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rk = b − Axk
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(x | y )B :=
( x |By )
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x̂ = A−1b
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f(x) = ‖x− x̂‖2
A = ‖b−Ax‖2

A−1 = (x |Ax ) − 2 ( b |x ) + ( b | x̂ ) .
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d0 = r0
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k > 0
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rk+1
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βk ∈ R
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dk+1 := rk+1+βkdk
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( dk+1 | dk )A = 0
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r0 = b−Ax0
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d0 = r0j1� ‖r0‖ / ‖b‖ <

*<� *���j;�b,/k
k	5E:;!

k > 0
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αk = ( rk | rk ) / ( dk |Adk )
xk+1 = xk + αkdk

rk+1 = rk − αkAdkj1� ‖rk+1‖ / ‖b‖ <
*<� * �9j<�b,/k

βk = ( rk+1 | rk+1 ) / ( rk | rk )
dk+1 = rk+1 + βkdkUc�0�C7N5E:;!

k
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c > 0

\;�;5E��5����
Sc = {x ∈ Rn | f(x) = c}.

}�5����6�TV<F4!�5�����:;�;��`�D��6�=5�!6�#R;5E��5E!#$�F4� B = {ξ1, . . . , ξn}
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A
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Aξi = λiξi, i = 1, . . . , n,
5 4

0 < λ1 6 λ2 6 . . . 6 λn
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vJ� F4&�!���/QDS�?�
x =

∑n
i=1 xiξi

\
b =

∑n
i=1 biξi

���
x̂ =

∑n
i=1 x̂iξi
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x̂i = biλ
−1
i

\
i = 1, . . . , n
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Sc =

{
x =

n∑

i=1

xiξi ∈ Rn

∣∣∣∣∣
n∑

i=1

λi(xi − x̂i)
2 = c

}
.
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c1/2λ
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i
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ξi
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i = 1, . . . , n
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λ1 � λn
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n = 2

\
A =

V<�TDS_
(1, 9)

\
b = 0
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x0 ∈ S1
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( di | dj )A = 0
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i 6= j
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-��4�.!�FO�6�TV<:��.���
d̃k
-��4�WV<�0!#�4&�����5E���WV<�%V<�4�#&��4�?���



��� ��� ����� �������E*;(mF���R;5<V<�=V;:K_�!#D�V<�����?��&�5E� p :�_E:;F)7;!#F4&�5E��V<�0����5E���;F

5�`<���4�?:9�z�4�fDS7;7�-0�T>?:�DS�?��-i@ DS-�_E5E!#�0��R;$%��w=} DE:f�6u<�6��a4$��
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t · Ã �4�6�Wj<�/k	*N�b�0�9�6�3|�!;*j�4�?~D�V<$%����:;�;� :;����>?:;�=��5E-�:<����5E�z*

{P@ FO>�:9DQ����5E�K|�!�*h�O��~��4�6�B!�FO�65�-0:;���.-e@ DS�TV<��V<��-�D)V<FO&�5�$�7N5����0����5E�
QR

V<�
Ã
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{ã1, . . . , ãp}
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t · Ãy = − Ã
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Â = (Ak−1ej1 , . . . , Ak−1ejp
, Ak−1ej̃1

, . . . , Ak−1ej̃s
),

�O���c&�DS-T&�:�-0F4�J��79DS!�����!zV<�B-TD�V<F4&�5E$%795?�6�0����5E�
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ε = h0/d
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ε ≈ 0.001
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R3 i
W = {ξ = (ξ1, ξ2, ξ3) ∈ R3 : (ξ1, ξ2) ∈ Gs, −h(ξ1, ξ2) < ξ3 < 0},
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Gs
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Gb = ∂W \Gs = {ξ = (ξ1, ξ2, ξ3) ∈ R3 : (ξ1, ξ2) ∈ Gs, ξ3 = −h(ξ1, ξ2)};= <$%���?0y02*y^?�>-'-'!#�xH
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Gb

W
h0

d
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URA.C��'!=Q��>�?-[����!=�>&� ��?���+&1;# D-4�������T02 �*���-[��p&
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ξ ∈W
 	&���*X&' .���?-

t > 0
 .-/&,����&�A� 

u = u(ξ, t) = (u1(ξ, t), u2(ξ, t), u3(ξ, t))
t.I��v02 .�?-/!#&'Ao02* �T*�!=0�  D-d&P����&�A� 

ρ
 �&y-'*����~�>-'A� oC	���T-d&����+&' va

ρ = 103 Kg · m−3�~��*��
; J  D��*Th	HmIm �Q� DCw&� �*��j02 �QB!=-�C	�+-/!#&'A�0�
B�?���F!)(+*� Na%�� .-'�mHVC	!=��A�����&'!)(>*? Dh�&'*���^�*�;= ��+&� afQ���!=�
-/ DCw&'!=��� O H O h� .-/&
����&�A
η = (η1, η2, η3)

a%�� .-'�mH
ν = (ν1, ν2, ν3)

hwHmIx .-<Q� DCw&' .*���-a C	���T-d&����+&�-�h
η
 	&
ν
Q>A���!k�? .�+&
;)�P�' .;=��&'!=���

νi = ηiρ
−1 i i = 1, 2, 3
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Gs
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τ̃1 = τ̃1(ξ, t)
 �&
τ̃2 = τ̃2(ξ, t)
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ξ1
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ξ2
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τi = τ̃iρ

−1 i
i = 1, 2
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W
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f = (f1, f2, f3) = f(ξ, t)
iD����!#&�-'*���;= �T*�!=0� �H8Ix�,�?�' D-'-'!#�>�
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ρgξ3
iY���

g > 0
 D-d&j; J �>C�C	A.;#A.����&'!=��� 02 ;)�F�T D-'���>&� �*���a -'C.��;)��!=�' nhwiB 	&�0� j;=�F���� .-�-/!=���Xp&
B0��'�20�
B�?���F!)(+*� 
P
H Jb��&'���T-

p = p(ξ, t) = gξ3 +
1

ρ
P (ξ, t).
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�����
	����
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u = (u1, u2, u3) ) � ���������
[ui] = m · s−1

ρ
�����*���
��!

[ρ] = Kg · m−3

η = (η1, η2, η3) ) ��������+*�-,���./�
��������� ��!0,�1��2	�34��5/+*�
��+*��6*+�7
���8���

[ηi] = Kg · m−1
· s−1

ν = (ν1, ν2, ν3) ) ��������+*�-,���./�
��������� ��!9���
��!�3:	;����5/+*�
��+*��6*+�7
���8���#"

νi = ηiρ
−1

'
[νi] = m2

· s−1

τ̃ = (τ̃1, τ̃2) < �
	��=�������?>@7�	@��+*��AB	����
[τ̃i] = Kg · m−1

· s−2

τ = (τ1, τ2) τi = τ̃iρ
−1 [τi] = m2

· s−2

f = (f1, f2, f3) CED 	�34�F,*��AB�������
[fi] = m · s−2

g G ����!�7
!��
	;�������?,*��7�	#�H����	��8����+*�
[g] = m · s−2

p ρp I�J �������������F�����
	�7��
[p] = m2

· s−2
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O H z�H�Im D-"A.(+*?�8&�!#�>�?-,02 JR�nQ+!= �� %�RB&'���> .- O��
Ix .-1&'����C	&'!=���?-K-.J  	@2����!#�� ��+&}��*?-�-/!T ��M�4��-�C���; i

[τ̃i] = Pa = N ·m−2 = Kg ·m−1 · s−2 �&Z;)�NQB!=-�C	�+-/!#&'AXC	!=��A����8&�!=(+*� t ��u�[��!)-' �*�!=;#;= �i
[ν̃i] = P l = Pa · s = N · m−2 · s =

Kg ·m−1 · s−1 H
@�A :B5236CED A "` IHKJ : � � 6'5.�8� c������

τ̃1, τ̃2
�8� ��� O ^8��^	6'5�7#:2��:2���L��587 �2�27#^�:8� %y3?586 � c96 ,>: �

XDc ��: ����: �,_��86wc � ��� � 5�7#:8�
v1, v2

,�:8� Xn:2���0��:8� � �26g)	5.��:b3?586S���Y:})8�86 ���27#:�,�� � ��3�:
τ̃i = C · (v2

1 + v2
2)

1/2 · vi, i = 1, 2,

C
^2��5����$��� ���.:0/ �	cf:2��� ,�:+� 6'5�� ��^�:F:8��� c � ^Z:#"	3�^�6wc ��:2����587=:8��:8� ����� � �L\����	e

Ix .-GQn���'!)��^?;# D-
u
 	&
p
-/�>�>&F02A	&� ����F!=��A. .-j�?����;= .-�AD(+*?�8&�!#�>�?-�02  JR�nQB!# .��% R+&'� �� .-�' z K�i

K � i ��� i�K>{2iTz�]*)m�~��*?�b*����?*�!)02 j!#�TC	�������� .-�-'!#^�;= j����!)-'��&'�����~ 
rF0� ��?-'!k&�A�C	�>�?-d&����+&' 
∂u

∂t
+ (u | ∇ )u− ∆νu+ ∇p = f

0����?-
W,

a O H=\.�+h
div u = 0

0����?-
W,

a O H=\�^~h
u = 0

-'*��
Gb,

a O H#\DC.h
ν3
∂u1

∂ξ3
= τ1, ν3

∂u2

∂ξ3
= τ2, u3 = 0

-'*��
Gs,

a O H#\D0?h
�>� ∇ = ( ∂

∂ξ1
, ∂

∂ξ2
, ∂

∂ξ3
)t 02A.-'!#�>�� 
;# 
�>���>02!# .�+&q�~��*���;# D-,C	�B����02���?��A� D-q-'�?��&'!)��;= .-.i

( u | ∇ )u = (( u | ∇u1 ) , (u | ∇u2 ) , (u | ∇u3 ))t

 �&
∆νu = (∆νu1,∆νu2,∆νu3)

t, ∆νui =
3∑

j=1

νj
∂2ui

∂ξ2j
.

Ix N&' .�'�� −∆νu
&'����02*�!#&t;= .-t 	�Y 	&�-X02 QB!)-'C��>-'!k&�AN 	&t; J AD(+*?�8&�!#�>�

div u = 0
 .-/&t;)�C����?0�!k&�!#�>�`0mJ !=�?C	�>�����' D-'-'!=^�!#;=!#&'A�HmIx �&' .�'�� ������`;=!#�?A.��!=�� 

(u | ∇ )u
 .-/&j;# ��?�'�>�T�+-j02 ;)���� �������(+*� O H K?H

Ix <C�pT�����t02 �$%����C	 R����!)-'-����+&}0?���?-};# R^?��-�-'!#�M D-d&"0	�XrG;=�G�'��&���&'!=���M02 <;=� 
x .�'�� Ga%$%����C	 0� Z�}����!#�>;#!)-�h	i
f = −2ω ∧ u,�>�

ω
 .-/&";)�FQB!k&� .-�-/ 
�����>*�;)��!=�' <02 
;=��
x .�'�� < 	@2����!#��A� < ��P����02!)���M�T���,-/ DC	�>�?02 �H2_�!#�?-'! i; J A.(+*?�8&�!#�>�oa O H=\.�+h}0� �QB!# .�+&

∂u

∂t
− ∆νu = − (u | ∇ )u− 2ω ∧ u−∇p.

P<A.��A�����;=!)-/�>�?-";=��C����?0�!k&�!#�>�y0� j^T�>��0y-'*��b;= 
$%���?0N02*y^?�>-'-'!=�`a O H=\.CDhwH��[��*?�
i = 1, 2, 3

iC����?-'!)02A������?-G*��� P�?���'&'!= 
Gi ⊂ Gb

&� �;=;# y(+*� 
Gb \ Gi

-/�>!k&�C	���+&� ��B*v0����?-G*?�v��;)����T������;=;#|.;# trS; J �8@2 
ξi
l[;)�SC	�>���T�+-'���>&� 

ui
02 P;=�SQB!k&� .-�-/ X�T .*2&FL�&'�� t;)��!)-'-'A� t;#!=^��� X-'*��

Gb \ Gi
-'���?-Z(+*mJ !=; 
g��!#&F0� �?*�@g-'���'&����+&G��*u .�+&'�����+&F0����?-�;= P^?��-�-/!=�

W
 �&Z���>*?-�~��*?Q����T-,��!=�?-/!V�� �����;)��C� ��";)��C	���T02!k&�!#�>�oa O H=\.CDh1�T���

u1 = 0
-/*?�

G1, u2 = 0
-'*��

G2, u3 = 0
-'*��

G3 ;



� ] ��0��`- ������� O H�UR .-�C	��!#��&'!=���y02*y���'�>^�;=|��� 
 .�P�T���'&'!)C	*�;=!# .�.i2�nQ> .CR ��?C����� 

u3 = 0
-'*��

Gs
i�;= jQ� DCw&� �*��

u
Q>A���!k�? 

(u |nW ) = 0
-'*��

∂W,
a O H z�h

�>�
nW

 .-/&b;# 
Q> .Cw&� �*��,�?��������;V*���!#&'A�-'���'&����>&,02 
W
H

@�A : 5236CED A "`  J 5*XDc � :8���	:���� :8� �x3?5*���)"�^�: % ��^	6B�L� �26j7#:8�,3?586 � cf: ��,�:
Gb

a2�2cZ�2��� �:2� )	58c �S,�:8� ����6 ,*��X.c96 � �?:�7 �Q, � ��5��B�wc ���b7 �86���a2�?:
W

: � � ���Y:R3?586 � cf: , � ���&��5�����c �N3~7`�&�
O�6'5���,S54Xn:��X7#:|a8�?:�7Kc97 ��� �S5�3�5��
, � ^��|_�5���O>: ,>:�� �2c�,>:.e  b586X:#"B:8��3~7#: �(�����&�<3 � �2X*� � �
� �D3�3��*��:�6 a8�?:}3����26
7�� � �|^�5����>� 7#5�� � cIa2�?:G�3��6 , �47#: ���86 ,�X8:�6 � c���587��wc � �8^�%�7�� ^|a2�?5���:8�26j:8���
��� ��:	7 ����6 , XDc96 �0�?:�7#e �$� :
��:2��7#5*)8�86 ��: ,�: PZ�86wc��87kc�� : � �,3?586�58797 ��7#: %\��: ����6 , SYX*��c96
S���e �4V|VX:8�}7#: �?X8:8� ���G�2��� �m3Y6wc �3��c 3�5�7#:8��:2��� �86wcf:2��� ^ �+,$� : � �,:8� ���?:8����Sd587 c ��^8� V�e
_�!#�?-'! i�;# D-"A.(+*?��&'!=���?-,02 SJR�nQ+!= �� %�RB&'���> .-<a O H#\nh"02 �QB!= ����� .�+&

∂u

∂t
− ∆νu = − (u | ∇ )u− 2ω ∧ u−∇p 0����?-

W,
a O H K>�>h

div u = 0
0?���?-

W,
a O H K�^Th

u1 = 0
-'*��

G1, u2 = 0
-'*��

G2, u3 = 0
-/*��

G3,
a O H K�CDh

ν3
∂u1

∂ξ3
= τ1, ν3

∂u2

∂ξ3
= τ2, u3 = 0

-/*��
Gs.

a O H K�0Th
UR j��;=*?-�i?����*?-,C����?-'!)02A������?-q;)��C	���T02!k&�!#�>�X!=��!#&'!)��;= Ma% .�

t = 0
h

u(., 0) = u0
0����?-

W,

�nQ> .C
u0
02�>����A. }rb02!=Q� .�'�> ��?C� K�B*�;=;# >HDI��b���� .-�-/!=���j!=��!#&'!)��;= 

p(., 0)
 .-/&���;#�>��-m0�A	&' .�'��!=��A� rX*��� MC����?-/&����>&� F�>0�02!#&'!=Q� F����|.-
�?����a O H K��+hGaf����*?-
�~��*?Q����T-R;)�yC�p���!)-'!#�
02 �����
� ��?�� �B*�;=;# nhwH

�L5p� #	��
m� � : �C�
� " ���j� � ���P� ?�� 

�}�>�?-/!)02A.�'�>�?-j;= t�� ��~|��� M���'&'p��>��������A���@2 

Σ = {O, e1, e2, e3}
�nQ> .C�; J �>�'!=��!=�� 

O
��*C� ��+&'�� <0� R;)� 
� ����� R �&

e3
-/*?!#Q8���+&"; J �8@2 
02 <�'��&��8&�!#�>�X02 <;)� 
� ����' 
02!=�'!=��ARQ� .��-};# 
���>��0mH_�*S�~��!=�>&j02 F;=�l
� ����' Paf-'*����~�>-'A� �-/��p?A���!=(+*� nhb02 F;=��&'!#&'*?0� 

α
 �&
02 F;=�����>!k&�*?02 

ϕ
 .-/&��&/&��>C�p�A
;# 
�� ��~|��� 
���'&'p��>��������A

Σ′ = {O′, e′1, e
′
2, e

′
3}

a%Q��>!#�q�?�>*��� jz�\Dh	i2���
e′1 = (− sinϕ, cosϕ, 0),

e′2 = (− sinα cosϕ,− sinα sinϕ, cosα),

e′3 = (cosα cosϕ, cosα sinϕ, sinα).



O H � H Y��>��C� 
0� Z�}����!#�>;#!)- � \

O

e1

e2

e3

�

�

ϕ

α

O′

e′1e′2
e′3

� ����D`3 A  1H� 
Ix .-qA.(+*?��&'!=���?-}02 ^J��nQB!# .��% R+&'� �� D-ba O H K+hK-'���+&}ADC	��!k&� .-}�' .;=��&'!=Q� ��� .�>&"��*2@MC��+�>��0�������A. .-;=�2C���;# D-

(ξ1, ξ2, ξ3)
0����?-";# j�� ��~|��� 

Σ′ H
@�A :B5236CED A "` �� � ���&� � 6�56X858c9797 � � �"54Xn:���,>: �$��� �86 ,.��� ��^�: �}:2�27#:�6wcf:8� �~:8�

ξ = (ξ1, ξ2, ξ3)
�

� � :8��� -�% -4,�c96':>,>5����X���Z6�: 3 �	6�: �)"B: ,�5����}7#:$��:2�b33�	e 
Z5 � �X���F6':�3 ��6':q7#5�O�6�5�� O�cf:2�t5�� � 5.�N_8^5 � � �2c�,>: S 6':�3 ��6':^�Q� ��c97#:�,�5 � �R7=:S��:8��3 �YV�,>:+��� �86 ,.������^�: �
ζ = (ζ1, ζ2, ζ3) = ζ(ξ, t)

�
�����&�G56X������ ,

ζ,
t
(ξ, t) = u(ζ(ξ, t), t)

:2�qc97�� �2c �
,
u,
t
(ζ, t) =

∂u

∂t
(ζ, t) +

3∑

j=1

∂u

∂ξj
(ζ, t)uj(ζ, t) =

[
∂u

∂t
+ (u | ∇ )u

]
(ζ, t).

�Rc ���wc��"7=:�� :�6 ��:��3� �o7kc ��^�58c96':
(u | ∇ )u

,>: � ^|a8�?5 � c�� � ��,>: �Z56XDcf:	6 -&Q � ��M>: �R3~6 �4X.cf:2���
, � �N_��8c " , �P6�: 3 �	6�: ,>:���� �86 ,.��� ��^�: � � "+: ,�5 � �j7#:+� :2�b33��e
� 5<; �X�j� " �C� � = �j�[�	�����	

U<���T-R;= F�' .�T|.�' 

Σ
iV;=�tQ+!#&' D-'-' ������>*�;=��!#�� G02 F;)��
� ����' Z .-/&<;= FQ� .C	&' .*��

ω = (0, 0, ω3)
i�nQ> .C

ω3 = 2π/(24 · 3600)
af ��u����0�!=���?-��?���Z-' .C����?02 nhwH RB!

a = (a1, a2, a3)
 .-/&G*��Q> .C	&' �*?�G02 

R3 ADC	��!k&F0����?-�;# M�� ��~|��� Σ
ix;)�y���8&��'!)C	 M02 t;=�y&������?-/$%��������&'!=���o;#!=��AD��!=�' 

x 7→ a ∧ x  .-/&.i?0?���?-";= j�' .�T|.�' Σ
i

Ta =




0 −a3 a2

a3 0 −a1

−a2 a1 0



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 �&.i20����T-1;= ��� ��~|��� 

Σ′ i T ′
a = StTaS

i+���
S = (e′1, e

′
2, e

′
3)
 D-d&q;=�G����&'��!=C� ��>�/&�p����>���?��;# 02�>�+&";= .-�C	��;=���?�� .-"-'���+&

e′1
i
e′2
 	&
e′3
H_�!#�?-'! i[-'!

u = u(ξ)
 .-/&F;= PQ� .C	&' .*��ZQB!#&' D-'-' X �@2���'!=��AX .�sC��+�>��0�������A. .-G;#�2C���;# D-Xa/cfe9:.e0����?-q;# 
�� ��~|��� 

Σ′ hwi2;= <&' .�'�� 
02�����T���+&q;)�G$%����C	 
02 G�}����!#�>;#!)-}-.J A.C	��!#&.iB ��yC	�B����02�>����A� D-;=�2C���;= .-.i
−2ω ∧ u = T ′

−2ωu = 2ω3(u2 sinα− u3 cosα,−u1 sinα, u1 cosα).
a O H � h

I���C	�>���T�+-'���>&� 
u3

02 q;)�bQB!k&� .-�-/ <adcfe9:De8;)��QB!#&' D-'-' 1Q> ��'&'!)C���;= 102 D-[C	��*?�����>&�-�hVA	&����+&��~ 	&'!#&' �?���K�������~���'&K��*2@FQ+!#&' D-'-' .-Kp�����! �.���+&���;# D-�in; J  �@2���' D-'-'!=���ya O H � h��~ �*�&}L	&��' b���������2C�p�A� "�?���
T ′
−2ωu ≈ T−2ω′ = 2ω3(u2 sinα,−u1 sinα, 0),

�>�
ω′ = (0, 0, ω3 sinα)

 .-/&,;=���?�'���d .Cw&�!#�>�X02 
ω
-/*?�,; J �8@2 
�T�>�/&�A
�?���

e′3
H

�L5|� � � �X�j� : ���	��
x�
������� � � �y��
x
��	�
�[��*?�

i = 1, 2, 3
iB����&����?-

di
;=��02!=�� ��?-'!#�>�P0�*P^T��-�-/!=�P0?���?-";)��02!#�� .C	&'!=���

ξi
imcfe9:.e

di = sup
ξ,ζ∈Gs

|ξi − ζi|, i = 1, 2,

d3 = sup
ξ∈Gs

h(ξ).

�, .������(>*?���?-b(+*� 
d3 � di

i
i = 1, 2

H~�}���T-/!)02A������T-,;# D-��?��*�Q> �;=;# D-bC	�B����02�>����A� D-b-'�?�8E&�!=��;# D-
xi = ξi/di, i = 1, 2, 3 �&b;# j02�>����!#�? 

Ω
iTC	������ .-'�T�>�?0����+&"r

W
i

Ω = {x = (x1, x2, x3) ∈ R3 : (d1x1, d2x2, d3x3) ∈W},
02�>�+&R;= .-<02!#�� .�?-/!=���T-R0����?-R;# D-b&��'�>!=-R02!#�� .C	&'!=���?-<-'���+&R02* �FL.�� Z�>��02�� �02 F�������?0� �*��DH
J���&'�>�?-

Γs = {(x1, x2) ∈ R2 : (d1x1, d2x2) ∈ Gs}
;)�Z-'*��'$f��C	 <02 

Ω
i
Γb = ∂Ω \Γs;= �$%���?0o �&

Γi = {(x1, x2, x3) ∈ R3 : (d1x1, d2x2, d3x3) ∈ Gi}
;)�P�?���'&'!= M02 

ΓbC������' D-/�~���?0?���+&qr
Gi

�����'|D-q�' .����������;=!=-��8&�!#�>�mi
i = 1, 2, 3

H
J���*?-,�nQ>���?-

∂ui

∂ξj
=

3∑

k=1

∂ui

∂xk

∂xk

∂ξj
= d−1

j

∂ui

∂xj
, 1 6 i, j 6 3,

∂p

∂ξj
= d−1

j

∂p

∂xj
, 1 6 j 6 3

 �&.i� .�X����&����>&
∇αf = (α1

∂f

∂x1
, α2

∂f

∂x2
, α3

∂f

∂x3
),

divα u =

3∑

i=1

αi
∂ui

∂xi
,
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α = (α1, α2, α3) ∈ R3 in;# D-�A.(+*?�8&�!#�>�?-�02 �J��nQB!# .��% R+&'� �� D-Ka O H K+hx-.J ADC	��!#Q> ��+&.in0����?-C� .-,�?��*�Q> �;=;# D-qC��B����02�����?A� .-.i

∂u

∂t
− ∆λu = − (u | ∇µ )u− 2ω ∧ u−∇µp

0����?-
Ω,

a O H {��>h
divµ u = 0

0?���?-
Ω,

a O H {�^Th
u1 = 0

-/*?�
Γ1, u2 = 0

-'*��
Γ2, u3 = 0

-/*��
Γ3,

a O H {�C.h
λ3
∂u1

∂x3
= Θ1, λ3

∂u2

∂x3
= Θ2, u3 = 0

-/*?�
Γs,

a O H {�0?h
�>�

λ = (d−2
1 ν1, d

−2
2 ν2, d

−2
3 ν3)

i
µ = (d−1

1 , d−1
2 , d−1

3 )
 �&

Θi = d−1
3 τi, i = 1, 2

HI���C	�>�?02!#&'!=���P!#��!#&'!)��;= 
�' D-d&� 
u(., 0) = u0

0����T-
Ω.

