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Physics is beautiful. It makes me sad beyond words to know that so many people think of
the physical sciences as barren, boring, bone-dry. Not so: when you lie outside in the grass
on a clear dark night and look up at the stars, what you see is splendid. It is also physics.
Understanding can lift you off the Earth, safer and faster and further than any rocket. The
mind can travel among the stars, even enter them to see what causes those fires inside. To
the beauty of seeing, we can add the beauty of understanding. And there is another level of
beauty beyond that: the beauty of discovery, of creation, of doing physics.

(VINCENT ICKE,
The force of symmetry.)

The Milky Way around the Southern Cross
by GREG BoCK, Queensland, Australia, March 1996



Preface

This document can roughly be divided in two parts. The first three chapters are devoted to a
very brief introduction to string theory. They are intended to give an idea of the framework
in which the more technical following chapters will lie. The original material presented in the
second part concerns M-theory compactifications and has been extracted from three articles
[31, 60, 61] which are the visible aspects of productive collaborations with Adel Bilal and
Jean-Pierre Derendinger. To emphasize the collective origin of the findings at the heart of
this work, I shall always use below the personal plural pronoun “we”.

In Chapter 1, we give some motivation for the study of string theory and a brief survey of
its history up to recent non-perturbative developments. Chapter 2 begins by an enumeration
of the five consistent perturbative superstring theories in ten dimensions. We then explain
a possible way to go beyond the perturbative formulation by focusing on the so-called soli-
tonic BPS states which are extended solutions (named branes) to the effective low-energy
field theories (supergravity theories). In the light of the perturbative approach, the string
multiplets may actually contain three classes of states: the fundamental strings, the solitonic
branes and the Dirichlet branes. These extended objects are useful in establishing connec-
tions between the five consistent superstring theories in ten dimensions. These connections,
or dualities, form the topic of Chapter 3. Some equivalences are already manifest at the per-
turbative level, whereas others involve manipulations (e.g. inversion) of the string coupling
constant and can only be conjectured from a basic knowledge of non-perturbative properties
of the theories under consideration. Interestingly enough, this discussion leads naturally to
evidence for the existence of a consistent quantum theory in eleven dimensions. A few facets
of this still largely mysterious M-theory and of its connections to the superstring theories in
dimensions below than eleven constitute the subject of the second part of this document.

Our overview of string theory is far from being exhaustive. In particular, recent insights
(like Matrix theory [15], the Maldacena conjecture [141], non-commutative geometry [48,
199], large radius compactifications [36, 10] or the Randall-Sundrum proposition [177, 178])
are omitted because they are not directly related to the core of the thesis. Fortunately, the
literature on the subject is well supplied. The common references for superstring theories in
the perturbative domain are the textbooks written by Michael B. Green, John H. Schwarz
and Edward Witten [107, 108] (two volumes) and by Dieter Liist and Stefan Theisen [140].
Many of the developments up to 1998 are covered in the lectures notes prepared by Elias
Kiritsis [128] and in the textbook written by Joseph Polchinski [171, 172] (two volumes).

In Chapter 4, we study some aspects of M-theory on the orbifold S!/Z,, a compactifica-
tion which is thought to be related to the Eg x Eg heterotic superstring theory. We work

xi



xii Preface

in the “upstairs” (boundary-free) formalism and insist on properly defining all fields on the
circle. We carefully resolve the modified Bianchi identity for the four-form field strength
of eleven-dimensional supergravity, collecting information from the invariance of this field
strength under small and large gauge and local Lorentz transformations, and from the can-
cellation of the one-loop anomaly. In presence of M-five-branes, we find that there is an
unexpected additional contribution to the anomaly inflow from the eleven-dimensional topo-
logical term. We also consider the quantization of the four-form flux and the small-radius
limit in which the perturbative heterotic superstring theory is recovered. The corresponding
heterotic anomaly-cancelling terms, as inherited from the M-theory approach, are shown to
differ from the usual ones by the addition of a well-defined local counterterm.

In the low-energy limit, M-theory on the orbifold S!/Z is formulated in terms of Bianchi
identities with sources localized at the two orbifold singularities and anomaly-cancelling
counterterms. A further compactification on a six-dimensional Calabi—Yau manifold leads
to N =1 local supersymmetry in four dimensions. In Chapter 5, we present a formulation
of the effective supergravity which explicitly relates four-dimensional supergravity multi-
plets and field equations with these fundamental M-theory features. This formalism proves
particularly convenient for the introduction in the effective supergravity of non-perturbative
M-theory contributions. Indeed, in Chapter 6 we complete our analysis of the effective N =1
four-dimensional supergravity of M-theory by the introduction of M-five-branes. One of the
massless supermultiplets generated by these extended objects describes the modulus associ-
ated with the position of the branes along the circle S!. Starting from the dynamics of the
five-brane modes obtained by reduction and supersymmetrization of the covariant five-brane
bosonic action, we derive the effective four-dimensional supergravity of this multiplet and
its coupling to bulk moduli and to Yang—Mills and charged matter multiplets located on the
Zs fixed planes. Our construction respects all symmetries of M-theory, including the self-
duality of the antisymmetric tensor living on the brane world-volume (a self-duality property
which strongly constrains the corrections to gauge couplings). The five-brane contribution
to the effective scalar potential turns out to be formally similar to a renormalization of the
dilaton, and the vacuum structure is not modified. Altogether, the impact of the five-brane
modulus on the effective supergravity is reminiscent of string one-loop corrections produced
by standard compactification moduli.

We end with four appendices. Appendix A gives a summary of our conventions and nota-
tions. Appendix B contains some well-known useful facts about massless field representations
in various dimensions. In Appendix C, we introduce the concept of anomaly polynomials
and collect explicit expressions for the one-loop anomalies in ten and six dimensions. Finally,
Appendix D provides some information about the superconformal tensor calculus for N =1
four-dimensional supergravity.
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Ezpliquer, comprendre, pénétrer quelque chose au moins du mystére du monde, soulever au
moins un coin du voile d’Isis, il n’est pas, dans le domaine des choses de l’esprit, de joie plus
solide et de plus entvrant bonheur que d’avoir pu, fit-ce une seule fois, dans le plus humble
domaine et sur le plus infime détail, y parvenir.

(THEODORE MONOD,
Méharées.)
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Introduction






Chapter 1

A first step towards a unified theory

Experimenters have accumulated over the years a large amount of evidence that all the
interactions taking place in our Universe can be described in terms of four fundamental forces:
the gravitational force, the electromagnetic force, the weak force and the strong force. In
our all-day life, we most of the time are only aware of the gravitational and electromagnetic
forces. Gravity has the distinctive features to be universal (it acts on all particles), always
attractive and long range. It shares this last characteristic with the electromagnetic force
which acts only on charged particles and is not always attractive. The nuclear forces, on the
contrary, are of short range and their effects are confined within a very small region (of a
typical diameter less than 107'° m) around their sources. The strong force is in particular
responsible for binding together the quarks inside hadrons and for keeping neutrons and
protons within the nucleus, while a manifestation of the weak interaction is the radioactive
[B-decay.

In the present understanding, forces between matter constituents (fermions with half-
integer spin: quarks and leptons) are seen as exchanges of force carriers (bosons with integer
spin). For instance, the electromagnetic and gravitational forces are, respectively, transmit-
ted via the photon (the electromagnetic boson) and the graviton (a massless spin-2 messen-
ger). The weak interaction is carried by the (weak gauge) bosons W+, W~ and Z° while
in the strong interaction quarks interact through the exchange of eight kinds of gluons. The
non-gravitational interactions are described by quantum field theories (QFT) based on a
common principle: symmetry. During the sixties and seventies, it appeared to be possible to
draw a local gauge theory, now known as the Standard Model, which incorporates the the-
ory of strong interactions (quantum chromodynamics or QCD with the gauge group (color
group) SU(3).) and the unified theory of weak and electromagnetic interactions (Glashow—
Weinberg—Salam electroweak theory with the gauge group SU(2)r x U(1)y?). This model,
whose symmetry is essentially based on the compact gauge group SU(3). x SU(2);, x U(1)y
times the (non-compact global) Poincaré group, is in impressive agreement with experiment.
However, it is not completely satisfactory for at least two reasons. First, it unifies only

!The index L indicates that the fermions with a left chirality are the only one to transform under the weak
isospin group, and the index Y is related to the weak hypercharge. The electromagnetic gauge group U (1)e.m.
contained in the direct product SU(2)7, x U(1)y is obtained through spontaneous symmetry breaking (Higgs
mechanism). This mechanism generates also the masses of the weak gauge bosons.



4 A first step towards a unified theory

partially the strong and electroweak interactions, does not fix the number of generations of
quarks and leptons, and contains (in the case of three generations with massless neutrinos)
19 arbitrary parameters®. Secondly, this theory takes no heed of Albert Einstein’s general
relativity which is nevertheless a fundamental pillar of modern physics. The point is that
the current formulations of the Standard Model and of general relativity are incompatible.
The first one is based on quantum mechanics, while the second one is a classical field theory
(that can be regarded as a gauge theory based on the Poincaré symmetry group) from which
it is apparently impossible to build a consistent (renormalizable) quantum theory. These
two models have proved to be stunningly adapted to the description of phenomena involving
objects that are either tiny and light (like electrons or quarks) or huge and heavy (like stars
or galaxies), but their capacity to give an account for situations involving objects that are
both small and very massive (like the beginning of our Universe or the inside of a black hole)
is quite limited. One is then tempted to look for a more constrained unified theory which
would have the Standard Model and general relativity as particular limits.

With this aim in mind, one can try to impose an enlarged symmetry which would include
in a non-trivial way® the Poincaré group and an internal group®. Supersymmetry appears
to be the only extension of this kind compatible with a quantum field theory. The corre-
sponding Lie superalgebra has a fermionic sector with anticommutation relations between
the supersymmetry generators (spin-1/2 “charges”)®. Supersymmetry, unlike any other sym-
metry, relates bosonic and fermionic particles, and a set of fields realizing this symmetry is
called a supermultiplet. One of the advantages of the introduction of supersymmetry is that
it stabilizes the disparity between the characteristic scale of the Standard Model (of the order
of My + =& Mo = 10? GeV) and the relevant scale in quantum gravity (which is given by the
Planck energy Ep; = 1/hic®/G = 10! GeV, where G is the Newton’s gravitational constant).
In most non-supersymmetric quantum field theories one has to do some unappealing fine-
tuning to prevent the mixing and equalization of the two scales by radiative corrections (this
is the so-called “gauge hierarchy problem”). Only a few proposals, such as the technicolor
model, may solve the gauge hierarchy problem without the help of supersymmetry.

Another interesting feature of supersymmetry is the close relationship between internal
and space-time generators in the Lie superalgebra. In particular, if one considers local su-
persymmetry transformations, one is bound to consider also local Poincaré transformations.
This means that a theory invariant under local supersymmetry transformations necessarily
includes gravity. Such theories are usually named supergravity theories. In these models, one
has to introduce one supersymmetry gauge field for each supersymmetry generator. These

2 A possible choice for these free parameters amounts to take the three gauge coupling constants, the
masses of the leptons e, u, 7, the masses of the quarks u, d, s, ¢, b, t, the mass of the Higgs boson, the
mass of the weak gauge boson W=*, the four parameters of the Cabibbo-Kobayashi-Maskawa matrix and
an angle 6 related to the non-perturbative structure of the QCD ground state inferred from the existence of
instantons. Note that a better comprehension of the non-perturbative aspects of the theory may change the
number of free parameters.

3That is, not by a simple direct product like in the Standard Model.

4A symmetry group which commutes with space-time transformations is called internal.

5More precisely, in four dimensions, each fundamental generator is a Majorana (or Weyl) spinor with
four real degrees of freedom (supercharges). The ratio of the number of supercharges to the number of real
degrees of freedom in the smallest spinor representation is denoted by N.



vector spinor fields are called gravitinos because they are in the same supermultiplet as
the graviton. Their presence cures some of the infinities coming from graviton exchanges
in the quantum theory, but unfortunately supergravity theories remain non-renormalizable
theories. One may then rightfully ask oneself whether the consistent unification of the
fundamental interactions can really be achieved in the framework of quantum field theory.
Presently, the most encouraging way to solve the short-distance problem of quantum gravity
is to build a quantum relativistic mechanics describing unidimensional entities (strings).®
Loosely speaking, the basic idea is to identify the various vibrational modes of these math-
ematical curves (which can be open or closed, oriented or unoriented) with the different
elementary particles found in our Universe. To understand the essence of string theory and
how this model contributed to the development of supersymmetry and supergravity, it seems
useful to give a brief survey of its history.

An historical sketch of perturbative string theory

The study of string theory began at the end of the sixties, soon after the formulation of the
first principles of a unified theory for the weak and electromagnetic interactions. At that
time no known renormalizable quantum field theory was able to describe all the peculiarities
revealed by experiments involving strongly interacting particles. A major problem was the
proliferation of various hadronic states with increasing spin and mass. The masses m of the
lightest hadronic resonances of spin J appeared to be more or less given by an equation of
the form

1
m? = —.J + constant, (1.1)
o

where the constant o/ 22 1 (GeV)™2 was called the Regge slope. In 1968, Gabriele Veneziano
wrote an amplitude [224] to reproduce this Regge behaviour. His proposition also agreed
with the so-called “duality hypothesis” for the hadronic scattering amplitudes which stated
that the s- and ¢-channels” give an alternative description of the same physics.

Two years later, Yoichiro Nambu [151], Holger Nielsen [156] and Leonard Susskind [212]
discovered that the basis of the Veneziano amplitude for mesons was most probably a theory
of a vibrating open (or closed) bosonic quantized string. The action for such a string propa-
gating in a d-dimensional space-time along a two-dimensional trajectory (called world-sheet
by analogy with the world-line of a relativistic point particle) reads®

T

Sp = drdo \/EhmﬁgMN(amXM) (8ﬁXN), (12)

6Besides string theory, a certain number of models have been proposed as candidates for a coherent
description of the quantum properties of space-time, the most popular being certainly loop quantum gravity.
Unfortunately, our lack of knowledge of these alternatives to string theory prevents us to give a precise
account of the current state of these researches. The interested reader may as a starting point consult Ref.
[182] which gives a critical review of the various approaches to the quantization of gravity and contains a
rather complete list of references.

"Here s and t denote the usual Mandelstam variables.

8The subscript P refers to the fact that this way of writing the action is appropriate to a Feynman path-
integral quantization of the string (a point of view adopted in particular by Polyakov). When gyn # nuvn,
the action Sp corresponds to a non-trivial two-dimensional quantum field theory (known as a non-linear
sigma model).
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where

e T is a coefficient (with dimension [mass]|?) that can be assimilated to the string tension;
it is related to the Regge slope by T} = (2ma/) ™.

e 7 and o are the two parameters used to describe a point on the string world-sheet: 7 is
in some sense the “proper time” of the string and o is a space-like compact coordinate
chosen such that o € [0, 7].

® hua(T,0) (with m,n = 1,2 associated to the two world-sheet parameters) is the string
world-sheet metric tensor and h = | det(hps)|-

e XM(7,0) (with M =1,...,d) map the string world-sheet on space-time.

e gun(X©) is the space-time metric tensor; it is often supposed to be the Minkowski
metric tensor 7as -

The action (1.2) is proportional to the area swept out by the string. A physical string
trajectory corresponds then to an extremum of this area.® It is interesting to note that con-
sistency at the quantum level (for instance the absence of negative-norm states) dictates that
the string is propagating in a 26-dimensional space-time. The spectrum contains a funda-
mental state with an imaginary mass (a scalar particle usually called “tachyon”), a massless
sector, and an infinite number of massive excitations which were thought to reproduce the
Regge behaviour of the hadronic resonances.

In 1971, the desire to describe also space-time fermions led Pierre Ramond [176] and
André Neveu and John H. Schwarz [155] to complete the model by the introduction of
fermionic degrees of freedom. To prevent the appearance of negative norm states, they ex-
tended the symmetry of the theory by requiring the invariance of the string world-sheet
action under transformations mixing bosons and fermions. This supersymmetry associates
a two-dimensional fermionic Majorana field (with two real components describing right and
left propagating modes) to each space-time coordinate X (each bosonic field being decom-
posed into two functions corresponding to right and left propagating modes). The fermionic
string (or superstring) was born. It turned out that to ensure the vanishing of boundary
terms appearing when one varies the action to obtain the Euler-Lagrange equations, one
has to impose certain conditions on the fermionic fields.!® In the open string case, there
are two possible boundary conditions: Ramond (R) conditions which are appropriate to the
description of space-time fermionic states and Neveu-Schwarz (NS) conditions which are
suited to the depiction of space-time bosonic states. In the closed string case, the condi-
tions for the two fermionic components can be chosen independently and the theory has four
distinct sectors: R ® R, NS ® NS, R ® NS and NS ® R. The two first sectors are related
to space-time bosonic states, while the two last sectors correspond to space-time fermionic
states. The spectrum still contains a tachyon (in the NS sector for the open string and in

9Note the analogy with the point particle trajectories (geodesics) which are curves of extremal (minimal)
length.

10Gimilar conditions must be satisfied by the bosonic fields. They will enter the discussion of a particular
class of non-perturbative states in section 2.3.3.



the NS ® NS sector for the closed string), a massless sector, and an infinite tower of massive
excitations. Consistency at the quantum level requires that the superstring is propagating
in a 10-dimensional space-time.

In spite of these attractive new developments, the physics community was not very enthu-
siastic about string theory because a number of recently conducted high-energy fixed angle
scattering experiments showed results in direct conflict with the predictions of the Veneziano
model. On the other hand, quantum chromodynamics was being constructed and it soon
appeared to be a much more promising candidate for the theory of strong interactions. Only
a few theorists were still believing in the beauty of string theory. In 1974, two of them,
Joél Scherk and John H. Schwarz, suggested [184] that, maybe, string theory could lead to
a unification of all known interactions (including gravity) in a consistent quantum theory.
Their starting observation was that the massless closed string spectrum contains a traceless
symmetric 2-index tensor. This state is unknown from hadronic physics, but it is tempting
to identify it with the graviton, the quantum of the gravity field. This belief is confirmed
by the fact that, at low energies, the field theory action which reproduces the string scat-
tering amplitudes for this massless particle is given by the usual Einstein—-Hilbert action of
general relativity. The string parameter o/ (or equivalently the string tension 77) must then
apparently be rescaled from the strong interaction scale to the characteristic scale in quan-
tum gravity (Planck energy or Planck mass). Finally, following the intuitions of Theodor
Kaluza and Oskar Klein [126, 129] (their papers were published in 1921 and 1926!), one has
to compactify the ten-dimensional space-time down to four dimensions.

In 1976, Ferdinando Gliozzi, Joél Scherk and David Olive [103, 104] introduced the now-
called GSO projection on the spectrum which removes the tachyon and leads to space-time
supersymmetry. This truncation appears naturally when discussing the one-loop modular
invariance'! of the fermionic string partition function. In the (un)oriented open string case,
it leads to N = 1 supersymmetry. In the closed string case, there are two possible choices
for the GSO projection. The corresponding oriented theories have N = 2 supersymmetry
and were dubbed type ITA or type IIB string theories depending on the relative chiralities of
the two gravitinos present in the spectrum (the two chiralities are opposed in the type IIA
string, while they are the same in the type IIB string). Moreover, one has the possibility to
construct an unoriented version of the type IIB string with only N = 1 supersymmetry.

At the end of the seventies, three superstring theories free of tachyons and apparently
consistent at the perturbative level were known: the two type II theories of oriented closed
superstrings and another theory which includes unoriented open strings as well as a subset
of the type IIB closed strings.'? This last model was called type I superstring because its

1 The world-sheet topology for the perturbation theory at one-loop is the one of a torus. Each torus can be
described by a single complex number 7 (often called Teichmiiller parameter) obeying special equivalences.
The modular transformations are actually large coordinate transformations (they cannot be obtained by
infinitesimal reparametrizations) that leave the torus invariant but modify 7. These diffeomorphisms generate
the group SL(2,Z):

, ar+b

T+— 7 = —— witha,b,¢c,d € Z and ad — bc = 1.
ct +d

12The presence of closed strings is necessary in the quantum theory because the endpoints of open strings
must be allowed to join, that is to say open strings must be allowed to form closed strings.
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spectrum contains a single gravitino.'® The closed superstrings were not very promising phe-
nomenologically because they do not (at the perturbative level) incorporate a non-Abelian
gauge group and the generation of such a group by compactification appeared to be a difficult
task. Non-Abelian gauge symmetries can however be introduced in the third superstring the-
ory by placing internal degrees of freedom at the endpoints of the open strings.'* However,
a consistent quantum theory has in particular to be free of gauge and gravitational anoma-
lies and it was not obvious that this requirement was satisfied by the type I superstring
theory.!> The breakthrough came in 1984 when Michael B. Green and John H. Schwarz
[105, 106] showed that anomaly cancellation and finiteness in the type I superstring fixes the
gauge group to be SO(32). More precisely, these two authors, Jean Thierry-Mieg [215, 216]
and others, then realized that from an effective theory point of view, another gauge group,
namely Eg X Fg, was allowed, but on the other hand, it was known that type I superstring
cannot incorporate such an exceptional group.!® These developments were for the most part
based on the fact that at low energy the massless modes of the string are described in good
approximation by an effective field theory which is a supergravity.!” This supergravity can be
compared to the non-renormalizable Fermi theory proposed for the description of the weak
interaction and which is a reasonable approximation of the standard electroweak model at
energies well below the mass of the gauge boson W=.

In 1985, David Gross, Jeffrey Harvey, Emil Martinec and Ryan Rohm [109, 110] con-
structed a new type of closed ten-dimensional string deriving from a combination between
a fermionic and a bosonic strings. Since the bosonic string is living in a 26-dimensional
space-time, one “compactifies” 16 spatial dimensions on an internal space (which is chosen
to be a 16-dimensional torus). The resulting massless spectrum has N = 1 supersymmetry
and contains non-Abelian gauge bosons.'® Interestingly enough, the requirement of one-loop
modular invariance fixes the corresponding gauge group to be SO(32) or Eg x Eg. These
two hybrid models, baptized heterotic strings, immediately sounded to be particularly well-
adapted to the inclusion of gauge interactions (especially the Eg x Fg model) and there was
a hope to recover in a way or another the SU(3). x SU(2);, x U(1)y gauge group of the Stan-
dard Model. To make contact with four-dimensional phenomenology, one has to reduce the
dimensionality of space-time by curling up the extra coordinates into a certain 6-dimensional

13Gince an (un)oriented open superstring has N = 1 supersymmetry, one can only consistently couple it
to an unoriented type IIB superstring, and there remains only one supersymmetric partner of the graviton.
This explains why this unoriented open plus closed string theory is called “type I”.

M These degrees of freedom are called Chan-Paton degrees of freedom. They were originally introduced to
reproduce an SU(3) flavor symmetry (with a quark and an antiquark attached at the ends of the string).
This idea, as well as many other developments that occurred during the first ten years of string theory, is
covered in Ref. [187].

15 As shown in appendix C, gravitational anomalies cancel in type II superstrings.

16The gauge groups the endpoint of an open string can accommodate are restricted to U(n) (in the case
of an oriented open string) and SO(n) or USp(2n) (in the case of an unoriented open string) [186, 142].

17 All the massive string excitations have a mass squared proportional to the tension T7, i.e. of the order
of the Planck mass. We are then mainly interested in the limit o' — 0 (zero-slope limit) in which all the
massive modes of the string decouple. Besides the graviton, the remaining massless sector contains many
other particles with lower spin.

18The local gauge symmetry is coming from the invariance of the theory under local transformations of
the internal degrees of freedom.



space. This compactification scheme is particularly promising when the compact space is
a Calabi—Yau manifold [41, 40]'® or an orbifold [66, 67]*° because supersymmetry can then
be broken from N = 1 in ten dimensions to N = 1 in four dimensions (instead of the less
realistic unbroken N = 4 one would for instance obtains in a compactification on a six-
dimensional torus)?'. A single unbroken four-dimensional supersymmetry allows, contrarily
to any extended four-dimensional supersymmetry (with N > 1), the chirality of the fermion
representations as observed in Nature, and it has the potential to solve the gauge hierar-
chy problem. This remaining supersymmetry can then eventually be broken through, for
instance, a non-perturbative mechanism like gaugino condensation [57, 64].

The infancy of a non-perturbative formulation of string theory

The discovery of the heterotic string (and the period that followed) is now regarded as
the first superstring revolution. The attractive features of this superstring theory (natural
inclusion of gravity, non-Abelian gauge interactions and chirality, finiteness and existence of
compactification schemes leading to N = 1 supersymmetry in four dimensions, to name a
few) have stimulated a huge amount of work during the end of the eighties. Progress however
have not been as impressive as expected and some interrogations and criticism have raised
during the beginning of the last decade:

e String theory is a perturbative theory based on the quantization of the two-dimensional
string world-sheet action. This first quantization yields a QFT with signature (1,1)
and allows to compute scattering amplitudes (S-matrix elements) between string states.
A second quantization in terms of a string field theory may lead to a more general
formulation of the model with the potential to go beyond the perturbative expansion.

e There are five consistent perturbative superstring theories in ten dimensions and it
seems difficult to decide which theory one should favour. More dramatically, there are
many sensible spaces on which one can compactify any of these superstring theories,
and nothing seems to tell us that one has to compactify them down to four dimensions
(and not down to, for example, five or six dimensions). All the expected predictive
power of the model is manifestly lost.

e The unification of the gauge and gravitational coupling strengths as one goes to higher
and higher energies is not clearly established.

e There is no explanation to the smallness of the cosmological constant (the energy
density of the vacuum) observed in Nature.

e The procedure that has to be used to break the remnant supersymmetry in four di-
mensions is still very speculative.

19 A Calabi—Yau manifold of complex dimension D is a compact, complex, Kihler manifold with vanishing
first Chern class. As conjectured by Eugenio Calabi and proved by Shing-Tung Yau, it admits a Ricci-flat
metric of SU(D) holonomy, a crucial property for the preservation of some unbroken supersymmetry.

20 An orbifold is a quotient space T = M /G, where M is a manifold and G a discrete symmetry group
which does not act freely (the orbifold has fixed points).

21 A toroidal compactification does not break any supersymmetry.
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Fortunately, the past five years or so have witnessed a great improvement in the under-
standing of the non-perturbative face of string theory and a few answers to some of the
questions above have been provided. In particular, the discovery of a web of connections
(or dualities) between the five superstring theories suggests that these models are actually
five different descriptions of the same physics. Each superstring theory can apparently be
seen as a specific perturbative expansion of a single (yet unknown) underlying theory near
a particular point of the space of the various conceivable quantum vacua.?? Furthermore,
there is evidence that this abstract space contains at least another significant point corre-
sponding to a theory in eleven dimensions which has been baptised M-theory.2®> According
to the point of view of John H. Schwarz [192], this intrinsically non-perturbative theory
seems to be on an equal footing with the type IIB theory (or perhaps even with a conjec-
tured twelve-dimensional theory christened F-theory?! [221, 147, 148, 231]). However, many
people, following the ideas of Michael Duff [72], are convinced that M-theory (and through
it eleven-dimensional supergravity, which was for a long time completely disconnected from
string theory) is actually a cornerstone in the process of unification.

To fully assess the significance of this second superstring revolution, one has to understand
the non-perturbative content of the string spectrum. The next chapter is then devoted to
a description of some non-perturbative states and a more detailed discussion of the web of
dualities is postponed until Chapter 3.

22Tt is interesting to note the analogy between this vision of string theory and the usual definition of a
manifold (each known superstring theory being compared to an open set and the relations (dualities) which
express their non-perturbative equivalence corresponding to the transition functions). This parallel was
proposed by Cumrun Vafa at the CERN workshop in June 1996.

23Very little is known about the precise formulation of this theory, and it is even not clear if M should be
standing for “Magic”, “Matrix”, “Membrane”, “Mother” or “Mysterious”.

24With F standing for “Father”. Apart from F-theory, it is worth noticing that some papers propose
the existence of other non-standard supergravity-like theories in dimensions higher than eleven (most of the
time these theories have non-standard signatures, for instance (10,2) in F-theory). In particular, a theory
in thirteen dimensions (baptised S-theory) has been speculated [16, 17].



Chapter 2

Non-perturbative states in string
theory

The aim of this chapter is to see that mathematical curves are not the only objects that
play a role in string theory. After having briefly reviewed some aspects of the perturbative
approach to string theory, we focus on classical non-perturbative solutions in the framework
of supersymmetric four-dimensional gauge theories. In particular, we discuss the existence
of a special class of solitons, called BPS states, which preserve part of the underlying su-
persymmetry and lead to formulas believed to be exact at any value of the gauge coupling.
We then extend this discussion to each of the ten- or eleven-dimensional supergravity which
seems to be relevant as an effective low-energy approximation to string theory. In this case, it
turns out that BPS states are also present in the form of infinitely extended solutions called
p-branes (a 1-brane being a BPS string). The presence of these macroscopic solitons in the
non-perturbative spectrum gives a new perspective on string theory. Non-perturbatively,
none of these entities is really more fundamental than another, and each appears to be use-
ful in a particular domain of the theory. For example, we shall see that 2- and 5-branes
are essential to the understanding of the strong coupling regime of the type ITA superstring
theory. What distinguishes strings is that they allow a consistent perturbative expansion.

2.1 “OIld” perturbative string theory

Until recently, string theory has been essentially studied through perturbation theory. From
this point of view, the fundamental objects are one-dimensional strings (which can be open
or closed, oriented or unoriented) sweeping out a surface (the world-sheet) as they moved in a
d-dimensional embedding (target) space-time. The particles in space-time are then identified
with the oscillator excitations of the first-quantized strings. String scattering amplitudes are
built from a fundamental string interaction that can be viewed as a process in which a single
string splits into two or in which two strings join to give a single one. The strength of this
interaction is governed by the dimensionless string coupling gs. The amplitude describing a
peculiar process is then developed according to a power series in the expansion parameter gs
(Feynman sum over histories). The interesting point in string theory is that the number of
topologically distinct Feynman string diagrams (two-dimensional surfaces) is quite limited.

11



12 Non-perturbative states in string theory

For instance, in the closed oriented superstring theories, there is only one Feynman string
diagram at each order of the expansion.

The string coupling constant gs is related to a massless real scalar field ¢ = p(XM)
(called the dilaton) present in all superstring theories with a coupling

1
Se=1- / drdo VhpR®. (2.1)

In this formula, sy is the world-sheet metric and R? = R®(h) is the scalar curvature
on the world-sheet [hence the (2)]. The so-called Gauss—Bonnet term (two-dimensional
Einstein—Hilbert action) x = ﬁ [ drdo VAR® is a topological invariant called the Euler
number: y = 2(1 — g) — b — ¢, where g, b and ¢ are respectively the genus (the number
of handles), the number of boundaries (holes) and the number of cross-caps (in the case
of an unoriented surface) characterizing completely the topology of the two-dimensional
surface under consideration. Such a term can be added to the action (1.2) because it has
the required classical symmetries (two-dimensional coordinate and Weyl invariances and
Poincaré invariance). Note that an extra term is required in order to preserve the Weyl
invariance if the world-sheet has a boundary [171]. The vacuum expectation value (vev) of
the dilaton, (), determines the string coupling through the equation

gs = e, (2.2)

More precisely, in perturbation theory around a certain vacuum the dilaton field is written
as ¢ = (p) + ¢r, where (p) is the constant part (vev) of the field and ¢ its quantum
fluctuation. Now, the perturbative expansion in terms of Feynman string diagrams is based
on the Polyakov path-integral formalism which involves the exponential e, where S is a
sum containing in particular the actions (1.2) and (2.1). One observes that the vev (p) will
naturally appear in a prefactor e X¥) which can be interpreted as g7X, with yx giving the
order of the expansion in the world-sheet topologies.

The dilaton is a modulus: it corresponds to a flat direction (a line of degenerate minima)
of the effective potential of the superstring theory.! The coupling g is then a free parameter
and in particular there is no known reason that it should be small. However, the pertur-
bation expansion is expected to give an arbitrarily good approximation insofar as we take
the constant gy sufficiently small? and string perturbation theory must be restricted to the
domain of the (moduli) space of vacua for which gs < 1. For g5 of order 1 or greater, string
perturbation theory can, at best, provide a very poor approximation of the real world.

'In string theory, there are several dynamical fields, called moduli, whose vacuum expectation values
determine the parameters of the theory. To leading order in perturbation theory, these fields have no
potential which could lift (by minimization) the degeneracy of their vev, and in many cases (especially if
supersymmetry is unbroken), they cannot have a potential exactly (i.e. even when all non-perturbative effects
are taken into account). Apart from the dilaton, typical examples of such moduli are the dynamical fields
which determine the dimension and the shape of the compact space used in a string theory compactification
(like for instance the radius in a compactification on a circle).

2In QED for example, the parameter measuring the coupling of photons and electrons is the dimensionless
fine structure “constant”,

“T a7
(the number 1/137 corresponds to the asymptotic value (low energy limit) of the running coupling constant
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2.1.1 Five well-defined perturbative theories in ten dimensions

To be consistent at the quantum level a perturbative superstring theory has to satisfy a num-
ber of stringent constraints such as modular invariance of the partition function and space-
time supersymmetry. Five theories satisfying these requirements have been constructed.
They all live in ten (or less by compactification) space-time dimensions (nine dimensions of
space and one of time) and their essential features can be summarized as follows:

e The type ITA theory describes closed oriented strings and possesses a space-time
supersymmetry N = 2.

The two Majorana-Weyl supersymmetry generators (with 16 supercharges each) can
be seen as coming from a single Majorana spinor (with 32 supercharges).> They are
of opposite chirality and the theory displays a left-right symmetry (it is a non-chiral
theory).*

There is no freedom to introduce a Yang—Mills gauge group.

e The type IIB theory describes closed oriented strings and has a space-time supersym-
metry N = 2.

The two Majorana-Weyl supersymmetry generators (with 16 supercharges each) are of
the same chirality and the theory displays a left-right asymmetry (it is a chiral theory).

There is no freedom to introduce a Yang—Mills group.

e The heterotic theories describe closed oriented strings and have a space-time super-
symmetry N = 1.

There is a gauge group associated with the internal degrees of freedom following from
the existence of a bosonic sector. It is constrained to be either SO(32) or Eg x Ej
(109, 110, 111].

e The type I theory describes the interactions of open and closed unoriented strings and
has a space-time supersymmetry N = 1.

There is a gauge group associated with the possibility to add a discrete non-dynamical®
degree of freedom at the two special points (the endpoints) of an open string. Assuming
there are n possibilities at each endpoint, open string states are labelled by a pair of
numbers 1 < 4,5 < n, and consistency at the quantum level allows only one gauge
group: SO(n), with n = 32 [186, 142, 105].

a; the QED coupling increases gently with momentum transfer). Thanks to the smallness of the constant
a, the first few terms of a power series expansion give already a very good approximation and so far the
perturbative approach has been successful.

3This is a first hint about the existence of an eleven-dimensional theory. We will come back to this point
in subsections 2.4.2 and 3.2.3.

4We could rephrase this remark by saying that the two gravitinos present in the superstring spectrum
have opposite handedness.

5An endpoint prepared in a given state will remain in the same state.
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The particle (field) content of each theory is found by quantizing a single string. The Table
2.1 displays the various massless bosonic fields present in each spectrum. For the type I and
type Il superstring theories, the origin of the fields as coming from the boundary conditions
of the world-sheet fermions (i.e. as coming from the NS ® NS or R ® R sectors) has been
indicated. It is worth noting that the graviton g4p, the antisymmetric tensor B4p and the
dilaton ¢ are present in each spectrum. Each massless particle is associated with a field in
the effective theory (supergravity) and there is a unique low energy supergravity for each
superstring theory. These ten-dimensional effective supergravity theories will be discussed
in section 2.4.

2.2 Solitons in field theory

In field theory, a solitonic solution is a configuration of fields which has finite energy and
is localized in space and stable (it has thus the potentiality to describe physical particles).
The ’t Hooft-Polyakov monopole of the SU(2) Georgi-Glashow (Yang-Mills-Higgs) gauge
theory is a popular example of such a solution. The two main properties of a soliton can be
summarized as follows:%

e A soliton is non-perturbative. It is a non-singular solution of non-linear field equations
which cannot be obtained perturbatively from the linearized field equations. Its mass
is inversely proportional to a positive power of the coupling constant and thus becomes
large at weak coupling.

e A soliton carries a conserved topological charge (rather than a Noether one) related to
the non-trivial topology of the vacuum of the theory.

2.2.1 Electric-magnetic duality and BPS states in supersymmetric
four-dimensional gauge theories

In 1977, the properties of dyons (solitonic states carrying electric and magnetic charges)
found in SU(2) gauge theories led Montonen and Olive to suggest the existence of an electric-
magnetic duality [145].” According to their proposition, there are two complementary for-
mulations of these gauge theories and these two perspectives are related by the exchange
of electric and magnetic (i.e. of fundamental and solitonic) degrees of freedom and by the
inversion of the gauge coupling (i.e. by the exchange of weak and strong coupling). However,
this duality was essentially justified by the classical mass spectrum and it was not clear how
it would survive the introduction of quantum corrections. The precise matching of the fun-
damental and solitonic states was also problematic because the particles had different spins.
Consideration of generalized versions of the model with extended supersymmetry clarified
the situation [234, 162]. In 1994, Sen gave an non-trivial test of an extension of the original
electric-magnetic duality to an SL(2,Z) duality in N = 4 super-Yang-Mills theories [201].
This duality extension was motivated by the possibility to add a #-term in the Yang-Mills

6A good introduction to solitons is the textbook by R. Rajaraman [175].
"This duality is nothing but a generalization of the duality present in source-free Maxwell’s equations.



2.2 Solitons in field theory

Perturbative string
theory’s name

Bosonic spectrum

Type ITIA

JgAB, BAB, @Y (NS X NS)
Ax, Cagc (R®R)

Type 1IB

gaB, B,%, o) (NS ® NS)

Cisops Bﬁ;, ¢® (R®R)

Heterotic Fg X Eg

9aB, Bag, ¢

A% (gauge bosons of Eg x Fg)

Heterotic SO(32)

9as, Bas, ¢
A% (gauge bosons of SO(32))

Type 1

gas,p (NS®NS)
Bup (R®R)

A% (gauge bosons of SO(32))

15

Table 2.1: Massless bosonic sector of the five ten-dimensional perturbative string theories.
Note that the gauge bosons A% are always in the adjoint representation of the non-Abelian
group considered and that C'} 5, denotes the components of a rank-4 antisymmetric tensor

with a self-dual rank-5 field strength. The subscripts A, B, C, D go from 1 to 10.
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Lagrangian (this angle 6 is the one already mentioned in Chapter 1 at footnote 2) which
shifts the allowed values of the electric charge (“Witten effect” [225]).28 The SL(2,Z) duality
is usually dubbed S-duality because in the context of N = 4 Yang-Mills theories obtained by
compactification of the heterotic string on a six-dimensional torus it acts on a field named
S (dilaton-axion field) [91, 179]. We will meet this field when discussing four-dimensional
effective actions in Chapters 5 and 6. During the same year 1994, the idea of electromagnetic
duality in supersymmetric gauge theories culminated with the work of Seiberg and Witten
[197, 198|. Using supersymmetry and SL(2,Z) duality, these authors were able to obtain an
exact expression for the low-energy effective action of the N = 2 super-Yang-Mills theory
with gauge group SU(2) and to tackle interesting non-perturbative phenomena (like electric
charge confinement induced by condensation of magnetic monopoles).

These impressive developments in the comprehension of supersymmetric gauge theories
would probably not have been possible without the presence in the spectrum of states whose
essential properties are thought to be exact at any value of the gauge coupling.

BPS states in field theories

Semiclassically, one finds [32, 174] that the mass of a finite-energy solution of the Georgi—
Glashow equations with electric and magnetic charges ¢, and ¢, has a lower bound (Bogo-
mol’nyi—Prasad-Sommerfield bound or simply BPS bound) according to

Mdyon Z v V qg + q12n: (23)

where v is the mean Higgs value. This inequality tells us that a charged particle is always
massive. States for which this inequality is in fact an equality are said BPS saturated. The
application of the relation (2.3) in the case of the 't Hooft—Polyakov monopole which has
only a magnetic charge gives

My > 0|Gm|- (2.4)

In the limit of a vanishing Higgs potential, it is possible to find a solution saturating the
bound (the BPS monopole).

An inequality similar to (2.3) or (2.4) can still hold in presence of quantum corrections
in gauge theories with extended supersymmetry. Actually, the extended supersymmetry
algebra (N > 1) for point-like states in four dimensions contains the commutators®

i PN SR
T (25
{Qaani} = eaBZija

where the Q' are the N supersymmetry generators of the Lie algebra and P, is the momentum
operator. The N(N — 1)/2 numbers Z% = —Z7 are called central charges. They are
combinations of gauge charges and scalars expectation values. Using a representation of the

8 A detailed exposition of the original Montonen—Olive conjecture and of its subsequent refinements can
be found for instance in the review written by Jeffrey A. Harvey [114].

9The Greek indices are spinor indices. We adopt here the two-component notation which is for instance
used in Ref. [89].
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algebra in terms of a massive particle in its rest frame P* = (m, 0,0, 0) and taking advantage
of the U(N) internal symmetry of the algebra, one gets the inequality [89]

m > 7y, (2.6)

where Z) is any eigenvalue of the central charge matrix Z% (A = 1,..., N/2 for even N
or A=1,...,(N —1)/2 for odd N). If the relation (2.6) is strictly satisfied (m > Z, for
all Z,), the massive multiplets (representations) contain 2?V states constructed from the
action of 2N fermionic creation operators on a Clifford vacuum. If n of the Z, are equal
to one another and to m, the number of the non-trivial (non-zero) operators is decreased
to 2N — 2n. The representation has then only 22" states and is called a short or BPS
representation. It is invariant under the supersymmetry transformations produced by the
trivial generators. The extreme case in which all the Z, are equal to m corresponds to
an ultra-short representation with a dimension (2V for N even) equal to the one of the
massless representation. In summary, a BPS state is invariant under a non-trivial part
of the supersymmetry transformations and it lies in a smaller supersymmetry multiplet
than a non-BPS state (some of the supersymmetry generators are represented by zero and
cannot be used to create new states). The important point is that it is believed that a
given multiplet cannot become another multiplet (with a different number of states) under
a smooth change in the scalar fields of the theory (one assumes that the number of states
does not vary discontinuously). As a consequence, the BPS mass formula that relates the
mass and the conserved charges of a BPS state is then in particular supposed to be true
(after renormalization) even at strong coupling.

2.3 BPS states in string theory

Following the example of gauge theories, string theory has low-energy field equations that
admit various non-trivial solutions in the form of extended objects. In particular, the classical
field equations of the effective ten- and eleven-dimensional supergravity theories admit BPS
solutions that leave unbroken a certain fraction of (usually half) the supersymmetry of the
underlying supergravity.'® These BPS solutions (also called “extreme solutions”) stretch on
p spatial dimensions and on one of time.!! They are localized in all the other (d—1—p) spatial
coordinates, where d is the dimension of the embedding space-time!?, and are commonly
called p-branes: a 2-brane is a membrane, a 1-brane is a string, and when p = 0 the solitonic
state has many characteristics of a point particle. A p-brane can be interpreted as an
extended source for an Abelian (p + 1)-form gauge potential A,;; with (p + 2)-form field
strength F,.2,"> and, as we shall see in subsection 2.4, each supergravity has a particular
set of such forms.

10Gtates preserving a different portion of supersymmetry (for example 1/4 or 1/8) can also be constructed,
but they appear to be less fundamental and interesting than the states preserving half the supersymmetry.

1Tn other words, they have a (p + 1)-dimensional world-volume.

120f course, this has a sense provided (p + 1) < d.

I3For instance, the 0-branes (particles) are sources of the Maxwell’s tensor Fp (a 2-form), the 1-branes
(strings) are sources of a 3-form field strength Fs, etc.
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2.3.1 “Electrodynamics” of the n-forms

-

In classical four-dimensional electrodynamics, the 4-vector potential (A*) = (¢, A) can be
denoted as a 1-form A; = A,dz* from which one defines the electromagnetic 2-form by
Fy, = dA . The 2-form F} is invariant under the (gauge) transformation A; — A; + dA,
where A is an arbitrary O-form. The homogeneous Maxwell’s equations, V-B =0 and

V x E + 0B/8t = 0, are unified in the identity'®
which is known as the Bianchi identity. Using the 1-form j;o = j,edz" obtained from the
(electric) 4-“current” (j*) = (pe,Je), the inhomogeneous Maxwell’s equations, V - E = p,
and V x B — 0F /ot = ., read

O F" = —j¥ &  dxFy=—xjg, (2.8)

where *F is the 2-form dual to Fp with components F;, = r€upo 7715 The Lagrangian
for the electromagnetic field is

1 .
['em = _ZF;WFIW + Au](l:a (29)
and the corresponding action in terms of differential forms reads
1 .
Sem:/(—iFg/\*Fg—AI /\*-71#3)‘ (210)
The electric charge contained inside a surface M is given by the integral”
QQ(M) = / — *jl,e = / *FQ, (211)
M oM

where Stokes’ theorem and the relation (2.8) were used.

14The corresponding antisymmetric tensor (field strength) is given by the components Fy,, = 9, A, — 9, 4,,.
15 As usual, the electric and magnetic fields are expressed in terms of the 4-vector potential (A4,) as

16Tn this subsection, space-time is supposed to be flat. Note that our definition for the dual of a form
[see Eq. (A.13)] differs from the one adopted in some textbooks (like for instance [144]). This explains the
“non-conventional” sign in the relation between d * F» and *j ..

