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Abstract 
Heat and mass transfer in karst environments are characterized by the complex 
interactions between geological, hydrological, and atmospheric processes. Karst 
systems, facilitate unique heat transfer mechanisms through extensive networks of 
underground fractures, voids and caves representing fragile ecosystems where 
biogeochemical processes largely depend on temperature. Caves also host unique 
environmental records whose interpretation closely depends on temperature as well. 
Achieving a good understanding of the thermal response of karst to atmosphere 
signals is thus central to quantify dissolution/precipitation rates to interpret 
geochemical partitioning, to evaluate shallow geothermal extraction efficiency and to 
determine impacts on organisms living in karst. 

Ventilated caves influenced by the chimney effect, where airflow is driven by the 
density (temperature) contrast between the interior and exterior of the cave, can 
transmit atmospheric signals to specific distances from entrances—referred to as the 
convection length—before reaching thermal equilibrium with the surrounding rock. 
Atmospheric signals consist of different frequencies such as yearly and daily 
fluctuations with certain amplitudes. The spatial distributions of these amplitudes 
through cave passages as well as the extent of generated thermal impact on the 
surrounding rock are investigated in this thesis by developing a thermal model 
illustrating that the convective length is approximately proportional to the amplitude 
of the flowrate annual fluctuations divided by the square root of the cave radius. This 
result is tested against field data from a mine tunnel and two caves.  

The real cave passages comprise many obstacles and irregularities increasing the local 
transfer coefficients and friction compared to the calculated ones from empirical 
correlations derived for standard pipes. Furthermore, the airflow can transfer water 
vapor from atmosphere into the cave resulting in local condensation or evaporation. 
Four thermal scenarios are designed in order to study these complex processes using 
numerical simulations. The results of one-year field data from monitoring of 
Longeaigue cave in Switzerland agree with the thermal model results. Finally, an 
aeraulic-thermal model was developed using the external temperatures and cave 
aeraulic resistance as inputs calculating air mass flow rate in ventilated caves. 

Epikarst located at uppermost layer of karst contributes to the fast transfer of recharge 
water through fractures by concentrated flow or slow transfer through rock matrix by 
diffusive flow. A speculative 3D epikarst geometry is built based on the distribution 
of Discrete Fracture Network (DFN) and a simple thermal model is developed for 
extreme hydraulic conditions including fully saturated and unsaturated fractures. 
Although some rainfall intensities are unrealistically high, they can nonetheless be 
used as extreme hydraulic scenarios during floods. In these cases, convective heat flux 
in fractures becomes dominant and classical conduction-base models cannot 
efficiently predict thermal response of underground temperature in epikarst.  



 
 

Ice-clefts in karstic permafrost region experience temperature variations of 
atmosphere in the active layer at different time scales. The prediction of melting rate 
in ice-rich aquifers is essential for their profound impact on their hydrogeological 
properties, influencing both water availability and the mechanical stability of the 
ground necessitating a comprehensive understanding of heat transfer mechanisms in 
this specific medium by developing a fully coupled hydraulic-thermal model. Free 
convection in meltwater in the ice-clefts occurs due to the anomalous behavior of 
water between 0 and 4 ℃ increasing the melting rate by approximately an order of 
magnitude compared to a model based on purely conduction in stagnant water. The 
model outcomes are compared qualitatively with field data from Monlesi ice cave in 
Switzerland and confirm the agreement between real-world observations and the 
proposed model when free convection is considered.      

The results of this thesis provide more detailed insights on different aspects of heat 
and mass transfer mechanisms in karst systems by considering convective heat flux in 
ventilated conduits, fractured epikasrt and ice-filled clefts subject to atmospheric 
temperature variations. Further investigations on this topic can be facilitated by using 
the current developed models as a basis for the community of geoscience, 
hydrogeology, and cryosphere.  

 

Keywords 

Numerical modelling, convective heat and mass transfer, convection length, 
ventilated caves, chimney effect, epikarst, DFN, permafrost, free convection, ice 
melting rate  

 

 

 

 

 

 

 

 

 

 

 

 



 
 

Résumé 
Le transfert de chaleur et de masse dans les environnements karstiques est caractérisé 
par les interactions complexes entre les processus géologiques, hydrologiques et 
atmosphériques. Les systèmes karstiques facilitent le transfert de chaleur à travers des 
réseaux étendus de fractures souterraines, de cavités et de grottes. Ces dernières 
représentant des écosystèmes fragiles où les processus biogéochimiques dépendent 
largement de la température. Les grottes abritent également des archives 
environnementales précieuses dont l’interprétation dépend étroitement de la 
température. Une bonne compréhension de la réponse thermique du karst aux 
signaux atmosphériques est donc essentielle pour quantifier les taux de 
dissolution/précipitation du carbonate, interpréter la distribution géochimique, 
évaluer l'efficacité de l'extraction géothermique peu profonde et déterminer les 
impacts sur les organismes vivant dans les karsts. 

Les grottes ventilées par l’effet cheminée, où le flux d’air est entraîné par contraste de 
densité (température) entre l’intérieur et l’extérieur de la grotte, peuvent transférer les 
signaux atmosphériques à certaines distances des entrées — appelées longueur de 
convection — avant d'atteindre un équilibre thermique avec la roche environnante. 
Les signaux atmosphériques consistent en différentes fréquences, telles que les 
fluctuations annuelles et journalières, avec des amplitudes propres. La distribution 
spatiale de ces amplitudes à travers les galeries de grottes ainsi que l’étendue de 
l’impact thermique généré sur la roche environnante sont étudiées dans cette thèse à 
l’aide d’un modèle thermique démontrant que la longueur de convection est 
approximativement proportionnelle à l’amplitude des fluctuations annuelles du débit 
divisé par la racine carrée du rayon de la grotte. Ce résultat est testé avec des données 
de terrain provenant d’un tunnel de mine et de deux grottes.  

Les galeries réelles des grottes comportent de nombreux obstacles et irrégularités 
augmentant les coefficients de transfert locaux et les frottements par rapport à ceux 
calculés à partir des corrélations empiriques dérivées pour des tuyaux standard. De 
plus, le flux d'air peut transporter de la vapeur d'eau, entraînant des phénomènes 
locaux de condensation ou d'évaporation. Quatre scénarios thermiques sont conçus 
pour étudier ces processus complexes à l’aide de simulations numériques. Les 
résultats d’une année de données de terrain issues de la surveillance de la grotte de 
Longeaigue, en Suisse, concordent avec les résultats du modèle thermique. Enfin, un 
modèle aéraulique-thermique a été développé en utilisant les températures externes 
et la résistance aéraulique de la grotte comme entrées pour calculer le débit massique 
d'air dans les grottes ventilées. 

L’épikarst, situé dans la couche superficielle du karst, contribue au transfert rapide de 
l’eau de recharge à travers les fractures par flux concentré ou au transfert lent à travers 
la matrice rocheuse par flux diffusif. Une géométrie spéculative en 3D de l’épikarst est 
construite à partir de la distribution d’un réseau de fractures discrètes (DFN) et un 



 
 

modèle thermique simple est développé pour des conditions hydrauliques extrêmes 
incluant des fractures entièrement saturées et non saturées. Bien que certaines 
intensités de précipitations ne soient pas réalistes, elles peuvent néanmoins être 
utilisées comme scénarios hydrauliques extrêmes pendant une crue. Dans ces cas, le 
flux de chaleur convectif dans les fractures devient dominant et les modèles classiques 
basés sur la conduction ne peuvent pas prédire efficacement la réponse thermique de 
la température souterraine dans l'épikarst.  

Les régions karstiques sujettes au pergélisol subissent des variations de température 
atmosphérique dans la couche active à différentes échelles temporelles. La prédiction 
du taux de fonte dans les aquifères riches en glace est essentielle en raison de leur 
impact profond sur l’hydrogéologie, influençant à la fois la disponibilité en eau et la 
stabilité mécanique du sol. Une approche complète des mécanismes de transfert 
thermique dans ce milieu spécifique est proposée au moyen d’un modèle couplant 
hydraulique et thermique. Dans un réseau de fracture, la convection naturelle dans 
l’eau de fonte se produit en raison du comportement anormal de l’eau entre 0 et 4 °C, 
augmentant le taux de fonte d’environ un ordre de grandeur par rapport à un modèle 
basé uniquement sur la conduction dans l’eau stagnante. Les résultats du modèle sont 
comparés qualitativement aux données de terrain de la glacière de Monlési en Suisse 
et confirment l’accord entre les observations réelles et le modèle proposé lorsque la 
convection naturelle est prise en compte. 

Les résultats de cette thèse fournissent des perspectives détaillées sur les différents 
mécanismes de transfert de chaleur et de masse dans les systèmes karstiques en 
considérant le flux thermique convectif dans les conduits ventilés, les épikarsts 
fracturés et les fractures remplies de glace soumises aux variations de température 
atmosphérique. Des recherches supplémentaires sur ce sujet pourraient être facilitées 
par l’utilisation de modèles développés comme base pour la communauté des 
géosciences, de l’hydrogéologie et de la cryosphère.   

 

Mots-clés 

Modélisation numérique, transfert de chaleur et de masse convectif, longueur de 
convection, grottes ventilées, effet cheminée, épikarst, DFN, pergélisol, convection 
naturelle, taux de fonte des glaces   
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Chapter 1: Introduction 
Heat transfer in a karst environment is characterized by the complex interactions 
between geological, hydrological, and atmospheric processes. In karst systems, heat 
transfer mechanisms are facilitated by extensive networks of underground fractures, 
caves, and voids. Water and air flow within karst aquifers act as a significant heat 
exchange medium, transferring thermal energy between the surface and deeper 
geological layers. Moreover, the thermal response of karst environments to external 
temperature fluctuations is modulated by the depth and connectivity of the karst 
network, making heat transfer in these specific environments a multifaceted and 
dynamic process influencing the earth’s critical zone. This zone is a diverse and 
dynamic near-surface environment where intricate interactions among rock, soil, 
water, air and living organisms govern the natural habitat and determine the 
availability of essential life-sustaining resources (Council et al., 2001).  

1.1 Karst landscape 

Approximately 20% of the world's land area is covered by karst regions, and around 
25% of the global population depends on karst aquifers for their drinking water 
(Goldscheider et al., 2020). Karst landscapes are characterized by distinctive 
landforms such as sinkholes, caves, and underground streams, which result from the 
dissolution of soluble rocks, primarily limestone and dolomite. The formation of 
conduits and karst networks begins with the infiltration of water into the bedrock 
through joints, fractures, and bedding planes. Over time, chemical weathering 
processes enlarge these initial pathways into larger conduits and cave systems (Ford 
and Williams, 2007; Palmer, 1991). This process is facilitated by carbonic acid formed 
when water absorbs carbon dioxide from the atmosphere and soil. The chemical 
reaction between carbonic acid and calcium carbonate in limestone dissolves the rock, 
enlarging fractures and creating underground cavities. Over tens to hundreds of 
millennia, continuous dissolution can lead to the development of extensive cave 
systems and large-scale karst features such as tower karsts and dolines (sinkholes) 
(Palmer, 1991;Worthington et al., 2000). The flow of water through these systems is 
influenced by gravity, hydrostatic pressure, and the hydraulic gradient of the region 
(White, 1988; Ford, 2006). Figure 1 depicts a general schematic of karst landscape 
which will be elaborated more in next sections. 

Airflow also contributes to karstification. It can enhance the evaporation of water, 
leading to the deposition of minerals such as calcite and the formation of speleothems 
(stalactites and stalagmites) (Dreybrodt et al., 2005). Additionally, airflow can affect 
the microclimate within caves, influencing condensation and corrosion processes that 
further modify the cave environment and contribute to the overall karstification 
process.  

Permafrost and ice-filled clefts significantly influence karst water flow in polar and 
high-altitude regions. In these environments, the presence of permafrost can inhibit 
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the infiltration of water, thereby limiting the dissolution processes essential for 
karstification. Ice-filled fractures can temporarily store water, which, upon melting, 
can lead to episodic and localized dissolution of the bedrock. This seasonal melting 
and refreezing can cause physical and chemical weathering, creating unique karst 
features. The interplay between freezing and thawing cycles results in dynamic karst 
systems where dissolution is coupled with mechanical breakdown of the rock, often 
enhancing the development of conduits and cavities (Ford and Williams, 2007; French, 
2017; Lauriol and Clark, 1993). 

Several factors influence the formation and the rate of evolution of karst landscapes. 
The solubility of the bedrock, typically limestone or dolomite, is crucial for karst 
development (Ford and Williams, 2007). The presence of fractures and bedding planes 
provides pathways for water infiltration and enhances dissolution processes 
(Goldscheider and Drew, 2007). Climate affects the amount and distribution of 
precipitation, which in turn influences water availability for karst processes. Humid 
climates with abundant rainfall promote more extensive karstification compared to 
arid regions (Groves and Meiman, 2005). The local hydrological conditions, including 
groundwater flow patterns and the presence of a perched water table, play significant 
roles in shaping karst systems. Groundwater recharge and discharge areas are often 
associated with prominent karst features (Ford, 2006; White, 1988). Furthermore, 
vegetation and soil contribute organic acids to infiltrating water, enhancing its ability 
to dissolve carbonate rocks. Thick soil cover can also regulate water infiltration rates 
and protect underlying karst features (Veni et al., 2001). Finally, Anthropogenic 
activities such as quarrying, land-use changes, and groundwater extraction can 
impact karst processes. Urbanization and agriculture can alter natural water flow 
patterns, potentially accelerating or hindering karstification (White, 1988). 
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Figure 1. A schematic figure showing karst landscape with some typical surface and 
underground morphological features (Schaer et al., 1998) 

1.2 Thermal configuration of karst (a very general concept) 

From a thermal point of view, Luetscher and Jeannin (2004) suggest that karst massifs 
can be subdivided into two subsystems: the heterothermic and homothermic zones. 
In heterothermic zone seasonal variations are observed, within the first ∼100 meter 
from the surface. The homothermic zone is situated at greater depths (Fig. 2a), where 
atmospheric annual temperature variations are almost completely damped. Badino 
(2018) determines the thickness of the heterothermic zone based on interested time 
scale. Considering daily or yearly variations results in different thickness of this zone 
(Fig. 2b). He defines a homothermic layer located under heterothermic zone which the 
water and rock temperature remains close to the external mean annual temperature 
and due to water circulation in saturated conduits (shown as horizontal conduit at 
phreatic zone in Fig. 2-a and blue arrow in Fig. 2-b), geothermal gradient cannot be 
observed in this layer. The thickness of this layer extends between 50 and 2500 m. In 
other karst studies, the part of rock massifs (and their caves), where temperature is 
nearly constant are named differently: “neutral zone” in (Dublyansky and Sockova, 
1977; Tikhomirov, 2016) or “isothermal zone” as in (Crestani et al., 1939). A third zone 
which is called “geothermal layer” is found under the homothermic zone (Badino, 
2018) where rock temperature regularly increases with depth, and heat transfer is 
mainly controlled by conduction of the geothermal heat, as shown in Fig. 2b.  

Both the heterothermic and homothermic zones are influenced by the presence of 
conduits. Heat transfer in the vicinity of these conduits, within the surrounding rock, 
is predominantly limited to conduction while the effect of convective heat flux is 
unavoidable within the conduits and fractures. The external surface temperature of 
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the karst massif results from an energy balance involving different thermal exchanges 
due to sun radiation, precipitation, evapotranspiration processes, and wind effect on 
the soil. 

The homothermic zone can be unsaturated (vadose) or saturated (phreatic). The 
former is mainly dominated by ventilated and air-filled conduits but the latter always 
encloses fully water-saturated conduits (Fig. 2) and exhibits lower temperature 
gradients compared to the former.   

Within the saturated zone, extending to the base of the main conduit network, the 
temperature gradient approaches zero (Radioti et al., 2017). Below the main conduit 
system, temperature gradients are predominantly influenced by geothermal heat flux, 
equivalent to the previously mentioned “geothermal zone” (Luetscher and Jeannin, 
2004). Figure 2 shows the thermal interplays between different karst conduits in 
saturated and unsaturated zones of karst massifs and the corresponding vertical 
temperature gradients. 

In epikarst (the uppermost weathered zone of karst systems), which consists in 
weathered limestone with tiny fractures and small conduits, heat transfer is 
influenced by heat conduction from the surface and by the presence of both air and 
water. It is therefore influenced by the atmosphere temperature variations. The 
interaction between air, water, and rock in these fractures can lead to localized thermal 
gradients that impact chemical weathering processes (Williamas, 2008).  

The thermal processes taking place in the unsaturated zone of the karst system are 
poorly understood compared to those of the saturated zone. Highly ventilated caves 
as well as permafrost active layer in ice-rich karst massifs might be located in 
unsaturated zones. In this thesis, we focus on the study of their thermal response to 
external atmospheric temperature variations. Thermal characteristics of ventilated 
caves and ice-rich karst massifs are introduced in the two following sections.  
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a  

 b  

Figure 2. a) temperature gradient at different elevations of karst massifs in the saturated and 
unsaturated zones (from  Luetscher and Jeannin, 2004)  b) Heterothermic layers, with daily 
and seasonal temperature ranges; Homothermic layer with small gradient close to zero; 
Undisturbed geothermal layer in thermal contact with deep rocks (from Badino, 2018) 

1.2.1 Ventilated caves 

Ventilated caves are subterranean systems where air circulation plays a significant 
role in their environmental dynamics. These caves often have multiple entrances or 
connections to the surface, allowing for the movement of air between different parts 
of the cave and the outside environment (Hill and Forti, 1997). 

Two types of ventilated caves are observed depending on the origin of the driving 
force inducing the airflow:  

1- Caves ventilated by a so-called “chimney effect”, where the driving force is due to 
the density difference between the cave and the outside atmosphere, 
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2- Caves ventilated by the so-called “barometric effect”, where the driving force is due 
to the pressure difference between the cave and the outside atmosphere.  

The barometric effect dominates the caves with a large volume and only a few 
entrances at the same elevation. Any variation of the atmosphere pressure close to the 
entrance will induce a volume change of the air in the cave, breathing air in or out of 
the cave. The pressure variation may be related to changes in atmospheric pressure, 
wind or local climate changes  (Gomell et al., 2021; Perrier et al., 2023). The most 
common form of ventilation is the density-driven chimney effect which are seen in 
caves with at least two entrances at different elevations. The air flows in or out of the 
cave due to a density contrast between the air column inside and outside of the cave. 
In summer, the atmosphere temperature outside the cave is higher than the air 
temperature inside leading to a greater air density inside the cave. So, the airflow is 
downward in summer and upward in winter. Figure 3 shows a sketch of the airflow 
direction in summer and winter for a cave ventilated under the chimney effect with 
two entrances at different elevations.  

 

 

Figure 3. A very simple schematic figure showing the direction of airflow in ventilated 
caves under chimney effect 

It has long been known that, in large cave systems, the convective transport of heat by 
air currents and streams can propagate thermal perturbations over much larger 
distances than predicted by a pure conduction model. Cropley (1965) conducted 
temperature measurements in two West Virginia caves, identifying three distinct 
zones. Zone I, near the cave entrance, exhibited temperature fluctuations influenced 
by surface conditions. Zone II was dominated by temperature variations driven by 
streams and air currents. Zone III maintained a nearly constant temperature, closely 
aligned with the annual surface mean. Regions where temperature fluctuations were 
less than 1°F (approximately 0.56°C) around the annual mean were found over 1500-
m from the cave entrances. This large distance is mainly due to the cold water entering 
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the caves during winter recharge. Luetscher and Jeannin, (2004) introduced the 
concept of the heterothermic vadose zone, the upper part of a karst massif where 
seasonal temperature gradient inversions occur. In contrast, the homothermic vadose 
zone features a temperature gradient similar to the lapse rate of humid air 
(approximately 0.5°C per 100 m). They estimated the distance of heterothermic zone 
to ground surface is about 100 m in most cases. 

One of the key features of ventilated caves is the presence of a “thermal (convection) 
length”. The air entering the cave with a different temperature from that of the rock 
tends to exchange heat with the surrounding rock and reaches thermal equilibrium 
after a certain distance. This length from cave entrance to a certain point inside the 
cave is called thermal (convection) length. This means that the external temperature 
variations have a thermal impact on the cave until the thermal length. At higher 
distance from the entrance, air and wall temperatures are the same and remain 
constant throughout the year. The atmosphere temperature varies according to 
several modes of frequency such as daily and yearly fluctuations. Of course, smaller 
frequencies such as centennial and millennial fluctuations also exist with certain 
amplitudes. The amplitude of these frequencies attenuates differently along the cave 
passage. The thermal impact of atmosphere temperature variations not only can be 
seen within the thermal (convection) length along the cave passage but also it is 
perceptible in the surrounding rock within a certain length which is called “thermal 
width”.   

It turns out that distinct microclimates should exist within different sections of the 
cave system having different thermal responses based on the interested time scale. For 
instance, areas near entrances may experience more significant temperature and 
humidity fluctuations compared to deeper parts of the cave, which remain more 
stable. This variability can influence the life conditions along the cave, but also the rate 
of mineral deposition and the types of speleothems that form. In ventilated caves, 
formations such as stalactites and stalagmites tend to grow more rapidly than in non-
ventilated caves due to the enhanced evaporation and CO₂ exchange facilitated by air 
movement (Ford and Williams, 2007).  

1.2.2 Ice-rich aquifers 

Ice-rich aquifers are subsurface water-bearing formations that contain significant 
amounts of ice. These aquifers are typical of permafrost regions, where the ground 
remains frozen for extended periods, often spanning hundreds to thousands of years. 
The presence of ice within these aquifers has a profound impact on their 
hydrogeological properties, influencing both water availability and the mechanical 
stability of the ground (Woo, 2012). 

In ice-rich aquifers, the water exists in both liquid and solid phases. During the 
warmer months, seasonal thawing can lead to the formation of an active layer where 
the ice melts, increasing the liquid water content and permeability of the soil. This 
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process creates a dynamic environment where the aquifer’s capacity to store and 
transmit water fluctuates seasonally. The meltwater from these ice-rich layers is 
crucial for sustaining local ecosystems and providing a water source for human use in 
arctic and subarctic regions (Hayward et al., 2018; Pelletier et al., 2018). Figure 4 shows 
some patterns of these ice-rich aquifers in different geological contexts for example in 
soil (Fig. 4a) and an ice-cleft in alpine karst (Monlesi cave) in Switzerland (Fig. 4b).   

a  b  

Figure 4. Ice-rich aquifers in karst permafrost a) Exposed permafrost along an eroded 
Arctic coast (https://www.nps.gov/subjects/aknatureandscience/permafrost.htm) b) 
Monlesi cave (Photo taken by A. Conne) 

The thermal dynamics of ice-rich aquifers are complex, as they are influenced by both 
climate and surface conditions. Changes in air temperature, snow cover, and 
vegetation can alter the thermal regime of the ground, leading to variations in the 
thickness and extent of permafrost. For instance, Bartolomé et al., (2023) found that 
some parts of the Devaux cave located in mountain permafrost are dominated by 
advective airflow and also heat release by local cave streams increasing the cave air 
temperature seasonally above 0℃, which in turn affects the amount of meltwater. Or, 
in arctic karst caves, massive ice blocks the passage. This is due to the condensation of 
water vapor from warm humid air entering the cave during summer and subsequent 
freezing in winter (Lauriol and Clark, 1993).  

Long-term warming trends associated with climate change are causing permafrost to 
degrade, thereby affecting the stability and behavior of ice-rich aquifers. As the 
permafrost thaws, the ground may become more susceptible to subsidence and 
erosion, potentially impacting infrastructures (Larsen et al., 2008; Cheng, 2005). 

Research into ice-rich aquifers is vital for understanding the implications of 
permafrost thaw on hydrology and water resources. These aquifers act as important 
reservoirs of freshwater, and their response to climate change can have significant 
consequences for water availability in cold regions. Studies combining field 
observations, remote sensing, and modeling are essential to predict the melting rate 
concerning any changes in these systems and to develop adaptation strategies for 

https://www.nps.gov/subjects/aknatureandscience/permafrost.htm
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communities and ecosystems reliant on permafrost environments (Walvoord and 
Kurylyk, 2016). 

1.3 Modeling heat transfer in karst 

Modeling heat transfer in karst conduits and rock massifs provides information about 
their thermal response to outside temperature variations. So far, researchers have 
developed numerous models by employing different assumptions in order to study 
the thermal response of caves and permafrost to temperature variations in karst 
environments. These assumptions are based on many simplifications in terms of 
geometry or governing equations. In this section, we are going to have a brief 
overview of available models based on the main heat transfer mechanism to study the 
thermal response of different zones of karst massif.  

1.3.1 Conduction  

A large part of studies in literature introduces conduction dominating the heat 
transfer from external atmosphere to underground and infer the convection is limited 
to the cave entrances in vadose zones (Faimon et al., 2012; Villar et al., 1983; 
Domínguez-Villar et al., 2013). For instance, Domínguez-Villar et al., (2023) modeled 
a cave temperature by employing 1D heat conduction equation. The thickness of the 
bedrock in their model determines the thermal attenuation and the signal delay from 
the atmosphere temperature. They justified the discrepancy between their model and 
field data by variability of water content in rock porosity through time leading to 
different values of thermal diffusivities. 

Quindos et al., (1987) conducted a year-long study measuring the monthly mean 
temperatures within Altamira cave. Their findings indicate that the periodic 1D 
conduction model accurately predicts both the amplitude and phase shift of the 
annual temperature fluctuations at the cave roof, where the depth ranges from 3.5 
meters to 17.5 meters. 

Salmon et al. (2023) developed a model based on purely conduction heat flux in 
Lascaux cave and they considered that the ground surface and atmosphere 
temperature are not equal. They computed the surface temperature based on an 
energy balance of different thermal processes including heat fluxes due to surface 
convection (related to wind velocity), radiation and soil evapotranspiration. Although 
there was a good agreement between the temperature measured in the cave and the 
modeled one, in some locations significant discrepancies were reported. These have 
been associated to local free convection cells within the cave rooms. 

Despite of usefulness of purely conduction models for finding temperature in 
impermeable solid rock, such thermal models may not be very precise for prediction 
of the thermal response in shallow caves with negligible ventilation. More realistic 
model was introduced by  Guerrier et al., (2019) considering the coupling of 
conduction with free convection and radiative heat flux induced by the temperature 
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difference between cave ceiling and floor . This phenomenon takes place in non-
ventilated caves located at shallow depth (<~20 m) as the temperature difference 
between ceiling and floor triggers free convection. At greater depth, the upper and 
lower cave walls may be in thermal equilibrium with the air inside the cave.  

Concerning ice-rich aquifers, many thermal models were developed for assessing 
permafrost degradation in heterogenous media. In most models, the temperature 
distribution of ground layers and water, and its response to climate change is 
predicted by considering mainly 1D conduction and latent heat fluxes of melting in 
soil (Malakhova, 2022; Ivanov and Rozhin, 2022; Schuster et al., 2018; Cicoira et al., 
2019; Hornum et al., 2020). Even though conventional 1D transient models are not 
suitable for every context, they offer several advantages including low computational 
costs and easy implementation to make them widely applied. Pruessner et al., (2021) 
investigated glacier runoff associated with permafrost degradation in high Alpine 
catchments. They used two different methods GERM (Huss et al., 2008) and 
SNOWPACK (Bartelt and Lehning, 2002) which are based on 1D transient conduction 
considering latent heat of melting, different thermal properties of ground layers 
constituents and ventilation effects. This distributed model is efficient for calculation 
of temperature in large domains (catchment scale) but may not efficiently work in 
particular contexts such as ice-clefts or ice-rich confined aquifers. 

1.3.2 Convection and other heat fluxes 

In karst, water or airflow concentrates within the conduits generating advective fluxes 
under different circumstances. “How much does the corresponding advective heat 
flux impact the conduit temperature and the surrounding rock?” is a key question in 
this respect. 

Many researchers so far developed some models highlighting the effect of air or water-
forced convective flux in the karst environment. While the thermal effect of water 
convection is underlined mainly in saturated (or phreatic) zone of karst conduits, 
airflow is reported frequently in caves located in the unsaturated (or vadose) zone 
implicating also the existence of convective heat flux related to air.  

Covington et al. (2011) explore various mechanisms influencing heat transport in 
partially saturated karst aquifers. The study critically examines previous models of 
heat transport in literature showing a clear lack of validation with field data. By 
utilizing analytical solutions, the authors assess the relative importance of conduction, 
convection, and radiation concerning various timescales. They found that conduction 
through the surrounding rock predominantly governs heat exchange over timescales 
longer than a week (the conduit wall and water temperatures remain close to each 
other and vary along the conduits). The study also highlights the significant role of 
radiative heat flux in open channel conduits. The developed numerical model, 
validated against field observations from two distinct karst settings, demonstrates its 
applicability in accurately simulating thermal responses in partially saturated karst 
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systems. The findings underscore the necessity of coupling conduction-convection 
into heat transport models for realistic simulations. In a more recent study, Luo et al. 
(2023) investigated the thermal responses of groundwater in karst springs in South 
China, aiming at understanding the heat exchange mechanisms between recharge 
water and surrounding rock formations. Using an analytical solution for heat transfer 
in karst conduits, the research simulates the temperature variations in four karst 
springs with circulation depths ranging from 60 to 820 meters. The study finds that 
the hydraulic diameter, flow velocity, input temperature, and circulation depth are 
crucial factors influencing thermal equilibrium depth and heat exchange efficiency. In 
shallow aquifers, insufficient heat exchange leads to distinct temperature peaks and 
troughs corresponding to seasonal changes, while deeper aquifers reach thermal 
equilibrium, resulting in stable temperatures. Although these models are very useful 
for conduits filled or partially filled with water, they are not applicable for ventilated 
conduits as the effect of airflow reversal and latent heat flux (evapo-condensation) is 
not taken into account.  

Some other studies can be seen in references (Qaddah et al., 2023; Qaddah et al., 2022; 
Guerrier et al., 2019) implicating that in closed shallow caves with negligible 
ventilation other mechanisms such as wall radiation and free convection heat fluxes 
can be of significance for determining cave temperature. On the other hand, in 
ventilated caves, Kukuljan et al. (2021) believe that “Advection is the main driving 
force of spatial and temporal variations in atmospheric parameters in the karst vadose 
zone”.  

One of the premier and first study about the airflow in karst conduits and the 
modelling of the conjugated convective and latent heat flux was proposed by Wigley 
and Brown (1971) who calculated the temperature and moisture content profiles in the 
air as a function of the distance from the entrance. They used a 1D model based on the 
energy and water mass conservation in the airflow. The convective heat transfer 
coefficient between the air and the wall was estimated using an empirical correlation 
valid for forced convection in smooth pipes. The model assumes prescribed uniform 
wall temperature, a major simplification that allows to obtain simple closed-form 
expressions for the temperature and moisture profiles. De Freitas and Littlejohn (1987) 
used the model of Wigley and Brown to describe the latent heat flux within caves. 
Considering the cave’s boundary conditions and environmental inputs in their model, 
they provided some insights into the spatial and temporal distribution of 
condensation and evaporation processes. However, this approach assumes that the 
heat flux through the cave wall is convection-limited and that the rock mass does not 
contribute to heat transfer. 

Lismonde (2002) pointed out that the airflow modifies the rock temperature, therefore 
it changes the air temperature profile in the cave. This author developed a model to 
predict heat transfer in a straight inclined pipe of constant diameter included in a rock 
massif. The model couples 1D radial conduction in the rock mass with convective 
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transfer in the air, using a sinusoidal function of time as inlet temperature. The airflow 
rate was predicted by considering the interaction between the temperature field inside 
and outside the conduit through the buoyancy term in the momentum balance 
equation. This model reproduced qualitatively some field observations, e.g. the 
thermal anomaly in the entrance areas. Recently, Gabrovšek (2023) studied the airflow 
patterns in karst caves, focusing on the chimney effect driven airflow in ventilated 
caves. The research presents a numerical model of airflow in a passage thermally 
coupled to the surrounding rock mass, examining how passage geometry influences 
airflow. Key findings include the role of airflow velocity in determining relaxation 
length and the impact of non-uniform passage profiles, such as L-shaped or V-shaped 
outlines, on airflow patterns. Seasonal asymmetry in airflow rate is noted, with 
distinct differences in ventilation during warm and cold periods. The study also 
highlights how snow and ice accumulation can alter airflow patterns, leading to the 
formation of ice caves. Although these studies provide helpful information and basic 
formulations for building thermal models in ventilated caves, their model results were 
hardly validated by field data. Additionally, these models did not consider the effect 
of evaporation cooling and condensation warming which is an obvious phenomenon 
in ventilated caves. 

1.4 Relevance of heat and mass transfer in karst environment 

The unique characteristics of karst landscapes, which include features such as 
fractures, caves, sinkholes, and underground streams, make them particularly 
sensitive to thermal dynamics. Understanding heat transfer mechanisms within these 
systems is essential for multiple questions, from environmental monitoring to water 
resources management. 

In the saturated zone, water temperature acts as a non-conservative tracer in the 
environment. As water travels through the rock, its heat is exchanged (mitigated and 
delayed) with the surrounding rock (Luhmann et al., 2012) providing information 
about the volume and geometry of conduits, recharge mode and aquifer depth (Birk 
et al., 2006; Long and Gilcrease, 2009; Liedl et al., 1998).  

In the unsaturated zone, also known as the vadose zone, caves are located above the 
water table where air and water interact within the rock. This zone recharges karst 
aquifers as it allows for the infiltration of rainwater, in partially filled conduits 
through the unsaturated zone, from ground surface to the phreatic zone, flowing 
mainly vertically downwards. Cave ventilation in the vadose zone is variably intense 
leading to various microclimates, which affect the development of speleothems (Ford 
and Williams, 2007). According to De Freitas and Schmekal (2003), as the exchange of 
heat between the cave atmosphere and the external environment can significantly 
influence the speleothem growth. Additionally, airflow can transport heat over long 
distances within cave systems, leading to temperature variations that impact the 
growth of speleothems as well as biological communities and chemical reactions 
within the cave environment (Lismonde, 2002). 
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Mass transfer through condensation and evaporation also plays a vital role in the 
formation of speleothems which are carbonate cave deposits that form as the result of 
precipitation from flowing or dripping groundwater (Elias, 2013) and are mainly 
referred to as stalagmites, stalactites and flowstone (Sinha et al., 2010). The rate and 
nature of speleothem formation provide valuable information about past climatic 
conditions. Research by Fairchild and Baker (2012) highlights that variations in 
speleothem growth rates can be correlated with historical climate data, offering 
insights into paleoclimate reconstructions.  

Moreover, the processes of condensation and evaporation influence the humidity 
levels and temperature within the cave, which are critical for maintaining the delicate 
equilibrium of the cave environment. According to a study by De Freitas and 
Littlejohn (1987), the microclimate of a cave, including temperature and humidity 
variations, can significantly impact both geological formations and biological 
communities. High humidity, resulting from condensation, can promote the growth 
of microbial mats and cave flora, which in turn can affect the cave's nutrient cycles 
and energy flow. Dublyansky and Spötl (2015) further note that condensation 
corrosion, a process where condensed water dissolves rock surfaces, significantly 
alters cave morphology over time. This can result in the deterioration of speleothems 
and other cave features. Besides that, condensation could be even a source of water 
for karst aquifers. 

Additionally, understanding these processes is essential for cave conservation and 
management. Prehistorical painted caves such as Lascaux cave is under the danger of 
vermiculation process (thin, irregular and discontinuous deposits of incoherent 
materials commonly found on the walls of caves as defined by Bini et al., (1978)). The 
humidity, temperature changes and the chemical compound of the water film on the 
cave wall are important factors for triggering vermiculation (Freydier et al., 2021). 
Human activities, such as tourism and mining, can alter the cave's natural ventilation 
and humidity levels, leading to accelerated evaporation rates or changes in 
condensation patterns (Baker and Genty, 1998). For instance, Cigna (1993) discusses 
how changes in air circulation and humidity caused by human interference can lead 
to the desiccation of cave formations and the disruption of the cave's ecological 
balance. Further research by Lario and Soler (2010) indicates that even minor 
modifications to cave environments can result in significant changes to speleothem 
growth and preservation. 

In summary, the study of heat and mass transfer processes within caves is 
fundamental for paleoclimate reconstruction, for maintaining cave microclimates, and 
for ensuring the conservation of these unique environments. Ongoing research in this 
field continues to shed light on the intricate interactions between geological, 
hydrological, and biological processes within cave systems. 



 
 

28 
 

1.5 Research motivation 

As previously mentioned, most researches to date have focused on the thermal 
response of the saturated zone of karst systems. However, there are a few studies 
describing the thermal response of the unsaturated zone within highly ventilated 
conduits or the effect of (water) convection on permafrost thawing in ice-rich aquifers 
(or ice-clefts). 

Considering only conduction, which is typical in many available thermal models, 
causes a very shorter length scale for perfect attenuation of external signals in karst 
conduits (which is called diffusion length) compared to convection length. The 
diffusion length is proportional to the square root of the fluctuation period multiplied 
by the thermal diffusivity of the rock. Although Lismonde (2002) and Gabrovšek 
(2023) developed preliminary thermal models for ventilated conduits highlighting the 
impact of airflow, there still remains a gap in detailed understanding of the effects of 
convection and latent heat flux in ventilated caves subject to the chimney effect. The 
concept of convection length — the distance from a cave entrance to a location inside 
the cave where the temperature is influenced by external climatic variations — has not 
yet been correlated with certain geometrical and flow characteristic parameters for 
different amplitudes of external fluctuations. Airflow convection not only affects the 
cave passage temperature but also generates a thermal field within the surrounding 
rock. Due to the lack of systematic comparison between model results and field data, 
it is difficult to evaluate the efficiency of existing models. Moreover, a comprehensive 
thermal model that simultaneously considers convection, conduction, and latent heat 
flux has not yet been developed. Such a model would require the incorporation of 
mass transport equations to determine water vapor concentration spatially and 
temporally. 

Additionally, in mountain permafrost or arctic karst caves, these external climatic 
variations can melt the ice-filled clefts distributed in rock massif. The accumulated 
meltwater at the top of the ice can experience temperatures above zero due to daily 
warming. Building thermal models considering the effect of water free convection on 
the melting rate of permafrost thawing has not been already examined. This 
convection may accelerate the melting rate of ice-rich aquifers (ice-clefts) due to the 
anomalous behavior of water density between 0 and 4°C. 

These concerns regarding the impact of “convection” motivate us to develop novel 
thermal models that incorporate this mechanism of heat transfer. These models will 
enable more accurate predictions of the thermal response of the unsaturated zone of 
karst and their original contributions are twofold: (1) the derivation of a quantitative 
scaling law for the convection length; (2) comprehensive comparisons between 
numerical simulations and field data to test the capabilities and limitations of the 
model which cannot be seen in the literature. Therefore, this thesis aims to fill this gap 
by using the principles of fluid dynamics, heat and mass transfer, providing a more 



 
 

29 
 

realistic model and analysis for the community of geoscience, hydrogeology, and 
cryosphere. 

1.6 Research strategy / Structure of the thesis 

This thesis focuses on modeling heat transfer in the unsaturated zone of karst systems. 
This includes the effect of convection heat transfer in “ventilated caves (conduits)” 
and “ice-rich aquifers (ice-filled clefts)” in active layer of permafrost for karst areas 
situated in polar regions or high altitudes. The content of this thesis is divided into 
five main chapters which are briefly described as follows: 

1.6.1 Chapter 2: Modeling heat transfer for assessing the convection length in 
ventilated caves (published paper) 

In this chapter, a very general thermal model is developed for ventilated caves with a 
simplified geometry. The external temperature consists of only yearly average and 
yearly amplitude of fluctuations and the corresponding mass flow rate is estimated 
with a straightforward assumption. The heat transfer equation for dry air is derived 
from coupling convection inside a 1D conduit with constant diameter and conduction 
in a 2D-axisymmetric rock domain. The main strategies used in this chapter can de 
listed as following: 

1- Determining the main controlling variables (dimensionless numbers) 
quantifying the thermal response of ventilated caves 

2- Estimation of a lower and upper bound of heat transfer coefficient using 
Gnielinski empirical correlation and infinite heat transfer coefficient, 
respectively.   

