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r é s u m é

Nous considérons la première valeur propre du laplacien magnétique dans un 
domaine du plan borné et simplement connexe, pour un champ magnétique constant 
et des conditions au bord de Neumann. Nous étudions l’inégalité de Faber-Krahn 
inverse conjecturée par S. Fournais et B. Helffer, selon laquelle cette valeur propre 
est maximisée par le disque pour une aire donnée. À l’aide de la méthode des lignes 
de niveau, nous démontrons la conjecture pour une valeur du champ magnétique 
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suffisament faible (telle que la fonction propre correspondante dans le disque soit 
radiale).

© 2024 The Authors. Published by Elsevier Masson SAS. This is an open access 
article under the CC BY license (http://creativecommons .org /licenses /by /4 .0/).

1. Introduction

1.1. Magnetic Laplacians

The present work investigates a conjectured reverse Faber-Krahn inequality for the Laplacian with con-
stant magnetic field (Conjecture 1.5), and establishes it for a small enough value of the field (Theorem 1.6). 
In order to fully understand the problem, let us start from a more general point of view. We consider a 
vector potential, that is, a real-valued vector field A : R2 → R2 of class C∞, written

A(p) :=
(
A1(p)
A2(p)

)

(where p = (x, y) denotes a point in R2). We associate with A a magnetic gradient

∇Au := ∇u− i uA,

a magnetic divergence

divAX := divX − i A ·X

and a magnetic Laplacian

ΔAu := −divA

(
∇Au

)
= Δu + 2i A · ∇u + (|A|2 + idiv(A))u. (1)

Let us stress that we are using the following definition, common in differential geometry, for the Laplace 
operator:

Δu := −div∇u = −∂2
xxu− ∂2

yyu.

For all the vector potentials A considered in the paper, div(A) = 0. We define the magnetic field associated 
with A as the function

β(p) := curlA(p) = ∂xA2(p) − ∂yA1(p).

The differential operator ΔA is formally symmetric and uniformly elliptic, with smooth coefficients. Given 
an open and bounded set Ω ⊂ R2 with a sufficiently smooth boundary (we assume that ∂Ω is C∞ smooth 
throughout the paper), we can consider several self-adjoint realizations of ΔA as operators on L2(Ω) and 
study their (discrete) spectrum. We are mainly interested in the Neumann realization ΔN

A , whose spectrum 
(λN

k (Ω, A))k≥1 consists of the eigenvalues (counted with repetitions) of the problem

{
ΔAu = λu in Ω,

∇Au · ν = 0 on ∂Ω,
(2)

http://creativecommons.org/licenses/by/4.0/
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where ν denotes the outward pointing normal vector. We have λN
k (Ω, A) ≥ 0 for all k and λN

k (Ω, A) → +∞
as k → ∞. Another operator of interest is the Dirichlet realization, denoted by ΔD

A , whose spectrum 
(λD

k (Ω, A))k≥1 consists of the eigenvalues of the problem

{
ΔAu = λu in Ω,

u = 0 on ∂Ω,
(3)

which are also non-negative and tend to +∞. Let us note that ΔN
A and ΔD

A can be constructed using a 
vector potential only defined on Ω, that is to say assuming only A ∈ C∞(Ω, R2).

For completeness, let us give a rigorous definition of ΔN
A . We define a closed and non-negative quadratic 

form, with domain H1(Ω), by

a(u) :=
∫
Ω

∣∣∇Au
∣∣2 dx.

According to standard results in spectral theory, there exists a unique self-adjoint operator T whose domain 
D(T ) is contained in H1(Ω) and such that, for all u ∈ D(T ) and v ∈ H1(Ω),

〈Tu, v〉 = b(u, v),

where 〈·, ·〉 denotes the scalar product in L2(Ω) and b(·, ·) the sesquilinear form associated with a(·). We 
then define ΔN

Ω to be this operator T . We proceed in the same way, starting with the form domain H1
0(Ω), 

to define ΔD
A .

These operators enjoy a so-called gauge invariance property, which can be formulated as follows. Given a 
smooth function f : Ω → R, we define the modified vector potential Â := A +∇f and consider the associated 
magnetic Laplacian ΔÂ. We have ΔÂ(eifu) = eifΔAu for every smooth function u. This property of the 
differential operator implies that the self-adjoint operator ΔN

Â
is isospectral to ΔN

A , so that λN
k (Ω, Â) =

λN
k (Ω, A) for every k. A similar result holds for the Dirichlet realization.
If Ω is simply connected, the above gauge-invariance property implies that the spectrum (λN

k (Ω, A))k≥1
only depends on the magnetic field β(p). Indeed, let us assume that Ã is another vector potential such that, 
for all p ∈ Ω,

curl Ã(p) = β(p) = curlA(p).

Then, according to Poincaré’s lemma, there exists a smooth function f : Ω → R such that Ã = A + ∇f . It 
then follows from gauge invariance that λN

k (Ω, Ã) = λN
k (Ω, A) for all k, as claimed. The same holds true for 

the Dirichlet eigenvalues.

1.2. The case of a constant magnetic field

We now restrict our attention to particular classes of vector potentials. We first consider

A = β AS ,

where β ∈ R is a constant and AS denotes the standard vector potential

AS(x, y) := 1
2

(
−y

x

)
.
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We have, for all p ∈ R2,

curl (βAS)(p) = β,

meaning that the magnetic field associated with β AS has the constant value β. We write (λk(Ω, β))k≥1
for the eigenvalues of ΔN

βAS
(that is, the eigenvalues of Problem (2) with A = βAS). Similarly, we write 

λD
k (Ω, β) for λD

k (Ω, βAS). As seen immediately from Formula (1), for any smooth complex-valued function 
u, Δ−βAS

u = ΔβAS
u, where the bar denotes complex conjugation. This implies λN

k (Ω, −β) = λN
k (Ω, β) for 

all k and β. We can therefore assume, without loss of generality, that β ≥ 0.
Next, we consider vector potentials constructed using the so-called torsion function ψ of the domain Ω. 

Among several competing conventions, we choose the following: we define ψ as the unique solution of the 
boundary value problem

{
Δψ = 1 in Ω,

ψ = 0 on ∂Ω.
(4)

We then define the vector potential AΩ : Ω → R2 by

AΩ(p) := −∇⊥ψ(p), (5)

or more explicitly
(
AΩ,1(p)
AΩ,2(p)

)
:=

(
∂yψ(p)
−∂xψ(p)

)
.

By construction, we have

curl AΩ(p) := ∂xAΩ,2(p) − ∂yAΩ,1(p) = Δψ = 1. (6)

In the case where Ω is simply connected, it follows from our previous discussion of gauge-invariance that 
λN
k (Ω, βAΩ) = λN

k (Ω, β) for all k and β.
For a complete exposition of the material in this section and the previous one, we refer the interested 

reader to the book [5], by S. Fournais and B. Helffer. These authors also develop the asymptotic analysis 
for large β and apply it to the study of the Ginsburg-Landau functional in superconductivity.

1.3. Constant magnetic field in a disk

The special case where Ω is BR, the disk of radius R > 0 centered at 0 in R2, and where A = βAS

(with β ≥ 0), will be particularly useful. Let us briefly review the relevant results, referring to [2, 
Appendix B] for more detail. We can solve the eigenvalue problem (2) by using the polar coordinates 
(x, y) = (r cos(θ), r sin(θ)) and looking for eigenfunctions of the form v(r)einθ, with n ∈ Z. We find that 
the spectrum of ΔN

βAS
is the reunion, counted with multiplicities, of the spectra (κk(n, β, R))k≥1 of the 

following family of Sturm-Liouville problems, indexed by n:
⎧⎪⎪⎨
⎪⎪⎩

−v′′ − 1
rv

′ +
(

βr
2 − n

r

)2
v = κv in ]0, R[,

limr→0 r v
′(r) = 0,

v′(R) = 0.
(7)

In particular, for every R > 0 and β ≥ 0,
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λN
1 (BR, β) = inf

n∈Z
κ1(n, β,R). (8)

To state and prove our main theorem, we need more precise information in the case of a small magnetic 
field. We consider the unit disk B1. The following result is proved in Appendix A. It has also been obtained 
by A. Kachmar and V. Lotoreichik (see [7, Proposition 3.3]).

Proposition 1.1. For all β ∈ [0, 1],

λN
1 (B1, β) = κ1(0, β, 1).

Definition 1.1. We define the constant β∗ as the largest β0 > 0 such that

λN
1 (B1, β) = κ1(0, β, 1) for all β ∈ [0, β0].

Let us note that, according to Proposition 1.1, β∗ exists and β∗ ≥ 1.

Remark 1.2. Problem (7) can be studied by expressing solutions of the differential equation using generalized 
Laguerre functions and by computing the eigenvalues using numerical root finding (see [2, Appendix B]). It 
appears that

1. β∗ ≈ 3.84754;
2. λN

1 (B1, β) < κ1(0, β, 1) for all β > β∗.

This is consistent with the earlier results of D. Saint-James [13], who performed a similar analysis, motivated 
by the study of superconductivity. It would be interesting to have precise numerical bounds for β∗ and a 
rigorous proof of point (2).

