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Abstract

In Reinforcement Learning theory, we often assume restrictive assumptions, like
linearity and RKHS structure on the model, or Gaussianity and log-concavity of
the posteriors over models, to design an algorithm with provably sublinear regret.
In this paper, we study whether we can design efficient low-regret RL algorithms
for any isoperimetric distribution, which includes and extends the standard setups
in the literature. Specifically, we show that the well-known PSRL (Posterior
Sampling-based RL) algorithm yields sublinear regret if the posterior distributions
satisfy the Log-Sobolev Inequality (LSI), which is a form of isoperimetry. Further,
for the cases where we cannot compute or sample from an exact posterior, we
propose a Langevin sampling-based algorithm design scheme, namely LaPSRL.
We show that LaPSRL also achieves sublinear regret if the posteriors only satisfy
LSI. Finally, we deploy a version of LaPSRL with a Langevin sampling algorithms,
SARAH-LD. We numerically demonstrate their performances in different bandit
and MDP environments. Experimental results validate the generality of LaPSRL
across environments and its competetive performance with respect to the baselines.

1 Introduction

The last decade has seen a significant advance in Reinforcement Learning (RL), both in terms of
theoretical understanding and impact in practical applications. However, still, the theoretical results
do not always apply or explain RL in real-world settings. The central issue is that to operate on
complex environments RL algorithms aim to learn a parametric functional approximation of the
environment and to theoretically analyse them, we often assume linear, bilinear, or reproducible
kernel [OBM22] type parametric models, and Gaussian or log-concave posteriors for Bayesian
algorithms [[CG19; OV 17]]. In this paper, we aim to narrow this gap further by studying whether we
can achieve the desired regret guarantees for isoperimetric distributions. Isoperimetric distributions
include all the aforementioned setups studied in RL theory, and also non-log-concave and perturbed
versions of log-concave distributions. In optimization and sampling literature, isoperimetry is used to
give efficient and controlled sampling from non-convex and perturbed distributions. Isoperimetry
relates to the ratio between the area of the perimeter and the volume of a set. It is known that some
isoperimetric condition is needed for rapid mixing of Markov chains to avoid the risk of getting stuck
in bad regions [VW19]l. Among the different forms of isoperimetric inequalities, we consider the Log
Sobolev Inequality (LSI).

Posterior Sampling-based RL (PSRL). For our study, we focus on the popular PSRL
algorithms [Rus+20; |ORV13], which are generalisation of Thompson sampling proposed
for bandits [Tho33]. PSRL is a Bayesian algorithm that begins with a prior distri-
bution over the model parameters. As PSRL collects more data, it creates more in-
formative posterior distributions, samples probable model parameters from the posteri-
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ors, and uses the sampled parameters for further planning. Since PSRL has been suc-
cessful both theoretically and practically, we choose it as the base algorithm to study.
Still, exact sampling and tracking of
the posterior may be intractable for
many distributions (e.g. in high di-
mensions). It is easy to show that ap-
proximation in the sampling can lead
to linear regret unless sufficient care Figure 1: Examples of log-Sobolev distributions.

is taken. On the other hand, being lim-

ited to distributions allowing exact sampling is insufficient for applications. Thus, there has been a
series of works to relax PSRL with approximate posteriors and still to avoid linear regret.

B(x)

Langevin Sampling-based PSRLs. One of the growing approaches in this direction is to use
Langevin-based approximate sampling methods [Maz+20; Zhe+24} [Ish+23|], which are known to
be generic and efficient in optimisation, sampling, and deep learning literature. Mazumdar et al.
[Maz+20] and Zheng et al. [Zhe+24] propose Langevin-based PSRL algorithms for multi-armed
bandits that achieve order-optimal regret only for log-concave distributions. Similarly, Xu et al.
[Xu+22] extends these ideas to linear contextual bandits but still with a linear dependence on the ap-
proximation error. Ishfaq et al. [Ish+23|| brings Langevin-based PSRL to Markov Decision Processes
(MDPs) but the theoretical guarantees are available only for linear approximations. However the
sampling literature has shown that Langevin methods are efficient for isoperimetric distributions, i.e.
the ones that satisfy LSI or Poincaré inequalities. This motivates us to propose a generic algorithm
that can work for any distribution satisfying LSI, and for bandits and MDPs, and also to study what
are the minimum conditions required to achieve sublinear regret. Specifically, we ask:

1. Is isoperimetry of posteriors enough to ensure efficient execution of PSRL-type algorithms?

2. Can we use Langevin sampling-based algorithms to approximate the isoperimetric posteriors and
still obtain an efficient approximate PSRL algorithm?

Our contributions address these questions affirmatively and more. Specifically, we

1. Prove that PSRL can achieve sublinear regret for posteriors satisfying LSI if we can compute and
sample from the exact posteriors. This result broadens the scenarios where PSRL is proven to be
efficient.