R2��!#&
nΩ

;= `Q� DCw&' .*��N���>�'����;
*��?!k&�Au-/�>�/&����+&y0� 
Ω
HRIm `Q� DCw&' .*��

nW
 �� *�� �T�>!#�+&

(ξ1, ξ2, ξ3)
02 

∂W
 �& ;= Q> .C	&' �*?�

nΩ
��* �T�>!#�+& C	�>�'�� .-'�T�>�?0����>&

(x1, x2, x3) = (µ1ξ1, µ2ξ2, µ3ξ3)
0� 

∂Ω
QB!=�`;)�g�� ����>�'����;=!)-'��&'!=���s-��8&�!=-/$%���+&�;)�g�' �E;)�8&�!#�>�

(nW )i = C · µi · (nΩ)i, i = 1, 2, 3,
a O H O h

�>�
C =

(∑3
i=1 µ

2
i (nΩ)2i

)−1/2 Hm_�!#�?-'!4;)�X�� �;)�8&�!#�>�sa O H z�hR02 �QB!= ��+&.im�����'|D-<�' .����������;=!kE-��8&�!#�>�mi
(u |nΩ )µ = 0

-'*��
∂Ω,

a O H � h
�>�

(u | v )µ =
∑3

i=1 µiuivi = ut 02!=��� (µ1, µ2, µ3)v
H

� 5 � ����� "�� �	��
 ?
� 
�������� � ��
 � ������� ��" 

J��������! #"� $ &%~ $'(��!*)> ,+� ,�-�

d = d1 ≈ d2
 ��

h0 = d3

.  0/2!21�+43,�&"� �56��"�! �$���-��1 .  �� . 14%6"���78�9�!/2 ,:!";/�:=<!1� � '!*�
W

 ��
ε = h0

d

.  �"�1�%!%>�9"���/@? 1� �A
%~ $'��$B
Cx D)> $'��' ,:!"E/2 D)+!2 �'��9 '!*�&F0'�!*�6F$+G1H�'!2I-:� ���:6"�<6: .  ,�-�' 

ν = (ν1, ν2, ν3)
 $ ��J/�F,�' ,"�+�!*�!FDK

. ? 1�!2/2 G/2 . ? 1�%6%!"&�ML2!N+41��'!N���=5PO�/�"��9 ���1H��!NI-:� Q/2 $ RFSI-:!1H��!*�9�! R/2 �JE1M)B!# $"UT R-�&� �� $ E1���!2 &��A
��"&�9%T S QV*WMXSY�Z8)9��!N"R1�:! � /![V \>]	XSY8^(]@��<6�' ,�P:� F ,�_7`1�!2 �1��-�E�� ,�!/6"' .  4%!1�"�1�+43��&"� 

ε
)> ,"� 

0
B

a��9:6" . ? F���1�< . !*"S] . 1b)H1 .  ,:!"E/2 
ν3

/6��!*�J/�F$%T $�!/�"� D/2 
ε
/� 0+G1���!N3,"� 0I-:!19/�"�1��'!2I-:� bVNWSXSYcB

d !*�> /!e]6�6�9:! ;'�56�>!N '!N � &���! 
ν1 ≈ ν2, ν3 ≈ ν1ε

2,
Z O B M9^

1�f!�g/2 h)9F,"�!ifT ,"b1� &OP+4%��&���'!2I9:? ,+� ,�-� . ? 1�%6%6"��MLB!N+G1H��!*�9�j5PO�/�"��9 ���1H��!NI-:� 9Blk;�m+4��/�3 .  
19 �OP+4%������'!2I-:� �/2 $ ;F$I-:!1H��!*�9�! n/2 +R-������ S " $ ��#F,o91 .  $+� ,�-�n�&"�1�!*�&F�/61��> RV*W$\HYeB
@�A :B5236CED A "` �� PlpHq!r(s`t&^,u&pHq!rwv*x�rL^|a�y!z�{|s`p�q6r�t�xb�Dz6XSs`x�u(}&Q>{~p�M9x(r�u&x�q�pHu(�GzHv�s2r�^�x�r.S����[Z|V��
�nq���pHq!r�^|a,y!x�q���x0tHy��|_6p�s "=t�x

ν
�[t9zHq6r�v*x0{~x�u(�Gx

∆λui =

3∑

j=1

λj
∂2ui

∂x2
j



� \ ��0��`-�������� O B��R $ �'�"�!*%6�'!N��� /�: %6"&�9< . 3,+� 
t9x[v�� ^|a�y!z�{|s`p�q S ���[Z�z]V��@v*x�rn��pSx�/ �,s`x�q>{`r

λj = d−2
j νj

r,p�q!{�tHyD� �,�4x#p�u&tHu�x;t�x}O�u&z�q t�x,y�u��
��zHu0t

3 = h0 = d · ε �
�R E% . :! $]

ν
 $ �� .  E)� $'��' $:6"[/� E)B!2 &',�9 '!i��F�'	!N�6F,+G1��'!2I9:? 0{ey�u ��y�v*x,q!{~x,B	�l��'��9�! /!2/�F$"�1��9��:6�

+G1�! .N. 1�o� R/�: <!1� � /!N��%>�9:6" . 1Q"�F$ &� . :��'!N��� �P:6+4F,"�!NI-:� 9] .  S [�&:6"�<6: .  ,�!'� $ . ��',1 .  S JZ`%T ,�'!*�� 

 �&�9:6"&<?! .N. �9�! ��U^RK . ? F$'�5� .*.  /@? :6�� �+G1�! .*.  b�� %T $:6)� $�-�D%!19 �
���"' � /!N+0: . F. $ $B�� .N.  S �78�9�-�
1�%6%!1�"�1 ,2�&"� /2 $ �'��9�9��"�1�!*�-�� $ @1�%!%T . F. $ 	',���-�&"�1�!N�-�' S �/2 ��, $OP�6� . /6 V ,��% ��:6"@�� ,��!N"�',��+4%��� 
/2 . ? F$�� ,"�o�!= wI-:�?  .N.  S �/2!2 � /!N%T $�-�$]M�6��:> �1�:6o�+� ,�-�����! . 1�)B!N �'��- /!*�&F�+Q� . FS'�: . 1�!N"� w/�:��>:�!N/� 
Z|I9:?!m $ ��;1 . ��"� [1�%6%~ . F� �)B!N �'��- /!*�&FE�&:!"&<6: .  $�9�� S^JV \	�MYcB
�D? 1�%6"�3$ wZ O B M9^�].! . "� $ ��' �K�',1 . !N<6"� ,"

ν1
B��} $'	!P ' l7`1�!*� /� w+G1���!N3,"� K ,LP% F,"�!N+F $�-��1 .  w/2 [ ��9"��� 

KQ��<6�' ,�?!*";/2 S ;'��9:6"�1��-�� n/2 R)B!i�� $ � / R"�1�!2 ��9�6�!1�< .  . ��"� #/2 . 1Q"�F$ &� . :��'!N�����P:6+4F,"�!NI-:� 9B
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/� $ , $"&"� ,:6"� n/2 $ # �'�56F$+419 # ��9"��#/�:=',19/�"� R/� R'� R�&"�1M)H1�! . B
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��� � � ��� ��� � � � � # � � ����� � � ��� 
�� ��� � � � ���0� �
Cx $ } $ &%!1�'� $ �/2 ^R���< � .  ,)4 ��9�9�[F���:!/2!NF$ [/61��! EVNW(Ye]P)9��!N"w1�:! � '!�V K���]-\-X�]!��\HYcB �E���6�!���! }!N'�!
I-:� . I-:� S #�6���'!N���! $B
R���!*�

U
:6� �9:6)� $"���/2 

Rm Z .  b'$1� RI-:�!l�6�9:! 
!*�-��F,"� $ � / � $ ��
m = 3

^(B	J;�������! 
L2(U)

� X



� O ��0��`-�������� � B ��!2 &',"&F,�'!2 &1��'!N���X ,���' $+Q%> ,]6+4F,�&56��/2 S ;/2 R%6"�F$/2!2'(�� ,:6"�TP',��"�"' S'(�' $:6"
. ?  S �%>1�'	 �/2 SE�! . <T $"���/� $ n78�9�!'(��!*�9�! # �:!"

U
KQ)H1 .  ,:!"� ["�F� .N.  $ #/2 �'$1�"�"&F<!*�-��F,o�"�1�< .  9]

(ϕ |ψ ) =

∫

U

ϕ(x)ψ(x)
/
x, ϕ, ψ ∈ L2(U)

.  R%6"&��/�:?!i�� �',1 . 1�!*"� J/� 
L2(U)

 �� ‖.‖ . 1Q�6�9"&+� �1� � ���'�!*F. �B
���9�! /!2/�F$"&�9�! . ?  $ &%!1�'� �/2 RP��< � .  ,)

H1(U) =
{
ϕ ∈ L2(U) : ∇ϕ ∈ L2(U)m

}
,

'�?  S U��TPKMT�/2!N"' 9]�:6�� E78���>'(�'!N���
ϕ
/2 
L2(U)

 S U�#/61��! 
H1(U)

. ��"� �I9:? �]�% ��:!"
1 6 i 6 m

]
. 1�/�F$"'!N)�F. ∂ϕ

∂xi

 S U�1!2/2 $�9��!if 1�< .  EK�:!�� #78���>'(�'!N��� /2 
L2(U)

1�:b ' ,�! �/2 $ �/2!N ��&"�!N<6:��'!N���> ,B
�E?  $ ��#:6�y $ &%!1�'� R/� Eb! . <~ ,"&�;%>�9:6" .  �%6"&��/�:?!i�; �',1 . 1�!N"� 

(ϕ |ψ )1,U = (ϕ |ψ ) + (∇ϕ | ∇ψ )L2(U)m

= (ϕ |ψ ) +

m∑

i=1

(
∂ϕ

∂xi
| ∂ψ
∂xi

)
, ϕ, ψ ∈ H1(U) ;

�6���&�9�! 

‖ϕ‖1,U = (ϕ |ϕ )
1/2

=
(
‖ϕ‖2

+ ‖∇ϕ‖2
L2(U)m

)1/2

, ϕ ∈ H1(U)

. 1Q�6��"�+� R19 & &��'	!NF� RK4'	 �%6"���/�:�!*�# �',1 . 1�!*"� �B
RP:!"

H1(U)
]6�6�9:! #1M)��9�! . 14 ' ,+�!iT-�6�9"&+� 

|ϕ|1,U = ‖∇ϕ‖L2(U)m , ϕ ∈ H1(U).

Cw?  S �%!19'	 R/2 +RP�9<>� .  $)
H1

0 (U) = D(U)
H1(U)

 S U�#:6�y $ &%!19'	 �/2 Eb! . <T $"���'$1�""! .  $ ��#7% ,"�+QF�/61��! 
H1(U)

B

� A : : A 0  IH���� ������5 �I�I� � �
A �.9�� �
"&523 � � � 36� A�� 3(��"(�U$�� ����Z � Q>s
U

x(r({�y�q pHy2XHx�u({
��pHu(q�^Dt9x

Rm ��zHvNpHu�r�s v�x#"9s2r�{~x0y�q x0��p�q6r({cz�q!{~x
C = C(U) > 0

{~x�v vNx�a,y!x

‖ϕ‖ 6 C ‖∇ϕ‖L2(U)m

� pHy�u�{~pHy�{ ϕ ∈ H1
0 (U)

�
�D? 1�%6"�3$ '	 .  ,+4+� �]9 /!

U
 $ ��l< ��"��6F�] . 1� / $+�!�TP�6��"�+� |.|1,U

 S U� :6�? #�6��"�+� ; �:6"
H1

0 (U)FSI9:?!*)H1 .  ,�-�� RK ‖.‖1,U

 ��
H1

0 (U)
 $ ��#:6�y $ &%!1�'� �/2 Eb! . <~ ,"&�;% ��:6" .  R%6"&��/�:?!i�� �',1 . 1�!*"� 

(ϕ |ψ )1,0,U = (∇ϕ | ∇ψ )L2(U)m , ϕ, ψ ∈ H1
0 (U).

� �!��� �,���! " $�!'��9"' J:6� .  $+4+F �:6�'! .  �% ��:6" . 1G &:�!i�� ��
� A : : A 0   ����Z � Q s v � pHy2XHx�u({

U
x�r�{�r(y	� r,z��D�Gx�q>{lup^YO�y�v�s`x�u _ ��zHvNpHu�r�v�� x�r � z9��x

D(U ) = {ϕ|U : ϕ ∈ D(Rm)}
x�r({[t�x,q6r,xQt�z�q6r

H1(U)
�


��	
���������������������� ���"!#
�$ �%����&�' ��()�*����&



� B*W9B �w &%!1�'� $ #/2 +RP�9<>� .  $)�]��6����!*�9�! #/2 �<!19 / � �

� d�ibd�i ��z�mb��w ��o.z
H1(U)

C�1=�6���'!N��� /2 �&"�1�'	 b ' ,"&�DKh/6���6�� $"�:6�  ' ,�> 0K . 1="� $ ��&"�!N'��'!N��� /@? :6�� 1�%6% . !N'$1H��!*�9�
ϕ/� 

H1(U)
 &:6" .  b< ��"�/

∂U
/2 

U
]	'	 I9:?!w��?  $ ���z � u(s`p�u(sJ%>1� �F$)+!2/2 $�9�D%6:�!2 &I-:� .  $ 

78�9�!'(��!*�9�! /2 
L2(U)

 &���-� /�F,f!��!= $ �%6"� $ �I9:? l%!1�"&�&�9:�� /!1��! 
U
 ���I-:� 

∂U
 $ �� /� w+� $ &:6"� 

�P: .N.  �B
� A :B: A10  �� ����Z�� ��XHx��Gv*x(r _�� � pH{g_ ��r,x(rbtHy�v*x,�D�Gx �M��� �#v�� z ��� vis`��z�{|s`p�qjvis q�^�zHs u&x

γ0 :
D(U ) → L2(∂U)

�
ϕ 7→ ϕ|∂U

r�x � u�pHv*p�q O-x � zHuQ��p�q!{es q!y�s { ^0x,{nt9x�q!r(s {Y^Qx�q_y�q xDz ��� v�s �
��z�{|s`p�q x,q ��pHu�x�q p�{Y^�x

γ0 ∈ L
(
H1(U), L2(∂U)

) ��z ��� x,v#^�x����	��

���

@�A :B5236CED A 0  IH �DpHyPrQr�y ��� pHr,x�u&p�q6r U r(y	� r,zH�Q�4x,q!{Eup^YO�y�v�s`x,ubv*p�u�r�a�y!x q p�yPr�XHpHy��
vNpHq6r�y�{es v�s2r,x�u�vNzb{eu&z���x

γ0
�

J���:! �1M)����> .  �"&FS �: . ��1H�#<�!= ,�='��9�6�P: �
� ����9�3 ��: A 0  �� � � 9836: D � A �UA � 3 A�A � � ����Z�� ��XMx��Ev*x�r _�� � pH{g_ ��r,x(r�tHybv*x,�Q�4x �M��� �
q�pHyPr0z6XHpHq!r�� � p�y�uR{cp�y�{ ϕ, ψ ∈ H1(U)

�
∫

U

∂ϕ

∂xi
ψ
t
x = −

∫

U

ϕ
∂ψ

∂xi

t
x+

∫

∂U

ϕψni
t
σ, 1 6 i 6 m,

p��
n
x�r({;v*x XHx���{~x,y�uDq�pHu(�GzHv y�q!s { ^Qr,pHu({~zHq>{Et�x

U
�;t
σ
v�� ^,v#^��Gx,q!{Et9x4r(y�ug)�z���x t9x

∂USUx,{ ∫
∂U ϕψni

t
σ =

∫
∂U γ0(ϕ)γ0(ψ)ni

t
σ
V��

C�1Q�&"�1�'� E%~ ,"�+� ���/2 �'$1�"�1�'(��F,"�!N ' ," . ?  S �%!19'	 
H1

0 (U)
�

� ����9�3 ��: A 0  F ����Z � J � x(r � z���x H1
0 (U)

x(r({Rv�� x�r � z���x=t9x(r�)�p�q �,{|s`p�q6r�t9x H1(U)
a�y�s

r,p�q!{[q!y�v v*x�rEr(y�u�v*x.��pHu&t t�x
U �

H1
0 (U) = Kerγ0 =

{
ϕ ∈ H1(U) : ϕ = 0

r(y�u
∂U
}
.

PJ"���'� �K . 1D�&"�1�'� �]6 '!
Γ0

 $ ��;:6�� �%>1�"&�'!= R/� 
∂U

]��!��:! n% ��:6)9���! n',���! '!N/6F,"� ," . ?  $ &%!19'	 
V (U,Γ0) =

{
ϕ ∈ H1(U) : ϕ = 0

 �:6"
Γ0

}
= Ker(Pγ0),

���
P
 S U� . 1R"' S U��"'!2'(��!*�9�Q/2 

L2(∂U)
K
L2(Γ0)

B ����+4+� 
V (U,Γ0)

 $ ��l:6�G &��:! �A  S �%>1�'	 
7% $"&+4F�/2 

H1(U)
]!'�?  $ ��#:6�y $ &%!1�'� �/2 SEb! . <~ ,"&��% ��:6" .  R%6"&��/�:?!i�� �',1 . 1�!*"� 

( . | . )1,U

B

� d�ibd�� � �Iw
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m w`t � s>~ ~�w s}z2q"!hs 
}s��
thmbn�w

H~�-��"&��/�:�!2 &���! " $�!'��9"' .  S , $ &%!19'	 $ n/2 +R���< � .  ,)
H(div;U) =

{
v ∈

(
L2(U)

)m
: div v ∈ L2(U)

}

I-:�!x $ ��;:6�y $ &%!1�'� J/2 E�! . <~ ,"&�;%>�9:6" .  �%!"&��/�:�!*�� �',1 . 1�!N"� 
(u | v )H(div;U) = (u | v )L2(U)m + ( div u | div v ) , u, v ∈ H(div;U) ,�
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δt
+ ∇

(
pk+1 − pk

)
= 0

/61��! 
W,

Z � B K919^

div uk+1 = 0
/61��! 

W,
Z � B K�<>^

(
uk+1 |nW

)
= 0

 �:6"
∂W,

Z � B K�'S^
���

nW
 $ �� .  �)� $'��' $:6"l:6��!*�&FE ��9"���1��-�l�6��"�+G1 . K

∂W
B	�R $ wF$I-:!1��'!N���! #Z � B���19^� ,�JZ � B K�19^�]

�!��:! ;1M)9���! 

uk+1 − uk

δt
− ∆ν ũ
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uk+1 Kb/2!N)� $"&o> ,�!'� ��P: .N.  Q/2 ũk+1 1�!N�! /!�I-:� 
. 1G%6"� $ � '!*�9�

pk+1 B>a . :! E%6"�F$'�!N &F,+� ,�-�S] uk+1  S U� . 1G%!"&��
d $'(��!*�9� ��"&�&56�9o����>1 .  R/� ũk+1
 &:6"

H = {u ∈ H(div;W ) : div u = 0, (u |nW ) |∂W = 0}
/�? 1�%6"&3S . 14 &��+4+� R��"&�&56�9o����>1 .  

(
L2(W )

)3
= H ⊕∇(H1(W )/R)

Z`)��>!*"4 / S'(��!*�9� � BNW�B X�^�B �} ,���' �+4F���56��/2 �/�!N � ���'�!# .  �',1 . ',: . /2 . 1�/�! ��:! '!*�9� Z` &O� U��3,+� 
Z � B���^&^< �� . 1='����>/2!i��!*�9��/�? !N�!'��9+4%6"' S & '!N<�! . !*�&F=Z`'$1�"�1�'(��F,"�!N &F� Q%!1�" . 1 /2!N)� $"&o> ,�!'� Q�P: .N.  S^
Z| �O� ��&3$+F bZ � B K9^&^(B
�b ,+4% . 1����9�! .  � �O� ��&3,+� GZ � B K-^�%!1�"

−∆
(
pk+1 − pk

)
= − 1

δt
div ũk+1 /61��! 

W,
Z � B X�19^

∂
(
pk+1 − pk

)

∂nW
= 0

 &:6"
∂W

Z � B XH< ^

 ,�
uk+1 = ũk+1 − δt∇

(
pk+1 − pk

) /!1��! 
W,

Z � B O ^
��� ∂q

∂nW
= (∇q |nW )

/�F$ '!*o9�� . 14/�F$"'!N)�F. R�6��"�+G1 .  J/2 
q
B

[h���-�&"����! �I-:� .  � &OP ��&3$+� �Z � B K-^Y $ ��	F$I-:�!N)H1 .  ,�-� K0Z � B X�^V ��[Z � B O ^�B$Cm S �FSI9:>1H�'!N���> wZ � B K919^ ,�0Z � B O ^w &���-� .  S [+ 
$+� $ $B6Cl? F$I-:!1H��!*�9��Z � B X�1-^K S U�#��<6�' ,�P:� < ,��%6"� ,�!1��-� . 1Q/2!*)> ,"�o� $�!'	 
/� EZ � B K919^~ ,�� ,��:6�'! . !2 &1��-��Z � B K�<>^(B �0? 1�%6"�3$ .  S �5POP%>���&563S / S �'��9�! '!N/�F$"&F. $ �K . 1; ' $'��'!N��� O B �
 &:6" .  S �%>1�"&�'!= $ 

G1
]
G2

 ,�
G3

/�:_<>�9"�/h/� 
W
] . 1  �� . :6�'!N���

ũk+1 /�:_ &O� U��3,+� Z � B���^
)9F,"�!ifT 4Z`)��>!*"�Z O B���^�^

(
ũk+1 |nW

)
= 0

 &:6"
∂W.

Z � B � ^
�E���>'�]+ ,�b%6"� ,�>1��-� .  E%6"��P/6:�!i�n &'$1 . 1�!N"' #/2 QZ � B K919^ ',���-�&"� 

nW
 �:!"

∂W
 ,�[1M)> $'�Z � B K9'$^�]

�!��:! ��9<��' $�6���! nZ � B XH<>^�B �;F$'	!N%6"���I9:? ,+� ,�-�$]8 $�0%6"� ,�>1��-� . 1R/2!N)� ,"�o� $�!'	 [/2 �Z � B O ^m ,� 1M)> $'
Z � B X�1-^(]��!��:! �/�F$/�:?!N &���! EZ � B K�<>^ �� $�b%6"� ,�!1��-� .  �%6"&��/�:?!i�n &'$1 . 1�!N"' #/2 QZ � B O ^l'����-��"' 

nW &:6"
∂W

 ,��1M)� S'DZ � B XH<>^} ��0Z � B � ^�]��6��:! #1M)9���! RZ � B K�'$^�B



M�� ��0��`-�������� � B ��!2 &',"&F,�'!2 &1��'!N���X ,���' $+Q%> ,]6+4F,�&56��/2 S ;/2 R%6"�F$/2!2'(�� ,:6"�TP',��"�"' S'(�' $:6"
�, $+G1�"�I9:!���! nI-:� .  �)> $'��' ,:!"

uk+1  &1��'!2 U7`1�!i� . 1Q',���!/�!i��!*�9� Z O B K�/!^[ &:6"
Gs
�

uk+1
3 =

(
uk+1 |nW

)
= 0,

ν3
∂uk+1

i

∂ξ3
= ν3

(
∂ũk+1

i

∂ξ3
− δt

∂

∂ξ3

∂(pk+1 − pk)

∂ξi

)

= τk+1
i − ν3δt

∂

∂ξi

∂(pk+1 − pk)

∂nW
= τk+1

i ,

1 . �9"� EI9:? D &:6"
Gb

] �6��:> E1M)9���! E / $: .  $+� ,�-� (
uk+1 |nW

)
= 0

]�'�?  $ ��UTPKHTP/2!N"� . 1 '��9+DA
% �9 �1��-�' ��!��"�+41 .  �K

Gb
�P: .*.  j �� . 1G',���!/2!*�'!N��� Z O B K�'S^RZ

uk+1
i = 0

 &:6"
Gi
]
i = 1, 2, 3

^
��?  $ ��;%!19 n�6F$'� $ � &1�!*"� ,+� ,�-�# &1��'!2 U7`1�!i�� �B
� d � d�� �Wm � uhw)� �

 ohm
q�r<s t � u.w ��mEkhr<w`z���� q2s �>w
� z�w`t.s}z8~�mbn�r�� �`w
�
�#FS'�"�!*)9���! R'� $ �F,��1�%~ $ �%>�9:6" .  $ �FSI9:>1H�'!N���> �/2 ���1M)B!= ,"�T�R-������ S J"' $�6��"�+G1 . !N &F� S DZ O B X�^(B
Cw? F,��1�%~ �/2 �%6"�F$/2!2'(��!*�9�� $? F$'�"�!*�

ũk+1 − uk

δt
− ∆λũ

k+1 = −
(
uk | ∇µ

)
uk − 2ω ∧ uk −∇µp

k /61��! 
Ω,

Z � B M�1-^

ũk+1
1 = 0

 &:6"
Γ1, ũ

k+1
2 = 0

 &:6"
Γ2, ũ

k+1
3 = 0

 &:6"
Γ3,

Z � B M�< ^

λ3
∂ũk+1

1

∂x3
= Θk+1

1 , λ3
∂ũk+1

2

∂x3
= Θk+1

2 , ũk+1
3 = 0

 &:6"
Γs.

Z � B M�'S^

Cw? F,��1�%~ �/2 �'��9"&"� $'��'!N���� ,? F$',"'!*�
uk+1 − ũk+1

δt
+ ∇µ

(
pk+1 − pk

)
= 0

/!1��! 
Ω,

Z � B ��1-^
divµ u

k+1 = 0
/!1��! 

