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Introduction

During my quest throngh the treasureland of mathematics, I have had the oppor-
tunity to discover some of the many beauties of the subject. Unfortunately (or
fortunately 7) it is impossible for me to have an overall picture. Nevertheless,
the present work ig an opportunity for me to share my passion lor mathematics.
Many different topics are studied, bowever, in my opinion, only in a too superficial
manner.

This thesis is concerned with K-theories and is essentially subdivided into two
parts. The first one deals with algebraic topology, or more precisely with the
positive cone in topological K-theory of spaces. The second is concerned with
analytic K-theory of operator algehras, and more precisely with the Banm-Connes
conjecture and related topics, such as group algebras, group C*-algehras, assembly
maps, Hochsehild and cyclic homology, and algehraic K-theory.

Historical account of the thesis

At the origin of this work, is the following question posed hy G. A. Elliott in a
seminar at Oherwolfach in April 1996: “What is the positive cone in the K-theory
of the spheres §* and 8% (and more generally of the even dimensional spheres) 7
He was motivated by his classification of unital C*-algebras of type AF hy means of
K -theoretical invariants, namely the K-theory, the positive cone and the K-theory
class [1} of the unit. My co-advisor Alain Valette was in the audience and has
transmitted this question to my advisor Ueli Suter and me. Within a couple of
days, U. Suter was able to compute the positive cone in the K-theory of all even
dimensional spheres. Let us now explain what is the positive cone in the K-theory
of a compact space X, say a connected finite CW-complex. First, the K-theory
of X is by definition the abelian group K(X) := G(Vect(X)), where Vect(X)
is the ahelian semi-group of isomorphism classes of finite dimensional complex
vector bundles over X, and G(—) is the Grothendieck construction (also called
the group completion). The positive cone K(X) is the image of the canonical
homomorphism of semi-groups 8 : Vect{X) — K(X). It is therefore a sub-
semi-group of K(X), verifying the equality K (X) — K (X) = K(X). If K. (X)
satisfies the property K4 (X)N(— K4+(X)) = {0} (this condition cannot be fulfilled

v
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if K(X) has torsion, but holds for X = §%" | as we will see), then K (X) defines
a translation-invariant partial ordering on K (X), by requiring

E<n & n-teKi(X).

The problem posed by Elliott is to compute K (X'} explicitly as a sub-semi-group
of K(X) for particular compact spaces, such as spheres. After the celebrated
computations of Bott, it is well-known that K(5§%") = Z @ K(S™) = Z? for any
n 2> 1. In this sense, the K-theory itself does not suffice to distinguish between the
different spheres. However, it turns out that the positive cones are non-isomorphic
(as monoids) and easily allow to make the distinction. The picture is as follows:

zZ
!
I R(5™)

(with the first “complete row” at height n).

In October 1996, after I had attended his 1995-1996 course on topological K-
theory, my advisor Ueli Suter asked me to pass from the subject of my 1994-1995
diploma work, namely the global structure of compact Lie gronps, to topological
K-theory and homotopy theory. More precisely, be proposed to establish general
properties of the positive cone, to compute it for some products of spberes, and
to use characteristic classes of vector bundles to detect non-zero elements in the
homotopy gronps of the Grassmannians BU(n), i.e. the classifying space of the
unitary gronp U(n). Let ns make the latter idea explicit. Let f: §2m+3-1 4 X
be a continuous map, with values in a finite CW-complex X of dimension < 2m+1,
where { > 2. Consider the cone Y = Cy = X Uy e*™ ¥ of the map f, and i the
inclusion of X in Y. Let £ € K9(X) = [X, BU] denote a virtual vector bundle
over X . For well-known dimensicnal reasous, £ can be considered as (the homotopy
class of) a continuous map X —» BU(m). One has K(Y) = K(X)®Z -z, where
z is the Bott generator of K(Sz""“ﬂ) Z. Consider the diagram

S2m+2!—1
§of
|
x —* . Bu(m)
l RNa .7 |
1 tm
Y.--‘ £+ kx BU
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that commutes up to homotopy, where k € Z is a parameter. By basic homotopy
theory, an extension o« of £ exists il and only if the compose map £ o f represents
the trivial element in the group mam421-1(BU(m)) . Il such an o exists, then there
exists a unique k € Z such that i, 00 = £ +ka € K(Y). Then, the existence of o
amounts to saying that the geometric dimension g—dim(¢€ + kz) of £ + Az is < m.
Characteristic classes (such as Chern classes and «v-operations) allow to give lower
bounds for the geometric dimension of a given virtual vector bundle. This explains
how this program proposes to detect the non-triviality of £o f in map, 011 (BU(m)).
A more subtle question is: Can one detect by the same method the precise order
o(£ o f) ol £o f in this group ? The answer iz yes:

o(€ o f) = min{n € N\ {0} | 3k € Z such that g—dim(n¢ + kz) < m}.

(Here, we have implicitly used the well-known fact that the groups w41 (BU(5))
are all finite.) Consequently, this program consists in choosing appropriate X,
f € momya—1(X) and £ € K{X), and then hope to get precise information on the
geometric dimension of the virtual vector bundles n¢ + kz € K(Y) by means of
Chern classes and/or y-operations. OI course, the aim is to have o(£ o f) as large
as possible.

A few positive results have been obtained in this direction. We have decided to
include only one of them in this text (by [ar the most interesting one); it is stated
as theorem 2.6.4 in chapter 2. 1t predicts for 2 < 2k < m — 1 and any s such that
m < ¢ < m+2k—1, an explicit non-zero element in g, (4x—1(BU(s)), whose
order is given by

denom (%}) , il k is even

denom (%}) or £ denom (%5) , ik is odd,

where Bj denotes the k-th Bernoulli number (we could not completely settle the
case where k is odd). For example, when k = 6 and m = s = 13, this defines
an element of order 65520 in m49(BU(13)). Chronologically speaking, this result
is my first one in this thesis (hence the particular atiention I pay to it in this
introduction). The first part of this thesis, i.e. chapters 1, 2 and 3, are concerned
with this kind of preblems, in other words, the subject is algebraic topology.

During summer 1997, Hela Bettaieb, at that time PhD student of Alain Valette,
asked me many questions about compact surfaces and integral homology, and more
precisely the second integral bomology group of a group. She was motivated by
the Baum-Connes conjecture. She woke up my curiosity and [ asked her to explain
me what this “lamous conjecture” was about. After 1 bad quickly read a hook
about the K-theory of C*-algebras (I did not know belore what a C*-algebra was),
she succeeded in this difficult task. The statement of the conjecture is that given
a countable discrete group I', the analytic K-theory of its reduced C*-algebra,
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denoted by K,(C?T), is isomorphic to a greup of topological (and geometrical)
nature associated to T', and denoted hy K2°(T"). More precisely, there is a map

oL s KEP(T) — KL (CIT),

called the analytic assemhly map (or the Baum-Connes assembly map, or the I'-
index map}, and it is conjectured that precisely this map realizes the isomorphism.
My interest for this conjecture grew in such proportions that half of this thesis is
concerned with it and with snrrounding suhjects.

Let me now descrihe the contents of the different chapters.
Organization of the chapters and appendices

Chapter 1 is a joint work with Ueli Suter. Besides his computation of the positive
cone of spheres, it contains onr calculation of the positive cone of the products
of an odd-dimensional sphere hy a sphere, products of the 2-sphere by a sphere
and of the prodncts §4 x 8§, §* x 8%, §% x $® and $® x §%. This chapter also
inclndes general properiies of the positive cone and of approximations of it, namely
the c-cone (based on Chern classes) and the y-cone (based on -y-operations). For
torsion-free spaces, i.e. spaces withont torsion in their integrat homology, the three
notions of cones coincide. In chapter 2, we compute the e-cone of CW-complexes
with two cells, and also the positive cone in particunlar cases.

In chapter 3, we compute, by means of the Atiyah-Hirzebrnch spectral sequence, K-
theory {resp. K-homology) of low-dimensional spaces in terms of integral homology
(resp. cobomology). As an application, for any connected CW-complex X, we
define natural maps

B Hi(X:Z) — K;(X) (0<5<2),

where K is the 2-periodic X-homology with compact supports. The three maps
are rationally injective, since we prove that, after tensoring with @, they are right
inverses of the usual Chern character in K-homology. Finally, we prove that g
is a split-injection, that 8% is injective, and we show by an example that 8§ is
generally not injective. We also establish injectivity of 8% if I' has its reduced
integral homology concentrated in even degree, except possibly for H, and Hj, as
for example if there is a model for the classifying space BT that is a CW-complex of
dimension < 4.The resnlts about B;‘{ and BQX are also of interest in the framework
of the K-theory of group C*-algebras and more precisely of the Baum-Connes
conjecture, as we will soon explain.

Chapter 4 is devoted to giving a short introduction and a snperficial overall picture
of the conjecture. In particular, we define K:P(T), with some details, as the I-
equivariant K-homology with compact snpparts of the universal example for proper
T'-spaces:

KiP(I') := RKI(ETL).
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Since we will only work with K-homology with compact supports, from now on, we
write KT{ET) in place of RKL(ET). In the same chapter, we also quote families
of groups for which the conjecture is known to hold.

To describe chapter 5, we let FT' be the C-module freely generated by the set of
torsion elements in the group I', with the action of I" by conjugation. Among other
things, Hela Bettaich has made me acquainted with “Alain Valette's program"”,
namely to use the isomorphism

chf ® Idc : KT{ET) ® C = H.(T; FT)

given by the delocalized equivariant Chern character chl of Baum and Connes,
and to describe explicitly the composition p! o (¢hl @ Jd¢)™!, in order to study
the rational injectivity of ul . As a first step in this direction, in her thesis, Hela
Bettaieb has defined maps

oo — gMiee . gD, Z) — KG(BD)  (0<5<2).

{She denotes them by 5 ; the subscript “¢” stands for “topological’, and the expo-
nent “loc” for “localized™) In chapter 5, after identifying the integral homologies
of " and of BT', we prove that

(i _ gBT (0<j <2).

She has also defined explicit maps
Bt = pibiec: Hy(Iy Z) — KG(GT) (05 <2)

(that she denctes by 8,, with the subscript “a” standing for “analytical”), such
that the diagram

l‘
K;j(BI') — KJ(ET) —~ K;(C;T)

ﬁloc
H(T; Z)

commutes, for § = 0, 1 and 2. Here, the map K;(BI') — Kf(_E_I‘_) is the canonical
map; as is well-known, it i3 rationally injective, and for torsion-free gronps, it is
even an isomorphism (see chapter 4). Motivated by these results, Alain Valetie
has posed the following problem: Can one “delocalize” the above constrnctions, in
other words, can one define “topological” maps

Be =6 Hy(T; FT) — KT (ED @ C
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and “analytical” maps
B = B : Hy(T; FT) — K;(CIT) ®C,
such that the diagram

1 ® Idc

K (ED)®C
Blee @ Ide

K{CT) ®C
B

H;(T; ©) <% H,(T; FT)

commautes, for 7 = 0, 1 and 2. (The injection i, is induced by the inclusion
i: C < FI', A > X-e of T-modules}. This amounts to trying to express
the rational Banm-Connes assembly map in ‘low homological degrees”. We have
succeeded in constructing these maps. This is a joint work with H. Bettaieb (for
4 = 0), and it is the content of chapter 5. An important feature of our construction
of the maps 8 and 3, is that we need a “classifying family” of groups for H;(I'; FT},
that is a family of groups {G;}ier (indexed by a certain set [) such that for any
group I', any homology class in H;(T'; FT'} arises from a “fundamental class” in
H;{G;, FG;), for a certain G;, throngh a homomorphism G; — T'. In the three
considered cases, the “classifying family” is given hy

for 3 =0: {Z/n}nzl
forj=1: {ZxZ/n}u>
fO'[‘j =2: {Fg X Z/‘n}g’n21 ,

where I'y is the fundamental group of a closed oriented surface of genus g.

In chapter 6, we generalize the construction of the map 3, out of 31°¢, by establish-
ing a “delocalization property” for the Baum-Connes assembly map ul . More pre-
cisely, we show bow one can glue together simpler assembly maps, namely Novikov
assembly inaps associated toa centralizers of torsion elements in T, to build wl.
Thbe name “delocalization” comes from the fact, explained in chapter 4, tbat the
Novikov assembly map can be considered as the Baum-Connes assembly map lo-
calized at the identity e of T'. The main idea to perform this gluing is to use the
spectral projectors, in the complex group algebra CI, associated to the finite order
elements in I".

It turns out that the statement of the delocalization property makes sense for
assembly maps in other areas than the K-theory of group C*-algebras. In chapter 7,
we discuss Hochschild homology and cyclic homology of group algebras, and recall
the corresponding assembly maps. We then establish the delocalization property
for these maps. As an application of the delocalization in Hochschild homology, by
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delocalizing a known assembly map in algebraic K-theory, we prove the following
theorem:

1 Theorem. Let I' be a discrete group, and let Zp be the ring extension of the
integers by the set
erri/n
=

Let R be a ring such that Zr C R C C. Then there is an injective assembly map

dv € I of order n} .

H.(T; FT) o K®M(RD) @ C,
where K2 (RT) is the algebraic K-theory “4 la Quillen” of the group ring RT".

In chapter 8, a joint work with Hervé Oyono-Oyono, we prove that for0<5<2,
the map B9 H;(T; Z) — K;(C;T) factorizes through a map

H;(T; Z) — KJ(Z0)/ 8, ,

where Ag and A, are the trivial subgroup of Kg’I 9(ZT) and K(ZT) respectively,
and .
Ag:={{7,v}reT)

is the subgroup of Kza’g (ZI') generated by the Steinberg symbals {7, v}. This
answers a question posed by Nigel Higson and Pierre Julg. By delocalizing this
result, we deduce that, for 0 < 7 < 2, the map AY : H;(I; FT) — K;(C:T) & C
factorizes through a map

Hj(T; FT) — K{¥(ZrT) @ C,

Denoting by T2 the 2-torus, the proof is a lengthy computation showing that the
Bott generator in Kp(C?Z2) = KO(T?) coincides with the image in K(C?Z?) of
the Steinberg symbol {a, b} € Kg!g (Z[Z?]), where a and b denote the prescribed
generators of Z2, viewed as classes in K™9(Z[Z?]).

Together with the results of chapter 3, this allows to prove the following two the-
arems.

2 Theorem. Let U is a countable discrete group, and let A be a ring such that
ZI' C A € CIT. IfT is torsion-free and the Baum-Connes assembly map ub s
injective, then the maps

Hy(T; Z) — K'9(A)/A; and H;(T; Z) — K;(CiT)
are injective in the following two cases:

i} For j =0 and 1, without further assumption onT'.



xii INTRODUCTION

ii) For j =2, ifT has its reduced integral homology concentrated in even degree,
except possibly for Hy and H3, as for example if there is a model for the
classifying space BT that is a CW-complex of dimension < 4.

The second of these theorems is a delocalized version of the first one.

3 Theorem. Let I' is a countable discrete group, and let A be a ring such that
ZrT' C A C C:T. If the Baum-Connes assembly map pl is rationally injective,
then the map

H;(T; FT) — K}¥(A)®C

is injective, for =0, 1 and 2.

In the final chapter, namely chapter 9, we prove that the product structures in
algebraic and in analytic K-theory of a unital Banach algebra are compatible in
total degree < 2. This is an application of the computations performed in chapter
8, and it answers by the positive an open question of John Milnor in his famous
book [75].

In appendix A, we define six notions of cone related to K-theory tensored by Q.

‘We prove that four of them coincide and that the other two give an upper and a
lower bound. More precisely, the final resnlt reads:

KY(X) € KQ(X) = KX(X) = K}(X) = K4 (jx; Q) € K4(X5 Q)

(see this appendix for the definition of these objects). In appendix B, we review
the Grothendieck construction of semi-groups and semi-rings, and define (in an
obvious way) a notion of tensor product of semi-modules over semi-rings. One of
the main results says that if R, § and T are three semi-rings, M is an (R, S)-semi-
bimodule, and N is an {§, T')-semi-bimodule, then there is a canonical isomorphism
of (G{(R), 6(T}}-bimodnles

G(M & N) =5 G(M) ®g(s) G(N).
This is useful in appendix A, where we set
K(X, Q) i=G(Vect(X)@n Q),
and then deduce that there are canonical isomorphisms

KX, Q)2 K(X)®z02Qa K(X; Q).

In appendix C, we study the Moore-Postnikov tower of the canonical fibration
BSU(3) — BSU(5) to re-prove that the positive cone of §® x S8 coincides with
its c-cone. This compntation is performed by means of the Leray-Serre spectral
sequence, and, being extremely lengthy, we have decided to include it as an ap-
pendix. The first proof of this result for §% x §%, contained in chapter 1, is based



on deep result on higher homotopy groups of spheres. The second proof is inde-
pendent of this kind of results. We also compute the c-cone of the quaternionic
projective space HIP® , and as an application of this long calenlation, we give some
precise piece of information on its pogitive cone.

In appendix D, we discuss briefly the connection between the lifting problem related
to the compntation of the geometric dimension of a stable class of vector bundles,
and the first obstruction from homotopy theory.

Finally, in appendix E, we give a second proof of the injectivity of the map B con-
sidered in chapter 3. It is based on homology approximations of simply-connected
CW-complexes and on the universal coefficient theorem for K-bomology. The map
B is also shortly considered.
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Chapter 1

The positive cone of spheres and
some products of spheres

Motivated by Elliott’s K-theoretic classification of C*-algebras of type AF, we
compute the positive cone of the K.theory of some spaces. These include the
spheres, products of an odd-dimensional sphere by a sphere, products of the 2-
sphere by a sphere and of the products §4 x §*, §* x %, §% x 5% and S% x S8,
This amounts to compute the geometric dimension of stable classes of complex
vector bundles over these spaces. We establisb a few general properties of the
positive cone and of approximations of it, the v-cone and the c-cone. We also
get information on the Whitehead product structure in the homotopy groups of
BU(n). Moreover, we prove a “doubling formnla” for Stirling numbers of the second
kind. This chapter is a joint work with Ueli Suter.

1.1 Introduction

Let G(5) be the Grothendieck group completion of an abelian semigroup 5, and
let 8 : § -—— G(5) be the corresponding nniversal homomorphism. The iinage of 8,
denoted by G, (S}, is a sub-semigroup of G(S). It induces a translation invariant
order on G(8); the elements of G4 (S) are called positive and G (5) is called the
positive cone (see |41], {15]}. The pair (G(S), G+(S)) is an isomorphism invariant
for §, and a basic question is: To what extend does this invariant characterize the
semigronp S 7

The above notions are of interest in connection with the classification problem
of C*-algebras. For a unital C*-algebra A, let § = V(A) be the semigroup of
equivalence classes of projectors in the matrix algebra M, (A4). The K-theory of
A, denoted by Kp(A) or K{A), iz by definition the group G(V(A)). The positive

1
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cone in K-theory is G (V(A)) and it is denoted by K (A). In [41], Elliott bas
put forward a program to classify a large class of unital C*-algebras by invariants
of K-theoretic nature, such as K(A4), K (A), [1] (the K-theory class of the unit}),
etc. (see also [15]). For a compact space X | the algebra of continnous complex
valued functions C(X) is a unital C*-algebra and its K-theory coincides with the
topological K-theory KO(X) of the space X {according to the Swan-Serre theorem).
In view of Elliott’s program and to shed light on various conjectures, it is of great
interest to determine for such spaces the pesitive cone K (X) = G (V(C(X))).

The problem of computing the positive cone of some spaces and in particular of
spheres has been communicated to us by Alain Valette, after a question asked by
G. A. Elliott in Oberwolfach.

This chapter is organized as follows. In section 1.2, we recall the basic lacts from
topological K-theory needed in the sequel. Among other things, we review -
operations. The computation of these operations for even-dimensional spheres puts
Stirling numbers of the second kind on stage. In section 1.3, we define what we call
the +y-cone and the c-cone (the latter is defined in terms of Chern classes), and we
explain in what sense they are approximations of the positive cone. We illustrate
hy examples that the three notions of cones are different in general, although the
v-cone and the ¢-cone coincide for torsion-free spaces.

In secticn 1.4, we compnte the positive cones of the spheres, by using some standard
homotopy theory. Section 1.5 is devoted to the naturality properties of the three
cones. The positive cone of the prodncts S™ x §2™~1 is compnted in section 1.6.
The ~-cone of the products §2" x §2™ is gasily calculated in section 1.7 by means
of Chern classes. In that section, we also compnte the positive cone of §2 x §2°.

The Whitehead product structure on the homotopy of tbe classifying space BU(n)
is closely related to the problem of determining tbe positive cone of the product of
two even-dimensional spheres, as is explained in section 1.8, This allows us to im-
prove slightly a result of Bott on this strncture, and gives some precise information
on the positive cone of such a product of spheres.

In section 1.9, we perform the computation of the positive cones of $4x S84, §4x 5%,
5% x 5% and of 8% x §8. This is achieved by nsing some well-known results on the
homotopy groups of the unitary groups. In section 1.10, we show that for spaces
“with only one high-dimensional cell” the y-cone is “blind” in some sense to be
made precise there.

Section 1.11 is devoted to explicitly compute the y-operations for the products
8§27 x §?™_ As a consequence of these caleulations, we establish a “doubling-
formula” for Stirling numbers of the second kind. Moreover, we are led to conjecture
that the same farmmnla holds for Stirling numbers of the first kind. (It bas now been
proved by Al Lundell.)
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1.2 Preliminaries

We start by reviewing some topological K-theory. Our basic references are the
books by Atiyah [4] and by Husemoller [54].

Let X be a connected finite CW-complex. (We assume all spaces and maps to be
pointed.) For n > 0, let Vecin(X) be the set of isororphism classes of complex
n-plane vector bundles over X , and Vect(X) their digjoint union. There are well-
known bijections

Vect,(X) = [X, BU(n)] (n20)

where BU(n) is the classifying space of the unitary group U(n) and [., .] stands
for the set of homotopy classes of maps. For an n-plane vector bundle £ over X,
ie. € € Vecty(X), we write tk(£) = n (the rank of £). The direct sum (also
called Whitney sum) and the tensor prodnct of vector bundles endow Vect(X)
with a semiring structure. The K-theory of X is the ring K(X), also denoted
by K9(X), obtained by applying the Grothendieck construction to Vect(X), i.e.
K(X) = G(Vect(X)). An element of K(X) is sometimes called a virfual vector
bundle. There is a ring isomorphism

K{X)=[X, Z x BU],

where BU is the infinite Grassmannian, i.e. the direct limit of the classifying
spaces BU(n). We identify both rings fron1 now on. There is a canonical splitting
K(X) = Z& {X, BU] = Z® K(X), where K(X) = K9(X) is the subring of
stable classes of vector bundles, and n € N= {0, 1, 2, ...} is represented by the n-
dimensional trivial vector bundle. Clearly, the Grothendieck cgnstmction gives rise
to maps 8 : Vect(X) — K(X) and 8, : Vect (X) — n x K(X) (by restriction
of 6).

1.2.1 Definition. i) The positive cone of X , denoted by K4 (X}, is the image
of #. An element £ € K(X) is called positive If it fies in the positive cone.

ii} The geometric dimension of a class x € K(X), denoted by g~dim(z), is
the smallest integer n such that (n, x) lies in the image of 8, , 1.e. the least
integer n such that the stable class x is represented by an n-dimensional
vector bundle.

Since # is a semiring homomeorphism, it is clear that K4.(X) is a sub-semiring of
K(X). Notice that it is equivalent to determine the positive cone or the map
g—dim : K(X) — Z; in fact, we have

K4(X)={(n, z) € Z8 K(X)|n > g—dim(z)}.

Let us also notice that an element z € K {X), considered as a bomotopy class
of maps X — BU, has geometric dimension < n if and enly if = has a lifting
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z,: X — BU(n),ie.
BU(n)

Tn . ,
in inox, =2

* BU

X

{Here, we identify maps with the homotopy class they represent.} Recall that i, is
a fibration with fiber U/U(n), where U = li_r.n U(n) is the infinite unitary gronp

(and BU is really its classifying space).
The image of 8, is equal to the image of the composition
(X, BUM) &5 (X, BU) o n x [X, BU], y— (n, (in)a(3))-
We write K*(X) = K°(X) @ K*(X), where the K'-group is defined by
NX):= X, U].

For a pair of connected finite CW-complexes (X, Y'), there is the famous six-term
exact sequence:

K%(X/Y) Ko(X) K°(Y)
KWY)—  kx) —L kxgy)

where i : Y < X is the inclusion and ¢ : X — X/Y is the quotient map.

The n-th exterior power operation for complex vector spaces induces an operation
on vector bundles denoted by £ — A€, and endows K (X) with a natural A-ring
structure. For £ € K(X), one defines

=) "(A"8) - " € K(X)((#}]
n>0
(the latter being the ring of formal power series with coeficients in K(X)).

The function A; is exponential, i.e. A(€+n) = A(£) - M{n). Associated to the
A-operations are the y-operations or Grothendieck operations ~™(£), which are
defined by their generating series as follows:

D oAMEY -t = (€)= Ai-e(8).

n>0

In particular, 4°(€) = 1 and 4'(€) = £. Again, the function 7, is exponential,
which implies that
&+ Z 7(

k=0
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The importance of the vy-operations in onr context is illustrated hy the following
fact (see [4], prop. 3.1.1):

Let z € K(X); if g—dim(z) < n, then v*(z) = 0 for k > n.

(Assume that (n, z) € Z& K (X) is represented by an n-dimensional vector bundle
£. Then A;(£) is a polynomial of degree n in s. By the exponential property,
AlE) = (1) - Ag() = (14 8)™ - As(zr). Letting s = ¢t/{1 ~ t), we see that
W{x) = Agpi—elz) = (1 — )" Ay /1-4(€) is a polynomial of degree < nint.)

The representable K-theory of BU(n), i.e. [BU(n), Z x BU], is given by
K(BU(n)) =2, ..., 7]

where 75 = +*(p,) for 1 < k < n, §, being the stable class represented by the
universal n-plane bundle g, over BU(n). Note that v*{5,) = 0 for all & > n, and
that the homomerphism 5*, induced by j : BU(n) — BU(n + 1) in K-theory,
maps fpig to pn forany [ > 0.

For a complex vector bundle £ over X the n-th Chern class ¢, (£) is a 2n-dimensional
integral cohomology class of X , ie. ¢,(£) € H*™(X; Z). One has co(£) = 1 for
any £. The element c(£) = 3, cn(£) € H*(X; Z), called the total Chern class,
is exponential, i.e. it satisfies

e(€+n) = c(£) -e(n).

The basic properties of Chern classes (see [54]) imply the following facts:

i} Two stably equivalent bundles over X have the same Chern classes. Hence,
for an element = € K(X), the Chern class ¢, (z) € H**(X; Z) is well-defined.

ii) ¥ n > rk(£), then c,(§) = 0.
iii) Letx € I?(X}; if g—dim(X)} < n then ¢p{z) =0for k > n.

Let us also formally define the polynomial
ce(t) =D _eall) - 1" € H'(X; T)lt],

>0
which, by ii) above, indeed is a polynomial. It is also exponential.
A central feature of Chern classes is that the cohomology ring of BU(n) is given
by
H*(BU(n), Z) =Z[, ... , &),
where €, = cx(fn) for 1 < k < n. Mareover, cx(pn) = 0 for any & > n. On the

combinatorial point of view, for any n > 0, the Grassmannians BU(n) and BU
admit CW-decompositions with the same (2n + 1)-skeleton, in other words, such
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that BU (n)#7+1] = ByRn+1l | (This can be proved by adapting section 6 of [76]
to the complex case.)

The Chern character ch is a multiplicative natural transformation from K-theory
to rational cohomology

ch: K(X) — H®(X; Q) = PHYM(X; Q), £+ ch(g) = Y choy(8)

920 g20
where chyg(€) € H?9(X; Q) (X being a connected finite CW-complex). It relates
y-operations and Chern classes as given in the following well-known proposition.
Before stating it, we introduce somne notation. For z € K(X), we let &;(z) be the
image of c;(z) under the coefficient homomorphism H%(X; Z) — H¥(X; Q),
and let I {(Zy, ..., &) be the ideal in H*(X; Q) generated by ¢i(z), ..., Eu(z),
where 2 € K(X) and n > k.

1.2.2 Propaosition. Let X be a connected finite CW-complex of dimension < 2n,
z € K(X), and k < n. One then has

ch(v*(2)) = &(a) + Peya(@&(2). .- , @n(a)),

where Py, is a polynomial in & (%) ,... ,&(zx) contained in the ideal

q2k+1

In particular,
ch{+™(x)) = tu(z) € H™(X; Q).

Proof. Since for a line bundle 7 = 1 +y one has ch(y(y)) = 1+ (W ~ 1} -t in
Her{X; Q)[[t]), the result follows readily for the Whitney sum of n universal line
bundles over CP* x ... x CP™ (n factors) and hence for any element x represented
by a Whitney sumn of line bundles. The general case is obtained by invoking the
sphitting principle. a

(Proposition 1.2.2 shows that ¥*(z) is of filtration > k, in the terminology of [5].)

Recall that a finite CW-complex is called torsion-free if its integral homolagy (or
equivalently integral cohomology) cantains no torsion. The Chern classes give some
“sharp information” on the geometric dimension, as the next fundamental theorem
shows.

1.2.3 Theorem. Let X be a connected finite CW-complex of dimension < 2n,
and z € K(X). Then

g—dim(z) < n <= cu(z) =10.

If moreover X is torsion-free, then this is also equivalent to v™(z) = 0.
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Proof. If g—dim(z) < n, as already mentioned, ¢,(z) = 0. The converse is a
consequence of theorem 41.5 on page 210 of [100] (the Chern classes of a vector
bundle are the same as the Chern classes of the associated spherical bundle as
defined in [100]). The last statement follows from proposition 1.2.2 and injectivity
of the Chern character for a torsion-free X . O

Let us recall the K-theory of the spheres:

K™ eZgZ KOSz
K'(8%) =0 Kl(§) =7,

(For technical reasons, we will always implicitly exclude the O-sphere.) The multi-
plicative structure on K(S2") = Z- z, is given by z3, = 0. The y-operations and
the Chern classes are as given in the next proposition.

1.2.4 Proposition. Let zo, be a generator of K (§%%) = Z. Then

i) Y*(zan) = (=1)* Yk — 1)! §(n, k) - 20, where S(n, k) is a Stirling number
of the second kind.

i) en{zan) = (=1)"}(n — 1)! - ap,, where ay, is a suitable generator of the
cohomology group H(§™, Z) & Z

Proof. It is well-known that M (zg,) = (=1)¥*1k"~1. 2, , for k > 1 (see propo-
sition 2.5 and theorem 11.2 in chapter 13 of [54]). We thns get

Wo(@an) = Mjroe(an) = 1+ | D (DR —6)7F | - 29
k>1

ZZ k+J( )kn -1 tk+,:)  Ton

k>1 3§20

Sren ()5 ) o

o
e
(58 nk(’:)’;—“)-tm)-xzn
(

=14+ | Y ()™ m—1)8(n, m) ¢ | - 220,
mz>1

since S(n, m) = Z(—l)m E(TZ)— {see (6.19) on page 251 of [47]}, hence the
k=1
first formula. (The equality (*) is obtained by snbstitnting m =%k +3.)



8  Chapter 1. The positive cone of spheres and some products of spheres

The secand formula follows from theorem 9.6 and corollary 9.8 (and its proof) in
chapter 20 of |54]. o

Let us finally state a lemma relating 4-operations and Chern classes. We will need

it later on.

1.2.5 Lemma. LetY be a connected CW-complex (possibly infinite). Then, for
an element x € K(Y} = [Y, BUJ, one has

en(Y™(z)) = (—1)"}n — lea(z) € HY; Z).
Proof. Let i : BU{rn — 1} — BU be the cancnical map and
i HYBU; Z) = Z[¢1, ¢, -. .| — Zf&1, ... , Cna| = H*(BU(n - 1); E)

the induced wap. Since (%) € Ker( YN H™BU;Z) = Z ¢, there exists
an integer g, such that c,(¥") = g, - &, . Recalling that S(n, n) = 1, an easy
computation (based on proposition 1.2.4) for the sphere §%" shows that one has
gn = (=171 (n — 1)!, as claimed. (]

1.3 The y-cone and the c-cone

In general, the problem of computing the geometric dimension of vector bundles
is very cownplicated, as is any general lifting problem in homotopy theory. So, the
same is true for the positive cone. That is why we now introduce what we call the
v-cone and the c-cone. They are supposed to be easier to compute and might be
good approximations of the positive cone. As we will see, these two cones coincide
for torsion-free spaces.

1.3.1 Definition. i) The vy-cone of X is defined by
Ky (X):={(n,z) €Z @ K(X)|7*(z) =0 for all k>n}.

The ~-dimension of a class = € K(X), denoted by y—dim(z), is the least
integer n such that v*(z} = 0 for all k > n, in other words, it is the degree
(in the variable t} of the polynomial 1 (z) .

ii} The e-cone of X is defined by
Ke(X) :={(n, ) € Z&d K(X)|ce(z) =0 for all k > n}.

The c-dimension of a class ¢ € K(X), denoted by c—dim(z), is the least
integer n such that ex(z) = 0 for all k > n, in other words, it is the degree
(in the variable t} of the polynomial c,(t} .
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Let us point out that the “lower boundary” of the positive cone K4(X}, as a
suhset of Z® K (X}, coincides with the graph of the geometric dimension function
g—dim : K(X) — Z (the positive elements consisting exactly of the houndary
and the points located ahove it). The analogous statements hold for the -y-cone
and the e-cone with respect to the corresponding dimension function.

The following resnlts on these objects follow readily from onr preliminaries on
K-theory.

1.3.2 Proposition. Let X be a connected finite CW-complex. Then

i) g—dim(z) € dim(X)/2 for any z € K(X);
ii) v—dim({z) < g—dim(z) for any z € K(X);
i) Ki(X) C Ky(X);

iv) c—dim(z) < g—dim(z) for any z € K(X);

v) Ki(X) C Ke(X).

This proposition shows that the -y-cone and the c-cone are approximations of the
positive cone, more precisely, that they counstitnte npper bounds of the latter.

[t turns out that the -y-cone and the e-cone coincide for torsion-free spaces, i.e.
those spaces having no torsion in their integral cohomology.

1.3.3 Proposition. Let X be a connected finite CW-complex. If X is torsion-free,
then
Ky (X) = Ko(X).

Proof. The result follows immediately from proposition 1.2.2 and injectivity of
the Chern character for a torsion-free X. O

1.3.4 Remark. It is also possible to define the notions of €-cone and of -dimension
hased on the rational Chern elasses &, . However, a direct application of proposi-
tion 1.2.2 and of the definitions shows that for any connected finite CW-complex,
the £-cone is a coarser approximation of the positive cone than the y-cone and the
c-cone, in other words the y-cone and the c-cone are always contained in the é-eone
(and they all coineide for torsion-free spaces). However, the c-cone might generally
be the simplest to compute.

It is worth mentioning that there is no general comparison statement for the +-
cone and the c-cone, ji.e. there are spaces with torsion for which the ~-cone is
not contamed in the e-cone, and spaces with torsion for which the c-cone is not
contained in the ~y-cone. Moreover, there exist spaces for which the -y-cone and the
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c-cone strictly contain the positive cone (the product $* x §4 is such an example
as we will later see). We now illustrate the situation by three examples.

Examples.

i) Let 7 : BSU(3) — BU(3) be the map induced by the inclusion of the
special unitary group SU(3) in U(3). Then the composition map

BSU(3) -5 BU@3) 2 BU

lifts to a map f: BSU(3) — BSU . Cousider W the homotopy fiber of f.
It enters iu a pull-back diagram

SU ——— 38U
1 1
W PBSU
| ]
BSU(3) BSU

where SU ~ QBSU «—» PBSU — BSU is the path-loop fibration of BSU .
The Leray-Serre spectral sequence in cobomology for this fibratiou is well-
known and maps via f* to the corresponding spectral sequence for the fibra-
tion 7. By lemmna 1.2.5, one bas

1 (&) = 3" o F3(ea(P)) = ca(Fa} = 2G5

Similarly, f*(€2) = ¢2(73), which is easily seen to vanish. For the cobomology
of W in degree < 6, letting a4 ;= m* ()} and bg := #x*(Z3) , we have computed
that z = 0 and

HSSW;Z)=Z 10Z 23DZ- 04 DL 25D L - bsg = Z' D T/2,
&7 /2

where deg(z2;41) = 27 + 1. The inclusion £ : Y := Wl < W of the
7-skeleton of W induces isomorphisms in cohomology up to degree 6. If
we let 2 1= " o " 0 §*(p3) € K(Y), we find ca(z} = bsg # 0, whereas
+¥*(x) = 0 for all k > 3. Indeed, this is clear for k > 4 since then v*(F) = 0,
and v3(x) = 0 because its classifying map is the composition f o 7 o,
which is homotopically trivial. Thus ¢—dim(z) = 3 and y-dim(z) < 2.
Consequently, ¥ is a connected finite CW-complex with a strict inclusion

Ke(Y) G Ky(Y),
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ii} Consider the Moore space M = M(Z/2, 5), in other words, the mapping

cone of a continuous map f : 5% ==+ 55 of degree two, or more explicitly,
M = Cj = 5%Uz ¢®. The exact sequences in cohomology and in K-theory

of the cofibration 5% <3 M » M/S5 ~ §5 give epimorphisms
q":Z H%(S% Z) - HS(M; Z) /2
¢ LY K(S)»K(M)2Z/2.

Let 2 and a be snitahle gencrators of I?(Se) and HS(S%; Z) respectively.
Let % := ¢*(z)} and & := ¢*{a). For ohvious dimensional reasons, ¢;(Z) = 0
and cp{%) = 0. Moreover 3(Z) = ¢*(ca(=z}) = ¢*(2a) = 0 (sce proposition
1.2.4). Hence c—dim(Z) = 0. On the other hand, we have 4! (Z) = £ 0, so
y—dim(Z) > 1; more precisely, v*(£) is ¢*(—5(3,2)-2) = ¢*(-3z) = £ # 0
and v*(%) = ¢*(25(3, 8) - ) = 0, 50 y—dim({Z) = 2. Consequently M is a
connected finite CW-complex with a strict inclusion

Ky(M) & K.(M}.

iii) Let Z = Y vV M be the wedge of the preceding two examples. It is an
7-dimensional finite connected CW-complex for which none of K,(Z) and
K:(Z) contains the other one. (The product ¥ x M would also do.)

To end the present section, we prove that the cones are semigronps and homotopy
~ invariants.

1.3.5 Proposition. The positive cone, the «y-cone and the c-cone of a connected
finite CW-complex X are snb-semigrounps of K (X} and homotopy invariants of X .
Moreover, the positive cone is a sub-A-semiring of K(X).

Proof. The homotopy invariance is obvious for the three cones.

We have already mentioned in the preliminaries that the positive cone is a snh-
semiring of K (X). It is also clear that it is a sub-A-semiring. The “exponentiality”
of 4 and of ¢ (the total Chern class) immediately show that the «-cone and the
c-cone are sub-eéemigroups of K(X). O

We do not know if in general the «-cone and the c-cone are sub-A-semirings of
K(X). Notice that even if the positive cone is a sub-semiring of K(X), it is
generally not true that g—dim(zy) < g—dim(z)-g—dim(y), for z and y in K (X);
see section 2.5 for a connter-example when X is the complex projective plane CP?
(The same holds for the e-dinension and the vy-dinension.)

1.4 The positive cone of the spheres

We now intend to compute the positive cone of the spheres. For odd dimensional
spheres, there ig nothing to do since K (§2"+1) = 0. Whereas for even dimensional
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spheres, one has I?(Sz“) =Z -z =7, so we only have to comnpute g —dim(lx) for
all integers I.

By proposition 1.2.4, we have
ellr)=c(z) = (1+ (-1)"n—1) o) =1+ (-1)" Hn-1)a,

where a is the orientation class of §2". Therefore, by proposition 1.3.2, we deduce
that, for { # 0,

n = c—dim{{z) € g—dim(lz) < dim(§?)/2 =n,

and this shows that ¢c—dim(lx) = g—dim(lx) = n. The sphere 52" being a torsion-
free space, the following theorem follows from proposition 1.3.3.

1.4.1 Theorem. Let x be a generator of I?(Sz“) = 7. Then, forlec Z,

0, ifl=0
n, otherwise.

g—dim(lz) = {

Moreover the positive cone, the ¢c-cone and the y-cone of $2" coincide:

K (5% = K (8% = K,(§*") =N x 0 U {{!, )| > n} C Z x K(5%").

———e—or [

I"{'(S'Icn)

There is another proof, purely homnotopical, of the theorem. It is based on Bott’s
celebrated results on the bamotopy groups of BU/(n) and Serre’s computation of
the rational homotopy groups of spheres. Let us present this proof. We bave

[§%", BU(k)] = mon(BU(k)) and K(S*) = [S*", BU] = m,(BU).

Consider the long exact sequence in homotopy of the fibration BU (k) 2, BU:

. T (USU(R)) = Ton(BUR)) 5 120 (BU) = mana(U/UK)) = ...
The fiber U/U(k) of iy, is 2k-connected and it follows that (ix)« is an isomorphism
for n € k. According to Botit [21], we have 3, (BU) = Z. It is well-known that
for k < n, the group m2,(BU(k)}) is finite. Let us give a short proof of this result.
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1.4.2 Lemma. Form > 2k 4 1, the group m,,(BU{k)) is fnite.

Proof. We fix m > 3. The fibration BU(k — 1) — BU(k), with fiber §2%5-1
gives the following long exact sequence in homotopy:

ceo = Tp( 81— 7 (BU (k= 1)) — " (BU(K)) — 7 (8% 1) — ...

By Serre [94], 7;(5%%~1) is finite for j # 2k — 1, and we can conclude by induction
over k (with k > 1 and 2k 4+ 1 < m), since mn(BU(1)) = p—1(U(1)) = 0 for
m>3. O

From this, we now infer that the image of (i3)« is zero for £ < n. This imnplies
that g—dim(lz) = n when ! # 0, and concludes the second proof.

1.4.3 Remarks. i) Since we were motivated by Elliott’s classification of unital
C*-algebras of type AF by means of their K-theory, their positive cone and
the K-theory class [1] of the unit (see {15]), it is important to single out the
fact that the positive cone of §** and of §2™ are non-isomorphic as monoids
if n is different from m . (There is no need here to distinguish the K-theory
class 1 of the trivial one-dimensional bundle.) Let us provide with a short
proof of this claim. For n > 1, let M, denote the positive cone of §%"
(identified as above with a sub-monoid of Z?). The abelian monoid M, has
& minimal set A, of generators, in other words a generating set (as monoid)
that is contained in any other generating set, namely

An ={(0, D} U {(k, n}| k € Z\ {0}}.
Now, consider the function o : A4, — {2, 3, ...} defined, for z € Ay, by
o(z) := min {{ > 2| Iz decomposes as a sum of elements of A, \ {z}} .

It is clear that such an | exists for any x € A, and that o(A,) = {2, 2n}.
Since A, and o are isomorphism invariants of M, , this proves our claim.

ii) For odd-dimensional spheres the positive cone is “trivial’, in other words,
K(§7 )= Z and K+(5*""1) = N.

1.5 Further properties of the cones

We now investigate naturality properties and behaviour under products of the
positive cone, the y-cone and the ¢c-cone.

The following result is obvious.
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1.5.1 Proposition. Let f : X — Y be a map between connected finite CW-
complexes. Let f* : K(Y) — K(X) be the A\-homomorphism induced by f.
Then, for any y € K(Y),
g—dim(f*(y)} < g—dim(y)
y—dim(f*(y)) < v~dim(y)
c—dim(f*(y)) < c—dim(y),
and in particular,
f K (Y)) C K (X)
£ (K4 (Y)) € Ky(X)
1Y) C KolX).

If f* is an isomorphism, then

fr(K4(Y)) = Ky(X).
For the next corollary we need a new definition.

1.5.2 Definition. Let X and Y be twe connected finite CW-complexes. A map
f:X — Y is called a K-equivalence (or K-equivalence for short) if there exists
amapg:Y — X such that on the level of the K%-groups,

frog" =Idgoxy and g* o f* = Idgoyy.

Note that a K-equivalence is not necessarily a hemotepy equivalence: There are
hemotepically non-trivial finite CW-complexes X for which K(X) = 0 = K(pt);
see example 1) below.

1.5.3 Propeosition. If f: X —YisaK -equivalence, then f induces the follow-
ing isomorphisms of semigroups:

- .

K (V) & ko (X) and K, ()& K, (X).

Proof. Applying twice prepesition 1.5.1, we get (in the notations of definition
1.5.2) _
K (X) = f"og"(K+(X)) € fF(KL(Y)) C Ki(X).

This establishes the first isomorphism, whereas the second is obvious. ]
The fellowing result is more technical to state,
1.5.4 Corollary. Let X and Y be two connected finite CW-complexes. Asstume

that K*(X) = 0 and K°(Y) = 0. Then the projection p: X x ¥ — X induces
isomorphisms

Ko(X)2 K (X xY) and K,(X) 2 K,(X xY).
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Proof. Invoking the Kiinneth theorem for K-theory, our hypotheses imply that
p* + K%X) — KYX x Y) is an isomorphism with inverse i*, where ¢ is the
inclusion of X in X x Y. Consequently, p* is a K-equivalence. O

The lollowing is a nseful resnlt.

1.5.5 Proposition. Let X and Y be a connected finite CW-complexes. Assume
that the positive come and the y-cone of Y coineide, and let f : X — Y be a map
inducing an isomorphism f* : K(Y) — K(X). Then f induces an isomorphism
of positive cones, and the y-cone of X coincides with the positive cone:

Ko () & Ko () = Ky (X).

Proof. By proposition 1.5.1 we have f*(K(Y)})) = f*(E4(Y)) = K,(X) and
SYKL(Y)) C K1 (X)), hence K,(X) C K (X). We conclude with iii) of proposi-
tion 1.3.2. O

Exampies.

i) Let X be a connected finite CW-complex of dimension < 3. Since for suitable
CW-decompositions BU(1)8] = BUB! and since BU(1) = CP™ = K(Z, 2},
any ¢ € K(X) = [X, BU] lifts to [X, BU(1)], giving an isomorphism
K(X) = H*(X; Z) mapping z to c1(z). It follows that the positive cone
coincides with the ¢-cone and is given by

K. (X)=Nx{0} UN x K{X)C Zx K(X).

if) Example i) applies to a closed oriented surface g of genus g. Since it is
torsion-free, its positive cone coincides with its e-cone and with its y-cone.
Moreover, let f : £, —+ S? be a map of degree 1 (it exists, since both the
2-sphere and X4 are quotients of the square [0, 1}?). Then f not only induces
an isomorphism in K-theory, but also an isomorphism of positive cones, as
follows [rom proposition 1.5.1.

iii) Let X and Y denote the Moore spaces M(Z/3, 2¢ + 11) = §%+11 ; g2e+12
and M(Z/3, 2q—1) = §%9-1Uze® respectively. In [2], Adams shows that for g
large enough, there exists a map 4 : X = £2Y — Y such that the induced
map A* : K(Y) — K(X) is an isomorphism (take p=m = 3, f = 1 and
r =6 in theorem 1.7 and in lemmas 12.4 and 12.5 of [2]}. Therefore, A is a
K-equivalence between simply connected finite CW-complexes, but it is not
a weak homotopy equivalence. The mapping cone C4 is a non-contractible
finite CW-complex with K(C4) = 0. (It is non-contractible because its
homology is non-trivial.)

iv) In 48], pp. 203-206, a CW-complex X = (S v §?) Ue? is defined, with the
property that the inclusion i : 8 = X[ < X of the 1-skeleton induces an
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isomorphism in integral homology (and on the level on fundamental groups);
however, 7 i5 not a homotopy equivalence (not even a weak homotopy equiv-
alence} since m2{X) # 0. Consequently, by the universal coefficient theorem
(see cor. V.7.2 in [24]}, 1 induces an isomorphism in integral cobomology,
and, by a direct application of the Atiyah-Hirzebrnch spectral sequence, also
in K theory. In particular, i is a K-equivalence, but not an equivalence.
(The quotient space X/X [ bhas vanishing K however it is the closed 3-ball
and is therefore contractible.)

In appendix A, we study the positive cone, the c-cone and the y-cone from the
rational point of view, and we cousider rational K-theory.

1.6 The cones of the products S™ x §2™1

In this section, we will compnte the cones for the prodncts §2" x §2"! and
S2n-—-1 x S!m—ll

Let us begin with §2" x §27=1 | Since K (S2™~1) = 0 and K1(52") = 0, the answer
immediately follows from proposition 1.5.5.

1.8.1 Theorem. The projection p: §2" x §2™~1 — §2° induces an isomorphism
of positive cones, and, for §** x §¥™=1 the v-cone and the c-cone coincide with
the positive cone:

f

K (S2n) K (S2n S2m—1) = K‘T(SZn x S2m—1)‘

We now turn to the product §"~! x §%™~1. From the six-term exact sequence of
the pair (§—1 x §¥m—1 g2n—1y GIm—1} with gqnotient S~ A §2™~! homeo-
morphic to §2™+27=2  we get an isomorphism

T I?(S2m+2n—2) — I?(S2n—1 * S2m—1)

induced by the quotient map q : §2°~1 x §2m~1 — §Zm+2n—2 Ry theorem 1.4.1,
the space Y = §2°+2m—2 gatisfies the hypothesis of proposition 1.5.5 and we deduce
the

1.6.2 Theorem. The map g : 5§21 x 5971 _, §2m+2n-2 jhduces an isonor-
phism of positive cones, and, for §2"~1 x §2m~1  the v-cone and the c-cone coincide
with the positive cone:

K (S2m+2n 2) K (5211—1 SQm—l) = K—,(Szn_l X SZm—l).

1.6.3 Remark. According to Blackadar ([16], 6.10.2}, the positive cone of the
n-torus (S')® has been partially computed by Villadsen.
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1.7 The v-cone of S** x §2m and the positive
cone of §2 x §

The positive cone was rather easy to compnte for a product of an odd dimensional
sphere by any sphere, whereas the case of a product of two even dimensional spheres
is much more involved. On the other hand, the -cone of such a product is in the
scope of the present chapter. We perform this calculation by compnting the c-cone
and appealing to proposition 1.3.3.

By the Kiinneth theorem, we bave an isomorphism
K(S™) ® K(S™™) — K(§* x §*™), £ @n— p*(£) -a*(n),

where p and g are the projections onto the factors. Writing K (%) =Z-a) and
K(8"™) = Z .z, and letting y; := p*(z1) and y3 := ¢*(22), we deduce that

K(S™ x5 =Z-10Z-1®Z- 1.

The product structure on K (2" x §2™) is given by 37 = 0 and 3 = 0. Moreover,
one has y1yo = 7*(y) , where 7 : §2" x §2™ — §20 A §%m = §2tIm and yis a
snitable generator of K (§2t+2m)

Let £ : 8% « §7 x §2™ apnd j : §2™ — §%2" % §2™ be the inclusions. One has
i*(y1) = z; and §*(y2) = 2, therefore (by thbeorem 1.4.1 and a donble application
of proposition 1.5.1), for any k& € Z\ {0}, one has g—dim(ky,) = g—dim(kz;) = n;
similarly g—dim(kyz) = g—dim(kxy) = m. This justifies that, from now on, we
write x; and z2 for y; and y respectively.

Let ay € H™(5§%*; Z) and a3 € H*™(S?™; Z) be suitable generators (referring to
proposition 1.2.4). As before, it is justified to write

HYS" x S™ ) =Z -0, 9Z 03B Z ara;.

Let us assume n < m. Consider an element z = az) + bxz + lx122 in the gronp
K (8% x 5§2m). For the Chern classes, invoking proposition 1.2.4 and “exponen-
tiality” of the total Chern class, we compute

e(z) = c(azi)e(bra)e(lziza)
=1+ (-1)"Ta(n— 1)!-a; 4+ (=1)"Tb(m — 1)! - az+
+(=1)"* " ab(n — D (m— 1) —I(n+m - 1)1) - a1az.

This immediately gives the -y-cone (which coincides with the c-cone) in terms of
the y-dimension function.
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1.7.1 Theorem. Forn < m, the y-dimension function on K (87 x §2™) is given
as follows: For z = azy + bz + lzyz2 € K(52" x §%™), one has

0 yifa=b= 0
. _ )= , ifa#0, b =
~y—dim(z) = m LiFbA0, 1= b(n—l)f(m—l)'/(n+m—1)

n+m , if l#ab{n—-11{m -1/ (n+m—1)!
Moreover, for k # 0, one has

‘g—dim(kz) =n and g-dim(kzs)=

This theorem allows to give interesting information on the positive cone of the
product §%2* x §2™  We will state the result as theorem 1.8.2 in the following
section, becanse the tools developed there allow to make a crucial improvement.

Combined with theorem 1.2.3, theorem 1.7.1 enables to compute completely tbe
positive cone of 82 x %,

1.7.2 Theorem. For the product 5% x 82", we have
K (5% x §%) = K,.(5° x §7") = K, (8% x §27}.

The latter is given by theorem 1.7.1.

1.8 The Whitehead product and the positive
cone

We will establish an interesting connection between tbe positive cone of a product
577 % §2™ and the Whitehead product structure on the homotopy groups of the
spaces BU(k). As an application we will get some precise information on the
positive cone of §2n x §2m

Let ns first recall the basic properties of the Whitehead product (the reader may
refer to [112]). The product 37 x §¢ has a cell structure obtained by attaching
a (p+ g)-cell to 87 v §9. More precisely, there exists a suitable pointed map
f:8Ptel 87y §9 such that SP x §9 i homeomorphic to the mapping cone
of f:

SP x §7=Cy = (5P Vv S Uy efte

Given a pointed map g=a Vv : 57v 8% — X, where X is a CW-complex, there
exists (up to homotopy) an extension j : SP x §7 — X of g if and only if the
composition g o f is homotopically trivial. Now, considering & and 8 as elements
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of the bomotopy groups mp(X') and my( X) respectively, the composition (aV 8)o f
determines an element in the homotopy group 7p4e—3(X). This defines a map

Tp(X) X Tg(X) — 7pyq1 (X}, (@, B)— [@. B :i=(@VB)of,

which by definition is the Whitebead product. One can show that it is Z-bilinear
(provided that p, ¢ = 2), i.e

It

(o4, 8]+ (a2, B)
[, £1] + [e, Ba] .

(@1 + a2, 8]
(@, B1 + B2

It

Moreover the Whitehead prodnct is natural with respect to pointed maps, i.e. if
f: X — Y is a pointed map between CW-complexes, then

[f,(a), fc(ﬁ)] = fc([av a]).

We now want to study the case where X = BU(l). Let z; and z3 be two generators
of K(5?*) and K(S*™) respectively, and assume 1 < n < m. By theorem 1.4.1,
we know that g—dim(z,) = n and g—dim(zz) = m. Letting ¢ > m, we consider
z1 and z2 as maps from 8§ (respectively Szm) to BU that lift to BU(q) The
element z;+z; of K (§2%v5§?™) = K(5")® K (§?™) can be represented by the map
x1 Vg : 8§V 8 —, BU, and it also lifts to a map 2 : §2" v §2™ — BU(q).
Claim. For k € {m,m+1,..., m +n — 1}, there is no extension of the map
2= Vz2: 5V 8™ BU(k) to a map S?" x S?™ — BU(k).

Let g : 82 x §2™ — BU(s) be an extension of z for some s > m. Let = be the
composition of y with the map 4, : BU(s) — BU . This means that g—dim(z) < s
and that o*(z) = #1 + 22 € K(52" v §2™), where ¢ is the inclusion of 52" v §2™
in §2* x §%, Recall that (¢*)"Y(z1 +22) =21 + 22+ Z - 3122 C K(S? x §2m).
So, there exists an integer ! such that z = z; + 23 + lzy22, and consequently

Y (e) = (~1) N (4 m— 1) (0= 1)} (m = 1)) - 2122 £ 0.

We conclnde that 8 > g—dim(z) > y—dim(x) > n +m. This proves the claim.

As a direct conseqnence, by considering ; and z» as elements (in fact generators)
of mo,(BU (k)) and o, (BU(k)) respectively, we get the following result on the
Whitehead prodnct:

[z1, z2) # 0 in wopqom—1{BU(k)) for m<k <n+m.
We would now like {0 get some information on the order of {1, 22] in the hamotopy

gronp man42m-1{BU(k)). By Z-bilinearity of the Whitehead prodnct, we have
ablz;, 7o) = [azy, bry] for any integers a and b. Replacing 2, by ax; and xp by
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bz in the preceding computation (in particular z = axy + bz + {z12p for some
integer 1), one easily verifies that

ablzy, z2]) =0
in Aontam-1(BUK)) } = ln+m—-1)—-abln—1)1(m—-1)I=0 (%)
form<k<n+m

and this implies that ab is a maltiple of (n+m—1)!1/((n—1)! (m—1)!). Notice that
{1, #3] € Tan+am—1(BU(K)) has to be a torsion element. Indeed, by lemma 1.4.2,
the gronp mon2m—1(BU(m)) is finite, and the result follows from naturality of the
Whitehead prodnct. (In fact, one can show that any group w1 (BU(4)) is finite;
this is proved like lemma 1.4.2, by appealing to a result of Borel and Hirzebruch:
see remark i) in section 1.9). We have thus ohtained the following theorem.

1.8.1 Theorem. Letl <n <mandm <k <n+m. Let #1 and 2, be generators
of the homotopy groups me, (BU (k) 2 Z and o (BU (k) 2 Z respectively. Then
the Whitehead product

[€1, x2] € Mont2m—1(BU(k))

Js non-zero. Moreover its order is a multiple of M
(n—1)1(m-1)1"

The iinplication (+) also means that if ablz), z2] = 0 in manyom—1(BU(k)) for some
k such that m < k < n+m, then for = ab(n — 1)!(m — 1)!/(n+m — 1)!, the
geometric dhnension of & ;= ax, + bxs + Izyxo is < k (and for any other valne of
I, the geownetric dimension of « is m+ n, provided that ab # 0). Surprisingly, this
condition only depends on ! and on the product ab. Consequently, from theorem
1.2.3 together with theorem 1.7.1, we get the following information on the positive
cone of §%* x §?™ in terms of the geometric dimension function:

1.8.2 Theorem. For 1 < n < m, the geometric dimension on K(8% x §m) js
given as follows: For x = ax; + ba:g +lzix0 € K(SZ“ x 5™} one has

0 ,ifa=b=101=0
n ,ifa#£0,b=1=0
g—dim{z) =< m ,ifa=0,b#0,1=0
s(ab) ,ifb#0,l=ab(n-1)(m-1)/(n+m-1)!
n+m ,ifl#ab(n -1 {m—-1)/(n+m—1)!
where s(ab) € {m, m+ 1, ... ,n+ m — 1} only depends on the product ab (for
fixed n and m).

As a direct consequence of theorems 1.8.1 and 1.8.2, we have

1.8.3 Corollary. (Bott, [22]) The order of [z1, z2] in Tontam—-1(BU(n+m—1))
is exactly (n+m — 1)1/((n — 1) (m — 1)!}.
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A few rernarks have to be done here.

1.8.4 Remarks. i) This result has been established only using information
on the v-cone of §2* x §¥™ (and Serre'’s theorem on the rational homo-
topy of spheres). If one is able to compute its positive eone, one then can
easily compute the exact order of {z1, x3] in the various homotopy groups
Tantom—1(BU(K)), for m < k <m +m: it is given by

— 1t
min{l 21 ‘g—dim (l(;%$1+$2+31112) hS k} -

i) In 1960, Bott has proved corollary 1.8.3 by different methods (see [22]).

i) We elaborate on these results in appendix D, by comparing them with ob-
struction theory (see in particular theorem D.0.4).

1.9 The positive cone of some products of even
dimensional spheres

In this section, using known results from the theory of homotopy groups of spheres,
we compute the positive cone of §% x §4, §4 x 5%, §% x 5% and S5 x §%. This
computation will in particular show that the positive cone and the y-cone do not
coincide for §4 x §*! Keeping notations as in section 1.7, we describe the positive
cone in terms of the geometric dimension function.

A) We start with the case of 5§ x §4.

1.9.1 Theorem. The geometric dimension function on K(8* x §%) is given as
follows: For = = azy + bap 4 Izyx2 € K(S* x §%), one has

0 ,ifa=b=1=0
yifa#0,b=1=0
,IFb#£0, {=ab/6, [ even
, if B# 0,1 =ab/6,[ odd
, If 15 abf6

LS - ]

Proof. Theorem 1.8.2 reduces the problem to the computation of the function
s = s(ab), ie. to calculating g—dim(z) for = az; + bz + (ab/6)z1z2 (Where ab
is a multiple of 6), or equivalently the order of [z, x2) in both groups m7{BU(3))
and m7{BU(2)} (with a little abuse of notation, we write both Whitchead products
in the same way). By Samelson [93], one has

n7(BU(2)) = m6(U(2)) & me(SU(2)) = 76(S%) 2 2/12,

precisely generated by [x), m2]. This shows that for these particular valnes of z,
g—dim(z) = 2 if and only if ab is a multiple of 12. This completes the proof. 0



22 Chapter 1. The positive cone of spheres and some products of spheres

1.9.2 Remark. i) Borel aud Hirzebruch in f17] (p. 355), applying Bott’s re-
sults of [20], have proved that

T2n+1(BU (1)} & mon(SU(n)) = Zfn! (n 2 2),

hence m(BU(3)) = Z{6. Moreover, corollary 1.8.3 shows that the order of
{z1, x2) in 72(BU(3)) is 6, it is consequently a generator.

i} As already alluded to, we have just proved that S x §* has its positive cone
strictly contained in its y-cone, although it is a torsion-free space.

B) As for 5% x 5%, classical results from the theory of homotopy groups of the
unitary groups allow to compute the positive cone of 5% x §%. In this case, it
coincides with the «y-cone.

1.9.3 Theorem. For the product % x 5%, one has
K, (8" x 8% = K (8% x 5% = K, (5% x §%).
The latter is described in theorem 1.7.1.
Proof. By Lundell's tables [73] (see also [77]) and by remark i) ahove, one has
ng(BU(3)) = Z/12 and me(BU(4)) = Z/24.
Corollary 1.8.3 shows that [z, x2] is of order 12 in me(BIF(4)). By naturality
of the Whitehead product, the homomorphism j, = mg(j), induced by the map
j + BU(3) ~— BU(4}, takes [z1, x2) € mg(BU(3)) to [z1, z2) € mo(BU(4)). This

implies that [z, z9] is of order 12 in me(BU(3)) too, and that [axy, bxo] vanishes
in mg(BU(3)) precisely wheu it is zero in mo(BU(4)).

