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Abstract

This thesis studies different aspects of the design of surveys and randomized experiments. Those
two subjects have particular similarities and differences that allow us to establish links between
their theories. An important part of this thesis is the trade-offs that occur when balancing
covariates across groups to improve the efficiency of the estimators. We also adapt methods
from survey sampling to experimental settings. We provide specific solutions to problems such
as assigning participants to multiple treatment groups where the covariate means are balanced
between groups even, with groups of unequal size, or assignment to group probabilities. We also
propose a method to perform exact hypothesis tests for models like Poisson regression, which
reduce reliance on large-sample approximations.

Keywords : Balanced sampling, Design of experiments, Design variance matrix, Exact inference,

Mixture of designs.
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Resumé

Cette thèse étudie différents aspects de la conception des enquêtes et des expériences ran-
domisées. Ces deux sujets présentent des similitudes et des différences particulières qui nous
permettent d’établir des liens entre leurs théories. Une partie importante de cette thèse porte sur
les compromis associés à l’équilibrage des covariables entre les groupes dans le but d’améliorer
l’efficacité des estimateurs. Nous adaptons également des méthodes d’échantillonnage à des
contextes expérimentaux. Nous fournissons des solutions spécifiques à des problèmes tels que
l’affectation des participants à plusieurs groupes de traitement où les moyennes des covariables
sont équilibrées entre les groupes, même avec des groupes de taille inégale ou des probabilités
d’affectation à un groupe. Nous proposons également une méthode permettant d’effectuer des
tests d’hypothèse exacts pour des modèles tels que la régression de Poisson, ce qui réduit la
dépendance à l’égard des approximations sur de grands échantillons.

Mots-clés: Échantillonnage équilibré, Inférence exacte, Matrice de variance du plan, Plan d’expérien-

ces.
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Chapter 1

Introduction

Survey sampling methods are techniques used to randomly select a subset of individuals or units
from a larger population for the purpose of conducting surveys or research. The goal is usually
to estimate the mean or total of a variable of interest from a population using a sample. The
experimental design is a way to carry out an experiment in order to assess the effects of one
or more variables. Both fields share similarities in their use of randomization for inference, in
the construction of the estimators and in the common aim to obtain unbiased and low-variance
estimates through an optimal selection schema. This thesis studied some aspects of designs
that could be applied to both survey sampling and experiments. More specifically, we propose
methods to generate balanced samples or assignments to groups under different settings and
constraints. It is not difficult to see that generating samples that are balanced on the Horvitz-
Thompson estimator (Horvitz and Thompson, 1952) of the total of the auxiliary variables is
conceptually similar to generating group assignments that are balanced on the means of their
covariates.

There are also other aspects of experiments that are very similar to surveys but will not be
covered by the thesis. One of those aspects is non-response. In experiments, non-compliance,
participant dropout, or deaths occur quite frequently. In parallel, non-response rates have been
rising for decades in surveys, even in government-mandated ones. Currently, non-response and
ways to deal with it are highly studied topics (see amongst other Chen and Haziza, 2019; Haziza
and Beaumont, 2017; Lee and Kim, 2022). Both fields have studied and adopted similar methods
to deal with it, such as the concept of double robustness for the imputation of missing values
(Robins et al., 1994; Kang and Schafer, 2007; Han and Wang, 2013).

Another notable similarity between experiments and surveys are data that arrive sequentially.
In both fields, not all surveys or experiments have data available at the outset of the study
or experiment. In experiments, this often occurs in clinical trials where participants arrive
sequentially over time (Chow and Chang, 2008; Kapelner and Krieger, 2014, 2023). In this
setting, the total number of experimental units is usually unknown, so groups of equal size
cannot even be guaranteed (Efron, 1971). Similarly, in survey sampling, it is not uncommon
that data collection is staggered over time. In both cases, data arriving sequentially over time
create some challenge for choosing the appropriate design. Additionally, there is a possibility
that initial findings call for an adaptation of the trial or the survey.

As a more general similarity, both surveys and experiments try to use a randomly selected
subgroup of a larger population in order to make inference about them. In experiments, it would
involve assessing the effect of a treatment or an intervention on a larger group, which in the
example of a clinical trial would be patients suffering from a specific condition. In surveys, it
would typically involve making an estimate of the total of a variable in a population.
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1.1 Overview of sampling in surveys

Survey sampling methods are techniques used to select a subset of individuals or items from
a larger population for the purpose of conducting surveys or research. The goal is usually to
estimate the mean or total of a variable of interest y = (y1, . . . , yN )⊤ from a population, using
a sample. We can define a sample as a subset, chosen randomly, of a certain population U of
size N and defined as the set = {1, . . . , N}. Let a = (a1, . . . , aN )⊤ be an indicator variable,
where ai = 1 when the unit i ∈ U is included in the sample and 0 otherwise. Each unit in the
population has a probability to be included in the sample. Let π = (π1, . . . , πn)

⊤ be the vector
of inclusion probabilities. In surveys, the inclusion probabilities are often set to be unequal, in
order to minimize the variance of certain estimators.

An example of an estimator is the Horvitz-Thompson estimator of the total (Horvitz and
Thompson, 1952), whose formula is

tHT =

N∑
i=1

aiyi
πi

.

The estimator of mean can be retrieved by dividing the Horvitz-Thompson estimator of
the total by N , when it is known. The Horvitz-Thompson estimator is the basic estimator in
surveys. It is designed to estimate population characteristics, usually the total or the mean,
based on a sample. The basic idea is to assign sampling weights to each unit in the sample
to obtain an unbiased estimate, which is simply the inverse of the probability of selection. It
is used when the sampling frame is known and each unit in the population has a known and
non-zero probability of being selected.

Another important concept in survey sampling is auxiliary variables. We assume that aux-
iliary variables are correlated with the variables of interest and are available for each unit in
the population before the sampling procedure. We define the auxiliary variables for unit i ∈ U
as a vector of dimension p × 1 and denote them as xi. One utility of the auxiliary variables
is to help to determine potentially extreme units. This information can be used to reduce the
variance of the Horvitz-Thompson estimator by sampling with higher probability the units in
the population that we expect to have more extreme values for the response variable (see for
instance Tillé, 2020a).

Auxiliary variables can also be used to create more efficient sampling designs. An aspect
of that would be to ensure that the sample is balanced with respect to the population U . We
define a sample a as balanced when the Horvitz-Thompson estimator of the auxiliary variables
is equal to the population total of the auxiliary variables. We obtain the following equation

N∑
i=1

aixi

πi
=

N∑
i=1

xi. (1.1)

Satistfying Equation (1.1), even approximately, is not a straightforward task. The sample
still has to be random and respect the inclusion probabilities. Having a balanced sample is
particularly useful in scenarios where the population is heterogeneous and the auxiliary infor-
mation is strongly correlated with the main variable of interest. It improves the precision of the
estimates by reducing the variance that arises from sampling.

1.2 Overview of design of experiments

We first clarify the terms used in this thesis. The term “design of experiments” will concern
only the allocation to groups of randomized experiments whose units have fixed covariates or
confounding variables, such as clinical trials that have the most similarities with survey sampling.
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There exist cases in the literature with several independent variables and whose design is non-
random and is simply optimized for a certain criterion (Atkinson and Donev, 1992). Agricultural
block designs and industrial processes optimization are examples of applications where those
type of experiments can occur. In this thesis, the term “balanced experimental design” refers
to designs whose possible assignment to groups have covariates means that are close to each
other, which is the counterpart of a balanced sampling design in surveys. In the literature of
the design of experiments, a balanced experiment will often simply refer to experiments whose
different treatment groups are of the same size.

We also clarify that we do not deal with observational studies (Cochran, 1965; Rubin, 2008)
where the “assignment to the treatment group” is not controlled by the experimenter and is
simply given by the data. There is no randomization controlled by the experimenter before the
creation or collection of data. It creates problems in regard to inference due to higher potential
of bias but also presents advantages such as less ethical problems with treatments that could
be deleterious to the participant. Another advantage of observational studies is that they are
generally cheaper than randomized experiments, since it simply collects data which is already
available. We also do not deal with any type of self-controlled experiments where individuals
receive both the control and the treatment, whose advantage is that it allows to easily control
for time-invariant confounders.

Suppose we have a population U of size N and that we want to test a treatment T on the
units i ∈ U . If unit i receives the treatment, its response variable becomes yTi . If unit i does not
receive the treatment, it belongs to the control group and its response is denoted by yCi . This is
a randomized experiment with two groups. The goal is to estimate the difference between the
two groups

τ =
1

N

∑
i∈U

yTi −
1

N

∑
i∈U

yCi . (1.2)

Equation (1.2) is similar to the Neyman–Rubin causal model of potential outcomes (Rubin,
1974). The values of yTi and yCi cannot be observed at the same time for unit k, because all
units either belong to the control group or the treatment group. We can assume that ai = 1
when unit i ∈ U is included in the treatment group and ai = 0 when included in the group. The
units have to be assigned randomly between two groups. The random aspect allows to make
inference and to avoid the potential investigator bias in experiments. Often, those experiments
would have confounding variables or covariates that are available and are suspected to have an
effect on the response variable. The covariates for unit i ∈ U can be denoted by the N×1 vector
xi.

Then, τ can be estimated using the difference of the two the Horvitz-Thompson estimators:

τ̂ =
1

N

∑
i∈U

yTi ai
πi
− 1

N

∑
i∈U

yCi (1− ai)

1− πi
.

When the sample size is fixed and the inclusion probabilities are all equal, τ̂ simply becomes
equivalent to the widely known difference in means estimator. Later in the thesis, it will be
shown mathematically that if the response variable follows a linear model with the covariates, the
variance of the estimators is directly reduced when using a balanced design for both experiments
and surveys. But it can also be inferred intuitively that comparing two groups that are similar
is much easier than comparing groups that are quite different. An extreme scenario that can
illustrate it would be if the control group contains participants of only one sex and the treatment
group contains people of the other sex. In this case, it is impossible to determine whether it was
the treatment or the sex of the participants that caused any difference in the response variable
between the two groups, which is simply a consequence of multicollinearity in the matrix of the
predictors.

13



There are different types of common experimental designs, such as rerandomization, the
randomized block or stratified design or matching, that address the issue of covariate balance
(Simon, 1979; Morgan and Rubin, 2012; Xu and Kalbfleisch, 2010; Li et al., 2018). Surveys often
use sampling methods that are equivalent to the previous experimental designs that have been
mentioned but under a different nomenclature.

1.3 Outline

Chapter 2 establishes a theoretical basis for evaluating the robustness and balance trade-off in
sampling and experimental designs. By defining robustness through the spectral properties of the
variance matrix of the design, we derive bounds and approximations for the largest eigenvalue
of this matrix and use it as a measure of potential variance inflation in estimators like the
Horvitz-Thompson total. The robustness of the design strongly correlates with the entropy
or simply the number of possible samples of the design when inclusion probabilities are equal.
We propose a method for mixing two designs in order to handle the robustness and balance
trade-off. This method interpolates between two sampling strategies using a tunable parameter.
Through simulations, we validate the accuracy of our eigenvalue approximations and compared
our algorithm with the Gram-Schmidt walk design (Harshaw et al., 2024), we show that our
method matches the ability to navigate the efficiency-robustness trade-off while being simpler
and offering a more interpretable variance structure.

In Chapter 3, we introduce a modified Cube Method adapted for experimental covariate bal-
ance with multiple groups. Unlike existing approaches, our adaptation accommodates unequal
treatment group sizes, heterogeneous inclusion probabilities, and balancing of the covariates.
We also provide variance approximations for scenarios where randomization tests are computa-
tionally prohibitive.

Chapter 4 extends the utility of the Cube method into exact inference for generalized linear
models. By using a stratified variant of the algorithm, we develop an exact testing procedure for
Poisson regression with continuous covariates, reducing reliance on large-sample approximations.
We generalize the central proposition of Rivest and Gaye (2023) to the Poisson setting by using
a mild additional assumption, which justifies using the method for count data scenarios.

Finally, the thesis concludes with a note on the distribution of the Mahalanobis distance
between two groups in Chapter 5, which can be applied for methods such as rerandomization
and potential variance approximations under certain settings.

14



Chapter 2

Risk Minimization Using Robust
Experimental or Sampling Designs
and Mixture of Designs

Abstract

For both experimental and sampling designs, the efficiency or balance of designs has
been extensively studied. There are many ways to incorporate auxiliary information into
designs. However, when we use balanced designs to decrease the variance due to an aux-
iliary variable, the variance may increase due to an effect which we define as lack of ro-
bustness. This robustness can be written as the largest eigenvalue of the variance operator
of a sampling or experimental design. If this eigenvalue is large, then it might induce a
large variance in the Horvitz-Thompson estimator of the total. We calculate or estimate
the largest eigenvalue of the most common designs. We determine lower, upper bounds
and approximations of this eigenvalue for different designs. Then, we compare these results
with simulations that show the trade-off between efficiency and robustness. Those results
can be used to determine the proper choice of designs for experiments such as clinical trials
or surveys. We also propose a new and simple method for mixing two sampling designs,
which allows to use a tuning parameter between two sampling designs. This method is then
compared to the Gram-Schmidt walk design, which also governs the trade-off between ro-
bustness and efficiency. A set of simulation studies shows that our method of mixture
gives similar results to the Gram-Schmidt walk design while having an interpretable vari-
ance matrix. 1

2.1 Introduction

Both experimental designs and sampling designs have a common feature: random variables
are generated in order to select units either to constitute a sample or to create a test group
and a control group. For survey sampling, the recommendations relate primarily to issues of
design efficiency or balance under certain hypotheses relative to the variables of interest to be
estimated. We can thus resort to designs of fixed size, stratified, balanced with equal or unequal
probabilities (see amongst other Brewer and Hanif, 1983; Tillé, 2006, 2020a). For experimental
designs, randomization between the test group and the control group is recommended. There
are also stratification techniques, blocking, matching, rerandomization, balanced sampling that
can make the two groups balanced to some degree (see amongst other Simon, 1979; Morgan and
Rubin, 2012; Xu and Kalbfleisch, 2010; Li et al., 2018; Tillé, 2022). Unfortunately, everything
has a price. It can be shown that if a design is more efficient for one variable, it is necessarily
less efficient for another variable. Thus, one cannot rely solely on a single efficiency criterion to
determine the appropriate design.

1This chapter is a reprint of Talovic and Tillé (2025)

15



The notion of robustness for design of experiments has been introduced by Harshaw et al.
(2024) and to some degree Kapelner et al. (2022). This notion is also valid for sampling designs.
Robustness consists in identifying the eigenvector that can be associated to the largest eigenvalue
of the variance matrix of the design. This eigenvector is associated with the largest variance
in the estimators. We can thus evaluate the potential maximum price to pay for the use of a
design that integrates auxiliary information. More details are given in Section 2.2.

In survey sampling, a few closely related topics have already been examined. Qualité (2009,
p.45-57) studied the dispersion of the eigenvalues in sampling designs. The author also made
links with the dispersion of the eigenvalues and the entropy of the sampling design. Stenger
(1979) and Stenger and Gabler (1996) found some results related to minimax strategies in
survey sampling.

Harshaw et al. (2024) propose to consider a trade-off between the efficiency and the robust-
ness of a design. They also propose an algorithm called “Gram-Schmidt Walk design” (GS) in
which there is a tuning parameter that allows us to oscillate between a design that would be
totally robust and a balanced design that would integrate the auxiliary information as well as
possible. Depending on the risk aversion, one can choose the appropriate value of the tuning
parameter.

In this article, we review the different sampling and experimental designs. We evaluate the
robustness of each of these designs. To do so, we give upper and lower bounds for the largest
eigenvalues of the variance matrices of the sampling or experimental designs. We also give
approximations for these eigenvalues in the supplementary material. We show the determining
role of the Yates-Grundy condition which allows us to give a relatively low upper bound. Most
of the designs are relatively robust except for systematic sampling which has a large maximal
eigenvalue. We also study the potential effect of the choice of the sampling design on the variance
of the Horvitz-Thompson estimator.

We propose a simple procedure that allows us to mix two designs. This method offers an
alternative more flexible than the GS design of Harshaw et al. (2024). In addition, this method
allows to mix almost any kind of designs, which opens the way to multiple combinations of
designs. We next present a set of simulations that show that our mixing method gives similar
results to the GS design while being more flexible and simpler. These simulations also show
that the Cube method is actually quite robust in the sense that the largest eigenvalue of the
variance matrix is relatively small.

We define survey designs in Section 2.2 and experimental designs with a design-based ap-
proach in Section 2.3. The main designs are briefly described in Section 2.4. Section 2.5 is
dedicated to the identification of the upper bound of the largest eigenvalue of the variance ma-
trix. In Section 2.6, a lower bound is sought for this matrix, which allows us to obtain a range of
possible values for this eigenvalue. Section 2.7 is dedicated to the concept of robustification using
mixture of designs. We present a new method for mixing two sampling designs. In Section 2.8,
we perform simulations on the main sampling designs and compare them with the mixtures of
designs. Finally, conclusions are drawn in Section 2.9.

In the supplementary material, we include all the proofs and we add approximations for the
largest eigenvalue for different sampling designs. We also discuss the interest of mixing designs
under model- and design-based approach for experimental designs. We show that the interest
of mixing design is relatively limited under certain hypotheses. Finally, we give additional
information regarding simulations.

2.2 Sampling designs

Consider a finite population U = {1, . . . , k, . . . , N} of size N . A sample without replacement is
a subset, s ⊂ U , of the population. A sampling design p(.) assigns to each sample s a probability
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such that p(s) ≥ 0 and ∑
s⊂U

p(s) = 1.

A random sample S takes as value s with probability Pr(S = s) = p(s). For sampling with
replacement, the s may include a unit of U more than once.

Let ak denote the indicator random variable which takes as value 1 if unit k is in S and
0 otherwise. If the sampling is with replacement ak is the number of times unit k is selected
in the sample. The random sample can also be defined by the column vector of the indicator
variables a⊤ = (a1, . . . , aN ). We define the vector π⊤ = Ea(a)

⊤ = (π1, . . . , πN ), where Ea(.)
is the expectation under the sampling design. For sampling designs without replacement, π is
the vector of first-order inclusion probabilities. In this article, when the order is not defined,
it means we refer to the first-order inclusion probability. It is assumed that the sum of the
inclusion probabilities is an integer number denoted by n.

We define the matrix Π = Ea(aa
⊤). For sampling designs without replacement, Π is the

matrix of joint inclusion probabilities. The covariances between the indicator variables is defined
by ∆kℓ = cova(akaℓ) = Ea(akaℓ) − Ea(ak)Ea(aℓ) = πkℓ − πkπℓ, for all k, ℓ ∈ U. The variance-
covariance matrix is thus ∆ = vara(a) = Π − ππ⊤, where vara(.) is the variance under the
sampling design.

The aim is to estimate the total of a variable of interest y⊤ = (y1, . . . , yN ) given by

ty =
∑
k∈U

yk.

If πk > 0, for all k ∈ U, then the Horvitz-Thompson estimator (Horvitz and Thompson, 1952)
given by

t̂y =
∑
k∈S

yk
πk

is an unbiased estimator of ty. If there is a unit k such that πk = 0, the estimator is biased.
The variance of this estimator is

vara(t̂y) =
∑
k∈U

∑
ℓ∈U

ykyℓ
πkπℓ

∆kℓ = y⊤D−1∆D−1y,

where D = diag(π). If the sampling design has a fixed sample size, Yates and Grundy (1953)
showed that the variance can also be written as

vara(t̂y) = −
1

2

∑
k∈U

∑
ℓ∈U

(
yk
πk
− yℓ

πℓ

)2

∆kℓ.

If πkℓ > 0, for k, ℓ ∈ U, two unbiased estimators of variance can be constructed. The
Horvitz-Thompson estimator of the variance is given by

v̂ara(t̂y) =
∑
k∈S

∑
ℓ∈S

ykyℓ
πkπℓ

∆kℓ

πkℓ
.

The Yates-Grundy estimator is only available for sampling designs with fixed sample size and is
given by

v̂ara(t̂y) = −
1

2

∑
k∈S

∑
ℓ∈S

(
yk
πk
− yℓ

πℓ

)2 ∆kℓ

πkℓ
. (2.1)

Definition 1. A design satisfies the Yates-Grundy condition if ∆kℓ ≤ 0 for all k ̸= ℓ ∈ U.

Yates and Grundy (1953) suggest using designs that satisfy this condition, because then the
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estimator of the variance (2.1) cannot be negative. This condition is related to negative correla-
tion, which is an important hypothesis to construct central limit theorems in finite population
(Brändén and Jonasson, 2012; Bertail et al., 2017; Gerber et al., 2019). In this paper, we will
show that the Yates-Grundy condition also contribute to robustify a sampling or experimental
design.

2.3 Design of experiments

In randomized experiments, and more specifically for clinical trials, the problem is somewhat
different. Suppose we have a population U of size N and that we want to test a treatment T
on the units k ∈ U . If unit k receives the treatment, its response variable becomes yTk . If unit
k does not receive the treatment, it belongs to the control group and its response is denoted by
yCk . This is a randomized experiment with two groups. The goal is to estimate

τ =
1

N

∑
k∈U

yTk −
1

N

∑
k∈U

yCk .

Here we adopt a purely design based approach as in Harshaw et al. (2024). The values of yTk
and yCk cannot be observed at the same time for unit k, because no unit can belong to both the
control and treatment groups. We select a sample with inclusion probabilities π = (π1, . . . , πN )
and apply the treatment to the chosen units.

Then, τ can be estimated using the difference between the Horvitz-Thompson estimators of
the two groups:

τ̂ =
1

N

∑
k∈U

yTk ak
πk
− 1

N

∑
k∈U

yCk (1− ak)

1− πk

=
1

N

∑
k∈U

yTk (1− πk) + yCk πk
(1− πk)πk

ak −
1

N

∑
k∈U

yCk
(1− πk)

.

If we define z = (z1, . . . , zN )⊤, where

zk =
yTk (1− πk) + yCk πk

(1− πk)πk
,

the variance becomes

vara(τ̂) =
z⊤vara(a)z

N2
=

z⊤∆z

N2
. (2.2)

If the inclusion probabilities are equal then

zk =
yTk (1− π) + yCk π

(1− π)π
.

Moreover, if π = 1/2 then
zk = 2(yTk + yCk ).

In both experimental and survey designs, the variance operator ∆ plays a fundamental role in
the precision of the estimates.

The variance given in (2.2) may seem similar to the variance in a sampling design. However,
an important difference is that zk is not known at the sample level. Estimating the variance
is therefore a more difficult problem than for a sampling design. Tillé (2022) has proposed an
estimator of this variance in the context of design-based inference. If the largest eigenvalue of ∆
is large, then there is a risk that the variance of the Horvitz-Thompson estimator becomes large
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depending on the values of the response variable. In this article, we study only the eigenvalues
of ∆ and not D−1∆D−1, because the inclusion probabilities are often all equal in experiments
and the inclusion probabilities are often to some degree proportional to the variable of interest
in survey sampling.

