductive algebraic
groups in the usual sense.

Proposition 1. Let A be an abelian variety defined over a num-
ber field k. There exist a finite extension K/k and a constant ¢ =
c¢(A,K) > 0 such that, with notation as above, the following proper-
ties hold true:

(i) for any coprime natural numbers n’ and n”, the canonical homo-
morphism G — G X G s an isomorphism,

(i1) the algebraic group G, over Z, is connected for every prime p,
(71i) Gp is smooth and reductive for every prime p > ¢, and

(iv) for every prime p, the index [Gy(Zy) : pp(Gal(Q/K))] is bounded
from above by c.

Proof. Property follows from [Serl3l Théoreme 1 and §3.1] (see
also [Ser86]), while is a result from [Ser81]. Property follows
from [Win02, Théoréme 1 and §2.1] while the proof of is detailed
in [Zyw19, Theorem 1.2 (a), Remark 1.3, and §6] and is based on,
amongst others, results in [Win02] and [Ser86]. O

Remark 2. Our proof does not use any properties of abelian varieties
over number fields other than that Proposition [I] holds for the asso-
ciated p-adic Galois representations: we can start with any system
of continuous Galois representations p, : Gal(Q/K) — GLg(p)(Zyp)
(p prime, g(p) € N = {1,2,...}) and define K,, as the fixed field of
Mi_; ker(mp, &, © pp;) where n =T[;_, pfi is the prime factorization of
n € Nand mp, 1, © GLygp,)(Zp,) — GLg(pi)(Z/pfiZ) is the canonical
projection (i = 1,...,7). Then, if the analogue of Proposition |I| holds
in this situation, our proof will go through and show that any Galois
subextension of |J;7 ; K, whose Galois group has finite exponent is
contained in the maximal abelian extension of some number field.

We will need the following fact, which is certainly well-known to
experts. We give a proof which is heavily modeled after two answers
to a question on MathOverflow (see [HumI3l [Mari3]) and uses, for
instance, classical results in [BT71, [Lan56l [Ste68].

Proposition 2. Let g be a power of a prime p and let G be a smooth,
connected, reductive algebraic group over the finite field F,. Let G(F,)™
be the normal subgroup of G(Fy) generated by its p-Sylow subgroups.
Then the quotient G(F,)/G(F,)" is abelian.

Proof. Let H be an arbitrary smooth, connected, reductive algebraic
group over F,. We define H(F,)" analogously to G(F,)". By [Mill7,
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Theorem 14.5 and Proposition 14.14], a subgroup I' of H(F,) is equal
to the Fg-points of a unipotent algebraic subgroup U of H if and only
if the order of T' is a power of p. By [BTT1}, Corollaire 3.7], H(F,)" is
then the subgroup of H(F,) generated by the U(F,)’s, where U varies
through the unipotent radicals of the minimal parabolic subgroups of
H that are defined over [F,. Note that the minimal parabolic subgroups
of H are precisely the Borel subgroups of H by [Mill7, Aside 17.73 and
Proposition 17.99], where the latter proposition is a consequence of the
main result in [Lan56]. In particular, H has a Borel subgroup. Note
that k& should be assumed to be finite in [Mill7, Proposition 17.99]
and the morphism o that occurs in the proof of [Mill7, Proposition
17.99] is the Frobenius endomorphism relative to .

Let G’ denote the derived subgroup of G, which is a semisimple
algebraic group over F, and let w : G’ — G’ denote the universal cover
of G' (as an algebraic group; for the existence, see [Mill7, Remark
18.27]). Then G’ is also semisimple by [Mil17, Lemma 19.14]. Since
G/G" is a torus by [Mill7, Proposition 12.46 and Corollary 21.50], the
preceding paragraph together with [Mill7, Corollary 14.18] implies
that G(F,)" = G'(F,)". By [[ve76, Lemma 2.5], the preimage of a
Borel subgroup B of G’ under w is a Borel subgroup Bof G' (Iversen
works over an algebraically closed field, but we can use [Mill7, 17.66]
to descend to ;). Let U denote the unipotent radical of B and let
U denote the unipotent radical of B. We have that U C w™(U)
since B/U is of multiplicative type by [Mill7, Theorem 16.33]. Thus,
w™Y(U)/U C B/U is of multiplicative type while w™!(U)/kerw ~ U
is unipotent. By [Mill7, Lemma 16.44], the multiplication morphism
(kerw) x U — w~L(U) is an isomorphism. It follows that w|g U—U

is an isomorphism and so U(F,;) = w(U(F,)). This implies that the
map G'(F,)t — G'(F,)* is surjective. Thus, it suffices to show that
G(F,)/w(G'(F,)T) is abelian.