2. Propose a generic PSRL-algorithm, called LaPSRL, that uses a Langevin-based sampling to
compute approximate posterior distributions. A generic regret analysis of LaPSRL shows it can
achieve O(\/T ) regret if the approximate sampling algorithms allow the posterior to contract linearly,
where T is the number of interactions. Then, we show that if we deploy LaPSRL with SARAH-LD,
a well-studied Langevin sampling algorithm, we only need a polynomial number of samples w.r.t.
the MDP parameters with and without chaining them. Conducting analysis requires generalising the
regret analysis with LSI and also studying the contraction of posterior over models under Langevin
dynamics.

3. Show LaPSRL with SARAH-LD achieves sublinear regret across different environments, including
Gaussian, Mixtures of LSI distributions as well as any log-concave distribution or mixture thereof.

4. Experimentally demonstrate that LaPSRL with SARAH-LD yields sublinear regret for bandits with
Gaussians and mixture of Gaussians as posteriors, and Linear Quadratic Regulators (LQRs) with
approximate posteriors, and performs competitively with corresponding PSRL baselines.
Notations. We will use complexity notation O, {2, ©, with standard implications, and sometimes
O, 2,0, which is the equivalent term but ignoring sub-logarithmic and poly-logarithmic terms.

2 Preliminaries: Reinforcement Learning, Sampling with Langevin Dynamics

Before proceeding to the contributions, we first formally state the problem of episodic RL. Then we
summarise PSRL for episodic RL and Langevin dynamics based sampling techniques, which are the
main pillars of our work.

Problem Formulation: Episodic Reinforcement Learning (RL). To perform RL, we consider the
episodic finite-horizon MDPs (aka Episodic RL) [ORV13;/AOM17]. MDP in episodic RL is defined
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as M = (S, A, T,R,7,H). M has states s € S where S € R, actions @ € A. In episodic RL, the
agent interacts with the environment in episodes of H steps. Any episode [ starts with a state s}.
Then, for ¢t € [H], the agent draws actlon al from a policy 7(s!), observes the reward R(s!,al) € R,
and transits to a state s} ; ~ T (. | sk, al). The performance of a policy 7 is measured by the total

expected reward V] w.r.t. an initial state s. We define the value function and the Q-value function at
h € [H|

H H
E (s¢,ai) | sp=s|, and Q7 (s,a)= g (st,at) | sp=s,ap =a
—h t=h

The MDP is typically unknown. In the Bayesian approach, we construct a posterior distribution
P(M | D;) over M given the data observed so far, i.e. D;. When there is only one state, or the state
does not depend on the action, this problem reduces to what is known as the multi-armed bandit
problem (MAB) [LS20]. For bandits, the episode length H = 1.

Background: PSRL. A popular Bayesian approach, which has been very successful is to sample
an MDP M; ~ P(M | D;) and play the optimal policy for M; for one episode before updating the
posterior and resampling. This algorithm is known as PSRL [[ORV13]. PSRL reduces to Thompson
sampling [Tho33|], when applied to MAB. In this paper, we will use some simplifying notation, z;
is shorthand for (s;11, s;, a;). The concept of regret is crucial to RL theory, it describes how much
worse the policy is than the optimal policy. In the Bayesian regret, this is taken in expectation over the
possible MDPs and evaluations and can be written ) ] > E[VM (s11) — V,yj (s1,1)] To calculate
regret we use notation Ay,,x = max, Vi (s) — min, V;(s). In the paper we use n to denote the
amount of data samples we have observed. When in the context of scaling we use 7' = 7 H instead.

Background: Sampling with Langevin dynamics. In the notation of Langevin sampling, we need
to sample from a target distribution dv o e~ ¥, where F : RY — R. Specifically, we express
F(0) = 1/nY""_, fi(6), with each f; representing the loss associated with a data point z;, and
F being the average loss. In the context of Bayesian posteriors, we can set ¥ = n and define
fi(0) = —1/nlog P(0) —log P(x;|6), where each f; corresponds to the log-likelihood for data point
x; and includes its “share” of the log prior.

In continuous time diffusion, Langevin methods can sample exactly from a posterior [VW19]. In
practice, discretization makes this impossible, but using a Langevin gradient descent algorithm allows
for sampling from the target distribution with a controlled bias, under conditions on isoperimetry. We
define the two following assumptions on smoothness and isoperimetry.

Assumption 1 (L-smoothness). If f; is twice differentiable for all i = 1...,n and Vx,y €
a:)” < L, then f; is L-smooth. Additionally, this implies that F is also L-smooth.

