
UNIVERSITE DE NEUCHATEL 
INSTITUT DE MICROTECHNIQUE 

3D Object Recognition Based on Surface 
Representations 

THESE 

PRESENTEE A LA FACULTE DES SCIENCES 
POUR OBTENIR LE GRADE DE DOCTEUR ES SCIENCES 

PAR 

Hans Peter Amann 



IMPRIMATUR POUR LA THESE 

Three-Dimensiqnal Object Recognition Based ... 

on Surface Representations 

de Monsieur.Hans Peter ...Amann .. 

UNIVERSITÉ DE NEUCHÂTEL 

FACULTÉ DES SCIENCES 

La Faculté des sciences de l'Université de Neuchâtel 
sur le rapport des membres du jury, 

Messieurs H... H ü g l i , F. . . .Pel Iandini e t 

.Th... Pun (Genève) 

autorise l'impression de la présente thèse. 

Neuchâtel, le .16 oc tobre 1990 

Le doyen : 

c / ./Mennod 



To Conradin 



Table of contents 

Summary iii 

1. Introduction 
1.1 The human way to interpret 3D scenes 1-1 
1.2 Domain of application 1-2 
1.3 Aim of the work, problem definition 1-3 
1.4 A frame of an object recognition system 1-3 
1.5 Related work 1-5 
1.6 Reader's guide 1-7 

2. Acquisition of 3D scene data 
2.1 Passive stereo vision II-1 
2.2 Laser light systems II-7 
2.3 Choice of the laser light plane system II-9 
2.4 Low level data preprocessing II-9 
2.5 Conclusions 11-11 

3. 3D Object Representations 
3.1 Requirements III -1 
3.2 Volume and surface based representations III-1 
3.3 Transformations III-5 
3.4 Choice of the Planar Face Representation Graph PFRG IÌI-7 
3.5 High level preprocessing III-9 
3.6 Conclusions III-17 

4. Model library 
4.1 Reference objects IV-I 
4.2 A priori knowledge IV-4 
4.3 Conclusions IV-5 

5. Representation matching 
5.1 General problem definition V-2 
5.2 Terms and definitions V-2 
5.3 Isomorphic graph-subgraph matching of non-attributed 

and attributed relational graphs V-3 
5.4 Extension to isomorphic subgraph-subgraph matching V - I l 
5.5 Inexact matching V-13 
5.6 Conclusions V-16 

6. First experiences using an exact matching method 
6.1 Problem definition, algorithm VI-I 
6.2 Reference objects and high level representation VI-2 
6.3 Experiences and examples VI-3 
6.4 Conclusions VI-8 

i 



7. Inexact matching of high level representations 
7.1 Bases, problem definition 
7.2 A state space lattice for the search of the best match 
7.3 Search tree heuristics 
7.4 Global search tree stopping conditions 
7.5 Rotation fitting 
7.6 Dissimilarities and costs 
7.7 Solutions 
7.8 Results and examples 
7.9 Conclusions 

8. Verification 
8.1 High level verification 
8.2 Conclusions 

9. Object Recognition 
9.1 Multiple reference objects, single scene objects 
9.2 Multiple separated scene objects, single scene objects 
9.31 Multiple, non-separated scene objects, single reference 

objects IX-8 
9.4 Multiple scene objects and object separation IX-12 
9.5 Conclusions IX-15 

10. Conclusion and outview 

11. Acknowledgements 

12. References 

VII-2 
VII-4 
V i l l i 
VII-19 
VII-21 
VII-28 
VII-31 
VII-34 
VII-50 

VIII-I 
vni-5 

IX-3 
IX-5 



Summary 

In this PhD thesis, a 3D object recognition system is presented which 
acquires raw 3D data, extracts a dense high level representation and 
matches it with model representations contained in a reference library. The 
result is an ordered set of partially verified hypotheses on the identity of the 
objects in the scene, their respective orientations and, optionally, their 
positions. 
The most important contributions to help to resolve the problem of 
recognizing objects in this thesis are i) the "inexact represjentation 
matching algorithm" and ii) that the particular methods have been 
integrated In a complete object recognition system including data 
acquisition, data preprocessing, high level representation matching and 
verification. 
The system is intended to be used in automatic vision systems, essentially 
for part assembling systems but also in autonomous robot navigation. 

Resume 
Ce travail de thèse présente un système de reconnaissance d'objets 
tridimensionnels qui acquiert des données brutes provenant d'une scène. 
applique certains prétraitements, et extrait une représentation de haut 
niveau. Les éléments de cette représentation sont ensuite mis en 
correspondance avec les éléments des représentations de référence 
contenus dans une bibliothèque, permettant ainsi d'établir des hypothèses 
sur le type d'objet, son orientation, et éventuellement sa position dans la 
scène. 
Les contributions majeures de ce travail à la solution du problème général 
sont, premièrement, l'algorithme de mise en correspondance de 
représentations incomplètes, décrit dans le chapitre 7, et deuxièmement la 
réalisation d'un système complet, incluant l'acquisition de données, le 
prétraitement, la mise en correspondance à un haut niveau de 
représentation, ainsi que la vérification des résultats. 
Les applications d'un système de reconnaissance d'objets tridimensionnels 
concernent essentiellement les robot mobiles ainsi que les chaînes 
d'assemblage. 

Zusammenfassung 

Das Thema dieser Arbeit 1st das Erkennen von dreidimensionalen Objekten. 
Ausgehend von rohen Eingangsdaten aus einer dreidimensionalen Szene 
wird nach einer Vorverarbeitung eine dichte Darstellung herausgezogen. 
Diese wird darauf mit den Darstellungen von bekannten Modellen 
verglichen. Dadurch können Hypothesen bezüglich der in der Szene 
enthaltenen Gegenstände erstellt werden die auch eine Aussage bezüglich 
deren Orientierung und Position erlauben. 
Die Hauptbeiträge dieser Arbeit zur Lösung des Problems der 
dreidimensionalen Objekterkennung liegen in zwei Bereichen. Erstens im 
vorgeschlagenen Algorithmus für eine nicht-exakte Zuweisung von 
Modellelementen zu Elementen aus der Szene und zweitens in der Tatsache 
dass ein komplettes System realisiert wurde in dem alle Nlchtidealitäten 
berücksichtigt werden mussten. 
Systeme zur Erkennung von dreidimensionalen Objekten finden vor allem 
Anwendung in industriellen Montageketten und in Navigationssystemen für 
mobile Roboter. 
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1. Introduction 

Vision is the most important way for humans to localize, and to recognize 
objects in the real world. Therefore, quite naturally, efforts have been made 
since a couple of years in order to Integrate similar facilities in automatic 
vision systems. 
In artificial environments and for well defined problems, rather good results 
have been obtained for two-dimensional objects. For three-dimensional 
objects in turn, the efforts made have essentially shown the high complexity 
of the problem. 

1.1 The human way to interpret 3D scenes 

A human being uses a large spectrum of information at different levels 
abstraction, but also a large a priori knowledge for the recognition of 3D 
objects. Due to the complexity of the subject we do not enter into details but 
give a short list of ideas. 

2D image interpretation (single instance) 

Steady objects seen from a certain distance are interpreted as a single 2D 
image. On the lowest level of abstraction one or more of the following 
features can be used: 

i) shape of the basic elements forming the image 
ii) neighbourhood relations between basic elements 
111) intensity 
iv) color 
v) reflectivity 
vl) others 

On a next higher level, the data can be interpreted as a projection of a 3D 
object to a 2D image, using the big knowledge of a human. This allows to 
extract the orientation and to establish by comparison with known objects 
hypotheses on size and location. 

3D image interpretation (single instance) 

The same basic features are also available for 3D views. Additionally, two 
types of 3D information are available: 

i) the disparitiy of the projections of one and the same 3D point on 
both images in stereoscopic views 

ii) the mutual occlusion of objects 
iii) others 

sequences of 2D and 3D images 

A very strong point in the behaviour of a human observer is his ability to 
verify its hypotheses and to observe an object actively. If the information is 
insufficient for a reliable interpretation of a scene. It can be completed, e.g. 
by one of the methods listed bellow: 

i) stereo by motion 
ii) change of scale and perspective 
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ili) handling of the object 
iv) behaviour of the object (e.g. cars, animals. ...) 

A movement of the object respectively the observer changes the viewing 
angle and gives rise to a sequence of stereoscopic images. If the movement 
has a radial component, the change in scale and perspective view with 
respect to the change in distance allows also some interpretation. Next, 
humans like to take objects In their hands , allowing them to move and 
rotate them. 
At a higher level, mobile objects, either human made or natural objects, have 
typical behaviours which can be used for their recognition. 

These few informations on the behaviour of a human allow to imagine how 
the task of intelligent object recognition, realized almost in real time by a 
human observer, is complex. Nevertheless, with the arrival of fast 
computers, and nowadays of specialized hardware, researchers got tools 
which allow i) the test of 3D object recognition algorithms, Ii) to realize 
prototypes with limited features and Ui) their application to well defined, 
relatively simple problems. 

1.2 Domain of application 

The domain of application for object recognition systems is virtually 
unlimited. Wherever a work has to be done by a machine, and where the 
initial givings are either not known or unstable, such systems can be useful 
We discuss two typical examples: 

bin picking task 

Given a bin, containing in an non-ordered way pieces to machine. An 
Intelligent system, usually called robot, has the task to pick pieces one by 
one and to put them in a well defined manner at another place, e.g. in a 
container or on a conveyor belt. 
This task which seems to be relatively simple contains already a big amount 
of problems. Here just a limited number of them. 

i) How to find an accessible piece ? 
ii) How to determine the position of the piece to pick (localization 

and orientation ) ? 
ili) How to determine the type of the pieces if ever there are different 

types ? 
Iv) How to handle pieces which are partially occluded ? 
v) How to handle with shadows ? 
vi) Which handling tactic has to be applied ? 
vii) How to take profit of a priori knowledge ? 

mobile robot 

A second class of applications can be illustrated by the example of the 
mobile robot which needs even in a well known environment some 3D 
object recognition facilities for 

i) the localization using visual references, 
Ü) obstacle avoidance, 
ili) seek tasks and others. 
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In a na tu ra l envi ronment where the kind of objects is generally 
nonpredictible the task is even more complicated, including the analysis of 
unknown objects. 

While a first kind of problems, object localization and recognition, is typical 
for a n industrial environment (sorting, machining and assembling), the 
second kind of problems, scene analysis, is typical for robot guidance in a 
unknown environment and for the description of unknown objects. 

1.3 Aim of the work, problem definition 

Due to the complexity of the problems encountered in the domain, we had 
to delimit our work to a well defined problem. 

set 
Given a scene containing 3D objects and a library of reference objects. 

problems to resolve 

i) Acquire the data of the 3D scene by any 3D acquisition system and 
do the appropriate low level preprocessing. 

ii) Represent the data in a high level representation which is well 
adapted to the subsequent representation matching task. 

iii) Match the scene object's high level representation one-by-one with 
the reference objects representat ion, a t t r ibu te a measure of 
s imi la r i ty and e s t a b l i s h one or more h y p o t h e s e s on 
correspondences between scene elements and reference object 
elements . 

iv) Verify and classify the resulting hypotheses. 

v) Extract information on the orientation and position of the object 
(optional). 

constraints 

We decided to add two constraints: 

constraint 1: limitation to planar faced objects (polyhedrons) 

constraint 2: use of a surface based high level representation 

While they let the nature of the most important problems unchanged, they 
reduce in an important way the complexity of the overall problem. 

1.4 A frame for an object recognition system 

With the problem definition and constraints from above, we give a frame for 
a 3D object recognition system we discuss in the present report (fig 1.1. 
next page). Other approaches to the 3D object matching problem will be 
mentioned in a next paragraph (§1.5). 
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In the following chapters, we discuss the intermediate steps of the frame 
one-by-one. insisting in particular on three partial problems which attracted 
our interest (fig 1.1, hatched blocks}: 

i) high level data representation. 
ii) high level representation matching, and 
iii) in terpre ta t ion of the match ing resu l t s (verification, object 

recognition) 

Chapter 2 presents first the two 3D scene data acquisition systems 
developed and used in our laboratory. They are, in chronological order i) a 
passive stereo vision system and ii} an active laser light plane acquisition 
system. Then, we justify our choice of the active system for the further work 
and present some ideas for the low leve! preprocessing. 

object, orientation, position 
fig 1.1: a frame for an object recognition system 

In the following c h a p t e r 3 , the impor tan t subject of 3D object 
representation is treated. First, we focus on the fundamental differences 
between surface based "vision representations" and volume based "CAD 
representations". Both of them are of interest since most of the 3D-
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acquisition systems furnish surface based representations while the sources 
for models, i.e. CAD systems, supply volume based representat ion. 
Therefore, a separate paragraph (§3.3) d iscusses the transformation of 
representations. Next, we present our choice of a high level representation. 
the "Planar Face Representation Graph" PF1RG (§ 3.4). It contains a minimum 
of data necessary to represent p lanar faced objects for the subsequent 
matching task. The chapter terminates with some high level pruning 
methods, which reduce a PFRG to its most important faces. 

The construction of a model library is the subject of chapter 4. Note that in 
general, this job is not time critical. It is done off-line, allowing the 
preparation of the data useful to speed up later on-line high level matching. 

in chapter 5, the basic problem of representation matching is defined and 
two major approaches to solutions presented: exact matching (§ 5.3) and 
inexact matching (§ 5.5). The first approach using exact matching is useful 
as an Introduction to the subject and allows to gain some experience 
(chapter 6). b u t for the natural 3D scene da ta we acquire, it is not 
sufficiently robust. The second approach, inexact matching, is more difficult 
to handle bu t h a s the big advantage to be more robust with respect to 
Incomplete or error prone data. It has finally been chosen for the remaining 
work (chapter 7). 

Chapter 8 and 9 are concerned with the interpretation of the matching 
resul ts . First, the hypotheses on correspondences between 3D scene 
elements and reference elements have to be verified, combining eventually 
compatible partial solutions. Second, the object recognition task itself can 
be done, interpreting the resulting set of verified hypotheses. Finally, the 
verified correspondences can be used for the determinat ion of the 
orientation and eventually the position of the object in the 3D scene space. 

We terminate with the conclusions, the outview on further research topics 
and the references. 

1.5 Related work 

3D object recognition and related work has been the subject of research 
since the end of the 1970's. We give a short overview on work in the domain 
of object recognition. 

1.5.1 3D data interpretation 

With 3D data acquisition systems, rich information is available and features 
as the surface orientation and the relationships between surface patches can 
be exploited. Their drawback with respect to 2D systems is the higher 
complexity due to a much bigger number of degrees of freedom. 

2D 
3D 

translation 
x. y 

x, y, z 

scale 
a 
a 

rotation deerecs of freedom 
4 
7 

fig 1.2: degrees of freedom 
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extended gausslan images (EGI) 

Horn and al. proposed the use of a subset of this information, the extended 
gaussian images EGI, representing in a global way the orientation of the 
faces of a n object [Hor84a], [Hor84b](§3) The method is limited to few 
applications but, for a fast determination of the orientation of a known 
object, they can be useful. 

attributed relational graphs (ARG) 

The most important kind of approaches is the one grouped around 
at tr ibuted relational graph representat ions of the 3D scene. Since the 
correspondences between scene elements and ARG elements can be defined 
rather freely, a huge number of similar implementations exist for both 
"boundary based methods" and "surface based methods". The most important 
distinctions are on the level of the representation matching algorithm and, 
less important, on the level of the dissimilarity measures. Table 1.3 [Ama89] 
gives a detailed list of ARG based 3D object recognition systems. 

We will come back to the most important approaches ((Osh83], IEsh84], 
[Osh87], |Fau87]), in their respective chapter of concern. 

recognition method 

exact tODoloev 
graph /graph -isomorphism 

pruning criterions 
a priori exclusions 

branch exclusion 

nroblems 

searchtree size 

subgraph/graph-isomorphism searchtree size 
a priori exclusions 
branch exclusion 

subgraph/subgraph-isomorphi 
exhaustive search 
reduced search 

"root" matches 
using aspect graphs 
using attributes 
using topology 
(cycles and circles] 

inexact toooloev 
non-attributed 

full match 
partial match 

using circles, cycles,... 

sm 
searchtree size 

references fexanmlesi 

[U1176| (exhaustive search) 
[Esh84] (backtracking search) 

[U1176] (structure) 
|Osh87] (attribute dissimilarity) 
|Har79] (test strategies) 
|Osh87] (attribute dissimilarity) 
(Fau87) (rigidity constraint) 

(see above} 

[Esh84] 

[Bow88] 
[Fau87). |Osh87] 
[Fen88| 

number of potential solutions 

criterions |Fen88] 

table 1.3 (part I): representation matching using attributed relational graphs 



recognition method,, ,.. 

attributed 
"root" match and 
subsequent extension 

rigidity constraint 
hypothesis, 

prediction and 
verification 

exhaustive tree-search 
introducing 
"null-elements", 
priority to branches 
using no "null elements* 

no topology 
non-attributed 
attributed 

exhaustive combination, 
HT and clustering 

nroMems 

starting point 
application 
dependency 

(see above) 
cost definition 

Impossible! 

dimensions of 

reference«» f*»*»mDlesl 

[Fau87] 
[Bol87] 

[Esh84| 
[Bow88] 

JBOW88] 
the Hough space 

"root" match and extension 
using rigidity constraint 
(searchtree-candldate 

starting point 

prediction and verification) 

|Fau87) 

table 1.3 (continued): representation matching using attributed relational graphs 

1.5.2 2D data Interpretation 

A second way to do object recognition Is based on the Interpretation of 3D 
scene data projected to a 2D image. Hypotheses on correspondences with 
known 3D objects of a model library are established allowing to project the 
model to the 2D space for verification., 

[Gmu89] describes an object recognition system, [Bol87] a system destinated 
to the orientation of parts for machining, |Str86] ("one eyed stereo") and 
[Ham87| ("shape from shading") ideas for more general data acquisition 
systems. 

1.6 Readers Guide 

For the present work, all the intermediate steps mentioned In figure 1.1 
above have been realized and are discussed. Readers familiar with the 
d o m a i n c a n s k i p a c e r t a i n n u m b e r of l e s s i m p o r t a n t 
chapters and paragraphs. Table 1.4, next page, indicating the most 
interesting parts, can be used as a reader's guide. 



chapter 2 Acquisition of 3D scene data 
§ 2.3 Choice of the laser light plane system 
§ 2.4 Low level data preprocessing 

chapter 3 3D Object representations 
§ 3.4 Choice of the Planar Face Representation Graph 

PFRG 
§ 3.5 High level preprocessing 

chapter 5 Representation matching 

chapter 7 Inexact matching of high level representations 

chapter 8 Verification 

chapter 9 Object recognition 

table 1.4: reader's guide 
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2. Acquisition of 3D Scene Data 

A first step in 3D object recognition is the acquisition and preprocessing of 
raw input data. A general view of acquisition methods currently used has 
been given In [Ama86a]. Therefore, we will limit ourselves In the present 
chapter to the discussion of the two methods Investigated in our work. 
At first, a passive stereo depth extraction system has been used. Later, a 
laser light plane ranging system h a s been built up. It will be discussed 
briefly, whereas a detailed description can be found In [Maî88]. 

2.1 Passive Stereo Vision 

bade Idea 

Two two-dimensional Images of an equal scene, called IMAGEl and IMAGE2, 
are acquired. For every significant point P of the 3D scene, the projections 
P 1 and P 2 are to be found on both images. Their disparity, combined with 
the Information on the acquisition device (geometry and optics) provides the 
Information necessary for the reconstruction of the 3D position of the 
original point P (fig 2.1) [Ama86a]. 

y ^ x focal f Ax=|x Pi -xP2| 

fig 2.1 : stereo acquisition system 

Passive stereo is of very big Interest due to its universal possibilities of use. 
Its main advantages are that 

I) It is a passive method, it can be used without artificial Illumination, 
Ii] Its conception Is near to the human way to see an 3D scene and we 

know of its potential performances. 

However, there are answers to be found to the following problems: 
the calibration of the acquisition system, 
the identification of corresponding projections (P1 , P2) of an 
original 3D point P. 
the approximat ion of the acquired da t a by h igher order 
representations (planes, ...J and 
the limited resolution in depth of such a device. 
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On the next pages, we comment Interesting points and give some references 
to related work. 

2.1.1 Calibration of the Image acquisition system, 

The acquired data Is completely known only If a calibration process for the 
acquisition system has been executed before. This process h a s to be done 
explicitly since 

1) the exact position of the couple of cameras [geometry] Is difficult to 
know, 

Ii) the optics as well as the light sensitive device (tube, CCD) are 
always fabricated and mounted with some tolerances. 

Details on calibration processes can be found in [Fau64], |Fau87], (Aya87a] 
while the (time-variable) nonidealities of the commonly used CCD cameras 
and the accompanying electronics are discussed in [Bey87J, [Bey89a] and 
|Bey89b]. 

2.1.2 Feature extraction 

The most important problem in Stereo Vision Is how to find corresponding 
couples of features (Fj, F2) in both images which represent one and the 
same original feature F of the 3D scene. In fact, the problem can be 
separated into two: i) how to extract features F1, from the acquired Images 
and Ü) how to find correspondences between them ? 
In the present section, we limit ourselves to the first subjec t the second 
being discussed in § 2.1.3. 

extraction of significant features 

The most common methods extract the inhomogeneities in the stereoscopic 
images which are due 1) to edges (variation of the exposition of a surface 
with respect to the light source and the observer) or Ii) to variations of the 
properties of a surface. The localization of these inhomogeneities is of 
utmost importance since the precise determination of disparity, and hence 
depth, depends directly on it. 

Since edge detection for feature extraction Is a very vast domain, we jus t 
Indicate some references covering the above aspects. (Ros76] gives an 
introduction to the commonly used operators for 2D high pass filtering, 
[Bak81] and [Oht85] apply it to stereo vision using operators of variable size. 
An alternative using HR filters has been shown in |Cas85] and [Der90]. 

All these algorithms take into account only the information present on one 
of the stereoscopic images, providing distinct results for both views since 1) 
the angles of view, and so the directions of illumination, will be different, a 
fact which Is natural for a Stereo Vision device and H) the occlusion of 
background elements will be different in both images. Hence, an error-
tolerant and flexible algorithm mus t be found for the subsequen t 
correspondence search step. 

Other authors use region based feature extraction jGag87] or a combination 
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of both methods [Mon87], [Wro87]. [Gag87] and [Wro87] propose approaches 
which take both Images into account for the determination of "significant 
points". 

2.1.3 The correspondence search problem 

In order to reconstruct the 3D position of a scene element, we i) mus t 
extract its projections in the stereoscopic images and ii) br ing the 
respective elements into correspondence. The first point has already been 
discussed before while the second point, even more difficult. Is the subject 
of the present section. 

fig 2.2: corresponding elements of two stereoscopic images I] and I2 

The following problems are to be discussed: 
i) how to es tabl ish hypotheses on co r respondences be tween 

the projections P 1 in image I1 and P 2 in image I2 of an original 3D 
point P ? 

Ü) how to verify these correspondences ? 
ill) how to profit from a priori knowledge about the acquisition device ? 
IvJ how to avoid computational complex "brute force" methods ? 

a priori knowledge 

The computational complexity of the correspondence search problem is so 
high that the inclusion of a priori knowledge about the acquisition system is 
indicated. In Stereo Vision, the basic acquisition device can be considered a s 
two cameras of the same optical length. It is easy to see that corresponding 
projected points Pj and P 2 mus t He in a planar surface defined by the triplet 
(P.fl, f2) where ff is a focal point (fig 2.3). This plane intersects with the two 
image planes I1 and I2 In the straight lines S1 resp s2 , called epipolar lines. 

h Is 
fig 2.3: the epipolar line in Stereo Vision 
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Turning the reasoning around, we can see that every projected point P 2 

must He on an epipolar line defined by the focal points flt f2, the first 
projected point P 1 .and the image plane I2-

This approach has been used in many of the works In the domain of "Stereo 
Vision" [Bak81|, |Oht85], [Gag87], [Wro87]. 
A second way to limit the correspondence search process is the use of 
geometric constraints. Generally, the 3D workspace Is limited either by 
geometric constraints (robot's work space) or optical limitations (depth of 
focus). They can be transformed Into limitations on the disparity allowed, 
reducing the search spaces on the epipolar lines. This approach has been 
discussed in detail first by |Arn80], other authors used it implicitly [Bak81], 
{Oht85|. 

identification problem 

Until now, we supposed to look for correspondences between couples of 
well defined Image points P 1 and P 2 . In fact, the data attributed to these 
points P( is very limited and usually insufficient for a reliable identification. 
Therefore, adjacent image data must also be considered either by a simple 
local correlation or by the use of informations on adjacent edges and regions. 
Here some examples: 

[Oht85] applies a consistency condition on neighboring edge points 
for the establishment of new correspondences. 
[Ama88b] and others propose the use of the edge orientation at the 
specific edge point as an additional feature. 

- |Gag87], [Mon87] and [Wro87] make use of the attr ibutes of the 
regions which are separated by the respective edge point. 

The most promising approach Is the third one since It uses well identifiable 
regions for the matching and, subsequently, the region borders (edges) for 
precise localization. 

correspondence search by graph matching 

Both stereoscopic views are preprocessed separately in order to extract the 
regions and their features. Then, a high level representation of the Images In 
the form of attributed relational graphs is created. The nodes correspond to 
regions with their attributes, the arcs stand for neighborhood relations. 
Naturally, In a general Stereo Vision application, the graphs extracted from 
both stereoscopic views will be nonisomorphie, this due to the acquisition 
and extract ion nonldeal l t ies (occlusion, reso lu t ion , local izat ion, 
preprocessing, ...) discussed before. Nevertheless, graph matching is 
possible and will be discussed In detail In chapter 5, 

A good example of the application of the above Ideas has been described In 
[Gag87]. A hierarchical region matching using the epipolar constraint is 
applied, based on the hypotheses that i) big 3D object surfaces are projected 
to big regions most probable to appear In both stereoscopic Images and H) 
that they are more reliably identifiable than small ones. The algorithm starts 
therefore with the so-called "mother regions", delivering constraints for the 
subsequent matches of smaller, adjacent regions. 
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flg 2.4: hierarchical region matching using the "eplpolar band" constraint 

An "eplpolar band" can be defined for each region, allowing the limitation of 
the number of candidate regions for correspondence tests. 

correspondence search by correlation 

A possible mean for image matching is the classical 2D correlation approach, 
eventually limited by additional const ra ints concerning the regions to 
process. This approach has two major disadvan-tages to be i) computational 
complex and U) to detect ju s t local maximums. The relationships with 
respect to other edges does not contribute to the result. Therefore, a second 
approach called "dynamic programming", Is preferred. 

correspondence search using dynamic programming 

We have seen that the epipolar constraint allows to reduce the general 2D 
correlation to a ID correlation on the eplpolar lines of both "left" and "right" 
Stereo Vision Images [fig 2.5). 

Inf int' 

fig 2.5: Intensity profiles on "left" and "right" eplpolar lines in Stereo Vision 

We now replace the general ID correlation approach by the "dynamic 
programming" DP [Sak78]. While the correlation approach made attempts to 
"match" relatively small portions of the epipolar line (correlation window) 
with the other one, the DP approach tries to find a "best overall match" for 
the complete eplpolar l ines, taking into accoun t already ma tched 
neighboring segments. 
It is based on the hypothesis of monotony, the sequence of objects seen by 
the "left" and "right" camera, represented by segments on the epipolar line, 
must be the same. This restriction excludes very thin objects which could 
appear In inverted order on both eplpolar lines. In turn, It does not exclude 
occluded objects. 
DP works for discrete parts of the epipolar Unes. Therefore, they mus t be 
segmented first, using usually edge extraction techniques a s mentioned 
before. 
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fig 2.6: segmented epipolar image lines (top) and the DP search field (bottom) 

DP attempts to match the extracted segments aiming a "best overall match". 
This process corresponds to the task of finding an optimal path through the 
DP search field from the top-left to the bottom-right corner, while passing 
through a number of intersections.The search criterion Is based on the 
weighted sum of the dissimilarities of the segments brought "locally" into 
correspondence. 
The search path is allowed to be parallel to the grid, indicating the match of 
a segment with a nonexistent, occluded segment out of the second image. 

DP matching, a promising idea, has also some drawbacks: the constraint due 
to the hypothesis of monotony mentioned before and the need for error-
prone Image segmentation. 
In order to enhance the quality of the matchings, a coarse-to-fine DP 
procedure has been proposed by [BakSl], an extension of the 2D DP-search 
field to 3D, taking into account matchings done previously for neighboring 
epipolar lines, by [0ht85]. 
For more details refer to |Sak78[. |Oht85], IBakSll. [Ama86a|. (Ama86b] and 
[Ama88b]. 

