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Abstract 

Until the beginning of the eighties, optical systems were composed of classical elements 

such as lenses, mirrors, and beamsplitters. Thanks io spectacular improvements in the 

microelectronics manufacturing, it. became possible to realize structured surfaces with fea­

ture sizes comparable to the optical wavelength. This enables the realization of elements 

with novel properties. Therefore, the accurate modeling of the interaction of light with 

such optical microstructurcs became necessary. The present work gives an overview of 

the author's contributions to the fields of electromagnetic optics, micro-optics, diffractive 

optics, near field optics, and optical metrology. 
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Chapter 1 

Introduction 

Until the beginning of the eighties, optical systems were composed of classical elements 

such as lenses, mirrors, and beamsplitters. Thanks to spectacular improvements in the 

microelectronic manufacturing, it became possible to realize structured surfaces with fea­

ture sizes comparable to the optical wavelength. This enables the realization of elements 

with novel properties. Therefore, the accurate modeling of the interaction of light with 

such optical microstructiires became necessary. 

The present work gives an overview of the author's contributions to the fields of electro­

magnetic optics, micro-optics, difFractivc optics, near field optics, and optical metrology. 

Part of the work has already been published. The following papers are in the appendix 

of this thesis: 



2 CHAPTER I. !NTROI)VCTiON 

[A.I] P. lìlathicr, H. I1. Herzig, and R. Dändliker. "Scantling near-field optical microscopy: 

transfer function and resolution limit". Opt. Coinni., 155, 245-250, (Ì99S). 

[A.11] P. Blattner and H. P. Herzig. "Rigorous diffraction theory applied to microlenses". 

J. Mod. Opt., 45(7), 1395-1403, (1998). 

|A.IIi] P. Blattner, H. P. Herzig, K. J. Wciblc, J. M. Tcijido, H. J. IIeimbcck, E. Laiigen-

bach, and J. Rogers. "Diffractivo optics for compact space communication termi­

nals". J. Mod. Opt., 43(7), 1473-1484, (1996). 

[A.IV] P. Blattner, H. P. Herzig, and S. S. H. Naqvi. "Scanning spot metrology for testing 

of photolithographic masks". Opt. ling., 23, 2425-2427, (1995). 

[A.V] P. Blattner, S. S. H. Naqvi, H. P. Herzig, and P. Ehbcts. "Diffractive structures for 

testing nano-metor technology". Microclectr. Eng., 27, 543-546, (1995). 

The thesis is structured as follows: 

Chapter 2 provides a short review of the mathematical treatment of optical fields in 

general, The specific results will be used in later chapters. Chapter 3 outlines the grating 

diffraction problem. I show that it is important to use rigorous diffraction theories, if 

the structures are in the order of the optical wavelength. I present the Fourier modal 

method as a suitable tool for solving the grating diffraction problem. Furthermore, 1 ex­

tend the existent; Rayleigh method and the Waterman approach to dielectric surface relief 

structures. Introducing approximate theories helps to understand the complex problem 

of light-matter interaction. Chapter 4 introduces the concept of transfer functions for 

linear systems. With this concept, complicated optical systems can be modelled. As an 

example, a novel approach to understand the optical behavior of the scanning near field 

optical microscope (SNOM) is presented. 1 emphasize that for a good SNOM, the transfer 

functions representing the capability to convert evanescent waves into propagating waves 

has to be optimized, rather than the overall throughput. Chapter 5 applies the methods 

introduced in the previous chapters to different important cases. In particular, the near 

field and far field of m'lcrolcnses and slit apertures are investigated. Furthermore, we dis­

cuss properties of phase singularities created by optical microstructures in detail. Phase 

singularities are isolated points of zero amplitude, hence the phase is not determined at 

t hese points. These points are well localized. Therefore, measuring their position can give 

information about the object (shape, index of refraction, etc.). Chapter 6 gives examples 

of the application of optical microstructures in the field of intcrsatellito laser communi­

cation systems and in optical lithography. Chapter 7 deals with the metrology of optical 

microstructures, We introduce two fast, non-destructive methods to characterize surface 
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relief gratings. Furthermore, we review the concept, of resolution and explain apparent su-

perresolution in interference microscopy. I present empirically that electromagnetic waves 

exhibit, similar behavior than those observed in fluids: For smooth and thin structures, the 

phase field shows a laminar flow. If we increase the thickness, phase singularities appear 

and the system becomes turbulent. Chapter 8. finally, summarizes the conclusions of this 

thesis. 



CHAPTER 2. THEORETICAL BACKGROUND 

Chapter 2 

Theoretical background 

2.1 Three dimensional vector fields 

2.1.1 Maxwell equations 

The behavior of electromagnetic field is totally described by the Maxwp.lt equations, viz. 

V x E + B = 0 , (2.1) 

V x H = j + D , (2.2) 

V D = pt (2.3) 

V B = 0 . (2.4) 

liquations (2.1) and (2.2) arc vector equations. 2.3 and 2.4 scalar relations. E is the electric 

field, H the magnetic field, D the electric displacement, B the magnetic induction, j the 

electric current density, and p the electric charge density. Maxwell equations describe the 

interrelation between these different fields. The standard units of the physical quantities 

arc resumed in Tab. 2.1 

2.1.2 Material equations 

I or linear isotropic, materials the general relation between the electric field and the electric 

displacement; is 

D = r0fE , with co = 8.85 - IO"12 AsV^m^ , (2.5) 

[E) = V m " ' : [D] = As m~2 , [j\ = A m" a , 

[W] = ZIm- 1 , [Ii]=VSm.-7 , [p] = Asm-a. 

Table 2.1: Units of the different, physical quantities 

Maxwp.lt
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where c is the electric permittivity of the medium. A similar relation holds for the magnetic 

field and the magnetic induction 

B = / / o / i H , with / ( 0 = <1JT-10 -7 l ^ / r S i i - 1 , (2.6) 

/i is the magnetic permeability and equal to 1 for non-magnetic materials. 

2.1.3 Boundary conditions at a surface of discontinuity 

Maxwell's equations were only stated for regions of space throughout which the physical 

properties of the medium ( i.e. c and ft) are continuous, in micro-optics a lot of elements 

contain abrupt boundaries between two media. I'he properties of the field vectors across 

such discontinuities are described by boundary conditions. Let, n ] 2 be a unit vector normal 

to the interface separating two media. The following conditions are valid [Jj: 

U u - ( B 2 - B O = O1 (2.7) 

i.e. the normal component of the magnetic induction is continuous across the surface of 

discontinuity. 

Uw[D2-D1)= ps, (2.8) 

i.e. tri the presence of a layer of surface charge density p$ on the surface, the normal 

component of the electric displacement changes abruptly across the surface, by an amount 

equal to />$. 

H 1 2 X ( E 2 - E O = O, (2.9) 

i.e. the tangential component, of the electric vector is continuous across the surface. 

i i , 2 x ( H 2 - H 0 = J 5 , (2-10) 

i.e. tri the presence of a surface current density j ,s, the tangential component of the 

magnetic field vector changes abruptly by js x "12-

Wc are mainly interested in dielectric materials (p = 0, j = 0). Thus all right hand 

terms of lüqs. (2.7) - (2.10) are zero. The corresponding components of the electric and 

magnetic field vectors arc continuous through the interface. 

2.1.4 Poynting vector and energy density 

If we form the scalar product of H with the first Maxwell equation Eq. 2.land of E with 

the second Maxwell equation IHq. 2.2 and subtract both results we obtain 

H (V x E ) - E ( V x H) = - E D - H B , (2.11) 
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this gives 

V(E x H) = - £ | - (E • D + H • B ) . (2.12) 

The unit of the scalar products inside the parenthesis of the right side of Eq. (2..12) arc 

joules per cubic meters ([ED] = [BD] = Jm'3). We therefore write 

V S + - . u = 0 , (2.13) 

where w is the energy inside a. unit volume associated to an electromagnetic field. Written 

in terms of (he electric energy density vi, and the magnetic energy density «)ra 

I« = m,. + Wn,, with (2.H) 

w, = I E D , and wm = \ B • H . (2.15) 

The power flow in electromagnetic fields is described by the Poynting vector 

S = E x H . (2.16) 

The physical interpretation of | S | according Eq. (2.13) represents the amount of energy 

\v h ich crosses per second an unit area ([S] = J.i^m'2). Hy definition S is always per­

pendicular to E and H. 

2.1.5 Wave equations 

Using some elementary vector analysis it, is possible to decouple the field relations de­

scribed by the Maxwell equations. Tor linear, isotropic, but (dielectric-) inhomogeneoiis 

media {r. = c(r)) it results 

AE - c0c(r),toiiË = -V ( E ~ ^ ) , (2.17) 

and 

A H - cac(r)ftoitH = - ^ ~ x ( V x H ) . (2.18) 
c(r) 

Equations (2.17) and (2.18) are the inhomngcncous wave equations for E and H. The 

different field components are coupled through the inhomogcncity of the material (Vr(r) =£ 

O)-

2.1.6 Time harmonic fields 

We are mostly interested in time harmonic, monochromatic fields, l'or this purpose, the 

complex vectors Ew and H „ arc usually introduced. The physical fields arc then the real 
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Figure 2.1: Fleet rie field distribution of an converging wave at a) t — 0 and b) t — *u; ' . 

parts of complex vit tors, namely 

E ( r J ) = I teJE^lrJe- ' -"} , (2.19) 

H(r , f ) - l { e { H ^ ( r ) e - ^ } . (2.20) 

In the complex vector notation the time propagation is therefore included in the phase of 

the vector, i.e. it is sufficient to add u>< to the phase of the calculated E^ to find the field 

E(r,f). 
For illustration, let us consider one component of a converging electric wave created by 

an optical microstructiires (for more details see Sec. 5). Figure 2.1 a) shows the calculated 

electric field at t = 0. The field at t = fuT1 (Fig. 2.1 b) is then found by simply applying 

Kq. (2.19) the calculated complex field of Fig. 2.1 a). 

With the introduction of the complex field vectors, the first two Maxwell expiations 

Eqs. 2.1 and 2.2 simplify to 

V x E , = - icc / io^H, , (2.21) 

V x H , = +iwcofE,. (2.22) 

The third and the fourth Maxwell equation Eqs. 2.3 and 2.4 are now also fulfilled by the 

Fqs. (2.21) and (2.22), because of V ( V x ) = 0. Furthermore, this two equations imply 

that the magnetic field can be deduced from the imaginary part of the complex electric 

field, and visa versa. 

H( r . r ) = — V x l m { E l ( r ) e u } , (2.23) 

E(r.t) - - V x I m ( H U r ) M . (2.24) 
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I1IiR lime, averaged energy densities are related to the square of the magnitude of the 

complex fields, 

< to,. > = -C0ClEJ2 , and < wm > = - / i 0 / * | H j 2 . (2.25) 

And finally, it can be shown that the lime, averaged Poynting vector is expressed as 

< S > = I R C { E W X H ; } . (2.26) 

Using I3q. (2.13), it follows that the divergence of the time averaged Poynting vector is 

zero, viz. 

V < S > = 0 . (2.27) 

The beauty of describing a time harmonic field by a. complex vector is that, the time 

averaged energy is the absolute value of the vector, that, the time (and space) propagation 

is included in the phase of the vector, that the physical field is the real part of the vector, 

and that the complementary field can be deduced from the imaginary part, of ihr. vector. 

2.2 Two dimensional geometry 

In the present work, we will only treat two dimensional geometries. The grating vector 

is chosen to be parallel to the surface. Furthermore, the media, and the fields shall not. 

vary in the y-direction. For these geometries wc can distinguish two different fundamental 

cases where (he in homogeneous wave equations li)qs. (2.17) and (2.18) become particularly 

simplified. 

If the electric field is parallel to the y-axis (which is called TE-polarizatioii). the vector 

wave equation (Eq. (2.17)) for the electric field becomes a scalar equation. Furthermore, 

the scalar product on the right hand side of Rq. (2.17) is zero. Applying the complex 

representation introduced in Sec. 2.1.6 yields 

At/(r) + *oV(r)t/(r) - 0 , with ^ = c0/<0/'w
2 = (2TT/A)2

 : (2.28) 

where U = E11, • y is the scalar representation of the (complex) electric field and A is the 

free space wavelength, liquation (2.28) is the inhomogcneous lidmhottz equation for the 

electric field in ' repolarization. 

If the magnetic field is parallel to the y-axis ( TM-polarization) the situation is some­

what more complicated. Due to the dielectric inhomogcneity. the right hand side becomes 

different from zero, viz. 

Al ' ( r ) + kl<{T)V{r) = c( r ) - ' Vc(r) V l ' ( r ) , (2.29) 
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where V = H11, • y is the scalar representation of (complex) magnetic field in TM-

polarization. The right hand side of ISq. (2.29) can give rise to some problems, especially 

if tlie gradient of the permittivity is singular (for example in tlie case of a dielectric surface 

relief structure). 

2.2.1 Poynting vector in two dimensional geometry 

We have already scon that the time averaged Poynting vector < S > is the real part of the 

vector product of the complex electric field and the complex magnetic field (Eq. (2.26)). 

In addition, the magnetic field is contained in the imaginary part of the complex electric 

field (ISq. (2.23)). In two dimensional geometries these relations allow to express < S > 

for the TE-polamatron as 

<S >TE = ~^-\ie{U(r)VU-(r)} . (2.30) 

Similar considerations are valid for tlie TM-polarJKation. thus 

< S >TM = ——Rc{V(r)W*(r)} . (2.31) 
ZUJC.QC 

Writing the complex field in amplitude and phase. 

U = ATE*?*™ . and V = ATMeii,TU , (2.32) 

and introducing it into ISq. (2.30) and ISq. (2.31), respectively, yields 

< S > T ß = — — A T B V f a E , for TIS, (2.33) 

< S > ™ = T - ! — A2
TU V M / for TM . (2.3<l) 

The Poynting vector is therefore always orthogonal to the phase contours of the complex 

fields. The absolute vaine of < S > is proportional to the square of the amplitude of 

the fields and the gradient of the phase. In ray optics. C(r) = & - 1^(r) is called Eikonal. 

The gradient, of the ISÌkonal VC indicates the local propagation direction of the individual 

rays. Equations (2.33) and (2.33) confirm that the time averaged Poynting vector (and 

therefore the energy flow) is actually parallel to the gradient of the ISikonal. 

The electric energy densities in TIS and the magnetic energy density Sn TM become 

< wK >TE = -cfo^j-B , and < «;m >TM = -W'QATM . (2.35) 

For illustration, let us consider one part of the field of Fig. 2.1. Figure 2.2 a) shows the 

square of the amplitude of the complex electric field ATB. In Fig. 2.2 b) the phase and 



Kl CUM'III! 2. IHEOItKTICAL IiACKGROVNI) 

Figura2.2: a) Square of the amplitudeofacomplex electric field. I)) Phase and Poynting 

vector of the same field. 

the l'ovili ini1, vector are present.«**!. The lines rorrespt)nd the a contour phase plot, the 

distance between two neighbor lines is n/'\ and between the thick lines 'lit. The Poynting 

is (arrows) are always orthogonal to the phase lines. Their length is proportional to 

the local intensity (energy flow density). 

Note that it is possible that the length of the Poynting vector is zero at a certain point 

even if the electric energy density is not zero. At this points the phase gradient is zero, 

the field amplitude however not. We will discuss this interesting point later when we are 

considering phase dislocations (Sec. 5.3). 

Furthermore, Eq. (2.30) and Kq. (2.31) are in general more appropriated for the dé­

termination of the Poynting vector than Eq. (2.33) and Eq. (2.34). The latter equations 

include the phase of the complex fields. The determination of the (unwrapped) phase 

may be not trivial (or even impossible in the case of phase singularities). 

Finally, in two dimensional geometry, the curl of the Poynting vector is always zero. 

V x S = O, whereas the curl of the time averaged Poynting vector is usually different 

from zero. It can be shown that in two dimension geometry this vector points always in 

the y-direct ion, viz. 

V x < S >TF= à™. \d,<frR i)T,\TF - dT4>O1A7E] y, 
" W (2.36) 

V x < S >TM = \d,<t>TM ÖXATM - dTd> Ö.ATM] y • 

The curl of the time averaged Poynting vector contains the information about how tur­

bulent a field is. It is an alternative mathematical description of the topography of a 

time harmonic electromagnetic field. VVe will see that V x < S > is different from zero 
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at phase dislocations, whereas it is always zero at saddle points (see Sec. 5.3). To our 

knowledge, this important difference between the atri of the Poynting vector and the curl 

of the time averaged Poynting vector has not yet been discussed in open literature. 

2.3 Homogeneous media, plane waves 

For homogeneous regions the flelmholtz equations simplify to 

A(/(r) + t£c(J(r) = 0 , (2.37) 

AV(r) + klcV(r) = 0. (2.38) 

There exist an important set of solutions: the plane waves. They are characterized by 

their wave vector k = (kx.kz) indicating the direction of propagation of the wave. For a 

two dimensional geometry, piane waves arc represented by 

(/(r) = ti c ik r = UeXp[U1T + i M , (2.39) 

Introducing liq. (2.39) into the llelmholtz equation Fq. (2.38) imposes for the projections 

of the wave vector the relation 

kl + hi = \k\2 = k2
0c. (2.40) 

liquation (2.40) implies that the length of the wave vector is fixed by the permittivity of 

the medium and the wavelength. Thus, the wave vector has to be on a sphere (resp. a 

circle in two dimensional geometry) of radius A-0n, where n = -Jc is the refractive index 

of the homogeneous medium. This sphere is referred to as the Ewald sphere [2]. Only 

one of the two components of the wave vector can be chosen independently. One of the 

consequences is, that there exist two different kinds of plane waves. If 

kl < k2
0c, (2.41) 

the second component kz is real. We get a homogeneous or propagating plane wave which 

has a constant amplitude u. If 

kl > k*c, (2.42) 

the second component kz becomes imaginary. Equation (2.39) rewrites as 

l/(r)-«cxp[iAva:]cx|>[±7*], with 7 = ikz = ^JbJ - Age . (2.43) 

VVe get tnhomogcneous or evanescent waves. The physically meaningful sign in the expo­

nent of Kq. (2.43) is determined by the geometry of the problem. In any case the field at 
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infinity has to be finite. Evanescent waves are characterized by an exponential change of 

their amplitude. The penetration dr.pth 

~V/ = 2 ^ 7 = 2 ^ - * ¾ - ' ' 2 , (2.44) 

is proportional to the inverse of 7. For large hT the penetration depth zeff is in the order 

of 2ir A-"'. 

Note that, the 1'oyntitig vector associated with an evanescent wave is always parallel to 

the x-axis ( V ^ = (A^1O1O)), i.e. there is no energy transport, in the ^-direction. Evanes­

cent. waves play an important role in the interaction of light with optical microst.nict.tires. 

2.4 Discussion 

In this chapter, we established the basic notions for the mathematical treatment, of op­

tical fields. Wo outlined the advantage of introducing complex vectors to describe time 

harmonic fields. We showed that the înhomogencous wave equation is more complicated 

for TM-polarization than for Tlvpolarization, especially if there are discontinuities in the 

permittivity function. We introduced the curl of the time averaged Poynting vector and 

showed that it. indicates how turbulent a time harmonic electromagnetic field is. And 

finally, we showed that transverse field variations that, are smaller than the wavelength 

give raise to exponentionally damped, and non-propagating (evanescent) waves. 

microst.nict.ti
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Chapter 3 

Interaction theories 

Fourier Modal Methods, Sec. 3.3 

Rayleigh hypothesis 

Rayleigh approximation, Sec. 3.2 

local points 

Waterman method, Sec. 3.4.1 

large periods 

Thin element approach. Sec. 3.4.2 

Figure 3.1: Different interaction models discussed in this chapter. 

This chapter treats different theories of interaction of light with periodic optical mi-

crostructurcs (Fig, 3.1). A good overview of different integral and differential methods 

applied to grating structure has been presented by P E T I T [3]. 

Here, we discuss in the first section some basic properties of all surface relief grat­

ings. In Sec. 3.2 the well establish Rayleigh method is reviewed and applied to dielectric 

gratings. In Sec. 3.3 two different rigorous diffraction models arc presented. Both are 

differential methods. The last section of this chapter (Sec. 3.4) outlines different approxi­

mated methods including the Waterman method, the thin element approach and a second 

order effective medium theory. 
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Figuro 3.2: Setup for the grating diffraction problem. 

3.1 Grating diffraction problem 

Tlie grating diffraction problem can be formulated as follows: Given a periodic surface, 

delimiting the apace into two homogeneous regions. What is the tight field emerging from 

the. structure if the surface is illuminated by a plane wave? To answer this question 

different approaches have been proposed in the open literature. Let us first resume some 

basir, properties common to all surface relief grating structures. 

The grating surface profile is described by a periodic function z = f(x) = f{x + A). 

For commodity, we separate the space into three different regions (see Fig. 3.2): Two 

homogeneous region Si and Sm, characterized by a permittivity c; and cm, respectively, 

and an ïnhomogeneoiis region which includes the periodic surface modulation for zm-,„ < 
z < -Zmnx- The field in the first region may be written as a sum of the incident, field /£o(r) 

and the reflected field Er(r). The field in the third region is the transmitted field E,(r). 

viz. 

G,(r) = E0(r) + Er(r) , and Em(r) = E,(r). (3.1) 

]/Ct us suppose that the incident field is an infinite plane wave 

E0 = cin°'+iß<>'. (3.2) 

Equation (3.2) and the periodicity of the geometry suggest that, the reflected and the 

transmitted fields are also periodic in the i-direction, i.e. they can be expressed as 

Fourier series 

J?r(r) = J°°* £ „„(*)«:-'"** = £ Vn(Z)C^' ,_ K=^x (3-3) 

Et(r) = e"** Y. WnW*** = E «'»(*)*'*"* , (3.4) 
n n 

with 

Ctn = a0 — iiK . (3.5) 
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If we insert Eq. (3.3) into the Helmholtz equation Eq. (2.2S) we find that 

- ^ + {k2c, - ol)vn = 0 , and - — + (k2(-m - c,2n)wn = 0 . (3.6) 

The general solutions of Kq. (3.6) are 

vn(z) = AnJ"'-"' + IinC,-''13'"' , with A,„ = ^ ! c , - ^ , (3.7) 

wn(z) = CnC*'-' + Dne-i0t"*, with &,« = y/k?r.m - o2
n . (3.8) 

We see that the reflected and tlie transmitted field consists of superposition of plane waves. 

The direction of propagation are given by the grating period. From the physical point of 

view the reflected field can only consist of backward traveling waves and the transmitted 

of forward traveling waves, i.e. An = 0 and I)n = 0. We finally find the general expansion 

of the reflected and transmitted field (called liayle.igh expansion), defining Iin = Bn and 

Tn = Cn.. 

fîr(r) = Y, RnCian'-ipì-"* , for z < min f(x), (3.9) 
n 

E,(r) = YTne
ia"x+i3l'"! , for z > m a x / ( x ) . (3.10) 

Considering Eq. (3.9) and Eq. (3.10) we recognize that solving the grating diffraction 

problem means determining the complex amplitudes of the reflected and transmitted 

waves Rn and Tn. 

In most cases, we are interested in the diffraction efficiency, that is the energy flux 

associated to every diffraction order. Based on the definition of the Poynting vector, 

Eq. (2.16), we define the diffraction efficiencies of the nth reflected and transmitted wave 

as 

V«,„ = R e ( Z W ^ ) U U 2 = (3.11) 

JjTV1 = C iU{ß2Jß0}\Tn\
2, (3.12) 

where 
1 for TE-polarization 

(3.13) 
for T M-poi ari nation 

(•in 

The real part of the ^-projection is taken to exclude evanescent waves. They do not 

contribute to the diffraction efficiency. It is obvious that for non-absorbing materials (i.e. 

dielectric materials) the sum of all diffraction efficiencies should be equal to I1 viz. 

X>H,n + '?7,n = 1 - (3.14) 
n 

Equation (3.H) expresses the fundamental law of energy conservation. It is also useful, 

or even necessary, to verify the validity of Eq. (3.H) for the different diffraction theories. 

