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Automorphisms of the plane preserving a curve

Jérémy Blanc and Immanuel Stampfli

Abstract

We study the group of automorphisms of the affine plane preserving some given curve,
over any field. The group is proven to be algebraic, except in the case where the curve
is a union of parallel lines. Moreover, a classification of the groups of positive dimension
occurring is also given in the case where the curve is geometrically irreducible and the
field is perfect.

1. Introduction

Let k be an arbitrary field. This article studies (closed) curves Γ Ă A2 “ A2
k and the group of

automorphisms of A2 (defined over k) which preserve this curve. We will denote this group by
AutpA2,Γq. In other words, we study polynomials in krx, ys and the k-algebra automorphisms
of krx, ys that send the polynomial to a multiple of itself. We will always assume that the curve
is reduced, that is, that the polynomial does not contain any multiple factor. For our purpose,
this is a natural assumption.

If Γ has equation in krxs, we will say that Γ is a fence. In this case, AutpA2,Γq is easy to
describe, and it is in fact a countable union of algebraic groups. Our main result consists in
showing that this is the only case where such a phenomenon occurs.

Recall that AutpA2q has the structure of an ind-variety. More precisely, the set AutpA2qd of
automorphisms of degree at most d is an algebraic variety and AutpA2qd is closed in AutpA2qd`1

for any d. This gives to AutpA2q “
Ť8
d“1 AutpA2qd the structure of an ind-variety, and since

composition and taking inverse preserve this structure, AutpA2q is an ind-group (see [Kum02,
Chapter IV] for precise definitions of “ind-variety” and “ind-group”).

By definition, an algebraic subgroup of AutpA2q is a closed subgroup of bounded degree. Let
us recall that the group AutpA2q contains the following natural algebraic subgroups:

AffpA2q “ tpx, yq ÞÑ pax` by ` e, cx` dy ` fq | a, b, c, d, e, f P k, ad´ bc ­“ 0u ,
Jn “ tpx, yq ÞÑ pax` P pyq, by ` cq | a, b P k˚, c P k, P P krys, degpP q ď nu .

Moreover, AutpA2q is generated by the union of these groups (Jung–van der Kulk’s theorem
[Jun42], [vdK53]), and any algebraic subgroup of AutpA2q is conjugate to a subgroup of AffpA2q

or Jn for some n [Kam79, Theorem 4.3].
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For any curve Γ Ă A2, the group AutpA2,Γq is a closed ind-subgroup of AutpA2q. The following
result describes when AutpA2,Γq is an algebraic group, that is, when it has bounded degree.

Theorem 1. Let Γ be a curve in A2. Applying an automorphism of A2, one of the following
holds:

(i) The curve Γ has equation F pxq “ 0, where F pxq P krxs is a square-free polynomial and

AutpA2,Γq “ tpx, yq ÞÑ pax` b, cy ` P pxqq | a, c P k˚, b P k ,
P P krxs , F pax` bq{F pxq P k˚u .

(ii) The group AutpA2,Γq is equal to

tg P AffpA2q | gpΓq “ Γu or tg P Jn | gpΓq “ Γu

for some integer n. Moreover, the action of AutpA2,Γq on Γ gives an isomorphism of
AutpA2,Γq with a closed subgroup of AutpΓq pthe latter being an algebraic groupq.

In particular, AutpA2,Γq is an algebraic group if and only if there is no automorphism of A2

which sends Γ onto a fence.

Note that the existence of an automorphism of A2 which sends Γ onto a line implies that
Γ » A1, and that the converse is true in characteristic zero by the Abhyankar–Moh–Suzuki
theorem ([Suz74], [AM75]), but false in general (last page of [Nag71]). So Theorem 1 implies, in
positive characteristic, that non-trivial embeddings of A1 into A2 are rigid in the sense that the
image of the curve is preserved by only a few automorphisms of A2, namely an algebraic group.

Another consequence of Theorem 1 is that the fixed locus of an automorphism of A2 contains
only points and curves equivalent to lines, a result already observed by Friedland and Milnor in
[FM89], in the case where k “ C (see [Jel03] for some generalisations to higher dimensions).

Note that in the case where k “ C, the observation on fixed points of Friedland and Milnor, the
Abhyankar–Moh–Suzuki theorem and the Lin–Zaidenberg theorem [ZL83] imply Theorem 1 in
the case where the curve Γ has an irreducible component non-isomorphic to C˚. The interesting
case of Theorem 1, for k “ C, is thus the description of AutpA2,Γq when Γ is isomorphic to
C˚ (or a union of such curves). Note that there exist only partial classifications of the closed
embeddings of C˚ into A2, which are moreover very involved (see [CNKR09], [BŻa10] and more
recently [KPR14]). Hence, one cannot check a few cases to derive Theorem 1. Moreover, note
that there exist complicated torsion-abelian closed subgroups of AutpA2q which are not conjugate
to a subgroup of AffpA2q or to a subgroup of the de Jonquières group

Ť8
n“1 Jn (see [Wri79]).

A priori, such groups could preserve curves isomorphic to A1zt0u, but Theorem 1 implies that
these groups do not preserve any algebraic curves.

The proof of Theorem 1 is given in Section 3, using tools of birational geometry of surfaces
introduced in Section 2.

In Section 4, we refine the theorem by describing more precisely the possibilities for the
group AutpA2,Γq in the case where Γ is geometrically irreducible and the ground field k is
perfect. We then obtain the following result (the tori T of cases (iv), (v) are described precisely
in Proposition 4.5).

Theorem 2. Let Γ be a geometrically irreducible closed curve in A2, defined over a perfect
field k. Applying an automorphism of A2, one of the following holds:

(i) The curve Γ is the line with equation x “ 0 and

AutpA2,Γq “ tpx, yq ÞÑ pax, by ` P pxqq | a, b P k˚, P P krxsu .
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(ii) The curve Γ has equation xb “ λya, where λ P k˚ and a, b ą 1 are coprime integers.
Moreover, AutpA2,Γq is equal to the group k˚ acting diagonally via px, yq ÞÑ ptax, tbyq.

(iii) The curve Γ has equation xbya “ λ, where λ P k˚ and a, b ě 1 are coprime integers.
Moreover, AutpA2,Γq contains the group k˚ acting diagonally via px, yq ÞÑ ptax, t´byq, and
is equal to this group if pa, bq ­“ p1, 1q, or is the group k˚ ¸ Z{2Z generated by k˚ and by
px, yq ÞÑ py, xq if pa, bq “ p1, 1q.

(iv) The curve Γ has equation λx2 ` νy2 “ 1, where λ, ν P k˚, ´λν is not a square in k
and charpkq ­“ 2. The group AutpA2,Γq is the subgroup of GLp2,kq preserving the form
λx2 ` νy2. It is isomorphic to T ¸ Z{2Z for some non-k-split torus T .

(v) The curve Γ has equation x2 ` µxy ` y2 “ 1, where µ P k˚ and x2 ` µx ` 1 has no root
in k, and charpkq “ 2. The group AutpA2,Γq is the subgroup of GLp2,kq preserving the
form x2 ` µxy ` y2. It is isomorphic to T ¸ Z{2Z for some non-k-split torus T .

(vi) The group AutpA2,Γq is a zero-dimensional phence finiteq subgroup of AffpA2q or Jn for
some n.

A similar description was also given in the case k “ C and where the curve is connected
and simply connected in [AZ13], and more generally for such curves on affine toric surfaces. The
intersection of the two studies gives the cases (i) and (ii) above.

2. Reminders on completions of A2

In this section, we define natural completions of A2 and links between them.

2.1 Natural completions of A2

Example 2.1. The morphism

A2 ãÑ P2

px, yq ÞÑ px : y : 1q

yields an isomorphism A2 „
Ñ P2zLP2 , where LP2 is the line of P2 with equation z “ 0.

Example 2.2. For n ě 1, the nth Hirzebruch surface Fn is

Fn “ tppa : b : cq, pu : vqq P P2 ˆ P1 | bvn “ cunu.

Let En, LFn Ă Fn be the curves given by p1 : 0 : 0q ˆ P1 and v “ 0, respectively. The morphism

A2 ãÑ Fn
px, yq ÞÑ ppx : yn : 1q, py : 1qq

gives an isomorphism A2 „
Ñ FnzpEn Y LFnq. Note that En is the unique section of π : Fn Ñ P1

of self-intersection ´n, and LFn has self-intersection zero since it is a smooth fibre.

Remark 2.3. In Example 2.2, we could also have chosen n “ 0, which yields the surface F0,
isomorphic to P1 ˆ P1, via ppx : y : zq, pu : vqq ÞÑ ppx : yq, pu : vqq, but we will not need this case.