3- Using Fourier series for reaching a periodic regime avoiding high 
computational costs produced by using time integration    

The main outcomes of this chapter are as follows: 

1- The quantitative definition of the convection length as a distance between cave 
entrance and a point inside the cave where the cave temperature is no more 
under the influence of external temperature variations. This will be elaborated 
in detail in chapter 2, 

2- Characterization of the convection length as a function of dimensionless 
numbers after testing different parametric studies and finally introducing a 
general formula for expressing the order of magnitude of the convection length 
in ventilated caves, 

3- Comparing the developed formula with the field data from three ventilated 
conduits in order to assess the efficiency of the developed model.   
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1.6.2 Chapter 3: Thermal modelling of caves ventilated by chimney effect (paper 
under review) 

In the third chapter, we try to modify the model developed in the first chapter by 
employing more realistic assumptions. A systematic comparison between the field 
data from Longeaigue cave in Switzerland and the modelling results with different 
scenarios is given in this part. The main strategies used in this chapter are listed as 
follows: 

1- Modifying the model developed previously by imposing different assumptions 
such as variable cave diameter and measured mass flow rate as well as external 
upper and lower entrance atmosphere temperature from field data (including 
daily fluctuations), 

2- Adding mass transfer equation considering humid air and the corresponding 
latent heat flux in the energy balance between cave wall and air,   

3- Introducing four different scenarios including dry and humid air associated to 
finite and infinite heat transfer coefficients as four possible scenarios in the 
thermal study of ventilated caves. 

The main outcome of this chapter is the evaluation of the thermal performance of the 
four scenarios in comparison with field data in Longeaigue cave. The annual mean 
temperature, annual and daily temperature fluctuations along the cave passage are 
compared with field data. Other issues such as the discrepancy between the field data 
and the model results due to the effect of boundary condition at the external ground 
surface on thermal history of rock massif, potential difference between sensor 
temperature and air/wall temperatures as well as the amount of water produced by 
condensation or consumed due to evaporation along the cave are discussed to 
illustrate the weakness and capabilities of the developed model. 

1.6.3 Chapter 4: Developing an aeraulic-thermal model for ventilated caves with 
known cave resistance (unpublished) 

In this chapter, an aeraulic-thermal model is developed in order to calculate the 
resulting mass flow rate from the chimney effect using only external temperatures and 
cave resistance as the model inputs. Finding the cave aeraulic resistance is a 
prerequisite input of this model. The momentum equation is coupled with the energy 
balance leading to more complexity of governing equations. This chapter is 
complementary to the previous chapter using the same variables and parameters.     

1.6.4 Chapter 5: Modeling the thermal response in epikarst (unpublished) 

A purely qualitative thermal analysis in epikarst including 3D Discrete Fracture 
Network (DFN) and impermeable rock is developed for extreme hydraulic scenarios 
corresponding to fully saturated and unsaturated fractures. The rapid infiltration of 
rainfall water may lead to significant convective heat flux inside the fractures which 
consequently penetrates to surrounding impermeable rock by conduction.  
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This chapter provides some insights into the relative significance of convective heat 
flux in air and water compared to conduction in the fracture network in epikarst.   

1.6.5 Chapter 6: Modeling the effect of free convection on permafrost melting-rates 
in frozen rock-clefts (published paper) 

In this chapter, the effect of liquid water free convection is examined on melting rate 
of ice-clefts in active layer of permafrost under daily atmosphere warming. The model 
is based on incompressible Navier-Stoke equations assuming Boussinesq 
approximation for modelling free convection. The heat transfer equation uses the 
apparent heat capacity approach in order to model the latent heat of melting inside a 
2D initially filled ice-cleft surrounded by rock massif. The main outcomes of this 
chapter are mentioned as follows: 

1- The free convection of liquid water resulting from abnormal behavior of water 
density between 0 and 4℃ may increase the melting rate by about one order of 
magnitude compared to stagnant liquid water in the absence of free convection; 

2- The liquid water temperature on top of ice-clefts remains between 0 and 1℃ 
due to the mixing and circulation of water; 

3- The aperture size is an important geometrical parameter determining the 
intensity of free convection on the melting rate. The effect of free convection on 
ice-clefts with lower aperture size will be reduced gradually and finally, within 
a certain height of meltwater, the impact of free convection disappears;  

4- The melting rate of an ice-cleft in Monlesi cave in Switzerland was monitored 
for four days and was compared with the results of the developed model 
considering free convection. 
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Chapter 2: Modeling heat transfer for assessing the 
convection length in ventilated caves (published 
paper) 
Sedaghatkish, A., Pastore, C., Doumenc, F., Jeannin, P.‐Y., & Luetscher, M. (2024). Modeling heat 
transfer for assessing the convection length in ventilated caves. Journal of Geophysical Research: Earth 
Surface, 129, e2024JF007646. https://doi.org/10.1029/2024JF007646 

Abstract 

The present study focuses on heat transfer in ventilated caves for which the airflow is 
driven by the temperature contrast between the cave and the external atmosphere. We 
use a numerical model that couples the convective heat transfer due to the airflow in 
a single karst conduit with the conductive heat transfer in the rock mass. Assuming 
dry air and a simplified geometry, we investigate the propagation of thermal 
perturbations inside the karst massif. We perform a parametric study to identify 
general trends regarding the effect of the air flowrate and conduit size on the 
amplitude and spatial extent of thermal perturbations. Numerical results support the 
partition of a cave into three regions: (1) a short (few meters) diffusive region, where 
heat mainly propagates from the external atmosphere by conduction in the rock mass; 
(2) a convective region where heat is mainly transported by the air flow; (3) a deep 
karst region characterized by quasi-constant temperatures throughout the year. 
Numerical simulations show that the length of the convective region is approximately 
proportional to the amplitude of the flowrate annual fluctuations divided by the 
square root of the cave radius.  This result is tested against field data from a mine 
tunnel and two caves. Our study provides first estimates to identify climate sensitive 
regions for speleothem science and/or ecosystemic studies.   

1. Introduction 

Understanding heat transfer in karst systems is a key issue for underground biota 
(Mammola et al., 2019), preservation of cave art (Bourges et al., 2014), speleothem 
growth rates (Spötl et al., 2005; Banner et al., 2007), or paleoclimate reconstruction 
(Borsato et al., 2016; Casteel and Banner, 2015; Domínguez-Villar et al., 2021). 
However, heat transfer in karst results from an intricate coupling between several 
mechanisms, including heat conduction in the rock mass (Quindos et al., 1987), 
convection due to water or air flow in caves (Cropley, 1965), or radiative transfer 
between cave walls (Guerrier et al., 2019). Latent heat exchanges are also present 
because of evaporation and condensation on cave walls (Dreybrodt et al., 2005) or ice 
formation and permafrost (Luetscher et al., 2008). A key issue for the understanding 
of heat transfer in karst is to determine the processes that dominate in a given 
configuration, and those that can be neglected. 

The simplest heat transfer model of a vadose karst assumes 1D conduction heat 
transfer in a rock mass of infinite depth with periodic temperature fluctuations at the 
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ground surface (Villar et al. 1983; Domínguez-Villar et al. 2023; Salmon et al., 2023). 
This model predicts that the depth corresponding to 99% attenuation of the 
temperature fluctuations at the ground surface is a few tens of centimeters for the 
daily fluctuations and approximately 10 m for the annual fluctuations. Quindos and 
co-workers (Villar et al., 1983; Quindos et al., 1987) measured the monthly mean 
temperatures in Altamira Cave during a year. They found that the periodic 1D 
conduction model correctly predicts the amplitude and the phase shift of the annual 
fluctuations at the cave roof whose depth varied from 3.5 m to 17.5 m. In contrast, the 
floor temperature was much closer to the roof temperature than expected from a 1D 
conduction model. The authors attributed this effect to the homogenization of the 
temperature field by radiative transfer between roofs and floors. Guerrier et al. (2019) 
and Qaddah et al. (2023) confirmed by numerical simulations the significance of 
radiative transfer inside weakly ventilated shallow caves, and showed that turbulent 
free convection also had to be considered. Both heat transfer mechanisms contribute 
to the homogenization of the wall temperature and the deformation of the 
temperature field in the rock matrix around the cave. 

The situation is different when forced convection is present. It has long been known 
that, in large cave systems, the convective transport of heat by air currents and streams 
can propagate thermal perturbations over much larger distances than predicted by a 
pure conduction model. Cropley (1965) found that temperature measurements 
performed in two caves in West Virginia supported the definition of three zones: zone 
I immediately adjacent to the cave entrance, where the cave temperature follows the 
surface temperature fluctuations; zone II where the cave temperature is driven by 
streams and air currents; zone III where the temperature is approximately constant 
and close to the annual mean temperature at the surface. Areas where the amplitude 
of temperature fluctuations was lower than 1°F (ca. 0.56°C) around the annual mean 
temperature were located at more than 1500 m from the cave entrances. This long 
distance was mainly due to cold water carried into the caves by winter water recharge. 
Luetscher and Jeannin (2004) defined the heterothermic vadose zone as the surficial 
part of a karst massif showing seasonal inversions of the temperature gradient, in 
contrast with the homothermic vadose zone characterized by a temperature gradient 
close to the lapse rate of humid air (ca. 0.5°C 100 m-1). These authors estimated the 
depth of the heterothermic zone at about 100 m in most cases.  

Considerable work has been undertaken to simulate heat transfer by forced 
convection due to water flow in the vadose and phreatic zones of karst (Gong et al., 
2019; Long and Gilcrease, 2009; Sinokrot and Stefan, 1993). Covington et al. (2011) 
showed that the relative significance of different heat fluxes including convection and 
conduction are timescale dependent. Conduction through the rock surrounding a 
conduit determines heat flux at times of the order of weeks and longer. Coupling 
convection in water with conduction in rock is thus necessary to get a realistic model 
valid at all time scales. 
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Forced convection due to airflow must be considered when a network of karst 
conduits has at least two entrances. In this configuration, several mechanisms can 
contribute to the production of airflow through the cave, resulting in significant 
convective heat transfer between the cave and the external atmosphere. Potential 
driving forces are  barometric fluctuations (Gomell et al., 2021), dynamic pressure 
effect due to external winds (Kukuljan et al., 2021), diphasic flow due to water 
circulation (Atkinson, 1977), or the buoyancy due to the density contrast between the 
air inside and outside of the cave (Gabrovšek, 2023). The latter mechanism is likely the 
most significant in most cases. The air density depends on moisture content, CO2 
concentration and temperature. In temperate climates, temperature fluctuations are 
the main cause of density variations (Gabrovšek, 2023). Therefore, the flow direction 
is upward when the temperature inside the cave is warmer (or downward when 
inside the cave is colder) than the external atmosphere. Because of the thermal inertia 
of the massif, a lower entrance operates as an inlet of cold external air during most of 
the winter, whereas it acts as an outlet during most of the summer. In the latter case, 
the air cooled down when crossing the massif before getting out the lower entrance. 
The lower entrance thus receives in summer an airflow colder than the external 
temperature. Because of this seasonal asymmetry, the annual mean temperature is 
shifted to colder values at lower entrances (cold thermal anomaly). The same 
mechanism produces a shift of the annual mean temperature to hotter values at upper 
entrances (hot thermal anomaly) (Lismonde, 2002). In alpine ice caves, where this 
ventilation pattern represents the normal unless the cave is clogged with sediments, 
these thermal anomalies usually extend over a few hundred meters from the cave 
entrances (Luetscher et al., 2008).  

Wigley and Brown (1971) calculated the temperature and moisture content profiles in 
the air as a function of the distance from the entrance. They used a 1D model based on 
the energy and water mass conservation in the airflow. The convective heat transfer 
coefficient between the air and the wall was estimated using an empirical correlation 
valid for forced convection in smooth pipes. The model assumes prescribed uniform 
wall temperature, a major simplification that allows to obtain simple closed-form 
expressions for the temperature and moisture profiles. However, this approach 
implicitly assumes that the heat flux through the cave wall is convection-limited, and 
that the rock mass does not play any role. Lismonde (2002) pointed out that the airflow 
modifies the rock temperature, which in turn changes the air temperature profile in 
the cave. This author developed a model to predict heat transfer in a straight inclined 
duct of constant diameter included in a rock massif. The model coupled 1D radial 
conduction in the rock mass with convective transfer in the gas, using a sinusoidal 
function of time as inlet temperature. The airflow rate was predicted by considering 
the interaction between the temperature field in the gas and the airflow through the 
buoyancy term in the momentum balance equation of the gas. This model reproduced 
qualitatively some field observations, e.g. the hysteresis of the flow rate or the thermal 
anomaly in the entrance areas. Gabrovšek (2023) used a similar model to investigate 
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by numerical simulations the effect of conduit shape on the airflow pattern in 
ventilated caves.  

The present study focuses on the numerical simulation of heat transfer in ventilated 
caves for which the airflow is driven by the temperature contrast between the cave 
and the external atmosphere. Our objective is to go beyond the qualitative results 
obtained from previous numerical studies available in the literature. We aim at 
assessing orders of magnitudes of the spatial extent of the karst region where the 
airflow induces significant thermal perturbations. We use for that a numerical model 
close to that already developed by Lismonde (2002) or Gabrovšek (2023), and we 
apply it to the simplest possible configuration in order to quantify general trends 
common to most ventilated caves. The convective heat transfer due to dry airflow in 
a single horizontal karst conduit of constant diameter is coupled with the conductive 
heat transfer in the impermeable rock mass.  

This article contains a first theoretical part (sections 2-5) dedicated to numerical 
simulations based on a model including many simplifying assumptions. The 
relevance of these assumptions to achieve our objective, which consists in the 
assessment of general orders of magnitude, is evaluated in a second part (section 6) 
by comparison with the field data obtained from three sites, a mine tunnel and two 
caves. 

2. Model definition 

2.1 Cave geometry and computational domain 

We consider the idealized ventilated cave displayed in Figure 1, located in a rock 
massif of infinite extent in both vertical directions. The cave consists of a vertical 
conduit connected by two horizontal conduits to two entrances at different elevations. 
The rock mass is assumed impermeable. The horizontal conduits are supposed long 
enough for the vertical conduit to be fully included in the homothermic area where 
the temperature gradient reduces to the adiabatic lapse rate. The aeraulic and thermal 
problems are uncoupled in this simplified configuration, since the temperature field 
in the horizontal conduits have no effect on buoyancy. The air flowrate thus only 
depends on the temperature contrast between the temperature in the vertical conduit, 
independent of time, and the temperature of the atmosphere outside the cave, a 
known function of time.  

Another source of simplification is that the thermal problems in the regions of upper 
and lower entrances are uncoupled. They can thus be treated separately. We 
arbitrarily focus on the upper entrance, but all the results can be easily translated to a 
lower entrance (the only difference is that the air flows through the upper entrance 
inward during summer and outward during winter, and vice-versa through the lower 
entrance).  
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The computational domain is a cylinder of length Ldom and outer radius Rdom displayed 
in red in Figure 1. It contains a conduit of same axis and length and constant 
radius 𝑅𝑅 ≪ 𝑅𝑅𝑑𝑑𝑑𝑑𝑑𝑑, inside which the air circulates. The length Ldom and outer radius Rdom 
are set so that the computational domain includes the whole thermal perturbation 
induced in the rock mass by the airflow. Practically, in a given configuration, Ldom and 
Rdom are increased until they no longer influence the results.  

 
Figure 1. Cave geometry (the computational domain is displayed in red). The rock massif is 
assumed infinite in both vertical directions.  

2.2 Atmosphere temperature and mass flow rate 

For the sake of simplification, only the annual fluctuation of the atmosphere 
temperature 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎 is considered. It is thus assumed that 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡) follows the simple law: 

𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡) = 𝑇𝑇𝑚𝑚 + 𝛥𝛥𝑇𝑇𝑦𝑦 sin�2𝜋𝜋
𝑡𝑡
𝜏𝜏𝑦𝑦
� (1) 

where 𝑇𝑇𝑚𝑚 and Δ𝑇𝑇𝑦𝑦 are the annual mean temperature (AMT) and the amplitude of the 
annual temperature fluctuation (ATF), respectively, in the external atmosphere at the 
elevation of the upper entrance. The corresponding period is 𝜏𝜏𝑦𝑦 = 1 year. 

The air mass flow rate 𝑚̇𝑚 is deduced from the momentum balance applied to the air 
inside the cave. Assuming negligible inertia, the balance between friction and 
buoyancy yields (Lismonde, 2002): 

𝐾𝐾 𝑚̇𝑚 |𝑚̇𝑚 | = −(𝜌̅𝜌𝑎𝑎𝑎𝑎𝑎𝑎 − 𝜌̅𝜌𝑚𝑚)𝑔𝑔𝑔𝑔 , (2) 

where H is the length of the vertical conduit and g the gravitational acceleration. The 
cave aeraulic resistance K can be assumed constant in the turbulent regime. 
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𝜌̅𝜌𝑎𝑎𝑎𝑎𝑎𝑎 and 𝜌̅𝜌𝑚𝑚 are the densities of the air outside the cave and inside the homothermic 
zone, respectively, averaged over the cave height. Assuming that: (1) the difference of 
densities depends only on the temperature drop between the external atmosphere and 
the homothermic zone, (2) the temperature field in the vertical conduit follows the 
AMT in the external atmosphere, we get after linearization:  

𝜌̅𝜌𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡) − 𝜌̅𝜌𝑚𝑚 = −
𝑀𝑀𝑎𝑎 𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎
𝑅𝑅𝑔𝑔 𝑇𝑇𝑚𝑚2

 (𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡) − 𝑇𝑇𝑚𝑚) (3) 

where Patm is the atmospheric pressure, Ma the molar mass of air and Rg the ideal gas 
constant. Eqs. (2) and (3) show that the air flowrate is proportional to the square root 
of the temperature drop (𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎 − 𝑇𝑇𝑚𝑚). Injecting Eqs. (1) and (3) in Eq. (2) yields 

𝑚̇𝑚(𝑡𝑡) = 𝑆𝑆 𝛥𝛥𝑚̇𝑚 ��sin�
2𝜋𝜋
𝜏𝜏𝑦𝑦
𝑡𝑡�� (4) 

where S=-1 for 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎 < 𝑇𝑇𝑚𝑚 (wintertime, upward flow) and S=1 for 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎 > 𝑇𝑇𝑚𝑚 
(summertime, downward flow). The positive constant 𝛥𝛥𝑚̇𝑚 is the amplitude of the 
annual fluctuation of the flow rate. It is an input of the model.   

2.3 Governing equations 

The air temperature verifies the energy balance 

𝑚̇𝑚 𝑐𝑐𝑝𝑝,𝑎𝑎
𝜕𝜕𝑇𝑇𝑎𝑎
𝜕𝜕𝜕𝜕

= 𝜑𝜑𝑤𝑤𝑃𝑃 (5) 

where 𝑐𝑐𝑝𝑝,𝑎𝑎 is the air heat capacity at constant pressure, Ta is the mixing temperature of 
the air inside the conduit, x the distance from the external rock surface, P the conduit 
perimeter (𝑃𝑃 = 2𝜋𝜋𝜋𝜋 for a circular cross-section) and 𝜑𝜑𝑤𝑤 the conductive flux at the 
conduit wall, positive when going from the rock to the air. Equation (5) is a balance 
between the energy advected by the air flow (LHS) and the conduction flux at the 
conduit wall (RHS). The air thermal inertia has been neglected compared to advection 
(quasi-steady approximation). Equation (5) requires a single boundary condition at 
the conduit inlet located at x=0 for downward flow (S=1) or at x=Ldom for upward flow 
(S=-1). We thus impose the boundary condition 

𝑇𝑇𝑎𝑎(𝑥𝑥 = 0, 𝑡𝑡) = 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡)  for S=1     or   𝑇𝑇𝑎𝑎(𝑥𝑥 = 𝐿𝐿𝑑𝑑𝑑𝑑𝑑𝑑, 𝑡𝑡) = 𝑇𝑇𝑚𝑚   for S=-1        (6) 

The conductive flux 𝜑𝜑𝑤𝑤 is required to solve Eq. (5). The conduction equation must 
therefore be solved in the impermeable rock matrix around the cave. The transient 2D 
axisymmetric conduction equation reads 

1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟
𝜕𝜕𝑇𝑇𝑟𝑟
𝜕𝜕𝜕𝜕

� +
𝜕𝜕2𝑇𝑇𝑟𝑟
𝜕𝜕𝑥𝑥2

=
1
𝛼𝛼𝑟𝑟
𝜕𝜕𝑇𝑇𝑟𝑟
𝜕𝜕𝜕𝜕

 (7) 
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where 𝑇𝑇𝑟𝑟(𝑥𝑥, 𝑟𝑟, 𝑡𝑡) is the rock temperature, rα the rock thermal diffusivity, and r the 
distance from the cave axis. The boundary conditions are as follows. The atmosphere 
temperature is imposed on the external rock surface: 

𝑇𝑇𝑟𝑟(𝑥𝑥 = 0, 𝑟𝑟, 𝑡𝑡) = 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡)  for  𝑅𝑅 < 𝑟𝑟 < 𝑅𝑅𝑑𝑑𝑑𝑑𝑑𝑑 (8) 

The boundary at r=Rdom can be assumed adiabatic because the temperature field only 
depends on x far from the cave (i.e., for a large value of Rdom), and the radial component 
of the temperature gradient is thus close to zero. The boundary condition at x=Ldom is 
also adiabatic, because this boundary is located in the homothermic zone. We get 

𝜕𝜕𝑇𝑇𝑟𝑟
𝜕𝜕𝜕𝜕

(𝑥𝑥,𝑅𝑅𝑑𝑑𝑑𝑑𝑑𝑑, 𝑡𝑡) = 0  for  0 < 𝑥𝑥 < 𝐿𝐿𝑑𝑑𝑑𝑑𝑑𝑑  and  𝜕𝜕𝑇𝑇𝑟𝑟
𝜕𝜕𝜕𝜕

(𝐿𝐿𝑑𝑑𝑑𝑑𝑑𝑑, 𝑟𝑟, 𝑡𝑡) = 0  for 𝑅𝑅 < 𝑟𝑟 < 𝑅𝑅𝑑𝑑𝑑𝑑𝑑𝑑 (9) 

The last boundary condition is at the conduit wall. It is given by Newton's law of 
cooling and the heat flux continuity at the conduit wall:  

𝜑𝜑𝑤𝑤 = 𝜆𝜆𝑟𝑟  
𝜕𝜕𝑇𝑇𝑟𝑟
𝜕𝜕𝜕𝜕

(𝑥𝑥,𝑅𝑅, 𝑡𝑡)  =  ℎ𝑡𝑡ℎ(𝑡𝑡)�𝑇𝑇𝑟𝑟(𝑥𝑥,𝑅𝑅, 𝑡𝑡) − 𝑇𝑇𝑎𝑎(𝑥𝑥, 𝑡𝑡)� (10) 

where 𝜆𝜆𝑟𝑟 is the rock thermal conductivity, 𝑇𝑇𝑟𝑟(𝑥𝑥,𝑅𝑅, 𝑡𝑡) = 𝑇𝑇𝑤𝑤(𝑥𝑥, 𝑡𝑡) is the temperature of 
the conduit wall and ℎ𝑡𝑡ℎ the heat transfer coefficient. The latter is time-dependent 
since it depends on the air flowrate 𝑚̇𝑚(𝑡𝑡). All the conditions at the boundaries of the 
rock domain are displayed in Figure 2. No initial condition is required because we are 
looking for the periodic regime, i.e., the solution asymptotically reached by the model 
at infinite time.  

2.4 Determination of the heat transfer coefficient 

The heat transfer coefficient ℎ𝑡𝑡ℎ in Eq. (10) is a key parameter. The estimation of ℎ𝑡𝑡ℎ 
must therefore be performed with great care to get a reliable model. Assuming forced 
convection in conduits, Wigley and Brown (1971) and Gabrovšek (2023) used a 
correlation close to the Colburn correlation (Bergman et al., 2017), valid for fully 
developed turbulent flow in smooth pipes. Lismonde (2002) pointed out that a cave 
cannot be considered as a smooth pipe, and multiplied by two the numerical prefactor 
of the Colburn correlation to account for the effect of wall roughness. Covington et al 
(2011) used the Gnielinski correlation (Bergman et al., 2017), which explicitly 
considers the effect of wall roughness.  
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Figure 2. Rock domain with the boundary conditions of the heat conduction equation (7). 

However, it is unlikely that a cave can be considered as a rough pipe. Indeed, caves 
can have complicated shapes, ranging from sub-circular conduits with several meters 
in diameter to complex cave passages associated with the collapse of the host-rock. A 
succession of bends, conduit contractions or enlargements, or obstacles of any kind 
are expected to increase the transfer of heat between the air and the wall. Indeed, all 
of these singularities not only increase the heat exchange surface between the wall and 
the fluid, but also enhance the heat transfer coefficient by generating secondary flows 
and by increasing the turbulence level. It is well known that heat exchanger 
performance can be improved by the insertion of twisted tapes, longitudinal fins or 
helical ribs inside the tubes (Bergman et al., 2017). For instance, spirally corrugated 
tubes can increase the heat transfer coefficient by a factor 3 (Promthaisong et al., 2016; 
Pethkool et al., 2011). However, although empirical correlations exist to predict heat 
transfer coefficient for a wide range of well-defined geometries used in heat 
exchangers, no correlation is available for the irregular and tortuous geometries 
commonly encountered in caves.  

To get around this difficulty, two distinct cases will be considered. In the first case 
(case A in the following), correlations for forced convection and fully developed flow 
in pipes will be used to estimate the heat transfer coefficient. This approach is expected 
to give a lower bound of the heat transfer coefficient, and thus a lower bound of the 
heat flux at the conduit wall. In the second case (case B in the following), a higher 
bound of the wall heat flux will be obtained assuming infinite heat transfer coefficient. 
Reality must lie between these two limiting cases.  

 Case A: forced convection and fully developed flow. 

The Nusselt number 𝑁𝑁𝑁𝑁 = ℎ𝑡𝑡ℎ 𝐷𝐷ℎ
𝑘𝑘𝑎𝑎

 used for the estimation of ℎ𝑡𝑡ℎ is displayed in Figure 

3 as a function of the Reynolds number 𝑅𝑅𝑅𝑅𝑡𝑡 = 𝑉𝑉(𝑡𝑡) 𝐷𝐷ℎ
𝜈𝜈𝑎𝑎

, for three values of the relative 

roughness 𝜀𝜀 (ratio of the wall roughness over Dh). ka and νa are the conductivity and 
the kinematic viscosity of the air, V is the mean air velocity at time t, Dh=4A/P is the 
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hydraulic diameter with A and P the cross-sectional area and the perimeter of the 
conduit. Nu is computed as follows: 

𝑁𝑁𝑁𝑁 = max(𝑁𝑁𝑁𝑁𝐿𝐿 ,𝑁𝑁𝑁𝑁𝑇𝑇)   (11) 

where 𝑁𝑁𝑁𝑁𝐿𝐿 = 3.66  is the Nusselt number in the laminar regime (independent of the 
roughness) and 𝑁𝑁𝑁𝑁𝑇𝑇 is given by the Gnielinski correlation (Bergman et al., 2017), 
which takes into account the effect of the wall roughness expected in the turbulent 
regime:  

𝑁𝑁𝑁𝑁𝑇𝑇 =
�𝑓𝑓𝑑𝑑8 � (𝑅𝑅𝑅𝑅𝑡𝑡 − 1000) 𝑃𝑃𝑃𝑃

1 + 12.7 �𝑓𝑓𝑑𝑑8 �
0.5

 (𝑃𝑃𝑃𝑃2/3 − 1)
 (12) 

where Pr is the air Prandtl number (Pr=0.71). 𝑓𝑓𝑑𝑑 is the Darcy friction factor which 
depends on the Reynolds number and the wall relative roughness 𝜀𝜀. 𝑓𝑓𝑑𝑑 was estimated 
using the Haaland correlation (Haaland, 1983): 

1
�𝑓𝑓𝑑𝑑

= −1.8 𝑙𝑙𝑙𝑙𝑙𝑙 ��
𝜀𝜀

3.7
�
1.11

+
6.9
𝑅𝑅𝑅𝑅𝑡𝑡

� (13) 

All the simulations of case A were done using 𝜀𝜀 = 0.01 as a lower bound of the relative 
roughness in a cave (red curve in Figure 3).  

 
Figure 3.  Nusselt number as a function of the Reynolds number (Prandtl number: Pr=0.71). 
The red curve was used for the simulations of case A.  

Case B: Infinite heat transfer coefficient 

In this case, the conduit wall temperature is equal to the bulk air temperature and 
Eq.(10) thus reduces to  

𝜑𝜑𝑤𝑤 = 𝜆𝜆𝑟𝑟  𝜕𝜕𝑇𝑇𝑟𝑟
𝜕𝜕𝜕𝜕

(𝑥𝑥,𝑅𝑅, 𝑡𝑡)   and   𝑇𝑇𝑟𝑟(𝑥𝑥,𝑅𝑅, 𝑡𝑡) = 𝑇𝑇𝑎𝑎(𝑥𝑥, 𝑡𝑡) (14) 
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2.5 Physical properties 

All the physical properties are gathered in Table 1. They are assumed constant and 
estimated at the temperature Tm= 12°C. 

Table 1 : Thermophysical properties (estimated at temperature Tm=285 K = 12°C and 
atmospheric pressure 𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟 = 101325 𝑃𝑃𝑃𝑃). 

properties Value and unit Reference 
Conduit relative 

roughness 𝜀𝜀 = 0.01 (see section 2.4) 

Rock density 𝜌𝜌𝑟𝑟 = 2320
𝑘𝑘𝑘𝑘
𝑚𝑚3 (Covington et al., 2011) 

Rock heat capacity 𝑐𝑐𝑝𝑝,𝑟𝑟 = 810
𝐽𝐽

𝑘𝑘𝑘𝑘𝑘𝑘
 (Covington et al., 2011) 

Rock thermal 
conductivity 𝑘𝑘𝑟𝑟 = 1.656

𝑊𝑊
𝑚𝑚.𝐾𝐾

 (Guerrier et al., 2019) 

Rock thermal diffusivity 𝛼𝛼𝑟𝑟 =
𝑘𝑘𝑟𝑟

𝜌𝜌𝑟𝑟𝑐𝑐𝑝𝑝,𝑟𝑟
= 8.81 × 10−7

𝑚𝑚2

𝑠𝑠
 - 

Air dynamic viscosity 𝜇𝜇𝑎𝑎 = 1.77 × 10−5𝑃𝑃𝑃𝑃. 𝑠𝑠 (Bergman et al., 2017) 

Air density 𝜌𝜌𝑎𝑎 = 1.23
𝑘𝑘𝑘𝑘
𝑚𝑚3 (Bergman et al., 2017) 

Air kinematic viscosity 𝜈𝜈𝑎𝑎 =
𝜇𝜇𝑎𝑎
𝜌𝜌𝑎𝑎

= 1.43 × 10−5 𝑚𝑚2/𝑠𝑠 - 

Air thermal conductivity 𝑘𝑘𝑎𝑎 = 0.0251 
𝑊𝑊
𝑚𝑚.𝐾𝐾 (Bergman et al., 2017) 

Air Prandtl number 𝑃𝑃𝑃𝑃 =
𝜈𝜈𝑎𝑎
𝛼𝛼𝑎𝑎

= 0.71 - 

Molar mass of air 𝑀𝑀𝑎𝑎 = 28.97
𝑔𝑔
𝑚𝑚𝑚𝑚𝑚𝑚

 - 

Ideal gas constant 𝑅𝑅𝑔𝑔 = 8.314
𝐽𝐽

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
 - 

 

2.6 Dimensionless equations 

We define the dimensionless temperatures 𝜃𝜃𝑎𝑎 = (𝑇𝑇𝑎𝑎 − 𝑇𝑇𝑚𝑚)/𝛥𝛥𝑇𝑇𝑦𝑦 and 𝜃𝜃𝑟𝑟 = (𝑇𝑇𝑟𝑟 − 𝑇𝑇𝑚𝑚)/
𝛥𝛥𝑇𝑇𝑦𝑦 in the air and the rock, respectively. The dimensionless temperature 0 thus 
corresponds to the external annual mean temperature and 1 is the amplitude of the 
external annual fluctuations. We take the period 𝜏𝜏𝑦𝑦 = 1 year as the unit of time and 
the diffusion length 𝐿𝐿𝑑𝑑𝑑𝑑𝑑𝑑 = �𝛼𝛼𝑟𝑟𝜏𝜏𝑦𝑦 ≈ 5.3 m as the unit of length. The dimensionless 
atmospheric temperature 𝜃𝜃𝑎𝑎𝑎𝑎𝑎𝑎 and air flowrate 𝜇𝜇 are deduced from Eqs.(1) and (4): 

𝜃𝜃𝑎𝑎𝑎𝑎𝑎𝑎(𝑡̃𝑡) = sin(2𝜋𝜋𝑡̃𝑡)             (15) 

𝜇𝜇(𝑡̃𝑡) = 𝑚̇𝑚(𝑡𝑡)
𝛥𝛥𝑚̇𝑚

= 𝑆𝑆�|sin(2𝜋𝜋𝑡̃𝑡)|          (16) 

The dimensionless counterparts of Eqs. (5)-(10) read 
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𝜇𝜇(𝑡̃𝑡) 𝑅𝑅𝑅𝑅 𝜕𝜕𝜃𝜃𝑎𝑎
𝜕𝜕𝑥𝑥�

= �4 𝑘𝑘𝑟𝑟
𝑘𝑘𝑎𝑎
𝑃𝑃𝑃𝑃−1�  𝜑𝜑�𝑤𝑤 , (17) 

𝜃𝜃𝑎𝑎(𝑥𝑥� = 0, 𝑡𝑡) = sin(2𝜋𝜋 𝑡̃𝑡)   for S=1     or   𝜃𝜃𝑎𝑎�𝑥𝑥� = 𝐿𝐿�𝑑𝑑𝑑𝑑𝑑𝑑, 𝑡̃𝑡� = 0   for S=-1, (18) 

1
𝑟̃𝑟
𝜕𝜕
𝜕𝜕𝑟̃𝑟
�𝑟̃𝑟 𝜕𝜕𝜃𝜃𝑟𝑟

𝜕𝜕𝑟̃𝑟
� + 𝜕𝜕2𝜃𝜃𝑟𝑟

𝜕𝜕𝑥𝑥�2
= 𝜕𝜕𝜃𝜃𝑟𝑟

𝜕𝜕𝑡̃𝑡
 , (19) 

𝜃𝜃𝑟𝑟(𝑥𝑥� = 0, 𝑟̃𝑟, 𝑡̃𝑡) = sin(2𝜋𝜋 𝑡̃𝑡)  for  𝑅𝑅� < 𝑟̃𝑟 < 𝑅𝑅�𝑑𝑑𝑑𝑑𝑑𝑑 , (20) 

𝜕𝜕𝜃𝜃𝑟𝑟
𝜕𝜕𝑟̃𝑟
�𝑥𝑥�,𝑅𝑅�𝑑𝑑𝑑𝑑𝑑𝑑, 𝑡̃𝑡� = 0 for 0 < 𝑥𝑥� < 𝐿𝐿�𝑑𝑑𝑑𝑑𝑑𝑑 and  

 𝜕𝜕𝜃𝜃𝑟𝑟
𝜕𝜕𝑥𝑥�
�𝐿𝐿�𝑑𝑑𝑑𝑑𝑑𝑑, 𝑟̃𝑟, 𝑡̃𝑡� = 0 for 𝑅𝑅� < 𝑟̃𝑟 < 𝑅𝑅�𝑑𝑑𝑑𝑑𝑑𝑑, 

(21) 

𝜑𝜑�𝑤𝑤 = 𝜕𝜕𝜃𝜃𝑟𝑟
𝜕𝜕𝑟̃𝑟
�𝑥𝑥�,𝑅𝑅� , 𝑡̃𝑡�  =  𝜂𝜂(𝑡̃𝑡) 𝐵𝐵𝐵𝐵 �𝜃𝜃𝑟𝑟�𝑥𝑥�,𝑅𝑅� , 𝑡̃𝑡� − 𝜃𝜃𝑎𝑎(𝑥𝑥�, 𝑡̃𝑡)�, (22) 

where the tilde (~) indicates dimensionless time or lengths. 𝜂𝜂(𝑡̃𝑡) =   ℎ𝑡𝑡ℎ(𝑡𝑡)
𝐻𝐻𝑡𝑡ℎ

 is the heat 

transfer coefficient scaled by 𝐻𝐻𝑡𝑡ℎ, its maximum value reached for 𝑚̇𝑚 = 𝛥𝛥𝑚̇𝑚. The 

Reynolds number 𝑅𝑅𝑅𝑅 = 4 𝛥𝛥𝛥̇𝛥
𝑃𝑃𝜇𝜇𝑎𝑎

 (with μa the air dynamic viscosity) and the Biot number 

𝐵𝐵𝐵𝐵 =
𝐻𝐻𝑡𝑡ℎ  �𝛼𝛼𝑟𝑟𝜏𝜏𝑦𝑦

 𝑘𝑘𝑟𝑟
 are based on the maximum values 𝛥𝛥𝑚̇𝑚 and 𝐻𝐻𝑡𝑡ℎ, respectively. 𝜇𝜇(𝑡̃𝑡)𝑅𝑅𝑅𝑅 

and 𝜂𝜂(𝑡̃𝑡)𝐵𝐵𝐵𝐵 are the Reynolds and Biot numbers at a given time 𝑡̃𝑡. In a given 
configuration, 𝑅𝑅�𝑑𝑑𝑑𝑑𝑑𝑑 and 𝐿𝐿�𝑑𝑑𝑜𝑜𝑚𝑚 that define the size of the computational domain are 
increased until they do not modify the results, as stated in section 2.1.  

With the constant physical properties defined in Table 1, a configuration is well-
defined if only two dimensionless numbers are known: the dimensionless conduit 
radius 𝑅𝑅� and the Reynolds number Re. In case A, i.e., when fully developed forced 
convection is assumed for the estimation of the heat transfer coefficient, the Biot 
number in Eq. (22) is related to the Nusselt number by the simple relation 𝜂𝜂(𝑡̃𝑡)𝐵𝐵𝐵𝐵 =
𝑁𝑁𝑁𝑁
𝑅𝑅�

 � 𝑘𝑘𝑎𝑎
2 𝑘𝑘𝑟𝑟

�, where Nu depends on 𝑅𝑅𝑅𝑅𝑡̃𝑡 = 𝜇𝜇(𝑡̃𝑡)𝑅𝑅𝑅𝑅 through Eqs.(11)-(12). In case B, the Biot 

number is infinite, i.e., 𝜂𝜂(𝑡̃𝑡)𝐵𝐵𝐵𝐵 → ∞. Eq. (22) thus reduces to 

𝜑𝜑�𝑤𝑤 =
𝜕𝜕𝜃𝜃𝑟𝑟
𝜕𝜕𝑟̃𝑟

�𝑥𝑥�,𝑅𝑅� , 𝑡̃𝑡�       and      𝜃𝜃𝑟𝑟�𝑥𝑥�,𝑅𝑅� , 𝑡̃𝑡� = 𝜃𝜃𝑎𝑎(𝑥𝑥�, 𝑡̃𝑡) (23) 

3. Method of resolution 

We are looking for the periodic solution of the mathematical model defined in section 
2.6. The periodic regime could be obtained by time integration starting from an 
arbitrary initial condition, after simulating a number of cycles large enough to get a 
good approximation of the solution at infinite time. However, the slow convergence 
of this method can generate large computational times. We thus prefer to use another 
method, based on Fourier series. All time-varying variables, including the 
temperatures in the rock and in the air, are approximated by truncated Fourier series 
and inserted in the mathematical model of section 2.6. This yields a set of coupled 



 
 

44 
 

partial differential equations (PDE), which does not include the time. The numerical 
resolution by the Galerkin method of this set of PDE gives the spatial distribution of 
the amplitude and phase of the Fourier modes. The temporal evolution of the 
dependent variables is then recovered from Fourier series. This method is detailed in 
supplemental material. The validation by comparison with a standard time 
integration method is presented in the same appendix. All the numerical simulations 
were performed with the commercial software Comsol Multiphysics, version 6.1. 