2.1.4 Improvements and verification 

In a conventional Stereo Vision approach using two cameras, a certain 
number of image points will be seen by one camera only, this due to 
occlusion, and the use of the information acquired will be very restricted. 
Therefore, (Ito86] proposes the use of a third camera In order to enhance 
the probability that a given 3D point can be seen at least from two cameras 
simultaneously. 

If the 3D point Is visible from all the three cameras at the same time, a 
hypothesis on Its 3D coordinates can be extracted us ing j u s t two 
stereoscopic views, using the third one for a low cost verification |Aya87b]. 

Further Investigations have been made In the domains of subpixel edge 
localization and in improvements of the cameras electronics, both in order 
to optimize the precision of localization in the stereo images and hence In 
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the spatial resolution of the build-up [Bey89). 

2,1.5 Conclusions on Stereo Vision 

Due to its universality. Stereo Vision is of big interest. Its main advantages 
are: 

I) Stereo Vision is a passive method. It can be used without 
any artificial illumination. 

II) The conception Is near to the human way to see an 3D scene and 
we know of Its potential performances. 

Unfortunately, the generality of the stereo approach has to be paid heavily: 

1) The computational costs for the range finding are very high. 
Ii) The reliability of the resul t is limited (region growing, edge 

forming, identification). 
ill) A good resolution in depth Is difficult to achieve: a large baseline of 

the cameras must be paid by more occlusions, a better spatial 
resolution of the acquisition devices by a higher number of pixels in 
the image and hence an increased computational cost. 

Therefore, for each application, an extensive study on the 3D-data 
acquisition system to use has to be made, excluding computational overhead 
by the use of an appropriate technique. 

2,.2.Laser Light systems 

A second approach for 3D depth extraction, completely different from the 
stereo approach. Is the one using artificial scene illumination. We present 
one method, a laser light plane ranging system used in our laboratory 
|Mai88]. For additional data acquisition systems using structured light refer 
to [Ama86a]. 

basic concept 

A laser light plane is projected on the 3D scene. The Intersection of the 
laser light plane with the objects results In a set of curved and straight line 
segments which can be acquired by a camera whose view point and direction 
of view is different from the ones of the laser source. 
Knowing the geometry and optics of the projector and the acquisition 
device, it Is possible to determine by triangulation the 3D coordinates of the 
illuminated points of the scene. A sweep of the light plane over the scene 
allows to acquire a set of images, representing data from all the object points 
which are visible to both camera and projection system for a given build-up. 
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fig 2.7: Principle of the laser light plane 3D acquisition |Maï88] 

The following points are Interesting to note. 

I) The laser approach is active and needs an artificial Illumination. 
The application is limited to indoor scenes. 

Ii) All points of a surface intersecting the laser light plane are known, 
not Just "significant points" as with the Stereo Vision approach. 

Hi) A calibration Is necessary. 

extension, acceleration 

In the original system, the Images for different projection angles of the light 
plane have been acquired subsequently. In order to accelerate the 
acquisition, a device has been proposed which allows to acquire all the 
information at once, replacing the unique laser light plane by a set of color 
coded light planes projected In parallel [Boy87]. 
It can be shown that it Is possible to create N-uniquc color sequences which 
can be projected on the object [Hug88a|, [Hug88b], [Hug89], For M 
consecutive stripes projected to an object's surface, M£N, the subsequences 
can be located in the complete sequence and. therefore, the projection 
angles determined. Using this system, the data acquisition system can be 
simplified in an Important way: 

there is no more need for a sweeping laser source 
the acquisition Is limited to Just one (color) image, and 
the data acquisition is much faster. 

Unfortunately, the applications of this approach are limited, this mainly for 
two reasons: the need for N-subsequences limit the resolution and the 
system mus t have color interpretation facilities, adding supplementary 
constraints for the interpretation of colored scene objects. 

final result 

Finally, the two approaches. Stereo Vision and Laser Rangefinder join at the 
point where sets of 3D surface points must be interpreted In order to get 
higher level representations of the scene data (line segments, faces, ...). 
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?,3 Choice of the laser light plane system 

stereo vision 

laser light plane 

type 

passive 

active 

measure 

points where 
intensity changes 

geometry where 
Illuminated 

transformation to 
edee segments surface Datches 

easy 

possible 

difficult 

easy 

choice 

• 

table 2.8: stereo vision vs. laser light plane systems 

Table 2.8 shows the most Important reasons which lead us to abandon the 
stereo vision approach: it Is not very well suited (f we aim a surface based 
representation of objects. Additionally, there are two more Important 
disadvantages. 

The Stereo Vision system uses already for the determination of 
depth a ra ther complex matching process which inherently 
introduces some incertitude on the correspondences. With the two 
cameras of the basic system. It Is difficult, or even impossible, to 
verify the results. 

The basic Stereo Vision system with two cameras Imposes 
Important restrictions on the resolution which can be obtained. An 
extension [third camera, moving camera, ...) complicates the 
approach further. 

Since the object recognition problem is difficult to treat, we have preferred 
the laser light plane acquisition system which is more restrictive in the 
sense that it uses artificial illumination. In turn, it delivers a huge number of 
directly useable 3D points with a good precision. This choice allows us to 
base the subsequent preprocessing and object recognition steps on reliable 
data. 

2,4 Low level data preprocessing 

We have seen before that the output of the 3D acquisition systems Is limited 
to sets of points in the space. There are different reasons which motivate 
the conversion of these sets to other forms of representation: 

I) the data s t ructure will be simplified when basic elements a re 
grouped, 

II) the visual representation will be enhanced, 
lil) the object recognition task will be simplified, and 
Iv) the limited resolution of the Input devices can be overgone. 

In order to obtain a "vision representation", we attempt to approximate 3D 
point sets by more appropriate descriptions such as surface patches of 
various degrees, splines 
While the "region growing" approach mentioned in the context of the Stereo 
Vision was two-dimensional, using intensity and texture as crlterions of 
homogeneity for an eventual merge of regions, we extend these ideas to 3 
dimensions: neighboring regions will be merged if thei r 2D and 3D 
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properties are sufficiently similar [Bal82]. 
Since the problems have been discussed earlier, we discuss only the 
following three differences between the 2D and the 3D case: 

I) search for neighboring points In the set of 3D points 
U) region growing, similarity measure and surface fitting 

triangulation of Delaunay 

The well known triangulation of Delaunay is often used to resolve this 
problem |Bra87], The method fits te trahedrons between quadruples of 
"neighboring points". Unfortunately, the problem Is not yet resolved since 
the only criterion In the Delaunay algorithm to find "neighbor" points, which 
have to be linked to form tetrahedrons, is the geometric distance between 
3D points. Therefore, it is possible that quadruples of points which are lying 
nearby In the 3D space form a tetrahedron while the projections of the 
scene to the acquisition system show clearly that behind this tetrahedron 
additional points have been detected. This situation, quite seldom at a first 
glance, can also appear when mismatched 3D points form singularities in 
the space, the extension of the algorithm can be used for error recovering, 
too. An extension, for example the one proposed in [Bra87], has to be added 
to the basic algorithm. 

Finally, in scene analysis, the merge of the faces of all the tetrahedrons 
which are not occluded by other tetrahedrons, form the surface patches of 
the 3D scene objects and of the background. By this way, we can find some 
polyhedral representation of the surface of the object to recognize. 

region growing, surface fitting 

Once the elementary surfaces extracted, they can be grouped into bigger 
sets, using a 3D region growing algorithm similar to the algorithm discussed 
before for two dimensions. Beside the cri terions of homogeneity we 
mentioned for 2D (e.g. intensity, texture, ...), we take advantage of the 3D 
features: orientation of the regions, 3D location [Sha85] gives some 
general ideas of the formulation of homogeneity criterions. 

If a representation with low order surface descriptions is desired, surface 
fitting methods can be applied. For details, refer to (Grt86], [Mal89] and 
|Mai90). 

discussion 

Of course, data preprocessing depends heavily on the data representation 
chosen for the subsequent object representation and recognition steps. 
Therefore, it is difficult to give detailed hints without loosing generality. 
[Gri86] can be helpful for the understanding of these problems and offers 
some solutions to real applications. More specific, data preprocessing for the 
laser light plane system used in our laboratory can be found in |Ma(88], 
[Mal89|. 
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2.5 Conclusions 

We have presented two major approaches for 3D scene data acquisition: 

I) a Stereo Vision acquisition system, usable in a wide field of 
applications on relatively short distances and 

II) a Laser Rangefinder, usable only with special Illumination and 
therefore limited to Indoor scenes. 

The advantages of the second system which are precision, resolution, 
amount of acquired data made us abandon the first one with which we 
experimented during a long period. 

All the data used later on In this thesis have been acquired using the Laser 
Rangefinder [Mai88]. Nevertheless, the subsequent processing s teps 
(representation, matching. ...) could also be applied to data providing from a 
stereo vision system, this under the condition that the data reaches a 
sufficient level of reliability and precision. 
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3. 3D-0bject Representation 

In the present chapter, we show first the requirements for a high level 
representation of 3D objects, discuss a limited number of common object 
representations and the transformations between them. Next, we present i) 
the representation we have chosen for the later matching algorithms and ti) 
a second representation useful for visual inspection by a supervisor. 
Finally, we show some high level preprocessing methods for the PFRG 
representation chosen aiming at pruned high level data which is less 
dependent on data acquisition no-idealities and low level processing. 

3.1 Requirements 

Once the data acquired and preprocessed. both scene object and reference 
(model) object should be brought into the form of a high level 
representation which fulfills some specific requirements. 

i) rotation and translation invariance 
ii) abstraction, structural representation 
iii) intrinsic features of the objects 

3.2 Volume and surface based representations 

A large number of object representations have been investigated. We can 
classify them into two groups: i) volume based representations and ii) 
surface based representations 

volume based representations 

The first class is formed of representations which have their roots in CAD 
applications. Therefore, terms and methods are used which are near to the 
machinery world. Volumetric descriptions use i.e. cylinders and cubes as 
base elements, easy to be built on machines. These base elements can be 
rotated, t ransla ted and then composed to form a new object. The 
composition, again as in machinery world, knows two ways, the addition (for 
assembling, mounting) and the subtraction (for drilling, turning).The surface 
aspect, so important in vision, is secondary [Bha87b]. We will use the 
expression "CAD models" for this class of representations. 

surface based representations 

The second class is formed by representations where the visual aspects 
dominate. This kind of representations, called "Vision models" describe 
essentially the surfaces and their attributes. 

In the following sections, we will discuss some of these representations. 

3.2.1 Volume based representations 

They describe the space occupied by an object. Instead of describing a huge 
number of spatial points, it is possible to use combinations of primitives, 
possibly of different sizes and shapes . Each of the primitives is thus 
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described by its geometric parameters. Ordered by increasing generality, 
the following representations can be used: 

pure primitive instancing 
space occupancy enumeration 
cell decomposition 
constructive solid geometry CSG 
others (e.g generalized cylinder, ...) 

3.2.1.1 Thc.space-occupancv representation 

The "space occupancy representation" is the most simple way to describe a 
space: 

the workspace is divided into base elements (polyhedrons, e.g. 
cubes) and then, 
all the base elements which have an intersection with an object 
marked as occupied. 

There is ju s t one disadvantage to mention. The description of the space 
occupied will always be rough. The number of base elements being limited in 
practice, the resolution in space will be limited too. While this disadvantage 
makes this representation less useable for precise descriptions of objects, it 
can be very helpful in other domains. (Lum85) and [Shn87j describe an 
application in a system developed for robot guidance and collision avoidance, 
while a much préciser representation is used for the description of 
identified objects in the workspace. The space occupancy model is used to 
represent (approximativeIy) the space occupied by both identified and not 
identified objects. 

In practice, the space representation is rarely used with base elements of 
equal size. In fact, it is more economic to use a kind of tree-structure, called 
"octrees" [Jac80]. The idea is to divide the space in a hierarchical manner 
(e.g. into cubes): as long as a given subspace (e.g. cube) is not homogenous 
and a given minimal size is not reached, the subspace is divided in smaller 
subspaces of the same shape. 
|Hon87] as well a s (Dyc84| describe algorithms for the translation and 
rotation of objects represented by octrees. 

3.2.1.2 Constructive Solid Geometry (CSGI 

Constructive solid geometry CSG. used widely in CAD systems, represents 
objects as a binary tree where each leaf represents an instance of a primitive 
and each node an operation on its descendents. Primitives such as blocks. 
spheres, cylinders and cones are first transformed by translation, rotation. 
and scaling and then combined from bottom up by union, intersection or 
difference. 

This representation is unambiguous but not unique, i.e. it can have different 
decompositions of an object using the same set of primitives. CSG is 
sufficient to cover most conventional, unsculptured objects. For these 
objects, similar objects give similar representations. For sculptured objets in 
tu rn , the big number of primitives to use can lead to different 
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representations for similar objects. 
CSG. while well suited for CAD applications and quiet economic by its data 
structure, has its disadvantages when used as a source for "vision models" 
repre sentation s : 

the surface description, always needed for robot vision is 
relatively expensive to calculate from the CSG model, 
the way back, from the surface description to the set of 
primitives of the CSG model is difficult and not unique or even 
impossible. 

3.2.2 Surface based representations 

Surface based r ep re sen t a t i ons form the second c lass of object 
representations. It includes the representations which result from views of 
objects rather than volumetric constructions. 

3.2.2.1 Boundary representation tB-rep) 

In computer vision and graphics, the most common way to represent an 
object is to show the enclosing surface. A solid is represented by segmenting 
its boundary into finite number of bounded subsets, usually faces or patches. 
If we use planar patches only, each face is represented by its edges and 
vertices, resulting in polyhedral or polyhedron-approximated objects. In 
order to describe curves surfaces efficiently, splines are used in many CAD 
systems, an interesting way which needs, however, a lot of computation time 
|Coh80). Therefore, a big number of systems is still limited to planar 
patches. 
Boundary representation (B-rep) can be derived from 3D range data directly. 
But there is still the problem that different tesselations of the surface can 
stand for the same object. 

3.2.2.2 Surface Curvature Representation 

At each surface point, the curvature can be measured in order to 
characterize it. Particular values can be extracted and used in similarity 
measurements: 

the mean curvature and 
the product of both minimum and maximum curvature, called 
"Gaussian Curvature". 

Consult [Bes86] for more details, [Bha87b] for some examples and [RJc87]. 

3.2.2.3 Gaussian sphere and EGl's for convex polvhedra 

A first theoretical base for the representation of convex polyhedra is already 
very old. Minkowski showed in 1897 that a convex polyhedron is fully 
specified, up to translation, by area and orientation of its faces |Min97], We 
can represent this information by point masses on a sphere. 
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Gaussian sphere 

The gaussian sphere representation of an object is obtained by moving the 
unit surface normals on the faces of a polyhedron in a way such that the tails 
of the vectors lie on the origin. The head lies now on the surface of the 
sphere, and each point on it corresponds to one part icular surface 
orientation (fig 3.1, left). 

Extended Gaussian Image EGI 

The EGI of a polyhedron is obtained by placing a mass at each point of the 
sphere which Is equal to the surface area of the corresponding face (fig 3.1, 
right). 

At a first glance, very much information seems to be lost using this 
representation. Nevertheless, it can be shown that, again up to translation. 
the EGI defines a convex polyhedron (Smi79). It is even possible to recover a 
convex polyhedron from its EGI when using the above definition [Lit83|. 

properties of the EGI 

Extended gaussian images have the following properties [Hor84a|: 

a) EGI's are not affected by translation. 
b) A rotation of an object induces an equal rotation of the EGI. 
c) Mass distributions which lie entirely in one hemisphere of the 

gaussian sphere do not correspond to closed objects. 
d) The total mass of the EGI is equal to the total surface area of 

the polyhedron. 
e) For a closed polyhedron, the projected area will be the same 

for any pair of opposite directions. 
f) The center of mass of an EGI lies at the origin of the sphere 

(closed object). 

fig 3.1: faccttized cylinder (middle) represented by the gaussian sphere (left) and 
the EGI (right) 
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extension for non-convex objects 

When extending EGl's to non-convex objects, one of the properties from 
above is lost: 

When several surfaces of one and the same orientation occur, they will 
be mapped on the same point of the gaussian sphere and participate to 
a same mass point of the EGI. Since such surfaces of same orientation 
can occur, the representation is no more unique and the theorem of 
Minkowsky cannot be applied any more. 

natural scene data 

Por objects whose data has been acquired by scene data acquisition systems, 
the acquired data will probably not be complete since self occlusion of the 
objects can occur, some more properties will be. at least partially, lost. 

Still, EGI's are very useful for a fast comparison of the visible parts of objects. 

fig 3.2: tesselated sphere (dodecahedron) and its needle map 

needle maps 

For applications on computers, we use a discrete form of both Gaussian 
sphere and EGI, the needle maps. Tesselating the Gaussian sphere regularly. 
we get a limited number of planar patches which define a polyhedral so that 
we can apply the rules defined before (fig 3.2) [Hor84b]. 
A similar representation is known under the name "spike-model" or "needle 
map" where the vectors are no more of unit length but represent, by their 
length, the accumulated surface of all patches having the same orientation 
|lkc83]. 

Since the discrete surface patches are flat, the resulting EGI will be 
constituted of impulses whose magnitude depend on the surface area in the 
objects space: the "needle map". 

3.3 Transformation of representations 

Since volume and surface based descriptions of objects can appear, we have 
to discuss two transformations which seem at a first glance to be dual: 
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volume based representation to surface based representation 
surface based representation to volume based representation 

volume based representation to vision based representation 

Usually, this transformation does not imply very much problems. Given a 
volumetric model, a surface based representation can be computed 
straightforward. However, there arc two problems to be mentioned. 

i) Some representat ions are ra ther rough approximations of the 
object (space occupancy representations), this due to the finite size 
of the basic volumes. 

Ii) The CSG representation does not have any mechanism which 
allows to distinguish between surface patches which delimit a 
base element from the sur rounding free space and patches 
delimiting base elements from another one. 

surface based representation to volume based representation 

If a complete descript ion of the object's surface is available, the 
transformation is feasible. Unfortunately, the descriptions of the acquired 
objects are rarely complete in robot vision. 
Therefore, the result of this transformation will be uncertain: a low level 
representation as the space occupancy representation will know three states 
("occupied", "free", but also "unknown"), a high level representation a s the 
CSG will be ei ther impossible (incomplete data) or not un ique 
(decomposition). 
Hence, its application is restricted to special cases, where the set of CSG 
base elements is very small (i.e. one type of element only) and where a rough 
approximation is sufficient [Phi86). In either case, this approach is not 
useable for a precise identification and recognition of objects. 

conclusions on the transformation of representations 

For the reasons mentioned, the only really feasible transformation is the one 
from volume based models to vision based models. 

3D data acquisition K -^ reference representations 
(on-line) <CZZ2 

1 J volume based representation 

/''"preprocessing ""N ^"^transformation^^X 
v (on-line) y \^^^ (off-line) J 

surface based representation \ ^/surface based representation 

f ^ matching ^ " X 
»v (orvline) ) 

fig 3.3: transformation of representations in an object recognition system 
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Practically, this transformation will be used to transform once for all volume 
based reference representations to vision based reference representations, a 
mean to speed up the recognition process itself (fig 3.1). 

3.4 Choice of the Planar Face Representation Graph PFRG 

Until now, we have discussed the data to be retained for a high level 
representation, but not yet the data s t ructure to be used. Therefore, we 
discuss in the present section first the use of attributed relational graphs for 
the representation of data, choose a particular high level representation, 
called PFRG, establishing correspondences between the real world features 
and the high level representation. 

Finally, we compare the representation chosen with the well known EGI's 
and develop a visual representation of the data retained. 

3.4.1 Attributed Relational Graphs ARGs 

A high level representation of an object consists essentially of two classes of 
information: 

i) e lements (e.g. faces, edges....) with their a t t r ibu tes (area, 
orientation,...) and 

Ü) relationships (e.g. neighbourhoods. . . .}. 

The data structure "attributed relational graph" ARG is very well suited to 
represent such kind of data: nodes stand for the elements from above, arcs 
for relationships. 
Additionally, we can profit from the well established theory of graphs for the 
subsequent steps of our recognition task (characterization, matching, 
particular subgraphs,...). 

3.4.2 Planar Face Representation Graph 

According to the problem definition of chapter 1, we have chosen the 
correspondences between object features and graph features as illustrated in 
figure 3.4, called "Planar Face Representation Graph" PFRG. 

3D world 

(part of an) object 

face 
surface area 
surface orientation 

neighbourhood relations 
border length 

<-> 

<-> 

<-> 
o > 
<-> 

<-> 
<-> 

PFRG 

(sub-) graph 

node 
node attribute "surface area" 
node attribute "surface orientation" 

arc 
arc attribute "border length" 

fig 3.4: correspondences between 3D world and the PFRG 

Hl-7 



The number of features kept for the high level representation Is extremely 
small, the data reduction very high. Nevertheless, this representation allows 
to realize good object recognition results as we will see later on this report. 

fig 3.5: object "BLOCK" and its PFRG (attributes partially shown) 

3.4.3 Correspondences PFRG <-> needle map 

Our high level representation PFRG consists of the information contained in 
a discrete EGI, a "needle map", enhanced by the neighbourhood relations. 
Figure 3.6 next page shows the correspondences between 3D world features 
(left), the'needle map (middle) and the high level representation PFRG. 

3D world needle map PFRG 

face needle node 
surface area needle magnitude attribute "surface area" 
surface orientation needle orientation attribute "surface orientation" 

neighbourhood -
relations arc 

border length attribute "border length" 

fig 3.6: correspondences, 3D world <-> needle map <-> PFRG 

For visualization purposes, we Introduce an additional representation, the 
"extended needle map" ENM. an enhanced form of the "needle map". 

3.4.3 Extended Needle Map ENM 

Beside the needles N1 and Nj1 which indicate the orientation and, by their 
magnitude, the surface area of the faces F1 and Fj1 respectively, we introduce 
arcs so that neighbouring faces Fj and F^ will have their respective needles 
N1 and Nj1 Interconnected by an arc ^(F1. Fj1). 
This visual representation shows, except the 'border length" attribute which 
is missing, all attributes of the PFRG. 
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needle1 

arc 

fig 3.7: extended needle map of a convex object [cube) 

For non-convex objects, we do not follow exactly the definitions from above, 
we represent separately parallel needles which are due to separate surfaces 
of the same orientation. Then we interconnect them with arcs as before. 

fig 3.8: a non-convex object (left) and its extended needle map (right) 

3.5 High level preprocessing 

In the previous chapter, we have chosen the PFRG representation for the 
further work. Unfortunately, due to scene acquisition and low level 
processing nonidealities, the PFRG representation of a real scene object will 
by far not be as simple and pure as the reference object PFRG shown before 
(e.g. fig 3.5). 

fig 3.9: from the 3D scene to a prune PFRG representation 

In fact, the processing path leading from a 3D scene containing some 
objects to be recognized to a high level representation passes in our 
realization by intermediate representations, shown in fig 3.9. 

In the following, we discuss shortly the data representations used at the 
different intermediate levels and the transformations between them, leading 
from the initial 3D scene data to the pruned PFRG representation used 
further on. The complete discussion can be found in [Ama90]. 
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3.5.1 Data representations, data conversions 

depth map 

After data acquisition, the 3D scene data is represented as a discrete depth 
map (fig 3.10). Due to acquisition nonidealities, for a certain number of 
pixels (x,y), it will not be possible to determine an associated depth z: 

J z depth known 
" 1 NIL depth unknown 

More generally, we can define a pixel as a triplet (x«, i, j), containing the 
data vector Xy as well as the coordinates (i, j) of its position: a depth map 
can be described as a set of triplets, forming a generalized image X m x n , a 
table containing pixels (xy, i, j) [Mai90|: 

X m j m = ( (X1J. i. j) I (Xy € (Kn u {NIL}) A (i.j G Z))) 

fig 3.10: depth map representation 

region / border representation 

Next, the depth map is converted into a region / border representation, 
using some region growing algorithm (chapter 2. (Mai89|, [Mai90]). Sets of 
pixels of the depth map can be established, forming connex regions R which 
satisfy some homogeneity criterion H(R), separated by borders Bj. 

The original depth map will be partioncd and represented as 

i) a set of regions ^.= {..., Rj. ...} and 
il) a set of borders 1B = (..., 1¾, . .}. where each border Bj is formed 

by a set of border segments BS^ : Bj = {..., BS^. •••) 

In our application, we use the term "region" for homogeneous, connex 
regions where the homogeneity criterion H is established on the orientation 
of the faces the pixels represented (planar patches). 
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Each region Rj has at least the attributes 
i) surface area area(Rj) 
ii] surface normal normal(R.) 

as well as some structural information 
ili) a non-ordered list of border segments BS, delimiting the 

region Rj. 

Each border segment BS. has at least the attribute 
i) border segment length 

and the structural Information 
ii) neighbouring region R0 

iii) neighbouring region R^ 

fig 3.11 : regions, borders and border segments 

Unfortunately, some regions will not be completely known (Mai89). We will 
encounter 

i) regions with unknown attributes 
regions created where the underlying depth map elements 
where NIL 
regions too small to create useable attributes 

ii) a region representing the surfaces outside the boundaries of 
the original acquired depth map 

With the definitions and correspondences established In paragraph 3.4, 
these nonidcalities will propagate to the high level representation PFRG. 
Therefore, the outcoming representation is generally not a graph in the 
mathematical sense and will have elements with unknown features: 

i) a border with a neighbouring NIL region leads to an arc which 
has a start-, but no end node, 

li) a region with unknown features leads to nodes with unknown 
attributes, and 

iil) a border between regions R8 and R^ can be broken into several 
segments. 
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In the following section, we describe the methods Implemented to 
eliminate these nonldcalitics. 

3,5,2 Preprocessing of the PFRGs 

Figure 3.12 shows the sequence of algorithms applied to each PFRG 
obtained from the region growing step. 

1 , 

I elimïnate_border_regions I 

erminffle_nufl_nodes 

~~l 
tnergs_arcs 

T 
fig 3.12: preprocessing procedures 

complete graph 

Borders B with jus t one known neighbouring region R3 would lead to arcs a 
with just one known neighbour node Na. The unknown neighbour region R^ 
resp. node Nb can be represented by a placeholder node called "supemode 
SN" (fig 3.13). We use a single supemode SN to represent all unknown 
regions: it will not be matchable and has no attributes. 

supemode SN 

fig 3.13: incomplete PFRG (left) and after competition (right) 

eliminate border regions 

The region growing program used |Mai89] tends to create small, long 
regions R^ separating adjacent regions R1 and Rj1 at the edges of the objects 
(fig 3.14). The attributes of Rj, are generally unknown. In order to reconnect 
the separated regions R1 and Rj1 by borders B of correct length, we 
"compress" the border regions R^, until they have a virtual width of zero. 
merge the border segments and add it to the neighbouring bordersegments 
BS1J1 which separate the same two known regions Rj and Rj1. This need for 
an existing border segment BS1J1 guarantees that no jump edge disappears. 
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I known region 

l "v \ 1 urfcnown reg'on 

NIL 

tig 3.14: example "CUBEl" after region growing 

Additionally, wc limit us to "border regions" having j u s t two completely 
known neighbouring regions, this in order to avoid ambiguities. 

fig 3,15: border regions 1¾), before (top] and after transformation (bottom) 

Finally, the PFRG can be simplified, deleting the node Nb which stood for 
the border regions a s well as its arcs. 
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Figure 3.15 shows a typical situation. On top the initial situation in its 
region/border (left) and PFRG representation (right). Having applied the 
algorithm discussed, the border regions 1¾) and R^2 disappear and the 
border segment B S ^ between the regions R1 and Rj1 which already existed 
before, grows in length. 

eliminate null nodes 

Nodes N1 which represent regions R1 whose attributes are not sufficiently 
defined are marked in the original region / border representation. The 
algorithm eliminates these nodes and the arcs leading to it. 

merge arcs 

A border B between two adjacent regions R8 and R5 can be formed by a set of 
border segments. This leads in the non-pruned PFRG to multiple arcs -S1 

which link in parallel node N a . representing region R8, with node Nj,, 
representing region Rb(Hg 3.16, top). The algorithm merges the arcs J3( 

while combining the attributes. 

fig 3.16: border segments BSj (left) and corresponding arcs R\ (right) 

3.5.3 Examples 

In the following, we discuss two examples, first "PYRAM2" which allows us 
to follow the path from the original region border representation to the high 
level attributed graph representation. The second example "CUBEl" shows 
in particular the result of the suppression of border regions. 
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example "PYRAM2" 

known region 

I W I unknown regon 

' 'Nil 

iig 3.17: example "PYRAM2": region/border representation 

Figure 3.17 shows the object "PYRAM2" with its regions and borders as they 
have been extracted from the depth map. The edges of the object 
(discontinuities in orientation and /o r depth) are of particular interest since 
they lead to regions with unknown a t t r ibutes as well as to border 
segmentation. Figure 3.18 bellow shows the extracted PFRG after pruning, 
the significant regions only appear. 

