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Abstract 
A new digital filter class is presented which is based on the hardware 

simulation of passive analog LC filters in a leapfrog manner. This filter 
class exploits a high oversampling in order to minimize the hardware of 
the devices and to restrict the side effects of the sampling on the frequency 
response. Also due to the oversampling, the filter state variables are coded 
on a single bit. The amplitude of signals is determined by the frequency of 
the true bits pulses. Likewise, coefficients are entered to the filter as pulse 
rates. The operators of the Bystem are up-down counters, which act as 
integrators, and rate multipliers, which code the outputs of the counters 
back to a bit rate. 

Two leapfrog synthesis methods have been proposed. They correspond to 
the ladder and the lattice structures. An analysis method allows to evaluate 
the effects of the quantization of both coefficients and variables. The 
integrated circuit implementation of a filter can be realized by the abutment 
of a small set of basic bit slices. 

The proposed filters process pulse frequency modulated signals. The 
interfaces between this kind of signals and the analog or the digital world 
are performed by simple and reliable readily available building blocks. Due 
to the high oversampling, the oversampled digital leapfrog filters are 
limited to applications of band edge frequencies limited to some kHz. 
Domains of interest include the processing of pulse frequency modulated 
Bignals related to sensors and actuators such as quartz crystals and 
stepping motorB. The limited signal bandwidth motivates the use of this 
kind of filters for applications such as the monitoring of thermal or 
mechanical processes up to the filtering of telephone signals. 
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Résumé 
Une nouvelle classe de filtres numériques est proposée. Elle se base sur 

la simulation numérique d'un filtre analogique LC paBsif. Cette classe de 
filtres se distingue par un haut taux de suréchantillonnage qui permet de 
réduire le matériel nécessaire à sa réalisation et qui rend négligeables les 
distorsions de la réponse en fréquence dues à l'échantillonnage. Du fait de 
ce suréchantillonnage, les variables d'état du filtre sont codées sur un seul 
bit. L'amplitude des signaux est alors donnée par la densité temporelle des 
bits "1". Les coefficients eux aussi Be présentent sous la forme d'un train 
d'impulsions. Les opérateurs du By stem e sont des compteurs-décompteurs, 
qui agissent comme des intégrateurs, et des multiplieurs à taux 
programmable qui réencodent les sorties deB compteurs en un train 
d'impulsions. 

Deux méthodes de synthèse ont été développées. Ces structures sont 
dérivées des filtres en échelle et des filtres en treillis. Une méthode 
d'analyse permet d'évaluer les effets de la quantification des coefficients et 
des variables du filtre. La réalisation du filtre sous forme de circuit intégré 
peut se faire par le collage d'un ensemble réduit de tranches. 

Ce type de filtres traite des signaux modulés en fréquence d'impulsions. 
Les interfaces entre ce type de signaux et aussi bien le monde analogique 
que le monde numérique sont réalisées par des blocs fonctionnels existant, 
simples et fiables. Du fait du haut taux de suréchantillonnage, la mise en 
oeuvre de ces filtres est limitée à deB fréquences de coupure de quelques 
kHz. Parmi les domaines d'intérêt, citons le traitement de signaux codés en 
fréquence associés à des capteurs et des actuateurs comme par exemple les 
quartz ou les moteurs pas à pas. La largeur de bande limitée de ces filtres 
permet leur mise en oeuvre pour des applications concernant des processus 
variant lentement comme des mesures thermiques ou mécaniques 
jusqu'au filtrage de signaux téléphoniques. 



Ovenampled digital leapfrog filter* ft 

Table of contents 

1 Introduction 1 
1.1 Scope of ODLFs 2 
1.2 Appliance of ODLFa 5 
1.3 Structure of the work 8 

2 System and signals 11 
2.1 The UDC as an integrator '. 12 
2.2 The RM as a multiplier and quantizer IS 
2.3 Bit rate adder and subtracter 21 
2.4 ODLF input and output signals 22 

3 Synthesis 23 
3.1 Analog passive reference prototype 24 
3.2 Active ladder synthesis .' 25 
3.3 Active lattice synthesis 27 

4 Analysis 37 
4.1 State-space description 38 
4.2 Ladder and lattice state-space matrices 39 
4.3 Quantization of the coefficients 40 
4.4 Quantization of the internal variables 42 

5 Realization 51 
5.1 System considerations 52 
5.2 UDC 57 
5.3RM 60 
5.4 Adder 63 
5.5 VLSI implementation 64 

6 Design example 67 
6.1 Benchmark filter specifications 68 
6.2 Transfer function approximation 69 
6.3 Synthesis 71 
6.4 Analysis 75 
6.5 Simulation 79 
6.6 Realization 83 
6.7 Computer Aided Design 85 

7 Conclusions.. 87 
7.1 Comparison with other filter structures 88 
7.2 Possible extensions to the work 89 
7.3 Domain of interest for the ODLFs 90 

Acknowledgements 91 
Abbreviations 92 
Glossary 93 
References 96 
Annex A 99 



Introduction pagi I 

1 Introduction 

Oversampled Digital LeapFrog filters (ODLFa) rely on the simulation of 
an analog passive LC prototype in order to inherit its interesting properties. 
The simulation of a reactance in its ladder expansion is performed by a 
chain of up-down counters and rate multipliers. The filter state variables 
and coefficients are coded in the form of a pulse frequency modulation. 

In order to properly simulate the analog network, the ODLFs require a 
high oversampling. The overBampling ratio is determined by the desired 
signal to noise ratio or by the allowed transfer function deviation. 

The work is structured as follows: first the system and Us signals are 
presented, then the synthesis showB the method used to derive an ODLF 
from its analog passive prototype, the analysis step allows to determine the 
required sampling rate to fulfill the specifications and an integrated circuit 
realization method is presented. An example filter specification set is 
chosen to describe the complete design procedure of an ODLF. 
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Ll Scope of ODLFs 
1.1.1 Analog passive filter 

Actual filtering techniques largely rely on the simulation of an analog 
passive LC filter [Nei81]. Indeed, although the advent of the transistor has 
widely enlarged the variety of signal processing systems, it pointed out a 
problem which had not occurred before: the first active filters suffered from 
a high sensitivity of the transfer function to their element values. 
Alternately, this problem disclosed the most interesting property of passive 
analog filters: they are extremely insensitive to variations of their element 
values. 

The most important and most widely UBed passive analog filter is the 
doubly terminated reactance two-port (Tem77). It is depicted in figure 1.1. 
The two-port is exclusively made out of inductances and capacitances. One 
port, considered as the input port, is driven by a generator EG of internal 
resistance RG and the other port is considered as the output port and loaded 
with a resistor RL-

E, 

Figure 1.1 LoatleBi doubly terminât«d two-port. 

The low sensitivity to the element values of the doubly terminated analog 
LC fi 1 UrB can be explained by considerations about the power transmission 
from the input signal generator to the output load [Tem77]. 

The most widely used passive reactance two-port is the ladder network. 
The ladder configuration is built from an alternative placement of a Beri es 
and a shunt reactance. Figure 1.2 presents a special case of a ladder where 
the series reactances are inductances and the sbunt reactances are 
capacitances. 
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Figure 1.2 Doubly terminated LC ladder two-port 

In addition to a low passband sensitivity, the ladder two-port also proves 
to have a fine s topband behavior. This criterion favors the ladder 
configuration as the most interesting prototype candidate for an active filter 
design. 

1.1*2 Active leapfrog filter 

One classical active filter structure simulating a passive LC ladder 
prototype has been introduced by [Gir70j. In the proposed synthesis method, 
the reactances of an analog passive LG ladder prototype are simulated by 
integrators, in accordance to the relations between currents and voltages of 
the reactances: 

(1.1) 

The one-to-one correspondence between the elements of the passive filter 
and the integrators of the active system serves to duplicate not only the 
overall response of the filter but also the internal workings. This structural 
similarity ensures the active filter to inherit the interesting proprieties of 
the analog prototype. The synthesis method was named as LeapFrog (LF) 
due to the appearance of the feedback links in the schematic representation. 

The LF structure simulating the ladder prototype of figure 1.2 is 
represented in figure 1-3. In the schematic representation, each integrator 
is followed by a multiplier setting the integrator gain. The multiplier 
coefficients are radian frequencies inversely proportional to the element 
value of the passive prototype. 

Figura 1.3 LF active filter. 
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Without the resistive generator and load, the ladder of figure 1.2 
corresponds to the Cauerl expansion of an LC impedance [Tem77]. This 
means that not only the LC ladder but also any reactance can be simulated 
by a LF structure. 

1.1.3 Digital LF filter 

The digital realization of the LF synthesis leads to different possible 
structures (Bru75j, In the Direct-transform Digital Integration (DDI) 
synthesis method, the integrators of the active leapfrog are realized by 
accumulators. The integrator gains of the active device are set by a digital 
multiplier. 

Unlike the bilinear z-transform, the DDI z-transfonn does not map the 
s-plane imaginary axis onto the z-plane unit circle. As a consequence, the 
sampled transfer function is not a stretched replica of the time-continuous 
transfer function; the DDI z-transform results in the distortion of the 
transfer function in a manner similar to the standard z-transform. 

The main effect of the DDI plane mapping conBÌBta in a band edge droop 
of amplitude depending on the ratio between the sampling rate and the 
band edge frequency [Bru75]. Additionally, the DDI z-transform does not 
produce a zero at the location z - -1 . ThuB, the stopband attenuation is 
limited by the periodicity of the transfer function. 

Subsequently, the DDI synthesis method requires a high sampling rate 
compared to the band edges of the filter specifications. Yet its interest relies 
in the low coefficient sensitivity which leads to a worthy reduction of the 
multiplier coefficient wordlength. 

1.1.4 ODLF 

The non-idealities of the DDI structures depend on the sampling rate. 
Obviously, these effects vanish as the sampling rate tends towards infinity. 
Moreover, the increase of the sampling rate allowB the coding of the 
internal filter variables with a reduced number of bits. The decrease of the 
number of bits of the signals as a function of the oversampling depends on 
the coding scheme. 

ODLFs are DDI structures whose sampling rate is high enough to allow 
the coding of the filter variables on a single bit. The coding algorithm 
makes use of dithering. As the filter variables are represented with a single 
bit, the ODLF operators turn out to become even more moderate. The 
accumulators simplify to counters so that the differential input integrators 
of the analog active LF are implemented by Up-Down Counters (UDCs). As 
for the multipliers setting the integrator gainB with their output coded to a 
BÌngle bit, they are efficiently implemented by Rate Multipliers (KMB). RMS 
are basically made out of a quantizer, which codes the bit-parallel input to a 
single bit, and a one bit multiplier which multiplies the quantizer output 
with the bit-rate input. 
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The ODLF realization of the analog active LF filter of figure 1.3 is thus 
obtained by replacing the integrators in the figure by UDCs and the 
multipliers by RMs. The corresponding structure is shown in figure 1.4. 

, l 
IRJ1 IHT1 

.R , 1 
HP, 

E, E 
M 

E 
Ï 

Ji U2 

Figure M ODLF. 

The ODLF state variables corresponding to the voltages and the currents 
of the analog passive prototype are found at the RM outputs. As they are 
coded on a single bit, they can be considered as pulse rates. In a similar 
manner, the ODLF coefficients are set by pulses of rate inversely 
proportional to the value of the reactance simulated by the UDC-RM set. 

The relative placement of the UDC and the RM in the basic building 
block can be exchanged: the RM can be placed before the UDC. In thÌB case, 
the RMs would have more than one bit-parallel input and the same number 
of single bit outputs. Moreover, the feedback lines would have to be replaced 
by busses. This dual configuration is more coBtly in terms of hardware and 
will generally not be considered in this work, although it could reveal of 
interest for systems having bit-paraltel inputs and outputs. 

1.2 Appliance of ODLFs 
1.2.1 Oversampling ratio 

ODLFs require a high oversampling in order to properly simulate the 
analog passive prototype. The minimal sampling rate ffl for signals limited 
to a baseband [-¾, fijl is given by the sampling theorem: 

f8 > 2-fb (1.2) 

In most of the common sampled filters, the sampling rate is then 
chosen as low as possible in order to reduce the filter order and the 
precision of the coefficients. Alternately, oversampled filters are 
characterized by a sampling rate Beveral orders of magnitude higher than 
the baseband of the Bignal they process. The ratio between the chosen 
BampHng rate and the minimal sampling rate is called the oversampling 
ratio: 

2-fb (13) 

The use of a high oversampling allows the coding of the signals with a 
limited set of values, usually with only two possible values. The frequency 
band between the signal baseband and the half of the sampling rate is 
occupied by a noise signal originated from the quantization of the signals. 
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In the ODLFa, the incremental behavior of the UDCs determine the 
minimal value for the oversampling ratio. Indeed, the UDCa act as 
integrators with a time constant proportional to the power of two of their 
number of bits. This means that assigning one supplemental bit to the 
UDCs requires to double the value of the sampling rate in order to maintain 
the frequency response of the filter unchanged. 

1.2.2 Signal quantization 

In common digital filters uaing fixed point arithmetic, the Signal to 
Noise Ratio (SNR), in dB, of a signal is proportional to the number of bits 
used to code the signal [Cou84]: 

ÇqdB « 6-nuts (1-4) 

Depending on the statistical properties of the signal, an offset haa to be 
added to the preceding law. 

In consequence, the SNR of a signal coded on a single bit seems useless 
for the use in digital signal processing. But as already mentioned, the SNR 
ia improved by an appropriate oversampling algorithm. Oversampling 
quantization algorithms do not unequivocally assign one unique quantized 
output value to a set of input values: the choice of the quantized output value 
is also determined by the history of the signal quantization process. 

Figure 1.5 provides an example of the binary quantization of a signal. 
The decision whether to assign a one or a zero to the quantized sample 
depends not only on the amplitude of the input signal but al BO on the 
decisions that have been taken before. 

a) continuous time signal 

y(t) 

CJJJJUIUIIIiL 
b) signal coded Io D single bit 

Figure 1.5 Oversampled signal coding. 
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SNR improvement due to oversampling ÌB generally expressed in terms 
of bit per octave. Dithering bears 1 bit / octave, which means that the SNR is 
increased by 6 dB as the sampling frequency is moved one octave higher or, 
in other terms, as the oversampling ratio ÌB doubled. Single bit coding using 
error feedback loops results in more efficient SNR enhancement. First 
order LA modulators provide 1.5 bit / octave and Becond order loops 2.5 bit / 
octave [Can85J. 

The UDCs require such a high oversampling so that they allow the use 
of the most simple quantizing algorithm. Hence the SNR enhancement 
provided by the dithering inside the RMs is sufficient to encode the UDG 
outputs. 

1.23 Transfer function deviation 

The transfer function deviation of a DDI structure compared to the 
initial filter approximation function has been Bhown [Bru75] to be described 
by two non-idealities: a bandedge droop and a limited stopband attenuation. 
The other source of transfer function deviation is the quantization of the 
coefficients and variables of the digital filter. 

Due to the high oversampling, both the bandedge droop and the limited 
Btopband attenuation affect the transfer function in a negligible manner. 
However, the quantization of the coefficients and the variables have to be 
examined thoroughly for the filter to meet the specifications. 

Coefficient quantization changes the shape of the transfer function in a 
deterministic way. So coefficient quantization can be done in an iterating 
loop as long as the obtained transfer function still meets the specifications. 
In contrast, the quantization of the variables does not change the shape of 
the transfer function. This quantization is modeled as the superposition of 
noise sources to the filter variables and results in a deviation of the transfer 
function around its analytic Bhape. The amplitude of the deviation depends 
on the filter structure and on the number of bits assigned to the operators. 
Quantization of the variables is also performed in an iterating manner by 
adding bits to the operators until the transfer function with its maximal 
deviation fits into the filter specifications. For ODLFs, this is done at the 
expense of a higher sampling rate. 

1.2.4 Advantages and limitations 

ODLFs are digital devices simulating an analog passive filter. The 
ODLF coefficients are the inverses of the element values of the analog 
prototype. The simulation of the internal workings of the passive filter 
ensures the very low sensitivity of the passband transfer function to 
coefficient values. The shape of the transfer function depends on the 
relative values of the coefficients. The amplitude of the coefficients 
determine the magnitude of the band edge frequencies. 

ODLFs can be considered as a limiting case of DDI filters. Due to the 
high oversampling, they are insensitive to the transfer function deviation 
which is the major limitation associated to the DDI synthesis method. 
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From their DDI parent, they inherit the advantages of simplicity of design 
and minimal complexity in terma of hardware. 

Furthermore, the high overaampling of ODLFB allows to simplify its 
operators to UDCs and RMs, leading to a drastic hardware reduction. The 
use of these basic operators make them a close relative to Quasi-Continuous 
Digital Filters (QCDFs) [Far84], (FarBS], [Far86]. The QCDFs also 
implement integrator based structures, but their signals are defined aB 
pulse rates which are not synchronized to a sampling clock. This difference 
leads to a more difficult characterization of the QCDF signals and, above 
all, realization problems due to the asynchronous configuration of the 
pulses. As for the QCDFs, the ODLFs inputs and outputs are defined as 
pulse rates rather than binary numbers. This coding of the signals allows 
the use of inexpensive and robust Analog to Digital (A/D) and Digital to 
Analog (D/A) converters. Moreover, pulse frequency modulated signals are 
found in association with Bensors and actuators. The coefficients, too, are 
pulse rates. As such, their value can be refined without this having any 
effect on the size of the corresponding multiplier. 

The major limitation to the application of ODLFs consists in the high 
sampling rate. The sampling rate is proportional to the power of two of the 
required SNR, in dB, of the signals inside the filter. Hence, the use of high 
order ODLFs is best suited for filter requirements exhibiting sharp 
transition bands rather than for requirements with considerable stopband 
attenuation. Together with the simplicity of the operators, the high 
sampling rate refrains the relevance of time multiplexing for this kind of 
device. 