Ω,
Z � B ��<>^

(
uk+1 |nΩ

)
µ

= 0
 &:6"

∂Ω.
Z � B ��'$^

�R $ #FSI-:!1H��!*�9�! RZ � B M�1-^} ��0Z � B �919^�]��6��:! n�9<��' $�6���> . ? 1�%6%!"&�ML2!N+41��'!N���
uk+1 − uk

δt
− ∆λũ

k+1 = −
(
uk | ∇µ

)
uk − 2ω ∧ uk −∇µp

k+1 /!1��! Ω
Z � BNW �-^

/2 . ? F$I-:!1H��!*�9��Z O B X�1-^(B
Cx R &O� U��3,+� GZ � B �-^q $ ��n"� ,+4% . 1�',FR%!1�"

−∆µ2

(
pk+1 − pk

)
= − 1

δt
divµ ũ

k+1 /61��! 
Ω,

Z � BNW�WS19^

∂
(
pk+1 − pk

)

∂µ2nΩ
= 0

 &:6"
∂Ω

Z � B*W9W,<>^

 ,�
uk+1 = ũk+1 − δt∇µ

(
pk+1 − pk

) /61��! 
Ω,

Z � BNW �9^



� B K!B Y6�9"&+D: . 1��'!N���! �7`1�!*< .  $ MNK

���
µ2 =

(
µ2

1, µ
2
2, µ

2
3

)  ,�;� � . 14�6����1��'!N��� ∂ϕ
∂αnΩ

= (∇αϕ |nΩ )
 $ ��#:��'! . !N &F� �% ��:6"�:6�� 

78�9�!'(��!*�9�
ϕ
 ��;:!��)> $'��' ,:!"

α
B

�R 4+G1���!N3,"� Q '!N+F! . 1�!N"' 41�:�',1� R/2 S RF$I-:!1��'!N���! E�6����"� ,�6�9"&+G1 . !2 �F. $ $] . 1  &� . :��'!N���
ũk+1

/6:  &O� U��3,+� bZ � B M-^�)�F,"�!*f? QZ`)��>!*"�Z O B � ^�^
(
ũk+1 |nΩ

)
µ

= 0
 &:6"

∂Ω

 ,� .  b �O� ��&3,+� hZ � B �9^R $ ���F$I-:�!N)H1 .  ,�-�0K Z � B*W9WS^R �� Z � BNW ��^�B��R G+ 
$+� �]
uk+1 )9F,"�!ifT . 1

',���!/�!i��!*�9� Z O B X�/!^�]w1 . ��"� GI-:� h &:6"
Γb

�6��:! 1M)����> (
uk+1 |nΩ

)
µ

= 0
 �1��! GI-:� . 1

',���!/�!i��!*�9� Z O B X�'S^� &��!*�#�6F$'� $ � &1�!*"� ,+� $�9�# �1H�'!2 �7`1�!*�' �B
� d�� d�' �Ws>~�x,n �`~�w`t q � � o.z n<w
�B��s t.u.r<q�r<s>t � uhw��?s}z8u
�J1��> .  � �O� ��&3$+F �Z � B���^�] . 1�'���+4% �9 �1��-�' 

ũk+1
i

 $ �� . !N<6"� ; �:!" . 1R%!1�"&�'!= 
Gb \Gi

 ���/��9�!'
�? � �:6<?!i��1�:!'�:6�? E��"�19'(��!*�9�� &:6";'	 ,���� �%!1�"&�'!= �]6'�?  S U��TPKMT�/2!N"' 9]

∂ũk+1
i

∂νnW
= 0

 &:6"
Gb \Gi, i = 1, 2, 3.

a��9:6" .  � &O� U��3,+� R"' $�6��"�+G1 . !N &F4Z � B M9^�]6'	 S'	!	 ' J�&"�1�/�:�!*�#%!1�"
∂ũk+1

i

∂λnΩ
= 0

 &:6"
Γb \ Γi, i = 1, 2, 3.

Z � BNW K-^

��� � � � ��� � � �R
�� ��� ���H����� ��� �
�E3$ �+G1�!N�-�' ,�>1��-�$] .  S wFSI9:>1H�'!N���> "' $�6��"�+G1 . !N &F� S  ��9�-��'��9�! /!2/�F$"&F. $ 4 ,� .  �)� S'(�� ,:6"l:!��!i��F
�!��"�+41 .  ��9"���1��-�#/2 

Ω
 S U�#�6���&F

n = nΩ
B

� �g� A $�$ A � �
3 � � �I"&���I9 � �
�E���!�6���! . 1 78��"�+0: . 1H��!*�9�h7`1�!*< .  4%>�9:6"�'�5!19I9:? Q',��+4%>�- &1��-�' 4/�:  �O� ��&3,+� Z � B M-^E1M)> $'
. 1G'��9�!/2!*�'!N��� /2 �< ��"�/  &:6%6% . F,+� $�9��1�!N"' GZ � BNW K9^�B��;�������! 

F k =
1

δt
uk −

(
uk | ∇µ

)
uk − 2ω ∧ uk −∇µp

k.
Z � B*W$\-^

a��9:6" .  S [/� ,:�Lb%6"� ,+�!N3,"� $ ['��9+Q% �9 �1��-�� $ JZ
i = 1, 2

^(]P�6��:> �1M)9���! [1 �@1�!N"' J1�:b%!"&�9< . 3$+�  .*. !N%��'!2I-:� E1M)> $'n'��9�!/2!*�'!N���b/2 ;< ��"�/4+�!iLP�� 0Z`',���!/2!*�'!N���b/� ��!N"�!N'�5 .  ���56��+4��o93,�� ; &:6"
Γi ,��'��9�!/2!*�'!N���=/2 �b $:6+G1��6�= &:6"

Γb \ Γi
 ��

Γs
^ �

1

δt
ũk+1

i − ∆λũ
k+1
i = F k

i

/61��! 
Ω,

Z � BNWSX�19^

ũk+1
i = 0

 &:6"
Γi,

Z � BNWSX�<>^

∂ũk+1
i

∂λn
= 0

 �:!"
Γb \ Γi,

Z � BNWSX�'$^

λ3
∂ũk+1

i

∂x3
= Θk+1

i

 �:!"
Γs.

Z � BNWSX�/!^



M�\ ��0��`-�������� � B ��!2 &',"&F,�'!2 &1��'!N���X ,���' $+Q%> ,]6+4F,�&56��/2 S ;/2 R%6"�F$/2!2'(�� ,:6"�TP',��"�"' S'(�' $:6"
�, $+G1�"�I9:!���! nI-:� . 1G/� ,"���!*3$"' R'��9�!/2!*�'!N���= ' J"�F$',"'!*�

∂ũk+1
i

∂λn
= Θk+1

i

 �:6"
Γs,

'$1�"
n = (0, 0, 1)

 �:!"
Γs
B

���9�! /!2/�F$"&�9�! .  S " $ &%!1�'� $ 
Vi = V (Ω,Γi) =

{
ϕ ∈ H1(Ω) : ϕ = 0

 �:!"
Γi

}
, i = 1, 2.

Z � BNW O ^
�l�m+D: . �'!N% . !21��-��Z � BNWSX�1-^D%!1�"G:6�? 78���!'��'!N���

ϕ ∈ Vi
 ��M $��!N�-�&F$o�"�1��-�b �:6"

Ω
]l�6��:> 

�9<��' $�6���! 
1

δt

∫

Ω

ũk+1
i ϕ

/
x−

∫

Ω

∆λũ
k+1
i ϕ

/
x =

∫

Ω

F k
i ϕ

/
x.

Z � BNW � ^

�l� :���! . !2 &1��9� . 1D78��"�+0: .  �/2 +PJ"� � ,�	]��6��:! #1M)9���! 
−
∫

Ω

∆λũ
k+1
i ϕ

/
x =

∫

Ω

(
∇uk+1

i | ∇ϕ
)
λ

/
x−

∫

∂Ω

∂ũk+1
i

∂λn
ϕ
/
σ.

d )� S' .  R7`1�!*�EI-:� 
ϕ = 0

 &:6"
Γi

Z
ϕ ∈ Vi

^q �� .  $ #',���!/�!i��!*�9�! �Z � B*WMX�'S^1 ,�0Z � B*WMX�/!^�]6�6��:> 
/�FS/�:�!2 ��9�! 

∫

∂Ω

∂ũk+1
i

∂λn
ϕ
/
σ =

∫

Γb\Γi

∂ũk+1
i

∂λn
ϕ
/
σ +

∫

Γs

∂ũk+1
i

∂λn
ϕ
/
σ =

∫

Γs

Θk+1
i ϕ

/
σ.

Cw? FSI9:>1H�'!N��� Z � B*W � ^[/2 $)+!= ,�-�;/��9�!'
1

δt

∫

Ω

ũk+1
i ϕ

/
x+

∫

Ω

(
∇ũk+1

i | ∇ϕ
)
λ

/
x =

∫

Ω

F k
i ϕ

/
x+

∫

Γs

Θk+1
i ϕ

/
σ.

Z � BNW M-^

C�1n78��"�+0: . 1H��!*�9�J7`1�!N< .  �/2 EZ � B M9^�% ��:6" .  S 	',��+4%>�- &1��-�' $ 
i = 1, 2

%~ ,:���/����!'w ,? F,�6�9�!'	 $" �

�"&�9:6)� $"

ũk+1
i ∈ Vi

)�F$"'!*f>1��9��Z � B*W M9^�% ��:6"n����:��
ϕ ∈ Vi

B Z � BNW �-^
a���:!" . 1��&"���!2 '!*3$+F E'���+4% �9 �1��-�' 9]��6�9:! [/2 ,)9���! w"&FS ��9:!/�"� .  E%6"���< . 3,+� b .*. !*%6�'!2I9:? J1M)> $'
',���!/2!*�'!N��� /2 E< ��"�/G+�!*L-�� QZ|'��9�!/2!*�'!N��� /2 �R!*"�!N'�5 .  ,��56�9+Q�9o�3$�� E &:6"

Γ3 ∪Γs
 ��#'��9�!/2!*A

��!*�9��/2 �� ,:6+G1��6� 56��+4��o93,�� R &:6"
Γb \ Γ3

^ �
1

δt
ũk+1

3 − ∆λũ
k+1
3 = F k

3

/61��! 
Ω,

ũk+1
3 = 0

 &:6"
Γ3 ∪ Γs,

∂ũk+1
3

∂λn
= 0

 &:6"
Γb \ Γ3.

���9�! /!2/�F$"&�9�! . ?  $ &%!1�'� 
V3 = V (Ω,Γ3 ∪ Γs) =

{
ϕ ∈ H1(Ω) : ϕ = 0

 &:6"
Γ3 ∪ Γs

}
.

Z � B����-^
�R . 1 + 
$+F G+G1���!*3$"' GI-:� 4% ��:6" .  $ 0/2 ,:�L_%6"' $+�!*3$"' S �'���+4% �9 �1��-�' S ,]@% ��:!"

ϕ ∈ V3
]

�6�9:! #1M)��9�! 

1

δt

∫

Ω

ũk+1
3 ϕ

/
x+

∫

Ω

(
∇ũk+1

3 | ∇ϕ
)
λ

/
x =

∫

Ω

F k
3 ϕ

/
x

Z � B���WM^



� B K!B Y6�9"&+D: . 1��'!N���! �7`1�!*< .  $ M9X

 ,� . 1Q78�9"&+D: . 1H�'!N��� 7`1�!N< .  	�

�"���:6)> ,"

ũk+1
3 ∈ V3

)9F,"�!if>1��-��Z � B���WM^l% ��:6";�&��:6�
ϕ ∈ V3

B Z � B ����^
d )� S'

ai : Vi × Vi −→ R,

ai(ϕ, ψ) =
1

δt

∫

Ω

ϕψ
/
x+

∫

Ω

(∇ϕ | ∇ψ )λ

/
x, i = 1, 2, 3,

Z � B�� K-^
 ,�

li : Vi −→ R, 〈li, ϕ〉 =

∫

Ω

F k
i ϕ

/
x+

∫

Γs

Θk+1
i ϕ

/
σ, i = 1, 2,

Z � B��H\P^

l3 : V3 −→ R, 〈l3, ϕ〉 =

∫

Ω

F k
3 ϕ

/
x,

Z � B �9X�^
.  $ ;%6"&�9< . 3,+� $ �7`1�!N< .  $ ;/6:  &O� U��3,+� GZ � B M-^� $? F$'�"�!N)� ,�-�S]�%>�9:6"

i = 1, 2, 3
�


�"&�9:6)� $"
ũk+1

i ∈ Vi
)�F$"'!*f>1��9�

ai(ũ
k+1
i , ϕ) = 〈li, ϕ〉

% ��:6"#����:��
ϕ ∈ Vi.

Z � B � O ^
Cx $ � S �%!19'	 S 

Vi
 ��9�-�G/� $ F $ &%!1�'� $ 4/2 ��b! . <T $"��G% ��:6" . 1_�!��"�+F ‖.‖1,Ω

BlCm S Q78��"�+� $ 
<?! . !*�!F$1�!N"� $ 

ai
 ��9�-�#',���-�'!N�P:� $ �

|ai(ϕ, ψ)| 6 max

(
1

δt
, λ1, λ2, λ3

)
‖ϕ‖1,Ω ‖ψ‖1,Ω ∀ϕ, ψ ∈ Vi,

 ,��'��B ,"�'	!*�'!N)� S �
ai(ϕ, ϕ) > min

(
1

δt
, λ1, λ2, λ3

)
‖ϕ‖2

1,Ω ∀ϕ ∈ Vi.

d )� S'
F k

i ∈ V ′
i

Z% ,� %!1�"&�'!2'�: . != ," 1M)> $'
F k

i ∈ L2(Ω)
^M ,�

Θk+1
i ∈ H−1/2(Γs)

Zf ,�
%>1�"&�'!2'�: . !# $";1M)� S'

Θk+1
i ∈ L2(Γs)

^(] .  $ [78�9"&+� $ . !N�6F$1�!*"� $ 
li
 &���-�;'��9�9��!*�P:� S �

|〈li, ϕ〉| 6

(∥∥F k
i

∥∥
V ′

i

+
∥∥Θk+1

i

∥∥
−1/2,Γs

)
‖ϕ‖1,Ω ∀ϕ ∈ Vi, i = 1, 2,

|〈l3, ϕ〉| 6
∥∥F k

i

∥∥
V ′

i

‖ϕ‖1,U ∀ϕ ∈ V3.

d !*�> /!e]H%!1�" .  [�&56F$��"�3,+� �/2 #C�1HL-T&[N! . o�"�1�+ ] .  $ �%6"���< . 3$+F S �7`1�!*< .  S [Z � B�� O ^�Z`'�?  S U��TPKHTP/2!N"' 
Z � BNW �-^1 ,�0Z � B ����^�^[19/�+� ����� ,�-��'�5!19'�:6��:6�� �:6�?!NI-:� � &� . :��'!N���	B
�b ,+G1�"�I-:6���! I9:? �/61��> . ? !N�-�&F,o9"�1 .  ∫

Ω
F k

i ϕ
/
x
]n1�%6%!1�"�1�!N � �1��-�b/61��! .  S G78��"�+� $ . !*A

�!F$1�!N"� $ QZ � B��H\P^b ,�4Z � B���X9^(] . 1 '��9�9��"'!N<6:���!*�9�_/�:�/2 ,"���!= ,"J�' $"&+� 4/�:�)> $'��' ,:!"
F k /�F�f!�?! $� Z � BNW,\P^�%T $:��� ,? F$',"'!N"� �]61M)� S'

ϕ ∈ Vi
]

−
∫

Ω

µi
∂pk

∂xi
ϕ
/
x =

∫

Ω

µip
k ∂ϕ

∂xi

/
x, i = 1, 2, 3,

Z � B�� � ^
'� JI-:�!@%~ ,"�+� ��#/@? F,)B!i�� ," .  J'$1 . '�: . /�:�o�"�1�/2!= ,�-�[/� . 1�%6"� $ � '!*�9��B	�w�X 
�~ ,�$]2 ,� :��'! . !N �1��-�
. 1Q78��"�+0: .  �/2 PJ"� � ,�	]�! . )B!= ,�-�$]!%>�9:6"

ϕ ∈ Vi
]

−
∫

Ω

µi
∂pk

∂xi
ϕ
/
x =

∫

Ω

µip
k ∂ϕ

∂xi

/
x−

∫

∂Ω

pkϕµini
/
σ, i = 1, 2, 3.



M O ��0��`-�������� � B ��!2 &',"&F,�'!2 &1��'!N���X ,���' $+Q%> ,]6+4F,�&56��/2 S ;/2 R%6"�F$/2!2'(�� ,:6"�TP',��"�"' S'(�' $:6"
���9+Q+� 

ϕ = 0
 �:6"

Γi
Z
ϕ ∈ Vi

^(]!�6��:! #1M)9���! 
∫

∂Ω

pkϕni
/
σ =

∫

Γs

pkϕµini
/
σ +

∫

Γb\Γi

pkϕµini
/
σ, i = 1, 2, 3.

RP:!"
Γs
]��6�9:! ;1M)9���! 

∫

Γs

pkϕµini
/
σ = 0, i = 1, 2, 3,

'$1�"
ni = 0

% ��:!"
i = 1, 2

 ��
ϕ = 0

 '!
ϕ ∈ V3

Z`%>�9:6"
i = 3

^(B �l��f!�	];1M)M1��-�
"� ,�6�9"&+G1 . !2 &1��'!N���=/�:h<>1� � /!N��]

Gb \ Gi
 S U�R �:6%!%>�- �FQ'����-�� ,�P:h/61��> �:6�_% . 1��h%!1�"�1 .*. 3 .  

K . ? 1HL2 
ξi
Z8)9��!N"J ' $'��'!N��� O B �9^(]@'�?  $ ��UT�KMTP/�!*"� �] .  4)� S'(�� ,:6"J:6��!*�&FG &��"&��1��-�R/2 

W
)�F,"�!*f? 

(nW )i = 0
��%!1�"J',���! &F$I-:� $�9�S]@'���+4+� 

µini = µi(nΩ)i
 $ ��J%!"&�9%>�9"���!*�9�6�� . K

(nW )iZ`)���!N"�Z O B O ^�^(]!�6��:! #1M)9���! 
µini = 0

 &:6"
Γb \ Γi

 ,��/����!'
∫

Γb\Γi

pkϕµini
/
σ = 0, i = 1, 2, 3,

'� RI-:�!	+Q�9�-�&"� 4Z � B�� � ^(B
� 3 A $�$��I9 �
�E���6�!���! . 1h78��"�+0: . 1H��!*�9� 7`1�!N< .  /�:  �O� ��&3,+� �Z � BNW�WM^R% ��:6" . 1_/�F��� ,"�+�!*�!1��'!N��� /� . 1
%6"� $ � '!*�9�

pk+1 B!a �- ��9�! 
qk+1 = pk+1 − pk.

Cx Q &O� U��3,+� �Z � BNW�WM^, $ ���:6��%!"&�9< . 3$+� Z .*. !*%6�'!2I9:? Q1M)> $'0',���!/�!i��!*�9�_/2 �b $:6+G1��6��B@a 1�"
. 1D78��"�+0: .  �/2 +PJ"' . ,��]��!��:! #1M)9���! $]P%>�9:6"

ϕ ∈ H1(Ω)
]

−
∫

Ω

∆µ2qk+1ϕ
/
x =

∫

Ω

(
∇µq

k+1 | ∇µϕ
) /
x−

∫

∂Ω

∂qk+1

∂µ2n
ϕ
/
σ

=

∫

Ω

(
∇µq

k+1 | ∇µϕ
) /
x

/@? 1�%!"&3S . 1 '��9�!/2!*�'!N��� Z � B*W9W,<>^�B �;�9:! ��<��� ,�6�9�! =1�!N�! '!|]� ,� +0: . �'!N% . !N1��-� . ? F$I-:!1��'!N���
Z � BNW�W$1-^l%>1�"

ϕ
 ,�b ,�P!*�-��F,o�"�1��-�; &:6"

Ω
]

∫

Ω

(
∇µq

k+1 | ∇µϕ
) /
x = − 1

δt

∫

Ω

divµ ũ
k+1ϕ

/
x.

Z � B�� M-^
���9+Q+� 

ũk+1 ∈ V1 ×V2 ×V3
]-�6��:! [1M)��9�! (

ũk+1 |n
)
µ

= 0
 �:6"

∂Ω
Z`)��>!*"JZ O B � ^&^4 ,�$] $��:6�'! . !2 &1��-� . 1D78��"�+0: .  �/2 +PJ"� � ,�	]2! .  &:�!*�

−
∫

Ω

divµ ũ
k+1ϕ

/
x =

∫

Ω

(
ũk+1 | ∇µϕ

) /
x−

∫

∂Ω

(
ũk+1 |n

)
µ
ϕ
/
σ

=

∫

Ω

(
ũk+1 | ∇µϕ

) /
x.

Z � B����-^
����:! n% ��:6)9���! #1 . �9"� [FS'�"�!*"� . 1D78��"�+0: . 1H��!*�9� 7`1�!*< .  �/2 bZ � BNW�WS^ �


	"���:6)> ,"
q̇k+1 ∈ H1(Ω)/R

)�F$"'!*f>1��9�
ȧp(q̇

k+1, ϕ̇) =
〈
l̇p, ϕ̇

〉 % ��:6"n����:��
ϕ̇ ∈ H1(Ω)/R,

Z � B K �-^



� B K!B Y6�9"&+D: . 1��'!N���! �7`1�!*< .  $ M �

���

ȧp : H1(Ω)/R ×H1(Ω)/R −→ R, ȧp(ϕ̇, ψ̇) =

∫

Ω

(∇µϕ | ∇µψ )
/
x

Z � B K!WS^
 ,�

l̇p : H1(Ω)/R −→ R,
〈
l̇p, ϕ̇

〉
=

1

δt

∫

Ω

(
ũk+1 | ∇µϕ

) /
x

= − 1

δt

∫

Ω

divµ ũ
k+1ϕ

/
x.

Z � B K���^
�w�  &:6%6% �9 �1��-�

Ω
 &:
	b &1�+4+F $�-� "�F,o�: . != ,"S]l�6�9:! % ��:!)����> b+0:!��!*"

H1(Ω)/R
/� . 1

�!��"�+F |.|H1(Ω)/R

Z8)9��!N"���56F,�9"&3$+� � B O ^ �61�!N�! '! . 1D78�9"&+� �<�! . !N�6FS1�!N"' 
ȧp

 $ ���'��9�9��!*�P:� ��
|ȧp(ϕ̇, ψ̇)| 6 max(µ1, µ2, µ3)

2|ϕ̇|H1(Ω)/R|ψ̇|H1(Ω)/R ∀ϕ̇, ψ̇ ∈ H1(Ω)/R ,��'��B ,"�'	!*�'!N)� ��
ȧp(ϕ̇, ϕ̇) > min(µ1, µ2, µ3)

2|ϕ̇|2H1(Ω)/R
∀ϕ̇ ∈ H1(Ω)/R

 ,� . 1Q78�9"&+� . !*�6FS1�!N"' 
l̇p
 S U��',���-�'!N�P:� ��

∣∣∣
〈
l̇p, ϕ̇

〉∣∣∣ 6 1

δt
max(µ1, µ2, µ3)

∥∥ũk+1
∥∥

(L2(Ω))3
|ϕ̇|H1(Ω)/R ∀ϕ̇ ∈ H1(Ω)/R.

a 1�" .  Q�&5!F,��"�3,+� G/2 GC	1�L-T&[N! . o9"�1�+ ] .  4%6"&�9< . 3,+� 07`1�!*< .  hZ � B K �9^E1�/6+F ,��:6�� G:6��!2I-:� 
 &� . :���!*�9��Z878���!'��'!N���=/2 

H1(Ω)
/2 �+4�HO� $�6�� J�-: .*.  bZ ∫

Ω q
k+1 / x = 0

^�]�)��>!*"�Z � BNWS^�^�B

� �g� A $�$ A �<"&9�3(3 A "&����9 � �

�"�1�!*�&���> " ,��f!� . ? FSI-:!1H��!*�9��Z � BNW ��^[',��+4%>�- &1��-�' RKQ',��+4% �9 �1��-�' 9B�a �- ��9�! 

wk+1 = ũk+1 − uk+1.
�w� +0: . ��!*% . !21��-� . 1

i
T-3,+� �',��+4% �9 �1��-�' ;/2 QZ � B*W ��^�%!1�"l:6�� �78���!'��'!N���

ϕ ∈ L2(Ω)
 ��q ,�!N�-�&F$o�"�1��-�; �:6"

Ω
]��!��:! #�9<��' $�6���> 

∫

Ω

wk+1
i ϕ

/
x = δt

∫

Ω

µi
∂qk+1

∂xi
ϕ
/
x

Z � B K.K9^
 ,� .  S n78��"�+0: . 1��'!N���! �7`1�!N< .  $ $]�%>�9:6"

i = 1, 2, 3
�


�"���:6)> ,"
wk+1

i ∈ L2(Ω)
)9F,"�!if>1��-��Z � B KNK-^l% ��:6";�&��:6�

ϕ ∈ L2(Ω)
B Z � B K�\-^

d )� S'
ac : L2(Ω) × L2(Ω) −→ R, ac(ϕ, ψ) =

∫

Ω

ϕψ
/
x

Z � B K-X�^
 ,�

lc,i : L2(Ω) −→ R, 〈lc, ϕ〉 = δt

∫

Ω

µi
∂qk+1

∂xi
ϕ
/
x, i = 1, 2, 3,

Z � B K O ^
'� $ #%!"&�9< . 3$+� $ �7`1�!N< .  $ ; $? FS'�"�!*)> ,�-� �


�"&�9:6)� $"
wk+1

i ∈ L2(Ω)
)�F$"'!*f>1��9�

ac(w
k+1
i , ϕ) = 〈lc,i, ϕ〉

% ��:6"n����:��
ϕ ∈ L2(Ω).