1"Tn more common notations, the Gauss’s law for point electric charges leads to:

Qe(M) = /M d*x pe(x) = " dS-E.
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In presence of magnetic monopoles [65], one introduces a magnetic 4-current (k") =

(0m; km) and the associated 1-form k;n, or the dual 3-form jgm = *k;m. The electrodynamic
law (2.8) is not altered, but the Bianchi identity (2.7) becomes

dF2 == _j(’;’,m- (212)

The magnetic current is then locally conserved (djsm = 0) and the magnetic charge inside
the surface M is represented by the integral

Qm(M) = /M —Jam = /W Fy. (2.13)

Since the Bianchi identity is not dF, = 0 anymore, the vector potential cannot be globally
defined. Actually, it must at least be singular on a curve, going from the pole to infinity. This
curve is called the Dirac string. The coherence of the quantum description of an electrically
charged particle (charge g,) moving in the field of a magnetic monopole (charge ¢,,) imposes
a condition on the product of the two charges [65]:*

GeQm = 27k, with k € Z. (2.14)

This condition is called the Dirac quantization condition. One of its most important conse-
quences is that the existence of a single monopole in the Universe implies charge quantization.

In the following of this subsection, we extend this classical electrodynamics to more
general gauge interactions involving gauge fields (antisymmetric tensors) represented in terms

of differential forms .
A, = ;AMl...MndﬂﬁMl A AdaMn (2.15)

where the components Ay, a7, are totally antisymmetric. A gauge transformation corre-
sponds then to the addition of an exact form to the n-form potential A,:

Ap = Ap + dAn_y, (2.16)

where the parameter of the gauge transformation A, ; is an arbitrary (n — 1)-form, and the
gauge invariant field strength reads

Fn+1 == dAn. (2.17)

“Electric” p-branes

Replacing the 1-form potential A; of the usual electrodynamics by an n-form A,, leads to an
Abelian gauge theory based on the group U(1) in which the role of the electrically charged
point particles is played by extended objects of spatial dimension p =n — 1 [213].

18More precisely, this condition comes from the requirement that the wave function of the electrically
charged particle should be single valued. Wu and Yang have proved the Dirac quantization condition using
another, more geometrical, point of view [235]. They have described the magnetic monopole using two non-
singular potentials, valid in two different regions of space and related by a gauge transformation on their
overlapping domain.
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An electric p-brane has a world-volume (wv) with (p+1) = n dimensions and the fact that
it can be assimilated to an electric source follows from the presence, in the action describing
the interaction of one extended object with the dynamical field Ay, , of a term of the
form

~ 1 . LA
Ge | A== [ dy™ A ANdy™" Apy o, (Y), (2.18)
wvV n' AVAY% "
where ¢, is a constant interpreted as the electric charge (or the brane tension as we will
discuss below), y™ (with 7 = 1,...,n) are coordinates on the n-dimensional world-volume

'~

of the p-brane and Ap, 5. (y) is the gauge field “pulled back” onto the world-volume

A M QzMn
Appy i (Y) = oy oy Angy.nn, (2(y)), (2.19)
2M(y) (with M = 1,...,d) being a parameterization in space-time of the n-dimensional

history of the p-brane. The integral (2.18) can be seen as a generalization of the coupling
f A; A xj1 . of Maxwell’s theory, with a p-brane current

JU M () = g, / dz A A d2 8 (@ = 2(y)- (2:20)

wv

In this expression, (¥ (z — z(y)) is a d-dimensional delta-function and x is a generic point
in space-time. Inserting the Hodge dual form of this current,

. q
*Jne = mGLI...Ld_nMI.._Mn / dz2M A A dM 5D (2 — 2(y)) da™ A - A daten,
* wv

(2.21)
into the d-dimensional integral [ A, A #ji ., one recovers (up to a factor (—1)"(4=")) the
world-volume term (2.18) . The “electromagnetic” action for the gauge field A, can then be
written as

1 .
Sem = /ddfl?( — ﬁFMI...Mn+1FM1"'M"+I + AMI...Mn]éVII'“Mn)

1 ntl) (2.22)
- / ( - 5(—1)("“)(‘1—"—1)Fn+1 A*Fppq + (=)™ A, A *jn,e),
and the equations of motion read
Oppy MMMt — Moo Mutt o gy By = (= 1) % e (2.23)
The p-brane current is then locally conserved,
O gMr(z) =0 & d*jne =0, (2.24)

and the expression for the total electric charge!® inside a “surface” (0X)4_n_1 (typically a

19More precisely, for the total electric charge per unit of p-volume (since the current j, . contains a charge
per unit of (d — 1)-(spatial)-volume).
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sphere S47"71) is

Qe(z) = / - *jn,e = (_1)d—n—1/ *Fn—i—l
Ed (8E)d—n—1

—-n

= (_1)d—p—2/ *Fp+2.
(0%)d—p—2

Moreover, the conservation law (2.24), applied to the explicit expression (2.20) for the cur-
rent jMMn(g), implies that the p-brane world-volume has no boundary. This means that
the directions of the p-brane must be either closed (compact) or infinitely extended. But
the integral giving the charge Q.(3) receives only contributions from the (0-dimensional)
intersections between the (p + 1)-dimensional world-volume and ¥, , ;. As illustrated in
Fig. 2.1 for a particular case (d = 4,p = 1), a p-brane which is closed in at least one direction
will then have an equal number of positive and negative contributions. In other words, the
higher-dimensional analogue of a point-particle with a non-zero charge in four-dimensional
electrodynamics is an object with a world-volume extended to infinity in all its directions.
Similar considerations hold for the “magnetic” p-branes portrayed in the following paragraph.

(2.25)

4
o

(0%); = 5! 2

N

1-brane

1-brane

(a) (b)

Figure 2.1: Illustration of the calculation of the charge Q.(X) for d =4 and p = 1.

By charge conservation, the world-volume of the string (1-brane) has no boundary, so that the
1-brane is either infinitely extended or closed. (a) The infinite 1-brane has one intersection
with ¥y and its charge is non-zero. (b) The closed 1-brane has two intersections with X,
and these contributions cancel each other.

Two examples of electric p-branes are the ten-dimensional heterotic strings (p = 1) for
which

Qe(¥) = —/ +Hs, (2.26)
(0%)7
where Hy = dB; is the 3-form field strength for the 2-form potential B, from the massless

bosonic sector of the string spectrum, and the ten-dimensional type II superstrings (p = 1)
which are sources for the 2-form gauge potential from the NS ® NS sector.
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“Magnetic” p-branes

It is also possible to consider a generalization of the Dirac magnetic pole which is dual
to the “electric” p-brane and is therefore associated with the Hodge dual of F . In a d-
dimensional space-time, such a “magnetic” brane has dimension p = (d—n—3) = (d—p—4),
as can be verified from the following diagram:

p —  Apig — Fyio
4 *

ﬁdéf-d—p—ﬁl — Ad_p_g — (*F)d_p_g

One should not confuse this object with the 't Hooft—Polyakov monopole which is a static
localized and non-singular solution in the framework of non-Abelian gauge theories. In fact,
non-Abelian Yang-Mills gauge theories for extended objects coupling to p-forms cannot be
fulfilled [213].

In presence of a dual p-brane described by a current j, 3, the Bianchi identity becomes

dFpie = (1) jpigm, (2.27)

so that the “magnetic” charge per unit of p-volume is given by

Qu(®) = / pesm = (1) / Fyeo, (2.28)

(0%)p+2

where (9X),42 is a “surface” (typically a sphere SP*2) surrounding the p-brane.

Dyonic p-branes

A few p-branes are dyonic: they carry both electric and magnetic charges. Starting from the
kinetic action for the gauge field

1

—W/ddx FMI._.MP+2FM1"'MP+2 (229)

which should be a pure number, it is easy to deduce that the dimension of the components

d
Any .My 18 [mass]Tl. The dimension of the electric charge (2.25) associated with a p-brane
is then

[Qe] = [mass] * 27, (2.30)

while the corresponding magnetic charge (2.28) has a dimension
[Qu] = [mass]® 7. (2.31)

In particular, the dimension of these charges is the same when p = (d — 4)/2 (Q. and Qn,
are then actually dimensionless) and dyonic p-branes are thus conceivable.?’ So, there are
dyons (0-branes) in four dimensions [94, 97|, dyonic strings (1-branes) in six dimensions
[80, 73], dyonic membranes (2-branes) in eight dimensions [20, 124], and dyonic 3-branes in
ten dimensions [78].

20The relation d = 2(n + 1) gives also the dimension for which F,,;; and xF,,,; have the same degree.
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Quantization condition

Usually, the electric and magnetic charges (). and @), are not dimensionless. However,
their product is always a pure number satisfying a generalization of the Dirac quantization
condition (2.14) [154, 214]:%!

QeQum = 27k, k € Z. (2.32)

2.3.2 General structure of an extreme p-brane solution

To discuss the general structure of a basic p-brane solution in supergravity theories, it is
sufficient to consider a classical theory in d dimensions including a metric ga;y, a scalar field
¢ (dilaton) and a single n-form gauge potential A, (with corresponding field strength F,, ;).
This “bosonic truncated action” (with respect to the full supergravity theory), written in
the Einstein frame, is of the form??

e*¥

— __F
2(n+ 1)1 M

n+1

= 5 [ #eva( - R 0u@"e) - Pt (2.33)

where a denotes a constant and R = R(g) is the scalar curvature defined by R = g™V Ry/n
with a Ricci curvature tensor given, in terms of the Christoffel symbols

1
Tiv = EQOP(aMgNP + Ongmp — Opgmn), (2.34)

by
Ruyn = OnT8, — 00T + 15,19y — T nTE 5. (2.35)

In the Einstein frame, the Einstein-Hilbert term has the usual form —(2x2)™'y/=¢gR. In ten
dimensions, there is at least another relevant frame corresponding to the metric redefinition
(Weyl rescaling) ¢';z = €#/?gap. This frame is often called the string frame because the
rescaled metric ¢’ 5 is the one which appears naturally in the string world-sheet action (1.2).
In the string frame, the theory (2.33) takes the particular form

ed'e
S = T/ —g'e 250( g') +4(0490)(0% ) — WFAl Apg F "“),

2/{10
(2.36)
where the constant a’ is equal to +2 if the n-form potential is coming from the R ® R sector
and to 0 otherwise.

The application of the variational principle to the action (2.33) gives the following equa-

21To find this condition, one can follow an approach close to the one adopted in Ref. [65] (introducing in
particular a higher-dimensional analogue of the Dirac string on which the gauge field is singular).

22Note that here we have, in contrast with the preceding subsection, introduced a dimensionful gravita-
tional coupling k4, so that the potential Anr, . ar, is now dimensionless.
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tions of motion for gy;n, ¢ and A,:

1
0 = Ryn-+ 5((9MQ0)(8N90) +Tun,

a
0 = aM( /_ggMNaNQO) s /_geawFMlmMn_l_lFMl...Mn_H’ (237)
2(n+1)!
0 = aMl (\/__ge(upFMl...Mn_H)’
with
1 n
TMN = —2(n - 1)'€a¢7 ((n + 1)FM01...OnFN01."On _ dngNFol."On-HFO1...On+1) ) (238)

Moreover, the fact that F,,; is constructed from the n-form potential A,, results in the
Bianchi identity
Ot F'rty. i) = 0. (2.39)
To find a p-brane solution to these equations, one first splits the d space-time coordinates
into p 4+ 1 world-volume coordinates y™ and d — p — 1 transverse spatial coordinates z¢. One
then makes a simplifying assumption by requiring a Poincaré symmetry on the world-volume
of the brane and an SO(d — p — 1) symmetry in the transverse space. The metric and the
dilaton are supposed to be of the form
ds? = e*Mngady™dy® + eB0)5,d20d2?,
(2.40)
¢ = or),
where r = v/042%2% is the radial distance in the transverse space. This “ansatz” is invariant
under Poincaré transformations on the brane and under rotations in the transverse space.
For the gauge potential and the field strength, one assumes the expressions

Ay o dpgr = Eml...m,ﬂrl@c(r) and  Fup, .y = €m1...mp+13a60(7) (2.41)

(all the other components being set to zero) which, in the light of the preceding subsection,
corresponds to an “electric” p-brane ansatz with p = n — 1. It is also possible to construct
a solitonic (p = d — n — 3)-brane solution coupling to the dual of the gauge field A,. The
field strength of this “magnetic” ansatz reads
b
z
F,

o, = A€ oA
ay...0g—p—2 al...ad_p_2b,rd_p_1 )

(2.42)

where A is an integration constant. All the other components are set to zero. It is worth
noticing that supergravity theories usually contain Chern—Simons terms involving a wedge
product between the potential and its field strength. Such terms have been omitted in the
simplified action (2.33) because they do not contribute to the field equations due to the
particular structure of the basic solutions (2.41) and (2.42) one considers here.

To completely determine the functions A(r), B(r), C(r) and ¢(r), one imposes that
the solution is asymptotically flat at transverse infinity (A(r) = B(r) = 0 for r — 00)
and preserves half the supersymmetry of the untruncated theory (“extreme” solution). A
complete derivation of these functions can be found for instance in the lecture notes written
by K. S. Stelle [207] and will not be discussed here. In section 2.4 we will however give the
precise form of the solitonic five-brane in eleven-dimensional supergravity.
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Source terms and p-brane dynamics

The third equation (2.37) is nothing but a generalization of the Maxwell’s equations (2.8)
in absence of sources. It seems then natural to add p-brane source terms to the simplified
supergravity action (2.33). These additional contributions are localized on the p-brane world-
volume and, as anticipated in subsection 2.3.1, they induce the appearance of delta functions
in the equations of motion (2.37).

The source terms associated to the presence of a p-brane must correspond to an action
invariant under world-volume reparameterizations. In a first approximation, one can write

S orane = —T) / Py \/—det mn — dp / Aoy oo, (2.43)

v

where y N
0X™" 0X
= 8y—m By gun (X (y)) (2.44)

G (y)

is the induced metric on the (p+ 1)-dimensional world-volume of the p-brane. The potential
flp+ 1 is also obtained as a pull-back of the (p + 1)-form A, ; present in the d-dimensional
theory, and the p-brane tension 7}, (i.e. the p-brane energy (mass) per unit of volume) is a
dimensionful constant ([T,] = [mass]’*"). The dots denote possible extra couplings to the
d-dimensional fields, as well as terms describing the dynamics of the scalar, vector or tensor
fields living solely on the p-brane.

The first term in S, prane is proportional to the world-volume spanned by the trajectory
of the p-brane. In the string case, it is simply a rewriting of the action (1.2) called the
Nambu—Goto action. In ten dimensions, the metric used in (2.43) is assumed to be the
so-called p-brane metric for which each term of the supergravity truncated action (2.36) has
the same dependence on the dilaton. Written in the string frame, the generalization of the
Nambu-Goto action is, most of the time, dilaton-dependent. Actually, the only exception
concerns the fundamental string which is the appropriate source for a field strength coming
from an NS ® NS -like sector®® and characterized in action (2.36) by a constant o’ = 0. The
Nambu-Goto action of its magnetic dual, the solitonic 5-brane, appears to include a dilaton
prefactor e=2#, while other p-branes which couple to field strengths with o’ = +2 have
an intermediate dependence e~% [76, 55|. In other words, the physical tension of the only
fundamental extended objects in perturbative string theory, the strings, have no dependence
on the string coupling, while their solitonic partner have a physical tension given by Tsg, 2.
For large values of the string coupling constant gs, these solitons are the lightest states and
they dominate the dynamics of the theory. We will soon see that the intermediate p-branes
with a physical tension T,g;' admit a precise description in terms of open strings.

BPS bound

A p-brane solution as described above represents a natural generalization of the BPS states
(0-branes) we were talking about earlier. The supersymmetry algebra now contains a rank-p

23Gee the discussion at the beginning of the next subsection.
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tensor which plays the role of a central charge and gives a lower bound on the mass per unit
of p-volume M, (or tension 7},) of the solution [96, 218]:

M, > Cp|qp| (or T, > cp|Qp| ), (2.45)

where ¢, is some constant whose value is dictated by the underlying supergravity and the
value of p. The bound (2.45) is saturated by the (extreme) p-brane solutions that preserves
half the supersymmetry. These solutions belong to reduced supersymmetry multiplets and,
as in the O-brane case, are believed to have features that remain exact in the (unknown)
quantum theory even at strong coupling (in particular the saturated relation between their
tension and their charge is thought to be preserved).

2.3.3 D-p-branes or the sources for the Ramond-Ramond fields

In Table 2.1, we have briefly mentioned that the type I and type II superstring theories con-
tain two distinct sectors of massless space-time bosons constructed from a tensor product
between a left and a right propagating mode: the Neveu—Schwarz/Neveu-Schwarz (NS ® NS)
and Ramond/Ramond (R ® R) states, the latter being products of fermions. The NS ® NS
and R ® R gauge fields have then a quite different origin, and the examination of the vertex
operators in the two sectors shows that the fundamental strings may carry a charge corre-
sponding to the space-time gauge symmetry NS®@ NS but are always neutral under the RQR
symmetry. In other words, no R ® R sources can apparently be displayed in perturbative
string theory. For some time, the non-perturbative states carrying R ® R charges have been
described as extreme p-branes of the type discussed above with a black hole geometry in
the transverse directions. These extended versions of black holes were called black p-branes
[118, 122, 228]. In 1995, Polchinski observed in the context of the type II superstring theories
that one can find a better description of the solutions carrying R ® R charges as soon as one
adds an open string sector to these closed superstring theories [169].

To understand the gist of Polchinski’s analysis, it is sufficient to consider a bosonic open
string sector. In the conformal gauge?*, the bosonic part of the Polyakov action for a free
fundamental open string in flat space-time is

T

Sp=—7 drdo 0™ (05X ) (0. X™M). (2.46)

The variation of Sp under a general transformation X¥ — XM + § XM reads
§Sp =Th / drdo 6 Xy 070" XM — Ty / dr (6XM0, X ) |0=T (2.47)

and one sees that 6Sp will vanish only if the XM verify the free wave equation in two
dimensions 0,;,0™XM™ = 0. Moreover, one has to impose either Neumann or Dirichlet con-
ditions to the endpoints of the open string in order to cancel the boundary contribution.

24The conformal gauge corresponds to a particular choice of the intrinsic world-sheet metric hyz:

(hiwi) = (is) = (™) = (_(1) ?) )
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The Neumann conditions 8, X™|,—o, = 0 are the most commonly used conditions because
they respect Poincaré invariance and hence in particular conservation of momentum. The
Dirichlet conditions 6 X™|,—o, = 0, on the other hand, break the invariance under transla-
tions and are usually associated with defects of space-time.?® In fact, one has the freedom to
choose different boundary conditions for different directions. For instance, one can consider
the quantization of an open string whose endpoints satisfy Dirichlet boundary conditions for
(d — p — 1) space-time coordinates:

M=1,....,p+1 : 32(:4 = 0 (Neumann conditions)
o=0.m (2.48)

M=p+2,....d : XM|,_or=YM (= constant) (Dirichlet conditions).
s o=0,7

The endpoints of the string can move freely in a (p + 1)-dimensional hyperplane, and they
are fixed at positions Y,y in the other coordinates. The extended object on which the
endpoints can live is called a Dirichlet p-brane (also named D-p-brane or even D-brane): a
D-0-brane is a particle, a D-1-brane is a string, a D-2-brane is a membrane, and so on.
Such hyperplanes are present in type I and type II superstring theories,?® and Polchinski
showed that these extended objects become dynamic at strong coupling and form a complete
set of sources for electric and magnetic R ® R charges (a D-p-brane is a source for a (p+ 1)-
form R ® R gauge potential). The effective action for an “electric” D-p-brane coupling to a

p + 1 gauge potential A, in a type II superstring theory is given, in the string frame, by

A~

SD-p—brane = —Tp / dp+1y e*“"\/— det(ﬁmﬁ + Bmﬁ + QWOlemﬁ) — gy / Ap+1, (249)

v

where g5, Bmﬁ and flp+ ; are the pull-backs of the ten-dimensional metric and antisymmetric
NS ® NS and R ® R tensors. In the perturbative regime, the D-p-brane dynamics can
essentially be understood in terms of the open strings ending on it, and the massless fields
living on the D-p-brane correspond to the original massless spectrum of an open string split
in a U(1) gauge field A, with a field strength Fj;; and 10 — p — 1 scalars describing the
fluctuations of the extended object in space-time. Due to its open string origin, the action
(2.49) has a particular dilaton dependence which implies that the physical tension of the
brane, denoted by 7,, is proportional to the inverse string coupling constant:

. 1
T, = Tpe™ @~ —. (2.50)

Thus, a D-p-brane appears to be rigid and extremely massive at weak coupling. It is a
non-perturbative object which, as already pointed out in the preceding subsection, can be
considered as intermediate between a solitonic p-brane and a fundamental (perturbative)
string. Moreover, as can be seen from the computation of the interaction energy between
two parallel identical D-p-branes [12], the coupling constant (charge density) g, equals the
tension 7). The net force resulting from gravitons, dilatons and R® R tensor field exchanges

25Notice that Dirichlet conditions can also be written 8, X M |o=0,= = 0. Such conditions were first discussed
in a perturbative context in type I open string toroidal compactifications [52].
26 A theory in which open strings and heterotic strings interact has not been constructed yet.
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vanishes?” and the equality 7, = g, can be interpreted as the saturation of a BPS bound.
Actually, in the presence of the D-p-brane half the supersymmetry of the original type II
superstring theory is broken.

The description of these BPS states in terms of perturbative open strings ending on them
remains relatively simple and has found many applications, especially in the study of the
nature of space-time at the shortest distance scales. In particular, there were many mys-
teries related to the fact, that to a large extent, four-dimensional black holes behave like
thermodynamic objects. For example, they admit an entropy following the usual laws of
thermodynamics and emit particles in a similar way as black bodies. Solitonic black holes
have been identified with certain configurations of D-branes, and this quantum-mechanical
description has allowed the counting of the fundamental states (something which was im-
possible so far) [210].

2.3.4 Direct dimensional reduction and wrapping of p-branes

To end this section, we discuss two procedures that are useful when comparing the non-
perturbative content of supergravity theories in various dimensions.

Imagine we have a p-brane solution of the classical equations of a supergravity theory
in d dimensions. It is possible to construct new p'-branes solutions in (d — ¢) dimensions
following two different procedures called direct dimensional reduction and wrapping (double
dimensional reduction):

e Direct dimensional reduction gives a p-brane in (d — ¢) dimensions. This procedure
involves a dimensional reduction in ¢ space-like directions belonging to the transverse
space of the p-brane. It rests on the BPS property which allows to form an infinite
array of parallel identical p-branes in d dimensions (to restore translational symmetry
in the compact directions), so that a periodic identification gives a single p-brane in
(d — ¢) dimensions. The tension 7}, of the p-brane remains unchanged.

e Wrapping gives a (p — ¢)-brane in (d — ¢q) dimensions. This procedure involves a
dimensional reduction in ¢ space-like directions belonging to the world-volume of the
p-brane. The tension of the reduced (p — g)-brane is T,_, = V,1,, where V; is the
volume of the compact ¢-dimensional space.

It is also possible to consider direct dimensional reduction and wrapping simultaneously. We
then obtain a (p — r)-brane in (d — r — s) dimensions, where  and s are respectively the
number of wrapped and directly reduced directions. The reduction does not preserve any
supersymmetry except if the compact space on which the brane is wrapped is a torus or
a supersymmetric cycle of a Calabi—Yau manifold. There are two types of supersymmet-
ric cycles, the most common corresponding to complex (holomorphic) submanifolds of the
Calabi—Yau manifold [19, 29, 230, 161].

27The forces related to gravitons and dilatons exchanges are attractive, while the one originating from the
antisymmetric tensor field is repulsive. This kind of net force cancellation is a general feature of BPS states,
and it allows to consider intricate configurations of BPS branes.
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2.4 Supergravity theories and their brane content

There are five ten-dimensional anomaly-free supergravity, but only four of them can be
interpreted as effective field theories for the five ten-dimensional superstring theories, that is
to say as approximations of the string theories in the infinite tension limit (or equivalently
in the limit o — 0) when the only relevant fields are the massless ones:

(1) Type ITA — Type ITA (non-chiral) N = 2 supergravity
2) Type IIB — Type IIB (chiral) N = 2 supergravity
3) Heterotic Eg x Eg — N =1 supergravity — Yang—Mills with
d=10 ¢ Eg x Eg as gauge group
4) Heterotic SO(32) — N =1 supergravity — Yang—Mills with
and type I SO(32) as gauge group
5) ? — N =1 supergravity — Yang—Mills with
\ U(1)% as gauge group.

In eleven dimensions, there is a unique supergravity which is believed to be relevant as
the effective (low-energy) field theory for the enigmatic M-theory:

d=11 M-theory — N =1 eleven-dimensional supergravity

In this section, we are going to briefly discuss these supergravity theories and enumerate
their BPS brane solutions. According to the discussion in subsection 2.3.1, the only consistent
BPS p-branes are the ones for which a (p + 1)-form or a (d — p — 3)-form (dual form) gauge
potential appears in the effective Lagrangian. Since almost all solutions in supergravity
theories with d < 11 can be related to the BPS p-branes of d = 11 supergravity, we will first
address the eleven-dimensional case.

2.4.1 Eleven-dimensional supergravity

Eleven-dimensional supergravity is a classical field theory suggested [149] and built [51]
more than twenty years ago. For a long time, it remained a kind of enigma because the
consistent superstring theories were only able to provide a “justification” for the existence of
supergravity theories in ten (or less) space-time dimensions. In the present understanding,
the eleven-dimensional N = 1 supergravity is conjectured to be the effective low-energy field
theory for M-theory. It has three massless fields:®

e the graviton gy n (a traceless symmetric tensor) with % 910 —1 = 44 physical degrees
of freedom;

e the potential Cyno (a completely antisymmetric gauge tensor) with 9!/(3!6!) = 84
physical degrees of freedom;

Z8Details about the physical polarizations (components) of massless fields are compiled in Appendix B.
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e the gravitino v, (a Majorana vector spinor field)* with 9-16 — 16 = 128 physical
degrees of freedom.

As required by supersymmetry, the number of bosonic physical degrees of freedom just equals
the number of fermionic physical degrees of freedom.

The eleven-dimensional supergravity action can be written [51]3°
Scis = —L dux enll — ! /dnﬂﬁ enGunp GMNPQ
2K2, 96K, 9
1 1 11, Mi...Mu1
_TK%I 31414) d zre CMlM2M3GM4M5M6M7GM8M9M10M11
+ Slldferm. (251)
1 d' R 1 G, NG 1 / CsnNG, NG
= ——F Te - -
2K2, 1 4k?, 4 4 12k d 4 4
+ Slldferm. ’

where k17 is the eleven-dimensional gravitational coupling, e;; = v/— det gy, R is the scalar
curvature and G, = dCs. The Chern-Simons (topological) interaction term,

1
Stop:—%/03AG4 /\G4, (252)

will be important when discussing anomaly cancellation in Chapter 4. The symbol S114ferm.
denotes the fermionic piece of the action which includes the so-called Rarita—Schwinger term
VY TMNODytpo (usual kinetic term for the gravitino), as well as 1, TMNOPQRy Gy opg

and ENFOP Y?GNopg couplings [51]. In the following, we will not need the precise form of
these fermionic terms. They can always be deduced from the requirement of supersymmetry.
A similar remark holds for the ten-dimensional supergravity actions considered below. In
particular, we will implicitly assume that the possible symmetries of the bosonic sector can
be extrapolated to the full supergravity theory.

One expects to find two branes related to the potential Cyyo:

— an electric 2-brane (membrane) [25, 26, 81],

— a magnetic 5-brane (magnetic dual of the 2-brane) [112].

29We omit here the spinor index.
30The relation between the normalization used by Cremmer, Julia and Scherk [51] and the one we have

chosen is

1 1 1
KIS = o Ciinp = ﬁTCMNP and  G§}Rpo = ﬁTGMNPQ-
11 11

Similarly, the link with the fields used by Hotava and Witten [117] is provided by

1 1
Chinp = GB MNP and  GiNpg = EGMNPQ-
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Each of these extended solutions preserves half the supersymmetry. In the literature, these
branes are collectively called M-branes. Intersections of M-branes leads to many other BPS
solutions preserving part of the supersymmetry [163]. Note also that open membranes can
end on M-5-branes. In a sense, the M-5-branes are then analogous to D-branes.

The ideas collected in subsection 2.3.2 can be applied to find the explicit solution cor-
responding to the magnetic 5-brane. First, we note that there is no dilaton ¢ (or coupling
parameter) in eleven-dimensional supergravity.3! Imposing the preservation of half the su-
persymmetry, it is possible to determine the precise form of the metric and magnetic ansitze
(2.40) and (2.42). The result is:

ds? = (14 kr=3) " Yyzady™dy™ + (1 + kr=3)2/36 4 d2%d2?,
b (2.53)
Gajasasay = 3kea1a2a3a4br—5 (with all other components set to zero),

where k is an integration constant which, in presence of an explicit 5-brane source, can be
expressed in terms of the tension 75. The geometry of this black p-brane solution interpolates
between a flat space at 7 — oo and an (AdS), x S* region at r — 0 (horizon) [207]. It has
however no singularity.

Finally, since the single length scale in eleven-dimensional supergravity is l1; = (x2,)"/?,
the M-brane tensions are of the form

M ~ 1=k
2.54
T™ ~ 155 = k3. (254

2.4.2 Ten-dimensional type IIA supergravity

The type ITA supergravity in ten dimensions is the effective low-energy field theory appropri-
ate for the type ITA superstring. This model contains two Majorana—Weyl spinors and two
Majorana-Weyl gravitinos (the pairs being of opposite chirality), so that the total number
of massless fermionic states is 128 (the same number as in eleven-dimensional supergrav-
ity). In addition, the type ITA supergravity has five massless bosonic fields representing 128
physical degrees of freedom. Three are coming from the “universal NV = 1 ten-dimensional
supergravity sector”

©,Bap,gap (NS ® NS sector),

and the two remaining are the gauge potentials

A and Capec (R ® R sector).

31This absence of dilaton and of any moduli fields that would justify a perturbation theory makes difficult
the construction of a membrane theory. There are other problems related to the quantization of the membrane
world-volume theory which have been partially tackled in the context of matrix theory (for an introduction,
see Ref. [30]).
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The bosonic field equations can be deduced from the following action (written in the
string frame):

1 1
St = oA /d1$61 e 2“’(—R+4(3A€0)(3A ) — EFABCFABC)
10
L e (EF APy lp FABCD) (2.55)
4&%0 10 9 AB 24—ABCD_ .
1
o | BeAFAE,
10

where k1o is the ten-dimensional gravitational coupling, e; = y/—det gap, R is the ten-
dimensional scalar curvature, and the field strengths are given by Fy, = dA;, F3 = dBj,
F;, =dCs and F ;= dCs — A; N Fg. The type ITA supergravity has a global non-compact
U(1) symmetry [185, 39].

The type ITA action (2.55) in ten dimensions can be seen as coming from the Kaluza—
Klein reduction of eleven-dimensional supergravity (2.51) on a circle S*. The metric g]%\), in
eleven dimensions gives rise to the metric g4p in ten dimensions, to a vector potential A4
and to a dilaton . Explicitly, one defines

ds? = ¢\ daMdz
) 4 2 (2.56)
= e 3%gupdr’dz® + e3¥ (dz'! + Asdz?)”,

where the fields ¢, gap and A4 depend only on the non-compact coordinates z* (this inde-
pendence in the compact coordinate z'! is the usual assumption in a dimensionally reduced
theory). The metric gap of type ITA supergravity is not equal to the corresponding part gﬁf};
in the eleven-dimensional metric. Note also that the radius r;; of the compact dimension,
measured with the string metric g4p and expressed in terms of the string coupling constant

gia = €, reads

r1 = Valgua, (2.57)

where we took the liberty to introduce the typical string length o/ = (k2,)V/8. Tt is
important to stress that the effective value xS of the gravitational constant is modiﬁed by
the vev of the dilaton ¢. According to the actlon (2.55), kST is of the form x$T = o?gpa.
This constant can also be seen as coming from its eleven-dimensional counterpart x;;, and
this gives the relation between the units in eleven and ten dimensions. Assuming that
(k$1)2 = k2, /(27r11) where 277y; is the “volume” (length) of the compact space and using

(2.57), one obtains

2 def. 19/2

1 = ”?1 =21« g?IA' (2.58)

On the other hand, the rank-3 tensor C'y;y0o in eleven dimensions becomes a rank-3 tensor
Capc and a rank-2 tensor Bsp in ten dimensions:

1
03 = ECMNO d.IM N dCCN VAN d.IO
X . (2.59)
= ECABC dz* A dz® A dz€ + 5BAB dz* A dz® A dx't.
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The fields Cypc and Byp are assumed to be independent of the compact coordinate z'!.
The type ITA supergravity theory has seven kinds of p-branes [79]:

— a fundamental string,
— a solitonic 5-brane [37, 38|,
— five D-p-branes with even values of p (p =0,2,4,6 and 8),

where the p-branes with p = 0,6 are sources for the 1-form A;, the ones with p = 1,5
are related to the 2-form B,, whereas the solutions with p = 2,4 are connected with the
3-form C3.32 The D-8brane (a domain wall solution)3? is only relevant in the massive
type IIA supergravity constructed by Romans [181]. This generalization of the type ITA
supergravity contains a cosmological constant and cannot directly be obtained by reducing
the CJS eleven-dimensional supergravity [18]. The D-8-brane is supposed to couple to the
dual of the cosmological constant [22]. With the exception of this last Dirichlet brane, all
the ITA p-branes have a simple interpretation in terms of the M-2- and M-5-branes:

e The ITA D-2-brane, respectively the IIA solitonic 5-brane, corresponds to the direct
dimensional reduction of the M-2-brane, respectively the M-5-brane, on S*.

e The ITA 1-brane (fundamental string), respectively the ITA D-4-brane, corresponds to
the wrapping of the M-2-brane, respectively the M-5-brane, on S'.

e The D-0-brane and the D-6-brane couple to the Kaluza—Klein gauge field A; and it
seems natural to call them Kaluza—Klein p-branes.

In the light of subsection 2.3.4, it is possible, with the knowledge of the dependence of the
M-brane tensions on the string coupling constant gia [see Eqs. (2.54) and (2.58)] and of the
expression (2.57) for the compact radius, to deduce the general behaviour of four ITA brane

physical tensions:3*
TIHA ~ a”l’
1 _
1A 1—3
A~ a7,
5 PN (2.60)
1 _
ITA 1—(p+1)/2
ooy ~ —O , p=2,4
Dr gua

The physical tensions associated to the remaining D-p-branes with p = 0,6,8 have also
expressions proportional to gﬁi. We will come back to the case of the D-0-brane in the next
chapter.

32The 0- and 2-branes are electric p-branes, and the 6- and 4-branes are their magnetic duals.

33The D-8-brane is of spatial codimension one, and, by definition, a domain wall solution separates the
space-time into two regions.

34The precise numerical factors can be computed starting from the usual fundamental string tension
THA = (27a/)~! and using the conjectured dualities among the type I superstring theories.
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2.4.3 Ten-dimensional type IIB supergravity

The type IIB supergravity in ten dimensions is the effective low-energy field theory appropri-
ate for the type IIB superstring. This model contains two Majorana—Weyl spinors and two
Majorana—-Weyl gravitinos (the pairs being of the same chirality), so that the total number
of massless fermionic states is 128. In addition, the type IIB supergravity has six mass-
less bosonic fields representing 128 physical degrees of freedom. Three are coming from the
“universal N =1 ten-dimensional supergravity sector”

o, BSJ)B, gap (NS ® NS sector),
and the three remaining are the gauge fields
02, B,(fl);, and Clzop (R ® R sector).

The 4-form Cj is what is called a chiral p-form because it has a self-dual field strength:
Ff = dC] = «dC]. This self-duality property complicates the construction of a complete
Lorentz invariant action for the type IIB supergravity [188, 28, 166], and the procedure
commonly followed [20] is to temporarily ignore the self-duality condition and consider the
bosonic action

1 1
Sip = d*% e, 6’2“’(1) ( — R+ 4(6A90(1))(6A90(1)) _ _FS];CF(I)ABC>
2!610 12
! d T e <FAF + 1F FABC + 1 F FA1...A5) (2 61)
4”10 1 6—ABC— 240~ A1-As— :

CAFM AFP,
4&10/ 3

where k19 is the ten-dimensional gravitational coupling, e;p = /—det gap, R is the ten-
dimensional scalar curvature, and the field strengths are given by F; = dgo( ), Fy (1) = dB( )
F) =dBY Fy, = FP — @ F® and F; = Ff —iBY AF + 1B AFSY. Remarking the
identity dF; = Fg(,l) A F3(,2), the equation of motion for the field Cj leads to dxF'; —dF; = 0.
This expression is compatible with the self-duality condition *F; = F, which can then
be added as a constraint to the field equations following from the variation of the action
Sts. We will meet another chiral p-form (a 2-form) in Chapter 6 when discussing the six-
dimensional world-volume field theory which describes the dynamics of an M-5-brane. In
this case, there is a way to write down a covariant action at the cost of the introduction of
an auxiliary scalar field.
The type IIB supergravity theory has eight kinds of p-branes:

— a fundamental string,
— a solitonic 5-brane [37, 38|,

— six D-p-branes with odd values of p (p = —1,1,3,5,7 and 9).
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The 0-form ¢ is connected to a D-(—1)-brane and to its magnetic dual (a D-7-brane),
each of them being quite special [95]. In particular, a D-(—1)-brane has a point-like “world-
volume” with Dirichlet conditions on all coordinates. In other words, it is localized in space
and time and, after a Wick rotation, it can be interpreted as a kind of instanton. A D-(—1)-
brane is then sometimes called D-instanton. The presence of the 4-form CZ“ gives rise to
a self-dual D-3-brane that has identical (up to a sign) electric and magnetic charges since
Jos *F5 = [¢s F5 [78]. Thus, only one type of source is related to the 4-form C. The

two 2-forms Bg) and Bg) have each the possibility to couple to an electric 1-brane or to a
magnetic 5-brane.?® It is here important to mention that the type IIB supergravity has a
global SU(1,1) and a local U(1) symmetries [196]. The symmetry SU(1, 1), which is a non-
compact form of SU(2), is isomorphic to SL(2,R), and its subgroup SL(2,Z) has led to a
duality conjecture exchanging the NS ® NS and R ® R 2-forms [189]. Finally, the D-9-brane
has no associated R ® R potential. This degenerate case represents the ten-dimensional
Minkowski space-time (the open strings can end anywhere).3¢

2.4.4 Ten-dimensional supergravity coupled to super Yang—Mills
Eg X Eg or 50(32)

The massless sector of the three consistent N = 1 superstring theories in ten dimensions
admits N = 1 supergravity coupled to super Yang—Mills matter Eg x Eg or SO(32) as effective
low-energy theory. The bosonic fields of the N = 1 supergravity — Yang—Mills theory are
the usual 64 physical degrees of freedom corresponding to the dilaton ¢, the graviton g4p
and the rank-2 antisymmetric tensor B4p, supplemented by the 496 gauge bosons A% of the
groups Fg x Eg or SO(32). Their supersymmetric partners are a Majorana—Weyl spinor, a
Majorana-Weyl gravitino and 496 gauginos (Majorana—Weyl spinors).
The heterotic supergravity bosonic action has the form

1 1
SHet, = DY d'% 6106_2(‘0( — R+ 4(049)(0%p) — —ﬂABCﬁABC)
Ko 12
; (2.62)
—w / dloﬂf 610672(ptr(FABFAB),

where ) is the gauge coupling constant, F; = dA; + A? is the Yang—Mills field strength with
an associated gauge group Eg x Eg or SO(32), and the 3-form H, is defined by®’

K
2

35For instance, the type IIB fundamental string is electrically charged with respect to the 2-form potential
Bél) from the NS ® NS sector.

36Note that the presence of a D-9-brane (or of any other D-p-brane with p odd) in the type ITA superstring
theory is forbidden by consistency of the boundary conditions satisfied by fermions.

37The gravitational contribution Qgy, involves more than one derivative and is usually omitted (assuming

one restricts oneself to Lagrangians leading to classical equations of motion with at most second order
derivatives). It is however essential when discussing anomaly cancellations.

H;’)’ - ng - (QS’,YM - QS’)’,L) (263)
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with the Chern—Simons 3-forms

2
Q;?,YM = tI'(AI /\dA] +§A§),

5 (2.64)
Q:?,L = tI'(QI VAN dQ] —+ gQ?)
(€2, is the spin connection, the gauge field of the Lorentz group).
On the other hand, the bosonic sector of the type I supergravity action reads
1 10, —2¢p A 1 2¢p ABC
S = TR d"x epe (—R+4(8Ag0)(6 go)—ﬁe H,zcH )
1; (2.65)
—4—)\2 / d10$ 6106_(‘01]1"(FABFAB),

where the definitions given above in the heterotic case still apply, the 2-form B, coming now
from the R ® R sector. The only admissible gauge group is SO(32).

The heterotic supergravity has an electric 1-brane (which is nothing else than the fun-
damental heterotic string) and its magnetic dual, a solitonic 5-brane, which are sources for
the 2-form potential B, [209].

The type I supergravity has a R ® R rank-2 antisymmetric tensor that can consistently
couple to two non-perturbative BPS states: a D-1-brane and a D-5-brane [99].3® This model
contains also a D-9-brane representing the usual open strings moving in the ten-dimensional
space-time.

2.5 Summary

During our brief survey of the non-perturbative states in string theory, we have encountered
three distinct sorts of extended BPS solutions of the ten-dimensional supergravity theories:

e the fundamental p-branes

A fundamental p-brane is necessarily a string (p = 1) and has a physical tension with
no dependence on the string coupling constant gs. This object will then survive in the
limit g¢ — 0, and such branes are the fundamental degrees of freedom in a perturbative
framework.

e the solitonic p-branes

A solitonic p-brane is in some sense the analogue of the 't Hooft—Polyakov monopole
in quantum field theory. This magnetic dual of the fundamental string exists only for
p =5 and has a physical tension proportional to 1/g2.

38Note that the fundamental type I open string does not couple to the R ® R potential. An infinitely
extended string of this kind is not stable and therefore cannot be a BPS state.
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e the Dirichlet-p-branes

A Dirichlet-p-brane has no known direct counterpart in quantum field theory. It can
be considered as an intermediate solution between a fundamental brane and a solitonic
excitation. In particular, its physical tension is proportional to 1/gs.

The fundamental strings and the solitonic 5-branes carry the electric and magnetic charges
of the 2-form potential By coming from the NS ® NS sector. Such solutions are present for
all ten-dimensional supergravity theories except for the type I supergravity. The Dirichlet-
p-branes on the other hand are the sources for the R ® R fields. They are present in all
ten-dimensional supergravity theories except the heterotic ones.

The single supergravity in eleven dimensions admits an electric 2-brane and a magnetic
5-brane as sources for the only gauge potential present in the spectrum.

All these basic p-branes are listed in Table 2.2. We have already made a few comments on
the close relation between the M- and type IIA-branes, but the significance of the existence
of the objects displayed in this table will really become apparent in the next chapter.

(%2 A] Bg 03 02—
p=—1 0 1 2 3 4 5 6| 7]8]9
11d sugra e m
Type 11A D f D D S D D
Type IIB D f and D ]:)+ S and D D D
Heterotic f S
Type 1 D D D

Table 2.2: Summary of the known basic extended solutions of the supergravity theories in
eleven and ten dimensions. The symbols “f” and “s” denotes the fundamental and solitonic
p-branes, while “D” is used for D-p-branes. The excitations “e” and “m” are the elec-
tric membrane and magnetic 5-brane in eleven-dimensional supergravity. For the “electric”
p-branes, we have also indicated the associated gauge potentials.
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Chapter 3

Duality in string theory

In this chapter, we briefly present the concept of duality in string theory. The term duality
is used to define an equivalence between two different mathematical descriptions of the same
physical phenomena. Two well-known examples of dualities in modern physics are the wave
< particle duality and the electric <> magnetic duality. In string theory, there are others
conjectured dualities between. . .

..superstring theories with different compactification radii
(length <> length ' duality),

..superstring theories with different coupling constants
(strong <> weak coupling duality),

.. a superstring theory and a new theory in eleven dimensions,
.. etc.

Most of the dualities which have been discovered so far in string theory fit roughly into three
classes [192], called respectively

T-duality, S-duality and U-duality.

Each of these dualities represents an ezxact conjectured quantum equivalence. We discuss
them in turn using as a tool the symmetries of the low-energy effective supergravity theories
and the present knowledge of the non-perturbative string spectrum. Our intention is not
to give a precise account of the web of all the known dualities in string theory, so that
we restrict ourselves to the description of some general ideas. The last section contains a
summary of the main string duality conjectures in various dimensions.

3.1 T-duality (“Target-space” duality)

Consistent theories in d dimensions (d < 10) can be obtained from the five ten-dimensional
superstring theories by compactification on an internal (10 — d)-dimensional manifold. In
order to understand T-duality, it is instructive to study in some detail a compactification on
the simplest internal manifold, namely the circle S*.

39
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3.1.1 Compactification on a circle

We consider a theory of closed strings in ten dimensions. After the compactification on a
circle S' = R/(27 R Z), there are nine space-time coordinates X* satisfying the closed string
boundary conditions

X¥(r,0+7)=X*(1,0), p=1,...,9, (3.1)

while the internal space-like coordinate X'° as a periodicity such that
X047 =X"r,0)+27rRw, wELZ, (3.2)

where w is the winding number (the string wraps w times around the circle). The radius R of
the circle can be seen as the vev of a massless scalar field v arising from the nine-dimensional
decomposition of the ten-dimensional metric:

n St
gaB =2 Guv, 9u10, 1010 = 62”; (3.3)

and R = vo/e. Following the example of the dilaton, the scalar field v is dynamical (it is
a modulus) and, in absence of a specific potential, it can take any value.

