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Abstract

Let M be a closed manifold whose based loop space €2(M) is “complicated”. Examples
are rationally hyperbolic manifolds and manifolds whose fundamental group has exponential
growth. Consider a hypersurface ¥ in 7*M which is fiberwise starshaped with respect to
the origin. Choose a function H: T*M — R such that X is a regular energy surface of H,
and let ¢’ be the restriction to X of the Hamiltonian flow of H.

THEOREM 1. The topological entropy of ¢' is positive.

This result has been known for fiberwise convex % by work of Dinaburg, Gromov, Paternain,
and Paternain—Petean on geodesic flows. We use the geometric idea and the Floer homolo-
gical technique from [19], but in addition apply the sandwiching method. Theorem 1 can be
reformulated as follows.

THEOREM 1°. The topological entropy of any Reeb flow on the spherization SM of T*M
is positive.

For ¢ € M abbreviate £, = X T M. The following corollary extends results of Morse
and Gromov on the number of geodesics between two points.

COROLLARY 1. Given g € M, for almost every q' € M the number of orbits of the flow ¢’
from X, to ¥, grows exponentially in time.

In the lowest dimension, Theorem 1 yields the existence of many closed orbits.

COROLLARY 2. Let M be a closed surface different from S%, RP?, the torus and the
Klein bottle. Then ¢' carries a horseshoe. In particular, the number of geometrically distinct
closed orbits grows exponentially in time.
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1. Introduction and main results

The topological entropy /., (¢) of a diffeomorphism ¢ of a compact manifold P is a basic
numerical invariant measuring the orbit structure complexity of ¢. There are various ways
of defining Ao, (), see [26] and Section 5-2 below. In this paper, we show that for a certain
class of diffeomorphisms ¢ on a certain class of manifolds P, the number £,(¢) is always
positive. We start with introducing the manifolds, first addressing the base manifolds M and
then the hypersurfaces ¥ C 7*M, and then describe the diffeomorphisms studied.

1-1. Energy hyperbolic manifolds

The complexity of our flows on ¥ C T*M comes from the complexity of the loop space
of the base manifold M. Let (M, g) be a C*°-smooth closed Riemannian manifold. We
assume throughout that M is connected. Fix gy € M and denote by Q' (M, o) the space of
all paths g : [0, 1] — M of Sobolev class W2 such that ¢ (0) = g(1) = g. This space has a
canonical Hilbert manifold structure, [28]. The energy functional € = &,: Q' (M, q)) - R
is defined as

1t
&(q) = 5/ (1) |* dt
0
where |§(1)|* = g, (¢(1), G(2)). For a > 0 we consider the sublevel sets

&qo) == {q € Q" (M, q0) | £(g) < a}.

Let P be the set of non-negative integers which are prime or 0, and write F, = Z, and
Fo = Q. Throughout, H, denotes singular homology. Let

e He (E%q0); Fp) — Hy (21(M, q0); F))

be the homomorphism induced by the inclusion £%(gy) <> Q(M, qo). It is well-known that
for each a the homology groups Hy (€(qo); F,) vanish for all large enough k, cf. [3]. There-
fore, the sums in the following definition are finite. Following [19] we give the following:

Definition. The Riemannian manifold (M, g) is energy hyperbolic if

C(M,g) := sup liminfl log Z dim ¢ Hk(S%’”2 (qo); Fp) > 0.
pePp M=o m k>0
Remarks. Since M is connected, C(M, g) does not depend on ¢,. Since M is closed, the
property “energy hyperbolic” does not depend on g. We say that the closed manifold M
is energy hyperbolic if (M, g) is energy hyperbolic for some and hence any Riemannian
metric g on M.

Examples. “Most” closed manifolds are energy hyperbolic:

(1) Manifolds whose fundamental group has exponential growth. Assume that the funda-
mental group 7r; (M) has exponential growth. This is, for instance, the case if M admits a
Riemannian metric of negative sectional curvature, [32]. By [19, proposition 1-8], M is
energy hyperbolic.

(2) Hyperbolic manifolds. Given a continuous map f: (X, x) — (Y, f(x)) between path-
connected pointed spaces, let Q(f): Q(X) — Q(Y) be the induced map between based
loop spaces and let

H,(Q(f); Fp): Hi(Q(X): Fp) — H(QT); Fp)
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be the map induced in homology. Following [38] we say that a closed connected manifold M
is hyperbolic if there exists a finite simply connected CW complex K and a continuous map
f: K — M such that for some p € P the sequence

rn(M, K, fiF,) =Y rank Hi(Q(f): F)
k=0

grows exponentially in m. In particular, rationally hyperbolic manifolds (such as CP? blown
up in at least two points) are hyperbolic, [38]. An example of a hyperbolic manifold that is

not rationally hyperbolic is T4#@2. By [19, proposition 1-11], hyperbolic manifolds are
energy hyperbolic. We refer to [19] and the references therein for a thorough discussion of
these two classes of energy-hyperbolic manifolds and for more examples.

1-2. Fiberwise starshaped hypersurfaces in T* M

Let X be a smooth connected hypersurface in 7* M. We say that X is fiberwise starshaped
if for each point g € M the set &, := X[ T} M is the smooth boundary of a domain in 7' M
which is strictly starshaped with respect to the origin 0, € T*M. This means that the radial
vector field ) ; p; dp; is transverse to each X,. We assume throughout that dim M > 2. Then
T*M \ X has two components, the bounded inner part D(X) containing the zero section,
an the unbounded outer part D°(X) = T*M \ D(X), where D(X) denotes the closure of
D(%).

1-3. Dynamics on fiberwise starshaped hypersurfaces

Given a fiberwise starshaped hypersurface ¥ C T*M, choose a smooth function
H: T*M — Rsuchthat H~'(1) = ¥ and such that 1 is a regular value of H. Let

d
w =) dp Adg, (1)

i=1
be the standard symplectic form on 7*M. The Hamiltonian vector field Xy defined by
o(Xpy,) = —dH(") 2

defines a (local) flow ¢}, on T*M, called the Hamiltonian flow of H. It restricts to a flow
¢ |x on X. Our sign convention in (1) and (2) is such that the flow ¢}, of a geodesic Hamilto-
nian H = (1/2)|p|? is the geodesic flow.

The orbits of ¢},|x do not depend on H in the sense that for a different choice G of the
Hamiltonian function, the flow ¢ |5 is a time change of the flow ¢}, |5, i.e., ¢;|s(x) =
(pi,(t’x) |z (x) for a smooth positive function o on R x X. For a flow without fixed points,
any time change preserves vanishing of the topological entropy, see [26, p. 113]. Therefore
hiop(@y1s) > 0iff hp(pgls) > 0. Similarly, since X is compact, given g, ¢’ € M the
number of ¢}, -orbits from X, to X, grows exponentially in time iff this is so for the number
of ¢ -orbits.

1-4. Main result

THEOREM 1. Consider an energy hyperbolic manifold M and a fiberwise starshaped
hypersurface ¥ C T*M. Then hyp (¢} |5) > 0.
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Discussion. (1) The unit cosphere bundle

SiM(g) :={(q,p) e T*"M | |p| =1}

associated to a Riemannian metric g on M is an example of a fiberwise starshaped hyper-
surface. In this special case, Theorem 1 has been proved by Dinaburg [9], Gromov [21],
Paternain [35, 36] and Paternain—Petean [38] in their study of geodesic flows. More gener-
ally, the sets X, are all convex if and only if X is the level set of a Finsler metric. In this
case, Theorem 1 also follows from Paternain’s work, [36].

