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Abstract

For the efficient fabrication of micro-electronic circuits by photo-lithography,
the beam of light used to illuminate the mask has to be appropriately struc-
tured. This shaping is realised by a set of optical elements. During the design
of the beam-shaping element, constraints due to the nature of the machinery,
the characteristics of the light and the fabrication technology of the optical
element have to be taken into account.

~ In this work, we tackle the task of designing and analysing such elements.
Simulation of optical structures whose dimensions are large compared to the
wavelength and the minimum featnre size has required the development of
a completely new representation of the geometry of the elements. Instead
of the two-dimensional sampling ususlly used, we have introduced a hybrid
digital-analytical Fourier transform which drastically reduces the memory re-
quirements.

Various design methods have heen compared, and improvements were pro-
posed to several candidates. The sensitivity to fabrication errors have been
characterised for the elemnents resulting of these design techniques. Conclusions
were drawn about which design to use depending on the tolerances available.
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Introduction 1

For the manufacturing of micro-electronics circuits such as microprocessors,
oue needs to produce micro-structures in a substrate (usually silicon). Typ-
ically, the substrate is covered with some photo-sensitive material, and the
pattern to be etched is written into this material by high energy illumination.
This step changes the property of the covering layer at the places where it
has received energy, and chemical or physical processes can then be used to
transfer the pattern into the substrate. The projection of the pattern onto the
substrate is schemastically illustrated in Fig. 1.1. The pattern is drawn on a
mask (the reticle R) that is imaged onto the target T. In the plane of the
pupil P, the source is imaged by lenses L, and L;. Additionally, as shown
in Fig. 1.2{a), the pupil of the imaging lens L3 acts as low-pass flter for the
spatial frequencies of the mask pattern. The paitern is resolved if at least two
diffraction orders are transmitted by the pupil. Figure 1.2(Db) illustrates this
situstion for a pattern composed of vertical lines. The zero order image of
the source is centered in the pupil. Since the source is spatially incoherent,
only those points of the source which generate at least two images in the pupil
contribute to the pattern. An example of such a point is point A, whose zera
order {Ag} and +1 order (A} images are within the pupil P. Point B, on
the other side of the source provides also two image points inside the pupil, By
and B_;. The dark-gray areas indicate all points of the source that contribute
to the formation of the image of the mask. The light-gray area does not con-
tribute to the imaging of the pattern, as it consists of points like &, which has
only one image point in the pupil {Cy). The light in this area produces a back-
ground nocise which lowers the contrast. From the top row, ane can see that the
important contribution of the orders £1 {the paris in the pupil) comes from
the peripheral area of the source. Thus, to improve the contrast of small fes-
tures, one should use sources with off-axis light emission. The bottom row of
Fig. 1.2(b) shows the image of such a source. The amount of light contributing

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: Schematic view of the projection lithography principle for a 1:1 magnifi-
cation. The source 5 is imaged onto the plane of the pupil P, the reticle R is imaged
onto the target wafer T,

to the background illumination is considerably reduced. To adapt the source
to the pattern to be transferred, there are in lithographic systems several types
of geometry for the illumination source: disc {often called conventional illu-
mination), ring (called annular), quadrupole (such as the quadrupole shaped
annular — QUASART™™ [1]), and dipole. These geometries are available with
different values of the partial coherence factor o, defined as the ratio between
the size of the source image and the size of the pupil [2]. Depending on the
geometry and spatial frequencies of the mask pattern, one has to choose the
most suited source distribution. For example, the conventional illumination is
more snited for isolated features, while dipole illumination is more suited for
horizontal or vertical dense line patterns [1,2].

Creating such a light. distribution, has to be performed by beam shoping
from a somehow non structured primary light source with the highest pos-
sible efficiency. Beam shaping should be done with the smallest number of
elemnents to avoid absorption which gets critical for shorter wavelengths. Ad-
ditionally to the loss of power, absorption generates heat that would cause
the destruction of transmissive optical elements. Thus, the optical elemnents
have to he made the thinest possible. For deep ultra-violet illumination, the
available laser sources are multi-mode excimer lasers, such as argon fluaride
(ArF) or krypton fluoride (KrF). The structure of the beam presents a speck-
led appearance which changes orders of magnitude faster than the exposure
time, resulting in a time-averaging of the beam that can be described as an
incoherent Gaussian beam [3-5]. Moreover, the beam-sbaping element should
be spatially invariant, i.e., it should not depend on the input wavefront and
the spatial intensity distribution. This property is realised by tiling many
small individual beam-shaping elements. Indeed, if the single cell size is small
compared to the beam size, the wavefront incident on the cell structure can
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Figure 1.3: Sensitivity to spatial variations of the wavefront. (a) The output of an
element designed for a plane wave (dashed line} is seriously distorted if the incident
wave is not plane {solid line). (b} An element composed of smell beam-shaping cells
is less sensitive to distorted wavefronts, bhecanse the total output is the incoherent
sum of the distributions resulting from each cell illuminated locally by an oblique
plane wave.

and ray-tracing. The first one provides a better description of the interaction of
light with the material structures used to modify it. The two others arc based
on simplifications but still provide surprisingly useful predictions. Because the
first is based on a precise knowledge of both the incoming light and the optical
elements, the physical effects — intuitive understandings of critical parameters
- can be hidden among the number of variables. Moreover, the actual imple-
mentations of this theory on computers will be limited to very small optical
elements and not suitable for real world applications, where the accuracy of
the model is balanced by materialistic issues like speed, computational power
or data storage capacities. The simplified theories, while restricted in their
field of applications and not perfectly accurate, have provided useful criteria
and working tools for optical designer for many decades. We will thus present
how the various models may be used for the design, simnlation and tolerancing
of an aptical element.

Chapter 3 will focus on the simulation step, and introduces 8 new technigne
which greatly reduces the requirements for data storage, allowing desktop com-
puters to be nsed in the field of physical optics. The classical implementation
of this model is based on a sampled description of the optical element, sim-
ilar to the way compnters represent images, thus close to the insides of the
compnter. However, the optical element is not itself best described by this
decomposition. This nsually leads to some snb-optimal representation, which
may intreduce artifacts (moiré effects, or other "mumerical contamination”).
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Figure 1.4: Comparison of the sensitivity to spatial variations of the intensity. For
an single element (a) the output intensity depends on the input intensity while for
a tiling of small sub-cells (b), the output light distribution is an average of the
distributions resulting of every sub-cell.

For a set of optical elements - general enough to describe most of the DOEs
for illumination - we introduce a new computation scheme. It is based on
a representation that is less compnuter oriented, and leans more towards the
geometry of the element itself. The main advantage is a tremendous cut in
the data storage requirements, with no loss in accuracy. Also, we shall expose
cases where the sensitivity $o artifacts is reduced, and new possibilities in the

. simulation are offered to the designer. While, for the purpose of our applica-
tions, we restrict curseives to a suhset of the available optical structures, we
will show that the principle of the technique can be extended to a larger set
of situations.

For a better understanding of the constraints, which we have to take into
account in our designs and in our tolerance studies, we will then discuss the
fabrication methods of beam-sheping elements. Various techniques will be
presented for the fabrication of micro-optical elements on an industrial scale.
Both diffractive and refractive diffusers were studied within this thesis. We
will outline the similarities and the differences between both families,. This
section should provide the basic information for the comprehension of the
design techniques which will be covered in chapter 5. There, we shall see that
beam shaping can be realised by two different classes of solutions: re-inapping
type and grating type elements.

Re-mapping type elements are based on the correspondence between two
distributions of light — input and output — and intends to find a point to point
relation between them. Its origins lie in the ray-tracing history, and thus do
not take into account wave optics properties, such as diffraction. Most of
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the beam shaping optics is still designed with these techniques. We will first
present specific solntions that can be found snalytically, but are restricted
to cases of special symmetry. A more general technique, mesh based inverse
ray-tracing, will be discussed afterwards, fnlfilling some other goals. We will
tackle issues of both techniques, and provide improvements for the mesh based
ray-tracing originally presented by Dresel et al. [6]. Finally, we will underline
the drawbacks of such designs that do not account for wave optics properties.

On the other hand, grating type elements rely on the Fourier transforming
properties of the propagation of light. The resulting beam shaping elements do
not rely any more on point to point correspondence, but rather on a position to
frequency relationship between the input and output light distributions. Thus,
not only wave optics is taken into account, but the elements will not have the
limitations of the re-mapping type ones. On the other hand, it may intro-
duce its own defects. Iterative Fourier transform algorithm will be specifically
discussed in this section,

Relinements and improvements of optical elements will be the subject of
chapter 6. Effects of various fabrication errors will be characterised, and some
solutions aiming at reducing the sensitivity to such errors will be presented:
pra-compensation of line width errors or three level elements that are less sensi-
tive to etching depth variations. Alignment errors result in different behaviours
depending on the nature of the design family, as presented in chapter 5. This
difference will be studied. The second part of this chapter will be dedicated to
design-related defects, like oscillations due to the rim of the elementary cell or
to the quantification of the profile. We will again propose improvements that
may correct these defects.



Interaction and
propagation of light

In this chapter, we will present and compare the different theories nsed for
the modelling of optical elements, from the most rigorons to the fastest and
lightest. All of them present domains where they are more snitable than the
others, given that accuracy of the predicted result is not the only criterion for
design and optimisation. Indeed, the capacity to apply a model to a wide set
of optical elements and the ease of compntation have to be taken into account.
Understanding the limits of each is thus of great importance, and allows for a
set of improved implementations of these models, aimed at specific sitnations.

2.1 Rigorous theory

2.1.1 Electromagnetic theory

Electromagnetic theory is hased on the Maxwell equations {2.1-2.4). They de-
scribe the relations between the electric field E (r), the magnetic field H (r),
the electric displacement D (r}, the 'magnetic induction B (r}, the electric cur-
rent density j (r) and the electric charge density p(r). The dot stands for the
derivative with respect to time.

VxE = -B, (2.1)
"¥xH = j+D, (2.2)
v-D = p (2.3)
v.-B = 0 (2.4)

The interaction with a material medium is expressed through the consti-
tutive equations
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1 -
= goeB ith . = = 107%AsV 'm" 5
D = ¢¢eE, with € = 5o 0 %Asv ! (2.5)
B=yuH,  with =47 -10""VsA Im™!, (2.6)
j=oE ) (2.7)

g is the dielectric permittivity, u is the permeability and ¢ is the clectric
condnctivity. Note that £(r) and p (r) are scalar for isotropic materials, and
tensorial for anisotropic materials. Herein we will only discuss non-magnetic
and isotropic materials (i.e. ¢ =1, and ¢ is scalar).

From Maxwell equations can be derived the boundary conditions describing
the behaviour of the electromagnetic field at the interface between two media
(1 and 2}. n,2 represents the unity vector normal to the surface separating the
two media. p, and j, are the surface charge and current densities, respectively.

;3 - Bg — ) = 0., (28)
Iy (Dz - ]) = fa, (29)
12 X (Eg - 1} = 0., (210)
nijg X (H2 - Hl) = Js (2,11)

For dielectric materials, both the charge and cnrrent densities are zero.
This leads {0 the conservation of both the electric and magnetic fields at the
interface. For metallic materials however, this is no longer the case.

Maxwell equations can be combined in order to decouple both components
of the field. For an inhomogeneous, but isotropic, dielectric and non-magnetic
medium, the differential equations (2.12) and (2.13), also known as the wave
equations, are derived, as

V2E (r} ~ epe {x) jiopk (r)
VH (r) — eoe (f) pouH (r) = (VxH(r)) x Ve

0 (2.12)

r;) (2.13)

The absence of a term on the right side of Eq. (2.12) is due to the constant
value of u. For a magnetically inhomogeneous material with u (r), a tenn sim-
ilar to the right hand side of Eq. {2.13) would be present (with u (r) replacing
g (r), and E (r) instead of H (r)).

The time dependent electromagnetic fields can be decomposed on the time
harmonic function basis. Any vector is then a sum of many monochromatic
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functions. The problem can then be reduced to a harnionic field. Electromag-
natic vectors can then be written as the product of a time independent vector
with a harmonic function

E(r,t} = Eg/(r}exp (iwt), (2.14)
H(r,t) = Hy(r)exp (iwt). (2.15)

Introducing this decomposition into Egs. (2.12) and (2.13), we obtain

VZEq (r) + ¢pe (1) popw®Eg (r) = 0 (2.16)

U2H (r) + €oe (£) popesHo (r) = (V x Ho (£)) X ?(S) (2.17)

2.1.2 Numerical methods

There exist several mathematical methods to solve Maxwell equations, The
integral metbods are of common use in the antenna and tomographic domains.
They are well suited to compute the fields of aperiodic structures [7]. Never-
theless, in diffractive optics the solution is often performed through differen-
tial methods. They are based on the mathematical treatment of the grating
diffraction, that resorts on the assumption of periodicity on the diffractive
structure. The structure is localised on a plane. Among the various imple-
mentations of the grating diffraction, of particular intercst are the rigorous
coupled wave algorithm (RCWA) and the modal methods. While the RCWA
expands the Reld on a harmonic basis in the whole space, the modal method
uses locally the basis that is made of modes of the propagation. The rigorous
modal method is thus limited to a small set of geometries, where the modes
are known (e.g. binary, multilevel, saw-tooth). In the general case, the modes
are themselves expanded on a harmonic basis, hence the name Fourier modal
method (FMM), which leads to a computer implementation equivalent to the
one of the RCWA. In this thesis, whenever we had to rely on a rigorous diffrac-
tion algorithm, FMM programs were used. Other differential methods worth
of interest are the C-method [8,9], and Morf method [10,11], which is a vari-
ation of the modal method where the modes ate expressed with polynomials
instead of harmonics. Both are suited for continuous probles, but are harder
to implement and not as general as the FMM.

Finally, it is possible to solve Maxwell equations locally with a finite ele-
ments method. This technique usually allows to study periodic and aperiodic
solutions, depending on the conditions at the borders of the structure.
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2.1.3 Limitation for implementations of the rigorous the-
ories ) :

The main issue with all of the rigorous methods is the amount of time and data
reqnired. Indeed, for the FMM, the profile has to be sliced in @ superposed
lamellar layers and the infinite sums have to be truncated so that a sufficient
number N of diffraction orders is taken into account. The size of the matrices
is evolving as O (N2Q?). The time needed to solve this eigenvalue problem is
hence typically @ (N3Q?) for such arrays [12]. As a consequence, the rigor-
ous theory implementations are unsuitable for elements whose dimensions are
large compared to the optical wavelength. Unfortunately, we are interested
in elements whose sizes are typically a few ten thousand wavelengths in two
directions.

For elements whose profiles cannot be described in a plane (often referred
to es a three-dimensional situation), the problem of data size and computation
time is even more restrictive, and only structures whose dimensions are of a
few wavelengths can be simulated. Therefore, rigorous methods can be used
for optimisation routines [13, 14], but they are not practical because of the
time requirements.

The fact that large grating-like structures can be simulated is due to their
periadicity. The period itself is much smaller. While adequate for gratings, this
bypothesis is not appropriated for more complicated structures, like computer
generated holograms (CGH) or diffractive lenses, that are used in beam shaping
applications. Hence, the FMM is not suitable for our large optical structures.

The limitations of rigorous methods prohibit their use for the optical ele-
ments we will study for deep UV lithography. However, they are useful to study
local behaviour, when the approximate theories fail to describe the interaction
of the light and the structured medium with enough details.

2.2 Scalar diffraction theory

Scalar opties, strietly speaking, is the approximation of electromagnetic optics
by scalar fields, i.e. fields that are not vectorial. The polarisation is thng not
considered in this model, and one should reasonably expect a bad accuracy
for structures with rapid spatial variations and deep features. But for many
situations, scalar optics has proved to be effective enough. Moreover, some of
its implementatious rely on Fourier transform which can be implemented as a
fast algorithmm on computers.
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2.2.1 Propagation of a scalar field
Under the scalar approximation, the Egs. {(2.16) and (2. 17} can be unified in
a single scalar equation, called Helmholtz equation

(V2 +n?(r)k§) U (r) =0, (2.18)

where

kuz

o | e
n.]E-:

(2.19)

The refraction index and is defined as

n(r) = e(r)pn, (2.20)

and

c= ! (2.21)

/E0}iD

is the speed of light in the vacuum. Using the Green theorem

fff (GV?U ~ UV“G)d-u—#( @ U%)ds (2.22)

with the three-dimensional free space Green’s function,

exp (k)
1

G(r)= (2.23)

a spherical wave, the integral theorem of Helmholtz and Kirchhoff

ro) -1 /f {BU exp lkrm)] %[exp(ikrm)]}ds (2.24)

To1

is derived. As illustrated by Fig. 2.1, ro; = r1 — ro 18 the vector between a
point P, (r1) on the surface and the point Py (rg) where the field is observed.
So far, no further assumptions have been made, with the exception of the ones
used for the Helmloltz equation, namely the isotropy of the medium, This
implies that we can apply the following equations to both components of the
electromagnetic fleld independently in such a medium.
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2l iz To1

Figure 2.1: Geometry used for the theorem of Helmholtz and Kirchhoff, in the case
of diffraction at a planac interface.

2.2.2 Diffraction at a planar interface
Fresnel-Kirchhoff and Rayleigh-Sommerfeld formulas

Originally derived for diffracting apertures in black screens, the Fresnel-Kirchhoff
and Rayleigh-Sommerfeld formulas are used for much more general apertures.
They are also used for optical elements, where the notion of aperture cannot
be defined in the same manner as for a screen. However, they are well smited
to describe the propagation of light diffracted by a structured medium. An
extensive derivation and discussion of these formulas can he found in chapter 3
of Ref. [15].

The Fresnel-Kirchhoff formula is based on the assumption that both the
ficld and its first derivative are zero on the plane outside the aperture. Within,
they are assumed to be equal to the values in the absence of the screen. The
correctness of this assumption can be discussed physically and mathematically:
it is inconsistent but can be reformulated consistently [16]. Anyway, it leads
to the formula ’

U(re) = / [z U (r1) wds (2.95)

where X is the surface of the aperture with

1 exp (ikry) feos (n, ro;) — cos (n, r )]
1/\ T21 2 '

The mathematical inconsistency can be avoided when using different Green's
functions. This leads to the two different Rayleigh-Sommerfeld formulas

U (r) = (2.26)

s (ro) = = / /E U(r;)(—a—xbf:h-#oos (n, £er) ds, (2.27)
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Usr (rl} / U (rl) exXp (lk?’g]) 5 (228)
o

The first formula is based on t.he condltmn that the field is zero on the surface
outside the aperture, while the second formula is based on the condition that its
first derivative is zero on the snrface outside the aperture. One could think the
boundary conditions used to derived Eqgs. (2.27) and (2.28) may he interpreted
in order to choose which solution to use for a specific prohlem. Indeed, the
first solution is modelling a “hard” screen and the second solution is closer to
a “soft” screen (acoustic description of the screens properties). However, one
should avoid such assumptions, as the exact electromagnetlc computation can
contradict this intuition [17,18].