Assumption 2 (log-Sobolev inequality). A distribution v satisfies the log-Sobolev inequality (LSI)
with a constant « if, for all smooth functions g : R™ — R with E, [g?] < oo, the following holds:

2
E,[9%1og g°] — E,[9°] log B, [g%] < ~ B[Vl 2. (1

An equivalent way of writing the LSI, which is also commonly used and is found by setting p =
ﬁ, which gives KL(p || v) < 5=J, where J, : {HVlog 2| } is the relative Fisher

information of p with respect to v. Generally, it is the smallest « that is known as the LSI constant,
which is the one that will be indicated as o from now on.

In this paper, we will only cover a brief introduction to log-Sobolev distributions as needed, but there
has been much work looking into the properties of log-Sobolev distributions, a summary of which
can be found in [CL23; VW19]. Also note that in some work an inverse definition is used where the
constant is defined o/ = % leading to some confusion.

Obtaining the LSI constant is not always trivial, but there are some tools. In some cases, the
Bakry-Emery criterion can be used.

Theorem 1 (Bakry-Emery criterion). If for distribution v, —V2logv > aly, where the inequality
indicates the Loewner order and 1 the identity matrix of dimension d, then v fulfills LSI with constant
a.
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In other cases Lyaponov conditions [CGW10], integral conditions [WanO1]] or decomposing into
mixtures [CCN21b; KHR23| can be utilized. Additionally, since LSI implies the Poincare inequality
(see Assumption E]) with the same constant [VW19], it can be easier to find the Poincare constant
instead. Theorem |I|shows that log-concave distributions imply LSI, but log-Sobolev distributions
are more general. Some examples of what log-Sobolev distributions could look like can be found
in Figure[I] For example, a log-Sobolev distribution with added bounded perturbations (and some-
times even unbounded) would still fulfil LSI, but would generally break the log-concave property.
[Ste21]]. The LSI is also preserved under a Lipschitz-transformation,[VW19] and if the distribution is
factorizable such that each part is log-Sobolev, then the product is log Sobolev with a constant that is
equal to minimum constant among the factors [Led06]. Mixtures of log-Sobolev distributions are
also log-Sobolev under conditions on the distance between the distributions, more on that later.

The log-Sobolev inequality with constant o implies Gaussian concentration of a function around its
mean [Biz23|| such that for any locally Lipschitz function g : R" — R

at?

Pu(lg— Eylgl| >t) <2 ™7 ()

where L, is the Lipschitz constant of g. Under some curvature conditions, the reverse is true, Gaussian
concentration implies that the distribution is log-Sobolev [BGL+14, Theorem 8.7.2].

Background: SARAH-LD [KS22||. There exists multiple algorithms for performing biased Langevin
sampling on log-Sobolev distributions [VW19; [KS22]. In this paper, we focus on SARAH-LD
(Algorithm [3), which is a variance-reduced version of Langevin dynamics which is the current
state-of-the-art in terms of KL divergence concentration to the target distribution. SARAH-LD allows
us control the bias, and trade-off the computational complexity with the KL-divergence between
sampled and target distributions, i.e. K L(p || v). The gradient complexity of SARAH-LD is

~ 1
O ((n + d”j) L22L? ) , complete result is deferred to Theorem

a?

3 Related work

Posterior sampling was introduced by Thompson[Tho33]] in the context of clinical trials and was
later used in the context of reinforcement learning by Strens[StrO0]. It has since been found to good
theoretical guarantees[|CG19; FM21; (CGM21} |Dai+22].

Sometimes approximations are required, either because calculating or sampling from the posterior
is intractable[WCM23[; [SCR23} |Osb+23]l. While these papers have frameworks for approximate
sampling, none of them comes with any regret guarantees)’| Fan and Ming [FM21]] also study the case
of function approximation, but the theory does not hold there. The work of Huang et al. [Hua+23|]
has an approximate upper confidence bound algorithm which Bayesian regret bounds in the bandit
setting.

In addition to the previously mentioned work, there has been a surge of recent work looking into
the use of Langevin methods for bandits and reinforcement learning [Kim23; IDV20; [Yam+23|],
but this work comes without any theoretical guarantees. In Nguyen-Tang et al. [Ngu+24]| they use
Langevin for offline RL and in [Kua+23| it is for linear MDPs. The work of Karbasi et al. [Kar+23|]
also tries to tackle a similar problem as this paper, using Langevin dynamics for order optimal
regret. An important difference is that they are limited to strongly log-concave distributions and to
tabular MDPs, while we are much more general. Similarly, concurrent work on Langevin for TS
of bandits in [Zhe+24]], but with requirements on convexity. Finally, [Kua+23] uses these ideas for
delayed feedback RL, but limited to Linear MDPs and Krishnamurthy and Yin [KY21]] uses Langevin
dynamics for inverse reinforcement learning.

4 Exact posteriors

We follow the general outline from Chowdhury and Gopalan [CG19] to create a generic regret proof
for log-Sobolev posteriors.