•Ss±p-
Qjypernode Sty 

fìg 3.18: example "PYRAM2", pruned PFRG 
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example "CUBEl" 

In this second example, we deal with a big number of "border regions", this 
due to the region growing algorithm (fig 3.13). Thanks to the "border region 
elimination" method presented before, the outcoming pruned PFRG (fig 
3.20) represents very well the situation. 

ttäüJ Known region 

K W J unknown region 

NIL 

fig 3.19: example "CUBCl": region / border representation 

fig 3.20: pruned PFRG for "CUBEl" 

Further details on PFRG pruning and some statistics can be found [Ama90]. 
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3.5.4 Conclusions on PFRG pruning 

The present algorithm allows to convert the Incoming region/border 
representat ion to the a t t r ibuted graph representation needed for the 
subsequent matching process. 
At the same time, some undesirable effects of the previous acquisition and 
representation conversion steps, tha t is segmentation and creation of 
additional, badly defined regions, are eliminated and the PFRG simplified. 

A new version of the region growing algorithm, presently under work 
[Mai90], should allow to reduce significantly the amount of badly defined 
regions and border segments. 

3.6 Conclusions 

In the present chapter, we have established first the requirements for a 
high level representat ion usable in the domain of object recognition. 
Second, we discussed some typical examples of representations while taking 
into account the aspect of the transformation of representations. Next, we. 
introduced the "Planar Face Representation Graph" PFRG, the high level 
at t r ibuted graph representation we use in the subsequent matching, 
recognition and verification steps, Additionally, a graphical representation of 
the high level data available has been introduced, the "extended needle map" 
ENM which is useful as a visual representation of the data and can be used 
for test purposes. 
Finally, we showed in chapter 3.6 some high level preprocessing we apply to 
the PFRG representation. The aim of this preprocessing is the extraction of 
a representation which depends very few from low level data partitioning. 
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4. Model library 
4.1 Reference objects 

4.2 A priori knowledge 

4 3 Conclusions 



4. Model library 

Beside the acquired data, we need reference objects and their descriptions 
at least in the high level representation. For further verifications of the 
matching resul ts lower level representa t ions will be necessary too. 
Therefore, we create a library of reference objects, adding eventually 
supplementary knowledge about the objects represented (fig 4.1). 

.3D scene objeci data 

'ZZZZA 

v Kgh level scene 

Ì,/representation . > 

fig 4.1: data streams in a recognition system 

4.1 Reference objects 

There are different ways to acquire knowledge on reference objects. We 
discuss the following three approaches (fig 4.2): 

knowledge acquisition by learning 
use of (CAD) data bases 
creation of artificial objects 

f artificial crealiort 

-777777. 
3D scene object data 

fig 4.2: creation of a reference library 

4.1,1 Reference representation acquisition by learning 

A very natural way to acquire reference information Is acquisition by 
learning. The reference object is presented to the acquisition device, the 
data acquired, preprocessed, represented internally and finally, gets 
attributed a label by the supervisor. 
This method, very useful in other domains, has some drawbacks in the case 
of object recognition: 
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the data acquired is rarely complete (partial view, occlusion....) 
data acquisition, preprocessing and representation tend to mlsform 
the data 

Therefore, the use of this method is limited to applications where no exact 
high level description of the object exists. If it should be used as a reference, 
multiple data acquisitions of a same object have to be combined [Lu88). 
The problems concerned with this "reference objects from learning" 
approach were not subject of our investigations. Therefore, this method will 
not be discussed. 

4.1.2 Using complete, external descriptions of real objects 

A second way uses exact, acquisition system independent descriptions of the 
objects and transforms them to the internal representat ions of the 
recognition system. Typically, for objects out of the machinery world, 
volume based CAD descriptions arc available and can be transformed, for test 
purposes. A supervisor can introduce models at any level of representation, a 
method we often use. 

&ZZZZL~„ , ., , ,,, ^ ^ , 
(volume based) J — W " W transformaiion )&—we surface based, 

\ CAO representation j V.Y.V.V.V.V.V.-..-.-.-.V.-.V.^ (^representation-

Ë tränsiwmaiiön $j 
* s - • • • • • — - • '» 

' high leve! / 

<• representation; 

fig 4.3: from (volume based) CAD descriptions to reference models 

4,,1.3 Using artificially created objects 

This third approach has less practical use. Nevertheless, it can be rather 
Interesting for test purposes, allowing the creation of artificial objects. For 
this project, we developed a set of programs performing this task. The most 
Important one has been written for the creation of cube-based artificial 
objects, this in a volume based description (space occupancy). The 
remaining programs permit the transformation of the representations into 
the high level representation chosen. Details can be found in |Ama88d). 

basic idea 

Artificial objects of volume V can be created automatically by "glueing" 
elementary volumes EV to already created objects of volume V-I. For reasons 
of simplicity, we have chosen cubes of unitary volume, called elementary 
cubes EC. 
A very simple algorithm [Ama86b] allows to create systematically objects 
from the elementary one (one EV) on to objects of a given maximal volume, 
including objects with embedded holes. The difficulty resides not in the 
creation of new objects but, since we are interested to create each object 
just once, in the test of preexistance. 
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tes t of preexistaxice 

We list the tests which are to be executed until a difference occurs in 
increasing order of complexity: 

i) comparison of the size of the box enclosing the objects 
ii) comparison of the first and possibily second moments 
lii) comparison of the space occupied (Including rotat ions 

translations of the objects) 
and 

Tests i) and ii) must be done including rotations, test iii) including rotations 
and translations of the objects. Figure 4.4 next page shows the first 42 
objects created in a perspective view of a space occupancy representation. 
Circles represent e lementary spaces occupied while lines indicate 
adjacencies in the directions parallel to the coordinate axes x, y and z. 

iT 1 

3-M^J* 

iJJ+JV 
19 20 21 22 23 24 25 26 27 28 29 30 31 32 

33 34 35 36 37 36 39 40 41 42 

fig 4.4: "skeleton" representation of objects of volume 1 to 5 

Figures 4.5 and 4.6 below show the result of the subsequent transformations 
for objects number 4 and 12. The original space occupancy representation is 
replaced, first by a surface based representation, then by the high level 
representation chosen in chapter 3, the "Planar Face Representation Graph" 
PFRG. 

S* 

S* 

\ 2 

I I 

I J-

f» i 
< e 

. _ A _ , 

fig 4.5: object number 4 and its PFRG (attributes not shown) 
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fig 4.6: object number 12 and its PFRG (attributes not shown) 

4.2 A priori knowledge 

[Shn87), [Ste87] and others have used the fact that off-line preparation of 
data and knowledge can be used to enhance the performances of an object 
recognition system. The points investigated cover 

i) off-line transformation 
The initial knowledge base representation is transformed off­
line to a representation easy to use in the recognition task. 

Ii) redundant data 
Preparation of additional redundant information in order to 
speed up later on-line computing. 

ili) exclusion of impossible situations 
Use of a priori knowledge for the pruning of "impossible 
situations". 

On a higher level, strategy planning would be interesting too. covering 

iv) recognition strategies. 
v) strategies for interactive recognition systems, and 
vi) strategy planning for object handling. 

The transformation of representation has been discussed in paragraph 3 of 
the present report. Let us jus t recall that CAD-models. often used as 
knowledge base in industrial robot application, are not very well suited for 
object recognition tasks. Usually, the "CAD-Model" has to be transformed 
first into a "Vision-Model". 
Since this kind of enhancements to the general recognition algorithms are 
heavily application dependent, it is difficult to enter into details. We jus t 
touch some points of the list above in order to illustrate the ideas. 

exclusion of Impossible situations 

Until now, we based on the idea that scene objects can be presented to the 
acquisition device in any orientation. While this assumption will hold for a 
general 3D scene, it will not for a robot environment. In the system 
described in |Hor87], profit is taken from the following simple assumptions: 
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the objects to recognize are presented to the acquisition device on 
a flat surface (table, conveyor belt), and 
there is no superposition of objects. 

Under these conditions, general objects have only a limited number of stable 
positions which can be computed In advance. For objects with curved 
surfaces, an approximation, using objects composed of planar surface 
patches, can be used. Again, there Is the possibility to reduce in a large 
extent the on-line computation charge since it becomes possible to predict 
the possible partial views corresponding to the limited number of stable 
positions. 

strategy planning for recognition 

Object recognition In an industrial environment is always a race with the 
time. Therefore, the recognition algorithm should be exactly a s complex as 
needed for a given application. Therefore, it is reasonable to create multi­
stage recognition algorithms which need, of course, a supervisor unit. This 
unit decides at which extent the multi-level recognition algorithm has to be 
executed. Once the application known, the recognition strategy can be 
integrated in the supervisior task. 

strategy planning for interactive recognition systems 

While the above approach uses a fix amount of information at different levels 
in its recognition task, the present approach has an interactive component. 
A basic recognition system works straightforward. It uses one set of acquired 
data to fulfill the recognition task. More complex systems can provide a 
feedback from the recognition system back to the acquisition device in 
order to complete the data. So, 3D space where the recognition is up to fail, 
can be inspected again, possibly from another point of view. The 
displacement can be done either by the "natural" movement of the objects. 
i.e. on a conveyor belt, or by commanding a robot's arm which has the 
acquisition system mounted on. 
Again, the planning of strategies how to complete data, can be prepared in 
advance. 

strategy planning for object handling 

In the very same manner, the handling strategies, the way how objects are 
to be grasped, can be planified In advance.They get their importance when 
unknown or misformed object have to be treated. 

4.3 Conclusions 

The first approach to create reference objects, knowledge acquisition by 
learning, turns out to be very difficult. The CAD approach allows to create 
specific reference objects and Is therefore well suited to tasks in the 
industrial domain (robots, manipulators, ...). The third approach finally, the 
automatic creation of artificial objects, is essentially useful for test purposes 
and possibly In scenes where no a priori knowledge on the objects to 
identify is available, but the choice of a n appropriate elementary volume is 
difficult. 
However, we used this "random" approach for the debugging of the 
matching program implemented. 
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For the tests shown later on in this report, the supervisor approach has 
been used, introducing data directly In the reference data base. The more 
complicated tasks concerned with a knowledge base of higher complexity 
are not subject of the present work. 
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5. Representation Matching 

Until now, we discussed the two main branches of an object recognition 
system. The first one is the scene data branch, const i tuted of da ta 
acquisition, preprocessing and high level representation. The second one is 
concerned with the reference data in the model library {fig 5.1). 
In the present chapter, we merge the two branches In the representation 
matching task, the most important one on the path towards an object 
recognition system. 

scene 

fig 5.1: an object recognition system 

First, we dress the problem in a general way, discussing some aspects which 
are due to the fact that natural scene data will be used. 

Second, we give some definitions, covering some important terms out of the 
graph theory ("subgraph", "isomorphism". ...) and formalize the mathematical 
representation of graphs. 

Next, we treat the problem of isomorphic subgraph-graph matching (§5.3), 
first as a problem related exclusively with the topological aspects of the 
graphs, later extended to attributed graphs. 

In paragraph 5.4, the algorithms are extended to the more general case of 
matches between subgraphs of any connexe graph. 

The nature of the scene data acquired is such that exact matching has a too 
limited scope. Therefore, in paragraph 5.5, inexact matching tactics will be 
discussed with a special Interest for a promising method, finally realized and 
described In chapter 7 of this report. 

The chapter terminates with some conclusions. 
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5.1 General problem definition 

The aim of a 3D object recognition system is to get answers to one or more 
of the following questions. 

j) What is in the 3D scene ? recognition of the object 
ii) Where is it ? localization of the object 
iii) What is its orientation ? orientation of the object 
ivj What is the reliability of the result ? measure of confidence 

Naturally, there are a lot of crosslinks between the answers to these 
questions, e.g. If the orientation of an object is unknown, it will be difficult 
to match it with a given reference object and vice versa. 

data representation 

In the following, we will use object representations in the form of attributed 
relational graphs (ARC). The PFRG representation of chapter 3 is a 
particular case of ARGs. 

completeness of data 

A reference graph R represents an object of the model library, supposed to 
be completely known. The scene graph T in turn, the representation of the 
scene object to be recognized, is very often 1) an incomplete description 
since only partial views are available and ii) inaccurate, since data acquisition 
and data extraction will never be free from errors. Therefore, our problem 
consists of the matching of partial, "incomplete" and perhaps inaccurate 
scene (sub-)graphs with a set of reference graphs R(. 

5.2 Terms and definitions 

There are at least two ways to represent a graph G: i) "enumeration" in the 
form of sets of nodes and arcs, and "adjacency matrices". Obviously, they can 
be used In parallel and be converted one to the other. We will use both 
descriptions, selecting for each paragraph the more convenient one. 

enumeration of the elements forming a graph G 

G = {Ng, Ag} where n, = node i 
Ng = {n l t ... ,nt nK} I = node index 

Ag = (^1 Jfy) K = number of nodes 

.flj = (nj. nj) H = number of arcs 

A graph G is composed of a set Ng of nodes and a set Ag of arcs where an arc 
-S1Jn1, nj) is defined as a connection between two nodes nj and nj of graph G. 
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description of a graph G by its adjacency matrix G 

The topology of a graph can also be described by a matrix G. where each 
matrix element g« = 1 stands for an existing arc, g« = 0 for a nonexisting arc 
between the i1*1 and the j t h node of graph G. 

G. = [ g» ] gy € {0,1} 1,J = 1 . . .K, K = number of nodes 

definitions [Even79] 

graph isomorphism 

Two graphs T = (V7, E7) and R = [VR, ER) are said to be isomorphic if there 
are 1-1 correspondences f. V j -> VR and g. E 7 •> ER so that for each edge e, 
linking vertices u and v In T there is an edge ^(e) in R which links flu) to flv) 
|Even79). 

subgraph 

A graph T fVT, E7) is called subgraph of graph R (VR, ER) if both V7 and E 7 

are subsets of VR and ER respectively. 

isomorphic subgraph 

Given a subgraph R' (VR\ ER') of R such that ER ' contains the complete set of 
edges linking the vertices of VR '. 
Graph T (VT, E7) Is said to be an isomorphic subgraph of R (VR, ER) if T and 
R' are isomorphic. 

nodedegree 

The nodedegree ND of a node n of graph A of size a is defined as the number 
of arcs connecting It to its neighbor nodes: 

ND(n,A) = £ anJ an j e {0,1} j = 1, ... n -1 , n+1, .., a 

5.3 Isomorphic graph/subgraph matching of relational graphs 

problem definition 1 

Given a connexe testgraph T of size i and a connexe reference graph R 
of size p, bigger or equal to T. 
Find the isomorphic (sub-)graph matches between T and R resp. the 
subgraph R' of R. 

Temporarily, we ask for subgraph isomorphism between the (sub-)graphs T 
and R' brought into correspondence where the graphs are non-attributed, 
non-directed and have simple arcs. We will extend the problem to subgraph-
subgraph matches and to inexact matching later. 
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5.3.1 Graph and subgraph isomorphism test 

An easy way to check for isomorphism between graphs T and R is to use the 
adjacency matrices X a n < i ß f ° r the test of identify. Since the order of rows 
and columns In the adjacency matrices is free (depending on the manner 
how the nodes have been labeled) and the number of nodes can be different 
in both graphs, we use first the hypothesis on node-node correspondences 
to relabel (reorder) and eventually reduce in size one of the adjacency 
matrices: e.g. each label of graph ß Is replaced by the corresponding label of 
the graph T. creating the relabeled matrix RL' (fig 5.2). Now, the test for 
identity can be done between matrices I and BL'. 

T p f match,nfl Ì — * * R 

i_ hypothesis on 
correspondances 

3 
m isomorphism m I •"• I 

fig 5.2: isomorphism test: hypothesis, relabeling and test 

Using a (K-K) matrix M4 for the representation for correspondences of 
hypothesis H1, we formalize the relabeling by 

E ' L = Mi • (M.i • E)T where K = min (1, p) 

While the Inner term exchanges columns, the outer one, after transposition, 
exchanges the rows. For the case of directed graphs, the resulting Rj, matrix 
must be transposed since the adjacency matrices are no more symmetric. 
Next, we apply the tests for isomorphisms, subgraphs ... . 

subgraph check V(TUJ l = U => ( TlIJl = R L U J J ) 
( IS l St. 1 SjSp) 

Graph T exists a s a (sub-)graph R" in graph R if for each edge e-j- in graph T, 
there exists a corresponding edge e^ in R-. but not necessarily vice versa. 

subgraph isomorphism V( XlLJl ) => ( XIiJl = BL 'HJ) ) 
(ISlST. 1 SJSp) 

Graph T exists a s an Isomorphic (sub-)graph R' in graph R if for each edge 
e T in graph T, there exists a corresponding edge e^ In R' and and for each 
edge eR of R', there exists a corresponding edge e-r in T. 

The problem Is now to find all the correspondence matrices M.t which stand 
Tor an isomorphism between the graphs T and R: 
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find Mi so that J = R1/ = Mj • (Mj • EJT 

We will d iscuss in the next section two methods for this correspondence 
search problem. 

5.3.2 Correspondence search 

There are basically two different approaches when, looking for sets of 
correspondences (matches}. The first one is an "exhaustive search" method, 
the second one an approach where partial solutions are to be extended 
("backtrack"). 

5.3.2.1 Exhaustive correspondence search 

Exhaustive search methods create systematically all combinat ions of 
correspondences between nodes of both graphs. 
According to Ullmann [U1176], we implemented the exhaustive search in the 
form of a search tree (fig 5.3) [AmaSSd). Each state S, of level d (0 < d < i) In 
the tree s tands for a hypothesis Hi on d node-node correspondences. At 
each t rans i t ion from a s ta te S1 to a son-state Sj1, an addi t ional 
correspondence (r j , t j between nodes r^ and tx of reference graph R and 
scene graph T is established, extending hypothesis H1 to Hj1. The number of 
branches leading to states of the next lower level is (p-d) where p is the 
number of nodes of the (bigger) reference graph R 

search depth d 

-db ^D 
fig 5.3: search tree 

The disadvantage of the exhaustive search is the huge number of operations 
to be executed. In fact, the number of searchtree states to pass through is 

where p. T = number of test and reference nodes respectively 

To reduce the computational cost of the exhaustive search method, search 
tree pruning criterlons are introduced, still based on topological aspects. 
Before we pass to the "backtrack" methods, we discuss them shortly in the 
next section. For details consult [U1176I, |Ama8Sd] and chapter 6. 
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5,3.2.2 Structure based search tree pruning critcrjons 

nodedegree condition 

The first condition, the nodedegree condition, uses very few computation 
time, but can exclude a huge number of correspondences using basic 
structural Information. Given a test graph T of size i and a reference graph R 
of size p. the condition is: 

NDIt11T] = ND(ijtR] rj e R Ij e T for graphs of identical size (x = p) 

NDIt11TJ <. ND(rj,R) rj e R. tj 6 T for graphs of different sizes (T £ p) 

In the second case, we assume that missing arcs in graph T lead to non-
existing nodes (e.g. invisible regions in the underlying data). The criterion 
takes account of one single correspondence. Therefore, it can be applied 
before entering into the search tree, excluding a priori many of the potential 
correspondences. 

Next, a family of criterions considers the neighborhoods of the nodes to 
bring into correspondence. The first one has been proposed in [U1176] 
under the name of "structural refinement", the second one is the usual 
neighborhood condition. 

structural refinement (forward checking neighborhood condition) 

Using a priori knowledge (e.g. nodedegree condition) or establishing a node-
node correspondence limits the possibilities for future matches . The 
present method checks, after each extension of the search tree, if one or 
several of the lower level states can be excluded while guaranteeing that no 
set of correspondences standing for an isomorphic solution will be lost. 

fig 5.4: structural refinement 

The idea is the following (fig 5.4): 

Given a correspondence matrix Mk at search tree depth d. 
Check if the candidate correspondence (tt. rj) could appear in a final 
hypothesis for a subgraph match. 

If there is no node tx in graph T adjacent to tj (XCx] = 1) that has been 
matched (x<d, mkix,y]=l) or will eventually be matched (x>d. mjjx.y]=!) 
with a node ry of graph R adjacent to rj (R_[y,j] = 1). we exclude the 
correspondence (t(l ^) , mfcflj] can be set to O. 
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The process is recursive: if a correspondence (¾, TA is excluded due to the 
condition, all other candidate correspondences have to be checked again 
until no more modifications occur. This routine substitutes also the test for 
the presence of identical subgraphs, but not the test for isomorphisms (see 
[U1176), lAma88d]). 

backchecking neighborhood condition 

Having established a correspondence at search tree depth d, the number of 
candidate correspondences which could be establish at depth (d+1) can be 
reduced using a neighborhood condition. 

If there is a node tx in graph T adjacent to tt fTJi.x] = 1. 1 = d+1) that 
has been brought into correspondence (xsd) with node ry of graph R 
(mk[x,y|=l) which is not adjacent to r m (Rjy.m) = 0), then we can 
exclude the candidate correspondence, mk[d+l,m] becomes 0 (see fig 
5.5, next page). 

fig 5.5: neighborhood condition (backward checking] 

Again, the routine replaces the test for identical subgraphs, but not the one 
for isomorphisms. 

5.3.2.3 Correspondence search bv "backtracking" 

A second class of methods Is based on "backtracking". Once a partial solution 
is found. It is used as a base for the extension to a bigger one. 

Since a "backtrack" algorithm will be used and discussed in detail in chapter 
7, "inexact matching", we limit u s to a short introduction. 

node sets 

For our application, we establish the following sets for both reference and 
test graphs (fig 5.6): 

"candidate" node sets Tn , Rn 

Sets of nodes not brought yet into correspondence. 
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scene reference 

fig 5.6: node sets for the "backtrack" approach 

"core" node sets Tc, R^. 
Sets of nodes brought into correspondence. The arcs lead 
exclusively to other nodes of the same core node set. 

"terminal" node sets Tt, R1 

Sets of nodes brought into correspondence having at least one arc 
which leads to the "candidate" node set. 

algorithm 

Next, we apply the "backtrack" algorithm according to |Esh841, [Esh86|. 

i) Bring a first couple of nodes tf. rj into c o r r e s p o n d e n c e 

(x p possibilities) 
tj and n change from the candidate node set to the respective 
termina! node set 

it) Take a scene terminal nodes tj and find a neighbornode t^ which is 
element of the candidate node set Tn . Add 1¾ to the terminal set T t. 

Ul) Take a reference terminal nodes T1 and find a neighbornode T^ 
which is element of the candidate node set Rn. Add r^ to the 
terminal set R1. 

iv) If scene node t^ and reference node 1¾ fulfill some matching 
conditions, establish the correspondence, else return to ill) for 
another candidate reference node rj. 

v) If by this operation either t^ or 1¾ has lost its last non-matched 
neighbor node, transfer t^ rcsp. 1¾ to the respective core node set 
Tc or R0. 

vi) continue with step ii) 
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By this algorithm, attempts are made to add simultaneously scene respective 
reference nodes to the already reconstructed subgraphs. 
The choice of the condition for the addition of new nodes decides on the 
final result. Basically, exact isomorphic matching as well as inexact matching 
is possible as long as the graphs are connexe. 

computational cost 

The worst case for this algorithms can be described: 

All the N nodes of a graph are linked with all the other nodes of the 
same graph. For this case the number of significant operations grows 
with O(n) = (ni)2. This huge number is done to the fact, irreallstic for 
scene interpretation, that each terminal node of a subgraph of size m 
has (n-m) candidate nodes and this, of course, in both reference and 
test graphs. 

For a more realistic estimation, let us consider a case with a mean value of 
the nodedegree of k: 

In this case, the number of candidate nodes for each terminal node is 
much smaller, the computational complexity grows with 

O(n.k) = (n-1) • (k-1)2 

By using s t ructure and a t t r ibute based criterions, the computational 
complexity can be reduced further. This Is in part icular t rue for an 
intelligent choice of startpoints for the extensions, called "root-matches", a 
point discussed later on in this chapter. 

"Backtrack" approaches are described in [Esh86], |Esh84], (Ber731, [Cor70], 
[Bit75], |Ama90] and chapter 7 of this work where additional, specific 
pruning criterions are presented. 

5.3.3 Other approaches 

The subgraph matching problem appears regularly in the domain of graph 
theory. Evidentially, there exist a lot of other approaches to resolve it. Here 
jus t two ideas. 
[Kno68] proposes a graph decomposition, [Ber73] a special grammar, the 
"K-formulas". In the context of inexact subgraph-subgraph matching, the 
propositions in |Cor70] and (FenBS], concerning the extraction of particular 
classes of subgraphs (cycles, cliques, ...), usable as startpoints for subsequent 
expansions with backtrack procedures, can be interesting. 

5.3.4 Extension to attributed graphs 

Until now. only s t ructural information has been considered, but, as the 
result of data acquisition of real scenes, attributed graphs are available {e.g. 
PFRGs), In the present section we discuss how th is supplementary 
information can be used i) to reduce the complexity of the search tree and 
Ii) to check the reliability of the graph matching results, 
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We can distinguish two classes of attributes: I) node attributes and H) arc 
attributes. 

node attributes 

Under node attributes, we unders tand attr ibutes related to single nodes. 
Therefore, they can be used for dissimilarity measures Independently. 

For example, the dissimilarity between scene node tj and reference node n 
can be computed a s the weighted sum over the dissimilarities with respect 
to the an different node attributes. 

d„[t|.rj) = X a k dtti- •}• k) 

where a^ = weighting factor, k = attribute Index 

arc attributes 

Under arc attributes, we understand attributes related to arcs or depending 
on the adjacent nodes (e.g. node attribute "orientation" allows to extract the 
arc attribute "angle"). Exactly in the same way as before, we can introduce a 
global arc attribute dissimilarity, e.g. 

d a U(t , , L). X[Ti. r m » = £ Pk dU(ti. t.). *(r,, r m ) . k) 
k=l 

combination of arc- and nodeattribute dissimilarity measures 

Finally, both attribute dissimilarities can be defined by some application 
dependent law, e.g. 

d(T,R) = y £ dnto.rj) + (1- Y) £ d a ( ^ ( t , . tj). X[r\. rm)J 

where Y = weighting factor 

The term above stands for the accumulated dissimilarities over the matched 
(sub-)graph elements and depends, therefore, on the number of elements 
matched. For the comparison of matches of different size, an interesting 
feature when looking for "promising" subsolutlons, we will use a "cost" 
function instead (chapter 7). 

comments 

The dissimilarity measures are useful at different levels: 

1) combined or separately in similarity criterions for pruned search, 
Ii) combined for the determination of "promising submatches" where 

further search is worthwhile and 
111) for the classification of the hypotheses on matches and their 

reliability. 
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Their use Is application dependent, letting the user a huge degree of 
freedom. We mention just some of the most Important open questions when 
applying attribute dissimilarity measures: 

How to measure the attribute dissimilarity (relative, absolute, .„) ? 
How to combine the partial results (weighting factors, ...) ? 
How to handle with missing attributes ? 
How to compare dissimilarities of matches of different size ? 

Unfortunately, there are no general solutions and special solutions have to be 
Investigated for each application. For further discussion consult [Sha85], 
[Esh85.1j, [San83], |Won85]. for an example see paragraph 7.7 . 

5.3.5 Limits of the algorithm 

With the actual implementation of the algorithm, we can resolve the 
following problems for both at t r ibuted and non-attr ibuted, non-directed 
graphs: 

I) test of Isomorphism between graphs of the same size 
II) subgraph check between graphs of different sizes 
iii) test of subgraph isomorphism between graphs of different sizes 

In turn, we cannot resolve the more complicated problems listed bellow: 

iv) subgraph check between a subgraph of A and a subgraph of B 
v) isomorphism check between non-attributed and attributed non-

directed subgraphs 
vi) all inexact matching 

5.4 Extension to isomorphic subgraph-subgraph matching 

Until now, we made the assumption that all the nodes of the smaller graph 
T could be matched with nodes of a subgraph of the bigger graph R (graph-
subgraph match). For representations of natural data, this assumption is 
lrrealistic. 