1.3 Structure of the work 
The specificity of the ODLFs has been introduced heretofore. The filter 

design task, leading from a system specification to a digital circuit 
realization, follows the same steps for any filter type and LB sketched in 
Figure 1.6. 

The same steps will be followed for the ODLF design. They are briefly 
presented hereafter and each one more thoroughly in a chapter of the work. 

Chapter 2, "System and signals" presents the working of the ODLF 
operators and analyses the signals related to them. The chapter discloses 
the relation between the coding of operators outputs and the SNR of the 
corresponding signals. 

Chapter 3, "Synthesis" shows how an ODLF can be derived from a ladder 
or a lattice passive LC analog prototype. The ladder synthesis method 
provides the most efficient implementation of an all-pole filter. For the more 
general case, the lattice synthesis is to be preferred. 

Chapter 4, "Analysis" examines the effectB of the quantization of the 
ODLF coefficients and signals. This step allows to determine the 
oversampling ratio necessary to ensure that the device meets the 
soecifications. 
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Figure 1.6 Filter design task. 

Chapter 5, "Realization" puts forth the Very Large Scale Integration 
(VLSI) realization of ODLFs. The operators are built up out of bit slices 
abutted one to another. UDCs and RMs are also abutted together. Last, the 
feedback links are wired in the leapfrog manner. 

Chapter 6, "Design example" describes a complete ODLF synthesis, all 
the way from the filter specifications to the VLSI realization. 
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2 System and 
signals 

The UDC acta as an integrator of the LF structure. Its incremental 
behavior requires a high oversampling in order to generate a full scale 
signal. 

The RM is used as a multiplier setting the integrator gain as well as a 
quantizer delivering an output coded on a single bit. The quantization 
algorithm makes use of dithering. 

Beside integrators and multipliers, some LF structures require an 
adder or a subtracter. In ODLFs, this operator receives two bit rates as 
inputs and maintains data coded on only one bit at the output. 

Input and output signals as well as coefficients of the ODLFs are coded 
as pulse rateB. The rate is defined between O and the ODLF sampling rate 
and corresponds to an amplitude in the range [O, I] . The coding and 
decoding of analog signals is simple and requires less hardware than A/D 
and D/A conversion. 
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2.1 The UDC as an integrator 
Inside the ODLF, the UDCs simulate the integrators of the analog LF 

structure. In this section, first the operator is described. From this, the 
transfer function of the UDC is determined in the time-discrete z-domain 
and, taking into account the high oversampling, the equivalent transfer 
function is expressed in the time-continuous s-domain. Last, the major 
limitation of the UDC as a signal processing operator is detailed in termB of 
an oversampling requirement. 

2.1.1 The operator 

Figure 2.1 a) displays an integrator of the active LF structure. The LF 
integrators generally have a differential input. Using the DDI z-transform, 
the digital counterpart of this integrator ÌB an accumulator with two inputs. 
In the special case where the inputs are coded on a single bit, the adder can 
be replaced by an incrementer/decrementer so the accumulator with two 
inputs is implemented by an UDC. 

a) integrator with a differentia! input 

x+(nT8) 

x.(nT) 

S> y(nTJ 

b) digital accumulator simulating the integrator 

xt(nTJ 
x.(nT) 

UDC ^> y(nTs) 

c) accumulator with the inpuU coded on a tingle bit 

Figure 2.1 Up-Down Counter (UDC). 
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Figure 2.1 c) is the schematic representation of an UDC. The UDC 
inputs are ODLF state variables. These are coded on a single bit and can be 
interpreted as pulse rates. The UDC output is a bit-parallel binary number 
which will be modulated back to a single bit representation by a RM. 

2.1.2 UDC transfer function 

Here, the equivalent s-domain transfer function is found which 
describes the working of the UDC as an integrator. This is determined from 
the z-domain transfer function of the UDC under the assumption of a high 
overaampling. 

The behavior of the accumulator of figure 2.1 b) is described in the 
z-domain by 

Z-Yd) - X(z) + Y(z) (2.1) 

where X(z) stands for the difference of the two inputB X+(Z) and X.(z). 

For the UDC, care has to be taken about the relative amplitude of the 
input and the output. Throughout this work, both are considered as 
normalized in the domain [O, I]. In this case, an input x(nT8) of one will 
cause the incrementing of the output y((n+I)T8) by one Least Significant Bit 
(LSB) which corresponds to 1 / 2n b i u of the total amplitude of y((n+l)Ta). The 
UDC is thus characterized by 

zY<*> - P ^ + Y(z) <2 2 ) 

where nbUa stands for the number of bits of the UDC. The transfer function 
is then given by 

sT 
The complex variable z is defined as e ", where T8 is the sampling 

period. In the case of highly oversampled devices, sTs is very small and the 
exponential can be approximated by the two first terms of its Taylor series 

z - e^» a l+sT s (2.4) 

As a matter of fact, the preceding approximation corresponds to the 
definition of the DDI z-transform. Using this approximation, the transfer 
function of the UDC in the B-domain becomes 

1100 " 2 " - ' - 1 T , • . = J*=-- < 2 W 

Under the above assumption of high overaampling, the UDC transfer 
function has been found as the one of an integrator with a fixed gain. This 
model of the UDC, symbolized in figure 2.2, will be used for the ODLF 
synthesis. 
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X(s) Y(s) 

Figure 2.2 Tranifer function of the UDC ei an mtegralor. 

The integrator time constant is proportional to the power of two of the 
number of bits of the UDC and inversely proportional to the sampling rate; 
this means that adding one bit to every UDC in a filter and doubling the 
sampling rate leaves the transfer function unchanged. The following 
discussion about the oversampling required by the UDC showB that the 
frequency fa 12nbiu is greater than the bandwidth of the filter state variables, 
but remainB of same order of magnitude. 

2.1.3 UDX? over-sampling 

The use of the UDC as a signal processing operator is restricted by its 
incremental behavior which leads to a limited bandwidth of its output. This 
constraint is a function of the sampling rate and and can so be expressed aB 
a requirement in terms of oversampling. 

This can be analyzed in the case of a full scale Bine wave UDC output of 
frequency fb equal to the maximal value allowed by the signal bandwidth. 
The limitation of the UDC arises from the fact that the values of two 
contiguous output samples differ at roost of 1 LSB. In order to generate the 
given signal, the sampling period T8 must be small enough so that the 
maximal difference between two samples of the signal is smaller or equal to 
1 LSB. Figure 2.3 presents the situation graphically. 

'1/2(1+U)1J) 

1/2 (1 + sin tobt) 

*. t 

Figure 23 Sampled tine wave. 

If A is the maximal difference between two samples of the sine wave of 
frequency fb, it corresponds to 

ô«bTa 
ft, (2.6) 
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The oversampling ratio is 

0 8 r - 2¾ " 2À t 2-7) 

So the condition that A ÌB smaller or equal to 1LSB, this is 1 / 2 n b i u , requires 
an oversampling ratio of 

osr ä 1 2 ^ - (2.8) 

The equation (2.8) points out the major limitation of ODLFs. The use of 
incremental devices requires a very high sampling rate compared to the 
signal bandwidth. This is compensated by the small hardware required by 
the operators. 

2.2 The RM as a multiplier and quantizer 
In the ODLF, the utilization of RMs is twofold. The RMs set the gain of 

the integrators of the analog LF structure and they code the UDC bit-
parallel outputs back to a single bit. In this section, first the operator is 
described. From this, the transfer function of the RM is determined. Last, 
the quantization noise of the device is analyzed. 

23.1 The operator 

The RM has one bit parallel input and one bit rate input The output is a 
bit rate corresponding to the bit rate input decimated according to the value 
of the bit parallel input. The RM exÌBts as a logic integrated circuit such as 
the CD4089. As an ODLF operator, it is used together with an UDC. The bit 
parallel input comes from the UDC output whereas the bit rate input 
represents a filter coefficient. 

Figure 2.4 displays a RM and its behavior in the case of constant inputs. 
In figure 2.4 b), the coefficient pulse rate c is Bhown on the top. Underneath, 
the output of a 4 bit RM is displayed for every possible value of the input x. 
With constant inputs, the RM output is periodic of period 2n b i u cycles. With 
a zero value of x, the RM output remains zero. With x corresponding to 1/2, 
coded as 1000, the RM output pulse rate it the half of the input coefficient 
rate. The largest value of x, coded as 1111 and corresponding to the 
amplitude of 1 - 2 ' n b i t \ leads to an output rate where only every 1 of 2"b i t ' 
pulses of c is inhibited. 

The logic waveforms of the RM described in this work are slightly 
different than the working of the CD4089. The proposed RM has been 
designed to show regular transitions for small variations of the bit-parallel 
input. Moreover, in ODLFs, the coefficient pulse rate is sampled, which 
means that it will not necessarily look as regular as the one presented in 
figure 2.4 b). For example, the putae rate of a coefficient equal to c » 3/4 has 
the repetitive pattern of 3 samples of amplitude 1 followed by one sample of 
amplitude O. With this, the period of the RM output with a constant input 
turns to be of the length of2nbiu/c cycles. However, with a proper scaling of 



page 16 System end »ignuli 

the ODLF variables, the coefficient c is always greater than 1/2, which leadB 
to a maximal period of 2^nbitl* ' cycles. 

c(nT) 

x(nT8) O y(nT8) 

a) schematic representation 

JTJTJTJTnJOJTJTJOJTJTJTJ^^ 

m i _ j i J T J T J x n j T J x n j T J T J x ^ 

b) time responses of a 4 bit RM in the caie of constant input« 

Figure 2.4 RateMulUplierfllM). 

Figure 2.4 b) tends to indicate that the computation of the rate 
multiplication requires 2 n b i u pulses of c to provide a readable output. 
However, it should be noted that each individual RM output sample does 
makes sense at every clock cycle. It corresponds to the bit parallel input x 
quantized to a single bit. The length of the dither pattern determines the 
period over which the quantization errors towards O and towards 1 ßhould 
have compensated and provides the base frequency of the lines spectrum of 
the dither pattern. 
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Z2.2 RM transfer function 

Here, the transfer function of the RM is found. It is determined from the 
working of the operator, depicted in figure 2.5. 

a) functional diagram 

counter 
l 

J l J l 
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b) dither iigna] 

Q 
Xq 

quantica bon 

c) block diagram 

Figur«2.6 IntemalworkingoftheRM. 

The RM first quantizes the bit-parallel input x(nTs) to a single bit 
representation Xq(nT„). Then the signal Xq(nT9) and the coefficient c(nT9), 
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which are both coded on a Bingle bit, are multiplied by a mere AND gate to 
deliver the RM output y(nT8). The corresponding block diagram is 
represented in figure 2.5 c). 

The quantization is performed by adding & dither signal to the input 
x(nTB) and by keeping only the Most Significant Bit (MSB) of the sum. The 
dither pattern is a high frequency periodic signal d(nT„) which spectrum is 
distinct from the one of the input signal x(nTB) except for a DC component 
of 172, as sketched in figure 2.6 b). So1 in a signal processing point of view, 
the addition of the dither pattern consists in the superposition of a DC value 
of 1/2 to the signal in its baseband. The sum of two samples, coded on nbits 
bits in the interval [O, 1], is coded on (nbits+1) bits in the interval [O, 2]. 
Taking the MSB of the sum consists in comparing the sum to 1. In 
summary, the RM quantizer adds a DC component of 1/2 to tho input x(nTs) 
in its baseband and compares the sum to 1; this corresponds to comparing 
the input x(nTs) to 1/2 which is actually is rounding quantization. 

In the above mentioned process, a quantization error is added to the 
input signal x(nT8) but the amplitude of x(nT8) is left unchanged. The 
following multiplication is exact so the global transfer function of the RM 
does not show any Bcaling coefficient. Thus without taking into account the 
nonlinear effects of quantization, the transfer function of the RM can be 
expressed as 

The quantization inside the RM is the main source of noise inside the 
ODLFs. Another quantization noise occurs inside the adder of the lattice 
structure. 

2.2.3 RM signal quantization 

The description of the working of the RM refers to a quantization 
operation. The effect of this quantization is analyzed now in terms of SNR 
and compared to the quantization of the bit parallel coding of the UDC 
output. 

The quantization of the RM input to a single bit is a non-linear 
operation. As such, it can not be described in terms of a transfer function. 
The engineering approach to this problem is to model the quantization 
process by the insertion of a noise source at the place where the 
quantization occurs. The noise signal is defined as the difference between 
the Bignals after and before the quantization. Its spectral density is 
estimated from the quantization algorithm. 

Hypothesis have to be made about the quantization noise sources. Their 
spectral ßhape are generally assumed to be white and aB such the 
quantization noise is presumed to be uncorrected to the signal. For digital 
signals coded with a fixed point representation, the energy of the 
quantization noise is estimated from equation (1.4) 

c^dB a 6-nfajta (2.10) 
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where nuts stands for the number of bite used for the representation of the 
values of the samples. However, quantization to a single bit is a severe 
procedure and requires the two afore mentioned prerequisites to be 
reconsidered. 

Quantizing a signal to a single bit using rounding or truncation 
obviously leads to a noise signal with a spectral content not white but very 
much correlated to the original signal. RMs overcome this problem using 
dithering. Dithering consists in adding a chaotic signal, called dither 
signal, to the input Bignal before the quantization operation. In this way, 
the quantization noise becomes quite independent of the input signal. 
Besides, the spectral content of the dither signal is high enough for that 
signal not to interfere with the input signal. Figure 2.5 b) illustrates how 
the dither Bignal is generated in the RM: each pulse of the bit rate input 
increments a counter and the dither signal is the counter output where the 
weight of the bits is reversed (the MSB is considered as LSB and vice-versa). 
This algorithm requires very little hardware and still has a high frequency 
content. As a matter of fact, the LSB of the counter, the MSB of the dither 
pattern, changes at each coefficient puke so, as pictured in figure 2.5 b), the 
dither signal swings over and under 1/2 at each change. Figure 2.6 b) 
provides the expected spectra of the signals in the dithering process. 

For a Bignal quantized to a single bit, the quantization error can be of 
same amplitude as the signal. However if oversampling is used, the signal 
remains limited to its baseband f-fb, fblVhUst the noise spreads over a 
larger frequency band [-fa/2, fa/21. In essence, the SNR in the whole 
frequency band remains unchanged with oversampling, but in the signal 
baseband the SNR is improved proportionally to the oversampling. As it is 
equal to 1 for an oversampling ratio of 1, the SNR of a signal coded on a 
single bit using dithering is equal to the oversampling ratio. 

£, = osr (2.11) 

Figure 2.6 c) delineates the SNR enhancement due to oversampling. For 
the same signal X(s) limited to a baseband [-ft,, $>], if the sampling rate is 
doubled from fai to fa2, the noise power is stretched in a twice as large 
frequency band and its amplitude is thus reduced by a factor of two 
throughout the frequency band. 
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a) dithering 
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e) ovenampling and quantitation 

Figure 2.6 RM lignai quantization. 

The SNR of the RM dithering can be compared to the SNR associated to 
the signal coding of the UDCs. Equation (2.8) states that the incremental 
behavior of the UDC requires an oversampling ratio greater than 2 n b i u . 
With this, the SNR, in dB, of the dithering can be rewritten as 

osr a 21*'1* (2.12) Cq dB = 201og10(osr) a 6nWts 

Equation (2.12) shows that the SNR of the dithering is of same order of 
magnitude and is even greater than the SNR of the bit-parallel coding 
associated to the UDCs in the ODLFs. It ßhould be noted that the UDCs1 

although possessing a quantized output are no source of quantization, left 
out the effects of overflow. Moreover, although the UDCs also are 
oversampled, they take little advantage of the oversampling to code their 
output due to their integrator-type transfer function. 
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A more efficient single bit coding scheme than dithering is used by XA 
modulation [Cha90]. This method consists in feeding the quantized output 
back into the quantizer. As a result, the transfer function of the 
quantization noise to the quantizer output is no more equal to unity. The 
Bhape of the noÎBe transfer function is of highpass type. For this reason, 
more of the noiBe power is retrieved out of the signal baseband providing so 
a better SNR in this band. Nevertheless, together with the oversampling 
required by the incremental behavior of the UDCs, the SNR supplied by 
dithering is sufficient to maintain the quality of the RM inputs, aB can be 
seen by equation (2.12). Dithering coding scheme results into a smaller 
hardware and into less high frequency noise which can induce limit cycles 
in the LSBs of the counters. 

2.3 Bit rate adder and subtracter 
The need for an adder or subtracter can occur in ODLF structures. For 

example the first UDC of the ladder ODLF depicted in figure 1.4 has one 
positive and two negative outputs; this can be implemented by an adder 
calculating the Bum of the negative inputs followed by an UDC with one 
positive and one negative input Buch as the other UDCB of the chain. Also in 
the lattice structure, such as the ODLF of figure 3.11, the output is 
determined as the difference between the two branches. 

The sum or the difference of two signals coded on one bit normally 
require two bits to maintain all the information of the input data. However, 
as the bit rates are known to be oversampled, it is possible to code the output 
back on a single bit. This ia done by placing a first order £A modulator at 
the adder or subtracter output [OLeOO]. 

J-X1OiT1) 

x2(nT8) 
y(nT8) 

X1CnT8) 

x2(nT8) 

a) bit rate adder itructura 

MSB • y(nT8) 

b) bit rato adder realization 

Figure 2.7 Bit rato adder. 
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The transfer function of the bit rate adder shows a scaling of 1/2. Indeed, 
the output of the adder is in the range [0, 2] but is assumed to be normalized 
in the range (O11] by the LA modulator. 

y - 2'<*l + *2) (213) 

The bit rate subtracter is realized by placing an inverter at the negative 
input of the operator [OLe9Q]. Care should be taken of the fact that this 
operator implies the use of signed arithmetic. Here too, the output is scaled 
by 1/2. 

