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Abstract
Randomly censored survival data appear in a wide vari-
ety of applications in which the time until the occur-
rence of a certain event is not completely observable.
In this paper, we assume that the statistician observes a
possibly censored survival time along with a censoring
indicator. In this setting, we study a class of M-estimators
with a bounded influence function, in the spirit of the
infinitesimal approach to robustness. We outline the
main asymptotic properties of the robust M-estimators
and characterize the optimal B-robust estimator accord-
ing to two possible measures of sensitivity. Building on
these results, we define robust testing procedures which
are natural counterparts to the classical Wald, score,
and likelihood ratio tests. The empirical performance of
our robust estimators and tests is assessed in two exten-
sive simulation studies. An application to data from a
well-known medical study on head and neck cancer is
also presented.
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1 INTRODUCTION

Inference based on censored survival data has been a central issue in statistics over the last
decades. The seminal work of Kaplan and Meier (1958), for instance, is one of the most
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DELÉAMONT and RONCHETTI 1497

cited papers in the statistical literature, with over 50,000 references. The reason for such an
overwhelming interest in this type of data is certainly due to the great variety of fields in which
these are encountered, ranging from medicine to engineering or finance. It seems fair to argue
that nonparametric and semiparametric techniques have enjoyed a dominant position in the lit-
erature. Obviously, finding an appropriate parametric model, which is already far from trivial
when the data are completely observed, becomes even more delicate in the presence of censoring.
Nevertheless, nonparametric techniques are not the panacea. Aside from usual difficulties such
as bandwidth selection, specific issues related to the nature of censored survival data come into
play. For instance, Miller (1983) advocated against the blind use of the Kaplan–Meier estimator
with no consideration for parametric alternatives. In particular, he showed that the Kaplan–Meier
estimator featured a very large efficiency loss relative to a well-specified parametric model, espe-
cially for the estimation of tail probabilities. His findings were corroborated by Efron (1988), and
largely supported by subsequent simulation studies led by Aranda-Ordaz (1987) and Klein and
Moeschberger (1989). These authors noted, however, that the parametric maximum likelihood
estimator (MLE) could be severely affected by outliers, reducing the efficiency gain of using a
parametric model.

In numerous applications, estimating survival or hazard rates in the tail of the distribution is
of utmost interest to the researcher. This is true, for instance, in many actuarial studies; see, for
example, Gavrilov and Gavrilova (2011). When the risk set is small, the potential instability of the
Kaplan–Meier and Ramlau–Hansen estimators (arguably the most widely used estimators of sur-
vival and hazard functions, respectively) is a cause for concern. As an example, Gámiz et al. (2016)
recently analyzed mortality data for women in four countries (United States, United Kingdom,
Denmark, and Iceland) in 2006, with the aim of estimating the hazard function. They reported
the following issue with the data for Iceland. At very high ages, the risk set can be so small that
the ratio of occurrences to exposures used to estimate the hazard can behave very wildly. Figure 1,
reproduced from Gámiz et al. (2016), shows the effect of a small change in the exposure at age
106 on a Ramlau–Hansen-type estimator of the hazard. This change in the exposure results from
assuming that the individual who died in March 2006 actually died in January 2006, at the same
age.

The estimator is obviously highly unstable. The hazard estimates on the corrupted data are
approximately multiplied by 10 at all high ages, and the shape of the estimated hazard function
is now clearly decreasing in the tail of the distribution. Gámiz et al. (2016) proposed an estima-
tor which appears to be able to cope with such issues satisfactorily, by introducing nonclassical
weighting in local linear hazard estimation. Nevertheless, these authors did suggest to use a para-
metric model to transform the data in a first stage before using their nonparametric approach on
the transformed data. In that case, as noted by the authors, the quality of the estimates is likely to
depend crucially on the adequacy of the parametric model used in the first stage.

In this paper, we consider robust inference with censored survival data. Robust statistics can
loosely be described as the statistics of approximate parametric models; see Huber (1981) (second
edition by Huber & Ronchetti, 2009) and Hampel et al. (1986) for general references, and Heritier
et al. (2009) for a more introductory treatment with applications in biostatistics. Based on the
discussion above, robust statistics appears to be well suited to the context at hand. Indeed, it pre-
serves the main advantages related to parametric inference while explicitly taking into account
the fact that, in nearly any situation of interest, a parametric model is not flexible enough to cap-
ture all of the information contained in the data. We shall focus on infinitesimal robustness in
the sense of Hampel et al. (1986). In other words, we examine the impact of small deviations
from the model. The issue of global robustness, when larger deviations are considered, is left for
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F I G U R E 1 Estimates of the hazard function with a Ramlau–Hansen-type estimator on mortality data for
women in Iceland in 2006 (top) and on the same data with one corrupted observation (bottom)

future research. The presence of censoring, which we assume to be random, is challenging from a
robustness standpoint. It creates a gap between the distribution of the actual survival times, which
we want to model, and the distribution of the data that we actually observe. This point was already
stressed by Samuels (1978) in an early attempt to adapt the infinitesimal robustness framework
to the censored case. One important issue is related to Fisher consistency. It is well known from
the robustness literature with completely observed data that it is in general necessary to recen-
ter the estimating equation to preserve the Fisher consistency of the underlying M-functional. In
the presence of censored data, we might expect that this recentering constant would depend on
the distribution of the censoring times, which we arguably do not want to have to specify para-
metrically. We show that, for a large class of M-estimators first considered by Hjort (1985, 1992),
there is no need for a recentering constant vector in order to have Fisher consistency. Building
on this fact, we follow Hampel et al. (1986) and characterize the optimal B-robust estimator in
this class of M-estimators. In other words, we look for the most efficient estimator among those
which possess a bounded influence function. This estimator happens to have a very natural inter-
pretation. We then use this optimal B-robust estimator to construct robust tests as in Heritier and
Ronchetti (1994). These tests are designed to ensure the stability of the level under contamination.

The paper is organized as follows. Section 2 gives an overview of parametric inference with
censored survival data. We focus on maximum likelihood estimation and on the three classical
tests (Wald, score, and likelihood ratio), and present alternatives which have been designed to
overcome the lack of robustness of the classical methods. In Section 3, we focus on the class
of M-estimators considered by Hjort (1985, 1992) and outline the main asymptotic properties of
these estimators. Section 4 contains the main results of this paper. We characterize the subclass of
M-estimators with a bounded sensitivity to deviations from the model. Then, we present robust
tests, which can be seen as natural extensions of the classical ones. In Section 5, we begin to
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DELÉAMONT and RONCHETTI 1499

examine the finite-sample performance of the proposed estimator and tests with two simulation
studies, considering the Weibull and log-normal models. In Section 6, we present an application of
our methods to the well-known Head and Neck Cancer Study dataset introduced in the statistical
literature by Efron (1988). Section 7 summarizes the main findings and presents opportunities for
future research. The proofs of the main results can be found in the Appendix.

1.1 Setup and notation

We close this introduction with a brief presentation of the setting considered in this paper and the
related notation. Throughout we assume that our data consist of n independent and identically
distributed (i.i.d.) pairs (X1,Δ1),… , (Xn,Δn), with Xi ∶= min(Ti,Ci) and Δi ∶= 1{Ti≤Ci}, where Ti
and Ci are the actual survival time and the censoring time for the ith observation, respectively. By
the assumption of random censoring, Ti is independent of Ci for every i = 1,… ,n. We denote the
cumulative distribution function of any given set of variables by F along with the appropriate sub-
script(s). The corresponding density, whenever it exists, is denoted by a lowercase f with the same
subscript(s). We consider a parametric model for FT , so that FT(⋅) ≡ FT(⋅;𝜽), with 𝜽 ∈ Θ ⊂ Rp. We
use 𝜽 as the general parameter argument, while 𝜽∗ is used to indicate the true vector of parame-
ters. The hazard function for the survival times is denoted by 𝛼(⋅;𝜽) ∶= fT(⋅;𝜽)∕(1 − FT(⋅;𝜽)). The
likelihood score and the logarithmic derivative of the hazard with respect to the parameter are
denoted by s(⋅;𝜽) ∶= ∇

𝜽
⊤ log fT(⋅;𝜽) and h(⋅;𝜽) ∶= ∇

𝜽
⊤ log 𝛼(⋅;𝜽), respectively. We sometimes also

make use of counting processes, in the spirit of most of the survival analysis literature since the
seminal work of Aalen (1978); see the book by Andersen et al. (1993) for a detailed account. Specif-
ically, let (N1,Y1),… , (Nn,Yn) be i.i.d. pairs of counting processes with respect to an increasing,
right-continuous, complete filtration {t, t ∈ R+} satisfying the usual regularity conditions as in
p. 60 of Andersen et al. (1993), with Ni(t) ∶= 1{Xi≤t,Δi=1} and Yi(t) ∶= 1{Xi≥t}. A process {Ni(t), t ∈
R+} thus records whether an individual who is known to fail during the observation period has
failed at or before a given time point, while a process {Yi(t), t ∈ R+} indicates whether an individ-
ual is still at risk of failure at a given time point. It is clear that the pair (Ni,Yi) contains as much
information as the pair (Xi,Δi). We will follow Hjort (1992) and often work with the sum of these
processes. Consequently, we define N(t) ∶=

∑n
i=1Ni(t) and Y (t) ∶=

∑n
i=1Yi(t). We also assume that

1
n

Y (t) converges to a limit denoted by y(t) for every t as n →∞. With this notation, our problem
can be studied as a parametric version of Aalen (1978)’s multiplicative intensity model for the
sum processes. In that case, the random intensity of the counting process N is given by 𝛼(t;𝜽)Y (t)
at time t. It is important to realize that the process {M(t) ∶= N(t) − ∫ t

0 𝛼(s;𝜽)Y (s)ds, t ∈ R+} is an
{t}−martingale at the model. The rest of the notation used in this paper is quite standard and
will be clarified below as needed.

2 OVERVIEW OF INFERENCE WITH CENSORED
SURVIVAL DATA

In this section, we begin by reviewing maximum likelihood estimation and other M-estimation
procedures proposed in the survival analysis literature. Then, we briefly address the issue of
testing, by presenting the classical tests derived from the likelihood theory in the presence of cen-
soring. We emphasize that our survey is by no means a thorough account of all of the literature
on censored survival data. We deliberately focus on parametric techniques and only present the
key results specialized to our needs.
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1500 DELÉAMONT and RONCHETTI

2.1 Estimation

Given a noninformative censoring scheme such as random censoring, the (partial) likelihood for

𝜽 given the observed data (x1, 𝛿1),… , (xn, 𝛿n) is proportional to
n∏

i=1
𝛼(xi;𝜽)𝛿i exp

(
−∫ xi

0 𝛼(t;𝜽)dt
)
.

The estimating equation for the MLE, ̂𝜽MLE, can be expressed in counting process notation as
∫
∞

0 h(t;𝜽) {dN(t) − 𝛼(t;𝜽)Y (t)dt} = 0. Maximum likelihood estimation in a multiplicative inten-
sity model with application to censored survival data was studied by Borgan (1984). He showed
that, under mild regularity conditions, the MLE is consistent and asymptotically normal, with
asymptotic variance

VMLE(𝜽∗) = QMLE(𝜽∗)−1 =
⎡
⎢
⎢
⎣

∞

∫
0

h(t;𝜽∗)h(t;𝜽∗)⊤𝛼(t;𝜽∗)y(t)dt
⎤
⎥
⎥
⎦

−1

. (1)

By analogy with M-estimation in the uncensored case, Hjort (1985) suggested to consider the
solution to

U(𝜽) ∶=

∞

∫
0

𝚿(t;𝜽){dN(t) − 𝛼(t;𝜽)Y (t)dt} = 0, (2)

where 𝚿(⋅;𝜽) is a vector of deterministic functions or predictable locally bounded processes
chosen appropriately. In a subsequent contribution, Hjort (1992) proposed a specific "M-type
estimator" defined through the equation

∞

∫
0

W(t)h(t;𝜽){dN(t) − 𝛼(t;𝜽)Y (t)dt} = 0,

where W is a possibly random weighting function. This estimator can thus be seen as a weighted
likelihood estimator. We note that although the author introduced this class of estimators with
issues related to model misspecification in mind, he did not perform a thorough analysis of their
robustness in the sense of the present paper.

