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ABSTRACT : The dynamic shear response Z of the vortex lattice 

in superconducting granular Al films shows interesting features 

near TM, the Kosterlitz-Thouless temperature for dislocation-

mediated melting. The T-dependence of Z is interpreted in terms 

of the coupled motion of displacement field and dislocations in 

an elastic continuum. Pinning of the vortices by inhomogeneities 

seems to play an important role. 

I. INTRODUCTION 

It has been proposed [1,2] that a lattice of quantized vortices 

in thin superconducting films can be considered as a two-

dimensional (2D) crystal undergoing a transition from a solid­

like to a fluid-like phase at a melting temperature TM determined 

by the Kosterlitz-Thouless [3] criterion for the existence of 

topological order in two dimensions. According to this theory, 

the mechanism driving the melting transition is believed to be 

the unbinding of bound pairs of dislocations, which, together 

with phonons, represent the thermal excitations of a 2D crystal. 

For an incompressible 2D crystal, as it is the case for a lattice 

of superconducting vortices, the melting temperature TM is given 

by the following implicit relation [3] : 
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4*KBTM = V R ( T M ) a 2 ' ( 1 ) 

where a is the lattice parameter and VR(T M) the effective shear 

modulus of the crystal at the phase transition as TM is approach­

ed from the solid phase. In the static case (u =0) pR jumps 

discontinuously to zero at TM and vanishes in the liquid phase. 

Expressing pR in terms of superconducting parameters, Fisher [2] 

has shown that for a lattice of vortices Eq. (1) can be written 

in the form : 

M _ 3.8 nO .0. 
Tc = - A1 Ru ' (2) 

an expression showing that the melting transition should occur 

always below T , the BCS superconducting transition temperature. 

In Eq. (2) R n Q is the normal-state sheet resistance of the 

superconducting film, Ru the universal resistance R/e
2 and A1 is 

a constant, which lies between 0.4 and 0.75, accounting for the 

renormalization of the shear modulus. 

Recently, Fiory and Hebard [4] provided clear evidence 

for melting phenomena occurring in a 2D lattice of superconduc­

ting vortices. However, since vortex pinning was not explicitly 

included in their analysis, they were unable to ascertain whe­

ther the observed transition was driven by the unbinding of 

dislocation dipoles as predicted by detailed theories [5,6] of 

2D melting. 

In this paper, we report a study of the ac complex 

impedance of superconducting Al-films mounted in the so-called 

Corbino-disk geometry [7]. In this particular configuration 

the oscillating driving Lorentz force acting on the vortices, 

which results from an ac current flowing radially in the super­

conducting disk, couples only to shear deformations of the vortex 

medium. As a consequence, it was originally thought that this 

experiment was ideally suited to provide important insight into 

the unique dynamical aspects of dislocation-mediated melting. 
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The experimental results described in Section II are indeed con­

sistent with the hypothesis of vortex-lattice melting. A 

detailed analysis of the data, however, shows that vortex pinn­

ing, as in Fiory-Hebard's experiments, plays an essential role 

in determining the dynamic response of the vortex medium in both 

the solid and fluid phase. In Section III, therefore, we deve­

lop a model which explicitly incorporates pinning phenomena in 

the dynamics of an elastic vortex continuum with dislocations. 

The model qualitatively explains the essential features of our 

data and brings new insight into the role of pinning in melting 

phenomena of a lattice of superconducting vortices. 

II. EXPERIMENTAL RESULTS 

To realize the desired radial current-density distribution cha­

racterizing the Corbino-disk geometry, granular Al-films of 

circular shape were mounted in a coaxial current-feeding confi­

guration. Electrical contacts were obtained by pressing against 

the film surface the indium tip of the central electrode and an 

indium O-ring which acts as outer circular electrode. In order 

to allow free access of magnetic flux to the film region, the 

external superconducting In-electrode was interrupted over a 

very short portion of its circular path. The diameter, 2R^, of 

the central contact is of the order of 1 mm, whereas the corres­

ponding dimension, 2R0, of the external electrode is 18 mm. The 

ac complex impedance Z of the superconducting film was inferred 

from V =ZI, where I is the constant rms value of the driving ac 

current and V the rms value of the ac potential difference 

between the central and the outer electrode measured with a 

conventional phase-sensitive detector. I never exceeded - 1 yA, 

a value resulting in a maximum current density of the order of 

~ 1 A/cm2 in the immediate vicinity of the central electrode. 

Typically, at these current levels the sensitivity of the detec­

tor allowed to measure impedances of the order of a few mß. The 
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frequency range covered by the experiments reported in this 

paper extends from 100 Hz up to 100 kHz. At low frequencies 

(less than - 5 kHz) the correct phase setting was obtained by 

adjusting the phase shift of the detector to null the signal 

from the film well above its transition temperature (at T = 

4.2 K). This corresponds to the 90° phase setting used to 

measure the quadrature or imaginary part of Z (Im[Z]). At high 

frequencies, where spurious inductive pick-up from the measuring 

circuit was not negligible, a more elaborated procedure was 

used. 

According to Hebard and Fiory [8], the complex impe­

dance Z of a 2D superconductor can be written in the form : 

Z = iuLK + Zv , (3) 

an expression stating that Z is the series connection of the 

inductive contribution, UJLK, due to the superfluid background, 

and of the impedance Zv arising from superconducting vortices. 

Estimates of the kinetic inductance L„ = (1/2) y AJIn(R /R.,), 
A O O X 

where A is the effective penetration depth in thin superconduct­

ing films, using typical parameters for our Al-films show that 

UJLK, in the temperature region of interest, is always well 

below the sensitivity of our detector. Thus, except very near 

Tc, where uLK, being inversely proportional to the superfluid 

density which diverges as [1 -(T/T )] , makes the dominant 

contribution to Z, what we actuelly measure in our experiments 

is the complex vortex impedance Z . 

In Figs. 1 and 2 we show experimental results, at 

B = 5 Gauss, for an Al-film (All) having R n Q = 70 ii, Other 

parameters of All are Tc = 2.04 K and d - 100 A. We observe a 

rapid increase in dissipation (Fig. 1) which sets in at a 

temperature lying within the "melting range" predicted by Eq. 

(2) (1.71 < TM < 1.86 K). Since our method is not sufficiently 

sensitive to detect the presumably very small dissipative compo­

nent Re[Z] in what is believed to be a pinned solid vortex 
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Fig- Temperature depen­
dence of the real part of the 
ac complex impedance of All. 

Fig- Temperature depen­
dence of the imaginary part of 
the ac complex impedance of 
All. 

phase, we are not able to ascertain whether Re[Z] exhibits, near 

TM, the break in slope observed by Fiory and Hebard [4] using a 

different technique. Closer inspection of Fig. 1 shows an 

additional feature of the data, namely a slight change in slope 

around 1.9 K which for the results at 990 Hz is associated with 

the appearance of the small peak shown in the insert. Above 

1.9 K Re[Z] is essentially independent of u in the explored 

frequency range and exhibit a thermally activated behaviour. 

The inductive component Im[Z] of All (Fig. 2) shows a definite 

break in slope at about 1.8 K. Below this temperature, Im[Z] is 

certainly larger than Re[Z], an indication that pinning effects 

play a major role in determining the dynamic response of what is 

presumably the solid-like vortex phase. Above 1.8 K, however, 

there is a crossover to a régime where Im[Z] is less than Re[Z], 

a feature consistent with the motion of uncorrelated vortices 

interacting as individual "particles" with the structural 
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inhomogeneities responsible for vortex pinning (see Section III 

c). Im[Z] also shows a little peak structure at about 1.9 K in 

the data taken at 990 Hz and a weak change in slope at the other 

frequencies. Above 1.9 K there is again evidence for thermally 

activated vortex motion and Im[Z] is proportional to u at low 

frequencies. On the high temperature side the data of Fig. 2 

culminate in a well defined peak at 2.03 K which is related to 

the smoothed divergence of LK at the superconducting - normal 

state transition. 

Peak structures and changes in slope above TM are very 

pronounced in the data for A12 (Fig. 3, 4 and 5), a granular Al-

film having the same R _ as 

A 1 kHz 

B 10 kHz 

C 100 kHz 

Ali, Tc = 2.27 K, d = 200 Â 

and for which TM lies in the 

1.90 - 2.07 K range. As shown 

by Fig. 4 and 5, the position 

and strength of the peaks are 

practically independent of 

frequency. Their intensity, 

however, depends, even at the 

lowest excitation levels used 

in our experiments, on the 

amplitude of the driving ac 

current. Moreover, the dissi­

pation associated with the 

peak in Re[Z] is much larger 

than what one calculates for 

free vortex motion from the 

Bardeen-Stephen theory [9]. 

Both features provide a clear indication for a non-linear dyna­

mic response of the vortex medium, presumably due to the 

presence of strong vortex pinning in A12. This conjecture is 

consistent with the observation of a remarkable difference in 

the shape of the current-voltage characteristics of Ali and A12. 

2.0 2.1 
T IK] 

Fig. Temperature depen­
dence of the real part of the 
aa complex impedance of A12. 
The amplitude of the driving 
ac current is 1 \iA . 
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Fig. 4 Detail of the peak 
structures of Fig. 3 shown on 
a linear plot. 

Fig. Temperature dépen­
dance of the imaginary part of 
the ac complex impedance of A12 
shown on a linear plot. The 
driving current is the same as 
in Fig. 3. 

Well above TM, the I-V-curves of both films show a thermally 

activated behaviour with vanishing critical current at low 

currents and a linear flux-flow régime at high currents. Below 

TM both films have a finite critical current but, while All 

enters the flux-flow régime with a gradual transition, A12 shows, 

at I = I , a sudden voltage jump after which the film is in the 

flux-flow state. This feature is interpreted as a manifestation 

of the existence of very strong pinning centers whose effect is 

superposed to the usual weak vortex pinning due to the granular 

nature of the Al-films. Inspection of the structure of our 

films has, in fact, revealed the presence of holes, presumably 

resulting from imperfect nucleation, and whose concentration is 

particularly high for A12. Holes are known to act as very 

efficient pinning centers [10]. It is clear, therefore, that a 

careful analysis of the experimental results reported in this 
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Section must also take into account phenomena associated with 

strong vortex pinning. 

III. THEORETICAL CONSIDERATIONS 

A. 2D_v2rìe2i Lattice. Without Pinnincj 

In the following discussion the lattice of quantized supercon­

ducting vortices is considered as a 2D elastic continuum where 

thermally excited dislocations form a system of "vector charges" 

with properties similar to those of a 2D Coulomb gas [3,11]. 

Since it is energetically more favourable to create pairs of 

dislocations (b, -b) with opposite Burgers vectors, the total 

Burgers vector charge of the dislocations vanishes. As a con­

sequence, there is no macroscopic bending in the 2D crystal, a 

condition equivalent to that of overall electroneutrality in the 

2D Coulomb gas analogue. 

The equation of motion for the total displacement 

field u of the vortex medium can be written in the form [12] : 

9uH 3aik 

^ - ^ = - i ^ + F i ' (4) 

where the three terms represent, successively, the viscous damp­

ing force, the elastic restoring force in presence of disloca­

tions and the external driving force acting (per unit surface) 

on the 2D vortex medium. The viscosity coefficient n is given 

by n = B2/Rfn ' w n e r e R f n is the flux-flow sheet resistance. 

Since there is no macroscopic bending in the 2D vortex crystal, 

the stress tensor o.^, which is related by Hooke's law to the 

elastic part of the total strain tensor, can be expressed as : 

i 3 u m -, 
aik = Cik£m["-Tx P£mj ' (5) 

where P is the plastic part of the total strain tensor, the 

so-called dislocation polarization tensor, describing the strain 

field due to the dislocations. For an isotropic continuum the 
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tensor of the elastic moduli C..„ is given by : 

C 1 n = X 6 ., 6„ + y (6 . O1 + 6. <5, „ ) , (6) 
lk&m ik Am i£ km im k«. 

where X and y are Lame's coefficients. In particular, y is the 

shear modulus of the vortex continuum without dislocations. 

In order to discuss effects arising from the presence 

of thermally excited dislocations, it is convenient to rely 

again on the 2D Coulomb gas analogue. With this in mind it is 

quite natural to describe the response of the dislocations to 

the stress a ., by means of a susceptibility X., (io) defined by 

the relation : 

*ik(u) = XiKmM°mM ' (7) 

where the sign "-" denotes the Fourier transform of the corres­

ponding physical quantity. In writing Eq. (7) we have implici­

tly assumed that the stress field varies slowly over distances 

of the order of the diffusion length traveled by a dislocation 

during one cycle [6]. Accordingly, the stress field generated 

in the vortex medium in response to the external driving force 

is effectively perceived as a uniform stress by the dislocations. 

