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Abstract

The estimation of the Seemingly Unrelated Regressions {Stidtlel and its variants is a core
area of econometrics. The purpose of this thesis is thetigegi®n and development of efficient
numerical and computational methods for solving largees@JR models. Specifically, its aim
is twofold. Firstly to continue past successful researdh the design of numerically efficient
methods for estimating the basic SUR model. Secondly tonextieese methods to variants and
special cases of that model.

The basic computational formulae for deriving the estimaita® SUR models involve Kro-
necker products and direct sum of matrices that make théi@olaf the models computationally
expensive even for modest sized models. Alternative nwaleriethods which substantially reduce
the computational burden of the estimation procedures raqgoped. Such methods successfully
tackle the estimation of the basic SUR model, and that of SWHeis derived from VARY) pro-
cesses, SUR models with VAR disturbances, SUR models wihued size observations and SUR
models with orthogonal regressors. The proposed methoeldased on orthogonal transforma-
tions, and thus, results to be numerically stable. Furtbeemthey do not require the common
assumption which is usually made in most theoretical aealythat the disturbance covariance
matrix be non-singular.
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Chapter 1

Introduction

The estimation of Seemingly Unrelated Regressions (SURJatschave broad applicability in the
analysis and estimation of econometrics models. The SURehwitse in the estimation Simul-
taneous Equations (SE), Time Series and Panel Data modeianie just a few [4, 15, 58, 79].
Procedures that provide theoretically efficient estinsator SUR models with special properties
and the theory of inference for SUR models have been an a@s&arch area in econometrics
for more than forty years [80, 86, 89]. The computational antherical aspects of the various
proposed estimation procedures have been investigatgdexently [16, 45, 46, 48, 50, 51, 53].
Eventhough, the most commonly used estimation procedueelsased on the direct implementa-
tion of theoretical formulae, which are computationallypersive even for modest sized problems,
and gives meaningless results for models with ill-conditid matrices [6, 76]. For example, in
the case of a SUR model af) equations with an average 8fregressors anti00 observations
each, the estimation problem can be seen as equivalent toex&é&inear Model (GLM) oft 000
observations an80 variables.

When the disturbance covariance matrix is known, the masineonly used estimator for the
SUR model is the Generalized Least Squares (GLS) estim@itos estimator gives a Best Lin-
ear Unbiased Estimator (BLUE). Otherwise, when the comaganatrix is unknown, the iterative
Feasible GLS (FGLS) and Maximum Likelihood (ML) procedusge used. The FGLS and the
ML estimators come from the solution of normal equationg tineolve Kronecker products, di-
rect sums and with the unknown disturbance covariance xnigplaced at each iteration by an
estimator until convergence has been achieved [3, 66, 68330

The equally important development of numerical and contfmutal tools for solving SUR

1



2 CHAPTER 1. INTRODUCTION

models lags behind the theoretical advances made in ecdnosnélgorithms for computing the
BLUE of the SUR model usually require the disturbance ceware matrix to be non-singular,
eventhough this is not the case in many economic applica{@s, 84].

1.1 Linear Models

A common problem in statistics is that of estimating pararsedf some assumed relationship be-
tween one or more variables. A linear model is one relatignishwhich a dependent (endogenous,
explained) variablg/ can be expressed as a linear function of independent (ezageexplana-

tory) variableseq, . . ., z,,. When there are: samples observations this relationship can be written
as
Y1 T11 T2 o Tip B €1
Y2 To1 Tz o Toy B2 €2
= . . ) A
Ym Tml ITm2 - Tmn ﬁG Em

whereg; is an error term for which specific values cannot be predidiedompact form the latter
can be written as

y=XB+e, (1.1)

wherey,e € R™, X € R™™ andp € R™. Additional assumptions should be specified to
complete the linear model (1.1). The first assumption is ti@texpected value af is zero, that

is, E(¢) = 0. The second assumption is th¥tis a non stochastic matrix, and thE$X ¢) = 0.

The final assumption is that the variance-covariance mafrixis o2Q2, where( is a symmetric
non negative definite matrix andis an unknown scalar. In summary the complete mathematical
specification of the (general) Linear Model (GLM) is given by

y=X0B+e¢, €~ (0,029), 1.2)

where the notation ~ (0,0%(2) means that the disturbance vectocomes from a distribution
having zero mean and variance-covariance matfix.

The notation used in this treatment is consistent with tisatiun [28, 46] and is here briefly
resumed. Ann x n matrix with elements;; ; (i = 1,...,m andj = 1,...,n) will be denoted by
A € R™™, Similarly, v € R™ will denote a vector with elements, (i = 1,...,m). Standard
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colon-notationis used to denotes submatrices and subvectors [28] kTheolumn and row oA
are denoted byl. , and A4y, ., respectively. The submatri®;.;, ;; has dimensior{k — i + 1) x

(I — 7+ 1) and its first elements is given by ;. Similarly, v;.; is the subvector of having

(k — i+ 1) elements and starting with;. When the lower or upper index in the subscript is
omitted, then the default values will be one or an the uppant®f this subscript, respectively. A
zero dimension denotes a null matrix or vector. For examgle, is equivalent toA;.,, 1;. The
transpose off will be denoted byA” and if A™*™ is non singular then its transpose inverse will
be written asA~". Them x m identity matrix and itsith column will be denoted by,, ande;,
respectively. Thusl,, = (e; ey --- ep). Furthermorel|- ||, || - || and|| - || » will denote the
Euclidean, energy and Frobenious norms, respectivelyt Bhgw||* = v"v, ||v]|3 = v Qv and

|A||% = >2imT -, af ;, whereS is positive definite.

1.2 QR Decomposition and the Ordinary Linear Model

The QR Decomposition (QRD) is one of the main computatiooalstin regression [8, 9, 11, 19,
28, 31, 57, 75]. Itis mainly used in the solution of lineartsyss. It provides more accurate so-
lutions than the LU and other similar decompositions, amdlires fewer computations than the
Singular Value Decomposition. The QRD is often associatéll the solution of Least-Squares
(LS) problems which arise in various applications, suchtasssics, econometrics, optimization
and signal processing to name but a few. The developmentnoénically stable and computation-
ally efficient methods for solving LS problems has been aiveacesearch area for more than fifty
years [29, 41, 57]. The QRD can be used efficiently to compateus diagnostic measures in
regression [7].

The matrices might have special structures which need txfleieed. Often in econometrics
and signal processing, the matrices have Toeplitz, Kragrepkoducts and block-diagonal struc-
tures [18, 58, 67]. Computationally efficient methods tovedhe LS problems should exploit the
non-dense structure of the information matrices and enmamsliteral computation on the Kro-
necker products.

Consider the Ordinary Linear Model (OLM)

y=XB+e¢, e~ (0,6%I,), (1.3)

wherey, e € R™ is the response vectok € R™*" is the full rank exogenous matri}j € R"
are the coefficients to be estimated and R™ is the vector of disturbances. The Ordinary Least
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Squares (OLS) estimator of (1.3) is given By= (X7 X)~1 X7y, that is, it is the solution of the
system of normal equations” X 3 = X”y. Furthermore, ipp = X3 — y is the residual vector of
p, then the scalar is estimated by = pT p/(m — n). The OLS estimator is linear and provides
an unbiased estimator, thatli§3) = 3. Furthermore, if3 is another linear unbiased estimator for
B, thenE((3 — 8)(6 — 8)T) — E((8 — B)(6 — B)T) is non negative definite. Thusis a Best
Linear Unbiased Estimator (BLUE) for the linear model (]&3].

Alternatively, let the QR Decomposition (QRD) &f be given by

QTX = <R> ! and  QTy= <y1> " (1.4)
0/ m-n Y2 ) m—n

where@ € R™ ™ is orthogonal, that i§)”Q = I,,, andR € R™*" is upper triangular. The OLS
estimator ofg comes from the solution of the triangular systéii = y; ando is estimated by

0% = y3ya/(m —n).

1.2.1 Forming the QR decomposition

Them x m Householder matrix (or Householder reflector or Househdhaasformation) is of the
form

hhT

Il

=1im

whereh € R™ is a non-zero vector. Householder matrices are orthogorhsgmmetric. They
can be used to annihilate specified elements of a vector ortxri 28]. Letz € R be non
zero, a Householder matri{ can be chosen such that= Hx has zero elements in positioR$o
m by settingh = x + ae;, wherea = 27z ande; denotes the first column of the x m identity
matrix.

Consider now the computation of the QRD (1.4) using Houslghotransformations. The
orthogonal matrixQ is defined as the product of theHouseholder transformations

Q=HHy--- Hy,

whereH; = I,,, — 2h;h} /(hTh;) and
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Let A®) = X and

. , (@) @\ .
AW = g, A0 = (Rn R’y > i i=1,...,n—1, (1.5)

whereRﬁ) is upper triangular. The application &f;,; from the left of A®) annihilates the last
m — i elements of the first column of . The transformatior;, ; A® affects onlyA®) and it
follows that

i j
! !
L1 O 0 0
0 c 0 s 0 —i
izl o o Lii1 O 0 :
0 —S 0 c 0 —j
0 0 0 0 Ipj

wherec = cos(f) ands = sin(6) for somef, that isc? + s? = 1 [28]. It follows thatG; ; is
orthogonal. The transformatia@; ; when applied to the left of a matrix can annihilate a specific
element in thejth row of the matrix. While the Householder reflections arefuisfor introducing
zero elements on the grand scale, Givens rotations are fampdrecause they can annihilate the
elements of a matrix more selectively.

If A e R™*"andA = G, ;A, then thepth row of A is given by

cA;. +sA;., if p=1,
AVPG = —sA;.+cA;., ifp=yj,
Ap., otherwise.

Thus, if the(j, k)th element of4, i.e. a;, is non zero, it can be annihilated using the Givens
transformationts; ; by settinge = a; 4 /t, s = a;x/t andt® = a7 + a3 .
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A sequence of Givens rotations can be applied to compute R (Q.4). One of such se-
guences, calledolumn-basedis shown in Figure 1.1 where = 4 andn = 3. The elements of
A are annihilated column by column and bottom to the top,iataftom the first column. Further-
more, the Givens rotations are applied between adjaceme¢qlahat isj = ¢ + 1.

G0

1
G

Bl Non-zero element Annihilated element [] Zero element
Figure 1.1: lllustration of theolumn-basedsivens sequence to compute the QRDAfwhere

m =4 andn = 3.

A block generalization of the Givens matrix can be used tatalate a submatrix instead of a
single element. Lel € R™*" be partitioned as

n ome e oy
Ayp A o A\ m
A—| A2 Az - Agy [ mo
bl
Aul Au2 T va My

wheren = Y7 n; andm = Y, m;. Consider the QRD
my my
Q" (A”> = <R> " with Q=@ @2} m
Akj 0/ mitmi—n; Q2,1 @22/ my
where it is assumed that; + m; > n;. Thus, ifm; > n;, then the orthogonal matrix which
annihilates the submatri®;; when applied from the left oft is given by

Ia O 0O 0 0

. 0 0 31 0
Q =] 0 0 I,» O 0o |, (1.6)
0 Ty 0 3o 0
0 0 0 0 I s
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wherem™ = m; +ma+ - +mi_1, m® = mis1 +miga + -+ my_1 andm® = my 4 +
my42+- - -+m,. Notice that in genera) is not a rotation matrix. The orthogonal matrices having
the form ofQ in (1.6) are extensively used in this treatment to develmgesgies which exploit the
sparse block-structure of the various matrices which amigbe estimation of econometric linear
models [20, 24, 25, 22, 46].

1.3 Generalized QR Decomposition and the General Linear Moel

The variance-covariance matrix of the disturbanfesf the GLM (1.2) is often assumed to be
positive definite. In such cases the BLUE®in (1.2) comes from solving the Generalized Least
Squares (GLS) problem

argmin [y = X5q
which is equivalent to the normal equations
XTo'xp=xTa1y. (1.7)

This solution, however, can be unstable when the matricedlaronditioned and explicit matrix
inversion are used [9, 57]. Furthermore(ifis singular, then the GLS estimator cannot be com-
puted using (1.7) and the replacemenf)of' by the Moore-Penrose generalized inverse would not
always give the BLUE of [55].

To avoid problems associated with the singularity or ilkditioning of(2, the GLM (1.2) can
be formulated as the Generalized Linear Least SquaresdPndiLLSP)

argrgin vl subjectto  y=Xg+ Cuv, (1.8)

whereQ) € R™*™ is non-negative definite with rank Q = CC”T, C € R™*9 has full column
rank, the randong-element vectop is defined a®v = ¢. Thatis,u ~ (0,0%1,) [55]. The Gen-
eralized QRD (GQRD) can be employed to solve GLLSP [2, 64ihéugh the above formulation
allows for singular(?, without loss of generality consider the case whers non-singular. The
GQRD of X andC is given by the QRD (1.4) and the RQD @f' C which can be written as

n m—-n

QTcoyp=v=(Vn Ui)n (1.9)
0 Ux

m—n
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whereP € R"™*™ is orthogonal and/ € R™*"™ is upper triangular and non-singular. The GLLSP
(1.8) can be equivalently written as
argmin |[PTo||>  subjectto  QTy=Q"X8+QTCPP v
v,8
or

=R U U
argmin(HUlH2 + HU2H2) subject to y B+ Unvr + Unzv, (2.10)

V1,2, y2 = Uagvo,

wherev” P is conformably partitioned a&7 ). In the second constraint of (1.16) comes
from solving the upper triangular systebvs = 39, and in the first constraint the arbitrary
subvectorv; is set to zero in order to minimize the objective function.u$hthe estimator of
derives from the solution of the upper triangular systeth= y; —Ui2v2. The variance-covariance
of the coefficients estimator is given B R—1U, UL R~T, wheres? = vlvy/(m — n) is an
estimator ofr?.

1.4 The SUR model

The SUR model is a special case of the GLM. It is defined by thefsegressions
yi = Xifi + ug, i=1,...,G,

whereX; € RT*%: has full column ranky; € R” and theT-element disturbance vectoy has zero
mean, variance-covariance maitsix; /7 and is contemporaneously correlated across the equations,
soE(uiu;F) = 0, ;1. In compact form the SUR model is written

Y1 X 0 - 0 01 Ul
Y2 0 Xo -+ 0 B2 U2
=1 . . . . B I
ya 0o 0 - Xg/ \Ba uG
or
Vec(Y) = (@5, X;) Vec({Bi}¢) + Vec(U), (1.11)

whereY = (y1...yq) € RT*Y gf X, = diag(Xy,...,Xg) € RT*K denotes the direct
sum of matrices{; } ¢ denotes the set of vectofs . . . 5, andVec(-) the column stack operator.
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The disturbance terriec(U) has zero mean and variance-covariance matrix I, whereX =
(0751 € RE*C is symmetric and non-negative definite andienotes the Kronecker product [42,
50, 51, 70, 73, 78, 79, 86, 87]. That¥c(U) ~ (0,X ® Ir) and

o1 dr o1l -+ ovclr

oo dr  o92dr -+ ooclr
Y lIr= i

ogilr og2lr -+ ogalr

Notice that(A ® B)(C ® D) = AC ® BD andVec(ABC) = (CT ® A) Vec(B).

The solution of the GLLSP (1.8) has also been discussed witie context of estimating
SUR models and their variants [6, 14, 34, 52, 56, 71, 89]. Tdviswlation and the use of the
GQRD allows to desing computationally efficient methods kgl@ting the special structure of
the regressor and covariance matrices.

Often in econometric special cases or extensions of the Sodehare considered. The most
common cases are here briefly reviewed:

e Heteroschedastic disturbancesln this extension the assumption of a spherical distributed
u; is relaxed. The covariance matrix of andu; is assumed to bE(uiuJT) = 0;,;D, where
D is a diagonal matrix of positive elements. Thus, the vagacmvariance matrix ofec(U)
is given by ® D.

e Correlation Constraints. SUR models where the disturbances covariances are cowstrai
includes the SUR model with Correlation Constrains (SUR-{28, 79, 88]. In this models
the elements of the covariance matrix is constrained sdhbatariance of one disturbance is
smaller than that of the disturbance in the successive iequdturthermore, the correlation
between the disturbances are between zero and one. That is,

011 <022 < <oga
and
0<pij<l, 4,j=1,...,Gandi#j

wherep; ; = 0, ;/./0:.:0;,; iS the correlation between; ; andu;,. This specification has
applications in the context arror componentsnodels, where the disturbance term is de-

fined asu; = Y%, ¢, & ~ (0,v;I7) andE(g;e] ) = 0 for i # j.
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e Autoregressive disturbances.In the SUR model (1.11) the disturbances are assumed to

be uncorrelated across time. However, in several apmitsitthis is to much restrictive
and correlation on time should be considered. In the SUR imeitle autoregressive (AR)
disturbances, hereafter SUR-AR model, the errors are getkeby the AR process

Uit = QU1 + Eit, i=1,...,G,t =2,...,T,

and wherey; are the AR parameters;; ~ (0,0;;), E(gi1€5) = 055 andE(g; 4¢54) = 0
for s # tandi,j = 1,...,G [26, 43, 65, 85]. This can be written in compact form as
u; = o Lu; + & (’L = 1,...,G), or

Vec(U) = (®;0;Z) Vec(U) + Vec(E), Vec(E) ~ (0, ® Ir),
wheree; = (g;; --- gw)T, E= (g --- eg)andZ denotes thd x T shift matrix
0 0 0 0
1 0 0 0
0 1 00
0O 0 --- 10

In this model the covariance matrix ¥kc(U) is given by
(0%, (Ir—w2) ' (Selr) (el (Ir —aZ)™ "

Vector Autoregressive disturbances.A more general form of autocorrelation is given by
the Vector Autoregressive (VAR) process:

U=ZUAT + E, Vec(E) ~ (0,2 ® Ir),

whereA € RE*¢ is the matrix of the AR parameters. In this case the covagiamatrix of
the SUR disturbances is given by

(Ier—A0Z) (e Ir)(Ier— Ao Z) .

Additional assumption regarding the disturbances of ttst fibservation, that is; ; (¢ =
1,...,G) should or may be specified. Furthermore, in some contextsuild be necessary
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to include more that one lags in the autoregressive spdaificahat is the disturbances are
follow the VAR(p) process

U=ZUA{ + Z°UA; + -+ ZPUA] + E, Vec(E) ~ (0, ® I7),
whereAy, ..., A, € R&*Y are the matrices of the AR parameters.

e Unequal Size ObservationsThe formulation of the SUR model, as givenin (1.11), assumes
that each regression has the same number of observatiamsydrathis might not always be
the case [72, 74, 77, 79]. The SUR model with Unequal Size ®agen (SUR-USO)
assumes that thigh equation hag; observations and that the first observations for the
(i+1)th regression match in time with those for tiie regression. In this case the covariance
matrices of the disturbances andu;, for j > 7 are given by

E(uu] ) = 0 <Iti OtiX(tj—ti)) :

e Missing Observations. A generalization of the SUR-USO model, is given by the SUR
model with Missing Observations. There, the pattern of th&eovations which are missing
is not fixed and the; observations of théth equation does not necessarily match in time
with the first of (i — 1)th regression. The covariances in this case are given by

E(uu] ) = 05,5,

wheres; ; ist; x t; zero-one matrix with it§x, /) element being non zero if theh andith
observations of thé&h and;jth equations, respectively, match in time.

e Common Regressors.in the SUR model with Common Regressors, the exogenousxmatri
X; = X48; (i = 1,...,G), whereXd € RT**" denotes the matrix consisting of thed
distint regressors anf} € RE“xki is a selection matrix that comprises the relevant columns
of the K¢ x K% identity matrix. This is often the case because an exogefamisr can
appear in more than one regressor matrix. For example suziroehen estimating the
multivariate linear regression model

Y =XB+U,  Vec(U)~ (0,2 I7),
with the constraints

bisvjs = 07 S

1,...,n.
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That is,n elements of the parameter matifix ¢ REC are restricted to zero, or, equiv-
alently, theisth column of X% is not included in the model to predict theth column of
Y.

e Triangular SUR models. Triangular SUR models are special cases of SUR models with
common regressor. In these models, the equations and tlnarslof each exogenous ma-
trix can be reordered such that tite regressor consists of a subset of the columns of the
following one, thatisX; = (X;,_; X;), whereX; € RT>ki—Fi-1,

1.5 Overview of the thesis

Each chapter of the thesis is self contathe@€hapter 2 considers the estimation of Vector Au-
toregressive (VAR) processes with zero coefficient comggaThis estimation problem reduces to
that of estimating a SUR model with common regressors, wtierenatrix of distinct regressors
X4 has block Toeplitz structure. The analysis presented Enebed to the VARX model, where
exogenous factors, such as linear or polynomial trendssimétta generation process, are included
into the model. A procedure is detailed for reducing the sfzmodel by efficiently computing the
triangular R-factor in the QRD of the exogenous matfki%. Then the estimation of SUR models
with common regressors and that of the triangular SUR madelsonsidered. These model derive
from the estimation of VAR models with zero coefficient coastts or VAR model with Granger
(non-causality) restrictions, respectively. This aniglyextends the one that have been provided
in [51] where a specific ordering on the equations was imp@sebtlapplies to situations where
different Granger causality restrictions need to be imgesel tested.

In Chapter 3 methods for estimating the SUR model with AR aA® \isturbances (SUR-
VAR) are presented. In that model the covariance matrixetlisturbances is dense and structured.
When the number of observations is large the SUR-VAR modebeaeduced to a GLM of smaller
dimensions. Efficient strategies to solve the resulting GBLwhich exploit the structure of the
Cholesky factor of the covariance matrix are derived.

The estimation of the SUR model Unequal Size ObservatiohR(8SO) is considered in
Chapter 4. Two algorithms which solve the GLLSP derived friine SUR-USO model are pro-
posed. The first computes the GQRD of the regressor and Giydbestor of the dispersion matrix.
While, the second use a recursive approach to solve the GludS#e at each step a set of obser-

1Each chapter has been published, or is in press in a referem@itional journal.
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vations are added to the model. Furthermore, an estimatdhéocovariance matrix is proposed
for the case of normally distributed disturbances. Witlpees to most of the existing estimators,
this has the advantage of being always non-negative definite

Chapter 5 presents existing direct methods for estimatiagoisic SUR model and proposes
two new methods. The first is based on a recursive approadle thk second on the transforma-
tion of the SUR model to a smaller SUR-USO model. The deovetif the algorthms is presented
and their comparison based on their theoretical complety on computational experiments is
given. Finally, the last chapter concludes and providesctions for future research.



14

CHAPTER 1.

INTRODUCTION



Chapter 2

Estimation of VAR models

Abstract;

The Vector Autoregressive (VAR) model with zero coefficieaestrictions can be formulated as
a Seemingly Unrelated Regression Equations (SURE) modah e response vectors and the
coefficient matrix of the regression equations compriseroolks from a Toeplitz matrix. Efficient
numerical and computational methods which exploit the Titegnd Kronecker product structure
of the matrices are proposed. The methods are also adapprdvide numerically stable algo-
rithms for the estimation of VAR{) models with Granger—caused variables.

2.1 Introduction
The vector time series, € R™ is a Vector Autoregressive (VAR) process of orgexhen its data
generation process has the form

2t =@z 1+ Pozp o+ -+ Pp2zpp + Uy, (2.1)

where®; € R™*" are the coefficient matrices and the vectayss R™ are serially uncorrelated
and identically distributed with zero mean and varianceagance matrix. That is,E(u;) = 0,
E(uqul) = ¥ andE(wul) = 0, fort # 7.

This chapter is a reprint of the paper: P. Foschi, E.J. Kdritoghes. Estimation of VAR models: computational
aspectsComputational Economic21(1):3-22, 2003.

15
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Given a sample;, ..., zyr and a presample;_,, ..., zp the VAR model (2.1) is efficiently
estimated by Ordinary Least Squares (OLS) estimation ofrtbeel

T T T T T T

M AM-p AM+1-p T AM-1 o, Upy

T T T T T T

FM—-1 | | APM-1—p FM—p T FM-2 1 Upr—1

. - . . . )
T T T T T T

2 21y Zy_p, ot % OF) uy

which in compact form it can be written as
Y=XB+U, (2.2)

whereY, X, B andU are defined by the context. The variance—covariance maftrikeo(U)

is ¥ ® Ins, whereVec(-) denotes the column stacking operator ands the Kronecker product

operator. The OLS and Generalized Least Squares (GLS)astisrnof (2.2) are the same [58, 86].
LetT = (X Y) and its QR decomposition (QRD) be given by

np p
np n M—(p+l)n (R Rpy\ np
R
T=0Q <O> = (QT Qy QN ) 0 Ry |» ; (2.3)
0 0 M—(p+1)n

whereQ € RM*M s orthogonal andk € R+ x (»+1) js ypper triangular. The OLS estimator
of B in (2.2) is computed by
B= REIRTy.
The residuals are given by
0 = QYRY7

and the covariance matriX is estimated by
> = aUTU = aRT Ry,

wherea = 1/M ora = 1/(M — np).

