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A Hele-Shaw flow is studied as the limit of a Stokes flow. The velocity fields associated to each fluid solve a fluid dynamic
problem with time dependent domain. The moving boundary formulation is based on a pseudo-concentration equation.
Some existence of solution of this set of equations is given using the classical Leary-Schauder Theorem and the use of
space-time integrated least square method for the transport equation.
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1 Introduction

The Resin Transfer Molding (RTM) is a process used to make complex thin mouldings from monomers or oligomers with
low viscosity [1,7]. The mould is represented by a bounded domain W in R3, decomposed into two sub-domains W7 (t)
and Ws(t). These domains are separated by the interface G;(t). The domain W (¢) represents the fluid part and Ws(t) the
air. (see Fig. 1). Let T be the filling time of the domain. It is assumed that the interface G;(t) remains sufficiently regular
and connected and that the domain W has a piecewise C'! boundary.
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Fig. 1 Schematic mould
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The fluid flow in W is driven by the Stokes equations. In order to represent the time evolution of the domains W7 (¢) and
Ws(t), a pseudo-concentration function s(¢, &) [10] is used. This function satisfies s(¢,£) = 1 in Wi (t) and s(¢,€) = 0
in W5(t). So the free boundary G;(t) is fully described by the function s. This problem was studied by Nouri, Poupeau,
and Demay in [21] for multi-fluid Stokes problems. In [1], existence results for the RTM moulding are proved, taking into
account chemical reactions. The problem without chemical reaction is solved in [21].

The aim of this paper is to study this problem when the mould thickness goes to zero. Starting from a model where
the flow is driven by the Stokes equation and the free boundary is described by the pseudo-concentration function s, an
asymptotic Hele-Shaw model is obtained. For this, asymptotic expansions and models are used. Some existence results are
then presented for the solution of the asymptotic model and some convergence results are given.

The Hele-Shaw model is widely used to describe injection moulding processes (see e.g. [14,15,17,22-24]). In [14] the
velocity field is a potential flow and the free boundary tracking is studied using variational inequalities. The two books [15,24]
present a comprehensive study of free boundary problems via variational inequalities. In [24] a Hele-Shaw model is derived
starting from the full Navier-Stokes equation and using a priori simplifications motivated by the geometry of the domain
and the flow character. In [17] a Hele-Shaw model is derived starting form the porous media Darcy law. In [26], analytic
results are given for Hele-Shaw in R™ with n > 3; these results generalize the classical 2D results. Let us also mention the
web page http://www.maths.ox.ac.uk/"howison/Hele-Shaw/, where a more than 600 references are available until 1998.
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In Sect.2 a description of the problem is given. A scale change leads to a domain which is independent of the thickness
of W. The Hele-Shaw model is then obtained. It has the advantage to transform the initial system into a very simple system
of 2D equations. In Sect.3 a variational formulation of the problem is given. The Sect.4 is dedicated to the proof of the
existence of solutions to the variational formulation of the problem. In Sect. 5 some estimations (similar to those in [8]) are
presented. They allow to obtain Hele-Shaw equations. Instead of using renormalized solutions like in [21], a space-time
least square method like in [4-6] is used to study the free boundary evolution. This method is well adapted to this case.

2 The problem description
Let W C R? be the domain with sufficiently regular boundary defined by (see Fig. 1)

W = {f = (gl) S R?’a (51752) S G’I‘? hf(flaé-?) < 53 < h+(£17£2)} )

where G, is a reference plane and h_, h; : G, — R are Lipschitz functions. For T > 0, and for 1 < i < 3 set the strictly
positive functions

pi s [0,1] x (0,T) x W — [my,, M,]
(Z7t7£) = ,U/i(Z7t,§)

with 4;(0,¢,&) = p¢(t,€) and pi(1,6,€) = pb(t,€); u® is the air viscosity and p = diag(p1, 2, p13) is a diagonal
anisotropic viscosity tensor. The tensor pP denotes the polymer viscosity. It is assumed that p® and pP are continuous
functions. The face GG, describes the input of the mould and G its output. Finally set

G, =G, UGy,
and
Gp=0W —-G,.
In order to simplify, we assume that the faces G, are not vertical.