't is worth noting that model sampling using subsamples does enjoy some theoretical properties.
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Theorem 2 (Bayes regret of PSRL under log-Sobolev posteriors). If the posteriors P(M; | H;) fulfill
LSI cind with M; = (Ta,, R, ) LSI constants are a1 and o,y and the mean reward for any MDP
M |Rpy(8)| < BrVs. We then obtain a PSRL Bayesian regret

T

E[Regret(T)] < 2H (LR log(BRTH) ) \/Olﬁ + Ly, L7+/dlog(BRTH) > \/jﬁ) +38
=1 Vo =1 V7P
(3)

It is clear that this result leads to E[Regret(T")] = O(VH7) if a; = 2(IH), in Sectionlﬁ we study
how this holds for different families of distributions which is also summarized in Table

We prove this by Using Lemma 7 from [CG19|] which transforms the Bayesian regret into a function
of 7 and R using a Lipschitz property. These functions are the mean of the transition and reward
distributions for MDP M.

We then define confidence sets on T; and Ryy.

B LZlog1/6

Cri=(/f:Z—=R||f(2) = Epp)[R(0)]| < Rojgl/ @
B dL2 log1/8

Cra=1{1:2 5B 17) — EpoplTO)l2 < | L2 ©

Qp,l

These can be then used together with the Gaussian concentration of log-Sobolev distributions from
Equation (2)) to hold for a probability 0 < ¢ < 1. The rest of the proof follows straightforwardly.

S Approximate posteriors

It is a known result that even a small, but constant, approximation error will lead to linear regret in the
context of Thompson sampling for multi-armed bandits [PAD19]]. This is not unique to bandits and
will also apply to reinforcement learning. Previous work has noted [Maz+20] that decay of this error
can allow for unchanged regret complexity in bandits. An illustration of this is given in Theorem

Theorem 3. Let a policy the start of episode | plan according to a posterior QQ; where
min(KL((F || Qi), KL(P || Q1)) < €post,i and where P, is the true posterior at start of epis-
ode l and |Rpr| < Bpg. Then the incurred regret from planning with an approximate posterior

bounded by \/EAmaxx/ €post,l-

The result comes from the fact that KL divergence controls the total variation, the proof can be found
in Appendix [D]

Corollary 1. If a policy incurs 6(ﬁg(H, S, A, D)) regret under distribution P it will incur the
2
same complexity of regret under Q if 0 < €posy < C g(Héi’if’D) for some constant C' > 0.

max

5.1 LaPSRL

With these results in mind, we design an algorithm, Langevin PSRL (LaPSRL). The algorithm can
be seen in Algorithm [I]with its sampling routine in Algorithm[2] The algorithm works similarly to
PSRL. In each episode [, a tolerable error €po; is calculated. Then we use SARAH-LD to sample a
;. Depending on the task at hand, SARAH-LD calculates the required step size and learning rate
to reach the acceptable error in KL distance, returning the desired sample. This sample is used to
obtain an optimal policy which is then played for the episode. We have two options for initializing
the sampling in each episode, from some prior or taking the previous sample. More on that in the
next subsection.

By combining Theorem 3] with log-Sobolev theory and SARAH-LD we obtain, for any log-Sobolev
posterior, order optimal Bayesian regret while still limiting the computational gradient complexity of
each episode to a quadratic polynomial.
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Algorithm 1 Langevin PSRL (LaPSRL)

Input: Likelihood f(z|#), Prior P(#), Horizon H, total episodes 7, Regret complexity
9(H,S,A,D)

po =011
else
po ~ P(0)
end if
Sample §; = Sample_parameter(f, P(6), z, €post,i5 P0)
Play 7(6;) until horizon H obtaining data D;; = D; U {xi}iH:lH(l_l).
end for

Algorithm 2 Sample_parameter

Input: Likelihood f(x|@), Prior P(#), data D;, acceptable error ey, initial sample po.
e} 3 €post, 1

16\/§L2(Hl(171))3/2’ 32OdL]2;{(lLl))

2K L(po || P(0|Dy))

Set 7, = min(

Set ky = %ﬂ log o
return § = SARAH-LD (f(z|0), Dy, P(0), k¢, n:)

Corollary 2. For a posterior fulfilling the Assumptions[I|and[2] a posterior sampling style algorithm
can obtain an unchanged regret complexity under SARAH-LD sampling under a gradient complexity
for each episode of

. . _ H3l3L2 dH2.5l3.5L2
Gradient complexity =0 ( alg + a%g(H, S A D)2> ©)
If oy = O(H]), this becomes
. dvHI?/?L?
. . H L2 v =
Gradient complexity x O ( L=+ 9(H, S, A, D)2 O

We will see in Theorem|[6] that in many cases, oy = O(HU).