For an algebraic group H over F,, we denote its center by Z(H).
The commutator morphism G x G — G factors through the projec-
tion G x G — (G/Z(G)) x (G/Z(G)). At the same time, we have a
chain of canonical isomorphisms G’ /Z(G') ~ G' /Z(G') ~ G/ Z(G), the
first of which is induced by w, by [Mill7, Example 19.25 and Remark
19.30] (the universal covering of G := G'/Z(G') is the composi-
tion of the universal covering of G’ with the projection G/ — G4
because of [Mill7, Proposition 18.2]). This implies that the commu-
tator morphism G x G — G decomposes as the induced morphism
G x G — (G'Z(G") x (G')Z(G")) followed by first the morphism
(G')2(G") x (G')Z(G')) — G that is induced by the commutator
morphism of G’ and then w. It follows that w(G’ (F,)) contains the
commutator subgroup of G(F,).



Combining the two preceding paragraphs shows that it suffices to
prove that G/(F,)* = G'(F,).

By [Mill7, Remark 18.27], G’ s still simply connected when base
changed to an algebraic closure I_Fq of F, and, by [Mill7, Proposi-
tion 23.59], over IF‘q, the definitions of simply connectedness in [Mill7,
Definition 18.5] and [Ste68, §6.4] are equivalent. We can then apply
[Ste68, Theorem 12.4] to G’ over F, with o chosen to be the Frobenius
endomorphism relative to I, to conclude. O

3 Proof of Theorem [1]

3.1 Some reduction steps

Let F'/k be a (possibly infinite) Galois extension with F' C k(Ayqs) and
Gal(F/k) having finite exponent exp(Gal(F/k)) < e for some positive
integer e > 1. As F' equals the compositum of all its subextensions
which are finite and Galois over k, it is enough to prove that Theorem
holds true when [F': k] is finite.

So, let F'/k be finite and Galois with Gal(F'/k) of exponent at most
e and suppose F' C k(Ators).

Let K/k be the finite extension from Proposition 1] and let L =
KF C K(Aiors) be the compositum of F' and K. Note that

Gal(L/K) ~ Gal(F/F N K) < Gal(F/k),

hence exp(Gal(L/K)) < e.

We are going to prove that L is contained in the maximal abelian
extension of a fixed number field containing K and depending only on
A, K, and e. This of course will prove Theorem [I] for the extension

As before, we denote by K,, = K(A[n]) the smallest subfield of Q
containing K over which every point of A[n], the group of all torsion
points of A of order dividing n, is defined. We set ¢ = dim A and
Gy = Gal(K,/K), which we identify with a subgroup of GLyy(Z/nZ),
having fixed once and for all a compatible system of isomorphisms
Aln] ~ (Z/nZ)*.

We fix an integer n such that L C K, and we set H,, = Gal(K,,/L) <
Gp. Our goal is to prove that there exists a positive integer m =
m(A4, K,e) and subgroups W, and W/ of G,, such that:

(a) W) <G, and G, /W] is abelian,

(b) W/ contains the kernel of the projection from G,, onto Gacd(n,m)
and



(c) W, NW" C H,.

From these properties it follows that
L= KM kYW = g Vo gV

where we use the usual Galois-theoretic notation for the fixed field of
a subgroup of the Galois group. We conclude that

LCK,K*® c K2

and the statement of Theorem [I] holds with M = K,,.

3.2 Construction of the auxiliary subgroups

We let ¢ = ¢(A, K) be the constant from Proposition [1| and set
0 =elcl.

In the following, I, will denote the 2g x 2g identity matrix. By
abuse of notation, we use the same symbol regardless of the ring of
coefficients of the matrix.

We write n = n/n” where n’ and n” are the unique coprime positive
integers satisfying that p | n’ if and only if p | ged(n, §) for every prime
.