Definition 2.4. A natural completion (of A2) is a pair pX,Bq which is given in Example 2.1
or Example 2.2: either pX,Bq “ pP2, LP2q or pX,Bq “ pFn, En Y LFnq for some n ě 1. The
isomorphism A2 Ñ XzB given in the examples will be called the canonical isomorphism, or
canonical embedding of A2 into X.
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A birational map (respectively, birational morphism) pX,Bq 99K pX 1, B1q between two nat-
ural completions is a birational map (respectively, birational morphism) X 99K X 1 inducing an
isomorphism XzB Ñ X 1zB1.

We denote by AutpX,Bq the group of automorphisms of pX,Bq; it is the group of automor-
phisms of X which leave B (or, equivalently, XzB “ A2) invariant.

Remark 2.5. Given two natural completions pX,Bq, pX 1, B1q, any birational map ϕ : pX,Bq 99K
pX 1, B1q restricts to an isomorphism XzB Ñ X 1zB1, and thus corresponds, via the canonical
isomorphisms A2 » XzB and A2 » X 1zB1, to a unique automorphism of A2. Moreover, every
automorphism of A2 is obtained in this way.

Let us recall an easy fact on the automorphisms of natural completions.

Lemma 2.6. Let pX,Bq be a natural completion of A2, and let ι : A2 Ñ XzB be the associated
canonical isomorphism. The group AutpX,Bq corresponds via ι to the following subgroups of
AutpA2q psee the introduction for the definition of AffpA2q and Jnq:

(i) If X “ P2, then AutpX,Bq “ AffpA2q » GLp2,kq ˙ k2.

(ii) If X “ Fn, then AutpX,Bq “ Jn » pk
˚q2 ˙ pk˙ kn`1q.

Proof. The first assertion follows from the fact that AutpP2q is the group of linear automorphisms,
equal to PGLp3,kq.

Recall that for n ě 1, the P1-bundle structure on the Hirzebruch surface Fn given by the
projection on the second factor is unique. Hence, the group of automorphisms of Fn preserves the
P1-bundle structure. In particular, the restriction of each automorphism of AutpFn, EnYLFnq is
an automorphism of A2 that preserves the fibration A2 Ñ A1, px, yq ÞÑ y. The precise description
of the degree follows from a straightforward calculation.

2.2 Elementary links

There are two kinds of very simple birational maps between natural completions. The first ones
are automorphisms, which we described in Lemma 2.6, and the second ones are elementary links,
which we describe now. The results of this section are classic, we just recall them for the reader
for self-containedness and in order to fix notation.

Definition 2.7. A link is a birational map ϕ : pX,Bq 99K pX 1, B1q between two natural comple-
tions, which is not an isomorphism, such that both ϕ and ϕ´1 have at most one k-base point
(and, in particular, there is no infinitely near base point). An elementary link is a link which
does not decompose into ϕ “ ϕ1 ˝ ϕ2, where ϕ1 and ϕ2 are links.

Remark 2.8. It follows from Definition 2.7 that if ϕ : pX,Bq 99K pX 1, B1q is an elementary link,
then so is αϕβ, where α P AutpX 1, B1q, β P AutpX,Bq.

The following lemma gives a precise description of our elementary links; this shows, in par-
ticular, that such maps are some of the elementary links which appear in the minimal model
program (see [Cor95, Theorem on p. 225] and [Isk96, Definition 2.2, p. 597]).

Lemma 2.9. Any elementary link is of one of the following three types:

(i) type I: a rational map pP2, LP2q 99K pF1, E1 Y LF1q consisting of blowing up one k-rational
point of LP2 ;
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(ii) type II: a rational map pFn, En Y LFnq 99K pFm, Em Y LFmq given by the blow-up of a
k-rational point p of LFn followed by the contraction of the strict transform of LFn , where,
moreover, m “ n` 1 if p P En and m “ n´ 1 if p R En;

(iii) type III: a morphism pF1, E1 Y LF1q Ñ pP2, LP2q given by the contraction of the curve E1

onto a k-rational point of LP2 .

The inverse of a link of type I, II, III is a link of type III, II, I, respectively.

Proof. Let ϕ : pX,Bq 99K pX 1, B1q be a birational map that is an elementary link.

Suppose first that ϕ is a morphism, which implies that ϕ is the contraction of a p´1q-curve
onto a k-rational point. Hence, X “ F1, X 1 “ P2 and we are in the third case. If ϕ´1 is a
morphism, we get the first case by symmetry.

In the remaining cases, both ϕ and ϕ´1 have exactly one base point. These points are thus
defined over k, and both maps contract one irreducible curve. The curves thus have either self-
intersection ´1 or self-intersection 0, depending on whether they contain the base points. In the
first case, we get a link pF1, E1 Y LF1q 99K pF1, E1 Y LF1q, which is not an elementary link since
it factors through P2 as the composition of links of types III and I. In the second case, we get a
link of type II described above.

Proposition 2.10. Let ϕ : pX,Bq 99K pX 1, B1q be a birational map between two natural com-
pletions of A2. If ϕ is not an isomorphism, then there exist an m ě 1 and elementary links
ϕ1, . . . , ϕm such that ϕ “ ϕm ¨ ¨ ¨ϕ1.

Remark 2.11. We call ϕ “ ϕm ¨ ¨ ¨ϕ1 a decomposition into m elementary links. If ϕ is an isomor-
phism, we sometimes say that it decomposes into zero elementary links. This is coherent with
the fact that the composition of an elementary link with an isomorphism of natural completions
is an elementary link (see Remark 2.8).

Proposition 2.10 implicitly follows from the work done in [Lam02] or from [BD11, Theorem
3.0.2]. However, the proof given here is direct.

Proof of Proposition 2.10. As all birational maps between projective smooth surfaces, ϕ admits a
minimal resolution, that is, two birational morphisms ε : Y Ñ X, η : Y Ñ X 1 such that ϕ “ ηε´1,
and such that no p´1q-curve of Y (not necessarily defined over k) is contracted by both ε and η.
Moreover, each point blown up by η and ε belongs to the boundaries B,B1, as a proper or
infinitely near point.

We proceed by induction on the number of k-points blown up by η and ε, corresponding
to the number of base points of ϕ´1 and ϕ. If η is an isomorphism, ϕ is only a sequence of
blow-ups in the boundary of B. Because of the nature of B and B1, this implies that ϕ is either
an isomorphism or a link of type I, from X “ P2 to X 1 “ F1. Similarly, ϕ is an isomorphism or
a link of type III if ε is an isomorphism.

Thus, we may assume that η (respectively, ε) contracts at least one p´1q-curve of Y , not
contracted by ε (respectively, η), which is thus the strict transform of an irreducible curve E Ă B
(respectively, E1 Ă B1) of self-intersection at least ´1. If E2 “ ´1, we factor ϕ through a link of
type III from X “ F1 to P2. We do the same with ϕ´1 if pE1q2 “ ´1.

Looking at the self-intersections of the curves on the boundaries B and B1, the remaining
case is: only one (-1)-curve of Y is contracted by η (respectively, ε) and its image E (respectively,
E1) under ε (respectively, η) has self-intersection at least zero. This implies that ϕ and ϕ´1 have
exactly one proper base point. If E2 “ 1, we factor ϕ through a link of type I from X “ P2
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to F1. Otherwise, E2 “ 0, and we factor ϕ through a link of type II from X “ Fn to Fn1 with
n1 “ n ˘ 1. It remains to see that n1 “ 0 is impossible. Indeed, otherwise the p´1q-curve of X
would not pass through the unique proper base point of ϕ and would thus be sent by ϕ onto a
curve of self-intersection at least zero, not contracted by ϕ´1.

Corollary 2.12. Let ϕ : pX,Bq 99K pX 1, B1q be a birational map between two natural comple-
tions of A2. All k-base points of ϕ pthat belong to X as proper or infinitely near pointsq are
defined over k.

Proof. This follows from Proposition 2.10 and from the fact that the base points of any elemen-
tary link are defined over k (Lemma 2.9).

Let us recall how the result on elementary links gives the proof of Jung–van der Kulk’s
theorem (that we will not need in the remainder of this paper).

Corollary 2.13. The group AutpA2q is generated by the groups AffpA2q and J “
Ť

ně1 Jn.

