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Introduction 

During my quest through the treasureland of mathematics, I have had the oppor­
tunity to discover some of the many beauties of the subject. Unfortunately (or 
fortunately?) it is impossible for me to have an overall picture. Nevertheless, 
the present work is an opportunity for me to share my passion for mathematics. 
Many different topics are studied, however, in my opinion, only in a too superficial 
manner. 

This thesis is concerned with it-theories and is essentially subdivided into two 
parts. The first one deals with algebraic topology, or more precisely with the 
positive cone in topological it-theory of spaces. The second is concerned with 
analytic it-theory of operator algebras, and more precisely with the Baum-Connes 
conjecture and related topics, such as group algebras, group C-algebras, assembly 
maps, Hochschild and cyclic homology, and algebraic it-theory. 

His tor ica l accoun t of t h e thes is 

At the origin of this work, is the following question posed by G. A. Elliott in a 
seminar at Oberwolfach in April 1996: <cWhat is the positive cone in the it-theory 
of the spheres S4 and S 6 (and more generally of the even dimensional spheres) ?" 
He was motivated by his classification of unita! C*-algebras of type AF by means of 
it-theoretical invariants, namely the it-theory, the positive cone and the it-theory 
class [1] of the unit. My co-advisor Alain Valette was in the audience and has 
transmitted this question to my advisor UeIi Suter and me. Within a couple of 
days, U. Suter was able to compute the positive cone in the it-theory of all even 
dimensional spheres. Let us now explain what is the positive cone in the it-theory 
of a compact space X , say a connected finite CW-complex. First, the it-theory 
of X is by definition the abelian group K(X) := G[VeCt(X)), where Vect(X) 
is the abelian semi-group of isomorphism classes of finite dimensional complex 
vector bundles over X , and Q(—) is the Grothendieck construction (also called 
the group completion). The positive cone K+(X) is the image of the canonical 
homomorphism of semi-groups 0 : Vect(X) —• K(X) • It is therefore a sub-
semi-group of K(X), verifying the equality K+(X) - K+(X) = K(X). If K+(X) 
satisfies the property K+(X)n(— K+(X)) = {0} (this condition cannot be fulfilled 

v 



Vl INTRODUCTION 

if K(X) has torsion, but holds for X = S2n, as we will see), then K+(X) defines 
a translation-invariant partial ordering on K(X), by requiring 

£<„ <=• n-t€K+(x). 
The problem posed by Elliott is to compute K+(X) explicitly as a sub-semi-group 
of K(X) for particular compact spaces, such as spheres. After the celebrated 
computations of Bott, it is well-known that A-(S2") = Z © K(S2n) S Z2 for any 
n > 1. In this sense, the if-theory itself does not suffice to distinguish between the 
different spheres. However, it turns out that the positive cones are non-isomorphic 
(as monoids) and easily allow to make the distinction. The picture is as follows: 

K(Sin) 

(with the first "complete row" at height n). 

In October 1996, after I had attended his 1995-1996 course on topological K-
theory, my advisor UeIi Suter asked me to pass from the subject of my 1994-1995 
diploma work, namely the global structure of compact Lie groups, to topological 
A"-theory and homotopy theory. More precisely, he proposed to establish general 
properties of the positive cone, to compute it for some products of spheres, and 
to use characteristic classes of vector bundles to detect non-zero elements in the 
homotopy groups of the Grassmannians BU(n), i.e. the classifying space of the 
unitary group U(n). Let us make the latter idea explicit. Let f : 5 2 m + 2 1 - 1 —y X 
be a continuous map, with values in a finite CW-complex X of dimension < 2m + 1 , 
where I > 2 . Consider the cone Y ~ Cf = X Uf e2m+2i of the map / , and i the 
inclusion of XmY. Let £ e K°(X) = [X, BU] denote a virtual vector bundle 
over X. For well-known dimensional reasons, £ can be considered as (the homotopy 
class of) a continuous map X —> BU(m). One has K(Y) = K(X) © Z • x, where 
x is the Bott generator of K(S2m+2i) S* Z . Consider the diagram 

BU (m) 

Y""t + kX , BU 
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that commutes up to homotopy, where k € Z is a parameter. By basic homotopy 
theory, an extension a of £ exists if and only if the compose map £ o / represents 
the trivial element in the group 7^+21-1 (BU(m)). If such an a exists, then there 
exists a unique feGZ such that j m o a = Ç + b e K(Y) • Then, the existence of a 
amounts to saying that the geometric dimension g—dim(£ + kx) of £ -f kx is < m. 
Characteristic classes (such as Chern classes and 7-operations) allow to give lower 
bounds for the geometric dimension of a given virtual vector bundle. This explains 
how this program proposes to detect the non-triviality of £ 0 / in 7T2m+2l-i(BU(m)) • 
A more subtle question is: Can one detect by the same method the precise order 
°(£ 0 / ) of £ 0 / in this group ? The answer is yes: 

o(f of) = min{n € N \ {0} | 3k e Z such that g-dim(ri£ + Ax) < m} . 

(Here, we have implicitly used the well-known fact that the groups n2i+i(BU(j)) 
are all finite.) Consequently, this program consists in choosing appropriate X, 
f € ^2^1+21-1(%) 3 ^d £ G K(X), and then hope to get precise information on the 
geometric dimension of the virtual vector bundles n£ + kx G K(Y) by means of 
Chern classes and/or 7-operations. Of course, the aim is to have o(£ 0 / ) as large 
as possible. 

A few positive results have been obtained in this direction. We have decided to 
include only one of them in this text (by far the most interesting one) ; it is stated 
as theorem 2,6.4 in chapter 2. It predicts for 2 < 2fc < m — 1 and any 5 such that 
m < s < m + 2k — 1, an explicit non-zero element in ir2m+4k-i(BU(s)). whose 
order is given by 

denom ( -^ J , if k is even 

denom f -^ J or | denom ( -^ J , if k is odd, 

where B^ denotes the fc-th Bernoulli number (we could not completely settle the 
case where k is odd). For example, when k — 6 and m = s = 13, this defines 
an element of order 65520 in TT^(BU(IS)). Chronologically speaking, this result 
is my first one in this thesis (hence the particular attention I pay to it in this 
introduction). The first part of this thesis, i.e. chapters 1, 2 and 3, are concerned 
with this kind of problems, in other words, the subject is algebraic topology. 

During summer 1997, HeIa Bettaieb, at that time PhD student of Alain Valette, 
asked me many questions about compact surfaces and integral homology, and more 
precisely the second integral homology group of a group. She was motivated by 
the Baum-Connes conjecture. She woke up my curiosity and I asked her to explain 
me what this "famous conjecture" was about. After I had quickly read a book 
about the Ü'-theory of C*-algebras (I did not know before what a C-algebra was), 
she succeeded in this difficult task. The statement of the conjecture is that given 
a countable discrete group T, the analytic if-theory of its reduced C*-algebra, 
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denoted by K* (C* T), is isomorphic to a group of topological (and geometrical) 
nature associated to V , and denoted by K^(T). More precisely, there is a map 

called the analytic assembly map (or the Baum-Connes assembly map, or the T-

index map), and it is conjectured that precisely this map realizes the isomorphism. 

My interest for this conjecture grew in such proportions that half of this thesis is 

concerned with it and with surrounding subjects. 

Let me now describe the contents of the different chapters. 

Organization of the chapters and appendices 

Chapter 1 is a joint work with UeIi Suter. Besides his computation of the positive 
cone of spheres, it contains our calculation of the positive cone of the products 
of an odd-dimensional sphere by a sphere, products of the 2-sphere by a sphere 
and of the products S 4 x 5 4 , S4 x S 6 , S 6 x S 6 and S6 x S8. This chapter also 
includes general properties of the positive cone and of approximations of it, namely 
the c-cone (based on Chern classes) and the 7-cone (based on 7-operations). For 
torsion-free spaces, i.e. spaces without torsion in their integral homology, the three 
notions of cones coincide. In chapter 2, we compute the c-cone of CW-complexes 
with two cells, and also the positive cone in particular cases. 

In chapter 3, we compute, by means of the Atiyah-Hirzebruch spectral sequence, K-
theory (resp. Ä"-homology) of low-dimensional spaces in terms of integral homology 
(resp. cohomology). As an application, for any connected CW-complex X, we 
define natural maps 

ßf: Hj(XiQ-* KJ[X) ( 0 < j < 2 ) , 

where Kj is the 2-periodic /f-homology with compact supports. The three maps 
are rationally injective, since we prove that, after tensoring with Q 1 they are right 
inverses of the usual Chern character in if-hoinology. Finally, we prove that ßff 
is a split-injection, that ß* is injective, and we show by an example that ß^ is 
generally not injective. We also establish injectivity of ß$ if T has its reduced 
integral homology concentrated in even degree, except possibly for H\ and Hz , as 
for example if there is a model for the classifying space BT that is a CW-complex of 
dimension < 4 .The results about ß* and ß*£ are also of interest in the framework 
of the J-f-theory of group C*-algebras and more precisely of the Baum-Connes 
conjecture, as we will soon explain. 

Chapter 4 is devoted to giving a short introduction and a superficial overall picture 
of the conjecture. In particular, we define Ki^(T), with some details, as the T-
equivariant if-homology with compact supports of the universal example for proper 
T-spaces: 

Kl^ir) I=RKl(ET)-
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Since we will only work with A"-homology with compact supports, from now on, we 
write Kl(ET) in place of RKl(ET) . In the same chapter, we also quote families 
of groups for which the conjecture is known to hold. 

To describe chapter 5, we let FT be the C-module freely generated by the set of 
torsion elements in the group T, with the action of T by conjugation. Among other 
things, HeIa Bettaieb has made me acquainted with "Alain Valette's program", 
namely to use the isomorphism 

chi ® I<k : Kl(ET) ® C - ¾ Hm(T; FT) 

given by the delocalized equivariant Chern character chi °f Baum and Connes, 
and to describe explicitly the composition fx\ o (chi ® Idc)~l, in order to study 
the rational injectivity of ßl. As a first step in this direction, in her thesis, HeIa 
Bettaieb has defined maps 

ßioc = ßWoc . F . ( r . ^ _ ^ K^Br) (o < j < 2) . 

(She denotes them by /¾ ; the subscript "t" stands for "topological", and the expo­
nent "loc" for 'localized".) In chapter 5, after identifying the integral homologies 
of r and of B r , we prove that 

ßmoc = ßBT {0<j<2). 

She has also defined explicit maps 

ßioc = ßu),ioc. Hj(r. z ) _ > ^ . ( c ; r ) (o < j < 2) 

(that she denotes by ßa , with the subscript "a" standing for "analytical"), such 
that the diagram 

K5(BT) — Kj(ET) JX KJ(C;T) 

commutes, for j = 0, 1 and 2. Here, the map Kj(BT) —• KJ(ET) is the canonical 
map; as is well-known, it is rationally injective, and for torsion-free groups, it is 
even an isomorphism (see chapter 4). Motivated by these results, Alain Valette 
has posed the following problem: Can one "delocalize" the above constructions, in 
other words, can one define "topological" maps 

A = ftW : H0(T; FT) —> KJ(ET) ® C 
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and "analytical" maps 

ßa = / # ) : tf . ( r ; F r ) - » Kj[CCT) ® C, 

such that the diagram 

/ £ ® Jdc 

Kj(ET) ® c -* - ^i(c;r) ® c 

/ ßt 

HjF; Q ^Hj[T] FT) 

commutes, for j = 0 , 1 and 2 . (The injection i , is induced by the inclusion 
i : C <-* FT, A i—• A - e of T-modules). This amounts to trying to express 
the rational Baum-Connes assembly map in 'low homological degrees". We have 
succeeded in constructing these maps. This is a joint work with H. Bettaieb (for 
j = 0), and it is the content of chapter 5. An important feature of our construction 
of the maps 0t and ßa is that we need a "classifying family" of groups for Hj (T; FT), 
that is a family of groups {Gi}i£i (indexed by a certain set I) such that for any 
group F , any homology class in Hj (T; FT) arises from a "fundamental class" in 
Hj(Gi, FGi) i for a certain Gi, through a homomorphism Gi —> T . In the three 
considered cases, the "classifying family" is given by 

for j = 0 : {Z/n}„>i 

for j = l : {Z x Z/n}„>i 

forj = 2 : { r p x Z / n } f f , n > i , 

where Tg is the fundamental group of a closed oriented surface of genus g. 

In chapter 6, we generalize the construction of the map ßa out of ß^°, by establish­
ing a "derealization property" for the Baum-Connes assembly map /x£ . More pre­
cisely, we show how one can glue together simpler assembly maps, namely Novikov 
assembly maps associated to centralizers of torsion elements in T, to build /J* . 
The name "derealization" comes from the fact, explained in chapter 4, that the 
Novikov assembly map can be considered as the Baum-Connes assembly map lo­
calized at the identity e of T. The main idea to perform this gluing is to use the 
spectral projectors, in the complex group algebra CT1, associated to the finite order 
elements in T . 

It turns out that the statement of the derealization property makes sense for 
assembly maps in other areas than the K-iheory of group C*-algebras. In chapter 7, 
we discuss Hochschild homology and cyclic homology of group algebras, and recall 
the corresponding assembly maps. We then establish the derealization property 
for these maps. As an application of the derealization in Hochschild homology, by 
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delocalizing a known assembly map in algebraic if-theory, we prove the following 
theorem: 

1 Theorem. Let T be a discrete group, and let Zp be the ring extension of the 

integers by the set 

Let R be a ring such that Zr Ç R C C. Then there is an injective assembly map 

By € T of order n 

H*(T; FT) <-> KfO(RT) ® C, 

where K?la(RT) is the algebraic K-theory "à la Quillen" of the group ring RT. 

In chapter 8, a joint work with Hervé Oyono-Oyono, we prove that for 0 < j < 2, 

the map ß(J),loc : Hj(T; Z) — • KJ(C;T) factorizes through a map 

Hj(T;Z)^Kf9(ZT)/^j, 

where Ao and Ai are the trivial subgroup of K0
 9CLT) and K* 9CLT) respectively, 

and 
A 2 : = < { 7 , 7 } | 7 € r ) 

is the subgroup of K% 9(ZT) generated by the Steinberg symbols {7, 7 } . This 
answers a question posed by Nigel Higson and Pierre JuIg. By delocalizing this 
result, we deduce that, for 0 < j < 2 , the map ßij) : Hj(T; FT) —y Kj(C*T) <%> C 
factorizes through a map 

Hj(T; FT) — • Kf9CZrT) ® C. 

Denoting by I 0 the 2-torus, the proof is a lengthy computation showing that the 
Bott generator in K2[C*!?) ^ A-0ClP) coincides with the image in K2(C*!?) of 
the Steinberg symbol {a, b} e Kf9(Z[Z2]), where a and b denote the prescribed 
generators of Z2 , viewed as classes in K1

 9(Z[Z2]). 

Together with the results of chapter 3, this allows to prove the following two the­
orems. 

2 Theorem. Let T is a countable discrete group, and let A be a ring such that 
IT Ç A C C*T . If F is torsion-free and the Baum-Connes assembly map f£ is 
injective, then the maps 

Hj(T; Z) - + KfB(A)/Ai and Hj(T; Z) —> Kj(C;T) 

are injective in the following two cases: 

i) For j = 0 and 1, without further assumption on T. 
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H) For 3 = 2, if T has its reduced integral homology concentrated in even degree, 
except possibly for Hi and Hz, as for example if there is a model for the 
classifying space BT that is a CW-complex of dimension < 4 . 

The second of these theorems is a delocalized version of the first one. 

3 Theorem. Let T is a countable discrete group, and let A be a ring such that 
ZrV QAQ C*T. If the Baum-Connes assembly map pi is rationally injective, 
then the map 

Hj(T; FT) —>Kf9{A)®C 

is injective, for j = 0 , 1 and 2 . 

In the final chapter, namely chapter 9, we prove that the product structures in 
algebraic and in analytic A"-theory of a unital Banach algebra are compatible in 
total degree < 2 . This is an application of the computations performed in chapter 
8, and it answers by the positive an open question of John Milnor in his famous 
book [75], 

In appendix A, we define six notions of cone related to i-f-theory tensored by Q . 
We prove that four of them coincide and that the other two give an upper and a 
lower bound. More precisely, the final result reads: 

* ? ( * ) Q K^(X) = K?(X) = Kf[X) = K+[Jx; Q) C K+(X; Q) 

(see this appendix for the definition of these objects). In appendix B, we review 
the Grothendieck construction of semi-groups and semi-rings, and define (in an 
obvious way) a notion of tensor product of semi-modules over semi-rings. One of 
the main results says that if R, S and T are three semi-rings, M is an (R, S)-semi-
bimodule, and N is an (S, T)-semi-bimodule, then there is a canonical isomorphism 
of (C(R), g(X))-bimodules 

G(M ®s N) - ¾ G(M) ®g(s) G(N). 

This is useful in appendix A, where we set 

K(X, Q) := C(VeCt(X) <®N Q) , 

and then deduce that there are canonical isomorphisms 

K(X, Q) * K(X) ®z Q = Q © K(X; Q ) . 

In appendix C, we study the Moore-Postnikov tower of the canonical fibration 
BSU(S) —J- BSU(5) to re-prove that the positive cone of 5 6 x S6 coincides with 
its c-cone. This computation is performed by means of the Leray-Serre spectral 
sequence, and, being extremely lengthy, we have decided to include it as an ap­
pendix. The first proof of this result for SG x S6 , contained in chapter 1, is based 
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on deep result on higher homotopy groups of spheres. The second proof is inde­
pendent of this kind of results. We also compute the c-cone of the quaternionic 
projective space H P 3 , and as an application of this long calculation, we give some 
precise piece of information on its positive cone. 

In appendix D, we discuss briefly the connection between the lifting problem related 
to the computation of the geometric dimension of a stable class of vector bundles, 
and the first obstruction from homotopy theory. 

Finally, in appendix E, we give a second proof of the injectivity of the map ßf con­
sidered in chapter 3. It is based on homology approximations of simply-connected 
CW-complexes and on the universal coefficient theorem for Ä"-homology. The map 
ß$ is also shortly considered. 
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Chapter 1 

The positive cone of spheres and 
some products of spheres 

Motivated by Elliott's K-theoretic classification of C*-algebras of type AF, we 
compute the positive cone of the Üf-theory of some spaces. These include the 
spheres, products of an odd-dimensional sphere by a sphere, products of the 2-
sphere by a sphere and of the products S4 x S4, S 4 x S6, 5 6 x 5 6 and SG x S 8 . 
This amounts to compute the geometric dimension of stable classes of complex 
vector bundles over these spaces. We establish a few general properties of the 
positive cone and of approximations of it, the -y-cone and the c-cone. We also 
get information on the Whitehead product structure in the homotopy groups of 
BU(n). Moreover, we prove a"doubling formula" for Stirling numbers of the second 
kind. This chapter is a joint work with UeIi Suter. 

1.1 Introduction 

Let G(S) be the Grothendieck group completion of an abelian semigroup S, and 
let 6 : S —ï G(S) be the corresponding universal homomorphism. The image of 6, 
denoted by G+(S), is a sub-semigroup of G(S). It induces a translation invariant 
order on G(S) ; the elements of G+{S) are called positive and G+(S) is called the 
positive cone (see [41], [15]). The pair (G[S), G+(S)) is an isomorphism invariant, 
for S , and a basic question is: To what extend does this invariant characterize the 
semigroup S ? 

The above notions are of interest in connection with the classification problem 
of C*-algebras. For a imitai C*-algebra A, let S = V(A) be the semigroup of 
equivalence classes of projectors in the matrix algebra M00 (A). The A*-theory of 
A, denoted by KQ(A) or K(A), is by definition the group G[V(A)). The positive 

1 
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cone in K-theory is C+(V(A)) and it is denoted by K+(A). In [41], Elliott has 
put forward a program to classify a large class of unital C*-algebras by invariants 
of .fif-theoretic nature, such as K(A), K+(A), [1] (the üf-theory class of the unit), 
etc. (see also [15]). For a compact space X , the algebra of continuous complex 
valued functions C(X) is a unital (7*-algebra and its iC-theory coincides with the 
topological if-theory K°(X) of the space X (according to the Swan-Serre theorem). 
In view of Elliott's program and to shed light on various conjectures, it is of great 
interest to determine for such spaces the positive cone K+(X) = G+(V(C(X))). 

The problem of computing the positive cone of some spaces and in particular of 
spheres has been communicated to us by Alain Valette, after a question asked by 
G. A. Elliott in Oberwolfach. 

This chapter is organized as follows. In section 1.2, we recall the basic facts from 
topological Uf-theory needed in the sequel. Among other things, we review 7-
operations. The computation of these operations for even-dimensional spheres puts 
Stirling numbers of the second kind on stage. In section 1.3, we define what we call 
the 7-cone and the c-cone (the latter is defined in terms of Chern classes), and we 
explain in what sense they are approximations of the positive cone. We illustrate 
by examples that the three notions of cones are different in general, although the 
7-cone and the c-cone coincide for torsion-free spaces. 

In section 1.4, we compute the positive cones of the spheres, by using some standard 
homotopy theory. Section 1.5 is devoted to the naturality properties of the three 
cones. The positive cone of the products Sn x S2m~l is computed in section 1.6. 
The 7-cone of the products S2" x S2m is easily calculated in section 1.7 by means 
of Chern classes. In that section, we also compute the positive cone of 5 2 x S2n • 

The Whitehead product structure on the homotopy of the classifying space BU(n) 
is closely related to the problem of determining the positive cone of the product of 
two even-dimensional spheres, as is explained in section 1.8. This allows us to im­
prove slightly a result of Bott on this structure, and gives some precise information 
on the positive cone of such a product of spheres. 

In section 1.9, we perform the computation of the positive cones of S4 x S4 , S4X 5 6 , 
5 6 x 5 6 and of 5 6 x S 8 . This is achieved by using some well-known results on the 
homotopy groups of the unitary groups. In section 1.10, we show that for spaces 
"with only one high-dimensional cell" the 7-cone is "blind" in some sense to be 
made precise there. 

Section 1.11 is devoted to explicitly compute the 7-operations for the products 
5 2 " x S2m. As a consequence of these calculations, we establish a "doubling-
formula" for Stirling numbers of the second kind. Moreover, we are led to conjecture 
that the same formula holds for Stirling numbers of the first kind. (It has now been 
proved by Al Lundell.) 
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1.2 Preliminaries 

We start by reviewing some topological if-theory. Our basic references are the 
books by Atiyah [4] and by Husemoller [54]. 

Let X be a connected finite CW-complex. (We assume ail spaces and maps to be 
pointed.) For n > O1 let VeCtn(X) be the set of isomorphism classes of complex 
n-plane vector bundles over X , and Vect(X) their disjoint union. There are well-
known bijections 

VeCtn(X) « [X, BU(n)] (n > 0) 

where BU(n) is the classifying space of the unitary group U(n) and [., .] stands 
for the set of homotopy classes of maps. For an n-plane vector bundle £ over X , 
i.e. £ e VeCtn(X), we write rk(£) = n (the rank of £)• The direct sum (also 
called Whitney sum) and the tensor product of vector bundles endow Vect(X) 
with a semiring structure. The K-theory of X is the ring K(X), also denoted 
by K°(X) , obtained by applying the Grothendieck construction to Vect(X), i.e. 
K(X) = ö(Vect(X)) . An element of K(X) is sometimes called a virtual vector 
bundle. There is a ring isomorphism 

K(X) Si [X, Z x BU], 

where BU is the infinite Grassmannian, i.e. the direct limit of the classifying 
spaces BU(n). We identify both rings from now on. There is a canonical splitting 
K(X) = Z © [X, BU] = Z © K(X), where K(X) = K°(X) is the subring of 
stable classes of vector bundles, and n G N = {0, 1, 2, . . . } is represented by the ri­
dimensionai trivial vector bundle. Clearly, the Grothendieck construction gives rise 
to maps e : Vect(X) — • K(X) and 9n : Vectn(X) —• n x K(X) (by restriction 
of0). 

1.2.1 Definition. i) The positive cone of X, denoted by K+(X), is the image 
ofÔ. An element £ E -K-(X) is called positive if it lies in the positive cone. 

u) The geometric dimension of a class x G K(X), denoted by g—dim(:c), is 
the smallest integer n such that (n, x) lies in the image of On , i.e. the least 
integer n suc/i that the stable class x is represented by an n-dimensional 
vector bundle. 

Since 6 is a semiring homomorphism. it is clear that K+(X) is a sub-semiring of 
K(X). Notice that it is equivalent to determine the positive cone or the map 
g—dim : K(X) —> 7L\ in fact, we have 

K+(X) = {(n, i ) e S e AT(X) In > g -d im(x)} . 

Let us also notice that an element x e K(X), considered as a homotopy class 
of maps X —y BU, has geometric dimension < n if and only if x has a lifting 
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Xn :X —>BU(n), i.e. 

BU(n) 

in o xn = x 

BU 

(Here, we identify maps with the honiotopy class they represent.) Recall that in is 

a fibration with fiber U/U(n), where U = Hm U(n) is the infinite unitary group 

(and BU is really its classifying space). 

The image of On is equal to the image of the composition 

[X, BU(n)} H * [X, BU]^nX [X, BU], y —• (n, (in)*(y)). 

We write K*[X) = K°(X) 0 K1 (X), where the Ä^-group is defined by 

K1Wi=[X1V]. 

For a pair of connected finite CW-complexes (X, Y), there is the famous six-term 
exact sequence: 

K°{X/Y) q* • K°(X) — » K°(Y) 

Î , . J 
K1 (Y) - — K1 (X) — ? K1 (X/Y) 

where i : Y <-¥ X is the inclusion and g : X -** X/Y is the quotient map. 

The n-th exterior power operation for complex vector spaces induces an operation 
on vector bundles denoted by £ i—> A"£, and endows K(X) with a natural A-ring 
structure. For £ e K(X), one defines 

(the latter being the ring of formal power series with coefficients in K(X)). 

The function Af is exponential, i.e. ^t(C+ Ij) = A((£) • At(Tj). Associated to the 
A-operations are the 7-operations or Grothendieck operations 7n(£), which are 
defined by their generating series as follows: 

5 > B ( 0 •*" = *«):= Vl-I(O-
n > 0 

In particular, 7°(£) = 1 and 71 (0 = £- Again, the function 7t is exponential, 
which implies that 

7"(£+ */) = £ ^¢0-7"-¾) • 
fc=0 
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The importance of the 7-operations in our context is illustrated by the following 
fact (see [4], prop. 3.1.1): 

Let x € K(X) ; if g-dim(a;) < n , then -yk(x) — 0 for k > n. 

(Assume that (n, x) G Z(BK(X) is represented by an n-dimensional vector bundle 
£. Then A5(C) is a polynomial of degree n in s. By the exponential property, 
\g(0 = A,(l)" • Xs{x) = (1 + s)n • X3(x). Letting s = t/(l ~ t), we see that 
7t(x) = ^t/i-t(x) = (1 — t)n^t/i-t(€) i-s a polynomial of degree < n in t.) 

The representable if-theory of BU(n), i.e. \BU(n), Z x BU], is given by 

J f (BlZW) = Z[IT1 7"]] 

where -yk = -yk(pn) for 1 < k < n , pn being the stable class represented by the 
universal ri-plane bundle pn over BU(n). Note that -yk(pn) ~ 0 for all k > n, and 
that the homomorphism j * , induced by j : BU(n) —• BU(n + I) in if-theory, 
maps pn+i to Pn for any I > 0 . 

For a complex vector bundle £ over X the n-th Chern class Cn(O is a 2n-dimensional 
integral cohomology class of X, i.e. Cn(C) e H2n(X; Z) . One has Co(O = 1 f° r 

any £. The element c(0 = £]„>o Cn(O £ H* (X; Z ) , called the total Chern class, 
is exponential, i.e. it satisfies 

C(Ì + T?) = C(O • C(TJ) . 

The basic properties of Chern classes (see [54]) imply the following facts: 

i) Two stably equivalent bundles over X have the same Chern classes. Hence, 
for an element x € K(X), the Chern class Cn(X) £ H2n(X; Z) is well-defined. 

ii) If n > rk(£), then Cn(O = 0 • 

iii) Let x G K(X) ; if g - d i m ( X ) < n then Ck(x) = 0 for k > n. 

Let us also formally define the polynomial 

ct(t):=Y,Cn(0-tn£H*(X;m), 

which, by ii) above, indeed is a polynomial. It is also exponential. 

A central feature of Chern classes is that the cohomology ring of BU(n) is given 

by 
H*(BU(n); Z)=Z^1,...,Zn], 

where Zk = Ck(pn) for 1 < fc < n . Moreover, Ck(pn) = 0 for any k > n. On the 
combinatorial point of view, for any n > 0, the Grassmannians BU(n) and BU 
admit CW-decompositions with the same (2n + l)-skeleton, in other words, such 
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that SfZ(Ti)E2"+1] - BU\2n+ìì. (This can be proved by adapting section 6 of [76] 
to the complex case.) 

The Chern character ch is a multiplicative natural transformation from K"-theory 
to rational cohomology 

ch : K(X) —• H™(X; Q) = ®H2«(X; «»,£.—• chfc) = 5 > M 0 . 
q>0 q>0 

where ch,2q{£) & H2q(X; Q) (X being a connected finite CW-complex). It relates 
7-operations and Chern classes as given in the following well-known proposition. 
Before stating it, we introduce some notation. For x 6 K(X), we let 5j(x) be the 
image of CJ(X) under the coefficient homomorphism H2J(X; S) —y H2J(X; Q) , 
and let Ix(ck, . . . , Cn) be the ideal in H^(X; Q) generated by Cfc(x), ..., Cn(x), 
where x G K(X) and n > k. 

1.2.2 P ropos i t i on , Let X bea connected finite CW-complex of dimension < 2n, 
x e K(X), and k <n. One then has 

ch(ik(x)) = ck(x) + Pk+i(c1(x), . . . ,Cn(X)), 

where Pk+i is a polynomial in c\ (x),... , Cn(X) contained in the ideal 

4(^...,Cn)Pl ( 0ff*(jr;Q)J . 
\q>k+l I 

In particular, 
chW(x)) = Cn(X)ZlI^(X; Q). 

Proof. Since for a line bundle T? = 1 + y one has ch(7 ((y)) = 1 + (e c 'M - 1) • t in 
Hm(X; Q)[[(]], the result follows readily for the Whitney sum of n universal line 
bundles over CP°° x . . . x CP°° (n factors) and hence for any element x represented 
by a Whitney sum of line bundles.. The general case is obtained by invoking the 
splitting principle. G 

(Proposition 1.2.2 shows that 7*(;r) is of filtration > fc, in the terminology of [5].) 

Recall that a finite CW-complex is called torsion-free if its integral homology (or 
equivalently integral cohomology) contains no torsion. The Chern classes give some 
"sharp information" on the geometric dimension, as the next fundamental theorem 
shows. 

1.2.3 T h e o r e m . Let X be a connected unite CW-complex of dimension < 2n, 
and a; € K(X). Then 

g—dim(x) < n -£=>• Cn(X)=O. 

If moreover X is torsion-free, then this is also equivalent to ~fn(x) = 0 . 



1.2. Preliminaries 7 

Proof. If g—dim(x) < n, as already mentioned, Cn{x) = 0 . The converse is a 
consequence of theorem 41.5 on page 210 of [100] (the Chern classes of a vector 
bundle are the same as the Chern classes of the associated spherical bundle as 
defined in [100]). The last statement follows from proposition 1.2.2 and injectivity 
of the Chern character for a torsion-free X. D 

Let us recall the /f-theory of the spheres: 

K°(S2n) =* Z ® Z K°(S2n+1) ^ Z 
K1 (£1^) = 0 K1Is*1+1) *Z. 

(For technical reasons, we will always implicitly exclude the 0-sphere.) The multi­
plicative structure on K(S2n) = TL • X2n is given by x\n = 0 . The 7-operations and 
the Chern classes are as given in the next proposition. 

1.2.4 P ropos i t i on . Let X2n be a generator of K(S2n) = Z . Then 

i) 7fe(x2n) = ( - l ) f c - 1 ( k - I)- S{n, k) • X2n, where S(n, k) is a Stirling number 
of the second kind. 

H) Cn(X2n) — {— l ) n - 1 ( f i — 1)! * a2n , where a2n is a suitable generator of the 
cohomology group H2n(S2n; Z) K Z . 

Proof. It is well-known that \k(x2n) = (—l)fc+1fcn-1 • X2n , for fc > 1 (see propo­
sition 2.5 and theorem 11.2 in chapter 13 of [54]). We thus get 

-Ït(x2n) = V_t(z2n) =1+1 ^ ( - 1 ) ^ ^ ( 1 - t)~k • X2n 

= 1 - fEE(- 1 ) f c + J ' ( t ) f c n" 1 'H-^ 
\fc>l j>0 V J / ) 

X2n 

ÖI-s©-^)-*"!-
= 1+ [ 5 ] ( - l ) m - 1 ( m - l ) ! 5 ( n , m ) . t m j • X2n , 

\m>l J 

since S(n, m) = V ( - l ) m ~ f e ( ™ J —: (see (6.19) on page 251 of [47]). hence the 

first formula. (The equality (*) is obtained by substituting m := k + j.) 
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The second formula follows from theorem 9.6 and corollary 9.8 (and its proof) in 
chapter 20 of (54]. D 

Let us finally state a lemma relating 7-operations and Chern classes. We will need 
it later on. 

1.2.5 Lemma. Let Y be a connected CW-complex (possibly infinite). Then, for 
an element x G K(Y) = [Y, BU], one has 

cn(ln(x)) = ( - I r - 1 Cn - 1)! Cn(X) e H2n(Y; Z). 

Proof. Let i : BU(n — 1) —> BU be the canonical map and 

t* : H*[BU; Z) = Z[Z1, Z2, . . . ] —> Z[Z1, ... , Zn^1] = H*(BU(n - 1); Z) 

the induced map. Since Cn(^") e Ker(z*) D H2n(BU\ Z) = Z • Zn , there exists 
an integer gn such that Cn(^) = Qn Zn. Recalling that S(n, n) = 1, an easy 
computation (based on proposition 1.2.4) for the sphere S2n shows that one has 
^n = ( - 1 ) " - 1 ^ - 1)!, as claimed. D 

1.3 The 7-cone and the c-cone 

In general, the problem of computing the geometric dimension of vector bundles 
is very complicated, as is any general lifting problem in homotopy theory. So, the 
same is true for the positive cone. That is why we now introduce what we call the 
7-cone and the c-cone. They are supposed to be easier to compute and might be 
good approximations of the positive cone. As we will see, these two cones coincide 
for torsion-free spaces. 

1.3.1 Definition. i) The 7-cojie of X is defined by 

K^(X) :={(n,x)eZ® K(X) \-yk(x) = 0 forall k>n). 

The *y~dimension of a class x e K(X), denoted by 7—dim(:c), is the least 
integer n such that 7fc(x) = 0 for all k > n, in other words, it is the degree 
(in the variable t) of the polynomial jt {%) • 

U) The c-cone of X is deSned by 

KC(X) := {(n, x) G Z e K(X) \ ck(x) = 0 for allk> n} . 

The c-dimension of a ciass x e K(X), denoted by c—dim(x), is the least 
integer n such that Ck(x) = 0 for all k > n, in other words, it is the degree 
(in the variable t) of the polynomial Cx(E). 
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Let us point out that the 'lower boundary" of the positive cone Kj1-[X), as a 
subset of Z(BK(X), coincides with the graph of the geometric dimension function 
g—dim : K(X) —> Z (the positive elements consisting exactly of the boundary 
and the points located above it). The analogous statements hold for the 7-cone 
and the c-cone with respect to the corresponding dimension function. 

The following results on these objects follow readily from our preliminaries on 
Ä"-theory. 

1.3.2 Proposit ion. Let X be a connected finite CW-complex. Then 

i) g -d im(x) < dim(X}/2 for any x G K(X) ; 

n) 7—dim(:c) < g—dim(a;) for any x G K(X) ; 

Hi) K+(X)CK1(X); 

iv) c—dim(x) < g—dim(a;) for any x € K(X) ; 

v) K+(X)CKc(X). 

This proposition shows that the 7-cone and the c-cone are approximations of the 
positive cone, more precisely, that they constitute upper bounds of the latter. 

It turns out that the 7-cone and the c-cone coincide for torsion-free spaces, i.e. 
those spaces having no torsion in their integral cohomology. 

1.3.3 Proposit ion. Let X be a connected unite CW-complex. If X is torsion-free, 
then 

K1(X) = K0(X). 

Proof. The result follows immediately from proposition 1.2.2 and injectivity of 
the Chern character for a torsion-free X. D 

1.3.4 Remark. It is also possible to dehne the notions of c-cone and of c-dimension 
based on the rational Chern classes Cn • However, a direct application of proposi­
tion 1.2.2 and of the definitions shows that for any connected unite CW-complex, 
the c-cone is a coarser approximation of the positive cone than the -y-cone and the 
c-cone, in other words the 7-cone and the c-cone are always contained in the c-cone 
(and they ali coïncide for torsion-free spaces). However, the c-cone might generally 
be the simplest to compute. 

It is worth mentioning that there is no general comparison statement for the 7-
cone and the c-cone, i.e. there are spaces with torsion for which the 7-cone is 
not contained in the c-cone, and spaces with torsion for which the c-cone is not 
contained in the 7-cone. Moreover, there exist spaces for which the 7-cone and the 
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c-cone strictly contain the positive cone (the product 5 4 x S4 is such an example 
as we will later see). We now illustrate the situation by three examples. 

E x a m p l e s . 

i) Let j : BSU(S) —> BU(S) be the map induced by the inclusion of the 
special unitary group SU(S) in U(S). Then the composition map 

BSU(S) M BU(S) - ¾ BU 

lifts to a map / : BSU(S) —> BSU . Consider W the homotopy fiber of / . 
It enters in a pull-back diagram 

SU= SU 

1 1 
W . PBSU 

•i , i 
BSU(S) - - BSU 

where SU ~ UBSU <-* PBSU -* BSU is the path-loop fibration of BSU . 
The Leray-Serre spectral sequence in cohomology for this fibration is well-
known and maps via /* to the corresponding spectral sequence for the fibra­
tion 7T. By lemma 1.2.5, one has 

/ " (¾) = s* 073(03(¾)) = 03(73) = 2c3 . 

Similarly, / " (¾) = £2(73), which is easily seen to vanish. For the cohomology 
of W in degree < 6, letting 04 := 7r*(c2) and be := 7^(¾), we have computed 
that x\ = 0 and 

H^(W;Z) =Z-l®Z-X3®Z-ai®Z-x5®Z-b6Ç*Z4 &Z/2, 

eîZ/2 

where deg(x2 j+i) = 2j + 1. The inclusion i : Y := W^ <-+ W of the 
7-skeleton of W induces isomorphisms in cohomology up to degree 6. If 
we let x := i* 0 ir* 0 j*(p$) e K(Y), we find cz(x) = be # 0, whereas 
•yk(x) = 0 for all k > 3 . Indeed, this is clear for k > 4 since then 7^(/¾) = 0, 
and T3Cx) = 0 because its classifying map is the composition / 0 TT 0 i , 
which is homotopically trivial. Thus c—dim(x) = 3 and 7—dim(x) < 2. 
Consequently, Y is a connected finite CW-complex with a strict inclusion 

K0(Y)CK1(Y). 
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ii) Consider the Moore space M = M(Z/2 , 5) , in other words, the mapping 

cone of a continuous map / : S 5 —> S 5 of degree two, or more explicitly, 
M = Cf = 5 5 U2 e6 . The exact sequences in cohomology and in A"-theory 

of the cofibration S 5 <-4 M -» M/S5 ~ S 6 give epimorphisms 

q* : 1 a # 6 ( £ 6 ; Z) -» H6(M; Z) * Z/2 

ç* : Z =* tf(S6) -H K-(M) ^ Z / 2 . 

Let x and a be suitable generators of K(S6) and H6(S6; Z) respectively. 
Let 5 := q*(x) and â := q*(a) • For obvious dimensional reasons, ci(x) = 0 
and C2(£) = 0. Moreover c^(x) = q*(cz(x)) = ?*(2a) = 0 (see proposition 
1.2.4). Hence c -d im(x) = 0. On the other hand, we have 71Cx) = x ^ 0 , so 
7 -d im(ä ) > 1 ; more precisely, 72(£) is g*(—5(3, 2) • x) = q*(-3x) = x ^ 0 
and 73(S) = g*(2S(3, 3) • x) = 0, so 7 -d im(x) = 2. Consequently M is a 
connected finite CW-complex with a strict inclusion 

K^(M) ÇKC(M). 

iii) Let Z = Y V M be the wedge of the preceding two examples. It is an 
7-dimensional finite connected CW-complex for which none of K7(Z) and 
K0(Z) contains the other one. (The product YxM would .also do.) 

To end the present section, we prove that the cones are semigroups and homotopy 
invariants. 

1.3.5 P ropos i t i on . The positive cone, the 7-cone and the c-cone of a connected 
finite CW-compJex X are sub-semigroups of K(X) and homotopy invariants of X . 
Moreover, the positive cone is a sub-A-semiring of K(X). 

Proof. The homotopy invariance is obvious for the three cones. 

We have already mentioned in the preliminaries that the positive cone is a sub-
semiring of K(X). It is also clear that it is a sub-A-semiring. The "exponentiality" 
of 7( and of c (the total Chern class) immediately show that the 7-cone and the 
c-cone are sub-semigroups of K(X). • 

We do not know if in general the 7-cone and the c-cone are sub-A-semirings of 
K(X). Notice that even if the positive cone is a sub-semiring of K(X). it is 
generally not true that g—dim(xy) < g—dim(œ)-g—dim(y), for x and y in K(X) ; 
see section 2.5 for a counter-example when X is the complex projective plane CP 2 . 
(The same holds for the c-dimension and the 7-dimension.) 

1.4 The positive cone of the spheres 

We now intend to compute the positive cone of the spheres. For odd dimensional 
spheres, there is nothing to do since K(S2n+1) = 0 . Whereas for even dimensional 
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spheres, one has K(S2n) — Z • x = Z, so we only have to compute g-dim(ix) for 
all integers I. 

By proposition 1.2.4, we have 

c(lx) = c{x)1 = (1 + (-l)n-1(™ - 1)! • a)' = 1 + ( - 1 ) " - 1 / ^ - 1)! • a, 

where a is the orientation class of S2" . Therefore, by proposition 1.3.2, we deduce 
that, for I ^ 0 , 

n = c-dim(/x) < g-dim(/a;) < AUTL(S*1)/2 = n , 

and this shows that c-dim(Zx) = g-dim(/x) = n . The sphere S2n being a torsion-
free space, the following theorem follows from proposition 1.3.3. 

1.4.1 Theorem. Let a; be a generator of K(S2n) * Z. Then, forJGZ, 

- d i m f i x ) = / 0 , i n = ° 
\ n , otherwise. 

Moreover the positive cone, the c-cone and the y-cone of S2n coincide: 

K+(S2") = Kc(S
2n) = K-,(S2n) = N x 0 U {(I, x)\l>n}cZx K(S2n). 

Z 
• • • • • • • 

• • • i • • • 
• • • • • • • 
• • • • • • • 

i 

K(S •2ni 

There is another proof, purely homotopical, of the theorem. It is based on Bott's 
celebrated results on the homotopy groups of BU(n) and Serre's computation of 
the rational homotopy groups of spheres. Let us present this proof. We have 

[52", BU(k)] = Tv2n(BU(Ic)) and K(S2n) = [S2n, BU] = Tr2n(BU). 

Consider the long exact sequence in homotopy of the fibration BU(k) -^+ BU : 

. . .-»• *2*(U/U(k)) -> 7T2n(SCZ(A;)) 1^k Tr2n(BU) -> W2n^(U/U (k)) H-. . . 

The fiber U/U(k) oîik is 2A;-coimected and it follows that (¾¾). is an isomorphism 
for n < k . According to Bott [21], we have Tr2n(BU) = Z. It is well-known that 
for k < n, the group K2n(BU(k)) is finite. Let us give a short proof of this result. 
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1.4.2 Lemma. For m > 2fc + 1 , the group 7rm(BU(k)) is unite. 

Proof. We fix m > 3 . The fibration BU(k - 1) —» SCZ(Jt), with fiber S2k~l, 
gives the following long exact sequence in homotopy: 

• -. —> M S 2 * " 1 ) —> ^m(BtT(A; - I)) — • *m(BU(k)) —• ^ - i f S 2 * " 1 ) —* . . . 

By Serre [94], 7Tj(S2fc_1) is finite for j ^ 2k — 1, and we can conclude by induction 
over k (with fc > 1 and 2k + 1 < m ) , since 7rm(B(7(l)) = 7rm_i(t/(l)) = 0 for 
m > 3 . G 

From this, we now infer that the image of (ik)* is zero for fc < n. This implies 
that g—dim(/a:) = n when I ^ 0, and concludes the second proof. 

1.4.3 Remarks. i) Since we were motivated by Elliott's classification of imitai 
C*-algebras of type AF by means of their K-theory, their positive cone and 
the K-theory class [1] of the unit (see [15]), it is important to single out the 
fact that the positive cone of S^ and ofS2m are non-isomorphic as monoids 
ifn is different from m. (There is no need here to distinguish the K-theory 
class 1 of the trivial one-dimensional bundle.) Let us provide with a short 
proof of this claim. For n > 1, let Mn denote the positive cone of S2n 

(identified as above with a sub-monoid of 7?). The abelian monoid Mn has 
a minimal set An of generators, in other words a generating set (as monoid) 
that is contained in any other generating set, namely 

An = {(Otl)}u{(k,n)\keZ\{0}}. 

Now, consider the function <j : An —y {2, 3, . . . } defined, for x € An, by 

<j(x) := min {I > 2 \ Ix decomposes as a sum of elements of An \ {x}} . 

ft is clear that such an I exists for any x €E An and that o{An) — {2, 2n} . 
Since An and a are isomorphism invariants of Mn , this proves our claim. 

U) Fbr odd-dimensional spheres the positive cone is "trivial", in other words, 
K(S2n~l) = Z and UT+(S2""1) = N. 

1.5 Further properties of the cones 

We now investigate naturality properties and behaviour under products of the 
positive cone, the 7-cone and the c-cone. 

The following result is obvious. 

/ 
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1.5.1 Proposition. Let f : X —• Y be a map between connected finite CW-
complexes. Let f* : K(Y) — • K(X) be the \-homomorphism induced by f • 
Then, for any y € K(Y), 

g-dim(f*(y)) < g -d im(y) 
y-dim(f*(y)) < 7 -d im(y) 
c-dim(/*( i / ) ) < c - d i m ( y ) , 

and in particular, 
P(K+(Y))CK+[X) 
P(K1(Y))CK1(X) 

r (Kc(Y))Q K0(X). 

ïf P is an isomorphism, then 

P(K1(Y))^K1(X). 

For the next corollary we need a new definition. 

1.5.2 Definit ion. Let X and Y be two connected finite CW-compìexes. A map 
f : X —> Y is called a A^-equivaience for A"-equivalence for short) if there exists 
a map g : Y —y X such that on the level of the K°-groups, 

p og* = IdKa(X) and g* o p = IdKa^Y). 

Note that a Jf-equivalence is not necessarily a homotopy equivalence: There are 
homotopically non-trivial finite CW-complexes X for which K(X) = 0 = K(jpt) ; 
see example i) below. 

1.5.3 P ropos i t i on . If f : X —y Y ss a K-equivalence, then f induces the follow­
ing isomorphisms of semigroups: 

K+(Y) * K+(X) and K1(Y) St K1(X). 

Proof. Applying twice proposition 1.5.1, we get (in the notations of definition 
1.5.2) 

K+(X) = p o 9'(K+(X)) C P(K+(Y)) Ç K+(X). 

This establishes the first isomorphism, whereas the second is obvious. D 

The following result is more technical to state. 

1.5.4 Corol lary. Let X and Y be two connected unite CW-complexes. Assume 
that K*(X) = 0 and K°(Y) = 0 . Then the projection p : X xY —> X induces 
isomorphisms 

K+(X) h K+(X x Y) and K1(X) & Jf7(X x Y). 

file:///-homomorphism
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Proof. Invoking the Kiinneth theorem for ÜT-theory, our hypotheses imply that 
p* : K°(X) —> K°(X x Y) is an isomorphism with inverse i* , where i is the 
inclusion of X in X x Y. Consequently, p* is a üf-equivalence. Q 

The following is a useful result. 

1.5.5 Proposit ion. Let X and Y be a connected finite CW-complexes. Assume 
that the positive cone and the 7-cone of Y coincide, and let f : X —• Y be a map 
inducing an isomorphism f* : K(Y) —> K(X). Then f induces an isomorphism 
of positive cones, and the -y-cone of X coincides with the positive cone: 

K+(Y)QK+(X) = K1(X). 

Proof. By proposition 1.5.1 we have F(K+(Y)) = F(K1[Y)) = K1(X) and 
F(K+(Y)) C K+(X), hence K1(X) Ç K+(X). We conclude with iii) of proposi­
tion 1.3.2. • 

Examples. 

i) Let X be a connected finite CW-complex of dimension < 3 . Since for suitable 
CW-decompositions BU(I)W = BU^ and since BU(I) = CP°° = K(X, 2 ) , 
any x G K(X) = [X, BU] lifts to [X, BU(I)], giving an isomorphism 
K(X) = H2(X; Z) mapping x to c\(x). It follows that the positive cone 
coincides with the c-cone and is given by 

K+(X) = N x {0} U N* x K(X) C Z x K(X), 

ii) Example i) applies to a closed oriented surface Sff of genus g. Since it is 
torsion-free, its positive cone coincides with its c-cone and with its 7-cone. 
Moreover, let / : E 5 —y S2 be a map of degree 1 (it exists, since both the 
2-sphere and E 9 are quotients of the square [0, I]2). Then f not only induces 
an isomorphism in iC-theory, but also an isomorphism of positive cones, as 
follows from proposition 1.5.1. 

iii) Let X and Y denote the Moore spaces Af (Z/3, Iq + 11) = S2q+U U3 e
2*+12 

and Af (Z/3, 2q~l) = S 2 ^ 1 U 3 C 2 9 respectively. In [2], Adams shows that for g 
large enough, there exists a map A : X = H12Y —> Y such that the induced 
map A* : K(Y) —• K(X) is an isomorphism (take p = m = 3 , / = l and 
T = 6 in theorem 1.7 and in lemmas 12.4 and 12.5 of [2]). Therefore, A is a 
if-equivalence between simply connected finite CW-complexes, but it is not 
a weak homotopy equivalence. The mapping cone CA is a non-contractible 
finite CW-complex with K(CA) = 0 . (It is non-contractible because its 
homology is non-trivial.) 

iv) In [48], pp. 203-206, a CW-complex X = ( 5 1 V 52) U e3 is defined, with the 
property that the inclusion i : S1 = Jf'1' ' - + X o f the 1-skeleton induces an 
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isomorphism in integral homology (and on the level on fundamental groups); 
however, i is not a homotopy equivalence (not even a weak homotopy equiv­
alence) since ^2(X) # 0. Consequently, by the universal coefficient theorem 
(see cor. V.7.2 in [24]), i induces an isomorphism in integral cohomology, 
and, by a direct application of the Atiyah-Hirzebruch spectral sequence, also 
in if-theory. In particular, i is a /iT-equivalence, but not an equivalence. 
(The quotient space XfX^ has vanishing K, however it is the closed 3-ball 
and is therefore contractible.) 