For both Fresnel-Kirchhoff and Rayleigh- Sommerfeld formulas, additional
hypotheses have been made:

1. the size of the apertnre & is large compared with the wavelength A.
2. the obscrvation point is “far enough” from the aperture, i.e. |rgy| > A

Note that the Kirchhoff formula is actually the arithmetic mean of the two
Rayleigh-Sommerfeld formulas. This implies that if one has no reason to pre-
fer one or the other of the Rayleigh-Sommerfeld formulas for a diffraction
problem, Kirchhoff is also a good approach [16,17,19]. The difference hetween
these three formulas have been studied extensively, and the corclusions do not
indicate any superiority of one ou the others [20-22).

Another useful diffraction formula is the angular spectrum approach, as
presented in chapter 3 of Ref. [15]. It expresses the propagation as a transfer
function, and is thus easy to implement. However, it can be proven that it is
equivalent to the first Rayleigh-Sommerfeld formula (23, 24]. This formulation,
based on the Fourier transform

Ulrp) = F~* {f{U (r1}, (u, v)}exp (21'4?201\/ Ai —u? — ‘Uz) i%:&m)} )

(2.29)
is extremely well suited for numerical computation. . The exponential term is
usually referred to as the transfer function of free space, and is baged on the
Weyl expansion of a spherical wave into plane waves [25] (the Weyl expansion
of a spherical wave may also be replaced by the Whittaker expansion {26] or hy
the approximated circular planc wave [27]). The Fourier transform is defined
herein as

+ca

Fii@w=Tw= [ joes-amae @)

-
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for a one-dimensional space and can be written similarly for multiple dimen-
SIONS.

Fresnel and Fraunhofer approximations

The previous formulas can be simplified further for paraxial optics. Firstly, if
the angles involved in Eqgs. (2.25) and (2.27) are small, the value of the cosine
can be assumed to be equal to one. As a result, the two equations are identieal.
As we mentioned before, Eq. {2.25) describing Fresnel-Kirchhoff diffraction is
equal to the arithmetic mean of the two Rayleigh-Sommerfeld formulas (2.27),
implying that (2.28) is equal to the two others.

Additionally, we will make use of the two following approximations:

1. gy o zp1, in the numerator.
2. ro =z (14 iré)), in the complex exponential.

Hence, we get that Fresnel-Kirchhoff and Rayleigh-Sommerfeld equations can
be simplified to

ikz +oa .

? ~ //_m U(z,y,0) exp [1% ((:c —a') +(y —y’)z)J dzdy,
(2.31)

that is a convolution of the input field with the Fresnel phase term. Equa-

tion (2.31) can be reformulated as

ikz +oo .y !
U(z',y',2) = ?Az H ) ff U (z,y,0) &5 (=407~ (ot 100) g,
- '

(2.32)
which is recognised to be a Fourier transform. Both formulas can thus be
implemented easily on a computer, and one can use either one or the other
depending on the conditious of the problem. The Fourier transform is usu-
ally faster, but the resolution in the cutput plane is limited, and numerical
problems, such as aliasing, have to be avoided with care.

Finally, for long distances of propagstion z, namely z > 2D?/\, with D
being the characteristic dimension of the aperture, the quadratic phase inside
the integral of (2.32) can be neglected, which leads to the Fraunhofer dlﬂract:on
formula

U vz} =

ikE -
U ) = T )ff U (z,y,00e 2 E 89 4z, (23)



22, SCALAR DIFFRACTION THEQRY 15

If the distance 2z tends tawards infinity, we can express the output field in
a space where distances ¢, 3’ and z are replaced by the tangents @ = a'/z
and 8 =y /=2, yielding

Uouy (@, 8) f '/_ :c Uin (2, ) exp (—m (;:1: + %y)) dedy  (2.34)

Note that, to avoid definition problems, the constant and the multiplicative
phase terms are disregarded. This formula expresses the output field as the
Fourier transform of the inpnt light distribution. While the list of approxima-
tions leading to Eq. (2.34) is long, its domain of validity covers a wide set of
applications, and is thus widely used in design and simulation.

Fresnel diffraction is commonly referred to as finite distanee or near-field
diffraction as opposed to far-field diffraction described by Fraunhofer approx-
imation. In this work, we will use the Hrst term. Indeed, nowadays, rear-field
should preferahly be reserved to the area of aptics dealing with small distances
in the order of the optical wavelength, which was excluded hy the assumptions
needed for the Fresnel-Kirchhoff and Rayleigh-Sommerfeld formulas.

2.2.3 Interaction with a structured interface

Raylaigh-Sommerfeld and Fresnel-Kirchhaff wers eriginally intended to be nsed
for heles in infinitely thin, black or reflecting screens. However, they provide
us with a tool which is also suitable for dielectric structures,

Transmittance

The boundary conditions for the black screen can be expressed as a binary
transmittance applied to the input field - the field without the diffracting
plane. Hence, the integrals in Eqs. (2.25-2.28) that are limited to the slit area
can he extended to the whole plane S, using a transmittance

1, for P] €xn
Tn = (2.35)
0, forP; e S\E
For Fresnel-Kirchhoff, this would be expressed as

/ Te(r) - U' (r )e"p(‘kr“‘)ds (2.36)
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This reformulation introduces the concept of transinittances for thin aper-
tures. This transmittances can be interpreted as the interaction of the plane
with the input light. Hence, it is straightforward to extend this concept to non
binary or complex transmittances

Uout (I.") =T (I‘) - U'm (I‘) ' (237)

where U, is the scelar held jnst after the diffracting area, and Um is the
incident scalar field.

Thin element approximation {TEA)

For very thin elements, the transmittance can be presented as & legitimate
approximation of the interaction between light and the material medium. This
funetion was however defined for an infinitely thin plane. For a real optical
element with three-dimensional spatial extension as seen in Fig. 2.2(a), the
concept can be used as an approximation if the phase difference along the
longitndinal dimension is of the order of the wavelength. This approximation
is called thin element approximation and is illustrated in Fig. 2.2(b). While
there are no justilication for such a simplification, it happens to give reasonably
good results, and tremendously simplifies the computations. It starts to break
down when the element is not thin compared to both the wavelength and its
features (large deflection angles). This is also the case when the interaction
cannot be seen as a simple multiplicative transmittance (the Venetian blind).
Bragg diffraction is another sitnation where TEA fails to predict the correct
behaviour of the light.

One may wonder if the interaction inside the structured medimn could
be simulated without TEA in the scalar approximation. When scalar fields
are exact models, like in acoustics or for water waves, there exists indeed
interest to avoid TEA and to apply the same rigorous methods as presented
in section 2.1. However, the computation problem does not lie in the vectorial
nature of the electromagnetic field, bnt more in the modelling of the interaction
in the volume of the structure, which requires the inversion of large matrices.
Moreover, the scalar approximation of the light field will be deficient where the
coupling between both components is non-negligible, i.e. in deep and narrow
structures. This coincides with the area where TEA is not valid any more.
Consequently, resoi't.ing on & rigorous-like scalar method wonld not bring great
speed improvements nor it would be much more accurate than TEA.
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This factor represents the portion of one period that is subject to the
geometrical shadow of its neighbours. The energy is considered lost in this
shadow. If the grating is not deep, or if the wavelength is small compared to
the grating period, the duty cycle tends towards one, and the extended scalar
thecry is egnivalent to the paraxial case. This treatment is based on some ray
considerations. The correction for the 1% order is expressed as

M,corr = DGQ - (239J

Similar considerations based on ray-tracing have brought a correction to
the depth of the grating [31,32]. The depth of a grating that maximises the
diffraction efficiency is found to be

A

, (2.40)
ncos (&) — \/1 - [& +nsin (9,-)]2

dopt =

where §; is the incidence angle. For normally incident illumination, Eq. (2.40)
simplifies to

o = ——~——. a1
n=y1-(})

Similar formulas have been derived for multi-level gratings and are pre-
" sented in Ref. [31].

Step transition method

‘While the previous corrections are based on rather empirical considerations,
it is also possible to correct the TEA results more rigorously. Kettunen et
al. have proposed such a method [33,34]. Firstly, a collection of amplitude
and phase functions generated by several step transitions is created. Then, for
every step transition, the corresponding corrective functicn is added locally
to the amplitude and phase resnlting of the TEA. This method is accurate as
long as the neighbouring transitions are a few wavelengths apart from each
other.

As the rigorons compntation is performed once for all, the speed of this
method is comparable to the TEA computation. However, it can take care of
the difference between TE and TM pelarisation.
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2.2.5 Geometrical optics

When the wavelength is small endugh in comparison with the dimensions
present in the system, it is possible to rewrite the propagetion laws in & simple
form. This is the field of optics using the nation of rays of light, also known
as geometrical optics. A complete discussion of this domain may be found in
chapter 3 of Ref. |35]. We will succinctly recall the main equations leading to
the concept of ray, refraction and to Snell’s law.

Assuming that the light field can be written as

Ulr,t) = A(r)exp (i{wi — kS (1))}, (2.42)
the Helmholtz equation (2.18) leads to
o ikeS [va —iko (2VA - VS + AV2S) — k2 A ((VS)2 - nz)] =0 (2.43)

with

w
= —, 2.44
ko . (2.44)
If we assume that
koA > |7 4| (2.45)
and
ko » {Vnl, (2.46)

which means that the relative variations of 4 and of the refractive index n are
small at the wovelength scale (weakly perturbative medium). Equation (2.43)
leads to

(V8)? =, (2.47)

koown as the Eikonal equation. Note that Eq. (2.42) is general enough to
describe both spherical waves (§ = r) and plane waves (S = ¥ -r). Since
the Eikopal is related to the phase by Eq. (2.42), its iso-surfaces represent the
wavefronts. The optical rays, perpendicular to the wavefronts, are thus the
three-dimensional linear trajectories r(s) defined by

dr

ar _vs. 4
ng. = VS (2.48)

Further manipulation of Eq. (2.48) leads to
- d [ dr

— |n—| = 2.49
ds nds] va, (2.49)
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a differential equation implying that in a homogeneous medivm (Vn = 0) the
rays are straight lines, Variational analysis states that solving Eq. (2.49) is
equivalent to finding the curves along which the optical path length

N

OPL = f n(x(s))ds : (2.50)
M

between two fixed points M and N in space is stationary, which is known as

the principle of Fermat. From Eq. (2.50), one can deduce Snell’s law

) Sin (i]) = 715 8in (12) I {251)
describing the behaviour of light rays at an interface between two homogeneous
-media, of refractive indices n; and ny, respectively, when ¢, and {; are the
angles with respect to the surface normal.

While geonietrical opties does not include diffraction phenomena, it is
nonetheless interesting for the design of beam shaping optical elements. In-
deed, it is very fast and can be applied using commercial software. These
programs perform ray-tracing, a technique consisting in simulating beams of
light by a large number of individual rays and propagating them through the
system following Eq. (2.51). Therc exist two types of ray-tracing, sequential
and non-sequendial [36]. Sequential ray-tracing models the interaction of light
as & sequence (an ordered set) of interactions between the rays and the optical
elements. It thus cannot wnodel partial reflection, multiple interactions of a
ray with a structure. This is similar to the approximation used in the TEA or
in its derivatives like the BPM or the WPM, The speed of all these methods is
actually due to the hypothesis that interaction occurs in a sequential and pre-
determined order. Non-sequential ray-tracing, on the other hand, although
using the very same equations, can model the division of light rays, partial
reflection, scattering, multiple interactions of rays witb & structures. Similarly
to rigorous methods or scalar optics (strictly speaking), non-sequential ray-
tracing requires huge computation times, sometimes many days, compared to
the few seconds typically needed in sequential ray-tracing.

It appears that the frontier lines that are usuaily placed between ray-
tracing, scalar optics and rigorous theories do not describe completely the
relative accuracy of the methods. It would he useful to draw another distinc-
tion concerning the accuracy of the interaction with extended media, where
non-sequential ray-tracing, rigorous theories and scalar optics (strictly speak-
ing) would he separated from sequential ray-tracing, TEA and its cousins.

Nevertheless, considering the beam shaping in the far-field, under paraxial
approximation, the eclements are not extended more than one wavelength in
depth and the application of the second set of methods is completely justified.



Simulation of large 3
optical elements

We have seen in chapter 2 that design and simulation for large optical elements
should preferably be based on ray-tracing or scalar optics, but not on rigorous
theory, because of time and amount of data. However, nsing scalar optics and
thin element approximation (TEA) does not yet guarantee that the memory
requirements will not overrun the capabilities of the computer. In fact, most
of the optical beam shaping elements presented in this work are too large for
a strajghtforward application of these methods.

Consequently, we have developed a computational technique that tremen-
dously reduces the memory requirements [37,38]. The technique, which we
shall call the shape technique, is based on a geometric description of the phase
structures of a diffractive optical element (DOE). It makes it possible to sim-
ulate large elements (large meaning here *whose dimensions are of thousands
or tens of thonsands of wavelength in both directions®). This technique was
originally developed for Fraunhofer diffraction of multilevel optical elements.
While not as versatile as two-dimensional sampling, the geometric description
can be generalised to linearly blazed gratings. Because of the reduced memory
requirements, it can be used for both periodic and aperiodic structures.

3.1 Description of an optical element

Be it for simlation, design or fabrication, the clement structnre has to be
defined in terms of its geometric and optical properties. We may distinguish
three uses for the description of an optical ¢lement, each with its own con-
straints. We shall illustrate this distinction with the example of a multi-level
Fresnel zone plate (FZP).

21
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First, we have to be able to design the element, that is to deseribe it with
respect to a goal. Practically, the angles defining the light distribution, the
wavelength and the size of the individual FZP lead to a radial phase profile,
which in turn can be expressed as & set of radii and heights of concentric rings.

Second, we have to simulate this optical element. Therefore, it mnst be de-
scribed in such a way that we can apply one of the prapagation equations (2.25)
to (2.34). For our example, this may be performed through a sampled repre-
sentation of the FZP. But it could also be dene with Bessel functions or Hankel
transform. .

Finally, we have to represent the optical element for the fabrication. Mask
generation usually makes use of polygons [39], and we therefore would need to
convert the rings of our FZP into ar approximated set of polygonal primitives,
or into pixels.

We would like to emphasize that these three steps are independent, even if
they may use a common description of the structure.

Defining an optical element is equivalent to defining the interaction proper-
ties all over its surface. Under the approximation of the TEA, this is equivalent
to the knowledge of the profile and the absorption. For phase anly elements,
only the height profile is required.

There are classically two alternatives for the profile definition. Digital
descriptions, well adapted to the computer architecture, and analytical anes,
less versatile but with certain advantages. Two-dimnensional sampling and
polygonal decomposition are examples of the first kind. Polynomial expansion
and geometric decomposition illustrate the second possibility. Further on, we
shall coin the term geometric decomposition for any description of an element
based on domains whose borders are defined following their geometry. The
value of the profile in each such domain is described by means of an analytical
function. A good illustration is the description of the multi-level Fresnel zane
plate as a set of rings. Each ring is defined by its internal and external radii.
The profile is constant and defined by the height value. This example illustrates
the small number of data needed to store the profile.

3.1.1 Tessellated description

The principle is explained in Fig. 3.1. On the left we have represented a
continuous function. The sampling points, localised on a two-dimensional grid
are represented by the arrows whose heights are proportional to the function
value. This description does not define the element all over the interaction
plane, but only at a discrete number of points. To achieve our goal, we then
define a pixel representation of the profile function. Every sample point is now
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Figure 3.1: A profile is sampled on a two-dimenstonal grid (a). It is then tessellated
corresponding to this grid (b).

the centre of a square. The process of representing a continuous function by an
approximated mosaic is called tessellation. By analogy with computer science
and image processing where the pictures are composed of pixels, we shall use
indifferently pixelation and tessellation.

Two-dimensional pixelation of the optical element profile (or equivalently,
of the phase) is widely used, because of the advantages it brings for computa-
tion, Firstly, its similarity with computer images implies that all the fillers and
operators of image processing can be applied to it {convelution, edge detection,
interpolation, etc.). This also brings practical boms for the fabrication of the
element. Indeed, the pixel representation is well suited to the mask genera-
tion process. Electron beam machines used e.g. for writing lithography masks
typically have preferred directions, because of the X-Y translation stages.

Finally, this diseretisation corresponds also to the commonly used measur-
ing devices. Oue can measure the input beam with a pixelated sensor and
easily use the result on the pixelated transmittance, implementing Eq. (2.37).

On the other hand, this tessellation of the phase has drawbacks. Replacing
a sample {the valuc at a defined paosition) by an extended pixel is not exact.
The sampling grid might not be fine enongh to catch all the details of the profile
function, but may instead add high frequency variations to it. The fabrication
errors may concentrate in some directions due to the pixel edges and can
consequently generate artifacts. Even in the absence of fabrication errors,
the pixels are responsible for a sinc envelope, lowering the efficiency of the
element [40]. Finally, the sampling frequency may beat with Jocal frequencies
of the structure, resulting in a moiré phenomenon {41-45}. Precautions should
be taken, such as accounting for the Nyquist criterion, stating that the sample
frequency should be at least twice the highest frequency of the structure,

However, the main restriction of the two-dimensional sampling is the amount
of data reqnired to store the structnre of real elements. Indeed, if N is the
number of samples in one direction, the data evolves as O (N?2). Even if the
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a8 N~

Figure 3.2: An hexagonal Fresnel zone plate {a) may be decomposed inte concentric
rings where it is symanetrical. Where the symmetry does not hold, it still can be
defined by zones whose contour is a sequence of primitives (b). Here, two segments
. of lines AB and CD and two sectors of circles BC and DA.

profile variations are slow compared to the pixel size, the pixel representation
still hes to store as many points, and cannot take advantage of the areas of
contiguous pixels of same value. In other words, the pixel grid is not adaptive,
but constant all over the element. '

3.1.2 Geometric description

The other widely used description of an optical element is geometric: Fresnel
zone plates are made of concentric rings. If the profile of each ring is constant,
it 15 obvious that the data required to describe such an elemnent is very limited:
the radii of the rings and their transmittance values (phase and amplitude).
If the phase is not constant, the transmittance may be stored with a few more
parameters. For instance, a linearly blazed profile would require the equation
of the blaze, defined by two parameters.

Describing an element via primitives can he done if we have a curve database.
For example, a Fresnel aperture modulated diffuser {AMD) consists of sectors
of rings truncated by the cell shape. It is thus straightforward to describe such
a DOE with arcs of circles and straight line segments, as illustrated by Fig, 3.2.
For a more general DOE structure, the cubic Bézier curves might be a useful
set of primitives (see appendix A). Moreover, this primitive decomposition is
very well adapted to the mask generation process.