Proof. We view g P AutpA2q as a birational map pP2, LP2q 99K pP2, LP2q. If it is an isomorphism
of pairs, then g P AffpA2q. Otherwise, we use Proposition 2.10 and write it as g “ ϕm ¨ ¨ ¨ϕ1,
where the ϕi are elementary links. Denote by r the smallest integer such that ϕr is of type III.
Then, ϕr´1 ¨ ¨ ¨ϕ2 : pF1, E1 Y LF1q 99K pF1, E1 Y LF1q is a composition of links of type II, which
preserves the fibration F1 Ñ P1, and the map ϕr ¨ ¨ ¨ϕ1 : pP2, LP2q 99K pP2, LP2q thus sends the
lines through the point q1 P LP2 blown up by ϕ1 onto the lines through the point q2 P LP2 blown
up by pϕrq

´1. Choosing α, β P AutpP2, LP2q that send q1, q2, respectively, onto p0 : 1 : 0q, the
map βϕr ¨ ¨ ¨ϕ1α

´1 preserves the lines through p0 : 1 : 0q. Hence, its restriction to A2 belongs
to J. Since the restriction of α, β belongs to AffpA2q, the map ϕr ¨ ¨ ¨ϕ1 belongs to the group
generated by AffpA2q and J. Proceeding by induction on m, we get the result.

For our purpose, we will need the decomposition into elementary links given by Proposi-
tion 2.10, but we will also need to have more precise information on the composition of links and
their base points, provided by Lemma 2.14 and Proposition 2.16 below.

Lemma 2.14. Let ϕ : pX0, B0q 99K pX1, B1q and ψ : pX1, B1q 99K pX2, B2q be two elementary
links. The birational map ψ ˝ ϕ is an isomorphism if and only if one of the following occurs:

(i) We have X1 “ F1 and X0 “ X2 “ P2 pthat is, ψ and ϕ´1 are both of type IIIq.

(ii) The maps ψ and ϕ´1 are both of type I or both of type II, and share the same base point.

Moreover, if X1 “ Fn and X0 “ X2 “ Fn`1, for some n ě 1, the map ψ ˝ ϕ is always an
isomorphism.

Proof. If neither ψ nor ϕ´1 has a base point, we have X1 “ F1 and X0 “ X2 “ P2, and both ψ
and ϕ´1 are contractions of the p´1q-curve of F1. This implies that ψ ˝ ϕ is an automorphism
of P2.

If ψ has a base point which is not a base point of ϕ´1, then ψ ˝ ϕ has a base point, and is
thus not an isomorphism. The same holds after exchanging the roles of ψ and ϕ.

The last case is when both ψ and ϕ´1 are links of type I or II and have the same base point.
The description of the links (Lemma 2.9) implies that ψ ˝ϕ is an isomorphism. It remains to see
that this is always the case when X1 “ Fn and X0 “ X2 “ Fn`1. Indeed, this is true as the base
point of every elementary link from pFn, En Y LFnq to pFn`1, En`1 Y LFn`1q is the intersection
point of En and LFn .
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Definition 2.15. A decomposition of a birational map ϕ : pX,Bq 99K pX 1, B1q into elemen-
tary links is called reduced, if the composition of two consecutive elementary links is never an
automorphism.

Proposition 2.16. Let ϕ : pX,Bq 99K pX 1, B1q be a birational map between two natural com-
pletions of A2, and let ϕ “ ϕm ¨ ¨ ¨ϕ1 be a reduced decomposition of ϕ into elementary links,
with m ě 1. Then, the following hold:

(i) The number l of base points of ϕ is equal to the number of elementary links ϕi of type I or
II. If l ě 1, then ϕ has a unique proper base point, which is equal to the base point of ϕ1

if ϕ1 is of type I or II, or to the preimage by ϕ1 of the base point of ϕ2 if ϕ1 is of type III.

(ii) If ϕ “ ψk ¨ ¨ ¨ψ1 is another decomposition into elementary links of ϕ, then k ě m. Moreover,
if k “ m, the decomposition is unique, up to isomorphisms of completions.

Proof. We prove result (i) by induction on m, the case m “ 1 being obvious. Let m ě 2.

Suppose that ϕ1 is a link of type III. It contracts E1 Ă X onto a point which is not a base
point of ϕ2, and thus not of ϕm ¨ ¨ ¨ϕ2, by the induction hypothesis. Consequently, the number of
base points of ϕ is equal to that of ϕm ¨ ¨ ¨ϕ2, and ϕ has a unique proper base point. The latter
is the preimage by ϕ1 of the proper base point of ϕ2.

Suppose now that ϕ2 is a link of type III, which implies that ϕ1 is a link F2 99K F1 of type
II, with one base point q. If m “ 2, the result is clear. If m ě 3, we use the induction hypothesis
and see that the unique proper base point of ϕm ¨ ¨ ¨ϕ2 is a point of LF1zE1 which is not a base
point of pϕ1q

´1. This implies that ϕ has one more base point than ϕm ¨ ¨ ¨ϕ2. Moreover, since
the proper base point of ϕm ¨ ¨ ¨ϕ2 is on LF1 and since LF1 is contracted by pϕ1q

´1 onto q, this
implies that q is the only proper base point of ϕ.

To prove result (i), it remains to study the case where ϕ1 and ϕ2 are links of type I or II. As
in the previous case, ϕm ¨ ¨ ¨ϕ2 has a unique proper base point (here equal to that of ϕ2), which
is not a base point of pϕ1q

´1 but belongs to the curve contracted by pϕ1q
´1 onto the base point

of ϕ1. This again implies that ϕ has one more base point than ϕm ¨ ¨ ¨ϕ2 and that its unique
proper base point is that of ϕ1.

Now that result (i) has been proved, let us show that it implies result (ii). Suppose that an-
other decomposition exists, that we can assume to be reduced, of length k ď m: ϕ “ ϕm ¨ ¨ ¨ϕ1 “

ψk ¨ ¨ ¨ψ1. If ϕ has no base point, both decompositions consist of one link of type III and the result
is clear. Otherwise, the unique base point of ϕ determines the first link, so we have ψ1 “ αϕ1

for some isomorphism of natural completions α. Proceeding by induction, we get k “ m and the
unicity of the decomposition.

Proposition 2.16 implies that the “length” of a reduced decomposition of ϕ depends only
on ϕ. The following definition is therefore natural.

Definition 2.17. The number of elementary links in a reduced decomposition of ϕ is called the
length of ϕ; we denote it by lenpϕq.

3. Birational maps preserving a curve and the proof of Theorem 1

This section is devoted to the proof of Theorem 1, which is done using elementary links and by
looking at the singularities of the curve obtained in the natural completions.
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Definition 3.1. If Γ Ď X is a (closed) curve with no component in B and ϕ : pX,Bq 99K pX,Bq
is a birational map, then we denote by ϕpΓq the closure of ϕpΓXXzBq in X and call it the image
of Γ under ϕ. Moreover, we denote by BirppX,Bq,Γq the group of birational maps ϕ : pX,Bq 99K
pX,Bq such that ϕpΓq “ Γ.

Remark 3.2. If Γ Ă X is a curve having no component in B, then BirppX,Bq,Γq “

tg P AutpXzBq | gpΓzBq “ pΓzBqu. In particular, BirppX,Bq,Γq corresponds to the group
AutpA2,ΓX A2q of automorphisms of XzB “ A2 that preserve the closed curve ΓX A2 of A2.

To study maps preserving a curve, we will study the singularities of the curve on the boundary.

Definition 3.3. Let Γ be a curve and let p P Γ be a k-point. We define the height htΓppq of Γ
at p inductively, as follows:

(i) If Γ is smooth at p, then we set htΓppq :“ 0.

(ii) Otherwise, let π : Γ̃ Ñ Γ be the blow-up of Γ in p and let p1, . . . , pn be the points of Γ̃ with
πppiq “ p. We set htΓppq :“ maxit htΓ̃ppiq ` 1 u.

Recall that for any curves Γ1,Γ2 having no common component on a smooth projective sur-
face, the intersection number Γ1¨Γ2 is non-negative and corresponds to the sum of the intersection
numbers pΓ1 ¨Γ2qp, where p runs over all k-points of Γ1XΓ2. The intersection number pΓ1 ¨Γ2qp

satisfies pΓ1 ¨ Γ2qp ě mppΓ1q ¨mppΓ2q, where mppΓiq is the multiplicity of Γi at p, and equality
holds if and only if the tangent cones of Γ1 and Γ2 at p are distinct.

The next proposition is the key ingredient in the proof of Theorem 1.

Proposition 3.4. Let ϕ : pX,Bq 99K pX 1, B1q be a birational map between natural completions
of A2, admitting a reduced decomposition ϕ “ ϕm ¨ ¨ ¨ϕ1 into elementary links, with m ě 1. Let
Γ Ă X be a curve having no component in B, and let Γ1 “ ϕpΓq Ă X 1 be its image under ϕ.
Suppose that one of the following holds:

(i) The link ϕ1 is of type III pfrom F1 to P2q and pE1 ¨ Γqp0 ą 1, where p0 is defined by
tp0u “ E1 X LF1 “: A.