In appendix A, we study the positive cone, the c-cone and the 7-cone from the 
rational point of view, and we consider rational K-theovy. 

1.6 The cones of the products Sn x 52771"1 

In this section, we will compute the cones for the products S2n x 5 2 m _ 1 and 
5 2 n - l x 5 2 m - l 

Let us begin with 5 2" x 52*"-1. Since K(S2"1'1 ) = 0 and K1 (S2n) = 0, the answer 
immediately follows from proposition 1.5.5. 

1.6.1 Theorem. The projection p : S2n x S 2 m _ 1 —> S2n induces an isomorphism 
of positive cones, and, for S2n x 5 2 m _ 1

1 the 7-coiie and the c-cone coincide with 
the positive cone: 

i 

K+(S2n) h K+(S2n x 52m_1) = AT7(S
2" x S2"1"1). 

We now turn to the product 5 2 " - 1 x S2"1 - 1 . From the six-term exact sequence of 
the pair (5 2"" 1 x 52"1"1, 5 2 "" 1 V S2"1"1), with quotient S2n~l A S2™'1 homeo-
morphic to S2m+2n~2 , we get an isomorphism 

q* : K(S2m+2n~2) —• Ä"(52n_1 x S2m_1) 

induced by the quotient map g : 5 2 n _ 1 x S2m~l —y g2m+2n-2 B y theorem 1.4.1, 
the space Y — <$2n+2m-2 satisfa ^j16 hypothesis of proposition 1.5.5 and we deduce 
the 

1.6.2 Theorem. The map g : 5 2 " - 1 x 5 2 m _ 1 —> s2m+2n~2 induces an isomor­
phism of positive cones, and, for S 2 " - 1 x S 2 m _ 1 , the -y-cone and the c-cone coincide 
with the positive cone: 

K+(S2m+2n~2) S K+{S2n~l x S2"*"1) = K1[S2"-1 x S2"""1). 

1.6.3 Remark. According to Bìackadar ([16], 6.10.2), the positive cone of the 
n-torus (51)" has been partially computed by Villadsen. 
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1,7 The 7-cone of S2n x S2m and the positive 
cone of S2 x 52 n 

The positive cone was rather easy to compute for a product of an odd dimensional 
sphere by any sphere, whereas the case of a product of two even dimensional spheres 
is much more involved. On the other hand, the 7-cone of such a product is in the 
scope of the present chapter. We perform this calculation by computing the c-cone 
and appealing to proposition 1.3.3. 

By the Kiinneth theorem, we have an isomorphism 

K(S2n) ® K(S2m) —» K(S2n x S2m), £ ® „ 1—• P*(£) • Q*(v) • 

where p and g are the projections onto the factors. Writing K{S2n) = Z-x\ and 
K(S2m) = Z • Xi, and letting y\ := p*(x\) and y2 := ¢'(#2), we deduce that 

k(S2nxS2m) = Z-y1®Z-y2®Z-yly2. 

The product structure on ^ ( S 2 " x S2m) is given by y\ = 0 and y2 = 0 • Moreover, 
one has yiy2 = K*{y) , where TT : S 2 " x S2m —+ S2n A S2m * S2n+2m and y is a 
suitable generator of K(S2n+2m). 

Let i : S2n <-*• S2n x S2m and j : S2m ^ S2n x S2m be the inclusions. One has 
i'*(yi) = xi and j*{y2) = x2 1 therefore (by theorem 1.4.1 and a double application 
of proposition 1.5.1), for any k e 2 \ { 0 } , one hasg—dim(fcyi) = g—dim(fcxi) = n; 
similarly g—dim(fcy2) = g—dim(fci2) = m. This justifies that, from now on, we 
write £1 and X2 for y\ and y2 respectively. 

Let ax G H2n(&n\ Z) and a2 € H2m(S2m; Z) be suitable generators (referring to 
proposition 1.2.4). As before, it is justified to write 

H*(S2n x S2m; Z) = Z • 01 S Z • a2 © Z • (Ha2 . 

Let us assume n < m. Consider an element x = ax\ + 6x2 + /X1X2 in the group 
K(S2n x S2m). For the Chern classes, invoking proposition 1.2.4 and "exponen­
tial ly" of the total Chern class, we compute 

c(x) = c{ax\)c{pX2)c{lx\X2) 

= 1 + ( - I ) ^ 1 O ( H - 1)! • Oi + (-1^-1O(TTl - 1)! • O2 + 

+{-ï)n+m(àb{n - 1)! (m - 1)! -l(n + m- I)!) • O1O2 . 

This immediately gives the 7-cone (which coincides with the c-cone) in terms of 
the 7-dimension function. 
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1.7.1 Theorem. Forn < m, the ^-dimension function on K(S2n x S2m) is given 
as follows: For x = axi + bx2 + lx\X2 6 K(S2n x S2m), one has 

I O , if a = b = I = 0 

n , if a ± 0, b = I = 0 
m ,ifb^Q,l = ab(n- 1)! (m - l ) ! / (n + m - 1)! 
n + m ,if l^ab{n-l)\(m- l ) ! / (n + m - 1)! 

Moreover, /or fc ^ 0 , one Aas 
g—dim(fcxi) = n and g—dim(fca;2) = m. 

This theorem allows to give interesting information on the positive cone of the 
product S 2 " x 5 2 m . We will state the result as theorem 1.8.2 in the following 
section, because the tools developed there allow to make a crucial improvement. 

Combined with theorem 1.2.3, theorem 1.7.1 enables to compute completely the 
positive cone of S2 x 5 2 " . 

1.7.2 Theorem. For the product S2 x S2n , we iiave 

K+(S2 x S2n) = KC(S2 x S2n) - K1(S
2 x S2n) . 

The ïatter is given by theorem 1.7.1. 

1.8 The Whitehead product and the positive 
cone 

We will establish an interesting connection between the positive cone of a product 
S2n x S2m and the Whitehead product structure on the homotopy groups of the 
spaces BU(k). As an application we will get some precise information on the 
positive cone of S2n x S2m . 

Let us first recall the basic properties of the Whitehead product (the reader may 
refer to [112]). The product Sp x Sq has a cell structure obtained by attaching 
a (p + g)-cell to Sp V Sq . More precisely, there exists a suitable pointed map 
/ : 5 p + 9 _ 1 —> SpV Sq such that Sp x SQ is homeomorphic to the mapping cone 
of/ : 

SVxSi = Cf = (Sp V Sq) Uf e?+*1 

Given a pointed map g = a V ß : Sp V Sq —• X, where X is a CW-complex, there 
exists (up to homotopy) an extension g : Sp x Sq —• X of g if and only if the 
composition g o f is homotopically trivial. Now, considering a and ß as elements 
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of the homotopy groups TTP(X) and nq{X) respectively, the composition (aVß)of 
determines an element in the homotopy group 7Tp+9-I(A"). This defines a map 

TTp(X) x TT9(X) — • H p + ^ 1 ( J O , (a, ß) • - » [a, /?] := (a V /?) o / , 

which by definition is the Whitehead product. One can show that it is Z-bilinear 
(provided that p, q > 2), i.e. 

[<*i+02,/3] = [«1, ß] + [«2, ß] 

[ot,ßi+ß2] = [a, ßi] + [a , /J 2 ] . 

Moreover the Whitehead product is natural with respect to pointed maps, i.e. if 
/ : X —• Y is a pointed map between CW-complexes, then 

[Ma), /.QS)] = M[a,ß}). 

We now want to study the case where X = BU(I). Let xi and X2 be two generators 
of K(S2") and K(S2m) respectively, and assume 1 < n < m. By theorem 1.4.1, 
we know that g—dimfxj) = n and g—dim(x2) = m. Letting q > m, we consider 
xi and X2 as maps from S2n (respectively S2m) to BU that lift to BU(q). The 
element x i + x 2 of K(S2nVS2m) = K{S2n)®K{S2m) can be represented by the map 
xi V X2 : S2n V S2™ —• BU , and it also lifts to a map z:S2nV S2m —*> BU(q). 

Claim. For k G {m, m + 1, . . . , m + n — 1} , there is no extension of the map 
z = X1 V X2 : S2n V S2m —• B£/(fc) to a map S2n x S2m —> BU(k). 

Let y : S2n x S2m —> BU($) be an extension of z for some s >m. Let x be the 
composition of y with the map is • BU(s) —v BU. This means that g -d im(x) < s 
and that i*(x) = Xi + x2 € AT(S2n v S2m), where t is the inclusion of 5 2 " V S2m 

in S2n x S2m. Recall that ( t * ) - 1 ^ ! + x2) = xi+x2 + Z- x ix 2 C tf(S2fl x S2m). 
So, there exists an integer I such that x = x\ + x2 + Ix1X2 , and consequently 

7 " + m ( a ) = ( - i )»+™- 1 ^ ( n + m _ i ) ! _ ( n _ i)t ( m _ i ) i ) . ^ 1 Z 2 ^ o . 

We conclude that 5 > g—dim(x) > 7 -d im(x) >n + m. This proves the claim. 

As a direct consequence, by considering xi and X2 as elements (in fact generators) 
of -K2n{BU(k)) and ir2m(BU(k)) respectively, we get the following result on the 
Whitehead product: 

[ x i , X 2 ] ^ O in x2n+2m-i{BU(k)) for m<k<n + m. 

We would now like to get some information on the order of [xi, X2] in the homotopy 
group T^2n+2m-i(BU(k)). By S-bilinearity of the Whitehead product, we have 
ab[xi, x2] = [axi, bx2] for any integers a and 6. Replacing X\ by ax\ and x2 by 
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bx2 in the preceding computation (in particular x = ax\ + 60:2 + lx\x2 for some 
integer I), one easily verifies that 

Ub[X1, X2] = 0 1 
in TT2n+2m-i(BU(k)) \ = • J(n + m - l ) ! - a 6 ( n - l ) ! ( m - l ) l = 0 (*) 
for m < fc < n + m J 

and this implies that ab is a multiple of ( n + m —l)!/((n—l)! (m —1)!). Notice that 
[x\, X2] € TT2n+2m-i(BU(k)) has to be a torsion element. Indeed, by lemma 1.4.2, 
the group ft2n+2m-i{BU (m)) is finite, and the result follows from naturality of the 
Whitehead product- (In fact, one can show that any group -FOÌ+Ì (BU(J)) is finite; 
this is proved like lemma 1.4.2, by appealing to a result of Borei and Hirzebruch: 
see remark i) in section 1.9). We have thus obtained the following theorem. 

1.8.1 Theorem. Let 1 < n < m and m < k < n+m. Let x\ and X2 be generators 
of the homotopy groups TT2Ii(BU(H)) = Z and 7T2jn(BU(k)) = Z respectively. Then 
the Whitehead product 

[xu «2] e 7T2n+2Tn-I(B^(A;)) 

is non-zero. Moreover its order is a multiple of 
( n - l ) ! ( r o - l ) ! ' 

The implication (*) also means that if ab[x\, X2] = 0 in n2n+2m-i(BU(ft)) for some 
k such that m < k < n + m , then for I = ab(n — 1)! (m — l)\/(n + m — I)I, the 
geometric dimension of x := axi + 6^2 + lx\X% is < k (and for any other value of 
I, the geometric dimension of x is m + n, provided that ab ^ 0). Surprisingly, this 
condition only depends on I and on the product ab. Consequently, from theorem 
1.2.3 together with theorem 1.7.1, we get the following information on the positive 
cone of S2n x S2m in terms of the geometric dimension function: 

1.8.2 T h e o r e m . For 1 < n < m, the geometric dimension on K(S2n x S2m) is 
given as follows: For x = ax\ + bx2 + lx\x2 € K(S2n x S2m), one has 

, if a = b = I = 0 
, if a f- 0, 6 = I = 0 

g—dim(x) = ^ m , if a — 0, 6 ^ 0, I = 0 
, if b ^0, / = o 6 ( n - l ) ! ( m - l ) l / ( n + m - l ) l 

n + m , if I ^ ab(n - 1)! (m - l ) ! / (n + m - 1)! 

where s(ab) € {m, m + 1, . . . , n + m — 1} only depends on the product ab (for 
ûxed n and m). 

As a direct consequence of theorems 1.8.1 and 1.8.2, we have 

1.8.3 Corollary. (Bott , [22]) The order of[xi, X2] in TT2n+2m-i(BU(n+m-l)) 
is exactly (n + m- l ) ! / ( (n - 1)! (m - I)!) . 
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A few remarks have to be done here. 

1.8.4 Remarks. i) This result has been established only using information 
on the 7-cone of 5 2 n x S2m (and Serre's theorem on the rational homo-
topy of spheres). If one is able to compute its positive cone, one then can 
easily compute the exact order of [x\, X2] in the various homotopy groups 
•X2n+2m-i{BU(k)), for m < k < n + m : it is given by 

m n W * > l g - d i m U , *n ™ -T-^xi + X2 + Ix1X2) < k \ . 
{ \(n-l)\(m-l)\ J J 

H) In I960, Bott has proved corollary 1.8.3 by different methods (see [22]). 

iii) We elaborate on these results in appendix D, by comparing them with ob­
struction theory (see in particular theorem D.0.4). 

1.9 The positive cone of some products of even 
dimensional spheres 

In this section, using known results from the theory of homotopy groups of spheres, 
we compute the positive cone of 5 4 x 5 4 , S4 x S6 , SG x S6 and SG x Sa . This 
computation will in particular show that the positive cone and the 7-cone do not 
coincide for 5 4 x S4 ! Keeping notations as in section 1.7, we describe the positive 
cone in terms of the geometric dimension function. 

A) We start with the case of S4 x S4 . 

1.9.1 Theorem. The geometric dimension function on K(S4 x S4) is given as 
follows: For x = ox\ + bx2 + lxix2 G K(S4 x S4), one has 

if a = b = l = 0 
if a ± 0, b = I = 0 
if b ^ 0,1 = ab/6, I even 
if b ^ 0,1 = ab/6, I odd 
if I Ï ab/6 

Proof. Theorem 1.8.2 reduces the problem to the computation of the function 
s = s(ab), i.e. to calculating g—dim(x) for x = axi + bx2 -f- (a6/6)xiX2 (where ab 
is a multiple of 6), or equivalently the order of [xj, X2] in both groups Tn(BU(S)) 
and 7Tj(BU(2)) (with a little abuse of notation, we write both Whitehead products 
in the same way). By Samelson [93], one has 

TT7(BU(2)) S* 7T6([/(2)) S* TT6(St/(2)) a TV6(S
3) =~ Z/12 , 

precisely generated by [xi, x2]. This shows that for these particular values of x, 
g—dim(x) = 2 if and only if ab is a multiple of 12. This completes the proof. D 
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1.9.2 Remark. i) Borei and Hirzebruch in [17] (p. 355), applying Bott's re­
sults of [20], have proved that 

*2n+i{BU{n)) S -K2n[SU(Ti)) S Z/n! (n > 2), 

hence TTf(BU(U)) = Z / 6 . Moreover, corollary 1.8.3 shows that the order of 
[x\, X2] in -Ki(BU(S)) is 6 ; it is consequently a generator. 

iî ) As already alluded to, we have just proved that S4 x S4 has its positive cone 
strictly contained in its 'y-cone, although it is a torsion-free space. 

B) As for S4 x 5 4 , classical results from the theory of homotopy groups of the 
unitary groups allow to compute the positive cone of S4 x SG . In this case, it 
coincides with the 7-cone. 

1.9.3 Theorem. For the product S4 x S6, one has 

K+(S4 x S6) = KC(S4 x S6) = K1(S
4 x S6). 

The latter is described in theorem 1.7.1. 

Proof. By Lundell's tables [73] (see also [77]) and by remark i) above, one has 

TTQ(BU(Z)) « Z/12 and Tr9(BIf (4)) ^ Z /24 . 

Corollary 1.8.3 shows that [xi, X2] is of order 12 in TT9(BU(A)) . By naturality 
of the Whitehead product, the homomorphism j t = 1TQ(J), induced by the map 
j : BU(Z) —y BU(4) , takes [X1, x2\ e TT9(B17(3)) to [xx, x2] € V9(BU{4)). This 
implies that [xi, X2] is of order 12 in TTg(BU(S)) too, and that [axj, 6x2] vanishes 
in TTg(BU(Z)) precisely when it is zero in TT9(BU(A)) . 

Together with theorem 1.8.2, this completes the proof. D 

1.9.4 Remark. This proof shows in particular that [xi, £2] is a generator of 
TT9(BU(Z)) ^ Z/12 and that the map j , : Tr0(BIf (3)) — • Tr9(BIf (4)) is infective. 

C) By similar methods, we now show that the positive cone and the 7-cone coincide 
for 5 6 x S6 and for S6 x S8 . 

1.9.5 Theorem. For the product S6 x 5 6 , one has 

K+(S6 x 56) = K11(S
6 x S6) = K1(S

6 x S 6 ) . 

The latter is given by theorem 1.7.1. 
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Proof. By Lundell's tables [73] (see also [77]), one has 

T r n ( B t / ( 3 ) ) ^ Z / 3 0 and Tvn(BU{5)) ^ Z/120. 

Corollary 1.8.3 shows that [X1, X2] is of order 30 in TTn(BU(5)). By naturality, the 
map j * = TTiiO), induced by j : BU(S) — • BU(5), takes the Whitehead product 
[xi, X2] € TTn(BU(3)) to [x\, X2] € 7Tii(ßf/(5)). This implies that [xi, x2] is of 
order 30 in -Kn(BU(3)) too, and that [ax\, fcx2] vanishes in TTH(BU(3)) precisely 
when it is zero in TTu(BU(B)). 

Together with theorem 1.8.2, this completes the proof. D 

1.9.6 Remark. i) This shows that [xi, X2] generates Trn(Bt/(3)) Sf Z/30 and 
that the map j , : TTn(Bt/(3)) —• TTn(BU(5)) is injective. 

U) We were also able to prove this theorem without appealing to results on ho-
motopy groups of BU(n). Using spectral sequences arguments, we have 
computed the first few stages of the Moore-Postnikov tower of the map 
BSU(S) —• BSU(5). This computation, being extremely lengthy, is given 
in appendix C. 

We pass to 5 6 x S 8 . 

1.9.7 Theorem. For the product SG x Ss , one has 

K+(S6 x S8) = KC(SG x S8) = K1(S
6 x S 8 ) . 

The latter is described in theorem 1.7.1. 

Proof. By Lundell's tables [73) (see also [77]), one has 

T T I 3 ( B Î / ( 4 ) ) =* Z/60 and TTÌ3(BU(6)) ^ Z/720. 

Corollary 1.8.3 shows that [xi, x2] is of order 60 in 7r13(B£/(6)). By naturality, the 
map j * = TtIs(J) 1 induced by j : BU(A) —• BU(6), takes the Whitehead product 
[xi, X2] S 7T]3(B£/(4)) to [xi, X2] € T T 1 3 ( B Ì J ( 6 ) ) . This implies that [X1, X2] is of 
order 60 in TTI 3 (BE/(4)) too, and that [axi, 6x2] vanishes in Tr l3(Bt/(4)) precisely 
when it is zero in T T 1 3 ( B Ï 7 ( 6 ) ) . 

Together with theorem 1.8.2, this completes the proof. • 

1.9.8 Remark. This proof shows in particular that [x\, x2] is a generator of 
TTiZ(BU(A)) e Z/60 and that the map j t : TT13(BU(4)) —• Tr13(BtZ(G)) is injective. 
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1.10 "Gaps in cohomology" and the 7-cone 

In the present section, we are interested in spaces having a "gap in cohomology", 
more precisely we look at spaces obtained by attaching a single large-dimensional 
cell to a finite CW-complex Y. For such spaces, the integral cohomology is zero 
between the dimension of Y and the top dimensional class. The products Sn x Sm 

are typical examples (see section 1.8). For this kind of spaces, the c-cone obviously 
cannot give information in the dimensions corresponding to the gap. At first sight, 
one could think that the 7-cone is more powerful in this range. Unfortunately, this 
is not the case: we show that the 7-cone (or equivalently the 7-dimension function) 
is also "blind" in some sense. Here is the precise statement. 

1.10.1 Proposition. Consider a connected finite CW-complex Y of dimension 
< 2n ; let X = Cf = Y U/ e2n+2m be the mapping cone of a continuous map 
/ : s2„+2m-i _ j , y ( with ro > 1. Then, for any x € K(X), one has 

7"-*»(a:) = 0 = > -yn+l(x) = 0 for all I = 1, . . . , m. 

In other words, if 7—dim(x) < n + m , then 7—dim(x) < n . 

Proof. By assumption, one obviously has Hk(X; Z) = 0 for 2n < k < 2n + 2m 
andH2n+2m(X;Z)^E. 

Let x e K(X) such that jn+m(x) = 0 . By proposition 1.2.2, keeping the same 
notation, we have 

Ch(^(X)) = Ck{x) + Pk+I(C1(X), ... , Cn+m(x)) , 

and 0 = ch(-yn+m(x)) = Cn+m(x). Due to the "gap" in the cohomology of X , we 
find that, for k > n, we have 

C A ( T * ( X ) ) = 0 . 

By the particular cohomological properties of X , the Chern character is injective 
for elements of filtration > n in K(X) (see [5]). Being zero or of filtration > k (as 
proposition 1.2.2 shows), jk(x) has to vanish for k > n. 

This concludes the proof. D 

1.11 A "doubling formula" for Stirling numbers 
of the second kind 

In this section, we calculate the 7-operations for the product 5 2 n x 5 2 m . From 
this computation and proposition 1.10.1, we deduce again the 7-cone, as appearing 
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in theorem 1.7.1. This example illustrates that computing the c-cone is in general 
easier than computing the 7-cone. On the other hand, the latter calculation leads 
to an interesting "doubling formula" for Stirling numbers of the second kind. We 
will also conjecture the analogous formula for Stirling numbers of the first kind. 

Keeping notations of section 1.7, we have 

K{S2n x S2m) = Z-xi®Z-x2®Z- XiX2 -

We still assume n < m. Using the known 7-operations for even dimensional 
spheres, one can easily calculate 7fc for 5 2 " x S2m : For x = ax\ + bx2 + Ix^x2 , one 
has clearly 7fc(x) = -yk(axi + &x2) + 7 fc(/xix2) and this allows to compute 

1
m+i(x) = (-l)m+<*-1(m + q-l)l • 

[ ^U S{n, k)S(m, m + q-k) \ 
• \lS(m + n, m + q)-ab^ fc,m+g-n I " ^1^2 

for q > 1 ; in particular 

7"+™(x) = ( - l ) "+™" 1 ^ (n + m - 1)! - ab{n - 1)! (m - I)!) • XiX2 . 

For 7 m , we have to distinguish the case n = m from the case n < m. One gets 

7TO(ar) = ( - 1 ^ - 1 O ( W i - I ) ! . xi + ( - I ) ^ - 1 M m - I ) I - X 2 + ( -1)" 1 " 1 • 

1 „v. / , „/„ , . 1 ^ 1 S(m, k)S(m, m — k)\ 
• ( m - 1 ) ! \lS(2m,m)-abY, K w ^ - n 1J 

when n = m, whereas 

7
m ( x ) = {-l)m-1b(m-l)\-x2 + ( - l ^ i m - i y . • 

( , r,, x *£—• S(n, k)S(m, m — k) 
lS(n + m,m)-abJ2 ( ^ L i ) " 

when n < m. 

We want to compute the 7-dimension of x = ax\ + Ox2 + lx\x2 • If I = O, the result 
is clear. We now assume / ^ O. If/ is different (iom ab(n— 1)! (m—l)!/(n+m—1)!, 
we see that 7—dim(x) = n + m. On the other side, if I has precisely this value, 
then 7 m (x) ^ 0 , because in this case b ^ 0, and by proposition 1.10.1 we get 
7—dim(x) = m precisely. 

This gives another proof of theorem 1.7.1. 

Let us now pass to the "doubling formula". 

1.11.1 Theorem. Let q <n < m be positive integers; then 

s{m+„, m+q)=<+r ) t s("^:c+«-fe). 

XlX2 

X l X 2 



26 Chapter 1. The positive cone of spheres and some products of spheres 

We called this a "doubling formula" because, particularizing to n = m, we get an 
expression allowing to compute S(2n, n + q) in terms of the numbers S(n, ft) with 
q < k < n — 1. 

Proof. This is an immediate consequence of proposition 1.10.1 and the above 
computations. D 

An alternative proof would be to invoke theorem 1.7.1 rather than proposition 
1.10.1. 

After trying to verify on a computer the analogous formula for Stirling numbers of 
the first kind, namely 

^*)=E(n_?+,)(2;;;)^-^^). 
we were led to conjecture it: 

1.11.2 Conjecture. Let g < n < m be positive integers; then 

k=q K\ k ) 

1.11.3 Remark. After we had informed him about the above theorem and conjec­
ture, Al Lundeil has sent us aproofofthe fatter. The elegant proof is "elementary" 
in the following sense: it only uses some basic formulas for Stirling numbers (such 
as generating functions) and a contour argument in the computation of an integral, 
but no K-theory. Moreover, his proof encompasses both the Stirling numbers of 
the Grst and of the second kind in a unified way. 



Chapter 2 

On the positive cone of 
CW-complexes with two cells 

We compute the c-cone of the CW-complexes with two even dimensional cells. This 
involves the Hopf invariant and the Adams e-invariant. We determine the positive 
cone in several situations. We discuss in detail the case of the projective planes 
IRP2 , C P 2 , MP2 and CaP 2 (the octonionic projective plane). As an application 
of these computations and of the work on the J-homomorphism due to Dyer [38], 
Adams [2] and Quillen [84], we construct some elements of "large order" in the 
homotopy groups of BU(n). 

2.1 Introduction 

We are interested in the positive cone of connected CW-complexes with two cells 
of positive dimension, that is, spaces having the homotopy type of the mapping 
cone of a map / : Sq —> Sn (with q > n > 1), i.e. 

Cf = 5 " U/ eq+1 = e0 U e" U eq+1, q > n > 1. 

If / is homotopic to the constant map, then Cf has the same homotopy type as 
Sn V Sq+l. 

The positive cone of a wedge of two spheres was one of the subjects of chapter 1: 
the c-cone and the 7-cone were computed, and the positive cone was completely 
determined. So, in what follows, only the case where / is not homotopic to the 
constant map will be of interest. 

This chapter is organized as follows: In section 2.2, we compute the cohomology 
and the Ä"-t,heory of the mapping cone of a map / : Sq —> Sn . We determine the 
positive cone in all cases, except when n is even and q is odd, or when n = q is odd 

27 
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and X is a Moore space M(Z/d, n). For the latter, we compute the c-cone and the 
7-cone in section 2.3. We can determine the positive cone in some particular cases, 
as for example when n € {1, 3} , or when d is prime and n < 2d — 1. We also 
explain that for M(Z/2 , 5 ) , the positive cone and the 7-cone coincide, whereas 
the c-cone is "informationless". In section 2.4, for n even and q odd, we compute 
the Chern character and the Chern classes in terms of the Hopf invariant and the 
Adams e-invariant of the map / . We conclude this section with an integrality 
relation between these two invariants. We calculate the c-cone and determine 
partially the positive cone of the four projective planes in section 2.5. The results 
are complete only for IRP2 and C P 2 . To achieve this, we use known results on the 
J-homomorphism to find the e-invariant of the Hopf fibrations. Finally, in section 
2.6, we show that the Chern classes allow to detect elements of 'large order" in 
some homotopy groups of the Grassmannians BU{s). To give explicit results, we 
need some classical results on the J-homomorphism. 

2.2 Preliminary computations 

In this section, we compute the cohomology and the it-theory of the mapping cone 
of a pointed map / : Sq —> S" , with q > n > 1. We also determine the positive 
cone, except when n is even and q is odd, or when q = n. 

We keep notations as in chapter 1. 

Let X denote the mapping cone Cf of / . Consider the Barratt-Puppe sequence 

59 M, sn À X Z* X / S " ~ Sq+1 ~ ES* - ¾ E S " ~ Sn+1, 

where p is the projection onto the quotient space. It induces the long exact sequence 

. . . —> Hm{Sq+1; Z) -^ Hm(X; Z) A Hm(Sn\ Z) - ^ Hm+1{Sq+l\ Z) — • . . . 

in reduced integral cohomology, and similarly in reduced rational cohomology. The 
boundary homomorphism d is simply the composition of the suspension isomor­
phism with (E/ )* . The homotopy type of X depends only on the homotopy class 
of / , i.e. of [/] G ng(S

n). If q — n, then Trn(S") = Z, and / corresponds under 
this identification to its degree d. It follows that, in this case, the map 

Z * IT[S"; Z) A tf"+1(S«+1; Z) 9Ê Z 

is multiplication by the degree of E / . which coincides with d, and then X is either 
a wedge S" V S n + 1 (when d = 0) or a Moore space M(Z/d, n) (when d ^ 0). On 
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the other hand, we have the 6-term exact sequence in reduced i^-theory 

£0(5^+1) J u l K°{X) 

d 

K1^)*-— Kl(X) 

Under the Chern character 

ch : K°(Y) —• Hev(Y; Q) and ch : K1 [Y) —y H0^(Y \ Q), 

defined for any connected finite CW-complex V , the 6-term exact sequence in 
reduced K-theory maps to the corresponding sequence in reduced rational colio-
mology. Since the Chern character is injective for spheres, it follows readily that 
the boundary homomorphisms d in the 6-term exact sequence for if-theory are 
zero, except when q = n, and then they are multiplication by d, the degree of / . 

The following proposition is a direct consequence of theorem 1.4.1 and of proposi­
tions 1.5.5 and 1.3.3. 

2.2.1 Proposition. Let q > n > 1, and let X be the mapping cone of the pointed 

map f :Sq —v Sn . Denote by Sn A X -^ X/Sn ~ S^+1 the obvious maps. Then 

i) Ifn and q are even and if q > n, then K(X) = K(Sn) = Z , and i* induces 
an isomorphism of positive cones (K+(S*1) being described in theorem 1.4.1). 

H) If n is even and q = n, then K(X) = Q, consequently, the positive cone is 
N c Z = K(X). 

in) Ifn is odd and q is even, then K(X) = 0, consequentJy, the positive cone is 
N c Z = K(X). 

iv) Ifn and q are odd and ifq>n, then K(X) = K(Si+1) 9É Z , and p* induces 
an isomorphism of positive cones (K+(Sq+1) being described in theorem 
1.4.1). 

Moreover, in the four cases, the j-cone and the c-cone of X coincide with the 
positive cone. 

This proposition deals successfully with all cases, except when n is even and q is 
odd, or when n = q is odd and X is a Moore space M(Z/d, n) = 5 " U<j e n + 1 , i.e. 
the mapping cone of a map / : 5 " — • Sn of degree d ^ 0 . The case q = n is the 
subject of section 2.3, and the remaining case is treated in section 2.4. 

^--* K°(Sn) 

. I» 
J- K^(Sl+1) 
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2.3 The positive cone of M (Z/d, n) = Sn Ud e
n+1 

We compute the positive cone of the Moore space M[Z/d, n) = Sn U<* e n + 1 , i.e. 
the mapping cone of a map j : 5 " —> Sn of degree d ^ 0 (with n > 1). The 
case where n is even was treated as case ii) in proposition 2.2.1. Let us therefore 
assume that n = 2m — 1 is odd (where m > 1). 

Working with the exact sequences of section 2.2, we deduce that the homomor-
phisms 

p* : Z 9È K{S2m) —+ K[X) and p* : Z 3 H2m[S2m) —> £ 2 m ( X ) 

are both surjective with kernel dZ; in particular, i^(-X") = Z -p*(x) = Z /d , and 
j / 2 m ( X ) = Z-p* (y) 3 Z /d , where x and y are generators of K[S2m) and H2m[S2m) 
respectively. The other reduced cohomology groups of X vanish. It follows from 
proposition 1,2.4 that for any I € Z (and suitable choices of x and y), 

7*(/ -p*(x)) = (-l) f c-^(fc - l)!S(m, fc) • p*(x), for 1 < fc < m 

c m ( i - ^ ( x ) ) = ( - l ) m - 1 ( ( m - l ) ! - p ^ y ) , 

all the other 7-operations and Chern classes being zero. Prom theorem 1.2.3, we 
can now deduce the 

2.3.1 Proposition. Consider the Moore space JW(Z/d, 2 m - 1) - S2"1"1 u d e 2 m , 
with m > 1 and d ^ 0 , and the obvious projection map p : M [Z/d, 2m-1) -» S 2 m . 
Then K[M[ZJd, 2m - I)) = Z -p"(x) * Z /d , where x is a generator of £ ( 5 2 m ) . 
The c-cone contains the 7-cone; they are given by 

_ , . ,. * / œ ^ _ / 0 . i/i("» - 1)1 s 0 (mod d) 
^ | m , otherwise, 

7 -d im( / • p*(x)) = max{fc < m | J(A - l)!S(m, it) ^ 0 {mod d)} , 

where IeZ. If l[m - 1)! = 0 (mod d ) , then g-dim(f • p*[x)) < m - 1. In 
particular, if d and (m — 1)! are prime to each other (e.g. i / m < 2, or i fd is a 
prime and m < d), then the positive cone coincides with the c-cone and with the 
•y-cone. Moreover, for [m — 1)! = 0 (mod d ) , the c-cone is as large as possible, in 
other words, it is given by N x K[M[Z/d, 2m — I ) ) . 

Recall that the 7-dimension is always > 1, except for the zero virtual vector bundle. 
Let us illustrate the situation by two examples. 

Examples . 

i) For M(Z/2 , 5) , one has K[M[Z/2, 5)) = S -p*(x) a Z/2 , and 

c-dim(p*(x)) = 0 and j-dim[p*[x)) = 2 , 
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since S(3, 2) = 3 . Consequently, the positive cone and the 7-cone coincide, 
whereas the c-cone strictly contains the positive cone and is as large as 
possible- (This example was already considered in section 1.3.) 

ii) For Af(Z/5, 9) , one has K(M(XZb, 9)) = Z -p*(x) =" Z / 5 , and 

c-dim(z) = 0 and 7—dim(s) = 1, 

for any nonzero z e K{M{1/5, 9)) , since 5(5, 2) = 15 , 5(5, 3) = 25 and 
5(5, 4) = 10. Consequently, the c-cone contains the 7-cone strictly, and we 
can say that both are as large as possible. 

2.4 On the positive cone of S2m Uf e2m+2Z 

We compute the c-cone of the mapping cone X = S2m U/ e2m+21 of a pointed map 
f . S2m+2i-\ — j . 52m ^ w h e r e ^ j > y T h e H o p f m v a r i a n t # ( y ) a r K j ^ 6 Adams 

e-invariant e ( / ) play a crucial role. We conclude this section with an integrality 
relation between these two invariants. 

We keep notations as in section 2.2. The integral cohomology of X is given by 

H*(X, Z) = % e Z • y e Z • z ^ Z3 , 

with y in degree 2m corresponding under i* to a generator of H2m(S2m; Z) , and 
z in degree 2m + 21 corresponding under p* to a generator of Jf2™+2l(s2m+2t; Z) . 
The ring structure is as follows: If m ^ I, the products y2 , yz and z2 all vanish; 
Hm = I, then yz = 0 , z2 = 0 and y2 = / iz , for some integer ß, called the Hopf 
invariant H(f) of f. This integer only depends on the homotopy class of / , i.e. on 
[/] e 7T4m_i(52,w). In order to simplify the forthcoming formulas, we set H(f) := 0 
when m ^ i ; we can then write y2 = H(f)z in any case. In reduced it-theory, we 
have a short exact sequence 

0 —> Z • s 2 m + 2 , = K(S2m+21) A tf(X) A K(S2m) = Z • z 2 m — • 0. 

Taking £ e (t*)_1(z2m) and rç := p*(x2m+2i) , we get 

.KpO^Z®Z-£©Z-77^Z3 . 

Notice that Tf is uniquely determined up to addition of an integral multiple of £. 
The Chern character is as follows: 

CH£) = y + Az and ch(r)) = z, 

for some rational number A . Because of the different possible choices for 77, the 
rational number X is only determined modulo 1, i.e. it represents a unique element 
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e(f) in the group Q/Z, called the Adams e-invariant of / (also denoted by ec ( / ) ) . 
It only depends on the homotopy class of / . Without loss of generality, we can 
consider e(f) as an element of Q n ] - ^ 1 5] (uniquely determined). (See [2], pp. 
321-323 for some more details on the e-invariant.) Since ch is an injective ring 
homomorphism (X being torsion-free), the product in K(X) is given by 

e = H(f)V,(;v = 0 and n2 = 0 . 

We would like to compute the Chern classes. They are closely related to the Chern 
character, as we now recall. For a connected finite CW-complex Y, we denote 
by c/i2fc the component of ch in H* (Y; Q) . One has cfi2k = £[Sfc(ci, . . . , c*) 
(for k > 1), where the s^'s are the Newton polynomials. They are defined by the 
relation 

SkMh, • . . , tfc), . . . , <7fc(*i, • • • , h)) = tf + . . . + ti , 

the (Tj-'s being the elementary symmetric polynomials (see for example [58], p. 255). 
One immediately sees that 

si(c\) = ci and 82(01, C2) = C1 — 2c2 • 

We will however need some more values of these polynomials. Fortunately, we have 
the Newton formula ([52], p. 92) 

Sfc - C1Sk-I + C2Sfc-2 - + ••• + ( - I ) ^ - 1 C A - I S 1 + (- l) f efc • Cfc = 0 . 

With the first few values given above, this gives for example 

«3 = C? - 3cic2 + 3c3 34 = c\ - 4c?c2 + 2c\ + 4C1C3 - Ac4 . 

Coming back to X , it is straightforward to check that 

M O = ( - I r - 1 C " * - ! ) ! y and c(ij) = 1 + ( - 1 ) " + 1 " 1 ^ + ' - I ) ! * -

It is also clear that 5m(£) = m\y and Cj(C) = Sk(C) = 0, for j & {m, m + 1} 
and 1 < fc < m — 1. In the Newton formula for sm+t, the only possible nonzero 
contributions are (—l)m + ' (m + l)c,„+i and, if m = I, the product (—l)mCm.sm . 
After a short computation, we get 

c(g) = l + ( - i r - V - l ) ! y + ( - l ^ 

By means of the Newton binomial formula, we find, for ( = a£ + brj £ K(X) with 
a, fee Z, 

c ( 0 = 1 + ( - 1 ) — V - 1)! a • y + ( - 1 ) ^ ( ( - 1 ) ^ ^ ( / ) 1 0 2 ^ a(a _ 1 ) + 

+H(f)&^a-e(f)(m + l-l)\a-(m + l-l)\b)-z. 

It is clear that if C7n(C) — 0, then 0 must be zero, and if Cm(C) = c,n+i(Ç) = 0, 
then C = O. We have now proved the following proposition: 
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2.4.1 Proposit ion. Let X be the mapping cone of a map f : 5 2 m + 2 I _ 1 —• S2m. 

i) Then K[X) = Z-^Z-q £* Z2 , andH*(X; Z) = Z-y^Z-z ^Z2 , with £ ,n, 
y and z as above, and subject to the relations £2 = H(f)r], y2 = H(f)z (the 
other products being zero). Furthermore, ch(() = y + e(f)z and ch(n) = z. 

ii) The c-cone and the -y-cone coincide and are given by 

(o, i/C-o 
c-dim(C) = < m , i / t w i K ) = 0 and C 7̂  0 (C = aÇ+bn, a, b € Z) ; 

[ m + I, otherwise 

c(C) is given by formula (*) above. 

As a by-product of our computation, noticing that the coefficients of c(£) above 
must be integers, we get a proof of the following result. 

2.4.2 Proposition. Let [f] G TT2m+2l-i(S2m), where m,l>l. Then 

(m - 1)! m! H(f) - (m + J)! e[f) = 0 (mod m + l). 

(This result is not the best possible: compare with thm. 1 in [38] and with prop. 
7.9 in [2].) 

2.5 On the positive cone of the projective planes 

We compute the c-cone and the 7-cone, and determine partially the positive cone, 
of the projective planes MP2 , CP2 , MP2 and CaP 2 . 

Let us first remark that in chapter 1, we have already computed the positive cone 
of the four projective lines. Indeed, there are well-known homeomorphisms 

R P 1 Ê 5 1 , C P 1 S S2 , MP1 ^ S4 and CaP 1 ^ 5 8 . 

For these spaces, the positive cone coincides with the 7-cone and with the c-cone. 

Let us now compute the positive cone for X := E P 2 . Since K(X) = ZjI, gener­
ated by x = £ ® C — 1, where £ is the canonical real line bundle (see [74], prop. 
4.3.11), one has g -d im(x) = 1 and K+(X) = N®K[X) ^ N © Z / 2 . On the other 
hand, one has c—dim(a;) = 1 (by virtue of thm. 1.2.3) and 7—dim(x) = 1 (since 
7 1 = Ida). This proves the 

2.5.1 Theorem. For the real projective plane MP2 , the positive cone, the c-cone 
and the -y-cone coincide. Moreover, 

K+(RP2) = NBK(UP2), 

with K(RP2) Ç* Zf 2 being generated byx = Ç®C-l. 
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For another proof of this result, we invoke proposition 2.3.1, because BtP2 is a 
Moore space M(Z/2 , 1). 

The real projective plane is an example of a space with torsion for which the three 
cones coincide. 

The other three projective planes KP2 , where K is one of the division algebras 
C, H or Ca, are the mapping cones of the Hopf fibrations 5 3 — • S2 , S7 —> S4 

and S 1 5 —> S8 respectively (see [101], p. 12). They are defined as follows: Let n 
denote the dimension (over R) of KC. Consider S 2 "" 1 as the set of pairs (a, ß) 6 IK2 

with | |a | | 2 + |j/3||2 = 1, and S1" as the one-point compactification of K; then the 
corresponding Hopf fibration (with fiber Sn~l) is the map 

v ' ^oo , otherwise 

(see [112], p. 677). These maps have Hopf invariant one, and by Adams [l], these 
values of n are the only ones for which there are maps with Hopf invariant one. 

The projective plane DCP2 has the cell structure K P 2 = Sn U, e2 n = e0 U en U e 2 n , 
and the cohomology ring is H*(KP2, Z) = Z[y]/(y3) , with y in degree n , and the 
Ä"-theory ring is K*(KP2) = Z[£]/(£3), as we have shown in section 2.4. We can 
choose y and £ so that 

ch(0=y + e(f)y\ 

where e(f) € Q p ] - ^ , ^] is the Adams e-invariant of / . The values of e(f) for the 
Hopf fibrations are as follows: 

C P 2 : e ( / ) = \ H P 2 : e(f) = 1 CaP 2 : e(f) = - ± . 

Let us explain how to find these values. In the complex case, this is given by 
example 7.4 in [2]. It will be reproved below, when we discus C P 2 in more details. 
In the other two cases, we use some more machinery, that we now introduce. The 
real Hopf-Whitehead J-homomorphism J : TTÎ(SO(TÏ)) —> irn+i(Sn) (see [86], p. 5 
for the definition) gives rise, after stabilization, to a homomorphism (denoted by 
the same letter) 

J: I 4 ( S O ) - H T f , 

with values in the stable stem icf , i.e. in the î-th stable homotopy group of the 
sphere S0. By real Bott periodicity [20], 7r4fc-i(SO) a Z . By theorem 7.16 and 
proposition 7.14 of [2] (see also theorem 1 and pp. 370-371 of [38]), if a map 
f : S2"+4*-1 —». S2n, with k > 1, is the standard generator of the image of J 
in T r^ - 1 , then e ( / ) = ( -1)* - 1 *¾¾ € Q / Z , with bk equal to 1 (resp. 2) for k 
even (resp. odd), and Bk denoting the fc-th Bernoulli number. It is defined by 
Bk := (~l)tt~iß2k , for fc > 1, where the /¾¾ are the rational numbers given by 
-é^i = X^7>o ~èx^ • F ° r 'a^er reference, let us denote by Mk the denominator of 
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4J£ expressed in lowest terms. The first few values are 

k 

Bk 

(-1)*-1¾¾ 

A4 
My 
bk 

1 

1 
6 

1 
12 

24 

12 

2 

i 
30 

1 
240 

240 

240 

3 

i 
42 
1 

252 

504 

252 

4 

i 
30 

1 
480 

480 

480 

5 

5 
66 

1 
132 

264 

132 

6 

691 
2730 

691 
65520 

65520 

65520 

7 

7 
6 

1 
12 

24 

12 

8 

3617 
510 

3617 
16320 

16320 

16320 

9 

43867 
798 

43867 
14364 

28728 

14364 

10 

174611 
330 

174611 
13200 

13200 

13200 

The three Hopf fibrations 5 3 —> S2 , S7 —» S4 and 5 1 5 —s- S 8 generate a 
copy of % in the groups Tr3(S

2) ^ £ , Tr7(S
4) ^ Z 0 ^ / 1 2 and TTi5(S

8) ^ Z © Z / 1 2 0 
respectively, and they represent the standard generators of the corresponding stable 
homotopy groups 7rf ^ 1/2, x§ = £/24 and Tif ^ Z/240 ; moreover, these groups 
coincide with the image of the 7-homomorphism (see [86], pp. 4 and 6). This 
proves that the Adams e-invariant takes the announced values for these maps. (In 
the quaternionic case, we will also give another explanation below.) 

Now that we know the Hopf invariant and the Adams e-invariant of the Hopf 
fibrations, we can deduce the Chern character and the Chern classes for KP2 , 
using the general computations made in section 2.4. For a, b 6 £ , we find 

ch(aÇ + bf) = -

ay + zfty2, 

ay+^y2 

for C P 2 

for H P 2 

ay + = * ^ V\ for C a P 2 , 

and 

cK + &£2) = 

l + ay+^^y\ 

l-ay + ^ ^ à y \ 

for C P 2 

for H P 2 

1 - 6ay + (18a2 + 21a - 50406)?/2 , for CaP 2 

To end this section, let us consider the three projective planes K P 2 independently, 
and state the results we find for their c-cone and positive cone. 

We first consider the complex projective plane X := C P 2 . Recall that the integral 
cohomology and the iC-theory are given by H*(X, Z) = Z[y]/(y3), with y a genera­
tor in degree 2 , and K(X) = Z[£]/(£3), where £ = ¢ - 1 , w*th C being the canonical 
complex line bundle. The first Chern class is given by ci(£) = y (see [74], prop. 
4.3.1 and its proof). Since £ is aline bundle, c/i(£) — ch(Q — 1 = e C l ^ — 1 = y+\ , 
and we recover the fact that the Adams e-invariant is \ . 

The above formula for the total Chern class determines the c-cone. The 7-cone 
coincides with it, since CP 2 is torsion-free (see prop. 1.3.3). It follows readily from 
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theorem 1.2.3 that the positive cone is equal to the c-cone. We have thus proved 
the following theorem. 

2.5.2 Theorem. For the compJex projective plane CP2 , the positive cone, the 
c-cone and the -y-cone coincide. In K(CP2) = 2[£]/(£3), the positive cone is given, 
in terms of the geometric dimension function, by 

{0, if a = 0 and b - 0 

I 1 ifb = ^ f U ^ O (a, be Z). 

2 , otherwise 
Notice that the geometric dimension is not sub-multiplicative, in other words, the 
formula g-dim(£i£ 2) < g-dim(£i ) • g - d i m ( & ) , for &, £2 e K(X)> is generally 
false, as was mentioned in section 1.3. Indeed, taking £i = £2 = 2£ + £2 G UT(CP2), 
we get g—dim(£i) = 1, £2 = 4£2 and g—dim(£2) = 2 . The same holds for the 
c-dimension and the 7-dimension (for the same example). 

The complex projective plane is an example of a compact manifold X for which the 
"boundary" of the positive cone is not given by a finite number of "affine equations" 
in K(X) (indeed, the above formulas for the geometric dimension function are 
quadratic in a and b). This answers by the negative a question posed independently 
by Nigel Higson and by Etienne Ghys. 

For the quaternionic projective plane H P 2 , we compute the total Chern class in 
section C.4 of appendix C; we have 0(0,% + b£2) = 1 — ay+ a " ^ - 1 2 b y2 . Comparing 
this result with the one obtained in section 2.4, one sees that the Adams e-invariant 
is Y2 Î confirming the result above. In the present case, £ = £ — 2 , where £ is the 
canonical quaternionic line bundle, considered as a complex bundle of rank 2 . 

We see that 04(0^ + b£2) = 0 if and only if 6 = a(a — 1)/12 , and that C2 and C4 
both vanish if and only if a = b = 0. Together with theorem 1.2.3 and proposition 
1.3.3, this proves: 

2.5.3 Theorem. For the quaternionic projective plane MP2 , the K-theory ring 
is K(MP2) = Z[£]/(£3), and the c-cone coincides with the -y-cone and is given, in 
terms of the c-dimension function, by 

{ 0, if a = 0 and b = 0 

2, i f 6 = 2 l a z l l ^ o ( o , 6 e Z ) . 

4 , otherwise 
Furthermore, the positive cone is partially determined by the following information 
on the geometric dimension function: 

{0, ifa = 0ando = 0 

2or3, i f b = ^ Ü ^ 0 (o,&€Z). 

4, otherwise 
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We finally consider the Cayley plane C a P 2 , which is the mapping cone of the Hopf 
fibration f : S15 —• S7 discussed earlier. The cell structure is CaP 2 = e°Ue8Ue16 . 
There are (at least) two other definitions of CaP 2 {the interested reader may refer 
to [112], pp. 695-715, or to [83], pp. 281-295). The first one defines CaP 2 as the 
set of primitive idempotents (i.e. of trace 1) in the 27-dimensional real exceptional 
Jordan algebra J of hermitian (3 x 3)-matrices over Ca, equipped with the Jordan 
multiplication XoY = \(XY+YX) , which is commutative but not associative. It 
is sometimes called the Albert algebra, and denoted by Al. The second description 
involves the exceptional compact 1-connected simple Lie group of type F4 , which is 
the group of automorphisms of the real algebra 3. All the automorphisms preserve 
the trace, therefore F4 acts on the set C a P 2 of primitive idempotents. The action 
is transitive, with stabilizer a closed connected subgroup of maximal rank of F4 . 
This subgroup turns out to be isomorphic to Spin(9). This shows that there is a 
homeomorphism 

CaP 2 =*F4 /Spin(9). 