Z � B K � ^
 ,��1�/�+� ,���' $�-��' . 1�!N"' $+F $�-�n:!�� �:6��!2I-:� � �� . :���!*�9� %>1�" .  R�&56F$��"�3,+� �/2 �C	1HL-T�[N! . o�"�1�+ B
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� d ' d�i � �Eq"!hseuhw uhw x �Uthmbn�r��%m
q�r<s t x?s>ohzln<w ��mbn��Eo�nbuhw n<m x.z�w
� ��r<s t
al"�1H��!NI-:� $+� ,�-�$] .  =',1 . '�: . /2 . 1�%6"� $ � /!N���v $ �� /�F . !N'$1H�SBlk;�� =/2!2 &',"&F,�'!2 &1��'!N���  �%!1��'!21 .  
%!1�"G:6�� =+4F���56��/2 h/@? F . F,+� ,�-�� Qf!��!2 � $ ��M �Y $'��&:6F. h/61��! .  ='�5!1�%?!i��"' = &:�!*)H1��9�b% ��:!"
��"�1�!i�� ," .  $ J%6"���< . 3$+F S #7`1�!*< .  $ $]@'	 QI9:?! +43$�� DK . 1 "&FS �� . :���!*�9��/2 Q �O� ��&3,+� S . !*�!F$1�!N"� $ $B
C�1�+G1H��"'!2'	 /�:m &OP ��&3$+� �9<��' $�-:? �% ��:!" .  =',1 . ',: . /2 . 1_%6"� $ � /!N���	]�/�? �9"�/�"� 

N
]4 $ ��

/2 D"�1��6o
N − 1

'$1�" . 1 %6"' S & '!N���y $ ��J/�F,f!��!= QKb:6�� D',���! ���1��-�' 0%!"&3S ,B �l�_ &:6%6%6"�!N+41��-�
:6�? EFSI9:>1H�'!N���t ��#:6�� <!*�>'����!�-:? �]P�6��:> �1M)9���! �1 . ��"� �1���1�!*"� EKD:6�� J+G1H�&"�!2'	 GR���a Z8)9��!N"
 ' $'��'!N���! M6B \G �� M6B \!B K9^wI9:?!T S U���&"�3$ �+41 . ',���!/�!i��!*�9�6�6F� QZ8)9��!N"�'�5!1�%�!i��"' DWS^�]-'� EI-:�!�"' $�!/
. 14"&FS �� . :6�'!N��� 1M)� $'R:!�� �+4F��&5!�P/� 0/�:=o�"�1�/�!# $�9�;',��� 
U:6o9:6F Z`%6"&FS'��9�!/2!*�'!N���6�6FM^n/2! 	G'�! .  �B
a���:!"���<6�' ,�?!*"E% . :> ;7`19'	! .  $+F $�-� . 1b%6"' S & '!N��� Z`K '�5!1�I-:� �%>1� �/� ��' $+Q%> �^�]�1�
U��:������! ;:6�
{~x�u(�Gx0t9x � ^,q z�v�s2r,zH{es`pHq_K . ? FSI-:!1H��!*�9� Z � BNW�WS19^ �6"' $+4% . 1 ���9�! n'	 ��&�' �/2 $"&�?!*3$"' J%!1�"

−∆µ2qk+1 + εpq
k+1 = − 1

δt
divµ ũ

k+1 + εpq
k /61��! 

Ω,
Z � B KNM-^

���
qk+1 = pk+1 − pk  �� .  �)�z��,{cx,y�uDt�x � ^,q zHvis2r�z�{|s`p�q εp

 $ ���% �9 '!i��!i7K ,��%6"��P'�5? �/2 
0
B

�J1��! .  +� $+0<6"� /2 �o91�:!'�5� 9]��6�9:! Q1M)����> 01 
U�9:��&F
εpIqk+1 ] ��� I  $ �� . ? �9%>F$"�1��' ,:!"!2/2 ,�-��!i��F�]#/61��> .  �<!:��h/@? 1�:6o�+� $�9�� ," .  S )H1 .  $:6"� %6"���%6"� $ /2 . 1 +41��&"�!N'� _�9<��' $�P:� 

: . �&F$"'!= ,:!"' $+F $�-� Z|I9:?!� / $"�1�1 . ��"� Q/2 "�1��6o_+G1�LB!N+G1 . ^(]�)��>!*"G ' $'��'!N��� �6B K6BNW % ��:6"G:6�? 
1�%6% . !N'$1H�'!N��� �P:6+4F,"�!2I9:? �B!a��9:6"�I-:� 

εp
�? 0 ��>!i�E%!1� , $�h'��9�!'�:6"�"� ,�!'� �1M)� $' .  �"�1�%6% ��"&�

/@? 1� &%~ $'(�
ε
Z|I-:�!} S U�D:6� %!1�"�1�+Q3,�&"� G%65PO� /!2I-:� /�: +4��/�3 .  9]	)��>!*"Q / S'(��!*�9� O B O ^(]��6��:> !N+4%>�- ��9�! 

0 < εp � ε.
Cw? FSI9:>1H�'!N��� Z � B �NM9^[/2 $)+!= ,�-�
∫

Ω

(
∇µq

k+1 | ∇µϕ
) /
x+ εp

∫

Ω

qk+1ϕ
/
x = − 1

δt

∫

Ω

divµ ũ
k+1ϕ

/
x+ εp

∫

Ω

qkϕ
/
x

Z � B K��-^ ,� . 1D78��"�+0: . 1��'!N���b7`1�!*< .  bZ � B K �9^} S U�#"� ,+4% . 1�'�F. R%!1�"

�"���:6)> ,"

qk+1 ∈ H1(Ω)
)�F$"'!*f>1��-��Z � B K��9^�%>�9:6"n�&�9:��

ϕ ∈ H1(Ω)
B Z � B \	�-^

C�1078�9"&+� R<�! . !N�6FS1�!N"' 
ãp : H1(Ω) → H1(Ω)

/6F�f!��!= �%!1�"
ãp(ϕ, ψ) =

∫

Ω

(∇µϕ | ∇µψ )
/
x+ εp

∫

Ω

ϕψ
/
x

Z � B \!WM^

 S U�;'��9�-�'!N�-:? �
|ãp(ϕ, ψ)| 6 max

(
µ2

1, µ
2
2, µ

2
3, εp

)
‖ϕ‖1,Ω ‖ψ‖1,Ω ∀ϕ, ψ ∈ H1(Ω) ,��'��B ,"�'	!*�'!N)� �

ãp(ϕ, ϕ) > min
(
µ2

1, µ
2
2, µ

2
3, εp

)
‖ϕ‖2

1,Ω ∀ϕ ∈ H1(Ω)

 ,� . 1D78��"�+� . !N�6F$1�!*"� 
l̃p : H1(Ω) → R

/�F�f!�?!# �%!1�"
〈
l̃p, ϕ

〉
=

1

δt

∫

Ω

(
ũk+1 | ∇µϕ

) /
x+ εp

∫

Ω

qkϕ
/
x

(7.29)
= − 1

δt

∫

Ω

divµ ũ
k+1ϕ

/
x+ εp

∫

Ω

qkϕ
/
x.

Z � B \��9^



� B \>B��l1�"�!N1��-�' ��6+4F���56��/2 �/2 �/2! � F$"' $�9��!N1��'!N����"&F,�&"���o9"�19/2 M��
 S U��',���-�'!N�P:� ��
∣∣∣
〈
l̃p, ϕ

〉∣∣∣ 6 max
(µ1

δt
,
µ2

δt
,
µ3

δt
, εp

)∥∥(ũk+1, qk)
∥∥

(L2(Ω))4
‖ϕ‖1,Ω ∀ϕ ∈ H1(Ω),

/6���!'�]6%!1�" .  J�&56F$��"�3,+� �/2 �C	1�L-T&[N! . o9"�1�+ ] .  �%6"���< . 3,+� J7`1�!N< .  4Z � B \	�-^�I-:�!� / R"�F$'�"�!*�

	"���:!)� ,"

qk+1 ∈ H1(Ω)
)9F,"�!if>1��-�

ãp(q
k+1, ϕ) =

〈
l̃p, ϕ

〉 %>�9:6"n�&�9:��
ϕ ∈ H1(Ω),Z � B \4K9^

19/�+� ��;:6�? �:6��!2I9:? � �� . :���!*�9��B
@�A :B5236CED A 0   � v x�r({EzHyPr�r(s � pHr�r�s��,v*x t�xGq�x � ^�q�zHv�s2r,x,u*a�y!x4vNxG�Gx�� ��u�xbt�x O9z�y!�N_!xt9xDv�� ^|a�y!z�{|s`p�q S �S�[\%\�z|V �#� � x�r({|} %H}-t�s u&xbt9xD��pHq!r(s`t&^,u&x�u0v*x(r ^|a,y!zH{es`pHq6r

−∆µ2qk+1 + εpq
k+1 = − 1

δt
divµ ũ

k+1 t�zHq!r
Ω

x,{���z6XHx��
ϕ ∈ H1(Ω)

�
∫

Ω

(
∇µq

k+1 | ∇µϕ
) t
x+ εp

∫

Ω

qk+1ϕ
t
x = − 1

δt

∫

Ω

divµ ũ
k+1ϕ

t
x

Z � B \9\-^

x,{[v*zh)�p�u(�Dy�v*z�{|s`p�q�)�z�s���vNx
�6u&pHy2XHx,u

qk+1 ∈ H1(Ω)
X6^�u(s �[zHq!{,S �S� � �6V � pHy�u�{~pHy�{ ϕ ∈ H1(Ω)

� Z � B \PX�^

@�A :B5236CED A 0  �� ����z�q!{�z��,pHy�{ ^�y�q={~x�u(�Gx0t9x � ^�q�zHv�s2r,z�{|s`p�q �ws v@q�� x�r�{ � v�yPrRq�^���x(r�r,zHs u�x
t9x_�|_6x,u&�|_6x,u=y�q x�r,p�v�y�{|s`p�q % �Gp6��x,q!q�x=q!y�v vNx S�!eB  �BJt9x={eu&z6XHzHs v vNx�u_z4XMx��hv*xGa,y!pH{es`x�q>{
H1(Ω)/R

V��
@�A :B5236CED A 0  �� 
Qx�v�� ^|a,y!zH{es`pHq S �S�[\ ��V x�{nz6XHx��*S �M�����]V �[s v@r(y�s {

divµ u
k+1 = divµ ũ

k+1 − δt∆µ2qk+1 = δtεp

(
qk − qk+1

) t9zHq6r
Ω,

� � x�r�{e}�%�}-t�s u&x$� v*x�rLXSs {cx�r�r,x(r;p �,{cx,q!y!x�r�S<^,{cz � xEt�xE��p�u(u&x���{es`pHq&VJq�xnr,pHq>{ � viyPr %�t�s[XMx,u�O-x�q���x
q>y�v v*xhx,{Rv*x �[y�s`t�x=x�r({})�zHs��,v*x��Gx,q!{D��pH� � u�x(r�r(s���vNx Scv*x )�z��,{~x�y�u=t�x � ^,q zHvis2r�z�{|s`p�qK^�{~zHq>{
� � x,{|s {�� V�� 
Qx[v*zE� �,�4x[�GzHq>s
��u�x � p�y�uwv*zE� ^�{g_6pSt�x;t9x � ^,q z�v�s2r,zH{es`pHq t9x[v*zEu&x��GzHuNa�y!x �M��� �
q�pHyPr0p �,{~x�q�pHq6r

divµ u
k+1 = −δtεpq

k+1 t9zHq!r
Ω
�

��� ; � ������� � 
 ��� � �[
�� �	��� � � � ��� �n� ��� 
����R
 � ��� ���[
	� �
	
� � � ���

a��9:6"[�&"�1�!*�' ," . 1D/�F$"'!N)�F. J/� . 10)B!*�' S & ' �%!1�"n"�1�%6%>�9"��n1�: �' ,+4%! #/!1��! .  S [F$I-:!1H��!*�9�! n/2 
�E1M)B!# $"UT R-�&� �� $ $]-�6��:! �1M)����> w:���! . !2 �F . ? 1�%6%6"��ML2!*+G1H��!*�9�

∂u

∂t
(tk+1) ≈

1

δt
(uk+1 − uk)

Z � B \ O ^
Z`)��>!*" .  $ RF$I-:!1��'!N���! QZ � B \P^R ��bZ � B*W �9^�^�B d : . != ,: /2 4%6"� ,�!/�"� F ,� '���+4%��� D:!��!NI-:� $+� ,�-�
. 1 /2 $"&��!N3,"� =1�%6%!"&�ML2!N+41��'!N��� ',1 . '�: . F. /� . 1 )B!*�' $ � ' �] �6�9:! G% ��:6)9���! 4%6"� ,�>/�"' .  $ 

q%!"&FS'�F$/� ,�-�' S ,]6'�?  S U��TPKMT�/2!N"' J:6�� �1�%6%6"��MLB!N+G1H��!*�9� /2 . 1078�9"&+� 
∂u

∂t
(tk+1) ≈

1

δt


β0u

k+1 +

q∑

j=1

βju
k+1−j


 .

Z � B \ � ^



�	� ��0��`-�������� � B ��!2 &',"&F,�'!2 &1��'!N���X ,���' $+Q%> ,]6+4F,�&56��/2 S ;/2 R%6"�F$/2!2'(�� ,:6"�TP',��"�"' S'(�' $:6"
Cx $ l',�+ 	b'	!= ,�-�� 

βj
 ��9�9�['�56��!2 /!2 /2 � &��"&�' ;I-:� . ?  ,"�"' $:6"w &��!*�w/@? �9"�/6"' 

δtq
 ,� . 1�78��"�+0: .  

Z � B \ � ^1 $ ��;1�%6%~ . F� )�pHu(�Qy�v*xQt�xQtHs �.^,u&x,q!{es`zH{es`pHq_up^�{eu&pNO�u�z�t�x S %
q � zHrYVGZ#��z��|M��wz�u&t t�s )��)�x,u&x,q!{es`zH{es`pHq )�p�u(�Dy�v*z S�� s {[_

k
r({~x � r Vj $� 1��!o . 1�!2 �^�B��} S w78�9"&+D: .  $ [ ��9�9�#/��9�6�6F� S n/61��! 

V K�\HYcB �R �% . :! ,]2 .*.  $ � ��9�9�; ���1�< .  S n%>�9:6"
1 6 q 6 6

]�+41�!N "!N�! ���1�< .  S n%>�9:6"
q > 6

V K�\�YcB
k;�'! . !2 ��9�! . 1G78�9"&+D: .  0/2 D/�! ��F,"� ,�-�'!21H��!*�9�="&F,�&"���o9"�19/2 �K

q
%!1� J/61��! .  $ �F$I-:!1H��!*�9�! �/� 

�E1M)+!= ,"�T�RP�&���> $ �"' $�6��"�+G1 . !N &F� S ,BPCl? F$I-:!1��'!N��� Z � B M919^} $ ��#"' $+Q% . 19'�F� R%!1�"
1

δt


β0ũ

k+1 +

q∑

j=1

βju
k+1−j


− ∆λũ

k+1

= −
(
uk | ∇µ

)
uk − 2ω ∧ uk −∇µp

k /61��! 
Ω

 ,� . ? F$I-:!1��'!N��� Z � B ��1-^�%!1�"
β0

δt
(uk+1 − ũk+1) + ∇µ

(
pk+1 − pk

)
= 0

/61��> 
Ω.

�} S #/2 ,:�L /2 ,"���!N3,"� $ [F$I-:!1��'!N���! #/6���6�� $�-� . ? 1�%6%6"��ML2!*+G1��'!N���
1

δt


β0u

k+1 +

q∑

j=1

βju
k+1−j


− ∆λũ

k+1

= −
(
uk | ∇µ

)
uk − 2ω ∧ uk −∇µp

k+1 /61��! Ω

/2 bZ O B X�1-^(B�Cl? F$I-:!1��'!N��� Z � BNW�WS19^[/2 $)+!= ,�-�
−∆µ2

(
pk+1 − pk

)
= −β0

δt
divµ ũ

k+1 /61��! Ω

 ,�0Z � BNW �9^w/� ,)B!# $�-�
uk+1 = ũk+1 − δt

β0
∇µ

(
pk+1 − pk

) /61��! 
Ω.

�E���6�!���! 1 ,�!',��"� .  S w'�5!1��6o� $+� ,�-�� �/61��! .  S 78�9"&+D: . 1��'!N���! l7`1�!N< .  $ $B9Cm E)� S'(�' $:6"�/6F�f!��! $� Z � BNW,\P^K S U�;"� ,+4% . 1�',FJ%>1�"

F k = − 1

δt

q∑

j=1

βju
k+1−j −

(
uk | ∇µ

)
uk − 2ω ∧ uk −∇µp

k.

�l�> �:�!*�' 9]!'�5!19I9:? 
δt
 $ ��#"' $+Q% . 19'�FR%!1�" δt

β0

B

� dIfhd�i �es}z8~ o�n<w % uhwUo � x�m �
�E���6�!���! . 1�78��"�+0: .  G/2 b/2! � F$"' $�-�'!21H�'!N����"�F��&"���o9"�19/2 0% ��:!"

q = 2
B��l�  �:!%6%>�- &1��-�

u &:
	b &1�+4+F $�-�n"�F,o9: . !*3$"' 9]-�!��:! #1M)9���! 
u(tk−1) = u(tk+1) − 2δt

∂u

∂t
(tk+1) +

(2δt)2

2

∂2u

∂t2
(tk+1) + O(δt3),

Z � B \.M-^

u(tk) = u(tk+1) − δt
∂u

∂t
(tk+1) +

δt2

2

∂2u

∂t2
(tk+1) + O(δt3).

Z � B \��-^



� B X6B [=F���56��/2 �/2 �%6"�F$/�!N'��' ,:!"UT�'���"�"� $'(�� ,:6"JZ�� ��^ �6W
�w�=+0: . �'!N% . !N1��9�0Z � B \��-^l%!1�"

4
%6:�!2 , ,�= &��:! ��&"�1MO91��9�RZ � B \4M9^(]P�6�9:! n��<6�' ,�!���! 

4u(tk) − u(tk−1) = 3u(tk+1) − 2δt
∂u

∂t
(tk+1) + O(δt3),

'�?  S U��TPKHTP/2!N"' 
∂u

∂t
(tk+1) =

1

δt

(
3

2
u(tk+1) − 2u(tk) +

1

2
u(tk−1)

)
+ O(δt2)

Z � B X �9^

 ,� .  S ;'��B 	G'�!# $�-�� #/2 . 1Q78��"�+0: .  GZ � B \ � ^w1M)> $'
q = 2

 ��9�9�

β0 =
3

2
, β1 = −2, β2 =

1

2
.

Z � B X6WS^

@�A :B5236CED A 0  F J z )�p�u(�Dy�v*x=t9x tHs �.^,u&x,q!{es`zH{es`pHq up^,{|u&pNO�u&z�t9x %�y�q � zMr x(r({Er�s � � vNx �
�Gx,q!{wvNz.)�p�u(�Dy�v*xQt � �ny�v*x�u0s � � v�s`��s {~x4t�p�q!q�^�xQx�q S �S� � �|V��

@�A :B5236CED A 0  " ��XHx��Qy�q xQ� ^�{g_6pSt�xbt9x t�s �.^�u�x�q>{|s`z�{|s`p�q up^�{eu&pNO�u�z�t�x %=t�x,y " � zMr��[vNx� u&x,�Ds`x,u � zMr t9x {~x,� � r!SU��zHvN��y�vnt�x u1 x�{
p1 V r,x.)�z�s {0z6XHx�� v*z )�pHu(�Qy�v*x t � �ny�v*x�u s � �� v�s`�,s {cxS�! nv�yPr=r(s � � v*x��Gx,q!{���r(s u0 = 0

�0q�pHyPr � pHy2XHpHq6r � u&x,q tHu�x u0 = u1 = 0
x,{

p0 = p1 = 0
x,qhr(y ��� pHr�z�q!{ a�y!x0v*x�rR{eu&z9��{es`pHq!rJr,p�q!{wq>y�v v*x�r �(yPr�a,y � zHy={~x�� � r t1 �

@�A :B5236CED A 0  0 � " � ^�u(s �Gx,q!{~zHv*x,�4x,q!{��Gv*z ��^,{[_!p$t9xjt9x � up^�tHs`�,{cx,y�u(}-��p�u(u&x���{~x�y�u S � Vt9pHq>q x=t�x�r XSs {cx�r�r�x�r s u(up^YO�y�v�s
�,u&x(r � u&pS�N_!xht�x v*z�r(y�ug)�z���xS�?Plx���sRx(r({�t��jz�y*)�zHs { a,y � zHy
��p�u&t �4v*x�rGX$s {~x�r�r,x�r�p �,{~x�q>y!x(rhq�xhr,z�{|s2rg)�pHq>{Gy�q x ��pHq�tHs {es`pHq t�x 
0s u(s`�|_Pv*x,{�_6p��4pNO ��q�x
a,y!x � p�y�uGv*z���p�� � pMr,z�q!{~x q�pHu(�GzHv*xS� �Es q!r�s��Eq pHyPrGy�{es v�s2r,x�u�pHq6r � v�y�{���{EvNzh� ^�{g_6pSt�x t9x� up^�tHs`�,{cx,y�u(}-��p�u(u&x���{~x�y�u S � � VJt&^��,u(s {cx %Jv*zEr,x���{es`pHq4r(y�s[XHzHq!{~x �@��zHu[v*x�r XSs {cx�r�r,x(rnu&x�r � x���{~x,q!{z�v*pHu�r�vNx(r0��pHq�tHs {es`pHq6rDt9x ��p�u&t��

��� � ���[
�� �	��� ��� � ��� � �
�l
 ��� � !�� � ��� � �l
 ��� � ����� �

C�1 +4F��&5!�P/� �/2 =%6"�F$/2!2'(�� ,:6"�TP',��"�"' S'(�� ,:6"Q%6"�F$ ' ,�-�&F. /!1��! .  $  / S'(�'!N���> G%6"�F$'�FS/2 ,�-�� $ 
',���! '!2 U�� 4K�/��9�6�� ,"S]�1�:_�' $+4%! 

tk+1 ]@:6�� 4%6"�F$/2!2'(��!*�9� ũk+1 /2 . 1 )+!*�' S & ' � ,�_�' $�!1��-�
',��+4%��� D/2 S E',���!/2!*�'!N���> �/2 D<>�9"�/=/�:_%6"���< . 3,+� Z| �O� ��&3,+� Z � B M9^&^(] %6:�!2 �:6�? 0%6"� $ � /!N���
pk+1  ,�R:!�� 4)+!*�' S & ' G'��9"&"�!*o9F� uk+1 K�/2!N)� $"&o> ,�!'� D�P: .N.  =Z| �O� ��&3,+� Z � B �-^�^(B�Cw? !N�!',��+QA
%!"' S & '!*<?! . !i��F�/�: �>:�!N/� j $ ��#1�!*�> /!@"� $ &%T S'(��F� J+41�!N .  $ n',���!/2!*�'!N���> #/2 R<>�9"�/ �� � ��9�-�[%!19 
o-1�"�1��-�'!= $ $B
�~�P)> ,"� ��9�! [!N'�! . 1R%6"'!2 ' , ,�b'��9+4%��' ;/2 . ? !*�>'���+4%6"� $ � '!*<�! . !i��F;/�: �!:�!2/2 , ��[/2 $ l',���!/�!i��!*�9�! 
/� G<>�9"�/@B
����:! R%6"���'�FS/����! R/@? 1�< ��"�/�K :6�� G%!"&��
d $'(��!*�9�� &:6"�:6�o $ &%!1�'� Q/2 Q78�9�!'(��!*�9�! 
K /�!*)> ,"�o� ,�>'	 �P: .*.  Z`'$1 . '�: . /2 

ũk+1 Z8%!"&FS/2!N'��'!N���>^F ,�
pk+1 ^�]l%6:�!2 M 
�~ S'(��:6���! b:6�� 

',��"�"' S'(��!*�9�h/2 D)B!*�' S & ' 0% ��:6"J��<6�' ,�?!*"
uk+1  &1��'!2 U7`1�!N �1��-� .  $ R'��9�!/2!*�'!N���! J/2 D<>�9"�/ V K��P]

K.KMYcB
k;�'! . !2 &���! �!N'�! . 1Q78�9"&+D: .  �/2 0/2! � F$"' $�-�'!21H�'!N��� "�F���"&�9o�"�1�/2 JKG/2 ,:�L %!19 #%>�9:6" . ? 1�%6%6"��ML2!iA
+G1��'!N��� /� . 10/6F,"�!*)9F� E�' ,+4% ��"� .N.  QZ8)9��!N"RZ � B \ � ^4 ���Z � B X6WS^&^K ,�n',���! '!N/6F,"����! [ / $: .  ,+� ,�-�
.  �',19 #/2 $ nFSI-:!1H��!*�9�! #/2 ��1M)B!= ,"�T�R-�����> $ �"' $�6��"�+G1 . !N &F� S EZ O B X�^JZ% ,�;�6�������! 

n = nΩ
^(B



��� ��0��`-�������� � B ��!2 &',"&F,�'!2 &1��'!N���X ,���' $+Q%> ,]6+4F,�&56��/2 S ;/2 R%6"�F$/2!2'(�� ,:6"�TP',��"�"' S'(�' $:6"
����:! D'�5� ,"�'�56���> R�&�9:��D/@? 1�< ��"�/ . 1h)+!*�' S & ' 

ũk+1 Z8%6"�F$/2!2'(��!*�9�>^j ,� . 1=%6"� $ � /!N���
pk+1 ]

 &� . :��'!N���> #/2 
1

δt

(
3

2
ũk+1 − 2uk +

1

2
uk−1

)
− ∆λu

k = −
(
uk | ∇µ

)
uk − 2ω ∧ uk

−∇µp
k+1 /61��! Ω,

Z � B X���19^
divµ ũ

k+1 = 0
/61��> 

Ω,
Z � B X��H< ^

(
ũk+1 |n

)
µ

= 0
 �:!"

∂Ω,
Z � B X���'$^

%6:?!N . 1Q)B!i�� $ � / 
uk+1 Z`',��"�"' S'(��!*�9�>^ �� .N.  �I-:� 

1

δt
· 3

2

(
uk+1 − ũk+1

)
− ∆λ

(
uk+1 − uk

)
= 0

/61��! 
Ω,

Z � B X K�1-^

uk+1
1 = 0

 &:6"
Γ1, u

k+1
2 = 0

 &:6"
Γ2, u

k+1
3 = 0

 &:6"
Γ3,

Z � B X K�<>^

λ3
∂uk+1

1

∂x3
= Θk+1

1 , λ3
∂uk+1

2

∂x3
= Θk+1

2 , uk+1
3 = 0

 &:6"
Γs.