The method of resolution based on Fourier series used in this work is particularly 
relevant for the simplified time variation of the external temperature considered in 
Eq.(1). Considering all the Fourier modes included in real times series of the external 
temperature would clearly increase both the complexity of the method 
implementation and the computational resources required for the simulations. In that 
case, only the most significant modes of the input temperature should be considered. 
In contrast, using Fourier series to simulate the complex geometry of real caves would 
not cause any particular problem. 

4. Characterization of the thermal perturbation 

Figure 4 displays the wall and air temperatures inside the cave at different distances 
from the entrance, for case A with 𝑅𝑅� = 0.189 and 𝑅𝑅𝑅𝑅 = 1.8 × 105. Figure 4a shows the 
amplitude of the Fourier modes that stems directly from the numerical simulation. 
The mode k refers to the dimensionless period 1/k. The amplitudes of the modes k=0 
and k=1 are thus the annual mean temperature (AMT) and the amplitude of the annual 
temperature fluctuation (ATF), respectively. The modes k=2, k=3, and so on, refer to 
the periods 6 months, 4 months, etc. Although the external temperature imposed at 
𝑥𝑥� = 0 contains the single mode k=1 (since it reduces to Eq. (15)), the coupling between 
modes due to convection results in the existence of other modes than k=1 in cave 
temperatures (modes k=0 to 18 were considered in the simulations, see supplemental 
material). Figure 4b displays the periodic time series built from the Fourier series. The 
amplitude of the temperature fluctuations decreases when the distance from the 
entrance increases, as expected. The hot thermal anomaly expected at the vicinity of 
an upper entrance is also observed.  Indeed, for 𝑥𝑥� = 10 to 103, the dimensionless 
temperature is positive throughout the year, which means that it is always higher than 
the external AMT, even in winter.  

 



 
 

45 
 

 
Figure 4. Wall and air temperatures at different distances 𝑥𝑥� from the entrance (case A with 
𝑅𝑅�=0.189 and Re=1.8×105). (a) Amplitude of the Fourier modes. (b) Time series. 

Figure 5a displays the temperature profiles in the air and at the cave wall at times 
𝑡𝑡 =0, 0.25, 0.5 and 0.75, corresponding to the external temperatures 0, 1, 0 and -1, 
respectively. Following an approach similar to that of Cropley (1965), we split the cave 
into three zones. 

1- A first zone, from 𝑥𝑥� = 0 to 𝑥𝑥� ≈ 1 (the diffusion length), where the cave 
temperature follows the fluctuations of the external temperature. More 
precisely, the sign of the temperature gradient changes in summer and 
winter (see the inset in Figure 5a). This first zone is dominated by the 
temperature fluctuations of the external wall, propagating inside the rock 
mass by heat conduction. It will be called diffusive region in the following. 

2- A second zone characterized by a positive dimensionless temperature and 
reduced but significant fluctuations. In the specific case of Figure 5a, it 
approximately extends from 𝑥𝑥� ≈ 1 to 103. In this zone, heat diffusion from 
the external wall is negligible compared to convection. It will be called 
convective region in the following. Because of the seasonal flow reversals, 
the inlet temperature of the air flow is 1 in summer (inward flow) and 0 in 
winter (outward flow, coming from the deep karst). As a consequence, this 
zone does not “feel” the negative winter temperatures. This results in: (1) a 
shift of the AMT to positive values, the so-called thermal anomaly, (2) a 
reduction of the amplitude of the fluctuations, because the temperature 
oscillates between 0 and 1 whereas the external temperature fluctuates 
between -1 and 1. 

3- A third zone, called deep karst in the following, where the dimensionless 
temperature is approximately constant and close to zero (the external 
AMT). 
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These three regions appear clearly on the amplitude of the Fourier modes plotted in 
Figure 5b as a function of the distance from the entrance 𝑥𝑥�. The amplitude of the mode 
k=1 (i.e. the ATF) decreases in two steps. It first drops down from 1 to 0.3 in the 
diffusive region (from 𝑥𝑥� = 0 to 𝑥𝑥� ≈ 1), then slowly decreases in the convective region, 
over a distance much longer than 1 (of the order of 103 in the specific case of Figure 5). 
The amplitude of the mode k=0 (i.e. the AMT) increases in the diffusive region until it 
reaches a quasi-plateau. Then it slowly decreases in the convective region, over a 
distance of the same order as for the mode k=1. The modes such that 𝑘𝑘 ≳ 2 follow 
qualitatively the behavior of mode k=0, with a lower amplitude and a shorter 
attenuation length. In the following, we will focus on both modes with the highest 
amplitude, k=0 and k=1, as representative of the AMT (the thermal anomaly) and the 
ATF, respectively. 

 In all the simulations we did, the transition between the diffusive and convective 
regions always take place at a distance from the entrance of the order of 1, as expected. 
Conversely, the characteristics of the convective domain (amplitude of the thermal 
perturbation and its spatial extent) depend on the model parameters: the Reynolds 
number Re (containing the air flow rate) and the cave radius 𝑅𝑅�. This dependence will 
be systematically investigated in the parametric study of the next section. In order to 
facilitate the interpretation of the results, we define a small number of relevant 
parameters characterizing the perturbation of the cave temperature field by the air 
flow. The magnitude of the perturbation is characterized by the AMT and the ATF at 
the beginning of the convective region, where the impact of convection is maximum, 
and the effect of thermal conduction from the external wall negligible. We define 𝛥𝛥𝛥𝛥𝑤𝑤 
as the maximum amplitude of the mode k=1 in the convective region, for the wall 
temperature. Practically, it is evaluated at the change of slope noticed on the solid blue 
line in the inset of Figure 5b.  Similarly, 𝜃̅𝜃𝑤𝑤 is the maximum amplitude reached by the 
mode k=0 for the wall temperature (maximum of the red solid line in the inset of 
Figure 5b). The corresponding amplitudes for the air temperature, 𝛥𝛥𝛥𝛥𝑎𝑎  and 𝜃̅𝜃𝑎𝑎, are 
estimated at the same location as 𝛥𝛥𝛥𝛥𝑤𝑤 and 𝜃̅𝜃𝑤𝑤, respectively. For example, in the specific 
case of Figure 5, we get 𝛥𝛥𝛥𝛥𝑤𝑤 ≈ 0.30 and 𝛥𝛥𝛥𝛥𝑎𝑎 ≈ 0.34 (maximum ATF), 𝜃̅𝜃𝑤𝑤 ≈ 0.425 
and 𝜃̅𝜃𝑎𝑎 ≈ 0.44 (maximum AMT).  
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Figure 5. Wall (solid lines) and air (dashed lines) temperatures as a function of the distance 
𝑥𝑥� from the entrance (case A with 𝑅𝑅�=0.189 and Re=1.8×105). (a) Temperature profiles at 
various times (Inset: zoom in the diffusive region). (b) Amplitude of the Fourier modes k=0 
to 3 (Inset: log scale on the 𝑥𝑥�-axis). 

The four parameters 𝜃̅𝜃𝑤𝑤, 𝜃̅𝜃𝑎𝑎, 𝛥𝛥𝛥𝛥𝑤𝑤 and 𝛥𝛥𝛥𝛥𝑎𝑎 represent the maximum amplitudes of the 
perturbation in the convective region. These amplitudes decrease with the distance 
from the entrance, as the heat transported by the air flow is gradually dissipated by 
conduction in the rock mass. We arbitrarily assume that a Fourier mode has been 
damped when its amplitude has been divided by 10. Figure 6a shows the thermal 
perturbation in a rock massif with the black solid lines corresponding to an AMT equal 
to  𝜃̅𝜃𝑤𝑤/10 = 0.0425. The rock domain thus defined can be characterized by the length 
𝐿𝐿�0 along the cave axis and the maximum width 𝑊𝑊�0 along the radial direction. Note 
that this maximum width is observed at a certain distance from the external wall 
because of the competition between radial diffusion from the cave which transports 
the thermal anomaly through the massif, and axial diffusion from the external wall 
which reduces it. Similarly, the black solid lines in Figure 6b correspond to an ATF 
equal to 𝛥𝛥𝛥𝛥𝑤𝑤/10 = 0.030. The size of the corresponding domain is characterized by its 
length 𝐿𝐿�1 and its width 𝑊𝑊�1. The latter is taken close to the entrance, but out of the 
diffusive region. The lengths 𝐿𝐿�0 and 𝐿𝐿�1 can also be estimated from the air temperature 
(length such that the amplitude of AMT and ATF in the air are equal to 𝜃̅𝜃𝑎𝑎/10 
and 𝛥𝛥𝛥𝛥𝑎𝑎/10, respectively).  
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Figure 6. Amplitude contour of the thermal perturbation in a symmetry plane of the rock 
massif (case A with 𝑅𝑅�=0.189 and Re=1.8×105). (a) Mode k=0; the black solid lines correspond 
to the amplitude 𝜃̅𝜃𝑤𝑤/10 = 0.0425 (n.b.: at the scale of the figure, the cave reduces to a line).  
(b) Mode k=1; the black solid lines correspond to the amplitude 𝛥𝛥𝜃̅𝜃𝑤𝑤/10 = 0.030  (n.b.: the 
top view focuses on the entrance region; the bottom view has been plotted with different 
scales on 𝑥𝑥� and 𝑟̃𝑟 to display the whole perturbed region).  

5. Parametric study 

5.1 Amplitude of the thermal perturbation induced by the air flow 

Figure 7 displays the AMT (𝜃̅𝜃𝑤𝑤 and 𝜃̅𝜃𝑎𝑎) and the ATF (𝛥𝛥𝛥𝛥𝑤𝑤 and 𝛥𝛥𝛥𝛥𝑎𝑎) at the beginning of 
the convective region. Cases A and B yield close values of 𝜃̅𝜃𝑎𝑎, which is also little 
sensitive to the model parameters Re and 𝑅𝑅�. Indeed, 𝜃̅𝜃𝑎𝑎 varies only from 0.25 to 0.6 
when Re and 𝑅𝑅� are increased by three and two orders of magnitude, respectively. With 
the exception of small conduits (𝑅𝑅� = 0.2) at small Reynolds number (𝑅𝑅𝑅𝑅 ≲ 3 × 103), a 
similar remark can be made on 𝛥𝛥𝛥𝛥𝑎𝑎. 
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Figure 7. Maximum thermal perturbation at the beginning of the convective region for cases 
A (Biot number estimated from forced convection correlations) and B (infinite Biot number). 
(a) Maximum AMT (𝜃̅𝜃𝑤𝑤 and  𝜃̅𝜃𝑎𝑎 for the wall and the air, resp.). (b) Maximum ATF (𝛥𝛥𝛥𝛥𝑤𝑤 
and 𝛥𝛥𝛥𝛥𝑎𝑎 for the wall and the air, resp.). The vertical dashed lines correspond to the limits of 
the laminar and turbulent regimes. 

The evolution of the wall temperature is more intricate. In case B, the assumption of 
infinite Biot number imposes 𝜃̅𝜃𝑤𝑤 =  𝜃̅𝜃𝑎𝑎 and 𝛥𝛥𝛥𝛥𝑤𝑤 = 𝛥𝛥𝛥𝛥𝑎𝑎  (since the air and wall 
temperatures are equal). Assuming that Case A provides a lower bound of the actual 
Biot number in a cave, Eq.(14) allows to estimate the consequences of an error in the 
determination of the Biot number on the estimation of the wall temperature at the 
beginning of the convective region. At high Reynolds number (𝑅𝑅𝑅𝑅 ≳ 3 × 105), no 
accurate estimation of the relation of the function Nu(Re) is required because the heat 
transfer is completely driven by heat conduction in the rock massif. Conversely, the 
relation Nu(Re) is a key information for convection-limited heat transfer at small 
Reynolds number (𝑅𝑅𝑅𝑅 ≲ 104). At intermediate Re, an accurate estimation of Nu is 
required to get the ATF of the wall in a cave with a large radius (𝑅𝑅� ≳ 1). 

5.2 Spatial extent of the thermal perturbation induced by the air flow 

The characteristic lengths 𝐿𝐿�0 and 𝐿𝐿�1 for the damping of the AMT and ATF along the 
cave axis are displayed in Figure 8. The values of 𝐿𝐿�0 computed in case B (infinite Biot 
number) support the simple relation obtained from curve fitting: 

𝐿𝐿�0 ≈ 3.1 × 10−3 𝑅𝑅𝑅𝑅1.06 𝑅𝑅�0.61 (24) 

In case A, estimating 𝐿𝐿�0 from the air or the wall temperatures give the same results 
(the lengths required to get  𝜃̅𝜃𝑎𝑎 or  𝜃̅𝜃𝑤𝑤 divided by 10 are the same, even when  𝜃̅𝜃𝑎𝑎 and 
 𝜃̅𝜃𝑤𝑤 are different). At high Reynolds number, 𝐿𝐿�0 estimated from case A follows Eq.(24) 
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derived for case B, as expected when heat transfer is conduction-limited. When Re is 
decreased, using the forced convection correlations of case A reduces the heat flux at 
the cave wall compared to the infinite Biot number of case B, leading to larger values 
of 𝐿𝐿�0 than predicted by Eq. (24).   

 

Figure 8. Characteristic lengths 𝐿𝐿�0 (a) and 𝐿𝐿�1 (b) as a function of the Reynolds number Re 
for various radius 𝑅𝑅� , computed from wall or gas temperatures. The dashed lines correspond 
to Eq.(24). Symbols: same legend as in Figure 7. 

𝐿𝐿�1, the distance corresponding to the damping of the ATF, is nearly equal to 𝐿𝐿�0, with 
the exception of slight differences at low Reynolds number for 𝑅𝑅�=2 (see Figure 8b). 
The length of the convective region (called convection length in the following) can 
thus be indifferently determined from the damping of the AMT or ATF, based on the 
wall or the air temperatures. A higher bound of the convection length is provided by 
case A, while case B provides a lower bound. We can see in Figure 8 that the 
uncertainty on the convection length increases when the Reynolds number Re is 
decreased and when the cave diameter 𝑅𝑅� is increased.  

The width 𝑊𝑊�0 corresponding to the damping of the AMT in radial directions inside 
the rock mass is displayed in Figure 9. It is approximately proportional to 𝐿𝐿�0 and an 
order of magnitude smaller.  
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Figure 9. Width 𝑊𝑊�0 corresponding to the damping of the AMT in the radial directions inside 
the rock mass 

6. Comparison with field data 

6.1 Baulmes mine (Switzerland) 

The Baulmes mine (46°47'33"N, 6°31'35"E, 655 m a.s.l.) is located in western 
Switzerland. This mine comprises a network of 11 sub horizontal levels with a 
cumulated length of about 17 km (Figure 10). The difference in elevation between the 
uppermost and lowest entrances is 90 m, ensuring a strong chimney effect. The sub 
horizontal conduits at intermediate elevations between the lower and upper 
entrances, connected by shafts, lead to dead ends in the horizontal directions (for more 
information about Baulmes mine, see Bourret et al. (2007)). The temperature delivered 
by Mathod weather station (46°44'13"N, 6°34'4"E, 435 m a.s.l., at 7 km SW from the 
study site) is used as an estimation of the external atmosphere temperature. A 
correction has been applied to account for the difference of elevation with the mine 
entrance, using the vertical thermal gradient -5.2°C/km (mean value from the 
network of swiss meteorological stations for the time range 1991-2020). The resulting 
external temperature is displayed in Figure 11 for one year from July 1st 2022 at 0h00 
(this date is taken as time 𝑡𝑡 = 0 for all the data from Baulmes mine). The sampling 
period was 1 hour. The Fast Fourier Transform (FFT) of the external atmosphere 
temperature yielded 𝑇𝑇𝑚𝑚 = 10.4°C (after correction) and 𝛥𝛥𝛥𝛥𝑦𝑦 = 9.4°C for the external 
AMT and ATF, respectively. 

The 360 m long tunnel #10 is connected horizontally to the lower entrance with no 
connection to other branches. This is the zone of interest of study. It is indicated by 
the yellow shading in Figure 10. This conduit has a typical horseshoe cross section. 
The geometrical characteristics of this conduit, including the mean perimeter and 
cross-sectional area, their standard deviation as well as its total length are summarized 
in Table 2. We instrumented this tunnel with seven temperature probes at different 
distances from the entrance. They are listed in Table 3. The first six temperature probes 
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are Reefnet (Sensus Ultra) with ±0.3 ℃ accuracy. The last one located at 360 m from 
entrance is HOBO (u22-001) with ±0.2 ℃ accuracy. The temperature inside the conduit 
was recorded by these seven probes from February 3rd 2023 (𝑡𝑡 = 0.596 year) to July 7th 
2023 (𝑡𝑡 = 1.017 year). This time range is displayed by the horizontal arrow in Figure 
11. The sampling period was 1 hour.  

 
Figure 10. Map of Baulmes mine (vertical section). 

Table 2: Geometrical characteristics of the instrumented conduit of Baulmes mine (length Lc, 
mean value and standard deviation of the perimeter P and the cross-sectional area A from the 
survey of 28 cross-sections). 

Lc (m) P (m) A (m2) 
Mean std Mean std 

360 9.7 1.1 6.6 1.5 
Table 3: location of the seven temperature probes inside the instrumented conduit of Baulmes 
mine. x is the distance from the lower entrance. 

Probe #1 #2 #3 #4 #5 #6 #7 
𝑥𝑥 (m) 10 26 50 90 128 220 360 

𝑥𝑥� = 𝑥𝑥/𝐿𝐿𝑑𝑑𝑑𝑑𝑑𝑑 1.9 4.9 9.4 17 24 42 68 
The air mass flow rate was measured sporadically with a manual hot wire 
anemometer (Testo425 with an accuracy of 0.03 m/s ±5% of the measured value). The 
measurements were carried out at the four dates listed in Table 4 and displayed by 
vertical red bars in Figure 11. There are two dates in winter and two in summer. The 
mean flowrates in winter and summer are 2.4 kg/s and 5.0 kg/s, respectively. In the 
following, we consider 𝛥𝛥𝑚̇𝑚 ~(2.4 + 5.0)/2 ~ 4 kg/s as a rough estimation of the annual 
amplitude of the air flowrate. With the mean conduit perimeter P=9.7 m from Table 2 
and the air viscosity 𝜇𝜇𝑎𝑎 ≈ 1.77 × 10−5 Pa. s from Table 1, we get the order of 

magnitude of the Reynolds number 𝑅𝑅𝑅𝑅 = 4 𝛥𝛥𝛥̇𝛥
𝑃𝑃𝜇𝜇𝑎𝑎

~ 105. The airflow is thus in the 

turbulent regime most of the time. The conduit radius reads 𝑅𝑅 = 𝑃𝑃/(2 𝜋𝜋) ≈ 1.5 m  that 
yields the scaled value 𝑅𝑅� = 𝑅𝑅/𝐿𝐿𝑑𝑑𝑑𝑑𝑑𝑑 ≈ 0.3. The conduit is thus close to the configuration 
displayed in Figure 4 and Figure 5 corresponding to 𝑅𝑅𝑅𝑅 = 1.8 × 105 and 𝑅𝑅� = 0.189. In 
this configuration, cases A and B yield approximately the same results. The heat 
transfer is thus limited by conduction in the rock rather than convection. Therefore, 
Eq.(24), for which conduction-limited heat transfer is assumed, is expected to provide 
a fair estimation of the convection length, and not only a lower bound. We get 𝐿𝐿�0 ≈
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𝐿𝐿�1 ~ 3 × 102. The theory thus predicts a convection length significantly larger than the 
conduit length 𝐿𝐿�𝑐𝑐 = 𝐿𝐿𝑐𝑐/𝐿𝐿𝑑𝑑𝑑𝑑𝑑𝑑 ≈ 68. 

 
Figure 11. External atmosphere temperature estimated at Baulmes mine (daily averaged 
data). The horizontal arrow displays the time range during which the temperature inside 
the cave was measured by the sensors listed in Table 3. The vertical red bars correspond to 
the dates of the air flowrate measurements listed in Table 4. The black dashed line displays 
the mode k=0 and k=1 of the external temperature. 

Table 4: air mass flow rate measured in winter and summer. 

 Winter (upward flow) Summer (downward flow) 
Date 02/02/2023 02/15/2023 06/06/2023 7/7/2023 

𝑡̃𝑡 = 𝑡𝑡/𝜏𝜏𝑦𝑦 0.595 0.628 0.933 1.018 
𝑚̇𝑚 (kg/s) 1.9 2.8 4.5 5.4 

The time series of the external atmosphere temperature and the temperatures inside 
the conduit have been plotted in Figure 12a. The dimensionless temperatures inside 
the conduit are always negative (i.e., lower than the external AMT), even in summer. 
This is the cold thermal anomaly expected at a lower entrance.  

In the following, we assume that the temperature profiles 𝜃𝜃𝑤𝑤(𝑥𝑥�) at time 𝑡̃𝑡 = 0.611 and 
𝜃𝜃𝑠𝑠(𝑥𝑥�) at time 𝑡̃𝑡 = 1.016 give an assessment of the coldest and hottest temperatures 
reached inside the conduit in winter and summer, respectively. These two times are 
displayed by vertical bars in Figure 12a, and the corresponding profiles are plotted in 
Figure 12b (the temperature at 𝑥𝑥� = 0 is the external atmosphere temperature). In 
winter, the dimensionless temperature continuously increases from -1.6 at the inlet 
(𝑥𝑥� = 0) to -0.56 at the end of the conduit (𝑥𝑥� = 68). Spatial temperature variations are 
thus significant over the entire length of the conduit.  This suggests that the convection 
length should be larger than the conduit length. In summer, the reverse flow direction 
yields a different temperature profile. The temperature at the end of the conduit (𝑥𝑥� =
68) is -0.06, close to the external AMT. When getting closer to the entrance, the 
temperature decreases to -0.16 at the first probe (𝑥𝑥� = 1.9). The temperature then 
suddenly increases within the diffusive region, from -0.16 at the first probe (𝑥𝑥� = 1.9) 
to the positive value 0.78 at the entrance (𝑥𝑥� = 0). 
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Figure 12. Temperatures in Baulmes conduit. (a) Daily averaged temperatures as a function 
of time (the temperature at 𝑥𝑥� = 0 is the external atmosphere temperature measured at 
Mathod weather station). (b) Temperature profiles 𝜃𝜃𝑠𝑠(𝑥𝑥�) and 𝜃𝜃𝑤𝑤(𝑥𝑥�) measured respectively 
in summer and winter, and amplitude of the annual variation 𝛥𝛥𝛥𝛥 = (𝜃𝜃𝑠𝑠 − 𝜃𝜃𝑤𝑤)/2. 
Dimensionless temperatures defined as 𝜃𝜃 = (𝑇𝑇 − 𝑇𝑇𝑚𝑚)/∆𝑇𝑇𝑦𝑦. 

The difference 𝛥𝛥𝛥𝛥 = (𝜃𝜃𝑠𝑠 − 𝜃𝜃𝑤𝑤)/2 between summer and winter profiles yields an 
assessment of the amplitude of the ATF in the conduit. 𝛥𝛥𝛥𝛥 drops from 1.2 to 0.58 
between the entrance (𝑥𝑥� = 0) and the first probe (𝑥𝑥� = 1.9). This sudden decrease takes 
place in the diffusive region. 𝛥𝛥𝛥𝛥 then smoothly decreases from 0.58 (first probe at 𝑥𝑥� =
1.9) to 0.25 at the end of the conduit (𝑥𝑥� = 68). Assuming that the first sensor yields the 
temperature at the beginning of the convective region, the amplitude of the 
temperature fluctuation is thus divided by approximately 2.3 in the convective 
domain of the conduit. This confirms that the conduit length is significantly shorter 
than the convection length, defined as the distance required to divide by 10 the ATF 
measured at the beginning of the convective region (see section 4).  

6.2 D7.1 Cave (Sieben Hengste, Switzerland) 

D7.1 cave is located in the Sieben Hengste karst area (46°45′43″N, 7°49′51″E, 1750 m 
a.s.l). It is part of a large ventilated cave system (>160 km of cumulated length) subject 
to chimney effect (see the map in Figure 13). Field observations reveal a seasonal 
airflow consistent most of the time with an upper entrance of the cave system (i.e., air 
inflow during the summer season). The ingress of warm external air during summer 
is marked by some condensation within the first 20 m of the meander, drained as a 
streamlet at the base of the meander. Otherwise, the cave passage remains remarkably 
dry. Unexpectedly, temperature and flow rate measurements show periods of time in 
winter during which the cave sporadically behaves as a lower entrance, with cold air 
inflow. The explanation of these unexpected flow reversals is still being searched.  
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Figure 13. Map of D7.1 Cave. The red circles indicate temperature sensors. 

External air temperatures displayed in Figure 14a are provided by an automatic 
weather station located at 1850 m elevation (SLF), approximately 2 km SE of our study 
site (sampling period: 1 hour). The external atmosphere temperature was corrected 
from the elevation as in section 6.1. The FFT yielded 𝑇𝑇𝑚𝑚 = 5.0°C (after correction) 
and 𝛥𝛥𝛥𝛥𝑦𝑦 = 7.1°C for the external AMT and ATF, respectively. 

The ca. 100 m-long entrance meander of D7.1 Cave has a simple geometry with an 
average hydraulic diameter of ca. 1 m, despite local variations in the cross-sectional 
area and perimeter. The perimeter 𝑃𝑃 ≈ 3 m and the scaled radius 𝑅𝑅� ≈ 0.1 will be 
considered in the calculations. The meander was instrumented for temperature and 
airflow measurements between 25/08/2021 and 10/08/2022. Five temperature probes 
were installed along the main conduit at distances from the cave entrance listed in 
Table 5. Probes #1 to #4 are Reefnets Sensus Ultra with ±0.3 ℃ accuracy (sampling 
period: 30 min). Probe #5 is a HOBO U22-001 with ±0.2 ℃ accuracy (sampling period: 
2 hours). It is located at the base of a 20 m shaft following the entrance meander. Time 
series from the five probes are displayed in Figure 14b. 

Table 5: location of the five temperature probes inside the instrumented conduit of D7.1 Cave. 
𝑥𝑥 is the distance from the entrance. 

Probe #1 #2 #3 #4 #5 
𝑥𝑥 (m) 2 11 33 93 125 

𝑥𝑥� = 𝑥𝑥/𝐿𝐿𝑑𝑑𝑑𝑑𝑑𝑑 0.38 2.1 6.2 18 24 
The cave airflow was measured using a low pressure drop flowmeter (Sensirion SFM 
3000 with accuracy of 5% and 20% when velocity is higher and lower than 0.3 m/s, 
respectively; 50 m from cave entrance) and validated with independent flow 
measurements (CO2 gauging) on 10/08/2022. The FFT of the air flow yields the order 
of magnitude 𝛥𝛥𝑚̇𝑚 ~ 0.1 kg/s rate (red dashed line in Figure 14a), which results 
in 𝑅𝑅𝑅𝑅 ~ 7 × 103. The cave is thus most of the time in the transition between laminar 
and turbulent regimes. Eq.(24) yields the theoretical convection length 𝐿𝐿�0 ≈ 𝐿𝐿�1 ~ 10. It 
is important to note that this value must be considered as a lower bound of the 
convection length. Indeed, Eq.(24) stands for case B (infinite Biot number). 
At 𝑅𝑅𝑅𝑅 ~ 7 × 103, case A (finite Biot number) yields a convection length significantly 
larger than case B (see Figure 8). 
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Figure 14. Field data from D7.1 cave (all the data are daily averaged). (a) External 
temperature and mass flow rate; black and red dashed lines represent the modes k=0 and 
k=1 computed from the FFT of the external atmosphere temperature and the air flow rate, 
respectively. (b) Dimensionless temperatures outside and inside the cave (𝜃𝜃 = (𝑇𝑇 − 𝑇𝑇𝑚𝑚)/
∆𝑇𝑇𝑦𝑦). 

The AMT inside D7.1 Cave is displayed in Figure 17a. It decreases to reach a negative 
quasi-plateau in the range from -0.26 to -0.23 in between probes #3 (𝑥𝑥� = 6.2), and #5 
(𝑥𝑥� = 24). This is not the behavior expected for an upper entrance, for which the AMT 
is supposed to be positive in the convective region before decreasing to zero at some 
distance from the entrance. Sporadic flow reversals in winter can contribute to this 
negative AMT (an instance of such an event can be observed around time 𝑡̃𝑡 ≈ 0.33 in 
Figure 14). Moreover, the cave entrance is in a topographic low, resulting in local cold 
air trapping during winter. In addition, snow is likely to accumulate near the cave 
entrance. Both may induce local free convection cells in the entrance zone in winter 
resulting in the cooling of the cave below the external AMT.  

If we assess 𝐿𝐿�0 from the distance over which the AMT significantly varies inside the 
cave, it would range between 𝑥𝑥� = 2.1 (probe #2) and 𝑥𝑥� = 6.2 (probe #3). This 
estimation is confirmed by the variation of the ATF with the distance from the 
entrance (Figure 17b). The ATF at probe #1 (𝑥𝑥� = 0.38), located in the diffusive region, 
is close to 1. Then it decreases to 0.36 at probe #2 (𝑥𝑥� = 2.1), the first probe in the 
convective region, and drops down to 0.02 at probe #3 (𝑥𝑥� = 6.2). The ATF being 
reduced by a factor larger than 10 between probes #2 and #3, 𝐿𝐿�1 should be in between 
these two probes. It is worthwhile to note that this estimation is consistent with the 
limit of condensation, which falls in between probes #2 and #3 (20 m corresponds 
to 𝑥𝑥� ≈ 4). The convection length of D7.1 Cave is thus in the range from 2.1 to 6.2.  

6.3 Bärenhöhle Cave (Austria) 

The cave is located in Vorarlberg, Austria (47°22'17''N, 9°52'52''E, 901 m asl). The 
external atmosphere temperature is obtained from the weather station located at Saint 
Gallen (47°25'31.7094"N, 9°23'54.7008"E, 776 m a.s.l.), Switzerland about 37 km WNW 
of our study site (the closer Schopernau station (47°19' N, 10°1'E, 835 m a.s.l.; ZAMG 
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2012) is subject to thermal inversions during the winter season and thus considered as 
being less representative). The temperature measured at Saint Gallen has been 
corrected from the elevation as in section 6.1. It is displayed in Figure 16a. The FFT 
yielded 𝑇𝑇𝑚𝑚 = 8.7°C (after correction) and 𝛥𝛥𝛥𝛥𝑦𝑦 = 7.6°C for the external AMT and ATF, 
respectively. 

 
Figure 15. Map of Bärenhöhle. The red circles indicate temperature sensors. 

Chimney effect drives the airflow in the cave which behaves as a lower entrance (air 
inflow in winter, see Figure 15). The difference in elevation between the lower and 
upper entrances is ca. 130 m for a conduit length along the main air passage 
approximating 240 m (Perkmann and Luetscher, 2013). The average hydraulic 
diameter is assessed to about 1 m, so that 𝑃𝑃 ≈  3 m and 𝑅𝑅�  ≈ 0.1. Air temperature was 
recorded at 1h interval using three HOBO (U22-001) temperature probes at distances 
from the entrance listed in Table 6. The corresponding time series are displayed in 
Figure 16b.  

Table 6: location of the three temperature probes inside Bärenhöhle. 𝑥𝑥 is the distance from 
the lower entrance. 

Probe #1 #2 #3 
𝑥𝑥 (m) 5 85 120 

𝑥𝑥� = 𝑥𝑥/𝐿𝐿𝑑𝑑𝑑𝑑𝑑𝑑 0.95 16 23 
Air flow was recorded between 16/04/2013 and 16/04/2014 at the lower entrance 
using a thermo-anemometer calibrated to ±0.1 m/s. The FFT of the air flow rate (red 
dashed line in Figure 16a) yields the orders of magnitude 𝛥𝛥𝑚̇𝑚 ~ 0.6 kg/s and 
𝑅𝑅𝑅𝑅 ~ 5 × 104. The cave is thus in the turbulent regime most of the time. In this 
configuration (𝑅𝑅�  ≈ 0.1 and 𝑅𝑅𝑅𝑅 ~ 5 × 104), cases A and B predict approximately the 
same theoretical convection length (see Figure 8). Eq.(24) yields 𝐿𝐿�0 ≈ 𝐿𝐿�1 ~ 70. 

The AMT of Bärenhöhle Cave is displayed in Figure 17a. Negative values are 
consistent with a lower entrance. The lowest AMT (-0.27) is measured at probe #2 (𝑥𝑥� =
16). It increases slightly between probe #2 and the last probe #3. The ATF displayed 
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in Figure 17b decreases over the whole instrumented conduit, from 1 outside the cave 
to 0.11 at the last probe (𝑥𝑥� = 23). These two pieces of information suggest that the 
convection length should be longer than 23, the cave length.  

 
Figure 16. Field data of Bärenhöhle Cave (all the data are daily averaged). (a) External 
temperature and mass flow rate; black and red dashed lines represent the modes k=0 and 
k=1 computed from the FFT of the external atmosphere temperature and the air flow rate, 
respectively. (b) Dimensionless temperatures outside and inside the cave (𝜃𝜃 = (𝑇𝑇 − 𝑇𝑇𝑚𝑚)/
∆𝑇𝑇𝑦𝑦). 

 
Figure 17. AMT (a) and ATF (b) in D7.1 and Bärenhöhle Caves. 

7. Discussion 

The main results from the three investigated sites are summarized in Table 7. For two 
sites (Baulmes mine and Bärenhöhle Cave), we do not observe any contradiction 
between the model and the field data since both yield a convection length larger than 
the instrumented conduit (a hundred meters for Bärenhöhle, a few hundreds of meters 
for Baulmes). In D7.1 Cave, the field data suggest a shorter convection length, in the 
range from 10 m to 30 m, whereas the theoretical prediction yields a lower bound of 
50 m. Although the theoretical order of magnitude is correct, the theory overestimates 
the convection length. In a cave with a small Reynolds number and a short convection 
length, local effects in the entrance region, not considered in the model, could 
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overcome the effect of the mean flow generated by the chimney effect. In the case of 
D7.1 Cave, cold air ingress in winter might cool down the cave passage more than 
considered in the model, thus producing an actual shorter thermal length.  

Table 7 : Summary table of the three investigated sites (R: cave radius in meters,𝑅𝑅� : 
dimensionless cave radius; 𝛥𝛥𝑚̇𝑚: amplitude of the air flow rate in kg/s; Re: Reynolds number; 
𝐿𝐿�0 and  𝐿𝐿�1: dimensionless convection lengths deduced from the AMT and the ATF, 
respectively; 𝐿𝐿0 and  𝐿𝐿1: same variables in meters.  

 Baulmes mine D7.1 Cave Bärenhöhle Cave 
R 1.5 m 0.5 m 0.5 m 
𝑅𝑅�  0.3 0.1 0.1 
𝛥𝛥𝑚̇𝑚 4 kg/s 0.1 kg/s 0.6 kg/s 
Re 105 7 × 103 5 × 104 

𝐿𝐿�0 ≈ 𝐿𝐿�1 
Field 
data >68 [2.1 , 6.2] > 23 

Theory ~ 3 × 102 > 10 ~ 70 

𝐿𝐿0 ≈ 𝐿𝐿1 
Field 
data > 360 m [10 m , 30 m] > 120 m 

Theory ~ 2 × 103 m > 50 m ~ 4 × 102 m 
Using a theoretical approach, we defined the characteristic lengths 𝐿𝐿�0 and 𝐿𝐿�1 from  the 
damping in the convective region of the AMT (mode k=0) and ATF (mode k=1), 
respectively.  𝐿𝐿�0 and 𝐿𝐿�1 are close to each other, and similar results are obtained if the 
estimation of these lengths is based on the wall temperature or that of the air (see 
Figure 8). A single convection length is thus sufficient to characterize the extent of the 
AMT and the ATF along the cave axis. The case B (infinite Biot number) provides a 
lower bound of the convection length through the simple expression (24). If the 
Reynolds number is large enough (typically, if 𝑅𝑅𝑅𝑅 > 3 × 104 for a conduit with a 
radius of 1 m, see Figure 8), the approximation of infinite Biot number is valid and Eq. 
(24) is expected to give a right estimation of the convection length. Turning this 
relation into unscaled variables yields 

𝐿𝐿0 ≈ 𝐿𝐿1 ≈ 4.0 × 102  
𝛥𝛥𝑚̇𝑚1.06

𝑅𝑅0.45  
(25) 

where 𝐿𝐿0, 𝐿𝐿1 and R are in meters and 𝛥𝛥𝑚̇𝑚 in kg/s. Eq.(25) gives the convection length 
resulting from the balance between heat advection by the air flow and heat conduction 
in the rock mass, in the conduction-limited regime. In this case, the convection length 
is approximately proportional to the amplitude of the flowrate annual fluctuations 𝛥𝛥𝑚̇𝑚 
divided by the square root of the cave radius R. Ventilated conduits with R of the 
order of 1 m traversed by an airflow with 𝛥𝛥𝑚̇𝑚 ranging from 0.1 kg/s to 1 kg/s are 
commonly encountered in mines and caves (see the case studies of section 6). For such 
conduits, Eq.(25) yields a convection length along the conduit axis between a few tens 
and a few hundreds of meters. Thermal perturbations also propagate in the radial 
direction, i.e., along the directions perpendicular to the conduit. As expected, the 
amplitude of the annual fluctuations vanishes over the diffusion length, i.e., a few 
meters. Conversely, the thermal anomaly (defined as the shift of the annual mean 
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temperature), propagates along distances of the order of 𝐿𝐿0/10 (see Figure 9), i.e., over 
distances of the order of a few meters to a few tens of meters. It is worthwhile to note 
that in some cases, the extent of the thermal perturbation might be much larger than 
mentioned above. Luetscher and Jeannin (2004) measured air flow rates around 
10 kg/s in Hölloch Cave (Switzerland) and La Diau (France). Recently, airflow rates 
around 40 kg/s were measured in Shpella Shtares Cave, in Albania (42.31766° N, 
19.85403° E, 1427 m a.s.l, see Ref. (Pastore et al., 2019) for more details about this cave). 
Taking a couple of meters as a rough estimation of the conduit radius in Shpella 
Shtares, the thermal perturbation should extend over kilometers and hundreds of 
meters in the axial and radial directions, respectively.  

Assessing the thermal penetration length at different time-scales is fundamental to 
quantify bio-geochemical processes in karst systems. Our study demonstrates that 
seasonal temperature fluctuations propagate from a few tens of meters up to several 
thousands of meters into a karst system, depending on ventilation rate and conduit 
geometry. By way of illustration, let us cite the large ice caves in Austria which host 
perennial ice formations over several hundreds of meters in the lower entrance zone 
of ventilated cave systems (e.g. Eisriesenwelt; (Obleitner and Spötl, 2011)). However, 
it is the advent of speleothems as precisely and accurately dated paleoclimate archives 
which rises the significance of our study. Stalagmites and flowstones are commonly 
used to reconstruct climate fluctuations based on their isotope (oxygen and carbon) 
and trace element concentrations (Fairchild and Baker, 2012). In both cases, the proxy 
partitioning depends strongly on the cave temperature. While it is commonly 
assumed that the cave temperature at depth is constant, this is only true beyond the 
convection length which strongly depends on the time-scale of interest.  

Because the temperature-dependent oxygen isotope fractionation between water and 
calcite ranges between -0.18 and -0.21 ‰/°C  (Kim and O’Neil, 1997)(Tremaine et al., 
2011), seasonal temperature changes >0.5°C represent a significant source of 
uncertainty in the speleothem-proxy interpretation and it might be of interest to 
sample beyond the convective region. Meanwhile, it can be strategic to focus 
speleothem research on the convective region associated with decadal to millennial 
cycles, as this area will respond sensitively to outside climate changes without picking 
up short-term temperature fluctuations.  