From the scaling properties of magnetic eigenvalues, we have

λN
1 (BR, β) = R−2λN

1 (B1, R
2β).

It then follows from Definition 1.1 that λN
1 (BR, β) has an associated eigenfunction which is radial and 

real-valued if R2β ∈ [0, β∗].
Finally, let us point out that the eigenvalue problem (7) can be given an alternative form using the change 

of variable a = πr2, with f(a) = v(r). In the case n = 0, we obtain

⎧⎪⎨
⎪⎩

−(4π af ′)′ + β2a
4π f = κf in ]0, a∗[,

lima→0 a f
′(a) = 0,

f ′(a∗) = 0,
(9)

where a∗ = πR2 = |BR|. According to the definition of β∗, the first eigenvalue κ1(0, β, R) of Problem (9)
coincides with λN

1 (BR, β) if βa∗ ≤ β∗π.

1.4. Review of eigenvalue bounds

In the previous paper [2], we provided upper and lower bounds for the magnetic Neumann eigenvalues 
λN
k (Ω, β), involving geometric parameters of Ω. Although we devoted particular attention to λN

1 (Ω, β), many 
of the results in [2] apply to higher eigenvalues. In the present work, we are only concerned with comparing 
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the first magnetic Neumann eigenvalue on a domain Ω with the corresponding one on the disk having the 
same area. Throughout the paper, we denote by Ω∗ the disk in R2 centered at the origin such that |Ω∗| = |Ω|.

In the Dirichlet case (Problem (3)), L. Erdős extended the classical Rayleigh-Faber-Krahn inequality to 
the magnetic Laplacian [3].

Theorem 1.3 (Erdős, 1996). Let Ω ⊂ R2 be an open and bounded set with a C∞ smooth boundary. Then, 
for all β ≥ 0,

λD
1 (Ω, β) ≥ λD

1 (Ω∗, β).

Equality occurs if, and only if, Ω is a disk.

The two-dimensional Rayleigh-Faber-Krahn inequality is a special case (β = 0) of the previous theorem. 
It is not immediately clear what the analogous result should be in the Neumann case. The Laplacian without 
magnetic field (β = 0) offers no guidance since its first eigenvalue is 0 for every domain Ω. The question was 
studied by Fournais and Helffer, who combined results from asymptotic analysis (as exposed in [5]) with 
isoperimetric-type inequalities to find several upper and lower bounds [6]. In particular, they obtained the 
following result.

Theorem 1.4 (Fournais and Helffer, 2019). If Ω is an open, bounded and simply connected set with a C∞

smooth boundary, and if Ω is not a disk, then there exist β�(Ω) > 0 and βu(Ω) > 0 such that the inequality

λN
1 (Ω, β) < λN

1 (Ω∗, β)

holds for all 0 < β < β�(Ω) and all β > βu(Ω).

This suggests the following reverse Faber-Krahn inequality.

Conjecture 1.5 (Fournais and Helffer, 2019). Let Ω ⊂ R2 be an open, bounded and simply connected set 
with a C∞ smooth boundary. Then, for all β > 0,

λN
1 (Ω, β) ≤ λN

1 (Ω∗, β),

with equality if, and only if, Ω is a disk.

Equally importantly for our purpose, Fournais and Helffer emphasized the usefulness of choosing AΩ as 
a vector potential for studying this problem.

While we were completing the present paper, we learned of the recent work of Kachmar and Lotoreichik 
[8], who also tackled Conjecture 1.5 and proved an inequality of the form (using our notation)

λN
1 (Ω, β) ≤ C(Ω)λN

1 (Bρ(Ω), β), (10)

which holds for β|Ω| ≤ β∗π and for all convex planar domains with a C∞ smooth boundary. The radius 
ρ(Ω) is defined by the property that the torsion functions of Ω and Bρ(Ω) have the same maximum. It follows 
from the Talenti Comparison Principle that Bρ(Ω) ⊂ Ω∗. The authors then prove that, assuming β > 0, the 
function R �→ λN

1 (BR, β) is strictly increasing for R small enough and they deduce the inequality

λN
1 (Ω, β) ≤ C(Ω)λN

1 (Ω∗, β), (11)
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with equality only in the case of disk. The constant C(Ω) depends quite explicitly on Ω, and can be estimated 
in some cases. For example, the authors are able to show that C(Ω) = 1 if Ω is an ellipse. Inequality (11)
then validates Conjecture 1.5 for β|Ω| ≤ β∗π and Inequality (10) gives a quantitative version of it. However, 
they also prove that C(Ω) ≥ 1 and find domains Ω for which C(Ω) > 1, showing that Inequality (11) is in 
general weaker than the conjectured one.

The authors’ proof of Inequality (10) has points in common with our methods. It consists in using a 
suitable test function which is constant on the level lines of the torsion function on Ω, along with estimates 
on the area and the perimeter of the super-level sets of the torsion function.

1.5. Main result and outline of the paper

We give a partial confirmation of Conjecture 1.5, for the magnetic field strength β below a certain 
threshold. Let us point out that, contrary to Theorem 1.4, our threshold for β only depends on the area of 
|Ω| and on the constant β∗ introduced in Definition 1.1.

Theorem 1.6. Let Ω ⊂ R2 be an open, bounded and simply connected set with a C∞ smooth boundary. 
Assume that β > 0 is such that β|Ω| ≤ β∗π. Then

λN
1 (Ω, β) ≤ λN

1 (Ω∗, β), (12)

and equality occurs if, and only if, Ω is a disk.

The proof is based on Rayleigh’s principle and consists of two main parts. Since the conjectured inequality 
becomes an equality when Ω is a disk, we have to define a class of trial functions which, in the case of a 
disk, contains the first magnetic eigenfunction. This is the goal of Section 2. As suggested by [6], we use the 
potential AΩ derived from the torsion function ψ of Ω. We take as trial functions those which are constant 
on the level lines of ψ, that is, functions of the form u(p) = g(t), where p = (x, y) ∈ Ω and t = ψ(p). These 
can be understood as a substitute for radial functions in the case of a general simply connected domain. 
This approach is an example of the so-called method of prescribed level lines (presented for instance in the 
classical monograph [12]). Since our objective is to compare different domains having the same area, it is 
convenient to take as independent variable for these functions the area a enclosed by the level lines of the 
torsion function. More explicitly, we perform the change of variable

a = μ(t) := | {p ∈ Ω : ψ(p) > t} |,

where | · | stands for the Lebesgue measure. Then, we have

u(p) = g(t) = f(a)

or, more explicitly,

u(p) = g(ψ(p)) = f(μ(ψ(p))),

with f defined on the interval [0, a∗], where a∗ := |Ω|. Let us stress that the same idea is used in many 
existing works. Among numerous examples, we can direct the reader to [11, Section II] or to the definition 
of the decreasing rearrangement of a function in [14, Section 2].

Using this strategy, we are reduced to the study of functions on a fixed interval. We then express the 
Rayleigh quotient of u in terms of f and obtain
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∫
Ω

∣∣∇βAΩu(p)
∣∣2 dp∫

Ω |u(p)|2 dp =

∫ a∗

0

(
aGΩ(a)|f ′(a)|2 + β2a

GΩ(a) |f(a)|2
)
da∫ a∗

0 |f(a)|2 da
. (13)

In the previous formula,

GΩ : [0, a∗] → [0,∞]

is a function (defined in Equations (17) and (23)) which depends only on Ω. We show in Propositions 2.5
and 2.7 that, as a result of the isoperimetric inequality, GΩ(a) ≥ 4π almost everywhere, with equality if, 
and only if, Ω is a disk. Now, setting

κ1(GΩ, β) := inf
f∈FΩ\{0}

∫ a∗

0

(
aGΩ(a)|f ′(a)|2 + β2a

GΩ(a) |f(a)|2
)
da∫ a∗

0 |f(a)|2 da
, (14)

we obtain

λN
1 (Ω, β) ≤ κ1(GΩ, β).

The class of admissible function FΩ is specified in Section 2.3.
The idea behind the second part of our proof is to study the one-dimensional variational problem (14)

directly, disregarding its origin from the method of level lines. Hence, in the course of Section 3, we only 
assume G : [0, a∗] → [0, ∞] to be a measurable function satisfying

4π ≤ G(a) < ∞

for almost every a. Our goal is then to prove that κ1(G, β) ≤ κ1(4π, β), with equality if, and only if, 
G(a) = 4π almost everywhere. We show that we can reduce the question to the case where G is in L∞. 
Then, κ1(G, β) turns out to be the first eigenvalue of the Sturm-Liouville problem:

⎧⎪⎨
⎪⎩

− (P (a)f ′)′ + β2Q(a)f = κf in ]0, a∗[,
lima→0 P (a)f ′(a) = 0,

P (a∗)f ′(a∗) = 0,
(15)

with

P (a) := aG(a) and Q(a) := a

G(a) .