Writing n’ = [[;_; p;* and n" = [];_; q?j with p; and ¢; distinct
primes and a; and b; positive integers (i =1,...,r, j =1,...,s), we
can apply Proposition to identify

G = G X Gy = (H Gpgi) X Haq% : (3.1)
j=1

i=1
Consider, under this identification, the subgroups of G,, given by
U,/L = Hn N (Gn/ X {(Hgg, ce ,Hgg)})

and
UL = Ho O ({(Tag - Tag)} X Go)

and let H), and H] be their isomorphic images in G,y and G,,» respec-
tively. Let finally
W,g = H;l X Gpn

and
lev,, = Gn’ X Hw/vf

We are going to prove that these groups satisfy properties @, @,
and from above. This will conclude the proof of Theorem
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Note that, under the identification (3.1]), one has that the element

O G TR AN T/

of G,, belongs to W} N W, if and only if the two elements

7/ = (715 '774’7]1297' . '5]129)
and
7/, = (]I297 e 7]1257775_/7 e 77;/)
are both in H,,. As clearly v =~+'y", we get that W), N W, C H,, and
SO holds.
Claim 1. The group W,/ satisfies condition (@)).

Proof of Claim[1. Since L/K is Galois, the subgroup H, is normal in
G, so H)! is normal in G,,» and hence W) is normal in G,,. Note that

Gn/W” ~ Gn///H” ~ ({(]I297 . 7H2g)} X Gn//) /U1/1/

and we are going to prove that the last quotient is abelian.
For j=1,...,s, set

U by = U;L, N ({(Hgg,. . . ,Hgg)} X qu?j X {(Hgg, NN ,Hgg)}),
J

5

where of course the only non-trivial factor occurs at the (r + j)-th
position, and let H »; denote its isomorphic image in G »;. Using the

4a; J
identification (3.1]), we have that

{(}1297 s 7]129)} X Hqu,j Q U,rlll

j=1

It follows that ({(Iag, .. .,I24)} X Gypr) /U, is isomorphic to a quotient
of

({(Tag, - - -, Iog) } x H Gq’?j)/({(]bga - Iag)} X H qu_j),
j=1 7 j=1 7
which, in turn, is isomorphic to the product

S
G, /Hbs,).
H( q;y/ qu)
Jj=1
Hence it suffices to show that each factor G », /H »; is abelian for
9j 9j
j=1,...,s. Note that this group has finite exponent at most e since



it admits an injective homomorphism into the group G, /H,, of finite
exponent at most e.

From now on, we fix j and we write ¢, b instead of g;,b; to ease
the reading.

Let G, be the algebraic group over Z, defined in Section [2| and
consider the homomorphism

¢ Go(Z/q"L) — G4(Z/qZ)

given by reduction modulo g. We have that ¢ is surjective by Propo-
sition and Hensel’s lemma. Furthermore, the order of the kernel
of ¢ is a power of q.

Let G4(Z/qZ)" denote the normal subgroup of G,(Z/qZ) that is
generated by its ¢-Sylow subgroups.

Note that G4(Z/qZ)* is generated by elements g whose order is a
power of ¢ and any lift v € G,(Z/q"Z) of such an element g will have
order equal to a power of ¢ as well. Proposition together with
Hensel’s lemma implies that v € G for any such 7.

Also, as exp(Gp/Hp) < e, = H, and finally, as v has order
equal to a power of ¢ and ¢ ¥ §, we have that v € Hp. 1t follows
that kerop C Hp and Gy(Z/qZ)t C ¢(Hp). Hence, we have that
o NGy (Z/qL)*) € Hy.

Thus Gp/Hyp is a quotient of the group Gp /o 1 (Gy(Z/qZ)"),
which admits an injective homomorphism into the group

Gq(Z/qZ)/Gq(Z/qZ) "

This last group is abelian by Proposition and so is therefore G /H gt
O

Claim 2. The group W), satisfies condition @

Proof of Claim[3. Fori=1,...,r, set
Up;h = UT/L N ({(Hgg, oo ,]Igg)} X Gp;% X {(]Igg, - ,]Izg)}),

where now the only non-trivial factor occurs at the i-th position, and
let H, pli denote its isomorphic image in G pli Note that, as before, the

quotlent group G i/ H o has exponent at most e since it admits an

injective homomorphlsm into the group G,,/H,, of exponent at most
e. Using the identification (3.1)), we have

r
HHP? X Gn” - W;l

i=1



Thus, thanks to Proposition , in order to prove Claim [2|it suffices
to show that, for each ¢ = 1,...,r, there exists some t; = t;(A, K,e) €
N such that H poi contains the kernel of the projection map