(ii) The link ϕ1 is of type I or II, and the finite set A Ă LX of k-points lying on Γ which are
not pproperq base points of ϕ satisfies

ř

pPApLX ¨ Γqp ą 1.

Then, there exists a k-point q P LX 1 such that

htΓ1pqq ě l `max
pPA

htΓppq ,

where l is the number of base points of ϕ´1. If l ě 1, then q can be chosen as the unique proper
base point of ϕ´1, which is a k-point.

Proof. We proceed by induction on the number m of elementary links in the reduced decompo-
sition of ϕ. We distinguish the following cases, depending on the nature of the first link ϕ1:

(1) If ϕ1 is a link of type III, it contracts the curve E1 Ď F1 onto a k-point q P P2. By
assumption, we have pE1 ¨ Γqp0 ą 1. The multiplicity of Γ1 “ ϕ1pΓq at q is equal to E1 ¨ Γ ą 1,
which implies that Γ1 is singular at q and that htΓ1pqq ě htΓpp0q ` 1.

If m “ 1, we have l “ 1 and htΓ1pqq ě htΓpp0q ` 1 “ l `maxpPA htΓppq (because A “ tp0u),
so we are done. So, assume m ą 1. The point q is not a base point of ϕ2, since otherwise ϕ2 ˝ϕ1
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would be an automorphism of F1. Moreover, pLP2 ¨Γ1qq ą 1 because Γ1 is singular at q. The claim
follows by applying the induction hypothesis to ϕm ¨ ¨ ¨ϕ2, as q is not a base point of ϕm ¨ ¨ ¨ϕ2.

(2) Suppose that ϕ1 is a link of type II, that is, ϕ1 : Fn1 99K Fn, where n1 “ n˘1. By definition
there exist blow-ups ε : S Ñ Fn1 and η : S Ñ Fn of k-points q1 P LFn1

and q P LFn , respectively,

such that ϕ1 “ η ˝ ε´1. Denote by Γ̃ Ď S the strict transform of Γ under ε´1, and by Eq Ă S the
irreducible curve contracted by η onto q, which is the strict transform of LFn1

under ε´1. The
map ε´1 is an isomorphism in a neighbourhood of every point of A Ă LFn1

. By hypothesis, one

has
ř

pPApLFn1
¨ Γqp ą 1, which implies that Γ̃ ¨ Eq ą 1 on S. The curve Γ1 “ ηpΓ̃q Ă Fn is thus

singular at q, and the height of Γ1 at q is at least equal to 1`maxpPA htΓppq. If m “ 1, then we
are done. If m ą 1, q is not a base point of ϕ2, since otherwise ϕ2 ˝ϕ1 would be an isomorphism.
Moreover, q is a singular point of Γ1 which belongs to LFn , and if ϕ2 is of type III, then n “ 1
and n1 “ 2, so q is the intersection point of E1 and LF1 . In any case, the point q belongs to the
set “A” associated with ϕm ¨ ¨ ¨ϕ2, so the result follows by induction.

(3) The last case is when ϕ1 is of type I, that is, when it is a map ϕ1 : P2 99K F1. If m “ 1,
then l “ 0 and the result is obvious, by choosing q as the image of a point of A with a maximal
height. If m ą 1, the link ϕ2 is a map F1 99K F2 centred at the intersection point of E1 and LF1 .
In particular, the map ϕ1 induces an isomorphism at a neighbourhood of any point of A, sending
LP2 onto LF1 , and sends the set A onto the set “A” associated with ϕm ¨ ¨ ¨ϕ2. The result follows
by the induction hypothesis.

The following corollary is a direct consequence of Proposition 3.4.

Corollary 3.5. Let ϕ P BirppX,Bq,ΓqzAutpX,Bq and let ϕ “ ϕm ¨ ¨ ¨ϕ1 be its reduced decom-
position into elementary links. We assume that ϕ1 is of type I or II, denote by q the base point
of ϕ1 pwhich is the base point of ϕq and denote by A Ă LX the finite set of k-points lying on Γ
which are not pproperq base points of ϕ. Then one of the following holds:

(i) The set A is empty or it consists of one point p which satisfies pLX ¨ Γqp “ 1.

(ii) The set A is non-empty and the height of Γ at q is greater than the height of Γ at every
point of A pand thus Γ is singular at qq.

Proposition 3.6. Let pX,Bq be a natural completion of A2 and let Γ be a curve in X having
no component in B. Then, there exist a natural completion pX 1, B1q of A2 and a birational map
ϕ : pX,Bq 99K pX 1, B1q such that one of the following holds:

(i) BirppX 1, B1q, ϕpΓqq Ď AutpX 1, B1q.

(ii) The curve ϕpΓq intersects transversally LX 1 , that is, pϕpΓq ¨ LX 1qp ď 1 for any p P X 1pkq.

Proof. Let pX0, B0q “ pX,Bq and let ϕ0 “ id P AutpX0, B0q. We construct inductively a se-
quence of elementary links

pX0, B0q
ϕ1
99K pX1, B1q

ϕ2
99K pX2, B2q

ϕ3
99K . . . . (˚)

Let i ě 0 and assume that ϕ0, . . . , ϕi have already been constructed. We write Γi “ ϕi ¨ ¨ ¨ϕ1pΓq,
Gi “ pBirpXi, Biq,Γiq and define ϕi`1 in the following way:

(1) If Gi Ď AutpXi, Biq or Γi intersects transversally LXi , we set pXi`1, Bi`1q “ pXi, Biq and
ϕi`1 “ id.

(2) If case (1) does not hold and the reduced decomposition into elementary links of every
g P GizAutpXi, Biq starts with an elementary link τ0 : F1 Ñ P2 of type III, then we set
ϕi`1 “ τ0, and thus set pXi`1, Bi`1q “ pP2, LP2q.
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(3) If cases (1) and (2) do not occur, there exists a g P GizAutpXi, Biq such that the reduced
decomposition into elementary links of g starts with an elementary link τ1, not of type III.
In this case we set ϕi`1 “ τ1, and let pXi`1, Bi`1q be the target of τ1.

Now, we claim that the sequence (˚) satisfies the following two properties:

(a) If ϕi`1 is not an automorphism, then we have for all g P Gi,

lenpϕi`1gϕ
´1
i`1q ă lenpgq or lenpϕi`1gϕ

´1
i`1q “ lenpgq “ 0 .

(b) The sequence (˚) is stationary after finitely many steps; that is, ϕi is an automorphism for i
large enough.

Property (a) will serve to show property (b), which directly implies the result. It thus remains
to prove these two properties.

Proof of property (a). In case (1), there is nothing to prove.

If we are in case (2), then for all g P GizAutpXi, Biq, the reduced decomposition into ele-
mentary links starts with τ0 : F1 Ñ P2 and ends with pτ0q

´1, since Gi is a group. The conju-
gation of Gi by τ0 decreases the length of any element of GizAutpXi, Biq by two. Moreover,
pXi, Biq “ pF1, E1 Y LF1q, so AutpXi, Biq preserves the curve E1 contracted by τ0, which im-
plies that τ0 AutpXi, Biqpτ0q

´1 Ă AutpP2, LP2q “ AutpXi`1, Bi`1q. It follows that property (a)
is satisfied.

Assume that we are in case (3). As we are not in case (1), there exists a p0 P Xi such that
pΓi ¨LXiqp0 ą 1. Moreover, by definition of case (3), there exists a g P GizAutpXi, Biq such that
the reduced decomposition into elementary links starts with ϕi`1 : pXi, Biq 99K pXi`1, Bi`1q,
and ϕi`1 has a base point p since it is not of type III. Applying Corollary 3.5 to g, we see that
pΓi ¨ LXiqp ą 1, and that either the height of Γi at p is greater than the height of Γi at every
other point of ΓiXLXi and Γi is singular at p, or all points in ΓiXLXiztpu intersect transversally
LXi . This implies that any element h P AutpXi, Biq XGi fixes p, and thus satisfies ϕi`1hϕ

´1
i`1 P

AutpXi`1, Bi`1q. We can then apply Corollary 3.5 to any element h P GizAutpXi, Biq that does
not start with a link of type III, and see that p is the unique proper base point of h, so the reduced
decomposition of h starts with ϕi`1. It remains to observe that no element h P GizAutpXi, Biq
starts with a link τ of type III. Indeed, otherwise we would have Xi “ F1 and ϕi`1 would be an
elementary link from F1 to F2, so p would be the intersection point E1XLF1 . Since pΓi ¨LF1qp ą 1,
it would follow that pτpΓiq ¨ LP2qτppq ą pΓi ¨ LF1qp ą 1. We could then apply Proposition 3.4 to
hτ´1 : pP2, LP2q 99K pF1, E1 Y LF1q, and find some other point p1 P LF1 where Γi would have
height greater than p, or such that Γi would be smooth at p and p1 and pΓi ¨LF1qp1 ą pΓi ¨LF1qp,
giving a contradiction. This yields property (a).