(2) The assumption that M is energy hyperbolic obviously cannot be omitted: Geodesic
flows over round spheres or flat tori have vanishing topological entropy. The assumption that
% is fiberwise starshaped with respect to the origin cannot be omitted either: There are exact
magnetic flows on compact quotients of Sol whose topological entropy drops to zero when
the energy levels cease to inclose the zero section, see Section 7.

(3) Recall that a hypersurface ¥ C T*M is said to be of restricted contact type if there
exists a vector field X on 7*M such that Lyw = dixw = w and such that X is everywhere
transverse to X, pointing outwards. Equivalently, there exists a 1-form o on 7*M such that
da = w and such that o A (da)?"! is a volume form on ¥ orienting ¥ as the boundary
of D(X). The correspondence is given by @ = txyw. Our assumption that ¥ is fiberwise
starshaped translates to the assumption that X is of restricted contact type with respect to
the Liouville vector field Y = Zf:l pi Op;, or, equivalently, the Liouville form

d
A= Z pidq.
i=1

defines a contact form on X.

QUESTION 1:1. Is Theorem 1 true for any hypersurface ¥ C T*M of restricted contact
type that encloses the 0-section?

1-5. Reformulation of Theorem 1

We are going to reformulate Theorem 1, which is formulated in terms of Hamiltonian
dynamics, in a more invariant way by means of contact geometry. Let M be a closed con-
nected manifold. Fix a fiberwise starshaped hypersurface ¥ C 7*M. The hyperplane field
&s = ker(A|g) C TX is a contact structure on X. If ¥’ is another fiberwise starshaped
hypersurface, then the differential of the diffeomorphism

Usy: X — %', (q,p) — (g, ¥(q, p)p),

obtained by fiberwise radial projection, maps &5 to &5/ (because Wiy, (A|x) = ¥ Alx), and
is hence a contactomorphism (X, £s) — (X', &x/). These contact manifolds can thus be
identified, and are called the spherization (SM, &) of the cotangent bundle (T*M, w). !

Fix a representative (X, £5). For every positive smooth function f: ¥ — R we still have
&x =ker (fAlz). The Reeb vector field Ry on T X is defined as the unique vector field such
that

d(fA)(Ry,-) =0, FrRy) = 1.

! The authors of [10] call it space of oriented contact elements and write P4 T* M. We have chosen the
above wording since the unit cosphere bundle (S M (g), ker A) with respect to a Riemannian metric g is a
representative.
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Its flow is called the Reeb flow of R;. For f = 1 the Reeb flow of R/ is a time change of the
flow ¢, |5 of any Hamiltonian function H: T*M — R with H~!(1) = ¥ and such that 1 is
a regular value. For different functions f the Reeb flows on X can be completely different,
see e.g. [23].

Given another hypersurface ¥, let ¢ : ¥ — R be the positive function such that

s = {(¢.¥(@. pp) | (g p) e}

Then dW¥ss(R,) = Ry, that is, Wyy conjugates the Reeb flows on (E, A) and
(E/, W‘lk). Summarizing, we have that the set of Reeb flows on (SM, &) is in bijection
with Hamiltonian flows on fiberwise starshaped hypersurfaces in 7*M, up to time changes.
Recall that for a flow without fixed points, any time change preserves vanishing of the topo-
logical entropy. Theorem 1 is therefore equivalent to:

THEOREM 1°. The topological entropy of any Reeb flow on the spherization SM of T*M
is positive.
1-6. Uniform exponential growth of the number of Reeb chords

Let M, X and H be as in Theorem 1. For ¢, g’ € M let vy (q, q¢’, H) be the number of
flow lines of ¢}, |y starting from X, at t = 0 and arriving on X, before time 7. From our
proof of Theorem 1 we shall immediately obtain

COROLLARY 1. There exists a constant h > 0 depending only on (M, g), ¥ and H such
that for each q € M,

1
liminf — logv,(q,q', H) > h
x n

n—

for almost every q' € M. Moreover, for every q’ there exists an orbit of ¢}, from X, to .

For geodesic flows such lower bounds were obtained by Morse and Gromov [21]. Denote
the fiber of SM over g by S, M. In terms of Reeb flows, Corollary 1 reads:

COROLLARY 1’. Fix a Reeb flow ¢' on (SM, &). There exists a constant h > 0 depending
only on (M, g) and ¢" such that for each q € M,

1
liminf — logv,(q,q’, ¢") > h

n—oo n

foralmost every q' € M. Moreover, for every q' there exists a Reeb chord from S, M to Sy M.

Note that S, M and S, M are Legendrian submanifolds of (SM, &). Corollary 1’ is thus a
special case of the Arnold chord conjecture, with multiplicities.

Let (M, g) be a closed Riemannian manifold, endowed with its Riemannian measure ft,,
and let ¢, be the geodesic flow on S; M (g). It has been shown by Mafié [31] and Paternain—
Paternain [37] that

o / /
hen() = Jim Z1og [ vr(q. )iy @)dng(q) G)

QUESTION 1-2. Is the identity (3) true for all Reeb flows on SM?
For a partial answer in the positive in the case of certain exact magnetic flows see [34].
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In dimension 2, Theorem 1 yields the existence of many closed orbits. Indeed, according
to [24] and [25, theorem 4-1], a smooth flow on a closed 3-manifold with positive topological
entropy has exponential growth of closed orbits.

COROLLARY 2. Let M be a closed surface different from S%, RP?, the torus and the Klein
bottle. Then ¢}, carries a horseshoe. In particular, the number of geometrically distinct
closed orbits grows exponentially in time.

This is a special case of the Weinstein conjecture, with multiplicities. In terms of Reeb
flows, Corollary 2 means that for such surfaces M, for any Reeb flow on SM the number of
geometrically distinct closed Reeb chords grows exponentially in time. For a generalization
of this result to generic Reeb flows on spherizations over higher dimensional closed mani-
folds M we refer to [22]. For a result on exponential growth rate of the number of closed
orbits for certain Reeb flows on a large class of closed contact 3-manifolds, see [8].

Remark 1-3. In this paper we have exploited the exponential growth of the homology of
the based loop space to obtain lower bounds for the entropy and the number of Reeb chords.
For base manifolds M whose based loop space grows only polynomially, the same method
yields lower bounds for the slow entropy, and polynomial lower bounds for the number of
Reeb chords, see [44]. In particular, for any two points ¢, ¢’ in a closed manifold M and any
Reeb flow on SM there exists a Reeb chord from %, to X,

The paper is organized as follows. In the next section we give the idea of the proof. In
Section 3 we define the relevant Hamiltonians and compute their action spectra. In Section 4
we recall Lagrangian Floer homology and compute it for our two Lagrangians in question.
In Sections 5 and 6 we derive Theorem 1 and Corollary 1. Finally, in Section 7 we discuss
the exact magnetic flows mentioned in Discussion 1-2.