Together with theorem 1.8.2, this completes the proof. O

1.9.4 Remark. This proof shows in particular that [z, x2] is a generator of
mo(BU(3)) 2 Z/12 and that the map j. : mo(BU(3)) — ma(BU(4)) is injective.

C) By similar inethods, we now show that the positive cone and the «y-cone coincide
for §% x §% and for §% x S%.

1.9.5 Theorem. For the product 5% x S%, one has
K (85 x §%) = K,($% x %) = K. (S® x §%).

Tire latter is given by theorem 1.7.1.
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Proof. By Lundell’s tahles [73] (see also [77]), one has
m11(BU(3)) ¥ Z/30 and m,(BU(5)) = Z/120.

Corollary 1.8.3 shows that [z, ;] is of order 30 in 3 (BU(5)}. By naturality, the
map j. = m13(5), induced by §: BU(3) — BU(5), takes the Whitehead product
[x1, 23] € m1(BU{3)) to [z1, z2] € 711{BU(5)). This implies that [z, z2] is of
order 30 in 713 (BU(3)) too, and that {ax;, bz:] vanishes in 7;,(BU(3)) precisely
when it is zero in 711 (BU(5)) .

Together with theorem 1.8.2, this completes the proof. (W]

1.9.6 Remark. i) This shows that [21, x2] generates 1, (BU(3)) = Z/30 and
that the map j. : 1 (BU(3)) — m11(BU(5)) is injective.

ii) We were also able to prove this theorem without appealing to results on ho-
motopy groups of BU(n). Using spectral sequences arguments, we have
computed the first few stages of the Moore-Pastnikov tower of the map
BSU(3) — BSU(5). This computation, being extremely lengthy, is given
in appendix C.

We pass to §% x 5%,
1.9.7 Theorem. For the product S¢ x §%, one has
K, (5% x %) = K,(5% x §%) = K,(5% x §%).

The latter is described in theorem 1.7.1.
Proof. By Lundell's tahles [73] (gee also [77]), one has

m3(BU(4)) = Z/60 and m3(BU(6)) 2 Z/720.
Corollary 1.8.3 shows that [z, z2] is of order 60 in 7, 3(BU(6)) . By naturality, the
map j. = ms(4), induced by j : BU(4) — BU(6), takes the Whitehead product
[#1, z2] € m1a(BU(4)) to [z1, T2] € ma(BU(6)). This implies that [z1, x2] is of

order 60 in m3(BU(4)) too, and that [azy, bzs] vanishes in m3(BU(4)) precisely
when it is zero in ma(BU(6)).

Together with theorem 1.8.2, this completes the proof. O

1.9.8 Remark. This proof shows in particular that [z1, 3] is a generator of
my3(BU(4)) & Z/60 and that the map j. : ms({BU(4)) — =13(BU(6)) is injective.
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1.10 “Gaps in cohomology” and the y-cone

In the present section, we are interested in spaces having a “gap in cohamology” ,
more precisely we look at spaces obtained by attaching a single large-dimensional
cell to a finite CW-complex Y. For such spaces, the integral cohomology is zero
between the dimension of ¥ and the top dimensional class. The products 5" x §™
are typical examples (see section 1.8). For this kind of spaces, the c-cone obviously
cannot give information in the dimensions corresponding to the gap. At first sight,
one could think that the ~y-cone is more powerful in this range. Unfortunately, this
is not the case: we show that the y-cone (or equivalently the -y-dimension function)
is also “blind” in some sense. Here is the precise statement.

1.10.1 Proposition. Consider a connected finite CW-complex Y of dimension
Sin;let X =Cy =Y Uy e2"+2™ he the mapping cone of a continuous map
f:8+2m=1 'y withm >1. Then, for any z € K(X), one has

() =0 = "z)=0 forall [=1,...,m.
In other words, if y—dim(z) < n+ m, then y—dim(z) < n.

Proof. By assumption, one ohviously has H*(X; Z) = 0 for 2n < k < 2n + 2m
and H™ (X, 7) = Z,

Let z € K (X) such that 4y"*™(z) = 0. By proposition 1.2.2, keeping the same
notation, we have

ch(v*(z)) = &(z) + Penr(E1(@), ... , Entm(x)),

and 0 = ch(y"*™(z)) = Coym(z) . Due to the “gap” in the cohomology of X , we
find that, for k > n, we have

ch(v*(z)) = 0.

By the particular cohomological properties of X, the Chern character is injective
for elements of filiration > n in K (X)) (see [5]). Being zero or of filtration > k (as
proposition 1.2.2 shows), ¥*(x) has to vanish for k > n.

This concludes the proof. O

1.11 A “doubling formula” for Stirling numbers
of the second kind

In this section, we calculate the y-operations for the product §%* x §2™ . From
this computation and proposition 1.10.1, we deduce again the ¥-cone, as appearing
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in theorem 1.7.1. This example iltustrates that computing the c-cone is in general
eagier than computing the v-cone. On the other hand, the latter calculation leads
to an interesting “doubling formula” for Stirling numbers of the second kind. We
will also conjecture the analogous formula for Stirling numbers of the first kind.

Keeping notations of section 1.7, we have
K" x8™) =7 2197 2007 1122.

We still assume n < m. Using the known ~-operations for even dimensional
spheres, one can easily calculate v* for $2* x $2™: For £ = azy + bz + [z125, One
has clearly v*{z) = v*(az1 + bz2) + ¥v*{Iz122) and this allows to compute

() = (-1)™ e Y m 4 g - 1)1 -

% S(n, k)S(m, m+q—-k
lS(m+n,m+q)—abZ (n )k((zl_’_;fl) 4 )) - T1 Ty
k:q k

for ¢ > 1; in particular
A (z) = (=1 I (n 4+ m— 1) —ab{n — 1)1 {m — 1)!) - 2122
For ™, we have to distinguish the case n = m from the case n < m. One gets
YHz)=(-1)""a(m -1 2 + ( 1)"“16( —Dt-zz + (1™
- (m -1} (lS(2m, m) — abz ${m, k)S(m, m - k)) - Ty

R

when n = m, whereas
™) = GO ben - 1)la + ( 1y m — 1)t -

S(n, k)S(m, m—k
(lS(n+m, m)—ab; 2;('(",:1) )) - T1 Ty

when n < m.

We want to compnte the y-dimension of ¢ = axy +bzg +lz1z. If I = 0, the resnlt
is clear. We now assume { # 0. If{ is different from ab (n—1)! (m—1)!/(n4+m—1)!,
we see that y—dim(z) = n + m. On the other side, if I has precisely this value,
then +™(z) # 0, because in this case b # 0, and by proposition 1.10.1 we get
y—dim{z} = m precisely.

This gives another proof of theorem 1.7.1.

Let ns now pass to the “doubling formula”.

1.11.1 Theorem. Let ¢ < n < m be positive integers; then

Sm+n,m+qy=n(**7"") > St k):((:rl+q'r_nl;- 1=k
k=q
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We called this a “doubling formula” because, particularizing to n = m, we get an
expression allowing to compnte §(2n, n+ ¢) in terms of the numbers S(n, k) with
g<k<n-1.

Proof. This is an immediate consequence of proposition 1.10.1 and the above
cainputations. O

An alternative proof would be to invoke theorem 1.7.1 rather than proposition
1.10.1.

After trying to verify on a conputer the analogous formula for Stirling numbers of
the first kind, namely

s(n, k) = ;Z:_: (n __kk_}_j) (2;_:;:)3(11 -k+3 7,

we were led to conjecture it:

1.11.2 Conjecture. Let ¢ < n < m be positive integers; then

n
s(m-+ n, m+g) = n(*m1) 30 A ’“}z((’ﬂ;ff,; 2=h)
k=g k
1.11.3 Remark. After we had informed him about the above theorem and conjec-
ture, Al Lundell has sent us a proof of the latter. The elegant proof is “elementary”
in the following sense: it only uses some basic formulas for Stirling numbers (such
as generating functions) and a contour argument in the computation of an integral,
but no K-theory. Moreaver, his proof encompasses both the Stirling numbers of
the first and of the second kind in a unified way.



Chapter 2

On the positive cone of
CW-complexes with two cells

We compute the e-cone of the CW-complexes with two even dimensional cells. This
involves the Hopf invariant and the Adams e-invariant. We determine the positive
cone in several situations. We discnss in detail the case of the projective planes
RP? , CP?, HIP? and CaP? (the octonionic projective plane). As an application
of these computations and of the work on the J-homomorphism due to Dyer [38],
Adams [2] and Quillen [84], we construct some elements of “large order” in the
homotopy groups of BU(n).

2.1 Introduction

‘We are interested in the positive cone of connected CW-complexes with two cells
of positive dimension, that is, spaces having the homotopy type of the mapping
cone of amap f: 57 — 8" (withg>n 2> 1), ie

Cr=8"Upem™ =c®Ue”uet™ g>n>1.

If f is homotopic to the constant map, then Cy has the same homotopy type as
§7 v §atl,

The positive cone of a wedge of two spheres was one of the subjects of chapter 1:
the c-cone and the +-cone were computed, and the positive cone was completely
determined. So, in what follows, only the case where f is not homotopic to the
constant map will be of interest.

This chapter is organized as follows: In section 2.2, we compute the cohomology
and the K-theory of the mapping cone of a map f: 57— §". We determine the
positive cone in all cases, except when n is even and g is odd, or when n = g is odd

27
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and X is a Moore space M(Z/d, n). For the latter, we compute the e-cone and the
~-cone in section 2.3. We can determine the positive cone in some particular cases,
as for example when n € {1, 3}, or when d is prime and n < 2d — 1. We also
explain that for M(Z/2, 5), the positive cone and the y-cone coincide, whereas
the ¢-cone is “informationless”. In section 2.4, for n even and g odd, we compute
the Chern character and the Chern classes in terms of the Hopf invariant and the
Adams e-invariant of the map f. We conclude this section with an integrality
relation between these two invariants. We calculate the c-cone and determine
partially the positive cone of the four projective planes in section 2.5. The results
are complete only for RP? and CP? . To achieve this, we use known results on the
J-homomaorphism to find the e-invariant of the Hopf fibrations. Finally, in section
2.6, we show that the Chern classes allow to detect elements of “large order” in
some homotopy groups of the Grassmannians BU(s). To give explicit results, we
need some classical results on the J-homomorphism.

2.2 Preliminary computations

In this section, we compute the cohomology and the K-theory of the mapping cone
of a pointed map f : S — S®, with ¢ =2 n > 1. We also determine the positive
cone, except when n is even and g is odd, or when g =n.

We keep notations as in chapter 1.

Let X denote the mapping cone Cy of f. Consider the Barratt-Puppe sequence
s Ly sndy x B x/5% ~ 591 w50 B pgn o gt

where pis the projection onto the quotient space. It induces the long exact sequence

o B8t 7) B B x ) D st 7y - AT (st z) —

in reduced integral cohomology, and similarly in reduced rational cohomology. The
boundary homomorphism & is simply the composition of the suspension isomor-
phism with (Zf)*. The homotopy type of X depends only on the honotopy class
of f,ie of [f] € 7g(S"). Il ¢ = n, then 7,{S™) = Z, and f corresponds under
this identification to its degree d. Tt follows that, in this case, the map

zZ= s z) L Ariyset gy e g

is multiplication by the degree of £f , which coincides with d, and then X is either
a wedge S™ Vv 8" (when d = 0) or a Moore space M(Z/d, n) (when d # 0). On
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the other hand, we have the 6-term exact sequence in reduced K-theory

Ro(sey P gox) e Ro(sm)
5 5

i

RY(5™) —— RYX) 2 RY(s7+Y
Under the Chern character
ch: KO(Y) — H®(Y; Q) and ch: KY(Y) — H(Y; Q),

defined for any connected finite CW-complex YV, the 6-term exact sequence in
rednced K-theory maps to the corresponding sequence in rednced rational coho-
mology. Since the Chern character is injective for spheres, it follows readily that
the boundary homomorphisms & in the 6-term exact sequence for K-theory are
zero, except when ¢ = n, and then they are multiplication hy d, the degree of f.

The following proposition is a direct consequence of theorem 1.4.1 and of proposi-
tions 1.5.5 and 1.3.3.

2.2.1 Proposition. Letg>n > 1, and J‘et X be the mapping cone of the pointed
map f: 59 — 5", Denote by 5™ Hxd X/8™ ~ 59%1 the obvious maps. Then

i) In and q are even and if ¢ > n, then K(X) Y K(57) = Z, and i* induces
an isomorphism of positive cones (K (5") being described in theorem 1.4.1).

ii} If n is even and ¢ = n, then K(X) = 0, consequently, the positive cone is
NCcZ=K(X).

iii} Ifn is odd and q is even, then K(X) =0, consequently, the positive cone is
NCZ=K(X).

iv) If n and q are odd and if ¢ > n, then K(X) K(S9*)Y = Z, and p* induces
an isomorphism of positive cones (K. (S7t!) being descnbed in theorem
14.1).

Moreover, in the four cases, the y-cone and the c-cone of X coincide with the
positive cone.

This preposition deals successfully with all cases, except when n is even and g is
odd, or when n = ¢ is odd and X is a Moore space M(Z/d, n) = S* Uge™t!, ie.
the mapping cone of a map f : S® —+ S™ of degree d # 0. The case ¢ = n is the
suhject of section 2.3, and the remaining case is ireated in section 2.4.
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2.3 The positive cone of M(Z/d, n) = 8" Uy e

We compute the positive cone of the Moore space M(Z/d, n) = §" Uz et i.e.
the mapping cone of a map f : 5 — 5" of degree d # 0 (with n > 1). The
case where n is even was treated as case i1) in proposition 2.2.1. Let us therefore
assume that n = 2m — 1 i3 odd {where m > 1).

Working with the exact sequences of section 2.2, we deduce that the homomor-
phising

P Z2K(S™) — K(X) and p":Z= H™(S™) — H™(X)

are both surjective with kernel dZ; in particular, K(X) Z . p*(z) 2 Z/d, and
H?™(X) = Z-p* (y) 2 Z/d, where  and y are generators ofK(Sz’") and H2m(52m)
respectively. The other reduced cohomology groups of X vanish, It follows from
propasition 1.2.4 that for any [ € Z (and suitable choices of z and y),

19 (@)) = (- )F Mk~ 1)1S(m, k) - p"(2), for IS k<m
em(l () = (1) U(m - 1} - p*(v)

all the other v-operations and Chern classes being zero. From theoremn 1.2.3, we
can now deduce the

2.3.1 Proposition. Consider the Moore space M(Z/d, 2m — 1) = §2™=1 ;2
withm > 1 andd # 0, and the obvious projection mapp : M(Z/d, 2m—1} -» .5'2"‘
Then K(M(Z/d, 2m - 1)) = Z - p*(z) = Z/d, where z is a generatcr of K(52™).

The c-cone contains the «y-cone; they are given by

0, ififm-1)'=0 (mod d)
m, otherwise,

c—dim(l- p*(z)) = {

y—dim{l - p*(x)) =max{k < m|l{k — 1)!5(m, &) # ¢ {mod d)},

where { € Z. Ifl{m — 1)l = 0 (mod d), then g—dim(l - p*(z)) < m—1. In
particnlar, if d and (m — 1) are prime to each other {e.g. if m < 2, orifd is a
prime and m < d), then the positive cone coincides with the e-cone and with the
-y-cone. Moreover, for (m — 1)! = 0 {(mod d), the c-cone is as large as possible, in
other words, it is given by N x K(M(Z/d, 2m ~ 1)).

Recall that the y-dimension is always > 1, except for the zero virtual vector bundle.
Let us illustrate the situation by two examples.

Examples.

i) For M(Z/2, 5), one has K(M(Z/2, 5)) = Z - p*(z) = Z/2, and
c—dim(p*(z)) = 0 and y—dim(p"(=)) = 2,
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since S(3, 2) = 3. Consequently, the positive cone and the -y-cone coincide,
whereas the c-cone strictly contains the positive cone and is as large as
possible. (This example was already considered in section 1.3.)

ii) For M(Z/5, 9), one has K(M(Z/5,9)) =Z - p*(z) = Z/5, and
c—dim(z) = 0 and y—dim(z) =1,

for any nonzero z € K(M(Z/5, 9)), since S(5, 2) = 15, $(5, 3) = 25 and
5(5, 4) = 10. Consequently, the c-cone contains the ~y-cone strictly, and we
can say that both are as large as possible,

2.4 On the positive cone of 5™ U; e2m+%

We compute the c-cone of the mapping cone X = 2™ Uy e2t 2 of a pointed map
fi8§¥mH2-1 _, g2 where m, [ > 1. The Hopf invariant H(f) and the Adams
e-invariant e(f) play a crucial role. We conclude this section with an integrality
relation between these two invariants,

We keep notations as in section 2.2, The integral cohomology of X is given by
X Z)=Z8Z y®L 2277,

with y in degree 2m corresponding under #* to a generator of H?™(S?™; 7)), and
z in degree 2m + 2! corresponding under p* to a generator of H2m+2(g2m+2l, 7y
The ring structure is as follows: If m # I, the products %2, yz and 2?2 all vanish;
if m =1, then yz = 0, 2% = 0 and y? = uz, for some integer y, called the Hopf
invariant H(f) of f. This integer only depends on the homotopy class of f, i.e. on
[f] € Ta4m—1(5%™) . In order to simplify the forthcoming formulas, we set H{f) := 0
when m # ; we can then write > = H(f)z in any case. In reduced K-theory, we
have a short exact sequence

0 — Z - 2oy = K(SPH) 2 B(X) 25 R(S™) = Z - wam — 0.
Taking € € (") (z2m) and 7 := p* (o2}, We get
KX)2Z@Z-t®Z n=T}.

Notice that #» is nniquely determined up to addition of an integral maltiple of £.
The Chern character is as follows:

ch(f)=y+ Xz and ch(p) ==z,

for some rational number A. Because of the different possible choices for %, the
rational number X is only determined modulo 1, i.e. it represents a unique element
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e(f) in the group Q/Z, called the Adams e-invariant of f (also denoted by ec{f}).
It only depends on the homotopy class of f. Without loss of generality, we can
consider e(f) as an element of Qn]-3}, 3| (uniquely determined). (See [2], pp.
321-323 for some more details on the e-invariant.} Since ch is an injective ring
homomorphism (X being torsion-free), the product in K(X) is given by

& =H(fin, én=0 and n* =0.

We would like to compute the Chern classes. They are closely related to the Chern
character, as we now recall. For a connected finite CW-complex Y, we denote
by choy the component of ch in H?*(Y; Q). One has chyp = gseler, ..., cx)
{for k > 1), where the s,'s are the Newion polynomials. They are defined by the
relation

s, (o1 (t, NP 7% P L oxlty, ...,tk))=tf+...+tt,

the o;’s being the elementary symmetric polynomials (see for example [58], p. 255).
One immediately sees that

s1{e1) = e and s2(c1, c2) = cf — 2c5.

‘We will however need some more values of these polynomials. Fortunately, we have
the Newton formula ([52], p. 92)

8k — C18k—1 +Ca8p—2 —+... + (—l)k_lck_lsl + (—l)kk ccp =0,
With the first few values given above, this gives for example

83=C%—3C1Cg+363 84 =C§—4C%Cg+2€%+4C1C3—4C4.

Coming back to X , it is straightforward to check that
em(€) = (-1)™ Y m — )y and c(n) = 1+ (=)™ m+1-1)12.

It is also clear that a,,(¢) = m!y and cj(§) = s(€) = 0, for j & {m, m +1}
and 1 <k <m ~1. In the Newton formnla for a,,4;, the only possible nonzero
contributions are (=1)"*(m + lcpt and, if m = I, the prodnct (=1)™cinspm -
After a short compntation, we get

el9) = (-1 Hm= 1)t ()™ (EE B ()~ (mt 1= 1te() 5

m+1

By means of the Newton binomial formula, we find, for ¢ = af + by € K (X) with
a, beZ,

c(Q)=14+(-1)""Ym—la y+ (~1)’"+‘((—1)“‘+’H(f)ﬂ—l“_21 D ol — 1)+
+H(A)EZD o) m4 - 1)la— (m+T—1)IB) 2.

It is clear that if ¢,(¢{) = 0, then o must be zero, and if ¢, (¢) = ¢ p(¢) = 0,
then { = 0. We have now proved the following proposition:

()
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2.4.1 Proposition. Let X be the mapping cone of 2 map f : §*m+4-1 __; g,

i) Then K(X)=Z-£®9Z.n =72, and H*(X; Z) = Z-y®ZL-z = Z* , with £, 7,
y and z as above, and subject to the relations £2 = H(f)n, y* = H(f)z (the
other products being zero). Furthermore, ch{£) =y + e(f)z and ch(n) = z.

i} The c-cone and the y-cone coincide and are given hy
0, if¢=0

c-dim(() = {m, ifcau(¢)=0and(#0  ((=at+bn, a, b€ Z);
m + 1, otherwise

¢(¢) is given by formula (*) above.
As a by-product of our computation, noticing that the coefficients of ¢(£) above
must be integers, we get a proof of the following result.
2.4.2 Proposition. Let [f] € monta-1(5*™), wherem, 1> 1. Then .
(m=11m H(f)— (m+Dle(f) =0 (mod m+1).

(This result is not the best possible: compare with thm. 1 in [38] and with prop.
7.9 1o [2].)

2.5 On the positive cone of the projective planes

We compute the c-cone and the y-cone, and determine partially the positive cone,
of the projective planes RP? , CP?, HP? and CaP?.

Let us first remark that in chapter 1, we have already computed the positive cone
of the four projective lines. Indeed, there are well-known homeomorphisims

RP!' & 8! CP!' = 5?2, HP' =2 §* and CaP' = §%.
For these spaces, the positive cone coincides with the v-cone and with the c-cone.

Let us now compute the positive cone for X := RP? . Since K(X) = Z/2, gener-
ated by £ = ( ® C — 1, where ( is the cancnical real line bundle (see {74}, prop.
4.3.11), one has g—dim(z) = 1 and K4 (X) = N K(X) 2 N@Z/2. On the other
hand, one has c—dim{z) = 1 (by virtue of thm. 1.2.3) and y—dim(z) = 1 (since
4! = Idk) . This proves the

2.5.1 Theorem. For the real projective plane RP?, the positive cone, the c-cone
and the y-cone coincide. Moreover,

K. (RP?) = N& K(RPY),
with I?(]RPz) = Z/2 being generated by s = (@ C - 1.
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For another proof of this result, we invoke proposition 2.3.1, because RP? is a
Moore space M(Zf2, 1).

The real projective plane is an example of a space with torsion for which the three
cones coincide.

The other three projective planes KP? , where K is one of the division algehras
C, H or Ca, are the mapping cones of the Hopf fihrations §3 — 8%, §7 — §*
and §'% — S® respectively (see [101], p. 12). They are defined as follows: Let n
denote the dimension (over R) of K. Consider §2"! as the set of pairs (, B) € K2
with ||| + ||B]I*> = 1, and S™ as the one-point compactification of K; then the
corresponding Hopf fihration (with fiber ") is the map

__1 .
. qn-1 a g, fa#l
f:8 — 5 (@ f)r— {oo, otherwise
{see [112], p. 677). These maps have Hopf invariant one, and by Adams [1], these
values of n are the only ones for which there are maps with Hopf invariant one.

The projective plane KP? has the cell structure KP? = S* U I’ eln =eluetuen,
and the eohomology ring is H*(KP?, Z) = Z[y]/(*) , with y in degree n, and the
K-theory ring is K*(KP?) = Z[¢]/(¢*), as we have shown in section 2.4. We can
choose y and £ so that

ch(€) = y+e(f)y’,

where e(f) € Qﬂ]—%, %] is the Adams e-invariant of f. The values of e( f} for the
Hopf fibrations are as follows:

1

HP? : e(f) = —  CaP? : () =~

12

Let us explain how to find these values. In the complex case, this is given by
example 7.4 in [2]. It will he reproved below, when we discus CP? in more details.
In the other two cases, we use some more machinery, that we now introduce. The
real Hopf-Whitehead J-homomorphism J : 7;(SO(n)) — 74+i(8") (see [86], p. 5
for the definition) gives rise, after stahilization, to & hamomorphism (denoted by
the same letter)

J :m(80) — «f,

with values in the stable stem 77, i.e. in the 4-th stahle homotopy group of the

sphere S°. By real Bott periodicity [20], mgr_;(SO) & Z. By theorem 7.16 and
proposition 7.14 of [2] (see also theorem 1 and pp. 370-371 of [38]), if a map
[ §ntak=l 821 with k > 1, is the standard generator of the image of J
in Tl‘fk_l, then e(f) = (—1)‘“‘113;6%L € Q/Z, with b, equal to 1 (resp. 2) for k
even (resp. odd), and By denoting the k-th Bernoulli numher. It is defined by
By = (=1)¥"18,;, for k > 1, where the §;’s are the rational numbers given by

ey = ngo %-}:1:J For later reference, let us denote hy M, the denominator of
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%‘5 expressed in lowest terms. The first, few valnes are
s Y
k 1 2 3 4 5 6 7 8 9 10
B i 1L i 1 5 691 T SBLT 43867 174611
k 6 30 43 30 [ 3736 & 510 798 330
k- Be |l 1 1 _ 1 1 _ 691 1 _ 3617 43867 _ 174611
(-1)*'oe gk |75 —34p 353 T80 135 65520 iF 1630 14304 13200

My, 24 240 504 480 264 65520 24 16320 28728 13200
My 12 240 252 480 132 65520 12 16320 14364 13200

The three Hopf fibrations §% — §2, §7 — §* and §'° — $® generate a
copy of Z in the groups m3(S%) 2 Z, m(SYH X ZHZ/12 and m;{S?*) 2 Zp Z/120
respectively, and they represent the standard generators of the corresponding stable
homotepy gronps 77 & Z/2, 75 & Z/24 and 7§ = Z/240; moreover, these groups
coincide with the image of the J-homomorphism (see [86], pp. 4 and 6). This
proves that the Adams e-invariant takes the announced values for these maps. (In
the quaternionic case, we will also give another explanation below.)

Now that we know the Hopf invariant and the Adams e-invariant of the Hopf
fibrations, we can deduce the Chern character and the Chern classes for KP?,
using the general computations made in section 2.4. For o, b € Z, we find

ay+ =242 for CP?
ch(af +be%) = { ay + 21242 for HP?
ay + —"'—_“24%40 y?, for CaP?,

1+ay+“ “%yz, for CP*?
e(af +b€%) = { 1 — ay + L=a=12 2 for HIP?
1 — 6ay + (18a2 4 21a — 5040b)y2, for CaP?.

To end this section, let us consider the three projective planes KP? independently,
and state the resulis we find for their ¢-cone and positive cone.

We first consider the complex projective plane X := CP?. Recall that the integral
cohomology and the K-theory are given by H*(X, Z) = Z[y]/(y*) , with y a genera-
tor in degree 2, and K(X) & Z[¢)/(£3), where ¢ = {—1, with ¢ being the canonical
complex line bundle. The first Chern class is given by ¢1(¢) = y (see [74], prop.
4.3.1 and its proof). Since ¢ is a line bundle, ch(£) = ch(()—1 = e{0—1 = y4 £ |
and we recover the fact that the Adams e-invariant is :_1,-

The above formula for the total Chern class determines the c-cone. The -y-cone
coincides with it, since CP? is torsion-free (see prop. 1.3.3}. It follows readily from
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theorem 1.2.3 that the positive cone is equal to the c-cone. We have thns proved
the following theorem.

2.5.2 Theorem. For the complex projective plane CP?, the positive cone, the
¢-cone and the y-coue coincide. In K(CP?) = Z[£]/(£%), the positive cone is given,
in terms of the geometric dimension function, by

0,ifa=0andb=0
g—dim(af +b62) =< 1, ifb =22 ¢ (a,beZ).
2, otherwise

Notice that the geometric dimension is not sub-multiplicative, in other words, the
forimila g—dim(&€2) < g—dim(§;) - g—dim(éz), for &1, & € K(X), is generally
false, as was mentioned in section 1.3. Indeed, taking £; = £; = 26 +£2 € K(CP?),
we get g—dim(é;) = 1, £ = 4£2 and g—dim(¢}) = 2. The same holds for the
c-dimension and the vy-dimension (for the same example).

The complex projective plane is an example of a compact manifold X for which the
“boundary” of the positive cone is not given by a finite number of “affine equations”
in K(X) (indeed, the above formulas for the geometric dimension function are
quadratic in ¢ and b). This answers by the negative a question posed independently
by Nigel Higson and by Etienne Ghys.

For the quaternionic projective plane HP? | we compute the tatal Chern class in
section C.4 of appendix C; we have c(af +56%) = 1 —ay + @ y?. Comparing
this result with the one obtained in section 2.4, one sees that the Adams e-invariant
is 715 , confirming the result above. In the present case, £ = ¢ — 2, where ( is the
canonical quaternionic line bundle, considered as a complex bundle of rank 2.

We see that cq(af + b£2) = 0 if and only il & = a(a — 1)/12, and that c; and c4
both vanish if and only if @ = & = 0. Together with theorem 1.2.3 and proposition
1.3.3, this proves:

2.5.3 Theorem. For the quaternionic projective plane HP? | the K-theory ring
is K(HP?) = Z[¢]/(£%), and the c-cone coincides with the y-cone and is given, in
terms of the c-dimension function, by
0,ife=0andb=0
c—dim(a€ +bg%) = < 2, ifb= 2 2 0 (a,beZ).
4, otherwise

Furthermore, the positive cone is partially determined by the following information
on the geometric dimension function:

0, fa=0andb=10
g—dim(at +b6%) = { 20r3, ifbo =228 » ¢ (a, b Z).
4, otherwise
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We finally consider the Cayley plane CaP? , which is the mapping cone of the Hopf
fibration f : S15 — 57 discussed earlier. The cell structure is CaP? = PUebUe!®,
There are (at least) two other definitions of CaP? (the interested reader may refer
to [112), pp. 695-715, or to [83], pp. 281-295). The first one defines CaP? as the
set of primitive idempotents (i.e. of trace 1) in the 27-dimensional real exceptional
Jordan algebra 7 of hermitian (3 x 3)-matrices over Ca, equipped with the Jordan
multiplication X oY = (XY +Y X), which is commutative hut not associative. It
is sometimes called the Albert algebra, and denoted hy Al. The second deseription
involves the exceptional compact 1-connected simple Lie gronp of type Fy, which is
the group of automorphisms of the real algebra J . All the antomorphisms preserve
the trace, therefore Fy acts on the set CaP? of primitive idempotents. The action
i8 transitive, with stahilizer a closed connected subgroup of maximal rank of Fj .
This subgroup turns ont to be isomorphic to Spin(9). This shows that there is a
homeomorphism
CaP? 2 Fy/ Spin{9).

The integral cohomology ring of CaP? is given by H*(CaP% Z) = Zlyl/(y®),
where y is in degree 8. The K-theory ring is K{CaP?) = Z[¢]/(€*). The virtnal
bundle £ may be described as follows. Let Ag : Spin(9) — U(16) be the Spin-
representation. This defines a hundle BAg : BSpin{9) — BU(16) of (complex)
rank 16. The inclnsion of the closed connected subgronp Spin(9} in Fy induces a
fibration

CaP? = Fy/ Spin(9) < BSpin(9) — BFy.

The bandle € is { — 16, where { is the composition
¢ = BAgo: CaP? < BSpin(9) — BU(16).

This is due to Minami 78] (thm. 7.1), and is based on a theorem of Pittie [82].
(The crucial hypotheses are that Fy is simply connected, and Spin(9) is of maximal
rank in Fy.)

For n = af + b€, we have seen that c(n) = —6ay + (184% + 21a ~ 5040b)y°. We
deduce that cg(n) = 0if and only if b = (6a%4-7a)/1680. If moreover ¢s(n) = 0, this
implies that n = 0. It is not difficult to show that the equation b = (6a2+7a)/1680
has infinitely many (integral) solutions, as for example, for any &k € Z, the integers

a= —672— 3360k and b= 1610 + 16114k + 40320k .

(There are many other infinite families of solutious of the same kind.} This means
that for these values of a and b, one has ¢—dim(aé + b¢?) = 4. Consequently,
theorem 1.2.3 with proposition 1.3.3 give the

2.5.4 Theorem. For the octomionic projective plane CaP? | the K-theory ring is
K(CaP?) = Z[£]/(¢%), the c-cone coincides with the y-cone and is given, in terms
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of the c-dimension function, by

0, ifa=0sndb=0

c—dim(af + b¢®) = 4,jfb=%?éo (a, be Z),
8, otherwise

and all cases occur. Moreover, the positive cone is partially determined by the
following information on the geometric dimension function:

0, ifa=0andb=0
g—dim(af +b¢%) = ¢ 4,5, 6 0r7, ifb=84Ta 2 g (a,beF).
8, otherwise

2.6 Application to some homotopy groups of
the Grassmannian BU(n)

We use the conputation of the c-cone for the mapping cone X = C; of a map
f:8§¥mtU-1 __, §2m 4o construct elements “of large order” in some homotopy
groups Tzm42i—1(BU(s)). Our computation is hased on the results of section 2.4
and some known facts relating the Adams e-invariant and the J-homomorphism.

We first collect some classical results from homotopy theory that we will need.

2.6.1 Propaosition. Let X be pointed space; let r, m > 0 and n, ¢ > 1. Denote
by fi (resp. gi) a pointed map of degree k € Z on 8™ (resp. S™*!).

i) The snspension homomorphism ¢ : 7,.(8") — #.41(5™*1) is an isomor-
phism if 7 < 2n — 2 and an epimorphism if + = 2n — 1. In particular,
73 = Tiym(S7) for any j > m + 2.

ii) For a € my(X), the composition « o fi represents ka (resp. of , ifn=1)
in m,{X}. More generally, for any fixed pointed map g : S — 57, the
application mg(X) — m(X), B+ go B is a group homomorphism,

iti) For o € 7, (S"), the composition g, oo () represents ko (a) in w,41(S™H1).

Proof. i} is the Freudenthal suspension theorem (see [51], thm. VI1.2.10), and ii}
is a direct consequence of the definition of the product in the homotopy groups.
For a proof of iii), we refer to [51], thm, VL.2.3, or to |45, pp. 416-417. 0O

Let now f: §2M+2-1 __, §2m ho g pointed map, with m > I > 1. We also choose
an integer s such that m < s<m+41-1.
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‘We keep notations as in section 2.4. In particunlar, we have

(ia)e N
n2m(BU(8)) & mom(BU) = R(S¥™) = Z- 2ams & Z,

where i; : BU(s) — BU is the canonical fihration, with 2s-connected fibre
U/U(s). From now on, we identify these groups. The mapping cone §2™Uj g™+
of f is denoted hy X, and ¢ designates the inclusion of S?™ into X . The K-theory
of X is given by

KX)=Z-tpZ n=2?,

and i*(af +bn) = azam (a, b€ Z). Since ! < m —1, the Hopf invariant H(f) of f
vanishes.

We now fix some integer a, and consider the following diagram representing a
lifting and extension problem:

SZm"f‘ZI—l
f (a172m) of
swm __2Tm | Br(s)
e )
7 is

XT .my
af +bn

At this point, b is an unknown integral parammeter. It is clear that, up to ho-
motopy, there exists an extension of axzm to X if and only if (azem) o f is zero
in mom420-1(BU(s)). In this case, the composition ¢, 0 @ € K(X) is a virtnal
vector hundle ¢ over X such that £*({) = axym and with g—dim{{) < s. It fol-
lows that there exists an integer b (our parameter!) such that { = af + by and
c—dim({} < s <m+!— 1, and therefore cp1(¢) = 0. We have thus proved that

{azgm)o f=0¢ Toms2i-1 (BU(8)) == b€ Z s.t. cpufaé +bn) =0. (&)

In section 2.4, we have computed the Chern classes for X . Since H(f) = 0, we
see that the condition ¢myi(aé + by) = 0 amounts to

b€ Z such that a-e(f)+b=0.

This means that the denominator of the Adams invariant e(f) € Qn]-1, 1], ex-
pressed in lowest terms, must divide 2. (Let us remark that the denominator of
e(f) cousidered as an element of Q/Z is well-defined: it is simply its order in this
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group.) When s = m + [ — 1, condition (#) is an equivalence, as a consequence of
theorem 1.2.3.

Apparently, we have no control on the behaviour of (6%2) © f € Tamy2i—1{BU(3))
with respect to a. Fortunately, the following lemma comes at onr rescue.

2.6.2 Lemma. Under the above hypotheses, in particular, | < m — 1, one has
{azom)o f=a- {Tam o f) € Tamiz—1(BU(s)),
for anya € Z.

Proof. Let f, (resp. g,) be a pointed map of degree a on §¥™ (resp. §¥m+2-1),
Consider the fcllowing diagram:

gem+2i-1 f gom GEIm BU(s)

P

S2m+2l 1 f S?.m

By proposition 2.6.1 it), the lefi-hand and the right-hand triangles commute. By
2.6.1 iii), the middle triangle commutes, provided that f € o(mamyar-2(S*™1)).
From i) in the same proposition, and from the condition I < m — 1, it follows that
f is always a suspension. Finally, fram 2.6.1 ii), we find 220 fog, = a-(zamo f),
and this concludes the proof. O

We now understand that the condition { < m — 1 is crucial.

Noticing that the group may,49—1(BU(s)) is finite (as follows from lemma 1.4.2,
since 1 < s <m +1— 1), we can collect these results in a theorem.

2.6.3 Theorem. For1 <1l <m—1, let f: §¥+%-1 _, 2% hg a map, and let
Tom be a generator of E’(S?m) Then, for any s such that m < s <m+1-1,

the composition xem ¢ f represents a non-zero element in Ta 40— (BU(3)), whose
order is a multiple of denom(e(f)), the denominator of the Adams invariant e(f)
of f expressed in lowest terms. For s=m+1— 1, the order of zo,, o f is precisely

denom(e(f)).

Of conrse, this theorem becomes interesting once we know how large the denomi-
nator of e{f) can be. Another question arises: What is the precise order of zom o f

in Tam42l-1 (BU(S)) ?

It turns ont that for { even, say { = 2k, we can partially answer this question,
First by proposition 2.6.1 i), the condition { < wm — 1 implies that the maps
Tomaar-1(SZ™) — 11"25'!_1 and wy_; (SO(2m)) — my—1(SO) are isomorphisms (the
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fiher SO / SO(2m) of the canonical fibration BSO(2m) — BSO is 2m-connected).
For i > 0, m{SO) = =;(0), and by real Bott periodicity [20],

Z, if j=3 (mod4)
7 (0) 2 { Z/2, if j=0o0r1 (mod 8)
0, otherwise

We see that the case of most inkerest in our framework is when [ is even, say [ = 2k.
Then, the J-homomorphism is a map

J: Z % w1 (SO) = 7gpe—1 (SO(2m)) — Tomipar—1(S2™) 2 w3, .

Following Adams {2], we dencte the image of a (chosen) generator of the cyclic
group Ta_1(SO(2m)) hy fax—1 € Tom+ak—-1(5?™). By Adams [2] and Quillen [84),
the image of J is a direct summand in Tamygk_1(S?™) and is of order exactly
M, the latter being defined in section 2.5 (see also [103], p. 488). This means
that jsr—; is of order My and generates a direct sumimand. On the other side, by
theorem 1 of %8], the Adams e-invariant e(j,;—;) (expressed in lowest terms) has
denominator . (This result is also a consequence of [2], prop. 7.14 and thm.
7.16.)

It follows from proposition 2.6.1 ii) that the application

Tam+4k-1(8%") — Tomiar—1(BU(5)), g+ gozom

is a group homomorphisin, From theorem 2.6.3, we deduce the following result.

2.6.4 Theorem. Let jyu—_1 € Tamiqe—1(S7™) 2 7, _, denote the image of a gen-
erator of the group 741 (80{2m)) 2 7431 (SO} = Z under the J-homomorphism,
where 2 < 2k < m — 1. Let x5, be a generator of f((Sz'"). Then, for any s
such that m < 3 < m + 2k — 1, the composition Ty, © j4,—) represents a non-zero
element in mopm+4x—1{BU(s)}, whose order is given by

denom (%:) , if k is even
denom (%g) or 3 denom (%ﬁ) , ifk s odd,

where B, denotes the k-th Be;'nouﬂi number. When k isodd ands=m+2k—1,
the order of xom 0 f is % denom (%:) .

Unfortunately, we were unable to determine the exact order when & is odd. How-
ever, notice that for a given %, the order may depend on s. (We could not settle
this question.)

Before giving some numerical examples, we would like to insist on the fact that
the element we have constructed in womy4x—1(BU(s)), namely Tom © j4—3, can
be written down explicitly by means of the real and the complex Bott periodicity
isomorphisms.
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Examples.
i) For k=1 and m = 3, we have denom (51} = 24 and we can take s = 3 or

i)

iii)

4; the corresponding groups are
ng(BU(3)) = Z/12 and me(BU{4)) X Z/24.

We see that zgo 73 is a generator of the former, but only generates a subgroup
of index 2 in the latter. If we change m , we obtain less interesting results:
For m = 4, the gronps under consideration are w1 (BU(4)) &2 Z/120 ¢ Z/2
and w1 (BU(5)) & Z/120, and for m = 5, they are m13(BU(5)) = Z/360

For k = 2 and m = 5, onr results give an element of order denom (%1) =24
in the groups

mr(BU(S))=Z/5040 & ...  my7(BU(6))=Z/5040 @ ...
m172(BU(T)) = Z/20160 @ ... m7(BU(B))=Z/403206 ...

In the theorem, the cases of most interest are those for which m and s are
as small as possible for a fixed ¥ > 1, namely m = s = 2k + 1: it predicts

that Zakpz © jek—1 i8 of order denom (%5) (or possibly half of it, if k is odd)

in the gronp mgre1 (BU(2k + 1)}. As an illustration, for k = 6, we get the
element 26 © jo3 of order 65520 in w4e(BU(13)).



Chapter 3

K-homology and K-theory of
low-dimensional spaces

We partially compute K-homology and K-theory of CW-complexes of dimension
< 3 in terms of integral homology and cohomology. This is performed hy means of
the Atiyah-Hirzebrnch spectral sequence. As an application, for 0 < § < 2 and any
CW.complex X, we define natural homomorphisms ﬁ;‘ : Hi(X; Z) — Kj(X)
that are rationally right inverses of the usual Chern character “a la Atiyah” in K-
homology. We give four equivalent constructions of these maps; one is based on
Spin®-bordism, and a fifth is given in appendix E. We prove injectivity of 8{* for
any CW-complex X . This is of interest in the framework of the Baum-Connes
conjecture and of algebraic K-theory of group C*-algebras (see chapters 4 and 8).

3.1 Introduction

Having spent some time on topological K-theory in the previous chapters, in other
words on topological K-cohomology, we would like to study its dual theory, namely
K-homology.

As for any cohowmology theory on the category of finite CW-complexes, there is
a spectrum associated to topological K-theory: the BU-spectrum. Topological
K-homology can be defined by means of this (Q-spectrum, and it is a 2-periodic
homology theory. However, there is an alternative definition, due to Baum and
Douglas, that we now recall. Let X be a finite CW-complex. We denote its
K-homology by K.(X) = Ko(X) ® K)(X). An element of K;(X) is a suitable
equivalence class of triples (M, £, f), where M is a closed Spin®manifold of di-
mension m = § {mod 2) (hence oriented, but not necessarily connected), £ is a
virtual vector-hundle over M, i.e. an element of K°(M), and f : M —+ X is
a continuous map. The sum is given hy disjoint union, and the homomorphism

43
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induced by a continuous map g : X — Y is defined by composition, i.e. one has

o (M, &, f1) =M, &, fog] € K.(Y).

Notice that for X connected, any element in K,(X) is represented by a sum aof
triples (M;, &;, f;) with M; connected and f; : M; — X pointed. For details on
this “bordism-type” definition {in particular on the equivalence relation), we refer
the reader to Baum-Douglas [8] and to Jakob [56].

Tt is well-known that for a finite CW-complex X, the Chern character in K-theory,
ch: KMX) — H'(X; Q),

is natural and induces an isomorphism after tensoring with Q. It is also a classical
result that in the “dual” theory, i.e. K- homology, there is a dual Chern character
denoted by the same symbol

ch: K, (X) — HJ(X;Q),

that is natural and an isomorphism after tensoring with @. In the bordism-type
description of K-homology, ch was constructed in [8], and is explicitly given by

ch([M, &, f]) = fa(ch(§) UTd(T M} N [M]) € H.(X; Q),

where ch(£) € He'(M; Q) is the nsual K-theory Chern cbaracter of the virtual
vector bundle £, Td{TM) € H®™(M; Q) is the Spin® Todd class of the tangent
bundle T'M of M, [M] € Hn(M; @) is the fundamental class of M, and finally
for Ho(M; Q) — H.(X; Q) is indnced by f. Notice that ch([M, &, f]) belongs
to Hey, or Hygy according to the parity of 7 (i.e. of m, the dimension of M).

For an arbitrary CW-complex X (i.e. not necessarily finite), we will only consider
K-homology with compact supports. In other words, we define

K.(X):= lm K.(Y),

where the direct limit runs over all finite sub-CW-complexes ¥ of X . Since for
CW-complexes, cellular homology coincides with singular homnology, it has auto-
matically compact supports. Consequently, the Chern character in K-homology is
rationally an isomorpbism lor arbitrary CW-complexes. (In fact, the bordism-type
description of K-homology has automatically compact supports, since f(M) has
to be compact.)

In this framework, two natural guestions arise: 1) “For which CW.complexes is
there an isomorphism between K-homology and integral homology 7' 2) “Are there
integral Chern characters, i.e. with values in integral bomology 7

‘We will prove that for a 2-dimensional connected CW-complex X , there is a natural
isomorphism
ch? : K (X) = H,(X; Z).
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Moreover, we show that for a 3-dimensional CW-complex, there is a similar iso-
morphism, but whose naturality is not at all clear. We also discuss the case of
simply-connected 4-dimensional CW-complexes. Similarly, for K-theory, we prove
that for a connected ﬁniié CW-complex of dimension < 3, there is a natural iso-
morphism

chl: K*(X) S H* (X, Z).
We also consider finite CW-coinplexes of dimension < 5.

For any CW-complex X , we define maps
JBJ'X (Hi(X, Z) — K;(X)

for 0 < j < 2. For classifying spaces of (discrete) groups, this was already done
by H. Bettaich and A. Valette. They showed that, in this case, 37 is rationally a
right inverse of the Chern character; ,Bf is consequently rationally injective. We
extend tbis result to the case of arbitrary CW-complexes, and prove that B is
split-injective for any CW-complex (this is trivial) and that Bix is injective. This
result is much more involved as will be seen. We show by an example that 85 is
generally net injective.

Throughout this chapter, we assume all CW-complexes and all maps between them
to be pointed. Moreover, for the spectral sequence arguments, we suppose that
the O-skeleton of any connected CW-complex is reduced io the base-point (up to
homotopy equivalence, this is no restriction).

We are indebted to Hervé Oyono-Oyono for many helpful discnssions and notably
for having detected an irreparable error in a (completely different} previous version
of this chapter.

The organization of the chapter is as follows. In section 3.2, we define the map 66’(
and we express the K-homology of CW-complexes of dimension < 3 in terms of
integral homology. We also consider the case of siinply-connected CW-complexes
of dimension 4. Section 3.3 contains two definitions of 3 and 8% , and a proof of
the injectivity of these maps for CW-complexes of dimension < 3. It iz also shown
that bath maps are rationally right inverses of the Chern character. Moreover, this
section contains a proof that oriented bordism coincides with integral homology up
to degree 3 (degrees 4 and 5 are also briefly discussed). In section 3.4, using the
particular structure of the BU-spectrum, we define groups SK?(X) and SK*(X)
and establish natural splittings of K-theory. This allows for expressing the K-
theory of a finite CW-complex of dimension < 5 in terms of its integral cobomology.
A bordism-type description of the maps 3;° and 8 is given in section 3.5; it is
based on Spin®bordism. In section 3.6, we state the Kiinneth theorem in K-
homology, and we establish useful “Kiinneth-type” results for those two maps. We
prove, in section 3.7, injectivity of A for any CW-complex X . The proof is based
on spectral sequence arguments. As a by-product, a fourth description of 8;¥ and of
B4 is given, and a criterion (in terms of the Atiyah-Hirzebruch spectral sequence)
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is established to determine whether or not ﬁé‘ is injective for a given X . The
final section 3.7 containg an example of a finite CW-complex for which 35" is not
injective.

3.2 B¥ and K-homology of CW-complexes of
dimension < 3

We start by fixing our notations and conventions. We then define the map ,66'(
and show that it is a split-injection. Next, we compute the A -homology of CW-
complexes of dimension < 3 in terms of integral homology.

For a CW-complex X , let us dencte by chy, : K. (X) — H.(X; Q) the component
of ch of degree n. In the sequel, H,(X; Z) — H.(X; Q) will always denote the
canonical coefficient homomorphism, induced by the inclusion Z <= Q. In order to
simplify some formulas, we will sometimes denote the integral homology of X by
H,(X), and write Hey 1= @npoHop, Hogd = SnzoHomi1, Hep i= Bp_oH) and
chen = @f_gchy . 1t is the right place to recall that ch maps Ky to He, and K,
to Hygg; this justifies the notation ch = chey, @ chogq -

We will say that a map ¢ : K;{X) — Hp{(X; Z) (with § = nmod 2) is compatible
with the Chern character if the diagram

K;(X)
o

H.(X;Z) — Hn(X; Q)

is commntative (we do not require ¢ to be defined for any CW-complex, nor to be
natural). We use the same terminology for a map in the reverse direction.

For the sphere S", one has I?j(S") & Z, where 7 € {0, 1} is the reduction modulo
2 of n, with a cancnical generator given by the Bott element [$]x (the “funda-
mental K-homelegy class”, or “K-orientation class” of S™), that is characterized
by the equality ch([S"]x) = [S"] € H,(S™ Q). (In the bordism-type description
of K-bomelogy, it is given by the class [S”, 1g~, Idgn], where, for n # 2, §™ is
equipped with the unique Spin®-structure inducing the canonical orientation, and
5% is equipped with the Spin®-structure associated to its canonical complex struc-
ture; g~ stands for the trivial 1-dimensional bundle over §".) Therefore, one has
a canonical isomorphism

Chrzt . IF{’J(S") E} ﬁn(sni Z): [Sn]K — [Sn] *

Clearly, this maps extends to wedges of spheres. We would like to define analogons
“integral Chern characters” for arbitrary CW-complexes.
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The easiest case is to construct a map chg, and as a by-product this allows for a
definition of 8§ .

3.2.1 Lemma. For a connected CW-complex X, there is a homotopy-invariant
sphit-injection

BE  Ho(X; Z) — Ko(X)
that is compatible with the Chern character, and whose section will be denoted by
ch? . Both maps are canonical and natural. This yields in particular the canonical
and natural splitting

Ko(X) =Z-[1) @ Ko(X) = Z& Ko(X),

with the element [1] representing ({zg}, 1z, i), Where iy, is the inclusion of the
base-point ¢ of X .

Proof. The map 8§ is defined as to be the composition
Ho(X; Z) = Ho({zo}; 2) — Ko({me}) — Ko(X).

The projection X —» {zq} yields a splitting of the last map in the above composi-
tion. The rest is trivial. (]

In the sequel, we will need an explicit homological description of the K-homology
of CW-comnplexes of dimension < 2.

3.2.2 Lemma. For any connected CW-complex X of dimension < 2, there are
canonical isomorphisms

chZ, := chZ @ ch% : Kq(X) = Ho(X; Z) & Ha(X; )
ch? : Ky (X) = Hi(X; ),

that are natural for such complexes, and compatible with the Chern character. For
X = 87 one has ch?([SYx) = [8'], and for X = Z,, a closed oriented surface of
genus g, we get an isomorphism

ch% : I?Q(Eg) = Hy(Eg; Z) =Z-{5g) 2 Z.

We write [S)x 1= (chZ)™((E]) € Ko(S,): this is the “fundamental K-homology
class of £," (or “K-orientation class”). In the bordism-type description of K-
homology, [Eg]k is the class [E, 1g,, Ids, |, where I, is equipped with the Spin®
structure canonically associated to any complex structure on X, , and lg  is the
trivial 1-bundle over &, . (By connectedness of the Teichmiiller space and by means
of the Riemann-Roch-Hirzebruch formula, one can show that for any complex struc-
ture on Xy, the K-homology class [8,] € Ko(E,) associated to the corresponding
Dolbeault operator 8, is same and that [Sy)x = [8,] + (1 — g)(1] (see [96]).)
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Before the proof of the lemma, let us define a 2-periodic homology theery A, on
the category of finite CW-complexes hy setting, for n € Z,

[ Heo(X;Q), ifniseven
Pa(X) '_{ Hogi(X; Q), ifnisodd.

Proof. Since we are working with compact supports, we can assume that X is
a finite CW-complex. The Atiyah-Hirzebruch spectral sequence for reduced K-
homology, namely E2 , = Hp(X; K,(pt)) = Kpiq(X), is trivial, i.e. all the
differentials vanish. This yields immediately the desired natural isomorphisms.
The compatibility with the Chern character ch follows by comparing this spec-
tral sequence with the corresponding Atiyah-Hirzebruch spectral sequence for the
homology theory h.. Indeed, by naturality, ch induces a morphism of spectral
sequences, that coincides, at the level of the E2-pages, with the coefficient homo-
morphism induced by Z — Q.

The statement about the circle and the surfaces follows readily. This completes
the proof. O

Let us now consider the case of dinension < 3.

3.2.3 Proposition. For any connected CW-complex X of dimension < 3, there
are isomorphisms

chZ, = chZ & ch¥ : Ko(X) =+ Ho(X; Z) @& Ha(X; Z)
chZ,;:= chZ @ chZ : Ky (X) — Hy(X; Z) & Ha(X; Z),

that are compatible with the Chern character. Forn = 0, 2 and 3 the maps chZ
are natural for CW-complexes of dimension < 3. For X of dimension < 2, these
maps coincide with those considered in lemmma 3.2.2.

Proof. As in the proof of lemma 3.2.2, the Atiyah-Hirzebruch spectral sequence
for K-homology is trivial and yields the natural isomorphism ¢hZ,, and a natural
short exact sequence

0 — Hy(X) = Ki(X) — Hy(X) — 0,

that must split (naturally or not) since H3(X) is a free-abelian group. We define
ch? to be the above surjection, and ch? to be any choice of a retraction of the in-
jection ¢. The compatibility with the Chern character follows from the comparison

between the spectral sequences for K-homology and for the homology theory h,.
a

We do not know if there is a choice of the retraction ch¥ that is natural and
compatible with the Chern character.

For CW-complexes of dimension 4, the following result is proved similarly. (By
1-connected, we mean connected and simply-connected.)
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3.2.4 Proposition. For any 1-connected CW-complex of dimension < 4, there is
a natural short exact sequence

- z
0 — Hy(X; Z) — Ro(X) 25 Hy(X;Z) — 0.
There are also isomorphisms

chZ & ch¥ @ ch? : Ko(X) — Ho(X; Z) @ Ha(X; Z) @ Ha(X; Z)
ch : K\(X) = H3(X; Z),

that are compatible with the Chern character. For n = 0, 3 and 4, the maps chZ
are natural for such CW-complexes.

Notice that it is also possible to prove lemma 3.2.2 and proposition 3.2.3 by carefully
comparing the long exact sequences of the pair (X, A), where A is the skeletou of
codimension 1 of X, for K-homology, integral homology and ratioual homology,
with the help of the integral Chern characters for spheres {because X/A has the
homotopy type of a wedge of spheres). This argument is slightly longer that the one
presented here, but it has the advantage of avoiding the intensive use of spectral
sequences (see also [13]).

3.2.5 Remark. In geperal, for a non simply-connected CW-complex X of dimen-
sion 4, one cannot expect an isomorphism K,(X) = Hy(X; Z) @ H3(X; Z). For
example, the real projective space RP* satisfies Hy(RP?; Z) = m (RP?)*® = Z/2
and H3(RPY; Z) & Z/2, whereas K)(RP?) & Z/4. See also theorem 3.7.4 for an
improvement of the latter proposition.

3.3 Definition and first properties of 8 and g5

We first define the maps 8;¥ and 85, and next, we prove that they are natural
homomorphisms, and rationally right inverses of the Chern character. We then
give a second construction, and show that it is equivalent. This will imply that our
maps coincide with those defined by Hela Bettaieh and Alain Valette for classifying
spaces of discrete groups. Their construction will be given in section 5.2.

Let us first recall that the inclusion of the n-skeleton X of a CW-complex X
induces an isomorphism in integral homology and in integral cohomology up to
degree n — 1, and that any continuous map between two CW-complexes X and ¥
is homotopic to a cellular map, i.e. & map that takes, for each n, the n-skeleton of
X into the n-skeleton of ¥ (this is the Whitehead cellular approximation theorem).

Now, we make the following definition:
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3.3.1 Definition. Let X be a connected CW-complex, and let i, denote the in-
clusion of its n-skeleton X" . Then the map B is defined as the composition

5 w2y B2 g, 2y LT g iy B2 gy,

where the isomorphism ch? is given by lemma 3.2.2. Similarly, the map S§ is
defined as the composition

(Chz

X Hy(X; Z) . (*3) Hy(XBlz) 20, K(leﬂ)( fa), Ro(X) e Ko(X),

where the isomorphism ch¥ is given by proposition 3.2.3.

Since ch? and ch? are natural for CW-complexes of dimension < 2 and < 3 re-
spectively, these maps are well-defined (i.e. independent of the CW-decomposition
of X), natural, and compatible with the Chern character. Together with lernma
3.2.1, this proves the following proposition.

3.8.2 Proposition. For a connected CW-complex X and 0 < § < 2, the maps
ﬁf are well-defined natural homomorphisins. They are rationally right inverses of
the Chern character, i.e.

(ch ® Idg) o (Bf ® Idg) = Idm,(x,q) -
In particular, the maps 6_;-"' are rationally injective for 0 < j < 2. The map )36’( is
split-injective, with splitting ch’ .

Here is the first non-trivial injectivity result for these maps.

3.3.3 Proposition. For a counected CW-complex X of dimension < 3, one has
chfoBf =Idpyx,zy, 0<j<2,

implying that ,613" is split-injective. (For j = 1, this is independent of the choice of
the retraction ch?.) If X is 1-connected of dimension 4, then the same holds for
j=0and2. (For j = 2, this is independent of the choice of the retraction ch¥ .)

Proof. Let us first assume that X is 3-dimensional. For j = 0 and 2 the result
is obvious. Faor § = 1, we have to be more careful, because of the choice of the
retraction ch? in the short exact sequence

Hy(X) 7 Ky (X) — Ha(X)
ch¥
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{see the proof of proposition 3.2.3). By natnrality of the latter sequence for CW-
complexes of dimension < 3, the diagram "

Hy(x?) .‘X_”%c”f‘): K (X1)
(3.2)1 & X ('iZ)t
Hi(X) £ K\ (X)

commutes. Since by definition 8 = (45). 0 (ch¥)™? o (12);! = X, we see that for
any choice of the retraction ch? of 1X | we have ch? o g = Idy, (X,2) -

The case where X is of dimension 4 is completely similar. O

We denote the trivial n-dimensional vector bundle over a space X simply hy nx .
Recall that the fundamental K-homology class of the sphere S" is denoted by
[5™]x; it is characterized by the equality ch([S™])) = [S"] € Hn(5™; Q). Since a
given closed connected Spin®-manifold M admits several such structures, parame-
terized by H (M; Z/2)&2- H*(M; Z) (see [65], p. 392), the circle admits precisely
one inducing the canonical orientation. We always endow S! with this structure.
We now give another construction of 8 .

3.3.4 Lemma. For any connected CW-complex X , the map

& m(X) — Ki(X), [f] — (S, 1a1, f] = L({8"]k)
is & natural homomorphism. Factorizing through the Hurewicz homomorphisni hi
in degree 1, it defines a natural map of : Hi(X; Z) — K, (X) fitting in the
commutative diagram
X

&

Wl(X) _ KI(X)

| /

oy
HX; Z)

Moreover, the maps aX and 8% coincide.
y 5 ) !

Proof. Since the hordism-type description of K-homology is homotopy-invariant
(by the “bordism relation”: see [56]), G{' is well-defined. Let vs show that it is a
homomorphism. Let [f], [g] € m1(X). The product [f]- [g] in 71(X) is given by
the class [f - g] of the composition

fg: S »ss* L slvs I8 x.
(On the other hand, one has

[S], lsl, f] +[Sl, 151, g] = [Sl IISI, 1511]51, ng] .
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It is easy to show that there is a continuous map h : M — X, where M is
a pair of pants, i.e. a compact, connected and orientable surface with boundary
OM = S'11 §' 11 5!, such that the restrictions of h to the three components of
OM are f, g and f - g respectively. This shows that

&y ([f-g) =[S s, f-g] =[S TS, Lguuen, £ T g] = & ([£]) + & (4] -

The naturality of &€ and of o® is clear. Let us now prove that o and 8 coincide.
First, observe that any homology class ¢ € H, (X, Z) is “Steenrod-representable”.
This simply means that there exists a pointed continuous map f : §' — X such
that f, : F1(S"; Z) — H1{X; Z) maps [S'] to z: this is a direct consequence of
the surjectivity of the Hurewicz map A{ : m(X) — H1(X; Z). By naturality of
aff and of B, it is therefore enough to check that

of ' ([5Y) = 8§ (15Y]).

The class [§7] is “Steenrod-represented” by the identity map on §', therefore
of ([$]) = [S!]x. The equality 85" ([S']) = {§']k is a consequence of lemma
3.2.2. This completes the proof. O

Notice that & : m1{X) — K1{X) is nothing but the Hurewicz homomorphism in
K-hamology.

Before passing to the second definition of 8¢, we need two classical theorems. We
first recall the basics on oriented bordism.

For a connected CW-complex X , oriented hordism Q5°(X) = MS0,(X) is the
set of equivalence classes of pairs (M, f), where A is a closed oriented smooth
manifold (not necessarily connected), and f: M — X is a continuons map. Two
such pairs (M, f) and (M, "} are said equivalent if they are oriented-cobordant.
This means that M and M’ have the same dimension, say m , and that there exists a
pair {W, F), where W is an oriented compact smooth manifold of dimension m+1,
whase ortented boundary is 8W = M I —M’, and F: W — X is a continuons
map whose restriction to M and M’ is f and f' respectively. This set is an abelian
group for the disjoint wnion, with zero element given by the empty manifold. The
group 0%9(X) is Z-graded by the dimension of the manifolds. The equivalence
class of a pair (M, f) is denoted by [M, f], and we write Q50 for Q3C(pt). Tt
turns out that 259(~) is a homology theory on the category of CW-complexes.