Proof of property (b)

Property (a) implies that for each i such that ϕ1, . . . , ϕi are not isomorphisms, the product
ϕi ¨ ¨ ¨ϕ1 is a reduced decomposition into elementary links. For any i ě 0 such that neither ϕi`1

nor ϕi`2 is an isomorphism, we define pi P LXi Ă Bi Ă Xi as the unique proper base point of
ϕi`2 ˝ ϕi`1.

Under the assumption that none of the three maps ϕi`1, ϕi`2 and ϕi`3 is an isomorphism,
we show that pΓi ¨ LXiqpi ě pΓi`1 ¨ LXi`1qpi`1 and give some consequences when equality holds.

– The link ϕi`1 is of type II: We can write ϕi`1 “ η ˝ π´1, where π : S Ñ Xi is the blow-up
of pi and η : S Ñ Xi`1 is the blow-up of a point q ­“ pi`1. Denote by rΓi,ĄLXi Ă S the strict
transforms of Γi and LXi , and let Epi be the exceptional divisor of π. It follows that η
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contracts ĄLXi . Note that η´1 restricts to an isomorphism in a neighbourhood of pi`1, which
sends LXi`1 onto Epi . This yields the following estimate:

pΓi ¨ LXiqpi ě mpipΓiq “
rΓi ¨ Epi

ě p rΓi ¨ Epiqη´1ppi`1q
“ pΓi`1 ¨ LXi`1qpi`1 ,

where mpipΓiq denotes the multiplicity of Γi in pi. Moreover, if pΓi ¨ LXiqpi “ mpipΓiq “
pΓi`1 ¨ LXi`1qpi`1 ą 1, then htΓippiq ą htΓi`1ppi`1q.

– The link ϕi`1 is of type I: Note that pϕi`1q
´1 : F1 Ñ P2 is the blow-up of pi P P2 and

that Γi`1 and LF1 are the strict transforms of Γi and LP2 under pϕi`1q
´1, respectively.

It follows that pΓi ¨ LP2qpi ě pΓi`1 ¨ LF1qpi`1 . Moreover, equality implies pΓi ¨ LP2qpi “

pΓi`1 ¨ LF1qpi`1 “ 0.

– The link ϕi`1 is of type III: Since ϕi`1 is an isomorphism in a neighbourhood of pi and
pi`1 “ ϕi`1ppiq, it follows that pΓi ¨ LF1qpi “ pΓi`1 ¨ LP2qpi`1 and htΓippiq “ htΓi`1ppi`1q.

Now, assume towards a contradiction, that the sequence (˚) is never stationary; that is, ϕi is
not an isomorphism for all i ě 1. According to this case-by-case analysis, we see that pΓi ¨LXiqpi is
a decreasing sequence in i and for every r ą 1 there are only finitely many i with pΓi ¨LXiqpi “ r.
Thus, there exists an I such that for all i ě I we have pΓi ¨ LXiqpiď 1. As the sequence (˚) is
not stationary, we have a ϕi`1 with i ě I which is a link of type I or II. The point pi is thus
the base point of ϕi`1 and satisfies pΓi ¨ LXiqpiď 1. By Corollary 3.5 applied to an element of
GizAutpXi, Biq that starts with ϕi`1, this implies that pΓi ¨LXiqq “ 1 for all q P LXiXΓi. Hence,
we are in case (1), giving a contradiction.

Lemma 3.7. Let pX,Bq “ pP2, LP2q, and let Γ be a conic pas always, reduced but not necessarily
irreducibleq in X “ P2 intersecting LP2 in two distinct points pnot necessarily defined over kq.
Then, BirppX,Bq,Γq Ď AutpX,Bq.

Proof. Suppose, to the contrary, that there exists a g P BirppX,Bq,Γq which is not an automor-
phism of P2.

Applying Proposition 3.4, one of the two points of Γ X LX is a base point of g (and, in
particular, is defined over k). By Proposition 2.10 and Lemma 2.14, there exists an integer n ě 2
such that the reduced decomposition of g into elementary links starts with ϕ2nϕ2n´1 ¨ ¨ ¨ϕ1, where
ϕ1 : P2 99K F1, ϕ2n : F1 Ñ P2, ϕi : Fi´1 99K Fi and ϕi`n´1 : Fn´i`2 99K Fn´i`1 for i “ 2, . . . , n.
The curve ϕ1pΓq intersects transversally E1 in one point and LF1 in one point, and does not
pass through the intersection point of E1 and LF1 , blown up by ϕ2. This implies that the same
holds for ϕ2ϕ1pΓq, with E2 and LF2 , and that ϕ2ϕ1pΓq passes through the point blown up by
pϕ2q

´1. Proceeding by induction, the curve ϕn ¨ ¨ ¨ϕ1pΓq Ă Fn intersects transversally En in one
point and LFn in one point, and passes through the point blown-up by pϕnq

´1. Consequently, it
does not pass through the point blown-up by ϕn`1, which implies that ϕn`1ϕn ¨ ¨ ¨ϕ1pΓq Ă Fn´1

intersects En´1YLFn´1 in two distinct points, both on En´1. Proceeding by induction, the curve
ϕ2n´1 ¨ ¨ ¨ϕn ¨ ¨ ¨ϕ1pΓq Ă F1 intersects E1 Y LF1 in two distinct points, both on E1. The curve
ϕ2n ¨ ¨ ¨ϕ1pΓq Ă P2 intersects LP2 in one point q, and is singular at this point, with two branches.
The remaining part of the decomposition of g is equal to ϕm ¨ ¨ ¨ϕ2n`1, and its unique proper
base point is different from q. Proposition 3.4 implies that gpΓq is singular at a point of B “ LP2 ,
which gives a contradiction.

Proposition 3.8. Let pX,Bq be a natural completion of A2, and let Γ be a curve in X. If Γ
intersects transversally LX , then there exist a natural completion pX 1, B1q of A2 and a birational
map ϕ : pX,Bq 99K pX 1, B1q such that one of the following holds:
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(i) BirppX 1, B1q, ϕpΓqq Ď AutpX 1, B1q.

(ii) We have X 1 “ P2 and ϕpΓq Ă P2 is defined by a polynomial in krxs.

Proof. We can assume the existence of a g P BirppX,Bq,ΓqzAutpX,Bq admitting a reduced
decomposition g “ ϕm ¨ ¨ ¨ϕ1 into elementary links.

(1) Suppose X “ P2. By Corollary 3.5, the curve Γ intersects LX in at most two points,
hence Γ is a line or a conic. If Γ is a line, the equation can be chosen to be x “ 0, and if Γ is a
conic, the result follows from Lemma 3.7.

(2) Suppose X fi P2 but that there exists an 1 ď i ď m such that ϕi is a link ϕi : F1 Ñ P2

of type III, contracting E1 onto a point q P LP2 . If Γ1 “ ϕi ¨ ¨ ¨ϕ1pΓq intersects transversally LP2 ,
we conclude by applying case (1) to Γ1. There thus exists a point p P LP2 with pΓ1 ¨ LP2qp ą 1.
We claim that p can be chosen to be equal to q. If i “ 1, this is true because Γ1 “ ϕ1pΓq and Γ
intersects transversally LF1 , which is the strict transform of LP2 . If i ą 1, the claim follows from
Proposition 3.4, applied to pϕ1q

´1 ¨ ¨ ¨ pϕiq
´1 : pP2, LP2q 99K pX,Bq. Since ϕi`1 is a link of type I

and q is not a base point of ϕi`1, ϕi`1pΓ
1q does not intersect transversally LF1 . This implies that

m ě i ` 2, and that pϕm ¨ ¨ ¨ϕi`1q
´1 has at least one base point. Applying Proposition 3.4 to

ϕm ¨ ¨ ¨ϕi`1, we see that the curve Γ “ ϕm ¨ ¨ ¨ϕi`1pΓ
1q has a singular point at the proper base

point of pϕm ¨ ¨ ¨ϕi`1q
´1. Since this lies on LX , we get a contradiction.

(3) We can now assume X “ Fn for some n ě 1 and that all ϕi are links of type II. By
Corollary 3.5, LFn X Γ contains at most two points and if it contains two, then one of these
is a base point of ϕ1. If one of the points of LFn X Γ is the intersection point pn of LFn and
En, we perform an elementary link ψ : Fn 99K Fn`1. Because LFn X Γ contains at most two
points, the curve ψpΓq intersects transversally LFn`1 , in at most two points. Moreover, writing
tpn`1u “ LFn`1 XEn`1, we obtain pψpΓq ¨En`1qpn`1 “ pΓ ¨Enqpn ´ 1. Performing a sequence of
elementary links if needed, we reduce to the case where LFn X Γ contains at most two points,
none of which belongs to En.