Z � B X K�'S^

Cx $ nF$I-:!1��'!N���! �Z � B X���19^1 ��0Z � B XNK�1-^w/��9�6�� $�9� . ? 1�%6%6"��ML2!*+G1��'!N���
1

δt

(
3

2
uk+1 − 2uk +

1

2
uk−1

)
− ∆λu

k+1 = −
(
uk | ∇µ

)
uk − 2ω ∧ uk

−∇µp
k+1 /61��! Ω

Z � B XH\P^

/2 . ? F$I-:!1H��!*�9��Z O B X�1-^(B
d )� S'Q'� ��&�' b+4F���56��/2 �]	�&�9:��' S .  S �'��9�!/2!*�'!N���! �/� b<>�9"�/�/�: %6"���< . 3$+F hZ O B X�^J &���-��)�F,A
"�!if>F� $ $]�1 . �9"� 0I9:? .  ��!:�!2/2 ���?  $ ��D% . :! D�6F$'� $ � &1�!*"� ,+� ,�-��!N�!'��9+4%6"' S & '!N< .  _Z

divµ u
k+1

%~ ,:�� 
,�&"� R�6��� �P: .N.  M^(B
�l�= &��:! ��&"�1MO91��-�[K Z � B X���19^ . ? FSI9:>1H�'!N��� Z � B X���1-^�/� . ? F���1�%T �%!"&FS'�F$/� ,�-�' 9]@s`� x$�
1

δt

(
3

2
ũk − 2uk−1 +

1

2
uk−2

)
− ∆λu

k−1 = −
(
uk−1 | ∇µ

)
uk−1 − 2ω ∧ uk−1

−∇µp
k /61��! 

Ω,

�6�9:! n��<6�' ,�!���! 
1

δt

(
3

2

(
ũk+1 − ũk

)
− 2uk +

5

2
uk−1 − 1

2
uk−2

)
− ∆λ

(
uk − uk−1

)
=

−
(
uk | ∇µ

)
uk +

(
uk−1 | ∇µ

)
uk−1 − 2ω ∧

(
uk − uk−1

)
−∇µ

(
pk+1 − pk

)

 ,��1M)> $' Z � B X K919^E/2 . ? F���1�%~ 4%6"&FS'�FS/2 ,�-�' 9]�s`� x$�
∆λ(uk − uk−1) = 1

δt · 3
2 (uk − ũk)

]V! .
 &:�!*�
1

δt

(
3

2
ũk+1 − 7

2
uk +

5

2
uk−1 − 1

2
uk−2

)
=

−
(
uk | ∇µ

)
uk +

(
uk−1 | ∇µ

)
uk−1 − 2ω ∧

(
uk − uk−1

)
−∇µ

(
pk+1 − pk

)
.Z � B X�X9^



� B O B Y6�9"&+D: . 1��'!N���! �7`1�!*< .  $ �NK
���������! 

vk = − 1

δt

(
−7

2
uk +

5

2
uk−1 − 1

2
uk−2

)

−
(
uk | ∇µ

)
uk +

(
uk−1 | ∇µ

)
uk−1 − 2ω ∧

(
uk − uk−1

)
;
Z � B X O ^

',��+4+� 
divµ ũ

k+1 = 0
/61��! 

Ω
 ,� (

ũk+1 |n
)
µ

= 0
 &:6"

∂Ω
]K ,� %6"� ,�!1��9� . 1 /2!iA

)> ,"�o� $�!'	 �Z
divµ

^Q/2 Z � B X�X9^� ,�� ,�j7`1�!2 &1��9� .  %6"���/�:�!*�b &'$1 . 1�!N"' �/2 �Z � B X�X9^0',���-�&"� 
nZ

( . |n )µ

^(]!�6��:! n�9<��' $�6���> n"' S �%~ $'��'!N)� ,+� $�9� .  $ nFSI9:>1H�'!N���> 
−∆µ2

(
pk+1 − pk

)
= − divµ v

k /61��! Ω,
Z � B X � 19^

−∂
(
pk+1 − pk

)

∂µ2n
= −

(
vk |n

)
µ

 &:6"
∂Ω,

Z � B X � <>^

I-:�!�/�F��� ,"�+F!N�� $�9� . 1Q%6"� $ � /!N���
pk+1 B

�w�! �:?!i�� �] . ? F$I-:!1��'!N��� Z � B XH\-^;1M)� $' .  $ J'��9�!/2!*�'!N���! E/2 �< ��"�/ Z � B XNK�<>^, ��QZ � B X K9'$^(]>'�?  $ ��UT
KHTP/2!N"� .  � �O� ��&3$+F 

1

δt

(
3

2
uk+1 − 2uk +

1

2
uk−1

)
− ∆λu

k+1 = −
(
uk | ∇µ

)
uk − 2ω ∧ uk

−∇µp
k+1 /!1��! Ω

Z � B X M919^

uk+1
1 = 0

 �:6"
Γ1, u

k+1
2 = 0

 �:6"
Γ2, u

k+1
3 = 0

 �:6"
Γ3,

Z � B X M�<>^

λ3
∂uk+1

1

∂x3
= Θk+1

1 , λ3
∂uk+1

2

∂x3
= Θk+1

2 , uk+1
3 = 0

 �:6"
Γs,

Z � B X M9'$^
%~ ,"�+� ���/2 �'$1 . '�: .  ," . 1Q)B!i�� $ � / 

uk+1 B

@�A :B5236CED A 0  � J x(r�X$s {~x(r�r,x�rJt�xRv � ^�{~z � x0t9x � up^�t�s`��{es`pHq S.!|B  �B�vNx(r,XMx��,{cx,y�u�r ũj VQq�� z � �� zHu�zHs2r�r,x�q>{ � viyPrRt�z�q6rRv*x�r�r]�Mr({ �,�4x�r S �M�[Z �<V x,{eS �S�[Z ��V x�{lq�xJr,pHq>{wt�pHq�� � zMr���zHv*�,y�v#^�x(r,�
��� � � � ��� � � �R
�� ��� ���H����� ��� �
� 3 A $�$���9 �
�E���!�6���! . 1�78��"�+0: . 1H��!*�9�Q7`1�!N< .  E/�:  &OP ��&3$+� 0Z � B X � ^(B��;���&���> w'��9+4+F �%6"&FS'�FS/2 ,+4+� ,�-�

qk+1 = pk+1 − pk.
[h: . ��!*% . !N���! . ? F$I-:!1��'!N���_Z � B X � 19^w%!1�"

ϕ ∈ H1(Ω)
�� $� :6�'! . !2 &1��-� . 1D78��"�+0: .  R/2 PJ"' . ,� ,�0Z � B X � <>^�]��6��:! n�9<��' $�6���> 

∫

Ω

(
∇µq

k+1 | ∇µϕ
) /
x =

∫

Ω

(
vk | ∇µϕ

) /
x.

Z � B X��9^
 ,� . 1Q78�9"&+D: . 1H�'!N��� 7`1�!N< .  	�


�"���:6)> ,"
qk+1 ∈ H1(Ω)/R

)�F$"'!*f>1��-��Z � B X��9^�% ��:6"n����:��
ϕ ∈ H1(Ω)/R

B Z � B O �-^
���9+4+F . 1D78��"�+0: . 1H��!*�9�b7`1�!N< .  GZ � B K �-^(] .  R%6"&�9< . 3,+� QZ � B O �-^�19/�+� ��#:6�� R:6�?!NI-:� � &� . :�A
��!*�9� Z`/2 �+4�HO� $�6�� R�P: .N.  M^(B



��\ ��0��`-�������� � B ��!2 &',"&F,�'!2 &1��'!N���X ,���' $+Q%> ,]6+4F,�&56��/2 S ;/2 R%6"�F$/2!2'(�� ,:6"�TP',��"�"' S'(�' $:6"
@�A : 5236CED A 0  � J xQ��zHv*�,y�v t9x�vNz � u&x(r�r(s`pHq � x�y�{wr�xL)�z�s u&x4z6XHx�� � ^�q�zHv�s2r,z�{|s`p�q x,q=r(y�s �
XHzHq>{wv*z � �,�Gx�� ^�{g_6pSt�p�v*pNO�s`x a,y � %Gv*zGr,x��,{es`pHq S �M���9�[\|V��
� �g� A $�$ A
C�1�78�9"&+D: . 1��'!N��� 7`1�!N< .  �/�:= &O� U��3,+� QZ � B X M-^w $? �9<��'!= ,�-�;/2 . 1D+ 
$+F R+G1��?!*3$"' RI-:� �'	 .N.  
/�:h &O� U��3,+� Z � B M9^(]T ,�h%>1�"&�'!2'�: . !# $" . 1b'��9�!/2!*�'!N���h/2 �< ��"�/= &:6%6% . F,+� ,�-��1�!N"' Z � BNW K-^q $ ��
%6"�!2 / 
 ,�=',��+4%��' 9B��;���&���> 

wk = − 1

δt

(
−2uk +

1

2
uk−1

)
−
(
uk | ∇µ

)
uk − 2ω ∧ uk −∇µp

k+1.
Z � B O WM^

�, $%6"� ,�6�9�! .  $ F S �%!19'	 S 
V1
]
V2

 ��
V3

/�F,f!��!2 F ,� Z � BNW O ^� ,� Z � B����9^�B�a �9:6" .  S Q/� ,:�L
%6"� ,+�!N3,"� $ n'��9+4%>�- &1��9�� $ n/2 . 1Q)+!*�' S & ' �]

i = 1, 2
]P�6�9:! #1M)��9�! ,]�1M)> $'

ϕ ∈ Vi
]

1

δt
· 3
2

∫

Ω

uk+1
i ϕ

/
x+

∫

Ω

(
∇uk+1

i | ∇ϕ
)
λ

/
x =

∫

Ω

wk
i ϕ
/
x+

∫

Γs

Θk+1
i ϕ

/
σ.

Z � B O �9^
 ,� . 1D78��"�+0: . 1��'!N���b7`1�!*< .  	�


�"&�9:6)� $"
uk+1

i ∈ Vi
)�F$"'!*f>1��9��Z � B O ��^�% ��:6"n����:��

ϕ ∈ Vi
B Z � B O K-^

a���:!" . 1D�&"���!2 '!*3$+F �',��+4%>�- &1��-�' R/2 . 1Q)B!*�' $ � ' < ,�
ϕ ∈ V3

]6�6�9:! #1M)��9�! 

1

δt
· 3

2

∫

Ω

uk+1
3 ϕ

/
x+

∫

Ω

(
∇uk+1

3 | ∇ϕ
)
λ

/
x =

∫

Ω

wk
3ϕ
/
x

Z � B O \P^

 ,� . 1D78��"�+0: . 1��'!N���b7`1�!*< .  	�

�"&�9:6)� $"

uk+1
3 ∈ V3

)�F$"'!*f>1��9��Z � B O \-^�% ��:6"n����:��
ϕ ∈ V3

B Z � B O X9^
���9+Q+� �1M)M1��-�$] . 1h"� . 1H��!*�9� Z � B � � ^GZ|1M)� S'

k + 1
1�: . !# $:j/2 

k
^�%~ ,"�+� ��4/@? F$)B!i�� ," .  

'$1 . '�: . /�: o9"�19/2!# $�-�n/2 . 1Q%6"� $ � /!N����/61��! . ? !*�-��F,o�"�1 .  ∫
Ω
wk

i ϕ
/
x
]
i = 1, 2, 3

B

@�A : 5236CED A 0  IH 
 J � s q!s {es`zHv�s2r,z�{|s`p�q � x�y�{�r�x1)�zHs u&xJt�x;�4z�q!s
�,u&xnr(y�s[XHzHq!{~xS� �DpHyPr#��p�q6r(s �
t%^�u&p�q6rbv*x�r X$s {~x�r�r,x�r

u0 = u−1 = u−2 = u0
x�{Jv*z � u&x�r�r(s`pHq p0 t�x �4p4��x�q>q x q!y�v v*x

r,zH{es2rg)�zHs2r,zHq>{#v�� ^|a�y!z�{|s`p�q S ���[Z�z]V�� �Es q6r(s��[q pHyPr � pHy2XHpHq!rQzH�GpHu&��x,u�v*z up^�r,pHv�y�{es`pHq � z�u0v*x
��zHvN��y�v�t9x

p1 z4XMx���S �S� � �]V � � y�s2r0t�x u1 z6XHx���S��M� � ��V x�{�S��M� �4Z]V��
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�� ��� ��� � �	��� � � � � �[
�� �	��� ��� � � � � � ��� 
��
� � ���

k��� D/�!N �'�"�F���!N �1H��!*�9�  &%!1��'!21 .  �1M)� $'�/� $ ;F . F$+� ,�-�� ;f!��!2 ;%~ ,"�+F ,�E/@? ��<��� ,��!N"E/� $ #78�9"&+D:�A
. 1H��!*�9�! �1�%!%6"&��'�56F. $ J/2 $ R%!"&�9< . 3$+� $ E7`1�!N< .  $ �/�: '�5!1�%�!i��"' Q%6"�F$',F$/2 $�9�S]@I9:?!l'����> /!2 U�� ,�-� $� . 1_"&FS �� . :���!*�9�j/2  &OP ��&3$+� $ . !N�6FS1�!N"' S Q/6���-� .  $ 4+G1��&"�!N'� $ Q ��9�9�LR �Ea  ��b'�"� ,:! ' $ $B
�R $ 0+4F��&5!�P/� $ �/�: o9"�19/2!= ,�-��'�����
U:6o�:6FhZ`%6"�F$'��9�!/2!*�'!N���6�!FS^R &���-��1 . ��"� R:��'! . !2 &F� $ �%>�9:6"
.  $ ;"&FS ��9:!/�"� QZ`)���!N"n%6"� ,+�!*3$"' R%!1�"���!# M^(B
�J1��> �'	 G'�5!1�%?!i��"' 9]@�6��:! R/�FS'�"�!*)9���! .  $ RF . F$+F $�-�� Ef!��!2 j ,+4% . �HO�FS DZ|/2 4�UOP%T 

Qm
^(] . 1

+4F,�&56��/�� . �9o�!= b%>�9:6"��9<��' $��!*"D:6� %6"���< . 3$+F 47`1�!*< .  1�%6%6"���'�56F� �� . 1=',���! ��&"�:!'(��!*�9� /2 
 �1�+G1H�&"�!2'	 � ���/2 b &���  / S'��9�!/h+� ,+D<6"� �B�Cm S �',1 . ',: .  R% ��:!" .  S J78��"�+0: . 1H��!*�9�! E7`1�!N< .  S 
Z � B O �-^(]�Z � B O K-^q ��DZ � B O X�^�]!�9<��' $�-:? $ #%!1�" . 14+4F��&5!�P/� D/2 �%!"&FS/2!N'��' $:6"UT�'��9"&"� $'��' ,:!"RZ � ��^�]
 &���-�#%6"�F$ ' ,�-�&FS " ,�=/�F,��1�! . B
� � � � �0� � � � � �
���9�! '!N/�F$"&�9�! :6� +41�! .N. 1�o� n��"'!2/2!N+� ,�! '!*�9�6�� .

τh
]978��"�+QFS l/@?[^�v'^��Gx�q>{`rE5� �L61�FS/�"�!NI-:� S l/2 

R3 ]61�%!%6"&��'�5!1��-� Ω
 ��;"� ,�6���&�9�! 

Ω =
!N�9� ( ⋃

T∈τh

T

)
.

k�� +41�! .N. 1�o� 
τh

/2 
Ω
1 .  $ #%6"���%!"'!NF���F$ n �:?!*)H1��-�� $ �

•

/2 $:�L F . F$+F $�-�� #/2!2 U��!*�>'(�� �/2 
τh

 &���-�;/2!N 
U��!N�-�� n�9:��9�-�n:!�� J7`1�'	 9]6:6�� �1�" 
,�' R��:
:6�= &��+4+� ��, ,�='��9+4+0:6��]

• Ω =
⋃

T∈τh
T
B

k���+G1�! .N. 1�o� 
τh

/2 
Ω
!N�!/�:�!*�� �:6" . 1  �:!"�7`19'	 

Γs
/2 

Ω
:6��+G1�! .N. 1�o� �<?!N/2!N+� ,�! '!N���6�� .

τs,h
B��E1��! . 1= �:�!*�' 9] . 1 .  ��&�&"� 

T
/6F$ '!*o9�� 4:6� F . F,+� ,�-�R�&"�!2/2!*+� $�! /!N���!�� . /� 

τh
 �� . 1

.  ��&�&"� 
K

:6� F . F,+� ,�-�;<�!2/2!N+F $�! '!*�9�6�� . /� 
τs,h

B

�9X
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Γs

Γb

Ω

� � ��DU3 A  	 1����5�$�$�� �
Ω � 9�36����� �
5 ���% 
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� ����D`3 A  �1� � 5�� ����5 � A!�
A
Ω
 

� ��� � � � � ��� 
�� � � ���
�EF�f!�?!N � ��9�! n%6"�F$'�!N &F,+� ,�-� . 1D�!���'!N��� /@? F . F,+� ,�-�#f!�?!|B
�������
�g���I9 � �  IH � � \ ����qB^,v#^��Gx,q!{ �wq!s#t�zHq!r

Rd x(r({;y�q {eu(s � v*x,{ (L, P,Σ)
X(^,u(s ��z�q!{

v*x�r � u&p � u(sI^,{Y^�r�r(y�s[XMz�q!{~x(r �\��
L
x�r�{�y�q_��pH� � z9��{#t�x

Rd t � s q>{Y^,u(s`x�y�u0q pHqGX$s`t9xQx,{[t9x ��p�u&t C1 � zHu0�4p�u&��x�z�y " �
�-�
P
x(r({wy�q�x(r � z���x XMx��,{cp�u(s`x�v�t�x )�pHq �,{es`pHq6r0t9x L t9zHq!r

R
�

�9�
Σ
x(r({wy�q�x�q!r�x,� ��v*xQt�xL)�p�u(�4x�r�v�s q�^�zHs u�x(r�r(y�u

P
�
Σ = {φi}16i6n

�l{~x�v`a,y!x
• Σ

x�r�{�y�q x>)�zH�Qs v v*xQv�s q�^�z�s u&x��Gx,q!{[s q t&^ � x�q�t�zHq>{cx �
• Σ

x�r({�y�q!s2r,p�v XMz�q!{��q!eB  �B � pHy�u�{cp�y�{ θ1, . . . , θn ∈ R
�Rs v;x�"9s2r({~x�y�q y�q>sIa�y!x

p ∈ P
r�z�{|s2rg)�z�s2r�z�q!{

φi(p) = θi
�
1 6 i 6 n

�
d )� S' .  $ n�!����1��'!N���! #/� �'	 ��&�' �/�F,f!��!*�'!N����] . 1Q7`1�+�! .*.  {ϕj}16j6n

/� 
P
)�F$"'!*f>1��9�

φi(ϕj) = δij , 1 6 i, j 6 n S U�#:6�� �<>1� ' R/� 
P
/61��! . 19I-:� .N.  J����:��

p ∈ P
 $? FS'�"�!i�

p =

n∑

j=1

φj(p)ϕj .

Cw? F . F$+F $�-�[f>��!
(L, P,Σ)

%T $:���1�:! � '!�
��&"� R�6����F
P (L)

 �1��! " ,L�% . !2'	!*�' $"
Σ
B

� d � d�i j!n �`~�w`t q��,t�r q2z8rpu.rp~ wUt ��r<s>t�thw`n uhw�q��ex?w
Qm

���9�! /!2/�F$"&�9�! . ? F . F,+� ,�-��/2 R"�F�78F$"' $�!'	 J�&"�!2/2!*+� $�! /!N���!�� .
T̂ = [−1, 1] × [−1, 1]× [−1, 1].

a���:!"
m > 1

]>'����> /!2/�F,"����> . ?  S �%>1�'	 R)> $'(����"�!# . /2 $ [78�9�!'(��!*�9�! #/2 
T̂
KQ)H1 .  ,:6"� n/61��! 

R

Qm(T̂ ) =
{
ϕ̂ : T̂ → R : ϕ̂

 S U�;% � . OP�	��+�!21 .  R/� R/� ,o�"�F
!*��78F$"'!= ,:!"#��:�F,o91 . K

m
 ,� '�5!1�I-:� R)H1�"�!21�< .  }

.



M!B �6B � . F,+� ,�-�� #f!��!2 � �
C�1�/2!N+� ,�! '!N���j/� 

Qm(T̂ )
 $ ��

(m + 1)3
B������! '!2/�F,"����! .  S 

(m + 1)3
% ��!N�-�� Q/2 

T̂/6���6�6FS #%!1�"

Ŝ
(m)
ijk = Ŝijk =

(
2i

m
− 1,

2j

m
− 1,

2k

m
− 1

)
, 0 6 i, j, k 6 m

 ,� .  S 
(m+ 1)3

78��"�+� $ . !*�!F$1�!N"� $ n �:!"
Qm(T̂ )

]

φ̂
(m)
ijk = φ̂ijk : Qm(T̂ ) −→ R, φ̂ijk (ϕ̂) = ϕ̂

(
Ŝijk

)
, 0 6 i, j, k 6 m,

s`� xS� .  $ nF,)H1 . :!1��'!N���! #1�:�L % ��!N�-�� 
Ŝijk

B6a��9:6"
1 6 l 6 3

 ��
0 6 i 6 m

]��6���&���> 

x̂
(i)
l =

2i

m
− 1,

1�!*�> /!
Ŝijk =

(
x̂

(i)
1 , x̂

(j)
2 , x̂

(k)
3

) B>a���:6"
0 6 i, j, k 6 m

]!',���! '!N/6F,"����! .  $ ;78���!'��'!N���! ;/� 
Qm(T̂ )

ĝijk(x̂) =
∏

l1 6=i

(
x̂1 − x̂

(l1)
1

)
·
∏

l2 6=j

(
x̂2 − x̂

(l2)
2

)
·
∏

l3 6=k

(
x̂3 − x̂

(l3)
3

)

Z`� � .  $ "!N�!/2!2'	 $ 
l1, l2, l3

)H1�"�!# $�-�#/� 
0
K
m
^q ��

ϕ̂
(m)
ijk (x̂) = ϕ̂ijk(x̂) =

(
ĝijk

(
Ŝijk

))−1

· ĝijk(x̂).

�} S n78���>'(�'!N���> n)�F,"�!*f? ,�-�
φi1j1k1 (ϕ̂i2j2k2) = ϕ̂i2j2k2

(
Ŝi1j1k1

)
= δi1i2δj1j2δk1k2 ,

 ,� . 1�7`1�+�! .N.  {ϕ̂ijk}06i,j,k6m

 $ ��4:6�� �<!1� ' /2 
Qm(T̂ )

/61��> . 1�I-:� .*.  b����:��� 
ϕ̂ ∈

Qm(T̂ )
 ,? F$',"'!*�

ϕ̂ =

m∑

i,j,k=0

ϕ̂
(
Ŝijk

)
ϕ̂ijk .

Cx 0��"'!N% .  �� (
T̂ , Qm(T̂ ),Σ = {φijk}06i,j,k6m

) /6F�f!��!*� . ? F . F,+� $�9�Jf!��! ��"'!2/2!N+F $�! '!*�9��A
�? . /2 ="�F�78F$"' $�!'	 =/2 �UOP%~ 

Qm
]l�6����Fh /!N+4% .  ,+� ,�-�

Qm(T̂ )
BwCm S G%>�>!*�-�� 

Ŝijk
]
0 6

i, j, k 6 m
 ��9�-�#1�%6%~ . F$ .  $ Rq��wy!tHrR/� . ? F . F,+� ,�-�

T̂
B

���9�! '!N/�F$"&�9�! 
(m+ 1)3

% ��!N�9�� #/2 
Ω
]
S

(m)
ijk = Sijk

]
0 6 i, j, k 6 m

 �� . ? 1�%6% . !N'$1H�'!N���
F (m) = F : T̂ −→ R3, FT (x̂) =

m∑

i,j,k=0

Sijkϕ̂ijk(x̂).
Z�M!B*WM^

C	��"� &I-:� 
F
 $ ��4!*��
d $'(��!*)> �]H &���G!N+G1�o> 

T = F (T̂ )
/6F�f!��!*��:6�DF . F$+� ,�-��!2 &��%!1�"�1�+QF,�&"�!NI-:� 

V���W,Y /2 0�UOP%T 
Qm
� .  S ;% ��!N�9�� 

(m + 1)3
% ��!N�-�� 

S
(m)
ijk

 ��9�9�J1 . ��"� ;1�%6%~ . F$ .  S ;����:>/6 
/� 
T
 �� . ? 1�%6% . !2',1H��!*�9�

F
 S U���6����F� 

F = F
(m)
T = FT

B-Cm S l����:!/! l/2 
T
 &���-�w/����>' .  S !N+G1�o> $ l%>1�"

FT
/� $ �����:!/6 �/2 . ? F . F$+� ,�-��/2 E"&F,78F,"� ,�!'� �B	�b ,+G1�"�I-:6���! wI9:	? :6� F . F,+� ,�-�

T
/2 

τh
%T $:�� 
���"' R:6� 5� ,L�1�3$/�"� �/����-� .  $ #1�" 
��� $ " ,� .  S [7`1�'	 S # ��9�-� 
 '��9:6"�<T S �(B

�w� %6"�1H��!NI-:� 9]P�6��:! �"� ,�P:6+4F,"��������! .  S �����:!/6 q �� .  S �78���!'��'!N���! n/2 J<!1� ' E1�f!� /�? F$)+!*�' $"
.  $ #�&"�!*% .  $ "!N�!/2!2'	 S ,B � L�% . !2'	!*�&�9�! .  $ ;'$1� 

m = 1
 ,�
m = 2

B



�.M ��0��`-�������� M6B��R!2 &',"&F,�'!2 &1��'!N���P ,�y $ &%!1�'� �]P+4F���56��/2 �/2 $ ;F . F,+� ,�-�� [f>��!N 
� d � d�� j!n �`~�w`t q��,t�r q2z8rpu.rp~ wUt ��r<s>t�thw`n uhw�q��ex?w

Q1

Cx $ n����:!/! #/2 
T̂
 &���-�; ' $ # &��+4+� ��� $]

Ŝ1 = (−1,−1,−1), Ŝ5 = (−1,−1, 1),

Ŝ2 = ( 1,−1,−1), Ŝ6 = ( 1,−1, 1),

Ŝ3 = ( 1, 1,−1), Ŝ7 = ( 1, 1, 1),

Ŝ4 = (−1, 1,−1), Ŝ8 = (−1, 1, 1),

Z�M!B �9^

 ,� .  S [78���!'��'!N���! #/2 �<>1� ' R/� 
Q1(T̂ )

Z`/2 �/2!N+� ,�! '!N���
8
^n ��9�-�

ϕ̂
(1)
1 (x̂) = 1

8 (1 − x̂1)(1 − x̂2)(1 − x̂3), ϕ̂
(1)
5 (x̂) = 1

8 (1 − x̂1)(1 − x̂2)(1 + x̂3),

ϕ̂
(1)
2 (x̂) = 1

8 (1 + x̂1)(1 − x̂2)(1 − x̂3), ϕ̂
(1)
6 (x̂) = 1

8 (1 + x̂1)(1 − x̂2)(1 + x̂3),

ϕ̂
(1)
3 (x̂) = 1

8 (1 + x̂1)(1 + x̂2)(1 − x̂3), ϕ̂
(1)
7 (x̂) = 1

8 (1 + x̂1)(1 + x̂2)(1 + x̂3),

ϕ̂
(1)
4 (x̂) = 1

8 (1 − x̂1)(1 + x̂2)(1 − x̂3), ϕ̂
(1)
8 (x̂) = 1

8 (1 − x̂1)(1 + x̂2)(1 + x̂3).Z�M!B K-^
a���:!"#:6� F . F,+� ,�-�

T
/� �����:!/6 �Z| ��9+Q+� ,�� �^

S1, . . . , S8
]��6��:> #1M)����> 

F
(1)
T : T̂ −→ T, F

(1)
T (x̂) =

8∑

i=1

Siϕ̂
(1)
i (x̂).