We eliminate now this condition. Introducing matching between subgraphs 
of both graphs. 

problem definition 2 

Given a connexe testgraph T of size x and a connexe reference graph R 
of size p. 
Find Isomorphic subgraph matches between the subgraph T of T and 
the subgraph R' of R. 

Still, the graphs are non-directed and have simple arcs, their attributes will 
be used later. 
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5.4.1 Subgraph Matching 

For the correspondence search problem, we have presented two types of 
solution (§5.3.2): 

1 ) "exhaustive search" with subsequent tests 
Ii) "backtrack" procedures, extending partial matches to bigger ones 

It is easy to see that for the subgraph/subgraph isomorphism problem, the 
second family of algorithms fits much better. Once a first match established. 
the following at tempts to match are limited to the neighborhood of the 
nodes already matched, this on both graphs. 

One major problem is the choice of the first couple of nodes to bring into 
correspondence; either wc try them exhaustively or we apply an algorithm 
for the extraction of particular subgraph matches, the "root matches". 

5.4.2 Root matches 

Root matches are subgraph matches based on particular Information out of 
the respective graphs. The particularity can be 1) the s t ructure of the 
underlying graphs. Ü) the attributes or IiI) both. The aim of the root match is 
to create for search algorithms favoring "promising partial solutions" good 
and reliable initial subgraph matches. Subsequently, they are extended using 
the "backtrack" approach. 

fig 5.7: root matches and subsequent extensions 

structure based root matches 

For a limited number of typical graphs, algorithms exist in the theory of 
graphs which allow to extract them rapidly (cycles, cliques. ...) lBron73]. An 
application has been proposed In (Fen88]. 

structure and attribute based root matches 

We will limit ourselves to the discussion of one Interesting example, 
Oshima's "kernels" (0sh87). He proposes the extraction of an "important" 
couple of adjacent nodes in the ARG representation of the scene object. 
called "kernel", which allows to establish a reliable first match between 
elements of scene and model representations. The criterions for the regions 
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representated are I) surface area, li) type of area (planar, curved,...), ili) not 
occluded, Iv) number of adjacent regions, etc... . 
Once the data-driven "kernel" (root-) match established, the algorithm 
becomes model-driven (fig 5.8). Based on the elements adjacent to the 
model-"kernel", the backtrack algorithm attempts to find the corresponding 
elements in the scene representation. 

Why this distinction "data-driven"/"model-driven"? Only surfaces which have 
really been acquired can be used as "kernels". Therefore, the algorithm is 
based on the data extracted from the scene. For the extension of a partial 
match, the situation Is slightly different. While the model driven approach 
guarantees that we are looking for additional parts of the same model, a 
scene driven approach could, eventually, not distinguish between scene data 
from different scene objects, the approach Is also Intended to scenes with 
multiple objects. 

fig 5.8: "kernel" match and "backtrack" extension 

5.4.3 Conclusion on partial matches 

In order to match partial graphs efficiently, crlterions on a "root"-match can 
be very helpful. They allow to limit In an Important way the number of 
branches In a correspondence search-tree. The crlterions are based on the 
attributes of the elements represented in the graphs and, evidentially, will 
be weighted depending on their importance (size, exclusivity of the 
attribute, reliability,... ). 
Having discussed the possibility to realize partial matches of graphs 
(subgraph/subgraph isomorphism) we have now a tool we can extend for 
inexact matching. 

5.5 Inexact matching 

The algorithms discussed are well suited for applications where we have to 
treat with exact graph matching. In real scenes, unfortunately, we will have 
nonideallties in the path which leads from the original scene data to the 
high level representation, this despite of the preprocessing steps proposed 
In paragraphs 2.5 and 3.5 . 
Let u s Just recall the most Important reasons. 

1) data acquisition (illumination, resolution of the input device, ...) 
Ii) input data segmentation (§2) 
iii) data smoothing (e.g. surface approximation) 
Iv) data reduction (high level representation) 
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With this few ideas In mind, we can see that even for identical natural 
scenes we cannot be sure to obtain the same high level representation. 
Hence, the graph matching algorithm should have some flexibility 
concerning the structural aspects. In fact, the term "inexact" is applied in 
the context of s t ruc tura l aspects only, the at t r ibutal part h a s been 
considered a s inexact from the beginning, resulting In dissimilarities. 
We discuss the problems for our choice of a high level representation, the 
PFRGs. 

The meaning of "inexact matching" not being defined yet, we could 
interpret It in one of the following ways. 

1) Establishment of a set of exact, partial and compatible matches, 
covering only partially the original scene representation. 

Ü) An extension of point I). accepting non-exact extensions of the 
matches once all exact matches done (fig 5.9) 

HI) Matching using weak neighborhood rules from the beginning, 
pun i sh ing insert ion / deletion of graph e lements by a n 
incremented dissimilarity IEsh84). (Esh86J. 

W) Modification of the ARGs by split and merge of nodes and data so 
that exact matching becomes possible. 

exact match 

inexact match 

no match 

flg 5.9: compatible, exact partial matches with subsequent Inexact extensions 

Compatible exact subgraphs 

Point IJ and il) are relatively restrictive interpretations. In terms of the 
original exact subgraph/subgraph match, they can be interpreted a s the 
combination of compatible, partial exact matches . The compatibility 
essentially concerns the nodes Involved in the partial matches, eventually 
also some attribute based informations like as Faugera's "rigidity constraint". 
described In §7.4 (Fau87). Nevertheless, the method can be used for the 
establishment of hypotheses If there is a strong verification [Gmu89). 
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inexact subgraph-subgraph matching 

The third point is new, leading to a certain freedom In the extension of the 
subgraph matches. To introduce the subject, we give some ideas used later 
on in the realization of chapter 7. 

Basically, we will use the backtrack algorithm discussed in §5.3.2.3, applying 
a single condition for an extension of a partial match: the candidate nodes 
must be connexe to the respective matched subgraphs. 

fig 5.10: missing and additional arcs 

Using this "node correspondence" based mechanism, missing and additional 
nodes cannot be detected a s such and their correspondences contribute 
normally to the global dissimilarity measure. In turn , additional resp. 
missing arcs can be detected. A comparison of the graph structures allows to 
determine differences in the s t ruc ture of the matched (sub-)graphs. 
Attributing to each correspondence between an additional resp. missing arc 
and an existing arc a relatively high dissimilarity value, we favore matches 
having no or few Inexactely matched elements. 

modification of the ARGs by split and merge of nodes and data 

While extending a partial subgraph / subgraph match to a bigger one, 
attempts could be made to merge nodes, either in the scene ARG or In the 
model ARG in order to obtain similar attributes for the candidate graph 
elements in both graphs (fig 5.11). Since reference graphs are supposed to 
be more robust, scene graphs have to undergo this process. 

fig 5.11: inexact matching by node merging 

For an application, it will be difficult or even impossible to find a split and 

v-j 5 



merge method. The list bellow gives some ideas on the potential problems. 

i) Where to stop the search for candidate nodes for an eventual 
split/merge ? 

U) How to define criterions for a split/merge ? 
ill) How to handle with the poss ib le , i terat ive behavior of 

the algorithm? 

conclusions en Inexact matching 

Inexact matching is a difficult, but very Important subject in the domain of 
object recognition. While the points i) and ii) of the discussion here above 
are just extensions to the rigid matching techniques, iv) seems to go too far 
and will be very difficult to realize. Therefore, we favore the proposition Ui) 
which allows an implementation In a straightforward manner for both exact 
and inexact matching, treating inexactitudes over an enhanced dissimilarity. 
The limitation to connexe graphs can be overgone later by using some 
combination methods to combine compatible partial matches. 

5.6 Conclusions 

Having discussed data acquisition, preprocessing, high level representation 
and model libraries before, the present chapter has been devoted to the 
representation matching task. 

In increasing order of complexity, exact subgraph-graph matching for non-
attributed and attributed graphs has been discussed, passing then to the 
more general case of exact subgraph-subgraph matching. 

A short glance on the original scene input data and to the subsequent steps 
(acquisition, approximation, segmentat ion, high level representation) 
explains that exact matching is of limited scope. Therefore, in §5.5. the idea 
of inexact matching has been Introduced, accompanied by a short collection 
of ideas for Its Interpretation. 

The following chapter 6 illustrates the use of the simpler "exact matching" 
approach, allowing to collect some experience in the domain. Chapter 7 in 
turn documents In detail the more important "Inexact matching" method 
implemented for the final realization. 
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6. First experiences using an exact matching method 

Exact matching is a first, limitative approach to the more general graph 
matching problem. We have already discussed some drawbacks and limits of 
this approach. Nevertheless, we realized a package of programs, called 
ISOMOR and documented in [Ama88d]. It allowed to acquire some 
experience for the case of exact matching before we passed to the more 
complicated Inexact matching, discussed in chapter 7. 

In the first paragraph (§ 6.1), we recall the problem definition and the 
algorithm used for the establishment of hypotheses on correspondences 
between nodes of both scene and reference graphs. It is, for the structural 
aspects, essentially the one we presented before in paragraph 5.3 [U1176]. 

According to the discussion of paragraph 5.5 ("Inexact matching"), the aim 
of the implementation of the exact matching method was not a 3D object 
recognition system, but its use a s a base for some experiments with high 
level representations. 
We treat the exact graph matching problem In two stages: first, on the 
topological level, matching non-at tr ibuted graphs, a pure mathematical 
problem, second, introducing some heuristics based on the attributes of 
both arcs and nodes (§ 6.2). 

The chapter terminates with some conclusions on exact matching. 
denumberlng its drawbacks and limitations which lead u s finally I) to the 
high level representation PFRG (§ 3.4) and Ii) to the inexact matching 
algorithm of chapter 7. 

6.1 Problem definition, algorithm 

In the following, we use the symbols defined in the preceding chapter (§ 
5.2) and algorithm proposed in [U1176] which h a s been described In 
paragraph 5.3. The problem Is limited to exact subgraph-graph matching. 

Given a connexe testgraph T of size t and a connexe reference graph R 
of size p. i s p. 
find the isomorphic (sub-)graph matches between T and R. resp. the 
subgraph R' of R 

The method implemented consists of two passes: 

1) a search for hypotheses on matches, initially exhaustive, later 
pruned applying some crlterions on structure and attributes, and 

ii) the test of the hypotheses with the crlterions "subgraph match" and 
"isomorphic subgraph match". 

Since the algorithm has been discussed in the preceding chapter (§ 5.3), 
including an extension to at t r ibuted graphs, we pass directly to the 
experiences we made using a software package called ISOMOR [Ama88d|. 
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6.2 Reference objects and high level representation 

high level object representation 

For the following experiences, we use a high level representation. Intended 
to be used for simple, planar faced objects (fig 6.1). 

3D world <-> high level representation 

face 
surface area 

<-> node 
<-> node attribute "surface area" 

neighborhood relations <-> arc 
angle between adjacent faces <-> arc attribute "angle" 

(+ convexe. - concave) 

Ag 6.1 : correspondences between the real world and a first high level 
representation 

reference objecta 

Figures 6.2 to 6.6 show the reference objects used (left) and the respective 
high level representation (right). 

REF1 

( n[s ^ n node number 
s surface area 

REF 2 

REF 3 

fig 6.2-4: reference graphs "Ref 1" (top) to "Ref 3" (bottom). 
(angles not shown = + 90°) 
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ßg 6.5-6: reference graphs "Ref 4" (top) and "Ref 5" (bottom) 
(angles not shown = + 90°) 

6.3 Experiences and examples 

Beyond a general introduction to the subject these experiences have been 
done with the aim to find answers to the following questions: 

What information is necessary for a good representation of simple 
planar-faces objects? 

What are the difficulties when passing from a surface based, real 
world description of an object to the purely mathematical form of 
an attributed graph? 

Are there a priori conventions when a human observer "matches" 
objects and, if yes, how to implement in a recognition system ? 

The experiences have been made before the final PFRG representation 
(§3.4) has been chosen. 
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6.3.1 Symmetries and Isomorphisms 

For a first test, we use the non-attributed subgraph of the test graph "Test 0" 
(fig 6.7). 

fig 6.7: test graph 'Test O" 

Depending on the number of nodes in the testgraph. we determine the 
number of isomorphisms found with the method proposed. 

test nb 

1 
2 
3 
4 
5 
6 

test nodes involved 

1 
1...2 
1...3 
1...4 
1...5 
1...6 

ref 1 

6 
24 
48 
48 
48 
48 

reference graph 

ret 2 

6 
24 
48 
48 
48 
48 

ref 3 

6 
24 
48 
48 
48 
48 

ref 4 

6 
24 
48 
48 
48 
48 

ref 5 

9 
42 
90 
108 
96 
96 

table 6.8: number of isomorphisms for non-attributed (sub-) graphs 

Since only structural data has been submitted, it is not surprising that the 
number of isomorphisms found are very similar for all the reference objects. 
Nevertheless, these numbers are surprisingly high. A first explanation is the 
regularity of the structures, but a second point needs some discussion. 

Wc examine the problem again, matching a test graph 'Test 1", a subgraph 
of "Test 0", and the reference graph "Ref 1", both non-attributed. 

fig 6.9: non-attributed test- and reference-graph s 

There are eight subgraphs in the reference graph which are isomorphic to 
the test graph. They correspond to triplets of adjacent faces, standing for 
triplets of regions enclosing each a vertex of the original object. Selecting 
arbitrarily the subgraph of "Ref 1" containing nodes (I 2 3), we have three 
possibilities to fix a first correspondence (e.g. A-I). Then, there are still two 
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possibilities left for the rest, combining either (B-2) and (C-3) or (B-3) and 
(C-2), we get 48 possible solutions. 

On the original object's level, we examine the problem again. There are 
eight ways to match the vertex of the test object surrounded by the surfaces 
(A B C) with the eight vertices of the reference object (fig 6.10) and three 
ways to establish a first surface match (e.g. (A-I)). 

^ 3 = 5 ^ 
matched 
vertices 

fig 6.10: test- and reference-objects 

This correspondence established, the rest of the matches is given, the 
number of possible Isomorphism is 24. 

deduction 1 

The difference between the two approaches, the graph based approach used 
by the algorithm implemented in ISOMOR and the object surface based 
approach used by a human observer, lies in the quantity of information used. 
While the graph based approach uses only structural information, the object 
based approach uses implicit conventions: a human observer distinguishes 
between "inside" and "outside" of an object. Then, he takes into account the 
order (clockwise, counterclockwise) the faces have, with respect to the 
vertex enclosed. 
Applying the arc attribute helps to resolve the "inside/outside" ambiguity, 
bu t not the one concerning the order, the representation chosen does not 
allow to resolve the problem. 

"mirror objects" 

Under "mirror objects" we unders tand symmetric objects having both the 
same high level representation. Again, the only attribute potentially useable 
to dist inguish such objects is the one concerned with the relative 
orientation of surfaces, in our choice of § 6.2, the arc attribute "angle". 

^ ^ 

A 2 
1 

fig 6.11: partial views of symmetrically labeled cubes A and B and the 
corresponding identical graphs 

Unfortunately, it is not helpful either in avoiding "mirror object" solutions, 
e.g. cubes A and B of figure 6.11 have identical high level representations. 
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deduction 2 

Again, we need a richer high level representation to avoid matchings with 
"mirror objects". 

discussion 

Following the results of the above experiences, we enhance the data of the 
high level representation. A first approach h a s been made, using the 
Baumgart ' s rich and redundan t "winged edge representation" |Bau72| . 
[Bal72], [Ama88d]. 

Baumgart's "winged edge representation" 

The surface of a real object can, a t least locally, be projected to a planar 
surface. Therefore, it becomes possible to enumerate and order the edges 
leaving a vertex. Figure 6.12 shows an example. Each vertex E Is attributed 
with a list of important neighbor edges. For the set of edges forming an 
object, we get a redundant description of the neighborhoods. 

NCCW(E) 

NCW(E) 

;w(E) 
PVert(E) 

NVert(E) 
PCCW(E) 

•PVert(E) previous vertex with respect to E 
JNVert(E) next vertex with respect to E 
PCW(E) previous edge clockwise with respect to E 
NCW(E) next edge clockwise with respect to E 
PCCW(E) previous edge counterclockwise with respect to E : 
NCCW E) next edge counterclockwise with respect to E 

fig 6.12: an edge E and its attributes in the "winged edge representation" [Bau72] 

For our particular choice of a high level representation, the assumption of 
"local planarity" of the graphs is also true. Using an additional convention 
("outside view"), we can use Baumgart 's approach and have a solution to the 
two problems mentioned. 
While the rich and redundant information is useful for a rapid search tree 
pruning, there are important drawbacks: 

i) the representation "enumerates" the sequence of the edges to 
appear (difficult to extend to inexact matching) 

Ii) Inconsistencies in the case of partial representations (occlusions 
and shading) 

iii) the representation is too complicated 
iv) the representation needs a lot of space (redundancy) 

surface orientation 

Finally, an other, very natural solution h a s been chosen: the arc attribute 
"angle" is replaced by the surface attribute "orientation", or more precisely 
by the information contained in the outward pointing normal vector of the 
respective surface. 

This new attribute has a larger scope, can be used In a wider extent than for 
the distinction of the cases discussed before and is clearly extractable from 
raw Input data. 
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6,3.2 Other experiences 

neighborhood relationships 

Basically, the definition of a "neighborhood relationship" is rather evident. 
Nevertheless, there can be effects of subgraph matchings which are 
surprising. Here an example. 

Using the program ISOMOR, we attempted to bring the at tr ibuted test 
graph TEST 1" Into correspondence with the "visible part" of reference 
graph "REF 5". 

fig 6.13: a partial view of an object and its corresponding graph 

The number of isomorphism was 4, not 3 as we thought initially. This is due 
to the fact that faces 1,2 and 3 of the original object form a virtual vertex 
(shaded circle), not distinguishable from the real objects vertices, except if 
well chosen attributes and dissimilarity measures are used. 

background 

Until now, we discussed matches between subgraphs representing "partial 
views" of the scene objects and graphs representing entirely the reference 
objects. 
Naturally, In a real scene, the background will also appear as one or more 
regions in the segmented Input data and, therefore, as one or more nodes in 
the high level representation. 

Hence, the additional problem of the distinction between "object nodes" and 
"background nodes" will appear . Two approaches for a solution are 
imaginable: 

i) a priori knowledge 
A scene acquisi t ion system c a n acquire a n "empty scene", 
determining later the differences in input data when an object is 
presented. This solution is feasible in a well defined environment 
which changes slowly or not a t all. 

il) on line separation 
Using appropriate hypotheses on the objects (e.g. rigidity [Fau871) 
or model driven correspondence search (e.g. J0sh87]), it becomes 
possible to separa te scene objects and, therefore, also the 
background from the scene. 
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The first approach Is simpler to realize. Still, there are some questions 
concerning shaded or nonreachable regions of the background when scene 
objects are presented. The second approach Is more general and will be 
used in the realization of chapter 7. 

6.4 Conclusions 

The program ISOMOR has been written with one main goal: to get some 
experience in the domain of graph-matching. The goal has been achieved. 

Beyond the experiences presented above, it allowed us to get some "feeling" 
for the problems of graph matching, difficult to document but also very 
important. 
We dress Jus t a small and incomplete list of domains on which the 
experiences had an influence. 

1) graph attribute dissimilarities 
- selection of the attributes 
- computation rules 
- combination of dissimilarities providing from different attributes 
- determination of weighting factors 

ii) selection of the matching approach 
- selection of the Inexact matching approach 
- need for object separation 

111) high level representation 
- choice of the high level representation PFRG 

Taking advantage of the experiences made and the "feeling" collected, we 
pass In the following chapter 7 to the realization of an Inexact subgraph-
subgraph matching method. 
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7. Inexact matching of high level representations 

In the present part, we treat the task of inexact high level matching. Given 
two high level object representations in the form of at tr ibuted graphs 
(PFRGs), we attempt to find the most promising (partial) match so that we 
can extract a hypothesis on the scene object, a similarity measure as well as 
a indication which rotation the reference object has to undergo so that It 
maps best to the scene data (fig 7.1). 

MaRhM 

Hot R 

*̂ — — — 
c 

fig 7.1: the matching process 

Since we will use a graph matching technique for connexe graphs which is 
based on some heuristics, we have to put the general graph matching 
problem in context with our object recognition environment. In chapter 7.1. 
we recall our representation of the natural data in the form of an attributed 
graph. 

Chapter 7.2 is devoted to the subject of graph matching as a tree search 
problem. Once the basic terms defined, we formalize the meaning of ä 
search tree state as well as the algorithms to apply when creating sons from 
a given parent state. A separate paragraph is devoted to the tree expansion 
tactic Itself, an important point when a time-effective search has to be done. 

In chapter 7.3, we focus on the tree pruning conditions which are guided by 
both structural and attributal aspects. Next, the computation rules for the 
determination of dissimilarities between subgraphs of both reference and 
scene graph are defined, as well as a "cost" which assembles the different 
dissimilarities in a single measure for subgraph/subgraph matches, a number 
which allows to guide the expansion of the search tree. 

Having put the bases for the expansion of a pruned search tree as well as the 
computation rules for values characterizing the quality of the matches, we 
define in chapter 7.5 some global tree expansion stopping conditions. 

Next, we extract the solutions. We specify the conditions which define a leaf 
state of the search tree as the end point of a path from the root state which 
Includes a solution: a set of matches established, a similarity measure and a 
hypothesis on the rotation to apply to the reference object In order to map 
it on the scene object. 
Some results and the conclusions terminate this part. 
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7.1 Bases. Problem definition 

7.1,1 3-D objects and their mathematical representation in the form of a graph 

We recall the correspondences between the region border representation 
obtained from the previous data acquisition / region growing steps and our 
high level representation PFRC as It was defined earlier. 

Planar Face Representation Graph PPRG 

region H node attributes: surface area of the region 
normal vector of the region 

border e arc attribute: border length 

table 7.2: correspondence region/border representation <-> PFRG 

One or several 3D objects are represented In the form of an attributed 
relational graph where a node stands for a region or face (supposed to be 
approximativcly planar), attributed with a surface area and the normal 
vector, and an arc s tands for the relationship between adjacent regions or 
faces, attributed with the length of the border common to the regions 
involved (fig 7.3). 

fig 7.3: regions, borders, and the corresponding PFRG 

We use the following notations to represent scene and reference graphs: 

G 3 = (Ns. ^s) 
GR = (NR. .%) 
Nsn 
N R m 

* ( N S m . N S n ) 

scene graph 
reference graph 
node n of the scene graph 
node m of the reference graph 
non-directed arc interconnecting adjacent scene 
nodes N S m and Ns n 

non-directed arc interconnecting adjacent reference 
nodes NR1n and NR11 

reference graph 

A reference PFRG is an attributed graph representation of a reference 
object, supposed to represent all faces of an object and to contain 
reliable informations. 
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scene graph 

A scene PFRG is an attributed graph representation of a scene, having 
undergone data acquisition and preprocessing, and supposed to be 
incomplete and to hold less reliable information. 

7.1.2 Problem definition: inexact matching 

We can describe the inexact at tr ibuted subgraph matching problem as 
follows. 

problem 

Given two planar face representation graphs (PFRGs) G 3 and GR. Find the 
"best" set of scene node/reference node correspondences following a "cost" 
function. 

hypothesis 

We establish only 1-1 node correspondences. 

solution 

A solution SoIj can be defined as a record containing 

- Mj the set of nodes brought into correspondence 
{....(NCRi, NCSj)....} 

- costS o U the global cost3 o l i 

and. as we will see in chapter 7.2, additional information 

- Rotsoii the best fitting rotation 
- others (i.e. missing/spurious arcs) 

cost function 

A cost function takes into account all information on the dissimilarity of 
subgraphs matched. It allows to determine a "best" match if more than one 
solution is available. 

discussion 

i) Since we establ ish only node /node correspondences and their 
respective dissimilari t ies . Therefore, missing nodes canno t be 
detected and cannot be considered in the global cost-function. 

ii) Arc/arc correspondences will be established implicitly where possible 
(inexact matching], participating, therefore, in the global cost function. 
A comparison of the graph s t ructures will allow u s to determine 
differences in s t ructure of matched (sub-)graphs. This information 
(missing/spurious arcs) can be used for the global "matching cost", too. 
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iii) Beside the local a rc /arc and node/node dissimilarities, there exist also 
more general dissimilarity functions based on sets of correspondences 
(i,e, rotation fitting error}. 

In the following chapters, we will discuss our implementation in detail. 

7.2 A state space lattice for the search of the best match 

In order to find a "best" match between reference graph GR and scene graph 
Gg, we apply a search algorithm in a state space lattice. This allows us to 
explore all possible sets of correspondences between reference and scene 
nodes. 

state space lattice 

Evidentially, the state space lattice is particular in the following sense: 

i) Each state S of the state space lattice corresponds to a set of 1-1 node 
correspondences 

ii) We will use a "backtrack" correspondence search approach (§5}: 
a partial solution will be extended to a bigger one. 
Therefore, the extension of the set of correspondences of size n of 
state N creates a path to state M with its set of correspondences of size 
n+1. The states can hence be classified according to the size of their 
set of correspondences. 
Generally, a state can be extended in multiple ways, creating more than 
one "son state". A graphical representation of the state space lattice 
leads therefore to a pyramid, where the top corresponds to a state with 
an empty set of correspondences, the "root state". 

iii) Inherently, the "backtrack" approach provides different ways to extend 
a set of correspondences of size n to a set of size m (m > n+1). 
Therefore, different paths could lead from the root state to a given 
state in the lattice. If each extension of a set of correspondences is 
preceded by a test of préexistence (§7.3, table 7.6}, the state space 
lattice becomes a search tree. 

tree search 

In the present chapter, we show first some terms which appear regularly in 
the context of tree searching. Then, we discuss the informations contained 
in each state of the search tree. Since a non-res trie ted expansion of the 
search tree would lead to an amount of computation we cannot afford, we 
Introduce a first- search tree expansion condition, the connectivity 
condition. This allows u s to formalize the process of expansion for a general 
state as well as for the root state of the search tree. 

The last part of this paragraph Is devoted to the question of the order of 
expansion in the search tree. 
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7.2,1 Terms 

search tree rooted graph in which two nodes have at most one path 
between them 

root state S r o o [ topmost state of the search tree (no ancestors, level 0) 

leaf state state without descendants 

parent state state of level n. giving rise to the creation of a son state of 
level n+1 

son state state of level n+1, created from a parent state of level n 

state S general state having as well preceding a s subsequent states 

path A path through a tree connects a sequence of states. It can 
be represented as an ordered list that records the nodes in 
the order they occur in the path. 

level search space level, path length of the path from the root 
state to the actual state 

7.2.2 A state in the search space 

Having defined the most impor tan t terms, we describe now the 
representation of our matching problem in the search tree. 

match 

A state Sk corresponds to the match of a reference subgraph SGR of size ] 
with a scene subgraph SGS , of the same size. This match is represented in 
our realization by 

core nodes 

the reference core node set CRJ 1= (..., N10. ...} 
Set of 1 matched nodes NR1 . forming the node set of reference 
subgraph SGR. 

the scene core node set Csk = {•••• Nsj, ••*! 
Set of 1 matched nodes Nsj, forming the node set of scene subgraph 
SGS. 

the set of 1 couples of 
corresponding core nodes Mj1 = {.... (NRi, NSJ). •••) 

At each state, we associate two additional node sets (fig 7.4, next page): 
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terminal nodes 

the reference terminal node set TRk =(..., NRrrl, ...}=1 N ^ - CRjt 

(V NR m) 3 (*(NRm. N R n )) where NR11 e CR k . N R m G TR k 

Subset of nodes NR m of the reference graph, where each element 
NRm is adjacent to at least one element of the core node set CR k . 

the scene terminal node set T s k = {.... N5 n . ...) 