The integral cohomology ring of CaP 2 is given by H* (CaP 2 ; Z) = % ] / ( y 3 ) , 
where y is in degree 8. The ^- theory ring is K(CaP 2 ) = Z[£]/(£3). The virtual 
bundle £ may be described as follows. Let Ag : Spin(9) —• U(16) be the Spin-
representation. This defines a bundle BAg : BSpin(9) — • BU(IQ) of (complex) 
rank 16. The inclusion of the closed connected subgroup Spin(9) in JRJ induces a 
fibration 

CaP 2 = F4/ Spin(9) <\ BSpin(9) —> BF4 . 

The bundle £ is Ç — 16, where £ is the composition 

C = BA 9 o i : CaP 2 ^ B Spin(9) —> BU(IG). 

This is due to Minami [78] (thm. 7.1), and is based on a theorem of Pittie [82]. 
(The crucial hypotheses are that FA is simply connected, and Spin(9) is of maximal 
rank in F4 .) 

For v = at + bÇ2 , we have seen that C(T?) = -6ay + (18a2 + 21a - 50406)?/2 . We 
deduce that C8(T?) = 0 if and only if b = (6a2+7a)/1680. If moreover C4 (rj) = 0, this 
implies that ij = 0 . It is not difficult to show that the equation b = (6a2 + 7a)/1680 
has infinitely many (integral) solutions, as for example, for any fc e Z , the integers 

a = -672 - 3360fc and ò = 1610 + 16114fc + 40320fc2 . 

(There are many other infinite families of solutions of the same kind.) This means 
that for these values of a and b, one has c—dim(a£ + 6£2) = 4 . Consequently, 
theorem 1.2.3 with proposition 1.3.3 give the 

2.5.4 Theorem. For the octonionic projective plane CaP 2 , the K-theory ring is 
K(CaP"2) = Z[£]/(£3), the c-cone coincides with the 7-cone and is given, in terms 
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of the c-dimension function, by 

{0, ifa = 0andb=0 
4. ^ = ¾ ? ^ ° (o,6eZ), 

8, otherwise 

and ali cases occur. Moreover, the positive cone is partially determined by the 
following information on the geometric dimension function: 

{0, ifa = Oandb = 0 

4, 5, 6 or 7, ifb = ^ g * ^ O (a, be Z). 
8, otherwise 

2.6 Application to some homotopy groups of 
the Grassmannian BU(n) 

We use the computation of the c-cone for the mapping cone X = Cf of a map 
/ : 5 2 m + 2 i _ 1 —> S2m , to construct elements "of large order" in some homotopy 
groups n2m+2i-i{BU{s)) - Our computation is based on the results of section 2.4 
and some known facts relating the Adams e-invariant and the J-homomorphisin. 

We first collect some classical results from homotopy theory that we will need. 

2.6.1 P ropos i t i on . Let X be pointed space; let r, m > 0 and n, q > 1. Denote 
by fk (resp. gie) a pointed map of degree k € Z on Sn (resp. Sn+1). 

i) The suspension homomorphism a : nr(S
n) —> î r r+i(S"+ 1 ) is an isomor­

phism if r < 2n — 2 and an epimorphism if r = 2n — 1. In particular, 
""TO = 71J^m(S-7") for anY 3 >m + 2. 

H) For a e Trn[X), the composition ao fk represents ka (resp. ak, if n = 1) 
in TTn(X). More generally, for any fixed pointed map g : Sn —> 5 9 , the 
application nq(X) —y ^n[X), ß i—y goß is a group homomorphism. 

ni) Fora € nm(Sn), the composition flfcoo-(a) represents ka(a) in î r m +i(5 ' " + 1 ) . 

Proof, i) is the Freudenthal suspension theorem (see [51], thm. VI.2.10), and ii) 
is a direct consequence of the definition of the product in the homotopy groups. 
For a proof of iii), we refer to [51], thm. VI.2.3, or to [45], pp. 416-417. D 

Let now / : S2m+2l~l —y S2m be a pointed map, with m > I > 1. We also choose 
an integer s such that m < s <m + I — 1. 
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We keep notations as in section 2.4. In particular, we have 

w2m(BU(s)) V TT21n(BU) = K(S2m) = Z - x 2 m £ Z , 

where i3 : BU(s) —> BU is the canonical fibration, with 2s-connected fibre 
U/U(s). From now on, we identify these groups. The mapping cone 52171U^e2"1"1"2' 
of / is denoted by X, and i designates the inclusion of S2m into X . The if-theory 
of X is given by 

K[X) = Z-Ç®Z-j]*Z2, 

and i*{a£ + brj) = ax2m (a, b € Z). Since I < m— 1, the Hopf invariant H(f) of / 
vanishes. 

We now fix some integer a, and consider the following diagram representing a 
lifting and extension problem: 

c 2m+2i - l 

a£ + bt) 

At this point, 6 is an unknown integral parameter. It is clear that, up to ho­
motopy, there exists an extension of ax2m to X if and only if (a,X2m) ° / is zero 
in n2m+2i-i(BU(s)). In this case, the composition is o a G K(X) is a virtual 
vector bundle £ over X such that i*(Q = aX2m and with g—dim(£) < s . It fol­
lows that there exists an integer b (our parameter!) such that ¢ = a£ + brj and 
c—dim(£) < s < m + I — 1, and therefore Cm+I(Q = 0 . We have thus proved that 

(ax2m) o / = 0 e TT2m+2t-i (BU(s)) ==> 3b G Z s.t. C1n+I (a£ + brj) = 0 . (*) 

In section 2.4, we have computed the Chern classes for X . Since H(J) = 0 , we 
see that the condition C1n+I (a£ + bq) = 0 amounts to 

36 € Z such that a • e( / ) + b = 0 . 

TlUs means that the denominator of the Adams invariant e ( / ) 6 Q n ] - | , ^ ] , ex­
pressed in lowest terms, must divide a. (Let us remark that the denominator of 
e ( / ) considered as an element of Q/Z is well-defined: it is simply its order in this 
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group.) When s = m+ I - 1, condition ( • ) is an equivalence, as a consequence of 

theorem 1.2.3. 

Apparently, we have no control on the behaviour of (ax2m) ° / € ^2^1+21-1(-^^(5)) 
with respect to a . Fortunately, the following lemma comes at our rescue. 

2.6.2 L e m m a . Under the above hypotheses, in particular, I < m — 1, one has 

(ax2m) 0 / = a - {x2m 0 / ) € w2m+2i-i(J3tf (»)) ' 

for any a € S . 

Proof. Let fa (resp. ga) be a pointed map of degree a on S2m (resp. S2™+2 '"1). 
Consider the following diagram: 

S2m+2l-l _ / _ _ S2m _^2m ^ j 

By proposition 2.6.1 H)1 the left-hand and the right-hand triangles commute. By 
2.6.1 iii), the middle triangle commutes, provided that / € ¢7(7^+21-2(^2"1-1)) • 
From i) in the same proposition, and from the condition I < m — 1, it follows that 
/ is always a suspension. Finally, from 2.6.1 ii), we find X2m°f 0Qa = <*• ix2m°f) > 
and this concludes the proof. Ü 

We now understand that the condition I < m — 1 is crucial. 

Noticing that the group •X2m+2i-i(BU(s)) is finite (as follows from lemma 1.4.2, 
since 1 < s < m + I — 1), we can collect these results in a theorem. 

2.6.3 T h e o r e m . For 1 < I < m - 1 , let f : S2m+2l~l — • S2m be a map, and let 
X2m be a generator of K(S2m). Then, for any s such that m<s<m + l— 1, 
the composition X2m°/ represents a non-zero element in Tr2m+2l-i{BU(s)), whose 
order is a multiple of denom(e(/)) , the denominator of the Adams invariant e ( / ) 
of f expressed in lowest terms. For s = m +1 — 1, the order of X2m ° f is precisely 
denom(e( / ) ) . 

Of course, this theorem becomes interesting once we know how large the denomi­
nator of e ( / ) can be. Another question arises: What is the precise order of X2m ° / 
in7r 2 m+2i- i (Sy(5))? 

It turns out that for I even, say I = 2k, we can partially answer this question. 
First by proposition 2.6.1 i), the condition I < m — 1 implies that the maps 
K2m+2i-i{S2m) —^ TrJJ-1 and7T2i-i(SO(2m)) —> 7T2Ì-I (SO) are isomorphisms (the 
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fiber SO / SO(2m) of the canonical fìbration BSO(2m) —• BSO is 2m-connected). 
For i > 0 , 7T (̂SO) = TTi(O), and by real Boti periodicity [20], 

{Z , if j = 3 (mod 4) 
Z/2 , if j = O or 1 (mod 8) 
O, otherwise. 

We see that the case of most interest in our framework is when I is even, say I = 2k. 
Then, the J-homomorphism is a map 

J : Z S TT4^1(SO) Ef 7r4fe-i(SO(2m)) — • 7r2m+4f t_1(S2m) ^ Tr4Vi • 

Following Adams [2], we denote the image of a (chosen) generator of the cyclic 
group Tr4Jt-I(S0(2m)) by J 4 ^ 1 e n2m+4k-i(S2m). By Adams [2] and Quillen [84], 
the image of J is a direct summand in TT2m+4fc_i(S2m) and is of order exactly 
Mfc , the latter being defined in section 2.5 (see also [103], p. 488). This means 
that J4fc_i is of order Mj. and generates a direct summand. On the other side, by 
theorem 1 of [38], the Adams e-invariant e(J4k-i) (expressed in lowest terms) has 
denominator -$*•. (This result is also a consequence of [2], prop. 7.14 and thm. 
7.16.) 

It follows from proposition 2.6.1 H) that the application 

7T2m+4fc-i(£2m) —y ir2m+ik~i(BU(8)) t g<—> gox2m 

is a group homomorphism. From theorem 2.6.3, we deduce the following result. 

2.6.4 Theorem. Let j'4fc_i € ^2m+4k-i{S2m) — nfk-i denote the image of a gen­
erator of the group Tr4fr-i(SO(2m)) = Tr4fc_i(SO) = Z under the J-homomorphism, 
where 2 < 2fc < m - 1. Let x2m be a generator of K(S2m). Then, for any s 
such that m<s<m + 2k — 1, the composition X27n ° 34k-i represents a non-zero 
element in Tr2m+4k-i{BU (s)), whose order is given by 

denom ( -rf ) , ifkis even 

denom ( f£ ) or ^ denom ( jfc J , ifk is odd, 

where Bk denotes the k-th Bernoulli number. When k is odd and s = m + 2fc — 1 , 

the order ofx2m ° f is\ denom ( ^ ) • 

Unfortunately, we were unable to determine the exact order when fc is odd. How­
ever, notice that for a given fc , the order may depend on s . (We could not settle 
this question.) 

Before giving some numerical examples, we would like to insist on the fact that 
the element we have constructed in ^2m+4k-i{BU [s)), namely x2m ° J4k-i. can 
be written down explicitly by means of the real and the complex Bott periodicity 
isomorphisms. 
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Examples. 

i) For k = 1 and m = 3 , we have denora (-^) = 24 and we can take s = 3 or 
4 ; the corresponding groups are 

It9[BU[S)) S Z/12 and TT 9 (B(7(4)) Sf Z/24. 

We see that 3:00,73 is a generator of the former, but only generates a subgroup 
of index 2 in the latter. If we change m, we obtain less interesting results: 
For m = 4 , the groups under consideration are -JTn(BU (4)) = Z/120 © Z/2 
and Tr11(BCZ(O)) ^ Z/120, and for m = 5 , they are 7¾(51/(5)) ^ Z/360 
and nn{BU(6))^2/720. 

ii) For fe = 2 and m = 5 , our results give an element of order denom (^) = 24 
in the groups 

TT17(BU[O)) S Z/5040 © . . . X17(BC^(S)) = Z/5040 © . . . 

TT17(BU(7)) S Z/20160 © . . . 7r17(£t/(8)) S Z/40320 © . . . 

iii) In the theorem, the cases of most interest are those for which m and s are 
as small as possible for a fixed k > 1, namely m = s = 2k + 1 : it predicts 

that X4k+2 °J4k-i is of order denom ( 45M (or possibly half of it, if k is odd) 

in the group 7T^+1 (BU(2k + I)) . As an illustration, for k = 6 , we get the 

element 3:2s 0 J23 of order 65520 in TT49(BU(13)) . 



Chapter 3 

K-homology and /^-theory of 
low-dimensional spaces 

We partially compute if-homology and if-theory of CW-complexes of dimension 
< 3 in terms of integral homology and cohomology. This is performed by means of 
the Atiyah-Hirzebruch spectral sequence. As an application, for 0 < j < 2 and any 
CW-complex X , we define natural homomorphisms /?* : Hj(X; Z) —y Kj[X) 
that are rationally right inverses of the usual Chern character "à la Atiyah" in K-
homology. We give four equivalent constructions of these maps; one is based on 
Spinc-bordism, and a fifth is given in appendix E. We prove injectivity of ß* for 
any CW-complex X. This is of interest in the framework of the Baum-Connes 
conjecture and of algebraic üf-theory of group C*-algebras (see chapters 4 and 8). 

3.1 Introduction 

Having spent some time on topological Ä"-theory in the previous chapters, in other 
words on topological .fiT-cohomology, we would like to study its dual theory, namely 
if-homology. 

As for any cohomology theory on the category of finite CW-complexes, there is 
a spectrum associated to topological if-theory: the BU-spectrum. Topological 
if-homology can be defined by means of this fi-spectrum, and it is a 2-periodic 
homology theory. However, there is an alternative definition, due to Baum and 
Douglas, that we now recall. Let X be a finite CW-complex. We denote its 
A"-homology by K.(X) = K0[X) © K1[X). An element of Kj(X) is a suitable 
equivalence class of triples (M, £, / ) , where M is a closed Spinc-manifold of di­
mension m = j (mod 2) (hence oriented, but not necessarily connected), £ is a 
virtual vector-bundle over M, i.e. an element of K0(M), and / : M —> X is 
a continuous map. The sum is given by disjoint union, and the homomorphism 

43 
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induced by a continuous map g : X —y Y is defined by composition, i.e. one has 

g.([M, ^f])-.= [M1 ^, fog) ^ Kx(Y). 

Notice that for X connected, any element in K, (X) is represented by a sum of 
triples (Mj, Cj, /j) with Mj connected and /j : Mj —y X pointed. For details on 
this "bordism-type" definition (in particular on the equivalence relation), we refer 
the reader to Baum-Douglas [8] and to Jakob [56]. 

It is well-known that for a finite CW-complex X , the Chern character in if-theory, 

ch: K*(X)-yH*(X;Q), 

is natural and induces an isomorphism after tensoring with Q. It is also a classical 
result that in the "dual" theory, i.e. if-homology, there is a dual Chern character 
denoted by the same symbol 

ch:K*(X)—y Hx(X; Q), 

that is natural and an isomorphism after tensoring with Q. In the bordism-type 
description of K-homology, ch was constructed in [8], and is explicitly given by 

ch([M, ¢, / ] ) = /,(cfc(0 U Td(TM) n [M]) € Hx(X; Q) , 

where ch(£) € Hev(M; Q) is the usual üf-theory Chern character of the virtual 
vector bundle £, Td(TM) G H^(M; Q) is the Spinc Todd class of the tangent 
bundle TM of M , [M] G Hm(M; Q) is the fundamental class of M , and finally 
/* : Hx(M; Q) —y Hx(X; Q) is induced by / . Notice that ch([M, £, /]) belongs 
to Hev or Hodd according to the parity of j (i.e. of m, the dimension of M) . 

For an arbitrary CW-complex X (i.e. not necessarily finite), we will only consider 
if-homology with compact supports. In other words, we define 

Kx(X) := Hm Kx(Y), 
Y 

where the direct limit runs over all finite sub-CW-complexes Y of X. Since for 
CW-complexes, cellular homology coincides with singular homology, it has auto­
matically compact supports. Consequently, the Chern character in üf-homology is 
rationally an isomorphism for arbitrary CW-complexes. (In fact, the bordism-type 
description of if-homology has automatically compact supports, since / ( M ) has 
to be compact.) 

In this framework, two natural questions arise: 1) "For which CW-complexes is 
there an isomorphism between if-homology and integral homology ?" 2) "Are there 
integral Chern characters, i.e. with values in integral homology?' 

We will prove that for a 2-dimensional connected CW-complex X , there is a natural 
isomorphism 

chz : Kt(X) - ^ J f 1 ( X ; Z) . 
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Moreover, we show that for a 3-dimensional CW-complex, there is a similar iso­
morphism, but whose naturality is not at all clear. We also discuss the case of 
simply-connected 4-dimensional CW-complexes. Similarly, for if-theory, we prove 
that for a connected finite CW-complex of dimension < 3 , there is a natural iso­
morphism 

chz:K*[X) A HU{X\ Z). 

We also consider finite CW-complexes of dimension < 5. 

For any CW-complex X , we define maps 

ß? IH3[XtZ)-UCj[X) 

for 0 < j < 2. For classifying spaces of (discrete) groups, this was already done 
by H. Bettaieb and A. Valette. They showed that, in this case, ßf is rationally a 
right inverse of the Chern character; ß? is consequently rationally injective. We 
extend this result to the case of arbitrary CW-complexes, and prove that ß* is 
split-injective for any CW-complex (this is trivial) and that /?j is injective. This 
result is much more involved as will be seen. We show by an example that ß$ is 
generally not injective. 

Throughout this chapter, we assume all CW-complexes and all maps between them 
to be pointed. Moreover, for the spectral sequence arguments, we suppose that 
the 0-skeleton of any connected CW-complex is reduced to the base-point (up to 
homotopy equivalence, this is no restriction). 

We are indebted to Hervé Oyono-Oyono for many helpful discussions and notably 
for having detected an irreparable error in a (completely different) previous version 
of this chapter. 

The organization of the chapter is as follows. In section 3.2, we define the map ß$ 
and we express the if-homology of CW-complexes of dimension < 3 in terms of 
integral homology. We also consider the case of simply-connected CW-complexes 
of dimension 4 . Section 3.3 contains two definitions of ß* and ß* , and a proof of 
the injectivity of these maps for CW-complexes of dimension < 3 . I t is also shown 
that both maps are rationally right inverses of the Chern character. Moreover, this 
section contains a proof that oriented bordism coincides with integral homology up 
to degree 3 (degrees 4 and 5 are also briefly discussed). In section 3.4, using the 
particular structure of the BU-spectrum, we define groups SK°[X) and SK1 [X) 
and establish natural splittings of if-theory. This allows for expressing the K-
theory of a finite CW-complex of dimension < 5 in terms of its integral cohomology. 
A bordism-type description of the maps ß* and ß% is given in section 3.5; it is 
based on Spinc-bordisra. In section 3.6, we state the Kiinneth theorem in K-
homology, and we establish useful "Kiinneth-type" results for those two maps. We 
prove, in section 3.7, injectivity of ß* for any CW-complex X . The proof is based 
on spectral sequence arguments. As a by-product, a fourth description of ß* and of 
ß£ is given, and a criterion (in terms of the Atiyah-Hirzebruch spectral sequence) 
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is established to determine whether or not ß£ is injective for a given X. The 
final section 3.7 contains an example of a finite CW-complex for which ß* is not 
injective. 

3.2 ßff and if-homology of CW-complexes of 
dimension < 3 

We start by fixing our notations and conventions. We then define the map ß£ 
and show that it is a split-injection. Next, we compute the Ü*-homology of CW-
complexes of dimension < 3 in terms of integral homology. 

For a CW-complex X , let us denote by chn : K,(X) —y Hn[X; Q) the component 
of ch of degree n. In the sequel, H*(X; Z) —* H4(X; Q) will always denote the 
canonical coefficient homomorphism, induced by the inclusion Z «-*• Q. In order to 
simplify some formulas, we will sometimes denote the integral homology of X by 
H4 (X), and write Hev := ®n>oH2n , H0^ := ®n>oH2n+i, H<n := ®%=QHk and 
ch<n :— ®JJ=0chfc . It is the right place to recall that ch maps KQ to Hev and J5Ti 
to H0M ; this justifies the notation ch = ch„, (B chodd. 

We will say that a map tp : Kj(X) —> Hn(X; Z) (with j s nmod2) is compatible 
with the Chern character if the diagram 

Kj(X) 

Hn(X;Z)^Hn(X;Q) 

is commutative (we do not require <p to be defined for any CW-complex, nor to be 
natural). We use the same terminology for a map in the reverse direction. 

For the sphere Sn , one has Kj(S71) = Z , where j 6 {0, 1} is the reduction modulo 
2 of n , with a canonical generator given by the Bott element [Sn]x (the "funda­
mental A"-homology class", or "A"-orientation class" of S1*), that is characterized 
by the equality ch([Sn]K) = [Sn] € Hn(S*\ Q). (In the bordism-type description 
of Jf-homology, it is given by the class [5 n , ì$*, Ids*], where, for n ^ 2 , Sn is 
equipped with the unique Spinc-structure inducing the canonical orientation, and 
S is equipped with the Spinc-structure associated to its canonical complex struc­
ture; Is« stands for the trivial 1-dimensional bundle over Sn .) Therefore, one has 
a canonical isomorphism 

di : K5(S") A Hn(S-; Z), [Sn]K —> [Sn]. 

Clearly, this maps extends to wedges of spheres. We would like to define analogous 
"integral Chern characters" for arbitrary CW-complexes. 
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The easiest case is to construct a map ch0, and as a by-product this allows for a 
definition of ß0 . 

3.2.1 Lemma. Fbr a connected CW-complex X, there is a homotopy-invariant 
split-injection 

ß*: H0(X; Z)-> K0(X) 

that is compatible with the Chern character, and whose section will be denoted by 
Ch0

1. Both maps are canonical and natural This yields in particular the canonical 
and natural splitting 

K0(X) = Z • [1] © K0(X) = Z © K0(X), 

with the element [1] representing [{x0}, I10, I10], where iXo is the inclusion of the 
base-point x0 of X. 

Proof. The map ß0 is defined as to be the composition 

H0(X-, Z) - ¾ J y 0 ( M ; Z) -¾- K0({xo}) —• K0(X). 

The projection X ~» {x0} yields a splitting of the last map in the above composi­
tion. The rest is trivial. D 

In the sequel, we will need an explicit homological description of the if-homology 
of CW-complexes of dimension < 2. 

3.2.2 Lemma. For any connected CW-complex X of dimension < 2, there are 
canonical isomorphisms 

chlv := chi © ch\ : K0(X) A H0(X; Z) © H2(X; Z) 

^-.K1(X) ^ H1(X; Z), 

that are naturai for such complexes, and compatible with the Chern character. For 
X — S1, one has c/if ([S1]^) = [51], and for X = S9 , a closed oriented surface of 
genus g, we get an isomorphism 

ch\ : K0(X9) -¾- H2(T19; Z)=Z- [S9] ^ Z. 

We write [Eff]jc := (c/i|)-1([E5]) € K0(H9) ; this is the "fundamental ^-homology 
class of S9" (or "üf-orientation class"). In the bordism-type description of K-
homology, [S9]_K is the class [S9, ls„, Idzg], where S9 is equipped with the Spinc-
structure canonically associated to any complex structure on S9 , and 1E„ is the 
trivial 1-bundle over S9 . (By connectedness of the Teichmüller space and by means 
of the Riemann-Roch-Hirzebruch formula, one can show that for any complex struc­
ture on S9 , the if-homology class [O9] € K0(X9) associated to the corresponding 
Dolbeault operator B9 is same and that [S9JA- = [B9] + ( 1 - g)[l] (see [96]).) 



48 Chapter 3. K-homology and K-theory of low-dimensional spaces 

Before the proof of the lemma, let us define a 2-periodic homology theory /i* on 
the category of finite CW-complexes by setting, for n 6 2 , 

h(y\ -S Heo(X\ Q ) , if « is even 

Proof. Since we are working with compact supports, we can assume that X is 
a finite CW-complex. The Atiyah-Hirzebruch spectral sequence for reduced K-
homology, namely E^ q = HP(X; Kq(pt)) =½ Kp+q(X), is trivial, i.e. all the 
differentials vanish. This yields immediately the desired natural isomorphisms. 
The compatibility with the Chern character ch follows by comparing this spec­
tral sequence with the corresponding Atiyah-Hirzebruch spectral sequence for the 
homology theory h*. Indeed, by naturality, ch induces a morphism of spectral 
sequences, that coincides, at the level of the £2-pages, with the coefficient homo-
morphism induced by Z <-» Q. 

The statement about the circle and the surfaces follows readily. This completes 
the proof. D 

Let us now consider the case of dimension < 3 . 

3.2.3 P ropos i t ion . For any connected CW-complex X of dimension < 3 , there 
are isomorphisms 

ch^ := chi © ch2 '• Ko{X) -=> K0(X; Z) © ^(X; Z) 

chlu := chf e chi • Ki[X) A H1(X; Z) ® H3(X; Z), 

that are compatible with the Chern character. For n — 0, 2 and 3 the maps ch% 
are naturai for CW-complexes of dimension < 3 . For X of dimension < 2, these 
maps coincide with those considered in iemma 3.2.2. 

Proof. As in the proof of lemma 3.2.2, the Atiyah-Hirzebruch spectral sequence 
for if-homology is trivial and yields the natural isomorphism Ch^0 , and a natural 
short exact sequence 

0 — • H1(X) - ^ K1(X) —> H3(X) — • 0, 

that must split (naturally or not) since H3(X) is a free-abelian group. We define 
chi t ° be the above surjection, and ch\ to be any choice of a retraction of the in­
jection t . The compatibility with the Chern character follows from the comparison 
between the spectral sequences for if-homology and for the homology theory /i , . 

D 

We do not know if there is a choice of the retraction chf that is natural and 
compatible with the Chern character. 

For CW-complexes of dimension 4 , the following result is proved similarly. (By 
!-connected, we mean connected and simply-connected.) 
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3-2.4 Proposit ion. For any l-connected CW-complex of dimension < 4 , there is 
a naturai short exact sequence 

~ rJiz 

0 —> H2[X; Z) — • UT0(X) - A H4[X; Z) - 4 0 . 

There are also isomorphisms 

chi © ch2 © ^ 4 : ^ b ( X ) A H0(X; Z) ® ^ 2 ( X ; S) ® H 4 (X; 2) 

C ^ U T 1 ( X ) - ^ i J 3 ( X ; Z) , 

that are compatible with the Chern character. For n = 0, 3 and 4 , the maps ch„ 
are natural for such CW-complexes. 

Notice that it is also possible to prove lemma 3.2.2 and proposition 3.2.3 by carefully 
comparing the long exact sequences of the pair (X, A), where A is the skeleton of 
codimension 1 of X , for fiMiomology, integral homology and rational homology, 
with the help of the integral Chern characters for spheres (because XjA has the 
homotopy type of a wedge of spheres). This argument is slightly longer that the one 
presented here, but it has the advantage of avoiding the intensive use of spectral 
sequences (see also [13]). 

3.2.5 Remark. In general, for a non simply-connected CW-complex X of dimen­
sion 4 , one cannot expect an isomorphism Ki(X) = Hi(X; Z) © H 3 (X; Z). For 
exampie, the reai projective space RP4 satisfies Hi(RP4; Z) * Tr1(MP4)"6 & Z/2 
and H3(RP4; Z) ^ Z / 2 , whereas K1(RP*) 2 Z/4 . See also theorem 3.7.4 for an 
improvement of the latter proposition. 

3.3 Definition and first properties of ßf and ß* 

We first define the maps ß* and ß$ , and next, we prove that they are natural 
homomorphisms, and rationally right inverses of the Chern character. We then 
give a second construction, and show that it is equivalent. This will imply that our 
maps coincide with those defined by HeIa Bettaieb and Alain Valette for classifying 
spaces of discrete groups. Their construction will be given in section 5.2. 

Let us first recall that the inclusion of the n-skeleton X<-n> of a CW-complex X 
induces an isomorphism in integral homology and in integral cohomology up to 
degree n — 1, and that any continuous map between two CW-complexes X and Y 
is nomotopic to a cellular map, i.e. a map that takes, for each n, the n-skeleton of 
X into the n-skeleton of Y (this is the Whitehead cellular approximation theorem). 

Now, we make the following definition: 
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3.3.1 Definition. Let X be a connected CW-complex, and let In denote the in­
clusion of its n-skeleton X^ . Then the map ß* is defined as the composition 

ß* : H1(X; Z) M l H1(X^; Z) !^P* K1(X^) ̂ h K1(X), 

where the isomorphism chf is given by lemma 3.2.2. Similarly, the map ß% is 
defined as the composition 

tf : H2(X; Z) ^ - H3(X^ Z) @$fl K0(X^) &k K0(X) <^ K0(X), 

where the isomorphism ch^ is given by proposition 3.2.3. 

Since chf and ch^ are natural for CW-complexes of dimension < 2 and < 3 re­
spectively, these maps are well-defined (i.e. independent of the CW-decomposition 
of X), natural, and compatible with the Chern character. Together with lemma 
3.2.1, this proves the following proposition. 

3.3.2 Proposition. For a connected CW-complex X and 0 < j < 2, the maps 
ßf are well-defined natural homomorphisms. They are rationally right inverses of 
the Chern character, i.e. 

{ch ® JdQ) o (ßf ® JdQ) = IdHj(X- Q) • 

In particular, the maps ßf are rationally injective for0<j<2. The map ß* is 

split-injective, with splitting C/IQ . 

Here is the first non-trivial injectivity result for these maps. 

3.3.3 Proposition. For a connected CW-complex X of dimension < 3 , one has 

chjoßf =IdHj{x.Z)i 0 < ; < 2 , 

implying that ßf is split-injective. (For j = 1, this is independent of the choice of 

the retraction chjf .) If X is !-connected of dimension 4 , then the same holds for 

j — 0 and 2 . (For j = 2 , this is independent of the choice of the retraction chf •) 

Proof. Let us first assume that X is 3-dimensional. For j = 0 and 2 the result 
is obvious. For j = 1, we have to be more careful, because of the choice of the 
retraction chf in the short exact sequence 

0 • H1(X) ^ r T K1(X) H3(X) - 0 
chf 
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(see the proof of proposition 3.2.3). By naturality of the latter sequence for CW-
complexes of dimension < 3 , the diagram 

(¾) . * 

H1(X) - K1(X) 

commutes. Since by definition ßx = (12)* 0 (cftf) - 1 0 (12)^"1 = /•*, we see that for 

any choice of the retraction ch% of i x , we have chf oßx = IdJj1^x-,z) • 

The case where X is of dimension 4 is completely similar. D 

We denote the trivial n-dimensional vector bundle over a space X simply by nx • 
Recall that the fundamental -/^-homology class of the sphere Sn is denoted by 
[Sn]K ; it is characterized by the equality ch([Sn]K) = [S"] € Hn(S

11; Q). Since a 
given closed connected Spinc-manifold M admits several such structures, parame­
terized by Hl(M; Z / 2 ) ® 2 - # 2 ( M ; Z) (see [65], p. 392), the circle admits precisely 
one inducing the canonical orientation. We always endow 5 1 with this structure. 
We now give another construction of ß^ . 

3.3.4 Lemma. Pbr any connected CW-complex X, the map 

• S f : X1(X) - > K1(X), [f] ^ [S1, l s i , / ] = / . ( [ 5 ¾ ) 

is a natural homomorphism. Factorizing through the Hurewicz homomorphism hx 

in degree 1, it defines a naturai map ax : Hi(X; Z) —• K\(X) fìtting in the 
commutative diagram 

K1(X) 

H1(X; Z) 

Moreover, the maps ax and ßx coincide. 

Proof. Since the bordism-type description of AMiomology is homotopy-invariant 
(by the "bordism relation": see [56]), <xx is well-defined. Let us show that it is a 
homomorphism. Let [/], [g] £ TTi(A"). The product [/] • [g] in K1(X) is given by 
the class [/ • g] of the composition 

f.g:Sl^S1/S°^S1VSlf-^X. 

On the other hand, one has 

[51 , l S i , /) + (51 , l s>, g] = [S1US1, I5 1 1 1 5I, / U 5 ] . 
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It is easy to show that there is a continuous map ft : M —> X , where M is 
a pair of pants, i.e. a compact, connected and orientable surface with boundary 
dM = S1 U S1 U S1, such that the restrictions of h to the three components of 
dM are / , g and / • g respectively. This shows that 

5f( [ / - f f ] ) = [ S \ l S > , / - S ] = [S1 US1AvIiSi, Wg] = 5 f ( [ / ] ) + S f ([5]). 

The naturality of 5 ^ and of a* is clear. Let us now prove that a* and ß* coincide. 
First, observe that any homology class x € Hi(X; Z) is "Steenrod-representable". 
This simply means that there exists a pointed continuous map / : 5 1 —> X such 
that / , : Hi(S1; Z) —*• Hi(X; Z) maps [51] to x : this is a direct consequence of 
the surjectivity of the Hurewicz map h* : Ki(X) —y Hi(X; Z). By naturality of 
a* and of 0* , it is therefore enough to check that 

of ([S1]) = /?fV]). 

The class [S1] is "Steenrod-represented" by the identity map on S1, therefore 
"I 1US 1I) = [S1U- T h e equality ßf ([S1]) = [S 1 JK is a consequence of lemma 
3.2.2. This completes the proof. D 

Notice that cri : TTI(X) —> Ki(X) is nothing but the Hurewicz homomorphism in 
üf-homology. 

Before passing to the second definition of ß$ , we need two classical theorems. We 
first recall the basics on oriented bordism. 

For a connected CW-complex X , oriented bordism n » ° ( X ) = MSO+(X) is the 
set of equivalence classes of pairs (M, f), where M is a closed oriented smooth 
manifold (not necessarily connected), and / : M —> X is a continuous map. Two 
such pairs (M1 / ) and (M', / ' ) are said equivalent if they are oriented-cobordant. 
This means that M and M' have the same dimension, say m , and that there exists a 
pair (W, F), where W is an oriented compact smooth manifold of dimension m+1, 
whose oriented boundary is dW = M I I — M', and F : W — • X is a continuous 
map whose restriction to M and M' is / and f respectively. This set is an abelian 
group for the disjoint union, with zero element given by the empty manifold. The 
group Q^°(X) is Z-graded by the dimension of the manifolds. The equivalence 
class of a pair (M, f) is denoted by [M1 / ] , and we write fì^° for ì ì*°(pi ) . It 
turns out that n^°(—) is a homology theory on the category of CW-complexes. 

3.3.5 T h e o r e m . For a connected CW-complex X, the map 

M f : Uf(X) —> Hi(X; Z), [M, / ] »-+ / , ( [M] ) , 

where j* : #* (M; Z) —> H*(X; Z), is a naturai isomorphism for j < 3 . 

This theorem is well-known. The existence of such an isomorphism follows readily 
from the classical equalities 0*° = 0 for 0 ^ n < 3 , and £)fj° ^ Z (see [76], 
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p. 203), together with an application of the Atiyah-Hirzebruch spectral sequence. 
The explicit description of the isomorphism is established in [32] (thm. 7.2, p. 17). 

The same ideas and the known isomorphisms ì ì | ° = Z and Ï2§° = Z/2 (see [110] 
and [76], p. 203) imply the existence of a natural isomorphism 

P* ® rf : nf(X) A Z © Hi(X; Z), 

where p : X —¥ pt, and of a natural short exact sequence 

0 — • H1[X; Z/2) —> O f 0 ( X ) -^+ H5(X; Z) —> 0 , 

for any connected CW-complex X . This shows that any integral homology class 
of degree < 5 is "Steenrod-representable". 

Here comes the second classical theorem. 

3.3.6 Theorem. Let X be a connected CW-complex. Then any homology class 
x G H2 {X; Z) is "Steenrod-representable", in other words, there exists a surface 
E 9 of genus g > 1 and a pointed continuous map f : E9 —y X (with both g and 
/ depending on x) such that /* : # 2 ( ¾ ; Z) — • H2(X\ Z) maps the fundamental 
class [E9] to x . 

For x G H2[X; Z ) , we write x = [E9, / ] to express the fact that x is "Steenrod-
represented" by / : E 9 — i X . 

Proof. It is an immediate consequence of theorem 3.3.5, noticing that we can (for 
our comfort) assume g > 1. Indeed, the 2-sphere S2 is a suitable quotient of the 
2-torus T2 , and the quotient map takes [T2] to [S2]. D 

Notice that this theorem is independent of the highly non-trivial fact, used in 
the sketch of proof of theorem 3.3.5, that fìf0 = 0 . Indeed, we only use the 
isomorphism Sif°(X) S H2(X; Z) . We should mention that in [71] (lemma 2.2.4), 
there is an "elementary" proof of theorem 3.3.6 for X = BT, the classifying space 
of a discrete group T. We also mention Zimmermann's theorem [114] and Thorn's 
theorem [104]: they are stated as theorems 5.2.2 and 5.2.1 in chapter 5. 

Recall that we always consider E 9 as equipped with the Spinc-structure canonically 
associated to any complex structure. This defines uniquely a A"-orientation class 
[1E9IK G Ko(Lg), satisfying c/if ( [ E 9 J K ) = [S 9 ] . We can now pass to the second 
construction of ß2 . 

3.3.7 Proposit ion. For any connected CW-complex X, the map ß* is given as 
follows: 

ß$ : H2(X; Z) —> K0(X), / ,([E9]) = [E9, / ] — • [E9, 1¾, / ] = / , ( [ E 9 U ) . 
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Proof. The result follows from the following computation: 

/¾*(1¾, / ] ) = ßf o / , ( [E 3 , IdH1J) = ß$ o / ,([E3]) = / , o $>([S3]) 

= / . ( [E 3 ] , , ) = / , ( [E 3 , 1 E ( , IdE9]) = [B9, l c „ / ] . 

D 

3.4 The groups SK0 and SX 1 , and if-theory of 
CW-complexes of dimension < 4 

In this section, we compute ÜT-theory of low-dimensional CW-complexes in terms 
of integral cohomology. These results are analogous to those obtained in section 
3.2 for if-homology in terms of integral homology. To achieve this, we need known 
natural decompositions of if-theory as products involving groups that we denote 
by SK0 and SK1. This is of independent interest, but also applies to one of 
the main objectives in the present chapter, namely to show that ß* is injective. 
Indeed, in the second proof, contained in appendix E, we need these computations. 

For cohomology and A"-theory, we use similar conventional notations as we did in 
section 3.2 for homology and Uf-homology (in particular, we denote the component 
of the Chern character in Hn(X\ Q) by chn). 

Let X be a connected CW-complex. Its representable ÜT-theory is 

K°{X) = [X,Zx BU] and K*{X) = [X, U]. 

The first natural decomposition is trivial, namely 

K°(X) = 7,® K°{X), where K°{X) := [X, BU]. 

We get a second decomposition in the following way. The fibration of groups 

i det 
SU c — . U z=î S 1 

has a section s which is a group homomorphism. On the level of classifying spaces, 
this gives rise to a fibration 

Bi B det 
BSU ^ - BU -, - BS1 = CP 0 0 

Bs 

with section Bs. All spaces under consideration are homotopy commutative H-
groups, and all maps, except Bs, are Jï-maps. Let ß denote the multiplication on 
U . If follows that the composition 

51 x SU < ^ i UxU-^U 
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is a homotopy equivalence of homotopy commutative H-groups, and the composi­
tion 

Bs x Bi Bu 
CP°° x BSU c * BUxBU-Z BU 

is a homotopy equivalence of spaces. (For details on all these points, we refer to 

Adams [3].) 

Let us now make the following definition. 

3.4.1 Definition. For a connected CW-complex X, we let 

SK°{X) := [X, BSU] and SK1 [X) := [X, SU]. 

The sets SK°(X) and SK1IX) are abelian groups, U and BSU being homotopy-
commutative ff-groups. 

The above consideration immediately proves 

3.4.2 Proposition. For a connected CW-complex X1 there are natural decom­
positions 

K0(X) =¾ H2(X; Z) © SK°(X) and K*{X) S H1 (X; Z) © 5UT1CX). 

The latter decomposition is a group isomorphism, but the first is only a bisection 
between abelian groups. More precisely, 

0 — • SK°(X) —» K0(X) —> H2(X; Z) —• 0 

is an exact sequence of abelian groups, with the projection onto H2(X\ Z) corre­
sponding- to the Brst Chern class Ci. 

In cohomology and it-theory, we have to be more careful concerning supports than 
in homology and if-homology. Therefore, we will from time to time assume that 
the CW-complexes we consider are finite. 

In the K- theoretical context, we will use the terminology "compatible with the 
Chern character" in a completely similar way as we did it for it-homology. 

Now, we consider the Atiyah-Hirzebruch spectral sequences for reduced it-theory, 
namely 

E%" = RP(X; Kg(pt)) =* K**q(X). 

3.4.3 Proposition. Let X be a connected CW-complex of finite type. In the 
Atiyah-Hirzebruch spectral sequence for K-theory, one has 

W(X; Z) = Bi'0 £ i % ° , J = 1 ,2 , 

in other words, all differentials emanating from E^r , with r > 2 and j = 1,2, are 
zero. 
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Proof. Let a e H1 (X; Z) = [X, S1], and let a : X — • S 1 be a map representing 
a . One has a*(y) = a , where y is a generator of H1 ( 5 1 ; Z) = Z . The map a 
induces a morphism E{pt) of spectral sequences for which 

E{ct) : E^[S1) = -CT1OS1; Z) -^* tf1^; Z) = S 2
1 ' 0 ^ ) ; 

in particular, E(a)(y) = a. Since the spectral sequence for S1 is trivial, it follows 

that dr{a) = 0 for any r > 2. 

We proceed in the same way with b € H2(X; Z) = [X; CP°°], knowing that the 
spectral sequence for CP°° is also trivial. • 

We thank UeIi Suter for drastically simplifying our original proof. 

3.4.4 Proposition, fbr a connected ßnite CW-complex X of dimension < 5 , 
there are naturai short exact sequences 

0 —J- HA{X; Z) —y K°{X) - ¾ H2(X; Z) —y 0 . 

and 
0 —+ H5{X; Z) —y SK1IX) —f H3(X; Z) —y 0. 

Proof. The result follows from proposition 3.4.3, since, in this case, obviously all 
differentials emanating and reaching E$,q are zero, for 3 < j < 5 . D 

This proposition has two important immediate corollaries. 

3.4.5 Corollary. Let X be a connected finite CW-complex of dimension < 3 . 
Then there are canonical isomorphisms 

chi, : = c A o © ̂ 2 : -^ 0 W -=* H°(x; z) © # 2 (* ; 2) 
c / lL : = chi © c^3 : K1 (X) -=+ Hl(x; %) © H3(X> Z ) , 

tJiat are naturai for such CW-complexes, and compatible with the Chern character. 
The map ch\ coincides with the first Chern class c\. 

Notice that this is simpler than the corresponding situation in ^-homology, except 
for the finiteness assumption (the crucial difference being the presence of propo­
sition 3.4.2; compare with proposition 3.2.3). Another proof of the isomorphism 
K°{X) ^ H2(X; Z) of the proposition is to invoke the fact that for suitable CW-
decompositions, one has BCZ(I)[3I = BU® (see chapter 1). 

For CW-complexes of dimension < 4 , we have 

3.4.6 Corollary. Let A" be a connected unite CW-complex of dimension < 4-
Then there are canonical bisections 

c/& := chi © ch2 © chA •• K0IX) - ¾ H°(X; Z) © H2(X; Z) © H4(X; Z) 

chodd := chi © chl : K*(X) -=> H1 (X; Z) e H3{X; Z) , 
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that are natura/ for such CW-complexes, and compatible with the Chern ciiar-
acter. The map c/ij^d is a group isomorpiiism, but Ch^1 is only a bijection be­
tween abeiian groups. The maps ch% and ch% are group homomorphisms, with 
ch% — Ci, the ôrst Chern class. Moreover, if H4 (X; Z) = 0, then ch*^ is a group 
isomorphism. If H2(X; Z) is torsion-free, then there is an abstract isomorphism 
K°(X) & H^(X; Z) . 

AJJ statements concerning K0 extend to the category of connected unite CW-

complexes of dimension < 5 . 

3.4.7 R e m a r k . For tiie 4-dimensionaI real projective space RP4 , there are well-
known isomorphisms K0 (RP4) « Z /4 and H2 (RP 4 ) * H4 (RP 4 ) S Z/2 . TJiis 
shows that ch%v is generally not a group isomorphism, but merely a bijection. It 
also follows that SK°(RP4) = Z / 2 . Jn generaJ, we do not know if ch*v realizes 
an isomorphism for connected finite CW-complexes of dimension < 5 Jiaving a 
torsion-free H2 . 

3.5 A bordism-type description of the maps ßf 

We give a description of the maps ßf based on Spinc-bordism, for 0 < j < 2 . 

Recall the short introduction to oriented bordism in section 3.3. The Spinc-bordism 
n«p i n C(X) = MSpin^(X) is defined as U$°(X) , but with Spinc-manifolds, that are 
automatically orientable, and also if-orientable. Such a manifold M , of dimension 
m say, consequently has two fundamental classes, depending on the chosen Spinc-
structure, namely [M] e H7n(M; Z) and [M]K = [M, 1M, IdM] G Km(M). The 
"first four" coefficient groups of Spinc-bordism are 

nlpiaC « z alpinC = o n ^ - z ntpinC = ° 
(see [46]). Therefore, for any connected CW-complex X, there is a graded natural 
map 

^ : Cl^(X) - > H.(X; Z ) , [M, / ] - + / . ( [M]) , 

and the Atiyah-Hirzebruch spectral sequence for fi*pm (—) yields natural isomor­
phisms 

y f : nf i n C (X) -¾. Hj (X; Z), j = 0, 1 

p , © v$ : nS/nC(X) A Z e H2(X; Z), 

where p : X -» pt (compare with 7.2 on page 17 of [32]). We will write [f^)"1 for 
the restriction of (p* © V * ) - 1 t o &2(X; Z) . On the other hand, there is a natural 
map 

I«? : Q^(X) —• * , ( * ) , [M, /] ^ A(EJWIK-) • 

The following result is easily checked. 
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3.5.1 Proposition. For a connected CW-complex X and for 0 < j < 2, one has 
the equality 

ßf = ^ o (^f)" 1 : Hj(X; Z) —• K5[X), M[M)) H-» M[M]K) • 

One could equally well replace nfpLnC(X) by complex bordism Q^(X) = MU9[X) 
in the above consideration (it has the same "first six" coefficient groups (see [46])). 

The fact that fì2
pm ^ 0 illustrates the difficulties one faces in trying to define a 

natural map ß* : there is a natural short exact sequence 

0 —> H1(X; Z) —• ns/n\X) - ¾ Jf3(X; Z) —• 0, 

but we do not know if it splits naturally. 

3.6 The Künneth theorem for if-homology 

In section 3.7, we will prove that ß* is always injective. One of the crucial tools 
will be a "Künneth-type" result for ß\ that we prove in the present section. Before 
establishing it, we state the Künneth theorem in A"-homology. We also include a 
useful "Künneth-type" formula for /¾ . 

For M and JV two (not necessarily connected) finite CW-complexes, for which 
representable ÜT-theory coincides with vector bundle üf-theory, the external tensor 
product of vector bundles 

Vect(M) x Vect(JV) —• Vect(M x JV), (¢, T1) •—+ £ B V 

induces the external cup product 

K0 (M) x K°(N) —> K0 (M x JV), ( ^ r / j ^ Ç u i / . 

In the bordism-type description of Ä"-homology, for two connected CW-complexes 
X and Y, the external cross product is given by 

K1(X) x Kj(Y)—> Ki+j(X x Y) 
(x, y) = ([M, £, / ] , [JV, V, fl])—vx x y = [M X JV, ^Ur7 , / X g], 

where M x JV is endowed with the product Spinc-atructure (see [55], p. 18). 

Let us explain our notation concerning the gradings: [K* (X) ® Uf* (V)] i denotes 
(K0(X)Q)K1(Y))Q(K1(X)^K0(Y)), and similarly, [TOr(JC(X); Uf. (V))J1 stands 
for TOr(JT0(X); UTi(V)) e Tor( J^i(X); K0(Y)). The other cases are analogous. 

We are now in position to state the following theorem (see [23]). 
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3.6.1 Theorem. (Künneth theorem in üT-homology) For X and Y two con­
nected CW-complexes aild for any n G Z , there is a natura/ short exact sequence 

0 —> [K.(X)®K.(Y))n - ¾ Kn(X x Y) —• [Tor(iC(X); * * 0 0 ) ] n - i —• 0-

We do not know if the sequence splits. Remembering the splitting of UTo given by 
lemma 3.2.1, we obtain injections 

H : [Kj(X) ® 1) e (1 ® Kj(Y)) *-> Kj(X x Y) , j = 1, 2 
» v ' 

([M, £, / ] , [JV, I7, g]) . - • [M, C, / x Cy0] + [JV1 »j, (^0 Xg] = 

= [ M U A U D r ^ ( / x CyJII (¾, x ff)j, 

where C10 and Cy0 are the constant maps taking the base-point of X and Y re­
spectively as value. If we denote by jx and jy the inclusions (with respect to the 
corresponding base-points) of X and Y in X x Y respectively, then Lj coincides 
with the composition 

Kj(X) e Kj(Y) (J*)* x k V > : ^ . ( X x Y) © UTj(X x y ) i U^(X x Y). 

Clearly, there is a canonical isomorphism <p : ni(X x Y) —• ^1(-^) x Ti(V"), and 
by abelianizing, we get ipaò : JJ1(X x Y\ S) - ¾ H 1 (X; Z) © i f i ( y ; S ) . Let us 
finally recall that we have defined the Hurewicz map for if-homology Oi in lemma 
3.3.4. We can now state a "Kunneth-type" lemma for the maps O1 and ßi. 

3.6.2 Lemma. Let X and Y be two connected CW-complexes. Then the map 
OE1

 x fits into the commutative diagram 

jif x y 

K1(X x Y) ^ - UTi(X x Y) 

V|S ~ ~y I'1 

TT1(X) x TT1[Y) °?Xal K1(X) © K1(Y) 

In particular, ßfxY = L1 0 (ßf x ßy) oipab, and ß*xY is injective if and only if so 
are ß? and ß\ . 