8. Conclusion 

We developed a model coupling buoyancy-induced convection (chimney effect) in a 
single karst conduit with conduction in the rock mass. We used this model to 
investigate the propagation of thermal perturbations inside a karst massif. Assuming 
dry air and a simplified geometry, and reducing the time variations of the external 
temperature to the annual fluctuations, we performed a parametric study to identify 
general trends regarding the effect of the air flowrate and conduit size on the 
amplitude and relaxation length of the thermal perturbations induced by the air flow. 
The thermal anomaly (defined as a shift in the annual mean temperature) and the 
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annual temperature fluctuations both propagate over the same distances from the 
entrance. We call this distance the convection length and we show that at high 
Reynolds number, it is approximately proportional to the air flow rate divided by the 
square root of the cave radius. The order of magnitude of the theoretical convection 
length seem to compare satisfactorily with field data obtained from a mine and two 
caves. Convection lengths of a few tens to a few hundreds of meters should be 
commonly encountered in ventilated caves. In extreme cases, it could go up to 
kilometers.  
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Supporting Information  

Introduction 

Text S1 describes the method based on Fourier series to compute the time-periodic 
solution of the mathematical model defined in section 2.6. The numerical validation 
of the method is displayed in Text S2 (including Figs. S1 to S3). A brief comparison 
between Fourier series (FS) and the resolution of the transient problem by time 
integration (TI) is presented in Text S3 (including Figs. S4 to S6). 

Text S1 

The resolution by Fourier series requires a slight modification of the model defined in 
section 2.6. Eq. (17) resulting from the air energy balance is of order 1 in space, so that 
only 1 boundary condition must be imposed, the air temperature at the inlet. Since the 
position of the inlet changes at each flow reversal, the boundary condition has to be 
applied alternatively on each side of the conduit. This is possible when the problem is 
solved by time integration, but difficult to implement with Fourier series. This 
difficulty is overcome by adding a dispersion term in the air energy balance which 
turns to second order in space, making it possible to apply Dirichlet boundary 
conditions on both sides of the conduit whatever the flow direction. Eqs. (17-18) turn 
to: 

( )
2

1 1
24a ar

w
a

kt Re Pr RePe
x k x
θ θµ ϕ− − ∂ ∂

= + ∂ ∂ 




   

(S1) 

( ) ( ) ( )0, sin 2 and , 0a a domx t t x L tθ π θ= = = =

  

   (S2) 

It is important to note that the new dispersion term in Eq. (S1) is a numerical trick with 
no physical sense.  If the Peclet number Pe is large enough, the addition of the 
dispersion term in Eq. (S1) does not significantly modify the model output. An 
exception is the outlet region, where the dispersion term induces the air temperature 
to fit the external temperature at the end of the conduit. This change in the air 
temperature field takes place over a distance from the outlet of the order of Pe−1, which 
can be arbitrarily small if Pe is large enough. The constant value Pe = 105 was set in all 
the simulations. We checked on a few cases that imposing Pe = 106 did not change the 
results. 

In a second step, all the functions of time are approximated by truncated Fourier series 
and inserted in the mathematical model. These functions of time include: 

• Two model inputs: the reduced air flowrate ( )tµ   and heat transfer coefficient 

( )tη  . 

• Two model outputs:   the rock and air temperatures, respectively ( ), ,r x r tθ 

   and 

( ),a x tθ 

 . 
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We begin with the model inputs. The exact expression of ( )tµ   and ( )tη   are known a 

priori (see section 2.6). Considering that ( )tµ   is an odd function of time and ( )tη   an 
even function of time, their approximations by truncated Fourier series read: 

( ) ( ) ( ) ( )0
1 1

sin 2 and cos 2
N N

k k
k k

t kt t kt
µ η

µ µ π η η η π
= =

= = +∑ ∑     
(S3) 

Where kµ  and kη  are real coefficients deduced from the exact expressions of ( )tµ   

and ( )tη  , respectively. Nµ and Nη are the number of modes taken into account. 
Increasing Nµ and Nη improves the accuracy of the approximated relations (S3), 
but requires more computational resources. 

We now focus on the model outputs. The temperatures fields in the rock 
( ), ,r x r tθ 

   and in the air ( ),a x tθ 

  are approximated by the truncated Fourier series: 
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Where the same number of modes Nθ is considered for the rock and air temperatures. 
The complex coefficients Θr,k are such that Θr,−k is the conjugate of Θr,k. They are related 
to the real amplitudes ( ,r kθ  and ,a kθ ) and phase shifts ( ,r kϕ  and ,a kϕ ) through the 
standard relations: 

,0 ,0 ,0 ,0andr r a aθ θ= Θ = Θ  (S6) 

, , , , , ,2 and 2 for 0r k r k r k a k a k a k kθ θ− −= Θ Θ = Θ Θ >  (S7) 

( ) ( ), , , ,
, ,

, , , ,

tan and tan for 0r k r k a k a k
r k a k

r k r k a k a k

j j
kϕ ϕ− −

− −

Θ −Θ Θ −Θ
= − = − >

Θ +Θ Θ +Θ
 

(S8) 

Injecting Eqs. (S3-S5) in the mathematical model of section 2.6 yields the equations: 
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Where 1j = − and k is an integer varying from 0 to Nθ.  Eqs. (S9) and (S12) thus define 
a set of 2(Nθ +1) coupled partial differential equations (PDE) with boundary conditions 
(S10-S11, S13-S16). This set of PDE, which does not include the time variable t , is 
solved numerically by finite elements (Galerkin method with quadratic Lagrangian 
elements, Comsol Multiphysics software). The resolution yields the complex 
coefficients ( ), ,r k x rΘ    and ( ),a k xΘ  .  The real amplitudes and phase shifts are deduced 
from relations (S7-S8) and the temperatures as a function of time from relations (S4-
S5). 

Text S2 

The choice of Nµ, Nη and Nθ results from a compromise between the accuracy of the 
results on one hand, the difficulty of the implementation and the available 
computational resources on the other hand. The sensitivity of the simulation results 
to Nθ, Nµ and Nη is investigated below for case A with 0.2R =  and Re = 7.2 × 105. 

We first set Nη = 0 and Nµ = 1 and we investigate the effect of Nθ. Figure S1 displays 
the effect of Nθ on the time series of the wall temperature at 10x =  and 100x = . The 
general shape of the curve is little modified for 6Nθ ≥ , but the description of the rapid 
oscillations around 0.05t  and 0.45t   requires a larger number of modes. The same 
approach is used to investigate the effect of Nη and Nµ. Figure S2 shows that these 
parameters have little effect on the results for the selected configuration. In all the 
simulations, we imposed Nθ = 18, Nη = 6 and Nµ = 7 which happened to be a reasonable 
compromise between accuracy and complexity. We checked on a few configurations 
that increasing the number of modes above the selected values did not significantly 
changed the results. 
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In order to confirm its validity, the numerical solution based on Fourier series was 
compared with the solution obtained by time integration (Galerkin method with 
quadratic Lagrangian elements, time discretization using implicit Backward 
Differentiation Formula, Comsol Multiphysics software). The TI simulation was done 
over 28 cycles (i.e., from time 0t =  to 28t = ) taking as the initial condition the solution 
obtained from Fourier series at 0t = . The comparison between TI (last cycle, from 
time 27t =  to 28 ) and FS is displayed in Fig. S3. Small discrepancies are observed 
during the rapid oscillations around times 27.05t   and 27.45t   for 10x =  and 

100x = , but the overall agreement is excellent. 

  
Figure S1. Time evolution of the wall temperature at 10x =  (a) and 100x =  (b) for Nη = 0, 
Nµ = 1 and different values of Nθ.  Case A with 0.2R =  and Re = 7.2 × 105. 

 

  
Figure S2. Time evolution of the wall temperature at 10x =  (a) and 100x =  (b) for Nθ =18 
and different values of Nη and Nµ.  Case A with 0.2R =  and Re = 7.2 × 105. 
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Figure S3. Time evolution of the conduit wall temperature calculated using Fourier 
series (FS) or time integration (TI), at different distances from the entrance x .  FS 
solution at 0t =  used as the initial condition of TI simulation.  Case A with 0.2R =  
and Re = 7.2 × 105. 

Text S3 

A standard approach, not used in this study, would consist in solving the time-
dependent problem by TI starting from an arbitrary initial condition (e.g., 

( ) ( ), , 0 , 0 0r ax r t x tθ θ= = = = 

   ). The time-dependent solution converges to the periodic 
regime at infinite time. A good approximation can thus be obtained if the simulated 
time is long enough. Figures (S4-S6) display the parameters defined in Section 4 
calculated from TI as a function of time or FS, for case A with 0.189R =  and Re = 1.8 
× 105.  With the exception of 1W , TI results converge slowly to the periodic regime.  
Taking FS as a reference, TI yields errors at time 50t =  in the range from 10% to 30% 
for wθ , wθ∆ , 0L  and 1L .  These errors are acceptable if rough estimates are required.  

In contrast, TI underestimates 0W  by an order of magnitude.  To get a correct estimate 
of this parameter and improve the accuracy of others, TI would require to simulate a 
time of the order of the diffusion time 2 2 3

0 64 4 10W ×

  , i.e.  thousands of years.  Such 
simulations would require computational times hardly compatible with current 
computer resources. 

  
Figure S4.  0W  (a) and 1W  (b) estimated from Fourier series (FS) or time integration 

(TI). Initial conditions in TI simulations set to zero.  Case A with 0.189R =  and Re 
= 1.8 × 105. 
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Figure S5. AMT of the conduit wall (a),  wθ  (b) and 0L  (c) estimated from Fourier series 
(FS) or time integration (TI). Initial conditions in TI simulations set to zero. Case 
A with 0.189R =  and Re = 1.8 × 105. 

 

 
 

Figure S6. ATF of the conduit wall (a),  wθ∆  (b) and  1L  (c) estimated from Fourier 
series (FS) or time integration (TI). Initial conditions in TI simulations set to zero. 
Case A with 0.189R =  and Re = 1.8 × 105. 
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Chapter 3: Thermal modelling of caves ventilated by 
chimney effect (published paper) 
Amir Sedaghatkish, Claudio Pastore, Frédéric Doumenc, Pierre-Yves Jeannin, Marc Luetscher, Thermal 
modeling of caves ventilated by chimney effect, International Journal of Thermal Sciences, Volume 212, 
2025, 109757, https://doi.org/10.1016/j.ijthermalsci.2025.109757 

Abstract 

Cave ventilation significantly increases the depth of natural thermal oscillations and 
decreases the time of propagation compared to heat conduction in the rock mass. This 
makes it necessary to develop and test thermal models for the prediction of 
temperature fields in ventilated karst massifs. Here, we develop a thermal model of a 
single conduit ventilated by chimney effect. The model is based on the diffusion 
equation in the rock mass coupled to the conservation of energy and water vapor mass 
in the airflow. The effect of the latent heat of evaporation and condensation is 
considered. In parallel, the main conduit of a ventilated cave has been equipped with 
a flowmeter and several temperature sensors. The model is tested against field data 
collected during a complete year. The relevance of the model assumptions (geometry 
simplification, initial and boundary conditions, use of transfer coefficients to couple 
the air and the conduit wall) is thoroughly analyzed. The model correctly predicts the 
temperature fluctuations at daily and yearly scale, but underestimates the mean 
annual temperatures inside the cave. A biased assessment of the ground temperature 
seems to explain this discrepancy. The effect of condensation and evaporation on the 
cave climate turns out to be low on cave temperature, but significant on air humidity 
with consequences for ecology or paleoclimatology. This study is a first step towards 
the elaboration and validation of models providing a quantitative assessment of caves’ 
thermal response at any location and time scale.  

1. Introduction 

Extensive cave networks in karst massifs are traversed by airflows that considerably 
enhance heat and mass transfer between the bedrock and the external environment 
(Lismonde, 2002). The impact of airflow must be considered in a wide range of areas 
including paleoclimatology and ecological issues. Indeed, isotope fractionation that 
occurs during calcite precipitation is temperature dependent. Airflow also controls 
evaporation and condensation of water, the transport of carbon dioxide, and their 
consequences on precipitation and dissolution rates of calcite (Kukuljan et al., 2021a; 
Kowalczk and Froelich, 2010). A good understanding of heat and mass transfer 
associated with airflow is thus requested for paleoclimate reconstructions (Cuthbert 
et al., 2014; Rau et al., 2015). It is also relevant for the study of subterranean fauna and 
flora (Culver and Pipan, 2019). Indeed, caves are home to many temperature sensitive 
species, including  bats, beetles, or thysanurans (Braack, 1989). These subterranean 
ecosystems and their biodiversity are particularly vulnerable to climate change 
(Castaño-Sánchez et al., 2020). For instance, Rizzo et al. (2015) observed that the 

https://doi.org/10.1016/j.ijthermalsci.2025.109757


 
 

72 
 

survival rate of Pyrenean beetles over 7 days was 100% at 6-20°C, and collapsed to 0% 
at 23-25°C. This example illustrates the need for reliable thermal model for predicting 
the consequences of global warming on the temperature field in karst massifs.  

The fluctuations of the external pressure can play a role in cave ventilation (Gomell et 
al., 2021). Large caves with a single narrow entrance are ventilated by barometric effect 
(Borsato et al., 2024), and wind pressure may be the dominant driving force in caves 
with multiple entrances at similar heights (Kukuljan et al., 2021b). In caves with 
multiple entrances at different heights, the most significant cause of ventilation is the 
chimney effect resulting from the density contrast between the air inside and outside 
the cave (Lismonde, 2002). In temperate climates, this density contrast is mainly due 
to temperature (Gabrovšek, 2023). Because of the high thermal inertia of the massif, 
the airflow direction is upward during most of the winter, when the temperature 
inside the cave is warmer than the atmospheric temperature. Conversely, the air flows 
downward during most of the summer. A noticeable consequence of this seasonal 
inversion of the airflow is the thermal anomalies observed in the entrance regions 
(Lismonde, 2002). In lower entrance areas, the annual mean temperature is shifted to 
a lower value than outside because this part of the cave receives cold air at the 
atmospheric temperature in winter and air cooled down after circulating in the massif 
in summer. The same mechanism produces a warm anomaly in upper entrance areas. 

Airflow modifies the rock temperature in the cave, which in turn changes the air 
temperature profile inside the cave. Therefore, both the air and the rock mass must be 
considered in a model aiming at predicting the climate of a ventilated cave. Lismonde 
(2002) and Gabrovšek (2023) developed such models based on the 1D energy balance 
in the airflow and the heat conduction equation in the rock mass. Both equations were 
coupled by the Newton’s law of cooling, which states that the local heat flux through 
the cave wall is proportional to the difference between the wall temperature and the 
mixing temperature of the air. The coefficient of proportionality, the so-called heat 
transfer coefficient, depends on the conduit geometry, the fluid properties, the wall 
roughness and the fluid velocity. It was assessed using standard correlations for fully 
developed forced convection in pipes (see for instance Bergman et al., 2017). This 
approach allowed Lismonde (2002) and Gabrovšek (2023) to reproduce qualitatively 
in numerical simulations some field observations as for instance the seasonal 
hysteresis of the flow rate or the thermal anomaly in the entrance areas.  

Recently, we used similar models to investigate the propagation of thermal 
perturbations by the airflow inside a karst massif in a quantitative way (Sedaghatkish 
et al., 2024). We considered the simple geometry of a straight horizontal conduit of 
constant circular cross-section. Numerical simulations showed that turbulent airflow, 
very common in ventilated caves, significantly modifies the rock temperature. 
Numerical simulations supported the partition of the cave into three regions as first 
proposed by Cropley (1965): (a) a short diffusive region, where heat mainly 
propagates from the atmosphere by conduction in the rock mass; (b) a convective 
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region where heat is mainly transported by the air flow; (c) a deep karst region 
characterized by quasi-constant temperatures throughout the year. The length of the 
diffusive region is of the order of a few meters, whatever the values of the air flowrate 
and conduit diameter. The length of the convective region, defined as the convection 
length, corresponds to both the extent of the thermal anomaly and the distance of 
propagation of the annual temperature fluctuations. Numerical simulations showed 
that the convection length can commonly reach a few tens to a few hundreds of meters. 
It is approximately proportional to the amplitude of the flowrate annual fluctuations 
divided by the square root of the cave radius (Sedaghatkish et al., 2024). The orders of 
magnitude predicted by the model were consistent with field data from a mine tunnel 
and two caves. 

In the present paper, we want to go beyond orders of magnitude by carrying out 
detailed and systematic comparisons between numerical simulations and field data. 
Indeed, numerical simulation of ventilated cave climate is still a challenge. To our 
knowledge, direct and quantitative comparisons between models and field data are 
still lacking. The present article provides such a comparison, with the aim of testing 
the validity of the physical assumptions included in the model. We focused on the 
following issues. 

• A cave is a succession of bends, conduit contractions or enlargements, and 
obstacles of any kind. The first of the problems posed by this complex geometry 
is the level of accuracy required for its description. More specifically, is it 
necessary to consider a full 3D problem, or can we define an equivalent 2D 
geometry to save computational resources?  

• The irregular geometry of caves also has important consequences on the 
assessment of the heat transfer coefficient. Correlations commonly used in 
thermal models are valid for straight rough pipes of uniform cross-section 
(Bergman et al., 2017). Geometrical singularities are expected to increase the 
turbulence level, which in turn can significantly enhance the heat transfer 
coefficient. Some corrections exist to take into account the effect of the well-
defined singularities commonly found in heat exchangers (Rohsenow et al., 
1998). However, they can hardly be used for the tortuous geometries typically 
encountered in caves.  

• Numerical simulations are based on mathematical models that require initial 
and boundary conditions. Ideally, the temperature field at any point of the 
massif should be known at the initial time, which is never the case. Another 
issue is the boundary condition at the external surface (i.e., the interface 
between the massif and the atmosphere). The simplest choice is to assume that 
the external surface temperature is equal to the atmospheric temperature 
(Gabrovšek, 2023; Sedaghatkish et al., 2024). However, the earth surface does 
not only interact with the surrounding air. Its temperature results from an 
energy balance including convection with the air, solar irradiation (short 
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wavelength), radiative exchange with the surrounding environment and the 
sky (long wavelength), latent heat due to evaporation or condensation, and 
conduction inside the rock (Salmon et al., 2023). This raises the question of the 
most relevant boundary condition at the external surface.   

• Condensation and evaporation of water are commonly observed on the walls 
of ventilated caves (De Freitas and Schmekal, 2005; Fernandez-Cortes et al., 
2013; Gázquez et al., 2022). Since the latent heat of evaporation or condensation 
induces cooling or warming, its contribution to cave climate must be evaluated. 

With the aim of addressing these issues, flowrate and temperatures in the ventilated 
cave of Longeaigue (Switzerland) have been recorded during a complete year. In 
parallel, we developed a thermal model of the cave, for which results have been tested 
against the field data collected in the cave. 

2. Field data 

2.1. Study site 

The “Baume de Longeaigue” displayed in Fig. 1 is located in the Swiss Jura Mountains 
(Val-de-Travers; Upper entrance: 46°52′22″ N 6°31′09″ E, 917 m a.s.l.; Lower entrance: 
46°52′18″ N 6°31′09″ E, 820 m a.s.l.). The difference of elevation between both entrances 
is 97 m. This induces an intense buoyancy-driven airflow inside the conduit that 
connects both entrances. A secondary conduit (blue arrow on Fig. 1), likely connecting 
the cave to the atmosphere through a network of fractures, intersects the main conduit 
at approximately 16 m from the upper entrance. The possibility of a leak through this 
secondary conduit cannot be excluded.     

The total length of the main conduit of Longeaigue cave is 311 m. Its shape and size 
are highly variable. The cross-sectional area A and perimeter P are displayed in Fig. 2 
as a function of 𝑥𝑥, the distance from the upper entrance following the conduit axis. 
Both values were obtained using a laser-scanner with a 10-2 m resolution every 10 m 
along the cave. Fig. 3 displays the angle 𝜃𝜃(𝑥𝑥) between the upward vertical direction 
and the velocity vector of the air when flowing from the upper to the lower entrance. 

The lower entrance is a temporary spring acting as an overflow of the “Raies” 
hydrogeological system, whose catchment area is approximately 60 to 80 km2. The 
maximum water discharge-rate at Longeaigue entrance does probably reach 
approximately 5 m3/s  (Jeannin, 2018). A perennial lake has formed in the lower part 
of the main conduit (see Fig. 1). During flood events, the rise of the water level is 
sufficient to close the conduit, interrupting the airflow. This is an important feature of 
Longeaigue Cave that must be considered in the thermal model. 

Since August 2020, several stations monitor the cave temperature as well as the airflow 
along the main conduit of the cave (red symbols in Fig. 1).  
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Fig 1. Longeaigue cave topography (developed vertical profile; main conduit in black, 
sensor locations in red). 

 

 
Fig 2. Variation of the cross-sectional area 𝐴𝐴 and perimeter 𝑃𝑃 as a function of the distance 𝑥𝑥 
from the upper entrance.  
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Fig 3. Angle 𝜃𝜃 between the gravity vector and the velocity vector of the air when flowing 
from the upper to lower entrance as a function of the distance 𝑥𝑥 from the upper entrance (𝜃𝜃 
is larger than 90°C in the conduit segment between P and R4 stations, see Fig. 1). 

2.2. Temperature measurements 

The temperature data logging stations indicated by H in Fig. 1 were equipped with 
Hobo Water Temperature Pro v2 (sensor type U22-01, accuracy ±0.21 °C, resolution 
0.02 °C). Reefnet Sensus Ultra temperature (accuracy ±0.3 °C, resolution 0.01 °C) were 
deployed at the stations indicated by R. Two additional Reefnet sensors were used to 
monitor the atmospheric temperature close to the upper and lower entrances. Another 
temperature sensor was installed in Anemo station close to the upper entrance (sensor 
type MS8607 (Adafruit), accuracy ±1 °C, resolution 0.01 °C). The distance of each 
station from the upper (and lower) entrance are listed in Table 1. To make the conduit 
open enough for the commuting of cavers, all the sensors were located close to the 
wall, at a distance ranging from 2 to 4 cm.  

With the exception of H1, the temperatures used in this paper were recorded from 
13/08/2020 to 13/08/2021, which is exactly one year. The Hobo water probe installed 
in H1 at a few centimeters from the wall was complemented with a Pt100 sensor 
(TMC1-HD from Hobo Company, resolution: 0.02°C, accuracy: 0.1) suspended 
approximately at the center of the cross-section. The temperature of these two probes 
were recorded for approximately one month, from 11/10/2022 to 06/11/2022 
(sampling rate for all temperature measurements: one measuring point per hour). 
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Table 1. Location of measuring stations 

Station Distance from the upper 
(lower) entrance 

Up_ext Outside, near the upper 
entrance 

Anemo 4 m (307 m) 

H1 16 m (295 m) 

H3 55 m (256 m) 

H4 97 m (214 m) 

R2 140 m (171 m) 

P 216 m (95 m) 

H6 269 m (42 m) 

R4 294 m (17 m) 

Low_ext Outside, near the lower 
entrance 

External upper and lower temperatures are displayed in Fig. 4a. The dashed lines 
represent the function: 

𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡) = 𝑇𝑇𝑚𝑚 − 𝛥𝛥𝛥𝛥 𝑠𝑠𝑠𝑠𝑠𝑠 �
2𝜋𝜋
𝜏𝜏

(𝑡𝑡 − 𝑡𝑡0)� (1) 

where 𝜏𝜏 = 1 year, 𝑡𝑡0 is a parameter that accounts for the origin of time, 𝑇𝑇𝑚𝑚 is the annual 
mean temperature (AMT) and 𝛥𝛥𝛥𝛥 the amplitude of the annual temperature 
fluctuations (ATF). 𝑡𝑡0, 𝑇𝑇𝑚𝑚 and 𝛥𝛥𝛥𝛥 are deduced from the Fast Fourier Transform (FFT) 
of the atmospheric temperatures displayed in Fig. 4b, which also provides the 
amplitude of all other modes, including that of the daily temperature fluctuations 
(DTF). As expected, the modes showing the highest amplitudes are the ATF and the 
DTF. The ATF amplitudes at the upper and lower entrances (respectively 8.34 and 
8.28°C) are very close to each other. The amplitudes of the DTF differ a little more 
(3.4°C and 2.4°C at the upper and lower entrances, respectively).  The AMT is higher 
at the upper entrance (7.38°C) than at the lower entrance (6.75°C). The mean vertical 
thermal gradient between both entrances is thus 6.5 °C/km. 
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Fig 4. Atmospheric temperature close to the upper and lower entrances. a) Time series; b) 
Amplitude as a function of frequency deduced from FFT (due to the logarithmic scale the 
AMT, which corresponds to zero frequency, is located at an arbitrary origin).  

2.3. Airflow measurements 

The Sensirion SFM3003-300-CE (from now on SFM) is a digital bidirectional mass 
flowmeter installed at Anemo station, at 4 m from the upper entrance (Fig. 1). The 
device is compact and robust. It shows a high data resolution (up to 16 bit) and low 
power requirement (typically 3.3 V and 3.8 mA). Furthermore, the bidirectional cave 
airflow is well recognized by the device which records the flow direction as negative 
or positive values. The device measures the flowrate that passes through a tube with 
an inner diameter of 20 mm. This flowrate is then converted in local air velocity 
through appropriate calibration with an accuracy of ±5% for speeds higher than 0.30 
m/s and ±26% for speeds in the range from 0.15 to 0.30 m/s (Pastore et al., 2024). The 
flowrate through the conduit is obtained by multiplying this local velocity by the 
cross-sectional area. The main cause of uncertainty is the non-uniform velocity field 
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over the cross-section. Complementary measurements performed by other means 
(including manual measurements with an anemometer, CO2 gauging, comparison 
with other SFM) suggest that: (a) the flowrate measured at Anemo station is certainly 
underestimated, (b) the ratio of the real flowrate over the measured flowrate cannot 
be larger than 1.5. 

The air mass flowrate was recorded simultaneously with the temperatures using the 
same sampling rate (see Fig. 5a). It varies approximately in the range from -1.5 kg.s-1 
in winter to 1 kg.s-1 in summer (positive values correspond to airflow direction from 
the upper to the lower entrance). The sporadic interruptions of airflow when the lake 
completely fills the lower part of the conduit are clearly observed in Fig. 5a. A pressure 
sensor has been installed in point P (see Fig. 1 and Table 1) to measure the lake level. 
It provides the time ranges during which the main conduit is blocked by the lake 
(called “cave closures” in the following). Fig. 5a shows that the flowrate measured at 
Anemo station during these cave closures is not always zero. This can be due to the 
existence of a leakage rate through the secondary conduit (see Section. 2.1 and Fig. 1), 
or to sporadic free convection cells developing from the upper entrance, inducing local 
velocities recorded by the SFM. Conversely, it can happen that no airflow is measured 
whereas the pressure sensor indicates that the cave is open (e.g., for time ranging from 
196 and 213 days). This happens when the flowrate is too small to be detected by the 
SFM, or because of an uncertainty on the lake level corresponding to cave closures. 
During the monitoring year, the cave was closed for 203 days (56% of the time). The 
airflow was directed from the upper to the lower entrance for 66 days and in the 
reverse direction for 95 days (respectively 18% and 26% of the time). 

The FFT of the mass flowrate is displayed in Fig. 5b. In contrast with the temperature 
spectrum that was dominated by the annual and daily fluctuations, many other modes 
emerge with amplitudes comparable or even higher than the annual flowrate 
fluctuations (AFF) or daily flowrate fluctuations (DFF). These modes with 
intermediate frequencies originate from the intermittent lake closures. Moreover, the 
annual mean flowrate (AMF) is strictly positive, and equal to half the AFF. This 
seasonal asymmetry is due to the highest flowrates reached in winter. The dashed 
lines in Fig. 5a represent the same sine function as in Eq. (1) after substituting 
temperatures for mass flowrates. 
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Fig 5. Air mass flowrate measured at Anemo station; a) Time series (dashed line 
corresponds to Eq. (1) where 𝑇𝑇𝑚𝑚 and ∆𝑇𝑇  are replaced by the AMF 𝑚̇𝑚𝑚𝑚 and the AFF ∆𝑚̇𝑚, 
respectively). The cave closure periods are shown by blue solid line determining if the 
cave is open (one) or closed (zero). b) Amplitudes versus frequency deduced from FFT 
(due to the logarithmic scale, the AMF, which corresponds to zero frequency, is located at 
an arbitrary origin). 

3. Numerical simulations 

3.1. Simplifying assumptions 

Only the main conduit connecting the upper to the lower entrance is considered in the 
numerical simulations (see Fig. 1). For the sake of simplification, it has been 
“unfolded” to yield a rectilinear conduit of the same length Lcave as the real cave (see 
Fig. 6). A circular cross-section of variable diameter 𝐷𝐷𝑝𝑝(𝑥𝑥) is assumed. 𝐷𝐷𝑝𝑝(𝑥𝑥) is set to 
get the same perimeter 𝑃𝑃(𝑥𝑥) as the true conduit (i.e., 𝐷𝐷𝑝𝑝(𝑥𝑥) = 𝑃𝑃(𝑥𝑥)/𝜋𝜋, where the 
perimeter 𝑃𝑃(𝑥𝑥) is known from the cave survey, see Fig. 2). The sensitivity study 
presented in Appendix A suggests that this choice, which preserves the exchange 
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surface between the air and the rock, is a good approximation in most cases. The 
conduit is located in an impermeable rock domain of outer radius 𝑅𝑅𝑑𝑑𝑑𝑑𝑑𝑑 where 
conduction is the only heat transfer process. The outer radius must be large enough to 
ensure that the corresponding domain boundary is not significantly influenced by the 
airflow in the conduit and is thus approximately adiabatic. These simplifications allow 
to consider a 2D axisymmetric conduction problem in the rock mass, resulting in a 
significant reduction in the computational resources compared to the real 3D 
geometry. Moreover, we assume that the temperature of the external surface is equal 
to the measured atmospheric temperature. This boundary condition offers the 
advantage of simplicity, but neglects the effect of radiative transfer and evaporation 
or condensation on the temperature of the external surface. 

 
Fig 6. The simplified geometry of the ventilated cave with a single conduit and two 
entrances at different elevations 

The need for an aeraulic model is avoided by using the air flowrate measured by the 
SFM. During cave closure periods, we assume that the air only circulates in the part 
of the conduit between the upper entrance and the junction with the secondary 
conduit (at 16 m from the upper entrance). We impose zero flowrate in the rest of the 
conduit (i.e., between the junction with the secondary conduit and the lower entrance). 
Although the conduit is assumed rectilinear, the variation of potential energy with the 
altitude will be considered in the air energy balance using the conduit tilt angle 
𝜃𝜃(𝑥𝑥) displayed in Fig. 3.  

The effect of the latent heat of evaporation or condensation inside the cave is an 
important issue that must be evaluated. A difficulty is that the cave walls might be 
covered with a water film or completely dry, depending on the season and the weather 
conditions. To avoid the complicated task of defining a model predicting the amount 
of water lying on the walls, we define two simple limiting cases representing a lower 
and an upper bound of the latent heat effects.   
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- Case 1: evaporation and condensation are disregarded (no latent heat 
effect).  

- Case 2: a permanent thin film of water covers all the cave walls, so that 
evaporation cannot be interrupted by the lack of water on the walls.  In 
addition, the water film is assumed thin enough to neglect its thermal 
resistance compared to that due to conduction in the rock or convection. 
Condensation in the gas phase is disregarded. We assume that it only takes 
place on the conduit wall (same assumptions as in Qaddah et al., (2023)). 

The advection of heat by water flowing down the conduit is disregarded. This 
assumption seems reasonable when the water flow reduces to a thin liquid film due 
to condensation or percolation through the rock porosity. In contrast, it is questionable 
during cave flooding induced by intense water recharge. This point is discussed in 
Section 4.2. 

The heat flux through the conduit wall, which couples the energy balance in the air to 
the conduction equation in the rock mass, is estimated using the Newton’s law of 
cooling based on a heat transfer coefficient. When condensation and evaporation are 
considered, the mass balance of the water vapor transported by the humid air is also 
included in the model. This equation contains a mass transfer coefficient for the 
assessment of the evaporation/condensation fluxes at the cave wall. The Lewis 
analogy (Cussler and Cussler, 2009) states that the heat and mass transfer coefficients 
follow the same physical laws. To overcome the difficulty that arises from the complex 
geometry of a cave, we adopt the same method as in our previous work (Sedaghatkish 
et al., 2024). We perform two distinct set of simulations to assess a lower bound and a 
higher bound of the heat and vapor fluxes through the cave wall. In a first set, the 
transfer coefficients are estimated from standard correlations valid for forced 
convection and fully developed flow in pipes, which is expected to yield a lower 
bound. In a second set of simulations, an upper bound of these fluxes is obtained 
assuming infinite transfer coefficients. Combining dry or humid air along with finite 
or infinite transfer coefficients yields the four limiting cases listed in Table 2. 

Table 2. Abbreviated names of the four cases considered in the numerical simulations. The 
estimation of the transfer coefficients required for DA and HA  models is detailed in Appendix 
B. 

 Transfer coefficients 
Finite Infinite 

1- Dry air 𝐃𝐃𝐃𝐃 𝐃𝐃𝐃𝐃∞ 

2- Humid air 𝐇𝐇𝐇𝐇 𝐇𝐇𝐇𝐇∞ 

3.2. Governing equations 

We first detail the complete set of equations for the HA case (humid air and finite 
transfer coefficients), which is the most general. Then we give the simplifications for 
the simulation of dry air or infinite transfer coefficients. 
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3.2.1. Rock mass  

The temperature field in the impermeable rock mass follows the heat conduction 
equation in the cylindrical coordinates system: 

1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟
𝜕𝜕𝑇𝑇𝑟𝑟
𝜕𝜕𝜕𝜕

) +
𝜕𝜕2𝑇𝑇𝑟𝑟
𝜕𝜕𝑥𝑥2

=
1
𝛼𝛼𝑟𝑟
𝜕𝜕𝑇𝑇𝑟𝑟
𝜕𝜕𝜕𝜕

 
(2) 

𝑇𝑇𝑟𝑟(𝑥𝑥, 𝑟𝑟) is the rock temperature at distances 𝑥𝑥 from the upper entrance and r from the 
conduit axis. 𝛼𝛼𝑟𝑟 is the thermal diffusivity of the rock.  

Defining right boundary condition at the external ground surface is challenging. For 
the sake of simplicity, the atmospheric temperature is imposed at the external surfaces 
located at 𝑥𝑥 = 0 and 𝑥𝑥 = 𝐿𝐿𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐:  

𝑇𝑇𝑟𝑟(0, 𝑟𝑟, 𝑡𝑡) = 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡)          for  𝑅𝑅𝑝𝑝(0) ≤ 𝑟𝑟 ≤ 𝑅𝑅𝑑𝑑𝑑𝑑𝑑𝑑 , (3) 

𝑇𝑇𝑟𝑟(𝐿𝐿𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , 𝑟𝑟, 𝑡𝑡) = 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡)   for  𝑅𝑅𝑝𝑝(𝐿𝐿𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) ≤ 𝑟𝑟 ≤ 𝑅𝑅𝑑𝑑𝑑𝑑𝑑𝑑 ,  (4) 

where 𝑅𝑅𝑝𝑝(𝑥𝑥) = 𝐷𝐷𝑝𝑝 (𝑥𝑥)/2  is the cave radius that yields the perimeter obtained from the 
cave survey (Fig. 2). 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 and 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 are the atmospheric temperatures measured in 
the vicinity of the lower and upper entrances, respectively (Fig. 4). The impact of the 
boundary conditions defined in Eqs. (3,4) will be analyzed in detail in section 5.1. 

Assuming an adiabatic boundary at 𝑟𝑟 = 𝑅𝑅𝑑𝑑𝑑𝑑𝑑𝑑 yields 

𝜕𝜕𝑇𝑇𝑟𝑟
𝜕𝜕𝜕𝜕

(𝑥𝑥,𝑅𝑅𝑑𝑑𝑑𝑑𝑑𝑑, 𝑡𝑡) = 0  for  0 ≤ 𝑥𝑥 ≤ 𝐿𝐿𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (5) 

The energy conservation at the conduit wall reads: 

𝑘𝑘𝑟𝑟
𝜕𝜕𝑇𝑇𝑟𝑟
𝜕𝜕𝜕𝜕

�𝑥𝑥,𝑅𝑅𝑝𝑝, 𝑡𝑡� = 𝜑𝜑𝑐𝑐 + 𝐿𝐿𝑣𝑣 𝐽𝐽𝑤𝑤 (6) 

where 𝑘𝑘𝑟𝑟  is the thermal conductivity of the rock, 𝜑𝜑𝑐𝑐 is the convective heat flux at the 
conduit wall (positive when directed from the rock to the air), 𝐿𝐿𝑣𝑣 is the molar latent 
heat of evaporation (J.mol-1) and  𝐽𝐽𝑤𝑤 is the molar flux at the conduit wall (mol.m-2.s-1), 
positive for evaporation, negative for condensation. Eq. (6) states that the sum of the 
convective and latent heat fluxes is equal to the conductive heat flux leaving the rock 
mass. This equation couples the rock mass with the airflow.  

3.2.2. Airflow  

Since the water vapor is always dilute (its mass fraction in the humid air never exceeds 
2%), the heat capacity of the water vapor can be neglected against that of the air. With 
this assumption, the energy balance in the air reduces to: 

𝜌𝜌𝑎𝑎𝑐𝑐𝑣𝑣,𝑎𝑎𝐴𝐴(𝑥𝑥)
𝜕𝜕𝑇𝑇�𝑎𝑎
𝜕𝜕𝜕𝜕

+ 𝑚̇𝑚 �𝑐𝑐𝑝𝑝,𝑎𝑎
𝜕𝜕𝑇𝑇�𝑎𝑎
𝜕𝜕𝜕𝜕

− 𝑔𝑔 cos�𝜃𝜃(𝑥𝑥)�� = 𝑃𝑃(𝑥𝑥)𝜑𝜑𝑐𝑐, 
(7) 
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where 𝑇𝑇�𝑎𝑎(𝑥𝑥) is the mixing temperature of the air, i.e., the air temperature averaged 
over the conduit cross-section (Bergman et al., 2017): 

𝑇𝑇�𝑎𝑎(𝑥𝑥) =
1
𝑚̇𝑚
�𝑇𝑇𝑎𝑎(𝑥𝑥, 𝑟𝑟)𝜌𝜌𝑎𝑎𝑢𝑢(𝑥𝑥, 𝑟𝑟)𝑑𝑑𝑑𝑑 (8) 

where 𝑇𝑇𝑎𝑎(𝑥𝑥, 𝑟𝑟) is the local air temperature and 𝑢𝑢(𝑥𝑥, 𝑟𝑟) the axial component of the local 
velocity vector. 𝐴𝐴(𝑥𝑥) and 𝑃𝑃(𝑥𝑥) are the cross-sectional area and perimeter obtained 
from the cave survey and displayed in Fig. 2. 𝑚̇𝑚 is the air mass flowrate measured by 
the SFM-device and displayed in Fig. 5 (positive when the air enters through the upper 
entrance). 𝜌𝜌𝑎𝑎, 𝑐𝑐𝑣𝑣,𝑎𝑎 and 𝑐𝑐𝑝𝑝,𝑎𝑎 are the air density, specific heat at constant volume and 
specific heat at constant pressure.  

The first term in the left-hand side (LHS) of Eq. (7) is an approximate expression of the 
rate of variation of the air internal energy. This term is necessary to regularize the 
solution when rapid fluctuations occur during flow reversals. Most of the time, it is 
negligible compared to the other terms. Therefore, Eq. (7) mainly expresses a balance 
between the energy transported by the fluid (thermal and gravitational potential 
energy in the second term of the LHS) and the heat transferred to the conduit wall, in 
the right-hand side (RHS). 

