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RESUME

Nous considérons la premieére valeur propre du laplacien magnétique dans un
domaine du plan borné et simplement connexe, pour un champ magnétique constant
et des conditions au bord de Neumann. Nous étudions 'inégalité de Faber-Krahn
inverse conjecturée par S. Fournais et B. Helffer, selon laquelle cette valeur propre
est maximisée par le disque pour une aire donnée. A laide de la méthode des lignes
de niveau, nous démontrons la conjecture pour une valeur du champ magnétique
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suffisament faible (telle que la fonction propre correspondante dans le disque soit
radiale).
© 2024 The Authors. Published by Elsevier Masson SAS. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction
1.1. Magnetic Laplacians

The present work investigates a conjectured reverse Faber-Krahn inequality for the Laplacian with con-
stant magnetic field (Conjecture 1.5), and establishes it for a small enough value of the field (Theorem 1.6).
In order to fully understand the problem, let us start from a more general point of view. We consider a
vector potential, that is, a real-valued vector field A : R? — R? of class C°, written

Ai(p

Alp) = (A;EP;>
(where p = (x,y) denotes a point in R?). We associate with A a magnetic gradient

VAu 1= Vu —iu A,
a magnetic divergence

divyX =divX —714- X
and a magnetic Laplacian
Aqu = —divy (VAu) =Au+2i A-Vu+ (JA]? +idiv(A))u. (1)

Let us stress that we are using the following definition, common in differential geometry, for the Laplace
operator:

Ay := —divVu = —8§xu — ajyu.

For all the vector potentials A considered in the paper, div(A) = 0. We define the magnetic field associated
with A as the function

B(p) = curl A(p) = 9, A2(p) — 0y A1(p).

The differential operator A 4 is formally symmetric and uniformly elliptic, with smooth coefficients. Given
an open and bounded set 2 C R? with a sufficiently smooth boundary (we assume that 9Q is C* smooth
throughout the paper), we can consider several self-adjoint realizations of A4 as operators on L?(£2) and
study their (discrete) spectrum. We are mainly interested in the Neumann realization A%, whose spectrum
(AN (9, A))g>1 consists of the eigenvalues (counted with repetitions) of the problem

Ajqu = Au in 9,
VA -v =0 on 09,
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where v denotes the outward pointing normal vector. We have AN (€2, A) > 0 for all k and AY (9, A) — +oo

as k — o0o. Another operator of interest is the Dirichlet realization, denoted by AQ , whose spectrum
(AP (2, A))k>1 consists of the eigenvalues of the problem

Ajqu =Adu inQ

’ 3

{ u =0 on JQ, 3)

which are also non-negative and tend to +oco. Let us note that AY and AL can be constructed using a
vector potential only defined on €, that is to say assuming only A € C>(Q, R?).

For completeness, let us give a rigorous definition of AlY. We define a closed and non-negative quadratic
form, with domain H'(Q), by

a(u) ::/‘VAu’2 dx.
Q

According to standard results in spectral theory, there exists a unique self-adjoint operator T° whose domain
D(T) is contained in H!(Q) and such that, for all u € D(T) and v € H(Q),

(Tu,v) = b(u,v),

where (-,-) denotes the scalar product in L?(Q) and b(-,-) the sesquilinear form associated with a(-). We
then define AY to be this operator 7. We proceed in the same way, starting with the form domain H}(€2),
to define AZ.

These operators enjoy a so-called gauge invariance property, which can be formulated as follows. Given a
smooth function f :  — R, we define the modified vector potential A= A4V f and consider the associated
magnetic Laplacian A ;. We have A A(eif u) = e/ A 4u for every smooth function u. This property of the
differential operator implies that the self-adjoint operator AAJY is isospectral to AY, so that A\Y (Q,fl) =
AN (€, A) for every k. A similar result holds for the Dirichlet realization.

If 2 is simply connected, the above gauge-invariance property implies that the spectrum (AN (Q, A))g>1
only depends on the magnetic field 3(p). Indeed, let us assume that A is another vector potential such that,
for all p € ,

curl A(p) = B(p) = curl A(p).
Then, according to Poincaré’s lemma, there exists a smooth function f: € — R such that A = A+ Vf. It
then follows from gauge invariance that Al (Q, A) = AN (Q, A) for all k, as claimed. The same holds true for
the Dirichlet eigenvalues.
1.2. The case of a constant magnetic field
We now restrict our attention to particular classes of vector potentials. We first consider

A=pAs,

where S € R is a constant and Ag denotes the standard vector potential

As(z,y) == % (;’) .
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We have, for all p € R2,

curl (BAs)(p) = 5,

meaning that the magnetic field associated with 3 Ag has the constant value 5. We write (Ax(2, 5))k>1
for the eigenvalues of Aé\' 4 (that is, the eigenvalues of Problem (2) with A = 8Ag). Similarly, we write
AP (€, B) for AP (Q, BAg). As seen immediately from Formula (1), for any smooth complex-valued function
u, A_gasU = Agagu, where the bar denotes complex conjugation. This implies A\Y (Q, —8) = AN (€, B) for

all k and 8. We can therefore assume, without loss of generality, that 5 > 0.

Next, we consider vector potentials constructed using the so-called torsion function v of the domain €.
Among several competing conventions, we choose the following: we define v as the unique solution of the
boundary value problem

AY =1 in Q,
{ ¥ =0 on JN. )

We then define the vector potential Ag : Q — R? by

Aq(p) = —V>(p), (5)

or more explicitly
Aq.1(p) _ [ O ()
Aaa(p) ) \ —00(p) )

curl Aq(p) := 0, Aq,2(p) — 0yAa1(p) = Ay = 1. (6)

By construction, we have

In the case where € is simply connected, it follows from our previous discussion of gauge-invariance that
AV (Q, BAq) = A\ (Q,B) for all k and 5.

For a complete exposition of the material in this section and the previous one, we refer the interested
reader to the book [5], by S. Fournais and B. Helffer. These authors also develop the asymptotic analysis
for large 5 and apply it to the study of the Ginsburg-Landau functional in superconductivity.

1.8. Constant magnetic field in a disk

The special case where € is Bg, the disk of radius R > 0 centered at 0 in R2, and where A = SAg
(with 8 > 0), will be particularly useful. Let us briefly review the relevant results, referring to [2,
Appendix B] for more detail. We can solve the eigenvalue problem (2) by using the polar coordinates
(z,y) = (rcos(h),rsin(f)) and looking for eigenfunctions of the form v(r)e™? with n € Z. We find that
the spectrum of A]ﬁvAS is the reunion, counted with multiplicities, of the spectra (ki(n, 5, R))i>1 of the
following family of Sturm-Liouville problems, indexed by n:

lim, g7 v'(r) =0, (7)
v'(R) = 0.

2
—v" — Lo+ (% - ﬂ) v=rv in]0,R],

In particular, for every R > 0 and 8 > 0,
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AY (B, §) = inf k1(n, B, R). (8)

To state and prove our main theorem, we need more precise information in the case of a small magnetic
field. We consider the unit disk B;. The following result is proved in Appendix A. It has also been obtained
by A. Kachmar and V. Lotoreichik (see [7, Proposition 3.3]).

Proposition 1.1. For all 8 € [0, 1],

)\j][V(BIHB) = Kl(ovﬁa 1)

Definition 1.1. We define the constant 5* as the largest Sy > 0 such that

AV(By, B) = k1(0,8,1) for all 8 € [0, Bo).
Let us note that, according to Proposition 1.1, * exists and §* > 1.