(V N S m ) 3 W(Nsn.- N S n )) where N5 n E CS k , NS m e T s k 

Subset of nodes Nsn of the scene graph, where each element NS n is 
adjacent to at least one clement of the core node set CSi<. 

fig 7.4: reference node sets (left) and scene node sets (right) 

Additionally, we can define two more sets which will be used implicitly: 

rest nodes 

the reference rest node set R ^ = {..., NRp, ...} 
Subset of nodes NR p of the reference graph where no NR p is 
element of neither CR]1 nor TR k . 

the*scene rest node set R s k = (..., Ngq. ...} 
Subset of nodes Nsq of the scene graph where no Ngq is element of 
neither Çsfc nor Tsk-

The following attributes belong to each state S^: 

search level 
Size of the core node sets CRJ1 and C s k , corresponding to the size of 
the matched subgraphs SGR] 1 and SG s k of nodes matched. 
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number of matched arcs AMk 

Number of a rcs put into correspondence for the matched 
subgraphs SGR k and SG 5 k , 

AMk(Sk) = £ AAMtk 

where AAM(k s tands for the number of additional matched arcs due 
to thé transition from parent state Sj to son state S k . 

number of inserted arcs AIk 

Number of arcs inserted in the scene graph in order to get 
isomorphicly matched subgraphs, 

AIk(Sk) = Z ^ 1 I k 

where AAIik s tands for the number of inserted arcs due to the 
transition from parent state S4 to son state S k . 

number of deleted arcs ADk 

Number of arcs deleted from the scene graph in order to get 
isomorphicly matched subgraphs, 

ADk(Sk) = X AADlk 

where AAD (k s tands for the number of deleted arcs due to the 
transition from parent state S1 to son state S^. 

cost of the subgraph match cost(Sk) 
Global measure of dissimilarity for the subgraphs SGR k and S G s k 

matched. 

7.2.3 Expansfon of the search tree 

We discuss now the search space expansion algorithm implemented, and 
establish the connectivity condition for the expansion of a state S1 of level 1. 

connectivity condition 

Given the core node sets CR1 and C51 of size 1, standing for a match Mf. Are 
candidate nodes for an expansion of the match M1 to match Mk of level 1+1 
all couples of terminal nodes (NTR 0 1 , NT5n) of the candidate match set 
CMS1: 

CMS, = { (NTRm. NT5n) I (NTRm e TRi) A (NT3 n G TSf) } 
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NT R m and NT3 n have not been used yet in the match of state S1 and are 
adjacent to at least one core node of the respective sets. 

CMSi = {(NTRm,NTSn)l (NTR mcCR i) A ENTSn«CSi) 

A U(NT R m .NCR 1 ) ) A U(NTSm.NC31))) 

where NR, e CRi , NC31 e C51 

7.2.3.1 Expanding a general state 

For each state S1, except the root state S r o o t . we can apply the following 
expansion rule: 

For each element of the set CMSi = ( (NTRn. NT3m) I (NTRn e TR1) A 
(NT"sm e Ts)) J, we add a new state Sj1 if some expansion conditions are 
fulfilled. 

For the new state S^, we create the node sets defined before and compute 
the attributes mentioned before. 

update core node sets 

The candidate terminal nodes are added to the respective core node sets 

- reference core node set CR]1 = CRJ <<J [ NTR11 ) 

- scene core node set C5I1 = CSf \J { NTS m } 

The candidate terminal nodes NTR n and NT S m are eliminated from the 
terminal node sets. Nodes NR respectively N5 of the rest node sets RR and 
R 3 which are adjacent to the candidate terminal nodes are transferred from 
the rest node sets RR and R3 to the terminal node sets TR and T s 

respectively. 

update terminal node sets 

reference terminal node set 
T R k = TR1 • (NTR 1 1M(NR I A(NR. NTR11)). NR B RR 

scene terminal node set 
Tsk = TS1 • {NT S m MN s I A(N5, NTSm)J. N s e R s 

update rest node sets 

reference rest node set 

RRk = RRI - (NR t A(NR, NTR11)). NR e RR 
scene rest node set 

Rsk = Rsi - (N3 I A(N3. NTSm]>. N 3 G R3 
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The new match (NTR11, NTSm) is added to the set of matches M1, the rest of 
the attributes updated and the new cost of the match Mk computed. 

set of couples of matched core nodes 
Mk = M1 u { (NTRn .NTSm) } 

search level 
level(Sk) = level(Si) + 1 

number of arcs matched 
AM(Sk) = AM(S1) + AAMik 

number of inserted arcs 
AI(Sk) = AI(Si) + AAllk 

number of deleted arcs 
AD(Sk) = AD(S1) + AADik 

cost of the subgraph match 
cost{Sk) 

7.2.3.2 Expansion of the root state 

The root state S r o o t of the search tree has a special meaning since the core 
node sets are empty. According to the definitions, the terminal sets as well 
as the set of matches are empty, too. 
Therefore, we have to adapt slightly the rules establish for the general case. 
First, we initiate some sets and attributes: 

reference core node set C R 1 0 0 1 = { } 
scene core node set C S r o o t = { 1 
set of couples of matched core nodes 

M root = { I 
reference rest node set f̂ Rroot = { ^R ' % e GR) ) 
scene rest node set RSroot = Ì N 3 I N 3 e G3) } 
search level- level( S r o o [ ) = O 
number of arcs matched AM( S7001 ) = O 
number of inserted arcs AI( S r o o t ) = O 
number of deleted arcs AD( S7001 ) = O 

For each couple of nodes (NRn . N 3 m ) . we attempt to create a new state, 
setting NR11 and N S m virtually as candidate terminal states: 

NTR1 1 = N R n where NR11 G RRr0Ot 

NTS m = N S m N 3 m e RS r o o t 

With these modifications realized, we can apply the rules for the general 
case of the previous section. 
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7,2.4 Order of expansion 

Until now, we have discussed how to expand the search tree under the 
condition of connectivity, but we are not fixed yet on the priorities under 
which we will expand one state out of the set of the non expanded states. 

We discuss three approaches: 

- breadth -first search 
- depth-first search 
- best-first search 

breadth-first 

Breadth-first considers every state at each level of the tree before going 
deeper into the space, all states are first reached along the shortest path 
from the s tar t s ta te . Breadth-first is, therefore, guaranteed to find the 
shortest path from the start state to the goal, a leaf state of the tree. 
Furthermore, since all states are first found along the shortest path, any 
states encountered a second time are found along a path of equal or greater 
length. On the assumption that the cost of a partial path is positive, there is 
no chance that duplicate s tates were found along a better path, the 
algorithm simply discards them. 

Unfortunately, if there is a large branching factor, i.e. states have a high 
average number of descendants, the combinatorial explosion may prevent 
the algorithm from finding a solution using the available space. This is due to 
the fact that all unexpanded states for each level of the search must be kept 
in memory. For deep searches, or state spaces with a high branching factor, 
this can be quite cumbersome. 

The space utilization of breadth-first, measured in terms of the number of 
states kept in memory, is an exponential function of the path at any time. If 
each state has an average of B children, we get B n states on level n. 

depth-first 

Unlike breadth-first search, a depth-first search is not guaranteed to find 
the shortest path to a state the first time. Later in the search, a different 
path may be found to some state. 

Depth-first search gets quickly into a deep search, so depth-first search can 
get lost in deep search, missing (temporarily) shorter paths to the goal. 

The space utilization of depth-first, measured in terms of the number of 
states kept in memory, is a linear function of the path length n at any time. 
If each state has an average of B children, we get (B-n) states. 

best-first 

While a breadth-first search leads to a big number of states of relatively low 
level and lengthen uselessly the search, a depth first algorithm instead 
focuses very much on a particular solution which initially was promising, but 
which could have a decreasing importance. 
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Therefore, we haven chosen a third way, called "best-first search", which 
allows us to reevaluate the situation after each expansion of a search tree 
state, this using some cost function (fig 7.5). 

( START ) 

expand root stale 

/ STOP ) 

I 
expand best state 

fig 7.5: search tree expansion routine 

Best-first search applies an evaluation to the states which are not expanded 
yet. and the list is sorted according to the values found. This brings the 
"best" state to the front of the list. Note that a next state to be examined may 
be from any level of the state space. 
In our application, we select the non-expanded state with the minimum 
"cost" attribute. A well adapted cost computation rule allows us to favours 
well developed paths. 
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7,3 Search tree heuristics 

The only condition which limited the expansion of the search tree until now 
is the connectivity condition. This condition is based entirely on the 
structure of the graphs. In order to prune the search tree further, we will 
take profit of some more information represented in the graphs. 

Some conditions, based on structural aspects only, are usable for both 
attributed and non-attributed graphs, the rest exclusively for attributed 
graphs. Table 7.6 gives an overview on the pruning conditions used, the 
order following the implementation in the complete algorithm. The second 
column indicates whether the condition has been introduced using some 
heuristics, whether it is problem definition dependent or whether it is just 
a condition which is due to our particular implementation. 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

connectivity condition 

supernode condition 

rigidity condition 

visibility condition 

new match condition 

nodcdegree condition 

neighbor match condition 

cost threshold condition 

subgraph similarity condition 

9.1 node similarity condition 

9.2 arc similarity condition 

9.3 rotation fitting condition 

10. search depth condition 

problem 

implemer 
problem 

problem 

definition 

tatlon 
definition 

definition 

implementation 

heuristic 

heuristic 

heuristic 

heuristic 

heuristic 

heuristic 

heuristic 
problem definition 

structural 

at tribu tal 

attributal 

attributal 
structural 

structural 

structural 

structural/ 

attributal 

attributal 

attributal 

attributal 

attributal 

structural 

table 7.6: search tree pruning conditions 

7.3.1. Connectivity condition 

structural information 

The aim of the matching process is to establish hypotheses on models which 
could possibly correspond to the objects found in the scene. We can see that 
the use of adjacent regions of the scene, represented, in the graph by 
adjacent nodes, plays an important role in the process, since they represent 
comers and edges, elements which are easy to locate, and which contain a 
huge amount of information (discontinuities of surface properties such as 
intensity, orientation, .. .}. 
Therefore, we have established the connectivity condition: the candidate 
terminal nodes NTRm and NTsn have to be adjacent to at least one, already 
matched core node of the respective sets. 
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connectivity condition 

Given the core node sets CR1 and CS( of size 1, standing for a match M1 (fig 
7.7, next page). Are candidate node couples for an expansion of the match 
M1 to match M^ of level 1+1 all couples (NTRm, NT5n) which are members of 
the following set: 

CMSj = { (NTRm, NT5n) I (NTRm e TR1) A (NT5 n e T51) } 

where NTRm and NT5 n are members of the respective terminal node sets 
TR i and T51. 

fig 7.7: connectivity condition: terminal nodes (hatched) and 
their adjacency relations to the core node set (dotted) 

7.3.2 Supernode condition 

attributal information 

In order to represent incomplete scene data in the form of pure graphs in 
the mathematical sense, we have introduced earlier a placeholder node, the 
supemode SNR resp. SN 5 which docs not stand for a particular region found 
in the scene, but for the union of all unknown or badly defined regions. 

While the existence of the supemode delivers some information on the 
structural aspects of the graph, the attributes arc not useable and we do not 
create matches with supemodes: all candidate match couples, where either 
one or both of the nodes are supemodes , will be discarded from the 
candidate match set CMSj: 

CMS1 = {(NTRm. NT8n) I (NTRmeTR1) A (NT5n^T51) 
A (NTRm*SNR) A(NTSn*SN s)} 

7.3.3 Rigidity condition 

hypothesis of rigidity 

All objects are rigid, the angles between the face normals arc constant and 
rotation invariant 

V1I-13 



attributal information 

This condition can only be applied for attributed graphs which contain 
information on the orientat ion of the represented elements . In our 
application, these are the normal vectors on the regions. Since the regions 
themselves correspond to nodes in the graph representation, the region 
normal vectors will appear as node attributes. 

hypothesis of rigidity 

-> both scene and model objects are rigid 

When attempting a subgraph match M1, corresponding to search state S1, we 
establish a hypothesis on the correspondences between nodes of scene and 
reference graph and, therefore, also on the correspondences of the 
attributes of the nodes involved. This allows us, in general, to establish a 
hypothesis on the "best fitting rotation" RotSj which transforms "best" the 

set of unitary normal vectors of the reference core nodes NRJ, NR1 e CRi, to 

the set of unitary normal vectors of the scene core nodes Nsj, Nsi e Csi. 
while respecting the matches M( established. 

minimization problem 

The problem to find a "best fitting rotation" RotSi can be seen as a "minimal 
squared error fitting problem" where the error is defined as the sum of 
squared euclidian d is tances between rotated reference vectors and 
corresponding scene vectors. 

min £ -yj 1 normal( Ns] ) • Rot$i (normal( NRJ )) I 

The weighting factor Yj is defined as the geometric mean of the surface areas 
of both reference and scene regions Involved. It is computed with the 
following ideas in mind: 

the regions represented should participate according to their 
importance (area) 
the reliability of the orientation information depends on the surface 
area of the region on which it is based 

weighting factor Yj = -̂  area( Ns| ) area( NRI ) 

computation 

The minimizing problem itself is a complex one and is worth to be 
discussed In detail. In fact, an Intelligent solution allows to reduce in an 
Important manner the computation time, an interesting point since this 
complex work has to be done again at each state of the search tree. The 
details on the realization, which has been formalized using a special algebra 
for hypercomplex numbers, can be found in chapter 7.6. 
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fig 7.8: rigidity constraint: prediction of a scene terminal node normal 

Once the rotation Rot s t known for state Sj, we can restrict the candidate 
match set CMSt to couples of nodes (NTSm, NTRn) which fulfill the rigidity 
condition: 

H (normal(NTSm), (RotS( (normal lNT^ )) )1 < T H n 

If the scene normal vector of node NTS m is outside a cone defined by the 

opening angle Ii and axis a formed by the predicted normal vector, then the 
corresponding node/node couple (NTSm, NTR11) is discarded from CMSt. 

parent state level sizes of matched subgraphs rotation 

0 
1 

à 2 

0 
1 

> 2 

undetermined 
infinite number 
of rotations 
generally overdetermined 
-> "best fitting" rotation 

table 7.9: rigidity constraint 

The use of this condition is restricted to the prediction of search tree son 
states of level 3 and higher (table 7.9). For lower levels, the underlying data 
is not sufficient to determine uniquely a rotation and, in this case, we do not 
apply the condition. 

7.3.4 Visibility condition 

concept of visibility 

Using a 2.5 D acquisition system, by definition only a part of the scene, and, 
therefore, also the scene object, is visible. Wc determine this subspace VSS 
(visible scene space) and, having established a hypothesis on the orientation 
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of the scene object using the rotation matrix determined before, transform 
VS 5 to the reference space, defining VSR = Rot s , ' ' (VS 3 ) . 

This allows us to prune the reference terminal node set. 

Arc only candidates for a correspondence the reference terminal nodes 
with an orientation attr ibute compatible with the visible reference 
space VSR. 

Practically, we a s sume a monocular acquisition system for which we 
determine an observation vector OV5 in the scene space. Transformed to 
the reference space using the rotation RotS i

_ 1 , wc define a reference 
observation vector 0VR and an associated visible reference space VSR. In 
terms of the gaussian sphere representation. VSR is approximativeIy a semi-
sphere GSygft, positioned symmetrically with respect to the reference 

observation vector 0VR = Rotsf (OV5). 

(Since all conditions have been implemented with a certain tolerance e, we 
neglect the influence of perspective and data acquisition inaccuracy. In this 
particular case, the opening angle ti of the cone CSysR wl" n o * ^ K̂) 
degrees but 90° + e.) 

The visible half space allows to predict which ones of the reference vectors 
out of the candidate set are visible after rotation to the scene space 
(occlusion not considered). The candidate reference node set TRj Is pruned 
to nodes NRi which fulfill the visibility condition, i.e. their normal vectors 
must be inside GSy H R and the candidate match set CMS4 is restricted 
further: 

CMS1= i(NTR n i .NTS n)l(NTR m6TR iiA(normal(NTR m)gGSvsR)A(NTS t ieT s lJ} 

This condition has been realized implicitly in the algorithm for the rigidity 
condition, at least for predictions on matches of level 3 and higher. Since 

RM Si ' ' 

observation vector gaussian sphere GSVKR 
scene spaca reference space 

fig 7.10: visibility condition 

VII-16 



the scene vectors are visible by definition, the condition hereafter, 
introduced in chapter 7.3.3. covers at the same time the visibility condition 
too: 

H (normal(NTSm). normali RotSi ( NTR11 ) ) ) ! < ; TH n 

If the reference normal vector of node NTR11 is outside a cone of opening 
angle Ci (Q = e) and axis a formed by the scene normal vector, the 
corresponding node /node couple (NTS m , NTRnl is to be discarded from 
CMS1. 

The rigidity condition we have used is "forward checking" and has its impact 
on level n+1. using data from level n. As we mentioned, we are limited to 
levels n > 2, the implicit visibility condition is available from level 3 on. For 
level 1, we cannot apply any condition since there is an infinite number of 
rotations Rot s l which map reference elements to the scene. For level 2 in 
turn, we can implement a "backward check". Once a match established, we 
can check if it was acceptable in the sense of the visibility condition, else we 
discard it. 

7.3.5 New match condition 

structural information 

In a search tree, different paths may reach the same state S1, or. what is 
equivalent for our problem, there are different ways to expand subgraph 
matches so that identical, bigger, subgraph matches occur (fig 7.11, next 
page). 

Therefore, for each attempt to create a new state S^ of level k. we check if 
there exists already a state S p of the same level which stands for an identical 
subgraph match. 

7.3.6 Nodedegree condition 

structural information 

This condition is concerned with the s t ructural aspect of the graphs 
involved. The nodedegree of node N of a non-directed graph G can be 
defined a s the number of nodes Na, adjacent to node N. 

If the difference in nodedegrees of reference node NTR™ and scene node 
NT 3 n is bigger than a given threshold TH N D . we discard the couple (NTRm, 
NT5n) from the candidate match sets CMSf. 

I nodedegree{NTRm) - nodedegree(NTSn) ' S T H N D 
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level n 

n+1 

IHZ 

n+3 

fig 7.11: multiple paths leading to a same state 

The idea is to request similar structural neighborhoods but there are two 
important points to take into account when fixing the threshold. 

i) Considering the non-idealities of a system based on acquired 
natural data, we have to accept some tolerance. 

Ü) By definition, scene objects have invisible faces. The arcs in the 
scene graph which should represent the borders between visible 
faces and the background will exist in the form of one single arc to 
the supernode. 

Therefore, the application of the nodedcgrce condition is very delicate and 
in fact limited to nodes which represent faces which are not adjacent to 
invisible parts of objects. 

7.3,7 Neighbor match condition 

structural information 

By definition, each node NTR m of the reference terminal node set TR]1 a n d 
NTSr l of the scene terminal node set T3^ respectively has at least one core 
node of the respective node sets CR^ respectively C5^ a s a neighbor. 
Now we establish a condition which guarantees that the candidate terminal 
nodes have an adjacency to core nodes which have been matched before, 
this in the respective graphs. This allows to match neighboring reference 
nodes with neighboring scene nodes. 

We establish the neighbor match condition: 

( (NT R m ,NT S n ) G CSM1)) *=» ( * ( N T B m . N C R i ) A * ( N T S n . NCS JJ 

A ( (NCR1.NCSJ) e M1)) 

The candidate couple (NTRm,NTgn) is element of the candidate match set 
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CMSi tf a " d only If there exists an adjacency -fl(NTRm, N C R ^ ) , an adjacency 
-3(NT5n, NCSJ) and if the core node correspondence (NCR1 . NCSj) is element 
of the match set M1. 

scene reference 
fig 7.12: neighborhood condition 

7.3.8 Cost threshold condition 

structural/attxibutal information 

When adding a candidate couple (NTRm, NT5n) to a match Mj, represented 
in the search tree by state Sj, in order to create a new match M^. 

represented by state S^, we modify the global matching cost by ACOSt(S1. Si1). 
This cost can be computed, for non-attributed graphs based on structural 
differences and, for attributed graphs, based on attr ibute dissimilarities. 
Details on the computation of the cost will be discussed in chapter 7.6. 
IfAcOSt(S1, Sj( ) is bigger than a given threshold TH c o s t , we discard the 
couple (NTRm. NT5n) from the candidate match set CMS1. 

Acost( S1, S k ) < TH c o s t 

The idea is to abandon search branches which would lead to an important 
increment in the global cost. 

7.3.9 Additional subgraph similarity conditions 

attrfbutal information 

Beside the global cost Acost(Sj. S^), due to the addition of a new state, a 
particular similarity condition can be established for each attribute of both 
arcs and nodes. The idea is to abandon search branches where important 
attribute dissimilarities have been found. 

node similarity condition 

The additional node dissimilarity Adissnotjc(S l f S^ ) due to the addition of the 
candidate match (NTRm. NT5n) must be below a given threshold THnodc. 

Adissn o d c(S„ Sk ) £ T H n o d c 
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arc attribute similarity condition 

The additional arc at tr ibute dissimilarity AdIsSa1-CaJt(S1. SjJ due to the 
addition of the candidate match (NTR m . NTsn) mus t be below a given 
threshold T H a r c a t t 

AdISS3TC0It(S,. S k ) * T H a r c a t t 

rotation fitting condition 

The additional rotation fitting error Aerotfit(S(. S^) due to the addition of the 
candidate match (NTRm, NT5nJ must be below a given threshold THrotfl t 

Aerotfit(
sf- Sk) S T H r o t m 

7.3.10 Search depth condition 

structural information 

In some cases, it can be sufficient to stop the expansion of the search tree in 
depth once a certain condition on the extent of the subgraphs matched is 
fulfilled, for example, when a partial match Is sufficient. We have 
implemented a condition on the number of nodes matched, corresponding 
to the search level: the expansion of a search tree state Sj1 is stopped when 
the search level threshold THm a x | c v c[ is reached. 

level(Skl S TH m a x i c v c | 

7.4 Clobal Search Tree Stopping Conditions 

After the search tree pruning conditions discussed in chapter 7.3, we pass 
now to the conditions which stop completely the search. 

end of expansion 

The first stopping condition is very natural. Once there are no more states 
to expand, the search is definitely finished and the process stopped. 

solutions found 

The second condition is concerned with the goal of the search, defined by 
some parameters. If we are jus t looking for the first solution, which is 
supposed to be the best one ("best first" approach), we can set the threshold 
for the number of solutions TH s o ] u t f o n s = 1. 

An exact definition of the term "solution" will be given in the chapter 8. 

implementation dependent conditions 

Further conditions are Implementation dependent, limiting the memory 
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Space and CPU time available. These two implementation dependent 
conditions can be useful when the match is difficult or even impossible or 
when the parameters are badly tuned: 

- the computation time tcpu has reached the fixed threshold THC P U , or 
- the number of states has reached the fixed threshold TH s t a t c s . 
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7.5 Rotation fitting 

As we described shortly in chapter 7.3.3, we would like to resolve the 
problem formalized below and illustrated by figure 7.6.1. 

definitions 

Given a set of reference surfaces S R = {...,Srj,...} and the respective set of 
unitary normal vectors NR = (...,rj,...}. 
Given a set of scene surfaces S s = {...,Ssl,...} and the respective set of unitary 
normal vectors N s = {...,sf,...}. 
Given a set of correspondences M = { .... (S r i, Ss l), ... } between reference 
surfaces S r i and scene surfaces S s i . 

problem 
« 

Find a rotation R which transforms "best" the reference normal vectors T1 of 
set NR to the scene normal vector S1 of the set N 5 while respecting the 
correspondences of set M. 

fig 7.13: the rotation fitting problem 

Depending on the size of the set of correspondences M = {.... (Sr i. S31), . . .}, 
we can distinguish between two cases. 

i) If just one correspondence (Sr11S31J is known, an infinite number 
of rotations fulfilling the conditions can be found. The result has no 
practica! use and will not be discussed further. 

ii) For bigger sets of correspondences, the transformation is in 
general overdetermined. a "best fitting" solution has to be found. 

7.5.1 Condition of optimization, selection of the approach 

condition 

Given n cor respondences (S r J . S s l) . 2 S i £ n, the rotation R which 
transforms normal vector rt to S1 is generally overdetermined. We are 
looking for a "best fitting" rotation R. using a "least squared error fitting" 
condition: 

min e 2 = min £ I RJr1) - S1 I
2 

i 
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approaches 

Several representation of rotations are possible [Fau87b]: 

- orthonormal matrix R: R R = I 
- axis p and angle 0 
• quaternion multiplications 

While the first representat ion leads to a high dimensional space of 
constraints, the second one has a non-polynomial condition. In both cases, 
an iterative algorithm is the only solution. The third representation gives the 
simplest way and will be used |Fau87b|. 

7.5.2 The quaternion approach 

First, wc introduce a small set of terms and computation rule from the 
algebra of quaternions. For an excellent introduction to the subject of 
hypercomplex numbers see (Kan89), for our specific 3D rotation problem 
see |Ama90a]. 
Second, we replace in the minimization condition from above the 
transformation R by quaternion multiplications and resolve the "fitting 
problem" in a pretty way. 
"Hie chapter will terminate with some investigations on the "fitting error" as 
well as on some aspects concerned with the particular implementation. 

7.5,2.1 Introduction to quaternions 

A quaternion q is a hypercomplex number, consisting of a real part and 
three imaginary parts . It can, therefore, be written as q = a + bi + cj + dk 
where a.b.c.d are reals and i.j.k imaginary numbers. From a geometric point 
of view, we can interpret i. j and k as unit vectors in a space (i.j.k). so 

q = a + b i + c j + d k 

where i. j , k are unit vectors of an orthonormal space (i.j.k) which is R . 

Hence, for the "rotation fitting problem" we can write in an abbreviated 
notation 

q = v + Vw where v = real part, w = vector part, i = 

In the following, wc will use this abbreviated notation, keeping in mind that 
the quaternions have a much larger definition and use than the one we 
discuss here [Kan89|. 
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definitions 

quaternion 

conjugate ' 

quaternion addition q + q' = (v+v'J + il(w4-w') 

quaternion multiplication q ® q' = (w'-w-w') + I^WAW'+VW'+V'W) 

vector of R a pure vector quaternion q 
q = I1W v= 0 

(In the following, we use bold typesettings for vectors, matrices as well 
as pure vector quaternions) 

properties 

With these definitions, we can write 

Q o 2 2 

module (extended norm) IqI = IqI = q ® q = q ® q = v + IwI 

multiplicity Iq ®q I 2 = Iq I 2 Iq I 2 

7.5.2.2 Quaternions and rotations in 3D 

Using the quaternion approach for rotations, the usual transformation 
matrix/vector expression can be replaced, using quaternion multiplications 
|Kan89], |Ama90a]. 
Knowing the rotation axis p in R and the rotation angle © (positive angles 

fi 

following the "right hand rule"), we write for the R vector u which is 
represented in the quaternion space as a pure vector quaternion u : 

Ru = q ® u ® q where q = v + I1W IqI = v^ + IwI^ = 1 

e e 
v= c o s y W = SIn^Tp 

The vector w is parallel to the rotation axis and scaled following the rotation 
angle, the real part v depends only on the rotation angle. The module of q 
must be equal to 1. 

7.5.3 Application of the quaternion approach to our problem 

We can write the original fitting error minimization condition as 

min e 2 = min 2 ^ ' R»i - ¾ I 2 = min ^ I q ® r j ® q - s | I 2 

1 i 
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Since the quaternion module Is multiplicative, we can write 

e 2 l q l 2 = X U q ® r i ® q - s O ® ( q ) l 2 

i 

= £ l(q 9 ri) ( q ® q ) - s i ® q l 2 

ì 

= £ l (q®r i ) lq l 2 - s i®ql 2 

i 
and, with I q I = I 

e2 = £ I q ® Ti - S1 ® q 12 

t 

The definition of the quaternion multiplication shows that (q®r| • Sj(SqJ is a 
linear function of q. Therefore, there exist symmetric matrices A1 such that 

e 2 = £ l q®*i - si®q 12 

i 

i 
= P*BP 

where B = Y Aj, I1 P = p = a + bi + cj + dk, P = 

i 

Finally, we can write the minimization problem as 

"a" 
b 
C 

LdJ 
= 

Pi 
P2 
P3 

Lp4J 

. i = 

r i" i 
i 

j 
LkJ 

min e 2 = min £ I R r 1 - S i I 2 = min P 1 B P B = £ Aj 

The resulting best fitting transformation occurs in the form of the 
quaternion P. each couple of corresponding normal vectors (r(. S1) leads to a 
particular matrix A1. 

Since A, and, therefore, also B , are symmetric, the solution to the 
minimization problem is the eigenvector P m j n corresponding to the 
eigenvalue X1n^n whose absolute value is minimal. This leads, by the use of the 
initial correspondences quaternion/rotation, to the final result: 

i) the rotation axis p 
Ü) the rotation angle 0 

7.5.4 Error determination 

Evidently, a fitting error can be found. With the last equation we got, leading 
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to an eigenvalue >,mln and an associated eigenvector P m l n , we write 

min e 2 = min £ I R f I - S 1 I2 SmJnP 1 B P s > WnIn- " m i n 

Inser t ing these va lues as well In the formula represent ing the 
correspondence between matrix B and its eigenvalue Xmln and eigenvector 
P m j n . as in our formula from above, we get 

B P m I n = *Tnin P m i n 

e min = " m i n " " m i n = ^TnIn " m i n " m i n 

e min = ^ m i n 

Since we have still the constraint l p m i n l 2 = Pmin'pmin = 1. we find the final 
result: the minimal squared accumulated error c is equal to A7nJn. 