The coordinate X '(7,0) = X2(7 — o) + X;°(7 + o) which is solution of the equation of
motion (free wave equation in two dimensions) derived from the Polyakov action (1.2) with
a flat metric and which verifies (3.2) reads

X(r,0) = 2" + 2a/p"1 + 2Rwo + - - -, (3.4)
where the dots denote terms of the Fourier expansion which are proportional to e~2™7+2)
with n € Z, n # 0. Quantum mechanically, the position (at 7 = 0) ' and momentum p'° of
the string center of mass are interpreted as operators satisfying the usual canonical commu-
tation relation [z'%, p'%] = 7 and p'® generates the translations of z'°. The identification (3.2)
requires then that the quantum wave function e '*° is invariant under z!© — z1° + 27 R,
so that the internal momentum is restricted to discrete values

pl? = %, with k£ € Z. (3.5)

The mass spectrum (as seen by an observer in nine dimensions) is given by

k? w?R? 2
2
M* = ﬁ + o2 + E(NR-FNL—?), (36)
N—— S——
Kaluza—Klein winding
excitations excitations

where o/ = 1/(27T) and Ny (IN}) is the number operator of the right (left) moving (internal
and external) oscillator excitations. We notice that this spectrum is symmetric under the

transformation ,

R—)% and w <<k (3.7)
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which exchanges the Kaluza—Klein and winding excitations. This invariance of the mass
spectrum is called 7-duality. It can be extended to the string interactions if one assumes
that [150, 102]

Xp — —-Xg and X;°— X;° (3.8)

World-sheet supersymmetry implies then an analog correspondence for the fermionic partner:
B — —vp and 10 — . (3.9)

The fact that a compactification on a circle of radius R is closely related to a compactifi-
cation on a circle of radius o'/ R suggests that there is a minimal length in string theory and
the radius R = vo! (self-dual point) seems to be the smallest physically observable radius.!
It is also interesting to note that for the particular radius R = v/o/ the gauge symmetry
of a bosonic closed string theory is enlarged from U(1) x U(1) (which corresponds to the
two Abelian Kaluza-Klein gauge bosons g,10 and B,i9) to the non-Abelian gauge group
SU(2) x SU(2) (because there are then four additional massless gauge bosons).

Naively the spectrum of a theory of open strings cannot exhibit the invariance described
above (because of the absence of winding excitations). However, once non-perturbative
extended objects (D-branes) are taken into account, a T-duality becomes also manifest in
an open string theory [52, 2, 170, 12].

3.1.2 A rough definition of T-duality

Two theories A and B are said T-dual if theory A compactified on a space whose volume
is large is physically equivalent to theory B compactified on a space whose volume is small
(and vice versa). In particular, this means that a scalar field v whose exponential determines
the volume of the compactified dimensions satisfies v4 = —vp.

In most cases, T-duality can be considered as a perturbative equivalence. It relates then
the weak coupling regime of a theory to the weak coupling regime of another theory and can
be verified at each order in the string loop expansion. To ascertain its validity for the full
(non-perturbative) theories, one has to find its action on the non-perturbative spectra of the
two theories [101].

3.1.3 Examples

For some time, it has been known [52, 63] that the type IIA and type IIB superstring
theories, following the example of the Eg x Fg and SO(32) heterotic superstring theories
[100, 152, 153], are connected by T-dualities below ten dimensions.

e The SO(32) heterotic superstring theory compactified on a circle of radius R with gauge
group broken to SO(16) x SO(16) using Wilson lines? is equivalent to the Eg x Ej

!'Remark that using non-perturbative objects like D-branes as a probe, it seems possible to sensibly
discuss distance scales shorter than the string scale [203].

2Wilson lines are constant backgrounds for the gauge field A%,. Locally, this field is pure gauge, but it
has non-trivial holonomy around non-trivial paths (non-contractible loops) in space-time. A comprehensive
discussion of symmetry breaking by Wilson lines can be found in Ref. [108].
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heterotic superstring theory compactified on a circle of radius o/ /R with Wilson lines
breaking the gauge group to SO(16) x SO(16). Thanks to the introduction of Wilson
lines a continuous interpolation between the two compactified theories is possible [153].
In the absence of any Wilson lines, each theory has a R — o/ R self-duality symmetry.

e A compactification of the type ITA superstring theory on a circle of radius R gives the
same theory as the type IIB superstring theory compactified on a circle of radius o/ R.

One can give some pieces of evidence for such a T-duality:

(i). The massless bosonic spectra of the type ITA and type IIB superstring theories (as
coming from the two distinct theories in ten dimensions) look rather equivalent
in nine dimensions:?

gaB, Bap, ¢ ons! YGuvs Guio, gio10, B;Wa B;AO; 2 (NS & NS)
Type 1TA —
AA, CABC Aua AlOa C,w/pa C;wlO (R ® R‘)

9aB, BS};, 90(1) on S1 Guvy 9ui0, 91010, B,l(t}l)u B'l(tll)(), (,0(1) (NS X NS)
—

Lype LB { ) @) R
CXBCD’ BABﬂ 90(2) Cuuplﬂa BIW ) BulO’ QO(Q) (R ® R)
(ii). The transformation (3.9) corresponds to a switch of chirality for the right-moving
fermions. Moreover, a Weyl (chirality) condition is not allowed when the dimen-
sion of space-time is odd.

(iii). In ten dimensions, there are two N = 2 supergravity theories [121]: the non-chiral
type IIA and the chiral type IIB. In nine dimensions, it turns out that there is
only one N = 2 supergravity, and the type II superstring low-energy effective
theories have been shown to agree [23].

Thus, the two heterotic (type II) theories seem to be located at different points of the moduli
space of a single heterotic (type II) superstring theory.

Note also that it has been conjectured [211] that T-duality is related (via fiberwise ap-
plication of R — o'/R transformations) to some observed equivalences (mirror symmetries)
between superstring theories compactified on different Calabi-Yau spaces. Such “geometric
aspects of mirror symmetry” are described in a recent review by D. R. Morrison [146].

3.2 S-duality and evidence for a new dimension

After this discussion about T-duality, one is still faced with three apparently inequivalent
superstring theories: heterotic, type II and type I. Evidence for the existence of another kind
of duality, christened S-duality, will allow us to make new interesting connections between
these formulations.

3Notice that because of the self-duality condition on the field strength of the type IIB rank-4 tensor,
Clvpo is not a nine-dimensional independent field.
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3.2.1 A rough definition of S-duality

S-duality usually refers to an equivalence which involves the dilaton ¢, that is, the string
coupling constant gs. In contrast with T-duality, S-duality does not concern moduli related
to the geometry of compact spaces (like radii). Loosely speaking, two theories A and B
which are perturbatively distinct are said S-dual if the behaviour of the theory A at strong
coupling is given by the weakly coupled theory B (and vice versa). The dilatons of the two
theories are then related by the equality ¢4 = —@p, and the perturbative excitations of the
theory A are mapped to the non-perturbative excitations of the theory B (and vice versa).

Originally, S-duality was defined as a symmetry between two regimes of the same model
generalizing the electric-magnetic duality in supersymmetric four-dimensional gauge theories.
It goes beyond string perturbation theory, and it is therefore presently impossible to prove
its existence doing explicit (perturbative) calculations. Fortunately, the presence of BPS
states in the string spectrum sometimes allows to accord a certain credibility to such a
non-perturbative equivalence.

3.2.2 Two examples in ten dimensions

Two significant examples of S-duality in ten dimensions are the self-duality of the type 11B
superstring theory [122, 189] and the equivalence between the type I and the SO(32) heterotic
superstring theories [228, 173, 6].

e The equations of motion of the type IIB ten-dimensional supergravity have an explicit
SL(2,R) symmetry. The conjecture is that the subgroup SL(2,Z) represents an exact
symmetry of the superstring theory. A justification for the breaking of the SL(2,R)
symmetry to its subgroup SL(2,7Z) holds in the fact that SL(2) acts on the pair of
2-forms Bg) and Bg), as well as on the corresponding charges which are known to be
quantized (only SL(2,Z) transformations are then allowed). The SL(2,Z) symmetry
would relate the strong and weak coupling regimes of the type IIB theory.

e There is a strong-weak coupling duality between the type I and the SO(32) heterotic
superstring theories.

One can give some pieces of evidence for such an S-duality:

(i). The equivalence of the massless bosonic spectra (see Table 2.1).

(ii). As can be seen from subsection 2.4.4, the two theories admit an analogous de-
scription in term of an effective low-energy field theory [N = 1 ten-dimensional
pure supergravity coupled to N = 1 ten-dimensional super Yang—Mills SO(32)]
provided one assumes the identifications

gip = € Gup, Yu = —¢,
" . . . (3.10)
H; = Hj, A; = AL
(iii). The mapping of the branes:

D-1-brane <— fund. string [173]

Typel { D-5-brane <+— solit. 5-brane } Heterotic SO(32).
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3.2.3 Connection with a mysterious eleven-dimensional theory

So far we have met S-dual partners for the type I, SO(32) heterotic and type IIB superstring
theories. For the two remaining superstring theories, it seems difficult to find an appropriate
ten-dimensional candidate. Surprisingly, it appears that the type IIA [217, 228, 191] and
Es x Eg heterotic [116, 230, 117] superstring theories have an eleventh (space-like) dimension
which becomes perceptible at strong coupling. More precisely, if one compares the low-
energy effective action of the ten-dimensional type ITA superstring to the eleven-dimensional
supergravity reduced on a circle S (this reduction was outlined in subsection 2.4.2), one
obtains a perfect agreement if the following relation between the radius r;; of the circle
measured with the string metric and the type ITA string coupling constant is satisfied:

rin = Vo'gua. (3.11)

If r1; is large, the type ITA superstring is strongly coupled and its behavior is governed
by eleven-dimensional supergravity on S® which is then supposed to be an effective field
theory of a mysterious eleven-dimensional consistent quantum theory baptized M-theory.
A relation analog to (3.11) holds for the Eg x Eg heterotic string when its effective ten-
dimensional action is compared to eleven-dimensional supergravity reduced on the orbifold
(the line interval) S*/Z,.*

We have gathered below some pieces of evidence for the existence of this extra dimension
which is completely hidden in string perturbation theory.

Evidence for M-theory from the point of view of the type ITA superstring theory

(i). For a long time, N = 1 eleven-dimensional supergravity compactified on a circle is
known to give the non-chiral N = 2 ten-dimensional supergravity.

(ii). The type IIA superstring theory contains an infinity of Dirichlet-particles (D-0-branes)
with a physical mass
K

\/C7 [N ’

where K is an integer (K € N). The mass formula (3.12) is supposed to be an
exact relation which remains valid when g;;p — oo because the D-0-branes are BPS
states. It is interesting to note that the structure of (3.12) is similar to the formula
for the momentum states in a Kaluza—Klein compactification (p'* = k/ri, k € Z).
Thus, gira — oo seems to be similar to r;; — oo and the type IIA theory looks like an
eleven-dimensional theory compactified on a circle S' whose radius 711, when expressed
in the type IIA metric, goes as gra-

M ~ (3.12)

(iii). Actually, it is possible to find an eleven-dimensional origin to the p-branes of the

4Here, one implicitly assumes that it makes sense to compactify M-theory on an orbifold. This conjectured
eleven-dimensional quantum theory probably shares such a property with superstring theories.
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non-chiral N = 2 ten-dimensional supergravity:

[ D-2-brane &L M-2-brane )
solit. 5-brane <2~ M-5-brane
fund. string ¢ M-2-brane [75]
Type IIA { D-4-brane s M-5-brane [74] % M-theory on S!
D-0-brane +— KK gauge field [217, 228]
KK monopole of the
L D-6-brane — compactification [217, 228] |

Here “D” means “direct dimensional reduction”, while “W” symbolizes “wrapping”
(double dimensional reduction). The type IIA D-8-brane present in the type ITA
superstring spectrum has been omitted because its fate in the type ITA strong coupling
limit is quite speculative. It was first discussed by Polchinski and Witten [173, 170],
and more recent papers (see for instance Refs. [27, 183] and references therein) suggest
the possible existence of an M-9-brane in the context of a massive version of eleven-
dimensional supergravity with only partial Lorentz invariance [24].

Evidence for M-theory from the point of view of the Eg x Eg heterotic superstring
theory

(i). The discrete symmetry group Zs acts on the compact coordinate z'! € [—mry(, 7ry] &
S! by ' — —2!'. In other words, the points z'! and —z!! are identified, so that there
are two fixed points at values z'! = 0 and z'* = 7r;;. Requiring the eleven-dimensional
Lagrangian (2.51) to be invariant under Z,, one can clarify the situation for the two
eleven-dimensional massless bosonic supergravity fields compactified on S*:

on §! 9aB, Capit, 91111 (even under Zg)

gun,Cuno —
gai1, Casc (odd under Zy)

The states ga11 and Cspe, which are odd under Zs, do not survive on the orbifold.
On the fermionic side, the eleven-dimensional N = 1 supergravity compactified on S*
gives a N = 2 non-chiral theory, but dividing by Z, kills half the supersymmetries
and leads to a ten-dimensional chiral supergravity with N = 1. The Z, invariant
spectrum in ten dimensions is then identical to the massless spectrum of a heterotic or
type I superstring up to the gauge degrees of freedom. Now, one expects the existence
of extra massless states arising at the two fixed points of the orbifold S'/Z, (the
presence of such “twisted sectors” is a common fact in string theory where they are
necessary in particular for modular invariance). As we will observe in the following
chapter, anomaly cancellation by a generalized Green—Schwarz mechanism requires the
introduction of 496 vector supermultiplets (each containing one gauge field and one
gaugino) in the twisted sectors and the anomaly must be equally supported by the two
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fixed points (ten-dimensional hyperplanes). Thus, there are 248 vector supermultiplets
propagating on each hyperplane, and 248 is the dimension of Eg. Since the radius of
compactification is proportional to the string coupling constant gg,«m, and gives (up
to a factor 7) the distance between the two fixed points, the two ten-dimensional
hyperplanes meet in the limit gg,x g, — 0 and the weakly coupled Eg X Eg heterotic
formulation is recovered.

(ii). The mapping of the branes:

fund. string &~ M-2-brane

Heterotic Eg x FEg { D
solit. 5-brane <+— M-5-brane

} M-theory on S'/Z,.

The direct dimensional reduction of the M-2-brane and the double dimensional reduc-
tion (wrapping) of the M-5-brane are eliminated by the Z, projection (this can be seen
as a consequence of the removal of the rank-3 tensor Capc).

3.3 U-duality

Two theories A and B are said U-dual if the theory A compactified on a space whose volume
is large (or small) is equivalent to the theory B strongly (or weakly) coupled. In this case,
one has v4 = +¢p. More generally, a U-duality mixes the couplings (the dilatons) and the
other dynamical fields [160].

The concept of U-duality appears for instance in the context of the type II superstring
theory below ten dimensions.® In fact, the type II superstring theory is known to have a
T-duality symmetry which can be embedded, together with the SL(2,Z) symmetry already
present in ten dimensions (S-duality of the type IIB superstring theory), in a larger symmetry
group (the U-duality group) [122, 228].

3.4 Connection with a conjectured twelve-dimensional
theory (F-theory)

As mentioned earlier in subsection 3.2.2, the ten-dimensional type IIB superstring theory is
self-dual. Its SL(2,Z) symmetry acts in particular on the parameter 7 = () + ie=#" built
from the two scalars (") and ¢® present in the massless spectrum. Vafa proposed a geomet-
ric interpretation of this symmetry in terms of a hypothetical (10+2)-dimensional quantum
theory (baptized F-theory) compactified on a torus (7 being identified to the complex param-
eter of the torus) [221]. Compactifications to dimensions lower than 10 must then involve
manifolds (elliptic fibrations) on which the parameter 7 varies (whereas on “conventional
perturbative” compact manifolds it is usually taken to be constant) and lead to interesting
new models. F-theory is certainly not as fundamental as M-theory, but in some cases Vafa’s
geometric approach has proven useful and instructive [147, 148, 231].

5Recall that the type ITA and type IIB superstring theories are perturbatively equivalent below ten
dimensions.
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3.5 Summary

We end this chapter by listing some of the main duality conjectures. Figure 3.1 focuses on
theories near the critical dimension ten. Evidence for other interesting dualities in lower
dimensions can also be obtained, and features of M-theory compactifications have been de-
rived using equivalences involving the type ITA or heterotic Eg X FEg superstring theories.
For example, a way to get information about M-theory on some internal space K is, loosely
speaking, to compactify it further on a circle of radius R and take advantage of the identifi-
cation with the type ITA theory compactified on K. In the limit R — oo, one then recovers
M-theory on K [228].

( Type 1IB F-theory on 77 [221],

Type ITA M-theory on S! [217, 228, 191],
d =10 { Heterotic Eg X Fj M-theory on S'/Z, [116, 230, 117],

Type TIB Type I1IB [122, 189),

[T111

| Heterotic SO(32) Type I [228, 173],

where the orbifold S?! /Zs can be regarded as a line segment I.

( Type IIB on S! M-theory on T2 [190, 191, 192],

Type I on St or
d—9 J Heterotic SO(32) on S

Heterotic SO(32) on S*

Type ITA on S* Type IIB on S! [52, 63|,
where C = I x S' = S§'/Z, x S' is a cylinder.

M-theory on C [192],

Heterotic Fg x Eg on St [100, 152, 153],

1111

\

d =7 Heterotic on T <— M-theory on K3 [228].

Heterotic on T* <— Type ITA on K3 [122, 228,
d=26
Type IIB on K3 <— M-theory on 7°/Z, [53, 229].

d =5 Heterotic on T* x S' <— Type IIB on K3 x S [228].

Heterotic on T <+—  Heterotic on T (SL(2,Z) duality)
d—4 [91, 179, 194, 195, 200],

Heterotic on 7® <+— Type ITA on K3 x T? [88].
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D=1 F-theory
(10,2) J
y ou 77

D=11 A_ .
101) M-theory

Y on 8! /2 I3 on Sl,‘“Zg  J yon sl on T
D(J:Iw Type Heterotic | | Heterotic Type | | Type [
. I S0(32) || Bgx By 171A || 11B =

Y Y Y Y
on Sl on .‘5‘1 on Sl on S1 on S]

D=9 Type I . - ;
(8,1) P ‘ Heterotic Type | |1ype

Figure 3.1: Illustrative view of some duality conjectures with a particular emphasis on the
ten-dimensional superstring theories.

The manifold K3 is the only topologically distinct Calabi—Yau manifold of complex dimension
2. Its basic properties were unraveled by the German mathematician (and physicist) Ernst
Eduard Kummer, and the name “K3”, which refers to Kummer, Kihler and Kodaira, was
proposed soon after the first climb of the K2 in July 1954. A compactification on the
manifold K3 breaks half the supersymmetries of the underlying theory. The strong-weak
coupling duality between the heterotic superstring compactified on 7% and the type ITA
superstring compactified on K3 is sometimes called string-string duality [122]. It is possible
to deduce the last duality above from this conjecture by further compactification on 772
[88, 202]. A rather detailed account of compactifications on K3 in the framework of string
duality can be found in Ref. [11].
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Chapter 4

M-theory on the orbifold S!/Z,

Considerations of anomaly cancellation have played an essential role in the understanding of
the connections between M-theory and the perturbative superstring theories. In particular,
an important ingredient in constructing the strongly-coupled Eg x Eg heterotic superstring
from M-theory compactified on S'/Z, [116, 117] was the observation that the gauge and
gravitational anomaly polynomial of the Eg x Fg heterotic superstring can be written as
a sum of two terms, each being associated with one Ej factor, and that each of these
terms separately factorises as required by anomaly cancellation through a Green—Schwarz
mechanism. This enables local anomaly cancellation on each of the two ten-dimensional
S'/Z, fixed planes in the M-theory picture [116, 117, 54].

The anomaly-cancellation mechanism in M-theory has essentially two known origins. One
is a Green-Schwarz term [ G; A X, where G is the field strength of the three-form Cy and
Xy is a purely gravitational Chern—Simons type seven-form. The presence of this anomaly-
cancelling term is well-known from string duality [222, 77] and from M-five-brane anomaly
cancellations [77, 229, 233]. The other possible root is anomaly inflow from the topologi-
cal interaction term [ Cs A G; A G of eleven-dimensional supergravity. In uncompactified
M-theory in eleven dimensions, both terms are gauge and local Lorentz invariant and no
anomaly needs to be cancelled (this is not surprising in this odd dimension). However, a
compactification on the orbifold S'/Z, involves chiral projections on the even-dimensional
fixed planes and there are then chiral anomalies which need to be cancelled. It has been
shown in Ref. [117] that closure of the supersymmetry algebra for the S'/Z, orbifold im-
plies a modification of the Bianchi identity dG; = 0, and this is why the terms [G; A X7
and [ C3 A G; A G; have non-vanishing anomalous transformations under gauge and local
SO(9,1) Lorentz transformations on the fixed planes.

In Ref. [117], the modified Bianchi identity dG,; # 0 was solved in a particular way and
it was concluded that anomaly cancellation requires a certain fixed ratio A\*/k?; between the
gauge coupling A and the gravitational coupling x;;. Subsequent analyses [71, 49, 135, 84, 85,
113, 86] have emphasized the fact that there is actually a one-parameter family of solutions
G, (b), b € R, to the modified Bianchi identity." It was stated that anomaly cancellation

1Of course, to any solution G; = dCs + --- of the Bianchi identity dG, = --- one can add a four-form
dAs with Ag any three-form. The point is that most of these As can be reabsorbed into C's. The only
relevant Ag must be made from the gauge and Lorentz Chern—Simons three-form {23 on the fixed planes, so

51
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alone does not fix the ratio A\3/x?, but relates it to a cubic polynomial in the parameter
b. It was argued that b and hence \3/k?, can be fixed if one also takes into account the
quantization of the flux of G, [232].

In this chapter, we carefully reanalyse the issues of solving the modified Bianchi identity,
of cancelling the anomaly and of the flux quantization for M-theory on the orbifold S!/Z,.
We adopt the “upstairs approach” in which one works on the boundary-free circle S* and
imposes a Zs projection on the fields. We insist on defining properly all fields on S! (all
fields should be periodic). In particular, the modified Bianchi identity for G, involves a delta
function §(x'!) and the periodicity immediately rules out the use of the “step function”
f(z'') as a primitive. Using instead a correctly periodically defined function e(z'!) such
that de/dz™ = 26(z™) — 1/7 turns out to be crucial to obtain a consistent solution to the
modified Bianchi identity.

We investigate gauge and local Lorentz invariance of G, and insisting on invariance under
large transformations, that is, insisting on having a globally well-defined field strength G,
appears to be very powerful. It not only implies the well-known cohomology condition [230],
but it also fixes the parameter b of the solution G; provided there are topologically non-
trivial gauge or gravity configurations. The same value of b stands out in the presence of
five-branes, and it is also the only one which allows a safe truncation to the perturbative
heterotic superstring: although the zero-modes on the circle give the desired relation H4 =
dBy — k3272 (Qgvm — Qs1) for all values of b, the neglected higher modes are gauge and local
Lorentz invariant only if b takes a specific value. It is worth noting that these arguments are
not a consequence of Gj-flux quantization.

Looking at anomaly cancellations also yields some surprises. We do the analysis for
an arbitrary parameter b. Again, the use of the periodic function £(z'!) is crucial, and
the constant term in de/dx'' = 26(z'') — 1/7 plays a major role. Due to this term, the
relation between the parameter b and the ratio A\3/k?, is drastically modified with respect
to previous analyses [117, 71, 49, 135, 84, 85, 113, 86]: the terms cubic in b cancel, and
one is left with a quadratic equation for 5. This equation will have important consequences
when considering more complicated orbifold compactifications [86], e.g. compactifications
on S'/Zy x T*/Z,, where the analysis has encountered certain difficulties.? As a consistency
check of our solution we show how the combination of the Green—-Schwarz term and the
topological term in eleven dimensions leads to the Green—Schwarz term of the heterotic
superstring. We also describe how the discussion of anomalies is affected by the presence of
five-branes. The Green—-Schwarz term [ G, A X, automatically ensures cancellation of the
five-brane one-loop anomalies without any need of further modification, but we note that
anomaly inflow from the topological term induces a non-vanishing anomaly on the five-brane
world-volumes.

Another subtle point is the flux quantization of G ;. In the “downstairs approach”, where
one considers M-theory compactified on the interval I = S'/Z, (the eleven-dimensional
space-time has then two ten-dimensional boundary planes), there is no modification of the
Bianchi identity dG; = 0, but there is a non-trivial boundary condition on G, [117] enabling
the necessary anomaly inflow to cancel the one-loop anomaly on the boundary planes. This

that the only freedom is essentially Ag ~ b€2g, with one real parameter b.
2We are grateful to D. Liist for sharing his insights on this point.
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boundary condition does not admit a free parameter like b (in some sense, it is equivalent to
a fixed value of b). In this formalism, Witten concluded [232] that the flux of G, over any
four-cycle has to be integer or half-integer. In particular, this ensures that the membrane
functional integral is well-defined. Naively, the latter would seem to be well-defined only for
integer flux, but it was shown in Ref. [232] that in the case of half-integer flux the three-
dimensional membrane functional integral has a parity anomaly [3] which precisely cancels
the sign ambiguity due to the half-integrality of the G ;-flux. In the boundary-free upstairs
approach where the Bianchi identity for GG, is modified, this same flux quantization should
appear as a consequence of our solution. We show that this is indeed the case for four-cycles
not wrapping the circle S'. There is no analogue of the four-cycle wrapping the circle in the
downstairs approach and we cannot draw any conclusions on quantization from the results
of Ref. [232]. For such cycles, one is left with an integral which is closely related to the
flux [ Hy = [ (dBs — k3A 2(Qsym — Q1)) in the heterotic superstring, but we cannot say
anything interesting about the flux of the four-form G,.

This chapter has the following structure. In section 4.1, we discuss the orbifold S*/Z,
the modification of the Bianchi identity for G, and some technical details on the periodic
“step function” e(x'!) on the circle. In section 4.2, we solve the modified Bianchi identity and
study gauge and local Lorentz transformations to refine the solution. As a consistency check,
we also consider the reduction to the effective supergravity Lagrangian of the ten-dimensional
Eg x Eg heterotic superstring. In section 4.3, we broach the subject of anomaly cancellations
and obtain the relation between b?> and A5/k%,. The relevant anomaly polynomials are
presented in Appendix C. Section 4.4 is devoted to the issue of Gj-flux quantization. In
section 4.5, we spell out the heterotic anomaly-cancelling terms as inherited from the present
M-theory approach. Our main results are summarized in section 4.6.

4.1 The orbifold S'/Z,

4.1.1 The modified Bianchi identity for G,

By definition, the orbifold S'/Z, is the quotient space of the circle S* by the discrete symme-
try group Z, which does not act freely on S (there are two fixed points). In this thesis, we
are working in the so-called “upstairs approach” on a smooth eleven-dimensional manifold
M1 without boundary. My, is just the product

My = My X 51; (4-1)

where M is a ten-dimensional manifold and S! a circle. The Z, symmetry is required
afterwards. Its action on the compact coordinate®

ot € [—mr,mr] =2 St (4.2)

3For notational convenience, we will in the following most of the time consider a circle of unit radius.
An arbitrary radius r will be reintroduced in subsection 4.2.5 and section 4.5 for the discussion of the
perturbative heterotic limit (small-radius limit).
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is simply z!'! — —z!''. In other words, the points z'! and —z'! are identified, and there are
then two fixed points at z'' = 0 = z!' and z'' = 7 = z1'. From the point of view of the
whole space-time M, they actually correspond to two parallel ten-dimensional invariant
hypersurfaces. The idea of Hofava and Witten [117] is to allow for an FEg super Yang—
Mills theory on each of these orbifold planes and to couple this model to eleven-dimensional
supergravity on Mj; submitted to the Z; symmetry.

The minimal Yang-Mills action for the ten-dimensional Eg gauge fields A% and gauginos
X® in the adjoint representation (index a) is*

S S T T LIV Y 43
10dgauge — 2 Z €1 tr 4 AB + 2X AX | ( . )
. . (11) (an , @11 . .

where A is the gauge coupling constant, ej,’ = \/—detg,g (945 is the restriction of
the eleven-dimensional metric gyn to the S'/Z, fixed planes®) and Fp = dA; + A%. The
gamma matrices are 32 X 32 real matrices verifying the anticommutation relation {I'4,'g} =
29511113)132, and the symbol D4 denotes the Yang-Mills and Lorentz covariant derivative. The
addition of extra terms describing interactions between eleven- and ten-dimensional fields
has been done in Ref. [117].

In the eleven-dimensional supergravity action (2.51), one has to eliminate all the fields
which are odd under Z,. Requiring the invariance of the topological action Sy, implies that
the three-form Cs = 5Cumpadz™ A dz™? A dz™s is odd under Zs. Since the component
Capc is not associated to any dz'!, it does not survive, while the component C 4511 must be
even and is therefore kept. The Z, projection also breaks half of the thirty-two supersym-
metries. The preservation of the sixteen remaining supersymmetries requires a modification
of the Bianchi identity dG; = 0. This modification involves the Yang-Mills curvatures and,
as usual in string effective actions, anomaly cancellation in turn requires the presence of
Lorentz curvatures [117]:

2 1

where we have used the one-forms §;; and &, defined by’

611 =6(x'")dz'""  and 819 =6(z' — m)da'. (4.5)

1y is a Majorana—Weyl spinor describing eight physical modes. Since the vector A4 has 10 — 2 transverse
polarizations, there is an equal number of bosonic and fermionic modes.

SExplicitly, one defines
def. g(n) 0
lef. (9B
gMN = ( )
0 gk

A conventional supersymmetry calculation only yields the trF3; term. The trRj term is a higher-
order effect (this contribution cannot be derived from supersymmetry of effective actions with up to two
derivatives).

"Note that these one-forms are well-defined on the circle S by definition:

812 = 0(z" — m)dz" = 5(a™ + 7m)dz"t.
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4.1.2 Construction of a periodic “step function” on the circle

To find an expression for G, that satisfies the modified Bianchi identity (4.4), we need zero-
forms ¢; such that de; includes d;;. Determining a primitive of a delta function on a circle
requires a minimum of care: a simple “step function” #(z'') is not periodic and therefore
not appropriated. In fact, the existence of a periodic function f(z'') = f(z'' + 27) on the
circle with f’(z'') = §(z'")® would imply®

1= /S iy = /_ dz' §(z') = /_ dz'! f'(z') = f(n) — f(~m) = 0. (4.6)

One can however define

11
4y 11

e1(z') = sign(z") — — € [—m, ], (4.7)

which is a periodic function (for instance, e;(7) = £1(—n) = 0) odd under Z,. The graph of
this function is shown in Figure 4.1 together with the one of its counterpart

go(z™) = g1 (a™t £ 7). (4.8)

. -
L1 =~ 14

Figure 4.1: Graphs of the periodic “step functions” £; and 5 on the circle.

These two functions €; and e, satisfy

1 1
g™ =26(z") == and eh(z') =26(z" —7) — — (4.9)
™
In terms of forms, these definitions can be concisely written as
1
de; = 20,; — —dz'', i=1,2. (4.10)
™

8The prime ' denotes a derivative with respect to z!!.
9Since the integrand is periodic, one can integrate over any interval of length 27. However, in order to
have each orbifold singularity exactly once, it is preferable not to integrate from —= to 7 but to slightly shift

the interval of integration. Thus, for instance, [* dz'! is meant to be lim,_,o ff:rr_zn dz'l.
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In the following sections, we will have to integrate combinations of the functions ¢; and ¢
over the circle. Since the functions ¢; are odd under Zs, one has

/ de'le; =0, i=1,2. (4.11)
Sl

Integrals involving products of the functions ¢; read

1
dettee;, =m(6ii—=), 4,j=1,2, 4.12
g1 J J 3

where d;; denotes the Kronecker symbol. It is also useful to consider integrals of products
of one delta function and two ¢; functions. These Zs-even distributions are ill-defined and
have to be regularized. Any sensible regularization should preserve the relation (4.10) and
the Zs-oddness of the ;. For an expression like §,;¢1¢;, one can think that in the vicinity
of z'' = 0 the linear piece —z'' /7 in ¢, is unimportant and &/ (z'") ~ 2§(x'!) so that

d(xNer () (z!) =~ %6'1(3611)61(3611)51(3:11) = é% (sl(xll))3

(4.13)
(z").

This computation can be rigorously verified. For instance, we may take the regularized
el(z'), n € R > 0, to be the continuous function which coincides with ¢;(z!?) for z!! ¢
[—n,n] and equals (1/n —1/m) z'* for z'* € [—n,n]. The corresponding &7, (x'") is defined
according to Eq. (4.10) and vanishes everywhere except inside the interval [—n, n] where it
equals (2n) L. It is then easy to compute the three integrals

~ ——61(

C».'Jlr—t

1 2 1
hetel = 3(1-1) 3
S1 ’ 3 ™ 3
In nY -0
O N — ___(1__>_)(] 4.14
/ 1,1€1€2 3 . ) ( )
1 2
/ 51 16283 = = (Q) "7__)0) O,
3\m
and similarly for §7,. In other words, one has
1
/ 074€5€k L 30101k, (4.15)

and more generally, for any smooth function f(z'!),

/ 57171 ;7 Zf 77—>0 151]5zk/ 51,if- (4.16)
St

is an odd function of z!* € [, 7] and

/ 51,67 = 0. (4.17)

To summarize, the important result is that we can safely make the replacements

On the other hand, §”

Izg

1
51,,'6]'816 — gél,i(éijéik) and 61,i5j — 0. (418)
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4.2 Solution of the modified Bianchi identity

4.2.1 A family of solutions

In this subsection, we would like to solve the modified Bianchi identity
dG4 = —(47T)2—261’i/\14’1‘, (419)

where we have rewritten the content of the parenthesis appearing in (4.4) in terms of the
four-form?!®

— 1 2 1 2
Lii = Gy (tng’i 2trR2>. (4.20)

The one-form d,; has support only on the sth fixed plane, so that only the values of the
smooth four-form I,; on this fixed plane will contribute. Moreover, ¢;; contains dz!' and
only the components of I;; not including dz'! are relevant. To emphasize this fact, we are
going to use the following convention: a tilde on a p-form A,; means that gp,i is obtained
from A,; by dropping the dz'' components and by setting the argument equal to z;', i.e.
equal to 0 or m depending on whether 4 = 1 or 2. In this context, the exterior derivative
d applied to a tilde p-form produces a tilde (p + 1)-form: dA,; = A,;;;. In the Bianchi
identity (4.19) we can then replace I;; by ’IV“ This has no effect on the gauge term trFy;
(because the gauge fields are living solely on the planes), but in the gravitational part Ry
is replaced by éz,i = §2|$11:$}1. Explicitly, one has E’e,i = df) i+ Q 1i A Q 1, Where Q 1i 18
the correspondingly mutilated spin connection!'!. With the help of the spin connections Q 145
one defines the Chern—Simons three-forms
_ 1

2 1 ~ ~ 2~
Wi = W (tr(AI,i AN dAI,i + gA?I’,Z) — §tr(§21,i A dQI,i + gQiz)) (421)

which satisfies dws; = EZ Under a gauge and local Lorentz transformation with parameters
A# and A" independent of z'' one has 0wz, = diwy; where the two-forms &), are

- 1 1 -
wé,z’ = —(47r)2 <tr(AgdA1,i) — itr(ALdQI,i)> . (4.22)

Then the modified Bianchi identity (4.19) is rewritten as

2
dG4 =7 Z 51,2' A E,i’ (423)

i=1

19This combination of trF3; and trR} appears when factorizing the twelve-form anomaly polynomial Iz,
hence the denomination I, (see the Appendix C).

"By analogy with the Yang-Mills potential (or connection) A, the spin connection is the gauge field for
local Lorentz transformations.
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with TM = dwg; and dwg; = d@éﬂ-. For notational convenience, we have introduced the
dimensionful quantity

— _(4m2h (4.24)
7= —(m) 5 i

The expression of the four-form solving equation (4.23) is

2 2
G, = d(Cg + 9726@3,1) - 7251,i N Wg;
2 i=1 i=1 (4.25)

2 2 2
~ b ~ b ~
= dog + (b — 1)’)/ E 51,,' A Was + 5’)/ E EiI4,i - %’Yd.xn A\ E Wai-
i=1

i=1 =1

To obtain the last equality, we have used the relation (4.10). In full generality we should
allow for a different parameter b for each fixed plane:

2 2
G4 = d(03 -+ %’)/Z:ZI bié‘ia}g,i> — ’)/Z:Z1 (51,2' AN @3,Z~. (426)

But the conditions of anomaly cancellation are the same for both planes and at the end of
the day b; and b, are determined by the same equation so that b; = by = b.'2 The presence
of the last term in the second equality (4.25) is due to the requirement of the S' periodicity
of the Zo-odd “step functions” e;(z'!).

Five-branes contributions

It is also interesting to consider situations where M-five-branes are present in the theory.
Each five-brane (labeled by f) has a six-dimensional world-volume W ;. Since five-branes
wrapping the circle S' play no particular role in the discussions of subsections 4.2.3 and
4.3.4 below,'® we will focus our interest on five-branes that are perpendicular to S' (they
intersect the circle at x}l) We consider a configuration with N5 such five-branes. To each
of them one associates a brane current five-form &5 (W f), analogous to the d,; introduced
for the two ten-dimensional fixed planes. This brane current can then be decomposed as
0s(Wsy) = 6(a' — x3)dz™ A 6;(Wey), and the Bianchi identity for G; gets an extra
contribution [229, 233]

Ns Ns
dG4 |5—brane =7 Z 55 (Wﬁ,f) = ’)/Z 5(3311 - .T}cl)dl‘ll AN 54 (WG,f). (427)
F=1 f=1
12 Actually, this equation will turn out to be quadratic in b; and hence has another solution: b; = —by = %b.

However, we will soon see that by = +by = 1 is needed as soon as topologically non-trivial configurations
exist.
13 Actually, five-branes wrapping the circle should be eliminated by the Z, projection.
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The solution G; receives then an extra part. When integrating d(z'' — 2" )dz'' A6, (W f),
one has a choice (just as before with §,; A 741) giving rise to more free parameters:

5
15} 1
G4 |5—brane = 7 E [5 (61('7;11 - $}1)54 (Wﬁ,f) - ;d'xll A 03(W67f)>
=1 (428)

—(1 = B)5(x" — 2} )da™ A 05 (W, f)].

Using Eqs. (4.5) and (4.10) it is straightforward to verify that the exterior derivative of the
r.h.s. of (4.28) gives the r.h.s. of (4.27) for any choice of the parameter 3 provided

ds(Ws,s) = 64 (We,z)- (4.29)

There are many different choices for §3(W;,s), but since §,(Ws r) does not involve the circle
coordinate z'!, the choice of the primitive f3(Ws ;) does not matter here.

4.2.2 Gauge and local Lorentz invariance of G

We would like to work with a gauge and local Lorentz invariant four-form G;: G, = 0.

While Ez is invariant, the Chern-Simons three-form wg; is not and looking at the solution
(4.25) we see that Cs cannot be invariant either. Note that the five-brane contributions
(4.28) to G; have no dependence on the fields (the five-brane contributions consist only in
delta functions) and thus do not change 6C3. The most general variation 6Cy giving an
invariant G, is then

6Cy = dB} — 72 (bszdwgz + 381 A w21> (4.30)

with some two-form B} linear in the gauge or local Lorentz parameters A8 or A To
determine B}, we recall that C4p¢ is odd under Z, and hence projected out, while Capi; is
even and kept. But Csgc = 0 only makes sense if it is a gauge invariant statement. In other
words, we must have §C4pc = 0, which means, using the ABC component of Eq. (4.30),

(dB3)asc =75 Zﬁz diy;) apc = alZezcugZ ABC (4.31)

=1

which is solved by (B})as = 75 32, €i(W5;) aB. Therefore we choose By = 75 by 2, €y,

so that
6Cs = VZ( de; — )Aa}%

2 2
~ b ~
= v0b-1) 251,z‘ AWy, — ’Y%dmn A Zwéz
im1 i—1

Without the last term in (4.32), Cs would be invariant away from the fixed planes. This
piece of the variation is again due to enforcing the periodicity of the “step functions” &;.

(4.32)
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4.2.3 Invariance under large gauge and Lorentz transformations
(global definition of G)

In the last subsection, we have considered invariance under small transformations that can be
continuously deformed to the identity. However, the field strength GG, must also be invariant
under large gauge and large local Lorentz transformations. This will be precisely the case if
G is globally well-defined, i.e. if dG is exact. There is a simple criterion when this is true
[230]: if G, is globally well-defined then for any five-cycle Cs '* Stokes’ theorem tells us that
fcs dG,; = 0. For instance, one may take C5; = C4 x S* where C, is an arbitrary four-cycle
at a fixed value of z'! (i.e. at a fixed value in the S* direction).'> Rewriting dG,; with the
help of the Bianchi identity (4.23) completed by the extra five-brane contribution (4.27), G,
will be invariant under large transformations precisely if the condition fcs dG; = 0 holds,

i.e. precisely if ¢

[~ 1 1 ~ 1 1 ~
L = — / (trF2 — —trR; )+— / (trF2 — —trR; )
;/a ! (47)% Je, ALo2n ) (4n)? o, P (4.33)

= _N5a

where Nj is the number of five-branes intersecting S! and C; at a point. Since we do want
G, to be invariant also under large transformations, we assume this condition henceforth.
There is one more important piece of information we can obtain from requiring global def-
inition of G; and using Stokes’ theorem on a five-dimensional manifold M5 which intersects
exactly one of the fixed planes on a four-cycle. For example, we may take the manifold of the
form M5 = C4 x I where C, is a four-cycle and I is the interval [z}', z}'] with —7 < z{! < 0
and 0 < z3' < 7. The boundary is then OM5 = C4(z3') — C4(z}') and Stokes’ theorem gives

/ dG, =/ G4—/ Gy. (4.34)
M; Ca(zi) Ca(zih)

The integral on the l.h.s. is evaluated using the modified Bianchi identity. The contribution
(4.23) collapses to an integral of I,; over the four-cycle C4 on the fixed plane. The five-
brane contribution (4.27) to dG, yields an extra term yN;5(I), where N5(I) is the number
of five-branes that intersect the interval I and the four-cycle C4. On the other hand, the
integrals on the r.h.s are evaluated using the solution (4.25) and (4.28) for G,. Since the

components G 4g¢11 do not contribute to the integrations, only the term %7 Z?Zl 51741 from

(4.25) and the piece 5+ Z}Vil e1(z't — 36, (W s) from (4.28) are relevant. For the integral

at 2! = zl! one has g (zl!) = 1 — z8!/7 and ey(zl!) = —zi!/m, while for the one at

gt = i one has e, (27') = —1 — zi' /7 and ey(21') = —a1' /7. Since I;; is independent of

z'!, we have fC4(w51) I = fC4(w}1) I; = [., 14i- Furthermore, the contribution of a five-brane
labelled by f, 5 Jeriayy &1 (@ = 233, (We ) — By Jeswmy E1(@" = 231)8; (W), is given by

14Recall that a cycle is closed: a cycle is a compact submanifold without boundary.
150ne could equally well take any five-cycle homologous to C4 x S*.
16The analogous cohomology condition is well-known from the heterotic superstring [226].
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By (2 +( zi)/m) if i € I, and reads (2" — z3!)/m if 2! ¢ I. Using the relation
(4.33), E (4 34) then becomes

- b _ 11 _ 11 1 _ 11
’Y/ Li+7yNs(I) = ;v 2/ I, — ui\% +é’y 2N;5(I) + uN5 . (4.35)
C4 , 2 C4 ’ (0 2 ™

It is worth noting that the exact positions of 21! and xl! are arbitrary. Upon slightly varying
them such that Nj(I) remalns unchanged one concludes that the terms linear in z}' — 21! and
the terms independent of z}' — 21! must vanish separately. This produces two equations:'”

(B—B)Ns=0 and (1—B)Ns(I)+(1—b) /C T =o0. (4.36)

In the absence of five-branes (N5 = 0), one simply gets (1 —b) [, L,l =0.If E,l =0,
each of the two source terms in the modified Bianchi identity is cohomologically trivial, so
that the wg; can be globally well-defined. In this case b is unconstrained. On the other hand,
if [ Cs .74,1 # 0 each of the two source terms is individually cohomologically non-trivial'®, and
one must take b = 1. It is interesting to remark that b = 1 eliminates the terms in G,
containing delta functions so that G; becomes finite everywhere on S*.

In presence of five-branes (N5 # 0), the first equation (4.36) gives 8 = b and the second
one then tells us that (1 —b)(Ns(I) + [, Z“) = 0. With a variation of the interval I, we
may change the number N5(I)'? and conclude that b = 1. The resulting four-form G; with
b= =1 fixed by its global definition then reads:

G4|b:1,g:1 = d03+

ZSZI‘“—’_ZEI —xf 54(W6f)]
(4.37)

2 N5
Y ~
_%d.’,ﬁll A [Z (A)g’i + Z 03 (W&f)] .

We can summarize the two last subsections by saying that the invariance of G; under
(small) gauge and (small) local Lorentz transformations of G, corresponds to the transfor-
mation (4.32) with the Zj projection Capc = 0, and that its global definition requires the
cohomology condition (4.33) as well as the two equations (4.36).