2. Idea of the proof

Let M be an energy-hyperbolic manifold, and let ¥ C T*M be a fiberwise starshaped
hypersurface. Recall that D(X) denotes the closure of the bounded part of T*M \ X. For
q € M let

D,(%) = D()NT'M

be the closed starshaped disc over ¢ with boundary £, = T T M. Choose a smooth
Hamiltonian function K: T*M — R that is fiberwise homogenous of degree 2, up to a
smoothening near the zero section M. Recall that it suffices to show that A, (¢k|5) > 0.
Since K is fiberwise homogenous of degree 2, its Hamiltonian flows on the levels s ¥ agree
up to constant time changes. Therefore, /o, (¢k|5) > 0 is equivalent to hyp (x| ps)) > 0.
By a theorem of Yomdin, the latter inequality will follow if we can find a point ¢ € M such
that the volume of the discs ¢} (Dq ( 2)) grows exponentially with 7.

We shall, in fact, establish this for each point ¢ € M, by taking up an idea from [18]: Fix
q € M. By sandwiching the set ¥ between two sphere bundles (which are the levels of a
geodesic Hamiltonian), and by using the Lagrangian Floer homology of two fibers in 7*M
and its isomorphism to the homology of the based loop space of M (whose dimensions grow
exponentially by assumption), we shall show that for almost every other point ¢’ € M the
number of intersections

Pk (Dg(2)) N Dy ()
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grows exponentially with m. This means that the discs ¢k (D, (X)) “wrap” exponentially
often in n around the base M, and hence their volume grows exponentially.

Remark 2-1. As pointed out to us by Will Merry and Gabriel Paternain, our proof of
Theorem 1 can be considerably shortened by using symplectic homology with its wrapped
version for Lagrangian boundary conditions and a remark of Seidel in [42, section 4a].
Furthermore, it is conceivable that Theorem 1 (or at least Corollary 1) can also be obtained
by using Contact homology, for spherizations, relative to two Legendrian submanifolds %,
and X, or by a relative version of Rabinowitz—Floer homology, and by establishing an
isomorphism between either of these homologies with the homology of the based loop space.
This would have the advantage of working directly at the level X, instead of the sublevel
set D(X). These homologies are, however, not yet fully established. We thus preferred to
work with Lagrangian Floer homology and to pass through the sublevel set D(X).

3. Relevant Hamiltonians and their action spectra
3-1. The path space Q' (T*M, qo, q1)

For qo, ¢ € M let Q' (T*M, qo, q,) be the space of all paths x: [0, 1] — T*M of So-
bolev class W'? such that x(0) € Tq’;M and x(1) € Tq*M . This space has a canonical

1
Hilbert manifold structure, [28]. Consider a proper Hamiltonian function H: T*M — R;

then its Hamiltonian flow ¢?; exists for all times. The action functional of classical mechan-
ics Ay: Q' (T*M, g9, q1) — R associated with H is defined as

1
Ap(x) = f (A(x(1)) — H(x(1)))dr, “4)
0

where A = Z?:l pjdq; is the canonical 1-form on 7*M. This functional is C*-smooth,
and its critical points are precisely the elements of the space P (H, qo, ¢;) of C*-smooth
paths x: [0, 1] — T*M solving

X)) =Xpgx(@)), t €]0,1], x(j)eT;M, j=0,1.

Notice that the elements of P(H, g, q;) correspond to the intersection points of gy (T, M)
and T M via the evaluation map x — x(1).

3-2. The Hamiltonians G_ < K < G
Since ¥ is fiberwise starshaped, we can define a function F': T*M — R by the two
requirements

Fly =1, F(q,sp) =s*F(q,p) foralls >0and (g, p) € T*M.

This function is fiberwise homogenous of degree 2, of class C', and smooth off the zero-
section. To smoothen F, choose ¢ € (0, 1/4). We shall appropriately fix ¢ later on. Choose
a smooth function f: R — R such that

fr)=0 if r

fr)y=r ifr > e,

f'(r)>0 ifr > &2, )
0< f'(r) <2 forallr,

&2,

<
=

see Figure 1.
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1)

r

Fig. 1. The “cut off” function f.

Then f o F is smooth. The Lagrangian Floer homology of f o F' (with respect to two fibers
of T*M) is, in general, not defined, since the moduli spaces of Floer trajectories may not
be compact. We shall therefore alter f o F near infinity to a Riemannian Hamiltonian. We
denote canonical coordinates on 7*M by (g, p). Fix a Riemannian metric g on M, and let
|| be the norm on the fibers of T*M induced by g. Define G(q, p) = (1/2) | p|*. Recall that
M is compact and that X is fiberwise starshaped. After multiplying g by a positive constant,
we can assume that G < F. Choose 0 > O such thatcG > F.
For r > 0 we abbreviate

D(r) ={(q,p) e T"M | |p| <r}.

Note that D(2) = {G < 2}. Choose a smooth function t: R — R such that

t(r) =0 if r<2,
t(r)=1 if r>=4,
t/(r) > 0 forall r € R.
Define
G, =0G (6)
K(q,p) =0 —-1(pD)(f o F)g,p)+t(prDGi(g, p), (7
G_(q,p) =1 —=t(pD)(f o G)(g, p)+t(pDG+(g, p). ®)
Then
G_-<K<G; ©))
and
K=foF and G_= foG on D(2). (10)

Since D(X) = {F < 1} C {F <2} C {G_ < 2}, we in particular have
K= foF onD(X). (11)

Moreover,
G_ =K =G, outside D4). (12)

3.3. Action spectra of nG_, nK, nG

We next investigate the action spectra of the functions nG_, nK, nG, for n € N. The
action spectrum S(H, qo, q1) of a proper Hamiltonian H: T*M — R is the set of critical
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i i 1
} } G—Elpl2

2 8

Fig. 2. The functions G_ < K < G4, schematically.

values of Ay : QUT*M, qo, q1) — R,
8(H, qo,q1) := {An(x) | x € P(H, qo,q1)}-
We first look at the action spectra of Hamiltonians homogenous of degree 2.

LEMMA 3-1. Let H: T*M — R be fiberwise homogenous of degree 2, let h: R — R be
a smooth function, and let ¢ > 0.

(i) Fory € P(ho H, gy, q1) we have
Anort (v) = 20 (H(y))H(y) — h(H(y)).
(i) 8(cH, g0, q1) = (1/c)8(H, qo, q1).
Proof. (i)LetY =), p; dp;. Foreacht € [0, 1] we have y(t) = Xon (¥ (1)), and hence
Ay ) = oY, Xpou(y (@) = d(ho H)(y())(Y) = h'(H(y(®)dH(y(®)(Y).
Since H is fiberwise homogenous of degree 2, Euler’s identity yields
dH(y®)(Y) = 2H(y (1)

whence
Ay () = 20" (H(y()H(y (1)).

Therefore,
1
Anor (y) = / Ay @) —h(H(y(®)))dt = 2h'(H(y))H(y) — h(H(y)),
0

as claimed.

(i1) By definition (2) we have X.g4(q, p) = cXg(q, p), and since H is homogenous of
degree 2, we have Xy (q, (1/c)p) = (1/¢)Xy(q, p) (where in the latter equality we have
canonically identified T\, 1, T7*M = T, , T*M)). Therefore,

Xcn(g,(1/c)p) = cXyu(q,(1/c)p) = Xu(q, p).
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To y(t) = (q(t), p(t)) in P(H, qo, q1) therefore corresponds y.(t) = (¢(t), (1/c)p(t)) in
P(cH, qy, q1). Assertion (i) now yields

Acn(ye) = cH(y.) = cH(q(0), (1/c)p(0)) = (1/c)H(q(0), p(0)) = (1/c)An(y),

and s0 8(cH, qo, q1) = (1/¢)8(H, qo, q1).
We next look at the action spectrum of nK .