� �

��

� �

�

�

�

��

�

�

� ��

�

Ŝ1

Ŝ2 Ŝ3

Ŝ4

Ŝ5

Ŝ6 Ŝ7

Ŝ8

T̂

�

�

�
�

�

�

�

�

�

�
�

�

�

�

�

	

	

S1

S2

S3

S4

S5

S6
S7

S8

T

F
(1)
T

� � ��DU3 A  "�U 
@�A : 5236CED A �  IH � � 5�" A $ ��
 D�� ��� ��: A ��� ��36� � ��: A �U$��I9 � � A � � Q>s

S1, . . . , S8
t&^�r(s �

O�q x,q!{ v*x�rJr�p��D�Gx,{`rJt$� y�qG^�v'^��Gx�q>{
T
{|u(s`t�s �4x,q6r(s`pHq>q x,v}SYXMp�s u �UO�y�u&x � �4V�� v*x�rb)�z���x(r�t�x

T
r,pHq>{wq>y���^,u&pH{ ^�x(r���pH�Q�4x�r(y�s {c�

��z���x Q@pH�Q�4x,{|r  [v*z�q
K1 S1 S2 S6 S5 x̂2 
 −1
K2 S2 S3 S7 S6 x̂1 
 1
K3 S3 S4 S8 S7 x̂2 
 1
K4 S1 S5 S8 S4 x̂1 
 −1
K5 S1 S4 S3 S2 x̂3 
 −1
K6 S5 S6 S7 S8 x̂3 
 1

�������������������



M!B �6B � . F,+� ,�-�� #f!��!2 ���

QzHq!r0v*z=t9x�u(q>s
��u&x ��p�v*pHq>q xGt�y�{~z �,v*x�zHy ��� �UO�y�u&xQv*x � v*zHq ��pHq>{cx,q z�q!{nv*z )�z9��x ��p�u(u&x�r��� pHq�t�z�q!{~xQt9x T̂ �

�ed�� d�' j n �`~�w`t q �,t�r q�z�r�u.rp~�w`t ��r<s t.thwUn uhw q��ex?w
Q2

Cx $ #����:!/6 #/2 
T̂
 ��9�9�; ' $ # &��+4+� ��� �Z8)��>!*"�Z0M6B���^&^(]

Ŝi, 1 6 i 6 8,

.  $ ;+F! . !# $:�L�/2 � ' $ #1�" 
,�' $ $]

Ŝ9 = ( 0,−1,−1)= 1
2

(
Ŝ1 + Ŝ2

)
, Ŝ13 = ( 0,−1, 1)= 1

2

(
Ŝ5 + Ŝ6

)
,

Ŝ10 = ( 1, 0,−1)= 1
2

(
Ŝ2 + Ŝ3

)
, Ŝ14 = ( 1, 0, 1)= 1

2

(
Ŝ6 + Ŝ7

)
,

Ŝ11 = ( 0, 1,−1)= 1
2

(
Ŝ3 + Ŝ4

)
, Ŝ15 = ( 0, 1, 1)= 1

2

(
Ŝ7 + Ŝ8

)
,

Ŝ12 = (−1, 0,−1)= 1
2

(
Ŝ4 + Ŝ1

)
, Ŝ16 = (−1, 0, 1)= 1

2

(
Ŝ8 + Ŝ5

)
,Z0M6B \-^

Ŝ17 = (−1,−1, 0)= 1
2

(
Ŝ1 + Ŝ5

)
,

Ŝ18 = ( 1,−1, 0)= 1
2

(
Ŝ2 + Ŝ6

)
,

Ŝ19 = ( 1, 1, 0)= 1
2

(
Ŝ3 + Ŝ7

)
,

Ŝ20 = (−1, 1, 0)= 1
2

(
Ŝ4 + Ŝ8

)
,

Z0M6B X�^

.  $ ;+F! . !# $:�L�/2 � ' $ [7`19'	 $ $]

Ŝ21 = ( 0, 0,−1)= 1
4

(
Ŝ1 + Ŝ4 + Ŝ3 + Ŝ2

)
,

Ŝ22 = ( 1, 0, 0)= 1
4

(
Ŝ2 + Ŝ3 + Ŝ7 + Ŝ6

)
,

Ŝ23 = ( 0, 0, 1)= 1
4

(
Ŝ5 + Ŝ6 + Ŝ7 + Ŝ8

)
,

Ŝ24 = (−1, 0, 0)= 1
4

(
Ŝ1 + Ŝ5 + Ŝ8 + Ŝ4

)
,

Ŝ25 = ( 0,−1, 0)= 1
4

(
Ŝ1 + Ŝ2 + Ŝ6 + Ŝ5

)
,

Ŝ26 = ( 0, 1, 0)= 1
4

(
Ŝ3 + Ŝ4 + Ŝ8 + Ŝ7

)
,

Z0M6B O ^

 ,�� ��9��'� ,�-�&"� 

Ŝ27 = (0, 0, 0) =
1

8

8∑

i=1

Ŝi.
Z0M6B � ^



W � � ��0��`-�������� M6B��R!2 &',"&F,�'!2 &1��'!N���P ,�y $ &%!1�'� �]P+4F���56��/2 �/2 $ ;F . F,+� ,�-�� [f>��!N 
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� �
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� �

� �
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1

2 3

4

5

6 7

8

9

10

11

12

13

14

15

16

17

18 19

20

21

22

23

24

25 2627

� � ��DU3 A  F ��� DU: � 369���52���I9 � �
A $����!D � $ �
A
Q2(T̂ )

 
Cx $ [78���>'(�'!N���> 

α1(t) = −1

2
t(1 − t), α2(t) = (1 + t)(1 − t), α3(t) =

1

2
(1 + t)t,

Z�M6B M9^
)9F,"�!if>1��-�

α1(−1) = 1, α1(0) = 0, α1(1) = 0,
α2(−1) = 0, α2(0) = 1, α2(1) = 0,
α3(−1) = 0, α3(0) = 0, α3(1) = 1,

%~ ,"�+� ����� ,�-�#/@?  ,L�%6"'!N+� ,"w7`1�'	! .  ,+� ,�-� .  S l78�9�!'(��!*�9�! �/� �<!19 / J/2 
Q2(T̂ )

Z`/� E/2!N+� ,�! '!*�9�
27
^(]

bϕ
(2)
1 (x̂) = α1(x̂1)α1(x̂2)α1(x̂3), bϕ

(2)
10 (x̂) = α3(x̂1)α2(x̂2)α1(x̂3), bϕ

(2)
19 (x̂) = α3(x̂1)α3(x̂2)α2(x̂3),

bϕ
(2)
2 (x̂) = α3(x̂1)α1(x̂2)α1(x̂3), bϕ

(2)
11 (x̂) = α2(x̂1)α3(x̂2)α1(x̂3), bϕ

(2)
20 (x̂) = α1(x̂1)α3(x̂2)α2(x̂3),

bϕ
(2)
3 (x̂) = α3(x̂1)α3(x̂2)α1(x̂3), bϕ

(2)
12 (x̂) = α1(x̂1)α2(x̂2)α1(x̂3), bϕ

(2)
21 (x̂) = α2(x̂1)α2(x̂2)α1(x̂3),

bϕ
(2)
4 (x̂) = α1(x̂1)α3(x̂2)α1(x̂3), bϕ

(2)
13 (x̂) = α2(x̂1)α1(x̂2)α3(x̂3), bϕ

(2)
22 (x̂) = α3(x̂1)α2(x̂2)α2(x̂3),

bϕ
(2)
5 (x̂) = α1(x̂1)α1(x̂2)α3(x̂3), bϕ

(2)
14 (x̂) = α3(x̂1)α2(x̂2)α3(x̂3), bϕ

(2)
23 (x̂) = α2(x̂1)α2(x̂2)α3(x̂3),

bϕ
(2)
6 (x̂) = α3(x̂1)α1(x̂2)α3(x̂3), bϕ

(2)
15 (x̂) = α2(x̂1)α3(x̂2)α3(x̂3), bϕ

(2)
24 (x̂) = α1(x̂1)α2(x̂2)α2(x̂3),

bϕ
(2)
7 (x̂) = α3(x̂1)α3(x̂2)α3(x̂3), bϕ

(2)
16 (x̂) = α1(x̂1)α2(x̂2)α3(x̂3), bϕ

(2)
25 (x̂) = α2(x̂1)α1(x̂2)α2(x̂3),

bϕ
(2)
8 (x̂) = α1(x̂1)α3(x̂2)α3(x̂3), bϕ

(2)
17 (x̂) = α1(x̂1)α1(x̂2)α2(x̂3), bϕ

(2)
26 (x̂) = α2(x̂1)α3(x̂2)α2(x̂3),

bϕ
(2)
9 (x̂) = α2(x̂1)α1(x̂2)α1(x̂3), bϕ

(2)
18 (x̂) = α3(x̂1)α1(x̂2)α2(x̂3), bϕ

(2)
27 (x̂) = α2(x̂1)α2(x̂2)α2(x̂3).Z�M!B �-^

� d � dgf 
lm � � m 
}w u.o q��ex?w
Q1

m�ovq � x?w
Q2

� w`t ' ���

RP�>!i�
T
:6� F . F,+� ,�-��/2 J�UOP%~ 

Q1
/2 � ��9+4+F ,�� �Z`����:!/6 �^

S1, . . . , S8
 ��

F
(1)
T : T̂ −→ T, F

(1)
T (x̂) =

8∑

i=1

Siϕ̂
(1)
i (x̂)



� B �6B � . F,+� ,�-�� #f!��!2 W �6W

. ? 1�%6% . !2',1H��!*�9�N ,�P)��HO-1��-�
T̂
 &:6"

T
���

ϕ̂
(1)
i

]
1 6 i 6 8

 ��9�9� .  $ ;78���!'��'!N���! �/2 �<!19 / 0/� 
. ?  $ &%!1�'� 

Q1(T̂ )
Z8)9��!N"QZ � B �9^�^�B>a��9:6"�'����> /!2/�F,"� ,"

T
'��9+4+F D:6��F . F$+� ,�-�R/� 0�UOP%~ 

Q2
]

�!��:! ;',���! ��&"�:�!2 ��9�! .  S n%>�>!*�-�� 
Si = F

(1)
T (Ŝi) ∈ T, 9 6 i 6 27.

Cx $ E"' . 1��'!N���! DZ � B \P^(]�Z � B X�^�] Z � B �9^b ��GZ � B � ^� ��9�-�J1 . ��"� ;1�:! & '! )�F,"�!*f!F� S b ,��"' $+Q% . 1 �,1��-�
.  $ ;%>�>!*�-�� #/� 

T̂
%!1�" .  S #%>�>!*�-�� #/2 

T
',��"�"' S �% ���>/61��-�� } �� . ? 1�%6% . !2',1H��!*�9�

F
(2)
T : T̂ −→ T, F

(2)
T (x̂) =

27∑

i=1

Siϕ̂
(2)
i (x̂),

���
ϕ̂

(2)
i

]
1 6 i 6 27

 ��9�9� .  S �78���!'��'!N���! n/2 J<!1� ' E/� . ?  $ &%!1�'� 
Q2(T̂ )

Z`)���!N"RZ � B �9^&^(]B $ ��!2/2 $�9��!NI-:� �K
F

(1)
T

]�s`� xS�

F
(1)
T = F

(2)
T .

�R �% . :! $] . ?  $ &%!19'	 
Q1(T̂ )

 $ ��b!*�>' . :! #/61��> . ?  $ &%!1�'� 
Q2(T̂ )

B

�ed�� d�c j n �`~�w`t q �,t�r ��r�u�r�~�w`t � r�s>t.t.w`n u.w q��ex?w
Qm

�w�h/2 ,:�L�/2!*+� $�! /!N���> ,] . ? F . F,+� ,�-�;/2 �"�F�78F,"� ,�>'	 
 $ ��;/�F�f!�?!�%!1�"
K̂ = [−1, 1]× [−1, 1].

Cw?  S �%>1�'	 R)> $'(����"�!# . '����> /!2/�F,"�F�]
Qm(K̂) =

{
ϕ̂ : K̂ → R : ϕ̂

 S U�;% � . OP�	��+�!21 .  �/2 �/2 ,o9"&F
!*��78F$"'!= ,:!"#��:�F,o91 . K

m
 ,� '�5!1�I-:� R)H1�"�!21�< .  }

,

 S U��/� �/2!*+� $�! /!N���
(m+ 1)2

� .  $ ;����:!/6 #/2 
K̂

 &���-� .  S 
(m+ 1)2

% ��!N�9�� 
Ĉ

(m)
ij = Ĉij =

(
2i

m
− 1,

2j

m
− 1

)
, 0 6 i, j 6 m,

 ,� .  S 
(m+ 1)2

78���>'(�'!N���> #/2 �<!1� ' 
ψ̂

(m)
ij (x̂) = ψ̂ij(x̂) = cij ·

∏

l1 6=i

(
x̂1 − x̂

(l1)
1

)
·
∏

l2 6=j

(
x̂2 − x̂

(l2)
2

)
, 0 6 i, j 6 m,

��� .  S 
cij

 &���-� .  $ �',���! ���1��-�' $ �"&F. .N.  S @/2 
 �!��"�+41 . !2 �1H�'!N��� ��]('�?  $ ��UT�KMT�/2!*"� .  S �'��9�! ���1��-�� $ 
I-:�!�/����6�? ,�-�

ψ̂i1j1

(
Ĉi2j2

)
= δi1i2δj1j2 .

���9�! '!N/�F$"&�9�! n:6�=F . F$+F $�-�
T
/2 

τh
/2 ��UOP%T 

Qm
/2 0 &��+4+� ��� 

Sijk
]
0 6 i, j, k 6 m

B
C	��"� &I-:� . 1;7`1�'� � &:6%>F$"'!= ,:!"' JZ 7`1�'� w�P:6+4F,"��

6
/@? 1�%6"�3$ .  w��1�< .  S1�:D\��9^�/2 

T
 S U��'��9�9�� ,�P:

/!1��! . 14 �:!"�7`19'	 
Γs

/2 
Ω
] . ? !N�-�' $"� ' $'��'!N���

T ∩ Γs
 S U�;:6� F . F$+F $�-�

K
/2 
τs,h

/� R�UO-%~ 
Qm

/2 R����:!/6 
C

(m)
ij = Cij = Sijm, 0 6 i, j 6 m.

Z � BNW �-^



W ��� ��0��`-�������� � B��R!2 &',"&F,�'!2 &1��'!N���P ,�y $ &%!1�'� �]P+4F���56��/2 �/2 $ ;F . F,+� ,�-�� [f>��!N 
Cw? F . F$+F $�-�

K
/� E�UOP%~ 

Qm
 $ �� . ? !N+G1�o� �/2 . ? 1�%6% . !N'$1H��!*�9�

F
(m)
K = FK : K̂ −→ K, FK(x̂) =

m∑

i,j=0

Cij ψ̂ij(x̂),

I-:�!m $�P)���!= 
Ĉij

 �:6"
Cij

]
0 6 i, j 6 m

�6�6��:> #1M)����> 
ψ̂

(m)
ij = ϕ̂

(m)
ijm

∣∣∣
bT∩{x̂3=1}

, 0 6 i, j 6 m
Z � BNW�WS^

F
(m)
K = F

(m)
T

∣∣∣
bT∩{x̂3=1}

.
Z � BNW �9^

� �6��:!)� $1�:�]x $� %6"�1H��!NI-:� 9] .  $ D����:!/! D &���-�D"� ,�P:6+4F$"&���&F$ 0%>�9:6"QF . !*+�!N�� ," .  /��9:6< .  !N�!/2! �,1�o� �B �lLP% . !2'	!*�&�9�! .  S ;',19 
m = 1

 ��
m = 2

B

� d � d�� j!n �`~�w`t q��,t�r �,r�u�r�~�w`t ��r�s>t.t.w`n u.wKq��ex?w
Q1

Cx $ n����:!/! #/2 
K̂

 ��9�9�; ' $ # &��+4+� ��� ,]
Ĉ1 = (−1,−1),

Ĉ2 = ( 1,−1),

Ĉ3 = ( 1, 1),

Ĉ4 = (−1, 1)

Z � BNW �-^

 ,� .  S [78���!'��'!N���! #/2 �<>1� ' R/� 
Q1(K̂)

Z`/2 �/�!*+� ,�> /!N���
4
^n &���-�

ψ̂
(1)
1 (x̂) = 1

4 (1 − x̂1)(1 − x̂2),

ψ̂
(1)
2 (x̂) = 1

4 (1 + x̂1)(1 − x̂2),

ψ̂
(1)
3 (x̂) = 1

4 (1 + x̂1)(1 + x̂2),

ψ̂
(1)
4 (x̂) = 1

4 (1 − x̂1)(1 + x̂2).
a���:!"#:6� F . F,+� ,�-�

K ∈ τs,h
/2 �����:>/6 �Z` &��+4+� ��� �^

C1, . . . , C4
]��6��:> ;1M)��9�! 

F
(1)
K : K̂ −→ K, F

(1)
K (x̂) =

4∑

i=1

Ciψ̂
(1)
i (x̂).

� �

��

�

Ĉ1 Ĉ2

Ĉ3Ĉ4

K̂

�

�

�

�

�

C1

C2

C3

C4

K

FK

� � ��DU3 A  �"` 



� B �6B � . F,+� ,�-�� #f!��!2 W � �

R2!
S1, . . . , S8

/�F$ '!*o9�� ,�-� .  $ �����:!/! �/@? :6��F . F$+� ,�-�
T
/� 
τh
/2 l�UOP%~ 

Q1
Z8)9��!N"�f!o9:6"' �H\

/6���-� . 147`1�'� 0 �:!%>F$"'!= ,:6"� j $ ��E',���-�' $�-:? �/61��! 
Γs
] 1 . ��"� 

K = T ∩ Γs
 S U�;:6��F . F,+� ,�-�

<?!N/2!N+� ,�! '!N���6�� . /2 R�UOP%~ 
Q1

1M)� $'�]�/@? 1�%6"�3$ �Z � B*W �9^�]
C1 = S5, C2 = S6, C3 = S7, C4 = S8.

�ed�� d � j n �`~�w`t q �,t�r ��r�u�r�~�w`t � r�s>t.t.w`n u.w q��ex?w
Q2

Cx $ #����:!/6 #/2 
K̂

 &���-�; / S # ��9+Q+� ,�� �Z8)9��!N"�Z � BNW �-^�^�]
Ĉi, 1 6 i 6 4,

.  $ ;+F! . !# $:�L�/2 � ' $ #1�" 
,�' $ $]
Ĉ5 = ( 0,−1)= 1

2

(
Ĉ1 + Ĉ2

)
,

Ĉ6 = ( 1, 0)= 1
2

(
Ĉ2 + Ĉ3

)
,

Ĉ7 = ( 0, 1)= 1
2

(
Ĉ3 + Ĉ4

)
,

Ĉ8 = (−1, 0)= 1
2

(
Ĉ4 + Ĉ1

)

 ,�� ��9��'� ,�-�&"� 
Ĉ9 = (0, 0).

� �

��

� �

�

�

� �

1 2

34

5

6

7

8 9

� ����D`3 A  0 � � DU:&�%369���52���I9 � �
A $ � �!D � $ �
A
Q2(K̂)

 
d )� S' .  S �78�9�!'(��!*�9�! 

α1, α2, α3
/�F�f!�?!# S � ,�mZ � B � ^(] .  S �78���>'(�'!N���> �/2 G<!19 / b/2 

Q2(K̂)Z|/2 �/2!N+� ,�! '!*�9�
9
^[ ,?  �L�%6"�!N+F $�-�#',��+4+� � �:?!i�SB

ψ̂
(2)
1 (x̂) = α1(x̂1)α1(x̂2), ψ̂

(2)
4 (x̂) = α1(x̂1)α3(x̂2), ψ̂

(2)
7 (x̂) = α2(x̂1)α3(x̂2),

ψ̂
(2)
2 (x̂) = α3(x̂1)α1(x̂2), ψ̂

(2)
5 (x̂) = α2(x̂1)α1(x̂2), ψ̂

(2)
8 (x̂) = α1(x̂1)α2(x̂2),

ψ̂
(2)
3 (x̂) = α3(x̂1)α3(x̂2), ψ̂

(2)
6 (x̂) = α3(x̂1)α2(x̂2), ψ̂

(2)
9 (x̂) = α2(x̂1)α2(x̂2).

���9+4+F �/61��! . 14 ' $'��'!N��� %!"&FS'�F$/� ,�-�' 9]P '!
S1, . . . , S27

/�FS /!No��? ,�-� .  $ [����:>/6 #/@? :6� F . F,A
+� $�9�

T
/2 

τh
/2 Q�UOP%~ 

Q2
]�/��9�9� . 1 7`1�'	 G &:6% F,"�!# $:6"' F $ ���'��9�9�� ,�P:� 4/61��> 

Γs
]�1 . ��"� 

K = T ∩ Γs
 S U�;:!� F . F$+F $�-�;<�!N/�!*+� ,�> /!N���6�? . /2 J�UOP%~ 

Q2
1M)� S'�]�/@? 1�%6"�3$ RZ � B*W �9^�]

C1 = S5, C2 = S6, C3 = S7,
C4 = S8, C5 = S13, C6 = S14,
C7 = S15, C8 = S16, C9 = S23

Z � B*W$\-^

Z`)��>!*" . 1Q�-:!+QF$"&����1��'!N��� /2 $ [f!o9:6"� $ ��XG �� � � ^�B



W ��\ ��0��`-�������� � B��R!2 &',"&F,�'!2 &1��'!N���P ,�y $ &%!1�'� �]P+4F���56��/2 �/2 $ ;F . F,+� ,�-�� [f>��!N 
� � � � � � � � � �R
 � ��� �H��� � ��� ����� � � ��� � � ����� � � � � � � �n� � � �
d f!� /2 4�&"�1�!*�' $" .  S �%6"���< . 3,+� $ E7`1�!*< .  $ 0/�: '�5!1�%�!*�&"� 4%6"�F$'�FS/2 ,�-��1M)� S'4/2 $ R+4F���56��/2 $ 
/@? F . F,+� $�9�� [f!��!2 ,]>'����> /!2/�F,"����> �:!� '$1� n% . :! no9F,�6F$"�1 . B
RP�>!i�

H̃
:6�O S �%!19'	 =/2 ��! . <~ ,"&� /2 78���!'��'!N���! /2 

Ω
/!1��! 

R
 ��
H

.  � ��9:! UT+ $ &%!19'	 
7% $"&+4Fb/2 

H̃
78�9"&+4Fb/2 S R78���!'��'!N���! 0/2 

H̃
)H1 . 1��-�

0
 �:6"0:6�� G%!1�"���!# 

Γ0
/2 

∂Ω
�� &��!*�

a : H̃ × H̃ → R
:6�? 78��"�+F <�! . !*�6FS1�!N"' 9]w'��9�-�'!N�-:? P ,� '��B ,"�'	!*�'!N)� y ,�

l ∈ H̃ ′ ZUs`� xS�
l : H̃ → R

:6�� R78��"�+� . !N�6F$1�!*"� �'��9�9��!*�P:� M^(B ���9�! /!2/�F$"&�9�! .  R%6"���< . 3,+� J7`1�!N< .  

	"���:6)> ,"

u ∈ H
)�F,"�!*f>1��-�

a(u, ϕ) = 〈l, ϕ〉 % ��:6";�&��:6� ϕ ∈ H.
Z � B*WMX�^

�} E%6"&�9< . 3,+� �1�/6+F ,��:6�? E:6�?!NI-:� J �� . :���!*�9�b%!1�" .  ;�&5!F,��"�3,+� J/2 EC�1HL-T&[N! . o�"�1�+ Z � B �9^(B
[=�9�-�&"����! '��9+Q+� $�9�l/2 S F . F,+� ,�-�� f>��!N /� w�UOP%~ 

Qm
%T $"&+� ��&�' $�9�l/2 n"�F$ &��:!/6"' JZ � BNWSX9^

/2 +G1��?!*3$"' =1�%!%6"&��'�56F. �B�a���:6"4:6� F . F$+F $�-�
T
/�: +G1�! .*. 1�o> 

τh
 ��G:6�� 78�9�!'(��!*�9�

ϕ/�F,f!��!= � �:!"
Ω
]��6�������! 