Thus, one can approximate X., (q;iü) by its value, X., (to), 

at q = 0 . • 

Considering the vortex lattice as an incompressible 

continuum, from Eqs. (4), (5), (6) and (7), we obtain : 

- inoou = y (ffl)Au + F . (8) 

This is the conventional equation of motion for a dissipative 

elastic medium driven by an oscillating external force. In our 

approach effects arising from the thermally generated disloca­

tions are incorporated in an effective (or renormalized) shear 

modulus 

yn(w) = —7—7 1 (9) 
K
 E (ai) 
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where e (io) = 1 +2yX(oi) is a dielectric constant accounting for 

screening of the stress field by the dislocations. e(io) has 

been calculated by Ambegoakar et al. [Il] in connection with the 

dynamical response of the 2D Coulomb gas and more recently by 

Zippelius et al. [6] in a detailed dynamical theory of disloca­

tion-mediated 2D melting. It can be written in the form : 

e (io) = eh(io) + i2y - , (10) 

showing that e (io) is the sum of two contributions. The first 

one, £^(10), which is complex, is due to the motion of bound 

pairs of dislocations (dislocation dipoles) in response to the 

oscillating stress field. The second one is associated with 

free dislocation charges. It vanishes below TM but makes the 

dominant contribution to e (io) above TM- The analogy with the 

2D Coulomb gas allows us to write down immediately the expression 

for the conductivity a entering this second term : 

a = b* ̂  n f , (11) 

where D/kßT and n^ are, respectively, the mobility and the den­

sity of the free dislocations. n^, in turn, is approximately 

given by nf = ç~
2(T), where C+(T) is the correlation length in 

the fluid vortex phase (T > TM) [5] : 

C+(T) ; a exp Il s 
_T 
T,, 

(12) 
1M 

where v ? 0,37 for a triangular lattice and s is a non-universal 

constant. 

From Eq. (8) we can now deduce the complex vortex 

impedance Zv of the Corbino-disk geometry. In this configura­

tion one is dealing with an azimuthal driving force of the form 

F = (BI/2nr)e.. As a consequence, only shear deformations 

propagating in the radial direction are excited. Then, a simple 

calculation shows that : 
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z. -¾*-
v 2 it 

C(q) [1 + -*-] dq (13) 

0 
wig 

where C(q) = q-1 for R-1 < q < R^1 and C(q) = 0 otherwise. In 

Eq. (13) T-1 is the (complex) relaxation rate of the transverse 

mode q in the dissipative vortex medium : 

-1 ^ R ? V 9 „,, 
<3 n tie(u) 

Since Re[e-1(u)] and ImIf1Im)] show, respectively, a shoulder 

and a peak at a temperature T (ID) > TM determined by the condi­

tion Ç2[T(w)] = D/w [11,13], one would expect characteristic 

structures in Z associated with the melting transition of the 

vortex lattice. Closer inspection of Eq. (13) shows, however, 

that, at T = 0, the relaxation times T of the relevant shear 

modes consistent with the above form of C(q) lie between 

- 5 xio-3 s and - 1 s for a typical choice of parameters and 

are even much longer in the vicinity of T„. In the temperature 

region of interest UIT is therefore much larger than unity at 
q 

the frequencies used in our experiments. As it clearly results 

from Eq. (13), in this régime vortex motion in ideal, i.e. 

pinning-free, superconducting films is controlled by viscous 

forces only and consequently all information about a possible 

melting transition of the vortex lattice is lost'in this case. 

As it will be shown in the subsequent discussion, vortex pinn­

ing, unavoidable in real films, provides the essential mechanism 

allowing the detection of melting phenomena of the vortex 

lattice. 

B. S_o_lid Vortex_Phas_e_With Pinn_ing_ 

If one assumes that vortex pinning does not seriously affect the 

dynamic response of the dislocations described by the dielectric 

constant (10), the equation of motion for the vortex continuum 
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is simply Eq. (8) with an additional force -VU(r) arising from 

the interaction of the vortices with a random pinning potential 

U(r). It is well-known that Al-films prepared, as in our expe­

riment, by evaporating the metal in a controlled oxygen atmos­

phere consist of a random distribution of metallic grains. The 

resulting structural inhomogeneities act to pin vortices by 

interaction with their normal cores. Since the grain size is 

usually much less than the core diameter, which is of the order 

of the coherence length, the pinning potential U(r) is weak and 

can be treated as a perturbation [14]. In the experiments 

described in Section II, however, we found evidence also for 

strong pinning effects, possibly associated with a dilute ran­

dom distribution of holes, which are known to be very efficient 

p-inning centers [10]. We think, therefore, that in our films 

U(r) will behave in a way somewhat similar to that sketched in 

Fig. 6, where a dilute random distribution of deep potential 

wells (holes) is superposed to the weak small-scale random 

potential due to the grains. In order to perform an explicit 

calculation of Zv, the strong pinning component of U(r) is 

approximated by a random distribution of deep parabolic wells 

of equal strength and, on the average, a distance L apart. In 

the dilute limit considered here we assume L >> a. The weak 

pinning part of U(r) is represented by randomly distributed 

shallow parabolic wells. In the equilibrium configuration each 

well is occupied by a vortex sitting at the bottom of the well. 

Using this model, a calculation within the framework of the 

so-called Coherent Potential Approximation (CPA) shows [15] that 

Zv is still given by Eq. (13) where, however, the relaxation 

rate T"1 is replaced by : 

T _ 1 = T q ' + T £ ! + T ; X <15> 

In this expression T"1 is the relaxation rate of lattice modes 

with a wavelength of the order of - L which are induced by the 

strong component of U(r) : 
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ne (to) L2 
(16) 

T0, on the other hand, is the relaxation time of a single vortex 

in a shallow parabolic well and, therefore, does not depend on 

PR = y/e (w) . 

Eq. (15) has a simple physical interpretation. For 

long-wavelength Fourier components of the driving force, such 

that gL << 1, the presence of strong pinning centers at an 

average distance L from each other causes the excitation of 

lattice deformations of much shorter wavelengths, of the order 
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of ~ L. For this case, the response of the vortex medium is 

strongly influenced by pinning,and the lattice relaxation rate 

is much faster than in a pinning-free situation (TT1 >> T"" 1). 

In the opposite limit (qL >> 1) the strong pinning centers have 

little effect on the lattice response. 

Typically, for our Al-films we expect a << L << R. . 

Then, since T - 1 << TT 1 for the relevant modes of the Corbino-
q JJ 

disk geometry, from Eq. (13) one obtains : 

Zv= Rf£l+^] - 1 ' (17) 

where R, = (R,_ /2Ti)JIn(R /R.) is the flux-flow resistance of the 
f fO o' i 

Corbino disk and x-1 = TT 1 + T - 1 in this case. In the low-tem-
L o 

perature solid vortex phase (T << T M), where only a few bound 

pairs of dislocations are thermally excited (e = 1), estimates 

of T L using reasonable values of L (L = 10 -50 ym) and of T Q [2] 

show that WT << 1 at our frequencies. Then, from Eq. (17) it 

follows that Re[Z ] = R (UT) 2 and Im[Z ] = R (OJT) and, conse­

quently, Re[Z ] << Im[Z ], a result which clearly shows the 

importance of pinning in reducing the dissipation and in 

enhancing the inductive response of the solid vortex phase. As 

discussed in Section II, this prediction of the model agrees 

with our low-temperature experimental data (Figs. 2 and 3). 

Under certain conditions, both Re[Z ] and Im[ Z ] exhibit, for 

T â TM, frequency-dependent structures, which reflect the 

peculiar behaviour of e-1(w) in this intermediate temperature 

region (see Section III A). These features will be discussed 

in more detail later on in this paper (Section III D). In the 

high temperature fluid vortex phase (T >> TM) the presence of 

a large number of free dislocations leads to a vanishingly small 

e-1 (OJ) and thus T : T . In this case, Z reduces to the 

expression for a single vortex, as one actually expects for a 

liquid in which particles are uncorrelated. However, our model 

is a typical "solid" model in which the displacement field u 
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describes deformations with respect to a fixed equilibrium 

structure. Thus, Z , which is proportional to the vortex mobi­

lity, vanishes in the limit co = 0. Since this is clearly not 

the case for a liquid, where the dc mobility is finite, in the 

next subsection we discuss the response of the fluid vortex 

phase in presence of thermal fluctuations. 

C. Fluid Vor_tex_Phase_With £inn_inç[ 

Since the potential wells associated with the strong pinning 

centers are assumed to be very deep (with activation energy much 

larger than kgT) and dilute (L >> a), the contribution of vor­

tices sitting in these wells to the overall vortex impedance of 

the fluid phase well above TM is expected to be very small. For 

this reason we consider a model in which all vortices interact 

only with the weak component of the pinning potential, namely 

that associated with the granular structure of the Al-films. 

For T >> TM vortex motion is uncorrelated, so that it is suffi­

cient to consider the Brownian motion of an individual vortex 

in the random pinning force field. To our knowledge, the 

problem of finding the frequency-dependent mobility of such a 

particle has not been studied in detail. However, a solution 

containing all the essential physical features can be easily 

obtained from a ID model in which the random potential U(r) is 

replaced by a ID sinusoidal field U(x) = U cos qx. In this 

case, the Langevin equation of motion for a vortex of mass m 

can be written as : 

mx = - n'x + U0q sin qx + f(t), (18) 

where n' = n/na (no = ^/$o ^-s t n e a r e al vortex density) and 

f(t) is the fluctuating Langevin force with a white-noise 

spectrum defined by the correlation function 

<f(t)f(t')> = 2n' kBT6(t-t') . (19) 
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The frequency-dependent vortex mobility, which is the Fourier 

transform of the velocity-velocity correlation function, and, 

consequently, Z v can now be deduced from Eq. (18) using the con­

tinued-fraction method first applied by Fulde et al. [16] to a 

similar problem. In the so-called Smoluchowski limit, where the 

viscous force dominates over the inertial force in Eq. (18), a 

two-pole continued fraction expansion leads to : 

'D- -1 

Z v = Rf[1 +
 D. ° ] , (20) 

V t L 1 -IU)TT-. 

where T"1 = D q2 is the vortex diffusion rate over distances of 
D v 

the order of the wavelength of the periodic pinning potential 

(D„ = k^T/n' is the vortex diffusion constant). The relaxation v a 
time ratio T D / T ' is given by : 

^T = tIo(y) " 1 ] ' ( 2 1 ) 

where y = U 0 A 3 T and T0 is related to T0 [Eq. (15) ] by T0 = 

T0 I0(Y)Zl1(Y). I0(y) and I1(Y) are modified Bessel functions. 

In the low-frequency limit (O>TD << 1) from Eq. (20) one deduces : 

R
f io (y) - 1 

Re[Z ) = . , Im[Z ] = R_ ux_ ; . (22) 
I* (Y) V f D l"0(Y) 

These expressions show that, at low frequencies, the dissipative 

component of Z is independent of u, whereas the dispersive 

component scales linearly with u>. Moreover, as one easily 

deduces from the properties of I (y), both Re[Z ] and Im[Z ] 

exhibit a thermally activated behaviour and Re[Z ] > Im[Z ]. 

These are precisely the features shown by our high-temperature 

experimental results (Fig. 2 and 3 ) , which can indeed be fitted 

to the above theoretical expressions. Assuming that, near T ,. 

R1. z R BZH 0(T) -[I -(TZT ) ]
- 1 and that U varies with tempe-

rature as the superfluid density, i.e. U (T) = U [1 -(TZT0)] 

near T , one obtains an acceptable fit of the data for All 
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u s i n g U = 50 K and T z 2 x l O - 5 s . Th i s v a l u e of U i s con-
OO D 00 

sistent with an estimate of Fisher [2] for granular films, who 

finds U0 (T„) of the order of kßTM in films whose 1"M is relative­

ly close to T . Moreover, using the Bardeen-Stephen theory [9] 

to calculate n ' , from T Q we infer X = 2-rr/q - 35 um. Because of 

the random nature of the pinning potential operating in our 

films, it is difficult to assess the significance of this figure. 