2.1 The equations

With the previous notations, the air and polymer flows are driven by the following anisotropic equations (the inertial term
is neglected compared with viscous terms [7]).

—-Apw+gradp=f in W, ()

dive=0 in W, 2

Os+ (v|grads) =0 in (0,7) x W, 3)

where v = (v1,vq,v3) represent the fluid velocity , p is the pressure, f = (0,0, —pg) is the gravity force, s is the

pseudo-concentration function such that p = diag(p1, 2, 13) is the diagonal turbulent viscosity tensor with u;(¢,£) =
1i(s(t,€),t,€). The operator A, is defined by
LA, Ay
Ayp = — | > = div(pgrad @) .

Moreover the boundary conditions for the velocity v and the pseudo-concentration s are

v=0 on G, 4)
v=v, and s=1 on G, (®)]
v=v, on Gj, (6)
s(0,§) =0 VEeW. (N

We assume that the velocity v satisfies (vs|n) > 0 on G5 and (v, [n) < 0 on G.. As usual the vector n is the outward
normal vector on the boundary of W.
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Let d be the diameter of G, ho = supe, ¢,)ec, |h4 (§1,&2) — h—(&1,&2)| and define

o
=

Since hy is small compared to d, one has 0 < € < 1. From now it is assumed, without loss of generality, that d = 1. In order

to make W independent of €, let us do the following changes of variables and functions:

vy =&, x2=E&, x3=¢&/¢,
up =v1, Uz =v2, U3=U3/c;

since p is large, we set

‘We then define
L = {(21,22); (§1,62) € G},

Q—{x—(xl’x%xg); (z1,22) €T, h(z1,22) }“r(xl’m?)},

ho S ho
Q=(0,T)xQ,
I, = {a:z(xl) eER3 ¢=(&) EGh} )
Ty ={z=(2:) R, £ = (&) € G, }
=T, UT,.

With these changes, we obtain the following problem

Jq . .
_A“52ui+8:ci =0, i=1,2 in Q,
dq .
—eQ-Auezug—&—a—xB:—sS-pg in Q,
divu=0 in Q,

Os+ (ulgrads) =0 in Q,
with the boundary and initial conditions

u=0 on I,

u=1u, on I'y,,

s=1 on (0,7)xT,,
s(0,z) =0 in Q,

where ps = diag(dp1, dpa, ps).

Remark 1. As usual, after a modification of the right-hand side member in the above equation, we assume that © = 0
on 9N and s = 0 on (0,7) x I'.. More precisely, let b defined as b = —0;s9 — (u | grad sp ) where s is a sufficiently
regular extension to @, of the function equal to 1 on T, with s¢(0, ) = 0 on a maximal part of {2 and 0 < sg < 1; then set
c=5—8p.

Hence we obtain

dq ‘ .

A#ﬂ u; + oz, :fi7 i=1,2 in Qu ®)

2. A uﬁﬁzg?ﬁ-fg in Q )
Hez 8%3 ’
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divu=0 in €,
Oc+ (u|grade) =b in Q,
with the boundary and initial conditions
u=0 on 09,
¢c=0 on (0,7)xT,,
¢(0,z) =0 in Q.

2.2 The Hele Shaw limit case

Intuitively, when ¢ — 0, we get the following problem

0 < 8u1>+8q=0 in Q.

" 0zs \M 03 ) T 0
0 Ous dq .
__“ haat’) S 0
8:53 <M3 8$3> + 8x2 0 in ’
dq .
875173 =0 in Q,
diveu =0 in €,

Os+ (ulgrads) =0 in Q.
with the boundary and initial conditions
u=0 on I},
s=1 on I'. aete (0,7),
Uy -Ng = Uy, -n3 on L'y, =12,

s(0,z) =0 in Q,

(10)
(11)

12)
(13)
(14)

(15)

(16)

a7

(18)
(19)

(20)
2D
(22)
(23)

Egs. (15)—(19) are called the Hele-Shaw equations. Eqs. (15)—(18) describe the velocity field and eq. (19) the evolution of
the moving boundary for the limit problem. These equations can be modified in order to obtain a simplified 2D problem for
the velocity u. Indeed eq. (17) shows that q is independent of z3. In order to simplify, let us assume that 3 does not depend

of x3. Integrating egs. (15)—(16) we get

1 0q
ui(z) = i3 Oz (w) - (3 —h-)(z3 —hy),
for ¢ = 1,2, and using (18)
1 0%q 0%q
us(r) = =15 (ax12 @+ 52 (x)) (@5 —h-)(@s —hy)