2.4 Main designs

In this section, we briefly describe the main designs that can be used to select a sample or to
randomize an experiment. The terms used for the designs are mainly coming from the field
of sampling and will be freely used for their equivalent in experimental designs. In Poisson
sampling, each unit of the population is subjected to an independent Bernoulli trial ak with
Ea(ak) = πk, k ∈ U. We thus have ∆kk = πk(1− πk), k ∈ U and ∆kℓ = 0 when k ̸= ℓ. Matrix ∆
is diagonal. The sample size is random and has a Poisson-Binomial distribution (Hodges and
Le Cam, 1960; Stein, 1990; Deville, 2000; Chen, 1993). Bernoulli sampling is the special case of
Poisson Sampling when the inclusion probabilities are equal and are denoted by π. The sample
size is random and has a Binomial distribution with parameter π and exponent N .

Simple Random Sampling Without Replacement (SRSWOR) is the design with a fixed sample
size n for which all samples of size n have the same probability n!(N −n)!/N ! of being selected.
For this design,

πk =
n

N
,∆kk =

n(N − n)

N2
, πkℓ =

n(n− 1)

N(N − 1)
,

and

∆kℓ = −
n(N − n)

(N − 1)N2
, k ̸= ℓ ∈ U.

Stratification consists of partitioning the population inH strata U1, . . . , UH of sizesN1, . . . , NH .
Next, in each stratum h, a sample of size nh is selected independently from the other strata with
SRSWOR.

Maximum entropy design also called Conditional Poisson Sampling (CPS) is the design with
fixed sample size n that maximizes the entropy

−
∑

s⊂U |#s=n

p(s) log p(s),

given fixed inclusion probabilities πk. The implementation of this design is quite complex and
has been resolved relatively recently (Chen, 1993; Chen and Liu, 1997; Tillé, 2006). It is possible
to compute the matrix of inclusion probabilities that satisfy the Yates-Grundy condition, for
instance by using the R sampling package (Tillé and Matei, 2021). If the inclusion probabilities
are equal, the maximum entropy design reduces to SRSWOR.

Sampford (1967) method is described in the book of Brewer and Hanif (1983) as follows
“Select the first unit with probability proportional to measure of size πk/n. At each subsequent
draw, select with probability of selection proportional to πk(1 − πk) with replacement. If any
unit is selected twice, reject the whole sample selected and start again.” This design satisfy the
Yates-Grundy condition. If the inclusion probabilities are equal, it also reduces to SRSWOR.
Sampford sampling is also relatively close to CPS (Tillé, 2006, p.143-145).

Unequal probabilities systematic sampling (Madow and Madow, 1944; Madow, 1949) is de-
fined as follows. First, compute the cumulated inclusion probabilities Vk =

∑k
ℓ=1 πk with V0 = 0

and VN = n. Next generate a uniform continuous random variable u and select in the sample
the units k such that Vk−1 ≤ u + j < Vk for j = 0, . . . , n − 1. This sample has a fixed sample
size n. Systematic sampling has no more than N samples with non-zero probability (Pea et al.,
2007). This design has a very small entropy. The joint inclusion probabilities can be computed
for instance using the R sampling package (Tillé and Matei, 2021). Equal probability systematic
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sampling is the special case where the inclusion probabilities are equal. Moreover, if N/n is an
integer, then only N/n samples have a non-null probability of being selected.

The pivotal method is one of the special cases of the splitting method proposed by Deville
and Tillé (1998). The method was republished by Srinivasan (2001). At each step of the pivotal
method, two units whose inclusion probabilities are not integers are randomly modified and one
of these units is set to 0 or 1.

By choosing at each step a couple units close in a space, Grafström et al. (2012) have built
a method to obtain well spread samples. The method satisfies the Yates-Grundy condition
(Kramer et al., 2011; Chauvet, 2012). If the initial probabilities are all equal to 1/2, the design
reduces to a matched pairs design (Matched). The Matched design is also a stratified design
where Nh = 2 and nh = 1, for h = 1, . . . ,H. In a Matched design, there are H = N/2 pairs on
units and

∆kℓ =


1

4
if k = ℓ ∈ Uh

−1

4
if k ̸= ℓ ∈ Uh

0 if k ∈ Uh, ℓ ∈ Ui, h ̸= i.

(2.3)

Let matrix X = (x1, . . . ,xn)
⊤ denote the N × p matrix of p covariates. Balanced sampling

refers to methods for selecting random samples a that approximately satisfy the balancing
equations: ∑

k∈U

akxk

πk
≈
∑
k∈U

xk. (2.4)

Fixed sample size is a special case of balanced sampling when matrix X contains a variable
that is equal or proportional to the inclusion probabilities. The cube method (Cube) (Deville
and Tillé, 2004a) selects samples that are approximately balanced and also respect the inclusion
probabilities of each unit of the population. When all inclusion probabilities are equal to π =
n/N , then the sample mean is approximately equal to the population mean

1

n

∑
k∈U

akxk ≈
1

N

∑
k∈U

xk.

The main phase of the cube method consists of randomly modifying the inclusion probability
vector at each step to obtain the sequence π(0) = π,π(1),π(2), . . . ,π(t), . . . by setting one entry
to 0 or 1 at each step while respecting the constraints that E{π(t) | π(t − 1)} = π(t − 1) and
that ∑

k∈U

πk(t)xk

πk
≈
∑
k∈U

xk,

for all t. If the main phase of the algorithm does not terminate with a vector of integers,
the second phase of the algorithm handles the few remaining non-integer entries. The method
satisfies the inclusion probabilities exactly and is described in detail in Tillé (2006).

Tillé (2022) has proposed Cube matched pairs design (Cube-Matched) that combines the
matched pairs design with balanced sampling by the Cube method. Pairs of similar units are
constructed and only one unit is selected in each pair. Moreover, the design is balanced on
covariates. This method is a simple application of the stratified-balanced sampling where each
stratum contains only two units from which one is selected in the sample (Chauvet, 2009; Hasler
and Tillé, 2014; Jauslin et al., 2021).

Multinomial sampling consists of selecting n times from the population a unit k with proba-
bility pk = Ea(ak)/n = πk/n and with replacement. For sampling designs with replacement, the
variable ak contains the number of times the unit k is selected in the sample and has a binomial
distribution with parameter pk = πk/n and exponent n. To distinguish multinomial sampling
from other sampling designs, we define the matrix ∆R = vara(a), where ∆R

kk = npk(1− pk) and
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∆R
kℓ = cova(ak, aℓ) = −npkpℓ = −πkπℓ/n, for k ̸= ℓ. When pk = 1/N , the multinomial sampling

reduces to the Simple Random Sampling With Replacement (SRSWR). The properties of the
main designs introduced are described in Table 2.1.

Table 2.1: Summary of the properties of some sampling methods. The maximum entropy column
refers to maximum entropy sampling in the “obvious” support domain (e.g., fixed sample size)
given certain inclusion probabilities.

Fixed Without Equal Yates-Grundy Maximum
Size Replacement Probabilities Condition Entropy

Poisson ✓ ✓ ✓
Bernoulli ✓ ✓ ✓ ✓
SRSWOR ✓ ✓ ✓ ✓ ✓
Stratification ✓ ✓ ✓ ✓ ✓
CPS ✓ ✓ ✓ ✓
Sampford ✓ ✓ ✓
Unequal Systematic ✓ ✓
Equal Systematic ✓ ✓ ✓
Pivotal ✓ ✓ ✓
Cube ✓ ✓
Multinomial ✓ ✓ ✓
SRSWR ✓ ✓ ✓ ✓

2.5 Upper bounds for the variance

2.5.1 General results

Matrix ∆ is the heart of the variance for both the sampling and experimental designs. The
analysis of this matrix is therefore the crucial question for the determination of the design that
is unbiased and also has a low variance. The natural way to analyse the ∆ operator is to perform
a diagonalization. We can look for a vector u which maximizes

u⊤∆u

u⊤u
.

The solution to this maximization problem is an eigenvector u of ∆ associated to the largest
eigenvalue λ1. This eigenvalue is associated with the greatest risk of the design, as this eigenvalue
is directly associated with largest possible variance of the Horvitz-Thompson estimator.

A first result shows that there is no design that is uniformly better than the others for given
inclusion probabilities. Consider two designs p1(.) and p2(.) with the same inclusion probabilities
πk and whose variance matrices are, respectively, ∆1 and ∆2. Design p1(.) would be uniformly
better than design p2(.) if u

⊤∆1u ≤ u⊤∆2u for all u ∈ RN and if there is at least one vector
y such that y⊤∆1y < y⊤∆2y. We refer to the following result:

Result 1. There exist no pair of design p1(.) and p2(.) without replacement, such that p2(s) is
uniformly better than p1(.) with the same first-order inclusion probability.

We remind that the proofs of the results can be found in the supplement. The problem can
be seen as explained in what follows. Since the inclusion probabilities determine the diagonal
of ∆, two designs that have the same inclusion probabilities have the same trace for ∆ and
therefore they have the same sum of eigenvalues. Each eigenvalue gives a dispersion factor in
the direction of an eigenvector. Therefore, if the dispersion is decreased in one direction, it is
necessarily increased in another direction.

Among designs without replacement, Result 1 shows that there is no design which is better
than all the others given certain inclusion probabilities. If additional auxiliary information is not
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available, it is reasonable to try to equalize the eigenvalues and thus to take the most random
design possible, that is to say, the design that maximizes the entropy. Additionally, we often
measure several variables of interest so it is preferable to use a robust design.

For given inclusion probabilities, the design that is the most random is considered to be the
one that maximizes the entropy. Poisson sampling maximizes the entropy

−
∑
s⊂U

p(s) log p(s),

subject to given inclusion probabilities. Then, we have

∆ = diag(π1(1− π1), . . . , πN (1− πN )).

The largest eigenvalue is λ1 = maxk∈U πk(1− πk). If the inclusion probabilities are equal, i.e. if
πk = π, Poisson sampling reduces to Bernoulli sampling. Then, we have ∆ = π(1−π)I, where I
is an N ×N identity matrix. This design can therefore be considered as the most robust design
for given π, because the variance is the same in all directions.

The Poisson and Bernoulli designs have the disadvantage of having a random sample size.
A fixed size allows to control the budget of the survey. Additionally, in our simulations, having
fixed sample size greatly improves the balance of the design. However, fixed sample size implies
that ∆ has a null eigenvalue.

Result 2. Let p(.) be a sampling design of fixed sample size n from a population U of size N ,
then ∆ has a null eigenvalue associated to the vector of ones 1 ∈ RN .

In SRSWOR

∆ =
n(N − n)

N(N − 1)
P,

where P = diag(1)− 11⊤/N and 1 is a vector of ones of dimension N . Matrix P is idempotent
and has N − 1 eigenvalues equal to 1 and one eigenvalue equal to 0. Matrix ∆ has thus N − 1
eigenvalues equal to n(N − n)/{N(N −1)} and one equal to 0. In simple random sampling with
replacement, ∆R is equal to Pn/N. Matrix ∆R has thus N − 1 eigenvalues equal to n/N and
one equal to 0. Simple random sampling without replacement is always more efficient than with
replacement. The comparison of SRSROW and SRSWR is an example where Result 1 is not
applicable, because it applies only to designs without replacement. SRSWOR is a robust design
because the variance is the same for all centred vectors. The variance is zero when the variable
of interest is a constant.

Result 3. Let p(s) be a sampling design of fixed sample size n from a population U of size N
and with equal πk = π, k ∈ U , then 1 is an eigenvector of Π and ∆. For any other centred
eigenvector u of ∆, u is also an eigenvector of Π with the same eigenvalue.

2.5.2 Upper bounds for probability designs

Upper bounds can be obtained for different types of designs.

Result 4. For any sampling design on a finite population U of size N , the largest eigenvalue
of ∆ is smaller than or equal to maxk∈U (

∑
ℓ∈U πkℓ). If the sampling design has a fixed sample

size n, then the bound can be expressed as nmaxk∈U (πk).

For designs without replacement, ∆ is also the variance matrix of the complementary design
selected with inclusion probabilities 1 − πk, k ∈ U. For sampling with fixed sample size and
without replacement, an upper bound for λ1 is

λ1 ≤ min

{
nmax

k∈U
(πk), (N − n)max

k∈U
(1− πk)

}
.
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Result 4 induces directly a few corollary results for equal probability designs.

Corollary 1. Let ∆ be the variance matrix of a sampling design with fixed sample size n and
equal πk = n/N, k ∈ U , then the largest eigenvalue of ∆ is smaller than or equal to nπ = n2/N .

Using a similar reasoning with the complementary sample 1− a, we obtain

Corollary 2. Let ∆ be the variance matrix of a sampling design without replacement with fixed
sample size n and equal πk = n/N, k ∈ U , then the largest eigenvalue of ∆ is smaller than or
equal to (N − n)(1− π) = (N − n)2/N .

When n > N/2, the bound in Corollary 1 is worse than the bound deduced by the trace of
∆, which is equal to Nπ(1− π). When n > N/2, the bound from Corollary 2 becomes better.
With equal probabilities, without replacement and fixed sample size, a general bound for the
largest eigenvalue λ1 of ∆ is thus

λ1 ≤ min

(
n2

N
,
(N − n)2

N

)
.

This bound can be reached. Here is an example:

Example 1. Suppose that N is a multiple of n, i.e. r = N/n ∈ N and that we select a systematic
sample with equal inclusion probabilities n/N . Then πkℓ = n/N if (k − ℓ mod r) = 0 and 0
otherwise. We have πkℓ = n/N − n2/N2 if (k − ℓ mod r) = 0 and −n2/N2 otherwise. Define
a vector v⊤ = (v1, . . . , vN ) where vk = 1 if k mod r = 1, vk = −1 if k mod r = 2 and vk = 0
otherwise. We obtain ∆v = (n2/N)v. In this case r − 1 eigenvalues are equal to n2/N and
N − r are equal to zero. If r = 2, n = N/2. All eigenvalues are equal to 0, except one that is
equal to N/4.

Given π, systematic sampling is the worst design in terms of robustness, because it concen-
trates all the dispersion in a very small number of directions or only one if N/n is an integer.
Now, we introduce a new result for unequal probability designs.

Result 5. For any sampling design on a finite population U of size N , the largest eigenvalue of
∆ is smaller than or equal to maxk∈U

(∑
ℓ∈U |∆kℓ|

)
.

The bound of Result 5 will often be smaller than the one from Result 4 but it is not always
the case. The sampling design that selects one unit out of a population of 3 units with equal
probability is a simple example where nmaxk∈U (πk) = 1/3 < maxk∈U

(∑
ℓ∈U |∆kℓ|

)
= 4/9.

If the Yates-Grundy condition is satisfied, a simpler bound than the previous ones can be
inferred.

Corollary 3. For any sampling design without replacement that satisfies the Yates-Grundy
condition and has fixed sample size n, the largest eigenvalue of ∆ is smaller than or equal to
2maxk∈U {πk(1− πk)}.

With a similar reasoning, we can obtain the following result.

Corollary 4. For any sampling design with a fixed sample size n on a finite population U of

size N , the largest eigenvalue of ∆ is smaller than or equal to 2maxk∈U

(∑
ℓ∈U |∆kℓ>0∆kℓ

)
.

Corollary 4 shows that Yates-Grundy condition is desirable for fixed samples size designs as
they give a lower theoretical maximal eigenvalue of ∆. It also indicates that sampling designs
with fixed sample size that have a lot of units ai that are strongly positively correlated may be
very weakly robust. Systematic sampling, which gives very high or maximal possible eigenvalues,
corresponds to such sampling design. The Yates-Grundy condition is satisfied in a number of
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common sampling designs. This bound is reached in the Matched design. Indeed, the maximum
eigenvalue of the matrix ∆ given in (2.3) is equal to λ1 = 2π(1− π) = 1/2.

A small bound can also be identified by comparing unequal probability sampling without
replacement with a multinomial design with parameters {pk = πk/n, k ∈ U} and exponent n.

Result 6. For the multinomial design, the largest eigenvalue of ∆R is less than or equal to
maxk∈U πk.

Definition 2. A sampling design without replacement with inclusion probabilities π and vari-
ance operator ∆ is said to be dominated by multinomial sampling with parameters {pk =
πk/n, k ∈ U} and the same sample size n if

u⊤∆u

u⊤∆Ru
≤ 1, for all u ∈ RN .

This definition also corresponds to a comparison with ∆R in the Loewner order. Gabler
(1981) proved that multinomial sampling dominates Sampford’s sampling design (Sampford,
1967). Gabler (1984) gave a sufficient condition in order that a sampling design without re-
placement is dominated by multinomial sampling. Qualité (2008) proved that this condition is
fulfilled for CPS.

Result 7. For Sampford’s design and CPS, the largest eigenvalue of ∆ is less than or equal to

λ1 ≤ min

{
max
k∈U

πk,max
k∈U

(1− πk)

}
.

2.5.3 Case of balanced sampling

For sampling designs that select balanced samples, we deduce from Equation (2.4) that

vara(X
⊤D−1a) = X⊤D−1∆D−1X ≈ 0.

In other words, balanced sampling designs will have a covariance matrix ∆ with p eigenvalues
that are equal or close to 0. If the inclusion probabilities are all equal and the design is perfectly
balanced, the p covariates of X generate the kernel of ∆, or at least a vector subspace from it.
If we consider that the inclusion probabilities are fixed, then the trace of ∆ is fixed. The trace
is equal to the sum of the eigenvalues. Therefore, the use of a balanced sampling design means
that some eigenvalues are equal or close to 0, but it will have to be compensated on the other
non-zero eigenvalues of ∆. It is possible that a balanced sampling design can have a very large
maximal eigenvalue due to this fact.

In balanced designs, it seems difficult to bound the eigenvalues more tightly than in Result 5.
Indeed, balanced designs can respect the fixed sample size, but do not respect the Yates-Grundy
condition. For algorithms that return balanced samples, the matrix ∆ can usually only be esti-
mated using simulations, which adds another layer of difficulty to bound the largest eigenvalue.
Ideally, one would like balancing to cause approximately the same increase in all directions for
the variables orthogonal to the balancing variables. Results from our simulation studies indicate
that this idea is not far from reality. For balanced designs, we have an approximation for the
largest eigenvalue given in the supplementary material. However, one may wonder if this approx-
imation works in practice. For it to work, the increase in variance would have to be distributed
more or less uniformly in all directions orthogonal to the balancing variables. Therefore, it is
necessary to choose the balancing variables carefully and to avoid balancing on variables that
are not correlated to the variables of interest.

The pivotal method respects the Yates-Grundy condition, so one can identify a bound for
the largest eigenvalue of the variance matrix. Therefore, the pivotal method is a prudent way
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to integrate auxiliary information into a design. Grafström and Lundström (2013) argue for the
use of this method. We have here an additional argument of robustness. The Matched design
is a special case of the pivotal method when π = 1/2. In this case, we can compute exactly the
largest eigenvalue which is only twice the one of Bernoulli sampling. The risk is thus relatively
contained.

2.6 Lower bound for the largest eigenvalues

In this section we find lower bounds for the largest eigenvalue.

Result 8. For any design without replacement, λ1 ≥ maxk∈U πk(1− πk).

Result 9. For any design without replacement with fixed sample size,

λ1 ≥
N

N − 1
max
k∈U

πk(1− πk).

Result 10. Let X be a N × p full rank matrix, H = X
(
X⊤X

)−1
X⊤, vk a vector of RN such

that vk = 1 and vℓ = 0 if ℓ ̸= k and hkk = vk⊤Hvk. For any design without replacement such
that ∆X = 0, λ1 ≥ maxk∈U πk(1− πk)/(1− hkk).

Unfortunately, the bound given by the Result 10 does not really seem applicable for balanced
sampling designs. The reason is that an exactly balanced design does not exist in general because
there is always a rounding problem which does not allow to obtain the exact balance. This bound
works on stratified sampling designs because this is a particular case of balanced sampling that
can be exactly balanced.

2.7 Robustification of the design by mixture

In this section, we try to introduce the notion of trade-off between balance/efficiency and ro-
bustness. This notion in experimental designs has been introduced by Harshaw et al. (2024).

Expression (2.2) shows that if the objective is to minimize the worst-case design-based vari-
ance, then the largest eigenvalue of ∆ should simply be as small as possible. If we assume
that the covariates X = (x1, . . . ,xn)

⊤ have an effect on the response, then the advantages of
balanced sampling appear. Suppose that yCk = xkβ+εk, y

T
k = xkβ+τ+εk and that all inclusion

probabilities are equal to π for all k ∈ {1, . . . , N}. We assume that the sample size is fixed in
order to make the term τ in the following expression disappear. Using Expression (2.2), the
design-based variance becomes

vara(τ̂) =

{
1

Nπ(1− π)

}2 {
β⊤vara(X

⊤a)β + ε⊤∆ε+ 2β⊤X⊤∆ε
}
, (2.5)

where ε⊤ = (ε1, . . . , εN ).
In order to minimise the variance under the design of τ̂ , both the maximal eigenvalue of

∆ and vara(X
⊤a) should be considered. We ignore the cross-term as both terms have an

influence on it and usually the cross-term is relatively small. We consider that the maximal
eigenvalue of ∆ is the robustness of the sampling/experimental design and that vara(X

⊤a)
is the term closely related to how balanced is the sampling or experimental design. Indeed,
vara(X

⊤D−1a) = X⊤D−1∆D−1X ≈ 0 and vara(X
⊤D−1a) = X⊤∆X ≈ 0 when the inclusion

probabilities are all equal. The terms β and ε are not known to the experimenter and for now,
do not necessarily imply a model-based approach. However, the design-based variance of τ̂
given in expression (2.5) used the assumption that τ has the same effect on all the units. This
is a pretty strong assumption that we already use for consistency with later notation. Harshaw
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et al. (2024) obtain an expression similar to (2.5) without this assumption. They reach the same
conclusion while having a purely design-based approach.

Harshaw et al. (2024) introduced the GS design that handles the trade-off between balance
and robustness. The basic step of the GS design is very similar to the Cube method of Deville and
Tillé (2004a). In the Cube method, at each step, the vector of inclusion probabilities is randomly
changed in a direction that respects the balancing equations. However, Harshaw et al. (2024)
uses the GS algorithm to balance an augmented covariate vector, which is a scaled concatenation
of the covariates of the units and a unit-unique indicator variable. A tuning parameter ϕ allows
to give more importance either to the robustness or to the balancing. It allows one to make
a mixture of designs: a robust design like the Bernoulli design and a balanced design. When
ϕ ∈ {0, 1}, the GS algorithm will correspond either to a Bernoulli design or balanced design like
the Cube method.

We propose another method which allows to mix two designs that is presented in Algorithm 1.
This method is much simpler than the GS design. It requires only three lines of code to be
implemented. Moreover, it allows us to mix any two designs, as long as at least one of the
design is able to handle cases with unequal inclusion probabilities.