D. The Transition_Reg_ion 

A description of the pinned vortex medium at intermediate tempe­

ratures (T > T„) is difficult and certainly requires a more 

detailed theoretical treatment. From a phenomenological point 

of view, however, it is possible to describe its dynamic respon­

se in the vicinity of the melting transition using a simple 

interpolation scheme. With this in mind we write for the vortex 

impedance Z : 

Zv = Rf 

* i 
TD / T 

1 + *| , (23) 
1 -Iu)T 

where T is still given by T_1 = xT1 + 1^1- Well above TM 

(T >> T„), in the fluid vortex phase, e-1(w) vanishes and, con­

sequently, T = T . If T* is identified as the vortex diffusion 

time T defined in III C , then Eq. (23) becomes identical to 

Eq. (21), the dynamic response of the vortex fluid. On the 

other hand, if rt becomes very large (xî •* -») , Eq. (23) trans­

forms into the vortex impedance of the pinned solid vortex phase 

Eq. (17) . These considerations show that the dynamic response 

of the vortex medium in the transition region (T > TM) can be 

described in simple terms if one assumes that in Eq. (23) xî 

diverges as one approaches the melting temperature T„ from above, 

i.e. xi T»- oo as T ~ Tit. It seems therefore natural to identify D M 

T*, for T > T„, as the time free dislocations need to diffuse 

over distances of the order of the correlation length ç (T) [see 
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Eq. (12)] in the fluid vortex phase, i.e. T* : E,^(T)/D. Rely­

ing on this phenomenological approach, we have determined the 

vortex impedance near the solid-liquid phase transition from Eq. 

(23) using Eq. (10) for e (u). To this purpose the contribution 

Gĵ  (OJ) associated with thermally excited bound pairs of disloca­

tions has been calculated using the procedure described in Ref. 

[13]. Three parameters enter this calculation, namely 

l z AnI(DZu))1Z2Za], v/v„ (T~) and s. Since estimates of D are 
K. M 

not available so far, we have set D = D obtaining Jl ~ 7 for a 

frequency of 1 kHz and a = 1 ym, which correspond to B = 20 

gauss. To be consistent with Fisher's estimate [2], we have 

chosen \i/Ur.(T~) = 2. Then, setting s =. 2ir, OIT = 10~3 and OJT = 

10-lf at low temperatures, where E = 1, we obtain the results 

shown in Fig. 7. A peak in dissipation and a shoulder in the 

inductive component of Zv show up approximately at the tempera­

ture T defined in Section III A [S? (T ) = DZto]. These 

M + ") 

Cd 

10 
.-3 

I 

-

I m [ Z v ] 

I 

I 
I 

/ 

I I 

/ 

Re[ZJ 

i 

1.00 1.01 • 

T/T M 

1.02 1.03 

Fu Real and imaginary part of the complex 
vortex impedance as a function of tempera­
ture in the vicinity of the melting 
transitions as deduced from Eq. (23). 
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structures are a manifestation of the unique behaviour of e-1 (u) 

in the vicinity of T„. If one lowers the frequency, while keep­

ing all other parameters fixed, the characteristic structures of 

Fig. 7 are still well resolved but their intensity decreases 

approximately linearly with <i>. At higher frequencies, the 

structures at T are washed out. Notice that the results shown 
io 

in Fig. 7 confirm the already discussed and experimentally obser­

ved crossover from Re[Z ] < Im[Z ] in the low-temperature solid 

vortex phase to Re[Z ] > Im[Z ] in the high-temperature fluid 

vortex phase. 

The model discussed above shows that vortex pinning 

plays an essential role in experiments probing characteristic 

features of dislocation-mediated melting. Whether the structures 

emerging in our experimental data just above the predicted melt­

ing temperature can be understood on the basis of the present 

model remains, however, an open question. It is possible that 

the small peak in the 990 Hz-data of All results from the dislo­

cation unbinding mechanism. As predicted by the model, it 

disappears, in fact, at higher frequencies and is probably 

blurred by noise at lower frequencies. Further experimental 

work, however, is necessary in order to ascertain this conjec­

ture. Unexplained by the present treatment are the well-resol­

ved peak structures observed for A12, which do not shift with u, 

and whose intensity is by far too large to be accounted for by 

our model. As already mentioned in Section II, their explana­

tion will probably require the development of a more elaborate 

non-linear theory. 

As a final point, we would like to stress an intrinsic 

difficulty one faces in experiments probing melting phenomena of 

a lattice of superconducting vortices. Unlike the case of the 

superfluid transition in 2D superfluid He-films [13] and in 2D 

superconducting films [17], where it is possible to couple the 

driving field directly to the vortex excitations, in experiments 

probing the shear modulus of a lattice of vortices the external 
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force couples primarily to the total displacement field of an 

elastic continuum with thermally excited dislocations and not 

directly to the dislocation field. As a consequence, characte­

ristic features arising from the dislocation-unbinding transi­

tion are difficult to observe. In this paper we have shown that 

vortex pinning is an essential tool to overcome this difficulty. 

We think that experiments dealing with well-controlled pinning 

structures [10,18] will prove to be very useful in ascertaining 

the nature of the melting transition. 
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LOCKING-UNLOCKING TRANSITION OP A TWO-DIMENSIONAL LATTICE OF SUPERCONDUCTING VORTICES 

P. Martinoli, H. Beck, M. Nsabimana and G.-A. Racine 

Institut de Physique, Université de Neuchâtel, 
CH-2000 Neuchâtel, Switzerland 

At a temperature Tu < Tc a two-dimensional lattice of superconducting vortices inter­
acting with a periodic pinning potential is found to undergo a transition from a 
registred locked phase (T < Tu) to a floating unlocked phase (T > T u). A simple mcdel 
accounts for the main features of the transition observed in thickness-modulated 
superconducting films. 

Two-dimensional (2D) systems have received con­
siderable attention recently. In several expe­
riments the 2D crystal under consideration 
interacts with the force field created by a pe­
riodic substrate. Among other situations, this 
is the case of the 2D vortex lattice in thin 
superconducting films, whose thickness is pe­
riodically modulated in one direction [lj. In 
this letter we report on a novel phase transi­
tion we have observed in this particular phy­
sical system. As the temperature T is raised 
above a certain critical value Tu, a lattice of 
vortices in registry with the periodic film 
structure undergoes a transition from a locked 
(or pinned) L-phase to an unlocked (or unpinned) 
U-phase. The U-phase is expected to be in the 
liquid state. 

In previous experiments [1] we have shown that 
the critical currents IC(B) and the RF-proper-
ties of thickness-modulated superconducting 
layers in the flux-flow régime are very sensi­
tive to the ID periodic potential associated 
with the particular film profile. Peak structu­
res appear in the Ic(B)-curves whenever the 
vortex lattice matches the periodic substrate, 
a situation occuring if q = g, q being the wave 
vector of the modulation and g a reciprocal 
vortex lattice vector. An additional signature 
of the periodic film structure is the presence 
of steps in the I-V characteristics of modulated 
films exposed to RF-radiation. Pinning induced 
coupling at RF-frequencies between the oscilla­
ting motion of the vortex lattice in a regis­
tred configuration and the electromagnetic field 
results in quantum interference transitions at 
discrete values En = nfXgB of the flux-flow dc-
electric field (f is the frequency of the RF-
radiation, Xg = 2ir/q the wave-length of the 
modulation and n an integer). 

The experiments reported here were performed on 
granular Al-films with sheet resistances, 
R0 = p/d, ranging typically from 10 to 100 U. 
A combined holographic-photolithographic tech­
nique was used to obtain grating-like film 
profiles with Xg £ 1 um. To meet the condition 
for the weak pinning limit discussed below, the 
relative thickness modulation never exceeded 
~ 10%. Peak structures in the Ic(B)-curves of 
an Al-film with RQ = 35 fl are shown in Fig. 1 

40 B-lGouss] 

Fig. 1 : Magnetic field dependence of the criti­
cal currents of a thickness-modulated 
Al-film (RQ = 35 ft, Tc » 2.16 K, 
t = T/Tc). 

for the fundamental matching configuration defi­
ned by a « 2Xg/V3 (or, equivalently, B • 
(/3/2Xp0ZXg) and sketched in the insert. It is 
seen that, with rising temperature, a relatively 
rapid degradation of the Ic-maxima occurs as one 
approaches a critical temperature T11 of ~ 2.05 K. 
For T > Tu the structures in IC(B) completely 
disappear indicating that the vortex lattice is 
no longer locked to the periodic substrate. I-V 
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characteristics and their derivatives for an Al-
film (Rn = 15 Sl) exposed to 100 MHz-radiation of 
constant power are shown in Fig. 2. As in the 
critical current case, from the evolution of the 
n = 1-interference transition with increasing 
temperature one is led to the conclusion that 

E 

1 

B = 29 Gauss 

v= 100 MHz 

A 8 = 0.79 ̂ m 

( = 0.930 

nu0 - I G(A-AMu. qA'sintq.u^) + F* ( t> 
(1) 

where the four terms represent, successively, 
the viscous damping force, the lattice restoring 
force, the pinning force and the fluctuating 
Langevin force acting on the vortex £. n, is the 
viscosity coefficient, G(i-V) the elastic 
matrix^and 2A' the height of the potential bar­
rier. F. (t) is defined by the correlation func­
tion p 
<F<*<t)FJ*,(tM> = (ZnkjjT/d^Ój^.ótt-tM. 

Within the framework of the so-called renormali-
zed harmonic approximation, Eq. (1) can be sol­
ved for the mean square fluctuation <u > of the 
vortices using a Fourier transform technique. 
Since only transverse (t) modes are relevant in 
a vortex lattice, one obtains in the weak pin­
ning limit (A « y) : 

<u*> = (kBT/4iru) JIn <u/AR) (2) 

where u is the shear modulus and A„ an effecti­
ve strength of the pinning potential given by 

4 R = A exp <-q<u£x>/2) (3) 

where A = d(B/(p0)A'. Eq. (3) shows how the re-
normalization enters our problem : through a 
Debye-Waller factor associated with the compo­
nents u t x of the transverse thermal fluctuations 
along the direction x (// q) of. the thickness mo­
dulation. Since, by equipartition, 
<u£> in the limit A « u, from Eqs. 
one deduces : 

t u/d-t u) 

<utx> « 
(2) and 

(½) 
(3) 

AR/A = 

where tu = 

k»T, 

(Vu) 
T/Tu. 

(4) 

T u is given by 

B1U (4/TI)P (TU) Ag 

an expression also derived by Pokrovsky and 
Talapov [2] using a different method. 

(5) 

Fig. 2 : RF-excited current-voltage characteris­
tics and their derivatives for a thick­
ness-modulated Al-film (Rn = 15 Q, 
T 0 = 1.90 K, t = T/T c). 

dynamic coupling of the matched vortex lattice 
to the periodic potential is totally absent for 
T > T u a 1.84 K. Notice that the n = 1-step is 
correctly located at Ei = fX_B for T « T u but 
that it gradually shifts to higher voltages in 
the immediate vicinity of T u. This effect might 
be due to an enhanced thermal expansion of the 
vortex lattice near T u, but is still not fully 
understood at present. For both the static and 
dynamic interactions described above,T„ is found 
to scale linearly with increasing R-. 

A simple model accounts for the main features 
observed in our experiments. At finite tempera­
tures the vortices execute, for q = g, a brow-
nian motion around the equilibrium position 
they would assume at the bottom of the potential 
wells at T = 0. Accordingly, the equation of 
motion for a vortex at the lattice site I can be 
written as : 

Fig. 3 : Temperature dependence of the effec­
tive pinning barrier [Eq. (4)]. 
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From Fig. 3, where AR/A is plotted as a function 
of tu, it clearly results that at Tu the vortex 
lattice undergoes a transition from a registred 
L-phase (AR ^ 0) to a "floating" U-phase (AR = 0). 
Unlike a 2D lattice on a flat substrate, <u >, 
as shown by Eq. (2)»is finite in the L-phase. 
Moreover, since the melting temperature [3] for 
a pinning free vortex lattice is lower than Tu, 
the U-phase is expected to be in the liquid 
state. It is argued, therefore, that our expe­
riments reflect a direct transition from a solid 
registred L-phase to a fluid-like U-phase Î4]. 

We conclude by observing that Tu is always lower 
than Tc, the BCS transition temperature. For Tu 

close to Tc, Eq. (5) can be written in the form 

TuAc 1 - 0.31 (RD/RU) where Ru = H/e* = 4.11 
kfì. This qualitatively agrees with the experi­
mentally observed linear dependence of Tu on 
Rn. 