A different approach to M-estimation for censored survival data was considered by
Wang (1999). Following Reid (1981), she suggested an alternative extension of the classical
M-estimators, with an estimating equation of the form

∞

∫
0

𝚿(t;𝜽)d ̂Fn(t) = 0, (3)

where ̂Fn is the Kaplan–Meier estimator of the survival time distribution. She established suf-
ficient conditions under which such M-estimators are consistent and asymptotically normal. In
that paper as well, issues related to robustness were mentioned, and some examples were pre-
sented, but a theoretical treatment was left for future research. In our view, the M-estimator
proposed by Hjort (1985) appears to be more general, in the sense that it is formulated in the
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DELÉAMONT and RONCHETTI 1501

context of a multiplicative intensity model and can thus be extended to other settings more easily.
Also, as acknowledged by Wang (1999), it may have better properties in small samples because it
is based on an unbiased estimating equation, unlike the Kaplan–Meier integrals as in (3) which
can be severely biased. On the other hand, the type of M-estimator introduced by Hjort (1985)
relies on a parametrically specified hazard and is thus subject to misspecification. Therefore, it
seems to be a good compromise to consider a robust version of Hjort (1985)’s M-estimator, and
this is what we shall focus on in this work.

A different strand of the literature has focused on adapting divergence-based approaches
to the presence of censoring. Yang (1991) considered minimum Hellinger distance estimation
in a random censorship model, extending previous work by Beran (1977). The author showed
that the estimator features desirable asymptotic properties, in the sense that it is asymptoti-
cally efficient among the class of regular estimators when the parametric model is correctly
specified, and also minimax robust in Hellinger neighbourhoods of the parametric family. One
drawback of this type of approach is that it requires a smooth nonparametric estimate of the den-
sity of the survival time distribution. Hence, even though the approach is parametric in spirit,
issues such as bandwidth selection still need to be addressed. Additionally, it is well known
that the Hellinger distance leads to the consideration of only very small deviations from the
model.

Another divergence-based approach, the so-called minimum density power divergence
approach, was proposed by Basu et al. (2006), extending previous work by Basu et al. (1998).
This method is based on a family of divergences, indexed by a tuning parameter 𝛼 ∈ [0, 1]. For a
given value of 𝛼, an estimator of the parameter 𝜽 is obtained by minimizing the sample version of
the divergence, given (in our notation) by ∫ ∞0 fT(x;𝜽)1+𝛼dx − (1 + 1∕𝛼) ∫ ∞0 fT(x;𝜽)𝛼d ̂Fn(x), where
̂Fn once again denotes the Kaplan–Meier estimator. The authors showed that a small value of 𝛼
results in a robust and reasonably efficient estimator. In fact, this estimator can be viewed as a
particular case of the M-estimator proposed by Wang (1999), and thus potentially suffers from
the drawbacks mentioned above. On the other hand, unlike the method proposed by Yang (1991),
there is no need for a nonparametric estimate of a density.

2.2 Testing

We now turn to the issue of testing in the presence of censored survival data. Given a parametric
model, it is possible to define analogues of the three classical tests (Wald, score, and likelihood
ratio) in this context in a fairly straightforward fashion. We only provide a short review; see, for
example, chapter VI of Andersen et al. (1993) for more details. Suppose that we want to test
the null hypothesis that q < p linearly estimable functions of 𝜽 are equal to zero. We partition
the vector of parameters 𝜽⊤ =

(
𝜽
⊤

(1),𝜽
⊤

(2)

)
, and denote the submatrices of any given matrix A

corresponding to such a partition by A(mn), m,n ∈ {1, 2}. By using a linear transformation, the
hypothesis testing problem can be formulated as the test of H0 ∶ 𝜽 = 𝜽0, with 𝜽0

(1) left unspeci-
fied and 𝜽0

(2) = 0, against the alternative H1 ∶ 𝜽(1) unspecified, 𝜽0
(2) ≠ 0. Recall that the MLE in

the full model, which we denote by ̂𝜽MLE like in the previous subsection, is the minimizer of
the log-likelihood CMLE(𝜽) ∶= ∫

∞
0 log 𝛼(t;𝜽)dN(t) − ∫ ∞0 𝛼(t;𝜽)Y (t)dt, and thus solves UMLE(𝜽) ∶=

∫
∞

0 h(t;𝜽) {dN(t) − 𝛼(t;𝜽)Y (t)dt} = 0. Its asymptotic variance, evaluated at the true parameter, is
given by (1). Additionally, we denote by ̃𝜽MLE the MLE in the reduced model, which satisfies
UMLE,(1)( ̃𝜽MLE) = 0 with ̃𝜽MLE,(2) = 0. We can then define:
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1502 DELÉAMONT and RONCHETTI

• The Wald test statistic, W2
n ∶= n ̂𝜽⊤MLE,(2)

(
VMLE

(
̂𝜽MLE

)
(22)

)−1
̂𝜽MLE,(2);

• The score test statistic, S2
n ∶= nZ⊤

n VMLE
(
̃𝜽MLE

)
(22) Zn, with Zn ∶= UMLE,(2)

(
̃𝜽MLE

)
;

• The likelihood ratio test statistic, L2
n ∶= 2n

[
CMLE

(
̂𝜽MLE

)
− CMLE

(
̃𝜽MLE

)]
.

Using standard arguments, it follows from the asymptotic distribution of the MLE that these
three tests are asymptotically 𝜒2-distributed under the null and the alternative hypotheses—with
a nonzero noncentrality parameter in the latter case. As is unfortunately common in the robust-
ness literature, the issue of robust testing with randomly censored survival data has received
much less attention than robust estimation, in spite of the fact that it is a crucial aspect of sta-
tistical inference. A recent exception is the work of Ghosh et al. (2017), where a robust version
of the Wald test based on the minimum density power divergence approach of Basu et al. (2006)
was studied. To the best of our knowledge, other contributions to the literature were mainly
designed for a specific model; see, for example, Denecke and Müller (2014) for the Weibull
case.

3 PROPERTIES OF HJORT’S M-ESTIMATORS

In this section, we describe the main asymptotic properties of the class of M-estimators proposed
by Hjort (1985), defined as the solution to (2).

3.1 Fisher consistency

We start by addressing Fisher consistency. For this part of the analysis, we must work with
the M-functional corresponding to the M-estimator when evaluated at the empirical distri-
bution. Following Reid (1981) and Hjort (1992), we introduce the subdistribution functions
of X associated to Δ = 0 and Δ = 1, denoted by F0

X and F1
X , respectively. These are sim-

ply defined by F𝛿X (x) = P (X ≤ x,Δ = 𝛿), for 𝛿 ∈ {0, 1}. We remark that (2) can be rewrit-
ten in terms of the empirical subdistribution functions, and that the M-estimator can be
obtained as a solution to ∫ ∞0 𝚿(t;𝜽)

{
d ̂F1

X (t) − 𝛼(t;𝜽)
[
1 − ̂F0

X (t) − ̂F1
X (t)

]
dt
}
= 0. Thus, we can

view the M-estimator as a functional, denoted by S, evaluated at the empirical subdistri-
bution functions, that is, ̂𝜽 = S

(
̂F0

X , ̂F
1
X

)
. Asymptotically, ̂𝜽 converges to S

(
F0

X ,F
1
X
)
, which

solves

∞

∫
0

𝚿(t;𝜽)
{

dF1
X (t) − 𝛼(t;𝜽)

[
1 − F0

X (t) − F1
X (t)

]
dt
}
= 0, (4)

for 𝜽. With this formulation, the M-functional is Fisher consistent in the following sense.
Let

(
F0,𝜽

X ,F1,𝜽
X

)
denote any pair of subdistribution functions which are "consistent with

the model" for the distribution of the actual survival times. We remark that we use
the notation with 𝜽 as a superscript—rather than as an argument as for FT—to make
it clear that these subdistribution functions are not fully parametrized by 𝜽. Under the
assumption of random censoring, such subdistribution functions are characterized by F0,𝜽

X (t) = ∫ t
0
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DELÉAMONT and RONCHETTI 1503

(1 − FT(u;𝜽))dFC(u) and F1,𝜽
X (t) = ∫ t

0 (1 − FC(u))dFT(u;𝜽), for some censoring distribution FC.
We define Fisher consistency in this setting by the requirement that 𝜽 = S

(
F0,𝜽

X ,F1,𝜽
X

)
∀𝜽 ∈ Θ.

It is then trivial to notice that our M-functional satisfies this definition for any choice of 𝚿.
Indeed,

0 =

∞

∫
0

𝚿
(

t;S
(

F0,𝜽
X ,F1,𝜽

X

)){
dF1,𝜽

X (t) − 𝛼
(

t;S
(

F0,𝜽
X ,F1,𝜽

X

)) [
1 − F0,𝜽

X (t) − F1,𝜽
X (t)

]
dt
}

=

∞

∫
0

𝚿
(

t;S
(

F0,𝜽
X ,F1,𝜽

X

)) [
1 − F0,𝜽

X (t) − F1,𝜽
X (t)

]
{

dFT(t;𝜽)
1 − FT(t;𝜽)

−
dFT(t;S(F0,𝜽

X ,F1,𝜽
X ))

1 − FT(t;S(F0,𝜽
X ,F1,𝜽

X ))

}

,

where we used the fact that dF1,𝜽
X (t) =

(
1 − F0,𝜽

X (t) − F1,𝜽
X (t)

)
(1 − FT(t;𝜽))−1dFT(t;𝜽)

for any censoring distribution (see e.g., van der Vaart (1998), p. 408), as well
as the fact that 𝛼(t;𝜽)dt = (1 − FT(t;𝜽))−1dFT(t;𝜽) by definition of the hazard
function. It is obvious that 𝜽 = S

(
F0,𝜽

X ,F1,𝜽
X

)
is a solution to this functional

equation.

Remark 1. A similar argument for Fisher consistency, though in a quite different setting, was
given in Assunção and Guttorp (1999). The key point is that the estimating equation is unbiased
because it is a martingale at the model. The unbiasedness of the estimating equation leads to a
Fisher consistent estimator (see e.g., Welsh, 1996, p. 191).

As a consequence, we do not need to do any recentering to achieve Fisher consistency. As
argued above, this may be of importance in the presence of censoring.

3.2 Consistency and asymptotic normality

The consistency of solutions to (2) in the context of censored survival data follows from the Fisher
consistency property established above by assuming the continuity of the M-functional. Alterna-
tively, it can be shown by adapting the arguments from the seminal paper by Huber (1967), to
which we refer the reader for the appropriate results and proofs.

Remark 2. For a proof more in the spirit of the counting process approach followed by
Hjort (1985), it would also be possible to adapt the proof of theorem 1 of Assunção and Gut-
torp (1999) to the present context. However, the conditions that they impose are much more
stringent than what is required with the type of approach followed by Huber (1967). For instance,
the matrix P(𝜽∗), defined below in Assumption 1, is required to be positive definite. As discussed
in Andersen et al. (1993, pp. 442–443), consistency of M-estimators based on counting processes
is difficult to prove without this kind of assumption.

Asymptotic normality is also easily obtained from the general theory of M-estimators. Since
the matrices serving as building blocks for the standard sandwich formula of asymptotic variance
will play an important role throughout this chapter, we believe that it is important to state the
result formally. In doing so, we shall assume that the following conditions hold (see condition
VI.2.1 in Andersen et al. (1993) for a similar set of conditions).
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1504 DELÉAMONT and RONCHETTI

Assumption 1.

(a) There exists a neighborhood Θ∗ of 𝜽∗ such that, for all 𝜽 ∈ Θ∗ and almost all t ∈ R+, the
partial derivatives with respect to 𝜽 of 𝛼(t;𝜽) and Ψj(t;𝜽), j ∈ {1,… , p}, exist up to second
order and are continuous in 𝜽 for 𝜽 ∈ Θ∗.

(b) U(𝜽) may be differentiated twice with respect to 𝜽 ∈ Θ∗ by interchanging the order of
integration and differentiation.