Remark 1.2. Problem (7) can be studied by expressing solutions of the differential equation using generalized
Laguerre functions and by computing the eigenvalues using numerical root finding (see [2, Appendix B]). It
appears that

1. B* ~ 3.84754;
2. A\N(By,8) < k1(0,,1) for all B > B*.

This is consistent with the earlier results of D. Saint-James [13], who performed a similar analysis, motivated
by the study of superconductivity. It would be interesting to have precise numerical bounds for f* and a
rigorous proof of point (2).

From the scaling properties of magnetic eigenvalues, we have
A (Br, B) = R72X (B1, R?B).

It then follows from Definition 1.1 that A (Bg, ) has an associated eigenfunction which is radial and
real-valued if R%3 € [0, 5*].

Finally, let us point out that the eigenvalue problem (7) can be given an alternative form using the change
of variable a = 772, with f(a) = v(r). In the case n = 0, we obtain

—(47raf’)'+%f=mf in 10, a*[,
lim, 0 a f'(a) =0, 9)
f'(a*) =0,

where a* = mR? = |Bg|. According to the definition of 3*, the first eigenvalue x1(0, 3, R) of Problem (9)
coincides with AY (Bg, f) if Ba* < p*r.

1.4. Review of eigenvalue bounds

In the previous paper [2], we provided upper and lower bounds for the magnetic Neumann eigenvalues
AV (Q, B), involving geometric parameters of 2. Although we devoted particular attention to A (€2, 3), many
of the results in [2] apply to higher eigenvalues. In the present work, we are only concerned with comparing
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the first magnetic Neumann eigenvalue on a domain ) with the corresponding one on the disk having the
same area. Throughout the paper, we denote by * the disk in R? centered at the origin such that [2*| = |€].

In the Dirichlet case (Problem (3)), L. Erdés extended the classical Rayleigh-Faber-Krahn inequality to
the magnetic Laplacian [3].

Theorem 1.3 (Erdds, 1996). Let Q C R? be an open and bounded set with a C* smooth boundary. Then,
for all 8 >0,

A(Q,8) = AP (27, B).
Equality occurs if, and only if, Q is a disk.

The two-dimensional Rayleigh-Faber-Krahn inequality is a special case (8 = 0) of the previous theorem.
It is not immediately clear what the analogous result should be in the Neumann case. The Laplacian without
magnetic field (8 = 0) offers no guidance since its first eigenvalue is 0 for every domain 2. The question was
studied by Fournais and Helffer, who combined results from asymptotic analysis (as exposed in [5]) with
isoperimetric-type inequalities to find several upper and lower bounds [6]. In particular, they obtained the
following result.

Theorem 1.4 (Fournais and Helffer, 2019). If Q is an open, bounded and simply connected set with a C™
smooth boundary, and if Q is not a disk, then there exist Bo(2) > 0 and (,(2) > 0 such that the inequality

A (€, 8) < A9, B)
holds for all 0 < 8 < B¢(Q) and all B > [,(2).
This suggests the following reverse Faber-Krahn inequality.

Conjecture 1.5 (Fournais and Helffer, 2019). Let Q C R? be an open, bounded and simply connected set
with a C*° smooth boundary. Then, for all B > 0,

AN (R, 8) < A7, 8),
with equality if, and only if, Q is a disk.

Equally importantly for our purpose, Fournais and Helffer emphasized the usefulness of choosing Aq as
a vector potential for studying this problem.

While we were completing the present paper, we learned of the recent work of Kachmar and Lotoreichik
[8], who also tackled Conjecture 1.5 and proved an inequality of the form (using our notation)

which holds for S|Q| < 8*r and for all convex planar domains with a C'* smooth boundary. The radius
p(€2) is defined by the property that the torsion functions of Q2 and B, ) have the same maximum. It follows
from the Talenti Comparison Principle that B,q) C 2*. The authors then prove that, assuming 8 > 0, the
function R+ AN (Bg, B) is strictly increasing for R small enough and they deduce the inequality

A (Q,8) < COON (27, B), (11)
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with equality only in the case of disk. The constant C'(£2) depends quite explicitly on €2, and can be estimated
in some cases. For example, the authors are able to show that C(Q2) = 1 if Q is an ellipse. Inequality (11)
then validates Conjecture 1.5 for 8|Q| < f*r and Inequality (10) gives a quantitative version of it. However,
they also prove that C'(2) > 1 and find domains Q for which C(Q2) > 1, showing that Inequality (11) is in
general weaker than the conjectured one.

The authors’ proof of Inequality (10) has points in common with our methods. It consists in using a
suitable test function which is constant on the level lines of the torsion function on €2, along with estimates
on the area and the perimeter of the super-level sets of the torsion function.

1.5. Main result and outline of the paper

We give a partial confirmation of Conjecture 1.5, for the magnetic field strength g below a certain
threshold. Let us point out that, contrary to Theorem 1.4, our threshold for 5 only depends on the area of
|| and on the constant 8* introduced in Definition 1.1.

Theorem 1.6. Let Q C R? be an open, bounded and simply connected set with a C™ smooth boundary.
Assume that 8 > 0 is such that B|Q| < B*mw. Then

A9, 8) < A (@, ), (12)
and equality occurs if, and only if, Q is a disk.

The proof is based on Rayleigh’s principle and consists of two main parts. Since the conjectured inequality
becomes an equality when ) is a disk, we have to define a class of trial functions which, in the case of a
disk, contains the first magnetic eigenfunction. This is the goal of Section 2. As suggested by [6], we use the
potential Aq derived from the torsion function v of ). We take as trial functions those which are constant
on the level lines of 1, that is, functions of the form wu(p) = g(t), where p = (z,y) € Q and t = ¢)(p). These
can be understood as a substitute for radial functions in the case of a general simply connected domain.
This approach is an example of the so-called method of prescribed level lines (presented for instance in the
classical monograph [12]). Since our objective is to compare different domains having the same area, it is
convenient to take as independent variable for these functions the area a enclosed by the level lines of the
torsion function. More explicitly, we perform the change of variable

a=put):=[{peQ: ¢¥(p) >t}

where | - | stands for the Lebesgue measure. Then, we have

or, more explicitly,

with f defined on the interval [0,a*], where a* := |Q)|. Let us stress that the same idea is used in many
existing works. Among numerous examples, we can direct the reader to [11, Section II] or to the definition
of the decreasing rearrangement of a function in [14, Section 2].

Using this strategy, we are reduced to the study of functions on a fixed interval. We then express the
Rayleigh quotient of u in terms of f and obtain
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J [V ap S (aGa(a) <)\2+Gn(a)|f<a)l2) da
Jolu)Pdp S5 f(a)]? da

In the previous formula,
Ggq : [0,a"] — [0, o]
is a function (defined in Equations (17) and (23)) which depends only on €. We show in Propositions 2.5

and 2.7 that, as a result of the isoperimetric inequality, Go(a) > 47 almost everywhere, with equality if,
and only if, Q is a disk. Now, setting

o) B (2GaO @ + G (@)F) do

. | (14
feFa\{0} Jo 1f(a)]?da

we obtain

A{V(Q,ﬁ) < k1(Ga, B).

The class of admissible function Fq is specified in Section 2.3.

