JOURNAL OF NUMBER THEORY 56, 205-210 (1996)
ARTICLE NO. 0012

On Two Conjectures about Practical Numbers
GIUSEPPE MELFI

Dipartimento di Matematica, Universita di Pisa, Via Buonarroti, 2, 56127 Pisa, Italy
Communicated by M. Waldschmidt

Received April 29, 1994; revised June 6, 1994

A positive integer m is said to be a practical number if every integer n, with

1 <n<a(m), is a sum of distinct positive divisors of m. In this note we prove two
conjectures of Margenstern:

(i) every even positive integer is a sum of two practical numbers;

(ii) there exist infinitely many practical numbers m such that m —2 and m + 2
are also practical.  © 1996 Academic Press, Inc.

INTRODUCTION

A positive integer m is said to be practical if every n with
l<n<o(m)=3,, dis a sum of distinct positive divisors of m.

In [4] B. M. Stewart showed that m=p' p3*---p7*, with primes
P1<p,< --- <p, and integers a;> 1, is practical if and only if either m =1
or p;=2 and for every i=2,3,...k, p,<o(pi p3---p¥-1)+1. In 1950
Erdés [ 1] announced that practical numbers have zero asymptotic density.

Moreover Hausman and Shapiro [2] showed that if P is the set of practi-
cal numbers and if

then

X
P(x)=0|—+——
(x)=o <(10g X)”>
with f<3(1—1/log2)*~0.0979. In [3] Margenstern conjectured that

P(x) ~ 1 —

= log x
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with 4 ~ 1.341. Many other properties of practical numbers similar to those
of primes are proved in [ 3]: for example, a statement similar to Dirichlet’s
theorem holds for practical numbers.

Margenstern [ 3] also states two “Goldbach-type” conjectures for practi-
cal numbers:

(1) every even positive integer is a sum of two practical numbers;

(i1) there exist infinitely many practical numbers m such that m —2
and m + 2 are also practical.

The aim of this note is to prove these conjectures.

In this section we prove that every even positive integer is a sum of two
practical numbers.

LemMA 1. If m is a practical number and n is an integer such that
I<n<o(m)+1, then mn is a practical number. In particular, for
1 <n<2m, mn is practical.

Proof. The first assertion easily follows from Stewart’s structure
theorem; see also [3] p. 6. Since m — 1 is a sum of distinct divisors of m,
we have m + (m —1) <o(m), thus proving the second assertion. ||

LemMa 2. If m and m+2 are two practical numbers, then every even
integer 2n with m*> < 2n<3m?” is a sum of two practical numbers.

Proof. We split up the interval [m?, 3m?] into the union of three subin-
tervals.

(1) We have

, m +m
m - =—m+—m,
2 2

m*+2m=m+ (m+1)m,
and for 1 <k<m—1
m?+2m —2k =km+ (m—k)(m+2),

whence, by Lemma 1, every 2n satisfying m?> <2n<m?+2m is a sum of
two practical numbers.
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(ii) Every 2n satisfying m?+2m<2n<2m? can be obviously
represented as 2m? —2mh —2j for 0<h<m/2—2 and 0 < j<m — 1. There-
fore

2n=2m>—2mh—2j=(m—2(h+1)+j)m+(m—j)(m+?2),

whence, again by Lemma 1, 2n is a sum of two practical numbers.

(iii) Let now 2m?* < 2n <3m?* We can represent 2n as 2m? + 2mh + 2j
for 0<h<m/2—1 and 1 <j<m. We have

2n=2m>+2mh+2j=m+2(h—1)—j)m+(m+ j)(m+2),

whence, by Lemma 1, 2# is a sum of two practical numbers, except for four
exceptional cases which we deal with as follows:

2m* 4+ 2m—4=m+2)m+(m—2)(m+2)

2m*+2m—2=(m+1)m+(m—1)(m+2)
2m* 4+ 2m=m-m+m(m+2)
2m*+dm=m(m+2)+m(m+2). |

THEOREM 1. Every even positive integer is a sum of two practical num-
bers.

Proof. Suppose we have a sequence {m,}, . such that for every ne N

(1) m,, is practical
(ii) m,+ 2 is practical
(iil) 1<m,, /m,</3.
2

Since, by (iii), the intervals [m?,3m.] and [m, ,,3m. ] overlap,
every even positive integer 2n>m7 is a sum of two practical numbers by
Lemma 2. In [3], Margenstern verified that every even positive integer
2n < 100000 is a sum of two practical numbers. Hence to prove the
theorem it suffices to construct a sequence verifying (i), (ii), (iii) with
m, < 100000, We shall actually construct a sequence {m,} satisfying (i),
(i) and a condition somewhat stronger than (iii), ie. 1 <m,, ,/m,<3.