(c) There exist bounded functions Pjk(𝜽) and Qjk(𝜽) defined on Θ∗ such that for all j, k ∈
{1,… , p},

1
n

∞

∫
0

Ψj(t;𝜽∗)hk(t;𝜽∗)𝛼(t;𝜽∗)Y (t)dt
p
→ Pjk(𝜽∗),

and

1
n

∞

∫
0

Ψj(t;𝜽∗)Ψk(t;𝜽∗)𝛼(t;𝜽∗)Y (t)dt
p
→ Qjk(𝜽∗),

as n →∞. Moreover, P(𝜽∗) =
[
Pjk(𝜽∗)

]
is nonsingular and Q(𝜽∗) =

[
Qjk(𝜽∗)

]
is positive

definite.
(d) For any j ∈ {1,… , p} and 𝜖 > 0, we have

1
n∫

∞

0
Ψj(t;𝜽∗)21{

| 1
√

n
Ψj(t;𝜽∗)|>𝜖

}
𝛼(t;𝜽∗)Y (t)dt

p
→ 0,

as n → ∞.
(e) There exist predictable processes {Gn(t), t ∈ R+} and {Hn(t), t ∈ R+}, not depending on 𝜽,

such that for all t ∈ R+

sup
𝜽∈Θ∗

|
|
|
𝜕

2

𝜕𝜃k𝜕𝜃l
Ψj(t;𝜽)

|
|
|
≤ Gn(t),

and

sup
𝜽∈Θ∗

|
|
|
𝜕

2

𝜕𝜃k𝜕𝜃l

[
Ψj(t;𝜽)𝛼(t;𝜽)

] |
|
|
≤ Hn(t),

for all j, k, l ∈ {1,… , p}. Moreover,

1
n

∞

∫
0

Gn(t)𝛼(t;𝜽∗)Y (t)dt
p
→ C1 < ∞,

1
n

∞

∫
0

Hn(t)Y (t)dt
p
→ C2 <∞,

for some constants C1 and C2, and for any 𝜖 > 0,

1
n

∞

∫
0

Gn(t)1{√
Gn (t)

n
>𝜖

}
𝛼(t;𝜽∗)Y (t)dt

p
→ 0,

as n → ∞.
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DELÉAMONT and RONCHETTI 1505

We briefly comment on these conditions. Conditions (a) and (b) ensure the validity of the
Taylor expansions used in the proof of asymptotic normality. Condition (c) essentially guarantees
the existence and natural properties of the matrices which will appear in the expression for the
asymptotic variance. Condition (d) is a (Lindeberg-type) condition required for the use of the
martingale central limit theorem. Finally, condition (e) guarantees that the remainder term in the
Taylor expansion remains under control. We note that these conditions are sufficient but need
not be necessary. Under these conditions, asymptotic normality of the M-estimator is established
in the following proposition.

Proposition 1. Suppose that Assumption 1 holds, and let { ̂𝜽n,n ∈ N} be a consistent sequence of
estimators of 𝜽∗. Then

√
n
(
̂𝜽n − 𝜽∗

) d
→

(
0,P(𝜽∗)−1Q(𝜽∗)P(𝜽∗)−⊤

)
,

with P(𝜽∗) = ∫ ∞0 𝚿(t;𝜽
∗)h(t;𝜽∗)⊤𝛼(t;𝜽∗)y(t)dt and Q(𝜽∗) = ∫ ∞0 𝚿(t;𝜽

∗)𝚿(t;𝜽∗)⊤𝛼(t;𝜽∗)y(t)dt.

Proposition 1 shows that the asymptotic variance of the M-estimator has the usual sandwich
form, and reduces to the variance of the MLE if the logarithmic derivative of the hazard with
respect to the parameter is chosen as the function𝚿.

3.3 Influence function

We now investigate the form of the influence function, which will play a central role in the
remainder of this paper. The influence function can be interpreted as the Gâteaux derivative
of the M-functional S(F0

X ,F
1
X ) solving (4) in the direction of a point mass distribution at some

point (x̃, ̃𝛿); we refer the reader to the seminal contributions of Hampel (1968, 1974) for more
details. We consider a contamination of the joint distribution of (X ,Δ) of the type F𝜖

X ,Δ(x, 𝛿) =
(1 − 𝜖)FX ,Δ(x, 𝛿) + 𝜖1{x≥x̃,𝛿≥ ̃𝛿}(x, 𝛿), where 0 < 𝜖 < 0.5 is a fixed number and 1{x≥x̃,𝛿≥ ̃𝛿} denotes
a point mass distribution at the point (x̃, ̃𝛿). Under such a contamination scheme, the implied
contaminated subdistributions are of the form

F0,𝜖
X (x) = (1 − 𝜖)F0

X (x) + 𝜖(1 − ̃
𝛿)1{x≥x̃}(x)

F1,𝜖
X (x) = (1 − 𝜖)F1

X (x) + 𝜖 ̃𝛿1{x≥x̃}(x). (5)

Remark 3. We note that it is always possible to relate these contaminated subdistributions to the
corresponding contaminated distribution for the actual survival times. Indeed, following van der
Vaart (1998, p. 407), we have

F𝜖T(x) = 1 −
∏

0≤t≤x
[1 − Λ{t}] exp

(
−Λc(x)

)
,

where
∏

0≤t≤x
denotes a product-integral (Gill & Johansen, 1990) on [0, x] and

Λ(x) =

x

∫
0

dF1,𝜖
X (t)

1 − F0,𝜖
X (t) − F1,𝜖

X (t)
,

with Λ{t} denoting the jump of Λ at t and Λc denoting the continuous part of Λ.
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1506 DELÉAMONT and RONCHETTI

We have the following generalization of the result given in Hjort (1992, pp. 372–373).

Proposition 2. Consider the contamination scheme (5) at some given point (x̃, ̃𝛿). The influence
function of the functional S at a pair of subdistribution functions (F0

X ,F
1
X ) is given by

IF
(

S,
(

F0
X ,F

1
X

)
, (x̃, ̃𝛿)

)
= P

(
F0

X ,F
1
X
)−1𝚵

(
x̃, ̃𝛿;S

(
F0

X ,F
1
X

))
, (6)

with

𝚵
(

x̃, ̃𝛿;S
(

F0
X ,F

1
X

))
= ̃
𝛿𝚿

(
x̃;S

(
F0

X ,F
1
X

))
−

x̃

∫
0

𝚿
(

t;S
(

F0
X ,F

1
X

))
𝛼

(
t;S

(
F0

X ,F
1
X

))
dt, (7)

and

P
(

F0
X ,F

1
X
)
=

∞

∫
0

𝚿
(

t;S
(

F0
X ,F

1
X

))
h
(

t;S(F0
X ,F

1
X

))
⊤

𝛼

(
t;S

(
F0

X ,F
1
X

)) [
1 − F0

X (t) − F1
X (t)

]
dt

−

∞

∫
0

∇
𝜽
⊤𝚿

(
t;S

(
F0

X ,F
1
X

)){
dF1

X (t) − 𝛼
(

t;S
(

F0
X ,F

1
X

)) [
1 − F0

X (t) − F1
X (t)

]
dt
}
,

where∇
𝜽
⊤𝚿(t; ⋅) denotes the gradient of 𝚿(t; ⋅). In particular, by the Fisher consistency of S, we have

P(𝜽) = P
(

F0,𝜽
X ,F1,𝜽

X

)
=

∞

∫
0

𝚿(t;𝜽)h(t;𝜽)⊤dF1,𝜽
X (t).

Some comments are in order. First of all, we note that the influence function is proportional
to 𝚵 as given in (7). This is the quantity that should be bounded in order to have a robust estima-
tor in the infinitesimal sense. Clearly, the influence function associated to the MLE is unbounded
in (x̃, ̃𝛿) for most parametric models of interest, as can be verified by setting𝚿(⋅;𝜽) = h(⋅;𝜽). Sec-
ond, we remark that the matrix P was obviously already encountered in Proposition 1 as part
of the expression of the asymptotic variance. This is a general property of M-estimators, which
is also seen to hold in this setting. Finally, it is interesting to notice that the last expression for
P given in Proposition 2 is an integral with respect to the subdistribution function for uncen-
sored observations only. A similar expression can be derived in the same manner for Q, defined
in Proposition 1. This can be viewed as an application of the isometry with randomly censored
data studied by Sasieni (1992) and Janssen (1994).

4 ROBUST APPROACH

Now that the main properties of the class of M-estimators under consideration are well under-
stood, we can address the robustness issue. We begin by considering robust estimation, before
using our results in the testing context.

4.1 Robust estimation

As noted above, a robust estimator in the sense of Hampel et al. (1986) is generally characterized
by a bounded influence function. This implies that (6) should be bounded, in some metric, for
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DELÉAMONT and RONCHETTI 1507

any (x̃, ̃𝛿). In problems with multidimensional parameters, various measures of the magnitude of
the influence of a point can be considered. We shall consider two such measures in what follows,
namely, the unstandardized and self-standardized sensitivities. In each case, we will determine
the optimal B-robust estimator (OBRE), that is, the best estimator (in some sense to be clarified
below) given the bound on the sensitivity.

4.1.1 Unstandardized sensitivity

We start with the case of unstandardized sensitivity, which is probably the most
straightforward extension of the one-dimensional parameter case. It is defined as 𝛾U ∶=

sup(x,𝛿)∈R+×{0,1}
‖
‖
‖
‖

IF
(

S,
(

F0
X ,F

1
X

)
, (x, 𝛿)

)‖
‖
‖
‖

. From the inspection of (6) and (7), it is clear that 𝛾U is

bounded if and only if

sup
(x,𝛿)∈R+×{0,1}

‖
‖
‖
‖
‖
‖
‖

𝛿𝚿(x;𝜽) −
x

∫
0

𝚿(t;𝜽)𝛼(t;𝜽)dt
‖
‖
‖
‖
‖
‖
‖

≤ c, (8)

for a suitably chosen constant c. Specifically, a smaller value of c will lead to a more robust esti-
mator, but below a certain point, there may be no desirable 𝚿 function satisfying (8). The issue
of adequately selecting the constant bounding the sensitivity will be addressed below for the
case of self-standardized sensitivity, where more results are available; see Hampel et al. (1986,
p. 252). Our first task in this robustness analysis is to characterize the class of 𝚿 functions sat-
isfying (8). To do so, we will need to introduce two operators, R and L, allowing us to relate
functions acting as substitutes for the logarithmic derivative of the hazard with respect to the
parameter to score-type functions of the parametric model. The following results were given
by Ritov and Wellner (1988) and Efron and Johnstone (1990); see also Bickel et al. (1993,
pp. 420–424) for a summary. We omit 𝜽, which remains fixed, in the statement of these
results.

Lemma 1. Let u, v ∈ L2(FT) ∶= {w | ∫
∞
−∞‖w(s)‖2dFT(s) < ∞}. Consider the linear operators R ∶

L2(FT)→ L2(FT) and L ∶ L2(FT)→ L2(FT) acting as Ru(t) ∶= u(t) − (1 − FT(t))−1
∫
∞

t u(s)fT(s)ds
and Lv(t) ∶= v(t) − ∫ t

0 v(s)𝛼(s)ds, respectively. Then the following properties hold:

(a) (R◦L)v = v;
(b) (L◦R)u = u − ∫ ∞−∞u(s)fT(s)ds;
(c) im(R) = L2(FT);
(d) im(L) = L0

2(FT),

where im(⋅) denotes the image of a linear operator and L0
2(FT) ∶= {w ∈

L2(FT) | ∫
∞
−∞w(s)dFT(s) = 0}.