2.4 ODLF input and output signals 
2.41 OBLF input 

The ODLF input is fed into an UDC and is thus in the form of a pulse 
rate. From the analog world, a signal can be shaped into a pulse rate using 
a voltage to frequency converter which requires less hardware then an A/D 
converter. Actually, some A/D converters make use of a voltage to frequency 
converter as a building block. Besides, information also happens to be found 
directly in the form of pulse rates, as it is the case for quartz sensors. 
Finally, a digital signal is transformed to a pulse rate by a rate multiplier 
or eventually a IA modulator. 

As a pulse rate, the ODLF input is defined positive. Eventually, an offset 
has to be added to the original signal in order to encode it. The pulBe rate ÌB 
synchronized to the ODLF clock and then sampled. After the sampling, a 
series of zeros corresponds to the amplitude O and a series of ones 
corresponds to 1. Any value between these bounds is coded by an series of 
alternating zeroes and ones. The amplitude is determined by the relative 
amount of zeros and ones. In summary, the input signal is coded as a pulse 
rate varying between O and the ODLF sampling frequency. This rate is 
considered as the signal amplitude ranging in the domain [O, I]. 

2.42 ODLF output 

The shape of the ODLF output depends on the chosen structure. The 
output of a ladder ODLF1 as the one of figure 1.4, is in the form of a pulse 
rate. The output can also be read from the last UDC of the chain; this data 
is proportional to the bit rate output. The lattice ODLF output is the 
difference between two pulse rates. This value can be coded on two bits and 
eventually modulated back onto a single bit. 

The D/A conversion of a signal coded on a single bit is done by switching 
between a reference voltage and a zero voltage. This analog output Bhould 
then be lowpass filtered in order to separate the signal from the 
quantization noise. A pulse coded output can be of interest for the 
transmission of a BÌgnal in a noisy environment. It may also be of interest 
in Bome applications such as stepping motor control. If a digital output is 
required, it can be obtained by the decimation of the binary pulses. 
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3 Synthesis 

The ODLF synthesis relies on the simulation of an analog passive filter. 
The relevant feature of the analog passive filter is its low sensitivity to 
variations of its element values. 

In the case of all-pole filters, the LC ladder prototype leads to a 
straightforward active filter implementation characterized by a low 
sensitivity to coefficient valueB also in the stopband. 

If the filter owns not only poles but also zeroes, the simulation of the LC 
lattice prototype reveals to be preferable. This structure also allows to easily 
generate a complementary filter output. An alteration of this structure 
allows the simple generation of allpass filters. 
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3.1 Analog passive reference prototype 
Actual filtering techniques largely rely on the simulation of an analog 

passive LC filter [Nei81]. Indeed, although the advent of the transistor has 
widely enlarged the variety of signal processing systems, it pointed out a 
problem which had not occurred with analog filters: the first operational 
amplifier active filters suffered from a high sensitivity to their element 
values. The low sensitivity to the element values of the doubly terminated 
analog LC filters can be explained by considerations about the power 
transmission from the input signal generator to the output load. 

The most important and most widely used passive analog filter is the 
doubly terminated reactance two-port (Tem77). It is depicted in figure 3.1. 
The two-port is made out of inductances and capacitances. One port, 
considered as the input port, is driven by a generator EG of internal 
resistance RQ and the other port is considered as the output port and loaded 
with a resistor RL-

Figure 3.1 Lossless doubly terminated analog filler. 

The LC network of the two-port is lossless: it does not dissipate any 
power. The power of the generator is dissipated in its internal resistance 
RG and in the load RL- If the input signal EG lies in the filter passband, the 
two-port drives the power of the generator to the load, as shown in figure 
3.2 a). Then, as it is well known, the maximum ratio of the power delivered 
by the generator can be dissipated in the load resistance if the source and 
the load resistances are matched: 

R L - R G (3.1) 

In this case, the generator and the load are Baid to be matched and the 
transmitted power is equal to the half of the maximum amount of power 
delivered by the generator. If the input signal EG lies in the filter stopband, 
the two-port acts roughly as a short circuit on the generator and all of its 
power is dissipated in the internal resistance. This case is represented in 
figure 3.2 b). 
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È) power traniminion in the passband 

Ro 
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b) power transmission in the stopband 

Figure 3.2 Power transmission from the generator to the load. 

The lossless doubly terminated two-ports have a very little sensitivity to 
variations of their element values in the pasaband [Tem77]. Indeed, the 
power transmission ia maximal when the filter elements have their 
nominal values. If one element value is either increased or decreased, the 
perfect match between the parts of the system will be disturbed and the 
output will be decreased. So at the frequencies where the power transfer is 
maximal with the nominal values of the elements, the sensitivity to 
changes of the elements around their nominal values is zero. Thus, a 
matched system consisting of a lossless two-port and its resistive 
terminations has a natural immunity against the variations of any of its 
elements in the passband. Singly terminated or unterminated networks do 
not have thia property. 

Two types of analog devices will be considered hereafter as prototypes: 
the ladder and the lattice LC filters. Both lead to thB synthesis of LF filters 
which are canonical in regard to the number of integrators and of 
multiplying coefficients. 

3.2 Active ladder synthesis 
The most commonly used passive reactance two-port ia the ladder filter. 

Figure 3.3 displays a fifth order lowpass ladder filter. The relation between 
this network and the model described in figure 3.2 is straightforward: for a 
DC signal, the inductances act as Bh ort circuits and the capacitances as 
open circuits so the device corresponds to the circuit of figure 3.2 a); for very 
high frequency signals, the inductances act as open circuits and the 
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capacitances as short circuits so the device corresponds to the circuit of 
figure 3.2 b). 

R 0 Ii 

E, O* ifci 

1^ rm ,ynm ILV 
L< 

=l 1½ l b u, 

Figure 3.3 LC ladder two-port. 

The simulation of the passive analog ladder filter using integrators haa 
been described by [Gir70]. It is called the active ladder or LeapFrog (LF) 
synthesis. The internal workings of the analog prototype are described by 
the integral equations relating the voltages and the currents of the 
capacitances and the inductances: 

rsCfc-Uck m 1Ck - lUk-U-Iuk+l) 
laLk-Itk = ULk - Uc<k-1)-Uc(ktl) 

The equations are slightly different for the first and the last integrator. 
Equation (3.3) represents the state-space description of the ladder of 
figure 3.3: 

E G - U C I - R G I L 2 SRGCIUCI 

aRcRGlL2 

SRGC 3 UC3 

L4 
Sj^RGlL4 

sRoCfi-Uce 

H(s) 

UCl-Uc3 

RGIL2 - RGIL4 

UC3 - UCE 

RG 

RclL*-g^Uc5 

(3.3) 

EG 

UCT 

EG 

The state space set of equations (3.3) ÌB built by a chain of integrators and 
the LF feedback loops, as shown in figure 3.4 for the case RG - R L - R-

E. 

figure 3.4 Ladder LP filter. 
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The ODLF realization of the LF structure ia similar to the device of 
figure 3.4: the integrators are replaced by UDCs and the coefficients setting 
the integrator gain are realized by RMs. 

T1 T4 

E, E 
- + UDC i KH f- 4 i B li U2 

Figure 3.5 Ladder ODLP. 

As has already been stated, the greatest power transfer is done when the 
generator and the load are matched, this is when BG » RL- Nevertheless, it 
appears that for an all-pole ladder this requirement cannot always be 
satisfied. This is due to the fact that an equally terminated all-pole ladder 
has a maximal transfer function amplitude of 1/2 and the DC amplitude 
also is 1/2. This condition that the transfer function amplitude is never 
greater than its DC value ia met by Bessel, Butterworth and odd order 
Chebyshev functions but not by even order Chebyshev functions. 

The ladder LF synthesis allows to realize all-pole lowpass filters in a 
straightforward manner. In this case, all shunt impedances of the passive 
prototype are capacitances and all series impedances are inductances. The 
determination of the element values Ck and Lk from the filter poles locus is 
the most difficult point of the synthesis. For usual filter types, the element 
values can be obtained by filter design programs or found in tables [Saa79]. 
This difficulty is the price to pay for a decreased sensitivity of the generated 
filters. 

The generic case of ladder filters owning not only poles but also zeroes is 
not trivial to simulate using active devices. Various methods have been 
proposed, however none of them emerged as a definite solution. It can be 
noted that the analog ladder prototype owning zeroes is no more canonical 
in terms of number of elements, so the active device simulating the analog 
ladder also will require more hardware than required by the order of the 
filter. For the synthesis of inverse Chebyshev or elliptic (also named Cauer) 
filters, a method based on the simulation of a doubly loaded LC lattice two-
port will be presented here. 

3.3 Active lattice synthesis 
Compared to the ladder, the lattice structure suffers of a greater 

sensitivity in the stopband. However, the lattice synthesis allows to realize 
transfer functions owning not only poles but also zeroes with the smallest 
hardware, as they are canonical in terms of integrators. In this section, 
first the analog lattice is presented. A realization method is presented for 
biasing the filter state variables, in order to synthesize ODLFs using 
unsigned arithmetic. The relation between the lattice branches and allpass 
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filters ia established. From this, the analogy between the active lattice and 
the Lattice Wave Digital Filter (LWDF) structure is presented. This analogy 
allows to specify a doubly complementary transfer function for the active 
lattice. 

3.3.1 Active lattice 

The synthesis of a canonical active filter structure from an analog 
passive lattice two-port is performed in a straightforward manner. 

Lattice Filters, such as the one depicted in figure 3.6, are seldom used as 
analog devices because they require the two impedances Zn and Zb to be 
replicated in the mirror branches. Because of this, the number of elements 
is twice as large as the one of a canonical structure and the filters are very 
sensitive to a mismatch between these mirror impedances. 

Figure 3-8 Symmetrical lattice. 

Active filters can achieve the simulation of an analog passive 
symmetrical LC lattice terminated in equal resistances while remaining 
canonic in regard to the number of elements. For doing so, they take 
advantage of the symmetries inside the filter. Indeed, in the two-port of 
figure 3.6, the voltages and the currents associated to the mirror 
impedances are identical. 

Furthermore, the voltages and the currents associated to the 
impedances Za and Zb are independent of each other. This fact allows to 
realize an equivalent network made out two subnets. Indeed, as the voltages 
on the impedances Za and Zb are independent of each other, one can replace 
Zb in figure 3.6 by an open circuit to obtain the subnet corresponding to Z8. 
The same mechanism can be used for the subnet corresponding to Zb- The 
lattice filter output is the difference between the voltages on Z8 and Zb, as 
can be seen in figure 3.6. The network equivalent to the lattice is 
represented in figure 3.7. 
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Figure 3.7 Decomposition of the symmetrical lattice into two branchée. 

In this way, the lattice filter simulation can be realized by two identical 
generators each loaded by one of the impedances and a comparator 
providing the filter output, as represented in figure 3.7. Each resistive 
generator and its load impedance is designated as a branch. 

The transfer functions associated to the branches are written as 

„ , , 2Ub % 
"bW) - E 0 - Z b + R 

(3.4) 

and the overall filter transfer function ÌB obtained from difference of the 
partial transfer functions 

2U2 

EG 
H(s) - Hb(B) -H8(B) (3.5) 

The realization of the filter as the parallel connection of two blocks leads to 
the apparition of zeroes in the transfer function. The factor 2 in equation 
(3.5) has been inserted for reasons of normalization: the maximal voltage 
on the load of an LC network terminated in equal resistances is one half of 
the input. 

The Cauerl realization of the impedanceB Z4 and Zb provides a circuit in 
the form of a ladder [Tem77]. A corresponding branch is shown in figure 
3.8. It corresponds to a singly loaded ladder. The active filter realization of 
the branch will correspond to the LF chain of integrators of figure 3.4 where 
the feedback link, corresponding to the load resistor, on the last integrator 
of the chain is removed. 
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Figure 3.8 Résiliation oC one branch. 

If the Cauerl realization starts with a capacitance, the output of the 
branch (the voltage on the impedance) is equal to the voltage on the first 
capacitor Cai- This Ì8 actually a filter state variable: it corresponds to the 
output of the first integrator of the chain. 

3S2 Active filter with positive variables 

In order to work with unsigned arithmetic inside the ODLF, the state 
variables of the active filter must remain positive. 

If the branch of figure 3.8 is biased with a positive constant input U0, the 
voltages on the capacitances will have the same bias but the currents in the 
inductances will all be zero. In this case, a variation of the input could 
cause theBe currents to become negative. To avoid thÎB, a bias current is 
forced in the inductances by a current source I0 as shown in figure 3.9. For 
an even order branch, a voltage bias RI0 is applied on the capacitances. 

Figure 3.9 Lattice filter with positive itata variables. 

In the active filter, the bias is simulated by a constant value at the 
negative input of the last integrator of the chain. 
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The active filter simulating the analog equally terminated passive LC 
symmetrical lattice is realized by two branches and subtracter comparing 
the outputs of the branches. Each branch consists of a LF chain simulating 
a singly terminated ladder. 

E, 

Figure 3.10 Active b u k * filter. 

The ODLF corresponding to the active lattice of figure 3.12 is represented 
in figure 3.11. 

E, 

Figure 3.11 Lattice ODLP. 

The lattice ODLF of figure 3.11 is of Berne order as the ladder ODLF of 
figure 3.5, but this structure can implement transfer functions with 
smaller transition bands by a proper placement of the zeroes it possesses. 
In the passband, the sensitivity of the active lattice is comparable to the one 
of the active ladder. In the Btopband however, the sensitivity of the active 
lattice is much greater. 

3JSJ3 Allpass active filter 

One branch of the active lattice filter can serve to realize an allpass 
function. The interest of this is twofold: this propriety can serve to realize 
phase equalizers and the relation between a lattice branch and an allpass 
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filter allows to determine a relation between active lattice filters and 
LWDPs. 

Allpass filters are widely used in signal processing. They allow a 
modular approach to filter synthesis. A filter can be realized by the cascade 
of two devices: the first one satisfies only the amplitude requirements of the 
filter and the second one, an allpass filter, matches the phase response of 
the Bystem to the filter requirements. 

rt 

An allpass filter can be realized as a lattice filter where Z8Zb - R 
[Tem77J. However, the structure proposed here uses a single branch of the 
active lattice filter. This corresponds to a singly loaded ladder filter and is a 
subclass of the orthonormal ladder filters presented by [Joh89]. It presents 
the advantage to remain an allpass filter independently of coefficient 
changes. 

The zeroes of an allpass filter are the opposites of its poles. Because of 
thÌB, the coefficients of the numerator N(a) of the transfer function H(s) of 
an allpass filter are equal to the corresponding coefficients of the 
denominator D(s) except for sign reversals: the coefficients of the odd 
powers of s of the numerator are the opposites of the coefficients of the odd 
powers of s of the denominator. This propriety can be written as: 

W ì Wtì P M D^)-D0(S) 
H ( B ) ° D(s) " D(s) • D6(S) + D0(S) ( 3 6 ) 

where De(s) and D0(s) are respectively the even and the odd part of D(s). 
Equation (3.6) can be rewritten as: 

D«(B) l 

D0(S)+ 1 

The quotient D«(s) / D0(s) corresponds to an LC impedance: the 
numerator is even, the denominator is odd and the degrees of the 
numerator and of the denominator differ by one. This impedance Z, 
normalized to a resistance R, can be written as: 

D,(B) 
it » K • 

so equation (3.7) becomes 

R-RB (38) 

H(s) - I + ^ (3.9) 

This transfer function is obtained by taking the difference between the 
filter input EG and the double of the first state variable, as can be seen from 
figure 3.12. 
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Figura 3.12 AllpasinlUr. 

(3.11) 

A change in one of the filter coefficients corresponds to a change in the 
element values thus generating a different impedance than the expected 
one. Still the system transfer function, given by equation (3.9) remains an 
allpass function. 

3J3.4 Relationship to LWDFs 

LWDFs show a structure Bimilar to the one of active lattice filters. The 
LWDFs output is made out of the difference of two allpass branches. There 
is a one to one correspondence between the transfer functions of the 
branches of the LWDFs and of the active lattices filters. 

L W D F B also simulate a passive analog lattice filter. In a similar way as 
the one described above, the lattice is split into two branches and the output 
is made up by the comparison of the two branches [Fet86]. For the LWDFs1 

the transfer function of the individual branches is given by 

Sa(V) -

Sb(V) 

ga(-V) 

ga(V) 

gb(-V) 

gb(v) 

Z,-R 
Z.+R 

Zb-R 
Zb+R 

(3.12) 

where v is given by v « (z-1) / (z+1) and ÌB thus closely related to the 
variable a. The transfer functions of the individual branches are of allpass 
type and correspond to the allpass filter described by equation (3.9). The 
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overall filter transfer function is made out of the difference of the transfer 
functions of the branches: 

H(V) - S21(V) = ^ ^ M (3.13) 

The comparison of equations (3.4), (3.5) and (3.12), (3.13) puts forth the 
similarity of the two approaches. The relation between the two approaches 
is given by the relation between the transfer functions of the two types of 
branches: 

1^ " Za+R 2 ( 3 1 4 ) 

The transfer functions of the two types of branches differ by an 
additional constant term and a factor of two. The comparison of the two 
branches cancels out the constant and the factor of two is found in the 
LWDF transfer function, equation (3.13), so that fortunately both overall 
transfer functions are identical. 

The design of an active lattice can take advantage of thiB relationship. To 
determine the transfer functions of the branches, the active lattice designer 
can UBe algorithms developed for LWDFs such as [Gaz85] and obtain the 
desired active lattice functions using equation (3.14). Additionally, a 
complementary transfer function is obtained for active lattice filters in the 
same way as for LWDFs. 