4.2.4 The case b=1

We have just observed that b = 1 is required whenever fc4 I~42 # 0 or five-branes not wrapping
the circle are present. The case b = 1 is attractive because it corresponds to a four-form
G, without delta function singularities. It also presents some other interesting features

"With a five-manifold M5 intersecting the other fixed plane at 2! = 7, we would have obtained an
analogous set of equations with I, 5 instead of I, 41

18 Although their sum is trivial by (4.33).

19Unless all five-branes are living on the fixed planes.
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when considering the solution (4.25) and the transformation (4.32) from the point of view
of the reduction to the perturbative heterotic superstring. To understand this, we consider
a situation without five-branes (N5 = 0) and expand G apc11 and Capi; in Fourier modes
along S1:20

0 0 Yo~ ~
(4.39)
n n Y ~ n~
chu_zzcn = d[ch(ac)']u - %(b —1)(ws1 + (—=1)"Ws2)apc, n > 0.

Thanks to the last term in the second equality (4.25), the zero mode does not depend on
the parameter b, and we notice that 05101)311 can be neither gauge nor local Lorentz invariant
if we impose the invariance of ;. The higher modes Cﬁl’gn are gauge and local Lorentz
invariant if and only if b = 1. But the truncation of C4p1; to its zero-mode is safe only if
the higher modes are gauge invariant, and this requirement is crucial when making contact
with the ten-dimensional heterotic superstring in the field theory limit.

In the next section we will show that anomaly cancellations relate b* and \°/k7,, but do
not fix one or the other. However, the gauge and local Lorentz variation of the topological
term will have a contribution which depends on b and which is a variation of a (local)
counterterm and hence does not contribute to the formal twelve-form which characterizes
the anomaly. The appearance of this term is related to the b-dependent contributions in
the variation of Cy, and then to the higher modes in its expansion. On the other hand, a
direct calculation of the anomaly-cancelling terms, by first truncating Cs to C’éo) and then
calculating the resulting ten-dimensional action leads directly to a Green—Schwarz term
which corresponds to b = 1, the case in which all truncated modes are gauge invariant. This
will be done in section 4.5.

The conclusion is then that anomaly cancellation alone does not fix b. The perturbative
heterotic limit however (the small S' radius limit) selects b = 1 because it ensures gauge
invariance of the massive modes. This condition is essentially due to compactification on a
small space. As we have seen in the preceding subsection, global considerations also impose
b =1, provided topologically non-trivial configurations occur.

4.2.5 Reduction to the ten-dimensional heterotic superstring

The field theory (perturbative) limit of the ten-dimensional heterotic superstring corresponds
to a situation where the radius of the circle S* is very small. The massless heterotic fields
are defined (modulo possible rescalings) as the zero-modes of the Fourier expansion on the

20For instance, the mth Fourier coefficient for the component G 4pc11 simply corresponds to the integral
(m) 1 T —imatt 11
Gupcnn =5 | do-e Gapcu(z), (4.38)
—T

where G apc11 is given by the solution (4.25). Recall that we are working here with a circle of unit radius.
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circle of the massless M-theory fields. In particular,

of 1 mr
Bap = CS)yy = - da'! Capn(z™),
o (4.40)
Hopo G0 = — [ de™ Gagon (@)
A ABC ABC11 orr |, ABC11 )

where we have reintroduced an arbitrary radius 7. The integration of the ABC'11 components
of the solution (4.25) for G over the circle S* leads to

H,=dB, + %(53@ + D32). (4.41)

In the small radius limit, the Lorentz Chern—Simons forms which enter w3, and w3, become
the same and we can replace Wg; + Wzo by?! ﬁ (Qsvm — Q31.), so that the expression of
H 4 becomes

K
27r A2
To obtain the standard relation of the heterotic superstring [108], we reexpress k17 in terms
of the ten-dimensional gravitational coupling k1,

Hy; =dB, — (Qgym — Q31) - (4.42)

/ﬂfl = (27rr)/£fo, (4.43)

and rescale the fields H, and B, according to
H,="0fg, B, =C0p, (4.44)
Inserting these redefinitions into (4.42), we get the well-known form
Hy = dBy — Qgym + Q.- (4.45)

The variation of By can be deduced from its definition (4.40) and the expression (4.32) of
5033
0By = Qé,YM - Qé,La (4-46)

with 6Qgym = dQyyp, Q51 = dQp, and Wy + Wp = o7 (Vyym — Qr)- On the other
hand, the invariance of H s follows from the invariance of G .

In presence of an M-five-brane not wrapping S*, only the zero mode G(jl)gcn is modified.

The extra contribution® ;L6;(Ws ) appears on the r.h.s. of (4.45) and dHj gets a piece
proportional to d;,(Ws, ) which is the appropriate source term for a heterotic solitonic five-
brane.

210 s ym and Qgy, are conventionally normalized Chern—Simons three-forms with dQ2gvwv = trF g’ 1 HtrF 22
and dQgy, = trR%.
22Remember that 3 = 1.
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To complete the comparison with the bosonic low-energy effective supergravity of the
heterotic superstring, we reduce on S' (throwing aside the fields odd under Z,) the bosonic
part of the actions (2.51) and (4.3). With the metric ansatz

_1/4
_ (¥ P94 0
guN = < 0 wg) , (4.47)

the ten-dimensional Einstein and Yang—Mills terms, as well as the kinetic Lagrangian for Hj
read?

€10

£10d. partial — T 5 5
2K7,

1 k2 1 K2 2 ~
4= )\120 (p73/4tr(F FAB) ( )\120 g03/4) HABC’HABC] ’ (448)

where e;g = /—gap. The dimensionless quantity \?/ n%z can be absorbed in a redefinition
of the field ¢ to finally obtain

e
Li0d. partial = — 5o~ [R+ Z k2o e (Fap FAB) +

1 s o
— ko Hypo HABC 4.4
T 2k2, 5 K104 ABC ] ,  (4.49)

12

and the field-dependent gauge coupling constant is
g9 = /{3/2g03/4 (4.50)

We conclude that the Lagrangian Liq.partiai has two parameters: ;9 and the expectation
value of ¢, the latter being related to the radius r of the circle. The gauge coupling constant
A cannot be observed in the heterotic limit.

4.3 Anomaly cancellations

The Z, orbifold projection generates a chiral spectrum. As a consequence, the theory presents
a chiral gauge, mixed and gravitational quantum anomaly in M, which can be characterized
by a formal twelve-form. In subsection 4.2.2, we have determined the gauge and local Lorentz
variation of the three-form field C's due to the modification of the Bianchi identity. This
variation is at the origin of an anomalous variation of the action, and we will now study the
sources for this anomaly inflow and prove anomaly cancellation. The five-brane contributions
will enter our discussion separately in subsection 4.3.4.

4.3.1 Anomaly inflow from the topological term

In this subsection, we determine the anomaly inflow coming from the topological interaction
term Siop. Since 0G; = 0, the variation of this part of the action is simply

0S —0 CsNG, NGy = ——-
top ]‘2/{:11 M1 ’ k 4 12%%1 M1

23Notice that G apcp, as given in Eq. (4.25) with Capc = 0, would contribute to four-derivative terms
only.

5Cs NGy AGy. (4.51)
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Since the variation (4.32) of C3 only contains components with a dz'', the components
G apc11 cannot contribute to this integral. We also know that because of the Z, symmetry
we have Capc = 0. The solution (4.25) then gives

b -
Gapep = §VZ€J’(I4,J’)ABCD, (4.52)

j=1
and it follows that

2

372
5Stop:—ﬂ/ Z |:(b—1)511—id$11:| Aw?z/\zgjl4]/\zgkl4k (453)
M ;4

4 2
8K =

Now we can use (4.12) and (4.18) to compute the dz!! integrals over S'. In the integrals
not 1nv01v1ng 01, it is important that, apart from the ¢, the rest of the 1ntegrand namely
Wy A T, 4i N I, 4k, involves only tilde quantities and is therefore independent of z'*. The result
of the integration over S reads then

2

37,2
7°b b—1 - ~ b 1, - ~ ~
0Stp = — /M [( 3 ) > :wi,i/\(ﬁ;,i)Q—i > (5jk—§)wi,i/\f4,j/\f4,k
10

48k32
1 i=1 i,g. k=1

def. 1 2

= 65l + 6Siay
(4.54)
The second part 5St0p, with its multiple sum over 1, j, k, looks quite different from the first
one 5St0p- However, we will soon see that both terms correspond to the same anomaly

polynomial 7;5. The calculation of the sums in (55’53% gives
,y3 b3

St = Ta2 / (@51 + @ga) A ((14,1)2 + (L) = Lja A 14,2), (4.55)
K11 Mio

and the corresponding invariant formal twelve-form obtained using the descent equations

reads®*
op(2) 0 = e T _
137 = o W+ L) A (L) + (L) = T AL
11
33
7°b <(~ 5 s
= a2 I,l)+(1,2)).
1442 4 4

This anomaly polynomial has the same structure as the invariant twelve-form corresponding
to 65

top

(4.56)

PR -1 ~
top (1) _ 3
10 = e (TP + I)). (4.57)

24The principle of descent equations is explained in Appendix C. This appendix discusses also other
important concepts related to anomaly cancellation (e.g. the appearance of local counterterms).
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p(1) | fiop (2

The expression of the complete twelve-form ];0 characterizing anomaly inflow

from Syop is then?

362 2~ ™ ® ki
for = VNS Gs T ( Ky 2) (T,0)° (4.58)

Since the field G, is real, the parameter b is real as well, and b? is necessarily positive, as
is k%, /X5, So the sign of the coefficient in I}3° is fixed. This reflects the fact that N = 1
ten-dimensional supergravity is chiral and specific signs appear in the Bianchi identity once
the gravitino chirality is chosen. In any case, the above sign is as required to cancel the
quantum anomaly generated by chiral fermions.

To make the relation between the two so different looking anomalies (55&% and 55532, more
explicit, we can try to find a local ten-dimensional counterterm A, such that

/ szz (I4s) —/ (@51 + @g2) A ((IN4,1)2 +(I2)* = I /\74,2) + 5/ Aio-
M Maio

10 j—1 Mio
(4.59)
Upon applying the descent equations on the two writings (4.56) [first eq.] and (4.57) of the
twelve-form anomaly polynomial, we deduce that

2 - - ~ - ~ 1. ~ 1._ ~
AIU = = (U)gyl + w3,2) A (wg,l AN ]4,1 + W32 N 1472 — SWs1 N ]4,2 — SWs2 N ]4,1)
3 2 2 (4.60)
= w1 Awgp A (L2 — 1),
so that §S;,p, may be rewritten as
’73b2 ~1 Y
144’1‘/11 MIO MIO

This ten-form will be useful in the discussion of the heterotic anomaly-cancelling terms (see
section 4.5).

4.3.2 Anomaly inflow from the Green—Schwarz term

We must also determine the variation of the Green—-Schwarz term. The first question is
whether one should take [G; A Xy or [ Cy A X4 with?®

1 1 1
Xs =dX d Xg=-———|=trR; — =(trtR3)*) . 4.62
8 7 al 8 12(47T)3 (2 ITiig 8( r 2) ( )
Since the modified Bianchi identity implies that G, # dC3, both choices are inequivalent.
We will start with [ G, A X and it will turn out that the form [ Cs A X4 does not allow
to cancel the one-loop anomalies.

25Tn particular, we note that the terms cubic in b exactly cancel.
26Note that Xg obeys dXs = 0 and § Xz = 0.
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Even if the appropriate normalization of the Green—Schwarz term is known independently
[222, 77], it is interesting to rederive it from the present anomaly cancellation. Therefore we
consider

Sgs = © / G, A X, (4.63)
Y Jmn

where v = —(47)%k?, /A? as before and c is a dimensionless constant to be determined. Using
0G; = 0 and the descent equations Xy = dX7 and 6 X, = dX}, the variation of Sgs can be
written

§Sas = 5/ G4/\<5X7:E/ G4Adxg:—5/ dG, A X}
Y Mii Y Maii Y Mi

2 2
= —C 251,1'/\}/4,,'/\)(;‘——0/ Zf%i/\jzél',i
M

M1 ;-1 10 =1

(4.64)

In the last equality, we have replaced X§ by X ;,i defined only on the ith fixed plane. Since

E,i is closed and gauge and local Lorentz invariant, the variation (4.64) corresponds to the
twelve-form

IS8 = CZIM AXg, (4.65)

The other choice for the Green—Schwarz term,

A

-~ Cc

Sgs = = / Cs A X, (4.66)
Mii

leads to a variation

N

6§GS = E/ (503/\Xg
Y I M

= b—l/ ZUJQZ/\ng c—/ Zd:vn/\wgz/\Xg
Mio =1 M =1

While in the first term the delta function has the effect of replacing Xg by X 8, in the second
term Xz truly depends on z'*. The first term corresponds to a twelve-form polynomial
ff;s‘” = ¢(b—1) Z?:lfu A)?g,i and has the form required for cancelling the one-loop
anomaly.?” Its coefficient however seems to be wrong: if b = 1 it vanishes, and if b # 1 one

would be forced to choose a non-standard ¢ (except if b = 0). In any case, X in the second

(4.67)

term depends on the circle coordinate !' and there is no way to make it equal to X 8, on the
1th fixed plane as needed for anomaly cancellation. We conclude that §GS could be suitable
at best only for b = 0. But this case is certainly ruled out as it would lead to 6S;,, = 0.
The possibility to discriminate between Sgs and §GS relies essentially on the presence of the
second term in (4.67) and this term is again a consequence of enforcing the periodicity of
the “step functions” g;(z'").

27See Appendix C.
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4.3.3 The cancellation of the one-loop anomaly

The sum I3 + I} must precisely cancel the one-loop anomaly given by?®

2
-loo T % T >
I;;°P = Z (5(14,1)3 + 1y A X8,i)- (4.68)
i=1

The expressions (4.58) and (4.65) of I}5® and IS cancel this anomaly if and only if

12 )6
=" (4.69)
(4m)5 ’5111
and
c=1. (4.70)

The normalization ¢ = 1 was known from cancellation of the anomaly due to a five-brane?,

but the quadratic relation for the parameter b is a new result.
Using Eqgs. (4.61), (4.64), (4.69) and (4.70), we may now rewrite the total anomalous
variation as

6Si0p +0Sas = —g / (@JA(LJ)M%A(L,2)2—b5A10)
Mio

(4.71)
—/ (14,1/\Xé71+f4,2/\Xé,2).
Mio

The term proportional to b is the variation of a local ten-dimensional counterterm A;y, and
this is why it does not contribute to the twelve-form of the descent equations. We will see in
section 4.5 that in the small radius limit corresponding to the perturbative heterotic super-
string, this particular form of the anomalous variation is at the origin of a local counterterm
usually unexpected from standard ten-dimensional arguments.

A word on the value of the parameter b

In subsection 4.2.3, we have seen that the parameter b is equal to 1 if fc4 TM # 0. The relation
(4.69) then fixes the ratio A°/k%,. Since this ratio should not depend on the topological sector
of the theory, this in turn imply that b = 1 even when fc4 I;; =0,ie. b=1 always.

4.3.4 The M-five-brane anomaly

The M-five-brane anomaly is a purely gravitational anomaly of the six-dimensional chiral
theory living on the world-volume of the five-brane (a chiral tensor multiplet).3 The invari-

28This one-loop anomaly is discussed in Appendix C, where the various expressions refer to ten-dimensional
anomalies on a given fixed plane and should be understood as involving only tilde quantities.

29Gee also the following subsection.

30There is also the normal bundle anomaly, but it can be treated independently [33, 92] and we will not
consider it here. Remark in passing that there is no anomaly associated to the M-2-brane zero-modes (the
dimensions of the membrane world-volume is odd).
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ant eight-form corresponding to this one-loop anomaly is simply>!
I5Prane(1-loop) = X, (4.72)

where the sign on the r.h.s actually depends on the choice of chirality. The Bianchi identity
for G; is modified by the presence of the five-brane as given by (4.27) and according to
(4.64) there is an additional five-brane contribution to the variation of the Green—Schwarz
term Sgg:32

1
6Sas|s-brane = —; dG |5 brane N X§ = —/ 85 (We) N X
M M
(4.73)
_ [ &
Ws
This variation is the descendent of I§® = X g, so that it exactly cancels the five-brane

one-loop anomaly (4.72).
We should still check that the five-brane contribution to dG; does not alter our previous
results. Indeed, when solving the Bianchi identity, G; has an extra piece:

G, |5-brane = 70, (W), (4.74)

where df;(Ws) = 05(Ws). In subsection 4.2.1, we have explicitly given the expression of
8, (Ws) for a five-brane not wrapping the circle, and in subsection 4.2.3, we have concluded
that when five-branes are present in the interval the parameter 8 should be taken equal to
1. For five-branes wrapping the circle, the brane current 65(Ws) does not contain z!! and
any primitive 0, (Ws) is a priori allowed. For the moment, we do not specify which type
of five-branes we consider and keep the generic notation 6;(Ws). The important point is
that the extra piece in G; does not depend on any fields and is thus trivially gauge and
local Lorentz invariant. The variation (4.32) of the three-form Cj is then unchanged and
the modification of §S;,, due to the additional piece in G, reads

1
6Stop|5—brane = - W ™ 503 A G4 ‘Without 5-brane /\ G4 |5—brane
11 11
’Y3b i ( b 1 1 i 7
= — (b—1)51,‘——d$ )/\(TJ AN 5'14,'/\94()/\)6)-
12/{:%1 /J;All pa (3 27_(_ 271 j:1 J J

(4.75)

If the five-brane wraps the circle, §5(Ws) and 6, (Ws) are independent of z''. The only

z''-dependence of the above integrand is then ((b—1)6,; — 5=dz'!)e; which integrates to zero

by virtue of the second part of Eq. (4.18) and Eq. (4.11). Hence the anomalous variation of
Stop 18, as expected, not affected by this kind of five-branes.

3'We put a hat on the eight-form to emphasize the fact that this anomaly concerns a six-dimensional
theory (and not a ten-dimensional one).

#?Recall that the five-brane source d5(Ws) is such that for any six-form A4 living in eleven dimensions,
one has fMu ds(Ws) AN Ag = fWe Ag. A possible switch of chirality would produce a minus sign on the r.h.s.
of (4.27) and (4.72).
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If the five-brane world-volume does not extend in the x''-direction, we have seen that
generally b = 1 and 8 = 1. Using the explicit form of the solution (4.28) with g =
and considering a situation with N5 such five-branes, the extra contribution (4.75) to 6.Sip
becomes?®3

3
6Stop|5-brane = 482/1'&%1 /M Zdiﬁu /\wgz/\ZqIM /\261 —.Z'f (54 (W6 f)
11 4
R = =
= o2 [ @@ A (AET+ REPT),
11 f=1 6,f
(4.76)
where the integrals
fi(zy) = /dxn gj(z'er(z" — z3') (4.77)
over the circle are given by
9 (z}1)2 ()2
11y _ 11 f 11y _ f
fl(xf)—?—Q\xf \—i—T and fz(xf)——g—i— . (4.78)
The f;(x}") are Zjy even functions and obey
df;
dxil (z}') = —2¢;(x}). (4.79)

We have replaced Wy, and I; by @y; and ./7\41 to stress that these forms are evaluated on the
W, world-volumes.

The extra anomaly inflow from S, into the six-dimensional theory on the five-brane
world-volumes is associated to the invariant eight-form

3 Ns

rr @) — S A (B + T A ) + falal) () + T A Lo ) .
11 5o

(4.80)
This non-vanishing anomaly localised on the five-brane world-volumes is an interesting new
effect which would deserve further study. A somewhat related issue, within the context of
Calabi-Yau compactifications with less supersymmetry, appears in Ref. [138] where it is
found that gauge fields originate on five-branes. We will come back to this point at the end
of Chapter 6.

33We omit here possible non-zero contributions of the form
5St0p|5—brane = - ﬁ fMu dCs A G4 |5—brane 1A G4 |5—brane 2
3
= —4825% fMu €1 (.’1311 - .’13}11)61 (.73 T )d.CL'H A (54 (W6 fl) A (54 (Wﬁ fz) A Ez 1 wgz,

which would correspond to exotic configurations where two five-branes intersect on a string.
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4.4 The issue of G ;-flux quantization

4.4.1 Does flux quantization hold ?

In the preceding section, we have seen that the cancellation of the one-loop anomaly [ 11;°°p

only requires the validity of the relation (4.69) between b* and \°/k7,. On the other hand,
we have seen in subsection 4.2.3 that if there are topologically non-trivial gauge/gravity
configurations such that fc4 Ez # 0, one is forced to take b = 1 in order to have a globally
well-defined four-form field G;. We will now explore the consequences of the modification of
the Bianchi identity for the flux of G, and compare with Witten’s result on flux quantization
[232] obtained in the downstairs approach which in a certain way also corresponds to a fixed
value of b. We will firstly evaluate the integral of G, on four-cycles C, not wrapping the
circle S' and find the standard flux quantization. The situation for four-cycles of the form
Cs x S! will turn out to be much more unclear. To simplify the discussion, we suppose that
there are no five-branes.

Four-cycles not wrapping S'

We consider a four-cycle Cq(z'") which does not wrap the circle S' and is located at a fixed
value of z'! € (0, 7). The integral of G, over C; can then be written

2
2 / ~
— G4 = b 51'(-1'11)/ 14,1'
Y Ca(z1) z_zl Ca(zl)
11 - 11 ~
™ Ca(z11) ™ Ca(z'1)
= b/ 7451’
Ca(z!)

where we have used the solution (4.25) to obtain the first equality and the cohomology
condition (4.33) to cancel the z''-dependent terms. Now, either fc4($11) I,; =0 and bis not

fixed, or fC4(w11) 74,1 =ny — 3p1 # 0 with ny,p; € Z* and b = 1. In both cases the integral

of G, over C4 reads
2 1 1
o= ()= (), .

for any four-cycle C4 not wrapping S'. This result looks like Witten’s flux quantization [232]
which was obtained in the downstairs approach and reads

6 ()
G,=(n—=p1]- 4.83
Ydown Je, ! bt (4.83)

34Gee Eq. (C.19) in Appendix C.
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The slight disagreement comes from the fact that the gravitational couplings k2, in the
upstairs and downstairs approach precisely differ by a factor of two [49]:

1
K11 down = 551 Lups (4.84)
and since v = —(4m)%k% /A one has also Yaown = Yup/2- Of course, in all our formulas

Y = 7Yup and one sees that Eq. (4.82) is exactly Witten’s flux quantization.

Four-cycles wrapping S*

Now we consider four-cycles of the form C; = C3 x S where Cs is some three-cycle at a fixed
value of z!''. Such cycles do not exist in the downstairs approach and we cannot expect the
corresponding flux to be related to Witten’s quantization condition. Inserting the solution
(4.25), the integration of G, over C, gives

fchsl G, = /chsl (d03 + 'Yé ((b — 1)1 — %dfﬁll) A CNO:?,z‘)

2
/Cvsxsl i C Z §

3 4=1

(4.85)

In the small radius limit (as discussed in subsection 4.2.5), this integral exactly reduces to
the flux fﬁg = (d§2 — Qgym + Qs1) in the heterotic superstring. The flux of H, was
studied some time ago by Rohm and Witten [180] and these authors concluded that (in an
appropriate normalization) it was of the form n +n with n € Z,n € R. A similar argument
holds here and we cannot say anything interesting about the value of (4.85).

4.4.2 A remark on the membrane action

Let us first review the standard argument [232]. In uncompactified M-theory or in M-theory
on a smooth manifold one has simply G; = dCjs. Since this needs not hold globally one
typically argues that

/ G, = / dost + / Aoy = / (c5P — iy, (4.86)
Cy ¢t cr C3

where C3 = 0Cf = —9C; . But the membrane action T5 fcg Cs + --- (T3 is the membrane
tension) should be well-defined modulo 27, and one concludes that 75 f, G4 = 27n with
integer n. Witten has argued [232] that the three-dimensional membrane theory does in
certain cases have a so-called parity anomaly [3] which is a sign ambiguity ™, p € Z of
the fermion determinant. This implies that actually the well-definedness of the membrane
functional integral requires 75 fc4 G; = 2n(n — % ). This fits with the flux quantization
since Ty = —27 /7.3 However, in our present upstairs discussion, this relation for the G-
flux holds (with the appropriate redefinition of k2, by a factor of two as discussed above)

35This relation can be obtained from the five-brane tension using the Dirac quantization condition.
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if C; does not wrap the S', but is replaced by (4.85) if it does. Of course, this does not
mean that the membrane functional integral is no longer well-defined. First, the above
argument is spoiled since G; # dC's everywhere. Second, a coupling of Cs to the membrane
world-volume C3 of the type fc3 Cs without modification certainly does not lead to a well-
defined functional integral since we have observed that C's is neither gauge nor local Lorentz
invariant. Obviously then there must be corrective terms to restore the invariance. It would
be interesting to explicitly construct these terms. A clue is probably provided by Eq. (4.85)
which is gauge and local Lorentz invariant.

4.5 The heterotic anomaly-cancelling terms

In this section, we will consider the small-radius limit (srl), » — 0, and compute the anomaly-
cancelling terms of the heterotic superstring. We con81der only the zero modes along the
circle. In particular, we replace C'4p11 by its zero mode C’AB11 = (27r)~ fsl dz'' Cupi1 et

Bag [see Eq. (4 40)] We must also keep in mind that Cypc = 0. Moreover, only the
restriction X 71 = =X 7.2 X 7 to Mg of the seven-form Xy in M11 survives, and similarly
for its exterior derivative Xz = dX,: ngl = Xso = X; (with Rg L = Ry s = R,).

Reduction of the topological term

Using Eq. (4.12) to perform the integral over S! (with the reintroduction of an arbitrary
radius r), and Eq. (4.69) to reexpress b* in terms of A%/}, the reduction of the topological
term is

1
Siop = — CsNG; NG
o 12’{’%1 Mi ! /
b2,YQ 2 _ 2 _
= - 5 / 03/\(261'14,1')/\(28j]4,j)
48/{,11 Mi1 i1 ]
o 21wrb*y? ~ = = = (4.87)
= - B/\(I 241,021 /\I)
1442, /Mw 2 A Lp)" + (Ly2)” — L Ay
1 ~
= Ty /Mw By A [(tngl)2 + (trF},)* — trFj, AtrFy,

1 1
—i—Z(trRZ)Z — §trR2 A (trFy, + tngz)].

To obtain the last equality, we have introduced the ten-dimensional gravitational coupling
constant k%, = k%, /(27r) and rescaled B, to the heterotic By as in Eq. (4.44).
Reduction of the Green—Schwarz term

Inserting the expression (4.25) for G, (with the reintroduction of an arbitrary radius r
through the replacement of (27r)~! by (277)!), the reduction of the Green-Schwarz term
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(4.63) [with ¢ = 1] gives

1
Ses = —/ G, NXq
Y I M
srl 27TT b 11 ~ =~
= — Bg/\Xg‘i‘Z b—151,/\w32 —dx /\Ldg,z')/\X'y
Y Mio M11 2mr
\ (4.88)

2mr \? / ~ -
= - Bg/\Xg— / afj’,i/\X’/
(471-)2/{:%1 Mio ; Mio

1 ~ 1 ~
= - B <—t 4 t 2 / A X
12{4r)7 /Mm 2 A\ 5 rR, — —(trR}) Z " ws, 7

Now, we define®® the heterotic eight- and seven-forms Xz and X, (with dX, = X;):

~

1
Xs = (trF3)” + (trF3,)° — trFy) AtrFy, — itrRﬁ A (trFy, + trFy,)
1o 1 22
+-trR, + - (trR3)~,
2 8
0 2 9] 2 1 2 1 2
X7 = 31 N tng’l + 3.2 N tI'F272 — 593’1 N tI'FQ’Z — §Q3,2 AN trF2,1

—%Q&L A (trFy, + trFy,) — 3(93,1 + Qg9) ANtrRS + %QZL + %QS,L AtrRS.

(4.89)
In the expression of X 7, the gauge and gravitational Chern-Simons forms (2g;, {251, and Q4,
are such that dQs; = trFy;, dQs1, = trRj and dQ41, = trRj3. Contrary to X, and Xy which
contain only gravitational pieces, X, and X5 have gravitational, gauge and mixed terms.
With these definitions, the sum of the heterotic anomaly-cancelling terms (4.87) and (4.88)
can be written

1 ~ ~ 1 1
Saspet = _W /Mm (Bg AXg~+ (Qg1+ Qg2 — Q) A (§QZL - éQ&’,L A trRzg))
1 ~ ~ ~
. By A Xs+ gy — Q) A X )
12(dn)° /Mm ( 2 s+ (Qaym L) 7

1 1 1
+W /Mm(Qs',l - 593;) A (2 — 593,L) A (trF3, — trFy,),

(4.90)
where Qgyy = g1 + Q32. In the last equality, the first line displays the standard Green-
Schwarz counterterm of the heterotic superstring [108]. The second line is a local counterterm
specific to the structure of the anomaly-cancelling term generated by M-theory on S'/Z,.

36Note that the eight-form used in the textbook by Green, Schwarz and Witten [108] is X§5W = 1 X;.
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In terms of the 10-form A,y introduced in Eqgs. (4.59-4.61), this counterterm reads

7T 3 v
- A]o = — (— / AIU) s (491)
2 /Mm 2\ 14462, [y,

with b = 1. As already explained in section 4.2.4, the small-radius limit automatically
produces this term with a coefficient corresponding to b = 1. The extra factor of 3/2 with
respect to Eq. (4.61) is due to the usual choice of including only part of this term, namely
—1/2 of it, into the standard heterotic counterterm of (4.90), leaving us with a factor of
+1/2+1=3/2.

4.6 Summary

In this chapter, we have focussed on the resolution of the Bianchi identity for the four-
form invariant field strength of M-theory on the orbifold S'/Z,. In the upstairs approach,
the Bianchi identity is actually modified by fixed planes (twisted sectors) and five-branes
contributions:

2 Ng
dGy =7 01 AL +7)  65(Wep), (4.92)
=1 f=1
with v = —(47)2k2, /A2 For five-branes perpendicular to the circle S',37 we obtain a solution

that depends on two parameters b and :

2 2 2
~ b ~ b ~
G4 = ng + (b — 1)’)/ E 51,1’ N Wy + 5”)/ E EZ'I471' - gf)/d.’ﬂn A E Wy
i=1

=1 =1

N5
+72 [g (61(x11 — ;)0 (Wsy) — %d;{;ll AB, (Wﬁ’f)) (4.93)
=1

—(1 = B)5(a™ — 2} )da™ A 05 (Wi, f)].

Imposing that the four-form G should be globally well-defined (i.e. invariant under small
and large gauge and local Lorentz transformations), the parameter b appears to be equal to
1 in all topologically non-trivial sectors of the theory (i.e. with non-vanishing gauge/gravita-
tional “instanton numbers” and/or with five-branes). The other parameter, 5, must then
also be set to 1.

On the other hand, in the absence of five-branes, the cancellation of the one-loop anomaly
generated by the Zs orbifold projection brings us to a relation between the parameter b
and the gauge and gravitational coupling constants: b*> = 12(47) 5A%/x},. The derivation
of this equation turns out to be independent of the topological sector considered, and in
topologically non-trivial sectors (where b = 1) we have

A (4m)®
kb, 12
37TThe five-branes which do not wrap the circle are the only ones relevant for M-theory on S'/Zs. Their
source terms d5(Ws, ;) can be decomposed as §(z'* — z}")dz™ A d;(We,y)-

(4.94)
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Since this ratio should not depend on the topological sector considered, we are led to admit
that b = 1 always. Global well-definedness of G; and anomaly cancellation thus allow to
select a particular solution to the modified Bianchi identity:

2 2
_ Y Z T Vo1 } :~
G4 = dog + 5 2 5iI4,i - %dac N 2 Wy
(4.95)
+

0o |2

Ns

1
Z [Sl(iEn - $}1)64 (Wﬁ,f) - ;dl‘ll N 03(W6,f) .
f=1

We have seen that the value b = 1 is also very natural when considering the reduction to the
heterotic superstring in the small radius limit, since it is only for b = 1 that all higher modes
of the Fourier expansion on the circle can be consistently decoupled. We explicitly wrote
out the anomaly-cancelling terms obtained from this reduction. They differ from what is
usually taken in the heterotic superstring by the addition of a well-defined local counterterm.
Moreover, we observed that the flux of G; automatically obeys Witten’s flux quantization
for four-cycles not wrapping S*, while for cycles wrapping the circle the flux is more general.
We have also stressed in passing that the naive action for membranes wrapping S! is not
gauge/local Lorentz invariant and needs to be modified.

Anomaly cancellations in the presence of five-branes are quite subtle. The one-loop
anomaly is correctly cancelled by the variation of the Green—Schwarz term, but there is an
extra contribution from the topological interaction term signalling that non-trivial things are
happening on the five-branes. In the two following chapters, we are going to study further
compactifications on Calabi—Yau manifolds of the simple S!/Z, orbifold of M-theory we
have considered here. We will then obtain five-brane contributions to the four-dimensional
effective action that are very likely related to the extra anomaly found above.



Chapter 5

On the effective N =1 supergravity of
M-theory in four dimensions

M-theory compactified on K7 = S'/Zsy x X5, where Xy is a Calabi-Yau three-fold, leads
to a four-dimensional theory with NV = 1 local supersymmetry. At present, our knowledge
of the resulting effective supergravity is based on the few aspects of M-theory which are
quantitatively understood and on the small-orbifold limit! which is the perturbative heterotic
Eg x Eg superstring compactified on the Calabi-Yau space Xj.

In the low-energy limit, M-theory information can be organized as an expansion in pow-
ers of the eleven-dimensional gravitational constant ;; [116, 117], the lowest order x
being eleven-dimensional supergravity [51]. As we have seen in the preceding chapter for a
compactification on S'/Z, only, the next orders in x;; do include orbifold plane contribu-
tions (super Yang—Mills terms) as well as gauge and gravitational anomaly-cancelling terms
(116, 230, 117].

Similarly, the effective four-dimensional supergravity (which is a low-energy description)
can be formulated as an expansion in the four-dimensional gravitational constant x, even if a
more common choice suggested by string theory is to use the dilaton as expansion parameter.
The lowest order k=2 is the 7 truncation of eleven-dimensional supergravity. The next order
includes super Yang-Mills, charged matter kinetic and superpotential contributions. Then
come sigma-model anomaly-cancelling terms contributing in particular to gauge threshold
corrections. These first corrections to the low-energy limit of compactified M-theory are
identical to those obtained from heterotic compactifications on Calabi—Yau. This is certainly
expected since the information content is identical. The literature gives a detailed description
of these results, with particular attention paid to the “strong-coupling” heterotic limit in
which the size of the Calabi-Yau space is smaller than the orbifold length, supersymmetry
breaking by gaugino condensation and non-standard embeddings [14, 36, 115, 7, 8, 9, 159,
70, 133, 137, 143, 82, 83, 157, 158, 136, 132, 138].

Our goal in this chapter is to provide a derivation of the effective supergravity which ex-
plicitly relates four-dimensional supergravity statements with M-theory aspects like Bianchi
identities modified at singularities and anomaly cancellation. We reformulate these basic

'Here the small-orbifold limit refers to the limit in which the length of the S! /Z4 orbifold direction is
small compared to the size of the Calabi—Yau manifold.

7
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facts of M-theory on C; directly in terms of four-dimensional supermultiplets and equations.
For instance, Bianchi identities from M-theory are promoted to field equations, as constraints
on multiplets which are massless modes of M-theory bulk fields. With this formulation, we
expect to obtain a clean, direct derivation of the effective supergravity suitable to cases
more subtle than the universal modes of M-theory on IC7. A first use of our formalism (the
coupling of five-brane moduli supermultiplets) will be presented in the next chapter.

In section 5.1, we establish our basic supergravity formulation, using the bosonic bulk
dynamics as a starting point. The resulting Lagrangian is the lowest order in the xk-expansion.
It is essentially defined by a dynamical Lagrangian involving tensor fields supplemented by
Bianchi identities which are field equations of the theory. We discuss in detail the bosonic
component expansion of the supermultiplet action, the question of the gravity frame and
the generation of a superpotential. In section 5.2, we introduce the next order corrections,
namely gauge multiplets and charged matter contributions. We show that their introduction
is controlled by a simple modification of the four-dimensional Bianchi identities, in analogy
with the appearance of Z, fixed planes contributions in the M-theory Bianchi identities.
Section 5.3 discusses anomaly-cancelling terms. We begin by modifying the four-dimensio-
nal effective supergravity by adding terms similar to those appearing for gauge threshold
corrections in (2,2) compactifications of the heterotic superstring. These modifications can
be formulated in terms of our particular set of multiplets related to M-theory bulk degrees
of freedom. We then directly compute these anomaly-cancelling terms by Kaluza-Klein
reduction of the ten-dimensional Green—Schwarz counterterms arising from M-theory on
St /Z,. Section 5.4 gives some final comments and Appendix D contains some elementary
information about the supergravity tensor calculus formalism we employ in the present (and
subsequent) chapter.

5.1 The Bulk Lagrangian

Our concern is compactifications of M-theory to four dimensions preserving N = 1 super-
symmetry. Or compactifications in which supersymmetry would break spontaneously or
dynamically at solutions of the effective field equations. As a consequence, the light (mass-
less) modes can be described by a local effective N = 1 supergravity Lagrangian, to be
understood in the sense of Wilson. In this section, we restrict ourselves to the well-known
“bulk dynamics”, which follows from X7 compactification of eleven-dimensional supergravity.
The Lagrangian we obtain is the lowest order in the x-expansion. It describes Kaluza-Klein
massless modes of eleven-dimensional supergravity.

We focus on a precise description of two aspects which may be of importance in M-
theory compactifications. Firstly, we introduce chiral, linear or vector supermultiplets with
constraints in order to obtain a supersymmetric version of the Bianchi identities present in the
theory. Secondly, we use the superconformal tensor calculus for N = 1 supergravity in which
we can easily keep control of a change of gravity frame. This can be a relevant issue since
an expansion, perturbative or not, is performed around a gravitational background which
selects a gravity frame. Standard Poincaré supergravity is usually written in the Einstein
frame, in which the gravitational Lagrangian is —#eR. Corrections to the lowest order
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effective action, which includes this gravitational term, induce in general (but not always)
corrections to the gravitational Lagrangian which affect the Einstein frame condition.

5.1.1 Superconformal Formalism

We choose to use the superconformal formulation of N = 1 supergravity with a chiral
compensating multiplet Sy to generate Poincaré theories by gauge fixing.? Sy has conformal
and chiral weights w = 1 and n = 1. In this formalism, a change of frame® corresponds to
a different Poincaré gauge condition applied on the modulus of the scalar compensator z,
which fixes dilatation symmetry. Up to terms with more than two derivatives and up to
terms which would contribute to kinetic terms in a fermionic background only [50, 56|, the
most general supergravity Lagrangian reads*

£= [5050] , + [SIW] .+ + [FuW W], (5.1)

The symbols [...]p and [...]r denote respectively the invariant D- and F-density formulas
given by (all fermion contributions are omitted)

Vp = e(d + %cR) and  [Clr = e(f +F), (5.2)

where V' is a vector multiplet with components (c, x, h, k, v, A, d) and C' a chiral multiplet
with components (z,, f). The real vector multiplet & (with zero weights) is a function
(in the sense of tensor calculus) of the multiplets present in the theory, including in general
the compensating multiplet. The holomorphic function W of the chiral multiplets is the
superpotential. The chiral multiplet W is the gauge field strength for the gauge multiplets
and f,; is the holomorphic gauge kinetic function of the chiral multiplets. Besides Sy and W,
we use chiral multiplets with zero weights and neither W nor f,, depends on the compensator.
The chiral U(1) symmetry of the superconformal algebra can be extended to

S, W, ® — AS,, AW, (AA (5.3)

-1
) (D‘So—)ASO ’

with an arbitrary chiral multiplet A. This symmetry is at the origin of Kahler invariance
of Poincaré supergravity. The last transformation suggests that log ® transforms as the
corresponding gauge connection. Choosing A = W'/3 eliminates the superpotential (except
if it vanishes). It is then possible to use a U(1)/Kahler gauge fixing in which the supergravity
Lagrangian (5.1) reads

£= [S055®] , e [S3],+ 1 LW W], (5.4)

with an arbitrary constant ¢ as superpotential and two arbitrary functions ® and f,.

2This corresponds to the so-called “old minimal” Poincaré supergravity [208, 90, 87].

3Mostly the Einstein or string frames.

“Except otherwise mentioned, our notations for superconformal expressions are as in Refs. [130, 131],
from where the original literature can be traced back.
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The real function ® depends on matter multiplets, which are either chiral multiplets like
the Calabi—Yau universal modulus 7', or real linear multiplets (with weights w = 2, n = 0)
like the dilaton multiplet in the version of the theory with an antisymmetric tensor, or real
vector multiplets (n = 0, w arbitrary) like the multiplet of gauge potentials (w = 0).

5.1.2 Supermultiplets with constraints

The lowest order (in the k-expansion) effective four-dimensional supergravity of M-theory

compactified on K7 describes Kaluza—Klein massless modes of eleven-dimensional supergrav-

ity. It is the S'/Z, truncation of eleven-dimensional supergravity on a Calabi—Yau three-fold.
The Lagrangian of eleven-dimensional supergravity can be written as [51]

1 1
Lcis = W —en R — 9. 4'611GM1M2M3M4GM1M2M3M4
11 :
1 1 5.5
_63!4!4!GMI"'MnCM1MQMSGM4M5M6M7GM8M9M10MH (5:5)

+ fermionic terms.

Omitting all fields related to the detailed geometry of the Calabi-Yau manifold, the particle
content of the four-dimensional theory is the N = 1 supergravity multiplet, with metric
tensor g,,, and matter multiplets including (on-shell) four bosons and four fermions. Two
bosons are scalars and correspond to the dilaton and the “universal modulus” of the Calabi—
Yau space (the massless volume mode). Two bosons are Kaluza—Klein modes of the four-form
field G, with Bianchi identity dG; = 0. Explicitly, these two last fields and their Bianchi
identities read

G/,Wpll: a[,uGupall] = Oa

(5.6)

Gqun: a[uGqun] =0.
We will identify these fields with the vector components of two real vector multiplets V' (with
weights w = 2 and n = 0) and V7 (w = 0 = n), and impose the Bianchi identities as field
equations using a chiral multiplet S (w = 0 = n) and a real linear multiplet Ly (w = 2,
n = 0) as Lagrange multipliers. The bulk supergravity Lagrangian takes then the form

1 — _
Lp = |——=(SoSoVr)*?V2 — (S + SV + LiVir| . (5.7)
V2 D

To analyze the Lagrangian (5.7), we will need to define some notations. Since we will only

explicitly consider the bosonic sector of the theory, all fermions in the N = 1 supermultiplets

will be omitted. Since also we are concerned with Poincaré supergravity, we will immediately

gauge-fix the superconformal symmetries not contained in N = 1 Poincaré supersymmetry,

with one exception, dilatation symmetry: we want to keep the freedom of a frame choice as

explicit as possible. These assumptions imply in particular that superconformal covariant

derivatives reduce in general to Dj ;¢ = D¢ — %inA,Jd) for a complex field with chiral weight
n and to

1
chp = D(p + EUJQOR, (58)
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for a real field ¢ with Weyl weight w. The gauge boson A, of chiral U(1) symmetry is
auxiliary and D, and O would be covariantized with respect to Poincaré symmetries.

The various superconformal multiplets appearing in the Lagrangian (5.7) have the fol-
lowing components expressions®

V = (C,0,H,K,v,,0,d—0C — ;CR),

Vr = (Cr,0,Hr,Kr,T,,0,dr — OCr),

S = (s,0,—f,if,i0,s,0,0), (5.9)
Ly = (£1,0,0,0,t,,0,—0fr — 34rR), t, = 3€€u,p00" 1",

So = (20,0, —fo,if0,iD52,0,0).

The role of the Lagrange multipliers S and Lt follows from the two relations

e H(S+S)V]p = 2(0*Ims)v, —20*(Re s9,C) + 2dRe s

—f(H —iK) — f(H +iK)
= —2Imsd"v, +2dRes — f(H —iK) — f(H +iK) (5.10)
+ derivative,
e LrVrlp = Lr(dr — OCr) — Le€ups(OPT")tP + derivative.

Solving for the components of S leads to 0"v, = d = H = K = 0, and V is a linear multiplet
L (w =2, n =0). Solving for_the components of Ly leads to dp — OCt = 9,1, = 0,
and Vp can be written as T + T, with a chiral weightless T.% Since one can always write

v, = %eeuupav"’"’, we have generated with Im s and ¢, the Bianchi identities

a[HUVpU] = a[“T,,] = 0. (5.11)

A modification of these Bianchi identities, as induced by S'/Z, compactification or by five-
brane couplings will then be phrased as a modification of the supermultiplets appearing
multiplied by S + S or Ly in Egs. (5.10).

The usefulness of obtaining Bianchi identities via field equations will become apparent
with the introduction of higher orders in the x-expansion. At this stage of the discussion
however, it gives a formulation of the familiar duality relating scalars and antisymmetric
tensors or, for superfields, chiral and linear multiplets.