By Lemma 1, any function𝚿(⋅;𝜽) ∈ L2(FT) is the image of a function𝚽(⋅;𝜽) ∈ L0
2(FT) through

the operator R. This implies that we can rewrite the norm in (8) as

‖
‖
‖
‖
‖
‖
‖

𝛿𝚿(x;𝜽) −
x

∫
0

𝚿(t;𝜽)𝛼(t;𝜽)dt
‖
‖
‖
‖
‖
‖
‖

=
‖
‖
‖
‖
‖
‖
‖

𝛿𝚽(x;𝜽) + 1 − 𝛿
1 − FT(x;𝜽)

∞

∫
x

𝚽(t;𝜽)fT(t;𝜽)dt
‖
‖
‖
‖
‖
‖
‖

. (9)

 14679469, 2022, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sjos.12570 by Schw

eizerische A
kadem

ie D
er, W

iley O
nline L

ibrary on [16/11/2022]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



1508 DELÉAMONT and RONCHETTI

Remark 4. We note that the expression within the norm in (9) can be viewed as a James-type esti-
mating function, where the second term is essentially a conditional expectation; see James (1986),
in particular equation (3), p. 36. However, the approach followed by James (1986) is differ-
ent, since he then uses a nonparametric estimator of the conditional expectation based on
the product-limit estimator. This leads to an estimator which is equivalent to the one studied
by Wang (1999); see our comments in Section 2.1.

From (9), it is straightforward to obtain a simple robustness criterion, as can be seen from the
following lemma.

Lemma 2. Let 𝚽(⋅;𝜽) ∈ L0
2(FT). Then the following statements are equivalent:

(a)
‖
‖
‖
‖
‖
‖
‖

𝛿𝚽(x;𝜽) + 1−𝛿
1−FT (x;𝜽)

∞

∫
x

𝚽(t;𝜽)fT(t;𝜽)dt
‖
‖
‖
‖
‖
‖
‖

≤ c ∀(x, 𝛿);

(b) ‖𝚽(x;𝜽)‖ ≤ c ∀x.

Lemma 2 leads to the following observation: any𝚿(⋅;𝜽) ∈ L2(FT)which is the image, through
the operator R, of some 𝚽(⋅;𝜽) ∈ L0

2(FT) satisfying supx ‖𝚽(x;𝜽)‖ ≤ c leads to an estimator with
a bounded unstandardized sensitivity. This result has a very natural interpretation, and shows
that the relevant quantity to bound is still the score function of the parametric model, even in the
presence of censoring. Making use of this result, we now address the issue of finding the optimal
B-robust estimator with unstandardized sensitivity. Following Hampel et al. (1986, p. 238) we
consider the trace of the asymptotic covariance matrix as the measure of efficiency. Therefore, the
problem that we wish to solve can be formulated as follows.

Problem 1.

min
𝚿(⋅;𝜽)

tr
⎛
⎜
⎜
⎜
⎝
∫

⎡
⎢
⎢
⎣

𝛿𝚿(x;𝜽) −
x

∫
0

𝚿(t;𝜽)𝛼(t;𝜽)dt
⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝛿𝚿(x;𝜽) −
x

∫
0

𝚿(t;𝜽)𝛼(t;𝜽)dt
⎤
⎥
⎥
⎦

⊤

dF𝜽X ,Δ(x, 𝛿)
⎞
⎟
⎟
⎟
⎠

s.t. sup
(x,𝛿)∈R+×{0,1}

‖
‖
‖
‖
‖
‖
‖

𝛿𝚿(x;𝜽) −
x

∫
0

𝚿(t;𝜽)𝛼(t;𝜽)dt
‖
‖
‖
‖
‖
‖
‖

≤ c

∫

⎡
⎢
⎢
⎣

𝛿𝚿(x;𝜽) −
x

∫
0

𝚿(t;𝜽)𝛼(t;𝜽)dt
⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝛿h(x;𝜽) −

x

∫
0

h(t;𝜽)𝛼(t;𝜽)dt
⎤
⎥
⎥
⎦

⊤

dF𝜽X ,Δ(x, 𝛿) = Ip.

Our objective is thus to minimize the trace of the asymptotic variance at the model, subject
to a bound on the Euclidean norm of the influence function. Since𝚿(⋅;𝜽) is only determined up
to multiplication by a matrix, without loss of generality, we set the matrix P (𝜽) to be the identity
matrix Ip. Taken together, the two constraints then imply that the unstandardized sensitivity is
bounded by c. The following proposition states the solution to Problem 1.

Proposition 3. The OBRE in the unstandardized case is obtained by setting

𝜳U(x;𝜽) = Hc (A(𝜽) [s(x;𝜽) − a(𝜽)]) − 1
1 − FT(x;𝜽)

∞

∫
x

Hc (A(𝜽) [s(t;𝜽) − a(𝜽)]) fT(t;𝜽)dt,
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DELÉAMONT and RONCHETTI 1509

where Hc(r) ∶= r min {1, c∕ ‖r‖} is the multivariate Huber function with tuning parameter c, and
A(𝜽) and a(𝜽) are, respectively, a p × p matrix and a p × 1 vector solving

∞

∫
0

𝜳U(t;𝜽)h(t;𝜽)⊤dF1,𝜽
X (t) = Ip,

and

∞

∫
0

Hc (A(𝜽) [s(t;𝜽) − a(𝜽)]) fT(t;𝜽)dt = 0.

The result of Proposition 3 appears as an expected consequence of the result of Lemma 2.
The function 𝜳U leading to the unstandardized OBRE is obtained by applying the operator
R to the Huberized scaled and centered likelihood score function. We note that the recen-
tering constant vector a(𝜽) can be seen as dictated by a Fisher consistency requirement in
the space of score functions of the parametric model. Importantly, this does not contradict our
claim for the absence of a recentering constant vector when viewing the estimating function
in terms of logarithmic derivatives of hazard functions. The parallel between the optimality
result of Proposition 3 and the corresponding optimality result in the absence of censoring is
clear. In addition, as in the uncensored case, the unstandardized OBRE has the natural property
that when c is sufficiently large, the OBRE is equivalent to the MLE. Indeed, as c tends to
infinity, a(𝜽) and A(𝜽) become the null vector and the identity matrix, respectively, and 𝜳U
reduces to the logarithmic derivative of the hazard. On the other hand, for a small enough
value of c, the constraint on the influence function becomes binding and the two estimators
differ.

4.1.2 Self-standardized sensitivity

So far, we have focused on the case of unstandardized sensitivity. However, it is well known that
this measure is not invariant to scale transformations of individual parameters. To overcome that
issue, we now consider the self-standardized sensitivity, defined as

𝛾SS ∶= sup
(x,𝛿)∈R+×{0,1}

[

IF
(

S,
(

F0
X ,F

1
X

)
, (x, 𝛿)

)
⊤

V
(

S,
(

F0
X ,F

1
X

))−1
IF

(
S,

(
F0

X ,F
1
X

)
, (x, 𝛿)

)] 1
2

, (10)

where V
(

S,
(

F0
X ,F

1
X

))
is the asymptotic covariance matrix, assumed to be nonsingular. The

influence function is thus measured in the metric given by the asymptotic covariance matrix of
the estimator; see Hampel et al. (1986, p. 228). Building on our results in the unstandardized
case, we now look for the OBRE in the self-standardized case. In what follows, it will be impor-
tant to make the dependence of all quantities on the underlying 𝚿 function explicit. To achieve
this, we will complement our usual notation with a subscript 𝚿; in particular, 𝚿SS refers to the
𝚿 function leading to the OBRE in the self-standardized case. As argued by Hampel et al. (1986,
p. 243), the asymptotic mean squared error that we wish to minimize should be measured in the
same metric as the sensitivity. Our problem can thus be formulated as follows.
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1510 DELÉAMONT and RONCHETTI

Problem 2.

min
𝚿(⋅;𝜽)

tr
(

V𝚿V−1
𝜳 SS

)

s.t. sup
(x,𝛿)∈R+×{0,1}

⎛
⎜
⎜
⎝

𝛿𝚿(x;𝜽) −
x

∫
0

𝚿(t;𝜽)𝛼(t;𝜽)dt
⎞
⎟
⎟
⎠

⊤

P−⊤𝚿 V−1
𝜳 SS

P−1
𝚿

⎛
⎜
⎜
⎝

𝛿𝚿(x;𝜽) −
x

∫
0

𝚿(t;𝜽)𝛼(t;𝜽)dt
⎞
⎟
⎟
⎠

≤ c2
.

Even though the objective was written in a compact way, it is obviously equivalent to
minimizing the trace of

∫
P−1
𝚿

⎛
⎜
⎜
⎝

𝛿𝚿(x;𝜽) −
x

∫
0

𝚿(t;𝜽)𝛼(t;𝜽)dt
⎞
⎟
⎟
⎠

V−1
𝜳 SS

⎛
⎜
⎜
⎝

𝛿𝚿(x;𝜽) −
x

∫
0

𝚿(t;𝜽)𝛼(t;𝜽)dt
⎞
⎟
⎟
⎠

⊤

P−⊤𝚿 dF𝜽X ,Δ(x, 𝛿),

which, upon setting P𝚿 to the identity matrix, is seen to coincide with the objective of Problem 1
up to the standardization by V𝜳 SS . The formulation of Problem 2 may look somewhat pecu-
liar at first, since the conditions for the optimality of 𝜳 SS depend on 𝜳 SS itself through V𝜳 SS

(Stefanski et al., 1986). However, the introduction of this standardization leads to the desirable
invariance property mentioned above. The following proposition states our optimality result in
the self-standardized case.

Proposition 4. The OBRE in the self-standardized case is obtained by setting

𝜳 SS(x;𝜽) = A(𝜽)𝜳B(x;𝜽), (11)

with

𝜳B(x;𝜽) = [s(x;𝜽) − a(𝜽)]wc(x;𝜽) −
1

1 − FT(x;𝜽)

∞

∫
x

[s(t;𝜽) − a(𝜽)]wc(t;𝜽)fT(t;𝜽)dt,

where wc(⋅;𝜽) is a weighting function defined by

wc(t;𝜽) ∶= min
{

1, c
‖A(𝜽) [s(t;𝜽) − a(𝜽)]‖

}

, (12)

at time t, and the p × p matrix A(𝜽) and p × 1 vector a(𝜽) are implicit solutions to

∞

∫
0

𝜳 SS(t;𝜽)𝜳 SS(t;𝜽)⊤dF1,𝜽
X (t) = Ip, (13)

and
∞

∫
0

[s(t;𝜽) − a(𝜽)]wc(t;𝜽)fT(t;𝜽)dt = 0. (14)

Unsurprisingly, the general structure of the OBRE in the self-standardized case is the same as
in the unstandardized case. For the reason mentioned above (invariance to scale transformations),
we prefer to use this estimator rather than the unstandardized version.
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DELÉAMONT and RONCHETTI 1511

We note that one potential issue in the computation of the OBRE is that the left-hand side
of (13), which is used to determine the matrix A(𝜽) (for a given a(𝜽)), does involve the censoring
distribution. We propose to overcome this problem by replacing the left-hand side of (13) by its
empirical counterpart. Provided that the sample size is not too small, this should not have a large
quantitative impact on the estimates. All the results presented in this paper have been obtained
in this way, without encountering any convergence problems. We remark that a similar strategy
has been used several times in the robustness literature; see, for example, Mancini et al. (2005)
and La Vecchia and Trojani (2010). A full description of the algorithm used to compute the OBRE
in the self-standardized case is provided in the Supporting Information.

We close this subsection by giving some general guidelines for picking the tuning constant c,
even though we emphasize that the specific choice of c should always be made by the researcher
after careful consideration of the problem at hand. As a starting point, we note that c cannot be
chosen smaller than

√
p, as the following proposition shows.

Proposition 5. Let 𝛾SS denote the self-standardized sensitivity as defined in (10). Then we have
𝛾

2
SS ≥ p.

Beyond that, a natural idea is to select a value for c so as to limit the influence of outliers while
maintaining a sufficiently high level of efficiency at the model. Let us assume for concreteness
that our objective is a 90% asymptotic relative efficiency (ARE) at the model. In that case, we can
pick c in such a way that 0.90 = tr (VMLE) ∕tr

(
V𝜳 SS

)
. Figure 2 illustrates this approach for the case

of the Weibull(2,5) distribution which will be studied in Section 5.1, for two different levels of
censoring. The covariance matrices of the OBRE and the MLE were estimated empirically based
on a simulated sample of 10,000 observations.