The idea behind the second part of our proof is to study the one-dimensional variational problem (14)
directly, disregarding its origin from the method of level lines. Hence, in the course of Section 3, we only
assume G : [0,a*] — [0, 00] to be a measurable function satisfying

dr < G(a) < o0

for almost every a. Our goal is then to prove that x1(G,[) < ki(4m, ), with equality if, and only if,
G(a) = 4m almost everywhere. We show that we can reduce the question to the case where G is in L.
Then, k1(G, 8) turns out to be the first eigenvalue of the Sturm-Liouville problem:

—(P(a)f")' + 5*Q(a)f = xf in]0,a”,
limg_0 P(a)f'(a) = 0, (15)
P(a)f'(a") = 0,
with

a

G(a)’

P(a) :=aG(a) and Q(a):=
Let us note that Problem (9) is a special case (G(a) = 47) of Problem (15). We finally show that x1(G, )
decreases when G increases pointwise (Proposition 3.6) by reducing the proof to the computation of a
derivative. More precisely, given two L*°-functions Gg and G1, not almost-everywhere equal, such that
47 S Go(a) S Gl(a)
almost everywhere, we define

G.(a) = (1—-2)Gy(a) + z2G1(a)

and k(z) := k1(G., B). We prove the Feynman-Hellmann type formula
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*

K = [ (06-(0) £ - 1)) 5 oz da

0

where f, is a normalized eigenfunction associated with x(z) and
0G(a) := G1(a) — Go(a)

(Proposition 3.7). We then show that x'(z) < 0, by an analysis of the eigenvalue equation (Proposition 3.8).
As a result, we find

K:l(GOvﬂ) = /{(0) > ﬁ(l) = ’V‘:l(Gaﬁ)7

proving monotonicity.
We thus obtain

AV(Q, 8) < ki (4m, B)

with equality if, and only if, Q is a disk. We conclude the proof of Theorem 1.6 by noting that, according
to the discussion at the end of Section 1.3, k1 (4m, ) = AN (Q*, ) when B|Q| < B*r.

Remark 1.7. We are using only once each of the hypotheses that € is simply connected and that 5| < g*m.
We are actually proving that, for any open, bounded and connected set Q C R? and for any 8 > 0,

)‘{V(QvﬂAQ) < 51(47Tvﬂ)a (16)

with equality if, and only if, Q is a disk, where Aq is the vector potential defined in Equation (5). The
left-hand side of Inequality (16) is equal to A)(Q, B) if Q is simply connected, and the right-hand side is
equal to A1 (%, 8) if Q| < B*7.

Some technical details, needed to deal with regularity issues, are relegated to Appendices B and C.
2. Method of level lines
2.1. Preliminaries on the torsion function

We recall that, throughout the paper, Q C R? is assumed to be an open, bounded and simply connected
set, with C'>° smooth boundary. Standard regularity theory for elliptic PDEs implies that the torsion
function 1, defined through the boundary-value problem (4), belongs to C>°(Q2) and is real-analytic inside
Q. Moreover, v is by definition superharmonic and therefore, by the strong minimum principle, 1 (p) > 0
for all p = (z,y) € Q. For future reference, we set

t* == max ¢(p),
peQ

so that
() =[0,¢7].

We recall that the zero-set of a real-analytic function, defined in an open and connected domain and not
identically zero, has zero Lebesgue measure (see for instance [10] for a short self-contained proof). It follows
that the set of critical points
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C:={peQ: Vi(p) =0}

has zero Lebesgue measure (as can be seen by applying the previous result to |V¢|2).
2.2. Torsion-type functions

Let us recall that we want to bound AV (Q, 3) from above by the Rayleigh quotient of a suitable trial
function, computed using the vector potential An. We limit our choice to a class of trial functions that we
call torsion-type, which are, by definition, constant on the level-sets

Lyi={peQ: ()=t}

This procedure is known as the method of level sets or, in the present two-dimensional case, method of level
lines. Intuitively, we can write such a torsion-type function u : Q@ — C as

where g is a function from [0, ¢*] to C. To obtain the best possible upper-bound, we then minimize over the
function g. We have thus replaced the original question with a one-dimensional variational problem.

In order to proceed, we need to clarify a technical detail: what regularity is required of g for u to be in
H'(Q)? This requires some basic tools from geometric measure theory and the method of rearrangements.
The current section and the next follow rather closely [1] and mainly consists of restatements of classical
results. We also use these tools to compute the Rayleigh quotient of a torsion-type function.

We define, for t € [0,t*], the super-level set

Q:={peQ: () >t}
and we set
p(t) = [l

For future reference, we write a* := |2|. The function y : [0,t*] — [0,a*] is called the distribution function
of 4. It is non-increasing and right-continuous, with ©(0) = a* and p(t*) = 0 (see [1]).

The following result, which is a special case of a fundamental theorem in geometric measure theory, is
our starting point (see for instance [4, Section 3.4.3]). It would also hold if ¢ were only Lipschitz.

Proposition 2.1 (The Coarea Formula). Let h : Q@ — C be integrable.

1. For almost allt € [0,t*] (with respect to the Lebesgue measure), the restriction of h to Ty is H'-integrable
(where H! is the 1-dimensional Hausdorff measure).
2. The function

t— /h(Q)dHl(Q)

is integrable in [0, t*].
3. For allt € [0,t*],

[rwiwvwia= [ [raan@) a



B. Colbois et al. / J. Math. Pures Appl. 192 (2024) 103632 11

Corollary 2.2. Let us define (almost everywhere) the function

Yo ! [O,t*] — [0,00]

1 1
Yal(t) ::F/Wd% (q)- (17)

Then vq € L*(]0,t*[,dt) and

(t) = / ra(s) ds. (18)

t

Proof of the corollary. Roughly speaking, we apply the Coarea Formula to the function g = 1/|V|. How-
ever, this function may not be integrable. To bypass this difficulty, we define, for any positive integer n,

Each function h,, is bounded and therefore integrable in ). The Coarea Formula then yields, for all ¢ € [0, t*],

+*

/hn(p)lvw(p)\dp:/ /hn(q) dos(q) | ds.

Q t s
By applying twice the Monotone Convergence Theorem, we find that the right-hand side converges to

+*

/'yg(s) ds

t

as n tends to co. On the other hand, h,,(p)|V¢(p)| is ultimately equal to 1 if 1/|V4)(p)| is finite, that is to
say if p is not a critical point, and is constantly O if p is a critical point. By the Monotone Convergence
Theorem, the left-hand side therefore converges to

€2\ C|

(we recall that C is the set of critical points of ). Since C has measure zero, the previous quantity is equal
to wu(t).

It remains only to show that vq belongs to L(]0, %[, dt). Since g is non-negative, it is enough to apply
Equation (18) for ¢t = 0:

o
/’m(s) ds=pu(0)=a*<oco. O
0

Remark 2.3. Adapting the proof of the previous corollary, we see that the Coarea Formula, that is, part 3 of
Proposition 2.1, holds when h is any measurable function from 2 to [0, co] which is finite almost everywhere,
without any conditions of integrability. In that case, either both sides of the equation are finite and equal
or both are infinite.
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Remark 2.4. According to Equation (18),  is absolutely continuous, with derivative —vyq.
It is crucial to note that the isoperimetric inequality implies a lower bound on ~gq.

Proposition 2.5. For almost every t € [0,t*], vo(t) > 4n. Furthermore, we have yq(t) = 4w almost every-
where if, and only if, Q is a disk.

Proof. We first use the Cauchy-Schwarz inequality: for ¢ € [0, t*],

1
1 1/2 1
|Ft|:/1d?—l :/|w|/ o 4

Iy

< /\V¢|d?—t (r/v—wcm

According to Sard’s theorem, almost all ¢ in [0, ¢*] are regular values of . For these values, the Hausdorff

1/2

measure H! coincides on I'; with the measure o, induced by the arclength and we obtain, using Green’s

/\vw ) dofa) = /?”( douly /Aw )dp = 9.

From the two previous facts and the isoperimetric inequality,

formula,

|T|?
Q(t) = 2477_7
’72( ) |Qt|

which proves the desired inequality.