C = 
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3.2 The Rayleigh method 

bet us turn back to the grating diffraction problem. Historically, I^ord Rayleigh introduced 

a first approach at the beginning of the century for reflection gratings [4\. During almost 

60 years no contradiction to this approach has been found. With the introduction of 

modern numerical computation tools failure of the method has been found especially for 

deep grating structures [5]. Different papers discuss the validity of the Rayleigh method 

for sinusoidal [6] and general periodic [7, 8, 9, 10. II, 12, 13, 14, 15] surfaces. Different 

methods have been proposed to improve the convergence [16]. It has generally been 

accepted the llayleigh method is neither always wrong nor always valid. Of course this 

constraint limits the application of this method. On the other hand, the method is very 

easy to understand and to implement. We present it from a numerical analysis point of 

view. We apply it to the case of dielectric surface relief gratings, which is not, treated to 

our knowledge in literature. 

The Rayleigh method is based on the following hypothesis: The Rayleigh expansions, 

Eq. (3.9) and IUq. (3.10), are not. only valid in the two homogeneous region Si and Sm 

but also inside, the modulated region. Therefore, wo can write 

/?,+ = ci*o*+»A« -I- ̂ n RnJ""1-^-"' , for z < f(x), (3.15) 

Em* = E n y ; « ^ - * + ' * - ' , for , > f(x). (3.16) 

Note that the only difference to IUq. (3.9) and Eq. (3.10) is in the domain of definition of 

the functions. On the grating surface the fields have to satisfy the boundary conditions 

K7+(X1*) - tf,m(*,*) = 0 , V * , * € ? , (3.17) 

-^/?,+ («,*) - C ^-EIil+{x.z) = 0, V T . Z É P , (3.18) 
an an 

where C is again given by Eq. (3.13). The grating diffraction problem can now be re­

formulated as follows: How do we have to choose the amplitudes of the reflected and 

transmitted waves (Eq. (3.16) and Eq. (3..16)) in order to best satisfy the boundary condi­

tions (Eq. (3.17) and (Eq. (3.18)). The grating diffraction problem is therefore equivalent 

to a parameter optimization. The merit functions to be minimized is the errors made in 

the boundary conditions, viz. 

A-? = J \EI+(x,z)-EIj„(x,z)\2dti (3.19) 

-L * „ A, ; , ( ( V . ) -^ E ,„ ( ( V ) ' d/ . (3.20) 

For numerical implementation the boundary is sampled at M different points. Further­

more, we limit the number of reflected and transmitted waves Hn and Tn to N (including 
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propagating and evanescent, diffraction orders). We therefore get M equations of type 

Eq. (3.17) and M equations of type Bq. (3.18) with 2Af unknowns. The nice thing is that 

these equations are linear in Iin and Tn , hence, we can write the boundary conditions in 

matrix form 

M 7 R + M m T = b , , 

N ' R + N m T = b a . 

(3.2.1) 

(3.22) 

In the first equation the matrices M ' and M " ' are according the first boundary condition 

Kq. (3,17) given by 

M 

= eXp(ÌQ„Xm - \ßl,nf(xm)\ , 

= - CXp[JanX1n - i/?2,n/(*m)] , 

and the vector O1 by 

{ b , } n i = -exp[ iû-0 : rm + \ßof(xm)\ • 

(3.23) 

(3.24) 

(3.25) 

The second equation includes the field derivative normal to the boundary surface. It is 

not difficult to show that for a. general plane wave u — cxp(iax + \ßz) this field derivative 

can be expressed as 
dw _ -of + ß 

The matrices N ' and N ; " are therefore given by 

K.m = ( - < v f ( * m ) + / 3 i . n ) OXp[IanX111 - i / 3 , , „ / ( x m ) ] , 

K'L = (onf(xm)-ßitn) cxp[ion*m - i & | n / ( x m ) j , 

and the excitation vector b j by 

{ b 2 } m = [o0f(xm) + ßn) cxp[\a0xm + \ßnf{xm)}. 

(3.26) 

(3.27) 

(3.28) 

(3.29) 

Due to the linearity of the problem, the optimization problem is simplified. In numerical 

analysis, problems of this type is referred to as the general linear least squares method [17]. 

The general form is 

!,(x) = 2 > * A ' * ( z ) , (3.30) 
1:=1 

where a* are the parameters to I)C determined, A' i (x) , . . . ,XM(X) arc the basis functions. 

In our case 

Ok = 
Tn 

and XJx-,) = 
M ' M ' " 

N ' N m 
(3.31) 
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The figure of merit for this linear model is 

A'2 = E Vi - E Qfc**(*<) (3.32) 

Equation (3.32) is nothing else than the approximation of the integrals in Eqs, (3.19) and 

(3.20). It can be shown that the best set of parameters in the sense of \ 2 is given by [17] 

«, = EC jh E»**<*0 
t=i Li=I 

where Cjk is the covariance matrix defined by 

Cik = [«}ji, with \Q)ik = ZXi(*t)Xk{xi)-

(3.33) 

(3.31) 

In most modern high-level computer languages (such as M A T L A B ™ ) the general linear 

least square method is a single line command, namely 

» a = X \ y 

That is the reason why the numerical implementation of the liaylcigh method is straight­

forward. 

3.2.1 Validity of the Rayleigh method 

Once we have found the best set of parameters (in our case the best fitted complex 

amplitudes of the plane waves) it is important to check ils validity. For the Rayleigh 

approach, there exist two straightforward methods for this purpose. First, from the 

physics point, of view, it is clear that the energy has to be conserved for dielectric materials, 

see Eq. (3.H). We therefore define an error in the energy conservation law as 

1 - E('?R." + Vr,n) (3.35) 

Second, from !he mathematical point of view we have to verify the goodntiss-of-fit. of the 

model. For this purpose we introduce [17] 

G = 7W2,.V72), (3.36) 

where f{a,x) is the incomplete gamma function and v the degrees of freedom in the 

fitting model (i.e. w = N — M). If Q is close to zero for a. set of data, then it is most 

probable that the model is correct. In terms of Rayleigh method this means that the 

plane wave expansion of the fields inside the modulation is correct. If Q is close to 1, the 

mathematical model is likely to be wrong. 
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figure 3.3: Sinusoidal grating. 

•"»»S 

Figure 3.4: Region of validity of the Itaylcïgh approach for a sinusoidal surface relief 

grating, a.) the energy conservation error and 1>) the goodness-of-fU are reported. 

E x a m p l e Let us look at, a sinusoidal surface relief grating of period A and height h 

(Fig. 3.3). The refractive index of the first medium is TI, = 1.5 and of the second 

medium «2 = 1. TIiC grating is illuminated by a perpendicular incident plane wave of 

TE-polartzalion. VVe calculate Q and Cn for different grating periods and grating heights. 

In Tig. 3.4 a) the energy conservation error cVi Fig. 3.4 b) the goodncss-of-fit Q is re­

ported. There is an excellent, agreement between the two graphs. We therefore conclude 

that for certain types of grating configurations (light regions) the llaylcigh approach is 

mathematically and physically wrong. 

The inverse statement is less trivial: How can we show that in the dark region (i.e. 

in regions with energy conservation) the llaylcigh approach is correct? One possibility 

is to compare the diffraction efficiency calculated by the ltayleigh method with rigorous 

calculations. Section 3.3 will introduce different rigorous methods. Here, we only show 

calculations for a sinusoidal grating of period A = 3A (Fig. (3.5) ). The diffraction 

efficiency versus the grating height is reported. In the region with Q = Oa good agreement 

exists between the rigorous and the iiayloigh method. 



20 CIIAVTFM 3. INTEHACTtON THEORIES 

o. 

Figuro 3.5: Diffraction efficiency versus grating height, for a -sinusoidal grating with 

A = 3A. The lines correspond t,o the Raylcigh approach, the circles to the rigorous calcu­

lated points. Q is the goodncss-of-fit of the Raylcigh approach. 

3.3 Rigorous methods 

We have seen that there are cases in which the Raylcigh method gives wrong results. 

Especially for deep grating structures, the field representation inside the modulated region 

is not valid anymore. Therefore, we have to base the field expansion inside the modulated 

region on the wave equations. For this purpose different rigorous approaches have been 

reported. Normally, they arc classified in four different groups: analytical, integral, finite 

element, and differential methods. Unfortunately, analytic expressions of the rigorous 

solutions for the diffraction are rare. In principle, they exist only for the case where the 

discontinuity of the permittivity function coincide with the axis of a elementary coordinate 

system (i.e.flat surface, circular, or elliptical interface1). Integral and finite element are 

mostly used to model non-perîodic structures. For period structures, methods solving 

the differential wave equation are generally used. Usually, they are based on a modal 

expansion of the field. The initial work on binary surface relief structures has been made 

by BURCKHARDT [19],KASPAR (2O]. and K N O P [2I]. Therefore, the method is sometimes 

called BKK-mcthod. Later MOHARAM applied it to general surface relief structures [22] 

by slicing the general surface into a stack of lamellar gratings. He called the method 

rigorous coupled wave, approach, ItCWA. In practice, it can be shown that the method 

leads to the same mathematical differential equation system than the BKK method. For 

'There exist, a method (C-meihod) inlrodiic«) by OlANDEZON' [18] «vliich iiinkes » tran sforni alio n of 

the coordinates i« a way that the surface profili: becomes flat. Instead of having a simple wave equal,ion 

and complicate boundaries. MIR Oinclhod has simple boundaries bui. a complienle wave eqiiaLion. 
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this reason wo prefer to use the term cigcnmodp, method [S3J or better /'owner modal 

method, FMM (in contrast to other modal approaches as presented by MORF [24]). The 

FMM has also been successfully applied to cross-gratings [25] and gratings of anisotropic 

materials [26]. 

Since the introduction of the method in the early 70's, different mathematical im­

provements have been proposed [27. 2S. 29, 30]. The main problem is still the poor 

convergence of the TMM in the case of TM-polarizcd plane waves diffracted by a general 

surface relief grating structure of non-infinite conducting metals. 

In this section, we first introduce the concept of the coupled-wave analysis. The 

method is based on a physical approach and is therefore quite intuitive [3I]. The solu­

tion is a superposition of individual waves. The waves are coupled through the Fourier 

coefficients of the permittivity expansion of the surface modulation. We will see that this 

approach leads to a second order differential equation system with non-constant terms. 

The situation can be handled by reformulating the wave approach by a modal approach. 

Second, we outline the rigorous eigenmode approach. The Hclmholtz equation, a partial 

differential equation, is separated in x and z. The two resulting (ordinary) differential 

equations arc easily solved. 

3.3.1 Slicing the surface relief 

The first step, common to all modal approaches (including RCVVA, FMM. Morf), is to 

remove the z dependency of the permittivity function c(x, z). This is done by slicing the 

surface relief structure into a stack of lamellar layers (see Fig. 3.6 a). Inside each layer, 

the permittivity is supposed to be constant in z direction, c(x, zi). It. is now the binary 

permittivity function, (lrig. 3.6 a), and not the binary surface function, which is expanded 

into a Fourier scries (in IiCWA,FMM), resp. polynomials (Morf, (24]). Inside each layer a 

field ansatz is made and at the end the different fields are matched through the boundary 

conditions. 

We will now study the field expansion for the HCWA, rcsp. the FMM in more detail. 

For simplicity of notation we will omit the numbering of the individual layers. Wc consider 

therefore the field inside one slice. 

3.3.2 Coupled-wave analysis 

The general concept of coupled waves is used to describe the propagation of waves in 

a media which can be characterized by any kind of perturbation. The solution of the 

perturbation»! case is found by linearly superposing non-pcrttirbational solutions. This 
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E = E(X1-Z1) 

Figure 3.6: 'l'ho z dependency of the permittivity function c(x,z) is removed by dividing 

the surface relief into a stack of lamellar layers, a). The permittivity function (b) of each 

layer is then expand into a Fourier series. 

method has been extensively applied to volume holograms which have small perturbation 

terms. It is however also possible to apply the method for surface relief gratings. 

Coupled wave ansa tz 

bet Sn be the modulated region, [filiere is no perturbation Sn is a transparent, homo­

geneous and isotropic media, characterized by a dielectric constant (,i/. As a solution of 

the homogeneous Heimholte equation we choose plane waves 

Ej(x,z) = c-l"i*-w>*, (3.37) 

with 

a] + 0] = khn - (3.38) 

Assuming an infinite surface-relief grating, the perturbation may be written as a Fourier 

p(r) = k2E(x, s^cicxpl-itKx), with K = 2TT/A . (3.39) 
i 

The coupled wave approach assumes now, that, the electric field E(x. z) in the perturba-

tional medium can be obtained by a linear superposition of a certain number of plane 

waves, namely 

E(X, z) = £ ^ ( * ) ' * i ( * , - ) = J2M=KioiT-i0'' : (3-10) 
; i 

In the concept of perturbation theory, the inhoniogeneous Hclmholtz equation writes 

as [31] 

AU(r) + k%c{r)U(T) = >>(r) , with H = coftoftu1 = (2*/*) 2 . (3.-11) 
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Introducing Eq. ('3.AO) into li!q. (3.41) yields 

E = p ( r ) . (3.42) 

iìecauso the individual pla.no waves satisfy Mie liomogcneoiis wave equation, Kq. {3.42) is 

reduced to 

E - d2 O2
 + dz» J = £ " < ^ ^ = p(r). (3.43) 

Orthogonality of the plane waves 

If we multiply Kq. (3.43) by a plane wave Em and integrate then over the whole space, 

we can take advantage of the orthogonality 

[°° dxEj{x, *)/C(*> -) = c-',l0'-M' H <\xc-'^a'-a'")x = Sjm , (3.44) 
J-OO J-OO 

of the individual plane waves. Using this orthogonality relation Eq. (3.43) becomes 

A2A, 
— - - 2ißm—^ 
dz1 Qz 

= c>liml / dxe'°mXp{r). 

Introducing now the perturbation term given hy Eq. (3.39) into Eq. (3.45) 

d M m _ . „ AA, 

' l dz2 - 2ißm^ = J b V A - ^ q r dxc^-'^E(x,z) . 
(12 , J-oo 

The right hand side of Eq. (3.46) becomes 

Non-vanishing integrals are only obtained if 

(3.45) 

(3.-16) 

(3.47) 

(3.48) 

which is recognized as the condition for diffraction by the grating. VVe see that the 

condition for diffraction is included in the concept of coupled waves. The set of plane 

waves is diserei e and the spacing in t h e o s p a c e (or frequency space) is K. Equation (3.48) 

mutually relates the !-projections of the individual waves. The offset value (i.e. OQ) is 

given by the z-projection of the incident wave plane wave 

«o = -Jcisinfo , (3.49) 

where (pa is the angle of incidence. 

pla.no
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a) 1¼ P1 ß0
 z b) ß z 

Figure 3.7: Different possible choices for the lieta-project ion. a) beta value leads to 

differential equations with non-constant coefficients, b) K-veetor closure is used in the 

rigorous classica! coupled wave approach, (RCWA). 

Coupled wave equations 

By replacing the right hand side of liq. (3.46) with l'ìq. (3.47) the coupled wave equations 

become 

^T - 20"¾1 = h' E c^-^^-A , (3.50) 

Equation (3.50) is a system of coupled differential equations of non-constant terms. This 

formulation is called beta-value approach. The different plane waves are coupled through 

the Fourier harmonics of the perturbation expansion cm_j. If the perturbation is weak 

(in the sense that there are only smooth transition) only few coefficients are necessary to 

express the solution. For a sinusoidal index grating (like a volume hologram) only one 

Fourier coefficient is necessary. If one takes only two waves and neglects the second order 

derivative, the solution proposed by KOOCI.NIK [32] is found. For surface relief structures, 

however, there is normally a sharp jump of the permittivity inside the modulation. In 

this situation, a large number of coupling coefficients have to be taken into account. This 

may lead to difficulties for the numerical implementation of Ivq. (3.50) because of the 

non-constant coefficients. One possibility to overcome this problem is to choose another 

set of elementary waves. 

A l t e r n a t i v e choice of the individual waves 

In our previous formulation of the coupled waves, the individual waves were chosen in 

the following way: First wc said that they are solutions of the noii-portiirbattonal wave 
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equation. This requirement relates the projection Qj and ßj of the wave vectors trough 

Eq. (3.38) (see Fig. 3.7 a). Wo have seen that this leads coupled wave equations with 

non-constant coefficients. The non-constant term ( e l"3m- ' î j ' ) can be avoided if we choose 

all the ßj constant: 

ßj = ß= yJkHn-al, i.e. tSj(x,z) = ^ * " ^ (3.51) 

Note that, tß has no index anymore, because it is the same for all the terms (Fig. 3.7 b). 

Note also that the individual "waves" do not satisfy the wave equation anymore. We 

better call them space haiinonics. From Eq. (3.42) we get 

+ [al - ß')SmjAm = k2 Y, Cm-jAj (3.52) 

instead of Eq. (3.50). This corresponds to the rigorous coupled wave approach (RCWA) 

presented by Moharam and Gaylord [22]. Setting A\_m = Am and Aiim = AAmxj<\z, the 

second order differential equation system is reduced to a first order system, viz. 

(Mi1* 

dA: 

dz 

0 

M 

I 

2Î/5I 

A1.* 

'2,m 

(3.53) 

where 0 is a zero matrix, I an unit matrix, and M a matrix with Mmj = k7cm-j — (a^ — 

ß2)$mj- The four submatrices (0,I,M.2i/?I) form together the coupled wave matrix S. The 

resulting system (A = SA) can be solved by making for the Am the eigenvalue ansatz 

Am[z) = Y,aT (3.54) 

where KP and t»p,m are the eigenvalues and eigenvectors of S. The values ap are found 

through the boundary conditions (see Sec. 2.1,3). 

The eigenvalues and eigenvectors of S are essentially determined by the matrix M. 

Actually, it is not difficult to show that for each eigenvalue (i of M there exist two 

eigenvalues, determined by the second order equation 

K2 - 2ißK -/1 = 0. 

The eigenvector wm is then given by 

V„JK 

(3.55) 

(3.56) 
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whore vm is an eigenvector of M . Therefore, it is sufficient io search the eigenvalues and 

eigenvectors of M; the eigenvalues and eigenvectors of S are found through Eqs. (3.55) 

and (3.56). 

The numerical implementation is straightforward, that is the reason why the coupled 

wave method is so popular. 

3.3.3 Fourier Modal Method (FMM) 

Starting point, of the Fourier Modal Method (I'M M) is the Hclmholtz equation (Eq. (2.3S)). 

Separating the variables E(x,z) = X(z)Z(z) leads to two ordinary differential equations 

~ A ' ( . x ) + \k*<tx) - 72] A » = 0 , (3.57) 

and 

^ ^ ) + 7 ^ ( = ) = 0 , (3.58) 

where 7 2 is (h« separation constant, The solution of IUq. (3.58) can be expressed as 

Z(z) = «exp(i 7 r ) + 6exp( - i7z ) . (3.59) 

To solve 1¾. (3.57) the complex relative permiltïvity îs usually expressed in terms of a 

Fourier series 

EO 

C(X.)= Y Cpexp(i2^p.r/A). (3.60) 
P = - 00 

The periodicity of c implies (through the Floquct-Bloch theorem) a pseudo-periodic solu­

tion. i.e. A'(a; 4- A) = exp(iooA)A'(#). Therefore, we expand X(x) as follows 

00 

A » = Y, Pmcxp(iffmaO, (3.61) 
m=—co 

where 

am — oro + 27Tt»/A . and OTJ = fro sin(¾) • (3.62) 

The complete solution of Eq. (2.38) is given by 

CO OO 

Ey(x, 2) = Y H / :>f„exp(io,x){o„exp(Ì7n2)-|-fc„exp(-Ì7ri2)} , (3.63) 
/=—00 Tl = -OO 

where /*/„ and 7„ are found by inserting Eq. (3.63) and Eq. (3.60) in Eq. (2.38). We 

obtain 

Y Y [(»m + 72)cxp(îûP*)<W - *%cxp( ìa m + p *) ) Pm = O . (3.64) 
171=-00 p=—CO 
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Multiplication with exp( — ictix) and integration over the period d gives a system of equa­

tions 

f; (AV n , - a2
mS,m) Pn, = ^P1, or Q • P = 72P . (3.65) 

tn=~oo 

TIiIiS, Pin and 7^ are given by the eigenvalues and eigenvectors of Q with 

<3lm = * V m - «„Am - (3.66) 

Note that the coupling matrix Q of the Fourier modal method is very close to the 

matrix M in the rigorous coupled wave approach, Eq. (3.53), namely 

M - /?2I = Q . (3.67) 

Thus, the eigenvalues of M and Q are related by 

/ * - 0 a = 7 2 - (3.68) 

Although the starting point is different, the rigorous coupled wave approach (ItCWA) and 

the Fourier modal method (FMM) lead to the same numerical implementation. The term 

RCVVA is probably more used in open literature than FMM. We prefer "Fourier modal 

method" because it describes better the physical aspect (inside the grating structure the 

field is expanded into modes). 

3.3.4 Boundaries 

Once we have found the fields inside each layer, we have to match them at the boundaries 

in order to determine the unknowns field amplitudes ft,-, and Vj of the llayleigh expansion 

Jix|s. (3.9) and (3.10)- as well as the amplitudes a„ and 6„ of the modes in side each layer, 

Eq. (3.63). The boundary conditions (see Sec. 2.1.3) implies that for TE-polarization 

the field and its derivatives in the z direction arc continuous across the boundaries. We 

will therefore get a large system of linear equations, which can be easily solved by using 

standard methods (for example Gauss elimination). The size of the matrix is 2(N+ I)M x 

2(iV + I) M, where A' is the number of waves retained in the analysis and M the number 

of layers used to describe the general surface relief structures. The factor two is due to 

the fact tliat there are always 2N unknowns inside each slab. The detailed description of 

the boundary problem is well documented in literature, sec for example [23, Sec. 2.2.5]. 
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3.4 Approx imate me thods 

Although the numerical implementation of the FMM, or the RCVVA, is not. difficult, 

simplification of the theory is in many situations desirable. If the ratio between the 

grating period and the wavelength grows, the number of modes to be retained in the 

analysis increases. Thus, the CPU-time and the computer memory will also increase. 

Wc will therefore study different approximations. First, if the Itayleigh approach is valid 

(i.e. if the gratings are not too deep), it can be shown that the complex amplitudes of the 

different diffraction orders are given by a simple integral expression. Second, if the grating 

period is much larger than the optical wavelength, the integral expression is simplified 

and we will find the classical thin element approach. And third, if the grating period 

is much smaller than the wavelength, an analytical expression of the eigenvalues in the 

rigorous method exists. 

3.4.1 Waterman method 

The Waterman method has been introduced by WATERMAN [33] in the field of acoustic 

waves. Later M A Y S T R E [3-1] applied the formalism to the grating diffraction problem for 

perfect conducting metallic surface relief structures, in this case, the boundary conditions 

are simplified. The field, for TE polarization, or the normal derivative of the field, for TM 

polarization, is equal to zero on the boundary. The consequence is that the amplitude 

of the reflected waves (there are only reflected waves for perfect metals) are given on 

the boundary by the normal derivative, for TE-polarîzation, or the field itself, for TM-

polarization. Here, we try to establish a similar approach for dielectrics. The boundary 

conditions for two homogeneous dielectric region impose only the continuity of the field 

and its derivative across the border. We therefore get some kind of mixed expressions. The 

amplitudes are given hy the field and the normal derivative of the field on the boundary 

for both polarizations. To our knowledge this approach has not yet been reported in 

open literature. In this work, we will not discuss the general validity of the method. The 

interested reader is referred to a recent paper of BAGtEU and MAYSTRE [35]. discussing 

the validity of Waterman method for perfect metal gratings. The extension to dielectric 

gratings is straightforward. 

Starting point of the Waterman approach is the Rayleigh expansion 

£r(r) = Y,^cia"r-',ß>»t , (3.69) 
n 

Mr)^£7;,c i '1" r+ i^''\ (3.70) 
ii 

Eq. (3.9) and Eq. (3.10). We know that (by construction) Er and E, satisfy the Hclmholtz 
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equations 

Af; + fc|ft = 0, with fc? = J^c,, (3.71) 

A£ ( + fc|E( = 0, with kl = k%<:„i. (3.72) 

For further considerations, we introduce two auxiliary functions 

U1(X^) = cxp(io».r - î/?i,„^), and U2(x, z) = exp(ia„:r + iß2t„z) . (3.73) 

The two function satisfy the Helmholtz equations, thus also their conjugates 

Aij; + k2U\ = 0 , (3.74) 

AU; + k]V; = 0 . (3.75) 

Multiplying the first pair of Helmholtz equations Eq. (3.71) and Eq. (3.72) by (/,* and (Z3*, 

respectively, the second pair of Helmholtz equations Eq. (3.74) and Eq. (3.75) by Er and 

Et, respectively, and subtracting the first from the second yield 

ErAU;-U;AEr = 0, (3.76) 

EtAU2'- U2AE1 = 0. (3.77) 

Hy integrating the above two equations over the hatched areas in Fig. 3.8 and using the 

second Green identity, it can be deduced that 

[ [ (ErV2LT1-U;V2Er) dS = I (Er^i-- U;^) at = 0 , (3.78) 
J Js, JaS1 an an 

[[ (E1V
2W2 -W2V

2Et) dS = f (Et^-li;^p-) ài = 0, (3.79) 
J JS3 JdS2 art <in 

where ÖS\ and OS2 are the boundaries of the hatched areas. Because of the periodicity 

of the problem, the paths parallel to the i-axis (i.e. PS" and IVQ, respectively, S'P and 

QR') are opposite and cancel each other. 