We thank J.R. Clem for fruitful discussions in 
the early stage of these investigations. This 
work was supported by the Swiss National Science 
Foundation. 
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By P. Martinoli, M. Nsabimana, G. A. Racine and H. Beck, 
Institut de Physique, Université de Neuchâtel, 
CH-2000 Neuchâtel, Switzerland 
J. R. Clem, Ames Laboratory-USDOE and Department of 
Physics, Iowa State University, Ames, Iowa 50011, USA 

(23. XL. 1982) 

Abstract. The flux lattice in a thin film of a type Il superconductor, whose thickness is 
periodically modulated, allows for an investigation of various phase transitions typical of two-
dimensional systems. We present a continuum approach in which the mismatch S between the 
equilibrium lattice structure and the spacial period of the modulation plays a major role. Ln the ground 
state the lattice is locked by the modulation potential when S is small, whereas for large enough S the 
lattice is freely floating, its structure showing periodic discommensurations. A phase diagram in the 
(S, T)-plane can be established by taking into account thermal fluctuations. Critical current data at 
various temperatures show good agreement with the theoretical predictions. 

I. Introduction 

Phase transitions in two-dimensional (2D) systems have received consider­
able attention recently. In several experiments the 2D crystal under consideration 
is exposed to the force field created by a periodic substrate. Among other 
situations, this is the case of a 2D lattice of superconducting vortices interacting 
with a periodic pinning potential. As pointed out by Martinoli and coworkers [1] 
some years ago, thin superconducting films, whose thickness is periodically 
modulated in one direction, provide such a system. In this paper we show how 
critical current measurements in thickness modulated layers can be used to probe 
a locking-unlocking phase transition of the 2D vortex lattice occurring when the 
conditions of flux line density and/or temperature are changed in this particular 
physical system. Some aspects of the locking-unlocking transition were reported 
in a recent letter [2]. Here we describe it in more detail. 

The phase diagram of 2D crystals in a periodic potential has been studied by 
a number of authors [3]. Dealing with situations where the periodic substrate is, 
as in our case, anisotropic, a recent theory by Pokrovsky and Talapov [4] (PT) is 
particularly relevant to the understanding of our experiments, where the 2D 
vortex lattice experiences .the ID periodic force field created by the thickness 
modulation. At absolute zero (T = O), PT predict the existence of stable locked 
(L)-phases when the degree of mismatch between the natural (undistorted) lattice 
and the underlying periodic pinning structure does not exceed some critical value. 
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In an L-phase the vortex lattice is a 2D epitaxial (or commensurate) solid in 
registry with the substrate periodicity. At the critical mismatch PT predict a 
second order transition from a registered L-phase to an incommensurate unlocked 
(U)-phase. In the U-phase the vortex lattice is a "floating" 2D solid characterized 
by the presence of a superstructure consisting in a ID periodic sequence of 
domain wall dislocations. These and other interesting features of the LU-phase 
transition at T = O are discussed in Section ILA. 

At finite temperatures thermal fluctuations of the vortices in the L-phase 
tend to unlock the vortex lattice from the periodic pinning structure, thereby 
driving the transition to the U-phase at a sufficiently high temperature. As a 
consequence of Brownian motion of the vortices, the critical degree of mismatch 
tolerated by an L-phase becomes smaller and smaller as the temperature rises and 
finally vanishes at a critical temperature TLU, above which an L-phase can no 
longer exist. The corresponding LU-phase boundary has been calculated by PT 
using a renormalization-group technique [4]. In Section II.B we propose an 
alternative approach based on the more transparent Self-Consistent Harmonic 
Approximation (SCHA). The expression for TLU deduced from this model agrees 
with that obtained by PT but the shape of our LU-phase boundary differs 
considerably from that of PJ. For instance, our phase diagram does not show the 
rather surprising reentrant behaviour which one deduces by inspection of the 
PT-theory. It is further argued that, above TLU, the vortex lattice is a 2D floating 
solid exhibiting topological order [5] or a liquid according to whether TLU is lower 
or higher than TM, the temperature at which the vortex lattice is expected to melt 
through thermal dissociation of bound pairs of dislocations [5-7]. 

Pinning phenomena in thickness modulated superconducting films prove to 
be a sensitive probe of the LU-phase transition. Since in an L-phase the vortex 
lattice is obviously pinned by the periodic film structure while in a U-phase it is 
free to slide under the influence of an arbitrarily small driving force, characteristic 
peaks reflecting the presence of various L-phases show up in the critical current 
curves IC(B) [I]. As the magnetic field B governs the vortex density, the width of 
the peaks is a measure of the critical mismatch at which the LU-phase transition 
takes place. With rising temperature the intensity of the 7C-maxima decreases and 
finally undergoes a relatively rapid degradation as one approaches a critical 
temperature which we identify with TLU. For T> T1Jj the structures in IC(B) are 
completely washed out indicating that the vortex lattice is no longer locked to the 
periodic substrate. These and other features of our Ic-data are discussed in 
Section III in the light of the theoretical predictions of the previous section. 

II. Theoretical considerations 

(A) Phase transition at zero temperature 

Let us first briefly recall some of the basic concepts and results of the PT-theory 
[4]. To this purpose we consider a 2D triangular lattice of superconducting 
vortices, with lattice parameter a, in static interaction with a ID harmonic 
potential of amplitude A and wave vector q (q = 27r/Ag). We shall focus our 
attention on situations where q is very close to one of the vectors, g, of the 
reciprocal vortex lattice, the condition q = g defining a configuration of perfect 
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matching between the (undistorted) lattice and the sinusoidal pinning potential. It 
is assumed that the lattice of Abrikosov vortices is incompressible [8] and, further, 
that the pinning is weak when compared to the lattice stiffness, i.e. A< /x, where y, 
is the shear modulus of the vortex lattice [9]. Under these conditions only long 
wavelength shear deformations turn out to be relevant and, as a consequence, the 
vortex lattice can be treated as an elastic continuum. Then, the energy of the 
system can be written as the sum of an elastic contribution and of the potential 
energy due to the periodic pinning force 

<-J[fg+s),+«i-H'-* ' (1) 

In writing this expression we have jumped ahead to the conclusion of PT asserting 
that the lowest energy configuration of the vortex lattice is characterized by a 
quasi ID deformation field w which, in an x ' - y ' reference frame with x' pointing 
in the q-direction, has components of the form 

u' = -Sx' + <Kx), v' = 8y'-d>(x), (2) 

where 8 = 1 - (g/q) measures the degree of mismatch. These expressions clearly 
show that there are two distinct contributions to w. The first one is an area 
conserving deformation resulting from a uniform compression (8 >0) or expan­
sion (8 > 0) - ôx' along x' combined with a uniform expansion (8 > 0) or compres­
sion (8 <0) ôy' along y'. This deformation is chosen such that the potential energy 
contribution to ~ê vanishes: the vortices are forced to lie in the valleys of the 
cosine-potential. Superposed to this uniform field is a ID deformation <t>(x) 
which, for an incompressible lattice, is found to propagate in a direction x forming 
an angle of 45° with q [4, 8]. Thus, in the x-y coordinate system rotated by 45° 
with respect to x ' -y ' the deformation field w has the components 

u = 8y, v = 8x — V2 <]>(x). (3) 

As it clearly emerges from these expressions, in the new reference system the 
uniform deformation described in connection with equation (2) results from the 
superposition of two uniform shear deformations, one along x and the other along 
y. By inserting u and v, as given by equation (3), into the general form of the 
elastic energy of an isotropic 2D continuum [4] one immediately obtains equation 
(1). 

To determine <Mx), we simply minimize the functional <§[#(x)] with respect 
to $(x), thereby obtaining the following sine-Gordon equation [10] for the 
"phase" field <ï>(x) = qd>(x) 

sin*-I 2—^ = O, (4) 
Ox2 

where I2 = 2/x/Aq2. Its solution in terms of elliptic functions 

3>(x) = ir + 2am(x/fcf) (5) 

is a stair-shaped function representing a regular sequence of kinks (discom-
mensurations), whose period L is related to k by 

L = 2klK(k), (6) 

L 
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where K(k) is a complete elliptic integral of the first kind. Using equations (5) and 
(6), the potential energy (1) can be expressed as a function of the variational 
parameter k. Minimization of <§(fc) with respect to fc leads to the condition 

S=W^, (7) 

where E(k) is a complete elliptic integral of the second kind. From the properties 
of E(k) it follows that there are solutions of equation (7) satisfying the condition 
O s f c ^ l only if 5 is larger than a critical mismatch 8C given by 

1-1 PT. (3) 
7 T V f A / 

For |ô|^ôc <ï>(x) is of the form (5) and, as a consequence, the vortex lattice is in 
the incommensurate U-phase. This is shown in Fig. 1, where we have assumed 
that the starting matching configuration is that corresponding to q = g\, gj being 
one of the six nearest-neighbour reciprocal lattice vectors (gj = 47r/aV3). Since 
5 > 0 for the configuration shown in Fig. 1, large portions of the lattice appear to 
be uniformly compressed along x' and expanded along y' and are essentially 

Figure 1 
Incommensurate U-phase for S = 0.13 (BjB1n = 0.76). Discommensurations (DC) form a periodic ID 
sequence propagating at 45° with respect to q. 
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0 * 0 (<ÔC) 0 = 0 « 5 * 0 (<<5C) 

B < B10- B = B1 0 B > B1 0 

Figure 2 
Three different deformation states of the fundamental commensurate L]0-phase. 

commensurate to the underlying ID periodic pinning structure. These regions are 
separated from each other by a ID periodic sequence of domain wall discommen-
surations propagating at 45° with respect to q. At the discommensuration sites the 
phase field $(x), which is essentially constant in the nearly commensurate regions 
between successive kinks, changes by 2TT over distances of the order of ~kl. The 
period L of the superstructure diverges logarithmically (see equation 6) as 8 
approaches 8C (k —» 1). 

For |S|<Se there are no solutions of equation (7) and, consequently, <&(x) is 
no longer given by equation (5). In this case «f has its minimum value when the 
potential energy term associated with the ID pinning field on the right-hand side 
of equation (1) vanishes, i.e. when <&(x) = 0 everywhere. Obviously, this corre­
sponds to the commensurate L-phase shown schematically in Fig. 2 for S = O 
(matching configuration q = I1) and for vortex densities lower and higher than 
that corresponding to q = Jj1. 

The areal potential energy density, F n , of the vortex lattice can be written in 
the form 

F n = 2^02 - 2A{[8/8cE(k)Y -1}0(|5| - Sc), (9) 

where 0(z) is the Heaviside function: 0(z) = l for z>0 , 0(z) = O for z < 0 . The 
first term on the right-hand side of Eq. (9) is the elastic energy density associated 
with the uniform deformations characterizing both the L- and the U-phase, 
whereas the second one arises from the phase field ¢(*) and, consequently, 
contributes to F n only in the U-phase. Fn(S) is plotted in Fig. 3 together with the 
result of a calculation based on a discrete lattice model [8] where, however, only 
harmonic shear deformations of the vortex lattice were considered. With this 
important restriction the LU-phase transition occurs for S = O, but other features 
turn out to be identical to those predicted by the PT-model. In particular, the 
U-phase is characterized by the presence of a sinusoidal transverse deformation of 
the lattice propagating in a direction at 45° with respect to q. A more detailed 



660 P. MartinoH et al. H. P. A. 

T 1 1 1 1 1 r 

Figure 3 
Areal energy density of a 2D lattice in a ID periodic force field as a function of the mismatch S. The 
full curve is based on equation (9). The dashed curve follows from a discrete lattice model allowing 
only for harmonic deformations. In this case the LU-transition occurs at S=O. 

account of the discrete lattice model, which proves to be very useful in the 
description of vortex lattice dynamics at high frequencies, will be published 
elsewhere. 