Let us note that Problem (9) is a special case (G(a) = 4π) of Problem (15). We finally show that κ1(G, β)
decreases when G increases pointwise (Proposition 3.6) by reducing the proof to the computation of a 
derivative. More precisely, given two L∞-functions G0 and G1, not almost-everywhere equal, such that

4π ≤ G0(a) ≤ G1(a)

almost everywhere, we define

Gz(a) := (1 − z)G0(a) + z G1(a)

and κ(z) := κ1(Gz, β). We prove the Feynman-Hellmann type formula
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κ′(z) =
a∗∫
0

(
|aGz(a) f ′

z(a)|2 − β2a2|fz(a)|2
) δG(a)
aGz(a)2

da,

where fz is a normalized eigenfunction associated with κ(z) and

δG(a) := G1(a) −G0(a)

(Proposition 3.7). We then show that κ′(z) < 0, by an analysis of the eigenvalue equation (Proposition 3.8). 
As a result, we find

κ1(G0, β) = κ(0) > κ(1) = κ1(G, β),

proving monotonicity.
We thus obtain

λN
1 (Ω, β) ≤ κ1(4π, β)

with equality if, and only if, Ω is a disk. We conclude the proof of Theorem 1.6 by noting that, according 
to the discussion at the end of Section 1.3, κ1(4π, β) = λN

1 (Ω∗, β) when β|Ω| ≤ β∗π.

Remark 1.7. We are using only once each of the hypotheses that Ω is simply connected and that β|Ω| ≤ β∗π. 
We are actually proving that, for any open, bounded and connected set Ω ⊂ R2 and for any β > 0,

λN
1 (Ω, β AΩ) ≤ κ1(4π, β), (16)

with equality if, and only if, Ω is a disk, where AΩ is the vector potential defined in Equation (5). The 
left-hand side of Inequality (16) is equal to λN

1 (Ω, β) if Ω is simply connected, and the right-hand side is 
equal to λ1(Ω∗, β) if β|Ω| ≤ β∗π.

Some technical details, needed to deal with regularity issues, are relegated to Appendices B and C.

2. Method of level lines

2.1. Preliminaries on the torsion function

We recall that, throughout the paper, Ω ⊂ R2 is assumed to be an open, bounded and simply connected 
set, with C∞ smooth boundary. Standard regularity theory for elliptic PDEs implies that the torsion 
function ψ, defined through the boundary-value problem (4), belongs to C∞(Ω) and is real-analytic inside 
Ω. Moreover, ψ is by definition superharmonic and therefore, by the strong minimum principle, ψ(p) > 0
for all p = (x, y) ∈ Ω. For future reference, we set

t∗ := max
p∈Ω

ψ(p),

so that

ψ(Ω) = [0, t∗].

We recall that the zero-set of a real-analytic function, defined in an open and connected domain and not 
identically zero, has zero Lebesgue measure (see for instance [10] for a short self-contained proof). It follows 
that the set of critical points
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C := {p ∈ Ω : ∇ψ(p) = 0}

has zero Lebesgue measure (as can be seen by applying the previous result to |∇ψ|2).

2.2. Torsion-type functions

Let us recall that we want to bound λN
1 (Ω, β) from above by the Rayleigh quotient of a suitable trial 

function, computed using the vector potential AΩ. We limit our choice to a class of trial functions that we 
call torsion-type, which are, by definition, constant on the level-sets

Γt := {p ∈ Ω : ψ(p) = t} .

This procedure is known as the method of level sets or, in the present two-dimensional case, method of level 
lines. Intuitively, we can write such a torsion-type function u : Ω → C as

u(p) = g(ψ(p)),

where g is a function from [0, t∗] to C. To obtain the best possible upper-bound, we then minimize over the 
function g. We have thus replaced the original question with a one-dimensional variational problem.

In order to proceed, we need to clarify a technical detail: what regularity is required of g for u to be in 
H1(Ω)? This requires some basic tools from geometric measure theory and the method of rearrangements. 
The current section and the next follow rather closely [1] and mainly consists of restatements of classical 
results. We also use these tools to compute the Rayleigh quotient of a torsion-type function.

We define, for t ∈ [0, t∗], the super-level set

Ωt := {p ∈ Ω : ψ(p) > t}

and we set

μ(t) := |Ωt|.

For future reference, we write a∗ := |Ω|. The function μ : [0, t∗] → [0, a∗] is called the distribution function
of ψ. It is non-increasing and right-continuous, with μ(0) = a∗ and μ(t∗) = 0 (see [1]).

The following result, which is a special case of a fundamental theorem in geometric measure theory, is 
our starting point (see for instance [4, Section 3.4.3]). It would also hold if ψ were only Lipschitz.

Proposition 2.1 (The Coarea Formula). Let h : Ω → C be integrable.

1. For almost all t ∈ [0, t∗] (with respect to the Lebesgue measure), the restriction of h to Γt is H1-integrable 
(where H1 is the 1-dimensional Hausdorff measure).

2. The function

t �→
∫
Γt

h(q) dH1(q)

is integrable in [0, t∗].
3. For all t ∈ [0, t∗],

∫
h(p)|∇ψ(p)| dp =

t∗∫ ⎛
⎝∫

h(q) dH1(q)

⎞
⎠ ds.
Ωt t Γs
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Corollary 2.2. Let us define (almost everywhere) the function

γΩ : [0, t∗] → [0,∞]

by

γΩ(t) :=
∫
Γt

1
|∇ψ(q)| dH

1(q). (17)

Then γΩ ∈ L1(]0, t∗[, dt) and

μ(t) =
t∗∫
t

γΩ(s) ds. (18)

Proof of the corollary. Roughly speaking, we apply the Coarea Formula to the function g = 1/|∇ψ|. How-
ever, this function may not be integrable. To bypass this difficulty, we define, for any positive integer n,

hn(p) := min
(
n,

1
|∇ψ(p)|

)
.

Each function hn is bounded and therefore integrable in Ω. The Coarea Formula then yields, for all t ∈ [0, t∗],

∫
Ωt

hn(p)|∇ψ(p)| dp =
t∗∫
t

⎛
⎝∫

Γs

hn(q) dσs(q)

⎞
⎠ ds.

By applying twice the Monotone Convergence Theorem, we find that the right-hand side converges to

t∗∫
t

γΩ(s) ds

as n tends to ∞. On the other hand, hn(p)|∇ψ(p)| is ultimately equal to 1 if 1/|∇ψ(p)| is finite, that is to 
say if p is not a critical point, and is constantly 0 if p is a critical point. By the Monotone Convergence 
Theorem, the left-hand side therefore converges to

|Ωt \ C|

(we recall that C is the set of critical points of ψ). Since C has measure zero, the previous quantity is equal 
to μ(t).

It remains only to show that γΩ belongs to L1(]0, t∗[, dt). Since γΩ is non-negative, it is enough to apply 
Equation (18) for t = 0:

t∗∫
0

γΩ(s) ds = μ(0) = a∗ < ∞. �

Remark 2.3. Adapting the proof of the previous corollary, we see that the Coarea Formula, that is, part 3 of 
Proposition 2.1, holds when h is any measurable function from Ω to [0, ∞] which is finite almost everywhere, 
without any conditions of integrability. In that case, either both sides of the equation are finite and equal 
or both are infinite.
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Remark 2.4. According to Equation (18), μ is absolutely continuous, with derivative −γΩ.

It is crucial to note that the isoperimetric inequality implies a lower bound on γΩ.

Proposition 2.5. For almost every t ∈ [0, t∗], γΩ(t) ≥ 4π. Furthermore, we have γΩ(t) = 4π almost every-
where if, and only if, Ω is a disk.

Proof. We first use the Cauchy-Schwarz inequality: for t ∈ [0, t∗],

|Γt| =
∫
Γt

1 dH1 =
∫
Γt

|∇ψ|1/2 1
|∇ψ|1/2 dH1

≤

⎛
⎝∫

Γt

|∇ψ| dH1

⎞
⎠

1/2 ⎛
⎝∫

Γt

1
|∇ψ| dH

1

⎞
⎠

1/2

.

According to Sard’s theorem, almost all t in [0, t∗] are regular values of ψ. For these values, the Hausdorff 
measure H1 coincides on Γt with the measure σt induced by the arclength and we obtain, using Green’s 
formula,

∫
Γt

|∇ψ(q)| dσt(q) = −
∫
Γt

∂ψ

∂ν
(q) dσt(q) =

∫
Ωt

Δψ(p) dp = |Ωt|.

From the two previous facts and the isoperimetric inequality,

γΩ(t) ≥ |Γt|2
|Ωt|

≥ 4π,

which proves the desired inequality.
To treat the case of equality, we observe that if we have γΩ(t) = 4π for almost every t, we also have, from 

the previous inequalities, |Γt|2/|Ωt| = 4π. Thus, Ωt is a disk for almost every t and, in particular, we can 
pick a positive sequence (tn), decreasing to 0, such that Ωtn is a disk for all n. Since the sequence of sets Ωtn

is non-decreasing with respect to inclusion and since Ω =
⋃

n Ωtn , it follows that Ω is a disk. Conversely, if 
Ω is a disk, then ψ is radial, all level sets are circles on which |∇ψ| is constant, hence we have equality in 
both the Cauchy-Schwarz and the isoperimetric inequalities. �
Definition 2.1. Let GΩ be the space of functions g : [0, t∗] → C (up to equality almost everywhere) such that

1. g ∈ L2(]0, t∗[, γΩ(t) dt),
2. g′ ∈ L2(]0, t∗[, μ(t) dt).