PROPOSITION 3-2. Let y € PnK.,qo,q1). If v C D(X), then Ax(y) < n. If
y C DY(X), then A,k (y) > n.

Proof. Assume first that y C D(E). Then F(y) < 1andy € P(n(foF), qo, q1) by (11).
Hence Lemma 3-1 (i) and our choice of f yield

Ak (V) = Anrory(¥) = 20f' (F(y)F(y) —nf(F(y)) < n.
Assume now that y C D(X). Then F(y) > 1 and n(f o F)(y) = nF(y). Let again
Y =), p;idp;. Fort € [0, 1] we compute at y () = (q, p), using (7),
dnK)(y))(Y) = =7'(IphnF(q, p)Ipl + (A —t(|pD)d(nF)(g, p)(¥)
+7'(IphnG (g, p)Ipl + t(pD d(nG 1) (g, p)(Y).

Since ’(|p]) = 0 and nG.(q, p) = nF(q, p), the sum of the first and third summand is
>0. Together with Euler’s identity applied to the functions nF and nG, fiberwise
homogenous of degree 2 we obtain

dnK)(y(0))(Y) —nK(y (@) = (1 —t(pD)@nF)(y ©)(Y) —nF(y (1))
+(pD@nG )y ))(Y) —nG (v (1))
= —z(pD)nF(y @)+ t(phnG(y (1))

z nF(y (1))

> n.
Hence A, x(y) = fol dnK)(y(@)(Y) —nK(y(t)))dt > n, as claimed.

3.3-1. The Non-crossing lemma

For n € N consider the space of Hamiltonian functions
HinGy) ={H: T"M - R|H=nG,onT*M\ D4)}.
Note that nG_, nK, nG belong to H,(nG,). For a € R define
Hy(nGy) = {H € Hy(nGy) | a ¢ S(H, g0, q1)} -

Fix a smooth function 8: R — [0, 1] such that

B(s) =0 fors <0, B(s)=1fors>1, B'(s) =0 forallseR. (13)
For s € [0, 1] define the functions

Gy = (1 =B()G-+ B(5)G+. (14)

Then nG, € Hy(nG,) foreachn € Nand s € [0, 1].
Recall that o > 1. Choose a € (n, n + 1) and define the function a(s): [0, 1] — R by
a

_ 1
1+ B8@s)0c—1) (15)

a(s) =
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Note that a(s) is monotone decreasing with minimum a(1) = a/o. We assume from now
on that ¢ € (0, 1/4) entering the definition of the smoothing function f also meets

1
2
, 1
& < - (16)
LEMMA 3-3. Ifa ¢ S(nG, qo, q1), then a(s) ¢ S(nGy, qo, q1) for s € [0, 1].

Proof. Take y € P(nGy, qo, q1). In view of (8) and (14), the orbit y lies on a level set
of G.

Assume first that y € P(nG,) lies outside D(2). Then f o G(y) = G(y), so that
nGy = n(l = BN —t(pD)G +1(pDG) +nB(s)G .
Computing as in the proof of Proposition 3-2 (with F replaced by G) we find
d(nGy)(y())(Y) —nG(y () =2 n(l = B(s)(1 —t(IpD)G(y (@) + t(IpDG+(y (1))
+nB(s)G1(y (1))
Zn(l =BGy (@) +nB(s)G(y (1))
=nG(y (1))
> 2n.
Hence A, (y) 22n >2n+1>a > a(s).
Assume next that y liesin D(g). Then 7(|p(y (¢))|) = Oforallz € [0, 1]. Hence G_(y) =
foG(y)and
Gs(y) =0 =BE))(f o G)(y)+ B(s)oG(y).
Applying Lemma 3-1 (i) with & = (1 - ,B(s)) f + B(s)o we therefore find
A, (v) = 2n((1 = B$) F(G(y)G(y) —nGs(y).
Together with f’ < 2 and (16) we obtain

Ane.(¥) < 4G (y) < 2ne* < = < a(l) < als).
o

Assume finally that y lies in D(2) \ D(e). Then t(|p(y)]) = 0and f o G(y) = G(y).
Hence G_(y) = G(y) and
nG(y) =n((1 = B(s)G + B(s)oG_)(y)
=1+ B@s)(0c —1)nG(y).

If Ay, (y) = a(s), then a = a(0) € 8(nG, qo, q1) in view of Lemma 3-1 (ii) and the
definition (15) of a(s), contradicting our hypothesis.

3-4. Almost all fibers are good
Fix now gy € M. For g € M define
D, ={peT/M||pl<4}=D® N T'M.

Fix n € N. Given H € H,(nG,) let U(qy, H) be the set of those g; € M for which
©r(Dy,(4)) and D, (4) intersect transversely. Let , be the Riemannian measure on (M, g).
We say that a set U C M has full measure if p1,(U) = puy,(M). Note that this property does
not depend on the Riemannian metric g.
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LEMMA 3-4. The set U(qo, H) is open and of full measure in M.
Proof. Since D,,(4) is compact, U(qo, H) is open. Applying Sard’s Theorem to the pro-
jection ¢y (D, (4)) — M one sees that U(qy, H) has full measure in M.

Note that for each n € N we have ¢,y = ¢},. Let G_, K, G be the Hamiltonians defined
in (8), (7), (6). Define

V(q0) = U(qo,nG_)NU(qo,nK) N U(go,nG).

For g, € V,(qo) all the sets ¢, (Dy,(4)), ¢k (Dy,(4)), (pg+ (Dy,(4)) intersect Dy, (4) trans-
versely. Moreover,

COROLLARY 3-5. The sets V,(qo) have full measure in M.

4. Lagrangian Floer homology
Floer homology for Lagrangian intersections was invented by Floer in a series of seminal
papers, [11-14]. We shall use a version of Lagrangian Floer homology described in [18, 19,
27].
4-1. Definition of HF;(H, qo, q1; F )
4.1-1. The chain groups
Let H € Hy;(nGy),letqy € M, and fix gq; € U(qo, H). For a < n 4 1 define

PUH, qo,q1) = {x € P(H,q0,q1) | An(x) <a}.
For y € P(H, qo, q1) outside D(4) we have, by Lemma 3-1 (i),
Au(y) =nGi(y) =noG(y) 22n=2n+1
whence
PU(H, g0, q1) C D(4). 17

Since g, € U(qo, H) we conclude that P*(H, gy, q;) is a finite set. The fibers of 7*M form
a Lagrangian foliation. For each path x € P(H, g, g;) the Maslov index p(x) is therefore
a well-defined integer. In case of a Riemannian Hamiltonian, p(x) agrees with the Morse
index of the corresponding geodesic path, see [2, section 1-2]. Define the kth Floer chain
group CF}(H, qo, q1; IF,,) as the finite-dimensional F ,-vector space freely generated by the
elements of P*(H, g, q1) of Maslov index k, and define the full Floer chain group as

CFi(H.qo.q1:F,) = EDCFi(H. q0.q1: F)).
keZ

4.1-2. Almost complex structures

Recall that an almost complex structure J on 7*M is w-compatible if
('7 ) = g](" ) = w('! J)

defines a Riemannian metric on 7*M. Denote by § = ker(tyw|sp)) the contact structure
on 0 D(4) defined by Y and w, and for ¢t > 0 let ¥, be the semi-flow of the Liouville vector
fieldY =) p;dpjonT*M \ D(4). An w-compatible almost complex structure J on T*M
is convex on T*M \ ﬁ(4) if

JE=§, oY (x), J(X)Y(x)) =1, D (x)J (x) = J (Y, (x)) Dy (x)
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for all x € dD(4) and t > 0. Following [4, 7, 43] we consider the set J of #-dependent
smooth families J = {J;}, t € [0, 1], of w-compatible almost complex structures on 7*M
such that J; is convex and independent of # on 7*M \ D(4). The set J is non-empty and
connected.