Proof. Let u denote the product map on TTi(JV x Y). The diagram 

XxY 

TT1(X x Y) ^ K1(X x Y) 

H -XxY x 5 x x y L 
TTi(X x Y) x TT1(X x Y) —1 *—- K1(X x Y) © AT1(X x Y) 

Ux)* x OV). [ __Y \fjx)* * UY)* 
TT1(X) x TT1(Y) ^J_JL^1 , K1(X)BK1(Y) 
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commutes. For the upper square, this is the fact that S1
 x is a group homomor-

phism, and for the bottom square, it follows from the naturality of 5i (see lemma 
3.3.4). The left-hand composition is yT1 and the right-hand composition is C1. 
The rest is clear from lemma 3.3.4. D 

For the next statement, by means of the decomposition K0 = Z © K0 of lemma 
3.2.1, we make the following identification: 

[Km(X)®K.{Y)]o=Z®Ko(X)eKo{Y)®{K0{X)<8>KQ{Y))<B [K1[X)QK1[Y)). 

We also recall that ß2 maps H2
 m ^o • This will make the following statement 

clear. 

3.6.3 Lemma. Let X and Y be two connected CW-complexes. Then the map 
ß2 fite hito the commutative diagram 

(H1(X)QH1[Y))QH2(X) e H2(Y) ^®^®^®ßit [K^X) 0 ^ ( y ) ] o 

x 1 = 
' '2 

A QXXY 

H2(X x Y) ^ - K0(X x Y) 

In particular, ß2
XxY is injective if and only if the three maps ß* QßY, ß2 and ßY 

are injective. 

Proof. The vertical maps are given by the corresponding Künneth theorem. We 
split the proof of the commutativity into two parts. First, by naturality and addi-
tivity of ß2 , the diagram 

H2(X) © H2(Y) &*_®h . K0(X) © K0(Y) 

Ux). © OV).] ]UX)*®(JY)* 

H2(X x Y) © H2(X x Y) ^ ^ — - K0[X x Y) © K0[X x Y) 

H2(X x Y) ^ - K0(X x Y) 

commutes. Both vertical compositions coincide with the corresponding restrictions 
of the vertical maps in the statement. 

For the second part, let x = [51, /] e H1(X) and y = [S1, g] 6 H1(Y) be 
"Steenrod-represented" homology classes. By naturality of the external cross prod­
uct in homology, the left-hand square of the following diagram commutes: 

H1(S^QH1(S
1) ^ ¾ H1(X) ® H1(Y) ßl ®ßl' K1(X)QK1(Y) 

» f f y f l ì 1 ßXxY I 
H2(T

2) U*g)* . H2(X x Y) ^ - K0(X x Y) 
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We have to show that the right-hand square commutes. For one composition, one 
has 

ßi([S\ /]) x 0[([S1, g)) = [S1, l s l , /] x [S1, l s l ) g] = [T2, I1 , , fxg]. 

Since [S1] x [51] = [T2], for the second composition, we first compute 

[51, f] x [S1, g] = M[S1]) x 9,([S1]) = (f x gU[T2]) = [T2, f x g), 

from which we deduce that 

ß?xY([S\ f] x [S1, 5]) = $**[[!*, fxg)) = [T2, I1 , , fxg]. 

In total, this proves that the diagram of the lemma commutes. The statement 
about injectivity is clear. This ends the proof. • 

3.7 Injectivity of ß? 

We prove injectivity of ß* for any connected CW-complex X. Roughly speaking, 
the idea is to first prove injectivity for X = BQ and for X = B(QfZ). This poses 
no difficulty, since their reduced integral homology is concentrated in odd degree. 
Then, by a "Künneth-type" argument, one deduces injectivity for B((Q®QfZ)n). 
IiHx(X; Z) is of finite type, then it injects in (Q©<Q>/Z)n .for somen. This allows 
for proving the result for such spaces, by a suitable simple argument. The general 
case then follows by taking direct limits over finite sub-complexes of X . As an 
application, we describe Üf-homology of CW-complexes of dimension < 4 in terms 
of integral homology. 

3.7.1 Theorem. The map ß? : H1(X; Z) —• K1(X) is injective for any con­
nected CW-complex X . 

We prove it at the end of this section. 

The following classical lemma is a key ingredient. 

3.7.2 Lemma. The groups Z1 Zfm with m > 2, Zfp°° with p a prime, Q and 
Q/Z have their homology concentrated in odd degree. 

Proof. For Z, this is clear. For Zfm, one has 

H2g(Z/m; Z) = 0 and H2q+i(Zfm; Z) 9È Z/m, 

for any q. Since Z/p00 = lim Z/pk and since homology is continuous (i.e. com-

mutes with direct limits), one gets 

H2C(ZfP00; Z) = 0 and tf2g+1(Z/p°°; Z) S Z/p! 
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for any q. The isomorphism Q/Z = ®pepZ/p°° , where P is the set of primes, 
together with the Künneth theorem in homology and the continuity of homology, 
of the tensor product and of Tor yield 

Jf* (Q/Z; Z) = H1[QfI,- Z) =" Q / Z . 

Finally, one has /T* (Q; Z) = H1(Q;, Z) S Q (see [48], pp. 84-85). This completes 
the proof. G 

In the proof of theorem 3.7.1, we need the forthcoming proposition that gives a 
fourth description of the maps ßf for j = 1 and j = 2 . We have to recall some 
points before stating it. We have defined a 2-periodic integral homology theory h, 
for the proof of lemma 3.2.2. Since we are working with compact supports, it is 
defined for all connected CW-complexes. Consider the Atiyah-Hirzebruch spectral 
sequence ££, = i^p,q) satisfying 

Elq = Hp(X; H9(Pt)) = > Ky+9(X). 

The convergence means that E^q = JPtq/ Jp-\yq+\, where {Jp,q} is the filtration 

0 = Jo,nQJl,n-\Q ••• Ç Jp,n-p Ç • • • Ç J„,0 Ç . . . Ç | J J p , , = Kn(X) 
p+q=n 

defined by J P i 5 := lm(Kp+q(X^) —• Kp+9(X)). Notice that for 1 < j < 3 , there 

is a natural epimorphism Hj(X \ Z) = Ej0 -» ££°0 = J j ,o / J j - i , i J with Jo,i = 0 

(since X® = pt, as a standing assumption) and Ji1I = 0 because, by lemma 3.2.2, 

KQ(X^) = 0 . We therefore get a natural map 

Sf : Hj(X- Z) = El0 - E£0 = Jj1O = I m ( K ^ M ) —> £ ; ( * ) ) M- J C ( X ) , 

for j = l and 2. 

3.7.3 Proposition. Let X be a connected CW-complex. For j = 1 and 2 , tne 
map Sf coincides with ßf . In particular, ßf is injective if and only if no non­
zero differential readies Ef0 in the spectral sequence. Consequently, if the reduced 
integral homology of X is concentrated in odd (resp. even degree), except possibly 
for Uf2 (resp. H\ and Hz), then ßf (resp. ß$) is injective. 

Proof. By naturality, it is enough to check the equality between both maps in the 
case of S 1 for J = I , and in the case of the surfaces E 9 for j = 2 . This is obvious. 
The result about injectivity is clear. D 

This proposition also illustrates the difficulty in defining a map ß* : the group J^ \ 
is generally non-zero, since it is isomorphic to H\(X; S ) , by virtue of lemma 3.2.2. 

We can now pass to the main proof. 
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Proof of theorem 3.7.1. By lemma 3.7.2 and proposition 3.7.3, ß* is injective 
for X = BQ and for X = B(QfZ). By the "Künneth-type" lemma 3.6.2, it is 
also injective for X = B((Q 0 Q / Z ) n ) . If H := H1[X; Z) is of finite type (as 
for example if X is finite), then i f is a finite direct sum of cyclic groups, and 
therefore injects in G := (Q © Q/Z)n , for some n. Let p denote the projection of 
n := Ki(X) onto H = nab . The universal covering space X of X is a principal 
7r-fibre bundle over X . It is consequently classified by a map f : X —>• Bn, 
unique up to homotopy. The map /* : n^X) —> 7Ti(ß7r) = 7r is the identity, and 

this means that the composition X —> Bn —> BH induces the map p on the 
level of fundamental groups, and the identity on first integral homology groups. 
Let i : H <-> G be the inclusion in the abelian group G. By naturality of ß\, we 
obtain a commutative diagram 

H1(X; Z) ßl • K1(X) 

IdH\ D I/. 
Hx(Bn]Z) Pl 'K1(Bn) 

IdH \ „ [Bp* 

H1(BH; Z) - ^ - K1(BH) 

\BÛ 
gBG 

H1(BG; Z) ^ 1 • tfi(BG) 

Consequently, ß* is injective is this case too. Since we are working with compact 
supports, H1(X; Z) and K1 (X) coincide with the direct limits over the connected 
finite sub-complexes of X, of the corresponding groups. Since the direct limit over 
a directed set is an exact functor, it preserves injectivity (see thm. 2.18 in [90]). 
This shows that ß* is injective for any X , and completes the proof. • 

The following result follows immediately from theorem 3.7.1 and from proposition 
3.7.3. (It generalizes proposition 3.2.4.) 

3.7.4 Theorem. For a connected CW-compJex X of dimension < 4 , there are 
natura/ short exact sequences 

chz 

0 —*• H1[X; Z) — • K1(X) -A- H3(X; Z)—+0. 

and 
— rJiZ 

0 —• H2(X; Z) —> K0(X) -U H4(X; Z) —• 0. 

The latter sequence splits and yields an (abstract) isomorphism 
chi ® ch2 © ctf • # o ( * ) -=+ Ho(X; Z) ffi H2(X; Z) © H4(X; Z). 

The second short exact sequence is also valid and natural for X of dimension 5 . 
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3.8 Non-injectivity of /¾ x 

We summarize the injectivity results we have so far for ß% , and we show by a 
simple example that it is generally not infective. 

We have seen in proposition 3.3.3 that ß* is split-injective for CW-complexes 
of dimension < 3 and for simply-connected CW-complexes of dimension 4 . We 
can improve this result as follows. We have proved in proposition 3.7.3 that it is 
injective if and only if no non-zero differential reaches E^0 in the Atiyah-Hirzebruch 

spectral sequence for Km(X). This implies in particular that it is injective if X 
has its reduced integral homology concentrated in even degree, except possibly for 
H\ and # 3 . This applies to CW-complexes of dimension 4 . 

The "Künneth-type" lemma 3.6.3 allows for constructing an example of a finite 
CW-complex for wlüch ß£ is not injective. 

We claim that the map ß^ x is not injective. For RP2 , one has 

/ 3 ^ 3 : Z/2 £ H1(RP2; Z) -¾- Ki(UP2) S Z/2 , 1 1—• 1, 

and for R P 4 , 

0 f 4 : Z/2 * .K1(KP4; Z) ^ K1(RP4) ^ Z/4 , 11—• 2 

(where we write the groups Z/n additively). It follows that 

p f * ®y3f4 : Z / 2 S Z / 2 ® Z / 2 —V Z/2 ® Z/4 S Z/2, 1 = 1® 1 1 — H ® 2 = 0. 

Now, the non-injectivity of ß^ x R P follows from lemma 3.6.3, as claimed. 

Since in the sequel we will mainly be interested in classifying spaces of countable 
discrete groups, it is worth mentioning that the same argument shows that the map 
£RP°°XRP°° ,g „ 0 ( injective. The space RP°° xRP00 is nothing but 5 ( Z / 2 © Z / 2 ) . 



Chapter 4 

An introduction to the 
Baum-Connes conjecture 

We quickly review the basic notions related to the Baum-Connes conjecture, and fix 
our notations for the sequel. These include the classifying space for proper actions 
of a group r , equivariant K"-homology, the maximal and reduced C*-algebras of 
F , the algebra (1T, the Baum-Connes assembly map, the Baum-Connes conjecture 
and a conjecture sometimes called the "Bost conjecture", and the delocalized equiv­
ariant Chern character. We also quote some consequences of the Baum-Connes 
conjecture in different areas of mathematics, and some classes of groups for which 
the conjecture has been proved. This chapter contains no new result and has no 
pretension in completeness. 

4.1 Introduction 

Let F be a countable discrete group. The Baum-Connes conjecture is the statement 
that the analytical assembly map (or Baum-Connes assembly map, or F-index map) 

is an isomorphism. The left-hand side is the i^-homology with compact supports 
of the classifying space for proper actions of T. It is a group of geometric nature 
associated to F , whose precise definition will be given later in this chapter. The 
right-hand side is the A'-theory of the reduced C*-algebra of T. The goal of the 
conjecture is to express the latter if-theory group, which is a rather complicated 
object of analytical nature, in simpler terms, namely by means of geometry and 
topology. The rational Baum-Connes conjecture is the weaker statement that the 
assembly map f£ ® Idc is an isomorphism. 

65 
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The Baum-Connes conjecture has many implications in topology, geometry, analy­
sis and algebra. For example, it implies the Novikov conjecture, the stable Gromov-
Lawson-Rosenberg conjecture, the conjecture of idempotents (absence of non-trivial 
idempotents in CT for F torsion-free), and the more general Kaplansky-Kadison 
conjecture (absence of non-trivial idempotents in C*T for T torsion-free); see sec­
tion 4.7 for some details. 

The origin of the Baum-Connes conjecture is the work of Kasparov on the index 
of T-invariant elliptic differential operators on T-vector bundles over a T-compact 
manifold M : He proved in [60] that there is a well-defined notion of index of such 
an operator D, with value in K,(C*V). The pair (M, D) also defines an element 
of Kl(ET) • The assembly map ft^ is defined so that 

JiI(M, D) = Index(D). 

The surjectivity of nl means that any Ä"-theory class of the reduced C*-algebra of 
r arises in this way, and the injectivity that it arises essentially in a unique way. 

Our references for this chapter are [6], [7], [107] and [108]. 

Throughout this chapter, we assume all maps to be pointed and continuous. 

This chapter is organized as follows: In section 4.2, we review proper actions and 
classifying spaces for proper actions. In section 4.3, we recall briefly the definition 
of equivariant üf-homology; this gives a description of the domain of the Baum-
Connes assembly map, namely the group Kl(ET). The group algebras C*F, 
C*T and ^T , and their Ä"-theory are the subject of section 4.4. In section 4.5, we 
compare the Baum-Connes assembly map with the Novikov assembly map, we state 
the Baum-Connes and the strong Novikov conjectures, as well as the so-called "Bost 
conjecture". We also discuss the functoriality of the Baum-Connes assembly map. 
The delocalized equivariant Chern character is introduced in section 4.6, and we 
briefly describe the consequences in various areas of the Baum-Connes conjecture 
in section 4.7. Finally, in section 4.8 we quote some classes of groups for which the 
conjecture is proved. 

4.2 Classifying spaces for proper actions 

We recall the definition of a proper action of a discrete group, and give some 
classical results for this kind of action. We then define the classifying space for 
proper actions of a given group. For details on the subject of this section, the 
reader can refer to [7] and to [108]. 

Let r denote a countable discrete group. Let X denote a Hausdorff space on which 
r acts continuously, in other words, by homeomorphisms (on the left, say). (In 
this section, we assume all spaces to be Hausdorff.) 
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4.2.1 Definition. The action of the group T on X is proper if for every pair of 
points x,y e X , there exist neighbourhoods Ux and Uy ofx and y in X respectively, 
such that the set 

{7 er\y-UxDUy ^0} 

is finite. Then X is called a proper T-space. 

Since r is discrete, this amounts to requiring that the action has a Hausdorff 
quotient, and that for any x G X, there exists a triple (U, H, p), where U is a T-
invariant neighbourhood of x in X, H is a finite subgroup of T , and p : U —> T/H 
is a r-equivariant map (see p. 25 in [62]). 

The following proposition is classical. 

4.2.2 P ropos i t ion . i) If p : X — • Y is a covering space with X and Y 
Hausdorff and structure group V, then the action ofT on X is proper and 
free. 

ii) If T is finite, any action on a Hausdorff space is proper. 

Ui) If T acts simplicially on a simplicial complex X, then the action is proper if 
and only if the stabilizers of the vertices are finite. 

In the framework of locally compact spaces, there is a simpler criterion to determine 
whether or not an action is proper, as the following theorem shows (see [81]). 

4.2.3 Theorem. J f X is locally compact, the action ofT on X is proper if and 
only if for any pair of compact subsets K and L of X, the set 

{-f£T\'y-Kr\L^0} 

is finite. It is also equivalent to requiring that the action map 

TxX —• X x X , (7, x) i—*• (7 • x, x) 

is proper, i.e. the inverse image of any compact subspace is compact. 

4.2.4 Definition. A subspace Y of a proper T-space X is V-compact (resp. T-
paracompact) if it is a T-subspace of X and if the orbit space T\Y is compact 
(resp. paracompact). 

The following result is well-known. 

4.2.5 P ropos i t ion . Let X be a proper T-space. Then 

i) The orbit space T\X is Hausdorff. 

ii) If X is metrizable, then so is T\X . 
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Hi) If X is locaììy compact, then so is T\X . 

iv) If X is T-compact, then X is locally compact. 

We now pass to the definition of the classifying space for proper actions of a given 
group. 

4.2.6 Defini t ion. A proper T-space X is universal if it satisfies the following 
universal property: For every proper T-space Y, there exists a continuous T-
equivariant map Y —> X , that is unique up to T-equivariant homotopy. Such 
a space, if it exists, is unique up to V-equivariant homotopy equivalence, and is 
denoted by ET_ (or by ET). It is also called the classifying space for proper actions 
of T. The orbit space T\ET_ is denoted by BT. (or by BT), and is uniquely de­
termined up to homotopy equivalence; it is called the classifying space for proper 
T-bundles. 

We will see that ET_ always exists. In fact, there are metrizable T-paracompact 
models, and also models that are T-CW-complexes. There are very general exis­
tence theorems for this kind of classifying spaces (see thm. 1.6.6 in [105]). As a 
standard abuse of notation, when we write ET_ = X , we mean that a given proper 
T-space A" is a model for ET_. Let us give a few examples. 

E x a m p l e s . 

i) If H is a subgroup of V, then ET_ is a model for EH. 

ii) If r is a torsion-free group, every proper action of T is free, and we have 
ET = ET = BT, the universal covering space of the classifying space B r of 
r . and BT = BT. 

iii) If r = JZ* , then E£ = Un and BT_ = T1, the n-torus. For T finite, we have 
ET = BT = Vt. 

iv) Ii T = Tg , the fundamental group of an orientable surface E 9 of genus g, 
then ET = R2 (or the hyperbolic upper half-plane) and BT_ = E 3 . 

v) If r is a discrete subgroup of a Lie group G with finitely many connected 
components, then M^ = GjK and BT_ = T\G/K, where K is a maximal 
compact subgroup of G. If moreover T is torsion-free, then BT_ = BT is a 
manifold. 

vi) If r acts simplicially on a tree T with finite stabilizers of vertices, then 
ET. = T. This applies to any amalgamated product T\ *# 1½ with Ti, T2 
and H finite, as for example SL2[I) = (ZjA) * z / 2 ( 0 /6 ) . 

vii) The space E(Fin) = E?in{T) studied in [105) and [63] is a (generally non-
metrizable) model for ET_ (see the end of the present section). 
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viii) Any model for ET_ is a contractible space, but not r-equivariantly (except 
for r finite). 

The next proposition is ah important result allowing to recognize when a given 
proper T-space is a model for ET_. It is proved in [7]. 

4.2.7 Proposition. A metrizable proper F-space X with paracompact orbit space 
T\X is universal if and only if the following two conditions are satisfied: 

i) For every finite subgroup HofT, there exists x e X stabilized by H, i.e. 
sudi that H-X = {x} . 

H) The two projection maps pi, p2 : X x X —> X are r-equivariantly homo-
topic. 

This proposition allows to prove that a metrizable T-paracompact universal proper 
T-space exists for any countable discrete group T . Indeed, the set 

supp(/x) is finite and Vj/i(7) = 1 \ 
7er J 

of finitely supported probability measures on T, with the metric of uniform conver­
gence \\p — ^I|oo = sup7€p |/t(7) — f(7)|, is a model for ET. • We call it the standard 
model for ET, and denote it by EF8td. More geometrically, ET_std is the geometric 
realization of the simplicial set of nonempty finite subsets of T, or equivalently the 
standard simplex in the real group algebra KT of T (in both cases, with the topology 
of uniform convergence). The action of F is defined by 7 • p(-y') := M7 - 17') • 

Since any free and proper action is proper and since EF classifies free and proper 
actions of T, there exists a T-equivariant map EF —• ET_ that is unique up to 
T-equivariant homotopy, and fitting in a commutative diagram 

^ r > ET 

BT > BT 

In chapter 6, we will need explicit descriptions of these maps. For this purpose we 
now describe Segal's model for the classifying space for a family T of subgroups 
of T. For details, the reader is referred to [105] pp. 46-50, and to [68]. Let T be 
a non-empty family of subgroups of F that is closed under taking subgroups and 
conjugates, as for example T , the trivial family consisting in the trivial subgroup 
{e} , and Tin, the family of finite subgroups. Consider the T-set 

A? := ]l T(H 

ii : r —»• [o, 1] 
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(the disjoint union of the corresponding cosets, with action of T by left translation). 
Let X^ = {X£}n>o be the simplicial T-set of tuples of elements of Ap, more 
precisely 

with the obvious face and degeneracy maps. Segal's model for the classifying space 
for the family T is the geometric realization of X^ : 

It is clearly a T-CW-complex with one n-cell for each (n + l)-tuple of elements of 
A;F . Its main properties are that the cell stabilizers are members of T, and that 
for any H € T, the fixed point set Ep(T)H is contractible. It follows that Ep(T) 
is always contractible, that Er(T) is a model for ET, and that Enn[T) is a model 
for ET_. The space Ep(T) is metrizable if and only if it is locally finite (see prop. 
1.5.17 in [44]), but this is never the case. For example, for the trivial group, one 
has 

^ ( { e } ) = e °Ue 1 Ue 2 U. . . = r . 

The map ET = Er(T) —> ET = Enn(T) we are looking for is "simplicially 
induced" by the canonical inclusion of T-sets 

A r = r/{e} = r ^ A,rin = ] J T/H. 
Hl=Fin 

In chapter 6, we will also need information on the cellular chain complex of Ep(T). 
Let R be a commutative ring with unit. The cellular chain complex of Ep(T) with 
coefficients in R is given by 

C(Ep(T); R): . . . —• C1(Ep(T); R) -*» C0(Ep(T); * ) _ • ( ) — • . . . 

0 R[TfH] J , and the map di is 

di : \-yH®\'-y'H' = XX^1H(S1
1H').—• XX'^H-j'H') = XX'• 7H-XX'• j'H' 

(A, X' € R, 7, •/ e r , and H, H' € F). Since Ep(T) is contractible, its homology 
is concentrated in degree 0, isomorphic to R, and the sequence of iïT-modules 

. . . —> C1(Ep(T); R) - ^ C0(Ep(T); R) - A R —• 0 

is exact, where e is the augmentation 

HeT -yHer/H HET -jHer/H 
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4.3 Equivariant JC-homology 

We briefly review the definition of the equivariant /f-homology of a locally compact 
proper F-space. 

Let X denote a locally compact proper T-space. Let Co(X) be the C-algebra of 
continuous complex valued functions on X, vanishing at infinity (i.e. for every 
positive e , there exists a compact subset K of X , such that the function is in 
module < e outside K). 

A generalized elliptic T-operator over X (or Kasparov triple ever X, or cycle over 
X) is a triple (H, TT, F), where H is a Hilbert space endowed with a unitary 
representation U of T 1 TT is a »-representation of Co[X) by bounded operators on 
H (in particular, 7r(/) = TT(Z)*), and F is a bounded self-adjoint operator on H . 
It is moreover assumed that the representation TT is covariant (with respect to U), 
in other words 

Tr(Zo7-
1) = u^(f)u;, v/ e C0(X), V7er, 

and that, for any f G Co(X) and any 7 e V, the operators 

Tr(Z)[CZ7, F], TT(Z)(F 2 - ! ) and [Tr(Z), F] 

are compact. As shown in [107], we can always assume that F is F-equivariant, 
i.e. UfF = FU-,, for any 7 € T. Such a Kasparov triple (H, x, F) is even if 
the Hilbert space H is Z/2-graded and if U and 7r preserve the grading, whereas 
F reverses it. It is odd otherwise. If X is compact (and then F is finite), in the 
above definition of a Kasparov triple, the last two conditions can be weakened as to 
become: ( F 2 - 1) and [Jr(Z)1 F] are compact, for any f E Co(X) . (In particular, F 
is a Fredholm operator.) There is an obvious notion of direct sum of two Kasparov 
triples a and ß of the same parity; it is denoted by a © ß. 

A cycle (H, TT, F) is said to be degenerate if Tr(Z)(F2 - 1) = O and [Tr(Z), F] = O, 
for any f € C 0 (X) . Two cycles a 0 = (H, TT, F) and a i = (H', TT', F') over X are 
called homotopic if H = H', if the corresponding unitary representations U and 
XJ' are equal, if 7T = 7r', and if there exists a norm-continuous path (Ft)(6|o,i] of 
operators connecting F to F' such that the triple at = (H, TT, Ft) is a cycle of the 
same parity, for any t 6 [O1 1]. Finally, two cycles a and ß of the same parity are 
defined to be equivalent, and we write a ~ ß, if there exists two degenerate cycles 
a' and ß' (still of the same parity), such that a © a ' is homotopic to ß @ ß'. The 
equivalence class of a cycle (H, TT, F) is denoted by [H, TT, F]. 

4.3.1 Definition. The set of equivalence classes of even cycles over X is denoted 
by KQ(X) , and the set of equivalence classes of odd cycles by K\(X). 

It turns out that the direct sum of cycles (of the same parity) endows KQ(X) and 
Ki(X) with a structure of abelian group, and we set 

Kl(X):= KS(X)(BKl(X). 
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It is called the T-equivariant A--IiOmOlOgY of X . 

The groups Kf(X) depend functorially on X in the following sense: If / : X —> Y 
is a continuous, proper and T-equivariant map between two locally compact proper 
T-spaces, then it induces a group homomorphism 

/ , : Kf(X) —> Kf(Y), [H, *, F] , - + [H, n o /* , F ] , 

where / * : CQ(Y) —• Co(X) is the *-homomorphism given by <f> \—* ^ o / ' . If / 
and g are two continuous, proper T-equivariant maps that are T-homotopic (i.e. 
T-equivariantly homotopic), then / , = g, . (This is a deep result of Kasparov.) 

4.3.2 Remark. The group Kf(X) we have just defined coincides with the Kas­
parov KK-group KKf(C0(X), C ) . 

We now define equivariant Jf-homology with compact supports. 

4.3.3 Definition. Let X beaHausdorffV-8pa.ee. The T-equivariant K-homology 
with compact supports (or representabie T-equivariant K-homology) of X is the 
group 

RKf[X) = H K f ( X ) ® RKf(X) := lira Kf(Y), 
Y 

where the direct limit runs over all T-compact subspaces Y of X . Since throughout 
this work we will only consider K-homology with compact supports, we will simply 
denote it by Kf(X). I fT is the trivial group, we denote Kf(X) simply by K„(X) 
(this makes sense for any Hausdorff space X). 

Notice that this is well-defined, since given two T-compact subspaces Y\ C Yi 
of X (which is Hausdorff), the inclusion % : Y\ *-+ Yi induces a homomorphism 
i , : Kf(Yi) — • Kf(Yi) • Indeed, Yi and Yi are closed in X , so i is a proper 
continuous T-equivariant map. 

(A more accurate denomination for representabie T-equivariant Jf-homology would 
be "If-homology with co-compact (or T-compact) supports". We will however 
follow the most commonly used terminology.) 

For Hausdorff spaces, the AT-homology with compact supports considered here 
coincides with the one studied in chapter 3. More precisely, there is a canonical 
natural equivalence between both functors. We will identify them. 

As expected, T-equivariant K-homology with compact supports is functorial for 
proper T-equivariant maps between Hausdorff T-spaces. In the sequel, when we 
refer to the functoriality of Kf , it is always with respect to this kind of maps. 

The following proposition is important. 

beaHausdorffV-8pa.ee
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4.3.4 P ropos i t i on . IfF acts freely on a proper F-space X (as for example when 
F is torsion-free), then, for i = 0, 1, tJiere is a canonical and naturai isomorphism 

K[(X)^Ki(F\X). 

In particular, there is a canonical isomorphism Kl(EF) -=4 K*(BF). It is natural 
in the group F. 

A proof (together with an explicit construction of the isomorphism) can be found 
in [107]. Notice that we do not need to assume X to be locally compact, because 
we are working with compact supports. 

At this point, we see how the left-hand side in the Baum-Connes conjecture, 
namely Kl(EF) . is defined. Since equivariant if-homology is invariant under 
T-homotopies, after the remark ending section 4.2, we see that there are canonical 
maps 

K*(BT) - ¾ Kl(EF) —• Kl(EF). 

In particular, if T is torsion-free, then there is a canonical isomorphism 

K*(BF) -^Kl(EF). 

An important feature of the /^-homology group Kl(EF) is that it is functorial in F. 
Indeed, as shown by Alain Valette in [107], a group homomorphism tp : Ti —y F2 

induces a homomorphism 

^ : ^ ( ^ ) - ^ ( ^ 2 ) -

Let us mention that this functoriality is not at all obvious, and that the proof 
given in [107] splits the problem into two parts: first, the case of a surjection, and 
then the case of an injection (the general case readily following). As a particular 
application, one can show that the map K+(BF) —• Kl(EF) is natural in the 
group F . 

E x a m p l e s . 

i) Let if be a finite subgroup of a countable discrete group F. Let p denote a 
unitary representation of H on a finite dimensional complex vector space Vp . 
We will associate to these data a Kasparov triple (H, IT, F) over XH •= F/H, 
and representing an element in K-(EF) . First, XH identifies with the subset 
of EFstd consisting of uniform probability measures on the left cosets of H 
in r . (For H — {e} , this is the set of Dirac measures.) Let 

U := {i € £2(F, Vf1) |£(T.fc) = P(K-1M1). VA G H, V7 € T} * £2F®CHVP , 

the Hilbert space of the induced representation U := lndH(p), endowed with 
the trivial 2/2-graduation. This is also the Hilbert space of £2-sections of 
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the induced vector bundle T XHVP over XH • Let it denote the action of 
CQ(XH) by pointwise multiplication on sections; this is clearly a T-covariant 
representation. For each / G CO(XH), one checks that ir(f) is a compact 
operator. Finally, take F = O, the zero operator on H. This defines 

xHtP := [H, ir, F] CKi(ET) • 

ii) For a finite group T, one has ET_ = pt, and one shows that there are iso­
morphisms 

KS(ET) Sf R(T) and Kl(ET) = 0 , 

where R(T) is (the underlying additive group of) the complex representa­
tion ring of the group T. The first isomorphism is realized by mapping a 
representation p of T to xr,p £ KQ(ET) , as in example i). 

iii) For r = Z, one has EZ = R (it is Z-compact), and one verifies that 

K$(EZ) = Z • x { e } i l ^ Z and Kf(EE) = Z • y ^ Z 1 

where a^e},i ' s "induced from" the trivial representation of the trivial sub­
group of Z (as in example i)), and y is the "Toeplitz" generator, i.e. the 
class of the Kasparov triple (L2^1), M, F), where Um(Ç)(z) := Ç{zm), 
for m e Z, £ e L2 (S1) and z e S 1 . and where M is the representa­
tion of C(S1) by pointwise multiplication on L2(Sl), and F is the operator 
Diag(sign(n))n£z in the trigonometric basis (e2 i r i"ô)n €z of L2(Sl). 

4.4 The Banach algebras C T , C rT and I1T 

The three unita! Banach algebras C*T, C*T and (.1T are suitable completions of 
the complex group algebra CT. The first two are C*-algebras, called the maximal 
and reduced C*-algebras of T respectively, and are related by a canonical surjective 
*-homomorphism 

A r : C T - » c r T . 

One of the equivalent definitions of amenability of the discrete group T is that 
this map is an isomorphism (see also section 4.8). There are also injective unital 
Banach algebra morphisms 

f : 21T «-* C T and jjf : £ T ^ C r T . 

The maximal C-algebra and the Banach algebra ^ r depend functorially on the 
group (and j r is natural), but the reduced C*-algebra does not, as explicit examples 
show. (The inclusion of the trivial group in T produces a copy of C as a direct 
Summand in C*T if and only if T is amenable.) 
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The analytical it-theory of a imitai Banach algebra A is defined by 

JT0(^) := Kf(A) 

(the algebraic Äo-group of the ring A), and, for j > 1, 

Kj(A) := ^ ( G L ^ ) ) ^ ^(BGL(A)), 

where GL(X) (also denoted by GL00(A)) is defined as the direct limit of the topo­
logical groups GLn(X) (with topology inherited from the Banach algebra Mn(A)). 
It is worth mentioning that these groups do not coincide with higher algebraic K-
groups (as for example K^9(C) = C x , whereas Kx(C) = 0). By Bott periodicity, 
there are canonical isomorphisms 

^ + 2 ( . 4 ) ^ ^ ( ^ ) , for all j > 0 . 

This means that analytical K"-theory of (complex) Banach algebras is 2-periodic, 
and we write K*(A) = K0(A) © Ki(A). The it-groups are functorial for unital 
Banach algebra morphisms. We have in particular group homomorphisms 

( £ ) . : Kt(I1T) A K<(CT)(^ K.((%T). 

We now have an idea of what is the right-hand side in the Baum-Connes conjecture, 
namely K»(C*T). 

Let us illustrate this by a few simple examples. If T is finite, then the three algebras 
^ r , CT and C*T coincide (as abstract algebras) with the complex group algebra 
C r , and CT = C*T as C*-algebras. However, if T is not the trivial group, then C1T 
does not coincide with them as a Banach algebra. If A denotes one of these Banach 
algebras, then one has Ko(A) = R(T), where R(T) is (the underlying additive 
group of) the complex representation ring of T. On the other hand, one checks that 
K\(A) = 0 . As a second example, when T is abelian, then CT ~ C*T = C(T), 
where f = Hom(r, 51) is the Pontryagin dual of the group T (with the compact-
open topology, i.e. the topology of uniform convergence on finite subsets of T, for 
which r is compact), and where the isomorphism is given by Fourier transform. 
By the Swan-Serre theorem, we see that ÜT,(CrT) ^ Ä*(C(f)) = K*(f). In 
particular, CIP = C;Z" & C ( T " ) , with K0CT) SÉ Z2""1 2 UT1 (T*). More 
explicitly, for n = 1, the generators of K0(C(S1)) and of Ki(C(S1)) are [1] and 
[z], the it-theory classes of the unit and of the identity function z on the circle 
respectively. 

4.5 The Baum-Connes and the Novikov assem­
bly maps 

We state the Baum-Connes and the strong Novikov conjectures, as well as a conjec­
ture that some people call the Bost conjecture. We also see how they are related. 
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With the goal of computing K*(C*T) in mind, Paul Baum and Alain Connes have 
defined a (graded) map 

called the analytic assembly map (or Baum-Connes assembly map, or T-index 
map), and were led to the following conjecture (see [6] and [7]): 

4.5.1 Conjecture. (Baum-Connes) For any countable discrete group T, the 
assembly map u\ : Kl(ET) —y K^(C*T) is an isomorphism. 

The left hand-side is, as we have seen, of topological and geometrical nature, and 
is supposed to be simpler to compute (at least rationally, as we will see in section 
4.6). 

For the definition of ul , we refer to [107], where it is also proved that there exists 
an assembly map 

such that pi = (Ap)* o pi, where (Ar), is induced, at the level of if-theory, by the 
canonical surjection Ar. It is also shown that the map ßl is natural with respect 
to group homomorphisms. 

Notice that the Baum-Connes conjecture (or even just the split-surjectivity of pi) 
would imply that (Ar), is split-surjective and that K„(C*T) is functorial for group 
homomorphisms. These two potential consequences are still unproved. (About the 
former problem, let us mention that for if-amenable groups, (Ap). is always an 
isomorphism, and at the opposite, that for infinite groups with Kazhdan's property 
(T), it is never injective; see section 4.8 for the definition of property (T).) 

It turns out that the composition map 

ßl : J C ( B r ) A Kl(ET) —• Kl(ET) - ¾ tf.(CT) 

coincides with the Novikov assembly map considered by Mishchenko and Kasparov. 
They have formulated the following conjecture: 

4.5.2 Conjecture. (Strong Novikov conjecture) For any countable discrete 
group T, the Novikov assembly map 

ßl : K*(BT)—> K*(C*T) 

is rationally injective, in other words it is an injection after tensoring with Q for 
equivalency C). 

Notice that one can show that this conjecture implies the usual Novikov conjecture 
on the homotopy invariance of higher signatures in topology, hence its name (see 
also section 4.7). 
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We denote the composition (A r ) . o ßl : Kt [BV) —• K* (C7T) by ß* . 

We now state a useful result allowing to relate the strong Novikov conjecture to 
the Baum-Connes conjecture (see [43], pp. 44-45). 

4.5.3 Proposit ion. For any countable discrete group T1 the map 

K*{BT) —» Kl(EV) —• Kf[ET) 

is rationally infective. 

(See also section 4.6 about this proposition; section 6.7 contains a proof.) 

4.5.4 Corollary. If the Baum-Connes assembly map pf is rationally injective, 
then the Novikov assembly map ßl is also rationally injective, i.e. T satisfies the 
strong Novikov conjecture. (The rational injectivity of fif suffices.) 

As already mentioned, if V is torsion-free, the map K„ [BV) —»• Kf (ET) is an 
isomorphism, and therefore, ßf is rationally injective if and only if so is fif . 

In [64], Vincent Lafforgue has shown that the Baum-Connes assembly map further 
factorizes, more precisely, he defines an assembly map 

fil •• Kf (ET)-> K^i1V) 

such that ßf = (jf)*ofif , and fif — jfofif . This map is also natural with respect 
to group homomorphisms. Apparently, Jean-Benoît Bost was led to the following 
conjecture (at least for discrete subgroups of connected Lie groups; see [98], p. 11): 

4.5.5 Conjecture. Fbr any countable discrete group T, the assembly map 

is an isomorphism. 

For simplicity, in the sequel, we will refer to this conjecture as the "Bost conjecture". 

We see that if a group T satisfies at the same time the Baum-Connes conjecture 
and the Bost conjecture, then the inclusion I1T 1 ^ C*T induces an isomorphism in 
it-theory. 

Examples . 

i) Let H be a finite subgroup of r . In example i) of section 4.3, we have 
associated to any finite dimensional complex representation (VJ,, p) of H a 
Jf-homology class x # i P = [H, ir, 0] £ KQ(ET) . If p is irreducible, then 
there exists a unique projector pp in CH such that V9 = CH • pp, as a left 
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Ctf-module, and one has -K(CC(T/H)) -U^CT ®CH Vp^CT -pp. Let p* 
denote the dual (or contragredient) representation of p. The map 

CT - > CT, ¢ = £ V r —> I := £ A^7 

takes Pp to pp = pp> and induces a bijection CV-pp w pp- -CT transforming the 
left Cr-module structure into the right CT-module structure. This implies 
that 

Poi*H,p) = M e A b ( C T ) and i${zH,p) = M G K0[CtT)1 

the A*-theory class of pp*, viewed as a projector in the maximal (resp. re­
duced) C-algebra of T . In particular, if H = {e} and p is the trivial 
1-dimensional representation of H, theu £0(^(6),1) = [1] £ K0(C*T), the 
it-theory class of the unit. 

ii) If r is finite, the above consideration allows to prove explicitly that //£ is an 
isomorphism. On the other hand, p\ and ß\ are obviously isomorphisms, 
since their domain and range are 0 . Consequently, any finite group satisfies 
both the Baum-Connes and the Bost conjectures. 

hi) For r = Z , we have seen in example iii) of section 4.3 that KQ(EZ) and 
Kf(EZ) are infinite cyclic, generated by £{e},i and the Toeplitz generator y 
respectively, By example i), ßl(x{e},i) = [1] G K0(CfZ), showing that /xj is 
an isomorphism. A more involved computation shows that if 0 denotes the 
generator of Z, then ßf(y) = - [a ] = [a - 1] 6 K1(CfZ), and this corresponds 
to [z h-+ z - 1 ] € K1(C(S1)) (see [107]). We see that under the canonical iden­
tifications Kf(EZ) SÉ K1(S

1) and K1(CfZ) Sf A ^ ( S 1 ) , the assembly map ^ f 
takes the Bott generator to the inverse of the Bott generator. In particular, 
(j,f is also an isomorphism. Therefore, Z satisfies the Baum-Connes conjec­
ture. Similarly, one shows that the group Z2 satisfies the Baum-Connes con­
jecture, and that pf takes the Bott generator of K^(EZ2) SE K0(^

2) ^ Z2 

to the Bott generator of K0(CfZ2) S JT0(C(T2)) * K°(f*) * Z2 . 

iv) By the Wiener lemma (see [91], 11.6), for any n > 1, C1Z71 is stable under 
holomorphic functional calculus in CfZP . Therefore, by the density theorem 
(see [34], prop. 3, pp. 285-286), the inclusion I1ZP ^ CfT1 induces an 
isomorphism Kt(PZP) S K9(CfZP). It follows from example iii) that the 
group Z satisfies the Bost conjecture, and that pf(y) = [a - 1 ] G Ai(^ 1Z). 

Let us also point out that there is a generalized version of the Baum-Connes con­
jecture, called the Baum-Connes conjecture with coefficients. The coefficients in 
question are C*-algebras on which the group T acts by +-automorphisms. 
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4.6 The delocaìized equivariant Chern charac­
ter 

We consider the usual Chern character in if-homology, and the delocaìized equiv­
ariant Chern character defined by Paul Baum and Alain Connes, and explain their 
main properties and how they are related. We also introduce some notations that 
we will use in forthcoming chapters. 

In section 3.1, we have explained that the usual Chern character in if-homology 
with compact supports induces an isomorphism ch®Id : K*(X)<g>C -11+ H*(X; C) , 
for an arbitrary CW-complex X. In particular, for a discrete group T, we get an 
isomorphism 

ch®Id: Kt(BT) ® C - ¾ JJ+(Br; C) * H.(T; C ) . 

In [6], Baum and Connes have defined a new Chern character, called the delocaìized 
equivariant Chern character. It is a group homomorphism 

chi-.Kl(ET)->H*(T;FT), 

where T is a countable discrete group, and FT is the C-module freely generated 
by the set of torsion elements in T, on which T acts by conjugation. It maps KQ 
to Hev and K[ to H0^d. The following two results are announced in [6] and in [7] 
(and are generally considered as well-known), but we do not know of any complete 
proof. 

4 .6.1 T h e o r e m . The delocaìized equivariant Chern character ch\ is a rational 
isomorphism (i.e. an isomorphism after tensoring its domain with C), and is natural 
with respect to group homomorphisms. 

4.6.2 P ropos i t i on . For any countable discrete group T, there is a commutative 
diagram 

K^(BT) -Kl(ET) 

chi [chi 

Ht(T;C)<^-~H«(T;FT) 

where we have identified H„(BT; C) with H*(T; C) , and the bottom map is induced 
by the inclusion i : C <-* FT, A i—> X- e of T-modules. 

The above two results show that the map K*(BT) — • Kl(ET) is rationally infec­
tive (this was the content of proposition 4.5.3). We also see that for a torsion-free 
group, FT = C and the Chern character chi "coincides" with the usual one. 
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4.6.3 Remark. We have already mentioned that we do not know of any com­
piete proof of the above theorem and proposition. There is however another major 
difficulty: The statement of the Baum-Connes conjecture presented here (and con­
sidered nowadays) is the one of [7], whereas hi [6], the left-hand side was a group 
K*(pt, T) defined in a completely different fashion. The relation between K^(ET) 
and K*(pt, T) (and between the two corresponding assembly maps) is far from 
clear. (See also sections 5.1.1 and 5.1.6 in J.-L. Tu's thesis [106] on this point.) 
Moreover, the Chern character c/£ was defined in [6], with domain K*(pt, T). We 
will therefore adopt the following point of view (shared with most workers in this 
held): We accept the existence of a delocalized equivariant Chern character with 
domain K+(ET) , and consider theorem 4.6.1 and proposition 4.6.2 as true. Sec­
tion 6.7 contains partial proofs of these results. (Complete proofs can probably be 
deduced from the work of J. Davis, W. Liick and B. Oliver, see [37], [67] and [66].) 

Let (T) be the set of conjugacy classes of T, partitioned as 

(T) = (r)dlU{T)°° , 

where (T) is the (non-empty) set of conjugacy classes of elliptic elements of T , 
i.e. of finite order, and (T)00 is the (possibly empty) set of conjugacy classes of 
hyperbolic elements, i.e. of infinite order. Let {"fc}ce(r) De a once and for all 
chosen set of representatives of the conjugacy classes, i.e. -¾, € C. Let us denote 
%r (7c) i the centralizer of j c in F, by Zc . (There is a slight abuse of notation 
since Zc does not only depend on the class C, but on its chosen representative -¾, . 
Changing the representative amounts to taking a conjugate of Zc .) Notice that 
Z[e}=T. 

The T-module JFT decomposes canonically as a direct sum of sub-F-modules param­
eterized by the set of elliptic conjugacy classes. Therefore, by a direct application of 
the Shapiro lemma, we have another interpretation of the target of the delocalized 
equivariant Chern character chi '• 

4.6.4 Proposition. For any discrete group T, there is a canonical graded isomor­
phism 

u : H*(T; FT) A 0 H*(ZC;C), 
ce(r)e" 

where the latter are homology groups with trivial coefficients C. Moreover, the 
restriction of v-1 to the direct summand corresponding to C = {e} is the map U 
of proposition 4.6.2. 

In chapter 7, we will see that there is also a canonical graded isomorphism (due in 
particular to Burghelea [27]) 

© Hi[Z0X C) - ¾ HHf(CT), 
C€{r>e" 
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where the latter group is the "elliptic part" (a suitable direct summand) of the 
Hochschild homology of the complex group algebra C r (see theorem 7.2.1). 

4.7 Consequences of the Baum-Connes conjec­
ture 

We quote a few classical conjectures that would be implied by the Baum-Connes 
conjecture. Roughly speaking, injectivity of the Baum-Connes assembly map has 
consequences in topology, and surjectivity in analysis. 

First, let us state the Novikov conjecture from topology. 

4.7.1 Conjecture. (Novikov) Fbr a dosed oriented manifold M with fundamen­
tal group T, the higher signatures (coming from H* (T; Q)) are oriented homotopy 
invariants of M. 

In section 4.4, we have stated the strong Novikov conjecture. It is clear that rational 
injectivity of the Baum-Connes assembly map for a countable discrete group T 
implies the strong Novikov conjecture for this group. Mishchenko has proved that 
the strong Novikov conjecture for a group T implies the Novikov conjecture for any 
closed oriented manifold having T as fundamental group. 

Due to Stephan Stolz, there is another consequence, in geometry, of injectivity 
(rational injectivity is probably not enough, according to him) of the Baum-Connes 
assembly map for a countable discrete group T, namely the following conjecture. 
Before the statement, we let B be a fixed "Bott manifold", i.e. a simply-connected 
closed Spin-manifold of dimension 8 whose index is a generator of KOg (pt), in 
other words, such that A(B) — 1 . 

4.7.2 Conjecture. (Stable Gromov-Lawson-Rosenberg conjecture) 
Let F be the fundamental group of a closed Spin-manifold M of dimension m. 
Then there exists k > 0 such that M x Bk is endowed with a metric of positive 
scalar curvature if and only if a suitable topological invariant a(M) £ KOm(C^rT) 
vanishes (where C^ rT is the real reduced C*-algebra of T). 

In fact, the Baum-Connes conjecture implies the "if part" of the above conjecture, 
and the "only if part" is a theorem of Rosenberg, generalizing a result of Hitchin 
(see [89] and [102]). 

In algebra, there is a famous conjecture, that we now state, on the group algebra 
of a torsion-free group. 

4.7.3 Conjecture. (Conjecture of idempotents) Let T be a discrete group. 
If r is torsion-free, then the complex group algebra CT contains no non-trivial 
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idempotents, in other words ifx G CT satisfies x2 = x, then x = O or 1. 

This conjecture is an immediate consequence of the following much deeper conjec­
ture in analysis: 

4.7.4 Conjecture. (Kaplansky-Kadison) I fT is a discrete torsion-free group, 
then the reduced C*-algebra C*T contains no idempotents other than 0 and 1. 

It is known that surjectivity of the Baum-Connes assembly map for a discrete 
torsion-free group T implies the Kaplansky-Kadison conjecture for T (and therefore 
also the conjecture of idempotents for this group). 

4.8 Status of the Baum-Connes conjecture 

We quote a few classes of groups for which the Baum-Connes conjecture has been 
proved. 

First, we have seen in section 4.5 that all finite groups satisfy the Baum-Connes 
and the Bost conjectures. 

Recall that a locally compact group G is amenable if the left regular representa­
tion of G on L2G almost contains invariant vectors, or equivalently if the trivial 
representation is weakly contained in the left regular representation. (This ig in 
fact one of the numerous equivalent definitions. Another would be to ask that 
the canonical surjection AG : C*G -» C*G is an isomorphism.) Among countable 
discrete groups, one has the following chain of inclusions of classes of groups: 

abelian Ç nilpotent Ç solvable Ç amenable 

Clearly, any finite group is amenable {and in fact, so is any compact group). Among 
discrete groups, affine Coxeter groups and virtually solvable groups are amenable. 
On the other hand, free groups with two or more generators, the groups SLn(Z) for 
n > 2, and the surface-groups T9 with g > 2 are non-amenable (they all contain a 
free group on two generators as a subgroup of finite index, the standard obstruction 
to being amenable). It is known that amenable groups satisfy the Baum-Connes 
and the Bost conjectures. In fact, the same holds for a much larger class of groups, 
namely groups with the Haagerup property (also called a-T-menable groups). 

4.8.1 Definition. A locally compact group G has the Haagerup property if it 
admits an isometrically proper action by affine isometries on an affine Hubert 
space W.. (Here, "isometrically proper" means that for any pair A, B of bounded 
subsets of K , the set {g 6 G \ g • A n B ^ 0} is relatively compact, i.e. it has 
compact closure in G ; it is enough to require this for A = B.) 



4.8. Status of the Baum-Connes conjecture 83 

One can show that a countable discrete amenable group has the Haagerup property 
(see [9]). The surface-groups, the discrete subgroups of SO(rc, 1) and SU(n, 1), 
the free groups with finitely many generators, and the group SLQ (Z) have the 
Haagerup property, the groups SLn (Z) do not when n > 3 . When F is a countable 
discrete group with the Haagerup property, one can take the affine Hilbert space 
Ti of the definition as a model for ET_. We now state the result alluded to above. 

4.8.2 Theorem. (Higson-Kasparov; Lafforgue) If T is a countable discrete 
group having- the Haagerup property, then it satisfies the Baum-Connes and the 
Bost conjectures. (It even satisfies the Baum-Connes conjecture with coefficients.) 