(B) Phase transition at finite temperatures 

To study the LU-phase transition at finite temperatures, we first consider the case 
of perfect matching (8 = 0), which is particularly simple. For q = g the vortices 
execute a Brownian motion around the equilibrium positions they would assume 
at the bottom of the potential wells at T = O. Accordingly, the Langevin equation 
of motion for a vortex at the lattice site I can be written as 

J]U1 = - X' G(I - V)U1. - qA' sin (q • U1) + F1(O, (10) 
ï 

where the four terms represent, successively, the viscous damping force, the 
lattice restoring force, the harmonic pinning force and the fluctuating Langevin 
force acting on the vortex at I. TJ_1 = JRnAB^0. where JRa is the sheet flux-flow 
resistance of the superconducting film, is the mobility of a free vortex, G(J-V) 
the elastic matrix and A' is related to A by A = (BI<p0)A'. FL(t) is assumed to have a 
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white noise spectrum defined by the correlation function 

<F7(t)Fl(t') = 2r,kBT8aßOlvo(t - f) (11) 

stating that the Langevin force is uncorrelated in direction, space and time. To 
solve equation (10) for the mean square fluctuation (u2) of the vortices it is 
convenient to expand ü,(t) in normal modes of the vortex lattice 

i e +0° -. -. 
" i ( 0 = ^ - Z uk(a>)êkpe

i(k-'-^ da>, (12) 
ZlT J_oo fc,p 

where the ufe(w) are the normal mode amplitudes and the ê^p are polarization 
vectors for longitudinal (p = I) and transverse (p = t) deformations. Linearizing 
the equation of motion (10) in the so-called Self-Consistent Harmonic 
Approximation (SCHA) and considering, as in Section ILA, only transverse 
modes of the vortex lattice, from equations (10) and (12) the following expression 
for the (-component, ufct(o>), of ük((ü) is deduced 

Djj, + AR ( q - % r - I T i W 

where Dk, is the matrix element of the (diagonal) dynamical matrix associated 
with transverse modes and Fk,(<i)) is the transverse Fourier component of the 
Langevin force. Within the framework of SCHA the effective strength, AR, of the 
pinning potential experienced by the vortices is given by 

AR=Ae-^"-> (14) 

where (ufx) is the mean square transverse fluctuation along the direction x parallel 
to q. Equation (14) shows very clearly how the renormalization effect of the 
thermal fluctuations, which is the essential feature leading to the LU-phase 
transition, enters our problem: through a Debye-Waller factor which reduces the 
amplitude of the periodic force field acting on the vortices. To calculate the mean 
square transverse fluctuation 

<u?> = - H m ^ T l M(O)I2 do,, (15) 
TT T - . " 1 J 0 Jc 

we assume a Debye model, for which Dkt = /xk2, and replace the sum over fc in 
equation (15) by an integral over a smooth density of states. In the weak pinning 
limit A« /x considered here we then deduce from equations (11), (13) and (15) 

<u2> = ̂ Iln(M,/AR). (16) 
47TjX 

This expression shows quite clearly that the L-phase, which for the case of perfect 
matching (S = 0) under consideration is stable as long as AR is finite, is a 2D solid 
with conventional long range order. As expected for 2D systems, (u2) diverges 
logarithmically as AR vanishes. Since, by equipartition, (U2J-Ku2) in the limit 
A«/x, from equations (14) and (16) one obtains 

AR/A = (A/,x)T/(T--T), (17) 
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0.2 0.4 0.6 
T/TL U — 

0.8 1.0 

Figure 4 
Temperature dependence of the effective pinning potential amplitude. 

where TLU is implicitly defined by 

fcaTLu = ( 4 M n ( T u J ) A j (18) 

From Fig. 4, where AR/A is plotted as a function of T/TLU for a set of 
(A//i,)-values, it clearly results that at TLU the vortex lattice undergoes a transition 
from a perfectly matched L-phase (AR=T4O) to a "floating" U-phase (AR=0). It 
should be noticed that the expression (18) for TLU, as deduced in our SCHA-
scheme, is the same as that obtained with a renormalization-group technique by 
PT. 

For a moderately dense lattice of vortices in dirty superconducting films /x 
can be written in the form [9] 

^ = 2 « D ( < / > O / 4 7 T ) 2 ^ , (19) 

where nu = BI4>0 is the areal vortex density and K = 2X2Id an effective penetra­
tion depth for 2D superconducting layers {d is the film thickness), whose 
temperature dependence is given by [11] 

A'\T) = 2.11 {Airi 4>0)
2{RJRnU)kBTc 

[A(T) 

LA(O) Mm (20) 

In Eq. (20) A(T) is the BCS-energy gap, Rna the normal state sheet resistance of 
the film and Ru the universal resistance hie2. Since /x is a function of nD, equation 
(18) shows that TLU depends upon the matching configuration under considera-
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tion. For a triangular lattice such configurations are defined by [8] 

B„ 
. V 3 4>o 
' 2 2 Cn1 + nl+ (T]M2)" 

A g 
(21) 

where U1 and n2 are integers. Then, in the limit of low sheet resistances Rna« Ru 
from equations (18)-(21) one obtains for the transition temperature TLU of the 
fundamental matching configuration q = gj (H1 = 1, n2 = 0) 

1 ^ = 1 - 0 . 3 1 ^ 3 , 
T, JR., 

(22) 

where Tc is the BCS-transition temperature of the film. The LU-transition 
temperatures corresponding to configurations defined by higher values of H1 and 
n2 lie below that given by equation (22). 

The case of finite mismatch (8¥=0) is more delicate. It has been recently 
studied in a slightly different context (the 2D classical sine-Gordon system) by 
Puga et al. [12] using a renormalization-group approach, where, for the first time, 
5 is considered as a new renormalizable parameter. Although several aspects of 
the LU-transition emerging from their calculation turn out to be quite different 
from those following from the much simpler SCHA-scheme, the shape of the 
phase boundary SC(T) resulting from their approach is very similar to that 
predicted by SCHA. In the latter approximation 5C(T) simply follows from 
equation (8) by replacing A with its renormalized value AR given by equation (17). 
The resulting phase diagram is shown in Fig. 5, where, instead of 8C(T), we have 

T/T M -
. Alß (B10)- 0.1 

1.5 

1.0 

0.5 

3 2 1 D2Q D1 1 

Figure 5 
Phase diagram in the (B, T)-plane of a 2D vortex lattice interacting with a ID periodic potential. 
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plotted the related quantity Bc (T)- Bn^nJ[I -8C (T)]2. Since, for convenience, Bc is 
reported on a logarithmic scale, the phase boundary delimiting a given L-phase, 
which would be symmetric about ßn]„2 on a linear plot, appear asymmetrical. 
Assuming A independent of B, in constructing Fig. 5 A/fx was kept constant, for 
simplicity, within each of the different L-phases, but was scaled according to 
equations (19) and (21) from L-phase to L-phase. In Fig. 5 temperatures are 
conveniently measured in units of TM> the melting temperature of the 2D vortex 
lattice [5-7], which, as shown by the following equation, is independent of B at 
moderate vortex densities 

kBTM = —ti(TM)a2. (23) 
4ir 

With this additional aspect of the problem in mind, it is argued that, if the 
LU-transition takes place for T>TM, it is a transition from a solid L-phase to a 
fluid-like U-phase. This is the case for the L-phases of lower order (/T1 and n2 
small) of Fig. 5, where TLU is larger than TM. With a straightforward calculation 
based on equations (18), (21) and (23) it can be shown, however, that there is a 
particular commensurate phase, the I^-phase, for which TLU becomes equal to 
TM. For L-phases of higher order TLU is always lower than TM and, consequently, 
the LU-transition is from a solid epitaxial L-phase to a solid floating U-phase. 

III. Critical currents 

To test some of the theoretical ideas put forward in the previous section, 
critical current (Ic) measurements were performed on thickness modulated granu­
lar Al-films as a function of magnetic field and temperature. A combined 
holographic photolithographic technique was used to fabricate grating-like film 
profiles with Àg s 1 ix,m. To meet the condition, A < /x, for weak pinning, the 
relative thickness modulation Ad/d was kept below ~20-25%. The most relevant 
superconducting and normal state properties of the two Al-films studied in this 
paper are summarized in Table 1. 

Since a registered L-phase is pinned by the periodic film structure, a finite 
force is required to depin the vortex lattice and, subsequently, to sustain vortex 
motion in the dissipative flux-flow régime. In our experiments such a force is 
provided by a uniform transport current flowing parallel to the grooves of the 
grating-like film profile. A U-phase, on the other hand, is not pinned by the 
periodic substrate, its energy being independent, at least within the framework of 

Table 1 

Film 

All 
A12 

d[A] 

200 
200 

AdldM 

-0.2 
-0.2 

AR[,xm] RnJiO] TC[K] 

0.79 15 1.89 
0.77 35 2.16 

(€o0,/2[Â](b> 

365 
223 

AJO)(^)17W* 

4300 
6140 

Determined by combined optical and electrical methods. 
Calculated using p/ = 4x 10_12ncm2 and AL(0) = 157Â for Al. £0 was scaled from the 
bulk Al value (1, 6 jim) according to our Tc. 
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B—[Gauss] 

Figure 6 
Critical current vs. magnetic field curves of a thickness modulated film (A12) for different reduced 
temperatures t = TIT0. 

the continuum approximation, of the relative position of the vortex lattice with 
respect to the pinning potential. Therefore, the critical current for entering the 
flux-flow régime vanishes in this case. 

In Fig. 6 Zc(B)-curves of the film A12 are shown for different temperatures. 
One can easily verify, using equation (21), that the peak at B = 30 gauss is the 
signature of the fundamental L10-configuration shown in the insert of Fig. 6. 
According to our previous discussion, the width of this peak, taken in the limit of 
vanishing critical current, is a measure of the critical mismatch 8C(T) and, 
consequently, could in principle be used to determine the L10U-phase boundary. 
For two reasons, however, this appears to be, in practice, a problem of difficult 
solution. The first and most important one is that in our films, as we shall show 
later on, A is of the order of ^, typically A/fi, = 0.9. Under this condition 
considerable overlapping of the L10-phase with the Ln-phase is expected (in Fig. 
5 overlapping of the different L-phases is enhanced as A//x increases). This is at 
the origin of the relatively high shoulder on the low field side of the 7c-peak in 
Fig. 6. Additional evodence for substantial overlapping effects is also provided by 
the fact that the L11 and L^-configurations were hard to resolve in our experi­
ments. The second reason is that in real films one is dealing with unavoidable 
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pinning effects due to randomly distributed inhomogeneities, which result in a 
finite contribution to Ic even in the U-phase. Clearly, both overlapping and 
random pinning effects render a determination of the peak width quite uncertain. 
In the rest of the paper, therefore, we shall concentrate on a much more 
accessible experimental quantity: the temperature dependent strength ICM(T) of a 
critical current peak. 

For perfect matching the equilibrium position of a ̂ vortex is determined 
[13,14] by balancing the Lorentz driving force F1, = d(j x <£0) against the pinning 
force experienced by the vortex in the effective cosine-potential AR(I-cos q<t>), 
where AR = AR/nD. This results in the following expression for the transport 
current density 

/ = ̂ f s in* (24) 

Obviously, the critical current density jcM is reached for * = ir/2, a condition 
corresponding to vortices located halfway between the bottom and the top of the 
potential wells. Thus, using equation (17), /cM can be written as 

. qA' /A\™T.-u-T> 
JcM =- r -71- ) • (25) 

<p0d \jx/ 
In order to analyse our Ic-data with equation (25) we need a model for A' (or A), 
the characteristic energy scale of the pinning mechanism operating in our thick­
ness modulated films. In the thin film limit (d«\) the potential energy e(r) of a 
vortex located at r can be expressed by the convolution [15] 

i(f) = \nr- f)d(f')d2r', (26) 

where d{r') = d + Ld cos qx is the thickness modulation and f(f'-f) the free 
energy density distribution within the flux line. There are three major contribu­
tions to /: an electromagnetic contribution /cm arising from the field and supercur-
rent distributions in the vortex, a contribution fk representing the kinetic energy 
cost to produce the vortex and a contribution fc due to the condensation energy 
paid in creating its normal core. In our case fem is expected to contribute very 
little to the integral in equation (26), its characteristic scale of variation, the 
effective penetration depth A, being much larger than Ag (qA»l). Varying over 
distances of the order of the coherence length |, which is much smaller than Ag in 
the temperature region of interest here, fk and fc provide the dominant contribu­
tions to e. Using Clem's model [16] for fk and fc, from equation (26) one obtains 
in the limit q£< 1 and of large GL-parameters « = A/| 

6(x) « 2(Ad/d)((/>o/4ir)2 ̂ - (1 + cos qx). (27) 

Accordingly, A is identified as 

A~2na(àdld)(<t>0l4TT)2j. (28) 

This expression shows that A has the same temperature dependence as /x, a 
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considerable simplification in the analysis of the Ic -data. By combining equations 
(25) and (28), IcM can finally be written in the form 

* {(T) A(O) /A\ T / T - - T ) 

WO) 
= A(T) W 

(29) 

where A//x = 4(Ad/d). This result shows very clearly that with rising temperature 
thermal fluctuations further reduce IcM(T) with respect to the "BCS"-value 
ICM(T) = IcM(0) [A(0)/A(T)]. After substraction of the background due to random 
pinning, which was deduced from a flat but otherwise identical reference film, the 
critical currents IcM(T) of AU and A12 were fitted to equation (29) using IcM(0), 
A//X and T1JjIT0 as fitting parameters. The result of this analysis is shown in Fig. 7 
where, for comparison, theoretical curves calculated by neglecting the effect of 
thermal fluctuations are also shown. Good agreement with equation (29) is found 
for a reasonable choice of the parameters. Tuj/Tc, in fact, scales with Rna 
approximately as predicted by equation (22) where, however, the numerical 
coefficient (0.31) is found to be about an order of magnitude too small to account 
for the experimental values of Fig. 7. At the present stage of our investigations, 
however, it is not possible to attribute this discrepancy to an intrinsic weakness of 

10* 

10' 

3. 