To treat the case of equality, we observe that if we have yq(t) = 47 for almost every ¢, we also have, from
the previous inequalities, |I';|2/|Q| = 4m. Thus, ; is a disk for almost every ¢ and, in particular, we can
pick a positive sequence (¢,), decreasing to 0, such that €2 is a disk for all n. Since the sequence of sets €2
is non-decreasing with respect to inclusion and since Q =, €, , it follows that € is a disk. Conversely, if
Q is a disk, then 1) is radial, all level sets are circles on which |V| is constant, hence we have equality in
both the Cauchy-Schwarz and the isoperimetric inequalities. O

Definition 2.1. Let G, be the space of functions g : [0,¢*] — C (up to equality almost everywhere) such that

1. g€ L2G0,t*[a’yﬂ(t) dt)a
2. g’ € L2(]0,t*[, u(t) dt).

Let us briefly discuss the meaning of Definition 2.1. The first condition, together with the inequality
in Proposition 2.5, implies that g is locally integrable in ]0,¢*[. We can therefore consider the associated
distribution in ]0,¢*[, which we also denote by g. The second condition then requires g’, the derivative of
this distribution, to be a locally integrable function which satisfies

+*

[19OF node < . (19)

0



B. Colbois et al. / J. Math. Pures Appl. 192 (2024) 103632 13

Proposition 2.6. If g belongs to Gq, the function u: Q — C, defined by

belongs to HY(Q).

Proof. We first apply the Coarea Formula (specifically Remark 2.3) to the function |u|? and obtain

/ lu(p)|? dp = / 9(0)21a(t) d. (20)
Q 0

By definition of Gg, the right-hand side is finite, and therefore u € L?(Q).
We now claim that the function u is locally integrable in 2 and that, interpreted as a distribution in €2,

Vau(p) = ¢'(¢(p)) Vi (p). (21)

If g € C1([0,t*]), the claim follows immediately from the chain rule. When we only assume that g € Go, we
can establish (21) using an approximation argument detailed in Appendix B.
We finally apply the Coarea Formula to |Vu|?, using the previous claim, and obtain

.
[Ivuw dp= [ 19 @EnPvewra = [1508 | [ Fu@ldno ) d
Q Q 0 t

As shown in the proof of Proposition 2.5,

/ V()| dH (q) = plt)

Iy
for almost every t €]0,¢*[, therefore

/IVU(p)I2 dp = /|gl(t)|2,u(t) dt.
Q

0

The right-hand side is finite by definition of Gq, therefore Vu is in L*(Q) and thus u is in H(Q). O

Let us finally give a formula for the L?-norm of the magnetic gradient of a torsion-type function, using
the vector potential Ag. We fix g € Go and we define, as before, u(p) := g(¢(p)). For any 5 > 0, we find,
using Equation (21), that

Vu(p) — iBu(p)Aa(p) = ¢'(¥(p)) Ve (p) + iBg(¥(p)) V(p)

for almost every p in §2. Since the vectors V4 (p) and V+4(p) are orthogonal and have the same length,

|9 (¥(0)) Ve (p) — iBe () V()| = (19 (P + B2l9(t)?) IV (p) I,

with ¢t = 9(p). The Coarea Formula then gives

+*

/|Vu(p) — iBu(p)Aq(p)|” dp = / (lg'®OF + 32lg()?) p(t) dt. (22)
Q

0
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2.3. Reparametrization by the area

Since we are comparing different domains having the same area, it is convenient to use an alternative
parametrization of torsion-type functions. We use as a new variable a = pu(t), that is, we parametrize the
values u(p) of a torsion-type function u by the area of the super-level set Q;, with ¢ = ¢(p). By definition
of the distribution function u, the variable a runs over the interval [0, a*]. Roughly speaking, we can then
write a torsion-type function u : Q — C as u(p) = f(a), where a = p(¥(p)) and f is a complex-valued
function defined on [0, a*].

As before, we need to specify the regularity required of f for u to be in H'(2). We do this using
Proposition 2.6 and the properties of the distribution function u. Let us first note that, since u is absolutely
continuous, with p'(t) negative almost everywhere (u/(t) = —vyq(t) < —4n), p is strictly decreasing and

1

therefore is a homeomorphism from [0, t*] to [0,a*]. The formulas f = go ™' and g = f o y are therefore

well defined and maps complex-valued functions g on [0,¢*] to complex-valued functions f on [0,a*] and

-1

vice versa. In addition, u~! is also absolutely continuous, with derivative almost everywhere (u=')'(a) =

—1/Gq(a), where we define

Gala) =10 (1" (a)). (23)

Since both p and p~! are absolutely continuous, they map sets of measure zero to sets of measure zero. This
means that the above correspondence between the functions g(¢) and f(a) can be defined up to equality
almost everywhere.

Proposition 2.5 can be immediately translated in terms of the function Gg.

Proposition 2.7. For almost every a € [0, a*],

Gal(a) > 4r. (24)

In addition, equality holds for almost every a if, and only if, Q) is a disk.

In the rest of this section, we frequently use the following change of variable formula. It is simply a
consequence of the fact that, since —vyq is the derivative of u, the measure v (t) dt on [0, ¢t*] is the pull-back
by the mapping u : [0,¢*] — [0,a*] of the Lebesgue measure on [0, a*].

Proposition 2.8. If h is a measurable function from [0,a*] to [0, 00|, then

a* t*

ha)da= | h(u(t)ralt) dt.
[rom=]

Furthermore, if h is a measurable function from [0,a] to C, then h is integrable in [0,a*] if, and only if,
t— h(u(t)) va(t) is integrable in [0,t*], and in that case the above identity also holds.

Definition 2.2. Let Fq be the space of functions f : [0,a*] — C (up to equality almost everywhere) such
that

1. f € L*(]0,a*[,da),
2. '€ L*(]0,a*[,a Gq(a) da).

Proposition 2.9. The function f :[0,a*] — C belongs to Fq if, and only if, g(t) = f(u(t)) belongs to Gq.
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Before proceeding with the proof, let us point out that the characterization of the functions f, such that
the corresponding w is in H', is an immediate corollary of Proposition 2.9 and Proposition 2.6.

Corollary 2.10. If f belong to Fq, the function u: Q — C, defined by

belongs to H(Q).

Proof of Proposition 2.9. From Proposition 2.8, with h(a) = |f(a)|?, it follows that

/[If(a)Ftia:: j/|g<tnzfyﬂ<t>dt (25)
0 0

and therefore that f is in L?(]0,a*[,da) if, and only if, g is in L2(]0,t*[, ya(t) dt).
In addition, we claim that f’ € Li ([0,a*]) if, and only if, ¢’ € LL (]0,#*]) and that, in this case, the

loc loc

following identity holds: for almost every t €]0, t*|,

g9'(t) = —a(t) f'(u(t)) (26)

(see Appendix B for a proof). Using this, and Proposition 2.8 with h(a) = |f'(a)|? a Go(a), we find

[17@PaGa@da= [ I u®)Pra@Putyde= [ Ig@)Put
0 0 0

We conclude that f’ is in L2(]0,a*[,a Gq(a) da) if, and only if, ¢’ is in L2(]0,¢*[, u(t)dt). O

We still have to compute the L?-norm of the magnetic gradient in the new variable a. Performing the
change of variable @ = u(t) (using Proposition 2.8) in the right-hand side of Equation (22) and using Identity
(26), we find

/WVuuo—wﬂuunAQ@Mde
Q

*

~

Il
—

(lg'®OF + B2lg()*) p(t) dt

-~ o
*

O s O —0

(v (®O2[f (WO + B21f (u(t))?)

(Ga(@)?|f (@)l + B2 f(a)?)

We finally obtain

a*

. 2 5 102 B%a A
iﬂww—mwmm>@—/@&mww»+@@vmﬁd. (27)

0
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2.4. Reduction to a one-dimensional variational problem

Let us now define

By (aGal@)lf (@) + 51 f(@)) da

k1(Gaq,B) := inf =
1(Ga. f) feFa\{0} Iy 1f(a)]? da

Proposition 2.11. For any 8 > 0,

MV(Q, B) < k1(Ga, B).