This was proved in 1996 and is contained in the paper [50] (see also the survey 
[57]). The part concerning the Bost conjecture is due to Lafforgue. For example, 
the free abelian groups Z" , the surface-groups T9 and the free groups of finite type 
all satisfy the Baum-Connes and the Bost conjectures. 

In 1981, G. Kasparov has proved injectivity of the Baum-Connes assembly map 
for discrete subgroups of real Lie groups with finitely many connected components. 
These includes for example the groups SLn(Z). Eight years later, he and G. 
Skandalis have obtained the same result to discrete subgroups of p-adic groups. 

Concerning Gromov hyperbolic groups, it was first proved that the Baum-Connes 
assembly map is rationally injective for fundamental groups of compact Riemannian 
manifolds of non-positive scalar curvature (by A. Mishchenko and G. Kasparov, 
1974 and 1988), and then, in 1988, A. Connes and H. Moscovici have proved the 
strong Novikov conjecture for Gromov hyperbolic groups (see [35] and [36]). In fact, 
for these groups, the Baum-Connes assembly map is injective. This was proved 
independently in 1993 by N. Higson and J. Roe, S. Hurder, and G. Kasparov and 
G. Skandalis. The same holds for groups acting properly on euclidean buildings 
(by G. Kasparov and G. Skandalis, 1991). 

In 1991, P. JuIg and G. Kasparov have proved that a group T satisfies the Baum-
Connes conjecture if T is a discrete subgroup of a connected Lie group G whose 
Levi-Malcev decomposition is G = RS, where R the radical and S is the semi-
simple part assumed to be locally isomorphic to a product 

K x SO(ni, 1) x . . . x SO(njt, 1) x S t / (mi , 1) x . . . x SU(mu 1), 

with K a compact Lie group. 

The Baum-Connes conjecture also holds for one-relator groups, as was shown by 
C. Béguin, H. Bettaieb and A. Valette in their 1999 paper [13]. (This gives another 
proof for surface-groups.) This applies to the braid group B$ . 

H. Oyono-Oyono and J.-L. Tu have independently proved in 1997 that fundamental 
groups of Haken 3-manifolds (including knot groups) satisfy the Baum-Connes 
and the Bost conjectures. In the same year, H. Oyono-Oyono has shown that 
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if a countable discrete group T acts (simpficiaily) on a tree with edge and vertex 
stabilizers satisfying the Baum-Connes conjecture with coefficients, then so does T. 
Two years later, he has established that if a group T fits in a short exact sequence 
0 —> T0 —> F —> Ti —• 0 , with Ti and all subgroups H of T that contain To as 
a subgroup of finite index satisfying the Baum-Connes conjecture with coefficients, 
then so does T. In particular, this conjecture is stable under taking semi-direct 
products with torsion-free "acting group". For example, this implies that the pure 
braid groups Pn satisfy the Baum-Connes conjecture. 

Recall that a locally compact group T with a countable base has Kazhdan's prop­
erty (T) if every action of T by affine isometries on an affine Hilbert space has a 
fixed point. (This is in fact one of the numerous equivalent definitions.) It is easy 
to see that a locally compact group with a countable base having at the same time 
the Haagerup property and Kazhdan's property (T) is necessarily compact, and 
hence finite if it is discrete. 

It was only in 1998 that the Baum-Connes conjecture was proved for infinite 
groups having Kazhdan's property (T ) . Indeed, V. Lafforgue has proved that 
the Baum-Connes conjecture is true for Gromov hyperbolic groups acting prop­
erly co-compactly on a CAT(O) space. These include all co-compact lattices in the 
simple Lie groups SO(n, 1), SU(n, 1) , Sp(n, 1) and i^(—20) (all having real rank 
one). The lattices in Sp(n, 1) and in ^(—20) have property (T) . In the same 
year, he has established that the co-compact lattices in SLz(F) also satisfy the 
Baum-Connes conjecture, where F is M, C or a p-adic field Qp . 

Up to now (July 2000), it is still not known if SLn(Z) satisfies the Baum-Connes 
conjecture, when n > 3 . 



Chapter 5 

Low-dimensional group homology 
and the Baum-Connes assembly 
map 

For products of a group by a finite cyclic group, we carefully describe the Baum-
Connes assembly map, its domain, its range and the delocalized equivariant Chern 
character. As an application, we compute very explicitly the rational Baum-Connes 
assembly map in "low homological degrees". 

5.1 Introduction 

Throughout this chapter, we keep notations as in chapter 4. In particular, we write 
Kj = Kj+2 f° r /^-homology of spaces and it-theory of Banach algebras. 

In chapter 3, we have defined natural maps 

ßf: Hj[X; Z) -+Kj[X), 

for j — 0, 1 and 2 , where X is any connected CW-complex, and Kj(X) is the 2-
periodic AMiomology with compact supports. For X = BT, the classifying space 
of a countable discrete group, this gives maps 

ßioc = ßU),toc ; = ßBr . Hj{T. g) ^Kj(BF), 

where we have identified the integral homologies of T and of BT. (The subscript "£" 
stands for "topological", and the exponent "loc" for "localized".) In her thesis [10], 
HeIa Bettaieb has defined maps with same domain and same range, and denoted 
by ßt (see also [H]). We will show that her maps coincide with ours, even if 

85 
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her construction was completely different. Following a program initiated by Alain 
Valette, she has also defined explicit maps 

ßioc = 0U)1IoC , H.{T. 2j __> Kj(CiT) 

(that she denotes by ßa , with the subscript "a" standing for "analytical"), such 
that the diagram 

Kj[BY) — Kj(ET) -+ KJ(C;T) 

HJ(T-, Z) 

commutes, for j = 0, 1 and 2. We will recall the definition of /¾00 in section 5.2. Of 
course, the interest is to construct ßjf0 directly, and not just as the composition of 
ßt with the horizontal map in the above diagram (which is the Novikov assembly 
map composed with (Ar)*). G. A. Elliott and T. Natsume [40] (and independently 
H. Bettaieb and A. Valette) have proved the following result. 

5.1.1 T h e o r e m . For any countable discrete group T, t i e maps/¾ oc andß^'' ^ 
are rationally injective. 

Motivated by these results, Alain Valette has posed the following problem: Can one 
"delocalize" the above constructions, in other words, can one define "topological" 
maps 

U = ^zHj(TiFT) 

and "analytic" maps 

ßa = ß^:Hj(T;FT) 

such that the diagram 

v Kf (ET)® C 

Kj(C*T)®C, 

u£ ® Idr 

K](Et) ® c -1
 KJ(C;T) ® c 

ßl00®!^ 

Hj(T; C) <^~ Hj(T; FT) 

commutes, for j = 0 , 1 and 2 (see propositions 4.6.2 and 4.6.4 for i . ) . This amounts 
to trying to express the rational Baum-Connes assembly map in "low homological 
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degrees". In this chapter, we present a positive answer to this question, and in 
chapters 6 and 7, we will establish two kinds of generalizations of the construction 
of ßa in various situations. 

The construction of ßa when j — 0 and partially for j = 1 is a joint work with 
HeIa Bettaieb. For these values of j , the presentation given here varies from the 
one of [10] in that it is a bit more general and allows for lifting some ambiguities 
on particular values of the delocalized equivariant Chern character. 

An important feature of our construction of the maps ßt and ßa is that we need 
a "classifying family" of groups for Hj(V; FT), that is a family of groups {Gj}, e / 
(indexed by a certain set I) such that for any group T, any homology class in 
Hj(T; FT) arises from a "fundamental class" in Hj(Gi,FGi), for a certain Gi, 
through a homomorphism G{ —> T. In the three considered cases, the "classifying 
family" is given by 

for j = 0 : {Z/n}„>i 

for j = l : ( Z x Z/n}n>i 

forj=2 : { r s x Z / n ) 9 | n > , , 

where T9 is the fundamental group of a closed oriented surface of genus g. 

We should explain in a few words our choice for the terminology "localized" and 
"delocalized". In view of proposition 4.6.2 (together with the fact that both occur­
ring Chern characters induce isomorphisms after tensoring their respective domain 
with C), the Novikov assembly map ß\ can be considered as the part of fi£ local­
ized at the identity e of V. The other way round, p£ is the delocalized counterpart 
of ßl. (These statements are accurate at least rationally.) We will therefore call 
the maps ßt and ßa the delocalized counterparts of /¾°6 and /¾00 respectively. 

This chapter is organized as follows: In section 5.2, after recalling their definition, 
we prove that the maps /¾ M constructed by H. Bettaieb coincide with ours. We 
also recall the definition of her maps ßa °c, and their main properties. In section 
5.3, we introduce the spectral projectors associated to finite order elements in a 
group. They play a crucial role in the sequel. In section 5.5, we compute explicitly 
the delocalized equivariant Chern character ch\ for T = Gx Z / n , with G a torsion-
free group having a smooth manifold as a model for ET_. This computation is based 
on a technical result, established in section 5.4, on the periodic topological cyclic 
cohomology of the algebra C%°(M, T) associated to a proper action of T on a 
manifold M. The concrete determination of the assembly map f£ for any product 
T = Gx X/n is the subject of section 5.6. Finally, in the remaining three sections, 
we construct the maps ß)? and ßa , for j = 0 , 1 and 2 , and determine their 
properties. 
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5.2 The maps ß\oc and ßl
a
oc 

We first recall the definition of the maps ß{
t
j)Joc and ß(J),loc considered by HeIa 

Bettaieb in [10]. We then show that for any discrete group T, the maps ß\3'' ^ 
coincide with our maps /?• r . We also give the main properties of these maps. 

For j = 0, one has H0[T; Z)=Z, and 

where [1] := U(I), with i denoting the inclusion of the base-point in B r , and 1 
being the canonical generator of Ko[pt) = S. On the other hand, we set 

ßW'l0C : H0(T; Z) -^ K0Ie
1T), 1 ^ [1], 

where [1] is the it-theory class of the unit (viewed as an idempotent (1 x l)-matrix 
over ^1T). The map considered by H. Bettaieb is given by 

ß^ioc = U^oß^-, 

where j$ is the inclusion of /1F in C*T. 

For j = l , one has a canonical and natural isomorphism Hi(T; Z) = Tab, the 
abelianization of T. We write 70*1 for the class in T"b of an element 7 G T. By 
definition, one has 

/3t
(1)'/oc : H1 (T; Z) —> K1(BT), 7°6 —• 7.([S1]*), 

where 7 is considered as a the homotopy class of a pointed map 5 1 —• JBF , where 
7* is the map induced at the level of Ä"i-homology, and [S1\K is the canonical 
generator of Ki(S1) S Z. (The fact that y3(

(1)''a " is a well-defined homomorphism 
is not obvious. The reader can refer to [10] for a proof of analytical flavour, or 
to [11] for a more geometric proof. Another proof consists in identifying this map 
with ßfT (see proposition 5.2.3 below) and then to invoke the results of chapter 
3.) On the other hand, we set * 

/¾1*'- : H1(T; Z) —> K1(C
1T), 7 ^ H-> -[7] = [7 ' 1 ] , 

where [7*1] is the üf-theory class of 7*1 (viewed as an invertible (1 x l)-matrix 
over Z1T). The map considered by H. Bettaieb is given by 

^ '"=(^)*° /¾ 1 ^-

(More precisely, H. Bettaieb considers -/¾ '* °° in her thesis [10].) 

For j = 2, the situation is more involved. In [114], B. Zimmermann considers the 
set S(T) of pointed maps E5 —• BT (with g > 1 varying arbitrary), inducing a 
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surjection at the level of fundamental groups. Clearly, this set is empty if T is not 
finitely generated; let us therefore assume, for a moment, that T has finite type. 
Recall that the surface-group F 9 admits the presentation 

T9 = / a i , . . . , a9, 61, . . . , bg 

It follows that the free group F 9 on g generators is the quotient of T9 by the 
normal subgroup generated by the Oib^'s (1 < i < g). It follows that any finitely 
generated group is a quotient of some surface-group. Zimmermann considers a 
suitable equivalence relation on the set S(T), and shows that the quotient set 
O( r ) is in canonical bijection with H2(T; Z). Explicitly, the bijection is 

U(T) —• H2(T; Z), [f : E9 -+ B r ] —> / , ( [S 9 ] ) , 

where [T.g] E # 2 ( ¾ ; Z) is the orientation class. Under this identification, the addi­
tion in homology corresponds to connected sum (for which U(T) becomes a group). 
This construction is only valid for finitely generated groups, and has the disadvan­
tage of rendering the functoriality of this bordism type description of H2(—\ Z) 
obscure. We now explain how to avoid these problems. First, we recall a 1954 the­
orem of René Thorn (see thm. II.3 and cor. HI.7 in [104]; compare with theorem 
3.3.6.). 

5.2.1 Theorem. (Thorn) For a CW-complex X, any class x in Hn(X; Z), for 
n < 6 , is Steenrod-representable, in other words there exists a smooth, closed 
and oriented manifold M of dimension n, and a continuous map f : M — • X 
(both depending on x) such that x = / , ( [M] ) . Moreover, there is a class in 
H7(B(Z/3)W x B(Z/3)W) that is not Steenrod-representable. 

Notice that the manifold M need not be connected. Let us also point out that the 
above theorem also holds for infinite CW-complexes because we are working with 
compact supports. 

We will denote a homology class f*([M]) as in the theorem also by [M, / ] . By 
applying this theorem for n = 2 , and by dropping the surjectivity hypothesis 
everywhere in Zimmermann's paper [114], we get a proof of the 

5.2.2 Theorem. (Zimmermann) For any group T, consider two "bordism" pairs 
(S 9 1 , /1) and (S 5 2 , / 2 ) , where fi : E9i —> BT is a continuous map for i = 1 and 
2 , and pi, 02 > 1 • Then these two pairs represent the same class in H2(T\ Z), i.e. 
(fi)*([E9l]) = (/2M[E92]) Î if and only if they are stably equivalent in the sense 
that there exists g > gì, Ç2 and an orientation-preserving homeomorphism h of 

nt«j» n 
J = I 
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E 9 , such that the triangle 

E 9 = E 9 l # E 9 _ 9 l 

h 

Eg ~ Eg3 #^5-52 

commutes up to homotopy, where, for i = 1 and 2, fi = /»#xo and Xn Js the 
constant map from E9_flJ to BT taking the base-point of BT as value (the symbol 
" # " stands for the oriented connected sum.) 

Recall that to prove this result, we only need the easy part of theorem 5.2.1, namely 
for n = 2 . See also theorems 3.3.5 and 3.3.6 for a sketch of proof in this case. As 
already mentioned in chapter 3, for an "elementary" proof of Thorn's theorem for 
n = 2 and for X = B r , the classifying space of a discrete group T (the only case 
to which we apply the theorem in the sequel), the reader can consult lemma 2.2.4 
in [71]. 

The functoriality of n ( r ) is then simply given by composition with the homomor-
phism; more explicitly, for a group homomorphism ip : T\ —> T2 and a stable 
equivalence class [E9, f] (in the sense of theorem 5.2.2), one has 

<M[E9, /1) = (¾, Bv of], 

where Bip : BT^ —• BT2 is induced by <p. Let us finally recall that the sum is 
given by the oriented connected sum: 

[S91 , /1] + [S92 , /2] = [ E 9 ^ S 9 3 , Mf2] • 

Prom now on, we identify the group H2(T; Z) with the set H(T) of equivalence 
classes of bordism classes [M, f] as in the above version of Zimmermann's theorem. 

Coming back to the construction of ß\ ' ' °°, the ÜMiomology of S 9 is given by 

UT0(S9) = Z - [1] ® Z - [S9]K Si Z2 and ZiT1(E9) 2 Z2" , 

where [1] and [E 9 ]* are determined by the relations c/i([l]) = 1 € HQ(E3; Q) and 
ch([Eg]K) = [S9] e Hi(H9; Q) (see lemma 3.2.2). By definition, one has 

/3<2)-,oc : H2(T; Z) = U(T) _ • K0(BT), [E9, / ] >-> / . ( [ E 9 ] * ) . 

To have a better insight into this definition, let us point out that in [10] and in 
[11], it is shown that [S 9 ]* = [O9] + (g — 1) • [ l ] , where [B9] is the Ü*-homology 

BT 

Xh 
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class represented by the Dolbeault operator on E 3 . In the analytical framework, 

the proof that ß\ is a well-defined group homomorphism is highly technical 
and rather involved (see [11])- Another proof consists in identifying this map with 
ßfr {see proposition 5.2.3 below) and then to invoke the results of chapter 3. On 
the other hand, for T not necessarily countable, we set 

A 2 ) ' " * : H2(T; Z) = U[T) —> K0(I
1T), [S9, / ] —> / . ( / £ ' ( [ £ , ] * ) ) • 

(Here, the elements / 4 0
S ( [ £ 9 ] K ) € K0Ii

1T9) can be thought about as "universal 
classes" parameterized by g > 1.) The map considered by H. Bettaieb is given by 

For j = 0, 1 and 2 , we set ß[jUoc := £ o ßii),ioc , where f : ̂ r M- CT. 

To be precise, the maps ß\ '' °° and /¾ '' ^ of H. Bettaieb were only defined for 
finitely generated groups. However, as we have seen above, the constructions can be 
extended without major modification to the class of all countable discrete groups, 
On the other hand, the map ß* of chapter 4 is defined for any connected CW-
complex X . 

5.2.3 P ropos i t i on . For any discrete group T, the map ß^ ^ defined by H. Bet­
taieb in [1Oj coincides with ßfT, for j — 0, 1 and 2 . Jt is in particular natural 
in T, rationally injective, and rationally a right inverse of the Chern character, in 
other words, 

cho(ßW>loc®I<k)=IdHj{r.x). 

Proof. The statement for j = 0 is obvious. For j = 1 and 2 , this is a direct 
consequence of lemma 3.3.4 and of proposition 3.3.7 respectively. • 

The following result is an obvious modification of a theorem proved in [10] and in 
[H]. (In the framework of the Baum-Cormes conjecture, we have to assume that T 
is countable.) 

5.2.4 T h e o r e m . For any countable discrete group T, the diagram 

Kj[BT) — Kf(ET) — Kj(C1T) 

commutes, for j = Q, 1 and 2. 
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As already mentioned in the introduction, H. Bettaieb and A. Valette have shown 
that ßa ^ is rationally injective for j = 0 and 1. The case j = 0 is easy, since the 
canonical trace r on CyT induces a homomorphism T* : KQ(C*T) —> K mapping 
[1] to 1. The case j = 1 is dealt with in [10] and in [12] and is based on the theory 
of C*-algebras and their üf-theory, more precisely, on the Pimsner-Voiculescu 6-
term exact sequence. (In [10], a much simpler proof is presented for the injectivity 
of ßa oc .) As noticed by Alain Valette in [11], for a 2-dimensional group (i.e. 
a group having a classifying space of dimension 2), the Baum-Connes conjecture 

is equivalent to the statement that the maps ßa B ßa °c and ßa ^ are 
isomorphisms. (This follows readily from lemma 3.2.2 and proposition 4.3.4.) 

5.3 The spectral projectors of an elliptic ele­
ment 

In the construction of the map ß{
a
j) : Hj(T-, FV) —> Kj{C;T) ® C, we will need 

some particular idempotents in the group algebra CT. In the present section, we 
will define these idempotents (the spectral projectors) and establish some of their 
properties. 

Let 7C be one of the fixed representative elements of the elliptic conjugacy class 
C. Let nc be the (finite) order of -yc in V, and let wc := e 2 * ' ^ be one of the 
primitive r^-th root of unity in C. 

5.3.1 Definition. The spectral projectors associated to the elliptic element ^ are 

p / c , : = ; r L(^Tb)8ECr, *€z. 
" S 3=0 

For V = %jn, generated by b, we denote the projector P(
(<6}) simply by Pi. 

Taking V = H = Z/n, in the notation of example i) of section 4.5, Pi is the 
projector pai ~ pui, associated to the 1-dimensional representation Q1, dual of id . 
To establish the fundamental properties of these spectral projectors, we need the 
following well-known lemma. 

5.3.2 Lemma. Let UJ be a primitive n-th root of unity in C. Then 

n - l 

ig«--/1- if I = 0 (mod TI) 

otherwise. 

Proof. Each complex number w' is a root of the polynomial 

Xn - 1 = (X - 1)(1 + X + X2 + . . . + 3=n_1) , 
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but it is a root of x — 1 if and only if I = 0 (mod n ) . G 

Recall that the complex group algebra CT is equipped with the canonical involution 
given by 

( E V T V - E V T - ' . 
Ter -,er 

By a straightforward application of the above lemma, one proves the 

5.3.3 Proposition. The spectral projectors associated to the elliptic element ~yc 

of r , of order rt^,, satisfy the following properties: 

i) The spectraï projector P(
(c) is indeed a projector (= self-adjoint idempotent), 

in other words 

(p/e,)a = PIC) = (p/c)r • 
H) The set of spectral projectors of 7C decompose the identity as a sum of 

projectors, more precisely 

Y, P/c) = l€Cr . 
1=0 

Hi) For k ^l (mod Tix, ) , the spectral projectors P^ and P/ c ) are "orthogonal", 
in other words 

pjC),p(C)=Q 

iv) In CZC and in CT, the following formula holds: 

rip—1 

I=O 

where wc = <?™inc . 

As an immediate consequence, since -yc is central in CZC , ilZc , C*ZC and in 
C'ZC , we get the 

5.3.4 Corollary. For any elliptic element 7C € C, one has a decomposition of the 
group algebra CZC as a direct sum of algebras with unit: 

C Z c = © P / ^ - C 2 c , 
1=0 

the unit in the algebra P/C) • €ZC being P{C). The same holds for the group C*-
algebras C*ZC and C£ZC (ail summands being unita/ C*-algebras), and for tlZc 

(all summands being unital Banach algebras). 
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Before stating a useful technical lemma, for any positive integer n , we let Gn be 
the finite cyclic group X/n, generated by b, and we set 

Q u } ; = - E tó>6*)a e CG" (fc> '» m e Z), 
s-O 

where wm = e2jrt/m . For example, when m is the order of bk m Gn = X/n, Q,™' 

is the spectral projector Pf{b }) associated to bk . 

5.3.5 Lemma. Let fe EZ, and m be the order offe* in Gn = X/n (in other words, 
m = GCD(n k) = LCMln,ki). Then, in the tensor product CGn ®z C, one has 

n—1 Tra—1 

/=o i=o 

for any I € Z. 

Proof. First, letting a := GCD(n, k) = ^ , one has n = am, ua = e2*i/a = u™ 
and Wn = e2n-ta/n _ U)m Writing / = pa + i and 3 = qm + j , we have bks = bfcj, 
and, by lemma 5.3.2, we find 

- V w "̂+**« = / 1 ' ^ Pa + i=° ( m o d a ) ' i,e- if * = ° ' 
a I—' a 10, otherwise. 

9=0 v 

Applying this formula, we compute 

E V ^ 4 E E V ' ® 4 
/=0 i=0 a=0 

1 a— lm—lm—1 / - a—1 \ 

= i E E E "S"̂  \ E^+"' "tj ® <**" 
i=0 p=0 J=O \ g=0 J 

- m— lm— 1 

P=O j=0 
- m—lm—1 

p=0 j=0 
. m—1 

= ̂ E«®*-
p=0 

This completes the proof. D 

Notice that the formula of lemma 5.3.5 is completely obvious in CGn ®c C, since 
a direct application of lemma 5.3.2 shows that under the canonical isomorphism 
CGn ®cC = CGn , both terms correspond to bk . 
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5.4 On the topological algebra C^(M, T) 

The first goal of this section is to define carefully the topological algebra Cf(M, T), 
where T is a discrete group acting properly on the manifold M. As a second topic, 
we will establish a technical lemma concerning the computation (due to Baum and 
Connes [6]) in topological terms of the periodic cyclic cohomology of this algebra, in 
the particular case where T is a product G x Z / n . This result will be fundamental 
in the following section, when we compute explicitly the delocalized equivariant 
Chern character for such a product. This will also single out the "raison d'être" of 
the "delocalization" formulas that will occur in the sequel. More precisely, many 
forthcoming formulas contain lots of roots of unity, whose origin is exactly in the 
lemma of this section. 

Throughout this part, we use similar notations to those used by Baum and Connes 
in [6], except that we still consider all actions of groups on spaces as left actions. 

Let F be a countable discrete group acting, on the left, properly by diffeomorphisms 
on a smooth manifold M without boundary. The group T acts, on the left, on the 
commutative algebra Cf(M) by 

F x Cf(M) —> Cf(M), (7, / ) H-> (J : x ^ / ( 7 " 1 • x)). 

By definition, the algebra Cf(M, T) is the set of finite formal sums X ^ e r A ' M ' 
where / 7 e Cf(M) for any 7 € T {and all but finitely many of the / T ' s are zero). 
It is endowed with the obvious structure of complex vector space, and the product 
is the "twisted product" given by 

(/• [7))(/-(7]) = / 7 - H ] -

The map Cf(M, T) —> Cf(M x T) defined by (j2yeT J1 • [7]) (x, 7) = A(*) is 
an isomorphism of vector spaces (but generally not of algebras). The C°°-topology 
on Cf(M x r ) determines, via this isomorphism, the topology on Cf(M, T), 
and it becomes a topological algebra. One of its main interests is that it is a 
dense sub-algebra of the reduced crossed product Co(M) xr T that is closed under 
holomorphic functional calculus (see [6], lem. 7.5). In particular, by the density 
theorem, the inclusion Cf(M, T) '—t CQ(M) x r T induces an isomorphism 

K0(Cf(M, T)) A JST0(Cb(M) * r T), 

As in [6], we denote by H* (A) = Hev(A) © H^(A) the (Z/2-graded) periodic 
topological cyclic cohomology of the topological algebra A. In [6], Baum and 
Connes have computed H*(Cf(M, V)) as some equivariant topological homology 
of the manifold M. Now, we explain this result in some details, since we will need 
to make explicit computations involving their isomorphism. 



96 Chapter 5. Low-dimensional group homology 

First, we let M := {(x, 7) € M x T17 • x = x} . It is a smooth sub-manifold of 
MxT equipped with the following proper action of T by diffeomorphisms: 

r x M — • M, (7, (x, 7)) >—)• (7x, 7 7 7 " 1 ) . 

The orbit space T \ M is an orbifold. Of course, if the action of T on M is also free, 

then M=Mx {e} = M as a F-manifold. 

Let QJ(M) denote the vector space of all complex j-dimensional de Rham currents 

on M which are fixed by T. The j-th homology group of the associated de Rham 
complex 

0 -> n£(5?) A nU(M) - i . . . - i nJ{M) -> 0 
is the j - t h homology group of the space T\M using countable locally finite chains 

with complex coefficients, and denoted by HJ°(r\M; C ) . This is also isomorphic to 

the j - t h Borel-Moore homology of T\M with unrestricted supports and coefficients 
C (see [6], p. 187, and [18]). 

To define Baum and Connes' isomorphism, we need to introduce an analogue of 
Cf(M, T) for differential forms. Let n*(M) be the graded differential algebra of 
compactly supported complex smooth differential forms on M. It is endowed with 
the action 

rxn™(Af)^n™(M), ( 7 , , ) ^ ^1 ^ ! , . . . , ^ ) = 17(7-^1,...,7-1¾), 
where (v\, ... , vm) 6 TxM and x e M. By definition, the complex graded dif­
ferential algebra Q * (M, T) is the set of finite formal sums Yl-yeT 7H " M 1 w n e r e 

r/7 6 H*(M) for 7 € r , equipped with the obvious structure of graded complex 
vector space and the obvious differential, namely 

d -, n™(M, r) —• n?+1(M, T)1
1En1. [7] ^ £ > 7 • [7]. 

The graded multiplication is the "twisted product" defined by 

(77 • [7))(0 • [7]) = V A 7J) • [77] • 

As an algebra, n° (M, T) = Cf[M, T), and the map fim(M, T) -U Q™(M x T) 
given by 

, Vm) = Tft(ui, . . . , Vm), 

ter 

where Vi, . . . , vm G T ^ 7 j (M x T ) , is an isomorphism of complex vector spaces 

for any m. This identification and the inclusion M C M x T allow for defining a 
pairing 

Ql[M) x n-(M, r) - * c, (z, X>7 • [7]) *-+ [ € ( £ > • [7]) -
7er Jz

 7 e r 
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We are now in position to state the Baum-Connes theorem on the Z/2-graded 
periodic topological cyclic cohomology of the topological algebra Cf (M, T) (see 
thm. 7.14 in [6]). 

5.4.1 Theorem. (Baum-Connes) Let T be a countable discrete group acting 
properly by diffeomorphisms on a smooth manifold M without boundary. Then 
the following map is an isomorphism: 

$cc-(M,D . 0 Hf(T\M; C) —> F(Cf(M, T)), [Z] , -> [Vz], 

where, for Z G SIln(M), [ipz] is the class of the continuous cyclic cocycle 

<pz:Cf(M, ry 1+ 1 —• C, ( & 0 , & 1 ) . . . , 6 r o ) ^ f tibodbi- -dbm). 
Jz 

The map 
$Cc°°(M,r) i s z/2-graded in the obvious sense. 

For our crucial lemma, we suppose that G is a countable discrete group acting 
properly by diffeomorphisms on a smooth manifold M without boundary, and that 
T = Gx X/n. The trivial action of Z/n on M determines a proper action of T on 
M by diffeomorphims. We let 

MG := {(a:, g) e M x G\g- x = x} and Mr := {(x, 7) G M x T I7 • x = x} , 

endowed with their respective action of G and T. It is clear that 

n—1 n—1 n—1 

Mr = ] J MG X b> = \[ MG and T\Mr = ] J G\MG. 
J=O j = 0 J=O 

There is consequently an obvious canonical isomorphism 

n - l 

I : Hf(G\MG; C)*" A tf~(r\Mr; C), ([Z0], . . . , [Z„_i]) ^ £ ( ¾ ] • 
J=O 

As in corollary 5.3.4, there is a decomposition 

n - l n - l 

Cf(M, r ) = 0 Pj • Cf(M, T) =• 0 P5 • Cf(M, G) * Cf[M, G)®n, 
i=o j=o 

with 

3-0 S=O 
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where OJ := e
2™ln

 } fg g C? (M) and g e G ; see also example i) in section 4.5 for 
the notation Pj (and the equality Pj = P-j). It induces an isomorphism 

e : H*(C?(M, T)) A H*(C?(M, G))®" , <p —+ (e„ ( V ) , . . . , 6 „ _ i ( V ) ) , 

where for ip € Hm(C%°(M, T)), Qj(V3) is the class of the continuous cyclic cocycle 

C?(M, G)m+1 —+ C, (O0, . . . , O7n) — • V[PjOG, ..., PjO1n). 

5.4.2 Remark. At first sight, the choice of the above decomposition, namely with 
the Pj's in place of the Pj's, might seem incoherent with the choices we make in 
all the other cases. However, this will be justified a posteriori, when we compute 
the delocalized equivaiiant Chern character ch\ for a product T=Gx "L/n: see 
remark 5.5.5 and proposition 5.5.4. 

Now, we can state the lemma. 

5.4.3 Lemma. Let G be a countable discrete group acting properly by diffeomor-
phisms on a smooth manifold M without boundary, and letT = G x Z / n . Consider 
the map 

n : H*(C?(M, G))®" - + H*(C?(M, G))*", 0 = XfO, • • • , Vn-t) ^ A - 0 , 

where A is the Vandermonde block (n x n)-matrix 

A=1-
Ti 

{ 1 
1 
1 

UJ 

UJ 

1 \ 

,7,2{»-l) 

^ 1 w"" 1 0)(""1)'2 . . . 0)(""1)3 , 

Then fi is a Z/2-graded isomorphism, that, with the above convention, fits in the 
following commutative diagram 

H?(G\MG; C)®" -i }—~ H'(Cf(M, G ) ) e " — H*(C?(M, G))®" 

#f>(r\Mr; C) 
$c~(Af,r) 

0 

H*(C?(M,T)) 

Proof. We show that ( fcCSWO) 9* 1 = fì"1 o 0 o $Cc
OT<M>r) o / , where ß " 1 has 

A'1 = n • À = (w j t)o<,,*<n-i as matrix. Let Z = ( ¾ , - - • , Z n _ ^ € £)£(MG)®" 

be an n-tuple of G-invariant de Rham currents of degree m on MQ representing 
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a class [Z] in H£{G\MG)®n . Then (Q0?W^0))** ([Z]) € H™(Cf(M, G))®n is 
represented by the ir-tuple of continuous cyclic cocycles whose Z-th component is 

Cf(M, G)m+1 - f C , K a , . , . , am) .—• f C(Ma1 • • -dam). 
Jz1 

On the other hand, $c~(Af-r> o 1([Z]) e Hm(Cf(M, T)) is represented by the 
continuous cyclic cocycle 

Cf(M, Y)m+1 - + C, (60, h ... , bm) —> f £(M&i • • • dbm). 
Jz 

Therefore, for any J1BjO $c™<M'r> 0 /([Z]) e Hm(Cf(M, G)) is represented by 
the continuous cyclic cocycle 

Cf(M, G)m+1 —* C, K ax.. - , O1n) —> I Ê((/*-oo)d(Piai) • • • d ( i> m }) . 

Writing a* = £ g € G 4¾ • [fll € CC
TO(M, G), with /fl(Jfc € C«(Jtf), one has 

n - I _ 

dak = Y^s^iff] ^ ^a* = E E v ^ , f c ' ^ ' 
9£G g€G s=0 

It follows that 

geG s=0 

For / 6 Cf(M) and 7 € T , to make the formulas shorter, we denote "*(df) simply 
by dp . It is straightforward to compute that 

,PO , , , ,Sm-I 

ffoeG SmGG 

and that 

(Pjao)d(Pja1) • •-U(Pj(Im) = 
" - 1 " - 1 QÌ(S0+...+*m) 

= Y--Y Y--Y 4.1 / Ad/VA-.-Ad/™-1 • 
Z_-f Z - / Z - / Z ^ n m + 1 50'° 9 l ' ^ Sm, m 

So€G SmGGBo=O am=0 

From the equality fzÇ(r} • [gb8]) — j z £(i] • [g]), for g 6 G, it follows readily that 

Z\^ ' " Z-f Tl"1+1 

S0=O Bm=O ' ^ 0 + - + " 
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where the subscript in ZSo+„.+am is computed modulo n. Finally, we find that 
O" 1 o e o $CT(M.n o 1([Z]) € Hm{C™{M, G))®n is represented by the n-tuple of 
continuous cyclic cocycles whose J-tb component is given by 

n - 1 ç 

T V 1 \ mPjao)d(Pjai)-^d(PjO7n)) = 
% Jz 

n - 1 n - 1 n - 1 ^ 0 + - . . + ^ - 0 

= 2 ^ - - 2 ^ —rfS+ï M(M*i•••<*>»») 
J=Oa0=O sm=0 JZ»o+-+'m 
n - 1 n - 1 ,7,Hk-I) = EE^-[ Ç M û l " - ( i a m ) 

3=0ft=O JZk 

n-1 fa-1
 uHl-k)\ r 

= E E ^ T ' ^oodoi-'-don,) 
fc=0 \ j = 0 / JZ* 

= / €(aodoi • • • dan), 
Jz1 'Zi 

where the second equality is obtained by grouping the indices (so, - •. , sm) accord­
ing to their sum k = so + ... + sm modulo n , and the last equality follows from 
lemma 5.3.2. 

This proves that ( ^ f ( w . o ) ) ® " ([Z]) = I T 1 oeo$cc°°<M> r) oI([Z\) and completes 
the proof. D 

5.5 The delocalized equivariant Chern charac­
ter for r = G x Z/n 

To define the map ß?} : Hj(T; FT) —• Kf(ET)QC, we will use the identification 
of the source of the map, given by the Shapiro lemma, with 

0 Hi(Z^C), 
Ce(T)'" 

where the homology groups are taken with trivial coefficients C . It is therefore 
possible to focus on one summand at a time. The idea to delocalize from the 
summand corresponding to the trivial element e e T to the one corresponding to 
7C is in some sense to consider a cohomology class x e Hj(Zc\ C) as a pair (a;, -¾,) 

(this will be made precise later, when we construct /¾ ). For this reason, we are led 
to consider groups of the form T = G x %fn (with G torsion-free). For such groups, 
we need to compute JfF(JST) in terms of K?(EG) =< K,(BG) and H*(V; FF) in 
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terms of ./7, (G; FG) — H, (G; C ) . Moreover we need to express the delocalized 
equivariant Chern character chi in terms of chf , which coincides with the usual 
Chern character "à la Atiyah" cht : K(BG) —> H4(G; C) (for G torsion-free). 
This section will therefore be a very first step in the direction of a Kiinneth formula 
in the framework of the delocalized equivariant Chern character. 

Let G be a countable group (with or without torsion). Let T = Gx Z / n , with 
Z /n generated by b (n > 1) . As a model for ET^, we can obviously choose EG. 

Our first aim is to determine Kl(ET) in terms of K?(EG). Recall that K?(EG) 
is defined as the direct limit, over the G-compact subspaces X of EG, of the 
Kasparov groups KKf (CQ(X), C) , and that an element of the latter group is 
given by the homotopy class of a triple x = (H, IT, F), where H is a Hilbert space 
equipped with an action of G (see section 4.3). Clearly, for each I = 0, ... , n — 1, 
one gets a Kasparov triple x[l] = (Hi, TT, F), where Hi = H endowed with the 
action of r = G x Z /n defined by the same action of G as before, and by the action 
of Z/n given by 

b-i:=ul£, for CeH1 = H, 

where w := e2*1/" . This passes to the direct limit and allows to associate unam­
biguously to each class x e K?(EG) a set of n classes x[l] € Kl(EG) = Kl(ET), 
for I = 0, . . . , n — 1 . 

5.5.1 Proposition. If forT = G x Z / n , we choose ET := EG. then the map 

n-l 

K?(EG)®n —> Kl(ET), (X0, . . . , ^ - i ) — • $ > t P l 
1=0 

is an isomorphism, natural in G . This generalizes to an arbitrary proper G-space 
X to yield an isomorphism K?(X)m =i Kl(X). 

Proof. Let a; be a class in Kl(ET). We can assume that x is given by a Kasparov 
triple (H, TT, F) (over some T-compact subspace of ET), with F r-equivariant (see 
section 4.3). (In fact, the assumption that F is Z/n-equivariant would be enough in 
our argument.) One then decomposes the Hilbert space H as H = 8"-T0

1-Hj, where 
Hi := {Ç £ H I &•£ = w'£} . It is easy to check that F and TT map Hi to itself (for F, 
this is a consequence of the T-equivariance, and for -K , of the covariance). One then 
sets Xi := [Hi, IT, F] € Kf(EG), and the correspondence x \—y (XQ, ..., Xn-1) 
yields the inverse of the map in the statement. The naturality in G and the 
generalization to the case of an arbitrary proper G-space X are clear. D 

This proposition obviously extends to the case where T = GxH with H finite, the 
left-hand side being replaced by Kf(X) ®z R(H), where R(H) is the underlying 
additive group of the complex representation ring of H. 

The following lemma is trivial. 
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5.5.2 Lemma. Let G be a torsion free group, and let T = G x Z / n . Then the 
G-module FG is C with the trivial action of G, and the Shapiro lemma yields a 
canonical decomposition 

n - l 

#*(r; FT) = ($H*(zr(b
l); c) = ff,(r; C)1 

1=0 

We would now like to understand the delocalized equivariant Chern character ch-l. 
Since in the literature that we know, this map is only explicitly defined with a 
domain different from Kl(ET), and denoted by K*(pt, T) in [6], we would like to 
determine a class of groups for which K^(ET) and K*(pt, T) coincide (see also the 
remark in section 4.6). In the following lemma, we show that this is the case when 
T=Gx TLf n and BG is a closed manifold. 

5.5.3 L e m m a . Let G be a countable discrete group acting freely and properly by 
diffeomorphisms on a smooth manifold M, such that the orbit space G\M is a 
smooth closed manifold, and let T := G x Zfn. Then there are natural (Poincaré 
duaUty) isomorphisms 

VG : Kf(M) A K.(C0(T*M) xT G) 

<pr : Kl(M)^K.(C0(T*M) x r T) 

such that the diagram 

KKM) ~ T - JT*(Co(T*M) xrT) 

K^(M)®n - ¾ . K*(C0(T*M) x r G ) ® n 

commutes, where tp is the inverse of the isomorphism given by proposition 5.5.1. 
In particular, if BG is a smooth closed manifold (and therefore G is torsion-free), 
this holds for M := BG = EG = EC2 = ET, and then there are isomorphisms 

K,(C0(T*M) *r G) S A"*(pÉ, G) and K.(C0(T*M) x r T) * K*(j>t, T). 

Proof. It is clear that G acts freely and properly by diffeomorphisms on the cotan­
gent bundle T* M of M. There is a homeomorphism G\T*M ^ T*(G\M), and 
consequently an isomorphism C0(G\T*M) S Co(T'(G\M)). Since G acts freely 
and properly on M , there is a canonical isomorphism K^(M) = K*(G\M) (see 
[107]). By compactness and absence of boundary of the manifold G\M, Poincaré 
duality implies that the C*-algebra C(G\M) is K-dual to C0(T'(G\M)) (see 6.9 
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in [97]). On the other hand, since G acts freely and properly by diffeomorphisms on 
the smooth manifold T*M, the C*-algebra CQ(G\T*M) is strongly Morita equiva­
lent to the unreduced crossed product Co(T*M) x G, which, in this case, coincides 
with the reduced crossed product Co(T*M) x r G (see [34], p. 112). Putting these 
results together, we get 

Kf [M)Se K*(G\M) = KK,(C(G\M), C) SÉ KK*(C, C0(T*(G\M))) 
= K<(C0(G\T*M)) =i K*(Co(G\T*M)) * K*(C0{T*M) x r G ) . 

This composition is the isomorphism ipc we are looking for. For the group T, 
following the convention used in section 5.4, we write Pj :— P-j . As in corollary 
5.3.4, there is a decomposition 

n - l n - 1 

C0(T*M) x r r = 0 P , • (C 0 (T-M) x r T) & ® P , • [C0[T*M) x> G) 
I=O I=O 

* ( C 0 ( P M ) * P G ) ® n . 

The isomorphism ipp is simply defined by requiring commutativity in the diagram 
of the statement. 

Finally, if BG is a closed manifold, then M := BG = EG satisfies the hypotheses 
of the first part of the lemma, and the equality M = EG = ET. is clear. Moreover, 
under our assumption, (M, M —• pt) is a terminal object in the categories #(pt , G) 
and ^(pty V) of proper G-manifolds (resp. proper F-manifolds) considered in [6] 
for the definition of K*(pt, G) and of K*(pt, V). This yields isomorphisms 

Kt(C0(T*M) x r G) =i K*(pt, G) and K*(C0(T*M) x r T) =? K*(pt, V), 

and completes the proof. O 

As can be expected from this lemma, we make the assumption that G is torsion-free 
and that BG is a closed manifold. We can then prove the 

5.5.4 P ropos i t i on . Let V := G x Z / n , where G is a countable discrete torsion-
free group such that BG is a closed manifold. Let x € K?(EG) SÉ K*(BG) be 
a K-homoiogy class, and let a := ch(x) € HA(G; C) be the associated homology 
class. Then, under the identifications given by lemmas 5.5.2 and 5.5.3, one has 

( 1 J ui(n~1)1 \ n _ 1 

- a , - a , . . . , <» e $ W ) ! C ) . 
n n n J j=Q 

for any I e l , where w = e2™'" -

5.5.5 Remark. It is implicit in this statement tlmt we use the same convention as 
in section 5.4 and in lemma 5.5.3, namely we decompose the algebras C0(M) >ir V 
and Ç£°(M, V) as a direct sum of sub-algebras parameterized by the Pj 's (and not 
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by the Pj 's). This is justified by the fact that for T = Z/n = (b), any element 
y in KQ(ET) = Kç(pt) is represented by a T-vector bundle of rank one, in other 
words, it is a 1-dimensional representation p of Z/n. With the above choice, the 
component ofch^(y) in Hev(Zv(iP)\ C) = C is simply p(W) (instead of its complex 
conjugate): this is in accordance with Baum and Connes' formula 1.13 in [6j, except 
for the factor ^ that they have forgotten. Our choice is also motivated by analogy 
with some formulas we will establish in the framework of Hochschild and cyclic 
homology (see chapters 7 and 8). 

Proof of proposition 5.5.4. During this proof, we keep notations as in [6] and 
in section 5.4. We first deal with the even Chern character 

ohi: Kl[ET)->Hev(T;FT). 

Again, M denotes 'BG=EG = EG. = ET, and we let r* = T* M with the proper 
action of G and of T induced by their action on M. As in corollary 5.3.4, there 
are decompositions 

n - l n - l 

C0(T*) Mr r = 0 / ¾ . (C0(T-) Xr r ) S 0 P , - - (C0(T') Mr G) = (C0(T') Xr G)®*1 

3=0 j = 0 
n - l n - l 

C?V, r ) = 0 A • C?(T\ T) « 0 P j • Cf(T*, G) S Cf(T*, G)®» 
j=0 J=O 

(see section 5.4 for the definition of Cf(T*, G) and of Cf(T*, T)). Proposition 
5.5.3 yields isomorphisms 

<PG : Kg(EG) A U-Q(C0(T*M) x r G) =K°(pt, G) 

ipr : KS(ET) A Xb(CbCTJIf) xr T) = K°(pt, T), 

that fit in the commutative diagram 

Kl(ET) - J g U X0(C0(T*) x r r ) * - = - X0(Cf(T*, T)) 

/NJ £»/ ^ 

Kg(EG)*3" -¾* Xo(C0(T*) Xr Gfn — X 0 ( C f V , G)) e" 

where the horizontal isomorphisms on the right come from the density theorem (see 
also 7.5 in [6], and section 5.4). Given a topological algebra A, we denote, as in 
[G], by Hev(A)* the dual vector space of the periodic topological cyclic cohomology 
of even degree of .4, and by chA : K0(A) —> Hev(A)* the Chern character due to 
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Cormes ([33], [34]) and used in [6]. Starting from the definition of c/i , it is easy 
to verify that the diagram 

Ab(Cf(T*. r ) ) — 0 A - O ( P j - C f ( T * , r ) ) - = - * ^ 0 ( C f ( T * , G ) ) ® " 
j=0 

chC?>(T;r) 

Ti-I 

(Ch°c-(T-.0Ï) 

0n 

0 n 

H (̂Cf(T*, r))* — 0/r"tö -cf(r*, r))* — (^(Cf(T*, G))*) 
J=O 

commutes. Now, to relate these periodic cyclic cohomology groups to topology, con­
sider the isomorphism Q : i2"e*(Gf (r*, G ) ) 0 " A J3"OT(Cf (T*, G))®" of lemma 
5.4.3. By passing to the dual vector space, under the obvious identification, we get 
an isomorphism H* : {Hev(C™(T*, G))*)®n A ( H ^ ( C f ( T * , G))*) e " described 
by the Vandermonde matrix A* = A = ^{^&t)o<s,t<n-i • By taking duals of the 
vector spaces involved in the diagram of lemma 5.4.3, we get the following commu­
tative diagram 

Hev{C™{r*, T)Y 

0*|<= 

/$c~(M,r)V 

(iP»(Cf (T*, G))*) *\®n n* 

* *OrW; c) 

{H™{C? (M, G))*f" 5 (JÏ~(G\Tgi C)*) * \6n 

where the bottom right isomorphism is (($C™(M>G))*) " , and as in section 5.4, 
one has decompositions 

n - l n - 1 

To=**, ^ = U T * and r \ T f = J j G V e , 
i=0 (=0 

that yield an obvious isomorphism Jc : H^V(T\T*; C) A A f ( G \ T £ ; C ) e " and 

similarly in homology with countable locally finite chains with complex coefficients 
(see section 5.4), I : H^{G\T^; C ) e " A H^(T\T*- C) , whose dual is I* (see 

also 5.4). The isomorphisms I* and J0 enter in the diagram 

ff£(r\Tfc C)* . ÄTOVf; C) - ^ - * i ^ ( r ; * T ) 

/*J^ Jc\^ \ = 
( H f ( G \ T £ ; C)*)®" — A f ( G \ T | ; C)*" ^ ffw(G; F G f 1 

that is also commutative, where the right-hand vertical isomorphism is given by 
the Shapiro lemma (see lemma 5.5.2 and notice that FG = C), and the horizontal 
maps, from left to right, come from [6], sections 7.17-7.20 and 15 respectively. 
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Remark that commutativity of the right-hand square follows from 15.8-15.11 in 
[6], and that for the direct limit argument in 7.18-7.20 of [6], one chooses, at the 
same time for G and for T, open subsets Xi C r* which are G-invariant (hence 
T-invariant), and such that 

X1 C X 2 C . . . C ( J X j = T* and dimc H™(G\XÌ; C) <oo. 

Following the definition [6], one easily computes the "delocalized equivariant Todd 
genus" Td(r*, F) in terms of Td(T*, G) : one obtains 

J(Td(T*, F)) = (Td(T*, G),..., Td(T*, G)) e JT (G\îg; C)œ" , 

where J : H*(T\T£; C) - ^ H*(G\T£\ C) e" is the obvious map, for cohomology 
with unrestricted supports, corresponding to Jc. 

Since ch% : K^(EF) —y H^(F; FT) is defined by requiring commutativity in the 
diagram 

KE (ET) -Ko(Cf(T*, r)) * -ff-(Cc°°(T*, T))* 

H^V; FF) J = - H^(T\T}; C) • u r d ( T * ' r > H?(r\%; C) 

and similarly for G, one gets the announced result by combining these two diagrams 
with the four preceding ones, and using the above computation of Td(T*, F) . 

The case of the odd Chern character ch% : Kl(EF) —y H0M(T; FF) is completely 
similar (one also works with the even Chern character, but with M x R i n place of 
M, where G and T act trivially on the factor R). 

This completes the proof. G 

5.6 The Baum-Connes assembly map for a prod­
uct r - G x Z/n 

In the present section, we continue the study started in section 5.5, and devoted 
to the case of a direct product T = G x Z/n . Given x e K^(EG), we compute, 
in terms of (j£[x), the image by the assembly map /J£ of the element of K^(EF) 
denoted by x[l] in proposition 5.5.1. As a by-product, this gives an explicit proof 
of the well-known fact that if the group G satisfies the Baum-Connes conjecture, 
then so does the group F = Gx Z/n . 
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Let Gn = Z/n, generated by b. By corollary 5.3.4, one has clearly a decomposition 
of CG n , as a direct sura of 1-diraensional algebras with unit, given by 

n - l n - l 

CGn = ©P r CG n =©C-P, . 
1=0 i=0 

The following lemma is now obvious (it is a particular case of corollary 5.3.4). 