If LFn X Γ is empty, then Γ is contained in a finite set of fibres of Fn Ñ P1. Going from Fn
to F1 and then to P2, we send the fibres onto lines of the form x “ a where a P k, and see that
LFn has equation in krxs.

It remains to see that it is not possible, in the case where LFn XΓ contains one or two points
that belong to LFnzEn, to have a g P BirppX,Bq,ΓqzAutpX,Bq whose reduced decomposition
consists of only links of type II. Such an element has a decomposition g “ ϕ2k ¨ ¨ ¨ϕ1, where
k ě 1, ϕi is a link Fn`i´1 99K Fn`i for i “ 1, . . . , k, ϕi is a link Fn`2k´i`1 99K Fn`2k´i for
i “ k`1, . . . , 2k and where pϕkq

´1 and ϕk`1 do not have the same base point (see Lemma 2.14).
In particular, the base point of ϕ1 is the intersection point of En and LFn , and does not lie on Γ,
so ϕ1pΓq passes through the base point of pϕ1q

´1, which is not a base point of ϕ2. By induction,
we deduce that pϕi ¨ ¨ ¨ϕ1qpΓq passes through the base point of pϕiq

´1, for i “ 1, . . . , 2k. In the
case i “ 2k, this implies that gpΓq passes through the base point of pϕ2kq

´1, that is, through the
intersection point of En and LFn , contradicting the fact that gpΓq “ Γ.

Corollary 3.9. Let pX,Bq be a natural completion of A2 and let Γ be a curve in X having
no component in B. Then, there exist a natural completion pX 1, B1q of A2 and a birational map
ϕ : pX,Bq 99K pX 1, B1q such that one of the following holds:

(i) BirppX 1, B1q, ϕpΓqq Ď AutpX 1, B1q.

(ii) We have X 1 “ P2 and ϕpΓq Ă P2 is defined by a polynomial in krxs.

Proof. This follows directly from Propositions 3.6 and 3.8.
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Theorem 1 is now a direct consequence of Corollary 3.9.

Proof of Theorem 1. In the case where the equation of Γ is in krxs, that is, when Γ is a fence,
the explicit description of AutpA2,Γq is an easy calculation. If Γ is not equivalent to a fence by
an automorphism of A2, Corollary 3.9 and Lemma 2.6 imply that we can conjugate AutpA2,Γq
to a subgroup of AffpA2q or Jn for some n. This implies that AutpA2,Γq is an algebraic group.
Moreover, we obtain a morphism of algebraic groups AutpA2,Γq Ñ AutpΓq. It remains to observe
that curves fixed pointwise by elements of Jn and AffpA2q are fences in a suitable coordinate
system of A2.

3.1 Generalisation to other subsets

Definition 3.10. If ∆ Ă A2pkq is any subset, we denote by AutpA2,∆q the group of automor-
phisms of A2 that leave the set ∆ invariant, and by AutF pA2,∆q the group of automorphisms
of A2 fixing any element of ∆.

By definition, AutF pA2,∆q is always a normal subgroup of AutpA2,∆q. If AutpA2,∆q is an
algebraic group, then AutF pA2,∆q is moreover an algebraic subgroup. Theorem 1 implies the
following result.

Proposition 3.11. Let ∆ Ă A2pkq be a subset. Applying an element ϕ P AutpA2q, one of the
following holds:

(i) The set ∆ is contained in a fence given by fpxq “ 0, where f P krxs, and the group
AutF pA2,∆q is not algebraic; it contains the group

tpx, yq ÞÑ px, y ` ppxqfpxqq | p P krxsu » krxs .

(ii) The group AutpA2,∆q is equal to tg P AffpA2q | gp∆q “ ∆u and is thus an algebraic
subgroup of AffpA2q. Moreover, AutF pA2,∆q is trivial.

(iii) The group AutpA2,∆q is equal to tg P Jn | gp∆q “ ∆u for an integer n ě 1 and is thus an
algebraic subgroup of Jn. Moreover, AutF pA2,∆q is trivial.

Proof. Denote by Ip∆q Ă krx, ys the ideal of polynomials vanishing on ∆, and by ∆ Ă A2pkq
the closure of ∆, which is the set of points where Ip∆q vanishes. Then we obtain AutpA2,∆q “
AutpA2,∆q and AutF pA2,∆q “ AutF pA2,∆q. We can thus replace ∆ with ∆.

If ∆ is a finite union of points, we get case (i). Otherwise, ∆ consists of one curve Γ (reduced
but not necessarily irreducible) and a finite number of points of A2pkq. Thus, AutpA2,∆q Ă
AutpA2,Γq. The result then follows from the description of Γ and AutpA2,Γq, given in
Theorem 1.

In the case where ∆ is finite, the group AutpA2,∆q is quite big; indeed, it is often maximal.
This is the case for example when k “ C, as pointed out to us by J.-P. Furter and P.-M. Poloni.
This is a consequence of the following observation.

Lemma 3.12. Let G be a group acting on a set S. Let ∆ Ă S be a finite subset of r ě 1 points.
Suppose that G acts 2r-transitively on S and that |S| ą 2r. Then,

G∆ “ tg P G | gp∆q “ ∆u

is a maximal subgroup of G.
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Proof. Since G∆ is not trivial and not equal to G (because of the r-transitivity), it suffices to
take an a P GzG∆ and show that a and G∆ generate G. We can write ∆ “ tx1, . . . , xru, with
apx1q, . . . , apxkq R ∆ and apxk`1q, . . . , apxrq P ∆, where 1 ď k ď r. The hypotheses yield the
existence of a g P G that fixes x1, . . . , xr, apx2q, . . . , apxkq and does not fix apx1q. Then, g P G∆

and f “ a´1ga fixes x2, . . . , xr but fpx1q R ∆.

It remains to see that any h P GzG∆ is generated by f and G∆. We write ∆ “ tz1, . . . , zru,
with hpz1q, . . . , hpzjq R ∆ and hpzj`1q, . . . , hpzrq P ∆, where 1 ď j ď r. Replacing h with
its composition with an element of G∆, we can assume that hpziq “ zi for i “ j ` 1, . . . , r. For
i “ 1, . . . , j, we choose a gi P G∆ that sends zi onto x1 and sends hpziq onto fpx1q. Then, pgiq

´1fgi
sends zi onto hpziq and fixes ∆ztziu. Composing this element with an element of G∆, we find an
element fi, generated by f and G∆, which sends zi onto hpziq and fixes p∆Y hp∆qqztzi, hpziqu.

Since h´1f1 ¨ ¨ ¨ fj belongs to G∆, this completes the proof.

Corollary 3.13. Assume that the ground field k is not a finite field of characteristic two and
let ∆ Ă Anpkq be a finite proper non-empty set, with n ě 2. Then, AutpAn,∆q is a maximal
subgroup of AutpAnq.

Proof. If k is infinite, we use Lemma 3.12 and the fact that AutpA2q acts m-transitively on A2pkq
for every m ě 1, which can be seen using the subgroup

tpx1, . . . , xnq ÞÑ px1 ` ppx2, . . . , xnq, x2, . . . , xnq | p P krx2, . . . , xnsu ,

and permutations of coordinates.

If k is a finite field of characteristic greater than two, the group AutpA2q acts m-transitively
on A2pkq for each m by [Mau01]; we can then apply Lemma 3.12 to ∆ or its complement.

Corollary 3.14. Assume that the ground field k is a finite field of characteristic two and
let ∆ Ă Anpkq be a finite proper non-empty set, with n ě 2. Then, AutpAn,∆q is a maximal
subgroup of AutpAnq if and only if |∆| ­“ 1

2 |A
npkq|.

Proof. Let us write |Anpkq| “ 2m for some integer m.

If |∆| ă m, the fact that AutpAn,∆q is a maximal subgroup of AutpAnq follows from
Lemma 3.12 and from the fact that the action of AutpAnq on the 2m points of Anpkq give all
even permutations (see [Mau01]), and thus acts p2m ´ 2q-transitively. If |∆| ą m, we exchange
∆ with its complement.

If |∆| “ m, there exists an automorphism ϕ of An exchanging ∆ with its complement (by
the result of [Mau01] cited before). Denoting by H the group generated by AutpAn,∆q and ϕ,
we have AutpAn,∆q Ĺ H Ĺ AutpAnq.