Solving in Eq. (5.7) for the Lagrange multipliers S and Lt leads to the “standard form”
of the bulk four-dimensional Lagrangian [44, 59|

1 _ =~ 3/2
Lp)=——— [(SOSOeK/?’) Llﬂ} , (5.12)
V2 D
5Notice that our component expansion of vector multiplets differs in its highest component from Refs.
[130, 131].
6The complex components T and fr of the chiral multiplet T are then given by the relations Cr = 2Re T,
T, =-20,ImT, Hr = —2Re f7 and K7 = —2Im f7.
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or, as defined in Eq. (5.1),

2, -2
d=— ( — ) e K2, (5.13)
S50
The Kahler potential for the volume modulus 7T is
K = —3log(T +T). (5.14)

We will see again below that this standard form is naturally obtained by direct reduction of
the CJS version of eleven-dimensional supergravity on K;. Clearly, theory (5.12) is also the
Calabi—Yau truncation of ten-dimensional N = 1 pure supergravity [44]. Notice that K can
be regarded as the Kdhler connection for symmetry (5.3), with transformation

~

K — K +3logA+3logA, (5.15)

such that Sogoe_l? /3 is chiral /Kihler invariant.
A theory with a linear multiplet is in principle dual to an equivalent Lagrangian with

the linear multiplet replaced by a chiral one. In our case, solving for V and Lt in expression

(5.7) leads to

EB,C = 3 [SogoeiK/g]

-2 (5.16)

D 3
with the Kahler potential

K =—1log(S+5) + K = —log(S +5) — 3log(T +T). (5.17)

This familiar chiral form [227] is not the most useful as long as one insists on the four-
dimensional translation of eleven-dimensional Bianchi identities.

Notice that one can obtain another equivalent form of the Lagrangian (5.7) by choosing
to solve for S and V. In this case, the Calabi—Yau modulus is described by a linear multiplet
Ly. This form will not be useful since it is known that one-loop string corrections in general
break the chiral-linear duality for this modulus: they involve holomorphic functions of 7" in
a F-density which are intrinsically chiral [69]. Finally, there is an obstruction when trying
to solve for V and V; and one cannot write an expression in terms of the chiral S and the
linear L.

Before turning to explicit component expressions, we should discuss the choice of Poincaré
frame, and introduce the expansion in the four-dimensional gravitational coupling x, which
effectively corresponds to the low-energy expansion of M-theory in powers of the eleven-
dimensional gravitational constant x;.

Choice of Poincaré frame

To gauge-fix dilatations, we impose as usual a condition on the Einstein term appearing in
the superconformal supergravity Lagrangian. According to the component expression for
the D-density and the tensor calculus of superconformal multiplets [130, 131], the Einstein
term included in [SySy®]p is [87, 59]

2 _ 1 0o
—52020 (CI) — 5 Z:wZCZTa>

1
EE = ——eR

: (5.18)
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where w; is a Weyl weight, the sum is taken over the linear (w; = 2) and vector (w; arbitrary)
multiplets, and z5, ® and C; are the lowest, scalar components of respectively Sy, ® and of
the vector or linear multiplets.”

Applied to the bulk Lagrangian (5.7), expression (5.18) leads to

Lp = —%eR [(2020Cr)/2(20) 7). (5.19)

As they should, the terms introduced to impose the Bianchi identities do not contribute.
We then select the Einstein frame, in which the gravitational Lagrangian is —#eR, by the
dilatation gauge condition

I€_2 = (Z()E()CT)?’/Q(ZC)_UZ. (520)

It will be convenient to introduce the (composite) real vector multiplet
T = (SoSoVir)¥2(2V) 712, (5.21)

with conformal weight two. In the Poincaré theory and in the Einstein frame, its lowest

component is precisely equal to x 2. With this definition, the bulk Lagrangian simply

becomes B
Lg=[-T—(S+S)V+LVr|, (5.22)

and the equation of motion for V' (the chiral-linear duality equation)
2V(S+8)=7 (5.23)
indicates that the Einstein Lagrangian also reads
Ly = —(2CRe s)eR. (5.24)

In the Einstein frame (Planck units), Re s = (4x*C) L.
Eq. (5.23) is compatible with the standard relation of heterotic superstrings® 2x?(Re s) =
o if one identifies 2(C') = 1/a/. This equation defines string units, in which

eR, (5.25)

with a dilaton given by e 2¥ = Re s.

Modified Bianchi identities and x-expansion

Compactification of M-theory on S!'/Z, is commonly discussed in an expansion in powers of
k11 Compactification on K7 can similarly be formulated with x as expansion parameter. In
the upstairs version, Bianchi identities are modified at the ten-dimensional planes fixed by
S'/Z,. Suppose now that we modify the four-dimensional supersymmetric Bianchi identities
of the bulk Lagrangian in the following way:

Ly — L= [—T —(S+S)(V+Ay) + L (Vp + AT)}D ; (5.26)

“We use in general the same notation for the lowest component of & and the multiplet itself.
8The symbol {...) denotes a background value.
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with two composite vector multiplets Ay (w =2, n = 0) and Az (w = 0 = n). Solving for
the Lagrange multipliers now leads to

The Lagrangian to first order in these modifications is then

T 37T
,C = EB —_ |:WAV - ivTAT]D
; (5.28)
= - Ay — —(TA
Ly [(S + S)Ay 2VT( T):| L

with V and Vi respectively replaced by L and T + T. The multiplets Ay and YA, with
“canonical” dimension w = 2, appear at order Y° ~ k% in comparison with bulk terms of
order Y ~ k2. This is the relation with the expansion in powers of k;; of M-theory in
the low-energy limit. In M-theory compactification, the multiplets Ay and Az can thus be
obtained either by considering the modified Bianchi identities on K7, formulated as in Eq.
(5.26), or from corrections to the Lagrangian of eleven-dimensional supergravity on K7, as

in expression (5.28).

Identification of the components

To complete the identification of the four-dimensional supergravity (5.7) with the modes of
eleven-dimensional supergravity we need its complete bosonic expansion, which after solving
for the chiral U(1) auxiliary field A, reads:

e' Ly = —iTYR+IYC2p,00 - 3YCLT,TH — ¢, T* 4 21Im s8,0"
—1rC2%(9,C)(0*C) — 3YC:*(9,Cr) (0#Cr)
+d(3YC™ — 2Res) + (dr — OCy) (b — 3TCFY) (5.29)

+2(9,7)[0*1og C + 0+ log Y]
+e 1 L,ux. + derivative,
where Y = (20ZoCr)*?(2C) /2, and
e WLae, = —iYCO2(H+iK)(H —iK) + 3YCr*(Hr +iKr)(Hr — iKr) 530)
+f(H —iK) + f(H +iK).

The last equality is obtained after solving for the f; component of Sp.°

The above component expansion of the bosonic Lagrangian is useful because it explicitly
displays the dependence on the gauge choice for dilatation symmetry. The gravitational
constant is the field-dependent quantity Y. Choosing a Poincaré frame amounts to impose

9Note that the result would be different with a superpotential.



5.1 The Bulk Lagrangian 85

the value of this quantity, and to use this condition to eliminate z,. Notice also that the
choice of the phase of z; is a gauge condition for the chiral internal U(1) superconformal
symmetry. With the exception of zj, all bosons are U(1)-neutral. As a consequence, the
bosonic Lagrangian only depends on the modulus of z;.

Choosing the Einstein frame, T = x~2, and solving for the components of S and L leads
to

1 1
6_1£B = —2—%2R — 4—’#0 2[(8HC)(GHC) — U“U“]
A (5.31)
— G (0,0r)(8"Cr) + T, "),
with v, = %eew,po.a"b’” since V is a linear multiplet, Cr = 2ReT and T, = —20, Im T since

Vpy = T + T. This Lagrangian is to be compared with the reduction of eleven-dimensional
supergravity (5.5). The Zs, orbifold projection eliminates all states which are odd under
z! — —2z!, and since we disregard massless modes related to the detailed Calabi—Yau

geometry, the reduction of the d = 11 space-time metric is

e e g, 0 0
gMN = 0 eXe 2 0 . (5.32)
0 0 e%d;

The SU(3)-invariant tensor J,; refers to complex coordinates on the Calabi-Yau space. The

surviving components of the four-index tensor Gynpq are only Gup11 and G515, with
Gupt1 = 30uCupp1, G = 0uCijir, Cijuy = ia(x)éij, (5.33)
and the four-dimensional Lagrangian for these fields reads
1 1 1 6 .
E_I,CCJS = _ﬁR — @ 9(8M0)(8NO') + 666 G'u,,pllGu Pl
(5.34)
5 [(0)(0") + e *1(Bu0) (0"a)]
In this expression, x is the four-dimensional gravitational coupling
2
K2 = S (5.35)

V'
V7 = ViV being the volume of the compact space S* x Xj.

At this stage, the identification of the bosonic components C, b,,, Cr and T, with the
bulk fields o, Cy11, 7 and a can only be determined up to two proportionality constants
(one for each “M-theory multiplet” V' and V). We will define these constants at the end of
section 5.2 from the couplings of C' and C7 = 2ReT to charged matter and gauge fields, to
obtain:

A2 A2
4520 = 766_30, 4/&21),“, = 760,“,11,
\2 \2 (5.36)
CT = 27667, T/.L = QVGaI_LG,.

The quantity A is the gauge coupling constant on the Z, fixed planes. The dimensionless
number \?/Vy will actually never appear in the four-dimensional effective theory.
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Bianchi identities and symmetries

In the bulk Lagrangian (5.7), the terms [—(S + S)V + Lz Vr]p impose in particular the
Bianchi identities (5.6). They are certainly invariant under

V — V+L, L linear,
_ (5.37)
Vo — Vir+T+T, T chiral.

These symmetries are the supersymmetric extensions of the gauge invariances of Bianchi
identities, 0G 11 = 30\, and 0G Lyl = iaﬂAéﬁ. Solving for S and Ly implies then that
V and V7 are “pure gauge”, V = L and Vp = T + T. The last equation defines Vr up to
a holomorphic redefinition of 7', T — f(7T). This redefinition is a symmetry of the bulk
Lagrangian if the function ® simultaneously transforms as in (5.3), with A a holomorphic
function of T. The equation for the invariance of SyS,Vr is

— T+T
T + T = T — 5.38
F0)+ 70 = S omrs (5.39)
and its solution is clearly SI(2,R) symmetry,
al — b
T = — = .
T — f(T) T d ad — be =1, (5.39)

the modular invariance of 7' (T-duality), extended to a continuous symmetry at the lowest
order.

This chiral symmetry is generically anomalous: in the presence of a N = 1 super Yang—
Mills sector, with or without chiral matter, mixed anomalies arise in the triangle diagram for
two gauge bosons and one connection —3log(T +T) for SI(2, R) symmetry. This anomaly is
cancelled in particular by a Green—Schwarz mechanism as was demonstrated in the effective
Lagrangian description of gauge thresholds [56] calculated at one-loop for (2,2) compacti-
fications of the heterotic superstrings [69]. We will see below that this phenomenon is also
a useful tool in the construction of effective supergravity theories of M-theory compactifica-
tions.

Addition of a superpotential

The standard reduction of eleven-dimensional supergravity with unbroken N = 1 supersym-
metry does not generate a superpotential. This fact is however not a direct consequence
of the eleven-dimensional Bianchi identity or of the Calabi-Yau and S'/Z, symmetries. In
principle, the Bianchi identity d;»G'npgr = 0 allows a solution

Gijkll = Qili_lhqjk, Gmll = —2’L.K)_1h6m. (540)

In these equations, h is a real constant and ;;; is the SU(3)-invariant Calabi—Yau tensor.
The second term in the Lagrangian (5.5) leads then to a contribution

—%053(2/£2C)h2 (5.41)
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in the four-dimensional effective supergravity. This contribution corresponds to the addition

of a superpotential term
[ihS3]r (5.42)

to the bulk Lagrangian, a contribution which however breaks supersymmetry [57]. Since we
have insisted in writing Lagrangians in which all Bianchi identities are field equations, we
prefer instead to use

[UW +W)]p + [SoW]E. (5.43)

The field equation of the vector multiplet U (with weights w = 2, n = 0) implies that the
chiral multiplet W (w = 0 = n) is an arbitrary imaginary constant, which can be zero and
supersymmetry stays unbroken, or non-zero.

With the addition of a superpotential, the bulk Lagrangian takes its final “off-shell” form

L= [-T—(S+S)V+LeVr +UW +W)], + [SeW]F, (5.44)

in which the Bianchi identities of eleven-dimensional supergravity are translated into field
equations of the Lagrange multipliers S, Ly and U. At this stage, the introduction of
these multiplets is not fascinating. This approach simply encodes the (Poincaré) dualities
relating antisymmetric tensors (in linear multiplets) and scalars (in chiral multiplets), and
the Bianchi identity for the superpotential is trivial. But this procedure will prove useful
and informative below.

5.2 Gauge and matter contributions from the two Z
fixed planes

In this section, we show that the introduction of the next to lowest order corrections (gauge
multiplets and charged matter contributions) is controlled by a simple modification of the
four-dimensional Bianchi identities, in analogy with the appearance of Z, fixed planes con-
tributions in the M-theory Bianchi identities.

We start by considering the dependence on charged matter (in chiral multiplets col-
lectively denoted by M, with w = 0 = n) and gauge multiplets (vector multiplet A, in the
adjoint representation, with w = 0 = n) of the effective N = 1 four-dimensional supergravity
for Calabi-Yau compactifications of heterotic superstrings [227, 58, 35]. This dependence is
well-known, at least for the “universal” matter multiplets arising from the simplest Calabi—
Yau modes of the ten-dimensional super Yang—Mills fields. Information on the non-trivial
harmonic modes is more subtle [68], as for generic Calabi-Yau moduli. We then rewrite
this theory in a form where explicit Bianchi identities allow a direct comparison with K7
compactification of M-theory, in the so-called upstairs formulation [116, 117].

The Lagrangian in the chiral formulation (5.16) becomes

— 1
L. = _g [SoB0e K1), + [LSWW + S, (5.45)

with the Kahler potential
K = —log(S+S) —3log(T +T — 2Me* M), (5.46)
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and the superpotential
W = aM®. (5.47)

For notational simplicity, we omit traces over the gauge group representation and their
normalization factors. The chiral multiplet W is the gauge field strength for A (w =3/2 =
n). The gauge group is in general not simple, and

WW =" W W, (5.48)

with a real coefficient ¢® for each simple or Abelian factor.!® The superpotential should be
understood as a gauge invariant trilinear interaction with coupling constant « defined as an
integral over the Calabi—Yau space. In the linear multiplet version, the equivalent expression
is [44, 59]

__L T \3/27-1/2 —K/2 3173
L= ﬁ[(soso) L712eRP| 4 [aSiM)r. (5.49)

With respect to Eq. (5 12), gauge and matter dependence arises in modifications of the
linear multiplet L (to L) and of K: the new modulus and matter Kihler potential is

K = —3log(T + T — 2Me* M), (5.50)

instead of Eq. (5.14) and R
L=1-20Q, (5.51)

where Q(A) is the Chern-Simons vector multiplet (w = 2, n = 0), defined by'

0= anm = —W“W“ (5.52)

Insisting as before on Bianchi identities, both forms (5.45) and (5.49) are equivalent to
L = [-T-(S+8)(V+29)
+ Ly (Vp +2Me M) + (U(W — aM?) +c.c.)] , + [SsW]r (5.53)
= [-T = (S+S5)(V+2Q)+ Ly (Vr + 2Me* M)| , + [S§(ih + aM?)]p.

Supersymmetric vacua have h = 0. As before, solving in the last expression for S and Ly
imposes respectively V =L —2Q = L and Vyp = T + T — 2Me* M, leading to Eq. (5.49).
Alternatively, solving for V and Lt leads back to the chiral form (5.45), with the tensor
calculus identity

— 1
—2[(S+95)Q|p = 1 Z [SW W4 + derivative, (5.54)

10Corresponding to Kac-Moody levels in string theory. All coefficients can be equal to one, as with the
“standard embedding”, but our discussion is not affected by their presence.

11Tn global Poincaré supersymmetry, £(Q) = —%DDQ. A linear multiplet is defined by the condition
Y(L) =0.
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which follows from Eq. (5.52) and the definition of the F-density, [X(...)]r = —[...]p-

This reformulation of the gauge invariant Lagrangian suggests some remarks. Firstly,
it enhances the importance of Chern-Simons multiplets in superstring effective actions:
gauge fields and matter fields couple to the bulk Lagrangian using a Chern—Simons mul-
tiplet. The gauge Chern—Simons multiplet 2 is defined by Eq. (5.52), which indicates
that its chiral projection ¥(2) is the chiral multiplet for the kinetic super Yang—Mills La-

grangian. Similarly, for chiral matter, the kinetic Wess—Zumino Lagrangian can be written
as [S()SOMCAM]D = —[E(S()S()MeAM)]F, deﬁning

QM = S()g()H@AM (555)

as a matter Chern-Simons multiplet (w = 2, n = 0) which then couples to SySyVr as
couples to V.

Secondly, the Chern—Simons vector multiplet {2(A) is not gauge invariant: its variation
is a linear multiplet. Then, the variation of [(S + S)Q]p is a derivative and V remains gauge
invariant. When solving for S, it simply follows that Lis gauge invariant and that the linear
multiplet transforms as

L = 269). (5.56)

Finally, expression (5.53) shows that all gauge and chiral matter contributions can be
viewed as the supersymmetrization of modified Bianchi identities imposed by S, Lr and
U. This is equally true in the ten-dimensional supergravity-Yang—-Mills system: the curl of
the antisymmetric tensor field is modified by Chern—Simons contributions which are super-
symmetry partners of the super Yang-Mills Lagrangian [46]. This observation provides the
link to the approach based on M-theory on K7, in which the Z,-fixed planes carrying the
Yang-Mills fields induce because of supersymmetry modifications to the Bianchi identity of
the four-form field strength of eleven-dimensional supergravity.

In the effective supergravity of M-theory on K7 (“upstairs formulation”), the various
components of the Lagrangian (5.53),

L = [—(SO§0VT)3/2(2V)_1/2 —(S+5)(V +29)
(5.57)
+Ly(Vy +2MeAM) + [UW — aM?) + c.c] ot [S3W]r,

have the following origin. As already discussed at length, the first term is the bulk super-
gravity contribution. Then [(S + S)(V + 2Q)]p is the supersymmetrization of the Bianchi
identity verified by the component G, 11 of the four-form field, modified by gauge contri-
butions on the fixed planes. Similarly, [Ly(Vy +2MeAM)]p and [U(W — aM?) + c.c.]p are
respectively the supersymmetric extensions of the Bianchi identities of Gy, and Gijkia,
when fixed plane contributions are included. Thus, all fixed plane contributions are given
at this order by the supersymmetrization of Bianchi identities, as obtained by direct K7
truncation of the eleven-dimensional identities [116, 117].

At this point, the gauge coupling constant for each simple or Abelian factor @ in the
gauge group appears to be

1 c*Y

g_g = Ca Res = E, (558)
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s and C' being respectively the lowest scalar component of the chiral S and the vector V (or
the linear L). At this order, g, is the tree-level wilsonnian and physical'?> gauge coupling.
The second equality is the lowest component of the equation of motion of the vector multiplet
V, Eq. (5.23). In the Einstein frame, Re s = (4x*C) .

It is clear, as already observed [14, 36, 115, 7, 8, 9, 159, 70, 133, 137, 143, 82, 83,
157, 158, 136], that as far as the structure of the four-dimensional effective supergravity is
concerned, the same information follows from K; compactification of M-theory at the next
to lowest order in the x-expansion and from Calabi—Yau compactifications of the heterotic
superstrings, at zero string loop order.

Notice that Eq. (5.58) defines ¢ Re s as the coefficient of gauge kinetic terms. It defines
then this field in terms of the gauge kinetic action on the ten-dimensional Z, fixed planes,

1

Sgauge = _m le.T eﬂ)l)tI'FABFAB, (559)
Mio

reduced on Xy. This action is also at the origin of charged matter kinetic terms, which in
the effective supergravity read

e 02K — 6e
——— (D, M)(D*M) = —
KQ 8M8M( 14 )( ) KZCT

(D M) (D" M) + - -. (5.60)

The Calabi-Yau reduction of the action (5.59) provides then the identification of C' and Cr
in terms of the bulk fields o and «y appearing in the metric tensor (5.32). These results have
already been displayed in Eq. (5.36).

5.3 Anomaly-cancelling terms

In the ten-dimensional heterotic superstring, cancellation of gauge and gravitational anoma-
lies is a one-loop effect in string or effective supergravity perturbation theory. In the low-
energy effective action description, we should then distinguish the Wilson effective supergrav-
ity from the standard effective action St, defined as the generating functional of one-particle
irreducible Green’s functions. The latter action can be obtained in a diagrammatic expan-
sion built from the Wilson Lagrangian L, itself obtained from string perturbation theory as
an expansion

L=CO4r0 4. (5.61)

the upper index being the string-loop order. The expressions given in the preceding sections
were for £ or for the tree-level Sp. At the string one-loop level, Sy includes tree and
one-loop diagrams generated by the Feynman rules of the tree-level Wilson Lagrangian £©.
These include anomalous loop diagrams. It also includes tree diagrams generated by the
Green—Schwarz counterterm [105] introduced in £() to cancel the anomalies generated by
£, The mechanism for symmetry restoration implies that £ is not invariant under the
restored symmetry.

12The coefficient of —%Fg,,F‘”“’ in the generating functional of one-particle irreducible Green’s functions.
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In four space-time dimensions, the nature of the cancelled anomalies is known from studies
of (2,2) compactifications of heterotic superstrings in the Yang—Mills sector [69, 56, 134]:
target-space duality of the modulus 7" has a one-loop anomaly which is cancelled by a
counterterm in £, in a generalization to sigma-model anomalies of the Green-Schwarz
mechanism [42, 43]. The derivation of the complete counterterm requires a calculation to
all orders in the modulus 7' [69]. However, at the present stage of understanding, the M-
theory approach should be regarded as a large-7T" limit in which T-duality reduces to a shift
symmetry in the imaginary part of 7.

In this section we would like to obtain some or all counterterms in £ associated with
anomaly cancellation in the low-energy description. We are particularly interested in contri-
butions to gauge kinetic terms, the so-called threshold corrections. And we want to formulate
these terms using the “M-theory multiplets” V', Vp and W corresponding to the surviving
components of G, in contrast to the “heterotic multiplets” S (or L) and 7. We begin by
obtaining the relevant information from the case of heterotic (2,2) symmetric orbifolds.

5.3.1 Information from symmetric (2,2) orbifolds

Retaining only the universal modulus 7" and a linear dilaton multiplet L, the Wilson one-loop
Lagrangian for heterotic symmetric (2,2) orbifolds includes a term'® [56]

L0 = —9§4q [ﬁ log(T + T)] o+ D b [log n(iT)W“W“] = (5.62)

where dgs and b* are numbers depending on the orbifold and 7(:7T") is the Dedekind function.
Under S1(2,7Z) T-duality (5.39), the variation of £(!) is

SLO = g [f/( log p(T) + log¢(7)>] ’ + %ba [log QO(T)WaWa] i ( |
5.63

= 5(das + %) [log @(T)W“W“] e

with ¢(T') = i¢T 4+ d. On the other hand, the triangle one-loop diagram for two gauge fields
and one Kéahler connection —3log(7 + T') is anomalous. Its variation is

1 a a a
oA =2 A [ 1og (T)W*W }F (5.64)

where A® is the chiral-anomaly coefficient, as obtained from the expression of the diagram.
The anomaly cancels since one finds that b® + dgs + A® = 0 for all factors in the gauge group
(the index a). The one-loop correction to gauge kinetic terms obtained from the component
expansion of LM and from the triangle diagram reads

1 v a a2l a .
—7Fn | - (6as + A% log(T +T) + b* log [n(:T)|*|. (5.65)

It is modular invariant since the anomaly is cancelled, and its value is controlled by the
F-density contribution to £(), with coefficients b°.

13Tn this paragraph, we use ¢® =1and L =L - 23, Q%
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The Wilson Lagrangian depends on the coefficients dgs and b*. But the information on
gauge thresholds is in the numbers b°. In general, the parameters of the Wilson Lagrangian
computed at a non-trivial loop order are not of direct physical significance and this is here
the case of dgs in the sector of gauge kinetic terms.

In the large-T limit, T-duality reduces to Im 7" — Im 7T + constant, the Kahler connection
—3log(T + T) is invariant and, strictly speaking, no anomaly survives to be cancelled. In
addition, log |n(iT)|* ~ —%(T +T) dominates the logarithmic contributions. The threshold
correction is then of the simple form

1 o
- 3 [— ”3 (T + T)] Fo, Fom, (5.66)

invariant under the imaginary shift symmetry of 7. Its supersymmetrization is
™ 2 _
— S v rwewe| = 2RSS e[+ T .
122&:b[wa 3Za:b(+) i (5.67)

As long as T only is considered, there seems to be no way to identify the D-density contri-
bution to £1) in the large-T limit. The introduction of the matter multiplet M changes the
picture. In the lowest order Wilson Lagrangian £, the Kihler connection —3log(T + T)
is modified to —3log(T'+T —2Me”M). As a consequence, the contribution with coefficient
A® to the gauge threshold (5.65) involves the quantity log(T +7T —2M M). Then, either the
one-loop term £ is accordingly modified to —20gs[L log(T + T — 2MeAM)]p and the pa-
rameter dgg disappears from gauge thresholds, or, less plausibly, this is not the case and dgs
acquires a physical significance in M-dependent thresholds. In any case, since the holomor-
phic Dedekind function cannot depend on MeAM, a calculation of the correction £(!) to the
Wilson Lagrangian to first order in MeAM will give access to the D-density Green—Schwarz
term and to the parameter dgg.

From the point of view of M-theory on K7 or heterotic superstrings on Calabi—Yau three-
folds, Me*M arises from the ten-dimensional Chern-Simons terms, at the same order as
gauge kinetic terms. This indicates that the D-density contribution to £(*) should be visible
in a reduction of the ten-dimensional Green—-Schwarz terms.

5.3.2 The case of M-theory on X;

Before computing the anomaly-cancelling terms from the low-energy limit of M-theory on
K7, we consider the problem at the level of four-dimensional supergravity only.

In the large-T limit, as discussed in the preceding subsection, the T-dependent corrections
to gauge kinetic terms are of the form

% Z 3 [TW“W“] . (5.68)

with coefficients which are in principle calculable in heterotic superstrings. To rewrite them
in terms of the “M-theory multiplets”, we first note that

; > [rwwe] = o[+ ) D g (5.69)
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Since the field equation of the Lagrange multiplier Ly implies that Vp = T +T — 2Me“ M,
this expression can also be written

2 [(VT +2Me M)y 5@9@] . (5.70)

a

The right-hand side of Eq. (5.69) is gauge invariant because 0Q2* is a linear multiplet and
therefore [(T +T)6Q°] , is a derivative. To ensure gauge invariance of expression (5.70), we

add the term [Ly(Vr + 2Me*M)]  included in Lagrangian (5.53). We obtain

[(LT — 2 B (Vi + 2Me* M) (5.71)

which is gauge invariant if we postulate that

SLr=2)  B*6Q". (5.72)

The correction (5.69) to the super Yang-Mills Lagrangian is independent of the matter
fields and has a holomorphic character (it can be seen as a correction to the holomorphic
gauge kinetic function f,;). To enumerate possible matter-dependent contributions to gauge
kinetic terms, we consider for simplicity a single matter multiplet M transforming in some
unspecified representation of the gauge group. The first candidate counterterm is a real
density:

3 e [MeAMQa} . (5.73)
D
Gauge invariance requires however its appearance in the combination
AT A a)a AT, A a)a
—25[Me M(L-23 0 )]D+27[Me M(Ly 23 50 )]D, (5.74)
or
AT A AT LA aMa

26 [Me MV} 2 [Me M(Lr—2Y 60 )] ~ (5.75)

using “M-theory multiplet” V. In the first counterterm, each gauge group factor contributes
with weight ¢*, as in lowest order terms. The second contribution can be combined with
expression (5.71) into

[(LT — 23" 8500 (Vi + 2(1 + 7)Me* M) | . (5.76)

D

We will also see below that the M-theory anomaly-cancelling terms generate a contribution
of the form
e[V\aM?’F] ~ (5.77)

involving the matter superpotential. Since the factor 1 + v in expression (5.76) can be
eliminated by a rescaling of M, of § and of the superpotential coupling constant o, we may
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take v = 0 at our level of approximation, and the Wilson Lagrangian up to string one-loop
order is expected to become

L = |[=T—=(S+39)(V+29) + UW —aM?) +c.c.)
+(Ly =2, B0 (Vr + 2Me* M) (5.78)
+V (e|aM?? — 26 MeA M) B + [S3W]p.

Notice that the contributions which correspond to string one-loop effects do not include any
correction to the Einstein Lagrangian, which remains simply

1
—;TeR,  T= (20Z,C1)%2(20) 712, (5.79)

and the Einstein frame condition remains T = x~2. This is expected since the gravitational
constant in the heterotic superstring is not corrected at string one-loop order.

From the general expression (5.78) in which Bianchi identities are field equations for S,
Ly and U, we can derive various equivalent forms. For instance, solving for S, Ly and U
leads to the version of the effective supergravity in which the dilaton is described by a linear
multiplet:

L = [ — (S6S0)*? (T + T — 2Me* M) (zi)—w] + [sg(m + aM?’)]
P T (5.80)

+[L (ot — 26MeAM) |+ [ITS, Bwewe|

The second line is a one-loop correction in the perturbative expansion of the heterotic super-
string in which L is the string loop-counting field [44]. Its T-dependent part corresponds to
the Green—Schwarz counterterm found in Ref. [56] for symmetric heterotic orbifolds. Each
of these one-loop corrections, with coefficients €, 6 and 3%, is related to a well-defined coun-
terterm which can be easily identified in, for instance, the low-energy limit of M-theory on
K. The Green—Schwarz counterterms controlled by ¢ and € are intrinsically real D-densities.
They will appear as corrections to the Kahler potential, as matter-dependent “wave-function
renormalizations”, in the dual version with a chiral dilaton multiplet. On the other hand,
the holomorphic T-dependent terms are true threshold corrections.

Alternatively, solving for Ly, V and U leads to the version with a chiral dilaton multiplet:

L= -g [soﬁoe—K/ﬂ + % [Ea:(cas + B“T)W“W“] + [Sg(m + aM?’)} o (581

with the Kihler potential**

K = —log(S+75+26MerM — c|aM?]?) (5.82)
200 5.82
—3log (T +T — 2Me* M),

14The superfield Kahler potential includes covariantization contributions e4 which disappear in the bosonic
expression used in component expansions.
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and the gauge kinetic functions f® = ¢*S + *T". An ambiguity exists however because one
can perform a holomorphic redefinition of the two chiral multiplets. For instance,

S=85-0T, (5.83)
leads to the equivalent Kahler potential

K = —log (S’ +5- S(T+T —2Me*M) — e|aM3\2)
(5.84)
—3log (T +T - QMeAM) ,

with gauge kinetic functions f¢ = ¢*S + (8% — ¢*§)T. The origin of this ambiguity at the
level of “M-theory multiplets” is interesting. Suppose that we add the counterterm

AL =B [(V +20) (Vi + QMeAM)} i (5.85)

to the fundamental Lagrangian (5.78), with an arbitrary constant B. The theory becomes
then
Ly = [— Y — (S +S)(V +2Q) + [UW — aM?) +c.c]

+(Lr —23,(8* = Be)Q®) (Vr + 2Me M) (5.86)

V(| aMP? + BVp + 2(B — 5)H6AM)] 4+ (S8

It is gauge invariant provided the appropriate transformation of Lz is postulated. We have
apparently obtained a family of four-dimensional supergravity theories, depending on a new
parameter B. This is however only true before solving for the Lagrange multiplier multiplets.
Firstly, solving for S and Lt leads to the space-time derivative AL = B [L(T + T)} - The
counterterm AL is then irrelevant in the version of the theory with a linear dilaton. Secondly,
if we instead solve for V and Ly, we obtain the Kahler potential

K = —log(S—{—g—B(T—{-T)+25W6AM—€‘OJM3|2) ( )
- 5.87
—3log (T + T —2Me* M),

and the gauge kinetic functions f* = ¢*S + (8% — Bc®)T. This theory is clearly related to
Eq. (5.82) by the holomorphic redefinition S — S — BT, and the choice B = § leads to
theory (5.84).

This discussion shows that the counterterm AL is irrelevant in the four-dimensional
effective supergravity, that all values of B lead to equivalent Lagrangians, with the same
dynamical equations. Further information due, for instance, to compactification of extra
dimensions could however appear more natural with a specific value of B, if one insists to
use the version of the effective supergravity with a chiral dilaton multiplet. For instance, all
corrections linear in 7" appear as gauge thresholds with the choice B = (0. But one could as
well use the version with a linear dilaton which is free of ambiguities.

In addition, the holomorphic redefinition (5.83) mixes terms of different orders in the
string loop expansion. As a consequence, the distinction between terms in £(® and correc-
tions in £(!) becomes ambiguous in general in the large 7" limit.
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The values of the coefficients § and e can be inferred from a direct calculation of the
M-dependent anomaly-cancelling terms in M-theory on ;. This is the subject of the next
subsection. Notice however that such a calculation only provides the terms of first order in
the matter multiplets Me“M and |aM?3[2. To this order, expression (5.82) becomes

K = —log(S+S)—3log(T +T —2Me*M)

- 260 M — eladr®?).
S+ S
The term with coefficient § has been obtained in direct Calabi—Yau reductions of M-theory on
St )Zs (see, for instance, [157, 158, 136]'°). The charged matter contribution with coefficient
€ was not included in these analyses.
The gauge contributions appearing in Eq. (5.78) read

(5.88)

2% [[ca(s +38) + B (Vr + QMeAM)]Qa} . (5.89)

so that the gauge coupling constants are given by

1 1 _
— =c"Res+f° (Cr+2MM) . (5.90)
g

a

This expression becomes harmonic once the Bianchi identity imposing Cr +2MM = 2ReT
has been used. Similarly, one obtains from Eq. (5.80)
I T
e
with T = 2(20%)%?(ReT — M M)32C~/2. This second form of the gauge couplings is never

harmonic since it is obtained from a theory with a linear dilaton multiplet. Both expressions
do however agree since the chiral-linear duality relation between Res and C is

+ B°ReT — *6MM + %mM?’P, (5.91)

T — €
=— — + = |aM? . .92
Res ic oMM 2\04 | (5.92)

5.3.3 On the eleven-dimensional origin of the anomaly-cancelling
terms

In ten dimensions, anomaly-cancelling terms for the Eg x Eg heterotic superstring are well-
known. There are two terms. The first couples a gauge and Lorentz invariant eight-form
Xg to the two-form field Bg The second one is proportional to [ (Q1 + Qg2 — Qa1) A X»,,
with dX7 = Xg.

In the preceding chapter, we have precisely computed the anomaly-cancelling terms aris-
ing from M-theory on S 1 /Zsy. These terms arise from the following action terms in eleven
dimensions [116, 117, 222, 77, 54]:

a8 / Gy AXy— — Cs NGy AG (5.93)
4 7 3 4 49 -
(471') K‘ll Mii 12K‘¥ Mi

15Tt has also been obtained, in a quite different context, by Itoyama and Leon [123].
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where

1 1 1
X7 = ) (§QZL — g(trR%) N Qg,L) , (594)

12(4m)3
k11 is the eleven-dimensional gravitational constant and A is the gauge coupling constant on

both ten-dimensional Z,-fixed planes, as defined by the gauge action (5.59). The Chern—
Simons forms are defined by

dQZL = tI'R;, de)’,L = tI‘RZ, dQé’,i = tI'FQQ,i, 1= 1, 2. (595)

As we have seen in the preceding chapter, cancellation of gauge and gravitational anomalies
and coherence of the reduction to ten dimensions impose A\® = (47)%x%, /12 [116, 117]. This
condition relates the gauge coupling A and the S! radius. Solving the Bianchi identity
verified by the four-form field G; on S'/Z, and extracting the zero modes leads to the
following Green—Schwarz terms

1 ~ 1
Ses = —— B/\[I 2 (I =T A (tR4——tR2 )]
as s Ju, P (I1)% + (I2)? = I 42+(4 i 8( )
1
_W /M (QS’,I -+ 9372 — Qg,L) A X7.
10
(5.96)
In this expression,
1 9 1 9 .
I4,’i = W (tI'Fg,i — itng)’ 1 = 1, 2, (597)
and
D % 11
BAB =5 dx CABll- (598)

K11 Jst

As usual, the two-form field §2 couples to X g. But the second term has a particular struc-
ture: Xy is replaced by the purely gravitational seven-form (5.94): the anomaly-cancelling
terms derived from M-theory differ from the standard expression of the heterotic superstring
by a well-defined local counterterm, as permitted by the descent equations.

The Calabi—Yau compactification of B g leads to two zero modes of the bulk fields,

20 \? 20 \?

K B/“/ = VGCuyll, K BZ_; == 7601'311, (5.99)
since 272 = %)‘VVL By Eqgs. (5.36), these states are related to our four-dimensional bulk
multiplets L (or S) and T by

By, = 4b,,, K?Bz = i Im T3;. (5.100)

The number \?/Vy disappears in this identification: it does not play any role in the four-
dimensional effective theory.

Our task is then to compute the reduction of Sgs on M, x (Calabi-Yau). Since we restrict
ourselves to contributions with at most two derivatives, we only need the reduction of

A = - Eg A [(1471)2 + (14’2)2 - 14,1 A I4)2i| . (5101)
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The global definition of the four-form field G, (“cohomology condition”) implies [230]

(L41) = —(L}2) (5.102)

for the Calabi—Yau background, which is a (2,2) form. The counterterm A becomes then

1 ~
o /M“’ e (5.103)
1 n .
T 12(an)s /Mm By A |:(tI'F2271)2 + (trF},) — (trFy)) A (trFj,) | +- -+,

where gravitational contributions with more than two derivatives are omitted. Notice that
the two FEg factors contribute with opposite signs in the background-dependent term.

The standard embedding is defined by (trF3,) = 0, while (trF3,) is in the SU(3) direction
of the maximal embedding Eg x SU(3) C Fs. As a consequence,

(trF3,) = (trR3) = 2(4m)*(L;1), (5.104)
which in turn leads to
1 ~
A = —7/ By A (ttR3) A (trFy, — t1Fy,)
8(47")5 Mio ’ ’
) (5.105)
-5y /M By A [(0F3))? + (F5)? — (F3) A (0F5)| + .

To derive the zero modes of trF3, and trF3,, it is simpler to consider the Chern-Simons
forms, using the relation

(trF22,z')ABCD = 4074(Q3:) o) 1=1,2. (5.106)

In the standard embedding, the unbroken Eg group generates a N = 1 super Yang-Mills
multiplet only. The only massless mode is then

(trFQQ,Q)ABCD - (trFQQ,ES)uupaa (QZB’,Q)ABC — (93,E8)uyp- (5107)

Clearly, these massless modes of tng,2 and g, are respectively components of the four-
dimensional N = 1 multiplets W?W? and Q? used earlier. More precisely:

1 v 7’ vpo
[W2W2]f—component = _étrFESIWFgg - EE“ P trFEsuyFEspa' + - ;
1 v
[QQ]d—component = _trFESNqu +---, (5108)
16 8
1
[Q2]vector component — geuupa (Q3,Eg)upo + -
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The gauge fields of the Fg group broken into Eg generate Fy gauge fields and the chiral
matter multiplet M, transforming in representation 27. Accordingly, the massless modes of
trFZ, are:

(trF22,1)ABCD — ( )uupaa
— ( s i = 200(Qs1) 5
. pe (5.109)
— (trF, )uzyk = 0u(Q231)ijk
— (rF3) 8 = Ou(Qs1)g5-

While as before (Q231)apc — (£23,8,)uwp, the other components of Q3; involve the scalar
component of the matter multiplet M and require more care since we have already precisely
defined the four-dimensional field M by its coupling to the bulk fields. To obtain the correct
relations, a detour is helpful.

As already explained, the gauge kinetic action (5.59) also generates the four-dimensional
kinetic terms for the matter multiplet M. In the four-dimensional effective Lagrangian,
these contributions arise as the highest component of the “matter Chern—Simons multiplet”
Me” M, which includes —2(D,M)(D*M). This multiplet also contains in its vector compo-
nent the matter Chern-Simons form

QM =iM(D,M) —i(D,M)M. (5.110)

I

This is completely similar to the gauge Chern-Simons multiplet which includes gauge kinetic
terms in its d-component and (€23),,, in its vector component, as indicated by expressions
(5.108). A direct computation of the relation between kinetic terms due to the action
(5.59), and the highest component of Me*M delivers then the relation between (€3,),,;; and
this multiplet, by four-dimensional supersymmetry. A similar operation gives the relation

between (Q31);jx and the superpotential multiplet aM?. The relations are

1 — — 1 —
(93,1)1“'3 @ [(DMM)M - M(DMM)] 613 = @@ﬂMeAM]vector component
, (5.111)
— —=3
(in‘,l)ijk = %&M €ijk = %Gijk[aM ]scalar component

together with the last equation (5.108) which applies to all gauge Chern—Simons forms.

With the complete identification of the massless modes of the Chern—Simons three-forms,
we are equipped for translating the Calabi—Yau reduction of the Green—Schwarz counterterm
(5.105) in a four-dimensional supergravity density formula. After straightforward manipu-
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lations of Eq. (5.105), we obtain

2

1 A
Lgs = —WI6“ P VG(aMCL)(Q:},EG - Q:S’,Eg)upa

2

’ v U/\ -
+WI€“ P 76(auC',,pn)(J\4l)a]\4 — MDGM)

F 2 2
10 Vo pupo A

+216(47r)5 K6 © k2 Vg

(0uCp11) [H3(60M3) — (8UW3)M3] e

(5.112)
1 oo
= WIGN p TN(Q3,E6 - Q‘?yES)VPO'
r[: vpo —_— R
“o6my e Orbpo)(MDM =MD, M)
i0? Vo e 5 , .
“sanp e Orb) [M (0, M) — (3, D) M3 + - -,

where the dots indicate the terms required by N = 1 supersymmetry and [ is the dimen-
sionless integral

I= &_Q/X dVs 5igeijkem<trR§)jkj—k, (5.113)
6

in terms of the (1,1) (the metric tensor), (3,0) and (0, 3) Calabi-Yau tensors and the back-
ground (trR2).
Using Egs. (5.111), we can write the Green—Schwarz counterterm in superfield form as:

Lgs = Vi +2Me M) (Q' — Q)| —

I

48(47)? [( D 48(4m)’
1 Vs

+27(47r)5 P

[VM@AM}
’ (5.114)
v,

Comparing the three terms of Lgg with the corresponding parts of (5.78), we can express
the coefficients 5%, 6 and € in terms of the Calabi—Yau dependent integral I:

_g—_gp_ I -1 %
0=F=-F T 96(dn)s T C T 27(Am)p RS (5-115)

The calculation predicts then 8! = —3% = §, a result already obtained in Refs. [157, 158,
136], for instance. Once again, we stress that we have obtained next-order corrections to the
effective Wilson Lagrangian. As argued earlier in subsection 5.3.1, while we expect 8' and 32
to have physical significance as coefficients of the modulus-dependent threshold corrections,
the parameter § is not necessarily a physical quantity. To decide of its relevance, a calculation
at the same order of threshold corrections in the effective action should be performed, but this
computation requires a detailed knowledge of the charged matter spectrum and couplings.
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5.4 Summary

In this chapter, we have deduced the structure of the four-dimensional N = 1 effective
(wilsonnian) supergravity describing the universal massless sector of M-theory compactified
on S'/Z, x (Calabi-Yau). The model depends on three categories of multiplets: the “M-
theory multiplets” V', Vpr and W which describe the degrees of freedom of the M-theory
four-index tensor, the “source multiplets” M and A in 2, MeAM and oaM? which are related
to the source terms in M-theory Bianchi identities, and the “Lagrange multiplier multiplets”
S, Ly and U which impose by their field equations the Bianchi identities. In addition, the
multipliers S and Ly generate the four-dimensional axion-tensor duality which is known to
be an important ingredient of the formulation of the string dilaton beyond the lowest order.

An effective supergravity similar to expression (5.78) is in principle valid for generic
compactifications of M-theory with unbroken N = 1 supersymmetry in four dimensions.
One needs to identify the appropriate supermultiplets appearing as sources in the Bianchi
identities generated by S, Lr and U. Only the values of coefficients like 5, § and € depend
on the detailed geometry of the compact space. As we will see in the next chapter, this
method is especially useful in deriving contributions to the effective Lagrangian due to non-
perturbative states like M-theory five-brane degrees of freedom.
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Chapter 6

A five-brane modulus in the effective
N =1 supergravity of M-theory

We know that compactification of M-theory on K7 = S'/Zy x Xg, where Xs is a Calabi—Yau
threefold, leads to N = 1 supersymmetry in four space-time dimensions. Five-branes con-
figurations preserve this supersymmetry if their world-volume Wjs enclose four-dimensional
Minkowski space M, and a holomorphic two-cycle Cy in X5 [19, 29, 230]:

W6 = M4 X CQ. (61)

With this embedding, the five-brane massless excitations on the world-volume, which belong
to a tensor multiplet of chiral six-dimensional supersymmetry on Ws [98, 127], produce in
the low-energy four-dimensional effective supergravity various N = 1 multiplets of massless
fields. Some of these modes are deeply related to the Calabi-Yau geometry, and computing
their effective theory is a complicated task. There are however universal modes which can
be more easily described, the most obvious example being the real scalar associated to the
position of the five-brane on the orbifold S'/Z,. This “universal five-brane modulus” will
be the main subject of this chapter: we will compute its effective supergravity couplings
to the modes of M-theory on IC; which are also perturbative massless states of Eg X Ejg
heterotic superstrings on Xs. In the simplest case of the standard embedding, these modes
are the N = 1 supergravity and dilaton multiplets, the modulus of the Calabi—Yau volume,
Es x Eg gauge fields and chiral matter in representation (27, 1). Lukas, Ovrut and Waldram
(LOW) [138] have derived the effective supergravity for these heterotic states in a non-trivial
background value of the brane modulus. Our goal here is to obtain a complete! effective
supergravity for the supermultiplet of the universal brane modulus.