1 h_ h_
+ <8q8+8q8>((x

dpz \ Oxy da1 ' Oxo 0o

1 dq Oh 0q Oh
+ ( q++q+>((xi

47/143 872E1 81’1 612 8132

Let w; be the mean value of u; along the x3 axis:

_ 1

= —

" hy —h_
we get

(hy —h_)* Oq
12‘[13 8131 ’

1= —

(© 2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

—h%) —2hy(z3—h_))

—h%)—2h_(z3—h_)) .

hy
/ ui(x)des, i=1,2,3,
h_

(24)

(25)
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— (hy —h_)* 0q
Uy = ———— — ,
12;,63 81‘2
ug =0,

so using (18)
div ((hy — h_)*gradq) = 0. (26)

The pressure g is obtained using eq. (26). Then we get the velocity components u1, us and ug using eqs. (24) and (25).

Remark 2. a) Usually the 2D elliptic Darcy eq.(26) is the starting point to study Hele-Shaw problems. Our aim is to
prove that egs. (15)—(19) admit a solution which is the limit when € — 0 of a solution of egs. (8)—(11).

b) Remark also that the use of the pseudo-concentration function s to describe the free boundary allows to handle with
moving boundary having less regularity than in usual methods.

3 Variational formulations

In this section we give a variational formulation of the problem (8)—(14). Moreover eq. (11) is solved using a least square
method like in [4-6]. Some extensions of results given in the mentioned papers are presented.

3.1 The Hilbert spaces

As usual, let H*(Q2) be the Sobolev space of order s, and H}(Q) = {¢ € H'(Q); ¢ =0 on 9Q}. Let us consider the
following Hilbert spaces

V= HY(Q)°

equipped with the scalar product

(ulv), :/ (Vu|Vo)de,
Q
H(Q,div) = {w € L*(Q)?, divw € L*(Q)}
equipped with the graph norm,

Hy(Q,div) = {w € H(Q,div), (w|n)=0 on 90Q},

H(03,9) = {cp € L*(Q), 3—2 € LQ(Q)}

equipped with the graph norm,
HO(a?nQ) = {90 € H(83aﬂ)7 png = 0 on 89} 5
and for I' C 9€) with non zero measure

Hy(03,0,T) ={p € H(03,2), pn3 =0 on T},
3@ = {p e 2@ [ tayaz=o} .

The space H(0s, €2) is equipped with the norm

pls = || 22
P30 = ors

L2(Q)
which is equivalent to the norm on H (93, 2). Finally for w € L*(Q)3, define w as

ﬁj = (17w17w27w3)t S LOC(Q)4
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and for the sufficiently regular function ¢ defined on @), set

t
g <590 Do Oy 3so>.

82? ’ 8$1 ’ 8$27 8333

Then for ¢ € D(Q), consider the norm

B ) - 2 1/2
e (I a (I

(see [4-6,9]) and then define the space H (w, Q) as the closure of D(Q) for this norm:

Hw.Q) =D@) .

If w is regular enough, it can be seen that
H(w,Q) = { € 12(Q), (#]V¢ ) € L2(Q)}
(see e.g. [16,20]). For
0Q- = {(t.2) € 0Q,(w7) < 0},
=(0,T) xT,U{0} xQ,
if T C Q- let
Ho(w, Q1) = {p € H(w,Q),¢ =0 on T}

Let us define the linear form Ac = (@ | ﬁc) Then eq.(11) can be written as Ac = b. We now give an extension of the
curved Poincaré inequality obtained in [4,5].

Theorem 1 (Curved Poincaré inequality). If divw = 0, the semi-norm on Hy(w, Q,T') defined by

1/2
ol = ( / (Aw?dtdx)
Q

is a norm, equivalent to the norm on H(w, Q).

Proof. We have to show that there is a constant C' such that

”SOHLZ(Q) <C-loliw
for all ¢ € D(Q) with p = 0on Q. Set
9Qy = {(t,x) € 9Q, (w|n) > 0} .