Algorithm 1 Simple method for mixing designs

• Select a sample aA with a design pA(.), inclusion probabilities π and variance-covariance
matrix ∆A.

• Compute πB =
√
ϕ aA + (1−

√
ϕ)π.

• Select a sample a with a design pB(.), inclusion probabilities πB and variance-covariance
matrix ∆B(πB).

Result 11. With Algorithm 1:

(i) Ea(a) = π,

(ii) ∆ = vara(a) = Ea{∆B(πB)}+ ϕ∆A,

(iii) 1
1−ϕdiag{Ea(∆B)} = diag(∆) = diag(∆A).

When mixing a design without replacement with a design with replacement, pB(.) needs
to be set as the design with replacement to avoid any error. Ideally, we would have that
Ea{∆B(πB)} ≈ (1− ϕ)∆B(π) for better interpretability of ∆ and theoretical results. It would
mean that ∆ ≈ ϕ∆A + (1− ϕ)∆B. However, it is very difficult to derive analytically the term
Ea{∆B(πB)} and probably impossible with a mixture that uses a balanced sampling design. We
carried out simulations of a mixture of designs where pA(.) and pB(.) correspond to, respectively,
SRSWOR and a balanced sampling design based on the Cube method. In this case, pA(.)
corresponds to the robust design and pB(.) corresponds to the balanced design. For ∆B(πB),
the Cube method has been parametrized in a way to ensure that the inclusion probabilities are
πB while also having the propriety that X⊤D−1a ≈ X⊤D−1πB. The auxiliary variables are
generated from a normal distribution, π = 1/2 and N = 250. The simulations, provided in the
supplementary material, show that Ea{∆B(πB)} is extremely close to (1− ϕ)∆B(π).

Moreover if λ1, λA1, λB1 are, respectively, the largest eigenvalues of ∆, ∆A and Ea(∆B)/(1−
ϕ), then

λ1 ≤ ϕλA1 + (1− ϕ)λB1.

By taking a robust design for pA(.) we can make the largest eigenvalue decrease. The parameter
ϕ allows to set the robustness of the design. The method opens up the possibility of other
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mixtures. For instance, we can mix a Matched design with a balanced design. In this way, we
get a design that is not too risky, while combining two different uses of auxiliary information.

There is also another simple method to mix designs that we do not recommend. First,
choose either the sampling design pA(.) with probability ϕ and pB(.) with probability (1 − ϕ).
Then, select a sample with the chosen sampling design. This method creates a sampling design
with variance ϕ∆A + (1− ϕ)∆B, which is a good property. However, sampling designs are not
uniquely defined by their variances. Using simulations, we clearly see that the distribution of
the Horvitz-Thompson estimator of this method has a higher kurtosis than the distribution the
Horvitz-Thompson estimator using Algorithm 1 when mixing the cube with SWSWOR even
though their variances are similar. The consequence is that large deviations of the Horvitz-
Thompson estimator are more likely to happen with this method. Additionally, this method
cannot select new samples that are not contained in pA(.) or pB(.). Algorithm 1 creates new
samples, unless some specific sampling designs are used.

2.8 Simulations with mixtures of designs

In order to evaluate the robustness of the designs, we performed simulations on a clinical trial
data set. It contains information about 40 patients split into two groups before and after their
corneal astigmatism surgery (Hayder, 2020). We are only interested in the variables measured
before the surgeries. We retain five covariates: sex, eye, age, axis and topographic astigmatism.
Two of those covariates are categorical. The size of the experiment is N = 40 and we chose
equal inclusion probabilities π = 1/2 for all units, therefore n = 20.

We selected samples with four basic designs: CPS (SRSWOR when the inclusion probabil-
ities equal), Matched design, Cube-Matched design, and systematic sampling. We also made
simulations with mixture of designs using Algorithm 1 and the GS design. The simulations here
do not include the Bernoulli design because it does not have fixed sample size. More details can
be found in the supplement. For the Matched and Cube-Matched designs, the pairs have been
constructed by discrete linear programming by minimizing the sum on the pairs of the squares
of the Mahalanobis distances between the paired units. We define the squared Mahalanobis
distance as follows: Let

tX = X⊤1, t̂X = X⊤D−1a,V =
N

N − 1

(
X⊤X

N
−

tXt⊤X
N2

)
,

the square of the Mahalanobis distance is

M =
(
t̂X − tX

)⊤
V−1

(
t̂X − tX

)
.

This index assesses whether the samples are well balanced on the auxiliary variables.

The estimation of the largest eigenvalue by simulation is unstable, especially when the
largest eigenvalues in a design are the same or similar. There are slight differences between
the maximal eigenvalue estimated through simulation and the exact theoretical results. The
maximal eigenvalue estimated by simulation will almost always be slightly inflated when all the
inclusion probabilities are equal. Therefore, we performed a very large number of simulations
(SIM=10,000,000).

Next, we ran the GS design of Harshaw et al. (2024) using the Julia implementation. We
used a version of the algorithm that returns experimental designs with fixed size for each group.
Unfortunately, we found that this algorithm does not provide comparable results depending on
whether the variables have the same means or variances. We understand that this is due to
the way the covariates are normalized in the GS algorithm. Therefore, we centred, reduced and
made orthogonal all the variables using a singular value decomposition. Without this change of
variables, the results obtained by the GS method are inconsistent.
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Figure 2.1: Scatterplot of the estimated expectation of the squares of the Mahalanobis distances
between the covariate Horvitz-Thompson estimators of the two groups by the largest eigenvalues.
The numbers in brackets correspond to the tuning parameter ϕ which gives importance either
to robustness or to balance depending on the value of ϕ. When the inclusion probabilities are
equal, CPS is changed to SRSWOR.

Figure 2.1 contains the scatterplot of the estimated expectation of the squares of the Maha-
lanobis distances between the covariate Horvitz-Thompson estimators of the two groups by the
largest eigenvalues. On the left side, one sees that the most robust is SRSWOR but it is not
balanced. Not all the sampling or experimental designs we introduced in this article are included
in the graph, as they reduce to SWSWOR or matching when all inclusion probabilities are equal
to 0.5. Systematic sampling design lacks too much robustness to be shown in the graph.

The Cube method is a very good compromise between the two extremes as it is well balanced
and relatively robust. The Matched method is less balanced and less robust than the Cube
method. The Matched method can also have difficulties finding pairs that are sufficiently similar.
However, one advantage of matching is that the samples or group generated from this method
are relatively well-spread while samples generated from a balanced design like the Cube method
could output samples that are not well-spread. Generating a mixture of design between the Cube
method and the Matched method could give a good compromise in certain cases. Grafström
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and Lundström (2013) describes advantages of well-spread samples. The designs resulting from
mixtures with Algorithm 1 and the GS design approximately lie between the two designs from
which they originate in the graph in function of their weights ϕ as expected. However, our
method is simpler to carry out and has an interpretable output.

2.9 Conclusions

In this paper, we give lower and upper bounds of the largest eigenvalue for sample and experi-
mental designs. For Poisson, Bernoulli and matched designs, the exact value of largest eigenvalue
is given. We have also seen that the Yates-Grundy condition guarantees a relatively small upper
bound of the largest eigenvalue. Our research indicates that there is a strong correlation between
high/maximum entropy sampling and robust designs.

Balanced designs generated by algorithms such as the cube method or the GS design do not
seem to create undue risks as systematic design does. However, it is important to avoid using
balancing variables that are not correlated with the variable of interest.

Moreover, we proposed a simple method to mix designs that offers more possibilities than the
GS design proposed by Harshaw et al. (2024). Simulations also show that our method creates
mixtures of designs that are easily interpretable. If a design is too complex, it is always possible
to estimate matrix ∆ by means of simulations. This enables efficient risk assessment and correct
inference.

Finally, we have doubts about the interest of mixing designs as a method to reduce the
variance of τ̂ in a “robust” way. A simple calculation indicates that the optimal design is likely
to not result from a mixture of designs if the hypotheses are correct. If we are convinced that
the auxiliary variables are correlated to the variable of interest, then one should balance. If
we are convinced that the auxiliary variables are uncorrelated with the variable of interest or
simply unavailable, then one should use a robust design like SRSWOR or Bernoulli. Mixtures
of designs can be used in the case where several variables of interest have to be estimated. In
this case, a compromise between several designs must be found, each optimised for a particular
variable.
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2.10 Supplementary material for Risk Minimization Using Ro-
bust Experimental or Sampling Designs and Mixture of
Designs

In the supplementary material, we include all the proofs and we add other approximations for the largest
eigenvalue of different sampling designs. We also discuss the interest of mixing designs under model- and
design-based approach for experimental designs. We show that the interest of mixing design is relatively
limited under our hypotheses. Finally, we give additional information regarding simulations.

2.10.1 Proofs

Result 1. There exist no pair of design p1(.) and p2(.) without replacement, such that p2(.) is
uniformly better than p1(.) with the same first-order inclusion probability.

Proof. (by contradiction) Suppose there is a design p1(.) uniformly better than a design p2(.)
with the same first-order inclusion probabilities. In this case, u⊤(∆2−∆1)u ≥ 0, for all u ∈ RN .
This implies that the array (∆2 −∆1) is positive semi-definite. Since the trace of (∆2 −∆1)
is zero and all eigenvalues of (∆2 −∆1) are greater than or equal to zero, we deduce that all
those eigenvalues are equal to zero. This is in contradiction with the fact that there is at least
one vector y such as y⊤∆1y < y⊤∆2y.

Result 2. Let p(.) be a sampling design of fixed sample size n from a population U of size N ,
then ∆ has a null eigenvalue associated to the vector of ones 1 ∈ RN .

Proof. We have ∆1 = Ea(aa
⊤1)− Ea(a)Ea(a

⊤1) = Ea(an)− Ea(a)n = 0.

Result 3. Let p(.) be a sampling design of fixed sample size n from a population U of size N
and with equal πk = π, k ∈ U , then 1 is an eigenvector of Π and ∆. For any other centred
eigenvector u of ∆, u is also an eigenvector of Π with the same eigenvalue.

Proof. Since 1 is the eigenvector of ∆ associated with the null eigenvalues, all the other eigen-
vectors are orthogonal to 1 and are thus centred. We have ∆1 = Π1− ππ⊤1 = Π1− πn = 0.
Thus, Π1 = πn and 1 is an eigenvector of Π associated with the eigenvalue nπ. If u is a centred
eigenvector of ∆, ∆u = λu, thus Πu − ππ⊤u = λu. Since π⊤u = 0, vector u is also an
eigenvector of Π with the same eigenvalue as for ∆.

Result 4. For any sampling design on a finite population U of size N , the largest eigenvalue
of ∆ is smaller than or equal to maxk∈U (

∑
ℓ∈U πkℓ). If the sampling design has a fixed sample

size n, then the bound can be expressed as nmaxk∈U (πk).

Proof. Using the Perron-Frobenius inequality (Horn and Johnson, 2013), we know that the
largest eigenvalue of Π is smaller than or equal to

max
k∈U

(∑
ℓ∈U

πkℓ

)
.

The matrix ππ⊤ is a symmetric matrix of rank 1, whose only non-zero eigenvalue is equal to∑
k∈U π2

k with the eigenvector π. The largest eigenvalue of −ππ⊤ is thus 0. Each eigenvalue
of ∆ is non-negative, because it is a covariance matrix. Both Π and ππ⊤ are Hermitian
matrices. Therefore, from Weyl’s inequality (Horn and Johnson, 2013), we deduce that the
largest eigenvalue of ∆, denoted by λ1, is smaller than or equal to maxk∈U (

∑
ℓ∈U πkℓ), i.e.,

λ1 ≤ max
k∈U

(∑
ℓ∈U

πkℓ

)
.
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If the sampling design has a fixed sample size n, then

max
k∈U

(∑
ℓ∈U

πkℓ

)
= max

k∈U

{
Ea

(
ak
∑
ℓ∈U

aℓ

)}
= nmax

k∈U
(πk).

Corollary 1. Let ∆ be the variance matrix of a sampling design with fixed sample size n and
equal π = n/N , then the largest eigenvalue of ∆ is smaller than or equal to nπ = n2/N .

Proof. The corollary is an application of Result 4.

Corollary 2. Let ∆ be the variance matrix of a sampling design without replacement with fixed
sample size n and equal π = n/N , then the largest eigenvalue of ∆ is smaller than or equal to
(N − n)(1− π) = (N − n)2/N .

Proof. The random sample a and 1− a have the same variance matrix ∆. The complementary
sample is selected with inclusion probabilities 1− π = (N − n)/N and fixed sample size N − n.
Using corollary 1, we obtain that the maximal eigenvalue is (N − n)(1− π) = (N − n)2/N .

Result 5. For any sampling design on a finite population U of size N , the largest eigenvalue of
∆ is smaller than or equal to maxk∈U

(∑
ℓ∈U |∆kℓ|

)
.

Proof. The proof is a simple corollary of the Gershgorin circle theorem (Horn and Johnson,
2013). However, the result can also be derived from Theorem 4.1 of Dol et al. (1996).

Corollary 3. For any sampling design without replacement that satisfies the Yates-Grundy
condition and has fixed sample size n, the largest eigenvalue of ∆ is smaller than or equal to
2maxk∈U {πk(1− πk)}.

Proof. We know that ∆kk = πk(1 − πk) for all i ∈ 1, . . . , N . Every off-diagonal entry of the
matrix ∆ is negative because the selections of the units are all negatively correlated between
each other due to the Yates-Grundy condition. Another property of ∆ is that the sum of every
row is equal to 0 due to fixed sample size. This is deduced from Result 2. We obtain that
πk(1− πk) =

∑
ℓ∈U |ℓ̸=k ∆kℓ for all k ∈ U . Thus,

max
k∈U

(∑
ℓ∈U
|∆kℓ|

)
= 2max

k∈U

πk(1− πk) +
∑

ℓ∈U |ℓ̸=k

∆kℓ


= 2max

k∈U
{πk(1− πk)} .

The result follows from Result 5.

Corollary 4. For any sampling design with a fixed sample size n on a finite population U of

size N , the largest eigenvalue of ∆ is smaller than or equal to 2maxk∈U

(∑
ℓ∈U |∆kℓ>0∆kℓ

)
.

Proof. The proof is the same as in Corollary 3.

Result 6. For the multinomial design, the largest eigenvalue of ∆R is less than or equal to
maxk∈U πk.

Proof. Define D = diag(np1, . . . , npN ). Matrix D−1/2∆RD−1/2 is idempotent. All its eigenval-
ues are equal to 1 or 0. Thus

u⊤D−1/2∆RD−1/2u

u⊤u
≤ 1, for all u ∈ RN .
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If we set y = D−1/2u

y⊤∆Ry

y⊤y
≤ y⊤Dy

y⊤y
≤ max

k∈U
µk, for all y ∈ RN . (2.6)

Result 7. For Sampford’s design and CPS, the largest eigenvalue of ∆ is less than or equal to

λ1 ≤ min

{
max
k∈U

πk,max
k∈U

(1− πk)

}
.

Proof. Since these designs are dominated by multinomial sampling, the largest eigenvalue of ∆
is less than or equal to maxk∈U πk. Moreover, ∆ is also the variance operator matrix of the
complementary design, where the sample is Sc = U\S, the inclusion probabilities are πc

k = 1−πk
and ack = 1 − ak, for all k ∈ U . Thus, the largest eigenvalue of ∆ is also less or equal to
maxk∈U 1− πk.

Result 8. For any design without replacement, λ1 ≥ maxk∈U πk(1− πk).

Proof. Let vk be a vector of RN such that vk = 1 and vℓ = 0 if ℓ ̸= k. Then vk⊤∆vk/(vk⊤vk) =
πk(1− πk). Thus, λ1 ≥ maxk∈U πk(1− πk).

Result 9. For any design without replacement with fixed sample size,

λ1 ≥
N

N − 1
max
k∈U

πk(1− πk).

Proof. Let vk a vector of RN such that vk = 1 and vℓ = 0 if ℓ ̸= k and 1 vector of N ones.
Define

ek =

(
vk − 1

N

)√
N

N − 1
.

Vector ek is normed. Then

ek⊤∆e

ek⊤ek
=

(
vk − 1

N

)⊤
∆

(
vk − 1

N

)
N

N − 1

=

(
vk⊤∆vk +

1⊤

N
∆

1

N
− 2vk⊤∆

1

N

)
N

N − 1
.

Since ∆1 = 0,
vk⊤∆vk

vk⊤vk
= πk(1− πk)

N

N − 1
.

Thus, λ1 ≥ maxk∈U πk(1− πk)N/(N − 1).

Result 10. Let X be a N × p non-singular matrix, H = X
(
X⊤X

)−1
X⊤, vk a vector of RN

such that vk = 1 and vℓ = 0 if ℓ ̸= k and hkk = vk⊤Hvk. For any design without replacement
such that ∆X = 0, λ1 ≥ maxk∈U πk(1− πk)/(1− hkk).

Proof. Define

ek =
(
vk −Hvk

)√ 1

1− hkk
.
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Vector ek is normed. Then

ek⊤∆e

ek⊤ek
=
(
vk −Hvk

)⊤
∆
(
vk −Hvk

) 1

1− hkk

=
(
vk⊤∆vk + vk⊤H∆Hvk − 2vk⊤∆Hvk

) 1

1− hkk
.

Since ∆H = 0,
ek⊤∆e

ek⊤ek
= vk⊤∆vk 1

1− hkk
= πk(1− πk)

1

1− hkk
.

Thus λ1 ≥ maxk∈U πk(1− πk)
1

1−hkk
.

Result 11. With Algorithm 1:

(i) Ea(a) = π,

(ii) ∆ = vara(a) = Ea{∆B(πB)}+ ϕ∆A,

(iii) 1
1−ϕdiag{Ea(∆B)} = diag(∆) = diag(∆A).

Proof.

(i) The final inclusion probabilities are

Ea(a) = Ea Ea(a|aA) = Ea{
√

ϕ aA + (1−
√

ϕ)π} = π.

(ii) The final variance matrix is:

∆ = vara(a) = Ea vara(a|aA) + vara Ea(a|aA)

= Ea{∆B(πB)}+ vara{
√
ϕ aA + (1−

√
ϕ)π}

= Ea{∆B(πB)}+ ϕ∆A. (2.7)

(iii) Vectors a and aA have the same expectation. Thus diag(∆) = diag(∆A). From Equal-
ity (2.7), we have

diag(∆) = diag{Ea(∆B)}+ ϕ diag(∆A),

and thus
1

1− ϕ
diag{Ea(∆B)} = diag(∆).

2.10.2 Approximations for the largest eigenvalue

We have identified bounds for the largest eigenvalues. We can construct approximations using
heuristic reasoning. Consider the matrix

M = diag

(
π1(1− π1)

np1(1− p1)
, . . . ,

πk(1− πk)

npk(1− pk)
, . . . ,

πN (1− πN )

npN (1− pN )

)
= diag

(
1− π1
1− p1

, . . . ,
1− πk
1− pk

, . . . ,
1− πN
1− pN

)
.

Then, M1/2∆RM1/2 has the same diagonal as ∆. We expect that M1/2∆RM1/2 is close to
CPS because Multinomial sampling has fixed sample size and M1/2∆RM1/2 has relatively well
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spread off-diagonal values in its variance matrix, which we expect to be related to maximum
entropy sampling. In this case, we can use the largest eigenvalue of M1/2∆RM1/2 to bound
the largest eigenvalues of the CPS and Sampford sampling designs. Matrix D−1/2∆RD−1/2 is
idempotent. All its eigenvalues are equal to 1 or 0. Thus

u⊤D−1/2∆RD−1/2u

u⊤u
≤ 1, for all u ∈ RN .

If we set y = D−1/2u
y⊤∆Ry

y⊤y
≤ y⊤Dy

y⊤y
, for all y ∈ RN . (2.8)

If we set vM1/2 = y, we have

v⊤M1/2∆RM1/2v

v⊤v
≤ v⊤M1/2DM1/2v

v⊤v

≤ maxdiag(M1/2DM1/2) = max
k∈U

πk(1− πk)

1− πk/n
.

For Sampford and CPS, we can consider that λ1 is very probably lower than

max
k∈U

πk(1− πk)

1− πk/n
. (2.9)

Since the same reasoning can be done for the complementary design, we also have that λ1 is
very probably lower than

max
k∈U

πk(1− πk)

1− (1− πk)/(N − n)
. (2.10)

The approximation is exact when all the inclusion probabilities are equal as both CPS and
Sampford sampling reduces to SRSWOR in this case. Using simulations, we notice that in
practice those approximations should be used as very close approximations of λ1 instead of
approximate bounds for λ1 in CPS and Sampford sampling designs.

Another approximation can be derived from Deville and Tillé (2005) who proposed an ap-
proximation of the variance for sampling designs with a large entropy and fixed sample size.
CPS is a particular case of this approximation. Let b = (b1, · · ·k , . . . , bN ) be a vector of weights
and B = diag(b). Several possibilities exist and will be discussed later. Define an approximation
of ∆

A = B− bb⊤

b⊤1
.

Two main approximations are proposed. In the first approximation, we construct the bk in such
a way that the diagonal of A is the same as that of ∆. The bk must then be the solution of the
nonlinear equation system

bk −
b2k∑
ℓ∈U bℓ

= πk(1− πk), for all k ∈ U.

This system can be solved by a fixed-point method. A second possibility is to simply take

bk =
N

N − 1
πk(1− πk).

For any value of bk, matrix B−1/2AB−1/2 is idempotent. Thus

u⊤B−1/2AB−1/2u

u⊤u
≤ 1, for all k ∈ U.
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If we pose y⊤ = u⊤B−1/2, we obtain

y⊤Ay

y⊤y
≤ y⊤By

y⊤y
≤ max

k∈U
bk.

Thus, we deduce that λ1 is probably lower or equal to

N

N − 1
max
k∈U

πk(1− πk),

which is close to the previous approximation for CPS and Sampford sampling. Not only that,
but this approximation actually also corresponds to the minimal largest eigenvalue possible for
fixed sample size sampling designs. It means that actually λ1 will not be lower than this bound.
But it also means that maximal entropy sampling is clearly close to the most robust sampling
design. It also suggest that there is a link between the entropy of the sampling design and the
robustness of the sampling design.

For balanced sampling, the development of Deville and Tillé (2005) implies that the approx-
imation of the largest eigenvalues is

λ1 ≈
N

N − p
max
k∈U

πk(1− πk). (2.11)

Given that using balanced sampling means that p eigenvalue are close or equal to 0 and that
the trace is equal to Nπ(1−π) in sampling designs with equal inclusion probabilities, the bound
in (2.11) implies that the remaining non-null eigenvalues are very close or equal to each other.
It becomes clear that this approximation is optimistic, but can be compensated by the fact that
having a perfectly balanced sampling design is rare in practice. For a Cube-Matched design,
each stratum can be considered as an additional balancing constraint. Therefore, a reasonable
approximation for the largest eigenvalue is

λ1 ≈
N

N −N/2− p+ 1
max
k∈U

πk(1− πk).