5.1.1 Chained samples

The sample complexity for a ¢ approximation of v is controlled by initial distribution py with
KL(po || v). The naive approach is having po from a prior such as an isotropic Gaussian, the
dependence is only logarithmic in K L(po || ) which also does not grow very fast. An alternative
is to use the final sample from the previous time step as initialization for the next one, this also
allows for a more practical algorithm as it might be easier to estimate the divergence between the two
sequential posteriors than between the prior and the posterior. We show that reusing samples bounds
the KL distance to a function of the variance of 6.

Theorem 4. Let p.(0) be the distribution final sample (i.e. after k steps) at episode |, approx-
imating the true posterior P(6 | D) with KL(pL(0 | P(0 | D)) < €posrt- Additionally, if
V. log P(z|0) is L,-Lipschitz and c,-Log Sobolev, we get Ep¢ipy) KL (0) || P(0| Diy1)) <
€post,l + ;TzVarpz* (0y(0), where Var 1 (9)(0) is the variance of the approximate posterior distribution
p(0).

See Appendix D] for the proof.

Chaining the samples will lead to correlations between the sampled parameters. While this could
be problematic in some cases, since Bayesian regret is taken in expectation, this will not affect the
regret complexity. One problem is that the variance is taken under the approximative distribution
pL(6), but in practice, we know that this is an €post,l Close approximation. We also know that
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Table 1: Overview of log-Sobolev constant and PSRL Bayes regret for different families of distribu-
tions.

Posterior log-Sobolev constant ~ PSRL BayesRegret
Gaussian % + 9] (\/ H702>
0 ~
Log-concave O(n) O(WTH)

. § min p; min o; ~ |/ 4kHT
Mixture of LOg-COHCﬁVe 0 (m) O ( m)

variance of the posterior distributions tends to decay as more data is observed, meaning that this
KL(pL(0) || P( | Dyy1)) will decay. This is unlike the naive sampling from a prior, which will

increase.

6 Applications of LaPSRL across Different Distributions

In this section, we study a variety of log-Sobolev distributions. We show their log-Sobolev constants
and ultimately apply Theorem 2]to calculate the Bayesian regret of PSRL for such posteriors.

6.1 Univariate Gaussian

For illustrative purposes, we calculate the relevant constants for a Gaussian posterior with known
variance 2. Here we also assume a Gaussian (0, 03) prior over the mean ;. We have P(u|D) o

2 (n=—=)? 1 2 (u—ewy)?
s B G E

We can then see that we have v = n, fi(u) = ( T %) Since V3, fi(u) = n%‘g +5 <L

2n00-

Finally, we can use Theorem|l|to calculate a.. Since ||VZ fi(w)|] is independent of 4 in this case, we
can see that V2 — log P(u|D) = V23" | fi(p) = 2 + &

o2 o2
: : _ 1 no__
which gives o = >z + 25 = L.

From Theorem [2] we then get the following.

Corollary 3. PSRL obtains E[Regret(T)] = O (\/ H 7'02) with univariate Gaussian posteriors.

6.2 Mixture distributions

There has been multiple work looking into log-Sobolev constants for mixtures of log-Sobolev
distributions[KV24; |CCN21a; Sch19|]. Generally, it depends on constants of the mixture components
as well as a function of the distance between the components. Koehler and Vuong [KV24] show

Theorem 5 (Informally from Theorem 2 [KV24|). For k-mixture components pu

k k .
Zi:l Dilbis Zi:l pi = 1, where there is some overlap § between components, has Quixure >
d min p; min o
4k(1—log(minp;)"

The overlap factor J relates to integral over the minimum of the paired components, see [KV24]]
for more details. If the components are posteriors, this ¢ should go to 1 as the individual posteriors
observe more data and converge.

Combining this result with Theorem [2] we obtain the following corollary.

Corollary 4. Under the conditions of Theorem a PSRL obtains E[Regret(T)] = O ( AkHrT )

min p;
with a mixture of log-concave posterior.
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Figure 2: We compare LaPSRL versus baseline PSRL. On the left we compare the expected regret
for a Gaussian bandit algorithm, and on the right we compare how many episodes it takes to solve a
Cartpole task. In both environments, we average over 50 independent runs. The plots are included
full size in the appendix.

6.3 Log-concave and Mixture of Log-concave Distributions

Theorem 6. Any log-concave posterior will have oy = O(n). Similarly, for any posterior that is a

n min p;

mixture of log-concave distributions will have cyivyre = §2 T —Togminp))

This result comes from the superadditivity of minimum eigenvalues of Hessians and therefore LSI
constants for log-concave distributions. A proof of the theorem can be found in Appendix [E]

Combining Theorem [2]and Theorem [6] we obtain the following corollary

Corollary 5. Any log-concave posterior |Ry(s)| < BgVs for all MDPs M will have
E[Regret(T)] = O (\/E(LR—FLM*LT)). for PSRL. Similarly, and under the same
condition, any posterior that is a mixture of log-concave posteriors with E[Regret(T)] =

9] ( ARHT (1= 4 Ly, Lj—)) PSRL regret.

min p;

7 Experimental Analysis

We run a set of experiments on two environments to verify that the LaPSRL is competetive. While
these experiments are not exhaustive, they serve to show that the algorithm is sound. First, we deploy
LaPSRL on a Gaussian multi-armed bandit task with two arms. Second, we perform experiments
with a LQR [Kal60]] setup on the Cartpole environment[BSAS83]. We also perform experiments to
visualize how SARAH-LD samples from posteriors.