7.5.5 Extraction of the transformation matrix R from axis P and angle 8 

Once the quaternion P m j n found, axis p and rotation angle ©can be found. 
For practical reasons, we convert this axis/angle representation of the 
rotation into the form of an orthonormal transformation matrix. 
Following [Bron80], a cartesian coordinate system [C1, e2- e3l can 0 ^ rotated 
around an axis p by an angle of 0 (mathematically positive) as follows: 

a = cos( ^ e 1 , p) ß = cos( 4 e 2 . P) y = cos( 4 e 3 , p) 

9 = 

cos© + a (1-cos©) 7sln©+aP(l-cos©) -ßsine+ayU-cos©) 

-7Sln©+aß( 1 -cos©) cos©+ß2( 1 -cos©) asin©+ßyt 1 -cos©) 

_ ßsinö+ayt 1 -cos©) -aslnö+ßyf 1 -cos©) COS0+YH 1 -cos©) 

Final transformation: R = Q - i 

7.5.6 Extension to weighted coefficients 

The influence of the different components can be weighted, using a 
weighting coefficient Y1 for each couple (rf, S1) of normal vectors. Putting It in 
the respective formulas of the previous chapters, we get 

min e 2 = min £ Yi IRIr1) - s, I2 = min £ P 1 Y 1 A 1 P S m I n P 1 B P B = ^YiAj 
1 i 1 
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The weighted minimum squared error is. as before, equal to the smallest 
eigenvalue Xm\n- An estimation of the mean squared error due to a single 
couple (ri. Si) can be done using the formula below 

min £ Yi I R(I"L) - s; I 
i 

Ir, 
1 

A m l n 

Ir, 
where i = 1 .. n 

7.5.7 Determination of the coefficients of matrix A 

For the determination of the coefficients of A, we use the equation of 
chapter 7.5.3 which states: 

P1A1P = I p®r,- Si®p I2 

= I (-WTj-S1W) + I'tWATj + VTj - SiAW-VS1 ) I 

= I [-WIr1-Bi)) + 1'(WA(T1-S1) + V(T1-S1)) I 2 

= (W(Tj - Sj) ) 2 + I WA(r,+8i ) + V(T1 - S1) I 2 

- Z X a m n f Pn pm 

i m,n =1 

where v = p j , w = 
P2 

P3 

LP4J 

With the idea in mind that matrix A| must be symmetric, the comparison of 
the coefficients allows to extract, after a long development, the elements of 
A1 (Table 7.14), 

a l l i 
a22i 
a33t 
a44i 

a12i = a21i 
a23l = a32i 
a13l = a31i 
a14i = a41t 
a24t = a42i 
a34( = a 4 3 1 

_ 

= 
= 
= 
= 
= 
= 
= 
= 
= 

OxrSx l ) 2 + (ryi+Syi) + 

(rxi + s x i ) 2 + l r yT s y | l + 

(rjd+Sxi)2 + ( r y i+s y l ) + 

(fxi- sxl) 2 + Uyi-Sy,)2 + 
- 2 ( r x i s y ( + r y i s x i ) 
- 2 ( r y j s z j + r z f s y l ) 
- 2 ( r x f s z l + r 2 i s x l ) 

2 ( r z i s y i - r y l s z l ) 
2 ( r x i s z i - r z i s x l ) 

2 ( ryi sxi " rxi syiJ 

( »2 (rZ i+s z l} 

trzl+sz,)
2 

( r z r s z l ) 

( r z i - s z i ) 2 

Table 7.14: determination of the coefficients of A1 
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2. 

7.5.8MApplication of the approach to the correspondence search problem 

The combination of the elements Introduced before leads to the following 
algorithm. 

algorithm 

1. take a first couple of normal vectors Ir1. Sj) 
determine the matrix A1 using the equations of table 7.14 

(option: determine the weighting factor Y]) 

- B1=Y) A] . O= I 

.ake the next couple of normal vectors (r^, S1) 
n = n + I 
determine the corresponding matrix A n 

(option: determine the weighting factor Yn) 

B n = B n . ! +YnAn 

minimize P n
1 B n Pn 

-> quaternion representation of the "best fitting rotation" p n m i n 

-> corresponding squared error e m i n (§7.5.4. §7.5.6) 
(option: convert the resulting "best fitting rotation" form the 
quaternion form p n m j n to the conventional rotation matrix 
representation Rn (§7.5.5.)) 

3. continue with step 2 

comment 

The algorithm must be understood as a summary of paragraph 7.5. For an 
application, consult the full formulas with the corresponding remarks. 

7.5.9 Conclusions 

We have presented a method to determine a transformation R which maps 
"best" a set of n reference norma! vectors rj to the corresponding (matched) 
scene vectors s(. 

The advantages of the derived algorithm are the following: 

matr ix B can be adapted iteratively to a growing set of 
correspondences , an interest ing point for our s tate space 
search tree environment: B n = B n . j + Yn An 

the determination of a best fitting rotation R is straight forward 
the determination of the fitting error Is particularly easy 
the minimizat ion problem h a s been shown to be an 
eigenvector/eigenvalue problem. Therefore, we can rely on the 
literature as well as on the software packages existing for this well 
known problem. 
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7.6 Dtsslmllarities and costs 

In the following, we present the computat ion rules we apply for the 
determination of both structural and attrtbutal dissimilarities. 

notations 

i) Dissimilarity in attribute z between the elements X1n and y n 

d2lxm .yn) 

H) Change in dissimilarity in attr ibute z when passing from state Sj to 
state S]1. This value is the sum over the dissimilarities in attribute z for 
the set A of couples of elements (X1n, yn) matched when extending 
submatch i, represented by state S1, to submatch k, represented by 
state SK. 

A D 2 ( S L S 1 1 ) = £ O8(X1n. yn) 

(xm.yn)eA 

iii) Accumulated dissimilitude in attribute z over a path from the root state 
Sroot t o s t a t e Sk 

k 
Dz(SkJ = Z A D 2 ( S 1 1 S 1 1 ) 

root 

iv) number of elements x due to the transition from state Si to state Sj1 

AAx(Si.Sk) 

v) accumulated number of x over a path from the root state to state S k 

k 
Ax(Sk) = IAA x (S 1 1 Sk) 

root 

7.6.1 Attribute dissimilarity 

We compute dissimilarities for the following arc and node attributes: 

- node attribute surface area ( Nj ) 
- node attribute normal vector normal ( Nf ) 
- arc attribute borderlength border ( A1) 

For each correspondence (N^n,, Nsn) . which induces also a set A of arc 
correspondences, we get: 

orientation 
AerotfittSi. S1(J = e r o t f u (S k ) - erotfU(S,) 

where the rotation fitting error e ro tn t(Sq) is defined as the (weighted) 
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sum of the squared euclidian distances between the rotated reference 
normal vectors and the corresponding scene normal vectors, 
accumulated over all correspondences (N3n, Nj1n) of Mq: 

i *> \ r o o t 

eraLfttl Sq) = 

q 
£ Yn I normal! N 5 n ) - RotSq (normal( NR11 )) I 

root 

surface area 
AdISs3^3(S1. Sk) 
A< IM M , I a r e a ( N R m ) - a r ea (N S n ) I 
aiss a r c a i i \ iR m , N s n l - max(area(NRm), area(NSn)) 

where 0 S diss a r c a(NR n i .NS n) < 1 

bordcrlength 
I border(ARm) - border(ASn) I 

a i s s b o r d e r [A R m , AS n | - m a x ( b o r d e r ( A R m ) _ border(A3n)] 

AdisSbordcrtSj, Sk) = £ diS S b o r d c r(AR m , A5n)) 

7.6.2 structural dissimilarities 

For each missing elements, arcs and nodes, in one of the subgraphs SGR or 
S G 3 matched, we increase the measure of structural dissimilarity. We have 
to discuss two types of elements: nodes and arcs. 
Basing on the idea that the reference graph contains more solid data and 
aiming finally an isomorphic match, we can state: 

If nR > n 3 , there are arcs to be added to the scene graph 
if n R < n 3 . there are arcs to be deleted from the scene graph 

deleted arcs 
n R - n s if(nR - ng) > 0 

AAdei(Si. Sk) 
0 else 

k 
Adcl(Sk) ^AAdC](S1 1Si1) 

root 

Inserted arcs 

A A f Q Q 1 J n S - n R i f ( n R - n s ) < 0 

AAins(Si.Sk) = J 0 e l 3 c 
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k 
Ain9tSk) = Z AAìns(Sf. SkJ 

roo t 

We will use these numbers when computing the global dissimilarity or cost. 

7.6.3 Weighting and combining dissimilarities 

As we mentioned before, we are looking for a search tree expansion 
algorithm which explores the tree "best first". The term "best" is based on 
the cost parameter which is a function of the dissimilarities discussed in the 
previous paragraph. 
We combine now the dissimilarities in order to get a single measure of 
dissimilarity for each subgraph/subgraph match performed which can be 
used to determine the "best match". Since we would like to compare the 
cost of states of different levels, we have to introduce also a weighting which 
depends on the number of elements (nodes, arcs, ...) involved. 

With the adjustable weighting parameters 
a = node dissimilarity weight 
ß = arc attribute dissimilarity weight 
y = inserted arc weight 
Ö = deleted arc weight 
e = rotation fitting error weight 

we write 

Q P a r e a < s k l + £ crotflt<sk> P Dborder< sk> + TAj n s (S k ) + S A d e l m i 
level(Sk) + A m a t c h ( S k ) + A t n s ( S k ) + A d e | ( S k ) 

The cost(Sk) for a subgraph/subgraph match Mk, represented as states S k in 
the search tree, is composed of two parts: 

i) the mean dissimilarity on surface areas, weighted by factor a, plus 
the mean squared rotation fitting error, weighted by factor E, and 

il) of an arc dissimilarity measure composed of the sum of arc 
a t t r ibute dissimilarities, weighted by factor ß, increased by a 
dissimilarity measure for inserted (y A105) and deleted (5 A ^ ) arcs 
divided by the number of arcs involved (matched, inserted, 
deleted). 
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7,7. Solutions 

In the previous sections, we have discussed how to expand, how to prune 
and how to stop the search process. In the present one. we define i) what is 
a solution and Ii) discuss the extraction of solutions from the search tree. 

7.7.1 Definition 

solution 

This information is a subset of the information attributed to a state Sj of the 
search tree, a solution SoIj corresponds roughly to a state S(. 

A solution SoIj is defined as the record containing 

- Mj the set of matched nodes {....(NCRj. NCSj),...} 
- RotSoij the best fitting rotation 
- costson the global costS o l i 

- additional attributes 

7.7.2 Extraction and ordering of solutions 

We develop the search tree in such a way that we find a solution of maximal 
size or a solution of given size (search depth condition, §7.3). 
In terms of the search tree, we are looking for leaf states, states which have, 
by definition, no son states. Attributed to these leaf states S] are the 
interesting attributes: 

- number of nodes matched ANM(S|) 
- number of arcs matched Ay^(S[J 
- number of arcs inserted in the scene graph Ains(S|) 
- number of arcs deleted from the scene graph Adci(S]) 
- global dissimilarities Darca(Si). Db01xJc1-(S1) 
- COSt(S1) 

- best fitting rotation RotS| 
- rotation fitting error erotQt(Si) 
- set M] of node/node correspondences established 

Some other implementation dependent conditions have to be satisfied for 
that a solution Sol] is accepted. 

- min level condition 

In order to have a minimal base for the creation of solutions, we ask for 
a minimal number of node/node matches, corresponding to a minimal 
path length in the search tree. The threshold THm l n]c v c] can be set as 
parameter. 

level(Sk) a T H m i n l c v c | 
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• subset condition 

Given a first path I, passing by state S0 and leading to the leaf state S q 

of level q with its set of matches Mq 

Given a second path II, passing by state S p and leading to the leaf state 
S q ' of level q with its set of matches Mq' {fig 7.15). 

If both paths I and II exist in a search tree and Mq and Mq* are identical sets 
of correspondences then S q and Sq ' will be merged, one of the states, either 
S p or Sc will be excluded as a solution. 

level q-ï 

q-1 

fig 7.15: subset condition 

If the child state Sq ' from parent state S p has not been created since one of 
the expansion conditions of chapter 4 did not hold, S p will be considered as 
a leaf state, we will have a solution Sol 
Mq of the larger solution Solq 

1P1 Its set of matches Mp is a subset of 

Mo = Mxu[(NRb.NSb)} 
Roto 

(NRa, NSa) 

%)0Ì Mp = Mxu((NRa,NSa)) 
Rotp 

I ' (NRb1NSb) 

Sçt j | Mq=Mxu{(NRa,NSa),(NRb,NSb}f 

fig 7.16: subset condition, sets of correspondences 

Why Is it possible that, for two different paths, we get the same final set of 
matches, bu t at an intermediate state S p , for Just one of the paths , an 
expansion condition did not hold ? 
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The basic reason is that two dissimilarity functions do not steadily grow: 

i) the global cost function and 
ii) the rotation fitting error 

Therefore, it is possible that locally their value lies over the threshold 
defined, forbidding subsequent extensions using the actual branch of the 
search tree (i.e. Mq"). Nevertheless, it Is possible that using another 
sequence during the establishment of the correspondences leads to Mq, 
keeping the two functions always below the thresholds. 

Mp 

M0 

Mq 

= MX 

= MX 

= MX 

u l(NRa NSa)i 
U {(NRb,Nsb)l 

W «NRa NSa)-

=*Rotp 

=» ROt0 

(NRb.Nsb)} 

Table 7.17: correspondences M1 and rotations Rotj used for the rigidity condition 

To prune the set of solutions, we apply the subset condition to couples of 
solutions: 

If the set of matches Ma of solution SLa Is subset of the set of matches 
Mb of solution SLfc. SLa will not be considered further. 

ordering solutions 

Once the solutions are extracted and pruned, they will be ordered "lowest 
cost" first. 

7.7-3 Incomplete solutions 

We mentioned before the possibility to introduce global stopping conditions. 
In order to have some information on partially developed paths which have 
been considered as "not practically usable" solutions at the moment a "global 
stop" occured, we add a process which retrieves these "non-recognized" 
solutions. 

incomplete solutions 

Incomplete solutions can be found at the leaf nodes S^n where no attempt 
for an expansion has been made. If the "incomplete" solutions do not contain 
a set of correspondences which exists already as a subset in a traditional 
solution, Il will be considered and added to the set of solutions. If the "min 
level" condition Is not fulfilled, it is marked as a "partial solution", else it Is 
considered as the solutions before. 
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7.8 Results and examples 

In the present section, we show the results of the matching program 
applied to three objects: "CORNER", "PYRAM2" and "CUBEl". 
"CORNER" is an artificial example, the "acquired" data has been constructed 
by myself in order to have some data available which can be checked by 
hand, an important point for studies on the behavior of the algorithm. 
The second one, "PYRAM2", works with real data. A truncated pyramid has 
been constructed, measured by hand in order to create a model for the 
reference data base and finally scanned by a 3D data acquisition system. 
The third one, "CUBEl". works also with acquired data and h a s the 
particularity to be composed of pairwise perpendicular faces. 

7.8.1 Example "CORNER" 

In the following, we present the results of the matching program, applied to 
the example "CORNER" and shown in figure 7.18. The example is 
particularly simple and is presented here in order to demonstrate the 
program. 

fig 7.18: scene and reference objects (left) and their representations (right) 

We start with an arbitrary set of weightings and thresholds, according to the 
definitions of §7.1 and §7.7. shown in table 7.19. Second, we demonstrate 
the development of the search tree graphically (fig 7.20). Next, we show the 
best solutions found as well as some statistics on the search tree and finally 
we discuss the results. 

node dissimilarity weigh! a = 5.00000E-02 
arc atlribute dissimilarity weighl ß = 4.00000E-02 
inserted arc weight Y E 1.00000E-02 
deleted arc weighl 5 = 1.O0OOOE-O3 
rotation fining error weighl e = 9.00000E-01 

T H n = 20° TH^axfevei = ~ THmîn(eve j = 3 T H N D = 2 

TH0 0 5 1 = I THn0J)9Ol T H a r c a t l = t TH r o l f j t = ~ 

table 7.19: parameter set 

7.8.1.1 Graphical development of the search tree, example "CORNER" 

Figure 7.8.3 next page shows the development of the search tree. We use the 
following notations: 

plain arrows stand for the creation of a child state 
dashed arrows stand for for attempts of creation, abandoned due to 
the preexistance of an identical child state 
the labels on the arrows indicate the order of creation 

#^ J\ «A® 
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flg 7.20: development of the search tree, example "CORNER" 
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Start ing with the root state at level 0, all states of level 1 are created 
sequentially. The "best state" found, here state "corner.9". will be expanded 
to "corner.9.1" and "corner.9.2", then "corner.9.1" to "corner.9.1.1", a first 
solution Is found. 
The search continues with the best, not expanded state "corncr.5". 

7.8.1.2 Solutions 

Next, we show the solutions found (fig 7.21). They contain each the solution 
number (rank), the identifier, the number of nodes matched, the number of 
arcs matched, inserted or deleted etc ... , the cost, the rotation matrix 
which maps "best" the reference object to the scene object and finally the 
core node correspondences established. 

3 ;sc 
corner.4.2.1 

24 

lution number 

; slate nb 
3 ;nb of nodes matched 
2 ; n b o arcs matched 
1 ; nb of see arcs inserted 
0 ; nb of see arcs deleted 

1.50000E+00 
1,00000EtOO 
1.00000E+OO 
4.56997E-08 
0.000 1.000 0.000 
0.000 0.000 1.000 
1,000 0.000 0.000 
5.00000E-02 
2 13 see/ret 
3' 11 sce/ref 
V 12 sce/ref 

; node diss 
, arc atlr diss 
arc stru diss 

; rot diss 
R matrix 

;cost 
;matches 

1 ;solutbn number 
corner.9.1.1 

12 ; state nb 
3 ; nb of nodes matched 
2 ; nb of arcs matched 
1 ; nb of see arcs inserted 
0 ;nb of see arcs deleted 

0.0OOOOE+O0 
O.OOOOOE+OO 
1.00000E+00 
0.O0OO0E+OO 
1.000 0.000 0.000 
0.000 1.000 0.000 
0.000 0.000 1.000 
5.00000E-03 
2' 2 see/rei 
I ' 1 sce/ref 
3' 3 see/re i 

; node diss 
arc atlr diss 
arc stru diss 

; rot diss 
R matrix 

;cost 
jnaiches 

2 ;sc 
corner.2.1.1 

23 

lulion number 

; state nb 
3 ; nb of nodes matched 
2 ; nb of arcs matched 
1 ; nb of see arcs inserted 
0 ; nb of see arcs deleted 

1.50000E+00 
8.33333E-01 
1.00000E+00 
4.56997E-08 
0.000 0.000 1.000 
1.000 0.000 0.000 
0.000 1.000 0.000 
4.66667E-02 
3" 2sce / re f 
T 3sce / re f 
2' 1 see / rei 

; node diss 
; are attr diss 
; arc stnj diss 

; rai diss 
H matrix 

;cost 
patches 

fig 7,21: example "comer": solution 

Statistics 

number of states investigated 
CPU time on MicroVAX 3400 |s] 
number of solutions 
best solution at state nb 
cost ratio solution 2 / solution 1 

Discussion 

Despite of a marginal tuning of the parameters, the best match found is the 
correct one. "Mirror solutions", solutions which are symmetric with respect 
to a planar surface ("mirror") do not appear, this thanks to the rigidity 
condition which allows to take care of the relative orientation of the object 
faces. 

7.8.2 Example "PYRAM2" 

Now, we pass to a more general example, "PYRAM2", a truncated pyramid. 
For this example, the scene data has been acquired by a 3D data acquisition 
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system, using structured light [Mai89]. Before we discuss any results, we 
present 1) the reference object in its different representations, and H) the 
acquired scene object in its respective representations. Next, we, as the 
supervisor, give the "correct result", i.e. the node/node correspondences we 
should find in an optimal match between scene data and reference data. 
This "correct result" is determined directly by observation of the pyramid 
position. 
Finally, we discuss the results obtained for different configurations of the 
parameters. 

7.8.2.1 Reference object "PYRAM2 REF" 

Initially, we have the geometric description of the object, a t runcated 
pyramid (fig 7.22). Using the rules discussed before, we extract the high 
level representation PFRG (fig 7.23. left). A subset of the information 
contained in this high level representation, the orientation of the faces 
Involved is shown in the extended needle map (fig 7.23. right). 

fig 7.22: reference object "PYRAM2_REF": front view (left) and top view 

fig 7.23: " PYRAM 2_REF": high level PFRG rcprcsentation(left) and extended n 

7.8.2.2 Acquired data for oblect "PYRAM2" 

Next we discuss the acquired scene data. The first figure (fig 7.24) shows 
the region/border representation as it is delivered by the region growing 
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program which segments the acquired data in planar patches. The 
subsequent preprocessing step reduces the information, e.g. it eliminates 
the "null-regions" in figure 7.24 and generates the PFRG (fig 7.25) as well as 
an extended needle map (fig 7.26). 

knownregbn L W l uritnownregion NIL 

fig 7.24: "PYRAM2": region / border representation 

fig 7.25: "PYRAM2": high level graph representation PFRG 

00f iS'n 

fj node with "superare" 
r j node without "superarcs" 

fig 7.26 extended needle map 
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7.8.2.3 The "correct solution" 

•+massm-

scene node 
6 
8 
7 
4 
5 

«-> 
<-» 
«-» 
<-> 
<-* 
«-» 

reference node 
4 
5 
1 
2 
6 

table 7.27: correspondences scene object (top left) / reference object (top right) 

The supervisor comparison of scene and reference data leads to the result of 
table 7.27. 

7.8.2.4 Experiences and results 

We will now do some experiences and check the influence of different 
parameter configurations on the solutions found. The aim is to tune the 
parameters in order to find a "best" solution which is i) correct and ii) 
distinct from the other ones. In order to determine the attributes needed 
and their tuning, we have made the following experiences with example 
"PYRAM2": 

i) surface area and border length attributes 
ii) orientation attributes only 
iii) surface area attributes and weighed orientation attributes 
iv) all attributes 

7.8.2.4.1 Surface area and border length attributes 

For this first test we use the parameter settings of table 7.28 here below. 
The thresholds and weightings are set so that the surface orientation 
attribute has no influence on the correspondence search. 

node dissimilarity weigh! 
arc attribute dissimilarity weight 
inserted arc weight 
deleted arc weight 
relation lining error weight 

1K>° THmarievel' 
= ' THp006 = I 

THmmtove! ' ^ 
TH arcati 

5.00000E-02 
4.00000E-02 
1.0MOOE-(W 
1.00000E-02 
0.O0000E+00 

T H N D - 2 
T Hrot l t t - ~ 

table 7.28: parameter set 
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1 ; solution number 
pyram2a.l .1.2.1.2.1 

3606 ; state nb 
6 ;nb of nodes matched 
7 ; nb of arcs matched 
3 : nb ol see arcs inserted 
1 ; nb of see arcs deleted 

8.91548E-01 
1.06684E+00 
4.00000EtOO 
1.83104E-O1 
-0.971 0.137 -0,198 
•0.181 -0.958 0.224 
•0.159 0.253 0.954 
1.67044E-02 
5 6 see I ref 
2 4 see/re i 
7 3 see i ref 
B 2sce / re f 
6 5 see / re i 
1 1 see / rei 

: node diss 
arc atlr diss 
arc stru diss 

; rot diss 
; R matrix 

;cosl 
;matches 

~"2" ; solutionjiumber 
pyram2a.2B.5.2.7.7.3 

2206 : state_nb 
6 : nb of nodes matched 
6 ; nb of arcs matched 
4 ; nb ol see arcs inserted 
3 : nb of see arcs deleted 

9.B9202E-01 ; node diss 
7.BÎ591E-01 ;afcattrdiss 
7.OO0OOE+OO ; arc slru diss 
2.91975E-01 ; rot diss 
0.078 -0.954 -0.289 ;R matrix 
0.920-0.042 0.390 
-0.384 -0.296 0.B74 
1.67153E-02 ;cos1 
6 2 see / ref watches 
2 5 see / ret 
7 3 see I ref 
4 Isce/ref 
5 6 see /ref 
8 4 see I rei 

pyram2a.23.8.3,3.2.1 
3161 

; solutionjiumber 

B.87429E-01 
9.52608E-01 
5.00000E+00 
3.24702E-01 
-0.621 0.780 0.078 
-0.716 -0.604 0.350 
0.320 0.162 0.934 
1.67416E-02 

; staie_nb 
; nb of nodes matched 
; nb ol arcs matched 

nb of see arcs inserted 
; nb of see arcs deleted 

; node diss 
; arc attr diss 
; arc stru diss 

; rot diss 

Isce/ref 
5 see l ref 
6 see / ref 
2 see /ref 
3 see/rei 
4 see /ref 

;R matrix 

;cosl 
watches 

table 7.29: solutions for"PYRAM2": surface area and border length attributes 

Statistics 

solution nb i 

%- •«?„ 

number of states investigated 
CPU time on MicroVAX 3400 |s) 
number of solutions 
best solution at state nb 
cost ratio solution 2 / solution 1 : 

7 8 

4318 
3600 
1013 
3606 
1.0007 

— correspondences 

correct 
~ correspondences 

— relative cost 

10 

STOPPING CONDITION 1 

Discussion 

All three solutions of table 7.29 are incorrect. Neglecting the orientation 
attr ibutes, and, therefore, the rigidity constraint leads to a search tree 
which is very big. It could be restricted using conditions on the attribute 
dissimilarities but it ts quite difficult to define them for two reasons. First, 
the scene data itself is prone to error and gives, therefore, rise to erroneous 
dissimilarity measures and second, the establishment of a condition is quite 
ambiguous, there is no more direct interpretation of the meaning of the 
condition. 
In the example above, we stopped the search after 1 hour of CPU (MicroVAX 
3400) with a search tree size of 4318 states. 
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7.8.2.4.2 orientation attributes only 

For this second test, we limit ourselves to the normal vector attribute and 
the structural information, the influence of the other attributes is neglected 
(table 7.30). 

nods dissim ilarity weight 
arc attribute dissimilarity weight 
inserted arc weight 
deleted arc weighl 
rotation fining error weight 

a 

P 
y 
5 
E 

= 
-
E 

= 
= 

O.0000OE+0O 
O.0000OE+0O 
1.00000 E-02 
1.ooooo E-oa 
9.00000 E-01 

THc051 = I TH 0 0 (J 6 =I 
THninlevel = 3 ™ N 0 = 2 
THarcatt " 1 THrati i1 = ] 

table 7.30: parameter set 

This test corresponds to the "gaussian image" approaches realized by Horn 
(Hor84a], |Hor84b), Brou(Bro84], Ikeuchi[Ike83| and others. It is limited, in 
principle, to convex objects. 