3.3.5 Theorem. For a connected CW-complex X, the map
w50 (X) — Hi(X: Z), [M, f]— fu(IM]),
where f.: H.(M; Z} — H.(X; Z), is a natural isomorphism for j < 3.

This theorem is well-known. The existence of such an isomorphism follows readily
from the classical equalities 05C = 0 for 0 # n < 3, and Q50 = Z (see [76],
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p. 203), together with an application of the Atiyah-Hirzebruch spectral sequence.
The explicit description of the isomorphism is established in [32] (thm. 7.2, p. 17).

The same ideas and the known isomorphisms Q5° = Z and Q5 = Z/2 (see [110]
and [76], p. 203) imply the existence of a natural isomorphism

e @l Q30(X) S T Hy(X; B),

where p : X — pt, and of a natural short exact sequence

X
0 — Hy(X; Z/2) — 980X} &5 Hy(X; Z) — 0,

for any connected CW-complex X . This shows that any integral homology class
of degree < 5 is “Steenrod-representable”.

Here comes the second clagsical theorem.

3.3.6 Theorem. Let X be a connected CW-complex. Then any homology class
z € Hp(X; Z) is “Steenrod-representable”, in other words, there exists a surface
T, of genus g > 1 and a pointed continuous map f : £, — X (with both g and
f depending on z) such that f. : Ha(Z,; Z) — Ha(X; Z) maps the fundamental
class [T,] to x.

For z € H2(X; Z), we write z = [I,, f] to express the fact that x is “Steenrod-
represented” by f: 5, — X,

Proof. It is an immediate consequence of theorem 3.3.5, noticing that we ean (for
our comfort) assume g > 1. Indeed, the 2-sphere S* is a suitable quotient of the
2-torus T2, and the quotient map takes [T?) to [S?]. O

Notice that this theorem is independent of the highly non-trivial fact, used in
the sketch of proof of theorem 3.3.5, that ng = 0. Indeed, we only use the
isomorphism Q5°(X) & Hy(X; Z). We should mention that in [71] (letnma 2.2.4),
there is an “elementary” proof of theorem 3.3.6 for X = BT, the classifying space
of a discrete group I'. We also mention Zimmermann’s theorem [114] and Thom’s
theorem [104): they are stated as theorems 5.2.2 and 5.2.1 in chapter &.

Recall that we always consider I, as equipped with the Spin®-structure canonically
associated to any complex strocture. This defines uniquely a K-orientation class
[Eolx € Ko(E,). satisfying ch%([Zg)x) = [Z4]. We can now pass to the second
construction of 35 .

3.3.7 Proposition. For any connected CW-complex X , the map ,Bzx is given as
follows:

ﬁg( s Ho(X; Z) — Ko(X), f([Zg)) = [Eg, f]— [Zg, 1z, f1= £ ((Zg]x) -
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Proof. The result follows from the following computation:

BE(Zgr F1) = B5 0 £u([Zg, 1dz,]) = BF o fu([]) = fu 0 857 ([Sy))
= fu([Bolx) = fu({Zg, 15, 1dg,]) = [Bq, 15, f].
(W]

3.4 The groups SK° and SK', and K-theory of
CW-complexes of dimension < 4

In this section, we campute K-theory of low-dimensional CW-complexes in terms
of integral cohomology. These results are analogous to those obtained in section
3.2 for K-homology in terins of integral homology. To achieve this, we need known
natural decompositions of K-theory as products involving groups that we denaote
by SK° and SK'. This is of independent interest, but also applies to one of
the 1mnain objectives in the present chapter, namely to show that 8 is injective.
Indeed, in the sacond proof, contained in appendix E, we need these computations.

For cohomology and K-theory, we use similar conventional notations as we did in
section 3.2 for homology and K-homology (in particular, we denote the component
of the Chern character in H*(X; Q) hy chy).

Let X be a connected CW-complex. Its representahle K-theory is
K%X)=[X,Z x BU] and K}X)=[X,U).
The first natural decomposition is trivial, namely
K°(X)=Z & K°(X), where K°(X):=[X, BU].
‘We get a second decomposition in the following way. The fibration of gronps

i det
SUc—UT—— 5
3

has a section s which is a group homomorphism. On the level of classifying spaces,
this gives rise to a fibration
Bi Bdet
BSU “— BU ——= BS' =CP%
Bs

with section Bs. All spaces under consideration are homotapy commutative H-
groups, and all maps, ezcept Bs, are H-maps. Let 4 denote the multiplication on
U. If follows that the composition

S'xsud syt
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is a homotopy equivalence of homotopy commutative H-groups, and the composi-
tion

cr> x 55y 558 sy« By BE BU

is a homotopy equivalence of spaces. (For details on all these points, we refer to
Adams [3].)

Let us now make the following definition.

3.4.1 Definition. For a connected CW-complex X, we let
SK°(X):= (X, BSU] and SK'(X):=[X, SU].

The sets SK°(X) and SK(X) are abelian groups, U and BSU being homotopy-
commutative H-groups.

The above consideration immediately proves
3.4.2 Proposition. For a connected CW-complex X, there are natnral decom-
positions

K(X) = H*(X; 2) ® SK°(X) and K'(X)= H'(X; Z) ® SKY(X).

The latter decomposition is a group isomorphism, but the first is only a bijection
between abelian gronps. More precisely,

0 — SKOX) — K%X) — H¥X;Z) —0
is an exact sequence of abelian groups, with the projection onto H2(X; Z) corre-

sponding to the first Chern class ¢ .

In cohomology and K-theory, we have to be more careful concerning snpports than
in bomology and K-homology. Therefore, we will from time to time assume that
the CW-complexes we consider are finite.

In the K-theoretical context, we will use the terminology “compatible with the
Chern character” in a completely similar way as we did it for K-homology.

Now, we consider the Atiyah-Hirzebruch spectral sequences for reduced K-theory,
namely _ _
BT = HP(X; Ko(pt)) = RPH(X).

3.4.3 Proposition. Let X be a connected CW-complex of finite type. In the
Atiyah-Hirzebruch spectral sequence for K-theory, one has
H(X,Z)=E}°=~EL, j=1,2,

in other words, all differentials emanating from EQE ,withr>2andj=1, 2, are
zero.
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Proof. Leta € HY(X; Z) = [X, S'], and let @ : X — S! be a map representing
a. One has o”(y) = a, where y is a generator of H!(8'; Z) & Z. The map «
induces a morphism E{a) of spectral sequences for which

B(a): Ey(s") = H\(S"; ) <5 H'(X; Z) = B} °(X);
in particular, E(a)(y) = e. Since the spectral sequence for S is trivial, it follows
that 4,(a) =0 for any r > 2.

We proceed in the same way with b € H?(X; Z) & [X; CP*], knowing that the
spectral sequence for CP™ is also trivial. O

We thank Ueli Suter for drastically simplifying cur original proof.

3.4.4 Proposition. For a connected fAnite CW-complex X of dimension < 5,
there are natural short exact sequences

0 — HY(X; Z) — K°(X) =% HY(X, Z) — 0.
and

0 — H*(X;Z) — SKY(X) — H3(X;Z) — 0.
Proof. The result follows from proposition 3.4.3, since, in this case, obviously all
differentials emanating and reaching E*? are zero, for 3< 5 < 5. a

This propesition has two important immediate corollaries.

3.4.5 Corollary. Let X be a connected finite CW-complex of dimension < 3.
Then there are canonical isomorphisms

chZ, :=chZ @ chZ . KO(X) = HO(X; Z) ® H*(X; Z)
chZ,, = ch @ chZ : KY(X) = HY(X; Z) @ H3(X; Z),
that are natural for such CW-complexes, and compatible with the Chern character.

The map ch% coincides with the first Chern class ¢; .

Notice that this is simpler than the corresponding situation in K-homology, except
for the finiteness assumption (the crucial difference heing the presence of propo-
sition 3.4.2; compare with proposition 3.2.3). Another proof of the isomorphism
K%X) = H*(X; Z) of the proposition is to invoke the fact that for suitable CW-
decompositions, one has BU(1)[%1 = BUB! (see chapter 1).

For CW-complexes of dimension < 4, we have

3.4.6 Corollary. Let X be a connected finite CW-comnplex of dimension < 4.
Then there are canonical bijections

chZ, = chZ @ ch% & ch} : K°(X) = HO(X; Z) @ H(X; Z) & H*(X; T)
chZ,y = ch¥ @ chf 1 K} (X) = HY(X; Z) & HY(X; Z),
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that are natural for such CW-complexes, and compatible with the Chern char-
acter. The map ch(z,‘dd is a group isomorphisni, bot chfv is ouly a bijection be-
tween abelian gronps. The maps ch% and ch% are gronp homomorphisms, with
ch® = ¢y, the first Chern class. Moreover, if H4(X; Z) = 0, then chZ, is a gronp
isomorphism. If H*(X; Z) is torsion-free, then there is an abstract isomorphism
KYX) = He(X, Z).

All statements concerning K° extend to the category of connected finite CW-
complexes of dimension < 5.

3.4.7 Remark. For the 4-dimensional real projective space RP*, there are well-
known isomorphisms KO(RP?) = Z/4 and H*(RP*) = HY([RP*) = Z/2. This
shows that chZ, is generally not a group isomorphism, but merely a bijection. It
also follows that SKO(RP*) = Z/2. In general, we do not know if chZ, realizes
an isomorphism for connected finite CW-complexes of dimension < 5 having a
torsion-free H?.

3.5 A bordism-type description of the maps ﬁJX

We give a description of the maps ,BJ‘X based on Spin®-bordism, for 0 < 7 < 2.
Recall the sbort introduction to oriented bordism in section 3.3. The Spin®-bordism
Q3P X) = MSpint(X) is defined as 0S°(X), but with Spin°-manifolds, that are
antomatically orientable, and also K-orientable. Such a manifold M , of dimension
m say, consequently has two fundamental classes, depending on the chosen Spin®-
structure, namely [M] € Hyn(M; Z) and [M|x = [M, lar, Ida] € Kn(M). The
“first four” coefficient groups of Spin-bordism are

Py .} ind int
oty OF" =0 oz QP =0

(see [46]). Therefore, for any connected CW-complex X , there is a graded natural
- e 1 QF(X) — Ho(X; Z), [M, fl— [([M)),
and the Atiyah-Hirzebruch spectral sequence for Q5°™ (—) yields natnral isomor-
phisms
of QP (X) S Hy(X; Z), §=0,1
P ® X 0P (X) S Z @ Ha(X; T),

where p: X — pt {(compare with 7.2 on page 17 of [32]). We will write (¢35 )~ for
the restriction of (p. ® ¢ )~! to H2(X; Z). On the other hand, there is a natural
map

n;’( : ﬂfpin‘(X) — K (X)), [M, fl— fu{[M]x).

The following result is easily checked.



58 Chapter 3. K-homology and K-theory of low-dimensional spaces

3.5.1 Proposition. For a connected CW-complex X and for 0 < 7 < 2, one has
the equality

BF = wlo(¢f)™ : Hi(X; Z) — Kj(X), fu([M])— f{(M]x).

One could equally well replace 257" (X) by complex bordism 2V (X) = MU,(X)
in the above consideration (it has the same “first six” coefficient groups (see [46])).

The fact that Qipi"c # 0 illustrates the difficulties one faces in trying to define a
natural map ﬁ‘-f : there is a natural short exact sequence

‘e X
0— Hy(X; Z) — 5P (X) &5 Hy(X;2) — 0,

but we do not know if it splits natnrally.

3.6 The Kiinneth theorem for K-homology

In section 3.7, we will prove that ,Bf" is always injective. One of the crucial tools
will be a “Kiinneth-type” result for 8, that we prove in the present section. Before
establishing it, we state the Kiinneth theorem in K-homology. We alseo include a
useful “Kimneth-type” formula for 5.

For M and N two (not necessarily connected) finite CW-complexes, for which
representable K-theory coincides with vector bundle K'-theory, the external tensor
product of vector bundles

Vect(M) x Vect(N) — Vect{M x N), (¢, m)— £B 7y
induces the external cup product
K°(M) x K%(N) — K°(M x N), (€, n) — EU7).

In the bordism-type description of K -homology, for two connected CW-complexes
X and Y, the external cross product is given by

K,(X) X KJ(Y) —)KH.J'(X x Y)
(z,y) = ([‘AL & fl, [Ny, g])b—i':t: xXy= [I‘f{ XN, fun, fx g]:
where M x N is endowed with the product Spin®-gstructure (see [55], p. 18).

Let us explain our notation concerning tbe gradings: [K.(X) ® K.(Y)|; denotes
(Ko(X)Q K1 (Y))d (K {X)®Ko(Y)}, and similarly, [Tor(K.(X); K.{¥)}], stands
for Tor(Ko(X); K1(Y)) & Tor(K(X); Ko(Y)). The other cases are analogous.

We are now in position to state the following theorem (see [23]).
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3.8.1 Theorem. {Kiinneth theorem in K-homology) For X andY two con-
nected CW-complexes and for any n € Z, there is a patural short exact sequence

0 — [K(X) @ K. (Y| = Kn(X xY) — [Tor(K.(X); Ku(Y))]ne1 — 0.

We do not know if the sequence splits. Remembering the splitting of Kp given by
lemma 3.2.1, we obtain injections

g (K(X) DB (1R K;(Y)) o Ki(XxY), j=1,2
=K;(X)OK;(¥)
([M, €, fl, [N, n, 9]) = [M, &, f X cy] + [N, 1, czp x g] =
=[MIIN, 11, (f x cy) T (o % 9)],

where ¢z, and ¢y, are the constant maps taking the base-point of X and Y re-
spectively as value. If we denote by jx and jy the inclusions {with respect to the
corresponding base-points) of X and Y in X x Y respectively, then ¢; coincides
with the composition

K;(X) @ K;(Y) U)X Ur)s v vy K;(X x V) T Ky (X x Y).

Clearly, there is & canonical isomorphism @ : m1(X x Y) Sm {X) x m(Y), and
by abelianizing, we get ¢® : Hy(X x Y; Z) = H({X,Z)® Hi(Y;Z). Let us
finally recall that we have defined the Horewicz map for K-homology & in lemma
3.3.4. We can now state a ‘Kiinneth-type” lemma for the maps &) and 3, .

3.8.2 Lemma. Let X and Y be two connected CW-complexes. Then the map

&X*Y fitg into the commutative diagram
aXxY
m(X xY) 1 K (X xY)
(pl%’ Lbl
& x &y

m{X) x m(Y) K (X)® K (Y)

In particular, BX*Y =1 0 (B x BY Yo, and B¥*Y is injective if and only if so
are B and 8 .

Proof. Let u denote the product map on m(X x Y). The diagram

~XxY
m(Xlx Y) - KI(XLX )
# ~XxY ~XxY +
X XY xmX xY) DX | g(xxY)e KX xY)
(30« x (iv)e | et |0 x G
11'1(X)X1T1(Y) K](X)@Kl(}r)
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commutes. For the npper square, this is the fact that a.]x XY isa group homomor-

phism, and for the bottom square, it follows from the naturality of &; (see lemma
3.3.4). The left-hand composition is ¢! and the right-hand composition is ¢ .
The rest is clear from lemma 3.3.4. a

For the next statement, by means of the decompaosition Ko = Z & Rg of lemma
3.2.1, we make the following identification:

[K(X)Q K. (Y )0 =Z& Ko (X)® Ko(Y) & (Ka(X)® Ko(Y)) ® (K1 (X) R K1 (Y)).

We also recall that g2 maps H; in I?o. This will make the following statement
clear.

3.6.3 Lemma. Let X and Y be two connected CW-complexes. Then the map
B5*Y fits into the commutative disgram

B e s e pF & 87 (K.(

(H(X) @ Hy(Y)) & Ha(X) & Ha(Y) * X)® K. (V)

Xlg 'BXXY Xl
H2(X x Y) i Ko(X x Y)

In particular, BX*Y is injective if and only if the three maps B ® BY , ¥ and B}
are injective.

Proof. The vertical maps are given hy the corresponding Kiinneth theorem. We
split the proof of the commutativity into two parts. First, by naturality and addi-
tivity of 8, the diagram

B & By

Hy(X) @ Ha(Y) Ko(X) @ Ko(Y)
(7x)» @ (3v). | N 160)- @ ().
Hy(X x V)@ Haf X x Y) 22 I Ky(X xY)® Ko(X xY)
+l 1+

. ﬂé\’x}’
Ha(X x Y) Ko(X x Y)

commutes. Both vertical compositions coincide with the corresponding restrictions
of the vertical maps in the statement.

For the second part, let = = [S!, f] € Hi(X) and y = [S?, g] € Ha(Y) he
“Steenrod-represented” homology classes. By naturality of the external cross prod-
uct in homology, the left-hand square of the following diagram commutes:

X Y
H(sY e By(s) 112% mx)e mv) B8P g (x)e Ky (r)

q 9 e

ey — X vy Ko(X x Y)
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We have to show that the right-hand square comnmutes. For one composition, one
has

BEUS™, M x BY (1S g} = [S") 1s1, ) X [S*, 151, 0] = [T°, 1ma, f x g].

Since [S7) x [§!] = [T?], for the second composition, we first compute

(8%, £1% (S, g) = £ (IS'D) x . ([S"]) = (f x @)([T?]) = [T%, f x g,
from which we deduce that

BEXY (1S, ] x [S", g]) = BFY([T®, £ x o)) = [T%, 1p, f % g].

In total, this proves that the diagram of the lemma commutes. The statement
about injectivity is clear. Tlis ends the proof. O

3.7 Injectivity of 5

We prove injectivity of 8 for any connected CW-complex X . Roughly speaking,
the idea is to first prove injectivity for X = B{) and for X = B(Q/Z)}. This poses
no difficulty, since their reduced integral homology is concentrated in odd degree.
Then, by a “Kiinneth-type” argument, one deduces imjectivity for B{({(Q & Q/Z)").
If Hy(X; Z) is of finite type, then it injects in (Q@Q/Z)" . for some n. This allows
for proving the result for such spaces, by a snitable simple argument. The general
case then follows by taking direct limits over finite sub-complexes of X . As an
application, we describe K-homology of CW-complexes of dimension < 4 in terms
of integral homology.

3.7.1 Theorem. The map 8 : Hi(X; Z) — K1(X) is injective for any con-
nected CW-complex X .

‘We prove it at the end of this section. .

The following classical lemma is a key ingredient.

3.7.2 Lemma. The gronps Z, Z/m with m > 2, Z/p™ with p a prime, @ and
Q/Z have their homology concentrated in odd degree.

Proof. For Z, this is clear. For Z/m, one has

H2y(Z/m; Z) =0 and Hogpy(Z/m; Z) = Zjm,
for any g. Since Z/p™ = lim Z/p* and since bomology is continuons (i.e. com-
mutes with direct linits], Un:; gets

Haq(Z/p™; Z) =0 and Hygi(Z/p%°; Z) 2 Z/p™,
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for any ¢. The isomorphism Q/Z = @pe pZ{p™, where P is the set of primes,
together with the Kiinneth theorem in homology and the continuity of homology,
of the tensor product and of Tor yield

H,(Q/Z; Z) = H(Q/E; E) = Q/Z.

Finally, one has ﬁ.(@; Z) = H1(Q, Z) = Q (see [48], pp. 84-85). This completes
the proof. O
In the proof of theorem 3.7.1, we need the forthcoming proposition that gives a
fourth description of the maps ﬂf for j = 1 and j = 2. We have to recall some
points hefore stating it. We have defined a 2-periodic integral homology theory h.
for the proof of lemma 3.2.2. Since we are working with compact supports, it is
defined for all connected CW-complexes. Consider the Atiyah-Hirzebruch spectral
sequence Ej, = {E] .} satisfying

EJ o= Hy(X; hy(pt) = Kpiq(X).
The convergence means tbat ES% = Jp o/ Jp_1 g1, where {Jp o} is the filtration

0=JonCin1S...CIpnpC.-.CInoC...C |J Jpg=EKulX)
pte=n

defined hy J, 4 := Im{Kp4o( X1} — Kpiy(X)). Notice that for 1 < j < 3, there
is a natural epimorphism H;(X; Z) = E} § - ES% = Jj0/Jj-1,1, with Jo,1 = 0
(since X1 = pt, as a standing assumption) and J1,1 = 0 because, hy lemma 3.2.2,
Ko(XW) = 0. We therefore get a natural map

85 - Hy(X: Z) = E} g — ES% = Jj,0 = Im(K; (X)) — K;(X)) < B;(X),
for j=1and 2.

3.7.3 Proposition. Let X be a connected CW-complex. For j = 1 and 2, the
map 6]?‘ coincides with ,BJX . In particular, ,8;{ is injective if and only if no non-
zero differential reaches E%g in the spectral sequence. Consequently, if the reduced
integral homology of X is concentrated in odd (resp. even degree), except possibly
for Hy (resp. Hy and Hj), then B{ (resp. BX) is injective.

Proof. By natnrality, it is enough to check the equality between both maps in the
case of 5! for j = 1, and in the case of the surfaces £, for 7 = 2. This is obvious.
The result abont injectivity is clear. O

This proposition also illustrates the difficulty in defining a map ﬁgf : the group Ja
is generally non-zero, since it is isomorphic to H)(X; Z), by virtne of lemma 3.2.2.

We can now pass to the main proof.
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Proof of theorem 3.7.1. By lemma 3.7.2 and proposition 3.7.3, Bi" is injective
for X = BQ and for X = B{Q/Z). By the “Kiinneth-type” lemma 3.6.2, it is
also injective for X = B((Q & Q/Z)*). If H := H1(X; Z) is of finite type (as
for example if X is finite}, then H is a finite direct sum of cyclic groups, and
therefore injects in G := (Q & Q/Z)", for some n. Let p denote the projectian of
7 = 71{X) onto H = a% . The universal covering space X of X is a principal
w-fibre bundle over X . It is consequently classified by a map f : X — B,
unique up to hometapy. The map f, : m{X) — m(Br) = 7 is the identity, and
this means that the composition X N Br 2% BH induces the map p ou the
level of fundamental groups, and the identity on first integral hemology groups.
Let i : H «— G be the inclusion in the abelian group G. By naturality of £, we
obtain a commutative diagram

15— kx)
al s
Hy\(Br; Z) A K\(Bm)
wl L, e
H\(BH; Z) A K(BH)
;l BG lBi"

H\(BG; Z) <—— K;(BG)

Consequently, 8;¢ is injective is this case too. Since we are warking with compact
supparts, Hy(X; Z) and K, (X) ceincide with the direct limits over the connected
finite sub-complexes of X , of the corresponding groups. Since the direct limit over
a directed set is an exact functor, it preserves injectivity (see thin. 2.18 in [90]).
This shows that ,Bf( is injective for any X |, and completes the proof. O

The following result follows immediately from theorem 3.7.1 and from propesition
3.7.3. {Tt generalizes proposition 3.2.4.)

3.7.4 Theorem. For a connected CW-complex X of dimension < 4, there are
natural short exact sequences :

z
0 — Hi(X; Z) — Ki(X) 25 Hy(X, Z) — 0.
and )
0 — Ha(X; Z) — Ko(X) 2% Hy(X;Z) — 0.
The latter sequence splits and yields an (abstract) isomorphism
ehZ @ ch? & chZ : Ko(X) = Ho(X; Z) @ Ha(X; Z) @ Ha(X; Z).

The second short exact sequence is also valid and natural for X of dimension 5.
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3.8 Non-injectivity of B

We summarize the injectivity results we have so far for 85, and we show hLy a
simple example that it is generally not injective,

We have seen in proposition 3.3.3 that B3 is split-injective for CW-complexes
of dimension £ 3 and for shnply-connected CW-complexes of dimension 4. We
- can improve this result as follows. We have proved in proposition 3.7.3 tbat it is
injective if and only if no non-zero differential reaches EL,Z,% in the Atiyah-Hirzebruch

spectral sequence far I?,..(X ). This implies in particular that it is injective if X
has its reduced integral hommology concentrated in even degree, except possibly for
H, and Hj. This applies to CW-complexes of dimension 4.

The “Kiinneth-type” lemma 3.6.3 allows for constructing an example of a finite
CW-complex for which 3£ is not injective.

We claim that the map ﬂzl,w IR 45 pot injective. For RP?, one has
RPY . 7/9 & H) (RP?; Z) — K (RP?) 2 Z/2, 1+ 1,
and for RP*,
RPY . 772 = H (RPY; Z) — K (RPY) 2 Zf4, 11— 2
{where we write the groups Z/n additively). It follows that
R QAR 227/ QT)2 — 22 @L/ANTE/2, 1=181+—182=0.

Now, the non-injectivity of SX° “xRP* follows from lemma 3.6.3, as claimed.

Since in the sequel we will mainly he interested in classifying spaces of countable
discrete groups, it is worth mentioning that the same argument shows that the map
B XRP™ 45 not injective. The space RP*™ x RP™ is nothing but B(Z/2@Z/2).



Chapter 4

An introduction to the
Baum-Connes conjecture

We quickly review the basic notions related to the Baum-Connes conjecture, and fix
our notations for the sequel. These include the classifying space for proper actions
of a group I', equivariant K-homology, the maximal and reduced C*-algebras of
T', the algebra £!T', the Baum-Connes assembly map, the Baum-Connes conjecture
and a conjecture sometimes called the “Bost conjecture”, and the delocalized equiv-
ariant Chern character. We also quote some consequences of the Baum-Connes
conjecture in different areas of mathematics, and some classes of groups for which
the conjecture has been proved. This chapter containg no new result and has no
pretension in completeness.

4.1 Introduction

Let T be a countable discrete group. The Baum-Connes conjecture is the statement
that the analytical asseinbly map (or Baum-Connes assembly map, or I-index map)

we - KJ(ET) — K, (C]T)

is an isomorphism. The left-hand side is the K-homology with compact supports
of the classifying space for proper actions of I'. It is a group of geometric nature
associated to [, whose precise definition will be given later in this chapter. The
right-hand side is the K-theory of the reduced C*-algebra of I'. The goal of the
conjecture is to express the latter K-theory group, which is a rather complicated
object of analytical nature, in simpler terms, namely by means of geometry and
topology. The rational Banm-Connes conjecture is the weaker statement that the
assembly map pl ® Ide is an isomorphism.

65
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The Banm-Connes conjecture has many implications in topology, geometry, analy-
sis and algebra. For example, it implies the Novikov conjecture, the stable Gromov-
Lawson-Rosenberg conjecture, the conjecture of idempotents (absence of non-trivial
idemipotents in CT" for I torsion-free), and the more general Kaplansky-Kadison
conjecture (absence of non-trivial idempotents in C;T for T torsion-free}; see sec-
tion 4.7 for some details.

The origin of the Baum-Connes conjecture is the work of Kasparov on the index
of T-invariant elliptic differential operators on [-vector hundles over a T-compact
manifold M : He proved in [60] that there is a well-defined notion of index of such
an operator D, with value in K,(C?I"). The pair (M, D) also defines an element
of KI'(ET). The assembly map p! is defined so that

ul{M, D) = Index(D).

The surjectivity of g} means that any K-theory class of the rednced C*-algebra of
I" arises in this way, and the injectivity that it arises essentially in a unique way.

Our references for this chapter are {6], {7], [107] and [108].
Throughout this chapter, we assume all maps to be pointed and continuous.

This chapter is organized as follows: In section 4.2, we review proper actions and
classifying spaces for proper actions. In section 4.3, we recall briefly the definition
of equivariant K-homology; this gives a description of the domain of the Baum-
Connes assembly map, namely the gronp KT(EI'). The group algebras C*T,
C:T and {'T, and their K-theory are the subject of section 4.4. In section 4.5, we
comnpare the Baum-Connes assembly map with the Novikov assembly map, we state
the Baum-Connes and the strong Novikov conjectures, as well as the so-called “Bost
conjecture”. We also discuss the functoriality of the Baum-Connes assembly map.
The delocalized equivariant Chern character is introduced in section 4.6, and we
briefly describe the consequences in various areas of the Baum-Connes conjecture
in section 4.7. Finally, in section 4.8 we quote some classes of groups for which the
conjecture is proved.

4.2 Classifying spaces for proper actions

We recall the definition of a proper action of a discrete group, and give some
classical results for this kind of action. We then define the classifying space for
proper actions of a given group. For details on the subject of this section, the
reader can refer to [7] and to [108].

Let T dencte a countable discrete group. Let X denote a Hausdorff space on which
I’ acts coutinnously, in other words, by homeomorphisms (on the left, say). (In
this section, we assume all spaces to be Hausdorff.)
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4.2.1 Definition. The action of the group T on X is proper if for every pair of
points x, y € X , there exist neighbourhoods U, and Uy, of x and y in X respectively,
such that the set .

{reT|y U.NnU, +# @}

is finite. Then X is called & proper I'-space.

Since T s discrete, this amounis Lo requiring that the action has a Hausdorff
quotient, and that for any £ € X, there exists a triple (U, H, p}, where U isa I'-
invariant neighbourhood of & in X , H is a finite subgroup of T',and p: U — T/H
is a -equivariant map (see p. 25 in [62}).

The following proposition is classical.

4.2.2 Proposition. i) Ifp: X — Y is a covering space with X and YV
Hausdorff and structure group T, then the action of T on X is proper and
free.

if) If T is finite, any action on & Heusdorff space is proper.

iif) IfT acts simplicially on a simplicial complex X , then the action is proper if
and only if the stabilizers of the vertices are finite.

In the framework of locally compact spaces, there is a simpler criterion to determine
whether or not an action is proper, as the following theorem shows (see {81]).

4.2.3 Theorem. If X is locally compact, the action of T on X is proper if and
only if for any pair of compact subsets K and L of X, the set

{yeT|v-KnL#w}
is finite. It is also equivalent to requiring that the action map
TxX—XxX, (v, z)—(y z 1)
is proper, i.e. the inverse image of any compact subspace is compact.

4.2.4 Definition. A subspace Y of a proper T'-space X is I'-compact (resp. T'-
paracompact)} if it is a T-subspace of X and if the orbit space T\Y is compact
(resp. paracompact).

The following result is well-known.
4.2.6 Proposition. Let X be a proper I'-space. Then

i) The orbit space T'\X is Hausdorf.
ii} If X is metrizeble, then so is T\X .
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iif) If X is locally compact, then so isT\X .

iv) If X is T-compact, then X is locally compact.

We now pass to the definition of the classifying space for proper actions of a given
group.

4.2.6 Definition. A proper T'-space X is universal if it .satisfies the following
universal property: For every proper T-space Y, there exists a continuous I'-
equivarfant map Y — X | that is unique up to I'-equivariant hemotopy. Such
a space, if it exists, is unique up to T-equivariant hometopy equivalence, and is
denoted by ET {or by ET'). It is also called the classifying space for proper actions
of I'. The orbit space T\ET is denoted by BL (or by BT'), and is uniquely de-
termined up to homotopy equivalence; it is called the classifying space for proper
T-bundles.

We will see that ET always exists. In fact, there are metrizable I-paracompact
models, and also medels that are I'CW-complexes. There are very general exis-
tence theorems for this kind of classifying spaces (see thm. 1.6.6 in [i05]). As a
standard abuse of notation, when we write ET = X , we mean that a given proper
I'-space X is a model for ET. Let us give a few examples.

Examples,

i) If H is a subgroup of I', then ET i8 a model for EH .

ii) If T is a torsion-free group, every proper action of I is free, and we have

ET = ET = BT, the universal covering space of the classifying space BT of
I',and Bl = BT".

iii) ' =Z", then ET = R™ and BT = T", the n-terus. For I' finite, we have
ET = BI' = pt.

iv) I =Ty, the fundanental group of an orientable surface £, of genus g,
then ET = R? (or the hyperbolic upper half-plane) and BL = Ly,

v) If T is a discrete subgroup of a Lie group G with finitely many connected
compaonents, then ET' = G/K and BT = T\G/K , where K is a maximal
compact subgroup of G. H moreover I' is torsion-free, then B = Bl'is a
manifold.

_vi) If T acts simplicially on a tree T' with finite stabilizers of vertices, then
ET = T, This applies to any amalgamated product [y x5 I’z with [7, T
and H finite, as for example SLa(Z) = (Z/4) +z/, (Z/6).

vii}) The space E(Fin) = Ery(T) studied in [105] and [63] is a (generally non-
metrizable} model for ET (see the end of the present section).
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viii) Any model for ET is a contractible space, but not T-equivariantly (except
for I finite).

The next proposition is an important result allowing to recognize when a given
proper [-space is a model for ET. It is proved in [7).

4.2.7 Proposition. A metrizable proper I'-space X with paracompact orbit space
T\X is universal if and only if the following two conditions are satisfied:

i} For every finite subgroup H of T, there exists z € X stabilized by H, i.e.
such that H .z = {z}.

ii} The two projection maps py, p2 : X x X — X are I'-equivariantly homo-
topic.

This proposition allows to prove that a metrizable I'-paracompact universal proper
I'-space exists for any countable discrete group I'. Indeed, the set

p:T'— [0, 1] | supp(y) is finite and Zu('y) =1
~vel

of finitely supported probability measures on I', with the metric of uniform conver-
gence ||y —v|jeo = suPyer |16(7) —v(7)| . is & model for ET'. We call it the standard
model for ET, and denote it by EL**®, More geometrically, EL**? is the geometric
realization of the siinplicial set of nonempty finite subsets of I', or equivalently the
standard simplex in the real group algebra R of T' (in both cases, witb the topology
of uniform convergence). The action of T" is defined by v - ') := p(¥1v).

Since any free and proper action is proper and since ET" classifies free and proper
actions of ', there exists a I-eqnivariant map ET' — ET that is unique up to
I-equivariant homotopy, and fitting in & commutative diagram

ET ET
BT Bl

In chapter 6, we will need explicit descriptions of these maps. For this purpose we
now describe Segal's model for the classifying space for a family F of subgroups
of T'. For details, the reader is referved to [105] pp. 46-50, and to [68]. Let F be
a non-empty family of subgroups of I’ that is closed under taking subgroups and
conjugates, as for example 7, the trivial family consisting in the trivial subgroup
{e}, and Fin, the family of finite subgroups. Consider the [-set

Ap= [ T/H

HeF
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(the disjoint union of the corresponding cosets, with action of I' by left translation).
Let XT = {X7}uzo be the simplicial T-set of tuples of elements of Ax, more
precisely

X‘I’f = (A}')n-ﬂa

with the obvious face and degeneracy maps. Segal’s model for the classifying space
for the family F is the geometric realization of X7 :

EF(T) := X7,

It is clearly a T-CW-complex with one n-cell for each (n + 1)-tuple of elements of
Ar. Its main properties are that the cell stabilizers are imembers of F, and that
for any H € F, the fixed point set Ex(T')¥ is contractible. It follows that Ex(T)
is always contractible, that E7(T') is a model for ET', and that Er;,(T) is a model
for ET. The space Ex(I') is metrizable if and only if it is locally finite (see prop.
1.5.17 in [44]), but this is never the case. For example, for the trivial group, one
has
Er({e})=e"ueluelu...= §%,

The map ET = Ep(I') — EL = Ex;y(T) we are looking for is “simplicially
induced” by tbhe canonical inclusion of I'-sets

Ar=T/{e}=T < Azm= ][] I/H.
HeFin

In chapter 6, we will also need information on the cellular chain complex of Ex(T).
Let R be a commutative ring with unit. The cellular chain complex of Ex(T") with
coefficients in R is given by

CoEx(T); R): ... —+ C1(Bx(T); R) 24 Co(Ex(T); R) — 0 —» ...

Srn+1

where C(Ex(T); R) = (@R[I‘/H]) , and the map d, is
HeFr

di: A yH@N - YH = AN(yHRYH) +— AN (vH -~ H') = A\ -vH- 2N ¥ H'

(MANeR,y, v el,and H, H' € F). Since Ex(T) is contractible, its homology
is concentrated in degree 0, isornorphic to R, and the sequence of RI'-madules

... — C1(B£(T); B) 25 Co(Er(T); R) 5 R — 0

is exact, where € is the augimentation

E:E > Ay oyH— Y Z A €R.

HeF yHeT/H HEF HeT/H
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4.3 Equivariant K-homology

We briefly review the definition of the equivariant K-homology of a locally compact
proper I'-space.

Let X denote a locally compact proper [-space. Let Co(X) be the C*-algebra of
continnous complex valued functions on X | vanishing at infinity (ie. for every
positive £, there exists a compact subset K of X, such that the function is in
module € £ outside K).

A generalized elliptic -operator over X (or Kasparov triple over X, or cycle over
X) is a triple (H, 7, F), where H is a Hilbert space endowed with a unitary
representation U of T, 7 is a *-representation of Cy{X) by bounded operators on
H (in particular, n(f) = 7(f)*), and # is a bounded self-adjoint operator on #.
It is moreover assumed that the representation 7 is covariant (with respect to U),
in otber words

w(foyl) = Um(F)US, Vf € Co(X), Vy €T,
and that, for any f € Cp(X) and any v € ', the operators
m(F){Uy, Fl, 7(f)(F*—1) and [x(f), F|
are compact. As shown in [107], we can always assnmme that F is I-equivariant,
ie. U,F = FU,, for any v+ € ['. Such a Kasparov triple (H, 7, F) is eveu if
the Hilbert space H is Z/2-graded and if U and = preserve the grading, whereas
F reverses it. It is odd otherwise. If X is compact (and tben I is finite), in the
above definition of a Kasparov triple, the last two conditions can be weakened as to
become: (F?—1) and [a(f), F] are compact, for any f € Cp(X). (In particular, F
is a Fredholm operator.) There is an obvious notion of direct sum of two Kasparov
triples o and # of the same parity; it is denoted by a ® 3.

A cycle (H, m, F) is said to be degenerate if 7(f}(F? - 1) =0 and [(f), F] =0,
for any f € ColX). Two cycles ag = (M, 7, F) and ey = {H/, «', F') over X are
called homeotopic if H = H', if the corresponding unitary representations I/ and
U' are equal, if # = 7', and if there exists a norm-continuous path (Fi)eo,1) of
operators connecting F to F' such that tbe triple ¢y = (H, w, F}) is a cycle of the
same parity, for any £ € [0, 1]. Finally, two cycles o and 3 of the same parity are
defined to be eguivalent, and we write o ~ 3, if there exists two degenerate cycles
a' and §' (still of the same parity), such that a @ e’ is bomotopic to 8& f'. The
equivalence class of a cycle (M, m, F) i denoted by [H, =, F].

4.3.1 Definition. The set of equivalence classes of even cycles over X is denoted
by K} (X), and the set of equivalence classes of odd cycles by KT (X).

1t turns out that the direct sum of cycles (of the same parity) endows K§ (X) and
KT(X) with a structure of abelian group, and we set

K3 (X) = K (X) ® K] (X).
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It is called the I'-equivariant K-homology of X .

The groups KT (X} depend functorially on X in the following sense: if f : X — Y
is a continuous, proper and I'-equivariant map between two locally compact proper
I-spaces, then it induces a group homomorphism

fo  KF(X) — KT(Y), [H, 7, F]— [H, mo f*, F],

where f* : Co(Y) — Cy(X) is the *-homomorphism given by ¢ — o f. If f
and g are two continuous, proper T'-equivariant maps that are I-homotopic (i.e.
I'-equivariantly homotopic), then f. = g.. (This is a deep result of Kasparav.)

4.3.2 Remark. The group KI(X) we have just defined coincides with the Kas-
parov K K -group KKI(Cy(X), C).

We now define equivariant K-homology with compact supports.

4.3.3 Definition. Let X be a Hausdorff I'-space. The I'-equivariant X-homology
with compact supports (or representable I'-equivariant K-homology) of X is the
group
RK[(X) = RKJ(X)® RK{ (X) == Hm K[(Y),
Y

where the direct imit runs over all T-compact subspaces Y of X . Since throughout
this work we will only consider K-homology with compact supports, we will simply
denote it by KT(X). IfT is the trivial group, we denote KT (X) simply by K.(X)
(this makes sense for any Hausdorff space X ).

Notice that this is well-defined, since given two I'-compact subspaces Y7 C Vs
of X (which is Hausdorff), the inclusion ¢ : ¥7 — Y3 induces a homomorphism
iv ¢ KT(Y1) — KI(Y3). Indeed, Y; and Y are closed in X, so i is a proper
continnous I'-equivariant map.

{A more accurate denomination for representable '-egnivariant K -homology would
be “K-homology with co-compact (or I-compact) supports”. We will however
follow the most commonly used terminology.)

For Hausdorff spaces, the K-homology with compact supports considered here
coincides with the one studied in chapter 3. More precisely, there is a canonical
natnral equivalence between both functors. We will identify them.

As expected, I'-eqnivariant K-homology with compact sapports is functorial for
proper I'-egqnivariant maps between Hausdorff I'-spaces. In the sequel, when we
refer to the functoriality of KT , it is always with respeet to this kind of maps.

The following proposition is important.
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4.3.4 Proposition. If [ acis freely on a proper I'-space X (as for example when
I’ is torsion-free), then, fori =0, 1, there is a canonical and natural isomorphism

KT{X) = Ki(T\X).

In particular, there is a canonical isomorphism K[ (ET) S K «(BT). It is natoral
in the group T,

A proof (together with an explicit construction of the isoinorphism) can be found
in [107]. Notice that we do not need to assume X to be locally compact, because
we are working with compact supports.

At this point, we see how tbe left-hand side in the Banm-Connes conjecture,
namely KT{ETL), is defined. Since eqnivariant K-homology is invariant nnder
T-homotopies, after the remark ending section 4.2, we see that there are canonical
maps

K,(BT) =+ KI(ET) — K[ (£L).

In particnlar, if T is forsion-free, then there is a canonical isomorphism

K.(BT) =+ KJ(EL). 7
An important feature of the X-homology group KT {ET) is that it is functorial in .
Indeed, as shown by Alain Valette in [107], a group homomorphism ¢ : I'1 — T’y
induces a homomorphisim

9.t KIY(ED,) — KJ2(EL,).

Let us mention that this functoriality is not at all obvious, and that the proof
given in [107] splits the problem into two parts: first, the case of a surjection, and
then the case of an injection (the general case readily following). As a particular
application, one can show that the map K.(BT') — KI(EL) is natural in the
group I,

Examples.

i) Let H be a finite subgroup of & countable discrete group I'. Let p denote a
unitary representation of H on a finite dimnensional complex vector space V.
We will associate to these data a Kasparov triple (¥, m, F)over Xg :=T/H,
and representing an element in K§ (ET) . First, Xy identifies with the subset
of EL* consisting of uniform probability measures on the left cosets of H
inT'. (For H = {e}, this is the set of Dirac measures.) Let

H = {6 € (T, V,) |&(v-h) = p(h™1)E(7), Yhe H, ¥y €T} 2 T Qcu V,,

the Hilbert space of the induced representation ¥/ := Ind};(p) , endowed with
the trivial Z/2-graduation. This is also the Hilbert space of ¢*-sections of
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the induced vector bundle I' x gy V, over Xg. Let 7 denote the actioa of
Co(Xg) by pointwise multiplication on sections; this is clearly a I'-covariant
representation. For each f € Co(Xg), one checks that «(f) is a compact
operator. Finally, take F = 0, the zero operator on H. This defines

LTH p = [’H., T, F} € K(I;(ﬂ) .

ii) For a finite group I', one has ET = pt, and one shows tbat there are iso-
morphisms
Kq (ET) & R(T) snd K](EL) =0,

where R(T') is (the underlying additive group of) the complex representa-
tion ring of the group I'. The first isomorphism is realized by mapping a
representation p of T to zp,, € KF(EL), as in example i).

iii) For I' = Z, one has EZ = R (it is Z-compact), and one verifies that
KNEZ)=Z -z(), 22 and K[(EZ)=2-y=Z,

where 1.} 1 is “induced from” the trivial representation of the trivial sub-
group of Z (as in example i)), and y is the “Toeplitz” generator, i.e. the
class of the Kasparov triple (L?(S'), M, F), where Un(£)(2) := £(2™),
form € Z, ¢ € L?(8) and z € §*, and where M is the represeata-
tion of C(S!) by pointwise multiplication on L#(S'), and F is tbe operator
Diag(sign{n))nez in the trigonometric basis (e*9),¢g of L3(§1).

4.4 The Banach algebras C*T', C'T and £'T

The three unital Banach algebras C*I', C*T and ¢'T" are suitable completions of
the complex group algebra CI'. The first two are C*-algebras, called the maximal
and reduced C*-algebras of I" respectively, and are related by a canonical surjective
*-homomorphism

Ar: C*T = CT.

One of the equivalent definitions of amenability of the discrete group I' is that
this map is an isomorphism (see also section 4.8). There are also injective unital
Banach algebra morphisms

8T CT and 31 8T < CIT.

The maximal C*-algebra and the Banach algebra £'T' depend functorially on the
group (and 5! is natural), but the reduced C*-algebra does not, as explicit examples
show. (The inclusion of the trivial group in T produces a copy of C as a direct
summand in CT" if and only if T is amenable.)
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The analytical K-theory of a unital Banach algebra A is defined by
Ko(A) := K§9(A)
(the algebraic Ko-group of the ring A), and, for j > 1,
K;(4) := m;_1(GL(4)) & m(BGL(4))

where GL(A) (also denoted by GLeo(A)) is defined as the direct limit of the topo-
logical groups GL,,(A) (with topology inherited from the Banach algehra M, (A)).
It is worth mentioning that these groups do not coincide with higher algehraic K-
groups (as for example K“ 9(C) = C*, whereas K1(C) = 0). By Bott periodicity,
there are canonical momorphlsms

K;s2(A4) = K;(A), forallj > 0.

This means that analytical K-theory of (complex) Banach algebras is 2-periodic,
and we write K,(A) = Ko(A4) ® K1(A). The K-groups are functorial for unital
Banach algehra morphisms. We have in particular group homomorphijsms

() : Ko(0'T) 5 K, (0'T) O

K.(CT).
We now have an idea of what is the right-hand side in the Banm-Connes conjecture,
namely K,(C;T).

Let us illustrate this by a few simple examples. If I is finite, then the three algebras
T, C*T and C!T coincide (as ahstract algebras) with the complex group algebra
CT, and C*T* = C*T as C*-algebras. However, if T is not the trivial group, then €'T
does not coincide with them as a Banach algehra. If A denotes one of these Banach
algebras, then one has Ko(A} & R(I'), where R(I") is (the underlying additive
group of) the complex representation ring of I'. On the other hand, one checks that
K1{A) = 0. As a second example, when T is abelian, then C*I' = C*T" = ¢(I),
where I' = Hom(T, §1) is the Pontryagin dual of the group I' (with the compact-
open topology, i.e. the topology of uniform convergence on finite subsets of T', for
which T is compact), and where the isomorphism is given by Fourier transform.
By the Swan-Serre theorem, we see that X,(C'T) & K,(C(I)) = K*(I).
particular, C*Z" = CIZ* & C(T*), with KO(T*) = Z*""' = K1(T*). More
explicitly, for n = 1, the generators of Ko(C(S')) and of K, (C(Sl)) are [1] and
fz], the K-theory classes of the unit and of the identity function z on the circle
respectively.

4.5 The Baum-Connes and the Novikov assem-
bly maps

We state the Baum-Connes and the strong Novikov conjectures, as well as a conjec-
ture that some people call the Bost conjecture. We also see how they are related.
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With the goal of computing K.(C*T') in mind, Paul Baum and Alain Connes have
defined a {(graded) map

#s  KJ(EL) — K.(C7T),

called the analytic assembly map (or Baum-Connes assemhly map, or I-index
map), and were led to the following conjecture (see [6] and [7]):

4.5.1 Conjecture. (Baum-Connes)} For any countable discrete group T', the
assembly map ul : KT (ET) — K,(C:T) is an isomorphism.

The left hand-side is, as we have seen, of topological and geometrical nature, and
is supposed to be simpler to compute (at least rationally, as we will see in section
4.6).

For the definition of u! , we refer to [107), where it is also proved that there exists
an assembly map
il . KT(ET) — K.(C'T)

such that uf = (Ar).o /il , where (Ar), is induced, at the level of K-theory, by the
canonical surjection Ap. It is also shown that the map al is natural with respect
to gronp homomorphisms.

Notice that the Baum-Connes conjecture (or even just the split-surjectivity of ul')
would imply that (Ar), is split-surjective and that K,(C?T) is functorial for group
homomorphisms. These two potential consequences are still nnproved. {Ahout the
forrer problem, let us mention that for K-amenable groups, (Ap)« is always an
isomorphism, and at the oppaosite, that for infinite groups with Kazhdan's property
(T, it is never injective; see section 4.8 for the definition of property (T).)

It turns out that the composition map

Iy

AT : K.(BT) = KT(ET) — KT(ED) 2% K,(C*T)

coincides with the Novikov assembly map considered by Mishchenko and Kasparov.
They have formulated the following conjecture:

4.5.2 Conjecture. (Strang Navikov canjecture) For any countable discrete
group ', the Novikov assembly map

Al : K.(BT) — K.(C'T)
is rationally injective, in other words it is an injection after tensoring with @ (or

equivalently C).

Notice that one can show that this conjecture imnplies the nsnal Novikov canjecture
on the homotopy invariance of higher signatures in topology, hence its name (see
also section 4.7).
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We denote the composition (Ap), o 8T : K,(BT) — K,(C:T) by 8.

We now state a useful résult allowing to relate the strong Novikov conjecture to
the Bauin-Connes conjecture (see [43], pp. 44-45).

4.5.3 Proposition. For any countable discrete group I', the map
K.(BT) — KT(ET) — KT (ET)

is rationally injective.

{See also section 4.6 about this propesition; section 6.7 contains a proof.)

4.5.4 Corollary. If the Baum-Connes assembly map ur is rationally injective,
then the Novikov assembly map S is also rationally injective, ie. T satisfies the
strong Novikov conjecture. (The rational injectivity of i suffices.)

As already mentioned, if [ is torsion-free, the map K,(BT) — KT(EL) is an
isomorphism, and therefore, 8T is rationally injective if and only if so is jil .

In [64], Vincent Lafforgue has shown that the Baum-Connes assembly map further
factorizes, more precisely, be defines an assembly map

ib - KT(ET) — K.(8'T)

snch that uf = (1), 04!, and &0 = jTo 4. This map is also natural with respect
to group hemomorphisms. Apparently, Jean-Benoit Bost was led to the follewing
conjecture (at ieast for discrete subgroups of connected Lie groups; see [98], p. 11):

4.5.5 Conjecture. For any countable discrete group ', the assembly map

i K (

ET) — K.(€'T)
is an isomorplisnl.

For simplicity, in the sequel, we will refer to this conjecture as the “Bost conjecture”.

‘We see that if a group I satisfies at the samne time the Baum-Connes conjecture
and the Bost conjecture, then the inclusion £!T < C}T induces an isomorphism in
K-theory.

Examples.

i) Let H be a finite subgroup of T'. In example i) of section 4.3, we have
associated to any finite dimensional complex representation (V,, p) of H a
K-homology class zg , = [H, =, 0] € K} (EL). If p is irreducible, then
there exists & nnique projector p, in CH such that V, = CH - p,, as a left
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iii)

iv)
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CH-module, and one has 7(C,(I'/H)) - H 2 CT ®cy V, 2 (T - p,. Let p*
denote the dual (or coniragredient) representation of p. The map

Cr —CT, €= Ay—r €= My
~y€er’ vel’

takes p, to ), = pp+ and induces a hijection CI'-p, & py+-CT transforming the
left Cr-module siructure into the right CI'-module structure. This implies
that

fig(zH,p) = [ppr] € Ko(C'T) and pg(zn,,) = [ppr} € Ko(CT),

the K-theory class of p,-, viewed as a projector in the maximal (resp. re-
duced) C*-algebra of I'. In particular, if H = {e} and p is the trivial
1-dimensional representation of H , then ﬁg(m{c}’l) = [1} € Kp(C*T), the
K-theory class of the unit.

If T is finite, the ahove consideration allows to prove explicitly that p) is an
isomorphism. On the other hand, ,uf and A} are ohviously isomorphisms,
since their domain and range are 0. Consequently, any finite group satisfies
both the Baum-Connes and the Bost conjeciures.

For T = Z, we have seen in example iii) of section 4.3 that KZ(EZ) and
KZ(EZ) are infinite cyclic, generated by T{g,1 and the Toeplitz generator y
respectively. By example i), ub (e}, 1} = [1] € Ko(C} Z), showing that pF is
an isomorphism. A more involved computation shows that if a denotes the
generator of Z , then p#{y) = ~{a) = [a™!) € K, (C?Z), and this corresponds
to [z m 277] € K1(C(5")) (see [107]). We see that under the canonical iden-
tifications KZ(EZ) = K,(§") and K;(C;Z) = K'(S), the assembly map p%
takes the Bott generator to the inverse of the Bott generator. In particular,
42 is also an isomorphism. Therefore, Z satisfies the Baum-Connes conjec-
ture. Similarly, one shows that the group 77 satisfies the Baum-Connes con-
jecture, and that p? takes the Boti generator of K% (EZ?) 2 Ko(T?) 2 72
to the Bott generater of Ko(C?Z?) = Kp(C(T?)) & KO(T?) & 72,

By the Wiener lemma (see [91], 11.6), for any n > 1, £'Z” is stahle under
holomorphic functional calculus in C}Z* . Therefore, hy the density thearem
(see [34], prop. 3, pp. 285-286), the inclusion £'Z* < C?Z" induces an
isomorphism K.(£'Z") & K.(C}Z"). 1; follows from example iii) that the
group Z satisfies the Bost conjecture, and that i%(y) = [a7!] € K;(£'Z).

Let us also point out that there is a generalized version of the Baum-Connes con-
jecture, called the Baum-Connes conjecture with coefficients. The coefficients in
question are C*-algehras on which the group I' acts hy *-automorphisms.
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4.6 The delocalized equivariant Chern charac-
ter '

We consider the usual Chern character in K-homology, and the delocalized equiv-
ariant Chern character defined by Paul Baum and Alain Connes, and explain their
main properties and how they are related. We also introduce some notations that
we will use in forthcoming chapters.

In section 3.1, we bave explained that the usual Chern character in K-homology
with compact supports induces an isemorphism ch®Id : K.(X)®C = H{X; C},
for an arbitrary CW-complex X . In particular, for a diserete group I', we get an
isomorphism

ch® Id : K,(BT) ® C —= H,(BT; C) & H,(T; C).

In [6], Baum and Connes have defined a new Chern character, called the delocalized
equivariant Chern character. 1t is a group homomorphism

ch! : KT (ET) — H,(T; FI),

where T is a countable discrete group, and FT' is the C-module freely generated
by the set of torsion elements in I', on which I acts by conjugation. It maps K
to He, and K] to Hogg. The following two results are announced in [6] and in [7]
{and are generally considered as well-known), but we do not know of any complete
proof.

4.6.1 Theorem. The delocalized equivariant Chern character chl is a rational
isomorphisin (i.e. an isomorphism after tensoring its domain with C), and is natuwral
with respect to group homomorphisms.

4.8.2 Proposition. For any countable discrete group I', there is a commutative
diagram
K.(BT) KT(ET)
ch] lchf
H,(I; C) = H,(T; FT)

where we have identified H,(BT; C) with H,(T'; C), and the bottom map is induced
by the inclusion i : C <3 FT', A+ X - e of I'-modules.

The above two results show that the map K.(BI') — KT(EL) is rationally injec-
tive (this was the content of proposition 4.5.3). We also see that for a torsion-free
group, FT = C and the Chern character chl “coincides” with the nsual one.
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4.6.3 Remark. We have already mentioned that we do not know of any com-
plete proof of the above theorem and proposition. There is however anather major
difficulty: The statement of the Baum-Connes conjecture presented here (and con-
sidered nowadays) is the one of [7], whereas i [6], the left-hand side was a group
K*(pt, T) defined in a completely different fashion. The relation between KT (ET)
and K*(pt, ') (and between the two corresponding assembly maps) is far from
clear. (See also sections 5.1.1 and 5.1.6 in J.-L. Tu’s thesis [106] on this point.)
Moreover, the Chern character chl was defined in [6], with domain K*(pt, ). We
will therefore adopt the following point of view (shared with maost workers in this
field): We accept the existence of a delocalized equivariant Chern character with
domain KT(ET), and consider theorem 4.6.1 and proposition 4.6.2 as true. Sec-
tion 6.7 contaius partial proofs of these results. (Complete proofs can probably be
deduced from the work of J. Davis, W. Liick and B. Oliver, see [37], [67] and {66].)

Let (T} be the set of conjugacy classes of T', partitioned as
) = (O ()=,

where (I‘)“" is the (non-cmpty) set of conjugacy classes of elliptic elements of T,
t.e. of finite order, and (I'}* is the (possibly empty) set of conjugacy classes of
hyperbalic elements, i.e. of infinite order. Let {3 }cery be a once and for all
chosen set of representatives of the conjugacy classes, i.e. v, € C. Let us denote
Zr(v,), the centralizer of y; in ', by Z.. (There is a slight abuse of notation
since Z, does not only depend on the class G, but on its chosen representative ~, .
Cbanging the representative amounts to taking a conjugate of Z_.) Notice tbat
Ziy =T,

The I'~module FT' decomposes canonically as a direct sum of sub-T'-modules param-
eterized by the set of elliptic conjugacy classes. Thercfore, by a direct application of

the Shapire lemma, we have anather interpretation of the target of the delocalized
equivariant Chern character chl :

4.6.4 Proposition. For any discrete group I', there is a canonical graded isomor-
phism .
v: H(T; FT) = P H.(%;0),
ce(ry™
where the latter are homology groups with trivial coefficients C. Moreover, the

restriction of v~ to the direct summand corresponding to C = {e} is the map i,
of proposition 4.6.2.

In chapter 7, we will see that there is also a canonical graded isomorphism (due in
particular to Burghelea [27])

P H.(z.:0) = HEMCD),
Ce(r)ctt
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where the latter group is the “elliptic part” (a snitable direct summand) of the
Hochschild hemeology of the complex group algehra CI' (see thecrem 7.2.1).

4.7 Consequences of the Baum-Connes conjec-
ture

We quote a few classical conjectures that would be implied by the Baum-Connes
conjecture. Ronghly speaking, injectivity of the Baum-Cennes assembly map has
consequences in topology, and surjectivity in analysis.

First, let us state the Novikov conjecture from topelogy.

4.7.1 Conjecture. (Novikov) For a closed oriented manifold M with fundamen-
tal group I', the higher signatures {coming from H*(I'; Q)) are oriented hemotopy
invariants of M .

In section 4.4, we have stated the strong Novikev conjecture. It is clear that ratienal
injectivity of the Banm-Connes assembly map for a countable discrete group I’
implies the strong Novikov conjecture for this group. Mishchenke has proved that
the streng Novikov conjecture for a group I implies the Nevikav conjecture for any
closed oriented manifold having I' as fundamental gronp.

Due to Stephan Stelz, there is another consequence, in geometry, of injectivity
(rational injectivity is probably not enough, accerding to him) of the Baum-Connes
assembly map for a countable discrete group I', namely the following conjecture.
Before the statement, we let B be a fixed “Bott manifold”, i.e. a simply-connected
closed Spin-manifold of dimensien 8 whese index is a generator of KOg(pt), in
other werds, such that A(B) = 1.

4.7.2 Conjecture. (Stable Gromov-Lawson-Resenberg conjecture)

Let T be the fundamental group of a closed Spin-manifold M of dimension m.
Then there exists k > 0 snch that M x B* is endowed with a metric of positive
scalar curvatnre if and only if a suitable topological invariant a(M) € KOp(Cy I')
vanishes (where Cg T is the real reduced C*-algebra of T').

In fact, the Baum-Ceonnes conjecture implies the “if part” of the ahove conjecture,
and the “only if part” is a theorem of Rosenherg, generalizing a result of Hitchin
(see [89] and [102])).

In algebra, there is a famous conjecture, that we new state, on the group algehra
of a tarsion-free group.

4.7.8 Conjeciure. (Conjecture of idempotents) Let I' be a discrete group.
If T is torsion-free, then the complex group algebra CI' contains no non-trivial
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idempotents, in other words if z € CT' satisfies z* = ¢, thenz =0 or 1.

This conjecture is an immediate consequence of the following much deeper conjec-
ture in analysis:

4.7.4 Conjecture. (Kaplansky-Kadison) IfT is a discrete torsion-free group,
then the reduced C*-algebra C}T' contains no idempotents other than 0 and 1.

It is known that surjectivity of the Baum-Connes assembly map for a discrete
torsion-free group I implies the Kaplansky-Kadison conjecture for I' {and therefore
also the conjecture of idempotents for this group).

4.8 Status of the Baum-Connes conjecture

We quote a few classes of gronps for which the Baum-Connes conjecture has been
proved.

First, we have seen in section 4.5 that all finite groups satisfy the Baum-Connes
and the Bost conjectures.

Recall that a locally compact group G is amenable if the left regutar representa-
tion of G on L?G almost contains invariant vectors, or equivalently if the trivial
representation is weakly contained in the left regular representation. (This is in
fact one of the numerous eqnivalent definitions. Another would be to ask that
the canonical surjection Ag : C*G —» C*( is an isomorphism.) Among countable
discrete groups, one has the following chain of inclusions of classes of groups:

abelian ¢ nilpotent & solvable & amenable

Clearly, any finite gronp is amenable {and in fact, so is any compact gronp). Among
discrete groups, affine Coxeter groups and virtnally solvable groups are amenable.
On the other hand, free gronps with two or more generators, the groups SL,(Z) for
n > 2, and the surface-groups I'y with g > 2 are non-amenable (they all contain a
free group on two generators as a subgroup of finite index, the standard obstruction
to being amenable). It is known that amenable groups satisfy the Baum-Connes
and the Bost conjectures. In fact, the same holds for a much larger class of groups,
namely groups with the Haagerup property (also called a-T-menable groups).

4.8.1 Definition. A locally compact group G has the Haagerup property if it
admits an isometrically proper action by affine isometries on an affine Hilbert
space M . (Here, “isometrically proper” means that for any pair A, B of bounded
subsets of M, the set {g € G|g- AN B # &} is relatively compact, i.e. it has
compact closure in G ; it is enough to require this for A=B.)
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One can show that a conntable discrete amenable group has the Haagerup property
(see [9]). The surface-groups, the discrete subgroups of SO(n, 1) and SU(n, 1),
the free groups with finitely many generators, and the group SIL3(Z) have the
Haagerup property, the groups SL,.(Z) do not when n > 3. When I' is a countable
discrete group with the Haagerup property, one can take the affine Hilbert space
H of the definition as a model for ET . We now state the result allnded to above.

4.8.2 Theorem. (Higson-Kasparov; Lafforgue) If I' is a countable discrete
group having the Haagerup property, then it satisfies the Baum-Connes and the
Bost conjectures. (It even satisfies the Baum-Connes conjecture with coefficients.)