Alternatively R in (2.3) may be computed using the Cholesky factorizatiofi6f", but this
is neither computationally efficient nor numerically staldue to the poor numerical properties of
the matrix77'T. Efficient methods avoid this problem by computing the Cslojefactorization
without forming that matrix explicitly.
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The matrixT is Block-Toeplitz with blocks of sizd x n that are constant along the diago-
nals. Exploiting the structure @f, a fast algorithm is possible for computing the upper tridag
matrices in (2.3) and, thus, a fast estimation algorithmheadesigned.

When other, possibly endogenous, factors such as detstioimends are added, (2.1) becomes

2t = Ow + Przp 1 + Pozp o+ + Ppzpp + wy, (2.4)

wherew; € R7 and® € R"*". The OLS estimates of (2.4) can be computed the same way as
those of (2.1). However, care must be taken in arranging thgixnof regressors (endogenous
and exogenous) in (2.3) to minimize the loss of structurévddrfrom the introduction of the
endogenous variables;. A good choice isV/ = (W X Y), whereW? = (wp wp—1 -+ wy).

The complexity of the algorithms will be given in flops (flaadi point operations per second),
where flop denotes a single scalar multiplication or additibhroughout the paper, the following
notation is used: the vectey denotes théth column of then x n identity matrix/,, and then x n
shift matrix is denoted by = (es e3 --- ¢, 0), that is

0 0 0 0
10 0 0
Z=10 1 0 0
00 --- 10
A set of vectorsvy, ve, . .., v, is denoted by{v;}, and the direct sums of two or more matrices

A ® B and®]_; A; are equivalent to the block diagonal matrices

A, 0 - 0
and )
0 B S

respectively [3, 30, 69]. For notational convenience thiesstiptn in the set operatof-},, is
dropped andp;’_, will be abbreviated tap;.

The purpose of this work is twofold. First, to exploit theustiure of the Toeplitz matrix in
(2.2) and provide a fast algorithm to compute the upper guidar matrix R and, consequently, an
efficient estimation procedure for the VAR(p) models. Sekda design computationally efficient



18 CHAPTER 2. ESTIMATION OF VAR MODELS

methods to estimate VAR models with coefficient constraytexploiting the Kronecker product
structure of the Seemingly Unrelated Regression EquafBdfRE) models.

In section 2.2 the Generalized Schur Algorithm (GSA) andblieek version are presented. In
section 2.3 the adaption of the algorithm to estimate the WAdelels (2.1) and (2.4) is considered.
In section 2.4 the estimation of the VAR model with Zero Caédfiit Constraints (VAR-ZCC) and
the resulting SURE model are investigated. Finally in secf.5 the estimation of the VAR model
with Granger—causality restrictions is presented. Thigehts considered as a SURE model with
Proper Subset Regressors (SURE-PSS).

2.2 Structured matrices and the Generalized Schur Algoritim

Let A € R™ " be a positive definite matrix anfl € R"*™ be strictly lower triangular; that is,
F = [fij] with f;; = 0fori < j. The displacement of with respect to (w.r.t.J*" is

VrA=A—FAFT (2.5)

and its rankd = rank(V ¢ A) is called the displacement rank af The matrixA is said to have a
displacement structure or, more simply, be structured. wtrif it has a small displacement rank.
In this case

VrA=G1JG, (2.6)

whereG € R™", J = I, @ (—I;) andk + [ = d. The rows ofG are called the generators df
[39, 40].
Given F', the matrix A is uniquely defined by, [ andG. In fact, sinceF is strictly lower
triangular, F* = 0, and from (2.5) and (2.6) it follows that
n—1 no1
A=) Fi(A-FAF")(F)" => F'G"JGF)", (2.7)
i=0 i=0

where it has been assumétl = I,,. Consider for example the symmetric Toeplitz matrix

t1  to ts3 -ty
to t1 to SRR A |
T= |13 t2 t1 0 tp—o

tn tn—l tn—2 tl
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This is a structured matrix and its displacement rank vilrg. shift matrixt’ = (e2 es -+ en 0)
— the matrix with ones on the first sub-diagonal and zero disesv—is 2k = | = 1, and the

1 [t ty t3 - t,
G=— .
VENO ty t3 - t,

A Generalized Schur Algorithm (GSA) can be wused to computee th

generators are

Cholesky factorizationd = R” R when A has displacement structure (2.6). At each iteration a
row of R is computed. Since the first column BYG is zero fori > 1, it follows from (2.7) that
the first row of A is given by

(all a2 - aln) = <7’11 T2 oo Tln)

= (911 g21 - gdl) JG. (2.8)

If Q is a.J-invariant matrix (a hyperbolic transformation), thatyg Q™ = .J, then the rows of
G = QTG are again generators far. If  is chosen to annihilate the first column@fexcept for
the (1, 1)—element, then (2.8) is given by
g1 <§11 g1z - §1n> ;
thatis,gi = (G11 Gin -+ Gin) is the first row ofR.

Consider now the partitioning

i—1 n—i+l i—1 n—i+1

R— Ry Ry \ i—1 ’ 4= A1l Apg ) i—1
0 R2 n—i+1 A21 A22 n—i+1

. RT 0 0
AD=A— "1 (R Ri)= :
(ng)< )= (00

whereS = RQTRQ is the Schur complement ofy;. If A® has displacement structure

and define

vrA® = GTJG; | (2.9)

with

0 T
Gi:< “ “2>1 , (2.10)



20 CHAPTER 2. ESTIMATION OF VAR MODELS

andQ); is aJ-invariant matrix that annihilates the elements gfthat is,

i—1 1 n—

N 0 al
Gi=QlGi= S (2.11)
0 0

then the first row of?, is given by (p @”). Now, if /' = (07 p aT), thenAG+) = AG) — ;T

1!

which has displacement given by

VAT = GTG; —rirl + Fral FT
= G?Jéi—TiT?'i‘FTiT?FT
= GL,JGi,

where
TZTFT
Git1 (0(7«_1)Xi f/) (2.12)
has the same structure as (2.10), i.e., thefiegments of'r; are zero. Thus, given the generators
of A in (2.6), the rows of the Cholesky facté& can be computed by iterating equations (2.11) and
(2.12). The algorithm may breakdown if

<ur{ v1T> J (Zl> <0.

1

At each step of the algorithm, Ainvariant matrix@; should be computed to annihilate the
elements o in (2.10). The computation of this matrix plays a key roleha humerical stability
of the whole algorithm [81]. In particular the number of hypalic transformations should be
minimized. Here only one hyperbolic Givens rotation is uaad this is in factored form [81].

Let (27 yT) = (uf oT), wherez € R¥ andy € RL If Q, € R¥* and@, € R
are two orthogonal matrices, thép, ® @, is J-invariant. If Q, andQ, are the Householder
transformations such thé}l = = ae; andQ]y = Be1, andH € R**? is such that

and
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then the matrix

is J-invariant and satisfies

Q" <m> = pey.
Yy

Notice that if no breakdown occurs, then the matftixcan be always computed as the hyperbolic

1/1
H==("7?),
C\s 1

wheres = —3/a andc? = 1 — s2. In factored form this is

()6

which represents a stable implementation of the transfiioma H
[81].
Algorithm 1 summarizes the Generalized Schur Algorithnmekds to store only the generators

Givens rotation

G; and the matrix?; the matrixA(?) is never computed explicitly. Supposing that the matrixtoe
multiplication involving F' is negligible (when#' is a shift matrix) and using Householder matrices
for @, and@,, the computational cost of the algorithm is dominated bystiegps 5 and 7, which
requiredd(n — i) and6(n — i) flops, respectively [28]. Therefore, the complexity of thgoaithm

is (2d + 3)n?.

For some applications a block version of the algorithm iserappropriate. That is, ifl, F' €
RAN"XNn gre matrices with block—size x n, then F is block strictly lower triangular andt
has displacement rank w.r.t. F'. A possible implementation of the Block Generalized Schur
Algorithm (BGSA) is outlined in Algorithm 2. Steps 4—7 comew.J-invariant transformatior);

r (X _ (R
a (%) (%) -

Notice that other implementations exist for computing 82 dach of which has different numerical

such that

properties. In Algorithm 2 the only critical part, concerginumerical stability, is the computation
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Algorithm 1 Generalized Schur Algorithm
Input: The matrix of generator§ and the shift matrix as in (2.5) and (2.6)

Output: R, the upper triangular Cholesky factor df
1 SetGyy =G

2:fori=1,2,...,n—1do

3. Let

4:  Compute the Householder reflectiafs and@, such thaQZz = ae; anngy = Be1, respectively.
5. Apply Q. and@, to X andY’, respectively, such that:

X =0Q%x, Y =Q,Y.

6: Compute a hyperbolic Givens transformatiéirsuch that

HT (;) = pe;.

7. Apply H to the first rows ofX andY to obtainX, Y and

N 0 per X
G(Z) = N .
0 O Y
8: Store(0 --- 0 p Xe)intheith row of R.

9: Gy is defined byG;) after its first row has been multiplied by.
10: end for

of the hyperbolic transformatioff in Step 6. The breakdown of the block algorithm [27] is refate
to the non-existence or the singularity Bf in (2.13).

If Householder transformations are used, then the conipotdtcomplexity of Steps 4 and 5 is
4n?(N —i)(d — n) flops. The number of flops for Steps 6 and 7 using hyperbolie@ivotations
is given by

n n

d 6((N —iyn+h) ~ 6(j(N —i)n + =4°)
j=1h=1 Jj=1

2
S
=
|
El
w
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Algorithm 2 Generalized Schur Algorithm — Block Version

Input: The matrix of generator§ and the shift matrix" as in (2.5) and (2.6)
Output: R, the upper triangular Cholesky factor 4f

1: LetG(l) =GandJ =1, ® —1I.

2: fori=1,2,...,Ndo

3:  Let

4:  Compute the QRDs

5:  Compute

7:  Compute

8:  Store(0 R; X24) in theith block—row ofR.
9. Compute

in (N—i)n (i—1)n n (N—i)n

and formG, ;1 as:

(i—1)n n (N—i)n
0 0 Xa\ n
O O XQB k—n
Gr=l 0 0 Yoa |
0 0 Yas/ 1-n

10: end for

Thus, the computational complexity of the whole procedargiven by

N N
Z(N —i)n%(4n +4(d —n)) ~ Z 4d(N —i)n?
i=1 1=1

~ 2dN?%n?.

l
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2.3 A fast algorithm for the OLS estimation of the VAR model

The BGSA shown by Algorithm 2 is designed to compute the Glkgléactorization of structured
matrices. To compute the matrR in (2.3) the algorithm should be applied to the maffiXT.
Consider the block Toeplitz matrik € RM™>*Nn defined by

':17"'7N
T= [Tz‘—j]g:1 M

)

that is,
To T4 - Ti N
T To - Ty n
r=| " _ R (2.14)
Tv-1w Tv—2 -+ Ty-N

whereT,, € R™*", Let A = TTT, where the(i, j)th block A;; € R™*" is given by
M
Aij =Y T Tej =YY
k=1

andY,” = (T, T, --- T{;_,_,) is the(i + 1)th block column off". If Y; has full column rank,
then the displacement rank dfw.r.t. Z,, = Z® I,,, is 2(m +n) and the generators (see Appendix
1) are given by = I,;, 1, ® — I+, and

Ry Qfvi - QiYn_1\n
0 T cee T
a— . 1 Tl N (2.15)
0 QY1 - QyYn-1]|n
0 Tyvy-1 -+ Tys1-n/ m

whereYy = QoRy, Ry € R™ ™ is upper triangular an@, € RM™*" s orthogonal.
If M = (W T), whereW € RM™*7 then the displacement equation fér= M7 M w.r.t.
the shift matrixZ = 0,x,, ® Zy, is

_ 0 0 wTw wTr
VZA: + 9
0 Vg, T'T "W 0



2.4. VAR MODELS WITH ZERO COEFFICIENT CONSTRAINTS 25

so that the generators are given.by= I, 1, © —I ;)1 @and

. . n "
Rw QLYy QLYyi - QLYn_1\ n
0 Ry QY1 - QfYn_1|n

a=| "’ R A (2.16)
0 Yo QhYr - QL Yno1|w
0 0 QY1 -+ QYN |n
0 0 Tyr 0 Tuyin/ m

The computational complexity of (2.16) can be approximdsgdn?((n +mM /2)N +n). Notice
that if the generators are given by (2.15), or by (2.16), tBeps 4—7 of Algorithm 2 are not needed
for the first iteration.

In the specific case of the estimation of VAR models= 1, N = p+ 1, T, = y, .,
V" = (ym+i—p =+ Y2t+i—p Y14+i—p) and the displacement rank df and A are2(n + 1) and
2(n +n + 1), respectively. Thus, the computation of the Cholesky deumsition of A7 A using
Algorithm 2 require2(n 4 n)n?p? flops, and the computation of the generators requires agiurth

4n%((n + M/2)p + n) flops.
2.4 VAR models with Zero Coefficient Constraints
The VAR model (2.2) can be written as the SURE model

Vec(Y) = (I, ® X) Vec(B) + Vec(U),

whereVec(U) has zero mean and variance—covariance matrix given ®y/ ;. Often zero coeffi-
cient constraints (ZCC) are imposed to VAR models, hereafibed VAR-ZCC model [58]. Thus,
some elements a8 are zero. Leps; € R¥: the vector of nonzero elements in thk column of B.
The VAR-ZCC model can be written as the SURE model

Vec(Y) = (@}, X;) Vec({Bi }n) + Vec(U), (2.17)

whereX; = X S, andS; € R"P*ki js a selection matrix. Notice that the SURE model has common
regressors.
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The Best Linear Unbiased Estimator (BLUE)Wéc({(;}) is obtained from the solution of the
General Least Squares (GLS) problem

%rgmﬁin HVec(Y) - Vec({Xiﬁz-})Hz,le (2.18)
which is given by
Vee({B:}) = (@:XT) (S © In)(@:X:)) (& X)) Vee(YS™). (2.19)

The computation of (2.19) has poor numerical properties doebs not allow for a singular dis-
persion matrixX. Therefore, it is preferable to formulate (2.18) as the Galized Linear Least
Squares Problem (GLLSP)

a;%%n |V]| - subject toVec(Y') = (@:X;) Vec({3;}) + Vec(VCT), (2.20)
where|| - || » denotes the Frobenious nortd,= CCT, the upper triangulaf’ € R™*" has full rank
and the random matriX is defined agC ® I)s) Vec(V) = Vec(U). Thatis,VCT = U, which
implies thatVec(V') has zero mean and variance-covariance mdyix [50, 55, 61, 63]. Without
loss of generality it will be assumed thatis non-singular.

Consider the Generalized QR decomposition (GQRD)

iR
o (@:X;) = (EBO ) (2.21a)
and
K nM—K
Wy W
o7 (C & Ing) P =< e ) e (2.21b)
0 W22 nM—K

where K = Y7 ki, R; € ®F>ki and Wy, are upper triangular, an@,P € R"M>nM gre
orthogonal [2, 64]. Using (2.21) the GLLSP (2.20) can betemitas

e
argmin Z ( |lviallz + [lvipll2)  subject to
{via}, i=1

{viB},{Bi}

Vec ({yia}) @i R; Wir Wi\ [ Vec ({via})
= ec({5; , 2.22
(Vec({yiB})> < 0 ) Veeltfid) + ( 0 ng) <Vec({v¢3})> (2.22)
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where
Vec ({yia}) | K
TVec(Y) =
< &) <Vec ({yzB})> nM—K
and
P Vee(V) = <Vec va})) K )
Vec ({vig}) ) nM-K

From (2.22) it follows thatVec ({v;p}) = W' Vec ({5;}) and Vec ({v;a}) = 0. Thus, the
solution for the SURE model comes from solving the triangaistem

(vec <{ym}>> _ (aaim W12> ( Vee({3:}) > (2.23)
Vec ({yi}) 0 Wax/) \Vec({vis})) |
The matrix@ in (2.21) is defined as

Q= <@iQiA @in’B) ;

where

ki M—Fk;

Qi X; = (JZZ) , with Q; = <Qz’A Qz‘B)»

isthe QRD ofX; (i = 1,...,G).
The computation of (2.21b) occurs in two stages. The firgtestmmputes

K nM—K
of(ceong—(tn Welr (2.24)
W21 W22 nM—K

whereIfVij (i,7 = 1,2) is block upper triangular. Furthermore, the main blockgdials ofi?/;,
andWWs; are zero, and théh (i = 1, ..., G) blocks of the main diagonal 6%, andW, are given
by CiiIy, andCy; Iy, , respectively. The second stage computes the RQD

(Wm %2)75:(0 W22) (2.25a)
and

(WH le)ﬁ :(W11 le). (2.25b)
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Thus, in (2.21b)P = QP. Sequential and parallel strategies for computing the RRP5) have
been described in [44, 46].

The computations of (2.24) and (2.25) are the most expewpgigetions — their computational
cost is in the order of> /3 — and they become quite important when computing the fea&hlS
(FGLS) estimators, that is, when computed at each iterétiodifferentC'. However, the common
regressors that exist in the SURE model can be used to reldeoemputational complexity of the
iterative estimation procedure [54].

Consider the QRD given in (2.3). Premultiplying (2.17) frorine left by
QT=(l,®Qr I,®Qy I,®Qn)" gives

VeC(RTy) @;RS; Vec(UT)
Vec(Ry) | = 0 Vec({Bi}) + | Vec(Uy) |
0 0 Vec(Uy)
where
UT np
QU =|Uy | n

Un/) M—(p+1)n

The covariance matrix ofec((Ur Uy Un)) is given by

S®IL, 0 0
0 X1, 0
0 0 X Q Inr—n(p+1)

Thus the estimator of the SURE model (2.17) arises from thdiso of the reduced size model

Vec(Rry) = (®;RrS;) Vec({5;}) + Vec(Ur), (2.26)

where the covariance matrix &c(Uyy) is given byX ® I,,,. The estimator ok is now given by
5= % (0707 + RERy ),

whereU is the residual matrix estimated from (2.26). Notice tR4tRy does not depend on the
covariance matrix..
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2.5 VAR models with Granger causality restrictions
Consider partitioning the time seriesand the coefficient matrices; in (2.1) as
Z At Paar Pap
Zt = (I)l = .
2Bt ®par Prpi

If g4 =0fori=1,2,...,p, then the seriesy; does not Granger—causg;; that is,z 4 is not
linearly informative about the future of the time serkgg [32, 58]. This concept can be general-

ized. Define the permutaticfry, ..., m,) of the indiceq(1,...,n), and letll = (e, ex, - ex,,)
be the associated permutation matrix. Now, if there exigtsrenutation(ry, . . ., 7, ) such that
h1 ho e hs
X X s X k1
T 0 x - X |k
mren~ (2.27)
0 0 X/ ks

forl =1,2,...,p, then the series,, does not Granger-causg when the(i, j)th element of the
matrix in (2.27) belongs to the block lower triangular part.

When the Granger causality restrictions are known a pitioei variables can be ordered so that
the matricesb; have the structure given in (2.27). In this case the modejus/alent to a triangular
SURE model [79, 51]. Conversely, if different models witlffelient causality restriction have to
be estimated, then a reordering is not convenient sincedbpliiz structure ofX is destroyed. In
this case the VAR model is equivalent to a SURE model with erapibset regressors [79].

Multiplying (2.2) on the right byl gives

Y =XB+U,
whereY = YTI, U = UTl andB = BII. Figure 2.1 shows an example of the structurédt The
matrix B is characterized by the property that if thye:)th element is zero, then also thgi+1)th
element has to be zero. Thatlis= (5151 S22 -+ Snf,), whereS; = [[i_; S = S;i—15; and
S, are selection matrices. The regressor matrices of the SURIelnare defined a&;, = X 5; =
Xi 15,
Consider the QRDs

Xi=(Qu Q) (ﬁ) 229
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Figure 2.1: Proper Subset Structure derived from Grangesatily restrictions.

and

RZ’ ~ . — Rz
<0> Sit1 = (Qi—i—l,A Qi—i—l,B) ( 0“) ; (2.29)

whereQ; = (Q;a Qip) andQ; 1 = (Qi11,4 Qi41,5) are orthogonal matrices. The QRDs (2.28)

and (2.29) imply
RZ’ = Ri
Xiy1 = Q; <O> Siy1 = QiQit1 ( O+1> ,

andQ;,1 = Q;Q;.1. Notice that

= Qi1 0
QH—I—( 0 IM_ki .

In (2.24) forz,y € {A, B}

nQl,Q1y c12Q1,Q2y -+ c1nQT,Quy

N 0 2Q3,Q2y -+ 20Q3,Qny
W:cy = . .

0 0 te CanZany

Thus, fori < j
PQiy = QLOL,--QTQ1- - Qi1Qi--Q;-1Qjy
= 75@1’"'(23'—1@@
I 0)Qiy1--Qj—1Qjy, fz=A4,
b o (2.30)
(O I) Qi1+ Qj—1Qjy, ifz=B5B,
and fori = j
Iy ifx=y=A4,
rQjy =< Iy_y, ifz=y=DBand (2.31)

0 if ©#y.
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From (2.30) and (2.31) it follows thézNVBA = 0, since

QlpQia = (0 IM—ki_l) (Qit1-+-Qj—1Qj4)

kj—l
kic1 M-k

N< 0 “ )( Z ) fw‘_kl (2.32)

andk;_y > k;_1. The matrix in (2.24) has an block upper triangular form dngstthe RQD (2.25)
is not needed, i.ely/ = W andP = Q.
Let y; denote theth column ofY and note that

<ym> =Q/yi=Q/ QL1 Qly

YiB

The vectorgy; 4 andy; g can be computed from the recursion

yjA () () = i1 i1 i1
(y'B g - y#)—@f(yj(ﬂ D ),
J

or, in a more compact form,

YjA ; ~ -
( ‘ Y(J)) :QjTy(J D (2.33)
YiB
whereY (© = (y§°> g0 yff’)) = Y. Notice that the multiplication b@? in (2.33) affects
only the firstk;_; rows of Y /=1,

Consider the case of = 4. The triangular matrix in (2.23) is

Rt 0 0 0 0 c12(10)Q2p c13(10)Q2@35 c14(I 0)Q2Q3Q4B
0 R2 0 0O 0 0 c23(10)Q3p  c24(1 0)Q3Q4p
0 0 R3 0 0 0 0 c34(I1 0)Q4B
0 0 0 R4 0 0 0 0

0 0 0 0 c11lc12(00)Q2p c13(01)Q2Q3p c14(01)Q2Q3Q4B
0 0 0 0 0 caal c23(00)Q3p  ¢c24(01)Q3Q4p
0O 0 0 O 0 0 c3sl c34(0 I)Q4B
0O 0 0 O 0 0 0 cqql

and rearranging the terms of (2.23) gives,

g“‘ Ri O A o 500 vﬁl
1B 0 enl O 2@z 0 c13Q2Q3p 0 c14Q2Q3Q4p 1B
ggg | o o %2 CQ(;I 0 c23Q33 0 c24Q3Qun 1)52213
ggg B 0 %3 0303 I 0 c34Qup Uf;}
gaa 0O 0 0 0 0 o B0 s
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Algorithm 3 Recursive solution of the SURE model with proper subseteisgrs
Input: The matrixRry , the upper triangular matriRr and the selection matrices, ..., S,
Output: The vectors of parametefs, . . ., ..

1: Compute the QRD (2.3).

2: SetR, = Ry andY = Rry.

3:fori=2,...,ndo

4:  Compute the QRDR;_15; = Q; <R2>

0
Compu':e}}l:ki,l,i:n - QA?YI:ki,l,i:n-
end for
fori=n,n—-1,...,1do

SO'VeRiBi = ?1:ki,i-
ComputeuiB = Y/k,;Jrl:,i/Cii-
10 forj=4i—1,i—2,...,1do

11: if j =4 —1then
12: Computa?i = QiB'UiB-
13: else
14: Computel; = Q; ;.
15: end if
16: Computegjj = Y; — Cji0;.
17:  end for
18: end for
Conversely, for =1,...,n
YiA R; 0 Bi "
(2 (2 (2 =~ ~ =~ ~
= + Z ¢ij (Qi+1Qiv2 -+ Qj—1) QjBUjB.
YiB 0 cil) \viB) ;551

This system is solved by a back-substitution without forgrtime matrice$? 4 g andWW g as shown
by Algorithm 3.

In order to optimize the memory access and exploit cachetsffthe access to the matria@s
of Steps 12 and 14 of Algorithm 3 should be reorganized [8Zjd&ling the vectorg; is done in
one step for eachand the vectors,; are computed recursively by the formulae

y 0 y o
0f = and v;_l = Q;‘FU;
ViB

2.6 Conclusions

Algorithms for solving VAR models have been proposed andyaed. The VAR models with
zero coefficient constraints or Granger—caused variatdgs heen considered as SURE models
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with common or proper subset regressors, respectively. nlingerically stable algorithms have
efficiently exploited the Toeplitz, Kronecker, and otheustures of the matrices in these models.
Furthermore, the proposed algorithms can handle ill-cadid problems.