7.1 Gaussian multi-armed bandits

We use LaPSRL on a Gaussian multi-armed bandit task with two arms. The arms generate rewards
as N(0,0.25), N(0.1,0.25). As a baseline, we compare with the performance of PSRL from the
true posterior. Both LaPSRL and Thompson sampling use a N(0,1) prior for the mean of each arm.
Additionally, we compare with a LaPSRL algorithm that has a bimodal 1/2 N(0,1/4) + 1/2 N(1,1)
prior over the arms. The results can be seen in Section There we see that LaPSRL performs
almost identically to PSRL, which is to be expected. Additionally, the LaPSRL with a bimodal prior
is converging faster to the correct arm, this could be due to the prior being better adapted to the true
distribution but also could indicate a benefit of being able to have mixture distribution priors.
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Figure 3: Samples vs true distribution with € = 0.1 and a Gaussian posterior with 10 observations.

7.2 Continuous MDPs

To evaluate the performance on MDPs we evaluate on the Cartpole environment. We use a continuous
control version of the task with states s € R* and a continuous action in [-1,1]. We use a Linear
Quadratic Regulator model, where LaPSRL samples from a distribution over the A and B matrixes
with a N(0,1) prior over the values. The policy can then be obtained through the Riccati equation.
Instead of calculating the log-Sobolev constant for the posterior distribution, we just evaluate for
a variety of o € { 440 ' 10000 10000 } To simplify the parameter search, we set the L parameter

n’ n ' n

2K L(po || P(6]D1))

€post, |
step, we start with an initial sample from N (0, 1). As a baseline we, compare with an exact PSRL
algorithm which samples from Bayesian linear regression priors [Min00|]. Finally, we use a variant of
LaPSRL with a multimodal prior over the A and B matrixes with a 1/2 N(0,1) + 1/2 N(1,0.25) to
demonstrate that it also works well for multimodal priors that are not log-concave. The results from
this experiment can be found in Section where we plot what fraction of the 50 runs have solved
the task (i.e. taking 200 steps without failing). Here we see that all versions successfully handle the
task, even faster than the PSRL baseline. We can note that it takes longer for the experiments with
larger «v values to converge.

to an. Instead of estimating log , we upper bound this with n. In each sampling

7.3 Evaluate posterior approximation

To illustrate the convergence of SARAH-LD to the true posterior, we also include experiments in Fig-
ure 2] which illustrates the correctness of the approximation. If anything, it seems the approximation
has a somewhat lower variance than the true posterior.

8 Conclusions and future work

In this paper, we aim to understand whether we can design algorithms with sublinear regret for
any isoperimetric distribution. We specifically study PSRL type algorithms for posteriors satisfying
log-Sobolev inequalities. We show that if we can compute exact posteriors and sample from them,
PSRL can achieve O(v HT) regret in an episodic MDP. We further design a generic Langevin

sampling based extension of PSRL, namely LaPSRL. We show that LaPSRL also achieves O(v HT)
regret if the posterior for the Langevin sampling algorithm contracts at a linear rate. We plug-in
SARAH-LD as the Langevin sampling algorithm, and derive upper bounds on the required gradient
complexity and chained sample complexity. We further specify LaPSRL’s regret bound for gaussian,
mixture of gaussians, log-concave and mixture of log-concave distributions showing LaPSRL can
achieve sublinear regret in all these cases. Finally, we test LaPSRL in bandit and LQR environments
with Gaussian and mixture priors. We show that the variants of LaPSRL perform competitevly with
respect to classical PSRL in all these settings. In future, it will be interesting to extend LaPSRL’s
analysis to neural tangent kernel’s which can give a better understanding of deep RL methods.
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A Algorithms

For completeness we include the SARAH-LD[KS22]] and PSRL[ORV13] algorithms in AlgorithmE]
and Algorithm [ as well as a theorem on the gradient complexity of SARAH-LD in Theorem 7]

Algorithm 3 SARAH-LD

Input: step size > 0, batch size B, epoch length m, inverse temperature v > 1
Initialization: X, = 0, X(©) = X,
fors =0,1,...,(K/m) do
Vsm = VF (X))
randomly draw esm ~ N (0, I4xq)
Xstrl - Xsm — NVUsm + V 277/’7657”
fori=1,....m—1do
k=sm+1
randomly pick a subset Ij, from {1,...,n} of size |I;| = B
randomly draw €05 ~ N (0, Igxq)
vk = 5 2ier, (Vi (Xi) = Vi, (Xk-1)) +vp1