2.11 Model- and design-based approach in experimental designs

Until now, the approach to the problem was design-based and only the variance due to the
design was considered. However, for designs of experiments, it often makes sense to assume a
model for the response that includes the covariates. Equation (2.5) gives the variance under
the design when yCk = xkβ + εk, y

T
k = xkβ + τ + εk and all inclusion probabilities are equal to

π. It also assumes that the sampling design used has fixed sample size. We obtain a model by
keeping the same assumptions and adding the assumption that εk are random and independent
variables of variance σ2 and null expectation for all k ∈ {1, . . . , N}. Tillé (2022) showed that
the total variance, which includes the variance due to the model, is equal to

varT (τ̂) = β⊤vara(x̄T − x̄C)β +
σ2

Nπ(1− π)
, (2.12)

where

x̄T =
1

Nπ

∑
k∈U

akxk

and

x̄C =
1

N(1− π)

∑
k∈U

(1− ak)xk
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are the covariate means of the treatment group and the control group respectively. In Equa-
tion (2.12), the term related to the robustness of the design does not appear. On the other
hand, the term with vara(x̄T − x̄C) suggests that balanced sampling designs will reduce the
total variance of τ̂ . Indeed, vara(x̄T − x̄C) ≈ 0 when a balanced sampling design is used. In
conclusion, for the previous model, the notion of design robustness disappears and only balanc-
ing the covariates can help reduce the total variance. This is not necessarily the case with other
more complex models.

We also investigate the design-based variance, under the worst-case scenario, of τ̂ given
in (2.5) and try to minimize it. We expect that having a lower design-based variance might
help reducing model dependance for causal inference. In Equation (2.5), if the covariates X are
highly correlated with the response variable, we expect to find β such that it explains a large
amount of the variance of the yk. In this case, the term ||Xβ||22 = β⊤X⊤Xβ is expected to
be much larger than ||ε||22 = ε⊤ε. Therefore, it becomes reasonable to put more emphasis on
balancing the covariates than on creating a robust design. The reverse is true when the covariates
are weakly correlated with the response variable. The experimenter should not know how well
his covariates are correlated with the response variable before the experiment. However, it is
possible to imagine a case where similar previous experiments are carried out and the strength
of the relationship between the response variable and the covariates can be estimated.

Using the Algorithm 1 introduced in Section 2.8, we try to give a recommendation of a
mixture of a design depending on the expected value of ||ε||22 and ||Xβ||22. We do not assume
that the experimenter knows the true value of β so we are going to develop the formulae with
estimates. The following reasoning should work with any estimate β̂ of β even though the least-
squares estimate would usually be used. Let e = y −Xβ̂, where y are the response variables.
We assume, using the result of the simulations of Algorithm 1 in Section 2.7, that we can create
a design which is a weighted sum of two designs:

∆ = ϕ∆A + (1− ϕ)∆B

We also assume that ∆A is covariance matrix of a perfectly balanced design: ∆AX = 0. For
∆B, we will use the covariance matrix of a SRSWOR design. We define λA and λB as the largest
eigenvalues of ∆A and ∆B, respectively. We obtain

{Nπ(1− π)}2 vara(τ̂) =
{
β̂
⊤
vara(X

⊤a)β̂ + e⊤∆e+ 2β̂
⊤
X⊤∆e

}
(2.13)

We assume that we can ignore the cross-term in (2.13), as both e and Xβ̂ equally contribute
to it and we expect this term to be small as e and Xβ̂ are orthogonal if β is fitted using least
squares. Then, we obtain

β̂
⊤
vara(X

⊤a)β̂ + e⊤∆e ≤ {(1− ϕ)λB} ||Xβ̂||22 + {ϕλA + (1− ϕ)λB} ||e||22. (2.14)

We differentiate the bound in (2.14) by ϕ. We obtain

−λB||Xβ̂||22 + (λA − λB)||e||22.

The maximal eigenvalue of SRSWOR design is N/π(1− π)(N − 1). Given that (2.13) is linear
in ϕ and that ϕ ∈ [0, 1], we obtain that

ϕopti =

1 if π(1−π)(N−1)λA

N − 1 <
||Xβ̂||22
||e||22

,

0 otherwise.
(2.15)

is the optimal value of ϕ.

When it is not available, the largest eigenvalue λA can be estimated through simulations. We
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recall that the recommended value of ϕ in (2.15) was calculated by ignoring the cross term and
assuming that ∆A was perfectly balanced, which is an assumption that is rarely true in practice.
However, it indicates that doing mixtures of designs is not useful to reduce the design-based
variance in (2.5) in worst-case scenarios. Choosing either a SRSWOR or a balanced sampling
design depending on the strength of the relation between the response and the covariates seem
to be more efficient than using a mixture in this case. If there is a model misspecification, using
a mixture that puts more weight on the robust design might be preferable.

2.11.1 Complete simulations results

In this section, exact values of the simulations are shown on the tables for basic designs, and
mixture of designs. The approximations for balanced designs are also compared with their
estimated value.

The bounds for the largest eigenvalue of variance matrix show us that Poisson and Bernoulli
sampling are the most robust. However, they do not incorporate any auxiliary information. It is
almost always preferable to impose the fixed sample size. If the inclusion probabilities are equal,
then SRSWOR is the most robust, because all non-zero eigenvalues of the variance matrix are
equal. With unequal probabilities and fixed sample size, the CPS and Sampford designs should
be used because the largest eigenvalue of the variance matrix can be more tightly bounded.

For balanced sampling, we cannot efficiently bound the eigenvalues. We know that each
balancing variable increases the dispersion a little for the variables that are orthogonal to it.
It is therefore necessary to choose the balancing variables carefully and to avoid balancing on
variables that are not correlated to the variables of interest. For balanced designs, we have an
approximation for the largest eigenvalue found in previous sections. However, one can wonder
if this approximation works in practice. For it to work, the increase in variance would have to
be distributed more or less uniformly in all directions orthogonal to the balancing variables.

Table 2.2: Simulations: N = 40, n = 20 and equal inclusion probabilities. Largest eigenvalue of
∆ obtained by simulations and approximation or true value for this eigenvalue. Squares of the
Mahalanobis distances between the estimators and the true totals of the auxiliary variables.

Simulations Approximations or true value Mahalanobis

Bernoulli 0.253 λ1 = 1/4 = 0.25 1718.846
SRSWOR 0.259 λ1 = N/{4(N − 1)} = 0.2564 199.875
Matched 0.504 λ1 = N/{4(N −N/2)} = 0.5 50.012
Cube 0.351 λ1 ≈ N/{4(N − p)} = 0.2857 17.284
Cube-Matched 1.058 λ1 ≈ N/{4(N −N/2− p+ 1)} = 0.625 13.766
Systematic 10.000 λ1 = N/4 = 10 264.408

The results of the Table 2.2 confirm that Bernoulli design is the most robust. However,
SRSWOR is almost as robust while still showing the advantage in terms of balance of the fixed
sample size. The Mahalanobis distance of the Bernoulli design could be significantly reduced
by using the sample mean instead of the Horvitz-Thompson estimator in this case. But the
comparison would be less general for survey sampling with a response variable with unequal
inclusion probabilities. The Matched design has a relatively large loss of robustness as the
largest eigenvalue is doubled compared to Bernoulli sampling. The Cube method appears more
robust than the Matched design. The approximation of the eigenvalue underestimates the value
a little in the simulations but the square root ratio between the result of the simulations and
approximation is (0.351/0.294)1/2 = 1.093, which means that in the worst case the approxima-
tion of the standard deviation is only about 10% too low. The approximation is not accurate
for the Cube-Matched method, where (1.058/0.667)1/2 = 1.26. It must be considered that the
maximal eigenvalue estimated through simulation will almost always be slightly inflated when
all the inclusion probabilities are equal. This effect can be observed in the maximal eigenvalue
estimated through simulations of Bernoulli sampling, SRSWOR and Matching. For the Cube
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method, we can also try to check the lower bound found in previous section. We obtain

max
k∈U

πk(1− πk)
1

1− hkk
= 0.396,

which is greater than the largest eigenvalue. This is not necessarily surprising, as the Cube
method does not perfectly balance those auxiliary variables.

Table 2.3: Mixtures of designs with algorithm 1. The values of ϕ are between the parentheses.

Largest eigenvalue Mahalanobis

SRSWOR/cube(0.25) 0.319 67.719
SRSWOR/cube(0.5) 0.294 117.188
SRSWOR/cube(0.75) 0.272 163.742
Matched/CPS(0.25) 0.320 162.375
Matched/CPS(0.5) 0.381 124.903
Matched/CPS(0.75) 0.443 87.368
Matched-cube/Cube(0.25) 0.476 17.991
Matched-cube/Cube(0.5) 0.641 18.474
Matched-cube/Cube(0.75) 0.809 18.207

Table 2.3 contains the results of simulations for mixture of designs with different values of
ϕ. For example, SRSWOR/Cube(0.75) means that pA(.) is simple random sampling and pB(.)
is the Cube method and ϕ = 0.75. In Matched/CPS(0.5), the first design is the matched pairs
design with equal inclusion probabilities and the second one is CPS that has unequal inclusion
probabilities, also we have ϕ = 0.5. We remind that CPS corresponds to SRSWOR when the
inclusion probabilities are equal. When one of the two designs is Matched or Bal-Matched, the
Matched design is applied in the first step of Algorithm 1. Indeed, it is not possible to apply
strictly a Matched method when the inclusion probabilities are unequal on the second step.

Next, we ran the GS design of Harshaw et al. (2024) using the Julia implementation. We
used a version of the algorithm that returns experimental designs with fixed size for each group.
Unfortunately, we found that this algorithm does not provide comparable results depending
on whether the variables have the same means or variances. We surmize this is due to the
way the covariates are normalized in the GS algorithm. Therefore, we centred and reduced
all variables and made them orthogonal using a singular value decomposition. Without this
change of variables, the results obtained by the GS method are inconsistent. The results of the
simulations are presented in Table 2.4.

Table 2.4: Mixtures of designs with Gram-Schmidt walk design. The values of ϕ are between
the parentheses.

Largest eigenvalue Mahalanobis

GS(0) 0.370 17.187
GS(0.25) 0.330 60.027
GS(0.5) 0.305 99.703
GS(0.75) 0.282 145.087
GS(1) 0.260 199.469
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Chapter 3

Balanced Random Assignments for
Multiple Treatment Groups Using
the Cube Method

Abstract

In this paper, we propose a new approach to achieving covariate balance in experi-
mental settings by using a modified version of the Cube Method, which is typically used
in survey sampling for the generation of balanced samples. The modified Cube Method
allows participants to be allocated to several balanced treatment groups on the basis of
several variables. The method we propose can also handle cases where treatment groups
are of unequal size and where inclusion probabilities are unequal. Additionally, we pro-
vide variance approximations for cases where a randomization test is not computationally
feasible with the modified Cube Method. 1

3.1 Introduction

The balance of baseline covariates between treatment groups is a desirable outcome in the design
of a clinical trial, as well as other types of randomized experiments, surveys or even observational
studies. Balancing helps ensuring the validity of study results and reduces errors due to model
misspecifications (Härdle and Bowman, 1988; Ho et al., 2007). It can also reduce or eliminate
the need to use weighted adjustments or a parametric model in the analysis after the experiment
has been carried out. In this article, high balance refer to group assignments whose covariate
means are similar. The balance also has to be achieved randomly, as randomness enables us to
carry out inference.

To address the issue of covariate balance in trials with two treatment groups, numerous forms
of restricted randomization are used such as stratification, blocking, rerandomization, matching,
and other more complex algorithms are available (see amongst other Simon, 1979; Morgan
and Rubin, 2012; Xu and Kalbfleisch, 2010; Li et al., 2018; Tillé, 2022; Harshaw et al., 2024).
However, the literature becomes more limited when dealing with multiple treatment groups. By
adapting the principles of the Cube Method, traditionally used in survey sampling, we propose
an algorithm that can generate balanced treatment groups. We define this algorithm as the
Cube-Based Group Assignment (CBA) algorithm. Unlike existing methods such as some forms
of rerandomization, the CBA can also consider groups of unequal size and unequal inclusion
probabilities, which can be applied in more diverse settings. To the best of our knowledge, no
other method offers this set of features.

The CBA uses the principles of the Cube method, therefore we give a reminder of this method

1This chapter is a reprint of: E.Talovic and Y.Tillé. Balanced Random Assignments for Multiple Treatment
Groups Using the Cube Method, submitted, 2025
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and its application in the sampling literature. In practice, the CBA uses the enhanced Cube
Method proposed by Jauslin et al. (2021), which effectively handles cases where the population
is highly stratified, in a duplicated and highly stratified version of the initial data set. We
carry out simulations that show the performance of the CBA in multiple settings compared to
a fixed size randomization, which indirectly also compares the CBA to rerandomization. We
recommend using randomization tests to obtain p-values and confidence intervals that take into
account the complex randomization scheme used with the Cube method. In the case it is not
computationally feasible, we provide a method to approximate the variance through simulations.
The supplement gives an example of an implementation of the CBA.

3.2 Cube method description

In this section, we briefly describe the Cube method proposed by Deville and Tillé (2004a). In
survey sampling, the goal is often to estimate a total or a mean of a variable y of a population
U = {1, . . . , N} of size N by using a sample S ⊂ U selected randomly from the population with
inclusion probabilities π1, . . . , πN . It is common to use auxiliary variables xi = (x1, . . . , xp)

⊤

for unit i of the population U to make weighting adjustments to estimated totals by using the
calibration proposed by Deville and Särndal (1992) for example. It is also possible to adjust the
sampling design to obtain more accurate estimates of the total or the mean by balancing on the
auxiliary variables.

The Cube method proposed by Deville and Tillé (2004a) is a sampling algorithm used in
survey sampling that enables the selection of samples that are balanced. We define a sample
a as balanced when the Horvitz-Thompson estimator of the auxiliary variables is equal to the
population total of the auxiliary variables. We obtain the following equation∑

i∈U

aixi

πi
=
∑
i∈U

xi, (3.1)

where ai = 1 if unit i is selected in sample S and 0 otherwise. Generating a sampling design
that satisfies (3.1) and respects the inclusion probabilities is not an easy task. In most cases, an
exact solution does not exist and exceptions to this are usually cases where the covariates are
exclusively categorical.

The Cube method generates a sampling design that approximately respects the constraints
in equation (3.1) with two phases: the flight phase and the landing phase. The flight phase
consists of a random walk in the affine subspace denoted by Q = π+Ker{(x1/π1, . . . ,xN/πN )},
implied by the balancing equation given in (3.1). The algorithm initiates with π(0) = π. At
each step, the algorithm chooses a direction for the walk, while remaining inside Q, and at each
step, one dimension in π(t) is set to either 0 or 1. After each step, the dimension of the subspace
is reduced by at least 1. The flight phase ends when the random walk cannot continue. We
define π(T ) as the last iteration of the random walk in the flight phase. At most p entries of
π(T ) are non-integers. The algorithm terminates if ai ∈ {0, 1} for all i ∈ U , otherwise the
landing phase is initiated. Algorithm 2 shows the basic steps of the flight phase.

The random choice for the next step π(t+1) with probability of q and (1−q) in the algorithm
allows the random walk to be a martingale, which allows us to respect the inclusion probabilities.
After the flight phase, the landing phase handles the remaining non-integer element of a by
linear programming or elimination of variable. The landing phase is still random. Elimination
of variable simply consists in iteratively dropping a constraint and running the flight phase
again. The linear programming solution is more complex (see Deville and Tillé, 2004a, for full
development).

Figure 3.1 shows an example with a fixed sample size constraint n = 2 in a population of
size 3. In this case, exact solutions can be found and the Cube algorithm terminates without
initiating the landing phase.
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Algorithm 2 Cube method: Flight phase

Require π.
set π(0)← π
For t = 0, 1, 2, . . .
Find a non-zero vector v ∈ Ker{(x1/π1, . . . ,xN/πN )} such that vi = 0 if ai is an integer.
Find the largest λ1 and λ2 such that

0 ≤ π(t) + λ1v ≤ 1 and 0 ≤ π(t)− λ2v ≤ 1.

set q ← λ1
λ1+λ2

set π(t+ 1)←

{
π(t) + λ1v, with probability q

π(t)− λ2v, otherwise.

Until There is no non-zero vector v ∈ Ker(Q) such that vi = 0 if ai is an integer for π(T )
Output π(T )

(000) (100)

(101)

(001)

(010) (110)

(111)
(011)

Figure 3.1: Representation of the flight phase in the algorithm. The vertices of the cube rep-
resent different samples. The arrow represents the initial inclusion probabilities, before the
initiating the random walk. The darker subspace describe the subspace generated by the fixed
size constraint and inclusion probabilities. In this example, the samples satisfy exactly the con-
straints as the vertices intersect with the subspace.

For the design of experiments in clinical trials, Tillé (2022) proposed the Cube method to
create a test group and a control group with very similar means for their baseline covariates.
While very different in principle, the final result in terms of balance is similar to a rerandomiza-
tion with a low acceptance rate if the inclusion probabilities are equal and the two group are of
the same size. In the following sections, we present a method that generalizes the Cube method
to cases where the number of groups to be created exceeds 2.

3.3 Notation for multiple treatment group assignment

Let U = {1, . . . , N} be the population of size N of the experiment. The goal is to assign
the experimental units to K different treatment groups in a random and balanced manner.
Treatments are randomly assigned to units in the population U . Let π = (π1, . . . , πN ) be the
vector of inclusion probabilities when there are two treatment groups. Otherwise, we use the
vector π = (π11, . . . , πN1, π12, . . . , πN2, . . . , π1K , . . . , πNK)⊤ of length K × N and where πik
denotes the inclusion probability of unit i to the treatment group k. We also define πik,jl is the
joint probability that unit i is included in group k and unit j is included in group ℓ. We have
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πik,ik = πik. Let a = (a11, . . . , aN1, a12, . . . , aN2, . . . , a1K , . . . , aNK)⊤ be the vector of indicator
variables, where aik = 1 when the unit i ∈ U is included in the group k and 0 otherwise. Since
the number of assignments is fixed in each treatment group, we have∑

i∈U
πik =

∑
i∈U

aik = nk, k = 1, . . . ,K,

K∑
k=1

πik =
K∑
k=1

aik = 1, i ∈ U,

and
K∑
k=1

nk = N,

where nk is the number of units assigned in treatment group k.

The covariates or auxiliary variables are xi = (x1, . . . , xp)
⊤ for unit i of the population, for

i ∈ U . The value of the response variable y depends on the treatment group. Let yik denotes
the value taken by variable y on unit k if it is assigned to treatment group k. In practice, most
responses yik are not observed since the experiment is conducted only once, but this notation
remains useful for theoretical purposes. Define also the covariates Hájek estimators of the means
(Hájek, 1971) for group k as

x̄k =

∑
i∈U aikxi/πik∑
i∈U aik/πik

. (3.2)

Define the square of the Mahalanobis distance between the group of indices k and ℓ as

M(k, ℓ)2 = (x̄k − x̄ℓ)
⊤Σ−1(x̄k − x̄ℓ),

where Σ is the covariance matrix of the covariates x1, . . . ,xN . We favor the use of the Maha-
lanobis distance because it takes into account the dispersion of the covariates and the correlation
between the covariates. We use the average of the Mahalanobis distances of the covariates mean
between all the groups to assess the balance of the group assignment. In mathematical terms,
it can be written as

M =

∑
k<ℓM(k, ℓ)

2K(K − 1)
for k, ℓ ∈ {1, . . . ,K}. (3.3)

In experiments with multiple groups, the Horvitz-Thompson estimator is often used to ac-
count for unequal inclusion probabilities when estimating the effects of different treatments. One
group is typically designated as the “control group,” which serves as the standard for compari-
son. The treatment effects are then assessed by measuring the differences between the outcomes
of the control group and each treatment group k. This approach quantifies the treatment effect
of group k relative to the control and ensures that these comparisons remain unbiased, even
with unequal inclusion probabilities (Horvitz and Thompson, 1952; Deville and Tillé, 2004a).

An alternative to the Horvitz-Thompson estimator is the Hájek estimator, which is often
preferred when inclusion probabilities are unequal and when some probabilities are very small
in survey sampling. The Hájek estimator normalizes the sampling weights by their realized total,
which both reduces the influence of extreme (very small) inclusion probabilities on variance and
the biases that can arise when those extreme weights coincide with atypical response values.
When the sample size is fixed and inclusion probabilities are equal, both the Horvitz-Thompson
and Hájek estimators reduce to a simple difference-in-means estimator. The Hájek estimator is
typically used in the field of survey sampling, but it can be applied in experiments.

Using the first group as the control group, we define the Horvitz-Thompson estimator of the
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treatment effects in each group as

τ̂k =
1

N

∑
i∈U

aikyik
πik

− 1

N

∑
i∈U

ai1yi1
πi1

k ∈ {2, . . . ,K}.

We have that τ̂1 = 0, as it is the control group. Using the first group as the control group again,
we define the Hájek estimator of the treatment effects in each group as

τ̂Hk =

∑
i∈U aikyik/πik∑
i∈U aik/πik

−
∑

i∈U ai1yi1/πi1∑
i∈U ai1/πi1

k ∈ {2, . . . ,K}.

For simulations, we will use a simple regression model where the treatment effects are con-
stant with

yik = x⊤
k β + τk + εik, (3.4)

where β is the regression coefficient vector of dimension p × 1, and εik represents the variance
term for unit i in group k. Applying a balanced sampling design can significantly reduce both
the bias and variance associated with the term x⊤

k β and allows for a better estimation of τk.

3.4 Multiple treatment group Cube method

In order to carry out the group assignment, we need to generate a random vector a that respects
the following properties. The inclusion probabilities must be respected:

E(aik) = πik, i = 1, . . . , N, k = 1, . . . ,K.

The sample must be balanced in each group:∑
i∈U

aikxi

πik
=
∑
i∈U

xi, k = 1, . . . ,K. (3.5)

In order to obtain a fixed sample size, we also need∑
i∈U

aik = nk, k = 1, . . . ,K. (3.6)

Finally, as only one unit can be assigned per group:∑
k∈U

aik = 1, i = 1, . . . , N. (3.7)

The vector a has dimensions N ×K. If p denotes the dimension of xi, the number of balancing
constraints is p ×K + K + N = N + (p + 1) ×K, resulting in a large number of constraints.
However, the constraints in Equation (3.7) can be viewed as a stratification, where only one unit
is selected from each stratum. In order to solve this balanced sampling problem, we use Jauslin
et al. (2021)’s enhanced algorithm, which allows us to deal with highly stratified populations.

This algorithm is implemented in the stratifiedcube function in the R package StratifiedSam-
pling (Jauslin et al., 2022). It provides a balanced sample on auxiliary variables, while applying
a very high level of stratification. In this case, the stratification constraint allows each individual
to be allocated to exactly one treatment group, which means respecting the constraint given in
Equation (3.7).