3A5 DouUy complementary transfer functions 

The active lattice structure allows to directly obtain a complementary 
filter output. This feature allows the design of a highpasB filter from a 
lowpass reference prototype as well as the realization of bandsplit filters. 

Two filters are commonly said to be a complementary pair if the 
passband of one matches the stopband of the other and vice versa [Mit85]. 
Complementary filters are used to separate the information of a signal 
from different frequency bands. 

The two filters are said to be allpass complementary if their transfer 
functions H(Ju) and TT(JCU) satisfy the following condition: 

I H(jco) + H(JCi) I - 1 (3.15) 

This condition indicates that it is possible to reconstruct the original signal 
from the complementary filter outputs except for a phase distortion. 

Square magnitude complementary filters are defined by 

I H(JtO)I2+ I H(JCu)I2 . 1 (3.16) 

which means that the energy of the original signal is separated into the two 
complementary outputs. 



Synthetii page 35 

The two filters are said to be doubly complementary if both conditions are 
met. LWDFs offer an efficient and natural implementation of doubly 
complementary filters as a parallel connection of two allpass branches. 

In a similar way, the output of the active lattice filter is given by the 
comparison of two branches, as specified by equation (3.5): 

H(S) - Hb(S)-H8(S) (3.17) 

and the doubly complementary filter transfer function is given by 

TT(S) - 1-H8(S)-Hb(S) (3.18) 

As it is the case for LWDFs, the generation of the doubly complementary 
output requires a very small amount of overhead. The complementary 
output can be used for the design of a highpass filter. Indeed, a lowpass 
filter can be designed instead and the complementary output realizes the 
highpaBB function. 

The synthesis procedure of a lattice ODLF is similar to the one used for a 
LWDF. The transfer function poles are distributed among the lattice 
branches. The reactance functions Z* and Zb are derived from the values of 
the poles of their branch. The filter output is then realized by the 
comparison of the two branches. So far. no care has been taken about the 
transfer function zeroes. As a matter of fact, the lattice design does not 
provide any straightforward possibility to decide of the locations of the 
zeroes. The zeroes of the overall transfer function arise from the parallel 
connection of the two branches and are a function of the values of the poles. 
As such, lattice filters are limited to a restricted set of filter types. 
Fortunately, most amplitude approximation functions, such as elliptic, 
Chebyshev and Butterworth, are realizable with this synthesis procedure. 

One further restriction is that lowpasa and highpass transfer functions 
can only be realized with odd order filters whereas bandpass and bandBtop 
(also called notch) filters are limited to even order devices. This can be 
understood by the examination of the phase response of an even and of an 
odd allpass LWDF branch. 

The higher sensitivity of the active lattice in the stopband prone for the 
use of high order devices in the case of sharp cutoff or tight passband 
specifications. Analysis allows to determine the transfer function deviation 
in the stopband due to signal quantization and to choose the oversampling 
ratio and the number of bits required for the counters. 
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4 Analysis 

The analysis of the transfer function deviation and of the scaling of the 
signals inside ODLFs is realized with the help of the state-space description 
of the filter. 

The state-Bpace matrices of the ladder and the lattice filters are provided 
for the case of a fifth order filter. Due to the regularity of the BtructureB, the 
general form of the state-space matrices are derived by analogy. 

The quantization of the filter coefficients leads to a deterministic 
distortion of the transfer function. The state-space description enables to 
estimate the transfer function of the filter with quantized coefficients. 
Furthermore, the state-space matr ices can be used to examine the 
sensitivity of the transfer function to coefficient values. 

The quantization of the filter variables is analyzed for large scale and 
small scale effects. Large scale quantization errors arise from overflow and 
are avoided by proper signal scaling. Small scale quantization errors result 
in a distortion of the transfer function. 
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4.1 State-space description 
The state-space description has been mainly developed for control 

theory. This description does not only comprise the information relative to 
the transfer function of a device, it also scopes the internal workings of the 
system. The state-space description of a system describes three types of 
signals: 

- inputs, which are ordered in a column vector X(s), 
- state variables, a set of internal signals, ordered in a vector W(a), 
- outputs, which are ordered in a column vector Y(s), 

The description of a time-continuous syBtera is given in the Laplace 
domain by equations (4.1) and presented graphically in figure 4.1. 

S-W(S) « A-W(s)+ B-X(s) 

Y(s) . C-W(s) + DX(s) ( 4 , 1 ) 

Figure 4.1 State-ipace da »cripti on. 

The poles of the system are the eigenvalues of the matrix A. The zeroes 
depend on all state matrices. In the case of a Single Input Single Output 
(SISO) filter of order n, the sizes of the vectors are the following: 

• X(s) contains only one element and will be written as X(s), 
• W(B) contains n elements, 
• Y(a) contains only one element and will be written as Y(s). 

Consequently: 
- A is a n by n matrix, 
• B is a n element column vector, 
- C is a n element row vector, 
- D is a scalar. 
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If not explicitly specified, the filter state-space analysts will be presented 
for SISO systems. The derived results can be extended to the Multiple Input 
Multiple Output (MIMO) case, only the formulation is much more 
cumbersome. 

At present, the state-space matrices A, B, C, D of the ODLFs simulating 
the analog passive ladder and lattice filters will be determined. 

4.2 Ladder and lattice state-space matrices 
The state-space matrices are derived here for the more general case of 

integrator based active filters. The ODLFs are considered as an active filter 
Bubclass where the integrators are realized by UDCs and the integrator 
gains are set by RMs. 

42.1 Ladder active filter 

The state-space description of an active filter simulating an analog 
passive ladder filter terminated in equal resistances R can be obtained from 
equations (3.3) in the particular caBe of a 5 t h order device. They can be 
rewritten in a matrix form as: 

EG 

A J C I \ 

RIL2 

U 0 3 

R I u 

m 

/ -c i -c i O O O \ 

C2 O -C2 O O 

O C3 O -es O 

O O C4 O -C4 

\UC5 J V ° ° ° « -<* J 

fUCl\ 
RIL2 

Uc 3 

R I u 

+ 

/Cl \ 

O 

O 

O 

\VcsJ W 
/ U C 1 ^ 

U 2 - ( 0 0 0 0 1 ) 

RIL2 

UC3 

R I u 

VUcJ 

+ 0-

(4.2) 

where C)1 is either 1/RCk or RZLi1. 

The state-space matrices are easily obtained by the comparison of 
equations (4.1) and (4.2). The matrices are given for the particular case of a 
5 t h order device but their genera! form can be derived by analogy. 

The state variables have been chosen as the currents in the inductances, 
multiplied by the value of the termination resistances, RIiAt and the 
voltages on the capacitances, Uck- For the ODLF, thiB defines the state 
variables to be the RM outputs. Alternately, the state variables could be 
defined as the relative values of the currents and voltages to the 
corresponding element values, Itk/Lk and Uck'Ck- This would lead to 
different coefficients in the Btate-space matrices and would cause the UDC 
outputs to be the ODLF state variables. Important to notice is that the state 
variables are not the only internal filter signals but there exist also 

file:///VcsJ
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auxiliary variables used to build the state variables. These signals also have 
to be taken into account for the signal quantization analysis. 

42L2 Lattice active filter 

The state-space description of the active lattice Filter of figure 3.11 is 
given by equations (4.3). Two outputs are provided: the lattice filter direct 
output and the doubly complementary output. 

E 0 

f Ucal \ 
RIU2 

UCa3 

Ucbl 

a 

^-CaI-C8I 0 0 0 \ 

Ca2 0 -Ca2 0 0 

0 c a 3 0 0 0 

0 0 0 -Chi-Cbl 

V*lLb2/ V ° ° ° **2 ° J 

/ U C a l \ 

RlLa2 

UCa3 

Ucbl 

+ 

AaA 
0 

0 

Cbl 

\RILb2/ V0 J 
/ O J c a l ^ 

/ 2U2 \ / -1 0 0 1 0 \ 

[2"U2
-J0 [-1 0 0 - 1 0 J 

\RlLb2^ 

•0 
(4.3) 

E 0 

where cv ÌB either VRCw or R/Lfc. 

Here again, the Btate-space matrices are easily obtained by the 
comparison of equations (4.1) and (4.3). The matrices are given for the 
particular case of a 5 t h order device but their general form can also be 
derived by analogy. 

4.3 Quantization of the coefficients 
Analysis of coefficient quantization allows the filter designer to find an 

optimal coefficient set in order to minimize the filter hardware. 

4 A l Alteration of (he transfer function due to coefficient quantization 

The quantization of the filter coefficients leads to a determinate 
modification of the transfer function. The examination of the disturbance 
due to coefficient quantization requires an algorithm to evaluate the 
transfer function from the filter coefficients. The algorithm used here is to 
build up the state-space matrices with the coefficient set and to use the 
state-space theory to evaluate the transfer function. 

The coefficients are only quantized once: during the design process. 
Hence, the effect of coefficient quantization is to disturb the transfer 
function from its ideal form, usually in an invariable manner [Jac87]. A 
case where coefficient quantization leads to a signal dependent alteration of 
the filter response is distributed arithmetic [Kam77]. The transfer function 
of the filter with quantized coefficients can be obtained from the state-space 
matrices. This transfer function is compared to the filter specifications. 
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The transfer function of the state-space system is shown [Sch69) to be: 

H(s) = C(S l -A) - 1 BtD (4.4) 

where I is the identity matrix. 

Coefficient quantization is an optimization task and is thus done by 
recursive methods. The coefficients are set to some quantized values, aa for 
example the rounded value of their binary representation. From these, the 
state-Bpace matrices are built and the transfer function is evaluated. If the 
filter specifications are met, the set of coefficients is regarded aa one 
possible solution. The search procesB is repeated in order to find an optimal 
solution in terms of hardware. 

The ODLF coefficients are pulse rates. A practical realization method is 
to generate them from a common reference frequency. Because of this, 
optimization is concerned of finding a set of coefficients which are most 
easily derived from the reference frequency. The search will be oriented to 
obtain a set of common dividers of a same value or at least of fractional 
parts of a same value. Also of great interest is to obtain identical 
coefficients. The most direct approach is to generate the ODLF coefficients 
using RMs clocked by the same reference frequency. In this caBe, the 
coefficients are rounded to the nearest value of their binary representation 
and fed to the bit-parallel RM inputs. However, algorithms like simulated 
annealing or even, in the case of low order filters, trial and error can lead to 
far more economical solutions. Interesting to point out is that the 
optimization is meant to reduce the hardware used for the generation of the 
coefficients and not the hardware of the filter itself, as it is generally the 
case for digital filters. 

4&2 Sensitivity of the transfer function to coefficient values 

The estimation of the sensitivity of the transfer function is a valuable tool 
for the comparison of filter structures. The state-space description also 
provides algorithms for the evaluation of the sensitivity. 

The most common measure of the sensitivity of the transfer function 
H(s) to the value of the coefficient c, called classical sensitivity, is defined by: 

QH(i) 3H(s) c 3(ln H(a)) , . - , 
Sc - "3c~H(sT " ddnc) ( 4 5 ) 

This corresponds to a relative tolerance measure: it indicates how a relative 
change dc/c in the coefficient leads to a relative change 8H/H in the transfer 
function. 

For SISO systems, the partial derivative of equation (4.5) can be obtained 
from the state-space matrices as presented in [Sne86]. For this, two dual 
sets of intermediate transfer functions have to be defined. The HrBt set 
contains the transfer functions from the filter input to the integrator 
outputs and are referred as the signal gains. 

F(B) - ~ ^ - (sI-A)-1 B (4.6) 
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The second set contains the transfer functions from the integrator inputs to 
the filter output and are referred as the noise gains. 

G(s) = C(sl-A) -1 (4.7) 

From these function, the partial derivative of the transfer function with 
respect to the matrices coefficients is given by 

d H ( 8 ) G1(S)-Fj(S) 3Ajj 
dH(s) 
dBj 

3H(s) 

9H(s) 
3D 

Gi(B) 

Fi(B) 

1 

(4.8) 

The sensitivity of a given structure to variations of its coefficients can be 
estimated by the standard deviation in the transfer function for standard 
deviations of 1 percent of the nominal component values I Joh89]. 

£ faiHQto)! * 
I H(JCU) 0.01 Oc (4.9) 

Lc = AyBiCj 

In the passband, the transfer function deviation is measured as the 
relative value of the expected transfer function to the ideal response. It is 
given in dB [Joh89] by 

D(ÛI) = 20-logio 1 + 
I H ( J C U ) I 

IH(JtO)I 
(4.10) 

In the stopband, an expressive deviation measure is the expected 
transfer function, this is the sum of the ideal transfer function and the 
deviation. It is given in dB [Joh89] by 

H0(W) = 20 logio( I H(JO))I +alH(j to) l ) (4.11) 

The sensitivity measures are of greater importance in the analog than 
in the digital domain because of the variations of the element values with 
temperature or because of aging. For digital filters, theBe measures provide 
an indication about the sensitivity of the structures to the small scale 
quantization of the variables, as this quantization usually takes place in the 
multipliers. 

4.4 Quantization of the internal variables 
The analysis of the quantization of the signals inside a digital filter is 

meaningful for the designer to ensure stability and the required SNR of the 
device. Stability is ensured by a proper scaling of the signals to prevent from 
large scale quantization effects whilst the SNR is determined by the small 
scale quantization effects. 
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As opposed to coefficient quantization, the quantization of the signala 
inside a filter is no more deterministic. Strictly speaking, the resulting 
system is no more linear [Jac87]. 

The effect of signal quantization is modeled as linear perturbations by 
additive quantization noise: a quantization error e is added to the signal x 
producing the quantized signal Xq. An example of quantization law with 
saturation is shown in figure 4.2 b). As can be seen in figure 4.2 c), two 
main regions of operation can be defined: the quasi-linear operation region 
and the overflow region [Cla84]. 

B) quantitation model 

b) quantization law 

^sHsNSh 

overflow quasi-linear overflow 
operation 

c) quantitation error 

Figure 4.2 Modeling of lignai quantization. 
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The topic of the quantization of the filter internal variables is thus 
separated into two fields: quantization range which deals with overflow, 
and quantization step which analyses the SNR in the quasi-linear operation 
region. 

Inside the ODLFs, the two specific situations occur at different locations: 
overflow might arise at the output of the UDCs whilst quantization is 
happens inside the RMs. The quantization model looks somewhat like the 
one described in figure 4.2, but with specific attributes: 

- The overflow characteristic is due to the saturation of the UDCs and 
is identical to the one presented in figure 4,2. Alike most adders or 
accumulators of usual Infinite Impulse Response (UR) digital 
filters, the UDCs are not a source of small scale quantization errors. 

- Since the RM coefficient values are smaller than unity, this kind of 
operator can never be the source of overflow. Yet the small scale 
quantization errors arise inside the RMs, as it is the case for 
multipliers in digital filters. In the quasi-linear operation region, the 
quantization law cannot be described in a deterministic manner as in 
figure 4.2 b). Indeed, becauBe of the dithering, the quantization error 
of a RM can be different for input Bamples of same amplitude at 
different times. The quantization error of the RMs has been described 
in chapter 2, paragraph.2.2.3. 

4.4.1 Quantization range 

The analysis of large scale quantization effects requires an estimation of 
the range the signals inside the filter will use. Three estimators are 
presented hereafter. 

Overflow occurs when the signal grows larger than the maximum 
quantization value. Overflow of internal variables produces errors of same 
order of magnitude as the Most Significant Bit (MSB) of the digit holding the 
variable and causes large damage to the filter output. Its effects can be 
altered by influencing the overflow characteristic. The most common 
overflow characteristic is saturation arithmetic as presented in figure 4.2. 

In order to prevent overflow, the designer needs to estimate the dynamic 
range of the internal filter variables. The choice of a measure for the 
magnitude of the signal 

Wk(s) - Hk(B)X(S) (4.12) 

where H]1(S) is the transfer function from the input to the internal variable 
wit, depends strongly on the filter application and in particular on what is 
known about the input signal x(s) [Sne86]. Based upon the a-priori spectral 
characteristics of the input, three figures can be used to determine the 
amplitude range of the internal variable wy. 

- l|Wkll»: ' he peaking in the frequency response from X to Wk, 

- UWfclb: the Root Mean Square (RMS) amplitude of Wk, 

- llWklli: the maximal bound for the amplitude of Wk-
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These estimations correspond respectively to the L N norm, the Lg norm 
and the Lx norm commonly used in digital Bignal processing. Due to 
saturation and slew-rate limiting of the active integrators, the L« and the 
L2 norm have also been adopted in analog signal processing [Sne86]. 

If the filter input is known to consist mainly of a sinusoid of peak 
amplitude xm a x , the peaking HWkIU in the frequency response from the 
input to the internal variable Wk provides a natural estimation of the signal 
range. 

IfWkH- - X104x. max( IHk(O I) (4.13) 

This figure is easy to evaluate using the state-space approach. The transfer 
functions from the input to all state variables is obtained from equation (4.4) 
by replacing C with an identity matrix and D with a zero vector. 

Assuming that the input power spectrum is white with density X^8 x , 
the RMS amplitude ||Wkll2 corresponds to the Bquare root of the power 
transmitted to the internal variable vt\. This value can be estimated in the 
frequency or in the time domain due to the identity of Parseval. 

DWkIh - Xmax JlHk(f)l
2df 

1/2 

• Xniî JhA) dt 
1/2 

(4.14) 

where hk(t) ÌB the impulse response of the transfer function Hk(s) from the 
input to the internal variable wy. 

The maximal bound 1[WkIIi for the amplitude of the internal variable wy 
is a sufficient and necessary condition to preclude overflow [Jac87]. It 
corresponds to the maximal possible value of the convolution between the 
Btep response and the filter input. 