This was proved in 1996 and is contained in the paper [50] (sec also the survey
[57]). The part concerning the Bost conjecture is due to Lafforgue. For example,
the free abelian groups Z" , the surface-groups I'y and the free gronps of finite type
all satisfy the Baum-Connes and the Bost conjectures.

In 1981, G. Kasparov has proved injectivity of the Baum-Corues assembly map
for discrete subgroups of real Lie groups with finitely many connected components.
These includes for example the groups SL,(Z). Eight years later, he and G.
Skandalis have obtained the same result to discrete subgroups of p-adic groups.

Concerning Gromov hyperbolic groups, it was first proved that the Baum-Connes
assembly map is rationally injective for fundamental groups of compact Riemannian
manifolds of non-positive scalar curvature (by A. Mishchenko and G. Kasparov,
1974 and 1988}, and then, in 1988, A. Connes and H. Moscovici have proved the
strong Novikov conjecture for Gromov hyperbolic groups (see [35] and [36]). In fact,
for these groups, the Baum-Connes assembly map is injective. This was proved
independently in 1993 by N. Higson and J. Roe, 5. Hurder, and G. Kasparov and
G. Skandalis. The same holds for groups acting properly on euclidean bnildings
(by G. Kasparov and G. Skandalis, 1991).

In 1991, P. Julg and G. Kasparov have proved that a group I' satisfies the Baum-
Connes conjecture if I' is a discrete subgroup of a connected Lie group G whose
Levi-Malcev decomposition is G = RS, where R the radical and § is the semi-
simple part assumed to be locally isomorphic to a product

K x80(ny, 1) x ... x 80(ng, 1) x SU{mq, 1} x ... x SU(my, 1),

with K a compact Lie group.

The Baum-Connes conjecture also holds for one-relator groups, as was shown by
C. Béguin, H. Bettaieb and A. Valette in their 1999 paper [13). (This gives another
proof for surface-gronps.) This applies to the braid group Bs.

H. Oyono-Oyono and J.-L. Tu have independently proved in 1997 that fundamental
groups of Haken 3-manifolds (including knot groups) satisfy tbe Baum-Connes
and the Bost conjectures. In the same year, H. Oyono-Oyono has shown that
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if a countable discrete gronp I" acts (simpliciatly) on a tree with edge and vertex
stabilizers satisfying the Baum-Connes conjecture with coefficients, then so does T'.
Two years later, he has established that if a group I fits in a short exact sequence
0—T¢—T —T; — 0, withT'; and all subgroups H of T that contain Ty as
a subgroup of finite index satisfying the Baum-Connes conjecture with coefficients,
then so does I'. In particular, this conjecture is stable under taking semi-direct
products with torsion-free “acting group”. For example, this implies that the pure
braid groups P, satisfy the Baum-Connes conjecture.

Recall that a locally compact group I' with a countable base bas Kazhdan's prop-
erty (T) if every action of I" by affine isometries on an affine Hilbert space has a
fixed point. (This is in fact one of the numerous equivalent definitions.) It is easy
to see that a locally compact group with a countable base baving at the same time
the Haagerup property and Kazhdan’s property (T') is necessarily compact, and
hence finite if it is discrete.

It was only in 1998 that the Baum-Connes conjecture was proved for infinite
groups having Kazhdan’s property (T). Indeed, V. Lafforgue has proved that
the Baum-Connes conjecture is true for Gromov hyperbolic groups acting prop-
erly co-compactly on a CAT(D) space. These include all co-compact lattices in the
simple Lie groups SO(n, 1}, SU(n, 1), Sp(n, 1) and F4(—20) (al! having real rank
one). The lattices in Sp{n, 1) and in Fy(~20) have property (T). In the same
year, he has established that the co-compact lattices in SL3(F)} also satisfy the
Baum-Connes conjecture, where F is R, C or a p-adic field Q.

Up to now (July 2000}, it is still not known if §L,(Z) satisfies the Baum-Connes
conjecture, when n > 3.



Chapter 5

Low-dimensional group homology
and the Baum-Connes assembly
map

For products of a group by a finite cyclic group, we carefully describe the Baum-
Connes assembly map, its domain, its range and the delocalized equivariant Chern
character. As an application, we compute very explicitly the rational Baum-Connes
assembly map in “low homological degrees”.

5.1 Introduction

Throughout this chapter, we keep notations as in chapter 4. In particular, we write
K; = K;42 for K-homology of spaces and K-theory of Banach algebras.

In chapter 3, we have defined natnral maps
B : Hy(X; Z) — K;(X),

for = 0, 1 and 2, where X is any connected CW-complex, and K;{X) is the 2-
periodic K-homology with compact snpports. For X = BT, the classifying space
of a countable discrete group, this gives maps

where we bave identified the integral homologies of I and of BT". (The snbscript #¢"
stands for “topological”, and the exponent “loc” for “localized”.) In her thesis [10],
Hela Bettaieb has defined maps with same domain and same range, and denoted
by B (see also [11]). We will show that her maps caincide with ours, even if

85
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her construction was completely different. Following a program initiated by Alain
Valette, she has also defined explicit maps
pee = pYie  Hy(T; Z) — K;(CIT)

{that she denotes by §,, with the subscript “a” standing for “analytical”), such
that the diagram

I‘
K;(BT') — K] (ET H(CIT)
\ /
4 a

H(T; Z)

commutes, for j = 0, 1 and 2. We will recall the definition of 4! in section 5.2. Of
course, the interest is to construct ﬂf,"c directly, and not just as the composition of
B! with the horizontal map in the ahove diagram (which is the Novikov assembly
map cormposed with (Ar).). G. A. Elliott and T. Natsume [40] (and independently
H. Bettaieb and A. Valette) have proved the following result.
5.1.1 Theorem. For any countable discrete group T', the maps B¢ and g{hie
are rationally injective.

Motivated by these resnlts, Alain Valette has posed the following problem: Can one
“delocalize” the above constructions, in other words, can one define “topological”
maps _

8= B : Hy(T; FT) — KJ(EL) ® C

and “analytic” maps
=89 : (T, FT) — K;(C:T)®C,
such that tbe diagram

r
- @I
KEnec 8%

toc@IdC

K;(C'T)® C
Bt
H,(T; C) <+ H;(T; FT)

commutes, for =0, 1 and 2 (see propositions 4.6.2 and 4.6.4 for i,). This amounts
to trying to express the rational Bamin-Connes assembly map in “low homological
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degrees”. In this chapter, we present a positive answer to this question, and in
chapters 6 and 7, we will establish two kinds of generalizations of the construction
of B, in various sityations.

The construction of ﬁgj) when j = 0 and partially for j = 1 is a joint work with
Hela Bettaieb. For these values of j, the presentation given here varies from the
one of [10] in that it is a bit more general and allows for lifting some ambiguities
on particular values of the delocalized equivariant Chern character.

An import&ﬁt feature of our construction of the maps 8; and 3, is that we need
a “clagsifying family” of groups for H;(['; FT'), that is a family of groups {G;}ier
(indexed by a certain set I) such that for any group I', any homology class in
H;(I'; FT') arises from a “fundamental class” in H;(Gi, FG;), for a certain Gy,
through a homomorphism G; — . In the three considered cases, the “classifying
family” is given by

forj =0: {Z/n}a>
fori=1: {ZxZ/n}n>
forj=2: {TyxZ/n}gaz1,

where Iy is the fundamental group of a closed oriented surface of genus g.

‘We should explain in a few words our choice for the terminology “localized” and
“delocalized”. In view of proposition 4.6.2 (together with the fact that both occur-
ring Chern characters induee isomorphisms after tensoring their respective domain
with C), the Novikov assembly map AT can he considered as the part of il local-
ized at the identity e of I'. The other way round, il is the delocalized counterpart
of ﬁf . {These statements are accurate at least rationally.} We will therefore call
the maps 8; and 8, the delocalized counterparts of 8% and ¢ respectively.

This chapter is organized as follows: In section 5.2, after recalling their definition,

we prove that the maps ,Bt(j hlee ¢ onstructed by H. Bettaieb coincide with ours. We
also recall the definition of her maps ,69 )’m, and their main properties. In section

5.3, we introduce the spectral projectors associated to finite order elements in a
group. They play a crucial role in the sequel. 1n section 5.5, we compute explicitly
the delocalized equivariant Chern character chl for I' = G x Z/n, with G a torsion-
free group having a smooth manifold as a model for ET". This computation is based
on a technical result, established in section 5.4, on the periodic topological cyclic
cohomology of the algebra C°(M, I'} associated to a proper action of I' on a
manifold M. The concrete determination of the assembly map ul for any product
I’ = G x Z/n is the subject of section 5.6. Finally, in the remaining three sections,
we construct the maps Bt(j) and ﬁgj), for 5 = 0, 1 and 2, and determine their
properties.
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5.2 The maps 8! and 8

We first recall the definition of the maps ﬁgj Mo¢ and ﬁ,(,j % considered by Hela

Bettaieb in [10]. We then show that for any discrete group I', the maps ij)’loc
coincide with our maps ,Gfr . We also give the main properties of these maps.

For § =0, one has Hp('; Z) = Z, and
Bl Hy(T: Z) — Ko(BT), 11— [1],

where [1] := 1.(1), with ¢ denoting the inclusion of the base-point in BI', and 1
being the canonical generater of Ky(pt) = Z. On the other hand, we set

BN Hy(1'; Z) — Ko(£'T), 10— [1],

where [1] is the K-theory class of the unit {viewed as an idempotent (1 x 1)-matrix
over £T'). The map considered by H. Bettaieb is given by

B = (). o e

where jI is the inclusion of £1I" in CT.

For j = 1, one has a canonical and natnral isomorphism H;(T'; Z) & I"® the
abelianization of I'. We write % for the class in % of an element v € I'. By
definition, one has

Ao L (D, Z) — Ky (BTY), v — 7.([Sk),

where v is considered as a the homotopy class of a pointed map §* — BT, where
“+ is the map induced at the level of Kj-homology, and [S!]k is the canonical
generator of K3(8") 2 Z. (The fact that ﬁt(l)'loc is a well-defined homomorphism
is not ohvions. The reader can refer to [10] for a proof of analytical flavour, or
to [11] for a more geometric proof. Another proof consists in identifying this map
with APT (see proposition 5.2.3 below) and then to invoke the results of chapter
3.) On the other hand, we set .

Ao Hy(T; Z) — Ko (€T), 4 — =[] = [y,

where [y%1] is the K-theory class of ! (viewed as an invertible (1 x 1)-matrix
over £'T). The map considered by H. Bettaich is given hy

M = () 0 A,

(More precisely, H. Bettaieb considers —35'* in her thesis [10].)

For 7 = 2, the situation is more involved. In [114], B. Zimmermann considers the
set S(I') of pointed maps T, — BT (with g > 1 varying arbitrary), inducing a
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surjection at the level of inndamental groups. Clearly, this set is empty if ' is not
finitely generated; let us therefore assume, for a moment, that I' has finite type.
Recall that the surface-group I'y admits the presentation

g
Ly= <a1,...,ag, bi, ..., by H[ﬂj, bj]> .
=1

It follows that the free group Fy on g generators is the quotient of I'y by the
normal subgreup generated by the a;b; Ds (1 < i< g). It follows that any finitely
generated group is a quotient of some surface-group. Zimmermann considers a
suitable equivalence relation on the set S(I'}, and shows that the quetient set
}(T) is in canonical bijection with H3(T'; Z) . Explicitly, the bijection is

T) — Ha(T5 Z), [f : Bg = BT} — £([Z4]).

where [2,] € Ha(E,; Z) is the orientation class. Under this identification, the addi-
tion in homology corresponds to connected sum (for which 2(I') becomes a group}.
This construction is only valid for finitely generated groups, and has the disadvan-
tage of rendering the functoriality of this bordism type description of Ha(—; Z)
obscure. We now explain how to avoid these problems. First, we recall a 1954 the-
otem of René Thom (see thm. IL3 and cor. 1IL7 in [104]; comnpare with thearem
3.3.6.).

5.2.1 Theorem. {Thom) For a CW-complex X, any class = in H,(X; Z), for
n < 6, is Steenrod-representable, in ather words there exists a smooth, closed
and oriented manifold M of dimension n, and a continnous map f : M — X
{both depending on z} such that z = f,([M]). Moareover, there is a class in
Hr(B(Z/3)l1 x B(Z/3)I") that is not Steenrod-representable.

Notice that the manifold M need not be connected. Let us also point out that the
above theorem also holds for infinite CW-complexes because we are working with
compact supports.

We will denote a homology class f.([M]) as in the theorem also by [M, f]. By
applying this theorem for n = 2, and by dropping the surjectivity hypethesis
everywhere in Zimmermann'’s paper [114], we get a proof of the

5.2.2 Theorem. {(Zitnmermann) For any group T, cansider two “bordism” pairs
(Zg, f1) and (24, f2), where f; : Eg, — BT is a continuous map for i = 1 and
2, and g1, g2 > 1. Then these two pairs represent the same class in H2(T; Z), i.e.
(A)e([Eg]) = (f2)+([E4.)}. if and enly if they are stably equivalent in the sense
that there exists g > g1, g» and an orientation-preserving homeomorphism h of
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Ty, such that the triangle
Yg=Xg#Lg-g _

K

h|= BT

f2
Bg= Y #Yg—g

commntes np to homotopy, where, for i = 1 and 2, f; = fif#zo and xg is the
constant map from X,_, to BI' taking the base-point of BI' as valne (the symbol
“37 stands for the oriented connected sum.)

Recall that to prove this resnlt, we only need tbe easy part of theorem 5.2.1, namely
for n = 2. See also theorems 3.3.5 and 3.3.6 for a sketch of proof in this case. As
already mentioned in chapter 3, for an “elementary” proof of Thom'’s theotem for
n = 2 and for X = BT, the classifying space of a discrete group I (the only case
to which we apply the theorem in the sequel}, the reader can consult lemma 2.2.4
in [71].

The functoriality of 2(T) is then simply given by composition with the homomor-
phism; more explicitly, for a group homomorphism ¢ : I'y — T’z and a stable
eqnivalence class [Z,, f] (in the sense of theorem 5.2.2), one has

0([Zg, f]) = [Zg, By o f],

where By : BI'y — BTl is induced by . Let us finally recall that the sum is
given by the oriented connected sum:

[Eyn fl] + [Eg-n f2] = [Egl#zgzu fl#f2] .

From now on, we identify the group Hz(I'; Z) with the set Q(T") of equivalence

classes of bordism classes [M, f] as in the above version of Zimmermann's theorem.

Coming back to the construction of ﬁtw)‘rx, the K-homology of Iy is given by
Ko(Z)=Z-(1}@Z- Syl £ 22 and K,(Z,)=Z%,

where [1] and [Z4]x are determined by the relations ch([1]) = 1 € Hp(Z,; Q) and
ch([Z4)x) = [Bg] € Ha(Zg; Q) (see lemma 3.2.2). By definition, one bas

B - Hy(; Z) = QT) — Ko(BT), [Sq, f1— £([Zek).

To have a better insight into this definition, let ns point out that in [10] and in
[11], it is shown that [Eg}x = [dg] + (g — 1) - [1], where [8y] is the K-homology
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class rcpresented by the Dolbeault operator on E,. In the analytical framework,
the proof that ﬂ(z) ¢ s a well-defined group homomorphism is highly technical
and rather involved (see [11]). Another proof consists in identifying this map with
BT (see proposition 5.2.3 below) and then to invoke the results of chapter 3. On
the other hand, for I' not necessarily countable, we set

B21ies . Hy(T; Z) = QT) — Ko(£'T), [Eq, f]+— fulBe" ([olk)) -

(Here, the elements ﬂgg {[(Zglk) € Ko{f1T;) can be thought about as “universal
classes” parameterized by g > 1.) The map considered by H. Bettaieb is given by

A = 3} o B

For =0, 1 and 2, we set 47" =jfo££j)’i“, where 1 : T — C'T.

To be precise, the maps {3(2) tec and B?),loc of H. Betiaieb were only defined for

finitely generated groups. However, as we have seen above, the constructions can be
extended without major modification to the class of all countable discrete groups.
On the other hand, the map 8% of chapter 4 is defined for any connected CW-
complex X .

5.2.3 Proposition. For any discrete group I', the map ,6‘(‘7)’ defined by H. Bet-
taicb in {10] coincides with 8P, for j = 0, 1 and 2. It is in particular natural
in T, rationally injective, and rationally a right inverse of the Chern character, in
other words,

e
cho (B @ Idc) = Idp,ryc)

Proof. The statement for j = 0 is obvions. For j = 1 and 2, this is a direct

consequence of lemma 3.3.4 and of proposition 3.3.7 respectively. O

The following result is an obvious modification of a theorem proved in [10] and in

[11]. (In tbe framework of the Baum-Conues conjecture, we have to assume that I'

is countable.)

5.2.4 Theorem. For any countable discrete group I', the diagram

—-[‘
K;(BT) — K[(ET) 5, g, 0T

(T Z)

communutes, for =0, 1 and 2.
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As already mentioned in the introduction, H. Bettaieb and A. Valette have shown

that ,!.‘3(J hloc ;o rationally injective for 5 = 0 and 1. The case j = 0 is easy, since the
canonical trace 7 on CI' induces a homomorphism 7, : Ko{C;T) — R mapping
[1] to 1. The case j = 1 is dealt with in [10] and in [12] and is hased on the theory
of C*-algebras and their K-theory, more precisely, on the Pimsner-Voiculescu 6-
term exact sequence. (In [10], a much simpler proof is presented for the injectivity
of A" ) As noticed hy Alain Valette in [11], for a 2-dimensional group (i.e.
a group having a classifying space of dimension 2), the Baum-Connes conjecture
is equivalent to the statement that the maps ,6,(,0)"“ & ﬁ‘(lz)’loc and ﬁ,(ll)"oc are
isomorphisms. (This follows readily from lemma 3.2.2 and proposition 4.3.4.)

5.3 The spectral projectors of an elliptic ele-
ment

In the construction of the map ﬁ(") : H;(T'; FI') — K;(CrT) ® C, we will need

some particular idempotents in the group algehra CI". In the present section, we

will define these idempotents (the spectral projectors) and establish some of their
properties.

Let 4, be one of the fixed representative elements of the elliptic conjugacy class
C. Let ng be the (finite) order of v, in T', and let w, := e*"/"c he one of the
primitive n.-th root of unity in C.

5.3.1 Definition. The spectral projectors associated to the elliptic element -y, are

P -“Z( f %) €CT, L€ Z.

ForT' = Z/n, generated by b, we denate the projectar P,(“’” simply by F,.

Taking I' = H = Z/n, in the notation of example i) of section 4.5, P, is the
projector pg: = p_t, associated ta the 1-dimensional representation @, dual of w'.
To establish the fundamental properties of these spectral projectors, we need the
following well-known lemma.

5.3.2 Lemma. Let w be a primitive n-th root of unity in C. Then
lriw"— 1, if 1 =0 (mod nr)
n <y “ 1 0, otherwise.

Proof. Each complex number ! is a root of the polynomial

2" —1=(z -1 +z+z2+...+2*1),
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bot it is aroot of z — 1 if and only 1 =0 (mod n). O
Recall that the complex group algebra CT is equipped with the canonical involution
given by
* _
(ZA-"’T) =ZA7-’}'_].
~yel' ~+€l
By a straightforward application of the above lemmma, one proves the

5.3.3 Proposition. The spectral projectors associated to the elliptic element ~,
of ', of order n,, , satisfy the following properties:

i} The spectral projector PI‘C) is indeed 2 projector (= self-adjoint idempotent},
in other words
c *
(PI( ))2 — P!(G) = (PI(C)) )

ii} The set of spectral projectors of ~, decompose the identity as a sum of
Y% a4
projectors, more precisely

fie—1
> P9 =1ecCr.
=0

iii} For k #1 (mod n,), the spectral projectors P{! and P are “orthogonal’,
in other words
(C) () _
PO . PO = .

iv} In CZ, and in CT', the following formula holds:
n,, —1
E ngPi(c] =", Vs €Z,
=0

where w, = g2ming

As an immediate consequence, since -, is central in CZ_, EIZG , C*%, and in
CrZ. , we get the

5.3.4 Corollary. For any elliptic element +, € C, one has a decomposition of the
gronp algebra CZ. as a direct sum of algebras with nnit:

no =1
Cz. = @ th)' €z,
i=0
the pnit in the algebra P\ - CZ, being P!, The same holds for the group C*-

algebras C*Z, and C;Z, (all summands being unital C*-algebras), and for £1Z,
(all summands being unital Banach algebras).
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Before stating a useful technical lemma, for any positive integer n, we let Gy, be
the finite cyclic group Z/n , generated by b, and we set

15 1
Q™ = ~ Zﬂ(wmb ) €CC, (k,l,me),
where wy, = e™/™  For example, when m is the order of b* in G, = Z/n, Q(’")

is the spectral projector P{**P associated to b .

5.3.5 Lemma. Letk € Z, and m be the order of b* in G, = Z/n (in other words,
. a LCM(n, k ,
M= SEHnT = —é—l) Then, in the tensor product CG,, ®z C, one has

—1
foranyl e Z.

Proof. First, letting a := GCD(n, k) = 2, one has n = am , w, = &2™/% = ™
and w? = e2Me/m =, Writing ! = pa+ i and s = gm + j, we have b** = p*7
and, hy lemma 5.3.2, we find

1“Z‘f patijg _ J 1, i pa+i=0 (mod a), ie. if i =0
Lo " 10, otherwise.

Applying this formula, we compute

n-1 n—1 n—1
Z Z Z Iabka & ":’5\
i=0 l 0 a=0

a—

1
m

lm 1m-~1
L3 Y wp par
m

p=0 j=0

m-1m-—1 )
DD (whbY ek,

0 7=0
1

1m—1m=1 . 1 a—1 . ] .
PID I Sl OB skl Lk
0 7=0 j=0 @ =0

3|~
11

QR ek,

3=
i

p
This completes the proof. O
Notice that the formula of lemma 5.3.5 is completely obvious in €G, @c €, since

a direct application of lemma 5.3.2 shows that under the canonical isomorphism
CG, ®c C = CGy, , hoth terms correspond to b* .
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5.4 On the topological algebra C>(M, I')

The first goal of this section is to define carefully the topological algebra C3°(M, I),
where I is a discrete gronp acting properly on the manifold M. As a second topic,
we will establish a technical lemma concerning the computation (due to Baum and
Connes [6]) in topological terms of the periodic cyclic cohomology of this algebra, in
the particular case whbere [ is a product G x Z/n. This result will be fundamental
in the following section, when we compnte explicitly the delocalized equivariant
Chern character for such a product. This will also single ont the “raison d'étre” of
tbe “delocalization” formulas that will occur in the sequel. More precisely, many
forthcoming formulas contain lots of roots of unity, whose origin is exactly in the
lemma of this section.

Throughout this part, we use similar notations to those used by Baum and Connes
in [6], except that we still consider all actions of groups on spaces as lelt actions.

Let T be a countable discrete group acting, on the left, properly by diffeomorphisius
on a smooth manifold M without boundary. The group I acts, on the left, on the
commutative algebra C2(M) by

I x CP(M) — C2(M), (v, f)r— (Frz o Sy 2)).

By definition, the algebra C°(M, I') is the set of finite formal sums 3. .1 fy- [7],
where f, € C°(M) for any v € I' (and all but finitely many of the f,’s are zera).
It is endowed with the obvious structure of complex vector space, and the product
is the “twisted product” given by

-G B =77 0Al.

The map C°(M, T) — C%(M x ') defined by (qur fa [n,]) (z, 7) = f+(z) is
an isomorphism of vector spaces (but generally not of algehras). The C*-topology
on C®(M x I') determines, via this isomorphism, the topology on C¥(M, I},
and it becomes a topological algebra. One of its main interests is that it is a
dense sub-algebra of the reduced crossed product Co({M) %, I' that is closed nnder
holomorphic functional caleulus (see [6], lem. 7.5). Tn particnlar, by the density
theorem, the inclusion C°(M, I') < Co(M) », T induces an isomorphism

Ko(C2(M, T)) = Ko(Co(M) %, T).

As in [6], we denote hy H*(A) = H(A) @ H*¥(A) the (Z/2-graded) periodic
topological cyclic cohomology of the topological algebra A. In [6], Baum and
Connes have compnted H*(C°(AM, I')) as some equivariant topological homology
of the manifold M . Now, we explain this result in some details, since we will need
to make explicit computations involving their isomorphism.
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First, we lot M= {{z,7) € M xT|v-z =z}. It is a smooth sub-manifold of
M x T equipped with the following proper action of I" hy diffeomorphisms:

Ix M — M, (3, (=, 7)) — (3=, "n"/“l) .

The orhit space I‘\ﬁ is an orbifold. Of course, if the action of T" on M is also free,
then M = M x {e} = M as a I-manifold.

Let ﬂf(}\? } denote the vector space of all complex j-dimensional de Rham currents

on M which are fixed hy I'. The j-th homology group of the associated de Rham
complex

0 — QF (A1) 2 af_ () 2 ... Ll (M) — 0
is the j-th homology group of the space I‘\f/f using countable locally finite chains
with complex coefficients, and denoted hy H°(I'\M; C). This is also isomorphic to
the j-th Borel-Moore homotogy of I‘\H with unrestricted snpports and coefficients
C (see [6], p. 187, and [18]).

To defire Baum and Connes’ isomorphism, we need to introduce an analogue of
C&(M, I') for differential forms. Let Q7(M) be the graded differential algehra of
compactly supported complex smooth differential forms on M. It is endowed with
the action

L x Q7 (M) — Q7 (M), (v, n)— M, Wvr, -0y o) =27 01,0, 77 0m)

where (v1, ..., ) € ToM and x € M. By definition, the complex graded dif-
ferential algebra Q7(M, T) is the set of finite formal sums 3} 1, - [7], where
1y € 2(M) for v € T', equipped with the obvionz structure of graded complex
vector space and the obvious differential, namely

d: QP(M,T) — QP (M, T), Y my-[r)— D dny-[].
+€l +Er

The graded multiplication is the “twisted product” defined hy
(- (D@D =2A " ]

As an algebra, Q3(M, T') = C°(M, T'), and the map ™ (M, T) - Qm(M x I')

given by
E(Zn.,-['y])(vl, vy Um) =15(v1, .00, Um),
el
where vy, ..., vm € Tig 5 (M x I}, is an isomorphism of complex vector spaces

for any m . This identification and the inclusion M € M x I' allow for defining a
pairing

L) x (M, T) — €, (2, Tny b)) — f (X m-0).

~verl el
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We are now in position to state the Banm-Connes theorem on the Z/2-graded
periodic topological cyclic cohomology of the topological algebra C°(M, I') (see
thm. 7.14 in [6]).

5.4.1 Theorem. (Baum-Connes) Let T be a countable discrete group acting
properly by diffeomorphisins on a smooth manifold M withont boundary. Then
the following map is an isomorphism:

gOFOLD) . Oy HR(P\M; C) — H*(CP(M, T)), [2] — fez],
meEN

where, for Z € Q&(ﬁ), [oz] is the class of the continuous cyclic cocycle
0z CR(M, TY™1 5 C, (bo, bu, .- b) et / £(bodby - - dbrn) .
K4

FOS(M.T

The map ) is 7,/2-graded in the obvious sense.

For our crucial lemma, we suppose that & is a countable discrete group acting
properly by diffeomorphisms on a smooth manifold M without boundary, and that
T =G x Z/n. The trivial action of Z/n on M determines a proper action of I' on
A by diffeomorphims. We let

Me ={(z,9)EM xG|g-z =z} and Mp:={(z,v)e M xT|y-z =g},

endowed with their respective action of G and I'. It is clear that

n—1 n—1 n—1
Hr= Hﬂ?@ x b = Hﬂg and P\ﬂr= HG\H(;.
i=0 §=0 =0
There is consequently an obvious canonical isomorphism
o ~ o n—1
I HP(G\Me; €)% = HP(D\Mr; ©), (iZo], -, [Zn1])— ) _[Z5)
3=0
As in corollary 5.3.4, there is a decomposition
n—1 n—1
oM, D) =P P crM D)2 P F-C2(M, G) = CX(M, G,
3=0 i=0
with
n—1 n—1

Byi= oY ¥ ] € GX(M,T) and Bi(fy-lgl) = = 30", ob'],
=0

=0
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where w = 2™/ | f, € C®(M) and g € G see also example i) in section 4.5 for
the notation P; (and the equality P; = P-;). It induces an isomerphism

O HY(CX(M, T)) = HYCE (M, G))®™, o+ (€0(w), ... , On1(@)),
where for ¢ € H™(C°(M, T')), ©;(¢) is the class of the continuous cyclic cocycle
CR(M, Gy — C, (aq, --- , am) — @(Pjag, ..., Pjam).

5.4.2 Remark. At first sight, the choice of the above decomposition, namely with
the P;’s in place of the P;’s, might seem incoherent with the choices we make in
all the other cases. However, this will be justified a posteriori, when we compute
the delocalized equivariant Chern character chl for a product T' = G x Zfn: see
remark 5.5.5 and proposition 5.5.4.

Now, we can state the lemma.
5.4.3 Lemma. Let G be a countable discrete group acting properly by diffeomor-

phisis on a smooth manifold M without boundary, and letT = GxZ/n. Consider
the map

: H*(CX(M, G))®" — H*(C(M, GN*™, ¢ = o, .-, Pn-1) — A- @,

where A is the Vandermonde block (n x n)-matrix

1 1 1 1
1 @ @? @l
a=1|1 @& @t @n-1)
n :
a2 L gy

Then Q is a Z/2-graded isomorphism, that, with the above convention, fits in the
following commutative diagram

(@G;”(M.G))ﬂ’“
oo . y&n » (o0 &n * ¢ 400 &n
H®(G\Mg; ©) H*(C™(M, G)) H(C®(M, G))

gl I =le
. 3O (M,T)
HF(\Mr; C) HY(C*(M, T))

IR} =

o

¢
Proof. We show that (3CF(M%" = 0-1600 8CEMT) 5 | where O~* has
Al=n. A= ("“'St)OSB.fSH—l as matrix. Let Z = (Zo, ey Z"_1) € Qg(ﬂg)e“

—~——

be an n-tnple of G-invariant de Rham currents of degree m on Mg representing
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a class [2] in H2(G\Mg)®". Then ($CCM.O\®"((Z]) € H™(CR(M, G))®" is
represented by the n-tuple of contimicus cyclic cocycles whose I-th component is

C2(M, c)™ ! C, (ap,a1..., am) —+ E(aoda; - - - daw,) -
Z,

On the other hand, 8% (M.T) o I({2]) € H™(CX(M, T')) is represented by the
continuous cyclic cocycle

C2(M, T)™ — C, (b0, by ... | bm)n—yfﬁ(bgdbl---dbm).
zZ

Therefore, for any j, @; 0 8 (MT) o [({Z]) € H™(CX(M, G)) is represented by
the continuous cyclic cocycle

CR(M, G)™ — C, (ag, ay-.. , Gm) — /z £((Prao)d(Bia) - d(Pam))

Writing ay = 30 e fo.5 * [} € C2°(M, G), with f, € C2°(M), one has

n—1 _g;
dak:zdfg,k'w] and Pjﬂk=zz%fg,k-[gb’].

geG geQ s=0

It follows that

nl_ﬂ

d(Pjay) = ZZ—dfg, - [gb"] .

gEG =0

For f € C°(M) and v € ', to make the formulas shorter, we denote Y(df) simply
by df7. It is straightforward to compute that

go Im—1
agday - - - dam = Z Z fgogAdfgl,lA"'Adfgm,m'{9‘3"'9"‘]
WEG  gm€G

and that
(Pjao)d{Pja1)- - (f}ﬂm)
@i{sot.. +om)

z z Z Z Tgmt go,of\df;f.lf\"'/\df::._r;'

HEG  gmEG =0 am=0
. [gu e gmb30+---+5m]

From the equality [, £(n-[gb°]) = [ &(n-[g]), for g € G, it follows readily that

- 7 " n—1 _ (30+ +5m]
/Zﬁ((Pjag)d(Pjal) d(Pjam)) = Z z & e [ £(aoday - - dap) ,

s0=0 Em=0 agt...+sm
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where the subscript in Zsy+. +s,, is computed modulo n. Finally, we find that
Q1000 ®C M) o [([Z]) € H™(CP(M, G))®" is represented hy the n-tuple of
continnous cyclic cocycles whose I-th component is given hy

n—1
3w f E(Prao)d(Biar) - d(Pjam)) =
=

n—in-1 -1 wj(so+...+am—!)
= ...ZT-/E(audal...dam}
F=0 30=0 = n Zag+ttom
n—In-1 Qj(k—l)
=Y i fz £(aoda - - - dap)
=0 k=0
n—1 n-1 wj{‘_k]
= : f £(agdas - -~ dam)
k=0 \ji=o 2k

= / &(aodal . da'fn) .
2y

where the second equality is ohtained by grouping the indices (s, ... , 8m) accord-
ing to their sum & = sp + ... + 3, modulo n, and the last equality follows from
lemma 5.3.2.

This proves that ($°(M.G)}®" (7)) = 010 @0 CM.T) 6 [([Z]) and completes
the proof. O

5.5 The delocalized equivariant Chern charac-
ter for ' = G x Z/n '

To define the map ,@,U ). H;(T; FT) — K JF (ET)Y®C, we will use the identification
of the source of the map, given hy the Shapiro lemma, with

P HiZ:0),

cem™

where the homology groups are taken with trivial coeflicients C. It is therefore
possible to focus on one summand at a time. The idea to delocalize from the
summand corresponding to the trivial element e € T to the one corresponding to
7 I8 in some sense to consider a cohomology class z € H;j(Z,; C) as a pair (z, v,)
(this will be made precise later, when we construct BEJ )). For this reason, we are led

to cousider groups of the form I' = G x Z/n (with @ torsion-free). For such groups,
we need to comnpute K1 (ET) in terms of K¢(EG) = K.(BG) and H,.(T; FT) in
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terms of H.(G; FG) = H,(G; C). Moreover we need to express the delocalized
equivariant Chern character ch! in terms of ch®, which coincides with the usual
Chern character “a la Atiyah” ch. : K.(BG) — H.(G; C) (for G torsion-free) .
This section will therefore be a very first step in the direction of a Kiinneth formula
in the framework of the delocalized equivariant Chern character.

Let G be a countable group (with or without torsion). Let I' = G x Z/n, with
Z/n generated by b (n > 1). As a model for ET', we can obviously choose EG.

Qur first aim is to determine KT (£L) in terms of K& (EG) . Recall that K& (EG)
is defined as the direct Limit, over the G-compact subspaces X of EG, of the
Kasparov groups KKS(Co(X), C), and that an element of the latter group is
given by the homotopy class of a triple 2 = (H, 7, F), where H is a Hilbert space
equipped with an action of G (see section 4.3). Clearly, foreach {=0,... ,n—1,
one gets a Kasparov triple =[] = (H,, m, F), where H; = H endowed with the
action of T' = G x Zfn defined by the same action of G as before, and by the action
of Z/n given hy
b-t:=wle, forécHy=H,

where w := ¢?™/7 This passes to the direct limit and allows to assaciate unam-

biguously to each class # € KS(EG) a set of n classes z[l] € KI (EG) = KT (EL),
for{=0,...,n—1.

5.5.1 Proposition. If forT = G x Z/n, we choose ET := EG, then the map

n=-1

K?(ﬂ)ea“ — Kf(EP) 1 (ﬂ?o, L] mn—l) — Zx;[l]
=0

is an isomorphism, natural in G. This generalizes to an arbitrary proper G-space
X to yield an isomorphism KC(X)®" = KT(X).

Proof. Let x he a class in KT (ET). We can assume that « is given hy a Kasparov
triple (H, 7, F) (over some I'-compact suhspace of ET'), with F I'-equivariant (see
section 4.3). (In fact, the assnmption that F is Z/n-equivariant would be enongh in
our argunment.) One then decomposes the Hilbert space H as H = GBI____I'H; , where
H; = {¢ € H|b-£ =w¢}. Ttiseasy to check that F and 7 map H; to itself (for F,
this is a consequence of the I“equivariance, and for 7, of the covariance). One then

sets x; := [Hy, m, F] € KG(EG), and the correspondence & — (zg, ... ) Tn—1)
yields the inverse of the map in the statement. The naturality in G and the
generalization to the case of an arhitrary proper G-space X are clear. O

This proposition obviously extends to the case where I' = G x H with H finite, the
left-hand side being replaced hy K¢ (X) ®z R(H), where R(H) is the underlying
additive gronp of the complex representation ring of H .

The following lemma is trivial.
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5.5.2 Lemma. Let G be a torsion free group, and let T' = G x Z/n. Then the
G-module FG is C with the trivial action of G, and the Shapiro lemma yields a
canonical decomposition

HJ(T; FT) = B H(Zr(8); €} = H.(T; €)*"
=0

We would now like to understand the delocalized equivariant Chern character chl .
Since in the literature that we know, this map is only explicitly defined with a
domain different, from KT (ET), and denoted by K*(pt, T} in [6], we would like to
determine a class of groups for which KT'(ETL) and K*(pt, I') coincide (see also the
remark in section 4.6). In the following lemma, we show that this is the case when
TI'=G xZ/n and BG is a closed manifold.

5.5.3 Lemma. Let G be a countable discrete group acting freely and properly by
diffeomorphisms on a smooth manifold M, such that the orbit space G\M is a
smooth closed manifold, and let T := G x Z/n. Then there are natural (Poincaré
duality) isomorphisms

we : KE(M) =3 K, (Co(T* M) %, G)
o : KT (M) S K, (Co(T* M) %, T)

such that the diagram

KLU (M) ——— K.(Co(T*M) %, T)
= =4

En
KS(ayer LS. K (Go(T* M) %, G)P"

commutes, where ) is the inverse of the isomorphism given by proposition 5.5.1.
In particular, if BG is a smooth closed manifold (and therefore G is torsion-free},
this holds for M := BG = EG = EG = ET', and then there are isomorphisms

K,(Co(T* M) %, C) = K*(pt, G) and K.(Co(T*M) %, T) = K*(pt, T).

Proof. It is clear that G acts freely and properly by diffeomorphisms on the cotan-
gent bundle T°M of M. There is a homeomorphism G\T*M & T*(G\M), and
consequently an isomorphism Go(G\T*M) = Co(T*(G\M)). Since G acts freely
and properly on M, there is a canonical isomorphism KG(M) = K, (G\M) (see
[107}). By compactness and absence of boundary of the manifold G\M , Poincaré
duality implies that the C*-algebra G(G\M) is K-dual to Go(T*(G\M)) (see 6.9
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in [97]). On the other hand, since G acts freely and properly by diffeomorphisms on
the smooth manifold T*M , the C*-algebra Cp{G\T™* M) is strongly Morita equiva-
lent to the unreduced crossed produet Co(T™ M) x G, which, in this case, eoineides
with the redueed erossed produet Co(T" M) %, G (see [34], p. 112). Putting these
results together, we get

KS(M)= K,(G\M) = KK.(C{G\M), C) = KK, (C, Co(T*(G\M)))
= K. (Co(G\T* M)) & K.(ColG\T* M) & K., (Co(T* M) x, G).

This composition is the isomerphism wg we are looking for. For the group T,
following the convention used in section 5.4, we write P; := P_;j. As in corollary
5.3.4, there is a decomposition

n—1 n—1
Co(T*M) %, T = PP, - (Co(T* M) . T) = (DA - (ColT* M) %, G)
=0 =0
& (Co(T* M) », GYO

The isomorphism r is simply defined by requiring commutativity in the diagram
of the statemnent,.

Finally, if BG is a elosed manifold, then M := BG = EG satisfies the hypotheses
of the first part of the lemma, and the equality M = EG = ET is clear. Moreover,
under our assumption, (M, M — pt) is a terminal objeet in the eategories ¥{pt, G)
and ¥{pt, T’} of proper G-manifolds (resp. proper I-inanifolds} considered in {6]
for the definition of K*(pt, G) and of K*(pt, I"). This yields isomorphisins

KJ{Co(T" M) », G) & K*(pt, G) and K,(Co(T"M) %, T) = K*(pt, T,

and completes the proof. a

As can be expected from this lemma, we make the assumption that G is torsion-free
and that BG is a closed manifold. We ean then prove the

5.5.4 Proposition. Let [ := G x Zfn, where G is a conutable discrete torsion-
free group such that BG is a closed manifold. Let = € KS(EG) = K,(BG) be
a K-homology class, and let & := ch(z) € H.(G, C) be the associated homology
class. Then, under the identifications given by lemmas 5.5.2 and 5.5.3, one has

wl w(ﬂ.—l]l

n—1
chl{zl]) = (7—11 @ 0y a) € @H*(Zr(bj); C),
3=0

I

for any | € Z, where w = e2™/7

5.5.5 Remark. It is implicit in this statement that we use the same convention as
in section 5.4 and in lemma 5.5.3, namely we decoinpose the algebras Co(M) %, T
and C2°(M, T) as a direct sum of sub-algebras parameterized by the P;'s (and not
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by the P;'s). This is justified by the fact that for T = Zfn = (b}, any element
y in KJ(ET) = K§ (pt) is represented by a T-vector bundle of rank one, in other
words, it is a 1-dimensional representation p of Z/n. With the above choice, the
component of cht (y) in Hew(Zr(b'); C) = C is simply p(b’) (instead of its complex
conjugate): this is in accordance with Banmi and Connes’ formula 1.13 in [6], except
for the factor % that they have forgotten. Our choice is also motivated by analogy
with some formuias we will establish in the framework of Hochschild and cyclic
homology (see chapters 7 and 8).

Proof of proposition 5.5.4. During this proof, we keep notations as in [6] and
in section 5.4. We first deal with the even Chern character

chh : K5 (ET) — H,,(T; FT).

Again, M denotes BG = EG = EG = ETL, and we let 7* = T* M with the proper
action of G and of I" induced by their action on M. As in corollary 5.3.4, there
are decompositions

n—1 n-—1

Co(m*) % T'= @P,- (Col{m*) », T) & @Pj (Co(T*) », C) 2 (Co(r*) %, G)®"
i=0 =
33—] n—]Jv
cE(r, T)=@PF; - c2(r, ) = PP - O (r*, G) 2 O (r*, G
j=0 j=0

(see section 5.4 for the definition of C°(r*, G) and of CP(r*, I')). Proposition
5.5.3 yields isomorphisms

e Kg?(E_é) =5 Ko(Co(T* M) %, C) = K°(pt, G)
wr+ K§(ED) = Ko(Co(T* M) », T) = K%(pt, T),

that fit in the commutative diagram

K5 (ET)

Si: Ko(Co(7*) », T) = Ko(C(r", T))

o~ ~y

4

Pn ~

K§(EC)® L5 Ko(Goy(r*) %r G)P" — Ko(CZ(r*, C)P

where the horizonsal isoinorphisms on the right come from the density theorem (see
also 7.5 in [6], and section 5.4). Given a topological algebra A, we denote, as in
[6], by H®(A)* the dual vector space of the periodic topological cyclic cohomology
of even degree of A, and by eh? : Kg(A) — H¥(A)" the Chern character due to
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Connes ([33], [34]) and nsed in [6]. Starting from the definition of ch*, it is easy
to verify that the diagram

A~ 01 ~
Ko(CR(r", T)) — P Ko(B; - C2(r*, T)) —— Ko(CR(r*, GH®”
=0
hC(rT) ! hPrCR (", G) (chC(r cnyen
A~ Rl ~
He(CP(r*, 1) — EPH™(P; - C(+", T))* — (H®(C(r, G)))®"
#=0

commutes. Now, to relate these periodic cyclic cohomology groups to topology, con-
sider the isomorphism @ : H®{G®{r*, G))®¥" — H?(C=(r*, G))®" of lemma
5.4.3. By passing to the dual vector space, under the obvious identification, we get

an isomorphism Q* : (H{CX({r*, G} = (H®(CP(r*, G))*)®" described
by the Vandermonde matrix A* = 4 = %(w"t)gg,tsml . By taking duals of the
vector spaces involved in the diagram of lemma 5.4.3, we get the following comnmu-

tative diagram

(@G?(M, 1"))*

g

HE(T\1¥; C)
g]]*
(HZ(G\rg; ) )or

(4

H(OP(, 1))
6#
(B (O (, G))")°" e (H(C(M, GY)P"

where the bottom right isomorphism is ((@C?(M’G))*)@“ , and as in section 5.4,

one has decompositions

n—1
e=7", it=]] 7" and r\TF=HG\Té,
1=0 =0

that yield an obvious isomorphism J, : H&(T\7%; C) — H&(G\7%; C)®" and
similarly in homology with countable locally finite chaing with complex coefficients
(see section 5.4), I : Hgg(G\:r—é; cen =, HE(T\m}; C), whose dual is I* (see
also 5.4). The isomorphisms I* and J, enter in the diagram

HZ(T\7f; C) —— HP(T\7%; C) —— He(T; FT)
| Jo| lg

~d

(HZ{C\TE; O )®" — H(C\T8; C)F" =+ He(G; FG)®"

that is also commutative, where the right-hand vertical isomorphism is given by
the Shapiro lemma (see lemma 5.5.2 and notice that F'G = C), and the horizantal
maps, from left to right, come from [6], sections 7.17-7.20 and 15 respectively.
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Remark that commutativity of the right-hand square iollows from 15.8-15.11 in
[6], and that for the direct limit argument in 7.18-7.20 of [6], one chooses, at the
same time for G and for T', open subsets X; C 7* which are G-invariant {(hence
I-invariant), and such that

X CXC... ¢l UXi=7" and dimg HZ(G\X;;C) < 0.
i>1

Following the definition (6], one easily computes the “delocalized equivariant Todd
genus” Td(r*, T} in terms of Td{T*, G): one obtains

J(Td(r*, T)) = (Td(r*, G), ..., Td(r*, G)) € H*(G\73; C)®"

where J : H*(T\7}; C) = B (G\7Z; C©)®" is the obvious map, for cohomology
with unrestricted supports, corresponding to J,.

Since chl : KY(EL) — H.,(T; FT) is defined by requiring commutativity in the
diagram

o chC&(r*.\T)
K§ (ET) — Ko(GP(+", T))

HY(GE(, I))
chl

o - urd{r*, T
Hoo(T; FT) —— HO(T\7; C) T T)

HE(T\72; C)

and similarly for G, one gets the announced result by combining these two diagrams
with the four preceding ones, and using the above computation of T'd{7*, I').

The case of the odd Chern character chl : KT(ET) — Hog4(T'; FT) is completely
similar {one also works with the even Chern character, but with M x R in place of
M, where & and I act trivially on the factor R).

This completes the proof. a

5.6 The Baum-Connes assembly map for a prod-
uct '=G x Z/n

In the present section, we continue the study started in section 5.5, and devoted
to the case of a direct product I' = G x Z/n. Given z € K& {EG), we compute,
in terms of % (x), the image by the assembly map p! of the element of KT(EL)
denoted by x(l] in proposition 5.5.1. As a by-product, this gives an explicit proof
of the well-known fact that if the group G satisfies the Baum-Connes conjecture,
then so does the group ' = G x Efn.
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Let G, = Z/n, generated by b. By corollary 5.3.4, one has clearly a decompesition
of CG,, , as a direct sum of 1-dimensional algebras with unit, given by

ccﬂ—eaa G EBC Py

=0
The following lernma is now obvions (it is a partlcular case of corollary 5.3.4).

5.6.1 Lemma. One has a decomposition
n-1
C'T=C'GecCon =P A - C'G2C"C®,
i=0
where the latter isomorphism (of unital C*-algebras) is given by
P-C'G—CG, Pz—(0,...,0,2,0,...,0)

with z in I-th position. The corresponding statement holds for CT', £T and C'T.

(See the proof of proposition 5.6.4 for a very explicit description of the isomorphism
CT = CG®" of the lemma.)

5.6.2 Corollary. The K-theory of the maximal C*-algebra of T' splits as
n—1
K.(C'T)2 B K.(P - C*G) = K.(C*G)®".
=0

The corresponding statement holds for £T' and CT .

Let us recall the following well-known lemmas:

5.6.3 Lemma. Let A and B be two algebras (resp. Banach algebras) with unit
14 and 1g respectively. Let a : A — B be a non-unital homomorphism (resp.
continuous homomorphism). Then the induced map o, : K¥9(A) — K™4(B)
(resp. a. : K1(A) — K1(B)) is given, for v € GL;(4), by

[t] — [a(u) + 15 — a(lh)].
‘We arrive now at the main result in this section.

5.6.4 Proposition. Letz € K¢(EG) andl € {0, ...,n—1}. Let zfl] € KT (EL)
be the corresponding elemnent. Then, under the Isomorphism of corollary 5.6.2,
AL (zll]) € K.(C*T) maps to

©,...,0, a%(),0,...,0) € K.,(C*G)®",
with 38(z) in I-th position. In other words, one has

(P fgd(e fx=0
et ={ B ey, 2.
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Proof. Assume that z is the K-homology class of a Kasparov triple (H, #, F)
over a G-compact subspace X of EG. By the (first) definition of 3§ and il
given in [107], and the construction of z[l] (see section 5.5), we have to compare
the Hansdorff completions of m{C{X))H for the {not necessarily positive definite)
scalar products

Eléde=) (&lg&)y g€ CG

g€G
n—1
G l&r=Y_ (&]1€)y -7 €CT =P F-CG
velr Jj=0

(where 1, & € 7(C.(X))H). For this purpose, we need to give an explicit formula
for the isomorphism 3 : CT =, CG®" of lemma 5.6.1. Let w = e?mi/n By
proposition 5.3.3 iv), one has, fory =9 - b € G x Gp =T,

n—1
¥ = sz -Ejajg.
rd

Therefore, the composition 1; : CT' =, caor I, CG , where 75 is the projection
onto the j-th factor, is given by

n—1
Z )«1-’)”—) ZZE}sj/\g.ba g

y=g-t*&T g€G =0

Since by construction of z[], one has (& | &2}y, = w® (&1 géa)y for v = gb°,
under ¥, the element (€, | 2) maps to

n=1
YN Wl (b lgkhy g =8 n D (61| 9ka)y 9= by - niba |G

geG =0 gEG
{where the middle equality comes from lemma 5.3.2).
This means that we complete 7(Co(X))H with respect to the zero scalar product
in all except one component, in which we complete with respect to the same scalar

product (up to a trivial renormalization) as for G. This establishes the first formula
of the statement.

For the other two formulas, we have to compose with the map induced in K-theory
by the non-unital inclusion P, - O*G — G'T'. The equality fg(z[l]) = [P, - jif (z)]
is ohvious, and 2} (z[f]) = [P - 58(z} + 1 — Py follows directly from lemma 5.6.3.

This completes the proof. O
As already mentioned, this proposition has an easy consequence.
5.6.5 Corollary. If for a countable discrete group G , the Baum-Connes assembly

map u€ is (rationally or not) an isomorphism (resp, an injection, or a split-
injection, or a surjection), then so is the assembly map ul for T = G x Zfn.
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5.7 The maps j3; and S, for Hy(T'; FT)

Let T be a countable discrete gronp. In the present scction, we construct the
homomorphisms

B : Hy(L; FT) — KJ(ET)®C and B : Ho(T; FT') — Ko(CiT)® C,

we show that )850) is a right inverse of the delocalized equivariant Cbern character
chl ® Id, and that (u§ ® Id) o ﬂfo) = S,O). We also prove that ﬁ.ﬁ‘” factorizes
through Ky({'T") ® C, and that tbe corresponding map is split-injective.

In this section, to lighten the notations, we write 5, and £, for ,Gt(o} and &(,0)
respectively (and similarly for the other maps). This will cause no confusion.

We begin by defining 8,. Let n be a positive integer. We denote by w the n-th
primitive root of 1 in C given by €™/ Let G, be the finite cyclic group Z/n,
generated by b. By lemma 5.5.2, one has (and this is in fact trivial)

n-1
Ho(Gr; FGn) = @ Ho(Ze, (V); €) = EBC lal:,
=0 1=0

where [a); i the canonical generator for which Ho(Zg, (8'); Z) = Z - [a];. On the
other hand, by proposition 5.5.1 or example 4.3 ii), one has

K§™(EG.) = R(Gx) = DT sl =T

where R(Gy,) is the {underlying group of tbe) represcntaﬁon ring of Gy, and z{i]
is the 1-dimensional representation of Gy, given by w'. It follows from proposition
5.5.4 (and lemma 5.3.2) that

chSr @ Id: K¢ (EG,) ® C — Ho(Gy; FGy)
is an isomorphism (independently of the general result of [6], partially proved by a
spectral sequence argument). Let
= (chS" @ Id)~({a],) € K§~(EG,) @ C= P T =[l].
=0

One can easily check (by a direct application of proposition 5.5.4 and of lemma
5.3.2) that

zn=(A"71.40,1,0,...,0 = (z[0), @ «[1), ..., & zfn —1]),
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where A is the Vandermonde (n x n)-matrix

1 1 1 1
1 @ @ ... et
A=l 1 a2 @t .. @)
n .
Lot gna g

of lemma 5.4.3, that satisfies (A*)"!=n-A.

Now let C € (T’ )e“ be an elliptic conjugacy class in I'. Recall that we have chosen
a representative element -, € C', whose order is denoted by n, . Consider now the
group homomorphism

Uy, i G, — T b—r

5.7.1 Definition. The map

Br: HoT; FT) = (D Ho(Z:;C) — K; (ED) ©C
CE([‘}EH
is defined by Bi([v.]) = {(ay, )a(zn,), where [y;] is the canonical generator of
Ho(Z,; C) for which Ho(Z;; Z) = Z - [.], and
(g )s : Ko (EG, )®C — KE(ED) @ C
is induced by the homomorphism a .
Since the delocalized equivariant Chern character is natural, since ~, and Z, are

uniquely defined up to conjugation by an element of I', and since any conjugation
in T induces the identity on K (EL), the above definition of 8, immediately yields

5.7.2 Proposition. The map 5; is a well-defined natural homomorphism, and it
is a right inverse of the delocalized equivariant Chern character:

(chy ® Id) o By = Idyy(r. Fr) -
Notice that the map f; is an extension of the map
loc @ 1d : Ho(T'; C) = Ho(T; Z) © C — KE(ET) @ C

defined in section 5.2.

The description of the functoriality of K} (ET) in the group T' to be found in [107]
allows for giving an explicit formula for £;, namely

n,—1
Bllp]) = ) Tndf () @6} € KJ(EN)®C,
=0
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where 1ndl | (w!) is the representation of I' induced from the one-dimensicnal
(e)'e

representation of its cyclic subgroup (v, ), generated by , , given by multiplication
by wé . As we have seen in example i) of section 4.3, this really determines an
element of K} (ET).

In section 5.2, we have defined a map
e =1 L= Bo(T3 ) — Ko{C7T), 1+ [1],
where [1] is the class of the vaity of CT'. The idea to define the map
Ba= 8L Ho(T; FT) — Ko(CiT)®C
is to “delocalize” the above map by means of the spectral projectors P® described

in section 5.3, More precisely, we will present a way {kindly suggested to Hela

Bettaieb by Paul Baum) ef gluing together the maps ﬁf"’ toc , for € running through
(I‘)e“. Before proceeding, we need to recall that K-theory is also functerial for
nen-unital hemomorphisms of algebras, and that the K-theory of a finite direct
sum of algebras is canconically {and naturally) isomorphic to the direct sum of the
corresponding K-theory groups.

In order to simplify some formulas, we will sometimes denote by G the tensor
prodnct G ®z C, where G is an abelian group.

5.7.3 Definition. The map B, : Ho(I'; FT') — Ko(C:T') ® C is defined on the
direct summand Hy(Z,; C) by the following composition of homomorphisms:

e @ Id BN
HO(Z(:? C) - KU(C:ZC)C - @ KO(Pg(C) : C:ZC)C
Z(L§C))' B b
I
Ko(GiT)c,

where ({7), : Ko(P)- C*Z,) — Ko(C;T) is the homomorphism induced by the
non-unital melusion of C*-algebras Lfc) : PI[C’ -CrZ, — C}Z, — C;T'. In other
words, we have

Ball%]) = Z[P“”l@ € Ko(CiT) & C,

where [P{)] is the K-theory class of the projector P© € C?T.

Notice that the formula describing B5([+.]) is purely algebraic (more precisely, in
the definition of 8,, we can replace everywhere CrZ, and C'T" by CZ, and CI'
respectively). Therefore, since a conjugation hy an element of I" induces the identity
en Kg(CI'}), one. has immediately the
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5.7.4 Proposition. The map 3, is a well-defined homomorphism, and if A is any

uimital algebra equipped with two unital algebra morphisms CI' —‘fl» AL Cir
such that go f is the inclusion (as for example CT, ¢'T or C*T), then f3, factorizes
as

Ba

Ho(I'; FT) K(Chec

Ba, A g.®Id
Kp(A)eC

For A = £'T (resp. C*T), we denote 8, 4 by Ba (resp. fBa).

We will soon prove that B, is injective.

Notice that the map 8, is an extension of the map
{oc @ Id : Ho(T; €©) — Ko(C'T) @ C

defined in section 5.2.

Now, we would like to investigate the naturality of 8, . Since the functariality of
K(C!T) in the gronp I is still an open problem (see section 4.5), as in the case
of the Baum-Connes assembly map, we focus on the case of the *‘functorial group
algebras” £'T and C*T", and alsa CT'. Therefore, we now prove the

5.7.5 Proposition. The map £, 4 : Ho{['; FT'}) — Ko{4) ® C is a natural ho-
momorphism for A= CI', &T and C'T .

Proof. It is enongh to check naturality in the case of A=CT'. Letp: I} — Iz
be a gronp homomorphism, and let 4, = CI'} and A4y = CI';. We have to prove
that the diagram

I

B
Ho(Ty; FI'y) Zady Kp(Cr)eC

[ (p$®Id

o
Ho(Ty; FT3) 222 Ko(CTy) @ C

commutes. Let C; € (') and Y, € C1 be a representative element. Since Sa
is well-defined (i.e. independent of these choices), the explicit formula given for 8,
shows that {p, @ Id)o 'B'll.lAl (I, = ﬁ::’Aa © 94([4;,|) whenever the order of 4, is

equal to the order of (p("fc]) inTy.
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For the general case, by construction of 3, , it is enough to check naturality for the
“classifying family" of groups {Gr = Z/n}n>1 for the homology group Ho(T; FT).
It is even enough to check the case of a surjection

p: =Gy =) »Ta=Gy, = (bz) , by — be  (n2 dividing n;)
and simply for 4, = &1 (the generator), or equivalently for
w:T=G,={) —T, br—bF

and 7 = b. In this case, we have (with the notations of lemma 5.3.5)

n—1] ., n-1] n—1
(¢s ® Id) 0 Ba(fal1) = ¥ % 3 wht) @ah =3 QY eal
=0

=0  as=0
m-1 1 m—1 .
Baowu(fal1) = Z m Z (wfnb’“) ®u_JI Z Q(m) ® (Dfn,
=0 s=0

where m is the order of ¥ in G, = Z/n, w, = &/ and wy, = ¢*™/™, By
lemma 5.3.5, both expressions coincide, and we are done. O

We prove now that 8¢ and 3, fulfill the desired compatibility property with respect
to the Baum-Connes assembly map.

5.7.6 Proposition. The following natural triangle commutes:

il e Id

KJ(ET)®C Ky(e'm)y®C

b %

Ho(Ts FT')

We use in this propositlon the fact, mentioned in section 4.5, that the Baum-
Connes assembly map pu!' : KT(EL) — K, (C’*F) factorizes through K, (£'T), and
we denote the corresponding (natural) map by il .

Proof. By construction of 8; and of #,, and by naturality of 5, Ba and of oy
it is enough to check it in the case of the “classifying family” {G,}n>1 and for the
particular generator {a]; . Bnt this follows readily from example i} in section 4.6,
where it is explained that, for the 1-dimensional representation w’ of Gn, , one has
#E (W) = [poi] = [P] € Ko(CGr) = Ko{€!Gr) (this is also a consequence of the
proof of propesition 5.6.4) . Indeed, since 4G~ = p%n | one deduces that

(A" @ Id) o By([a)s) Zu.“ ‘)@w*Z[R]@w-ﬁa ([al:).
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O

As promised, to end the present section, we prove that B, is injective.
5.7.7 Theorem. The map f, : Ho(T'; FT'} — Ko(£'T) ® C is injective.

{This result was independently proved hy Hela Bettaieb in [10].)
Proof. To each elliptic conjugacy class C € (I‘)eu, we associate the trace

70 T' — C, Z)\T-WH Z/\.,.
~erl ~EeC

This map induces a homomorphism (7¢), : Ko(¢'T') — C, which maps the class
of an idempotent (1 x 1)-matrix = over £'T to 7o(z) .

Let D € (T} and ~, € D be a representative element, of order n, . We denote
the (possibly empty) set {s|0 < s <n, —1, s # 1l and 7} € C} by A.,. Oue
then computes (by means of lemma 5.3.2):

((TC) ®Id)o ﬂﬂ(['rp] Z ‘-'-" &p w + Z ) e+

o =0 S€EAL

where w, = €>™/"p , and 4, is a Kronecker symhol. This concludes the proof. O

It would of course he of great interest if one could prove injectivity of §, , or even of
B, itself (F, is injective if the Baum-Connes assembly map is rationally injective).

5.8 The maps §; and 8, for H(I'; FT')

This section is devoted to the construction of the homomaorphisms
B H\(T; FT) — KT(ED)® C and 8V : Hy(T; FT) — Ky{C'T) @ C.

We show that ,Btm is a right inverse of the equivariant delocalized Chern character
chl @ Id, and that (uf @ Id) o A = g5V

In this section, to simplify the notations, we write 8; and £, for ,Bm and ﬁ((,l)
respectively {and similarly for the other maps). This will cause no confusion.

The hasic ideas in the present case are the same as those used in the case of
Ho(T'; FT'). Namely, we look for a “classifying family” of groups for the homol-
ogy Hy(T'; FT'} and we define 3; by “inverting” the delocalized equivariani Chern
character for the members of this family, and finally we extend S; for all groups by
naturality. On the other hand, to define 3, , we delocalize the map

Blee: Hy(T; Z) — Ky (C;T)
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defined in section 5.2.