The implementation of the algorithms needs to be investjaBlock versions of the algo-
rithms which are suitable for conventional hight performecomputers need to be designed [17].
The adaptation of the numerical methods to tackle other latlat have similar matrix struc-
tures as those proposed here needs to be considered. Guttner¥ector Error Correction Model
(VECM) and the Johansen procedure for estimating cointedgraystems are investigated. The
VECM has a structure similar to that of (2.4), while the Jadd®wamprocedure requires the OLS
estimation of a linear system having a block Toeplitz stree{36, 37, 58].

2.A Displacement structures derived from LS problems involing block
Toeplitz matrices.
Consider the block Toeplitz matrik ¢ RM™*Nn defined by

i=1,...N
T= [Ti—j]gzl M

30y

that is
w T, - Tin
Ty Ty - Ton
T = . . . )
Ty Tvy—2 -+ Ty-n
whereT;, € R™*". Letdefined = T7T = [A;];; € RM™ ™ having blocksd;; € R™™
and given by
M
Ay = T Ty =YY, (2.34)
k=1

whereY,” = (T2, T, --- T},_,_,) isthe(i + 1)th block column off".
The displacement ol w.r.t. Z,,, = Z ® I,,, is given byV z A = M; + M, where

A1 | Ay oo Ay,

T
A12

My =

T
Aln
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and
0

My =
0| Ay —Ai—1,—1

From (2.34) it follows that

M M
Ajj—Aj 11 = TE T i =y T Ty
J —1,j-1 — k—itk—j k—it1Lk—j+1
k=1 k=1

T T
Tl—iTl—j - TM—H—iTM-H—j’

fori,j =2,3,...,n,and

My, = G¥Gy—GTay, (2.35)
whereGy = (0 T 4 - Tl—N) andGy = (0 Ty - TM+1—N)-
If Yy has full column rank and its QRD 3y Ry, then
(2.36)

M, = GTa,-Glas,

whereGy = (Ro QFY: -+ Q§Yn-1) andGs = (0 QfY1 -+ Q§Yn_1). From (2.35) and
(2.36) it follows that the displacement dfis given by
I, 0 0 0 G
0 I, O 0 Go
Vs, A= GT GT GT GT
Zp ( 1 2 3 4) 0 0 -I, 0 Gy
0 0 0 —Iy [en



Chapter 3

Estimating seemingly unrelated
regression models with vector
autoregressive disturbances

Abstract:

The numerical solution of seemingly unrelated regress&lnR) models with vector autoregres-

sive disturbances is considered. Initially an orthogonahgformation is applied to reduce the

model to one with smaller dimensions. The transformed malekpressed as a reduced-size
SUR model with stochastic constraints. The generalized @mposition is used as the main

computational tool to solve this model. An iterative estiima algorithm is proposed when the

variance-covariance matrix of the disturbances and theixnaft autoregressive coefficients are

unknown. Strategies to compute the orthogonal factodmatof the non-dense structured matrices
which arise in the estimation procedure are presented. riempstal results demonstrate the com-
putational efficiency of the proposed algorithm.

This chapter is a reprint of the paper: P. Foschi, E.J. Kdritoghes. Estimating seemingly unrelated regression
models with vector autoregressive disturbandesirnal of Economics Dynamics and Cont2003 (In press).

35
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3.1 Introduction

The seemingly unrelated regression (SUR) model is given by

wherey; € RM is the endogenous vectax; ¢ RM*¥: js the exogenous matrix with full column
rank, 3; € R*: are the coefficients ang; € R is the disturbance vector having zero mean. The
covariance matrix ofi; andw; is given byo;; Iy (i,5 = 1,...,G). In compact form the SUR
model can be written as

Vec(Y) = (8%, X;) Vec({B;} ) + Vec(U), (3.2)

whereY = (y1 -+ yg), U = (w1 - ug), ®¢,X; = diag(X1, ..., Xa), {8} denotes the set
of vectorspy, . . ., Bg andVec(+) is the vector operator which stacks one column under the othe
its matrix or set of vectors argument. The disturbance féenilU) ~ (0, X ® Iyy), i.e., it has zero
mean and dispersion matrx® I, whereX = [0;;] € RE*E is symmetric and positive definite
[3, 30, 69]. The subscrip® in the set operatof-} is dropped ane>{" , is abbreviated te;.

Often the SUR model has vector (VAR) or scalar (AR) autorsgjue disturbances [26, 38, 43,
58, 65, 67, 79, 85]. In such cases the disturbance métiix(3.2) satisfies

U-ZUAT = E (3.3a)
or, equivalently,
(Iem — A® Z)Vec(U) = Vec(E), (3.3b)

whereA € RE*C js the matrix of the AR coefficients, thel x M shift matrix Z is defined as

0 0 0 0

00

Z=10 0 0
00 --- 10

andE € RM*&, The dispersions d¥ec(E) andVec(U) are given, respectively, by ® I, and

Iy —A®Z) M (S@Iy)(Iguy —A®2) T, (3.4)
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where—T denotes the transpose of the inverse.
Now, premultiplying the SUR with VAR disturbances (hereafSUR-VAR) model (3.2) by
(Iem — A® Z) itgives

Vec(Y — ZYAD) = (I @ X — A® ZX) (®;S;) Vec ({3;}) + Vec(E), (3.5a)
or the general linear model (GLM)
Vec(¥) = F Vec ({8;}) + Vec(E), (3.5b)

whereX € RM*K" denotes the matrix comprising ttié? distinct regressors of the SUR model
ands; is a K% x k; selection matrix such thaX; = XS, (i = 1,...,G). The matricesl and

F are defined by context. Notice that in the case where theraammmmon regressors and

S; are given byX = (X; X, -+ Xg) andS; = (0 Iy, 0), respectively. Furthermore, the
matrix F' in (3.5b) is full rather than block-diagonal as in the casthefconventional SUR model.
The estimator of the SUR-VAR model (3.2) derives from conmuthe generalized least squares
(GLS) estimator

Vec ({4i}) = (FT (=7 @ Iy)F) " FT (27 @ Iny) Vec (V). (3.6)

In the case wher& and A are unknown, an iterative procedure is used to derive theldfieaGLS
estimator. Initially,Vec ({3;}) is computed from (3.6) based on some initial estimates and A.
The residuals provide new estimates ¥band A, which are then used in (3.6) to derive a new GLS
estimator. This procedure is repeated until convergence.

The existing methods for computing the GLS, or the feasill& Gstimator of the SUR-VAR
model solve the normal equation (3.6) explicitly by compgtkronecker products and inverses of
matrices [43, 79]. This results in computationally expeasind numerically unstable estimation
procedures [76]. The purpose of this work is to provide cotaenally efficient algorithms for
computing the GLS estimator for the SUR-VAR model. Theserdtigms use non-literal Kronecker
operations and for numerical stability use orthogonaldazations [28].

In the next section the numerical solution to the SUR-VAR pidd considered and an itera-
tive algorithm to compute the feasible GLS estimator is pemgl. Section 3.3 considers various
strategies for computing the matrix factorizations agsimthe estimation procedures of the model.
Computational results are shown in section 3.4. Finallyckigions and future research are pre-
sented.
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3.2 Numerical solution of SUR-VAR models

Consider the QRD

K* K*

K4 G K @ K* K* M* Ej EA K*

(zx zv x v)=(@, @ Q)0 BRsl|x . 3.7)
0 0/ M~

whereK* = K¢+ G, M* = M — 2K*, R* andR,, are upper-triangular defined by
Kt G Kt @ K¢ G

Ej = (Rj Y:), Ry = (RA YA)7 Ry = <RB YB)

and the orthogonal matriQ* € RM*M s partitioned as

QO =(Qn @ @) (3:8)

Pre-multiplying (3.5) by the orthogonal matrife: ® Q% Ic® Qh Ic ® Q%) gives

Vec(¥,) Ic @Ry, — A® R} Vec(E,)
Vee(Yp) | = Ig ® Ry (9iS;) Vec ({Bi}) + | Vec(Ep) |, (3.9)
0 0 Vec(E)
where
U, =Y,-YrAT (3.10)
and
VeC(EA) by (024 IK* 0 0
Vec(Egz) | ~ | 0, 0 Y@ I 0 . (3.11)
Vec(E) 0 0 Y@ Iy

From (3.11) it follows that (3.9), and consequently the SUAR model, can be written as the SUR
model

Vec(Yy) = (iRpi) Vec ({Bi}) + Vec(Ep) (3.12a)
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with the stochastic constraints

Vec(V,) = F, Vec ({5i}) + Vec(EL), (3.12b)
WhereRjZ- = R:Si, R, = R4S;, Rg; = RpS; and

Notice that this orthogonal transformation has reduceditre of the SUR-VAR model by M *.
Computationally this is very significant for large—scaledals where) is much bigger than the
number of distinct regressors, i.8Z > K? [48].

The model (3.12) can be reformulated as the generalizearliaast-squares problem (GLLSP):

argmin HVAHfer HVBwa subject to
{/Gi}7VA7VB

Vec(Y, iRpi C® Ik~ 0 Vec(V,
ec( B) = ® B VeC ({/87,})"_ @ K eC( B) ) (314)
Vec(¥,) F, 0 C®Ikg+)\Vec(Vy)
where|| - || » denotes th&robeniusnorm,X. = CC7, C € RE*% is upper triangulary,CT = E,,
VeCT = Ey andVec((Vy Vi) ~ (0, I2x+) [55, 61, 62]. The solution to (3.14) is computed in

two stages and provides the GLS estimator of (3.12). Fisst) ¢he case of the conventional SUR
model, the GQRD ofp; Rz; andC ® Ik« is computed:

K

QT (&iRyi) = (EBZR’) " (3.15a)
0 GK*—K

and
K  GK*-K

Wi Wis > K

(3.15b)
0 W33

QT(C®IK*)P:WE< .
GK*—K

Here, K = ) . k;, Q and P are orthogonal@®;R; and W are upper triangular, anf; is the
triangular factor in the QRD oR; [46]. The second stage computes the updated GQRD:

K

r (@il _[(Ru) K 316
a(3)-(0) cm
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and
K  GK*
1% 0 W W
i p=w, =1 T}t (3.16b)
0 C®Ig+ 0 W3/ Gk*
whereR, andW,, are upper triangular, and the orthogonal matri@gsand P, are of order K +
GK™).
Now, let
Vi i
Q7 Vec(Y,) = ec({p:h) ) & , (3.17a)
Vec ({9:}) ) cr*—K
Vi i Vi Ui
r(Vee(wh)) _ (Vee@mh) s (3.170)
Vec(¥,) Vec(Y,) ) Gk~
GK*—K
W WH
or (") = ")t (3.17¢)
0 W3y ) Gk~
Vi vi K
PT Vec(Vy) = ec({oi})
Vec ({9:}) ) ar*—K
and

pT Vec ({9;}) _ Vec({fi}) K ‘
“ O\ Vee(V,) Vec(Vy) ) ck*

Thus, the GLLSP (3.14) can be reformulated as

a
. ~ 112 2 = 112 .
argmin Uil + || + ||V subject to (3.18a)
{ﬁi},{@};(\\ f ) +11Vallz
{ﬁi}va
Vee ({#i}) Ry, Wy W Wi\ [ Vee ({0:})
Vec(Yy) | = 0 [Vee{BH+ | 0 W3 Wi Vee(Vy) |, (3.18b)
Vec ({#:}) 0 0 0 Wi/ \Vec({ty})
with solution given by
Ry, Wiy Wig\ [Vec({5i}) Vec ({7i})
0 Wg wa || Vee(Vy) | =] Vee(Ya) |- (3.19)

0 0 Wss/ \Vec({t:}) Vec ({9i})
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The covariance matrix of the coefficient estimatovec ({3;}) is given by
R;YWy W R, T [46, 50, 52, 55, 61].

In the case where there are no common regressors, it follmas @3.7) thatR*, and R z; have
the same structure. That is,

E* A\ k@ EB. L)
Ry=(" _ and Ry = ‘ o
0 ) K*—k® 0 ) K*—k®

wherek() = Z;’:l k; and the last; x k; blocks ofﬁ:i and Em are upper triangular. Notice
that if o € RY, then(a? @ Ix+)(&;RY,;) = Ri(daily,) € RE™*K" is upper triangular. Thus,
(A ® Ig~)(@;R%;) consists ofG' upper-triangular blocks stacked one atop the other. Figure
shows this structure and that Bf, for the cases = 5.

(A® I )(®iRi) Fa

Figure 3.1: Structure qfA®I)($; RY;) andF',, where there are no common regressors@ine 5.

Notice that the QRD (3.7) does not depend on the value ofrefher A. Furthermore, the
value of the autoregressive parameter matritoes not affect the SUR model (3.12a), but only the
constraints (3.12b). Thus, for the derivation of the itesfeasible GLS estimator, initially, the
GQRD (3.15) is computed to solve the SUR model (3.12a), aml the updated GQRD (3.16) is
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obtained. This updating is performed whenedechanges, while (3.15) is re-computed when the
covariance matrixt is modified. Algorithm 4 summarizes the steps of this iteefirocedure. The
precision and condition that determines the equality, &nd inequality, between matrices and the
estimation methods fot. and A are not shown.

Algorithm 4 Iterative estimation of the SUR-VAR model.

Input: The regressorX, Y and the selection matricés, . .., Sa

Output: The vectors of parametefs, . . ., 8a, the autoregressive coefficient matdxand the covariance matrix
1. Compute the QRD (3.7).

2: Compute the QRD (3.15a) and (3.17a).

3: Letn(® =0, A© = g andVec ({8V}) = 0.

4: Estimates® andA®.

5:forj=1,2,... do

6. if (@Y £%U"Y)then

7 Compute the Cholesky factorizatioi’) = CC”.
8: Compute the RQD (3.15b).
9:

: endif
10:  if (A9 £ AUV then
11: Compute (3.13) wittd¥) in place ofA.
12: Compute the updated QRD (3.16a) and (3.17b).
13: endif

14:  Compute the RQD (3.16b).

15: Compute (3.17c).

16:  Solve the upper triangular system (3.19) and/iet ({3 }) = Vec ({8:}).
17:  EstimatezU+) and AU+,

18: until U+ = 20, AU = AU andVec ({87)}) = Vec ({877 })

3.2.1 Estimation of the AR parameters and disturbance Covaance matrix

Commonly used formulae for estimating the covariance maind the matrix of autoregressive
parameters for the SUR-VAR model (3.2) are given, respelgtiby

. UTU

L=— (3.20)
and

A=UTO)"Y(UT z0), (3.21)

wherel is the residuals of the GLS estimator. That is

U=Y - XB, (3.22)
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whereB = (5131

SGBG) € RE'%G and{;} denotes the GLS estimator of (3.2). The
latter is equivalent to

20 = Z2Y — ZX (S1 B SGBG) . (3.23)

Premultiplying (3.22) and (3.23) by the orthogonal mafiix‘)? from (3.8) gives

Ug Ya Ra
Us|=|Ys|+|Rs|B (3.24a)
Uc 0 0
and
U Y Ry
Us o+ o |B (3.24b)
Uy, 0 0

Now, using (3.24), the estimators farand A in (3.20) and (3.21) can be equivalently expressed,
respectively, as:

N e, o
5= (UAUA—i—UBUB) (3.25)
and

A= (0504 +0505) " (0703).

For the efficient computation of (3.25) and (3.26), constierQL decomposition

(U _ [0\ —c 397
e e

where@ = (Q4 Qp), Qa € RPE™*CE=C) Qp e R2E™*C andL € R*C is lower triangular
[52]. The upper triangular Cholesky factor Bf= CCT, which is required by Algorithm 4, is

given by(j — LT. Furthermore A in (3.26) derives from the solution of the triangular system

(1 (Ui
LA= MQA<O>. (3.28)

(3.26)
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3.2.2 Considerations regarding the first observation

Different treatments of the first observation provide diéfg estimators for the SUR-VAR model.
Particularly when the first observation of the sample is dea} the disturbance matriX is as-
sumed to satisfy

ZTU = ZUAT + E, (3.29)

whereVec(E) ~ (0, ® I;_1) and the(M — 1) x M shift matrix Z is defined as

10 -~ 00
_ o1 --- 00
7 =

00 --- 10

Under this assumption the SUR-VAR model (3.5a) becomes
Vec(ZTY — ZYAT) = (Ig ® ZTX — A® ZX)(®;S;) Vec ({5;}) + Vec(E)
and the proposed solution method is still valid if the QRIY{3s replaced by the QRD of
(zx zv z'x 7'v).
An alternative means for handling the first observation isrtfwrce the stationarity of the VAR
procesdJ [58]. The disturbance matri& then satisfies
U=ZUAT +e1eTU(Ig — AT+ E, (3.30)

wheree; denotes the first column dfy; and A; € RE*& is computed as a function of andX.
In this case, the QRD (3.7) should be replaced by the QRD
(] X ]y 2zX 2V X Y)
K* K* M
Ri1 Rip Riz\ 1
1 K* K* M 0 R "
* « « " 22 23 | K~
(@@ e @) 0 S
0 0 0 /) m

where M* = M — 2K* — 1. Premultiplying the SUR-VAR model by the orthogonal matrix
(Ic®Q; Ie®Qs Ic®Q4 I®Q;)T results in a reduced-size model2X * + 1 observations
which can be solved by employing a method similar to the oaedblves (3.12).
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3.3 Computing the orthogonal factorizations

Strategies for computing the GQRD (3.15) have been preliqueposed [46, 50]. Here the
computation of the updated GQRD (3.16) will be consideredHe case of distinct regressors. Let
RO = @,R; € REXK andR®) denote theth K* x K block of F,; that is,

R(p) = (6?; & RAZ) + <(Ap1 Ap2 s ApG) b2y IK*) (@2R22)7 (331)

forp =1,...,G. Furthermore IeRZ(f}’G“) G=1,....G+1,7=1,...,Gandp =0,...,G)

denote thei, j)th k; x k; block of R®), with kg1 = G; that is,

k1 N ko
R%GH) o Rg;’)éaﬂ) .
RP — ' '
RECY o REE |
REGS) - RESE) ke
Similarly, let
K* oo K*
w00 w1 o O\ g
Wll 0 W(lvo) W(lvl) e W(lvG) K*
0 Cal = . . . (3.32)
K* : : : :
wGo wGh . (GG ) s

and Wi €  RF*ks  denote the (p,s)th sub-block of W), — where
,j=01,....G,p=1,...,Gif i =0, whilep = 1,...,G + 1if ¢ > 0 and analogously
for sandj. Thus, fori,j =1,...,G,

k1 k2 ka1
(4,9) (4,3) (4,3)
Wii Wis e Wieh \ ke

(4,9) (4,9) (4,9)
Weiin Weiie -+ Weligel/ ke
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The updated GQRD (3.16) is computed in two stages. The fagesdpplies a series of orthog-

onal transformations to redude!., ..., R(%) to block-upper triangular. The orthogonal trans-
formations are also applied from the left of (3.32), whichhen re-triangularized from the right.
Specifically, theRZ(g’GH) (i =1,...,G)is used as pivot in order to annihilate from bottom to top
the non-zero bIockREiijl), . ,Rgff;.l) in the lower triangular part akR(”). That is, it computes
the updated QRDs
(Ovj) (Ovj_l)

~n (R R

QL. | W =" (3.33a)
and

(0,9) (0,9) (05-1)  p(05-1) (0,j—1)
QT ( (0 i R?jgl Ri(v.G.)> _ (Ri(vi. ) Rz’(JJrll) RZ'(,G. 1)> (3.33b)
2, 2,] 2,] (2% ,]— ,)— ,]— ’ '
B Bijn o Big Rii 7 Rija o Rig

where@Z:j is a(k; + kj) x (k; + k;) orthogonal matrix,Rgg’j) is k; x k; upper-triangular; =
1,...,Gandj = G+ 1,G,...,i + 1. Notice that the top block-rows of R(-G+1) = R()
remain unchanged during the factorization (3.33), thaR&“;) = R](Df;]G“) forp =1,...,7and

g = 1,...,G. The factorization (3.33) can be computed simultaneously = 1, ..., G using
Householder transformation or Givens rotations [28, 4&Jufe 3.2 illustrates the triangularization
process ofR(") using (3.33), wheré = 3 andG = 5. An arc indicates the block-rows affected by
the orthogonal factorization.

F F
Alr
A F
3 A
Initial matrix Step 0 Step 1 Step 2 Final matrix
@ Non-zero block Filled-in block Annihilated block  [] Zero block

Figure 3.2: Computation of (3.33), where= 3 andG = 5.

The modified structure of (3.32), s@ , following the application of the orthogonal matrices
@ZT] is shown in Figure 3.3. Notice thatforj =1, ..., G, W) = 0if i > 4, otherwise

o W)’
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wherek() = 377_ k, and W' is block-upper triangular of ordei* — k(). Furthermore,
W9 is block-upper triangular, the firgt® rows andk@—1 columns ofi¥ (-9 are zero, and
ngoj) =0ifp>iorp>gq,wherei,p=1,...,Gandg=1,...,G+ 1.

\
Hl Non-zero block ® Filled-in block [ Zero block

Figure 3.3: The structure av (fill-in induced in the Cholesky factor of the covariance mat
when applying the orthogonal matrices in (3.33)), where- 5.

The matrixiV is retriangularized from the right by computing the RQ deposition
WP=W, (3.34)

wherelV is upper triangular and is orthogonal. This is computed by using the diagonal blocks
W) (1 =G,G—1,...,1) to annihilate the non-zero blocks in the first block-coluninat is,
the right transformation of theéh (: = G,G — 1, ..., 1) step computes the RQDs

(W59 W) PG, = (0 W), 2.35)

whereﬁéf)q is orthogonal,WfD’;Z) is upper-triangularp =i+ 1,...,G+1andg =4,...,G. The
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(4)

orthogonal matrixPy,, is also applied from the right of the non-zero sub-blocks

717(0,%) w0 1760
Wl,p Wj,q Wj,p
: and : : , for j=1,...;i—1
77(0,9) w0 1700
Wq,P G+1,q G+1,p

Notice that, this process does not produce fill-in in the Ietki@ngular part ofi¥ and does not

involve the firstj block-columns ofiV’(44). Figure 3.4 shows this process whéh= 5. The

sequence of numerals indicate the order of annihilatingstieblocks in the first block-column

and the corresponding fill-in in the first block-row 1.

52/47/42|37|32)
53]48/43/38/33 28/24/20/16
54/49/44(39/34] 29|25|21|17] 13|10

~

55/5045(40(35] 30[26|22/18] 14/11

[ee]
(4]
w

52/53]54/55]

47/4849]50}
|

37|38/39/40] 2723 12

32/33|34(35] 2712319 12/ 9 4

27]28]29/30]

123|24/25/26

19]20/117|22f 12|

15]16/17|18| 12|19 4

©
=
o
=
=

o
~
@
EN

Hl Non-zero block

Annihilated block at step Filled-in block at steg ] Zero block

Figure 3.4: Re-triangularization o, whereG = 5.
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The second stage of computing the updated GQRD (3.16) dieeGQRD

~

R©)
" RO R
Q" . | = (0" ; (3.36a)
j2e)
and
QTW P =W, (3.36D)

whereR,, and W, are the triangular factors defined in (3.16a) and (3.16Ispeaetively, and?®
denotes the modifie®® following the factorization (3.33). The QRD in (3.36a) rkstfrom
computing the updated QRDs

T
or (™. )= 37a
' <R<i> ) < 0 (3:372)

and
o (wi-Li-1) -1 ... pi-10)
Q?( 77 ) 760 ) =
0 Wayo - W
(@.11521) @Z—._l.lfl) @.115@) (3.37b)
(N (S

fori = G,G — 1,...,1 and whereQ; is orthogonal,R¢) = R(@, RO = R, and WE%G) =
WG, Let W(O) denote the matrix resulting from the computations (3.3#®f is, the matrix
comprising the sub—block@((;’_jl)), wherei,j = 0,1,...,G. It follows thatW(O) is block upper-
Hessenberg, that @ng) =0,fori>j+1.

Within the context of ranke updating and block downdating the QRD, strategies forartil-
larizing block upper Hessenberg matrices have been prdgd6e47]. Here the block subdiagonal

of W(O) is annihilated from the right by computing the RQDs
g (6i—1)  177(4,1) (i) _ 17(4,%)
(W™ W) PO = (0 W) (3.382)

and

i) — : : , (3.38b)
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whereP () is orthogonaI,I/IA/((;’_q) is upper triangular antl=G,G — 1,...,1.