4.1.3. The boundary operators

For J € g, for smooth maps u from the strip § = R x [0, 1] to T*M, and for x* €
P (H, q9, q1) consider the partial differential equation with boundary conditions

dsu — Ji(u) (Qu — Xy (u)) =0,
u(s, j) e TyM, j=0,1, (18)

Siigloou(s, 1) = xE@) uniformly in ¢.
The Cauchy—Riemann equation in (18) is called Floer’s equation.
LEMMA 4-1. Solutions of equation (18) are contained in D(4).
Sketch of proof. By (17) we have x* C D(4), whence
im u(s, 1) = x*(1) C D@). (19)

In view of the strong maximum principle, the lemma follows from the convexity of J
outside D(4) and from (19) together with the fact that H = nG, outside D(4) implies
oY, JXyg)=0,cf. [18, 27].

We denote the set of solutions of (18) by M(x~, x*, H; J). Note that the group R freely
acts on M(x~, x*, H; J) by time-shift. Lemma 4-1 is an important ingredient to establish
the compactness of the quotients M(x~, x™, H; J)/R. The other ingredient is that there
is no bubbling-off of J-holomorphic spheres or discs. Indeed, [w] vanishes on m,(T*M)
because w = dA is exact, and [w] vanishes on 7, (T*M, Tq"; M) because A vanishes on Tq’i M,
Jj = 0, 1. See for instance [12] or [39] for more details.

There exists a residual subset Jy.,(H) of J such that for each J € J,.,(H) the linearized
operator for Floer’s equation is surjective for each solution of (18). For such a regular J
the moduli space M (x’, xt, H; J) is a smooth manifold of dimension pu(x~) — u(x™) for
all x* € P*(H, qo, q1), see [17]. Fix J € Jreg(H). It is shown in [2, section 1-4] that the
manifolds M (x’, xt, H; J) can be oriented in a way which is coherent with gluing. For
x* e P(H, qo, q1) with (x™) = u(xt) + 1 let

n(x ,xT, H;)) = #M(x ", x", H; ))/R € Z

be the oriented count of the finite set M(x~, x*, H; J)/R. If u € M(x~, x*, H; J), then
Ap(x™) > Ay(x™), see the more general Lemma 4-2 below. For k € Z one can therefore
define the Floer boundary operator

ak(J): CFZ(Hv 90,41, IFp) — CFZ_](Hv q0, g1 ]Fp)
as the linear extension of
(M x~ =Y nx,xt H; Dx*

where x~ € P%(H, qo, q1) has index u(x~) = k and the sum runs over all x* ¢
P4(H, qo, q1) of index u(x™) = k—1. Then d;_; (J)od, (J) = 0 for each k. The proof makes
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use of the compactness of the 0- and 1-dimensional components of M(x~, x*, H; J)/R,
see [2, 11, 41]. As our notation suggests, the Floer homology groups

HF{(H, q0, q1; F)) = ker 9(J)/im 041 (J)

do not depend on the choices involved in their construction: They neither depend on coherent
orientations up to canonical isomorphisms, [2, section 1-7], nor do they depend on J €
Jreg (H) up to natural isomorphisms, as a continuation argument shows, [11, 41]. The groups
HF;(H, qo, q1; F,) do depend, however, ona < n 4+ 1 and H € Hy(nG.). In the sequel,
the points go, g1 € M and the field IF,, are fixed throughout. We shall often write CF;(H)
and HF; (H) instead of CF;(H, q¢, q1; F,) and HF{(H, qo, q:; F),).

4.2. Continuation homomorphisms

The goal of this section is to relate the groups
HF{(nG_), HF.(nK), HF(nG,).

Let B: R — [0, 1] be the function from (13). Given two functions H~, H* € H;(nG,)
with H~(x) < H*(x) for all x € T*M we form the monotone homotopy
H(x) = H (x) + B(s)(H (x) — H™ (x)). (20)

Then Hy; € H,;(nG,) foreach s, and H, = H™ fors < 0and H, = H™ for s > 1. Consider
the equation with boundary conditions

Osu — Jy (u)(Qu — X, (u)) =0,
u(s, j) € Tq*/M, j=0,1, 1)

lim u(s,t) = x*(¢) uniformly in ¢,
s—=+o0

where s — {J;,},s € R, t € [0, 1], is a regular homotopy of families {J;} of almost complex
structures on 7* M. This means that:
(i) Js; is w-compatible and convex and independent of s and ¢ outside D(4);
(i) Js; = J7 € Jreg(H ™) fors < 0;
(i) Js, = Jt € Jree(HY) fors > 1;
(iv) the solutions of (21) are transverse (that is, the associated Fredholm operators are
surjective) and therefore form finite dimensional moduli spaces.

The following lemma is well known. We reprove it in view of the many different sign con-
ventions (for the Hamilton equation, the action functional, the Floer equation, etc.) used by
different authors.

LEMMA 4-2. Assume thatu: S =R x [0, 1] — T*M is a solution of (21). Then

1 00
Ap+(x7) < Ap-(x7) —/ / B'(s) (H, — Hy) (u(s, 1)) ds dt.
0 —00

Proof. Note that A = p dq vanishes along the Lagrangian boundary conditions u(s, j) €
T;M in (21). Since w = dA is exact, we obtain, using Stokes Theorem and taking into

account orientations,
/u*a):/ k:/)»—/)».
N u(dS) xt X~
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Moreover, by (20),

d
EHS(M(S’ 1)) = dH(u(s, 1)) (Osu) + B'(s)(Hy — Ho)(u(s, 1)).

This and the asymptotic boundary condition in (21) yield
I poo 1 1
/ / dH,(u(s, 1)) (d,u)ds dt = / H(x%)dt —/ H™ (x7)dt
0 J-co 0 0

1 00
_/ / B’ (s)(H, — Hy)(u(s, 1)) ds dt.
0 —00

Together with the compatibility g,,(v,w) = (v, J;,w), Floer’s equation in (21),
Hamilton’s equation (2) and the definition (4) of the action functional we obtain

1 00
0< / / 8s.1(O5u, dsu)ds dt
0 J—o0

1 e8]
= / / st Osu, Jy (u)(Qu — Xy () ds dt
0 —00

1 o)
= —/u*w—/ / a)(XHx(u),asu) dsdt
S 0 —00
1 oo
:/ A—f A+/ / dH;(u)(0,u)ds dt
X~ xt 0 —00
1 1
=/ A—/ A+/ H+(x+)dt—/ H™(x7)dt
X~ xt 0 0

1 00
—/ / B'(s)(H; — Hp)(u(s, 1)) ds dt
0 —00

1 00
=An-(x7) = Apr () — / / B'(s)(Hy — Ho)(u(s, 1)) ds dt,
0 —00

as claimed.
In view of Lemma 4-2 the action decreases along solutions u of (21). By counting these
solutions one can therefore define the Floer chain map

¢u+n-: CFI(H™) — CFI{(HY),
see [7, 15, 16, 40]. The induced continuation homomorphism
Opyig-: HFI(H™) > HFY(H™)

on Floer homology does not depend on the choice of the regular homotopy {J;,} used in
its definition. An important property of these homomorphisms is naturality with respect to
concatenation,

q>H3H2 [e] cDHgH] = qDH;H] fOI' H1 g H2 g H3. (22)

Another important fact is the following invariance property, which is proved in [7, 16] and
[4, section 4-5].