Xi1 = X — nug + /20/Vepost,i
end for
X (s+1) —

end for

X(s+1)m

Theorem 7 (Corollary 2.1 of [KS22])). Under Assumptions[Ijand[} for all € > 0, if we choose step size
1 such that n < 43;1;2, then a precision K L(py, || v) < € is reached after k > aln log w

steps of SARAH-LD. Especially, if we take B = m = /n and the largest permissible step size

~ 1 272
a 3ae . . dn?2 YL
TNIENGL 320dL2’y)’ then the gradient complexity becomes O (<n + <= ) — ) .

7 = min(

Algorithm 4 PSRL

Input: Likelihood f(x|@), Prior P(9)

forl=1:7do
Sample 0, ~ P(6 | D;)
Play 7*(6;) until horizon H obtaining data {a:i}f:lH(l_l).
Dty = DU {xi}fﬁH(l—n

end for

B Poincaré inequality

Assumption 3. The probability distribution v satisfies the Poincaré inequality with constant o if for
all smooth functions g : R" — R,

1
Vary(g) < EEV [1IVgll?] ®)

C Proof on Bayes regret

Theorem 2 (Bayes regret of PSRL under log-Sobolev posteriors). If the posteriors P(M; | H;) fulfill
LSI and with My = (T, , R, ) LSI constants are o, ; and o and the mean reward for any MDP
M |Rpy(s)| < BrVs. We then obtain a PSRL Bayesian regret

]E[Regret(T)] <2H (LR log(BRTH) E \/Olﬁ + Ly, Ly dlog(BrTH) Z \/%) +8
= V&, =1 V"P
3

13



477 Proof. For PSRL, we have m; = argmax, Vﬂk 1. We also denote the optimal policy for the true

478 MDP M, as 7, = Vﬂjfjl*. With the observation that the under the observed history H;_; we have
a9 E[VM (s11) | Hia] = E[Vﬂjt{j(sm) | H;—1]. Marginalising we obtain:

7,1

B[V, (s10) = Vi (s10)] = BV (s10) = Vil (s1,0)] + B[V (s11) = Vili (s.0)] - 9)

=E[V " (s11) = Vi (s11)] (10)

1 1

480 Next, we use Lemma 7 and observation after eq 50 from [CG19] and obtain

Z]E L(s11) — Vi (si1)] < EJ ZZ |Ras, (zi,n) — Ru(zin)| + Lo, || Tas, (zin) — Ta(zin)|2]]
=1 h=1
(1D

481 where Ly, is the Lipschitz constant for the mean of the transition kernel of M;. where Tar and Ry
482 are the mean of the transition and reward distributions for MDP M. Now we fix 0 < § < 1 and for
483 1 <[ < 7 define two confidence sets

_ L% log1/6
CRJ = f :Z —R |f(Z) — EP(Q\DL)[R(H)” § T (12)
dL2% log1/§
Cri={1:2 5B [15G) ~ By T O]l < | T2 (13)
D,

ss4 Define events E, = {R, € Cgy,T. € Cr;,¥1 <1 < 7}and Eps 2 {Ry, € Cry, Tor, €
a5 C7,¥1 <1 < 7}. From property on sub-Gaussian concentration for log-Sobolev posteriors in

ass  Equation , we get P(E)yr) = P(E,) = 1 —2H76. Taking the union of these events £ = FEy N E,
a7 with P(E°) < P(ES,) + P(ES) < 47HJ.

ags Combining the results we then get

ZZ ‘R]ul Z1h) (Zl w)l E] +E [LMZHTML(ZZ n) — *(Zl,h)||2| E]+2Br4THS
I=1 h=1
(14)
T 1 T
<2H (LR\/log /6> + Loy, Ly\/dlog 1/6) ) +8BrTHS
=1 Vo =1 Vol
15)
489 Setting 6 = 73 we obtain
E[Regret(7)] < 2H | Lg4/lo ! XT: ! + Ly, L7y /dlo ! i ! +38
- _ _./
g = R gTHBR l:1\/m M. LT gTHBR l:1\/cm
(16)
490 |

st D Proofs on regret for approximate sampling and sample complexity.