The inlet temperature is equal to the atmospheric temperature TatmL or TatmU according 
to the direction of the flow: 

𝑇𝑇�𝑎𝑎(0, 𝑡𝑡) = 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡)         for 𝑚̇𝑚 > 0  (9) 

𝑇𝑇�𝑎𝑎(𝐿𝐿𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , 𝑡𝑡) = 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡)  for 𝑚̇𝑚 < 0   (10) 

The water vapor balance in the humid air and its associated boundary conditions are 
similar to Eqs. (7-10):   

𝐴𝐴(𝑥𝑥)
𝜕𝜕𝑐𝑐𝑣̅𝑣
𝜕𝜕𝜕𝜕

+
𝑚̇𝑚
𝜌𝜌𝑎𝑎
𝜕𝜕𝑐𝑐𝑣̅𝑣
𝜕𝜕𝜕𝜕

= 𝑃𝑃(𝑥𝑥)𝐽𝐽𝑤𝑤 (11) 

𝑐̄𝑐𝑣𝑣(0, 𝑡𝑡) = 𝜙𝜙𝑒𝑒𝑒𝑒𝑒𝑒𝑐𝑐𝑠𝑠,𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎  for 𝑚̇𝑚 > 0 (12) 

𝑐̄𝑐𝑣𝑣(𝐿𝐿𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , 𝑡𝑡) = 𝜙𝜙𝑒𝑒𝑒𝑒𝑒𝑒𝑐𝑐𝑠𝑠,𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 for 𝑚̇𝑚 < 0   (13) 

 𝑐𝑐𝑣̅𝑣 is the water vapor molar concentration (mol.m-3) averaged over the cross-section 
similarly to the temperature in Eq. (8). Index “s” indicates saturated condition 
defined as: 

𝑐𝑐𝑠𝑠 =
𝑝𝑝𝑠𝑠𝑠𝑠𝑠𝑠(𝑇𝑇)
𝑅𝑅𝑅𝑅

 (14) 

where psat is the saturated water vapor pressure at temperature T (Lide, 2004). R is the 
ideal gas constant. Thus, cs,atmU and cs,atmL are the saturated water vapor concentrations 
based on the atmospheric temperature close to the upper and lower entrances, 
respectively. 𝜙𝜙𝑒𝑒𝑒𝑒𝑒𝑒 is the atmospheric relative humidity. The same constant value of 
75% is assumed at the lower and upper entrances.  
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3.2.3. Heat and vapor fluxes at the conduit wall 

The Newton’s law of cooling is a general law that applies to any convection process 
(Bergman et al., 2017). This law states that the heat flux transferred from the wall to a 
flowing fluid is proportional to the temperature difference between the wall and the 
fluid: 

𝜑𝜑𝑐𝑐(𝑥𝑥, 𝑡𝑡) = ℎ𝑡𝑡�𝑇𝑇𝑤𝑤(𝑥𝑥, 𝑡𝑡) − 𝑇𝑇�𝑎𝑎(𝑥𝑥, 𝑡𝑡)�   for  0 ≤ 𝑥𝑥 ≤ 𝐿𝐿𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, (15) 

where 𝑇𝑇𝑤𝑤(𝑥𝑥, 𝑡𝑡) = 𝑇𝑇𝑟𝑟�𝑥𝑥,𝑅𝑅𝑝𝑝, 𝑡𝑡� is the wall temperature and 𝑇𝑇�𝑎𝑎(𝑥𝑥, 𝑡𝑡) the air mixing 
temperature defined in Eq.(8). The heat and mass transfer analogy provide the same 
kind of relation for the water vapor flux: 

𝐽𝐽𝑤𝑤(𝑥𝑥, 𝑡𝑡) = ℎ𝑚𝑚�𝑐𝑐𝑠𝑠𝑠𝑠(𝑥𝑥, 𝑡𝑡) − 𝑐𝑐𝑣̅𝑣(𝑥𝑥, 𝑡𝑡)�  for  0 ≤ 𝑥𝑥 ≤ 𝐿𝐿𝑐𝑐𝑐𝑐𝑣𝑣𝑣𝑣, (16) 

where 𝑐𝑐𝑠𝑠𝑠𝑠 is the saturated water vapor concentration obtained by substituting 𝑇𝑇 for 
𝑇𝑇𝑤𝑤 in Eq. (14). ℎ𝑡𝑡 and ℎ𝑚𝑚 are the heat and mass transfer coefficients, respectively. In a 
pipe flow, they depend on the physical properties of air (Table 3) and the conduit 
geometry defined by the cross-section 𝐴𝐴(𝑥𝑥) and the perimeter 𝑃𝑃(𝑥𝑥) (Fig. 2). In the 
turbulent regime, they also depend on the air flowrate 𝑚̇𝑚 (Fig. 5) and the wall relative 
roughness 𝜀𝜀, defined as the ratio of the roughness over the hydraulic diameter 𝐷𝐷ℎ(𝑥𝑥) =
4𝐴𝐴(𝑥𝑥)/𝑃𝑃(𝑥𝑥). We set 𝜀𝜀 = 0.01 in all simulations.  

Assessing the heat and mass transfer coefficients requires the evaluation of the 
Reynolds number 𝑅𝑅𝑅𝑅 that characterizes the ratio of inertia to viscous friction in the 
airflow: 

𝑅𝑅𝑅𝑅(𝑥𝑥) =
𝜌𝜌𝑎𝑎  |𝑢𝑢�(𝑥𝑥)| 𝐷𝐷ℎ(𝑥𝑥)

𝜇𝜇𝑎𝑎
=

4 |𝑚̇𝑚|
𝑃𝑃(𝑥𝑥) 𝜇𝜇𝑎𝑎

 
(17) 

where 𝑢𝑢� = 𝑚̇𝑚
(𝜌𝜌𝑎𝑎 𝐴𝐴) is the mean velocity over the cross-section and 𝜇𝜇𝑎𝑎 the dynamic 

viscosity of the air. At fixed air flowrate, the Reynolds number is inversely 
proportional to the conduit perimeter 𝑃𝑃(𝑥𝑥). At the maximum mass flowrate (of the 
order of 1 kg.s-1, see Fig. 5) 𝑅𝑅𝑅𝑅 ranges from 104 (in the largest parts of the conduit) to 
105 (in the narrowest parts) denoting turbulent flow throughout the cave. The method 
used to estimate the transfer coefficients from standard correlations for fully 
developed flow in pipes in the laminar and turbulent regimes is detailed in Appendix 
B. 

3.2.4. Infinite transfer coefficient and/or dry air 

Eqs. (2-16) assume humid air and finite transfer coefficients (𝐇𝐇𝐇𝐇). In the limiting case 
of infinite heat transfer coefficients (𝐇𝐇𝐇𝐇∞), the conditions at the conduit wall Eqs. (15-
16) are replaced by 

𝑇𝑇𝑎𝑎(𝑥𝑥, 𝑡𝑡) = 𝑇𝑇𝑤𝑤(𝑥𝑥, 𝑡𝑡)  for  0 ≤ 𝑥𝑥 ≤ 𝐿𝐿𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, (18) 

𝑐𝑐𝑣𝑣(𝑥𝑥, 𝑡𝑡) = 𝑐𝑐𝑠𝑠𝑠𝑠(𝑥𝑥, 𝑡𝑡) for  0 ≤ 𝑥𝑥 ≤ 𝐿𝐿𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. (19) 



 
 

86 
 

Injecting Eqs. (18-19) in Eqs. (7) and (11) provides the relations for 𝜑𝜑𝑤𝑤 and 𝐽𝐽𝑤𝑤 required 
by Eq. (6). A noticeable consequence of Eqs. (18-19) is that the humid air inside the 
cave is saturated at the wall temperature all over the conduit. 

In the case of dry air with finite transfer coefficients (𝐃𝐃𝐃𝐃), Eqs. (11-14) and (16) are 
ignored and we impose 𝐽𝐽𝑤𝑤 = 0 in Eq. (6). When, in addition, the heat transfer 
coefficient is infinite (𝐃𝐃𝐃𝐃∞), Eq. (15) is replaced by Eq. (18). 

3.2.5. Initial condition  

The initial condition required for solving Eq. (2) is the temperature field at any point 
of the rock mass at the beginning of the cave monitoring (i.e., on August 13, 2020). 
Obviously, this information is not directly available, since the temperature is only 
known at a few locations where sensors have been installed. Because of the thermal 
inertia of the massif, the initial temperature field depends in a non-trivial way on the 
history of the atmospheric temperature and the air flowrate. 

Interestingly enough, the upper entrance of Longeaigue was enlarged by cavers in 
1982. This artificial modification likely induced a significant increase of the air 
flowrate through the main conduit. Although it is unlikely that the air flowrate before 
the opening was strictly equal to zero, it was certainly much lower than after the 
opening. We thus do the approximation that the main conduit was closed before this 
date, and the air flowrate insignificant. Considering this specific feature of Longeaigue 
Cave, an approximate initial temperature field was assessed assuming a simplified 
history consisting of two steps. We first assume no airflow in the conduit, resulting in 
an adiabatic conduit wall. More precisely, we solved the pure conduction problem 
defined by Eqs. (2-6), with  𝜑𝜑𝑐𝑐 = 0 and 𝐽𝐽𝑤𝑤 = 0 in Eq. (6). The atmospheric temperatures 
in Eqs. (3,4) were approximated by Eq. (1) (displayed by the dashed lines in Fig. 4a), 
which only considers the annual fluctuations. Starting from an arbitrary uniform 
initial temperature field, the simulations of this 1D conduction problem was carried 
out over 200 years, a time long enough to reach the periodic regime. In a second step, 
we used this result as the initial temperature field to simulate the 38 years between 
the opening of the conduit in 1982 and the beginning of the monitoring in 2020. The 
full 𝐇𝐇𝐇𝐇 model defined in Section 3.2 was used with the simplified atmospheric 
temperatures of Eq. (1) as in the first step, along with the same kind of simplified 
function for the air flowrate (dashed line in Fig. 5a). The resulting temperature field 
was used as the initial condition for the numerical simulation of the year during which 
the cave was monitored. 

3.3. Physical properties 

The physical properties used in the numerical simulations are assumed constant. They 
are listed in Table 3. The saturated vapor pressure of water as a function of 
temperature was interpolated from data in (Lide, 2004). 
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Table 3. Physical properties used in the numerical simulations (reference temperature: 12°C) 

Properties Value and unit Reference 

Rock density 𝜌𝜌𝑟𝑟 = 2325
𝑘𝑘𝑘𝑘
𝑚𝑚3 (Tiwari et al., 2020) 

Rock heat capacity 𝑐𝑐𝑝𝑝,𝑟𝑟 = 841.09
𝐽𝐽

𝑘𝑘𝑘𝑘𝑘𝑘
 (Tiwari et al., 2020) 

Rock thermal 
conductivity 𝑘𝑘𝑟𝑟 = 2.302

𝑊𝑊
𝑚𝑚.𝐾𝐾

 (Tiwari et al., 2020) 

Rock thermal diffusivity 𝛼𝛼𝑟𝑟 = 1.177 × 10−6
𝑚𝑚2

𝑠𝑠
 (Tiwari et al., 2020) 

Air dynamic viscosity 𝜇𝜇𝑎𝑎 = 1.77 × 10−5𝑃𝑃𝑃𝑃. 𝑠𝑠 (Bergman et al., 2017) 

Air density 𝜌𝜌𝑎𝑎 = 1.23
𝑘𝑘𝑘𝑘
𝑚𝑚3 (Bergman et al., 2017) 

Air kinematic viscosity 𝜐𝜐 =
𝜇𝜇𝑎𝑎
𝜌𝜌𝑎𝑎

= 1.44 × 10−5
𝑚𝑚2

𝑠𝑠
 - 

Air heat capacity at 
constant pressure 𝑐𝑐𝑝𝑝,𝑎𝑎 = 1007

𝐽𝐽
𝑘𝑘𝑘𝑘𝑘𝑘

 (Bergman et al., 2017) 

Air heat capacity at 
constant volume 𝑐𝑐𝑣𝑣,𝑎𝑎 = 719.29

𝐽𝐽
𝑘𝑘𝑘𝑘𝑘𝑘

 - 

Air thermal conductivity 𝑘𝑘𝑎𝑎 = 0.0251
𝑊𝑊
𝑚𝑚.𝐾𝐾

 (Bergman et al., 2017) 

Air thermal diffusivity 𝛼𝛼𝑎𝑎 = 2.02 × 10−5
𝑚𝑚2

𝑠𝑠
 - 

Ideal gas constant 𝑅𝑅 = 8.314
𝐽𝐽

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
 - 

Molar mass of water 
vapor 𝑀𝑀𝑤𝑤 = 18.015

𝑔𝑔
𝑚𝑚𝑚𝑚𝑚𝑚 

- 

Diffusion coefficient of 
water vapor in air 𝐷𝐷𝑤𝑤 = 2.43 × 10−5

𝑚𝑚2

𝑠𝑠
 

(Cussler and Cussler, 
2009) 

Molar specific 
vaporization latent heat 𝐿𝐿𝑣𝑣 = 44.55

𝑘𝑘𝑘𝑘
𝑚𝑚𝑚𝑚𝑚𝑚

 (Riddick et al., 1986) 

Prandtl number 𝑃𝑃𝑃𝑃 =
𝜐𝜐
𝛼𝛼𝑎𝑎

= 0.71 - 

Schmidt number 𝑆𝑆𝑆𝑆 =
𝜐𝜐
𝐷𝐷𝑤𝑤

= 0.59 - 

3.4. Numerical methods 

All the numerical simulations were performed with the commercial software Comsol 
Multiphysics, version 6.1. This software solves partial differential equations by finite 
elements (Galerkin method). Time discretization was based on implicit backward 
differentiation formula. The mesh was made of Lagrangian quadratic elements, 
including 12600 2D elements in the rock mass (mapped mesh) and 200 1D elements in 
the air. The hyperbolic Eqs. (7) and (11) required the implementation of the 
stabilization techniques detailed in Appendix C. 
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4. Results 

4.1. Field data 

The AMT, ATF and DTF deduced from the FFT of the field data are displayed by black 
symbols in Figs. 7a to 7c. Thermal anomalies are clearly visible in Fig. 7a. Indeed, the 
AMT passes through a local maximum at ~9.5°C at H3 station located at 55 m from 
the upper entrance (warm anomaly). Conversely, a local minimum at ~5.7°C is 
observed at R4 station at 20 m from the lower entrance (cold anomaly). The warm 
anomaly is more pronounced than the cold one (approximately +2°C and -1°C relative 
to the outside temperatures at the upper and lower entrances, respectively). Between 
these two extrema (i.e., between H3 and R4 stations), the AMT continuously decreases 
with increasing 𝑥𝑥. The absence of plateau in the temperature profile suggests that the 
convection length is larger than half the cave length, and that there is no deep karst 
region in Longeaigue Cave. 

Fig. 7b displays the ATF. A sharp decrease is observed close to the entrances, as 
expected in  diffusive regions (Sedaghatkish et al., 2024).  The ATF then gradually 
declines in the convective region to reach a minimum nearby the middle of the 
conduit.  

The DTF is displayed in Fig. 7c. A sharp decrease is observed close to the entrances, 
similarly to the ATF. However, in the convective region, the DTF decreases over a 
much shorter distance than the ATF. It becomes hardly measurable beyond a few tens 
of meters from the entrances. This suggests that the distance of propagation of a 
thermal perturbation advected by the airflow should depend on the frequency.  

The time series of field data from three selected stations are displayed by solid black 
lines in Fig. 8. Station H3 (Fig. 8a) is close to the upper entrance, station R2 (Fig. 8b) is 
approximately in the middle of the cave, and station R4 (Fig. 8c) is close to the lower 
entrance. Comparisons with the atmospheric temperatures displayed in Fig. 4a 
confirms the strong damping of the daily temperature fluctuations. In contrast, the 
impact of cave closures on the temperatures is clearly observed at all stations 
displayed in Fig. 8 (see for instance the time range from 120 to 196 days).  
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Fig 7. AMT(a), ATF (b) and DTF (c) from the field data and the numerical simulations. Data 
at 𝑥𝑥 = 0 and 𝑥𝑥 = 𝐿𝐿𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 311 m correspond to the atmospheric temperature close to the 
upper and the lower entrances, respectively. 
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Fig 8. Temperature time series in three stations inside the cave a) H3 (x=55 m); b) R2 
(x=140 m); c) R4 (x=294 m), red arrows indicates temperature peaks in the field data not 
predicted by the model.    
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4.2. Numerical simulations 

Fig. 7a displays the AMT of the conduit wall and the air as a function of the distance 
from the upper entrance, for the four models defined in Table 2 (notice that in 𝐃𝐃𝐃𝐃∞ 
and 𝐇𝐇𝐇𝐇∞ models, wall and air temperatures are equal). All models significantly 
underestimate the AMT computed from the field data (approximately by 1 or 2°C). 
𝐃𝐃𝐃𝐃∞ and 𝐇𝐇𝐇𝐇∞ predict larger thermal anomalies compared to 𝐃𝐃𝐃𝐃 and 𝐇𝐇𝐇𝐇. 𝐇𝐇𝐇𝐇∞ seems 
to better reproduce the shape of the field data close to the upper entrance. 

Regarding the ATF (Fig. 7b), the four models reproduce qualitatively the main trends 
observed in the field data. All of them predict a sharp decrease over the first few 
meters from the entrances (i.e., in the diffusive regions) followed by a more gradual 
decline. 𝐃𝐃𝐃𝐃∞ globally underestimates the field ATF. 𝐇𝐇𝐇𝐇∞ is in good agreement with 
the field data in the lower half of the cave, but overestimates the ATF at 𝑥𝑥 = 55 m (by 
approximately 1°C). The air and wall temperatures predicted by 𝐃𝐃𝐃𝐃 or 𝐇𝐇𝐇𝐇 models 
significantly differ from each other. The simulated air temperatures of both models 
overestimate the field data by approximately 1°C all over the cave. A significantly 
better agreement is obtained with the simulated wall temperatures. 𝐇𝐇𝐇𝐇 model shows 
a maximum error of approximately half a degree at H4 station, at 20 m from the lower 
entrance.  

Similar comments apply to the DTF displayed in Fig. 7c. 𝐃𝐃𝐃𝐃∞ and 𝐇𝐇𝐇𝐇∞ slightly 
overestimate the field data close to the upper entrance. The best fit is obtained for the 
wall temperature with 𝐃𝐃𝐃𝐃 and 𝐇𝐇𝐇𝐇, whereas the air DTF predicted by these models is 
significantly above the field data. This is confirmed by the time series at R4 station, at 
20 m from the lower entrance (Fig. 9). This station is close enough to the lower entrance 
to get a significant DTF when the lower entrance operates as an inlet. Compared to 
the field data, the wall temperature predicted by the 𝐇𝐇𝐇𝐇 model is shifted to lower 
values, with comparable (slightly lower) amplitudes. In contrast, the model predicts 
that the air temperature fluctuates with a much larger amplitude than the field 
temperatures. 

The comparison between the simulated wall temperature and the field temperatures 
is completed by the time series displayed in Figs. 8a to 8c. At H3 (𝑥𝑥 = 55 m) and R2 
(𝑥𝑥 = 140 m) stations, the simulated wall temperatures follow most of the time the field 
temperatures with a quasi-constant shift to lower values, in agreement with the 
difference between the simulated and field AMT observed in Fig. 7a. An exception is 
the first 30 days of the monitoring period. During this time range, the field 
temperatures globally decrease, whereas all models predict increasing temperatures. 
This discrepancy is due to the approximated initial condition used in the simulations. 
The actual history of the atmospheric temperature before the initial time, different 
from the periodic function assumed in the simulations (see Section 3.2.5), results in 
significant errors during the first month. This time lapse is short compared to the 
duration of the monitoring (1 year). 
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The behavior observed in Fig. 8c at R4 station (𝑥𝑥 = 294 m), located in the lower part 
of the cave, is different from H3 and R2. The evolution of simulated and measured 
temperatures not only differs during the first month of the simulated time range, but 
the field temperature also shows several peaks not predicted by the simulations. They 
are indicated by red arrows in Fig. 8c. The most significant event is not localized at a 
specific time, but extends over approximately two months, from time 𝑡𝑡 = 310 days to 
the end of the monitoring period (see Fig. 8c). The same behavior has been observed 
at station H6 (figure not shown). These events are correlated with the lake level. 
During floods, H6 and R4 stations, both located in the lower part of the cave, are 
submerged, or very close to the water stream which modifies the temperature field in 
the cave. Because of thermal anomalies, a downward water flow induces heat transfer 
from the warmer upper part of the cave to the colder lower part (compare for instance 
the time series of the field temperatures at stations H3 (x=55 m) in Fig. 8a and R4 
(x=294 m) in Fig. 8c). This explains that, in the lower part of the cave, floods always 
result in temperature increases. In Longeaigue cave, the rise of the atmospheric 
temperature with the altitude (see Section 2.2) might also play a role.  

As stated in Section 3.1, heat advection by water flow is not considered in our models. 
Taking into account this effect would require the development of a hydraulic model, 
an intricate task beyond the scope of this article. However, comparisons between field 
and simulated temperatures reveal that the effect of water flow is only perceptible in 
the lower part of the conduit. At higher elevation, the climate is controlled by the 
airflow coupled to heat conduction in the rock mass. This is likely a general pattern in 
case of diffuse recharge through the epikarst. At the top of the massif, water 
infiltration is distributed all over the catchment area inducing low water velocity and 
thus negligible advection compared to heat conduction in the rock mass. When 
flowing downward, water concentrates in specific conduits until it reaches the spring 
where the water velocity, and thus the advection of heat, are maximum. The situation 
would be different in case of concentrated recharge (swallowing stream), as described 
by (Covington et al., 2011; Luhmann et al., 2012; Birk et al., 2006). In this case, the effect 
of water advection on the temperature field would be significant throughout the 
conduit, including its upper part. 
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Fig 9. Temperature time series from field data and HA model at R4 station, at 17 meters from 
the lower entrance.  Positive airflow indicates that the air enters through the upper entrance 
(origin of time: 13/08/2020).  

The effect of the uncertainty on the airflow rate has been investigated by recalculating 
the outputs of 𝐃𝐃𝐃𝐃 and 𝐇𝐇𝐇𝐇 models after multiplying the airflow rate by 1.5 (see 
Appendix D). Although non-negligible, the impact on the results during the 
monitoring year is limited, and does not modify the observations drawn from the 
comparisons between the simulated and field temperatures. However, these 
observations raise issues requiring in-depth analyses developed in the next section:  

1) Models systematically underestimate the annual mean temperatures obtained 
from field data; 

2) Although the temperature sensors are located in the air, the amplitude 
measured in the field are much closer to temperature simulated for the cave 
walls than for the air; 

3) Models with finite or infinite transfer coefficients yields significantly different 
results. What is the most relevant assumption? 

5. Discussion 

5.1. Annual mean temperatures 

As pointed out in Section 4.2, the numerical simulations underestimate by 
approximately 1 or 2°C the AMT obtained from the field data (see fig. 7a). The 
predominant cause of this discrepancy, which is the main weakness of the model, 
must be sought in the boundary conditions at the external surfaces (i.e., the interfaces 
between the rock mass and the atmosphere, see Fig. 6). Indeed, Eqs. (3-4) impose that 
the external surface temperature is equal to the atmospheric temperature. However, 
several effects may induce a significant gap between these temperatures. The energy 
balance at an external surface reads (Salmon et al., 2023): 
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�−𝑘𝑘𝑟𝑟 .∇��⃗ 𝑇𝑇𝑟𝑟� ∙ 𝑛𝑛�⃗ = 𝜑𝜑𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝜑𝜑𝑟𝑟𝑟𝑟𝑟𝑟,𝑙𝑙𝑙𝑙 − 𝜑𝜑𝑟𝑟𝑟𝑟𝑟𝑟,𝑠𝑠𝑠𝑠 + 𝜑𝜑𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒. (20) 

This equation states that the conduction flux leaving the rock (LHS) is the sum of all 
the thermal fluxes transferred from the external surface to the external environment 
(RHS). 𝑛𝑛�⃗  is the normal unit vector pointing to the atmosphere, 𝜑𝜑𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 the convective 
heat flux from the rock to the atmosphere, 𝜑𝜑𝑟𝑟𝑟𝑟𝑟𝑟,𝑙𝑙𝑙𝑙 the net radiative flux lost by the rock 
in the long wave-length range, 𝜑𝜑𝑟𝑟𝑟𝑟𝑟𝑟,𝑠𝑠𝑠𝑠 the sun irradiation (short wave-length range) 
and 𝜑𝜑𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 the latent heat flux (positive for evaporation). Some of these terms tend to 
increase the soil temperature (e.g., the sun irradiation), others to decrease it (e.g., the 
latent heat of evaporation). Molnar (2022) analyzed the atmosphere and soil AMT 
from 212 sites throughout the world. He concluded that the soil temperature is 
generally warmer than the atmosphere. The difference between the AMT of the soil 
and the atmosphere mainly depends on the land surface cover. It approximately 
ranges from 1°C in wetlands and forests to 3-5°C or more in arid or cold regions. Fig. 
10a displays the values measured at different weather stations located in Switzerland. 
Most data are included in the range from 0 to 2°C, with significant variations from 
year to year. 

The sensitivity of the conduit temperature to the temperature of the external surfaces 
was assessed from additional numerical simulations. Fig. 10b displays the AMT of the 
conduit wall obtained from the 𝐇𝐇𝐇𝐇 model in two cases: (a) equal atmospheric and wall 
temperatures, as specified by Eqs. (3-4) (blue curves), (b) external surface 
temperatures increased by ∆𝑇𝑇 = 2°C compared to the atmospheric temperatures (red 
curves). In the latter case, the boundary conditions 

𝑇𝑇𝑟𝑟(0, 𝑟𝑟, 𝑡𝑡) = 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡) + ∆𝑇𝑇          for  𝑅𝑅𝑝𝑝(0) ≤ 𝑟𝑟 ≤ 𝑅𝑅𝑑𝑑𝑑𝑑𝑑𝑑 , (21) 

𝑇𝑇𝑟𝑟(𝐿𝐿𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , 𝑟𝑟, 𝑡𝑡) = 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡) + ∆𝑇𝑇   for  𝑅𝑅𝑝𝑝(𝐿𝐿𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) ≤ 𝑟𝑟 ≤ 𝑅𝑅𝑑𝑑𝑑𝑑𝑑𝑑 , (22) 

have been used instead of Eqs. (3-4). Setting ∆𝑇𝑇 = 2°C is a rough approximation since 
the actual difference between the atmospheric and external surface temperatures is 
unknown and may vary with time and space. However, this is relevant for a 
sensitivity analysis. To simulate a large time range (200 years) with a reasonable 
computational time, we used the simplified atmospheric temperatures of Eq. (1) and 
the same kind of simplified function for the air flowrate (dashed line in Fig. 5a). The 
initial condition was determined using the method detailed in Section 3.2.5. Fig. 10b 
shows that increasing the external surface temperatures by 2°C results in a similar 
temperature raise throughout the conduit wall, over the entire time range considered 
in the simulations (200 years). This result strongly suggests that the main source of 
discrepancy between the field and simulated AMT at the conduit wall may be the 
boundary conditions at the external surfaces.  

Improving the accuracy of the model thus necessitates to replace Eqs. (3-4) with more 
realistic boundary conditions, based for instance on the energy balance Eq. (20). This 
would require appropriate models for assessing the various terms included in this 
equation (see for instance Larwa, 2018), and thus the monitoring of additional input 
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data (e.g., the wind velocity for the assessment of 𝜑𝜑𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 or the sky temperature for 
𝜑𝜑𝑟𝑟𝑟𝑟𝑟𝑟,𝑙𝑙𝑙𝑙). An alternative could be to disseminate temperature sensors at a few tens of 
centimeters below the external surface and use the measured temperatures in Eqs. (3-
4) instead of the atmospheric temperature. 

 
Fig 10. a) Mean annual temperature difference between the soil and the atmosphere (Tsoil -Tatm) 
for some different weather stations in Switzerland (from Federal Office for Meteorology and 
Climatology of Switzerland (2024)). The soil temperature is measured at 5 cm depth, the 
atmospheric temperature at 2 m above the ground. b) Effect of the external surface 
temperatures on the AMT of the conduit wall (numerical simulations with simplified time 
functions for the air flowrate and the atmospheric temperature, HA model). Blue curves: 
external surface temperature equal to the atmospheric temperature (Eqs. (3-4)). Red curves: 
external surface temperatures increased by ∆𝑇𝑇 =2°C (Eqs. (21-22)). Dashed lines: initial 
conditions obtained by solving the diffusion problem. The arrows point to increasing times 
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5.2. Temperature fluctuations 

The ATF and DTF of the air predicted by 𝐃𝐃𝐃𝐃 and 𝐇𝐇𝐇𝐇 models show significant 
discrepancies with field data (see Figs. 7b and 7c). 𝐃𝐃𝐃𝐃∞ and 𝐇𝐇𝐇𝐇∞ better fit the 
measured values, but are slightly less accurate than the wall temperatures yielded by 
𝐃𝐃𝐃𝐃 and 𝐇𝐇𝐇𝐇 models. This is unexpected since the temperature sensors are located in 
the airflow, not in the rock. There are two possible explanations for this: (1) 𝐃𝐃𝐃𝐃 and 
𝐇𝐇𝐇𝐇 models fail in predicting the air temperature, 𝐃𝐃𝐃𝐃∞ and 𝐇𝐇𝐇𝐇∞ models based on 
infinite transfer coefficients and equal temperatures in the air and the wall are closer 
to reality; (2) The wall temperature from 𝐃𝐃𝐃𝐃 and 𝐇𝐇𝐇𝐇 models fit well the field 
temperatures because the temperature sensors measure the wall temperature rather 
than the air temperature. Although counterintuitive, the latter explanation is the most 
likely. A first point is that the local air temperature 𝑇𝑇𝑎𝑎 varies within the cross-section, 
and reaches the rock temperature at the conduit wall. Incidentally, the mixing 
temperature of the air 𝑇𝑇�𝑎𝑎 provided by the numerical simulations is a cross-sectional 
averaged temperature. Considering its definition in Eq. (8), we expect 𝑇𝑇�𝑎𝑎 to be quite 
close to the local temperature in the center of the conduit, where the local velocity is 
maximum. A second point to be considered is that a temperature sensor always 
measures its own temperature (Lundström and Mattsson, 2020), which might differ 
from the temperature of the surrounding fluid. 

Fig. 11 displays the temperatures measured in the air at H1 station (at 16 m from the 
upper entrance) during approximately a month. Two temperature sensors were 
installed, a Hobo Water Pro v2 at a few centimeters from the wall (similar to the other 
probes used in this study) and a Pt100 sensor suspended approximately in the center 
of the conduit. Fig. 11 shows that the amplitude of the daily oscillations measured by 
the Pt100 is two or three times larger than that measured by the Hobo Water sensor.   

As pointed out by Lundström and Mattsson (2020), a sensor immersed in a transparent 
fluid (the air in the present case) receives a convective flux from the fluid and a net 
radiative flux from the conduit wall. Therefore, its temperature is a weighted average 
of the air and wall temperatures. A simple model based on the energy conservation 
yields the following expression for the sensor temperature (Lundström and Mattsson, 
2020): 

𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 =
ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + ℎ𝑟𝑟𝑟𝑟𝑟𝑟
𝑇𝑇𝑎𝑎 +

ℎ𝑟𝑟𝑟𝑟𝑟𝑟
ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + ℎ𝑟𝑟𝑟𝑟𝑟𝑟

𝑇𝑇𝑤𝑤 (21) 

where ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 and ℎ𝑟𝑟𝑟𝑟𝑟𝑟 are the convective and radiative transfer coefficients at the 
sensor surface. Eq. (21) qualitatively explains the results displayed in Fig. 11. A 
temperature sensor measures the air temperature if convection prevails over radiation 
(i.e., if ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ≫ ℎ𝑟𝑟𝑟𝑟𝑟𝑟). Otherwise, it measures a temperature in between the wall and 
air temperatures, or even the wall temperature if ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ≪ ℎ𝑟𝑟𝑟𝑟𝑟𝑟. ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is an increasing 
function of the air velocity and a decreasing function of the sensor size. ℎ𝑟𝑟𝑟𝑟𝑟𝑟 is 
proportional to the emissivity of the sensor surface. Compared to the Pt100 sensor, the 
Hobo Water sensor is larger (30 mm against 5 mm) and has a higher emissivity 
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(polypropylene sheath against metallic sheath). In addition, the Hobo Water sensor is 
located closer to the wall, where the air flows with a smaller local velocity and a local 
temperature 𝑇𝑇𝑎𝑎 closer to the wall temperature 𝑇𝑇𝑤𝑤. All of these effects bring the Hobo 
Water sensor nearer the wall temperature. This sensor thus yields a better estimate of 
the wall temperature 𝑇𝑇𝑤𝑤 than the air mixing temperature 𝑇𝑇�𝑎𝑎. In contrast, the 
temperature of the Pt100 sensor yields a better estimate of the air temperature in the 
center of the conduit. This interpretation, consistent with the results displayed in Fig. 
11, explains the good agreement between the field data and the wall temperature 
predicted by 𝐃𝐃𝐃𝐃 and 𝐇𝐇𝐇𝐇 models, and the discrepancy with the air temperature. 
Indeed, the configuration of all sensors used in this work is similar to that of the Hobo 
Water sensor used in the comparison displayed in Fig. 11. 

 
Fig 11. Temperature measured by a Hobo Water sensor at a few centimeters from the 
conduit wall and a Pt100 sensor in the center of the conduit. Test section H1 located at 16 m 
from the upper entrance. Positive flowrate indicates airflow entering through the upper 
entrance.    

5.3. Finite versus infinite transfer coefficients 

As pointed out in the introduction, assessing relevant values of the transfer 
coefficients in the complex geometry of a cave is a difficult task. However, the impact 
of transfer coefficients on the prediction of cave climate can be more or less significant 
depending on whether heat transfer is convection-limited or conduction-limited. In a 
previous work (Sedaghatkish et al., 2024), we showed from numerical simulations that 
no accurate estimation of the heat transfer coefficient is required when the Reynolds 
number corresponding to the maximum mass flowrate is larger than 3 × 105 
(conduction-limited regime). Conversely, the heat transfer coefficient is a key 
information when the maximum Reynolds number is lower than 104 (convection-
limited regime). 

The maximum Reynolds number in Longeaigue Cave ranges from 104 to 105, 
depending on the cave section (see Section 3.2.3). Longeaigue Cave is thus in the 
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intermediate regime, in which both convection in the air and conduction in the rock 
mass should be considered. Consequently, the temperature fields predicted by 𝐃𝐃𝐀𝐀 and 
𝐇𝐇𝐇𝐇 (finite transfer coefficients) or by 𝐃𝐃𝐃𝐃∞ and 𝐇𝐇𝐇𝐇∞ (infinite transfer coefficients) are 
significantly different. If we assume that:  

(1) the temperature sensors better estimate the wall temperatures than the air 
temperatures (see Section 5.2),  

(2) the general underestimation of the AMT by all models is mainly due to the initial 
and boundary conditions (see Section 5.1), 

then 𝐃𝐃𝐃𝐃 and 𝐇𝐇𝐀𝐀 models yield more accurate results compared to 𝐃𝐃𝐃𝐃∞ and 𝐇𝐇𝐇𝐇∞ (see 
Fig. 7). With this in mind, the fact that 𝐃𝐃𝐃𝐃∞ and 𝐇𝐇𝐇𝐇∞ better reproduce the measured 
AMT in the upper part of the cave (see Fig. 7a) is likely a coincidence resulting from 
error compensation. In line with this, Fig. 7b shows that, in the same region of the 
cave, the ATF is underestimated by 𝐃𝐃𝐃𝐃∞ and overestimated by 𝐇𝐇𝐇𝐇∞.   

As pointed out in Section 3.1, 𝐃𝐃𝐃𝐃 and 𝐇𝐇𝐇𝐇 models are two limiting cases (no latent heat 
effect in the former case, permanent water film on the cave walls in the latter case). 
Comparisons between the outputs of both models suggest that the effect of the latent 
heat on the cave climate is rather weak (see Figs. 7 and 8). Considering the 
uncertainties on the airflow rate and the temperature measurements, the accuracy of 
𝐃𝐃𝐃𝐃 or 𝐇𝐇𝐇𝐇 models for the prediction of the temperature fields are approximately 
equivalent. 

6. Condensation and evaporation  

6.1. Vapor transfer rate and consequences on paleoclimatology 

Fig. 12a displays the mass fluxes of water vapor at the conduit wall (positive and 
negative for evaporation and condensation, respectively) at two selected times 
corresponding to high air flowrates (𝐇𝐇𝐇𝐇 model). Both mass fluxes are close to the 
maximum values reached during the year, one in summer (𝑡𝑡 = 32.6 days, 𝑚̇𝑚 = 1.26 
kg.s-1, air intake from the upper entrance), the other in winter (𝑡𝑡 = 220.3 days, 𝑚̇𝑚 =
−1.92 kg.s-1, air intake from the lower entrance).  

In summer, evaporation is only observed in areas very close to the entrances: less than 
a meter from the upper entrance, a few meters from the lower entrance. Evaporation 
at the upper entrance arises from the need to increase the relative humidity from 75% 
(the atmospheric humidity) to 100% before condensation starts. At the lower entrance, 
evaporation results from the increase in the wall temperature in the diffusive region. 
With the exception of these two short regions, condensation takes place everywhere 
over the conduit wall. As expected, the condensation rate is maximum close to the 
inlet (the upper entrance), where the temperature contrast between the air and the 
wall is greatest.  However, the condensation rate does not decrease monotonically 
with increasing distance from the upper entrance. Oscillations are correlated with 
conduit size variations (compare Fig. 12a with the conduit perimeter displayed in Fig. 
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2). We demonstrate in Appendix B that, in the turbulent regime and for a given air 
flowrate, the transfer coefficients are inversely proportional to the product of the 
conduit perimeter by the hydraulic diameter. This quadratic dependence results in a 
strong effect of the conduit size on the vapor transfer rate, with highest values in the 
narrowest parts of the conduit.   

In winter, condensation is limited to a few meters from the upper entrance (the air 
outlet in winter). Condensation in this short region results from the decrease in the 
conduit wall temperature in the diffusive region. Evaporation takes place anywhere 
else. As expected, the evaporation rate is maximum close to the inlet (the lower 
entrance). Despite the higher air flowrate in winter, the evaporation rate is lower than 
the condensation rate in summer, for two reasons: (a) lower temperatures in winter 
(especially near the inlets) resulting in lower saturated vapor pressure and thus lower 
vapor concentration in the air; (b) larger conduit size in the lower part of the cave 
compared to the upper part (see Fig. 2), resulting in lower transfer coefficients. The 
total amount of condensation and evaporation is assessed and discussed in Section 
6.2. 

A quantitative estimate of a cave’s thermal response to the outside environment is 
essential for the interpretation of paleoclimate records from speleothems (Lyu et al., 
2024). Although variations in the drip water composition largely control the proxy 
partitioning in speleothems (Fairchild and Baker, 2012), trace elements and oxygen 
isotope fractionation during CaCO3 precipitation are also temperature-dependent 
(Tremaine et al., 2011; Wassenburg et al., 2020) and become significant for temperature 
amplitudes exceeding ±0.5°C. The model developed in this study is capable of 
calculating this amplitude on daily and yearly scale at any location within the cave 
and illustrates the temperature sensitivity in the convection zone. Moreover, Fig. 12a 
(red line) reveals that, in winter, evaporation is present all along the cave at significant 
rates but, in particular, close to the lower cave entrance. There, the evaporation flux 
may reach 2×10-3 g.m-2.s-1 during intense upward air flow (𝑡𝑡 = 220.3 days; 𝑚̇𝑚 = -1.92 
kg.s-1). Whilst this rate is still significantly lower than the potential evaporation rate 
considered in geochemical models (Dreybrodt and Deininger, 2014), it may become 
locally important at very low drip rates feeding speleothems. Results from the highly 
ventilated Longeaigue cave thus suggest that the role of evaporation on the isotope 
proxy record can often be neglected in hydrologically active caves but must be 
considered in semi-arid environments with only sporadic drips 

6.2. Role of condensation in water production 

Evaporation and condensation produce and consume water inside the cave. Fig. 12b 
displays the evaporation rate integrated throughout the conduit wall as a function of 
time (𝐇𝐇𝐇𝐇 model, negative values refer to condensation). Condensation takes place 
during approximately two months in summer. The total amounts of condensed and 
evaporated water during the year were −8.8 × 103 and 16.7 × 103 kg respectively. 
The mass of evaporated water throughout the year is twice the mass of condensed 
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water. These values are low (<0.1%) compared to the water flow-through in the 
groundwater catchment of Raies/Longeaigue system. Nonetheless, our model also 
shows that condensation may happen, preferentially at the upper entrance, during 
downward ventilation regimes. Whilst the total amount of condensed water during 
the 2020-21 annual cycle reached 8800 kg, it is still negligible with respect to the 
hydrological mass balance of Longeaigue cave. In arid environments, this amount 
may nonetheless be sufficient to maintain a moist atmosphere in the upper entrance 
zone of a cave system and thus support the local ecosystem. Because cave-adapted 
species may be sensitive to even small changes in the subsurface environment 
(Medina et al., 2023; Jegla and Poulson, 1970), prediction of the amplitude and 
frequency of temperature changes might be crucial for cave conservation issues.  