When computing an effective Lagrangian, it is usually important to respect the symme-
tries of the underlying theory. For instance, the tensor multiplet of five-brane excitations
has an antisymmetric tensor with a self-dual field strength. This symmetry has far-reaching
implications in four dimensions: the effective theory has a massless antisymmetric tensor
dual to a pseudoscalar or, in terms of supermultiplets a chiral multiplet dual to a linear
multiplet [204].2 This observation has immediate implications on the effective supergravity

ncluding terms with two derivatives or less.
2We will call this property “chiral-linear duality”.
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of the brane modes since only a limited class of chiral multiplets couplings is allowed by
chiral-linear duality [87]. Another example is the fact that M-theory on K7 can be defined
by specific Bianchi identities. Their symmetry properties provide information on the super-
gravity multiplets to be used in their effective description. In the preceding chapter, we have
formulated the effective supergravity of M-theory on K7 without five-branes using Lagrange
multiplier superfields to impose by their field equations these Bianchi identities and all their
symmetries. This formulation is well adapted to the inclusion of five-brane modes.

The construction reveals some interesting features. It turns out that the contributions of
the five-brane universal modulus are closely similar to the perturbative corrections generated
by volume moduli [69, 56, 42, 43]. In particular, gauge threshold corrections arise, with
a gauge-group independent term linked by supersymmetry to brane kinetic terms. This
correction can be regarded as a renormalization of the dilaton field. There is no induced
superpotential and the vacuum properties of the scalar potential are not modified. The
physics impact of the five-brane fields is in the modification of the M-theory background
equation (the “cohomology condition” [230]) and in the gauge-group-dependent threshold
corrections, as observed by LOW [138].

In section 6.1, we study the role of the six-form field which couples naturally to the five-
brane. We construct a version of the bosonic sector of eleven-dimensional supergravity in
which the field equation of the six-form field is the required Bianchi identity. This theory can
then easily be coupled to contributions arising from S'/Z, fixed planes or from five-branes.
Its reduction on KC; provides the link with the effective four-dimensional supergravity derived
in the preceding chapter and a guiding line for the introduction of five-brane fields. Section
6.2 is devoted to the dynamics of the five-brane massless modes. Our starting point is the
self-dual formulation of the bosonic five-brane action, with an auxiliary scalar, as derived
by Pasti, Sorokin and Tonin (PST) [167, 13]. The K; truncation is performed and super-
symmetrized, first in flat space, second in an eleven-dimensional supergravity background.
The resulting kinetic Lagrangian for the five-brane modulus multiplet possesses as expected
chiral-linear duality: the brane modulus can be either described by a linear supermultiplet
L or by a chiral § with symmetry S — S + ic (where ¢ is a real constant). This invariance
severely restricts the possible form of the brane contributions in the Lagrangian. We also
discuss how the various contributions to the scalar potential cancel each other. The com-
plete effective supergravity coupled to the five-brane Lagrangian is the subject of section
6.3. Following the procedure valid for the Calabi-Yau volume modulus 7', we introduce
threshold corrections as the most general term allowed by the shift symmetry acting on the
brane multiplet S. We then consider the two dual versions of the effective supergravity,
with the dilaton embedded either in a chiral or in a linear multiplet. The analysis of the
gauge couplings in the linear version reveals a universal quadratic correction generated by
the brane kinetic terms, and a linear dependence in the threshold terms. In the chiral ver-
sion of the theory, the quadratic correction is moved into the Kéhler potential of the chiral
dilaton S + S. This result is strongly similar to standard gauge threshold corrections in
the modulus 7', which are perturbative one-loop contributions in string theory. We then
compare our expressions with the background found by LOW and discuss the modifications
of the scalar potential introduced by the brane modulus. The final section 6.4 contains some
observations and a few suggestions about possible future developments of our work.
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6.1 The six-form field

In this section, we first discuss a formulation of the bosonic sector of eleven-dimensional
supergravity in which the Bianchi identity for the four-form G is explicitly given by the
field equation of a six-form Cs. This eleven-dimensional field plays the role of a Lagrange
multiplier and its Lagrangian can be easily modified to include source contributions arising,
for instance, from five-branes.®> Explicitly, the modified Lagrangian is of the form Cg A
(dG; — As), where Ay is the five-form source of the Bianchi identity. It also turns out to
be at the origin of the four-dimensional “Lagrange multiplets” described in the preceding
chapter, where Bianchi identities were field equations. After having introduced Cy at the
level of the bosonic sector of the standard CJS eleven-dimensional supergravity [51], we
consider the modifications required by the two ten-dimensional planes fixed under Z, and
by the presence of five-branes.

6.1.1 Eleven-dimensional supergravity

We begin by considering the standard CJS formulation [51]. In terms of differential forms,
the bosonic part of the eleven-dimensional supergravity action is given by

1 1
QK%ISCJS = —/ dllac 611R - = G4 N *G4 - = 03 N G4 N G4, (62)
M 2 M 6 Miy
where the two independent fields are the metric (vielbein) and the three-form potential C's.
The four-form field strength G, is defined by G, = dCj, and M, is eleven-dimensional
Minkowski space. The equation of motion for Cs that can be computed from the action
(6.2) is

Cs - d*G4=—%G4 NGy, (6.3)
and the Bianchi identity reads
dG, = d(dCjs) = 0. (6.4)
Note that the action S¢js is invariant under the standard gauge transformation
Cy — Cs + dAy, (6.5)

where A, is a two-form.

Since we would like to incorporate “magnetic” five-branes* in our discussion, it is natural
to look for an action which contains a seven-form field strength G'; dual to the usual four-
form G ;. The structure of the topological term Cs A G, A G in (6.2) does not allow us to
completely eliminate the three-form Cs, and an action equivalent to Scjg is

1 1
2&%15115(1 = —/ dHLL‘eHR—E/ G4 /\*G4 —6/ Cg/\ng/\ng
Maii M M (66)

+/ G7 N (G, —dCy),
M

30ur procedure is similar, but not identical, to the method of de Alwis [55].
4As opposed to the “electric” membranes which naturally couple to the CJS action (6.2).
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where the four independent fields are now the metric (vielbein), the three-form Cy, the four-
form G, and the seven-form G';. The equations of motion for the antisymmetric tensor fields
are

1
03 . dG7 = —ing/\ng,
G4 : *G4 = G7, (67)
G7 : G4 = ng

Inserting the second and third relations in the first one leads to the original field equation
in the CJS version of the theory. The solution of the equation for Cy is

Gy =—dCs — %03 A dCy, (6.8)

where Cy is an arbitrary six-form potential. Notice that the invariance of the seven-form G,
under the gauge transformation (6.5) imposes that

1
C(,’ — 05 — 5/\2 AN ng + dA5 (69)

We can now write another equivalent form of the bosonic sector of eleven-dimensional
supergravity in which the Bianchi identity is imposed via the six-form field Cs. Substituting
the expression (6.8) for G into the action (6.6), we obtain (with a partial integration) a
formulation where the four independent fields are the metric, Cs, G; and Cg:

1 1 2
2’{%18115d’ = —/ duerR—— G4 /\*G4 - = Cg/\ng/\(G4 ——d03)
Mi 2 Mii 2 Mii 3

+[  csnda,.
Mai
(6.10)

This action is invariant under the gauge symmetries (6.5) and (6.9). The equations of motion
for G;, C4 and Cj are now

1
G4 : *G4 = —d06—503/\d03,
Cs dG, = 0, (6.11)
1
03 B ng/\(ng—G4) = —503/\61(;4.

The exterior derivative of the first equation is the CJS equation (6.3) if in addition G, = dC}.
The second relation is the Bianchi identity (6.4) which says that locally G; = dAjs. Finally,
the third equation implies that C3 and Ay can differ by a gauge transformation (6.5) and
by irrelevant particular solution to Eq. (6.3).

The truncation of the theory (6.10) on K7 is as follows. The fields Cs and G, are as
usual odd under the symmetry Z,, while Cy is even. Since the Z, symmetry acts on the S*
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coordinate z'!, the universal massless modes of the six-form surviving the truncation will
then be C,, ;7 Crvpijks’ Cviji» and Cyjmp. Their field equations respectively imply the
Bianchi identity for (dG);;7,, Which is a background equation®, and the four-dimensional
Bianchi identities for the massless components Gizgy1; G 11 and Guupii. Observe also that

the modified topological term in the action (6.10) does not survive the truncation.

6.1.2 Defects contributions

If one assumes that the Bianchi identity is not dG; = 0, but instead dG; = A; with an exact
five-form A; = dA,, not depending on Cjy, G, or Cy, the action (6.10) can be consistently
modified to become:

1 1 2
2&%15 = —5//\4 G4A*G4—§[\A Cg/\ng/\(G4—A4—§d03)
11 11 (612)

+/ Cs N (dG; — Ajs) + Einstein term + - - -.
M

The eleven-dimensional independent fields are C's, G; and Cy4. The term with C is modified
to obtain the new Bianchi identity with the source As. The additional %Cg/\ng AA, term is
a possible addition to cancel the variation under (6.5) of the source contribution —Cg A Aj.
We will however see below that if a five-brane is at the origin of the source Aj;, another
modification arises. The dots in action (6.12) denote possible contributions which do not
involve the eleven-dimensional bulk fields and are related to the dynamics of the magnetic
source As. An example would be the ten-dimensional kinetic terms for the gauge fields in a
compactification of M-theory on S'/Z,. The equations of motion for C3, G, and Cj are

1
03 . ng/\(ng—G4 +A4) = —503/\(dG4—A5),
1
G4 . *G4 = —d06 - 503 N ng, (613)
06 . dG4 = A5.

A compactification of M-theory on S'/Z, or K7 has at least two kinds of defects generating
sources: M-five-branes and Z, fixed planes. A tensor N = 2 multiplet of massless excitations
lives on the world-volume of each five-brane [98, 127] and an Eg super Yang—Mills multiplet
is located on each fixed plane [116, 230, 117].

Five-brane contributions

A five-brane in an eleven-dimensional background can be described by the following world-
volume bosonic action [219, 1, 21]

~ T A
SM5 = / Liin. — T5/ 06 "] Cg N ng, (614)
We We 2

We

°As well as the conjugate C\,, =z = Cpr, k-

6Since it is not associated to any four-dimensional massless mode.
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where the hatted fields C’g and C’g are the eleven-dimensional background fields pulled back
onto the six-dimensional world-volume Ws, and the two-form B, belongs to the d = 6 super-
multiplet of the five-brane (see section 6.2 for a more precise description of this multiplet).
The first contribution Ly, describes the kinematics of the bosonic degrees of freedom. It
includes a Born-Infeld term for the induced metric tensor g;s; coupled to the three-form
Hs = dBy — C'g, which is submitted to a self-duality condition. In the covariant formalism
of PST [164, 165, 166], this self-duality condition is generated by an auxiliary scalar field
A. Hence, Ly, is a functional of §;4, Hs and A, but its precise form is not important for
the moment. Notice that invariance under (6.5) of 3 implies that 6B, = A,. With this
transformation of B, the complete action Sy is gauge invariant.

The five-brane action Sys includes the C term

—T5/ C’g = —T5/ 06 N (55, (615)
We M

where the equality for an arbitrary six-form would define the closed delta-function five-form
d5. Comparison with the C4 term in action (6.12) indicates that adding a five-brane contri-
bution modifies the source Az according to Ay — Aj + 2k2,T5d5, without however affecting
A, since gauge invariance is obtained with the new contribution —% i) M Cs NdBs A b5.

Using 05 to rewrite the action (6.14) as

T:
Sms = / Liin. N 65 — T5/ Co N5 — = Cs NdBg A 05, (6.16)
M M 2 M

we obtain a complete action from which the modified Bianchi identity with a five-brane
source added can be deduced as an equation of motion for the six-form Cl:

1 1 2
2%%18 = —5 G4/\*G4—§ Cg/\ng/\(G4—A4—§d03)

M Mii

+ Cﬁ/\(dG4 —A5 —2K31T5(55)
M (617)

+2K€1/ Liin. A 55 - ﬁ%1T5/ Cs ANdBy A 55
Mu M

+ Einstein term + - - -,

where the independent fields are the metric, Cs, G;, Cs and B,.” The equations of motion

7As well as the translational degrees of freedom of the five-brane world-volume, in the pull-back of M;;
onto Ws.
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for Cs, G4, Cs and By are

0Lin. T 1
Cy : dCsA(dCs — Gy +A)) = —2/&{1(% - gdsg) A b5 — 5Cs NGy — Aj),
3
1
G4 : *G4 = —d05—503/\d03,
05 . dG4 = A5 —+ 2/{%1T555,
0 Lyin, I
82 582 /\(55 = 2d03/\55.
(6.18)
Taking the exterior derivative of the first equation and using the equality d(%ﬁ;-) = %ki;-

which follows from the fact that C'y and B, only appear through Hs in Ly, we recover the
last equation when the third relation is taken into account.

This discussion can be easily extended to a configuration with several five-branes. In the
case of M-theory on K7, five-brane world-volumes must be embedded in M;; in a Zs-invariant
way.

Zo-fixed planes contributions

We now proceed to add the contributions due to Z, fixed planes. They will correspond to
specific expressions for the source A and its primitive A, in action (6.17). And since these
expressions do not depend on the eleven-dimensional or five-brane fields, the equations (6.18)
and their significance will remain unchanged.

In the presence of five-branes, M-theory on S*/Z, x M4 can be defined by the following
Bianchi identity [230, 116, 117, 233]:

2 Ns
K
dG, = —(47r)2ﬁ Iy NGO +1ja Nbio+ Z 95 (Wﬁ,f)} : (6.19)

f=1

where W f is the world-volume of the fth five-brane and &5 (Ws ) the corresponding five-
form as defined in Eq. (6.15). The S'/Z, direction z!! has periodicity 2, Z, acts according
to z'' — —2! and the fixed points are at z'* = 0 and 7. For each five brane with world-
volume W ¢, there exists a five-brane with world-volume given by the image under Z, of
We ;. Eq. (6.19) also gives the expression T5 = —87%/A\? in terms of the gauge coupling
constant A on the ten-dimensional fixed planes. The Dirac one-forms on S* read

611 =06(x'")dz" and 6.0 =0(z" —m)da'. (6.20)

Finally, on the ten-dimensional Z, fixed planes, at z'! = 0 and z!! = 7, live four-forms

1 , 11
L= e [teri — SRS, =12, (6.21)
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where each Fy; is an Fg gauge curvature and IRy is the Riemann curvature. We then conclude
that the appropriate bosonic action for M-theory on S'/Z, can be written as:

S = an L,
1 1 2
2&%1;6 = —§G4 N *G4 — 503 /\ng A (G4 - A4 — gdog)
K2 ok
+Cy A (dG + (4?55 Lo A G+ Lip A Sia+ 05 (Wer)] )
f=1 (622)

Ny

+2:2, Y (zkin_(yg(f ) + )\2 oA dBys ) A S5 (We.s)
f=1

”11

)\2 (FQI /\*F21 /\511 +F22/\*Fgg/\512) + Einstein term.

The last line includes the kinetic terms of the Ejg gauge fields living on each fixed plane
and the four-form A, is defined as the solution to the Bianchi identity (6.19) without any

five-brane:
(2

dA; = —(4r)? ;21 [14 LA+ T A 512] (6.23)
Notice that each five-brane has its own tensor H sy = dBys) — Cs, up to the identification
of a five-brane with its image under Zs,.

It should be remarked that the theory (6.22) is not equivalent to the Hotava—Witten
action. It is a generalization of the bosonic sector of eleven-dimensional supergravity and it
does not include an anomaly-cancelling term similar to the contribution [, Cs AG; AGY.
Cancellation of chiral anomalies requires the addition of appropriate Green—Schwarz coun-
terterms.

6.1.3 The background

The Bianchi identities of M-theory compactified on K7 are the components of Eq. (6.19)
reduced on the Calabi—Yau space. They are also the field equations of the components of Cy
reduced on K;. Denoting by Vs the Calabi-Yau volume and using x%; = 2rVgk?, where & is
the four-dimensional gravitational constant, one infers that the dimensionless number A2 /Vj
can be absorbed in the metric moduli, so that these identities as well as the four-dimensional
reduced action depend on a single parameter, the four-dimensional gravitational constant.

As mentioned earlier, the field equation of the component C,,, ;7 is the background equation
(dG) gy = —(4m)* ;21 141 N bus+ 1o Moy + Z S5Wop)| - (624)
f=1

8See the preceding chapter for a detailed discussion of this point. For the same reason, we may choose
the S! radius to be one.
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This equation integrated over a closed five-cycle gives, for a globally well-defined G, the
standard “cohomology condition” which defines the embedding of the four-dimensional gauge
group into Eg x Fg [230]. In general, it implies non-zero background values for (tngl)Z] T
and/or (trF3,),z, and relates these vacuum values to the Calabi-Yau background (trR3), 7.
Since there are no massless fluctuations associated with this component of dG,, we may
assume that the fluctuation C,, ;.5 is zero when computing the reduced effective Lagrangian,
provided we develop the theory around the appropriate background.

We denote the form degree on My x K7 as (m,n,p,q). The degree on My is m, the
holomorphic and anti-holomorphic degrees on the Calabi-Yau space are n and p, and q is
the degree on S*/Z,. The SU(3) holonomy condition implies that the background (G) is
a (0,2,2,0) form. The defining equation for the six-form field Cj is the duality equation
*G; = —dCs — $C3 A dCs. The background (dCs) is then a (4,1,1,1) form. By SU(3)
holonomy and Zg symmetry, the background component (Cy) of Cj is a (4,1,1,0) form and

dCs) = =2:-(Cy) dz'. The equations defining the background are then® (dCy) = — * (G
ox 4
and
o K2
(d+dCy) = —(47)* 35 <I4 1A Gy + Ia Ao+ 255 Wﬁf)> (6.25)

f=1

They depend in general on the metric tensor reduced on M, x K7 since they use the Hodge
dual and Dirac tensorial distributions. This condition has been studied in detail in Refs.
(136, 138].

In our approach based on Lagrangian (6.22), however, the background contribution is
more involved. Since the six-form field multiplies the Bianchi identity, all Cs background
contributions automatically cancel. But the background values of G, A *G, of the Einstein
term and of the gauge and brane (Born—Infeld) kinetic terms are non-zero. We will return to
this point when computing the effective four-dimensional scalar potential, which vanishes,
in the next section.

Our task now is to obtain the four-dimensional Calabi—Yau reduction of the action (6.22),
and to extend it to a Poincaré N = 1 supergravity. Without five-branes, the result is
well-known either from heterotic superstrings on X [227, 58, 35] or from M-theory on K;
[157, 158, 136], and the preceding chapter gives a discussion based on Bianchi identities
which is also the approach followed here.

6.2 The M-theory five-brane

The action (6.22) includes kinetic terms for the five-brane bosonic degrees of freedom, which
in particular are responsible for the propagation of the self-dual three-form #Hj3. Since we
find useful to incorporate in our discussion the largest possible symmetry, we will use for
these kinetic terms the formalism developed by PST [164, 165, 166] adapted to the five-brane
[167, 13, 47]. In this covariant formulation, the self-duality follows from field equations.
The five-brane has also scalar fields related to the translational modes of its world-volume,
and we begin by a brief discussion of the embedding of a world-volume Wy in M, x K;.

9When reduced on My x K7, (Cs A dC3s) vanishes.
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6.2.1 Reduction of the M-five-brane bosonic action to four dimen-
sions

In order to preserve N = 1 four-dimensional supersymmetry, the world-volume of the five-
brane, Ws, must include four-dimensional Minkowski space M, (to keep Lorentz covariance)
and the two additional space-like dimensions have to be a holomorphic cycle C, in the Calabi—
Yau manifold [19, 29, 230]. We can then choose the five-brane world-volume coordinates as

y™ =ty ), m=1,2,...,6, p=1,234, (6.26)

with a complex coordinate y along the Calabi—Yau two-cycle. The embedding of the world-
volume in My; is defined by the functions ™ (y™), M = 1,2,...,11, and by the pull-back
functions 9z /0y™. In M, x K7, we use coordinates o™ = (z#, z', 2%, 72%), i = 1,2, 3, with

o=yt 2=y y), 7 =7 (M), (6.27)

choosing a parameterization of M,.

The five-brane excitations are described by a d = 6 tensor supermultiplet [98, 127]. The
fields are a chiral antisymmetric tensor By, (with a self-dual field strength H,;45), five scalar
fields XM, X® . X©®) gpecifying the position of the world-volume Wy in My, and their
fermionic partners. In our M, x K7 reduction, we neglect the detailed structure of the
Calabi—Yau manifold. Of the five scalar fields, only one survives as the massless mode of the
Calabi-Yau expansion of z!(y*, y,7),

' (y*, y,7) = X (2*) + massive modes,

. . - (6.28)
2 =2'(y), Z'=7Z'(y), M =qyM
This means that we will only retain the following bosonic five-brane excitations:
B (2") = Bu (y"), Bgg(a") = Bgg(v"),  X(a"), (6.29)

and the self-duality condition on Hg;,p relates By, and Bgg. The background value of the
scalar field X is the five-brane position along the S'/Z, orbifold direction z!!. Each five-
brane generates then in M, two bosonic degrees of freedom. By N = 1 supersymmetry,
they will be described by either a chiral or a linear multiplet.

With these choices of embedding and truncation, the world-volume induced metric'®

oxM oxN

G = ay—ma—yﬁgMN (6.30)
reduces in four dimensions to
gw = €7 %g,, +e¥72%(0,X)(0,X),
g5 = k%e’, (6.31)

95 = 9 = 9 = G = 0,
10The two-index tensor garn is the eleven-dimensional metric which was defined and used in the preceding
chapter [see Eq. (5.32)].
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— dz (9z
0ii'gy dy oy

To describe the dynamics of the bosonic fields (6.29) and their couplings to four-dimensio-
nal supergravity, we need an action for the five-brane coupled to eleven-dimensional super-
gravity. Using the general formalism developed by PST [164, 165, 166] to write covariant
Lagrangians for self-dual (or anti self-dual) tensors, a kappa-symmetric covariant world-
volume Lagrangian for the five-brane excitations has been constructed [167, 13, 47], com-
pleting earlier work [119, 120, 193, 168, 233, 219, 1, 21]. In a non-trivial eleven-dimensional
supergravity background, the action has two parts: a kinetic Lagrangian with a Born—Infeld
term involving the three-index tensor H;,; and a Wess—Zumino term involving both C's and
its dual C4. The bosonic action is:!!

where k? = is a constant (a background value) in our Kaluza—Klein truncation.

Sms = T5/ dﬁy( — /= det(Gmn + 1H i) — %\/ -9 ViH*ZmﬁHmmaVﬁ)
We

—T5/W (ég — %dsg A (53).

The second line is as in Eq. (6.14) and the first two terms define the kinetic Lagrangian in
the PST formalism. In this expression, C's and Cj are the eleven- dlmensmnal background
fields pulled back onto the world-volume using derivatives dz™ /9y™,

(6.32)

g = ZZ—Z%% ey Cigoing = gz:i gz:: Chy... Mg (6.33)
T is the brane tension and
Hiig = 30umBag) — Cinip,
Hmi = HipapV?s
rih 3'_71_51 emnpqrs%qrs’ (6.34)
dB, = % O Bigp dy™ A dy™ A dyP.
Finally,
Vin = (ajj)“‘(lam), VaV™ =1), (6.35)

where A(y™) is the auxiliary scalar field introduced by PST to impose the self-duality of the
tensor Hy,q5 as an equation of motion.

Since we will consider only four-dimensional contributions with up to two derivatives, it
will be sufficient to write

V= det(Gmn + Hrmm) = \/—g(1 . i%mwmn) (6.36)

" Our conventions are mostly as in Ref. [47]. We consider here a single five-brane.
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The action (6.32) simplifies then to

Svs = —T5/ \/7( H*lm” Honip — H ) VP + 1)

_T /W (6*6 _ §d62 A 6*3).

The PST formalism possesses various local symmetries. One of them allows a gauge choice
in which A(y™) is a function of y and ¥ only, so that

VE=0, VWS +VV0 =1, (6.38)

(6.37)

which preserves four-dimensional Lorentz covariance. With our truncation (6.29) of the
five-brane excitations and of the bulk fields, we are led to only retain components

A

Mo = 0uBss — Cossr Moo = 308y — Chups

A N (6.39)
BSG = kZB’ Cpﬁé = kQG(CC) auXa C;wp = 30[;“/11 6p]X,

where a(x) is defined by Cj3, = ia(z)d;;. In addition, our reduction of the eleven-dimensional
space-time metric (5.32) implies that

V=3 = k2ee=21-% (1 +5¢"(0 X)(8“X)>, (6.40)

where e? = — det(g,,) is now the determinant of the four-dimensional space-time metric.
The reduction of the term involving the six-form field follows from two facts. Firstly,
with the embedding (6.28) of Ws into M3, one can write

N (9z 07
Crvposs = e [

where (C),, .7 is the background contribution discussed in subsection 6.1.3 and C,, .7
is the field fluctuation. Notice that the equations defining this background involve the
reduced eleven-dimensional metric'? and (C) uwpoij does depend on the metric moduli o and
7. Secondly, since Cj is even under Zy, Ciy,,,; is cancelled by the K7 reduction and
the component C,, .= generates the background equation and can be omitted in the four-
dimensional effective Lagrangian.

The four-dimensional five-brane action reads then
SM5 = / d*r £M5a
My
T [ 1
BPREY

CY nsii + Conoii + 4(0,X)C (6.41)

uvpoij uvpaij llupa]i_ﬂ ’

1
LMS — €e7+3aHul’pHul/p 3' ul/PU (a B (8NX)a> Hupo’

(6.42)

1 1
- ieuupo (0B)(0,X)Cpo11 — §€WW (0uByp) (95X )a

e’ (9,X)(0"X) + 2e(e 23 + <c>)} .

12Tn particular in the Hodge dual.
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This derivation uses
- 1
T / dy/—5(.) =T / d'z ee~ % <1+§e37(8uX)(8“X)) (), (6.43)
We My

where ~ o

T / 0z' 07z’

— = | dydy ———=06;; 6.44

T~ ), W5, Gy (6.44)
is the volume of the holomorphic two-cycle in the Calabi—Yau manifold, and the definition
(C) pwpois = 1€€upo(C)0;5. The scalar field B acts as a Lagrange multiplier. It imposes the
constraint

oy, (HW n 3(6,,X)C,,(,11) = g, (Hm + C,,) —0. (6.45)

Its solution is the second Eq. (6.39). We can then express the Lagrangian (6.42) as a function
of the unconstrained fields ‘H,,,, X and B =B — Xa:

Lys = ——= | =€ M1, H™P + e’ 27(9,X) (0" X)

2l

1 1
5 X Hy (Dp0) + ixww (8,0)(8,Cp011) (6.46)

1 2. —2v—3c
— 5" (3,B) (H,,,w —3X8,,Cp(,11) +2e(e”d? +<0>)].

The last term seems to indicate the presence of a scalar potential. However, solving the
equation defining the six-form background field shows a cancellation: the scalar potential
vanishes as expected by the stability of the configuration which is protected by the residual
supersymmetry [81, 220]. We will see in subsection 6.2.3 that the supermultiplet structure
required to supersymmetrize this bosonic action does not allow the presence of a scalar
potential.

The Lagrangians (6.42) and (6.46) are invariant under the residual symmetries:

0C w11 = 20\,
. (6.47)
da = c, 0B = cX, 0B =0, ¢ = constant.

Note moreover that B appears in the Lagrangian (6.42) only through its derivatives, so the
independent symmetry
B=/<, ¢ = constant, (6.48)

is also present. Solving for B in Eq. (6.46) leads to a Lagrangian for B,, and X, which
will be supersymmetrized using a linear multiplet. And solving for H,,, leads to a theory
containing a chiral multiplet with scalar components B and X. This chiral-linear duality is
the four-dimensional consequence of the self-duality of the brane three-index tensor H,;,s,
when expressed in the covariant formalism of PST.

We now consider the supersymmetrization in four space-time dimensions of the reduced
five-brane Lagrangian, firstly without supergravity background, secondly with the coupling
to the eleven-dimensional background fields.
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6.2.2 Supersymmetrization without supergravity background

Our first goal is to identify the supermultiplet content of the effective four-dimensional
supergravity expected to arise from our truncation of the five-brane spectrum. The simplest
procedure is to consider the flat, zero-background limit of the five-brane Lagrangian (6.46),
which becomes

T l?—t (H*P + €M7 9,8 9, X)(0"X 4
3 |5 (0 + 7 0,B) + (9,%)(2X) | (6.49)

EME), flat — — 3

Introducing for convenience the four-dimensional vector field

1 vpo
vt = ie“ " Hypo, (6.50)
we obtain 5
T
Lags e = 5 [0 (0B +v,) = (3,X)(9"X)|. (6.51)
Solving for v, leads to v, = —%@LB, so that
T 1
L5, flat = —3 [Z(GMB) (0"B) + (GMX)(G”X)} : (6.52)
Alternatively, solving for B gives
ot =0 —  Hup =308y, (6.53)

and we obtain the equivalent form of the Lagrangian

Ls, flat = —g %’H“”””HW,, -+ (GNX)(a“X)]. (6.54)
This discussion illustrates again how the six-dimensional self-duality condition on Hps
translates in the truncated four-dimensional theory into a duality equivalence of an antisym-
metric tensor B, with a (pseudo)scalar B.
We now observe that expression (6.51) is precisely the bosonic part of the supersymmetric
Lagrangian

~ _ ~ 1 - =~
Lo = =T / d’9d’g (V2 - 505+ S)V>, (6.55)
where V is a real vector superfield and S is a chiral superfield. Using the component
expansions

A~

V. = C+ (05"8)d, + 66(in + in) + 00 (1h — i)
+6609(d — 10C) +---, (6.56)
S = 5-00f, —i(00"0)0,5 + 1000005 + - - -,
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where the dots indicate fermion contributions, the bosonic part of the supersymmetric La-
grangian (6.55) is

o | N

Lﬂat,bos. - [ﬁu(ﬁu - au Im §) - (aué) (aué)

(6.57)
~2d(2C — Red) — 4(i> + i) — (fu(h - in) +c.c.) |,

omitting a space-time derivative. The second line is auxiliary and vanishes when solving for
either Re § and f, or 7, 7, d and f,. The first line is Eq. (6.51).

The chiral-linear duality present in the globally supersymmetric Lagrangian (6.55) is the
sequel, in the truncated theory, of the self-duality property of the five-brane antisymmetric

tensor. Explicitly, solving for the vector superfield V in Eq. (6.55) leads to V = (S + S).
For the bosonic components, this is C = %Re 5, U, = %8“ Im$ and m + in = —ifs. The
supersymmetric Lagrangian then becomes
T 20,120 & & T A = 2 ..
Loas = 3 d“0d<0SS = -3 [(aus)(a“s) - fsfs} + fermionic terms. (6.58)

Alternatively, we can rewrite expression (6.55) as
= 20 127 172 T 20 &Y T 29 & 9
Laaw = =T [ d°0d°0V~* — 3 d“0 SDDV — 5 d“0 SDDV, (6.59)

and solve for the chiral superfield 3, implying that V is a real linear multiplet L, DDL =
DDL = 0. For the bosonic components, solving for § and fs in expression (6.57) leads to
d=m=n=0and
R R 1 1
o"v, =0 — Oy = —gewpg?{”p” = —ieu,,pgﬁ"b”“. (6.60)

The Lagrangian becomes

Laas = —T/d20d2§ L? = _g (8,C)(8*C) + %H“”p’}-l,wp] + fermionic terms.  (6.61)

6.2.3 Supersymmetrization with supergravity background

We now turn on the supergravity background and return to Lagrangian (6.46) to derive its
supersymmetric extension.

The description in terms of superconformal multiplets of the supergravity bulk fields has
been discussed in detail in Chapter 5. The dilaton and universal modulus are respectively
described by two vector multiplets: V' with weight w = 2, n = 0 and V; with zero weights.
Bianchi identities in M;; would constrain V to be linear and Vi to be T + T in terms of a
chiral multiplet 7. Writing the (bosonic) component expansions as

V = (C,0,H,K,v,,0,d—0C — ;:CR),

Vr = (Cr,0,Hr, K7,T,,0,dr — OCr), (6.62)
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the identification is

A2 12
4k2C = e, 4K%0, = €€ 0" CP,
Vs 2 Vs
(6.63)
A2 A2
CT = 27667, T# = 276('9“@.

Since we may redefine the dimensionless quantity A\?/Vs by a scaling of the moduli, we take
A?/Vs = 1 from here on. To describe the five-brane degrees of freedom, we introduce as
in the preceding subsection two supermultiplets: a vector supermultiplet V and a chiral
supermultiplet S. We choose them with zero conformal and chiral weights (w = 0 = n).
Their bosonic component expansions are

A~

V = (é,O,ﬁ,K,@N,O,CZ—Dé),
(6.64)

~

S = (5,0, —fsifs,10,5,0,0).

To bring the Lagrangian (6.46) in a form appropriate for supersymmetrization in terms of
V, S , V and Vr, we observe that the dimensions of the brane fields B, X and H,,, do not
fit with those of components §, C' and ,.'* Since the only scale in our four-dimensional
Poincaré supergravity should be k, we first introduce a dimensionless five-brane coupling
constant

T = % (6.65)
and perform the rescalings
Huvp = kHpup, X =rX, B=rB. (6.66)
The action (6.46) rewrites then as
Lyvs = _2%;2 [%ee”’””ﬂuupﬁ“”” + ee"737(9,X) (0" X)
g X (0r0) + 5 K77 (9,0)(0,C ) (6.67)

_%Guupa(au[;’) (’}:[Upa — 3X8V0p011> ] -V,

with an apparent scalar potential

Vo = %6(6_27_30 +(O)). (6.68)
Then, to go to the superconformal formalism, we recall that 1/ is the Poincaré gauge-fixed
value of the multiplet B

T = (SoSoVi)32(2V) /2. (6.69)

13Explicitly, one has [B] = [X] = [mass] ™", [H,,] = [mass]°, [§] = [C] = [mass]° and [0,] = [mass]".




6.2 The M-theory five-brane 119

Suppose that we identify the scalar field X with the lowest component C of the brane
multiplet V. Identifications (6.63) also indicate that e=3” is the lowest component of 4V Y !,
while €7 is the lowest component of $V;-. We then infer that the first line of the action (6.67)
appears in the component expansion of

—r[VVeV?]p, (6.70)

which is independent from Y. Comparison of the ©,0* term with the 7:[“,,,,7-2"”” term in the
actions leads then to the identifications

~ e 1

C=X 0= =g gagm " (6.71)

With these results, the vector component of VV is

~ A 1 e |1V PO " QY PO

Co, +Cv, = _4—&256”][)0(% P 3X0"CrM, (6.72)
which is the combination appearing in the last line of the Lagrangian (6.67). We finally

conclude that .
Lorane = —7 |VVaV2 = 2(S+ SVV (6.73)

D
is the superconformal tensor calculus expression for the five-brane kinetic Lagrangian, with
in addition 1

B= 5 Ims. (6.74)
Expression (6.73) is independent from the compensating multiplet Sy and completely frame-
independent. Its component expansion does not include any eR term and the Einstein frame

condition for dilatation symmetry would not be affected by its addition to bulk (and S!/Z,
plane) contributions. The bosonic component, expression reads

e Logmme = —7CCr((9,0)(0"C) — ,0") +2rCCIT, +7C?0HT,
+7(8, Tm 8)(Co* + CvH)
+7C?(Crd — Cdy) — 2rCC(9,C7)(8*C) — 7C%(9,C)(0"Cr)  (6.75)
+7(Re s — 20Cr) (Cci +Cd — v, + (04C) (a“é))
+e~ ! Loux. + total derivative.

The auxiliary Lagrangian vanishes “on-shell”: it is a quadratic expression in H, K, Hrp,
Kp, H, K and f,. To compare the above expression with Eq. (6.67), we also need to
solve for Re §, which is not generated by the reduction of the brane bosonic world-volume
action: its presence is required by supersymmetry only. The fourth line is then eliminated.
All contributions from the third line are related by supersymmetry to propagation of the
background fields and are invisible in Eq. (6.67). And the first two lines with identifications
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(6.71) and (6.74) correspond to Eq. (6.67), with the exception of the scalar potential Vj
which cannot arise from the superconformal expression (6.73).
As expected from the self-duality of the brane tensor H,:5, the supergravity Lagrangian

(6.73) has chiral-linear duality. Solving for the vector superfield V gives V = iV LS+ 59)

and Lyrane becomes
-

- [VVT—l(S + §)2] . (6.76)

'Cbrane, chiral =
D

Alternatively, solving for the scalar superfield S leads to VV = IA/, where L is a real linear
superfield. We then obtain the expression

Lbrane,linear = -7 [VTV_IEQ} I (677)

Chiral-linear duality requires invariance under 65 = an imaginary constant. This symmetry
also excludes a superpotential and then the generation of a scalar potential.

The conclusion is that the superconformal Lagrangian (6.73) provides the four-dimen-
sional effective kinetic Lagrangian for the brane modulus multiplet. As in action (6.22), the
complete effective four-dimensional supergravity is the known effective theory of orbifold
gauge and matter multiplets plus expression (6.73). Most importantly, the brane contri-
butions to the background equations must be taken into account to correctly evaluate the
scalar potential. This is the last point we need to discuss before analysing the complete
supergravity theory.

6.2.4 Background and scalar potential

Omitting the gauge field contributions on the orbifold planes and considering a single five-
brane, the background value of the eleven-dimensional Lagrangian (6.22) reads

(L) = < - %%1 [enR + %Gﬁ; A *04} + Lyin. (Hs) A 55(W6)>. (6.78)

In our reduction, (L) is in principle a function of the background metric scalar fields o(z"")
and y(z'!), and of their first and second derivatives which appear in the components of the
Ricci tensor Rysy. Using the Einstein background equations, one actually finds that (L) is
a derivative,
1 d
L) = e 37
() 2k2, dz! dxll(

v+ 20)], (6.79)

which disappears after integrating on x'!: the four-dimensional effective Lagrangian has zero
background value. As a result, the effective four-dimensional scalar potential generated by
the brane modulus vanishes.

Taking several branes and the orbifold planes into account leads to the same result: the
scalar potential vanishes as long as a superpotential is not generated by charged matter
chiral superfields.
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6.3 The coupled theory

In compactified M-theory, the presence of the five-brane modulus multiplet does not modify
the Bianchi identities verified by the massless components G511, G it and Gjjk11- Its effect
on the four-dimensional effective supergravity is simply to add the kinetic Lagrangian (6.73)
and to modify the background equation (6.24) by the source terms proportional to §5(Ws).
More changes will occur with gauge thresholds and anomaly-cancelling terms, which can be
regarded as “higher-order” corrections.

The complete effective supergravity'* of M-theory compactified on (S'/Z, x X;) in pres-
ence of a five-brane is then

L= [~ (SoSoVr)2(2V) 72 — (S +B)(V +20) + (U(W — aM?) + c.c)

+(Ly — 237, B2Q%) (Vi + 2MeAM) + V(e|aM3[2 — 25%&]\/[)}
(6.80)
+ [SS’W} .

—r V1V =4S+ VY| +dr[SY, Bowewe]

The first three lines collect all contributions from gauge multiplets'® and charged matter
multiplets'® M. They also include the contributions of the massless modes of G, and of the
metric tensor, in the multiplets V', V- and W. The first term is the bulk Lagrangian [44, 59]
produced by the reduction of the CJS theory. The next terms induce by the field equations
of the Lagrange multipliers S, U and Ly the Bianchi identities. The solutions are:

S (chiral) : V = L-2Q (L linear),
U (vector): W = aM3?+ih (h real constant),
Ly (linear) :  Vp = T+T —2Me*M (T chiral).

Reduction of the action (6.22) shows that the massless components of the six-form field are
included in these Lagrange multipliers. The single term in the third line is the superpotential,
as defined by the Bianchi identity induced by U. The contributions with coefficients 3%, €
and § are higher-order corrections following from anomaly cancellation. They generate in
particular gauge thresholds.

The last line in Eq. (6.80) is the brane Lagrangian (6.73), supplemented by a higher-order
correction with coefficients TBA“. Its role will be discussed below. The identity

E[SW“W“} L= -2 [(5’ + 5)9“} , + derivative (6.81)

can also be used as a definition of the gauge curvature chiral multiplets W*.

1Up to terms with two derivatives.

!5In the Chern—Simons superfields Q%, Q = Y~ _¢*Q°, for a gauge group G =[], G*.

16The chiral multiplet M denotes a generic charged matter multiplet, for instance a 27 of an Eg gauge
group.
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Theory (6.80) has a very simple Einstein term since only the bulk Lagrangian contributes:
1
»CEinstein = _56R [(ZOEOCT)3/2(2C)_1/2] ) (682)

where zy, Cr and C denote the lowest components of Sy, Vo and V. As mentioned already
in Eq. (6.69), the Einstein frame is selected by the condition

_ —3/2
(’ZO'ZOCT> = 2K2C. (6.83)

2C

The Einstein frame will be used below.
Since theory (6.80) contains “auxiliary multiplets” which can be eliminated, we will
consider two versions related by chiral-linear duality acting on the dilaton multiplet:

e The linear version is obtained by solving for Ly, U and S. The dynamical multiplets
are then L, T', M, Q® and the brane multiplet L or S. The dilaton is described by the
linear multiplet L, which also includes the massless component G, 11 of the four-form
field.

e The chiral version is obtained by solving for Ly, U and V, the dynamical multiplets
being then S, T, M, 2* and the brane multiplet L or S. The dilaton is described by
the real part Res of the scalar component of the chiral multiplet S, while Im s is a
component of the six-form field.

For our purposes, it is useful to simplify the theory by solving for the multiplets Ly
and U. Their field equations respectively imply that Vi, =T + T — 2MeAM, with a chiral
modulus multiplet 7', and that the superpotential is a cubic gauge invariant function of M
which we symbolically write W (M) = aM?, up to a possible constant (which would break
supersymmetry). The result is the following effective Lagrangian:

£ = [~ (SoSolT+T- QHeAM)>3/ V)2~ (S +T)(V +29)

+V (elaM3? — 25W€AM)i| o T[V(T +T - 2Me*M)V? — L(§ + S)VV

)

+|SIW ) + 15, (BT + TS
X (6.84)
We first omit the higher-order corrections and set % = 8* = = ¢ = 0. All terms in the
Lagrangian are then obtained from the reduction of the higher-dimensional bosonic action
(6.22) and of the brane action (6.32), supplemented by N = 1 supersymmetry. We also

choose to describe the brane multiplet by the chiral multiplet S by solving for V. Then,
with identity (6.81),

L = [— (SOEO(TJrT—QHeAM))S/z(QV)—W
_ 7 (5*_,_5)2 ) 1 o (6.85)
_(S+S_ 1_6T—|—T— QMeAM)V]D+ [SOW(M) * ZS;C WW }F’
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and solving for V' leads to the chiral version, in which the (bulk) dilaton is described by S.
It is as usual defined by

_ 3 < ,—K/3 1 GYA BN )G 3
Laviva = =5 [SOSOe }D + [Z Z FOWVOWE + SOW(M)]F. (6.86)
The real Kahler potential is
K:_log<s+§—l (_S+§_)2 )—3log(T+T—2MeAM) (6.87)
16T +T —2MeAM ’ '

and the holomorphic gauge kinetic functions are simply
fé=c"S. (6.88)

It is important to realize that the brane kinetic terms affect the dilaton Kahler potential,
and that this modification cannot be moved into the gauge kinetic function by a holomorphic
redefinition of the chiral S: the brane kinetic terms are not harmonic.

Suppose nevertheless that we insist on defining the dilaton as the real quantity

T (5 +3)?

S A — 6.89
32T +T — 2MM (6.89)

¢ =Res—

as suggested by the Ké&hler potential (6.87). The coupling for the gauge group factor G* can
then be written as'’

T (5 +3)? )

1
— =Ref®=c*op+ — —
g2 4 (“) 32T+ T — 2MM

(6.90)
In this point of view, the brane contribution appears as a correction to the gauge coupling.
However, one cannot find a holomorphic function f® with the field variable ¢ and this choice
of dilaton field is not compatible with the supermultiplet structure required when writing
the supergravity Lagrangian in the chiral version.