Let n be a positive integer. Let Gy, = Z x Z/n, with generators a for Z and b for
Z/n. By lemma 5.5.2, one has a decomposition

n—1 n-1
H)(Gn; FGy) = @ Hi(Z6.(H); ©) = @G,,@C e,
=0 =0 =0

where [a]; denotes the element ¢ @ 1 in the tensor product Zg, (b') & C. On the
other hand, by proposition 5.5.1, one has

K&(EG,) @z z[l] =
i=0
where z denotes the “Toeplitz” generator of KZ(EZ) & K1(S') 2 Z (see example
iii) in section 4.3). Since ch? = ch, : K#(EZ) — Hi{Z; C) is an isomorphism
after tensoring with C, it follows from proposition 5.5.4 (and lemma 5.3.2) that

chSn @ Id : K%~ (EG,) ® C — H1(Gr; FGy)

is an isomorphisin (independently of the general resnit of [6]). We proceed by

letting
n—1

2 = (ch$" ® 1d) ! (la)y) € K{"(EG,) @ C= T =[]
1=
By a similar computation as in the case of Ho(T'; FT') (see section 5.7}, we find
that
= (2[0], @- z[1], ..., @" . z[n - 1]).

Tn order to define B;, we let C € (T} be an elliptic conjugacy class of T', with
representative element 4, € C, of order n, . Let v € Z, be an element whose class
in ;1(Z,; C) = Zg" ®Cis v* ® 1. Consider the gronp homomorphism

a.,l.,C:G,.C=ZxZ/nc —T,a— v, br—r .

Clearly, the map (o, )s : H1(Gn,: FGy,) — H1(T'; FT) takes [a]1 to el
{after the identification given by the Shapiro letnma). This leads naturally to the
following definition:

5.8.1 Definition. The map

B Hy([; FT) = (B Hi(%; €©) — K[(EL)®C
CE(P)CH

is defined by Be(v*®} 1= (@, )4 (2a, ), for v € Z; , where

G,
(o, 0)s : Ky (BG, ) © € — KT (ET) ©C

is induced by the homomorphism cvy, -, .
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Since the delocalized equivariant Chern character is natural, and since any conju-
gation of I induces the identity on K] (EL), one has

5.8.2 Proposition. The map B; is a well-defined natural homomorphism, and it
is a right inverse of the delocalized equivariant Chern character:

(ChE ® Id) o }Bt = IdH] (T; FT) -

Notice that the map 8; is an extension of the map
Bl e Id: Hy(T; C) = Hi(T; Z)® C — KT(ET)® C
defined in section 5.2.

Since the homomorphism Qy, 4, 1§ injective (for v%° ® 1 # 0), the description of
the functionality of KT (EL) in I given in [107] allows to make, in concrete cases,
explicit computations for B(v* ®1) € KT (EL)®C.

Now, to define 8, : Hy(T; FT') — K (C:T) ® C, we recall the definition of its
localized version constructed in section 5.2:
B =i Hi(Ty Z) = T* — Ki(CT), 4 v— ~h] = v 7],

where [y] is the K-theory class of ¥ € T'. As for Hp(I'; FT) {see section 5.7), we
are going to delocalize ,65 ' loc, more precisely, we are going to glue together the
different maps ,Bf"'loc, for C € (TY*".

5.8.3 Definition. The map 8, : Hi(T; FT) — Ki(C;T) @ C is defined on the
direct summand H{Z_; C) by the following composition of homomorphisms:

gl @ 1d x e
Hi(Z,; C) Ki({Cr 2 )c — EBKa(PfC"C:Zc)c
=0
[ _
>N eal
!
K](G:F)C’

where (Lfc)). : K1(F®. C} Z,) ~— K{(C}T) is the homomorphism induced by the
non-unital inclusion of C*-algebras Lt(c) : PI(CJ- CrZ2, = CrZ, — CIT

The following proposition follows readily from the above definition and from lemma
5.6.3.

5.8.4 Proposition. For v € H,(Z;; Z) representing v € Z, , one has

nn—1
Bl = (B! +1- FP®d € Ki(CIT).
=0
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Let A denote a unital Banach algebra. Recall that its algebraic Kj-theory is by
definition K9(A) = GL{A)/[GL(A), GL(4)], where GL{A) = GLoo(A). The
topological K;-theory of A is the group Kj{A) = mo{GL(A)) = GL{A)/ GL(A)o .
where GL(A)p denotes the arc counected component of the identity of the topolog-
ical group GL(A). It is classical that any comnutator in GL{.A) is in GL{.4)o (see
for example prop. 3.4.1 in [16]). (This shows iu particular that Ki(A4) is abelian.)
There is consequently a canonical (and natural} map

ja: KM A4) — Ki(A).

Notice that the formula describing B, {[y* ®1]) is purely algebraic (more precisely,
in the definition of 8,, we can replace everywhere C}Z, and C;T by £'Z, and
£IT respectively). It is moreover possihle to work with K in place of K| , and
then also with the group algebras CZ, and CT'; indeed, the map ﬁfc’ioc clearly
factorizes through K I“]'(CZ'C.). Therefore, since a conjugation by an element of T
induces the identity on K ;"‘9 (CT"), one has immediately the

5.8.5 Proposition. The map B, is a well-defined homomorphism, and if A is any

unital algebra equipped with two unital algebra morphisms (T Jo4-8 cr
such that g o f is the inclusion (as for example CT', £'T', C*T or C:T), then S,
factorizes as

Hy(T; FT) Ki(C:T)® T
k Ao g, ® Id)
K*(A)eC

Moreover, if A is any unital Banach algebra equipped with two unital Banach

algebra marphisms T —L) AL C*T such that g o f is the inclusion ;¥ {as for
example ! or C*T'), then 8, factorizes as

Hy(T; FT) b K{CT)ecC
Qg A g. @ Id
4@ Id
K ayec 48 kyec

where ja is the canonical homomorphism. For A = T (resp. C'T), we denote
ﬁa,A = (J.A ® Id) oag A by fa (re'Sp- .Ba)-
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We now investigate the naturality of 5, .

5.8.6 Proposition. The map f, 4 : H1(T; FT) — K1(A) @ C is a natural ho-
momorphism for A = £'T and C*T'. The same holds for the map o, 4, when
A=CT, 'T or C*T.

Proof. It is enough to check it for a, cp : Hi(T; FT') — K®9(CT) @ C. Asio
the case of Ho(T'; F1") (see the proof of proposition 5.7.5), it is sufficient to verify
the naturality for the homomorphism

cp:Gn=ZxZ/n—iGn,a.r—+a,br-—-)bk,

and for the generator [a]y of Hi1(Z¢, (b); €) = G, @ C. In that case, we compute
(with the notations of lemma 5.3.5):

n—1

(ipx @ Id) 0 Ba([ah1} = Z{Ql(ﬂk) al4+1— (ﬂ}] Qa —I
=0

fa o ¢ulla1) E[Q(’“) Tr1-QY edl,

where m is the order of b* in G, = Z/n, w, = e¥/* and w, = e™/™ By

observing that GL,(CGy) ®2 C C CG, ®z C, it follows from lemmas 5.3.2 and
5.3.5 that both expressions coincide. 0

We now relate f5; and 3; to the Baum-Connes assembly map.

5.8.7 Proposition. The following natural} triangle commutes:

1d
K“(ﬂ)@@““@ K(fT) @ C

g7

\(T; FT)

Proof. By construction of 3; and of 3, and by naturality of 5;, ,é,, and A}, it
is enough to check it for the “classifying family” {Gp}n>1 and for the generator
[a): € Hy(Zg, (b); C) = G, @ C. We have

n—1
Bullely) = 2 = (o0], @ -o{1), ..., @ - ofn — 1)) € @D - off] & KE(EG, )c,
=0
where z € K%(EZ) is the Toeplitz generator, whose image in K;(C*Z), by ¥,
is [a7'], with a the prescribed generator of Z (see example iii) in section 4.5).



5.9. The maps B; and (3, for Hy(T'; FT') 119

Therefore, by proposition 5.6.4, we get

n—1 n—1
(a7 @ Id) o By([a)) = _[Pi-if(z) -1+ P]®a' =) [A-a”' —1+ Rl@a'
=0 =0

= Bo,crr((als) € K1 (C*G,) @ C.

As mentioned in example 4.5 iv), by the Wiener lemma, 17 is a dense subalgebra
of C*Z and is stable under holomorphic functional calculus. Therefore, by the
density theorem, the inclusion #Z <+ C*Z induces an isomorphism in K-theory.
By corollary 5.6.2, the same holds for the groups G,, in place of Z. This shows
that (2% ® Id) o Bi([a:) = B, ar(fa]:) € K1 (£'T) @ C. 0

{Notice that for the above proof, we did not need to establish an analogne of
proposition 5.6.4 for the algebra £'T )

5.9 The maps 3; and 5, for Hy(T'; FT)

In the present section, we construct the homomorphisms
B3 : Hy(T, FT) — KN (ED) @ C and B9 : Hy(T; FT) — Ko(CT)® C,

we show that Bt(z) is a right inverse of the delocalized equivariant Chern character
chf @ Id, and that (uf @ Id) 0 B = B{?. It will also follow from the definition
that ,B.(Iz) factorizes through Ky(£'T} ® C. We do not need to assume that [' is of
finite type.

In this section, to lighten the notations, we write 8y and 8, for ‘Bgz] and ﬁ,(f}
respectively (and similarly for the otber maps). This will cause no confusion.

The ideas are the same as for Hy(T'; FT'} and H,(T; FI'}. Namely, let n be a
positive integer, w = e#™/"  and G, p, := Iy x Zfn, where T, is the fundamental
group of the closed oriented surface X4 of genus g, and denote by b the (chosen)
generator of Z/n . By lemma 5.5.2, one has

n-1

- f—1 n—1
H2(Gg,n; FGg,n) = @Hz(ZGg,n(b!)i C) = @HZ(FQ; C) = @C : [a'g]l )
i:ﬂ l‘.=0 ‘:O

where, for any I, [a,); denotes the generator [X,;] of Hy(T,; Z) = Z (the sec-
ond equality above comes from the Kiinnetb theorem and the classical fact that
H.(Zfn; C) = 0). On the other hand, by proposition 5.5.1, ong has

n—1

RS (5G,) = D 102 i),
=0
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where y, is the class of the trivial 1-dimensional bundle in Ko(Z,) = Kg °(EL,),

and z, denotes [Sglx = chi)([S,]) € Ko(Sg) & Ko°(EL,). It follows from
proposition 5.5.4 (and lemma 5.3.2) that

hSor g Id - Kfﬂ'"(&g‘n) ® C — Ho(Gg,n; FGg,n) ® Ha(Gy n; FGgn)

is an isomorphisin. We now let

n—1

Zg,n = (chy™" ® 1d) ™ ([agh) € Kg " "(EGq ) 8 C = ED(C  ll) @ C - z,ft]).
i=0

As in the case of Ho(I'; FT') and H,(['; FI'), one computes that

zg,n = (zg[0], @- zg[1], ..., @" " - xg[n —1]).

To define 3, let C € () with 4, € C of order n,. If & € Hy(Z,; ), let
f:Zg — BZ_ be a map in S(Z,) such that f,([Z,]) = z (see section 5.2, and in
particular theorem 5.2.2}. Consider the group homomorphism

Ky :Gg'nc =Fg XZ/TLC ——')F, (a‘x,’b)ﬂ" =1l'|‘1(f)’ b]—}nrc_

T

Clearly, the map (az,+, )« : H2(Gg,n,; FGg,n,) — Ha(l; FT) takes [ay]; to z®1
in H2(Z,; Z) ® C = Hy(Z,; C). Therefore, we say that the groups Ggn, for
9. n > 1, constitute a “classifying family” for Ha(T'; FT'), and we are led to the
following

5.9.1 Definition. The map
B Hol; FTY = (B Hy(%,;C) — K{EL)®C
Ce(l‘)‘“

is defined by Bi(z @ 1} == (aiz,, )al2g,n, ), for = € Ha(Z;; Z), where

G
(g3, )0 Ky " (EG,, , y®C — KJ(EL)®C

is induced by the homomorphism Oz, -

Since the delocalized Chern character is natural, (chl ® Id) o §; = Idpy(r; Fry
which, together with the fact that ehl' @ Id is an isomorphism(see theorem 4.6.1),
implies that 5; is well-defined (i.e. independent of the chaice of f € §(Z,): see
section 5.2). Since any conjugation of I' induces the identity on KJ (ET), we have
just proved the

5.9.2 Proposition. The map 8, is a well-defined natural homomorphism, and it
is a right inverse of the delocalized equivariant Chern character:

(cht ® Id) o By = Idg,r, 1) -
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Notice that the map 8, is an extension of the map
)

lo¢ @ Id : Ha(T; C) = Hp(T; 2) @ C — K} (ED) @ C

defined in section 5.2.

Now, to define B¢ : Ho(T'; FT') — Ko{Cr['} ® C, recall that we have defined its
localized version in section 5.2 as a homomorphism

BL1 : Hy(T; Z) — Ko(CpT).

We are again going to delocalize BE o2 ¢ build Ba-

5.9.3 Definition. The map 8, : Ha(T; FI) — K2(C:T) ® C is defined on the
direct summand Hy(Z_; C) by the following composition of homomorphisms:

Z,..loc no—1

L.CT @ Id " = .
#2028 gz S P KPP €12
=0
PR R-T-
]
KO(C:F)C 1

where (t,fc)).r : K\ (P9 C Z,) — Ky(C:T) is the homomorphism induced by the
non-unital inclusion of C*-algebras c,,(c) : P9 CrZ, — CrZ, — CT.

By construction, the map B,,ZC"OC factorizes throngh Ko(£'Z.). We can therefore
replace everywhere in the above definition C?Z, and C:T by €'Z, and £'T respec-
tively. Since the conjugation by an element of I' induces the identity on Ko(£'T},
one has the

5.9.4 Proposition. The map 3, is a well-defined homomorplism, and if A is any
unita! Banach algebra equipped with two continuous unital algebra morphisms

er Ly a4, C*T such that go f is the inclusion jL (as for example €T or C*T),
then B, factorizes as

Fa

Ko(CIT) & C

B, A g 8 1d
Ko(A)y®C

For A= €T (resp. C*T'), we denote fo 4 by Ba (resp. Ba).
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It was conjectured hy Pierre Julg and hy Nigel Higson that the homamorphism
Ble@1d : Hy(T; C) — Ko(C!T) @ C factorizes through K;IQ(CI‘)@C. In chapter
8 (a joint work with Hervé Oyono-Oyono), we will prove this, and show that the
same halds for 8,. We will moreover establish the appropriate statement, for g1,
without tensoring with C.

Concerning naturality, we have the
5.9.5 Proposition. For A = ¢'T and C*T', the map $, 4 is natural.

Proof. We can restrict to the case where A = 1T,

Since any class {f] in ©(T') can be“stabilized” to get a function f equivalent to f and
defined on a surface &, of arbitrarily large genus g, we can restrict, as in the case
of Ho([; FT') (see the proof of proposition 5.7.5), to the case of a homomorphism

@:Ggn=Tgx Z/n — Ggn, g, = Id, br— b¥,
and for the generator [a]; of Hz2(Zg, ,(b); C) = C- [ag]1. We let

cg = fig® (z4) € Ko(€'T,) and cqlf] := 5% (z,0l]) € Ko(€'Gy,n), L € Z.

Notice that ¢gf0] = i.(cg) , where i, is induced hy the inclusion 4 : Ty < Gg . It is
clear that @.(zg{l]) = z,fkl], and by naturality of AS*" , we get ¢ (c,ll]) = cofki] ,
in particular ¢,{cy[01) = ¢4[0] . By using this fact, we compute

n—1 n—1
(s ® Id) o Ballagl) = S 1QF - wu(cilODl @ @k = ST[Q - o0l @ .
=0

=0

O the other hand, we have
m—1
Bao wullagh) = Ba(logle) = D [QR - col0]) @ G,
=0

where m is the order of b* in Z/n. By lemma 5.3.5, we get the desired equality. O
Let us now prove that 8; composed with the Baum-Connes assemhly map coincides
with 3, .

5.9.6 Proposition. The following natural ériangle commutes:

AL @ Id
H B b AT eC

Ky (ET) @ C

B z

Hy(T; FT)
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Proof. By construction of 8, and of 8, and by naturality of the triangte, it is
enough to prove it for the “classifying family” {Gg n}g n>1 and for the generator
[8g}1 . One comnpntes (as in the proof of proposition 5.9.5)

Ba(lagh) = Z_:[Pz i)l @, = Z_:cg[ll ® @} = (""" ® 1d) o Bil[agh)

=0 {=0

where ¢, = ji0° (y,) € Ko(£1T,) and i, is induced by the inclusion i : [, < Gy p,
and where the second equality fallows from the fact that

[Pt -ia(cg)] = cqll] € Ko(€'Gg,n),

which is easily dednced from proposition 5.6.4 and lemma 5.6.1. O
The preceding two propositions yield the following formnlas for x € H3(Z,;; Z):
-1
Ba(z®1) = ((O‘z,-\fa)t @ Id)(cg,nc) = Z [Pl(c)‘ (02,4, )e(c5)] @ ‘I’é € Ko(¢'T),
1=0
where ag,+, : Ggn, — I “represents” z, and where ¢4 i= ﬁg’ (zg) € Ko(€'T,)

and, forn > 1, ¢g 5 := ﬂg"“(zg_n) € Ko(£2 Gy, ) . These are “nniversal classes” in
the sense that they are independent of I', G and =.



Chapter 6

A delocalization property for the
Baum-Connes assembly map

We prove that, for any countable discrete group I', the Baum-Connes assembly
map (tensored by C) admits a decomposition in terms of the Novikov assembly
maps corresponding to the centralizers of finite order elements in I'. This expres-
sion ig based on the spectral projectors associated to torsion elements in I'. This
generalizes the results of chapter 5, and gives very nseful information on the delo-
calized equivariant Chern character. We call this property the delocahzation for the
Baum-Connes assembly map. We formulate a conjecture stating that KT (EL)®C
decomposes as a direct sum of the K -homology groups K,(BZ,) ® C, parameter-
ized by the elliptic conjugacy classes in I'. We prove that this conjecture would
imply the existence of a well-defined, natnral delocalized equivariant Chern char-
acter, that would be an isomorphism after tensoring with €. We also prove the
rational injectivity of the canonical map K.(BT) — KT (EL), by constructing a
retraction.

6.1 Introduction

In chapter 5, for any countable discrete group I and for 0 < j < 2, we have
constructed maps 3. : H;(T'; FT) — K;(C;T) ® C such that the diagram

T
., ® Ide .
K[{(ET)®C - K;(Ci)®C
chl
7 .BE
H;(T; FT)

125
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commutes. This was performed by “delocalizing” simpler assembly maps, namely
,Bf"'loc P Hi(Z,; Z) — K;(C}Z,), where C runs throngh the set of elliptic con-
jugacy classes of I' (see section 5.3 for the notations). The assembly map gltee
is, in some sense, the localized counterpart of 81, more precisely, localized at the

identity of I".

We would ke to generalize these results in the following sense. The delocalized
equivariant Chern character chl : KT (ET) — H,(I'; FT') is an isomorphism after
tensoring with C. By the Shapiro lemma, the recipient H,(T'; FT'} decompases
as a direct sum parameterized by the set of elliptic conjugaey classes (I‘)e” (see
proposition 4.6.4). We would therefore like to find an explicit decomposition of the
vector space KF(ET)®C as a direct sum running over {I')* and then express the
rational Baum-Connes assembly map ul ® Idc as the delocalization of assembly
maps that are simpler, i.e. localized at the identity. By virtue of proposition 4.6.2,
the natural candidate for the localized assembly map is the Novikov assembly map
Bl : K.(Br) — K,(C;T). In this chapter, we partially solve this problem. First,
we propose such a decompasition for KT (ET) ®C by constructing an explicit map.
However, we are not able to prove that it is an isomorphism, we only conjecture
this, and give some positive results in this direction. In a second part, we can prove
a delocalization result for the rational Baum-Connes assembly map. This result
would have more insight if the mentioned conjecture was true.

We keep notations as in chapter 4 and section 5.3,

The goal of section 6.2 i3 to propose a decomposition of the left-hand side in the
Bawmn-Connes conjecture, namely KT (EL) ® C, as a direct sum, parameterized
by (D), of K +(BZ.)®C, the K-homology groups of the classifying space of the
centralizers Z, of the representative elliptic elements 4, € I'. An explicit map is
constructed and conjectured to be an isomorphism. Partial results in this direction
are established in section 6.5. They are based on sone preparatory material on
models for EZ, with a trivial action of a given ¢.. The delocalization property
for the Baum-Connes assembly map is stated and proved in section 6.3. The proof
is an easy computation based on naturality properties and results of chapter 5.
In section 6.6, we prove rational injectivity of K. (BT) — KI'(EL). In the final
section 6.7, we prove that our conjecture wonld imply the existence of a well-defined
natural delocalized equivariant Chern character, that would be an isomorphism
after tensoring with C.

6.2 A decomposition of KI'(ET)® C in terms of
elliptic elements in I’

In order to state the delocalization property for the (rational) Banm-Connes as-
sembly map, we need to express its domain KT (ET) ® C as a direct sum running
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over the set of elliptic conjngaey classes in the gronp I'. The purpose of the present
section is to propose such a decomposition and to formulate a conjecture about it.

Recall that by definition, KT {EL) = 11_11; KKI{Cy(X), C), where the direct limit

runs over all I'-compact subspaces Xxof EIl'. Fort = 0or 1, an element in
KK} (Co(X), C) is given by the homotopy class of a triple (¥, 7, F), where %
is a Hilbert space endowed with a unitary representation of I', « is a covariant
representation of Cy(X) on # , and where F is a bounded self-adjoint operator on
H , such that [F, w(f)], 7(f)(F? — 1} and #(f)[y, F) are compact operators on H,
for any f € Cy{X) and any v € I'. For 1 = 0, the Hilbert space H is moreover
required to be Z/2-graded, the represeutation of [ to be by degree 0 operators,
and F' to be a degree 1 operator. We can moreover assume that the operator F is
I'-equivariant, in other words that [F, ] = 0 for any v € T', and that F is properly
supported. (See section 4.3, [107] and [61] for details.)

Let n > 1. Given such a Kasparov triple z = (H, m, &) (defined over X C ET),
for | € Z, we define a Kasparov triple z[l} = (H;, =, F) (still defined over X) for
the group I' x Z/n by the following requirements: first, as a model for E(I' x Z/n),
we take ET (it is easily seen to be a possible choice), second, 7, is defined to be
equal to H and is endowed with the action of I' x Z/n defined by the same action
of T and by the action of Z/n given by b- £ = whe, for £ € H;, where b is the
(chosen) geuerator of Z/n and w, := e?™/", See sections 5.5 and 5.6 (in particular
propositions 5.5.1 and 5.6.4) for the main properties of these elements.

Let us now define the different imaps appearing in the decomposition we are aiming
at. Let C be an elliptic conjugacy class in the group I'. Recall that as a model for
EZ, and for E(Z, x Z{n,) we can choose ET'. Consider the map

4. KF(EZ)eC — KXz, x2/m))eC
no—1
T@A — Zz[!]@&é-/\
=0

aud the surjective group homomorphism
P2y x Ling — Z., Poyz, =Idg , b— .,

where b is the (chosen) generator of Z/n, . We deuote by j, the inclusion of Z in
T'. These two group homomorphisms induce a map

(o 0B )e = (io)s 0 (B ) : K2 " (B(Z, % Zfny)) — KT(EL)

R
for any C'. Now, we defive a map o : @ Iiﬁfc (EZ.)®C — K (ET)® C on
. CE(P)e”
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the direct summand K,.Zc {EZ.) & C by the campesition

K% (E2,) 8 C Yoo K% (57w 2yn)) o C P81 1% g7y

(o) ® Id|
K (ET)®C

In other words, o := E ((Aop ) ® Id) o, .
CE(I‘)EN
We are now in position to state the following conjecture.

6.2.1 Conjecture. For any countable discrete group I', the compesed map

¢: P K.(BZ)eC—~ P Kf"(gzcmcik’f(ﬂ)@c
CE(F)CH Ce(r\)&”

is an isomorphism, where the injection is given by proposition 4.5.3.

In section 6.4 we present the preparatery material (on models for EZ,) in order
to prove, in section 6.5, that the composition ({p,)s ® Id) o 4, is an isomorphism
by giving a very explicitly description and by exhibiting its inverse (that turns ont
to be very similar to it). In section 6.6, we construct a retraction of the injection
given by proposition 4.5.3. In the remark ending section 6.7, we explain why the
conjecture is plansible.

6.3 The delocalization for the Baum-Connes as-
sembly map

We prove here the delocalization property for the Baum-Connes assembly map.
The statement nses the map ¢ ol conjecture 6.2.1, bnt is completely independent
of its trath. The proof is an easy chase around the definitions, based on the
natnrality of the assembly map fi. and on proposition 5.6.4.

) ell

Given a conjugacy class C € (IN*" | we denote by

g9 :P®.C'Z, > C'T and @ : PI9.C1Z, — G

the non-unital inclusions.

With all these notations, we can now state the main result in this chapter. It is in
some sense a generalization of the construction of tbe maps 8L of chapter 5.
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6.3.1 Thecorem. (Delocalization for the Baum-Connes assembly map)
For any countable discrete group I', the diagram

¢

P K.(BZ)eC K (ED)®C
CE(P}CH
@ A eId
Pe] *
P k.c'z)eC iL®Id
Cce(rye!
g =1 D). @ a
[a)] * ct c ®
K.(P°.C*'Z)®C K.(CcT)eC

lol= (l—->all i=

commutes. There is a similar commutative diagram for the reduced C*-algebras
. =7 .
CrZ, and OfT', with the maps L}C) and ,B;ZC in place offsc) and of 3.€ respectively.

As we will see in chapter 7, this result in not just a particular property of the Baum-
Connes assembly map. Many other assembly maps share a similar property. We
will prove it for the assembly maps in Hochschild homology and in cyclic homology.
We will also construct a new assembly map in algehraic K-theory by imposing this
property. :

Proof of theorem 8.3.1. During tbe proof, we identify K,(BZ,) ® C with its
image in Kk (EZ,) ® C. We start with an element = € K,(BZ,), for some
Ce (1")"”. If we let y ;= Ef"" (x) in K,(C*Z.), then, by means of lemma 5.6.3,
we compute

E;(C°Z,) = @K (P9 €°2,) D K4(C°5,) ® C
I
i=0: gy = YAy ) A7 ded
I I

j=1: ¥ — Z[PE(C)' vl — Z[PI(C)' y+1— PI(GJ] ®"3:;
i !

where 9 := Z(E}C’)*@)ag . By pushing forward these elements in K, {C*T) ®C by

[}
{42 )« » we get the same formulas, according to the value of j. On the other hand,
by naturality of il (see section 4.5) and since y = 5:% (z) = i.lfc (z), for § =0,
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we get

(B} ® Id) o ¢(z) (7 ® Id) 0 (4, © 1 )s ® Id) 0 Yy, (3)

3 (i ® Id) o (i o 1) ® Id) (all] ® 3L

!
= (s ome)s ® Idy o (10 M @ Id)(all] )
1

Z((Jc opc)* ® Id)(Pi'y ® ‘D:;)

!
> A yed,
1

i

where the previous to last equality is due to proposition 5.6.4, and the last one is
a consequence of the trivial fact that (p,).(F) = Pfcl € K.(G*Z,). Similarly, for
j=1, weget

(@ 1d)09(a) = Y (A7 y +1~ A7) @ df
!

and this completes the proof. O

6.4 Models for EZ, with trivial action of ~,

The goal of this section is to prove the following result:

6.4.1 Proposition. Let G be a countahle discrete group, and H be a finite central
subgroup of G. Then for any model X for EG, the quotient space H\X is also
a model for EG, on which H acts trivially. Moreover, the canonical projection
p: X - H\X is a G-equivariant homotopy equivalence.

Given a countable discrete group ', this resnlt applies to G = Z; and to H = {7},

for any C € {T)**. In particular, the quotient {y,) \EL*¢ is a model for EZ, with
a trivial action of -, , where

Eretd .= {,u:I‘—é[O, 1]

supp(e) is finite, and Zp(ﬂ() =1 }

~yel'

is the “standard” model for ET .

Proof of proposition 6.4.1. Let us first show that H\X is a metrizable proper
G-space. It is a G-space because H is central in . Since & acts properly on the
metrizable space X, so does its subgroup H , therefore, the orbit-space H\X is
metrizable. Similarly, G\{H\X) = G\ X is metrizable, hence Hausdorff. The space
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X being G-proper, for any = € X, there exist an open neighbonrhood Uz of zin X,
a finite subgroup H. of G, and a G-equivariant continuous map p, : Uy, — G/ H,.
The canonical projection p: X — H\X is a G-equivariant, continnous, closed and
open map (H being finite). Consequently, for any T = p{x) € H\X, Uz = p(U:)
is an open neighhonrhood of Z in H\X , Hz := (H;, H) is a finite suhgroup of G
(H is finite and central in G), and pz : Uz — G/Hz, §=p(y) —r qopz(y) isa
G-equivariant continuons map, whete ¢ : Gf/Hy — G/Hz . This shows that H\X
is a proper G-space.

Since X is a model for FG, there is, up to G-homotepy, a nnique G-equivariant map
f: H\X — X, and tbe composition f op : X — X has to he G-equivariantly
homotopic to the identity. To see that H\X is a universal proper G-space, it is
enongh to prove that po f is G-homotopic to the identity. By universality of EG,
there are G-homotopy equivalences X S EG** inducing G-homotopy equivalences
H\X 5 H\EG"*. We can therefore assume that X = EG**. The G-homotopy
we are looking for is simply given hy

L :{H\EG"% x [0, 1] — H\EG"*?
(plu), ) r—rp(foplt-pu) + (1 —1t)- 1)),

where y € EG*td (the multiplications by ¢ and 1 — ¢, and the addition above are
simply performed in the vector space of functions from G to R).

We come hack to the case where X is any model for EG . Since H\X is a model for
EG, the compesition po f : H\X — H\X has to be G-homotopic to the identity.
Consequently, f and p are G-homotopy equivalences, inverse of each other.

This completes the proof. 0

6.5 Description of the map ((p.). ® Id) o ¥,

We first give a new decomposition of the group K..Z ¢(EZ,) in terms of subgroups
consisting in homotopy classes of Kasparov triples endowed with a given action of
the element -y . For this purpose, we need the existence (established in section 6.4)
of models for £Z_ on which -, acts trivially, We then give an explicit description of
((ps)+®Id)ot), in terms of this decomposition, and show that it is an isomorphism,
by exhibiting its inverse. Tt appears that this inverse has a description very similar
to that of ((pc). ®Id) o 1.!'1(;- .

Let us make the following standing assnmption: For any conntable discrete gronp
(G and any G-compact space X , in a Kasparov triple (H, =, F), the operator F
is self-adjoint, G-eqnivariant, properly snpported, and H essential, in the sense
that the snhspace n(C.(X))} : # is dense in H; moreover all homotopies between
Kasparov triples are performed within this class. This is no restriction.
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Let X be s Z_-compact space. For I =0, ..., n, — 1, let us define
Kfc(X){i} ={[H,n, Fle K.ZG(X)|% acts on 7 by wé}

(We do not claim that if [H, =, F] = [H/, #, F']) and v, acts on H by « , then
the same holds for H'.) Similarly, we define
z % [H, ™ F]EK,,ZC(X){I},
K.C(EZ )y = § [H, 7, F] € K,°(£Z,) | for some Z,-compact
suhspace X of EZ,.

Obviously, K, f ?(X) gy and K.ZC (EZ) ) are well-defined subgroups of K;zc {X)and
KX (EZ.) respectively; K.ZC(X )gy is functorial in X (for proper Z;-equivariant
maps), and K’ (EZ )y = 11_11: Kk (X)q1y » where the direct limit runs over all

X
Z_-compact subspaces X of EZ_ .

Let X be a proper Z,-compact space with v, acting trivially. For{ =0, ..., n,—1
and = = [, 7, F| € K2(X), we let zyy := (M, m, | € K2 (X)yy, where
Hy = {€ € H|v - & = - £} is a Hilbert space acted upon the left by 2, (since
Y is central in Z.), 7 is the restriction to H; of the covariant action m of Co(X)
on H, and Fj is the restriction of F' to ;. Let us check that = and F really map
H; into itself. Let £ € Hy and f € Cy(X). One has

% wINE = 7(f oy % &) = wp - m(1)(E),

where the first equality comes from the covariance of x, and the second from the
fact that ~ acts trivially on X. On the other hand, one has

'YC'F‘E':F(’Y(;E):“OI'FE:

where the first equality is consequence of the Z,-equivariance of . This proves
that «(f){¢) and F¢ are in H;, as was to he shown.

The correspondence x — z(; is well-defined, since addition of a degenerate cycle
to z does not change z(y; (if y is degenerate, 50 is {1y )» an operator-homotopy on =
gives an operator-homotopy on () (during the homotopy, the Z,-action remains
the same, and the operator F} in the homotopy is Z_-equivariant for any ¢ € [0, 1]),
and finally, a unitary equivalence for = does not modify the class of zg; .

If f: X — Y is a proper Z,-equivariant map between Z,-compact spaces on
which ~, acts trivially, one immediately sees that

f(zy) = fulz)qy, for allz € K.zc (X).

Now the following result is clear.
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6.5.1 Lemma. Let X be a Z,-compact space on which the element ~, acts triv-
fally, Then the map

-1 o1
dx: KZU(X)-—-} @ K (X){I}, T+— Z T}
1=0 =0

is a well-defined isomorplism, natural for Z,-compact spaces with trivial action of
7. . Consequently, for any model for EZ, on which ~, acts trivially, one has an
isomorphism

o el ne—l
5, : K% —‘+69 (BZ)qy» =— me,

where z € K,zc (X) and zgy) € Kfc (X)qy, for some 7 -compact subspace X
of EZ,. Moreover this decomposition is natural for Z_-equivariant homotopy
equivalences between such models for EZ .

We define now a map that is very similar to 4, (see section 6.2). Consider

b KX(EZ)eC — KXU(B(Z, xZ/n)8C
-1
TN — Zx[l]@wé-)\,
=0

the only difference with ¢, being that @, is replaced by w . hence the notation.

The main result in the present section is the

6.5.2 Proposition. Assume that EZ_ is a model for the classifying space for
proper Z_-actions on which v, acts trivially. Then the map ((p.). ® Id) o4 is
explicitly given by

K% (BZ)®C— K°(EZ,)®C

fe—1 n-.—1
e ® M ) e ®6L - A,
=0 =0
Ty —1 2
where K2° (EZ,) is identified with €D K./¢(EZ,)uy via &, . It is therefore an
=0

isomorphism with inverse ((p,)s ® Id) o ¢, .

For the proof we will need the following lemma.
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6.5.3 Lemma. Assume that EZ, is a model for the classifying space for proper
Z-actions on which v, acts trivially. Then for x € K’ (EZ.), one has

(o) (2 K]) = b - 2y € K40 (B(Z, x Z/n,)),
for any k, 1€ {0, ..., n, — 1}, where we choose E(Z, x Z/n,) = EZ,.

(See section 6.2 for the definition of y[k] for y € k% (EZ;).)

Proof. Let z € K.ZC (EZ,) and let X be a Z.-compact subspace of EZ_ such
that zgy = [H, 7, F] € K2°(X) with =, acting by w! on . For the definition
of the indnced homomorphism, (p, )., we refer to Valette [107) and nse the same
notations. On has N := Ker(p;) = {467°|0 < s < n, — 1}, where b is the
generator of Z/n, . We have to consider X =N \X = X (since b and 4, act
trivially on EZ;). For zy;[k], we endow m(C (X)) - H with the (non-negative, but
not necessarily positive definite) sealar product

e —1 no—1
(Elmy = D €1 =Y B ey = 6 om0y
=0 =0

(for £, n € H). The Hilbert space His then, by definition, the Hausdorff completion
of H for this scalar product. Since w(C.(X)) - H is dense in_H (by onr standing
assumption that a Kasparov triple is essential}, we see that # = H if k =l and is
zero otherwise. This shows that (n; ). (xyy[k]) = 0if k # 1.

Let us now assume that & = I. The gronp (Z, x Z/n_}/N acts ou H, and under
the identification of Z; with (Z, x Z/n_)/N via p,, this actiou is precisely the
original action of Z, on # = H. Finally, # = 7 and F = F. We thus have
(re)ololl) = [, 7, F) = [, 7, F) = 2 € K (EZ,).
This concludes the proof. O
Proof of proposition 6.5.2. By definition of ¢, , for z = }; Ty}, one has
Yelz®A) =) myplkleat A
k1

The result follows froms lemma 6.5.3. O

6.6 Rational injectivity of K,(BI') — K!(ET)

In this section, we first prove that the canonical map BI' — B induces an
isomorphism in rational homology, and deduce that it also induces a rational iso-
morphism in K-homology. As a direct application, we prove that the canonical
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map K,(BT) — KT(ET) is rationally injective, by constrncting a retraction.
This will prove proposition 4.5.3.

Here is an easy technical lemma for the proof of the main result in the present
section.

6.6.1 Lemma. Let H be a finite subgroup of a discrete group I'. Let R be a
commutative ring with unit such that the order |H| of H is a unit. Then the
permutation module R[T'/H]| is RT-projective.

Proof. The canonical RU-morphism RI' —+ R[I'/H]| defined by v — +H has a

splitting given by
1

This means that R[['/H] is a direct summand in the RT-free modnle RT'. a

6.6.2 Proposition. Let I' be any discrete gronp. Let R be a commutative ring
with unit such that the order of any finite subgroup of ' is invertible (as for
example the rationals Q). Then the usual classifving map BT' — BT (unique up
to homatopy) indnces an isomorphism

H.(BT; R) = H.(BL; R).

In particular, the map K,(BT) — K,(BT) js rationally an isomorphism.

Proof. The cellular chain complex of EL = Er;,(T') yields the exact sequence

... — Cy{EL; R)i>00(ﬂ; R)=+R—0

@pn+l
with C(ET; R} = (@R[I‘/H] (see the end of section 4.2). By lemma

HeF
6.6.1 and hy tbe assnmption on R, for any finite subgronp H of T', the permutation

module R[['/H] is RI-projective. Since the direct smn and the tensor product
of projective modnles is projective, the above exact sequence is an RT'-projective
resolution of the trivial RT-imnodnle R. Consequently, the homelogy of the complex
C.(ET; R) ®gar R is H.(T'; R) = H.(BT'; R). But one has

C.(ET; R) ®pr R2 T\C.(EL; R) & C,(T\ET; R) = C,(BL; R).

This shows that H,(BT; R) 2 H,(BI; R}. From the description of the map
BT = Br(T) — EL = Ein(T)

given at the end of section 4.2, it is clear that this isomorphism is induced hy the
classifying map BT' — BT .
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Taking R = @@, the statement about K-homology follows form a direct application
of the usnal Chern character. (]

‘We thank Ian Leary for suggesting this proof.

From propositions 4.3.4 and 6.6.2, we immediately get the

6.6.3 Corollary. For any discrete group I' there is a commnutative diagram
KINET)®C — KI'(ED) @ C

:

K.(BT)@C — K.(BI)@C

1%

In particular, the canonical map K,(BT') — KT (ET) is rationally injective, with
the composition

KI(ED) ® C—» K,(BL)® C —» K,(BT)®C

as rational retraction.

6.7 Application to the delocalized equivariant
Chern character

In this section, wc show how one can define the delocalized equivariant Chern
character ch! if conjecture 6.2.1 holds. This is of interest in view of the remark of
section 4.6.

If conjecture 6.2.1 is true, in other words if the map ¢ is an isomorphism, one can
define the delocalized equivariant Chern character chl' as the composition

-1
Kf(_EL)—c~Kf(ﬂ)®C—; P K.(BZ)®C

: CE(F)G"
chl ! lgch@ld
L 4 Sh .
H.(T; FT) e P H%; 0
B ce(ny

where ¢ is the complexification map, and ch is the usnal Chern character “a la
Atiyah” in K-homology. This would be obviously an isomorphism after tensoring
with C. To make another choice for the representative elements of the elliptic con-
jugacy classes amounts to making conjugations on Z, by an element of I' and, under
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the Shapiro isomorphism, we claim that this induces the identity on H,(I'; FT'),
as we now prove. First, ohe has a canonical decomposition of I-module

= P dcle P Crec, €= P hd; (Z)@2C,

Ce r)t" GE(F)EH Ceu—-}ell

where C[C] is the complex vector space freely generated by the elements of C', and
is equipped with the action of I' hy conjugation. The hrst isomorphisin is given by

ClC) = CL@cz, €, 3 Ay 70— 3 Ay 7®1,
yeC yeC

with inverse

DA r®A= D D A @A Y Ay

yer De(r)’“ 4eD ¥EC

The Shapiro isomorphism is the composition

EB H.(Z, ( ): a5 H,(zc;qc})-(jc—)'- g H.(T; clc])

ce(ry! ce(ry! lg

H.(T; FT)

where i, : C = C[C] is the map A —+ A-9 , and 4, is the inclusion of Z in I (see
{25], pp. 73, 79 and 80). By prop. I11.8.1 in [25}, the conjugation by an element of
I' (acting at the same time on I" and on the T-module C[C]) indnces the identity
on H,(I'; C[C]). This shows that chl is well-defined (i.e. independent of these
choices).

We claim that under the hypothesis that ¢ is an isomorphism, chl' is natural
for group homomorphisms, where the functoriality of H.(—; F(-)) is defined as
follows: for a group homomorphism ¢ : I'y — Tz, the map ¢, = H,(p; Fyp) is
given by

H.(Ty; Fo) H.(p; FT3)

@, * Ho(T1; FT4) H,(Ty; FI') H,(L'y; FI'y).

It suffices to show that the composition ¢o (@ (ch@Id)™")o S~ is natural, where
S is the Shapiro isomorphisin. Since a conjugation by an element of I'; induces
the identity on KT2(ET,), the map ¢ o (@ (ch® Id)™!) o $7! is independent of
the choices of representative elements in the elliptic conjugacy classes. The Chern
character ch being natural, the only difficulty lies in this choice. Indeed, ¢ maps an

elliptic conjugacy class Cy of I'y into an elliptic conjugacy class D of I's, and may
map another such class C, into D, We must therefore make “compatible choices”.
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The idea is to choose representatives ~, for I's, and then, for C' € (1"1)‘5“ such that
w(C) C D, choose v, € C N~ *(vy,). Clearly, the Shapiro isomorphism and the
map ¢ are “natuoral for these compatible choices”. This establishes tbe naturality.

We have just proved the following result.

6.7.1 Proposition. If conjecture 6.2.1 holds, in other words if the map ¢ is an
isomorphisin for any countable discrete group I', then the composition

ch! := Shapiro o (@ ch® Id) o¢ loc: K (ET) — H.(T; FT)

is a well-defined natural homomorphism, and an isomorphism after tensoring with
the complex numbers C. Moreover, the diagram

K.(BT) K[ (ET)
ch [ _ chf
H,(T; C) 2 g.(T; FT)

commutes, where 1, is induced by i: C— FT, A — X-e.

6.7.2 Remark. The first diagram in the present section also makes conjectnre
6.2.1 plansible. Indeed, if there exists a delocalized equivariant Chern character
chl that is an isomorphisni after tensoring with C, then it shows that there is an
(abstract)} isomorphism

K[(ED)eCx  K.(BZ)®C.
CE(r\):H

What conjecture 6.2.1 does, is to propose an explicit isomorphism, independent of
such a Chern character.



Chapter 7

The delocalization in Hochschild
and in cyclic homology, and an
application in algebraic K-theory

We prove that, for any group ', the assembly maps in Hochschild homology and in
cyclic homology share, with the rational Baurn-Connes assembly map, the decom-
position property that we have called delocalization in chapter 6. More precisely,
they admit an expression in terms of simpler assembly maps (localized at the iden-
tity of T'), by means of spectral projectors associated to finite order elements in
I'. We prove that the same holds for the assembly maps in periodic cyclic ho-
mology and in negative cyclic homology. As an application of the delocalization
in Hochschild homology, we prove that for any ring A such that Qr c ACCr,
there is an injective assembly map H,(T; FT') = K29(A4) @z C, where FT is the
C-moadule freely generated by the torsion e¢lements of ', with the action of I' by
conjugation.

7.1 Introduction

Given a discrete group I' and RT its group algebra over a commutative ring R with
unit , there are well-known decompositions of the Hochschild homology H H,{RT)
and of the cyclic homology HC.(RT) of the R-algebra RT as a direct sum, running
over the conjugacy classes in I, of usual homology groups of sub-quaticnts of [' and
with coefficients in R (in the case of cyclic homology, under the assnmption that
R 2 @: this a celebrated theorem of Burghelea [27]). These decompositions are
given hy explicit isomarphisms, called assemnbly maps. They map the corresponding
direct sum of nsual homology groups into the Hochschild (resp. cyclic) homology
of RT'. By restriction to the direct summand associated to the conjugacy class {e}

139
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of the identity, we get the localized assembly maps.

In this chapter, we show bow one can express the “full” assembly maps for T in
terins of localized ones corresponding to centralizers of finite order elements (also
called elliptic elements) in T': This is what we call the delocalization property for
the assembly maps. The fornuolas involved in these decompositions put on stage
the spectral projectors in the group algebra RT" associated to the elliptic elements
of I'. This program is achieved in the case where R contains the field of algebraic
nombers ), or even just the extension Qy of Q obtained by adjunction of all roots
of unity. For Hochschild homology, we give in fact the minimal hypotbesis on R
(for a given group I') so that the delacalization works: RI" should contain spectral
projectors associated to the finite order elements in I'. In the same vein, for cyclic
homology, we can prove the delocalization under the same hypothesis with the ex-
tra requirement that R shonld contain the rationals (this is needed in Burghelea's
theoremn). As an application of the delocalization property for Hochschild homol-
ogy, we prove that for any ring A such that QyI" C A C CT', there is an injective
assembly map H,(T; FT) < K&*(A) ®z C, where FT is the C-module generated
hy the torsion elements of I, on which [ acts by conjugation.

This chapter is organized as follows. In section 7.2, we introduce the notations
we will use throughout the notes, and we recall hriefly the theorems expressing
HH,(RT) aud HC,(RT) in terms of usual gronp homology. We also explain pre-
cisely what we mean in this context by “full assembly map” and “localized assembly
map”, The spectral projectors associated to elliptic elements in a group and their
main properties is the subject of section 7.3. We review the construction of the
assembly map in Hochschild homology and we state and prove the delocalization
property in this case in section 7.4. After a technical leinma, the proof is a simple
chase around the definitions. Section 7.5 is devoted to the delocalization for cyelic
homology, whose preof is baged on the delocalization for Hochschild homology
and the Connes ISB exact sequence. We compute (the “elliptic part” of) periodic
and negative cyclic homology of RI', and establish the delocalization for these
homologies in section 7.6. We discuss a few results on the algehraic K-theory of
group-rings in section 7.7. One of them is a direct application of the delocalization
in Hochschild homalogy.

7.2 Preliminaries on the assembly maps

Let I" be a discrete group and RI its group algebra over a fixed commutative ring
R witb unit. Let (T} be tbe set of conjugacy classes of I', partitioned as

() = Oy ey,

where (1")"” is the {non-empty) set of conjugacy classes of elliptic elements of T,
i.e. of finite order, and {I'}* ig the (possibly empty) sct of conjugacy classes of
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hyperbolic elements, i.e. of infinite order. Let {% }ce(ry be a once and for all
chosen set of representatives of the conjugacy classes, i.e. 4, € C. Let us denote
Zr(=,), the centralizer of ~, in T', by Z.. (There is a slight abuse of notation
since Z, does not only depend on the class C, but on its chesen representative - .
Changing the representative amounts to taking a conjugate of Z,.) Notice that
Z(e; = T'. For any hyperbolic conjugacy class D, we let Qp be the quotient gronp
Zr(vp)/ <vp>, which is also defined up to conjugation.

Given a unital associative algebra A over R, we dencte the Hochschild homology
of A by HH.(A), and its cyclic homology by HC.{A) (without any particular
mention of R). For the definitions of these tbeories, the reader is referred {for
example) to [72] or to [111]. We consider them as being N-graded.

Recall that the cyclic homology of the algebra R itself is given by

0 fornodd

HCq(R) = { R for n even
as is easily proved (see 9.6.14 in [111]).

We now state the two fnndamental results on these homologies for group algebras.
The first is contained in Cartan-Eilenberg [31], and is also a direct consequence of
a theorem of MacLane and of the Shapiro lemma (we come back to this in section
7.3). The second has been obtained by Dan Burghelea [27] in 1985.

7.2.1 Theorem. (Cartan-Eilenberg; MacLane-Shapiro) Let T’ be a discrete
group, and R be any commutative ring with unit. Then, there is an isomorphism

HH(RT)= P H.(Z; R).
Cel{l

7.2.2 Theorem. (Burghelea) Let T be a discrete gronp, and R be a comnmuta-
tive ring containing the rationals Q. Then, there is an isomorphism

HC.RT)2 @ (H.(Z; R)®rHC.(R)o @ H.(Qb; R).
ce(r) De(r)™®

The tensor product occurring in the statement of the theorem is a graded tensor
product {over R), i.e. the term of degree 2n > 0 of Hu(Z,; R) ® g HC.(R) is

Ho(Z,;, RY® HalZ; R) D ... ® Hon(Z;: R}
and the term of degree 2n +1 > 1is
H(Z,; R\ H3(Z,; R)® ... ® Hama(Z;; R).

In fact, there are explicit graded homomorphisms, called assembly maps, realiz-
ing the isomorphisms of the theorems, and mapping tbe right-hand side onto the
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k)
\

left-hand side. We denote them by 8T for Hochschild homology, and by & for
cyclic homology. In particular, by restricting éf and 9% to the direct summands
corresponding to elliptic conjugacy classes, we get an assembly map in Hochschild
hamology
0v: €P H.(Z; R) — HH.(RT)
ce(ry!

and an assembly map in cyclic homoalagy (for R 2 Q)

vi: € H.(Z; R)®r HCW(R) — HC.(RT),
Ce(F}“”

for any discrete group I'. By further restricting to the summand corresponding
to the trivial element e of ', a procedure we call localization, we get the localized
assembly map in Hochschild homology

glitee . H,(T; R) = HH,(RT)
and the localized assembly map in cyclic homology (for R 3 Q)

viiee . H,(Ty R) ®g HC.(R) — HC,(RI).

We refer to the maps 87 and uT as the “full' assembly maps (in contrast with
their localized counterparts), although they are just restrictions to the elliptic part
of the corresponding direct sum decomposition. We denote the image of 8% by
HHM(RTY) and that of v by HC#(RT') ; these are direct summands in B H,{RT)
and in HC,(RT') respectively. We will later on see that HH(RT) and HC# (RI)
are independent of the chosen set of representatives {, | C € ([)Y*"}, as they should
be.

Motivated by tbe delocalization theorem 6.3.1 for the Baum-Connes assembly map,
our first goal in this chapter is to show how to construct the assembly maps #%
and vl out of localized versions. More precisely, we will prove that one can “glue
together” the localized assembly maps {ch,ioc}ce(r)e" (resp. {ufc’m}c.e(r)eu) in
an appropriate manner to get the “full” assembly map 67 (resp. ). As already
mentioned, this will be achieved in the case where R contains the field extension
Qo of Q by all roots of unity (and even in more general situations). 1t is important
to notice that the way we “glue together” the localized assembly maps here is
exactly the same as for the Baum-Connes assembly map {both cases are however
independent).

For the proof of the delocalization in Hocbschild homalogy, we will need an explicit
description of the assembly map #7. For this reason, in section 7.4, following
Weibel [111], we will construct explicitly the map 87 and, as a by-product, we wilt
sketch the proof of theorem 7.2.1.
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7.3 The spectral projectors of elliptic elements

In section 5.3, we have considered the spectral projectors
1 e
PO =1 Sy ecr,
e 0
(where [ € Z) associated to an the elliptic element y, € €. These projectors take

values in smaller group algebras than CT",

7.3.1 Definition. For a conjugacy class C € (I)!, we let n, < oo be the order
of v, , and wy = e?™/% € C. Let Zy be the ring extension of the integers Z by

the set
{"i Ce (r)e”} .
Ny

Similarly, we denote by Qr the field extension of Q by tbe set {w |C € ey,
In order to unify some results for all groups, we also let {Jy denote the extension
of Q@ by all roots of unity in C.

Notice that the field Qy is strictly contained in the field @ of algebraic numbers.

It is clear tbat P{® € ZrT', for any I € Z and C € (T} . For the most important
properties (in onr context) of the spectral projectors, we refer to proposition 5.3.3.
As an immediate consequence of the latter, we get the

7.8.2 Lemma. Let R be a unital commutative ring containing Zr (or simply
Zg, ). For any of the elliptic elements ~, of I', one has a decompaosition of the
group algebra RZ, as a direct sum of R-algebras with unit
nc—l
RZ, = P P/-RZ;,
=0

the unit of P/ RZ,_ being P{°.

7.4 The delocalization in Hochschild homology

In this section, we precisely state tbe theorem on the delocalization property for the
assembly map in Hochschild homology. We then carefully review the construction
of this assembly map, prove a technical lemma and finally the theorem (by a direct
computation).

Given a cominutative ring R with unit, recall that we have the “full” assembly map

0f - P H.(Z; R)— HH.(RT)
ce(ry!
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for the group T, and its localized counterpart 8" : H.(T'; R) — HH.(RT),
corresponding to the trivial element e in I'. The same holds for the subgroup Z; .
In particular, we have localized assemnlily maps

2 loe

8% . ,(2.: R) = HH.(RZ,),
for all elliptic conjugacy classes C € (P)d‘-

Before stating the delocalization thearem, we have to recall briefly some definitions
and results on Hochschild homology. First, a not necessarily unital homomorphism
of unital R-algebras o : A — B induces a homomorphism

HH,(A) — HH,(B), [20® a1 ®...an| — [afag) @ a(a1) ® ... afay)].

In particular, for R 2 Zr, the inclusion «{* of P{®.RZ, in RT induces a group
homomeaorphism
(). : HH.(F{® RZ,) — HH.(RT).

For the second classical result, let A be a nuital algebra that is a direct sum of two
unital algebras, say A = B @ C'; then there is an isomorphism

HH,(A) = HH,(B&®C) — HH.(B)® HH.(C)
(B0 Dco)®...@ (b @en)] — [H0®...8by) D0 ® ... B cn).

More generally, the following well-knowan lemma holds (see [111]).

7.4.1 Lemma. Let (A;)ic; be a collection of unital B-algebras. Then there exist
canonical isomorphisms

HH, (eiel A") — @.‘el HH.(A:)

HC (@ier &) — Dies HOA)-
The former is explicitly given by “component-wise” addition.
Now, we can state our main theorem for Hochschild homology.

7.4.2 Theorem. (Delocalization in Hochschild homology)
For a discrete group T', and a unital commutative ring R 2 Zy , the composition

@ ezc,roc
D H(Z:R) < P HH.(RZ)
CE(F)EN : CG(F)EH
ar =
" )
¥ ZZ (+] ("’I )‘ n,—1
HH,(RT) ~—2- P PHH(PRE,)
CE({')‘” I=0

is the assembly map 8L, in other words, the diagram commutes.



7.4. The delocalization in Hochschild homology 145

To illustrate the non-triviality of the above theorem, let us point out that the
obvious diagram

) B:’Zc.,loc

H.(Z,; R) ——— HH.(RZ,))

P (ic)-

HH.(RT)

where i, is the inclusion of Z_ in I', does generally not commute, as is easily
checked, for example when T is the group Z/2 = {£1} and C is the conjngacy
class {—1}. (In fact, for any group I" and any elliptic conjugacy class C # {e}, it
does not commute.)

Before the proof of the theorem, we first carefully explain how the assembly map
6% is defined. We then state and prove a crucial lemma. Finally, the proof will be
a direct computation bagsed on the lemma.

For the definitions of a cyclic object X, (as for example a cyclic set or a cyclic
R-module), of the Hochschild complex associated to a cyclic R-module, and of the
Hochschild homology HH,(M.,) of a cyclic A-module M,, we refer the reader to
Weibel [111], 9.6.1, 8.2.1 and 9.6.5. Still following Weibel, tet us make a few more
definitions {see [111], 9.6.2, 9.7.3).

7.4.3 Definition. i) The cyclic set BT is defined hy BpI' =T™ (forn > 0)

and
(v2y -0 s W) Fi=0
Ay, oy m)=4 (e WL ), 1K i<n— 1
(711 -+ 5 Ya1), ifi=n
silv, s )= oY L Ykt ), for 0€i<n
tlv, -y '711):(('71""7?1)_’: Ty ooy Fae1)

(Its geometric realization |B.I'| is the classifying space BT'.)
ii) For an element v € I', denote by Cy its conjugacy class iv I and let

Zn(F: 7) = {('YU; 8 ST 'Yn) € il !'7071 T € C‘y}?

this defines a cyclic subset Z.(T', ) of the cyclic set Z,I" of tuples of elements
of T', given by Z.' = T"*1 (for n > 0} and

('Yn'YOw % -'-1711—1); ifi=n
si(voy ooy W)=0v0, .- ¥ L, Vit1-o. y M), for 0<i<n
t(’my ey ’)‘n)=(’)‘m’)‘0: LR 71'1—1)-

Tty ooy Ficly WVitl; Yik2z--- s Fa), f 0<i<n -1
d‘-(’TO! 171’\):{( =1 WL Nid 'ﬂ)
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iif} By applying the functor “free R-module” to B,I', Z,I' and to Z (T, ), one
gets a cyclic E-module AB,T and a cyclic R-submodule RZ,(T, v) of RZ,I".

iv} We denate by HH,(T, «v) the Hochschild homology of the cyclic R-module
RZ,(T, 7).

Notice that Z.(T, v) as well as HH, (T, ) only depend on the conjugacy class Cy
of +, but not on the particular representative .

There is an isomorphism of cyclic sets between Z,(T', ¢) and B,T", obtained by
forgetting 9. We will need tbe explicit form of the inverse. It is given by

Bﬂr_}zﬂr: (’Y]: "'17“)H((71"'7ﬂ)_1: Y, --- :Af"n)-

By definition, the Hochschild complex associated to the cyclic R-module RZ,T
(resp. RB,T) is precisely equal to the usual Hochschild complex of the R-algebra
RT (resp. to the usual bar complex of the group I', with coefficients in R). Con-
sequently, one has

HH,(RZ,T) = HH,(RT)
HH,(B,T) = H.(BT; R) = H,(T; R).

7.4.4 Remark. It is obvious that one has the following canonical decomposition
of cyelic R-module and induced canonical splitting:

RZ,T = €D RZ.(T,~,) and HH.(RT)= P HH.(T. 7).
Celly Ce(r)

We can therefore set, independently of any choice,

HHMRD) = P HH.T,v,).
Ce (r\)eu

Now, we have all the needed ingredients to recall the construction of the assembly
map 8 itself. We proceed in four steps.

First, proposition 9.7.4 in [111] shows that the inclusion Z, = Zr(y,} < T induces
an isomorphism

HH.(Ze, %) = HH(T. %),
for any C € (T'}.

Secondly, by the proof of coroilary 9.7.5 in [111], if g is any central element in a
group G, then the homomorphism of simplicial sets

ZJ(G,e) — Z.(G, ), (90, 31, -+, gn) ¥ (900, 915 -+« s On)
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is an isomorphism, hence
H“‘(G; R) & HH‘(GI E) i HH“‘(Gi g)l
where the first isomorphism is due to the fact, mentioned earlier, that Z.(G, €)

and B.G are isomorphic as cyclic sets.

The third step is given by remark 7.4.4:

HH.(RT)= P HH.(T, ).
Cel)

Finally, assembling the first three stages (in disorder), we get a chain of isomor-
phisms

EBH.(ZC;R)i@HH.(zc,e) — PHH.(Z, @m{. %)

Cell’y Celln Ce(l} CEe(T)
N rrrm—
= HH,(RT)

whose composition is, by definition, the assembly map éf . This shows that the
image of 80 coincides with what we have denated by HH&(RT). Let us now
give explicit formnnlas. First, we consider H,(Z;; R) as the homoalogy of the bar
complex:

R forn=10

Hi(Z.; R)= H,(RB,Z,), where RB,Z_ = {Rz®n" form>1.

By definition, HH,(RT) is given by the homology of the Hochschild complex of
the R-algebra RT:

HH,(RT) = H,(RZ,T), where RZ,I'= RT®*"**1 forn > 0.
By chasing along the definition of éf as given above, one gets the formula

6 : H,(Z,; R)— HH.(RT)
Mm®.. . @wmr—pm-mtene...0m.

)eH

In particnlar, for any C € (I)*", we obtain

%' . H,(7,; R) — HH.(RZ,)
Mme...0wml—hnmwm '®n®...0ml

This way of defining 6! has the considerable advantage of sketching the proof of
theorem 7.2.1 at the same time.
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As already mentioned, theorem 7.4.2 is also a consequence of a result of MacLane
and of the Shapiro lemma. Indeed, as a particular case of proposition 7.4.2 in [72},
there is an isomorphisin

HH,(RT)= H,(T; R,

called the MacLane isomorphism, where HI is acted upon hy conjugation. By the
Shapiro lemma {compare with section 6.7), there is an isomorphism

H.(U; R0) = @ H.(Z,; R).
Celn)

The composition of both isomorphisms is precisely (1)

We now state and prove the crucial technical lemma.

7.4.5 Lemma. Let R be a commutative ring with unit, and A be an associative
unital R-algebra. Let e be a central idempotent in A. Then the maps f = (f,)
and g = (gn) defined by fr, g, : ASR™HL 5 A®RNHL gpg

frlao®a1 ®@...®a,) =eap®ea; @ ... Rea,
gn(e0@a1®...Qay)=ear®a1®...Ray

are homotopic chain maps of the Hochschild complex (A®R"+1 d.) of A. Conse-
quently, for any cycle ag ® a1 @ ... ® a,, in AP& "] the elements

eag®ea; @...8¢ea, and eag @a1 Q... Ray,

of ABR ™1 are homotopic cycles, in other words they represent the same class in
HHL(A).

Proof. First, notice that the Hochschild complex is a presimplicial module in the
sense of definition 1.0.6 in [72] (see the proof of lemma 1.1.2 in |72]). By nsing the
assumption that e is a central idempotent, it is straightforward to check that f
and g are chain maps, and even maps of presimplicial modules (see p. 4 in [72]).
It remains therefore to construct a presimplicial homotopy between the maps f
and g, i.e. a collection of maps hg") c ABrmL o ABR 2 of B madules, for all
n > 0and all 0 £ ¢ < n, satisfying the set equations of definition 1.0.8 in [72]. (By
lemma 1.0.9 in [72], it will follow that h®) := $7_o(—1)9A{" is a chain homotopy
from f to g.) One can easily check that the maps defined by

h((]")(ao®a1®...®an) = eqyRe®@ea; ... ea,

K aeas...0u)

R ®.. Qa;Pe®ea; 1 ®...Qea,

h (a0 ®a®...®an) = ea®a;®...®aq,Be
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(where 1 < § < n — 1) satisfy all the desired properties. This conclndes the proof.
0

For sake of completeness, lei us give another proof of the part of the above lemma
saying that eag @ ea) ® ... @ eay, and eag ® a1 ® ... ® a, represent the same class
in HH,(A), whenever ap® a1 @ ... @ ay, is a Hochschild cycle.