Let us briefly discuss the meaning of Definition 2.1. The first condition, together with the inequality 
in Proposition 2.5, implies that g is locally integrable in ]0, t∗[. We can therefore consider the associated 
distribution in ]0, t∗[, which we also denote by g. The second condition then requires g′, the derivative of 
this distribution, to be a locally integrable function which satisfies

t∗∫
|g′(t)|2 μ(t) dt < ∞. (19)
0
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Proposition 2.6. If g belongs to GΩ, the function u : Ω → C, defined by

u(p) := g(ψ(p)),

belongs to H1(Ω).

Proof. We first apply the Coarea Formula (specifically Remark 2.3) to the function |u|2 and obtain

∫
Ω

|u(p)|2 dp =
t∗∫

0

|g(t)|2 γΩ(t) dt. (20)

By definition of GΩ, the right-hand side is finite, and therefore u ∈ L2(Ω).
We now claim that the function u is locally integrable in Ω and that, interpreted as a distribution in Ω,

∇u(p) = g′(ψ(p))∇ψ(p). (21)

If g ∈ C1([0, t∗]), the claim follows immediately from the chain rule. When we only assume that g ∈ GΩ, we 
can establish (21) using an approximation argument detailed in Appendix B.

We finally apply the Coarea Formula to |∇u|2, using the previous claim, and obtain

∫
Ω

|∇u(p)|2 dp =
∫
Ω

|g′(ψ(p))|2|∇ψ(p)|2 dp =
t∗∫

0

|g′(t)|2
⎛
⎝∫

Γt

|∇ψ(q)| dH1(q)

⎞
⎠ dt.

As shown in the proof of Proposition 2.5,∫
Γt

|∇ψ(q)| dH1(q) = μ(t)

for almost every t ∈]0, t∗[, therefore

∫
Ω

|∇u(p)|2 dp =
t∗∫

0

|g′(t)|2 μ(t) dt.

The right-hand side is finite by definition of GΩ, therefore ∇u is in L2(Ω) and thus u is in H1(Ω). �
Let us finally give a formula for the L2-norm of the magnetic gradient of a torsion-type function, using 

the vector potential AΩ. We fix g ∈ GΩ and we define, as before, u(p) := g(ψ(p)). For any β ≥ 0, we find, 
using Equation (21), that

∇u(p) − iβu(p)AΩ(p) = g′(ψ(p))∇ψ(p) + iβg(ψ(p))∇⊥ψ(p)

for almost every p in Ω. Since the vectors ∇ψ(p) and ∇⊥ψ(p) are orthogonal and have the same length,
∣∣g′(ψ(p))∇ψ(p) − iβg(ψ(p))∇⊥ψ(p)

∣∣2 =
(
|g′(t)|2 + β2|g(t)|2

)
|∇ψ(p)|2,

with t = ψ(p). The Coarea Formula then gives

∫
|∇u(p) − iβu(p)AΩ(p)|2 dp =

t∗∫ (
|g′(t)|2 + β2|g(t)|2

)
μ(t) dt. (22)
Ω 0
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2.3. Reparametrization by the area

Since we are comparing different domains having the same area, it is convenient to use an alternative 
parametrization of torsion-type functions. We use as a new variable a = μ(t), that is, we parametrize the 
values u(p) of a torsion-type function u by the area of the super-level set Ωt, with t = ψ(p). By definition 
of the distribution function μ, the variable a runs over the interval [0, a∗]. Roughly speaking, we can then 
write a torsion-type function u : Ω → C as u(p) = f(a), where a = μ(ψ(p)) and f is a complex-valued 
function defined on [0, a∗].

As before, we need to specify the regularity required of f for u to be in H1(Ω). We do this using 
Proposition 2.6 and the properties of the distribution function μ. Let us first note that, since μ is absolutely 
continuous, with μ′(t) negative almost everywhere (μ′(t) = −γΩ(t) ≤ −4π), μ is strictly decreasing and 
therefore is a homeomorphism from [0, t∗] to [0, a∗]. The formulas f = g ◦ μ−1 and g = f ◦ μ are therefore 
well defined and maps complex-valued functions g on [0, t∗] to complex-valued functions f on [0, a∗] and 
vice versa. In addition, μ−1 is also absolutely continuous, with derivative almost everywhere (μ−1)′(a) =
−1/GΩ(a), where we define

GΩ(a) := γΩ
(
μ−1(a)

)
. (23)

Since both μ and μ−1 are absolutely continuous, they map sets of measure zero to sets of measure zero. This 
means that the above correspondence between the functions g(t) and f(a) can be defined up to equality 
almost everywhere.

Proposition 2.5 can be immediately translated in terms of the function GΩ.

Proposition 2.7. For almost every a ∈ [0, a∗],

GΩ(a) ≥ 4π. (24)

In addition, equality holds for almost every a if, and only if, Ω is a disk.

In the rest of this section, we frequently use the following change of variable formula. It is simply a 
consequence of the fact that, since −γΩ is the derivative of μ, the measure γΩ(t) dt on [0, t∗] is the pull-back 
by the mapping μ : [0, t∗] → [0, a∗] of the Lebesgue measure on [0, a∗].

Proposition 2.8. If h is a measurable function from [0, a∗] to [0, ∞], then

a∗∫
0

h(a) da =
t∗∫

0

h(μ(t)) γΩ(t) dt.

Furthermore, if h is a measurable function from [0, a] to C, then h is integrable in [0, a∗] if, and only if, 
t �→ h(μ(t)) γΩ(t) is integrable in [0, t∗], and in that case the above identity also holds.

Definition 2.2. Let FΩ be the space of functions f : [0, a∗] → C (up to equality almost everywhere) such 
that

1. f ∈ L2(]0, a∗[, da),
2. f ′ ∈ L2(]0, a∗[, a GΩ(a) da).

Proposition 2.9. The function f : [0, a∗] → C belongs to FΩ if, and only if, g(t) = f(μ(t)) belongs to GΩ.
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Before proceeding with the proof, let us point out that the characterization of the functions f , such that 
the corresponding u is in H1, is an immediate corollary of Proposition 2.9 and Proposition 2.6.

Corollary 2.10. If f belong to FΩ, the function u : Ω → C, defined by

u(p) = f(μ(ψ(p))),

belongs to H1(Ω).

Proof of Proposition 2.9. From Proposition 2.8, with h(a) = |f(a)|2, it follows that

a∗∫
0

|f(a)|2 da =
t∗∫

0

|g(t)|2 γΩ(t) dt (25)

and therefore that f is in L2(]0, a∗[, da) if, and only if, g is in L2(]0, t∗[, γΩ(t) dt).
In addition, we claim that f ′ ∈ L1

loc([0, a∗[) if, and only if, g′ ∈ L1
loc(]0, t∗]) and that, in this case, the 

following identity holds: for almost every t ∈]0, t∗[,

g′(t) = −γΩ(t) f ′(μ(t)) (26)

(see Appendix B for a proof). Using this, and Proposition 2.8 with h(a) = |f ′(a)|2 a GΩ(a), we find

a∗∫
0

|f ′(a)|2 aGΩ(a) da =
t∗∫

0

|f ′(μ(t))|2γΩ(t)2μ(t) dt =
t∗∫

0

|g′(t)|2μ(t) dt.

We conclude that f ′ is in L2(]0, a∗[, a GΩ(a) da) if, and only if, g′ is in L2(]0, t∗[, μ(t) dt). �
We still have to compute the L2-norm of the magnetic gradient in the new variable a. Performing the 

change of variable a = μ(t) (using Proposition 2.8) in the right-hand side of Equation (22) and using Identity 
(26), we find

∫
Ω

|∇u(p) − iβu(p)AΩ(p)|2 dp

=
t∗∫

0

(
|g′(t)|2 + β2|g(t)|2

)
μ(t) dt

=
t∗∫

0

(
γΩ(t)2|f ′(μ(t))|2 + β2|f(μ(t))|2

) μ(t)
γΩ(t)γΩ(t) dt

=
a∗∫
0

(
GΩ(a)2|f ′(a)|2 + β2|f(a)|2

) a

GΩ(a) da.

We finally obtain

∫
|∇u(p) − iβu(p)AΩ(p)|2 dp =

a∗∫ (
aGΩ(a)|f ′(a)|2 + β2a

GΩ(a) |f(a)|2
)

da. (27)

Ω 0
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2.4. Reduction to a one-dimensional variational problem

Let us now define

κ1(GΩ, β) := inf
f∈FΩ\{0}

∫ a∗

0

(
aGΩ(a)|f ′(a)|2 + β2a

GΩ(a) |f(a)|2
)
da∫ a∗

0 |f(a)|2 da
. (28)

Proposition 2.11. For any β ≥ 0,

λN
1 (Ω, β) ≤ κ1(GΩ, β).