The main advantages of this kind of decomposition compared with the
pixel representation are the small number of data used to described the DOE
and the capacity to represent structures with convoluted geometries with great
fidelity.
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3.1.3 Other representations

Other representations worth mentioning here are the polygonal and polynomial
descriptions of a functicn. The first approximates the profile by polygons of
constant transmittance. Consequently, it is well suited for multi-level diffrac-
tive structures. However, the main application is for mask generation. Mask
data is usually stored in a polygon formas, eg. Caltech intermediate format
{CIF)} or GDS II. These polygons are projected on a grid whose pitch can be
as small as 10mn [39,46). These formats are intermediate, which means they
are transformed into a final format that depends on the machine used for mask
generation [47].

Alternatively, the polynomial description expands the profile function on
a basis of polynomials [6]. It is therefore much more suited for continuous
profiles, However, the described profile cannot be very complicated. The
polynomials basis might be of the form Y.  ayz* « 4V~ or different, like
Zernicke polynomials. They might also be replaced by a more general function
Dhasis, snch as splines. Expanding a profile on a basis of functions is however -
time consuming. This restricts drastically the usefulness of this description in
practice.

3.2 Implementation of scalar optics

Now that we have defined the function of our structure, we want to compute
the light distribution away from the element. Consequently, we need to apply
Fresnel or Fraunhofer formulas. We shall now present the classical alternatives
used for this purpose. We shall demenstrate that none of them fulfils our
requirements, and that we need a new implementation of the scalar optics
kernel.

3.2.1 Sampled implementation

Similarly to the two-dimensional pixelation of the structure used to describe
an optical element, a two-dimensional sampling can be used to calculate the
propagation. The main interest of the sampled description lies in its versa-
tility. Indeed, the sampling process gets rid of the non separability of the
problem. The phase function f{z.y) is transformed into a discrete and finite
array. Many mathematical operators and transformations can he easily applied
in a separable way to such arrays. Another bonus is the ease of iinplementa-
tion. Since Eqs. (2.32) and (2.34) are Fourier transforms, the two-dimensional
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discrete Fourier transform {DFT) can be used. In practice, the computation
is based an algorithms like the fast Fourier transform (FFT).

Furthermore, the sampled description is naturaily adapted to simulate the
pixelated optical elements. This similarity between both the structure of the
element and the simulation greatly simplifies the relatious between design,
analysis and fabrication. It is straightforward to implement a feedback loop
from the simulation to the design if every pixel is related to a sampling point.
This allows the use of effective iterative algorithms like iterative Fourier trans-
form (IFTA) [48,49].

Finally, it should be noted that every description can he expressed as a set
of samples. Thus, this implementation can in principle be used with any of
the element description. For instance, from the radii defining a Fresnel lens,
it is straightforward to define a two-dimensional sainpling for the phase of the
lens.

Nevertheless, the main drawback of this simulation method is the data
storage required for large elements. It is at least as large as for the pixelated
element design, and often larger because one usually has to apply zero-padding
in the analysis. Zero-padding consists of simulating the surrounding of the
function by a large quantity of zeros in order to work around aliasing artifacts
[12]. In & one-dimensional simulation, this doubles the number of data. In
two-dimensional simulations, the amount of data is multiplied by four, three
quarters of which are just zeros.

3.2.2 Analytical implementation

For rotationally syinmetrical structures, the simulation of propagation can be
performed either using Bessel functions, or fast Hankel transform [50]. Un-
fortunately, not all the optical elements exhibit rotation symmetry. Aperture
modulated diffusers (AMDs) are based on Fresnel zone plates, but they have
to be tiled in order to exhibit a fll factor close to the one {51]. Only rectan-
gular, triangular and hexagonal cells allow the tiling of a plane. Thus AMDs
are most often based on square or hexagonal elementary cells. Similarly, one-
dimensional elements - cylindrical lenses for example — may also be simmlated
analytically.

Other structures do not have any symmetry of rotation, as for instauce the
ones obtained from iterative algorithms (IFTA, simulated annealing, etc.) or
some phase zone plates (PZP) obtained from other design techniques, to be
presented in chapter 5. Thus, analytical solutions are not suitable any more.
Neither can we rely on them if the input light distribution does not share the
symmetry of the element.
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Figure 3.3: Definition of the parameters used in the formula of Fraunhofer diffraction
by a pelygonal aperture.

3.2.3 Polygonal implementation

There exists a third implementation of the Fraunhofer equation. It is based
on the Fourier transform of a triangular aperture [52,53]. Since a polygon
can be decomposed in a set of triangles, anthors have proposed a formula
implementing Fraunhofer diffraction for polygonal apertures in a screen. This
formmla has been extended for Fresnel diffraction in order to be able to stndy
the artifacts due to polygonisation of the Fresnel zone plates [54]. The formula
is based on the Abbe transform

U(u) = §k‘? }g exp {—iku - x) u - ndf, (3.1)

where £ is a closed contour around the aperture of area 5. The vector n is the
normal to £, oriented towards the outside of the aperture, x = {r,y) is moving
on the curve £ and u = (u,v) is the vector of the output plane coordinates. As
shown in Fig. 3.3, a polygon is defined by the positions x; of the centre points
C; of the N sides of length L;. With n; and t; the normal and the tangent
vectors of the side, the field at n can be then written as

. N '
i . . L_'
U{u) = Tk E 1 u - n,;L; exp (—iku - x;}sinc (ku ‘i 2:() (3.2)
i= '

3.2.4 The need for a new formnlation

While two-dimensional sampling is very practical and ean deseribe almost
any optical structure, the data requirements are still to big for large two-
dimensional elements. Analytical solutions and symmetrical solutions are the
only ones to allow the analysis of large planar structures. However, they can
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Figure 3.4: Principle of the central slice theorem. The line at angle # and at v = 0
of the two-dimensional Fourier transform is equal to the one-dimensional Fourier
transform of the projection at angle 8.

only be applied to a restricted anbset of the optical elements, exclnding most of
the ones needed in beam shaping.” Thus, there is a need to fill the gap between
both representations. The description of the element shonld be geometric to
reduce the amount of data used. On the other hand, we have to propose an
implementation of the Fresnel and Fraunhofer formnlas that can make use of
such geometric properties.

3.3 Hybrid two-dimensional Fourier transform

We shall demonstrate a hybrid two-dimensional Fourier transform. This proce-
dure is composed of a continuous Fourier transform in one direction, followed
by a discrete Fourier transform in the perpendicular direction. It is conse-
quently less sensitive to aliasing. We shall first apply it to the Fraunhofer
diffraction formmla, then extend it to Fresnel diffraction.

3.3.1 The Radon transform and the central slice theorem

In tomography, the Radon transform

RUY=F@&) = [ Jv)dy (3.3)

— D0
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" is used to rebuild the object function f{r,y) from radial lines of its Fourier
transform [55]. This is related to_the central slice theorem, illustrated by
Fig. 3.4. The Radon transform of Eq. (3.3) is the mathematical expression of
the projection parallel to the ¥ axis of f (x,y) onto the x axis, as represented
by the dashed arrows. With the notation of Fig. 3.4, we see that the whole
Fourier space can be addressed with radial scans, by varying the angle 8.

From this theorem, we see that it is possible to avoid the two-dimensional
Fourier transform which regiires the knowledge of the transmittance at every
point of the two-dimensional sampling grid. We just have to be able to com-
pute the Radon transform of the phase of the optical element and its Fourier
transform

: oo : )
F{F(z),u} = j; F{r)exp (—2imuz)dz = f (v, v =0). (3.4)

The expression central siice means that the line of the Fourier transform that
is computed passes by the origin of the Fourier plane (I, V) = (0,0), which is
equivalent to state v = Q.

3.3.2 Application to Fraunhofer diffraction

We shall now define an hybrid Fourier transform based on the principle of
the central slice theorem. From now on, for Fraunhofer diffraction, we will
use the notation of Fig. 3.5. Two conjugate (input-output} systems of axes
are introduced, the glabal ones (0, X, ¥) and (Q', U/, V), and the rotated ones
(0, z,y) and {(’,%,v), the rotation angle between both being #. The optical
element is described with respect to the global axes, while the computation is
performed in the rotated coordinate system. To differentiate the output plane
coordinates in the Fraunhofer diffraction (spatial frequencies) from those in the .
Fresne] diffraction (positions), we shall call them (O, X', Y’} and (O’,2',%).

For the sake of clarity, we will first limit ourselves to an optical element
whose transmittance is a set of M zones of complex amplitude C,,, and which
is illuminated by a uniform, normally incident plane wave (T (z,y) = 1). Some
generalisations will be introduced later in the chapter. Under the considered
simplifications, the amplitude of the lield right after the element can be written
as .

M
Ulz,1,0) = > 6 (2,4) - O, (35)
m=]
following Eq. (2.37), where 6, (z,7) is one for {z,y) inside zone number m
and zero elsewhere.
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Figure 3.5: Definition of the input plane and output plane for the Fraunhofer diffrac-
tign geometry.

In addition, we will assuine the uniqueness of the lower and upper bound-
aries ay, (x) and by, (¢} as illustrated by Fig. 3.6(a). The projection at angle
# of a such a function is expressed as:

by {T) M :
F(z)= Z_l f,,.{z Condy = ; Con b (2) — 0y (z)]. (3.6)

If the element oontains shapes whose contours are not unique, we have to
take care that we do not integrate over areas which are outside the contour, as
in the case of the dash-dotted line in Fig. 3.6(b). A straightforward workaround
is to decompose every such shape into simple contours, as illustrated in the
figure. Thus, Eq. (3.6) remains valid.

For the Fraunhofer diffraction, Eq. (2.34) can be rewritten as a Fourier
transform

R +o0
fen= [[r@uesnte . (@)

Using the central slice theorem, we get a one-diniensional Fourier trans-
form. Additionally, if f(x,¥) is expanded as & set of zones of constant value
..., this equation is simply a sum of one—dimensional Fourier transforms

Fluv=0)= { Y Con b (x) — am ()] ,u} - (38)

m=1

We shall now extend Eq. (3.8) to axes of « that are not bound to be passing
by (U, V} = (0,0). Since computation of the borders a,, (z) and by, (z) has
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(a) (B

Figure 3.6: (a) A simple shape with unique upper and lower contour lines a ()
and b(z). A complex contour (b) can be decomposed into simple contours, here
P[]P]Pspu and P1P2P3P1.

to be repeated for every angle of projection 8, it is preferable, if possible, to
scan along the v axis of Fig. 3.4 instead. The Radon transform is a Fourier
transform applied only in one dimension to a two dimensional distribution.

For a fixed v, and if f(z,y) can be expressed as a set of constant-phase
shapes, Eq. (3.7) can be rewritien as: '

fan= [

=G0

Cmf exp (—2irvy) dy| exp (—2imuz)dz, (3.9)
=1 a

m= = [z}

which is a one-dimensional Fourier transform. The term between the brackets
is identical to Eqg. (3.6) for v = 0 and can be computed analytically for other
vajues of v. Thus we obtain in the general case

+oo
Flu,v) = f Fu (x)exp (—2iruz) dz, (3.10)
with
f: £ [exp (—2imvam (7)) — exp (—2imvb, (2))] v#0
fo(x) =9 ™f

M .
mZ_Z] Crn [br (2} — @ ()] v=0
) | | (3.11)
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We have expressed one line of the two-dimensional Fourier transform of a
function &3 a one dimensional Fourier transform. It is worth noting that that
the sums of Eq. (3.11} are easily evaluated. However, to obtain this expression,
we have had to make various simplifications, namely

1. The element is illuminated by a plane wave.

2. This plane wave falls on the element at nermal incidence,
a _

3. The elements can be decompaosed in & set of contours.

4. The profile is constant inside such contours.

| ‘We shall now see that this approach cen be extended to Fresnel propagation,
obliquely incident plane'waves and linearly blazed profiles.

3.3.3 Obligquely incident plane waves

If the illuminating plane wave is falling on the element at oblique incidence,
Eq. (3.9) is changed to

. doo [ M bon () ' '
f(um) — f Z Cm/ e-—l(2ﬂ0+ky)ydy e-—i[?iru-i-k,):cdx’ (312)
08 |m—1 @ (T)
where the wave vector of the incident light is
k=] k, |, ' {(3.13}
kx

and its components are related by

Il = fe2+ k2 + k2= k= 2 (3.14)
Then, Egs. (3.10) and (3.11) are reformulated as
+oo

flu,v) = o (@) exp [—2'1-rr (u + ;—;) 9:} dz, (3.15)

—00
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as angular references. The full width at half maximmn (FWHM) of the two
light distributions generated by the DOEs where measnred and found to be
predicted with an error of less than 1%, that is better than the measnrement
accuracy in this experiment. The FWHM was about 6° and the onter diameter
of the FZP was 2mm. The central peak is due to fabrication errors (etching
depth mainly} and the loss of contrast of the outer rings can be attributed to
the sensor pixel size.

3.3.4 Fresnel propagation

Equation (2.32) for the Fresnel propagation can also be rewritten as a cne-
dimensional Fonrier transform

e +oo +oo
U(.’B':y",Z} = ]Az [/ U ‘y‘o)ezg(i" gjdy]ez‘(lf I)dz
ikz , oo oo . , . L
e e—eiz'lmzf [ U(m, y,UJ e:g;(y—-y) dy} elwf;x e—21-rr§;:|:d$
iAz oo S0
| (3.17)

For a multilevel element illuminated by a normally incident plane wave,
this equation takes the form

b ()

R e e

(3.18)

As previously, we have to be able to compute analytically the integral

inside the sum to achieve a separation of both dimensions in the propagation

kernel. This integral is of the form of the Fresnel integral C (z) +15 (z), where

z = x +iy). It can be solved using of the complex error function w (=),

presented in appendix B. The Fresnel integral of Eq. (3.18) ean be computed
from

fo ’ exp (t*) dt = i‘fT"'? [1—w(z)-exp(27)]. (3.19)

if we intreduce the change of variables

t

CERVESCURS"D

dt = i/ Edy

(3.20)

The final result is
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bﬂ‘(:) ’ ; A B
[ = oo
am(z) ™ Ja

= e'd——.[w(A)- ~w(B)- ] (3.21)
where A and B are defined as
= &1 /T (a-y)
B = &f/E(b-

Obliquely incident plane waves

(3.29)

Equations (3.18), (3.21) and (3.22) may be generalised to obliquely incident
plane waves as previonsly. The Fresnel propagation becomes then

U@,y = e i (a2 - 342))]
{ZC [l dy]l 4kiz) }
=1 am(z)

(3.23)
and for the Fresnel integral corresponding to one contour analytical computa-
tion one gets

b () . ’
f U’(:l:,'t,[])elﬁ[!“'_(!*I|r -
am(2)

iT \/E w(A4) e’ —w(B) -eBz] ,
(3.24)

with

li

&
.n_|hl
2

=

t

P

=

f

) o2

%
B = /T o (v-%2)

Application: single hexagonal lens

We applied the preﬁous formulas to the computation of the foeal pattern of
a hexagonal lens illuminated with a normally incident plane wave at 633 nm.
The profile of the unwrapped lens is parabolic, encoded as a two-level phase
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Figure 3.8: The setup for the Fresnel propagation simulation of an hexagonal lens.
The zero-padding W is 128 mm. Three planes chosen for the simulation are (a} just
before the focus, in focus (b) and after the focus (c).

lens. The outer diameter of the hexagon is @=8mm. The lens has an angular
aperture By 4 of +£1.5°. This corresponds to a focal length of

1%

2tan (Aya)’ (3.26)

f =
which in the present case yields f = 152.7mm. The simulation was performed
with 32 x 1024 points sampling an input window of width W = 128 mm. This
wide zere-padding was used to obtain a high resolution in the output plan%
The setup is presented in Fig. 3.8.

Images of the light distribution in the focal area are presented in Fig. 3.9.
Three transversal planes were chosen to display the light distribution. One
was placed before tbe first order focus, one near the focus, and the last one
after the focus. The effect of the non rotationally symmetrical aperture is
cleaﬂy visible. In the focus, the light distribution is the Fourier transform of
the aperture. The formulas of Fresnel diffraction alsc allow to see the other
diffraction orders. Since the Jens profile is binary, no even orders are present,
but odd orders ¢an clearly be observed, for instance order three at f/3.

Figure 3.10 shows the intensity of the light distribution on transversal lines
at different positions along the optical axis. The scans are radial, and at angles
# =0° and # = 30°. The focus is between 152.5 mm and 153 mm as predicted
from the designed far-field numerical aperture. It can be seen from Fig. 3.10,
that near the focus the influence of the shape of the aperture is reduced, Lut
gtill present. Scang at 150 mm, 152mm and 155 mm, rezpectively, correspond
to tbe left, centre and right images of Fig. 3.9. The difference between the two
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Figure 3.10: Light distribution at different values of the position on the axis around
the focus. Scans in the hexagons inner diameter (a) and outer diameter (b) directions.

where the term d,;, (z) has been merged with the constant phase term into the

function Gy, (z). Using Eq. (3.28), we get for the Fraunhofer diffraction at
oblique incidence

)F(u‘ ‘U) — f { Z Cm x)f —i[2fm+k.,—(ﬂ—1)kcm(x)}ydy e—i{?wu-kk,}:dx.
m=1 au{x}
(3.29)
This equation is solved similarly to the multilevel version, with
Koy = ky —(n =1} kem (2), : (330)
for the sake of simplifying the equation, The final result is
- +00 k
fle,v) = fo(z)exp [—2‘1‘!‘[’ (ﬂ.-!- —a-':-) :c] dz, (3.31)
—oo 2w

and f, {z) is defined as

z .[25:1-!?{!" [e—|{21'rv+Km)am(:c] _ e-—:(?vru-{-k'm)bm(:)] u 96 __%fm

i

ZCm(-'B b (z) — am(:cJ] v K

3

(3.32)

v (z) =
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for 633 nm has been studied. Both DOEs are 8mm wide and zero-padding is
used, resulting in a total window of 16 mm. The first one generates a light
distribntion of angular elttension +1°, the second one of £5°.

If sampled with N L 32 x 1024 points in each direction, both require
16 GiB to be stored in Matlab With the same resolution, the contour-based
description requires only 30MiB for the first (M = 1101ings) and 150 MiB for
the second (M = 550rings).

Additionally, to perform a Fourier transform, Matlab needs twice the input
data memory (three times if the output does not overwrite the input). Since
the hybrid transform is sequential, this ratio is applied to the a one-dimensional
vector. The use of the proposed contour-based computation represents ¢hen a
total reduction of the amount of data by a factor 220 for the +5° DOE and
more than 1000 for the £1° DOE.