LEMMA 4-3. Ifa ¢ 8(Hy, qo, q1) foralls € [0, 1], then ®y+y-: HF{(H™) — HF{(H™)
is an isomorphism.
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Fig. 3. The curves ay (s) and by, (s).
After these recollections we return to our Hamiltonians nG_ < nK < nG,. Fix q; €
V. (qo)- By (17), the set
8(n) = (8(nG_, q0.91) UK, qo,q1)) N (n,n+1)
is finite. In particular,
8, := min{s € S(nK, qo,q1) | s > n} > 0.
Choose
a, € ((n,n+ 1)ﬂ(n,n+8n))\8(n). (23)
Then a,, is not in the action spectrum of nG_, nK, and by Proposition 3-2,
x€PmK,qy,q) D) < Axkx) <a,. (24)

Our next goal is to show that HF* (nG_) and HF*/° (nG ,) are naturally isomorphic. This
is a special case of a generalization of Lemma 4-3 stated as [43, proposition 1-1]. We give
an ad hoc construction in the case at hand.

Choose b, € (a,,n + 1) such that

[a,, b1 8(G) = &, (25)

and for s € [0, 1] define
n bi’l
b=
14+ B@s)(0—1) 14 B@s)(0c—1)
For (s, t) in the gray band bounded by the graphs of a,(s) and b, (s) we have ¢t & S(nG,) in

view of the Non-crossing Lemma 3-3. Choose a partition 0 = 5y < 51 < -+ < § < Sg41 =
1 so fine that

Cln(S) =

by (sj+1) > an(s;), j=0,... k. (26)
Abbreviate a; = a,(s;) and 8; = nG,,. Then
a; ¢ S(nG,) for s € [s;, 5411, 27

cf. Figure 3.
Together with Lemma 4-3 we find that

a; a;
Pg,,,¢, HE'(8;) — HE(&;11)
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is an isomorphism. Since [a;11, a;]N8(S;41) = F, we have HFS’ (&) = HF,?”' (&11),
and so

-~ a; A
q)®j+1®j = ¢®/+1®j: HE."(6;) — HE."(8,))

is an isomorphism. Recalling ay = a, and a,,; = a, /o we obtain that the composition
Puge. = Py, @, 0 0 Pe.,p, °Pg,e,: HFY(nG_) — HF/7(nG,)
is an isomorphism. Let

HF,(1): HF*/°(nG,) — HF* (nG,)
be the homomorphism induced by the inclusion CF*/? (nG,) — CF* (nG,).

PROPOSITION 4-4. For each k and n there is a commutative diagram of homomorphisms

HE"" (nG )

[

HF" (nG_) HF (nG.,)

m DG nk

HF" (nK)

and @, ,c_ is an isomorphism.

Proof. By construction, the isomorphism ?{3”@”@ is induced by the composition of Floer
chain maps

$e,,®,: CEV(®;) — CFI™(8,41) C CRY (&1).
Therefore, HF,. (1) o $n6+na is induced by the composition of Floer chain maps
¢e,,,6,: CFR(®;) — CF(8;,).
By (22), this composition induces the same map in Floer homology as
GuG.nc : CFR(G_) — CF®(nG,).

The upper triangle therefore commutes. The lower triangle commutes in view of nG_ <
nK < nG, and according to (22).

COROLLARY 4-5. We have that

dimHF;" (nK, qo, q1; F,) > rank HF,(1): HFZ”/"(nGQ — HF;"(nG,).

4.3, From Floer homology to the homology of the based loop space
In this section we use Corollary 4-5 and our assumption that M is energy hyperbolic to
prove:

THEOREM 4-6. Let (M, g) and K be as above. Then there existh > 0, p e Pand N € N
depending only on (M, g) such that for alln > N and for a, as above the following holds.
For all gy € M and all g, € V,,(qo),

dimHF” (nK, qo, q1; F,) > """
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Proof. For qo,q1 € M let Q' (M, qo, q,) be the space of all paths ¢: [0,1] — M of
Sobolev class W2 such that ¢(0) = go and g(1) = ¢q,. Again, this space has a canonical
Hilbert manifold structure. The energy functional &: Q' (M, qo, q;) — R is defined as

1 1
e@) = 5 / ()2 d.
0

For b > 0 we consider the sublevel sets £°(qo, q1) := {g € Q' (M, qo, q1) | E(q) < b}.

PROPOSITION 4-7. For each k and n there is a commutative diagram of homomorphisms

HFZ"/U (nG4, qo0, q15 F)) —= > Hy (E" (q0, q1); Fp)
HFk(t)i in(t)
HE}" (1G 1, qo. q1: Fp) —> He(€7" (g0, 41); F)

where the horizontal maps are isomorphisms and the right map H; (1) is induced by the
inclusion " (qo, q1) < E°" (g, q1).

Proof. Let L: TM — R be the Legendre transform of nG ., let

1
&) = [ L. qonar
0
be the corresponding action functional on Q!(M, gy, q;), and let

& (qo.q1) = (g € "M, q0, q1) | E1(q) < b}

Applying the Abbondandolo—-Schwarz Theorem [2, theorem 3-1] to nG .. and L, we obtain
for each b > 0 an isomorphism

@b
HF.(nG, q0, q1; F,) <—— HM.(L, qo, q1; ).

Here, HMf(L, 4o, q1; IF,)) is the Morse homology “below level b” of €, constructed in [1],
see also [2, section 2]. The Abbondandolo—Schwarz chain isomorphisms

9})
CF,(nG+. qo. q1: F) <—— CM{(L. qo. q1: F)
between the Morse and the Floer chain complexes commute with inclusions

CF(nG, qo, q1; F,) = CFY (nG, qo, q1; F,) and
CMI(L, g0, q1; F,) = CM{ (L, g0, q1; F)

for b < b, see [2, p. 298]. Therefore, the induced diagram of homology groups commutes,

@b
HF.(nG+, g0, q1; F,) <—— HMY(L, g0, 13 F,)

HF; (L)l iHMk 0]

, e ,
HFY (nG, q0, q1; F,) =<—— HMY (L, qo, q1; ).

Moreover, Abbondandolo and Majer constructed chain isomorphisms
74
CM; (L. 4o, 41 Fp) ——= Cil€] (qo. q1): )
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between the singular chain complexes and the Morse chain complexes, which commute with
inclusions

CME(L, qo, q1; F,) = CMY (L, qo, q1; F,) and
C (&} (90, 41); Fp) = Cul(€Y (g0, 41); Fp)
for b < b', see [1] and [2, section 2-3]. Therefore, the induced diagram of homology groups

commutes,

b I b
HMk(Lv q0, 41, ]Fp) - Hk (SL(q07 QI), ]Fp)

HM; (L)\L \LHk ©
rd

HMY (L, 90, q1; F,) — = H; (512,(610, q1): F,).

Notice now that L(g,v) = (1/no)(1/2) |v|*, whence SZ(qO, q1) = &""(qo, q) for all
b > 0. The proposition follows.
Consider now the commutative diagram

Hk (Ena,, (q07 q1 )a IFIp)

T

Hy (7" (g0, q1); F) —= Hi (' (M, g0, 1); F )
induced by the inclusions £ (qq, ;) C €7"“ (g0, q1) C Q' (M, qo, q1).