IIWkHi - Jxm f t x lhfc(t)ldt (4.15) 

However, thiß estimation is very pessimistic about the performances of the 
system. The choice of this figure to set the number of bits of the variables or 
the oversampling ratio is overly conservative and leads to the sacrifice of 
available dynamic range. 

In the ODLFB, the locations where overflow can occur are the UDCs. 
These variables are proportional to the Btate-apace variables by a factor of 
1/(¾. The transfer function Hk(s) is obtained from equation (4.4) where the 
matrix C ÌB a row vector where only the k th element is non-zero and equal to 
1/ck, and where the matrix D is the scalar O. 

An efficient way to determine the L1 norm for singly terminated ladder 
etate variables, which are represented in the ODLFs by the RM outputs, is 
provided in [Joh89]. 

Vi IIWklh - A v T » V*-Ck (4.16) 
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where Xk is the reactance (inductance Lk or capacitance Ck) of the ladder 
element. This allows a straightforward determination of the L2 norm from 
the ODLF coefficients. This evaluation can evidently be used for the ladder 
branches of the lattice filter realization. The a-priori knowledge of the L2 
norm could be used to scale the ODLF coefficients to have a maximum 
norm of 1, which means a maximal coefficient of VK. However, this leadB to 
the limitation of the RM outputs to one third of their possible range and 
anyway this scaling has no effect a on the L n norm which depends on the 
relative value of the elements. Scaling the coefficients to have a maximal 
value of 1 allows a maximal range and gives the maximal L2 norm 
of Vie a 1.77. 

The estimation of the signal ranges of each internal signal allows the 
designer to determine the amplitude they require for a proper operation of 
the filter. Conversely, the internal filter signals can be scaled to make a 
maximal use of their dynamic range. 

4 4 2 Signal scaling 

In order to maximally exploit the range they are attributed, signals have 
to be scaled. In the case of ODLFs, the scaling of the UDC outputs is done by 
adding LSBs to the counter. This provides an automatic scaling of the RM 
outputs as a proper scaling of the UDCs results in constraining the RM 
coefficients in the range [1/2, I]. 

The expected amplitude of the internal Bignals is provided by the 
L norms together with the amplitude of the filter input. So from the 
L norms, the relative ranges of input signal and the internal signals are 
defined. The aspect of the scaling will be examined first for the Bystem state 
variables and then for the auxiliary signals used to build the state variables. 

Scaling the state variables of a system is done by multiplying the Btate 
vector by a diagonal transformation matrix T. The state-space description 
becomes 

8-TW(B) - TAT1TW(SJtTBX(B) 
. (4.17) 

Y(B) - CT1TW(S)+ DX(s) 
So if the state variable w\ is Bcaled up by a factor of two, the kth element of 
W(s) is multiplied by two, the k t h row of A and B are multiplied fay two and 
the kth column of A and C are divided by two. 

For ODLFs, this means that if one RM coefficient is smaller than one 
half, it can be doubled. In this case, T is an identity matrix with one 
diagonal element equal to 2. With the transformation, a row of A is 
multiplied by two and the corresponding column of A has is divided by two, 
which means that the RM pulse rate has to be divided by two before each 
UDCs it is fed into. AIBO the relations between the UDC-RM pair to the input 
and to the output have to be updated. Nevertheless, this scaling of the state 
variables does not bring any SNR enhancement: the RM outputs can use a 
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larger dynamic range but the UDC inputs remain the same as in the 
original ODLF. 

On the other hand, the scaling of the UDC outputs can improve the 
ODLF performances. The scaling of an UDC output is achieved by 
multiplying its inputs by a given value and by dividing Hs output by the 
same factor. Scaling down an UDC output by a factor of two can be realized 
by appending one Least Significant Bit (LSB) to the UDC and by multiplying 
the associated RM coefficient by two. As the maximal value for an ODLF 
coefficient is I1 the number of bits of the UDCs can be enlarged until the 
corresponding RM coefficient is greater than 1/2. 

This Bcaling by a power of two necessitates little hardware overhead and 
causes the L norms of the UDC outputs to be of same order of magnitude as 
the ones of the RMB. AS the amplitude of all ODLF internal signals have 
been normalized to the interval [O, 1], the L norms are used to determine the 
allowed range for the input in order to preclude overflow. 

443 Quantization step 

The analysis of the quantization of the filter variables is done to estimate 
the deviation of the transfer function. The state space description allows to 
incorporate the quantization noise sources in the system description and to 
compare the power of the input to the total power of the noise sources at the 
filter output. 

The quantization step determines the power of the quantization error. 
Quantization is modeled as a stationary random noise source {Cla84]. This 
noise is propagated through the filter as well as the signal. Under the 
assumption that all noise Bources are uncorrected with each other or with 
the internal filter variables, the noise can be considered aB a probabilistic 
process. The noÎBe power and the noise transfer function to the output are 
used to to estimate the global filter SNR. 

In the state-space description, quantization is formulated by the 
adjunction of new entries in the input vector X at each place in the filter 
where quantization appears. The system is then considered as linear 
again. The transfer functions of all noise sources to the filter output can be 
determined according to equation (4.4) and the effects of all these sources 
have to be superposed in order to estimate the total noise power spectrum at 
the filter output and, from this, the filter SNR. 

In the ODLFs, quantization is done in the RMs, this is at the location of 
the state variables. The quantization mode has been presented in chapter 2 
where the amplitude of the noise signals is given by equation (2.11) or in dB 
by equation (2.12). The state-space equation set becomes: 

8 .W(A)-A-W(B)+ [BA]^j] 

nw n ( 4 1 8 ) 

Y(S)- C-W(S)+ID Cl{ga[] 
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So the transfer functions from the quantization noise sources to the output 
are given by: 

ÜJJ - C(Bl-AV1A + C - G(S)-A + C (4.19) 

The superposition of the effects of all noise sources is realized by 
multiplying the transfer functions by the amplitude of the noise sources 
(which are the inverses of the overs ampi ing ratio) and by Bumming the 
absolute values of these functions. The minimal amplitude of the transfer 
function in the passband is estimated by subtracting the deviation to the 
ideal transfer function. Conversely, the maximal amplitude of the transfer 
function in the stopband is estimated by adding the deviation to the ideal 
transfer function. 

The statistical analysis of quantization noise was based on the 
assumption of uncorrelated noise sources. For most data signals, with 
sufficient amplitude and spectral content, this assumption is valid and 
experimental noise spectra closely match the predictions [Jac87J. However, 
the error signals can happen to be correlated with each other and with the 
input Bignal. This affects the validity of the white noise model and results in 
error BignalB of larger energy than predicted in some frequency bandB. It 
can even give rise to autonomous parasitic oscillations also called Bmall 
scale limit cycles inside the filter [Cla84]. The analysis of the existence of 
limit cycles and eventually of the bounds of their values is not 
straightforward. There do not exist fully reliable algorithms for the 
enumeration of the limit cycles in a given filter and the worst case bounds 
are quite pessimistic about the filter performances. 

In review, the state-space description shows to be a worthy approach for 
digital filter analysis. The analysis passes through the following steps: 

- First, the filter coefficients are quantized in order to reduce the filter 
hardware. The quantized values are inserted in the state-space 
matrices and the transfer function is checked to Batisfy the filter 
specifications. Thiß is repeated until an optimal coefficient Bet is 
found. 

- Then, the dynamic range of the internal filter variables is estimated. 
This is uBed to determine the maximal amplitude of the filter input 
or, reciprocally, the extra range of the internal variables of the filter 
compared to the input The internal signals can eventually be scaled 
for optimal filter performance. 

- Last, the combined effects of quantization noise are evaluated in 
order to determine the number of bits or the oversampling ratio 
required for the filter internal variables to achieve a specified SNR. 

The proposed algorithms are general enough to enable the analysis of 
any other integrator based filter structures. Indeed, the analysis method is 
the same for ladder and for lattice active filters, only the Btate-space 
matrices differ. In this point of view, the cascade of second order sections or 



Anolyiti paga 49 

the direct transfer function realization could be analyzed using the same 
algorithms. 

As already stated, the analysis is based on reasonable assumptions, but 
filter simulation still is a necessary tool for the verification of the proper 
functioning of the device. Simulation, too, merely requires the state-space 
description of the filter. 

Only when a design has successfully passed the steps of analysis and 
simulation, it is mature for practical electronic realization. 
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5 Realization 

The simplicity of the ODLF operators makes this kind of filter an 
interesting candidate for an Application Specific Integrated Circuit (ASIC) 
realization. The present work will focus on the full custom Complementary 
Metal-Oxyde-Semiconductor (CMOS) integrated circuit realization. The 
approach starts from the high-level system requirements. In addition, the 
CMOS realization of the frequency divider by 2 is presented, as this is the 
basic ODLF building block. 

The UDC is realized as a set of identical bit slices and one control slice. 
The operator is synchronous to the system clock. 

As the UDC, the RM is made out of hit slices and one control slice. 
However, the RM pulse frequency modulated signals are synchronized to 
the other phase of the system clock. 

The bit rate adder is such a simple operator that it merely requires one 
bit slice. 

The VLSI implementation of the slices has been realized using a 1.6 um 
gate CMOS technology. 



paga £2 Realità tìon 

5.1 System considerations 
6.1.1 System timing 

Two major timing schemes are generally UBed for VLSI circuits, 
namely synchronous systems and self-timed systems [Mea80]. 
Synchronous Bystems are controlled by a master clock the period of which 
determines the delay granted to the logical blocks to generate the next 
output from the present input. In self-timed systems, each element waits 
for an initiation command (receives a request), executes its task and then 
signals the completion of it (sends an acknowledge). The synchronous 
system clocking ia best suited for the ODLF realization. Indeed, the 
implementation of a self-timed system requires a hardware overhead in 
contradiction to the simplicity of the ODLF Moreover, the coefficient 
generation and thus the changes of the internal signals are synchronized to 
a sampling clock. 

AB a digital filter, the ODLF can be realized as a finite state (Moore) 
machine. A safe clocking scheme requires at least two phases {Mea80]. The 
corresponding block diagram together with the clock phases are shown in 
figure 5.1. The switches are closed when the control signal is high. The two 
clock phases are referred as clkl and clk2. They are not overlapping, this 
means that the switches are never both closed in the same time in order to 
clearly dissociate the present and the next state. 

inputs 

present 
state 

outputs 

clkl clk2 

clkl 

clk2 

^ . 

y x. 
Figure 5.1 Two phBte clocked itale machine. 

An alternate realization of a state machine is to replace the register 
between the phase switches with buffered combinatorial logic, as presented 
in figure 5.2. This scheme is of interest for the realization of ODLFs which 
are made out of two basic operator types: the UDCa and the RMs. 
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Accordingly, the UDCs are placed in one logic block and the RMs in the 
other. 

inputs 

clkl 

Buffered 
logic 

inputs 
Buffered 

logic 

outputs 

clk2 

outputs 

Figure 5.2 Alternate realization of a itate machine. 

If the UDCs are placed in the top logic block of figure 5.2, they are 
updated at the rising edge of phase 1. They have a delay of length of the 
phase pulse to settle to their new value. During this time, their inputs, 
which are RM outputs, must remain stable. Similarly, the RMs are 
refreshed during phase 2. In both logic blocks, the operator outputs are 
registered. These timing specifications are illustrated in figure 5.3. 

W« ti 

Figure 5.3 ODLF iyitem timing. 

As the RM outputs, the filter input must not vary during phase 1 for the 
proper working of the UDCs and the coefficient pulses must be stable 
during phase 2 for the RMs. If the filter output is read from an UDC, it is 
valid during phase 2 and if it is taken from a RM, this has to be done during 
phase 1. 

Now that the timing has been defined for the operators, their practical 
realization can be examined. 
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6.1.2 Bit slices 

Both the UDC and the RM are basically made out of a counter. The 
counter is a regular structure and is best implemented as a set of bit Blices. 
One individual bit slice stores the value of one bit of the counter and 
calculates the next value of this bit from the previous value and from a 
carry information. The slice also determines a carry output to the next 
slice. As the ODLF is meant to require as little silicon surface aB possible 
and as the counter outputs are needed as fast as possible, the counters will 
be implemented with a carry ripple-through logic. 

The counter has been ßhown to necessitate less hardware when realized 
as an asynchronous rather than as a synchronous device [Bot89]. The 
asynchronous counter is realized by a chain of dividers by two. In 
consequence, the realization of a divider by two will be examined first. 

5.1.3 Divider by two 

In the ODLFs1 the MSBs of the counters can happen to remain without 
change for long periods, so the storage of their values has to be 
implemented with static logic. Eventually, the change from one state to the 
complementary can be of dynamic type. Thus the implementation of the 
divider by two will be examined using first static logic and then semi-
dynamic logic. 

5.1.3.1 Static divider bv two 

Figure 5.4 presents a CMOS race-free static divider by two. The device is 
made out of 19 transistors. 

The divider by two provides five outputs. B and C are complementary 
outputs of a positive edge triggered divider by two. Similarly, D and E are 
complementary outputs of a negative edge triggered divider by two. A is a 
auxiliary variable used to generate B and D. 

B) frequency divider by two 
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* " * 

b) CMOS logic 

e) Timing waveformi 

Figure G.4 CMOS race-free »taue divider bj two. 

As can be seen from the timing waveforms, the transitions of B and D 
are derived directly from the input I and the auxiliary variable A whereas 
C and E change only after B and D. Thus, a carry ripple trough counter will 
be faster if the carry function is generated directly from A, B and D. 

5.1,3.2 Semi-dvnamic divider bv two 

The semi-dynamic divider by two is derived from the Btatic divider by 
two. Indeed, some transistors of the static device are used to complement 
the state of a variable whilst others only serve to hold the variable in a same 
state. If the clock pulses of I are high only during short intervals, the 
transistors used to hold variables in a same state during this time can be 
removed [Ogu74]. In the case of the divider by two of figure 5.4, this 
procedure enables to remove 6 transistors thus simplifying the design to 13 
transistors. For means of comparison, a fully dynamic race-free divider by 
two requires 9 transistors [Ogu74]. 
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a) frequency divider by two 

zâsé 
3-

^r 
b) CMOS logic 

c) Timing waveform» 

Figure 6.5 CMOS race-free «em!-dynamic divider by two. 

The dashed lines in the timing waveformB indicate that the variable is 
neither driven high nor low by any transìstor. The variable is assumed to 
remain in the same logic state due to the capacitance between its node and 
the ground. The variable E of the static divider by two was used to keep D in 
the high state during the high state of the input I. It ÌB no more necessary 
for the semi-dynamic device and has been removed. 

The divider by two of figure 5.5 is dynamic for the high state of I and 
static for its low state. Eventually, the semi-dynamic divider by two could be 
redesigned in order to be dynamic for the low state if I and static for its high 
state. 
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5.2 UDC 
The UDC is built up out of a set of identical bit slices, each containing a 

divider by two, and a control slice generating the command signals for the 
bit slices. The UDC inputs which are the clock phases clkl and clk2, the 
incrementing command cntUp, and the decrementing command cntDn are 
fed to the control slice which processes them and creates the adequate 
signals for the control of the bit slices. Each bit of the UDC output is 
provided by one bit slice. 

clkl *-
clk2 *• 

cntUp ^" 
cntDn ^" 

cnt̂ j cnt cntn 

1JgUm 6.( UDCi tic». 

First the bit sliceB are determined. As they are more numerous than the 
control slices, the surface minimization is achieved primarily for them, 
eventually at the expense of a greater surface in the control slice. 

&2.1 UDC bit slices 

An asynchronous counter is realized by the cascade of dividers by two. If 
the output B of the dividers by two are considered to be the bits of the 
counter, the device is made to count up if the complementary output C is fed 
as a clock to the next divider by two of the chain. The device counta down 
when the direct output B is the ripple carry function which serves as clock 
for the next divider by two. 

The UDC can thus be realized by inserting multiplexers between the 
dividers by two. The multiplexers are governed by a variable ine which 
determines the incrementing or decrementing mode of the counter. 
However, the inputs to the multiplexer should not be complementary 
functions because the switching from one to the other could result in a 
pulse of the multiplexer output [Bot89]. The multiplexed ripple carry logic is 
given in figure 5.7. 
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/ine 

B 
C 

D 
E 

a) ripple carry multiplexer 

cOut 

ine 

cOut 

b) CMOS logic 

«) Timing waveformi 

Figure 6.7 CMOS ripple carry logic 

As it ia the case for the signals inside the divider by two, the output of the 
ripple carry logic is race-free as far as the control signals ine and /ine do 
not vary while ein ÌB high. It should also be noted that the carry out pulses 
are of same (and not of double) time extent as the carry in pulses. This is 
necessary for the use of semi-dynamic logic. 

Additionally, the UDC must be checked for overflow and underflow to 
ensure proper saturation behavior. The carry output of the last slice 
provides this information, but unfortunately too late: the counter output has 
already wrapped around to the opposite end of the range when the carry 
output is signalled. Accordingly, overflow and underflow have to be checked 
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for by an appropriate logic. Underflow happens in decrement mode when 
all bita of the counter are zero. This can be checked by evaluating the logical 
OR of all bits of the counter. Similarly, overflow is checked by the means of 
the logical AND of all bits of the counter. The NOR and the NAND functions 
each require two transistors per bit slice [Bot89]. They realize the underflow 
control unf and the complemented overflow control /ovf. 

As a result, the UDC bit Blice ÌB made out of three subcells: the divider by 
two, the ripple carry logic and the underflow-overflow logic 

cOut 

Figure 6.8 UDC bit i l i» . 

The control slice has to prepare the ine and /ine controls for all the slices 
as well as the carry in pulse for the LSB slice. 