The line integrals become therefore 

The right hand side of Eq. (3.80) and Eq. (3,80) is further transformed. Because of the 

orthogonality of the plane waves, the individual amplitudes can be separated. After some 

cumbersome calculations we find that 

^" = aìAk" ^ CM-Ì<*n* - «A,n/(*)]^l(a!)d3! . with 
(3.82) 

M') = [i + / ' (* ) 2 ] , / 3 ¢= + i[-A.» - - W ( Z ) K , 
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z 

A 

Figure 3.8: For the Waterman method, Mio second Greens identity is applied to Si and 

S2-

and 
T" = «Afe: fo ex|>[-«vn - ift.«/(*)]&(*)<l* . with 

Ux) = [I + ri*)*]*" it + i[-A.» - <*»/'(*)]£ • 
We arc now in the following situation: The amplitude, of the reflected find transmitted 

field expansion arc given by an integral expression of the field and its normal derivative. 

on the boundary. Unfortunately, these two integral equations arc coupled. Therefore 

wc introduce the local point approximation. We consider (he border consisting of locally 

independent points. The field at a certain point on V is then the same as the field obtained 

by replacing V by a perfect interface tangent to V at the same point. The same is valid 

for the normal derivative of the field: The normal derivative of the field at a certain point 

on V is the same as the normal derivative of the field obtained by replacing V by a perfect 

interface tangent to "P at the same point. This statement, is by the way related to the 

Raylcigh method (Sec. 3.2). The Rayleigh method assumes that the Uaylcigh expansion is 

not only valid in the homogeneous region but also in the modulated region, and especially 

also on the boundary, The points on the boundary are therefore independent of each 

other. 

Tbc transmittance and reflectivity of a wave at, a flat interface is described by the 

Fre.snel formulae r(x) and i(x). We are therefore able to replace Er and E, on the 

boundary by the incident field E1. viz. 

ErMi*)) = '-(X)Ei[T-J(X)), (3.8'!) 

Et(xJ(x)) = 1(X)Ei(Xj(X)), with E i ( ï , / W ) = ^ I + i , î « ' ( r » . (3.85) 

The I'Vesnel formula depends on the local slope of the grating border (f'(x)) and the 

polarization of the incident wave. After introducing Kqs. (3.84) and (3.85) in to Eqs. (3.82) 
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and (3.83) the complex amplitudes of the transmitted and reflected fields arc found to be 

ft. = I / ^ i , n(x)exp[- i ( /? 1-f t i n) / (a:) lexp{-inÄ'a:)da: 1 with (3.86) 

* .n (*) = 5 ^ - ( ^ ) ^ ) + ^ ) 1 / ^ ) ( 0 0 - 0 , . ) - ( / ¾ - ¾ , , , ) ] } , (3.87) 

and 

Tn = \ £^n(x)oxp[-\(ßi-02,n)f(x)]cxp(-mKx)dx, with (3.88) 

i\n{x) = 5 4 - { * ' ( * m » ) + 1 / ( X ) I r ^ ) ( O O - U n ) - ( A - A 1 - ) ] ) . (3.89) 
"P2,n 

The obtained equations are very interesting: The coefficients in the liayleigh expansion 

are given by the Fourier transform of a complex function. The amplitude of the complex 

function i/ijTn is more or less the transmission of the interface t, plus the variation of 

the transmission t'f (which can be negligible in most cases). The phase of the complex 

function is the accumulated phase through the clement. The expression is very close to the 

thin element approach, except that, each diffraction order has its own accumulated phase, 

i.e. the thickness of the grating is different for each diffraction order. Geometrically this 

means that only the s-projection of the wavevector (thus ß2in) "sees" the clement. For 

large diffraction angles (hence, for higher diffraction orders, or small grating periods), ß2,n 

is small, therefore the element is "thinner" than for small diffraction angles. 

3.4.2 Thin element approach 

It, is evident that for large grating periods the propagation constants /?2,n of the central 

diffraction orders are equal. For perpendicular incidence (ßt — toni) Kq. 3,88 rewrites as 

Tn= / cxp[-iA0("i -n7)f{x)\ oxp( -in K x)dx = TT{exp[\4>[x)]} , (3.90) 
Jo 

which is the classical expression for the thin element approach. The clement acts as a 

phase only element. The phase-delay 

#s) = - i M m - " * ) / ( * ) (3'91 ) 

is proportional to the element thickness. The diffraction efficiencies arc directly obtain 

by taking the Fourier transform of the complex transmission function. 

The thin element, approach is usually introduced through the concept of ray optics. 

The optical field is represented by independent rays. Crossing a thin element, each ray is 

delayed proportionally to the element thickness. This "intuitive" approach leads directly 

to .ISq. 3.90. Ilere, we based the thin element approach directly on the wave equation. 
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Figuro 3.9: A subwavelength grating a) can bo roplarod by a homogonoous anisotropic 

layer b). 

Ofton Kq. (3.90) is referred to M the scalar diffraction modol (soo for oxamplo [36, 

Sw, 10.'I]), in contrast to tho rigorous voctor theories. From our point of view tho notion 

scalar diffraction should bo usod for describing the propagation of a scalar wave, and not 

for the inti ruction. 

3.4.3 Subwaveleugth gratings 

It is well known that in the quasi static limit (i.e. the ratio between tho grating period and 

the wavelength approaches zero), the optical properties of the grating are équivalent to a 

homogeneous biréfringent layor (Fig. 3.9). These gratings are therefore used as artificial 

index structures [37]. antireflection layers [3S]. and polarizing components [39]. Tho 

classical theory of subwavelength gratings expresses the homogeneous biréfringent layer 

with two different electric permittivity [10]. Iu the first approach those are independent 

of the ratio between the grating period and the wavelength (ratio A/A). It is possible 

to derive tho expressions of the electric permittivity directly from tho coupling matrix 

of the eigenmode approach (Kq. (3.66)), retaining only one wave in the analysis [41]. 

Herr, we establish a second order effective index model by retaining throe waves in the 

coupling matrix. VVe will compare the results with existing higher order theories reported 

in literature [38]. Now to our knowledge is the expression for the amplitude of the first. 

evanescent diffraction order of a subwavelength grating, Kq. (3.101). This allows to extend 

the validity of the effective index model to the near field of the element. VVo limit the 

analysis to ThV-polarization and perpendicular incidence. 

VVe have seen in Sec. 3.3.3 that the field inside a grating structure can be represented as 
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a superposition of different modes. The modes are coupled though the Fourier coefficients 

of the permittivity expansion. These coefficients arc the off-diagonal elements in the 

coupling matrix Q. The diagonal elements represent the cigcnmodcs of the unperturbated 

media. This homogeneous medium is characterized by the zeroth Fourier coefficient to 

of the permittivity expansion. If the grating period is smaller than the wavelength (for 

perpendicular incidence) only the zeroth diffraction order is propagating. The elements on 

the diagonal becomes important since they are proportional to the square of the spatial 

frequencies of the different diffraction orders 0^1 — (mK)2 ~ (m/A)2 . For very small 

grating periods, the coupling coefficient (i.e. the off diagonal elements) have no influence 

on the eigen modes anymore. That is the raison why it is possible to limit the number 

of considered waves to three. If wc retain only the coupling between next neighbors the 

coupling matrix becomes 

j A2C0 - K2 k2t\ 0 X 

P c 1 A-2C0 k2c\ 

0 A2C1 A-2Ct, - A 2 ; 

(3.92) 

It is possible to show that the eigenvalues of Eq. (3.92) are approximately 

7? = A 2 C 0 - A ' 2 , (3.93) 

7 2 = h2e.0-K
2^k2C, (3.9'!) 

7 | = A-2C0+ A2c, (3.95) 

with 

ê=«£fï = 2|£l ! > ( * ) ' . (3.*) 
The square root of this eigenvalues (thus 71,2,3) are the propagation constant of the modes 

in z direction. It is evident that for subwavelcngth gratings the first two propagation con­

stant 7] and 72 are pure imaginary numbers (k2CQ < A'2). These modes are attenuated 

exponentially and can be neglected if the grating thickness d is large compared to the pen­

etration depth of the. non-propagating modes. Inside the grating structure the field is then 

mainly described by one, mode, (sec Eq. (3.63)). The subwavelcngth grating acts there­

fore as a homogeneous layer. The permittivity of this layer is then given by Fqs. {3.95) 

and (3.96). It is not difficult to express the first two Fourier coefficients for a binary 

permittivity function analytically 

C 0 =(Q-I - ( I -t)cm, (3.97) 

and 

c, = -sin(Tri) [ c r - c m ] , (3.98) 
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Figure 3.10: Second order term c calculated from Eq. (3.99) (line) and from the work 

of R agit in [38, Eq. (3)) (dottcd-line). The calculations are made for a grating of period 

A/A = 0.4, ni = 1.5 and Ti3 = J, TE-polarization, and for different fill factors t. 

where t is the normalized fill factor of the binary function (0 < ( < 1). The artificial 

permittivity becomes 

UUTE = C0 + c = U1 + ( 1 - i ) c m + - ^ R i n V ) [c/ - c///]3 ( - ) . (3.99) 

The first term C.Q is exactly the same as for the classical zero-order effective index mod­

els [38]. The second term depends on the ratio A/A. 

Equation (3.99) is different from the second order effective index theory reported by 

other authors [38, Eq. (3)]. The difference is however quite small (see Fig. 3.10). Fig­

ure 3.1 I shows the phase of the zero diffraction order of a fine binary grating for different 

ratios A/A. The zero order effective index theory is only valid for very small grating 

periods. The second order theories (of the present work and of the work by Kaguin [38]) 

show good agreement with the rigorously calculated values up to the appearance of the 

first propagating diffraction order. 

In the effective index model presented above the subwavclength grating is replaced 

by a thin layer of artificial index. The artificial index is given by Eq. (3-99). In this 

representation the field in the output region is given by one propagating plane wave. The 

higher order evanescent waves are neglected. That is the reason why this approach is only 

valid in the far field of the element. The limitation is of course given by the penetration 

depth of the higher order evanescent waves. The amplitudes of these evanescent waves 
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0.3 0.4 0.5 0.6 0.7 0.8 

grating period AI wavelength X 

Figure 3-11: Phase of Uic zcroth diffraction order of a binary grating for different grating 

periods »sing several different models. The calculations were made for TK-polarization, 

», = 1.5,«J = l,/i = A/2, and ( = 0.5. The arrow indicates where the first (reflected) 

diffraction order appears (A = A/1.5). 

(i.e. of the first and the minus first diffraction order) can easily by deduced. For this 

purpose we consider the eigenvector /¾ associated with the propagating mode (73) inside 

the grating structure. It can be shown that 

( ^ ) 
I)3= K2 . ¢3.100) 

\ *8<. ) 

The different coefficients of the eigenvectors indicate the strength of the associated modes. 

Therefore, we conclude that the amplitude of the zero diffraction order is k2c\/2K2 larger 

than the amplitude of the first order. The factor two is due to the fact that, the energy is 

distributed between tlic first, and minus first order. Hence, 

' A ^ 2 

|r,| = 171,1 = 
sin(jri] 

lis 
[ c / - 0 / i | ( x ) IToI1 (3.101) 

where 71ii0,i are the amplitudes of the minus first, zero, and first diffraction order. Al­

though the derivation of Kq. (3.101) was somewhat intuitive, the resulting field amplitudes 

agree well with the rigorous calculations (see Fig. 3.12 as an example). 

Using Eq. (3.101) the near field of thcsuhwavelongth structure can be easily calculated, 

as close to the struct.tiro as the penetration depth of the next higher order evanescent 
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Figure 3.12: Ampl i tude of Mie first diffraction order of a subwavelengtli binary grat ing 

(« i = 1.5,»2 = 1 ,h = >/2, ( = 0.5,TB-polarization) calculated by the rigorous Fourier 

Modal Method ( F M M ) (l ine), and the approximate effective index model w i th near fieid 

correction (crosses). 

rigorous FMM 
2™! order efl. Ind. model wfth near field corr 
2 order efl. Ind. model 

as ces 

Figure 3.13: Normalized ampl i tude of the near field of a siibwavelongth binary grat ing 

(f?i = 1.5,nj = I,A — 0.5/A,A = Q.2X,t = 0.5, T lvpo lar izat ion) along the propagation 

direction z. The field has been calculated w i th different methods (see figure legend). 
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aubwavelength grating* 

X » A 

2nd order affectiv« lud ox theory 

0 order effective index theory 

rigorous diffraction theory 

Waterman method 

thin element theory 

Reylelg h approach 

resonance domain 

X-A 

"scalar" domain 

) l « A 

Figure 3.14: Overview of the validity of different grating theories (not complete). The 

arrows indicate the range commonly used by the corresponding theory. 

wave, which is practically as close as a fraction of the wavelength. An example is shown 

in Fig. 3.13. 

3.5 Discussion 

In this chapter, we presented different theories to solve the grating interaction problem 

(see Fig. 3.14). For gratings having geometrical dimensions in the order of the optical 

wavelength, the solutions have to be based on Maxwell's equations. The problem of all 

rigorous theories is that the computational requirements increases for larger ratio between 

the grating period and the wavelength. In differential methods, as presented here, the 

number of waves or modes retained in to analysis is typically proportional to the ratio 

A/A. In integral methods the number of sampling point used to numerically calculate the 

integral is also proportional to this ratio. The same is valid for finite clement methods, 

increasing the geometric sizes will increase the number of mesh point used in the analysis. 

Increasing the ratio A/A will in any case increase the need for computer memory and 

calculation time if rigorous solutions are needed. It is therefore necessary to simplify the 

models if possible, being aware of the validity of the approximations. 

In particular, we have presented a second order effective index model which is valid 

as soon as the grating period is smaller than half of the wavelength. The method is moro 

accurate for thick gratings than for thin ones (because of the neglected evanescent waves 

inside the grating structure). In the near field of the structure the first and minus first 

diffraction order can be expressed analytically. 

If the grating period is much larger than the wavelength, several models exist, including 

the thin element approach, the Waterman or the Rayleigh methods. These methods work 

best if the structures are thin. The region of validity of the Waterman and the Rayleigh 
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method is still a current research topic [35]. 
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Chapter 4 

Spectral response and transfer 

function 

4.1 System response 

In Chapter 3 we considered the interaction of light with optical microstnicturcs. In most of 

the applications these structures are parts of a larger optical system. For linear materials 

Maxwell's equations are linear. Therefore, we first study linear systems in more details. 

We then apply the theory to some important cases. The notion of linear system will be 

useful for the discussion of scanning near field optical microscope (SNOM). 

One of the basic properties of linear systems (or even the definition) is the superposition 

principle: The sum of the response to two impulses of a linear systems is the same as the 

response to the sum of the two impulses. In a more general form, this is written as 

i(x,x') Uo(X1) àx', 
•oo 

(4.1) 

where t(x,x') is the impulse response, Fig. 4.1. 

liquation (4.1) is often used in Fourier optics. Another approach is to consider the 

U0(X') 

linear system 

t(x,x') 

U1(X) 

U0(CO 

linear system 

t(a,cO LMa) 

Figure'I.I: Impulse response Figure 4.2: Spectral response 
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spectral response 

frequency space 

impulse response 

direct space 

Exam pics 

space invariant 

/ > , o ' ) = r > ^ ( o - o ' ) 

0,(a) = t(a)Ùo{a) 

t(x:x') = t(x-x') 

U2(x) = t{x)* Ui(x) 

t(o) : transfer function 

ideal imaging system 

scanning system 

planar interface 

free space propagation 

frequency invariant 

f'(o,o') = i ( a - o ' ) 

Ùt(a) = Ì(a)*Ùo(a) 

t(j.,x') = t(x)6(x-x') 

U2(x) = t(x)U,(x) 

t(x) : transmission function 

thin clement (parax.) 

Table 4.1: Linear system: terminology and relations 

response of one spatial frequency. The superposition principle is of course also applicable 

in this case: the sum of the response for two frequencies of a linear system is the same as 

the response for the sum of the two frequencies. Therefore, one may also write 

Ù2(a) = H / (a, *') t 'o(a') (M , (4.2) 
J-CO 

where t(a.a') is tlie spectral response, lrig. 4.2. lunation (4.2) describes how a plane wave 

traveling at spatial frequency o ' is transferred into a plane wave traveling at frequency a. 

The spectral response function is somewhat, similar to the scattering matrix approach 

(or S-matrix approach), see for example (lie work of NIETO-VES PFJUNAS [42, Chap.5]. 

However, in contrast to the S-matrix approach, we will include also evanescent waves. 

Jf the impulse only depends on the difference of the position of the input and the output 

(and therefore not on the absolute position), the system is said to by space invariant. As 

an example, an ideal imaging system is space invariant. Such systems play an important 

role in classical optics. Similar to tins, one can define frequency invariant systems. The 

spectral response of a frequency invariant system only depends on the difference of the 

input and output frequency. VVe will see that the thin element introduced in Soe.3.4.2 is 

a frequency invariant system. 

The different terms used in this chapter are summarized in Tab. 4.1. Theirs definitions 

and properties are discussed in tlie following sections. 

4.2 Space invariant systems 

By definition, the impulse response of a space invariant system is 

t(x,x') = t(x-x'). (4.3) 
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The superposition integral. Eq. (4.1) is therefore the convolution. 

J-OO 

U2[X) - / t(x- x')Ux (x')àx'. (4.4) 
JOO 

A convolution in the space domain corresponds to a multiplication in the frequency do­

main. The spectral response of a space invariant system is therefore described as (cf. 

Table 4.1) 

U2(O) = Z(COtV1(^), (4.5) 

where 2(a) is the Fourier transform of the impulse response t(x). Equation (4.5) describes 

the the change of each frequency. t(a) is therefore the frequency transmission of the system 

(in analogous to the complex amplitude transmission in frequency invariant systems). 

There are several important cases of space invariance. 

• an ideal imaging system (Fig. 4.3 a) is completely described by a space invariant 

impulse response (the point-spread function). The associated (coherent) transfer 

function is called amplitude transfer function, ATF. The notion of space invariance 

allows the treatment of imaging system in a very elegant way (see for example 

GOODMAN {43]) 

• systems that are scanned (in i-direction) and that are not changing properties 

during the scan are also space invariant, Fig. 4.3 b). Examples of such systems are 

scanning detectors and scanning light sources. The transfer function Is the detector 

acceptance function, or the radiation pattern, of the source. 

• if a plane wave hits a planar interface the amplitude of the wave is changed, however 

not the (spatial) frequency. 

• In free space propagation a plane wave changes the phase (propagating wave) or the 

amplitude (evanescent wave) , however not the frequency. 

The imaging systems and the scanning systems are well documented in the open literature. 

Mere, we focus the discussion on the planar interface and the free space propagation. 

4.2.1 Flat interface 

It is well known how an infinite plane wave is reflected and refracted on a flat interface. It 

is described by the Fresnel reflection formulas [1, Sec. 1.5], usually expressed for different 

incident angles. Here, we are considering spatial frequencies. Since the frequency response 

functions are defined from - c o < a < oo, we are not only including propagating plane 

waves but also evanescent waves. Let n, and n2 by the index of refraction of the first and 



42 CHAPTER A. SPECTIiAL RESPONSE AND TRANSFER FUNCTION 

a) 

U1(X') 

V 

U1(X-) 

I [ U2(X) 

U2(X) 

b) 

t 

\ 

Figura 4.3: Spaco invariant systems: a) ideal imaging system hj ideal scanning detection 

system 

the second region. The length of the wave vector is then given as fc, ~ n^k and h2 = Jijfc. 

The incidenl, reflected and refracted waves arc 

Er = r c "» -^ - ' , Et = t c'° r+ift* (4.6) 

whore r and t are the amplitudes of the reflected and transmitted wave. The ^-projections 

ß\ and 02 a r o imposed by the constant length of the wave vectors kj and Ie2, namely 

tf = fe?-a?, and ßl = k\-a]. (4.7) 

Applying the ordinary boundary conditions to the flat interface problem yield for TE-

polarization 
ßi-fo 

rTE = — — . ITP = 

Wi 

and for TM-polarization 

TTM = 

ßl + ft ' 

n\ß\ - « Ï& 

TE A+f t ' 

ÌTM -

Now, we distinguish the following three cases (see Kig -4--4J-

(4.8) 

(4.9) 

J. Ö < minffcj,/^) : this corresponds to the classical case of reflection and refraction. 

All waves are propagating plane waves. 

2. m'in(A."i,Ar3) < a < max(fc|,fcj) : this corresponds to the situation where one wave 

is evanescent and the others propagating. If the second media is denser (k2 > f>'t), 

t(a) describes the evanescent wave to propagating wave conversion capability of a 

flat interface (case 2a). If the first media is denser (It1 > k2) , t(a) describes the 

propagating wave to evanescent wave conversion capability, corresponding to the 

total reflection (case 21>). 
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ri| 1¾ n i * ° Î n, > 1¾ n i n2 

easel :a<k,,kj case 2a: It1 < a < Ic3 case 2b: ka< a<tc, caae 3: a > k„ Ic3 

lrigure 4.4: Refraction and reflection of propagating and evanescent plane waves at a 

planar interface. 

3. Q > max(&|,/:2) : this corresponds to the situation where all the waves arc evanes­

cent. It is interesting to study the "reflection" and "refraction" of evanescent waves. 

Case I and case 2b are well known and described in textbooks (sec for example [1, Sec. 1.5] 

or [44, Sec. 6.2]). The other cases arc less common. Figure 4.5 shows two examples of 

planar interface refraction, indicating the three different cases. The square of the ampli­

tude of the transmitted wave versus the normalized spatial frequency [otfk) is reported 

for ni < "2 an (f b) nt > "2- An evanescent incident wave can be realized by cither a 

medium of index before the incident structure or by a grating structure which generates 

evanescent waves of high spatial frequency. 

i->i.e i i - > i 

Figure 4.5: Spectral response of a planar interface for two different geometries: a) ili < H2 

and b) ili > "2-

Reflection and refract ion of evanescent waves If all the waves are evanescent, 

ßj and 02 can be replaced by 171 and '172. where 71,72 are positive real numbers. The 

expression for the spectral responses remain basically the same as ISqs. (4.S) and (4.9). 
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The spectral responses arc real functions, indicating that all the waves have the same 

phase. Note that for large values of o-, the interface becomes transparent for the ITr-

polarizod evanescent wave, however not for the TM-polarization 

lim * T E ( « ) = 1 • and lim iTM(a) — —= r . (4.10} 

Evanescen t - p ropaga t i ng wave conversion Let us limit our consideration to the 

evanescent to propagating wave conversion in Tli-polarization. The TM-polarization and 

the propagating to evanescent wave can he deduced in a similar way. 

If we choose kj < a < h~2, the propagation constant ßt is complex. VVe therefore define 

Pi=Hi, ('11I) 

the spectral responses become now also complex 

It is not, difficult to show that tlie real part and the imaginary part of r and t forni a 

circle 

Rc5{r} + Im2{r} = I , and Re3{/. - 1} + lm2{(} = 1 . (4.13) 

This indicates that there is always a phase change associated with evanescent wave to 

propagating wave conversion. The same is valid for the inverse case, that is. there is 

always a phase change for propagating wave to evanescent leave conversion. The second 

case corresponds to the total reflection. The pha.se change associated with it can easily 

by measured (1, Sec. 1.5.4]. 

lict us summarize this section by illustrating the reflection and refraction on a flat 

interface by an unusual representation. In Fig. '1.6 the imaginary and the real part of t{ct) 

for different values of a, is reported ( TIC-polarization, h-\ < k2). The different cases can 

easily he identified. First, the transmission function is purely real (corresponding to the 

classical refraction case). Then, the real part and imaginary part form a circle (indicating 

the phase change associated with the evanescent to propagating wave conversion). And 

finally, the transfer function is real again, and approaches unity. 