 
Fig 12. a) Vapor mass flux at the conduit wall corresponding to high air flowrate events in 
summer (𝑡𝑡 = 32.6 days) and winter (𝑡𝑡 = 220.3 days); insets: zooms in the first 10 meters 
from the entrances b) Evaporation flux integrated over the conduit wall as a function of 
time. In both figures, positive and negative values denote evaporation and condensation, 
respectively (HA model). 
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7. Conclusion 

The main conduit of Longeaigue cave is ventilated by a strong airflow driven by 
chimney effect. In order to predict the temperature field in this conduit, we developed 
a thermal model based on the diffusion equation in the rock mass along with the 
conservation of energy and vapor mass in the airflow. The conduit wall and the air 
are coupled by transfer coefficients assessed from standard correlations for fully 
developed forced convection in pipes. The model has been tested against the field data 
collected in the cave during a complete year. 

The complex geometry of a cave is a serious difficulty for thermal modeling. A major 
simplification was done by assuming a rectilinear conduit of circular cross-section 
with variable diameter. In this context, the conduction problem in the rock mass is 2D 
axisymmetric, and only two independent parameters are required to characterize the 
conduit cross-section: the effective diameter 𝐷𝐷𝑝𝑝 based on the conduit perimeter and 
the hydraulic diameter 𝐷𝐷ℎ. Using 𝐷𝐷𝑝𝑝 in the conservation equations preserves the 
exchange surface between the air and the rock, while 𝐷𝐷ℎ is the relevant geometrical 
characteristic to be used in the estimation of the transfer coefficients. 

The numerical results underestimate by 1 or 2°C the mean annual temperatures 
obtained from field data. This is the most significant weakness of the model. This 
discrepancy is mainly due to the assumption of equal rock and atmospheric 
temperatures at the external surface of the massif. More realistic boundary conditions 
are proposed.  

In contrast, the model accurately predicts the temperature fluctuations from daily to 
yearly time scales, which includes in the specific case of Longeaigue Cave the 
temperature fluctuations generated by intermittent cave closures. The impact of the 
initial condition assessed from a simplified history is limited to the first month after 
the beginning of the simulation. Moreover, comparisons between field and simulated 
temperatures reveal that the effect of water flow due to diffuse water recharge is only 
perceptible in the lower part of the cave. At higher elevation, the temperature field is 
controlled by the airflow coupled to heat conduction in the rock mass. The latent heat 
effect of evaporation and condensation seems to play a minor role on the cave climate. 
However, predicting the order of magnitude of condensation or evaporation rate is 
valuable for applications related to ecology or paleoclimatology. In arid 
environments, maintaining moist atmosphere in the upper part of caves might be 
crucial for the ecosystems. The order of magnitude of evaporation rates also show that, 
in temperate European caves, the role of evaporation on the isotope proxy record can 
often be neglected. 

Compared to heat diffusion in a rock mass, cave ventilation significantly increases the 
depth of natural thermal oscillations and decreases the time of propagation. This 
makes it necessary to develop and test thermal models for the prediction of 
temperature fields in ventilated karst massifs. We provided and discussed simplifying 
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assumptions that allow the accurate prediction of the temperature field in a ventilated 
cave from daily to yearly time scale. However, extrapolating the results of this study 
to larger time horizons (centuries or more) must be undertaken with great caution. 
The long-term impact of geometry simplifications, or initial and boundary conditions, 
will require further research. This study is a first step towards the elaboration and 
validation of models capable of tackling these issues. Our model opens the way for a 
quantitative assessment of the cave’s thermal response at any location, providing a 
well-known cave geometry.  

The thermal model presented in this article is applied to caves naturally ventilated by 
chimney effect. However, some issues raised in this article are relevant to engineering 
applications with artificial ventilation, as mines (Yu et al., 2013; Parra et al., 2006) and 
tunnels (Lv et al., 2020). Defining the right boundary conditions or convection model 
also matters in these configurations. More specifically, there is a growing interest for 
the recovery of geothermal energy from tunnels (Dornberger et al., 2022). Taking into 
account the advection of heat by the airflow and the coupling between convection and 
conduction in the rock mass should improve performance predictions for these 
complex geotechnical structures.   

Appendix A. Effect of the cross-sectional shape on wall temperature and 
heat flux   

The numerical simulation of 3D geometries requires a large amount of computational 
resources.  The objective of this appendix is to test whether a 2D (axisymmetric) 
circular cross-section can be substituted for the 3D geometry of a real conduit with an 
acceptable loss of accuracy. To address this issue, we computed the temperature field 
in the rock mass surrounding the conduits displayed in Fig. A1. Three cases are 
considered: (a) the circular shape, (b) the triangular shape as an instance of simple 3D 
geometry, (c) a more complicated shape obtained from a survey in a real cave. The 
conduit perimeter P is expected to be an important parameter since it imposes the 
exchange surface between the rock and the air (see Eqs. 7 and 11). Therefore, all the 
comparisons between the different shapes displayed in Fig. A1 will be done between 
conduits of equal perimeter 𝑃𝑃.  

The transient conduction equation is solved in the cross-sectional plane assuming 
uniform temperature in the direction parallel to the conduit. The temperature of the 
dry air inside the conduit follows a sinusoidal function of time. The heat flux at the 
conduit wall is deduced from the Newton’s law of cooling, assuming uniform heat 
transfer coefficient all along the conduit circumference.  

The problem variables are the coordinates x and y, the time t, the temperature in the 
rock mass 𝑇𝑇𝑟𝑟, and the temperature of the air 𝑇𝑇�𝑎𝑎. The corresponding dimensionless 
variables read: 
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𝑋𝑋 =
𝑥𝑥
𝐿𝐿𝑑𝑑

,𝑌𝑌 =
𝑦𝑦
𝐿𝐿𝑑𝑑

, 𝑡𝑡∗ =
𝑡𝑡
𝜏𝜏

,𝜃𝜃𝑟𝑟 =
𝑇𝑇𝑟𝑟 − 𝑇𝑇𝑚𝑚
𝛥𝛥𝛥𝛥

,𝜃𝜃𝑎𝑎 =
𝑇̄𝑇𝑎𝑎 − 𝑇𝑇𝑚𝑚
𝛥𝛥𝛥𝛥

 
(A1) 

where 𝑇𝑇𝑚𝑚 is the mean temperature of the air and 𝛥𝛥𝛥𝛥 the amplitude of the temperature 
fluctuations of period 𝜏𝜏. 𝐿𝐿𝑑𝑑 = √𝛼𝛼𝑟𝑟𝜏𝜏 is the diffusion length in the rock mass. 𝑃𝑃∗ = 𝑃𝑃

𝐿𝐿𝑑𝑑
 and 

𝐷𝐷𝑝𝑝∗ = 𝐷𝐷𝑝𝑝
𝐿𝐿𝑑𝑑

= 𝑃𝑃
𝜋𝜋 𝐿𝐿𝑑𝑑

 are the dimensionless perimeter and perimeter-based diameter of the 

conduit, respectively. 

The diffusion equation reads: 

𝜕𝜕2𝜃𝜃𝑟𝑟
𝜕𝜕𝑋𝑋2

+
𝜕𝜕2𝜃𝜃𝑟𝑟
𝜕𝜕𝑌𝑌2

=
𝜕𝜕𝜃𝜃𝑟𝑟
𝜕𝜕𝑡𝑡∗

 
(A2) 

The Newton’s law of cooling yields the boundary condition at the conduit wall: 

�−∇��⃗ 𝜃𝜃𝑟𝑟� ∙ 𝑛𝑛�⃗ = 𝐵𝐵𝐵𝐵(𝜃𝜃𝑟𝑟 − 𝜃𝜃𝑎𝑎)     with 𝜃𝜃𝑎𝑎 = sin(2𝜋𝜋𝑡𝑡∗) (A3) 

where the Biot number 𝐵𝐵𝐵𝐵 = ℎ𝑡𝑡𝐿𝐿𝑑𝑑
𝑘𝑘𝑟𝑟

 is the dimensionless heat transfer coefficient. 𝑛𝑛�⃗  is the 

outward unit normal vector. From air mass flowrate measurements and correlations 
in Appendix B, the maximum heat transfer coefficient in Longeaigue is of the order of 
20 W.m-2.K-1. Therefore, 𝐵𝐵𝐵𝐵 can be as high as 3 for the daily fluctuations (𝜏𝜏=1 day and 
𝐿𝐿𝑑𝑑 = 0.32 m) and 50 for the annual fluctuations (𝜏𝜏=1 year and 𝐿𝐿𝑑𝑑 = 6.1 m). The 
computational domain is sufficiently large to make the external boundaries adiabatic. 
The simulation time is increased until the periodic regime is reached. 

Fig. A2 shows the amplitude of the local temperature fluctuation along the conduit 
circumference. The 3D shape of the triangular and real cross sections results in non-
uniform fluctuations, lower in the corners and larger in the tips. However, the 
amplitudes averaged over the conduit circumference are close from each other (less 
than 4% difference). Therefore, if we just need the mean temperatures, the circular 
cross-section (a) with the same perimeter as the 3D shapes (b) and (c) yields satisfying 
results.  

 
Fig A1: Three different conduit shapes (the figures are not scaled). Cross-section (c) was 
surveyed at 47.7 m from the entrance of D7.1 Cave located in Sieben Hengste, Switzerland 
(Sedaghatkish et al., 2024). 
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Fig A2. Amplitude of the temperature fluctuations along the conduit circumference (solid 
lines) and corresponding averaged values (dashed-dotted lines), for  𝐵𝐵𝐵𝐵 = 15.9 and 𝐷𝐷𝑝𝑝∗ =
𝑃𝑃∗/𝜋𝜋 = 0.378.  For case (b), the origin of the curvilinear coordinate is taken in a corner of 
the triangle. For case (c), the position of the maximum is indicated by a star in Fig. A1c.  

We performed a systematic parametric study varying the Biot number 𝐵𝐵𝐵𝐵 and the 
perimeter-based diameter 𝐷𝐷𝑝𝑝∗. The amplitude of the wall temperature variations is 
displayed in Fig. A3. The maximum difference between circular and 3D cross sections 
is less than 20 %. We are also interested in the heat flux through the conduit wall 
integrated over the conduit perimeter 𝛷𝛷 = ∫ 𝐵𝐵𝐵𝐵(𝜃𝜃𝑟𝑟 − 𝜃𝜃𝑎𝑎)𝑃𝑃 𝑑𝑑𝑙𝑙 (where 𝑙𝑙 is the curvilinear 
coordinate over the conduit circumference). Fig. A4 compares the values obtained for 
the three cross-sectional shapes. The difference between the circular cross section and 
the other ones increases with Biot number. It never exceeds 25%.  

This simple study suggests that substituting a conduit with a circular cross-sectional 
shape to the real 3D geometry results in a reasonable loss of accuracy, if we content 
ourselves with the temperatures and heat fluxes averaged over the conduit 
circumference.   
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Fig A3. Amplitude of the temperature fluctuations averaged over the conduit perimeter, for 
different values of the perimeter-based diameter  𝐷𝐷𝑝𝑝∗ = 𝑃𝑃∗/𝜋𝜋  and the Biot number 𝐵𝐵𝐵𝐵.  
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Fig A4. Fluctuation amplitude of the wall heat flux integrated over the conduit circumference, 
for different values of the perimeter-based diameter 𝐷𝐷𝑝𝑝∗ = 𝑃𝑃∗/𝜋𝜋  and the Biot number 𝐵𝐵𝐵𝐵. 
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Appendix B. Estimation of heat and mass transfer coefficients at the conduit 
wall 

In the turbulent regime, the heat transfer coefficient is obtained from correlations 
between the Reynolds (Eq. 17), Prandtl and Nusselt numbers, respectively defined as:  

𝑃𝑃𝑃𝑃 = 𝑐𝑐𝑝𝑝,𝑎𝑎𝜇𝜇𝑎𝑎
𝑘𝑘𝑎𝑎

   and    𝑁𝑁𝑁𝑁 = ℎ𝑡𝑡𝐷𝐷ℎ
𝑘𝑘𝑎𝑎

 (B1) 

Nu and Re are based on the hydraulic diameter 𝐷𝐷ℎ to account for the specific shape of 
the conduit. The Gnielinski correlation (Gnielinski, 1975) has the advantage to take 
into account the wall roughness. This correlation reads: 

𝑁𝑁𝑁𝑁 =
�𝑓𝑓𝑑𝑑8 � (𝑅𝑅𝑅𝑅− 1000)𝑃𝑃𝑃𝑃

1 + 12.7(𝑓𝑓𝑑𝑑8 )0.5(𝑃𝑃𝑃𝑃2/3 −1)
   for 𝑅𝑅𝑅𝑅 ≥ 4000 

 

(B2) 

The Darcy friction factor 𝑓𝑓𝑑𝑑, which depends on the wall relative roughness 𝜀𝜀 and the 
Reynolds number, was estimated from the Haaland correlation (Haaland, 1983): 

1
�𝑓𝑓𝑑𝑑

= −1.8 𝑙𝑙𝑙𝑙𝑙𝑙 �(
𝜀𝜀

3.7
)1.11 +

6.9
𝑅𝑅𝑅𝑅

� (B3) 

In the laminar regime, the Nusselt number is equal to a constant that depends on the 
conduit shape. For a circular cross-section, we get: 

𝑁𝑁𝑁𝑁 = 3.66      𝑅𝑅𝑅𝑅 ≤ 2000 (B4) 

We did not try to adapt the value of the constant to the actual shape of the conduit. 
Indeed, the heat transfer coefficient in the laminar regime is small. It is thus not 
expected to have significant effect on the results.  

In all simulations, the Prandtl number was set to 𝑃𝑃𝑃𝑃 = 0.71 (from Table 3), and the 
wall relative roughness to 𝜀𝜀 = 0.01. The resulting function 𝑁𝑁𝑁𝑁 = 𝑓𝑓(𝑅𝑅𝑅𝑅) is displayed in 
Fig. B1. A “smooth” transition between the laminar and turbulent regimes was 
achieved using the step function of Comsol Multiphysics for 2000 < 𝑅𝑅𝑅𝑅 < 4000. 
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Fig B1. Nusselt number as a function of the Reynolds number for three different relative 
wall roughness and 𝑃𝑃𝑃𝑃 = 0.71.   

Using the Lewis analogy (Cussler and Cussler, 2009), the mass transfer coefficient hm 
is obtained by substituting the Sherwood number 𝑆𝑆ℎ = ℎ𝑚𝑚𝐷𝐷ℎ

𝐷𝐷𝑤𝑤
 and the Schmidt number 

𝑆𝑆𝑆𝑆 = 𝜐𝜐
𝐷𝐷𝑤𝑤

 for Nu and Pr  in Eqs. (B2) and (B4). It is worth noting that gases verify Sc ≈ Pr 

(from Table 3, Sc ≈ 0.59 and Pr ≈ 0.71). The Sherwood number 𝑆𝑆ℎ used in the 
simulations is thus close to the Nusselt number 𝑁𝑁𝑁𝑁 displayed in Fig. B1. 

A simple relation between transfer coefficients on one hand and the air flowrate and 
the conduit geometry on the other hand can be easily deduced from Fig. B1. This 
figure shows that, in the turbulent regime (i.e., for  𝑅𝑅𝑅𝑅 ≥ 4000) and for a rough tube, 
the Nusselt number is approximately proportional to the Reynolds number (these 
results can also be deduced from Eqs. (B2-3)). The definitions of the Nusselt and 
Reynolds numbers yields: 

ℎ𝑡𝑡 ∝  
𝑚̇𝑚
𝑃𝑃 𝐷𝐷ℎ

  (B.5) 

The same relation can be inferred for ℎ𝑚𝑚 using the Lewis analogy. The heat and mass 
transfer coefficients are thus proportional to the air flowrate and inversely 
proportional to the product of the perimeter by the hydraulic diameter.  

Appendix C. Solver stabilization 

The Galerkin method used in Comsol Multiphysics is numerically unstable for the 
hyperbolic partial differential Eqs. (7) and (11). Classically, stabilization is achieved by 
adding in the equations a minor amount of artificial diffusion.  

The general 1D advection-diffusion equation for the arbitrary variable S reads: 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑐𝑐
𝜕𝜕2𝑆𝑆
𝜕𝜕𝑥𝑥2

+ 𝐹𝐹 
(C1) 
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u and c are the velocity and diffusivity, respectively. F is a source term. It has been 
mathematically proven that the Galerkin method is numerically stable if the cell Peclet 
number 𝑃𝑃𝑃𝑃 is lower than a critical value 𝑃𝑃𝑃𝑃𝑐𝑐 (Kuzmin and Hämäläinen, 2015): 

𝑃𝑃𝑃𝑃 =
|𝑢𝑢|ℎ
𝑐𝑐

<  𝑃𝑃𝑃𝑃𝑐𝑐 
(C2) 

where h is the mesh element size and 𝑃𝑃𝑃𝑃𝑐𝑐 = 2. Obviously, Eqs. (7) and (11) cannot 
satisfy Eq. (C2) since, in these equations, 𝑐𝑐 = 0 results in 𝑃𝑃𝑃𝑃 → ∞. 

This problem is solved by adding in Eqs. (7) and (11) an artificial diffusion term 
(equivalent to the first term in the RHS of Eq. C1), with a variable diffusivity set to 
satisfy the condition in Eq. (C2): 

𝑐𝑐 = max �𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚 ,
𝑢𝑢 ℎ
𝑃𝑃𝑃𝑃𝑐𝑐

� (C3) 

where 𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚 is a lower bound of the virtual diffusivity, set to the air thermal diffusivity 
in Eq. (7) and the water vapor diffusivity in Eq. (11).  

Eq. (C3) insures the numerical stability of the Galerkin method, but we must check 
that the artificial diffusion introduced in the equations does not significantly affect the 
results.  The virtual diffusivity 𝑐𝑐 is a decreasing function of the mesh size. The final 
test for the regularization validity consists in reducing the mesh size until it has no 
significant effect on the results.  

Appendix D. Impact of the air flowrate uncertainty on the model outputs 

Figs. D1a to D1c display the impact of the air flowrate uncertainty on the conduit wall 
and air temperatures obtained from HA and DA models. We assume that the actual 
air flowrate is in the range from the measured value to this value multiplied by 1.5.  
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Fig D1. Impact of the air flowrate uncertainty on the model outputs, (a) AMT, (b) ATF, (c) 
DTF. The solid and dash-dotted lines delineate the uncertainty ranges for the conduit wall 
and the air temperatures, respectively. 
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Chapter 4: Developing an aeraulic-thermal model for 
ventilated caves with known cave resistance 
(unpublished) 
4.1 Introduction 

The thermal models developed in the previous chapters consider the air mass flow 
rate as an input. In Chapt. 2, a simplified function of mass flow rate was estimated 
based on the difference between the constant temperature in a vertical conduit in the 
deep karst and the atmosphere temperature assuming only annual temperature 
fluctuation. In Chapt. 3, the mass flow rate was measured by installing an anemometer 
close to the upper entrance of Longeaigue cave. 

In this chapter, we further develop an aeraulic-thermal model designed not only to 
predict the thermal response of a ventilated cave (the main focus of Chapt. 3) but also, 
to calculate the air mass flow rate. The only inputs for this model are the external 
temperatures and the cave's aeraulic resistance, a geometric parameter that 
determines how much airflow passes through a ventilated conduit under a given 
driving force. In ventilated caves, this driving force is primarily defined by the 
temperature (density) difference between the interior and exterior of the cave, as well 
as by the conduit’s length and slope. This chapter serves as a complementary section 
to the thermal model developed in Chapt. 3. A complete understanding of the thermal 
model analyzed in the previous chapter is a prerequisite for reading this chapter. 

4.2 Governing equations 

So far, the momentum equation was not considered in the thermal model (Chapt. 3) 
as the mass flow rate was directly measured inside the cave. In this chapter, the 
momentum equation must be added besides other governing equations described in 
Sect. 3.2. The humid air scenario with a finite heat transfer coefficient (HA) is 
investigated as a basis for developing an aeraulic-thermal model. 

Recalling all the equations and variables defined in Chapt. 3, the momentum balance 
for airflow inside a ventilated conduit can be defined as: 
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 (1) 

m  is the air mass flow rate, fd is the Darcy friction factor calculated by Haaland 
correlation (Haaland, 1983). aρ  is the air density inside the cave. θ  is the angle 
between gravity and the velocity vector in the conduit when the airflow direction is 
from the upper to the lower entrance (see Fig. 3 in Chapt. 3). ap is the mean air 
pressure averaged over the conduit cross-section as follows: 
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Introducing the deviation from the hydrostatic pressure field a a atmP p p= − along with 
the assumption that the atmosphere is at mechanical equilibrium when

cos( ( ))atm
atm

dp g x
dx

ρ θ= − , Eq. (1) can be rewritten as: 
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(3) 

The atmosphere density atmρ is calculated based on the ideal gas law as a function of 

atmosphere Tatm and pressure patm. Moreover, aρ can be estimated from ap  and aT  
assuming that the ideal gas law holds for the section-averaged variables, which is a 
correct approximation if temperature and pressure variations over a given section are 
weak. By taking integral over the conduit length between the two entrances, the LHS 
of Eq. (3) which is the gradient of pressure difference between the atmosphere and the 
cave, becomes zero because we assume at both entrances a atmp p=  . 

While the first term in RHS of Eq. (3) shows the friction term, the second and third 
terms correspond to inertia and the last term displays the driving force associated with 
a chimney effect due to the density difference between the air inside and outside the 
cave. Equation (3) can be simplified further by neglecting the inertia terms. By taking 
an integral over the conduit length, the momentum balance can be defined as: 

3 0
0

( ) ( ) cos( ( )) 0
8 ( )

cave
cave

L
Ld

a atm
a

f P xm m dx g x dx
A x

ρ ρ θ
ρ

− − − =∫ ∫   
(4) 

 

The first and second integral in the above equation is called cave aeraulic resistance 
(AR) and the driving force originated by the chimney effect, respectively. AR can be 
defined as: 

3
0

( )
8 ( )

caveL
d

a

f P xAR dx
A xρ

= ∫  
(5) 

Theoretically, AR is a function of the cave geometry as given in Eq. (5). Calculation of 
AR using Eq. (5) is not straightforward due to the complicated cave geometry such as 
the irregularities along the cave passage. Alternatively, it is advised to determine the 
aeraulic resistance based on the measured mass flow rate and driving force 
(Lismonde, 2002). More information about calculation of the aeraulic resistance in 
ventilated caves is found in (Pastore et al., in prep.). Thus, considering a known cave 
resistance (AR) the final form of momentum balance can be defined as: 
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0
( ) cos( ( )) 0caveL

a atmm m AR g x dxρ ρ θ− − − =∫   (6) 

Equation (6) should be solved at the same time with all the equations given in Sect. 3.2 
in Chapt. 3. According to (Pastore et al., in prep) the AR in Longeaigue cave for 
downward and upward flow is about 72 and 22 (kg-1.m-1), respectively. It is necessary 
to mention that Eq. (6) should be ignored during closure periods assuring the mass 
flow rate is zero when air circulation is blocked by the lake. More precisely, when the 
cave closure indicator (see Fig. 4 in Chap. 3) is zero, then the mass flow rate becomes 
zero otherwise Eq. (6) must be taken into account. 

4.2.1 Modification of the external rock temperature 

One of the main discrepancies observed between the simulation results and the field 
data in Chapt. 3 was a difference between the AMTs. In Sect. 5.1 of Chapt. 3, we 
discussed that the external ground surface temperature may be higher than the 
atmosphere temperature by a few degrees which diverges from the boundary 
condition taken in Eqs. (3-4) in the same chapter.  Whilst finding the right values of 
ground temperature is out of scope of this project, they are modified as follows: 

𝑇𝑇𝑟𝑟(0, 𝑟𝑟, 𝑡𝑡) = 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡) + 3℃              for  𝑅𝑅𝑝𝑝(0) ≤ 𝑟𝑟 ≤ 𝑅𝑅𝑑𝑑𝑑𝑑𝑑𝑑  (7) 

𝑇𝑇𝑟𝑟(𝐿𝐿𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , 𝑟𝑟, 𝑡𝑡) = 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡) + 3℃       for  𝑅𝑅𝑝𝑝(𝐿𝐿𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) ≤ 𝑟𝑟 ≤ 𝑅𝑅𝑑𝑑𝑑𝑑𝑑𝑑  (8) 

The modifications to Eqs. (7-8) are not based on direct observation or measurement 
but aim only to demonstrate the effect of rock surface boundary conditions on the 
AMT of numerical simulations.    

The initial condition of the domain is also impacted by this modification as the surface 
rock temperature was approximated 3 ℃ higher than the external atmosphere 
temperature. The determination of the initial condition follows the same procedure as 
explained in Sect. 3.2.5 of Chapt. 3 considering the modification in Eqs. (7-8). 

4.3 Results 

Figure 1 shows the mass flow rate computed from the developed aeraulic-thermal 
model (indicated by green line) considering HA scenario and modified ground surface 
temperatures in Longeaigue cave (see Sect. 4.2.1). Another scenario assumes that there 
is no lake causing the airflow always circulates in the cave without any restriction 
(indicated by blue line). When the cave is open the difference between these two cases 
is negligible. 

The uncertainty of water lake measurement for detecting the cave closure periods, the 
possible presence of a secondary conduit (Fig. 1 in Chapt. 3) as well as the uncertainty 
on the position of the anemometer (mentioned by Pastore et al., (2024)) described in 
Appendix 4 in Chapt. 3 causes some discrepancies between the modeled and 
measured mass flow rate.  



 
 

120 
 

Figure 2 displays the wall AMT, ATF and DTF of the aeraulic-thermal model 
developed in this chapter and the thermal model (based on Chapt. 3) for the HA 
scenario considering the modified ground surface temperature. The effect of the 
higher surface rock temperature is evident as it raises the AMT of numerical 
simulations in Fig. 2a compared to Fig. 7a in Chapt. 3. The small difference between 
the thermal-model results (indicted by the red line) using measured mass flow rate 
and the aeraulic-thermal model calculating mass flow rate (indicated by green line) in 
Fig. 2 confirms the efficiency of the developed aeraulic-thermal model for predicting 
the thermal response of a ventilated cave. This is confirmed by the close values of 
AMF, AFF and DFF between the aeraulic-thermal model and the measured ones from 
field data shown in Table 1. 

The lack of lake (or cave closure) results in a decreased AMT as can be seen in Fig. 2a. 
According to Table 1, this is due to the fact that the annual mean flowrate (AMF) value 
without the lake is more negative (-0.286 kg/s) than the case considering the lake effect 
(-0.127 kg/s). The more intense upward flow reduces the AMT for about 0.5 ℃ in 
average in the middle parts of the cave (see blue line in Fig. 2a). Table 1 shows the 
amplitude of the main dominant modes of the measured mass flow rate as well as the 
ones calculated from the aeraulic-thermal model. Moreover, the absence of cave 
closure increases the ATF and DTF similarly by increasing the AFF and DFF (annual 
and daily flowrate fluctuations).  
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a  

b  

Figure 1. The modelled and measured mass flow rate for different periods (The origin of 
time series corresponds to 13/08/2020) a) between 0 and 75 days b) between 210 and 270 
days 
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a  

b  

  c  

Figure 2. AMT(a), ATF (b) and DTF (c) from the field data and the numerical simulations. 
Only wall temperatures are shown in simulation results. 
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Table 1. AMF, AFF and DFF of measured and calculated mass flow rate from aeraulic-
thermal model (with and without cave closure) 

 AMF (kg/s) AFF (kg/s) DFF (kg/s) 

Field data -0.127 0.260 0.117 

Aeraulic-thermal model 
with cave closure (real 
case) 

-0.153 0.244 0.109 

Aeraulic-thermal model 
without cave closure 
(fictional case) 

-0.286 0.513 0.207 

4.4 Discussion 

The aeraulic-thermal model uses the known and measured cave aeraulic resistance as 
an input. AR was derived from the curve fitting between the squared measured mass 
flow rate and the measured driving force for upward and downward flows (Pastore 
et al., in prep). In this section, we investigate the difficulties and challenges for 
calculation of the cave aeraulic resistance based on Eq. (5) and why it cannot be used 
for the estimation of AR.    

Theoretically, in perfect pipe geometries, AR can be calculated with Eq. (5) using an 
accurate estimation of the friction factor, area and perimeter along the cave passage. 
AR is, however, more sensitive to cross-section area as it is inversely proportional to 
the area to power of three and directly proportional to the perimeter. It means that 
smaller and narrower conduits have a big contribution to the aeraulic resistance of 
ventilated conduits. Figure 2 in Chapt. 3 represents the measured cross-section area 
and perimeter every 10 m along the Longeaigue cave. Using Eq. (5), the aeraulic 
resistance based on the distribution of perimeter and area given in this figure and the 
value of 0.04 for the Darcy friction factor (valid for turbulent flow and a relative 
roughness of 0.01 (see Fig. 3b)) is estimated 0.9 kg-1.m-1 which is much smaller than 
the reported values of 72 and 22 kg-1.m-1 for downward and upward flow (Pastore et 
al., in prep). However, whilst representing a correct statistical approximation, the 
narrowest passages may have been omitted. For instance, the cave survey specifies the 
presence of a tight conduit located slightly above station H3 (see Fig. 1 in Chapt. 3) 
whose perimeter, area and length are about 1.25 m, 0.125 m2 and 3 m, respectively. 
This small conduit has an aeraulic resistance of about 7.5 kg-1.m-1 which is much 
higher than the calculated AR (0.9 kg-1.m-1). Thus, small and local narrow passages can 
increase AR extremely demonstrating that a detailed distribution of area and 
perimeter values all along the cave passage is imperative for finding the total AR.   

Although the perimeter and area are essential information for determining AR, they 
are still not enough. We see that the modified AR considering the narrow passage 
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could not compensate the difference with the measured AR. The friction factor (fd) is 
another source of uncertainty. Due to many irregularities and obstacles observed 
along the cave passages, the use of Darcy friction factors for perfect pipes and tubes 
always underestimates the real friction factor. This can be seen in Fig. 3a. Zhou et al., 
(2016) proposed a new correlation for finding friction factors inside rock fractures as 
a function of Reynolds number and relative roughness (ζ is absolute roughness and 
2eh is the hydraulic diameter for an aperture size eh) and they compared it with other 
models including (Zhang and Nemcik, 2013; Masciopinto, 1999; Nazridoust et al., 
2006). It can be seen that the value of the friction factor in turbulent flow at high 
relative roughness (for instance 5 and 500) is one or two orders of magnitude higher 
than lower relative roughness (for instance 0.05). The relative roughness much higher 
than one is not meaningful in standard pipes and this value is considered always less 
than one as displayed in the Moody diagram (Fig. 2b) resulting in smaller Darcy 
friction factors. Jeannin, (2001) also investigated different empirical correlations for 
computing the hydraulic resistance for conduit networks in Hölloch cave in 
Switzerland. Even though his measured values of hydraulic resistance were in good 
agreement with the empirical correlation from (Louis, 1968), significant discrepancies 
were reported in the literature. Care must be taken that some of the empirical 
correlations which have been examined so far, are designed for hydrodynamic models 
and friction factors for aeraulic conduits in natural settings are not well understood 
yet. Nonetheless, there should be a similar analogy for any kind of fluids with the 
same dimensionless quantities (Reynolds number and relative roughness). Moreover, 
the effect of an irregular geometry cannot be captured by a certain roughness and a 
cave is not a succession of straight conduits.  

The Longeaigue cave consists of a succession of irregular conduit sections with 
different dimensions and levels of roughness. As the total aeraulic resistance of a cave 
is the sum of the AR in each segment of the cave, a high value of friction factor or a 
narrow passage of one segment may increase significantly the total value of AR. This 
effect cannot be too considerable in thermal modeling of ventilated caves as the 
sudden increase of friction factor (or sudden reduction of cross-section area) causes 
only a local increase of the heat transfer coefficient. In summary, calculating the AR in 
ventilated caves using Eq. (5) is not practical due to many uncertainties about cave 
dimensions and relative roughness (friction factor). The possible solution for finding 
the friction factor may be resolved by monitoring the local narrow passages along the 
conduit by measuring driving force and airflow rate or probably by conducting 3D 
numerical simulations of turbulent flow within scanned sections of cave passages.       
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a  

b  
Figure 3. a) Friction factor based on different available correlations in literature for rock 
fractures (Zhou et al., 2016) and b) Darcy friction factor for standard pipes (Moody, 1944), 
for different values of Reynolds number and relative roughness  
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Chapter 5: Modelling the thermal response in epikarst 
(unpublished) 
5.1 Introduction 

Epikarst is located at the top of the heterothermic zone in the karst landscape. It can 
be under soil cover or be in direct contact with atmosphere. Epikarst is considered a 
fractured medium consisting of a network of connecting fractures distributed in a rock 
matrix. These fractures have aperture sizes ranging between 0.1 mm and 1 cm leading 
to contrasting permeability values. The permeability of the porous rock matrix in 
epikarst is negligible compared to the main fractures. Its value is in the range of 10-11 
and 10-14 m2 (Dal Soglio et al., 2020a; Dal Soglio et al., 2020b). The absorbed water due 
to the rain or snow melting (stored in the soil) penetrates mainly through the fracture’s 
opening at the top surface of epikarst. The fractures with higher permeability (higher 
aperture size) have the most chance for rapid downward infiltration of water. To put 
it another way, most of the groundwater recharge travels through these high 
permeable fractures compared to the diffusive flux (or seepage flow) in the matrix, as 
shown in Fig. 1.  

  

Figure 1. a) The fast (or concentrated) flow in fractures (Dal Soglio et al., 2020a) and b) the 
diffusive (or slow seepage) flow in matrix (Mangin, 1975) 

As mentioned above, the contribution of the fractures in epikarst for infiltration of 
water is undeniable and these fractures must be taken into account in any hydraulic 
model for accurate simulation of water flux. Berre et al., (2019) provided a review of 
conceptual models for characterizing fractured porous media. The suitable model 
should be selected based on the accuracy expected in the representation of the matrix 
(background medium) and fractures. Figure 2 briefly shows all the available strategies 
for modeling fractured porous media. This figure offers a broad overview of the trade-
offs involved with different models selected for fractured porous media and how 
these models might be treated when applied to a specific problem within a given 

a 
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fractured medium. For instance, if a Discrete Fracture Network model (DFN) 
accurately represents all main fractures in the original medium, and the permeability 
of smaller fractures and matrix can be much less than the main fractures, it is 
considered an ideal model to represent the original medium displayed in Fig. 2 (at top 
right). 

As the fractures can transport the fluid with higher velocity (due to high permeability) 
than matrix, the effect of convective heat flux is important in a fractured medium. 
Here, we review some of the main studies considering convective heat flux in 
fractured media.  

Klepikova et al., (2021) developed a numerical model showing that the variation of 
aperture size is a decisive parameter which leads to the formation, within fracture 
planes, of preferential flow channels controlling flow and transport processes. They 
investigated how the statistical parameters determining spatial aperture variations in 
individual fractures control the convective heat exchange along the fractures. Their 
findings indicate that the thermal behavior of a rough-walled fracture can be 
accurately predicted using a parallel plate model, where the aperture is set to the 
effective hydraulic aperture of the rough fracture.  

 

 

Figure 2. Conceptual models of a fractured porous medium from (Berre et al., 2019) 

 Exploitation of deep geothermal energy in commercial scale necessitates 
enhancement of fractures in geothermal reservoirs through hydraulic stimulation. The 
seismicity induced by such hydraulic stimulation poses significant technical 
challenges and threatens societal acceptance. Therefore, researchers developed 
numerical models to quantify permeability enhancement in fractures during 
hydraulic stimulation and the resulting thermal stress, track its spatial evolution 
during reservoir development, and analyze the seismic processes associated with fault 
slip during stimulation (De Simone et al., 2021; Liu et al., 2020; Patterson et al., 2018; 
Jansen and Miller, 2017). 
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These thermo-hydro-mechanical numerical investigations are performed on a DFN 
(Discrete Fracture Network) prepared beforehand. The DFNs are usually produced 
using probability distribution functions regarding some geometrical information of 
the fractured aquifer such as the number, size and orientation of fractures. More 
information about different approaches to produce DFNs can be found in (Huang et 
al., 2021; Berkowitz, 2002).   

The thermal response of epikarst as a fractured medium is worth to be investigated 
and compared with the results of classical conduction-based models for calculation of 
temperature in karst underground environment (Domínguez-Villar et al., 2013; 
Domínguez-Villar et al., 2023) which are extensively utilized for the interpretation of 
paleoclimate records. The convective heat flux associated with the recharge water 
infiltrating into the distributed fractures may affect the surrounding rock massif. The 
main objective of this chapter is to evaluate the thermal response of epikarst to 
external atmospheric temperature variation and precipitation rates under different 
hydrodynamic situations assuming a 3D computational domain and a network of 2D 
fracture planes.    

5.2 Computational domain and methodology 

5.2.1 Domain geometry 

Information about the exact geometry of fractures distributed in the epikarst is not 
available and, at this stage, we only rely on our conceptual representation for 
designing the computational domain. We consider a rectangular cube representing a 
hypothetical epikarst volume comprising impermeable rock and DFNs as displayed 
in Fig. 3a. The top surface of the domain considers a 30 m × 30 m square catchment 
area without soil cover. The depth of the epikarst is taken at 10 m. A DFN was 
produced using add-in feature in Comsol Multiphysics with minimal information 
based on statistical and geometrical features gathered in Table 1. More detailed 
information about these parameters can be found in (Comsol Multiphysics, user 
guide). The produced meshed DFN as the main hydraulic passage of water in epikarst 
can be observed in Fig. 3b. Moreover, four perfectly horizontal fractures are produced 
to represent the bedding planes (along the main DFN) with 1 cm aperture size.     
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a  

b  

Figure 3. The DFNs and the surrounding impermeable rock of a hypothetical epikarst as 
the computational domain in this study a) the DFNs (blue planes) and rock massif in 
transparent mode b) the computational grid used in this study for DFNs 

Table 1. the statistical information used for producing the DFN in our hypothetical epikarst 
(Comsol Multiphysics, user guide.; Berkowitz, 2002).   

Number of fractures 30 

Aperture size (df) 1 mm 

Size 

Distribution function Uniform random 

Maximum length of fractures 30 m 

Minimum length of fractures 5 m 

Orientation 

Distribution function Fisher 

Dip angle 80° 

Strike angle  45° 

Dispersion coefficient 0.1 
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5.2.2 Governing equations and boundary conditions 

Water flow in epikarst may not saturate the fractures and, depending on the recharge 
rate (precipitation, snowmelt, …), a water table with variable height may be formed 
at the bottom of epikarst, dividing the DFN in two zones: a saturated part where the 
fractures are full of flowing water located under an unsaturated part where the water 
flow only partially fills the fractures. The distribution of the velocity field is different 
for these two zones resulting in contrasting convective heat fluxes. Developing a 
complex model that simultaneously considers both cases demands more 
comprehensive analysis and will not be examined here. The aim is to define two 
extreme scenarios as a lower and higher bound for highlighting the effect of 
convective heat flux on the thermal response of epikarst using a purely qualitative 
approach. Under this frame, we investigate two scenarios corresponding to fully 
saturated and fully unsaturated fractures.  