Proof. Letting A := A/R-1,we consider bere Hochschild homology as the homol-
ogy of the normalized Hochschild complex C,, = A®A®R ™, where the equivalence
between both definitions is given by the canonieal morphism of complexes

Cn= A®r A®R"™ « C, = A@p A®R"

(see [72], 1.1.14, 1.1.15, 1.6.4 and 1.6.5). With these notations, we have to prove
that

[car @0 e ® ... @8, = [€a0® 0 ® T2 ® ... ® Tn] € H,(CL).

By lemma 2.12, p. 29, in [59], for n > 1{and ohviously for n = 0}, the compasition
map

HH,(A) — Q"(4) » Q5,(A),[00® T @ ... @ Tn] — apday - - - day

is & well-defined injection, where *(A) is the algebra of non-commutative differ-
ential forms on A, and Q},(A4) := *(A4)/[Q*(A), *(A)] is the quotient of the
above by the submodule (not the ideal!) generated by the commutators. We are
therefore reduced to showing tbat

eapd(ea;)d(eas) - - - d(ean) = eagda;day - - - da, € Qg (4),

but this is obvious under onr hypotheses, because d is a derivation and the equation
ede = 0 bolds in (2, (A) (indeed, de = d(e?) = ede+de-e = 2ede , hence ede = 2ede
and ede = 0). O

‘We are now in position to prove the delocalization theorein 7.4.2.

Proof of theorem 7.4.2. We keep notations as in the above construction of the
map 87, and we work at the level of the chain complexes. Let C be a fixed elliptic
conjugacy class inI'. Let 2 = Ay ®...® m € RB, 7, = RZ(?“t "o where A€ R,
By 6%, it maps to

)‘7&(71“'1’n)_1®71®...®7n ERZHF=RF®R"+1,

The map defined hy the delocalization process factorizes through tbe map

Y (b)e: €D HH.(RZ,) — HH.(RT)
DE(F)!H DE(F)!H
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in the obvious way, where j, denotes the inclusion of RZ, in RI'. The image of
in HH.(RZ;) under the corresponding factorization is

MY @GP ) O me. @ B,

Since PI(C) is a central idempotent in the algebra RZ, , by lemma 7.4.5, this element
represents the same class in H H,(RZC) as

Z PO ()t em® @ m =M ) T eme . @,

where the equality comes from proposition 5.3.3 iv). By mapping this element via
(% )e in HH,(RI"), we see that both maps coincide on z.

This completes the proof. O

7.4.6 Remark. i) It is easy to adapt lemma 7.4.5 and its proof so as to see
that the assembly map 07 and the map obtained from the delocalization
process of theorem 7.4.2, both considered as chain maps

& RB.Z, — RZ.T,
CG(I‘}"‘

are homotopic, for any unital ring R containing Zr .

1i) The delocalization theorem 7.4.2 clearly holds (and the proof is the same) as
soon as the ring R is commutative with a unit 1 and satisfies the following
properties: for any C € (I‘}e“ , % € R and R contains a primitive ng-th
root w, of 1 {i.e. the multiplicative group R* coutains n,-torsion) satisfying
the formulas of lemma 5.3.2 (no uniqueness asswmption in neither case).
This is equivalent to requiring, for every C € (I‘)dl, the existence of a

unital ring homomorphisni Z [%62’”‘/“0] — . This is in fact the minimal

hypothesis on R because otherwise, the spectral projectors P/°) have no
meaning in RI" and the statement of the theorem does not make sense. This
applies for example to the case I' = Z{2 (or any group only with 2-torsion)
and R = Z/3, and to T = Z/3 (or any group only with 3-torsion} and
R=Z/7T xZ/13.

7.5 The delocalization in cyclic homology

Tn this section, we state the theorem on the delocalization property for the Burghe-
lea assembly map in cyclic homology. We prove it by applying the corresponding
result for Hochschild homology.
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We keep notations as in section 7.4.
Recall that we have the “full” assembly map

i+ €D H.(Z;; R)®r HC.(R) = HC.(RT)
CG(F)G“

for the group I', and its localized counterpart
vlvee g.(T; R) ®r HC.(R) < HC,(RT).

The same holds for the subgroup Z,. In particular, we have localized assembly
maps
Zg o
Ya : Hi(Z;; R)®r HC.(R) = HC,(RZ,),

for all elliptic conjugacy classes C € (1")eu )

Again we denote the (non-unital) inclusion of P/°-RZ, in RT by L}C) .By213in
[72], it induces a homomorphism

(). : HC.(P{®-RZ,) — HC.(RI).
We are now is position to state our main theorem for cyclic homology.

7.5.1 Theorem. (Delocalization in cyclic homology)
Let I' be a discrete group, and R be a unital commutative ring containing Qr .
Then the composition

Zos foc

g v

&b H.(Z;; R)@r HC.(R) © & HC.(RZ)
ce(ryt ! ceryt
oI =
; > Sak ()
HC.(RT) ~—=2— @ @ HC.(PPRZ,)

CE([\>CH I=0

is the Burghelea assembly map v, in other words, the above diagram cominutes.
Proof. According to [27] and to [111], in the Connes ISB exact sequence
... = HH,(RT) & HC(RT) 3 HC,_(RT) 3 HH,_y(RT) > ...

the map B is zero, and, after identification of H I{. and HC, with direct sums
of usnal group-homologies via the assembly maps 80 and &1 respectively, for all



152 Chapter 7. The delocalization in Hochschild and in cyclic homology

C € ()™, one has two commutative diagrams

Ho(Zy; B) ———— Ho(Z,; R) @ Hoa(Z, R)® ...

o 2 ()
I
HH,(RT) < HC,(RT)

(with the top horizontal map given by tbe inclusion in the first summand) and, for
any k > 0,

Ho(Z; R)® Hn2(Z,; R)®-.. = Hna(Z;; R)® Hp—e—2{Z;; B)® ...

V'];] ’l"fa‘—zk (%)
Sk

HC,,(RI') HC,,_ax(RI)

{with the top horizontal map given by projection onto the last summands). Since
the ISB exact sequence is natural and compatible with the decompasitions

HH. (@1 A) = @y  HH(A)
HC (@1 Ai) — @i HOL(A),

one has, for all C € {I)* and all n, k > 0, the following commutative diagram:

7o, loc o~ e —1
Hu(Z,; R) <" HH,\(RZ,) — @ HH.(P°"RZ,) <~ HH,(RI)
N =0 a d
1 al I
I}E’,:.'..Icoc o~ ne—1 o
H.(Z;; R) = HCW(RZ;) — @Hcﬂ(le)'ch) — HC,(RI')
=0
Sk oSk Sk
Zooloc no—1

IR

P
Ho(Z,; Ry <. HC, n(RZ,) — B HCrym (P RZ;) %% HGpya(RD)
=0
-1
where o, denotes at the same time ! - (47, on the level of HH, and of
!

C?

1l
=}

HC,.

We have to prove that for every k > 0 (and every n > 0), the bottomn composition
in this diagram coincides with the restriction of the Burghelea assembly map V'I: 2k
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By the delocalization theorem 7.4.2 in Hochschild homology, the composition in
the first row is the assembly map

oL : H,(Z,; R) < HH,(RD),

and thanks to diagram (#) ahove, the result holds for k = 0.

For the general case (k > 0), thanks to diagram (x#), one sees that it is enongh to
show that if 4 denotes the composition in the third row, then

%(Hn(Zy; R)) NKer(S* : HCpyzk(RT) - HC,(RD)) = {0}

(so that ¥(Ha(Z,; R)) injects in HCy,(RI')). But this follows readily fram the fact
that the composition in the second row is an injection (as a consequence of what
has just been said for the case k = 0). O

it is probahly also possible to prove the theorem directly by chasing around the
definitions that allow to build the assembly map in cyclic homology, alike we did
it in the case of Hochschild homology. We have chosen another option here, that
is to say to appeal to the corresponding result for Hochschild homology and fo
exploit the deep interplay between hoth theories (emhodied by the Connes ISB
exact sequence).

7.56.2 Remark. By 9.7.3 in [111], HC,(RT") is equal to HC.(RZ,T'), the cyclic
homology of the cyclic R-module RZ,T (see [111], 9.6.7). It follows from remark
7.4.4 and from the proof of theorem 9.7.9 in [111] that one can set unambiguously

Hcfu(RI‘) 1o @ Hct(RZ.(F\ ’YC))‘
C’E\T}'“

and that it coincides precisely with the image of ¥ .

7.6 The delocalization in periodic and in nega-
tive cyclic homology

We compnte the “elliptic part” of periodic and negative cyclic homology of RI',
and we prove that the corresponding assemhly maps hoth satisfy the delocalization
property.

Let R be a unital commutative ring. For the definitions of periodic ¢yclic homology
and negative cyclic homology of a unital associative R-algebra and of a cyclic R-
module, we refer to Weihel [111] 9.6.17. We write H P, for periodic cyclic homology
and HN, for negative cyclic homology. Notice that HP, is 2-periodic. It follows
from the definitions that H P, and H N, are additive in the sense that they commute
with finite direct snms {i.e. the result corresponding to lemma 7.4.1 holds for
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I finite). They are also functorial for non-unital morphisms between unital R-
algebras.

Let T be a discrete group. The splitting given in remark 7.4.4 gives rise to canonical
decompositions (see 7.4.6 in [72])

HP.(RT) = @B HP.(RZ.(T, %)) and HN.(RT)= P HN,(RZ.(T, 7))

CE(T) Ce(r)

As we did it for Hochschild and for cyclic homology, we set

HPH(RT) := @B HP.(RZ.(T, 7)) and HNZYRT):= () HN.(RZ.(T, 1)) .
ce(ry ce(my

ft is clear from 9.6.17 in [11] that there is a short exact sequence

0 — Bm'HC 41 (RT) — HEZ(RT) — lim HCZ,,(RT) — 0

P P

for any n € Z, where the inverse limit is taken with respect to the operator
§: HC' — HC:*,. As mentioned in the proof of theorem 7.5.1, the maps
S are surjective. Therefore, the inverse system {H C’;"; 8} satisfies the Mittag-
Leffler condition, and in particular, the lim' term vanishes (see [111] 3.5.6 and
3.5.7). Consequently, we find

HPH(RI) = lim HC®, (RT).
P

For a discrete group G and n € Z, let ns define

[[H2i(G; R),  if n is even

H(G; Ry =920
[[H2i41(G; R), if n is 0dd.
>0

Fromn the above considerations together with theorem 7.2.2 and the properties of
8§ mentioned in the proof of theorem 7.5.1, we deduce the

7.6.1 Theorem. Let T’ be a discrete group and R be a unital coonmutative ring
containing the rationals {. Then there is an injective assembly map

P H'(%; R)— HP.(R),
CE(I\)EH

whose image is HPSY(RT).
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By restricting to the direct summand eorresponding to the identity, we obtain the
localized assembly map

ol HI(T; R) < HP,(RT).

From theorem 7.5.1 and the third diagram in its proof, we itninediately obtain the
corresponding delocalization result.

7.6.2 Theorem. {Delocalization in periodic cyclic homology)
Let T' be a discrete group, and R be a unital commutative ring containing Qr .
Then the composition

Z.,loc

g or

@ f{\P(Zc; R) < @ HP,(RZ,)
Ce(r) ! ce(ryeH
ol =
D> R
HP,(RT) %! @ @ HP,(P°.RZ,)
Ce(ry =0

is the assembly map ol , in other words, the above diagram commutes.

For negative cyclic homology, by [111] 9.6.17, there is long exact sequence

L gpet () S Bet (RT) B HNA(RD) S HPA(RTY S ...

Since S is snrjective, B is zero and I is an injection. If for a diserete group G and
n € Z, we define
HM(G; R) = [[ Has2s(Gi R),
jz0
we have just proved the

7.6.3 Theorem. Let I' be a discrete group and R be a unital commutative ring
containing the rationals (. Then there is an injective assembly map

@ B (Z; Ry~ HN,(RD),
Ce(r)eli

whose image is HNE(RT).

By restricting to the direct summand corresponding to the identity, we obtain the
localized assembly map

rhlec . gD, R) < HN.(RT).
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The loug exact sequence ([111} 9.6.17)
I S, B I S
eo.= HPy 1 (RT) =+ HCy—1(RT) = HN,(RT) - HE, (R[S ...

and the one corresponding to the elliptic part are functorial (for non-unital mor-
phisms) and are compatible with the additivity of the functors HC,, HP, and
HN,. Therefore, from theorems 7.5.1 and 7.6.2, we can deduce the following
delocalization result.

7.6.4 Theorem. (Delocalization in negative cyclic homology)

Let T' be a discrete group, and R be a unital commutative ring contaming Qp .
Then the composition

g =

b H;*(Zc; R) < P HN.(RZ,)
Ce{r)eu : CE(]—')e“
7T X =
. Z Z“—’c‘: : (LSC))* ny—1
HN,(RT) —%— @ PHN.(PO-RZ,)
ce(ryt 1=0

is the assembly map 7T, in other words, the above diagram commutes.

As by-product, we have just proved that both Connes 1SB exact sequences (for
Hochschild homology and for negative cyclic homology) are compatible with the
five corresponding assembly maps and with the five delocalization properties. The
same holds for the large diagram intertwining both sequences (see Weihel [111],
9.6.17).

7.7 An application in algebraic K-theory

In this section, we collect some known results relating the homology groups H;(T'; R)
with the algebraic K-theory groups K*'9(RT). Moreover, as an application of the
delocalization in Hochschild homology we prove the following theorem:

7.7.1 Theorem. Let I' be a discrete group, and let A be a ring equipped with

maps ZpT 2, A %, CT such that g o f is the inclusion {as for example BRI for
any ring such that Zr C R € C). Then there is an injective assembly map

&8 HHP(CT) = K™(A) ®z C,
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where HH(CT) @ €D H.(Z,; C) = H.(T; FT), with FT the C-module gen-
CE(r\)e”
erated by the finite order elements in T' | acted upon by conjugation. If Qp dg::[)‘tes

the field extension of the rationals by all roots of unity, then the map &° Iis
natural,

The assembly map &3 will be explicitly constrncted in the proof of the theorern,
as the delocalization of a classical assembly map in algebraic K-theory. We will
give explicit formulas for G4 and &{ at the end of the section.

7.7.2 Remark. For any group G, the map H.(G; Qr) — H.(G; C) is clearly
injective. The assembly map of theorem 7.7.5 beiug defined over @ {in place of
C), we deduce that, under the hypotheses of theorem 7.7.1, there is an injective
assembly map

HHZQT) © K#9(4) @2 Qr
where HHEM(QiT) 2 € H.(Z; Qr) 2 Hu(T; FrT), with FrT the Qr-module
CG(F)e"

generated by the finite order elements in T, acted upon by conjugation.

Before starting the proof of theorem 7.7.1, we cousider three related results {only
the third of which is necessary for the proof; the first two illustrate the situation
in degree 0 and 1).

Let R be any unital commntative ring. The asserbly map in algebraic K-theory,
in degree 0 and 1, is defined by (see |71])

oft i Ho(T; R) — KJ9(RT) 8z R, A— 1] ® A
RHI(D; R)— K{9(RT) @z R, Y2 ® A [1]® A,

where Ho(T'; R) is ideuntified with R, [1] is the K-theory class of the idempotent
(1 x 1)-matrix 1, H(T; R) is identified with I ®z R, 4% represents the gronp
element « in T | and [7] is the K-theory class of the invertible (1 x 1)-matrix ~.
These maps a.re clearly well-defiued and natural in the group I'. When R = Z, we
write a; for a ,fori=0and 1.

Let C*T' be the maximal C*-algebra of the group I', and C]T its reduced -
algebra. The first propositicn is an easy consequeuce of the definitions aud of the
results in [12].

7.7.3 Proposition. Let I' be a discrete group, and A be a riug equipped with

two maps ZI' a8, C!T such that go f is the fuclusion (as for example C*T",
C:T, or RT for any ring such that Z C R C C). Then the assembly map

faooi: Bi([; Z) — K(A)
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is split-injective for i = 0 and rationally injective for ¢ = 1; it is injective fori=1
whenever g factorizes through C*I". Moreover, for any unital commutative ring
R, the assembly map

aft : Hi(T; R) — K™9(RT) @ R,
is a split-injection fori =0 and 1.
Proof. Let us first show that Hp(I'; Z) —» Kgfg (A) is split-injective. It suffices
to prove it for A = C!1'. The canonical trace 7 : A — C induces the splitting we
are looking for. Iu [40] (and also in [12]), it is proved that the composition
Hy(r; 7y 92 De00 gt ooy 2L g ooy

is rationally injective, where p; is the canonical map. It follows that f.oa; is
rationally injective for any A.

Let ¢ denote the quotient map from T to its abelianization I'*?. By functoriality
of the maximal C*-algebra in the group, and by naturality of the maps o1 and
ir : ZI' = C*T°, one has the commutative diagram

Hy(T; 7) —p)eeon K®(C'T)

q*l% Jq,.

(0% 2) (12029, geato et
IdI Idet
Fab c . GL] (Cirab)
This shows that f. o a; is injective whenever g factorizes through C*I".
Let B be a unital associative R-slgebra, where R is a commutative ring with unit.
The Dennis trace map Dtr, : K*9(B) — HH,(B) (Hochschild homology as an
R-algebra), in degree 0 and 1, is given by
Dtro : K39(B) — HHy(B), [z]— [z]
Dtry : KM9(B) — HHy(B), [u]— ju™' ® 4]
for (1 x 1)-matrices = and u (see [72] or [87]). Since the map 85/ is defined, at
the chain level, by
RF®R“ —}RFQR’H-], 4\’)’1®---®']’n"_)A(’}'l""}'ﬂ)_:l@'}’l@-"@'yn’
it is straightforward to check that the triangle
Q’R al
Hy(T; R) —~ K;"(FT') ®z R
IDtr,' ® Idg

HH;(RT)

I, log
ei
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commutes, for 4 = 0 and 1. Since 0% is split-injective (thm. 7.2.1), so are the
mMAaps aDR and a{{ . O

The second result follows readily from theorem 5.7.7 and the identification of
H,.(T; FT) with HH#(CT), which follows from theorem 7.2.1 and the Shapiro
lemma (see section 6.7).

7.7.4 Proposition. Let T he a discrete group, and let A be a ring equipped with
two maps Zp' <15 A 23 £1T such that go f is the inclusion (as for example £'T,
or RT for any ring such that Zr C R C C). Then there is an injective assembly

map
HAZCT) o K3(4) ®z C.

Apart from the delocalization property for the assembly map in Hochschild ho-
mology, the main ingredient for the proof of theorem 7.7.1 is the following deep
theorem (see [87], thm. 6.3.24):

7.7.5 Theorem. (Rosenberg) For any groupT', there is a natural assembly map
pL in algebraic K-theory fitting in the commutative diagram

H(T; C) 2= 2 K¥(IT) @, C 22~
orte Dtr, ®1d
HH.(CT)

where ¢+ : ZT' < CT is the inclusion and Dtr, : K&9(CT') — HH,(CT) is the
Dennis trace map. Since Lt i injective, so are p}, and (1. @ Id) o gl .

For sake of clarity, let us quickly recall the construction of the assembly map g
arising in the above theorem. Let KZ denote the algehraic K-theory spectrum. It
is an {-spectrum whose homotopy groups are given by

mn(KZ) 2 K29(Z), Yne Z.

(Since spectra have negative homotopy groups, this definitely includes negative
K-theory. However, K39(Z) = 0 for all n < 0, since Z is a regular ring (see [87],
3.1.2(4) and 3.3.1).) Associated to this spectrum, there is a homology theory on
the category of CW-complexes, defined by

ha(X; KZ) := 7, (X4 AKEZ),

where X, is X with an extra base-point added. In particular, for the one-point
space, one has h,(pt; KZ) = K™%(Z). In [71], Loday has defined, at. the level of
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spectra, an assembly map
AL(Z) : h(BI; KZ) — K¥9(2T)

{see prop. 4.1.1 in [71]). There is a map of spectra KZ — HZ, where HZ is the
usual Eilenberg-MacLane spectrum (defining integral homology). In turns out (see
[87]) that the induced map h.(X; KZ) — H,(X; Z) is a rational surjection, for
any CW-complex X . Denoting by 9 the corresponding natural splitting (over
C), by definition, one has

/=05 & Idc) o 9T .

There is a less abstract way to see this map. Indeed, the definition of g} is clear.
Fork >1, p£ is given hy the compasition

Hy([;C) & H.(GL(ZT); C) -» Prim(H,(GL(ZT); ©)) = @) K2(2) 85.C,

n>l

where i, is induced by the inclusion i : T < GLy(ZI"), Prim(H.(GL(ZI); C)) de-
notes the primitive part of the Hopf algebra H,(GL(ZI'); C), and the isomorphism
is given Ly cor. 11.2.12 in {72]. (We thank Jean-Louis Loday for pointing out to
s this construction.)

Recall that the Dennis trace map Dtr, : K¥9(4) — HH, (A) (Hochschild homol-
ogy over R) is defined for unitel associative algebras A over a nnital commutative
ring R. It is natural for unital R-algebra morphisms (see [72], 11.4.3 and 8.4.5).
The following lemma is crucial for our main theorem.

7.7.6 Lemma. For any unital commutative ring R, the Dennis trace map Dtr, is
natnral for non-unital R-algebra morphisms between unital R-algebras.

Proof. Let A be a unital associative R-algebra. Let A denote the “unitalization”
of A over R, ie. Ay is the direct sum R @ A as an R-modnle and is endowed
with the product A4y x Ay — Ag, ((A a), (4, B)) —> (Mg, Mo+ ap +ab). Tt
is a unital associative R-algebra, with unit (1, 0), and there is an isomorphism of
unital R-algebras Ay —+ R@ A, (A, @) — (A, A+ 14 +a), where 14 is the nnit
of A. A non-unital R-algebra morphism ¢ : A — B induces a unital R-algebra
morphism @y 1 Ap — By, (A, 0) — (4, pla)). The lemma follows from the
facts that Dtr, is natural for unital morphisms and that there is an isomorphism
F.(A4) 2 Coker(F,(R) — F.(A4)), that is natural for non-unital morphisms,
where F, can denote either functor k¥ or HH, on the category of R-algebras
with umit (tbis follows from additivity of both functors: see [72], 1.4.1). 0

We are now in position to prove theorem 7.7.1.

Proof of theorem 7.7.1. For the complex group algebra CI", by commutativity
in the diagram of theorem 7.7.5, by naturality of the Dennis trace map Dir, (in
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the sense of lemma 7.7.6), and by “compatibility of Dtr, with direct sums”, there
is a commmntative diagram

H.(T; FT)
69 H,(Z,; C)
2 P cee! eos
@ Dtr, ® Id
D K (Cz)eC b #H.(CZ)
Ce(ryeh celry
=1 9, Dtr. ® Id K
P P kHFICs)ezc @ HH.(P{?.CZ,)
ce(ryt =0 ce(ry 1=
E (L§C))*®“_}C‘~ Z E}l ( (C))*
C,
K¥(CT) @, C Dtr, @ Id HH.(CT)

with {9 : P[?.CZ, — CI" denoting the (non-unital) inclusion. The assembly
map &% is defined as the lefi-hand side composition. By the delocalization in
Hochschild homology (theorem 7.4.2), the right-hand composition is the “full” as-
sembly map #''. Theorem 7.2.1 implies that it is injective. Consequently, the
homomorphism &0 : HH(CT) — K 9(Cr) @z C is 1n]ect1ve

Let ¢ : ZZ, — ZrZ, be the inclusion. The assembly map aZrl is defined hy
the left-hand side composition in the ahove diagram, with (i, ® Id}o pfc y ErZ,
and ZrT in place of (v, ® Id) 0 p,,zc , CZ, and CI respectively. One has clearly
all = =(f ®@Id)o aZr’ | where 7 is the inclusion of ZrI' in CT'. For the algebra A
of the statement, the assembly map & is defined hy

=(fr®Id)oal".
It follows readily that G2 is injective for any A.

As already mentioned, the isomorphisms

HHEMCT) = @ H.(%; C) = H,(T; FT)
Ce{r)e”
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follow from theorem 7.2.1 and the Shapiro lemina (see section 6.7).

The naturality of a®T follows from the fact the groups Z; are defined up to
conjugation by an element of ', and that such a conjugation induces the identity
on K9 (QoI). (The necessity of taking the group-algebra QoI here, is that Qg
is the smallest ring-extension R of the integers Z snch that for any gronp G, RG
contains all the spectral projectors associated to finite order elementsin G.) 0O

Let us now write explicit formulas for the assembly maps &4 and ;1. From the
construction (in the ahove proof) of these maps, one easily finds

no—1
Gf': Ho(Z,; €) — K3*(4)82C, 1— Y [F7l @,
i=0

where Ho(Z,; C) is identified with C, and similarly (with the help of lemma 5.6.3)

nc—l
af s Hi(Z,; ©) — K19(A) @2C, v 91— Y [Pv+1- P ed,
=0

where H,(Z,; C) is identified with Zgb ®zC, and 4™ is the class in Zc‘fb ofvy€ Z,.

With the help of theorem 3.3.6, one could give a more or less explicit description
of &' (see also sections 8.2 and 8.3 on this point).

7.7.7 Remark. The question raises whether the composition

Cl"
G . p(m; #T) F5e Keta(er) @7 € M Keo(crT) 92 C

is injective, and similarly for other Banach group algebras such as £'T and C*T'.
For the degree 0, theorem 5.7.7 says that the map T is injective. Another
question is: Can one describe K2¥ (RT) @z C completely in homological terms
{depending on T') 7 Of course, such an expression is impossible without accepting
K29(R)®2C as a building block (as the case of the trivial group shows). Recently,
Wolfgang Liick has given, in [66], a very satisfactory piece of answer: If the rational
Farrell-Jones conjeciure (with respect to the family of finite subgronps) holds for
T', then, for any n € Z, there is a suitable assembly map

P Hy(T; FT) @z K4(C) — K29(CT) ®z.C,

pt+g=n

that is an isomorphism. (Notice that KSIQ(C) = 0 for ¢ < 0, since C is a reg-
ular ring {see [87], 3.1.2(4} and 3.3.1).} The Farrell-Jones conjecture is still an
open problem, and the question remains open for other ground rings R than C.
What theorem 7.7.1 does is to prove injectivity of the above map on the summand
corresponding to ¢ = 0, independently of this conjecture.



Chapter 8

Algebraic K-theory in low degree
and the Baum-Connes assembly
map

We prove that the Bawun-Connes assembly map in “low homological degree” factor-
izes through the algebraic K-theory of suitable group rings. In homological degree
2, this answers a question of N. Higson and P. Julg. As a direct application, we
prove that if a group T is torsion-free and satisfies the Baum-Connes conjecture,
then the homology group H, (T; Z) injects in K;{CT) and in K9(A) for any ring
A such that ZI' C A C CF(I"). We also prove that if T satisfies the Baum-Connes
conjecture and if BT is of dimension < 4, then Ha(I'; Z) injects in Kop(CrE) and
in K2'9(A)/ Az, where A is as before, and A, is generated by the Steinberg sym-
bols {v, v}, for v € . Moreaver, we give a “delocalized” version of these results,
tbat takes the torsion in I' into account: For any countable group I', let FT be
the C-module freely generated by the set of torsion elements in ', acted upon by
conjugation. If I satisfies the rational Baum-Coones conjecture, then there is an
injection of H;(I; FT') in Kf’:g(A) ® C for any ring A such that QF C 4 C C;T,
for =0, 1 and 2. This is a joint work with Hervé Oyono-Oyono.

8.1 Introduction and statement of the theorems

Given a conntable discrete group I', let EL be a universal example for proper
actions of T', and Ap : C'I' — G}T be the canonical map between the maximal
and the reduced C*-algebras of I'. The Baum-Coones conjecture for the group I' is
the statement that the analytical assembly map (or Baum-Connes assembly map)

=T
uf - KD(ED) 5 K.(0°T) &% K. (o)

163
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is an isomorphism (see chapter 4 for more details). There is a canonical map
K,.(BT) — KF(ET), which is rationally injective; it is even an isomarphism
for torsion-free groups. Recall that by Bott periadicity, all these K-theories and
K-homologies are 2-periodic. The strong Novikov conjecture says that the compo-
sition

- e
B : K.(BT) — K/ (EL) = K.(C'T)
is a rational injection. We write 8T for the composition (Ar)e © ﬁf

Let FT' he the C-module freely generated by the set of torsion elements in I,
acted upon by conjugation. Motivated by the fact that there exists a delocalized
equivariant Chern character

chl : KT (BED) — H,(T; FT)

that is an isomorphism after tensoring with C, it is proved in chapter 5 that there
is a commutative diagramn

kon 2 xyor )("” K,(GIT)

nBt(')' toc ﬁc(:),hx

H(T; Z)

and its “delocalized counterpart” in the sense of chapters 5, 6 and 7, namely

-1"

d Ar). ® Id
ui®Id: KF(EI‘)®C K, (C'T)®C Or).8 1d K;c:nec

A0
\ ' : /
t a

H;(T; FT)

fori=0,1and 2, where § € {0, 1} is the reduction modulo 2 of i. Moreover, the
maps B(') ¢ and 3(:‘],104: factorize through K;(#'T') and K;(#'T") @ C respectively.
If an element « of K;(BT) (resp. Kj(EL)® C) is in the image of B (resp,
,Bt')) as in the above diagrams, we say that z is of homological degree i. When
there is no risk of confusion, we write 8 for ﬁ,_"]'toc and similarly for the other

maps.

We show that B! and B, factorize through the algebraic K-theory of suitahle
group rings. Before giving the precise statements, we have to introduce some more
notation. First, as in chapter 7, we let Zr he the ring extension of the integers hy

the set
e‘lfri/n
1

there exists v € T of order n} .
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For any group I', Zr is a subring of the ﬁgld extension (Jy of the rationals by all
roots of unity, itself contained in the field Q of algebraic numbers.

Given a unital ring A containing the group T in its group of invertibles GLy(A),
we let
Ay = Ao(4) i= ({17} € K§¥(4) | v eT),

the subgroup of K;‘,ﬂ ?(A) generated by the Steinberg symbols {vy, v} (see [71], p.
359). In order to unify the forthcoming statements, for i = 0 and 1, we denote by
A; = A;(A) the trivial subgroup of KX9(A).

Finally recall that for any unital Banach algebra A, there is a canonical N-graded
map ¢4 : K?(A4) —+ K,(A). Indeed, by definition, one has K5'9(A) = Ko(A),
and for any n > 1,

K¥(A) = my(BGLY(A)*) and K,(A) = 7,(BGL*P(4)),

where GL#(A) and GL!P(A4) stand for the group GL(A) with the discrete topology
and the usual direct limit topology, respectively. In the sequel, we simply write
GL(A) for GL*P(A). The map ¢Z is obtained by applying the functor m,(B(—)*)
to the continuous map Id : GL®(4) — GL(A). (The +-construction is performed
with respect to the perfect subgroups E(A) and {[1]} of GL®(4) = m(BGL*(A))
and mg(GL(A)) = m (BGL(A)) respectively.)

Now, we are in position to state our first twe theorems.
8.1.1 Theorem. Let U be a countable discrete group. Then, for i =0, 1 and 2,

there is a patural map ,Bi‘,’; = i‘;};l‘x . Hy(T; Z) — KP9(ZD)/A; fitting in the
commutative diagram

.BF
K;(B) ‘ K (C:T)
E] 2!
foe K{(CT)
&
plae ’

Hy(T; Z) 222 KUY /A 2 KOOI /A

where j € {0, 1} is the reduction modulo 2 of i, 8 is the Bott periodicity isomor-
phism, and ¢ : ZI' — CT is the inclusion. The corresponding statements hold
for £'T" and C*T in place of C:T . Moreover, in degree 2, the map Bl factorizes

T alg
through the direct summand K2'%(ZI)/ Az of Kz“lg (ZD) /A .

As we will see in the proof, the cases i = 0 and 1 are easy. The factorization of
B through K;'g (ZI')/ A, is a question posed by Nigel Higson and Pierre Julg. In
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this case, the idea is to reduce to the situation for the single group T = Z*. The
proof is then a long explicit computation for this group.

The second theorem is the delocalized version of the first one, in the sense of
chapters 5, 6 and 7.

8.1.2 Theorem. Let T' be a countable discrete group. Then, for i = 0, 1 and
2, there Is a map By, = LL H(T; FT) — K] olg (ZrI") ® C whose composition

with the map K*9(ZrT) @ C — Kflg(Qol") ®C is natural in T', and fitting in the
commutative diagram

KI(ED) e C e ©1d K(CT) 8 C
5[@‘1 ® Id

B Ki(C'T)®C
|¢?;F ®1d

Hy(T; FT) Patg K™M(ZrT) ® C w8l K™ (C'T) @ C

where j € {0, 1} is the reduction modulo 2 of i, % is the Bott perjodicity isomar-
phism, and ¢« : ZpT' — C}T is the inclusion. The corresponding statemnents hold
for £1T and C*T in place of C}T .

Recall that by the Shapiro lemma (see section 6.7) and theorem 7.2.1, one has
isomorphisms

H(T, FT) 2 P H.(Z;C) = HH(CT),
CE(F)EH

where (I')* is the set of elliptic conjugacy classes in T', i.e. conjugacy classes of
finite order elements, and for such a class €, Z, = Zr(.) is the centralizer in T
of a chosen representative 4, in €' (the subgroup Z, of I' is uniquely defined up to
a conjngation); H H"(CT") is the elliptic part of the Hochschild homology of the
complex group algebra CT of T (see also section 7.4).

We will also explain (after Loday [71]) that, for i = 2, ﬁfj; factorizes through
Kgly {ZI") if and only if Ay{Zl') vanishes, which in turn is equivalent to requiring
H1(T; Z/2) = T°*®Z/2 to be trivial (this is for example the case when I" is perfect
or even if it is finitely generated and has no 2-torsion in its abelianization).

The significance for the appearance of the gronp ring ZrT is that tbe earlier men-
tioned delocalization process puts on stage the spectral projectors associated to the
finite order elements in T'; they live in the complex group algebra CI', however,
they can be lifted in ZpT', but no smaller subring of CI" contains them all. In this
sense, it is the minimal possible ring in the above statement.
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We are mainly interested in the algebraic K-theory of group rings. By a group ring
of ', we mean here & ring A such that ZI' C A € C*T'orsuch that ZI' C A C C;T.

As a direet application of theorems 8.1.1 and 8.1.2 and of the main results of
chapter 3, we can prove the next two theorems.

B.1.3 Theorem. Let [ is a countable discrete group. Let A be a ring equipped
with two maps ZT’ RN C;T such that the composition go f Is the inclusion.

Then, the composition

Foo BN HY(T; Z) — KE9(A)/A,

is injective for ¢ = 0, rationally injective for ¢ = 1, and if the Novikov assembly
map B} is rationally injective, then f.o SL““ 15 also rationally injective fori=2.
Moreover, if A is injective (as for example if T is torsion-free and the Baum-

Connes assembly map pl is injective), then the composition f, o SZ""“ and the

map ﬁgi) : Hi(T; Z) — K;(C:T) are injective in the following two cases:

i} Fori=0 and 1, without further assumption on I".

ii} Fori=2, T hasits reduced integral homology concentrated in even degree,
except possibly for H; and Hs, as for example if there is a model for the
classifving space BT that is a CW-complex of dimension < 4.

The next theorem is & delocalized version of the preceding one.

8.1.4 Theorem. Let I' is a countable discrete group. Let A be a ring equipped

with two maps ZrI S48 CrU such that the composition go f is the inclusion.
If the Banm-Connes assembly map pb is rationally injective, then the coniposition

(f.® Id) 0 55 « Hy(T; FT) — KP*(A)® C
is infective, for i =0, 1 and 2.

The Baum-Connes assembly map is injective for discrete subgroups of real Lie
groups with finitely many connected components, for discrete snbgroups of p-adic
groups, and for Gromov hyperbolic groups (as for example fundamental groups of
compact Riemannian manifolds of negative scalar curvature). The Banm-Connes
assembly map is an isomorphism for finite groups, abelian groups, and more gener-
ally, for groups with the Haagerup property (as for exanple amenable groups, free
groups, surface-groups, knot groups and affine Coxeter gronps). 1t is also an iso-
morpbism for one-relator groups, for discrete subgronps of real or complex Lorentz
groups (i.e. SO(n, 1} and SU(n, 1}), and for co-compact lattices in Sp(n, 1), in
Fy(—20) or in SL3(F), where F is R, C or & p-adic field. See section 4.8 for more
examples (and for references).
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The latter two theorems have to he compared to the known results on the analogue
in algehraic K-theory of the strong Novikov conjecture: Given a (discrete) group
', the assembly map in algebraic K-theory has been constructed by Loday in [71]
as & map

8. : ho(BT; KZ) — K320,

where the left-hand side is the extraordinary homology theory associated to the
algebraic K-theory spectrum. KZ. (See also section 7.7, where 8, , denoted by
AL(Z) as in [72], is discussed in some more details.) It is conjectured that 8,
i5 an isomorphism for torsion-free groups (“K-theory isomorphism conjecture”),
and a rational injection for any group (“K-theory Novikov conjecture™): see far
example [88]. Rationally, the assembly map becomes (after identification of the
“rationalization” of the spectrum KZ with a product of Eilenberg-MacLane spectra)
a sequence of maps

63 : Hy(T; Q) & € Ho-4-1(T; Q) — K34(2) 0 Q,
20

for all n 2 0. The fundamental result was obtained in 1991 by M. Bokstedt, W. C.
Hsiang and 1. Madsen (see [14] and [72]): They have proved that for any group T
whose integral homology is finitely generated in each degree (and even for a larger
class of gronps), the assembly map 8, is rationally injective. Farrell and Jones
(42] have established the K-theory isomorphism conjecture rationally for all (not
necessarily torsion-free) co-compact lattices in connected Lie groups. We finally
mention that Carlsson and Pedersen ([28] and [29]) have shown split-injectivity of
&8, for groups T with a model for BT that is a closed smooth manifold with negative
curvature (and in mnore general situations).

It turns ont that the maps ,B"’c and 6, : h.(Bl"; KZ) — Kf‘g(ZF) coincide in
degree 0 and 1 (up to sign); in deg‘ree 2,
(see section 8.3 for precise statements).

a,_q is a {well-known) guotient map of 6,

Another comparison is with theorem 7.7.1: nnder the same hypotheses as in theo-
rem 8.1.4, it implies that the assembly map

af : Hy(T; FT) — KM(A4) e C

is injective for any i > 0, provxded that g factorizes through CT'. Tt will he clear
from the definition that &z‘" I'= ,B for i =0 and 1. We show in section 8.3 that
the same holds for i = 2. ThJS leadqs naturally to the following conjecture.

8.1.5 Comecture For any countable discrete gronp I', and any i =0, 1 or 2,
the map L.oﬁ( H(T; FI') — Katg(C‘ [)®C is injective, where s : Zpl — C»"T
is the mcfusxon

This conjecture would follow from the Baum-Connes conjecture and from theorem
8.1.4.
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Considering the delocalized equivariant Chern character chl (as constructed in sec-
tion 6.7 nnder the hypothesis that conjecture 6.2.1 holds), we also ask the following
question, .

8.1.6 Question. Let T' be a countable discrete group. Let ¢ denote the inclusion
of ZrI in C}T'. Is it true that for any i > 0, the diagram

KI(ED) & C b &1 K(CT) & C
glg—l @ Id
chl @ Id K(CI)®C
o een
: K®(emec

H;(T, Fli»iﬂ'g(z ) @C 2= K;
& l 4

KM eC

commutes ? (Here again, j € {0, 1} is the reduction modulo 2 of i, and & is the
Bott periodicity isomorphism.) If ihis is true and if the rational Baum-Connes
conjecture holds, then the composition (¢, @ Id)o & 55T is injective, and the map

P# os o) @ Id: KPZT) 9 C — K. (CIT) & C
iz0

is surjective {where K,(C;T') is considered as being Z/2-graded).

In section 8.2, we construct the maps B"’C and fBa,. We compare, in section 8.3,

Ba,g with the Loday assembly map in algehraic K-theory, and with the map &l

In section 8.4, we give a description of the Bott generator in Ky{C(T?)) as an
element of m1(SU2(C(T?)})) represented hy a differentiable map. This is needed in
the proof of theorem 8.1.1, that is contained in section 8.5, together with other
useful explicit computations on the map K59(Z|Z%])) — K2(C:Z?). The final
section 8.6 contains the proofs of the other main theorems, namely 8.1.2, 8.1.3 and
8.1.4.

8.2 The maps 52‘}; and B,

In this section, we define the maps ,6;‘}; and their delocalized counterparts Bq, .

In degree 0, Ho(T; Z) = Z, and we define
,Ba,g Hy(T; Z) — Kp(ZI'), 1— (1],
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where [1] is the K-theory class of the unit (viewed as an idempotent (1 x 1)-matrix
over ZI'). Forj =1, one has a canonical and natural isomorphism H, (T; Z) = b,
the abelianization of I'. We write v for the class in I'*® of an element vy € I'. By
definition, one has

i Hy([5 Z) — Ka(ZT), v — =) = [y 7],

where [y*!] is the K-theory class of y*! (viewed as an invertible (1 x 1)-matrix
over ZI'). H is clear that the compositions of these maps with the homomorphism
induced by the inclusion ZI' < £'T are the maps 8%°¢ defined in section 5.2.

Let us pass to degree 2. We begin by discussing the snrface-groups. Let I, denote
a closed and canonically oriented surface of genus g, and let Iy := 71(E;) . Recall
that £, = BT, and that I'; admits the presentation

g
I‘g=<a1,...,ag,b1,...,bg H[(lj, b‘,]> .

§=1

In the sequel, we always consider Iy as tbis presented group and I, is merely
considered as a model for BI'y. Therefore, I'y is the quotient of the free group Fi,
on 2g generators

{&1, ..., &g, b1, ..., by}

by the normal subgroup Ra; generated (as a normal subgroup of Fa,) by the element
&y = [15.,(8;, bj]. We denote by [Z,] the fundamental class in Hy(Tyg; Z) & Z.
The Hopf forinula gives an isomorphism

Hﬂ(rg; Z) = (R2g n [F2g' F29])/[F2gs R2g] s

and by Loday [71] {proof of lem. 2.2.4), the generator [Ly] corresponds to the coset
&;1 - [Fag, Rag| (note the inverse sign). Consider the following product of Steinberg
symbaols:

g
zg =[] {a;, b} € K3"(2Ty).
=1

There is a slight abuse of terminology here, since the element {a;, b;} is not in

K39(ZT,) (unless g = 1); it is however a well-defined element in the Steinberg
group St(ZT, ), and the above product z; is definitely in

K3'(Z0,) = Z{St(ZT)) = Ker(St{ZLy) — E(ZT,)).
We have to discuss briefly rcduced algebraic K-groups. For a unital ring A, let

RK9(A4) = Coker(K29(Z) Ly K39(4)),
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where § : Z —+ A is the map taking 1 to the nnit of A. This is a functor for
unital rings (and unital morphisms). If A is augmented, i.e. if there exists a ring
homomorphism £ : A — Z such that £0§ = Idg , then there is a canonical splitting

KJ'9(A) = K$9(Z) & K39(A)Y 2 Z/2 & K59(A),

where I?;zg(A) is identified with the snhgroup Ker(z,) of Kg’lg(A). This holds
in particular for the group ring ZI' of any group I'. Indeed, it is equipped with
a canonical augmentation defined by £(3 . Ay - ) Z Ay . We simply write
Kdar) = K&(Z) @ KXM9(ZT) (this decomposntmn is natural in I'). For an
element v € T, one has &,{{y, v}) = {1, 1} = 1 in Kf**(Z) = {+1} (we consider
K3(A) as a subgroup of St{A) and write it multiplicatively). Consequently, one
has Ay(Z) € KM9(ZT') (see the introduction for the definition of Az(ZT)). In
particular, we have a canonical and natnral decomposition

K3(ZD)/ 8o(ZT) = K§¥(Z) ® (K§9(Z0)/ Ay (2L)) .

For the surface-group I'y, by naturality of the Steinberg symbols, one has clearly
£u(zg) = {1, 1}* = 1 in K2**(Z). This means that z, € Kg'?(ZI,). We now define

%, := class of z, in K9(ZI' Aq(ZT,) .
g G 2 g g

Now, let T’ denote an arbitrary group. By theorem 3.3.6 {see also lemma 2.2.4 in
Loday [71], Thom’s theorem 5.2.1 and Zimmermann’s theorem 5.2.2), any homol-
ogy class # € Ha(BTI'; Z) is “Steenrod-representable”. In other words, there exists
a surface Iy of genus g > 1 and a continuous pointed map f : £, — BT such
that z = f,([M]). In this case, we write x = [Z,, f], and we define

BN : Hy(T; Z) — K§"(ZD)/ 52 (2) < K3'(ZT)/ 2 (2T)
[Zg, flr— m(f)elZe),

where m1(f)s 1 KS9(Z0)/82(ZL ) — K39(ZT)/ A2 (Z1) is induced by 71(f).

Notice that this map is precisely the one defined by Loday in (71} and denoted
there by A'(I"). Indeed, this follows from his proposition 4.3.1 (naturality), his
lemma 4.3.4 (explicit computation for I';) and his lemma 2.2.4 (“universality of
tbe groups {T'y}4>1 for the second homology”). He shows in particular that A"(T'}

is a well-defined and natural homomorphism, hence so is ,6(2;"“ Let us however
prove directly thai it is a natural homomorphism (under the assumption that it is
well-defined), and single out the difficulties in proving that it is well-defined.

The naturality of ,Bg;’lm is clear from the description of the functoriality of the Q{I")
appearing in Zimmermann's theorem 5.2.2 (as we described it after the statement}),

The fact that g2/

atg  is & homomorphism poses no particular difficulty. Indeed, tet
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z1 = [Bg,, fi} and x2 = [Zy, fo] he two classes in Hy(T; Z). The sum x; + 22
corresponds to [5,, f], where g = g1 +g2, 5; = £y, #Zg, i3 the oriented connected
sum, and f = f1#fo. Fork=1and 2, let Ax = {agk), b‘(-k)ll <1 < gr} be the set
of prescribed generators of I'y, . The group I'y is “canonically generated” by the
set A1 [T Az, and 7y(f) : Ty — T is clearly given by

a® s m () (@) and 8 — m (£) (619).
Consequently, one hag

(M ()alzg) = (Mf1))ulzg) - (M1(f2))u(2g0) € K39 (2T).

This proves additivity of ,ﬁ“gf;"ac

Thanks to theorem 5.2.2, in order to prove that ﬂi‘}; is well-defined, it is enough to
prove that for any g, § > 1, and any orientation-preserving homeomorphism h of
Ly, cne has

(m1(P)a(Zg+3) = 2, and m1(h)a(Zg) = 24,
where p : Bgy5 = Dg#E; - I is the canonical projection (defined up to homeo-
topy). The first equality is clear since the homomorphism =(p) : Tg15 — Ty is
given by

bi, f i< g
e, otherwise.

i<

m(p)es) = {21,’ ftl:e:w?se m(p)(bi) = {
(Oue even has (m1(p))s(zg+5) = 24, without factoring cut A(ZIy).) The second
equality poses difficulties. In order to illustrate the situation (and the necessity of
factoring out the subgroup Aj;), we consider the case of an orientation preserving
homeomorphism of the 2-torus Ty = T2, It is given, at tbe level of the fundamental
gronp Z?, by a matrix

n3 T4

A=(“1 m)eﬂdm.

The ring Z[Z?] being commutative, by means of the standard relations for the
Steinherg symbals (skew-symmetry and hilinearity), one easily computes that

z1 = {a, b} — {a, a}m 13 . {a, b}rma—mama , [p piratns
= {a, a}™ s g {b, b}n:+n4 .

As we will see in section 8.3, {a, a} and {b, b} are non-zero in K3'9(Z[Z?]). This
means that we cannot avoid factoring out A in this case.

For the general case of an orientation-preserving homeomorphism h of I, let
Autg(Ty) be the group of antomorphisms of 'y inducing the identity on Hz(T'y; Z),
as for example ¢ := m1(h) or any conjugation. By the Dehn-Nielsen theoren (see
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[85], p. 391), one has an isomorphism ¢ : Auto(L)/Inn(Ty) = Map, , where
Map, is the mapping class group of £, {also called the group of homeotopies of ),
i.e. the quotient of the group of orientation-preserving homeomorphisms of &y by
the normal subgroup of such homeomorphisms that are homotopic to the identity.
By the theorem of Lickorish (see [69] and [70]), the group Map, is generated by
the image under o of 3g — 1 Dehn twists A;, y; and 14 wherei =1,..., ¢ and
k=1,...,g—1 (hy Humphries, one could jnst take u; and gz among the u;’s,
see [53]). Consequently, the gronp Auto(I'y) is generated hy the conjugations by
the generators a; and b; of I'y, and hy the 3g — 1 Dehn twists A;, p; and 1. By
Morita’s computations (see [79], lem. 4.4), one has

Ai(bi) = biay
pi(ai) = aiby!
vi(ax) = arby agpibrirag;
vi(ars1) = Grp1dr 0y, Okke1
vi(bk) = Gi1bis 101 PRGr1 101
and all the other generators o; and by of Iy are left fixed by these maps. There-
fore, since a conjugation hy an element of [, induces the identity on K5'7(ZT,),

showing that Bﬁfg}"m is well-defined amounts to prove that for & denoting any of

the antomorphisms A;, p; or v of [y, one has
o : KZO(IT )/ Ay — KE9ET,)/Ag, 25— 2.

Unfortunately, without appealing to Loday’s result [71] (or to Waldhansen's papers
[109]), we do nat know how to prove this directly. It would of course be interesting
to compute directly the image in K2'*(ZT,) of z, itself.

We pass now to the definition of the maps ﬁg;.

We keep notations as in section 5.3, and for a conjugacy class C € (1")"“ , we denote

by o : P{?".Zr 2, < ZrT and by 4, : ZZ, < Zr Z, the inclusions. For i =0, 1

and 2, the maps ,BSL (for the group I') are defined as the composition

Hey(T; FT)
=[ . Ze, loe

@ (o) oBefy )oId

PHx(Z: O P K(2r2,) ®C

ce(m)™ o o~

ZZ(L}C))' ®LDIC ﬂc_]

K9(2;T) @ € —— D PEMPO22,)0C

ce(ryt =0

where ﬁﬁz,lw denotes the map ﬂi‘j’; for the group Z.. . (The functoriality of Kg’t 9 for
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non-unital morphisms between unital rings is described as in the proof of lemma
7.7.6.)

Let us now give explicit forinulas for these maps restricted to a direct summand
Hy(Z,; C) of Hy(T; FT). From the definition of these maps, one easily finds

ng=1
B0+ Ho(Z,; € — KT o C, 1— Y [P @a)
=0

where Ho(Z,; C} is identified with C, and similarly (with the help of lemma 5.6.3)

nc—l

8L H1(7,;; 0 — K@) 9C, v e1— Y (B9 +1- B9 e,
=qQ

where Hy(Z;; C) is identified with Z®* ® C, and v is the class in Z® of y € Z, .

For i = 2, using “Steenrod-representation” (see theorem 3.3.6) and writing K.'zﬂg
multiplicatively, we find

bR Hz(zc.C)—m;‘g(zr )®C

[Zq l® 10— Z CORICTE)NEALT-S

=0

where (m1(f)). : K;JQ(Z[-I'E) — K;zg(Zch) is induced by m(f), and Z, is con-
sidered, in the obvious way, as an element of K;JQ(ZPI‘Q) /Ag; the equality comes
from a direct computation of ({7 ). .

8.3 Comparison of the assembly maps a7 and

: loc
0, with 7

We discuss rapidly the relationship between the assembly map defined by Loday
in [71] and the map ﬂalg We also explain that, in degree 2, one cannot avoid

quotienting K29 hy Ag. For details, the reader is referred to [71].

Let KZ denote the algebraic K-theory spectrum. It is an £3-spectrum whose ho-
motopy groups ave given by

T (KZ) = K39(Z), Yn e Z.
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{Since spectra have negative homotopy groups, this definitely includes negative
K-theory. However, K3%(Z) = 0 for all n < 0, since Z is a regular ring (see [87],
3.1.2(4) and 3.3.1).)

Associated to this spectrum, there is a homology theory on the category of CW-
complexes, defined by
ho{X; KZ) := . { X+ ANKZ),

where X, is X with an extra base-point added. In particnlar, for the one-point
space, onc has h.(pt; KZ) = K29(Z). Notice that h,(X; KZ) = 0 for any X
and any n < 0. The reduced homology theory associated to h, is defined, for X
pointed, hy -
ho{X; KZ) := m(X AKZ),

and one has a canonical splitting h.(X; KZ) = ol (Z) & o (X; KE).
The assemhly map in algehraic K-theory is a natural map

0, : ho{BT; KZ) —s K%9(ZT),

for any group I'. It is defined at the level of spectra on the summand R (BT, KZ),

and on the summand K29(Z) as the map j, induced by the inclusion 7 : Z < ZI".
In degree 0, one has ho(BT; KZ) & K3'%(Z) = Z, and under this identification, it
is ohvious to check that the maps ,B‘E?;’IOC and #; coincide.

in degree 1, the Atiyah-Hirzebruch spectral sequence for the homology theory
ha{—; KZ) shows that there is a canonical a natural isomorphism

Ry (BT; KE) = Hy(BT; K3*(2)) & Hy(T; Z)
(see 4.2.1 in [71]). By lemma 4.1.2 in [71], by naturality of #; and by “universality
of the group Z for the first homology”, one has
(1}, d0c __ ~
Bag ™ = 'Blm,(sr; KZ)"

In degree 2, already in the definition of ﬁgg"“, we have applied resnlts from {71].
In particnlar, to show that it is well-defined and a homomorphism, we have ex-
ploited the equality between Bﬁ;"“ and Loday’s map X'{I’). One can therefore

expect a close relationship hetween ,Bg;’hc and fz. Indeed, one has a decomposi-

tion ho(BT; KZ) = K29(Z) @ ha(BT; KZ), and the Atiyah-Hirzebruch spectral
sequence yields the commutative diagram with exact rows

Hy(D; K®9(Z)) % hy(BT; KZ) —— Hy(T; Z) —— 0

el
0 As R&9(mr) — K9(2r)/Ay —— 0
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(see 4.3.3 in [72]), hence the leitmotiv “in degree 2, ﬂi‘,’; is a well-known quotient-
map of 8y".

By lemma 4.3.2 in [71], the image of 830 x is precisely Ay . 1t is therefore necessary
to factor out Aj in order to define a quotient map of 0y with domain equal to

Hy(T; Z). This implies that 847 factorizes through K$(Z) if and only if Ag = 0

As meationed in the introduction, an important feature of the K-theory spectrum
KZ is that rationally, it splits as a product of Eilenberg-MacLane spectra. This
allows proving that ﬁg)g coincides with the map &I-er of section 7.7, fori =0, 1
and 2.

=ZrT

8.3.1 Proposition. For any discrete group T', the maps ,Ba,g and & coincide

fori=0,1and?2.

Proof. For ¢ = 0 and 1, this is clear. For ¢ = 2, the delocalization process being
the same in the construction of both maps, it suffices to show that 3(2“06 ® Idc is

the same as the map pr of theorem 7.7.5. This follows from the above commutative
diagram and from the definition of the map pf in [87): gl is the compasition

6. ®Id
H.(T; C) & h(BT; KZ) @ C 227 koo g €
This completes the proof. O

Example. Let us illnstrate the situation by the surface-groups Ty (with g > 1).
By 4.3.3 in [71], in this case, the first row in the above diagram is a split shor
exact sequeace, and all the vertical maps are isomorphisms. In particular, one has

ho(BTy; KZ) & Hy(Ty; 2/2) ® Ho(Fy; Z) = (Z/2)Y O Z

and Az = {{a), a1}, {b1, b}, - {ag, ag}, {bg: bg}} = (Z/2)?9. Moreover, the
map ,Bafg ) 1o¢ i an 1somorplusm onto K2 ol (ZTg) /Ag , and one has

K$9(ZT,) = Im(K39(Z)) & L2022, = (/)91 @ Z.
7 /2 “(2/2)’9 =Z

For the gronp Ty = Z2, this gives K39(Zfa, a™1, b, b)) = (Z/2)% @ Z, with
Ay = {{aa a}! {b! b}} = (2/2)2

To ead this section, we mention the Whitehead groups, that are rather concerned
with surjectivity of 8, . They are defined by

Ko(ZIM, fn=0
Wh,(T) := {Kl(ZI‘)/(:tF), ifn=1
Ko(ZD) /(W (D) N K(ZDY), ifn=2
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where W{£T') is the subgroup of St(ZI') generated by the elements w;;{(£7), with
v € T {where w;;(u) = z;{u)z;;(—u"1)a;;(u) for n € GL,(ZI')). Loday has shown
that -

Why(T') & Coker(8y, : hn{BI'; KZ) — K, (ZI')), forn=0,1,2

{see 4.2.1 and 4.2.2 in [71]). Moreover, Waldhausen has proved in [109] that Wha(I')
vanishes if I' is in one of the following families of groups:

free groups, free abelian groups, and poly-Z-groups;

fundamental groups of 2-manifolds different from the real projective plane;

- torsion-free one-relator gronps;

fundamental groups of sub-manifolds of 53

- iterated amalgamated products and iterated HNN-extensions of free groups;

and subgroups of the families above.

8.4 The Bott generator in 7(SU;(C(T?)))

In the proof of theorem 8.1.1, we will need an explicit description of the Bott
generator & of Ko(C(T?)) = m (SU(C(T?))) & Z. More precisely, we will need to
see it as an element. of 73 {SU2(C(T?))) = Z, in other words as the homotopy class
of a map

f:8"xT® — SU(2).

We realize f as a differentiable map, and compute its degree. (The degree gives
the nsual isomorphism my (ST(C(¥?))) — Z.)

Let us first recall the Bott periodicity isomorphism and the suspension isomorpbism
(see [16] for details). Let A be a Banach algebra (unital or not}, and let I denote
the open interval |0, 1. The suspension of A is defined by

SA:=Cy(I, A) Co(1)BA,

i.e. the Banach algehra of continuous functions from I to A that vanish at infinity.
(The tensor product “®” is the completed projective tensor product.) Notice that
SC = C4(I) and SCo(I) = Cy(I?).

The Bott periodicity isomorphisin is given by

Ko(A) =3 K1(SA), [p)— [t 2P =e?™t . py T—p] .
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If A is a C*-algebra, the latter elemment is unitary. The suspension isomorphism is
given by
o : Ki(A) = Ko(SA), [u] — [t— Re- Pa- Ry - R],

where u € GLy(A), P, := Diag(1,, On), and R; iz a homotopy (i.e. a path)} in
GLa,(A) from I3, to the matrix Diag(u, « ') which, by the Whitehead lemma,
belongs to the arc component of Mo, in GL2,{A). The suspension isomorphism is
independent of the chosen homotopy, and we can for example take

Rl ® 0) ( C1, 51\ v 0, (C-1, -§.1,
T\ 0, 1, -5-1, ¢-1, 0, 1, 51, C-I,
_(C*1,+858%.u CS5-(u-1)
“\CS-(I,-vY) C* 4,4+ 8% u?
where C = C(t) := cos(nt/2) and § = §(t) := sin{mwt/2). If A is a C*-algebra and
if u is unitary, then this path R, ig unitary.
By definition, K(A) = m;(GL(A)), and there is a canonical isomorphism
K1(SA) = 71 (GL(A)) = Ka(4), ft = ult)] — [¥ = u(t)]
If Ais a C*-algebra, we can replace GL{A) by U(A), the infinite unitary gronp
over A.
Viewing the 2-torus T° = BZ? as a quotient of the square [0, 1] x [0, 1], yields
an injection Co(J?) — C(T?). It induces a split-injection of Ko{Co(I?)) into
Ko(C(T?)) = Ko{CrZ?). By composing Bott and suspension isomorphisms and
this split-injection, we get a sequence of maps
Z= Ko(C) = Ki(Coll)) = Ko(GCo(I?))
< Ko(C(T?)) = K1 (SC(T°)) = Ko(C(T?)) -

The Bott generator in Ko(C) is given by the (I x 1)-matrix I. In K1(Co(I)), it
maps to u(y) = €™ In Ko(Co(I?)), u(y) maps to R(y)- P- R:(y)* — P, where
P = P, = Diag(1, 0) and

ro= (%7 0) (59 80)- (72 ) (5 5)
- (s ST

Finally, the Bott generator of Ko(C) maps, in the group K1(SC(T?)), to the
unitary

G(t, z,y) == (%" Qu(y) + To — Qu(y)) - (e P+ I ~ P)
, e—2m’t
= (ezﬂﬂ'Qm(y)'*'][_Qz(y)) ’ ( 0 2 )
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where Qu(y) := Rz(y) - P- R:(y)* and t, z, y € {0, 1[. This gives a description of
the Bott generator 4 as a differentiable map

f:8 x T — SU(2), (77, 2™, &™) v G(t, 2, ).

We would now like to compute the degree of this map (this will characterize com-
pletely the Bott generator among such differentiable maps). We give S Ly T2 the
orientation determined by the canonical orientation of [0, 1[* and the parameteri-
zation (t, z, y) — (%™, €2, ¢?™¥) . On the other hand, we chose the following
“standard” oriented basis of SU(2) at f5:

(=6 2)omm(50) 2= (55))

(these matrices correspond to the quaternionic units 4, j and k respectively). The
associated basis at —¥2 is (— X, — X2, —X3).

8.4.1 Lemma. The equation f(z, v, v) = —I2 has a vunique solution in the do-
main §1 x T2 given by (—1, —1, —1). At this point, f is regular and orientation-
reversing. Consequently, f is of degree —1.

Proof. One has G(¢, z, ) = ~ 1, if and only if

e ™Qa(y) + (12 = Quly)) = — (™"P + 1 - P) .