Since &R/(ﬁ) = 0, we have

/Q[(w§¢)§+90(ﬁ|%§)} dtdm:/@QJr&P(@ﬁ)dE

for all regular enough function £. Choose £ = (T — t)¢, then

/Q[2(@|%)-(T—t)w—ﬂdtdx:/a (T =) (F|71)d& > 0.

Q+

So using the Cauchy-Schwarz inequality we get

a1 (5195)
||<P||L2(Q)_ w| Ve L2(Q)
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Henceforth the space Hy(w, @, T") is equipped with the norm ||1 4.
Remark 3. As an easy consequence of the above arguments, for any ¢ € Hy(w, Q,T), the norm defined by:

1/2
el = (lelim) +/ (@Iﬁ)(Tt%de&)
0Q+

verifies

el L2y < el < 2T

1w -

3.2 The non divergence free case

In this section, a generalization of Theorem 1 is presented when v € L*(Q)3, divu € L*°(Q). In this situation the
advection eq. (11) has the form

% +div(ue) =b in Q, 27

with the same boundary conditions as in Sect.2.1 and where u : () — R is a given vector field. Define the operator B as

Be = % +div(uc)

and for ¢ € D(Q), consider the norm

1/2
10lxue = (Ielie@) + 1BelEag)

and then define

K(uw,Q) =D@) 7, Ko(u,Q.0Q_) = {p € K(u.Q),p =0 on 9Q_} .

The following theorem is a generalization of Theorem 1.
Theorem 2. Ifu € L°>°(Q)? and divu € L>(Q), the seminorm on Ko(u,Q,0Q_) defined by

1/2
leliu = (/Cg(Bcp)Zdthi) (28)

is a norm, equivalent to the norm given on K (u, Q).

Proof. Asin Theorem 1, we have to show that there is a constant C such that

||<P||L2(Q) <Celiw

for all ¢ € D(Q) with ¢ = 0 on Q) _. We have

L5 +avwn) e+or (5 +wive))]ae = [ eotaimas (29)
Q 0Q+

for all regular enough function £. For v : (0,7) — R, choose £ = « - ¢, then

o€ _ .. (% R 'R o ,
8t—|—(u|V§)—a <8t+(uV<p)>+ag@—a (at +div(up) —edivu | +a'e.

Let v € L°°(0,T) be defined by

v(t) = sup | div(u(t, z))| .
€N

(© 2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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With the above choices, eq. (29) has the form

/ [(o/—i—av—a(v—&—divu)) ©* + 200 (8@ +div(u<p))] dtdx = / ap® (u|n)do. (30)
Q ot 0Q+

Let « be the solution of the differential equation
o +av=-2, a(T)=0.

An easy computation gives

T t
a(t) = 2¢7v® ( / ) ds — / e""(s)d8> >0,
0 0

with w(t) = [

N ¢?(®)ds. Introducing this value in eq. (30) we obtain

/ {2@2 —a(v + divu)p? + 2ap <5<,0 + div(ucp))} dtdx = / ag? (u|n)de > 0.
Q ot 0Q+

Hence

/ O dtde §/ ap (8@ +div(u<p)) dtdz

and the result is proved using the Cauchy-Schwartz inequality. O

3.3 A weak formulation

With the above notations, a weak formulation of the problem (8-10, 12) is given by: Find v € L*(0,T;V), ¢ €
L>(0,T; L3(£2)) such that

/(MEQVui|Vvi)dx—/q~ Ovi dw:/fividx, 1=1,2, (31)
2 8U3 3
e | (pe2Vug|Vog)de — | ¢q- —dex=¢"- [ fyvsdx, (32)
Q o Ozs Q
/diV’U,"L/Jd{,C:O7 (33)
Q

forallv = (v;) € V,and all v € L3(12)).
In L2(Q)), a solution of eq.(11) corresponds to a zero of the following convex, positive functional

J(e)=3 / (Ac — b)*dadt.
Q
The Gateau derivative of .J is
DJ(e)p = / (Ac —b)Ap dtdz .
Q
So a sufficient condition to get the least square solution of (11) is
/ Ac- Apdtde = / b- Apdtds .
Q Q
Hence a weak formulation of egs. (11, 13, 14) is: Find ¢ € Hy(u, @, 9Q_) such that
/ <ﬁ|6c) <ﬂ|6<p) dtdx:/b~(ﬂ|§go> dtdx (34)
Q Q
forall ¢ € Ho(u,Q,0Q_) (see [4-6,9,11,12]) .
The next section is devoted to the proof of the following theorem.