LEMMA 4-8. For each ¢ € (0, 1) there exists A > 0 depending only on ¢ and (M, g)
such that
dim ¢ Hi (€(qo, q1); F),) = dim ey Hi(E“(qo); F))
forallk and all a > A.
Proof. Let p be the diameter of (M, g). Choose a path p: [0, 1] — M from ¢, to g,

of length < p. Parametrize p proportional to arc-length. Then E(p) < (1/2)p?. Let T :=
(1/2)(c + 1) € (0, 1). For y € Q'(M, qo) define y . p € Q'(M, go, 1) by

t

y<_)v Ogtgta
T
A 4

p< ) T<t<1.
1—1

The map PB: Q1(M, q0) — Q'(M, qo,q1), ¥y — ¥ *. p, is a homotopy equivalence with
homotopy inverse Q(M, qo, q1) — Q1(M, qo), § — 8§ *, p~!. Notice that

(V *r P) (t) =

1 1
E(y *:p) = ;E(V) + :8(13) forall y € Q'(M, qo).
Therefore,

w, e
P (E“gy) C €17 (qo,q)) forall a.
Since E(p) < (1/2)p?, there exists A > 0 depending only on ¢ and p such that

ca E(p)

<a foralla=> A.
T 1—1
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Hence
PB(E“q0)) C E(qo,q1) forall a > A.

Since 3 is a homotopy equivalence, it follows that
dim ¢, Hy (8“’(5]0); IF,,) < dim¢, Hy (8"(5]0, q1); F,,) forall a > A,

as claimed.
Since (M, g) is energy hyperbolic, i := C(M, g) > 0. By definition of C(M, g) and by
Lemma 4-8 there exist p € P and Ny € N such that for all m > N,

Zdimlk Hk(€%'n2(90,41);Fp) > v,
k>0

Recall that a, > n. Therefore there exists N € N such that for alln > N,
Zranktk > M,

k>0

Together with Proposition 4-7 we find that

ZrankHFk(L) > Zrankck > M.

k>0 k>0

This and Corollary 4-5 yield Theorem 4-6.

Remark. The essential point in the proof of Theorem 4-6 is that the sum 21@0 rank ¢
grows exponentially with n. This is so by our assumption that M is energy hyperbolic. In
the special case that the fundamental group of M has exponential growth, rank, grows
exponentially with n. In another special case where M is simply connected and hyperbolic,
a theorem of Gromov [21] guarantees the existence of a constant ¢(M, g) such that ¢ is
surjective if n > ¢(M, g)k, whence ) x>0 rank ¢ grows exponentially with n.

5. Proof of Theorem 1
5-1. From the growth of Floer homology to volume growth of D, (%)

Theorem 4-6 implies that the Riemannian volume of the sequence of submanifolds
¢k (Dg, (X)) grows exponentially. Indeed, fix go € M, andlet p € Pand N € Nbe as in The-
orem 4-6. Let n > N and pick ¢; € V,(qo). By (24), the generators of CF"(nK, g9, q1; F,)
correspond to ¢} (D, (X)) N D,,(X). Therefore,

#(@} (Dy, (2)) N D, (X)) = dim CFY" (nK, g0, q1; F,) (28)

> dimHF}" (nK, qo, q1; F))
> ehn.

Let u, be the Riemannian measure on (M, g). Let g* be the Riemannian metric on 7*M
induced by g, and for a submanifold o C T*M let pu,- (o) be the measure of o with respect
to the Riemannian measure on ¢ given by the Riemannian metric on o induced by g*. Note
that 7: T*M — M is a Riemannian submersion with respect to the Riemannian metrics
g* and g, and recall from Corollary 3-5 that V,(go) is an open subset of M of full measure.
Therefore,

fe (¢ (Dgy (D)) = € 11y (Va(qo)) = pg(M) e (29)
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5-2. From volume growth of the sublevel to topological entropy at the level

If ¢ is a C*°-smooth map of a compact manifold P, a geometric way of defining the
topological entropy of ¢ was found by Yomdin and Newhouse in their seminal works [45]
and [33]: Fix a Riemannian metric g on P. For j € {1, ..., dim P} denote by S; the set of
smooth compact (not necessarily closed) j-dimensional submanifolds of P. The jth volume
growth of ¢ is defined as

NS | n
v;(¢) = supliminf —log u, (¢"(0))
(TESj =00

and the volume growth of ¢ is defined as

v(p) = max v;(g). (30)

1<j<dimP

They do not depend on the choice of the Riemannian metric g used in their definition.
Yomdin proved in [45] that A,(¢) > v(¢), and Newhouse proved in [33] that hp(¢) <

v(¢p). Thus

hop(9) = v(g). €Y
With P = D(E) and ¢ = ¢g|p(s) we have, by (29), that v,(¢x|pc)) > 0. Hence, by (30)
and (31),

hlop(‘pKlD(Z)) > 0. (32)

Recall that ¥ = dD(X). The topological entropy of a flow is defined as the topological
entropy of its time 1 map. Theorem 1 follows from (32) and the following

PROPOSITION 5-1. hip(9k|x) = hop(@k | D(s))-

Proof. For s € [0, 1] define the diffeomorphism ¥, of T*M by V¥,(q, p) = (q, sp).
Abbreviate s ¥ = ¥,(X). Recall from (11) that K = f o F on D(X). Also recall from (5)
that f'(r) = 1 atr = 1. For (g, p) € ¥ we thus have

Xror(q,sp) = (f'(F(q,sp)s)d¥s(q, p)Xsor(q. p) = 0o(s)d¥s(q, p)Xsor(q. P).
(33)
For the latter equality we recalled that F(q, sp) = s>F (g, p) = s* and abbreviated

o(s) = f'(s?)s.

If s < ¢, then o(s) = 0, whence X;op|;x = 0 and hp(@forlsz) = 0. If s > ¢, then

1
o(s) > 0, and the identity (33) shows that i, conjugates the flows (p;o rly and (p}(o‘msz.
Topological entropy is an invariant of conjugacy, and scales like /o (@) = [c| hiop (") for
¢ € R. Therefore,

Lt

htop ((P;roﬂs:) = o(s) htop (@;g;’ |s2‘> = o(s) htop ((/)tfoF|E) .

If s > &2, then f'(s*) = 1, whence o (s) = s < 1. If s? € (&2, &), then f'(s?) < 2, whence
o(s) < 2s < 2/e < 1.1If follows that

sup hlop ((pfoF|s2) = htop ((pfoF|Z) .
s€(0,1]
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Proposition 5-1 can now be easily obtained from the variational principle for entropy. For
convenience, we appeal to the following result of Bowen, [5, corollary 18], applied with
X=D(X),Y=10,11, ¢, = ¢k|px)and 7 : D(X) — [0, 1], 7 (x) =sifx € sX.

Let X, Y be compact metric spaces and ¢,: X — X a continuous flow. Suppose that
w: X — Y is a continuous map such that w o ¢, = . Then

hiop(@) = Sup hiop(Plr-1(y))-

yeY

6. Proof of Corollary 1

It suffices to prove Corollary 1 for the Hamiltonian function K : T*M — R defined in (7).
Write go = ¢, and fix ¢, € M and n € N. Recall from the proof of Proposition 5-1 that for
o(s)t

s € [0, 1] the flow ¢k |5 is conjugate by ¥ to the flow %' |5, where o (s) = f'(s?)s. We
can choose the function f such that, in addition to the properties (5), we have

o'(s) = 2sf"(sHs+ f'(s) >0 forall s > e.