According to this criterion, we should select a value of c which is around 3.5. However, in our
experience, the use of such a criterion leads to estimators which are not very robust. This point
has already been made in various contexts; see, for example, Hampel et al. (1986, p. 252), for the

2 3 4 5 6 7 8

c

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

A
R

E

20% censoring
10% censoring

F I G U R E 2 Asymptotic efficiency of the optimal B-robust estimator relative to the maximum likelihood
estimator for the Weibull(2,5) distribution at different levels of the tuning parameter
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1512 DELÉAMONT and RONCHETTI

regression case. In fact, these authors suggested that a value of c near its lower bound should be
chosen in many applications, and we also tend to adopt this point of view. We note that a different
type of approach to the selection of the tuning parameter, motivated by testing, has been proposed
by Ronchetti and Trojani (2001); see also Mancini et al. (2005) for more details.

4.2 Robust testing

Building on the results obtained for robust estimation, we now address robust testing. Consider
the same setting as in Section 2.2. Let ̂𝜽 denote a robust M-estimator in the full model and ̃𝜽 the
corresponding M-estimator in the reduced model. In the spirit of Heritier and Ronchetti (1994),
we introduce the following robust versions of the classical tests presented in Section 2.2:

• A Wald-type test statistic, W2
R,n ∶= n ̂𝜽⊤(2)

(
V
(
̂𝜽
)
(22)

)−1
̂𝜽(2), where V( ̂𝜽) = P( ̂𝜽)−1Q( ̂𝜽)P( ̂𝜽)−⊤ is

the estimated asymptotic variance of the M-estimator;

• A score-type test statistic, S2
R,n ∶= nZ⊤

R,n

(
P
(
̃𝜽
)
(22.1) V

(
̃𝜽
)
(22) P

(
̃𝜽
)
⊤

(22.1)

)−1
ZR,n, with ZR,n ∶=

U(2)
(
̃𝜽
)

and P
(
̃𝜽
)
(22.1) ∶= P

(
̃𝜽
)
(22) − P

(
̃𝜽
)
(21) P

(
̃𝜽
)−1
(11)P

(
̃𝜽
)
(12);

• A likelihood ratio-type test statistic, L2
R,n ∶= 2n

[
𝜌( ̂𝜽) − 𝜌( ̃𝜽)

]
, with 𝜌 such that 𝜌(0) = 0 and

∇
𝜽
⊤𝜌(𝜽) = U(𝜽).

Heritier and Ronchetti (1994) showed that the Wald-type and score-type test statistics fol-
low a noncentral chi-square distribution, with noncentrality parameter equal to zero under the
null hypothesis. The properties of the likelihood ratio-type test, on the other hand, are more
difficult to characterize. First, as shown in Heritier and Ronchetti (1994), the asymptotic distri-
bution of the likelihood ratio-type test statistic is different from the one of the other two test
statistics, unlike in the classical case. Second, this test requires defining an appropriate 𝜌 func-
tion, which is not a trivial task given that it requires integrating U(⋅) over the parameter space Θ.
We leave the study of the likelihood ratio-type test for future research. An important result given
by Heritier and Ronchetti (1994) is that optimal bounded-influence tests are obtained from opti-
mal self-standardized B-robust estimators in the context of M-estimators in parametric models
with complete information. We conjecture that the same conclusion applies in our framework in
the presence of censoring, under similar conditions to the ones given in Appendix A.2 of the cited
article.

5 SIMULATION STUDY

In order to assess the practical relevance of our robust approach, we first perform a simulation
study. We shall consider two families of distributions, namely the Weibull and the log-normal
models. In each case, we construct N = 500 samples of size n in the following way. We sim-
ulate the actual survival times ti from a particular member of the family and, independently,
censoring times ci from a given censoring distribution. The distribution of the censoring times
is chosen in such a way that a predetermined expected censoring proportion, denoted by pc,
is achieved. The observed simulated data are then given by xi = min(ti, ci) and 𝛿i = 1{ti=xi}, for
i = 1,… ,n.
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DELÉAMONT and RONCHETTI 1513

In terms of estimation, we mainly examine the performance of the OBRE relative to the MLE,
with and without contamination. For the Weibull model, we additionally compare the OBRE to
the L2E proposed by Yang and Scott (2013), which is obtained by minimizing the L2 distance to the
unknown density of survival times. The latter estimator is a special case of the minimum density
power divergence approach of Basu et al. (2006), with 𝛼 = 1 in the notation of Section 2.1. For our
purposes, the L2E method was implemented in Matlab. The function fmincon was used, with set-
tings matching those of R’s nlminb function used by Yang and Scott (2013) as closely as possible.

Regarding the contamination, we assume that a fraction 𝜖 of our observed simulated data
come from some contaminating distribution. In general, this means that we consider a neigh-
borhood of the joint distribution of (X ,Δ). Actually, our preliminary analyses revealed that
contaminating the censoring indicator (e.g., by random 0/1 switching) had little effect on both
the OBRE and the MLE. This seems to be in line with the result given in Lemma 2, which shows
that selecting a bounded function of the censored survival times only is sufficient to yield a robust
estimator. Therefore, for the results that we present below, we focus on a contamination of X of
the form F𝜖X (x) = (1 − 𝜖)FX (x) + 𝜖GX (x), where GX is an arbitrary contaminating distribution. We
look at the impact of various aspects of the problem at hand on our results. For both models, we
consider two sample sizes (n ∈ {50,200}), two expected censoring proportions (pc ∈ {0.1, 0.2}),
and two contamination levels (𝜖 ∈ {0, 0.05}). The type of censoring distribution and the type of
contaminating distribution used in each simulation are also different; this will be explained in
more detail below. We are interested in the general performance of the estimators in terms of bias,
variance, and mean squared error, as well as in the construction of confidence intervals. For the
sake of readability, the presentation of the latter results is deferred to Data S1.

In terms of testing, we are mainly interested in the level under contamination of the robust and
classical Wald and score tests, but we also explore the power of the score tests in the simulations
for the log-normal model.

5.1 Weibull model

In the first example, we consider the Weibull distribution with scale and shape parameters 𝜆 and
𝜅, meaning that the density of the actual survival times is fT(t; 𝜆, 𝜅) = 𝜅t𝜅−1∕𝜆𝜅 exp

[
−(t∕𝜆)𝜅

]
, t ≥

0. We set 𝜆 = 2 and 𝜅 = 5. The censoring times are generated from an exponential distribution
with parameter 𝜃, that is, fC(t; 𝜃) = 𝜃 exp [−𝜃t] , t ≥ 0. Given the values of 𝜆 and 𝜅, the value of 𝜃
is uniquely determined by the expected censoring proportion pc. For instance, when pc = 0.1, we
have 𝜃 = 0.0575. Regarding contamination, we choose GX to be a point mass distribution at the
point 3, which is above the 99th percentile of the actual survival time distribution. We set the tun-
ing parameter to c = 1.5. In this two-parameter model, such a value of c essentially corresponds
to the lower bound of

√
2 derived in Proposition 5 and is consistent with our comments at the

end of Section 4.1.2. The results depicted in Figures 3 and 4 thus illustrate a situation in which
the researcher is primarily interested in controlling the bias under contamination, at the expense
of increased variance at the model.

In the absence of contamination (Figure 3), the MLE outperforms the OBRE. Indeed, as
expected, the latter features a greater variability. In addition, the OBRE is slightly biased. We note
that, from a theoretical standpoint, the OBRE is only guaranteed to be consistent. In our experi-
ence, the convergence is often slower for estimators of scale or shape than for estimators of the
mean, for instance. In finite samples, the bias is assured to be bounded in a full neighborhood
of the model and may exceed the bias of the MLE at the model, especially for a small value of
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1514 DELÉAMONT and RONCHETTI
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F I G U R E 3 Boxplots of maximum likelihood estimator (left), L2E (middle) and optimal B-robust estimator
(right) for the scale (top) and shape (bottom) parameters with n = 200, pc = 0.2, 𝜖 = 0 for the Weibull model
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F I G U R E 4 Boxplots of maximum likelihood estimator (left), L2E (middle) and optimal B-robust estimator
(right) for the scale (top) and shape (bottom) parameters with n = 200, pc = 0.2, 𝜖 = 0.05 for the Weibull model
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DELÉAMONT and RONCHETTI 1515

c. In some sense, this is a price to pay for a broader bias control in the vicinity of the model. In
addition, the bias may be exacerbated by numerical issues in the computation of the vector a(𝜽)
used to recenter the score function; see (14) in the statement of Proposition 4. The L2E is even
more biased, while its variability is comparable to the one of the OBRE. On the other hand, in
Figure 4, we can observe that the maximum likelihood estimates for both parameters are consid-
erably affected by the contamination, while the optimal B-robust estimates remain well behaved.
We note that, in this case, the variability of the OBRE is still greater than the variability of the
MLE. As mentioned above, this is due to the very small value of c that we consider in this example.
The researcher may be willing to accept a larger bias in exchange for a decreased variance,
and this could be achieved by modifying the tuning parameter. The L2E controls the bias bet-
ter than the MLE, but has a much greater variance. Overall, it performs considerably worse than
the OBRE.

Table 1 presents our full results for n = 50, while the corresponding results in the case n = 200
are given in Table 2.

T A B L E 1 Bias, variance and mean squared error (MSE) of the maximum likelihood estimator (MLE), the
L2E and the optimal B-robust estimator (OBRE) of scale (𝜆 = 2) and shape (𝜅 = 5) for an expected censoring
proportion pc ∈ {0.1, 0.2} and a contamination level 𝜖 ∈ {0, 0.05} based on 500 samples of size n = 50 for the
Weibull model

pc = 0.1 pc = 0.2

𝝐 = 0 𝝐 = 0.05 𝝐 = 0 𝝐 = 0.05

Scale (𝜆 = 2) Bias MLE −0.0025 0.0723 0.0026 0.0861

L2E 0.0195 0.0365 0.0538 0.0812

OBRE −0.0147 0.0068 −0.0081 0.0101

Variance MLE 0.0039 0.0037 0.0041 0.0040

L2E 0.0056 0.0072 0.0078 0.0117

OBRE 0.0066 0.0073 0.0077 0.0084

MSE MLE 0.0039 0.0089 0.0041 0.0114

L2E 0.0060 0.0086 0.0107 0.0183

OBRE 0.0068 0.0073 0.0077 0.0085

Shape (𝜅 = 5) Bias MLE 0.1610 −0.6771 0.2250 −0.7269

L2E 0.2297 0.0161 0.3084 0.0087

OBRE 0.3199 0.0393 0.4571 0.0908

Variance MLE 0.3712 0.1282 0.4081 0.1446

L2E 0.7314 0.8188 1.0967 1.2087

OBRE 0.7156 0.6358 0.9369 0.7355

MSE MLE 0.3971 0.5867 0.4587 0.6730

L2E 0.7842 0.8191 1.1918 1.2087

OBRE 0.8180 0.6373 1.1458 0.7437
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1516 DELÉAMONT and RONCHETTI

T A B L E 2 Bias, variance and mean squared error (MSE) of the maximum likelihood estimator (MLE), the
L2E and the optimal B-robust estimator (OBRE) of scale (𝜆 = 2) and shape (𝜅 = 5) for an expected censoring
proportion pc ∈ {0.1, 0.2} and a contamination level 𝜖 ∈ {0, 0.05} based on 500 samples of size n = 200 for the
Weibull model

pc = 0.1 pc = 0.2

𝝐 = 0 𝝐 = 0.05 𝝐 = 0 𝝐 = 0.05
Scale (𝜆 = 2) Bias MLE 0.0005 0.0879 −0.0028 0.1036

L2E 0.0248 0.0339 0.0503 0.0847

OBRE −0.0066 0.0077 −0.0111 0.0150

Variance MLE 0.0009 0.0008 0.0011 0.0009

L2E 0.0015 0.0019 0.0019 0.0039

OBRE 0.0018 0.0019 0.0021 0.0024

MSE MLE 0.0009 0.0086 0.0011 0.0117

L2E 0.0021 0.0030 0.0044 0.0111

OBRE 0.0018 0.0020 0.0022 0.0026

Shape (𝜅 = 5) Bias MLE 0.0506 −0.8026 0.0388 −0.8833

L2E 0.0553 −0.2300 −0.0281 −0.4100

OBRE 0.1772 −0.1267 0.1801 −0.1814

Variance MLE 0.0947 0.0309 0.0914 0.0298

L2E 0.1859 0.1762 0.1716 0.2617

OBRE 0.2179 0.1508 0.2332 0.1731

MSE MLE 0.0972 0.6751 0.0929 0.8100

L2E 0.1890 0.2291 0.1724 0.4297

OBRE 0.2493 0.1668 0.2656 0.2060

In agreement with our earlier comments, we can see that the OBRE really outperforms the
MLE and the L2E in controlling the bias under contamination and, despite its greater variability
than the MLE, achieves the lowest mean squared error by a fairly large margin when n = 200.
For n = 50, the greater variance of the OBRE relative to the MLE is sometimes relatively more
important than the smaller bias. As a result, the performance of the two estimators in terms of
mean squared error is comparable for this sample size. We note that the level of censoring does
not appear to affect the results qualitatively.