Theorem 3. The problem (31)—(34) has at least a solution.
Like in [21], we will use a fixed point method, but without using the notion of renormalized solution.
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4 Proof of Theorem 3

Let us first recall two well known results. With the notations and hypothesis of Sect.3 we have

Theorem 4. For some fixed t € (0,T) and p, if f € L>(Q)3, the problem (31),(33) has a unique solution, and
u €V NL®Q)3.

Proof. Seee.g.[18,19,25]. O
Theorem 5. For a fixed u € L>(Q)? such that div u = 0, the problem (34) has a unique solution. Moreover

= | (519¢)

This solution is the least square solution of (11).

< b .
oy < Pl

Proof. This assertion is a consequence of the Curved Poincaré inequality (Theorem 1) and of the Lax-Milgram
Theorem (see also [4]). m|

Remark 4. For the numerical solution of eq.(34), a time marching approach can be used to avoid the consideration of
all of @ (see e.g. [9,11,12]).

Corollary 6. The solution c of eq. (34) belongs to the space
X = L2(Q) N L2(0Qy, (i1 ) &)

equipped with the norm |||c|||.
The following theorem is a maximum principle for the solution of problem (34).

Theorem 7. Let sy be the function defined in Sect. 2.1, Remark 1. Then the solution of (34) satisfies
0<c+s9p=s<1.

Proof. Forall p € Hy(u,Q,0Q_) we have
/ (a|6(c+so)) (m%) dtdz = 0.
Q
Choose @1 = (¢4 so — 1)T, then Vo, = V(¢ + so) on the set A; = {(t,z) € Q, ¢+ so — 1 > 0}. So we get
~ 2
/ <E|V(c+so)) dtde =0.
Ay

Hence the set A; has a zero measure, so ¢ + sg < 1. If we choose 2 = (¢ + s¢)~, we show in the same way that
c+ sy > 0. O

Let us give a result concerning the operator
A H()(U, Qv 8@*) - LQ(Q)
o= <ﬂ| 690) .
Lemma 8. Ifu € L>(Q)? verifies divu = 0, there exists a constant C' > 0 such that

up / (’d|6<,0)-1/)dtalacZC’7 (35)
i<t J@

inf S
PE€Ho(4,Q,0Q ), ll¢llI<1 yerL2(Q)

and for all ) € L*(Q), 1 # 0,

sup / (ﬂ|6cp)-wdtd;ﬂ>0. (36)
$EHY(4,Q,0Q-)ll¢ll<1 JQ
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Proof. The inequality (35) is a straightforward consequence of Theorem 1. Let us prove (36). Let ¢ € L?*(Q) be of
norm 1 and assume that inequality (36) is false. For all ¢ € D(Q) we have

/Q(m%) pdtde = 0.

Since
/Q(aIW) S+ (m%) Cpdtdr =0

we get (ﬂ| ﬁiﬁ) = 01in D'(Q), so in L*(Q), hence 1) belongs to H (u, Q).

Now let us show that 1/)|8Q+ =0.Let v € D(Q), = 0 on OQ_. Since (ﬂ \ 61&) = 0 belongs to L?(Q), we have

O/Q(mW).@dtdz/aQ (T|7) v ds.

Therefore the support of the distribution (|72 ) ¢ is a subset of 9Q_, so 1), o, = 0. Using Theorem 1, with W= —u we
then get ¢ = 0. O
The next theorem shows that the solution of (34) is also a weak solution.
Theorem 9. For f € L?(Q), let ¢ be the solution of

U|Ve ) —f|-(a|Vy) dtdz =0 (37)
J[(@192) = 1] (w190)
Sorally € Hy(u,Q,0Q_), ie., the function @ is the least square solution of
(a1Ve) = (38)
=0 on 0Q_.
Then it is a weak solution:
/ [(ﬂ‘%@)—f]-wdtdxzo (39)
Q
forally € L*(Q).