Proof. For f ∈ FΩ \ {0}, the torsion type function u(p) = f(μ(ψ(p))) is in H1(Ω), according to Corol-
lary 2.10, and its magnetic Rayleigh quotient satisfies

∫
Ω |∇u(p) − iβu(p)AΩ(p)|2 dp∫

Ω |u(p)|2 dp =

∫ a∗

0

(
aGΩ(a)|f ′(a)|2 + β2a

GΩ(a) |f(a)|2
)
da∫ a∗

0 |f(a)|2 da
,

according to Equations (20), (25) and (27).
Since the torsion-type functions associated with a function in FΩ form a subspace of H1(Ω), it follows 

from Rayleigh’s principle that λN
1 (Ω, β) ≤ κ1(GΩ, β). �

3. Analysis of a Sturm-Liouville problem

3.1. Generalization of the one-dimensional problem

To study Problem (28), we disregard its origin from the method of level lines. We consider it as a purely 
one-dimensional problem and we allow for functions a �→ G(a) satisfying only the following assumption.

Assumption A. The function G : [0, a∗] → [0, ∞] is measurable, and

4π ≤ G(a) < ∞

for almost every a ∈ [0, a∗].

We extend Definition 2.2 to such an arbitrary G and indicate the corresponding subspace of L2(]0, a∗[, C)
with FG. We extend similarly Problem (28) and indicate the infimum with κ1(G, β).

We will need the following upper bound in the special case where G(a) = 4π almost everywhere.

Lemma 3.1. For any β > 0,

κ1(4π, β) < β.

Proof. We use the trial function

fβ(a) := exp
(
−βa

4π

)
.

A direct computation shows that

∫ a∗

0

(
4π a |f ′

β(a)|2 + β2 a
4π |fβ(a)|2

)
da∫ a∗ 2

= β +
4π a∗f ′

β(a∗)fβ(a∗)∫ a∗ 2
< β. �
0 |fβ(a)| da 0 |fβ(a)| da
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3.2. Associated Sturm-Liouville problem

We start the proof by making an additional assumption.

Assumption B. The function G is bounded.

We show in Section 3.5 how the assumption can be removed to obtain an upper bound on κ1(G, β)
without restriction on G.

It is easy to check that under Assumption B, the associated function space FG is actually independent 
of G. Indeed, we prove the following more precise result in Appendix C.

Lemma 3.2. Let G be a function satisfying Assumptions A and B. Then, the sets FG and F4π are equal, 
meaning that FG consists of the functions f such that

1. f ∈ L2(]0, a∗[, da);
2. f ′ ∈ L2(]0, a∗[, 4πa da).

In addition, F4π equipped with the natural norm

‖f‖2
F4π

:=
a∗∫
0

|f(a)|2 da + 4π
a∗∫
0

|f ′(a)|2a da

is compactly embedded in L2(]0, a∗[, da).

Standard arguments from functional analysis and spectral theory (see Appendix C) give the following 
result.

Proposition 3.3. Let a �→ G(a) be a function satisfying Assumptions A and B. Then, the infimum κ1(G, β)
of Problem (28) is a minimum, and coincides with the first eigenvalue of the following Sturm-Liouville 
problem:

⎧⎪⎨
⎪⎩

− (P (a)f ′)′ + β2Q(a)f = κf in ]0, a∗[,
lima→0 P (a)f ′(a) = 0,

P (a∗)f ′(a∗) = 0,
(29)

where

P (a) := aG(a) and Q(a) := a

G(a) .

3.3. Properties of eigenvalues and eigenfunctions

We recall some properties of the Sturm-Liouville problem (29). Those are standard in the case where the 
coefficient functions Q and P are regular, that is, Q continuous, P continuously differentiable and positive 
in [0, a∗]. They can be shown to hold in our case also. For the reader’s convenience, we provide proofs in 
Appendix C.

Proposition 3.4. The Sturm-Liouville problem (29), dependent on a function G, satisfying Assumptions A
and B, and on a parameter β > 0, has the following properties.



18 B. Colbois et al. / J. Math. Pures Appl. 192 (2024) 103632
1. There exists an orthonormal basis (fk)k≥1 of L2(]0, a∗[, da), consisting of eigenfunctions for Problem 
(29), each associated with an eigenvalue κk(G, β), such that (κk(G, β))k≥1 is a non-decreasing sequence 
going to +∞.

2. The eigenvalues κk(G, β) are all simple.
3. The eigenfunctions fk are locally absolutely continuous in ]0, a∗]. In addition, their so-called quasi-

derivatives, defined as

f
[1]
k : a �→ P (a)f ′

k(a)

are absolutely continuous in [0, a∗].
4. The eigenfunction f1 can be chosen positive in [0, a∗]. In addition, f1 is absolutely continuous in [0, a∗].

Remark 3.5. Let us note that, since the coefficient functions P and Q are real-valued, the Sturm-Liouville 
operator in Problem (29) maps real-valued functions to real-valued functions. It follows that we can choose 
the basis (fk) so that all its functions are real-valued. In the rest of the paper, we assume that this is the 
case.

In the rest of this section, we focus on the first eigenvalue κ1(G, β). Our goal is to show monotonicity of 
κ1(β, G) with respect to G.

Proposition 3.6. Let G0 and G1 be two functions satisfying Assumptions A and B and let β > 0. Let us also 
assume that

1. G0(a) ≤ G1(a) almost everywhere,
2. G0(a) < G1(a) in a set of positive measure.

Then κ1(G0, β) > κ1(G1, β).

We reduce the proof of Proposition 3.6 to the computation of a derivative. To set this up, we define, for 
z ∈ [0, 1], the convex combination

Gz(a) := (1 − z)G0(a) + zG1(a). (30)

Let us note that Gz also satisfies Assumptions A and B. To simplify notation, we write

κ(z) := κ1(Gz, β)

and we denote by fz an associated eigenfunction, which we choose positive and L2-normalized. We denote 
by Pz and Qz the coefficient functions associated with Gz and by qz the quadratic form

qz(f) :=
a∗∫
0

(
Pz(a)|f ′(a)|2 + β2Qz(a)|f(a)|2

)
da. (31)

Proposition 3.7. The function z �→ κ(z) is differentiable in [0, 1], and for all z ∈]0, 1],

κ′(z) = d
qw(fz). (32)
dw |w=z
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Equation (32) is sometimes called the Feynman-Hellmann formula and holds in a variety of settings. 
Here, it can be justified by the fact that, in the terminology of T. Kato, qz is an analytic family of forms 
of type (a) with respect to the parameter z, so that each of the mappings z �→ κk(Gz, β) is analytic in 
a domain of the complex plane containing the real segment [0, 1]. The general theory can be found in [9, 
VII-§ 4], where the formula appears as (4.56) on page 408.

To find a more explicit formula, we differentiate with respect to w under the integral sign in the expression 
of qw(fz). We have

∂wPw(a) =aδG(a),

∂wQw(a) = − a
δG(a)
Gw(a)2 ,

where

δG(a) := G1(a) −G0(a).

Using Proposition 3.7, we obtain

κ′(z) =
a∗∫
0

(
aδG(a)|f ′

z(a)|2 − β2a
δG(a)
Gz(a)2

|fz(a)|2
)

da

=
a∗∫
0

(
|Pz(a)f ′

z(a)|2 − β2a2|fz(a)|2
) δG(a)
aGz(a)2

da.

Using the notation

Xz(a) :=fz(a),

Yz(a) :=f [1]
z (a) = Pz(a)f ′

z(a),

we can summarize the previous results as

κ′(z) =
a∗∫
0

(
|Yz(a)|2 − β2a2|Xz(a)|2

) δG(a)
aGz(a)2

da. (33)

Monotonicity is then a consequence of the following property.

Proposition 3.8. For any z ∈ [0, 1] such that κ(z) < β,

|Yz(a)|2 − β2a2|Xz(a)|2 < 0

for all a ∈]0, a∗[.

Before proving this proposition in the next section, let us check that it implies Proposition 3.6. We need 
the following lemma.

Lemma 3.9. If Proposition 3.8 holds, then we have κ(G, β) < β for any G satisfying Assumptions A and B.
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Proof. If G(a) = 4π for almost every a in ]0, a∗[, then κ(G, β) = κ(4π, β) and since, according to Lemma 3.1, 
κ(4π, G) < β, we have the desired result. We can therefore assume from now on that G(a) > 4π holds in a 
set of positive measure.

Let us now define, for z ∈ [0, 1],

Gz(a) := 4π(1 − z) + z G(a)

(this is a special case of the definition (30), with G0 = 4π and G1 = G). We recall that the function 
z �→ κ(z) := κ(Gz, β) is differentiable (hence continuous) and that κ(0) = κ(4π, β) < β.

Let us now assume, by contradiction, that κ(G, β) = κ(1) ≥ β. Then, by continuity, there must exist 
z0 ∈]0, 1] such that κ(z0) = β and κ(z) < β for all z ∈ [0, z0[.

According to our running assumption on G,

δG(a) := G(a) − 4π ≥ 0

almost everywhere and δG(a) > 0 in a set of positive measure. From Formula (33) and Proposition 3.8, we 
obtain κ′(z) < 0 for z ∈ [0, z0[. Hence, κ(z0) < κ(0) < β, leading to a contradiction. �

It is now easy to complete the proof of Proposition 3.6. We go back to the original definition (30) of Gz, 
and repeat the end of the proof of Lemma 3.9. We find that z �→ κ(z) is strictly decreasing in [0, 1] and 
therefore

κ(G0, β) = κ(0) > κ(1) = κ(G1, β),

which is the desired conclusion.