This feature of the hybrid Fourier transform is illustrated in Fig. 3.11. The
number of rectangular blocks in Fig. 3.11(b) is smaller than the number of
square pixels in Fig. 3.11{c). Increasing the DOE resolution by a factor of two
would split vertically- every block in two rectangles and divide every square
pixel in four. '

To increase the speed of comnputation, it is preferable to store the curves
am (z) and by, (x). While this is not mandatory, in practice the gain is ap-
preciable. For the above cited examples this approach has been used. Nev-
ertheless, if similar contours are present in the aoptical structure, there is a
possibility to store them only once. Tiling of the inpnt plane with many anal-
opous structure is done at no additional cost. Sharing contours does not imply
sharing all of the zone properties, Yike complex transmittance C,,. This al-
lows to compnte arrangements of lenses like positive-negative random phase
plates [56-58], or to simulate variations of the incident beam amplitude on a
wide scale with a single DOE cell stored in memnory. There are in practice two
possibilities to reuse the contours for distinet zones:

1. The difference in position is represented by a multiplicative phase factor,
taking advantage of the Fourier transform translation property [12]. This
method is however not applicable to the Fresnel propagation, as the
cowmnplex error function is not linear. -

2. The difference in position is taken into accomnt directly in the contour
functions. This method does nat regnire mare computation time than the
first one, and can be applied to both Fraunhofer and Fresnel prapagation
kernels. This deinands that the sampled contours can he snperimposed,
as illustrated in Fig. 3.12. Although the contours are similar, the gray
shape cannot shiare its boundaries with the two white ones, because gray
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Figure 3.12: Similar elements are translated versions of the contours. This can be
expressed as multiplicative phase factors in y and a curve offset in z.

and white dots cannot be superimposed. However, if the sampling step
is small enough, this drawback tends to be of minor influence.

3.4.3 Rotational degree of freedom

Another benekit arising from the proposed technique is the possibility to study
the element under different angles #. The element description is done in the
(0, X,Y)} axes and the computation in the (0O, x,y) axes, as seen in Fig. 3.5.
For any 6, the contours aw, (z) and bn, {x) have to be recomputed. Conse-
guently, it is usnally preferable to choose @ fixed and to vary v to compute
more than one line. However, recomputing the contours for a different angle
is not different from recomputing the two-dimensional array in the sampled
description. The freedom in the choice of the angle § is just an additional
possihility not available with the two-dimensional sampling.

This rotation capacity is illustrated in Fig. 3.13. Figure 3.13(a) represents
the far-field pattern of a beam shaping element. The generated far-Keld is a
+1° square flat-top. Figure 3.13(b) is the same pattern rotated by 10 degrees.

The interests of this freedom in the computation are multiple:

1. Characteristic dimensions or profiles in the far-field can be computed
exactly in every direction, without using interpolation technigues.

2. Possible artifacts due to the sampling in z direction can be monitored,
as the hybrid Fourier transform is continuous, thus artifact-free, in the
7 direction. Since the artifacts for different rotations are not identical,
numerical artifacts can be distinguished from real phenomena.

3. Together with the choice of the output line coordinate v, this rotation
freedom allows to limit the computation to areas of special interest in of
the output plane.
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Figure 3.14: Scan in the focal plane of two adjacent hexagonal Fresnel zone plates
(a). The high resolution due to the large zero-padding becomes evident if the focal
area is magnified (b).

for the Fresnel diffraction. Increasing the resclution in the far-field requires
to increase the size of the input window (zero-padding) while the resolution
remains constant. Since this window is cutside the diffracting structure, the
contribution to Eq. (3.18) is zero. As a consequence, zero-padding appears
only in thc one-dimensional DFT. From this observation, we conclude that
increasing the resolution of the far-ficld is virtually at no cost. This was
illustrated by the hexaganal lens we presented as an example for the Fresnel
diffraction, where we used a complete window of W = 12.8 cm sampled with
N = 32 % 1024 points.

In the cther direction, where the Fourier transform is computed analyti-
cally, the notion of signal window has no real sense. The value of W is infinite.
Thus, there are no such pixel sizes. The lines may be computed as close as
one wishes.

An additional caonsequence of the possibility to use wide zero-padding is
the capability to suppress unwanted foci alias in finite distance diffraction.
Indeed, the DFT implies a periodicity of the input. This would result in an
infinity of similar foci. This artifact is called aliasing. After a certain distance,
the light from the other lenses will overlap with the light of the real one. The
only method to reduce this defect is to mave those parasitic lenses far away
from the original lens. Hence the use of a window of zero valnes, simulating a
black screen.



44 CHAPTER 3. SIMULATION OF LARGE OPTICAL ELEMENTS

Figure 3.15: A pixelated beam-splitting element cell is fitied by four cubic Bézier
curves. The resolution is increased and the resulting contour is srmoothed, as shown
by the magnification (top right). (Design of the element by V. Kettunen)

To illustrate both the resolution increase and the aliasing suppression, we
replaced the hexagonal lens of section 3.3.4 by two hexagonal lenses of outer
diameter 4 mm (inner diameter 3.464 mm). Fig. 3.14 shows both the intensity
plot in the focal plane on a wide scale (16 mm) and a magnification of one of
the two foci. Not only there are no aliases of the two lenses, but also, the
resolution is of a few micrometers.

3.4.5 Refinement of pixelated elements

Another advantage of the geometric description is that smooth contonrs do nat
exhibit. the artifact caused by the pixel extension [59]. As it will be shown in
chapter 6, a sinc envelope distorts the light distribution in pixelated structures.
The classical procedure to avoid this artifact is to reduce the pixel size [60],
however this strategy is limited by the amonnt of data. Ou the other hand,
the geometric description is free of the presence of pixels, and requires much
smaller data. Thus, it follows that one can use smooth contours to improve
pixelated structures. ' .

To demonstrate the principle of refinement of existing strnctures by smaoth
curves, we used a beam-splitting DOE that, when periodically tiled, generates
a 3 x 3 orders pattern with central order missing. Four cubic Bézier cnrves
(see appendix A} are used to approximate this tessellated element, as shown
in Fig. 3.15. For symmetry reasons, the whole contour can be reduced to three
independent points (one end point and two control points), representing six
scalar parameters. The intensity and amplitude generated by tbe elementary
cell when illuminated by a nniform plane wave are presented in Fig. 3.16.















Fabrication technologies 4

In this chapter, we shall introduce concepts about fabrication of refractive and
diffractive optical elements. Fabrication technmology shall be described, and
related errors tackled. An extensive comparison of these techneologies may be
found in Refs. (62-64].

Micro-optical elements require a very precise control of the geometry on
their surface. THe high precision technology involved comes mainly from the
micro-electronics circuit fabrication. Micro-machining also allows such toler-
ances. In addition to precision, for most industrial applications the capability
to fabricate at reasonable cost a large quantity of elements, in the shortest
possible time, is a necessity. This last goal is in contradiction with fabrication
oriented towards precision. Thus the general fabrication processes are usually
divided into twoe steps.

Firstly, the precision of the structure is obtained via slow processes to
generate a template of the element. This may be either the nasks nsed in
photolithography or a master element. The second step is the reproduction
of the previously created objects. The low-cost and high-quantity coustraints
are only applied to this stage. Both steps are sources of fabrication errors.

We shall now review the most commonly used technologies for optical ele-
ment fabrication, laying the emphasis on their respective errors.

I
4.1 Mask-making and photolitliography

One of the possibilities to fabricate optical elements is photolithography, which
transfers an original pattern from a mask into a material as a depth prefile.

49
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Figure 4.1: Steps of microlithographic fabrication of optical elements. The photore-
sist is illuminated and developed. The unwanted material is removed, then the profile
can be transferred into the substrate.

4.1.1 Photolithography

The optical elements designed and fabricated during this work are mainly
based on photolithography, a technology used for very large scale integration
(VLSI) manufacturing of microelectronics. The principle of this technique is
illustrated in Fig. 4.1. A substrate is covered with a photosensitive material
(phatoresist). The image of the pattern is then projected onto the layer. Sim-
ilarly to photography, the result is developed and fixed. Strnctures in the
photoresist are hardened. Depending on the nature of the photoresist, the il-
luminated areas will be removed (positive resist - the one used in our cases) or
conserved (negative resist). As a result, the desired pattern is now converted
into a variation of height, as a binary profile of photoresist.

The exposure of the resist is detailed in the top of Fig. 4.1. Different tech-
nigues may be employed to structure the illumination on the photo-sensitive
material. The most straightforward one is to place a mask containing the
desired pattern in the proximity or in contact of the resist. The last variant
permits finer features, but also damages the mask, and is thus avoided (Siiss
announced recently improvemnents in this area with their MPT™ technalogy,
though). These two techniques are mainly limited by the diffraction of the
light on the features of the mask, that are usually close to the wavelength.
The resulting error is a distortion of the profile. This distortion is visible at
the transition between the twa levels, as can be seen in Fig. 4.2. This error shall
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Fig. 4.2(b).
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produced by this step is the etching depth error. This error can be typically
reduced to 5% or less. |

For elements that need more than two levels of height; after a careful re-
alignment of the substrate, the process is repeated, as show in Fig. 4.3. By
successive writing-etching steps, a multilevel profile is realised. The alignment,
a critical issue, is achieved using corresponding marks, usually crosses, on the
mask and the substratei Gruber ef al. [65] proposed an improvement, where
both sides of the wafer are used. Alignment errors, illustrated in Fig. 4.2(b),
can be reduced by a factor two with this solution, but some areas of the
back side of the wafer have to be patterned with lenses, perturbing locally the
funetion of the optical element.

4.1.2 Mask patterning

The previously described step is the high-quantity low-cost process. It only
copies the pattern carried by the mask into the optical material. The pre-
cise DOE description is mainly contained in the mask. Cammanly e-beam
lithography is employed to pattern chromium masks. This technology uses
a beam of electrans to structure the resist deposited on the chromium. By
processes similar to lithography, the pattern is transfered into the chramium.
The advantage of electrons is their small wavelength, allowing to write very
small features (a few tens of nm). The pattern is realised locally by the elec-
tron beam, while an X-Y stage scans the whole element. This technology
has nevertheless a drawback. The fnal pattern is not smooth, because the
movement of the stage is Cartesian. Curves and circles are appraximated by
polygons, trapezes or rectangles. This results in edge roughness. While it is
possible to design optical elements based on the trapezoidal nature of the pat-
tern [61,66-68], it is also possible to approximate the smooth curves by a large
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number of lines {47]. On the other hand, some electron-beam writing machines
(like Raith ELPHY pius and LION-LV1) provide a feature called path control
or continnous path control that drives the X-Y stage on the whole mask along
curves. The precision is obtained by a control Ioop that drives the electron
beam to carrect for the X-Y stage ervors {69,70]. The width of the lines can be
controlled by varying the size of the spot. This is achieved by defocusing the
electron beam. This smooth control of the beam as b?en used to fabricate very
acenrate axicons [71]. The proximity effects due to the interaction of electrons
with the resist are reduced by nsing on low energy electrons.

Laser beam writing may also be used to pattern chromium masks, The
technique is similar te electron beam writing, but the optical wavelength limits
the resolution. As in electron beam writing, X-Y based pattern generators,
causing edge roughness of the curves, can be replaced by polar coordinate
laser plotters [72, 73).

For further improvermnent and Rexibility, the hinary masks can be replaced
by gray-tone masks. No multiple alignment. and exposure is needed any more,
because all the information of the profile can be stored on one mask and trans-
ferred i1 one step. Unfortunately, gray-tone mask technology is not completely
controlled yet, and the profiles may be distorted. 1t will doubtlessly be a very
effective technelogy as scon as these problems are solved.

4.2 Direct writing by e-beams and lasers

In the past decade, direct writing of optical camponents has been developed
with the high quality demanded by optics. Instead of using the previously
described e-beam or laser writer to structure a mask, they are directly used
to structure the photoresist on the snbstrate with the desired profile. This
requires a precise contral of the laser or electron flux and a development process
adapted to remove photoresist proportionally to the exposure dose [69, 74].
For the laser case, dne to the limited spot size, profiles with high spatial
frequencies look blurred. However, carrections for the limited spot size can be
partly incorporated in the design algorithm. Additionally, the rounding of the
sharp edges affects the the overall phase distribution balance, responsible of
the zero order. This phenomenon can be compensated by scaling the depth of
the structure [32]. Moreover, to achieve small features, the spot size needs to
be reduced, which implies a smaller depth of focus. Consequently, fine features
can only be realised for thin elements.

An interesting bonus of the direct writing processes is the ability to generate
continuous height. profiles, whereas mask photalithography, with the exception
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of gray-tone masks, can only produce multilevel profiles. The efficiency is
increased, and scattering can be reduced. :

The main weakness of direct writing is the time needed to structure a single
element, and it is thus not realistic to write high-quantity low-cost elements
this way. The solution is to use cne clement as a model for others, that aze
produced by replication technologies, such as injection moulding, UV-casting
or embossing [63). These techniques are effective at very low cost, but they
introduce slight distortions. in the profile depth and other defects which can
cause scattering. Also, replication into hard materials, such as quartz and cal-
cium fluoride, is not passible. A possible technique to structure such materials
could then be imprint lithography [75], where a layer of resist is deposited on
top of the material, emhossed and then etched as in section 4.1.1.

4.3 Resist melting technology

For the fabrication of refractive micro-lenses, the techinique of resist melting
has been developed [76]. Cylinders of photoresist realised by photolithography
arc heated until melting, as shown in Fig. 4.4(a}). The surface tension forces
form a spherical or cylindrical lens that can then be transferred by etching into
the substrate [77,78). Additionally, if the selectivity of the etching is chosen
with care, the profile of the etched element can be different from the original
photoresist lens. This allows to fabricate aspherical lenses or to scale the
vertical dimension of the lens [79]. Resist melting reqnires only one lithographic
step, and is thus insensitive to errors such as mask mis-alignment or slope error:
Moreover, refractive elements are highly efficient which makes them interesting
candidates for beam-shaping.

Despite these many qualities, the variety of available profiles and the fill
factor of arrays restricts this technique to micro-lenses or to one-dimensional
heam-shaping elenents, like the one of Fig. 4.4(b). As slope error tends to
reduce the free space between two adjacent lenses, there is an upper limit for
the fill factor. This limit tends to decrease with the thickness of the photoresist
layer. A workaround consists of fabricating a thin pedestal with a high fill
factor, on which a thick layer of resist with a lower fill factor is deposited.
After melting, the refractive optical element (ROE) has the fill factor of the
thin layer, but the height of the {hick layer. The cylindrical lens of Fig. 4.4(b)
was manufactured by this technique.

Refractive elements manufactured by resist-melting process are mainly sen-
sitive to profile errors. Etching depth error results in a change of focal length
or equivalently, in the far-field, in a change of the aperture angle [80,81].
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beam-shaping elements

In the present chapter, we will tackle the design of micro-optical beam-shaping
clements that will be fabricated using the techniques described in chapter 4,
Mainly two techniques are available for the design of diffractive and refractive
optical heam-shaping elemments: The first cne, re-mapping, is based on geo-
retrical optics, while the second one, more evolved, is based on wave optics.

5.1 Re-mapping type elements

‘We shall firstly present the re-mapping type elements and some analytical and
numerical methods used for their design.

5.1.1 Principle

The principle of re-mapping is illustrated in Fig. 5.1. This design is based on a
map transformation between two light distributions. The physical implemen-
tation of the point to peint transformation is performed via the law of grating
diffraction or Snell's law of refraction.

The theory of map transformation was mathematically described by Bryng-
dahl [82}. He comnputed filters that realised coordinate transformations, such as
converting a rectangular line pattern into a circular line pattern. Frére, Lese-
berg, Jaroszewicz and others later proposed methods to focus an input light
distribution into an arbitrary line segment [83-86]. By comhination of such
¢lements, three-dimensional patterns were produced [87-90]. The emphasis
was put on the shape of the pattern and not on the intensity distribution.

In beam shaping, the output intensity distribution is a requirement. s-
ing power congervation, intensity redistribution was then taken into acecunt,

57
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" input plane outpul plane

Figure 5.1: The principle of re-mapping: The input is transformed into the output
by means of the laws of geometrical optics. The energy is redistributed in order to
produce the desired profile.

One of the first beam-shaping device using map-transform techniques was in-
troduced by Han [31]. It converts a Gaussian beam into a uniform light dis-
tribution by means of two consecutive elements. Later, axicons [92-94] and
beam-shaping elements for lasers [51, 95-98] were designed using a single el-
ement. All these solutions are either rotationally symmetrical, separable in
Cartesian coordinates or one-dimensional.

We shall first present the one-dimensional analytical solutions for com-
mon beam shaping problems and their extension to separable elements. The
problem of two-dimensional problems with symmetry of rotation will be tack-
led afterwards. We will propose, to our knowledge, new formulas for flat-top
and Gaussian distributions, and ocutline some specificities of the rotationally
symmetrical case in tenns of degrees of freedom. Finally, we will describe
mesh based inverse ray-tracing as proposed by Dresel [6] and improved hy
Hermerschmidt [99-101]. This method allows beam shaping of non-symmetric
or non-separable input and output. An improvement, resulting in smoother
meshes, will be proposed.

We will restrict our demonstrations tc paraxial far-field optics, but all these
design techniques are equally applicable to finite distances.

5.1.2 Mab transform and energy redistribution

Based on the ray equation (2.48), the relation between the phase p(z,y) of
the field emerging from the optical element and the lacal direction of the rays
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are given by |
5___(péi,y)_ = 2Tﬂhsinoc (5.1}
%@ = %sinﬁ (5.2)

where o and 3 are the angles between the optical axis Oz and the x and y
components of the ray vector, respectively. Using the convention presented in
Fig. 3.5, we can relate the angles o and 3 to the output plane coordinates. In
the far-hield, where the coordinates are the spatial frequencies u (u, v},

sine = Au | (5.3)
sinfi = JAv (5.4)

and at a finite distance 2, where the output coordinates are the positions
x’ (xr’ y;)l

sinag = (5.5)

sinff = it (5.6)

It is worth noting that the same conclusions can be drawn from the ap-
plication of the stationary phase method to the wave optics eqguations, such
as the Fraunhofer equation (2.33). Additionally, for a two-dimensional design
problem, the existence of an exact solution ¢ {z,y) is conditioned to

e B
Bzdy ~ Oydz’

Now that the map-transformation relations are known, we shall introduce the
light. distributions f; (z,3) and I, (2, v} in the input and in the output planes
and use the energy (or power) conservation law

£= ff_:ﬂ Ii(z,y)dzdy = fl:g Io (u, v) dudvy (5.8)

to determine the phase function ¢ (z,y). Note that the light distributions
I; and I, are densities per unity surface of their respective space. I; is ex-
pressed by spatial position (z,y), while [, is given as a function of the spatial
frequencies (u, v).