Proof. The solution of (37) verifies
A*(Ap — f) =0.
But by Lemma 8 we have Ker A* = {0}, so
Ap—f=0,

and ¢ is a weak solution of (38). O
Finally the next result shows that any least square solution of the transport equation is a renormalized solution.
Definition 1. [13] For u € L>°(Q)? such that divu = 0, ¢ € L°°(Q) is a renormalized solution of

(17|6<p) =f with ¢=0 on 0Q-
if for any 3 € C1(R), 3(0) = 0, B(y) is a weak solution of
(@1V8(9)) = Ble) 1

We have the following
Theorem 10. For f € L%(Q), the solution of (37) is a renormalized solution.
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Proof. This is an easy consequence of Theorem 9. Indeed this theorem shows that ¢ is a solution of

/Q{(aew) *f] “pdtdr =0

forall 1 € L?(Q). Let ¢ = f'(¢)w with w € D(Q), wy,, = 0. We have

A[(ﬂﬁw)f}ﬂ’(w)wdtdfvL[(ﬂlw(w))ﬁ’(w)f}'wdtdaz0-

Let X be the space defined in Corollary 6, equipped with the norm |||-|||. We will use the following

Lemma 11. a) Let H be a subspace of Hy(div,Q) N L*°(Q)3. Let u,u,, € H be such that u,, weakly converges
to win L*(Q)? and divu,, = divu = 0. Let s,, € Ho(um, Q) (resp. s € Ho(u,Q)) be the least square solution of

(@ | %sm ) =0, (resp. (17 | %s) = 0). Then s, strongly converges to s in X.

b) Let s, 8., € L°(Q) with s,,, converging to s in L*(Q). If u and ., are the solutions of (31),(33) associated with s
and s, respectively. Then u,, strongly converges to u in'V.

Proof. a) By Corollary 6, the sequence s,, is bounded in X, so we can assume that s,,, weakly converges to sin X.
Let us show that s,,, strongly converges to s .
Since s,, is a solution of div(u,,s,) = 0, for all p € H'(Q) we have

oz/ (15| Vs ) - 0(T — 1) dtd
Q
z—/ (%\%@)(T—t)sm—wsmdtda:—i—/ (Um | 1) Smp(T —t) do .
Q oQ
Choose ¢ = 1, since u,, = © on 0Q and s, = s, on JQ_ then
Qe:/ \(ﬂ|ﬁ)|se(T—t)d5:/smdtdaf+/ (| 7) sm(T — t) 5.
Q- Q 0Q+
But s,,, — 3, so
Qe:/gdtdx—i—/ (il |R)3(T — 1) d& .
Q 0Q+

As 5, €{0,1}, 8., = 2, and 5 = 52, s0

Qe = lllsmllI* = [I1311I%,

therefore s,,, strongly converges to sin X.
Now the function § is a solution of (ﬁ | §§> = 0 in distributions sense, indeed for all ¢ € D(Q) and all n we have

—/ f§(ﬂ|€g@) dtd:v:/(sm —3) (ﬂ\%g@) dtd:v—/ Sm (ﬂ—fc},ﬂ%gp) dtdz.
Q Q Q
which is arbitrarily small if m is sufficiently large, since s,,, strongly converges to s. So by uniqueness of s, we obtain's = s.

b) For any m dropping the € we have, forall p € V

[ ¥ |90y da = [ (£1) do.

in particular
/ (mVum | Vu) dx :/ (flu) dz,
Q Q
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SO
/mewmwwmfu))dx:/9<f|<umfu>>dx:/9<<ufum>w|wm>dx.

Let A,, = {x €Q,u— pum # 0}. Since s,, — s, we have p,, — p. So the measure of A4,, converges to 0 when
m — o0o. Hence

/ (fm Vg | V(U —u) ) dz — 0
Q

when m — oo. Therefore

et — ull% = /Q<v<um—u>|v<um—u>>dx

1
my,

—0 if m— .

IN

_|_

|

/(umVum|V(um—u)) dx /(uVu|V(um—u)) dx
Q Q

O

Proofof Theorem 3. We follow the proof of [21] adapted to our situation. Let K be the convex part of L>°(Q) defined
by

K={sel*Q),0<s<1}.