Remark 3.10. A posteriori, Lemma 3.9 shows that the assumption κ(z) < β in Proposition 3.8 was super-
fluous. However, this assumption plays a crucial role in the proof of Proposition 3.8 presented in the next 
section, so that we were not able to avoid the indirect reasoning presented here.

3.4. Proof of Proposition 3.8

We first note that Proposition 3.8 is equivalent to

|Rz(a)| < βa,

for all z ∈ [0, 1] such that κ(z) < β and all a ∈]0, a∗[, where

Rz(a) := Yz(a)
Xz(a)

.

The dependence in z is irrelevant to the following analysis, so we fix z ∈ [0, 1] such that κ(z) < β and 
simplify the notation accordingly, writing G, P , Q, R and κ for Gz, Pz, Qz, Rz and κ(z).

We now reformulate the Sturm-Liouville equation in the phase-plane. In the following proposition, the 
functions under consideration are locally absolutely continuous in ]0, a∗], so their derivatives are locally 
integrable functions. The differential equations hold almost everywhere.

Proposition 3.11. The vector-valued function a �→ (X(a), Y (a)) is a solution in ]0, a∗] of the first-order 
system
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{
X ′ = 1

P (a)Y,

Y ′ = (β2Q(a) − κ)X.
(34)

In addition, a �→ (X(a), Y (a)) satisfies X(a∗) > 0, Y (a∗) = 0 and has a continuous extension at a = 0, 
with X(0) > 0 and Y (0) = 0. Finally, we have Y (a) = O(a) as a → 0.

The differential system (34) in the proposition is satisfied in ]0, a∗[ as an immediate consequence of the 
definition of X and Y and of the Sturm-Liouville differential equation in (29). The behavior of X and Y at 
the endpoints a = 0 and a = a∗ is more delicate (especially the left endpoint a = 0). This part of the result 
is established in Appendix C.

Taking Proposition 3.11 for granted, a straightforward computation implies that R satisfies a Riccati 
equation in ]0, a∗].

Proposition 3.12. The function R is a solution of a first-order, non-linear, Riccati-type differential equation 
in ]0, a∗],

R′ = β2Q(a) − κ− 1
P (a)R

2. (35)

In addition, a �→ R(a) has a continuous extension at a = 0, with R(0) = 0, and R(a∗) = 0.

We now proceed with the proof of Proposition 3.8. The Riccati equation (35) can be written

R′ = F (a,R), (36)

with

F (a, Z) := β2Q(a) − κ− 1
P (a)Z

2.

The proof then goes roughly as follows. If we define

Z±(a) := ±βa,

we find

F (a, Z±(a)) = β2Q(a) − κ− 1
P (a)β

2a2 = β2a

G(a) − κ− β2a2

aG(a) = −κ,

while

Z ′
±(a) = ±β.

Since κ is positive and, by hypothesis, κ < β, the functions Z+ and Z− are respectively a strict supersolution 
and a strict subsolution of the ODE (36). If the coefficient functions 1/P and Q were continuous in [0, a∗], 
this would be sufficient to reach the conclusion of Proposition 3.8. Here we can only claim that these 
functions are locally integrable in ]0, a∗]. In particular, 1/P (a) could behave as 1/a as a → 0. However, this 
method of comparison still works for Equation (35). Let us state and prove the result more rigorously.

Lemma 3.13. For all a ∈]0, a∗],

−βa = Z−(a) < R(a) < Z+(a) = βa. (37)
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Proof. We first show that Inequality (37) holds in a neighborhood of 0. Since X(0) > 0 and Y (a) = O(a), 
we have R(a) = O(a) and thus

F (a,R(a)) = −κ + O(a)

as a → 0. Since 0 < κ < β, it follows that there exists ε > 0 such that, for all a ∈]0, ε[,

|F (a,R(a))| < β.

From the differential equation (36), we get

R(a) =
a∫

0

F (α,R(α)) dα

and therefore, for a ∈]0, ε[,

|R(a)| ≤
a∫

0

|F (α,R(α))| dα < βa.

Let us now assume that there exists some a ∈]0, a∗] such that either

R(a) > βa

or

R(a) < −βa.

We define a1 as the infimum of all such a’s. From the first part, a1 > 0, and since R is continuous we have 
R(a1) = βa1 or R(a1) = −βa1.

Let us consider the first case and let us pick a ∈]0, a1[. We have

R(a) − βa =
a1∫
a

(β − F (α,R(α))) dα. (38)

Since

F (α, βα) = −κ,

for almost all α ∈]0, a∗], we have

|F (α,R(α)) + κ| = |F (α,R(α)) − F (α, βα)|

= 1
P (α)

∣∣R(α)2 − β2α2∣∣ ≤ 1
4πα

∣∣R(α)2 − β2α2∣∣ .
By continuity of α �→ R(α), we have, for α close enough to a1, that F (α, R(α)) is close to −κ, in particular 
F (α, R(α)) < 0, and thus

β − F (α,R(α)) > 0.
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Using Equation (38), we find

R(a) > βa

for a < a1 and a close enough to a1, contradicting the definition of a1.
In the second case, we have, for a ∈]0, a1[,

R(a) + βa =
a1∫
a

(−β − F (α,R(α))) dα. (39)

As above, we obtain that for α close enough to a1, F (α, R(α)) is close to −κ. In particular, since κ < β by 
hypothesis,

−β − F (α,R(α)) < 0

for α close enough to a1. It then follows from Equation (39) that

R(a) < −βa

for a < a1 and a close enough to a1, contradicting the definition of a1.
Thus, Inequality (37) holds in all of ]0, a∗]. �

3.5. Upper bound for the general variational problem

We now complete our study of the one-dimensional variational problem (28) by removing Assumption B. 
Our goal is the following result.

Proposition 3.14. Let G be a function satisfying Assumption A. For all β > 0,

κ1(G, β) ≤ κ1(4π, β),

with equality if, and only if, G(a) = 4π for almost every a.

For any positive integer n, we set

Gn(a) := min{G(a), 4nπ}.

Let us note that Gn then satisfies both Assumptions A and B, and that, for a given a, (Gn(a))n≥1 is 
non-decreasing and tends to G(a).

Lemma 3.15. The sequence (κ1(Gn, β))n≥1 is non-increasing and

lim
n→∞

κ1(Gn, β) = κ1(G, β).

Proof. We recall that, according to Lemma 3.2, FGn
= F4π and F4π is compactly embedded in 

L2(]0, a∗[, da). We also note that Assumption A implies that FG ⊂ F4π. It follows from Proposition 3.6 that 
the sequence (κ1(Gn, β))n≥1 is non-increasing with n and therefore convergent. Let us define

κ∗ := lim κ1(Gn, β).

n→∞
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It remains to show that κ∗ = κ1(G, β).
To simplify the notation slightly, we write

κn := κ1(Gn, β)

and, for any f ∈ F4π,

qn(f) :=
a∗∫
0

(
Pn(a)|f ′(a)|2 + β2Qn(a)|f(a)|2

)
da,

where

Pn(a) := aGn(a)

and

Qn(a) := a

Gn(a) .

Let us now fix f ∈ FG with ‖f‖L2 = 1. By definition of κ1(Gn, β),

qn(f) ≥ κ1(Gn, β). (40)

We find that

a∗∫
0

Pn(a)|f ′(a)|2 da →
a∗∫
0

P (a)|f ′(a)|2 da

and

a∗∫
0

Qn(a)|f(a)|2 da →
a∗∫
0

Q(a)|f(a)|2 da

from the Monotone and the Dominated Convergence Theorems, respectively. Passing to the limit in In-
equality (40), we obtain

q(f) ≥ κ∗.

Therefore κ∗ ≤ κ1(G, β).
Let now fn

1 denote, for each n, a function in F4π such that ‖fn
1 ‖L2 = 1 and qn(fn

1 ) = κn. Since the 
sequence (κn) is convergent, we can easily check, using Assumption A, that (fn

1 ) is bounded in F4π. Hence, 
we can find a subsequence (fnk

1 ) and a function f∗ in F4π such that (fnk
1 ) converges to f∗ weakly in F4π

and strongly in L2(]0, a∗[, da). Now, for a fixed integer m, as soon as nk ≥ m,

a∗∫
0

Pm(a)|(fnk
1 )′(a)|2 da +

a∗∫
0

Qnk
(a)|fnk

1 (a)|2 da

≤
a∗∫
0

Pnk
(a)|(fnk

1 )′(a)|2 da +
a∗∫
0

Qnk
(a)|fnk

1 (a)|2 da = κn.
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Passing to the limit as nk → ∞, we get that

a∗∫
0

Pm(a)|(f∗)′(a)|2 da +
a∗∫
0

Q(a)|f∗(a)|2 da ≤ κ∗.

Since m is arbitrary, we conclude that f∗ belongs to FG and that

q(f∗) ≤ κ∗.