4.2.2 PVee space propagation 

Usually, free space propagation is introduced through the Rayleìgh-Sommerfcld or the 

Kirchlioff diffraction integrals (see for example [45, Chap.4]). Here, we will use the concept 

of transfer functions. 

pha.se
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Im(Ua) > -i o 
Re(t(a)} 

Figure 4.6: I1IaHaF interface: amplitude of the transmitted wave illustrated in the complex 

plane, TE-polarization. Ji1 = 1 and n^ = 1.5 

It is well know how plane waves behave in free space (see. Sec. 2.3). Propagating 

piane waves change the phase, evanescent waves change the amplitude (see Fig. 4.7). In 

terms of transfer function this can be written as 

*(o) = 
J cxp[i/3.s] with ß — y/tako — a2 for C0̂ o > a 

cxp[±yz] with 7 = -Jd1 — f.oho for f.ok0 < a 
(4.14) 

The consequence is that if we want to detect a field which has variations smaller than 

the wavelength, i.e. spatial frequencies larger than nk, the detection has to be very close 

to the position of generation, because of the exponential decay of the waves. Based on this 

1 

J 
k 

' l f («) l 

k a 

PiUa)] 

Figure 4.7: Free space transfer function 
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principio it. is possible to overcome (lie classical resolution limit (sec Sw,. 4.4 and [46. 47]). 

A second consequence of ]lc\. (4.14) is a phase, delay between different spatial fre­

quencies during propagation. The higher frequencies are more delayed than the lower 

frequencies. This phase delay is responsible that, a field distribution will spread out dur­

ing propagation1. If the spectrum of the given field distribution is limited to the central 

frequencies, the spread ts less pronounced than if the whole spectrum is used, i.e. the 

diffraction pattern of a large aperture is smaller than the diffraction pattern of a small 

aperture. 

Equation (4.14) describes how light propagation behaves in the spatial frequency space. 

On the other hand, it is possible to calculate the field distribution in another plane without 

passing through the frequency space. The field in the output plane is the field in the 

input plane convoluted with the/ree space, impulse, response. Tilts impulse response is the 

Fourier transform of the free space transfer function which is 

<(*;*)= J - r e j c p l i t a x + ^ j l d a = ^ / / ! " ^ ) , (4.15) 

where /f\0i(t) is the first-order Hankcl function of the first kind and r = (.T.2 + z2fl2. 

Figure 4.8 shows the intensity of the free space transfer function versus x and z. The 

derivation of Kq. (4.15) can be found in [45, Sec. 5.2], For small arguments the first-order 

Hankcl function behaves like r - 1 (Fig 4.9). For larger arguments //[ '(1.) is proportional 

to r - 1 ' 2 (see [48, Chap. 9] ). These approximations allows to write for large distances 

(here large means larger than the wavelength) 

( ( I Ì : ) = - = - « * , for k r > \ . (4.16) 
VAr r 

Equation (4.16) is nothing else than a cylindrical wave. Further approximations for 

large propagation distances (mainly the replacement, of kr in the exponential function 

of Eq. (4.16) by a quadratic term) leads to the Fresaci impulse response [44, Sec. 4.1] 

or [43, Chapt. 4], representing a two dimensional parabolic wave. 

((*:*) = ^ c ^ c " ' - ^ ' . (4.17) 

For very large distances, it is not allowed to further simplify the impulse response of 

Eq. (4.17) directly. The system is not space invariant anymore, t(x,x') ^ t(x — x'). The 

superposition integral of Bq. (4.1) becomes a Fourier integral. The diffraction pattern does 

not change the shape but only the scale while propagation. This situation corresponds to 

the Fraunhofer diffraction. 

1TIiC -spread of tlic field can be compared to Hie spread of i\ pulso in » dispfirsivo medi imi [44, p. 188}. 
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O -1 z / * x/X. 

Figure 4.8: Two dimensional free space impulse response 
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Figure 4.9: Behavior of the two dimensional free space impulse response along the prop­

agation axes 
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4.3 Frequency invariant response 

The spectral response of a frequency invariant, system depends only on the difference of 

the output, frequencies at, the input, (cf. Table 4.1). therefore 

i(ata') = t{a-a'). (4.18) 

The superposition integral, Eq. (4.2) becomes a convolution in a. In the direct space this 

convolution becomes the multiplication 

U1(X) = ^x)U0[X), (4.19) 

where t(x) is the Fourier transformation of the spectral response, liquation (4.19) de­

scribes how the complex amplitude of the field is changed by the system at each point. 

t(x) is therefore the complex amplitude. transmission function (or simply the transmission 

function) of the system. Jn the thin element, approach (Sec.3.4.2) the elements aro de­

scribed by a transmission function (like in Kq. (4.19)). The system is therefore frequency 

invariant in this approach. 

4.3.1 Thin element approach 

In Sec. 3.4.2 we have already encountered transmission functions describing the inter­

action of light, with gratings in the thin clement approach. This interaction is simply 

described by the complex transmission function 

U2{x) = cxp[\4>(x)\ (/,(.T:) , with 4>{x) = e x p [ - Ì M n , - n7)f[x)], (4.20) 

where f(x) is the surface profile of the element. 

Wc have also seen that, the thin element approach is only an approximation of the 

rigorous grating theory. In rig. 4.10 we illustrate the spectral response of a binary grating 

structure. For frequencies smaller than ^ 0.2Hk the elements behaves as a frequency 

invariant systems. The range of validity of the frequency invariance depends of course on 

the structure. It is interesting to observe that the amplitude of the individual diffraction 

orders becomes maximal at the point of total reflection, similar to the case of a flat 

interface (see Fig. 4.5 b). 



AA. SNOM REPRESENTED HY TRANSFER FUNCTIONS (AA) 49 

1.8 

i.e 

1.4 

1.2 

1 

0.8 

0.6 

0.4 

0.2 

0 
0 0.25 0.5 0.75 1 1.25 1.5 

a / k 

!'1IgUiXj 4.10: Rigorously calculated spectral impulse response of a 4 A-pcriod binary grating. 

Only the 1,0.-1 diffraction orders are shown. 

4.4 SNOM represented by transfer functions (A.I) 

Up to now, we used the spectral response as a representation of one element. We now are 

interest how to assemble the different, components to a larger system. The most important 

observation is that in frequency invariant systems, the different transmission functions are 

simply multiplied, and in space invariant system the transfer functions are multiplied. An 

example is shown in Fig. AA I where this method has been applied to the scanning near 

field optical microscope. SNOM. 

In [49] (see appendix A.l). we consider the near field detection system as an optical 

instrument characterized by a transfer function. Tor this purpose, the measurement sys­

tem is separated into different parts as shown in Kig. 4.11. Note that in [49] the spatial 

frequencies a are written as It1, whereas the propagation ß constants are called Ic1. The 

object is illuminated by an incident wave and generates a field distribution in the out­

put plane. In general, the interaction of light with sub-wavelength structures has to be 

computed rigorously with methods described in Sec.3.3. We define a spectral response 

function /70bj a s being the action of the object, on the incident wave for a certain spatial 

frequency. The resulting field is detected by the scanning probe at a constant distance 

from the sample. The radiating part of the field propagates in free space, whereas the 

evanescent part is attenuated. This effect is described by the free space transfer function 

/*, corresponding to ]i(\. (4.14). The detection is made by scanning a tip over the sample. 

If the property of the detection system does not change during the scan the linear system 
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Figure 4.11: The scanning near field optical microscope is considered as an optical instru­

ment characterized by spectral response and transfer functions. 

is space invariant. Therefore, the detected signal can be expressed as a convolution 

% K ( » ) = H i(x-x')Ud(x')ór' = tlìp*Ud, (4.21) 
J-OO 

where t(x — x') is the impulse response of the detector. In frequency space Fq. (4.21) 

becomes a multiplication 

y , t a ( o ) = 7 W ( i » ) , (4.22} 

where T(a) is the transfer function of the detector. For linear systems the transfer function 

is expressed as a linear superposition integral 

T(a) = H lìtìp{a,a') D(a') Aa'. (4.23) 
J-QQ 

where il,jp(a,a') is the spectral response of the tip and D(a') the detector acceptance 

function. The acceptance function of the tip depends on the chosen geometry. For a 

classical single-mode fiber tip SNOM (Fig. 4.12 a) only one frequency is guided. D(o') — 

S(a') and the transfer function becomes particularly simple, namely 

T(a) = H,ip(o,0) . (4.24) 

In the case of a cantilever tip based SNOM, the acceptance function of the detector is 

equal to the cohe.rr.nt amplitude transfer function (ATF) [43] of the detection system. The 

different frequencies are now integrated over the numerical aperture of the system. For 

an ideal imaging system the coherent amplitude transfer function is a binary function, 

Fq. (4.23 ) rewrites as 
/•it NA 

T{o)- J // ( ip(o,Q')do', (4.25) 

where NA is the numerical aperture of the imaging system. The aim of the tip-detector is 

to provide sub-wavelength resolution. For this purpose, the geometrical dimensions of the 

cohe.rr.nt
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b) 

Figure 4.12: Acceptance function D[a') for different geometries, a) fiber tip detection, b) 

SNOM based on a cantilever tip . 

tip have to be in the sul>-wavelength range. Thus, the spectral response Htìp{<x,(ì') also 

has to be calculated with a rigorous model. In Fig. 4.13 the spectral response //[ i p(«,0) 

of a coated and un coat cd dielectric fiber tip is shown. The calculations have been made 

by the same algorithm as for the grating structure (FMM), by considering periodically 

arranged tips (see also comments in the introduction of Chap. 5). The investigations were 

limited to two-dimensional geometries. The uncoated tips have higher coupling efficiencies 

for low spatial frequencies than the coated tips. On the other hand, the electromagnetic 

field is less confined, i.e. the angular spectrum is narrower. The capability to convert 

evanescent waves to propagating waves is higher for the coated tip than for the uncoated 

tip. The signal to noise ratio, and therefore the resolution, is better for the coated tip, 

although the overall throughput of the uncoated tip is higher. 

In [49] wc make the following conclusions: In the representation of transfer functions, 

the limitation of the scanning near field microscope can be clearly discussed, although 

back reflections from the tip are not taken into account. Sub-wavelength signals have to 

overcome the exponential attenuation due to propagation of the evanescent waves and the 

low-pass filter characteristic of the probe tip. The spectral response of the tip expresses 

the capability of conversing evanescent to propagating waves. It determines therefore the 

resolution power of the SNOM. 
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Figuro 4.13: Calculated intensity and phase of the complex spectral response function of 

a one-dimensional dielectric prohc tip : uncoated (solid line) and coated (dashed line). 

The coated tip has a clear slit aperture of A/10. 

U1B 1.5 

a) 

Fl2= 1 

d 

11,= 1.5 n,= 1.5 

Figure 4.14: 3 homogeneous regions: "sandwich" structure. a.) for a. perpendicular plane 

wave a a backward and forward plane wave is generated inside the structure. For a large 

incident angle the field inside the structure is evanescent. 
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Figur« 4.15: Transmitted intensity of the sandwich structure versus the thickness d/\. a) 

corresponds to Fig. '1.14 a) and b) to Fig. 4.14 b), respectively. The dashed lines were 

calculated by the transfer function method. The solid lines have been calculated by a self 

consistent approach. The points '-f ' correspond to the improved transfer function method 

(Sec. 4.5.1). 

4.5 Limitation of the transfer function concept 

In some cases, like the flat interface, not only forward propagating waves are generated 

but also backward waves. Depending on the reflected waves, the overall behavior of the 

system may change. A trivial example of this is the sandwich configuration shown in 

Fig. 4.14 . In the first case (Fig. 4.14 a) a perpendicular incident plane wave is refracted 

(and reflected) on a first flat interface after some free-space propagation the field is again 

refracted and reflected by a second interface. The reflected wave travels again backward 

and forward, and so on. In Fig. 4.15 a) the intensity of the transmitted wave for different 

thickness is shown. The dashed line is the calculation based on transfer functions, and the 

solid line corresponds to the self consistent calculation (made by matching all the waves 

at once). The self consistent model shows the typical periodic behavior as a Fabry-Pérot 

resonator. Depending on the thickness of the structure, constructive and destructive 

interferences occur. In this situation, multiplication of the three transmission functions 

(first interface, free space, second interface) gives wrong values. If the geometry (rcsp. 
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R, c : * - ^ ) R
2 

Figure 4.16: Improved transfer function concept,: also the reflections are taken into ac­

count 

(lie incident angle) is chosen in a way that, inside the sandwich structure there arc two 

evanescent waves (Fig. 4.14 b), the method based on the transfer function is accurate as 

sooji as the influence, of the back reflected evanescent vane disappears (Fig. 4.15 b). 

4.5.1 Improvement of the transfer model in the case of back 

propagating waves 

I1IiO problems described above can be removed by a refinement of the model. The idea 

is to describe also the reflections with a transfer function and then iterativcly include 

them in the system. In Fig. 4.16 an example of such as system is shown. T1 and T2 are 

the transfer functions of the transmitted waves, /^1 and R2 the transfer functions of the 

reflected waves at, the first and the second interface, respectively. Pn and I'2i describe the 

system in between, depending on the direction of propagation, usually P12 = P2t ~ P. 

If wc do not. include the back-reflections, the transfer function of the overall system is 

H0 = T7 P 7', . (4.26) 

The index O stands for the Oth iteration step. After going once forth and back, the transfer 

function is 

//, = H0 + T2 P R1 P R2 P Tj=T2[I-T P R1 P R3) P T1 , 

and after N iterations 

HN = T2 (T1[PH1 PR?]") PT1. 

(4.27) 

(4.2S) 

VVe are considering only passive systems, i.e. there is no energy creation inside the struc­

ture. The sum of the geometric progression in Eq. ('1.2S) converges, thus the transfer 

function of the overall system including the back-reflections becomes 

H = lim HN = T2 
W-foo ] - A 

P T1 , with A=P R1 p n2. (4.29) 

Using this approach for the sandwich example in Fig. '1.14 gives the expected exact results 

(see the crosses in Fig. 4 .H). 
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We believe that this improved method is not limited to the case of only one backward 

and forward traveling wave, but can be applied in more general cases, such as stacked 

grating structures, or more accurate models for the scanning near field optical microscope 

(i.e. to include also the back-reflections from the tip). Note that in a more general case, 

the transfer functions are described by matrices, and not scalars as in the example of 

Sec. 4.5. The sum of the geometric progression cannot be expressed analytically, and 

therefore also the limit N —ï oo cannot be represented by Eq. (4.29). 
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Chapter 5 

Near field and far field of 

microstructures 

In chapter 3 we learned different techniques to compute the interaction of light, with pe­

riodic microstructures. These methods allow to calculate the near field and far field of 

different grating structures. The term near field and far field have different signification 

depending on the field of utilizations. In classical optics, and especially in Fourier op­

tics ['13], the far field is considered as the region where the different spatial frequencies 

do not. interfere anymore, i.e. the diffraction pattern do not change the shape during 

propagation but only the scale (Fraunhofer diffraction). The near field is then defined as 

"everything closer than the far field" [43, p. 67] (for example the Fresnel region). In near 

field optics, the near field is then defined as region where the field is mainly influenced 

by evanescent waves, i.e. the near field distances arc smaller than the wavelength, And 

the far field region is "everything further away than the near field" ' . Here, we are using 

the term near field in a less strict way. It. is the region close to the element, without, 

specifying how close it. really is. 

We will now apply the interaction theory of chapter 3 to different optical microstruc-

t.urcs. Although the theories were developed for periodic structure, we will also apply 

them to single elements. For this purpose, we introduce a large grating period to reduce 

the influence of neighbor elements. Further details on this approach arc presented in [50] 

(see appendix A.Ii). 

Sometimes the lenii intcnnixiialc. zone, is used in near field optica, especially in total internal rclleetion 

mode (STOM). Il (tescrilxs III»; penetration depth of the zero (cvaiiiisiieiil) diffraction order. 
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Hgiire 5.1: Calculated near field phase contour plot of a one-dimensional microlens array. 

The elements have a diameter of 8A, a height of 4A and a refractive index of n = 1.5. 

The array is illuminated by a TI>polarizcd plane wave with perpendicular incidence. 

5.1 Near field and far field of microlenses (A.II) 

In this section, we discuss the behavior of small cylindrical microlenses, arranged in an 

one-dimensional array or as single element, l'or tliis purpose, we apply one of the standard 

rigorous diffraction theory (TMM) introduced in Chapter 3. Figure 5.1 shows an example 

for the near field an array of small microlenses. 

VVc have investigated the coupling effect, between the elements, !''urthermore, we have 

computed the complex transmission function by rigorous diffraction theory and compared 

them with classical theories (combined raytracing, thin clement approach). Finally, we 

have discussed the focal properties of microlenses in the rigorous regime. The detailed 

work can be found in [50] (see appendix A.II). 

It, turned out that it is possible to simulate single element diffraction with the aid 

of a rigorous grating diffraction method by carefully choosing the grating period. First. 

the grating period should not be a multiple of the wavelength, and second, the period 

should be larger than twice the diameter of the element. Furthermore, we have presented 

a comparison between three different methods to calculate the interaction of light with 

small sized lenses. For thin elements, all three methods predict well their behavior, even 

for very small lenses. This is mainly due to the fact that thin lenses are dominated by 

the edge diffraction which influences the focusing behavior of the lens. We have shown 
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Figure 5.2: Illustration of the focal shift. The focal position relative to the paraxial focal 

position versus the diameter of the lens is plotted for different aspect ratios ß = h fin. 

The lines correspond to the focal positions calculated by the thin clement approach and 

the crosses to the rigorously calculated focus positions. 

that there is a. good agreement of the classically predicted focal shift compared to rigorous 

computations. 

For thick lenses the combined rayt.radng is more precise than the thin element ap­

proach. For such elements, the focal shift, turned out. to be less pronounced than predicted 

by the thin clement approach (see Fig. 5.2). In any case, it has been illustrated that, also 

very small lenses exhibit some focusing behavior. Such small sized microlenses may be 

used in optical lithography. The idea is to replace mask and projection lens by one single 

element, (smart mask, see Sec. 6.2). 

5.2 Near field and far field of slit apertures 

In A.II we have shown that it, is possible to use a rigorous grating diffraction to model 

single elements, if the grating period is carefully chosen. Here, we will use this method 

to calculate the diffraction pattern of single slit, apertures. In the thin element approach, 

the transmission of a slit ìs just a binary amplitude function. The diffraction pattern is 

proportional to a sine2-function. This result is independent of the ratio between the slit 

diameter and wavelength. Figure 5.3 shows the rigorously calculated diffraction pattern 

(logarithmic intensity scale) for two different slit apertures. The calculations have been 
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Figure 5.3: Rigorously calculated diffraction spectrum of a slit of aperture d. The slit is 

illuminated by a perpendicularly incident plane wave with TE-polarjzation. 

made for a perpendicularly incident plane wave with TE-polarization. 

The larger slit lias a diameter of d — 2X. The diffraction pattern is .<;inc2-likc with 

a first minimum at AvA' = ' / 2 - The smaller slit, has an aperture of d = A/IO. The 

diffraction pattern is completely different from the large aperture case. The difference to 

the si?»ca-function has the following reasons: In thin element approach the field after the 

aperture jumps sharply from 0 to I. Such amplitude jumps in fractions of the wavelength 

are not. physical. For the rigorous calculation the opaque region consists of a thin layer 

(/i = A/10) of a, finite conducting metal. The field change smoothly its amplitude. 

It is interesting to see that, the two different types of plane waves behave completely 

different. The amplitude of the propagating waves arc almost constant all over the region 

of propagation, giving raise to a spherical like wave. The amplitude of the evanescent 

waves are exponentially decreasing as a function of the spatial frequency. 

The behavior of the two different types of plane waves has some consequences in near 

field optics. The aim of near field optics is to measure high spatial frequencies, hence 

the evanescent part of the field. Figure 5.3 shows how the different field components arc 

transmitted through a slit. In terms of spectral response functions this corresponds to 

»*(0,x'); it shows how an evanescent wave is converted into a propagating wave. Although 

the total throughput of the large slit, is much higher, the smaller slit is more interesting. 

As shown in A.I the signal noise ratio of the evanescent to propagating waves conversion 

is much better for the small slit. These considerations are fundamental and therefore 



60 CHAPTER .5. NEAR FIKU) AND FAR I IKIA) OK MICROSTRUCTURES 

Figuro 5.4: Rigorously calculated diffraction spectrum vemn tho slit aporturo d. 

indispensable for m i fiold optics. 

In Rg. M we present the diffraction spectrum as a function of the slit aperture. The 

transition between from «me*-fike spectrum to the flat spectrum occurs for slit diameters 

smaller than about half the wavelength. 

5.3 Phase dislocations and saddle points 

5.3.1 Phase dislocations in homogeneous regions 

An electromagnetic fiold can bo described by an amplitude and a phase (and a polarization 

state). Interaction of light with micro-optiral stm« imcs will changes the amplitude and 

the phase. Measuring the amplitude and tho phase gives some information about the 

micros!me-tnres. Unfortunately, only tho time averaged intensity of tho waves can bo 

measured. For phase measurements the interferoni •• of an object wave with the reference 

wave is nee-led. That is probably tho reason why historically many of investigations 

(including discussions on resolution, imaging properties, etc) are based on the intensity 

distribution. In this section, wo are discussing some basic properties of phase distributions. 

Our main interest are phase, dislocations. 

Phase dislocations or phase singularities are isolated points where the time averaged 

intensity of the field is zero. At this point, the phase is not determined. Mathematically 

this means that the real part and tho imaginary part of the complex fiold amplitude are 
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Figure 5.5: Configuration used Figure 5.6: Contour plot of the phase of the Optic*] 

to illustrate phase singulari- near field of a binary structure. 

tics. 

zero at those points, viz. 

Re{«.'(r)} = l m { ( ' ( r ) } = 0 . (5.1) 

Phase dislocations can be observed in the near field and the far field of optical DUCfO-

structures, in speckles patterns etc. As an example, Fig. 5.6 shows a phase contour plot 

of a binary grating structure corresponding to the configuration of Fig. 5.5. The phase 

singularities are located at about z = 0.7A and x = 0.1A + mA. To our knowledge, the first 

work on phase dislocations in optical fields was presented by NYE [51] at the beginning 

of the 70's. More recently the interest in this field has increased [52, 53, 54, 55]. Here, 

we would like to make some basic considerations based on the plane wave expansion of 

(periodic) optical fields. 

Phase singularities can easily be realized. The interference of two plane waves of equal 

amplitudes generates fringes , i.e. lines on which the time averaged intensity is equal to 

zero. An isolated phase dislocations can then be produced by adding a third plane wave 

(Fig. 5.7). 

In a more general case, a necessary condition that a phase singularities generated by 

the interference of A'-infinite plane wave is that 

X > m | > | a n | Vn, (5.2) 

where am are the (complex) amplitudes of the propagating plane waves of t hfl «lert romag-
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a) 

Figuro 5.7: The interferon co of 3 plane waves shows phase dislocations: a) intensity, b) 

phase. The phase dislocations are indicated by ein Ics. 

nette field 

«7(r) = £ a m e x p [ i k m r j . (5.3) 

The proof of Kq. 5.2 is straightforward. Remember that, a phase dislocation occurs if the 

complex amplitude is zero, hence 

^ am exp[ikmr] = 0 . 
m 

Subtracting a„ on the left and right side of Eq. (5.-1) yields 

Yi amexp[ik„,r] = -a n exp[ ik M r ] , 

taking the absolute value, 

Y amexp[ikmr] - Kl • 

(5.4) 

(5.5) 

(5.6) 

and finally applying the triangular inequality to the l<-ft side of Kq. (5.6) gives Kq. (5.2). 

Ix»t us look closer at the case of the interferoni ü of three plane waves. VVe choose the 

wave vectors k,„ such that they form an equilateral triangle. The field is 

U(r) = at exp[ik,r] + a2exp[ik2r] + a3exp[ik3r] . (5.7) 

I In condition! to have a phase singularity at r = 0 implies that the sum of the complex 

amplitudes becomes zero. viz. 

a, + a2 + a3 = 0 . (5.8) 

I liis equation has of course different solutions depending on the amplitudes and the phases 

of the individual waves. Two possible solutions an- shown in l-'ig. 5.8 a) and c). 
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a) b) c) 

Figuro 5.8: Sum of three complex values in the complex plane. A phase singularity exista 

at r = (0,0) if the sum is equal to zero, as in ease a) and c). 