1 
pyram2b.3B.5.1 

381 
3 ; 
3 

; solution number 

; state nb 
nb ol nodes matched 
; nb o! arcs matched 

0 ; nb ol see arcs inserted 
0 ; nb of see arcs deleted 

1.30197E+00 
8.68415E-01 
O.OOOOOE+OO 
1.71970E-03 
0.440 -0.252 
•0.095 0.941 
-0.893 -0.224 
5.15909E-O4 
7 4sce/re 
2 3 see I rei 
4 6 see/re 

; node diss 
; arc atlr diss 
; arc stru diss 

; rot diss 
).862 ; R matrix 
0.324 
0.390 

;cost 
;matches 

2 
pyram2b. 40.9.1 

398 
3 ; 
3 

; solution number 

; state nb 
nb ol nodes malched 

roof arcs matched 
0 ; nb ol see arcs inserted 
0 ; nb of see arcs deleted 

6.41164E-01 
9.71845E-01 
0.00Û00E+OO 
1.85213E-03 

; node diss 
; arc attr diss 
; arc stru diss 

; rot diss 
0.489 -0.<52 -0.746; R matrix 
0.618-0.059 
-0.302 -0.890 
5.55539E-04 
1 5see(ref 
8 4 see I rei 
6 6 see I raf 

1.572 
0.341 

;cost 
; msches 

5 ; sohJtbn_number 
pyram2b.42.12.1 

400 
3 
3 
0 
0 

8.68698E-01 
1.23306EtOO 
0.00000 E+00 
3.30354E-03 
0.170 0.889 -0.426 
-0.942 0.020 -0.335 
-0.289 0.458 0.841 
9.91061E-O4 
1 3sce/ref 
6 4 see/rei 
8 6 see I rei 

; siate_nb 
;nb of nodes malched 

;nb ol arcs matched 
nb of see arcs inserted 
; f t of sea arcs deleted 

; node diss 
arc attr diss 
arc stru diss 

; rot diss 
R matrix 

;cost 
;malches 

table 7.31: solutions for "FYRAM2": orientation attributes only 

Statistics 

solution nb 1 

— correspondances 

correct 
correspondances 

• relative cost 

10 
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Statistics (continued) 

number of states investigated 
CPU time on MlcroVAX 3400 [s) 
number of solutions 
best solution at state nb 
cost ratio solution 2 / solution 1 

588 
182. i 
90 
381 
1.07 

Discussion 

The result, represented in table 7.31. is Insufficient and false. The first 
correct correspondence, in bold typesetting, appears in solution 3, this 
beside an erroneous correspondence. This confirms the idea that a method 
for the determination of object orientations and for object recognition. 
based on surface orientations only, is insufficient. The facts illustrated by 
these results lead to an extension of the idea, to the extended gaussian 
images EGl |Hor84a], |Hor84b] where the influence of the surface area 
attribute is also considered. The application of the EGI is for sure limited 
but, for the completeness of the experience, we use this approach in the 
following chapter, too. 
Another important point not d iscussed yet is the influence of the 
background. First, wc are confronted with the segmentation problem and, 
second, we have to take into account the.possibility that scene background 
segments could be brought into correspondence with reference object faces. 

7.8.2,4.3 Surface area attributes and weighted orientation attributes 

This time we used, beside the s t ructural information, the information 
contained in an EGI, the surface area and surface normal attributes. The 
contribution of the normals to the rotation matrix R is proportional to the 
underlying surface (see also chapter 7.5). 

node dissimilarity weight 
arc attribute dissimilarity weight 
inserted arc weight 
deleted arc weight 
rotation lining error weight 

a 

Ï 
6 
E 

il
 

il 
il

 
il

 

= 

5.00000E-02 
0.00000E+00 
1.00000 E-02 
1.00000E-02 
9.00000E-01 

T H n =20" TH m a i ( t e v e l = 

THc03I = 1 TH00(J8 = 1 

THminlevel = 3 T H N D a 2 

THarcatl = » T Hrol l i t = 1 

table 7.32: parameter set 

Statistics 

number of states Investigated 
CPU time on MicroVAX 3400 [s] 
number of solutions 
best solution at state nb 
cost ratio solution 2 / solution 1 

584 
165.7 
7 8 
189 
2.17 
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3 ;so 
pyram2c.28.3.1 

244 

uiion number 

; state nb 
3 ;nb of nodes matched 
3 ;nbof arcs matched 
0 ; nb ol see arcs inserled 
0 : nb of see arcs deleted 

6.41164E-01 
1.16093E+00 
0.00000E*00 
1.71329E-03 
0.480 -0.446 -0.756 
0.B22 -0.072 0.564 

-0.306 -0.892 0.332 
1.12001E-02 
6 6 see I ref 
1 5sce/fel 
B 4 see / ref 

; node diss 
arc aflr diss 
arc stru diss 

; rot diss 
; R matrix 

;cosI 
jnalches 

2 ; solution number 
pyram2c.35.14.1 

109 ; state nb 
3 ; nb of nodes matched 
3 ;nbof arcs matched 
0 ; nb of see arcs inserted 
0 ; nb of see arcs deleted 

4.0822t E-01 
1.20572E+00 
O.OOOOOE+00 
6.46568E-03 
0.630 0.110-0.769 
0.478 0.725 0.496 
0.612-0.679 0.404 
9.34338E-03 
6 6 see l re! 
1 1 see/rei 
8 5 see I rei 

; node diss 
arc atlr diss 
arc stru diss 

; rot diss 
; Hmalrix 

;cost 
jnaJches 

1 ; solution number 
pyram2c.39.4.1.2.1 

189 : state nb 
5 ; nb of nodes matched 
7 ;nbof arcs matched 
0 ; nb ol see arcs inserted 
0 ; nb of sec 

3.2I032E-01 
7.75557E-01 
0.O00O0E+O0 
6.Û0954E-03 
0.644 0.765-0.013 

-0.637 0.547 0.543 
0.423-0.341 0.839 
4.29203E-03 
6 4 see I ref 
8 5 see/rei 
7 1 see/ref 
4 2 see/ref 
5 6see/ref 

arcs deleted 
; node diss 

arc atlr diss 
arc stru diss 

; rot diss 
;R matrix 

;cost 
;ma!ches 

table 7.33: solutions for "PYRAM2": surface area / weighted orientation attributes 

Statistics (continued) 

solution nb 1 2 3 4 5 6 7 8 9 1 0 

Discussion 

The result, represented in figure 7.33 is already much better. The correct 
result lies on place 1 and the cost of the second solution is 117% higher. As 
will be confirmed in the example "CUBEl" bellow, that this approach is 
successful in the example of the pyramid because the relative orientations 
are well distinguishable. If wc want to distinguish faces with similar relative 
orientations, we will be confronted again with the weighting and threshold 
definition problems for the remaining attributes. 
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7,8.2.4.4 All attributes 

We will show on the next page the results for "PYRAM2" using all attributes. 
We expect that the relevance of the attribute "borderiength" is not too high. 
Nevertheless, we check it too in order to know its influence. In fact, wc 
would like to show that it can be used where other attributes, like the face 
orientation attribute, are not sufficient. 

node dissimilarity weighlt 
arc attrfoute dissimilarity weight 
inserted arc weight 
deleted arc weight 
rotation lining error weight 

T H n = 20» 
TH 

1 I i 

cost 

T^maxtevel ' 

™node=l 

a = 

P 
y 
s 
e = 

^Hmintevel=3 

T H arcati = 1 

5.0OOOOE-O2 
4.00000E-02 
1.00000 E-02 
1.00000 E-02 
9.00000 E-01 

T H N D = 2 
T H roti it c 1 

table 7.34: parameter set 

i ; solut©n_number 
pyram2d.39.4.1.1.1 

214 ; statejib 
5 ;nbof nodes matched 
7 ; nb ol arcs matched 
0 ; nb of see arcs inserted 
0 ; nb ol see arcs deleted 

3.21032E-01 ; rode diss 
7.75557E-01 ; arc atir diss 
O.O0000E+00 ; arc slru diss 
6.00942E-03 
0.644 0.765 -0.013 

-0.637 0.547 0.543 
0.423-0.341 0.839 
8.72377 E-03 
8 5 see I ref 
6 4 see/ref 
7 1 see/rei 
4 2 see /ref 
5 6 see/ref 

; rot diss 
;R matrix 

;cost 
;matches 

2 ; solution number 
pyram2d.28.5.3.2.1 

282 ; state nb 
5 ;nbo1 nodes matched 
7 ;nbof arcs matched 
0 ; nb of see arcs inserted 
0 ; rb of see arcs deleted 

9.88582E-01 
1.05503E4Û0 
0.D0000E+O0 
8.96565E-03 
0.971 -0.241 -0.010 
0.211 0.828 0.519 
-0.117 -0.506 0.854 
1.75284E-02 
6 3 see ! ref 
4 1 see I ref 
7 5 see / ref 
5 6 see / ref 
8 4 see/rei 

;nodediss 
arc aîtr diss 
arc stru diss 

; rot diss 
;fl matrix 

;cost 
;maches 

pyram2d.39.9.1.1 
315 

; solution number 

1.08943EtOO 
6.23813E-01 
O.O0000E+00 
7.25380É-03 
0553 -0.967 -0.007 
0,770 0.197 0.607 
•0.586 -0.160 0.795 
2.02404E-02 
6 3 see I re! 
4 5 see / ref 
7 4 see I ref 
5 6 see I ref 

; slate_nb 
; nb of nodes matched 

; nb of arcs matched 
; nb of see arcs inserted 
; r c o l see arcs deleted 

; node diss 
arc attr diss 
arc slru diss 

; rot diss 
;R matrix 

;cost 
,matches 

Statistics 

table 7.35 solutions for "PYRAM2": all attributes 

— correspondence: 

correct 
correspondence: 

. relative cost 

solution nb 1 10 
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Statistics (continued) 

number of states investigated 
CPU time on MicroVAX 3400 IsJ 
number of solutions 
best solution at state nb 
cost ratio solution 2 / solution 1 

584 
176.3 
7 8 
214 
2.00 

Discussion 

Again, solution 1 meets the "correct result" and the second solution has 
approximately double the cost of the first solution, the result Is comparable 
to the one we found in chapter 7.8.2.4.3 . 
Solutions 2 and 3 are also reasonable candidates: they stand for matches of 
the scene object rotated by one face left and right respectively about an axis 
parallel to the surface normal of reference face 6 (fig 7.36). 

1 
Î solution 1{ 

T 
z y 

5 / 

2 

(g solution 3|â 

t 
yTs-

*(V\\ 

\dL/> 
fig 7.36: solutions 1, 2, and 3; reference object (top) and scene object (bottom) 

VII-46 



7.8.3 Example "CUBEl" 

In the example jus t before, we have seen that the surface orientation 
at tr ibute plays an important role. If several angles between faces are 
identical, the efficiency of the orientation attribute is reduced and we have 
to use additional a t t r ibutes to overcome the ambiguity. We test if the 
at tr ibutes we have chosen before are indicated, this using the example 
"CUBEl". 

7.8.3.1 Reference object "CUBEl REF" 

As before, we show in figure 7.37 the reference object (left), the high level 
representation (middle) and the extended needle map (right). 

fig 7.37: reference object "CUBEl.REF" 

7.8.3.2 Acquired data for object "CUBEl" 

As in the previous examples, we show the high level representation PFRG. 
the extended needle map, and the region/border representation. 

fig 7.38: "CUBEl": PFRG representation and extended needle map 
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n a ^ l l known region 

L \ ^ J u*nowi region 

NL 

fig 7.38: "CUBEl": region border representation 

We observe again that the edges of the object, and specially the jump edges 
between object faces and the background, give rise to a huge number of 
small, badly defined regions we cannot use in the further matching. They are 
eliminated using the high level preprocessing. 

The s t ruc tura l Information as well as the information on the face 
orientations Is not very relevant. In order to match correctly, we are forced 
to rely on the correctly weighted dissimilarity measures of the remaining 
attributes: surface area and border length. 

7.8.3.3 The "correct result" 

reference node 
2 
3 
1 

<-» 
«-» 
<-» 
<-» 

scene node 
15 
26 
29 

table 7.40: "correct matching" for example "CUBEl" 

A supervisor comparison of scene and reference data leads to the result of 
table 7.40. 
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7,8,3.4 Experiences and results 

Since all edges have angles of approximativeIy 90°, the use of the orientation 
attribute is limited to the distinction of the different edge types (convex, 
concave, flat). For the recognition task itself, the information contained in 
this attribute will not be sufficient. 

(n the following, we show a parameter set which allows us to find a correct 
solution. Next, we will try to use the same set again for our previous example 
"PYRAM2" in order to show that it is not too particular. 

7.8.3.4.1 A parameter set for "CUBEl" 

After a few tests, we have found the parameter set of table 7.41. The weights 
are. except the value for the arc attr ibute dissimilarity, identical to the 
values of the last test with "PYRAM2" using the parameters of table 7.41. the 
thresholds have been adapted slightly. 

node dtssimBarrty weight a = 

arc attribute dissimilarity weight p 
inserted arc weight 7 
deleled arc weight 5 = 
rotation lining error weight e 

T H n = SO" THfnaxigyei = ~ 7Hmintevel = 3 

THcost = C-1 1^mCJe = 1 THarcatt = ] 

1 ; solution number 
CLÌK1.5.S.1 

136 ; state_nb 
3 ; nb of nodes matched 
3 ;nb of arcs matched 
0 - nb ol see arcs inserted 
0 ; nb of see arcs deleted 

1,02960E+OO ; node diss 
8.87839E-02 ; arc attr diss 
0.00000E+O0 ; arc S1ru diss 
2.10173E-05 ; rot diss 
0.812 0.563-0.023 ; R matrix 
-0.290 0.437 0.852 
0.506-0.685 0.524 

2.01258E-02 ;cosl 
26 3 see I ref ;ma1ches 
15 2see/ref 
29 1 see/ ref 

t a b l e 7 . 4 1 : p a r a m e t e r 

2 !solution number 
CUbel .5.6.1 

108 ; state_nb 
3 ; nb of nodes matched 
3 ; nb ol arcs matched 
0 ; nb of see arcs inserted 
0 ; nb ol see arcs deleled 

7.71061E-01 ;nodetJiss 
3.36466E-01 ; are atlr diss 
0.00OO0E+00 ; arc stru diss 
2.11830E-05 ; rot diss 
-0.812 -0.583 -0.022 ; R matrix 
0.290 -0.437 0.851 
-0.506 0.685 0.524 
2.40730E-02 ;cost 
26 4 see / ref ;matches 
15 5 see ' ref 
29 1 see I ref 

5.00000E-02 
1.00000E-01 
1.00000E-02 
1.00000E-02 
9.00000 E-01 

THND = 6 

THf011Ti = 0.01 

set 

3 !solution number 
cubel.15.8.1 

149 ; staienb 
3 ; nb ol nodes matched 
3 ; nb ol arcs matched 
0 ; nb of see arcs inserted 
0 ; nb ol see arcs deleted 

1.07675E+00 ;nodediss 
2.05798E-O1 ;arc atlr diss 
Q.00000E+0Q ; arc stru diss 
2.13030E-05 : rot diss 
•0.023 -0.812 -0.593 ; R matrix 
0.851 0.290-0.437 
0.524 -0.506 0.685 

2.48121E-02 ;cost 
26 2 see/ref ;matches 
15 1 see/ref 
29 3 see/rei 

table 7.42: solutions 1-3 for XUBEl": all attributes 
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Statistics 

solution n b l 2 3 4 5 6 7 8 9 10 

number of states Investigated 
CPU time on MicroVAX 3400 [s| 
number of solutions 
best solution at state nb 
cost ratio solution 2 / solution 1 

225 
28.1 
60 
22 
1.19 

Discussion 

The correspondences have been established correctly, this thanks to the 
"border length" attribute which allowed to match correctly the long border 
between reference regions R2 and R3. This shows also the use of the 
preprocessing step "eliminate border regions", described before. 

7.8.3.4.2 Application of the same parameter set to "FYRAM2" 

Applying the same parameter set to example "PYRAM2" delivers the same 
correspondences as found in chapter 7.8.2.4.4 . 
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7.9 Conclusions 

In the present part, we have treated the inexact high level matching task. 
Given two high level object representat ions In the form of at t r ibuted 
relational graphs, we extract the most promising (partial) matches so that 
we can establish hypotheses on the scene object, a similarity measure 
between the visible parts of both reference and scene objects, as well as the 
knowledge about the rotation the reference object has to undergo in order 
to map best to the scene data. 

We treat the subject of graph matching as a tree search problem. First, we 
defined the meaning of a search tree state in our object matching context 
and discuss the tree extension tactic, using a very weak rule which allows to 
accept a wide spectrum of topological Inexactitude. 

Second, we discussed the order of extension. With the idea in mind to find 
rapidly good solutions which lead to sets of correspondences between scene 
and reference faces of high similarity, we use a "best first search". This point 
takes Its importance when a best solution should be found in a limited time. 
Of course, it would be possible to search in the very same manner an optimal 
solution, but the huge computational effort would forbid this approach. 

Next, we focussed on the tree pruning conditions, an important aspect 
when computation time and complexity are critical. The most Important 
condition we use is the rigidity condition. It takes advantage from i) the 
rigidity of the objects Involved and ii) from the robustness of the orientation 
information extracted from the scene. Despite the good results obtained 
with this condition, additional tree pruning conditions based on other graph 
attributes had to be added to deal with cases where the first condition Is not 
sufficient: e.g. for man-made objects where perpendicular and parallel faces 
are usual. We follow the idea that the addition of supplementary matches has 
to be avoided when this leads to an important increase in the overall 
dissimilarity or when the elements matched are very different themselves. 

Finally, we extracted the solutions corresponding to leaf states of the search 
tree which fulfill some minimal, application specific conditions. The result 
is a set of solutions, ordered following the overall cost, where each one 
s t ands for a hypothesis on a reference object /scene object match, 
accompanied by a measure of similarity as well as a rotation R which best 
maps the reference object to the scene object. 

The results of chapter 7.8 show first that the preprocessing steps, discussed 
before, is of u tmos t importance in order to extract a high level 
representation of high precision. Second, once this condition is fulfilled, we 
showed that a given tuning of the parameter set allows to extract good 
results even for different objects, an important point when the results of the 
matchings with different objects have to be combfned in a recognition task. 
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8. Verification 
8.1 High level verification 

8.2 Conclusions 



8, Verification 

Verification is the process which checks if hypotheses on results obtained 
previously are most probable to be correct or not. In our application, we 
verify the hypotheses on the correspondences between scene and reference 
objects extracted. 

We can distinguish different levels of verification, corresponding to the 
different levels of representation (fig 8.1). 

connexe PFRGs _ * £ inexact matching 

> 
: solution = hypothesis 
: object parta! 
: 'onentation 

non- connexe PFRGs 

I 
high level vesication 

f region/border to PFRG j 

) 
*«*«. 

solution = hypothesis 
object 
orientation 

C 

région I border 

= ¾ = 
low level verri cation 

segmentation 3 
> 

object lfcrary 
connexe PFRGs, 
low level description 

solution •= hypothesis 
object 
onentation 
position 

3D raw data 

fig 8.1: levels of representation and verification 

In the following, we will limit ourselves to the high level verification for 
PFRGs for the inexact matching method presented in chapter 7. 

1 High level verification 

Having done the inexact matching at the level of the PFRGs. we attempt a 
first verification at this same level. Before doing so, we remind the data 
available and, because search tree pruning limits the means for doing 
verification, d i scuss the interdependencies between tree pruning and 
verification. 

A second part is devoted to another interpretation of high level verification, 
the combination of solutions obtained by the match of connexe PFRGs. This 
extension should allow to merge partial solutions, due to non-connexe 
PFRGs representing separated scenes, in order to get bigger solutions. 
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8.1.1 Available data for high level verification 

Scene and reference data Is represented in the form of PFRGs, the solutions 
in the form of records, both discussed earlier. 

PFRG 

An attributed relational graph PFRG contains 

i) structural information (nodes, arcs) 
ii) node attributes 

- face area 
- face orientation 

UiJ arc attribute 
- border length 

soluti cm 

A solution Sol| is defined as a record containing 
I) the set of corresponding pairs of nodes M1 = {...,(NCRJ, NCSI).---} 
IiJ the best fitting rotation RotSoii 
ili) the global costsoh cos^So]i 
Iv) other results 

We have also access to indications on structural modifications realized (arcs 
inserted and deleted resp.). These informations are a subset of the data 
attributed to each state S( of the solution search tree. 

8.1,2 Connexe PFRGs 

Using the connectivity condition introduced before (§7) a s a pruning 
criterion in the search tree, our solutions are limited to matches of connexe 
(sub-)graphs. If by any reason a scene is represented by several connexe 
PFRGs. a solution at this level will represent a partial scene object/reference 
object match only. 

verification 

Unfortunately, with the high level representation PFRG (§3.4) and the 
pruning conditions introduced (§7.4), we cannot do any useful verification 
since there is no more data available which had not been used before in 
search tree pruning conditions. 

search tree pruning vs. verification 

The two processes are complementary in the following sense. 

The more data we use in an intelligent manner for tree pruning 
condit ions, the less will be usefully available for subsequen t 
verifications. 

In fact, search tree pruning conditions can also been understood as some 
kind of on-line verification. Having seen the huge complexity of computation 
(exponential) of a non-pruned search tree, it is rather clear that it is much 
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more Interesting to Invest a big amount of information in search tree 
pruning conditions rather than in off-line verifications (fig 8.2 and fig 8.3). 

fig 8.2: on-line verification (top), off-line verification (bottom) 

graph 

orientation 

surface area 

border length 

- connectivity criterion 
- node degree criterion 

- rigidity criterion 
- rotation fitting error criterion 
- global cost criterion 
- visibility criterion 

- node attribute dissimilarity criterion 
- global cost criterion 

- arc attribute dissimilarity criterion 
- global cost criterion 

fig 8.3: PFRG elements used in tree pruning conditions (§7) 

conclusions 

The only features we could use for high level verifications are 

i) the exact structure of the graphs, 
Ii) the modifications applied to the scene (sub-)graph (inserted / 

deleted arcs) in order to match it isomorphicly with the reference 
(sub-)graph, and 

iii) an indication on the potentially visible faces compared with the 
faces matched. 

We stated before that only an inexact (sub-)graph matching system could 
fulfill the requirements of an object recognition system. For the well known 
reasons (natural scene da ta , acquisition incertitude, high level data 
reduction, etc ..) we cannot ask for isomorphic matching. Therefore, there 
is no sense cither to use the exact graph description or the indications on 
inserted / deleted arcs. 
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The last indication, the one on potentially visible faces, is not useful for 
verification purposes cither since self occlusion, occlusion due to other 
objects as well as a partial acquisition of a scene object can lead to missing 
matches. 

8.1.3 Non connexe PFRGs 

Another interpretation of "high level verification" is the following. We 
attempt to combine matches based on connexe graphs in order to find 
bigger ones. 

expanded solutions 

Once a solution, and hence a hypothesis on the rotation between reference 
and scene object has been found, we can use it in order to complete the 
match: 

The reference objects PFRG is mapped to the scene, predicting the 
attributes to find in the scene object's PFRG. Then, for all non matched 
scene nodes, we can check if they fulfill a weaker similarity criterion 
with respect to the mapped reference nodes. 

This allows to retrieve node/node correspondences which have not been 
established during the search process, this due to the connectivity condition 
and which could not furnish uniquely a hypothesis on a solution, this due to 
a lack of data. 

Unfortunately, the reliability of the correspondences obtained by this 
expansion is not very high: the amount of data on which they are based is too 
small. An additional verification at a lower level will be necessary. 

compatible solutions 

At a higher level, the same reasoning can be used to find solutions Solg, 
SOIQ. •.. which arc compatible with an Initial solution SolA. 

scene graph reference graph 

fig 8.4: compatible solutions: matched nodes(dotted) and 
non-matched nodes (hatched) 
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We look for sets of solutions C = (SolA, SolB , ...) whose elements are 
compatible in the following sense: 

No matched node of neither the reference nor the scene graph appears 
simultaneously in solutions SolA. SolB 

If the compatibility condition is fulfilled, and if the resulting rotations are 
similar, we can establish the hypothesis that the solutions stand for the 
same object and that these solutions can be merged. 

If the resulting hypothesis on the rotations are too much different, we have 
to investigate the presence of some other objects. This point will be 
discussed later. 

The reliability of the results of the present approach is much higher than 
the one for the previous step "expansion", this due to the bigger amount of 
data involved in in the basic solutions. 

8.2 Conclusions 

Using the matching criterions "rigidity" and "visibility", we have inherently 
used the most important high level verification informations of the connexe 
PFRGs a s p run ing c r i t e r ions dur ing the e s t ab l i shmen t of the 
correspondences themselves. The remaining data is less robust and , 
therefore, only of limited use. 

At the next lower level, a compatibility test has been proposed, allowing to 
merge PFRGs. The result is a solution standing for multiple scene subgraphs 
matched with multiple reference subgraphs without incompatibility. 
This step is very useful for the combination of scene representations, and 
their respective matches, which have been separated due to non-idealities 
(occlusion, shading, ...). Additionally, it is a first step towards a multiple 
object recognition system. 
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9. Object recognition 
9.1 Multiple reference objects, single scene object 

9.2 Multiple separated scene objects, single reference object 

9.3 Multiple non-separated scene objects, single reference object 

9.4 Multiple scene objects and object separation 

9.5 Conclusions 



9. Object recognition 

Until now we worked with a single reference object and a single scene 
object. The most important problems have been discussed, in particular the 
problems of 

i ) partial view 
ii) noisy data 
iii) background / object distinction 

This allowed us to extract an ordered list L of hypotheses Hj on i) the 
rotation Rotj to apply in order to map best the reference object to the scene 
object and ii) the set of correspondences M1 between scene and reference 
faces. 

!" 

1 -

V 

-

reference represemaiior 

:¾¾¾¾:¾¾¾*:: D"** 

sceno rep-escntaiion 

f 
inexact matching 

-:¾¾¾¾¾¾¾¾: 

' 

• * * * 
ordered 1st o! hypotheses 

\ 

-

,* 
fig 9 .1 : inexact matching 

This step is certainly very important, but not sufficient for the object 
recognition task where multiple reference representations have to be used, 
the resulting hypotheses merged and ordered following the global cost and 
where some more general reflections on the final result must be done. 

( 

reference representation 1 

" 
J reference Fep'esonta;ion 2 

, ,, 
j rc'ercice reprcseniaion n 

, 

\... : 

-H 
'**^P*% 

H 

scene ropreseniaiion 

f-i 
inexact matching 

1 \ 
moxaci matching 

• f 
inexact match mg 

, 

_ l » . 

- - » i -

-H 

ordered lis; of hypotheses i 

ordered lei of hypotheses 2 

-
ordered list of hypotheses n 

t.ft .: rrerge of hypotheses 

1 
ordered list ot hypotheses 

"v 

-

J 
fig 9.2: object recognition 

In the present chapter, we present some experimental results concerning 
object recognition and object separation. 

The experiences are listed next page. 
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multiple reference objects, single scene object 

First, we experiment with classical object recognition (§9.1). A high level 
representation, standing for acquired data of a scene containing a single 
objects, is brought one-by-one into correspondence with high level 
representations of reference objects. 

A comparison of the solutions and the attributed costs found allows us to 
check if we are able to recognize simple objects using the present 
algorithm. 

multiple separated scene objects, single reference object 

Second, we use a scene representation which contains two non-overlapping 
objects (§92). Again, we apply the inexact matching program and try to find 
out if it is possible to determine which of both scene objects corresponds to 
a given reference object. 

multiple non-separated scene objects, single reference object 

Third, we enhance the difficulty of the task (§9.3). The scene contains now 
two overlapping objects. Now. we would like to determine to what extent 
the object recognition still works, and, if it is possible, to recognize the 
"frontier" between both objects. 

multiple scene objects and object separation 

A last problem to discuss is how to manage the merge of several lists of 
hypotheses on (partial) solution so that multiple objects in the scene can be 
separated and recognized (§9.4). 

To terminate we have drawn some conclusions. 
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9.1 Multiple reference objects, single scene object 

The aim is to finally And, in the first position of the final solution list, the 
correctly recognized reference object with correctly established matches. 

We use again the scene data examples as in part VII and match them one by 
one with the reference objects, applying always the same set of parameters 
for weighting' and pruning purposes. Then, we compare the solutions for the 
match of a single scene object with different reference objects and order 
them following the global cost. 

9.1.1 Example "PYRAM2" 

We use the parameter set we used finally in chapter 7, shown In table 9.3. 

node dissimilarity weight 
arc attribute dissimilarity weight 
inserted arc weight 
deleted arc weight 
rotation fitting error weight 

T H n = 20° 

THc051 = O.! ™node = ' 

O.00000E+00 
0.00000E+UO 
1.00000E-02 
1.00000E-02 
9.00000E-Ot 

THmtntevel = 3 T HND = 6 

THarcatt = * THroKit = 1 

pyramä.39.4.1.1.1 
278 

; solulion number 

3.21032E-01 
7.75557E-01 
O.0OOOOE+O0 
6.00942E-03 
0.644 0.765 -0.013 

•0,637 0.547 0.543 
0.423-0.341 0.839 
1.53714E-02 
5 5sce/ref 
6 A set I ni 
7 Isce/rel 
4 2 see Irti 
5 6sce / r r i 

; state_nb 
; * of nodes matched 
; rib ot arcs matched 

re of see arcs inserted 
; nb of see arcs deleted 

; node diss 
arc attr diss 
arc stru diss 

; roidiss 
;R matrix 

;cost 
!matches 

5 laces matched of 6 vistile 

table 9.3: parameter set 

pyram2f.39.12.2.2.1 
370 

; solutionjiiimber 

9.88582E-01 
1.05503E+00 
O.OOOOOE+00 
8.96565E-03 
0.971 -0.241 -0.010 
0.211 0.828 0.519 
-0.117-0.506 0.854 
2.65716E-02 
6 3sce/mf 
4 1 see I ref 
8 4sce/re1 
7 5sce/re1 
5 6 see I rei 

; s ta te . * 
; nb of rodes matched 
: nb of arcs matched 

nb of see arcs inserted 
;nb ol see arcs deleted 

; node diss 
arc attr diss 
arc stru diss 

; rot diss 
À matrix 

;eost 
!matches 

5 faces matched ol 6 visible 

pyram2f.39.9.1.1 
351 

; soluibnjiumber 

1.O8943E+00 
6.23813E-01 
0.00000E+0O 
7.25380E-03 
0.253 -0.967 -0.007 
0.770 0.197 0.607 
-0.586 -0.160 0.795 
2.77262E-02 
8 3 see / rei 
4 5 see / ref 
7 4sce/rei 
5 6 see/ref 

; state_rt> 
; rb of nodes matched 
;nb of arcs matched 

nbot see arcs inserted 
;nb of see arcs deleted 

: node diss 
arc atlr diss 
arc stru diss 

; rot diss 
fl matrix 

;cost 
snatches 

4 laces matched of 6 visible 

fig 9.4: results for scene "PYRAM2" and references "PYRAM2_REF' and 
"CUBEl REF" 

Discussion 

Ordering the solutions from both inexact matches leads to a list showed 
partially in figure 9.4. For the ten first solutions found, the match between 
the scene object "PYRAM2" and its corresponding reference object 
"PYRAM2JÎEF" delivers always a lower global cost than the match with the 
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cube, the second reference object.: the object "PYRAM2" h a s been 
recognized. 