Let S,= {28, 40, 54, 78, 88, 126, 160, 208, 306, 448, 558, 810, 868}. It is
easy to check that for every reS,, r and r+2 are practical numbers.
Denote So={ro.1, 7.2 - Fon} With 1o <rg,< -+ <rg . One easily sees
that ro,<3ro, , (i=2,3,.,h) and ry, =rg,+3r,,. Define, for
k=1,2,..,

2 3,2 _
Sk = {kal,,* 3k 1. zrlcfl,i+4rk71,i}i=l,2, et = ATk Tae2s o i)
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with r, , <r,,<--- <rp,.. Moreover, let S=J);_,S,. If we write S=
{m,},cn» with m,<m, , for every neN, we have to show that {m,}
satisfies (i), (ii), and m,,, , < 3m,. We have already checked this for the set
So. Since 2 +3r=r(r+3), r*+3r+2=(r+2)(r+1), 3r*+4r=r3r+4),
312 +4r+2=(r+2)(3r+1), (i) and (ii) hold for every set S, by induction.

We now show, by induction on k, that r,;<3r.,_, for all k>0 and
i=2,3, .., h. This is true for k=0. Assuming that r, ;< 3r,,_, for some
kand /=2,3, .., h,, we have, for any fixed i >2, either r, ;= %r,z(,j+4r,‘,,j
Or Iy 1 ;="ri +3r, for some j=>1 or />2 respectively. If r ., ;=377 ;+
4r; ;, then

Peens _3ThtAn 3 14(8Bn) 3
Fevvion re 43, 214G/, 2

If rk+],i=r12(’1+ 3"1(,1, then either

3.2 2
S(reg_1+ 3,1 >ri+ 3,

whence
2
Trq1i Feat3r, 3
<5 5
Frwti—1 Ty +3r,
or
3 2 2
S(rg_1+ 3 <1+ 3,
whence

3.2 3.2 2
i A <5(rjg o+ 30 0) Srig+ 30,

which implies that

Prri Feat 3 %rk171+%rk»1*1_3 L+ (2/re,—y) 3
3
2

2
Fev1i—1 %r/zc,171+4rk,171 ri,171+4’"k,171 2 1+(83r-1) 2

by the inductive assumption. This proves that m, , ; <3m,, provided that
m, . =r ; for some k>0 and i > 2. To complete the proof of the theorem,
we must prove that m, ., <3m, when m, ,=r.,=r;_,  +3r,_,, for
some k > 1. In this case we show, by induction on k, that

_ .2
Fr.1 —rk71,1+3”k71,165k71-

This is true for k=1 since r, , =r3, +3rq; =rg, €Sy. Assuming that
Fr.1 €Sy _, for some k, we have, by definition of S,

_ .2
Fre11 =T +3r 1 €Sk

This shows that r, ; =r,_, ; for some j>2. Hence, by the previous argu-

J
— — 3
ment, m, =1, =1,y ;<5m,. |
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2

THEOREM 2. There exist infinitely many practical numbers m such that
both m —2 and m+2 are also practical.

Proof. We shall prove that, for every keN, 2(3¥70—1), 2.3% 7,
2(33k'70 + 1) are practical numbers.

By Stewart’s structure theorem, 2 - is obviously practical. We
separately show, by induction on k, that 2(3*7°—1) and 2(3* " 7°+ 1) are
practical. We have

33k.70

2(37°—1)=2%-117-61-71-547-1093 - 2664097031 - 374857981681

and, by the structure theorem, this is a practical number. Suppose that
2(3%7°_1) is practical for some k. Then

2(33k+1-70_1):2(33k-70_1)(33’(-70_33’&35_’_1)(3#’-70_,{_33’%35_’_1)

3k+l.70 1)

whence, by Lemma 1 applied twice, 2(3 is practical.

We now have
2(37°4+1)=2%.52.29.1181 - 16493 - 28596961 - 32839661 - 94373861

and, by the structure theorem, this is a practical number. Suppose that
2(3%7° 4 1) is practical. Then

23+ 1) =203 70+ 1) $1a(3%) do(37) P5a(3¥) dano(3¥)
where ¢,(x) is the cyclotomic polynomial for exp(2zi/d). Here

Pia(x)=x*—x*+1

Poo(x) = X"+ X" —x10—x¥ — x4 x4 1

Poa(x) =x* + x2 —x"B —x10px2 X x4+ 7+ 1

Pang(x) =x70 — x4 x7 4 x50 — 3 4 2x% — x¥0 4 X7 4 x72 — X704 X%
X664 (64 62 (5652 (48 44 (40 34 (32 30
+xB X xx O 2 =P X xt =X L

33k+1 .70

Applying four times Lemma 1, we see that 2( + 1) is practical, and

the theorem is proved. |
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