(5.7)
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Finally, we shall search for a continucus solution with a continuous deriva-
tive. We will see later that diffraction at the horders of the cells results in
oscillations in the far-field. These cells are delined by the arca where the
phase (or the profile) and its derivative (or the profiles’ siope) are continuous.
Breaking the slope or the phase results in strong oscillations in the far-field
distribution. Moreover, a monotonic profile, i.e. a derivative without change
of sign, is also preferable, as this condition allows to rednce the number of
solutions to a finite number. Also, one can expect that this last condition
will result in a smoothly varying profile, avoiding high frequencies, which is
definitely an advantage in terms of fabrication tolerances. This assumption
allows to write Eq. {[5.8) in a differential form

Ji (@, y) dzdy = I, (v, v) dudv. (5.9)

. When Eq. (5.9) fails to provide a solution to the problem, one should vse
Eq, (5.8) instead.

5.1.3 One-dimensional analytical solutions

One-dimensional analytical solutions are of interest for one-dimensional beam
shaping, but also for separahle beam shaping functions. The map-transformation
of Egs. (5.1) to (5.4) are simplified to

d—iim) = 27u, | (5.10)
and the differential energy conservation (5.9) to
L (2)dz = I, (u) du. (5.11)

Uniform to flat-top beam-shaping element

The simple case of the flat-top beam shaping element in one dimension is
known to have a parabolic phase [51]. However, we shall demonstrate this
property for a general case. We assume that the incident light distribution
is a uniform plane wave J; (z} = €, and the element is delimited by x; and
z2. The desired far-field is flat, which means I, (¢) = Cy in the angular range
from a; to ag. These angles are related to the spatial frequencies u; and us
. by Eq. (5.3}, Differentiating Eq. (5.10) with respect to x, we get

d*p du

7 =2y (5.12)
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where du/dez can be deduced from Eq. (5.11}, leading to

d*g Cy
a*z"g 2m & (5.13)
which defines a parabola
o,
plr)=r—x"+bz+c (5.14)
Cy .

a = ral- is homogeneous to the inverse of a squared distance, and ¢ is a
constant named phase offset [97]. In practise, the value of ¢ is free and the
values of a and b are determined with the help of Eq. (5.10). If we decide
arbitrarily that the light at the frequency u; is coming from the position z;,
which is mathematically expressed as

Cdel
i = 2ruy, (5.18)

T4

then we ohtain
Q_ = WEJ."_“R
amEme (5.16)
b = 2prani-uin; :l::;‘
If we had chosen the oppaosite situation, where z; is mapped onto us and
vice-versa, we would have obtained

a =  —gpii=uz
e (5T -

h = 2phfiztamz
While the phase offset ¢ has no influence at this stage, but may have when
the encoding technique is taken into account, we see from Eqs. {5.16) that
a relates to the overall energy conservation, and b is an asymmetry term.
Indeed, if the situation is symmetrical, £, = —z9 and u; = —ug, which implies
that b = 0. This term may be used to displace the distribution off-axis or to

compensate for an oblique incidence.

Gaussian to flat-top beam-shaping element

Another classical situation is the transformation of a Gaussian beam into a
uniform flat-top distribution [91,95,96,98]. We have I; {z} = Clexp{—-
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and I, () = Cz. As in the previous case, by differentiating Eq. (5.10) and
using the differential energy relation (5.11), we obtain

d%p (9} z*
32 ——dz = 21752 exp (—;-2-) , {6.18)
that in turn, integrated between 0 and z, leads to
de _, G (° 22 1O z
e 211'0—2-/0. exp _(—E—i-) dr = =% @oerf(;) , {5.19)

which is similar to Eq. (11} of Ref. [95]. The integral of the error function is
given by [102]
. B exp (—z?)
ferf (z)dz =z . erf(z) + V. (5.20)
The phase of the optical structure is then defined by

p(z)= \/_— [\/Eazexp (—;;) + 1oz - erf(;—:)] + b, (5.21)

which in turn, is similar to Eq. (14) of Ref. [98] or Eq. (18) of Ref. [96]. Here
again, the phase offset b is a free parameter.

Two-dimensional beam shaping separable in Cartesian ccordinates

One-dimensional solutions can be used to find solutions for situations which
are separable in Cartesian coordinates. In this case, the input and the desired
light distributions can be written as

Liazy) = (@i (5.22)

I(u,v} = ou(u)-o0,(v)

Separable distributions are generally encountered with Gaussian beams, or
super-Gaussian beams, whose intensities are defined by

-l (3] [ @)

An analogous equation can he written in the cutput plane. As the rectangular
flat-top is also separable, beam shaping from a Gaussian [95} or super-Gaussian
[98] beam to a rectangular flat-top distributicn is easily obtained. Indeed,
beth directions are solved separately, and the result is the preduct of the two
solutions.
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5.1.4 Rotation symmetrical analytical solutions

A A

P
_ x./ . & ~
_ X y u v
‘Figure 5.2: Rotationally symmetrical beam shaping. r = +/z2 4 ¥? in the input
plane and p = vuZ + v2 in the output plane.

To complenient separable and one-dimensional formulas, we shall study the
beam shaping in two dimensions of distributions with a symmetry of rotation
(also called isotropic). The polar coordinates for the input and ountput are
shown in Fig. 5.2, and the map transform is then :

dp (r)
dr

while the enargy conservation can be written in the differential form

= 2np, (5.24)

L(r) 2ar.dr=1,(p}-27p - dp. (5.25)
We shall tackle now two most important beam-shaping element designs,

the uniform to flat-top and the uniforin to Gaussian distribution.

Uniform to flat-top beam shaping

The input and outpnt light distributions are I; (r) = €y and I, (p) = Co.
Deriving Eq. (5.24), we get

1 d2<p .
T mdr2

Introduced in Eq. {5.25) this leads to

2 2
'Cl,n=£a.f_lf..d_£=&.%i[(d_¢”. (27)

dp (5.26)
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By integration, we find the equation deseribing the square of the derivative of
the phase

dy : a2
(dr) = ar® +b, (5.28)
with e = 47r2%: and a constant of integration b, which is equivalent to

de

o ++v/ar? + b (5.29}

The two sclutions with opposite signs for the square root correspond to a
positive and a negative lens. We will only study one of them, the other heing
straightforward to deduce. While e is related to the energy value, thus the
size of the cell and the aperture angle, the meaning b is obvionsly found as

b= (3—": mo)g. (5.30)

Firstly, if b = 0, the slope at the centre of the lens is zero, we get

e(r)= ——r +¢, (5.31)

which is the eqnation of a parabola. The main difference with respect to the
parabola of Eq. {5.14) is the absence of the linecar term. We noticed that this
terin was due to asymmetry aronnd z = (0. In the rotationally symmetrical
situation, this asymmetry cannot exist. The constant e is the phase offset,
and does not influence the shape of the lens. Finally, o is determined by the
external radius of the lens R and the desired far-field angle a, w1th Egs. (5.3)

and (5.24), as
27 sin b
and with b=10 .
2 sin ¢x
J a= (T) . (533)
If b # 0 but a = 0, the solution is of the form
w(r)= \/57' +¢, (5.34)

which is the equation of a cone. The far-field pattern is a thin ring, whose
angle is defined by the value of b. This element is known as an axicon [93].
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Unfortunately, the light distribution on the optical axis is not constant, but
grows linearly as the surface of the rings, thus the energy in the rings, grows
from the centre to the edge of the lens. One should then prefer the generalised
axicon or logarithmic axicon that compensate for this drawback {71,92,94,103].

For more general, non degenerated situations where a # 0 and b # 0, we
shall define two distinct radii R, and Ry, and two angles o, and aq (which
may be equal) so that the frequencies at R; are associated to the angles o.
The values of coefficients a and b are then obtained with the help of Eqgs. (5.24)
and (5.28) as

a = 2T 2 sin’ @) —sin’ o .
(3 )2 G (5.35)
b = (z—f) sin® o — aR?

If b = @, then Eq. (5.33) halds, with both sets of radii and angles. The
solution of Eq. (5.29) depends on the signs of the coefficients inside the square
root.

For @ > 0 and b > 0, the resulting phase is

(p(,.)=_2_bﬁ [‘/g.f.\/:?+asinh (\/E-r)]+c, (5.36)

while for @ > 0 and b < 0, the profile is given by

(p(r)z%[\/%.T.W-amsh(\/%-rﬂ“. (5.37)

Finally, if @ < 0 and 6 > 0, the phase is

2\;@ [\/@-r-“l—%'rz-késin(\/@-r)]+c. (5.38)

The case a < 0 and & < 0 is rejected, because it is in contradiction with
Eqs. (5.35). Indeed, they would imply that

p{r) =

2
0< (2;) sin oy < aR? < 0. (5.39)

The signification of the three possible solutions is explained in Fig. 5.3. The
two first ones are extensions of the classical parabaola to cases where either the
far-field starts at o > 0 (ring beam-shaping element), or where the leus itself
starts at R > 0 (ring lens). The last one ig an inverted beam shaping, that
catt be used for ring or disc beam-shaping element, proposing an aiternative
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Figure 5.3: Illustration of the three general flat-top beam shaping solutions: {a) with
Eq. (5.36), (b} with Eq. (5.37) and {c) with Eq. (5.38).

to Eq. (5.36). All three equations might he reformulated equivalently with
logarithms instead of trigonometric and exponential functions. Eq. (5.37) is
then similar, but not equivalent, to Eq. (5) of Ref. [104], where a set of two
DOEs performing annular-to-circnlar transformation is presented.

Examples of the classical ring of Eq. (5.36) and the inverted ring of Eq. (5.38)
are shown in Fig. 5.4. The DOE was designed as a 16-level lens of 2 mm, shap-
ing the beam into a ring between 0.5° and 1.5°. In practise, the input illumi-
nation is an incoherent Gaussian beam of wavelength 248 nm and of divergence
I mrad. To simnlate the effect of such an illumination, the intensity resulting
from a plane wave illumination is convolved by the Gaussian beam intensity
in the far-field. The high frequency oscillations, such as those caused by the
quantisation of the phase, are thus filtered out. The main difference between
Fig. 5.4(a) and 5.4(h) lies in the location of the diffraction oscillations. They
are located at the angles associated to the frequencies present at the border
of the lens. Additionally, the noise in the centre area is much higher for the
inverted desigu. The reason for this noise and the possibilities to reduce it by
appropriate design will be discussed in chapter 6.

Uniform to Gaussian beam-shaping

We will study here the analogue to section 5.1.3, and restrict ourselves to cases
where the lens will be defined from r = 0 to r = R. Similarly, the far-held
will be a Gaussian profile defined between o; = () and a,. Gaussian rings will
thus not be tackled in this section. The light distributions are I; (r) = €,

and I, (p) = Crexp (—5:) Hence, with Eq. (5.24) we can write the energy
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Figure 5.4: Comparison of the far-field of a ring beam-shaping element, designed by
Eq. (5.36) (a) and Eq. (5.38) (b).

conservation as

. 2-
d
o = oo | () | do
17 = 2 ®P T | A Al
L. .
- 2
d
_ G | B) ] 1 ey
= PP T w20 | 24 |\ ar
i -
dyp
_ CZ 2d dT‘)
—?J d_-r exXp _W (540)

This equation, contrary to the similar one-dimensional case, is straightfor-
wardly integrated into

2
(%%) = —4r?c?In (ar? + 1), {5.41)
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Figure 5.5: The two solutions to generate a Gaussian beam from a uniform illumi-
nation. The classical branch (a) and the inverted one (b).

where the coefficients a and b are

e L G A GO A C R B
b = exp _31’(%?-*2)1 |

Equation {5.41) defines both the positive and the negative lenses, as pre-
viously. Depending on the values of the derivative of the phase at r = 0 and
r = R, two solutions for a exist for Eq. {5.42}, as illustrated by Fig. 5.5. The
classical solution maps the centre of the lens to the centre of the far-field and
the edge of the lens to the border of the Gaussian, and the inverted solution
maps the centre of the lens to the border of the far-ield and the edge of the
lens to the centre of the far-field.

The two profiles of Fig. 5.5 are the results of elements designed to generate
a Gaussian distribution of width ¢ = 1°, Moreover, the Gaussian profile is
truncated at 2°. As for the ring beam-shaping element, the illumination is
an incoherent Gaussian beam of divergence 1 mrad and wavelength 248 nm.
The oscillations due to diffraction have a stronger influence in the centre of
Fig. 5.5(b) than at the border of Fig. 5.5(a). Indeed, their intensity is spread
over a wider area in the case of Fig. 5.5{a) (the edge of the Gaussian) than for
Fig. 5.5(b) (the centre of the Gaussian).
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(a) (b)

Figure 5.6: Mesh adaptation. A mesh is defined by nodes F;. The node Py is moved
towards its ideal position M that equalises the areas of the patches. Two topologies
are available: rectangular with eight neighbouring nodes (a} and triangular, with
nine neighbours (b).

5.1.5 General solutions with mesh adaptation

All the soluticns presented in the previous sections were making use of some
symmetry. Unfortunately, only a few geometries allow for an analytical solu-
tion of Eqs. (5.3), (5.4) and (5.8). In most cases, if a solntion exists, it cannot
be found analytically. And even more frequently, one has to accept approxi-
mated solutions. To derive such approximations, Dresel at al. have proposed
an algorithm based on the neshing of both the DOE and the target [6]. The
meshes are then adapted in both planes to have patches of equal areas, and
the gradient of the phase is retrieved from the coordinates of the nodes of the
two meshes. A final step intends to find a phase that matches this gradient.
We will describe this algerithm in detail, and see that ways to improve it can
be proposed.

Mesh adaptation algerithm

The principle of the mesh adaptation is illustrated in Fig. 5.6. Every mesh
node, except the border ones, can be described as the centre P, of a set delined
by the neighbouring nodes P;, 1 # 0, These nodes define rectangular or tri-
angular patches, depending on the topology. An ideal central point M would
eqnalise the area of every patch. For every node of the mesh, such a point
M is computed, then the nodes are translated towards these points. The rate
at which the nodes are moved towards the ides] position is controlled with a
parameter in the range between zero and one. If this parameter is set to zero,
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the node Fy is not moved. If it is set to one, the node Py is moved directly
onto M. Our experience shows that for values .of this parameter which are
greater than 0.7, the algorithm tends to diverge.

To compute the position of M, Dresel et al. proposed to specify for the
rectangular case

A(A)+A(B) = A(C)+A(D)
A(A)+A(D) = A(B)+A(C)

(5.43)

where the operator A stands for the area of the patch. This set of equations

is equivalent to :
A{A) = A(C) . (5.44)
A(B) = A(D)

equalising the areas of the opposite patches, as illustrated by the gray tints in
Fig. 5.6(a). This leads to the equations

Tp (V2 +Ya — Yo — Ys) — ym (T2 + B4 — 26 — g)

(5.45)
=1 (y2 — y8) + 25 (Ya — v6) — %1 (w2 ~ 28} — ¥5 (ya — ¥6)
Tas (32—94—y§+ys)—y31($2—14—we+1's) (5.46)
=23(y2 — ya) + 27 (ys — vo) — ¥3 (32 — T4) — yv (s — Z6),
For the triangular topology, the areas to equalise are
A(D)+ A(H) + A(I) = A(B)+A(E)+ A(F) 4
A(A) + A(B)+ A(C) = A(G)+A(H)+A()

which leads to

za (~%2 + Y5 + Y6 — Yo) — yu (—22 + T + 36 — xg)
= z7 (%6 — ¥s)} — Y7 (ws — T8) + T4 (Y5 ~ U3} — ya (x5 — Z3)
+ Zoys — Taye + Tays — ZTayz  (5.48)
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Figure 5.7: The startup mesh (a) in a rectangular topology is optimised to an adapted
mesh (b) for a circular geometry.

and

zp(—va— v+ s +us) —ym (—22 ~ T3+ 2g + 75)
=21 (yo — y2) — 31 (xo — ) + x4 (ys — ¥3) — ¥4 (25 — 23}
+ Tgys — Talp + TsyYs — Te¥Ys. (D.49)

An example of the process of mesh adaptation is shown in Fig. 5.7. The
algorithm starts with the meshing of a disc in a rectangular topology composed
of 85 x 65 nodes. After 1000 iterations, the mesh patches are equalised. A
zoom oh the optimised mesh will be presented later in Fig, 5.10(a).

The mesh adaptation gives the two components of the gradient of the phase.
As noticed hy Dresel, numerical integration is generally not possible, thus one
needs anotlier way to retrieve an approximate phase function from its two-
dimensional gradient. The solution proposed is the use of a basis of polyno-
mials of degree . The binomial %3/ is replaced by a monomial £, = x*y/,
with m = kL}k"'—B +{+ 1. The approximated pliase function can then he
written as

!D+l}2!D+2!

oo
L2 (2:, y) = Z Z aklxky! = Z . (550]
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with a,, = ay. There exists a bijection between the m and the (k,{) set. This
approximated two-dimensional phase function can then be derived in x and y,
and the partial derivatives fitted to the gradient in the least-squares way. The
problem is finelly reduced to a system of equations which can be solved hy a
matrix inversion. This is most commonly performed by Gaussian elimination,
triangular lower-npper decompasition (LU) or singnlar-valne decomposition
(SVD) [12]. Although the SVD method is said to be most stable, we fonnd
that all three methods reach already their limits for degrees of polynomials
around D = 6 in the case of the square-to-disc map-transformation. However,
despite the warnings retorned when using Metlab to perform the inversion, the
resnlts were still acceptable, while higher degree polynomials did not bring any
improvement. This numerical limitation is due to the precision of the range
available when adding two floating point valnes.

The previously descrihed algorithm is based on eqnalising the areas of all
the patches composing the mesh. It is thus implicitly assuming that both the
input and output light distributions are nniform. While this is the case for our
applications, it may not always satisfy one's needs. This led Hermerschmidt
et al. to propose a different algorithm that fills this gap [99]. They success-
fully applied it to generate various shapes from a Gaussian beam [100]. The
difference mainly lies in the mesh adaptation steps. The nodes, depending on
their position, are weighted correspondingly to the intensity of the light. This
value is obtained either analytically fromn their position {(Gaussian beam) or
by interpolation from a mmeasnrement (real beam). Whenever they are moved,
this infensity has to ke recomputed. From the values of the fonr surrounding
nodes, the energy contained in the patch is deduced. The algorithm tries to
adjnat the position of the central node F so that the four patches have equal
energy. However, the anthors find that the energy is locally uniform, but not
on the whole mesh becanse of the local nature of the procedure. It is thus
necessary €0 add a second variation of Dresel’s algorithm. The mesh is started
with a small number of nodes, and extra nodes are inserted by interpolation in
order to refine the mesh. Between two node insertions, the mesh adaptation
procedure is performed in order to obtain a reasonalbly stable state.