If Eq. (5.S) is not satisfied, but, only ICq. (5.2). the phase dislocation is shifted away 

from r — 0. Therefore, the precise localization measurement of phase singularities gives 

some sensitive information about the complex amplitudes of the individual plane waves. 

If Bq. (5.3) is the Rayleigh expansion of a field generated by a grating structure, the 

measurement of the positions of phase dislocations can give some iiifuriiiatiüii about the 

grating structure (see Sec. 7.3.2). 

It is interesting to examine a phase dislocation in more details. Fur this purpose we 

choose the km such that they form an equilateral triangle (and k | = (0,1)). Figure 5.9 a) 

shows the time averaged intensity of the sum of the three waves. The phase contour 

plot (Fig- 5.9 b) indicates well the position of the phase dislocation. At this point, the 

time averaged Poynting vectors is zero. The energy flows around the phase singularity, 

(Fig. 5.9 c). The curl of the time averaged Poynting vectors is different from zero, as 

illustrated in Fig. 5.9 d), see also comments at the end of Sec. 2.2.1 . Figure 5.9 b) to d) 

show a "spectacular" aspect of optical light fields: Similar to air or water turbtilencies, 

light fields can exhibits whirls and vortices. 

Note, that the phase always jumps by it while passing through a phase dislocation, 

independent from which direction the scan is made. The phase jump itself is very sharp, 

theoretically with an infinite slope. This is not astonishing, because in terms of the real 

amplitude, this means that the sign changes. 

5.3.2 Saddle points 

In the previous section, we discussed the behavior of an optical field at points with time 

averaged intensities equal to zero. We have seen that also the time averaged Poynting 
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!•'igurc 5.9: Phase singularity generated by three plane waves, a) the time averaged 

intensity l>) the phase contour c) the time averaged I'oynting vector and d) the curl of 

the time averaged I'oynting vector is shown. 
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Figure 5.10: Saddle points generated by three plane waves, a) the time averaged intensity 

I)) the phase contour c) the time averaged I'oynting vector and d) the curl of the time 

averaged Poynting vector. 

vector 

< S > = ^ - A\V4>* (5.9) 

is zero, cf. Kq. (2.33). Other interesting points are locations having an intensity different 

from zero but a zero gradient of the phase. We call these positions saddli points. The 

energy flow is obviously zero at these points. For illustration, we consider again the case 

of the interference of three plane waves. The configuration is the same as in Fig. 5-9, 

except that the phase of the complex amplitudes are chosen differently (01,2,3 = 1). 

The resulting field is illustrated in Fig. 5.10. Note that, for this specific case, the 

intensity is maximal at the saddle points. This is, however, in general not the case. The 

necessary condition for a saddle point is that, the gradient of the phase is equal to zero. 

5.3.3 Phase singularities generated by optical microstructures 

In Sec. 5.3.1 phase singularities are generated by the superposition of (homogeneous) plane 

waves. Of course, it is possible to observe phase dislocations also in other fields. In Fig. 5.6 
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wo have shown phase dislocations inside a modulated (hence non-homogeneous) region. 

There, the field is typically represented by a superposition of modes (Eq. (3.63)). If phase 

singularities are used for the metrology of grating structure, we need to know the relation 

between the location of the singularity a.nd the geometry of the structure. Unfortunately, 

no trivial relation exists, at least, not for small sized structures, and rigorous computations 

are necessary. 

We would like to illustrate this with the following example. A binary dielectric grating 

("] = 1.-5, «a = 1) of period A = AX is illuminated by a perpendicularly incident plane 

wave with Tli-polarization, bet its look at the phase behavior in the near field of such 

a structure for different grating depths d. Figure 5.11 shows a. series of phase contour 

plots. In Fig. 5.11 a) to d) the contour lines are approaching each other at around 

x/X = 0.47, z/X = 0.49. Increasing the grating depth gives rise to two phase dislocations, 

Fig. 5.11 e) and f). The rotation is opposite from each other. By increasing the grating 

depth even more, the location of the phase singularities changes. Fig. 5.11 g) and h). For 

very large grating depths, these two specific phase singularities will disappear (not shown 

in Fig. 5.11). 

Actually, it. is possible the separate the lifr.-cydr. of the phase singularities into three 

parts. This can be best, seen if woe look at the local mini mum of the intensities. In the 

prc-birth phase, corresponding to region A in Fig. 5.12, the intensity of the local minimum 

is different from zero. Approaching the point, of hirth (at d — 0.42A), the intensity drops 

sharply to zero (In Fig. 5.12 the "zero" intensity is at Io — 9. corresponding the the 

numerical noise level of the simulations). The intensity stays then at zero (region B) 

until ri! = 1.68A. Increasing the depth the phase dislocation disappears (region C) . 

Figure 5.13 gives another view for the live cycle of a phase singularity. Hero, the 

position of the phase dislocation for different grating depths is shown. The configuration 

is still the same as used for Fig. 5.12. At the point of birth (d = 0.42A) two phase 

dislocations are generated. Similarly, at the point of death {d = 1.68A) the two phase 

dislocations rccombine. 

It is possible to conclude from Fig. 5.13 that there is a relationship between the 

edge location and the position of the phase dislocation. However, it, is evident that, 

this relationship is not trivial. Hence, measuring the phase in the near field gives more 

information about the structure, but the reconstruction of the object is not trivial. 

5.3.4 Stability of phase dislocation against spatial filtering 

The observation of phase dislocations is not limited to the near field of a structure. 

An imaging system transforms the near field through a low-pass filter. First of all, the 
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Figure 5.11: liirth of a phase singularity: The phase contour of a binary grating structure 

is shown for different grating depths d. 
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grating depth ttfX 

Figure 5.12: Intensity of the local minimum intensity is plotted in function of the grating 

depth. A phase singularity exists in region B. 
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Figure 5.13: Location of the local minimum of intensity for different grating depths. 
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evanescent waves do not contribute to the far field diffraction pattern. Furthermore, 

some diffraction orders are cut away. The resulting superposition of waves can be quite 

different from the near field case. .But still it is possible that the far field contains phase 

dislocations. This is illustrated in Fig. 5.14, where the phase contour in the near field and 

in the image plane of a binary grating are plotted for different numerical apertures NA. 

The grating period is A = 4.5A1 corresponding to the case of 9 propagating diffraction 

orders («] = 1.5). The height of the grating is h = X. In Fig. 5.14 a) the rigorously 

calculated near field is shown. In Fig. 5.14 b) the phase contour plot in the imaging plane 

of an ideal (aberration free) .):.1 imaging system is reported. The numerical aperture is 

NA-I, corresponding to the case where all propagating diffraction orders are retained, 

however the evanescent waves are cut away because they do not contribute to the far field. 

It. is interesting to see that, the phase dislocation which is close to the surface (at x — OAX) 

has changed position. The other three, which arc outside the penetration depth of the 

evanescent wave, have of course not changed. For Fig. 5.14 c) to f J the numerical aperture 

has been successively reduced, and therefore also the number of interfering waves. For 

NA — 0.65 (Fig. 5.14 f) all phase dislocations have disappeared. 

Let us summarize the most important properties of phase dislocations 

J. l'hase dislocations are isolated points with intensity equal to zero. At this point the 

phase is not determined. They can be created by the interference of at least 3 plane 

waves of appropriate amplitude. 

2. In a scan through a phase dislocation the phase changes always by 7r, independent 

of the scan direction 

3. The curl of the time averaged Poynting vector is always different from zero at a 

phase dislocation. 

And finally, let us mention that phase dislocations arc also observed in other scientific 

research fields. Figure 5.15 shows a cotidal map of the north sec. The lines correspond to 

the location of the same tidal phase. The two large points in the middle of the north sea 

are ampkidromic points, i.e. isolated points of zero (tide -) amplitude. 

This considerations on phase singularities will help us to discuss the "superresolution" 

in phase images (see Sec. 7.3.2). The next section will show a consequence of the fact 

that the phase changes always by TT through a phase dislocation. 
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Figure 5.M: Rigorously calculated phase contour |>lots of the a binary grating structure 

(A = 4.5A, ( = 0.4, TI, = 1.5. » Ï = 1). illuminated by a perpendicular incident, plane 

wave (Tl>|)olarizat.ion). In a) the near field is shown. In b) to f) the far field is reported, 

obtained by low pass filtering with different, cut-off frequencies. 'J1IiIS corresponds to an 

aberration free, coherent imaging system of numerical aperture NA. 
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Figuro 5.15: Cotidal map of the north sea. The lines correspond to locations of same tidal 

phase. The spacing between two lines is one hour. The two large points in the middle of 

the north sea arc amphidromic points, i.e. isolated points of zero tide amplitude. 
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Figure 5.16: Difference of the rigorously calculated first order intensity and the thin 

clement prediction. The calculations are made for a grating of large grating period A = 

20a and different grating depths d. 

5.3.5 Consequence of phase dislocation for the far field: an ex­

ample 

It is well know that the diffraction efficiency of a binary structure is about. '10.5% in the 

thin element, approach. We have seen that the thin clement predicts wrong values for the 

diffraction efficiencies especially for small grating periods. From the discussion on phase 

singularities we know now that the phase jumps are always n. The thin element approach, 

however, predicts phase jumps different to TT. The phase is just proportional to the surface 

profile. Hence, if the surface height jump is different from a multiple of TT we admit a 

non-physical field. This behavior can be illustrate by the comparison between rigorous 

calculations and thin element calculations for different surface heights. Figure 5.16 shows 

this difference for the first order diffraction efficiency of a. binary phase grating versus the 

structure depth. The index of refraction arc V1 = 1.5 and 112 = 1. The grating period is 

A = 2OA. The Fresnel reflection losses are compensated in the case of the thin element 

approach. The grating is in the thin clement region, this means that the overall error is 

small (less than 0.2%). However, it is interesting to see that the error is maximum for 

d — (in + 0.5)TT corresponding to phase jumps of $ = (m + TT/2), which are the most 

iinn-physical. For d = m\ the error is minimum. 
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Chapter 6 

Applications of optical 

microstructures 

hi Sec. 5.1 wc discussed the behavior of microlcnses. Wc have seen that, for small di­

ameters the edge diffraction effects become more important than the refraction on the 

curved surface. There are many other elements where diffraction and refraction plays an 

important role. A general discussion about refractive versus diffractive elements is out of 

the scope of the present work. The interested reader is referred to [56]. Mere, we only 

mention that planar diffrattive optical elements (I)OKs) [57] are an alternative to classical 

elements (lenses, mirrors, beamsplitters). Relying on diffraction and interference rather 

than on reflection and refraction (Tig 6.3), elements with unique and novel properties can 

be realized. Almost any structure shape, including non-rotational I y symmetric asphcrics, 

can be manufactured, providing all degrees of freedom for the design. Other interesting 

aspects of 1)01¾ are low weight, strong dispersion, and the possibility to make segmented 

elements, large arrays of elements, beamsplitters, and polarizers. These properties are 

useful for many applications of DOFs, including filters for image data processing [58], 

Figure 6..1: Beam deflection made by a) refraction, b) by diffraction. 
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beam shaping [59, 60], and antireflection structures [61, 38]. Fnrt.hermore, the combi­

nation of refractive and diffractive surfaces (hybrid elements) offers new possibilities for 

optical design. The negative dispersion of DOKs can be used to compensate the chromatic 

aberrations of refractive lenses [62, 63]. Hybrid elements can also be used to compensate 

the temperature induced variations of their mounting system. Some examples of ather-

malized hybrid lenses have been discussed in the literature [64, 65], and [66] (see appendix 

A.III). 

6.1 Far field beam shaping (A.III) 

The objective of this section is to demonstrate the potential of diffrattive optical elements 

(DOEs) for the design of optical and opto-electromc systems for advanced laser inter-

satellite communication terminals. Diffractive optical elements for space applications 

must comply with a number of requirements, including mechanical, thermal and optical 

stability [63]. Suitable techniques for realizing the niicrostructures in space qualified 

materials arc based on a variety of high resolution lithographic and optical processes [56]. 

VVc discuss possible applications for DOlìs in compact optical communication terminals. 

The design and experimental realization of three different elements are presented, '['hose 

elements include a ring pattern generator allowing tracking and data transmission within 

one optical element, an athermalized hybrid achromat, and a hybrid lens system. 

An example of the elements studied in [66] (see appendix A.lll) is shown in Tig. 6.2. A 

single (diffractive) element is used to split the incoming beam into a focused point and a 

ring pattern. The ring pattern is used for the tracking between the two satellites. Changes 

of the relative positions of the sending and receiving communication terminals are directly 

translated into a shift, of the ring intensity pattern on the tracking sensor, which can be 

measured by means of the 4-quadrant detector. The focused point is used for the receiver 

signal. Figure 6.3 shows the measured intensity distribution in the tracking detector plane, 

compared with the theoretical predictions. There is an excellent agreement between both 

curves. 

6.2 Near field smart masks 

As shown in Sec. 5.1 even small mtcrolcnses can focus light down to spots of a few 

wavelength in diameter. They can be used in photolithography, or more particularly, to 

simplify the mask imaging system be including the projection system in the mask. 

There are a number of applications where it is required to image an array of dots, lines. 
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Tracking 
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ring diffraction pattern 

point diffraction pattern 

4-quadrant detector (TS) 

Figure 6.2: Schematic view of the principles of the tracking/receiving system of a in-

tcrsaticllitc laser communi cation terminal. The incoming beam is splittod into a. focused 

point; (used for the receiver signal) and a ring pattern (used for tracking). 

calculated Intensity distribution 
scanned by a 0.2 mm pinhole 

Figuro 6 

tracking 
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.3: Measured and calculated diffraction pattern of a ring-point, generator used for 

and receiving in a space communication terminal. 
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Figure 6.4: Different types of pliot.olithogra.phy; a) projection lithography, l>) proximity 

printing, c) smart mask lithography. 

or other shapes onto a photoresist coating. One exampie is in the formation of arrays 

of field emitters for flat panel displays. Normally, light passes lhrotigh small apertures 

in the photomask and is transferred onto the photoresist coating by a projection lens 

(Fig. 6.4 a), or by free space propagation (proximity printing, Fig. 6.4 b). In both cases an 

important fraction of the light is blocked by the chromium mask, which makes the process 

inefficient. VVe propose an improved photomask arrangement, which is substantially more 

efficient [67, 6S], Fig. 6.4 c). In our system, each element on the photomask includes its 

own focusing system that concentrates the light onlo a a point, a line or an other area of 

a photoresist layer. 

In Fig. 6.5 the near field of a microlcns is shown with and without the presence of the 

photosensitive layer. The calculations have been made with the Fourier modal method 

FMM (Soc. 3.3.3). It is evident that the back reflection from the photoresist layer disturbs 

the near field of the lens, but the light confinement is still adequate for photolithographic 

printing. 

pliot.olithogra.phy
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Figure 6.5: Rigorously calculated intensity distribution in the near field of a microlens 

(diameter d ~ 5A, height h — 2A1 n — 1.5, TE-polarization), a) free space, b) presence of 

a dielectric layer (n — 1.5) at z — 5A. 
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Chapter 7 

Characterization of grating 

structures 

The testing of grating structures typically includes the measurement of diffraction efficien­

cies, resolving power, or spectral purity [36, Chap, 11), hence the optical propriety of (lie 

element, fiere, we arc more interested to study the geometry of the microsf.ructitrr. itself 

by optica! methods. The basic question is : Is it possible to reconstruct the geometry of 

a grating structure by measuring its optical response? I3y geometry, we mean the shape 

of the structure: grating period, line-width, grating depth, slant angle, or more general 

the surface function f(x). 

In chapter 3, we learned about the complicateti interaction of light with such struc­

tures. VVe have seen that the object and the field generated by the object are not the 

same. We will therefore distinguish between the object and the object, field. Wc estimate 

that in general, it is not possible the solve the. inverse, interaction problem, but there arc a 

number of important cases where it is still possible to get information about the structure 

itself. If the element is large and thin (hence, in the 'scalar" domain) there is a linear 

relation between the object geometry and the phase of the emerging field. In this case, 

the characterization of the geometry is referred to the characterization of the field, which 

is not too difficult using standard optical characterization methods. In a more general 

formulation it is possible to state that the inverse-scattering problem can be directly solve 

as long as the llayleigh hypothesis is valid (see Sec. 3.2.1). There are different papers 

treating this problem in the near field [69, 70] and in the far field [42, Chap.9]. 

If the clement is in the resonance domain (i.e. the grating period is in the order of the 

wavelength) the situation is moro delicate. The general approach is to make a forward 

optimization (see l*'ig. 7.1). This includes the following steps: 1. The grating structure is 

illuminated by an electromagnetic field of a certain state (spatial frequency spectrum kx, 
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Figure 7.1: Characterization of the geometry of periodic optical microstructures. 

wavelength spectrum X1 polarization state p). 2. The response of the grating is measured 

(i.e. the state of the emerging field is determined). 3. The measurements are then fitted 

to theoretical (rigorous) calculations based on a parameterized geometry (A,i,n.ctc). In 

order to refine the results, the measurement and calculations are repeated for different 

states. 

Based on forward optimization, different methods have been reported in the literature. 

Probably the most complete approach has been made by Naqvi and coworkers [71, 72, 

73, 74]. The basic idea of his method is to measure the first order diffraction efficiency 

in function of different incident angles. The obtained measurement is some kind of a 

"fingerprint" of the grating structure. Later, the method has been refined to include 

different polarization states and wa.velengt.hs; also higher diffraction orders were measured. 

Jïecause several grating periods are illuminated at the same time, this method allows only 

to extract information about the mean value of the different parameters (mean line-width, 

mean slant angle, etc). 

In this chapter, we present two different methods to characterize the geometry of the 

grating structure. The first method (scanning spot metrology) enables the extraction of 

information on the local line-widths, the second method (laser diffractometer) measures 

the mean grating period with picometcr accuracy (AA < 5pm). 

At the end of the chapter we will discuss some aspects of super-resolution. It is clear, 

that the question on how well the shape of an object can be determined from measurements 

implies directly the question on how good is the resolution of the method. We will 

therefore review some historical aspects on resolution and su porroso! ut ion. 

7.1 Scanning spot method (A.IV, A.V) 

Advancement in the areas of phase shift optical lithography, e-beam lithography, and x-ray 

lithography have enabled the realization of very fine relief structures in the nanometer-

micrometer range. The ability to measure the relief parameters and the absolute position 

wa.velengt.hs
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Figure 7.2: Principio of the scanning spot, metrology: A grating structure is illuminated 

by a focused laser beam. A detector is measuring the interference while the structure is 

scanned through the beam. 

accuracy of these structures is of obvious importance, not, only to determine if the de­

sired structure has been realized, but also to optimize the fabrication process. The wish 

list, for metrology includes non-destructive testing, testing of large areas, and testing of 

large aspect, ratio structures having sub/mi lateral dimensions. Current techniques for 

measurement are optical microscopy (including conventional, confocal and near field tech­

niques) [75], scanning electron microscopy [76] (SKM), and scanning probe microscopy |77] 

(SPM). None of these techniques, however, is capable of providing rapid accurate sub-//m 

measurements over larger areas. Optical testing methods have been applied to address 

those requirements. The relevant, parameters of a lithographic process, i.e. the depth and 

width of a grating like test structure, can be determined by scattering an incident, laser 

beam at the structures and measuring the far field intensity distribution. A fabrication 

technology can be best, characterized, if specific structures with sensitive and easy-to-

measiire properties are realized. Gratings provide ideal tost elements, since they split an 

illuminating laser beam into a discrete array of diffraction orders. Previous published 

results have demonstrated the capability of far field measurements to rapidly and very 

accurately measure large aspect ratio sub-/im feature over larger areas. The main draw­

back is that those techniques only determine the average parameters, and are unable to 

determine local errors such as single line defects. Therefore, we have investigated a scan­

ning spot method which provides accurate information about edge locations of opaque 

structures on chrome masks. The method involves illuminating the structure with a small 

detector 

interferences 
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Figure 7.3; Rigorously calculated diffraction pattern of a binary grating structure of 

A = 1.5/im, illuminated by a Gaussian beam of diameter 2(*¾ = 1.5/tm. The thickness 

of the grating is d = 0.7/mi, the incident wave is TE-polarized and has a wavelength of 

A = 0.632/tm. 

spot size focused laser beam and evaluating the diffraction pattern as the structure is 

scanned. It lias been applied to amplitude gratings, realized typically by opaque and 

transparent, line structures on chrome masks. 

The total transmitted power gives information about the edge locations of the lines [78J 

(see appendix A.IV). In the case of phase gratings a different, approach is used. The 

focused laser beam generates enlarged diffraction orders. If the beam size is sufficiently 

small, i.e. has a large angular spectrum, the diffraction pattern of the diffracted orders 

overlap and interfere (Fig.7.2). Scanning the mask introduces a (linear) phase change 

of the higher diffraction orders. The resulting interference modulation depends on the 

ratio between the grating period and the focus spot. size. This modulation can be used to 

extract the edge locations with high accuracy [79]. 

An example of a rigorous calculated diffraction pattern of a binary dielectric grating 

structure illuminated by a Gaussian beam is shown in Fig. 7.3, the contributions of the 

different diffraction order being reported separately. In this situation, the best place to 

put the detector is at Oj — 20°. There, the first diffraction and zero diffraction order are 

equal, and therefore a maximal modulation depth is obtained. 

Based on this principle, we were able to determine local line-widths of i/im gratings 

with a precision of 10R?H. The detailed work on amplitude gratings can be found in [78] 
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figure 7.4: Lîttrow diffraction angle measurement system. 

and [80] (sec appendix A.IV and A.V). 

7.2 Laser diffractometer 

Tlie laser diffractometer is a well-known instrument to determine the period of a grating 

by measuring the diffraction angles. We will show that, this method is highly accurate. 

The basic principle is illustrated in Fig. 7.4. A grating structure splits an incoming beam 

into different diffraction orders. Measuring the Littrow diffraction angles 0m requires only 

one rotating stage to determine the mean grating period. The direction of the diffraction 

orders in the Littrow mount is related to the grating period A by 

Ji a ; rsin0m = mX/2A , (7.1) 

where n a j r is the refractive index of the air, m is the diffraction order and A is the 

wavelength. 

If the laser diffractometer is placed in a temperature and humidity controlled environ­

ment, high accuracy can be achieved. The index of the air has to be taken into account 

with the same precision as the measurement accuracy ( |AA/A| = |A»air/"airl )' 

Based on this principle, a laser diffractometer has been built and characterized. Fig­

ures 7.C and 7.5 show a schematic view, respectively a picture of the system. The an­

gular precision of the rotary stage is in the order of 0.1" « O.bfimd. This instrument 

allows the rapid and precise determination of the grating period of reflection gratings 

(A = 400nm. . . 10/im) with an accuracy of better than 10~\ Therefore, it is possible to 

determine the mean grating period of a lfim grating to better than 10 picometer! 

The method has been successfully applied to determine the precise grating periods and 

also the orthogonality of cross-gratings. Figure 7.7 a) shows an atomic force microscope 

(AFM) measurement of such a structure. The orthogonality of the gratings is determined 
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spatial filter+ 
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Figure 7.5: Schematic view of the laser diffractometer. 

Figure 7.6: Picture of the laser diffractometer built up at the Swiss Federal Institute 

of Metrology. 
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Figure 7.7: Cross grating used as test object for the laser diffractometer. a) AFM mea­

surement, b) extracting information on the orthogonality of the gratings. 

by the measurement of the grating period in diagonal directions (Fig. 7.7 b) and applying 

some elementary trigonometrical formulas. 

'Pablo 7.1 summarizes the comparison of measurements made by the laser diffractomo-

ter and the AFM. The agreement, between the two methods is very good. The difference in 

the absolute value of the grating period is less than IO-"4. The AFM measurements (itself 

a local method) were obtained by taking the mean value of a. large range scan over sev­

eral hundreds of grating periods. The translation stage was interferometri cai Iy controlled. 

I1IiC main advantage of the laser diffractometer over the AFM measurements is the fast, 

x-pi tch 

y-pitch 

diagonal I - pitch 

diagonal 2 - pitch 

-i orthogonality 

AFM 

[nm] 

700.967 

700.981 

9S9.297 

993.265 

90.2290 ° 

diffraction 

[nm] . 