Remark 3.15. Corollaries 3.13 and 3.14 raise the question of describing all maximal subgroups
of AutpAnq in general.

3.2 Generalisation to higher dimension

Let us show with an example that in higher dimension, the hypersurfaces X Ă An such that
AutpAn, Xq is not an algebraic group are not as simple as in dimension n “ 2.

Example 3.16. Let X Ă A3 be the hypersurface with equation xy “ fpzq, for some polynomial
f P krzs. Then, AutpA3, Xq contains the group

"

px, y, zq ÞÑ

ˆ

x, y `
fpz ` xqpxqq ´ fpzq

x
, z ` xqpxq

˙

| q P krxs

*

» krxs
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and thus it is not an algebraic group.

A possible generalisation of Theorem 1 would be to show that every hypersurface X Ă A3

such that AutpA3, Xq is not an algebraic group admits an A1-fibration X Ñ A1 given by a
coordinate projection.

4. Classification of the possible group actions and the proof of Theorem 2

This section is devoted to the proof of Theorem 2, which describes more precisely the curves and
groups appearing in Theorem 1, in the case where the ground field k is perfect and the curve is
geometrically irreducible.

4.1 The possibilities for Γ and AutpA2,Γq

Lemma 4.1. Let Γ be an affine geometrically irreducible curve, defined over a perfect field k.
The group AutpΓq is an affine algebraic group. If it has positive dimension, one of the following
holds:

(i) Γ » A1.

(ii) The curve Γ is unicuspidal with normalisation A1.

(iii) Over the algebraic closure k, Γ is isomorphic to A1zt0u.

Proof. Let Γ̃ be the normalisation of Γ, which can be viewed as an open subset of a smooth
projective curve X, defined over k. Let pXzΓ̃qpkq “ tx1, . . . , xru be its complement. The points
x1, . . . , xr are not necessarily all defined over k (however, the union is invariant by the Galois
group Galpk{kq). Moreover, we denote by xr`1, . . . , xm the k-points of Γ̃ which are send onto
the singular k-points of Γ. As before, not all are necessarily defined over k.

This yields a natural inclusion

AutpΓq Ď tg P AutpXq | gptx1, . . . , xmuq “ tx1, . . . , xmuu

and a group homomorphism AutpΓq Ñ Symm. The kernel is of the same dimension as AutpΓq.

Let us recall some classic facts on automorphisms of smooth projective curves. If the genus of
X is at least two, then AutpXq is finite. If the genus is one, the subgroup of AutpXq that fixes a
point is also finite. If X is rational, the subgroup of automorphisms fixing three points is trivial.

– If the dimension of AutpXq is positive, we obtain that X is rational and 1 ď r ď m ď 2.

– If r “ m “ 1, then Γ “ Γ̃ » A1 (every form of the affine line over a perfect field is trivial;
see [Rus70]).

– If r “ 1 and m “ 2, then Γ̃ » A1 and Γ is a unicuspidal curve.

– If r “ m “ 2, then Γ “ Γ̃ is smooth and isomorphic, over k, to A1zt0u.

Remark 4.2. Lemma 4.1 is false over a non-perfect field, since there are non-trivial forms of the
affine line and its additive group; see [Rus70] for a classification of such curves.

Lemma 4.3. Assume that k is a perfect field. Let Γ Ď A2 be a closed geometrically irreducible
curve and assume that AutpA2,Γq is an algebraic group of positive dimension pover kq. Then,
AutpA2,Γq contains a closed subgroup G defined over k, which is either

(i) a one-dimensional torus, that is, isomorphic to the one-dimensional multiplicative group
Gm over k, or
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(ii) isomorphic to the one-dimensional additive group Ga over k.

Proof. The algebraic group AutpA2,Γq is isomorphic to a closed subgroup of AutpΓq (Theorem 1).
This gives three possibilities for Γ, according to Lemma 4.1.

(a) We have Γ » A1, and therefore AutpΓq » Ga ¸Gm.

(b) The curve Γ is unicuspidal, in which case AutpΓq is a torus.

(c) The curve Γ is isomorphic to A1zt0u over k. The connected component of the identity
AutpA2,Γq0 is a connected algebraic group, defined over k, which is a torus.

The two possibilities given by Lemma 4.3 are described in § 4.2 and § 4.3, respectively. We
will, in particular, show that the second case does not occur.

4.2 Torus actions

Lemma 4.4. Assume that k is a perfect field. Let Γ Ď A2 be a closed geometrically irreducible
curve and assume that AutpA2,Γq is an algebraic group that contains a closed one-dimensional
torus T . Then, there exists an automorphism ϕ : A2 Ñ A2 such that ϕ ˝ T ˝ ϕ´1 Ď GLp2,kq.

Proof. By Corollary 3.9, we can assume that we have either AutpA2,Γq Ď AutpFn, En YLFnq or
AutpA2,Γq Ď AutpP2, LP2q.

Moreover, we can assume that T is defined over k and T is isomorphic to Gm over k
(Lemma 4.3).

Assume AutpA2,Γq Ď AutpFn, En Y LFnq. Thus T acts on LFn . If this action is trivial, then
there exists a fixed point on LFnzEn that is defined over k. Otherwise, T has exactly two fixed
points on LFn » P1 defined over k. As LFn X En is a fixed point of the T -action that is defined
over k, there is a fixed point on LFnzEn that is defined over k. Thus by performing elementary
links, we can assume that T Ď AutpF1, E1 Y LF1q. But T preserves the exceptional divisor E1

and therefore ϕ ˝ T ˝ ϕ´1 Ď AutpP2, LP2q, where ϕ : F1 Ñ P2 denotes a link of type III.

Thus we are left with the case T Ď AutpP2, LP2q. It is enough to show that the induced action
of T on A2 “ P2zLP2 has a fixed point that is defined over k. The set of points of A2pkq that are
fixed by T pkq consists of either one affine line or one point. This set is invariant by the action of
the Galois group Galpk{kq, and is thus defined over k. Using again the fact that every form of
the affine line over a perfect field is trivial (see [Rus70]), we find a k-point of A2 fixed by T .

Proposition 4.5. Assume that k is perfect. Let Γ Ď A2 be a closed geometrically irreducible
curve and assume that AutpA2,Γq contains a closed one-dimensional torus. After conjugation by
an automorphism of A2, the curve Γ

(i) has equation x “ 0, or

(ii) has equation xb “ λya, where a, b ą 1 are coprime integers and λ P k˚, or

(iii) has equation xbya “ λ, where a, b ě 1 are coprime integers and λ P k˚, or

(iv) has equation λx2 ` νy2 “ 1, where λ, ν P k˚, ´λν is not a square in k and charpkq ­“ 2, or

(v) has equation x2`µxy`y2 “ 1, where µ P k˚, x2`µx`1 has no root in k and charpkq “ 2.

Moreover, the group AutpA2,Γq is, respectively, equal to

(i) tpx, yq ÞÑ pax, by ` P pxqq | a, b P k˚, P P krxsu » krxs ¸ pk˚q2,

(ii) tpx, yq ÞÑ ptax, tbyq | t P k˚u » k˚,
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(iii) tpx, yq ÞÑ ptax, t´byq | t P k˚u » k˚ if pa, bq ­“ p1, 1q,
tpx, yq ÞÑ ptx, t´1yq | t P k˚u Y tpx, yq ÞÑ pty, t´1xq | t P k˚u » k˚ ¸ Z{2Z if pa, bq “ p1, 1q,

(iv) T ¸ xσy » T ¸ Z{2Z, where T, tσu Ă GLp2,kq are given by

T “

"ˆ

a ´νb
λb a

˙ˇ

ˇ

ˇ

ˇ

a2 ` λνb2 “ 1

*

, σ “

ˆ

1 0
0 ´1

˙

and T is a torus, which is not k-split,

(v) T ¸ xσy » T ¸ Z{2Z, where T, tσu Ă GLp2,kq are given by

T “

"ˆ

a b
b a` µb

˙ˇ

ˇ

ˇ

ˇ

a2 ` µab` b2 “ 1

*

, σ “

ˆ

1 µ
0 1

˙

and T is a torus which is isomorphic to Γ pand which is not k-splitq.

Proof. By Theorem 1, we can suppose that AutpA2,Γq is an algebraic group, and using Lem-
ma 4.4, we can moreover suppose that Γ is preserved by a torus T Ă GLp2,kq.