5.6.1 Lemma. One has a decomposition 

n - l 

C*F =i C'G 0 c CG n = Q)PrC*G^ C*GBn, 
i=o 

where the latter isomorphism (of unttal C*-aIgebras) is given by 

P1 • C*G —• C*G, P1 • z i—• (0, . . . , 0, z, 0, . . . , 0) 

with z in l-th position. The corresponding statement holds for CT, ^T and C*T . 

(See the proof of proposition 5.6.4 for a very explicit description of the isomorphism 
CT S C G e n of the lemma.) 

5.6.2 Corollary. The K-theory of the maximal C*-algebra of T splits as 

n - l 

K*(CT) e 0 IU[P1 • CG) =i K*[C*G)Bn . 
1=0 

The corresponding statement holds for 21T and C*T. 

Let us recall the following well-known lemma: 

5.6.3 Lemma. Let A and B be two algebras (resp. Banach algebras) with unit 
IA and Iß respectively. Let a : A —• B be a non-unitai homomorphism (resp. 
continuous homomorphism). Then the induced map a , : Kfs[A) —y K?9(B) 
(resp. a* : Ki(A) —> Ki(B)) is given, for u e G L i ( ^ ) , by 

[ * ] • - • [**(«) + I B - O ( U ) I . 

We arrive now at the main result in this section. 

5.6.4 P ropos i t ion . Let x € K?(EG) and I e {0, . . . , n - l } . Let x[l] e Kl(ET) 
be the corresponding element. Then, under the isomorphism of corollary 5.6.2, 
ßl(x[l]) e K*(C*T) maps to 

( 0 ( . . . , 0 , A ? ( * ) , 0 , . . . , 0 ) € JiT, (C'G)®», 

with fJ??{x) in l-th position. Jn other words, one has 

M [l) UA-M?C*) + I - A ] , if* = i. 
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Proof. Assume that x is the ^-homology class of a Kasparov triple (ri, ir, F) 
over a G-compact subspace X of EG. By the (first) definition of /i? and /i» 
given in [107J, and the construction of x[l] (see section 5.5), we have to compare 
the Hausdorff completions of -K[Cc(X))H for the (not necessarily positive definite) 
scalar products 

n-ì 

( 6 K 2 ) r = E ^ I ^ ) « - 7 e C r = 0 P i . C G 

(where £i, & € 1K(Cc(X))V,). For this purpose, we need to give an explicit formula 

for the isomorphism if) : CT -¾- C G e " of lemma 5.6.1. Let u = e2,ri/n. By 

proposition 5.3.3 iv), one has, for 7 = g • ba € C x Gn = T, 

Tl-I 

J=O 

Therefore, the composition ^ - : CT - ^ CG®n —̂ + CG, where itj is the projection 
onto the j '-th factor, is given by 

Ti-I 

7=9-6* er ffeGs=o 

Since by construction of x[l], one has {¢117¾)¾ = w ' s {£1 19&)u f° r 7 = <7&s, 
under T/JJ, the element (£1 | & ) r maps to 

n - l 

E E w J , t , _ j ) • fe I &)H • 9 = SH ' » E & I Sfc>« • ff = fti • « tti I &>e 
9eG J=O s e G 

(where the middle equality comes from lemma 5.3.2). 

This means that we complete Tr(Cc(X))Ti with respect to the zero scalar product 
in all except one component, in which we complete with respect to the same scalar 
product (up to a trivial renormalization) as for G. This establishes the first formula 
of the statement. 

For the other two formulas, we have to compose with the map induced in -ftT-theory 
by the non-unital inclusion P1 • C*G <-> C T . The equality $(x[t\) = [Pi • ß§(x)] 
is obvious, and fi\ (x[l]) = [Pt • fif(x) + 1 — P/] follows directly from lemma 5.6.3. 

This completes the proof. D 

As already mentioned, this proposition has an easy consequence. 

5.6.5 Corollary. If for a countable discrete group G, the Baum-Connes assembly 
map ^z, is (rationally or not) an isomorphism (resp. an injection, or a spUt-
injection, or a surjection), then so is the assembly map p\ for T = Gx Z / n . 
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5.7 The maps ßt and ßa for H0(V] FV) 

Let r be a countable discrete group. In the present section, we construct the 
homomorphisms 

/3(
{0) : H0(r-, FT) —+ K^(ET) ® C and /3<°> : H0(T; FT) —• Ab(CVT) ® C, 

we show that ß\ is a right inverse of the delocalized equivariant Chern character 

chi ®Id, and that (/i£ <g> Id) o ßf] = ß{°]. We also prove that ßf] factorizes 

through KQ(I1T) ® C, and that the corresponding map is split-injective. 

In this section, to lighten the notations, we write ßt and ßa for ß\ and /¾ 
respectively (and similarly for the other maps). This will cause no confusion. 

We begin by defining ßt. Let n be a positive integer. We denote by u the n-th 
primitive root of 1 in C given by e2*"'/" . Let Gn be the finite cyclic group Z/n , 
generated by ò. By lemma 5.5.2, one has (and this is in fact trivial) 

n - l n - l 

H0(Gn; FGn) = 0tfo(ZGn(&'); C) = © C • [a],, 
I=O (=0 

where [a)j is the canonical generator for which Ho(Zo„(bl); Z) = Z • [a]i. On the 
other hand, by proposition 5.5.1 or example 4.3 ii), one has 

n - l 

KSHEQn) = R(Gn) = ® S • x[t\ 3 Z" , 
1=0 

where R(Gn) is the (underlying group of the) representation ring of G n , and x[l] 
is the 1-dimensional representation of Gn given by ul. It follows from proposition 
5.5.4 (and lemma 5.3.2) that 

ck?n®Id: K^ (EGn) ® C —> H0(Gn- FGn) 

is an isomorphism (independently of the general result of [6], partially proved by a 
spectral sequence argument). Let 

n - l 

zn := (cft?" 0 Id)-1Ha]1) € Kg-(MGn) ® C 2 ® C • x[l]. 
1=0 

One can easily check (by a direct application of proposition 5.5.4 and of lemma 
5.3.2) that 

zn = (A*)-1 • <(0, 1, 0, . . . , 0) = ^x[O]1 ö • x[l], . . - , a"" 1 • x[n - I ]) , 
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where A is the Vandermonde (n x n)-matrix 

A = -
n 

/ 1 
1 
1 

1 \ 

r7,(n-D3 
UI \ 1 ü>n~l öjf"-11"2 

of lemma 5.4.3, that satisfies (A*)~l = n • A . 

Now let C € (r) e" be an elliptic conjugacy class in T. Recall that we have chosen 
a representative element ^ e C , whose order is denoted by U0 . Consider now the 
group homomorphism 

alc : Gnc — y r ' b '~* tc • 

5.7.1 Definition. The map 

ft: H0(T; FT) 2 0 H0(ZC; C) - + K^(ET) ® C 

is defined by ßt{[lc]) : = (°¾)^2%)? where [-¾,] is the canonica] generator of 
H0(Z0; C) for which H0(Z0; Z) = Z • [-¾,], and 

(O47). : ÜT0
GTfe fflG^) ® C —» *£(££) ® C 

is induced by the homomorphism a7 . 

Since the delocalized equivariant Chern character is natural, since 7C and Zc are 
uniquely defined up to conjugation by an element of T, and since any conjugation 
in r induces the identity on KQ(ET) , the above definition of ßt immediately yields 

5.7.2 Proposition. The map ßt is a weìì-defìned natural homomorphism, and it 
is a right inverse of the delocalized equivariant Chern character: 

(chi ® Id) °ßt = IdH0P-FT) • 

Notice that the map ßt is an extension of the map 

$<* ® Id : H0(T; C) = H0(T; Z) ® C —> KS(ET) ® C 

defined in section 5.2. 

The description of the functoriality of KQ(ET) in the group T to be found in [107] 
allows for giving an explicit formula for ßt, namely 
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where Ind£ \ ( ^ ) is the representation of T induced from the one-dimensional 

representation of its cyclic subgroup (7C) , generated by % , given by multiplication 
by (Jc . As we have seen in example i) of section 4.3, this really determines an 
element of Kl(ET). 

In section 5.2, we have defined a map 

ßl
a
oc = ßl'loc : 2 = H0(T; Z) —• K0(CCr), 1 H-+ [ l ] , 

where [l] is the class of the unity of CyI1. The idea to define the map 

ßa = ßl: H0(T; FT) —• UT0(CnT) 0 C 

is to "delocaiize" the above map by means of the spectral projectors P(
(C> described 

in section 5.3. More precisely, we will present a way (kindly suggested to HeIa 

Bettaieb by Paul Baum) of gluing together the maps ßa
c' °° , for C running through 

( r ) e " . Before proceeding, we need to recall that Ä"-theory is also functorial for 
non-unital homomorphisms of algebras, and that the K-theory of a finite direct 
sum of algebras is canonically (and naturally) isomorphic to the direct sum of the 
corresponding if-theory groups. 

In order to simplify some formulas, we will sometimes denote by Gc the tensor 
product G ®z C, where G is an abelian group. 

5.7.3 Definition. The map ßa : H0(T; FT) —> K0{C*T) 0 C is defìned on the 
direct summand HQ(Z0; C) by the following composition of homomorphisms: 

H0(Z0-, c) £ = — ^ i K0(c;zc)c — © * O ( P / C , - C ; Z C ) C 
I=O 

B 4 C ) ) - ^ 

K0(C;V)CÌ 

wiere (i\C)), : K0(P^- C*ZC) —> K0(CtV) is the homomorphism induced by the 

non-unital inclusion of C*-algebras i\C) : Pjc) • C*ZC ^ C*ZC ^ C*T , In other 

words, we have 

Mid)= £[p;c)]®^«r)®c, 
1=0 

where [P}C)] is the K-theory class of the projector P / c ) € C r T . 

Notice that the formula describing /?a([7c])
 1S purely algebraic (more precisely, in 

the definition of ßa , we can replace everywhere Cf Zc and C* T by CZC and CF 
respectively). Therefore, since a conjugation by an element of T induces the identity 
on KQ(CT) , one, has immediately the 
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5.7.4 P ropos i t i on . The map ßa is a well-defìned homomorphism, and if A is any 

unita/ algebra equipped with two unital algebra morphisms CT —y A —> CT 
such that gofis the inclusion (as for example CT, !̂1T or CT)1 then ßa factorizes 
as 

ffo(r; FT) / f 0 ( C P T ) ® C 

UToM) ® C 

For A = elT (resp. CT), we denote ßBfA by ßa (resp. ßa). 

We will soon prove that ßa is injective. 

Notice that the map ßa is an extension of the map 

# * ® Id : H0(T; C) —+ K0(CT) ® C 

defined in section 5.2. 

Now, we would like to investigate the naturality of ßa . Since the functoriality of 
KQ(CT) in the group T is still an open problem (see section 4.5), as in the case 
of the Baum-Connes assembly map, we focus on the case of the "'functorial group 
algebras" £lT and CT, and also CT. Therefore, we now prove the 

5.7.5 Proposit ion. TAe map ß^A • Ho(T; FT) 
momorphism for A = CT, tT and CT . 

KQ(A) ® C is a natural ho-

Proof. It is enough to check naturality in the case of A = CT. Let tp : T1 —y T2 

be a group homomorphism, and let Ai = CF1 and A2 = CT2 • We have to prove 
that the diagram 

^ i 

H0(T1; FT1) 
ß 1A 
^a, Ai K0(CT1) ® C 

(/3* ® Id 

/3 r a 
At 

^ 0 ( T 2 ; FT2) - ^ - UT0(Cr2) ® C 

commutes. Let C1 G (Ti)e and j c € Ci be a representative element. Since ßa 

is well-defined (i.e. independent of these choices), the explicit formula given for ßa 

shows that (<p* ® Id) ° ßl^AHcJ) — ßl\2 °f*(Hc 1) whenever the order of % is 
equal to the order of ^(7C ) in T2 . 
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For the general case, by construction of ßa , it is enough to check naturality for the 
"classifying family" of groups [Gn = 2 /n} n >i for the homology group HQ(T; FT). 
It is even enough to check the case of a surjection 

ip : T1 = Gn , = (61) -» T2 = Gn a = (O2) , h 1—*• O2 (n2 dividing ni) 

and simply for 7C = 61 (the generator), or equivalently for 

v : T = Gn = {b)—*rt b^->bk 

and lb — b. In this case, we have (with the notations of lemma 5.3.5) 

n—1 , n—1 n—1 

(=0 *=0 I=O 

m—1 - m—1 tn—1 

/w^Wi^E^E^^^E^®^ m 
/=o «=o i=o 

where m is the order of bk in G n = Z / n , Wn = e2™fn , and u>m = e
2ni/m . By 

lemma 5.3.5, both expressions coincide, and we are done. D 

We prove now that ßt and ßa fulfill the desired compatibility property with respect 
to the Baum-Connes assembly map. 

5.7.6 P ropos i t i on . The following naturai triangfe commutes: 

HQ(T; FT) 

We use in this proposition the fact, mentioned in section 4.5, that the Baum-
Connes assembly map /4" : K^(ET) —• K*(C*T) factorizes through Kt(i

lV), and 
we denote the corresponding (natural) map by jj£ . 

Proof . By construction of ßt and of ßa, and by naturality of ßt, ßa and of /ig , 
it is enough to check it in the case of the "classifying family" {G„}n>i and for the 
particular generator [a]i. But this follows readily from example i) in section 4.6, 
where it is explained that, for the 1-dimensional representation wl of Gn , one has 
ßon{LJl) = [pöi] = [Pi] € Ko(CfGn) = Ko(PGn) (this is also a consequence of the 
proof of proposition 5.6.4). Indeed, since /if n = A?" i one deduces that 

n - l n - l 

(Af" ® W) o A(Wi) = E £?"("') W = E ^ l ® * ' = A(Wi)-
I=O 1=0 
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• 
As promised, to end the present section, we prove that ßa is injective. 

5.7.7 Theorem. The map ßa : H0(T; FT) —• K0(I
1T) ® C is injective. 

(This result was independently proved by HeIa Bettaieb in [10].) 

Proof. To each elliptic conjugacy class C € (r)e , we associate the trace 

re: txT —> C, J ] A 7 - 7 — > £ V 
7€r -ree 

This map induces a homomorphism (re)* : KQ(C1F) —> C1 which maps the class 
of an idempotent (1 x l)-matrix x over Z1T to TC(X) . 

Let D e {r)c and % e D be a representative element, of order Un . We denote 
the (possibly empty) set {s | 0 < s < nD — 1, s ^ 1 and 7^ 6 C} by J4CD . One 
then computes (by means of lemma 5.3.2): 

n „ - l 

arc), ® id) 0 $a([%]) = -^ 5 > M ^ • 4 + E w? = 5CD, 
"D »- , I=O \ 8ÇA, 

where wD = e2ni'nD , and 6CD is a Kronecker symbol. This concludes the proof. D 

It would of course be of great interest if one could prove injectivity of ßa, or even of 
ßa itself (ßa is injective if the Baum-Connes assembly map is rationally injective). 

5.8 The maps ßt and ßa for H1(V] FF) 

This section is devoted to the construction of the homomorphisms 

ß^ : Hi(T; FT) ^ Kl(ET)®C and /#> : H1(T; FT) —> K1(C^) ®C. 

We show that ß\ is a right inverse of the equivariant delocalized Chern character 

chi ® Id, and that (ß{ <g> /d) 0 /5t
(1) = /3^1}. 

In this section, to simplify the notations, we write ßt and ßa for ß\ and ßa 

respectively (and similarly for the other maps). This will cause no confusion. 

The basic ideas in the present case are the same as those used in the case of 
Ho(T; FT). Namely, we look for a "classifying family" of groups for the homol­
ogy Hi (T; FT) and we define ßt by "inverting" the delocalized equivariant Chern 
character for the members of this family, and finally we extend ßt for all groups by 
naturality. On the other hand, to define ßa , we delocalize the map 

ß1™: H1(T; Z)-y K1(C^T) 
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defined in section 5.2. 

Let n b e a positive integer. Let Gn = Z x Z/n, with generators a for Z and 6 for 
Z/n. By lemma 5.5.2, one has a decomposition 

I J - 1 T l - 1 T l - I 

H1(Gn- FGn) = 0iî i(2G n{6'); C) = $ G n ® C = $ C - [ a ] , , 
/=0 1=0 1=0 

where [a]i denotes the element a ® 1 in the tensor product Zon(b
l) ® C. On the 

other hand, by proposition 5.5.1, one has 

n - l 

K?"(EGn) = Q)Z- X [ ^ P 1 
1=0 

where x denotes the "Toeplitz" generator of Kf(EZ) S Ki(S1) = Z (see example 
iii) in section 4.3). Since c/ij = ch» : Kf(EZ) —• Hi(Z; C) is an isomorphism 
after tensoring with C, it follows from proposition 5.5.4 (and lemma 5.3.2) that 

cfcf" ® id : -Kf" (EGn) ® C —+ F 1 (Gn; FGn) 

is an isomorphism (independently of the general result of [6]). We proceed by 
letting 

Ti-I 

zn := (ch?« ® Jd)-1Ha]1) € K^(EGn) ® C = 0 C • x[I]. 

By a similar computation as in the case of HQ(T; FV) (see section 5.7), we find 
that 

Zn = (X[O]1W-X[I]1... , 0 " - 1 ^ n - I ] ) . 

In order to define ßt, we let C G ( r ) e / i be an elliptic conjugacy class of T , with 
representative element -yc € C, of order Vx,. Let 7 € Zc be an element whose class 
in Hi (Zc ; C) = Zf? ® C is 7 0 6 ® 1. Consider the group homomorphism 

aT,Tb -Gn0=Zx ZJvx. - H - r . a t — > 7 . & •—> Tfc • 

Clearly, the map ( a 7 , ^ ) , : H1(Gn0; FG^) —» Hi(I1; F r ) takes [o]i to 7 0 6 ® 1 
(after the identification given by the Shapiro lemma). This leads naturally to the 
following definition: 

5.8.1 Definition. The map 

ßt: H1(T; FT) ^ 0 H1(Z0; C) ^ Kl(ET) ® ̂  

is defined by ßt{-yab) ••= (0^,7)1(*¾) , Sor ~f € Zc , where 

( O 7 ^ ) , : K^ (EGnJ ® C —• UTf CET) ® C 

is induced by the homomorphism a7i--, -
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Since the delocalized equivariant Chern character is natural, and since any conju­
gation of F induces the identity on K1 (ET) , one has 

5.8.2 Proposition. The map /¾ is a well-defined naturai homomorphism, and it 
is a right inverse of the delocahzed equivariant Chern character: 

(chl®Id)oßt = IdHliT.Fr)-

Notice that the map ßt is an extension of the map 

ßl00 8Id-H1 (T; C) = H1 (T; 1) ® C —• Kf[ET) ® C 

defined in section 5.2. 

Since the homomorphism a7;~ is injective (for 7aò ® 1 ^ 0), the description of 
the functionality of K^ (EF) in T given in [107] allows to make, in concrete cases, 
explicit computations for ßt(j

ab ® 1) G Kl[ET) ® C. 

Now, to define ßa : H1(T; FT) —> Kx(CfT) ® C, we recall the definition of its 
localized version constructed in section 5.2: 

Ä " = ßlJ°c • H1(T; Z) = r 6 —» K1(CiT), lab —• -[7] = fr-1], 

where [7] is the if-theory class of 7 G T. As for Ho(T; FT) (see section 5.7), we 
are going to delocalize ßa '

 œ , more precisely, we are going to glue together the 
different maps /?fc'/oc, for C £ (r) e" -

5.8.3 Definition. The map ßa : Hi(T; FT) —• K1(CfT) ® C is defined on the 
direct summand H1(Z0; C) by the following composition of homomorphisms: 

H1(Z0; C) ^ ^ 2 K1(CfZ0)C - QK1(Pr-CtZ0)C 

£<4C)W 

JiTi(CCr)C, 

wJiere (tjC))« : K1(P^ • Cf Zc) —> Ki(CfT) is the homomorphism induced by the 
non-unita) inclusion of C-algebras t\C) : P{C) • CfZ0 M- CfZ0 ^ CfT. 

The following proposition follows readily from the above definition and from lemma 
5.6.3. 

5.8.4 Proposition. For -yab € H1(Z0; Ii) representing 7 G Zc , one has 

I0-I 

/5.(7«*) - Y, iPiC>• 7"1 + 1 - PH ® fi>i G K1 (CfT). 
1=0 
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Let A denote a imitai Banach algebra. Recall that its algebraic Ai-theory is by 
definition Kf9(A) = GL(.4)/[GL(>t), G L ( ^ ) ] , where GL(A) = GL00(A). The 
topological .Ki-theory of A is the group Ki(A) = TTO(GL(.4)) = GL(.4)/GL(.A)o, 
where GL(.4)o denotes the arc connected component of the identity of the topolog­
ical group GL(^t). It is classical that any commutator in GL(-4) is in GL(^4)o (see 
for example prop. 3.4.1 in [16]). (This shows in particular that Ki(A) is abelian.) 
There is consequently a canonical (and natural) map 

JAiKp[A)-HC1[A). 

Notice that the formula describing ßa([jab® I]) is purely algebraic (more precisely, 

in the definition of ßa, we can replace everywhere C*ZC and C*T by txZc and 

I1T respectively). It is moreover possible to work with K1
 9 in place of K1, and 

then also with the group algebras CZC and CT; indeed, the map ßa
c' clearly 

factorizes through K" 9(CZC). Therefore, since a conjugation by an element of T 

induces the identity on K1
 9(CT), one has immediately the 

5.8.5 Proposit ion. The map ßa is a well-defined homomorphism, and if A is any 

unita] algebra equipped with two unital algebra morphisms CT —• A —• C*T 
such that go f is the inclusion (as for example CT, C1T, C T or CfT), then ßa 

factorizes as 

H1(T; FT) 
ßa 

K1(CtT)StC 

0 </,) ® Id) 

K?9(A)®C 

Moreover, if A is any unital Banach algebra equipped with two unital Banach 

algebra morphisms C1T —• A -^-» C*T sudi that go f is the inclusion £ (as for 
example C1T or C*T), then ßa factorizes as 

H1(T- FT) 

<*<,,A 

ßa 
* i ( C r T ) ® C 

g„ <%>Id 

Kp(A) ® C JA®Id. K1(A) <g> C 

where Jj1 is the canonical homomorphism. For A = ^1T (resp. C*T), we denote 

ßa,A •= UA ® Id) 0 otatA by ßa (resp. ßa). 
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We now investigate the naturality of ßa . 

5.8.6 Proposition. The map 0OÌA • H1[T; FT) —• Ki(A) ® C is a natura/ ho-
momorphism for A = ^1T and C*T . The same holds for the map a0pi4, when 
.4 = CT, E1T or C T . 

Proof. It is enough to check it for a^cr : As in 
the case of HQ(F; FT) (see the proof of proposition 5.7.5), it is sufficient to verify 
the naturality for the homomorphism 

<p : Gn = Z x Z / n — • Gn , a >—• a, b i—• bk , 

and for the generator [a]i of Hi(Zcn(b); C) = Gn <g> C. In that case, we compute 
(with the notatioas of lemma 5.3.5): 

n - l 

(<?, ® Id) o /3a([ah) = £ [ ¢ , ¾ -a"1 + 1 - (¾¾] <g> Qn 

1=0 
m-l 

ßa o *.([a],) = X)[QS* -a"1 + 1 - <#?] ® SiJn , 
(=o 

where m is the order of bk in Gn = Z/n, wn = e 2 ^ " , and wm = e
2 , r i/m . By 

observing that GLi(CGn) ®z C C CGn ®z C, it follows from lemmas 5.3.2 and 
5.3.5 that both expressions coincide. D 

We now relate ßt and ßa to the Baum-Connes assembly map. 

5.8.7 Proposition, The following natural triangle commutes: 

Kl(ET) ® C **i®f<? UT1(^T) ® C 

Proof. By construction of ßt and of ßa, and by naturality of ßt, ßa and ß[ , Jt 
is enough to check it for the "classifying family" {Gn}n>i and for the generator 
[o]i € H1(Z0n(O)] C) = Gn ® C. We have 

n - l 

A(Wi) = Zn = (X[O]1 <D • x[l], . . . , ü " " 1 . x[n - I]) € ® C • sp] S JTf-(EGJc , 

where x G Kf(EZ) is the Toeplitz generator, whose image in Ki (C*Z), by p% , 
is [a - 1 ] , with a the prescribed generator of Z (see example in) in section 4.5). 



5.9. The maps ßt and ßa for H2[T; FT) 119 

Therefore, by proposition 5.6.4, we get 

n-l n-l 

(A?" ® Id) o ßt{[a)i) = Y,lpi • ßitä - 1 + ^] ®"' - £ } # ' a _ 1 " 1 + P ']®"' 

= ßa,cr([a]i)eK1(C*Gn)®C. 

As mentioned in example 4.5 iv), by the Wiener lemma, &-% is a dense subalgebra 
of CZ and is stable under holomorphic functional calculus. Therefore, by the 
density theorem, the inclusion I1Z •-* CZ induces an isomorphism in üf-theory. 
By corollary 5.6.2, the same holds for the groups Gn in place of Z. This shows 
that {ßG» ® Id) o &([a]i) = /?0,*ir([a]i) € Ki[PT) ® C- D 

(Notice that for the above proof, we did not need to establish an analogue of 
proposition 5.6.4 for the algebra ^1F .) 

5.9 The maps ßt and ßa for JJ2(I
1; F r ) 

In the present section, we construct the homomorphisms 

ßl2) : H2(T; F r ) —> Kl(ET) ® C and 0<2> : H2[T-, FT) — • K0(C^T) ® C , 

we show that ß\ is a right inverse of the delocalized equivariant Chern character 

ch[ ® Id, and that ($ ® Id) o ß\ ' = /% ' . It will also follow from the definition 

that ßa factorizes through KQ(I1T) ® C. We do not need to assume that T is of 

finite type. 
(21 (2) 

In this section, to lighten the notations, we write ßt and ßa for ßt and /¾ 
respectively (and similarly for the other maps). This will cause no confusion. 
The ideas are the same as for H0(T; FT) and Hi(T; FT). Namely, let n be a 
positive integer, u) = e2n^n , and Gg>n '•= T9 x S/n , where T9 is the fundamental 
group of the closed oriented surface S1, of genus g , and denote by 6 the (chosen) 
generator of Z/n . By lemma 5.5.2, one has 

TI—1 n—L n—1 

H2(G91n; FG91n) = $ f f 2 ( Z G s , „ ( 6 ' ) i C) = Q)H2(T9; C) = ® C • [off],, 
(=0 1=0 ' - 0 

where, for any Ï, [a9]i denotes the generator [H9] of H2(T9; Z) = Z (the sec­
ond equality above comes from the Kiinneth theorem and the classical fact that 
H*(Z/n; C) = 0). On the other hand, by proposition 5.5.1, one has 

n - l 

^ ' " ( ^ ^ ) = 0(2-V9PIeZ-^p]), 
1=0 
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where y9 is the class of the trivial !-dimensional bundle in K0(H9) = KQ
B(ETg), 

and X9 denotes [Sg]/c = eft"1 ([E5]) <E KQ(E3) ^ K^(ET9). It follows from 
proposition 5.5.4 (and lemma 5.3.2) that 

ckS*-" <8> Id : K^-n(EG^jn) <g>C —> tfo(G9iTl; FG 5 i „ ) © tf2(Gg,n; FG f f ,n) 

is an isomorphism. We now let 

n - l 

%,n : - (cft?"" ® Id)-1^) € i f ? - ( ^ ) B ) ® C a 0 ( C • y9[i) © C • x,[i]). 
I=Q 

As in the case of HQ(T; FT) and Hi(T; FT), one computes that 

*g,n = (Xp[O]1 û> • X9[I], ... , Q"-1 • Xg[n - I ] ) . 

To define p\, let C € <r)e" with 7C e C of order Ti0 . If x e ff2(Zc; S ) , let 
/ : E 5 —> BZC be a map in S(ZC) such that / . ([S3]) = x (see section 5.2, and in 
particular theorem 5.2.2). Consider the group homomorphism 

Clearly, the map ( o , ^ ) « : H2(G9^; FG9^) —> H2(T; FT) takes [a3]i to x® 1 
in / ^2 (¾ ' ^) ® C = # 2 ( ¾ ! C) . Therefore, we say that the groups Ggitli for 
g, n > 1, constitute a "classifying family" for H2(T; FF), and we are led to the 
following 

5.9.1 Definit ion. The map 

ft: H2(T; FV) SS © J72(ZC; C ) — > < ( £ £ ) & € 

is defined by ßt(x® 1) := ( o I l 7 c ) , ( ^ i n c ) , /ora; € H 2 (Z 0 ; Z) , where 

(*Xilc)> : K°3"*(EG9lnc)®C^ Kl(ET)®C 

is induced by the homomorphism ax,-^ . 

Since the delocalized Chern character is natural, (ch\ ® Id) o ßt = /d//3(r ;Fr) » 
which, together with the fact that ch% ® Id is an isomorphism (see theorem 4.6.1), 
implies that ßt is well-defined (i.e. independent of the choice of / G S(ZC): see 
section 5.2). Since any conjugation of T induces the identity on KQ(ET) , we have 
just proved the 

5.9.2 P ropos i t i on . The map ßt is a well-defined natural homomorphism, and it 
is a right inverse of the delocaUzed equivariant Chern character: 

(c/£ ® Id) oßt = Idtì2{V.FV). 
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Notice that the map ßt is an extension of the map 
' •" , t 

# " ® Id : H2(T; C) = H2(T; Z) ® C —J- /Cj(FT) ® C 

defined in section 5.2. 

Now, to define ßa : H2(F; F r ) —• K0(CfT) ® C, recall that we have defined its 
localized version in section 5.2 as a homomorphism 

ßV™: H2(T; Z)-> K0(CfT). 

We are again going to delocalize ßa ' ^ to build ßa -

5.9.3 Definition. The map ßa : H2(T; FT) —• K2(CfT) ® C is defined on the 
direct summand H2(ZC; C) by the following composition of homomorphisins: 

8Zc'l0CtoId * "Z? 
H2(ZC; C) ^ ^ -5 ^o(C;zc)c — ©tf0(P/c)-Cr%)c 

£(4( (C), 

Äo(c;r)c, 

where (i[G>)* : tfi(P/C)- Cr*Zc) —• # i ( C ; r ) is the homomorphism induced by the 

non-unital inclusion ofC-algebr&s i\C) : P/c ) • CfZ0 ^- Cr*Zc ^ CfT. 

By construction, the map ßa
c' factorizes through K0(V

1Z0) • We c a n therefore 
replace everywhere in the above definition CfZc and CfT by tlZc and ^1T respec­
tively. Since the conjugation by an element of T induces the identity on KQ(V1T) , 
one has the 

5.9.4 Proposition. The map ßa is a well-defined homomorphism, and if A is any 
unifcaJ ßanach aigebra equipped with two continuous unital algebra morphisms 

£ Jr -U A -£-> CfT such that 90 f is the inclusion jj* Cas for example V1T or CT), 
then ßa factorizes as 

H2(T; FT) ^ - K0(CfT) ® C 

For A = tlT (resp. CT), we denote ß^A by ßa (resp. ßa). 
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It was conjectured by Pierre JuIg and by Nigel Higson that the homomorphism 
ßl

a
oc®Id :H2(T] C) —>Ä"o(C;r)®Cfactorizes through Kf8 (CT) ®C. In chapter 

8 (a joint work with Hervé Oyono-Oyono), we will prove this, and show that the 
same holds for ßa. We will moreover establish the appropriate statement, for /¾0°, 
without tensoring with C. 

Concerning naturality, we have the 

5.9.5 Proposition, For A = E1T and CY, the map ßa^ is natural. 

Proof. We can restrict to the case where A = tlY. 

Since any class [/] in Q[T) can be "stabilized" to get a function f equivalent to / and 
defined on a surface E3 of arbitrarily large genus g, we can restrict, as in the case 
of Ho(F; FF) (see the proof of proposition 5.7.5), to the case of a homomorphism 

ip : Gg1n = F9x Z/n —> Gg,n, <pp8 = M , 6 ^ b f c , 

and for the generator [ag]i of H2(Zag,n(b); C) = C • [a3]i. We let 

C9 := ßV
0
s(xg) e K0Ie

1F9) and C9[I] := $''n{xg[l]) € KQ(e1Gg,n), I € Z. 

Notice that C3[O] = i.(cs), where i, is induced by the inclusion i : F9 «-> GSi„ . It is 
ft 

clear that <?.(x3[/]) = xg[kl], and by naturality of /¾9 ' ° , we get V'-fcgW) = Cg[M], 
in particular ¥>«(c3[0]) = C3[O]. By using this fact, we compute 

(V* <8> Jd) o A(EaJ1) = £ [ Q Ö • ^,(C3[O])] <g> ö i = $ > $ • C3[O]] 0 ö i . 

On the other hand, we have 

m - l 

ßaO^([ag]l)=ßa{[ag]k) = Y,[<#? -O9[O]] (BHSin, 
1=0 

where m is the order of 6* in Z/n. By lemma 5.3.5, we get the desired equality. D 

Let us now prove that ßt composed with the Baum-Connes assembly map coincides 
with ßa . 

5.9.6 Proposition. The following natural triangle commutes: 

.-.F 

K$(ET_) ® C h^Ji K0(C
1F) ® C 
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Proof. By construction of ßa and of ßt, and by naturality of the triangle, it is 
enough to prove it for the "classifying family" {Gg,n}g,n>i and for the generator 
[a s] i . One computes (as in the proof of proposition 5.9.5) 

n - l n - 1 

(=0 1=0 

where C3 = £</{%) ^ ^ o (^1 F9) and i* is induced by the inclusion i : T9 '-* G9^n , 
and where the second equality follows from the fact that 

[Pt U(C9)) = C9[I] e Ko(elG9,n), 

which is easily deduced from proposition 5.6.4 and lemma 5.6.1. D 

The preceding two propositions yield the following formulas for x € Hi(Zc\ Z) : 

Â<*®I) = ((¾,¾)^/^¾,¾)= E[p i ( c , ,( a*^)*wi®ûé€ j r°(< l r) ' 
1=0 

where Q 1 ^ : G 5 - — • T "represents" x, and where cg := ßQ°(xg) G KQ(E1Y9) 

and, for n > 1, c 5 [ n := 
Ao9,"(29,n) e Ao(^1Gg,,,) • These are "universal classes" in 

the sense that they are independent of T , C and x. 



Chapter 6 

A derealization property for the 
Baum-Connes assembly map 

We prove that, for any countable discrete group T, the Baum-Connes assembly 
map (tensored by C) admits a decomposition in terms of the Novikov assembly 
maps corresponding to the centralizers of finite order elements in T. This expres­
sion is based on the spectral projectors associated to torsion elements in T. This 
generalizes the results of chapter 5, and gives very useful information on the delo-
calized equivariant Chern character. We call this property the derealization for the 
Baum-Connes assembly map. We formulate a conjecture stating that Ki(ET) ® C 
decomposes as a direct sum of the üf-homology groups K*(BZC) <g> C, parameter­
ized by the elliptic conjugacy classes in Y. We prove that this conjecture would 
imply the existence of a well-defined, natural delocalized equivariant Chern char­
acter, that would be an isomorphism after tensoring with C . We also prove the 
rational injectivity of the canonical map K*(BT) —>• K^(ET), by constructing a 
retraction. 

6.1 Introduction 

In chapter 5, for any countable discrete group T and for 0 < j < 2 , we have 
constructed maps /?£ : Hj(T] FT) —y Kj(CfT) 0 C such that the diagram 

_ fjS 0 Idc 

Kf(ET) 0 C - ^ - Kj(CfT) ® C 

Hj(T]FT) 

125 
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commutes. This was performed by "delocalizing" simpler assembly maps, namely 

ßac : Hj(Zc; Z) —+ K5{C;ZC), where C runs through the set of elliptic con-

jugacy classes of T (see section 5.3 for the notations). The assembly map ßa' ^ 

is, in some sense, the localized counterpart of ß^ , more precisely, localized at the 

identity of T . 

We would like to generalize these results in the following sense. The delocalized 
equivariant Chern character ch£ : K^(ET) —> #*(F; FT) is an isomorphism after 
tensoring with C By the Shapiro lemma, the recipient if* (T; FT) decomposes 
as a direct sum parameterized by the set of elliptic conjugacy classes {T)e (see 
proposition 4.6.4). We would therefore like to find an explicit decomposition of the 
vector space K\'(UT) ® C as a direct sum running over {T)eil and then express the 
rational Baum-Connes assembly map /*»* 0 Idç, as the delocaìization of assembly 
maps that are simpler, i.e. localized at the identity. By virtue of proposition 4.6.2, 
the natural candidate for the localized assembly map is the Novikov assembly map 
ßl : K*(BV) — • Kt(C*r). In this chapter, we partially solve this problem. First, 
we propose such a decomposition for K+(EV)i&C by constructing an explicit map. 
However, we are not able to prove that it is an isomorphism, we only conjecture 
this, and give some positive results in this direction. In a second part, we can prove 
a delocaìization result for the rational Baum-Connes assembly map. This result 
would have more insight if the mentioned conjecture was true. 

We keep notations as in chapter 4 and section 5.3. 

The goal of section 6.2 is to propose a decomposition of the left-hand side in the 
Baum-Connes conjecture, namely K^(EV) ® C , as a direct sum, parameterized 
by ( r ) e , of K,(BZC) ® C, the Jf-homology groups of the classifying space of the 
centralizers Zc of the representative elliptic elements ^ E T . An explicit map is 
constructed and conjectured to be an isomorphism. Partial results in this direction 
are established in section 6.5. They are based on some preparatory material on 
models for EZC with a trivial action of a given -¾,. The delocaìization property 
for the Baum-Connes assembly map is stated and proved in section 6.3. The proof 
is an easy computation based on uaturality properties and results of chapter 5. 
In section 6.6, we prove rational injectivity of KJ1BV) —> K^(ET). In the final 
section 6.7, we prove that our conjecture would imply the existence of a well-defined 
natural delocalized equivariant Chern character, that would be an isomorphism 
after tensoring with C. 

6.2 A decomposition of Kl(ET) (E) C in terms of 
elliptic elements in T 

In order to state the delocaìization property for the (rational) Baum-Connes as­
sembly map, we need to express its domain K^(ET) ® C as a direct sum running 
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over the set of elliptic conjugacy classes in the group T. The purpose of the present 
section is to propose such a decomposition and to formulate a conjecture about it. 

Recall that by definition, Kï(ET) = hm KKl(C0(X), C ) , where the direct limit 
X 

runs over all T-compact subspaces X of ET_. For t = 0 or 1, an element in 
KKf (Co(X), C) is given by the homotopy class of a triple (H, ir, F), where H 
is a Hilbert space endowed with a unitary representation of T, TT is a covariant 
representation of Co(X) on H, and where F is a bounded self-adjoint operator on 
H , such that [F1 n(f)\, n(f)(F2 — 1) and fl"(/)[7, F] are compact operators on H, 
for any / e CQ(X) and any 7 G T . For i = 0, the Hilbert space H is moreover 
required to be Z/2-graded, the representation of T to be by degree 0 operators, 
and F to be a degree 1 operator. We can moreover assume that the operator F is 
F-equivariant, in other words that [F, 7] = 0 for any 7 € T , and that F is properly 
supported. (See section 4.3, [107] and [61] for details.) 

Let n > 1. Given such a Kasparov triple x = (H, n, F) (defined over X Ç EF), 
for I € Z , we define a Kasparov triple x[l] = (Hi, TT, F) (still defined over X) for 
the group F x Z /n by the following requirements: first, as a model for E_(T x Z/n), 
we take ET_ (it is easily seen to be a possible choice), second, H\ is defined to be 
equal to H and is endowed with the action of F x Z /n defined by the same action 
of r and by the action of Z/n given by 6 • £ = wj,£. for £ G H\, where b is the 
(chosen) generator of Z /n and Wn := e2 i r t 'n . See sections 5.5 and 5.6 (in particular 
propositions 5.5.1 and 5.6.4) for the main properties of these elements. 

Let us now define the different maps appearing in the decomposition we are aiming 
at. Let C be an elliptic conjugacy class in the group T . Recall that as a model for 
EZC and for E_(ZC x ZJn0) we can choose EV_. Consider the map 

Vfc : J& (EZ0) ® C — • tf53 *Z/Tfe (E(Z0 x ZJn0 )) ® C 
H0-I 

x<%>\ 1—> ^2 x[l] ® wc • A 

1=0 

and the surjective group homomorphism 

Pc:Zcx ZJn0 -^Zc,vc\zc= Idzc , 6 •—• Tc , 

where b is the (chosen) generator of Zjnc . We denote by j c the inclusion of Zc in 
r . These two group homomorphisms induce a map 

Uc °Pc)* = Ob)* ° (Pc)* •• K^/nc(E(Zc x ZM) —> Kl(ET) 

for any C . Now, we define a map a : 0 K?c (EZ0) ® C —• U ^ ( J T ) ® C on 

ce(r)c" 
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the direct summand K^c {EZC) ®C by the composition 

i f , Z c ( ^ ) ® c A K^xZ/^(E(Zc x ^ / " c ) ) ® C ( f J c ) ' ® J < ? K^(EZC) ® C 

Uc)* ® Id\ 
Kl (ET)® C 

In other words, a := ^ J ((jc opc)* 0 /d) o ^ , . 

ce{r)e" 

We are now in position to state the following conjecture. 

6.2.1 Conjecture. For any countable discrete group T, the composed map 

¢: 0 K,(BZC)®C^~ ® KIC (E Zc)® C-^ K^ (ET)® C 
ce<ry" ce(iy" 

is an isomorphism, where the injection is given by proposition 4.5.3. 

In section 6.4 we present the preparatory material (on models for E_ZC) in order 
to prove, in section 6.5, that the composition ((pc)* ® Id) oipc is an isomorphism 
by giving a very explicitly description and by exhibiting its inverse (that turns out 
to be very similar to it). In section 6.6, we construct a retraction of the injection 
given by proposition 4.5.3. In the remark ending section 6.7, we explain why the 
conjecture is plausible. 

6.3 The delocaìization for the Baum-Connes as­
sembly map 

We prove here the delocaìization property for the Baum-Connes assembly map. 
The statement uses the map <j> of conjecture 6.2.1, but is completely independent 
of its truth. The proof is an easy chase around the definitions, based on the 
naturality of the assembly map /i* and on proposition 5.6.4. 

Given a conjugacy class C e (T)e , we denote by 

^C) . p(c). c . Z c ^ c . r a n d t ( o . p[C). c*Zc ^ c * r 

the non-unital inclusions. 

With all these notations, we can now state the main result in this chapter. It is in 
some sense a generalization of the construction of the maps /3£ of chapter 5. 
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6.3.1 Theorem. (Deìocalization for the Baum-Connes assembly map) 
For any countable discrete group T , the diagram 

0 Kn[BZ0)QC 
C€<r>'" 

Kl[EF)Q)C 

ßfc ® Id 

0 K,(C*ZC)®C 
Ce(V)eti 

r.T /¾ ®Id 

0 ($K*{Plc)-C*Zc)®C— » K*[CTT)®C 

commutes. There is a similar commutative diagram for the reduced C*-algebras 

C*ZC and C*T, with the maps i\C) and ß* in place of t j c ) and o//3»c respectively. 

As we will see in chapter 7, this result in not just a particular property of the Baum-
Connes assembly map. Many other assembly maps share a similar property. We 
will prove it for the assembly maps in Hochschild homology and in cyclic homology. 
We will also construct a new assembly map in algebraic AT-theory by imposing this 
property. 

Proof of theorem 6.3.1. During the proof, we identify K*[BZC) ® C with its 

image in K«° [EZ0) ® C. We start with an element x € K*(BZC), for some 

C e <r)e" . If we let y := ßfc[x) in K+{C*ZC), then, by means of lemma 5.6.3, 

we compute 

Ki[CTZ0) A 0AH(P/O )- C*ZC) A Ki[CTZ0) <S> C 
l 

J = O: y ,-> £ [ j f > • y) *_• £[P/°> - y) ® u£ 

where i? := ^ ( ì j C ) ) * ® u 4 . By pushing forward these elements in i f * ( C T ) ®C by 
i 

Uc)* » w e Set the same formulas, according to the value of j . On the other hand, 
-Zn by naturality of fi„ (see section 4.5) and since y = /3»° (a:) = ji*c[x), for j = 0, 
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we get 

{ßl ® Id) o <j>(x) = {ßl®Id)o((jcoPc)*®Id)oipc{x) 

= £ ( / £ ®Id)o ((J0 o pc), ® id)(z[/] 0(¾} 

= 5Z((Jb°fc)*®id)(ii-y®âé) 

/ 

where the previous to last equality is due to proposition 5.6.4, and the last one is 
a consequence of the trivial fact that (pc),(P/) = P / c ) e K*(C*ZC). Similarly, for 
j = 1, we get 

(Al" ® id) o ^x) = Y,(piC) -y + l~ pD ® 4 -

( 

and this completes the proof. D 

6.4 Models for E_ZC with trivial action of 7C 

The goal of this section is to prove the following result: 

6.4.1 Proposition. Let G be a countable discrete group, and H bea unite central 
subgroup of G. Then for any model X for EG, the quotient space H\X is also 
a model for EG, on which H acts trivially. Moreover, the canonical projection 
p : X -» H\X is a G-equivariant homotopy equivalence. 

Given a countable discrete group T, this result applies to G = Zc and to H = {yc}, 
for any C 6 ( r ) e " . In particular, the quotient (yc) \ETatd is a model for EZC with 
a trivial action of 7C , where 

ETatd := ip : r —> [0, 1] 

is the "standard" model for EY. 

supp(/i) is finite, and TJ/^(7) = 1 
Ter 

Proof of proposition 6.4.1. Let us first show that H\X is a metrizable proper 
G-space. It is a G-space because H is central in G . Since G acts properly on the 
metrizable space X , so does its subgroup H, therefore, the orbit-space H\X is 
metrizable. Similarly, G\(H\X) = G\X is metrizable, hence Hausdorff. The space 
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X being G-proper, for any x € A", there exist an open neighbourhood Ux of a; in X , 
a finite subgroup Hx of G, and a G-equivariant continuous map p x : Ux —y GfHx . 
The canonical projection p : X -» H\X is a G-equivariant, continuous, closed and 
open map (H being finite). Consequently, for any x = p(x) € H\X, Ux := p(Ux) 
is an open neighbourhood of x in H\X , Hx := [Hx, H) is a finite subgroup of G 
(H is finite and central in G), and px : Us —» G/Hx-, y = p(y) i—> q o px(y) is a 
G-equivariant continuous map, where q : GfHx -^GfHx . This shows that H\X 
is a proper G-space. 

Since X is a model for EG,, there is, up to G-homotopy, a unique G-equivariant map 
f : H\X —• X , and the composition f op : X —• X has to be G-equivariantly 
homotopic to the identity. To see that H\X is a universal proper G-space, it is 
enough to prove that p o / is G-homotopic to the identity. By universality of EG, 
there are G-homotopy equivalences X !=» EG_etd inducing G-homotopy equivalences 
H\X *=; H\ECL*td. We can therefore assume that X = EGstd. The G-homotopy 
we are looking for is simply given by 

L : (H\EG,td) x [0, 1] —¥ H\EG8td 

(p(/*), t) >—>p(f op(t • ft) + ((I - t) • M)), 

where \i 6 EGJtd (the multiplications by t and 1 — t, and the addition above are 
simply performed in the vector space of functions from G to R). 

We come back to the case where X is any model for EG. Since H\X is a model for 
JgG, the composition p o f : H\X —• H\X has to be G-homotopic to the identity. 
Consequently, f and p are G-homotopy equivalences, inverse of each other. 

This completes the proof. D 

6.5 Description of the map ((¾)* <S> Id) ° % 

We first give a new decomposition of the group K,C(E_ZC) in terms of subgroups 
consisting in homotopy classes of Kasparov triples endowed with a given action of 
the element -¾ . For this purpose, we need the existence (established in section 6.4) 
of models for E_ZC on which ^0 acts trivially. We then give an explicit description of 
{(pc)*®Id)otpc in terms of this decomposition, and show that it is an isomorphism, 
by exhibiting its inverse. It appears that this inverse has a description very similar 
to that of ( (p c ) . ® Id) o ìjjc . 

Let us make the following standing assumption: For any countable discrete group 
G and any G-compact space X , in a Kasparov triple (K, TT, F), the operator F 
is self-adjoint, G-equivariant, properly supported, and Ti essential, in the sense 
that the subspace TT(CC(X)) • H is dense in H; moreover all homotopies between 
Kasparov triples are performed within this class. This is no restriction. 
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Let X be a Zc-conrpact space. For I = 0, . . . , nc — 1, let us define 

KÏC{X){1} := {[H, TT, F) e K*C{X)\% acts onUby Jc) . 

(We do not claim that if [H, TT, F] = [H', TT', F1]) and -¾, acts on H by u£ , then 
the same holds for W'.) Similarly, we define 

* r ? c ( E z c ) { 0 := J [H, TT, F] e * :? C GEZ C 

[H, TT, F ]G tf?c(X){J}, 
for some 2"c-compact 
subspace X of E £ c 

7 7 7 
Obviously, i C c (^)(O and K? (EZC){1} are well-defined subgroups of K*c (X) and 

(Q%c) respectively; K*c(X){iy is functorial in X (for proper ^-equivariant 
Z Z 

maps), and K*c (EZ0)^ = lim Kt
c(X)^ , where the direct limit runs over all 

Zc -compact subspaces X of EZC . 

Let X be a proper Zc-compact space with j c acting trivially. For J = O, ... ,Ti0-I 

and x = [H, TT, F] € K<c(X), we let x{l) := [H1, -K1, F1] € K^° (X){1}, where 

Hi := {£ € "H17C • £ = uji • £} is a Hilbert space acted upon the left by Zc (since 

7C is central in Zc), TT[ is the restriction to Hi of the covariant action TT of Co(X) 

on H, and Ft is the restriction of F to H\. Let us check that TT and F really map 

Hi into itself. Let £ E K/ and / 6 C 0 ( X ) . One has 

7C • *(/)(*) = Af o 7"1HIb • 0 = « i • ' ( / ) « ) . 

where the first equality comes from the covariance of TT , and the second from the 
fact that Ij, acts trivially on X . On the other hand, one has 

7 c - F ^ F ( 7 c - 0 = " c - n , 

where the first equality is consequence of the Zc-equivariance of F. This proves 
that TT(/)(£) and FC are in Ht, as was to be shown. 