Extracting contours from the mesh gradients

A diffractive optical element (DOE) performing the desired mapping can be
realised using the phase y(z,y) calculated in Eq. (5.50). For this pnrpose,
we have to compnte the loci of @ (x,y) = €, where £ are the values of the
discrete phase level. We introduce again the plecewise cubic Bézier curves,
already mentioned in chapter 3 and described in appendix A. These parametric
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Figure 5.8: Decomposition of a 360° nearly circular ring (dashed line) into four
(a) or six (b) cubic Bézier curves (thick plain line}, for square and hexagonal cells
geometries respectively. We impose the continuity of the tangents (arrows) between
adjacent curves, which reduces the number of free parameters.

curves are defined by the knowtedge of the start and end points and the tangent
vectors of the curve at these two points.

As the geometry depends on every specific problem, we shall now restrict
our study to the problem of shaping a uniform square beam into a uniform
disc. In this case, we have observed from the polynomial fit that the contonrs
are nearly circular. We choose thus to use one cubic Bézier curve to describe
one sector of 90°. In Fig. 5.8, the geometry for square-to-disc and hexagon-to-
disc beam-shaping elements is presented with the corresponding cubic Bézier
curves,

To fit the contour with the Bézier curve, we use the following procedure.
We impose that the Bézier curve and the ideal contour are superimposed on the
0° and 45° axes (30° in the triangular topology). To calculate the position of
these points, we call their radial position on these axes rg and rq, respectively.
The coordinates of the points are thus

=715, =0 at0®
(5.51)

r=- y=g atds°

21
For a polynomial phase function of degree IJ = 4, with odd degrees paly-

nomials absent because of the central-symmetry of the DOE, the contours are
found by solving

@ (z,y) = ago + g0 (2% +37) + a2 2%y® + age (z* + y") = £, (5.52)
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where £ are the values of the discrete phase level. Using Eqs. (5.51), the values
of rg and | are determined fromn the coefficients ayy as

- m
i) = \/ = a?a.ﬁa‘D{EOE' ) 5
m{g) = .\/Q\/"“20"'\/‘35_0—(“22+2040][uca—E]

aga-+2a4p

We now want to find the cubic Bézier curve passing throngh these two
points. Taking into consideration the syminetry properties and the continuity
of the tangents at the connection between two curves, only two parameters are
left free, the radial position of point A and the size AB of the tangent vector.
(A is easily identified to be rg. We then adjust the value of AB so that the
middle point of the Bézier curve is superimposed to the point of the contour
curve on the 45° axis (30° for the triangutar topology). The Bézier curve can
thus be defined by OA = rp and the ratlo

AB _ 4 T1 .
a = g (;—0"\/5— 1) . (0.54)

For the triangular topology presented in Fig. 5.8(b), we would similarly get

AB 4 ™
04A=3 (Q}E - \/3) : (5.55)

For the general case of phase design by mesh adaptation, the modus operandi
can be summarised as follows: We first study the problem with the original
algorithin, In the resulting image, then we look for symmetries which can be
exploited for the solution. Finally, we use a set of smooth curves to fit the
ideal contour.

Improvement of the mesh smoothness

Figure 5.6 shows that the mesh adaptation is done for every node based on the
areas of the adjacent patches, lience of the neighbouring nodes. Consequently,
it is not possible to use the same equations wheun these neighbours are absent.
As seen in Fig. 5.9(a), this is tbe case for the border of the mesh (black square}.
In the original algorithm, it is proposed to place the border nodes uniformly
on the border and let them not move during the optimisation.

We refine this algorithm by adding the possibility for the border nodes to
move. For the normal nodes (dots), we go on and equalise A (a} + A (c) and
A(b) + A(d) as previously. For the border nodes, we move them in order
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Figure 5.9: The principle of the mesh adaptation with border optimisation (a}, and
the resulting mesh from the modified algorithm (b), corresponding to the startup
mesh of Fig. 5.7(s).

to balance .A{e) and A (f). The node is also constrained to be located on a
defined curve {usually a circle or a line segment). This modification introduces
more freedom for the optimisation. Only the four corner points A, B, ¢ and
D are fixed. The resulting mesh is much smoother, as can be seen when
comparing the final meshes of Figs. 5.7(h) and 5.9(b). A zoom into one corner
of the meshes is shown in Fig. 5.10. The paiches are now less distorted from
their square shape and the horizontal and vertical lines of the mesh are now
smoothed with respect to the zigzag lines obtained with the basic algorithm.

A measurement of the convergence improvement can be obtained from the
areas of the patches. Of special interest are the standard deviation and the
peak-to-valley value of this set. Indeed, as the whole surface is constrained by
the border of the mesh, the mean value of the patch areas is always constant,
and therefore not significant. A comparison of the results for the original and
the improved algorithms is given in Fig. 5.11, showing clearly the advantage
of the modified algoritlim. We have also observed that for very coarse meshes
the convergence is faster at the beginning with this algorithm, but will reach
a point where the influence of the corner patches and its neighbours prevent
further improvement. The original algorithm offers a better convergence in
the long run. However, there are two arguments in faver of the modified
algorithm: Firstly, for increasing numbers of iteration, the original algorithm
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¥ axls

(a) {b)

Figure 5.10: Zoom into the corner of the meshes of Figs. 5.7(b} and 5.9{b). {a) mesh
without and (b) with optimisation of border nodes.

tends to diverge. Second, it is preferable to refine the mesh than to add more
iterations. '

To characterise the smoothness, we introduced two measures. The hrst
one, which we call aspect ratio, can be used for any topology. It is defined
as.the ratio between the area and the circumnference of a patch, normalised
by the equivalent ratio for the *ideal” shape in the topology. This “ideal®
shape is the one with the maximum ratio of area and cirecumference. This is
a square or a rectangle in a rectangular topology, and an equilateral triangle
in a triangular topology.- For smooth meshes, this parameter should be close
to one. Figure 5.11(c) shows the comparison of this parameter for the two
algorithms. The second parameter, which we call line smoothness, measures
the behaviour of the lines of the mesh. It is defined as the difference between
the direction of one segment of the line and the mean direction of the previous
and the following segments. This parameter quantifies the zigzag appearance
observed in Fig. 5.10{a). For an ideal line, this parameter should be close to
zero. Figures, 5.11(c) and 5.11(d) show how the border optimisation sinoothes
the mesh in comparison with the original algorithin. It should be emphasised
that smoothness of the mesh s not only cosmetic. Fitting either the whole
phase or specific lines of the mesh by polynomials is easier when the derivatives
are smooth functions. :

Our experience is that the presence of the distorted patches at the borders
and in the corners makes it difficult to obtain the best possible element. Their
influence can be minimised efficiently by increasing the number of nodes, so
that the area covered by the problematic patches becomes negligible compared
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Figure 5.11: Standard deviation (a}, peak-to-valley value (b) of the areas of the
patches, normalised aspect ratio of the patches (c) and line 3moothness (d) obtained
with the criginal algorithm {dashed line) and compared with the modified algorithm
with border optimisation {(solid line).

to the whole mesh area. Tlis is illnstrated in Fig. 5.12. The left column shows
the resulting light distribution from DOEs designed with a coarse mesh of only
41 x 41 nodes, while the right column results from a finer mesh of 401 x 401
nodes. Nevertheless, the sqnare-to-disc problem is not representative, gince
the disc has no sharp angles. We have observed that the node distribution
at the border is critical for shapes where corners are more pronounced, like a
triangle or a “pie slice”. The problem of transforming an hexagon into a disc
can be treated using such shapes in a triangular topology. We would like to
stress that the influence of corners and borders can be important for general
beam-shaping problems.

As shown by the comparison of top and bottom rows of Fig. 5.12, the simple
model we used for 360°, shown in Fig. 5.8(a), is not precise enough to equal
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is given by the Fresnel number

a2

ﬁa
whera n is the aperture of the element and f is the focal length of the element.

For & far-field beamn shaping element, the pertinent parameter is the maximum
angle of illnmination 2¢ = o/ f. and the Fresnel number can be rewritten as

Np = {5.96)

Np = 22, ' (5.57)
A

The larger the number of oscillations, the smaller they are, thus the easier
it is to get rid of them by hltering (an incoherent bean with a small divergence
acts like a low pass filter, so does any measnring device composed of extended
pixels). We will study in more details these oscillations in chapter 6.

The second drawback of these type of element is not related to the design
method, but to the principle of map transform as presented in Fig. 5.1. The
point to point relation defines a bijection between input and output. This
imnplies that any local perturbation in tbe input distribution will be propagated
to the output. This makes these elements sensitive to fabrication errors or
fluctuations of the input beam, as we shall sez in chapter 6.

5.2 Grating-type elements

Mainly due to the ease of computation of the Fourier transform with modern
computers, the far-field and finite-distance diffraction for paraxial approxima-
tion can be evaluated for moderate size optical elements in reasonable times.
This allows designs which take diffraction effects into account that are not
predicted by geometrical optics. As the Fourier transform is the basis of this
design concept. every output point is a function of all input points. This repre-
sent a fundamental difference from the previous design techniques. The optical
clement, can be seen as a sum of gratings, corresponding to the output spots
of light, thus the name grating-type, or diffuser-type, elements.

Due to the constraints imposed for most of the design problems, it is
not possible to inverse only the propagation to retrieve the optical element
structure. The problem must be solved by iterative techniques, which can
be classified in two main families: direct and indirect approacbes [105]). Di-
rect approaches intend to minimise a merit function defined for the output by
changes in the input distribution. The computed DOE thus always satisfies
the constraints. Simulated anmealing [106], direct binary search [107] and ge-
netic algorithms [108] are popular algorithms for that purpose. On the other



80 CHAPTER 5. DESIGN OF OPTICAL BEAM-SHAPING ELEMENTS

hand, the indirect approaches alternate between the input and output planes,
accepting a violation of the constraints on one side when they enforce those
constraints in the other side. They are based on the error reduction algorithm,
also known as the iterative Fourier transform algovithm (IFTA) or Gerchberg-
Saxton algorithm [48, 109, 110]. Fienup has demonstrated how this algorithin
succeeds to reduce both errors at every iteration [111).

5.2.1 Direct approaches

We shall now briefly tackle varions techniques inspired by life and material
sciences, laying the emphasis on simulated annealing.

Simulated annealing and quenching

Simulated annealing is based on an analogy with material science and statis-
tical physics. If a metal {or another material} is cooled sufficiently slowly, its
atoms will move in order to be in a state of minimal energy (as a crystalline
configuration). As the notion of temperature is defined only at equilibrium,
the cooling process must be slow enough to allow the system to reach a state
of equilibrium after each step of cooling during the annealing.

To reach the equilibrium after each step of cooling, the following algo-
rithm, first introdnced by Metropolis, is applied. Changes are introduced in
the configuration of the systemn, and they are accepted if they decrease the
energy. If they result in an increase AE of the energy, they are accepted with
a probability of

AE

P({AE) =exp ( kBT) . (5.58)
which simulates the statistical nature of the behaviour of the atoms. After a
sufficient munber of changes, the system reaches a stable state and the tem-
perature can be changed to a lower value. The process of suceessive cooling
and Metropolis procedures will be stopped when the configuration is frozen or
when the element satisfies the constraints. In the following, we will consider
that the Boltzmann constant kg in Eq. (5.58} is equal to one.

For the operation of simulated annealing we need a temperature T, an en-
ergy E, given by the merit function of our process, and an annealing schedule,
defining how fast T' is decreased between two Metropalis procedures.

There exists several variants of simulated annealing. Depending on the
system complexity, it is possible to rely on fast annealing or adaptive simu-
lated annealing [112] {or very fast simnlated re-annealing). However, all of
the applications for computer generated hologram {CCH) designs are adapted
from the basic simulated annealing [12].
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Figure 5.13: Comparison of the cooling of various annealing schedules. Any schedule
that cools the temperature faster than the logarithmic one does not guarantee the
convergence of the algorithm towards the global optimum.
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The simulated annealing algorithm is composed of two nested iterative
routines {Metropolis procedure inside a temperature cooling process), there-
fore it is important to nnderstand how both stages can be influenced by the
implementation. '

Most of the implementations applied in optics use an exponential annealing
schedule

T (k) = Toc* = Toexp (klnc), (5.59)

where k is the itcration number in the annealing algorithm and ¢ < 1 [107,
113-116]. Recent examples use a linear annealing schedule [117). However, it
can be proved that the basic simulated annealing is guaranteed to converge to
the global optimuin only if the cooling process in not faster than
Ty
T (k)= IR | (5.60)

Figure 5.13 illustrates various annealing scheduj_les, and compares their
speed with the much slower logarithmic annealing. i These implementations
are also called simulated quenching [118,119]. Simulated quenching is much
faster than simulated annealing and provides optima that are usually suffi-
cient to satisfy the constraints. A further improvement proposed by Gillet is
to re-heat the system when a stagnation is reached [120,121].

The other parameter that can influence the convergence is the Metropolis
procedure, trying to stabilise the system in an equilibrium state where the
temperature is defined. Some algorithms perform a fixed number of iterations
in each Mectropolis stage [113,114,117], while others prefer $0 test the presence
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of an equilibrium [116]. Gillet asserts that a good compromise between speed
and stability is to perform twice more iterations than the number of degrees
of freedom [121].

Other direct approaches

Among the various direct approaches, one can mention the evolutionary al-
gorithms based on life science analogies, such as genetic algorithms [108] and
evolutionary strategies (122]. A siinplified version of sinulated annealing, the
direct binary search [107], can be used for binary-phase or binary-amplitude
DOE design. Finally, Chen [123] has proposed to design holograms by a non-
linear least-squares algorithm (NLS). Unfortunately, every iteration of this last
method is O (Ng) times slower than an IFTA iteration, where N is the number
of pixels in one direction of the CGH which makes it unsuitahble in practice for
most design situations.

Advantages and weaknesses

The main strength of direct methods is that the implementation requires only
forward propagation. The output data does not have to be used as parameter
and as data for backward propagation. Especially, while IFTA variants all
have in common the pixelated two-dimensional sampling charaeteristic, the
variety of paraineters to optimise is wider with direct metbods. Examples of
CGH with irregular pixels [66] or trapezoidal pixels have been optimised with
simulated anncaling (67, 68,120]. There is an example of trapezoidal pixels
CCH designed by IFTA [61], however, the optimisation of the pixels shapes is
only done at the end, and using a parametric optimisation. The rcfiuement of
pixelated kinoforns presented in section 3.4.5 would be a good candidate for
a direct optimisation,

On the other hand, the principal drawback of direct search approaches is
the time needed to reach an acceptable solution, especially when the number
of parameters is growing. Evolutionary strategies are particularly slow, even
for small designs (array size 64 x 64), as shown by Birch [122]. They may only
be used as a final possible refinement stage if the constraints are not satisfied
by a first design stage. Moreover, the evolutionary algorithms have important
memory requirements, as they need to store many CGHs at the samne time.
They are thus not well suited for the design of large elements.
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5.2.2 Iterative Fourier transform algorithms

The popularity of iterative Fonrier transform (IFT} algorithins is due to their
low requirements of time and memory as compared to the direct approach.
Since the coriginal error-reduction algorithm {109], many improvements have
been proposed. The problems that arises from the original IFTA are the slow
convergence and the poor performance in terms of efficiency and uniformity.
For the case of multilevel elements, the stagnation of the solution in a local
optizum has been the main Hmitation of these algorithms.

To solve these problems, many variants have been proposed, which we can
categorise in two families. Firstly, most of the techniques are only different
from the original algorithm by the application of operators specific to the
constraints. Smooth projection is popular to quantise progressively amplitude
or phase [124,125]. Filtering of high frequencies may be used to suppress small
features [126.127).

Secondly, based on the work of Fienup, 1IFTA using a driving function have
emerged [110,111). The result of an iteration is used to determine the changes
to be applied to the original function in order to improve the DOE. Fienup’s
input-output algorithm, Prongué’s over-compensation [128] or Johansson’s up-
scaling [129] are examples of such methods. The latter two are characterised
by the fact that during the signal constraint step, the orders are changed to
an amplitude value that is not only a function of the goal, but also a function
of the amplitnde at the previons iteration.

As outlined by Wyrowski [105,125], the degrees of freedom are important to
identify and to use. He pointed out that for beam shaping and beam splitting,
the phase of the signal is subject to few constraints (phase freedom), as is the
field outside the area of the signal windaw shown in Fig. 5.14(a) (amplitude
Jreedom). Additionally, some latitnde is availahle in the strength of the signal
relative to the noise. Although this is not strictly speaking a new degree of
freedom, it is often called scale freedom. Scale freedom can be seen either like
an anhancement of the signal or an attenuation of the noise. Most of the IFT
algorithms do not change the value of the orders outside the signal window.
However, due to the conservation of energy, up or down-scaling the signal
orders reduces the noise orders. Scale freedom is thus just the possibility to
rednce the noise level with respect to the signal level.

The principle of the 1FTA is illustrated in Fig. 5.15. At iteration k&, the
complex amplitude in the signal plane, called A, is hack-propagated to the
DOE space, leading to the complex amplitude in the object space a}. Then
the object constraints arc applied to produce & new amplitnde ag, which is
propagated to the signal plane leading to a complex amplitude A}. The goal
to achieve is Agea1, thns the signal space constraints are now enforced, to
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"(a} . (b)

" Pigure 5.14: The signal window (in black) is the place of the image field where the
signal amplitudes are constrained. The noise (dashed) is the energy outside the signal
orders if no orders are constrained to be zero (a). If some orders are constrained to
be zero (dashed frame), then the noise is the total intensity of such orders (b).

produce Ap4q, which is the start of a new iteration. If the constraints for the
DOE are enforced strictly, the error in the DOE domain is not relevant; only
the error in the signal is of intergst. The two propagation steps and the DOE
space step may be gronped, symbolised by the dashed hox in Fig. 5.15, as the
input-output algorithm.

Efficiency and uniformity

We have studied and compared various methods for DOE designs based on
IFTA. The goal was to design a circular flat-top with a periodic phase element.
The profiles were binary, eight-level or continnous. The start phase of the
signal was either resulting from a quadratic lens or random (but identical for
all designs). The two main criteria used to measure the performance of the
algorithms were the diffraction efficiency defined as the ratio of the amount of
light in the desired orders and the total amount of light, and the uniformity
error ' P I
max on

U= -rmax + Imini (561)
inside the disc with I, and Iy, being the energies of the weakest and the
strongest orders of diffractions. At first, the amplitude freedom was applied
everywhere outside the dise, but we also considered the capacity to impose a
dark window, i.e. an area wherc the orders have the least possible energy. The
noise was then characterised by the ratio of the energy in this dark window
with respect to the whole energy, as illustrated by Fig. 5.14(b).
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Figure 5.15: Principle of the IFTA. The steps of back-propagation, application of
DOE constraints and forward propagation can be grouped as a unique stage (dashes},
for the input-output algorithin. When the specifications are met, the algorithm is
left.