The implementation is structured as follows:

• Create a population U ′ that corresponds toK duplicates of the population U = {u1, . . . , uN}.
We can write this new population as as U ′ = {u′11, . . . , u′N1, u

′
12, . . . , u

′
N2, . . . , u

′
NK}.
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• Set as “stratum per individual” the sub-populations {u′i1, . . . , u′iK} for all i ∈ {1, . . . , N}.
We end up with a population U ′ of size N ×K with N strata of size K. In each of those
strata, the inclusion probabilities are {πi1, . . . , πiK} for all i ∈ U . The sum of the inclusion
of probability in each individual strata

∑K
k=1 πik must be equal to 1, for all i ∈ {1, . . . , N}.

• For the matrix of auxiliary variables, we use the matrix resulting from a Kronecker product
between an identity matrix of dimension K ×K and the N × p covariates matrix X.

• For each group, the vector of inclusion probability πk = (π1k, . . . , πNk) is added in X in
order to have a fixed sample size for the groups. We end up with K × p + 1 constraints
or auxiliary variables in total, excluding the ones due to the stratification induced by
Equation (3.7). In the case of sampling with unequal probability, it is strongly advised to
include a column of 1 in the X matrix. It would add one more variable to be balanced on
if there was not already an intercept column but this variable improves the stability of the
denominator the Hájek estimator given in Equation (3.2).

• The algorithm outputs a sample a′ ∈ {0, 1}NK , where a′ik = 1 implies that unit i is assigned
to treatment group k, where i ∈ {1, . . . , N} and k ∈ {1, . . . ,K} and a′ik = 0 implies the
opposite.

The matrix given in Expression (3.8) contains an example of the form of the matrix of
balancing variables in the algorithm with 4 different groups. The N×pmatrixX is the covariates
matrix, whose rows are the covariates x1, . . . ,xN . A matrix of this form given to the enhanced
algorithm enables us to obtain groups that are balanced on covariates means.

π1 0 0 0 X 0 0 0
0 π2 0 0 0 X 0 0
0 0 π3 0 0 0 X 0
0 0 0 π4 0 0 0 X

 . (3.8)

This matrix incorporates the constraints specified in (3.5) and (3.6), but does not fully capture
all the constraints. The additional constraints in (3.7) are addressed through stratification in
the enhanced Cube method. Figure 3.2 illustrates how the stratification is applied within the
algorithm. The output is an allocation of the units to the groups that is generated randomly
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Figure 3.2: Illustration of the stratification in the CBA with K = 6 treatment groups. Each
column represents a “stratum per individual”, with its indices, its inclusion of probabilities to
each group and the value assigned through the algorithm. Only one entry per column is set to
1, due to the stratification. This ensures that only each element is assigned to only 1 treatment
group.

and approximately respects the given constraints and the stratification with the correct inclusion
probabilities.
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3.5 Simulations

3.5.1 Improvement in balance between groups

In this section, we compare the performance of the CBA with simple random sampling or fixed
size randomization, which consists of randomly separating the experimental units into K groups
of fixed size in this case. We specify that a randomization with a fixed sample size is used, as any
comparison with the CBA would otherwise be unfair. The comparison with randomization also
allows us to compare the CBA with rerandomization (Morgan and Rubin, 2012) for multiple
treatment groups, as this method consists in selecting the most balanced assignment from a set
of generated assignments. Alternatively, rerandomization consists in repeating simple random
sampling until a satisfactory assignment to groups is generated, but the former definition of
rerandomization is used in this article.

The main metric of interest is how balanced the group assignments are. In order to do this,
the Mean Between groups Mahalanobis Distance M , defined in (3.3), is used. Other criterion
for the acceptance in rerandomization can be used, such as those typically from multivariate
analysis of variance (Morgan, 2011). We also verify that the first-order inclusion probabilities
are respected.

The first set of simulations is carried out on the data set of the experiment from Balcells
et al. (2022). Its goal was to test the effect of a visit in a specific museum on the difference
of political opinions of different university students from Chili, by comparing it to a control
group that did not visit the museum. In this data set, there are 251 participants and 12 pre-
treatment covariates, which are a mix of categorical and continuous variables. The columns of
the data set denote the following variables recorded before the experiment: age, gender, political
ideology, economic situation, interest in politics, religiosity, visits to other museums, trust in
government, satisfaction in government, opinion on inequality and positive or negative emotions.
The units with missing values are removed. This manipulation conveniently left 245 remaining
participants, which is divisible by 7. In order to test the CBA, we separate the groups into 7
groups of 35 using the CBA and compare its performance relative to a fixed size randomization.
Each participant has an equal probability of being assigned to any group.

Two sets of simulations Sim1 and Sim2 of are with this data set. Sim2 uses all 12 covariates
and 10000 simulations are made. Sim2 only uses 6 covariates to assess the effect of the number
of covariates on the performance of the algorithm. The columns retained are simply the first six
ones of the data set.

The second data set is drawn from Milosevic (2022). This a data set of patients’ mild
cognitive impairment and dementia due to Alzheimer’s disease where the diagnostic accuracy
is compared between two questionnaires. The data set has 75 participants and we retain 8
covariates, which are also a mix of categorical and continuous variables. Two acronyms are
used in this data set. MMSE stands for mini-mental state examination, which corresponds to a
cognitive screening made by a neurologist and the IRT-score corresponds to the score obtained
from a scoring method a questionnaire related to cognitive impairment and dementia. The
retained covariates are the following: Sex, Age, MMSE patient, years of education, IRT-score,
diagnosis of patients’ dementia and level of education. For our simulations, we create 3 treatment
groups of equal size 25 and compare the performance of the CBA with fixed size randomization.
We run two sets of simulations on this data set, one in which the inclusion probabilities are
equal denoted by Sim3 and the other in which they are randomly generated denoted by Sim4.

For the 10000 simulations on each set of simulations, we computed three indicators:

• Mean/Mean ratio: The mean of M for balanced assignment divided by the mean of M for
an assignment by simple random sampling or fixed size randomization.

• Max/min ratio: The maximum of M for balanced assignment divided by the minimum of
M for an assignment by simple random sampling.
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Figure 3.3: Density plots of M of the CBA and randomization under varying simulation settings.

• Mean/Min ratio: The mean of M for balanced assignment divided by the minimum of M
for an assignment by simple random sampling.

Those indicators are useful for making a comparison between the CBA and rerandomization
algorithms that take the best assignment out of a certain number of randomizations.

Figure 3.3 shows the density plots from our simulations of M , allowing one to compare the
CBA and randomization methods. The CBA algorithm performs significantly better, and in
some cases, the distributions are distinct.

In Table 3.1, the top-left case shows that the CBA produces assignments with an average
value of M significantly lower than those generated through randomization in the first set of
simulations Sim1. The first entry in the second column indicates that even the worst-case group
assignment by the CBA outperforms the best group assignment generated through randomiza-
tion. This also holds true for the average assignments produced by the CBA in the first dataset.
Such metrics are interesting, as they show that even a rerandomization algorithm that accepts
only the best assignment out 10000 is not preferable to the CBA in terms of the expected M .
The results from Sim2 suggest that reducing the number of covariates to 6 does not change any
of the outcomes significantly.

The set of simulation Sim3 is carried on the second dataset, which is smaller and has fewer
covariates to balance with equal probabilities. In Sim3, the relative average performance of the
CBA is similar to the one observed in Sim1. On the other hand, the best assignment to groups
of randomizations had lower M than the worst assignment to groups of the CBA in a set of
10000 simulations. On average, the CBA still outperforms the most balanced randomization
out of 10000 of trials.

In a context outside of simulations, the unequal inclusion probabilities would usually be pro-
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Table 3.1: Relative performance of different metrics between the CBA algorithm and a fixed size
randomization using the Mahalanobis distance between groups. For Sim4, the CBA is compared
with an unequal inclusion probability sampling designs whose only constraint is group size. The
ratios are drawn from a set of 10000 simulations. Sim1 represents the first data set with N = 245
units, p = 12 covariates, K = 7 treatment groups and fully equal inclusion probabilities. Sim2 is
the same set of simulations, with only 6 covariates to balance. Sim3 represents the second data
set with N = 75 units, p = 8, K = 3 treatment groups and fully equal inclusion probabilities.
Sim4 is the same data set as Sim3 with unequal inclusion probabilities that are randomly
generated.

Mean/Mean ratio Max/Min ratio Mean/Min ratio

Sim1 0.36 0.72 0.52
Sim2 0.32 0.84 0.54
Sim3 0.36 1.75 0.86
Sim4 0.51 6.74 1.19

portional to one of the covariates that is expected to have a large effect on the response variable,
which is absent in our data set. For the simulation set Sim4, unequal inclusion probabilities are
partially based on the first variable (years of education) and partially generated randomly using
a uniform distribution, then adjusted for the margins through raking (Deville et al., 1993). Fur-
ther details are provided in the supplementary material. The simulations with unequal inclusion
probabilities (Sim4) seem to perform well on average, but the lowest M from the randomization
was lower than the average M from the CBA. The equivalent of a fixed size randomization but
with unequal probability has been made using the Cube method for simplicity with the correct
stratification and inclusion probabilities but without balancing variables. It could also have been
solved using a form of unbiased Controlled Rounding (Cox, 1987; Friedrich et al., 2007).

The simulations demonstrate that the CBA remains effective even in scenarios with arbitrary
inclusion probabilities. For all the set of simulations, the largest difference between the simulated
inclusion probabilities and the theoretical ones was strictly lower 0.013 and the average difference
was strictly lower than 0.0037 for the CBA. Exact test based on the binomial distribution
indicates that the individual inclusion probabilities are respected on all the sets of simulations.
In comparison, when taking the 1000 most balanced randomizations out of 106 with the set
of simulation with unequal probabilities (Sim4), the largest difference absolute difference was
0.04957. When using exact binomial tests, 3 entries out of 225 (3 groups of size 25 for a total
of 75 units implies there are 225 inclusion probabilities to be measured.) had values so extreme
that they had p-values lower than 0.0017. It indicates that there is strong evidence of bias
in the inclusion probabilities of certain units when using rerandomization. Biased inclusion
probabilities with rerandomization typically occur with units that can be considered outliers. It
can also be expected that the bias would tend to be larger when the groups are of unequal size,
smaller or when the sizes of the groups are not fixed.

Another important point is the computation time. On the set of simulations Sim1, Sim2
and Sim3, the CBA algorithm terminated respectively in 7.2, 2.2 and 0.12 seconds for a single
computation on average. The sample size, number of groups and number of variables to balance
greatly influence the computation time. In cases with equal group size and inclusion probabili-
ties, one can run the CBA multiple times and select the best group assignment. In other words,
it involves combining rerandomization with the CBA, which, given the computation times, is
feasible unless the dataset is very large.

Using the dataset from U.S. Census Bureau (2024) that includes various variables for cities
in the United States and contains 31120 rows, we retain the half most populated cities. The se-
lected covariates are population, density, latitude, and longitude. Amongst the remaining cities,
we simulate an experiment that uses half of those and ignores the rest. There are four treatment
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groups and each unit has an inclusion probability of being included in each group of 1/8. The
computation time is approximately 5 minutes, significantly longer than what is required for a
randomization. Therefore, only a single computation using the CBA is performed. This com-
putation yields a result that outperforms 10000 simulations generated through randomization.
The ratio of M between the CBA algorithm and the average of the randomization simulations
is 0.16, while the best result from randomization yields a ratio of 0.78.

3.5.2 Variance reduction in the estimators

In this section, we showcase the reduction in variance in the Horvitz-Thompson or the Hájek
estimator of the treatment effect.

We generate a response variable y using the datasets and simulations from Table 3.1. For
Sim1 and Sim2, the response is generated through a linear model as in (3.4) with an intercept
of 2, regression coefficients of 0.5 for the age and the 2 for the level of political interest, and
a variance term drawn from a centered normal distribution with variance 5. We define it as
Model 1. There are seven groups: we assume a null treatment effect for all groups. For Sim3
and Sim4, the response is generated through a linear model with an intercept of 2, regression
coefficients of 0.5 for both age and the IRT score, and a variance term drawn from a centered
normal distribution with variance 5. We define it as Model 2. There are three groups: we
assume a null treatment effect for group 2 and a constant treatment effect of 4 for group 3.

Our simulations demonstrate that using the CBA instead of a pure randomization signifi-
cantly reduces the variance of τ̂k. For the first data set (Sim1 and Sim2), the variance ratio
between the CBA, which balances even on covariates that have no effect on y, and randomiza-
tion is 0.075. For the second data set under equal inclusion probabilities (Sim3), the variance
ratio between the CBA algorithm and randomization is 0.04 when using the Horvitz-Thompson
estimator. We obtain a similar improvement when using the Hájek estimator with the unequal
inclusion probabilities (Sim4).

In the simulated example, the variance reduction achieved by the CBA in comparison to a
pure randomization is very large, even though only two variables were relevant for balancing. It
is important to note that the reduction in the variance may be less pronounced if the response
variable does not follow a linear model or if the covariates are weakly related to the response
variable.

3.6 Inference

3.6.1 Recommendation

We give some indications for performing inference after using the CBA or other designs that
balance on covariates. We recommend using a randomization test whenever it is feasible. We
also give an approximation of the variance for Horvitz-Thompson estimators in order to obtain
confidence intervals for cases where a randomization test is not feasible. Covariates adjustments
or calibration weighting are also a valid approach, but using the CBA reduces the need for such
adjustments by ensuring better initial balance in the design.

3.6.2 Randomization test

After applying the assignment algorithm to allocate the experimental units into multiple treat-
ment groups, it is performing statistical inference can be slightly more complicated, as the
assignment of each unit is not independent from the other units. An effective approach is to
utilize a method akin to a randomization test (Good, 1994; Rubin, 1980; Basu, 1980; Cox, 2009).
This method allows for the calculation of p-values and confidence intervals. The null hypothesis
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is often that the treatments have no effect but it can also be assumed that those have a non-null
fixed effect.

With the null hypothesis in place, rerun the assignment algorithm a large number of times.
In each iteration, randomly assign, according to the assignment scheme of the algorithm, the
subjects to treatment groups. This process simulates the distribution of the response variable
under the null hypothesis. If the null hypothesis is τk = 0 for all k ∈ {1, . . . ,K}, only the
assignments vary and the response variable remains unchanged. For each randomization, cal-
culate a test statistic of interest, such as the average absolute difference in response means or
Horvitz-Thompson estimators of the mean between each group, a Mahalanobis distance, or an
F-statistics in some cases. This process also simulates the distribution of the test statistic under
the null hypothesis. Compare the observed test statistic from the original data to the distribution
of test statistics obtained from the randomizations. The p-value is calculated as the proportion
of randomizations where the test statistic is as extreme or more extreme than the observed test
statistic. The confidence intervals can also be deduced using the simulated distribution. This
method takes into account the randomization scheme that generates the assignments and does
not depend on a parametric model for inference.

3.6.3 Approximation of the variance of estimators

In this subsection, we give an approximation of the variance that is applicable when repeating
a large number of simulations is not feasible due to computation time. The variance of the
Horvitz-Thompson estimator of the mean of group k is

Var(ȳk) =
1

N2

∑
i∈U

∑
j∈U

(
πik,jk − πikπjk

πikπjk

)
yikyjk,

where ȳk is the Horvitz-Thompson estimator of mean of the response variable in group k. The
variance of τ̂k is

Var(τ̂k) = Var(ȳk) + Var(ȳ0)− 2Cov(ȳk, ȳ0).

Thus, Var(τ̂k) becomes

Var(τ̂k) =
1

N2

∑
i∈U

∑
j∈U

(
πik,jk − πikπjk

πikπjk

)
yikyjk

+
1

N2

∑
i∈U

∑
j∈U

(
πi1,j1 − πi1πj1

πi1πj1

)
yi1yj1

− 2

N2

∑
i∈U

∑
j∈U

(
πik,j1 − πikπj1

πikπj1

)
yikyj1

In practice, when conducting experiments with multiple groups, the true response yik for
each unit i in group k is often not observable, as the experiment can typically be carried out
only once. To address this limitation, we assume that treatment effects are constant, allowing
us to obtain unbiased estimates of the unobserved responses based on the real observations.
Specifically, we introduce the notation ŷik = yiRi − τ̂Ri + τ̂k, where Ri is the group to which
unit i was assigned, which implies that yiRi is the observed response variable of unit i. This
formulation allows us to construct the estimated responses for all group k and to calculate the
estimated variance v̂ar(τ̂k) for the treatment effect. Alternatively, it is possible to calculate
regression-based estimator for the difference between groups.
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The estimate of the variance of τ̂k is

V̂ar(τ̂k) =
1

N2

∑
i∈U

∑
j∈U

(
πik,jk − πikπjk

πikπjk

)
ŷikŷjk

+
1

N2

∑
i∈U

∑
j∈U

(
πi1,j1 − πi1πj1

πi1πj1

)
ŷi1ŷj1

− 2

N2

∑
i∈U

∑
j∈U

(
πik,j1 − πikπj1

πikπj1

)
ŷikŷj1

In specific sampling designs, the variances Var(aikajk) or the joint inclusion probabilities
πik,jk are known analytically. However, it is not the case for the Cube method, whose variances
can only be accurately approximated through simulations. Deville and Tillé (2005) gives a good
approximation of the variance matrix of balanced sampling designs. The paper approximates
the variance by assuming that balanced sampling is close to Poisson sampling, whose design
variance matrix is known, conditioned on certain constraints related to balancing. It resembles a
projection onto to a modified subspace generated by the covariates X. Using the same reasoning
by replacing the Poisson sampling by a stratified Poisson sampling, whose design variance matrix
is known, we give an approximation applied to our case with multiple groups and large sample
size. The joint inclusion probabilities can easily be deduced the first-order inclusion probabilities
and the variance matrix of a sampling design.

First, define S as the matrix described in Expression (3.8) whose rows corresponding to unit
i in group k are then divided by πik respectively, for i ∈ {1, . . . , N} k ∈ {1, . . . ,K}. Define
∆Poiss as the variance matrix of a stratified Poisson sampling design with the same inclusion
probabilities and stratification as defined in the CBA. All the entries of this matrix are known.
The diagonal entries equal πik(1− πik). The entry corresponding to unit i in different groups k
and ℓ equals −πikπiℓ and 0 for the remaining cross terms. In other words, if i′, j′ corresponds
to respectively unit i in group k and unit j in group ℓ (i′ mod N = i and j′ mod N = j) then

∆Poissi′j′ =


πik(1− πik), if i′ = j′

−πikπiℓ, otherwise if (i′ mod N) = (j′ mod N)

0, otherwise.

(3.9)

The approximation of the variance matrix of the balanced sampling design is

∆bal = r∆Poiss

[
I− S(S⊤∆PoissS)

−1S⊤∆Poiss

]
, (3.10)

where r is a constant. ∆bal must be adjusted by a constant factor r to account for the loss
of dimensionality caused by the projection onto the subspace X. We propose defining r as the
ratio between the sum of the diagonal entries of ∆bal and the sum of the first-order inclusion
probabilities. A close alternative to this is r = N/(N − p). An approximation of πik,jℓ can be

deduced from ∆bal. We have πik,jℓ = ∆balik,jℓ + πikπ
⊤
jℓ. This allows us to compute V̂ar(τ̂k) for

large data sets without simulations. The variance of the Hájek estimator can be approximated
with the variance of the Horvitz-estimator but corrected by linearization (Tillé, 2020b).

Using the sets of simulation Sim1, Sim2, Sim3 and Sim4, each comprising 10, 000 simula-
tions, we compute τ̂ to obtain reliable confidence intervals. We also compute confidence intervals
based on our variance approximations and compare them to the confidence intervals found by
simulations. The coverage probability for of the true parameter τ2 of the approximated 95%
confidence intervals are given in Table 3.2. The approximation tends to underestimate the size
of the confidence intervals, but the approximation improves when the sample size gets larger
and uses equal probabilities, as the Cube method is less affected by rounding issues under these
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conditions. This improvement in performance with larger sample sizes is advantageous, as the
variance approximation becomes a practical alternative when conducting a randomization test
would be computationally too demanding. It also shows that the behavior of the variance is
relatively predictable when the sample size tends to infinity.

Table 3.2: Coverage probability of the true parameter τ2 within the approximated confidence
interval. Model 1 has been used for Sim1 and Sim2 and Model 2 for Sim3 and Sim4.

95% 90% 50%

Sim1 0.9537 0.899 0.4983
Sim2 0.9454 0.8914 0.4949
Sim3 0.9245 0.862 0.4577
Sim4 0.9002 0.8342 0.4289

3.7 Conclusion

The CBA outperforms randomization or rerandomization in many of the simulations. In some
instances, even the most unbalanced group assignment produced by the CBA is more balanced
than those achieved through rerandomization. There are cases where rerandomization, given a
high number of iterations, performs better on average than a single computation of the CBA.
However, it is also possible to combine the CBA algorithm and rerandomization if one needs
very balanced group assignments when the inclusion probabilities and group size are equal.

Another important point of the CBA is that it enables the creation of groups that are
balanced even with unequal inclusion probabilities. Rerandomization does not allow for that,
because the most balanced assignments to groups often tend to include certain units in specific
groups more frequently than expected when dealing with groups of unequal size or unequal
inclusion probabilities. The consequence is that the inclusion probabilities would be biased in
this case. In fact, carrying out the equivalent of a fixed size randomization for multiple groups
with fixed sample sizes and with unequal inclusion probabilities is not necessarily a common
and easy task.

One particular application of the CBA is in the design of experiments of clinical trials.
However, it is not common for all participants to be available at the start of the trial. In many
such cases, there is a challenge in balancing the covariates between treatment groups when not
all data is available from the outset, and even ensuring equal group sizes cannot be guaranteed.
An adaptive method similar to the one introduced by Kapelner and Krieger (2023) can be used.
A potential solution to this problem based on the Cube method is to adopt a method similar to
that proposed by Jauslin et al. (2022). The core idea of the method is to have participants wait
in a “reservoir” group. Once the reservoir group reaches a sufficient size, the Cube method can
be applied to assign the participants to the trial in a balanced manner.
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3.8 Supplement for Balanced Random Assignments for Multiple
Treatment Groups Using the Cube Method

3.8.1 Code

In this section, we provide an example of an implementation of the Cube-based Assignment to
Groups Algorithm using the R programming language (R Core Team, 2024).

library(StratifiedSampling)

library(BalancedSampling)

library(sampling)

set.seed(12345)

N=200

K=5

p=7

X=array(rnorm(N*p),c(N,p))

X=t(t(X)+2*(1:p))

# Cube

XX=kronecker(diag(rep(1,K)), X)

XX=cbind(kronecker(diag(rep(1,K)),rep(1,N)),XX)

stra=rep(1:N,K)

pik=rep(1/K,N*K)

s=stratifiedcube(XX ,stra, pik, EPS = 1e-07, rand=TRUE, landing=TRUE)

S=array(s,c(N,K))

E=t(X*K)%*%S/N

# Simple random sampling

rsums <- rep(1, 200)

csums <- c(40,40,40,40,40)

S_simple <- r2dtable(1, rsums, csums)[[1]]

E_simple=t(X*K)%*%S_simple/N

# Comparison

mal_dist<-function(col1,col2){

mal=c(t(col1-col2)%*%Sig1%*%(col1-col2))

return(sqrt(mal))

}

pairwise.mal<-function(E,Sig1){

sapply(1:ncol(E), function(i) sapply(1:ncol(E), function(j){

mal_dist(E[,c(i)],E[,c(j)]) #E[,c(j)]

}))

}

Sig1=solve(var(X))

sum(pairwise.mal(E_simple,Sig1))/(K*(K-1))

sum(pairwise.mal(E,Sig1))/(K*(K-1))

52



This is an example of an implementation of the CBA with R code on equal inclusion prob-
abilities on a simulated data set. The argument landing=FALSE in the stratifiedcube can be
changed to true to use the linear programming for the landing phase of the Cube method instead
of the elimination of variables. With large data sets, it is preferable to keep this argument as
false in order to reduce the computation time.