Wpfi : Gp;lz — Gp;nin{tivai}'
From now on, we fix 7 and write p, a, t instead of p;, a;, t;.
Let Gpo = Gal(Kp~ /K) C G,(Zy) be the group defined in Section
2l Let
A Gpoo — Gpe

be the canonical surjective restriction homomorphism and set Hpj~ =
)‘_I(Hpa)-

Note that it is enough to show that there exists some t = t(A, K, e) €
N such that H,~ contains the kernel of the projection map

7ot 2 Gp(Zp) = Gp(Z/P'Z).

Indeed this would imply that ker(m,:) = A(ker(7,t)) € Hpe.
As Hpa is normal in Gpe, the subgroup Hpe is normal in Gpe.
Since Gpeo / Hpoo >~ Gpa /Hpe has finite exponent at most e and

[Go(Zyp) = Gpee] = [Gp(Zp) : pp(Gal(Q/K))] < ¢

by Proposition, we have that, if v € G,(Z,), then 7° lies in Hpec.
We now want to show that ¢ can be chosen such that every element
in ker(7,:) is of the form +° for some v € G,(Z,). This will complete
the proof of Claim [2] and of Theorem
Let L, denote the Lie algebra of G, ®z, Q,. By [Bou72, Ch. III,
§7, No. 2, Proposition 3|, there is an open subgroup ¢/ C L, and a
map

p U = Gp(Qp),

called exponential map and satisfying p(fu) = o(u) for all v € U
and ¢ € Z and such that V = (i) is an open subgroup of G,(Q))
homeomorphic to U via ¢. After shrinking i, we can and will assume
without loss of generality that ¢(U) C G,(Z,) since G,(Z,) is an open
subgroup of G,(Qp).
Note that
U ={éu|uel}

is open in U as multiplication by ¢ is an automorphism of L, as a
topological group. Furthermore, since ¢ is a homeomorphism and
©(0) = Iy, we have that ¢(6U) is open in V and contains Ip,.
Therefore there exists ¢t = t(A, K,e) € N such that ¢(dU) con-
tains the open ball (with respect to the maximum norm on G,(Z,) C
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GLyy(Z,) C Qégg) centered at Iy, of radius p~*™. Thus, ker(7,:) C
p(oU) C V.

We set ) = ¢! : V — U. Then, if v € ker(7,), we have that
¥(v) € U and so ¢ (v) = du for some u € U. Hence

v =p(¥(v)) = (ou) = p(u)’ =1°

with v = ¢(u) € Gy(Z,) and we are done. O

4 Theorem (1 over other base fields

In a personal communication, P. Habegger asked two questions: the
first was whether Theorem [I| holds over other base fields such as global
fields of positive characteristic or local fields; the second was about
the existence of fields k for which Theorem [ does not hold.

Concerning the first question, if k is a finite field, then Theorem
[] trivially holds true with M = k as any algebraic extension of k is
abelian.

If k is a p-adic field, then Theorem [I] follows from the argument in
the proof of [Chel3, Theorem 1.2], which we re-sketch here for clarity.
Suppose that F/k is finite and Galois and Gal(F'/k) has exponent at
most e. First notice that the Galois group of the tamely ramified
part F'*®m¢/k of the extension F'/k is metacyclic and hence has order
bounded by e2. It then follows from the proof of [Sha47, Theorem
1] (which can be adapted to the case where k contains the p-th roots
of unity) that Gal(F/F%™¢) is a finite p-group generated by at most
[k : Qp)e? +2 elements (and of exponent at most €), so, by Zelmanov’s
solution to the restricted Burnside problem (see [Zel90l Zel91] and
previous work in [HH56] Kos59]), it has order bounded from above
by a constant depending only on k& and e. Since @@, has only finitely
many finite extensions of a given degree and any Galois extension
of k is the compositum of its finite Galois subextensions, Theorem
[ therefore also holds true in this case and for reasons unrelated to
abelian varieties.