5£.l UDC control slice 

The control slice of a two input UDC receives the clock signals clkl and 
clk2, the increment and decrement commands cntUp and cntDn as well as 
the underflow and overflow statuses unf and /ovf. Prom these inputs, the 
slice has to derive the global controls ine and /ine for all UDC bit slices as 
well as the carry in pulse /ein to the first bit BÜce realizing the LSB. 

The cntUp input can be redirected directly as the ine control and 
inverted for the complementary output. The carry in pulse /ein is activated 
during phase 1, when cntUp is active while cntDn and ovf are inactive or 
when cntDn is active while cntUp and unf are inactive. 

The ripple carry pulses are of same time extent as the clock phase 1 
signal. Each pulse is a time skewed replicate of the one of the preceding 
slice. The sum of the delays between the ripple carry pulses is the main 
term setting the minimal period of phase 1. The rising edge of the last pulse 
must occur during this phase. The falling edge of the carry signals 
however can and most probably will occur during phase 2. To prevent the 
control signals ine and /ìnc to vary during a ripple carry pulse, both are 
latched during phase 2. 
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Figure 6.9 UDC control ilice-

The CMOS realization of the control slice shown in figure 5.9 requires 36 

transistors. The bit ßlices with semi-dynamic dividers by two count 27 

transistors. 

5.3RM 
The RM is realized in a similar manner as the UDC. It is made out of a 

set of identical bit slices commanded by a control slice. The bit slices realize 
a free running counter clocked by the pulse rate c during the clock phase 2. 
The counter output with the weight of the bits taken in the reverse order 
(the MSB considered as LSB and vice versa) implements a dither pattern 
used to quantify the RM output to a single bit. In this point of view, it is not 
important whether the counter counts up or down. The dither signal is 
added to the input x but only the MSB of the result is taken into account. The 
RM output is made out of the logical AND of this value and the input c. This 
output has to be registered for the next clock phase 1. 

31O * l * n 

LL.....1 

Figurai •.IO RH •liée i. 

"* clkl 
** clk2 

• y 

As for the UDC, first the RM bit slices are designed and then the control 
slice is determined to meet the requirements of the bit slices. 



Rea! ila ti on pago 61 

5^.1 RM bit slices 

The RM bit slices implement a free running counter and the carry 
ripple logic of an adder. Indeed, only the MSB of the addition is taken into 
account This MSB is given by the carry output of the last slice of the adder. 

The counter can be realized as a chain of dividers by two. If a semi-
dynamic divider by two is UBed, the carry propagation pulses must remain 
of short time extent. In the case of the divider by two of figure 5.5, the carry 
propagation pulse is best derived as the inverse of the variable A. 
Accordingly, the carry is propagated when the counter bit changes from 
low to high so the counter will be counting down. 

The carry function of a two bit adder has three inputs: the two bits to add 
and the input carry. The output ÌB true when at least two inputs are 1. A 
CMOS implementation of this function is proposed in figure 5.11. The carry 
input to the LSB of the adder must be set to zero. 

cOut 

a) tarry function 

- ^ 

cOut 

b) CMOS logic 

Figure 6.11 CMOS adder carry function. 

Requiring 12 transistors, the adder carry function will have about the 
same Bize as the divider by two of the counter. Figure 5.12 presents the 
schematic of a RM bit slice. 
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addCIr 

cntCOut 

add 

ÏM 
- • < H = 

- • addCOut 

div2^ 
<1— cntCIn 

Figure 6.12 RM Ut ilice. 

At every pulse of c, the RM has two operations to execute: decrement a 
counter and add two numbers. Nevertheless, decrementing the counter 
does not have to occur during phase 2. This task is best executed in the 
same time as the updating of the UDCs. Indeed, if the counter 
decrementation and the addition are carried out during the same phase, 
the delay from the rising edge of the input pulse to the settling of the output 
is the sum of both the carry ripple of the counter and the carry ripple of the 
adder. Conversely, if the decrementation is executed during the alternate 
phaBe, the result is available after only one carry ripple chain. Moreover, 
updating the RM counters at the aame time as the UDCs results in having 
both outputs readily stable in the same time. 

5,3.1 RM control slice 

The RM control slice has to prepare the carry input to the counter LSB 
during phase 1, It also has to determine the logical AND between the pulse 
coded input c and the adder MSB. This value has to be stored as an input to 
UDCs during phase 1. Figure 5.13 is a graphical representation of these 
specifications. 

clkl 

addCOut 

cntClr 

clk2 

Figure 5.13 RM control ilice. 

As the storage latch provides a complementary output, the AND gate 
comparing c and the carry output addCOut can be replaced by a more 
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economic NAND gate. This lessens the transistor count of the control slice 
to 20, The bit slices with semi-dynamic dividers by two count 27 transistors. 

5.4 Adder 
A bit-stream adder may be used for two purposes inside the ODLFs. For 

the UDCa having two decrementing inputs, either a special control slice 
has to be realized or the two decrementing inputs are added and the 
obtained sum is fed to an usual UDC. Also, the output of a lattice ODLF is 
the sum or the difference of the output of the two branches. 

The bit-stream adder has been presented in chapter 2.3. The logic 
realizing this adder is presented in figure 5.14 a). An alternate realization 
is proposed in figure 5.14 b). This schematic enables to use an already 
designed divider by two instead of the register. 

/elk elk 

)]>^£}J 
cOut 

a) logicofthebit-itreamada'er 

/elk 

b) B I ternato realization uiing a divider by two 

Figur« 6.14 Bit-itream adder. 

The adder counts 41 transistore. It can have the size of an UDC and a 
RM bit slice abutted together. 
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5.5 VLSI implementation 
The VLSI implementation of the slices has been realized using the 

cmnl6 technology of VTI (VLSI Technology Inc.) which is shrinked down 
from the cmn20a technology by a factor of 0.8. 

The guiding rules for the layout of the slices was to draw the diffusion 
wells horizontally, the polysilicon lines vertically, the metal 1 horizontally 
and the metal 2 vertically. The metal 2 is mainly used for the power supply 
and, in the control slices, for the clock signals and the coefficients. The 
metal 1 interconnects the transistors and builds two large horizontal power 
supply lines, one on the top of the UDC slices and the other on the bottom of 
the RM slices. The polysilicon lines hold the logic variables and thus 
interconnect the cells of a BUCB. This approach leads to long polysilicon 
lines but proves to be efficient in terms of surface for highly interconnected 
cells as it is the case inside the divider by two or between the divider by two 
and the ripple carry logic of the UDC. 

An UDC is realized by the horizontal abutment of one control slice and of 
the number of bit slices required for the operator. A RM is realized in a 
similar way, only the control slice lies on the opposite side of the bit slices. 
The two operators are then abutted vertically. Operator pairs are abutted 
horizontally such as the UDC control slice of one pair is placed above the 
RM control slice of the neighboring pair. By doing so, the output of the RM 
is automatically fed into the incrementing input of the UDC. The adder 
Blice has been designed to be inserted between the rightmost bit slices and 
the corresponding control slices; they can also be abutted together. Once alt 
operators have been abutted, the leapfrog feedback lines remain to be 
drawn. 

Abutted together, one UDC and one RM bit slice expand over 40 X. 
x 287.5 K where X. Btands for 1 Hm in the cmn20a technology and for 0.8 Jim 
in the cmnlG technology. If the top and bottom horizontal metal 1 power 
supply lines are not taken into account and the height of the slice is 
measured from the outermost sides of the bottom and top transistors, the 
active surface of the bit slice is of 40 A. x 261.6 X.. As it is composed of 64 
transistors, the slice shows a density of 5 162 MOS/mm2 in the cmn20a 
technology and of 8066 MOS/mm2 in the cmnl6 technology. The control 
slices evidently have the same height but they are 70 X. wide; as they count 
66 transistors, their density is only of 4 780 MOS/mm2 in the cmnl6 
technology. The adder slice haB the same dimensions as the abutted UDC 
and RM bit slice, but contains 41 transistors; the corresponding density is of 
6'124 MOS/mm2 in the cmnl6 technology. 

Figure 5.16 displays the basic ODLF sliceB. As they are placed, the slices 
can be abutted together horizontally and vertically. 
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Figure5.15 LayoutoftheODLFslices. 

Usual ODLF configurations use 10 bit operators. Accordingly, the 
surface used by an UDC-RM pair is a square of 122905 \ 2 which 
corresponds to 0.078659 mm^ in the cmnl6 technology. In addition to this, 
the logic delivering the coefficient rate is required for the realization of one 
pole of the system. Hence, this filter realization necessitates about 
0.1 + 0.15 mm2/pole. Figure 5.16 depicts the layout of a first order 8 bit 
ODLF. 
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Figure6,16 Loyoutof a first order ODLF. 

The present work has focused on ASIC realization. Other realization 
types such as standard cells or Programmable Logic Devices (PLDs) are 
effective alternatives. The choice of one realization type rather than another 
one is dictated by the best available possibilities. 
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6 Design example 

The best way to properly understand and to clarify a theory is to undergo 
an example. Aa an ODLF design example, a benchmark filter is proposed. 
The design leads all the way from the filter specifications to the VLSI 
realization. 

The ODLF realization of the benchmark filter can be compared to 
various other implementations of the same filter. 
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6.1 Benchmark filter specifications 
The CCITT specifications G712 PCM have been extensively used as a 

niter benchmark [Cla88], [Ans90j. These specifications correspond to a 
iowpass filter. The passband ripple ìa of ± 0.125 dB from 0 up to 3 kHz. The 
atopband attenuation is -14 dB from 4 kHz to 4.6 kHz and -32 dB higher. 
Table 6.1 summarizes these specifications. 

Frequency band 

passband 
stopband 

frequency 
IkHzI 
<fp = 3 
>fal=4 
> fg2= 4.6 

attenuation 
IdBl 

O0 »±0.125 

Osi »-14 
aa2 = -32 

Table 6.1 Benchmark CClTT G712 PCM fitter specifications. 

Figure 6.1 illustrates these specifications and displays a transfer 
function satisfying the requirements. 

[dB] Amplitude 

0.125_ 
•0.125 » » > » » » : 

M - - — — 

•32 • — — — — 4 - — 

ftHi] 

frequency 

Figure 6.1 Benchmark CCITT 0712 PCM filter «peeirieatbni. 

The filter characteristic has frequency dependant stopband attenuation 
specifications but can be approximated efficiently by classical lowpasa 
functions. The approximation is achieved by setting the stopband 
attenuation to be -32 dB above 4.6 kHz. Then the transfer function is checked 
to verify that the attenuation of -14 dB at 4 kHz is fulfilled. If it is not the 
case, the approximation parameters are changed until the specifications 
are met. 
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6.2 Transfer function approximation 
6-2.1 Filter type 

The minimal filter order for the classical approximation functions 
satisfying the specifications is given in table 6.2. 

Filter type 
Butterworth 
Inverse Chebyshev 
Chebyshev 
elliptic 

order 
13 
8 
7 
5 

Table 6.2 Minimal benchmark filter order for clastica) approximation fonction*. 

From these, the elliptic filter is chosen because it requires the lowest 
filter order and BO the minimal hardware. This filter type cannot be 
realized in the form of an all-pole ladder. The lattice realization requires an 
odd filter order. Thus the filter approximation will be a 5 t h order elliptic 
filter. 

6-22 Filter approximation parameters 

The specifications presented in figure 6.1 can be met by different 5 t h 

order elliptic filters. For example if a passband ripple of 0.125 dB ÌB chosen, 
a Btopband attenuation of 45 dB can be achieved. Inversely, if a s topband 
attenuation of 32 dB is chosen, a passband ripple of 0.006 dB can be obtained. 
The designer should take some margin when setting pasaband ripple and 
stopband attenuation in order to remain within the specifications even with 
the transfer function deviations due to quantization. 

As the active filters derived from an analog LC prototype terminated in 
equal resistances show a small sensitivity to coefficients in the passband, 
t he filter design margin will be mainly taken in the stopband. The 
parameters chosen are: 

Filter parameter 

passband ripple 
stopband attenuation 

symbol 

O 0 

Os2 

specs 
IdBl 
0.125 

32 

value 
IdBl 
0.1 
40 

Table 6.3 Elliptic Filter derign parameter«. 

From these specifications, the zeroes and the poles of the normalized 
prototype filter are determined. 

6 ^ 3 Normalization 

For reasons of efficiency, the computation of the filter values are 
preferably done for a normalized prototype. 
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Aa an example, a filter of cut-off frequency of 1 kHz has poles of 
amplitude »103, the time parameters Buch as group delay or rise time are of 
amplitude «IO'3, the polynomials of the transfer function look like («l)-sn + 
(*103) Bn"l ••• (-109) sn '2 + ... + (-103n). These differences in the orders of 
magnitude can lead to calculation errors or even computer underflow or 
overflow. 

Frequency normalization is achieved by defining the normalized radian 
frequency: 

n ü f 

(U0 *0 
(6.1) 

where œ0 or ffl is a typical frequency of the filter, e.g. the cutoff frequency. In 
this way, the corresponding frequency of the normalized filter will be lì * 1. 
The dual time normalization is then given by: 

t 2it 
T = £ - Cf <6-2) 

with: 

to = — 
<*0 

2it-fa 
(6.3) 

In the case of elliptic filter design, normalization is preferably done in 
regard to the passband edge, this is: 

fo-fp (6.4) 

The values of the zeroes and the poles of the normalized elliptic filter 
fulfilling the specifications given in table 6.3 are presented in table 6.4. 

zeroes 
±2.1725 j 
±1.4690j 

poles 
-0.1067 ±1.0637 j 
-0.4119 ±0.7935j 

-0.6707 

Table 6.4 Zeroei and polei of the normalized benchmark filter. 

The location of the zeroes and the poles of the normalized filter is plotted 
in figure 6.2. The corresponding (denormalized) transfer function is 
actually the one represented in figure 6.1. 
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Ro(S) 

Figure 6.2 Zeroes and pole§ location of the benchmark filter. 

Next, the element values of the reactances Za(s) and Zb(B) of the analog 
prototype are obtained from the location of the poles. 

6.3 Synthesis 
&3.1 Lattice reactance functions 

The reactance functions ZB(s) and Zb(B) each serve to realize a subset of 
the transfer function poles. Writing reactance function Za(a) as a ratio of 
polynomials 

Na(B) 
Z8(S) D8(S) 

the partial transfer function H8 defined by equation (3.4) becomes 
Na(s) „ / . * Na(9) 

" » w " Na(s) + RDa(s) G6(S) 

(6.5) 

(6.6) 

where Ga(s) is a Hurwitz polynomial also used for lattice wave digital filter 
synthesis. R is the generator and load resistance of the passive lattice 
prototype. It is normalized to 1 [Ol for the calculations. As the transfer 
function of the lattice H(s) is realized by the parallel connection of the two 
branches Ha(s) and Hb(a), the poles of each partial transfer function is 
found in the overall transfer function H(a). The zeroes of the overall 
transfer function come from the parallel connection of the two branches. 

For elliptic filters, the distribution of the poles of the transfer function 
H(s) among the lattice branches is described by [Gaz85]. The poles are 
distributed in an alternating order to the two branches Ha(s) and Hb(s), as 
represented in figure 6.3. 
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Figure G.3 Alternating di »tributi on of the pole« among the lattice h ranche». 

From the above considerations, the zeroes of the polynomials Ga(a) and 
Gb(s) have been determined. Retrieving N8U) and D8(B) from Ga(s) is 
facilitated by the property of the LC im mi ta nee Za(s) that either its 
numerator ia even and its denominator odd or vice-versa [Tem77]. 
Equation (6.6) indicates that Ga(s) has to be split into its even part Gae(s) 
and its odd part Gao(a) to obtain the numerator Na(s) and the denominator 
Da(s) of the impedance Za(s), Moreover, substituting the impedances Z8 and 
Zb by their inverse 1/Za and 1/Zb in the lattice filter results into the same 
transfer function [Tem77]. ThuB for the determination of Z8(S), one has the 
free choice to take either Gae(ß) as the numerator Na(s) and Ga0(s) as the 
denominator Da(s) or vice-versa. 

Choosing Nb(s) odd implies that Hb(s) owns a zero at s » O, as can be seen 
from equation (6.6). In order to obtain a lowpass function for 
H(s) - Hb(s) - Ha(s), the numerator of Ha(s) should be even. This gives: 

Z8(S) 

Zfafs) 

Gao(s) 
G80(B) 

Gb0(B) 
Gb6(S) 

(6.7) 

Obtained from the poles in table 6.4, the normalized lattice reactance 
functions are given in table 6.5. 

branch zeroes of g(s) reactance function 

a -0.1067 ±1.0637 j 
-0.6707 Z8(S) 

0.8840 s2 + 0.7664 
s3 + 1.2859s 

-O.4119±0.7935j Zb(s) 0.8239 a 
s2 + 0.7994 

Table 6.5 Normalized lattice reactance function». 
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The Cauer l realization of the impedances Z0 and Zb provides two 
branches in the form of â ladder. The values of the elements (impedances or 
capacitances) of the two branches will serve to determine the integrator 
gains of the active lattice branches and so the coefficients of the two ODLF 
branches. 

0&2 Lattice element values 

The values of the LC elements of the two branches is calculated by the 
continuous fraction expansion of the reactance functions [Tem77]. As the 
degree of the numerator of both reactance functions is Bmaller than the 
degree of the denominator, the Cauerl realization of both impedances starts 
with a shunt capacitor. Figure 6.4 illustrates the two branches and table 6.6 
provides the element values. 

R Za 

2uJ 

LB2 

CM Cp-

R Z'b 

2Ub I 

Lb2 

Çbi 

Figur* 6.4 Cauerl realization of the two lattice branche*. 

branch 

a 
b 

Ci 
[F] 

1.1312 
1.2138 

[H] 
2.1105 
1.0307 

C 3 

[F] 
05465 

Table 6.6 Normaliwd element valuei of the two braneher 

From the element values of the passive lattice, the integrator gains of the 
active lattice are calculated. 