3.8.2 Additional information on the simulations

The general description of the data set can be found in the main document. For the first set
of simulations Sim1 on the Balcells et al. (2022) data set, the columns were all retained with
the exception of the last two that correspond to the treatment groups. Rows containing missing
values were dropped.

On the second set of simulations Sim2 that uses the same data set, similar manipulations
are made except that more columns were dropped. The first 6 columns were retained. Those
variables correspond to age, gender, ideology, economic situation, level of political interest and
level of importance of religion.

The second data set, from Milosevic (2022), originally has 13 variables but only 6 were
retained in order to avoid having too many variables for this sample size. One variable was a
categorical variable with 3 possible different entries. Columns that were expected to be highly
correlated with others were removed. The third set of simulation Sim3 uses equal inclusion
probabilities.

For the simulation set Sim4, the same data set is used. The unequal inclusion probabilities
of Sim4 are partially based on the first variable (years of education) and partially generated
randomly using a uniform distribution, then adjusted for the margins through raking. The
formula to generate the initial inclusion probabilities matrix is the following(

0.1 ·U+ x
2x̄ ,

x
3x̄ , 1− x

2x̄

)
75×3

,

where x is the first variable of the data set, x̄ the mean of this variable and U is a randomly
generated vector through a uniform distribution between 0 and 1. This matrix is adjusted by
raking to obtain the correct row and column sums.
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Chapter 4

Exact Inference for Poisson
Regression With Continuous
Covariates using Survey Sampling
Algorithms

Abstract
Exact inference algorithms allow us to perform inference when approximation methods

for large samples, such as Wald tests and likelihood ratio tests, fail or are unreliable.
Exact inference methods for discrete models are generally applied to data sets that can be
presented as contingency tables or whose covariates are grouped together to allow such a
representation. A recent development in this area concerns a method of exact inference
with continuous covariates using the Cube algorithm for logistic regression models. Using
a version of the Cube method designed for the case of highly stratified populations, we
propose a new algorithm that allows us to perform exact inference for Poisson regression
with continuous covariates. 1

4.1 Introduction

Exact inference approaches can be used for logistic regression and Poisson regression to perform
inference in the presence of nuisance parameters. To allow inference of a parameter of interest,
the effect of nuisance parameters is eliminated by conditioning on their sufficient statistics. Ex-
act inference conditional on the sufficient statistics of nuisance parameters is mainly used for
contingency tables or datasets that can be presented as such. To motivate these approaches,
Agresti (2003, p. 158) points out that “when the sample size is small, conditional likelihood-based
exact inference in logistic regression is more reliable than the ordinary large-sample inferences”.
In addition, an exact inference approach is very useful when the data are separable or quasi-
separable, as tests based on large sample approximations perform poorly under these conditions.
Even when the sample size is large, large sample approximations can give poor results on con-
tingency tables that contain both small and large expected frequencies (Haberman 1988, Agresti
1992). Methods based on exact inference can be used in parallel with classical methods based
on large sample approximations methods at least for the potential insight it might give about
the data set and, if needed, replace them.

In this paper, unless otherwise stated, exact inference refers to exact inference conditional
on sufficient nuisance parameter statistics for parametric models such as logistic regression and
Poisson regression.

Using a version of the Cube method designed to deal with highly stratified populations (see

1This chapter is a working paper with Prof. Yves Tillé. and Prof. Louis-Paul Rivest
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Chauvet, 2009; Hasler and Tillé, 2014; Jauslin et al., 2021), we propose an algorithm to perform
exact inference for Poisson regression. This method makes it possible to obtain empirical values p
close to the nominal values p under the null hypothesis, even with a relatively small sample size,
and under the alternative hypothesis. The statistical power of our method is close to that of
asymptotic tests such as the Likelihood Ratio Test (LRT). Our algorithm is also capable of
handling continuous covariates.

Let us outline the structure of this article. In Section 4.2, we introduce the basic notation and
theory for exact inference. Then we explain the method for exact inference on logistic regression
models developed by Rivest and Gaye (2023) in Section 4.3, which should help to understand
the algorithm that we propose in Section 4.4. In Section 4.5, we present some simulations with
continuous variables. A discussion follows in Section 4.6.

4.2 Notation and Problem Presentation

The notation is based on the one used in Rivest and Gaye (2023). Exact inference procedures
apply to models that have sufficient statistics for the nuisance parameters such as the logistic
or Poisson regression. We first introduce exact inference with the Poisson distribution. When it
comes to exact inference with the Poisson distribution, we can slightly distinguish the problem
into two categories. The first is more focused on contingency tables, where we typically perform
goodness-of-fit tests using column and row sums. Each cell in the table is assumed to have a
Poisson distribution. The row and column sums may or may not be fixed depending on the
assumptions or the way the data set was collected, which changes the conditional distribution
of the data.

To illustrate, assume we have a contingency table of dimension 2 × 2 whose first row and
column sum are fixed. Assume that each cell of the table is distributed according to a Poisson
distribution with mean λij . We can assume a model where

log(λij) = µ+ µX
i + µY

j + µij , for i, j ∈ {1, 2}. (4.1)

An independence test would test H0 : µij = 0 or more precisely test whether the odds-ratio

θ =
λ11λ22

λ12λ21

is equal to 1. An exact test would reduce to the hyper-geometric distribution (Agresti, 1992).

If we set the parameter of interest to µ11, then its sufficient statistic is the upper left cell. The
other parameters (µ, µX

1 , µY
1 ) are nuisance parameters whose sufficient statistics are respectively

the total of all cells, the total of cells of the first row and the total of the cells of the first column.
The conditional distribution of upper left cell follows a central hyper-geometric distribution
under the null hypothesis. This problem can be generalized for contingency table of dimension
I × J (Agresti, 1992). In those cases, we would often test the independence model against the
saturated model and those tests often reduce to the multivariate hyper-geometric distribution.
Diaconis and Sturmfels (1998) describe other more complex problems that the ones shown above,
such as three-way contingency tables.

The other case focuses more on a regression model and aims to determine the significance of
a parameter/variable in the Poisson regression model. Our algorithm is adapted to this form of
problem, even though the first case we have introduced is a special case of “regression-centred”
exact inference. Let n be sample size, y be the vector of the response variable of dimension n,
z = (z1, . . . , zn)

⊤ the vector of the variable of interest and X = (x1, . . . ,xn)
⊤ the confounding

variables, where xi ∈ Rq. For convenience, we assume that z ∈ Rn. Assume that

yi ∼ Poiss(λi), λi = exp
(
β⊤xi + γzi

)
, for i ∈ {1, . . . , n}.
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The aim is to determine whether the parameter of interest γ is significant. We can use the
sufficient statistic for the nuisance parameters β, to carry out an exact test by conditioning on
X⊤y (Caffo and Booth, 2003). This type of approach needs discrete or categorical data, as it
has the problem of being dependent on the size of the conditioning set. It is therefore convenient
to present exact methods for Poisson regression in terms of an aggregated data set. Let K be

the number of different configurations for the explanatory variables xi. Let mk and y
(a)
•k be

respectively the sample size and the sum of the Poisson variables for configuration x
(a)
k , k =

1, . . . ,K. We define the response variable and variable of interest of the unit i in configuration

k as respectively y
(a)
ik and z

(a)
ik , where i ∈ {1, . . . ,mk}. We have y

(a)
•k =

∑mk
i=1 y

(a)
ik . The sufficient

statistics for the null model (γ = 0) is a vector of length q,
∑K

k=1 x
(a)
k y

(a)
•k =

∑K
k=1

∑mk
i=1 x

(a)
k y

(a)
ik .

Exact methods use the conditional distribution of {y(a)ik : k = 1, . . . ,K; i = 1, . . . ,mk} given that

the sufficient statistics for β are fixed and equal to their observed values,
∑K

k=1

∑mk
i=1 x

(a)
k y

(a)
ik .

In other words, we assess whether y(a) = (y
(a)
11 , . . . , ym11, . . . , y

(a)
1K , . . . , y

(a)
mkK

) or
∑

z
(a)
ik y

(a)
ik

is extreme with respect to the conditional distribution of y(b) or
∑

z
(a)
ik y

(b)
ik under the null hy-

pothesis (γ = 0), where y(b) is random vector of Rn distributed according to the conditional
distribution of the outcomes given the sufficient statistics for the nuisance parameters. On small

data sets, making exact inference based on the conditional distribution y(b) or
∑

z
(a)
ik y

(b)
ik can be

done by enumerating all the possible cases. When this method is not available because the sam-
ple size n is too large, it is possible to perform an “approximate” exact inference using algorithms
based on Monte Carlo methods (MCMC) such as the algorithms given in Mehta et al. (2000)
or Forster et al. (2003). These methods can handle larger problems than simple enumeration,
but the chain may consume too much memory, be reducible or have a very high rejection rate,
depending on the method used. An overview of MCMC-based conditional inference methods for
logistic regression and Poisson regression is presented in Caffo and Booth (2003). Our proposed
algorithm also performs ‘approximate’ exact inference.

We give the conditional distribution of the response variable under the null hypothesis. The
support F of the random vector y(b) is

F =
{
y
(c)
ik , k = 1, . . . ,K i = 1, . . . ,mk : y

(c)
ik ∈ {0, 1, . . .}

and
K∑
k=1

mk∑
i=1

xky
(a)
ik =

K∑
k=1

xk

mk∑
i=1

y
(c)
ik

}
.

The conditional probability of y(b) being equal to vector y(c) ∈ F under H0 is then

Pr
{
y(b) = y(c)

}
=

∏
k

∏
i 1/y

(c)
ik !∑

y(a)∈F
∏

k

∏
i 1/y

(a)
ik !

. (4.2)

The distribution described in Equation (4.2) quickly becomes intractable, even with a relatively
small sample size n with a non-trivial model. It is also often useful to consider the conditional
distribution of the vector of RK of the aggregated data for the K configurations of the explana-

tory variable. The k entry of this vector is y
(b)
•k =

∑mk
i=1 y

(b)
ik . The probability that the vector

y
(b)
• ∈ RK is equal to y

(a)
• can be obtained by summing the probabilities (4.2) of the vector y(a)

whose aggregated version yields y
(a)
• . Indeed one has

∑
∑

i y
(b)
ik =y

(a)
•k

1∏
i y

(b)
ik !

=
m

y
(a)
•k

k

y
(a)
•k !

,
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which is easily deduced from the multinomial expansion of (1/mk + . . . + 1/mk)
y
(a)
•k . Thus the

conditional probability of the aggregated vector y
(b)
• ∈ RK being equal to y

(c)
• ∈ F• is

Pr
{
y
(b)
• = y

(c)
•

}
=

∏
k m

y
(c)
•k

k /y
(c)
•k !∑

y
(a)
• ∈F•

∏
k m

y
(a)
•k

k /y
(a)
•k !

, (4.3)

where F• is the support of y
(b)
• that is deduced from the set F .

Apart from the assumption of a model and hence the risk of model misspecification, one of
the main drawbacks of conditional exact inference approaches is when K = n. In this case, the
sufficient statistic of β completely determines the distribution of y(b). This situation generally
occurs when the covariates are continuous. Using too many nuisance parameters in the model
with an insufficient sample size can also lead to the same problem. It can also lead to a sample
space that satisfies the constraints of sufficient statistics, but is too small to allow reliable
inference. The distribution of covariates, even when they are discrete or categorical, can also
pose difficulties. This is a common problem for all conditional exact inference methods. To
counteract the problem of continuous covariates, there is the possibility of grouping the values
of continuous variables corresponding to nuisance parameters (Potter, 2005). However, changing
the covariates by rounding them to the closest integer or decimal or any perturbation of the
covariates can greatly change the conditional sample space which satisfy the sufficient statistic.
Brazzale and Davison (2008) gives a good example of the sensitivity of the sample space which
satisfy the sufficient statistic constraint. As far as confidence intervals are concerned, Agresti
and Coull (1998) and Brazzale and Davison (2008, p. 8) state that the use of the Wald confidence
interval is preferable as they are closer to nominal levels than confidence intervals derived from
exact procedures which tend to be far too conservative.

A recent development in the field concerns an exact method for logistic regression that has
made it possible to perform exact inference in the presence of continuous covariates without
clustering the continuous variables. This method is based on a survey sampling algorithm which
is described in Section 4.3.

4.3 The Cube method applied for exact inference in logistic
regressions

In this section, we introduce the Cube method applied for exact inference in logistic regressions,
which should make the extension we describe in the next section easier to understand. Here, the
response variable corresponds to a binary variable distributed according to a logistic regression
model. Define the following model:

yi ∼ Bern(πi), πi =
exp(x⊤

i β + ziγ)

1 + exp(x⊤
i β + ziγ)

, i = 1, . . . , n,

where xi and β are vectors of Rq. Usually, the goal is to perform inference on the parameter
of interest γ. Let X = (x1, . . . ,xn)

⊤ be the confounding variables. The null hypothesis is H0 :
γ = 0 and the alternative is H1 : γ ̸= 0. Methods based on conditional exact inference are
usually used for contingency tables and that logistic regression models have a binary response
variable. Therefore, let us represent our data set as a K × 2 contingency table, where K is

the number of possible configurations. For k ∈ {1, . . . ,K}, let x
(a)
k represent the different

possible configurations of the confounding variables. Let z
(a)
ik be the variable of interest of unit

i in configuration k. Define mk and y
(a)
•k respectively as the number of Bernoulli trials and

the number of successes for configuration x
(a)
k . Consequently, we have y

(a)
•k ∈ {1, . . . ,mk} and
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y
(a)
ik ∈ {0, 1} for the corresponding unit i in the configuration. Essentially, the conditional exact

inference methods consist in analysing the distribution of the sufficient statistic of γ :
∑

z
(a)
k y

(a)
•k

conditioned on the sufficient statistic for β, the nuisance parameter, being equal to
∑

x
(a)
k y

(a)
•k .

More precisely, let y
(b)
• = (y

(b)
•1 , . . . , y

(b)
•K)⊤ be a random vector with the distribution written

in (4.3) under the null hypothesis but with the restriction that
∑K

k=1 x
(a)
k y

(b)
•k =

∑K
k=1 x

(a)
k y

(a)
•k .

As explained in Caffo and Booth (2003); Zamar et al. (2007), this amounts to analysing the

distribution of y
(b)
• given the sufficient statistic for β, where the density is

f

(
y
(b)
•

∣∣∣∣∣
K∑
k=1

x
(a)
k y

(b)
k =

K∑
k=1

x
(a)
k y

(a)
•k

)
∝

K∏
k=1

(
mk

y
(b)
k

)
exp(γz⊤y(b)). (4.4)

Again, we assess whether y
(a)
• or

∑
z
(a)
ik y

(a)
ik is extreme with respect to the conditional distribution

of y
(b)
• or

∑
z
(a)
ik y

(b)
ik under the null hypothesis (γ = 0). The problems of the conditioning set is

the same as with the Poisson regression. When K = n, which usually happens with continuous
variables, inference is not possible as the sufficient statistic of nuisance parameters determines
the conditional distribution. Also, calculating the probability in (4.4) by enumeration is often
not possible when the sample size is large.

Rivest and Gaye (2023) proved that, under a few assumptions, y
(b)
•k /mk converges in prob-

ability to the logistic regression fitted probabilities for the configuration k when n tends to

infinity for k ∈ {1, . . . ,K}. In other words, the proportion of positive responses y
(b)
•k /mk in

the configuration x
(a)
k converges to the fitted logistic regression probabilities. The authors used

this result to justify the use of the Cube method developed by Deville and Tillé (2004b) in the
context of conditional exact inference in logistic regression. The main advantage of this method
is that it can be used even when the covariates are continuous. This method is limited to trying
to approximately satisfy the sufficient statistic constraints. The Cube method is already used
for the Horvitz–Thompson estimator (Horvitz and Thompson, 1952) of the totals in the context
of survey sampling. Rivest and Gaye (2023) has used it for exact inference in logistic regression.
The authors also adapted this approach for tests of partial association.

Rivest and Gaye (2023) reframed the exact inference approach as a sampling problem with a
population of n units, unequal selection probabilities and balancing constraints. For a population
of size n, a random sample can be denoted by a vector of Bernoulli random variables a =
(a1, . . . , an)

⊤ ∈ {0, 1}n. Let πi = Pr(ai = 1) denote inclusion probability for a unit i. Let
also xi = (xi1, . . . ,xip)

⊤ be the vector of auxiliary variables associated for unit i. If πi > 0, for
all i ∈ {1, . . . , n}, the Horvitz–Thompson estimator

n∑
i=1

aixi

πi

is an unbiased estimate of the vector of the total of the auxiliary variables

n∑
i=1

xi.

A random sample a is said to be balanced if it satisfies the balancing equations

n∑
i=1

aixi

πi
≈

n∑
i=1

xi. (4.5)

The Cube method allows one to select a sample a which satisfy Equation (4.5). Generally, it
is not possible to satisfy exactly those constraints and so those are only approximately satisfied
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by the Cube method.

Using the notation from Section 4.1, the authors proposed to use the sample a obtained
through the Cube algorithm to generate a new response variable yb = (yb1 , . . . , ybn)

⊤ ∈ {0, 1}n,
use the fitted logistic regression probabilities π̂1, . . . , π̂n as inclusion probabilities in the algorithm
and xπ

i = π̂ixi as auxiliary variables in the Cube algorithm. This means that the Cube algorithm
satisfy the following constraints:

n∑
i=1

ybix
π
i

π̂i
≈

n∑
i=1

xπ
i . (4.6)

Simplifying Equation (4.6), we obtain
∑n

i=1 xi(ybi − π̂i) ≈ 0. When we simplify the problem by
adopting the “K different configurations” point of view, this is also equivalent to

K∑
k=1

x
(a)
k (y

(b)
•k −mkπ̂

(a)
k ) ≈ 0, (4.7)

where π̂
(a)
k corresponds to the fitted logistic regression success probability for the samples in the

configuration x
(a)
k .

Then, given that n is sufficiently large, Proposition 1 from Rivest and Gaye (2023) ensures
that the generated y(b) have a sufficient statistic for the nuisance parameters X⊤yb that is
approximately equal to the sufficient statistic of the nuisance parameters X⊤y of the original
observed y. However, this proposition also implies that the method proposed is unreliable if the
sample size n is too small. To summarize, the method allows us to sample from the conditional
distribution of yb if n is sufficiently large. The generated sample yb does not sufficiently satisfy
Equation (4.6) in the context of exact inference. To handle this problem, Rivest and Gaye
(2023) uses a tolerance parameter tol and rerun the algorithm when the L1 norm of X⊤(y−yb)
is greater than tol.

To perform the inference, we calculate the sufficient statistic of γ ; T = z⊤y and we gen-
erate B times a new response variable yb under the null hypothesis to record the sufficient
statistic Tbi for the parameter of interest with i ∈ {1, . . . , B}. Then, let n1 be the cardinal of
the set {i : Tbi < T} and n2 be the cardinal of the set {i : Tbi > T} to determine how extreme T
is under the null hypothesis. We obtain a test statistic whose p-value is P = 2min(n1, n2)/B.

4.4 Exact Inference for Poisson Regression Models using a Sur-
vey Sampling Algorithm

4.4.1 Fundamental Results

We extend exact inference based on the Cube method for Poisson regressions. The extension
we propose is developed under the same principles as the exact logistic regression from Rivest
and Gaye (2023). The authors give a theoretical justification for his approach through a proof
of convergence in probability of the fitted logistic regression under a few assumptions. For the
Poisson distribution, we will use Proposition 1, which mainly states that the fitted Poisson
means, given the sufficient statistic, asymptotically converge to the mean of each configuration.

Let τ̂ (n) ∈ RK be the vector with entries equal to τ̂k = y
(b)
•k /mk, k = 1, . . . ,K. The number

of configurations K for the explanatory variables is constant and m
(n)
k /n is assumed to converge

to a positive number as n goes to ∞ for k = 1, . . . ,K. The vector of the independent variables

x
(a)
k does not depend on n and the vector of relative sufficient statistics

∑K
k=1 x

(a)
k y

(a)
•k /n ∈ Rq is

assumed to converge to a fixed vector of constant as n goes to ∞. The intercept is included in

the covariates x
(a)
k . We assume that, without conditioning on the sufficient statistic, y

(b)
ik follows
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a Poisson distribution of mean

λ
(n)
k = exp

(
β⊤xk

)
, for any i = 1, . . . ,mk.

Let {λ̂(n)
k : k = 1, . . . ,K} be the fitted Poisson parameters, defined such that λ̂

(n)
k is the

estimated Poisson mean for y
(b)
ik , for any i = 1, . . . ,mk. The Poisson estimates of β only depend

on the vector of sufficient statistics
∑K

k=1 x
(a)
k y

(a)
•k , for a given value of n.

Proposition 1. In addition to the assumptions above, as the sample size n goes to ∞ in such a

way that limnm
(n)
k /n > 0 and limn λ̂

(n)
k converge to a positive value, for k = 1, . . . ,K, one has

the following convergence in probability, for any ε > 0,

lim
n→∞

Pr

{
K∑
k=1

(
τ̂k − λ̂

(n)
k

)2
< ε

}
= 1.

where Pr refers to the discrete probability defined by (4.3).

Proposition 1 is proved in the Appendix. The proof and assumptions are very similar to the
proof and assumptions used by Rivest and Gaye (2023) for the equivalent result for the logistic
regression. The additional assumption is the presence of an intercept to bound the size of the
support and some other term. Proposition 1 is useful because we use this Poisson mean for the
conditional distribution of the marginals in each configuration. We remind that Proposition 1
only states that the mean of each configuration will converge to the estimated Poisson means
under a few assumptions. It does not state that the marginal conditional distribution of a unit
in configuration k will have a Poisson distribution.

With correct input parameters, the Cube algorithm allows us to generate response vari-
ables that satisfy the sufficient statistic constraints while respecting the distribution of certain
marginal distribution. The procedure we propose in the next section carries out exact inference

for Poisson regression by generating the sum of the response variables in each configuration y
(b)
• .