We compared the following variants of the IFTA:

1. The original error-reduction algorithin, with the possﬂa:hty of noise at-
tenuation deseribed above. -

2. The Fienup input-output algorithm, given by Eqs. (9) and (10} of Ref. [110].
Fienup called this variant output-output in a later article [111]. The sig-
nal orders are changed from iteration & to & 4+ 1 according to

Ak-l-l = A;c + ,BAAdriving.k
with ‘
'&A:Iriving,k = IAgaalI {gexp [] rarg (A!Jc)] - EXp [l - arg (Ak)]} ~ Ax.

B is a free parameter, usually chosen close to ane. The input-output
family is specially designed to give high efficiency.

3. The over-compensation proposed by Prongué ei al. [128] and modified
by Schilling [77]. The amplitudes A}, in the signal window of the outpnt
plane are madified for Aggq according to

A
sl = 4] " :’ (5.62)
k !
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where {|A,]) is the average of the [A}|. Thus, the low energy orders are
set to higher values and the high orders are decreased. This technique
requires to take care to the conservation of the energy, by re-normalising
the whole energy at every step. Also, one has to avoid ihe cases where
the denominator tends towards zero and implies divergence of the ¢com-
pensated value. It has to be noted that the amplitudes in Eq. (5.62)
can be replaced by intensities, without changing much the convergence
properties of the algorithm [77]. This algorithm is restricted to binary
signal distributions, but can be easily extended to general distributions.

4. The algorithm proposed by Arrizén et al. [130]. It is characterised by the
possibility to reduce the desired energy within the disc. Whenever the
uniformity is not improving enough during an iteration, the efficiency
goal is slightly decreased, allowing the uniformity error to be lowered
again. Althongh this algorithm was originally used for parageometric
starting solutions (quadratic phase DOE in our case), we used it suc-
cessfully with random start phases. Here again, we used the possibility
to enhance the signal in comparison to the noise as a possible design
parameter. The algorithm is stopped when the goal for uniformity error
is reached or when stagnation appears. In practise, we used & goal of 1%
or 0.5% for the design.

5. The up-scaling algorithm proposed by Johansson et al. [129] (the term
up-scaling was coined by Schifer [131]). This algorithm is based on 4
cencept similar to over-compensation. Two real thresholds are defined,
a lower A, and a higher A, around the desired real signal valne
Agoat. The signal orders are chauged according to

Amax if |A;;| £ Amin

[Apaal = § Apin ifJAL] 2 Amax - (5.63)
24500 — | AL otherwise

The noise orders are not modifed in the originai algorithm. We applied
here again the possibility to up-scale the signal with respect to the noise.

6. For muiti-level elements, we also considered the error-reduction algo-
rithm with the soft-quantisation proposed by Wyrowski [125]. The al-
gorithm censists of three stages. First, a phase synthesis is performed
where no noise is aliowed and the element is continnons (use of phase free-
dom only). Then the amplitude freedom is introduced outside the signal
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{a) (b} (c)

Figure 5.16: Soft guantisation on four levels of phase in the complex plane. The
phases are spread at the start over the entire angular interval of 27 (a), and they are
progressively projected onto the four phase levels (b) until the quantisation process
is ended (c).

window. Finally, the soft quantization is performed. Soft-quantisation
consists, as shown in Fig. 5.16, to quantise progressively the phases in the
DOE space. There exists variants of this algorithm, but we will concen-
trate on this widespread threc stages version [132). For the study of con-
tinuous elements, this method was used, although the soft-quantisation
that characterises it was not applicable.

The results of snch a comparison are presented in the next figures. We
first studied the situation of a random start phase. In this casge, the resulting
beam shaping element is usnally ¢lassified as a diffuser. The same start phase
was nsed for all the algorithms. We aimed at designing a circular flat-top
distribution with a CGH of 128 x 128 pixels illuminated by a uniform plane
wave. .

Far a continuous element, as illustrated in Fig. 5.17, all the methods can
achieve good uniformities, but the over-compensation and Arrizén’s algorithm
are clearly giving the best efficiency and uniformity compromises. The up-
scaling can be seen to be very versatile, depending on the up-scaling parameter.
Fienup’s output-output gives the highest efficiency, but the uniformity is far
from being optimum. Finally, Wyrowski's technique returns good uniformity
and efficiency, but is harder to tune in order 1o choose the compromise. From
these observations, Arrizdn’s techuique and the up-scaling appear as very pow-
erful design techniques for continuous phase profiles. Wyrowski's three stages
method and the over-compensation also show interesting performances.

The resnlts for elements with discrete phiase levels are presented in Figs. 5.18
and 5.19. Figure 5.18 shows the rasult of a design of an eight-level CGH. Two
techniques appear most useful. Wyrowski’s algorithm is best hecause it can
now make full use of its soft-quantisation stage. Moreover, it shows a good ca-
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Figure 5.17: Comparison of efficiency and uniformity error of a continuous profile
beam-shaping element calculated with different IFTA algorithms and a random start
phase; (b) is a zoom-in on the details of (a).

pability to be tuned in order to modify the efficiency-uniformity compromise.
A close second is the over-compensation, whose only drawback is the fixed
efficiency-vniformity balance. Both up-scaling and Arrizén’s algorithm need
to be tuned in order to find an optimum input parameter value. For sialler or
larger values of this parameter, either the uniformity or the efficiency will de-
grade without improvement of the ather. Error-reduction and output-output
are unable to provide acceptable uniformities and are nat tunable. Figure 5.19
illustrates the binary DOE designs. There again, over-compensation offers a
good solution. Wyrowski’s algorithm starts to fail, but is still tunable. At
the expense of efficiency, it can somehow offer good uniformity. As previ-
ously, autput-output is very efficient but poorly uniform. One can see that
the uniformity offered by the algorithm is almost imdependent of the numhber
of quantisation levels. As for the eight-level CGH, up-scaling and Arrizdn’s
algarithm have an optimuni point, and the input parameter does not provide
a useful way to choose the efficiency-uniformity compromise.

The role of the start phase distribution To illustrate the influence of
the start phase, we performed the same designs with a start phase distribution
corresponding ta the ane generated by a quadratic-phase lens whose angles
would be clase to the desired distribution. The efficiency and the uniformity
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Figure 5.18: Comparison of efficiency and imiformity error of a disc beam-shaping
element with eight phase levels calculated with different IFTA algorithms and a
random start phase; (b) is a zoom-in on the details of (a).

are significantly better in that case. The noise is now not randomly located,
but appears to be more systematic.

General observations and conclusions

To conclude, we list some peculiarities of the tested algorithms.

Convergence of IFTA for multi-level DOE We have observed that in
order to use the error-reduction or the up-scaling algorithms for multilevel
elements, we have to attenuate the noise (or equivalently to enhance the signal)
at every step. Otherwise, it was not possible to come to a solution.

Over-compensation Although it performs very well in most situations,
over-compensation cannot be tuned as most of the other algorithms. It rapidly
approaches its optiimum results and starts oscillating betwecn similar config-
urations. Adding more iterations will not ensure the appearance of a better
solution, except from a statistical perspective. It is thus important to compare
every iteration with the best of all the previous ones with respect to the merit
function. As maost of the other techniques, over-compensation is not very ef-
ficient at imposing zero intensity areas. Nevertheless, it is very efficient when
the others fail, especially for binary element design.
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Figure 5.19: Comparison of efficiency and uniformity error of a disc beam-shaping el-
ement with two phase levels caleulated with different IFTA algorithms and a random
start phase; (b) is a zoom-in on the details of {a).

Arrizén’s algorithm Arrizén’s algorithin was designed to get a small uni-
formity error and is efficient at this task for continngus profile. The large num-
ber of paramecters makes it versatile, with a possibility to balance efficiency
and uniformity. One can also easily set, a uniformity goal, where the algorithm
will stop. As seen from Fig. 5.20, and in the original article, eficiency reaches
8 maximum {around & ~ 30 in onr exainple) and starts then to be traded for
more unifornity. After some iterations (k ~ 80}, both uriformity error and
efficiency do not evolve much more, as a stable state has been reached. TFor
these particnlar examples, the goal chosen far the error was 0.5%.

It must be nated that there exists a possibility to over-tense the algorithm.
This allows to obtain a higher efficiency as seen in Fig 5.21, by enforcing -
a lower noise outside of the signal window. The canvergence behaviour is
different, with an additional initial stage where no convergence is reached as
the constraints are too strict. As they are relaxed, the algorithm reaches a
paint. where it behaves as previously deseribed, that is an increase of efficiency
until 8 maximum (& =~ 1000) followed by s decrease of efficiency and uniformity
error and a final stagnation stage [k ~ 1050).

Wyrowski synthesis and soft quantization algorithm Wyrowski three
steps algorithm performs extremely well with multilevel structures and can be
tuned in order to provide efficiency and uniformity. 1t is mainly characterised
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Figure 5.20: Efficiency {a) and uniformity error (b} of the original Arrizén's algo-
rithm. When uniformity error does not decrease enough, some efficiency is sacrificed.
The algorithm reaches 92.05% efficiency with a uniformity error of 0.45%.

by the ability to enforce the zero intensity window, as opposed to all the others.
However it is not very well adapted for binary phase elements. We noticed that,
in this case, it tends to generate isolated pixels. Nevertheless, good efficiencies
can be achieved nsing noise attenuation, which results in the reduction of the
uniformity, as can be seen in the top part of the curves in Fig. 5.19(a). It has
been proposed to overcome this drawback by a special filtering of the DOE
phase [126].
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Figure 5.21: Efficiency (a) and uniformity error (b} of the over-tensed Arrizén’s
algorithm. The decrease of efficiency is compensaied by the tensed-up gual resulting
in an efficiency of 94.15% for a uniformity error of 0.48%.



Compensation of design 6
and fabrication errors

‘We have seen that designs based on geometrical optics do not take into account
the influence of diffraction and that fabrication can cause differences between
the desired and the measured intensity distribution. We shall review here the
main types of errcrs observed in DOEs and, when possilile, we shall present
some sclntions to decrease their influence. We have noticed that beam-shaping
elements can be suhdivided into different categories with respect the design
method and to the fahrication ercors. In chapter 5, we have put the emphasis
on the distinction between the design methods: re-mapping elements based on
geometrical optics and grating-type elements based on wave optics. The first
are sensible to diffraction oscillations. From the perspective of fabrication, the
refractive and diffractive nature of the optical strncture must also be taken
into account. Additionally, grating-type elements are themselves divided into
diffusers and para-geometric elements. Diffusers are cptical elements whose
strocture is close to random, while para-geometric elements are similar to re-
mapping elements. Para-geometric elements are nsually grating-type elements
whose phase is built from a geometrical start phase, eemmonly guadratic, as
presented at the end of chapter 5.

6.1 Preliminary remarks -

Before studying the effect of specific errors, we shall first tackle the differences
between beam-shaping and focusing for diffractive optical elements. Then we
shall emphasize the distinction between refractive and diffractive elements, and
between grating type and ce-mapping type clements. Finally, we shall study
the limitations of the model used to simulate the influence of the errors.

a3
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6.1.1 Parasitic orders in beam-shaping and focusing

First of all we wonld like to pui the emphasis on the difference hetween far-
field beam shaping and focusing with respect to the influence of the errors. For
the second case, the energy of the desired diffraction order is concentrated at
the focal point, resulting in a high density of energy for the considered order.
The signal to noise ratio is thus considerably enhanced, as the energy of the
parasitic orders is dispersed over a large surface. For far-field beam shaping,
the situation is different, especially with respect to the zero order. Indeed,
only the orders £1 (one or hoth} are usually used as signal orders, while the
orders +m, n # 1 are parasitic scaled duplicates of the signal. Their angular
extension is n times larger than the first orders in both directions, resulting in
an energy density evolving as

M l? ©.1)
Tlsignal T

where 7, is the cfficiency of the order n. We see that the contribution of the
parasitic higher orders to the desired illumination is usually small. However,
the case of the zerc order is clearly problematic. The energy is cancentrated
within a single direction and causes a high peak at the arigin even for a small
total energy. For & onc-dimensional far-held beam-shaping, the sitvation is
different ; the »? in Eq. (6.1) changes to n. The zero frequency peak is less
present, but higher orders do not decrease as fast as for two-dimensional beam
shaping.

In practice, the influence of the zero order is reduced by two phenom-
ena. Firstly, the limited spatial extension and the spatial coherence of the
illumination heam widens the peak. Secondly, in our application, the angular
divergence of the input beam causes a smoothing of the resulting light dis-
tribution. The secand effect is more important than the first one. However,
the influence of the zero order is stil! important. As an example, we compare
the energy contained in a uniform distribution of an angle of 25 mrad and in
a Gaussian spot of a width of & = 1mrad, simulating the signal order and
the zero order of a typical flat-top beamn-shaping element, respectively. For
the one-dimensional case, the Gaussian spot reaches the desired uniform level
already with 4.6% of the total signal. For the two-dimensional case, already
0.2% of the total signal energy is sufficient to bring the spot at the same level.

6.1.2 Localised error for re-mapping and grating DOEs

An important distinction between grating and re-mapping type elements exists
regarding their tolerance to & localised error € (x). The effect of such an error
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is the multiplication of the input intensity in Eq. (5.8) by the local grating
efficiency n (x) = f{e(x)). We have seen in chapter 5 that the elements ob-
tained by re-mapping design are a subset of all possible solutions. This subset
is characterised by the fact that the energy conservation of Eq. (5.8) is given

by the differential formulation '

I; (%) d8x (x) = I, (u) dS, (u). (6.2)

where 45, and d5, are the elements of surface in the input and in the output
planes, respectively. This simpliication is possible because there exists a map-
transform g : x — u hetween the coordinates of the input and cutput planes
given by Egs. {5.1) to (5.4). This map-transfor is only dependent on the
local frequency of the optical element, not on the grating profile inside a period
which influences essentially the intensity repartition among the grating orders.
Consequently, the map-transform is not affected by the errors. From this
observation, we can draw a first conclusion on the effect of a local error on an
optical element. The diffusers will spread the effect of the error over the entire
far-field light distribution. On the other hand, the elements which exhibit
a map-transform relation, i.e. re-mapping and para-geometric grating-type
elements, will transfer a localised error to the far-ficld distribution. This result
can be expressed as

Toercor (W} dSu () = 7 (X} I, (x] dSx (x) =7 (x) [, (u ()} dSu (u{x)). (6.3)

The difference between para-geometric and diffusers grating tyvpe elements
has heen reviewed earlier by Aagedal or Senthilkumaran [133,134].

6.1.3 Differences for diffractive and refractive types of
elements

The previous property is not shared by refractive elements. Indeed, an error
for arefractive element cannot be modelled by the a change of efficieney. It will
instead influence the profile, thus the local grating frequency. This will in turn
modify the map-transform relation, leading to a global geometrical distortion
instead of a local intensity modification, This difference has been worked
out by Ehbets [80] and Hessler (81]. The latter has elegantly outlined bow
the pesition and the intensities of the focal spots are changed by fabrication
errors.

6.1.4 FError simnlation method

Another point o consider in the study of the errors is the methods used to
simulate their influence. Of conrse, rigorous methods are the only ones to take
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Figure 6.1: Comparison of the efficiency of the 1st order of a binary (a) and an eight-
level (b) grating for rigorous calculation and paraxial scalar optics. The rigorous
curve is the average of both polarisations. The constant line is the value predicted
by scalar theory (40.53% for a binary and 94.96% for an eight-level grating).

into account all the peculiarities of the errors, but their use is limited for the
reasons explained in chapter 2. However, they shall be used to validate or
complement the use of scalar theory and thin element approximations.

In order to judge the accuracy of the thin element approximation (TEA) in
our domain of application, one can compare the diffraction efficiency of a grat-
ing calcnlated by rigorous methods (Fourier modal method in our case) and the
behavieur predicted by, TEA, i.e. a canstant valne. As an example, we consider
a grating in calcium fluoride (refraction index n = 1.559 at 157 nm}. Figure 6.1
shows the corresponding results for comparison. The paraxial scalar approxi-
mation for a binary grating is valid as soon as the grating period is abont fonr
times larger than the wavelength. Thongh ten wavelengths are required for
an eight-level grating, the behaviour is already stable when the period is five
wavelengths. This validates its use for the stndy of most fabrication errors,
especially the ones which do not create small features.

When the natore of the error cannot be fully explained throngh a one-
dimensional grating, we will also give a brief description of the two-dimensional
kehaviour, with respect to symmetries and to the differences between the op-
tical elements of re-mapping type or grating-type. However, as we are mostly
interested in a gualitative study of the errors, the one-dimensional simulations
should provide enough information.
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Figure 6.2: Illustration of the slope correction principle {(a}. The original illumina-
tion resulting in a narrowed groove (top) is reduced to balance both grating levels
(bottom). Comparison of the efficiencies of the of the original (b} and the corrected
(c) gratings for different slope area to period ratios.

6.2 Fabrication errors

Fabrication errors have extensively been stndied for focusing lenses and grating
clements {135, 136]. However, for far-field beam shaping the aspect of fabri-
cation errors has not received much interest until now. We shall present here
the characteristic effects of some of the errors presented in chapter 4.

6.2.1 Grating profile errors

As we have seen in chapter 4, the lithographic process may create a line-width
error and a profile stope error, both of them can be partly corrected during the
ctching step. Additionally, one can alsa reduce their influence in the design
stage if they are reproducible. Under this condition, one can introduee a pre-
compensation of the error, by making the transparent apertures of the mask
wider in order to achieve the originally desired width at half height instead
of the top of the fabricated structure [136]. The effect of snch a correction is
demonstrated in Fig. 6.2. While, for a slope area of 10% of the period, the
original element signal orders have decreased from 81% to 72% and the zero
order has reached 5.6%, the corrected element signal stays nearly stable at
79.5%, and the zero order is limited to 1.6% of the total signal energy.

For line-width and slope errors which are constant over the entire DOE,
oue can expect that the effect is higher for smaller grating periods, Thus
the resulting pattern shares the symmetries of the original DOE. For a re-
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Figure 6.3: Effect of etching depth error for a binary grating (a) and an eight-level
grating (b).

mapping element based on a Fresnel zone plate, the error exhibits a symmetry
of rotation,

6.2.2 [Etching depth errors
Refractive elements

Contrarily to line-width, slope or alignment errors, etching depth errors af-
fect both refractive (ROE) and diffractive (DOE) elements. Due to the large
sensitivity of the refractive elements to the profile height, beam-shaping with
such elements requires a high degree of control during the reactive ion etching
(RIE) stage. Besides the profile height, also the selectivity of the process and
its changes must be mastered during the whole process. As previously stated,
etching depth errors will result in a wrong angular dimension of the far-fleld
light distribution. Errors in the selectivity control will result in a distortion of
the phase profile, thus in an inaccuracy of the intensity profile.