Proof. For f € Fq \ {0}, the torsion type function u(p) = f(u(¥(p))) is in H*(2), according to Corol-
lary 2.10, and its magnetic Rayleigh quotient satisfies

Jo [Vulp) — iBup)Aa@) dp Sy (#Gal@)lf @)P + 5| @) da
Jo lu(p)[* dp S5 1f(@))? da

according to Equations (20), (25) and (27).

Since the torsion-type functions associated with a function in Fq form a subspace of H'(Q), it follows
from Rayleigh’s principle that A (2, 8) < k1(Gq,8). O
3. Analysis of a Sturm-Liouville problem

3.1. Generalization of the one-dimensional problem

To study Problem (28), we disregard its origin from the method of level lines. We consider it as a purely
one-dimensional problem and we allow for functions a — G(a) satisfying only the following assumption.

Assumption A. The function G : [0,a*] — [0, 00] is measurable, and
dr < G(a) < o
for almost every a € [0,a*].

We extend Definition 2.2 to such an arbitrary G and indicate the corresponding subspace of L2(]0, a*[, C)
with Fo. We extend similarly Problem (28) and indicate the infimum with x1 (G, ).
We will need the following upper bound in the special case where G(a) = 47 almost everywhere.

Lemma 3.1. For any 5 > 0,

k1(4dm, B) < B.

Proof. We use the trial function

fata)i=exp (52

A direct computation shows that

5 (malfb@P + S21@F) do_anafytar)poter) _
o 1 fs(@)? da T fa(a)2 da
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8.2. Associated Sturm-Liouville problem
We start the proof by making an additional assumption.
Assumption B. The function G is bounded.

We show in Section 3.5 how the assumption can be removed to obtain an upper bound on k1(G, )
without restriction on G.

It is easy to check that under Assumption B, the associated function space F¢ is actually independent
of G. Indeed, we prove the following more precise result in Appendix C.

Lemma 3.2. Let G be a function satisfying Assumptions A and B. Then, the sets Fg and Fup are equal,
meaning that Fg consists of the functions f such that

1. f € L*(]0,a*[,da);
2. f' € L?()0,a*[,4mada).

In addition, Fa. equipped with the natural norm

*
a

1915, = [ 1F@P da+an [ 1) ada
0

0

is compactly embedded in L*(]0,a*[, da).

Standard arguments from functional analysis and spectral theory (see Appendix C) give the following
result.

Proposition 3.3. Let a — G(a) be a function satisfying Assumptions A and B. Then, the infimum k1(G, )
of Problem (28) is a minimum, and coincides with the first eigenvalue of the following Sturm-Liouville

problem:
—(P(a)f") + B*Q(a)f = f in]0,a"[,
limg—0 P(a)f'(a) = 0, (29)
P(a®)f'(a*) = 0,
where
P(a) :=aG(a) and Q(a) := G?a)

3.8. Properties of eigenvalues and eigenfunctions

We recall some properties of the Sturm-Liouville problem (29). Those are standard in the case where the
coeflicient functions () and P are regular, that is, Q continuous, P continuously differentiable and positive
in [0,a*]. They can be shown to hold in our case also. For the reader’s convenience, we provide proofs in
Appendix C.

Proposition 3.4. The Sturm-Liouville problem (29), dependent on a function G, satisfying Assumptions A
and B, and on a parameter 8 > 0, has the following properties.
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1. There exists an orthonormal basis (fx)k>1 of L*(]0,a*[,da), consisting of eigenfunctions for Problem
(29), each associated with an eigenvalue ki (G, ), such that (ki(G, B))k>1 95 a non-decreasing sequence
going to +o00.

2. The eigenvalues ki (G, B) are all simple.

3. The eigenfunctions fi are locally absolutely continuous in |0,a*]. In addition, their so-called quasi-
derivatives, defined as

E] ta > Pla)f(a)

are absolutely continuous in [0, a*].
4. The eigenfunction fi can be chosen positive in [0,a*]. In addition, f1 is absolutely continuous in [0, a*].

Remark 3.5. Let us note that, since the coefficient functions P and @ are real-valued, the Sturm-Liouville
operator in Problem (29) maps real-valued functions to real-valued functions. It follows that we can choose
the basis (fx) so that all its functions are real-valued. In the rest of the paper, we assume that this is the

case.

In the rest of this section, we focus on the first eigenvalue (G, 8). Our goal is to show monotonicity of
k1(8, G) with respect to G.

Proposition 3.6. Let Gy and Gy be two functions satisfying Assumptions A and B and let B > 0. Let us also
assume that

1. Go(a) < Gi(a) almost everywhere,
2. Go(a) < Gi(a) in a set of positive measure.

Then k1(Go, B) > k1(G1, B).

We reduce the proof of Proposition 3.6 to the computation of a derivative. To set this up, we define, for
z € [0, 1], the convex combination

G.(a) = (1 - 2)Go(a) + zG1(a). (30)

Let us note that G, also satisfies Assumptions A and B. To simplify notation, we write

k(2) := k1(G, B)

and we denote by f, an associated eigenfunction, which we choose positive and L?-normalized. We denote
by P, and @, the coefficient functions associated with G, and by ¢, the quadratic form

*

a

0(f) = / (Po(@)|f' (@) + 82Q. ()| f(a)P) da. (31)

0

Proposition 3.7. The function z — k(z) is differentiable in [0,1], and for all z €]0,1],

d

/ —_
" (Z) o d’w|w:z

Chu(fz)- (32)
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Equation (32) is sometimes called the Feynman-Hellmann formula and holds in a variety of settings.
Here, it can be justified by the fact that, in the terminology of T. Kato, ¢, is an analytic family of forms
of type (a) with respect to the parameter z, so that each of the mappings z — ki(G., ) is analytic in
a domain of the complex plane containing the real segment [0, 1]. The general theory can be found in [9,
VII-§ 4], where the formula appears as (4.56) on page 408.

To find a more explicit formula, we differentiate with respect to w under the integral sign in the expression
of qu(f.). We have

where
0G(a) := G1(a) — Go(a).

Using Proposition 3.7, we obtain

(0GP - Fag 110 da

K'(z) =

o*
0

a*
0

oG
- [ (PP - I LP) o do

Using the notation

Xz(a) ::fz(a)a

Y.(a) :==f"(a) = P.(a) f(a),

we can summarize the previous results as

v 5G

V6 = [ (0 = ) S da (3)

0

Monotonicity is then a consequence of the following property.
Proposition 3.8. For any z € [0,1] such that k(z) < f3,
Yz (a)? - B*a®|X.(a))” <0
for all a €]0,a*].

Before proving this proposition in the next section, let us check that it implies Proposition 3.6. We need
the following lemma.

Lemma 3.9. If Proposition 3.8 holds, then we have k(G,8) < 8 for any G satisfying Assumptions A and B.
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Proof. If G(a) = 47 for almost every a in ]0, a*[, then (G, §) = (47, ) and since, according to Lemma 3.1,
k(4m, G) < B, we have the desired result. We can therefore assume from now on that G(a) > 47 holds in a
set of positive measure.

Let us now define, for z € [0, 1],

G.(a) =471 — 2z) + 2 G(a)

(this is a special case of the definition (30), with Go = 47 and G; = G). We recall that the function
z > k(2) := k(G,, B) is differentiable (hence continuous) and that «(0) = k(4m, 8) < B.

Let us now assume, by contradiction, that x(G,3) = k(1) > B. Then, by continuity, there must exist
2o €]0, 1] such that x(z9) = 8 and x(z) < B for all z € [0, zg].