The correspondence x i—• xn\ is well-defined, since addition of a degenerate cycle 
to x does not change x^y (if y is degenerate, so is ym), an operator-homotopy on x 
gives an operator-homotopy on x^ (during the homotopy, the Zc-action remains 
the same, and the operator Ft in the homotopy is J£c-equivariant for any t e [0, I]), 
and finally, a unitary equivalence for x does not modify the class of x^ . 

If / : X —• y is a proper Zc-equivariant map between Zc-compact spaces on 
which 7C acts trivially, one immediately sees that 

/.(»{I}) = /*<*)<!} > for all x € ifr (X) . 

Now the following result is clear. 
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6.5.1 Lemma. Let X be a Zc-compact space on whicii the element 7C acts triv-
ially. Then the map 

t^-—l nc — 1 

Sx : K!° (X) - > 0 ff.% (X){(} , x —• J ] *{i} 
i=0 (=0 

is a weiJ-defined isomorphism, naturai for Zc-compact spaces with trivial action of 
7C . Consequently, for any model for EZC on which -¾, acts trivially, one has an 
isomorphism 

tip—i nc—i 

Sc : K^(EZC) - ¾ 0 K?c(EZc){l}, x - • £ *{<} » 
/=0 1=0 

wJiere x € Jif,c(A") and a;^} G /Cc(-X"){j}, for some Zc-compact subspace X 
of EZC . Moreover this decomposition is natural for Zc-equivariant homotopy 
equivalences between such models for E_ZC . 

We define now a map that is very similar to ipc (see section 6.2). Consider 

4 : K?C(EZC)®C — • K?c*Z/nc (E[Z0XZM)^C 

x®\ t—> ^2 x[l] ® w^ • \ , 
1=0 

the only difference with ipc being that u>c is replaced by wl
c . hence the notation. 

The main result in the present section is the 

6.5.2 Proposition. Assume that EZC is a model for the classifying space for 
proper Zc-actions on which yc acts trivially. Then the map ((pc)* ® Id) o ipc is 
explicitly given by 

K*c (EZc) ® C —> K?° (EZ0) ® C 

/=0 /=0 

T L , - 1 

where K+c (EZC) is identified with 0 Ü T t
c ( E Z c ) ( , } via <5c . ft is therefore an 

I=O _ 

isomorphism with inverse ((pc)# ® id) ° V>c • 

For the proof we will need the following lemma. 
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6.5.3 L e m m a . Assume that E_ZC is a model for the classifying space for proper 

Zc-actions on which j c acts triWaUy. Then for x Ç K*c (EZC), one has 

{ * ) * ( * < # ] ) = hi • x{l) e KyZ/nc(E(Zc x ZJn0)), 

for any k, I e {0, . . . , U0 - 1} , where we choose R(ZC x 2 / ¾ ) := £ Z C . 

(See section 6.2 for the definition of y[k] for j / e K"»c (J£ZC ).) 

Proof. Let x € K,C(EZC) and let X be a Zc-compact subspace of E_ZC such 

that tt{j} = (¾, TT1 F] 6 -FC 0 PQ with 7C acting by u£ on "W. For the definition 
of the induced homomorphism, (p c ) , , we refer to Valette [107] and use the same 
notations. On has N := Ker(pc) = {i*b~9 |0 < s < % — 1} , where b is the 
generator of 2 / ¾ . We have to consider X := N\X — X (since 6 and 7C act 
trivially on EZC). For X{jj[fc], we endow ir(Cc(X)) Ti with the (non-negative, but 
not necessarily positive definite) scalar product 

s=0 a=0 

(for £, T) 6 tt). The Hilbert space % is then, by definition, the Hausdorff completion 
of Ti for this scalar product. Since TT(CC(X)) • Ti is dense in Ti (by our standing 
assumption that a Kasparov triple is essential), we see that Ti = Ti if k = I and is 
zero otherwise. This shows that (pc)»(x{i}[fc]) = 0 if k ^ I. 

Let us now assume that k = I. The group (Zc x Z/nc)/N acts on Ti , and under 
the identification of Zc with (Zc x Z/n^J/JV via pc , this action is precisely the 
original action of Zc on Ti = Ti. Finally, TT = TT and F = F. We thus have 

(fc).(*roPl) = I«. *. *1 = I«, ». F] = X{1} e K^{EZC) . 
This concludes the proof. D 

Proof of proposition 6.5.2. By definition of Vfc , for x « J^i X{1] J o n e n a s 

t/t (x ® A) = £x<*}[fc] ® w* • A. 
k,f 

The result follows from lemma 6.5.3. G 

6.6 Rational injectivity of K*(BT) —• Kl(ET) 

In this section, we first prove that the canonical map BT —• BT induces an 
isomorphism in rational homology, and deduce that it also induces a rational iso­
morphism in iC-homology. As a direct application, we prove that the canonical 
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map K4[BY) —y Kl(ET) is rationally injective. by constructing a retraction. 
This will prove proposition 4.5.3. 

Here is an easy technical lemma for the proof of the main result in the present 
section. 

6.6.1 L e m m a . Let H be a finite subgroup of a discrete group Y. Let R be a 
commutative ring with unit such that the order \H\ of H is a unit. Then the 
permutation module R[YfH] is RT-projective. 

Proof. The canonical /ìr-morphism RY —y R[YfH] denned by 7 1—y 7 H has a 
splitting given by 

This means that R[YfH] is a direct summand in the i?r-free module RY. • 

6.6.2 P ropos i t i on . Let Y be any discrete group. Let R be a commutative ring 
with unit such that the order of any finite subgroup of Y is invertible (as for 
example the rationals Q), Then the usual classifying map BY —y BY_ (unique up 
to homotopy) induces an isomorphism 

H4(BY; R)-^y H4(BY; R). 

In particular, the map K4[BY) —y K*(BY) is rationally an isomorphism. 

Proof. The cellular chain complex of EY_ = Enn(T) yields the exact sequence 

. . . —y C1(EY; R) - ¾ C0(EY] R) -±> R —y 0 

0 i ? [ r / # ] ] (see the end of section 4.2). By lemma 
HtJ= / 

6.6.1 and by the assumption on R, for any finite subgroup H of T , the permutation 
module R[YfH] is RY- projective. Since the direct sum and the tensor product 
of projective modules is projective, the above exact sequence is an i?r-projective 
resolution of the trivial flu-module R. Consequently, the homology of the complex 
CJET- R) ® f l r R is H4(Y; R) = H4(BT; R). But one has 

C(EY; R) ®Rr R * r \ C . ( E T ; R) S CJT\ET; R) = C(BT; R). 

This shows that H4(BT; R) S H4(BTj, R). From the description of the map 

ET = Er[T)—> ML= Enn(T) 

given at the end of section 4.2, it is clear that this isomorphism is induced by the 
classifying map BT —y BL • 
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Taking R = Q, the statement about /^-homology follows form a direct application 
of the usual Chern character. D 

We thank Ian Leary for suggesting this proof. 

From propositions 4.3.4 and 6.6.2, we immediately get the 

6.6.3 Corollary. For any discrete group T there is a commutative diagram 

Kl(ET) ® C — Kl(ET) <g> C 

JT, (Br) ® C — J ^ ( B T ) ® C 

In particular, the canonical map Kt(BT) —> Kl(EJT) is rationally injective, with 
the composition 

Kl[ET) ® C -» Kt(BT) ® C A if*(Br) ® C 

as rational retraction. 

6.7 Application to the delocalized equivariant 
Chern character 

In this section, we show how one can define the delocalized equivariant Chern 
character ch\ if conjecture 6.2.1 holds. This is of interest in view of the remark of 
section 4.6. 

If conjecture 6.2.1 is true, in other words if the map <f> is an isomorphism, one can 
define the delocalized equivariant Chern character ch-l as the composition 

Kl(ET)-^-Kl(ET)®C-Ç* 0 K.(BZC)®C 
ce(r)e" 

c, hi ch®Id 

H,(V;FT), ^ © H.(ZC;C) 

Ce(r)"" 

where c is the complexification map, and ch is the usual Chern character "à la 
Atiyah" in if-homology. This would be obviously an isomorphism after tensoring 
with C. To make another choice for the representative elements of the elliptic con-
jugacy classes amounts to making conjugations on Zc by an element of T and, under 
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the Shapiro isomorphism, we claim that this induces the identity on H»(T; FT), 
as we now prove. First, ohe has a canonical decomposition of T-module 

Fr= 0 C[C]* 0 cr®c^c^ 0 ind£c(z)®zc, 
ce( ry" ce(ry" ce{r}e" 

where C[C] is the complex vector space freely generated by the elements of C , and 
is equipped with the action of F by conjugation. The first isomorphism is given by 

with inverse 

£ A7 • 7 ® A = Yl SV 7 ® A ' -—• £ * V T • 
7 e r De(IT" ?eo ite 

The Shapiro isomorphism is the composition 

0 H*{Zc;C)^k 0 H.(ZC; C[C]) M 0 //.(T5C[C]) 
ce{iy" Ce(r)<" ce(r)e" |_-

H,(r; Fr) 

where Z0 : C <-• C[C] is the map A i—y A - T0 , and j c is the inclusion of Zc in T (see 
[25], pp. 73, 79 and 80). By prop. HI.8.1 in [25], the conjugation by an element of 
r (acting at the same time on T and on the T-module C[C]) induces the identity 
on # » ( r ; C[C]). This shows that chi is well-defined (i.e. independent of these 
choices). 

We claim that under the hypothesis that <f> is an isomorphism, c/£ is natural 
for group homomorphisms, where the functoriality of H+(— ; F(—)) is defined as 
follows: for a group homomorphism tp : T\ —• r 2 , the map <p* = B9(Ip; Ftp) is 
given by 

, . : H.(ri; Fr1) M i L M H.(ri; Fr2) A ^ *.(r2; Fr2). 

It suffices to show that the composition <fio(® (ch® J d ) - 1 J o S - 1 is natural, where 

S is the Shapiro isomorphism. Since a conjugation by an element of T2 induces 
the identity on K^3IET2), the map $ o (© (ch ® J d ) - 1 ) o 5 - 1 is independent of 
the choices of representative elements in the elliptic conjugacy classes. The Chern 
character ch being natural, the only difficulty lies in this choice. Indeed, ip maps an 
elliptic conjugacy class C\ of Ti into an elliptic conjugacy class D of r 2 , and may 
map another such class C2 into D . We must therefore make "compatible choices". 
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The idea is to choose representatives 7D for T%, and then, for C € (r i) c such that 
<p(C) Ç D, choose 7C G C D <p-1(7D). Clearly, the Shapiro isomorphism and the 
map 4> are "natural for these compatible choices". This establishes the naturality. 

We have just proved the following result. 

6.7.1 Proposition. If conjecture 6.2.1 holds, in other words if the map <f> is an 
isomorphism for any countable discrete group T, then the composition 

chi •= Shapiro o (<g ch ® Id) o 0"1 o c : Kl(ET) —y H*(T; FT) 

is a well-defined natural homomorphism, and an isomorphism after tensoring with 
the complex numbers C. Moreover, t ie diagram 

UT-(Br) * Kl(ET) 

chj \chl 
H,(r;c)c-^jy,(r;Fr) 

commutes, where i, is induced by i : C <-» FT, A i—> X- e. 

6.7.2 Remark. The first diagram in the present section also makes conjecture 
6.2.1 plausible. Indeed, if there exists a delocalized equivariant Chern character 
chi that,s an isomorphism after tensoring with C, then it shows that there is an 
(abstract) isomorphism 

Kl(ET) 0 C ^ 0 Km(BZc)®C. 
Ce(T)'" 

What conjecture 6.2.1 does, is to propose an explicit isomorphism, independent of 
such a Chcrn character. 



Chapter 7 

The derealization in Hochschild 
and in cyclic homology, and an 
application in algebraic i^-theory 

We prove that, for any group T, the assembly maps in Hochschild homology and in 
cyclic homology share, with the rational Baum-Connes assembly map, the decom­
position property that we have called derealization in chapter 6. More precisely, 
they admit an expression in terms of simpler assembly maps (localized at the iden­
tity of r ) , by means of spectral projectors associated to finite order elements in 
r . We prove that the same holds for the assembly maps in periodic cyclic ho­
mology and in negative cyclic homology. As an application of the derealization 
in Hochschild homology, we prove that for any ring A such that QF Q A Ç CT, 
there is an injective assembly map H,(T; FT) <-* K^3 (A) ® z C, where FT is the 
C-module freely generated by the torsion elements of T, with the action of T by 
conjugation. 

7.1 Introduction 

Given a discrete group T and RT its group algebra over a commutative ring R with 
unit , there are well-known decompositions of the Hochschild homology HH, (RT) 
and of the cyclic homology HCx(RT) of the .fi-algebra RT as a direct sum. running 
over the conjugacy classes in T, of usual homology groups of sub-quotients of T and 
with coefficients in R (in the case of cyclic homology, under the assumption that 
R 3 Q : this a celebrated theorem of Burghelea [27]). These decompositions are 
given by explicit isomorphisms, called assembly maps. They map the corresponding 
direct sum of usual homology groups into the Hochschild (resp. cyclic) homology 
of RT. By restriction to the direct summand associated to the conjugacy class {e} 
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of the identity, we get the localized assembly maps. 

In this chapter, we show how one can express the "full" assembly maps for T in 
terms of localized ones corresponding to centralizers of finite order elements (also 
called elliptic elements) in T : This is what we call the delocalization property for 
the assembly maps. The formulas involved in these decompositions put on stage 
the spectral projectors in the group algebra RT associated to the elliptic elements 
of r . This program is achieved in the case where R contains the field of algebraic 
numbers Q , or even just the extension Qo of Q obtained by adjunction of all roots 
of unity. For Hochschild homology, we give in fact the minimal hypothesis on R 
(for a given group T) so that the delocalization works: RT should contain spectral 
projectors associated to the finite order elements in T. In the same vein, for cyclic 
homology, we can prove the delocalization under the same hypothesis with the ex­
tra requirement that R should contain the rationals (this is needed in Burghelea's 
theorem). As an application of the delocalization property for Hochschild homol­
ogy, we prove that for any ring A such that Q0T Q A QCT, there is an injective 
assembly map H*(T; FF) M- Kf9(A) ® Z C , where F r is the C-module generated 
by the torsion elements of T, on which T acts by conjugation. 

This chapter is organized as follows. In section 7.2, we introduce the notations 
we will use throughout the notes, and we recall briefly the theorems expressing 
HH+(RT) and HC^(RT) in terms of usual group homology. We also explain pre­
cisely what we mean in this context by "full assembly map" and "localized assembly 
map". The spectral projectors associated to elliptic elements in a group and their 
main properties is the subject of section 7.3. We review the construction of the 
assembly map in Hochschild homology and we state and prove the delocalization 
property in this case in section 7,4. After a technical lemma, the proof is a simple 
chase around the definitions. Section 7.5 is devoted to the delocalization for cyclic 
homology, whose proof is based on the delocalization for Hochschild homology 
and the Coniies ISB exact sequence. We compute (the "elliptic part" of) periodic 
and negative cyclic homology of RT, and establish the delocalization for these 
homologies in section 7.6. We discuss a few results on the algebraic if-theory of 
group-rings in section 7.7. One of them is a direct application of the delocalization 
in Hochschild homology. 

7.2 Preliminaries on the assembly maps 

Let r be a discrete group and RT its group algebra over a fixed commutative ring 
R with unit . Let (T) be the set of conjugacy classes of T, partitioned as 

(r) = (Tf1 H <r>°° , 

where (r) is the (non-empty) set of conjugacy classes of elliptic elements of T, 
i.e. of finite order, and {T)°° is the (possibly empty) set of conjugacy classes of 



7.2. Preliminaries on the assembly maps 141 

hyperbolic elements, i.e. of infinite order. Let {'7c}ce(r) D e a o n c e a n d f° r 8 ^ 
chosen set of representatives of the conjugacy classes, i.e. -¾, € C Let us denote 
Zr{%), the centralizer of -¾, in T , by Z0 . (There is a slight abuse of notation 
since Zc does not only depend on the class C, but on its chosen representative 7C . 
Changing the representative amounts to taking a conjugate of Zc .) Notice that 
Z | e j = r . For any hyperbolic conjugacy class D, we let Qrj be the quotient group 
ZV(ID)I<1D> I which is also defined up to conjugation. 

Given a imitai associative algebra A over R, we denote the Hochschild homology 
of A by HHx(A), and its cyclic homology by HCx(A) (without any particular 
mention of R). For the definitions of these theories, the reader is referred (for 
example) to [72] or to [ i l l ] . We consider them as being N-graded. 

Recall that the cyclic homology of the algebra R itself is given by 

HCn(R) a ( ° f ° r n o d d 
v ' \ R for n even 

as is easily proved (see 9.6.14 in [111]). 

We now state the two fundamental results on these homologies for group algebras. 
The first is contained in Cartan-Eilenberg [31], and is also a direct consequence of 
a theorem of MacLane and of the Shapiro lemma (we come back to this in section 
7.3). The second has been obtained by Dan Burghelea [27] in 1985. 

7.2.1 Theorem. (Cartan-Eilenberg; MacLane-Shapiro) Let T be a discrete 
group, and R be any commutative ring with unit. Then, there is an isomorphism 

HH,(RT)Ç* ® Hx(Z0; R). 
Ce(V) 

7.2.2 T h e o r e m . (Burghe lea) Let T be a discrete group, and R be a commuta­
tive ring containing the rationalsQ. Then, there is an isomorphism 

HC(RT)* 0 (Hx(Z0; R) ®RHC,(R))® 0 Hx(Qn; R). 

The tensor product occurring in the statement of the theorem is a graded tensor 
product (over R), i.e. the term of degree 2n > 0 of Hx(Z0; R) ® f i HCx(R) is 

H0(ZC; R) e H2(Z0; R) © . . . ® H2n(Z0; R) 

and the term of degree In 4- 1 > 1 is 

H1(Z0; R)@Hi(Zc;R)®...®H2n+i(Zc;R). 

In fact, there are explicit graded homomorphisms. called assembly maps, realiz­
ing the isomorphisms of the theorems, and mapping the right-hand side onto the 
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left-hand side. We denote them by 0* for Hochschild homology, and by £% for 
cyclic homology. In particular, by restricting 0 | and C$ to the direct summands 
corresponding to elliptic conjugacy classes, we get an assembly map in Hochschild 
homology 

0r
m: 0 H.(ZC; R) ^ HHt(XT) 

Ce(T)'" 

and an assembly map in cyclic homology (for R D Q) 

*£• © H<(ZC; R) ®R HC(R) ^HC(RT), 

for any discrete group T. By further restricting to the summand corresponding 
to the trivial element e of T, a procedure we call localization, we get the localized 
assembly map in Hochschild homology 

el'loc : H^(T] R) ^ HHt(RT) 

and the localized assembly map in cyclic homology (for R 3 Q) 

ul'loc : Hx(T; R) ®R HC(R) -> HC(RT). 

We refer to the maps 0^ and i £ as the "full" assembly maps (in contrast with 
their localized counterparts), although they are just restrictions to the elliptic part 
of the corresponding direct sum decomposition. We denote the image of 0^ by 
HHf(RT) and that of i/J" by HCf(RT) ; these are direct summands in HH*(RT) 
and in HC(RT) respectively. We will later on see that HHf(RT) and HCf(RT) 
are independent of the chosen set of representatives {7C | C € { r ) ^ 1 } , as they should 
be. 

Motivated by the derealization theorem 6.3.1 for the Baum-Connes assembly map, 
our first goal in this chapter is to show how to construct the assembly maps 0^ 
and i/f out of localized versions. More precisely, we will prove that one can "glue 

together" the localized assembly maps { 0 , c ' }C e ;n e" ( resP- {"* î c edY") m 

an appropriate manner to get the "full" assembly map 0^ (resp. i>£). As already 
mentioned, this will be achieved in the case where R contains the field extension 
Qo of Q by all roots of unity (and even in more general situations). It is important 
to notice that the way we "glue together" the localized assembly maps here is 
exactly the same as for the Baum-Connes assembly map (both cases are however 
independent). 

For the proof of the delocalization in Hochschild homology, we will need an explicit 
description of the assembly map 6% . For this reason, in section 7.4, following 
Weibel [111], we will construct explicitly the map as a by-product, we will 
sketch the proof of theorem 7.2.1. 
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7.3 The spectral projectors of elliptic elements 

In section 5.3, we have considered the spectral projectors 

T^E^'ecr, 

(where I € Z) associated to an the elliptic element 7C e C. These projectors take 
values in smaller group algebras than CX. 

7.3.1 Definition. For a conjugacy class C € ( r ) e , we let Ti0 < oo be the order 
of 7 , and uc := e 2 * " ^ G C. Let Zf be the ring extension of the integers Z by 
the set 

C e <r)( 'C 

ell-Similarly, we denote by %• the Seid extension of Q by the set {OJC\C 6 (r) } . 
In order to unify some results for all groups, we also let Qo denote the extension 
of Q by all roots of unity in C. 

Notice that the field Qb is strictly contained in the field Q of algebraic numbers. 

It is clear that P / c ) € Z r T , for any I € Z and C G {r) e" . For the most important 
properties (in our context) of the spectral projectors, we refer to proposition 5.3.3. 
As an immediate consequence of the latter, we get the 

7.3.2 Lemma. Let R be a unita/ commutative ring containing Zp (or simply 
Zz0 ) • For any of the elliptic elements ~fc ofF, one has a decomposition of the 
group algebra RZC as a direct sum of R-algebras with unit 

RZc = @ pr-Rzc> 

the unit ofP[c)-RZc being Ffc). 

7.4 The derealization in Hochschild homology 

In this section, we precisely state the theorem on the derealization property for the 
assembly map in Hochschild homology. We then carefully review the construction 
of this assembly map, prove a technical lemma and finally the theorem {by a direct 
computation). 

Given a commutative ring R with unit , recall that we have the "full" assembly map 

¢ : 0 Ht(Zc- R) ^ HH.(Rr) 

ce( iy" 
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for the group T, and its localized counterpart 0\Mc : H*(T; R) ^ HH*(RT), 
corresponding to the trivial element e in T. The same holds for the subgroup Zc . 
In particular, we have localized assembly maps 

ezc,ioc , H ^ c ; R) ^ HH,(RZC), 

for all elliptic conjugacy classes C £ {r) 

Before stating the derealization theorem, we have to recall briefly some definitions 
and results on Hochschild homology. First, a not necessarily imitai homomorphism 
of unital i?-algebras a : A —y B induces a homomorphism 

HH9[A) —• HHt(B), [aogxn® ...On] \—> [0(00)8)0(01)8)...0(0^)]. 

In particular, for R D Zr , the inclusion t\c) of Pfc)-RZc in RT induces a group 
homomorphism 

( tj
c)). : HH*{Plc)-RZc) —> HH.(RT). 

For the second classical result, let A be a unital algebra that is a direct sum of two 
unital algebras, say A = B © C ; then there is an isomorphism 

HH.(A) = HH*(B®C) -=• HH*(B)®HH.(C) 
[(bo © C0) ® . . . ® (bn © Cn)] 1—• [fco ® .. . ® On] © [co ® .. . ® c„]. 

More generally, the following well-known lemma holds (see [111]). 

7.4.1 Lemma. Let (Ai)içj be a collection of unita! R-algebras. Then there exist 
canonical isomorphisms 

HH,(®ieIAi) A ©, e /J ï f f . (A0 

Ha(®ieIAi) -¾. ^jHO^Ai).-

The former is explicitly given by "component-wise" addition. 

Now, we can state our main theorem for Hochschild homology. 

7.4.2 Theorem. (Derealization in Hochschild homology) 
For a discrete group F, and a unital commutative ring fi^^rj the composition 

0 H*(ZC;R) c E . 0 HHt(RZc) 
ce{r)e" ' ce<ry" 

HH.(RT) — ^ 0 Q)HH^PM-RZ0) 
ce<r)e" '=° 

is the assembly map O^ , in other words, the diagram commutes. 



7.4. The delocalization in Hochschild homology 145 

To illustrate the non-triviality of the above theorem, let us point out that the 
obvious diagram 

0%. '« 
H,(ZC;R) ^ *HH,(RZC) 

HH*(RT) 

where ic is the inclusion of Zc in T , does generally not commute, as is easily 
checked, for example when T is the group X/2 = {±1} and C is the conjugacy 
class {—1} . (In fact, for any group T and any elliptic conjugacy class C ^ {e} , it 
does not commute.) 

Before the proof of the theorem, we first carefully explain how the assembly map 
$1 is defined. We then state and prove a crucial lemma. Finally, the proof will be 
a direct computation based on the lemma. 

For the definitions of a cyclic object X, (as for example a cyclic set or a cyclic 
fi-module), of the Hochschild complex associated to a cyclic i?-module, and of the 
Hochschild homology HH11(Mt,) of a cyclic iï-module M., we refer the reader to 
Weibel [111], 9.6.1, 8.2.1 and 9.6.5. Still following Weibel, let us make a few more 
definitions (see f i l l ] , 9.6.2, 9.7.3). 

7.4.3 Definition. i) The cyclic set B.T is defined by BnT = T" (for n > 0) 
and 

{ (72, - . - , 7 " ) , if i = 0 

(7 i , • • • , 7i7.-+i, ... ,In), 'f l < i < n - l 

(71, . . . , 7 n - i ) , if i = n 
Si(Ti. • • • , Tn) = (71, • • • , TÏ. 1, 7i+i ... ,fn), for 0<i<n 
t (7 l , ••• , 7n) = ( (71" " T n ) - 1 I 71 , ••• ,ln-l) 

(Its geometric realization \BmT\ is the classifying space BT.) 

U) For an element 7 € T , denote by C 7 its conjugacy class in T and let 
M^ 7) = {(70, 71, • • • , 7 . ) e r n + 1 17071 - - -7n £ C 7 ) ; 

tJiis defines a cyclic subset Zm(T, 7) of the cyclic set Z.T of tuples of elements 
of T, given by ZnT = Tn+1 (for n > 0) and 

. f , f (71, • • • , 7Ï-1» TtTHi, 7.+2 - • • , 7n), if 0 < t < n - 1 
OH70, ••• , Tn) = < , , . . . 

I1(TnTOiTl) ••• i 7 n - l ) , if l = n 
«i(7o, - - - , Tn) - (70, • • - , Tt, 1, Ti+i • •. , Tn) » fa" 0 < t < n 

* ( T 0 , • • • , Tn) = (Tn, 70, - • • , T n - l ) • 
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in) By applying the functor "free R-module" to B,T, Z,T and to Zm(T, 7 ) , one 
gets a cyclic R-module RB.T and a cyclic R-submodule RZm(T, 7) of RZmT. 

iv) We denote by HH11(T, 7) the Hochschild homology of the cyclic R-module 

Notice that Z9(T, 7) as well as HHt(T, 7) only depend on the conjugacy class C 7 

of 7 , but not on the particular representative 7 . 

There is an isomorphism of cyclic sets between Zm(T, e) and BmT, obtained by 
forgetting 70 . We will need the explicit form of the inverse. It is given by 

BnT —• ZnT, (71, . . . , 7„) 1—• ((7x • • • 7 n ) " \ 71. • • • 1 Tn) • 

By definition, the Hochschild complex associated to the cyclic iï-module RZ*T 
(resp. RBmT) is precisely equal to the usual Hochschild complex of the i?-algebra 
RT (resp. to the usual bar complex of the group T, with coefficients in R). Con­
sequently, one has 

HHt(RZ9T) = HHt(RT) 

HH*(B.T) = Ht(BT; R) = Ht(T; R) . 

7.4.4 R e m a r k . It is obvious that one has the following canonical decomposition 
of cyclic R-module and induced canonical splitting: 

RZmT= 0 RZm(T, %) and HHt(RT)= 0 HHt(T,lc). 
ce{r) ce(r) 

We can therefore set, independently of any choice, 

HHf(RT):= 0 HHt(T, lc). 

ce(ry" 

Now, we have all the needed ingredients to recall the construction of the assembly 
map Ol itself. We proceed in four steps. 

First, proposition 9.7.4 in [111] shows that the inclusion Zc = Zr(jc) <-* T induces 
an isomorphism 

HHt(ZcT0)^HHt(T110), 

for any C e (T). 

Secondly, by the proof of corollary 9.7.5 in [111], if g is any central element in a 
group G, then the homomorphism of simplicial sets 

Zm(G, e) —> Z.(G, g), (g0, pi, . . . , gn) 1—• (gg0, gi, ••• , gn) 
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is aii isomorphism, hence 

H,(C?; R) Sf HHm{G, e) - ¾ HH*(G, g), 

where the first isomorphism is due to the fact, mentioned earlier, that Z*(G, e) 
and B»G are isomorphic as cyclic sets. 

The third step is given by remark 7.4.4: 

HH.(RT)= ® M . ( r , 7 c ) . 

Finally, assembling the first three stages (in disorder), we get a chain of isomor­
phisms 

0 f f . ( Z c ; R) ^($HH*(ZC, e) Ì © M . ( Z C , %) =* © M . { r , lc) 

Ce<r) Ce(T) Ce(T) Ce(T) 

= HHt(RT) 

whose composition is, by definition, the assembly map 6$ . This shows that the 
image of O^ coincides with what we have denoted by HHfl(RT). Let us now 
give explicit formulas. First, we consider H*(ZC; R) as the homology of the bar 
complex: 

H*{Ze\ R) = Ht(RB.Zc), where RBnZ0 = { j ^ f t « ] for n > Ï . 

By definition, HHm(RT) is given by the homology of the Hochschild complex of 
the H-algebra RT : 

HH,(RT) = H*(RZ.T), where RZnT = RT®R n+1, for n > 0. 

By chasing along the definition of 8r as given above, one gets the formula 

êl:H*{Zc;R)^>HH»{RT) 

[71 ® . . . ® 7„] i—• be (71 • - • 7 „ ) - 1 ® Tl ® • • • ® 7n] • 

In particular, for any C e ( r ) e " , we obtain 

e^Joc : H*(ZC; R)^HH,(RZC) 

[71 ® • • • ® 7n] '—• [(71 • • • 7 « ) " 1 ® Tl ® • • • ® Tn] • 

This way of defining $1 has the considerable advantage of sketching the proof of 
theorem 7.2.1 at the same time. 
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As already mentioned, theorem 7.4.2 is also a consequence of a result of MacLane 
and of the Shapiro lemma. Indeed, as a particular case of proposition 7.4.2 in [72], 
there is an isomorphism 

HH*{RT)*H*(T;RT), 

called the MacLane isomorphism, where RT is acted upon by conjugation. By the 
Shapiro lemma (compare with section 6.7), there is an isomorphism 

H.(r;RT)* 0 H*{ZC;R). 
ce<r) 

The composition of both isomorphisms is precisely ( (%) - 1 • 

We now state and prove the crucial technical lemma. 

7.4.5 Lemma. Let R be a commutative ring with unit, and A be an associative 
imitai R-algebra. Let e be a central idempotent in A. Then the maps f = (/„) 
smd g= (p„) defined by / n , gn : A®* n + 1 —» A®* n+1 and 

/n (ao ® d\ ® . . . <S> an) = eoo ® ea\ ® . . . ® eon 
gn(a0 ® oi ® . . . ® an) = ea0 ® ai ® . . . ® a n 

are homotopic chain maps of the Hochschild complex (A®R n + 1 , On) of A. Conse­
quently, for any cycle OQ ® a\ ® . . . ® an in A®R n+1, the elements 

eao ® ea\ ® . . . ® ean and eao ® ai ® . . . ® a n 

of A®R n+ are homotopic cycles, in other words they represent the same class in 
HHn(A). 

Proof. First, notice that the Hochschild complex is a presimplicial module in the 
sense of definition 1.0.6 in [72] {see the proof of lemma 1.1.2 in (72]). By using the 
assumption that e is a central idempotent, it is straightforward to check that / 
and g are chain maps, and even maps of presimplicial modules (see p. 4 in [72]). 
It remains therefore to construct a presimplicial homotopy between the maps / 
and g, i.e. a collection of maps h^ : A®* n+1 —• A®R "+2 of fi-modules, for all 
Ji > 0 and all 0 < i < n, satisfying the set equations of definition 1.0.8 in [72]. (By 

lemma 1.0.9 in [72], it will follow that h^ := £ " = < , ( - l ) ^ n ) is a chain homotopy 
from / to g.) One can easily check that the maps defined by 

ô™ (0O ® a i ® • • • ® ®n) = eao ® e ® ea\ ® . . . ® ean 

hj (ÜQ ® ai ® . . . ® a„) = eao ® a\ ® . . . ® a,j ® e ® eaj+i ® . . . ® ean 

MT (ao ® a\ ® . . . ® a„) = eao ® ai ® . . . ® an ® e 
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(where 1 < j < n — 1) satisfy all the desired properties. This concludes the proof. 
D 

For sake of completeness, let us give another proof of the part of the above lemma 
saying that eao ® eai ® . . . ® eon and eao ® Oi ® . . . ® On represent the same class 
in HHn(A), whenever OQ ® a\ ® . . . ® On is a Hochschild cycle. 

Proof. Letting Ä := AjR-I, we consider here Hochschild homology as the homol­
ogy of the normalized Hochschild complex Cn = A®RÄ®R n, where the equivalence 
between both definitions is given by the canonical morphism of complexes 

Cn = A ® f l A®« n -» Cn = A ®n Ä®* n 

(see [72], 1.1.14, 1.1.15, 1.6.4 and 1.6.5). With these notations, we have to prove 
that 

[eao ® Ëâi ® ëÔ2 ® • • • ® ëâ„] = [eao ® à i ® a"2 ® • . . ® â„] G H* ( C . ) . 

By lemma 2.12, p. 29, in [59], for n > l(and obviously for n = 0) , the composition 
map 

HHn(A) —> Q,n{A) -» tlab(A) » [ao ® O1 ® . . . ® Sn] i—> andai • • • do^ 

is a well-defined injection, where ÏÏ* (A) is the algebra of non-commutative differ­
ential forms on A, and Q^[A) := Q*(A)/[U"(A), U*[A)] is the quotient of the 
above by the submodule (not the ideal!) generated by the commutators. We are 
therefore reduced to showing that 

eaod(eai)d(ea.2) • • • d(eOn) = eaodaida.2 • • • dan G Q^(A), 

but this is obvious under our hypotheses, because d is a derivation and the equation 
ede = 0 holds in Cl^0(A) (indeed, de = d(e2) = ede+dee = 2ede, hence ede = 2ede 
and ede = 0). Q 

We are now in position to prove the derealization theorem 7.4.2. 

Proof of theorem 7.4.2. We keep notations as in the above construction of the 
map 9, , and we work at the level of the chain complexes. Let C be a fixed elliptic 
conjugacy class in T . Let x = A71 ® . . . ® 7 n € RBnZ0 = RZ®R n , where XeR. 
By 9$, it maps to 

The map defined by the derealization process factories through the map 

E O D ) - © HH,{RZD)^HH.{RT) 
De(T)"' De<r)e" 
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in the obvious way, where jD denotes the inclusion of RZD in RT. The image of x 
in HHx(RZ0) under the corresponding factorization is 

T f c - l 

(=0 

Since P/C J is a central idempotent in the algebra RZC , by lemma 7.4.5, this element 
represents the same class in HH, (RZC ) as 

X £ 4 P / C ) ( 7 i " - 7 n ) 1 ® 7 i ® - - - ® 7 n = A 7 c ( 7 i - - - 7 n ) ^ 7 1 8 - - - 8 7 * . 

where the equality comes from proposition 5.3.3 iv). By mapping this element via 
(,¾,), in HH,(RT), we see that both maps coincide on x. 

This completes the proof. D 

7.4.6 Remark. i) It is easy to adapt lemma 7.4.5 and its proof so as to see 
that the assembly map 9$ and the map obtained from the deîocalization 
process of theorem 7.4.2, both considered as chain maps 

0 RB.ZC —+ RZS, 

are homotopic, for any imitai ring R containing Zr . 

U) The deîocalization theorem 7.4-2 clearly holds (and the proof is the same) as 
soon as the ring R is commutative with a unit 1 and satisfies the following 
properties: for any C e ( r ) e , £- € R and R contains a primitive r^-th 
root bJc of\ (i.e. the multiplicative group Rx contains n^-torsion) satisfying 
the formulas of lemma 5.3.2 (no uniqueness assumption in neither case). 
This is equivalent to requiring, for every C G ( r ) , the existence of a 
unita] ring homomorphism Z ^-e2nx 'nc —y R. This is in fact the minimal 

hypothesis on R because otherwise, the spectral projectors PfC) have no 
meaning in RT and the statement of the theorem does not make sense. This 
applies for example to the case T = Z/2 (or any group only with 2-torsion) 
and R = TLj1O, and to F = Z/3 for any group only with 3-torsion) and 
R = ZfI x Z / 1 3 . 

7.5 The deîocalization in cyclic homology 

In this section, we state the theorem on the deîocalization property for the Burghe-
lea assembly map in cyclic homology. We prove it by applying the corresponding 
result for Hochschild homology. 
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We keep notations as in section 7.4. 

Recall that we have the "full" assembly map 

ur: 0 H,[ZC; R) ®R HC[R)--> HC[RT) 
ce(T)e" 

for the group T, and its localized counterpart 

u^loc : ff,(r; R) ®RHC,{R) M- HC[RT). 

The same holds for the subgroup Zc . In particular, we have localized assembly 
maps 

u^Aoc : H,[ZC; R) ®R HC[R) ^ HC[RZ0), 

for all elliptic conjugacy classes C E [T)e . 

Again we denote the (non-unital) inclusion of P^C)-RZC in -Rr by t\ . By 2.1.3 in 
[72], it induces a homomorphism 

[i\c))< : HC[PP-RZC) —• HC[RV). 

We are now is position to state our main theorem for cyclic homology. 

7.5.1 Theorem. (Derealization in cyclic homology) 
Let F b e a discrete group, and R be a unita! commutative ring containing Qr • 
Then the composition 

0 H,[ZC; R) ®R HC[R) c — 0 HC[RZC 

ce(ry" [" C€<iy" 

HC[RF) . S - J 0 QHC[Pl^RZc) 
Ce(ry" '=o 

is the Burgheiea assembly map v£ , in other words, the above diagram commutes. 

Proof. According to [27] and to [111], in the Connes ISB exact sequence 

. . . -» HH,[RT) -4 HC[RT) 4 HC-2[RT) 4 HH^i[RT) -> . . . 

the map B is zero, and, after identification of HH* and HC with direct sums 
of usual group-homologies via the assembly maps O^ and C% respectively, for all 
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C € (r)e , one has two commutative diagrams 

Hn(Z0; R) c . Hn(Z0; R) © Hn.2(Zc; R)B... 

91 

HHn(RT) c-

<*) 

HCn(RF) 

(with the top horizontal map given by the inclusion in the first summand) and, for 
any k > 0, 

Hn(Z0; R) © Rn-I(Z0; R) © . . . — Hn.2k(Zc; R) © Hn-2k-2(Zc; R) © . . . 

HCn(RT) 
Sk 

vl-ik (**) 

H * HCn.2k(RT) 

(with the top horizontal map given by projection onto the last summands). Since 
the ISB exact sequence is natural and compatible with the decompositions 

HH*(G>ieIAi) A ®i£lHH.(Ai) 

Ha(Q^Ai) A Q^1HC(Ai), 

one has, for all C € ( r ) e and all n, k > 0, the following commutative diagram: 

Hn(Z0; R) c 
nZ„,loc 

Zf,, toc 

"C - 1 

HHn(RZ01 

I 

0 HHn(P^-RZ0) — S - HHn(RT) 
I=O 

« c - l 

©/ 

Hn(Z0; R) ^ - HCn(RZ0) - 0 HCn(P^-RZ0) - ^ U ffCn(iîr) 

2c,Ioc 
-W2A: 

I=O 

" c - 1 

©s* S* 

Hn(Z0; R) c - J i+H. HCn+2k(RZc) -+ ($ H Cn+2k(Plc) • RZ0) - £ J5TCB+2*(Hr) 
I=O 

% - i 

where CTC denotes at the same time V^ttjl • (tjC))* on the level of ifi?» and of 

HC*. 
1=0 

We have to prove that for every k > 0 (and every n > 0), the bottom composition 
in this diagram coincides with the restriction of the Burghelea assembly map v^+2k • 
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By the delocalization theorem 7.4.2 in Hochschild homology, the composition in 
the first row is the assembly map 

# : Hn(Z0; R) M- HHn(BT), 

and thanks to diagram (*) above, the result holds for k = 0 . 

For the general case (k > 0), thanks to diagram (**), one sees that it is enough to 
show that if ip denotes the composition in the third row, then 

TP(Hn(Z0; R))DKeT(S* : HCn+2k(RT) -4 HCn(RT)) = {0} 

(so that IJ)(Hn(Z0; R)) injects in HCn(RT)). But this follows readily from the fact 
that the composition in the second row is an injection (as a consequence of what 
has just been said for the case k = 0). • 

It is probably also possible to prove the theorem directly by chasing around the 
definitions that allow to build the assembly map in cyclic homology, alike we did 
it in the case of Hochschild homology. We have chosen another option here, that 
is to say to appeal to the corresponding result for Hochschild homology and to 
exploit the deep interplay between both theories (embodied by the Connes ISB 
exact sequence). 

7.5.2 Remark. By 9.7.3 in [111}, HC(RT) is equal to HC*(RZ,T), the cyclic 
homology of the cyclic R-module RZ.Y (see [ill], 9.6.7). H follows from remark 
7.4.4 and from the proof of theorem 9.7.9 in [111] that one can set unambiguously 

HCf(RT):= 0 HC(RZ^(T lc)), 

Ce(r)tU 

and that it coincides precisely with the image of uI. 

7.6 The delocalization in periodic and in nega­
tive cyclic homology 

We compute the "elliptic part" of periodic and negative cyclic homology of RT, 
and we prove that the corresponding assembly maps both satisfy the delocalization 
property. 

Let R be a unital commutative ring. For the definitions of periodic cyclic homology 
and negative cyclic homology of a unital associative ß-algebra and of a cyclic R-
module, we refer to Weibel [111] 9.6.17. We write HP» for periodic cyclic homology 
and HN* for negative cyclic homology. Notice that HP* is 2-periodic. It follows 
from the définitions that HP» and HN* are additive in the sense that they commute 
with finite direct sums (i.e. the result corresponding to lemma 7.4.1 holds for 
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I finite). They are also functorial for non-unital morphisms between imitai R-
algebras. 

Let r be a discrete group. The splitting given in remark 7.4.4 gives rise to canonical 
decompositions (see 7.4.6 in [72]) 

XP.(RT) = 0 HP,(RZ.(Ti%)) and HK(RT)= 0 HN*(RZ.(T, <%.)). 
ce<r) ce<r) 

As we did it for Hochschild and for cyclic homology, we set 

HPf(RT) := 0 HP,(RZ.(T, 7 c)) and HNf(RT) := 0 HK(RZ^T, %)). 
Ce(T)'" ce<r)e" 

It is clear from 9.6.17 in [111] that there is a short exact sequence 

0 - 4 ihn'HCf^RT) - v HPf(RT) - > Imi HC*2p(RT) - > 0 
p p 

for any n 6 Z, where the inverse limit is taken with respect to the operator 
S : HCf —> HCf2- As mentioned in the proof of theorem 7.5.1, the maps 
5 are surjective. Therefore, the inverse system {HCf; S] satisfies the Mittag-
Leffler condition, and in particular, the lim1 term vanishes (see [111] 3.5.6 and 
3.5.7). Consequently, we find 

HPf(RT) = lim HCf2p(RT). 

For a discrete group G and n € Z, let us define 

I TT H2j (G; R), if n is even 
Jfr° 
[[H2J+I(G; R) , if n is odd. 
i>0 

From the above considerations together with theorem 7.2.2 and the properties of 
S mentioned in the proof of theorem 7.5.1, we deduce the 

7.6.1 Theorem. Let T be a discrete group and R be a unital commutative ring 
containing the rationals Q. Then there is an infective assembly map 

rf: 0 H?(ZC; R)-+HP^(RT), 
Ce(T)"" 

whose image is HPf(RT). 
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By restricting to the direct summand corresponding to the identity, we obtain the 
localized assembly map 

tr^loc : HT(Ti R) ^ HP4[RT) . 

FVora theorem 7.5.1 and the third diagram in its proof, we immediately obtain the 
corresponding delocalization result. 

7.6.2 Theorem. (Delocalization in periodic cyclic homology) 
Let T be a discrete group, and R be a unita/ commutative ring containing Qr • 
Then the composition 

0 H?(ZC;R) c 111 . 0 HP4(RZ0) 
ce(iy" • ce(r)e,i 

HP4(RT) *-£—! 0 ^HP4(PP-RZ0) 
C6(r)e" '=o 

is the assembly map <T^ , in other words, the above diagram commutes, 

For negative cyclic homology, by [111] 9.6.17, there is long exact sequence 

... A HPfI1(RT) 4 HCfL1(RT) -¾ HNf(RT) -4 HPf(RT) 4 ... 

Since 5 is surjective, B is zero and I is an injection. If for a discrete group G and 
n € Z, we define 

HS+(G; R):= [ J Hn+2i(G; R)1 

we have just proved the 

7.6.3 Theorem. Let T be a discrete group and R be a unital commutative ring 
containing the rationais Q. Then there is an injective assembly map 

r.r: 0 HT+(ZO] R) ^HN4(RT), 
ce(ry" 

whose image is HNf(RT) . 

By restricting to the direct summand corresponding to the identity, we obtain the 
localized assembly map 

Tr,ioc . HT+(T\ R) ^y HN4(RT). 
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The long exact sequence ([111] 9.6.17) 

... 4 HPn+1(RT) 4 ffCn-I(AT) 4 HNn(RT) 4 HPn(RT) 4 ... 

and the one corresponding to the elliptic part are functorial (for non-unital mor-
phisms) and are compatible with the additivity of the functors HC*, HP* and 
HNm. Therefore, from theorems 7.5.1 and 7.6.2, we can deduce the following 
derealization result. 

7.6.4 Theorem. (Derea l i za t ion in negative cyclic homology) 
Let T be a discrete group, and R be a unital commutative ring containing Qp . 
Then the composition 

© H: 
Zr. ,IOC 

?+(Zc;R) c ° - 0 HN.(RZC) 
Ce(T) ell Cc(T) ell 

HN.(RT) ^ - ! © © JJJY+(P/^ J?ZC) 
C€<iy" '=o 

is the assembly map rl, in other words, the above diagram commutes. 

As by-product, we have just proved that both Connes ISB exact sequences (for 
Hochschild homology and for negative cyclic homology) are compatible with the 
five corresponding assembly maps and with the five derealization properties. The 
same holds for the large diagram intertwining both sequences (see Weibel [111], 
9.6.17). 

7.7 An application in algebraic if-theory 

In this section, we collect some known results relating the homology groups Hi(T; R) 
with the algebraic JY-theory groups Jf? 9(RT). Moreover, as an application of the 
delocalization in Hochschild homology we prove the following theorem: 

7.7.1 T h e o r e m . Let T be a discrete group, and let A be a ring equipped with 

maps Z-pT —• A -^+ CT such that go f is the inclusion (as for example RT for 
any ring such that Zp Ç R Ç C). Then there is an infective assembly map 

a? : HHf(CT) - 4 KfS[A) ® Z C , 
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where HHf[CT) * 0 H*(ZC; C) <* H*(T; FT) , with FT the C-modute gen-

Ce(T)tU 

erated by the finite order elements in T, acted upon by conjugation. If1Qo denotes 
the held extension of the rathnals by all roots of unity, then the map Ö, is 
natural. 

The assembly map ä£ will be explicitly constructed in the proof of the theorem, 
as the derealization of a classical assembly map in algebraic Ä"-theory. We will 
give explicit formulas for ä £ and of at the end of the section. 

7.7.2 R e m a r k . For any group G, the map H9(G1 Q r ) —• H*(G; C) is clearly 
infective. The assembly map of theorem 7.7.5 being defined over Q (in place of 
C), we deduce that, under the hypotheses of theorem 7.7.1, there is an injective 
assembly map 

HHf(QrT) <-> KfS(A) ® z Qr , 

where HHf(QrV) S 0 / f . ^ i Q r ) = # * ( r ; FTT), with FVT the Qc-module 

ce(r>e" 
generated by the finite order elements in T, acted upon by conjugation. 

Before starting the proof of theorem 7.7.1, we consider three related results {only 
the third of which is necessary for the proof; the first two illustrate the situation 
in degree 0 and 1). 

Let R be any imitai commutative ring. The assembly map in algebraic J^-theory, 
in degree 0 and 1, is defined by (see [71]) 

o§ : H0(T; R) —V K^(RT) <B>ZR, A •—• [1] 0 A 

o f : H1(T; R) —• K?9(RT) ® z R, 7
a 6 ® A h-+ [7] ® A , 

where Ho(T; R) is identified with R, [1] is the AT-theory class of the idempotent 
(1 x l)-matrix 1, H\ (T; R) is identified with T0* ®z R, 7*1* represents the group 
element 7 in Tab, and [7] is the K"-theory class of the invcrtible (l x l)-matrix 7 . 
These maps are clearly well-defined and natural in the group T . When R = Z, we 
write a; for a f , for i = 0 and 1. 

Let C T be the maximal C*-algebra of the group T, and C*T its reduced C*-
algebra. The first proposition is an easy consequence of the definitions and of the 
results in [12]. 

7.7.3 P ropos i t ion . Let T be a discrete group, and A be a ring equipped with 

two maps ZT —» A - ^ C*T such that gofis the inclusion (as for example C T , 
C*T, or RT for any ring such that Z C R C C). Then the assembly map 

Uoai:Hi(T;Z)^Kf9(A) 
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is split-injective for i = O and rationally injective for i = 1; it is injective for i = 1 
whenever g factorizes through C T . Moreover, for any unital commutative ring 
R, the assembly map 

a? : Hi[T-, R) —> K?3[KT) ® z R, 

is a split-injection for i = 0 and 1. 

Proof. Let us first show that HQ(T; Z) — • KQ 9(A) is split-injective. It suffices 
to prove it for A = C*T. The canonical trace r : A —> C induces the splitting we 
are looking for. In [40] (and also in [12]), it is proved that the composition 

H1(T. z ) ( g ° / ) * ° ° i Kp[CCT) a K1(CtT) 

is rationally injective, where pi is the canonical map. It follows that /» o Ce1 is 
rationally injective for any A. 

Let q denote the quotient map from T to its abelianization r a b . By functoriality 
of the maximal C*-algebra in the group, and by naturality of the maps cu and 
tr : ZT <-)• C T , one has the commutative diagram 

H1(T;!,) M * ° ^ . Kp[CTT) 

H1[T00; Z) ( t r a 6 ) * ° Q i Kp(C*Tab) 

Idi det 

rab c ^ GL 1 (CT" ' ' ) 

This shows that /* o OJ1 is injective whenever g factorizes through C T . 