We also examine the performance of the Wald and score tests in this setting. Specifically,
we test, at the nominal level of 5%, the hypothesis that the value of the shape parameter
is 5, while leaving the value of the scale parameter unrestricted. Results are presented in
Table 3.

It is clear that the performance of the classical tests is disastrous in this case, especially
with the larger sample size. On the other hand, the robust tests are able to maintain a
sensible level under contamination, the score test being slightly more conservative than the
Wald test.
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DELÉAMONT and RONCHETTI 1517

T A B L E 3 Empirical level of classical and robust Wald and score tests of 𝜅 = 5 for an expected censoring
proportion pc ∈ {0.1, 0.2} and a contamination level 𝜖 = 0.05 based on 500 samples of size n ∈ {50,200} for the
Weibull model

n = 50 n = 200

pc = 0.1 pc = 0.2 pc = 0.1 pc = 0.2
Wald Classical 0.2000 0.2040 0.9220 0.9440

Robust 0.0820 0.0500 0.0680 0.0980

Score Classical 0.2880 0.3260 0.9320 0.9560

Robust 0.0220 0.0280 0.0520 0.0660
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F I G U R E 5 Estimates of the cumulative distribution functions FX and F𝜖X (𝜖 = 0.05) for pc = 0.1 based on a
sample of size 10,000 for the log-normal model

5.2 Log-normal model

As a second example, we focus on the log-normal distribution with log-mean and log-scale param-
eters 𝜇 and 𝜎, that is, fT(t;𝜇, 𝜎) = 1∕(

√
2𝜋𝜎t) exp

[
−
(
log(t) − 𝜇

)2∕2𝜎2
]
. We set 𝜇 = 1 and 𝜎 = 1.

The distribution of the censoring times is a point mass distribution at a point 𝜌 selected accord-
ing to the expected censoring proportion. In other words, 𝜌 is simply the (1 − pc)-quantile of
FT(⋅; 1, 1). The contaminating distribution GX is a log-normal distribution with 𝜇 = 1 and 𝜎 = 2.
Figure 5 illustrates the impact of contamination on the distribution of X . In order to have a
more readable graph, a few values larger than 15 occurring in the contaminated case are not
displayed.

Figures 6 and 7 give an example of the performance of the OBRE relative to the MLE under
contamination, for a tuning parameter value of c = 2. Compared to the previous simulation study,
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1518 DELÉAMONT and RONCHETTI
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F I G U R E 6 Boxplots of maximum likelihood estimator (left) and optimal B-robust estimator (right) for the
log-mean (top) and log-scale (bottom) parameters with n = 200, pc = 0.1, 𝜖 = 0 for the log-normal model
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F I G U R E 7 Boxplots of maximum likelihood estimator (left) and optimal B-robust estimator (right) for the
log-mean (top) and log-scale (bottom) parameters with n = 200, pc = 0.1, 𝜖 = 0.05 for the log-normal model
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DELÉAMONT and RONCHETTI 1519

T A B L E 4 Bias, variance and mean squared error (MSE) of the maximum likelihood estimator (MLE) and
the optimal B-robust estimator (OBRE) of log mean (𝜇 = 1) and log scale (𝜎 = 1) for an expected censoring
proportion pc ∈ {0.1, 0.2} and a contamination level 𝜖 ∈ {0, 0.05} based on 500 samples of size n = 50 for the
log-normal model

pc = 0.1 pc = 0.2

𝝐 = 0 𝝐 = 0.05 𝝐 = 0 𝝐 = 0.05
Log mean

(𝜇 = 1)
Bias MLE 0.0150 0.0048 0.0039 0.0262

OBRE 0.0049 -0.0124 -0.0028 0.0040

Variance MLE 0.0212 0.0226 0.0224 0.0269

OBRE 0.0262 0.0240 0.0253 0.0265

MSE MLE 0.0214 0.0227 0.0224 0.0275

OBRE 0.0262 0.0242 0.0253 0.0266

Log scale (𝜎 = 1) Bias MLE -0.0058 0.0599 -0.0084 0.0592

OBRE -0.0261 0.0062 -0.0234 -0.0032

Variance MLE 0.0112 0.0183 0.0143 0.0199

OBRE 0.0140 0.0175 0.0192 0.0193

MSE MLE 0.0113 0.0219 0.0144 0.0234

OBRE 0.0147 0.0176 0.0197 0.0193

we thus select a slightly higher value of c which should lead to a reasonable balance between bias
under contamination and variance in the absence thereof.

The MLE for the log-scale parameter is affected by contamination while the OBRE is not. On
the other hand, the performance of the two estimators is comparable for the log-mean parameter,
which is not surprising given that our contamination scheme targets the log-scale parameter.
Table 4 summarizes all of our results for the case n = 50. The corresponding results for the case
n = 200 are given in Table 5.

We observe that the use of the OBRE results in an often much lower level of the mean squared
error under contamination for the log-scale parameter, irrespective of its the sample size or the
level of censoring. This is due to the fact that the variance of both estimators is comparable in all
cases, which implies that the difference in mean squared error is mainly driven by the difference
in bias.

We evaluate the performance of the robust score-type test in this example, by testing the
hypothesis that the log-scale parameter is 1, while the log-mean parameter remains unspecified.
The top of Table 6 shows that the level of the robust score-type test remains very close to the
nominal level under contamination, being slightly too conservative. On the other hand, the per-
formance of the classical score test is poor, though somewhat less than in the previous simulation
study. This motivates us to conduct a comparison of the power of the two testing procedures. We
thus simulate 500 samples using the same setting as above, except that we set the true log-scale
parameter to 0.9 (respectively, 0.8) instead of 1. We then once again test the hypothesis that the
value of the log-scale parameter is 1, leaving the value of the log-mean parameter unrestricted.
Results are displayed in Table 6 as well.

We can observe that the robust score-type test exhibits a satisfactory power, especially at the
sample size n = 200.
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1520 DELÉAMONT and RONCHETTI

T A B L E 5 Bias, variance and mean squared error (MSE) of the maximum likelihood estimator (MLE) and
the optimal B-robust estimator (OBRE) of log mean (𝜇 = 1) and log scale (𝜎 = 1) for an expected censoring
proportion pc ∈ {0.1, 0.2} and a contamination level 𝜖 ∈ {0, 0.05} based on 500 samples of size n = 200 for the
log-normal model

pc = 0.1 pc = 0.2

𝝐 = 0 𝝐 = 0.05 𝝐 = 0 𝝐 = 0.05

Log mean (𝜇 = 1) Bias MLE 0.0060 0.0118 0.0037 0.0295

OBRE 0.0042 0.0005 0.0047 0.0079

Variance MLE 0.0052 0.0056 0.0052 0.0059

OBRE 0.0063 0.0057 0.0058 0.0059

MSE MLE 0.0052 0.0058 0.0052 0.0068

OBRE 0.0064 0.0057 0.0058 0.0060

Log scale (𝜎 = 1) Bias MLE −0.0016 0.0771 −0.0044 0.0944

OBRE −0.0233 0.0073 −0.0257 0.0158

Variance MLE 0.0027 0.0044 0.0034 0.0063

OBRE 0.0038 0.0041 0.0043 0.0055

MSE MLE 0.0027 0.0103 0.0034 0.0152

OBRE 0.0043 0.0041 0.0049 0.0058

T A B L E 6 Empirical rejection frequency of classical and robust score tests of 𝜎 = 1 for a true value of the
log-scale parameter 𝜎 ∈ {1, 0.9, 0.8}, an expected censoring proportion pc ∈ {0.1, 0.2} and a contamination level
𝜖 = 0.05 based on 500 samples of size n ∈ {50,200} for the log-normal model

n = 50 n = 200

pc = 0.1 pc = 0.2 pc = 0.1 pc = 0.2
Log scale = 1 Classical 0.1300 0.1220 0.2380 0.2920

Robust 0.0380 0.0360 0.0460 0.0500

Log scale = 0.9 Classical 0.1660 0.1640 0.1240 0.1300

Robust 0.1520 0.1260 0.4620 0.4040

Log scale = 0.8 Classical 0.4160 0.3400 0.4740 0.3860

Robust 0.4000 0.3100 0.9300 0.8600

6 HEAD AND NECK CANCER STUDY DATA

In this section, we consider data from the Head and Neck Cancer Study conducted by the North-
ern California Oncology Group as reported by Efron (1988). This is a well-known dataset in the
survival analysis literature which has been analyzed by several authors since Efron’s original anal-
ysis; see, for example, Meier et al. (2004) and Basu et al. (2006). More details on the data including
some characteristics of the patients can be found in Fu et al. (1987). The data are quite challenging
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F I G U R E 8 Kaplan–Meier estimates of the survival probability for Arms A and B of the Head and Neck
Cancer Study. Risk set sizes at times 0, 400, 800, 1200 and 1600 are 51, 15, 7, 4 and 0 in Arm A and 45, 21, 12, 10
and 7 in Arm B

to analyze because of the relatively small sample sizes and high prevalence of censoring. The data
consist of two groups of patients, Arm A and Arm B. The 51 patients in Arm A undergo radiation
therapy, while the 45 patients in Arm B are treated with both radiation therapy and chemother-
apy. The proportion of censored ("lost to follow-up") observations is 0.1765 in Arm A and 0.3111
in Arm B. Figure 8 presents the Kaplan–Meier estimated survival functions for the two groups.
Upon visual inspection of Figure 8, it appears that the group of patients with chemotherapy have
a considerably higher survival probability, with an increasing difference over time. We note, how-
ever, that the estimated survival probabilities in roughly the second half of the range of survival
times are based on risk sets which are quite small. For instance, in Arm A, only 7 out of 51 patients
have a survival time exceeding 594 days.

We try to fit a Gamma model to these data. The results displayed below are obtained
with the tuning parameter for the OBRE set to c = 2.5, although we provide evidence that
other values yield qualitatively similar results in Data S1. The estimated survival functions
obtained by the MLE and the OBRE are plotted in Figure 9, along with the Kaplan–Meier
estimates.

Figure 9 is quite useful in assessing the potential appeal of the OBRE. It appears that, by
assigning less weight to (very) long-term survivors, the OBRE is able to keep the effect of such
observations under control. Correspondingly, the agreement of the OBRE with the Kaplan–Meier
estimate at times when most patients are still at risk is considerably higher than for the MLE.
To gain further insights, we now focus on Arm A. Figure 10 displays the weights—as given by
(12)—that the OBRE assigns to observations, ranked from lowest to highest observed survival
time.
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F I G U R E 9 Comparison of estimates of the survival function for Arms A (left) and B (right) of the Head
and Neck Cancer Study
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F I G U R E 10 Weights assigned by the optimal B-robust estimator to the observations in Arm A of the Head
and Neck Cancer Study

As expected, the OBRE assigns a rather small weight to some long-term survivors. Perhaps
more interestingly, the three patients with the smallest survival times also receive lower weights
than with the MLE, showing that influential observations may be of various types. We note that
these patients do exhibit small survival times (7, 34, and 42 days) compared to the median (176
days) or mean (357.84 days) survival times in Arm A. Even so, these survival times are not suffi-
ciently far away from subsequent observations (e.g., 63, 64, and 74 days for the next three) that it
would be trivial to detect them through ad hoc methods. As an additional experiment, we remove
the m ∈ {1, 2, 3, 4} observation(s) with the largest survival time(s) from this group of patients and
recompute the estimates. Figure 11 shows the corresponding estimated survival functions. We
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F I G U R E 11 Sensitivity analysis for Arm A of the Head and Neck Cancer Study. From left to right, top to
bottom: estimated survival functions with m ∈ {1, 2, 3, 4} largest survival time(s) removed

can clearly see the effect of the largest observed survival times on the curve corresponding to the
MLE, which is shifted downwards as the "contamination" decreases. The curve corresponding to
the OBRE, on the other hand, is largely unaffected by these changes.