10' 
\ -- --7' / * 

'' J 

10 

: 0.9 

4 = 0.95-' 

= 0.978 

I ItU= 0.972 -i 

— WITH THERMAL 

FLUCTUATIONS 

— WITHOUT THERMAL : 
FLUCTUATIONS 

Al 1 

Al 2 

I ! ! , I 

10" 10"1 

— (Tc -TWT 1 

Figure 7 
Temperature dependence of the critical currents of thickness modulated films for the fundamental 
matching configuration q = g,. Theoretical curves are calculated from equation (29) with (full lines) 
and without (dashed lines) the effect of thermal fluctuations. 
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the model discussed in Section ILB. As for A//x, there is good agreement between 
the values deduced from the fit and those estimated with A/fi,=4(Ad/£Ì) using 
values of Ad/d (see Table 1) determined by combined optical and electrical 
methods. On the basis of these results, we conclude that the concept of a pinning 
force field renormalized by thermal fluctuations provides a good description of 
our experiments. 
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INTRODUCTION 

Phase transitions in two-dimensional (2D) systems have received 
considerable attention recently. In several experiments the 2D 
crystal under consideration is exposed to the force field created 
by a periodic substrate. Among other situations this is the case 
of a 2D lattice of superconducting vortices interacting with a 
periodic pinning potential. As pointed out by Martinoli and 
coworkers1"^ some years ago, thin superconducting films, whose 
thickness is periodically modulated in one dimension, provide such 
a system. In this lecture we discuss the static and dynamic 
behaviour of this model system in which the 2D vortex lattice can 
be driven through a variety of phases1*'5 simply by changing the 
conditions of flux-line density and/or temperature. In particular, 
we show how measurements of the critical currents and of the 
complex rf impedance of thickness-modulated layers can be used to 
probe the transition of the 2D vortex lattice from a "locked" 
commensurate (C) phase in registry with the substrate periodicity 
to a "floating" incommensurate (I) solid phase exhibiting 2D 
topological order^'7 or to a fluid-like phase. 

THE PHASE DIAGRAM 

The phase diagram of 2D crystals interacting with a periodic 
force field has been studied by a number of authors . It is 
determined by considering, in addition to phonons, two types of 
topological excitations: domain walls (also called discommensurations, 
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kinks, or solitons) which trigger,thè instability of a C-phase with 
respect to(an Irphase (CI-,transition)_and dislocations which drive 
melting of the floating-solid phase (I-phase) into a liquid-like 
phase ,through ,the dislocation unbinding mechanism proposed by 
Kosterlitz and Thouless6'7.' : ' ' ' I 

Dealing with situations where the periodic substrate is, as in 
our case, anisotropic, a recent theory by Pokrovsky and Talapov0 

(PT) is particularly relevant for the understanding of our experi­
ments, where the 2D vortex lattice experiences the ID periodic 
pinning potential created by the thickness modulation. In the 
following we review some of the basic concepts and results of the 
PT-theory. The only important difference between our treatment and 
the one by PT is that In establishing the Cl-phase boundary we use, 
instead of their renormalization-group technique, an alternative 
approach based on the more transparent Self-Consistent harmonic 
approximation (SCHA) obtaining a similar result9'1". The modifica­
tions of the phase, diagram resulting from the presence of thermally 
excited dislocations, which are not included in the PT-model, are 
briefly discussed at the end of this section. 

The CI-Transition at Zero Temperature 

We consider a 2D triangular lattice of superconducting vortices, 
with lattice parameter a, in static interaction with a ID harmonic 
potential of amplitude A and wave vector q (q = 2TT/X ) . We focus our 
attention on situations where q is very close to one of the vectors, 
g, of the reciprocal vortex lattice, the condition q = g defining a 
configuration of perfect matching between the (undistorted) lattice 
and the sinusoidal pinning potential. It is assumed that the flux-
line lattice is incompressible and, further, that the pinning is 
weak when compared to the lattice stiffness, i.e. A < y, where M is 
the shear modulus of the vortex lattice11. Under these conditions 
only long-wavelength shear deformations turn out to be relevant and, 
as a consequence, the vortex lattice can be treated as an elastic 
continuum. Then, the energy S of the system can be written as the 
sum of an elastic contribution due to the pinning-induced lattice 
distortions and of a potential energy contribution due to the 
periodic pinning field : 

r U c3u 9v 1 T 

t? ^y+ fcP + A(l-cosq<(,)]dxdy . (1) 

In writing this expression we have jumped ahead to the conclusion 
of PT asserting that, at T = O, the ground state of the system is 
characterized by a quasi ID deformation field w, whose components 
(u,v) in an (x-y)-reference frame with x pointing in a direction 
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fo rming an a n g l e of 45° w i t h q a r e g i v e n by : 

u = 6y , v = fix - / 2 <() (x) , (2) 

where 6 = 1 - (g/q) measures the degree of mismatch. It clearly 
emerges from these expressions that w results from the superposition 
of two uniform shear deformations (one along x and the other along 
y) and of a ID transverse field ij> (x) which, for an incompressible 
lattice, is found to propagate along x3'8. In an (x'-y')-coordinate 
system rotated by 45° with respect to (x-y) the uniform part of w 
is an area conserving deformation consisting of a uniform compression 
(6 > 0) or expansion (fi < 0) -fix' along x' (parallel to q) combined 
with a uniform expansion (fi > 0) or compression (6 < 0) 6y' along 
y'. This uniform deformation is such that the potential energy 
contribution to H vanishes : the vortices are forced to lie at the 
bottom of the potential wells of the cosine-potential. 

To determine <Hx) , we simply minimize the functional Ê[<J>(x)] 
with respect to $(x), thereby obtaining the following sine-Gordon 
equation12 for the "phase" field $(x) = q<j>(x) : 

0 32$ 
sin* - V- — 5 - = 0 , (3) 

3 xl 

where £2 = 2p/Aq2. Its solution in terms of elliptic functions 

$(x) = IT + 2am(x/kS,) (4) 

is a stair-shaped function representing a regular sequence of kinks, 
whose period L is related to k by 

L = 2k«,K(k) , (5) 

where K(k) is a complete elliptic integral of the first kind. Using 
Eqs. (4) and (5), H can be expressed as a function of the variational 
parameter k. Then, minimization of &(k) with respect to k leads to : 

|ô| = (2/ir) (A/p)l/2[E(k)/k] , (6) 

where E(k) is a complete elliptic integral of the second kind. There 
are solutions of Eq. (6) satisfying the condition 0 S k < 1 only if 
16 I is larger than a critical mismatch 6C given by : 

6C = (2/TI) (A/y)1/2 (7) 

For \&\ > Sc $(x) is of the form (4). As a consequence, for |<5\ > 6 
the vortex lattice is characterized by the formation of a 
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superstructure, of period L, consisting in a regular ID sequence of 
domain walls propagating at 45° with respect to q. This is the 
incommensurate I-phase shown in Fig. 1. In constructing this figure 
we have assumed that the starting matching configuration is that 
defined by q = g10, gio being one of the six nearest-neighbour 
reciprocal lattice vectors (g10 = 4ir/af3) . Since 6 > 0, large 
portions of the lattice shown in Fig. 1 appear to be uniformly 
compressed along x' and expanded along y' and are essentially 
commensurate to the underlying ID periodic substrate. These regions 
are separated from each other by discommensurations where the phase 
field 0(x), which is essentially constant in the nearly commensurate 
regions between successive kinks, changes by 2ir over distances of 
the order of ^ ki. The period L of the superstructure diverges 
logarithmically as |ô| approaches 5C [k ->• 1 in Eq. (5)]. 

Illlllllllllllllllllllllllllllllll 

s*:::::::::::::::::::::!::::::: 

Fig. 1. Incommensurate I-phase for 6 = 0.13 (B/B10 = 0.76). 
Discommensurations (DC) form a periodic ID sequence 
propagating along the x-direction. 
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For J <S J < 6 there are no solutions of Eq. (6) and, conse­
quently, $(x) is no longer given by Eq. (4). In this case £ has 
its minimum value when the potential energy contribution due to the 
periodic pinning field vanishes in Eq. (1), i.e. when $(x) = 0 
everywhere. This, of course, corresponds to the commensurate 
C-phase shown schematically in Fig. 2 for 6 = 0 (matching confi­
guration q = gig) an<3 for vortex densities corresponding to 
deviations from perfect registry but still such that |ô| < 6C. 

The areal free energy density F of the 2D vortex lattice can 
be written in the form : 

2yô" 2 A { [ ô / ô _ E ( k ) r - 1 ) S ( Io I «c> (8) 

5 * 0 (<<5C 

B< B10 B -- B11 

(Q = Q 1 

B > B , , 

Fig. 2, The fundamental commensurate CiQ-phase in three different 
states of deformation. 

where S(z) is the Heaviside step-function. The first term on the 
right-hand side of Eq. (8) is the elastic energy density associated 
with the uniform deformation appearing in both the C- and the 
I-phase, whereas the second one is due to the phase field $(x) and 
therefore contributes to E_ only in the I-phase. 
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Phase Transitions at Finite Temperatures 

To study the Cl-transition at finite temperatures, we first 
consider the case of perfect matching (6 = 0 ) , which is particularly 
simple. For q = g the vortices execute a Brownian motion around 
the equilibrium positions they would assume at the bottom of the 
potential wells at T = 0. Accordingly, the Langevin equation of 
motion for a vortex at the lattice site Z can be written as : 

nu j = - X G U - V)U1, - qA'sin(q • u^) + f (t) , (9) 

where the four terms represent, successively, the viscous damping 
force, the lattice restoring force, the sinusoidal pinning force 
and the fluctuating Langevin force acting on the vortex at ~l_. 
ri-1 = RQ/BIJIQ, where R n is the sheet flux-flow resistance of the 
superconducting film, is the mobility1^ of a free vortex, G ( ^ - V ) 
the elastic matrix and A1 is related to A by A = 1V1A', where 
n_ = B/(J)0 is the areal vortex density, f̂ .(t) is assumed to have a 
white noise spectrum defined by the correlation function : 

* < V t ) f i , e ( t ' ) > = 2nkBT6«e6n- M t - t M ' (10) 

stating that the Langevin force is uncorrelated in direction, space 
and time. To find the mean square fluctuation <u2> of the vortices, 
which is the quantity of interest here, it is convenient to expand 
U7(t) in normal modes of the vortex lattice

10. Then, linearizing 
Eq. (9) within the framework of SCHA and considering, as before, 
only transverse (t) modes of the lattice the following expression 
for the t-component of the normal mode amplitude u^Cu) is obtained : 

nD fkt ( ü ) ) 

ukt«o) = - — . (11) 

V + AR ( <*- ekt> - lnw 

where D ^ is the matrix element of the (diagonal) dynamical matrix 
associated with t-modes, e^. the polarization vector for t-
deformations and fkt (o>) the t-Fourier component of the Langevin 
force. In our SCHA-approach the effective strength, A R, of the 
pinning field experienced by the vortices is given by : 

1 2 2 
- 7 q <utx

> 

A R = A e
 2 t X , (12) 

2 
*tx' 

parallel to q. Therefore, in our treatment the renormalization 
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effect of the thermal fluctuations, which provides the essential 
mechanism for the phase transition, enters through a Debye-Waller 
factor which weakens the periodic pinning force acting on the 
vortices. To calculate the mean square t-fluctuation <u > we 
assume a Debye model, for which D^. = yk2, and replace the required 
sum over k by an integral over a smooth density of states. Then, 
in the weak pinning limit A << y considered here we deduce from 
Eqs. (10) and (11) : 

k T 

<v = ^ i n ^ / y • <13) 

This result shows quite clearly that in a C-phase the vortex 
lattice is a 2D solid with conventional long-range order as long as 
A_ remains finite. As expected for 2D systems, <u£> diverges loga­
rithmically as AR vanishes. Since, by equipartition, <utx> ~ 
(l/2)<ut> in the limit A << y, from Eqs. (12) and (13) one deduces : 

T/ (T - T) 
AR/A = (A/y)

 L U , (14) 

where TL„ is implicitly given by : 

kBTLU = (4A)y(TLU)X^. ' (15) 

It clearly emerges from Eq. (14) that at the "Locking-Unlocking" 
temperature T L U the vortex lattice undergoes a transition from a 
perfectly matched (6 = 0) "locked" C-phase (AR ^ 0) to an "unlocked" 
phase (AR = 0) whose precise nature (floating solid or liquid) will 
be discussed in a moment. It should be noticed that the expression 
for T L U deduced with our SCHA-scheme is the same as that obtained 
by PT using a renormalization-group technique. 