700.953 

700.928 

9S9.24S 

993.327 

90.236 ° 

difference 

rei 

2.0 E - 5 

7.5 E - 5 

6.2 fi - 5 

6.2fi - 5 

7.1 E - 5 

Table 7.1: Comparison between AFM and laser diffractometer measurements. 

contactless and accurate determination of the mean grating period. The "mathemati­

cal operation" of taking the average over several hundreds of grating periods is realized 

optically by the diffraction of the light beam in free-space. 
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7.3 Superresolution 

7.3.1 Early work on the degree of freedom of an image 

Early considerations on optical resolution arc- due Io LORD RAYI.EIGH [81], who showed 

that for a classical optical telescope the resolution limit is i ß = Xf/D, where / and D are 

the focal length and the aperture diameter of the instrument, respectively. T O R A I . D O Di 

FRANCIA [82. 83] derived the intuitive conclusion that the image is completely determined 

by giving the complex amplitudes at a square lattice of points spaced X/2NA apart (AM 

being the numerical aperture). Therefore, the image has 

5 = X/xR = DX I Xf (7.2) 

degrees of freedom, where A' is the size of the object field, S is also called the Shannon 

number. As a consequence, since the object field can have an infinite number of degrees 

of freedom, it follows that many different objects fields can have one and the same image. 

The observer must, necessarily make use of some a priori information1. 

13 years later Toraldo di Francia modified his claims [84] and proved that his first 

conclusions were mathematically wrong. For, if the object field size has a finite size, the 

Fourier transform on the pupil is an analytic function; thus, knowing this function over 

a finite interval is sufficient to reconstruct the complete function. This mathematical ar­

gument induces the following interesting question: Why this possibility of superresolution 

has not, yr.t. been transferred into physical reality, with a real and substantial gain compared 

vrith conventional instruments? Toraldo di Francia showed that the practical limitation 

of the number of degrees of freedom is a mathematical phenomenon. Hc analyzed the 

difficulties that arc inherent in the retrieval of the missing information. Later GORI [85] 

generalized the concept, of degree of freedom to optical imaging system in the presence of 

aberrations. The argumentation is based on the following idea: 

The relation between the object field and the image field is expressed by the superpo­

sition integral 

Ui(x) = f Uo{x') K(x,x')dx', (7.3) 

where K(x,x') is the impulse response of the imaging system (see also Chap. 4) and £ is 

the object field domain. The object field U0{x) and the image field Ui(x') arc expanded 

using the same set of basis functions 

uB[x') = Y,a™ W * ' ) » a n d (7-4) 
1NUIQ timi rigai it we niakc a disiti iiRtion between the olrjccl und the object jictd (that is ltic fu;Id created 

by the object.). 
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Figure 7.8: Positive real number An,. The graph indicates how a basis function of the 

object, field is transferred into the basis function of the image for a coherent and aberration 

free optical system. The configuration corresponds to with a Shannon number S = 11.5. 

Ui(x) = I > m < M * ) : (7.5) 

with 

am = J Uo(x') C 1 K ) d.r', (7.6) 

bm = f V*{x)Pm(x)dx. (7.7) 

The basis functions in Eqs. (7.4) and (7-5) are chosen to be the eigen function s of the 

impulse response, viz. 

fii>(x')K(x..x')óx' = A # T ) . ¢7.8) 

For a perfect and coherent imaging system this eigcnfiinctions $m(x) are the prolate 

spheroidal wave functions (86, 87, 8S]. 

Introducing Eqs. (7.4) and (7.5) into Eq. (7.3), interchanging sum and integral, and 

taking advantage of Eq. (7.3) results in 

bm = Am am . (7.9) 

Hence, An, indicates how a basis function of the object field is transferred into the basis 

function of the image field. Therefore, suppose we know the image Ui(x), the coefficients 

bm of the image expansion are found by Eq. (7.7). The coefficients am of the object field 

are then determined by Eq. (7.9) and the object field can be reconstruct!]red by Eq. (7.4). 

However, practically the eigenvalue Am is one for m < S and zero for m > S. As an 

example, the behavior of An, as a function of m is shown in Fig. 7.8 for S= 11.5. The 

behavior is similar to that of a step function. It is clear that for a real imaging system, 

characterized by a certain noise level, the higher order terms of the object field expansion 

can not, be determined anymore. Therefore, the resolution limit based on the sampling 
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theorem is a good estimation for the resolution of a classical optical system, although 

physically there is no sharp limit. 

All this considerations wore made to study the reconstruction of an unknown object 

field. If we have some a priori information about the object or about the object field, the 

situation is completely different. It has already been noted by TORALDO Dt FRANCIA 

[84] (and unfortunately forgotten nowadays by many authors) that if we have some a 

priori information about the object, or the object field, the term resolution loses its 

signification and the problem is transferred to a parameter optimization, as discussed 

in the introduction of this chapter. 

7.3.2 Superresolution in phase images 

At the beginning of the nineties, TYSCHlNSKY [89], and T Y S C W N S K Y and V E L Z E I , [90] 

presented spectacular images, reactivating the discussion on superresolution. Figure 7.9 

shows one of theirs measurements [90, Fig. 9] of a semiconductor test object with an 

etched structure in the Si-layer. The measurements have been made with a high resolution 

interference microscope (see schematic view in Fig 7.10). The phase image has details well 

beyond the classical resolution limit. Unfortunately, there is no satisfying explanation in 

their publications. 

Only recently, TOTZECK [91. 92] gives full explanation of the apparent superresolution 

in phase images: the phase measurements show scans through phase dislocations, hence 

sharp jumps are expected. As we have seen in Sec. 5.3, such phase dislocations can bo 

easily generated by the superposition of plane waves. The phase measurements do not 

contradict the classical resolution criteria. The term "superresolution" in the context of 

phase images is therefore not suitable. 

The main problem to solve in the measurement of A-sized structures is the light inter­

action problem. Since the elements are in the resonance domain, there is no linear relation 

between the object and the phase anymore. As an example, we present in Fig. 7.11 a) the 

near field and Fig. 7.11 b) the scan through two phase dislocations for a similar element 

as Tychinsky had used. Unfortunately, we do not know all the parameters (wavelength, 

polarization state, spatial frequency spectrum) of Tychinsky's work. That is the rea­

son why it is not possible to make a quantitative comparison between the two graphs. 

Qualitatively, the phase measurement, of Fig. 7.9 agrees well with the calculated values of 

Fig. 7.11 h). 

To solve the inverse problem, that is to find the object from the image field, we 

need forward parameter optimizations as discussed at the beginning of this chapter. The 

imaging system (hence, the low-pass filtering) can directly by included in the optimization. 
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?igtire 7.9: Phase measurement made by 

Pyschinsky and Volzol [90, Fig. 9]. 
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Kigitre 7.10: Schematic view of a high 

resolution interference microscope (Linnik 

type). 

Figure 7.11: a) Rigorously calculated phase contour plot of the near field of an etched 

IOOnm x 400nm groove in a SMaycr. The structure is illuminated by a perpendicularly 

incident, plane wave of Tli-polarizatìon (A — 4SST?m). h) Phase plot of a scan close to two 

phase dislocations. The phase changes rapidly within 70mn. 
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7.4 Discussion 

We would like to conclude this brief considerations on characterization and superrcsolution 

by tlio following statements: 

• First of all, one has to be aware that, the field generated by a A-sized object has 

not the same shape as the object itself. The interaction of light with these kind of 

structures lias to be modelled using a rigorous interaction theory (see for example 

Sec. 3.3.3). 

• Therefore, it makes no sense to develop complicated theories on superresoliition, 

or diffraction theories (in the sense of propagation), if the starting point is not a 

physically realistic field; e.g. to make investigation on the propagation of a binary 

amplitude function with line-widths below the wavelength, as it has been made 

for example in [93], or to admit a ir-phase jump without, the associated amplitude 

change. 

• Since there does not exist (at least not to our knowledge) a general rigorous imw.r.tr. 

interaction model, the extraction of geometric parameters of A-sized microstructures 

has to be made through forward optimization (c.f. Chapt. 7). Kor this purpose, it 

is necessary to acquire as much information about the object as possible. Hence, it 

is advisable to measure amplitude and phase of the emerging optical field. 

• And, finally, if we have some a priori information about the object, the notion 

of resolution looses its signification and the problem is reduced to a parameter 

optimization. 



90 CHAPTER 8. CONCLUSIONS 

Chapter 8 

Conclusions 

The objective of this work was to show different, aspects of the interaction of light, with 

periodic optical rnicrostructuros. In a first part, we discussed different theoretical models. 

VVe showed that it is important to use rigorous diffraction theories, if the structures 

are in the order of the optical wavelength. We presented the Fourier modal method as 

a suitable tool for solving the grating diffraction problem. Furthermore, we extended 

the existent ttayleigh method and the Waterman approach to dielectric surface relief 

structures. Introducing approximate theories helps to understand the complex problem 

of light-matter interaction. 

For optical systems consisting of several elements, wc introduced the concept of spec­

tral response and transfer function. New in this approach is. that also evanescent waves 

are taken into considerations, This opens new possibilities in the modelling of modem 

complex optica] systems. As an example, we presented the scanning near field optical 

microscope (SNOM) as an optical instrument, characterized by transfer functions and 

spectral responses. VVe emphasized that for a good SNOM, the transfer functions rep­

resenting the capability to convert evanescent waves into propagating waves has to be 

optimized, rather than the overall throughput. 

We described how phase, singularities can be generated. Phase singularities are isolated 

points of zero amplitude, hence the phase is not determined at these points. These points 

are well localized. Therefore, measuring their position can give information about the 

object, (shape, index of refraction, etc). 

Finally, we evoked the question if it is possible to reconstruct the geometry of a grating 

structure by measuring its optical response. We found that, in general, wc will have to use 

forward parameter optimization to reconstruct the object. We discussed different points 

on suporrcsolution. In our opinion, there is no superresoiution observed in phase images 

(If we relate the term resolution to the degrees of freedom of the image). 
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In summary, the present, work shows some aspects of the interaction of light with opti­

cal microst.nictures. Such a work cannot he complete, a lot of points were not mentioned 

(surface plasmon generation, partial coherence, conical incidence, etc). During this work 

not only solutions were found to existing problems, but also new questions were evoked. 

Especially, it would be interesting to study phase dislocations in more details, to find con­

ditions for their creation. VVc observed that small changes of one geometrical parameter 

can totally alter the; phase topography (see Pig. S. I). For smooth and thin structures, 

the phase field is also smooth and without singularities. If the thickness of the structure 

changes, phase singularities appear and the phase topography becomes turbulent1. It 

is similar to hydrodynamics, where two different flow state exists: a laminar flow and 

a turbulent flow. If. would be interesting to apply hydrodynamical principles to optical 

systems (or viz versa, optical principles to hydrodynamical systems.. . ). 

1 Fxiunplcs of (uiimalrxl [inlds i;an he. found on Llie TntcrticL pagra of lltß histìtulo of Micro tedi no logy, 

University of Neiicliâlcl : )ittp://www-opti<;H.iiiiiiii;.nli/rcscurcli/Mic:ro(jpt/RigDirrra(:lioii/iiiiiii].htMil 
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Figure 8.1: Rigorously calculated pha.se contour plots of a. sinusoidal surface relief grating. 

a.) For a thin grating (/t = 3X) the phase topography is smooth. I)) Increasing the grating 

thickness to h = 3.5A changes dramatically the phase topography, phase singularities arc 

generated and tiirl>ulencies appear. 

pha.se
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Abstract 

We present scanning near-field optical microscopy as an optical instrument characterized by a transfer function. This 
approach gives some theoretical guidelines for the design of near-field optical measurement systems. We emphasize that it is 
important to distinguish between the resolution for the optical field and the resolution for the object In addition, to solve die 
general inverse diffraction problem the measurement of phase and amplitude of the electromagnetic field is necessary. 
01998 Published by Elsevier Science B.V. AU rights reserved. 
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1. Introduction 

Since the introduction of near-field optical microscopy, 
many different configurations of near-field measurements 
have been proposed [I]. Parallel to the technological ad­
vances, several efforts have been made in the theoretical 
modelling of near-field optical detection systems. A recent 
overview of near-field diffraction theories has been pub­
lished by Girard et al. [2J. The paper includes different 
scattering theories, and theories based on the plane wave, 
respective multinole expansions of the electromagnetic 
field. The basic question to be answered by any theory is 
the resolution limit of near-field optical microscopy. Dis­
cussions about the resolution of near-field optical micro­
scopes can be found in different papers [3-6], Vigoureux 
[6] presents a historical overview of the resolution limit of 
classical microscopy (mainly the Rayleigh criterion), and 
analyzes the consequences for near-field microscopy. The 
main conclusion (which is in the meantime well known) is 
that information on sub-wavelength details of electromag-

E-mail: peter.Martneroimt.uniM.ch 

netic fields is contained in the non-radiative (or evanes­
cent) components of the field. Therefore, it is important to 
collect the near-field information. 

In our present paper, the near-field detection system is 
considered as an optical instrument characterized by a 
transfer function. For this purpose, the measurement sys­
tem is separated into different parts as shown in Fig. 1. 

The object is illuminated by an incident wave and 
generates a field distribution in the output plane. In gen­
eral, the interaction of light with sub-wavelength structures 
has to be computed rigorously. We define a spectral 
response function H0^ as being the action of the object on 
the incident wave of a certain spatial frequency. The 
resulting field is detected by the scanning probe at a 
constant distance from the sample. The radiating part of 
the field propagates in free space, whereas the evanescent 
part is attenuated. This effect is described by the free space 
transfer function P. The probe itself is again characterized 
by a spectral response function H^. This approach can of 
course also be applied to the inverse case, where the tip is 
used to illuminate the structure. 

Compared to a classical optical instrument, the term 
resolution has to be defined differently in near field optics. 

0030-4018/98/$ - see front matter C 1998 Published by Elsevier Science B.V. All rights reserved. 
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In classical optics, the field is directly related to the object 
Thus, the resolution for die field and the resolution for the 
object are the same. ID near-field optics, due to the compli­
cated interaction problem, the resolution is related to die 
ability to reconstruct the electromagnetic field in the out­
put plane (or output space) of the object In conséquence, 
sub-micrometer resolution of a measured field does not 
imply that the object can be determined with the same 
accuracy. 

We limit the analysis to non-elastic interaction, 2D 
geometry, and to TE-polarization. Furthermore, no back 
reflections from the tip are taken into account This means 
that the theory presented here is not a self-consistent 
approach. However, it allows us to discuss the field resolu­

tion problem of near-field optical microscopy in a compre­
hensive way. Furthermore, the reconstruction of the object 
from die field data is not treated in dus paper. 

2. Spectral response function of the object 

Most of the near-field papers describe the interaction 
problem by a macroscopic perturbation theory [7,81. This 
approach writes the field as a superposition of the zero 
order field phis a first order perturbation term. This pertur­
bation is proportional to the incident field and to the 
Fourier transform of the surface profile. However, the 
perturbation theory is limited to smooth surfaces, i.e. the 
surface roughness is typically Email compared to the wave-
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0.1 Oi 0.3 0.4 as ae 0.7 OJ as i 

Hg. 3. Damping of evanescent wives venus die field size A/AfacWeremEcaimirtgdistaaces. 

length. For deep structures (e.g. typical surface relief 
gratings) this approach is not valid anymore and die 
solution of the interaction problem has to rigorously fulfil 
Maxwell's equations. In the case of periodic objects, most 
of the theories are based on the differential representation 
of the inhomogeneous wave function [9-12]. These ap­
proaches directly compute the complex amplitudes of the 
diffracted (propagating and.evanescent) waves. Hence, it is 
possible to compote the light distribution in the near-field 
of any periodic structure [ I3J. 

For linear materials and coherent illumination, it is 
possible to define a spectral response function Zf0^(Jt11Jt1) 
which relates die output spatial frequency spectrum O0Ck1) 
to the incident excitation O^k',) by a linear superposition 

This function describes the actios of the object on an 
incident wave. In its most general form the entire spectrum 
is taten into account, Le. — « < kj,k" < ». In the case of 
infinite plane wave illumination (Uu1(E^)-A0 S(^ 1 - . 
Jt10)), Eq. (1) becomes 

(2) 

Eq. (2) is valid for the classical scanning near-field optical 
microscope (SNOM) and me photon tunneling microscope 
(PSTM/STOM). Fig. 2 shows the calculated plane wave 
spectrum of a blazed grating structure in a SNOM configu­
ration. 

The calculations were performed with the rigorous 
eigenmode method [12]. In general, the spectral response is 

toWo^M*,.**.)-

a complex function including an amplitude and a phase 
distribution. It follows that, similar to the holographic 
reconstruction process, the amplitude and the phase have 
to be measured to reconstruct the original object field 2. 
Different approaches for measuring the phase by near-field 
mterferometry have already been presented in the open 
literature [16-2Oj. 

3. Free space transfer fonction 

The radiating part of the generated object field is 
propagating in free space, whereas the evanescent part is 
attenuated. In the plane wave spectrum dûs transfer can be 
written as a filter function 

where P(Jtx,d) is die free space transfer function and d is 
the distance from the tip to the sample. In particular, the 
complex free space transfer function is given by 

n*,J)' 
(expjirf^-ft, 

lexpj-rfy^P"] 
for |fcx| < Jt, 

for ItJ i t . 
00 

where Jt = 2ir/A and A is the free space wavelength. 
Thus, evanescent waves are affected by an amplitude 

1 In holography, the original wave is reconstructed from the 
recorded phase and amplitude. Note that, for die case of weak 
perturbations, it is possible to reconstruct Ute surface profile 
without die ueceaiity for phase retrieval [14,151 
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Fig. 4. Acceptance function D(Jf1) for different geometries, (a) 
Fiber tip detection, (b) SNOM based on a cantilever tip. 

change, propagating waves by a phase change. The local 
sub-wavelength field information is contained in the 
evanescent waves. The exponential damping of this 
evanescent waves has therefore some crucial consequences 
for the scanning tip distance. The damping factor is shown 
in Fig. 3 as a function of the field period ^ for 
different scanning distances. It is obvious mat the scanning 
distance should be as small as possible, 

In the complete system the damping effect of the higher 
diffraction orders is even increased by the tow-pass filter 
characteristic of the probe tip. 

4. Spectral response of Ine tip 

The detection is made by scanning a tip over the 
sample. If the property of the detection system does not 
change during the scan the linear system is space invariant 
Therefore, the detected signal can be expressed as a convo­
lution 

UA «<*)-/"'(*-*)¾*')**'-¼*¾ (5) 

where Kx-X1) is the impulse response of the detector. In 
frequency space Eq. (5) becomes a multiplication 

<L(*,) = ?"(*,)£(*,). (6) 
where TXkx) is the transfer function of the detector. For 
linear systems me transfer function is expressed as a linear 
superposition integral, 

Hkx)-j'^VM D(VJAV,* (?) 
where Ädp{Jt,,ft',) is the spectral response of the tip and 
D(Jf1) the detector acceptance function. The acceptance 

Fig. S. Calculated intensity and phase of the complex spectral response function of a one-dimensional dielectric probe tip: oncoated (solid 
line) and coated (dashed line). The coated tip has a dear slit aperture of A/10. 



function of (be tip depends on the chosen geometry, For à 
classical single-mode fiber tip SNOM ORg. 4a) only one 
frequency is accepted, D(Jfx) ™ S(V1) and the transfer 
function becomes particularly simple, 

nu-v*-°)-
In the case of a cantilever tip based SNOM, (he acceptance 
function of the detector is equal to the coherent amplitude 
transfer function (ATEO (21) of the detection system. The 
different frequencies are now integrated over the numerical 
aperture of the system. For an ideal imaging system the 
coherent amplitude transfer function is a binary function, 
Eq. (7) can be rewritten as 

• ' - iNA ^ 
(9) 

where NA is the numerical aperture of the imaging system. 
The aim of the tip-detector is to provide sub-wavelength 
resolution. For this purpose, the geometrical dimensions of 
the tip have to be in the sub-wavelength range. Thus, the 
spectral response H^Xk11V1) also has to be calculated 
with a rigorous model. In Fig. 5 the spectral response of a 
coated and uncoated dielectric fiber tip is shown. The 
calculations have been made by the same algorithm as for 
the grating structure, by considering periodically arranged 
tips. The uncoated tips have higher coupling efficiencies 
for low spatial frequencies than the coated tips. On the 
other hand, the electromagnetic field is less confined, i.e. 
the angular spectrum is more narrow. 

S. Field reconstruction, résolution 

In its simplest configuration (plane wave illumination, 
fiber tip detection) the spectrum of the detected signal is 
obtained by multiplying the spectral response of the object 
field A^(O1Jtx) with the free space transfer functions 
P(k x,d) (Eq. (4)) and spectral response of the tip HgXkxS)) 
(Eq. (6)), 

iL(*,)-^(*,W*,.<oiV*,). (10> 

*UM-4n(*Otfdp<o.*,). CO 

^1 Inversely, it is theoretically possible to determine the 
object field by deconvoluting the measured field with the 
impulse response of the system. For this purpose, the 
transfer function of the probe and the distance have to be 
known exactly. One the other hand, one should be aware 
that the process of deconvolution is in general quite sensi­
tive to noise. A real measurement system is characterized 
by a certain signal to noise ratio (SNR). If the system is 

shot-noise limited, the SNR is proportional to the power 
spectrum density and the total number of collected photo-
electrons ne during the scan (total integrating time). Hence 

(8) SNR(A1). 
i *Uo i a _ 

EMU*,.-)!1* 
(12) 

where U0Xk11n) is the sampled spectrum of the field. 
As a numerical example, we consider the case of 

resolving a field variation at the object surface of 50 nm at 
a wavelength of 500 run. For a scanning distance of 10 
run, the field is attenuated by 10 dB (Fig. 3). At a scanning 
distance of d = 25 nm the field is already damped by 25 
dB. The low-pass filter characteristic of a coated tip, 
having an aperture of 50 nm, adds another 50 dB to the 
attenuation with respect to the central frequency. The 
situation is even worse for the uncoated tip (see Fig. 5), 
namely 80 dB instead of 50 dB. In this numerical exam­
ples, the signals are mainly decreased by the limited 
resolution of the tips. Considering a resolution of 100 run, 
the response of the tips is much better. The coated tip 
attenuates the signal by 15 dB, the uncated by 60 dB. In 
practice, it is necessary to determine the spectral response 
of the tip experimentally. 

6. Condustons 

The near field microscope can be considered as an 
optical instrument defined by a transfer function. In this 
representation, the limitation of the microscope can be 
clearty discussed, although backreflections from the tip are 
not taken into account. Sub-wavelength signals have to 
overcome the exponential attenuation due to propagation 
of the evanescent waves (Fig. 3) and the low-pass filter 
characteristic of the probe tip (Fig. 5). The spectral re­
sponse of the tip expresses the capability of conversing 
evanescent to propagating waves. The system is character­
ized by a signal to noise ratio which depends on the spatial 
frequency. The signals have to be above the noise level of 
the instrument This limitations are fundamental for any 
type of near-field microscopy. Furthermore, it is important 
to realize that in a general case, similar to holography, 
amplitude and phase measurements are needed in order to 
solve me reconstruction problem. We emphasize that there 
is a difference between the object resolution and the object 
field resolution. The resolution limit usually discussed in 
the open literature is the object field resolution. The 
statement how good the object is resolved has lost its 
classical meaning in sub-wavelength optics. The object 
reconstruction itself (its geometry and its dielectric behav­
ior) needs some a priori information about the object the 
detection system and the illumination. 
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Abstract. In this paper, we discuss the behaviour of small cylindrical 
microlenses, arranged in on e-dimension al arrays and as single elements. For 
this purpose, we apply a standard rigorous diffraction theory, commonly used 
for diffraction gratings. We investigate the coupling effect between the ele­
ments. It turns out that single elements behave like periodic elements if the 
spacing is chosen correctly. Furthermore, we compute the complex transmis­
sion function by rigorous diffraction theory and compare them with classical 
theories (combined ray tracing and the thin-element approach). Finally, we 
discuss the focal properties of microlenses in the rigorous regime. 