According to our running assumption on G,

0G(a) :=G(a) — 47 >0

almost everywhere and dG(a) > 0 in a set of positive measure. From Formula (33) and Proposition 3.8, we
obtain «/(z) < 0 for z € [0, z9[. Hence, x(29) < k(0) < 8, leading to a contradiction. O

Tt is now easy to complete the proof of Proposition 3.6. We go back to the original definition (30) of G,

and repeat the end of the proof of Lemma 3.9. We find that z — k(z) is strictly decreasing in [0, 1] and
therefore

k(Go, B) = k(0) > k(1) = k(G1, B),
which is the desired conclusion.
Remark 3.10. A posteriori, Lemma 3.9 shows that the assumption x(z) < § in Proposition 3.8 was super-
fluous. However, this assumption plays a crucial role in the proof of Proposition 3.8 presented in the next
section, so that we were not able to avoid the indirect reasoning presented here.
8.4. Proof of Proposition 3.8
We first note that Proposition 3.8 is equivalent to
|R:(a)| < Ba,

for all z € [0, 1] such that x(z) < 8 and all a €]0, a*[, where

The dependence in z is irrelevant to the following analysis, so we fix z € [0,1] such that x(z) < § and
simplify the notation accordingly, writing G, P, @, R and « for G, P,, Q,, R, and x(z).

We now reformulate the Sturm-Liouville equation in the phase-plane. In the following proposition, the
functions under consideration are locally absolutely continuous in ]0,a*], so their derivatives are locally
integrable functions. The differential equations hold almost everywhere.

Proposition 3.11. The vector-valued function a — (X(a),Y (a)) is a solution in ]0,a*] of the first-order
system
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X' = pls,
{ ¥' = (8°Q(a) - m)X. (34

satisfies X (a*) > 0, Y(a*) = 0 and has a continuous extension at a = 0,

In addition, a — (X(a),Y(a))
= 0. Finally, we have Y (a) = O(a) as a — 0.

with X (0) > 0 and Y (0)

The differential system (34) in the proposition is satisfied in |0, a*[ as an immediate consequence of the
definition of X and Y and of the Sturm-Liouville differential equation in (29). The behavior of X and Y at
the endpoints @ = 0 and a = a* is more delicate (especially the left endpoint a = 0). This part of the result
is established in Appendix C.

Taking Proposition 3.11 for granted, a straightforward computation implies that R satisfies a Riccati
equation in ]0, a*].

Proposition 3.12. The function R is a solution of a first-order, non-linear, Riccati-type differential equation
in ]0,a*],

R = B3%Q(a) — k — %R? (35)

In addition, a — R(a) has a continuous extension at a = 0, with R(0) =0, and R(a*) = 0.
We now proceed with the proof of Proposition 3.8. The Riccati equation (35) can be written
R' = F(a,R), (36)
with
1

F(a,Z) := B*Q(a) — k — %Z2.

The proof then goes roughly as follows. If we define

Zy(a) := £Pa,
we find
F(a,Z+(a)) = 5°Q(a) — k — ﬁﬁzf = % T aﬁ;i) -
while
Zl(a) = £

Since & is positive and, by hypothesis, x < 3, the functions Z; and Z_ are respectively a strict supersolution
and a strict subsolution of the ODE (36). If the coefficient functions 1/P and @ were continuous in [0, a*],
this would be sufficient to reach the conclusion of Proposition 3.8. Here we can only claim that these
functions are locally integrable in |0, a*]. In particular, 1/P(a) could behave as 1/a as a — 0. However, this
method of comparison still works for Equation (35). Let us state and prove the result more rigorously.

Lemma 3.13. For all a €]0,a*],

—Ba=27_(a) < R(a) < Z4(a) = pa. (37)
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Proof. We first show that Inequality (37) holds in a neighborhood of 0. Since X (0) > 0 and Y (a) = O(a),
we have R(a) = O(a) and thus

F(a,R(a)) = =k + O(a)
as a — 0. Since 0 < k < f3, it follows that there exists € > 0 such that, for all a €]0, €],

|F(a, R(a))| < 5.

From the differential equation (36), we get

a

R(a) = /F(a,R(a)) da

0
and therefore, for a €]0, ¢,

a

|R(a)| < /|F(a,R(a))| da < fBa.

0

Let us now assume that there exists some a €]0, a*] such that either
R(a) > Ba
or
R(a) < —pa.

We define a; as the infimum of all such a’s. From the first part, a; > 0, and since R is continuous we have
R(ay) = Bay or R(ay) = —Pay.
Let us consider the first case and let us pick a €]0, a;[. We have

ay

Rla) — a = / (8- Fl(a, R(a))) da. (38)

a

Since
F(a, pa) = —k,
for almost all « €]0, a*], we have

|F(a, R(a)) + k| = |[F(a, R(e)) = F(a, fer)|
1

1
= pia) [R(@)* = B0®| < 1= [R(a)? - B0

By continuity of o — R(«), we have, for « close enough to ay, that F(«, R(«)) is close to —x, in particular
F(a,R(a)) < 0, and thus

B — F(a, R(a)) > 0.
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Using Equation (38), we find
R(a) > Ba

for @ < a; and a close enough to ap, contradicting the definition of a;.
In the second case, we have, for a €]0,a4],

ai

R(a) + fa = /(—B — F(a, R())) dav. (39)

a

As above, we obtain that for « close enough to a;, F(a, R(a)) is close to —k. In particular, since k < /5 by
hypothesis,

-8 —F(a,R(a)) <0
for « close enough to a;. It then follows from Equation (39) that
R(a) < —fa

for a < a; and a close enough to ap, contradicting the definition of a;.
Thus, Inequality (37) holds in all of ]0,a*]. O

3.5. Upper bound for the general variational problem

We now complete our study of the one-dimensional variational problem (28) by removing Assumption B.
Our goal is the following result.

Proposition 3.14. Let G be a function satisfying Assumption A. For all § > 0,
k1(G, B) < k1(4m, B),
with equality if, and only if, G(a) = 4w for almost every a.
For any positive integer n, we set
Gy (a) :== min{G(a), 4nr}.

Let us note that G, then satisfies both Assumptions A and B, and that, for a given a, (G,(a))n>1 is
non-decreasing and tends to G(a).

Lemma 3.15. The sequence (k1(Gn, 5))n>1 is non-increasing and

lim x1(Gp,B) = k1(G, B).

n—oo

Proof. We recall that, according to Lemma 3.2, Fg, = Fir and Fu, is compactly embedded in
L2(]0, a*[, da). We also note that Assumption A implies that Fg C Fy. It follows from Proposition 3.6 that
the sequence (k1(Gr, 5))n>1 is non-increasing with n and therefore convergent. Let us define

k* = lim k1(Gp,B).

n—oo
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It remains to show that k* = k1 (G, ).
To simplify the notation slightly, we write

and, for any f € Fyr,

an(f) = / (Pa(@)|f (@) 2 + B2Qu(0)| f(a)?) da
0

where

P, (a) :=aGy(a)
and

Qnla) = Gna(a)

Let us now fix f € Fg with || f||z2 = 1. By definition of x1(G,, 3),

qn(f) ZHI(Gn;ﬂ) (40)

We find that

/ (@)l (a |2da+/ (a)[2 da

and

a*

/ Qu(a)|f (@) da — / Q(a)f(a) da

0

from the Monotone and the Dominated Convergence Theorems, respectively. Passing to the limit in In-
equality (40), we obtain

q(f) > k"

Therefore k* < k1(G, ).