3.4 Computational results

The proposed Algorithm 4 has been implemented using the IG¥8ubroutines DGEQRF and
DGERQF to perform the various matrix factorizations. Thefgrenance of the algorithm has
been compared with that of computing the GLS estimator of3h#1 (3.5b) using the LAPACK
subroutine DGGGLM [1, 2]. Double precision has been usethément the algorithm on a PC
of a single Intel Pentium IV processor with clock of 1.7GHzl&12Mb of RAM.

Table 3.1:Execution times of solving the SUR-VAR model, whére= - - - = kg = 15.
Execution time Ratio
M G DGGGLM Algor. 4 DGGGLM/ Algor. 4
250 5 5.8100 0.3519 16.51
500 5 48.0114 0.4022 119.39
750 5 152.5446 0.4745 321.51
1000 5 338.8241 0.5696 594.89
500 4 24.3317 0.2062 118.00
500 6 77.9108 0.8035 96.97
500 8 189.3951 3.2238 58.75
500 10 349.8498 10.6832 32.75

Table 3.2:Execution times of solving the SUR-VAR model, whére= - - -

Execution time
M G DGGGLM Algor. 4

DGGGLM/ Algor. 4

250 5 6.1658 0.7740 7.97
500 5 49.0770 0.8546 57.43
750 5 155.2297 0.8858 175.25
1000 5 342.0672 0.9659 354.14
500 4 24.9131 0.3692 67.47
500 6 80.6672 1.8915 42.65
500 8 193.0501 9.9281 19.44
500 10 357.6688  33.3050 10.74

Tables 3.1 and 3.2 show the execution times in seconds ofvthegtimation procedures. The
first two columns indicate the dimension of the SUR-VAR mddefixed number of regressors per
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eqguations. The execution times of the LAPACK DGGGLM and Aitljon 4 for a single iteration
are shown in the third and fourth column, respectively. Td@rof the two execution times is
shown in the last column. In Table 3k4 = --- = kg = 15, while Table 3.2 considers 20
regressors per equation. Table 3.3 shows the time requiredite the problem afresh and that
of recomputing the estimator when the AR parameters madtriand, or, the covariance matrix
have changed.

Table 3.3:Execution time of Algorithm 4 to re-estimate the SUR-VAR rebdvhen A, and, or,X have changed,
whereT = 1000, G = 5 andk; = --- = kg = 20.

Execution time % of time saved

Initial estimation 0.96590

Re-estimation afterl has changed 0.61503 36.33%
Re-estimation afteE: has changed 0.66587 31.06%
Re-estimation afted andX. has changed 0.70812 26.69%

The computational results confirm the computational efficyeof Algorithm 4, which out-
performs the existing LAPACK strategy. The performance tgokithm 4 become better as the
number of observations increases. This is mainly for twseea. First, the LAPACK algorithm,
which solves the general linear model, does not exploit thestire of the matrices of the SUR-
VAR model. Second, the new estimation procedure initiatiyp$forms the model to one of smaller
dimension. This allows the complexity of the algorithm tolinear with the number of observa-
tions. Furthermore, Algorithm 4 utilizes part of the corgtidgns performed in previous iterations.
For the particular case shown in Table 3.3, this producesappately 30% reduction in execution
time compared to that required to solve the model afresh.

3.5 Conclusions

A computationally efficient method to estimate the SUR mad#t Vector Autoregressive distur-
bances (SUR-VAR model) has been proposed. The SUR-VAR medensformed to a smaller
model having dimensioBGK* using the QRD (3.12). Using the GQRD as the main computa-
tional tool and exploiting the structure of the matricesutssin an efficient procedure to estimate
the reduced-size model. The computational savings aréfisegmt for large samples, that is for
large values ofA/. Computational results confirm the efficiency of the proplosesthod when
compared to solving the general linear model.
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The estimator of the model is computed iteratively when thveadance matrix: or the AR
parameters are unknown and need to be estimated. Some ajrtfputations are unnecessary if
only ¥ or A changes. An iterative estimation procedure that effigyauilizes computations from
previous steps has been developed.

The proposed method can be extended when the SUR model hagM#i&urbances, that is,
when the disturbance matrix satisfiés— >-r_, Z'UA! = E. Now, if

M > (p+ 1)K,
then the QRD
K G s K4 G K G
(z7x z7v - zx 2v X Y)-
K* K* .« .. K*
Ri, 12 o R, | K
K* K* . K* M* 0 Ry -+ R5,4 | K
(@f @ - Qu Q) ' ' ,
priprl | K
is computed. Her&)* = (Q} Q3 --- ;+2) is orthogonal,R}, (i = 1,...,p + 1) is upper

triangular and\/* = M — (p + 1) K*. Premultiplying the SUR-VAR{) model by the orthogonal
matrix

(lee@f IooQ - IeoQ),)"

results in a reduced-size SUR model withk* stochastic constraints compared to t#hié con-
straints of (3.12b).

In the case of autoregressive disturbances the proposethéenh method is simplified. The
coefficient matrixA4 is diagonal, and consequenthy, in (3.13) is block-diagonal, given by

The estimation of SUR model with stochastic constraintéJBcan be computed by estimating
the SUR model (3.12a) and then adding the observations 12l§3. Methods to re-estimate the
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standard SUR model after it has been updated with new olisersacan be adapted to the com-
putation of the updated GQRD (3.16). Currently, strateffiesipdating the GQRD are considered
within the context of recursive estimation of SUR models, [28, 49].
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Chapter 4

Seemingly unrelated regression model
with unequal size observations

Abstract;

The computational solution of the seemingly unrelatedeggjon (SUR) model with unequal size
observations is considered. Two algorithms to solve theahatien treated as a generalized lin-
ear least squares problem are proposed. The algorithmsalsaadasic tool the generalized QR
decomposition (GQRD) and efficiently exploit the block-rsgastructure of the matrices. One of
the algorithms reduces the computational burden of thenatitn procedure by not computing
explicitly the RQ factorization of the GQRD. The maximumediihood estimation of the model

when the covariance matrix is unknown is also considered.

4.1 Seemingly unrelated regression with unequal size obsations
The seemingly unrelated regression (SUR) model is defingtidoget of regressions

yZ:XZ/61+u27 izla"'7G7

This chapter is a reprint of the paper: P. Foschi, E.J. Kdiitdghes. Seemingly unrelated regression model with
unequal size observations: computational asp&usiputational Statistics and Data Analysid,(1):211-229, 2002.

55
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where X; € R***: 4, ¢ R? and the disturbance vectas € R? has zero mean and variance—
covariance matrix; ;I;. Furthermore the disturbances are contemporaneouslglatd across
the equations, i.eE(uiu]T) = 0;,;1;. In the compact form the SUR model can be written as

Y1 X4 I U
(e Xa Ba ug

or
Vec(Y) = (69?:1)(2‘) Vec({Bi}a) + Vec(U),

whereY = (y; ... yg), U= (u1 ... ug), the direct sum of matrices{ , X; = &, X; =
diag(X1, ..., Xa), {8:}c —abbreviated t§ 5;} — denotes the set of vectabs, . . ., Bg andVec(-)
is the column stack operator witec({3;}) = (67, ...,8%)T. The disturbance teriec(U) has
zero mean and dispersion matdx® I;, where,X = [o; ;] € RE*C is symmetric and positive
semidefinite [79].

Computationally efficient methods for solving SUR modelsenbeen proposed [20, 26, 46,
48]. These methods formulate the SUR model as a Generalireshil Least Squares Problem
(GLLSP) and use the Generalized QR decomposition (GQRDblge st [55, 61]. Often it is
assumed that each regression equation has the same nundiEeoyations, but this might not
always be the case [79]. The solution of SUR models with uaksjae observations (abbreviated
to SUR-USO) has been previously considered [72, 74, 77]. Hasip was given in the statistical
properties of the estimators. The SUR-USO model assumeththabservations for thi#h (: > 1)
regression match in time with those for thie— 1)th regression. Here computational strategies for
solving SUR-USO models are provided.

Firstly, recent methods for solving SUR models are exteriddegtde numerical solution of the
SUR-USO model when this is considered as a GLLSP. A methoetdbars the GQRD is proposed
for solving the GLLSP by exploiting the block-sparse andursive structures of the exogenous
matrix and Cholesky factor, respectively. A recursivetstyg to reduce the computational burden
of this method is presented. Finally, Maximum Likelihoodoesssions that can be used in the
iterative solution of the SUR-USO model are derived.



4.2. NUMERICAL SOLUTION OF THE SUR-USO MODEL 57

4.2 Numerical solution of the SUR-USO model

In the SUR-USO model each regression has different numhassfrvations. That ig,;, u; € R,
X; € Rt** and the covariance matrices, for> i, are given by

E(uiu] ) = 03 (Iti Otix(tj—ti)) ; (4.1)
where it has been assumed thak ¢;.,. The compact form of the SUR-USO model is given by
Vec({yi}) = (@i Xi) Vec({8i}) + Vee({ui}). (4.2)

The dispersion oVec({u;}) has a block matrix structure, where ttigj)th block is given by (4.1).
Consider partitioning and reordering the observationsacheegression by

Y1, \ M X1\ m U\ m
Yo2,i | h2 Xoi | he Ui | ha

Yi = . ) XZ' = . . and U; = . L (43)
Yii) hi Xii) hi Ui ) hi

whereh; =ty andh; =t; —t;_q1 fori =2,3,...,G. The SUR-USO model can be formulated as
the set of regression equations

Yij = X@jﬂj + Ui 5, for i,j = 1, 2, - ,G and ¢ < j, (44)

whereu; ; has zero mean and dispersion matrix givervhyl;,. Furthermore, the cross equation
covariances are given by

0ijlp,, forl=k,
E(upuf ;) = { I

Ohkxhp for i 7& k)

wherek < i andl < j. The regressions (4.4) are also equivalent to the genarfiodel (GLM)

Y1 X U1

Y2 X U2

= eetsn | T (4.5)
Yya Xe¢ e

which, after appropriate substitutions, can be written as

y=XpB+u,
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=T _ P A i _
wherey! = (yfi yliy - wle) € RUal = (ufy ufiyy o ufy) e RM B =
Vec ({8:}),
kv - kici o kite+tka
- G
X, :<0 0 @‘Xi,j> . (4.6)
j=t

andy; = (G —i+1)h;. The disturbance vectarhas zero mean and covariance makijy ® I,
whereX;) = X;. ;. denotes th¢G — i + 1) x (G —i + 1) submatrix of>: starting at positiorgi, 7)
[28]. Furthermore the vectors andu; are uncorrelated far# j. Thus, the covariance matrix of
uis given bys = &; (S(;) ® I,) € RT*T, whereT' = 3", t; = >°, j1;. Without loss of generality
itis assumed that ;) is non-singular and; > k; for: =1,...,G.

As in the case of the SUR model, the Best Linear Unbiased B&iiniBLUE) of the SUR-USO
model derives from the solution of the Generalized Lineadté&quares problem (GLLSP)

argrginH@H subjectto = X3+ Cv, 4.7
whereu = Cv, ¥ = CC" and the upper triangular matriX has full rank. Thus, the random
vector v has zero mean and dispersion matrix givenlly Notice that the matrixC is block
diagonal with theith (i = 1,...,G) block given byC‘Z-,Z- = Cj.i: ® Ip,, whereX = cCcT andC
is upper triangular. Figure 4.1 shows the structure of th&&L5O0 model (4.2), GLM (4.5) and
GLLSP (4.7) forG = 3.

For the solution of (4.7) consider the GQRD:

OTX = <R> . (4.8a)

and

K T-K

e (W W
Qrep (" M2t (4.8b)
0 WQ,Q T-K
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The SUR-USO model4.2):

Vee ({yi}) = (@:X:) Vee ({B:}) + Vee ({ui}). The covariance matrix of Vec ({u;}).

Y11 X1 0 0 U1l o11llor2l 0 |o1,3] O 0
12 0 X2 0 w12 ooal|oaol 0 |oasl 0 0
y22 | 0 Xo2 O A U922 0 0 o22I| 0 o023 O
E B 0 0 Xis Pl u13 o31l|oz 2l 0 |o33] O 0
v23 0 0 o | VB uzs 0 | 0 o321 0 o33l 0
Y33 0 0 Xss u33 0 0 0 0 0 o33l
The GLM (4.5). § = X3 + 4. The covariance matrix of @.

Y11 X1 0 O u11 o111 o121 01,31 0
Y12 0 X2 0 u12 02,11 o221 o231 0
y13 | 0 0 Xis AL u13 03,11 0321 o331 0
o | |0 X2z 0 S I v 0 0 0 |oool oasl| 0 |’
Y23 0 0 Xos fs u23 0 0 0 |o32l o33I| O
Y33 0 0 Xss uss 0 0 0|0 0 |osal

The constraints of the GLLSP(4.7). § = X3 + Cw.

Y11 X1 0 0 Cial Cr2] Ci3l 0 v11
Y12 0 X2 0 0  C22l Co3l 0 V12
vis | | 0 0 X o 0 0 Csal 0 i3
y: B 0 X2 O Pa |+ 0 0 0 |[Ca2l Ca3I| 0O E
Y23 0 0 Xos Ps 0 0 0 03731 0 V23
s 0 0 X3 0 0 0 0 |Csal) \vss

Figure 4.1: Examples of models (4.2), (4.5) and (4.7)do« 3.

whereK = Y, k;, R andW», are upper triangular, ang, P € R™*T are orthogonal. Using (4.8)
the GLLSP (4.7) can be written as

argmin |oa|* + ||os||*> subject to

VA,VB,
??A _ R 51 Wip Wip ?A ’
YB 0 0 W272 UB
where
y v
Qg= (") and PTo=(""

YB UB
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It follows thatog = W2‘21g3 andv 4 = 0. Thus, the solution of the SUR-USO model comes from

] R W
YA _ 1,2 B . (4.9)
B 0 Wsio) \UB
The main operations for solving the SUR-USO is the computatf the GQRD (4.8) and
in some extent the solution of the triangular system (4.9eafly the computational burden of

solving the SUR-USO will be reduced if the GQRD (4.8) is coteplefficiently. Furthermore, the
efficient computation of (4.8) will have a greater impacthie bverall computational complexity if

solving the triangular system

the iterative feasible estimator of the SUR-USO is requfi#]. In such a case, at each iteration
an estimator in the place of the unknowins used. Thus, the QRD (4.8a) is computed once, while
(4.8b), and consequently (4.9), need to be solved at eawettidte for differentC.

4.3 Efficient solution of the GLLSP

For the efficient solution of the GLLSP (4.7) using the GQRIBJ4he block-sparse structure of
the matrices needs to be exploited. Consider first the GQRD

RO _
.= QI X, (4.10a)
and
K wm—K
_ C’goi /Wl 1\ K
QiCiaP =" , (4.10b)
0 Wii) m-K

Whereéﬂ andWW, ; are upper triangular ang, is orthogonal. Furthermorg?(®) = @Z-RZ(O) and

C50,1 @0,1
Qo = (@iéo,i @iéo,z') = )
C50,(} C50,(}

where

X, = (@O,i @O’i) <R§0>> — Go.R”



4.3. EFFICIENT SOLUTION OF THE GLLSP 61

isthe QRD ofX, ; fori =1,2,...,G. Using (4.10), the GLLSP (4.7) can be equivalently written
as

G
argn}in H&Hz—k H'271H2+ZH17]-H2 subject to

,V1,01, .
V2,...,0G j=2

m R©) ’g(’)% 0 - 0 Wiy o

Y2 Xg 0 62,2 cee 0 0 V2

=1 B8+ oo : e (4.11)
ya XG 0 0 C_YGG 0 (el
7 0 0 0 - 0 W)\

wherey; = QIy1, 71 = QIy1 and PT'%, is conformably partitioned a8, = @ o7)T.
Herew; can be computed by, = W;ﬁgl and thus, (4.11) can be reduced to

€
argmin [[51[|* + ) ||v,]|* subject to
_B,01, j=2
V2,...,0G
7O\ (RO 70 g 5
] X o ¢ .. o v
gl I I O 22 Y
(el XG 0 0 cee C’(C(T'),)G (el
where
—0) _~ T o~ _ o~ T Tl
U =W =y —WiaiWiin
andég? =C,ifori=2,...,G.
The blocksX; (i = 2,...,G) can be annihilated by using a block generalization of a Give

sequence. Starting from the bottom to the tBf) is used as a pivot in order to annihilate
Xa,...,Xo0neatatime. Thatis, far= G, G —1,...,2, the QRD

K

R(G-) R(G—it1)
(T :< r (4.13a)
X 0 i

_(G—i) (G—it1)
A Y1 K
Q?( _ > = (QG%H)) (4.13b)
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and

K i Miy1 [%%e] K i

No % o - 0 )

~(G—i+1
oY

~(G—1 ~(G—1 ~(G—1 —(G—i+1 —(G—i+1 —(G—it1
ACGT 0 G L clG\  (elGTH) el '+) oG-t
oGt o

2zel

el M)) (4.13¢)
i,G i

are computed, wher@; € R +#i)x(K+1i) js orthogonal RV = @leR(.i) anngi) € RFixkj js

upper triangular.

~(G—i+1
C§,i+1 :
block-column of@iégg).

Notice that at each

Let W denote the modifiedaiégg), that is,

K M2 H3 €]

0 0 0 0

Wi w vy wi

0 0 0 0

W wl wl

0 0 0

T I

w0 0 W,
K n2 u3
~(G—1 ~(G—1 ~(G—1
T
~(G—1 ~(G—1 ~(G—1
oy ooy gy
~(G—2 ~(G—2
=\ o g
) 0 0

Ste[f’ﬁ_iﬂ),
,...,C‘E%‘i“) are filled-in. This results in filling the block superdiagnand first

S and

b (4.14)

e,

The RQD ofiW can derive by a sequence @f— 1 orthogonal factorizations which annihilate from

(0)

the bottom to the top the submatricﬁg(?l), ey Gol.

Theith @ = 1,...,G — 1) factorization
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computes
K HG—it1
1—1 0 ] 7
W1(71 ) Wl(,()}—z'—i-l Wl(f W1(7)G—i+l K
i p=| o : (4.15)
i—1 0 7 7
W(/((;—§)1 W(/(%—)z',c—z'ﬂ Wc(:)—i,l W(/c(;)—i,G—Hl HG—i
i—1 0 7
WG—i-i—l,l WG—i+1,G—i+1 0 WG—z‘+1,G—z‘+1 HG—i+1
whereP; € R +#a—1)x(K+ua—i+1) is orthogonal andV ., -_,., is upper triangular. Thus,
the upper triangular factor in the RQD ©f is given by
K M2 e}
ke WS wE o wdy k
A G I I (4.16)
e\ 0 Wo, : : :
0 0 W((;l)G e

wherel* = Z?:z ;. Figure 4.2 shows at each step of the procedure the aniohiland filled-in
of Xo,..., X¢ and@iégg), respectively, and the retriangularizationléf. From (4.13a), (4.13b)

and (4.16), it follows that the solution of GLLSP (4.12) izgh by the solution of the triangular

system
y* 0 W3 Up
where
ggc:—l)
g = :
el

The matrices in (4.13a), (4.13c) and (4.15) have blocksspatructures which can facilitate
the development of fast factorization algorithms. Fron®)4nd the block-diagonal structure of
R(G=9) it follows that the QRD (4.13a) can be derived by computing (8 — i + 1) updating
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Annihilation of X5,..., X¢g

Stepi =5 Stepi =4
N N T]E
| | T
Qf 9
F F
LT __HE
X C C

Retriangularization of W

Stepi = 2 Stepi =3
Py P3

I
w w

B Non-zero block Filled-in block Annihilated block [ Zero block

i

Figure 4.2: Annihilation ofX;, fill-in of @ié(g) and retriangularization dfV’, whereG = 5.

QRDs (UQRDS)

kj

(G—1) (G—i+1)

R R k;

E =7 ! i=1,...,G—i+1). 4.17
’]< Xij ) ( 0 ) hi v ) 0

Thus, in (4.13a)R§G_i) = RﬁG_HI) fors=1,...,i—1and

Iy, 0 0
1,1 1,2
Qi=|0 elQ}’ el

, (4.18)
0 o el

where); = > '~} k; and
k; hs

=4 40)
7 Qi,j’ QZJ hi
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Notice that wherQ? in (4.18) is used to compute (4.13c), then in (4.14)

i K-\;
w®=(0 W) .. (4.19a)
Hj
0 A
w® = _ o (4.19b)
Ly <W§0])> K-);
and
Hj
0 j—i)h; .
wO = )" if i < j, (4.19¢)
’ Wm (G—j+1)h;

whereWi(,?), Wg?f , W%OZ) andWZ(.g) are block upper triangulai,(j = 2, ..., G). Figure 4.3 shows
the structure ol after the UQRDs (4.17) have been computed, whigre- 5. A numerali in
X, ; andIW denotes, respectively, the annihilated and filled-in siuttines which resulted from the

UQRDsatstep (i = 1,...,G).

a4l 4l 4lalalala

3/3/3| |4]4a]4|3|3]3
2|2 44| |3]3]2]2
1 4 3] 2|1

4 44444844

4 4l4]4| [alal4lal4]a
4 4]4 4[4] |4|4]a]a
4 4 4 4| 4|4

3 3/3[3 38/
3 33 33/3/3
3 3 3] [3]3
2 22 2/2
2 2 2] 2
1 1 1

[ Non-zero block Filled-in block Annihilated block [] Zero block

Figure 4.3: Annihilation ofX; and fill-in of @ZC‘(O) whereG =5andi =1,...,G.

The RQD ofWW using (4.15) needs to take into account the sparse struattine submatrices.
Sequential and parallel strategies for computing sim#etdrizations have been proposed [44,
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46]. The block-diagonals oﬁ/gjlm in (4.15) can be annihilated one at a time with a series
of factorizations which preserve the sparse and triangitacture of W’ gf;l), e WN/gj?l. The
orthogonal matrix?; is defined asP; = P, --- By;, whereP,; = P ... P71 and P{*)
annihilates thesth block of the(G' — i + j)th block-diagonal oﬂT/g:ﬂM (G=1,...,G-1,
j=1,...;iands = 1,...,i — j 4+ 1). Figure 4.4 illustrates this strategy for computing (4,15

wherei = 3 andG = 5. Arcs connecting the blocks and block-columns indicatseraffected by
(s)

the orthogonal factorizatioﬁi I

Stepl(=1) Step2( = 2) Step3( = 3)
FIF[F
FIF|F
F
F F
F
F
F F
AT
K/
. Non-zero block Filled-in block Annihilated block D Zero block

Figure 4.4: Computing (4.15), whefe= 3 andG = 5.

4.4 A recursive strategy for solving the SUR-USO model

In the GQRD (4.8) the computations of the QRD (4.8a) and RQBb(4can be interleaved. The
orthogonal matrixQ? in (4.13a) when applied from the left ¢fX C) to annihilateX; will fill-
in a block in the lower part of®. This fill-in is eliminated by the application of an orthogbn
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transformation from the right of the modifi€d. That is, following (4.13a) and (4.13Db),

K Hi Mit1 e}
~(G—i ~(G—i ~(G—i
T C&,l : 0 Cg,z’—i—l) Cg(; :
No ¢ o o 0
K i Hit1 j2%e]
A(G—i)  AG—i) A/(G—i+l ~(G—i+1
L I A (4.20)
ng—z) CES_Z) CE,?HH) CZ(%—zH) o
and the RQD
K Hi K 1223
~N(G—i)  AG—i ~(G—i+1)  A(G—it+1
Cg@ ) Cg,z' ) P — Cg@ ) Cg,z' N K 421
6( —i)  AG=i) | 0 o(G=it1) i (4.21)

“=+1) are upper triangula?; € RUC+#:)x(K+m) js of-

are computed, wheré(G 1 and C(
thogonaI,C;l " and Cgﬂ. " have, respectlvely, the same structureI/IéL%D) and Wl(g) in (4.19)
andi = G,G — 1,...,2. The orthogonal matrice” and P in (4.8) are defined as the products
of the left and right transformations, respectively. Farthore, notice that (4.21) involves only
blocks ofC, instead ofi blocks of its corresponding (4.15). This results in an atgor which has
less computational complexity and lower memory usage. Tihéhdations and fill-ins occuring at
each step of this procedure are shown in Fig. 4.5, whete 5.

Notice that after thé; + 1)th (. = G — 1,G — 2,..., 1) step of the above strategy the GLLSP

(4.12) can be written as:

argmin HﬁgG_i)Hz + HﬁgG_i)HQ + Z HﬁjHQ subject to

5{o7) 5@ =2

09,...,04,3

SO (RO (G 0 0 D (0
7o X, 0 C¥--- 0 0 s
: = : B+ : ST : : ) (4.22)
Yi X; 0 752) 0 U

T 0 0 0 - 0 CYD)\5E
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Stepi =5 Stepi =4
Ps Py
N N F F
QY ||
F F A
F N [A
X c C c C
Stepi = 3 Stepi = 2
Ps Py

| |
c c

C C
. Non-zero block Filled-in block Annihilated block ] zero block

Figure 4.5: Annihilation ofX», ..., X and retriangularization ah;C\% whereG = 5.