Motivated by our work, in [GP24] Gajda and Petersen proved,
among other results, that Theorem [I| holds over any field k that is
finitely generated over either its prime field, an algebraically closed
field, or a local field. Their approach is different and more of topolog-
ical nature, based, in particular, on work of Zelmanov and Wilson.

As for the second question posed by Habegger, it is possible to
construct an infinite extension of QQ for which Theorem [1] is false as
follows: we choose an abelian surface A defined over a number field k
with (geometric) endomorphism ring equal to Z. As noticed in Section
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after replacing k with a finite extension K /k, we have that the p-adic
representations p, : Gal(Q/K) — GL4(Z,) (defined in Section [2) are
independent of each other (i.e., the image of the adelic representation
is precisely the product of the images of the p-adic representations).
Furthermore, it is proved in [Lom16, Theorem 1.3] that, for a suitably
chosen system of isomorphisms A[n] ~ (Z/nZ)* (cf. [Lom16l, Section
2.1]), we have that Im(p,) = GSp4(Z,) for all sufficiently large p.

We deduce from this together with Dirichlet’s theorem on primes
in arithmetic progressions that the set P of rational primes p such
that p =1 mod 5 and Im(p,) = GSpy(Z,) is infinite. For p € P, let
¢ € F, denote a primitive fifth root of unity, then the subgroup

(G0

of SLy(IF,) is isomorphic to SLa(F5) (see [Monl8] and [Pas68, Propo-
sition 13.7]). Furthermore, there is an injective group homomorphism
from SLy(F,) to GSpy(FF,) that sends a matrix M to

(o arr)

where M~T denotes the inverse transpose of M.

It follows that for all p € P, the group Im(p,) = GSp,(F,) contains
a non-abelian finite subgroup G, ~ SLy(F5) of fixed order.

For M € GSpy(Zp), we let m,(M) denote its reduction modulo
p. Since the p, are continuous and independent of each other, the
product of the groups

{M € GSpy(Zp) | mp(M) € Gy}

for p varying in P is identified with a closed subgroup I' of Gal(K (Ators)/ K)
via the adelic representation. By Galois theory, there exists an (infi-
nite) extension K’/ K contained in K (Ators) such that Gal(K (Agors)/K')

is equal to I'. In the same way, the Galois correspondence also provides

a Galois extension F/K' with F C K(Aos) such that Gal(F/K') is
isomorphic to the product of the groups G, for p € P. This prod-

uct has finite exponent, but does not contain any abelian subgroup of
finite index.

5 Proof of Corollary

For a number field k& and a positive integer e, let k(¢ denote the

compositum of all extensions of k£ of degree at most e and let kz(;;) be
the maximal abelian extension of k contained in k(©).
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We recall that, from the proof of [CZ11l Proposition 2.1], it follows
that any abelian extension of Q having Galois group of exponent at
most e is contained in QSD). We repeat that proof here, the only
difference being that the base field Q is replaced by any number field
L.

Let F/L be a possibly infinite abelian extension of a number field
L and suppose that G = Gal(F/L) has exponent at most e. Clearly,
F equals the compositum of all its Galois subextensions L C F/ C F
with G = Gal(F’/L) finite and abelian of exponent at most e. We
can thus write G’ =[], U; as a direct product of finite cyclic groups
U; of order at most e. Let H; be the subgroup of G’ defined by H; :=
[1;4; Uj. We have that [G' : H;] = |U;| < e for all i’s and M, H; =
{id}. Thus, F’ equals the compositum of the fields F'1 .. . F'H»n,
which are abelian extensions of L of degrees [["i : L] = [G' : H;] < e.
Hence F' C LSD) for every I’ as above, which implies that F' C Lii).

Now let F' be a subfield of k(Gios) such that F/k is Galois and
Gal(F/k) has exponent at most e.

If G = G, then Gal(F/k) is abelian and, by the above-mentioned
results, F' C kgi).

If G = A, then, by Theorem there exists a finite extension
M/k, depending only on A, k, and e, such that FF C M2, Setting
L = FN M, we have that Gal(F/L) is abelian and has exponent at
most e as a subgroup of Gal(F/k). So again F' C L;i).

We now conclude the proof using the fact that fields of the form
Lgi) have property (N) by [BZ01, Theorem 1].
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