For a moderately dense lattice of vortices in dirty super­
conducting films y can be written in the form11 : 

y (T) = (l/2)nn(<()0/4iT)
2A-1(T) , (16) 

where A = 2A2/d is the effective penetration depth for 2D super­
conducting layers10,14. Since y is a function of n Q = B/<J>0, Eq. 
(15) shows that T L U depends upon the matching configuration under 
consideration. For a triangular lattice such configurations are 
defined by^ : 

Bmn = ( l /3 / 2 ) (*0
/Xg' (m2 + n 2' + inn)~1 ' (17) 
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where m and n are integers. Expressing A(T) in terms of the normal 
state sheet resistance R of the film, the transition temperature 
TLU ^ o r ^ e fun(äaniental Cjg-phase (m = 1, n = 0 corresponding to 
q" = gio' deduced from Eqs. (15) and (16) can be written in the form : 

TLU/Tc = 1 ^ - 31<Rnt/V for 1W* «u' (18) 

where T c is the BCS-transition temperature and R11 the universal 
sheet resistance H/e2. LU-transition temperatures for C -phases 
defined by higher values of m and n lie below that given by Eq. 
(18). 

The case of finite mismatch (6 ^ 0) is more delicate. It is 
clear, however, that, as a consequence of the fluctuating Brownian 
motion of the vortices, the critical degree of mismatch <5C(T) 
tolerated by a C-phase becomes smaller and smaller as the temperature 
rises and finally vanishes at T = TL(J. PT determined the phase 
boundary <$C(T) using a renormalization-group technique, in which the 
only renormalizable parameter is the pinning potential amplitude 
A8. More recently, Puga et al. 1 5' 1 5 have generalized the PT-
treatment by considering the effect of renormalization also on u and 
6. Although several aspects of the Cl-phase transition emerging from 
their calculation turn out to be different from those following from 
the much simpler SCHA-scheme, the shape of the phase boundary <5C(T) 
resulting from their approach is very similar to that predicted by 
SCPJA. In the latter approximation <$C(T) simply follows from Eq. (7) 
by replacing A with its renormalized value AR given by Eq. (14). 
The resulting phase diagram is shown in Fig. 3, where, instead of 
<5„(T), we have plotted the related quantity B (T) = B n T I i 6 (T)] . 
Temperatures are conveniently measured in units of TM, the melting 
temperature of the 2D vortex lattice*7'18, which, as shown by Eq. 
(16) and the following equation, is independent of B at moderate 
vortex densities : 

kBTM = (l/4TT)y(TM)a
2 . (19) 

So far, only domain wall excitations, which drive the Cl-phase 
transition, have been included in our analysis. To obtain the 
complete phase diagram, however, several authors7'10'19-25 have 
emphasized that it is necessary to add the effect of thermally 
excited dislocation pairs6'7 in order to assess the stability of 
the I-phase against melting into a fluid-like phase. Recently, 
Haldane et al.26 have given a rather unified description of the 
phase diagram showing that it strongly depends on the order of 
commensurability p, which for our triangular lattice is related to 
m and n by p = (2//3) (m2 + n2 + mn) ' . For p < they find that, 
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B 

Fig. 3. Phase diagram in the (B3T)-plane of a 2D vortex lattice in 
a ID periodic potential. 

at finite temperatures, there is always a liquid phase separating 
the C-phase from the I-phase, whereas for p > /8 a direct Cl-phase 
transition is always possible. Although important for a deeper 
understanding of the. physics of 2D system, these features play only 
a marginal role in the analysis of the experiments reported later on 
in this lecture. Thus, for simplicity, in constructing the phase 
diagram of Fig. 3 we have assumed that, in the I-phase, the vortex 
lattice is a 2D floating solid undergoing a melting transition 
driven by the unbinding of dislocation dipoles at T = T„. It 
follows that, if the Cl-transition occurs for T > TM, it is actually 
a transition from a C-phase to a fluid-like phase. This is the case 
for the lower order C-phases of Fig. 3, where TLU is larger than 
TM. A straightforward calculation based on Eqs. (15), (17) and (19) 
shows, however, that there is a particular commensurate phase, the 
C22-phase corresponding to p = 4, for which TLU becomes equal to TM. 
For C-phases of higher order (p > 4) TLU is always lower than TM 
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and, consequently, a floating solid phase always separates the 
C-phase from the liquid phase. This agrees with the findings of 
other authors19'20'22'23'26. 

CRITICAL CURRENTS 

To test some of the theoretical ideas put forward in the 
previous section, critical current (Ic) measurements were performed 
on thickness modulated granular Al-films as a function of magnetic 
field and temperature.. A combined holographic-photolithographic 
technique1 was used to fabricate grating-like film profiles with 
A < 1 urn and with a relative thickness modulation, Ad/d, less than 
20-25%. The most relevant superconducting and normal state 
parameters of the two Al-films studied in this work are summarized 
in Table 1. 

Since a registered C-phase is pinned by the periodic film 
structure, a finite current, flowing parallel to the ID grooves, is 
required to depin the vortex lattice and, subsequently, to sustain 
vortex motion in the dissipative flux-flow regime. An I-phase, on 
the other hand, is not pinned by the periodic substrate, its energy 
being independent of the relative position of the discommensurations 
with respect to the pinning potential. Therefore, the critical 
current for entering the flux-flow régime vanishes in this case. 

In Fig. 4 I (B)-curves for the film All are shown for different 
reduced temperatures t = T/T . Using Eq. (17), one can easily 
verify that the peak at B = 28 Gauss corresponds to the fundamental 
C^g-configuration (p = 2//3) shown in Fig. 2, while the small 
structure at B = 7 Gauss can be assigned to the Cjj- and C2o

-phases 
which, on account of their strong overlap (see Fig. 3), are hard to 
resolve from each other. The shape of the I_(B)-peak associated with 

9 7 

a given C-phase has been calculated by Burkov and Pokrovsky*'. In 

Table 1. Parameters of the Al-Films 

Film 

All 
A12 

d[k] 

200 
200 

Ad/d'"1 

-0 .2 
-0 .2 

A > m ] R n JO] TC[K] 

0.79 15 1.89 
0.77 35 2.16 

(£o')"2[Â]<b' 

365 
223 

MO)(̂ yW1 

4300 
6140 

a Determined by combined optical and electrical methods. 
b Calculated using pi = 4 x 10~'2ftcm2 and AL(0)= 157Â for Al. £„ was scaled from the 

bulk Al value (1, 6 (im) according to our Tc. 
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"L o 

Fig. 4. Critical current vs. magnetic field curves of a thickness 
modulated film (All) at different reduced temperatures 
t = T/T„. 

a sample of finite size it is determined by the stability of the 
C-phase against the nucleation of a domain wall at the boundary of 
the film. Therefore, a detailed comparison of the shape of the main 
peak in Fig. 4 with the theoretical prediction of this model could, 
in principle, allow a determination of the CjoI_phase boundary. For 
two reasons, however, this appears to be, in practice, a difficult 
problem. The first and more important one is that in our films A 
is found to be of the order of y, typically A/p = 0.9. Under this 
condition one expects considerable overlap of the C^o~phase with 
the C^-phase (in Fig. 3 the overlap of the various C-phases is 
enhanced as A/y increases). This is certainly at the origin of the 
relatively high shoulder on the low field side of the fundamental 
!„-peak in Fig. 4. The second reason is that in real films one is 
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dealing with unavoidable pinning effects due to randomly distributed 
inhomogeneities, which result in a finite contribution to Ic even in 
the I-phase. Clearly, both overlapping and random pinning effects 
render the analysis of the peak shape quite difficult. We shall 
therefore concentrate on a much more accessible experimental 
quantity : the temperature dependent strength I CM(

T) °f a critical 
current peak. 

For perfect matching the equilibrium position of a vortex is 
determined3,28'29 by balancing the Lorentz driving force F. = 
d(j>0(j x z) against the pinning force experienced by the vortex in the 
effective cosine-potential A^ (1 - cosqij)) . This results in the 
following expression for the transport current density : 

j = (qA^/^d) sin$ . (20) 

The critical current density, j c M , is reached for $ = ff/2, a condi­
tion corresponding to vortices located halfway between the bottom 
and the top of the potential wells. Thus, using Eq. (14) j can 
be written as : 

JcM = (qA'/*0d) ( A / P ) T / ( T L U _ T ) . (21) 

In order to compare our Ic-data with Eq. (21) we need a model for 
A = ITnA', the characteristic energy scale of the pinning mechanism 
operating in our thickness modulated films. In the thin film limit 
(d << X) the potential energy e(r) of a vortex located at r can be 
expressed by the convolution30 : 

e(r) = f(r' - r)d(r')d2r' , (22) 

where d(r') = d + Ad cos qx is the periodically varying film thickness 
and f(r' - r) the free energy density distribution within the flux 
line. Using Clem's model31 for f(r' - r), e(x) can be easily 
evaluated10 from Eq. (22) in the limits qÇ < 1 (£ is the GL-coherence 
length) and qA >> 1 of interest here. From the expression for e(x) 
one immediately identifies A as : 

A = 2nn(Ad/d) (<J>0/4TT)
2A_1(T) . (23) 

This result shows that A has the same temperature dependence as \i 
(Eq. 16), a considerable simplification in the analysis of the Ic-
data. By combining Eqs. (21) and (23), I „ can finally be written 
in the form : 
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A(O) 
A(T) U 

T/ (TLU - T) 

(24) 

where A/y = 4(Ad/d). This expression shows very clearly how, with 
rising temperature, thermal fluctuations further reduce IcM(T) with 
respect to the BCS-value which corresponds to the limit T. 

LU 
After substraction of the background due to random pinning, which 
was deduced from a flat but otherwise identical reference film, the 
critical currents IcM(T) of All and A12 were fitted to Eg. (24) 
using I c M(0), A/y and T.../T as fitting parameters. The result of 

this analysis is shown in Fig. 5 where, for comparison, theoretical 
curves calculated by neglecting the effect of thermal fluctuations 
are also shown. Good. agreement with Eq. (24) is found for a 
reasonable choice of the parameters. TTt,/T scales with R „ 

r LU c no 

10" 

a. 

Fig. 5. Temperature dependence of the critical currents of thickness-
modulated films in the perfectly registered (S=O) C-[0-
phase. The experimental data are fitted to Eq. (24) using : 
A/y - 0.9S1 TLU/TC = 0.978 for All and A/y - 0.90, TLU/T -
0.972 for AU. 
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approximately as predicted by Eq. (18) where, however, the numerical 
coefficient 0.31 is found to be about an order of magnitude too 
small to account for values deduced from the fit of Fig. 5. As for 
A/p, there is good agreement between the values obtained from the 
fit and those estimated with A/y = 4 (Ad/d) using the experimental 
data of Ad/d listed in Table 1. 