2,0 !

where ¢ s (Z]'Gziﬂﬂj) X (Z?:iﬂﬂj) upper triangular and non-singular,
g = Vee ({5977, 551,98 and 0l = Vee ({41, -, 56)). Thus, (4.22)

is equivalent to

i
argmin HﬁgG_i)Hz + Z H@-Hz subject to

o =2
el ggg—i) R(G-) (jﬁ—i) 0 - 0 @gG_i)
_ _ 0 )
= X.2 B+ 0 gg 0 U,2 , (4.23)
Yi Xi 0 0 : C;(,g) ?7-2

where

§OD = O O A and o6 = ()1,

The latter suggest a recursive strategy which solves a sequef smaller in size GLLSP and
requires less computational effort of computing the RQDth&tith (i = G, G — 1, .. ., 2) step the
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recursive algorithm solves the GLLSP (4.23) by computirg@RD in (4.13a),

(G—i) ~(G—i)
Qr (yl ) - (yi ) (4.24)
Yi Yi

~(G—i ~(G—i)  AG—i
Nooaw) e ae
and the RQD in (4.21). As in the case of (4.12), the GLLSP (Mi28duced to
' i—1
argmin H@gG_Z) H2 + Z H@-HQ subject to
ﬂﬂ}gcﬂ'ﬂ)’ i
V2,..,05—1
@\(lG—i—i-l) R(G—H—l) C—,§7G1—i+l) o ... 0 6§G—i+1)
_ > (0) _
2 X9 0 s 0 Vo
o I A R S| aa2e)
Yi—1 Xz—l 0 0 75(1)177;_1 Vi—1
where
ﬂgG—i—H) _ :lng—z') _ C,gi’—i—i—l) (C,Z(f—i+1)) _1@“ (4.27)

The structure of (4.26) is the same as that of (4.23), butlem@l size. The GLLSP (4.12) is
equivalent to (4.23) wheh= G, andﬂgG_i) = gf)). Thus, this process can be applied iteratively
to solve (4.12) and derive the BLUE of the SUR-USO model. Atb 5 summarizes the steps
of this recursive procedure and Fig. 4.6 illustrates théof@ation steps fofz = 5.

Algorithm 5 lterative estimation of the SUR-USO model.
Input: The regressorXy, ..., X¢ andY
Output: The vector3 of estimated parameters
: Compute the GQRD (4.10); = QZ 71 andjy = QT 1.
: Solve the upper triangular systdﬁlﬁl =71.
: Computegﬁo) = g1 — Wit
fori=G,G—-1,...,2do
Compute the UQRD (4.13a).
Compute (4.24) and (4.25).
Compute the RQD (4.21).
Compute (4.27).
: end for
. Solve the upper triangular systeh® 3 = 5!

©oNoa R wdhdR

G-1)

[EnY
o
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Stepi =5 Stepi =4
Ps Py
N M_[TIF N F
Q7 u 4T
F A
F N A
X C C X C C
Stepi =3 Stepi = 2
P3 P
y__]
ot :La) [FN AN
F Al
X C C X C C

B Non-zero block Filled-in block Annihilated block [] Zero block

Figure 4.6: Annihilation ofX5, . .., X; and retriangularization af;C'”, whereG = 5.

4.5 Maximum Likelihood Estimation

Under normality assumptions, the Maximum Likelihood (Misjimators for3; and derive from

the solution of the nonlinear equations

oL

- 4.2
3 0 (4.28a)
and
oL
82_0’ (4.28b)

where L is the log-likelihood function for the SUR-USO model (4.2Jhe nonlinear equations
(4.28) are solved by using the EM algorithm. An initial esdior for X is choosen in order to
obtain an estimator fof; from (4.28a), which in term is used to provide a new estimétor}..
This process is repeated until convergence [13].

The solution of (4.28a) is equivalent to the GLS estimato2)(4nd can be computed using
the previously derived methods. Thus, only the numerichitem of (4.28b) will be considered.
Notice that, when the disturbances are not normally digteith this approach can be considered as

guasi-maximum likelihood estimation procedure.
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The SUR-USO model (4.2) is equivalent to the set of equations

i = (X161 XigB2 - X1,GﬁG) + Uy,
Y, = (x X ) + U,
2 2,252 2,GﬁG 2 (4.29)
Yo = XgeBc +Us,
whereY; = (yii ... yic) € RME—HD andU; = (ui; ... uyg) € RM*(E-HD has a

multivariate distribution with zero mean and covariancerim@iven by % ;). That is,Vec(U;) has
zero mean and covariance matrix givenEb(y) ® Ig—i+1. Furthermore, the elements Gf andU;
are uncorrelated far+# j.

The log-likelihood function of théth equation in (4.29) and of the whole set are given by

1 _
Li=—5 (ki + hilog (det(Sqy) + tr(UT U )) )

andL = ZiGzl L;, respectively. Now, fronX;) = C(Z-)C(TZ.) andC;) = C;.;., it follows that

oL;
oC !

= hiCy — C(‘Z.)lUZ-T Us. (4.30)
(4)

Furthermore, sincé‘(‘i)l is a submatrix ofC !, the derivative for the log-likelihood function of
SUR-USO model (4.29) with respect @@ ! is given by

G

O(i—1)x(i— (. i

ag£_1 — Z ( (i—1)x(i—1) (i—1)x(G —J1r1)> ' (4.31)
i1 \OG—itnx(i-1)  0Li/0C;

Substituting (4.30) in (4.31) and considering only the rmnzelements of~! — the elements in
its upper triangular — gives

G
oL 0 0
dVech(C-T) Vech (Dr D — ; (0 vluiCh ) )
G
— Vech ( DT—Z<0U e )DC )Dc), (4.32)
=1
where Dy = diag(ti,te,...,tq), Dc = diag(Ci1,C22,...,Cqqc) and Vech is the

half-vectorization operator which stacks the columns®fiatrix argument from the principal di-
agonal downwards [59]. That is, if = [a; ;] € R"*", thenVech(A) = (a{,, a3.,5 - @nn)’



72 CHAPTER 4. SUR MODELS WITH UNEQUAL SIZE OBSERVATIONS

From

i—1 G—i+1 i—1  G—i+l

i-1 (0 0 o1 _ 0 0 i—1
G-i+1 \ 0 Ig—it1 o C(_i)1 G—i+1

1 /0 0 0 0 ~ 1[0 0
D, (00()1U1U)—(OIG_H_1)C (OUiTUi)>

whereC = CD¢. Thus,

0 0 _ _ -
Vech (Z (0 U.TUZ-C(‘,)T> DCl) = AVech(C™T), (4.33)

i=1

it follows that

where

el
A=Lg (Z 015" 1) (8 U}QUi )) LE (4.34)
=1

and theG(G + 1)/2 x G? elimination matrixL; is defined byVech(X) = Lg Vec(X), for any
matrix X € RG> [59].
Now, if Ui = (05, xi—1) Us;) € R"*%, thenA in (4.34) can be written as

ZG: ((015°,,) @ Ul LE

G
o Op s -
@ (@—i+yxG-1) La— J+1))UiTUi< (G ]+1).><(J 1))

Tia—j11)
1 j=1

Il
MC}

.
I

A

P

<.

)

1

.
Il

whereA; € R(G—7+Dx(G=i+1) s given by

Aj = (0G-j+vx(-1 lG-j+1)) <

urg o urg\ L fui o uig

IIMC}

( (G—j+1)x <j71)>
Tia—j+1)
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Notice that ifG > ¢, thenA;, and thus4, is semidefinite.
From (4.32) and (4.33) it follows that the solution of the Ino@ar equation in (4.28b) derives
from the solution of the symmetric linear system

AVech(M) = Vech(Dr),
or, equivalently, from solving the set of symmetric linegstems
AiMi,i:G = tiel (Z =1 = 1, 2, tee ,G), (435)

where M = C~! ande; denotes the first column of the identity matrix. Once= M~ is
computed, from the definition of it follows that the elements af are given by

Cz{\/a7 fori=j,

J T ~
Ci,j/ci,i fOf'j =1,2,...,i1—1,

where it has been assumed thiis positive definite and thu@',i > 0. Notice that whert; < G,
Ay, and thus4, is positive semidefinite, which implies that (4.35) may have solutions.

4.6 Conclusions

Computationally efficient methods to solve the SUR modehwihequal size of observations
(SUR-USO) which is treated as a GLLSP have been proposed.algbethms use the GQRD
to solve the GLLSP by exploiting the block-sparse structfrthe matrices. The first algorithm
initially computes the QRD of the exogenous matrix by ardathig from bottom to the top blocks
of observations which consist of a non-zero block-supgatal. The annihilation of the blocks is
obtained by orthogonal transformations which do not craaigefill-in. These transformations are
also applied from the left of the Cholesky factor and thereguence of orthogonal factorizations
is applied to retriangularize it from the right. The secoadursive algorithm interleaves the QRD
and RQD of the exogenous and modified Cholesky factors, cégply. This avoids the explicit

computation of the RQD and thus, reduces the computatianmdeb of the estimation procedure.

The algorithms presented here assumed for simplicity that k;, (( = 1,...,G). This

implies thatR(“—? in (4.13a) is upper triangular and not trapezoidal. Gehethls assumption

should be relaxed and the algorithms modified to deal witesaghere the QRD (4.13a) yields
a trapezoidal. This generalization will allow the inveatign of alternative block-generalizations
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of Givens sequences to compute the QRD (4.8a) without impasilditional assumptions so that
R is triangular.

For the case of normally distributed disturbances the mamirtikelihood estimation has been
considered. A closed-form solution of the Cholesky factothe covariance matrix has been de-
rived by solving the first order conditions (4.28). This fiéstian iterative procedure to estimate the
SUR-USO model when the variance—covariance mattixunknown. Furthermore, this procedure
never yields a non-definite estimator for

The extension of the proposed methods to solve SUR moddigwigising observations will be
investigated [33]. Currently, the adaptation and (paljaheplementation of the recursive algorithm
to solve the standard SUR model — with equal size obsenstida considered.



Chapter 5

A comparative study of algorithms for
solving seemingly unrelated regressions
models

Abstract:

The computational efficiency of various algorithms for sofySeemingly Unrelated Regressions
(SUR) models is investigated. Some of the algorithms adapivk methods; others are new. The
first transforms the SUR model to an ordinary linear modelws®s the QR decomposition to solve
it. Three others employ the generalized QR decompositi@olie the SUR model formulated as
a generalized linear least squares problem. Strategiesptoitethe structure of the matrices in-

volved are developed. The algorithms are reconsideredfoing the SUR model after it has been
transformed to one of smaller dimensions.

This chapter is a reprint of the paper: D.A. Belsley, P. FgsEhl. Kontoghiorghes. A comparative study of
algorithms for solving seemingly unrelated regressionslei®o Computaitonal Statistics and Data Analys2§)03 (In
press).

Appendix 5.C has been published as: P. Foschi and E. J. Koiotoges. Estimating SUR models with orthogonal
regressors: computational aspetiisiear Algebra and Application®2003 (In press).
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5.1 Introduction
The Seemingly Unrelated Regressions (SUR) model is defipdldebset of regressions

v = X0 + ug, i=1,...,G,

where X; € RM*ki has full column ranky; € RM, and theM—element disturbance vector
u; ~ (0,0;,;1p) and is contemporaneously correlated across the equab?oﬁ(muf) =0, ;lm
[78, 79, 83, 86, 87]. Compactly, the SUR model is written

Y1 Xl 51 Ul
Y2 Xo B2 U
N . N I
ya Xa) \Ba ug
or
Vec(Y) = (@iG:lXi) Vec({0;}¢) + Vec(U), (5.1)

whereY = (y1...yq), U = (u1...ug), 5, X; = ®:;X; = diag(X1, ..., Xg), denotes the
direct sum of matrices{;} denotes the set of vectors, ..., 3g, andVec(-) is the column
stack operator. The disturbance tekac(U) ~ (0,5 ® Iy), whereX = [o;,] € RE*Y is
symmetric and non-negative definite apddenotes the Kronecker product. In this treatment the
following properties of the Kronecker product will be used ® B)(C ® D) = AC ® BD,
(A® B)™' = A~' ® B~! andVec(ABC) = (CT @ A) Vec(B). For notational convenience, the
subscriptG in the set operatof-} is omitted, andb$ , is abbreviated as);. Also, Vec ({3;}) is
denoted simply3, sog” = (8] --- BZ) [69]. The notation is consistent with that employed in
[22]. The standard colon notation will be used to denote sators and submatrices [28].

WhenX is non-singular, a Best Linear Unbiased Estimator (BLUEp @ésults from solving
the Generalized (linear) Least Squares (GLS) problem

argmin || Vec(Y') — Vec ({X;3;
B1,--Ba

})HZ_1®1M ’ (52)

which can be obtained from the normal equations

(@X)) (S @ In)(®:X,)) B = (@:X]) Vec(YE ™). (5.3)



5.1. INTRODUCTION 77

This solution, however, can be unstable when the matricedlaronditioned and explicit matrix
inversions are used [9, 57]. Alternatively, multiplying.1bby (C~! ® I,,) gives the ordinary
linear model (OLM)

Vec(YC™ 1) = (C7 @ Iny)(®:X;) B3 + Vec(UC™T), (5.4)

whereC € R“*¢ is a Cholesky decomposition & = C'C” and is upper triangular. Computing
the least squares estimator of (5.4) derives the BLUE of thie 8iodel (5.1) [66].

The SUR model can also be formulated as a generalized lieasir $quares problem (GLLSP)
argmin ||[V||%,  subjectto  Vec(Y) = (©:X,)8 + (C ® Inr) Vece(V), (5.5)

whereVCT = U, Vec(V) ~ (0,1gn) and|| - || denotes théFrobeniusnorm [46, 50]. This
approach allows the derivation of algorithms that are nicaly more stable than those based on
(5.4). Furthermore, the GLLSP allows solution of the BLUE®fL) even wheid' is not full rank,
that is, whern is singular [55, 61, 63, 76].

Often, X is unknown and an iterative procedure is used to obtain theilfee GLS estimator
[83]. Given a consistent estimator Bfthe solution of the model (5.2) derives an estimatordor
From the residual of the estimated coefficients, anoth@nasar of X is obtained. This procedure
is repeated until convergence. Thus, the GLS problem (6t2he corresponding GLLSP (5.5), is
solved a number of times for differeht Here, the computational cost of deriving the estimgtor
during a single iteration is considered. The particulapprties of the SUR model that affect the
convergence of the iterative estimation procedure arewestigated.

In this work, the computational efficiencies of various noeth for computing the BLUE of the
SUR model are considered. Some of the algorithms are welwknehile others are new. All of
the algorithms are based on an orthogonal factorizatioaioéd through the QR decomposition. In
the next section the solutions of the SUR model using the @QRyaneralized QR decompositions
are considered. Recursive estimation algorithms are preden section 5.3. Size reduction of
large-scale SUR models is shown in section 5.4. The compnttresults are discussed in section
5.5. Section 5.6 provides summary comments.
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5.2 Numerical estimation of the SUR model

5.2.1 Estimating the OLM using the QR decomposition

The OLM (5.4) can be written as

j=XpB+e, (5.6)

wherey = Vec(YCT), X = (C7' @ Iy)(®:X;), andz = Vec(UC~T). Let the QR decompo-
sition (QRD) of X be given by

e R _ 7
07X = r and QTg=(Y4)" | (5.7)
0/ cM-K Yg) GM-K
whereR is upper triangular € REM*GM s orthogonal, ands = 3, k; [9, 28]. The least-
squares estimator ¢f is given by solving the triangular system

RB3=7. (5.8)

This straightforward solution of (5.4) is computationahefficient since it computeX explicitly
and ignores its sparsity.
To solve (5.4) efficiently, consider the QRD 4&f;:

R; . QT \ &,
TXZ = , h ;T = AZ R 5.9
Q; ( . ) wit Q (Q?) vk (5.9)

whereQ; € RM*M js orthogonal and?; € R***: is upper triangular. From (5.9) it follows that
the QRD of@®; X; is given by

QT (®:X;) = <@;Ri> " , (5.10)

GM-K
whereQ = (@; Q;  ®; Q;). Premultiplying (5.4) byQ™ gives

QT Vec(YC™ 1) = QT(C7t @ Ing) (@i X;:) B + QF Vec(UC™T) |

<Vec({@i})>: ? ﬁ+<\/ec@> (5.11)
Vee ()] \W Vee(V))

or
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where
kl e kG kl e kG
Wl,l B WLG k1 Wl,l B WLG M—k;
W=| : D W=| : : ; (5.12a)
WG 1 - WG,G ka WGJ cee WQG M—kqg

’}/ZJ@ZTXJ, if 2 < ]

Wij =S yRi,  ifi=j . (5.12b)
0, ifi>j
—~ L OTX, fi<y
= %% X ’ (5.12¢)
0, if i >,

and~y; ; is the (4, 7)-th element ofC~!. Notice thatﬁ andﬁ are block upper-triangular and
strictly block upper-triangular matrices, respectively.
Now, compute a row-updating QRD (hereafter abbreviated@RD)

Q" (WA/) = <R> " (5.13a)
w 0/ cmM-K

B V :7: —
or Vel _ (v x (5.13b)
Vec ({4:}) Us ] GM—K
It follows that the least-squares solution of (5.11), angstthe BLUE of, is given by (5.8).
Algorithm 6 summarizes these steps for solving (5.4). Twacklstrategies, the column- and

diagonally-based methods, that can be used to compute (5st8p 8 — are described in Appendix
5.A.

and

5.2.2 The GLLSP and generalized QRD

The solution of the GLLSP (5.5) can be obtained by computirgdeneralized QRD (GQRD)
of &;X; and (C ® Ir) [9, 46, 52, 55, 64]; that is, by computing the QRD (5.10) anel RQ
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Algorithm 6 Ordinary Least Squares estimation of the OLM (5.4).
Input: The regressorXy, ..., X¢ andY and the disturbances covariance makix
Output: The vector of parameters

1. Computex = CCT

2: ComputeC ™" = [y;;]andY = (g1 -+ ga) =YC "
3:fori=1,...,Gdo

4:  Compute the QRD (5.9)

5:  Computej; = Qg andyj; = QT i

6: endfor .

7: Computd¥V andW as in (5.12a)

8: Compute the UQRD (5.13a) and (5.13b)

9: Solve the triangular system (5.8) fér

decomposition
K GM—-K
w w K
Qlicenyp=w=| 4 748 : (5.14)
0 Wgp | GM-K

whereK = Y, k;, P € REM*GM g orthogonal, andVp is upper triangular. Premultiplying
the constraints in (5.5) b@” and usingVec(V') = PP Vec(V), the GLLSP can be written as

G
argmin Z(H@ZHQ—F U4 2) subject to

B {0}
Vi i iR Vi 0;
ec ({% b _ o R 51 Waa Wag ec ({1j b 7 (5.15)
Vec ({9:}) 0 0 WgB Vec ({0;})
whereQTy; = 4i, QTy; = i, PT Vec(V) = (Vec ({5;})" Vec ({0:1)")7, s, % € R¥ and
3i, 0; € RM~=ki_ The solution of (5.15) is given bYec ({#;}) = 0 and

(aaim WAB>< 8 >:<Vec<{gi}>>_ (5.16)
0 Wgp/ \Vec({0;}) Vec ({9:})

The RQD (5.14) derives in two stages. The first computes thaytation

K GM-K
(1% (1%
QT(Ce I = A AR (5.17)
WBA WBB GM—-K
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wherell = ( &; (I, 0)©  @®; (0 Ins—k,)"). This results iV 44, Wag, Wga andWgp being
block upper-triangular. The second stage computes the RQD

<WBA WBB)ﬁz (0 WBB) (5.18a)

and

(WAA WN/AB) P= (WAA WAB)v (5.18b)

whereP € RGM*CGM js orthogonal. Notice thaP in (5.14) is given byILP and that (5.18) does
not compute the RQD of the whole matrix in (5.17). The leadinlgmatrixi?’ 4 4, which is not used
in the solution of the GLLSP, is not triangularized. Furthere, the RQD (5.18a) is equivalent to

Wh) Wiy

This indicates that (5.18a) can be computed using adapsatithe diagonally-based and column-
based strategies (see Appendix 5.A) that are used for thpwation of (5.13a) [44, 46]. Further-
more, these strategies produéé, 4 in (5.18b) that are block upper-triangular.

the QL decomposition

The first step of the diagonally-based strategy annihilttesmain block-diagonal o 4.
However, the permutation in (5.17) along with this step igiegjent to applying? to the the right
of QT(C ® Iy); that is

K GM-K
. WO O N
QrCeLyQ=w0 = (45; Nfgg , (5.19)
Wgiy Wpp ) GM-K

wherveﬁ?1 andwgg are block upper-triangular with thigh block of their main diagonals given
by C; i I, andC; ;I —1,, respectively. Furthermore the matrid?%% andwgz are strictly block
upper-triangular. Figure 5.1 shows the structure of theioestlV and W (©), whereG = 5.

Thus the remaining steps of the diagonally-based methothitaia the strictly block upper-
triangular matrixﬁv/j(gcl)1 by preserving the block-triangular structure@% and WN/fBO%. This an-
nihilation strategy is illustrated in Figure 5.2, where ao denotes an updating RQD (URQD).

Algorithm 7 summarizes the steps of this estimation prosedu
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W =QT(C® I WO =QT(C® In)Q

[]Zero Block [M Non-zero block [N Diagonal block

Figure 5.1: Structure of matrica® and W (©), whereG = 5.

Step 1 Step 2 Step 3 Step 4

[ 1Zero Block [ Non-zero block [EFilled-in block [AlAnnihilated block

Figure 5.2: Structure of matrica® and W (©), whereG = 5.

Algorithm 7 Solution of the GLLSP (5.5) using the GQRD.

Input: The regressorXi, ..., X¢ andY and the disturbances covariance makix
Output: The vector of parametefs

1. Computex = CCT

2. fori=1,...,Gdo

3:  Compute the QRD (5.9)

4: Computeji = Q7 y: andgi = QT y:
5: end for
6
7
8
9

: ComputeR” (C' ® I7)Q as in (5.19)

: Compute the URQE WS} () ) P = (0 Wps)
: Compute(Wﬂ Wﬁﬁ;) PO = (WAA Was

. Solve the triangular system (5.16) feérandVec ({0;})
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5.2.3 Aninterleaving approach to solving the GLLSP

The RQD (5.14) is the most expensive operation in computieg@QRD of®; X; andC ® I
(see Appendix 5.B). An iterative procedure that does notprgm(5.14) can be employed [63]. At
each iteration a smaller problem is solved. BgP) = % | X;, WO = C ® Iy, 5©) = Vec(Y),
andi(® = Vec(V). Thesth (s = 0, ..., G — 1) iteration deals with the GLLSP

argmin Hqﬁ(s) H subjectto ) = X&) g + W) pl), (5.20)
9(s) 3

computing the factorizations

K

o X(s-‘,—l) .

QT X() = fort (5.21a)
0 M—kc_s

and

Hst1 M—kg—s

o o T (s+1) 117(s) .
(@IWOQ,)P, = e (5.218)
0 Wgp ) M—ka_s
whereQ,, P, € R¥<*#= are orthogonaly, = (G — )M + Ag_st1, Ai = Y5y K,

ki e kGg—s—1 kg—s 0 ke
X1 0 0 0\ M

. 0 Xo_s_ 0 0 | m

X6+ = Gosl , (5.22)
0 ... 0 Ro s -+ 0 | ko
0 0 0 Rg/ ke

(G—=s—1)M AG—s

) PG+ 5 (s+1) (G—s1)M
) _ [ Waa LN (5.23)

AG—s
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Re—srs andW 5D are upper-triangular, and (" = C1.q_y_1.1.6_s_1 ® Iys. Furthermore,
Igs—ym O 0 0
Qs = 0 Qa—s 0 Qc—s (5.24)
0 0 Iy., O
and
(G—s=1)M ka—s AG—s+1 M—kg—s
Wiy W W), we) (G—s—1)M
17(s)
QEW(S)QS _ 0 OG—S,G—SIICG,5 Yg)c 0 ka—s ’
0 0 WCC 0 >\G75+1
0 0 Wt Cos-sI—kg_.) M—ko-.

whereW &), = (I 1y 0)WSh, WL = W) and i), and consequenti’ .., has zero
dimension.
Note that (5.21a) computes the QRD.X, while the RQD (5.21b) is equivalent to the URQD

(WL CasasIv—ig . )Ps = (0 W) (5.25a)
and
T oW\ (W 7
whloo0 | Po= WS, Wi | (5.25b)
Wee 0 WeL Wi
where
P = I(”S+1_>‘G—s+1) 0 W(s+1)_ T5(s) ()
T 0 7]’ i = (W W)
(s)
~ W
s Cascimsl W) 0 _AD
Wit = [TEeTs G kes o and Wy = [ W),
0 W) ol
WCD
Let

(s) “(s+1)
Hs+1 5T AT ~(s) _ v Hs+1
)> and P/ Q0" = ( (5) )
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Premultiplying the constraints in (5.20) iy” and using (5.21), it follows that the GLLSP is
equivalent to

I

9N+ |85)))* subject to

(ﬁ)) B (X(s—i—l)) b (W(s—l—l) Nﬁ)}) <®(s+1)>
i)\ o o W)\ )

or, again, the smaller GLLSP

argmin |

5% 0 8

argmin |5+ subjectto gt = XD g 4 gt (5.26)
{)(s+1)76

whered(y = (W) 'g5) andg+) = 3¢ — wiloly.