The main problem is the choice of the conditional distribution of the marginals of y
(b)
• , which

should be unknown. A candidate to approximate this distribution would be the Poisson distri-
bution, as the sum of independent Poisson variables also has a Poisson distribution. However,

a Poisson distribution has an unbounded support while the conditional distribution of y
(b)
•k has

finite support. The vector y
(b)
•k has a distribution that exactly corresponds to a binomial dis-

tribution when the only explanatory variable is the intercept. For this reason, the binomial
distribution with proper parameters is a better approximation than a Poisson distribution. It
also converges to a Poisson distribution as the sample size tends infinity.

The classic example of a 2 × 2 contingency table under the independence model (4.1) cor-
responds to a case with K = 4 configurations. Each cell of the table is a configuration of the
explanatory variables of size 1. This is an example where our algorithm would not output the
exact distribution if we use a Poisson or binomial distribution for the marginals. It is known
that the conditional distribution of the marginal in each configuration has a hyper-geometric
distribution. However, in this example, it is possible to increase the number of units in each
configuration. If we increase each configuration size equally, we can find with quite easily that
again the conditional distribution of the marginals is hyper-geometric. However, as the config-
uration sizes increase to infinity, the distribution of the marginals will converge to a binomial
distribution.
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4.4.2 Algorithm with K configurations

We represent our data into K ≤ n configurations. Define the following model:

y
(a)
ik ∼ Poiss(λik), λik = exp

{
log(tik) + β⊤xk + γzik

}
,

for k ∈ {1, . . . ,K}, i ∈ {1, . . . ,mk}. (4.8)

We assume that z = (z11, . . . , zm11, . . . , zmkK) ∈ Rn. We set γ as the parameter of interest and β
as the nuisance parameters. Let K be the number of configuration for the explanatory variables,

where xk corresponds to the configuration k and y
(a)
ik is the response variable of the i−th the unit

in configuration k. When we model rates rather than count data, using an offset is useful. We
denote the offset by tik. If there is no offset, we set tk to 1, for all k ∈ {1, . . . ,K}, i ∈ {1, . . . ,mk}.
In this section, we used the notation λik instead of λk to accommodate for the presence of offset

effects. We generate y
(b)
• in order to satisfy

x
(a)
1 y

(b)
•1 + · · ·+ x

(a)
K y

(b)
•K = x

(a)
1 y

(a)
•1 + · · ·+ x

(a)
K y

(a)
•K . (4.9)

If the set F• is easily computable, then we can just use the equation (4.3) to calculate the

distribution of y
(b)
• . Otherwise, we propose to use the Cube method to generate y

(b)
• that satisfy

the constraints in (4.9).

The objective is to test whether the parameter γ is significant. We carry out an exact
inference procedure using a modified version Cube method designed to select samples from
stratified populations. The Cube function used is stratifiedcube from the StratifiedSampling
package (Jauslin et al., 2022). This function allows to select samples with a large amount of
strata and constraints. It is useful, for clarity, to define the input parameters that are to be
chosen by the user:

• S: The maximum strata size. It is preferable to set it by default to
∑K

k=1 y
(a)
•k .

• r: The number of simulated by dis-aggregating y
(b)
• using a multinomial distribution.

• B: The total number of simulated y(b).

• Fλ: A positive discrete distribution whose mean is λ and whose support is {0, 1, . . . , S}.
By default, we propose a binomial distribution.

• tol: The tolerance criterion for acceptance of a sample.

The procedure works as follows:

Step 1: Estimate the Poisson means λ̂•1, . . . , λ̂•k under the null hypothesis γ = 0 using a maxi-
mum likelihood estimator, where

λ̂•k = exp

(
mk∑
i=1

log(tik) +mkβ̂
⊤
xk

)
, for k ∈ {1, . . . ,K}.

Step 2: For k ∈ {1, . . . ,K} and i ∈ {1, . . . , S + 1}, calculate pik = Pr(uk = i) with uk ∼ Fλ̂•k
.

If we use a binomial distribution for Fλ̂•k
, the parameters are

∑K
k=1 y

(a)
•k for the size and

λ̂•k∑K
k′=1 λ̂•k′

for the mean.
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Step 3: Define K strata in the following manner: for k ∈ {1, . . . ,K} set the inclusion probabil-

ities pk =
(
p1k, . . . , p(S+1)k

)⊤
. Figure 4.1 illustrates the assignment of the strata.

Step 4: Define vk = (0, . . . , S)⊤ and set Dk = vkx
⊤
k , for k ∈ {1, . . . ,K}. Define Dπ

k whose
column j is equal to the element-wise product of Dk j-th column and pk. Set Dπ

i as
auxiliary variables or constraints for each stratum k ∈ {1, . . . ,K} in the stratifiedcube
algorithm. Also, add a column of inclusion probabilities as a constraint to ensure we
sample exactly one element per strata. Additionally, this ensures that the generated
response variable has length K. This step mirrors the use of the Cube algorithm for
logistic regression in equation (4.6).

Step 5: Repeat the following until B simulations have been generated and accepted. When a
sample is accepted, record the generated sufficient statistic of the parameter of inter-
est Tbj , for j ∈ {1, . . . , B}.

• Generate y
(b)
• = y

(b)
•1 , . . . , y

(b)
•K by following the process described in Step 1 to Step

4, which samples one element per stratum with the Cube method respecting the
inclusion probabilities and balancing constraints.

• Accept a generated sample y
(b)
• if the L1 norm ofX⊤

K(y
(b)
• −y(a)

• ) is smaller than tol.

Repeat until a sample y
(b)
• is accepted. When a sample is accepted, dis-aggregate

y
(b)
•k using a multinomial distribution of size mk and with parameters

λ̂ik∑mk
i=1 λ̂ik

, (4.10)

for k ∈ {1, . . . ,K}. The parameters in (4.10) reduce to 1/mk if there is no offset.
Repeat it r times, to generate r simulated y(b).

• Record as Tbj the corresponding sufficient statistic for every simulated y(b) the

parameter of interest:
∑

z
(a)
ik y

(b)
ik .

Step 6: Let n1 be the cardinal of the set {j : t < Tbj} and n2 be the cardinal of the set {j : t >
Tbj}. Calculate the p-value P = 2min(n1, n2)/B.

A trade-off between the accuracy of the p-value and the computation time can be made
by changing the values of tol, B. The stratifiedcube function does not always output sam-
ples that are sufficiently balanced to get accurate results, which induces the necessity to reject
the samples which are not balanced enough. In our simulations, we have used a tolerance

of tol = 0.15
√∑n

i=1 |x⊤
i yi|, and around 25% are accepted with this level of tolerance. Using

rejective sampling after the use of the Cube method improves the fit of the constraints of the
sufficient statistic but might not be ideal because the inclusion probabilities might not be exactly
respected. The choice of Fλ and S can also change the accuracy and computation time. The
reasoning of the procedure also functions when K = n. In this case, the step of dis-aggregating
y(b) with a multinomial distribution becomes trivial.

4.4.3 Application on Data Sets

To check that the procedure agrees with existing exact Poisson regression algorithms, we first
compare the p-values obtained with expoisson from the statistical programming software Stata
on the Cerebacc data set that contains “the number of cerebrovascular accidents experienced
by 41 men during a fixed period, each of whom had recovered from a previous cerebrovascular
accident and was hypertensive” (StataCorp, 2023). The number of cerebrovascular accidents
is the response variable and is assumed to follow a Poisson distribution. We also have two
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Figure 4.1: Illustration of the stratification in the algorithm. Each column represents a stratum
with different auxiliary variables and their inclusion probabilities. One unit from each stratum
is selected with the sufficient statistic constraints considered.

indicator variables for the treatment group and the age group (> 60). When the age is set as
the counfounding variable and the treatment as the variable of interest, our algorithm outputs
a p-value of 0.002388297 and the expoisson outputs 0.0026. When the treatment is set as the
confounding variable and age as the variable of interest, our algorithm outputs a p-value of
0.2822434 and the expoisson outputs a p-value of 0.2794.

We also compare the p-values which are obtained by the procedure and the ones obtained with
the GENMOD procedure from SAS. The GENMOD allows us to carry out exact inference on
Poisson regression models. The GENMOD exact procedure uses the multivariate shift algorithm
from Hirji et al. (1987) We use the ingots dataset, which is displayed on Table 4.1, is taken from
Cox and Snell (1989) and is used in the SAS documentation related to exact inference with the
GENMOD procedure. This is a relatively small data set with n = 19 which concerns groups of
ingots that are prepared with different heat and soaking times. The objective is to determine
the number of ingots which are not ready using a Poisson regression model with the total per
group of ingots as offset. In other words, we model the ratio of the number of ingots which are
not ready divided by the total.

The confounding variable is set as a categorical variable and the variable of interest as
a quantitative variable to make sure the GENMOD procedure works correctly and also for
simplicity. When the soaking time variable is used as a confounding variable and the heating
time p-value is calculated using exact methods, the p-value using GENMOD is 0.0004 and for
our algorithm the p-value is 0.00095 with B = 10000. In the reversed situation, with the heating
time as the confounding variable and soaking time as variable of interest, the p-value using
GENMOD is 0.8645 and for our algorithm the p-value obtained is 0.8784 with B = 10000.
Those results show that our algorithm and the GENMOD procedure seem to generally agree
even though our algorithm relies on the sample size n not being too small.

4.5 Simulations: Poisson regression with K = n

In this section, we compare our algorithms to the LRT and the Wald test in setting with
continuous variables, with K = n. We observe at the empirical p-values against the nominal p-
values in the null hypothesis case. We also compare the power of the different tests. For this set
of simulations, we generate the nuisance variables with X of dimension n×p where n = 75 or 25
and p = 2. For the matrix X, the first column has only ones as entries for the intercept and
the second column generated from a normal distribution. The variable of interest z is generated
with a normal distribution independent of X. On average, the size of the strata is around 11
and the maximum strata size would almost always go over 100 but the computation time would
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Table 4.1: Ingots data set

Heat Soak NotReady Total lnTotal

7 1 0 10 2.30
14 1 0 31 3.43
27 1 1 56 4.03
51 1 3 13 2.56
7 1.7 0 17 2.83
14 1.7 0 43 3.76
27 1.7 4 44 3.78
51 1.7 0 1 0
7 2.2 0 7 1.95
14 2.2 2 33 3.50
27 2.2 0 21 3.04
51 2.2 0 1 0
7 2.8 0 12 2.48
14 2.8 0 31 3.43
27 2.8 1 22 3.09
51 4 0 1 0
7 4 0 9 2.20
14 4 0 19 2.94
27 4 1 16 2.77

still be low for a single simulation. The computation time still low, even with more than 50000

entries. We simulate NBsim = 2500 data sets with B = 500 and tol = 0.15
√∑n

i=1 |x⊤
i yi|.

Table 4.2 show that under the null hypothesis H0 : γ = 0, the empirical p-values are close to
the nominal p-value when n = 75, and are less close when n = 25. But our algorithm seem
to perform better than the LRT and Wald test. In the alternative hypothesis H1 : γ ̸= 0, the
power of the Cube method is slightly weaker than the LRT.

4.6 Discussion

The algorithm that we propose is an extension of the algorithm proposed in Rivest and Gaye
(2023), which enables us to handle Poisson regression models with exact methods based on the
Cube method. With this extension, it should be possible to perform exact conditional inference
on any discrete model whose sufficient statistic is X⊤y using the Cube method, and with higher
accuracy for the case when the number of configurations K is lower than n if the distribution of
the marginal is known or well approximated. Exact inference based on the Cube method has a
longer computation time than LRT or Wald tests, which is to be expected as exact methods are
simulation based (or require to enumerate all the samples which satisfy the sufficient statistic).

The advantages of classical exact methods on contingency tables should be retained with
the exact approaches based on the Cube method while also being applicable on data sets with
continuous covariates. In our simulations, the algorithm that we proposed yielded empirical p-
values that were closer to their nominal levels than the Wald test or the LRT.

The method assumes that the Cube algorithm generates the sufficient statistics according
to their conditional distribution sufficiently closely and further investigations might be needed
to tell whether such method provides reliable parameter estimates. Further investigation might
also help us choose a more suitable or perhaps the correct marginal distribution in the algorithm
we propose.
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Table 4.2: Empirical p-values against nominal p-values for each method in a Poisson regression 
model for n = 75 and n = 25. Wald corresponds to the Wald test, LRT represents the likelihood 
ratio test and Scube represents our algorithm based on the stratifiedcube function.

n = 75

H0 : γ = 0 0.5 0.1 0.05 0.01

LRT 0.508 0.0988 0.0468 0.0088
Wald 0.5052 0.092 0.042 0.0068
Scube 0.4952 0.0944 0.0504 0.01

H1 : γ ̸= 0 0.5 0.1 0.05 0.01

LRT 0.764 0.3724 0.272 0.1216
Wald 0.762 0.3652 0.2596 0.1088
Scube 0.7624 0.3644 0.2696 0.1216

n = 25

H0 : γ = 0 0.5 0.1 0.05 0.01

LRT 0.5116 0.1164 0.0572 0.008
Wald 0.5036 0.0988 0.0412 0.0032
Scube 0.4908 0.1032 0.0552 0.012

H1 : γ ̸= 0 0.5 0.1 0.05 0.01

LRT 0.7472 0.3776 0.2616 0.1156
Wald 0.742 0.3492 0.2248 0.078
Scube 0.7416 0.3476 0.2436 0.1112
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4.7 Appendix

4.7.1 A preliminary result on Poisson regression estimates

The goal of this section is to show that the estimated predicted values for the aggregated totals,

λ̂•k = m
(n)
k exp

(
x⊤
k β̂
)
, k = 1, . . . ,K, (4.11)

where β̂ is the maximum likelihood estimator of β, maximizes an entropy like function under

the q constraints
∑K

k=1 y
(c)
•k xk =

∑K
k=1 y

(a)
•k xk. The function depends on y

(c)
• = (y

(c)
•1 , . . . , y

(c)
•K)⊤;

it is defined by

I0(y(c)
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{
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•k log

(
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(c)
•k

m
(n)
k

)
− y

(c)
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}
.

This function is concave and its maximum is determined by considering the following Lagrange
function,

L(y(c)
• ,β) = − 1

n

K∑
k=1

{
y
(c)
•k log

(
y
(c)
•k

m
(n)
k

)
− y

(c)
•k

}
+

1

n

K∑
k=1

β⊤xk(y
(c)
•k −m

(n)
k λk),

where β ∈ Rq is a vector of Lagrange multipliers. The partial derivative of L(y(c)
• ,β) with

respect to y
(c)
•k is

∂L(y(c)
• ,β)

∂y
(c)
•k

= − 1

n
log

(
y
(c)
•k

m
(n)
k

)
+

β⊤xk

n
.

By setting this expression to 0, we can see that the maximum is attained as y
(c)
•k = m

(n)
k exp(β⊤xk),

where the parameter vector β is determined by the constraints
∑K

k=1 y
(c)
•k xk =

∑K
k=1 y

(a)
•k xk.

These are the score functions for the parameter β in the Poisson regression of {y} on {x} and
the maximum likelihood estimators ŷ• = (λ̂•1, . . . , λ̂•K) given in (4.11) maximizes I0(y(c)

• ).

For the proof in the next section, it is convenient to consider a modified function,

I1(y(c)
• ) = I0(y(c)

• ) + c0

K∑
k=1

(
y
(c)
•k

m
(n)
k

− λ̂k

)2

. (4.12)

where 0 < c0 is a small positive constant. For n large enough, the matrix of second order partial

derivatives of I1(y(c)
• ), that is the diagonal matrix of −1/{ny(c)•k } + 2c0/(m

(n)
k )2, k = 1, . . .K,

is negative definite as its diagonal entries are negative. Thus, I1(y(c)
• ) is a concave function

that can be maximized using Lagrange multipliers as outlined in this section. Its maximum is
obtained at ŷ• = (λ̂•1, . . . , λ̂•K), defined in (4.11).

4.7.2 Proof of Proposition 1

To approximate (4.2), we use Stirling’s approximation that provides the following bounds for
x!, valid for any x > 0,

e
√
xxxe−x ≥ x! ≥

√
2πxxxe−x. (4.13)
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This implies the conditional probability function (4.3) satisfies
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where ≈ means that the ratio of the left hand side over the hand side belongs to a fixed positive

interval (C1, C2) that does not depend on y
(c)
•k .

Consider now
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}
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where τ̂k = y
(b)
•k /m

(n)
k . The numerator for the probability in (4.14), given by (4.3), involves at
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(∑K
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)K
terms because the sufficient statistic is also conditioned on the intercept.

Given that we also have the assumption that the vector of sufficient statistics divided by n

converges to a constant, we deduce that
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where the max and the min are taken on the set of y•k satisfying
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appear in the denominator for (4.14). There is at least one vector y
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As I0 has bounded partial derivatives, I0(y(c)• ) > I0(ŷ•) − C4/n for a constant C4 and a

lower bound for the contribution of that particular {y(c)
• } with
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to the denominator of (4.14) is

CK
1 exp

{
nI0(ŷ•)− C4 −

K∑
k=1

log(y
(c)
•k )

2

}
(4.16)

An upper bound for (4.14) is the ratio defined by (4.15) over (4.16) plus (4.15). We have that∑K
k=1 log(y

(c)
•k )/2 is O{log(n)} because

K∑
k=1

log(y
(c)
•k ) <

K∑
k=1

log

(
K∑
k=1

y
(c)
k

)

which is also O{log(n)} using the same justifications used above (4.15). Therefore, the upper
bound for (4.14) defined (4.15) over (4.16) plus (4.15) is of O{exp(−nc0ϵ)}. It goes to 0 as n
goes to ∞.

The proof can be accommodated to include offsets tik by multiplying (4.11) by

exp(t•k) = exp
(∑

tik

)
and adding t•k to I0(). The remaining equations can be modified accordingly.
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Chapter 5

The distribution of the Mahalanobis
distance between two groups under
covariates multinormality
assumption

Abstract
In this paper, we calculate the distribution of the square of the Mahalanobis distance

between two groups under the assumption of normally distributed covariates. We show how
this result can be used for algorithms like rerandomization in the context of experimental
design, as it allows one to choose a threshold corresponding to a quantile without the
use of simulations. The distribution found can still be used as an approximation of the
distribution of the square of the Mahalanobis distance between two groups without the
assumption of covariates normality unless the number of experimental units is low and there
are categorical covariates. Using simulations, we show that the distribution we calculate
induce an approximation which seems to perform better in approximating the squared
Mahalanobis distance between two groups than an existing approximation based on the
chi-square distribution. 1

5.1 Introduction

In the theory of design of experiments, randomization defines the act of allocating the subjects of
the experiment randomly to the different treatment groups. For example, if an experimenter is
comparing a new drug to a standard drug, patients can be randomly assigned to either the group
using the new drug or the group using the control drug. However, it is not uncommon for this
method to result in an unbalanced allocation to groups, i.e., groups with significant differences
in the means of one or more covariates. Amongst other critical problems, this imbalance can
induce higher variance of regression coefficient estimates Tillé (2022, p. 7) or that the confidence
intervals and significance tests are sensitive to those imbalances Morgan and Rubin (2012),
which is not desirable for inference. Several methods to get balanced groups in experiments
such as clinical trials or balanced samples for survey sampling have been proposed, popular ones
being stratification, rerandomization and multivariate matching. Morgan and Rubin (2012)
recommends the use of rerandomization for experiments. Tillé (2022) adapted survey sampling
methods to get balanced groups in clinical trials.

In this paper, we show that if the covariates are generated from a multinormal distribution,
the distribution of the square of the Mahalanobis distance between two groups under random-
ization follows a beta distribution using the proof from a conference article Djauhari (2004). We

1E.Talovic and Y.Tillé. Note on the distribution of the Mahalanobis distance between two groups under
covariates multinormality assumption, submitted, 2025
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make some links of this result to the field of MANOVA in the supplementary material, where we
show that there is also an indirect proof of the result. Also, we show an application of this result
by extracting from this result an approximation of the squared Mahalanobis distance between
two groups which is useful rerandomization algorithms in an experimental setting. Finally, us-
ing simulations, we show that the approximation we introduce seems to perform better than an
existing approximation based on the chi-square distribution.

5.2 Chi-square approximation of the Mahalanobis distance

In this section, we calculate the squared Mahalnobis distance under the assumption that the
covariates are non-random and that the randomness comes from the act of randomization (exper-
imental units randomly assigned to one group or the other). We also introduce some notations.
Assume that the number of groups is two, and that the number of experimental units per group
is non-random: n0 and n1 units respectively belong to group 0 and 1. Let x1, . . . ,xn be co-
variates vectors of dimension p and a = (a1, . . . , an) a random vector of indicator variable,
where ak = 1 if the experimental unit k is in group 1 and 0 otherwise. The proportion of ak = 1
is n1/n. Define Vxx as the sample covariance matrix of x1, . . . ,xn, and let Vx0x0 and Vx1x1 be
the sample covariance matrices of experimental units belonging respectively to group 0 and 1.
Finally, define the square of the Mahalanobis distance between the group 0 and 1 by

d2M (x̄0, x̄1) = (x̄0 − x̄1)
⊤V−1

xx (x̄0 − x̄1),

where x̄0 and x̄1 correspond to the sample mean of the covariates of group 0 and 1 respectively.
This distance allows one to assess how balanced an allocation to groups is. This distance
takes into account both the dispersion of covariates and correlation between covariates. For
convenience, the notation d2M for d2M (x̄0, x̄1) will be used in the text. Note that under the
assumption of this section, d2M ,Vx0x0 and Vx1x1 depend on a as x1, . . . ,xn are given.

Rerandomization is an algorithm which usually consists either in performing randomizations
until the covariates are balanced according to a threshold chosen beforehand for the squared
Mahalanobis distance between the two groups d2M or performing a fixed number Ng of random-
izations and using the most balanced one for the allocation of the experimental units to each
group. The choice of this threshold is important. If the chosen threshold is too low, the number
of randomizations needed could be very high or infinite, and if is too high, the rerandomiza-
tion algorithm is likely to end with only one or very few randomizations and would offer little
improvement over using a simple randomization. Therefore calculating the distribution of d2M
under randomization can be useful, as it allows one to choose the threshold as a quantile for
rerandomization. Also, it enables one to calculate the distribution of the minimal d2M out of Ng

allocations.
For now, we assume that covariates x1, . . . ,xn are not generated from a multinormal distri-

bution. Morgan and Rubin (2012, p. 9–10) found that,

lim
n→∞

n0n1

n
d2M (x̄0, x̄1) ∼ χ2

p, (5.1)

under randomization with non-random n0 and n1. This result is derived from the finite popu-
lation central limit theorem which implies that x̄0 − x̄1 has a multivariate normal distribution
under the assignment scheme for the groups (Hájek, 1960). In practice, this theorem uses slight
distributional assumptions for x1, . . . ,xn and n0 and n. In our analysis the source of randomness
comes from the randomization, in other words from a. Considering that Ea(x̄0 − x̄1) = 0 and

Vara(x̄0 − x̄1) =
n0n1

n
Vxx,

where Ea and Vara respectively correspond to the expectation and variance under the assignment
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scheme for the groups, it is possible to deduce the result in Equation (5.1).
However, Tillé (2022, p. 5) showed that

d2M (x̄0, x̄1) ≤
n(n− 1)

n0n1
, (5.2)

which seems inconsistent with the fact that a chi-square random variable has a density with
unbounded support. Approximating d2M with a distribution whose support is bounded is more
appropriate. In the next section, by assuming that the covariates are multinormal, we calculate
a distribution for the squared Mahalanobis distance between two groups which seems to perform
much better than the distribution in (5.1) from our simulation study. Also, this approximation
has a bounded support which is coherent with inequality (5.2).