DYNAMICS 

The motion of superconducting vortices in a periodic field 
shows interesting quantum features reminiscent of ac-Josephson 
phenomena in arrays of superconducting weak links. When the dc 
driving current Idc exceeds Ic, a particular flux-flow régime 
characterizes a C-phase. Dynamic coupling of the vortex lattice 
with the periodic substrate results, in this case, in a highly 
coherent velocity oscillation of the vortices which, in turn, 
generates a weak but detectable macroscopic voltage oscillation ' , 
typically in the radiofrequency (rf) range. Indirect evidence for 
the collective oscillation of the vortices in a C-phase is obtained 
by exposing thickness-modulated films to rf-radiation. Pinning-
induced coupling at rf-frequencies between the oscillating motion 
of the vortex lattice and the rf-field gives rise to quantum 
interference transitions in the I-V-curves at discrete values, 
En = nvX B, of the flux-flow dc electric field E d c

3' 9' 3 2 (v = ü/2-n 
is the frequency of the rf-radiation). Derivatives of the I-V-
characteristics for All exposed to 100 MHz-radiation are shown in 
Fig. 6. As in the critical current case (Fig. 4), from the evolu­
tion of the n = 1 interference transition with increasing temperature 
one is led to the conclusion that dynamic coupling of the matched 
vortex lattice to the periodic substrate is totally absent for 
T > TTn ~ 1.85 K. This provides additional evidence for the 
occurrence of the locking-unlocking phase transition discussed in 
the previous section. More detailed information about the dynamics 
of the 2D vortex lattice in the various phases it can assume on the 
periodic substrate can be obtained from a study of the complex rf-
impedance of thickness-modulated layers. In the rest of this 
lecture we shall therefore focus our attention on some theoretical 
and experimental aspects of the dynamic response of the vortex 
medium to a small oscillating driving field. 

Low Temperature Vortex Mobility 

At low temperatures (T << TLU) thermal fluctuations of the 
vortices can be neglected. Assuming a driving Lorentz force of the 
form FJ1 = d^0(jrfxz)exp (-iflt) , the equation of motion for the 
position r7 of the vortex associated with the lattice site I can 



ELEMENTS OF A TWO-DIMENSIONAL LATTICE 385 

IL 

B = 29 Gauss 
v = 100 MHz 
A9 = 0.79 /im 

Ed[[ mV/cm]-

Fig. 6. Derivatives of the rf-exaited current-voltage characteris­
tics of All showing the temperature dependence of the n = l 
interference transition. 

then be written as* 

nr, = F + A'q s in q 
Li 

( r , ro> " i ä rlT 
V drlV -

(25) 

where W77, is the interaction energy between the two vortices at 
r7 and r à 

\n-i -rii and rn defines the relative position 
the vortex lattice with" respect to the ID thickness modulation. 

Thus, the last term in Eq. (25) is the restoring force set up by 
the lattice in response to the periodic pinning force. To determine 
the linear response of the vortex medium to FL, one should study the 
oscillating motion of the vortices about their static equilibrium 
configuration characterized by the deformation field W = (u,v) 
described by Eq. (2). In the continuum limit this problem can be 
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solved exactly in terms of elliptic functions33. To avoid the 
rather complex algebra of this treatment, in this lecture we shall 
rely on a simpler perturbative approach which contains, however, 
all the essential physical features of the vortex dynamics. We 
assume that A is small and, consequently, write the solution of 
Eq. (25) in the form3 : 

• + • - * • 1 -̂ . - i ß t - > 

X1 = I + i(vrf/S2) e + M1 , (26) 

where v f = (d<j> /n) (j r f x z) . The first two terms in Eq. (26) 
represent the solution of Eq. (25) in the flat-film case (A = 0 ) , 
whereas u? is the (small) additional dynamic displacement caused 
by the (weak) periodic pinning force. Substituting r7, as given 
by Eq. (26), into Eq. (25) and expanding up to first order in the 
small quantities q • u 7 << 1 and (q • v f)/£2 << 1 one obtains : 

nu 7 = - T G(W)S7, + 

-fr-

+ £-1 5(i+i5.î,)(i - ^ - P e - i ^ e i 3 .u - r - o ) 

q 

(27) 

where the sum in the last term is over q and - q (two terms). To 
solve Eq. (27) it is again convenient to expand ui in (transverse) 
normal modes of the lattice. The resulting expression contains 
terms proportional to the normal mode amplitudes u^tk,«), u<.(k±q,œ) 

-fr- -fr- -fr- -fr­
ana u.,_(k±q, dì ± Q) . Since we are interested in situations where q 

*- -*--*- -fr­
is close to one of the reciprocal lattice vectors g (q a g ) , one can 
set u. (k±q,w) = u. (k,w). Moreover, one can neglect, to a first 

L. U _̂  -fr. -fr. 

approximation, terms involving u. (k ± q,OÛ± Q) which, arising from the 
product (q • Ui) (q • V^)/fi in Eq. (27), are small compared to those 
proportional to u^fk,«). Then,' the equation of motion can be solved 

-fr- -fr-
for ut(k,io) and the resulting expression is used to calculate the 
contributions, proportional to u. (k± q, tu ± ß ) , neglected in the 
first order approximation. Finally,a new solution, now accurate to 
second order in A, is worked out from which the vortex velocity 
vi(t) = r^ is easily deduced. At this point, in order to describe 
the anisotropic dynamic response of the 2D vortex lattice in the ID 
periodic potential, we introduce a vortex mobility tensor \i(Q) 
defined by v(£2) = ViW)Fj-(0J, where v(Q) is the vector amplitude of 
the oscillating flux-flow velocity of the vortex medium. v(fl) 
follows by averaging v-i (t) over all vortices of the lattice. An 
alternative way to describe the lattice response is in terms of a 
vortex impedance tensor Z,„ (Q) defined by E(ß) = Z,m(fi)j(fi), where 
f -fr- -fr- -fr- v u - f -* VD 

(Q) = -v(£2) x B and J(fl) = du (Q) are, respectively, the electric 
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field and sheet (D ) current amplitudes. Since in a coordinate 
system with the x-axis pointing in the q-direction both y (£2) and 
Z (n) are found to be diagonal, their components are simply related 
to each other by Z v Q x x = nQ cf,

2, yyy and_ZvDyy = r̂  <f>2 yxx. Within our 
perturbative approach we find y = n , as expected, and : 

-Ir1 1 1 1 , A/y 

fix q,g 2 (i-i^T) [ (b-l)2 + (A/y) ] 
) (28) 

where b = 3/B111n and x = n/A'q
2 is the characteristic time for vortex 

relaxation in the potential wells. In writing the last term of Eq. 
(28) we have expressed the restoring force constant yk , where 
k = q - g is the wave vector of the pinning-induced shear deformation 
propagating at 45° with respect to q, in terms of b (or, alternati­
vely, of 6) using the results of Ref. 3. Real and imaginary parts 
of yv„ (or Z ) , as deduced from Eq. (28), are shown in Fig. 7 
(dashed curves) as a function of b. There is a discontinuous jump 
in both components at b = 1 (6 = 0). This reflects the onset of the 
Cl-phase transition which, in our approximation, occurs for <5C 
In the exact calculation 

0. 
33 both Re[Z ] and Im[Z ] are constant 

within a C-phase and equal to the corresponding values given by Eq. 

D 
OC 

r-j 

at 

OC 

5*10" 
D 

Fig. 7. Real (a) and imaginary (b) part of the normalized vortex 
impedance as a function of b =B/B. The driving current 
flows in the y-direction perpendicular to q. A/y = 0.05, 
Ux = 10~2. The significance of the various curves is 
explained in the text. 
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(28) for b = l (q = g) up to the critical mismatch 5 (dotted curves 
in Fig. 7). One way to correct for the jump'at b = l and to improve 
our approximation is to write u in the following form : 

tJxx = n"1[i- ^—2 ) (29) 
(l-ifiT)[(b-l) + A/y] 

As shown in Fig. 7 (full curves) this expression provides a reason­
able description of the actual lattice response. For this reason 
we shall rely on Eq. (29) for the interpretation of the sheet 
conductance measurements reported in the last section of this 
lecture. 

There is a simple physical interpretation for the general 
behaviour of Re[z

VD]
 an<3 Im[Z ] shown by Fig. 7. In a C-phase 

dissipation arises from the excitation, in the viscous vortex 
medium, of a collective mode in which the vortices oscillate in 
phase around their equilibrium positions at the bottom of the poten­
tial wells. In the I-phase additional dissipation results from the 
excitation of the soliton superstructure. Thus, Re[Z a] must have 
its minimum value in a C-phase. Im[Z ], on the other hand, 
measures the delay in lattice response caused by the periodic 
pinning structure. As the effect of pinning is strongest in a C-
phase, Im[Z ] is obviously largest in such a phase. 

Sheet Conductance Measurements 

To measure the dynamic response of the vortices in our thick­
ness modulated layers, we rely on the two-coil experimental technique 
developed by Fiory and Hebard3l+. The superconducting film is 
mounted in a transverse plane between two coaxial closely-spaced 
coils, one (drive coil) providing the rf-excitation of the vortex 
medium, the other (receive coil) to detect its rf-response. For an 
isotropic 2D superconductor, as it is the case for à flat (A = O) 
superconducting film, Fiory and Hebard have shown that, in the limit 
of weak screening, the rf-voltage amplitude VR(fì) at the receive 
coil due solely to the rf-response currents flowing in the sample 
is proportional to ß2G_I_(fi), where Gn = Z^

1 is the (complex) sheet 
conductance of the film and ID (U) the (constant) amplitude of the 
rf-current in the drive coil. A straightforward extension of this 
calculation to our anisotropic samples shows that, in the same weak-
screening limit, VR(fl) can be written in the form : 

VR(Ü) = U2I0(U) (K1 G0xX + K2GDyy) , (30) 

where K1 and K2 are constants depending on the geometry of the 
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sample and of the two-coil configuration and the x-axis is still 
pointing in the q-direction. According to Fiory and Hebard35 36, 
Z n = G5

1 can be expressed as a series connection of the vortex 

VD 
(1/2)yQA associated 

with the superfluid background. Thus, using the results of the 

previous section, Z Q x x = 
1 •• + ifiLi,, where u> 

¾xx " 
-.-1 

"0*0^ oHxx 
bk' 

(no<f,o/n) + ifiLk a n d ZDyy ~ °Dyy 
is given by Eq. (29). Using typical 

parameters for our Al-films (Table 1), it can be easily verified 
that, except very close to T c or at extremely low magnetic fields, 
the kinetic inductance term is always much smaller than the vortex 
impedance and can therefore be neglected in the analysis of most of 
our experimental data. Furthermore, in the vicinity of a registered 
phase (B * B111n) , the lattice configuration of interest here, 

^dXX = na<j>o/n varies weakly with B, while, on the contrary, 
ZDyy ~ "o^^xx shows pronounced structures (Fig. 7). Thus, if one 
uses a modulation technique, in which B is weakly modulated 

0 1 2 
Reduced Magnetic Field B / B i 0 — 

1 2 
Reduced Magnetic Field B IB w — 

Fig. 8. Derivative curves of the in-phase and out-of phase compo­
nents of the rf-response of A12 as a function of B. Marks 
on the vertical axis denote the zero-level of the signal. 
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Fig. 9. Theoretical derivative curves of the complex vortex impe­
dance for A12 as deduced from Eqs. (29) and (14) using 
A/u = 0.9. See text for the determination of UT(T). 

(OB » 0.1 Gauss) at a low frequency (¾ 2 Hz), the signal one 
actually detects at the receive coil will be essentially proportion­
al, for B z B111n, to 9GQyy/9B. In Fig. 8 sets of curves at different 
temperatures for the in-phase and out-of-phase components of the 
100 kHz-signal for A1Ü, measured with a conventional phase-sensitive 
technique, are shown as a function of B. There are pronounced 
structures in both the real and imaginary parts in the vicinity of 
B1Q z 30 Gauss (weaker structures are visible also in correspondence 
of the unresolved C11- and C2g-phases). The shape of these 
structures should now be compared with that predicted by Eq. (29). 
To this purpose, in Fig. 9 we show theoretical curves calculated 
from Eq. (29) where, in an attempt to partially include the effect 
of thermal fluctuations, A/y was replaced by Ap/y and x = X)ZaLq2- = 
n/q$0djcM [Eq. (20)] was estimated using the jcM-data for A12 of 
Fig. 5. While there is good qualitative agreement for both compo­
nents of the signal at low temperatures, the evolution of the 



P. MARTINOLI ET AL. 391 

structures about B10 with rising temperature is quite different from 
that predicted by Eq. (29) . In particular, as one expects from the 
temperature dependence of the critical mismatch 6C tolerated by a 
C-phase, their width becomes narrower and narrower as T approaches 
TLU' a f e a t u r e which does not emerge from the theoretical curves of 
Fig. 9. Clearly, a more elaborated model which takes into account, 
in particular, diffusion phenomena of "corrugated" domain walls 
should be worked out in order to describe the dynamic response of 
the periodically pinned 2D vortex lattice at high temperatures 
(T < T L U). This, as well as the study of other features of the 
rf-response (in particular of the origin of the drastic crossover 
in response at low magnetic•fields in Fig. 8) will be the object of 
future research in our laboratory. 
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