The solution to (5.26) can be obtained iteratively by emipigy¥he method used for the GLLSP
(5.20). At the end of iteratioG — 1) the GLLSP becomes

argmin Hz')(G) | subjectto 3@ = (@iR;) 8+ W @A)
DICENG]

which has solution/(¢) = 0 andg = (&; R;1)j(@.

7

Now consider the computation of (5.25a). Let

kG-st1 ke  M—kg_,
(Wl(y% CG—57G—SIM—kG,5) = ( A e A Agl ) (5.27)
The submatricesdly, ..., A, are annihilated one at a time by computing the URQDs
(4 AP =(0 A%, =15 (5.28)
WhereAg?rl is upper triangular and; is orthogonal. Thus, in (5.25@5;33 = Sﬁl This

producesﬁfé‘% with a block upper triangular structure. Figure 5.3 shovesdteps for annihilating
ng and the fill-ins induced wWé% andWN/g}) in (5.25), wheres = 4. Algorithm 8 summarizes
the steps of the interleaving procedure for solving the GRLS.5). Figure 5.4 illustrates the
computations of the second step=t 2), whereG = 5.
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Step 2 Step 3 Step 4

[ ]zeroBlock [l Non-zero block [ Filled-in block [A] Annihilated block

Figure 5.3: Computation of (5.25) at step= 4.

Algorithm 8 Solution of the GLLSP (5.5) using the interleaving approach
Input: The regressorX, ..., Xg andY and the disturbances covariance makix
Output: The vector of parameters
1: ComputeX = CCT
2: LetX @ = 9%, X, W = C ® Iy andj® = Vec(Y)
3:fors=0,1,...,G—1do

4:  Compute the QRD (5.9), wheie= G — s and letQ, be given by (5.24)
. (s)

5: Compute(%@) =QTy®™

Y

B
ComputeQ? W Q,
Compute the URQD (5.25a) and (5.25b)
Solve the triangular systeﬁ(ggﬁg) = gjg) for 17535)
Computej ) = 5 — WL sl
10: end for
11: Solve the triangular systefm; R;)3 = 3@ for 3

Qs W) Qs QIWBQ,

QIWWQ, P, (QTWQ,) P,

O

(] Zero Block [ Non-zero block

Figure 5.4: Computation of (5.21b), whee= 5 ands = 2.
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5.3 Arrecursive algorithm for the estimation of the SUR model
The BLUE of the SUR model can be computed recursively [10, @@hsider the partitioning

Xz.(l) M YO\ ar, UON ar,
X;i=| + |:, v=

. )

V(l) My
., U= : s, and V = : : (5.29)

XZ,(p) M, v® /g, U@/, v®) /g,

fori = 1,...,G.

The SUR model (5.1) and the GLLSP (5.5) can be respectivgtyessed
equivalently as

Vee(Y (1) o x Y Vec(UM)
Vee(Y @) @ X Vec(U®)
: B+ ,
Vec(Y ®)) & XP Vee(U®)
and
P Lo
argmin ZHV(J)HF subject to
B,V vp) =1
Vee(YM) @z’Xi(l) Ceoly, 0 - 0 Vec(V D)
Vec (Y (2) o X 0 C®Iy,-- O Vec(V®
v ! | e VI 30

Vec(Y ) & X 0 0 - C&Iy, ) \Vec(VP®)

Assume thaitV/; > max(ky,...,kq), and let the GQRD o@iXi(l) andC ® Iy, be given by

K
iR
Q@(@X@m):(@ i )K (5.31a)
0 GM,—K

and

: (5.31b)
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WhereRZ(l) andW ) are upper-triangular. Furthermore, let

71 5(1)
QFy Vee(v)y = (Y )" and P Vee(v )= (" " . (5:32)
Q(l) GM1—K @(1) GM1—K
Using (5.31) and (5.32) it follows that the GLLSP (5.30) cawritten as
p
argmin H@(l)Her|{)(1)H24—Z:|]V(7)HfU subject to
DICION —
Vo, v =
g @R w0 0w\ a0
Vec(Y ) @ X% 0 Co®lyy-- 0 0 || Vee(v®)
: = : B+] T : : . (5:33)
Vec(Y ®)) & X" 0 0 - C®Ly 0 [[Vee(v®)
g 0 0 0 - 0 W](glj); o)
This is equivalent to
2 u 112
argmin Hﬁ(l)H +ZHV(J)HF subject to
8,51 j=2
v  vK
y() @R wl) 0 - 0 18
Vec(Y ) @ X% 0 C®Iyy+ 0O Vec(V®)
= e ] 639
Vec(Y ®)) @ XP 0 0 --C&hy) \Vec(V®)

whered® = (W) ~19® andy® = 5 — w{am).
The solution to the GLLSP (5.34) can be obtainedin- 1) iterations. Thesth (s = 2,...,p)

iteration solves the GLLSP

P
argmin Hfz(s_l)H2 +Z |’V(j)H§, subject to

67{)(8_1)7 j:S
vy
5= @R weY o0 0 (=)

Vec(Y'®)) @ X 0 C®Iy.-— 0 Vec (V)

= |8+ . (5.39)

Vee(Y®) & X 0 0 - C®In ) \Vec(VP)
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wherey (=D 5(=1) ¢ RE, andW (") € RE*K and R e Rk are upper triangular. For
the solution of (5.35) consider the update GQRD (UGQRD)

K
(s—1) ()
Di R, @R\ K
Q7. L = ¢ 5.36a
and
K GMs
W(S_l) 0 W(S) W(S) K
Qll Py =w® =" a8 : (5.36b)
0 C & Iy, 0  Wgg/ M,

whereR'*) andi () are upper triangular and) ;) and P, are orthogonal. Let

(s—1) 5(s)
oo I (v " (5.37a)
Vec(Y ¥) Vec(Y®) | .
and
S(s—1) +(5)
PL (" T (5.37b)
Vec(V®) Vec(V®)) ) G,

Strategies for computing the UGQRD (5.36) have been discussthe context of updating the
SUR model [49].

Using (5.36) and (5.37), the GLLSP (5.35) becomes the snallé SP

p
argmin  |[3||” + > V@2 subjectto

o) s
V(Sfi)7,,,7v(17) J=stl
y(®) @R w0 0 5
Vec(Y (5+1) @, x Y 0 C&ly. - 0 Vee(V (5+1)
Vee(Y ™) @ XP 0 0 - Coly )\ Vec(V®)

where

W) Vee(V) = Vee(V®) (5.39)
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and
y®) =) — W) Vee(VH), (5.40)

At the last iteration, wher = p, the GLLSP reduces to

I

argmin H{}(p) subjectto y® = (@iRZ(p))ﬂ + Wé‘i)‘@(p) ,

3,5(P)

which has solutiori® = 0 ande,;R")3 = y®. Algorithm 9 summarizes the steps of this re-
cursive estimation procedure for computing the BLUE of théRSmodel. Note that at theth
iteration, the matrix retriangularized in (5.36b) is of erd K’ + G M). This results in less com-
putational cost than does the RQD of t#d/ x GM matrix in (5.14). Algorithm 9 also requires
less memory to store the smaller dimensioned matricesviedah the factorizations.

Algorithm 9 Solution of the GLLSP (5.5) using the recursive algorithm.
Input: The regressorXy, ..., X¢ andY and the disturbances covariance makix
Output: The vector of parametefs

1. Computex = CCT

2: Compute the GQRD (5.31) arid®) from (5.32)
3: Solve the triangular systefir 2" = g

4: Computey® = 5 — W o™
5:fors=2,...,pdo

6: Compute the UGQRD (5.36) and (5.37a)

7:  Solve the triangular system (5.39) fdec(V(*)
8: Compute (5.40)

9: end for

10: Solve the triangular systefm; R;)3 = 3’ for 3

5.4 Size reduction of large scale SUR models

WhenM > k, the SUR model can be transformed to one of smaller dimerji2b46, 48]. Solv-
ing the transformed model results in a computationally iefficalgorithm. LetX* = (X1 XG) €
RM*K | =$°%  k;,andM > K. Consider the QRD

*T *
( R)X*:<R>, (5.41)
QN 0
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whereR* = (R} --- Rf) € RM*M Rr ¢ RE*F and the matrix(Q}, Q%) € RM*Mis
orthogonal. Now, premultiplying the SUR model (5.1) bf; ® Q%  Ig ® Qy)” results in the
transformed SUR (TSUR) model

Vec (Y} Ry Vec(UF
ec( R) — EB (A 5 + eC( R) , (542)
Vec(Yy) 0 Vec(UR,)
whereY} = QiY, Y5 = QWY Uj, = Q3 U, andUj, = Qi U. Furthermore,
Vec(U Y1 0
i) (o, (>2 1% , (5.43)
Vec(Uj:,) 0 Z@IM_K
and thus the SUR model (5.1) is equivalent to the smaller T&ldRel
Vec(Yg) = (®:R)3 + Vec(Ug). (5.44)
Note that
Ry \ ke
R;k = . . Y (Z = 17 M 7G)7
RY; | ki
0 i1

where)\; = Z]G:Z. k;. However, the direct implemention of Algorithms 6-9 to sobhis reduced
model does not exploit the special structure of the (transéal) exogenous matricés, ..., Rf.
Let (5.41) be replaced with the QRD &f = (X¢ --- X;) and partition

él,z‘ k1 )71 k1 [71 k1

«T =~ " }72 k2 N ﬁg ko
Ra_iv1i |ka—it1 : : : :

0 AG—it2 Ya/ ke Ug )/ ka

Also letV;CT = U,, Y;, V;, andC (i = 1,. .., G) be partitioned, respectively, as

G—itl -1 G—itl -1 G-itl il

R (e w) e (w w) w0 TR)O
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Then, the GLLSP formulation of the TSUR model (5.44) can biter as
G ~ ~ ~ ~
argminz HV}H?7 subject to Vec(Y;) = (@, R;;)8 + Vec(V;CT), i=1,...,G,
BV =1
or, equivalently, as

c
argmin Z (H‘N/JAH?: + H‘N/JBH;) subject to (5.46a)
B,Via,Vip j=1
Vo= (Ri8 o B . Via(CONT £ Vip(CVNT, i=1,...,G, (5.46b

1A z,lﬁl z,G—z+lﬁG—z+1 + ZA( AA) + ZB( AB) y 1 yeee s Ty ( . )
Yig = Vig(CY)T, i=1,...,G. (5.46¢)
From (5.46¢), it follows that;z = Yi5(C'%;) =7, and thus, the GLLSP (5.46) can be written as

G
argmin Z H‘ZAH?; subject to
BVja =1

Yia = (E,lﬁl Ei,G—i—i—lﬂG—H—l) + ‘ZA(CXL)T> i=1....G, (5.47)
whereY; 4 = Y;4 — Vig(C'\),)T. This is equivalent to
G ~
argminZHViAHi, subject to
BVia i=1
VGC(?lA) El 01(41‘% ® Ikl 0 Vec(le)
Vec(Ya4) R 0 C® &I, - 0 Vec(Vaa)
= e T _ L (548)
VeC(?GA) EG 0 0 T C,(qa) b2y Ikg Vec(vGA)
where
Kg_i+1 AG—it2
R, = (@jez—lﬁléiJ 0 )(G—i+l)KG—i+1 (5.49)

andK; = Z§:1 k;. Notice that the first block of the constraints

Vec(Y14) = R13+ (01(412‘ ® Ikl) Vec(‘N/lA)

is analogous to the constraint of the GLLSP (5.5).
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The GLLSP (5.48) corresponds to a GLLSP formulation of a SUidehwith unequal number
of observations [22]. Figure 5.5 shows the structuréf --- R%)” andesz-(CX?4 ® Ir,), where
G = 4. The recursive algorithm in [22] that solves the unequzé-sif-observations problem is
similar to Algorithm 9 and can therefore be employed to comaploe solution of (5.48).

(R - RE)T () © Ik,)

Figure 5.5: The structure of the transformed exogenousiméit] --- RL)” and Cholesky
factore,;(C'{), ® I,) of the GLLSP (5.48), wheré = 4.

5.5 Computational comparison

The algorithms are implemented in double precision on a R@ avsingle 1.7GHz Intel Pentium
IV processor and 512Mb of RAM. The matrix factorizations é&deen computed using LAPACK
subroutines [1]. The diagonally-based method (see Appendi) has been used to compute the
factorizations (5.13), (5.18) and (5.36b) [21]. Furtherejan the case of the recursive Algorithm 9,
the block sizes used a®/; = max(ki,...,kg) and My = --- = M, = 10. This is found
experimentally to be the best choice for the specific archite.

Tables 5.1 and 5.2 show the execution times (in seconds)dltiorithms. Three classes of
models (4 = 51, M = 100 and M = 400) are reported, where each regression equation is
assumed to have the same number of variables and no commesse. The elements of the
exogenous matrices, the response vectors, and the Chdbegky of the covariance matrix are
randomly generated from a uniform distribution. Noticetttie computational complexity of the
factorization procedures does not depend on the specifiesalf the exogenous and covariance
matrices. Thus, the performance of the algorithms is theedanmatrices that have been generated
using different statistical assumptions. Table 5.1 shineperformance of the algorithms when the
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number of equations change&; € 5, 10, 15, 20), while the number of variables in each equation
remains fixed at 5. Table 5.2 shows the execution times when10 is constant and the number
of variables in each regressionkigk = 5, 10, 15, 20, 40); thatis,ky = --- = kg = k.

The execution times for solving the OLM (5.6) using the LARA@utine DGELS and Algo-
rithm 6 are shown in columns 3 and 4, respectively. ColumrgdA8the results for Algorithms 7-9.
Specifically, thesth column refers to the LAPACK routine DGGGLM, which solvéetGLLSP
(5.5) without exploiting the sparse structure of the masic Columns 6-8 show the execution
times for Algorithms 7-9, respectively. The best times folvgg the OLM (5.6) and the GLLSP
(5.5) are underlined and are used to calculate the perfaren@tio in the last column. Computa-
tional results for the LAPACK routine DGGGLM and Algorithri@s8 are not available (n/a) for the
largest problems because the algorithms run out of memanmglofous results for the estimation
of the TSUR model (5.44) are given in Tables 5.3 and 5.4, wtlerexecution times include the
initial step of transforming the SUR model (5.1) to the TSUBd®l (5.44). The cost of this step
is negligible compared to the overall execution time.

Table 5.5 shows the theoretical complexities in terms oftifigapoint operations (flops) of
Algorithms 6-9 and that of solving the TSUR model (5.44), vébe= k; = - -- = kg. A detailed
derivation of these complexities can be found in AppendB. 5The second column reports the
approximate complexity of each algorithm for large valués\b, GG, andk. The third column
shows the same complexities for large scale models,Nifexs> k. Finally, the last column gives
the number of flops required by each algorithm to solve theicqed-sized model (5.44). Com-
putations that have small marginal cost compared to theabhvaamplexities have not been taken
into account. Furthermore, the transformation (5.41) desives the TSUR model has complexity
2G2?k*(M — Gk/3) and has not been included.

From the theoretical and computational results a numbeomélasions can be drawn:

e Theoretical and experimental results confirm that the OLd@athms outperform the GLLSP
algorithms. In theory the ratio between Algorithm 6 and Altgons 7-8 is linear wittk /M,
while that of Algorithm 6 and 9 is constant. In practice, therformance difference de-
creases as the number of regressors or equations increases.

e The direct use of the standard LAPACK routine DGGGLM to sthe&GLLSP is not feasible
for large-scale models.

e The discrepancies between the theoretical and experihrestdts are due to the implemen-
tation overheads and memory usage.
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Table 5.1: Execution times of solving the SUR model, whgre= -- - = kg =
OLM algorithms GLLSP algorithms Ratio
M G LAPACK Alg.6 LAPACK Alg. 7 Alg. 8 Alg.9 GLLSP/OLM
51 5 0.0007 0.0012 0.0968 0.0159 _ 0.0116 0.0133 16.57
51 10 '0.0070 0.0070 0.4430 0.0994 0.0776 _0.0547  7.81
51 15 0.0389 0.0180 1.4195 0.2993  0.2412 _0.1404  7.80
51 20 0.1274 0.0382 3.4158 0.7061  0.6279 _0.2801  7.33
51 30 0.3471 _0.1111 11.4602 2.4468 2.2541 _ 0.7788 7.01
100 5 0.0014 0.0022 0.5553 0.0507 0.0409 _ 0.0270 19.28
100 10 0.0213 _0.0119 2.8841 0.3215 0.2906 _ 0.1091 9.17
100 15 0.1135 0.0326 10.4153  1.0539 0.9871 0.2853  8.75
100 20 0.3039 _0.0687 25.5424 2.6647 2.4102 _ 0.5697 8.29
100 30 0.7402 _0.2122 81.9765 9.4783 8.9455 _ 1.5567 7.34
400 5 0.0162 _0.0093 25.6388 1.2633 0.7686 _ 0.1092 11.74
400 10 0.1675 _0.0498 183.3260 8.2393 6.0076 _ 0.4480 9.00
400 15 0.5750 _0.1598 586.3929 28.0438 22.2265  1.1694 7.32
400 20 1.3203 _0.4207 nfa nia nfa  2.4639 5.86
400 30 nfa _1.5331 n/a n/a n/a _6.6609 4.34

D.
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Table 5.2: Execution times of solving the SUR model, wh@re= 10 andk; = 5,10, 15, 20, 30

fori=1,...,G.

OLM algorithms GLLSP algorithms Ratio
M k; LAPACK Alg.6 LAPACK Alg. 7 Alg.8 Alg.9 GLLSP/OLM
51 5 0.0060 0.0069 0.4446 0.0989 0.0756 _ 0.0556 9.26
51 10 0.0450 _0.0187 0.5103 0.1383 0.1013 _ 0.0868 4.64
51 15 0.0853 _0.0334 0.5746 0.1688 _0.1239 0.1327 3.71
51 20 0.0942 _0.0507 0.5736 0.1887 _0.1580 0.1773 3.50
51 30 0.1450 _0.0898 0.7835 0.1990 _0.1803 0.2610 291
100 5 0.0227 _0.0121 2.9766 0.3384 0.2963 _ 0.1122  9.27
100 10 0.1208 _0.0327 3.1151 0.4663 0.4511 _ 0.1897 5.80
100 15 0.1951 _0.0726  3.4684 0.6214 0.5865 _ 0.3085 4.25
100 20 0.1979 _0.0989  3.6348 0.7296 0.7224 _0.4416  4.46
100 30 0.3181 _0.2138  4.5518 1.0656 1.0375 _ 0.8022 3.75
400 5 0.1812 _0.0499 185.3506 8.3259 6.0854 _ 0.4527 9.07
400 10 0.6433 _0.1731 191.6706 13.1758 9.2547 _ 0.7791 4.50
400 15 1.0295 _0.3869 198.3687 18.3041 13.0657 _ 1.2969 3.35
400 20 1.1602 _0.7879 204.5498 23.9272 17.4742 _ 2.0352 2.71
400 30 1.8623 1.8808 200.3455 34.8307 25.7010__ 3.8604 2.07
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Table 5.3: Execution times of solving the TSUR model (5.4d)erek, = --- = kg = 5.
OLM algorithms GLLSP algorithms
M G LAPACK Alg.6 LAPACK Alg.7 Alg.8 Alg.9 GLLSP/OLM
100 5 0.0007 0.0012 0.0055  0.0049 _ 0.0034 0.0050 4.86

100 10  0.0068 0.0079 0.3980 0.0834 0.0608 _ 0.0463 6.81
100 15 0.0665 _0.0277 4.1706 0.5426 05045 _0.1887 6.81
100 20 0.2908 0.0729 25.1177  2.3531  2.1953 _ 0.5194 7.21
400 5  0.0015 0.0019 0.0059  0.0056 _ 0.0040 0.0059 3.93
400 10  0.0088 0.0110 0.3973  0.0866  0.0637 _ 0.0496 5.64
400 15 0.0746 _0.0396 4.3138  0.5676 05066 _0.1987  5.02
400 20 0.3059 0.1010 26.2893  2.5442  2.3426 _0.5566 5.51
400 30 1.1623 0.4447 79.9213 23.6311 21.8987 _2.3073 5.19

Table 5.4: Execution times of solving the TSUR model (5.44hereG = 10 and k; =
5,10,15,20,40 fori = 1,...,G.

OLM algorithms GLLSP algorithms Ratio
M k; LAPACK Alg.6 LAPACK Alg. 7 Alg.8 Alg.9 GLLSP/OLM
100 5 0.0052 0.0081 0.4015 0.0881 0.0601 _ 0.0477 9.17
100 10 0.1088 _0.0366  3.0925 0.4421 0.3805 _ 0.1672  4.57
400 5 0.0093 0.0111 0.4249 0.0873 0.0643 _ 0.0491 5.28
400 10 0.1236 _0.0556  3.1201 0.4482 0.5142 _ 0.1872  3.37
400 15 0.3700 _0.1443 10.9318 1.2860 1.2046 _ 0.4675 3.24
400 20 0.5482 _0.3031 27.2676 3.5127 2.9855 _ 0.9567 3.16
400 30 13749 _1.2734 87.4721 139188 11.3183 _ 2.7661 2.17

Table 5.5: Complexity of Algorithms 6-9, whete=k; = --- = kg.
Algorithm Complexity Compl. Approx.  Compl. for solving
for M >k the TSUR model
OLM Algorithms
LAPACK 2G3K2(M — k/3) 263 k2 M 2G4K3
Alg. 1 G%k? (M +2G(M — k+1)/3) 2G3k2M /3 2G4k3/3
GLLSP Algorithms
LAPACK G3(4M3 /3 + AM?k — 2k3/3) 4G3M3/3 4GSk3/3
Alg. 2 G%kM (M +2G(M — k+1)/3) 2G3kM?/3 2G%K3/3
Alg. 3 G%kM (M + G(M — k +2)/3)
+G%k2(M + G(M — k+1)/3) G3kM?/3 GSK3/3

Alg. 4 G?k3 + 4G3K*(M — k +1/2)/3 4G3K2M/3 4G*K3/3
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e The complexity of the OLM algorithms and that of the recuesAgorithm 9 is a linear
function of the sample size. It follows that, in practices frerformance of these algorithms
does not deteriorate when the number of observations iseseand thus they can solve
large-scale problems.

e The algorithms for solving the TSUR model (5.44) outperfdih® corresponding algorithms
for solving the initial SUR model (5.1). For the largest deshs, the cost of transforming
the SUR model to one of smaller dimensions and solving it gigikle compared to the
cost of solving the original one.

5.6 Summary

Algorithms for solving the seemingly unrelated regressi@@UR) model have been considered.
The algorithms use as a basic component the QR decomposititally the SUR model is trans-
formed to an ordinary linear model (OLM). This transformatiresults in a regressor matrix hav-
ing a block triangular structure. The best linear unbiasgtmator (BLUE) of the SUR model
results from the least-squares (LS) solution of the OLM. Apatationally efficient strategy (Al-
gorithm 6) produces the LS estimator by exploiting the spatsucture of the matrices. This
strategy outperforms the LAPACK DGELS subroutine, whigats the matrices as full, when the
problem is not very small.