Let now fJ* denote, for each n, a function in Fy, such that ||fi'|lzz2 = 1 and ¢,(f]*) = ™. Since the
sequence (k™) is convergent, we can easily check, using Assumption A, that (f7*) is bounded in Fy,. Hence,
we can find a subsequence (f{"*) and a function f* in Fy, such that (fi'*) converges to f* weakly in Fy,
and strongly in L?(]0,a*[,da). Now, for a fixed integer m, as soon as nj > m,

a*

[ Pa@lsy @ da + / Qu (@) 7 (@) da

0

/pnk |2da+/an P (a)2 da = R,
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Passing to the limit as ny — oo, we get that

a*

[ Pa@lY @ da+ [ Q@I (@) da <
0

0

Since m is arbitrary, we conclude that f* belongs to Fg and that
q(f*) < K"
Hence «* > k1(G,5). O

Lemma 3.15, combined with Proposition 3.6, yields Proposition 3.14. Although we do not use it, we can
note that the proof of Lemma 3.15 shows the existence of a minimizer f* € F¢g for Problem (28), for any
G satisfying Assumption A (not necessarily bounded).

3.6. Proof of the main theorem

We can now finish the proof of Theorem 1.6. From Propositions 2.7, 2.11 and 3.14, it follows that for any
B >0,

M, B8) < ki(4m, B),

with equality only if €2 is a disk. On the other hand, as recalled in Section 1.1,

k(4 B) = AY (27, B)

whenever 0 < 8 < 5;”, which proves the theorem.
Appendix A. Existence of 3*

Let us give a proof of Proposition 1.1 from the introduction. We note that Kachmar and Lotoreichik used
a similar approach (see the proof of Proposition 3.3 in [7]).

Proof. We have

ki(n,B,1)= inf R,(v)

vEHL\{0}
where
fol <v'(r)2 + (% - %)21’2(7")) rdr
Rn(v) = T ;
fo v2(r) rdr
Ho = {f € L*(|0,1[,rdr) : f" € L*(|0,1],7dr)}
and, for n # 0,

H, = {f € L*(|0,1[,rdr) : f' € L*(|0,1[,rdr), f/r € L*(]0,1[,rdr)}.

We note that H,, C Ho when n # 0. Now we see that
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2 2 2 92 2.2 2,.2
(Z-2) =S -ms+ El s minl -+ B 2

when 8 < 1, for all n # 0 and r €]0,1[. This implies that for any v € H,,, we have R, (v) > Ro(v) for all

n # 0.
Applying Rayleigh’s principle, we obtain that

Kl(naﬂa 1) > Hl(oaﬂal)

for all 5 € [0, 1]. This implies the desired result. O
Appendix B. Chain rule formulas

Let us first prove Formula (21). We fix ¢, a function in Go. We first have to settle a small technical issue
concerning the definition of the function ¢’ 0. Since ¢’ is only defined up to equality almost everywhere, we
have to check that, given two measurable functions hy, ho : [0,t*] — C, whenever hy(t) = ha(t) for almost
every t € [0,t*], hy o t(p) = ha o 9(p) for almost every p € €. This holds if, and only if, |E| = 0 implies
|p~L(E)| = 0 for any E C [0,t*] measurable. This is equivalent to saying that the push forward of the
Lebesgue measure on 2 by the mapping 1, denoted by . (dp), is absolutely continuous with respect to the
Lebesgue measure on [0,¢*].

The measure 1, (dp) can easily be computed using the Coarea Formula. Indeed, let us consider E, a
measurable subset of [0,¢*] and let us apply Remark 2.3 to the function h(p) = xy-1(g)(p)/|V¥(p)|, where
X¢—1() is the characteristic function of ¥ ~!(E). We obtain

Wl (B)| = / Xo-1(2) () dp = / h(p) V()] dp = / / h(q)dH () | ds
Q Q 0 .

t* t*

— xe(¥(9) ;40 s = s)yals)ds
_0/ / 200 dH (q) | d O/XE( )ra(s) ds.

s

This shows that 9. (dp) = yq(t) dt, and the right-hand side is absolutely continuous with respect to dt, since
g is integrable.

To show that Formula (21) holds in the sense of distribution, we have to show that p — ¢'(¢(p)) Vi (p)
is locally integrable and that, for any smooth function ¢ compactly supported in 2,

—/g(w(p))vw(p) dp = /g’(w(p))@(p)vw(p) dp. (B.1)
Q Q

We first note that, if g is in C1(Q2), Equation (B.1) follows from Green’s identity and the standard Chain
Rule.

Lemma B.1. For any function g € G, there exists a sequence (gn,) of functions in C1([0,t*]) such that

L g, — g" in L*(J0,¢*[, pu(t) dt);
2. gn — g in L?(]0,t*[, ya(t) dt).
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Proof. Let us first note that, since p in bounded away from 0 in every compact subset of [0,¢*[, ¢’ is in
Li _([0,¢*],dt), and therefore, for all t € [0,¢*],

loc

Since g’ € L%(]0,t*[, u(t) dt), there exists a sequence (h,,) of functions which are continuous and compactly
supported in ]0,¢*[, such that h,, — ¢ in L*(]0,t*[, u(t) dt). We then define

for all n > 1 and ¢ € [0,t*]. We note that g, € C'([0,¢*]). Point 1 is satisfied by construction. Let us now
use Fubini’s theorem:

J19u0) = aOPratydt = [ | [(halo) = g'(5)) ds| 2a(t)

t

g#/ /mu@—y@ﬁm Yo t) dt

0

=t* [ |hn(s) — g'(s)]? yo(t)dt | ds
/ /

=t [ Ihas) = g () Pu(s)ds
0

Since the last term tends to 0 as n — 0o, we obtain point 2. O

We now fix a sequence (g, ) as in the Lemma. From our initial remark, we have

—/%W@wwmwz/%W@mwwwm@ (B.2)

Q Q

for all n. By starting from points 1 and 2 in the Lemma and applying the Coarea Formula (with computations
similar to the proof of Proposition 2.6) we obtain that, respectively, g, o ¢ and (g}, o %)V tend to g o ¢
and (¢’ 0 )V in L%(Q), and therefore in L'(Q2). We then deduce Equation (B.1) by passing to the limit
in Equation (B.2).

Finally, let us prove Formula (26). If f' € LL (]0,a*]), we have, for all a €]0,a*],

loc

ﬂ@:fmﬂf/fmma

and therefore, from Proposition 2.8,
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awzam—/ﬂw@wmaw,

where t = 71 (a). It follows that ¢’ is locally integrable in [0,*[ and ¢'(t) = —f'(u(t)) ya(t).
Conversely, if ¢’ € LL _([0,t*[), we have, for all t € [0, t*],

loc

and therefore, from Proposition 2.8,

where a = u(t). It follows that f’ is locally integrable in ]0,a*] and f'(a) = —¢'(p~1(a))/G(a).
Appendix C. Proofs for the Sturm-Liouville problem

Our goal is to prove Propositions 3.3 and 3.4. We follow the well-known method of defining the eigenvalue
problem for a self-adjoint operator using a quadratic form. We also prove the properties of the functions X
and Y used in the proof of Proposition 3.6, more specifically the endpoint behavior stated in Proposition 3.11.

Let the function G : [0,a*] — [0, o0] satisfy Assumptions A and B. We first prove Lemma 3.2, which
characterizes the associated function space Fg (see Definition 2.1). Let us recall the statement.

Lemma C.1. The set F¢ is equal to the set Fur consisting of functions f :[0,a*] — C satisfying

1. fe L?(]0,a*],da);
2. f' € L?(]0,a*[, 47 ada).
In addition, Fur, equipped with the natural norm

*

a

|m&p:/umFM+m/umme
0

0

is compactly embedded in L*(]0,a*[,da).
Proof. From Assumptions A and B, we have
47 < G(a) < |G|l

for almost every a in [0, a*], which immediately implies that the sets Fg and Fy, are equal.