63J3 Active lattice integrator gains 

The integrator gains of the active lattice are radian frequencies 
proportional to the inverses of the element values. If the element is a 
capacitance Ck, the radian frequency is ca* = VRCy and if the element is an 

E, O 
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inductance Ly, the radian frequency ia(%a R/Lfc. The integrator gains are 
given in table 6.7. 

branch 

a 
b 

coi 

IB'1] 
0.8840 
0.8239 

0¾ 

[.-1I 
0.4738 
0.9703 

tû3 

Is'1] 
1.8297 

Table 6.7 Normalised active lattice integrator gain*. 

The ODLF coefficients correspond to the integrator gains of the active 
lattice. 

6.3.4 ODLF coefficients 

The ODLF coefficients are realized by pulse rates the values of which are 
normalized to the interval [O, I]. Limiting the active lattice integrator gains 
to the interval [0, 1] is done by dividing them all by the highest gain value: 

gm - max(cûit)l[al (6.8) 

The resulting coefficients are provided in table 6.8. 

branch 

a 
b 

Cl 

0.4832 
0.4503 

C2 

05590 
0.5303 

C3 

1 

Table 6.B ODLP coefficient». 

Dividing all the integrator gains of the active lattice by a constant means 
multiplying all the element values of the passive lattice by the same 
coefficient. This in turn corresponds to a frequency scaling of the transfer 
function. 

The multiplication of all the element values of the passive lattice by the 
coefficient gm displaces the passband edge Op •> 1 to 

The characteristic frequency is thus redefined as 

fo - fp-gm (610) 

The characteristic frequency of this particular design is given in table 6.9. 

Sm 
Cl 

1.8297 
[kHzl 

3 

fo 
[kHz] 
5.4891 

Table 6.9 Ch erect* ri »tie frequency of the filter normalità lion. 
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The ODLF coefficients of table 6.8 are ideal values. Practical realization 
requires them to be quantized. Analysis allows to verify if the ODLF with 
quantized coefficients still meets the filter specifications and enables the 
designer to select the number of bits of the operators. A simulation is also 
welcome to verify if the analysis models are satisfactory. 

6.4 Analysis 
6.41 State-space description 

The ODLF Btate-space matrices are built-up from the coefficient values. 
They are presented in table 6.10. The second row of matrices C and D 
correspond to the doubly complementary output. 

A -

C -

" -Cal "Cal 0 0 0 " 

cB2 O -C82 O O 

O -ca3 0 0 0 

0 0 0 -Cbl -CbI 

- O 0 O cb2 O -

- 1 0 0 1 O " 

. - 1 O O -1 O 

B . 

D -

CaI 

O 

O 

CbI 

O 

' O " 

1 

Table 6.10 State-epa» deteription of the ODLP. 

The values of the coefficients are read from table 6.8. For a digital 
realization, they have to be quantized. In order to verify if the specifications 
are still met, the quantized coefficients are inserted into the state-space 
matrices and the corresponding transfer function is computed. 

6.42 Coefficient quantization 

A first approach for the quantization of the coefficients is to round them 
to the nearest binary value. In this manner, the coefficients given in 
table 6.8 can be rounded to a 6 bit representation with the corresponding 
filter still meeting the specifications. With the coefficients rounded to 5 bits, 
the filter meets the specifications if the characteristic frequency is 
increased to f0 - 6 kHz. 

Algorithms like simulated annealing or even, in the case of low order 
filters, trial and error can lead to far more economical solutions. In the 
case of the benchmark filter, an interesting set of coefficients is provided in 
table 6.11. This Bet of coefficients together with a new value of the 
characteristic frequency, given in table 6.12, supplies an efficient solution to 
the filter requirements. 
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branch 
a 
b 

Cl 

9/16 
1/2 

C2 

1/4 
9/16 

C3 

1 

Teble6.ll QuantiiedODLPcoefficient«. 

3 

fo 
[kHz] 

6 

Table 6.12 Characteriitie frequency or the filler with quantized coefficientj. 

Inserting the quantized coefficients of table 6.11 into the state-space 
matrices leads to the transfer function shown as the thick curve in 
figure 6.5. The figure also displays the ideal transfer function as a thin 
curve, the doubly complementary output and the individuai transfer 
functions from the input to each state variable. 

[dB] Amplitude 

Figure 6.5 Tranifer function« of Ine filler with quantiied coefficienti. 

The quantization of the coefficients has lead to a distortion of the original 
frequency response. The quantization of the variables is regarded as noise 
sources and the number of bits of the ODLF operators has to be Bet in order 
to limit the effects of the noise sources to the filter output. 

6.-L3 Signal quantization 

The ranges of the L»2 norms and the L» norms of the filter state 
variables, which correspond to the RM outputs, are presented in table 6.13. 

Teble6.ll
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The dynamic range of the UDC outputs is proportional to the range of the 
corresponding RM by the filter coefficient. 

RM output 
Wftl 

Wa2 

Wa3 
WhI 

Wb2 

1Mb 
1329 

03862 
1.772 
1.253 
1329 

ltw|U 
1 

1.421 
2.499 

1 
1503 

Table 6,13 Estimation ofthe RM output ranges. 

The analysis of signal quantization inside the ODLF, as described in 
section 5.5.3, shows that the filter needs a 10 bit precision after the binary 
point to guarantee that the deviated transfer function does not overlap the 
stopband requirements. Even in this case, there ÌB a Blight overlap of the 
paasband edge. This can be corrected by reseating the characteristic 
frequency. The minimal and maximal value for f0 are provided in 
table 6.14. 

nbits 

10 

fo 
[kHz] 

6.04 + 6.14 
Table 6.14 Characteristic frequency range of the quantized filter. 

One remark is appropriate here. The chosen elliptic transfer function 
approximation allowed to select a lower filter order but the stopband ripple 
brings the transfer function closer to the stopband requirements and BO 
requires a better SNR in order to avoid an overlap. The choice of a 
Chebyshev approximation function could lead to a Bmaller number of bits 
required for the UDCB, allowing so a lower sampling rate, at the expense of 
a higher order device. 

The above analysis has allowed to determine the number of bits of the 
RMa. The number of bits attributed to the individual UDCs are determined 
by the scaling of the signals. 

6.4.4 Scaling of the signals 

In order to allow a maximal dynamic range at the output of the 
UDC-RM pair, the ODLF coefficients are distributed among the two 
operators of the pair. First, a power of two acaling is realized by adding 
LSBs to the UDC, the rest of the coefficient is then provided as a pulse rate to 
the RM. 

As an example, in the UDC-RM pair with coefficient 1/4, the UDC will 
have two additional LSBs which are not fed into the RM and the coefficient 
pulse rate will correspond to 1. The scaling factors and scaled coefficients 
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are presented in table 6.15 and the L nonna of the scaled UDC outputs in 
UbIe 6.16. 

branch 
a 
b 

Cl 

19/16 
1/21 

C2 

1/4 1 
1 • 9/16 

C3 

1 1 

Table 6.16 Scaled ODLF coefficient«. 

After this scaling, there will be three RMa with a coefficient of 1 and two 
RMs with a coefficient of 9/16. Thus, from an ASIC point of view, it might be 
interesting to generate the RM dither signals globally rather than locally in 
each RM. 

UDC output 

ai 
a2 
B3 

bi 
b2 

INb 
2.363 

0.8862 
1.772 
1.253 
2363 

IfwIU 
1.778 
1.421 
2.499 

1 
2.139 

TsUe 6.16 Estimation of the eealed UDC output range*. 

To prevent overflow, the input signal should be Bcaled or restricted to a 
prescribed range. The maximal amplitude is given by the inverse of the 
maximal L norm provided in table 6.16. The choice between the L2 and the 
L - norm, which depends on the estimated characteristics of the input 
signals, is left to the designer. 

6.4JÏ Denormalization 

Before any simulation or realization, the filter parameters have to be 
denormalized. It is not of interest here to denormalize the inductances, 
resistances and capacitances of the analog prototype. The ODLF coefficients 
however have been normalized to the range [O, I]. It has been shown that 
their relative value to each other determines the Bhape of the transfer 
function, here an elliptic filter with 0.125 dB ripple in the passband and 
32 dB attenuation in the stopband. The actual rate of their pulses will 
determine the frequency Beale of the filter response. The maximal 
coefficient rate will determine the sampling frequency of the ODLF. 

The normalized filter is realized with integrators of gain (¾ /jil and has 
a passband edge of Cl = 1. The denormalized filter has a passband edge of 
f « f0 and the corresponding integrator transfer functions are 

Sh. 
J " 

Ck 

j(<O/(fl0) 
(U0- (6.11) 

The transfer function of a UDC-RM pair used as an as integrator is 
obtained from equations (2.5) and (2.9). 
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j n j(o.2nbit. {b'U) 

By comparing equations (6.11) and (6.12), we obtain the sampling 
frequency of the ODLF as a function of the number of hits of the operators: 

f8 = (U0 -2
1¾* =• Txfo-f*** (6-13) 

To achieve the desired SNR1 the Bystem clock ra te must be proportional 
to the power of two of the number of bits of the operators. The required 
values of the sampling frequency are Bhown in table 6.17 for the cases of 10 
and l i b i t operators. This is of course the major limitation in the 
applicability of the structure. 

ntrits 

10 
11 

f» 
[MHzI 

38.9 + 39.5 
77.7 + 79.0 

Tabls6.1T Sampling frequency range of the ODLP. 

The valueB of table 6.17 provide the input rate of the RMs with 
coefficient 1. The sampling rate can of course be increased, but this would 
be unnecessary because the bit stream signals inside the device will never 
be of higher rate than the one of the highest coefficient. However, for a 
practical realization, it can be of interest to work with a system clock 
originating from a standard quartz oscillator. In the present case, a 40 
MHz quartz can provide the sampling rate, and a pulse rate of 39 MHz 
must be derived from this clock to form a coefficient with amplitude 1, for 
example using a rate multiplier. 

6.5 Simulation 
The proposed simulation is carried out in two stepB. First a zero signal 

is supplied to the filter input in order to check the DC working points of the 
operators. After this first test has been successful, sine wave inputs are 
applied to the device for the measure of its frequency response. The 
simulation is welcome to verify the correctness of the design, to confirm the 
exactness of the denormalization and to estimate the filter SNR. 

(UKI DC working points of the operators 

The study of ODLF synthesis has shown that the lattice branches can be 
realized with unsigned state variables. For this purpose, an offset U0 is 
added to the input signal and a DC value RI0 is fed into the negative input of 
the last integrator of the chains. 

From these offsets, the DC working points of the state variables for the 
case of a zero input are determined. These values can be obtained from the 
analysis of the analog impedances where the inductances are considered as 
short circuits and the capacitances as open circuits. An alternate method to 

Tabls6.1T
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find the DC working points of the state variables is to require all integrator 
inputs of the active device to be zero. 

U. 
r^°r^° D 

U-RI. 

Figure 6.6 Working point« inside the lattice fitter. 

The working points of the state variables inside the lattice filter are 
represented in figure 6.6. The offsets RI0 and U0 are chosen to allow a 
optimal range for the state variables. As all scaled coefficients are greater 
than one half, the possible values for RI0 range from zero to one half. As 
some of the state variables have a working point of U 0 • RI0, U 0 ranges from 
RI0 to one. The actual choice of RI0 and U0 is determined by the following 
considerations. 

Let Xo be the DC value of the active filter input, which can he positive or 
negative. The input X0 + U0 is restricted to the interval [O, I] . Consequently 

X0 € [-U01I-U0I (6.14) 

Likewise, some internal s tate variables have the DC amplitude of 
U0 + X0 - RI0 which must also be in the interval [O, I]. Hence 

X0 € [-U0 +RI0 1I-U0 +RI0] (6.15) 

As a resul t of the two preceding conditions, the DC input range is 
confined to the interval 

X0 e [-U0+RI01I-U0I (6.16) 

The condition for this range to be symmetric around zero gives 

I+RIo 
U0 -

In this case, the condition (6.16) can be reformulated as 

Y f 1-RI0 1-RI0] 

(6.17) 

(6.18) 

With the above, the choice of RI0 leads directly to the value of U0 and the 
range OfX0. Two interesting working points are RI0 » 1/2 and RI0 - 1/3. The 
corresponding ranges are given in table 6.18. 
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RI0 

1/2 
1/3 

U0 

3/4 
2/3 

Xo 
(-1/4,1/4] 
[-1/3,1/3) 

U0-RIo 
1/4 
1/3 

Table 6.18 DC working poinU of the lattice ODLP. 

For the simulation, the working point RI0 - 1/2 has been chosen. In this 
case, the DC working points of the operators for the case of a zero input are 
displayed in table 6.19 

variable 
al 
a2 
a3 
bl 
fa2 

UDC 
0.4444 

2 
0.25 

1 
0.4444 

RM 
1/4 
1/2 
1/4 
1/2 
1/4 

Table 6.19 Estimation of the scaled UDC output rangea. 

One further remark appropriate here is that the Alter output, which is 
made out of the difference of the first state variable of each branch, also 
possesses an offset. Choosing RI0 * 1/2 leads to an output offset of 2RI0-U0. 
For the complementary output, however, the offsets cancel each other and 
the total offset is zero. 

Once the building blocks have been described correctly, simulation 
results show that the outputs of the UDCs stabilize to the values listed in 
table 6.19 after the vanishing of the transients. Now comes the time to verify 
the frequency response of the device. 

6.(13 Frequency response 

The measure of the frequency response is done by applying a sine wave 
of a given frequency as an input to the filter and estimating the Bpectral 
content of the output at the same frequency. This taBk is repeated for all 
frequencies to be measured. The simulation has been done for a 10 bit device 
clocked at 39 MHz. 

Choosing the RI0 • 1/2 means that the maximal dynamic range of the 
input Bignal is one half, as can be read from table 16.18. Thus, for the 
estimation of the transfer function deviation due to signal quantization, the 
input has a maximal range of 9 bits. The choice of a maximal range of 
9 bits, which does not fulfill the specifications, originates from the difficulty 
to simulate at frequencies small compared to the sampling ra te . 
Nevertheless, the main interest of the simulation is to compare the analytic 
and the measured transfer function deviation due to Bignal quantization. 

Care haß to be taken to ensure the validity of the measures. First, as the 
frequency of the sine wave is changed, the operator has to wait for the 
transients to clear before he can make any trustworthy measure. The time 
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to wait can be determined from the ßhape of the impulse or Btep response of 
the Filter. Another method is to look at the Lissajou plot made by the 
combination of the filter input and output. In addition, if the input is not 
properly scaled, overflow can occur inside the filter without the output 
bearing a chaotic aspect. 

The result of the measure of the frequency response is displayed in 
figure 6.6 together with the analytic transfer function and its expected 
deviation due to signal quantization. The curves plotted in the figure are 
tabulated in annex A. 

IS 20 
[kHz] 

Figure 6.7 Meaiura of the frequency retponu or the ODLF. 

The measure of the transfer function deviation does not show any 
significant peaking at the locations of the spectral lines of the dither 
patterns, as depicted in figure 2.6. Table 6.20 provides the base frequencies 
of the dither patterns spectra. 

branch 
a 
b 

[kHz] 
21.4 
19.0 

[kHz] 
952 
21.4 

[kHz] 
38.1 

Table 6.20 Estimation or the scaled UDC output ranger 
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For highly oversampled devices, the measure of the frequency response 
is extensive in terms of CPU time and memory usage. In this particular 
case, the simulation of one period of a sine wave in the transition band 
requires about one minute on a Macintosh Uri, so the measure of one 
frequency point takes something like one quarter of an hour. In addition, 
the simulation of one period of a sine wave of frequency equal or lower than 
1 KHz resulted in a "not enough memory" message on the machine 
equipped with 5 Mb. 

An interesting alternative to the software simulation of medium size 
digital systems is to download these into a PLD. However, the realization 
method discussed here is the implementation as a full custom integrated 
circuit. 

6.6 Realization 
The VLSI implementation of the 5 t h order lattice ODLF has been realized 

on a multi-project wafer using a 1.6 um technology (cmnl6 of VLSI). 

In order to test different filter types, the ODLF has been implemented 
without any scaling of the counters. The operators were designed using 
l i b i t 

The realization of the operators and the branches has been done by the 
abutment of the basic slices described in chapter V. The Becond order 
branch makes a rectangle of 1130 X. x 261.5 X1 where X stands for 0.8 urn. 
The branch occupies a Burface of 295495 X.2 which is actually 189 117 um2. 
The third order branch expands over 1640 Xx 261.5 X « 428860 X2 

- 274 470 um2. 

In addition to the two branches, an input block has been added for the 
synchronization of the input and the coefficients to the clock. This block is 
made out of six identical slices. As output logic, two adder BÜcea have been 
placed in order to derive the complementary outputs of the filter. With 
these, the filter covers a rectangle of approximately 1.45 mm x 0.6 mm 
which ÌB 0.87 mm2. 

The corresponding layout is represented in figure 6.7. The 
synchronization block is placed at the bottom left of the cell. The second 
order branch is located above it. The third order branch occupies most of the 
right hand side of the layout. In both branches, the first UDC of the chain is 
implemented by a 2 input device and an oversampled adder which 
combines the two decrementing inputs into one. The control slices come 
into view because of their smaller density of transistors; this allows to 
identify the different UDC-RM pairs. The adder slices are located at the 
bottom right of the cell. Compared to the lattice branches, the adder block is 
so small that the doubly complementary output is indeed obtained with a 
very little hardware overhead. Also, the LF feedback links hardly require 
any Burface as the state variables are coded on a single bit. 
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Figure 6.8 VLSI realiiation of the 5 th order ODLF. 