1. I n t r o d u c t i o n 
T o d a y ' s technology allows the realization of small microlenses which have 

geometrical d imensions of the order of a few wavelengths (figure 1). These lenses 
are typically realized by the reflow technique [1] and have perfect spherical 
surfaces. In s tandard lens design, mainly two approaches are applied to describe 
the behaviour of such e lements . O n e method is ray tracing and the other is the 
th in-e lement approach. In its s implest version, ray tracing applies the laws of 
refraction and reflection to individual rays. N o diffraction effects are taken into 
account . However , it is possible to include the optical path length through the 
optical e lements (phase-sensit ive ray tracing). T h i s allows one to de termine the 
field in the plane of the exit pupi l of an optical system. In a second s tep, the free-
space propagat ion of the field can be computed by diffraction theory (angular 
spec t rum, Rayle igh-Sommerfe ld or Fresnel) . T h i s me thod is referred to as 
combined ray tracing [2], In the th in-e lement approach, the plane of the entrance 
pupil and the plane of the exit pupi l coincide. I n this case, the element alters only 
the phase of the incident wave, that is the wave is delayed proport ional ly to the 
surface relief of the e lement . 

T h e classical theories lose their validity if the geometrical d imensions of the 
e lement are of the order of the wavelength. For this purpose , different r igorous 
diffraction theories have been investigated in the past. T h e y are based on either the 
integral or the differential representat ion of the wave equat ion . In the l i terature, 
only a few examples are presented for the r igorous computa t ion of microlenses. 
M o s t of them are valid for diffrattive microlenses [3 ,4 ] , Rigorous computa t ion of 
refractive microlenses based on intergral boundary me thods and applied to have 
been presen ted by T a b b a r a [S] and m o r e recently by W a n g and Prata [6]. 
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Figure 1. Scanning electron microscopy picture of an array of very small microlenses 
(diameter, about 3 urn) [I]. 

However, these calculations are cumbersome and have been restricted to single 
elements. On the other hand, there exist efficient rigorous theories valid for 
periodic structures only [7-9]. They are mainly used to predict the diffraction 
efficiency of high-frequency gratings. 

In this paper, we apply the rigorous eigenmode method to microlens arrays 
[10]. We restrict the analysis to arrays of continuous relief lenses illuminated with a 
plane wave (two dimensions and transverse electric polarization). Furthermore, we 
analyse the diffraction at single elements by introducing a large spacing between 
the elements and we discuss the coupling effects between the elements. We 
compare the transfer function of microlenses calculated by rigorous diffraction 
theory and two classical theories (combined ray tracing and the thin-element 
approach). Finally, we investigate the focusing properties of microlenses. 

2. Rigorous diffraction theory 
Illuminating periodically arranged elements by a plane wave results in a 

discrete plane-wave spectrum. Therefore, the field can be written as 

Ur(X1M) m £ r M exp( i (*„x + *„,*)], (1) 
»r=-oo 

where Itx* and k^ are the projections of the associate plane wave wave-vector km 

onto the x and z axis respectively. The diffraction problem consists in finding the 
amplitudes Tm of the individual plane waves (or diffraction orders). In the rigorous 
eigenmode method [10] the periodically modulated surface structure or, in our 
case, the periodically arranged scatters are divided into a stack of thin films. The 
total number of layers depends on the thickness-to-wavelength ratio. We typically 
chose 25 x h/X layers, where h is the thickness of the structure and A the 
wavelength. The dielectric constant distribution e(x, z) = eH(x, Zn) of each film is 
expanded into a Fourier series, and the electric field into eigenmode functions. 
Introducing these expansions in the wave equation results in an eigenvalue system 
that can be easily solved. The dimension of the eigenvalue system depends on the 
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Figure 2. Calculated near-field phase contour plot of a microlens array. The elements 
have a diameter of 8A, a height of 4A and a refradve index » = 1-5. The array is 
illuminated by a TE-polarized plane wave, with perpendicular incidence. 

grating period-to-wavelength ratio. It has been shown that for dielectric structures 
all propagating diffraction orders and some few evanescent diffraction orders 
(typically ten) have to be retained in the analysis [10]. Once the eigenvalues are 
determined, the amplitudes of the eigenmode functions are found by matching the 
electromagnetic boundary conditions. 

With this method, it is possible to find the rigorous complex transmission 
function of any periodic structure, and in particular also the light distribution in 
the near field of microlens arrays (figure 2). 

In the following, we show how the method can be applied to modelling a single 
microlens. There are mainly two points to consider when comparing microlens 
arrays with single elements. First, there are interference effects during the free-
space propagation between the elements (e.g. the self-imaging effect or the Talbot 
effect). 

Secondly, since the geometrical dimensions are small, the individual lenses 
couple with each other (intrinsic coupling). The coupling influence can be 
illustrated by comparing the rigorous transmission function of periodically 
arranged elements with the rigorous transmission function of a single element. 
Unfortunately, there exist only a few analytic (rigorous) solutions for the inter­
action of light with single elements. One case is the diffraction at a cylinder (figure 
3). In that case, it is possible to express the field outside the cylinder by a 
superposition of Bessel and Hankel functions (for example [H]) 

t W ( r , ö ) = U0 £ (-iy™P(in9)[J„(kr)A„ + HW{kr)B„). (2) 
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Figure 3. Configuration used to illustrate the coupling effect between elements, (a) The 
calculated field (/«ogie of a cylinder illuminated with a plane wave is compared with 
(6) the field of periodically arranged cylinders C/periodic-

An and Bn are coefficients which depend on the diameter of the cylinder and the 
indices of refraction of the cylinder and the surrounding area. In parallel to that, 
we compute the field generated by periodically arranged cylinders with the method 
presented before. We denote this field by l/periodicfojy) = UT. The coupling 
parameter x 1S n o w defined as the difference between the fields Utingie and 
aperiodic in the output plane, integrated over a fixed interval of one wavelength: 

fVa 
XM) = I U,insie(x, a) - t /p^icf*, a, A)\2 dx, (3) 

J I=-A/2 

where A is the grating period of the microlens array. Figure 4 illustrates the 
coupling coefficient x in function of the grating period A for different diameters of 
the cylinders. It it interesting to observe that a resonance occurs if the grating 
period is a multiple of the wavelength. Furthermore, the coupling effect is larger 
for small cylinders than for large cylinders. For very small structures the coupling 
may occur even if the elements are spaced by several wavelengths. To understand 
this behaviour, we compute the spectrum of (single) cylinders of different 
diameters. If the size of the cylinders are large (figure 5), the spectrum is mainly 
given by the propagating frequencies, that is \kx\ < k = 2n/X. For small cylinders 
(figure 6), the spectrum is mainly given by the spatial frequencies around ±k, that 
is they correspond to evanescent waves (or surface waves) of wavelength A, also 
called critical evanescent waves. If the elements are arranged periodically, the 
spectrum becomes discrete. Depending on the grating period it is possible that the 
sampling falls directly on the critical frequencies A1 = ±k. In this case, there is 
maximum coupling between the elements. In addition the diffraction pattern 
becomes dominated by the two surface waves (in the positive and negative 
directions). This is due to the large penetration depthf of the evanescent waves. 

It turned out that it is possible to simulate the diffraction of a single element 
with the help of a grating diffraction theory, if the grating period is chosen 
correctly. First, the grating period should not be a multiple of the wavelength 

•f The penetration depth of an evanescent wave is defined as seff = I/7, with 
7 = (Aj — Ic*)1'2. For a critical evanescent wave (kx = ft), z^t becomes infinite! 
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Figure 4. Coupling coefficient x (equation (3)) against grating period A for different 
diameters 2a of the cylinders: (a) la = A/5; (b) la = A/2; (c) 2a = A; (rf) 2a = 2A. 
The coupling coefficient shows a resonance if the grating period is a multiple of the 
wavelength. The smaller cylinders in (a) show larger coupling effects than the larger 
cylinders tn (6) do. 

and, second, the period should be larger than twice the diameter of the element. 
This result is justified by figure 4. 

3. Comparison of classical and rigorous théories 
In this section we compare classical and rigorous diffraction theory applied to 

two different microlenses: a thick (A = 2A) and thin (A = A./5) cylinder lens of the 
same diameter 2a = 4X. In this context, the terms thick and thin are referred to 
paraxial and non-paraxial elements, that is to small and large deflection angles 
respectively. In our case the deflection angles at the border of the element are 41.8° 
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Figures . Spectrum of a cylinder of diameter 2 a = 3 A (a.u.;' arbitrary units). 
Frequencies \kx\ larger than k = 2n/\ correspond to evanescent waves. The 
spectrum of such a large cylinder is mainly given by the propagating waves 
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Figure 6. Spectrum of a cylinder of diameter 2a = A/2 (a.u., arbitrary units). The 
spectrum of such a small cylinder is mainly given by the critical evanescent waves of 
frequency kx = ±k. 

(thick) and 7.5° (thin). I t t u rns out that the spect rum of thin lenses (figure 7) 
calculated b y t h e classical theories (combined ray t rac ing and the th in -e lement 
approach) agree well with the r igorous computa t ions . In this case, the influence of 
the thin e lement on the wave front is small and the diffraction pa t te rn is mainly 
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Figure 7. Calculated spectrum of a thin lens (a.u., arbitrary units): ( ), rigorous 

computation; ( ), ray tracing; ( ), the thin-element approach. The lens has 
a diameter of la = 4A and a thickness of A = A/5. 

Figure 8. Calculated spectrum of a thick lens (a.u., arbitrary units): ( ), the rigorous 
computaiton; ( ), ray tracing; ( ), the thin-element appraoch. The lens has 
a diameter of 2a = 4A and a thickness of h = 2A. 

given by the aper ture , tha t is the spec t rum has a sine form. T h e only difference 
between the theories is in the absolute intensities. T h e th in-e lement approach and 
ray t racing show higher intensities, because there are no losses in the t ransmission 
functions (only the phase is affected). 

In the case of the thick e lement (figure 8), the predict ion made by the th in -
e lement approach is wrong. T h e theory does not pred ic t the bend ing of the bo rde r 
rays t h rough the element. Therefore , the spec t rum of the t ransmission function is 



1402 P. Blattner and H. P. Herzig 

e io 12 
lens diameter 2a /X 

Figure 9. Illustration of the focal shift, where the focal position relative to the paraxial 
focal position in function of the diameter of the lens is plotted for different aspect 
ratios ß = h/2a: ( ), focal positions calculated by the thin-element approach; 
(4-), the rigorous calculated focus positions. 

too smalli On the other hand, combined ray tracing shows smaller differences from 
the rigorous computations. One can conclude that combined ray tracing is more 
accurate than the thin-element approach and that the method is valid for elements 
with diameters down to few wavelengths. 

4. Focal properties of microlenses 
The thin element approach predicts a focal shift for elements having low 

Fresnel numbers [12]. The Fresnel number is defined as N = a2/)if, where/ is the 
(paraxial) focal length of the lens. Microlenses, which have a diameter 2a of a few 
wavelengths are especially affected by this effect, because the minimum achievable 
focal length is/mi« = oj{n — 1) sa 2a, n being the refractive index of the lens. Thus, 
the maximum achievable Fresnel number is of the order of 

W m " 2A- (4) 

This means that, owing to the small size, their properties are dominated by 
diffraction at the aperture. It has been shown in section 3 that the thin-element 
approach does not describe thick lenses sufficiently well. Hence, we expect a 
different behaviour of the rigorous computed focal shift than prediced by thin 
theory. Figure 9 illustrates the focal shift in function of the diameter of the lens for 
different aspect ratios ß. The aspect ratio ß is defined as the ratio of the lens 
thickness to the lens diameter, that is 0 = h/2a. For small aspect ratios the 
computations based on the thin-element approach agree well with the rigorous 
computations. For high aspect ratios (and as consequence also thick elements) 
there is quite a large difference between the two models. It turns out that the focal 
shift of thick lenses is less severe than predicted by the thin-element approach. 
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5. Conclusions 
We have shown that it is possible to simulate single-element diffraction with 

the aid of a rigorous grating diffraction method by carefully choosing the grating 
period. Furthermore, we presented a comparison between three different methods 
to calculate the interaction of light with small lenses. For thin elements, all three 
methods predict well their behaviour, even for very small lenses. This is mainly 
because thin lenses are dominated by the edge diffraction which influences the 
focusing behaviour of the lens. We have shown that there is a good agreement 
between the classically predicted focal shift and rigorous computations. 

For thick lenses, combined ray tracing is more precise than the thin-element 
approach. For such elements, the focal shift turned out to be less pronounced than 
predicted by the thin-element approach. In any case, it hs been illustrated that 
very small lenses also exhibit some focusing behaviour. This result is in a good 
agreement with the results presented by Wang and Prata [6]. 
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Abstract. Free-space laser communication links with date rates between 10 
and 500 Mbits s - 1 are required to cover the large amount of communication 
needs between low-orbit satellites, geostationary satellites and ground stations. 
The objective of this paper is to demonstrate the potential of diffractive optical 
elements for the design of optical and optoelectronic systems for advanced laser 
communication terminals. Three different examples have been realized: a ring 
pattern generator, an athermalized and achromatic hybrid collimator system, 
and a hybrid beacon system. 

1. In t roduct ion 
The design of first-generation free-space laser communication systems is based 

on laser diodes with output powers of the order of 100 m W [I]. The data rate 
transmission is of the order of 100 Mbits s - 1 . This leads to terminals with large 
transmitter and receiver telescope diameters and, consequently, to high terminal 
mass and dimensions. The optical systems are usually designed with refractive 
lenses and reflective mirrors. Alternatives are planar diffractive optical elements 
(DOEs). By relying on diffraction and interference rather than on reflection and 
refraction, unique and novel properties can be realized. Almost any structure 
shape, including non-rotationally symmetric aspherics, can be manufactured, 
which provides all degrees of freedom for the design. Other interesting aspects 
of DOEs are their low weight, their strong dispersion, and the possibility of 
making segmented elements, large arrays of elements, beam splitters and polar­
izers. These properties are useful for many applications of DOEs in space, 
including filters for image data processing [2], beam shaping [3, 4] and antirefiec-
tion structures [S1 6]. Furthermore, the combination of refractive and diffractive 
surfaces (hybrid elements) offers new possibilities for optical design. The negative 
dispersion of DOEs can be used to compensate the chromatic aberrations of 
refractive lenses [7, 8], Hybrid elements can also be used to compensate the 

OT50-OÎ40/W $12-00 © 1996 Tiytor 4 Frtncb Ltd. 
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temperature-induced variations in their mounting system. Some examples of 
athermalized hybrid lenses have been discussed in the literature [9, 10]. DOEs 
for space applications must comply with a number of requirements, including 
mechanical, thermal and optical stability [8]. Suitable techniques for realizing the 
microstructures in space-qualified materials are based on a variety of high-
resolution lithographic and optical processes [H] . 

In this paper, we discuss possible applications for DOEs in compact optical 
communication terminals. The design and experimental realization of three 
different elements are presented. These elements include a ring pattern generator 
allowing tracking and data transmission within one optical element, an atherma­
lized hybrid achromat and a hybrid lens system. 

2. Free-space laser communica t ion te rmina ls 
Figure 1 shows as an example the design of the optical head of die very small 

optical user terminal (VSOUT) discussed in [I]. The head consists of two units: an 
optical block and a mirror pointing assembly attached to the optics block. The 
optics block is made up of the laser transmitter assembly, the acquisition sensor, 
the tracking-receiver combination, the telescope and the associated beam-forming 
optics. A beacon system (generating a large divergent beam) is mounted at the 
outer coarse pointing mirror housing and is connected to a high-power laser 
package with a fibre. Many potential applications for DOEs exist in such a system, 
as follows. 

(1) Laser diode transmitters. High-power light sources allow long communica­
tion distance; a beam-shaping DOE could be used to collimate the output 
beams of a high-power laser diode array. 

(2) Telescope system. Complex telescope systems may be simplified using 
DOEs; the DOEs allow one to reduce the number of elements; further­
more, all lenses could be fabricated with the same material. 

Figure 1. Very small optical user terminal (VSOUT): optical head design. 
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(3) Tracking-receiver system. DOEs allow multitasking with a single element; 
the tracking and receiving function could be realized by a segmented 
element. 

(4) Collimator of the beacon head. The system can be simplified by hybrid 
(refractive-diffractive) elements. 

(5) Beam splitter. Multiple beam splitting can be done with one DOE; the 
number of beam-splitting elements and their weight could be reduced. 

In the following, a detailed description of the design of the DOEs used in the 
tracking-receiver system, an athermalized hybrid collimator, as well as the hybrid 
beacon system is given. All three elements have been realized by lithography and 
subsequent etching. The procedure is to generate a mask by electron beam or laser 
beam lithography. Then, the mask is transferred into an eight-level surface-relief 
structure by dry etching in fused silica or optical glass. 

2.1. Tracking-receiver system 
A schematic diagram of the tracking-receiver system [12] of the VSOUT 

optical head is shown in figure 2. The tracking sensor consists of a four-quadrant 
detector with a central hole which acts as a field stop for the subsequent receiver 
optics. The specific task of the diffractive optical element, situated at the entrance 
of the tracking-receiver system, consists of focusing the incoming beam into the 
central hole (receiver signal) while generating a ring intensity pattern in the 
tracking detector plane (tracking signal). Changes in the relative positions of the 
sending and receiving communication terminals are directly translated into a shift 
of the ring intensity pattern on the tracking sensor, which can be measured by 
means of the four-quadrant detector. 

DOE 

to 
Tracking Reoehrer 
sensor sensor 

rkig (ffTnctlon pvftan 

point 

(b) Tracking sensor 
(top view) 

Figure 2. Principles of the tracking-receiving system: (a) side view; (6) top view. Changes 
in the relative positions of the sending and receiving communication terminals are 
directly translated into a shift of the ring intensity pattern on the tracking sensor, 
which can be measured by means of the four-quadrant detector. 



1476 P. Blattner et al. 

Figure 3. Two different design approaches for the tracking-receiver element: (a) 
segmented aperture design; (6) common aperture design; (c) the phase function of 
the segmented element; (d) the phase function of the common aperture element. 

Different design methods exist for the tracking-receiver DOE. The two 
specific tasks may be made by a segmented element, which means that the surface 
of the DOE is divided into two parts: a simple lens function in one part for the 
focusing point, and a radially shifted lens function in the other part for generation 
of the ring pattern (segmented aperture design). An alternative technique is to 
generate the ring pattern by the first diffraction order of a rotational blazed grating 
structure combined with a focusing function. The focal point in the centre is then 
realized by the zero order of the grating structure. In this case, both functions are 
generated by the whole element and thus have the same aperture (common 
aperture design). The two design strategies are shown in figures 3 (a) and (6). 

DOEs are mainly described by their phase function. For the segmented 
elements, each segment has its own phase function. In the case of the tracking-
receiver DOE the phase function <j> is then given by 

<Kr) = 'ih for 
< r< a, 

O < r < u 
O) 

where A is the wave-vector, / the focal length of the tracking system, r ^ the 
radius of the ring intensity pattern on the four-quadrant detector, 2a the diameter 
of the DOE, and r ^ the radius of separation of the two different segments. The 
function ¢(r) is shown in figure 3 (c). The advantage of this concept is that the ratio 
of the energy used for tracking (ring) to the energy used for the receiver (focal 
point) is directly given by the ratio of the surfaces of the two segments (i.e. 
(rKt/a)2). Furthermore, the two optical functions can be tested and characterized 
independently by covering one of the segments. However, a drawback of this 
concept might be that the system is not shift invariant, that is a change in the input 
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intensity distribution directly affects the output functions. Also, the radius of the 
diffraction spot of the focus and the width of the ring are given by the aperture of 
the corresponding segments. This can lead to design problems. In particular, if 
much more energy has to be in the central point than in the ring, the surface of the 
segment used to generate the ring becomes small; thus the width of the ring 
becomes very large owing to diffraction. On the other hand, if much more energy 
has to be in the ring than in the point, the point becomes very large. Depending on 
the design specifications the segmented approach may not be satisfying. The 
above-mentioned problem can be avoided by the common aperture design. 

The phase function of the common aperture design is composed of a lens 
function and a blazed grating structure defined over the entire aperture: 

<Kr) = ~ r 2 + hmod[j,iy (2) 

where A is the period of the grating structure, A is the phase depth of the grating 
structure and mod (a, b) is the modulo function (also referred to the fractional part 
of the division a/b). The phase function ftj) is shown in figure 3 (d). The grating 
period A determines the beam deflection of the first diffraction order and thus the 
radius of the ring, while the phase depth h of the grating structure determines the 
energy distribution in the different diffraction orders. The diffraction efficiency of 
the first order of a blazed phase grating is given by 

G)-T„=sin* (^J. (3) 

For a 2n-deep blaze structure, only the first diffraction order has energy; only a 
ring structure without a central peak is generated. If the phase depth differs from 
2it, then the zero order will also gain some energy, but also higher orders appear, 
that is rings of radius lr^, 3¾¾, etc., are created. However, these higher-order 
rings do not affect the functionality of die tracking system. In this approach the 
diameter of the diffraction spot is given by the aperture of the whole DOE and is 
therefore smaller than in the first approach. 

Based on the design of the VSOUT a ring generator has been fabricated. The 
specifications of the element are as follows: the design wavelength is 818 nm, the 
focal length of the element is 20 mm, the diameter of the DOE is 2 mm, and the 
diameter of the central hole in the tracking detector is 0-1 mm. Furthermore,- 75% 
of the energy has to be inside the central hole of the tracking detector used for the 
receiver. The resulting eight-phase level element has smallest features of the order 
of 2 urn. The DOE was realized in fused silica. In addition, a set of visible light 
demonstrators (633 nm) for the ring-point generation has been made, with a focal 
length of 400 mm and a diameter of the generated ring of IS mm. For these 
demonstrators, both design approaches have been tested. Figure 4(a) shows the 
diffraction pattern of the common aperture design. Scans through the focus in the 
image plan, together with the calculated function are presented in figures 4 (fr) and 
(c) for the segment aperture and the common aperture design respectively. The 
measured intensity distribution shows excellent agreement with the expected 
theoretical data. The difference between theory and measurements can be 
explained by etch depth errors in the fabrication. 
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Figure 4. (a) The diffraction pattern of the common aperture design. (6), (c) Scans 
through the focus in the image plan, together with me calculated curves (6) for the 
segment aperture and (c) for die common aperture design (a.u., arbitrary units). 
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2.2. Athermalized and achromatic hybrid collimator system 
Space envi ronment in t roduces severe condit ions for the thermal behaviour on 

the used elements . For this purpose an athermalized achromat ic system has been 
designed, which keeps the position of the focal point within a small region when 
operat ing t empera tu re and i l lumination wavelength is changing. T h e negative 
dispersion associated with the D O E is used to compensate the chromat ic 
aberra t ions of the refractive lens, while the thermal proper t ies of the optical 
material are exploited to compensa te the thermally induced expansion of the 
suppo r t i ng m o u n t . 

I n particular, the dispersion of the D O E is negative, s t ronger and material 
independen t compared with the refractive element. An achromat can therefore be 
designed with two focusing elements , contrary to a tradit ional achromatic doublet , 
where one of the two refractive elements needs negative power for the chromat ic 
compensa t ion . Consequently, the focusing power of the other refractive element 
has to be higher ; t hus the magn i tude of the higher-order aberrat ions are larger in 
the classical design. Fu r the rmore , the hybr id achromat can be designed with the 
same mater ia l which simplifies also the design of a thermally compensated system. 

For such an athermalized system the variation of the m o u n t i n g has to be 
compensa ted by the focal length variation of the optical system (figure 5). T h e 
focal length variations are described by an optothermal expansion coefficient, the 
mechanical variat ions in the moun t ing material by a thermal expansion coefficient. 
T h e general approach for the design of an athermalized system is to choose 
correctly the glasses and the mount ing materials so that these expansion coeffi­
cients are equal [13]. Once the appropr ia te glass and moun t ing material has been 
de te rmined , the optical design is made. In this design the D O E element is 
consdered as an u l t ra- th in lens with a very high refractive index, referred to as 
the high-refract ive-index ( H R I ) model [8, 13]. T h e attractive feature of this model 

Aa s 

mecanical dlffractive plan convex 
mount lent lent 

Figure 5. Athermalized achromat, together with its mounting mechanics. For an 
athermalized element the displacement A J introduced by the supporting mount has 
to be compensated by the thermal variation A/ in the focal length. 
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is that DOEs can be represented in any lens design software as arbitrary aspherics, 
which in turn are realized directly by standard DOE manufacturing processes. 