An alternative graphical representation of this sensitivity analysis, in which the behavior of
each estimator is depicted separately, is available in the Supporting Information.

7 CONCLUDING REMARKS

In this paper, we studied robust inference with censored survival data. We defined a class of robust
M-estimators based on the work of Hjort (1985, 1992) and characterized the optimal estimators
with a bounded influence function in that class. We also addressed the issue of testing and showed
that simple robust extensions of the three main classical tests can be defined in the presence of
censoring. We illustrated the finite-sample performance of our self-standardized OBRE and some
related tests in two simulation studies related to the Weibull and log-normal models, in which
the impact of various aspects of the inference problem (such as the type of contamination, the
proportion of censoring, and the sample size) was investigated. We also proposed an application
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1524 DELÉAMONT and RONCHETTI

to a real dataset related to head and neck cancer, which is well known in the field of survival
analysis.

Our analysis showed that our robust estimator is appealing at least in some situations. This
does not mean that it is always absolutely necessary to rely on a robust estimator; in some situ-
ations, the MLE works sufficiently well. Nevertheless, we would advise to at least use a robust
estimator as a safety check. In case the results differ greatly from those obtained with classical
methods, an analysis of the weights assigned to the observations by the robust estimator may
be useful in detecting highly influential observations. We emphasize, as seen in Section 7, that
identifying influential data points by heuristic methods is generally difficult and can even be
misleading; see also section 1.3 of Heritier et al. (2009).

Obviously, our work could be extended in different directions. First of all, it is clear that,
in most applications, the researcher is faced with more than one type of incomplete infor-
mation. It would thus be of interest to see how our results could be extended to account for
multiple types of censoring and/or truncation. An analysis of robustness with truncated data,
with applications to income data, was performed by Victoria-Feser and Ronchetti (1997); see
also Victoria-Feser (1993). It would therefore be interesting to see how these results could be
combined. A general formulation in terms of counting processes would certainly be required to
address such a problem. One issue is then to determine a proper way of defining a contamination
neighborhood in terms of these counting processes, which is certainly not trivial. The analysis
of Assunção and Guttorp (1999) could serve as a useful starting point.

Second, our framework was kept as simple as possible under random censoring, in the sense
that we did not assume to have any information aside from the censored survival times and
the censoring indicators. In most studies, information on some patient characteristics is also
recorded. In that case, our setup should be expanded to account for the presence of covari-
ates. Robust estimation in the standard (semiparametric) Cox model was already considered
by Bednarski (1993) and Sasieni (1993). An alternative and probably more direct extension of our
work would be to address robust estimation and testing in a parametric version of the Cox model,
as suggested in section 6A of Hjort (1992). A brief description of that setting is as follows. Let
us assume that we observe n triples (X1,Δ1,Z1) ,… , (Xn,Δn,Zn), where the first two components
of each triple are defined as above and the last component is a vector of (time-invariant) covari-
ates. The hazard rate for individual i is then specified as 𝛼i(t|Zi,𝜽, 𝜷) = 𝛼(t;𝜽) exp

[
𝜷
⊤Zi

]
, where

𝛼(⋅;𝜽) is a parametrically specified baseline hazard and 𝜷 is a vector of regression coefficients.
The maximum likelihood estimator of

(
𝜽
⊤

, 𝜷
⊤

)
⊤ is then given by the solution to

U† (𝜽, 𝜷) ∶=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

n∑

i=1

∞

∫
0

h(t;𝜽)
{

dNi(t) − 𝛼(t;𝜽) exp
[
𝜷
⊤Zi

]
Yi(t)dt

}

n∑

i=1

∞

∫
0

Zi
{

dNi(t) − 𝛼(t;𝜽) exp
[
𝜷
⊤Zi

]
Yi(t)dt

}

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= 0, (15)

where h denotes the logarithmic derivative of the baseline hazard in this setting. Upon inspection
of (15), it seems legitimate to assume that a robust estimator could be obtained by replacing h
by a bounded 𝝍 function and appropriately downweighing "large" covariates. We note, in agree-
ment with Hjort (1992, p. 375), that even though much of the success of the standard Cox model
stems from the fact that the baseline hazard need not be specified, some efficiency in the esti-
mation of survival probabilities may be gained from an approximate knowledge of the baseline
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DELÉAMONT and RONCHETTI 1525

hazard. Further investigations of robust estimation and testing in the setting just described would
therefore be of importance in our view.

Finally, it would be of interest to explore potential improvements to the finite-sample proper-
ties of our robust estimators and tests. In particular, we believe that the performance of our robust
methods for small sample sizes could be improved with the help of saddlepoint approximations.
This type of technique is well developed for M-estimators in the case of complete information;
see Robinson et al. (2003). Chapter 11 of O’Quigley (2008) contains some useful information in
the context of proportional hazards regression.
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APPENDIX.

Proof of Proposition 1
The proof relies on the arguments given in chapter VI of Andersen et al. (1993). By a Taylor
expansion, for ̂𝜽 ∈ Θ∗,

0 = 1
√

n
Uj( ̂𝜽) =

1
√

n
Uj(𝜽∗) +

p∑

k=1

√
n
(
̂
𝜃k − 𝜃∗k

) 1
n
𝜕

𝜕𝜃k
Uj( ̃𝜽),

for any j ∈ {1,… , p}, where ̃𝜽 lies between ̂𝜽 and 𝜽∗. We now proceed in two steps.

First, we show that n−1∕2U(𝜽∗)
d
→

(
0,Q(𝜽∗)

)
. Let Ut

j (𝜽) ∶=

t

∫
0

Ψj(u;𝜽){dN(u) −

𝛼(u;𝜽)Y (u)du}. Since 𝜽
∗ is the true parameter, we can consider {n−1∕2Ut

j (𝜽
∗), t ∈ R+},

j ∈ {1,… , p}, as local square integrable martingales (this is true with probability one asymptot-
ically). Then, as t → ∞, the predictable covariation process for two such local square integrable
martingales converges to

lim
t→∞

<

1
√

n
Ut

j (𝜽
∗), 1

√
n

Ut
k(𝜽

∗) > (t) = 1
n

∞

∫
0

Ψj(u;𝜽∗)Ψk(u;𝜽∗)𝛼(u;𝜽∗)Y (u)du,

which converges in probability to Qjk(𝜽∗) by condition 1 of Assumption 1. The result now follows
from a martingale central limit theorem as in Rebolledo (1980) and the Cramér–Wold device.
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Second, we show that, for any j, k ∈ {1,… , p}, n−1 𝜕

𝜕𝜃k
Uj( ̃𝜽)

p
→ −Pjk(𝜽∗). By a Taylor expansion,

for ̃𝜽 ∈ Θ∗, we have

1
n
𝜕

𝜕𝜃k
Uj( ̃𝜽) =

1
n
𝜕

𝜕𝜃k
Uj(𝜽∗) +

1
n

p∑

l=1

(
̃
𝜃l − 𝜃∗l

)
𝜕

2

𝜕𝜃k𝜕𝜃l
Uj(𝜽†),

where 𝜽† lies between ̃𝜽 and 𝜽∗. The first term on the right-hand side converges in probability
to −Pjk(𝜽∗). Indeed, it can be expressed as the difference of two terms in the following
way:

1
n
𝜕

𝜕𝜃k
Uj(𝜽∗) =

1
n

∞

∫
0

𝜕

𝜕𝜃k
Ψj(t;𝜽∗){dN(t) − 𝛼(t;𝜽∗)Y (t)dt} − 1

n

∞

∫
0

Ψj(t;𝜽∗)hk(t;𝜽∗)𝛼(t;𝜽∗)Y (t)dt.

Using once more the fact that 𝜽∗ is the true parameter, the first term converges to zero in
probability, whereas the second term converges to Pjk(𝜽∗) by condition 1 of Assumption 1.

The proof will be complete if we can show that n−1
p∑

l=1

(
̃
𝜃l − 𝜃∗l

)
𝜕

2

𝜕𝜃k𝜕𝜃l
Uj(𝜽†) is bounded in prob-

ability by K ‖
‖
̃𝜽 − 𝜽∗‖‖ for some constant K not depending on 𝜽. By the Cauchy–Schwarz inequality,

we have

1
n
|
|
|

p∑

l=1

(
̃
𝜃l − 𝜃∗l

)
𝜕

2

𝜕𝜃k𝜕𝜃l
Uj(𝜽†)

|
|
|
≤ ‖

‖
̃𝜽 − 𝜽∗‖‖

√
√
√
√

p∑

l=1

(
1
n

𝜕
2

𝜕𝜃k𝜕𝜃l
Uj(𝜽†)

)2

.

Moreover, by condition 1 of Assumption 1, we get

|
|
|

1
n

𝜕

2

𝜕𝜃k𝜕𝜃l
Uj(𝜽†)

|
|
|
= |

|
|

1
n

∞

∫
0

𝜕

2

𝜕𝜃k𝜕𝜃l
Ψj(t;𝜽†)dN(t) − 1

n

∞

∫
0

𝜕

2

𝜕𝜃k𝜕𝜃l

[
Ψj(t;𝜽†)𝛼(t;𝜽†)

]
Y (t)dt||

|

≤
|
|
|

1
n

∞

∫
0

Gn(t){dN(t) − 𝛼(t;𝜽∗)Y (t)dt}||
|

+ |
|
|

1
n

∞

∫
0

Gn(t)𝛼(t;𝜽∗)Y (t)dt||
|
+ |

|
|

1
n

∞

∫
0

Hn(t)Y (t)dt||
|
,

where the first term converges in probability to zero while the last two terms converge in
probability to a finite constant. This ends the proof of the proposition.

Proof of Proposition 2
Given the contamination scheme under consideration, the influence function can be regarded as
the derivative of S

(
F0,𝜖

X ,F1,𝜖
X

)
with respect to 𝜖, evaluated at 𝜖 = 0. We have

0 =

∞

∫
0

𝚿
(

t;S
(

F0,𝜖
X ,F1,𝜖

X
)) {

dF1,𝜖
X (t) − 𝛼

(
t;S

(
F0,𝜖

X ,F1,𝜖
X

)) [
1 − F0,𝜖

X (t) − F1,𝜖
X (t)

]
dt
}
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= (1 − 𝜖)

∞

∫
0

𝚿
(

t;S
(

F0,𝜖
X ,F0,𝜖

X
))

dF1
X (t) + 𝜖 ̃𝛿𝚿

(
x̃;S

(
F0,𝜖

X ,F0,𝜖
X

))

−

∞

∫
0

𝚿
(

t;S
(

F0,𝜖
X ,F1,𝜖

X
))
𝛼

(
t;S

(
F0,𝜖

X ,F1,𝜖
X

)) [
1 − FX (t) + 𝜖

(
FX (t) − 1{x≥x̃}(t)

)]
dt,

with FX = F0
X + F1

X by definition. Taking derivatives with respect to 𝜖 on both sides, evaluating
them at 𝜖 = 0, and rearranging terms yields

𝜕

𝜕𝜖

S
(

F0,𝜖
X ,F1,𝜖

X
)
|
𝜖=0 = P

(
F0

X ,F
1
X
)−1𝚵(x̃, ̃𝛿;S(F0

X ,F
1
X )),

with

P
(

F0
X ,F

1
X
)
=

∞

∫
0

𝚿
(

t;S
(

F0
X ,F

1
X

))
h
(

t;S
(

F0
X ,F

1
X

))
⊤

𝛼

(
t;S

(
F0

X ,F
1
X

)) [
1 − F0

X (t) − F1
X (t)

]
dt

−

∞

∫
0

∇
𝜽
⊤𝚿

(
t;S

(
F0

X ,F
1
X

)){
dF1

X (t) − 𝛼
(

t;S
(

F0
X ,F

1
X

)) [
1 − F0

X (t) − F1
X (t)

]
dt
}
.

and

𝚵
(

x̃, ̃𝛿;S
(

F0
X ,F

1
X

))
=

⎡
⎢
⎢
⎣

̃
𝛿𝚿

(
x̃;S

(
F0

X ,F
1
X

))
−

x̃

∫
0

𝚿
(

t;S
(

F0
X ,F

1
X

))
𝛼

(
t;S

(
F0

X ,F
1
X

))
dt
⎤
⎥
⎥
⎦

−
⎡
⎢
⎢
⎣

∞

∫
0

𝚿
(

t;S
(

F0
X ,F

1
X

)){
dF1

X (t) − 𝛼
(

t;S
(

F0
X ,F

1
X

))
[1 − FX (t)] dt

}⎤
⎥
⎥
⎦

= ̃
𝛿𝚿

(
x̃;S

(
F0

X ,F
1
X

))
−

x̃

∫
0

𝚿
(

t;S
(

F0
X ,F

1
X

))
𝛼

(
t;S

(
F0

X ,F
1
X

))
dt,

where the last equality follows from the definition of the M-functional. The last statement in
the proposition is a direct consequence of Fisher consistency, using the fact that dF1,𝜽

X (t) =
𝛼(t;𝜽)

[
1 − F0,𝜽

X (t) − F1,𝜽
X (t)

]
dt.