For s € K let u be the solution of egs.(31)—(33) associated to s. Define ¢ = F(u) as the unique solution of eq.(34).
Theorem 7 shows that the function ¢ is in K.

Let us show that the map F is continuous. Let s,, be a sequence in K that converges to s in L?(Q). The sequence 1,
associated to egs. (31)—(33) is bounded in L2(0,T; V), so it admits a subsequence weakly converging to u which is the
solution of (31)—(33) for s. Let now o, be the solution of (34) associated with w,,. By lemma 11, 0,, € Hy(u, @, 9Q-) and
o, — oin .E[()(U7 Q, 8Q,)

Finally we show that the mapping F' is compact. Let s,, be a sequence in K. The sequence w,, given by the solution of
(31)—(33) is bounded in L?(0,T; V'), so there is a subsequence that weakly converges to u. Let o, (resp. ) be the solution
of (34) associated with u,, (resp. u). Then as above o,, converges to ¢ in Hy(u, @, 0Q_). O

5 Some estimations

In this section we give some estimations on the solution of eqs. (31)—(34) as € goes to zero. A study of the behavior of the
Stokes equation is first presented. Finally, using results obtained in Sect.4, the existence of a weak solution of problem
(15)—(19) is given.

5.1 Estimations for the Stokes equation

Let us fix a time ¢ € (0, T"). Moreover, in order to simplify the notations, we set 0 = a%- and \; = ,/ft;. In the sequel C

denotes a generic constant which does not depend of ¢. Let (u, q) = (u®,¢%) € V x L3(Q) be the solution of the problem
(31)—(33). If we choose v = u and ¥ = ¢ in these equations, we get

[A101 U1||2L2<Q) + [[A202 U1||2La(9) +e72 || X303 ulHiQ(Q) + [[A0 U2|\2L2(Q) + [|A202 U2||2L2(Q)

+e72 X305 u2||2Lz(Q) +e? M U3Hi2(ﬂ) +e” A2 u3||i"’(9) + 12305 u3||2LQ(Q)
=g ? [/ frun + fruy + €° faug da

Q
< e~? [Hfl”Lz(Q) ||U1||L2(Q) + ||f2||L2(Q) ||u2||L2(Q) +é° ||f3||L2(S2) HU3HL2(Q)}

< €2 (11l a(ay X305 w1 gy + 1 oll oy 11005 w2l oy + 2 1l oy 103 w1 o] -
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The last inequality is a consequence of the Poincaré-Friedrichs inequality in the z3 direction. Using the next elementary in-

equality
2
b-c< 3 (nb2+c>
n

for any b, ¢, 7 > 0, we obtain
MO w720y + X282 [0y + &7 [XsBs un |72 gy + 1M1 ual|72 ) + A28z uall7 20
+ 72 [ Nads uz| 72 gy + €% M0 usl T2 gy + €7 [N ual T2y + [ AsDs us]| gy < C 277 (40)

From this inequality we obtain the following
Theorem 12. If u = u® € V is the solution of the problem (31)—(33), we have

a) Haj ufHLz(Q) <Ce! 4,j=1,2 and H(“)j uéHLQ(Q) <Ce? j=1,2,
b) (03 ufll o) <C =12 and |[03u5ll2q) < Ce™ 1.

As a consequence of this theorem, we have
Corollary 13. With the previous hypothesis we have

a) Huf”p(g) <d, 1=1,2.
b) [0 uill -1y =C, i=1,2,3.

Proof. The first inequality follows from inequality b) of Theorem 12 and from the Poincaré-Friedrichs inequality in
the 23 direction. The second is a consequence of a), of the inequality||0s ¢|| ;-1 () < [¢ll12(q) and divu = 0. O

Let us now study the behavior of the pressure ¢ = ¢°. Since

Héj ()\jag U; Q) S H(/\]@J (173

M-+ 2
we get from eq. (8)
10: all r-1(0) < e2 | Mon Uill 20y + €% || A20; Uillp2io) + 1A303 will 2 o) + 1 fill L2 () -
so using Theorem 12
10 all gr-1(q) < C for i=1,2.
In the same way we get

1034l -1y < Ce.