The addition of the higher-order corrections is straightforward. In the chiral version, the
Kahler potential becomes

K = —log (S +S5 - 1£6T n ng%eAM +26Me* M — e\aM3|2) (6.91)
—3log (T'+T — 2Me* M)
while the gauge kinetic functions read
fo=c*S + BT + 73°S. (6.92)
The “natural” definition of the dilaton suggested by the Kahler potential is now
¢ =Res— éT +(;t§2)2ﬁM +0MM — %e|on3\2, (6.93)

17Tt is the “wilsonnian gauge coupling”.
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and in terms of this dilaton, the gauge couplings become

1 — 1
— = "o+ B"ReT — "6MM + §cae|aM3|2
‘ _ _ (6.94)
1 S — 1 §+5 2 §+5
+or(T+T = 2MM) (e () ).
27 AT Vo sy v) AR s vy,
Returning to the Lagrangian (6.80), the field equation relating V and S is
1§48
-z i (6.95)

AT +T —2MeAM’

and the lowest component C of V has been identified with X = £ 1X, which is the brane
modulus in the direction z'', in Planck units. The gauge couplings can then finally be
expressed as

1 — 1
— = "o+ [B°ReT —c"0OMM + 50“6|04M3|2

¢ X (6.96)
+§ﬂT+T—2ManXQ+@%Xy

The linear version is interesting. Solving in Eq. (6.84) for S implies V = L — 292, and
the resulting effective supergravity reads

_ . 3/2
Linear = [—éﬂﬁﬁdT+T—2M€%D) (L — 20)1/?
+(L —29) (e|on3\2 — 26Me*M — 7(T +T — 2Me” M)V? (6.97)
-%ﬂé+§VﬂD+Lﬁwm@+§2AﬂT+Tﬁ®MWwaﬁ

In this case, with the identification C = X and with the field equation (6.95) relating § and
C, computing the gauge couplings leads easily to

1 1 Zo(T+T — 2MM)\3/2 1 —
— — §a(zOZO( +2C )) +§Ca6|aM3‘2—ca(5MM
g2 (6.98)
1 - - A
+§7’(T +T —2MM)(c"X? +43°X) + B*ReT.
Comparing with expression (6.96), we find that
Z()Z()(T + T — 2HM) 3/2
90 — ( ) 6.99
¢ 50 (6.99)
or, in the Einstein frame, with condition (6.83) and C; =T +T — 2M M,
1
v (6.100)

= 4x2C”
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The compatibility of expressions (6.98) and (6.92) follows then from the field equation of the
vector multiplet V' in theory (6.84), which is chiral-linear duality:

— (Sogo(T-i—T— QH(%AM) 3/2

S+S = Ve + elaM?|? — 26Me* M

(6.101)

~. A

_ _ N 1 4
—7(T+T —2Me*M)V? + ST(S+9)V.

To summarize, in the chiral version of the effective supergravity, the kinetic Lagrangian
of the five-brane modulus introduces a quadratic, non-harmonic correction to the dilaton in
the Kahler potential. The holomorphic gauge functions and the wilsonnian gauge couplings
are not affected by these terms. In the linear version, the kinetic brane Lagrangian generates
quadratic, non-harmonic corrections to the field-dependent wilsonnian gauge couplings.

The higher-order brane contribution
1 Aa
Abrane = ZT;ﬂa[swawa]F (6102)

is similar to the familiar gauge thresholds in the modulus 7', with coefficients 5*. We have
seen that the self-duality of the three-index tensor on the brane world-volume leads in four
dimensions to a chiral-linear duality. In the effective supergravity, this duality requires
invariance under variations of S by an imaginary constant. Then, D-terms should depend

on S+ 8 , and with our set of multiplets, there is a unique F-term compatible with this
symmetry: the higher-order correction Ay ape.'®

This second brane contribution is not generated by reduction of the PST brane action
(6.32), as T-dependent threshold corrections do not follow from reduction of the bosonic
action (6.22). In that sense, they can be regarded as higher-order terms.

The presence of quadratic and linear brane contributions has been established in the
background calculation of Lukas, Ovrut and Waldram [136, 138, 139]. These authors have
in particular computed the gauge couplings for a set of branes located at fixed positions
along S*. These positions correspond to constant background values of our scalar field X.
To compare with our result, it is easier (and sufficient) to consider a single brane, two gauge
couplings and a single modulus 7', as in our reduction. The variables used by LOW are
then the position z along the interval S'/Z, and three charges 5, 3(®) and 5 associated
with the two fixed planes and the brane. The variable z is normalized in the interval [0, 1]
and the charges are quantized: £ and 5 are half integers, 3°) is an integer, and the
cohomology (or background) condition implies 3(®) + () 4+ BP) = 0. The gauge couplings

18The authors of Refs. [139, 45] failed to recognize the importance of self-duality of the world-volume three-
form. They attempted to describe the brane modulus with a chiral multiplet and introduced a quadratic
holomorphic F-density forbidden by chiral-linear duality and unrelated to brane kinetic terms. The resulting
supergravity theory is incorrect.
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found by LOW are then

Z = Res+ o~ Re T[SV + (1 — 2)286P)],
1 €
— = Res+ 2 ReT[—(8O + g6 4 22562, (6.103)
92 8
1 1 €s
— — = = ZReT[BO 4 pB>) _ ,56b)]
7 g " el |

with a dimensionless (arbitrary) parameter eg related to the Calabi—Yau volume and the S*
radius. Compare these quantities with our expression (6.96), with M =0 and ¢* = 1:

1 ~ o~
gT = @+ReT[p" +7X?* +474"%X],
1 1’12 (6.104)
— —— = ReT[g' -2 +4r(8' — p*)X].
97 92

Our parameters are not normalized or quantized. If we merely write X = Az, both sets of
equations coincide with the trivial statement 7 = ﬁ (GP) and the non-trivial relations

Bl= g% = (ﬁ(O) + ﬁ(5b')), B, = —% and By = 0. (6.105)

€s
8T
These equations are predictions obtained from the solution of the background condition
which specify in parts our four arbitrary threshold parameters. They are specific properties
of M-theory compactified on K;. Our effective supergravity reproduces then nicely the
background found by LOW. Notice in passing that the dilaton field is incorrectly identified
in Egs. (6.103) as the real part of the chiral s. We have seen that the correct identification is
¢ = (4k*C)™!, in the linear version of the theory. A background calculation is not sufficient
to reach this conclusion: a constant value z of the brane modulus can be the background
value of any kind of multiplets (vector, linear, chiral).

6.3.1 The scalar potential

We close this section by a discussion of the impact of the five-brane modulus on the super-
gravity scalar potential.

We first use the chiral version, defined by the K&hler potential (6.87) and the superpo-
tential W (M). We concentrate on the potential at M = 0.1 We however assume that the
superpotential can be nonzero in this limit: this is the case if the component Gjjx11 of the
four-form field is a non-zero constant breaking supersymmetry. As usual, the potential (in
the Einstein frame) reads

KV (s,T,3) = XWW |3 (K + WWi) (K7 + W WD - 3], (6.106)
1J
Gince M is a charged field, the potential is always stationary at M = 0.




6.4 Summary 127

where K; = 0K /02", K' = (K;)*,..., and 21 = (5,7, 3). In the absence of the five-brane
field 3, the potential takes the simple form x*V (s, T) = eK WW. An explicit calculation
shows that this result is not affected by the contributions of the five-brane modulus. The
complete scalar potential at M = 0 in the chiral version of the theory is then:

ww

(s+35- 55T +T)°

k*V (s, T,35) = (6.107)

This result can be easily understood in the linear version of the theory, or in the original
expression (6.84) of the Lagrangian. The five-brane terms do not include any contribution
to the scalar potential: we have discussed this point in subsection 6.2.4. In the linear
version, the scalar potential is then completely independent from the brane modulus C.
This statement would remain true with several five-branes, since each contributes by adding
to Eq. (6.84) a similar term, without any scalar potential.

The appearance of a dependence on § of the potential in the chiral version follows from
the chiral-linear duality equation (6.101). The relation between s and C' is modified by the
five-brane to become (543 .

_ T (8+5
s+s 16 T+T — 2x2C (6.108)

with M = 0 and in the Einstein frame. It is the dependence on C' of the scalar potential in
the linear version which induces a dependence on § in the chiral version. As a consequence,
the five-brane modulus does not produce a new minimum equation:

oV _ 1543509V
98  8T+T 0s

(6.109)

and 0V/0s is not zero. The impact of the five-brane modulus on the effective scalar potential
is then a simple redefinition of the chiral dilaton field s as a function of the (unchanged) C
of the linear multiplet formulation.

6.4 Summary

Even if the five-brane is not a perturbative object, it is interesting to consider the brane
corrections to the four-dimensional effective supergravity from the perspective of string per-
turbation theory. The string loop-counting field is our multiplet V' with dilaton C, and an
n-loop term in the Wilson Lagrangian is characterized by a factor V7=1)/2 [44]. According
to Eq. (6.80), the kinetic Lagrangian of the five-brane modulus multiplet is similar to a
one-loop correction, linear in V. The origin of this factor is simple: the kinetic terms are
normalized by the world-volume induced metric v/—§ ~ e~ ~ CC;?. Compare now
with the one-loop corrections in the modulus 7', which are completely understood in com-
pactifications of heterotic superstrings. Two kinds of contributions arise [69, 56]. The first
is a real gauge-group independent term proportional to the Kihler potential —3log(T + T,
the “Green—Schwarz” term. The second one is a gauge-group dependent correction which
involves a holomorphic function. In the chiral version, the Green-Schwarz term corrects the
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Kahler potential of the S field and it can be regarded as a wave-function renormalization
of this field. The second term is then a correction to the gauge kinetic functions f*. The
similarity with the five-brane contributions in the Lagrangian (6.80) is obvious. In the case
of the volume modulus 7T, the one-loop corrections can be understood in terms of a can-
cellation of target-space duality anomalies. The analogy suggests that anomalies could also
help to understand the structure of our five-brane contributions. Moreover, the resemblance
between the structure of the functions f; and f; in the variation (4.76) and the expressions
(6.104) of 1/g7, is certainly not a coincidence. The natural extension of the present thesis
would then be to assess the significance of this link. It would also be interesting to consider
other non-perturbative states like gaugino condensates since they can be easily included in
our formalism.



Appendix A

Notations and conventions

A.1 Coordinates and metrics

Our notation for coordinates is:

d = 11 curved space-time: 2 M=1,...,11

d = 10 curved space-time: x4 A=1,...,10

d <9 curved space-time: zh p=1...,d

St /Z, direction: z!

Calabi—Yau real coordinates: ¢ a=29,...,10
Calabi—Yau complex (Kihler) coordinates: 27 1=1,2,3
Extended p-brane world-volume coordinates: y™ n=1,...,p+1

Note that M, N, ... indices are also used when the space-time dimension d is unspecified.
The complex nature of the Calabi—Yau manifold Xj leads us to define the coordinates

1 - 1
. (xl n z’x”?’) and 7 = — (xl — ml+3) , with [=1,2 3, (A1)

V2 V2

as well as the SU(3)-invariant Calabi-Yau tensor €;;;, which is such that €;03 = €733 = 1.

We consider an SO(1,10) space-time metric with mostly plus signature (—,+,+,...,+).!

The reduction of the eleven-dimensional metric to ten dimensions is defined by

—1/4
_ (¥ "Fg9aB O
gMN = < 0 <p2> ) (A-Q)

while its reduction to four dimensions reads

e ¥g,, 0 0
guN = 0 e?r72 0 |. (A.3)

1 This convention is also the one used by Misner, Thorne and Wheeler [144], Green, Schwarz and Witten
[107, 108], Liist and Theisen [140], and Polchinski [171, 172].
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The vielbein determinant in d space-time dimensions is written e; and one has the equalities

—1/4 —y—20
€11 =@ /610:€7 €4.

The corresponding relations for the gravitational coupling constants are

K11 = V11/2l€10 = (V1V6)1/2/€4 (A-4)

d
(since [k4] = [mass] 2", we can easily verify that these relations make sense from a dimen-
sional point of view).

A.2 Antisymmetric tensors

We define the antisymmetrization of n indices with unit weight:

1
Ay, = ] (Apr,..m, £ (n! — 1) permutations) . (A.5)

A.3 Differential forms

The expression of a p-form A, in terms of its completely antisymmetric components is

1 1
Ap = _'AMl...Mpd-/L‘Ml A AdaMe = EA[MI...Mp]dle A« AdeMe (A.6)
p: !
(the degree of the form is denoted by an italicized subscript). The wedge product of a p-form
and a g-form is then defined by

1 e
Ap N By = WAML..MPBMIH_L..MH_Qdle A A daMrre = Oy, (A.7)
with ( Y
p+q)
CMl...Mp+q = WA[ML“MPBMIH—L"MIH—(I]' (A'S)
Note that
A, ANBy = (—1)P"B, A Ap. (A.9)

The exterior derivative is d = dz™9,; and the curl F,+, = dA, of a p-form reads then

1

dd, = H(BMANl...Np)dxM/\del Ao A dae
! (A.10)
- MFMl...Mp+ld$M1 Ao AdgMett
with
Pttty = (P + )0 Arty. ] .

= 81\/[11411\/[2___;\4?+1 + p cyclic permutations.
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Applying this definition to a wedge product one obtains
d(A, AN By) = (dA,) A By + (—1)P A, A dB,. (A.12)

The Hodge dual form of a p-form A, on a d-dimensional manifold endowed with a metric of
determinant g, is defined by

94 Ni..Np 7, M My
*AP ‘eMl...Md_le___NpA pdm /\ D /\ d.fE P

p!(d —p)!

1 *
- WAMI...Md,pdle Ao AdgMa-»,

(A.13)

where €y, ..ar, is the completely antisymmetric symbol

+1 if (My,..., M) is an even permutation of (1,...,d),
€My.. M, = -1 if (M, ..., My) is an odd permutation of (1,...,d), (A.14)
0 if (My,..., My) are not all different,

and
—9d
p!

. N,O . .
with AN1-Ne = gM1O1 . %% A o The contravariant components are given b
94 94 01...0p p Yy

A?WL..Md_p = 6M1...Md_le...NpANlmNp (A15)

—1

P!\/ —34d

The volume form in p space-time dimensions is dz™* A -+ A dzMr = eMi-MpdPy and the
coordinate-invariant integral of a p-form reads

/Ap :/dprIQ...p- (A17)

A.4 Non-Abelian gauge forms

A*Ml---Mdfp — 6M1...Md,pN1...NpAN1".Np. (A_16)

We consider a simple non-Abelian gauge group G2 with a set of generators (matrices) 7
that obey a Lie algebra

[T T = f°Te, (A.18)
and are normalized in such a way that tr(T°T°) = §%. One gauge field A4 is then introduced
for each generator (hence the index a). The corresponding gauge derivative (acting for
instance on the gauginos x?) and gauge field strength (Yang-Mills field strength) are defined
in terms of the gauge structure constants f¢ by

Dax® = 9ax*+ f%.A%x¢
Fip = 04A% — 0pAY + 4. AYAG.

2Tn other words, we assume that G corresponds to a non-Abelian Lie algebra that has no nontrivial
invariant subalgebras.

(A.19)
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It is however more convenient to make use of the gauge (matrix-valued) one-form
A; = A4Tdz?, (A.20)
so that the gauge field strength becomes a two-form
1
Fy, = F3T" = §FXBT“d:cA Adz® =dA; + A%, (A.21)

with A% standing for the wedge product A; A A;. Representing the transformation infinites-
imal parameters by the matrix A%, a gauge transformation reads

dymA; = dA8 +[A;, A8 (A.22)
The interesting, gauge invariant, object turns out to be?
trFy = tr(Fp A Fy) = dQsvu, (A.23)
where we have introduced the Chern—Simons three-form
Qoym = tr(A; AdA; + %A?j). (A.24)
The variation of {23yy under a gauge transformation is given by
oymlsym = inYM, (A.25)
with?
Q;’YM = tr(A8dA;). (A.26)

Note that all this discussion for the Yang—Mills theory can be applied to general relativity
with the spin connection replacing the gauge field.

We conclude by giving a few comments on the properties of the exceptional group Fg. FEjy is
a 248-dimensional group which has no independent fourth- or sixth-order Casimir invariants.
Making use of the fact that Eg has an SO(16) subgroup, one can actually show that the
traces TrFy or TrF§ decompose according to

1 1
where the symbol “Tr” stands for a trace in the adjoint representation. One usually prefers

using another trace (corresponding to another representation) denoted “tr” and defined by?®

trFy = iTng. (A.28)
30
3Using the normalization of the generators, trF5 can be written F¢ A Fg. Note also that the terms with
four gauge potentials contained in trF? vanish thanks to Jacobi identity.
4The superscript 1 simply indicates that the dependence in the matrix of parameters is linear.
5This definition matches the relation

TrF; = (n — 2)trFs

between traces in the adjoint and fundamental representations for a general SO(n) group. The coefficient is
precisely equal to 30 for SO(32).
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A.5 Units
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Following a well-established habit in particle physics, we use natural units 7z = ¢ = 1, except
for a few formulas where the constants % and c¢ appear explicitly. Denoting the dimension of
a quantity A by the symbol [A], we have then in particular the relations

[mass] = [length] ' = [time] ' = energy (GeV). (A.29)
For electromagnetic formulas, we adopt the Heaviside-Lorentz system of units in which the
MKS constants €y and pg are set to unity, the factors of 47 appearing in the force equations
rather than in the field equations (the Heaviside-Lorentz system is a rationalised system).
For instance, the fine structure constant, which reads o = €?/(4meghc) in MKS units, simply
becomes o = e%/(4r) in the system usually employed by the high-energy physics community.
The value o = 1/137 (low-energy limit) is the same in the two systems, while the numerical
values of e differ.

The Table A.1 gives the mass dimension of some quantities appearing in the text. For
example, [Cs] = [mass]’, where the form notation C actually stands for the components
Cuno of the corresponding antisymmetric tensor. Note that the combinations \?/ /@%2,
M3 /K2, and A\?/V are dimensionless, while [2, /A?] has dimension [mass] °.

Table A.1:

H Quantity ‘ Dimension H

03; G4 O, 1
Ay; Fy 1; 2
QI; Rg 1, 2

Wy Wsa; 1y 2;3; 4

X 8

Q3,YM; Q3,L 3; 3

Vi; Ve —1; -6

Kd; K4 = K Koy K11 | 1 —d/2; =1; —4; —9/2

o -2
A -3

T, p+1

015 04; 05 1;4;5
03; 04 3, 4

Mass dimension of some quantities appearing in the text.
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Appendix B

Massless field representations

In this appendix, we have gathered some well-known facts about massless field represen-
tations in various dimensions. They prove useful when discussing the massless sector of
superstring theories or the supergravity models describing their low-energy effective field
theory behaviour.

B.1 Gravitational field

As can be deduced from the linearized Einstein equations of general relativity, the graviton
gumn s a traceless symmetric tensor with only (d — 2) transverse components (see Ref. [144]
for a discussion of the four-dimensional case). Thus, it corresponds to a number of dynamical
degrees of freedom given by

1 1
F(d=2)(d—1)—1=5(d-3)d (B.1)

The gravitational field has no degrees of freedom below four space-time dimensions.

B.2 Antisymmetric tensor gauge field
Taking into account gauge invariance, a completely antisymmetric tensor of rank n has

<d;2> g'% (B.2)

on-shell components. If the associated field strength tensor is self-dual (or anti-self-dual),
this number has to be divided by 2.

B.3 Spinor field

Before discussing the number of on-shell spinor components, we begin with a reminder
about the properties of spinors in various dimensions. We restrict ourselves to the reality
and chirality features of spinors in Minkowski space-times. A more exhaustive discussion of
the properties listed below can be found in Ref. [205].

135



136 Massless field representations

Spinor representation

A spinor (Dirac) representation of the Lorentz algebra SO(d—1, 1) has a complex dimension

(B.3)

24 for even values of d,
y 20d=1/2 " for odd values of d.

A Dirac spinor in d = 10 space-time dimensions has then 2° = 32 complex components.

Majorana condition

A Majorana condition relates a spinor to its complex conjugate. Such a condition is only
conceivable for d =1,2,3,4 or 8 (mod 8).

Weyl condition

The matrices allowing the definition of the chirality of a spinor always exist when d is even
(T'4y1 is non trivial when d is even). Imposing a Weyl condition amounts to consider only
spinors which have one of the two possible chiralities.

Majorana—Weyl condition

It is possible to impose simultaneously Majorana and Weyl conditions on SO(d—1, 1) spinors
if and only if d = 2 (mod 8). A Majorana—Weyl spinor has then 1 real component if d = 2,
16 real components if d = 10, and 251 real components in the general case.

The allowed conditions in space-time dimensions d < 12 are summarized in Table B.1,
where we have also given the smallest possible dimension d,, of a spinor representation. The
total number of supercharges in four dimensions is limited to N = 4 for renormalizable
supersymmetric models and to N = 8 for supergravity theories: the total number of real
supercharges must not exceed 16, respectively 32 if one confines oneself to states with helic-
ities less than 1, respectively less than 2. Thus, there exists a maximum dimension beyond
which the construction of conventional models including supersymmetry is not possible any
more.

On-shell spinor components

The number of pertinent components is reduced by an extra factor of 2 if the spinor satis-

fies the Dirac equation. So, a Majorana—Weyl spinor in ten space-time dimensions usually

describes % - d,, = 8 propagation modes. For a generic spinor, the number of on-shell real

components is given by

1 d/2
. { 2 for even values of d, (B.4)

k| 2@-D/2 for odd values of d,

where k£ = 2 for a Weyl or Majorana spinor, £ = 4 for a Majorana—Weyl spinor.
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| d | d, | Allowed condition(s) | d, |
2 2 M, W, M-W 1
3| 2 M 2
14 M, W 1
o | 4 - 8
6 || 8 W 8
70 8 - 16
8 || 16 M, W 16
9 | 16 M 16
10 || 32 M, W, M-W 16
11 || 32 M 32
12 || 64 M, W 64

Table B.1: Summary of the allowed conditions for SO(d —1, 1) spinors in various space-time
dimensions d. d, symbolizes the (complex) dimension of the Dirac representation, while
M, W and M-W denotes respectively Majorana, Weyl and Majorana—Weyl conditions. We
have also indicated the smallest possible dimension d,,, of a spinor representation (the initial
total number of real spinor components is 2d, and one can sometimes reduce this number
by imposing any of the allowed conditions).

B.4 Gravitino field

From the point of view of the Lorentz group, a gravitino can be thought of as originating in
the product of a vector and a spinor. One may write

vector ® spinor = spinor @ gravitino,
so that the number of dynamical degrees of freedom of a gravitino is simply given by

comp(vector ® spinor)—comp(spinor) = (d — 2) - comp(spinor) — comp(spinor)

_ (-3 1 2d/2 for even values of d,
k| 204972 for odd values of d,
(B.5)
where “comp” stands for “on-shell components”. For instance, a Majorana gravitino in
eleven space-time dimensions represents (11 — 3) - % - 32 = 128 propagating modes.
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Appendix C

Anomaly polynomials

This appendix contains a brief introduction to anomalies in ten- and six-dimensional field
theories with a particular emphasis on anomaly polynomials [5, 4, 108]. A more comprehen-
sive review can be found in the textbook written by Green, Schwarz and Witten [108] or in
the nice Appendix B of Ref. [86]. We adopt the conventions of Ref. [108].

A field theory is called anomalous if any of its classical symmetries cannot survive the
quantization procedure. The notion of anomaly refers to such a “quantum mechanical sym-
metry breaking”.

If the classical symmetry is global, the generation of an anomaly by loop quantum cor-
rections is not lethal to the coherence of the model. It simply means that the associated
conservation law is not valid in the quantum field theory. For instance, the classical global
symmetry Uy (n) X Ug(n) of QCD with n massless quarks which corresponds to independent
unitary transformations of the left-handed and right-handed components of the quarks! is
broken to a diagonal SU(n) subgroup by quantum effects. In this case, the symmetry
breakdown is actually phenomenologically welcome since observations of hadrons show an
approximate global symmetry SU(n).

On the other hand, an anomalous local (gauge) symmetry does not allow a coherent quan-
tization of the associated gauge field. A common example in the framework of the Standard
Model is the anomaly produced by the Feynman diagram depicted in Figure C.1 where
three external gauge bosons are coupled through a fermionic triangle.? The cancellation of
all anomalous currents leads to a relation between the quantum numbers of the quarks and
leptons. In a more general setting, the known anomalies are all related to classical chiral
symmetries and may be present whenever space-time has an even number d of dimensions.
They always involve a polygonal diagram with 1 + d/2 sides and their cancellation restrict
the admissible gauge structures.

Mathematically, a chiral anomaly A4 in d dimensions (corresponding to an anomalous
variation 65 = [ d%z Aq of an action S under gauge and gravitational local transformations)

!The Lagrangian describing the classical dynamics of a free massless fermion contains only two kinetic
terms associated respectively to the left and right independent components of the spinor (these components
have well-defined separate transformations under the Lorentz group). It obviously has a so-called chiral
symmetry Ur, (1) x Ug(1).

2Tn a more general context, a similar anomaly is produced by the coupling of an external gauge field with
two external gravitons.
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Figure C.1: Triangle diagram at the origin of anomalies in four dimensions.

can be characterized by a formal polynomial I, , which is unique and gauge invariant.®> The
anomaly polynomial is related to Ay by the following descent equations:

Id—|—2 = d[d_|_1, 6Id_|_1 = dAd (C].)

These equations reflect the fact that the anomaly A, is not uniquely defined. One always
has the freedom to add a d-dimensional local counterterm to the action S:

S8 =5+ / dlz Ay, (C.2)

which from the point of view of A; amounts to the redefinition
.Ad — ./4:1 = Ad + 5Ad + dAd,I, (C3)

with an arbitrary Ay ;. The descent equations precisely imply that I;, ; is defined up to an
exterior derivative dAg4, so that 01, ; is unique up to a ddAy = déA4. This in turn means
that Ay is only defined up to a variation dA4 and an exterior derivative dA4_; as it should.
When one applies the descent equations to distinct writings of the same invariant anomaly
polynomial I, »,* one is then naturally led to different anomalies A4 and A, which differs
by the gauge variation dA, of a local counterterm and possibly by a total derivative dA,_;.

C.1 Anomalies in ten dimensions
In ten dimensions, anomalies at one-loop originate from the hexagonal diagram presented

in Figure C.2. The six external fields of this graph are gauge fields and/or gravitons (in
even number). Three kinds of fields may propagate on the internal loop: chiral spinors and

3The symbol & designates gauge and local Lorentz (infinitesimal) transformations. Similarly, by “gauge
invariant” , we mean invariant under both types of transformations.
4See subsection 4.3.1 for a concrete example.
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Figure C.2: Hexagonal diagram at the origin of anomalies in ten dimensions.

gravitinos, and self-dual (or anti self-dual) five-forms®. The contributions of these fields to
the gauge, gravitational and mixed anomalies are given by the following invariant twelve-
forms:®

(spinor) _ 1
112, gauge(F2) - (27T)56ITI‘F
1 )
Jispinon) (o N —trRS — —t Ry AtrRS — (t R2> )
12 grav. ( 2) 271' 56 504 tr 384 r r 4608

inor 1 5 2 5
1P (Re, Fy) = 6trR4 ANTrF? + + 5 (trR’f;) ATrF? — gtng A Tng),

[\D
3
&
CE
A A ~— /—\
)—l

(gravitino) _ 55 6 4 2 35 9
Lisgrav (B2) = 27r 761 \56 112 trR S ST (t R ) )
5-form 7 5 3
152, grav.) (R2) = 271')56‘ - _t R6 —tI"R4 VAN JDI‘R2 72 (tI‘R%) ),

(C.4)
where the symbol “Tr” denotes the trace over generators of the adjoint representation of
the gauge group. The anomaly polynomials 7P and I\§™™) are appropriate for chiral
Weyl spinors and gravitinos respectively. An additlonal factor of 1/2 must be included for
Majorana-Weyl fermions, and spinors or gravitinos with opposite chiralities contribute with
opposite signs. Note also that the chiral spinors are the only one to give a contribution to
the gauge and mixed anomalies. The full anomaly polynomial is constructed from a linear
combination of the independent field contributions (C.4), and it is not difficult to examine
the issue of anomaly cancellation in ten-dimensional chiral supergravity theories.

5 Although bosonic, these field strengths may contribute to the anomaly and their associated four-forms
are often said to be chiral (or antichiral).

6Note that the power of (27) is —d/2 (see Ref. [108]). Moreover, one has T 55;2‘;:;“0) I 5521“3’;‘;? =-I EZ f;l;rf)
(this will have an important consequence below).
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C.1.1 Local one-loop anomaly in type IIB supergravity

The ten-dimensional type IIB supergravity has two antichiral Majorana—Weyl spinors, two
chiral Majorana-Weyl gravitinos, and a self-dual rank-5 field strength. There are no gauge
fields.

The full anomaly is then characterized by the twelve-form

1

spinor 1 ravitino -form
112 = —2- 51521,)grav).(R2) +2- ijgg,gratv. )(Rg) + I.gz,fgrav.) (Rg)

(C.5)
= 0,

where in the last step we have used the expressions (C.4). One concludes that the ten-
dimensional type IIB supergravity is anomaly free.

C.1.2 Local one-loop anomaly in N = 1 supergravity coupled to
vector supermultiplets

The ten-dimensional N = 1 supergravity multiplet contains an antichiral Majorana—Weyl
spinor (dilatino) and a chiral Majorana-Weyl gravitino. There are no five-forms. The
Yang-Mills supermultiplets contain chiral Majorana—Weyl spinors (gauginos) in the adjoint
representation of the gauge group.

The full anomaly takes then the form

1 inor ravitin
Ly = (= I (Re) + I (Ry) )

2 12, grav. 2, grav.
1 (spinor) (spinor) (spinor)
+§ (nlzz, gra.v.(RQ) + Il2,mixed(R27 FQ) + 112, gauge(F2)>
1 496 —n 224 +n
= t 6 _
2(27)56! ( 501 i T T3y

5
trRy A trR2 + m(m — n)(trR%)?

+11—6ter§ ATrF2 + %(trRz)Q ATrFa — gtrR% ATrFy + Tng),

(C.6)
where the integer n is the dimension of the gauge group. The expressions (C.4) have been
used to obtain the last equality. The cancellation of this anomaly is provided by the so-called
Green—Schwarz mechanism [105, 106] which rests on the existence in the action of a local
counterterm corresponding to the diagram shown in Figure C.3. This procedure necessitates
the factorization of I, in a product of a four-form and an eight-form, but such a factorization
is impossible for the term tr RS (the group SO(9,1) has an independent Casimir invariant of
order 6). Therefore, one is led to assume that n = 496. For this particular dimension of the
gauge group, the anomaly (C.6) becomes

1

1 1 1
I, = 7( — —5trR§ AtTRS — —5(’51"1‘22)3 + 16

trRy A TrFy
22761\ 8 32 Hre

(C.7)
+65—4(trR§)2 ATrFy — gtng ATrFy + Tng) :
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Figure C.3: Tree diagram describing the exchange of a B, field between gauge bosons and
gravitons in ten dimensions. From the point of view of the underlying superstring theory,
this graph has the same (one-loop) origin as the hexagonal diagram.

This anomaly can be factorized if and only if the gauge group is such that the term TrFg
admits the following decomposition:
1 1
TrFy = ﬁTng ATrF; — 14me(Tng)?’. (C.8)
There are only two 496-dimensional non-Abelian Lie groups with this property, namely
SO(32) and Eg x Eg. With the decomposition (C.8), the anomaly polynomials finally reads

_ 15 g 1 2 GSW
112 = —W(trRQ - %TI'Fg) A Xg s (Cg)
where the eight-form X§SW is given by
1 1 1 1 1
X§SW = trRh + - (trR2)? — ——trRy ATYF; + —~TrFy — ———(TrF3)?
g gl + g (trfa)” = g trlte ATrEy + 57Ty — g (1 F2)

(C.10)

1 1 1 5 1

where in the last equality we have used the identity Tr = 30tr (see Appendix A). The
anomaly [;» has the structure required for a cancellation by a Green—Schwarz counterterm.

C.1.3 Local one-loop anomaly on a S'/Z, fixed plane

The discussion of the one-loop anomaly on the ith fixed plane (i = 1,2) closely mimics the

development reproduced in the preceding subsection. For a general gauge group, one has
1

1-loo spinor ravitino
II2,i P = Z( - Iggl,)grav). (R2,i) + Ig%, grav. )(RQ,Z))

1 spinor spinor spinor

+5 (”z'f o) (Rag) + TP m) (Rag, Fog) + Iker) (F 2,i))

B 1 (248 —-n
2(27)56! \ 504

112 4+ n;

"trRS . —
T2 T T3y

trRy; A trR;; + (32 — m;) (trR3,)°

4608

1
+1—6ter§ﬂ. A TrFQQﬂ. + %(trR%,i)Q A Tng,i — gtrRﬁ,i A Tng,i + Tngi),
(C.11)
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where an overall factor of 1/2 is due to the Majorana—Weyl condition. The gravitational
contribution —Iﬁsgf’i;;?_ - Igg}':‘fm) is the half of what would be expected in ten dimensions
because of the coupling of eleven-dimensional supergravity to ten-dimensional fields [116,
117]. The dimension of the gauge group is denoted by n,;. Note that we write Ry, instead
of R, to emphasize the fact that R, is meant to be located on the ith plane. The one-loop
anomaly has a chance to be cancelled by an appropriate Green—Schwarz mechanism only if
the twelve-form 111721,;-’("’ factorizes into a four-form and an eight-form. The trRS term must
then be absent and we must be able to express TrF} as a linear combination of TrFZ A TrF,
and (TrF%)3. The first condition selects n; = 248, while the only apposite factorization of

TrF{ necessitates the following linear combination:

1 1
TrF§; = TrFy; A (ﬁTngi — ﬁ(Tng,i)Q) : (C.12)

This condition only holds for the group Eg for which we have the two identities

1 1
Tngi:%(TeriP and Tngizm(Tngi)Z. (C.13)

The group Eg also has the required dimension n; = 248. With the redefinition Tr = 30tr
and the second Fjg identity, the anomaly (C.11) takes the factorized form

e — g(u,i)?’ + 10 A X, (C.14)

with the four-form
I;= (417)2 <trF§i — %tng,J (C.15)

and the eight-form
Xg; = #ﬂ)g (%trR;i - é (trR;i)Q) . (C.16)

It is interesting to understand the factorization in the case of the Fg x Fg weakly coupled
heterotic string for which the relevant anomaly polynomial is the sum ;%" = I;59°" +
I 11721;0". In the perturbative limit, the two fixed planes coincide and one should take the same
value for R, in both expressions. Then, the purely gravitational eight-form Xy is the same

11 K
and the sum I;,°°”"*** becomes

-100p, wea. T
L = (L + L) A Xs + 5 (L) + (142)?)
i (C.17)
= (I + 1) A [Xs + 5 ((1)* + ()" = I A 14,2)] :

The second term of the first equality has been factorized thanks to the trivial identity
a® + 0 = (a+ b)(a® + b* — ab). We can rewrite 1,,°°>"** in term of traces over the
representations of the product group Fg x Fg to recover the well-known expression (C.9) of
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the anomaly for Eg x Eg super Yang—Mills coupled to N = 1 supergravity:”

1 1 1 1
[hjeomweak (trXFg - trRz) A (—trR%; + —(trR2)? — ~trR2 A tr F2
12(4r)5 2 8 5 s

1
+5tr FL — 5(terg)Q),

where try is a trace over the Eg x Eg group®.

Note that we have chosen the normalization of the four-forms I,; such that their inte-
gration over a four-cycle equals the integral characteristic class of the Eg bundle minus a
quarter of the even first Pontrjagin class.® More explicitly, for any four-cycle C, one has

1 1 1
I, =—— trF2. — —trR%2 | = i — =Di, isDi € 2. C.19

C.2 Anomalies in six dimensions

In six dimensions, anomalies at one-loop originate from three kinds of fields: chiral spinors
and gravitinos, and self-dual (or anti self-dual) three-forms. The contributions of these
fields to the gauge, gravitational and mixed anomalies are given by the following invariant
eight-forms:'°

Ié?g;?gez) (F2) = (271')34' (_Tng) 3
IgP(R,) = . By (trR3)”
5 grav. (2m)34! \ 240 % 192 @)
splnor ]. ]_ 2 2
I8 mlxed(RQ’ FQ) = (27.‘_)34y Ztng A TrFQ ’ (020)
it 1 49 43
I(grawtlno) R — 7 R4 " R2
s (F2) = oosn |~ + 199 (wR3)’
1 7 1
I3form) R _ _ R4 = (4 R2
se (F2) = o 5ot T o (B3)°

where Tr denotes the trace over generators of the adjoint representation of the gauge group.

"This is the well-known expression for the heterotic string.

8This means in particular that tr Fj = trF3, + trF3, and tr,Fy = trFy, + trFj,.

9The characteristic classes are topological invariants which, in particular, play a role in QCD where they
are associated with “instanton numbers”.

0These anomaly polynomials are of course expressed in terms of the siz-dimensional gauge and Lorentz
curvatures.
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C.2.1 Local one-loop anomaly on an M-five-brane

The excitations of the M-five-brane are described by a d = 6 N = 2 tensor supermultiplet
which contains two chiral Weyl spinors, five real scalars and a self-dual rank-3 field strength.
There are no gauge fields.
Thus, the five-brane anomaly is purely gravitational and can be encoded in the following
eight-form:
Is = 2P (Ry) + I o (R)

1 (C.21)

1 4 1 21\ 2
= —W (gtng — @ (tng) ) .



Appendix D

N =1 four-dimensional conformal
supergravity

In Chapters 5 and 6, we have used the superconformal tensor calculus for N = 1 four-
dimensional supergravity [125, 130, 131]. In this appendix, we would like to comment on
some aspects of this formalism. We also assemble a few useful relations, list the various
multiplets appearing in the main text and give an account of the possible Bianchi identities
in four dimensions.

D.1 Conformal supergravity as a unified formalism for
describing Poincaré supergravity theories

The gauge fields of the pure NV =1 Poincaré supergravity theory are the vierbein e} (gauge
field of the space-time translations)!, the spin connection wy™ (gauge field of the local
Lorentz transformations) and the gravitino v, (gauge field of supersymmetry). The as-
sociated Lagrangian contains the usual (non-supersymmetric) Einstein—Hilbert part and the
extra Rarita—Schwinger term which describes the gravitino dynamics [93, 62]. The equation
of motion for the spin connection is algebraic and the gauge field wj" can be eliminated. As
a consequence, the relevant physical degrees of freedom constituting the pure supergravity
multiplet correspond to the vierbein (the graviton) and the gravitino.

However, to obtain an off-shell formulation (i.e. a formulation in which supersymme-
try is realized without the help of the equations of motion), one has to introduce auziliary
fields. 'The point is that the choice of the number and nature of these auxiliary fields is
not unique. There are thus at least three versions of N = 1 Poincaré supergravity: the
old minimal supergravity [208, 90], the Sohnius—West new minimal supergravity [206], and
the Breitenlohner non-minimal supergravity [34]. These three theories can be regarded as
different gauge fixings of conformal supergravity coupled to different multiplets used as com-
pensator. Conformal supergravity is a gauge theory based on the superconformal group with
the generators P, (translations), L,,, (Lorentz transformations), K, (conformal boosts), D

IThe Latin character m denotes an internal index.
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(dilatations), @ (supersymmetry), S (special supersymmetry)? and A (chiral U(1) internal
symmetry), the corresponding gauge fields (or gauge potentials) being €], wi™, f1, by, ¥y,
¢, and A,. To obtain a super-Poincaré theory, one has to gauge fix the four extraneous lo-
cal symmetries. The standard procedure is to introduce an extra supermultiplet and impose
conditions on some of its components, so that it will not compensate the variances of the
other multiplets any more. The set of auxiliary fields present in the Poincaré supergravity
multiplet is related to the choice of this compensating multiplet. For instance, using a chiral
compensating multiplet Sy = (20, ¢, fo) leads to the “old minimal” Poincaré supergravity
with six auxiliary degrees of freedom. More precisely, the gauge fixing amounts to take [131]

e b, = 0 (conformal boosts gauge fixing),

e 1)y with a specific dependence on the fields present in the theory (special supersymmetry
gauge fixing),

e Imz; = 0 (chiral U(1) gauge fixing),

® |2y| in order to have a particular Poincaré frame, mostly the Einstein or string frames
(dilatations gauge fixing).

The surviving component f; (a complex scalar) and the gauge potential A, can be identified
with the six auxiliary fields of the “old minimal” Poincaré supergravity multiplet. The
graviton and the gravitino complete the multiplet.

D.2 Some useful relations

Since it is sufficient for our purposes to consider only bosonic quantities, we will systemati-
cally omit the fermionic contributions in the following relations. Complete expressions can
be found for instance in Refs. [130] and [131].

Conformal and chiral weights

The conformal and chiral weights® are two parameters denoted w and n that precise the
behaviour of (the first component of) a supermultiplet under the dilatation and chiral trans-
formations.

General multiplets

o Complezr vector multiplet V = (c,0,h, k,v,,0,d) with complex components and un-
specified weights w and n.

e Real vector multiplet V = (c,0, h, k,v,,0,d) with real components, w arbitrary and
n = 0. For w = 0, it is possible to define a gauge multiplet.

2These two local supersymmetries correspond respectively to the “square roots” of the translations and
conformal boosts.
3The conformal weight is sometimes called Weyl weight.
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e Chiral multiplet C = (2,0, f) with complex components and w = n. The conjugate
multiplet is C = (Z,0, f) with w. = w and n. = —n. A chiral multiplet C' can
be embedded in a complex vector multiplet: V(C) = (2,0, —f,if,iD;2,0,0) and we
usually use the notation C' = V(C). After the gauge fixing down to super-Poincaré,
the expression of the conformal covariant derivative is D}z = D,z — %inAuz.

e Complex linear multiplet L = V(L) = (c,0, h, —ih,v,,0, —0° — iD§v*) with complex
components and w — n = 2. Note that the conformal d’Alembertian is of the form
O°% = Oz 4+ swRz + - - - [223], where z is a scalar field with conformal weight w.

o Real linear multiplet L = V(L) = (c,0,0,0,v,,0,—0°) with real components, w = 2
and n = 0. The component v, is subject to the constraint Djv# = 0.

Component expressions for functions of multiplets

The product of two general vector multiplets, V = (c, 0, h, k,v,, 0, d) with weights w and n,
and V = (¢,0, h, k, 0,0, d) with weights @ and 7, is

VvV = (cé, 0, ch + ch, ck + &k, B, + év, 0,
) o (D.1)
cd + &d + hh + kk — v, " — (D;c)(Dwe)) ,

with weights w + w and n + 7.
The mth power of a vector multiplet V' = (¢, 0, h, k, v, 0, d) with weights w and n is given
by
ym = (cm,0,mcm_lh,mcm_lk,mcm_lvu,o,
(D.2)
me™'d 4+ sm(m — 1)c™?[h° + k> — vt — (Die) (Dc“c)]>,

with of course weights mw and mn. For a chiral multiplet C' = (2,0, f), this translates into
the relation

c™m = (zm, O,mzm_1f>, (D.3)
and a general function ¢g(C) (with w = 0 = n) has the components
dg
9(0) = (9(2),0,22(2)1 ) (D4)

D- and F-density formulas for invariant actions
The D-density formula for a real vector multiplet V' = (c,0, h, k, v,,0,d) with conformal
weight w = 2 is

[Vlo = e(d + 5eR), (0.5)

while the F-density for a chiral multiplet C' = (2,0, f) with conformal weight w = 3 reads
[Clr = e(f + /). (D.6)
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D.3 The various multiplets used in Chapters 5 and 6

In this section, we recall the essential features of the various supermultiplets appearing in
the course of our discussion about the effective supergravity of M-theory compactifications.
In comparison to Refs. [130, 131] and to section D.2, we have replaced in the expansion of
the vector multiplets the highest component d by d— . This change was made to facilitate
some technical manipulations. It implies that the terms introduced to impose the Bianchi
identities do not include any contribution to the Einstein term.

Compensating multiplet

e A chiral multiplet Sy = (20,0, —fo, 7 fo, iD§,20,0,0) with w =1 = n.

Lagrange multiplier multiplets

o A chiral multiplet S = (s,0, —f,if,10,s,0,0) with w = 0 = n.

e A real linear multiplet Ly = (¢7,0,0,0,t,,0, —0Ofp — %KTR) with w = 2, n = 0 and
ty = 2e€upe 0”17
p = 3€€uwpo

e A real vector multiplet U = (Cy, 0, Hy, Ky, u,,0,dy — OU — %UR) with w = 2 and
n=20.

M-theory multiplets
e A real vector multiplet V = (C,0, H, K, v,,0,d — OC — :CR) with w =2 and n = 0.

Solving for the Lagrange multiplier S in the D-density [(S + S)V]p, the multiplet V
can be written as a real linear multiplet L with J,v* =d = H = K = 0.

e A real vector multiplet Vi = (Cr, 0, Hy, K7, T),,0,dr — OCr) with w = 0 = n.

Solving for the Lagrange multiplier Ly in the D-density [L7Vr]p, the multiplet V can
be written as T + T where the multiplet T (with w = 0 = n) is the chiral Calabi-Yau
universal modulus multiplet with complex components T and fr given by the relations
CT = QRGT, TM = —28u ImT, HT = —2RefT and KT = —QIII’IfT

o A chiral multiplet W = (w, 0, — fu, ¢ fu, 10,w, 0,0) with w = 0 = n.

Solving for the Lagrange multiplier U in the D-density [U(W + W)]p, the multiplet W
reduces to an arbitrary imaginary constant (the only non-trivial remaining equation is

O, Imw = 0).

The relations between the components C, Cr, v,, T, and Imw of these three M-theory
multiplets and the fields o, v, Cj11 and C’ﬁn arising from the reduced eleven-dimensional
metric and three-form Cj are given in Egs. (5.36) and (5.40).
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Source multiplets

e A chiral matter multiplet M = (M, 0, — far, i far, 10,M,0,0) with w =0 = n.

e A real vector gauge multiplet A = AT where the T° are the gauge group generators
(adjoint representation). In the Wess-Zumino gauge, one has A* = (0, 0,0, 0, A2, 0, D%)
with w =0 =n.