Then the orbits of ¢ |x starting from X, at 1 = 0 and arriving on X, at ¢ < n are in
bijection to points in % (D, (X)) N Dy, ().
Assume now that
g1 € V(go) = (") Valqo)-
n>1
By Corollary 3-5 the set V(qy) has full measure in M. Let & be the constant from The-
orem 4-6, that depends only on (M, g). For q; € V(qy) we have, by (28), that

#(ok (Dgy () N D, (D)) = &

provided that n > N is large enough. The first assertion of Corollary 1 follows.

Choose a sequence {q; ;} C V(qo) such that lim;_, g1 ; = g;. Let N € N as chosen in
the beginning of section 5-1. By (28), for each j € N the intersection (pg(qu (%)) ﬂDqH )
is non-empty. We thus find a sequence of ¢} -orbits y; on X such that y;(0) € qu' and
y;(t;) € Xy, , for some t; < N. By the Arzela—Ascoli theorem we obtain a i -orbit y on X
from X, to ¥, arriving atz < N.

Remark 6-1. Using Floer homologies HFLI”““”' with suitable action windows, the asser-
tions of Corollary 1 can be improved: If 7 (M) has exponential growth, then the exponential
lower bound for v, (q, q', H) holds for all pairs q, q'. Moreover, for all q, q' € M there are
infinitely many flow lines from S, M to Sy M, see [44].

7. An example

The following example was pointed out to us by Gabriel Paternain. Following [30], we
consider the group G = Sol, which is the semi-direct product of R? with R, with coordinates
q = (x,y, z) and multiplication

x,y,0*x(x,y,7) = x+ex,y+e %y, z+7).
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The map (x, y,z) + z is the epimorphism Sol — R whose kernel is the normal sub-
group R2. The group Sol is isomorphic to the matrix group

et 0 x

Oe*y

0 01

It admits cocompact lattices. Indeed, let A € SL(2, Z) be such that there is P € GL(2, R)

with
1 _(* 0
PAP™' = (0 a

and A > 1. The injective homomorphism
7 x 4 7. <> Sol

given by (m, n,l) — (P(m,n), (logX)!) defines a cocompact lattice I" in Sol. The closed
3-manifold M := T\ Sol is a 2-torus bundle over the circle with hyperbolic gluing map A.
Since the group I' has exponential growth, M is energy hyperbolic.

If we denote by p,, p, and p, the momenta that are canonically conjugate to x, y and z,
respectively, then the functions

M, = é*p,,
M, =e*p,,
Mz = Dz

are left-invariant functions on 7*Sol. The 1-form 6 defined by 6, = e~ *dx is also left-
invariant. The Hamiltonian on Sol defined by

2H = e (py+e ) +e ¥ p)+pl = (Mo +1)° + M] + M. (34)

is left-invariant and hence descends to M. Observe that H(q, p) = (1/2)|p + quz, where
the norm is induced by the left-invariant Riemannian metric

dS2 — e*ZZdXZ_i_eszyZ_}_dZZ

on Sol. Note that |9q| = 1 at each ¢ € M, and that for each k > O the energy level
¥ := H~'(k) is a 2-sphere bundle over the graph of 6. In terms of the functions M, M, M,
we have X, = M x S,, where S, = {(Mx + 12+ M+ M? = Zk}. Since S encloses the
origin iff k > 1/2, the hypersurface X is fiberwise starshaped with respect to the origin
iff k > 1/2. Denote by ¢y the Hamiltonian flow of H. By Theorem 1, hp(¢nls,) > 0
if k > 1/2. The following proposition shows that the assumption in Theorem 1 that ¥ is
fiberwise starshaped with respect to the origin can, in general, not be omitted.

PROPOSITION 7-1. hyp(@rls,) > 0if and only if k > 1/2.

Proof. The proof uses basic notions and results from smooth ergodic theory, as exposed
in [26]. The Hamiltonian vector field of H is given by

X = (Mx + l)eZ’ Mx = Mxsz
XH = 5) = My €7Z, My = _MyMz’ (35)
;=M. M. = M2 — M.(M, + 1).

The equations on the right-hand side describe the Euler vector field associated to X .
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Fix k > 0, and abbreviate ¢ = ¢y |x,. By the variational principle for entropy,

htop(§0) = Ssup hu (¢)
neMip)
where M(gp) is the set of p-invariant Borel probability measures on X, and A, (¢) is the
entropy of ¢ with respect to the measure ©. By the Margulis—Ruelle inequality, in turn,

ha(e) < / (@ p) du(q. p). (36)
Xk

where x, (g, p) is the sum of the positive Lyapunov exponents of (g, p) € ¥;. As explained
in [6, section 3-2], the Lyapunov exponents of ¢ can be computed using the projection
Sol = R, and it turns out that

1 T
x+(@. p) = Jim 7‘ / M.(¢' (q. p))d . (37)
—00 0

We claim that for k < 1/2 the right-hand side of (36) vanishes for every invariant measure j.
Indeed, if k < 1/2 equation (34) implies that M, < 0. This and (35) imply that M, =
Mx/Mx = (d/dt) In(—M,), which, by (37), implies that x, (g, p) = 0 for every (g, p) €
.

Consider now the case k = 1/2. By (34) we have that M,(q, p) < O for every
(g, p) € Zj. By the previous argument, if sup,.x M,(¢'(q, p)) * O then x, (g, p) = 0.
Suppose that (g, p) satisfies sup,.p M. (¢'(q, p)) = 0. It follows from (35) that M, M,
is a first integral of H. Since sup,.x M, (¢’ (g, p)) = 0, this integral must vanish. Hence
M.(q,p) = 0or M,(q, p) = 0.1f M,(q, p) = 0, equation (34) yields M,(q, p) = 0.
By (35), M,(¢'(q, p)) = O for all ¢. Inspection of (35) shows that an orbit of the Euler
vector field in the circle given by the intersection of the plane M, = 0 with the sphere
(M, + 1) + M} 4+ M? = 1 is either the singularity M, = M, = M. = 0 or a regular orbit
that converges to the origin. But, by the Poincaré Recurrence Theorem, p-almost every point
(g, p) is recurrent. Consequently only the points with M, = M, = M, = 0 may contribute
to the integral in (36). These points, by (37), do not have positive Lyapunov exponents. We
conclude that i, (¢) =0if k < 1/2.

Recall that Theorem 1 implies hop(@) > 0 for k > 1/2. We give a different proof for this
example: For k > 1/2, the Euler vector field has the singularities p.. givenby M, = M, =0
and M, = £+/2k — 1. The measure py = dx A dy A dz is smooth on M x {p,} and
@-invariant. Moreover, it is easy to see from [6, section 3-2] that the positive Lyapunov
exponents of points in M x { p, } are given by the magnetic flow restricted to M x { p, }. Let u
be the induced measure on ¥ given by w(A) = uy (AN(M x {p,})) for every Borel set A.
It follows from the definition of entropy that &, (¢) = hy, (¢lmx(p,})- By the Variational
Principle, Pesin’s formula, and (37),

hop(@) 2 hyu(@) = hpy (@luxip,)) = / x+(q, p)du(g, p) = v2k —1>0,
P
finishing the proof of the proposition.
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