492 Theorem 3. Let a policy the start of episode | plan according to a posterior QQ; where
a3 min(KL((P, || Qi), KL(P, || Q1)) < €post,i and where P, is the true posterior at start of epis-
a4 ode l and |Ry;| < Bpg. Then the incurred regret from planning with an approximate posterior

495 bounded by /2 s /€post,1-

14



496 Proof. Let py, puf ~ P(w), p; ~ Q). m is the policy corresponding to £; and 7 the policy
497 corresponding to y.

Bpy V2. / [V =V PGl a7
;4
= Ep.q,[VV — V‘” + v”l V] (18)
= Bpq VI — VI + VI — Vi 4 VE -V (19)
= Ep,qllVi — Vi) + Vi = VA + [V - VE) (20)
€pos " * €pos s

< Ep[VE — V) + Apacy/ PQ“ + Ep [VE = V] 4 Ay / P2”]
2n
= Ep, [Vu - VM ] + \/iAmaxv €post,l (22)

498 The second term in the inequality comes from the total variation distance that can make MDPs with
499 large values be more common in P than in Q. The third term is similar, we can sample the policy
so0 from P instead of Q, with the added worst case penalty for the terms that differ.

sot  Corollary 1. If a policy incurs O(V'Tg(H, S, A, D)) regret under distribution P it will incur the
2
sz same complexity of regret under Q if 0 < €pog ) < C Mﬁ# for some constant C > 0.

503 Proof. The regret for an algorithm following the approximate posterior () is

O(Ep R(rq)) < O(v/7g(H, S, A, D)) +\fAmXZm (23)
k=1
g (H,S,A,D)
(fg(HSAD)+\fAmaXZ\me (24)
= O(v/79(H, S, A, D)) + V2g(H, S, A, D)\FCZ % (25)
k=1
= O(\/79(H, S, A, D)) (26)
504 |

s0s Theorem 4. Let p (0) be the distribution final sample (i.e. after k steps) at episode 1, approx-

so6 imating the true posterior P(0 | D;) with KL(pL(0 || P | D1)) < €posrs. Additionally, if

507 V. log P(2|0) is L,-Lipschitz and a,-Log Sobolev, we get Ep.py) KL(pL(0) || P(6 | Di11)) <

508 €posr,l T+ ;‘TZVarpz* () (), where Var,,; L(9) (0) is the variance of the approximate posterior distribution
!

s09 5 (6).

510 Proof. For notation we write P(6 | D;11) = P(0 | Dy, z). Note that P(z; | D;,6) = P(z | ) and
511 Eg P(Zl | DZ,G) = P(Zl | Dl).

KL(Pi | vier | 20) 27)
= [, rhoros (g iy ) 28)
G ) ER )

= s | mprrar | Ao o

P(z|Dy)
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512

513

514

515

516
517

(

B Pi 0) l

‘1ébg<PwDo>p*”d9 G2
+ /0 log <Im pL(0)do (33)

=KL(p, || m) + /9 log (m) pL(0)do (34)

<tposs + [ ow (A2 s 0)ap 39

:%mab%W@wméﬁw—/mmmmwdww 36)

p d&P Zl | Dl)dzl (37)

<e tl+//log< zl|Dl>
>€post,
b z1 J0O Zl|0
D)
:%w+//m{ Ml) (0)P(=1 | Di)d=1dd 38)
6 Jz Zl|0

D) D)
—epost,i + / / 10g< (21 Du) | Plaa| Do) P(z|0)dz . (0)do (39)
0Jz P(z10) ) P(z10)
z1| D,
<tpons+ [ 20 [ 19[S P01t )00 (40)

P(z|D D P

=it [ 20 [ ] PalO)V-PalD) = PElDOVPEIO) o p gy il @) @)
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E Proofs for theorems on LSI constants.

Theorem 6. Any log-concave posterior will have oy = ©(n). Similarly, for any posterior that is a

n min p;

mixture of log-concave distributions will have aivyre = §2 T —Tog(minp))

Proof. We can write the product of log-concave distributions P(6 | D;) = P(6) 12 PO yhere

A0
Z
P;(0) is shorthand for P(z; | 6). Since products preserve log-concavity, we can use Theorem [1}
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From Weyl’s inequality, we have that the smallest eigenvalue a sum of two Hermitian is larger than the
sum of the smallest eigenvalues of the two matrices. Since the Hessian is a Hermitian matrix, putting
this into Theoremthis gives that a; > ap(g) + Y. q & > ap(g) + nmin; . Similarly, applying
Weyl’s inequality for the largest eigenvalue, we get that the largest eigenvalue of —V?2 log(P(6 | D;))
is upper bounded by the sum of maximal eigenvalues which gives an upper bound of O(n) for ¢
since the smallest eigenvalue must be smaller than the largest.

Similarly, for mixtures of log-concave distributions we have from Theorem |5| that aMixwure =

0N ( min «; min p;

4k(1—log(min p;)

). Setting min; o;; = ©(n) completes the proof.

F Experimental results

Fraction
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Figure 4: We compare LaPSRL versus baseline PSRL. On the left we compare the expected regret
for a Gaussian bandit algorithm, and on the right we compare how many episodes it takes to solve a
Cartpole task. In both environments, we average over 50 independent runs.
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