Hence κ∗ ≥ κ1(G, β). �
Lemma 3.15, combined with Proposition 3.6, yields Proposition 3.14. Although we do not use it, we can 

note that the proof of Lemma 3.15 shows the existence of a minimizer f∗ ∈ FG for Problem (28), for any 
G satisfying Assumption A (not necessarily bounded).

3.6. Proof of the main theorem

We can now finish the proof of Theorem 1.6. From Propositions 2.7, 2.11 and 3.14, it follows that for any 
β > 0,

λN
1 (Ω, β) ≤ κ1(4π, β),

with equality only if Ω is a disk. On the other hand, as recalled in Section 1.1,

κ1(4π, β) = λN
1 (Ω∗, β)

whenever 0 ≤ β ≤ β∗π
a∗ , which proves the theorem.

Appendix A. Existence of β∗

Let us give a proof of Proposition 1.1 from the introduction. We note that Kachmar and Lotoreichik used 
a similar approach (see the proof of Proposition 3.3 in [7]).

Proof. We have

κ1(n, β, 1) = inf
v∈Hn\{0}

Rn(v)

where

Rn(v) :=

∫ 1
0

(
v′(r)2 +

(
βr
2 − n

r

)2
v2(r)

)
r dr∫ 1

0 v2(r) r dr
,

H0 := {f ∈ L2(]0, 1[, r dr) : f ′ ∈ L2(]0, 1[, r dr)}

and, for n �= 0,

Hn := {f ∈ L2(]0, 1[, r dr) : f ′ ∈ L2(]0, 1[, r dr) , f/r ∈ L2(]0, 1[, r dr)}.

We note that Hn ⊂ H0 when n �= 0. Now we see that
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(
βr

2 − n

r

)2

= n2

r2 − nβ + β2r2

4 > |n|(|n| − β) + β2r2

4 ≥ β2r2

4

when β ≤ 1, for all n �= 0 and r ∈]0, 1[. This implies that for any v ∈ Hn, we have Rn(v) > R0(v) for all 
n �= 0.

Applying Rayleigh’s principle, we obtain that

κ1(n, β, 1) > κ1(0, β, 1)

for all β ∈ [0, 1]. This implies the desired result. �
Appendix B. Chain rule formulas

Let us first prove Formula (21). We fix g, a function in GΩ. We first have to settle a small technical issue 
concerning the definition of the function g′ ◦ψ. Since g′ is only defined up to equality almost everywhere, we 
have to check that, given two measurable functions h1, h2 : [0, t∗] → C, whenever h1(t) = h2(t) for almost 
every t ∈ [0, t∗], h1 ◦ ψ(p) = h2 ◦ ψ(p) for almost every p ∈ Ω. This holds if, and only if, |E| = 0 implies 
|ψ−1(E)| = 0 for any E ⊂ [0, t∗] measurable. This is equivalent to saying that the push forward of the 
Lebesgue measure on Ω by the mapping ψ, denoted by ψ∗(dp), is absolutely continuous with respect to the 
Lebesgue measure on [0, t∗].

The measure ψ∗(dp) can easily be computed using the Coarea Formula. Indeed, let us consider E, a 
measurable subset of [0, t∗] and let us apply Remark 2.3 to the function h(p) = χψ−1(E)(p)/|∇ψ(p)|, where 
χψ−1(E) is the characteristic function of ψ−1(E). We obtain

|ψ−1(E)| =
∫
Ω

χψ−1(E)(p) dp =
∫
Ω

h(p)|∇ψ(p)| dp =
t∗∫

0

⎛
⎝∫

Γs

h(q) dH1(q)

⎞
⎠ ds

=
t∗∫

0

⎛
⎝∫

Γs

χE(ψ(q))
|∇ψ(q)| dH1(q)

⎞
⎠ ds =

t∗∫
0

χE(s)γΩ(s) ds.

This shows that ψ∗(dp) = γΩ(t) dt, and the right-hand side is absolutely continuous with respect to dt, since 
γΩ is integrable.

To show that Formula (21) holds in the sense of distribution, we have to show that p �→ g′(ψ(p))∇ψ(p)
is locally integrable and that, for any smooth function ϕ compactly supported in Ω,

−
∫
Ω

g(ψ(p))∇ϕ(p) dp =
∫
Ω

g′(ψ(p))ϕ(p)∇ψ(p) dp. (B.1)

We first note that, if g is in C1(Ω), Equation (B.1) follows from Green’s identity and the standard Chain 
Rule.

Lemma B.1. For any function g ∈ G, there exists a sequence (gn) of functions in C1([0, t∗]) such that

1. g′n → g′ in L2(]0, t∗[, μ(t) dt);
2. gn → g in L2(]0, t∗[, γΩ(t) dt).
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Proof. Let us first note that, since μ in bounded away from 0 in every compact subset of [0, t∗[, g′ is in 
L1

loc([0, t∗[ , dt), and therefore, for all t ∈ [0, t∗[,

g(t) = g(0) +
t∫

0

g′(s) ds.

Since g′ ∈ L2(]0, t∗[, μ(t) dt), there exists a sequence (hn) of functions which are continuous and compactly 
supported in ]0, t∗[, such that hn → g′ in L2(]0, t∗[, μ(t) dt). We then define

gn(t) := g(0) +
t∫

0

hn(s) ds

for all n ≥ 1 and t ∈ [0, t∗]. We note that gn ∈ C1([0, t∗]). Point 1 is satisfied by construction. Let us now 
use Fubini’s theorem:

t∗∫
0

|gn(t) − g(t)|2γΩ(t) dt =
t∗∫

0

∣∣∣∣∣∣
t∫

0

(hn(s) − g′(s)) ds

∣∣∣∣∣∣
2

γΩ(t) dt

≤ t∗
t∗∫

0

⎛
⎝ t∫

0

|hn(s) − g′(s)|2 ds

⎞
⎠ γΩ(t) dt

= t∗
t∗∫

0

|hn(s) − g′(s)|2
⎛
⎝ t∗∫

s

γΩ(t) dt

⎞
⎠ ds

= t∗
t∗∫

0

|hn(s) − g′(s)|2μ(s) ds.

Since the last term tends to 0 as n → ∞, we obtain point 2. �
We now fix a sequence (gn) as in the Lemma. From our initial remark, we have

−
∫
Ω

gn(ψ(p))∇ϕ(p) dp =
∫
Ω

g′n(ψ(p))ϕ(p)∇ψ(p) dp (B.2)

for all n. By starting from points 1 and 2 in the Lemma and applying the Coarea Formula (with computations 
similar to the proof of Proposition 2.6) we obtain that, respectively, gn ◦ ψ and (g′n ◦ ψ)∇ψ tend to g ◦ ψ
and (g′ ◦ ψ)∇ψ in L2(Ω), and therefore in L1(Ω). We then deduce Equation (B.1) by passing to the limit 
in Equation (B.2).

Finally, let us prove Formula (26). If f ′ ∈ L1
loc(]0, a∗]), we have, for all a ∈]0, a∗],

f(a) = f(a∗) −
a∗∫
a

f ′(α) dα

and therefore, from Proposition 2.8,
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g(t) = g(0) −
t∫

0

f ′(μ(s))γΩ(s) ds,

where t = μ−1(a). It follows that g′ is locally integrable in [0, t∗[ and g′(t) = −f ′(μ(t)) γΩ(t).
Conversely, if g′ ∈ L1

loc([0, t∗[), we have, for all t ∈ [0, t∗[,

g(t) = g(0) +
t∫

0

g′(t) dt,

and therefore, from Proposition 2.8,

f(a) = f(a∗) +
a∗∫
a

g′(μ−1(α))
G(α) dα,

where a = μ(t). It follows that f ′ is locally integrable in ]0, a∗] and f ′(a) = −g′(μ−1(a))/G(a).

Appendix C. Proofs for the Sturm-Liouville problem

Our goal is to prove Propositions 3.3 and 3.4. We follow the well-known method of defining the eigenvalue 
problem for a self-adjoint operator using a quadratic form. We also prove the properties of the functions X
and Y used in the proof of Proposition 3.6, more specifically the endpoint behavior stated in Proposition 3.11.

Let the function G : [0, a∗] → [0, ∞] satisfy Assumptions A and B. We first prove Lemma 3.2, which 
characterizes the associated function space FG (see Definition 2.1). Let us recall the statement.

Lemma C.1. The set FG is equal to the set F4π consisting of functions f : [0, a∗] → C satisfying

1. f ∈ L2(]0, a∗[, da);
2. f ′ ∈ L2(]0, a∗[, 4π a da).

In addition, F4π, equipped with the natural norm

‖f‖2
F4π

:=
a∗∫
0

|f(a)|2 da + 4π
a∗∫
0

|f ′(a)|2a da,

is compactly embedded in L2(]0, a∗[, da).

Proof. From Assumptions A and B, we have

4π ≤ G(a) ≤ ‖G‖L∞

for almost every a in [0, a∗], which immediately implies that the sets FG and F4π are equal.
Among several possible approaches to prove the compact embedding, we use one which is closely related 

to the method of level lines. We define R by πR2 = a∗, so that BR is the disk of area a∗. We map any 
function f ∈ F4π to a function u on BR, defined by

u(p) = f(π|p|2) (C.1)
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for p ∈ BR.
Integrating in polar coordinates over BR and using Fubini’s theorem, we find

∫
BR

|u(p)|2 dp =
2π∫
0

⎛
⎝ R∫

0

|f(πr2)|2r dr

⎞
⎠ dθ = 2π

R∫
0

|f(πr2)|2r dr.