ϕ̂
(m)
T = ϕ̂T = ϕ ◦ FT : T̂ −→ R,

���
FT = F

(m)
T

 $ ���/�F,f!��!= < $� Z � BNWS^�B �����! '!2/�F,"����! . ?  S �%>1�'	 
Ṽh,m = Ṽh,m(Ω) =

{
ϕ ∈ C(Ω) : ϕ̂T ∈ Qm(T̂ ), ∀T ∈ τh

} Z � BNW �-^

 &:6%6% �9 &F
!*�!' . :> ;/61��> 
H̃
B�a���:6"

T ∈ τh
]!�6�������! .  $ n����:>/6 #/2 

T

S
(m)
ijk (T ) = Sijk(T ) = FT

(
Ŝijk

)
, 0 6 i, j, k 6 m.

RB!
ϕ ∈ Ṽh,m

]61 . ��"� ,]P% ��:6"
T ∈ τh

]

ϕ̂T =

m∑

i,j,k=0

ϕ̂T

(
Ŝijk

)
ϕ̂ijk =

m∑

i,j,k=0

ϕ (Sijk(T )) ϕ̂ijk ,

s`� xS�
ϕ
 S U�R ,�-�'!N3,"� ,+� ,�-��/�F,�' $"&+�!N�6F� �%!1�" .  $ ;)H1 .  $:6"� n%!"'!2 / S ;1�:6L ����:!/! ;/�:=+G1�! .*. 1�o> 

τh
B ���9�! /!2/�F$"&�9�! [:6�� ��P:6+4F,"�����1H�'!N����/2 $ n����:!/6 ;/2 

τh
]

⋃

T∈τh

{Sijk(T ), 0 6 i, j, k 6 m} = {R1, . . . , RN} Z � BNW � ^

 ,�$]6% ��:6"
1 6 l 6 N

]6�!���&�9�! 
ϕl

. 1D78���>'(�'!N���=/2 
Ṽh,m

)�F$"'!*f>1��-�
ϕl(Rj) = δlj , 1 6 j 6 N,

'�?  S U��TPKMT�/2!N"' 9]-% ��:!"
T ∈ τh

]

ϕ̂lT =

{
ϕ̂ijk

 '!
Rl = Sijk(T ),

0
 '!
Rl 6∈ T.

Z � BNW � ^

d !*�! '!e] {ϕl}N
l=1

 $ ��#:6�� �<!19 / �/2 
Ṽh,m

/61��> . 19I9:? .N.  J�&�9:��' 
ϕ ∈ Ṽh,m

 $? FS'�"�!i�

ϕ =

N∑

l=1

ϕ(Rl)ϕl.



� B �!B Y6�9"&+D: . 1��'!N��� 7`1�!N< .  R1�%6%6"���'�56F� 4Z`'$1�/�"� Ro�F,�!F,"�1 . ^ W �9X

R�:6%6% �9 &���! �I-:� . 1n�P:6+4F,"�����1H��!*�9�J/2 S @����:!/! lZ � B*W � ^T $ ����' .*.  lI-:� .  $ @����:!/6 
R1, . . . , RL�	? 1�%6%!1�"&�'!= ,�!�� ,�-�R%!1� JK

Γ0
 ,� .  $ E����:!/! 

RL+1, . . . , RL+M = RN
 &���-�R &:6"

Γ0
] . 1

%>1�"&�'!= J/2 
∂Ω

� � . 1D)H1 .  ,:6"#/2 S �78���!'��'!N���! n/2 
H
 S U�[f6L�F� RK

0
B �����! '!2/�F,"����! .  J &��:! UT S �%>1�'	 

Vh,m = Vh,m(Ω,Γ0) =
{
ϕ ∈ Ṽh,m : ϕ(RL+j) = 0, 1 6 j 6 M

} Z � B*W �9^
/� 
Ṽh,m

 ,� . 10<!1� ' {ϕl}L
l=1

/2 
Vh,m

B�R�:6%6% �9 &���! nI-:� 
Vh,m

 ��>!i�[:6�  &��:> ~TB $ &%!1�'� �/2 
H
 ,�;"' $+Q% . 1 �����> .  R%6"���< . 3,+� GZ � B*WMX�^�%!1�" .  �%6"���< . 3,+� E7`1�!N< .  �1�%6%6"���'�56F

�"���:6)> ,"

uh,m ∈ Vh,m
)9F,"�!if 1��-�

a(uh,m, ϕ) = 〈l, ϕ〉 %>�9:6"#�&�9:�� ϕ ∈ Vh,m.
Z � B � �9^

C�1Q78���!'��'!N���P!*�>'����!�-:? R $? F$'�"�!*�

uh,m =
L∑

l=1

ξlϕl

���
ξl = uh,m(Rl)

 &���-� .  $ )H1 .  ,:!"� K�/�F,�' $"&+�!N�� ,"SBSCx �%!"&�9< . 3$+� EZ � B � �9^Y S U��F$I-:�!N)H1 .  ,�-�
KQ��"&�9:6)� $"

ξ1, . . . , ξL
�' .  ;I-:� 

L∑

l=1

ξla(ϕl, ϕj) = 〈l, ϕj〉 , 1 6 j 6 L,

'� �I-:�!	 ' E��"�19/�:�!*�#+41��&"�!N'�!# .*.  ,+� $�9�;%>1�" .  � &O� U��3,+� . !N�6FS1�!N"' 
Aξ = b

1M)> $'
ξ = (ξ1, . . . , ξL)t ∈ RL  ,� . 1�+G1H��"'!2'	 

A = (ajl)
/2 G/2!N+� ,�! '!*�9�

L × L
 �� .  

)> $'��' ,:!"
b = (b1, . . . , bL)t /2 RL /6F�f!��!2 n%!1�"

ajl = a(ϕl, ϕj), 1 6 j, l 6 L,
Z � B���WM^

bj = 〈l, ϕj〉 1 6 j 6 L.
Z � B����9^

C�1 +G1��&"�!N'� 
A
 $ ��R1�%6%~ . F� ��4z�{|u(s`��xbt9x4u(s O�s`t�s {Y^,B ���9+Q+� . 1 78��"�+� 0<�! . !*�6FS1�!N"' 

a
 $ ��

 &:6%6% �9 &F� �',�B ,"�'	!*�'!N)� �] . 14+G1H��"'!2'	 
A
 S U��/�F,f!��!= �%>�- /!*�'!N)� 9]�s`� xS�

(Aξ | ξ ) > 0
 /!
ξ 6= 0

]
/6���!'

A
 $ ���"&F$o�: . !N3,"� < ,� .  0 �O� ��&3$+F 

Aξ = b
19/�+� ���:!�� �:6��!2I-:� 0 &� . :��'!N���	B �� D% . :! ,]

 '! . 1478�9"&+� �<�! . !*�6FS1�!N"' 
a
 $ ��E &O-+4F,�&"�!NI-:� 9]!1 . ��"� . 14+41��&"�!N'� 

A
 S U�GR���a Z|'�?  $ �� .  0',19 

% ��:!" .  S [78��"�+0: . 1H��!*�9�! �7`1�!N< .  $ ;/�:='�5!1�%�!*�&"� E%6"�F$',F$/2 $�-��^(B
@�A :B5236CED A �   Q s�v*x�rE��p�q t�s {|s`p�q6r�r(y�u

Γ0
r,p�q!{ q pHq _6p��4pNO ��q�x(r��l� � x�r({|} %H}-t�s u&xRr(s�vNx� u&p �,v �,�4x % up^�r�p�y!tHu&xDx(r({

��u&p�y2XMx,u
v ∈ H̃

X6^�u(s �[zHq!{
a(v, ϕ) = 〈l, ϕ〉 � pHy�u�{~pHy�{ ϕ ∈ H,

z4XMx��
v = v0

r(y�u
Γ0
�0p �

v0 : Γ0 → R
x(r({Dt9pHq!q�^�x Scq p�qmq!y�v v*x<V ��z�v*pHu�r�� � pHy�u�r,x

u�zH�Gx�q�x�u,%=��x*a,y�s � up^�����t9x$�#s v�r(y	�j{Et�x � u&p�v*pHq�O9x,u v0 x�q y�q�x )�pHq���{es`pHq
ṽ0

t�x
H̃

x,{
t9x � pMr,x,u u = v − ṽ0 ∈ H

���DpHyPrb��p�q6r(s`t&^,u&p�q6rbzHv*p�u�r4vNx � u�p �,v ���Gx�z6XHx�����pHq�tHs {es`pHq6r_!pH�GppO �,q x�r�r�y�u
Γ0

r(y�s[XMz�q!{
�

�6u&p�y2XMx,u
u ∈ H

X(^,u(s ��z�q!{
a(u, ϕ) = 〈l, ϕ〉 − a(ṽ0, ϕ) � pHy�u�{~pHy�{ ϕ ∈ H.



W � � ��0��`-�������� � B��R!2 &',"&F,�'!2 &1��'!N���P ,�y $ &%!1�'� �]P+4F���56��/2 �/2 $ ;F . F,+� ,�-�� [f>��!N 
�DpHyPr���pHq!r(s`t&^,u&pHq!r�v*x=r,pHyPr(}-x�r � z9��x Ṽh,m

t9x
H̃
��v*x�r,p�yPr�}Px(r � z���x Vh,m

t�x
H

x�{�v*z
)�p�q �,{|s`p�q

ṽ0h,m
=

M∑

i=1

v0(RL+i)ϕL+i ∈ Ṽh,m.

PlpH�Q�Gx � up^��|^�t9x��Q�Gx�q>{���q�pHyPrnup^(r,p�v XMp�q6r;�GzH{eu(s`��s`x,v v*x,�4x,q!{�v*x � u�p �,v ���Gx
)�zHs��,v*x�z ��� u&p �
�|_�^
�6u&pHy2XHx�u

uh,m ∈ Vh,m
X6^,u(s ��zHq>{

a(uh,m, ϕ) = 〈l, ϕ〉 − a(ṽ0h,m
, ϕ) ∀ϕ ∈ Vh,m.

J zG�GzH{eu(s`��xDt�y r|�Mr({ ���Gx0x�r({�vNzG� ���Gx a,y � z6XHzHq>{�SYXHpHs u S �-��� \|V|V x,{�vNx�r,x���pHq tb�4x,� ��u&x
x�r({[t�p�q!q�^ � zHu

bj = 〈l, ϕj〉 −
M∑

i=1

v0(RL+i)a(ϕL+i, ϕj), 1 6 j 6 L.

�DpHyPr�p �,{cx,q p�q6r0zHv*p�u�r�v*z4r,p�v�y�{|s`p�q�z ��� u�p$�|_�^�x
vh,m = uh,m + ṽ0h,m

=

L∑

l=1

ξlϕl +

M∑

i=1

v0(RL+i)ϕL+i.

� d ' d�i �Wmbn��Eo.nLuhw n<mB~�m
q2z8r���wWuhw z8r 
>rpu.r<q �!wEqlu.o � w`��s>t.u ~�w`~ ��z�w
�D? 1�%6"�3$ .  S w78�9"&+D: . 1H�'!N���> l7`1�!*< .  $ n/�:�'�5!1�%?!i��"' J%6"�F$'�FS/2 ,�-�S]- &:6%6% �9 &���! nI-:� .  S n1�%6% . !*A
'$1H�'!N���> 

a
 ��
l
 ��9�-�#/� . 1D78��"�+� 
a(ϕ, ψ) =

∫

Ω

g(ϕ,∇ϕ, ψ,∇ψ)
/
x,

〈l, ϕ〉 =

∫

Ω

h(v,∇v, ϕ,∇ϕ)
/
x+

∫

Γs

hs(Θ, ϕ)
/
σ,

���
v,Θ

 &���-�b/2 S 478���!'��'!N���! G/� 
x
'����!�-:? $ � ��

g, h : R × R3 × R × R3 → R
 ��

hs : R × R → R
 &���-��/2 S #78�9�!'(��!*�9�! b!N�-�&F,o9"�1�< .  $ $B��� D% . :> ,] . �9"� �I-:� �/61��! .  D / S'����>/

�� ,"�+F /2 . 1 78��"�+� 
l
�6��:> �1M)9���! 

hs 6= 0
]n�6��:!  &:6%6% �9 &���! �I-:� . 1  �:!"�7`19'	 _/6:

<!19 & '!N� Z`"' $�6��"�+G1 . !N &FS^
Γs

�? b'���:!%T b%>1� 
Γ0

Z . 1=%!1�"&�'!= G/2 
∂Ω

K )H1 .  $:6"�f6L�F� M^(B Cm $ 
',�+ 	b'	!= ,�-�� �/2 . 1E+G1H��"'!2'	 n/2 n"'!No�!2/2!*�&FRZ � B �6WS^V ,� .  S ',��+4% �9 �1��-�' S �/�:4 ' $'��9�!/�+� $+0<6"� 
Z � B�����^[ $? FS'�"�!*)> ,�-�

ajl = a(ϕl, ϕj) =

∫

Ω

g(ϕl,∇ϕl, ϕj ,∇ϕj)
/
x

=
∑

T∈τh

∫

T

g(ϕl,∇ϕl, ϕj ,∇ϕj)
/
x,

Z � B�� �-^
bj = 〈l, ϕj〉 =

∫

Ω

h(v,∇v, ϕj ,∇ϕj)
/
x+

∫

Γs

hs(Θ, ϕj)
/
σ

=
∑

T∈τh

(∫

T

h(v,∇v, ϕj ,∇ϕj)
/
x+

∫

T∩Γs

hs(Θ, ϕj)
/
σ

)
,

Z � B��H\P^
% ��:6"

1 6 j, l 6 L
B@Cm S E'$1 . '�: .  R/2 . 1 +41��&"�!N'� 

A
 ���/�:�)� S'(�' $:6"

b
 / D78���-��1M)� S' .  S 

F$o91 . !*�&F$ R'�!�T�/2 $ � �:> ,]�'�?  $ ��UT�KMTP/�!*"� G $�� &��+4+G1��-� . 1 '��9�9��"'!N<6:���!*�9�_/2 4'�5!19I9:? DF . F$+F $�-�
/�: +G1�! .N. 1�o� �B



� B �!B Y6�9"&+D: . 1��'!N��� 7`1�!N< .  R1�%6%6"���'�56F� 4Z`'$1�/�"� Ro�F,�!F,"�1 . ^ W � �


�"�1M)M1�! .N. ���! ;1M)> $'�/2 S ;F . F$+F $�-�� �/� ��UOP%T 
Qm

 ,��f6L����> ,]>%>�9:6" . ? !N�! ���1��9�S]!:6��F . F,+� ,�-�
T ∈ τh

B ��:6+4F,"��������! . ��'$1 .  ,+� ,�-�
S1(T ), . . . , SI(T )

.  S 	����:>/6 �/2 ['� �� F . F,+� ,�-�$]H1M)> $'
I = (m+1)3

B ���9�! /!2/�F$"&�9�! . ? 1�%6% . !N'$1H��!*�9�bI9:?!!7`1�!i� .  . != ,�M $�-�&"� E'	 ,���� ��P:6+4F,"�����1H�'!N���
. ��',1 .  
 �� . 1Q�P:6+4F,"�����1��'!N����o . ��<!1 .  R/2 S n����:!/6 ;/6:�+G1�! .N. 1�o� 4Z � B*W � ^ �

αT : {1, . . . , I} −→ {1, . . . , N}

/6F�f!��!= �%!1�"
Si(T ) = RαT (i), 1 6 i 6 I.

C�1Q78���!'��'!N��� /2 �<!19 / �/2 
Ṽh,m

)M1 . 1��-�
1
1�: ����:>/

Si(T )
 S U�;1�:! & '!@�6���&F� 

ϕSi(T ) = ϕαT (i), 1 6 i 6 I.

C�1��4z�{|u(s`��x�t�x u(s O�s`t�s {Y^l^�v'^��Gx�q>{cz�s u&x
AT

Z`/� 
T
^(]�/2 b/2!N+� ,�! '!N���

I × I
]V S U�0/�F,f!��!= 

%>1�"

(AT )ik =

∫

T

g(ϕSk(T ),∇ϕSk(T ), ϕSi(T ),∇ϕSi(T ))
/
x, 1 6 i, k 6 I.

Z � B���X9^
a��9:6" .  E ' $',���!/b+F $+0<6"� �] .  �%6"� ,+�!= ,"l�� ,"�+� E/2 . 10%!1�"� ,�-�&5!3$ ' �/2 4Z � B��H\P^  ' ;�&"�1�!*�' J/2 
. 1�+ 
,+� 4+41���!N3,"� � .  � u&x,�Qs`x�uQr,x���p�q t �Gx,� �,u&x*^,v#^,�4x,q!{~zHs u�x bT Z`/� 

T
^�/!1��! 

RI ] S U��/6F�f!��!	%!1�"

(bT )i =

∫

T

h(v,∇v, ϕSi(T ),∇ϕSi(T ))
/
x, 1 6 i 6 I.

Z � B�� �-^
a��9:6" .  4 ' $'��9�!/=�� ,"�+� 4/� . 1 %!1�"� ,�-�&5!3$ ' Q/2 =Z � B��H\-^�] . �9"� �I-:� . 1b7`19'	 G &:6%>F$"'!= ,:!"' 4/2 
T
 $ ��E'��9�9�� ,�P:�/61��! . 1  &:6"&7`1�'� 

Γs
]
T ∩ Γs = K(T )

 S U�J:6�hF . F,+� $�9�J<�!2/2!*+� $�! /!N���6A
�? . /�: +G1�! .N. 1�o� 

τs,h
/� . 1h �:!"�7`19'	 

Γs
]�!N�!/�:?!i�4%!1�" .  �+G1�! .*. 1�o> 

τh
/2 

Ω
B��;���&�9�! 

K = K(T )
% ��:6" 1 .N. F,o� $" . ? F$'�"�!*�&:6"� S ,�$];'��9+4+F �1M)H1��-�$]n�P:6+4F,"��������! . ��',1 .  $+� ,�-�

C1(K), . . . , CJ(K)
]
J = (m + 1)2

] .  $ �����:!/! /2 '	 ,� F . F$+F $�-�P ,� ',���! '!N/6F,"����! 
. ? 1�%6% . !2',1H��!*�9��7`1�!N �1��-� .  . !# $�  $�9��"' 4'	 ,���� Q�P:6+4F$"&����1H��!*�9� . ��',1 .  F �� . 1 �P:6+4F,"�����1H�'!N���
o . �9<!1 .  �/2 $ n����:!/6 �

αK : {1, . . . , J} −→ {1, . . . , N}, Cj(K) = RαK (j), 1 6 j 6 J.

Cx t�x,y "9s
���Gx�r,x���pHq�tG�Gx�� ��u�x ^,v#^,�4x,q!{~zHs u&x
bK

Z|/2 
K
^[/61��! 

RJ  $ ���/�F�f>��!�%!1�"

(bK)j =

∫

K

hs(Θ, ϕCj(K))
/
x, 1 6 j 6 J,

Z � B�� � ^
���

ϕCj(K) = ϕαK (j), 1 6 j 6 J
B

C�1�+41��&"�!N'� Q/� Q"�!No�!2/2!i��F
A
 ,� .  G / S'��9�!/h+� ,+D<6"� 

b
 $? ��<���!# $�6�� ,�-��1 . ��"� J1M)� $' . ? 1 . o���A

"�!*�&56+� GW �!B



W � � ��0��`-�������� � B��R!2 &',"&F,�'!2 &1��'!N���P ,�y $ &%!1�'� �]P+4F���56��/2 �/2 $ ;F . F,+� ,�-�� [f>��!N 
+ 5 ��"&D � �UA

A
A �

b
�~��!*�'!21 . !N �1H��!*�9� �

A = 0
 ,�
b = 0

Z
aij = bi = 0

]
1 6 i, j 6 L

^
a���:6"

T ∈ τh
]�7`1�!*"� ��

�[1 . '�: . /2 . 1Q+G1H��"'!2'	 RF . F$+F $�-��1�!N"� 
ATa���:6"

1 6 i, k 6 I
]67`1�!N"' ��

RB!
αT (i), αT (k) 6 L

�
aαT (i),αT (k) = aαT (i),αT (k) + (AT )ikY�!N�  '!

Y�!*� % ��:6"
i, k

�[1 . '�: . /�: %6"' $+�!# $"; / S'����>/ +� ,+D<6"� JF . F$+� ,�-��1�!*"� 
bTa���:6"

1 6 i 6 I
]�7`1�!N"� �

RB!
αK(i) 6 L

�
bαT (i) = bαT (i) + (bT )iY�!N�  '!

Y�!*� % ��:6"
iRB!

T ∩ Γs = K 6= ∅ �
�[1 . ',: . /�:=/2 ,:6LB!N3,+� � ' $'��9�!/ +F $+0<6"� RF . F,+� ,�-��1�!N"' 

bKa���:!"
1 6 j 6 J

]P7`1�!*"� _ �
bαK(j) = bαK(j) + (bK)jY�!N��% ��:!"

iY�!N�= /!
Y�!*� % ��:6"

T
B /

����9836�g���U: A H��1 

a���:!"l',1 . '�: .  $" .  $ [!N�-�&F$o�"�1 .  $ nZ � B �9X�^x ���Z � B � �9^�]D 
�~ S'(��:6���! .  ;'�5!1��6o� $+F $�-��/2 n)H1�"�!21�< .  
x = FT (x̂)

% ��:6"� / w"�1�+F $�� ,"� �:6" . ? F . F,+� $�9��/2 l"�F�78F$"' $�!'	 ��"'!2/2!N+� ,�! '!*�9�6�� .
T̂
B �0? 1�%!"&3S 

Z � BNW � ^} ,�#1M)> $' . 1D�P:6+4F$"&����1H��!*�9� . ��',1 .  �/2 $ ;����:!/6 #/2 
T
]2! .  &:�!*�$]6% ��:6"

1 6 i 6 I
]

ϕSi(T ) ◦ FT = ϕ̂Si(T )T
= ϕ̂i.

a 1�";',���! &F$I-:� $�-�$]P�6��:> ;1M)��9�! 
∇ϕ̂i(x̂) = ∇(ϕSi(T ) ◦ FT )(x̂) = (JFT

(x̂))
t ∇ϕSi(T )(FT (x̂)),

'�?  S U��TPKMT�/2!N"' 9]
(
∇ϕSi(T )

)
◦ FT = (JFT

)−t ∇ϕ̂i,
���

JFT

 $ �� . 1�+G1H��"'!2'	 
�1�',��<�!= ,�6�? J/2 . 10�&"�1��> U78�9"&+G1H��!*�9�
FT

B��;��:> ��9<��' $�6���> �1�!*�! '!e] $�  &:6%6% �9 �1��-�#I-:� 
det JFT

> 0
]

(AT )ik =

∫

bT

g(ϕ̂k, (JFT
)−t ∇ϕ̂k , ϕ̂i, (JFT

)−t ∇ϕ̂i) det JFT

/
x̂

Z � B�� � ^
% ��:6"

1 6 i, k 6 I
 ��

(bT )i =

∫

bT

h(v ◦ FT , (∇v) ◦ FT , ϕ̂i, (JFT
)
−t ∇ϕ̂i) det JFT

/
x̂

Z � B����-^
% ��:6"

1 6 i 6 I
B



Γs ∩ Γ0

��()�*�	( &�$ ! !#
�& � � ��' �
�
� 
�$ & ���	
�� & � ������& & �*������� ���	(

αK(j) 6 L �



� B \>B Y6�9"&+D: . 1��'!N���! �7`1�!*< .  $ �1�%6%6"���'�56F� S n/2 $ nFSI9:>1H�'!N���> #/2 ��1M)B!# $"UT��-�&� �� S W ���
�R J+41���!N3,"� E '!*+�! . 1�!*"� �]-%>�9:6"n',1 . '�: .  $" . ? !N�-�&F,o9"�1 .  QZ � B � � ^(] .  R'�5!1��6o� $+F $�-��/2 J)M1�"'!21�< .  
x = F

(m)
K (x̂) = FK(x̂)

 ,�P)��HO-1��-� . ? F . F,+� ,�-��/2 R"�F�78F,"� ,�>'	 R<�!2/2!*+� $�! /!N���!�� .
K̂

 &:6"
K S U�#:���! . !2 �F9B��;�������! 

ψ̂r
. 1D78�9�!'(��!*�9� /2 R<!19 / R/2 

Qm(K̂)
)H1 . 1��-�

1
1�: % ��!N�-�

Ĉr
/2 
K̂ ,�

Cr(K) = FK(Ĉr)
]
1 6 r 6 J

B��D? 1�%6"�3$ �Z � B*W9WS^} ��0Z � BNW �9^(]2! .  �:�!*�
ϕCj(K) ◦ FK = ϕCj(K) ◦ FT |bT∩{x̂3=1} = ψ̂j , 1 6 j 6 J.

�w�j &:6%6% �9 �1��-�DI-:� . 1h+G1��&"�!N'� 
�1�',��<�!= ,�6�? 
JFK

/2 . 1h�&"�1��! �78��"�+G1H��!*�9�
FK

)�F$"'!*f? 
det JFK

> 0
]�Z � B � � ^[/2 $)+!= ,�-�

(bK)j =

∫

bK

hs(Θ ◦ FK , ψ̂j) det JFK

/
x̂, 1 6 j 6 J.

Z � B � �-^

Cx $ q!N�9��F,o9"�1 .  S �Z � B � � ^�]�Z � B����-^4 ���Z � B �	�9^l%T $:6)� $�9�n%!1�"} ,LB $+4% .  
���"' < $ ��'!N+4F� S [1M)> $' . 1
78�9"&+D: .  R/� �I9:>1�/�"�1H��:6"' R/2 ��R1�:! & UTPCx ,o> ,�!/�"� DZ`)��>!*";1��6�� �L2 ��#^(B �} ,���' R78�9"&+D: .  R1M)> $'
n
% ��!N�9�� " $ ���/2 . 1078�9"&+� 

1∫

−1

f(t)
/
t ≈

n∑

k=1

akf(tk),

���
tk ∈ (−1, 1)

 ��
ak > 0

]
1 6 k 6 n

B ����+4+� 
T̂ = [−1, 1] × [−1, 1] × [−1, 1]

 ,�
K̂ = [−1, 1]× [−1, 1]

]P�6��:> n��<��� ,�6�9�! 
∫

bT

f(x̂1, x̂2, x̂3)
/
x̂ ≈

n∑

i,j,k=1

aiajakf(ti, tj , tk)

 ,�
∫

bK

f(x̂1, x̂2)
/
x̂ ≈

n∑

i,j=1

aiajf(ti, tj).