Proof of Lemma 1
The results of Lemma 1 were given in the thorough treatments by Ritov and Wellner (1988) and
Efron and Johnstone (1990), to which we refer the reader for many interesting insights on the role
played by the operators R and L. We briefly sketch their arguments for completeness. Part 1 can
easily be shown with the help of Fubini’s theorem. Indeed,

(R◦L)v(t) = v(t) −

t

∫
0

v(s)𝛼(s)ds − 1
1 − FT(t)

∞

∫
t

v(s)fT(s)ds + 1
1 − FT(t)

∞

∫
t

s

∫
0

v(u)𝛼(u)dufT(s)ds
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= v(t) − 1
1 − FT(t)

t

∫
0

(1 − FT(t)) v(s)𝛼(s)ds − 1
1 − FT(t)

∞

∫
t

(1 − FT(s)) v(s)𝛼(s)ds

+ 1
1 − FT(t)

∞

∫
0

min{1 − FT(u), 1 − FT(t)}v(u)𝛼(u)du

= v(t).

Part 1 can be proved analogously. Parts (c) and (d) follow directly from these two properties,
using the fact that R and L are isometries of L2(F).

Proof of Lemma 2

Define 𝝁(x, 𝛿;𝜽) ∶= 𝛿𝚽(x;𝜽) + (1 − 𝛿)(1 − FT(x;𝜽))−1

∞

∫
x

𝚽(t;𝜽)fT(t;𝜽)dt. Assume first that

‖𝚽(x;𝜽)‖ ≤ c ∀x. Then, for any x, we trivially have ‖𝝁(x, 1;𝜽)‖ = ‖𝚽(x;𝜽)‖ ≤ c and

‖𝝁(x, 0;𝜽)‖ =
‖
‖
‖
‖
‖
‖
‖

1
1 − FT(x;𝜽)

∞

∫
x

𝚽(t;𝜽)fT(t;𝜽)dt
‖
‖
‖
‖
‖
‖
‖

≤
1

1 − FT(x;𝜽)

∞

∫
x

‖𝚽(t;𝜽)‖ fT(t;𝜽)dt

≤ c.

Conversely, suppose that ‖𝝁(x, 𝛿;𝜽)‖ ≤ c ∀(x, 𝛿). Then, in particular, ‖𝝁(x, 1;𝜽)‖ =
‖𝚽(x;𝜽)‖ ≤ c for any x, which completes the proof.

Proof of Proposition 3
We start by rewriting the problem in terms of a function𝚽 ∈ L0

2(FT), satisfying𝚿 = R𝚽. In doing
so, we will suppress 𝜽, which is fixed throughout, from the notation for simplicity. By (9), the
problem consists of minimizing

tr
⎛
⎜
⎜
⎜
⎝
∫

⎡
⎢
⎢
⎣

𝛿𝚽(x) + 1 − 𝛿
1 − FT(x)

∞

∫
x

𝚽(t)fT(t)dt
⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝛿𝚽(x) + 1 − 𝛿
1 − FT(x)

∞

∫
x

𝚽(t)fT(t)dt
⎤
⎥
⎥
⎦

⊤

dFX ,Δ(x, 𝛿)
⎞
⎟
⎟
⎟
⎠

, (A1)

subject to

sup
(x,𝛿)∈R+×{0,1}

‖
‖
‖
‖
‖
‖
‖

𝛿𝚽(x) + 1 − 𝛿
1 − FT(x)

∞

∫
x

𝚽(t)fT(t)dt
‖
‖
‖
‖
‖
‖
‖

≤ c, (A2)
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and

∫

⎡
⎢
⎢
⎣

𝛿𝚽(x) + 1 − 𝛿
1 − FT(x)

∞

∫
x

𝚽(t)fT(t)dt
⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝛿s(x) + 1 − 𝛿
1 − FT(x)

∞

∫
x

s(t)fT(t)dt
⎤
⎥
⎥
⎦

⊤

dFX ,Δ(x, 𝛿) = Ip. (A3)

Our aim is now to rewrite the problem in a simpler way. First, we note that, by Lemma 2, the
constraint (A2) is equivalent to

sup
x∈R+

‖𝚽(x)‖ ≤ c. (A4)

Second, we remark that the minimization of (A1) subject to (A3) is equivalent to the mini-
mization of

∫
𝛿‖𝚽(x) − A [s(x) − a]‖2dFX ,Δ(x, 𝛿)

+
∫
(1 − 𝛿)

‖
‖
‖
‖
‖
‖
‖

1
1 − FT(x)

∞

∫
x

[𝚽(t) − A [s(t) − a]] fT(t)dt
‖
‖
‖
‖
‖
‖
‖

2

dFX ,Δ(x, 𝛿), (A5)

where the matrix A can be chosen in such a way that the constraint (A3) holds. This can be readily
verified by exploiting (A3) and the property that

∫

⎡
⎢
⎢
⎣

𝛿𝚽(x) + 1 − 𝛿
1 − FT(x)

∞

∫
x

𝚽(t)fT(t)dt
⎤
⎥
⎥
⎦

dFX ,Δ(x, 𝛿)

=

∞

∫
0

𝚽(x) [1 − FC(x)] dFT(x) +

∞

∫
0

⎡
⎢
⎢
⎣

1
1 − FT(x)

∞

∫
x

𝚽(t)fT(t)dt
⎤
⎥
⎥
⎦

[1 − FT(x)] dFC(x)

=
∫
𝚽(x)dFT(x)

= 0.

for 𝚽 ∈ L0
2(FT), where we made use of Fubini’s theorem in the second-to-last line. By anal-

ogy with the case of complete information, it is clear that the minimizer of (A5) subject to
(A4) is

𝜱U(x) = Hc (A [s(x) − a]) .

The result given in Proposition 3 now follows directly by applying R to 𝜱U.

Proof of Proposition 4
The proof builds on Proposition 3 as well as on theorem 1 in Stefanski et al. (1986). As in the proof
of Proposition 3, we omit 𝜽 from the notation. We want to show that any "competitor"𝚿 of 𝜳B is
essentially the same as 𝜳B, up to multiplication by a constant matrix. Without loss of generality,
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1532 DELÉAMONT and RONCHETTI

we assume that P𝜳 = Ip, which implies that V𝜳 = Q𝜳 . Note that

Q𝜳 =

∞

∫
0

𝚿(t)𝚿(t)⊤dF1
X (t)

=

∞

∫
0

[
𝚿(t) − P−1

𝜳B
h(t)

] [
𝚿(t) − P−1

𝜳B
h(t)

]
⊤

dF1
X (t) + P−1

𝜳B

∞

∫
0

h(t)𝚿(t)⊤dF1
X (t)

+

∞

∫
0

𝚿(t)h(t)⊤dF1
X (t)P

−⊤
𝜳B
− P−1

𝜳B

∞

∫
0

h(t)h(t)⊤dF1
X (t)P

−⊤
𝜳B
.

Since P𝜳 = Ip, the second and third terms on the right-hand side are equal to P−1
𝜳B

and P−⊤
𝜳B

,
respectively, whereas the fourth term does not depend on𝚿. Therefore, in our optimality problem,
we can equivalently minimize

∞

∫
0

[
𝚿(t) − P−1

𝜳B
h(t)

]
⊤

V−1
𝜳B

[
𝚿(t) − P−1

𝜳B
h(t)

]
dF1

X (t),

with V𝜳B = P−1
𝜳B

Q𝜳B
P−⊤
𝜳B

. In fact, defining 𝛀(t) ∶= V
− 1

2
𝜳B
𝚿(t), our objective in terms of 𝛀 is to

minimize
∞

∫
0

‖
‖
‖
‖
𝛀(t) − V

− 1
2

𝜳B
P−1
𝜳B

h(t)
‖
‖
‖
‖

2
dF1

X (t),

subject to

sup
(x,𝛿)∈R+×{0,1}

‖
‖
‖
‖
‖
‖
‖

𝛿𝛀(x) −
x

∫
0

𝛀(t)𝛼(t)dt
‖
‖
‖
‖
‖
‖
‖

2

≤ c2
.

This problem, stated in terms of 𝛀, can be seen to be equivalent to the unstandardized problem
stated in terms of𝚿, with A = V

− 1
2

𝜳B
P−1
𝜳B

. Hence, it follows from Proposition 3 that the solution for
𝛀 is

𝛀(x) = Hc (A [s(x) − a]) − 1
1 − FT(x)

∞

∫
x

Hc (A [s(t) − a]) fT(t)dt

= A
⎡
⎢
⎢
⎣

[s(x) − a]wc(x) −
1

1 − FT(x)

∞

∫
x

[s(t) − a]wc(t)fT(t)dt
⎤
⎥
⎥
⎦

,
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DELÉAMONT and RONCHETTI 1533

with wc(t) = min
{

1, c||
|
[s(t) − a]⊤A⊤A [s(t) − a]||

|

− 1
2

}

, where A satisfies A⊤A = Q−1
𝜳B

. This implies

that, up to multiplication by a constant matrix, the solution in terms of𝚿 is given by

𝚿(x) = P−1
𝜳B

⎡
⎢
⎢
⎣

[s(x) − a]wc(x) −
1

1 − FT(x)

∞

∫
x

[s(t) − a]wc(t)fT(t)dt
⎤
⎥
⎥
⎦

,

which is what we wanted to show.

Proof of Proposition 5

Letting 𝜩𝜳 SS(x, 𝛿;𝜽) ∶= 𝛿𝜳 SS(x;𝜽) −

x

∫
0

𝜳 SS(t;𝜽)𝛼(t;𝜽)dt, we have

𝛾

2
SS ≥ tr

⎛
⎜
⎜
⎜
⎝

∫

(x,𝛿)∈R+×{0,1}

[
P−1
𝜳 SS
𝜩𝜳 SS(x, 𝛿;𝜽)

]
⊤

V−1
𝜳 SS

[
P−1
𝜳 SS
𝜩𝜳 SS(x, 𝛿;𝜽)

]
dF𝜽X ,Δ(x, 𝛿)

⎞
⎟
⎟
⎟
⎠

= tr
⎛
⎜
⎜
⎜
⎝

V−1
𝜳 SS

P−1
𝜳 SS ∫

(x,𝛿)∈R+×{0,1}

𝜩𝜳 SS(x, 𝛿;𝜽)𝜩𝜳 SS (x, 𝛿;𝜽)
⊤dF𝜽X ,Δ(x, 𝛿)P

−⊤
𝜳 SS

⎞
⎟
⎟
⎟
⎠

= tr
⎛
⎜
⎜
⎝

V−1
𝜳 SS

P−1
𝜳 SS

∞

∫
0

𝜳 SS(x;𝜽)𝜳 SS(x;𝜽)⊤dF1,𝜽
X (x)P−⊤

𝜳 SS

⎞
⎟
⎟
⎠

= tr
(

V−1
𝜳 SS

V𝜳 SS

)

= p.
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