5.2.2.1 Hydraulic flow for fully saturated fractures 

Flow within a saturated fracture is modeled as a steady-state and incompressible flow 
where viscous forces dominate inertial effects. The continuity and momentum 
equation (considered as Darcy law) through 2D fracture planes distributed in 3D 
impermeable rock massif can be defined as: 

. 0f∇ =u  (1) 

( )f
f t f w

w

k
P ρ

µ
= − ∇ +u g  

(2) 

uf is the velocity field of water inside the fractures, Pf is the fluid pressure, g is the 
gravity acceleration vector, wρ  and wµ  are the density and dynamic viscosity of water, 

respectively. The subscript “f” indicates fracture. The “ t∇ ” indicates the tangential 
derivative along the fracture planes. The kf is fracture permeability and it can be 
calculated by cubic law regarding the aperture size: 

2

12
f

f

d
k =  

(3) 

df is the aperture size of the DFN shown in table 1.  

5.2.2.2 Hydraulic flow for fully unsaturated fractures 

This scenario acts as a lower bound for showing the effect of convective heat flux in 
epikarst. We assume that the pressure is always zero everywhere in the DFN (Pf=0) 
and the water does not fill the fractures flowing downward with uniform velocity. 
This velocity (Uin) can be calculated by assuming a mass balance between the meteoric 
precipitation rate and the water flowrate entering the fractures at the top of the 
epikarst (i.e. no runoff):  
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( )
c rain

in
f f

A UU
d L

=  
(4) 

Lf is the total length of interface lines between the top surface and DFN as displayed 
in Fig. 4a as blue lines (Lf = 173 m). Ac is the catchment area and rainU is the rainfall rate. 
It is imposed that there is a uniform velocity (Uin) in all the fractures without 
conserving mass between the inlet and outlet fractures. Uin is a function of rainfall rate 
and it is taken constant throughout the year. 

5.2.3 Heat transfer (saturated or unsaturated fractures)  

The heat transfer in impermeable rock is considered based on purely conduction:  

2
,

r
r p r r r

Tc k T
t

ρ ∂
= ∇

∂
 

(5) 

Tr is rock temperature. Thermal properties of rock are denoted by “r” subscript. Table 
2 shows all the thermal properties and parameters defined in this chapter.  The energy 
balance in the fractures considering thin thermal approximation (Klepikova et al., 
2021; Liu et al., 2020) can be defined as: 
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ρ ρ

∂
+ ∇ − ∇ = − ∇

∂
u n  

(6) 

Tf is the water temperature inside the fractures and n is the normal vector to fracture 
planes. The RHS in Eq. (6) represents the contribution of the normal component of the 
conductive heat flux from the surrounding rock to the fractures. The velocity field in 
the DFN (uf) can be derived from the two scenarios for fully saturated or fully 
unsaturated fractures, respectively, described previously by Eqs. (2) and (4). At the 
interface of rock with fracture planes:   

Tr=Tf (7) 

Table-2 the thermophysical properties and parameters defined in the model 

Thermophysical properties 
and parameters Values and unit 

rρ  2325 (kg/m3) 

,p rc  841.09 (J/(kg.K)) 

rk  2.302 (W/(m.K)) 

wρ  1000 (kg/m3) 

,p wc  4200 (J/(kg.K)) 

wk  0.582 (W/(m.K)) 

wµ  0.001 (Pa.s) 

Tm 12 ℃ 

T∆  8 ℃ 
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5.2.4 Boundary and initial conditions 

The intersection of 2D fracture planes with the external domain surfaces results in 
some lines which are the boundaries of the DFN in epikarst. For hydraulic flow 
considering fully saturated conditions, the inlet velocity (or zero pressure considering 
the beginning of transition to unsaturation) is considered for the fractures interface at 
top of the epikarst (blue lines in Fig. 4a). Only one fracture interface at the bottom of 
the epikarst is selected as an outlet with zero pressure shown in Fig. 4b. The selection 
of this boundary is completely arbitrary. Impermeable boundary condition (uf=0) is 
applied on the rest of the DFN boundaries at the bottom and external surfaces. 

For hydraulic flow considering fully unsaturated fractures, Eqs. (1-2) are not solved 
and, according to Sect. 2.2.2, the velocity field is considered uniform.  

a  

b  

Figure 4. Boundaries of DFN (lines) and the external surfaces of the rock domain a) top 
surface b) bottom surface 

Thermal boundary conditions for the top external surface of epikarst and its fracture 
interfaces can be defined as: 



 
 

134 
 

2sin( )f r mT T T T tπ
τ

= = + ∆  
(8) 

Tm and T∆  are the yearly average and yearly fluctuations of atmosphere temperature 
(table-2). τ is the periodicity of temperature variations, taken as one year. In this study, 
we assume that the inlet water temperature flowing downward into the epikarst DFN 
has the same temperature as the atmosphere. The remaining boundaries of the DFN 
and rock surfaces are treated as thermal insulation, assuming a zero-temperature 
gradient. Thus, the atmosphere is taken as the only source of heat influencing the 
epikarst by conduction through the impermeable rock or convection through the 
water flux in fractures. 

The uniform temperature Tm is considered as initial condition in all the domain 
including rock and fractures. 

5.3 Results 

In order to see when a fully saturated fracture drains towards an unsaturated state, 
we investigate a transitional case just at the beginning of the unsaturation phase. The 
transition between these two hydraulic states determines the minimum inlet flow rate 
to keep the DFN fully saturated. This transition is achieved only when a zero pressure 
(atmosphere pressure) is applied at the top surface boundaries instead of the inlet 
velocity mentioned in Sect. 2.2.4. Thus, considering a fully saturated DFN, the 
modification of boundary conditions results in an inlet recharge rate of approximately 
1.5×10-2 m3/s. This value is much higher than a maximum recharge rate of 4×10-4 m3/s 
(corresponding to 40 mm/d precipitation over a catchment area of 900 m2). This 
indicates that the fully saturated fracture scenario is not realistic. However, it can 
represent an extreme condition of convective heat flux in epikarst. 

Figure 5 shows the temperature distribution in different vertical slices across the 
epikarst considering a fully saturated DFN case with zero pressure at the top surface. 
The effect of convective heat flux in the epikarst and its propagation into the rock 
massif is obvious. The density of fractures and their connectivity are important factors 
for a rapid downward transfer of water allowing for almost uniform temperatures 
along the fractures and surrounding rock. 

Figures 6 and 7 illustrate the effect of convective heat flux in a fully unsaturated DFN 
with 40 and 4 mm/d precipitation rates, respectively. In the latter, the effect of 
convective flux is negligible due to smaller velocity but in the former, it is still 
impacting the impermeable rock.   
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a  

b  

Figure 5. Temperature distribution in the epikarst for fully saturated DFN a) t=0.25 year in 
the middle of summer b) t=0.75 year in middle of winter 
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a  

b  

Figure 6. Temperature distribution in the epikarst for fully unsaturated DFN corresponding 
to Urain=40 mm/d a) t=0.25 year in middle of summer b) t=0.75 year in middle of winter 
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a  

b  

Figure 7. Temperature distribution in the epikarst for fully unsaturated DFN corresponding 
to Urain=4 mm/d a) t=0.25 year in middle of summer b) t=0.75 year in middle of winter 

5.3.1 Comparison with conduction-base thermal models 

We have seen in Figs. 5-7 that the convective heat flux of water flow can play an 
important role for both, fully saturated and unsaturated DFN with 40 mm/d as 
precipitation rate. Figure 8 shows the temperature profile as a function of depth along 
a vertical line located exactly in the middle of the 3D computational domain (Fig. 3a) 
considering fully saturated and fully unsaturated DFN (i.e. with 4 and 40 mm/d 
precipitation rates) as well as a conduction-based thermal model which ignores the 
water flux in DFN. The thermal response of unsaturated DFN with a low precipitation 
rate is closer to the thermal response of conduction-based models but with increasing 
precipitation rate the thermal attenuation decreases and the deviation from purely 
conduction behavior is obvious.   
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Figure 8. Variation of temperature as a function of depth in the middle of summer and 
winter (t=0.25 and 0.75 years, respectively) considering DFN (different scenarios) and 
purely conduction case when the effect of water infiltration is ignored 

The time series of outlet temperature at the bottom of the epikarst determines how 
much the amplitude of inlet water temperature changes through crossing the DFN. 
Figure 9 displays the outlet temperature time series of the mentioned scenarios as well 
as atmosphere temperature for 2 years. The fully saturated DFN causes an outlet 
temperature following almost the atmosphere temperature without any attenuations 
due to unrealistically high water flux. The unsaturated DFN reduces the amplitude 
with decreasing precipitations or inlet water flux while purely conduction scenario 
has the minimum attenuation compared to other scenarios. For instance, the 
amplitude of the unsaturated DFN scenario with 4 mm/d (denoted by the gray color) 
is about 1℃ higher than the purely conduction scenario. Although considering a 
constant value of 4 mm/d corresponds to an annual recharge of 1460 mm, which is a 
high recharge rate for temperate regions, but still within the range of possible 
conditions. Other hydrodynamic scenarios including the fully saturated and 
unsaturated (with 40 mm/d for precipitation rate) seem to be unrealistic for this study.    
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Figure 9. Atmosphere (red dashed line) and outlet temperature (solid lines) as a function of 
time considering DFN (different scenarios) and purely conduction case 

5.4 Discussion 

We figured out that the maximum daily average precipitation rate (40 mm/d) cannot 
make the fractures in epikarst fully saturated. To reach the fully saturated DFN, the 
minimum flowrate at the inlet of epikarst should be 1.5×10-2 m3/s resulting in 288000 
mm/h as rainfall rate which is not realistic at all. Changing geometrical features of 
epikarst such as fracture densities or aperture sizes may lead to different 
hydrodynamic response. The production of different configurations for DFN and 
investigation of the effect of geometrical features on the hydrodynamic response is 
beyond the scope of this study. The main objective is to emphasize the effect of 
convective heat transfer within the network of connected fractures in a speculative 
geometry reasonably representing the epikarst.  

5.4.1 The airflow in epikarst 

The possibility of airflow due to chimney effect in DFN should be checked. The 
density difference between inside and outside of DFN may initiate an airflow in dry 
condition similar to ventilated caves. Figure 10 shows a single vertical fracture with 
constant wall temperature (Tm). The atmosphere temperature is denoted by Tatm. W, H 
and df are width, height and aperture size of the fracture, respectively. For parallel 
isothermal plates similar to Fig. 10, Rohsenow et al., (1998) reported that the Nusselt 
number in the fully developed regime is given by: 

1/4 4
1 2

10
24

10 10

RaNu for Ra

Nu C C Ra for Ra

≈ <

= < <
 

 

(9) 

C1 and C2 are constant parameters and Ra is the Rayleigh number which is defined as: 
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(10) 

g is gravity acceleration, β is expansion coefficient of air, aυ is air kinematic viscosity 
and aα  is air thermal diffusivity. In order to see how much the air convection heat 
transfer is important within the DFN in epikarst, the maximum Nusselt number is 
calculated corresponding to an extreme condition based on Eq. (10). Table 1 gathers 
all the physical properties and parameters for making a maximum Nusselt number. 
Replacing these values in Eqs. (9-10) results in Ra ≈ 45 and Nu ≈ 1.6. We know Nusselt 
number represents the ratio of total heat flux to conductive heat flux. Thus, the 
convective heat flux by airflow in epikarst can be neglected with a good 
approximation.   

 
Figure 10. A simplified geometry displaying chimney effect inside a vertical fracture 
(W,H>>df)   

 

Table 1. Thermophysical properties and parameters 

Parameter Value and unit 
df 2 [cm] 
H 5 [m] 
Tm 8 [℃] 
Tatm 20 [℃] 
g 9.8 [m/s2] 
β 0.0036 [1/K] 

aυ  1.5e-5 [m2/s] 

aα  2.1e-5 [m2/s] 
C1 1.2 
C2 0.515 
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Chapter 6: Modeling the effect of free convection on 
permafrost melting-rates in frozen rock-clefts 
(published paper) 
Sedaghatkish, A., Doumenc, F., Jeannin, P.-Y., and Luetscher, M.: Modelling the effect of free convection 
on permafrost melting rates in frozen rock clefts, The Cryosphere, 18, 4531–4546, 
https://doi.org/10.5194/tc-18-4531-2024 , 2024 

Abstract 

This research develops a conceptual model of a karst system subject to mountain 
permafrost. The transient thermal response of a frozen rock-cleft after the rise of the 
atmosphere temperature above the melting temperature of water is investigated by 
numerical simulations. Free convection in liquid water (i.e., buoyancy-driven flow) is 
considered. The density increase of water from 0 to 4℃ causes warmer meltwater to 
flow downwards and colder upwards, resulting in significant enhancement of the heat 
transferred from the ground surface to the melting front. Free convection increases the 
melting rate by approximately an order of magnitude compared to a model based on 
thermal conduction in stagnant water. The model outcomes are compared 
qualitatively with field data from Monlesi ice cave (Switzerland) and confirm the 
agreement between real-world observations and the proposed model when free 
convection is considered. 

1. Introduction 

With global climate change and rising temperatures, permafrost degradation has 
become a significant concern (Duvillard et al., 2021; Walvoord and Kurylyk, 2016; Jin 
et al., 2021). This is particularly true in mountain regions where rapid thawing causes 
subsidence and rockfalls impacting construction works and tourist facilities (Haeberli 
et al., 2017). Thawing permafrost poses serious challenges to infrastructures built on 
frozen ground, including buildings, roads, pipelines, and railways (Larsen et al., 2008; 
Cheng, 2005; Pham et al., 2008; Zhang et al., 2005; Fortier et al., 2011). Permafrost acts 
as a natural barrier, preventing water from infiltrating into the ground. As it thaws, 
drainage patterns are altered, leading to increased erosion and discharge of 
groundwater to rivers and lakes (Bense et al., 2012; Andresen et al., 2020; Fabre et al., 
2017; Painter et al., 2016; Walvoord and Kurylyk, 2016). Permafrost degradation can 
also disrupt ecosystems adapted to frozen conditions. Trees, plants, and wildlife that 
rely on permafrost stability may struggle to adapt to climate changes, leading to shifts 
in species distribution and ecosystem dynamics depending on  the permafrost melting 
rate (Hayward et al., 2018; Krumhansl et al., 2015; Pelletier et al., 2018). 

Field measurements in boreholes (e.g. Noetzli et al., 2021; Haberkorn et al., 2021) and 
caves (Luetscher et al., 2008; Colucci and Guglielmin, 2019; Wind et al., 2022) have 
shown that heat advected by water and air fluxes may significantly disturb the 
geothermal field, challenging classical models of heat propagation based on 

https://doi.org/10.5194/tc-18-4531-2024
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conductive fluxes. In carbonate environments, in particular, the infiltration of water 
along well-developed conduits may develop a thermal anomaly deep into the karst 
system. The discontinuous nature of permafrost in karst environments may lead to 
the formation of massive cave ice at depth (Bartolomé et al., 2022) but also explain 
unexpected speleothem formations during glacial times (Luetscher et al., 2015;  
Fohlmeister et al., 2023; Fohlmeister et al., 2023). 

Efforts are being made to study and understand permafrost degradation to mitigate 
its impacts. So far, most studies considered mainly conductive and latent heat fluxes 
(Malakhova, 2022; Galushkin, 1997; Ivanov and Rozhin, 2022; Marchenko et al., 2008; 
Schuster et al., 2018; Jafarov et al., 2012; Cicoira et al., 2019; Hornum et al., 2020). Such 
models are, however, not applicable to heterogeneous, ice-rich media including 
debris-slopes, rock glaciers, fractured and/or karst aquifers. But, even though 
conventional 1D transient models are not suitable to every context, they offer several 
advantages including lower computational costs than 2 or 3D models and easy 
implementation. Pruessner et al., (2021) investigated glacier runoff associated with 
permafrost degradation in high Alpine catchments. They used two different methods 
GERM (Huss et al., 2008) and SNOWPACK (Bartelt and Lehning, 2002) which are 
based on 1D transient conduction considering latent heat exchanges, different thermal 
properties of ground layers constituents and ventilation effects. This distributed 
model is efficient for calculation of temperature in large domains (catchment scale). 
Mohammed et al., (2021) developed a hydro-thermal-solutal model for analyzing 
reactive solute transport in permafrost-affected groundwater system by considering 
convective flux in the energy balance. Tubini et al., (2021) proposed a numerical 
approach for modeling heat transfer of permafrost thawing based on conduction and 
latent heat flux in 1D domain which is capable to deal with high time steps and 
maintains conservation of energy in long-term simulations. Hasler et al., (2011) built 
a conceptual model combining numerical modeling and laboratory experiments to 
investigate the effect of advective heat transport induced by water drainage in frozen 
rock clefts and fractures at small scales. They built a conceptual model combining 
numerical modelling and laboratory experiments. These authors find a significant 
effect of water flow inside the clefts, due to the formation of thermal shortcuts between 
the atmosphere and the subsurface.  

Although, the majority of these studies are designed to address large-scale problems 
they typically neglect free convection within the liquid water phase. This process 
could nonetheless play an important role in the total heat transfer particularly in 
geographically restricted areas subject to mountain permafrost (Haberkorn et al., 
2021). Figure 1-a displays the bottom of a frozen cleft hosted in an Alpine karst. Such 
clefts and fissures are characterized by distinct geometries accommodating contrasted 
volumes of ice. Our aim is to study the effect of free convection on the melting rate in 
frozen rock clefts and/or karst conduits at daily scale. Atmospheric warming at the 
upper boundary melts the ice from top of the fractures, and increases the meltwater 
temperature. While most fluids expand as temperature increases, liquid water shrinks 
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when warmed from 0°C to 4°C. Above this temperature, the common behavior is 
recovered (see the maximum density at 4°C in Fig.2). Therefore, the progressive 
warming of the meltwater at the top of the cleft results in an unstable situation 
(heavier fluid above lighter) that triggers free convection (buoyancy-driven flow). To 
assess the thermal reaction time, and thus hydrological breakthrough associated with 
the thawing of mountain permafrost we model the heat exchange in a frozen rock 
cleft. We assess by numerical simulations the temperature field in the meltwater, ice, 
and surrounding rock, as well as the velocity field within the liquid water to elucidate 
the main mechanisms driving the thawing of ice. Although a physical monitoring of 
such processes is hardly possible, our model fits as close as possible to effective field 
observations. A systematic comparison is conducted under similar thermal settings 
for two cases: one considers heat conduction in stagnant liquid water (SLW) whereas 
free convection (FC) is taken into account in the second case. Our study shows how 
free convection enhances the melting rate of an ice cleft at different aperture sizes.  

2. Computational domain and governing equations 

2.1 Physical model and simplifying assumptions 

We consider the upper part of a single vertical cleft of size aperture Ap filled with pure 
water whose melting point is 𝑇𝑇𝑚𝑚 = 0°C. This cleft is surrounded by a rock mass of 
width W (see Fig.1-b). In karst massifs, water flow concentrates in well-defined 
conduits (Ford and Williams, 2007). The micro-porosity of the rock is thus 
disregarded, and impermeable rock mass is assumed. 

The cleft is located at the center of the 2D domain of height Hdom. In the initial state, 
the system (water and surrounding rock) is at the uniform initial temperature Ti =-
1°C, and all the water is frozen. At time t=0, the temperature of the ground surface Ts 
increases at the constant rate 1.77 ℃/hour to reach 15°C after 9 hours. This 
temperature increase is similar to the daily warming between the early morning and 
the afternoon. 

The effect of the cleft aperture size was investigated by varying Ap from 2 cm to 50 cm. 
We imposed Hdom=0.8 m and W =1 m in all simulations. These values are large enough 
so that the thermal perturbation induced by the presence of the cleft does not reach 
the domain boundaries at the end of the simulated time (9 hours). The vertical and 
bottom boundaries of the domain can therefore be considered as adiabatic (see Fig.1-
b). It is important to note that the domain height Hdom contains only the upper part of 
the cleft, whose actual depth commonly ranges from 1 to 10 m. The value of Hdom used 
in this study is convenient for the daily time scale considered in the numerical 
simulations. Simulating larger time scales would require larger values of Hdom. 

2.2 Governing equations 

The temperature 𝑇𝑇 is the only dependent variable in the impermeable rock domain. It 
satisfies the standard heat equation    
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𝜌𝜌𝑟𝑟𝑐𝑐𝑝𝑝,𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑘𝑘𝑟𝑟(
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

+
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑧𝑧2

) 
(1) 

where 𝜌𝜌𝑟𝑟, 𝑐𝑐𝑝𝑝,𝑟𝑟 and 𝑘𝑘𝑟𝑟 are the rock density, specific heat and thermal conductivity, 
respectively. 𝑧𝑧 is the depth and 𝑥𝑥 the horizontal distance from the symmetry plane of 
the cleft (see Fig. 1-b). 

The water domain is more intricate. The velocity field must be calculated in the liquid 
part of the domain, but reduces to zero in the frozen region. To avoid the difficult task 
consisting in tracking the moving boundary between ice and liquid water, we adopted 
a strategy that allows to define the same set of dependent variables and governing 
equations in the entire water domain. To this end, we do the approximation of smooth 
phase transition between solid and liquid phases. We assume that ice melting begins 
at temperature Tm1 = Tm − ΔT and ends at Tm2 = Tm + ΔT (water is in solid state 
for T < Tm1, in liquid state for T < Tm2, and both phases coexist for Tm1 ≤ T ≤ Tm2). It 
is important to note that in this study, ΔT is a numerical parameter with no physical 
meaning. Ideally, the behavior of a pure substance melting at temperature Tm is 
recovered for ΔT → 0. Decreasing ΔT thus improves the model accuracy, but requires 
more computational resources (see (Michałek and Kowalewski, 2003; Zeneli et al., 
2019; Bourdillon et al., 2015; Arosemena, 2018) for more details). Practically, the setting 
of  ∆T results from a sensitivity analysis. Its value must be decreased until it does not 
change the results. This is the purpose of appendix A, where it is shown that the model 
is a good approximation of a pure substance for ∆T ≤ 0.7°C. 

The dependent variables defined in the water domain are the temperature 𝑇𝑇, the 
horizontal and vertical components of the velocity vector 𝑢𝑢 and 𝑣𝑣, the pressure 𝑝𝑝 and 
the liquid volume fraction 𝜃𝜃. Because of the assumption of smooth phase transition, 𝜃𝜃 
varies continuously from 0 (solid phase) to 1 (liquid phase) throughout the water 
domain (see Fig.1-b). The corresponding governing equations read: 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 (2) 

𝜌𝜌0
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜌𝜌0 �𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑣𝑣
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� = −

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜇𝜇(
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑥𝑥2

+
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑧𝑧2

) + 𝐴𝐴
(1 − 𝜃𝜃)2

𝜃𝜃3 + 𝜀𝜀
𝑢𝑢 

(3) 

𝜌𝜌0
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜌𝜌0 �𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑣𝑣
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� = −

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜇𝜇(
𝜕𝜕2𝑣𝑣
𝜕𝜕𝑥𝑥2

+
𝜕𝜕2𝑣𝑣
𝜕𝜕𝑧𝑧2

) − 𝜌𝜌0𝑔𝑔𝑔𝑔(𝑇𝑇 − 𝑇𝑇0) + 𝜌𝜌0𝑔𝑔 + 𝐴𝐴
(1 − 𝜃𝜃)2

𝜃𝜃3 + 𝜀𝜀
𝑣𝑣 

(4) 

𝜌𝜌𝑐𝑐𝑝𝑝
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜌𝜌𝑐𝑐𝑝𝑝(𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑣𝑣
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

) − 𝑘𝑘(
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

+
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑧𝑧2

) = 0 
(5) 
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𝜃𝜃 =

⎩
⎨

⎧
0                                 𝑇𝑇 < 𝑇𝑇𝑚𝑚1(Solid)
𝑇𝑇 − 𝑇𝑇𝑚𝑚1

𝑇𝑇𝑚𝑚2 − 𝑇𝑇𝑚𝑚1
    𝑇𝑇𝑚𝑚1 ≤ 𝑇𝑇 ≤ 𝑇𝑇𝑚𝑚2(Diphasic)

1                              𝑇𝑇 > 𝑇𝑇𝑚𝑚2(Liquid)

 

 

(6) 

This set of equations includes the mass balance Eq.(2), the momentum balance Eqs.(3-
4), the energy balance Eq.(5) and the relation between the liquid volume fraction 𝜃𝜃 and 
the temperature field Eq.(6). 𝑔𝑔 is the gravity acceleration, 𝜌𝜌0 is the density of liquid 
water at the reference temperature 𝑇𝑇0, 𝜇𝜇 and 𝛽𝛽 are the dynamic viscosity and thermal 
expansion coefficient of liquid water, 𝜌𝜌, 𝑐𝑐𝑝𝑝 and 𝑘𝑘 are the density, specific heat and 
thermal conductivity of water.  

The last term in Eqs.(3-4) is used to impose the velocity transition between the liquid 
and solid phases. A and ε are numerical parameters imposed by the user. A must be 
as large as possible provided that solver stability is insured. In contrast, ε is a small 
parameter used to prevent divisions by zero in numerical calculations (Mousavi 
Ajarostaghi et al., 2019). It can be demonstrated that for 𝜃𝜃 = 0 (i.e., in the solid phase), 
the solution of Eqs.(2-4) turns to 𝑢𝑢 ≃ 𝑣𝑣 ≃ 0, which is the solution expected in the solid 
phase (see Nazzi Ehms et al (2019) and Caggiano et al (2018) for more details). 
Conversely, the last term in Eqs.(3-4) vanishes for 𝜃𝜃 = 0 (i.e., in the liquid phase). In 
this case, Eqs.(3-4) turns to the standard Navier-Stokes equations (momentum balance 
in an incompressible Newtonian fluid), required to calculate the velocity field in the 
liquid phase.  

The boundary conditions are as follows. At the interface between an impermeable 
solid and a viscous fluid, the fluid velocity is equal to that of the solid (Guyon et al., 
2015). This is the so-called no-slip and impermeability conditions, resulting in 𝑢𝑢 = 𝑣𝑣 =
0 at the rock-water interface. The temperature continuity and the heat flux 
conservation through this interface are also considered (since the water velocity 
vanishes at the rock-water interface, the heat flux through the interface reduces to 
conduction). As already mentioned in section 2.1, the bottom and vertical external 
boundaries are adiabatic, and the temperature evolution of the top boundary Ts 
increases at a constant rate (see Fig.1-b).   

2.3 Material properties 

The physical properties used in the simulations are listed in Table_1. Subscripts “r”, 
“s” and “l” refer to rock, ice and liquid water respectively. No subscript indicates the 
effective physical properties considered in the governing equations of the water 
domain (solid, liquid and diphasic). They are estimated from the liquid volume 
fraction θ as follows: 

𝜌𝜌 = 𝜌𝜌𝑠𝑠(1 − 𝜃𝜃) + 𝜌𝜌𝑙𝑙𝜃𝜃 (7) 
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𝑘𝑘 = 𝑘𝑘𝑠𝑠(1 − 𝜃𝜃) + 𝑘𝑘𝑙𝑙𝜃𝜃 (8) 

𝑐𝑐𝑝𝑝 = 𝜌𝜌𝑠𝑠𝑐𝑐𝑝𝑝,𝑠𝑠(1−𝜃𝜃)+𝜌𝜌𝑙𝑙𝑐𝑐𝑝𝑝,𝑙𝑙𝜃𝜃
𝜌𝜌

+ 𝐿𝐿𝑚𝑚
𝜕𝜕𝛼𝛼𝑚𝑚
𝜕𝜕𝜕𝜕

    with  𝛼𝛼𝑚𝑚 = 1
2
𝜌𝜌𝑙𝑙𝜃𝜃−𝜌𝜌𝑠𝑠(1−𝜃𝜃)
𝜌𝜌𝑙𝑙𝜃𝜃+𝜌𝜌𝑠𝑠(1−𝜃𝜃)

  (9) 

𝜇𝜇 = 𝜇𝜇𝑙𝑙 (10) 

The effective specific heat cp defined in Eq.(9) takes into account the latent heat of 
melting Lm.  

The standard Boussinesq approximation is assumed in the liquid phase (Spiegel and 
Veronis, 1960; Bejan, 2013). This approximation, widely used for free convection 
modeling, consists in assuming constant liquid density in the governing equations 
Eqs.(2-4), except in the buoyancy term of the momentum balance equations Eqs.(3-4). 
The thermal expansion coefficient β at the origin of buoyancy is estimated from the 
relation 

𝛽𝛽 = −
1
𝜌𝜌𝑙𝑙
𝑑𝑑𝜌𝜌𝑙𝑙
𝑑𝑑𝑑𝑑

 (11) 

where ρl is the temperature-dependent liquid water density displayed in Fig.2 (the 
order of magnitude of  β in the unstable temperature range from 0 to 4°C is 
approximately −3 × 10−5 K−1).  In contrast, the constant liquid density ρ0 estimated 
at the reference temperature T0 is considered in the inertia terms of Eqs.(3-4) (ρ0 =
999.84 kg/m3 at T0 = 0°C). The Boussinesq approximation is valid if the maximum 
fluid density variation Δρl is much lower than the liquid density ρl, a condition usually 
satisfied in liquids (Δρl/ρl ~10−3 in our case).  

The density of water is greater than that of ice by approximately 10%. This induces a 
reduction of volume upon melting which is neglected in our model. This is equivalent 
to assuming that an external water flow replenishes the top layer domain with water 
at the ground surface temperature Ts. This would result in the additional vertical 
velocity in the liquid phase (Heitz and Westwater, 1970):  

vl =
(ρl − ρs)

ρl
dH
dt

 
(12) 

This velocity would be that of the liquid in the absence of free convection, or would 
be added to the free convection velocity field in the other case. This contraction-
induced flow can be neglected if the heat advected in that way is negligible compared 
to the heat absorbed by the motion of the melting front: 

ρl vl cpl(Ts − Tm) ≪ Lmρs
dH
dt

 (13) 

Eqs.(12-13) yield the condition of validity: 
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(ρl − ρs)
ρs

 cpl(Ts − Tm)
Lm

≪ 1 
(14) 

with the physical properties of table 1 and Ts − Tm =15°C, the LHS of Eq.(14)  is 
approximately equal to 0.02, much lower than 1. The volume change induced by 
melting can thus be safely neglected. Heitz and Westwater (1970) presented a 
comparison of mathematical solutions with equal and unequal phase densities. In a 
configuration close to ours, they show that considering equal densities for ice and 
liquid water resulted in a negligible loss of accuracy. 

2.4 Numerical methods 

The system of partial differential equations (Eqs. 1-6) was solved by finite elements 
using the software Comsol Multiphysics version 6.0 (Galerkin method with quadratic 
Lagrangian elements, time discretization by implicit backward differentiation 
formula).  

The mesh density close to the walls was refined due to the high gradient of velocity 
and a structured (mapped) mesh type was used for the water-ice domain as shown in 
Fig. 1-c. The mesh was validated by a sensitivity analysis comparing four different 
mesh qualities, with 14,000, 24,000, 32,000, and 47,000 elements, respectively. The 
difference in the results between the latter three cases was found to be insignificant. 
The mesh with 24,000 elements was thus selected in all simulations.  

Regarding the numerical parameters required to model melting, we imposed 𝛥𝛥𝛥𝛥=0.5 
℃, 𝐴𝐴 =1000 kg.m-3.s-1 and 𝜀𝜀 = 10−3. We checked that imposing 𝛥𝛥𝛥𝛥 = 0.3 ℃ or 0.7 ℃ 
did not significantly change the results (see Appendix A).  The selected values of 𝐴𝐴 
and 𝜀𝜀 produced vanishingly small velocity fields in the ice with no deterioration of the 
solver stability. 
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Figure 1. a) Pingouins cave, Switzerland, showing ice-filled clefts exposed on the cave roof 
(Photo courtesy A. Conne) b) Computational domain with external boundary conditions; 2 
cm ≤ Ap ≤ 50 cm, Hdom=0.8 m and Wdom=1 m (the sketch is not at scale) c) Finite element mesh 
in the upper part of the computational domain. 

Table 1. Thermal properties and numerical parameters. The liquid water properties are 
temperature dependent. The properties of ice and rock are assumed constant.   

Thermal properties values Reference 

𝜌𝜌𝑠𝑠 (kg/m3) 916.2 - 

𝑘𝑘𝑠𝑠 (W/m/K) 2.22 - 

𝑐𝑐𝑝𝑝,𝑠𝑠 (J/kg/K) 2050 - 

𝜌𝜌𝑙𝑙 (kg/m3) see Fig.2 (Comsol Multiphysics) 

𝑘𝑘𝑙𝑙 (W/m/K) 0.556 at 0°C, 0.585 at 15°C (Comsol Multiphysics) 

𝑐𝑐𝑝𝑝,𝑙𝑙  (J/kg/K) 4216 at 0°C, 4192 at 15°C (Comsol Multiphysics) 

𝜇𝜇𝑙𝑙  (mPa.s) 
1.79 at 0°C, 1.43 at 7.5°C, 1.15 at 

15°C (Comsol Multiphysics) 

𝜌𝜌𝑟𝑟 (kg/m3) 2320 (Covington et al., 2011) 

𝑘𝑘𝑟𝑟 (W/m/K) 1.656 (Guerrier et al., 2019) 

𝑐𝑐𝑝𝑝,𝑟𝑟 (J/kg/K) 810 (Covington et al., 2011) 

Lm (J/kg) 334000 (Weast, 1986) 



 
 

149 
 

 
Figure 2. density of liquid water as a function of temperature (Comsol Multiphysics) 

3. Model validation 

The validity of our model is tested by comparison with two studies from the literature. 
A simple test case assuming stagnant liquid water (no free convection) was selected 
as a first step (numerical simulation of ice freezing by Kahraman et al., 1998). In a 
second step, our model was tested against experimental results including free 
convection (ice melting experiment by Virag et al., 2006).  

3.1 Stagnant liquid water 

When free convection is neglected, conduction and latent heat fluxes are the only 
mechanisms transferring heat in liquid water and ice. We compare our results with 
the results from (Kahraman et al., 1998). These authors developed a model to examine 
the heat transfer of ice melting inside a 20 cm×20 cm square assuming stagnant liquid 
water. A brief description of their conceptual model is given in Fig. 3-a. Ice is at an 
initial temperature of -30℃ and is exposed to a temperature of 20 °C over half of the 
lower boundary (0 ≤ 𝑥𝑥 ≤ 10 cm, 𝑦𝑦 = 0 cm) and 70℃ over the other half (10 ≤ 𝑥𝑥 ≤
20 cm, 𝑦𝑦 = 0 cm). The temperature of the solid ice at the top boundary (𝑦𝑦 = 20 cm) is 
maintained at 0 °C and the other surfaces (left and right sides) are insulated (Fig. 3-a). 
Figure 3-b shows the temperature distribution after 5 hours modelled in the present 
work. Temperature profiles at x=4 cm and x=16 cm in different times of melting can 
be seen in Fig. 3-c and d, respectively. The result of our model is in good agreement 
with (Kahraman et al., 1998). 
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Figure 3. a) model geometry including initial and boundary conditions b) contour of 
temperature at t=5 hr c) temperature profile of ice and water at different times of ice melting 
at x=4 cm and d) x=16 cm 

3.2 Free convection 

Virag et al., (2006) investigated with an experimental approach the effect of free 
convection on ice melting inside a cavity shown in Fig. 4-a. The lower and top surfaces 
are thermally insulated. The left and right boundaries are at 0 and 8 ℃, respectively. 
Figure 4-b displays contours of temperature (left) and the velocity field as well as 
velocity vectors (right) predicted by our model. The black arrows indicate the 
direction of the water flow. The model predicts the existence of two contra-rotating 
free convection cells separated by the 4°C isotherm, which corresponds to the 
maximum liquid water density.  In the small cell located in the lower left corner, where 
temperature is higher than 4°C, the liquid rises upward along the warm wall, as 
expected when the liquid density is a decreasing function of temperature.  In the 
bigger cell located in the upper part of the liquid region, where the temperature is less 
than 4℃, the warmer liquid moves downward, as expected when the liquid density 
increases with temperature.  Furthermore, results show that where the temperature 
gradient is high, the magnitude of the local velocity increases. This is seen next to the 
left boundary and also close to the ice interface. The convection-induced mixing 
homogenizes the temperature in the liquid phase.  
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Our numerical model replicates the melting front positions measured at different 
times by Virag et al. (2006) (see Fig. 5). Although some discrepancies exist between the 
experiments and the numerical model, especially at the bottom of the cavity at the 
beginning of the simulation and in the upper part at later times, the overall 
performance of our model is suitable to represent the free convection cells and their 
effect on ice melting despite the simplifying assumptions made in the model (2D 
geometry, negligible volume contraction upon melting, smooth solid-liquid 
transition). 

 

Figure 4. a) Computational domain including boundary and initial conditions in (Virag et al., 
2006), b) results at times t=400 and 2000 s; left: temperature (the black line represents the 
isotherm T=4 ℃); right: velocity magnitude. 
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Figure 5. Evolution of the modeled ice-water interface during melting in  comparison with 
experimental data by (Virag et al., 2006)   

4. Results 

4.1 Stagnant liquid water (SLW) versus free convection (FC) 

The effect of free convection in heterogeneous, ice-filled karst environment (cf Fig. 1), 
where the medium is surrounded by rock and prone to atmospheric warming from 
the top surface was conceptualized in section-2. Here, we investigate the effect of free 
convection in more details considering two scenarios under identical thermal settings: 
1) stagnant liquid water (SLW) and 2) free convection in liquid water (FC). Figure 6 
illustrates the ice volume fraction (1 − 𝜃𝜃) for different time steps at 3, 6 and 9 hours 
for these two scenarios, for an aperture size Ap=10 cm (see Fig. 1-b for a description of 
the computational domain geometry). For each specified time step, the SLW results 
are shown on the left and the FC results on the right. The difference between these 
two scenarios in terms of melting rate is obvious. When convection is disregarded 
(SLW), the melting front is nearly horizontal except close to the walls, where a steep 
slope is observed. The higher thermal diffusivity of the rock (𝛼𝛼𝑟𝑟 = 𝑘𝑘𝑟𝑟

𝜌𝜌𝑟𝑟𝑐𝑐𝑝𝑝,𝑟𝑟
=

8.8 × 10−7m2/s) compared to that of the liquid water (𝛼𝛼𝑙𝑙 = 𝑘𝑘𝑙𝑙
𝜌𝜌𝑙𝑙𝑐𝑐𝑝𝑝,𝑙𝑙

= 1.3 × 10−7 m2/s) 

results in faster heat propagation in the rock, and enhanced melting of the ice closer 
to the rock. When free convection is considered (FC), the advection of heat by the flow 
results in faster propagation of the melting front, with an inversion of its curvature 
(the meting front propagates faster in the center of the cleft than close to the walls).  
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Figure 6. contour of the ice volume fraction (1 − 𝜃𝜃) for stagnant liquid water (SLW) and 
free convection (FC). Ap=10 cm, Hdom=0.8 m and W= 1 m. 

Figure 7 displays the melting rate for both previous scenarios, SLW and FC. Because 
the initial temperature was -1 ℃, the melting starts with c.1h delay, in both cases. Then 
the melting rate and the meltwater depth increase with time in response to the 
temperature increase at the top surface. After 9 hours, the melting rate is nearly an 
order of magnitude larger for FC (5.1 kg/s) than for SLW (0.6 kg/s). An animation file 
showing the evolution of the ice fraction can be found in the video supplement of the 
manuscript (Sedaghatkish and Luetscher, n.d.).  

Figure 8 displays the temperature field of ice, water and surrounding rock after 9 
hours. In FC case, most of the melted part of the cleft is in the temperature range from 
0 to 1°C, with a high temperature gradient localized in a thin layer close to the ground 
surface (Fig. 8-b). In contrast, the temperature field in SLW case varies more evenly 
from the ground surface to the melting front (Fig. 8-a). This confirms that the 
circulation of water inside the cleft results in a thermal bridge between ice interface 
and top atmosphere. The extent of the mixing zone induced by FC can be much higher 
than the diffusion length in the case of SLW.  