The remaining three algorithms compute the BLUE by formtathe SUR model as a gen-
eralized linear least squares problem (GLLSP). The solutiothe GLLSP is obtained using the
generalized QR decomposition (GQRD). The first method (Allgm 7) computes the GQRD of
the block diagonal and Kronecker structures of matrix ofetkegenous variables and the Cholesky
factor of the dispersion matrix, respectively. This meti®domputationally more efficient than
the corresponding LAPACK routine (DGGGLM) that solves tlemegral linear model. The second
method (Algorithm 8) solves the GLLSP iteratively. Eachiat®n solves a smaller sized GLLSP.
The main advantage of this method is that it avoids the faomaif the computationally expensive
RQ decomposition (5.14). This allows Algorithm 8 to outpeni Algorithm 7. Finally, a recur-
sive estimation strategy (Algorithm 9) is proposed. Thifoisnd to be the most efficient when the
model is not very small. Furthermore, this strategy reguiess memory and can thus solve larger
problems. Algorithms 6, 8 and 9 are new designs, while Atari 7 has been originally proposed
in [50].
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The algorithms are reassessed after an initial orthogoaasfiormation is made to reduce the
SUR model to one of smaller size. The matrix of exogenousakées of the transformed (TSUR)
model (5.44) has dimensions K x K compared withGM x K of the original model (5.1).
This transformation is significant for large-scale modedsere the number of observations in each
equation is much larger than the total number of regressers)M > K. The solution for the
SUR, and consequently TSUR, model when the regressionsduamenon exogenous factors is
currently under investigation. In this cas§; = X S;, whereX € RM*K s the matrix of theid
distinct regressors, ans} ¢ RX “xki js the selection matrix comprised of the relevant columns of
the K¢ x K< identity matrix. The computation of the QRD &f = X (S¢ --- S1) producesk;

(e =1,...,G) matrices in (5.45) that have a sparse structure able to eited by the various
algorithms [26, 46, 51].

Often SUR models exhibit special properties and charatiesi[25, 24, 48, 60] (see Appendix
5.C). For the efficient solution of these models the propadgdrithms need to be modified.
The structures of the matrices and their properties shoaldxXploited. Iterative algorithms for
computing the estimators of models with sparse exogenotrscesmmerits investigation.

Although Algorithm 6 is the most computationally efficieritis numerically less stable than
Algorithms 7-9 [76]. The Algorithm 6 may provide a poor sadut whenC' is ill-conditioned
and fails whern is singular, i.e., whert' is not of full-rank [45, 55, 61, 62]. In such cases, the
GLLSP approach should be used [21, 46, 50]. The numerichilisteof the algorithms needs to
be investigated.

The algorithms for solving the TSUR model (5.44) can be agthpi solve simultaneous equa-
tions models (SEMs) [6, 12, 15, 52, 89]. Similarly to the SURdal (5.1), the SEM can be
expressed as

Vec(Y) = (&;W;) Vec ({8i}) + Vec(U), (5.50)

whereW; = (X; Y;), 3; € R¥"9, andY; € RM*9 consists ofy; endogenous variables from
Y, excludingy;. The endogeneity in the SEM can be eliminated by a transfitomadentical to
that employed to derive the TSUR model [52]. The transfor@Ed1 can be written as

Vec(Yz) = (&;W;") Vec ({5i}) + Vec(Upg), (5.51)

whereW; = (R; Yj), Y = Q3]Y;, andY};, Rf andUj, are defined in (5.44). Efficient
algorithms for solving the SEM are currently under invesstign.
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5.A The column- and diagonally-based methods

Consider the updating QR decomposition (UQRD)

()

whereA, R € R¥“*k% gre upper-triangulal € R?““*k“ is block upper-triangular an@ is
orthogonal of ordek(©) + ¢(©). Now, let

k1 ko ke
0 0 0
AY 4D A%
0 0
A= A(O) _ 0 Ag,% e Ag,é k2
0 0 A ke
and
k1 ko kG
0 0 0
B B} Bi%\ o
0 0
B= B(O) _ 0 B§,2) B;(); 92
0 0 BY.)

where 4, ; is upper-triangulark(@) = S°% | k; andg(© = S | ¢;. Two block strategies can be
used to compute the UQRD (5.52). The first, a diagonally-daseategy, annihilates the block-
superdiagonals aB one at a time. The second, a column-based strategy, aregtlze non-zero
blocks of B column-by-column [21, 44].

The diagonally-based strategy computes the UQRDs

(i-1) ()

T (Aiggir | _ [ Aitiit | ke 5.53

o | gl 0 (5.53)
Gyi+g q;

and
A AD N
Q;{j ( B?—i(-ij,_zii-)j—i-l.(}) — ( B?—i(-i]),z-i-j—i-l.(} +j : (5.54)
Jyi+i+1:G ji4+i+1:G / 9
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wherei=1,...,G—-1,j=1,...,G —iand

kiyjia kitjt2 ce ko
i (@) (@) ()
(Az(—gj,i+j+1:G> _(A“E,J')viﬂﬂ AiJEj),HjJrz AiJE'j)’G> kit
](',Zi)—l—j—i—l:G Jiti+1 Bj,z‘+j+2 Bj,G j
Thus,R in (5.52) is given by
0 0 0
A A e AT
() (1)
P 0 Ayy - Ayl
0 0 .- A(G(?(_;l)

Notice that the UQRDs (5.53) and (5.54) can be computed samebusly forj =1,..., G — 1.
The column-based strategy computes the QRDs

sr (A (AT m
' Bgzz_—zl)z 0 q(i—1)

=2 i—1
o (i )= (e )
Bl:z’—l,z’+1;G Blii—l,i—i-l:G g1

wherei = 2,...,G andg("Y = Zi;ll g;. Figure 5.6 shows the annihilation patterns of the two

and

strategies in the case where= 4.
Now, the computation of (5.18) and part of (5.36b) are edeivao

p(©

r(C B C\ k& 5 565
e()-(2) -

where
p1 p2 ygel p1 P2 yel
0 0 0 0 0 0
cfl o CLE - D DIy DI\ o
0 0 0
C=00 _ 0 02(,2) Cé,é ko D=pO — 0 Dé,Q) Dg,()} 72
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Diagonally-based strategy

Initial matrix after Stage 1 after Stage 2 after Stage 3
AQAQ D ACN (A0 A A A (A AL AL AN A0 A A0 A
o Al a0 ) o A | (o A | (o
o o a0 o o alal | | e Al | | o o Al
o 0o o A o o o A 0 0 o AP 0 0o o0 AP
o B BY) BY) o o BYYBY) 0o 0 o0 B 0 0 0 0
o o BYBY) o o o BY 0 0 0 0 0 0 0 ©
0o o 0 BY 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ©

Column-based strategy

Initial matrix after Stage 1 after Stage 2 after Stage 3
AQAQ AL ATN (AR A ADAON AR AL QAN (4 A AL AL
o Al Al 0| (o Al allalt] (o Al all] (o Al al)
o 0 ala0 | |0 o allal| | o o aBall| | o o AlAl)
0o 0 o AY) o o o a9 o 0o o AY) o 0o o AP
o B BY) BY") o o BB o 0o o BY 0 0 0 0
o o BY)BY o o BB 0o o o BY 0 0 0 0
o o o By o o0 o B o o o B 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Figure 5.6: Computation of the UQRD (5.13a) using the diafjgnand column-based strategies,
G=4.
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andp(©) = Zf:lpl-. If the diagonally-based strategy is used, then (5.55) isvatent to comput-
ing

pj Pji+1 Tt pG
(1) ol (i-1) O oW 0
or <Ci(+j,lj) Ci+(j7jl+)1 Cz(ﬂlcg‘) :<Cz'+(j),j Cz’+(j),j+1 Cz'+(j),G> " (5.56)
Y] i— i— i— % % 7 ’ )
Di; Dija o Dig Djj  Djjn " Dic /) w

wherei =1,...,G —1andj = 1,...,G — i. Notice that, the upper triangular structure/of’)
is preserved throughout the computation.
Now, if a column-based algorithm is used, then (5.55) is aategh as

p1 P2 pc
i—2 i—2 i—2 i—1 i-1 i—1
@T ( Ci(71 ) Ci(,2 U Ci(,2 ) ) _(Ci(,l ) Cz'(,z : 01(,2 ) ) ks
i i—2 i—2 i—2 = i—1 i—1 i—1 P
D%:z’—l),l D%:i—1),2 Dj(m'—%,c: Dl(m‘—%,l Dgzi—l)72 D§;¢—E,G gt n

Using this strategy, the block upper-triangular strucfrd® () is destroyed. This can be avoided

if at theith step the blocks cﬂ?ﬁ_z)

.i—1,; are annihilated one at a time and from bottom to top.

5.B Complexity analysis

The theoretical complexities of the algorithms in terms oimber of flops (floating point oper-
ations) are derived in line with [28]. Initially the comptitaal costs of the main factorizations
are calculated. These are then used to determine the cdtgpéAlgorithms 6-9. For simplic-
ity the complexities are approximated for large value€-0fM and k, where it is assumed that
k=k = =kg.

5.B.1 Main factorizations

The number of flops required to compute the Cholesky fadbtdn of ann x n symmetric and
positive definite matrix is given by? /3 [28]. The complexities of computing the QRD of anx n
matrix using Householder transformations and that of apglthe same orthogonal transformation
to anm~—element vector are given B, z(m,n) = 2n*(m — n/3) andT§(m,n) = 2n(2m —

n + 1), respectively [28, pages 224-225]. Analogously, the cexipt of computing the UQRD

(A (R\n
o (5)-(5) 65)
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is TZ}QR(m, n) = 2n%(m —n+ 1), whereQ € R™*™ is orthogonal,R and A are upper triangular
of ordern and B € R(™~")x". The flops required to appl)” to a vector arel,(m,n) =
4n(m —n + 1). Notice that the RQD and URQD have the same complexitiescese tbf the QRD
and UQRD, respectively.

Now, consider the computation of the UQRD (5.52) and (5.58hgi the diagonally-based
strategy. To simplify the analysis, let assume that k, p; = pandg; = ¢, fori =1,...,G.
Thus, the flops required to compute the UQRD (5.53), (5.5d)(&rb6) are given, respectively, by

Tor(k,p) = 2k*(p + 1),
(G—i=Pk+1) Togr(k,p) = 4(1+ (G —i—j)k)k(p + 1)

and
(G—i—j+1)qThor(k.p) =4(G —i—j+1k(p+1)q.

The complexities of the diagonally-based methods are dwen

G-1G—i

Tiiag(G k.2, @) = D> (G —i—jlk+1+ (G —i—j+1a)Tiqr(k,p) + Thgr(k,p)
=1 j5=1

= G(G + 1)k(p +1)(2(k + ¢)(G + 1) — 3k +6) /3
~ 2G(G + 1)%k(p + 1)(k + q)/3.

Now, if the first block diagonal oB() is already zero, then the latter becomes

G-1G—i

szag G k yPsq Z Z —1 _.7 k"i' 1+ (G_Z_] + 1)q)T5QR(k7p) +T(}QR(k>p)
=2 j=1

= (G —1)(G - 2)k(p +1)(2G(k + q) — 3k +6) /3
~ 2G(G —1)(G = 2k(p+ 1)(k+q)/3.

5.B.2 Algorithm 1

The complexity of Algorithm 6 is dominated by that of stepsnd 8. Specifically, the complexity
of step 7 is given by
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and that of step 8, i.e., computing the UQRD (5.13a) and 5,18/
Taiag(G — 1k, M — k,0) = (G — 1)(G = 2)k(M — k+1)((2G —5)k + 6) /3

~ G — 1)(G - 2)(G — g)kQ(M k4 1)/

Thus, the number of flops required by Algorithm 6 is approxaha

Ty(G, M, k) ~ (G — D)E*(GM +2(M — k + 1)(G* = 3G +5)/3)
~ G?*K*(M +2G(M — k +1)/3).

Table 5.6 reports the complexity of each step of Algorithm 6.
Table 5.6: Complexity of each step of Algorithm 6

Step  Complexity
7 GG -1Dk22M —k+1)

Step  Complexity

1 G3/3

2 MG? 8 2(G-1)(G—-2)(G-5/2)k*(M —k+1)/3
4 2k2(M —k/3) 9  GZ?

5  2k(2M —k+1)

5.B.3 Algorithm 2
The complexity of Algorithm 7 is approximately that of step<s8. The flops required by step 6 are

G(G — )M T3r(M,k)/2 = G(G — )kM(2M — k + 1).

Notice that steps 7 and 8 can be computed using an adaptétibe diagonally-based algorithm.

Furthermore, since the diagonal blocksﬁggx are zero, the flops of these steps are

Tiiag(Go by M — k, M — k) = G(G — 1)k(M — k +1)(2GM — 3k +6)/3
~ 2G*(G — 1)k(M — k +1)M/3.

Therefore, the complexity of Algorithm 6 is
T5(G, M, k) ~ G(G — 1)kM (M + 2(G + 3/2)(M — k +1)/3)
~ G*kM (M +2G(M — k +1)/3).
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5.B.4 Algorithm 3

The complexity of the interleaving Algorithm 8 is determihiy that of steps 6, 7 and 9. Step 6
appliesQ? from the left of anM x ks matrix and@; from the right of anM (G — s — 1) x M
matrix. The complexity of this step is thus

TER(M, k) (ks + M(G — s — 1)) = 2k(2M — k + 1)(M(G — 1) — s(M — k)).

For all the iterationg = 0, ..., G — 1 the complexity is evaluated to
G-1
> 2k2M — k4 1)(M(G — 1) — s(M — k) = G(G — k(M + k)(2M — k + 1)
s=0

~ G?k(M + k)(2M — k +1).

Now, the complexity of step 7 is given by that of the URQDs 8.2nd of (5.25b), i.e.,

> (Thor(M, k) + (k(s — i+1) + M(G — s + 1)) T gr(M, k))

i=1

= 2k(M — k + 1) (ks(s +4) + 2Ms(G — s + 1)).

Therefore, for all the iterations= 0, ..., G — 1 the complexity becomes
G-1
> 2k(M — k+1)(ks(s +4) + 2Ms(G — s+ 1))
s=0

=G(G+1k(M —k+1)(G(k+ M)+ 13k +4M)/3
~ G k(M + k)(M — k+1)/3.

Step 9 consists of multiplying al/ (G — s — 1) x sk matrix with a vector usingM (G — s — 1)sk
flops. For all the iterations = 0, ..., G — 1 the number of flops required is

G—-1
Y 2Mks(G —s—1) = G(G = 1)(G — 2)kM/3 ~ G*kM/3.
s=0

Thus, the total complexity of steps 6, 7 and 9, and thus, obAtlgm 8, is given by

T5(G, M., k) ~ G*kM (M + G(M — k +2)/3) + G*k*(M + G(M — k +1)/3).
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5.B.5 Algorithm 4

For the complexity analysis of Algorithm 9 it is assumed th& = k and thatM; = o =
(M—Ek)/(p—1),s=2,...,p. Under these assumptions the complexity of step 2 is appaely
To(G, k, k) = G?k® + 2/3G3k%. Now, the complexities of computing the UQRD (5.36a), the

tranformation
s—1
QT WzglA ) O
O\ 0 ce

and the RQD (5.36b) are, respectively,

G Tior(k + a k) = 2Gk* (o + 1),
G(G = 1) (k+ a)Tior(k + o, k)/2 = 2G(G = Dk(a + 1)(k + a)
~ 2G%k(a + 1)(k + a)

and

Tuiag (G, kya,0) = G(G + k(o +1)(2(k + )(G +1)/3 — k +2)
~ 2G3 k(o + 1) (k + a)/3.

It follows that the complexity of step 6 is dominated by thatomputing the RQD (5.36b), i.e.
Thiag(G. K, v, ).

Finally the complexities of steps 7 and 8 are, respectivelyg and2G?ka, which are marginal
respect to that of step 6. Thus, the complexity of Algorithis §iven by

Ty(G, M, k, o) ~ G*k3 + 2G3k* /3 + 2G3k(a + 1) (k 4+ o) (M — k) /(30).
Fora = 1, this reduces to
Tu(G, M, k, 1) ~ G?k* + 2G°k*(2M — 2k + 1) /3.

Notice that, ifAM/ > k, thenTy (G, M, k) = 4G3k?(k + 1)M /3, which is a linear function of the
sample size.
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5.C A computationally efficient method for solving SUR moded with
orthogonal regressors

Abstract:

A computationally efficient method to estimate seeminglyelated regression equations models
with orthogonal regressors is presented. The method censdible estimation problem as a general-
ized linear least squares problem (GLLSP). The basic toddtving the GLLSP is the generalized
QR decomposition of the block-diagonal exogenous matrik@olesky factoC' ® I of the co-
variance matrix of the disturbances. Exploiting the orthmgity property of the regressors the
estimation problem is reduced into smaller and indepen@G&hiSPs. The solution of each of the
smaller GLLSPs is obtained by a single-column modificatibd’o This reduces significantly the
computational burden of the standard estimation procedsecially when the iterative feasible
estimator of the model is needed. The covariance matrixeogtimators is also derived.

5.C.1 Introduction

Consider the seemingly unrelated regressions (SUR) modkeéicompact form
Vec(Y) = (25, X;) Vec ({Bi}a) + Vec(U), (5.58)

whereY = (y;...yg) andU = (u;...uc) are theT x G matrices of the endogenous and
disturbance vectors, respectively, X; is equivalent to the exogenous block diagonal matrix
diag X1, X, ..., Xqg), X; € RT>** has full column rank{g;}c denotes the set of coefficient
vectorsfy, . .., Bg andVec(-) is the vector operator that stacks the columns of a matriebof
vectors [3, 46, 69]. The disturbance veckarc(U) has zero mean and dispersion maix I,
whereX = [o;] is positive definite anc denotes the Kronecker product operator. For notational
convenience the subscrigtin the set operatof-} is dropped and>$_, will be abbreviated tep;.

The best linear unbiased estimator (BLUE) of the SUR modelee from the solution of the
Generalized linear least squares problem (GLLSP)

argmin||V|| . subject to Vec(Y) = (#:X;) Vec ({8i}) + (C & Ir) Vec(V), (5.59)
VA{B:}
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wherex = CC*, U = VC" and|| - ||, demotes the Frobenius norm [46, 61, 63]. Although
this formulation allows for singulaX:, without loss of generality, it will be assumed thais non-
singular and”' is its upper triangular Cholesky factor. The solution 06@.can be obtained using
the generalized QR decomposition (GQRD):

O;R;
QT (@:X;)=\ 0 ) ar-x (5.60a)
and
K GT-K
Wi W
T (CoIyp=|"1" M) (5.60h)
0 W22 GT—-K

whereR;, W1, andWy, are upper triangular) € RET*GT andP € RET*CGT are orthogonal and
K= Zz’G:I k; [63]. The orthogonal matrix) is defined as

Q= <EB¢Q¢ @z@z) ) (5.61)

where

~ Rz k;
Xz‘ = : i 5.62
(@ Q)<O>M (5.62)
is the QR decomposition (QRD) df; [46, pp. 117-123].
Using the GQRD (5.60) the GLLSP (5.59) can be written as
G

argmin 3|l + [|9;]|) subject to
pargmin ) ([fo] + o)

(VGC ({ﬂz})> _ (@zRZ> Vec ({B}) I (WH W12> <Vec ({f)z}))
Vee ({:}) 0 Z 0 W) \Vec({t:}))’
where

pT Vec(V) = <Vec ({fh})> ,

Vec ({0;})
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QTy = §i, QTy = G, §i, 0 € R¥i, G5, 0, e RT R (i = 1,...,G) and|| - || is the Euclidean norm.
Thus,Vec ({7;}) = 0, and the solution of (5.59) comes from solving the triangsiestem

<Vec<{.@i}>> _ (@iRi le> <Vec<{@-}>>
Vee ({3:1))  \ 0 Wa) \Vee({ti}))

In practice, the covariance matrix of the SUR model is tylpicanknown. Here, an itera-
tive procedure is used to derive a feasible estimator of dedficients. Given an initial consistent
estimator of%, an estimator oVec ({3;}) is computed, and from the residual of the estimated
coefficients, another estimator Bfis derived. This procedure is repeated until convergenég [8
Thus, (5.60a) is computed only once, and the computatiarstlaf the iterative estimation proce-
dure is dominated by (5.60b), which needs to be computectchtitaation for different estimators
of C.

It has previously been shown how to reduce the computattmmnaken of the iterative estimation
procedures when the SUR model has common or proper subsessegs [26, 46, 48]. Often
inferences and comparisons about the SUR estimators aeunddr the assumption of orthogonal
regressors (hereafter abbreviated to SUR-OR) [70, 79,18%.SUR-OR has the condition that the
regressors in any two equations obey

XI'X;=0, d,j=1,...,Gandi#j. (5.63)

Giles and Srivastava have investigated the efficiency oBhgE of the SUR model in various
special cases (e.g. variance inequalities and positivitpwelations constraints, restrictions on the
parameters, and heteroscedastic disturbances) by stuthgncorresponding BLUE in the SUR-
OR model [79, pp. 22, 87-104, 137-139, 245-251].

The purpose of this work is to investigate numerically staéhd computationally efficient
methods for solving SUR-OR. The proposed estimation praeeexploits this orthogonality prop-
erty and computes the BLUE by solvirdgindependent GLLSPs. In solving the smaller GLLSPs,
a single-column modification of the triangular € R¢*& is performed. Thus, the costly compu-
tation of the RQ decomposition (RQD) of ti&" x GT matrix Q7 (C ® I7) in (5.60b) is avoided.

In the next Subsection the solution of the SUR-OR model utiegGLLSP approach is con-
sidered, and it is shown how the problem can be reduce® ittdependent smaller GLLSPs. In
Section 5.C.2 an efficient method to compute the GQRDs byoéikp the structure of the GLL-
SPs is presented. The advantages of this method for corgphtniterative feasible estimator are
discussed. The computation of the covariance matrix of gienator is derived in Section 5.C.4.
Finally, conclusions and future work are presented in $adiC.5.
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5.C.2 The SUR model with orthogonal regressors

Consider now the solution of the GLLSP (5.59) for deriving BLUE of the SUR-OR model, that
is, the SUR model (5.58) with orthogonal regressors (5.63pm the QRD (5.62) and property
(5.63) it follows that

QrQi=0, i#j (5.64)
and
QIXi=0, i#j. (5.65)

Notice that the submatrig); of the orthogonal matrix) in the QRD (5.62) that corresponds to the
range space ok, is unique, apart for the sign of its elements, Wl@ﬁ— the submatrix of the or-
thogonal matrix that corresponds to the null space
of X; —is not. Considering this and using (5.65) the subm@ribcan be defined as

Qi= (Qo Q1 ... Qi1 Qiyr ... QG>7 (5.66)

whereQ, € R* is the orthogonal complement of the matv@@l Q2 ... QG) andky =
T — K. This implies that (5.64) and (5.65) hold @, (j = 0).

Multiplying the constraints of the GLLSP (5.59) from thehidy the transposed of the orthog-
onal matrix

Q=(l6©Q Te®Q: ... Ig®Qq)

gives
argmin|"~/HF subject to
Vee(Y) = Q" (&:.X;) Vee({}) + Q" (C @ Ir)Q Vee(V), (5.67)
whereY = (}70 Yi - ffg), V= (% Vi ?G), Y; = QTY andV; = QI'V for
1=0,1,...,G. The constraints in (5.67) can be written as the se&t af 1 constraints

Vee(Y;) =(Ie ® QF )(®;X;) Vee({5;})
G
+) Ue®QN)(C®Ir) e ® Q;) Vec(V;), i=0,1,...,G. (5.68)
j=1
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However, sincefoi =1,...,G
0
(Ie ® Q7 )(®;X;) Vec({B;}) = Vec({Q] X;8;}) = | R; | 8,
0

(Ic ® Qf ) (®;X;) Vec({B;}) = Vec({Qf X;8;}) = 0
and

0 if i # 7,

Ie@QN)(CelIr)le®Q)) = (CoQ Q) = { _

the constraints (5.68) can be written as

0
Vee(V;) = | R, | Bi + (C ® I,)) Vec(V;), fori=1,...,G, (5.69a)
0
and
Vee(Yp) = (C ® Ir_x) Vec(Vp). (5.69b)

Furthermore, the constraints (5.69) are equivalent to
Yo = VoC7, (5.70a)
and
Y = (o R, o) +VCT, fori=1,...G. (5.70b)

The solution of the triangular system (5.70a) is not reguas it does not provide any useful
information. ThusQ) in (5.66) need not be determined. The constraints (5.7@}¥@ucturally
and statistically unrelated. Therefore, frdfi||2, = S°% , || V;||%,, it follows that the GLLSP (5.67)
can be reduced into th& smaller and independent GLLSPs

argmin [|V;||, subjectto ¥; = (0 R (i 0) + V.ot fori=1,...G.
Vi,Bi
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5.C.3 The solution of theith GLLSP

Consider the solution of theh (i = 1,...,G) GLLSP

min ||V||, subjectto Y; = (0 R 0) +Vv,cT. (5.71)

i1

LetY;, V; andC be partitioned, respectively, as

i—1 1 G—i i—1 1 G—i
Y, = (yg) 7 yg‘))’ V= <‘73> o ‘75;‘))7

and

1—1 1 G—1

Caa & Cap\ i—1

C = OT Cii 77T 1
0 0 CBB G—i

Furthermore, letV(®) = G;_; ... G4, whereG; (j = 1,...,7 — 1) denotes a Givens rotation that

annihilatescj;, i.e.,£;, when applied from the right of’. The rotationG; affects only theith and
jth columns ofC'. That is,
6%4 0 Cuag
CO — ow® = | \OT i ot |, (5.72)
0 0 Cgs

whereéfj)A and Czp are upper triangular, and®) is the fill-in. This implies that the GLLSP

(5.71) can be equivalently written as
argmin ([[VY]| + (|2, + [Vl ,)  subject to
PO 50 T 5,

i

(YD 3 v@)=(0 rg 0)+ (V9 o VY[ of & of |, 673

(2 3

where

T = (79 0 7).
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From (5.73) it follows thaf/jgi) andf/g) can be computed by solving the triangular system

o2 7 (G )00 7).

while the random vectos'” = 0 is set to zero in order to minimize the objective function efieh

)

fore, the estimator fof; derives from the solution of the triangular system

Rif; =3 = VIO )y, (5.74)

5.C.4 The covariance matrix of the estimators

The variance-covariance of the estimaté;sandﬁj is given by

~

Cov (B, B;) = E((Bi — E(B))(B; — E(B;))T).
From (5.74) and (5.73) it follows that
Bi— B8 = R0 ey = R7'QTVwey = éuR (wl © QF) Vec(V), (5.75)

wherew; is theith column of W () such thatﬁf) = VOw; = QTVw;.
SinceVec(V') has zero mean and covariance mafgy, it follows from (5.75) that, for, j =
L...,G,

E(8;) = B
and

Cov(B;, B;) = E((@z — B3:)(B; — Bi)")
= éi¢j; Ri(w] @ Q) E(Vec(V) Vec(V)") (w; ® Qj)RJT
= &6 Ri (wlwj @ Q?QJ)R;"F‘

Using (5.64), this is reduced to

. (RTR)™Y, ifi=j,
Cov (8, B;) = {

0, otherwise.
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5.C.5 Conclusion

A computationally efficient method has been proposed tonegd SUR models with orthogonal re-
gressors (SUR-OR model) using the GLLSP approach. Initials method computes the QRD of
the exogenous matrices and then exploits the orthogorddlitye regressors to reduce the GLLSP
to smaller, independent GLLSPs. To estimate each of thelen@LLSPs, a sequence of Givens
rotations is employed to annihilate the elements in a sioglemn of the triangular matrig’. The
computation of the RQD (5.60b) is avoided. This makes thegsed method particularly useful
when an iterative estimator of SUR-OR is needed. An expadsir the variance-covariance ma-
trix of the estimators shows that there is no correlation mgrihem. This expression is simpler
than previously proposed methods [79, pp. 137-139].