The change of variable a = πr2 in the last integral gives

2π
R∫

0

|f(πr2)|2r dr =
a∗∫
0

|f(a)|2 da.

In addition, a computation similar to the proof of Proposition 2.6 in Appendix B shows that the gradient 
of u, in the sense of distribution, is

∇u(p) = 2πf ′(π|p|2)p.

Integrating as before, we find

∫
BR

|∇u(p)|2 dp = 8π3
R∫

0

|f ′(πr2)|2r3 dr = 4π
a∗∫
0

|f ′(a)|2a da.

From this and the previous paragraph, we conclude that the mapping f �→ u defined above sends F4π into 
H1(BR), isometrically if F4π is equipped with the natural norm ‖ ·‖F4π , and that it also separately preserves 
the L2-norm.

The conclusion is now easy to reach. Let us assume that (fn) is a bounded sequence in (F4π, ‖ · ‖F4π ). It 
is mapped to a bounded sequence (un) in H1(BR). By Rellich’s theorem, H1(BR) is compactly embedded 
in L2(BR), and therefore (un) admits a subsequence (unk

) which converges in L2(BR). By the isometric 
mapping, the corresponding subsequence (fnk

) is Cauchy, and therefore convergent, in L2(]0, a∗[, da). �
Remark C.2. Let us note that π|p|2 is the area enclosed by the circle centered at 0 passing through the 
point p in BR. Since the level lines of the torsion function in BR are circles, we have π|p|2 = μ(ψ(p)) for all 
p ∈ BR. Here we are using the notation of Section 2.3 in the case Ω = BR and ψ(p) = 1

4 (R2 − |p|2). The 
mapping f(a) �→ u(p) is therefore the one defined in Corollary 2.10.

We now consider the quadratic form defined, for f ∈ F4π, by

q(f) =
a∗∫
0

(
P (a)|f ′(a)|2 + β2Q(a)|f(a)|2

)
da.

Since |P (a)| ≤ a ‖G‖L∞ and |Q(a)| ≤ a
4π for almost every a, the form q is continuous in (F4π, ‖ · ‖F4π ). 

Since Q is non-negative, q is non-negative and in particular bounded from below. Standard results from 
spectral theory then tell us that there exists a sequence (κk, fk)k≥1 of spectral pairs satisfying the following 
properties (where 〈·, ·〉 denotes the scalar product in L2(]0, a∗[, da) and q(·, ·) the sesquilinear form associated 
with the quadratic form q(·)).
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1. For all k, fk ∈ F4π and fk is an eigenfunction of q associated with the eigenvalue κk, that is to say

q(fk, ϕ) = κk〈fk, ϕ〉 (C.2)

for all ϕ ∈ F4π.
2. The sequence (fk) is a Hilbert basis of L2(]0, a∗[, da).
3. The sequence (κk) tends to +∞.

Setting κk(G, β) := κk, we see that we have proved point 1 in Proposition 3.4.
In addition, as a consequence of the variational characterization of eigenvalues, we have

κ1 = min
f∈F4π\{0}

q(f)
‖f‖2

L2
. (C.3)

This proves Proposition 3.3.
The fact that q is associated to a Sturm-Liouville operator implies further properties of the eigenvalues 

and eigenfunctions. To see this, let us fix k and let us consider the weak eigenvalue equation (C.2). Since 
F4π contains, in particular, all smooth functions with compact support in ]0, a∗[, Equation (C.2) implies 
that

− (P (a)f ′
k)

′ + β2Q(a)fk = κkfk (C.4)

in the sense of distributions in ]0, a∗[. Introducing the quasi-derivative f [1]
k (a) := P (a)f ′

k(a) and rearranging 
the terms, we obtain

(f [1]
k )′(a) =

(
β2Q(a) − κk

)
fk(a)

in the sense of distribution. The left-hand side is in L2, and thus in L1, meaning that f [1]
k is absolutely 

continuous in [0, a∗]. Since

f ′
k(a) = 1

P (a)f
[1]
k (a)

and

0 ≤ 1
P (a) ≤ 1

4π a
,

it follows that fk is locally absolutely continuous in ]0, a∗]. We have thus proved point 3 of Proposition 3.4.
Let us now consider a function ϕ in C1([0, a∗]). According to Equation (C.4), we have,

κk

a∗∫
0

fk(a)ϕ(a) da =
∫
0

(
−(f [1]

k (a))′ + β2Q(a)fk(a)
)
ϕ(a) da.

Applying the integration by part formula for absolutely continuous functions, we obtain

κk

a∗∫
0

fk(a)ϕ(a) da = [f [1]
k (a)ϕ(a)]a

∗

0 +
a∗∫
0

(
f

[1]
k (a)ϕ′(a) + β2Q(a)fk(a)ϕ(a)

)
da.

Since, according to Equation (C.2),
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a∗∫
0

(
f

[1]
k (a)ϕ′(a) + β2Q(a)fk(a)ϕ(a)

)
da = κk

a∗∫
0

fk(a)ϕ(a) da,

we have shown that

f
[1]
k (a∗)ϕ(a∗) − f

[1]
k (0)ϕ(0) = 0

for all ϕ ∈ C1([0, a∗]). By applying this successively with ϕ1 such that ϕ1(0) = 0 and ϕ1(a∗) = 1 and with 
ϕ2 such that ϕ2(0) = 1 and ϕ2(a∗) = 0, we obtain

f
[1]
k (a∗) = f

[1]
k (0) = 0. (C.5)

We have therefore proved the boundary conditions in Problem (29).
Re-using the notation of Section 3, we set

X(a) :=fk(a),

Y (a) :=f
[1]
k (a).

Then, the vector-valued function a �→ (X(a), Y (a)) satisfies the system (34) with κ = κn. Let us note 
that the function a �→ β2Q(a) − κn is in L∞(]0, a∗[) and that the function a �→ 1/P (a) = (a G(a))−1 is 
in L∞

loc(]0, a∗]). The system (34) therefore satisfies in ]0, a∗] the existence and uniqueness property for the 
solution to a Cauchy problem. As a consequence, as in the Sturm-Liouville theory with regular coefficients, 
we have the following results.

1. Any eigenfunction associated with κk is proportional to fk, that is, the eigenvalue κk is simple.
2. fk(a∗) �= 0.
3. If fk vanishes at a0 ∈]0, a∗[, then it changes sign. In particular, every interior zero of fk is isolated.

Let us note that the first point above is point 2 in Proposition 3.4.
Let us now prove that f1 does not change sign. Since f1 is absolutely continuous, so is |f1|, with ||f1|′(a)| =

|f ′
1(a)| almost everywhere. We therefore have

q (|f1|)
‖ |f1| ‖2

L2
= q(f1)

‖f1‖2
L2

.

From the variational characterization of eigenvalues, it follows that |f1| is an eigenfunction associated with 
κ1. Therefore, f1 is proportional to |f1| and does not change sign in ]0, a∗[. According to point 3 above, 
this implies that f1 does not vanish in ]0, a∗[. From now on, we chose f1 strictly positive in ]0, a∗[. Let us 
note that at this stage, we have proved the endpoint conditions Y (0) = Y (a∗) = 0 and X(a∗) > 0 stated in 
Proposition 3.11.

The existence and uniqueness theorem may not apply at a = 0, since a �→ 1/P (a) may not be integrable 
there. However, when n = 1, we can prove that X = f1 has a finite limit as a → 0 (denoted by X(0)) and 
that X(0) > 0, as stated in Proposition 3.11. Indeed, X(a) > 0 and, as a → 0,

β2Q(a) − κ1 = −κ1 + O(a),

so that β2Q(a) −κ1 < 0 for a close to 0. Using the second equation in System (34), it follows that Y ′(a) < 0
for a close to 0. The function a �→ X(a) is therefore decreasing in a neighborhood of 0, and thus, as a → 0,
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X(a) → �,

with � > 0 finite or infinite. Therefore � > 0. According to the first differential equation in System (34), for 
almost every a,

|X ′(a)| ≤ ‖Y ‖∞
4π a

,

and it follows by integration that there exist positive constants C1 and C2 such that

|X(a)| ≤ C1| log(a)| + C2.

According to the second differential equation,

Y (a) =
a∫

0

(Q(α) − κ)X(α) dα =
a∫

0

(
α

G(α) − κ

)
X(α) dα (C.6)

and therefore, for a in some interval ]0, ε[,

|Y (a)| ≤
a∫

0

(
α

G(α) + κ

)
(C1| log(α)| + C2) dα ≤ C3 a | log(a)|,

with C3 a positive constant. Hence, for almost every a ∈]0, ε[,

|X ′(a)| ≤ C3

4π | log(a)|.

It follows by integration that X is bounded, and therefore that � is finite, as required. Using again the 
second differential equation in system (34), we find that Y (a) = O (a) as a → 0. This completes the proof 
of Proposition 3.11.
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