A hybrid collimator of 5-2 mm diameter and S mm focal length has been 
designed and fabricated. The system is thermally compensated for a range from 
- 2 0 to 400C and has a working wavelength range 630-670 nm. The mount 
material is a combination of aluminium and steel which has a thermal expansion 
coefficient of 26-4 x 1O - 6 0C - 1 . It has been found that FK51, which has an 
optothermal expansion coefficient of 25 x 1 O - C - 1 , is an appropriate glass in 
order to satisfy the athermalization condition. The length variation of the mount is 
11 urn over the whole temperature range; the calculated shift Af of the focal 
length of the hybrid system is 12-6 urn. Hence, the absolute change in the focal 
point position is less than 2 urn. The designed DOE has been realized in FK51 by 
photolithography and ion beam milling. The resulting eight-phase level element 
has smallest features in the order of 3 Jim. A good criterion to judge the 
performance of the collimator is to measure the wave-front aberrations of the 
system. Figure 6(a) shows the expected optical path difference for the central 
design wavelength of 650 nm and the measurement wavelength of 633 nm and 
figure 6 (i) shows a double-pass interferogram of the hybrid collimator at 633 nm. 
The central fringe of the measured double-pass interferogram behaves exactly as 
the calculated values. The expected maximal optical path difference is of the order 
of A/4 which corresponds nicely to the shift of A/2 in the measured double-pass 
interferogram. 

2.3. Hybrid beacon system 
The third selected application for DOEs is the collimator for the beacon 

system. The task of the beacon system is to generate a large divergent beam, 
which is used in a pre-operational phase of the communication link in order to 
locate the opposite communication terminal. In the classical VSOUT design the 
beacon system consists of four refractive lenses (figure 7 (a)) of different glass 
types. The benefit of a hybrid design is the reduction in the number of elements, 
namely from four elements of different materials to three elements of the same 
material, which simplifies the system and lowers its weight. The hybrid system is 
shown in figure 7 (6). The DOE is located at surface 3. Note that the planar back 
side of the DOE substrate (surface 2) is used as protection of the optical system 
and can be cleaned easily. As described in section 2.2, the design is based on the 
HRI model. The system is optimized for an operating wavelength of 850 nm, a 
focal length of 6-25 mm, and a numerical aperture of 0-4. The resulting aspheric 
phase function is shown in figure 8. 

The hybrid beacon system and the classical beacon system have been designed 
and realized in order to compare the two different approaches. The DOEs were 
manufactured by a multistep lithographic process in fused silica for a working 
wavelength of 850 nm. The smallest structure for an eight-level element is in the 
order of 6 urn. Figure 9 shows the calculated wave-front aberrations for both 
systems. It can be seen that the hybrid design shows even less aberrations than the 
classical design. The wave front of the classical and the hybrid design were 
measured and compared at 633 nm. The expected peak-to-valley wave-front error 
at this wavelength turns out to be 0-2A for the classical and 1-6A for the hybrid 
system. The measured values are 0.32A and 1-29A. Thus the measurements are in 
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(a) 

Figure 6. (a) Expected optical pmth difference of the achromatic »yttem for A = 633 nm. 
(b) Double-pass interferogram of die realized system at this wavelength. The 
measurement shows exacdy the calculated behaviour. 

agreement with the theoretical values, the differences are explained by misalign­
ment errors. 

3. Conclusions 
It has been shown that there is a large potential for diffractive optical elements 

in optical space communication terminals. The system design with the help of 
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Figure 7. Beacon system: (a) classical design; (b) hybrid design. 
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Phase function of the DOE for an optimized beacon collimator with a 
numerical aperture of 04 and a focal length of 6-25 mm. 
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Figure 9. Expected wave-front aberration of die beacon collimator for (a) a classical 
design and (b) a hybrid design. 

DOEs benefits from all the main advantages of these elements in order to reduce 
complexity, weight and costs. Three different systems using diffractive optics have 
been selected at the example of the VSOUT. First, a tracking-receiver system has 
been discussed where both functionalities were performed by a single DOE. The 
task of this DOE is to generate a point-ring pattern. For this purpose, two 
different design strategies have been investigated. One is based on a segmented 
aperture, and the other on a common aperture approach, The realized elements 
showed good agreement with the theory for both types of design. However, it 
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t u r n e d ou t that the segmented aper ture-based sys tem m a y give some problems for 
specific p o i n t - r i n g energy ratios. Secondly, t he design and realization of an 
athermalized and achromat ic hybr id collimator sys tem have been presented . T h e 
per formance of this sys tem is in excellent agreement wi th the expected theoretical 
values. T h i r d , a hybrid beacon system has been presen ted consisting of one 
diffractive and two refractive elements. I t has been shown tha t it is possible to 
reduce t h e complexi ty of a classical sys tem by in t roducing D O E s while keeping the 
same optical performances. All e lements have satisfied the given severe specifica­
t ions for space applications, which encourages the use of D O E s in other sys tems in 
the near future. 
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Abstract We investigated an optical method for characterizing submi-
crometer structures of photolithographic masks, enabling last and non­
destructive testing over large areas. The scanning spot metrology pro­
vides accurate information about edge locations of opaque structures on 
chrome masks. Algorithms for the extraction of edge locations from the 
detector signal are discussed and applied to the characterization of e 
modulated grating mask. Local fabrication errors of the order of 10 to 
50 nrn can be detected. 

Subject terms: optical metrology; kntfe^dge method; submicrometer structures; 
photolithographic masks. 
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1 Introduction 

Advancement in the areas of phase shift optical lithography, 
e-beam lithography, and x-ray lithography have enabled the 
realization of very fine relief structures in the nanometer to 
micrometer range. The ability to measure the relief param­
eters and the absolute position accuracy of these structures 
is of obvious importance, not only to determine if the desired 
structure has been realized but also to optimize the fabrication 
process. The wish list for metrology includes nondestructive 
testing, testing of large areas, and testing of large-aspect-ratio 
structures having submicrometer lateral dimensions. Current 
techniques for measurement are optical microscopy' (in­
cluding conventional, confocal, and near-field techniques). 
scanning electron microscopy3 (SEM), and scanning-force 
microscopy.3 None of these techniques, however, is capable 
of providing rapid accurate submicrometer measurements 
over, larger areas. 

Optical testing methods have been applied to address these 
requirements. The relevant parameters of a lithographic pro­
cess, i.e., the depth and width of a gratinglike test structure, 
cah be determined by scattering an incident laser beam at the 
structures and measuring the far-field intensity distribution. 
Previously published results have demonstrated the capability 
of far-field measurements to rapidly and very accurately mea­
sure large-aspect-raüo submicrometer feature over larger 
areas.4 The main drawback is that these techniques determine 
only the average parameters, and they are unable to determine 
local errors such as single-line defects. 

Therefore, we investigated scanning spot metrology, 
which provides accurate information about edge locations of 
opaque structures on chrome masks. The method involves 
illuminating the mask with a small-spot-size focused laser 
beam and measuring the total transmitted power as the mask 
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is scanned. In the following, we introduce the basic principle 
and discuss algorithms for extraction of edge locations from 
the detector signal. Finally, the scanning spot metrology is 
applied to the characterization of a modulated grating mask 
having an average grating period of 8 p.m. 

2 Scanning Spot Metrology 

2.1 Principle 

In contrast to far-field diffraction metrology, scanning spot 
metrology yields information about local fabrication errors 
of lithographic masks. The experimental setup is shown in 
Fig. 1. A test structure is illuminated with a focused laser 
beam and the total transmitted power is measured as the mask 
is scanned. An integrating sphere with a large entrance ap­
erture is used to measure the total transmitted power. If the 
laser spot size and the feature sizes on the mask are of com­
parable dimensions, the detector signal will alternate between 
high and low values as alternating lines and spaces are il­
luminated. The edge position information can then be ex­
tracted using appropriate signal processing algorithms. 

Scanning spot metrology is essentially based on the con­
cept of knife-edge scanning of a laser beam.3 Consider the 
case of a 1-D knife-edge illuminated with a focused Gaussian 
laser beam. The intensity distribution of the incoming beam 
is given by 

/(*>>= — I «p - 2 — / - ) = I1W2M . (D 

where n>0 is the beam radius at Me1 and P0 is the incident 
power. Note, that I(x,y) is separable in x and y. Using a 
coordinate system where the beam is centered at the location 
u =** and the edge is located at u =a„, the total transmitted 
power when die mask is scanned can be written in terms of 
the complementary error function6 as 
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Flg. 1 Experimental arrangement of the scanning spot metrology. 
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Thus, when a knife-edge scan is made, the unknown quan­
tities are, in the most general case, the incident power, the 
beam radius, and the edge location. They are found by it-
eratively fitting the experimental data to the function given 
in Eq. (2). Figure 2 displays experimental data for a knife-
edge scan together with their best fits, which are obtained 
using 2OX and 100 x microscope objectives. Beam radii of 
3.02 and 1.08 jim, respectively, are obtained. Smaller illu­
mination spots can be obtained by optimizing the incident 
beam diameter with respect to the aperture of the microscope 
objective. 

Applying the same concept but replacing the knife edge 
by an amplitude grating consisting of a series of opaque and 
transparent zones, the transmitted power can directly be ex­
pressed by 

^-m-my-m O) 

where a, and b, are the edge locations of the grating mask. 
Whereas the knife-edge technique is mainly used to deter­
mine beam profiles, die grating-edge technique enables mea­
suring the location of the edges of the grating. 

2.2 Edge Extraction Algorithm 

The ability to extract edge information from P7(X) in the case 
of multiple edges greatly depends on the radio of the beam 
radius w0 and the feature sizes s on the mask. Figure 3 shows 
die contrast of the function P7-(Jr) as a function of the ratio 
sAv0 for a grating with 50% duty cycle. For the example of 
a beam radius of 1 jun (Fig. 2, IOOX objective), submicro-
meter structures with feature sizes down to 0.5 u.m could be 
characterized. 

For modulated grating structures, the local maximum and 
minimum values of P7-Cx) are no longer constant and change 
as the linewidth or space width varies, according to the con­
trast function in Fig. 3. The information on the edge position 
can be obtained by determining the local maximum and min-

Gean dracden w &im) 

FIg. 2 Measured Intensity while scanning a knife edge through the 
focus ol two different laser epots generated by 2Ox and 100x mi­
croscope objectives. 

fttBjr*tia!B**mrtmam, 

Fig. 3 Contrast of modulation versus the nnewktth-to-beam-radius 
ratio. 

imum of die measured transmission function. The accuracy 
of die edge position detection, however, is then limited di­
rectly by the accuracy of the translation stage used to scan 
the mask, The metrology issue, therefore, is to determine the 
linewidth and space widths of each line/space pair by fitting, 
as in the case of knife-edge metrology, die theoretical total 
transmitted power function, given by Eq. (3), to the measured 
values. In the ideal case, an optimization over all parameters 
would be done. The parameters to be determined include the 
incident power P0, the beam radius w0, and all edge 
locations (Q1Jt1). 

To obtain a good initial guess of the incident power, die 
data are normalized to have a mean value of 0.5, correspond­
ing to the average fill factor of the modulated grating struc­
ture. The initial guess of the edge locations of the mask are 
the positions for which die normalized transmission is 0.5. 
The start-up value of die beam radius is determined using 
die knife-edge technique at die first edge of die grating struc­
ture. In any multiparameter optimization problem the com­
puter time required rapidly increases as the dimension of die 
parameter space is increased. Consideration of all edges si­
multaneously may not be necessary, however, because the 
response PT(x) primarily depends on a few neighboring 
edges. The edge extraction algorithm is therefore limited to 
local optimizations of a maximum of only two parameters at 
the time. During optimization, not only are the edge locations 
varied, but the estimates of the beam radius and die total 
incident power are also readapied. Because die initial guesses 
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Fig. 4 Measured relative transmitted power as a function of the il­
luminated location on the mask. 

of the parameters are quite good, the optimization algorithm 
converges rapidly and good repeatability of the edge location 
algorithm is obtained. 

2.3 Results 
The scanning spot metrology technique was experimentally 
applied to a modulated grating structure on a normal reflec­
tivity chrome mask. The grating consists of a series of opaque 
and transparent zones with average period of 8 u.m and lateral 
modulations up to 500 nm. Light from a HeNe laser was 
focused on the structure using a 20 X microscope objective. 
The light was linearly polarized (TE), however no polari­
zation effects are expected in the presented measurement 
technique. Figure 4 shows the measured and normalized 
transmitted power P7-Or), obtained when the mask is scanned 
on a high-precision translation stage with 25-nm step 
resolution. 

Note that the maximum intensity remains almost constant, 
indicating that the space widths are hardly varying, whereas 
the minimum levels change because of variation of the line-
width, which corresponds exactly to the used encoding tech­
nique of the grating structure.7 Applying the edge extraction 
algorithm, the linewidth and space width can be determined. 
Figure 5 shows the linewidth extracted from the transmitted 
power measurements compared with the theoretical data as 
used to generate the mask. Local fabrication errors between 
10 and 50 nm can be easily detected. The origins are deviation 
errors of the e-beam during writing, but also the result of a 
difference between the grid of the e-beam writer and of the 
theoretical data. The errors are measured within one scan 
field of die e-beam writer, merefore no stitching errors are 
observed. 

3 C o n c l u s i o n s 

We introduced scanning spot metrology of lithographic 
masks that enables a fast estimation of local errors over large 
scanning areas. Algorithms for the extraction of edge loca­
tions from the detector signal were discussed and applied to 
die characterization of a modulated grating mask widi a typ­
ical structure size of 4 ujn. Local fabrication errors of the 
order of 10 to 50 nm were detected. With an illumination 
beam focused down to 1 u.m spot size, submicrometer struc­
tures can also be tested. The limited depth of focus, however, 
will dien require an autofocus system to control the spot 
diameter. 

. / 

>•" 

Rg. 5 Linewidth for each edge number. 
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We investigated two optical methods for characterizing subroicron structures. Average errors of a few nanometers 
can be determined by the tar-field diffraction metrology utilizing diffrattive structures having enhanced sensitivity 
to fabrication errors. The scanning spot metrology is well suited for analyzing lithographic masks. 

1. INTRODUCTION 

Advancement in the areas of phase shift optical 
lithography, e-beam lithography, and x-ray 
lithography have enabled the realization of very fine 
relief structures in the nm-p.m regime. The ability 
to measure the relief parameters and absolute 
position accuracy of these structures is of obvious 
importance, not only to determine if the desired 
structure has been realized but also to optimize the 
fabrication process. The wish list for metrology 
includes non-destructive testing, testing of large 
areas, and testing of large aspect ratio structures 
having sub-p.m lateral dimensions. Current 
techniques for measurement are optical microscopy 
(including conventional, confocal and near-field 
techniques)1, scanning election microscopy2 (SEM), 
and scanning probe microscopy1 (SPM). None of 
these techniques, however, is capable of providing 
rapid accurate sub-fim measurements over larger 
areas. 

To address these requirements, we investigated 
the use of far-field diffraction metrology utilizing 
diffractjve structures having enhanced sensitivity to 
fabrication errors in linewidth and etch depth. An 
important point to note here is that this technique 
determines the average error, and is unable to 
determine local errors such as single line defects. 

Secondly, we introduce scanning spot metrology 
of chrome masks which involves illuminating the 
mask with a small spot size focused laser beam and 

measuring the total transmitted power as the mask 
is scanned. Algorithms for extraction of edge 
locations from the detector signal are discussed, and 
applied to the characterization of a modulated grating 
mask. 

2. FAR - FIELD DIFFRACTION 
METROLOGY 

A fabrication technology can be best 
characterized, if specific structures with sensitive and 
easy-to-measure properties are realized. Grating 
structures provide ideal test elements for far-field 
diffraction metrology, since they split an 
illuminating laser beam into a discrete array of 
diffraction orders. Gratings with small periodicities 
p in the order of the optical wavelength X produce 
only a very limited number n of propagating 
diffraction orders (n < p/X). If the grating period 
becomes smaller than the read-out wavelength, only 
the zero order will be generated and can be used for 
the characterization. For regular gratings, the 
intensity distribution in the far-field depends 
strongly on the relief shape, the illumination angle 
and the wavelength, 

The basic principle of far-field metrology is to 
measure the intensity distribution of the diffraction 
orders as a function of the incidence angle or the 
wavelength and then, to determine the relief shape 
and depth by numerical modélisation. Previous 
published results have demonstrated the capability of 
this technique to rapidly and very accurately measure 

0167-9317/95/$09.50° 1995 - Elsevier Science B.V. All rights reserved. 
SSDl 0167-9317(94)00163-4 



544 P. Blattner et al I Microelectronic Engineering 27 (1995) 543-546 

large aspect ratio sub-fim feature over larger 
areas". Problems with this technique arise, if the 
lateral position accuracy of the lithographic process 
has to be 'determined. In the case of a regular 
grating, position errors produce a continuous blur of 
the diffraction orders, which is difficult to measure. 
For this task, we have investigated modulated 
grating structures. Position sensitive elements are 
obtained by designing pulse-position modulated 
gratings which generate a well defined intensity 
function4 in the first diffraction order of the carrier 
grating. An appropriate measurement signal is 
obtained by encoding a fan-out function3 which 
produces a discrete set of equally intense light spots 
in the first order. Positioning errors affect directly 
the fan-out function and therefore, introduce 
uniformity errors in the far-field. The average 
posjtion error within the illuminated field is 
determined by adding à statistical Gaussian 
distributed position error, (o the idea! modulated 
grating structure and calculating the corresponding 
uniformity error in the far-field that matches the 
uniformity measurement. -. 

1 4 - . 

12- • 

1 0 - -

8 - • 

6 - • 

4 - -

2 - • 

- T - H 1 1 1 1 1 h 
O 1.. 2 3 4 5 6 7 8 

' Measure spot diameter [mm] 

Fig. 1. Measured uniformity error in function of 
the beam diameter. 

Experimental results have been obtained by 
characterizing a high resolution e-beam written 
mask with a carrier grating period equal to 1 Jim. 
The modulation of the 9 beam fan-out function has 
a period equal to 125 urn and introduces locally 
position modulation up to 50 nm. We have 
measured the uniformity error as a function of the 
illumination diameter (see Fig. 1). For small beam 
diameters, the uniformity error decreases and reaches 

a minimum of 5% for a diameter equal to 1 mm. 
This minimum value corresponds to the case, when 
one scan field of the e-beam writer is illuminated. 
The decrease of the uniformity error with the beam 
diameter can be explained by the fact that the 
statistical errors are better averaged out. 

The remaining 5 % uniformity error is 
essentially due to systematic errors inside one scan 
field. The simulation has shown that die 5 % error 
corresponds to a mean lateral position error equal to 
50 nm inside one scan field. For larger beam 
diameters, the uniformity error increases. In this 
case, more than one scan field are illuminated and 
larger stitching errors between the scan fields change 
the statistics. As a consequence, stitching errors in 
the order of 100 nm have been determined. If a 
sufficient number of scan fields is illuminated, the 
stitching errors are also averaged out and again a low 
uniformity error equal to 8 % is reached. A more 
accurate characterization of the systematic errors 
inside one scan-field is possible, if not only the 
intensity but also the relative phase of the fan-out 
beams is measured. 

3. SCANNING SPOT METROLOGY 

In contrast to the far-field diffraction metrology, 
the scanning spot metrology yields information 
about local fabrication errors of lithographic masks. 
The experimental setup involves illuminating the 
structure with a small spot size laser beam and 
measuring the total transmitted power as the mask 
is scanned. If the laser spot size and the minimum 
feature sire on the mask are of comparable 
dimensions, the detector signal will alternate 
between high and low values as alternating lines and 
spaces are illuminated. The edge position 
information can then be extracted using appropriated 
signal processing algorithms. 

The scanning spot metrology is essentially based 
on the concept of knife edge scanning of a laser 
beam6. Consider the case of a one-dimensional 
knife-edge illuminated with a focused Gaussian laser 
beam. Using a coordinate system where the beam is 
centered at the location u = x, and the edge is located 
at u = ao, the total transmitted power as the mask is 
scanned, can be written in terms of the 
complementary error function7 
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(D 
radius ratio is varied for. an equal line/space grating 
illuminated with a Gaussian laser beam. 

where V/Q is the beam radius at 1/e2, and Po is the 
incident power. Thus, when a knife edge scan is 
made, the unknown quantities are, in the most 
general case, the incident power, the beam radius and 
the edge location. They are found by iteratively 
fitting the experimental data to the function given in 
Eq. (1). Figure 2 displays experimental data obtained 
using.2OX and 10OX microscope objectives together 
with their best fits. A beam radius of .1.08 Jim and 
3.02 Jim is respectively obtained. 

-2 -1 O t 2 
Scan direction x, [um] 

Fig. 2. Measured intensity while scanning a knife 
edge through the focus of two different laser spots. 

Applying the concept of knife-edge scanning to a 
grating mask, which consists of several opaque and 
transparent zones, die transmitted power can direcdy 
be expressed by 

N _ 
Pn£- r ( a;-x ^ ( bj-x 

P T ^ I L W 
- erfcl 

i =0 L \wryV2J . [wrWiJJ ' 
(2) 

where a; and bj are the edge locations of the grating 
mask. As before, estimates of the incident power, 
the beam radius, and the edge location can be 
obtained, in principal, by fitting the above function 
to the experimental transmitted power data. 

The ability to extract edge informations from 
P T W in the case of multiple edges greatly dépends 
on the relationship of the beam radius wo to the 
minimum feature size of the mask being examined. 
This is illustrated in Fig. 3 which shows the 
contrast of the function PrOO as the period to beam 
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Fig. 3. Contrast of modulation versus the period 
to beam radius ratio. 

For modulated grating structures the local 
maximum and minimum values of PTOO are no 
longer constant, and change as the linewidth or 
space width varies. The metrology issue, therefore, 
is to accurately and precisely determine the linewidth 
and space widths of each line/space pair. 

In the ideal case an optimization over all 
parameters would be done. The parameters to be 
determined include, the incident power PQ, the beam 
radius wn, and all the edge locations (a;, bj). In any 
multi-parameter optimization problem the computer 
time required rapidly increases as the dimension of 
the parameter "space is increased. However, 
consideration of all edges simultaneously may not 
be necessary, since the response P r M . primarily 
depends on a few neighbor edges. -We have therefore 
decided to limit the edge extraction algorithm to 
only contain local optimizations, which also results 
in increased computational efficiency. 

To obtain a good initial guess of the edge 
locations, the data were normalized to have a mean 
value of 0.5, corresponding to an average fill factor 
of the modulated grating structure. The initial guess 
of the edge locations of the mask are then obtained 
from the intersection of the normalized 
measurements with a line drawn at the 0.5 level. 
Initial guess of the beam radius and total incident 
power are made using knife edge technique at the 
first edge of the grating structure. 

The scanning spot metrology technique was 
experimentally applied to a modulated grating 
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structure on a chrome mask. The carrier grating has 
a period of 8 Jim and modulations up to 500 nm. 
Light from a He-Ne laser was focused on the 
structure using a microscope 20X objective. Figure 
4 shows the measured normalized transmitted power 
Pj(X) obtained as the mask was scanned on a high 
precision translation stage. 

Figure 5 shows the space width extracted from die 
transmitted power measurements along with 
theoretical data used to generate the mask. Local 
fabrication errors between 10 nm - 50 nm can be 
easily detected. 

4. CONCLUSIONS 
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Fig. 4. Measured relative transmitted power as 
function of the illuminated location on the mask. 
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Fig. 5. Space width for each edge number. 

Note that the maximum intensity remains 
almost constant, indicating that the space widths are 
hardly varying while the minima levels change due 
to variations in linewidth, which corresponds 
exactly to the encoding technique of the grating 
structure. Applying the edge extraction algorithm, 
the linewidth and space width can be determined. 

The ability to measure the relief parameters and 
absolute position accuracy of very fine relief 
structures in the nm-jim regime is of importance in 
modern micro-engineering. The wish list for 
metrology includes non-destructive testing, testing 
of large areas, and testing of large aspect ratio 
structures having sub-urn lateral dimensions. 

To address these requirements, we investigated 
the use of far-field diffraction metrology utilizing 
diffractive structures having enhanced sensitivity to 
fabrication errors in linewidth and etch depth. 
Average fabrication errors of opaque and transparent 
structures in the order of a few nanometers can be 
determined. 

Furthermore, we have introduced scanning spot 
metrology of lithographic masks. Algorithms for 
extraction of edge locations from the detector signal 
are discussed. In contrast to the far-Meld diffraction 
metrology, this methods yields information about 
local errors. 
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