5.3 Distribution of the square of the Mahalanobis distance be-
tween two groups

In this section, we assume that the covariates x1, . . . ,xn are independently and identically
distributed random vectors from a p-variate normal distribution Np(µ,Σ). While it would be
more realistic not to view the covariates as normally distributed, we can obtain a distribution
function of the squared Mahalanobis distance for every experiment sample size n. Also, as
the covariates are independent and identically distributed and a is independent of them, we
can do the calculations as if a is fixed and then generalize the results for the case where the
components of a are generated from a simple randomization with fixed group sizes. Several
results and definitions are presented before calculating the distribution of the square of the
Mahalanobis distance.

Definition 3. If x1, . . . ,xm are independently and identically distributed random vectors from
a p-variate normal distribution Np(0,Σ), then W =

∑m
i=1 xix

⊤
i is said to have a Wishart

distribution Wp(m,Σ) with m degrees of freedom.

Theorem 1. Let H ∼Wp(mH ,Σ) and E ∼Wp(mE ,Σ) be two independent Wishart matrices.
If mH < p and mE ≥ p, then V = (H+E)−1/2H(H+E)−1/2 has rank mH with probability one,
and the mH non-zero eigenvalues θ1 > θ2 > · · · > θmH the following joint density

f(θ1, . . . , θmH ) = a−1

mH∏
j=1

θj

(p−mH−1)/2
mH∏
j=1

(1− θj)


(mE−p−1)/2

mH∏
j<k

(θj − θk)

where

a = πm2
H/2BmH

{
1

2
p,

1

2
(mE +mH − p)

}
ΓmH

(
1

2
mH

)
,

with Γm the multivariate gamma function and

Bm(x, y) =
Γm(a)Γm(y)

Γm(x+ y)
.

Also if mH = 1 then the eigenvalues of V and H(H+E)−1 are the same.

Proof of Theorem 1. See Seber (1984, p. 35–38) or Anderson (1958, p. 537).

Corollary 9. Define two independent Wishart matrices H ∼Wp(mH ,Σ) and E ∼Wp(mE ,Σ).
If mH = 1 and mE ≥ p, then V = H(H+E)−1 has only one non-zero eigenvalue with probability
one and follows a beta distribution:
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f(u) =
Γ
(
n−1
2

)
Γ
(p
2

)
Γ
(
n−p−1

2

)up/2−1(1− u)(n−p−1)/2−1, 0 < u < 1.

Let us also introduce the following lemmas which are also useful for the proof of the next
result.

Lemma 1. Let v = (v1, . . . , vn)
⊤ and M be n× n matrix. Then

v⊤Mv = Tr(vv⊤M).

Lemma 2. Define the sample mean of the covariates as x̄, then

n(x̄0 − x̄)/n1 = (x̄0 − x̄1).

Proof of Lemma 2.

(x̄0 − x̄1) =

(
x̄0 −

n

n1
x̄+

n0

n1
x̄0

)
=

{(
1 +

n0

n1

)
x̄0 −

n

n1
x̄

}
=

n

n1
(x̄0 − x̄).

Using the previous results, we can calculate the distribution of the square of the Mahalanobis
distance between the two groups. The proof is a rigorous and complete version of the sketch of
a proof found in the conference paper in Djauhari (2004).

Result 23. Let x1,. . . ,xn be a random sample of size n from a p-variate normal distribu-
tion Np(µ,Σ). Let ak ∈ {0, 1} for k ∈ {1, . . . , n} be fixed. If p > 1 and n − 2 ≥ p, then the
square of the Mahalanobis distance d2M between x̄0 and x̄1 follows a beta distribution:

n0n1

(n− 1)n
d2M (x̄1, x̄0) ∼ Beta

(
p

2
,
n− p− 1

2

)
. (5.3)

Proof of Result 23. Let SB, SW and ST be defined respectively as the scatter matrices between,
within and the total of the two complementary groups:

SB = n0(x̄0 − x̄)(x̄0 − x̄)⊤ + n1(x̄1 − x̄)(x̄1 − x̄)⊤,

SW =

n∑
k=1

(1− ak)(xk − x̄0)(xk − x̄0)
⊤ +

n∑
k=1

ak(xk − x̄1)(xk − x̄1)
⊤,

ST =

n∑
k=1

(xk − x̄)(xk − x̄)⊤ = SB + SW = (n− 1)Vxx.

Using the relation n(x̄0 − x̄)/n1 = (x̄0 − x̄1) from Lemma 2, the square of the Mahalanobis
distance can be expressed as

d2M (x̄1, x̄0) =
(n− 1)n2

n2
1

(x̄0 − x̄)⊤S−1
T (x̄0 − x̄) =

(n− 1)n

n1n0
U,

where
U =

nn0

n1
(x̄0 − x̄)⊤S−1

T (x̄0 − x̄).

From Lemma 1, it is possible to write U

U = Tr

{
nn0

n1
(x̄0 − x̄)(x̄0 − x̄)⊤S−1

T

}
,
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and using Lemma 2 , SB can be rewritten as

SB =
nn0

n1
(x̄0 − x̄)(x̄0 − x̄)⊤. (5.4)

So, U = Tr(SBS
−1
T ) = Tr{SB(SB + SW )−1}, which is Pillai’s trace statistic where SB follows

a Wishart distribution with one degree of freedom and SW a Wishart distribution with n − 2
degrees of freedom.

To finish the proof, we use Corollary 2. To do this, the independence of SB and SW must
be established to use Corollary 9. Using Lemma 2 again, we rewrite

SB =
n0n1

n
(x̄0 − x̄1)(x̄0 − x̄1)

⊤.

and SW = (n0−1)Vx0x0+(n1−1)Vx1x1 . Mardia et al. (1979, p. 69) show that x̄i is independent
of Vxixi for i ∈ {0, 1} and samples from different groups are independent, so SB and SW

are independent. Therefore, from Corollary 9, SBS
−1
T has only one non-zero eigenvalue with

probability one and this eigenvalue has density

f(u) =
Γ
(
n−1
2

)
Γ
(p
2

)
Γ
(
n−p−1

2

)up/2−1(1− u)(n−p−1)/2−1, 0 < u < 1. (5.5)

Finally, U is equal to the only non-zero eigenvalue of SBS
−1
T because the trace is equal to the

sum of the eigenvalues of a matrix, which means the density function of U is the same density
function as in (5.5). This concludes the proof.

Again, if a is independent of the covariates x1, . . . ,xn, then we can generalize Result 23 to
the case where a is generated from a simple randomization with fixed group sizes. Additionally,
the support of the density function of the beta distribution is [0, 1], which means that Result 23
is consistent with inequality (5.2).

5.4 Simulations to compare the Beta and Chi-Square approxi-
mations

In this section, we briefly present simulations to compare the Beta and Chi-Square distribution in
different settings using different distributions such the Extended skew-normal distribution (ESN)
Azzalini and Valle (1996); Canale (2011), the Weibull distribution and discrete distributions.
The detailed simulation results can be found in the supplementary material.

From Figure 5.1, the overall conclusion is that the beta approximation is better than the
chi-square in any situation, even when the data are generated from a non-normal distribution.
The chi-square approximation comes from an asymptotic result, so it is not surprising that
it performs worse than the beta approximation that also uses the number of covariates as an
additional parameter. The beta approximation seems to be relatively robust against some degree
of skewness in the data even though high skewness can greatly reduce the quality of the fit.
However, the multivariate kurtosis and skewness statistics seem to vary quite a lot even with
the same parameter choices, which is probably due to low sample size, and do not seem to have
a clear correlation in the outcome of the graph. Therefore making recommendations using those
statistics is difficult.
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Figure 5.1: Histograms of four set of simulations. In panel (a), the data follows an ESN dis-
tribution with n = 16, p = 4, α = (12,−12, 20, 20)) and τ = 0. In panel (b), the data follows
an ESN distribution with n = 16, p = 4, α = (120, 120, 120, 120)) and τ = −1. In panel (c),
the data follows a Weibull distribution with n = 16, p = 4, with a shape and scale parameters
respectively equal to 0.5 and 1. In panel (d), n = 16 with two covariates. The first component
is generated from a normal distribution and the second from a Bernoulli distribution with mean
0.5.

5.5 Discussion

In experimental settings, the covariates x1, . . . ,xn are fixed values that we cannot generate
with simulations based on a normal distribution, therefore we can only use Result 23 to get an
approximation based on the beta distribution to estimate the distribution of the square of the
Mahalanobis distance between two groups d2M . We can also use Equation (5.1) to get a chi-
square approximation for the square of the Mahalanobis distance between the two groups. The
beta approximation assumes that the covariates are close to a multivariate normal distribution
and the chi-square approximation is derived from an asymptotic result. When n tends to infinity,
both approximations converge to the same distribution. But those approximations are different
when n is small. Simulations show that the beta approximation seems to be always better
than the chi-square approximation, even when the covariates x1, . . . ,xn are generated from a
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skewed and heavy- or light-tailed distribution. In other words, even with strong departure from
multinormality of the covariates, the beta approximation performs better. These simulations
combined with the apparent inconsistency with the support of the chi-square density function
seem to indicate that the beta approximation is better overall. If n is small and there are
categorical covariates, which is often the case in many experiments, both the beta and chi-square
approximations fit the square of the Mahalanobis distribution between the two groups d2M very
poorly. This problem is highlighted when there is only one covariate which is categorical. In
this case, we strongly recommend to use simulations to obtain a distribution of the square of
the Mahalanobis distance. Additionally, if the covariates follow a distribution with undefined
second moments, for example the Cauchy distribution, both approximations fail to correctly
estimate the distribution of d2M , even when n tends to infinity. The finite population central
limit theorem is not applicable if the variances of x1, . . . ,xn are not defined.

5.6 Supplementary material

5.6.1 Simulations to compare the chi-square and beta distribution approxi-
mations

Definition 4. A random variable follows X an extended skew-normal distribution with location
parameter ξ, scale parameter ω, shape parameter α and truncation parameter τ if its density
function is

f(x) =
1

ω
ϕ

(
x− ξ

ω

)
Φ

{
τ
√

α2 + 1 + α

(
x− ξ

ω

)}
/Φ(τ), ξ, α, τ ∈ R, ω > 0

where ϕ denotes the standard normal probability density function and Φ its cumulative distri-
bution function.

The skew-normal distribution allows one to simulate skewed data while also giving normal
data, depending on the choice of the parameters. The extended skew-normal distribution can
also model data which is skewed and heavy- or light-tailed. Increasing the shape parameter α
induces a more right-skewed distribution. Increasing the truncation parameter τ create an
heavier tailed distribution but also reduces the skewness. The effect of the τ parameter depends
on α. If α = 0, then changing τ has no effect on the distribution. The location parameter ξ
and ω can be considered as the mean and variance parameters from the normal distribution,
even if ξ does not correspond to the mean or median of the skew-normal distribution if α ̸= 0.
Figure 5.2 displays the density of the extended skew-normal with different parameter choices.
Multivariate simulations for this distribution are made using Azzalini (2020).

To illustrate our main findings, four density histograms of the squared Mahalanobis distance
multiplied by (n0n1)/n for different series of simulations are displayed in Figure 5.1. The data are
generated from a certain distribution once at the start, and then the simulations consist in doing
a fixed number of allocations to groups using a simple random sampling without replacement and
calculating the square of the Mahalanobis distance after every allocation to groups to generate
the histogram. In every series of simulations, 10000 simulations are done and n0 = n1 = n/2.
The multivariate skewness and kurtosis are assessed using the statistics developed by Mardia
(1970).

The panel (a) of Figure 5.1 shows the histogram of simulations with n = 16 and p =
4. The distribution of the simulation is generated from a extended skew-normal distribution
with parameters chosen such that the vector of marginal shapes is α = (12,−12, 20, 20) with
truncation parameter τ = 0, ω, which is a positive definite matrix, is randomly generated from a
Wishart distribution. The beta approximation fits the data, is relatively robust to some degree
of skewness and is much better than the chi-square approximation.
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Figure 5.2: Extented skew-normal densities with different parameter choices.

In panel (b) of Figure 5.1, the data is generated with a similar distribution as in panel (a)
but the shape parameter vector is equal to α = (120, 120, 120, 120) and τ = −1 to try to get
very skewed data. The fit of the beta approximation is slightly worse than in the previous set
of simulations and the chi-square approximation is still too left-skewed.

In panel (c) of Figure 5.1, the simulations uses same n and p as before but the data is
generated from a Weibull distribution, which allows us to generate a distribution with slightly
more extreme multivariate skewness and kurtosis values than the skew-normal distribution. The
shape and scale parameters are respectively equal to 0.5 and 1. The resulting extreme departure
from normality makes the beta approximation hardly usable. With data generated from a
Weibull distribution, the shape of the histogram varies more than it does with the skew-normal
distribution. One of the poorer fits is displayed.

The previous simulations were generated from continuous distributions. The panel (d) dis-
plays the histogram from simulations with p = 2, the first component being generated from a
normal distribution and the second from a Bernoulli distribution with mean 0.5. Due to the
discrete nature of the Bernoulli distribution, the Mahalanobis distance between the two groups
tends to cluster around certain values. Of course, this problem is highlighted when there is only
one covariate from a Bernoulli distribution.

The overall conclusion is that the beta approximation is better than the chi-square in any
situation, even when the data are generated from a non-normal distribution. The chi-square
approximation comes from an asymptotic result, so it is not surprising that it performs worse
than the beta approximation. Also, the beta approximation seems to be relatively robust against
some degree of skewness in the data even though high skewness can greatly reduce the quality
of the fit. However, the multivariate kurtosis and skewness statistics seem to vary quite a lot
even with the same parameter choices, which is probably due to low sample size, and appear to
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not have a clear correlation in the outcome of the graph. Therefore making recommendations
using those statistics is difficult.

If neither the beta nor chi-square approximation fits the distribution of d2M , the rerandom-
ization approach is still valid. This simply implies that approximating the distribution of d2M
using simulations or taking the assignment to groups that induce the lowest d2M out of large
number of simulations is more advisable in this case

5.6.2 Links to MANOVA

The results shown in this paper are often derived from results found in the field of multivariate
analysis. MANOVA stands for multivariate analysis of variance and, as the name implies, it is a
multivariate generalization of the analysis of variance (ANOVA). Unlike with ANOVA, there are
multiple response variables and MANOVA uses the covariance between the response variables to
test the statistical significance of the mean differences instead of the sums of squares. Therefore
under normality assumptions about error distributions, the counterpart of the sum of squares
due to error has a Wishart distribution. Also despite ANOVA having a simple theory with only
one test statistic generally used, the F-test, MANOVA typically uses four test statistics.

The most common statistics are summaries based on the roots (or eigenvalues) λ1, . . . , λp

of the A = HE−1 matrix, where H and E are respectively “error” and “hypothesis” matrices
which are assumed to have Wishart distributions with mH and mE degrees of freedom under
the null hypothesis. The four test statistics are the following:

• Wilks’s Lambda:

ΛWilks =

p∏
i=1

1

1 + λi
=

det(E)

det(E+H)
;

• Pillai’s Trace:

ΛPillai =

p∑
i=1

1

1 + λi
= tr{A(I+A)−1};

• Lawley–Hotelling Trace:

ΛLH =

p∑
i=1

λi = tr(A);

• Roy’s Largest Root:
ΛRoy = max

i
(λi).

For most tests, the distribution under H0 is very difficult to calculate and only approxi-
mations from the F-distribution are used, except in cases with low dimensionality where the
distributions can be calculated exactly, for example with mH = 1. The following approximation
of the Pillai’s trace statistic distribution is generally used Seber (1984, p. 564),

(2v2 + s+ 1)ΛPillai

(2v1 + s+ 1)(s− ΛPillai)
∼̇Fs(2v1+s+1),s(2v2+s+1), (5.6)

where s = min(mH , p), v1 = (|p −mH | − 1)/2 and v2 = (mE − p − 1)/2. By setting mH = 1
and mE = n−2, we get that ΛPillai corresponds to U from the proof of Result 1. From Equation
(5.6), the final result of Result 1 can be deduced using the relation between the F-distribution
and the beta distribution.
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Chapter 6

Conclusion

This conclusion explains the potential caveats, problems, improvements and additional directions
for further research of some the concepts introduced in this thesis.

The first part of the thesis was focuses on the efficiency-robustness trade-offs in experimen-
tal and sampling designs. We also observed that robustness concept is strongly correlated with
entropy, which gives some additional justification for older sampling literature focusing on car-
rying out maximum entropy sampling. When the probabilities of drawing each possible sample
or assignment are equal, maximum entropy sampling corresponds to the sampling design with
highest number of possible samples. In experiments, designs with a high number of possible
samples are useful to carry out randomization tests. It this number is too low, the resolution of
the test becomes too low to draw conclusive inference.

The robustness/balance trade-off and the mixing of a balanced design with the SRSWR
design proposed in this thesis is similar to a mix of two minimax principles under different
models. We quickly introduce the concept of “a priori balance” from Kallus (2018), which
employs a minimax paradigm to minimize the maximum potential variance of the sample average
treatment effect estimator τ̂ . If Y = f(X) + ϵ and E(Y |X) = f(X). Define

B12(W, f) =
∑

i:Wi=1

f(Xi)−
∑

i:Wi=2

f(Xi).

For the “pure strategy optimal design”, we choose W uniformly among the set that minimizes

W ∈ max
||f ||≤1

B2
12(W, f). (6.1)

Depending on f and the norm ||f || used, certain common designs such as exact matching,
rerandomization or blocking are the optimal minimax designs. If there is no structure in the
dependence of outcomes, then complete randomization is optimal. In this framework, when
f corresponds to a regression with covariates x1, . . . ,xN as explanatory variables, the optimal
design corresponds to designs exactly balanced on the mean of the covariates. In this setting,
the Cube method or rerandomization gives assignments to groups that approximately satisfy
the (6.1). We can see that the optimal design is dependent on the underlying model of the
relationship between the response or variable of interest and the covariates. Other concepts
such as optimality of sampling plans under certain models or other forms of minimax principles
were also studied in the field of sampling (Tillé and Wilhelm, 2017; Scott and Smith, 1975;
Nedyalkova and Tillé, 2008). Potential axis of research could involve unifying those minimax
concepts or expanding them to include risks due to missing data, non-response or attrition in
clinical trials.

Our analysis implies that primarily focusing on balance on the covariate means usually does
not involve much risk when we look at the model-based variance and total variance, so there is
room to add other metrics to balance on without unduly reducing the robustness. We give a
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specific example of potential new methods to be used. Assume that some variables are assumed
to be particularly important in the model and at the same time to not have a simple linear
relationship with the response. Given that finding pairs that are sufficiently similar, it might
be better to try to use a mixed strategy of matching only for the specific covariates assumed to
be important and have the remaining covariates be used for balancing on the means between
the groups. It could be done with the help of the design mixing algorithm from Chapter 2 or a
special implementation of the matched-Cube algorithm Tillé (2022).

Our extension of the Cube Method to exact inference for Poisson regression does not work
optimally. One can easily address the concern that the conditional probabilities/distribution
are not exactly the correct one and also that the Cube method only approximately satisfies the
constraints from the sufficient statistic. On top of that there is the critic which concern all
“approximately exact” methods, which is that the exact Cube algorithm may not necessarily
output the all the possible samples that satisfy exactly the constraints even after a high number
of simulations. There is also the general criticism against exact inference in general that could
be made: This method works with parametric models that are very likely to be incorrect and
often applied on small data sets. Therefore the practical utility of exactness in this setting is
less clear when ignoring cases where the data is separable. On a more positive note, the beta
distribution used for the univariate conditional probabilities was a fairly good approximation
and the algorithm outputs p-values that are close to exact when the model is correct. Also,
finding the exact conditional probabilities could significantly reduce the concerns of potential
lack of accuracy.
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Bertail, P., E. Chautru, and S. Clémençon (2017). Empirical processes in survey sampling with
(conditional) Poisson designs. Scandinavian Journal of Statistics 44 (1), 97–111.
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de Neuchâtel.

R Core Team (2024). R: A Language and Environment for Statistical Computing. Vienna,
Austria: R Foundation for Statistical Computing.

Rivest, L. and S. A. Gaye (2023, April). Using Survey Sampling Algorithms For Exact Inference
in Logistic Regression. International Statistical Review 91 (1), 18–34.

Robins, J. M., A. Rotnitzky, and L. P. Zhao (1994). Estimation of regression coefficients
when some regressors are not always observed. Journal of the American Statistical Asso-
ciation 89 (427), 846–866.

Rubin, D. (1974, 10). Estimating causal effects of treatments in randomized and nonrandomized
studies. Journal of Educational Psychology 66, 688–701.

Rubin, D. B. (1980). Randomization analysis of experimental data: The fisher randomization
test comment. Journal of the American Statistical Association 75 (371), 591–593.

Rubin, D. B. (2008). For objective causal inference, design trumps analysis. Ann. Appl.
Stat. 2 (3), 808–840.

Sampford, M. R. (1967). On sampling without replacement with unequal probabilities of selec-
tion. Biometrika 54, 499–513.

Scott, A. J. and T. M. F. Smith (1975). Minimax designs for sample surveys. Biometrika 62 (2),
353–357.

Seber, G. (1984). Multivariate Observations. Wiley, Hobokon, New Jersey.

Simon, R. (1979). Restricted randomization designs in clinical trials. Biometrics 35, 503–512.

91



Srinivasan, A. (2001). Distributions on level-sets with applications to approximation algorithms.
In Proceedings 42nd IEEE Symposium on Foundations of Computer Science, pp. 588–597.
IEEE.

StataCorp (2023). expoisson — exact poisson regression, stata 18 base reference manual. College
Station.

Stein, C. (1990). Application of Newton’s identities to a generalized birthday problem and to the
Poisson-Binomial distribution. Technical Report TC 354, Department of Statistics, Stanford
University.

Stenger, H. (1979). A minimax approach to randomization and estimation in survey sampling.
Annals of Statistics 7, 395–399.

Stenger, H. and S. Gabler (1996). A minimax property of Lahiri-Midzuno-Sen’s sampling scheme.
Metrika 43, 213–220.
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