The ecigenvalues of the left-band side are e and 1, associated to eigenvectors
in the image of @Q.(y) and of I — Q.(y), respectively. The .eigenvalues of the
right-hand side are —e®™ and —1, associated to eigenvectors in the image of P
and of Iy — P, respectively. We must therefore have €2 = —1, i.e. t =1/2, and

the corresponding eigenvectors

Ra(y) ( (1) ) = ( (fi:“i:"y)zzs ) and ( (1) )

must be colinear. We get e>™ = —1,j.e. y = 1/2, and 2 = 1/2 as unigue solution.
Finally, for the jacobian matrix, we compute

G
S (1/2,1/2,1/2)

I
b2
B
N
[T
|
a.
v’

a8G
-5(1/2, 1/2,1/2)

I
]
B
N
o
|
=T
N

8G
'@(1/2? 1/21 1/2)

Il

b

3
P
Lo
o L
R
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In the basis (—X;, —X32, —X3) of the tangent space at —I, the jacobian matrix
is
-1 0 0
P 010
001

It is invertible and of negative determinant, as was to be shown. O

8.5 Proof of theorem 8.1.1

In this section, we prove theorem 8.1.1. By commutativity of the first diagram in
the introduction, this amonnts to showing the equality

B0 g0 ot 0 fiNI = plihiee,

where 7 is the inclusion of ZI' in C*T' (and similarly for £'T"). In degree ¢ = 0
and 1, after we have described the map ¢, the result will follow readily from the
definitions of 5&‘}’10‘: and of ,BSL"OC . We will therefore focus on the case of degree
1 = 2. We will first explain why one can reduce the proof to the case of the group
[ = Z?. We will then describe explicitly the map ¢4'. Next, we will state and
prove a few technical results {dealing with the case of Z?, and proving that the
diagram in the staternent of the theorem is well-defined), and we will finally arrive

to the main proof.

By definition of the maps 5£2)'I°° and of ﬁfj)‘lo‘:, we can first reduce the proof to
the case of the surface-groups I'y = m(Z,), with g > 1. Now, consider the group

homomorphism
‘P:Pg _—}er ar—a, b, a b, ... s Qg bgH i,

where a1, b1, ..., @y, by (resp, a and b) are the prescribed generators of I'y (resp.
Z?, denoted multiplicatively). This map induces injections (and even isomor-
phisms)

@u : Ha(Tqs Z) & Ho(Z2; )

{see [72], proof of lemma 2.2.4),
et Ko(€'Ty) = Ko(€'Z%) and o, : Ko(C*Ty) — Ko(C"Z?).

To see the latter, note that by [13], the map ﬁ‘{f)‘mc 1s a natural isomorphism
between Hy(I'; Z) and Ko(C*T'), for one-relator groups, as for example I'y and
7Z? =T'y. This means that injectivity of the former map implies injectivity of the
latter. Since the surface-groups have the Haagerup property, they satisfy the Banm-
Connes and the Bost conjecture, and they are K-amenable (see [13]). In particular,
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the inclugion £1'; < C*T; induces a natural isomorphism K, (£1T,) = K, (C*T,).
This proves injectivity of the middle map.
As a consequence, one can reduce the proof to the case of the single group Z? (since
“everything is detected through the homomorphism ¢”).
Let 4 be a Banach algebra with nnit. Let ns now describe explicitly the canonical
map

ot - K{(4) — Ki(4),
where as before, K, (A4) is the usnal 2-periodic topological K-theory of A. We need
an explicit description in degree 0, 1 and 2.

In degree 0, ¢f! is simply the identity, and in degree 1 it is the map
K$9(A4) = GL(A)®™ — K1(A) = GL(A)/ GL(A)y, =% — [2)

where % is the class of the matrix z € GL(A), and GL(A)o is the identity
component of the topological group GL{A).

We pass to degree 2. Let St(A) be the infinite Steinberg group of 4, and éi(A) be
the universal covering space of the topological gronp GL(A} of “infinite matrices”
over A. As usual, we see the gronp éi(A) as the set of homotopy classes (rel.
to {0, 1}) of paths in GL{A) (parameterized by v € [0, 1]) emanating from I,
with pointwise multiplication, and the projection GL(A) —+ GL(A) is given by
evaluation at 7 = 1, and has its kernel equal to m(GL({A)) = K32(A)}. Consider
tbe map St{4) — E‘:I:(A) defined on the canonical generators of St(A) by

¥ xga) — [t et a)],

where a € A, t ranges over [0, 1}, and the ahove brackets designate a homotopy
class. One can easily check that the image of the z;(a)’s satisfy all the defining
relations of St{A), consequently, the map 9 is a well-defined homomorphism. Now,
the diagram

D — K9(4) St(A) E(A) 0
¢ «/J| 1
t
0 K3(A) — GL{4) — GL(A) 0

commutes. Therefore, by restriction, 1 induces the canonical homomorphism ¢‘24
we are looking for; explicitly

¢3 : K39(A) — Ky (A) = m(CL(A))
11, =i, (as) — [e¥* = [1, 23,5, (¢ - as)]

Let us now describe explicitly the image of the Steinberg symbal {u, v} € Ka9(A),
of two commuting invertibles u, v € GL;(A), in K3(A4) = m(GL(A)) under ¢4 .
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For v € GL;(A), the image via ¢ in (’ﬁ;(A) of the element
z12(w)za1 (—u Yoz (whmiza(1)@a (—1)z12(1) € St(A),

which occurs in the definiticn of a Steinherg symbol {«, .}, is given by the path
(in GLy(A) C GL{A))

(1-2P +u(2- )2 (v—1)t(2—t2)(1 —¢t?)
( (1-uw 11—t w122t + (1 -t2)? )

For any t € [0, 1], the path of matrices

(=2 +u(2-t?  (u-1)t2 -2 (1 - 1)
( (1-uD)(1- 22 -t? w2212+ (122 )

(parameterized by s € [0, 1]} realizes a homotopy in Glz(A) between the above
matrix and the matrix

(1= +u(2- 22 (w-1)2-tHY201-t%)
( (A —u )1 - 22 - )2 w22 - 12) + (1 - t2)? )

that is unitary if A is a C*-algebra and if u is unitary. Now, by performing a ‘linear
interpolation” between the function cos(mt/2) (resp. sin{rt/2})) and 1 — ¢? (resp.
¢(2 — t2)'/2), we can replace the former functions by the latter without changing
the homotopy class, and we see that the above path of matrices is homotopic to
the path given by

. Hmt/2) + usin®(nt/2)  (u—1)cos(nt/2)sin{mt/2)
Rt )= ( (lcisu_l) cos(mt/2) sin(nt/2) cosz(ﬁt/(;(;S:-u_l sin(xt/2) )

It is unitary if A i3 a C*-algebra and if ¢ is unitary. In order to simplify the

formulas involved, we write C = C(t) = cos(nt/2) and § = 5(t) = sin(nxt/2).
Note that one has

oo (39)-(98 8)-(5 (38 49)

Consequently, if 4 and v are commuting elements in GL; (A}, the image under ¢4
of their Steinberg symbol {u, v} is given by

t— F(t, u,v) = Ri2(t, ‘U.) « Ry3(t, TJ) - Rya(t, U)"l . Rm(t, ’U)_l € GLa(A) )

where
Rialt, u) i= ( R(f(‘)’ t ? ) € GLa(A)

and Rja{t, v} is obtained from Ry2(t, v) by switching the second and third coordi-
nates. If Ais a C*-algebra and if u and v are commuting unitaries, then F(t, u, v)
is in U3(A) (and even in SU3(A) if A is commutative).
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Let us now apply this to the case where v = v and v = 4 are two cominuting
elements of a group I', and are considered as invertibles in A = £!T or as unitaries
in A= C'T or C;T'. Consider the morphisms of Banach algebras

foop 182 — 0T, fr oy C'Z2 — C'T and fy .y :CrZ2 — CT

all defined by @ = v and b — +', where @ and b are the prescribed generators of

z2.

Recall that in section 8.4, we have explicitly determined the Bott generator 5 of
K3(C(T?)) = Ko(C*Z2). By example iv) in section 4.5, the inclusion of £1Z" in
C*Z* = C}Z* induces an isomorphism K. (£1Z") 2 K,(C;Z*). We also denate by
5 the corresponding image in X3(£1Z2) of the Bott generator.

8.5.1 Proposition. i) Let @ and b be the prescribed generators of the group
Z? . Then the image of the Steinberg symbol {a, b} by the homomorphism
K3(2|2%)) — Ky(C*Z?) is §. Similarly, the image of {a, b} in K»(£'Z?)
isalso 8.

ii) Let v and v be commuting elements in the group ' . The image of the Stein-
berg symbol {v, ¥} under the map K39(Z) — Ky(C:T) is (fy,)a(8).
Similarly, the image of {~, 4'} in K2(£'T) and in K2(C*T) is (£, 4).(8) and
(Fy.v)+{8) respectively.

Part i) of this propasition is stated (*up to sign” and withont proof) by Milnor in
his book [75] {see p. 66 therein).

Proof. From now on, we identify C*Z* witb C(T?), the continuous functions on
the torus T2 = §' x §! (via the usual Fourier transform). We denote a poiut in
the torus by (u, v). Therefore, the generators a and b of the group Z? correspond
to the vnitary functions a(u, v) = uv and b(u, v) = v, that we simply denote by u
and v respectively. The image of {a, b} in Ko(C*Z?) = = (U(C(T?))) is given by
the (pointed) homotopy class of the map

tr— F(t, a, v) = Ria(t, u) - Rys(t, v) - Riaft, u)_l - Ryalt, 'U)_l .

One can easily check that Rya(t, u)™!-Rya(t, v)~'— Ria(t, v) 7 -Ria{t, u)~!, which
is equal to

0 (u—1)(1-0)C8* (a-1){v-1)CS3
( (5 —1)(1-9)C83 0 (@ — 1){1 —v)C?S? ) ,
(@—1)(z-1)CS* (u-1)(5-1)C?8? 0

is a singular matrix with the norined vector

{(uvC, vS, us) € C

er(t, u, v} ==

1
V14 52
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in its kernel. Therefore, e3(t, u, v) is a normed eigenvector of the matrix F{t, u, v)
associated to the eigenvalne 1. 1If we moreover set,

ealt, u, v) {—08, 49C, D)

eg(t, u, v) := ﬁ(—vcs, —avs? 1),

i

we get an orthonormal basis (e1, ez, €3) of C¥ (for each (¢, u, v) € [0, 1] x T?).
Let P(t, 1, ) be the matrix of SU/(3) with columns e(t, u, v), ez(t, u, v) and
es{t, u, v). Then the map

(s, 8} — P(st, u, v)- P(t, u, v)* - F(t, u, v)- P(t, u, v) - P(st, 6, v)*
gives a (pointed) homotopy between ¢ — F{¢, u, v) and a map of the type

| oo

1
t—
0 Fﬂ(t: u, U)
0
whete Fy(t, u, v) lies in SU(2), and satisfies

Fpl(0, u, v) = Fo(1, u, v) = Fp(t, 1, v) = Fy(t, v, 1) = 1.

By means of the identification [0, 1] x T2/{0, 1} x T? = §! x T?, we get, thanks
to the above relations, a continnous map

Jo: 8" xT% — SU(2), (¥, u, v) — Fylt, u, v),

that is differentiahle outside of the snbspace (S x §' x {1}) U (8! x {1} x §Y).
So, to check that fo represents the Boti generator 4, we jnst have to compare the
degree of fy with the degree of the map f of section 8.4 representing 4. We chose
the orientation for ! x T2 and for SU(2) as in lemma 8.4.1.

8.5.2 Lemma. The inverse image in §* x T2 of -1 by fo is

{ G arccos(l — v/2), -1, —1) }

and fy is regular and orientation reversing at that point, Consequently, fq is of
degree —1, and {a, b} maps in K2(C(T?)) to the Boit generator.

Proof. One has Fy(t, u, v) = —1 if and only if ~1 is an eigenvalue of F(t, u, v)
of multiplicity 2, and so if and only if

M(t, u, v) == Rip(t, u)~" - Rya(t, v) 71 4+ Raa(t, ©)7) - Rya(t, w)™!
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is of rank 1. One easily computes that M(t, u, v) equals

2(C% 4+ wSY)(C*+ 5% (u—1)CS(1+C*+88%) (v—1)CS(1 + C*+as?)
(1-a)CS(l+ C*+05%) 2(C?+u8?) (2 -1)(1 - v)C?8? )
(1-9)CS(1+C*+aS?)  (u-1)(1-5)C?8? 2(C%+ v5?)

The minar given by the (2 x 2)-determinant of the first and third components of
the first and second columns is equal to
#E—1)(F~1)C'8* (1 —u —v — ww — 2(u — 1)(v — )C? + (v ~ 1)(v — 1)C*).
Wehaveu #1,v# 1,1t +# 0and t # 1 (otherwise Fy is the identity). Therefore,
if M is of rank 1, one has
1—u—v—ww~2(u—D{v-1)Y +(—-1w-1)¥*=0,
where ¥ := €% > 0. The discriminant of this equation is
A = Sun(u — 1){v — 1) = 8(ud — 1/4)(vd - 1/4),

where ug := 1 — 1/2 and v := v — 1/2. Cleatly, A is > 0 if and only if u2 and v}
are conjugate, which amounts to u and v being conjugate (the case up = —p being
excluded by the fact that u, v € §'). Therefore, this equation has a real solution
if and only if u and v are conjugate, and in this case, if u = €¥** | with z € [0, 1],

find
one finds 1

NG) sin(nz) '
Let to = to(x) € [0, 1] be the unique solution {for a given z) of this equation in the
variahle ¢. The (2, 3)-minor of the matrix M (¢, u, @) is

My 3 := 4(C? + uSH(C? + a8?) — (u ~ 1)%(a — 1)2C*s?.
By evaluating at t = ¢y(z), we can make the substitutions C? =1~ m and
5% =1-C?, and we get My 3 = 8 cos?(nz). We see that if M has rank one, then

C? = cos?(mtf2) =1~

1 ) 1
=y=- taf2)=1—- —
z=y 2and cos*(nta/2) 7’
where we parameterize v as v = ¢?*¥, with y € [0, 1. This means that w = v = ~1

and .
t = to(1/2) = arccos(l - v2)elo, 1]-

For these values, and these values only, F = —T3. Now we have to compute the
jacobian matrix of fo at that point. With the help of Mathematica, we have found

8fo sarsvyy { 0 1
e —(t0, 1/2,1/2) = 2« 10+7vV2 \ —1 0

Bfo - 0
Er 2"( 0 i)

af”(to, 1/2,1/2) = 217(0. 5)

2

to, 1/2, 1/2)
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In the oriented basis {(— X, — X5, —X3) of SU(2) at — I (see the proof of lemma
8.4.1), the jacobian matrix is given by

0 1 0
_ . f4(4+3v3)
2 10472 0 0
0 0 -1

It is obviously invertible with negative determinant, as was the map representing
J in section 8.4. This concludes the proof of lemma 8.5.2. O

Evidently, lemma 8.5.2 proves part i) of proposition 8.5.1 (the statement for ¢'Z2
now heing clear). Part ii) is a direct consequence of i) and of the naturality of the
map Kglg — Ky, applied to f, 4 (£}(-) is a functor).

This completes the proof of proposition 8.5.1. O

The following lemma shows that the diagram involved in the statement of theorem
8.1.1 is well-defined.

8.5.3 Lemma. Let v be an element of a group I'. The image of the Steinberg
symbol {v, v} in K{C2T) is trivial. In particular, the map K3'(ZT') — K,(C:T)
takes the subgroup A; to zero. The same holds for £'T and C*T" in place of C!T .

Proof. There is a C*-algehra morphism f ; C*Z — C*T mapping the prescribed
generator @ of the group Z to -y. Therefore, hy naturality of the Steinberg symbol,
it suffices to check that {a, a} is zero in K3(C*Z). But the inclusion of a hase-point
in the circle §! = BZ induces isomorphisms K2(C*Z) = K(C(S")) = K3(C) = Z

Now it follows readily from the basic properties of the Steinberg symbols that {a, a}
is of order at most 2; it is therefore trivial. (Another way to see this is to notice
that F'(t, 1, 1) = T3 for any ¢ (see the praof of proposition 8.5.1).) The proof for
C.I is exactly the same, because CfZ = C*Z. For £T', we have seen that the
Wiener lemma and the density theorem imply that K3(£'Z) & K3(C}Z). We can
therefore conclude as before. O

We are in position give the proof of theorem 8.1.1.

Proof of Theorem 8.1.1. We first prove the theorem for the maximal C*-algebra.
As already mentioned, in degree i = 0, the result is clear. In degree 1 = 1, hy
naturality, we can restrict to the gronp Z. From example iii) in section 4.5, this is
clear.

In degree i = 2, since the diagram of the statement is well-defined (lemma 8.5.3),
one can reduce the proof to the case of the single group Z? (as is explained at the
beginning of the present section). By definition, A4 °° maps the orientation class
[T?] € Ha(Z?; Z) to B% ([’I["“’]K) in KO(C‘Z"’) o= Kg(C(’I[Q)) where [T?|x € Ko(T?)
is the canonical generator, and where ﬁe is the Novikov assembly map for the
group Z2 . As is well-known, ﬁo is an isomorphism and it takes [T?]x to the Bott
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generator § (see example iii) in section 4.5,). On the other hand, also by definition,
B3 maps [T%] to 7, the class of 21 = {a, b} in K3*/(Z[Z?))/A;. So, the result
follows from proposition 8.5.1 i). ‘

For the algebras C;T" and £'I", the result follows readily. 0

8.6 Proofs of theorems 8.1.2, 8.1.3 and 8.1.4

We first prove theorem 8.1.2 as an easy consequence of theorem 8.1.1 and of the de-
localization. Finally, theorems 8.1.3 and 8.1.4 are established by directly applying
theorems 8.1.1 and 8.1.2, and some resnlts of chapters 3 and 5.

Proof of theorem 8.1.2. The proof that Hi(T'; FT') — Kflg(QOI‘)tSC is natural,
for 0 < i < 2, is the same as the proof made in chapter 5 for the map

B . Hy(T; FT) — K {€'T).

Let us jnst mention that the key ingredient is lemina 5.3.5.

Since each element in Ap is a prodnct of elements of order at most 2 (because
{7, 7}? = 1 in K39(A)), the map K:JQ(A) @C — (K?Q(A)/Ag) ®@Cis an
isomorphism. This shows that the diagram in the statement is well-defined. As
for the localized case (i.e. the proof of theorem 8.1.1), we jnst have to prove the
eqnality

(B ogf T o) @ Id) o 6) = B

(and similarly for £1T). Since the delocalization process is the same for the con-
struction of ,BSL and of B&" , the result follows from theorem &8.1.1. a

We pass to theorem 8.1.3.

Proof of theorem 8.1.3. The resnlt follows from theorem 8.1.1, from the fact
that Bt(‘)’iac = BPT is always rationally injective (see proposition 5.2.3), and from
the injectivity of 8] o ,Bf])‘h’c = ﬁﬁ”*‘“ (see theorem 51.1). lnjectivity in cases i)

and ii) follows from theorem 3.7.1 and proposition 3.7.3. (]
Finally, here comes the proof of theorem 8.1.4.

Proof of theorem 8.1.4. If ul ® Id is injective, since ﬂfi} is rationally injective

for i =0, 1 and 2 (see chapter 5), it follows from theorem 8.1.2 that (f.®@Id)e f;;;

is also injective. Q



Chapter 9

Comparison of the product
structures in algebraic and
topological K-theory

We answer by the positive to an open question of Milnor on the compatibility, in
low degree, of the product structures in algebraic and in topological K-theory of
unital Banach algebras.

9.1 Statement of the theorem and definition of
the product structures in K-theory

As an application of the compntations made in section 8.5 for the proof of theorem
8.1.1, we prove the following result.

9.1.1 Theorem. Let A and B be two unital Banach algebras. Then the diagram

*
KJ9(A)® K¥(B) —» K%(A® B)
b @ ¢; Bies
U .
K,(A) @ I(J (B) —_— I("'H" (A@B)
commutes for ¢, § > 0 satisfying i + j < 2. In other words, the product structures

in algebraic and in topological K-theory of unital Banach algebras are compatible
in total degree < 2.

189
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Let us explain the notations. For a unital Banach algebras A, the algebraic and
topological K-theories are defined by

KM A) = m(BGL4(4)") and Ki(A) := mi_1(GL(A)) & m;(BGL(4)),

where GL}(A) stands for the group GL{A) made discrete, and i > 1. (The defini-
tion of algebraic K-theory makes sense for any nnital ring.) The canonical map

B(Id) : BGL}(A) — BGL(4)

induces at the level of fundamental groups a map taking E(A) C GL(A) to zero,
since m (BGL(A)) = no(GL(A)) = GL(A)/ GL(A)y, where GL(A)p is the compo-
nent of the identity, and since E(R) € GL(A)g (see prop. 3.4.1 in [16]). Conse-
quently, B(Id) induces a map B(Id)* : BGLS(4)* — BGL(A). This allows for
defining a canonical and natural map for any ¢ > 1, namely

o8 = ¢ := m(B(Id)*H) : KF9(A) — Ki(A).

For i = 0, we define ¢ as the identity of KSIQ(A) = Kp(A). We bave explicitly
described ¢; for i < 2 in section 8.5.

For two unital rings A and B, the external product in algebraic K-theory (see {71])
is denoted by
KM9(A)® Ki¥(B) > K}%(A®z B).

As noticed by Loday in [71}, the product he defines at the level of spectra coincides,
in total degree i + § < 2, with tbe product defined {case by case) by Milnor only
up to sign. More precisely, both definitions coincide, except for i = j = 1, where
Loday’s product is minus Milnor’s product (see prop. 2.2.3 in [71]). We make the
fotlowing choice for the sign:

The product * for ¢ = § =1 is Milnor’s product, i.e. the Steinberg symbol.

The internal product is defined for A commutative by composing the external

product with the homomorpbism K,+J(A ®z A) — Kf_f_‘;(A), induced by the

product map p : A®z A — A (which is an ring homomorpbism, precisely because
A is commutative).

Let A®B be the completed projective tensor prodnct {over C) of two unital Ba-
nach algebras A and B. The equality of functors Kj oy . = Ky and the suspension
isomorphism uniquely define the external cup product

Ki(A)® K;(B) -5 Kiy;(A®B),

in topological K-theory, by requiring commutativity in the diagram

Ko(5'A) ® Ko(S7B) 2+ Ko(S'A®yz S7B) 2 Ko(S7H(AB))
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where we write S04 1= A, §'A := S(§'1A4) = AQC,(R) for i > 1, and ¢ is the
composition S*A®z 5B — S'A®cS'B <« ST ARSI B = §(A®B). Asin the
algebraic case, the internal product is defined for A commutative by composing
with the homomorphism K;;j(A®A) — Kiyi(A). induced by the “completed
product map” fr: AQA — A.

Finally, for i > 0, qg,- denotes the composition
K™9(A ®z B) — K™(A&c B) — K™9(A®B) 24 K;(A®B)
i i C i i :

(Notice that ¢, in the above diagram is just $0.)

This makes all the notations used in theorem 9.1.1 meaningful. The proof is sub-
divided in five parts, one for each of the forthcoming sections.

Before stating an important corollary of theorem 9.1.1, for a compact (Hausdorfl)
space X , we let

8, : K.(C(X)) — K™ (X)
be the Swan-Serre isomorphism, where C(X) is the commutative unital C*-algehra

of continuous complex valued functions on X, with the norm of uniform conver-
gence.

9.1.2 Corollary. For a compact space X , the diagram

K'9(C(X)) ® K¥(0(X)) =~ KI3(C(X))

6 R ¢; ‘ j¢i+i
Ki(C(X)) @ K3(C(X)) —+ Kiys(C(X))
0,'@9,']‘“—“‘ E’JG,-.H,'

K- (X) & K4 (X) ——v K-6H)(X)

commutes, for i, j > 0 satisfying ¢ + 7 < 2, where the bottom horizontal map is
the usual cup product in K-theory.

Proof. The product i : C(X) @z C(X) — A yields a commutative diagram

Ko
K35(C(X) ®2 C(X)) Risl)

K{5(C(X))
ng.j ¢i+.1'

K (C(X)80(X)) ) g, cix)
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Consecquently, commutativity of the upper square follows fromn theorem 9.1.1. The
bottom square cominutes, since the Swan-Serre isomorphism is an ring isomor-
phism. Indeed, the products

Ko(C(X)) ® Ko(C(X)) — Ko(C(X)) and K°(X)® K'(X) — K°(X)

are both given by the temsor praduct {of vector bundles for the former, and of
finitely generated projective C{X)-modules for the latter). This implies commu-
tativity for ¢ = j = 0. Tbe other cases follow readily from compatibility of both
products with suspensions (it is well-known that C{$X) = SC(X), canonically
and naturally, wbere SX is the unreduced suspension of X). O

Corollary ©.1.2 was an open question in Milnor’s book [75] (see p. 67).
Many thanks to Hervé Oyono-Oyono for helpful discussions.

This chapter contains only the proof of theorem 9.1.1; and is organized as follows.
In section 9.2, we show how one can reduce the proof to the case of (1 x 1)-matrices
over a commutative Banach algebra. We discuss the cases i+7 < 1 {resp. ¢ = 0 and
7 = 2) in section 9.3 (resp. 9.5) by writing explicit formulas for the products and
by proving theorem 9.1.1 for (1 x 1)-matrices over a commutative Banach algebra.
In section 9.4, we consider the most difficult case, namely i = j = 1, by applying
results of chapter 8 (dealing with the C*-algebra C*Z? = C(T?)). Finally, the
proof of theorem 9.1.1 is completed in section 9.6.

9.2 General reductions

In this section, we explain how we can more or less reduce the proof of theorem
9.1.1 to the case of (1 % 1)-matrices over a commutative Banach algebra.

Let A be a unital ring and n > 1. We set

P(A):={z e M(A)lz =2}  Pu(A):={z € My(A)|2 =22} —+ P(A)
Ko n(A) := {z € Ko{A) = G(P(A)/~) |3z, y € Po(A) such that z = [z] - [v]},
where ~ is the usual equivalence relation, and G(—) stands for the Grothendieck

construction (i.e. the gronp completion). Notice that any z in Kp{A) belongs to
Ko n(A) for some n > 1. Similarly, we define

K¥(A) == m(GLn(4) — K{¥(4) = GL(4)/[GL(4), GL(4)])
Ki,n(A):=Im(GLa(A) — K\ (4) = GL(A}/ GL(A)o),

where in the latter case, A is assumed to be a unital Banach algebra. In this case,
we denote the canonical map K. fff,(A) —+ K, n{A) by ¢y, 5 (it is the restriction of
¢1), and we notice that the suspension isomorphism induces (by restriction) a map

[+ K],n(A) — KQ'QH(SA)
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(see section 8.4 for the definition of o).

Before starting with the first lemma, let us recall that we have (non canonical)
isomorphisms
Mn(A) Sz -n’fm(B) = Mnm(A ®z B)
M, (A)&Mm(B) ™ Mpm(ASB)

that, by Morita invariance of K-theory, indnce canonical isomorphisms
K39 (My(A) ®2 Min(B)) 2 K39(A ®2 B)
K.(M,(A®M,(B) 2 K,(A®B).

The following lemma says that the prodnct in algebraic K-theory is compatible
with Morita invariance. It is a direct consequence of the definition of the product
in algehraic K-theory (see Milnor [75], pp. 27, 51 and 67).

9.2.1 Lemma. Let A and B be two unital rings, and n, m > 1. Then, for any
i, § € {0, 1}, the composition

KX4(4) x K39 (B) — K{T(Ma(4)) x K3 (Min(B))

]
*, *
A

K{y(A®z B) +—— Kj(My(4) ®2 Mn(B))

R

is the product + in algebraic K -theory, int other words the above diagram commutes.
Similarly, the composition

K9 (A) x KX9(B) = KS'9(Ma(A)) x K29(B)

1
*, *

]
KA @z B)

R

K39(M,(A) ®z B)

is the product  in algebraic K-theory, in other words the above diagram commnutes.

Now, we show that the same helds for the product in topological K-theory.

9.2.2 Lemma. Let A and B be two unital Banach algebras. Then foranyi, j > 0,
the composition

Ki,n(A) X K;m(B) —= Ki 1 (Mn(A)) x K 1(Mm(B))

'
Ki1;(A®B)

U U

[2

Ki-!—j(Mn (A)®I‘Jm (B)}
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coincides with the cup product, in other words the above diagram commutes.

Proof. By Bott periodicity (and its obvious compatibility with the product), we
can assume that ¢, j € {0, 1}. Let us deal with the case i = j = 1 (the other cases
being similar, but even simpler). Consider the diagram

Ky n(A) % Ky m(B) ———v Ky 1(Ma(A)) % Ko, 1(Min(B)) —

0'><0'| O’XO’]

Ko.20(SA) x Ko 0m(SB) — Ko, 2(Ma(SA)) x Ko 2o(Mum(SB)) 2+

Y Ky (Mu(A)OMn(B)) —— Ky(ABB)

L

X Ko(Ma(SA)Min(SB)) > Ko(SAGSB)

12

(We identify M,(SA) with SM,(A) in the obvious way.) The first square clearly
commutes, so does the second (by definition of the product), and also the third
(because the suspension isomorphism is compatible with Morita invariance, as is
easily checked). Since the bottom composition 18 the prodnct on Kp x Ky (by
lemma 9.2.1), the top composition has to be tbe product defined on K x K, and
we are done. O

Both these lemmas illustrate what we mean by “rednction to the case of (1 x 1)-
matrices”. The forthcoming lemuna explains the further reduction to the commn-
tative case (at least for 7 and j different from 2).

9.2.3 Lemma. Let A and B be two unital Banach algebras, and let 0 <4, j € 1.
Givenz € K?fiq(A) and y € Kff(B), let C := (z&1, 1®y) be the unital Banach
sub-algebra of ARB generated by a®1 and 1@y, and let i be the inclusion of C in
A®B . Then C is a commutative unital Banach algebra and the formulas

(e xy) =i ((2®1) « (18y)) € K5 (AGB)
$5,1(x) U ¢5,1(y) = ia (90,1 (z®1) U ¢ 1(18y)) € K;1;(ARB).

hold, where i : A®z B — A®B is the canonical map.
Proof. Let C; := (m@l) and Cy := (1®y) . Consider the maps

iz:Cy — A, z®1+— z and i, :Cy, — B, 1&y+— y.
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One has C = C.®C, and ¢ = iz®iy. The canonical map C, ®z C, — C is
denoted by ¢. It is clear that
(i2).(e®1) = z € K27(A) and (iy).(18y) =y € K;{(B),
and similarly
(12)a (i, 1(281)) = 8,1 (x) € Ky 1(A) and (iy)a(d:,1(18)) = ¢5,1(¥) € K;,1(B).
By vaturality of the external +-product, we get
Ty = (i2)u(281) * (i), (18y) = (12 © 1), (261) » (180)) € K% (A @z B).

Applying the map j. to this equality, the identity jo (4, ®4,) = ¢ 0. and naturality
of the +product yields

Fo{zxy) = i, 0 {(2@1) « (1Y) = i.((zB1) » (1&y)).

Similarly, by naturality of the external U-product, we get

Bi,1(2) U 5, 1(w) = (i )x (s, 1(2R1)) U (1) (5,1 (18))
= (1= ®iy)s ($1,1(2®1) U d5,1(18y)) -

This completes the proof. Cl

9.3 Thecases:i+7<1

In thig section, we prove the following lemma.

9.3.1 Lemma. Let A be a cormmutative unital Banach algebra, and let n > 1.
Then, for 5 =0 or 1, the diagram

al 1 * 1
KJ(A) x KX9(4) 2~ K(4)
$0,1 % Dji.n ®;
U

K()J(A) x Kj,n(A) h— KJ[A)
commutes.
Before starting the proof, we give explicit formulas for the product * in the cases
considered in the lemma. We assume that A is commutative. Fori =7 =0, it is

clear that
KoH(A) x KgE(A) = K3¥(A), (=, ¥) — y.
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For i =0 and j = 1, following the definition given on page 27 of Milnor {75], one
easily checks that

Kg4(A) x KT'5(4) = K{9(A), (2, y) — 2y + (1~ 2)E, .

{The inverse of the (n x n)-matrix zy + (1 — z)1,, is 2y~ + {1 — 1)L, )

This generalizes to the case of two unital rings 4 and B to give

*: Kg1(A) x K3 o(B) — Ki(A®@z B), (z,9)—r 2@y+(1-2)®1,.

Proof of lemma 9.3.1. For 7 = 0, there i3 nothing to prove. For j = 1, on the
one hand, for z € Kgf‘{(A) and y € K;’,'?,(A), we have

$r(z*y) =y + (1 —2)1, € K1(4). -
By the snspension isomorphism (see section 8.4), this element maps to
(tm Ri(ay + (1 = 2)a) - Qu- Rely + (1 - 2)1.) " - Qn)
in Ko(SA), where @, := Diag(I,, 0,), and for u € GLy(A4), we define
Rt(u):=( u Oﬂ)_( C 1, s.ln)_( u on)_(c.nﬂ _s.lﬂ)
O, I, -5.1, C-1, 0, 1, s-1, C-1,
(G SR ) commin,

with C = C(t) 1= cos(nt/2) and § = §(t) := sin(wt/2). On the other hand, by
definition of the cup product, the image of ¢o{z) U ¢1(y) in Kp{SA4) under the
suspension isomorphism is

Pz Ry) Qn-Rey) ™ —2-Qn) .

A direct computation shows that both mnatrices are equal (and not just equivalent).
This completes the proof. (]

As a consequence of tbe proof and of the explicit description of the isomorphism
Ky(A) 22 Kp(SA) given in section 8.4, we find that for any commutative unital
Banach algebra A4,

U: Ko 1(A) x K1,0(A4) — K1 (A4), (z, ) — zy+ (1 — 2)T,.
This generalizes to the case of two unital Banach algebras A and B to give

Ut Ko,1(A) x K),n(B) — K1(A®B), (2, y) — 2@y + (1 - 2)@Tx.
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94 Thecasei=j3=1

In this section, we prove the following lemma, that is the most difficult step towards
the proof of theorem 9.1.1 (the difficulty is not conspicnous here, since it is almost
completely contained in the lengthy computations of chapter 8).

9.4.1 Lemma. Let A be a commutative unital Banach algebra. Then the diagram
*
K(4) x K §(4) — K3°(4)

b1 X P11 \¢2
K1 1(A) x Ki1(4) — Ka(A)

commutes.

Proof. The lemma is a consequence of the compuiations made in section 8.5 for the
proof of theorem 8.1.1. Indeed, we have proved this result for the particular Banach
algebra C*Z? = C(T?) and for the product a b, where a and b are the prescribed
generators of Z% , viewed as unitaries in C*Z* (since a U b is well-known to be the
Bott element § of Ko(C*Z2) = K%(T?)). Now, we claim that by naturality and by
classical results on the K-theory of commutative Banach algebras, the general case
follows., To prove this, we first consider tbe sub-algebra

S <o)

nek

Ay = {(.\n)nez eC?

of £'Z, where p > 1 is a real number. In other words, A, is the completion of the
algebra C[Z)] for the norm

Z)\ﬂ-a“

nex

:=Zpln|,|'\n|’ ‘

p ncl

where a is the prescribed generator of tbe gronp Z. Consequently, .4, is a unital
Banach algebra for this norm.

The Banach algebra A, has the following “universal property” Given z € GL1(4),
where A is any unital Banach algebra, one has 1 = |{1||4 < {|||a-|lz~!|}4 , therefore
Pz := max{||z 7| 4, ||z]| 4} is > 1, and the inequalities

Z)\n-w"

neZ

<SPl W+ 57 Pl < el <

A n<0 n>0

Z)\ﬂ-aﬂ

nel

Pz

imply that the algebra map v, : C[Z] — A, a — =z extends uniquely to a
unital Banach algebra morphism i, : A,, — A. Applying this result twice, by
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the universal property of the projective tensor product of Banach algebras, given
2, y € GL;(A), we obtain a nnital Banacb algebra morphism

eyt Ag. @Ay, — A, E@ > 5(€) - y(m).

It is clear that ¥, ,(a) = 2 and &, 4 (b) = y, where a and b designate the prescribed
generators of Z*, considered as elements of GL1(A,,®A,,) via

Z{Z?) = Z[Z) @z ZZ) — A, B A,, .

In our context, the second important feature of the algebra A, is that it is dense
in £'Z and that the inclusions

A, 'Z = C*Z

induce isomorphisms in analytical theory, for any p > 1. For the second inclusion,
this follows fromn the Wiener lemma and the density theorem, and the first is a
consequence of the Oka principle in K-theory established by Bost in [19] (see thm.
1.1.1 and ex. 1.1.3 therein). This also follows from a theorem of Arens, Eidlin and
Novodvorskii: Let B be a commutative unital Banach algebra, and let Spec(E) be
its spectrum (it is a compact Hausdorf space). Then, the Gelfand trausform

% : B — C(Spec(B))
is a natural map and induces an isomorphism in analytical K-theory (see [19],
thm. 1.3.2). It is clear that Spec{¢'Z) identifies with the unit circle S* and is
included in Spec(A,), that correspondingly identifies with the closed crown with
radii p~! and p. This inclusion is a homotopy equivalence, hence the isomorphism
9, : K.(A,) 2 K.(8'Z).
Similarly, the inclusions A, ®A,, — LZRELE = 177 — C*Z? induce isomor-
phisms
Ka(Ay, BA,) — K.(0'2%) 55 K, (C*T7),
since for two commntative nnital Banach algebras By and B:, there is a canonical
homeomorphism
Spec(B1@B3) 2 Spec( By} % Spee(Bs)
(see [49], prop. IV.1.20).

We can deduce by naturality of the x-product, of the cup product, and of the maps
¢1,1 and qﬁg that
Apr BA Ape A Aps &A
6,7 P@Ue T ) =¢" " {{a, b}).

By the same argument, it follows that ¢f ,(z) U éf,(v) = ¢#({z, ¥}), and this
completes the proof. g

We thank Panl Jolissaint for pointing out a problem in a previous proof, and Nigel
Higgon for suggesting to use the Banach algebra A, and for indicating Bost’s article
[19].
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9.5 The case:i=0and j =2

In this section, we prove the following lemima.

9.5.1 Lemma. For two unital Banach algebras A and B, the diagram

KJ9(A) x K§¥(B) = K*9(A @2 B)

do,1 X ¢o &2
Ko 1(4) x Ka(B) —— Ky(A®B)

cominutes,

Before starting tbe proof, we give explicit formulas for the corresponding products
in algebraic and in topological K-theory. Following the definition given by Milnor
(see [75], p. 67), one easily checks that for z € K&‘? (A) (A a commutative ring),
tbe product
zx(—): K§9(A) — KI9(A), y+v— zxy
is given by the automorphism (v,), of Hy(E(R); Z) & K3(A) induced by the
map
1o E(A) — E(A), Ex(A) 2 X—rz-X+(1-2)-1,.

We need to express the map (7. ). explicitly on K;‘lg {(A) considered as the kernel
of the universal central extension

0 —» K$9(4) — St(A) 25 E(A) — 0.

Let X = [],ei,5,(as) € Eq(A) (a finite product of elementary matrices). Since
z = x*, one has clearly

2 X+ =2) Tn=]](zeislas) + (1 ~2) - 1) = [] ea.s. (e) .

]

This means that the map v, is simply given by e;;(a) — e;;(xa). We can therefore
lift this map to St(A4) by defining

Fs ¢ St(A) — St(4), zij(a) — zi(za).

We obtain a commutative diagram

0 —— K2¥(4) St(A4) E(A) 0
("/x)t 'u Fz Ye
t
0 —— K39(4) St(4) —2— E(A) 0
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This shows that {v,). = Ve gate ) 1 and gives a satisfactory description of the
2
prodnct + in question, namely

* Kg:'-;’{A) x K29(4) — K29(A), (m, Hm,m a,) ) — Hm,-,j,(a:as).
For A and B two unital rings, this generalizes to give

*: Kg4(A) x K3'9(B) — K§9(A®z B), (m Hm,-,,—,(b,)) — [ 20, (@ ®bs).

Now, for a nnital commutative Banach algebra, we would like to describe the
product U : Ko 1(A) x Ka(A) — Ky{A). First, observe that by definition of the
cup product and naturality of the snspension isomorphism, the diagram

Ka(i)

Ko,1(4) x K2(4) —— K3(ABA) Ka(A)
Ko 1(4) x K1(54) -2 Ky(S(a64)) K15 1 (s ay

H2

|

Ko,1(4) x Ko(574) > Ko(SH(AA))

commutes, where Sji is induced by ji : ARA — A and is explicitly given by
Si: S(ARA) — SA, (t— a(H)Bb()) — (L al(t)b(t)).
The explicit descriptions of the isomorphism K1{SA4) 2 m (GL4) = K2{4), given

in section 8.4, and of the product Ky 1 x K1 — Kj, given at the end of section
9.3, allow for computing

U: KO,I(A) » Kg(A) —_ KQ(A)

(o [ 0 T - 00]) 7% o T 620
For two unital Banach algebras A and B, this generalizes to give

U KgJ(A) X KQ(B) —-—->K2(A®B)
(z, [ > T1, @i (8- B5)]) = [£27 0> T, 4, (2 - 2BDs)]

We are now is position to prove lemma 9.5.1.
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Proof of lemma 9.5.1. In section 8.5, we have explicitly described the map ¢s .
For x € Kg‘f(A) and y = [[, 2;,7,(bs) € K“Ig(B) this, together with the abave
considerations, yields ¢a(y) = [e?™ — [], ey,;,(t - b,)] and also

K9{A®z B)— KM9(A®B) 2 K,(ARB)
Hs x'sJ‘a (I @ bs) — Ha wiaJ" (mé'bﬂ) —3 [GQWit = Ha ei:ja (t : :B@bs)] d
———— - ~ S
=zry =zrdaly)

This completes the proof. W

9.6 Proof of theorem 9.1.1

By applying all the preceding lemmas, we prove theorem 9.1.1.

Proof of theorem 9.1.1. We can obvionsly assume that 7 < 5. For 7 # 2,
consider the diagram

KE9(4) x K29 (B) Zo KP9(Mo(A)) X KE9(Mm(B)) =

@in X djn b1 Xy
Kin(A) X K m(B) — Ki,1(Mo(4)) x Kj,1 (M (B))

u

X K8 {Ma(A) ©2 Min(B)) — Kiy;(4 02 B)
Q?’i-i-j \ 92’-'+J'

Y Kits(Mu(AYOMin(B)) —— Kirs(AGB)

It is clear that the first and third sqnares commnte. By combining naturality of
¢iy; with lemmas 9.3.1, 9.4.1 and 9.2.3, one sees that so does the middle one.
We have seen in lemma 9.2.1 that the top composition is the product in algebraic
K -theory, and the bottom composition is the cnp product by lemma 9.2.2. This
proves the resnlt for j # 2.

For j = 2 (and ¢ = 0), by lemma 9.5.1, the diagram
5494y x KE9(B) = K¥(Ma(A)) x K39(B) 2~
Po,n X P2 do,1 X P2
Ko.n(A) x Ka(B) — Ko,1(Ma(A)) x Ka(B) —
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X+ KH9(Ma(4) @2 B) — Kr(A®z B)
b2 2
U g

Ky(Mn(A)@B) —— K3(A&B)

commutes. Again by lemma 9.2.1, the top composition is the product in algebraic
K-theory, and hy lemma 9.2.2 the bottom composition is the cup product. This
proves the result in this case too.

This completes the proof. O



Appendix A

The cones from the rational point
of view

We show that after "rationalizing”, hoth the ¢-cone and the ~-cone coincide, and
that they are, as subsets of the positive cone in K-theory with rational coefficients,
as large as possihie {the statement will he made precise).

For a simply-connected CW-complex Y, we denate hy Yg the rationalization {or Q-
localization) of ¥ . The rationalization is functorial and provides Y with a canonical
map jy : ¥ —+ ¥g. We denote the application induced by amap f: Y — 2
hetween simply connected CW-complexes by fg; it satisfies jz 0 f = foo jv. The
space Yg is itself simply-connected, and (Yq)g = Yq, with jy, = Idy,; similarly,
{fo)g = fo. (For details, the reader may refer to [48], chap. VII, or to [92], sect.
IL5.)

For a connected finite CW-complex X , the reduced K-theory with rational coeffi-
cients may he defined by

R(X; Q) == |X, BU].

This is in fact the term in degree 0 of a 2-periodic reduced. cohamology theory
on the category of finite CW-complexes. The canonical map jpy : BU — BlUp
induces a coefficient homomorphism (jgy). : I.(-'(X) — f("(X; Q), and one can
show that there is a natural isomorphism K(X) ® Q =R (X; @) such that the
triangle

K(X) — K(X)®Q

fa

(jBU)t
K(X; Q)

203
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commates (se¢ thm. 11.5.4 in [92]). With a slight abuse, for © € K(X), we denote
(jBu)«(z) = jary oz by zg. On the other hand, we can consider the sets

Vect, (X5 Q) := [X, BU(n)q] and Vect(X; Q) := || Vectn(X; @),

n>0

the latter being equipped with a structure of abelian semigronp in the same way
as Vect{X) is. Exactly in the same vein as one establishes the group isomor-
phism G(Vect(X)) = [X, Z x BU] (see for example p. 45 in [4]), one shows that
G(Vect(X; Q)) = [X, Z x BUg] is a gronp isomorphism. Therefore, we get the
following sequence of isomorphisms:

G(Vect(X; Q)) 2 [X,Zx BUg] =Za K(X; Q) 2 Zo (K(X)® Q).
From now on, we identify tbese groups.

A.0.1 Remark. There is another very natural way of defining rational K-theory.
Indeed, one can define (in the obvious way) the notion of semi-module over a semi-
ring, as for example Vect(X) over N, and there is a meaningful notion of tensor
product of semi-modules over a semi-ring. It is therefore reasonable to define
unreduced rational K-theory of a finite CW-complex X as to be the ring

K(X, Q) := G{Vect(X) @n Q) -

It is easy to show that this is the expected ring, in other words, there are canonical
ring isomorphisms

K(X,Q2K(X)@zQ=QaK(X; Q).

Another choice would be G(Vect(X) @y @), where Q is the semi-ring of non-
negative rationals, but this ring is canonically isomorphic to the previous one. For
details about these constructions and results, see appendix B.

A.0.2 Definition. The positive cone in rational K-theory is the sub-semigroup
K4(X; Q) == Im(Vect(X; Q) — Z & K(X; Q)

of Z ® K{X; Q). For z € K(X; Q), we define the rational geometric dimension
of z as the minimal n such that z lifts as map X — BU(n)qg. We denote it by

g—dimg(z).

The connection between the positive cone in rational K-theory and the rational
geometric dimension is clear:

K+(X; Q) ={(n, 2) € Z® K(X; Q) |n > g—dimg(2)}.
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For m > 2, let K(m, Q) denote the Eilenberg-MacLane space of type (m, Q). It
is a rational space, that is X' (m, Q)¢ = K(m, Q) (see chap. VII in [48]). For any
n > 0, the rational Chern classes &; provide us with a commutative diagram

BU(n)q @)g x ... % (E)o ﬁ'K(zk, Q)

~

k=1
(?“")Q In
BUQ (E1)Q X ... H'K('Zk, @)
= k1

where (i,,)g is induced by the inclnsion 4y, of BU(n) in BU , [’ stands for the weak
product (the product in the category of CW-complexes), j, is the inclusion, and
the horizontal maps are homotopy equivalences (see [48], chap. VII).

Now the following lernina is clear.
A.0.3 Lemma. For z € K{X), one has g—dimg(zg) = E—dim(z).

We wonld now like to define the rational analogues of the y-cone, of the ¢-cone and
of the ¢-cone.

A.0.4 Definition. The rational positive cone of X (not to be confused with the
positive cone in rational X -theory) is the sub-semigroup

K9(X) =Im(K+(X) — Zo K(X; Q)

of Z& K(X; Q). The rational ~-cone is the sub-semigroup of Z & K(X; Q) given
by K.?(X) =Im(¥y(X) — Z@® K(X; Q). The rational c-cone K&(X) and the
rational &-cone KQ(X) are defined similarly. Finally, we let

Ki(ix; Q) = {(n, 2) € K1(X, Q)| z € jx(X)} C K+ (X, Q).
Here comes the main result concerning the rational cones.

A.0.5 Proposition. For a connected finite CW-complex X , one has

KYX) € KYX) = K(X) = K&(X) = Ko lix; Q) € K4(X; Q).

Proof. The inclusion K®(X) C KQ(X) follows from proposition 1.3.2 iii). The
equality K9(X) = K2(X) follows from lemma 1.2.5. The fact that K2(X) co-
incides with K2(X) is obvions. Finally, the equality K2(X) = K+ (jx; Q) is an
immediate consequence of lemma A.0.3. This completes the proof. O
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A.0.6 Remark. In general, the rational positive cone does not coincide with the
other rational cones, even for simply connected torsion-free spaces. Indeed, in
section 1.9, we show that for 5 x §*, the positive cone and the v-cone do not
coincide. Since 8* x 8§ is torsion-free, this implies that the rational positive cone
and K., (jx; Q) are different.



Appendix B

Tensor product of semi-modules
and Grothendieck construction

We define carefully the notions of monoids, semi-rings, semi-modules over semi-
rings, semi-bimodules over semi-rings, Grothendieck coustruction of semi-bimodules,
and tensor products {over & semi-ring) of semi-bimodules. Cur goal is to express
the Grothendieck construction of a tensor product of twe semi-bimodules M and
N iu terms of the teusor product of the corresponding Grothendieck coustruction
of M and of N.

B.0.7 Definition. A semi-group M is a uon-empty set endowed with a map
MxM—M, (z,y)— =z -y=12y,

called product (or multiplication), that is associative. It is a monoid if moreover
there exits a unit element 1. {We do not ask for the existence of fuverse elements:
this would define a group.) If the product is commutative, then the monoid M is
called abelian, and the product ry is often denoted by x + y and called the sum
(or addition}, and the unit is called the zero element and denoted by 0.

A map f: M — N between two monoids M and N is a monoid bomomorphism
i fley)y=Flx)f{y) forany =,y € M, and if f(1) = 1.

A semi-ring S is an abelfan monoid (for an addition +) endowed with a map
x5 — 8, (z,y)—rz-y=1zxy,

called product (or multiplication), that is associative, and distributive with respect
to the addition, and such that 0- A= X-0=0for any A € 5. (We do not require
the product to be commutative.) The semi-ring is unital if there exists a nnit for
the product.

A map f: 8 — T between two semi-rings S and T is a semi-ring homomorphisin
if it is a monoid homomorphism and if f(Au) = f(A)f(p) for any A, p € 8

207
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Notice that in a monoid, the unit is unique.

Typical examples of semni-rings that are not rings are given by the naturals N, and
the non-negative rationals Q. .

Exactly in the same way as one defines a medule over a ring, one defines a semi-
module over a semi-ring,

B.0.8 Definition. Let S be a semi-ring. A left semi-module M over S {or left
S-semi-module) is a monaid endowed with a map

SxM—oM, (Mz)— Xz,

such that 0.2 =0,A-0=0,(A+p) z=(-z)+(p-z), (Au}-z=A (u ),
Afe+y)=r-z+Xr-y,forany A, peSandanyx, ye M.

One defines similarly right semi-modules over S .

Given two left S-semi-modules M and N, amap f : M — N is a left S-semi-
moduole homomorphism if f is additive, Le. f(z + 2"} = f(z) + f(2') for any
z, ' € M, and if f is homogeneous, i.e. f(A-z) = A- f(z) for any A € § and
T E M,

One defines similarly right S-semi-module homomorphisms.

Given two semi-rings S and T, a semi-bimodule over § and T (or an (S, T)-
semi-bimodule) is a monoid M that is at the same time a left semi-module over
S and a right semi-niodule over T, and such that both actions commute, that is
Az-w)=(r-z) - plorany A€ S, zeMandpeT.

Given two (S, T)-semi-bimodules M and N, amap f : M — N is an (§,T)-
semi-bimodule homaomorphism if f is at the same time a left S-semi-module ho-
momorphism and a right T-semi-module homomorphism.

Recall that an abelian gronp is the same as a (Z, Z)-biinodnle. Similarly, an
abelian monoid is the same as an (N, N)-semi-bimodnle. We consider therefore
any right S-gemi-module as an (5, N)-semi-bimodule, and any left §-semi-module
as an (N, $)-semi-bimodule. Similarly, a monoid homomorphism is the same thing
as an (N, N)-semi-bimodule homomorphism.

The condition 0 A = A-0 =0 in the definition of a semi-ring S ensures that § is
in a canonical way an (5, §)-semi-himodule.

Let us now review the Grothendieck construction.

B.0.9 Definition. Let M be an abelian monoid. A Grothendieck construction
(or group-completion) for M is an abelian gronp G(M) equipped with & monoid
homomorphism p : M — G(M) such that the following universal property is
satisfied: For any abelian group A and any monoid homomorphism f: M — A,
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there exists a unique group homomorphism f : G(M) — A such that f = fop,
in other words, the diagram

M 4
p Nf
G(M)

commutes.

It is clear that if a Grothendieck construction for M exists, it is unique up to a
unique group isomorphism “compatible with p”. In the next proposition, we prove
the existence of the group completion for any abelian monoid, by providing with
an explicit model. We first need a technical lemma, whose proof is obvious.

B.0.10 Lemma. Let M be a monoid, and let ~ be a “multiplicative” equivalence
relation, i.e. an equivalence relation satisfying

z~yanda ~y = zr’ ~yy.

(If M is abelian and the operation on M is denoted by +, the equivalence relation
is called “additive”.) Then the quotient M/~ carries a structure of monoid for the
product [z - [y] := [zy] and the vmit [1]. The quotient map M — M/~ is a
monoid homomorphisin. Moreover, if the monoid M is abelian, sois M/~

On the other hand, if f : M — N is a monoid homomarphism, and if f(z} = f(y)
whenever x ~ y, then f factors through the homomorphism f : M/~ — N given
by f([z]) := f(z) forz e M.

Notice that the cartesian product of two monoids carries a canonical structure of
monoid. It is abelian if and only if both factors are abelian. The cartesian product
of two semi-rings is in a canonical way a semi-ring.

A “mnltiplicative” equivalence relation on M as in the above lemma , as any relation,
can be viewed as a subset R of the cartesian product M x M . The “multiplicativity”
property simply means tbat R is a multiplicative subset of M x M (or equivalently
a sub-semi-group).

B.0.11 Proposition. Let M be an abelian moncid. On the cartesian product
M x M, the equivalence relation

(z,y) ~ (2. y') &= Jze Msuchthatz+y' +z=2"+y+:2

is additive. The quotient abelian monoid G(M) := (M x M)/ ~ is an abelian
group: the apposite of [z, y] is [y, ). Moreover, G(M)} together with the map
p: M — G(M), 2z — [z, 0], it is a Grothendieck construction for M .
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Proof. The fact that G(M) is an abelian group is clear.

Given a monoid homomorphism f : M — A asin deﬁn_ition B.0.9, we have to
define the group homomorphism f. It is simply given by f([z, v]) := f(z) — f(y).

O

For example, any abelian group is its own group completion, and the monoid N
has Z as group completion. Another example is G(Q,.) = G(Q) = Q.

Notice that the universal property for G(M) also holds when A is any group (not
necessarily abelian).

The following twe lemmas are straightforward.

B.0.12 Lemma. Let § be a semi-ring. Then the Grothendieck construction G{5)
carries a canonical ring structure defined by

sl - X, )= A+, M’ + X,

for A, M, i, it € §. Moreover, the map p: § — G(5) is a semi-ring homomor-
phism. If § has a unit 1, then [1, 0] is & unit for G(S). If S is commutative, so is
G(s).

B.0.13 Lemma. Let M be a left (resp. right} $-semi-module. Then the gronp
completion G(M) carries a canonical structure of left (resp. right) G(S)-module
given by

M oul [z yli=Az+p gy, pat Ay

fresp. [z, y] - [\ pl:=[z-A+y -y, z-pu+y-A), wherez,ye M and A\, p€ §.
Moreover, the canonical map p: M — G(M) is & homomorphism of left (resp.
right) S-semi-modules. In particular, if M is an (S, T)-sent-bimodule, then G(M)
carries a cancnical structure (G(S), G(T))-bimodule.

B.0.14 Definition. Let M be a right S-semi-module, and N be a left S-semi-
module. A map f: M x N — A in an abelian moncid A is S-bilinear, if f is

bi-additive (i.e. flz+2',y) = flz, y)+flz', ) and f(z, y+v') = fz, v)+ f(=, o)
for any z, ' € M and y, ¥ € N), and if

fl@-A )= flz, A y),
foranyze M,Ac S§,andye N.

We now would like to define the tensor product of abelian monoids, or more gen-
erally of semi-bimodules.

B.0.15 Definition. Let M be a right S-semi-modunle, and N be a left S-semi-
module. Then, a tensor product of M by N over S is an abelian monoid, denoted by
M®s N, equipped with an S-bilinear homomorphism 8 : M x N — M ®g N, and
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satisfying the following universal property: Given any S-bilinear homomorphism
J: M xN — A with vahies in an abelian monoid A, there exists a unique monoid
hoinomorphism f : M ®s N — A such that f = fof, in other words, the diagram

vr

MxN A

Eil
M®@s N

commutes,

It is clear that if a tenmsor product exists, it is unique up to 2 unique isomorphism
“compatible with 8" . In order to prove the existence of a tensor product, we have
to deal with free monoids and free abelian monoids.

B.0.16 Lemma. Let X be any set (empty or non-empty}. The free monoid F(X)
on the set X is the set consisting in 1 and in the “positive words” = - - - 2 , where
neN nneXandge W forl <i<n,andaip1 #F s forl i< n. The
product is given by concatenation and simplification by the rules z"z™ = z"t™
and 1 -2" = o™ = z™ - 1. It satisfies the following universal property: For any
map f : X — N in 2 monoid N, there exists a unique monoid honiemerphism
f:F(X) — N such that f(z) = f(z) foranyz € X .

The free abelian monoid F,p(X) on the set X is the quotient of F(X) by the
“multiplicative” equivalence relation, viewed as a subset R of F(X) x F(X),
R = {finite products of elements of the form (uv, vu), u,v € F(X)}.

It satisfies the following universal property: For any map f : X — N in an abelian
monoid N, there exists a unique monoid homomorphism f : Fup(X) — N such
that f(x) = f(z) foranyz € X .

Proof. The case of the free moncid over X is clear. The case of the free ahelian
monoid over X follows from the first case (by virtue of lemtna B.0.10).

O
‘We now prove the existence of tensor products.
B.0.17 Proposition. Let M be a right §-semi-module, and N be a left S-semi-

module. Consider the free abelian mioitoid A := Fpp(M x N) on the set M x N,
and the following subsets of A x A:

B = {{{z+7,y)(m ) +(z, y))|z, 2’ € Mandye N}
-C o= {{zy+y)h(zy)+(z ) |zeMandy, ¥ €N}
D = {{(g-Xyh(z, A g)|zeM,eSandye N}
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Then, on the free abelian monoid A, consider the ‘additive” equivalence relation
~, viewed as a subset R of A x A, given by

R := {finite sums of elements of B, C and D}.

Then the quotient abelian monoid M ®s N := Fo(M x N)/~ equipped with the
map®: MxN — M®gN, (z, y) — [z, y] is a tensor product of M by N over
S. The element [z, y] € M ®s N is denoted by z ® y (and called an elementary
tensor).

Proof. First, by the universal property of tbe free abelian monoid, f extends
uniquely to a map f : Fo(M x N) — A. Since f(r) = f(s) for any pair (r, )
in the subset R (i.e. whenever r ~ 3), f factors through a monoid homomorphism
F: (Fap(M x N)/~) — A (see lemma B.0.10).

Secondly, it is clear that the quotient Fyp(M x N)/~ is generated, as a monoid, by
the elementary tensors £ ® y. Since f(x ® ) has to be equal to f(x,y), it follows
that f is unigue. O

Notice that for any x € M and any y € N, the elementary tensors z®0 and 0® y
arezeroin M @s N .

As in the case of the usual tensor product over a ring, it is clear that the tensor
product over a semi-ring is commutative and associative (up to canonical isomor-
phisms).

B.0.18 Lemma. Let § be a unital semi-ring, and M be a left {resp. right} S-
semti-module. Then there is a canonical isomorphism

a:S®5M—Di)M, AQr—r A-x
(resp. B: M®sS — M, 2@ — z-A).

Proof. Themap $ x M — M, (X, ) — Az is S-bilinear, therefore, the map
« is well defined, with inverse x — 1 @ . The other case is similar. O

In fact, the above lemma is the only place in these notes where we really need the
semi-ring S to satisfy the property A-0=0-A=0forany Ain §.

B.0.19 Proposition. Consider three semi-rings B, S and T. Let M be an
{R, S)-semi-bimodule, and N be an (8, T)-semi-bimodule. Then the tensor prod-
uct M®gN carries a canonical (R, T')-semi-bimodule structure. Moreover, the map
8 is not only S-bilinear, but also an left (R, T)-semi-bimodule homomorphism.

Proof. The structures are defined by

A-(z®@y):=(A-z)@yand (z®Y) - p:=2@ (y-4),
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forA€e R,z € M,ye N,and u € T. The rest is clear. O

We finally arrive at the main result. It expresses the group completion of a ten-
sor product of semi-modules in terms of the tensor product of the corresponding
“Grothendieck constructed” modules.

B.0.20 Theorem. Let R, § and T be three semi-rings. Let M be an (R, S)-
semi-bimodule, and N be an (S, T)-semi-bimodule. Then there is a canonical
isomorphism of (G(R), G(T))-bimodules

@ : G(M ®s N) — G(M) ®g(s) G(N).
Proof. First, the map
FiMx N —G(M)®gsG(N), (z,y) — [z.0]®[y,0].

is §-bilinear, therefore, by the universal property of the tensor product over S,
it induces a monoid homomorphism f : M ®s N — G(M) ®g(s) G(IV) given by
fz®y) = [z,0)®[y,0]. By the universal property of the group completion, g = f
induces a homomorphism § = ¢ : G(M ®s N) — G(M) ®g(s) G(N) (of abelian
groups) given by

p(z@y, z' ®y’]) — [z, 0] ® [y, 0] - [:L", 0} @ [y" 0].
On the other hand, the map

h: G(M) x G(N) —G(M ®s N)
(2, 2% [ V) — e @y, 2@ Y|+ [T @Y, 2’ Dy
is S-hilinear. By the universal property of the tensor product {of modules), it
induces a group homomorphism h = ¢ : G(M) @g(s) G(N) — G(M @5 N) given
by
Yz, 21 ) =[z@y,z@y]+ (2 @Y, 2'®y].

It is easy to check that v o p = Id. On the other hand, one has

w o[z, 3"'] ® [y, y’]) = [:L', 0| ® [311 0] [z 0® Iy!’ 0)
+[z', 0]® [/, 0] — [z, O] @ [y, O]
=z, 0]® [y, ¥'] + [0, =] @ [, ¥']
=[z, 2@ ¢].
Therefore, ¢ o t# = Id, and this proves that ¢ is a group isomorphism. It is
obviously a (G(R), G(T))-bimodule homomorphism. This completes the proof. O

The following result is an imiediate consequence.
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B.0.21 Corollary. Let M be an abelian monoid. Then

G(MOnQ:) 2 G(MenQ 2G(M)®zQ.