In particular [|Vgl[ ;-1 (q)s < C so, using ([19], Th.1.2.2), ¢ = ¢ is uniformly bounded in L?(92), independently of e.
Hence the next theorem is proved.

Theorem 14. Let (u®,¢%) € H x LE(Q) be the solution of the problem (31)~(33). Then
105"l gg-1¢0) = 0 if € = 0

and q° is uniformly bounded in ¢ in L3 ().

5.2 Weak solution of the limit problem

Let us now define the space
H = Hy(03,9Q)> N Hy(Q,div).

We use the following norm on H which is equivalent to the product norm:
2 2 2 /
lull = Nl = (195 w132y + 105 w2y + vl o))
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A weak formulation of problem (15)—(23) is:
Findu € L>(0,T; H), g € L>=(0,T; L(Q)) and ¢ € Hy(u, Q,0Q_) such that

/ugagulagvldx—l—/u383u283v2dx—/q-divvdw—/divu-rd:v:/(glvl—i-ggvz)dx, 41
Q Q Q Q Q

/Q(alﬁc) (m%) dtd;z:/Qb. (m%) dt d @2)

forall v = (v;) € H,all7 € L}(Q)) and all p € Hp(u,Q,0Q_), where g; and g are suitable functions taking the
boundary conditions into account. We have

Theorem 15. The problem (41) has a unique solution in H x L%(Q).

Proof. Fory = (u,q) and ) = (v,r)in X = H x L3(Q), leta : X x X — R be the symmetric and continuous
bilinear form defined by

a(p, ) = / M383U183U1d$+/ ugaguzagvgdx—/ q-divudx—/ divu-rdzx.
Q Q Q Q
In order to prove the theorem, it is sufficient to show that there exists C' > 0 such that for all p € X

sup 29 S ool (43)
w20 Y]]

i.e., the bilinear form a is persuasive (see [3,4]). Fix ¢ = (u, q) € X, using the Brezzi-Babuska inf-sup condition [19], let
B>0,ve HQ)3andr € L3(2) be such that

. 2 .
||U||H3(Q)3 = ||qHL2(Q) ) (Q|leU)L2(Q) >pB Hq||L2(Q) ;o r=divu. (44
In order to obtain a(¢, 1) > C'||¢]| ||¢|], let us choose 1) € X of the form
v=a(u,—q) — (v,0) —(0,r).

If, as above, A3 = ,/ji3, some easy computations give
a(p,¥) > a <||)\353 |70y + X305 U2||2Lz(n)) — (X305 u1 [ A3B301) 12y — (X303 uz [ A3O3v2 ) ()
+0 HQH2L2(Q) + Hdivu||2L2(Q)
> aCy (”33 “1”%2(52) + 1103 UQHiZ(Q)) -y ((83 uy [ O3 01 )LZ(Q) + (O3 u2| 03 v2 )L2(Q)>

2 . 2
+ Bllallzz ) + l1divallzzq)

with Cq and Cy > 0. If @ = 2C5/C1, the inequality (43) is verified for C' = max(Cs, 3,1). O
As a consequence of Theorem 15, we get in the same way as the proof of Theorem 3 the following
Theorem 16. The problem (41)—(42) has at least one solution.
For any € > 0, let (u®, ¢%, ¢®) be a solution of egs. (31)-(34). By Corollary 13 and Theorem 12,
— uf is bounded in Hy(03,), 7 = 1,2.
— u§ is bounded in H~1(€).
From Theorem 14, ¢° is bounded in L?((2) and V¢ is bounded in H ~!(Q)? with d3¢° — 0 if ¢ — 0. Hence there exists a
sequence €,, — 0 such that

— uf" — U; in Ho(ag, Q),

— u§" — uzin H-1(Q),

— ¢ — qin L*(Q),

- V¢ — Vqin H=Y(Q)3 with 93¢ = 0.
Moreover, since divuf" = 0 we get divu = 0in H () and (u, ¢) is a solution of (41). In the same way, c° is bounded
in X, so we can assume that ¢®» — cin X and cis a solution of (42). So we have

Theorem 17. The solution (u®,q°,c®) of egs.(31)—(34) weakly converges to (u,q,c) in Ho(93,Q) X Hp(03,) x
H=1(Q) x LE(Q) x X which is a solution of (41)~(42).
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