There exists an element ψ P GLp2,kq which conjugates T pkq to

λ ÞÑ

ˆ

λa 0
0 λb

˙

for integers a, b with pa, bq ‰ p0, 0q and a, b coprime. If a or b is equal to zero, then it follows
that Γ is a line. Hence, we can assume that a and b are non-zero. Now, let px0, y0q P ψpΓpkqq
such that px0, y0q ‰ p0, 0q. If x0 or y0 is zero, then Γ is again a line. Hence, we may assume that
x0 ‰ 0 ‰ y0. By symmetry, we can assume that b ą 0. Then, the equation of ψpΓq is

ya0x
b ´ xb0y

a “ 0 if a ą 0 ,
ya0x

by´a ´ xb0 “ 0 if a ă 0 .

In the first case, we can assume that a ą 1 or b ą 1, otherwise the curve is a line. This implies
that a ­“ b, since the two are coprime, and we can thus assume that a ą b. The Galois group
Galpk{kq fixes the unique point at infinity, which is then defined over k. Hence, we can assume
that the unique point of the closure of Γ at infinity is the direction y “ 0, and that the equation
of Γ is the polynomial pαx` βyqb ´ pγyqa P krx, ys, for some α, β, γ P k, αγ ­“ 0. If β{α P k, we
make a change of coordinates px, yq ÞÑ px´pβ{αqy, yq and obtain an equation of the form xb´λya

for some λ P k, as desired. It remains to see that β{α always belongs to k. If the characteristic
of k is zero, we develop pαx ` βyqb and divide the coefficient of xb´1y by the coefficient of xb.
If the characteristic of k is p ą 0, we write b “ qm, where q is a power of p and p does not
divide m. Developing, we find

pαx` βyqb “ pαqxq ` βqyqqm “ αbxb `mαb´qβqxb´qyq ` . . .

hence pβ{αqq P k, which implies, since k is a perfect field, that β{α P k.

In the second case (a ă 0), the closure of the curve ψpΓq has two points at infinity in P2. If
a ­“ ´b, the two points have different multiplicities. Consequently, the Galois group Galpk{kq
has to fix the two points at infinity of Γ, which are thus defined over k. We can assume that
these points correspond to the directions x “ 0 and y “ 0, and that ψ P GLp2,kq is diagonal.
The equation of Γ is then of the form xbya ´ λ for some λ P k˚, and we get case (iii). The only
remaining case is when p´a, bq “ p1, 1q and the two points at infinity of Γ are exchanged by
Galpk{kq. The equation of ψpΓq being of the form xy “ x0y0, the equation of Γ is of the form

λx2 ` µxy ` νy2 “ 1 ,
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where λ, µ, ν P k, and λx2 ` µxy ` νy2 P krx, ys is irreducible. When the characteristic of k is
not two, we can make a change of coordinates px, yq ÞÑ px´ pµ{2λqy, yq and assume µ “ 0. The
two points at infinity are thus given by λx2 ` νy2 “ 0. Because the two points are not defined
over k, we find that ´νλ is not a square in k, and obtain (iv). If the characteristic of k is two,
the elements λ, ν are squares in k, since k is perfect. Making a diagonal change of variables, we
can then assume λ “ ν “ 1. Then x2 ` µx` 1 has no root in k, and we get case (v).

It remains to prove that AutpA2,Γq has the desired form. Case (i) is a direct calculation. In
cases (ii)–(v), it can be checked that the given group is contained in AutpA2,Γq, so we just need to
see that there is no other automorphism. Since the group homomorphism AutpA2,Γq Ñ AutpΓq
is injective, the only case to consider is the curve xbya ´ λ “ 0, with pa, bq ­“ p1, 1q, and to
prove that there is no automorphism of A2 inducing on Γ an “exchange” of the two points at
infinity. These two points are p1 “ p1 : 0 : 0q P P2 and p2 “ p0 : 1 : 0q P P2, and have
multiplicity a and b, respectively, on Γ, and htΓpp1q “ htΓpp2q ą 0 if b ą 1. We can moreover
assume a ą b ě 1. The hypothetical automorphism extends to a birational map ϕ : P2 99K P2

which is not an automorphism of P2, and thus decomposes into a sequence of elementary links
ϕ “ ϕm ¨ ¨ ¨ϕ1 (Proposition 2.10). By Corollary 3.5, we have b “ 1 and the point blown up by
the first link ϕ1 : pP2, LP2q 99K pF1, E1 Y LF1q is p1. Looking at the equation of Γ in A2, we
can describe the closure of Γ on F1. This projective curve is smooth, intersects transversally
LF1 in one point away from E1, corresponding to p2, and intersects E1 in one point q1, with
multiplicity a, corresponding to p1; this latter is moreover not on LF1 . Consequently, the next
links of type II do not affect the point q1, and after the first link of type III, the image of the
curve is singular at a point of P2 with multiplicity at least a and height one. Since this point is
not the base point of the next elementary links, the image of Γ by ϕ again has a singular point,
corresponding to the image of p1. It is thus not possible to “exchange” p1 and p2.

4.3 Ga-actions

The classification of all Ga-actions on A2 is known when the ground field k is of characteristic
zero [Ren68] or algebraically closed of positive characteristic [Miy71]. The following lemma gives
the generalisation of Miyanishi’s result to the case where k is perfect. The proof is probably
known to the specialists, we include it for the sake of completeness and lack of reference.

Proposition 4.6. Assume that k is a perfect field of characteristic p ą 0. Then every Ga-action
on A2 that is defined over k has the form

pt, x, yq ÞÑ px, y ` tf0pxq ` t
pf1pxq ` . . .` t

pnfnpxqq

up to conjugation with a k-automorphism of A2.

Proof. We fix a non-trivial Ga-action on A2 that is defined over k. By [Miy71] it follows that
the Ga-action has the claimed form over the algebraic closure k (up to conjugation with a k-
automorphism of A2). Thus there exists a Ga-invariant polynomial f P krx, ys which is a variable
of krx, ys, that is, which admits a g P krx, ys such that krf, gs “ krx, ys. Let G :“ Galpk{kq be
the Galois group. Now, krf s is the subring of Ga-invariant polynomials of krx, ys and since the
Ga-action is defined over k, the subspace krf s is invariant under G. Thus, the action of G on
krf, gs “ krx, ys is given by

σpfq “ aσf ` cσ , σpgq “ bσg ` dσ ,

where aσ, bσ P k
˚
, cσ P k and dσ P krf s. It is enough to show that the 1-cocycle

GÑ Jnpkq » pk
˚
q2 ˙ pk˙ krf sq , σ ÞÑ paσ, bσ, cσ, dσq
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is a 1-coboundary. The vanishing of H1pG, Jnpkqq follows from the vanishing of H1pG,k
˚
q (see

[NSW00, (6.2.1) Theorem]) and from that of H1pG,krf sq “ lim
ÝÑn

H1pG,krf sďnq (see [NSW00,

(1.5.1) Proposition] and [NSW00, (6.1.1) Theorem]) by using exact sequences (here krf sďn de-
notes the polynomials in f of degree at most n).

Lemma 4.7. Assume that k is perfect. Let Γ Ď A2 be a closed geometrically irreducible curve
that is defined over k and assume that it is preserved under a non-trivial Ga-action pdefined
over kq. Then, there exists an automorphism ϕ : A2 Ñ A2 such that ϕpΓq is an affine line in A2.

Proof. By Proposition 4.6 (in the case charpkq “ p ą 0) and by [Ren68] (in the case charpkq “ 0)
we can conjugate the action to an action of the form pt, x, yq ÞÑ px, y` ppt, xqq, where p P krt, xs
is a non-zero polynomial. Hence, every geometrically irreducible Ga-invariant curve is a line
in A2.

Lemma 4.7 implies that the second case of Lemma 4.3 does not occur. The proof of Theorem 2
is now clear.

Proof of Theorem 2. By Theorem 1, either Γ is a line or AutpA2,Γq is an algebraic subgroup
of AffpA2q or Jn for some n ě 1. If AutpA2,Γq is an algebraic group of positive dimension, it
contains a closed one-dimensional torus by Lemmas 4.3 and 4.7. The description of the possible
cases then follows from Proposition 4.5.

4.4 The case of finite groups

There are many examples where AutpA2,Γq is finite. The simplest way to get such examples is
to take a finite subgroup G Ă AutpA2q and to look for invariant curves. Since G has a finite
action on krx, ys, one can find many invariant polynomials, and in practice most of them are
irreducible.

In characteristic zero, the group G is reductive and thus contained, up to conjugation, in GL2

(see [Kam79]). In positive characteristic, there are, however, many non-linearisable subgroups
of AutpA2q, and, as far as we know, there is for the moment no classification of the conjugacy
classes of such subgroups.

Example 4.8. Let k be of characteristic p ą 0. For any integer a ą 1,

ϕ : px, yq ÞÑ px, y ` xaq

is a non-linearisable automorphism of order p of A2, which preserves the family of curves of the
form

yp ´ yxapp´1q “ qpxq ,

where q P krxs.
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