Diffractive elements

Etching depth errors are typically around 5% for most DOEs. The resulting
effect is illustrated in Fig. 6.3. For the binary grating of Fig. 6.3(a) and for an
etching depth error of 10%, the main effect is the transfer of energy from the
signal orders (decrease from 81% to 79%) to the zero order {increase from 0%
t0 2.5%). However, for an error of 5%, the zero order has only raised to 0.6%.
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Figure 6.4: Simulation of one-dimensional eight level re-mapping type (a) and grating
type (b) elements with (solid line} of without {dashed line) misalignment of the
intermediate mask.

For ap eight-level grating, the situation is more complicated depending on the
way the three successive errors are composed. For the case that the errors
are systematically in the same direction, and proportional to the ideal depth
of the etching for all thres processes, the resulting efficiencies are plotted in
Fig. 6.3(b). For an error of 10%, the loss of efficiency in the signal orders is
still small (decrease from 95% to 92%) and the energy transferred to the zero
order only 1%. For an error of 5%, the zero order contains only 0.3% of the
energy. This shows that for relatively easily achievable tolerances, the etching
depth is not the most serious issue.

An improvement has heen proposed by Kettunen to lower the sensitivity
of diffractive structures to etching depth errors [137}. The principle is to nse a
three-level optical element. However the phase is designed to be binary, and it
requires ene additional mask when compared with the original process. This
will in turn introduce other errors, like mis-alignment of the masks, which
makes this improvement preferable for direct-writing technologies.

6.2.3 Alignment error

Misalignment of the masks during the exposure step in the lithography process
is known to be the main sonrce of errors for multilevel lenses in focusing appli-
cations {138-142]. We have studied the effect of this error for both re-mapping
type and grating type DOEs [143], as illustrated in Fig. 6.4. From section 6.1,
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{a) (b)

Figure 6.6: Reduction of the difiraction oscillations. The flat-top geometrical optics
design {dashed) results in strong oscillations {a), the energy is redistributed from the
sides of the signal to the central part {b). At the bottom: the re-mapping element.

where @ is the far-field angle and a the cell dimension. Kopp has proposed an
analysis of the oscillations for a quadratic phase in a separable gecmetry [58)].
The light intensity has extrema located at

uj=—-=~a-, jeZ. (6,5)

For more general cases, as seen from previons examples in chapters 3 and
5, the strongest oscillations are always located at the angles correspeonding to
the edges of the cell. The exact positicns of the extrema cannot be determined
analytically.

6.3.2 Correction schemes

The Gibbs phenemenon is usually corrected by apodisation [94], but this solu-
tion involves absorption of light, that is not easy to fabricate neither acceptable
for thermal reasons in cur application. Locally controlled fabrication errors
such as line width and etching depth can be used to generate a local loss of
efficiency. This allows to simulate an apodisation without absorption in the
material {71,103]. However, both solutions are lossy and it is nsually preferable
to redistribute the light in the signal and to aveid increasing the noise. We
propose here a simple corrective scheme that reduces the importance of Gibbs
oscillations while maintaining the energy in the signal orders. We will restrict
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no symmetries, such as hexagonal or square arrays of lenses used in aperture
modulated diffusers {AMDs).

6.4 Influence of the encoding

For multilevel structures, the decomposition of the phase anto a discrete num-
ber of values is responsible for many phenomena in the resulting light dis-
tribution. It is thus necessary to review the role of the various parameters
influencing the encoding in order to choose the most suited scheme for our
application.

6.4.1 Quantisation of the phase

The multilevel approximation of a continuous phase is responsible for strong
perturbations in the far-ficld profile, as illustrated by Fig. 3.7. These oscilla-
tions are different from the ones caused by diffraction. Their geometry is given
by the encoding, not by the aperture. They are stronger when the ideal phase
is not well approximated by the multilevel profile, for instance in the areas of
slow phase variations. For a Fresnel lens, they are circular and mostly visible
at the centre. Diffraction related oscillations, on the other hand, are following
the shape of the cells and are located at the edges. This difference is clearly
visible in Fig. 3.21 for both the rectangle and hexagonal cells.

The oscillations due to quantisation are not influenced by the diameter of
the lens, as seen in Fig. 6.8. The lines of the image represent the radial profile
of the far-field light distribution. When the lens size is increased, for instance
by opening progressively a diaphragm in the lens plane, the angular aperture
increases, but the position of the maxima and minima of the intensity are
preserved. The diffraction oscillations are located at the edge of the far-field
and do not perturb the quantisation oscillations either.

6.4.2 The phase offsef,

As seen in chapter 5, in both cases, diffractive and refractive, a constant phase
offset does not alter the functionality of the elements. However, this degree
of freedom becomes interesting to use when the profile is approximated by a
multilevel structure. The phase offset does change the positions of the steps
(the transition points), as seen in Fig. 6.9.
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Figure 6.13: Comparison of the central peak in Fourier space for a disc-to-ring (a)
and hexagon-to-ring (b) elements. The DOEs are 8-level lenses, 2 mm wide, designed
to generate a ring between 0.5° and 1.5°.

6.4.3 Lens encoding

Until now, we have presented and analysed the resuits of the so called analytical
quantisation (AQ}. However, this is not the anly available quantisation scheme.
Direct sampling (DS} was proposed by Kuittinen as an optimum version of the
radially symmetrical iterative discrete on-axis encoding (RSIDQ) [145, 146].
Direct sampling can work around the limitations due to the minimum feature
size and gives higher efficiencies for lenses with large numerical apertures.
Figurc 6.14(a) illustrates the principle of direct sampling. A fixed pitch defines
a set of sampling points. The phase value of the continuous profile between
such points is approximated by the closest phase leveljavailable. Figure 6.14(b)
shows how the phase affset modifies the encoded proﬁl:e in the case of the direct
sampling. :

However, when the rings are sufficiently wide, the fixed pitch of the DS
results in a loss of freedom in the choice of the ring radii. To outline this
drawback, we have simulated an eight-level disc-to-ring beam-shaping element
spreading the light between 0.5° and 1.5°. The DOE is supposed to he il-
luminated by an incolherent beam with 1mrad divergence, which smoothes
the rapid oscillations in the far-feld. This element, encoded with analytical
quantisation, requires a minimum feature size {mfs) !Ef 1.16 um and produces
a far-field presented in Fig. 6.15{(a}. When encoded with direct sampling of
pitch 1 um, the far-field distribution is less uniform and the noise inside the
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Figure 6.14: Direct sampling for the same lens as in Fig. 6.9 with phase offset zero
in {a) and 0.04 x 2= in (b}.

ring is increased, as seen in Fig. 6.15(b). The direct sampling already shows
its limits although the pitch is smaller than the minimum feature size for the
analytical quantisation. Therefore, direct sampling sbould be used only when
analytical quantisation requires feature sizes smaller than offered by the fab-
rication process. Even in this case, it is preferable to use the direct sampling
only for those parts of the element where it is atrictly mandatory. Encoding
the low frequencies areas using analytical quantisation results in a appreciable
gain of uniformity and a reduced noise in the centre of the ring, as illustrated
by Fig. 6.16. We assumed a mjnimum feature size of 1.3 um, which is too
large for AQ in the high frequency part of the element. The noise produced
by a purely d]rect-sampled solution is considerably higher than for an hylrid
encoding.

This weakuess of the direct-sampling encoding in terms of noise and unifor-
mity compared to analytical quantisstion can be understood by the constraint
of equal pitch. This constraint ensures that no feature will be smaller than a
minimum threshold, but goes far beyond. Analytical quantisation, on the other
side, cannot enforce the feature size constraint, but allows for more freedom
in the value of the radii.
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Figure 6.15: Comparison of a disc-to-ring beam-shaping element encoded with an-
alytical quantisation (a) of mfs = 1.16 um and with direct sampling of pitch 1 um
(b).
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Figure 6.16: Comparison of a disc-to-ring beam-shaping element encoded with Direct

Sampling of pitch 1.3 um (a), and hybrid element with mfs = 1.3 zm (b).
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Figure 6.17: Effect of tessellation on the far-field light distribution of a one-
dimensional CGH (solid line). No effect is predicted if the resolution of the sim-
ulation is 1 point per pixel (a), but for & higher resolution (b), the signal is degraded
by an envelope that corresponds to the sinc square due tx the diffraction of one pixel
(dashed line). When the pixel size is increased, the distortion gets stronger {¢) and

{d).

6.4.4 Spatial quantisation

In chapter 3, we have mentioned that the use of pixels (tessellation) to fabricate
the structure of the optical elements introduces artifacts. The first one is the
presence of a sinc square curve that distorts the desired far-fleld, as illustrated
in Fig. 6.17. The element is a one-dimensional CCH, designed by IFTA to
generate a flat-top distribution of angle +2° for a wavelength of 200 nm. If the
pixel size is not taken into account, i.e. if the simulation is performed with a
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proximation of rings by polygons and shown which defects can be expected de-
pending on the resolution of the polygons [54]. We presented in chapter 3 a pos-
sible method to work around the tessellation by refining the two-dimensional
sampling by smooth curves. Finally, it is also possible to use smaller pixels to
reduce the pixelation influence. 1t is known that when the pixel size is smaller
than half of wavelength, the light does not "see” the pixels any more [59).

6.5 DBeam size and spatial invariance

By design, remapping-type and para-geometric elements are fundamentally
spatially variant and so is the input beam. To achieve spatial invariance of the
-beamn-shaping device with respect to the input beam, beam-shaping elements
are built from small individual optical elements tiled into arrays. The far-
field distribution is the sum of all the light distributions generated from the
individual cells, thus realising the average of all cells. To evaluate the number
of cells required, we studied the repastition of light created by a Gaussian beam
over a hexagonal array. The light distributions from each hexagon are then
summed, The result is shown in Fig. 6.19. The illumination is homogeneously
spread (in a 10% range) over the hexagon geometry as soon as the width of the
Gaussien beam is greater than 1.3 times the outer diameter of the hexagonal
cell. :






Conclusion

The present work has tackled the design and characterisation of far-field beam-
shaping elements used for the patterning of illumination in lithographic sys-
tems. This work adds up to an already exteusive literature on the sub-
ject [48,51,97,144,148|. However, new concepts and ideas have heen presented.

Firstly, the capability to simulate large structures with low memory require-
ments has been introduced. This has allowed to study real two-dimensional
beam-shaping elements whose dimensions are commonly thousands of times
the wavelength of the light. Based on this new capacity, the inflnence of
diffraction has be studied.

Secondly, the design of re-mapping type elements has been revised. New
formnlas have been proposed for specific light distribntions, and an improve-
ment has been demonstrated for the iterative finite-clement mesh-adaptation
algorithm [6]. ' _

Finally, a comprehensive study of the influences of the fabrication errors for
far-field beam-shaping elements has been conducted. The conclusions drawn
from simulations have been confirmed by measnrements realised on fabricated
elements. The differences of behaviour between diffusing grating-type ele-
ments, re-mapping type elements and para-geometric grating-type elements
have been emphasised. This study has led to propose a possible improvement
for rotation-symmetrical phase zone plates and to identify the tolerances of
the various element types.
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Bézier curves

Bézier curves were invented in the 1960°s to fulfill the needs of the automo-
tive industry, providing curves and surfaces versatile enough for car designers.
Pierre Bézier, engineer at Renault and Paul de Casteljau, engineer at Citroén,
are usually both credited to have invented independently, at the same time,
the bases of the Bézier carves. From the car-body design, the use of this tool
has spread in computer graphics, where they are encountered in fonts, two and
three-dimensienal drawing softwares and interpolation techniques.

Definition and construction of Bézier curves

A Bégzier curve of order n is defined by n+ 1 control points Ay, ..., A,. Given
a parameter ¢, usnally 0 € £ € 1, a point P (¢} on tbe curve is given hy

P(t) = iA.-B.-_n 0, (A.1)

=)
where B; ,; (t), the Bernstein pelynamials, are deflned as

Bin(t) = ﬁti (1—t)*". (A.2)

Figure A.1 shows examples of Bézier curves. As can be seen, a Bézier
curve passes through its first and last control points (for £ = 0 and ¢t = 1,
respectively), but does not pass throngh the other control points. Figure A.1({a)
shows the most simple Bézier curve, the quadratic one. This curve is used for
instance in true type fonts (TTF), invented by Apple and Microsoft as a cheap
alternative to Adobe's postscript fonts, based on the cubic Bézier curves of
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‘|

(a) (b) (e}

Figure A.1: Quadratic {a), cubic (b) or higher degree {c¢) Beézier curves are defined
by their control polygon.

Fig. A.1(b). Metafonts of Donald Knuth are also based on the cubic Bézier
curves. The cubic Bézier curve definition may be expressed in matnx form

1:'(t}=[1='0 P, P, PaJ . (A-3)

’ 3
-UOOIJ_tJ

Another equivalent definition of the Bézier curves is given by the theorem
of de Casteljan, describing the geometrie construction of the point P (). This
construction is illustrated in Fig. A.2 for a cubic Bézier curve and the point
P (t) = 2/3. From the four control points A, B, C and D, the three points
I, J and K are built with AI = 2/3AB, BJ = 2/3BC and CK = 2/3CD.
Then the points M and N are built with IM = 2/31] and JN = 2/3)JK. Fi-
nally, O = P (¢t = 2/3} is obtained on the segment MN with MO = 2/3MN.
Mathematically, this algorithm is expressed as

P() =P (1), (A.4)

where

‘ 1= PE Dy + P V) ifj >0,
P?)(t)= ( VP 1) | i (] 3 . (AS)

Py otherwise.

All Bézier .curves share many interesting properties:
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Figure A.2: A geometric construction of a Bézier curve can be obtained via de
Casteljau algorithm, illustrated here for the point P (1) = % of a cubic Bézier curve.

1. They are invariant by affine transformations (rotation, scaling, transla-
tion, shearing or parallel projection). This means that the knowledge of
tlie control points is sufficient in order to perform such transformations.

2, They are always contained in the convex hull of the control polygon.
3. A Bézier curve of order n has at most n — 2 inflection points.

4. At Ay, the Bézier curve is tangent to AgA; ; at Ay, the curve is tangent
t0 An—lAﬂ.

5. De Casteljau algorithm also divides a Bézier curve into two adjacent
Bézier curves. In Fig. A.2, the two resulting cnrves are defined by the
pointg (A, I.M,0) and (O,N.K,D).

Referauce [149] contains an in depth presentation of the Bézier curves and the
splines. .

Bézier curves, splines and data interpolation

Because a change of one control point will influence the whole Bézier curve,
only quadratie or cubic Bézier curves are used in practice. For longer lines,
quadratic or cubic Bézier curves can be linked piecewise together. These piece-
wise curves, that we have used in our applications, are a subset B-splines which
in turn are a snbset of splines. The concept of spline curves were originally
studied in the X1Xth century with wooden or metallic splines constrainted to
pass by given points by “dncks” (metal weights). The elastic nature of the
spline was making the curve smooth.
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It is possible to convert B-splines to piecewise cubic Bézier curves thanks
to the “knot insertion” algorithm [149]. Splines are commonly used for inter-
polation and may be usefull to infer smooth curves from isclated points. In
the same field of application, there exist algorithins to extract contours from
black and white images [150] or to interpolate level curves from continuous
profiles [151] which may be used to refiné tessellated structures, as shown in
Fig. 3.15.



The complex error B
function

The error function erf(x) can be extended to the complex plane {z = x + iy)

erf(z) = % f: exp (—&*) d¢. - (B.1)

From there, we can define the complex error function w(z), also called
Faddeeva function or plasma dispersion function, as

w(z) = exp (—2°) erfe (~iz) = exp (—2%) - (1 + % ]: exp (£} dt) . {(B.2)
It has the interesting property
w{—z) = 2exp (~z%) — w(z), (B.3)

which-allows to determine its value on one helf of the complex plane from the
knowledge of its value on the other half. Hence, Eq. (3.18) is reduced to the
computation of

-/: exp (t¥) dt = ig (1~1w(z) exp(2?)). (B.4)

This equation can he either computed from tabulated polynomial approxi-
mations [152], or by using an algorithm recently proposed by Weideman [153}.
This algorithm is only defined on half of the complex plane, thus the interest
of Eq. (B.3). Its precision can be tuned by a parameter N = 2P and it can
achieve accurate results in a short time. Moreover, the implementation given
by Weideman is only eight lines in Matiab, and not much more is needed to
extend it to the whole complex plane.
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absolute error of C(x]+lS{:} valus
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:  Weideman, N=32
1wl - — Waeklaman, N=18
- Weidaman, N=8
]
o
>
3
f3
]
@
5
E
£
B
£
o
£
-]
W0 L SRR
10 A e

0 10 20 30 40 50 50 0 80 20 o0

Figure B.1: Comparison of the absolute error for the computation of C(x) +
i§ (x)using the polynomial expansion or the Weidemnan complex error function al-
gorithm .

This complex error function w (z) is related to the Fresnel integrals C (z)
and S{z) by

Cz)+iS(z) = -1—-2—5.—1 (1 - w (1—:—1 ﬂz) - exp (igzz)) . (B.5)

which gives a possibility ta compare both methods.

This comparison is illustrated by Fig. B.1. For N > 16, the accuracy is
drastically increased by using the Weideman algorithm in most parts of the
complex plane, especially far from zero. For N = 32, the error is so small that
it reaches the limits of precision of Matlah, as can be seen fram the typical
numerical quantised noise pattern. However, we can see that for small values of
x, the algorithm has the lowest precision and may be beaten by the polynomial
expansion. Table B.1 gives the values of the absolute error at x = 0 for different
‘valnes of the algorithm precision parameter.

For N > 16, the absolute error of the Weideman algorithm is worse than the
polynomial expansion for x < x.. From Eq. (3.22), this implies the algorithm
is better as soon as

a—y > iz x.. {B.B)
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N || crroratx=10 Xe t::n_m:,ﬁ%
8 1.5.10™4 NC 5.5

16 || 1251077 | 0.523 4.5

32 3.10714 0.235 33

64 2-107¢ NC 23 -

Table B.1: Comparison of between the polynomial expansion and the Weideman
algorithm for varicus values of the parameter N. x. is the value for x where the
accuracy of both formulas is equal.

For a wavelength of 633 nm, a parameter N = 16 and a distance z = 150 mm,
Eq. {B.6) yields about 150 um. Hence, any element whose size is larger than
this value will benefit from the Weideman algerithm in terms of accuracy.
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