� � ; � � ��� � � �R
�� ��� �B�H����� ��� �j����� � � ��� � � � ��� � �e� � �R
�� ��� �
��� � ���G� � �"! #D
 � $ � �

Cx $ Q78�9"&+D: . 1��'!N���! 07`1�!N< .  $ =Z � B � �9^�]#Z � B � �-^� ,�hZ � B �9X9^ Z`��<��� ,�P:� S D%>1�" . 1�+4F���56��/2 =/2 
%!"&FS/2!N'��' $:6"UT�'��9"&"� $'��' ,:!"hZ�� ��^&^b &���-�G�&"�1�!*�&F. $ t!N'�!� ,�g/6F���1�! .  1M)> $' . 1 +4F��&5!�P/� _/2 . 1
 ' $'��'!N��� %6"�F$',F$/2 $�9�� �B
���9�! '!N/�F$"&�9�! n:6� +G1�! .*. 1�o> �/2 

Ω
78��"�+QF�/@? F . F,+� $�9�� nf!��!2 ;/2 ��UO-%~ 

Q1
B��l�h &:�!*)H1��9� .  

%!"&��'�FS/�F�/2 . 14 ' $'��'!N��� � B �6B \>] .  S nF . F,+� ,�-�� n/�: +G1�! .N. 1�o� J%T $:6)� $�9� 
,�&"� J',���! '!N/6F,"�F$ n/2 
�UOP%~ 

Q2
B Cm S 0)B!*�' $ � ' $ �5!��"�! �$���-��1 .  S ZUs`� xS� .  $ Q/2 $:�L %6"' $+�!*3$"' S D',��+4%>�- &1��-�' $ D/2 . 1

)B!*�' S & ' S^# &���-�E'$1 . '�: . F� S ;1M)� S'R/2 $ �F . F,+� ,�-�� ;f!��!2 �/2 ��UO-%~ 
Q2

 �� . 1G)B!i�� $ � / �)> ,"&�'!2',1 .  
Z�s`� x$� . 1[��"&�>!N '!N3,+� w'��9+4%>�- &1��9�� l/2 . 1#)B!i�� $ � / M^@1�!N�! '!�I-:� . 1n%6"� $ � /!N����1M)> $' /2 S �F . F,+� $�9�� 
f>��!N �/2 R�UOP%T 

Q1
B �} $ #'�56�>!iL� ��9�9�#+4����!*)9F$ #K . 1Q ' $'��'!N��� � B X�B

a��9:6" .  �'$1 . '�: . /� . 1Q%6"� $ � /!N���	]P/�? 1�%6"&3S �Z � B X��9^(]6',���! '!2/�F,"����! . 1D78��"�+F R<�! . !*�6FS1�!N"' 
ap : H1(Ω) ×H1(Ω) −→ R, ap(ϕ, ψ) =

∫

Ω

(∇µϕ | ∇µψ )
/
x

Z � B �!WS^



W9W � ��0��`-�������� � B��R!2 &',"&F,�'!2 &1��'!N���P ,�y $ &%!1�'� �]P+4F���56��/2 �/2 $ ;F . F,+� ,�-�� [f>��!N 
 ,� . 1D78��"�+� . !N�6F$1�!*"� 

lp : H1(Ω) −→ R, 〈lp, ϕ〉 =

∫

Ω

(
vk | ∇µϕ

) /
x,

Z � B ���9^
���

vk  $ ���/�F�f!�?!m ,� Z � B X �9^�B��;��:> ;'�56��!2 '!N � ��9�! .  � &��:> ~TB $ &%!1�'� 
Ṽh,1(Ω)

Z`)���!N"�Z � B*W �9^&^
/2 

H1(Ω)
 ,��'����> /!2/�F,"����> .  �%6"���< . 3,+� J7`1�!N< .  �1�%6%6"���'�56F


	"���:6)> ,"
qk+1 ∈ Ṽh,1(Ω)

)9F,"�!if 1��-�
ap(q

k+1, ϕ) = 〈lp, ϕ〉 ∀ϕ ∈ Ṽh,1(Ω).
Z � B � �-^

�0? 1MO-1��-�j!N'�!w%!19 R�&"�1M)H1�! .*. Fb1M)� S' . ?  $ &%!1�'� bI9:!���'!= ,�-�
H1(Ω)/R

]x! . 7`1�:!/�"�1=1�/61�%��' $" . 1
78�9"&+D: . 1��'!N���G��"&�9:6)�F. �% ��:6"no-1�"�1��-�'!N" . ? :!��!N'�!i��F�/2 . 1Q �� . :���!*�9��]P)��>!*"n / S'(��!*�9� � B \!B �6B �R 
% . :! $]!:6�? 0+4F���56��/2 0/2 �% F,�>1 . !N �1H��!*�9�=%>�9:6" .  D',1 . ',: . /2 . 14%!"' S & '!*�9�y $ ���%6"�F$ ' ,�-�&F. 0K
. 14 / S'(�'!N��� � B \!B \!B

a���:!" .  D',1 . '�: . /2 $ �)B!i�� $ � / S ,]!/�? 1�%6"&3S �Z � B ����^q ,�DZ � B ��\-^(]>'����> /!2/�F,"����> .  S #78��"�+� $ #<?! . !iA
�6FS1�!N"' S 

ai : Vi × Vi −→ R,

ai(ϕ, ψ) =
3

2δt

∫

Ω

ϕψ
/
x+

∫

Ω

(∇ϕ | ∇ψ )λ

/
x, i = 1, 2, 3,

Z � B ��\-^

 ,� .  S [78��"�+F S . !N�6FS1�!N"' S 
li : Vi −→ R, 〈li, ϕ〉 =

∫

Ω

wk
i ϕ
/
x+

∫

Γs

Θk+1
i ϕ

/
σ, i = 1, 2,

Z � B �9X�^

l3 : V3 −→ R, 〈l3, ϕ〉 =

∫

Ω

wk
3ϕ
/
x,

Z � B � �-^

��� .  $ � S �%>1�'	 S 
Vi = Vi(Ω,Γi)

]
i = 1, 2

]l ��9�9�b/�F,f!��!2 � ,� Z � B*W �9^�] . ?  $ &%!1�'� 
V3 =

V3(Ω,Γ3 ∪ Γs)
 ,� Z � B � �9^} �� .  R)� S'(�' $:6"

wk  ,� Z � B �6WS^�B
a���:!"

i = 1, 2
]>�!��:! J'�56��!2 '!N � ��9�! .  Q &��:> ~TB $ &%!1�'� 

Vh,2(Ω,Γi)
Z`)���!N"4Z � BNW �-^�^�/2 

Vi =
V (Ω,Γi)

 ,�;%>�- ��9�! .  �%!"&�9< . 3$+� �7`1�!*< .  �1�%!%6"&��'�56F

�"&�9:6)� $"

uk+1
i ∈ Vh,2(Ω,Γi)

)�F$"'!*f>1��-�
ai(u

k+1
i , ϕ) = 〈li, ϕ〉 ∀ϕ ∈ Vh,2(Ω,Γi).Z � B � � ^

a���:!"
i = 3

] .  0 &��:! UT+ S �%>1�'	 
Vh,1(Ω,Γ3 ∪ Γs)

Z8)9��!N"�Z � B*W �9^�^n/� 
V3 = V (Ω,Γ3 ∪ Γs) ,� .  R%6"���< . 3,+� J7`1�!N< .  �1�%6%!"&��'�56F


�"���:6)> ,"
ũk+1

3 ∈ Vh,1(Ω,Γ3 ∪ Γs)
)�F$"'!*f>1��9�

a3(ũ
k+1
3 , ϕ) = 〈l3, ϕ〉 ∀ϕ ∈ Vh,1(Ω,Γ3 ∪ Γs)

Z � B � � ^

 &���-�;'��9�! /!2/�F$"&FS ,B
a���:!"

m = 1, 2
]��6�������! 

Im = (m+1)3
Z`"' S �%~ $'��'!N)� $+F $�-�

Jm = (m+1)2
^ . 1�/2!N+� ,��A

 '!*�9�D/2 
Qm(T̂ )

Z`"' S �%�B
Qm(K̂)

^� �� :���! . !2 ��9�! .  S ��6����1H��!*�9�! �/� $  ' $'(��!*�9�! %6"�F$'�FS/2 ,�-�� $ $B
�D? 1�%6"�3$ .  �%!19 & �1�o> �/�:=�UOP%T 

Q1
1�: �UO-%~ 

Q2
%6"�F$ ' ,�-�&F0/!1��! . 1b ' $'��'!N��� � B �6B \>]6�6��:> 

1M)9���! 
FT = F

(1)
T = F

(2)
T

 ��G/2 Z � BNW �9^(]�! .  &:�!*�
FK = F

(1)
K = F

(2)
K

B�Cx $ Q����:!/! 
/@? :6� F . F,+� ,�-�

T
 ��9�9�[�6����F$ 

Sr(T ) = FT (Ŝr)
]
1 6 r 6 27

�P /! . 1�7`1�'� E &:6% F,"�!# $:6"' J/2 
T
 $ ���',���-�' $�P:� Q/!1��! . 1  &:6"&7`1�'� 

Γs
] .  S J����:!/6 �/2 

K = T ∩ Γs
 &���-�R1�:! � /! �6���&FS 

Cr(T ) = FK(Ĉr)
]
1 6 r 6 9

]61M)� S' .  $ n"� . 1H��!*�9�! �Z � B*W$\-^(B
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Cx $ Z!*�-��F,o�"�1 .  $ ���<��� ,�P:� $ D% ��:6" .  S 0+G1��&"�!N'� $ 0/� "�!*o>!N/2!*�&Ft ��G / S'����>/6 �+� ,+D<6"� $ �F . F,A
+� $�9��1�!N"' S �%6"�F$ ' ,�-�&FS �'	!iTP/� $ � ��9:! � ' ,"����-�0',1 . ',: . F. $ �1M)> $' . 1 78��"�+0: .  b/2 I-:!19/�"�1H�&:!"' 
/� �R1�:! & UTPCx ,o> ,�!/�"� bK

n
% ��!N�-�� 41M)� S'

n = 2
. ��"� &I-:� /� $ DF . F,+� ,�-�� 0f!��!2 Q/2 �UOP%~ 

Q1
 ��9�-�t ,+4% . �HO�FS � �� 1M)> $'

n = 3
 /! .  S bF . F,+� $�9�� Gf!�?!N  ��9�9��/2 =�UOP%T 

Q2
Z`)���!N"

 ' $'��'!N��� � B X�^�B

�edgfhd�i � m
q2z8r���w)�Buhw z8r 
 r�u.r<q�� �`n �U~ wUt>q2mbr<z8w
�
���������! 

A
(p)
T

. 1J+41��&"�!N'� #/2 #"'!No�!2/2!*�&FnF . F,+� $�9��1�!N"' n/�:4%6"���< . 3,+� [7`1�!N< .  #1�%6%6"���'�56F[%>�9:6"
. 1 %6"� $ � /!N���  ��S]�%>�9:6"

i = 1, 2, 3
]
A

(i)
T

'	 .N.  b/�: %6"&�9< . 3,+� 07`1�!*< .  b1�%6%6"��P'�5!FD% ��:6" . 1
i
TP3,+� w'��9+4%>�- &1��9�� w/2 . 1#)B!*�' S & ' �BMCm $:6"� �'��B 	b'�!# $�9�� 	 ' w',1 . ',: .  ,�-� 1M)> $'#Z � B � � ^�B �E?  $ ��UT
KHTP/2!N"� �]6/@? 1�%6"�3$ . 1Q78��"�+� J<?! . !*�!F$1�!N"� 4Z � B �6WM^(]P�6��:> ;1M)��9�! 
(
A

(p)
T

)
jk

=

∫

bT

(
(JFT

)
−t ∇ϕ̂(1)

k | (JFT
)
−t ∇ϕ̂(1)

j

)
µ2

det JFT

/
x̂, 1 6 j, k 6 8

Z � B ���9^ ,�$]!/�? 1�%6"&3S �Z � B ��\-^(]
(
A

(i)
T

)
jk

=
3

2δt

∫

bT

ϕ̂
(m)
k ϕ̂

(m)
j det JFT

/
x̂

+

∫

bT

(
(JFT

)
−t ∇ϕ̂(m)

k | (JFT
)
−t ∇ϕ̂(m)

j

)
λ

det JFT

/
x̂

% ��:!"
1 6 j, k 6 Im

]P1M)� $'
m = 2

Z
Im = 27

^�%>�9:6"
i = 1, 2

 ��
m = 1

Z
Im = 8

^�% ��:!"
i = 3

B
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� �,�4x�r a�y!xQ��s }Pt�x�r�r�yPr,�

�edgfhd�� �LwU��s>t.u � ~�w`~ ��z�w
�(�`n �`~�w`t q2m�r�z�w
�
� 3 A $�$���9 �
Cx )> $'(�� ,:6"

vk = (vk
1 , v

k
2 , v

k
3 )t 1�%6%>1�"�1�!2 & �1��-��/61��> . 1 78��"�+� . !N�6F$1�!*"� lp Z � B ���9^
 $ ��

/6���6�6F�%>1�"�Z8)9��!N"�Z � B X �-^�^
vk

i = − 1

2δt
(−7uk

i + 5uk−1
i − uk−2

i )

−
(
uk | ∇µu

k
i

)
+
(
uk−1 | ∇µu

k−1
i

)
+ fk

i − fk−1
i , i = 1, 2, 3,

1M)> $'�]6/@? 1�%6"�3$ RZ �!B \P^(]
f l
1 = −2(ω ∧ ul)1 = 2ω3(u

l
2 sinα− ul

3 cosα),

f l
2 = −2(ω ∧ ul)2 = −2ω3u

l
1 sinα,

f l
3 = −2(ω ∧ ul)3 = 2ω3u

l
1 cosα,

α = α(x)
F���1��-� . 1 . 1H�'!*�&:>/2 �/�: %>�>!*�-�

x
 ,�
ω3

. 14)+!*�' S & ' �/2 R"&����1��'!N��� /2 . 1 
� ,"�"' 9B



W9W � ��0��`-�������� � B��R!2 &',"&F,�'!2 &1��'!N���P ,�y $ &%!1�'� �]P+4F���56��/2 �/2 $ ;F . F,+� ,�-�� [f>��!N 
�D? 1�%6"�3$ �Z � B ���9^�] .  � ' $'��9�!/ +F $+0<6"� RF . F,+� ,�-��1�!N"' 9]

b
(p)
T ∈ R8 ]? $ ���/����6�!FJ%>1�"

(
b
(p)
T

)
j

=

∫

bT

(
vk ◦ FT | (JFT

)
−t ∇ϕ̂(1)

j

)
µ

det JFT

/
x̂

Z � B \ �9^

=

3∑

i=1

µi

[
− 1

2δt

(
−7
(
b
(p,

�
,k,i)

T

)
j
+ 5

(
b
(p,

�
,k−1,i)

T

)
j
−
(
b
(p,

�
,k−2,i)

T

)
j

)

−
(
b
(p,

�
,k,i)

T

)
j
+
(
b
(p,

�
,k−1,i)

T

)
j
+
(
b
(p,

�
,k,i)

T

)
j
−
(
b
(p,

�
,k−1,i)

T

)
j

]
,

���
(
b
(p,

�
,l,i)

T

)
j

=

∫

bT

(
ul

i ◦ FT

)
Φi det JFT

/
x̂,

(
b
(p,

�
,l,i)

T

)
j

=

∫

bT

(
ul ◦ FT | (∇ul

i) ◦ FT

)
µ

Φi det JFT

/
x̂,

(
b
(p,

�
,l,i)

T

)
j

=

∫

bT

(
f l

i ◦ FT

)
Φi det JFT

/
x̂,

1M)> $'
Φi =

[
(JFT

)
−t ∇ϕ̂(1)

j

]
i
.

���9+Q+� 
ul

1 ◦ FT ∈ Q2(T̂ )
]
ul

2 ◦ FT ∈ Q2(T̂ )
 ��
ul

3 ◦ FT ∈ Q1(T̂ ) ⊂ Q2(T̂ )
] �6��:> 

1M)9���! 
ul ◦ FT ∈

(
Q2(T̂ )

)3 ]

ul ◦ FT =

27∑

r=1

ul(Sr(T ))ϕ̂(2)
r ,

(
∇ul

i

)
◦ FT =

27∑

r=1

ul
i(Sr(T )) (JFT

)−t ∇ϕ̂(2)
r , i = 1, 2, 3,

@�A : 5236CED A �  �� Q>s
y
x(r({ y�q�x�)�pHq �,{es`pHq={~x�v v*x a�y!x

y ◦FT ∈ Q1(T̂ )
� r,x(r,XMz�v*x,y�u�rRzHy "

� r,p��D�Gx�{|r4t9xGv�� ^,v#^,�4x,q!{;r�p�q!{E��p�q!q!yPr,�
�0p�yPr � pHy2XHpHq6r ^���u(s u�x y ◦ FT
t9zHq6r4v*z ��zHr�x

t9x
Q2(T̂ )

�

y ◦ FT =

27∑

r=1

y(Sr(T ))ϕ̂(2)
r ,

x,q_��zHv*�,y�v*z�q!{#zHy � uN^�z�v*z �,v*x
y(Sr2(T )) =

8∑

r1=1

y(Sr1(T ))ϕ̂(1)
r1

(Sr2(T )), 9 6 r2 6 27.

C�1 . 1��'!*�&:!/2 F���1��-�0%6"� $ �I9:? 4',���! ���1��-�' b &:6"�:6� + 
,+� bF . F$+� ,�-�
T
]��!��:! � &:6%6% �9 &���> 

I-:� 
f l

i ◦ FT ∈ Q2(T̂ )
 ,�;F$'�"�!N)����> [1�!*�> /!

f l
i ◦ FT =

27∑

r=1

f l
i (Sr(T ))ϕ̂(2)

r , i = 1, 2, 3.
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(p,
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T

)
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=

27∑
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ul
i(Sr(T ))

∫

bT

ϕ̂(2)
r Φi det JFT

/
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(
b
(p,

�
,l,i)

T

)
j

=

27∑

r1,r2=1

ul
i(Sr2(T )) ·

∫

bT

(
ul(Sr1(T )) | (JFT

)
−t ∇ϕ̂(2)

r2
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ϕ̂(2)

r1
Φi det JFT

/
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(
b
(p,

�
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=
27∑
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i (Sr(T ))

∫
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r Φi det JFT
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∫

Ω

w̃k
3ϕ
/
x+

∫

Ω

µ3p
k+1 ∂ϕ
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i ) ◦ FT

)
µ
ϕ̂

(m)
j det JFT

/
x̂,

(
b
(i,
�
,k)

T

)
j

=

∫

bT

(
fk

i ◦ FT

)
ϕ̂

(m)
j det JFT

/
x̂,

(
b
(i,

H
,k+1)

T

)
j

=
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(
b
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)
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=

27∑
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ul
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r ϕ̂
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(
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)
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=
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(
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(
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)
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=
27∑
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∫
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=
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(
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)
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=

∫
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i (Cr(K))

∫

bK

ψ̂(2)
r ψ̂

(2)
j det JFK

/
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N × N

� �
N
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Ṽh,1(Ω)
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KerA(p) = 〈(1, 1, . . . , 1)t〉. Z � B \>WS^
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A(p)  $ ��0/2 G"�1��6o N − 1
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]

1 6 i 6 N
 ��
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N−1/2(1, . . . , 1)t B6a��9:6"n:6� )� $'��' $:6" v =
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i=1 αivi
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A(p)v | v

)
=

N∑

i=1

α2
i λi = 0 ⇐⇒ αi = 0, i = 2, . . .N

⇐⇒ v = α1v1 ∈ KerA(p).
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Ŝi
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T ∈ τh
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ϕ̂T = ϕ ◦ FT =
8∑

i=1
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(1)
i ≡ 1.
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b(p)
)

l
= 〈lp, ϕl〉 =
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δt
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N∑
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= 〈lp, ϕ〉 =

1
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(p)
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A(p)ζ = b(p).

�} ,���' n/2 $"&��!N3,"� wF$o91 . !*�&F} $ ���F,)B!2/2 ,�-�� �% ��:6" .  $ '���+4% �9 �1��-�' S �/�! ��F,"� ,�-�' S �/� 
j
B�����+4+� 

(1, 1, . . . , 1)t ∈ KerA(p)  ��QI-:� A(p)  $ ��D &OP+QF,�&"�!NI-:� 9] . 1h ��9+4+F /2 $ D'��B 	b'	!= ,�-�� 
/@? :6�� �',� . ���6�? R/� 
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A(p)ζ

)
j

=
∑

k 6=j

(
A(p)

)
jk
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∑

l6=j

∑

k 6=j

(
A(p)

)
lk
ζk

= −
∑
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(
b(p)
)

l
=
(
b(p)
)

j
.
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N
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ξ
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ξj = −M.
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ap
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ãp(ϕ, ψ) = ap(ϕ, ψ) + εp

∫

Ω

ϕψ
/
x

 ,� . 1D78��"�+� . !N�6F$1�!*"� 
lp
Z � B ����^w%!1�"
〈
l̃p, ϕ

〉
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Ω
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/
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+ εp
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ϕ̂
(1)
k ϕ̂
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+ εp

8∑

r=1

qk(Sr(T ))
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A = ‖b−Ax‖2
A−1 = (x |Ax ) − 2 ( b |x ) + ( b | x̂ ) .

�c���1�.��0
�&"��1���1�
xk+1

"��^��i("�
���i1�����.��"�H1��!5�
xk
"$�L�
���1�.�
�(")�2!5
&"E�b��!����

dk
4G"y	F!5��!5	^�
	

�("h�I"$�@�&"h��H
H
4=!5�����'!5���nDB� � � �
xk+1 = xk + αkdk,

�+*
αk


�����4#!�� "|4G"7	�!���!5	^�1	 ��"745��RS���1�$�'!5���l���1���2
����'!����(" "��
α
D
f(xk + αdk) =
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rm = b − Axm = A(x̂ − xm)
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((x̂ − x0) − x̃m) = (x̂− xm)⊥AKm
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‖xm − x̂‖A = ‖(x̂− x0) − x̃m‖A = min
x̃∈Km

‖(x̂− x0) − x̃‖A = min
x∈x0+Km

‖x− x̂‖A
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em = xm − x̂
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‖em‖A = min
q∈Pm−1

‖(1 −Aq(A))e0‖A ,
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Km = 〈r0, Ar0, . . . , Am−1r0〉 = {q(A)r0 | q ∈ Pm−1}
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r0 = b−Ax0 = A(x̂ − x0) = −Ae0
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T0(x) = 1,

T1(x) = x,

Tk+1(x) = 2xTk(x) − Tk−1(x), k > 1.
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Tk(cos Θ) = cos(kΘ),
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Tk(cosh Θ) = cosh(kΘ),
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cos(α+ β) + cos(α− β) = 2 cosα cosβ,

cosh(α+ β) + cosh(α− β) = 2 coshα coshβ

�NJ�"��
α = kΘ

"$�
β = Θ
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Pk(x) =
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Tk

(
b+ a
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Tk

(
b+ a− 2x

b− a

)
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(
Tk

(
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))−1

= max
a6x6b

|Pk(x)| = min
P∈P

1
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max
a6x6b

|P (x)|.
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b+ a
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D��1���1�I�NJ����1�

max
a6x6b

|Pk(x)| =
1

ζ
.

}�4B
)"����&"&~^	�������
&"�
?���("
maxa6x6b |Pk(x)| 6 maxa6x6b |P (x)| D
H=���

?�@���2� P ∈ P1

k

A
�L���1


j = 0, 1, . . . , k
D
�����1�'!5�
��
����1�

xj
�
�$d1��!nH1��


b+ a− 2xj

b− a
= cos

(
jπ

k

)
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a = x0 < x1 < . . . < xk = b
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Pk(xj) =
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ζ
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cos

(
jπ
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=
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ζ
cos(jπ) =

(−1)j

ζ
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κ = λ ����� /λ �
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λ � � � %
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‖em‖A 6 2

(√
κ− 1√
κ+ 1
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λ > 0
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x1 = x0 + α0d0 = x0 +
( r0 | r0 )

( d0 |Ad0 )
d0

= x0 +
( r0 | r0 )

( r0 |λr0 )
r0 = x0 + λ−1(b−Ax0)

= λ−1b = x̂.
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‖em‖A = min
q∈Pm−1

‖(1 −A(q(A))e0‖A = min
p∈P1

m

‖p(A)e0‖A .
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‖p(A)e0‖2
A = ( p(A)e0 |Ap(A)e0 ) =

n∑

i,j=1

γiγj ( p(A)ξi |Ap(A)ξj )

=
n∑

i,j=1

γiγjp(λi)λjp(λj) ( ξi | ξj ) =
n∑

i=1

λip(λi)
2γ2

i

6 max
i=1,...,n

(
p(λi)

2
) n∑

i=1

λiγ
2
i = max

i=1,...,n

(
p(λi)

2
)
‖e0‖2
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6 max
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(
p(λ)2
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‖p(A)e0‖A 6 min
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Tm(x) = cosh(m arccoshx) =
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√
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√
x2 − 1

)−m
)
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√
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1
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√
η
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1 + 2η + 2
√
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√
η + 1 =
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η +

√
η + 1

)2
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(√
λ1 +

√
λn

)2

λn − λ1

=

√
λn +

√
λ1√

λn −
√
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=

√
κ+ 1√
κ− 1
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‖em‖A 6 (Tm(1 + 2η))
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