In order to work, the filter requires a pulse frequency modulated input 
and the five coefficients. It delivers a pulse frequency modulated output. For 
the benchmark specifications, the coefficients could have been generated on 
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chip, requiring about the same amount of logic than the coefficient 
synchronization block which would then no more be necessary. 

6.7 Computer Aided Design 
The design steps described in the paragraphs €.2 to 6.5 have been 

traversed with the help of a Bignal processing set of routines written using 
MATLAB. MATLAB is an interactive software package for scientific an 
engineering applications that integrates numerical analysis, matrix 
computation and graphics. It is released by The MathWorks Ine and runs 
on a large number of platforms including IBM PC, Macintosh, Vax and 
HP-Apollo. The package allows the developer to define his own set of 
functions and routines based on the basic set of commands. Furthermore, 
some general purpose functions and routines are provided with the 
package. 

The set of routines written for the ODLF design [Cor91a] comprise a 
filter approximation, a filter synthesis and a filter analysis tool. The filter 
approximation tool allows to determine the zero and pole locus of classical 
transfer functions such as Butterworth, Chebyshev, Elliptic, and Bessel 
from the specifications. The synthesis tools determines the element values 
or the coefficients of different filter types from the zero and pole locus. The 
analysis tool derives the state-space description of the synthesized filter and 
allows the quantization analysis of the filter. 

The simulation has been carried out using the LabVIEW software from 
National Instruments [Cor91b]. The choice of this environment, besides the 
interest of investigating a new tool, arose from the comfortable user 
interface which allows the on-line inspection of the parameters passed to 
and retrieved from subroutines called by the main program during its 
execution. Furthermore, using LabVIEW, the description of an object such 
as a digital filter is done by drawing the data flow block diagram rather 
than writing the control flow in a programming language. 
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7 Conclusions 

In order to estimate the interest of ODLFa, this filter type is compared 
with two other filter s t ructures , namely switched capacitor and 
conventional digital filters. 

General considerations about the operators and their limitations are 
made to point out some possible extensions to the present work. 

The characteristics of ODLFs Buggest the kind of domains where their 
application are of particular interest. 
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7.1 Comparison with other filter structures 
The ODLF is a digital filter derived from an analog leapfrog structure. 

As Buch, its characteristics will be compared to the ones of its parents: the 
analog Switched Capacitor (SC) and the digital filter. 

Comparison results are summarized in table 7.1. The characteristics of 
SC filters have been kindly provided by N. Häberle from Ascom Autophon 
AG. Data about WDFa originate mainly from [Cla8B]. Obviously, the most 
particular characteristic of ODLFs is their high clock rate to cutoff 
frequency ratio. As a matter of fact, ODLFs are limited to very selective 
filter requirements due to their oversampling whilst the usual filter types 
start to have very sensitive coefficients (or capacitor ratios) as the cutoff 
frequency becomes small compared to the sampling rate. 

structure 
signals 
interfaces 
Si surface lmm2/pole] 
SNR [dB] 
consumption [uA/polel 
max. cutoff frequency [kHz] 
system clock to cutoff freq. ratio 

SC 
analog 

S/H 
0.1 
>70 
10 

200 
10 + 200 

ODLF 
binary 

XA 
0.15 
60 

50/MHz 
5 

>1000 

WDF 
digital 

A/D, D/A 
0.5 + 5 

96 

100 
10 + 600 

Table 7.1 Comparitoli of filter itmrturei. 

The values for the silicon surface required by the devices only take in 
account the filters themselves without any input or output interface. 
Typically, if the input and output signals of the system are analog, all 
devices require an input anti-aliasing filter and an output smoothing filter. 
Additionally, the SC filter could need an input Sample and Hold (S/H) 
circuit, the ODLF can do with an input LA modulator and the digital filter 
requires an A/D and a D/A converter. 

For an ODLF using a £A converter, the input anti-aliasing filter does not 
meet very stringent specifications as the transition band between the input 
spectrum and the sampling frequency is very large. A typical XA converter 
itself occupies about 1 mm2 and consumes Bome 10 uA. However, the 
aevereness of the output smoothing filter is a determining factor for the 
SNR of the system. 

The non-linearities of the ODLFs is of same kind as the ones of digital 
filters. They are due to the quantization of the digital signals and their 
importance ia estimated by the same analysis methods. Moreover, the SNR 
of the device can be directly influenced by the number of bits and the 
oversampling of the operators. On the other side, SC filters suffer from 
electronic noise and non-idealities of the amplifiers so the SNR is given by 
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the Integrated Circuit (IC) technology rather than by a filter design 
parameter . 

The characteristics of ODLFs are quite similar to the ones of SC filters, 
only the oversampling is greater. As such, they show to become an 
interesting alternative to SC filters as the cutoff frequency decreases versus 
the sampling rate. 

Compared to classical digital filters, ODLFs emerge through their ease 
of design and the simplicity of their operators. A peculiar characteristic of 
ODLFs is that the coefficients are given in the form of pulse rates whoBe 
generation requires silicon surface. Furthermore, multiplexing is of poor 
interest for ODLFs as the data busses would dramatically increase the 
surface of the device and the system clock frequency would further have to 
be raised. Practical examples have shown tha t ODLFs can cope with a 
smaller number of bits than classical digital filters. 

7.2 Possible extensions to the work 
Each ODLF operator contributes in its own way to the limitations of the 

structure. The incremental behavior of the UDC is responsible for the high 
oversampling whilst the dithering of the RM is the source of the 
quantization noise inside the device. 

A reduction of the oversampling can only be achieved by the coding of the 
state variables on more than one bit. The use of three or four bits for the 
state variables can lead to ODLF performances comparable to the ones of 
classical digital filters as in the latter devices the system clock is quite 
higher than the sampling rate of the filter. This change naturally leads to 
the replacement of the UDCs by accumulators which will be realized in one 
part by an adder for the LSBa and in a second part by an incrementer for the 
MSBs. 

The SNR provided by dithering inside the RMs showed to be sufficient 
because of the oversampling required by the ODLF structure. If the number 
of bits of the state variables is increased, the dithering quantizer has to be 
replaced by a TA converter and the multiplier which was realized by an 
AND gate will also show to become more considerable. 

The optimal number of bits for the state variables certainly depends on 
the application. As the oversampling reduces, the DDI transform has to be 
replaced by an Lossless Discrete Integrator (LDI) transform [Bru75j and 
analysis has to be made with the time discrete (sampled) rather than with 
the time continuous model. Nevertheless, the proposed enhancements 
remain in contradiction with the first purpose which was the simplicity of 
the realization. 

The operators have been designed using unsigned arithmetic. This 
choice has lead to the need for a DC offset to all s tate variables and 
necessitates a constant input RI0 to the last UDC of each branch in the 
lattice synthesis. The definition of signed operators can easily be derived 
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from the workings of the actual ones. Yet, this modification is costly in 
terms of size and regularity of the saturation and multiplication logic. 

The workings of the UDCs together with RMs are very similar to the 
description proposed for the neurons in the research about neural nets. For 
this reason, the use of these operators could be a valuable alternative to 
actual analog circuits for the hardware realization of neural networks. 

7.3 Domain of interest for the ODLFs 
The high oversampling is the major limitation to the applicability of the 

ODLFs. As a result, they are appropriate for the processing of low 
frequency signals. Possible purposes range from handling the measures of 
slowly varying physical quantities up to processing of telephone signals. 

The shape of the ODLF inputs and outputs which are coded as PFM 
signals prone for their relevance in fields such as the measure of L, R or C 
impedances, the transmission of binary signals in noisy environments, the 
reading of quartz Bensors, the vibration analysis of rotating machines or 
the regulation of stepping motors. 

Important to note is that the oversampling of the ODLFs depends 
straightaway from the required SNR. For this reason, the use of higher 
order filters is mostly of interest for specifications bearing narrow 
transitton bands rather than severe attenuations. 

In addition, the ODLF delivers in its passband an output frequency 
corresponding to the input rate. As such, it can be regarded as a digital 
Phase Locked Loop (PLL) and applied for tasks such as digitally controlled 
frequency synthesis or the demodulation of frequency modulated signals. 
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Abbreviations 
A/D Analog to Digital (converter) 
ASIC Application Specific Integrated Circuit 
CMOS Complementary Metal-Oxyde-Semiconductor (transistors) 
D/A Digital to Analog (converter) 
DDI Direct-transform Digital Integration 
IC Integrated Circuit 
H R Infinite Impulse Response (filter) 
LDI Lossless Discrete Integrator (transform) 
LF LeapFrog (structure) 
LSB Least Significant Bit 
LWDF Lattice Wave Digital Filter 
MIMO Multiple Input Multiple Output (filter) 
MSB Most Significant Bit 
ODLF Oversampled Digital LeapFrog (filter) 
PLD Programmable Logic Device 
PLL Phase Locked Loop 
QCDF Quasi-Continuous Digital Filter 
RM Rate Multiplier 
RMS Root Mean Square 
SC Switched Capacitor (filter) 
SISO Single Input Single Output (filter) 
SNR Signal to Noise Ratio 
UDC Up-Down Counter 
VLSI Very Large Scale Integration 
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Glossary 

Symbol Significance 

A State matrix of a system 
B State matrix of a system 
C State matrix of a system 
Cak Element value of the capacitance k of the branch a 
Cbk Element value of the capacitance k of the branch b 
Ok Element value of the capacitance k 
c ODLF coefficient, pulse rate input of a RM 
Cak ODLF coefficient of branch a 
cbk ODLF coefficient of branch a 
Ck ODLF coefficient 
D State matrix of a system 
D(s) Denominator of a transfer function 
D(Oi) Transfer function deviation 
Da(s) Denominator of the reactance function Za(s) 
D(Xs) Odd part of the denominator of a transfer function 
D(XB) Odd part of the denominator of a transfer function 
d Dither signal inside a RM 
Eo Voltage on the generator used to drive the analog filter input 
e Quantization error 
f Frequency 
F(s) Signal gain function 
fb Signal bandwidth 
f0 Typical frequency of a filter 
fp Passband edge 
f9 Sampling rate 
fa Stopband edge 
G(s) Noise gain function 
GB(a) Hurwitz polynomial used for lattice synthesis 
Gae(a) Even part of Ga(s) 
Gao(a) Odd part of Ga(s) 
Gb(s) Hurwitz polynomial used for lattice synthesis 
Gbe(s) Even part of Gt>(s) 
Gbo(s) Odd part of Gb(s) 
Em highest integrator gain value of the active LF 
H Transfer function of a filter 
TT Complementary transfer function of a filter 
H a Transfer function of a lattice branch 
Hb Transfer function of a lattice branch 
Hk Transfer function between the input and the state variable k 
hk(t) Impulse response corresponding to the transfer function Hk 
11 Port current of the two-port 
12 Port current of the two-port 
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l ek Current in the capacitance k 
ILk Current in the inductance k 
I a Current in a lattice filter reactance 
Ib Current in a lattice Filter reactance 
I 0 Additional offset for a lattice filter with positive state variables 
Lait Element value of the inductance k of the branch a 
Lbk Element value of the inductance k of the branch b 
Lk Element value of the inductance k 
N(s) Numerator of a transfer function 
Na(a) Numerator of the reactance function ZB(a) 
nbits Number of bits of the digital representation of a signal 
osr Oversampling ratio 
R Scaling resistance of the active filter state variables 
R Q Internal resistance of the analog filter input generator 
R L Load resistance on the analog filter output 
SB Reflectance function of a lattice wave digital filter 
Sb Reflectance function of a lattice wave digital filter 
B Complex frequency variable for time-continuous systems 
T State transformation matrix 
T , Sampling period 
t Time 
Ui Port voltage of the two-port 
U2 Port voltage of the two-port 
Uà Voltage over a lattice filter reactance 
Ub Voltage over a lattice filter reactance 
U 0 Input offset for a filter with positive state variables 
Uc k Voltage over the capacitance k 
ULk Voltage over the inductance k 
w State variable of a system 
w ak State variable in the branch a 
wbk State variable in the branch a 
Wk State variable of a system 
Xk Reactance, stands for Lk or Ck 
X0 DC amplitude of the input signal x 
x Input of a filter or an operator 
*max Maximal amplitude of the input x 
Xq Quantized value of x 
y Output of a filter or an operator 
Z Impedance 
Za Impedance of a lattice branch 
Zb Impedance of a lattice branch 
z Complex frequency variable for sampled systems, z - e fl 

Op Attenuation in the passband 
Ot9 Attenuation in the stopband 
A Difference between to contiguous samples of a signal 
X. Technology size parameter 
T Normalized time 
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n Normalized radian frequency 
Qp Normalized radian frequency of the passband edge 
û) Radian frequency , co • 2jif 
cob Signal band with r a d i a n frequency , cob - 2TC fb 
oik Active lattice in tegra tor gain of the active L F 
(O0 Typical r ad ian frequency of a filter 
tjq Signal to noise ra t io associated to t h e quant izat ion of a signal 
\]/ Complex frequency var iab le used with wave digital filters 
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Annex A 
Transfer function 

deviation 

The table provided in this annex is the list of the calculated and 
measured values used to build the plot of figure 6.7. 
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Table A.l displays the values building the plots of figure 6.7. The first 
column, named "freq", lists the frequencies at which the transfer functions 
have been evaluated and measured. Column 2, *H(a)", is the evaluated 
transfer function of the analog continuous time prototype. Column 3, 
"H(z)B, is the evaluated transfer function of the discrete time oversampled 
filter. Column 4, "+ dev", and column 5, *- dev", are the expected transfer 
function deviation for internal signala coded on 9 significant bits where all 
error sources contribute respectively to an increase or a decrease of the 
amplitude of the transfer function. Column 6, "+ measure", and column 7, 
"- measure", are respectively the maximal and the minimal measures of 
the transfer function amplitude. 

freej 

2 
2.5 
3 

3.2 
3.5 
3.7 
4 

4.2 
4.5 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
25 
30 
40 
50 
75 
100 
200 
300 
500 

1000 

H(Sl 

-0.0440 
-0.0054 
-0.0491 
-0.5149 
-2.9505 
-8.5639 

-15.9068 
-24.4176 
-36.1289 
-44.4494 
-40.0238 
-50.2612 
-41.4627 
-36.2099 
-34.3378 
-33.5727 
-33.3074 
-33.3011 
-33.4392 
-33.6610 
-33.9320 
-34.2314 
-34.5465 
-34.8690 
-35.1937 
-35.5171 
-37.0565 
-38.4330 
-40.7280 
-42.5732 
-46.0041 
-48.4712 
-54.4614 
-57.9776 
-62.4117 
-68.4311 

H(Zl 

-0.0468 
-0.0110 
-0.0613 
-0.5347 
-2.9770 
-8.5864 

-15.9254 
-24.4307 
-36.1394 
-44.4580 
-40.0322 
-50.2673 
-41.4687 

-36.2154 
-34.3431 
-33.S778 
-33.3124 
-33.3060 
-33.4440 
-33.6658 
-33.9368 
-34.2362 
-34.5512 
-34.6737 
-35.1984 
-35.5217 
-37.0631 
-38.4375 
-40.7325 
-42.5777 
-46.0086 
-48.4757 
-S4.465S 
-57.9813 
-62.4139 
-68.4262 

+ dev 

0.0040 
0.0657 
0.0630 
-0.3941 
-2.8235 
-8.3612 

-15.5466 
-23.5706 
-33.2086 
-38.2304 
-35.7641 
-40.9870 
-37.0161 
-33.6006 
-32.239* 
-31.6798 
-31.5028 
-31.5284 
-31.6670 
-31.8703 
-32.1103 
-32.3705 
-32.6403 
-32.9134 
-33.1854 
-33.4539 
-34.7016 
-35.7710 
-37.4620 
-38.7295 
-40.8470 
-42.1654 
-44.6473 
-45.6679 
-46.5820 
-47.3373 

- dev 

-0.0921 
-0.0771 
-0.1644 
-0.6523 
-3.1414 
-8.8604 

-16.4261 
-25.5467 
-41.0758 

-120.0000 
-48.5747 

-120.0000 
-50.8448 
-39.9199 
-37.0948 
-35.9901 
-35.5862 
-35.5321 
-35.6714 
-35.9243 
-36.2459 
-36-6099 
-36.9998 
-37.4053 
-37-8194 
-38.2376 
-40.3147 
-42.3036 
-46.0392 
-49.6581 
-60.5110 

-120.0000 
-120.0000 
-120.0000 
-120.0000 
-120.0000 

• measure 

0.0360 
0.1070 
0.0660 

-0.2510 
-2.4710 
-8.1750 
-15.1570 
-23.4520 
-31.6270 
-3 5.3590 
-34.7370 
-37.8760 
-36.7300 
-33.2170 
-31.7510 
-31.6390 
-31.5680 
-31.3820 
-31.5460 
-31.6150 
-32.3190 
-31.9600 
-32.5510 
-33.4540 
-33.4870 
-34.3620 
-36.3870 
-37.8560 
-39.8400 
-41.0380 
-43.4420 
-44.6600 
-50.6630 
-50.1270 
-53.7260 
-55.9440 

- measure 

-0.0900. 
-0.0920 
-0.0790 
-0-6340 
-3.2160 
-8.8100 

-17.3320 
-24.7320 
-40.8860 
-45.8300 
-60.4670 
-58.5430 
-45.0350 
-41.4690 
-38.7440 
-34.5540 
-35.6670 
-35.8400 
-35.4660 
-35.8330 
-37.6320 
-37.2960 
-36.2550 
-37.4330 
-38.2520 
-36.4630 
-37.7040 
-39.9130 
•41.6330 
-44.6070 
-49.3480 
-58.8550 
-86.5540 
-80.8160 
-70.2580 
-82.0790 

table A. 1 Frequency reiponw of a fifth order ODU. 