Figure-9 displays the left wall temperature as function of depth at different times for 
both scenarios. Although the melting rate for FC at t=3 hr is much higher than for SLW 
at the same time, their corresponding wall temperatures are close from each other. At 
larger times, the distinction between scenarios becomes more pronounced due to the 
increasing intensity of free convection.    
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Figure 7. Melting rate versus time considering stagnant liquid water (SLW) and free 
convection (FC). 

 

Figure 8. Temperature contour at t=9 hr for a) stagnant liquid water (SLW) and b) free 
convection (FC). 



 
 

155 
 

 

Figure 9. Left wall (rock-water interface) temperature as a function of depth) for stagnant 
liquid water (SLW) and free convection (FC). 

Figure 10 displays the velocity magnitude as well as the flow in the water domain at 
different times. Vanishingly small velocity is predicted by the model wherever the 
water fraction is zero. Liquid water circulations generate a range of local velocities 
mixing the water and homogenizing the water temperature. As the melting of ice 
advances and the meltwater amount increases the velocity of water within the mixing 
zone increases, thereby accentuating the significance of free convective flux.  
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Figure 10. Velocity magnitude field in the upper 40 cm of the ice-cleft at different times. 
Zero velocity shows solid ice. 

4.2 The effect of aperture size on melting rates 

The cleft aperture determines the size of the domain and controls the initial ice mass. 
We considered the aperture sizes 2, 10, 20 and 50 cm in the parametric study. In order 
to remove the effect of cross-sectional area associated with different aperture sizes, we 
refer to the melting rate per unit of cross-sectional area (kg/hr/m2).   

Figure 11 illustrates the effect of the aperture size on the melting rate as a function of 
time. For the SLW case, heat transfer is mainly driven by diffusion in the rock, which 
has a greater diffusivity than water (see the temperature contour in Fig.8a). At a given 
depth, the rock is warmer than the water. The ice directly in contact with the rock thus 
melts faster. This explains the larger specific melting rate obtained with the smallest 
aperture (Ap=2 cm). In the presence of free convection, the melting rate after 9 hr is 
almost similar for the aperture sizes 2 and 10 cm (50 kg/hr/m2).  For greater aperture 
sizes, the effect of free convection becomes more significant, resulting in the increase 
of the melting rate, which reaches about 110 kg/hr/m2 for 50 cm aperture size. Figure 
11 shows that the melting rate considering free convection with a 2 cm aperture-size 
(50 kg/hr/m2) is about twice the rate of the purely conduction case. For higher 
aperture sizes the difference in melting rates reaches about an order of magnitude. 
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In the present work, we simulated 9 hours of atmosphere temperature increase. When 
the aperture size Ap was varied from 2 to 50 cm, the liquid height H at the end of the 
simulation approximately ranged from 30 to 40 cm, and the convection cell occupied 
the entire liquid domain. However, the liquid height reached after 9 hours is only a 
small part of the actual height of the cleft (commonly up to 10 m). H is expected to 
increase if longer times are considered. The question arises whether the free 
convection cells always fill the entire liquid domain at longer times, despite the 
increase of friction due to lower aspect ratio Ap/H.  If the convection cell occupies only 
a part of the cavity, the efficiency of heat transfer between the ground surface and the 
melting front will be reduced. The significance of free convection can be assessed from 
the value of the dimensionless Rayleigh number  

𝑅𝑅𝑅𝑅 =
𝑔𝑔𝑔𝑔(𝑇𝑇𝑐𝑐 − 𝑇𝑇𝐻𝐻)𝐻𝐻3

𝛼𝛼𝑙𝑙  𝜈𝜈𝑙𝑙
 

(15) 

where (Tc-TH) is the temperature difference between bottom and top surfaces, 𝛼𝛼𝑙𝑙 =
𝑘𝑘𝑙𝑙/�𝜌𝜌𝑙𝑙𝑐𝑐𝑝𝑝𝑝𝑝� and 𝜈𝜈𝑙𝑙 = 𝜇𝜇𝑙𝑙/𝜌𝜌𝑙𝑙 are the liquid water diffusivity and kinematic viscosity, 
respectively. Ra represents the ratio of the diffusion time over the free convection time 
(𝑅𝑅𝑅𝑅~108 in the numerical experiments presented in this article). In a cavity with 
infinite lateral dimensions (i.e., for 𝐴𝐴𝑝𝑝/𝐻𝐻 → ∞) , free convection is triggered for 𝑅𝑅𝑅𝑅 ≳
103 (otherwise, the conductive state is stable, see Bergman et al., (2017) for more 
information about the Rayleigh-Bénard instability). However, in the confined 
geometry considered in this work, the presence of the vertical walls must be 
considered. Rohsenow et al (1998) provide the following condition for convection 
onset, which takes into account the stabilizing effect of the vertical walls for 𝐴𝐴𝑝𝑝 ≪ 𝐻𝐻, 
in the limiting case of perfectly conducting walls: 

𝑅𝑅𝑅𝑅 ≳ 102 × � 𝐻𝐻
𝐴𝐴𝑝𝑝
�
4
  

(16) 

Injecting Eq.(15) in Eq.(16) yields the maximum value of the liquid height H for which 
the free convection cell extends from the ground surface to the melting front: 

𝐻𝐻 ≲ 10−2  ×  
𝑔𝑔𝑔𝑔(𝑇𝑇𝑐𝑐 − 𝑇𝑇𝐻𝐻)𝐴𝐴𝑝𝑝4

𝛼𝛼𝑙𝑙  𝜈𝜈𝑙𝑙
 

(17) 

Considering that the liquid region at temperature T > 4°C is stable and that the 
isotherm 4°C is close to the top of the cleft when the free convection cell fills the entire 
cavity (see Fig. 8-b), we get (Tc-TH) =-4°C. Using the physical properties from section 
2.3 and 𝐴𝐴𝑝𝑝 = 2 cm (the minimum aperture size considered in this study) yields 𝐻𝐻 ≲
10 m, which is also the order of magnitude of the maximum cleft height. Therefore, 
free convection cells should always extend throughout the melted region for 𝐴𝐴𝑝𝑝 ≳
2 cm. Note that the assumption of perfectly conducting walls used in Eq.(16) is less 
favorable to convection than finite conductivity (Rohsenow et al, 1998). Eq.(17) is thus 
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expected to underestimate the  higher bound of H corresponding to fully developed 
free convection cells. 

 

Figure 11. Effect of the aperture size on the melting rate for stagnant liquid water (SLW) 
and free convection (FC)  

4.3 Application to field observations 

The model is applied to a case-study from Monlesi ice cave, Switzerland (Luetscher et 
al., 2008). The main purpose is to qualitatively compare the field data with the model 
output and test how the pure conduction model can treat these problems. 

Monlesi ice cave is a low-elevation sporadic mountain permafrost site controlled by a 
peculiar ventilation regime associated with multiple cave entrances located at a 
similar elevation (Luetscher et al., 2008). The c. 600 m2 cave chamber is partly filled 
with perennial congelation ice fed by a number of vertical clefts with width ranging 
from 101 to 103 mm. Seasonal freezing seals them periodically hindering any further 
water drainage from the epikarst (Fig. 12-a). The vertical distance between the external 
ground surface and the cave ceiling reaches c. 20 m. Seasonal and daily outside 
temperature fluctuations thaw the ice and freeze the meltwater in these rock clefts. 

The main cleft (subcutaneous flow) was instrumented to measure discharge rates at 
30 min intervals using a pressure probe set at the bottom of a 1 m long perforated PVC 
tube capturing the inlet. The water height measured in the tube is converted to 
discharge (Q, in l/min) with an empirically calibrated rating curve checked by nine 
manual “bucket gauging” between 0 and 13 l/min with an uncertainty of ±10% 
(Luetscher et al., 2008). 

Cave air temperatures were measured using negative temperature coefficient 
thermistors with a resistance of c.29.5 kOhm at 0°C and a temperature coefficient of 
about 5% °C-1 (YSI 44006). The thermistors were calibrated in a bath of melting ice to 
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an accuracy of ±0.1°C. The thermistors were spaced at 2 m intervals in two chains 
comprising 19 sensors dispatched in the main cave chamber (Luetscher et al., 2008). 
Air temperatures were recorded at 1 h intervals and logged externally on a Campbell 
CR10X data logger with two multiplexer logging units. 

Figure 12-b displays the atmosphere and the soil temperature at 10 cm depth during 
4.5 days (from April 13 to 17). No rainfall is recorded during this time period and the 
surface is free of snow. The soil temperature increases with a regular trend between 0 
and 5 ℃ and is noticeably attenuated compared to atmosphere temperature 
fluctuations. The cave temperature is almost constant around -1 ℃ implying there is 
no melting from the bottom of the ice cleft. The atmosphere daily temperature 
variation induces a water flow rate (0-12 l/min) with a trend similar to the surface 
temperature, supporting an origin associated with melting process of ice-filled clefts 
surrounding the cave.  

To assess the melting rate, we considered the same conceptual model as in Fig. 1. A 
linear temperature rise from 0 to 5 ℃ during 4.5 days was assumed at the top 
boundary (black dash-dotted line in Fig. 12-b). This temperature rise is similar to the 
temperature evolution measured in the soil (solid black line in Fig.12b). In contrast to 
our model, meltwater drains deeper into the subsurface. The uncertainty about the 
cleft geometry is, however, very high and we do not know how many fissures feed 
this water inlet. While our conceptual model is based on a closed cavity for the ease of 
simulation, the ice-filled cleft can be connected to a network of partially saturated 
smaller clefts (as in the epikarst) which drain the meltwater to the main vertical inlet 
at the top wall of Monlesi cave. Eventually, our simplified 2D geometry only 
approaches the real 3D-environment since other convection cells emerge along the 
cavity width which cannot be modeled in 2D. 

A rough estimate of the cavity geometry (computational domain) assumes an initial 
ice-filled cleft with 3 meters depth (Hdom=3 m),10 cm aperture size (Ap=10 cm) and a 
typical length in the order of 1 m. The modelled melting rate is in the same order of 
magnitude as the water flow rate measured in the cave (red dash-dotted in Fig. 12-b). 
A purely conduction-based model underestimates the melting rate by >1 order of 
magnitude as compared to the case considering free convection (dashed in Fig. 12-b). 
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Figure 12. a) ice filled cleft in Monlesi cave b) field data including atmosphere (green), the 
soil (black) and cave temperature (blue) as well as the water flow rate measured at the fissure 
outlet (red) in Monlesi cave. The modelled melting rate considering free convection (red 
dashed dotted line) is compared to a case including only heat conduction (red dashed lines).   

5. Discussion 

In this study, we assumed a constant aperture size for modeling ice melt at daily time 
scale, but it should be noted that in the long-term, the repeated freeze-thaw cycles can 
deteriorate the hostrock clefts due to propagation and coalescence of older ones. Maji 
and Murton (Maji and Murton, 2021) investigated the mechanism and transition of 
microcracking and macrocracking during freezing and thawing and developed a 
statistical modeling of crack propagation dynamics based on tension and shearing. 

Our results show that, under similar thermal configurations, conduction may not be 
the principal heat flux and permafrost degradation in heterogenous and ice-rich 
media may be much faster than anticipated. This is particularly relevant at high-
elevation where a clear relationship is observed between rockfall activity and 
permafrost thawing (Gruber et al., 2004; Ravanel and Deline, 2011; Savi et al., 2021; 
Morino et al., 2021). In karst systems and fractured aquifers, where secondary porosity 
is exceptionally well developed, frozen conduits/fractures may all of a sudden drain 
water into depth and change the local hydrological regime leading a thermal anomaly 
within  the surrounding permafrost (Phillips et al., 2016). The subsequent freeze-thaw 
processes may lead to the precipitation of so-called cryogenic cave calcites (Žák et al., 
2018), a secondary mineral precipitate increasingly used as proxy for paleo-permafrost 
conditions (Spötl et al., 2021; Töchterle et al., 2023). In contrast to purely conductive 
systems, our results support a model where rapid hydrological recharge, e.g. due to 
extreme rainfall events, may accelerate the thawing of mountain permafrost 
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(Luetscher et al., 2013) and thus questions classical interpretations for the formation 
of cryogenic calcites. But also at shallower depth, acknowledging the potential role of 
convective heat fluxes in ice-rich permafrost degradation may help predicting the rate 
of greenhouse gas releases, mainly carbon dioxide and methane, due to the 
decomposition of formerly frozen organic matter (Schaefer et al., 2014; Schuur et al., 
2015). The intensity of free convection in soil depends strongly on the Rayleigh 
number which in turns depends on the permeability and dimensions of soil layer 
making it negligible, e.g. (Kane et al., 2001) or significant, e.g. (Jazi et al., 2024) with 
respect to the total heat transfer.   

Pure water with a melting point at 0°C was considered in the present study. However, 
limestone dissolution results in the mineralization of the meltwater. Consequences are 
twofold: (1) the melting point is shifted to lower temperatures (in the range from -4 ℃ 
to 0 ℃, see Tubini et al. (2021); McKenzie et al. (2007); Rühaak et al. (2015); (2) the 
variation of density with salt concentration could impact buoyancy, resulting in 
different flow patterns (thermo-solutal convection, see for instance Mergui et al., 
2002). The significance of the liquid phase composition could be assessed by numerical 
simulations, and should be considered in future works.   

We did not consider any drainage of air or water inside the cleft or in its immediate 
vicinity. Forced convection induced by drainage could also contribute to the formation 
of a thermal bridge between the ground surface and the melting front, as suggested 
by Hasler et al., (2011). More work coupling field observations with numerical 
simulations including forced and free convection will be necessary to assess their 
relative significance, and determine the conditions under which one or the other effect 
dominates heat transfer.  

6. Conclusion 

A quantification of the melting rate of ice-rich permafrost in heterogeneous media is 
essential to assess the speed of permafrost degradation. Our model relies on a 2D 
approach coupling free convection (buoyancy-driven flow) in a vertical cleft with 
conduction in the surrounded homogeneous rock. Increasing the temperature of the 
ground surface can generate free convection cells because water-density increases 
between 0 and 4°C (a property specific to water). The convection cells generate a 
thermal bridge between the atmosphere and the melting front, resulting in the 
formation of a mixing zone with quasi-uniform temperature in the water column. This 
dramatically enhances the melting rate of interstitial ice when compared to models 
assuming stagnant liquid water (about an order of magnitude after 9 hours for an 
aperture size of 10 cm). In contrast to scenarios assuming conduction in stagnant 
liquid water, for which the temperature signal from the atmosphere is fully attenuated 
beyond a certain distance known as the diffusion length, the presence of free 
convection extends over greater distances. This thermal penetration also exerts an 
influence on the surrounding rock. Despite simplifying assumptions in the model and 
many uncertainties about the cleft geometry and the measured water flow rate, 
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melting rate predicted by a model including free convection fit the order of magnitude 
measured in Monlesi cave (Fig. 12).  

The significance of free convection should also be estimated in similar thermal 
configurations with different geometries such as cylindrical conduits or 3D cavities. 
Furthermore, the effect of free convection is not limited to hourly or daily oscillations 
and can be studied over much longer timescales, including centennial to millennial 
fluctuations. Currently, the computational costs are the main barriers for including 
free convection in long-term simulations. The full coupling of the momentum and 
energy equations requires the time steps being much smaller compared to simple 
conduction-based models. Further investigations are thus ongoing to reformulate the 
governing equations and simplifying them for simulations over longer time-scales. 
Moreover, refreezing processes have yet to be considered to fully represent the long-
term evolution of such a system.  

Eventually, the effect of water free convection on ice melting rate is not limited to 
permafrost regions. For instance, the melting of icebergs can also be impacted by 
water free convection (Couston et al., 2021; Hester et al., 2021) increasing production 
of freshwater in oceans with potential impacts on the climate at global scale. 

Appendix A. Sensitivity of the model to the melting temperature range 𝜟𝜟𝜟𝜟. 

The sensitivity of the melting rate to the melting temperature range 𝛥𝛥𝛥𝛥 is displayed in 
Fig.A1. Similar results are obtained for 𝛥𝛥𝛥𝛥 ≤ ±0.7°C.  𝛥𝛥𝛥𝛥 ≤ ±0.5°C was thus selected 
in all simulations, as a value giving a good approximation of the pure water melting 
rate.  

 

Figure A1. Effect of the melting temperature range 𝛥𝛥𝛥𝛥 on the melting rate predicted by the 
model (FC case, Ap=10 cm, Hdom=0.8 m, Wdom= 1 m .) 
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Chapter 7: General discussion and Conclusion 
In this thesis, we aimed to enhance our understanding of heat transfer mechanisms in 
various settings of the karst environment, including ventilated caves, epikarst, and 
frozen fractures in ice-rich aquifers. This was achieved by developing innovative 
thermal models that couple conduction and convection processes in karst media, and 
by comparing these models with field data obtained from cave monitoring. 

In ventilated caves influenced by chimney effect, we observe that external 
temperature signals penetrate the cave to a distance that depends on the air mass flow 
rate and the conduit radius (see Eq. (25) in Chapt. 2). This “convection length” is 
significantly greater than the diffusion length, which is typically only a few meters on 
a yearly timescale in impermeable rocks. In contrast, the convection length can extend 
from a few hundred meters to several kilometers from the cave entrances. The 
temperatures of both the air and the cave walls along the conduit are primarily 
governed by the interaction between conductive and convective heat exchanges in the 
rock and airflow, as previously investigated by Gabrovšek, (2023) and Lismonde, 
(2002). This coupling of conduction and convection accelerates the propagation of 
external temperature signals into the cave, compared to a purely conductive process 
that neglects the air flux (Domínguez-Villar et al., 2013; Domínguez-Villar et al., 2023). 
This interaction must be accounted for as long as the heat transfer coefficient between 
the air and the cave walls remains significant. The heat transfer coefficient is a function 
of air velocity. When the airflow rate decreases and approaches laminar regime or 
there is no airflow (the Nusselt number is approximately 3.6, as shown in Eq. (11) in 
Chapt. 2), the influence of convection diminishes and heat conduction becomes the 
dominant process. The extent of the convection length is not confined to the conduits 
alone but also affects the surrounding rock, referred to as the "thermal width." Figure 
6 in Chapt. 2 illustrates how the heat exchange in the surrounding rock mass is 
influenced by the air flux. The maximum value of this thermal width is approximately 
one-tenth of the convection length for AMT and ATF and about 5 meters for the 
diffusion length. 

The convection length is not the only important consideration in ventilated caves. 
Quantifying the rock and air temperature in a real ventilated cave with complex 
geometries, as well as determining the distribution of water vapor concentration along 
the cave passage to assess the effects of evaporation and condensation, is essential for 
evaluating the thermal response of the cave. The four thermal model scenarios 
developed in Chapt. 3 provides useful upper and lower bounds for uncertainty of the 
heat and mass transfer coefficients as well as latent heat flux. Furthermore, the 
uncertainty of measured mass flow rate was determined in Appendix D showing that 
the location of the anemometer in cave cross-section does not significantly change the 
results. In the case of Longeaigue Cave, we found that the humid air scenario with a 
finite heat transfer coefficient (HA) provided the best agreement with field data in the 
main ventilated passage. Although the thermal response under the dry air scenario 
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(DA) is not much different from HA, the latter provides additional information about 
the evaporated and condensed water mass flux along the cave passage. 

Predicting the temperature field along the cave passage is essential for the cave 
ecosystem. Temperature can serve as an indicator of anthropogenic influences, and 
many aquatic species are highly sensitive to temperature changes (Caissie, 2006). 
Cave-adapted species may be affected by the amplitude and frequency of these 
temperature fluctuations (Jegla and Poulson, 1970). Some of these species belong to 
ancient evolutionary lineages such as Pyrenean beetles, which were studied by Rizzo 
et al., (2015) in different thermal conditions. It was observed in some tests lasting 7 
days and more, the survival rate of several species of the same lineages was almost 
100% when the temperature varied between 6 and 20°C. However, all the specimens 
died when the temperature rose between 23 and 25°C. Caves serve as crucial refuges 
for many other temperature-sensitive species, including bats, beetles, spiders and 
various arthropod species (Braack, 1989). Additionally, temperature control is crucial 
for cave conservation, particularly in preventing the destructive effects of 
vermiculation on prehistoric cave wall paintings (Freydier et al., 2021). 

A quantitative estimate of a cave’s thermal response to the outside environment also 
essential for the interpretation of paleoclimate records from speleothems (Lyu et al., 
2024). Evaporation and isotope fractionation in caves are closely related processes that 
play a significant role in the geochemistry of speleothems (cave formations like 
stalagmites and stalactites). When water infiltrates into a cave system, it contains 
isotopes of oxygen (¹⁶O and ¹⁸O) and hydrogen (¹H and ²H or deuterium) in ratios that 
reflect the conditions of the external environment. As this water drips into the cave 
and begins to evaporate, lighter isotopes (¹⁶O and ¹H) preferentially escape into the 
vapor phase due to their lower mass, while the heavier isotopes (¹⁸O and ²H) remain 
in the liquid. This selective loss of lighter isotopes results in isotopic fractionation, 
leading to an enrichment of heavier isotopes in the remaining water (Hendy, 1971; 
Mickler et al., 2004). This fractionation process influences the isotopic composition of 
the minerals precipitated from this water, such as calcite, which can then be used as a 
proxy to reconstruct past climate conditions, humidity levels, and evaporation rates 
(McDermott, 2004). 

Although variations in drip water composition predominantly influence proxy 
partitioning in speleothems (Fairchild and Baker, 2012), trace element concentrations 
and oxygen isotope fractionation during CaCO3 precipitation are also temperature-
dependent (Tremaine et al., 2011; Wassenburg et al., 2020), becoming particularly 
significant when temperature amplitudes exceed ±0.5°C. The model developed in this 
study is capable of calculating these amplitudes on both daily and yearly scales at any 
location within the cave, demonstrating the temperature sensitivity in the convection 
zone. Additionally, our calculations show that evaporation occurs throughout 
Longeaigue Cave during the winter at substantial rates, particularly near the lower 
cave entrance. In this area, the evaporation flux can reach up to 2×10⁻³ g.m⁻².s⁻¹ during 
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periods of strong upward airflow. While this rate is lower than the potential 
evaporation rates typically used in geochemical models (Dreybrodt and Deininger, 
2014), it can become locally significant when speleothems are fed by very low drip 
rates. The results from the highly ventilated Longeaigue Cave suggest that 
evaporation's impact on isotope proxy records can often be overlooked in 
hydrologically active caves, but it must be considered in semi-arid environments 
where drip rates are sporadic. 

7.1 A general thermal overview of karst environment 

The karst landscape consists of many components which have potentially different 
thermal and hydrological responses to atmosphere variations. Figure 1 depicts some 
of the main karst features in the heterothermic and homothermic zones including the 
soil, epikarst, vadose zone, epiphreatic and (deep) phreatic zones as well as poorly 
ventilated voids/caves numbered from 1 to 7. Each component may have different 
thermal configurations and a detailed quantitative/qualitative analysis is only 
possible based on field observations, monitoring data and the development of thermal 
models. A general overview of dominant heat fluxes is descriptively presented here 
to better understand the thermal interactions between the fluid (air or water) 
circulating within a karst and the surrounding rock massif.  

• Usually, the soil covers (number 1 in Fig. 1) the highest layer of karst and lies 
in direct contact with the atmosphere. The thickness of this layer ranges 
between 0 (no soil) and ⁓5 m. Conduction is the main dominant heat transfer 
in soils (Kane et al., 2001) but under certain conditions, convection plays an 
important role, controlled by soil permeability and the soil depth (Jazi et al., 
2024). The temperature gradient may also trigger free convection in soil (Basok 
et al., 2022).   

• The epikarst (number 2 in Fig. 1) typically consists of a poorly permeable rock 
mass and a highly permeable fracture network with varying aperture sizes, 
which allows rapid transfer of rainfall from the surface to deeper layers, as 
discussed in Chapt. 5. Aperture size and fracture density are critical parameters 
for generating significant water fluxes coupling thermal convection-
conduction processes during periods of high precipitation or extreme flooding. 
In the absence of such conditions, conduction remains the dominant thermal 
process in the epikarst.  

• At high altitudes and elevations, ice-filled fractures and ice clefts are 
characteristic features of mountain permafrost (as a frozen epikarst). The active 
layer of this permafrost is heavily influenced by intermittent melting and 
freezing cycles. In Chapt. 6, we demonstrated that free convection can 
accelerate the melting rate by an order of magnitude compared to purely 
conductive conditions. The intensity of free convection is constrained by the 
aperture size and the aspect ratio of the fractures/clefts. However, free 
convection may occur in other dimensions, but its total intensity remains same. 
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• The vadose zone (number 3 in Fig. 1) can be categorized into two types based 
on the presence of water or airflow: open channel flow and ventilated flow. The 
thermal characteristics of open channel flows were extensively studied by 
Covington et al., (2011) and Luhmann et al., (2015). Their research indicated 
that the dominant thermal processes controlling water temperature include the 
coupled convection-conduction processes, as well as radiative heat fluxes 
between the water and the conduit walls. The effect of ventilation was 
comprehensively examined in this thesis, where the coupled convection-
conduction thermal process was identified as the primary heat transfer 
mechanism. Additionally, the latent heat flux plays a significant role in humid 
air conditions within ventilated caves. 

• Luhmann et al., (2012) have shown that in the epiphreatic and phreatic zones 
(see number 4 and 5 in Fig. 1) where conduits are saturated with water, the 
convection-conduction thermal process is again dominant with the exception 
that radiation heat flux becomes negligible. 

• In the deep phreatic zone as displayed with number 6 in Fig. 1, conduction is 
the dominant process due to the lack of water and air circulation. This 
impermeable zone is often called “geothermal layer” and is located below the 
karst homothermic zone (Badino, 2018) since the geothermal gradient (⁓3 
℃/100 m) is re-established as depth increases. 

• Poorly ventilated voids or caves (see number 7 in Fig. 1), such as the Lascaux 
cave in France (Salmon et al., 2023), can exist at shallow depths. If these caves 
are situated in shallow depth (<∼20 m), where external seasonal temperature 
variations are still perceptible, a temperature gradient may develop between 
the cave floor and ceiling. This gradient can lead to the formation of free 
convection cells and radiative heat fluxes between the cave walls and the air 
(Guerrier et al., 2019; Qaddah et al., 2022; Qaddah et al., 2023). These thermal 
processes are interconnected and must be taken into account when predicting 
the thermal response of these voids to atmospheric signals. Such voids may 
also occur at greater depths, and any thermal interactions with other zones, 
such as the vadose zone, phreatic zone, or areas following the geothermal 
gradient, can create small temperature differences between the cave floor and 
ceiling, potentially triggering free convection. The thermal behavior of these 
voids, particularly in response to atmospheric influences, remains 
insufficiently understood and requires further investigation. 
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Figure 1. A simplified sketch of the karst landscape (Wenger et al., 2024). The figure was 
slightly modified. 

7.2 Convection length in hydraulic conduits 

So far, we focused on the convection length in ventilated conduits but also water-
saturated conduits and open channel flows in phreatic and vadose zone transport heat 
by water flux. Their convection length can be different from that of ventilated conduits 
considering the contrasting thermal properties and configuration between airflow and 
waterflow. Luhmann et al., (2015) investigated thermal damping and retardation in 
karst conduits using analytical and numerical solutions considering 
convection/conduction coupling. They demonstrated that for a sinusoidal inlet 
temperature profile, the thermal damping inside a fully saturated channel (two 
parallel plates) in conduction-limited heat transfer (infinite heat transfer coefficient) 
can be approximated as:   
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,w outT  and ,w inT are water temperature peak at the outlet and inlet of the conduit, 
respectively. V is the constant velocity, Dh is the hydraulic diameter of the pipe and τ 
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convection length given in Chapt. 2 for ventilated caves (based on 90% attenuation of 
the inlet amplitude) and use a mass flow rate instead of velocity, the hydraulic 
convection length (Lc) can be defined as: 
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Replacing all the thermophysical properties and parameters in Eq. (2), it can be 
rewritten with the same notations as Eq. (11) in Chapt. 2: 

2300c
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R

≈


 (3) 

R is the average radius of the conduit. We see that the hydraulic convection length (Lc) 
is much higher than the ventilated convection length. For instance, considering 0.5 m 
for radius and 1 kg/s mass flow rate for water and yearly amplitude of mass flow rate 
for air, the convection length for the ventilated and hydraulic conduit is about 565 m 
and 4600 m, respectively showing that the hydraulic convection length is about 8 times 
higher than an equivalent ventilated conduit.   

It should be noticed that the thermal configurations of a ventilated and hydraulic 
conduit are inherently different. Firstly, the flow reversals in ventilated caves can 
change the thermal storage of surrounding rock close to the inlet and outlet compared 
to the unidirectional flow of water. Secondly, the mass flow rate in ventilated conduits 
is strongly correlated with the inside and outside temperature of the cave (Eq. (2) in 
Chapt. 2) while for hydraulic conduits the mass flow rate depends on external factors 
like precipitation or snowmelt rate. Thus, we should be cautious when we are 
comparing their convection length with the same input variables.   

7.3 A new thermal sketch for the unsaturated zone  

This thesis focused mainly on the evaluation of thermal responses in three main 
domains of the unsaturated zone of karst massifs: 1) ventilated conduits 2) epikarst 
and 3) ice-clefts in arctic karst or mountain permafrost. Figure 2 shows a simplified 
sketch of thermal reactions in these areas based on the findings of this project which 
can alter slightly the global conceptual model displayed in Fig. 2 in Chapt. 1.  

The thermal anomaly produced by seasonal asymmetry of chimney-driven airflow 
can propagate to a few hundreds meter or more from the upper and lower entrances. 
These areas are shown by red and blue shadows in Fig. 2. The extension of the thermal 
perturbations, the so-called convection length, depends strongly on the value of the 
air mass flow rate and the conduit size. It was shown that the narrow passages and 
singularities can significantly increase cave aeraulic resistance and reduce the mass 
flow rate (see Sect. 4.4). Subsequently, this can reduce the convection length. 
According to the Fig. 2 in Chapt. 1 (from Luetscher and Jeannin, 2004; Badino, 2018), 
the total depth of the heterothermic zone where the yearly external temperature 
fluctuations are perceptible rarely exceeds 100 m. Our findings show this depth can 
be larger if conduits openings are large (low aeraulic resistance) inducing high mass 
flow rates. However, we do not have field data to demonstrate it.  
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Epikarst, the upper layer of karst consisting of a network of fractures distributed in 
low permeable rock, has typically a thickness ranging between 1 and 10 m, i.e. close 
to the thickness of the diffusive region where conduction heat transfer is the dominant 
process. Thus, the heterothermic zone is limited to depth of epikarst in most cases at 
yearly scale. Exceptionally, the heterothermic zone can exceed the depth of the 
epikarst during intense rainfalls and floods.  

At high elevations, ice-clefts may form within the epikarst. The climate warming melts 
the ice from the top surface. The meltwater density increases when water temperature 
rises from 0 to 4℃ triggering free convection cells. This yields a mixing zone between 
the melting front and top surface of clefts. Since the thaw/refreezing cycles are 
strongly variables in ice-clefts, finding the limit of heterothermic zone is hard but 
melting processes can increase this zone locally (indicated by black solid line in Fig. 
2). During the freezing period (in solid state), this zone’s thickness remains close to 
the diffusive length.  The interface of heterothermic and homothermic zones are 
indicated by a black solid line in Fig. 2 providing a more detailed distinction of these 
zones compared to Fig. 2 in Chapt. 1.   

 
Figure 2. A simplified sketch of the thermal response in the unsaturated zone of karst 
(particularly in ventilated conduits, epikarst and ice-clefts in mountain permafrost) 
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7.4 Main conclusions 

The main conclusions of this thesis are briefly introduced as follows: 
• As shown in Chapt. 2 and 3, atmospheric temperature variations comprise 

different modes of frequencies including daily and yearly fluctuations. The 
convective flux of airflow in ventilated caves propagates these signals much 
faster than conductive flux along the cave passage as well as inside the 
surrounding rock. The convection length for AMT (annual mean temperature) 
and ATF (annual temperature fluctuation) have the same order of magnitude. 

• Numerical simulations in Chapt. 2 show that the length of the convective 
region is approximately proportional to the amplitude of the flowrate annual 
fluctuations divided by the square root of the cave average radius. The 
maximum value of thermal width in the surrounding rock for AMT and ATF 
is approximately one-tenth of the convection length and about equivalent to 
the diffusion length (⁓5 meters), respectively. 

• The complex geometry of caves presents a significant challenge for thermal 
modeling. A key simplification in Chapt. 3 involved assuming a rectilinear 
conduit with a circular cross-section of variable diameter. Under this 
assumption, the conduction problem in the surrounding rock mass becomes a 
2D axisymmetric problem, which requires only two independent parameters 
to define the conduit cross-section: the effective diameter (Dp), based on the 
conduit perimeter, and the hydraulic diameter (Dh). Utilizing Dp in the 
conservation equations ensures that the exchange surface area between the air 
and the rock is accurately preserved, while Dh serves as the relevant geometric 
parameter for estimating heat and mass transfer coefficients. 

• In Chapt. 3, the numerical results underestimate the annual mean temperatures 
(AMT) observed in the field by 1 to 2°C, which is the model's most significant 
limitation. This discrepancy is primarily due to the assumption that rock and 
atmospheric temperatures are equal at the external surface of the massif, 
highlighting the need for more accurate boundary conditions. 

• The thermal model developed in Chapt. 3 effectively predicts temperature 
fluctuations across daily to yearly timescales, including the specific case of 
Longeaigue Cave, where temperature variations are influenced by intermittent 
cave closures. The impact of the initial conditions, estimated from a simplified 
history, is minimal beyond the first month of the simulation. Additionally, 
comparisons between field data and simulated temperatures indicate that the 
influence of water flow from diffuse water recharge is only noticeable in the 
lower sections of the cave. In contrast, at higher elevations, the temperature 
field is primarily governed by airflow coupled with heat conduction in the 
surrounding rock mass. The latent heat effects of evaporation and condensation 
appear to have a minor influence on the cave's overall climate. Nonetheless, 
accurately estimating the magnitude of condensation or evaporation rates 
remains valuable for applications in ecology and paleoclimatology. 
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• In Chapt. 4, developing an aeraulic-thermal model for ventilated caves can 
assess the long-term thermal response of a ventilated cave when airflow is not 
available. However, it requires cave aeraulic resistance (AR) as an input to the 
model. The AR can be directly measured from a ventilated cave by measuring 
the air mass flow rate and driving force for a short period (a few days or 
preferably a few weeks). Calculation of aeraulic resistance from theory is not 
recommended due to many uncertainties about cave geometry and friction 
factor (relative roughness). 

• In Longeaigue cave, the results of the aeraulic-thermal model show that if there 
was no lake (or cave closure) the AMT in the cave would be lower for about 0.5 
℃ (from 2020 to 2021). So, it is expected that the lake may have favored the 
warming of the cave for years due to the cave closure. For better confirmation, 
more investigations are needed to reconstruct the cave closure history in the 
past.  

• The hydrodynamic response of epikarst to recharge rates results in variably 
saturated DFN along the year.  Based on the common values of rainfall 
intensity observed in temperate countries, water advection through the 
fractures can be neglected compared to conduction. However, during intense 
rainfall events, a slight shift towards the depth can be observed (see Chapt. 5). 
To summarize, attention is required when using conduction-based models 
which are widely used for the prediction of karst underground temperature in 
literature (Domínguez-Villar et al., 2013; Domínguez-Villar et al., 2023).  

• It has been illustrated in Chapt. 6 that increasing the upper thermal boundary 
condition can generate free convection cells in melting ice-clefts because the 
water density increases between 0 and 4°C (a property specific to water). The 
convection cells generate a thermal bridge between the atmosphere and the 
melting front, resulting in the formation of a mixing zone with quasi-uniform 
temperature in the meltwater. This dramatically enhances the melting rate in 
ice-rich aquifers when compared to models assuming stagnant liquid water. 
This thermal penetration also exerts an influence on the surrounding rock. The 
effect of free water convection is limited to the cleft aspect ratio (the ratio 
between the cleft aperture size and the meltwater depth). Free convection 
becomes negligible in smaller aperture sizes (less than 2 cm) where conduction 
is the dominant thermal process. 

7.5 Future works  

The developed models in this thesis for ventilated conduits can be used efficiently in 
caves, mines or tunnels dominated by chimney effect (or natural ventilation) for long-
term (yearly scale) simulations. The 1D cave passage and 2D axisymmetric 
surrounding rock massif approximation can reduce the computational cost 
significantly compared to 3D or 2D cave passage domain making the long-term 
simulation impractical. Despite developing proper thermal models for ventilated 
caves, we believe that heat transfer investigations in different settings associated with 
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the vadose zone in karst are not yet finished and some points need to be addressed in 
future works. Here we mention a few of them.  

The impact of ventilation in parallel conduits on the convection length has not been 
yet considered in Chapt. 2. If the distance between two parallel ventilated conduits 
exceeds their thermal width, they can be analyzed independently. However, if the 
distance is smaller than the thermal width, they will interact thermally, meaning that 
the thermal response of each conduit affects the other. Our developed model in Chapt. 
2 can be a basis for further investigation of this effect. 

In Chapt. 3 and 4, we developed (aeraulic) thermal models based on the time scales of 
daily and yearly fluctuations observed in the external temperature (and resulting mass 
flow rate). Smaller frequencies related to millennials and centennials climate 
oscillations may be important based on their associated amplitudes. Using an aeraulic-
thermal model will be necessary since the mass flow rate is not available in the past. 
The primary challenge lies in the high computational costs. Since the amplitudes of 
different frequencies are comparable, all frequencies must be simultaneously 
accounted for in the model. Additionally, long-term variations in the cave's aeraulic 
resistance should be assessed by examining the cave morphology and morphometry. 
Furthermore, the diffusion length can increase significantly with lower frequencies 
(longer periodicities), potentially overlapping with the convection length, which calls 
for the development of new models.  

Density difference is not always due to the temperature difference in ventilated caves. 
Even variations in humidity or carbon dioxide (CO2) concentrations between inside 
and outside the cave can possibly contribute to drive airflow (Sánchez-Cañete et al., 
2013) which was not investigated in this thesis. During warmer periods, increased CO2 
production in the soil and higher CO2 levels in the cave air enhance this effect, 
providing an additional driving force to the downward flow accelerating CO₂ 
degassing from drip water and enhancing carbon isotopic fractionation and calcite 
precipitation. A CO2 pressure variation between 0 and 0.02 atm (Qaddah et al., 2023) 
results in about 0.01 kg/m3 density difference in 10 ℃ generating a driving force of 
about 10 Pa (for 100 m elevation difference between the upper and lower entrance). 
Although 0.02 atm for CO2 pressure seems a high value inside a ventilated cave, the 
resultant driving force is not much smaller than the typical driving force associated 
with temperature variations, which is in order of 50 Pa in many ventilated caves 
(Gabrovšek, 2023), and therefore worth to be assessed.     

The thermal model developed for the epikarst in Chapt. 5 offers only an upper and 
lower bound for the convective heat flux of water and lacks an accurate hydrodynamic 
response to precipitation rates. Developing a more advanced model for a partially 
saturated discrete fracture network (DFN) would yield a more realistic distribution of 
water flux in the epikarst, resulting in a more reliable thermal response to atmospheric 
variations. Further research is needed to develop such a model. 
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The impact of free convection on ice melting (Chapt. 6) extends beyond hourly or daily 
fluctuations and can be examined over much longer timescales, including centennial 
to millennial variations in deeper ice columns, reaching depths of around 50 meters. 
However, the primary challenge for incorporating free convection in long-term 
simulations is the high computational cost. The full coupling of momentum and 
energy equations demands significantly smaller time steps compared to simpler 
conduction-based models. Consequently, further research is underway to reformulate 
and simplify the governing equations, making them more suitable for simulations 
over extended timescales. 

The findings of this thesis lay the groundwork for future research and the 
development of new models to explore these effects in greater detail. This foundation 
opens opportunities for refining thermal models, particularly in accounting for 
complex interactions between conduction, convection, and phase changes within karst 
systems.  
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