Another cousequence is less obvious.

B.0.22 Corollary. Let R, S and T be three semi-rings. Let M be an (R, S)-semi-
bimodule, and N be an (S, T)-semi-bimodule. Assume that M and N are abelian
groups. Then M is a (G(R), G(S))-bimadule, N is a (G(S), G(T)}-bimodule, and
one has

MesNEMQgs N

as (G(R), G(T))-bimodules.

Praaof. The first two statements follow directly from lemma B.0.13. By the theo-
rem, for the third statement, it suffices to prove that M ®g N is a group. Given z
in M and y in IV, we bave to construct the opposite —(z ®@y) of 2@y in M Qs N .
Since 0 @ y vanishes in M @g N, it is clear that

~(z®y)=(-2)8y

(which by the way coincides with z ® (—y), by unigueness of inverse elements in a
group.) O

Let us single out a particular case.

B.0.23 Corollary. Let M and N be two abelian groups. Then

Me@uN=2M@zN.

As an application to K-theory (see chapter 1), we immediately have the following

B.0.24 Proposition. For a connected finite CW-complex X, one has canonical
and natural ring isomorphisns

G(Vect(X) @n Q) = G(Vect(X) ®n Q) = K(X) @z Q.

Since the Chern character induces a natural isomorphism K (X)}@zQ = H*(X; Q),
this shows that rational cohomology has a canonical expression in terms of the
Grotbendieck construction of the abelian monoid Vect(X) @y @ (which is not a
group). Tt would be of great interest to have a direct interpretation of this fact.



Appendix C

On the Moore-Postnikov tower of
the fibration BSU(3) — BSU(5)

We compute the first few stages of the Moore-Postnikov decomnposition of the
canonical fibration f : BSU{(3) — BSU(5). {The reader may refer to [24],
p- 501 for the definition of the Moore-Postnikov decomposition of a fibration.)
More precisely, we construct a 13-connected map f:BSU (3) — Z,ie amap
inducing an isomorphism on homotopy groups up to degree 13 (and an epimorphism
in degree 14), together with a map g : Z — BSU(5) such that f = g of
(up to bomotopy). As an application, we get some general statements on the
geometric dimension of stable classes of complex vector bundles. This applies,
for example, to the compntation of the positive cone of §% x §% and of HP® | the
quaternionic projective space of (quaternionic) dimension 3. We end this appendix
by compnting the c-cone and the y-cone, and partially determining the positive
cone, of the quaternionic projective space HP3 .

C.1 Statement of the main results

In the present section, we first state the main theorem of this chapter. We then give
some immediate corollaries. As an application, we re-conipute the positive cone of
the product §° x §® without appealing to the deep results on the homotopy gronps
of spheres that we needed in chapter 1.

Here is the main theorem of this appendix.

C.1.1 Theog_em. Let Y be a connected finite CW-complex of dimension < 12,
and let £ € K(Y). Assume that H'(Y; Z) has no 2-torsion, and that the colo-
mology gronps H(Y; Z/4) and H(Y; Z/3)} vanish. Then

cl€)=0 for i=1,4,5and6 = g-—dim(¢) <3.

215
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By the universal coefficient theorem {see cor. V.7.2 in [24]), we get the

C.1.2 Corollary. Let Y be a connected finite CW-complex of dimension < 12,
and let £ € K(Y). Assume that H'%(Y; Z) has no 2-torsion, that H'3(Y; Z) has
no 2- and no 3-torsion, and that H'(Y'; Z) vanishes. Then

c(€)=0 for i=1,4,5and6 => g—dim(¢) <3.
The second corollary follows readily from the first.

C.1.3 Corollary. LetY = X Ue'? where X is a finite connected CW-complex of
dimension < 7, and let £ € K(Y). Then

ci(§) =0 and () =0 == g-—dim(§) <3.

This applies to S® x $% = (5% v §%) Ue!2. Together with the computation of the
total Chern classes made in section 1.8 of chapter 1, this proves directly the

C.1.4 Theorem. For the product S x S, the positive cone coincides with the
c-cone and the «y-cone. The latter is described in theorem 1.7.1.

The appendix is organized as follows. In section C.2, we review some basic results
from homotopy theory, snch as cohomeology operations, Serre's and Cartan’s results
on the cohemology of Eilenberg-MacLane spaces, the path-loop fibration and the
universal coefficient theorem. We also evaluate some Steenrod squares on the Chern
classes. The proof of the main theorem C.1.1 is the subject of section C.3. The idea
is to “kill” cohomology classes and compute the cohomology of the corresponding
spaces by means of Lerray-Serre gpectral sequence arguments. Finally, in section
C.3, as another application of the main theorem, we partially compute the positive
cone of HP? .

C.2 Preliminaries in homotopy theory

We review the basic notions and results from hemotopy theory that we need. These
include mod p Steenrod operations, Bockstein operators, the Wu formula (that
computes somne Steenrod squares of the Chern classes), Serre’s and Cartan’s com-
putation of the mod p cohomelogy of the Eilenberg-MacLane spaces K{(Z/p*, n)
and K(Z, n}, and other related topics.

We start with cohomology operations.

The mod p Steenrod operations are cohomology operations 8 and P" (n > 1)
acting on the mop p cohomology of CW-complexes. When p = 2, P* is often
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denoted by Sq” {and called a Steenrod sqnare); one has 8 = Sq!'. Tbe Steenrod
operations are of the following degree:

deg(B)=1 deg(P")=2n(p-1).
For any prime p, the Bockstein operator § satisfies 58 = 0.
Let us recall some identities among the Steenrod squares (see [80)):
Sqlsq‘2n+l =0 Sqlqun — Sq2n+1 qusqa — qu + Sq4Sql
Sq*Sq' = S¢® + S¢°Sq'  S¢*S¢? =0

The standard short exact sequence

3
0 —2Z5zZ2 7/ —0

defines a boundary operator in the corresponding long exact coefficient sequence;
it 18 called the Bockstein operator, and is denoted by

Box t HY (X, Z/p*) — H*P(X; 2).

The mod p reduction will be denoted by
o HYX, Z)y — H'(X; Z/p).
and the rednction of coefficients from Z/p* to Z/p by

Pt p HYX; Z/pk) — H*(X; Z/n),

One has 8, 0 pp, = 0 (as compose of two successive homomorphism in a short exact
sequence!) and also the following property (see [24], p. 363):

ppofp=F (=8¢, if p=2)

If there is a non-zero class € H"(X; Z/p) with f(z) # 0 then B,(z) is a non-zero
element in H™*!(X; Z), whose order is p, and there is no element z € H"11(X; Z)
with pz = B,(z) (otherwise we would have 8(z) = p- p,(By(2}) = 0). This is one
of the reasons why we will almost systematically compute the action of Sq' and of
B in the mod 2, respectively mod 3, cobomology of the encountered spaces.

Let ns also mention the following formula:
Bpo bk p =01 B s HY(X; Z/p%) — B (X Z).

Let us consider the standard short exact sequence

k+1

0— Zjp — Z/p*t — ZfpF — 0.
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We will denote the corresponding Bockstein operator by

S HY(X; Zfp*) — H*YY(X; Z/p).

We will very often need the universal coefficient theorem in cohomology:
HY(X; Z/n) = (H¥(X; Z) @ Z/n) ® Tor(H* (X Z), Z/n),

and the fact that, for a finitely generated abelian group A = Z% @ F, where F is
a finite abelian group, one has

Tor(A, Z/n) 2 F@Z/n

(see [24], pp. 278-285).

We now recall Serre’s and Cartan’s results on the cobomology of Eilenberg-MacLane
spaces.

Let p be a fixed prime. A sequence of natural numbers, I = (a1, a2, ..., am) is
admissible if each a; is of the form a; = 2M;(p — 1) + &, with e; € {0, 1}, and if
a; > pa;4y foralli=1,...,m —1. For such a sequence, we define

St! = 5t% o...0 St ,

where 5t®, for a = 2A(p — 1) + €, is defined by

Sq° ifp=2
Stf = { P* if pis odd, and ife = 0
BoP* ifpisodd, andife =1.

This operation St is of degree |I| = a; + ... + am , and the excess of [ is defined
to be
(1) = 20; — 1| +1 ifp=2
®) =1\ arpter— || +1 ifpis odd.

We will also use the notation Sg % = St/ when p = 2.

Herc come the Serre and Cartan theorems. Welet n > 1 and &k > 2.

C.2.1 Theorem. H*(K(Z/p, n); Z/p) Is a free graded commutative algebra (over
Z/p) on free generators St't, , where 1, € H®(K(Z/p, n); Z/p) is the fundamental
class and I is any admissible sequence with e(I) < n.

C.2.2 Theorem. H*(K(Z, n); Z/p) is a free graded commutative algebra (over
Z/p) on free generators St!i,, where 1, € HMK(Z, n); Z/p) is the fundamental
class and I = {a1, ..., am} is any admissible sequence with e(I) < n and with
Gm > 2p -2,
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Before stating the third of these theorems, let us recall that

H™(K(Z/p*, n); Z/p*)=Z- o 2 Z/p*
H™(K(Z{p*, n); Zfp) =Z-1n = Zfp

where i, and ¢, are the fundamental classes. Moreover, these two classes are
related: tn = pye p(a),)

C.2.3 Theorem. H*(K(Z/p*, n); Z/p) is a free graded commntative algebra {over
Z/p} on free generators St'v, and St/8 ki , where 1, € H*(K(Z/p*, n); Z/p) and
i € H*(K(Z/p*, n); Z/p*) are the fundamental classes and I (resp. J) is any
admissible sequence with e(I) < n (resp. e(J) < n —1).

The proofs of these results (and some more details on the cohomology operations
and the admissible sequences) can be found in [95] and in [30].

Using these results, the universal coefficient theorem and the remarks conceruing
the operations Sg' and #, one can compute the first few integral cohomology
groups of these Eilenherg-MacLane spaces.

We will need a few valnes of the Steenrod operations on the Chern clagses, As is
usual, by invoking the splitting principle, we will identify the Chern class ¢; for
BU(n) with the k' elementary symmetric function on n variables ¢y, ..., t, of
degree 2. For example, e =t; +... + ¢, and e, = t; - - 5. (The s are in fact
generators of the cohomology of the classifying space of a maximal torus of U(n).)
Since these variables t; are of degree 2 and since BU(n) bas no cohomology in odd
degree, we have Sq¢%; = t?, S¢™t; = 0 for any otber positive value of m, and
Pl = ¢} for p = 3. Moreover this can in principle be used to compute the action
of S¢™ and of P! (p = 3) on the Chern classes, hy invoking the Cartan formula
for the squaring operation of a product:

m
Sq™(zy) = Y _ Sg'z- S¢™ 'y

=0

(and the analogue for the operations P™).
We can also make use of the Wu formula (for BU):

qukci = (':l) “Ciyg + (;;2;) *€1Ci4k—1 T (;c::;) “Catipp—2+ ..+

+(i_1k) " Cr_1Ci+1 + €kt -
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Let us start the needed computations (for BU):

Sgca = (})es + c1c2 = ez + c1en;
Sqtes=(3)es + cr64 = 05 + c164;
Sg%ce = (D)er + c16 = 7 + caca;
Sqtea= C)es + (Beres + caca = c5 + ereas
Sqtcs = (3)er + (3)ercs + cacs = 105 + cacs ;
Sq¥%cs = Sqtcs + Sq*(cics) = Sqtes + c2SaPes + erSqles
=cpe5 + cieg + cdeg + creocy;
Sq*%cq=8SqPcs + Sq*(cacq) = Sqics + c2S9%cs + SqPep 4
=c7 + 108 + cacs + €304 ;
5q°ca = Sg*es + Sg™lea = Sg%%es
=or+ 165 + cgcls + 364 .
For the fifth Chern class, one has the equalities Sg%c5 = (})cs + cics = cre5 and
Sgtes = (3er + (ercs + cacs = cics + opcs -
We now summarize these results when restricted to BSU(5):

Sqlcs=cy

Sq'cs = cacq

Sqbcq = caes + cacy
Sg* 2oy =coc5
S¢% 2y =cse5

Sq2C5 =0

Sqtcs = cocs .

We now have to compute P'c, and P'e,_1 for BU(n) (p = 3). We find

'Plcn=zt1---t?---tn
j

2] ()
i

N
)L EEDIP LN RICTY
j

J ok#j

(2 = 2c2) - cn = Fen + c20n .
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We have ¢,—1 = Ej t1-0- A_,- -+ tn, where the bat “™” means that we omit the
corresponding term, thus

Pleg- 1—Ezt1 -t tn

i ok#j

=Z((t%+...+t‘§+...+t3).(t1...gj...tn))

() (o) o

2

(5 5 b

Z ti| (e

=(c? — 2¢2)  eno1 — €160 = €cn_1 + C2Ca_1 — C10n .

We recollect this now (for BSU(5) and p = 3):

'P165 = €205
Pleg = covyq.

We will use some homaotopy theory. Recall that QK (G, n) ~ K(G, rn—1) {we wil]
identify both spaces).
For any pointed space Z one has the path-loop fibration

QZ < PZ — 2,

where PZ is the set of paths originating at the base-point of Z; this space is
contractible,

We particularize to the case where Z = K (G, n),n> 1. Let z € HYY; G). We
can consider it as a map z: Y — K (G, n). Let us perform the pull-back of the
path-loop fibration for X (G, n):

KGn-1)=—K({G,n-1)

| |

Yy PK(G, n)

d |

Y K(G, n)
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C.2.4 Proposition. A continuwousmap f: X — ¥ liftstoamap fo 1 X — Yo
if and ounly if the compose map x o f is homotopic te zero (and this is equivalent
to f*(z) =0in H*(X; @)).

Let ns finally recall the following classical theorem.

C.2.5 Theorem. Let f: X — Y be a pointed continuous map between simply-
connected pointed CW-complexes of finite type. Let n > 1, Assume that

£ HYY; Z) — HF (X, Z)

is an isomorphism fork =0, ..., n+1 and a monomorphism for k =n+2. Then
for any pointed CW-complex K of dimension < n, the indueced map

fo i K, X] — [K, Y]
is a bijection. More preeisely, f is an (n+1)-connected map (or (n+1)-equivalence).
Before proving it, we state a lemma.

C.2.8 Lemma, Let A be g finitely generated group. Then

A2 Ext(A, Z) @ Hom(A, Z},.

Proof. Write A 2 Z¢@ F, where F is a finite abelian group (and therefore a finite
direct sum of finite cyclic groups Z/n;). The result follows from the formulas

Ext(Z, B)=0 Ext(Z/n, Z) 2 Z/n
Hom(Z, BY=B Hom(Z/n,Z)=0
Ext(B @ C, D) 2 Ext(B, D) @ Ext(C, D)
Hom(B & C, D) = Hom(R, D)@ Hom(C, D)

for any abelian groups B, C and D (see [24], p. 278). 0

Proof of Theorem C.2.5. The proof is based on the following uuiversal coefficient
theorem (ef. cor. V.7.2 in {24]): For CW-complexes, there is a natural short exact
sequence

0 —+ Bxt(Ho_1(X; Z), Z) — H™X, Z) — Hom(H,(X; 2), Z) — 0;

finite abelian fin. gen.?fee abelian

it splits, but not naturally. Since X is of finite type, the first non-zero term is a
fivite abelian group, and the last non-zero one is a free abelian group of finite rank
(as follows from the formulas cited in the proof of the above lemma). The same
properties hold for Y. An easy induction argument shows that the map

Jo i Hp(X; Z) — Hy(Y; Z)
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is an isomorphism for k =0, ..., n+ 1. Since X and Y are simply-connected
CW-complexes, by the Whitehead theorem (see thm. VIL11.2 in [24]), the map f
indnces on homotopy groups an isomorphism in degrees < n, and an epimorphism
in degree n 4+ 1. This precisely means that f in an (n + 1}-equivalence, and the
statement ahout the CW-complex K follows (see [24], pp. 485-486). This completes
the proof. O

We would like to thank Alain Jeanneret for snggesting this proof.

C.3 Proof of the main theorem C.1.1

We first explain the strategy of the proof, and then perform the required lengthy
spectral sequence computations.

The cohomology of BSU(3) is the polynomial ring on the Chern classes ¢; and c3;
for BSU(5}, it is the polynomial ring on ¢z, ¢3, ¢4 and c5. On the cohomeological
level, the canonical fibration f : BSU(3) — BSU(5) is the canonical projection.
We are therefore going to “kill” successively the cobomology classes of BSU(5) that
are not polynomials in c2 or ¢3 to get spaces X; closer and closer to BSU(3) until
we get a space X,; together with a 13-connected map fy, : BSU(3) — X, . We
will consequently ohtain a hijection

(fm)s : [Y, BSU@3)] = [V, Xm],

for any CW-complex Y of dimension < 12,

The leitmotiv is to first “kill” the Chern class ¢4 and then kill successively, among
the classes that remain or appear, one of lowest degree until we have killed every-
thing we have to.

A few words about onr conventions: In the spectral sequences, we usually only
write down the multiplicative generators (this is justified by the fact that the
differentials are derivations and that all elements on the vertical axis will happen
to he transgressive). We also neglect the Chern classes ez and c3 because they
won’t disappear from the cohomology of the spaces X;. When we state a result
such as

B*(X;; R)/(cy, c3) = § (where R=Z or Z/p),

we not only mean that the quotient of the ring H*(X;; R) by the ideal generated
by ¢; and ¢3 is isomorphic to the ring §, bnt we also understand that the group S
is a direct summand in the group H*(X;; R).

Let us start the process.

We consider the Chern clasg ¢; of BSU(5) as & map

cq : BSU(B) — K(Z, 8),
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and we get the diagram

K(Z, 7) ———

g

X1

|

BSU(5)

€4

K(Z, 7)

|

PK(Z, 8)

|

K(Z, 8)

by performing the pull-back of the pair of maps (c4, p).

To compute the needed part of the cohomology of X, we use two Lerray-Serre
spectral sequences, the one for the path-loop Ebration, for which the values of all
the differentials are clear, and the one for X7. There is a morphism of spectral
sequences between hoth {induced hy the map e;) and we use it to compute the
value of the transgressive differential on the fundamental class of the fiher. This
process will he repeated at each step without further mention.

We will need a few cohomology groups of K(Z, 7).
H*(K(Z, 7); Z/2):

718 9 10 11 12 13 14
17 10| S®e7 | S¢P7 | Sqber | Sqbur | Sqber, Sqt2ir | Sq¥er, Sq™%uy
HY(K(Z, 7); Z/3):
7189110 11 12 13|14
tr [0)|QF 0 [PLr [BPLr| 0| D
H*(K(Z, 7); Z/p), p > 5:
71819({101117{12|13|14
;00O (O [O]O]DO
H*(K(Z,7); Z):
7189 10 11 12 13 14 15
zlolo| zr2 (o] zprewzs 0 /2 ® /2 0
1700 B2(SqP) | 0 | B2(Sqies), Ba(Pe7) | O | B2(SqPes), Ba(Sq*2er) | O
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Since nothing happens in this range for primes p > 5, we wilt only work with
coefficients Z/2, Z/3 and Z.

Now the spectral sequence, for Z/2 coeflicients, takes the following form:
K(Z, 7

(14) Sq7er, S5 3er
Sgber, Sqt-der
Sq5L1

Sqtr

Sq3y

Sqh
‘]’0 7 — Xl

N i

b BSU(5)
1 ey 0y
& Qo

Since ¢7 is obviously transgressive, Kudo's theorem gives us the following values
for the transgressive differentials d;, denoted d to simplify:

d(b'r) =Cs
d(Sqt7) = Sq¢tcs =c5
d(Sq4L7) = SQ‘4C4 =0
d{Sq8e7) = S¢®cs = cacs = 0
d(Sqh2) = Sqt%cy = coc5 = 0

and the other values on the generators are 0 for obvious dimensional reasons.
(In such relations, when we write for example cpes = 0, we mean that at the
corresponding page of the spectral sequence, the product of ¢z by ¢s is zero, and
this is the case because cs has already been “killed” in a previons page.)

Here is the list of the new generators we get:

Sq3t7 ~» z1p (which meaus i}(x10) = Sgt7)
Sqtez ~ 1y

Sqiy = Sq1'4c7 ~ Sqlzyy

Sqh 2y ~ 213

8g%u7 ~ x4 i

Sq7ur = Sg" %y ~ Sq'z)

Sg*2%7 = Sgh 42y ~ Sqlans.

In particular, we have i}(z}3) = Sgf¢7. On the other hand, we have

i1(Se’z11) = 8% *e7 = S5¢°7 + 8¢> 1y = Sy -
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Since 4} is injective in odd degrees, we get z'; = S¢°x1) and
Squr ~ Sq'zl; = Sq 2z, = SgPmy; .

We will later need a few values of the Steenrod squares on some of these elements.

Now, we compnte
(8¢ z10) = 5973y = Sg™ iy + S¢Pur = SgPur = i3(Sqlzn),

hence 8¢?z10 = Sq'xy1 modulo (e, c3).
Since ¢4 is zero for BSU(3), the inclusion f: BSU(3) — BSU(5) lifts to a map

f] : BSU(3) — X]

over the map = : X; — BSU({5). This lifting is not nnigne, hut this will cause
us no tronble. Since f}(z10) = 0, we have f}(Sg°c10) = 0. Since, in degree 12,
Ker(f]) = Z- Sq'z11 = Z/2, we get Sg’z19 = Sg'z11 . We implicitly used the fact
that in cohomology the map f* is an epimorphism with a canonical {homamorphic)
cross-section. This property is inherited by f; .

We also have i}(Sg*z10) = i](Sg"2z10) = Sg* 21, = 0, 80 Sg’z1p =0.

We will need a few more values. First, we have

i}(Sq z10) = Sg*® L7 Sgh12y; = §¢2 32 + S 2y
= 8q%%7 = Sqh %7 = i} (8 x13) .

Since ff(ri) = 0, we have Sgzyy € Ker(f}), and s0, Sg'zip0 = Sq'z13. Asa
consequence, we compite

Sq°zyy = Sqltap = S lzg = 0.

We can now summarize the resnlt we have ohtained for the mod 2 cohomology of
X

H*(X1; Z/2)/(c2, c3):

10 11 12 13 14
T10 Ty SquE“ 892311, x13 qumlla 391:1713
Sq1 0 Sqlmu 0 Sq3a:11, Sqlﬂ:m 0, 0

S¢? | Sg'zn | S¢Pzn
Sq? 0 Sqrn

Sq* | 8q'z13
S¢° !
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The spectral seqnence, for Z/3 coefficients, takes the following form:

K(Z,7)

(147 ©
0

BPlir

Plig

(7Y er

o

BSU(5)
1 cg 0 oy
(8) (in)

By Kudo's theorem, tbe differentials are given by

d(L’r) =C4
d(PlL'r) =PIC4 = 90y = 0
d(BPler) = Bd(Pliy) = 0.

Here is the list of the new generators we get:

‘Pl;,T ~ Y11
ﬂ‘Pl;,-, ~ By .

We can now summarize the result we have obtained for the mod 3 cohomology of
Xi.

H*(X1; Z/3)/(ca, ¢3):

10f11 7 12 13114

es |y [Py | 0| O
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The spectral sequence, for Z coefficients, takes the following form:
K(Z,7)

(18 0
Ba(Sq%47), Ba(Se"2uy)
0

Ba(8q*e7), Ba(Plir)
0

Ba{SgPur)
0

0
] “

6 BSU(5)
1 cg 0 5
8 (10

Obviously, d{t7) = ¢4 and the other differentials (on the generators) are zero.

Here is the list of the new generators we get:

B2(Sqter) ~ Ba(x1;) (becanse Sqlxy, # 0)

Ba(Pler) ~ Balini) (because fy1 # 0)

B2(Sqtuir) ~ Ba(z3) = B2(Sq’z11) (because Sq’z)y = Sgizyy #0)
Ba(Sqh 2z} ~» Ba(z13) (because SqPxy3 # 0).

By comparing with the obtained results for Z/2 and Z/3 coefficients, one can
easily solve the extension problem (that is to recover the cohomology itself from
the corresponding Eqq-page).

H*(X1; ZYf(c2, c3) :

10 |11 12 13 14 15
zZ|o| z2ezs3 |o Z/2 © 7,/2 0
es/2| 0 | B2(zn1), Ba(yn) | O | B2(S¢%zn), Ba(mr3) | O

By ¢5/2, we mean a class z such that 2z = ¢5. Moreover this class satisfles
1(es/2) = Ba{SqPer) and po(cs/2) = z10. Since ps(cs) = e5, we deduce that
pfes/2) = 2c5, the only solution y to the equation 2y = c5 .

We now “kill” the class ¢5/2. We consider it as 2 map ¢3/2 : X3 — K{(Z, 10},
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and we build the following pull-back:

K(Z, 9) ——

|

D §

"

X,

65/2

K(Z, 9)
PK(Z, 10)

|«

K(Z, 10)

229

To compute the needed part of the cochomology of X2, we use the Lerray-Serre

spectral sequence.

We will need a few cobomology groups of K(Z, 9).
H*(K(Z, 9); Z/2):

9110 11 12 13 14
to | 0 | SqPu | Sgdse | Sgtio | Sg°se
H*(K(Z, 9); Z/3)-
gf10]11f12| 13 14
| 0] 0|0 |Ply|fPly
H*(K(Z, 9); Z):
911011 12 13 14 15
0(0| Z/2 |0 Z/2 @ Z/3 0
010 62(5‘12"9) 0 52(SQ4L9),53('P1L9) 0
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The spectral sequence, for Z/2 coefficients, takes the following form:
K(Z, 9)

(14) Sg%ig
Sqt «
Sgtu
Sqlio

0

(0 =X

3 Xy
1 z10 ©11 Sgtzar S9Pzyi Sqlzis

718 SgPzy
(10} (14}

Since pa(cs/2) = £i0, we have d{ig) = 219, and hy Kudo’s theorem, we find

d(Sq*1s) = Sq*x10 = Sq'z1
d(Sq*10) = Sq3z10=0
d(Sq's) = Sq'z10 = Sq'z1s
d(Sq°u9) = Sg°110=0.

Here is the list of the new generators we get:

Sq3ug ~ 212
qubg ~ T4 -

Since the horizontal axis of the E,-page is a snb-module of the cohomology, we
deduce a few values of the Steenrod squares, as summarized in the following array:

H*(X2; 2/2)/(ca, ¢3):

11 12 13 14

2 3
i1 | 212 | S¢°z11, 13 | S¢°211, 214

Sql 0 Sq3:c11, 0
S¢* | Sq*xn

S¢* | Sqdayy
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The spectral sequence, for Z/3 coeflicients, takes the following form:

K(Z,9)

(14) P2
'Pll.g

==X

es ¥ By} 0 0 Plyy

(10)

X1

231

Since p3(c5/2) = 2¢5, we find d{tg) = 2c5, and by Kudo's theorem, the differentials

are given by

d(PILQ) = 2?-)105 =2c05 =0

d(BP'y) = Bd(Plw) = 0.

Here is the list of the new generators we get:

Plig ~ y13

APlig ~ Bz .

We can now summarize the result we have obtained for the mod 3 cohomology of

X,.
H*(X2; 2/3)/(c2, c3):

11 12 13 14
yin | By | vz | Bua
GlByu| O [Bya| O
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The spectral sequence, for Z coeflicients, takes the following form:
K(Z, 9)

(15) 0
B2{5g4.3), fa(Pleg)
0

Ba(Sq?10)
0

0
(9) 0 ==>X2

[« Xl
1 c5/2 0 Ba(z11) 0 Ba(Sedznn) O

Balyn)} Balz1a)
(10) (15)

We have d(t9) = c5/2, and the other differentials on the generators are zero because
X1 has no cohomology in dimensions 13 and 15.

Here is the list of the new generators we get:
B2(8q%10) ~» 212

B2(Sq*ig) ~ 14
Ba(Pliz) ~ Ba(ya) (becanse Byiz # 0).

By comparing with the obtained results for Z/2 and Z/3 coefficients, one can solve
the extension problem. Here is the result (to be soon improved !):

H* (X3 Z)/(ca, c3):

il 12 13 14 15
0| Z/ABESS | 0 |Z/20Z/40Zf3| 0

0 | 212, Bsyn1) | O | 214y 214, Ba(mn3) { ©

The class z1; satisfies 2212 = Sa(z11) . Moreover
2214 € Z - 32(Sq°x11) B L - Ba(w13) R E/2 D Z/2,
and 2z)4 # 0, thus there are 3 possible values for it. We have

p2(2214) = 2p(214) = 0
p2 0 B2(Sd%z11) = Sq* SqPz11 = SqPz1; #£0
pz 0 Baf{z13) = Sqlziz =0,
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so we must have 2214 = fz(x13) . This implies that 2], = 82(S¢%zn).
‘We now have a result as complete as necessary:

H"(Xy; Z)/{e2, c3):

11 12 13 14 15
0 ZA®Z3 0 Z/2@Z/A @ E/3 0
0 | B2(x11)/2, Balyn) | O | Ba(S¢Pzn1), Bal@13)/2, Ba(wna) | O

Since ¢ = 0 for BSU(3) and since it has no torsion, it is clear that the map
f1: BSU(3) — X, lifts to a map

fg H B.SU(3) — Xg

over the map m : X3 — X;. Moreover, in cokomology, f3 is an epimorphism
with a canonical cross-section.

We “kill” the class z12 = B2(211)/2, considered as a map z12: X2 — K(Z/4, 11)
(the range is definitely not K(Z/4, 12)!). We form the pull-hack diagram

K(Z/4, 10) === K(Z/4, 10)

5| ]

X, PK(Z/4, 11)
Wal 1#
X, —22 . K(Z/4, 11)

To compute the needed part of the cohomology of X3, we once again use the
Lerray-Serre spectral sequence.

We will need a few cohomology groups of K(Z/4, 10) . First, we have
HW(K(Z/4, 10); Z/4) = Z- iy = Z/4,
where 4 is the fandamental class. We set

o = pa,2(tho) € H'(K(Z/4, 10); Z/2)
ur = 84(dp) € HIY(K(Z/4, 10); Z/2),

where p4,2 is the reduction of coefficients induced by the canonical snrjection
Z/4 — Z/2. We then have 82(t10) = 284(+}o), as already mentioned.

We find the following resnlt:
H*(K(Z/4, 10); Z/2):

10711 12 13 14 |

t10 | b1y | Sgto | S0, Setur | Sqtu. Sqabn‘
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H*(K(Z/4, 10); Z/p) = 0 for p > 3.

H*(K(Z/4, 10); Z):

10 11 |12 13 14

ol z/4 [o| z/2 Z/2

0 | Baltho) | O | B2(SePur0) | B2(Sgen)

There is nothing to do for Z/p coeflicients when p > 3. On the other side, both
spectral sequences for Z/2 and Z coefficients have to be studied in parallel.

For Z/2 coefficients, we have

K(Z/4, 10)
(13} Sq¥i10, Sq%n
Sq%u0
111
(10) t10
= X3
o X2
1 zu z1z g%z S¢Pan

13 &£14

(11) (14}

In integral cohomology, the map 2}, sends the class B4(z},) to z12, we thus get

Ba(d(e10)) = d(Ba(t10)) =d(2B4{t19))
= 2d(Ba(119)) = 2212
= Ba(z11)

and since the kernel of B3 in degree 11 is contained in H}(Xy; Z) = 0, we finally
get d(u0) = z11.
By looking at the forthcoming spectral sequence with integral coefficients, we find

that d{t11) = @12 module (g, ¢3) (otherwise this would lead to a contradiction
with the fact that we will independently get HY2(X3; Z)/(cs, c3) = Z/3).

Since BSU(3) has no (mod 4) cohomology in dimension 11, the map fs lifts to a
map fy : BSU(3) — X3 over w3. Moreover f} is a split epimorphism.

Since the horizontal axis of the E-page is the image of x3 and since fJ is an
epimorphism, we mnst have d(t11) = 2.
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By Kudo’s theorem, we find

d(Sq%u0) = Sq’z1;
d(8¢t10) = SqPzyy
d(Sqin) = S¢%z12 .

Unfortunately we don’t know Sq%z12. But, again by looking at the spectral se-
quence over Z, and in particular the fact that H'¥(Xj; Z)/{cz, ¢3) = 0, we deduce
that d(Sq2L11) = 114 modulo {¢z, £3). And as before, we can conclude that this is
an equality: d(Sq%t11) = z14.

We get no new generator.

For the Z/2 cohamology, we find

H*(X3; Z[2)f(c2, c3):

13

x13

For the Z/3 cohomology, we have
H‘(Xa,’ 2/3)/(62, 63) = H*(Xz; 2/3)/(62, 63).'

11 12 13 14

viu | By | vz | By
BBy | 0 |Pya| O

Here i3 the spectral sequence for Z coeflicients:

K(Z/4, 10)

(14) Ba(Sq%u1s)
B2(Sq*u10)
0
Baleiy)
) o
=>X3

[« X2
1 z1p 0O 214 0
Bslyn)  B2(S¢Pz11)

Bs{wa)
(12) (15)
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As already indicated, we have d{fi(t]g)) = 212 and we deduce from the Z/2 coef-
ficients spectral sequence and Kudo's theorem that d{82(Sq%10)) = B2(Sq%z11) .

We thus get just one new generator: B2(Sg%u11) ~ 2}, satisfying 22940 = 24.

‘We now sum up the results:

H*(X3; Z)/(ca, e3):

.12 13 i4
Z/3 | 0| Z/8@Z/3

Ba(v11) | 0 | 24 Ba(ma)

We now want to “kill" the class S3(y11). We build the following pull-back:

K(Z/3, 10) —— K(Z/3, 10)

i 1

X PK(Z/3, 11)

S
x, Balam), _Balym) K(Z/3, 11)

To compnte the needed part of the cohomology of X4, we use the Lerray-Serre
spectral sequence.

We will need a few cohomology groups of K(Z/3, 10).
H*(K(Z/3, 10}; Z/p) = 0 for p # 3.
H*(K(Z/3, 10); Z/3):

10 11 |12}]13
tig | Ban| 0] 0

H*(K(Z/3, 10); Z):

10 11 1211314
0 Z/3 0(0]0
0ip8s (Lm) 0100

There is nothing to do for Z/p coefficients when p 5 3:
H*(X4; Z/p}/(ca, c3) = H*(X3; Z/p)/(ca2, c3) for p # 3.
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For Z/3 coefficients, we have
K(Z/3, 10)

(14) ©
0
)}

B

(10) o

==X

X3

Since d(t10) = y11, we have d{Bi10) = By -

We get no new generator.
For the cohomelogy, we get
H*(X4; Z{3)/(c2, c3):

13

14

1 By ws By
(11} (14)

Y13

Bz

Here is the spectral sequence for Z coefficients:

K(Z{3, 10)

|

=>X4

"-X.‘i

Ba(ynn) 0 2y
B3(y13)
(12) (14)

237
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No new generator is introduced,
For the integral cohomology, we have
H* (X4 B)/(ca, ca)
14
Z/8 D Z/3

21'4, B3 (y13)

Again, the map f lifts to a map fy : BSU(3) — X4 over 4, because BSU(3)
has no {mod 3) cohomology in dimension 11 .

We now want to “kill” the class B3(y13). We build the following pull-back:

K(Z/3, 12) == K(Z/3, 12)
| 1
Xs PK(Z/3, 13)

ok

x, 2293) | pz3 13)

To compute the needed part of the cohomology of X5, we use the Lerray-Serre
spectral sequence.

We will need a few cohomology groups of K(Z/3, 12},
H*(K(Z/3, 12); Zfp) = 0 for p # 3.
H*(K(Z/3, 12); Z/3):

12| 13

t1z | Braz

H*(K(Z/3,12); Z):
12 i3 14
ol z73 |o
0 | Balua) | 0

There is nothing to do for Z/p coefficients when p # 3:
H*(X5; Z/p)/(c2, c3) = H*(X4; Zfp)/(c2, ¢3) for p # 3.

We can from now on just work with the integral coeflicients spectral sequence:
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K(Z/3, 12)
(14) ©
BalLi2)
(1z) ©
=>X5
[} X4
1 2]y
Ba{ms)
(14}

It is clear that d(B3(t12)) = Paly1a) .

No new generator is introduced.

For the integral cohomology, we have
H*(Xs; Z)/(c2, c3):

14

Z/8

H
214

Again, the map fy lifts to a map f5 : BSU(3) — X over w5 (because BSU(3)
has no (mod 3) cohomology in dimension 13).

We finally “kili” the class 2}, considered as a map z{; : X5 — K(Z/8, 13). We
form the pull-back diagram

K(Z/8, 12) —— K(Z/8, 12)
o] ]
Xe PK(Z/8, 13)

W, b

X5 — . K(Z/8, 13)

We will need a few cohomology groups of K{Z/8, 12). First, we have
Hu(K(Z/S’ 12); Z/4) =Z- 5112 = Z/S )



240 Chapter C. On the Moore-Postnikov tower of BSU(3) — BSU(5)

where ¢, is the fundamental class.

We find the following result:

H*(K(Z/8, 12); Z/2):

12| 13 14

!
a2 | 6atlp [ SqPua

H*(K(Z/8,12); Z/p) =0 for p > 3.
H*(K(Z/8,12); ):

12 13 14
0| Z/s |o
0 | Bsle12) | O

Here is the spectral sequence over Z:

K(Z/3, 12)
(4) ©
Ba(t)s)
(2) 0
== Xp
o X
1 EW
(14

It is clear that d(fFs(¢)5)) = 2{y.

No new generator is introduced.

For the integral cohomology, we finally get
H*(Xe; Z)/(c2, c3):

14
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Finally, the map f5 lifts to a map fs : BSU(3) — Xg over mg, because BSU(3)
has no (mod 8) cohomology in dimension 13. Moreover, we have the following
comumutative diagram (still up to homotopy):

Xg
fs

Bsu(s) —— Bsu()

171‘10...071’6

From this, we deduce that, in integral cohomclogy, f§ maps ¢z to ¢z and c3 to c3,
so fg is an isomorphism in degrees < 14. Asg a consequence of theorem C.2.5, fg
is a 13-connected map and induces a bijection

(fﬁ)* : [Y= BSU(S)] — [Y3 Xe],

for any CW-complex Y of dimension < 12.

Now, let ¥ and £ € K(Y) he as in the statement of theorem C.1.1. We can
consider £ as a map ¥ — BSU that lifts to BSU(6). Since cs(§) = 0, there
is, as a consequence of theorem 1.2.3, a lifting & to BSU(5). Since in addition
ca(€) = 0, & lifts to a map & to X, and the vanishing of e, together with the
fact that Y has no torsion in H*C iinply that £ lifts to a map & to X2. Finally,
since ¥ has no mod 4 and no mod 3 cohomology in dimension 11, and trivial
cohomology dimension 13, we get successive liftings &5, &4, & and & to X3, Xy,
X5 and X respectively. Now, the map

(). 1 : [Y, Xo) — [Y, BSU(3)]

provides ug with the desired lifting of £ to BSU(3).
This completes the proof of theorem C.1.1.

C.4 On the positive cone of HP?

In this section, after having computed the c-cone of the quaternionic projective
space FIP?, as an application of the main theorem, we get precise information on
its positive cone.

The projective space HIP3 has a cell structure given by
P =HPZue? =l uetucdue!?,

and its integral cohomology ring is H*(HP3; Z) = Z[y]/(y?), where y is in degree
4 (see prep. VI10.2 in [24]). As a direct consequence of the main thecrem C.1.1,
we get the
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C.4.1 Proposition. For & € K(HP?), one has
cg{€) =0 += g—dim(£) <5
ca(§) =cs(f) =0 <= g—dim({)}<3.

We will soon come back to FLP? , but let us before consider the general quaternionic
projective space HIP™ , The integral cohomology and K-theory rings are given by

H(HP", Z) = Ty /(™) and  K(HP) = Zjz)/(c"),

where y is in degree 4, and x = ¢ — 2 witb ¢ the canonical gnaternionic line bundle
considered as a complex 2-dimensional bundle {(see prop. V1.10.2 in [24], and prop.
4.3.8 in {74]). By [76], pp. 243-244, the total Chern classof { is ¢{¢) =1+ 3. Of
course, y is only determined up to sign. For some consistency with the case of CP?
~and CaP? (that are considered in the chapter 3}, we are going to choose y so that
c{¢) = 1—y. So, the “total Chern polynomial” is ¢y (¢) = 1—y-t*. Asin [52] (p.
64), hy invoking the splitting principle, one factorizes formally this polynomial as

c(t)(C)=(1+31-t)(l+32-t)=1+(81+32)-t+3132-t2,

and we get the two (formal) relations s, + 33 = 0 and $13; = —y. Formula IIT of
theorem 4.4.3 in [52] yields

ey (€)= (1+ 28 - t)(1+ (51 + 82) - )% (1 + 232 - 1)

=0
=1+2(31+32)~t+43132't2
=1-4y- 2,

and similarly
C(t)(ca) =(1+3s; £)(1+ (57 +8 +87)- t)a(l + (81 + 83 +32) - t)a(l + 339 t)
=0 =0
={143s1-t)(1 4 3s2-t)({(1+ 51 - t)(1+32-8))*
=(1-9y-8)(1 -y t?)° .
=1—12y- 24 30y2 - ¢* — 28y% - 18 4 9y - ¢5.

Therefore, c(z?) = e((¢ — 2)2) = ¢(¢? — 4¢ + 4) = ¢(¢?) - c{¢)™*, and one has

o¢)t = ("1“_“1’3;)—4 =1- (_14)!1 + (_24)242 — (1) (_nd)y“ .

This shows that ¢(z) =1 — y and e(z?) =1+ i(—l)j ((';1) + 4(;_41)) .
j=1
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Let us quickly consider the case of the complex projective plane HP? {i.e. n = 2).
We find ¢(x?) = 1 — 6. Naw, from the results above and the Newton binownial
formula, it is straightforward to compnte that
2-a-—12b
claz + ) = 1 —ay+ ST

This formunla is referred to in section 2.5.

For the projective space HIP® | by the formulas above, one has c¢{z) = 1 — y and
e(z?) = 1 —6y% —20y® . From the equality ¢(¢®) = 1 — 12y + 30y? — 28y, one 6inds

o(2®) = e((¢ = 2)%) = o(¢*)e(¢?) Pe(¢)'? = 1 — 12047
Let £ := ax 4 bz? + lz®, where a,b, [ € Z. We have computed that

ala—1)-12b 5 a®-—3a®+ 2a — 36ab+ 1200 4 7201 ,
2 v 6 ¥
We see that cg{€) = 0if and ooly if a® — 36% + 2a — 36ab+ 120b 4 720l = 0. On the

ather hand, ¢4(£) = 0 if and only if b = a{a — 1)/12, and inserting this condition
in the preceding relation yields

e(§)=1-ay+

ala—1) _a®—5a° +4a
12 B ‘

360
If moreover ca(€) = 0, weseethat £ = 0. Notice that fore = 0,1 # 0and b= —6l,

cs(€) = 0 hut c4(€) # 0, which means that c—dim(£) = 4. Consequently, theorem
1.2.3 with propositions 1.3.3 and C.4.1 prove the

) =cs()=0 <= b= and !

C.4.2 Theorem. For the quaternionic projective space HP3 , the K-theory ring
is K(HP3) = Z[x)/(«*), where z = { — 2 with { the canonical quaternioni¢ line
bundle considered as a eomplex 2-dimeusional bundle, the c-cone coincides withi
the y-eone and is given, in terms of the c-dimeusion of £ = ax + bx? + 123, with
a,bleZ, by

0, ifa=0,b=0and! =0

2, ifb = 27U £ 0 and | = L=fete

4, ifa® — 3a® + 2a — 36ab+ 120b+ 720/ = 0 and b # 2271
6, otherwise
L

c—dim(£) =

{and all cases occur). Moreover, the positive cone is partially determined by the
following information on the geonietrie dimension function:

0, ifa=0,b=0andl=0

2o0r3, ifb= ﬂ%l % Dandl = a*‘..gg;ida

dor5, ifa® - 302+ 2a — 36ab + 120b+ 7200 = 0 and b # &1

6, otherwise .

g—dim({) =
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Remark that there is another method than the one used here to compute the
total Chern class c{ex + bz? + Iz%). It consists in first determining the Chern
character ¢h(z) by means of the formulas relating the Chern character to the Chern
classes, and then calculating ch(az + bx? + Iz3) by remembering that ch is a ring
homomorphism. The last step is to go back to the Chern classes by means of the
formulas we have just alluded to. (See section 2.4 for details.)



Appendix D

Comparison of obstructions for
the positive cone

The goal of this appendix is to compare shortly the different “obstructions” (like
y-operations, Chern classes, Whitehead products and the nsual primary obstruc-
tion from homotopy theory) that are involved in trying to compute the geometric
dimeusion of a given stable class of vector bundles.

The first comparison is hetween ~-operations and Chern classes. This was the
matter of proposition 1.2.2 and of lemma 1.2.5. Theorem 1.2.3 shows that the “top
Chern clasg” is a very efficient tool.

We would now like to compare the Whitehead product and the classical obstrue-
tions from homnotopy theory. Let us first recall the basics about the “primary
ohstruction”, applied to a particular situation. (We still assume that all spaces and
maps are pointed.)

Let p: E — B he a fibration with fiher ¥'. Let us assume that F, B and F are
CW-complexes, and that B is simply connected. Consider f: 8" —+ Y a pointed
map, with ¥ a finite connected CW-complex. Let X = Cy = Y Uy e"t! he the
mapping cone of f. Given a diagram

s F
o
y—2 . F
)](j 5 ip

commuting up to homotopy, a necessary and sufficient condition for the existence
of a lifting and extension & : X — F (that is a map such that @ ¢ § ~ a and
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po &~ f)is the vanishing of the primary obstruction
&t € HYV (X, Y mo(F)) = HPY(X/Y; ma(F)) 2 ma(F),
the latter map is an isomorphisin, since X/Y is homeomorphic to the sphere S*+1,

For details on this obstruction, see for example thm. VIL14.1 in [24]. Letting
v:=ao f € 7,(E), we get the diagram

5" F
lf& .
y—2* 3k
N "
1’ I
P M

The following proposition makes the relationship hetween & '"'H and v explicit.

D.0.3 Proposition. In the preceding lifting and extension problen:, one has
v =(e315) € m(E),

where ty : To(F) — 7, (E) is induced by the inclusion of the fiber.

This proposition illustrates the fact that & "”’f} is an obstruction for the whole of the
above lifting and extension problem, but that » is enly an obstruction to extending
o from Y to X: it is completely independent of 8 (and of p and B).

Proof. Let D" denote the closed (n + 1)-dimensional unit disk, with honndary
§". Let h : D™ — X be the cone on the map f. By definition, &}"] is
constructed as follows: Let

W= {(z, y) € D"*! x E|B o h(z) = p(y)}

be the pull-hack of (o k,p). The map p: 8" — W, z+—— (z, ao k(z)) fits into
the following diagram commuting up to homotopy:

Id

F F
] .
W Boh E
p
P
gne’ D"+1 Boh  p

Notice tbat the map # is a fibration with fiher F, and, since D™t is contractible,
that the inclusion I of the fiber is a homotopy equivalence. The map p therefore
defines an element

p € m(W) & . (F),
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which is by definition the primary obstruction Eg"'ﬁl € mn(F). (Notice that 62";3

really depends on the map 3, because so does [.) Sinhce the above diagram is
homotopy-commutative, and since hlgn = f: §® — Y, one has

e

t(t)=Bohop: 8" — E, 2+—eoh(z)=uo f(z),

which ig precisely the map . This completes the proof. ]

If we particularize to the case where X = S x §9 = (57 v 89) Uy eP*? and
o = ) V ag, we have v = [0, az], the Whitehead product, and get

21, az] = i*(ézf\}az,ﬁ) € Tpsg-1(E)}.

As in section 1.8, let n < m he two positive integers, let m <k <n+mand! € Z.
Let z; and z2 be generators of wa,(BU) and wam (BU) respectively. Since BU and
of BU(n + m) admit CW-decompositions with the same (2n + 2m + 1)-skeleton,
ie. BUBRnt2mtl = Bri(n 4 m)Rrt2mtl] | we can identify maniom(BU(n + m))
with many2m (BU) .

Let z = az; + bxp + lx1zp € K(§% x §2™) = [§2" x §2™, BU(n + m)], where
a, bl €Z. Let g: 8% x §2m — §2n A §2m =2 §2042m donote the quotient map,
and let y be the generator of mo, r2m(BU) such that ¢*(y) = z122. Consider the
diagram

§an+2m—1 U(n +m) U (k)
1 [az1, bz2] 'lb
gy gim __emViT | pry(k)
13’ lp
§2n o §2m = BU(n +m)

and the following part of the long exact sequence of the fibration p:

8 : .
Tant2m(BU (0 +m)) = mapiam—1(U(n + m) U (k) == montom—1(BU(K)) .
Let ns denote Eﬁ'w‘j'\?g;‘m 50, +bag-+1z,z5 STOPLY BY €a,5,1(k) (with “k" recalling that the
ohsimction depends on the value of the parameter k € {m, ..., m+n—1}).

D.0.4 Theorem. Let 1 < m < nandm < k < m+n. Let zy, 23 and y
be suitable generators of wa,(BU), Tam(BU) and many2m(BU) respectively. One
then has
ta(Ca,b,1(k)) = [z, bxo] = ablz1, &3] € Mant2m—1(BU(k))
Ca,b,1(k} — Ca,b,0(k) € Ker(e,) =Im(8) = Z - 6(y).
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The obstruction &, p (k) vanishes if and only if azy + bzy + 13139 € K(8% x §2m)
has geometric dimension < k, in other words

Ta,b,1(k) = 0 <= g—dim{az; + bxz + lyz2) < k.

Ifab # 0, & 4,4(k) only depends on ! and on the product ab. For fixed ¢ and b,
the Whitehead product [az), bxs] vanishes in Tonsam-1 (BU (k) if and only if there
exists a value | € Z such that azy + bxy + I35 € K(S% x §2™) has geometric
dimension € k, in cther words

laz1, bxa} =0
1 7r2n+2m—1(BU(k))

Moreover, under this condition, either ab = 0 or ab is a non-zero integral multiple
of (n +m — 1)1/((n — 1) (m — 1)!) and then the value of l is unique and given by
l=ab(n—1)(m—1)/(n+m —1)!. Finally, for for this value of I, one has

} <= 3l € Z such that g—dim(azy + bzo + lz 72} < k.

Cepil2n+2m—1)=0¢ 172,,.+.2m..1(52n+2m_1) >7Z.

Proof. The first formula is a direct consequence of proposition 1.0.3 and of the
Z-bilinearity of the Whitehead product. It follows that &, p (k) — & »,0(k) is in
Ker(e,) =Im(8) = Z - 6(y) .

The first equivalence &, p (k) = 0 <= g—dim{azi + bzs + Iz122) < k is the
fundamental property of the ohstruction &5, 1(k) .

We have already proved that the geometric dimension of az) + bz + Iz1z9 only
depends on | and on the product ab, provided that ab # 0 (see thm. 1.8.2). (Notice
that this result is based on considerations involving K -theory, or more precisely
~-operations (6r Chern classes).)

We pass to the equivalence about the vanishing of the Whitehead product [azy, bzg].
if [az;, bzg} = 0, then there exists an extension g : §2" x §2™ — BU(k) of
ar); Vbzy . The composition peg is an element of T3y 42m(BU (n+m)), which coiu-
cides with K(§27 x §2™) . It is therefore of the form z = az, +bzy + 1z 2> for some
1 € Z. Consequently, g is not only an extension of axz; V bzg, hut also a lifting of
x . Therefore, = has geometric dimension < k. For the converse, if g—dim(z) < k,
then, hy the first equivalence in the theorem, we have €, (k) = 0. The result
now follows from proposition D.0.3.

The final statements about the values of ab and I, the unigueness of 1, and the
vanishing of &, 3 ;(2n + 2m — 1) are immediate consequences of theorems 1.8.1 and
1.8.2,

This completes the proof. O

By lemna 1.4.2, the groups Tont2m—1(BU(k)) are finite for m < k <n+m. It
follows from the long exact sequence in homotopy of the fibration p that the map
8 mantam(BU (D + m)) — mentam—1(U(n + m)/U(k)) is injective, where the



249

former group is Z - y 2 Z. We therefore have an infinite cyclic subgroup Z - §(y)
in Tanq2m—1(U(n+m)/U(k)). Now, in view of the theorem, we risk the following
little conjecture:

D.0.5 Conjecture. Let l <m <nandm <k <m-+n. Let g, b, | be integers.
If [az1, bzo} = 0 in mopyom-1(BU(K)), then

Ca,p,1 (k) = Ca,5,0(k} + ! - 6(¢} € m2ny2m—1(U{n+ m}/U{k)}.

More precisely, one has

(n — 1)1(m — 1)!

copilh) = (1- "R

) 8(4) € mamsomar (U + m)/U(K).

If [ax1, bxo] # 0 in mansom—1(BU(K)) , then in the group moni2m-1(U(n+m)/U(K)),
one has

0# &, 1(R) € Z-6(y).

Notice that the first statement implies the rest (by virtue of the above theorem).

It would of course be interesting to determine, in the case where [axy, baa] # 0, if
,,b,1(k) is a torsion element or not, or even to compute its precise order.



Appendix E

A second proof of injectivity of
the map BiX

We propose a second proof of injectivity of the map 8{ : Hi(X; Z) — Ki(X)
defined in chapter 3, for X any connected CW-complex. The proof is hased on
the universal coeflicient theorem in K-homology and on homology approximations
of simply connected CW-complexes. It is of independent interest, in particular
because it sheds new light on this result and gives information on the question of
injectivity of 85 . It also provides with a fifth description of hoth maps.

E.1 Universal coefficient theorems and homol-
ogy approximations

In the present proof of injectivity of Bf‘ , we need two important tools, namely the
universal coefficient theorem for K-homology, and homology approximations of
1-connected CW-complexes. We quickly review these topics in the present section.

The universal coefficient theorem for cohomology, expressing integral cohomology
in terms of integral homology, is classical (see for example cor. V.7.2 in [24]). For
a finite CW-complex X , there is also a (less famous) universal coefficient theorem
for homology, stating that for any j, the sequence

0 — Ext(H1(X; Z); Z) — Hj(X; Z) — Hom(H(X; Z); Z) — 0

is exact and natural; it splits, hut not naturally {see thm. 5.12 in Spanier [99]).
The corresponding results do generally not hold for all cohomology theories and
corresponding homology theories. However, it turns ont that there are such the-
orems for K-theory, i.e. K-cohomology, and K-homology. As far as we know, it
is Zen-Ichi Yosimura [113] who has first established it for K-theory, in 1972. For
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K-homaology, it was first proved in the framework of the K K-theory of C*-algebras
hy Lawrence Brown [26] in 1980. Here are the precise statements.

E.1.1 Theorem. (Universal coefficient theorem for K-theory)
For any connected CW-complex X and j € Z, there is a short exact sequence

0 — Ext(K;_1(X); Z) — K¥{X) — Hom(K;(X); Z) — 0
that is natural in X . Moreover, it splits, but not naturally.

(In this theorem, infinite CW-complexes are allowed, and the K-theory is the
representable one.)

E.1.2 Theorem. (Universal coefiicient theorem for K-homolagy)
For a connected finite CW-complex X and j € Z, there is & short exact sequence

0 — Ext(K7T1(X); Z) — K;(X) — Hom(K’(X); Z) — 0
that is natural in X . Moreover, it splits, but not naturally.

Natice that in [26], it is stated for X a compact metric space, and for § = 1. Since
any finite CW-complex X is compact and metrizable, the result holds for X and
J = 1. The general case follows replacing X by its suspension (and invoking the
suspension isomorphistm and Bott periodicity).

We pass now to homology approximations. We refer the reader to [51).

E.1.3 Definition. A 1-connected CW-complex X is normal if it admits a filtration
inte simply-connected sub-complexes

XaCXaC...Cc | X=X,

such that for cach n > 2, the following holds: First, X, lies in between the
n-skeleton and the (n + 1)-skeleton of X, ie. XW C X, € X[+ ; second,
Hon(Xa; Z) = 0; finally, (in)s : Hen(Xn; B) —> He(X; Z), wherein : Xp, = X

is the inclusion.

We have added to the definition of [31] the condition on the skeletons of X . This
is no restriction, as remark 1 on page 57 of [51] explains. The main result in this
framework is the following (see thm. 8.2 in [51]).

E.1.4 Theorem. (Eckmann-Hilton [39]) For any 1-connected CW-complex Y,
there exists a normal CW-complex X and a homotopy equivalence f : X =3 Y .
The corresponding sub-complex X,, of X is called a homology approximation {or
homology decomposition) of Y in degree < n.
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Notice that by the universal coefficient theorem in cellular cohomelogy, we also

{
know the cohomology of the X.’s in terms of H*(Y; Z) = H*(X; Z). Omitting
the coefficients Z, for any n > 2, one has

HEM(X,) = HEYY), H''(X,) = Ext(H,(Y); Z), and H>"P(X,) =0,

where the inverse of the former map is given by i}, o f*.

These results apply to the suspension of any connected CW-complex.

E.2 Injectivity of A{
We prove the following result:

E.2.1 Theorem. The map ﬁlx : Hi(X; Z) — K (X) is injective, for any con-
nected CW-complex X

Proof. Let us first assume that X is finite. Let ¥ be the suspension X of X,
and let Z be a homology appreximation of ¥ in degree < 3 (see section E.1). The
CW-complex Z is finite, of dimension < 4, and equipped withamap f: Z2 — Y
inducing an isomorphism in integral homology in degree < 3. We will implicitly
use the suspension isomorphism in (co)homelogy and in K-{co)homology. All the
coefficients in (co)horology heing Z in the sequel, we omit them. By the results
of section E.1, and the fact that Z is simply-connected, we have isomorphisms

Hy(Z)=0, Hy(2)=H;(X), Ha(Z)= Hy(X),
and also
HY(Z)=0, H¥Z)= H(X), H3(Z) =2 H¥X), and H*(Z) & Ext(H:(X); Z)

(all the other (co)homology groups of Z vanish). By proposition 3.2.4, we have
isomorphisins _
Ko(Z) = Ha(Z2) and K, (Z2) = H3(Z),

and hy proposition 3.4.2 and corollary 3.4.6, there are hijections
K%2)~ H*(Z)® SK°(Z) and K'(Z)= SKY(Z) = H¥(Z),

the latter two being group isomorphisms.

The strategy of the proof is the following. We show that the composition
A HI(X) S Hy(Z) 2 Bo(2) L5 Bo(Y) = Ky (X)

coincides with ;¥ , and that f. is injective.
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As a first step, we want to prove that f. = Ko(f) : Ko(Z) — Ky(Y') is injective.
By propositions 3.4.2, ¥ heing simply-connected, one has K'(Y) = SK1(Y). We
claim that the map f* = K'(f) : K}(Y) — K'(Z) is surjective. To prove this,
recall that .

H*(SU) E Az(ma, THy oo ) 3

with ;41 of degree 27 + 1, considered as a map 29541 : SU — K(Z, 27 + 1).
We also write #9541 for the composition, on the right, with this map. There is &
commutative diagram

KY(Y) - (v, SU] =2 [y, K(Z, 3)] — HY(Y)
K(f) _=r

~

K'(Z) —- [Z, SU] 5 |z, K(Z, 3)] — H3(Z)

Under the homotopy equivalence QSU ~ BU given by Bott periodicity, zs corre-
sponds to the first Chern class ¢y : BU — K(Z, 2). Se, from proposition 3.4.2,
we get [Y, SU] = [X, QSU| 2 [X, BU] ~ H*X) @ SK°(X). From corollary 3.4.6
and the isomorphisms [Y, K (7, 3)] & [X, QK(Z, 3)) 2 [X, K(Z, 2)] = H}(X), we
obtain the commntative diagram

o

¥, SU]

T3 \ [65] J m
v, K(Z, 3)] — (X, K(Z, 2)) HY(X)

H*(X) & SK*(X)

[X, BU)

IR

{We have just proved the well-known fact that the first Chern class is a surjective
map.) This shows that 3 is surjective, and the first diagram implies the surjectivity
of K1(f).

Now, consider the commutative diagram with exact rows

ROy =L HY(Y) — 0
&) e
0 — Ext(Hz(X); Z) — KO(Z) —+ H?(Z) 0

‘|
Z
where the second row comes from the identification H*(Z) = Ext(H2(X); Z) and

proposition 3.4.4; ¢ is any homomorphism. Since Hom{Ext{Ha(X); Z),E)=0,it
follows that if ¢ is non-zero, then so is o K9(f). This proves that the map

Hom(K°(§); Z) : Hom(K°(Z); Z) — Hom(K’(Y); Z), v — @ o K°(f)
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is injective, and similarly for Hom(K°(f); Z).

By the universal coefficient theorem E.1.2, one has a commntative diagram
0 Ext(K'(2); Z) — Ko(Z) — Hom(K%(Z); Z)

Ext(K'(f); 7 Ko(1) [som(re(sy

Ext(K'(Y); Z) = Ko(¥) — Hom(K(Y); Z)

0

0 0

Since K(f) is surjective, Ext(K*(f); Z) is injective, and Ly the five-lemma, Ko(f)
is also injective.

The conclude the proof, we show that ¥ = ﬂlx (for X not necessarily finite). The
diagram

I
»
L.

R

Hi(X) — Ha(Z)

o el L7

Hy (X1 = mp(vil) 22 Ko(vH)

.
K1 (X

commutes. For the left-hand sqnare, this follows from the equality V14 = S(X (33)
and the inclusion Z C Y14, for the middle square, from the naturality of 3z, and
for the bottom triangle, from the construction of 8 and 82 and the fact that the
Atiyah-Hirzebruch spectral sequence “commntifes with suspensions”.

Since v is given by the first row, and 8 by the composition down through
K1(X®), both maps coincide. This completes the proof for X finite.

The general case follows by the same direct limit argument as in the proof given
in section 3.7. O

Remark that if we keep notations as in the abave proof and define
7 Hy(X) 5 H(2) S Ki(2) B Ka(v) 5 Ro(X),

then one checks, as for 7;* and 8 , that v coincides with 8% . This is valid for
any connected CW-complex X (not necessarily finite). This provides with a fifth
construction of ,BJX for j = 1 and 2. Moreover, by the same procedure as in the
proof, one verifies that, for X finite, 33 is injective if so is the map

Ext(K°(f); Z) : Ext(K%(2); Z) — Ext(K°(Y); Z).

This holds for example if K°(f) is surjective.
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