The gauge field strength for the multiplet A is the chiral multiplet W with w = 3/2 = n.
One also defines the Chern—Simons real vector multiplet Q = Q(A) with w =2 and n =0
through the chiral projection X(Q2) = zWW, where

(V) = (%(h — ik), 0, —%(d 4% + z'D;v“)) (D.7)

for a general real vector multiplet V' with w = 2 (in global Poincaré supersymmetry, (V)

corresponds to —iDDV). The components of {2 can be computed from the F-density of
the product WW (which gives the usual super Yang-Mills Lagrangian) using the identity

X(..)]r=-[-]p-
M-five-brane multiplets
e A chiral multiplet S = (3,0, —f,, ifs, 0,58, 0,0) with w = 0 = n.

e A real vector multiplet V = (C,0, H, K, Oy, 0, d—0C) with w = 0 = n.

The relations between the components Im 3, C and 1, of these two M-five-brane multiplets
and the fields o, Cy11, Cij1;, Bsg, By and X are given in Egs. (6.71) and (6.74).

2

D.4 Bianchi identities in four dimensions

In four space-time dimensions, the Bianchi identities for all antisymmetric tensors are of the
form:

B1 (for a rank-3 tensor A,,,): 40y (Avpe] — Avpe]) = 0 (one eq.),

B2 (for a rank-2 tensor A,,): 30 (Avy — Ayy) = 0 (four egs.), D8
B3 (for a rank-1 tensor A,): 20,(A—A,) = 0 (six egs.),

B4 (for a rank-0 tensor A): 0u(A—A) = 0 (four egs.).

In each identity we have introduced a possible source A. These four identities can be inserted
in a Lagrangian using the appropriate Lagrange multipliers A. The Lagrangian terms are
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respectively:

1 vpo
B1: EGM P (8HA)(Aupg' - AUPU)’

]‘ vVpo
B2: e (0uM) (Ape = Do),

1 vpo
B3: 56“ p (au)\up)(Ao’ - AG’)’

1
B4: ée“”p”((')u)\,,pa)(A —A).
Each of these expressions possesses a natural supersymmetric extension, with a Lagrange

multiplier supermultiplet A imposing a constraint on the supermultiplet A = A — A. One
has:*

Bl: [(A+A)A]p, A : chiral (w = 0), A : real vector (w = 2),
B2: [W(A)*A,)r, A : real vector (w = 0), A, : chiral spinor (w = 3/2),
B3: [AA]p, A : real linear (w = 2), A :real vector (w = 0),

- 1 - =
B4: [E(A)A]p = _i[A(A + A)|p, A:real vector (w=2), A:chiral (w=0).
(D.10)
In the F-densities corresponding to the cases B2 and B4, W(A), is the curvature of the real

vector supermultiplet A and X(A) is its chiral embedding.> We have never used the identity
B2 in the present thesis.

4The Greek letter o used in the F-density B2 denotes a spinor index.
5In global Poincaré supersymmetry, these objects would be —%DDDQA and —
Refs. [130, 131]).

1DDA respectively (see



Bibliography

[1] AHARONY, O. String theory dualities from M theory. Nucl. Phys. B 476 (1996),
470-483. E-print archive: hep-th/9604103.

[2] ALVAREZ, E., BARBON, J. L. F., AND BORLAF, J. T-duality for open strings. Nucl.
Phys. B 479 (1996), 218-242. E-print archive: hep-th/9603089.

[3] ALVAREZ-GAUME, L., DELLA PIETRA, S., AND MOORE, G. Anomalies and odd
dimensions. Ann. Phys. 168 (1985), 288-317.

[4] ALVAREZ-GAUME, L., AND GINSPARG, P. The structure of gauge and gravitational
anomalies. Ann. Phys. 161 (1985), 423-490. Erratum-ibid. 171 (1986) 233.

[5] ALVAREZ-GAUME, L., AND WITTEN, E. Gravitational anomalies. Nucl. Phys. B 23/
(1984), 269-330.

[6] ANTONIADIS, I., PARTOUCHE, H., AND TAYLOR, T. R. Lectures on heterotic - type I
duality. Nucl. Phys. Proc. Suppl. 61A (1998), 58—71. E-print archive: hep-th/9706211.

[7] ANTONIADIS, I., AND QUIROS, M. Large radii and string unification. Phys. Lett. B
392 (1997), 61-66. E-print archive: hep-th/9609209.

[8] ANTONIADIS, I., AND QUIROS, M. Supersymmetry breaking in M-theory and gaugino
condensation. Nucl. Phys. B 505 (1997), 109-122. E-print archive: hep-th/9705037.

[9] ANTONIADIS, I., AND QUIROS, M. On the M-theory description of gaugino conden-
sation. Phys. Lett. B 416 (1998), 327-333. E-print archive: hep-th/9707208.

[10] ARKANI-HAMED, N., DimopPouULOS, S., AND DVALI, G. The hierarchy problem and
new dimensions at a millimeter. Phys. Lett. B 429 (1998), 263-272. E-print archive:
hep-th/9803315.

[11] AspiNnwALL, P. S. K3 surfaces and string duality. In Differential geometry inspired
by string theory (1996), S.-T. Yau, Ed., pp. 1-95. E-print archive: hep-th/9611137.

[12] BAcHAS, C. (Half) a lecture on D-branes. In Gauge Theories, Applied Supersymmetry

and Quantum Gravity, London, England, 5-10 Jul. 1996 (1996). E-print archive: hep-
th/9701019.

153



154 Bibliography

[13] BANDOS, 1., LECHNER, K., NURMAGAMBETOV, A., PAsTI, P., SOROKIN, D., AND
TonNiN, M. Covariant action for the super-five-brane of M-theory. Phys. Rev. Lett. 78
(1997), 4332-4334. E-print archive: hep-th/9701149.

[14] BAanks, T., AND DINE, M. Couplings and scales in strongly coupled heterotic string
theory. Nucl. Phys. B 479 (1996), 173-196. E-print archive: hep-th/9605136.

[15] BANkS, T., FiISCHLER, W., SHENKER, S. H., AND SusskIND, .. M theory as a
matrix model: a conjecture. Phys. Rev. D 55 (1997), 5112-5128. E-print archive:
hep-th/9610043.

[16] BARs, I. S-theory. Phys. Rev. D 55 (1997), 2373-2381. E-print archive: hep-
th/9607112.

[17] BARs, I. Algebraic structure of S-theory. In Sakharov Conference 1996 (QC20:1475)
(1996), pp. 355-363. E-print archive: hep-th/9608061.

[18] BAUTIER, K., DESER, S., HENNEAUX, M., AND SEMINARA, D. No cosmological
d = 11 supergravity. Phys. Lett. B 406 (1997), 49-53. E-print archive: hep-th/9704131.

[19] BECKER, K., BECKER, M., AND STROMINGER, A. Fivebranes, membranes and
non-perturbative string theory. Nucl. Phys. B 456 (1995), 130-152. E-print archive:
hep-th/9507158.

[20] BERGSHOEFF, E., BOONSTRA, H. J., AND ORTIN, T. S duality and dyonic p-brane
solutions in type II string theory. Phys. Rev. D 53 (1996), 7206-7212. E-print archive:
hep-th/9508091.

[21] BERGSHOEFF, E., DE Ro0o, M., AND ORTIN, T. The eleven-dimensional five-brane.
Phys. Lett. B 386 (1996), 85-90. E-print archive: hep-th/9606118.

[22] BERGSHOEFF, E.; GREEN, M. B., PApADOPOULOS, G., AND TOWNSEND, P. K.
The ITA supereight-brane. E-print archive: hep-th/9511079.

[23] BERGSHOEFF, E., HuLL, C., AND ORTIN, T. Duality in the type II superstring
effective action. Nucl. Phys. B 451 (1995), 547-578. E-print archive: hep-th/950408]1.

[24] BERGSHOEFF, E., LozANO, Y., AND ORTIN, T. Massive branes. Nucl. Phys. B 518
(1998), 363-423. E-print archive: hep-th/9712115.

[25] BERGSHOEFF, E., SEZGIN, E., AND TOWNSEND, P. K. Supermembranes and eleven-
dimensional supergravity. Phys. Lett. B 189 (1987), 75-78.

[26] BERGSHOEFF, E., SEZGIN, E., AND TOWNSEND, P. K. Properties of the eleven-
dimensional supermembrane theory. Ann. Phys. 185 (1988), 330-368.

[27] BERGSHOEFF, E., AND VAN DER SCHAAR, J. P. On M-9-branes. Class. Quant.
Grav. 16 (1999), 23-39. E-print archive: hep-th/9806069.



Bibliography 155

[28] BERKOVITS, N. Manifest electromagnetic duality in closed superstring field theory.
Phys. Lett. B 388 (1996), 743-752. E-print archive: hep-th/9607070.

[29] BERSHADSKY, M., SADOV, V., AND VAFA, C. D-branes and topological field theo-
ries. Nucl. Phys. B 468 (1996), 420-434. E-print archive: hep-th/9511222.

[30] BiLAL, A. M(atrix) theory : a pedagogical introduction. Fortschr. Phys. 47 1-3
(1999), 5-28. E-print archive: hep-th/9710136.

[31] BILAL, A., DERENDINGER, J.-P., AND SAUSER, R. M-theory on S'/Z,: new facts
from a careful analysis. Nucl. Phys. B 576 (2000), 347-374. E-print archive: hep-
th/9912150.

[32] Bocomor'ny1, E. B. Stability of classical solutions. Sov. J. Nucl. Phys. 24 (1976),
449-454.

[33] BoNORA, L., CHu, C. S., AND RINALDI, M. Perturbative anomalies of the M-5-
brane. JHEP 12 (1997), 007. E-print archive: hep-th/9710063.

[34] BREITENLOHNER, P. A geometric interpretation of local supersymmetry. Phys. Lett.
B 67 (1977), 49-51.

[35] BUurGEss, C. P., FonT, A.; AND QUEVEDO, F. Low-energy effective action for the
superstring. Nucl. Phys. B 272 (1986), 661-676.

[36] CACERES, E., KAPLUNOVSKY, V. S., AND MANDELBERG, I. M. Large volume
string compactifications, revisited. Nucl. Phys. B 493 (1997), 73-100. E-print archive:
hep-th/9606036.

[37] CALLAN, C. G., HARVEY, J. A., AND STROMINGER, A. Worldsheet approach to
heterotic instantons and solitons. Nucl. Phys. B 359 (1991), 611-634.

[38] CALLAN, C. G., HARVEY, J. A., AND STROMINGER, A. Worldbrane actions for
string solitons. Nucl. Phys. B 367 (1991), 60-82.

[39] CamPBELL, I. C. G., AND WEST, P. C. N = 2, D = 10 non-chiral supergravity
and its spontaneous compactification. Nucl. Phys. B 248 (1984), 112-124.

[40] CANDELAS, P. Lectures on complex manifolds. In Trieste 1987, proceedings, super-
strings '87 (1987), pp. 1-88.

[41] CANDELAS, P., HOrROWITZ, G. T., STROMINGER, A., AND WITTEN, E. Vacuum
configurations for superstrings. Nucl. Phys. B 258 (1985), 46-74.

[42] CArRDOsO, G. L., AND OVRUT, B. A. A Green-Schwarz mechanism for D = 4,
N =1 supergravity anomalies. Nucl. Phys. B 369 (1992), 351-372.

[43] CARDOSO, G. L., AND OVRUT, B. A. Coordinate and Kéhler o-model anomalies and
their cancellation in string effective field theories. Nucl. Phys. B 392 (1993), 315-344.
E-print archive: hep-th/9205009.



156 Bibliography

[44] CeEcoTTI, S., FERRARA, S., AND VILLASANTE, M. Linear multiplets and super
Chern—Simons forms in 4d-supergravity. Int. J. Mod. Phys. A 2 (1987), 1839-1869.

[45] CERDENO, D. G., AND MuNo0z, C. Phenomenology of non-standard embedding
and five-branes in M-theory. Phys. Rev. D 61 (2000), 016001. E-print archive: hep-
th/9904444.

[46] CHAPLINE, G. F., AND MANTON, N. S. Unification of Yang-Mills theory and su-
pergravity in ten dimensions. Phys. Lett. B 120 (1983), 105-109.

[47] CrAus, P., KALLOSH, R., AND VAN PROEYEN, A. M 5-brane and superconformal
(0,2) tensor multiplet in 6 dimensions. Nucl. Phys. B 518 (1998), 117-150. E-print
archive: hep-th/9711161.

[48] CoNnNEs, A., DoucLAs, M. R., AND SCHWARZ, A. Non-commutative geometry
and matrix theory: compactification on tori. JHEP 02 (1998), 003. E-print archive:
hep-th/9711162.

[49] CONRAD, J. O. Brane tensions and coupling constants from within M-theory. Phys.
Lett. B 421 (1998), 119-124. E-print archive: hep-th/9708031.

[50] CREMMER, E., FERRARA, S., GIRARDELLO, L., AND VAN PROEYEN, A. Coupling
supersymmetric Yang-Mills theories to supergravity. Phys. Lett. B 116 (1982), 231
237.

[51] CREMMER, E., JuLiA, B., AND SCHERK, J. Supergravity theory in 11 dimensions.
Phys. Lett. B 76 (1978), 409-412.

[52] Da1, J., LEiGH, R. G., AND PoLCHINSKI, J. New connections between string
theories. Mod. Phys. Lett. A 4 (1989), 2073-2083.

[53] DAsGuUPTA, K., AND MuUKHI, S. Orbifolds of M-theory. Nucl. Phys. B 465 (1996),
399-412. E-print archive: hep-th/9512196.

[54] DE Arwis, S. P. Anomaly cancellation in M-theory. Phys. Lett. B 392 (1997),
332-334. E-print archive: hep-th/9609211.

[55] DE ALwis, S. P. Coupling of branes and normalization of effective actions in string/M-
theory. Phys. Rev. D 56 (1997), 7963-7977. E-print archive: hep-th/9705139.

[56] DERENDINGER, J.-P., FERRARA, S., KounNAs, C., AND ZWIRNER, F. On loop
corrections to string effective field theories: field dependent gauge couplings and sigma-
model anomalies. Nucl. Phys. B 372 (1992), 145-188.

[57] DERENDINGER, J.-P., IBANEZ, L. E., AND NILLES, H. P. On the low-energy d = 4,
N =1 supergravity theory extracted from the d = 10, N = 1 superstring. Phys. Lett.
B 155 (1985), 65-70.



Bibliography 157

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]
[66]

[67]

[68]

[69]

[70]

[71]

[72]

73]

DERENDINGER, J.-P., IBANEZ, L.. E., AND NILLES, H. P. On the low-energy limit
of superstring theories. Nucl. Phys. B 267 (1986), 365-414.

DERENDINGER, J.-P., QUEVEDO, F., AND QUIROS, M. The linear multiplet and
quantum four-dimensional string effective actions. Nucl. Phys. B 428 (1994), 282-330.
E-print archive: hep-th/9402007.

DERENDINGER, J.-P., AND SAUSER, R. On the effective N = 1 supergravity of
M-theory. Nucl. Phys. B 582 (2000), 231-258. E-print archive: hep-th/0003078.

DERENDINGER, J.-P., AND SAUSER, R. A five-brane modulus in the effective N =1
supergravity of M-theory. Nucl. Phys. B 598 (2001), 87-114. E-print archive: hep-
th /0009054

DESER, S., AND ZUMINO, B. Consistent supergravity. Phys. Lett. B 62 (1976),
335-337.

Dine, M., HueT, P., AND SEIBERG, N. Large and small radius in string theory.
Nucl. Phys. B 822 (1989), 301-316.

Dine, M., RoumMm, R., SEIBERG, N., AND WITTEN, E. Gluino condensation in
superstring models. Phys. Lett. B 156 (1985), 55-60.

DirAc, P. A. M. The theory of magnetic poles. Phys. Rev. 74 (1948), 817-830.

Dixon, L. J., HARVEY, J. A., VAFA, C., AND WITTEN, E. Strings on orbifolds.
Nucl. Phys. B 261 (1985), 678-686.

Dixon, L. J., HArRVEY, J. A., VAFA, C., AND WITTEN, E. Strings on orbifolds
(IT). Nucl. Phys. B 274 (1986), 285-314.

Dixon, L. J., KAPLUNOVSKY, V., AND Louis, J. On effective field theories describ-
ing (2,2) vacua of the heterotic string. Nucl. Phys. B 329 (1990), 27-82.

Dixon, L. J., KAPLUNOVSKY, V., AND Louis, J. Moduli dependence of string loop
corrections to gauge coupling constants. Nucl. Phys. B 355 (1991), 649-688.

Dubpas, E., AND GROJEAN, C. Four-dimensional M-theory and supersymmetry
breaking. Nucl. Phys. B 507 (1997), 553-570. E-print archive: hep-th/9704177.

Dubas, E., AND MOURAD, J. On the strongly coupled heterotic string. Phys. Lett.
B 400 (1997), 71-79. E-print archive: hep-th/9701048.

DurF, M. J. M-theory (the theory formerly known as strings). Int. J. Mod. Phys. A
11 (1996), 5623-5642. E-print archive: hep-th/9608117.

Durr, M. J., FERRARA, S., KHURI, R. R., AND RAHMFELD, J. Supersymmetry
and dual string solitons. Phys. Lett. B 356 (1995), 479-486. E-print archive: hep-
th/9506057.



158

[74]

[75]

[76]

[77]

78]

[79]

[80]

[81]

[82]

[83]

[84]
[85]

[86]

[87]

[88]

Bibliography

Durr, M. J., GiBBONS, G. W., AND TOwNSEND, P. K. Macroscopic superstrings
as interpolating solitons. Phys. Lett. B 332 (1994), 321-328. E-print archive: hep-
th/9405124.

Durr, M. J., Howg, P. S., INAMI, T., AND STELLE, K. S. Superstrings in D = 10
from supermembranes in D = 11. Phys. Lett. B 191 (1987), 70-74.

Durr, M. J., KHURL, R. R., AND Lu, J. X. String solitons. Phys. Rept. 259 (1995),
213-326. E-print archive: hep-th/9412184.

Durr, M. J., Liu, J. T., AND MINASIAN, R. Eleven-dimensional origin of
string/string duality: a one loop test. Nucl. Phys. B 452 (1995), 261-282. E-print
archive: hep-th/9506126.

Durr, M. J., AND Lu, J. X. The self-dual type IIB superthreebrane. Phys. Lett. B
278 (1991), 409-414.

Durr, M. J., AND Lu, J. X. Type II p-branes: the brane scan revisited. Nucl. Phys.
B 390 (1993), 276-290. E-print archive: hep-th/9207060.

Durr, M. J., AND Lu, J. X. Black and super p-branes in diverse dimensions. Nucl.
Phys. B 416 (1994), 301-334. E-print archive: hep-th/9306052.

Durr, M. J., AND STELLE, K. S. Multimembrane solutions of D = 11 supergravity.
Phys. Lett. B 253 (1991), 113-118.

ELLis, J., LALAK, Z., POKORSKI, S., AND POKORSKI, W. Five-dimensional aspects
of M-theory dynamics and supersymmetry breaking. Nucl. Phys. B 540 (1999), 149
186. E-print archive: hep-ph/9805377.

Eruis, J., LALAK, Z., POKORSKI, S., AND THOMAS, S. Supergravity and super-
symmetry breaking in four and five dimensions. Nucl. Phys. B 563 (1999), 107-124.
E-print archive: hep-th/9906148.

FAaux, M. New consistent limits of M-theory. E-print archive: hep-th/9801204.

Faux, M. Confluences of anomaly freedom requirements in M-theory. E-print archive:
hep-th/9803254.

Faux, M., LusT, D., AND OVRUT, B. A. Intersecting orbifold planes and local
anomaly cancellation in M-theory. Nucl. Phys. B 554 (1999), 437-483. E-print archive:
hep-th/9903028.

FERRARA, S., GIRARDELLO, L., Kuco, T., AND VAN PROEYEN, A. Relation
between different auxiliary field formulations of N = 1 supergravity coupled to matter.
Nucl. Phys. B 223 (1983), 191-217.

FERRARA, S., HARVEY, J. A., STROMINGER, A., AND VAFA, C. Second quantized
mirror symmetry. Phys. Lett. B 361 (1995), 59-65. E-print archive: hep-th/9505162.



Bibliography 159

[89] FERRARA, S., Savoy, C. A., AND ZuMINO, B. General massive multiplets in
extended supersymmetry. Phys. Lett. B 100 (1981), 393-398.

[90] FERRARA, S., AND VAN NIEUWENHUIZEN, P. The auxiliary fields of supergravity.
Phys. Lett. B 74 (1978), 333-335.

[91] FonT, A., IBANEZ, L. E., LUsT, D., AND QUEVEDO, F. Strong-weak coupling
duality and nonperturbative effects in string theory. Phys. Lett. B 249 (1990), 35—-43.

[92] FREED, D., HARVEY, J. A., MINASIAN, R., AND MOORE, G. Gravitational anomaly
cancellation for M-theory fivebranes. Adv. Theor. Math. Phys. 2 (1998), 601-618. E-
print archive: hep-th/9803205.

[93] FREEDMAN, D. Z., vAN NIEUWENHUIZEN, P., AND FERRARA, S. Progress toward
a theory of supergravity. Phys. Rev. D 13 (1976), 3214-3218.

[94] GiBBONs, G. W. Antigravitating black hole solitons with scalar hair in N = 4
supergravity. Nucl. Phys. B 207 (1982), 337-349.

[95] GiBBONS, G. W., GREEN, M. B., AND PERRY, M. J. Instantons and seven-branes
in type IIB superstring theory. Phys. Lett. B 370 (1996), 37-44. E-print archive:
hep-th/9511080.

[96] GiBBONS, G. W., HOrRowITZ, G. T., AND TOWNSEND, P. K. Higher-dimensional
resolution of dilatonic black hole singularities. Class. Quant. Grav. 12 (1995), 297-318.
E-print archive: hep-th/9410073.

[97] GiBBONS, G. W., AND MAEDA, K. Black holes and membranes in higher-dimensional
theories with dilaton fields. Nucl. Phys. B 298 (1988), 741-775.

[98] GiBBONS, G. W., AND TOwNSEND, P. K. Vacuum interpolation in supergravity
via super p-branes. Phys. Rev. Lett. 71 (1993), 3754-3757. E-print archive: hep-
th /9307049,

[99] GimOoN, E. G., AND PoLcHINSKI, J. Consistency conditions for orientifolds and
D-manifolds. Phys. Rev. D 54 (1996), 1667-1676. E-print archive: hep-th/9601038.

[100] GINSPARG, P. Comment on toroidal compactification of heterotic superstrings. Phys.
Rev. D 85 (1987), 648-654.

[101] GIRARDELLO, L., PORRATI, M., AND ZAFFARONI, A. Heterotic type II string duality
and the H-monopole problem. Int. J. Mod. Phys. A 11 (1996), 4255-4272. E-print
archive: hep-th/9508056.

[102] GivEON, A., PORRATI, M., AND RABINOVICI, E. Target space duality in string
theory. Phys. Rept. 244 (1994), 77-202. E-print archive: hep-th/9401139.

[103] Griozzl, F., SCHERK, J., AND OLIVE, D. Supergravity and the spinor dual model.
Phys. Lett. B 65 (1976), 282-286.



160 Bibliography

[104] Griozzi, F., SCHERK, J., AND OLIVE, D. Supersymmetry, supergravity theories
and the dual spinor model. Nucl. Phys. B 122 (1977), 253-290.

[105] GREEN, M. B., AND SCHWARZ, J. H. Anomaly cancellations in supersymmetric
D = 10 gauge theory and superstring theory. Phys. Lett. B 149 (1984), 117-122.

[106] GREEN, M. B., AND SCHWARZ, J. H. Infinity cancellations in SO(32) superstring
theory. Phys. Lett. B 151 (1985), 21-25.

[107] GREEN, M. B., SCHWARZ, J. H., AND WITTEN, E. Superstring theory, Introduction,
vol. I. Cambridge University Press, 1987.

[108] GREEN, M. B., ScHwARzZ, J. H., AND WITTEN, E. Superstring theory, Loop am-
plitudes, anomalies and phenomenology, vol. II. Cambridge University Press, 1987.

[109] Gross, D. J., HARVEY, J. A., MARTINEC, E., AND RoHM, R. The heterotic string.
Phys. Rev. Lett. 5/ (1985), 502-505.

[110] Gross, D. J., HARVEY, J. A., MARTINEC, E., AND RoHM, R. Heterotic string
theory (I). the free heterotic string. Nucl. Phys. B 256 (1985), 253-284.

[111] Gross, D. J., HARVEY, J. A., MARTINEC, E., AND RoHM, R. Heterotic string
theory (II). the interacting heterotic string. Nucl. Phys. B 267 (1986), 75-124.

[112] GUVEN, R. Black p-brane solutions of D = 11 supergravity theory. Phys. Lett. B 276
(1992), 49-55.

[113] HARMARK, T. Coupling constants and brane tensions from anomaly cancellation in
M-theory. Phys. Lett. B 431 (1998), 295-302. E-print archive: hep-th/9802190.

[114] HARVEY, J. A. Magnetic monopoles, duality and supersymmetry. In Trieste HEP
Cosmology 1995 (QCD161:W626:1995) (1996), pp. 66-125. E-print archive: hep-
th/9603086.

[115] HORAVA, P. Gluino condensation in strongly coupled heterotic string theory. Phys.
Rev. D 54 (1996), 7561-7569. E-print archive: hep-th/9608019.

[116] HorRAvVA, P., AND WITTEN, E. Heterotic and type I string dynamics from eleven
dimensions. Nucl. Phys. B 460 (1996), 506—524. E-print archive: hep-th/9510209.

[117] HorRAvVA, P., AND WITTEN, E. Eleven-dimensional supergravity on a manifold with
boundary. Nucl. Phys. B 475 (1996), 94-114. E-print archive: hep-th/9603142.

[118] HorOwITZ, G. T., AND STROMINGER, A. Black strings and p-branes. Nucl. Phys.
B 360 (1991), 197-2009.

[119] HowE, P. S., AND SEZGIN, E. Superbranes. Phys. Lett. B 890 (1997), 133-142.
E-print archive: hep-th/9607227.



Bibliography 161

[120] HowEg, P. S., AND SEzZGIN, E. D = 11, p = 5. Phys. Lett. B 394 (1997), 62-66.
E-print archive: hep-th/9611008.

[121] Howeg, P. S., AND WEsT, P. C. The complete N = 2, D = 10 supergravity. Nucl.
Phys. B 238 (1984), 181-220.

[122] Hurr, C. M., AND TOWNSEND, P. K. Unity of superstring dualities. Nucl. Phys. B
438 (1995), 109-137. E-print archive: hep-th/9410167.

[123] ITOYAMA, H., AND LEON, J. Some quantum corrections to Calabi—Yau compactifi-
cation. Phys. Rev. Lett. 56 (1986), 2352-2355.

[124] 1zQUIERDO, J. M., LAMBERT, N. D., PAPADOPOULOS, G., AND TOWNSEND,
P. K. Dyonic membranes. Nucl. Phys. B 460 (1996), 560-578. E-print archive:
hep-th/9508177.

[125] KAKU, M., TOWNSEND, P. K., AND VAN NIEUWENHUIZEN, P. Properties of con-
formal supergravity. Phys. Rev. D 17 (1978), 3179-3187.

[126] KAaLuzA, T. On the problem of unity in physics. Sitz. Preuss. Akad. Wiss. K 1
(1921), 966.

[127] KAPLAN, D., AND MICHELSON, J. Zero modes for the D = 11 membrane and
five-brane. Phys. Rev. D 53 (1996), 3474-3476. E-print archive: hep-th/9510053.

[128] KiriTsIS, E. Introduction to superstring theory. Leuven University Press, 1998. E-
print archive: hep-th/9709062.

[129] KLEIN, O. Quantentheorie und fiinfdimensionale relativititstheorie. Z. Phys. 37
(1926), 895-906.

[130] Kuco, T., AND UEHARA, S. Conformal and Poincaré tensor calculi in N = 1
supergravity. Nucl. Phys. B 226 (1983), 49-92.

[131] Kuco, T., AND UEHARA, S. Improved superconformal gauge conditions in the N =1
supergravity Yang—Mills matter system. Nucl. Phys. B 222 (1983), 125-138.

[132] LALAK, Z., POKORSKI, S., AND THOMAS, S. Beyond the standard embedding in M-
theory on S'/Zjy. Nucl. Phys. B 549 (1999), 63-97. E-print archive: hep-ph/9807503.

[133] LALAK, Z., AND THOMAS, S. Gaugino condensation, moduli potential and super-
symmetry breaking in M-theory models. Nucl. Phys. B 515 (1998), 55-72. E-print
archive: hep-th/9707223.

[134] Louis, J. Nonharmonic gauge coupling constants in supersymmetry and superstring
theory. In Boston PASCOS 1991 (QCD161:169:1991) (1991), pp. 751-765.

[135] Lu, J. X. Remarks on M-theory coupling constants and M-brane tension quantiza-
tions. E-print archive: hep-th/9711014.



162 Bibliography

[136] Lukas, A., OvruT, B. A., AND WALDRAM, D. On the four-dimensional effective
action of strongly coupled heterotic string theory. Nucl. Phys. B 582 (1998), 43-82.
E-print archive: hep-th/9710208.

[137] Lukas, A., OvruT, B. A., AND WALDRAM, D. Gaugino condensation in M-theory
on S'/Z,y. Phys. Rev. D 57 (1998), 7529-7538. E-print archive: hep-th/9711197.

[138] Lukas, A., Ovrur, B. A., AND WALDRAM, D. Non-standard embedding and
five-branes in heterotic M-theory. Phys. Rev. D 59 (1999), 106005. E-print archive:
hep-th/9808101.

[139] Lukas, A., Ovrut, B. A., AND WALDRAM, D. Five-branes and supersymmetry
breaking in M-theory. JHEP 04 (1999), 009. E-print archive: hep-th/9901017.

[140] LusT, D., AND THEISEN, S. Lectures on string theory. Springer-Verlag, 1989.

[141] MALDACENA, J. The large N limit of superconformal field theories and supergravity.
Int. J. Theor. Phys. 38 (1999), 1113-1133. E-print archive: hep-th/9711200.

[142] MARcuS, N., AND SAGNOTTI, A. Tree level constraints on gauge groups for type I
superstrings. Phys. Lett. B 119 (1982), 97-99.

[143] MIRABELLI, E. A., AND PESKIN, M. E. Transmission of supersymmetry breaking
from a four-dimensional boundary. Phys. Rev. D 58 (1998), 065002. E-print archive:
hep-th/9712214.

[144] MisNER, C. W., THORNE, K. S., AND WHEELER, J. A. Gravitation. W. H. Freeman
and Company, 1973.

[145] MONTONEN, C., AND OLIVE, D. Magnetic monopoles as gauge particles? Phys.
Lett. B 72 (1977), 117-120.

[146] MoORRISON, D. R. Geometric aspects of mirror symmetry. E-print archive:
math.ag/0007090.

[147] MoRRISON, D. R., AND VAFA, C. Compactifications of F-theory on Calabi—Yau
threefolds - I. Nucl. Phys. B 473 (1996), 74-92. E-print archive: hep-th/9602114.

[148] MoORRIsON, D. R., AND VAFA, C. Compactifications of F-theory on Calabi-Yau
threefolds - II. Nucl. Phys. B 476 (1996), 437-469. E-print archive: hep-th/9603161.

[149] NAHM, W. Supersymmetries and their representations. Nucl. Phys. B 185 (1978),
149-166.

[150] NAIR, V. P., SHAPERE, A., STROMINGER, A., AND WILCZEK, F. Compactification
of the twisted heterotic string. Nucl. Phys. B 287 (1987), 402-418.

[151] NAMBU, Y. Quark model and the factorization of the Veneziano amplitude. In
Symmetries and quark models (1970), R. C. (Gordon and Breach), Eds., p. 269.



Bibliography 163

[152]

[153]

[154]

[155]

[156]

[157]

[158]

[159]

[160]

[161]

[162]

[163]

164]

[165]

[166]

NArAIN, K. S. New heterotic string theories in uncompactified dimensions < 10.
Phys. Lett. B 169 (1986), 41-46.

NARAIN, K. S., SARMADI, M. H., AND WITTEN, E. A note on toroidal compacti-
fication of heterotic string theory. Nucl. Phys. B 279 (1987), 369-379.

NeEpPoMECHIE, R. I. Magnetic monopoles from antisymmetric tensor gauge fields.
Phys. Rev. D 31 (1985), 1921-1924.

NEVEU, A., AND SCHWARZ, J. H. Factorizable dual model of pions. Nucl. Phys. B
91 (1971), 86-112.

NieLsEN, H. B. An almost physical interpretation of the integrand of the n-point
Veneziano model. In 15th International Conference on High-Energy Physics (Kiev)
(1970).

NiLLEs, H. P., OLECHOWSKI, M., AND YAMAGUCHI, M. Supersymmetry breaking
and soft terms in M-theory. Phys. Lett. B 415 (1997), 24-30. E-print archive: hep-
th/9707143.

NiLLes, H. P., OLECHOWSKI, M., AND YAMAGUCHI, M. Supersymmetry breakdown
at a hidden wall. Nucl. Phys. B 530 (1998), 43-72. E-print archive: hep-th/9801030.

NiLLES, H. P., AND STIEBERGER, S. String unification, universal one-loop correc-
tions and strongly coupled heterotic string theory. Nucl. Phys. B 499 (1997), 3-28.
E-print archive: hep-th/9702110.

OBERS, N. A., AND PIOLINE, B. U duality and M-theory. Phys. Rept. 318 (1999),
113-225. E-print archive: hep-th/9809039.

OoaGurl, H., Oz, Y., AND YIN, Z. D-branes on Calabi—Yau spaces and their mirrors.
Nucl. Phys. B 477 (1996), 407-430. E-print archive: hep-th/9606112.

OsBORN, H. Topological charges for N = 4 supersymmetric gauge theories and
monopoles of spin 1. Phys. Lett. B 83 (1979), 321-326.

PapapoprouLos, G., AND TOWNSEND, P. K. Intersecting M-branes. Phys. Lett. B
380 (1996), 273-279. E-print archive: hep-th/9603087.

Pasti, P., SOROKIN, D., AND ToNIN, M. Note on manifest Lorentz and general
coordinate invariance in duality symmetric models. Phys. Lett. B 352 (1995), 59-63.
E-print archive: hep-th/9503182.

PasTi, P., SOROKIN, D., AND TONIN, M. Duality symmetric actions with manifest
space-time symmetries. Phys. Rev. D 52 (1995), 4277-4281. E-print archive: hep-
th/95061009.

PaAsti, P., SOROKIN, D., AND TONIN, M. On lorentz invariant actions for chiral
p-forms. Phys. Rev. D 55 (1997), 6292-6298. E-print archive: hep-th/9611100.



164 Bibliography

[167] PasTI, P., SOROKIN, D.; AND TONIN, M. Covariant action for a D = 11 five-brane
with the chiral field. Phys. Lett. B 898 (1997), 41-46. E-print archive: hep-th/9701037.

[168] PERRY, M., AND SCHWARZ, J. H. Interacting chiral gauge fields in six dimensions
and Born-Infeld theory. Nucl. Phys. B 489 (1997), 47-64. E-print archive: hep-
th/9611065.

[169] PoLcHINSKI, J. Dirichlet branes and Ramond-Ramond charges. Phys. Rev. Lett. 75
(1995), 4724-4727. E-print archive: hep-th/9510017.

[170] PoLcHINSKI, J. TASI lectures on D-branes. E-print archive: hep-th/9611050.

[171] PoOLCHINSKI, J. String theory, An introduction to the bosonic string, vol. I. Cambridge
University Press, 1998.

[172] POLCHINSKI, J. String theory, Superstring theory and beyond, vol. II. Cambridge
University Press, 1998.

[173] PoOLCHINSKI, J., AND WITTEN, E. Evidence for heterotic - type I string duality.
Nucl. Phys. B 460 (1996), 525-540. E-print archive: hep-th/9510169.

[174] PrRASAD, M. K., AND SOMMERFIELD, C. M. Exact classical solution for the 't Hooft
monopole and the Julia—Zee dyon. Phys. Rev. Lett. 35 (1975), 760-762.

[175] RAJARAMAN, R. Solitons and instantons. North-Holland Personal Library, 1982.
[176] RAMOND, P. Dual theory for free fermions. Phys. Rev. D 8 (1971), 2415-2418.

[177] RANDALL, L., AND SUNDRUM, R. A large mass hierarchy from a small extra dimen-
sion. Phys. Rev. Lett. 83 (1999), 3370-3373. E-print archive: hep-ph/9905221.

[178] RANDALL, L., AND SUNDRUM, R. An alternative to compactification. Phys. Rev.
Lett. 83 (1999), 4690-4693. E-print archive: hep-th/9906064.

[179] REY, S.-J. The confining phase of superstrings and axionic strings. Phys. Rev. D 43
(1991), 526-538.

[180] RoHM, R., AND WITTEN, E. The antisymmetric tensor field in superstring theory.
Ann. Phys. 170 (1986), 454-489.

[181] RomANs, L. J. Massive N = 2a supergravity in ten dimensions. Phys. Lett. B 169
(1986), 374-380.

[182] RovELLI, C. Strings, loops and others: a critical survey of the present approaches to
quantum gravity. E-print archive: gr-qc/9803024.

[183] SATO, T. On dimensional reductions of the M-9-brane. E-print archive: hep-
th /0003240.



Bibliography 165

[184] SCHERK, J., AND SCHWARZ, J. H. Dual models and the geometry of space-time.
Phys. Lett. B 52 (1974), 347-350.

[185] SCcHWARZ, J. H. N = 8 supergravity in various dimensions and the implications for
four dimensions. Phys. Lett. B 95 (1980), 219-221.

[186] ScHWARZ, J. H. Gauge groups for type I superstrings. In Proc. of the Johns Hopkins
Workshop on Current Problems in Particle Theory 6 (1982), pp. 233-245.

[187] SCHWARZ, J. H. Superstring theory. Phys. Rept. 89 (1982), 223-322.

[188] ScuawARz, J. H. Covariant field equations of chiral N = 2, D = 10 supergravity.
Nucl. Phys. B 226 (1983), 269-288.

[189] ScHWARZ, J. H. An SL(2,7) multiplet of type IIB superstrings. Phys. Lett. B 860
(1995), 13-18. E-print archive: hep-th/9508143.

[190] ScHWARZ, J. H. Superstring dualities. Nucl. Phys. Proc. Suppl. 49 (1996), 183—-190.
E-print archive: hep-th/9509148.

[191] ScHWARZ, J. H. The power of M-theory. Phys. Lett. B 367 (1996), 97-103. E-print
archive: hep-th/9510086.

[192] ScHwWARZ, J. H. Lectures on superstrings and M-theory dualities. Nucl. Phys. Proc.
Suppl. 55 B (1997), 1-32. E-print archive: hep-th/9607201.

(193] ScawARzZ, J. H. Coupling a self-dual tensor to gravity in six dimensions. Phys. Lett.
B 395 (1997), 191-195. E-print archive: hep-th/9701008.

[194] ScEwWARZ, J. H., AND SEN, A. Duality symmetric actions. Nucl. Phys. B 411 (1994),
35-63. E-print archive: hep-th/9304154.

[195] ScHWARZ, J. H., AND SEN, A. Duality symmetries of 4D heterotic strings. Phys.
Lett. B 312 (1993), 105-114. E-print archive: hep-th/9305185.

[196] SCHWARZ, J. H., AND WEST, P. C. Symmetries and transformations of chiral N = 2,
D = 10 supergravity. Phys. Lett. B 126 (1983), 301-304.

[197] SEIBERG, N., AND WITTEN, E. Electric-magnetic duality, monopole condensation,
and confinement in N = 2 supersymmetric Yang-Mills theory. Nucl. Phys. B 426
(1994), 19-52. E-print archive: hep-th/9407087.

[198] SEIBERG, N., AND WITTEN, E. Monopoles, duality and chiral symmetry breaking
in N = 2 supersymmetric QCD. Nucl. Phys. B 431 (1994), 484-550. E-print archive:
hep-th/9408099.

[199] SEIBERG, N., AND WITTEN, E. String theory and non-commutative geometry. JHEP
09 (1999), 032. E-print archive: hep-th/9908142.



166 Bibliography

[200] SEN, A. Strong-weak coupling duality in four-dimensional string theory. Int. J. Mod.
Phys. A 9 (1994), 3707-3750. E-print archive: hep-th/9402002.

[201] SEN, A. Dyon-monopole bound states, selfdual harmonic forms on the multi-monopole
moduli space, and SL(2,7Z) invariance in string theory. Phys. Lett. B 329 (1994), 217
221. E-print archive: hep-th/9402032.

[202] SEN, A. Unification of string dualities. Nucl. Phys. Proc. Suppl. 58 (1997), 5-19.
E-print archive: hep-th/9609176.

[203] SHENKER, S. H. Another length scale in string theory? E-print archive: hep-
th /9509132

[204] SIEGEL, W. Gauge spinor superfield as scalar multiplet. Phys. Lett. B 85 (1979),
333-334.

[205] SonntUs, M. F. Introducing supersymmetry. Phys. Rept. 128 (1985), 39-204.

[206] SouNTUS, M. F., AND WEST, P. C. An alternative minimal off-shell version of N = 1
supergravity. Phys. Lett. B 105 (1981), 353-357.

[207] STELLE, K. S. Lectures on supergravity p-branes. In Trieste 1996, High energy physics
and cosmology (1996), pp. 287-339. E-print archive: hep-th/9701088.

[208] STELLE, K. S., AND WEsST, P. C. Minimal auxiliary fields for supergravity. Phys.
Lett. B 74 (1978), 330-332.

[209] STROMINGER, A. Heterotic solitons. Nucl. Phys. B 343 (1990), 167-184.

[210] STROMINGER, A., AND VAFA, C. Microscopic origin of the Bekenstein—-Hawking
entropy. Phys. Lett. B 879 (1996), 99-104. E-print archive: hep-th/9601029.

[211] STROMINGER, A., YAU, S.-T., AND ZAsrLow, E. Mirror symmetry is T-duality.
Nucl. Phys. B 479 (1996), 243-259. E-print archive: hep-th/9606040.

[212] SusskIND, L. Dual-symmetric theory of hadrons. -I. Nuovo Cim. A 69 (1970), 457—
496.

[213] TeEITELBOIM, C. Gauge invariance for extended objects. Phys. Lett. B 167 (1986),
63-68.

[214] TeEITELBOIM, C. Monopoles of higher rank. Phys. Lett. B 167 (1986), 69-72.

[215] THIERRY-MIEG, J. Remarks concerning the Eg x Eg and D¢ string theories. Phys.
Lett. B 156 (1985), 199-202.

[216] THIERRY-MIEG, J. Anomaly cancellation and fermionisation in 10-, 18- and 26-
dimensional superstrings. Phys. Lett. B 171 (1986), 163-169.



Bibliography 167

[217] TowNsEND, P. K. The eleven-dimensional supermembrane revisited. Phys. Lett. B
350 (1995), 184-187. E-print archive: hep-th/9501068.

[218] TowNsEND, P. K. P-brane democracy. In PASCOS/Hopkins 1995 (QCD161:J55)
(1995), pp. 271-286. E-print archive: hep-th/9507048.

[219] TowNSEND, P. K. D-branes from M-branes. Phys. Lett. B 373 (1996), 68-75. E-print
archive: hep-th/9512062.

[220] TsEYTLIN, A. A. No-force condition and BPS combinations of p-branes in 11 and 10
dimensions. Nucl. Phys. B 487 (1997), 141-154. E-print archive: hep-th/9609212.

[221] VAFA, C. Evidence for F-theory. Nucl. Phys. B 469 (1996), 403-418. E-print archive:
hep-th /9602022,

[222] VAFA, C., AND WITTEN, E. A one-loop test of string duality. Nucl. Phys. B 447
(1995), 261-270. E-print archive: hep-th/9505053.

[223] VAN NIEUWENHUIZEN, P. Supergravity. Phys. Rept. 68 (1981), 189-398.

[224] VENEZIANO, G. Construction of a crossing-symmetric, Regge behaved amplitude for
linearly rising trajectories. Nuovo. Cim. A 57 (1968), 190-197.

[225] WITTEN, E. Dyons of charge ef/2n. Phys. Lett. B 86 (1979), 283-287.

[226] WITTEN, E. Some properties of O(32) superstrings. Phys. Lett. B 149 (1984), 351—
356.

[227] WITTEN, E. Dimensional reduction of superstring models. Phys. Lett. B 155 (1985),
151-155.

[228] WITTEN, E. String theory dynamics in various dimensions. Nucl. Phys. B 443 (1995),
85-126. E-print archive: hep-th/9503124.

[229] WITTEN, E. Five-branes and M-theory on an orbifold. Nucl. Phys. B 463 (1996),
383-397. E-print archive: hep-th/9512219.

[230] WITTEN, E. Strong coupling expansion of Calabi—Yau compactification. Nucl. Phys.
B 471 (1996), 135-158. E-print archive: hep-th/9602070.

[231] WITTEN, E. Phase transitions in M-theory and F-theory. Nucl. Phys. B 471 (1996),
195-216. E-print archive: hep-th/9603150.

[232] WiITTEN, E. On flux quantization in M-theory and the effective action. J. Geom.
Phys. 22 (1997), 1-13. E-print archive: hep-th/9609122.

[233] WITTEN, E. Five-brane effective action in M-theory. J. Geom. Phys. 22 (1997),
103-133. E-print archive: hep-th/9610234.



168 Bibliography

[234] WITTEN, E., AND OLIVE, D. Supersymmetry algebras that include topological
charges. Phys. Lett. B 78 (1978), 97-101.

[235] Wu, T. T., AND YANG, C. N. Some remarks about unquantized non-abelian gauge
fields. Phys. Rev. D 12 (1975), 3845-3844.