The proposed method for computing the BLUE of the SUR-OR rhoaielower computational
complexity than those which compute the BLUE of the SUR maedtiout orthogonality among
the regressors. This suggests that the proposed methail m@uised to derive a biased estimator
of the SUR model when the derivation of the BLUE is not compotelly feasible. The efficiency
of this biased estimator needs to be studied and comparbdtivait of other estimators [20, 22].

The proposed method is intrinsically parallel. The QRDshaf €xogenous matrices and the
solution of smaller GLLSPs can be obtained simultaneou$#y pp. 29-38]. However, another
possibility bears investigation is the design of (parali@lvens strategies that could operate on the
matrix C to produceC'V, ..., C(@) in (5.72) as intermediate results [46, ch. 23]. This kind of
parallelism would be efficient for SIMD architectures [47].



Chapter 6

Conclusions

Computationally efficient methods for estimating Seenyingihrelated Regressions (SUR) models
have been proposed and analyzed. The SUR model have beddetedsin its standard form
and with additional assumptions on the regressor matricé®gthe disturbances. Speficially the
following models have been investigated:

e the SUR model,

SUR models deriving from Vector Autoregressive (VAR) preses,

SUR models having disturbances which are generated by a Vé¢egs,

SUR models with unequal size observations,

SUR models with Orthogonal Regressors.

The aforementioned SUR models have been reformulated asr&ieed Linear Least Squares
Problems (GLLSP). The algorithms which solve the GLLSPsmnuide the Best Linear Unbiased
Estimators (BLUE) have use the Generalized QR decompngi@G®RD) as the main computa-
tional tool [55, 61, 62, 63]. In each model the structure araperties of the matrices involved are
exploited. This approach allows for computationally efficiand numerically stable implementa-
tions [62, 76]. Furthermore, the proposed algorithms caexbended to detect inconsistencies and
handle models having singular covariance matrices [45¢ ddmputational details of the various
implementations of each method have been considered.

The VAR model with zero coefficient constraints or Grangaused variables have been con-
sidered as a SUR model with common, or proper subset regsesespectively [26]. The ex-
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ogenous matrices of the regression equations comprisenogldrom a block Toeplitz matrix.
Efficient numerial and computational methods that explwt $pecial structure of the SUR model
are proposed. Block versions of the algorithms which artablé for conventional high perfor-
mance computers need to be designed [17]. The adaptatidre afumerical methods to tackle
other models that have similar matrix structures as thospgsed here needs to be considered.
Currently the Vector Error Correction Model (VECM) and th@hdnsen procedure for estimating
cointegrated systems are investigated. The VECM has atsteusimilar to that of (2.4), while
the Johansen procedure requires the OLS estimation of ar Isystem having a block Toeplitz
structure [36, 37, 58].

The SUR model with vector autoregressive distubances iyfirmnsformed to a smaller
model, then the GQRD is used as the main computational toskptoit the structure of the ma-
trices and to estimate the reduced-size model [24]. The atatipnal savings are significant for
large samples. Computational results confirm the efficiesfdhe proposed method when com-
pared to solving the general linear model. The estimatdnehtodel is computed iteratively when
the covariance matrix of the uncorrelated component or thieixof AR parameters are unknown
and need to be estimated. Some of the computations are wsaegd only one of these two matri-
ces changes. An iterative estimation procedure that effigiatilizes computations from previous
steps has been developed. The extension of the proposeddwetien the SUR model has VAR(
disturbances, that is, when the disturbance matrsatisfiesd/ —>-"_, Z'U Al = E. Furhermore,
in the case of autoregressive disturbances the matrix of @d¥icient is diagonal and this allows
to simplify the proposed method.

The SUR model with unequal size of observations (SUR-US®)de®n treated as a GLLSP
[23]. The algorithms proposed for its solution use the GQRI@}ploiting the block-sparse struc-
ture of the matrices. The first algorithm initially computee QRD of the exogenous matrix by
annihilating from bottom to the top blocks of observationkisk consist of a non-zero block-
superdiagonal. The annihilation of the blocks is obtaing@dthogonal transformations which do
not create any fill-in. These transformations are also agdliom the left of the Cholesky factor,
which then needs to be retriangularized. The second reeuasjorithm interleaves the QRD and
RQD of the exogenous and modified Cholesky factors, resadgtiThis avoids the explicit com-
putation of the RQD and thus, reduces the computationaleouod the estimation procedure. For
the case of normally distributed disturbances the maximkefihood estimation has been consid-
ered. A closed-form solution of the Cholesky factor of thgarance matrix has been derived by
solving the first order Kuhn-Tucker conditions of the likelod function. This resulted an iterative
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procedure to estimate the SUR-USO model when the variangariance matrixt is unknown.
Furthermore, this procedure never yields a non-definiienasbr forX. The proposed method can
adapted to estimate unbalanced Panel Data models and edtenthckle Simultaneous Equations
and SUR models with missing observations [5, 33, 35].

Four algorithms for solving the SUR model have been compg@@d The first algorithm esti-
mates an ordinary linear model (OLM) equivalent to the SURIehavhich have a block triangular
regressor matrix. The BLUE of the SUR model results from #asti-squares (LS) solution of the
OLM. This algorithm produces the LS estimator by exploitthg sparse structure of the matrices
and outperforms the corresponding LAPACK subroutine (DGElwhich treats the matrices as
full, when the problem is not very small.

The remaining three algorithms compute the BLUE by formuogathe SUR model as a GLLSP
which is solved by using the GQRD [21, 46, 50]. The first metbochputes the GQRD of the block
diagonal and Kronecker structures of matrix of the exogenauiables and the Cholesky factor of
the dispersion matrix, respectively. This method is comatomally more efficient than the corre-
sponding LAPACK routine (DGGGLM) that solves the genemaélr model. The second method
solves the GLLSP iteratively. Each iteration solves a senaiized GLLSP. The main advantage of
this method is that it avoids the formation of the computslly expensive retriangularization of
the Cholesky factor. Finally, a recursive estimation sggtis proposed. This is found to be the
most efficient when the model is not very small. Furthermthis, strategy requires less memory
and can thus solve larger problems.

The algorithms are reassessed after an initial orthogoaasformation is made to reduce the
SUR model to one of smaller size. This transformation lead significant reduction for large-
scale models, where the number of observations in eachieqguatmuch larger than the total
number of regressors. The solution for the SUR, and consdégiueansformed SUR, model when
the regressions have common exogenous factors is curtamtlgr investigation. The algorithms
for solving the transformed SUR model (5.44) is currentlgatéd to solve simultaneous equations
models [6, 15, 52, 89]. Although the first algorithm is the mosmputationally efficient, it is
numerically less stable than the other three [76]. Thus ¥ pravide a poor solution when the
covariance matrix is ill-conditioned and fails if it is simgr [45, 55, 61, 62]. In such cases, the
GLLSP approach should be used.

The methods presented in this work can be adapted or extéodstimate related economet-
rics models. These include dynamic simultaneous equatiwdgels, structural VAR, panel data
models, SUR and simultaneous equations models with oneanedytwo-way error components



118 CHAPTER 6. CONCLUSIONS

disturbances, SUR models with large and sparse regresgdcesanonlinear SUR models and
SUR models with inequality constraints on the parameteugthErmore, the numerical stability of
the algorithms needs further investigation.



Bibliography

[1]

[2]

[3]

[4]
[5]

[6]

[7]

[8]

[9]

[10]

E. Anderson, Z. Bai, C. Bischof, J. Demmel, J. Dongarr@&uCroz, A. Greenbaum, S. Ham-
marling, A. McKenney, S. Ostrouchov, and D. Sorens@APACK Users’ Guide SIAM,
Philadelphia, 1992.

E. Anderson, Z. Bai, and J.J. Dongarra. Generalized @®fiation and its applications.
Linear Algebra and its Applicationd62:243-271, 1992.

H.C. Andrews and J. Kane. Kronecker matrices, computgieémentation, and generalized
spectra.Journal of the ACM17(2):260-268, 1970.

B.H. Baltagi. Econometric Analysis of Panal Datdohn Wiley and Sons, 2nd edition, 2001.

B.H. Baltagi, S.H. Song, and B.C. Jung. Simple Im teststfe unbalanced nested error
component regression mod&conometric Review21(2):167-187, 2002.

D.A. Belsley. Paring 3SLS calculations down to manadeaoportions.Computer Science
in Economics and Managemeht157-169, 1992.

D.A. Belsley, E. Kuh, and R.E. WelschlRegression Diagnostics: ldentifying Influential Ob-
servations and Sources of Collinearityohn Wiley and Sons, 1980.

A. Bjorck. A general updating algorithm for constrainedelar least squares problen&iam
Journal on Scientific and Statistical Computirig2):394—-402, 1984.

A. Bjorck. Numerical Methods for Least Squares Problei@5AM, Philadelphia, 1996.

W.M. Bolstad. An estimation of seemingly unrelated resggion-model with contempara-
neous covariances based on an efficient recursive algoribommunications in statistics-
simulation and computatigri6(3):689-698, 1987.

119



120

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

BIBLIOGRAPHY

P. Businger and G.H. Golub. Linear least squares swlatby Householder transformations.
Numerische Mathematik:269-276, 1965.

J.-P. Chavas. Recursive estimation of simultaneousitgan models.Journal of Economet-
rics, 18:207-217, 1982.

A.P. Dempster, N.M. Laird, and D.B. Rubin. Maximum likevod from incomplete data via
the em algorithm. Discussiod. R. Stat. Soc., Ser, B9:1-38, 1977.

W. Dent. Information and computation in simultaneoupi&ions estimation.Journal of
Econometrics4:89-95, 1976.

P.J. DhrymesTopics in Advanced Econometria®lume Vol.2: Linear and Nonlinear Simul-
taneous Equations. Springer—\Verlag, New York, 1994.

E. Dinenis and E.J. Kontoghiorghe. Computing solwiohSURE models with linear equal-
ity and stochastic constraintdournal of Mathematical Modelling and Scientific Computing
8:234-239, 1997.

J.J. Dongarra, |.S. Duff, D.C. Sorensen, and H.A. van\est. Numerical Linear Algebra
for High-Performance Computersolume 7 ofSoftware, Environments, and TooISIAM,
Philadelphia, 1998.

D.W. Fausett and C.T. Fulton. Large least squares problinvolving Kronecker products.
SIAM Journal on Matrix Analysis and Applicatignks:219-227, 1994.

D.W. Fausett, C.T. Fulton, and H. Hashish. Improvedapar QR method for large least
squares problems involving Kronecker productdournal of Computational and Applied
Mathematics78:63—78, 1997.

P. Foschi, D.A. Belsley, and E.J. Kontoghiorghes. A panative study of algorithms for
solving seemingly unrelated regressions modé€lsmputational Statistic & Data Analysis
2003. (In press).

P. Foschi, L. Garin, and E.J. Kontoghiorghes. Numéraoad computational methods for
solving sur models. In E.J. Kontoghiorghes, B. Rustem, alo&os, editorsComputa-
tional Methods in Decision-Making, Economics and Fingnggplied Optimization. Kluwer
Academic Publishers, 2003.



BIBLIOGRAPHY 121

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

P. Foschi and E.J. Kontoghiorghes. Estimation of sagipiunrelated regression models
with unequal size of observations: computational asp&xsaputational Statistics and Data
Analysis 41(1):211-229, 2002.

P. Foschi and E.J. Kontoghiorghes. Solution of seeiyiogrelated regression models with
unequal size of observationsComputational Statistics & Data Analysig1(1):211-229,
2002.

P. Foschi and E.J. Kontoghiorghes. Estimating seelpingrelated regression models with
vector autoregressive disturbance®urnal of Economic Dynamics and Contr@003. (In
press).

P. Foschi and E.J. Kontoghiorghes. Estimating SUR risodih orthogonal regressors: com-
putational aspectd.inear Algebra and its Application2003. (In press).

P. Foschi and E.J. Kontoghiorghes. Estimation of VARIels: computational aspectSom-
putational Economigs21(1):3-22, 2003.

K.A. Gallivan, S. Thirumalai, P. Van Dooren, and V. Vaauat. High performance algorithms
for toeplitz and block toeplitz matriced.inear Algebra and its Application®241-243:343—
388, 1996.

G.H. Golub and C.F. Van LoanMatrix computations Johns Hopkins University Press,
Baltimore, Maryland, 3ed edition, 1996.

G.H. Golub and J.H. Wilkinson. Note on the iterative mefinent of least squares solution.
Numerische Mathematil9:139-148, 1966.

A. Graham. Kronecker products and matrix calculus: with application&llis Horwood
Series in Mathematics and its Applications. Chichestelis Horwood Limited, Publishers;
New York: Halsted Press, a division of John Wiley & Sons.,8.98

M. Gulliksson and PA. Wedin. Modifying the QR decomposition to constrained and
weighted linear least squaredlAM Journal on Matrix Analysis and Applicatiqris3:4:1298—
1313, 1992.

James D. HamiltonTime series analysifrinceton Univesity Press, 1994,



122 BIBLIOGRAPHY

[33] R.R. Hocking and W.B. Smith. Estimation of parameterthie multivariate normal distribu-
tion with missing observationsJournal of the American Statistical Associatiq3):159—
173, 1968.

[34] L.S. Jennings. Simultaneous equations estimatiompedational aspectsyournal of Econo-
metrics 12:23-39, 1980.

[35] M. Jhun, S.H. Song, and B.C. Jung. Blup in the nestedlpageession model with serially
correlated errorsComputational Statistics & Data Analysi8003. (In press).

[36] S.Johansen. Statistical analysis of cointegratiators. Journal of Economic Dynamics and
Control, 12:231-254, 1988.

[37] S. JohanserLikelihood Based Inference in Cointegrated Vector Autasgive ModelsOx-
ford: Oxford University Press, 1995.

[38] G.G. Judge, W.E. Griffiths, R.C. Hill, H. Lutkepohl, &T.C. Lee.The Theory and Practice
of Econometrics Wiley series in Probability and Mathematical Statistidgshn Wiley and
Sons, second edition, 1985.

[39] T.Kailath, S.-Y. Kung, and M. Morf. Displacement randdsa matrix. Bull. Amer. Math. Soc.,
New Ser.1:769-773, 1979.

[40] T. Kailath and A.H. Sayed. Displacement structure:otigeand applicationsSIAM Review
37(3):297-386, 1995.

[41] I. Karasalo. A criterion for truncation of the QR decoosfiion algorithm for the singular
linear least squares problemdIT, 14:156-166, 1974.

[42] J. Kmenta and R.F. Gilbert. Small sample propertiesltefaative estimators of seemingly
unrelated regressiongournal of the American Statistical Associatj@38:1180-1200, 1968.

[43] J. Kmenta and R.F. Gilbert. Estimation of seeminglyalamed regressions with autoregressive
disturbancesJournal of the American Statistical Associati@b(329):186-197, 1970.

[44] E.J. Kontoghiorghes. Parallel strategies for commmthe orthogonal factorizations used in
the estimation of econometric modebhigorithmica 25:58-74, 1999.



BIBLIOGRAPHY 123

[45] E.J. Kontoghiorghes. Inconsistencies and redunéanoi SURE models: computational as-
pects.Computational Economicd6(1+2):63—70, 2000.

[46] E.J. KontoghiorghesParallel Algorithms for Linear Models: Numerical MethodedEsti-
mation Problemsvolume 15 ofAdvances in Computational Economidsluwer Academic
Publishers, Boston, MA, 2000.

[47] E.J. Kontoghiorghes. Parallel strategies for rankpdating of the QR decompositioBIAM
Journal on Matrix Analysis and Application22(3):714—725, 2000.

[48] E.J. Kontoghiorghes. Parallel strategies for soMgRE models with variance inequalities
and positivity of correlations constraintSomputational Economi¢c45(1+2):89-106, 2000.

[49] E.J. Kontoghiorghes. Computational methods for madg seemingly unrelated regressions
models.Journal of Computational and Applied Mathematizf03. (forthcoming).

[50] E.J. Kontoghiorghes and M. R. B. Clarke. An alternatimproach for the numerical solu-
tion of seemingly unrelated regression equations modétsmputational Statistics & Data
Analysis 19(4):369-377, 1995.

[51] E.J. Kontoghiorghes and E. Dinenis. Solving triangskemingly unrelated regression equa-
tions models on massively parallel systems. In M. Gilli,tediComputational Economic
Systems: Models, Methods & Econometriasiume 5 ofAdvances in Computational Eco-
nomics pages 191-201. Kluwer Academic Publishers, 1996.

[52] E.J. Kontoghiorghes and E. Dinenis. Computing 3SL$itsmhs of simultaneous equation
models with a possible singular variance—covariance matComputational Economics
10:231-250, 1997.

[53] E.J. Kontoghiorghes and E. Dinenis. Towards the palratiplementation of the SURE model
estimation algorithm.Journal of Mathematical Modelling and Scientific ComputiBg35—
341, 1997.

[54] E.J. Kontoghiorghes and P. Foschi. Algorithms for saflvSURE models. Lecture Notes in
Computer Science, pages 490-497. Springer Verlag, 2000.

[55] S. Kourouklis and C.C. Paige. A constrained least sspiapproach to the general Gauss—
Markov linear model. Journal of the American Statistical Associatior6(375):620—625,
1981.



124 BIBLIOGRAPHY

[56] K. Lahiri and P. Schmidt. On the estimation of trianguéructural systemsEconometrica
1978.

[57] C.L. Lawson and R.J. Hansorgolving Least Squares ProblemBrentice—Hall Englewood
Cliffs, 1974.

[58] H. Lutkepohl.Introduction to Multiple Time Series AnalysBSpringer—\Verlag, second edition,
1993.

[59] H. Lutkepohl.Handbook of matriceswiley, 1996.

[60] S. Orbe, E. Ferreira, and J. Rodriguez-Poo. An algarith estimate time varying parameter
sur models under different type of restriction€omputational Statistics & Data Analysis
2002. (In press).

[61] C.C. Paige. Numerically stable computations for gahenivariate linear modelsCommu-
nications on Statistical and Simulation Computati@(b):437—453, 1978.

[62] C.C. Paige. Computer solution and perturbation amalysgeneralized linear least squares
problems.Mathematics of Computatio3(145):171-183, 1979.

[63] C.C. Paige. Fast numerically stable computations &aregalized linear least squares prob-
lems. SIAM Journal on Numerical Analysi$6(1):165-171, 1979.

[64] C.C. Paige. Some aspects of generalized QR factarimtiln M. G. Cox and S. J. Hammar-
ling, editors,Reliable Numerical Computatiopages 71-91. Clarendon Press, Oxford, UK,
1990.

[65] R.W. Parks. Efficient estimation of a system of regm@ssquations when disturbances are
both serially and contemporaneously correlatéolirnal of the American Statistical Associ-
ation, 62:500-509, 1967.

[66] D.S.G. Pollock.The Algebra of Econometrics (Wiley series in Probabilityl dtathematical
Statistics) John Wiley and Sons, 1979.

[67] D.S.G. Pollock.A handbook of time-series analysis, signal processing gndmhics Signal
processing and its applications. Academic Press, 1999.



BIBLIOGRAPHY 125

[68] C.R.Rao and H. Toutenburginear Models: Least Squares and AlternativEpringer series
in Statistics. Springer, 1995.

[69] P.A. Regalia and S.K. Mitra. Kronecker products, umjitanatrices and signal processing
applications.SIAM Review31(4):586-613, 1989.

[70] N.S. Revankar. Some finite samples results in the coofexvo seemingly unrelated regres-
sion equationsJournal of the American Statistical Associati@®:187-190, 1974.

[71] P. Schmidt. Econometrics (Statistics: Textbooks and Monograpke)ume 18. Marcel
Dekker, Inc, 1976.

[72] P. Schmidt. Estimation of seemingly unrelated regogsswith unequal numbers of observa-
tions. Journal of Econometricq5):365-377, 1977.

[73] P. Schmidt. A note on the estimation of seemingly unieglaegression systemdournal of
Econometrics7:259-261, 1978.

[74] V.K. Sharma. Estimation of seemingly unrelated regj@ss with unequal numbers of obser-
vation. Sankhya: The Indian Journal of Statistié&5:135-138, 1993.

[75] D M. Smith. Regression using QR decomposition methdisD thesis, University of Kent,
1991.

[76] 1. Soderkvist. On algorithms for generalized leagti&es problems with ill-conditioned
covariance matricesComputational Statisticsl1(3):303—-313, 1996.

[77] J.N. Srivastava and M.K. Zaatar. A monte carlo compuarisf four estimators of the disper-
sion matrix of a bivariate normal population, using incoeteldata.Journal of the American
Statistical Association68(341):180-183, 1973.

[78] V.K. Srivastava and T.D. Dwivedi. Estimation of seeglinunrelated regression equations
Models: a brief surveyJournal of Econometrigsl0:15-32, 1979.

[79] V.K. Srivastava and D.E.A. GilesSeemingly Unrelated Regression Equations Models: Es-
timation and Inference (Statistics: Textbooks and Monpgsj volume 80. Marcel Dekker,
Inc., 1987.



126 BIBLIOGRAPHY

[80] V.K. Srivastava and R. Tiwari. Efficiency of two—stagadahree—stage least squares estima-
tors. Econometrica46(6):1495-1498, 1978.

[81] M. Stewart and P. Van Dooren. Stability issues in thddazation of structured matrices.
SIAM Journal on Matrix Analysis and Applicatigris8(1):104-118, 1997.

[82] A.S. TanenbaumStructured Computer Organizatio®rentice Hall, 4th edition, 1999.

[83] L.G. Telser. Iterative estimation of a set of linearneggion equationslournal of the Ameri-
can Statistical Associatigrb9:845-862, 1964.

[84] H. Theil. Principles of EconometricsJohn Wiley & Sons, Inc, 1971.

[85] D.A. Turkington. Generalised vec operators and thensegly unrelated regression equations
model with vector correlated disturbancdsurnal of Econometrig99:225-253, 2000.

[86] A. Zellner. An efficient method of estimating seeminglyrelated regression equations and
tests for aggregation biagournal of the American Statistical Associati&7:348—-368, 1962.

[87] A.Zellner. Estimators for seemingly unrelated regies equations: some exact finite sample
results.Journal of the American Statistical Associatj@8:977-992, 1963.

[88] A. Zellner. An error—components procedure (ECP) fardducing prior information about
covariance matrices and analysis of multivariate regoessiodels.International Economic
Review 20(3):679-692, 1979.

[89] A. Zellner and H. Theil. Three—stage least squaresukaneous estimation of simultaneous
equations Econometrica30(1):54-78, 1962.