Among several possible approaches to prove the compact embedding, we use one which is closely related
to the method of level lines. We define R by mR? = a*, so that By is the disk of area a*. We map any
function f € Fy, to a function u on Bpg, defined by

u(p) = f(x[pl*) (C.1)
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for p € Bg.
Integrating in polar coordinates over Br and using Fubini’s theorem, we find

27

R R
\u(p)|2 dp = |f(7rr2)|2r dr | df =2n |f(7r7°2)\27“ dr.
Jrore= [ /

The change of variable a = 772 in the last integral gives

R a*
2m |f(7r7'2)|27‘ dr = |f(a)\2da.
/ /

In addition, a computation similar to the proof of Proposition 2.6 in Appendix B shows that the gradient
of u, in the sense of distribution, is

Vu(p) = 2 f'(x|p|*)p.

Integrating as before, we find

R a*
/ |Vu(p)|® dp = 87r3/|f’(7rr2)\27"3 dr = 47r/ |f'(a)]?a da.
Br 0 0

From this and the previous paragraph, we conclude that the mapping f — u defined above sends F4, into
H'(BgR), isometrically if F4, is equipped with the natural norm |- || 7, , and that it also separately preserves
the L2-norm.

The conclusion is now easy to reach. Let us assume that (f,) is a bounded sequence in (Fyr, || - || 7., )- It
is mapped to a bounded sequence (u,) in H'(Bg). By Rellich’s theorem, H!(Bg) is compactly embedded
in L?(Bgr), and therefore (u,) admits a subsequence (u,,) which converges in L?(Bg). By the isometric
mapping, the corresponding subsequence (f,,, ) is Cauchy, and therefore convergent, in L?(]0,a*[,da). O

Remark C.2. Let us note that m|p|? is the area enclosed by the circle centered at 0 passing through the
point p in Bpr. Since the level lines of the torsion function in Bg are circles, we have 7|p|? = u((p)) for all
p € Bg. Here we are using the notation of Section 2.3 in the case Q = Bg and ¢(p) = $(R* — |p|*). The
mapping f(a) — u(p) is therefore the one defined in Corollary 2.10.

We now consider the quadratic form defined, for f € F4 ., by

*

a

dlf) = [ (P@IF@P + Q@IS @) da.
0
Since |P(a)| < a|G||r~ and |Q(a)| < 4 for almost every a, the form ¢ is continuous in (Fyr, || - ||7,.)-
Since ) is non-negative, ¢ is non-negative and in particular bounded from below. Standard results from
spectral theory then tell us that there exists a sequence (kg, fi)k>1 of spectral pairs satisfying the following
properties (where (-, -) denotes the scalar product in L?(]0, a*[, da) and q(-, -) the sesquilinear form associated
with the quadratic form ¢(-)).
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1. For all k, fr € F4r and fi is an eigenfunction of ¢ associated with the eigenvalue Ky, that is to say

a(fr> ) = Kl fr, ) (C.2)

for all ¢ € Fyr.
2. The sequence (fy) is a Hilbert basis of L2(]0,a*[, da).
3. The sequence (k) tends to +oo.

Setting ki (G, B) := Kk, we see that we have proved point 1 in Proposition 3.4.
In addition, as a consequence of the variational characterization of eigenvalues, we have

. a(f)
= min 5
feFi\{0} || flI72

(C.3)

This proves Proposition 3.3.

The fact that g is associated to a Sturm-Liouville operator implies further properties of the eigenvalues
and eigenfunctions. To see this, let us fix k and let us consider the weak eigenvalue equation (C.2). Since
Far contains, in particular, all smooth functions with compact support in ]0,a*[, Equation (C.2) implies
that

—(P(a)f}) + B*Q(a) fr. = k. fr (C.4)

in the sense of distributions in ]0, a*[. Introducing the quasi-derivative f,Ll] (a) := P(a)f;(a) and rearranging
the terms, we obtain

(MY (@) = (82Q(a) — k) fi(a)

in the sense of distribution. The left-hand side is in L2, and thus in L', meaning that f,gl] is absolutely
continuous in [0, a*]. Since

fila) = g5 @

and

L1
(a) = 4ma

0<

it follows that fj is locally absolutely continuous in ]0, a*]. We have thus proved point 3 of Proposition 3.4.
Let us now consider a function ¢ in C*([0, a*]). According to Equation (C.4), we have,

/{k/fk(a)SO :/ [1] +52Q( )fk((l)) o(a) da.
0 0

Applying the integration by part formula for absolutely continuous functions, we obtain

*

a

@/n 0yda = [ @plals + [ (@5 + PQ@) da

0

Since, according to Equation (C.2),
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| (#@¢ @ + e @) da=r [ flap(ada
0 0

we have shown that

@) e(a®) = 1 0)p(0) =0

for all p € C*(]0,a*]). By applying this successively with o1 such that ¢;(0) = 0 and ¢;(a*) = 1 and with
2 such that ¢2(0) = 1 and @p2(a*) = 0, we obtain

Hiat) = i) =o. (C.5)

We have therefore proved the boundary conditions in Problem (29).
Re-using the notation of Section 3, we set

X(a) :=fr(a),
Y (a) :=f(a).

Then, the vector-valued function a — (X(a),Y (a)) satisfies the system (34) with K = k,. Let us note
that the function a — $?Q(a) — &, is in L*°(]0,a*[) and that the function a + 1/P(a) = (aG(a))~! is
in L® (]0,a*]). The system (34) therefore satisfies in |0, a*] the existence and uniqueness property for the

solution to a Cauchy problem. As a consequence, as in the Sturm-Liouville theory with regular coefficients,
we have the following results.

1. Any eigenfunction associated with kj is proportional to fi, that is, the eigenvalue xj is simple.

2. fr(a®) #0.

3. If fj vanishes at ag €]0,a*[, then it changes sign. In particular, every interior zero of f is isolated.

Let us note that the first point above is point 2 in Proposition 3.4.
Let us now prove that f; does not change sign. Since f; is absolutely continuous, so is | f1|, with || f1]'(a)| =
| f1(a)| almost everywhere. We therefore have

q(|f1]) q(f1)

IANZ 103

From the variational characterization of eigenvalues, it follows that |f;] is an eigenfunction associated with
k1. Therefore, f; is proportional to |fi| and does not change sign in ]0,a*[. According to point 3 above,
this implies that f; does not vanish in ]0,a*[. From now on, we chose f; strictly positive in ]0,a*[. Let us
note that at this stage, we have proved the endpoint conditions Y (0) = Y (a*) = 0 and X (a*) > 0 stated in
Proposition 3.11.

The existence and uniqueness theorem may not apply at a = 0, since @ — 1/P(a) may not be integrable
there. However, when n = 1, we can prove that X = f; has a finite limit as a — 0 (denoted by X (0)) and
that X (0) > 0, as stated in Proposition 3.11. Indeed, X (a) > 0 and, as a — 0,

B°Q(a) — k1 = —k1 + O(a),

so that 32Q(a) — k1 < 0 for a close to 0. Using the second equation in System (34), it follows that Y’ (a) < 0
for a close to 0. The function a — X (a) is therefore decreasing in a neighborhood of 0, and thus, as a — 0,
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X(a) = ¢,

with £ > 0 finite or infinite. Therefore £ > 0. According to the first differential equation in System (34), for
almost every a,

1Y [| oo
dra’

X' (a)| <
and it follows by integration that there exist positive constants C; and Cs such that
IX(a)] < C1[log(a)| + Cs.

According to the second differential equation,

and therefore, for a in some interval 0, €],

V(@) < [ (A +#) (Cillog(a)| + C2) da < Csallog(a)],
0/ (G(a) )

with C5 a positive constant. Hence, for almost every a €]0, ¢],

, C
X (@) < 22 log(a)].

It follows by integration that X is bounded, and therefore that ¢ is finite, as required. Using again the
second differential equation in system (34), we find that Y (a) = O (a) as a — 0. This completes the proof
of Proposition 3.11.
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