9.1.2 Example "CUBEl" 

Now we check the scene object "CUBEl" against the two reference objects 
"PYRAM2_REF" and "CUBEl.REF". 

3 ; soluiion number 
cube1f.l5.8.t 

149 ; siate nb 
3 ; ft) of nodes malched 
3 ; rb o! arcs matched 
0 ; nb of see arcs inserted 
0 ; nb of see arcs deleted 

1.076756+00 
2.05798E-01 
0.QO000E+QO 
2.13030E-05 
-0.023 -0.B12 -0.5B3 
0.851 0.290-0.437 
0.524-0.5« 0.685 

2.48121E-02 
26 2 see I rei 
15 1 see I rei 
29 3 see/ret 

; node diss 
arc anr dss 
arc stru diss 

; rot diss 
;R matrix 

;cost 
caches 

3 faces malched of 3 visible 

2 ; solution number 
cubeil.5.6.1 

108 ; state nb 
3 ;nb of nodes matched 
3 ;nboi arcs matched 
0 ; nb of see arcs inserted 
0 ; nb of see 

7.71061 E-01 
3.36468E-Ot 
O.0O0O0E+OO ; 
2.11B30E-05 
-0.812-0.583-0.022 
0.290-0.437 0.851 
-0.506 0.685 0.524 
2.40730E-02 
26 A see I rei 
15 5see/rei 
29 Isce/ref 

arcs de lei ed 
; node diss 

arc atlr diss 
arc stru diss 

; roi diss 
;R malra 

;cos1 
;matches 

3 laces malched of 5 visible 

1 ;sohJiion number 
cubetf.5,8.1 

136 ; state nb 
3 ;nb of nodes matched 
3 : nb of ares matched 
0 ; nb of see arcs inserted 
0 ; nb of see arcs deleted 

1.02960E+OO 
8.87839E-02 
O.O0000E+O0 
2.10173E-05 
0.B12 0.563-0.023 

-0.290 0.437 0.852 
0.506-0.685 0.524 
2.01258E-02 
26 Ssee/ref 
15 2see/ref 
29 1 see/rei 

; node diss 
arc atlr diss 
arc stru diss 

; roi diss 
;R malrix 

;cost 
; matches 

3 laces malched oi 3 vistile 

fig 9.5: results for scene "CUBEl" and references "PYRAM 2_REF" and 
"CUBEl REF" 

Discussion 

Here, the result is even clearer: the match between the scene object 
"CUBEl" and the reference object "PYRAM2_REF". using the parameter set 
from before, did not deliver any solution. Hence, the best solution 
corresponds to the best solution of match "CUBEl" / "CUBEl-REF" and is. 
this following the experiences made before, correct. The object "CUBEl" 
has been recognized. 
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9.2. Multiple separated scene objects, single reference object 

In the following, a scene "CUPYRS" (fig 9.6), composed of two non-
overlapping objects, is to be treated. The data has been created artificially. 
concatenating the two scenes "PYRAM2" and "CUBEl". 

9.2.1 Scene data 

fig 9.6: acquired scene "CUPYRS", two separate objects 

Figure 9.6 above shows the acquired scene after region growing, figure 9.5 
below the corresponding high level representation in the form of an 
attributed relational graph. 

fig 9.7: high level scene representation "CUPYRS" 

We apply the matching process on the high level scene representation 
XUPYRS" (fig 9.7), first with reference object "PYRAM2_REF". then with 
reference object "CUBE1_REF". 
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9.2,2 Results for separated scene objects, reference object "PYRAM2 REF" 

1 
Cpp .63.4.1.1.1 

271 
5 
7 
0 
0 

3.21032E-01 

; sokjlionjiurrber 

; statejib 
; nb ol nodes matched 
; nb of arcs maiched 

no of see arcs inserted 
; nb of see arcs deleted 

; rode diss 
7.75557E-Ö1 
0.0OO00E+O0 
6.0O942E-03 
0.644 0.765 -0.013 
•0.637 0.547 0.543 
0.423-0.341 0.939 
1.53714E-02 

1008 5 see / re i 
4 see/ref 
1sce/ref 
2 see/rei 
6 see/ref 

; arc atlr diss 
; arc stru diss 

; rot diss 
;R matrix 

;cos1 
;matches 

1006 
1007 
1004 
1005 

5 faces maiched o( 6 visible 

2" ; solulionjuirroer 
cpp .63.12.2.2.1 

348 
5 
7 
0 
0 

9.BB582E-01 
1.05503E+00 
0.000OOE+00 
6.96565E-03 
0.971 -0.241 -O.010 
0211 0.828 0.519 
-0.117-0.506 0.854 
2.65716E-02 

1006 3 see/rei 
1 see l ref 
4 see l ref 
5see/ref 
6 see / ref 

1004 
1008 
1007 
1005 

; stalejfc 
;nb of nodes matched 
; nb of arcs maiched 

ni) of see arcs inserted 
; rib of see aies deleted 

; node diss 
arc atlr diss 
arc stm diss 

; rot diss 
;R matrix 

;cosi 
;matches 

5 laces matched ol 6 visible 

T ; solution number 
cpp .63.9.1.1 

323 
4 
5 
0 
0 

1.08943E+00 
6.23813E-01 
0.00000EtOO 
7.25380E-03 
0.253 -0.967 -0.007 
0.770 0.197 0.607 
-0.586-0.160 0.795 
2.77262E-02 

1008 3 see /ref 

1004 5 see /ref 
1007 4 see/ref 
1005 6 see/ref 

; s t a t e j t 
; nb of nodes matched 
; nb of arcs matched 

nb of see arcs inserted 
; nb of see arcs deleted 

; node diss 
arc atir diss 
arc slru diss 

; rot diss 
;R matrix 

;cosl 
;matches 

4 faces matched of 6 visible 

fig 9.8: solutions for reference object "PYRAM2_REF" 

— correspondences 

correct 
correspondences 

relative cost 

solution nb 1 10 

number of states investigated 
CPU time on MicroVAX 3400 [s) 
number of solutions 
best solution at state nb 
cost ratio solution 2 / solution 1 

630 
207.8 
78 
271 

1.7 

584 
178.8 
78 
278 

1.7 

Discussion 

With the usual parameter set we get the results shown in figure 9.8. In the 
statistics, the left column Indicates the results for the "CUPYRS" scene, and 
the right column the results for the pyramid alone. 

The result is ok, the best match Is with the pyramid and the established 
correspondences are still all correct. Thanks to the pruning criterions 
"rigidity" and "connectivity", there are no cross-matches to the cube either. 
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9,2.3 Results for separated scene objects, reference object "CUBEl" 

Using the same parameter set again, we match the high level scene 
representation with the reference object "CUBElJiEF". 

1 ; solution number 
cpc .5.8.1 

343 ; slate nb 
3 ;nb of nodes matched 
3 ;nb ol arcs matched 
0 ; nb of see arcs inserted 
0 ;nb of see arcs deleted 

1.029SQEtOO ; node diss 
8.67839E-02 ; arc attr diss 
0.00000E+O0 ; arc stru diss 
2.10173E-05 ; rot diss 
0.812 0.583-0.023 ;R matrix 
•0.290 0.437 0.852 
0.506-0.685 0.524 
2.Q1256E-02 ;cost 
26 3 see/ref snatches 
15 2sce/ref 
29 Isce/ re f 

3 faces matched of 3 visible 

2 ; solulran number 
cpc .5.6.1 

283 ; state nb 
3 ; nb of nodes matched 
3 ; nb of arcs matched 
0 ; nb oi see arcs inserted 
0 ; nb of see arcs deteted 

7.71061E-01 ; node diss 
3.36468E-01 ; arc attr diss 
0.0O000E+OO ; arc stiu diss 
2.11B30E-05 ; rot diss 
•0.812-0.583-0.022 ;R matrix 
0.290-0.437 0.851 
•0.506 0.685 0.524 
2.40730E-02 ;cost 
26 4 see I ref ;matches 
15 5sce/ref 
29 1 see/ret 

3 laces matched of 5 visible 

3 ;solution number 
cpc .27.8.1 

372 ; state nb 
3 ;nb ol nodes matched 
3 ; nb of arcs matched 
0 ;nbol see arcs inserted 
0 ; nb of see arcs deleted 

1.D7675E+00 ;nodediss 
2.0579SE-01 ; arc attr diss 
0.O0O00E+00 ; arc Slru diss 
2.13030E-O5 ; rot diss 
•0.023 -0.812 -0.563 ;R matrix 
0.851 0.290-0.437 
0.524-0.506 0.665 

2.48121E-02 ;cost 
26 2 see I ref ;matches 
15 1 see/rei 
29 3 see/re! 

3 faces matched of 3 visible 

fig 9.9: solutions for reference object "CUBE1_REF" 

Statistics 

- ^ - - - L 

— correspondences 

correct 
correspondences 

— relative cost 

solution nb 1 10 

number of states investigated 
CPU time on MicroVAX 3400 |s] 
number of solutions 
best solution at state nb 
cost ratio solution 2 / solution 1 

709 
208,9 

78 
343 

1.2 

225 
28.6 
60 

136 
1.2 

Discussion 

The result confirms the statements of the discussion before: the result is 
again ok, but the difference in relative cost has become much smaller and, 
therefore, the risk of confusion between the solutions is higher. 
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9.3 Multiple non-separated scene objects, single reference oblcct 

The present test is much more delicate. The scene "CUPYRO" (fig 9.10), 
containing a cube which occludes partially a pyramid, has to undergo the 
object recognition process. 

9.3.1 Scene vs. reference object "CUBEl REF" 

First, we apply the reference objects "CUBEl -REF". using the usual 
parameter set. 

fig 9.11: reference object "CUBEI.REF" 
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1 isotuiion number 
cupyf C.6.H.1 

269 ; state nb 
3 ; nb of nodes matched 
3 ;nb of arcs matched 
0 ; nb ol see arcs inserted 
0 ; nb ot see arcs deleted 

1.01357E+00 ;nodediss 
S.16662E-02 ; arc attr des 
O.OOOOOE+OO : arc stru diss 
8.65213E-06 ; rot diss 
0.612 0.5B3 -0.022 ; R matrix 
•0,289 0.435 0.853 
0,507 -0.686 0.522 
1.96176E-02 ;cost 
31 3 see / ref ;ma!ches 
18 2 see /ret 
46 1 see I rei 

3 laces matched ol 3 visible 

2 ; solution number 
cupyr c.6.10.1 

209 ; stale nb 
3 ;nbol nodes matched 
3 ; nb of arcs malched 
0 ; nb ol see arcs inserted 
0 ; nb of see arcs deleted 

7.55167E-0J ;nodediss 
3.29350E-01 : arc attr diss 
G.OOOOOE-tOQ ; arc stru diss 
9.05468E-06 ; rot diss 
-0,812 -0.563 -0,022 ;R matrix 
0.289-0.435 0.653 

-0,507 0.666 0,522 
2.35672E-02 ;cost 
31 4 see I tef patches 
16 5 see / ref 
46 1 see/ rei 

3 faces matched ol 5 visible 

3 ; solution number 
cupyr c.30.16.1 

303 ; slate nb 
3 ; nb ol nodes matched 
3 ; nb ol arcs matched 
0 ; nb ol see arcs inserted 
0 ;nb of see arcs deleted 

1.06403E+OQ ;nodediss 
2.12572E-01 ; arc attr diss 
O.OOOOOE+00 ; arc stru diss 
8.64158E-06 ; rot diss 
-0.023 -0,812 -0.583 ; R malrix 
0.653 0.269-0.436 
0.522 -0.507 0.686 
2.48222E-02 ;cosi 
31 2see/ref ;matches 
16 1 see /rei 
46 3 see / rei 

3 faces matched of 3 visible 

fig 9.12: results XUPYRO" vs. "CUBEl-REF" 

Statistics 

solution nb 1 

— correspondences 

2 . - correa 
correspondences 

- cross 
correspondences 

~ relative cost 

number of states investigated 
CPU time on MicroVAX 3400 |s) 
number of solutions 
best solution at state nb 
cost ratio solution 2 / solution 1 

Discussion 

829 
358 
104 
289 

1.2 

The topmost hypothesis shows matches exclusively with the cube In the 
scene and the hypothesis with the lowest cost is again the correct one. 
Having a look at the statistics, we can see that, for the first ten hypotheses, 
no cross- matches appear, this thanks to the rigidity constraint. 

A look at the number of matched and non-matched scene faces allows to 
establish the hypothesis that other objects are present in the scene. 
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9.3.2 Scene vs. reference oblect "PYRAM2 REP" 

Now. we apply the reference objects "PYRAM2_REF", using the same 
parameter set. 

nga 

1 ;solution_number 
cupyr_p,66.3.1.1.1 

312 ; statejib 
5 ;nb of nodes maiched 
7 ; nb of arcs matched 
0 ; nb of see arcs inserted 
0 ; nb of see arcs deleted 

1.46342EtOO ; node diss 
1.34SBSEtOO ; arc attr diss 
0.0ÛÛÛ0E+D0 ; arc slru diss 
7.02529E-03 ; rot diss 
0.652 0.758-0.017 ; R mal rix 
-0.635 0.55S 0.534 
0.414-0.337 0.B45 

3.51257E-02 ;cost 
53 5 see / ref {matches 
57 4 see/ref 
56 i s t e / r e f 
59 2 see /ref 
54 G see / ref 

5 faces matched of 6 vistile 

13: re fe rence ob jec t " P Y R A M 2 

2 ; solutionjiumber 
cupyr_p .68.11.1.1 

316 ; s t a t e j * 
4 ; nb of nodes matched 
4 ;nbol arcs matched 
1 ; nb of see arcs inserted 
0 ; nb ol see arcs deleted 

l.45639E*00 : node diss 
4.97001E-01 ; arc attr diss 
1.00000E+00 : arc slru diss 
1.09376E-O2 ; rot diss 
-0.724 -0.6Bl -0.109 ; R matrix 
0.490-0.619 0.614 

-0.4B5 0.391 0.782 
3.55908E-02 ;cost 
56 3 see /rei snatches 
57 2 see/rei 
59 4 see/ref 
54 6 see/ref 

* 
4 faces matcned of G vistile 

_ R E F " 

3 ; so(UWn_number 
cupyr_p.68.17.2 

451 ; state_nb 
3 ;nb of nodes matched 
3 : nb ol arcs matched 
0 ; nb ol see arcs inserted 
0 ; nb ol see arcs deleted 

1.152OtEtOO ;no*diss 
4.42384E-01 ; arc attr diss 
O.OOOQOE+00 ; arc slru diss 
1.59872E-02 ; rot diss 
-0.994 0.059 -0.093 ; R matrix 
-0.098 -0.861 0.499 
-0.051 0.505 0.862 
3.B7425E-02 ; cosi 
53 2 see I ref matches 
57 1 see I rei 
54 $ see I rei 

3 faces matched of 6 visible 

fig 9.14: results "CUPYRO" vs. "PYRAM2_REF" 

Statistics 

number of states investigated 
CPU time on MicroVAX 3400 IsI 
number of solutions 
best solution at state nb 
cost ratio solution 2 / solution 1 

688 
242.7 
104 
289 

1.02 
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Statistics (continued) 

^ T \ 

1-|-Vtf^T^-*-1-

— correspondences 

2 . -

solution no 1 

correct 
correspondences 

cross 
correspondences 

relative cosi 

10 

Discussion 

Since the object is partially occluded by the cube, the matching results are 
poorer, but still, the correct match is on the first place. The number of 
cross matches Is again very small. 

A new problem is now how to combine the results of both si nglc-reference-
objcct/multiple-sccne-objects matchings. Pure ordering of the hypotheses 
following the global cost will not be sufficient. 
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9.4 Multiple scene objects and obìect separation 

A next problem to resolve is how to manage the merge of several lists of 
hypotheses on (partial) solution so that multiple objects in the scene can be 
separated and recognized. 

terms 

solution SoI1 = (M1, Rotal i . Costsoij.---} 
A solution is defined a s a record, containing the set of matched nodes 
M, = {....NCRi, NCSJ),...}. the best fitting rotation RotS o l t . the global 
matching cost CostS o i i and other results of the inexact matching 
process. 

list of solutions L)1 = (.... SoI^, •••} 
A list of solutions Lj1 contains the different hypotheses on solutions for 
the inexact match k between a reference representation and a scene 
representation. 

merged list of solutions ML = u Lj4 

A merged list ML of solutions contains all the hypotheses on solutions 
for the inexact matches done between a scene representation and a set 
of reference representation. 

set of compatible solutions SCSq = {.... Soln m ...} where Sol n m e ML 
A set of compatible solutions SCSq contains sets of solutions compatible 
Sol n m . issued from one or more lists of solutions. 

9.4.1 Compatibility of partial solutions 

compatibility of partial solutions in one-one scene reference representation 
matches 

First, we limit ourselves to just one list of solutions. Let us recall a point 
discussed before in § 8.1.3.2, the criterion of compatibility between partial 
solutions out of one and the same list of solutions 1¾. The compatibility has 
to be understood in the following sense: 

If no matched node neither of the reference nor the scene graph 
a p p e a r s s imu l t aneous ly in so lu t ions So l A . So l B , ... and the 
corresponding rotations RotsoiA- ROt50IR, •-• a r e similar, the solutions 
SolA, SolB, ... are said to be compatible and can be merged. 

The compatible solutions can be replaced in the ordered list of solutions by 
one merged solution. This case stands for partial submatches. resulting in 
subsolutions which can be explained by non-idealities in the scene graph, 
leading to situations where the connectivity condition was not fulfilled: the 
scene graph, representing a single object, had been separated (fig 9.15). 
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référence 

fig 9.15: compatible solutions A and B (matched nodes dotted othe 

multiple object scene, single reference object 

In the case of a scene with multiple objects, the matching with a single 
reference object will generally be done by using the ideas from above. 
Clearly, multiple, valuable solutions could occur, using each, partially or 
completely, the same reference model elements for the establishment of the 
correspondences. 

9.4.2 Extraction of compatible solutions 

Having merged partial solutions on the single reference object level, we can 
merge now the lists of solutions Lj1 issued from different reference models 
resulting in a "lowest-cost-first" ordered merged list of solutions ML. 

Again, we extract compatible se ts of solutions which can be interpreted a s 
multiple partial matches with one or several reference objects. 

fig 9.16: graph of incompatibility between partial solutions 

The result can be represented in a graph of incompatibility (fig 9.16) which 
represents mutuai exclusions of solutions The algorithm for the test of 
incompatibility can roughly be described as follows : 

1. take the "best" solution 
A certain number of scene faces will be matched and, since the 
matches are assumed to be correct, are no more available for 
further matches. 
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2. take a second solution 
If one of the correspondences leads to a scene element already 
used before, interpret solutions 1 and 2 as incompatible 
else 

the solutions are compatible 
if one of the correspondences leads to a reference element 

already used before, conclude on the presence of a second object of 
the same shape 

else 
interpret it as a match with a second reference object. 

By this procedure, sets of compatible solutions can be extracted even for 
multiple object scenes. 

Ordering of sets of compatible solutions 

The best set of compatible solutions is the one containing the best, "lowest 
cost" solution. If the number of such sets is bigger than 1, the next best 
solution in each of the sets will be used in the ordering criterion and so on. 

9.4.3 Example XUPYRO" 

We matched the PFRG of scene "CUPYRO" 
"CUBEl R E F and "PYRAM2 REF". 

with the reference PFRGs 

The approach described before and using the graph of incompatibility. 
delivers the desired result , represented In figure 9.17 The "best" set of 
compatible solutions contains the correct match between the reference 
object "CUBEl -REF" and the part of the scene "CUPYRO" representing the 
cube, as well as the reference object " PYRAM 2_REF" and the part of the 
scene representing the pyramid. 

1 ;solution number 
cupyr c.6.14.1 

289 ; state nb 
3 ; nb of nodes matched 
3 ;nbo ' arcs matched 
O ; nb ol see arcs insened 
O ; no of see arcs deleted 

1.01357E+OO 
8.15662E-02 
O.OOOOOE+OO 
8.65213E-06 
0.812 0.583-0.022 

-0.289 0.435 0853 
0.507 -0.686 0.522 

1.96176E-02 
31 Ssce/ref 
18 2sce/ref 
46 1 see/ret 

; node diss 
arc atti diss 
arc sifu diss 

; rat diss 
; R matrix 

;cost 
•,matches 

3 faces matched of 3 vistile 

1 ; sotuton_number 
cupyr_p,68.3.1.1.1 

312 ; state_nb 
5 ; no of nodes matched 
7 ; nb of arcs matched 
0 ; nb oi see arcs inserted 
0 ;nb of see arcs deleted 

1.46342E400 
1.34588E+00 
0.MOO0E+00 
7.02529E-03 
0.652 0.75B -0.017 

-0.635 0.558 0.534 
0.414-0.337 0.845 

3.51257E-02 
53 5sce/ref 
57 4 see/rei 
56 I s ce / r e l 
59 2sce/ref 
54 Esce/ret 

; node diss 
; arc attr diss 
; arc stru diss 

; rot diss 
; R matrix 

;cos1 
;malches 

5 faces matched of 6 visible 

fig 9.17: extracted set of compatible solutions, "CUPYRO" vs. "CUBEl -REF' and 
"PYRAM2 REF" 
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9.5. Conclusions 

In the present chapter, we have shown how to handle the problem of object 
recognition, t reat ing first the cases single/multiple scene objects and 
single/multiple reference object separately. 

fig 9.18: prediction of the frontier between matched scene objects 

The result shows that for non-occluded scene objects, the correspondences 
between scene objects and references have been established correctly. 
Combining the results of the matches with all reference models while 
checking for compatibility allows to recognize multiple objects in a scene, 
allowing also to separate the scene objects (fig 9.18). 

With our choice of high level representation and correspondence search 
enter ions, the reliability of the correspondences decreases rapidly in the 
case of partially occluded objects. The results mus t be enhanced, either by 
further (low level) verification or by the use of richer data in both high level 
representation and correspondence search criterions. 
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10, Conclusion and outvlew 

Conclusion 

In the present work, a 3D object recognition system has been presented 
which acquires raw 3D data, extracts a dense high level representation and 
matches it with models contained in a reference library. The results are 
partially verified hypotheses on the identity of the objects in the scene and 
their respective orientation. 

The implementation of the system has been discussed module by module, 
according to the frame shown in figure 10,1. In its present form, it is 
restricted to objects delimited by planar surfaces, this according to the 
problem definition of § 1.3. 

Most of the non-overlapping parts have been recognized correctly. Attempts 
to use the system for object separation and recognition in multiple scene 
environments have been made with success. 

data acquisition 

scene data 

_L_ model library. 

•!^passive vision\^(active vision\ ;: Mothers)*! 

rnrnmEammm 
it low level preprocessing Xf-

T 

t 
construction of 
artificial objects 

learning JgS 

ijfCAD systems } * | £ f o t h e r s J;jä|s 

representation transformation 

a priori knowledge. 

,representation matching \ MT ' usrifiratinn • 

1 E 
) 

Voptional localization. 

Hi 
object, orientation, position 

fig 10.1: a frame for an object recognition system 

X-I 



The most important contributions of the author arc in the following two 
domains: 

i) "inexact matching", development of the method inc luding 
heuristics, and 

ii) implementat ion of a complete 3D object recognition system 
including da ta acquis i t ion , da t a preprocess ing, high level 
representation matching and verification. 

Outview 

Despite the good results the research cannot be considered as terminated 
and a lot of features must be subject to further investigations. According to 
the frame of fig 1.10. we will pass through the different s teps and discuss 
points which should be improved or newly considered in a future work. 

data acquisition 

A first aim is to create less ambiguous input data. Wc have seen before that 
the quality of the data has a big importance on the results, but also on the 
choice of at tr ibutes available for search tree pruning and distinction of 
hypotheses on solut ions in our match ing problem. The following 
enhancements should be considered: 

i) extension to higher order surfaces 

An extension of the surface smoothing method from planes to curves of 
higher order allows to use the order and type of surface as attributes in 
the subsequent representation and, therefore, also for the matching 
|Bes88], [Tie90]. 

Ii) reconstruction of borders from smoothed surfaces 

The possibility to describe surfaces by curves of higher degree allows 
also the reconstruction of region borders and hence a more precise 
determination of region attributes (e.g. surface area). Additionally, real 
borders can be distinguished from borders which are due to occlusions, 
an important indication when determining the reliability of the 
attributes extracted (e.g. border length, surface area. ...) |Osh87]. 

high level representation 

The matching results obtained with the dense high level representation 
PFRG are rather good. Nevertheless, for complex scenes and less reliable 
input data, it would be interesting to extract some additional attributes from 
the lower level representation, following the ideas mentioned. A measure of 
reliability, mentioned before, could be Integrated, too, being useful in the 
later matching steps. 

dissimilarity measure 

The high level representation matching leads generally to a set of (verified) 
hypotheses and not to a unique solution. Therefore, the measure of 
dissimilarity has , beside the searchtree pruning criterlons, a second 
Important application, the one of the selection of the best matching 
hypothesis. 
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Therefore, the rules for the computation of dissimilarities, but also their 
combination to a global dissimilarity value, needs some more investigations. 
Of particular interest are t) the dissimilarity measures themselves, ii) the 
combination rules, Ui) the weightings and iv) criterions which allow to judge 
"locally" if a measure is useable or not (confidence). 

matching 

With the results shown, we estimate that the basic inexact matching method 
does not need to be changed. The related aspects "compatibility of partial 
solutions" and "combination of partial solutions" are of much more interest 
since they allow to recover from more important acquisition and matching 
non-idealities. Some propositions for future work have been made in 
paragraph 8.1. 

verification 

We limited the verification to data of the highest level of representation. 
Using the PFRG representation, further work could be done on a medium 
(e.g. smoothed surfaces) and low level (e.g. depth map) of representation. 
This allows, beside the verification of the hypotheses , to realize the 
localization task. 

object separation 

In chapter 9, "recognition", we have seen that multiple scene objects can be 
separated and recognized despite a partial occlusion. An only partially 
resolved problem is the comparison of the sets of hypotheses we get from 
the matching step. 
For the most forward object, we will have good results, where for partially 
occluded objects the dissimilarities determined will rapidly grow. The main 
problem is to distinguish between incremented dissimilarities due to bad 
matching and incremented dissimilarities due to partial occlusion. This 
underlines the importance of a measuring of reliability on the attr ibutes, 
proposed before in section "data acquisition" and "high level representation". 

reduction of the computational effort 

Despite the big advancements made in computer technology, computation 
time is still crucial, specially in search algorithms. The following points 
would merit further investigations: i) the algorithm for the search of inexact, 
structural matches, ii) the tree pruning criterions (reduction of the number 
of states to check), iii) the internal data structure and iv) the computation 
rules applied (e.g. determination of global dissimilarity, hypotheses on 
rotations. ...). 
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final conclusion 
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fig 10.2: the final goal in 3D object recognition 

As a final conclusion, we can state that the domain of 3D object recognition 
and inexact matching is very complex, offering no general solution capable 
of handling very different cases. A big amount of work is still necessary In 
order to achieve the final goal of 3D object recognition (fig 10.2). 
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