Let B be a unital associative i?-algebra, where R is a commutative ring with unit. 
The Dennis trace map Dtr* : K+3'(B) —• HH*(B) (Hochschild homology as an 
.R-algebra), in degree O and 1, is given by 

Dtro : Kl3(B) — • HH0(B), [x] *—> [x] 

DtT1 : Kp(B) — • HH1(B), [u]*—¥ [u-1 ® u] 

for (1 x l)-matrices x and u (see [72] or [87]). Since the map #*' oc is defined, at 
the chain level, by 

Rr®«»—+AT««"+1, A 7 i ® . . . ® 7 « — • A ( T i - ^ 7 n ) " 1 ® 7 i ® - - - ® T n , 

it is straightforward to check that the triangle 

Hi(T; R) ^* Kp(RT) ®z R 

J1Io^ \ntn®idR 

HHi(RT) 
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commutes, for i = 0 and 1. Since #*' oc is split-injective (thm. 7.2.1), so are the 
maps a$ and a f . D 

The second result follows readily from theorem 5.7.7 and the identification of 
H^(T; FT) with HHf(CT), which follows from theorem 7.2.1 and the Shapiro 
lemma (see section 6.7). 

7.7.4 Proposition. Let T be a discrete group, and let A be a ring equipped with 

two maps Zr T —> A —• I1T such that go f is the inclusion (as for example E1T, 

or RT for any ring such that Zr Ç R Ç C). Then there is an injective assembly 

map 
&è : HHf(CT) «-> K$S{A) ® Z C . 

Apart from the derealization property for the assembly map in Hochschild ho­
mology, the main ingredient for the proof of theorem 7.7.1 is the following deep 
theorem (see [87], thm. 6.3.24): 

7.7.5 Theorem. (Rosenberg) For any group T, there is a natural assembly map 
p^ in algebraic K-theory fitting in the commutative diagram 

Ht(T; C) - ^ Kf^(ZT) ® Z C ^ ® M> K^(CT) ® Z C 

HHt(CT) 

where t : ZT *-* CT is the inclusion and Dtr , : K?9(CT) —> HH4(CT) is the 

Dennis trace map. Since 0* ' oc is injective, so are p£ and (t* ® Id) o p\ . 

For sake of clarity, let us quickly recall the construction of the assembly map p^ 
arising in the above theorem. Let K Z denote the algebraic it-theory spectrum. It 
is an O-spectrum whose homotopy groups are given by 

TTn(KS) = KZt3(Z), Vn € Z . 

(Since spectra have negative homotopy groups, this definitely includes negative 
ür-theory. However, K$3(Z) = 0 for all n < 0 , since Z is a regular ring (see [87], 
3.1.2(4) and 3.3.1).) Associated to this spectrum, there is a homology theory on 
the category of CW-complexes, defined by 

h*(X; KZ) := M X + A K Z ) , 

where X+ is X with an extra base-point added. In particular, for the one-point 
space, one has h*(pt; KZ) S K?9(Z). In [71], Loday has defined, at the level of 
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spectra, an assembly map 

Xl[I) : K(BT; KZ) —y Ä? f f(ZT) 

(see prop. 4.1.1 in [71]). There is a map of spectra K Z — • H Z , where H Z is the 
usual Eilenberg-MacLane spectrum (defining integral homology). In turns out (see 
[87]) that the induced map h*(X; KZ) —> H11(X; Z) is a rational surjection, for 
any CW-complex X . Denoting by -ip* the corresponding natural splitting (over 
C), by definition, one has 

rf = (A?(Z)®Jdc)o^fr. 

There is a less abstract way to see this map. Indeed, the definition of p% is clear. 
For k > 1, p£ is given by the composition 

Hk(T;C) A if .(GL(ZT); C) -» Prim(.ff,(GL(Zr); C)) 2 0 J # * ( Z T ) ® z C , 

where i» is induced by the inclusion i : T «-> GL1(ZT), Prim(H,(GL(ZT); C)) de­
notes the primitive part of the Hopf algebra H* (GL(ZT); C) , and the isomorphism 
is given by cor. 11.2.12 in [72]. (We thank Jean-Louis Loday for pointing out to 
us this construction.) 

Recall that the Dennis trace map Dtr* : Kf9(A) —+ HHm{A) (Hochschild homol­
ogy over R) is defined for unital associative algebras A over a unital commutative 
ring R. It is natural for united .ß-algebra morphisms (see [72], 11.4.3 and 8.4.5). 
The following lemma is crucial for our main theorem. 

7.7.6 Lemma. For any unital commutative ring R, the Dennis trace map Dtr* is 
natura) for Jion-unital R-aigebra morphisms between unital R-algebras. 

Proof. Let A be a unital associative ß-algebra. Let A+ denote the "unitalization" 
of A over R, i.e. A+ is the direct sum R £B A as an iï-module and is endowed 
with the product A+ x A+ —> A+ , ((A, a), (/x, b)) i—> (Xp, A6 + a*i + ab) . It 
is a unital associative i2-algebra, with unit (1, 0), and there is an isomorphism of 

unital fî-algebras A+ —• R ® A, (X, a) \—• (A, A • IA + a), where IA is the unit 
of A. A non-unital i2-algebra morphism tp : A —> B induces a unital J2-algebra 
morphism (p+ : A+ —> B+ , (A, a) i—* (A, <p(a)). The lemma follows from the 
facts that Dtr» is natural for unital morphisms and that there is an isomorphism 
F*(A) = Coker(F,(iï) —> Fi1(A+)), that is natural for non-unital morphisms, 
where F* can denote either functor or HH* on the category of i?-algebras 

with unit (this follows from additivity of both functors: see [72], 1.4.1). G 

We are now in position to prove theorem 7.7.1. 

P r o o f of t h e o r e m 7.7 .1 . For the complex group algebra CT, by commutativity 
in the diagram of theorem 7.7.5, by naturality of the Dennis trace map Dtr* (in 



7.7. An application in algebraic K-theory 161 

the sense of lemma 7.7.6), and by "compatibility of Dtr* with direct sums", there 
is a commutative diagram 

Zr. ^ r . 

0 Kf[CZ0) ®z C 

0 0i^(P/C)-czc)®2c 

C 

H*(V; FT) 

0 H.(ZC;C) 
ce(ry" 

© Dtr« ® Id 

Zr,loc 

0 HH,(CZC) 
C€(r)e" 

C . l 
Dtr, ® Id "c - i 

Dtr, ® Id 

0 ¢^(^(¾) 
ce(ry" '=o 

C l 

HHt(CT) K^(CT) ®z C 

with t j c ) : Pj(C) • CZC M- CT denoting the (non-unital) inclusion. The assembly 
map a ? 1 is defined as the left-hand side composition. By the derealization in 
Hochschild homology (theorem 7.4.2), the right-hand composition is the "full" as­
sembly map 6\. Theorem 7.2.1 implies that it is injective. Consequently, the 
homomorphism â? : HHf(CV) —• Kp(CT) ®z C is injective. 

Let t : ZZC <-* I^ Zc be the inclusion. The assembly map a , r is defined by 
the left-hand side composition in the above diagram, with (U ® Id) o pt° , TLv Zc 

and SpT in place of (t, ® Id) o p*c , CZC and CT respectively. One has clearly 
à p 1 = ( j , ® Id) o à* r r , where j is the inclusion of ZpT in OT. For the algebra A 
of the statement, the assembly map âf is defined by 

àt:=(h®Id)oà^r. 

It follows readily that â* is injective for any A. 

As already mentioned, the isomorphisms 

HHf(CT)* 0 H*(ZC; C) Ç* H*(T; FV) 
CÇ{T)e" 
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follow from theorem 7.2.1 and the Shapiro lemma (see section 6.7). 

The naturality of ô ! r r follows from the fact the groups Zc are defined up to 
conjugation by an element of F , and that such a conjugation induces the identity 
on Kt 9 (QbF). (The necessity of taking the group-algebra QoT here, is that Qo 
is the smallest ring-extension R of the integers Z such that for any group G , RG 
contains all the spectral projectors associated to finite order elements in G.) D 

Let us now write explicit formulas for the assembly maps ä$ and af . From the 
construction (in the above proof) of these maps, one easily finds 

^ : i / o ( 2 c ; C ) ^ < J ( A ) % C , 1 — • £ [ 7 ^ ) 0 ^ , 
(=0 

where Ho(Zc; C) is identified with C, and similarly (with the help of lemma 5.6.3) 

1=0 

where HX(ZC\ C) is identified with 2£*<gizC, and - ^ is the class in Zf of -y € Zc . 

With the help of theorem 3.3.6, one could give a more or less explicit description 

of àQ ( s e e 8 ^ 0 sections 8.2 and 8.3 on this point). 

7.7.7 R e m a r k . The question raises whether the composition 

~cr • ; 
à f ; r : ff,(r; FT) — K^(CT) ® z C — K?<>(C;V) ®z C 

is injective, and similarly for other Banach group aJgebras such as O1T and CT. 
For the degree 0, theorem 5.7.7 says that the map 5g r is injective. Another 
question is: Can one describe K*9(RT) ®z C compiefceJy in homological terms 
(depending on T) ? Of course, such an expression is impossible without accepting 
K?9(R)®ZC as a building block (as the case of the trivial group shows). Recently, 
Wolfgang Liick has given, in [66], a very satisfactory piece of answer: If the rational 
Farrell-Jones conjecture (with respect to the family of Unite subgroups) holds for 
r , then, for any n e Z , there is a suitable assembly map 

® HP(T; FT) <g>z J f ^ ( C ) — • K**{CT) ®z C , 
p+g=n 

that is an isomorphism. (Notice that Kq 9(C) = 0 for q < 0, since C is a reg­
ular ring (see [87], 3.1.2(4) and 3.3.1).) The Farrell-Jones conjecture is still an 
open problem, and the question remains open for other ground rings R than C . 
What theorem 7.7.1 does is to prove injectivity of the above map on the summand 
corresponding to q = 0, independent]/ of this conjecture. 



Chapter 8 

Algebraic jFf-theory in low degree 
and the Baum-Connes assembly 
map 

We prove that the Baum-Connes assembly map in "low homological degree" factor-
izes through the algebraic A"-theory of suitable group rings. In homological degree 
2 , this answers a question of N. Higson and P. JuIg. As a direct application, we 
prove that if a group F is torsion-free and satisfies the Baum-Connes conjecture, 
then the homology group Hi(F; Z) injects in Ki(C*F) and in ATj* g(A) for any ring 
A such that ZF Ç A Ç C* (F). We also prove that if F satisfies the Baum-Connes 
conjecture and if BF is of dimension < 4 , then #2(!1; S) injects in Ko(C*F) and 
in K?9 (A)/A2, where A is as before, and A2 is generated by the Steinberg sym­
bols {7, 7} , for 7 € r . Moreover, we give a "delocalized" version of these results, 
that takes the torsion in F into account: For any countable group F, let FF be 
the C-module freely generated by the set of torsion elements in F, acted upon by 
conjugation. If F satisfies the rational Baum-Connes conjecture, then there is an 
injection of Hi(F; FF) in Kf9(A) ® C for any ring A such that Q r Ç A C C;F, 
for i = 0 , 1 and 2. This is a joint work with Hervé Oyono-Oyono. 

8.1 Introduction and statement of the theorems 

Given a countable discrete group F , let EF_ be a universal example for proper 
actions of F , and Ar : C*F —y C*F be the canonical map between the maximal 
and the reduced C*-algebras of F. The Baum-Connes conjecture for the group F is 
the statement that the analytical assembly map (or Baum-Connes assembly map) 

£ •• Kl[EF) - ¾ Km{C*T) ( ^ l * K*(C*rF) 

163 
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is an isomorphism (see chapter 4 for more details). There is a canonical map 
K,(BT) —y Kl(ET), which is rationally infective; it is even an isomorphism 
for torsion-free groups. Recall that by Bott periodicity, all these if-theories and 
if-homologies are 2-periodic. The strong Novikov conjecture says that the compo­
sition 

ßl : K4[BT) —> Kl(ET) Ä Uf.(CT) 

is a rational injection. We write ßl for the composition (Ar). ° ßl • 

Let FT be the C-module freely generated by the set of torsion elements in T , 
acted upon by conjugation. Motivated by the fact that there exists a delocalized 
equivariant Chern character 

CÄJ : Kl(EV) —> H,(T; FT) 

that is an isomorphism after tensoring with C, it is proved in chapter 5 that there 
is a commutative diagram 

ß] : Kj(BT) KJ(CT) ^ k KJ(C^) 

Bi(T; Z) 

and its "delocalized counterpart" in the sense of chapters 5, 6 and 7, namely 

/ij ® Id : A-JfJT) ® C n 
$®Id 

Kj(CT) ® C ^*®Id. Kj(CTT) ® C 

for i = 0, 1 and 2, where j € {0, 1} is the reduction modulo 2 of i. Moreover, the 
maps $]'loc and ßf]'loc factorize through Kj(PT) and Kj(Z1T) ® C respectively. 
If an element x of UTj(Br) (resp. KJ(ET) ® C) is in the image of ßf)iloc (resp. 
ß\ ) as in the above diagrams, we say that x is of homological degree i. When 
there is no risk of confusion, we write ßl00 for ßf'' oc and similarly for the other 
maps. 

We show that /¾°° a n ^ ßa factorize through the algebraic /{"-theory of suitable 
group rings. Before giving the precise statements, we have to introduce some more 
notation. First, as in chapter 7, we let Sr be the ring extension of the integers by 
the set 

e2nï/n 
there exists 7 € T of order n 
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For any group T, Zr is a subring of the field extension Qo of the rationals by all 
roots of unity, itself contained in the field Q of algebraic numbers. 

Given a unital ring A containing the group T in its group of invertibles GLi (A), 
we let 

A2 = A2(A) := ({7,7} € K^[A) | 7 € r ) , 

the subgroup of K2
 g(A) generated by the Steinberg symbols {7, 7} (see [71], p. 

359). In order to unify the forthcoming statements, for i = 0 and 1, we denote by 
A; = Ai(A) the trivial subgroup of Kf9 (A). 

Finally recall that for any unital Banach algebra A, there is a canonical N-graded 
map ttf -• K?9(A) —• K,(A). Indeed, by definition, one has K$S(A) = K0[A), 
and for any n > 1, 

Ka
n
l9(A) = Itn(BGL* (A)+) and Kn(A) = Vn[BGL^[A)), 

where GL6(A) and GLtop(A) stand for the group GL(A) with the discrete topology 
and the usual direct limit topology, respectively. In the sequel, we simply write 
GL(A) for GLtop(A). The map #J is obtained by applying the functor nn(B(-)+) 
to the continuous map Id : GlZ(X) —• GL(A). (The +-construction is performed 
with respect to the perfect subgroups E(A) and {[I]} of GLS(A) = m(BGL5(A)) 
and 7To(GL(A)) = 7Ti(BGL(A)) respectively.) 

Now, we are in position to state our first two theorems. 

8.1.1 Theorem. Let T be a countable discrete group. Then, for i = 0, 1 and 2, 
there is a natura/ map / ¾ = ß^ioc : Ht(T; Z) —> Kf9(ZT)/Ai fitting in the 
commutative diagram 

Kj[BT) ^ * Kj(ClT) 

ßl loc 

t-l 

Kt(CtT) 
,ctr 

lloc 

Hi(T; Z) -^l Kf9(ZT)/Ai - ^ Kf9(C;T)/Ai 

where j € {0, 1} is the reduction modulo 2 ofi, SS is the Bott periodicity isomor­
phism, and 1 : ZT <-4 C*T is the inclusion. The corresponding statements hold 
for C1T and CT in place ofC'T. Moreover, in degree 2, the map /¾^ factorizes 

through the direct summand Kf9CZT)/A2 of Kf9(ZT)/A2. 

As we will see in the proof, the cases i = 0 and 1 are easy. The factorization of 
/3J1

00 through K2
 9 (ZT) /A2 is a question posed by Nigel Higson and Pierre JuIg. In 
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this case, the idea is to reduce to the situation for the single group T = S2 . The 
proof is then a long explicit computation for this group. 

The second theorem is the delocalized version of the first one, in the sense of 
chapters 5, 6 and 7. 

8.1.2 Theorem. Let T be a countable discrete group. Then, For i = 0, 1 and 

2, there is a map / ¾ , = ß$ : Hi[V; FT) —y Kf9[ZrT) ® C whose composition 

with the map Kf3(Z,TT) ® C —• Kf9[Q0^) ® C is natural in T, and fitting in the 
commutative diagram 

Kj(ET) ® C ni® Id 
KJ{C;T)®C 

r 1 ® id 

W r T ) ® C 

\4>?;r®Id 

Hi(T; FT) - ¾ ü f s(z rr) ® c ^ 2 K?9{C:T) ® c 

where j e {0, 1} is the réduction modulo 2 o f t , SB is the Bofct periodicity isomor­
phism, and i : ZrT <->• C*T is the inclusion. The corresponding statements hold 
for PT and C*T in place of CfT. 

Recall that by the Shapiro lemma (see section 6.7) and theorem 7.2.1, one has 
isomorphisms 

H,(T;FT)^ 0 # , ( ¾ ; C) Sa M ^ ( C T ) , 
ce<r)e(( 

where ( r ) e is the set of elliptic conjugacy classes in T , i.e. conjugacy classes of 
finite order elements, and for such a class C, Zc = Zr(1J0) is the centralizer in T 
of a chosen representative 7C in C (the subgroup Zc of T is uniquely defined up to 
a conjugation); HHeil(CT) is the elliptic part of the Hochschild homology of the 
complex group algebra CT of T (see also section 7.4). 

We will also explain (after Loday [71]) that, for i = 2 , / ¾ factorizes through 

K^ 9(ZT) if and only if A2(2T) vanishes, which in turn is equivalent to requiring 
HJ(T; 2/2) = Tab®Z/2 to be trivial (this is for example the case when T is perfect 
or even if it is finitely generated and has no 2-torsion in its abelianization). 

The significance for the appearance of the group ring ZrT is that the earlier men­
tioned derealization process puts on stage the spectral projectors associated to the 
finite order elements in T ; they live in the complex group algebra CT, however, 
they can be lifted in ZrT , but no smaller subring of CT contains them all. In this 
sense, it is the minimal possible ring in the above statement. 
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We are mainly interested in the algebraic if-theory of group rings. By a group ring 
of r , we mean here a ring A such that ZT Ç A Ç C T or such that ZT C AQC^T. 

As a direct application of theorems 8.1.1 and 8.1.2 and of the main results of 
chapter 3, we can prove the next two theorems. 

8.1.3 Theorem. Let T is a countable discrete group. Let A be a ring equipped 

with two maps ZT —> A — • CfT such that the composition gofis the inclusion. 
Then, the composition 

h o /3« '** : Hi(T; Z) — • Kf'[A)/Ai, 

is injective for i — 0 , rationally injective for i = 1, and if the Novikov assembly 

map 0Q is rationally injective, then /* 0/¾!' °° is also rationally injective fori = 2. 

Moreover, if ßl is injective (as for example if T is torsion-free and the Baum-

Connes assembly map p.1 is injective), then the composition / , o ß^-' °° and the 

map /3o : Hi(F] %) — • Ki(CfT) are injective in the following two cases: 

Î) For i = 0 and 1, without further assumption on T. 

n) For i = 2, if Y has its reduced integral homology concentrated in even degree, 
except possibly for Hi and H$ , as for example if there is a model for the 
classifying space BT that is a CW-complex of dimension < 4 . 

The next theorem is a delocalized version of the preceding one. 

8.1.4 Theorem. Let V is a countable discrete group. Let A be a ring equipped 

with two maps ZrT —* A - ^ t CfT such that the composition gofis the inclusion. 

If the Baum-Connes assembly map /i* is rationally injective, then the composition 

(A ® Id) ° / ¾ • A i t o FT) —• K?S(A) <8> C 

is injective, for i = 0, 1 and 2 . 

The Baum-Connes assembly map is injective for discrete subgroups of real Lie 
groups with finitely many connected components, for discrete subgroups of p-adic 
groups, and for Gromov hyperbolic groups (as for example fundamental groups of 
compact Riemannian manifolds of negative scalar curvature). The Baum-Connes 
assembly map is an isomorphism for finite groups, abelian groups, and more gener­
ally, for groups with the Haagerup property (as for example amenable groups, free 
groups, surface-groups, knot groups and affine Coxeter groups). It is also an iso­
morphism for one-relator groups, for discrete subgroups of real or complex Lorentz 
groups (i.e. SO(n, 1) and SU(n, I)), and for co-compact lattices in Sp(n, 1), in 
F^(~20) or in SLz(F), where F is K, C or a p-adic field. See section 4.8 for more 
examples (and for references). 
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The latter two theorems have to be compared to the known results on the analogue 
in algebraic if-theory of the strong Novikov conjecture: Given a (discrete) group 
r , the assembly map in algebraic if-theory has been constructed by Loday in [71] 
as a map 

0 . : M B r ; KZ) - + J f ^ ( Z T ) , 

where the left-hand side is the extraordinary homology theory associated to the 
algebraic üf-theory spect rum'KZ. (See also section 7.7, where 0», denoted by 
A^(Z) as in [72], is discussed in some more details.) It is conjectured that 0, 
is an isomorphism for torsion-free groups ("^-theory isomorphism conjecture"), 
and a rational injection for any group ("K-theory Novikov conjecture"): see for 
example [88]. Rationally, the assembly map becomes (after identification of the 
"rationalization" of the spectrum K Z with a product of Eilenberg-MacLane spectra) 
a sequence of maps 

e?: #n(r; Q) © ©#»-«-i(r ; Q) —• A?»(ZT) ® Q, 

for all n > 0 . The fundamental result was obtained in 1991 by M. Bökstedt, W. C. 
Hsiang and I. Madsen (see [14] and [72]): They have proved that for any group T 
whose integral homology is finitely generated in each degree (and even for a larger 
class of groups), the assembly map 0, is rationally injective. Farrell and Jones 
[42] have established the A"-theory isomorphism conjecture rationally for all (not 
necessarily torsion-free) co-compact lattices in connected Lie groups. We finally 
mention that Carlsson and Pedersen ([28] and [29]) have shown split-injectivity of 
0, for groups T with a model for BT that is a closed smooth manifold with negative 
curvature (and in more general situations). 

It turns out that the maps / ¾ and 0» : h*(BT; KZ) —• Uu^(ZT) coincide in 
degree 0 and 1 (up to sign); in degree 2 , /¾*: is a (well-known) quotient map of 0„ 
(see section 8.3 for precise statements). 

Another comparison is with theorem 7.7.1: under the same hypotheses as in theo­
rem 8.1.4, it implies that the assembly map 

&t : Hi(T; FV) —> K?9(A) ® C 

is injective for any i > 0 , provided that g factorizes through CT. It will be clear 
from the definition that Ot1

 r = p$ , for i = 0 and 1. We show in section 8.3 that 
the same holds for i = 2 . This leads naturally to the following conjecture. 

8.1.5 Conjec tu re . For any countable discrete group F, and any i = 0, 1 or 2 , 
the map i„o0<£ : Hi(T; .FT) —¥ Kf9(C*F)®C is injective, where t : Z1T -̂> Cr*T 
is the inclusion. 

This conjecture would follow from the Baum-Connes conjecture and from theorem 
8.1.4. 
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Considering the delocalized equivariant Chern character ch% (as constructed in sec­
tion 6.7 under the hypothesis that conjecture 6.2.1 holds), we also ask the following 
question. 

8.1.6 Question. Let T be a countable discrete group. Let t denote the inclusion 
of IAY r in C*T. Is it true that for any i > 0, the diagram 

nS ®Id 
Kj[ET) ® C 

chY ® Id 

ä Z r r 

Hi[T; FT) <^-!—* K?9(ZTT) 

Kj(C^T) <g> C 

3B-1 ® Id 

<*:" -algtnr „ , ^ „ I*® Id 

Ki[c;v)®c 

ü?Iff(c;r)®c 

<f>f'r ® Id 

Kf9[<cr)®c 

commutes ? (Here again, j € {0, 1} is the reduction modulo 2ofi} and 3§ is the 
Bott periodicity isomorphism.) If this is true and if the rational Baum-Connes 
conjecture holds, then the composition ( i . ® Id) o à / is infective, and the map 

0 ( ^ " 1 o <£*r o ̂ ) ® Id : Kf9(ZrT) ® C —»• ÜT*(CPT) ® C 

is surjective (where Ü^(C*r) is considered as being Z/2-graded). 

In section 8.2, we construct the maps / ¾ and /?afff . We compare, in section 8.3, 

/5a?o with the Loday assembly map in algebraic K~-theory, and with the map à , r . 

In section 8.4, we give a description of the Bott generator in K2(C(T^)) as an 
element of ITi(SU2(C(I?))) represented by a differentiable map. This is needed in 
the proof of theorem 8.1.1, that is contained in section 8.5, together with other 
useful explicit computations on the map K^9 (Z[Z2]) — • K2(C^Z2). The final 
section 8.6 contains the proofs of the other main theorems, namely 8.1.2, 8.1.3 and 
8.1.4. 

loc 8.2 The maps / ¾ and ßalg 

In this section, we define the maps / ¾ and their delocalized counterparts ßa\g 

In degree 0 , HQ(T; "Z) = Z, and we define 

/ ¾ : H0(T; Z) — • JT0(ZT), 1 — • [1], 
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where [1] is the if-theory class of the unit (viewed as an idempotent (1 x l)-matrix 
over ZT). For j = 1, one has a canonical and natural isomorphism H1 (T ; Z) = T^, 
the abehanization of V. We write 70* for the class in T ^ of an element 7 6 F . By 
definition, one has 

/ ¾ : H1(T-, Z) —y K1(ZT), -f» - + - [7] = [7" 1 ] , 

where [7*1] is the üf-theory class of 7^ 1 (viewed as an invertible (1 x l)-matrix 
over ZT). It is clear that the compositions of these maps with the homomorphism 
induced by the inclusion ZT «->• C1T are the maps /¾°° defined in section 5.2. 

Let us pass to degree 2. We begin by discussing the surface-groups. Let E 9 denote 
a closed and canonically oriented surface of genus g , and let T9 := TTi(S9). Recall 
that E 9 = BTg , and that F 5 admits the presentation 

T9 = Ia1, . . . , ag, bit ••• , br rifo' bi 

In the sequel, we always consider T9 as this presented group and S 9 is merely 
considered as a model for BT9 . Therefore, T9 is the quotient of the free group 7¾ 
on 2g generators 

{ài, --- , â0, &i, . . . , bg} 

by the normal subgroup R2g generated (as a normal subgroup of F29) by the element 
¢9 '•= n?=i[äj> hi • We denote by [S9] the fundamental class in H2(T9; Z) Sf Z . 
The Hopf fonnula gives an isomorphism 

H2(T9; Z) & (R29 n [F291 F29\)/[F2gi R29], 

and by Loday [71] (proof of lem. 2.2.4), the generator [E9] corresponds to the coset 
c"1 • [F2gt R29] (note the inverse sign). Consider the following product of Steinberg 
symbols: 

Z9 :=11^, Oj)ZK^(ZT9). 
J = I 

There is a slight abuse of terminology here, since the element {ÛJ, bj} is not in 
K% g(ZTg) (unless g = 1); it is however a well-defined element in the Steinberg 
group S t ( Z r 3 ) , and the above product zg is definitely in 

K^(ZT9) = -Z(St(ZT9)) = Ker(St(ZF9) -» B(ZT3)) . 

We have to discuss briefly reduced algebraic Ä"-groups. For a imitai ring A , let 

Kf9(A) := Coker(K^(Z) A Kp(A)), 
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where j : Z —> A is the map taking 1 to the unit of A. This is a functor for 
imitai rings (and unital morphisms). If A is augmented, i.e. if there exists a ring 
homomorphism e : A —y Z such that eoj = Idz, then there is a canonical splitting 

K?9(A) ^ K^(Z) © Rf9(A) * Z/2 © Kf9{A) , 

where K^(A) is identified with the subgroup Ker(£*) of K^9(A). This holds 
in particular for the group ring ZT of any group T . Indeed, it is equipped with 
a canonical augmentation defined by eQ^ A7 • 7) := ^ A7 . We simply write 

K^9 (ZT) = K^9(Z) e Kf9[ZT) (this decomposition is natural in T). For an 
element 7 G T, one has e*({7, 7}) = {1, 1} = 1 in K^9 (Z) = {±1} (we consider 
K2(A) as a subgroup of St(A) and write it multiplicatively). Consequently, one 
has A2(ZT) C K^(ZT) (see the introduction for the definition of A2(ZT)). In 
particular, we have a canonical and natural decomposition 

J ^ 9 ( Z T ) / A 2 ( Z r ) = K?9(Z) © ( ^ f f ( Z T ) / A 2 ( Z T ) ) . 

For the surface-group T3 , by naturality of the Steinberg symbols, one has clearly 

em(Zg) = {1, 1}" = 1 in K$9(Z). This means that z9 e K^9 (ZT9). We now define 

Z9 := class of Z9 in K?9 (ZT9)/A2(ZT9). 

Now, let T denote an arbitrary group. By theorem 3.3.6 (see also lemma 2.2.4 in 
Loday [71], Thorn's theorem 5.2.1 and Zimmermann's theorem 5.2.2), any homol­
ogy class x 6 Hz(BV; Z) is "Steenrod-representable". In other words, there exists 
a surface S 9 of genus g > 1 and a continuous pointed map / : E 9 —• BT such 
that x = / . ( [M] ) . In this case, we write x = [E9, / ] , and we define 

ß%l'l0C:H2(T; Z) —• K*9[ZT)jA2(ZT) C Kf9(ZT)/A2(ZT) 

1^,,/3-^(/).(¾), 

where X1(Z), : K^(ZT9)/A2(ZT9) —> K^9 (ZT)/A2(ZT) is induced by TTI(/) -

Notice that this map is precisely the one defined by Loday in [71] and denoted 
there by A"(F). Indeed, this follows from his proposition 4.3.1 (naturality), his 
lemma 4.3.4 (explicit computation for T9) and his lemma 2.2.4 ("universality of 
the groups {Tff}9>i for the second homology"). He shows in particular that A"(T) 
is a well-defined and natural homomorphism, hence so is p^ M . Let us however 
prove directly that it is a natural homomorphism (under the assumption that it is 
well-defined), and single out the difficulties in proving that it is well-defined. 

The naturality of ß)J' °° is clear from the description of the functoriality of the Si (T) 
appearing in Zimmermann's theorem 5.2.2 (as we described it after the statement). 
The fact that p^ oc is a homomorphism poses no particular difficulty. Indeed, let 
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Xi = [ S J 1 , /j] and x<i = [E33, /2] be two classes in H2(T; Z) . The sum x\ + X2 

corresponds to [S9, / ] , where Q = Q\ +52 1 E 3 = E 3 ^ E 3 3 is the oriented connected 

sum, and / = / i # / 2 • For fc = 1 and 2 , let ,4* = {af\ bf) | 1 < i < gk} be the set 

of prescribed generators of T5fc. The group T3 is "canonicaîly generated" by the 

set Ai \JA2 , and TTI(/) : T9 —» T is clearly given by 

«{*> - • T i ( A ) ( ^ ) and b<*> ^ Mfk)(b\k)) • 

Consequently, one has 

Mf)Mz8) = (Tr1(Z1)Uz31) • Mf2)Uz92) e K^(ZT). 

This proves additivity of ß^loc • 

Thanks to theorem 5.2.2, in order to prove that ßffji is well-defined, it is enough to 
prove that for any g, g > 1, and any orientation-preserving homeomorphism h of 
S 3 , one has 

Mp))*(z9+g) = Z9 and *i(h)t(zg) = zg , 

where p : E 3 + 3 = E f f #E 3 -» S 3 is the canonical projection (defined up to homo-
topy). The first equality is clear since the homomorphism 7Ti(p) : T3+3 —• T3 is 
given by 

, w . f a-i, if i < g , . . . . [hi, if % < g 
^ ^ = { e , o t h e 7 l e " « ( » • ) = { e , o t h e 7 w L 

(One even has (7ri(p))*(z3+3) = zg , without factoring out A2(ZT3) .) The second 
equality poses difficulties. In order to illustrate the situation (and the necessity of 
factoring out the subgroup A2), we consider the case of an orientation preserving 
homeomorphism of the 2-torus Ei = T2 . It is given, at the level of the fundamental 
group 1? , by a matrix 

A= (ni "2UsL2(Z). 

The ring Z[Z2] being commutative, by means of the standard relations for the 
Steinberg symbols (skew-symmetry and bilinearity), one easily computes that 

Z1 = {a, 6} 1—• {a, a}">+"3 • {a, 6}»i»«-»^3 . {&, &}»a+»4 

= {a, a } n i + " 3 • Z1 • {&, {,}"'+"<. 

As we will see in section 8.3, {a, a} and {6, 6} are non-zero in K% 5(Z[Z2]). This 
means that we cannot avoid factoring out A2 in this case. 

For the general case of an orientation-preserving homeomorphism h of E 3 , let 
Auto(F3) be the group of automorphisms of V9 inducing the identity on ^ ( T 3 ; Z ) , 
as for example a := TTi(Zi) or any conjugation. By the Dehn-Nielsen theorem (see 
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[85], p. 391), one has an isomorphism a : Auto( r f f ) / Inn( r s ) -^ Map . , where 
Mapff is the mapping class group of Eg (also called the group of homeotopies of E 9) , 
i.e. the quotient of the group of orientation-preserving homeomorphisms of Eff by 
the normal subgroup of such homeomorphisms that are homotopic to the identity. 
By the theorem of Lickorish (see [69] and [70]), the group Mapp is generated by 
the image under a of 3g — 1 Dehn twists A1-, /^ and Uk where i = 1, . . . , g and 
fc = 1, . . . , g — 1 (by Humphries, one could just take ^i and //2 among the m's, 
see [53]). Consequently, the group Auto(rff) is generated by the conjugations by 
the generators a; and 6$ of Ts , and by the 3</ — 1 Dehn twists Ai, m and 1¾ . By 
Morita's computations (see [79], lem. 4.4), one has 

Ai(6i) = ÌHCH 

Hi{ai) = OibT1 

Vfc(afc) = akb^ak+ibk+iaj;^ 

ffetofc+i) = &k+ibk+1%+1bkak+i 

^kih) = û.fc+i6fc+1a^"+]6fcafc+i6jt+ittfc+i 

and all the other generators a/ and 6/ of V9 are left fixed by these maps. There­

fore, since a conjugation by an element of T9 induces the identity on K^5'(^Tg) , 

showing that /¾*' M is well-defined amounts to prove that for a denoting any of 

the automorphisms Aj, fa or Uk of T 9 , one has 

a . : K^(ZT9)/A2 - + K^'(ZV9)/A2 , S9 *-> S9. 

Unfortunately, without appealing to Loday's result [71] (or to Waldhausen's papers 
[109]), we do not know how to prove this directly. It would of course be interesting 
to compute directly the image in K^9[IT9) of Z9 itself. 

We pass now to the definition of the maps /¾ ' . 

We keep notations as in section 5.3, and for a conjugacy class C G ( r ) e , we denote 

by tjC ) : P{Ci ^ r ^ ^ Z r r and by j c : 1ZC ^ Z r Z c the inclusions. For : = 0, 1 

and 2 , the maps /¾ ' (for the group T) are defined as the composition 

H<2(T;FT) 

0H<2(Zc; C) £ *- 0 Jtf'(Zr4) ® C 
Ce(T)'" ce(r)r" 

Kf9(ZrT) <8> C « £—l- 0 0 K?9(Plc)-ZrZc) ® C 
ce(r)°" '=0 

where ßaf denotes the map ßl^i for the group Zc . (The functoriality of K2
 9 for 
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non-unital morphisms between unital rings is described as in the proof of lemma 
7.7.6.) 

Let us now give explicit formulas for these maps restricted to a direct summand 
Hi(Zc; C) of Hi(F; FT). From the definition of these maps, one easily finds 

ß£l:Ho(Zc;C)^K^(Zrr)®C, 1 - • ]T[P/ C > ]®^, 

where HQ(ZC\ C) is identified with C, and similarly (with the help of lemma 5.6.3) 

Up—1 

/¾ : ^1(¾; C) —> K^(ZrV) <8>C, 7ob® 1 —> £ [P1W7-1 + 1 - P/0)] ® fi£ , 
/=o 

where H1(Z0; C) is identified with Zf <g> C, and 7 ^ is the class in Zf of 7 € Zc . 
For i = 2 , using "Steenrod-representation" (see theorem 3.3.6) and writing K2

 9 

multiplicatively, we find 

ß{Z •• H2(Zc; C) —> K?3(zTr) ® c 

[W] ® I ^ £ ( 0 - ^ ( / ) ) . ( ¾ ) ^ 
/=0 

n 1=0 I=O 
< , 

where (ffi(/))» : U^(ZrT 3 ) —• Ä^ f l(Zr^,) is induced by Tr1(Z) , and zg is con­
sidered. in the obvious way, as an element of K2

 9(ZrT5)/A2 ; the equality comes 
from a direct computation of (tjc)). -

8.3 Comparison of the assembly maps ä*r and 
0. with /¾ 

We discuss rapidly the relationship between the assembly map defined by Loday 
in [71] and the map ßl°{

c . We also explain that, in degree 2, one cannot avoid 

quotienting K2
 9 by A2 . For details, the reader is referred to (7I]. 

Let KZ denote the algebraic it-theory spectrum. It is an H-spectrum whose ho-
motopy groups are given by 

TTn(KZ) sü t f* (Z) , Vn e Z. 
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(Since spectra have negative homotopy groups, this definitely includes negative 
K-theory. However, Kn9 (Z) = 0 for all n < 0, since Z is a regular ring (see [87], 
3.1.2(4) and 3.3.1).) 

Associated to this spectrum, there is a homology theory on the category of CW-
complexes, defined by 

M X ; KZ):= M X + A KZ), 

where X + is X with an extra base-point added. In particular, for the one-point 
space, one has h*(pt\ KZ) = Kf9 (Z). Notice that Zin(X; KZ) = 0 for any X 
and any n < 0. The reduced homology theory associated to /i* is defined, for X 
pointed, by 

M X ; KZ) ::= M X A KZ), 

and one has a canonical splitting M X ; K 2 ) = K?9(Z) © M X ; KZ). 

The assembly map in algebraic if-theory is a natural map 

0, : h*(BT; KZ) —> Kf9CZT), 

for any group T. It is defined at the level of spectra on the summand M B r ; KZ), 
and on the summand Kt 3(Z) as the map j» induced by the inclusion j : Z •-¥ ZT . 

In degree 0 , one has H0[BT; KZ) = KQ9(Z) S Z, and under this identification, it 

is obvious to check that the maps ß$l'toc and O0 coincide. 

In degree 1, the Atiyah-Hirzebruch spectral sequence for the homology theory 
h*(—; KZ) shows that there is a canonical a natural isomorphism 

I1(BT; KZ) == H1[BT; K?9 (Z)) S H1(T; Z) 

(see 4.2.1 in [71]). By lemma 4.1.2 in [71], by naturality of O1 and by "universality 
of the group Z for the first homology", one has 

M),ioc __ fl 

PaIg ~ Dl | /„{J3r;KZ}' 

In degree 2 , already in the definition of ß^'' °° , we have applied results from [71]. 
In particular, to show that it is well-defined and a homomorphism, we have ex­
ploited the equality between ß^'' M and Loday's map A"(r). One can therefore 

expect a close relationship between ß^J' °° and B2 • Indeed, one has a decomposi­
tion h2(BT\ KZ) = Kf8(Z) QH2(BT; KZ), and the Atiyah-Hirzebruch spectral 
sequence yields the commutative diagram with exact rows 

X H1(T; Kf9(Z)) A H2(BT; KZ) * H2(r ; Z) 

*| M /¾, 
- A2 - K?9(ZT) » K?9(ZT)/&2 
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(see 4.3.3 in [72]), hence the leitmotiv "in degree 2, / ¾ is a well-known quotient-
map of 02". 

By lemma 4.3.2 in [71], the image of 02 ° X 1S precisely A2. It is therefore necessary 
to factor out A2 in order to define a quotient map of Ô2 with domain equal to 
H2 (T; Z). This implies that / ¾ factorizes through K%'9 (ZT) if and only if A2 = 0. 

As mentioned in the introduction, an important feature of the Ji"-theory spectrum 
KZ is that rationally, it splits as a product of Eilenberg-MacLane spectra. This 
allows proving that /¾ coincides with the map à{

 r of section 7.7, for i = 0, 1 
and 2. 

8.3.1 Proposition. For any discrete group T, the maps /¾' and ä,-r coincide 
fori = 0,1 and 2 . 

Proof. For i = 0 and 1, this is clear. For i = 2, the derealization process being 
the same in the construction of both maps, it suffices to show that ß\J' °° ® Idc is 

the same as the map p£ of theorem 7.7.5. This follows from the above commutative 
diagram and from the definition of the map £ in [87]: p* is the composition 

H*(T; C) ^- K(BT; KZ) 0 C 6*®Id. K?9(ZT) ®C. 

This completes the proof. D 

Example. Let us illustrate the situation by the surface-groups T9 (with g > 1). 
By 4.3.3 in [71], in this case, the first row in the above diagram is a split short 
exact sequence, and all the vertical maps are isomorphisms. In particular, one has 

h2(Brg; KZ) = H1(T9; Z/2) © H2(T9; Z) =* (Z/2)2* © Z 

and A2 = {{ a i , ax}, {bu O1), ... , {a5, ag}, {bg, bg}} * (Z/2)2^ . Moreover, the 
map ßall' ^ is an isomorphism onto K2

 9(ZTg)/A2 , and one has 

Kf8 (JT9) = Im(K%t9(Z)\ © A2 ® Z - zg ë (Z/2)2fl+1 © Z. 

SZ/2 S(Z/2)»« ~Z 

For the group T1 = Z2 , this gives Kf9{Z{at a~l
t b, 6"1]) =" (Z/2)3 © Z, with 

A2 = {{0, o}, {6, 6}} & (Z/2)2. 

To end this section, we mention the Whitehead groups, that are rather concerned 
with surjectivity of 0*. They are defined by 

( Ar0(ZT)1 if n = 0 

K1(IT)/(±T), i f n = i 
K2[W)I[W(±T) ^ K2(ZT)), ifn = 2 
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where W(±T) is the subgroup of St(ZT) generated by the elements t%-(±7), with 
7 Ê T (where toy (u) := Xij(u)xji(—w-1)xy(u) for u G GLi(ZT)). Loday has shown 
that 

Whn(T) St Coker(0n : / i„(ßT; KZ) —s- UTn(ZT)) , for n = 0, 1, 2 

(see 4.2.1 and 4.2.2 in [71]). Moreover, Waldhausen has proved in |109] that WT^(T) 
vanishes if T is in one of the following families of groups: 

- free groups, free abelian groups, and poly-Z-groups; 

- fundamental groups of 2-manifolds different from the real projective plane; 

- torsion-free one-relator groups; 

- fundamental groups of sub-manifolds of S 3 ; 

- iterated amalgamated products and iterated HNN-extensions of free groups; 

- and subgroups of the families above. 

8.4 The Bott generator in Tr1(SfZ2(C(T2))) 

In the proof of theorem 8.1.1, we will need an explicit description of the Bott 
generator 6 of K2(C(^)) ^ Ki(SU(C(I?))) S lZ . More precisely, we will need to 
see it as an element of 7Ti(St^(C(IT2))) = Z , in other words as the homotopy class 
of a map 

/ : S 1 x T2 - J 517(2). 

We realize / as a differentiable map, and compute its degree. (The degree gives 

the usual isomorphism TTi(SIZ2(C(Ir2))) -¾- Z.) 

Let us first recall the Bott periodicity isomorphism and the suspension isomorphism 
(see [16] for details). Let A be a Banach algebra (unital or not), and let I denote 
the open interval ]0, 1[. The suspension of A is defined by 

SA:=C0(I,A)*C0(I)®A, 

i.e. the Banach algebra of continuous functions from I to A that vanish at infinity. 
(The tensor product "®" is the completed projective tensor product.) Notice that 
SC = C0(I) and SC0(I) =• C0(P). 

The Bott periodicity isomorphism is given by 

K0(A) A K1 (SA), [p] — • [t •+ e2"** = e2*" . p + l - p \ . 
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If A is a C'-algebra, the latter element is unitary. The suspension isomorphism is 
given by 

a: K1(A)^K0(SA), [u] —» [t -> R1 • Pn • R^1 - Pn] , 

where u e GLn(A), Pn := Diag(l„, On), and Rt is a homotopy (i.e. a path) in 
GL2n(A) from I2n to the matrix Diag(u, u_ 1) which, by the Whitehead lemma, 
belongs to the arc component of I2 n in GL2n(A) • The suspension isomorphism is 
independent of the chosen homotopy, and we can for example take 

( u OnN ( C-In S - I n N fu-* OnN / C - I n - 5 - I n 

c 2 • nn + s2 • u cs-(u- In) 
CS-(In-U-1) C2-In+ S2-u~l 

where C = C(t) := cos(7rt/2) and S = S(t) := sin(îri/2). If A is a C*-algebra and 
if u is unitary, then this path Rt is unitary. 

By definition, Ki(A) = 7Ti(GL(A)) , and there is a canonical isomorphism 

K1(SA) A TT1(GL(X)) = UT2(A), [t H- u(t)] —> [e2*ü *-> u(t)] . 

If A is a C*-algebra, we can replace GL(A) by U(A), the infinite unitary group 
over A. 

Viewing the 2-torus T2 = BZ2 as a quotient of the square [O, 1] x [O, 1], yields 
an injection Co(J2) «->• C(T2). It induces a split-injection of KQ(CO(I2)) into 
U-O(C(T2)) = Ko(C^Z2). By composing Bott and suspension isomorphisms and 
this split-injection, we get a sequence of maps 

Z^ K0(C) <* Ki(C0(Z)) SUTo(C0(J
2)) 

-J- K0(C(T2)) a K1(SC(H2)) ^K 2(C(T 2)) . 

The Bott generator in Ko(C) is given by the (1 x l)-matrix 1. In Ki(Co(J)) , it 
maps to u(y) = eUiy . In K0(CQ(I2)) , u(y) maps to Rx(y) • P • Rx(y)* - P, where 
P = P1 = Diag(l, 0) and 

j * M ._ ( <&*" 0 ^ ( C(x) S(x) N ( e-™v 0 N ( C(x) -S(x) N 
"*{y) • \ Q l ) ' \ -S(x) C(x) M û l ) \ S(x) C(x) J 

( C2 + C2^wS2 (e2™* - I)CS N 
\(1- e-2™v)CS C2 + e-2**vS2 J 

Finally, the Bott generator of Ko(C) maps, in the group Ki(S1C(T2)), to the 
unitary 

G(i, x, y) := (e2" ( • Qx(y) + I 2 - Qx(y)) • (e"2"" -P+I2-P) 

= (e™-Qx(y)+1-QM)-^2*" ° ) 
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where Qx[y) := Rx{y) • P • Rx[y)* and t, x,y € [O, 1[. This gives a description of 
the Bott generator 6 as a differentiable map 

/ : 5 1 x T2 —4 SU[2), (e27rit, e2nix, e2"") v~> G{t, x, y). 

We would now like to compute the degree of this map (this will characterize com­
pletely the Bott generator among such differentiable maps). We give S1 x I^ the 
orientation determined by the canonical orientation of [0, l[3 and the parameteri­
zation [t, x, y) i—• (e2jrtt, e2*%x, e2iTty). On the other hand, we chose the following 
"standard" oriented basis of SU (2) at ÏÏ2 : 

M o J)-M--)<M°o)) 
(these matrices correspond to the quaternionic units i, j and k respectively). The 
associated basis at — !2 is (—JVi, — X2, —X3). 

8.4.1 Lemma. The equation f[z, u, v) = -I2 has a unique solution in the do­
main 5 1 X T 2 given by ( - 1 , - I 1 - 1 ) . At this point, f is regular and orientation-
reversing. Consequently, f is of degree — 1. 

Proof. One has G[t, x, y) = -I2 if and only if 

e2KitQM + (¾ - QM) = - {e2nitP +I2-P)-

The eigenvalues of the left-hand side are e2""1' and 1, associated to eigenvectors 
in the image of Qx[y) and of I2 — Qx[y), respectively. The .eigenvalues of the 
right-hand side are — e2mt and —1, associated to eigenvectors in the image of P 
and of ÏÏ2 — P1 respectively. We must therefore have e2mt = —1, i.e. ( = 1/2 , and 
the corresponding eigenvectors 

*•<"> ' ( I ) = ( (l-+e~^)CS ) and ( °1 ) 

must be colinear. We get e2my = - 1 , i.e. y = 1/2, and x = 1/2 as unique solution. 
Finally, for the jacobian matrix, we compute 

- C - I ) 
^ ( 1 / 2 , 1 / 2 , 1 / 2 ) = 

^ ( 1 / 2 , 1 / 2 , 1 / 2 ) = 

2^(1/2,1/2,1/2) = 
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In the basis (—X\, —X2, —X3) of the tangent space at - I 2 , the jacobian matrix 
is 

/ - 1 0 0 \ 

2TT 0 1 0 

V 0 0 1 / 
It is invertible and of negative determinant, as was to be shown. D 

8.5 Proof of theorem 8.1.1 

In this section, we prove theorem 8.1-1. By commutativity of the first diagram in 
the introduction, this amounts to showing the equality 

« - » o ^ T 0 J . . ^ = AO, I - , 

where I is the inclusion of ZT in CT (and similarly for ^1F). In degree i = 0 
and 1, after we have described the map (f>f, the result will follow readily from the 
definitions of /3« M and of ß^' °° . We will therefore focus on the case of degree 
i = 2 . We will first explain why one can reduce the proof to the case of the group 
r = Z2 . We will then describe explicitly the map <f>2 • Next, we will state and 
prove a few technical results {dealing with the case of Z2 , and proving that the 
diagram in the statement of the theorem is well-defined), and we will finally arrive 
to the main proof. 

By definition of the maps ßa °° and of ß^'' ^, we can first reduce the proof to 
the case of the surface-groups T9 = TTi(E3), with g > 1. Now, consider the group 
homomorphism 

<p : T9 —> Z2 , aj ^ a , &i H- b, a2, &2, - • • » &g, bg •-> 1, 

where a i , 61, . . . , ag, bg (resp, a and b) are the prescribed generators of T9 (resp. 
Z2 , denoted multiplicatively). This map induces injections (and even isomor­
phisms) 

^ . : f f 2 ( r y Z ) - 4 f f 2 ( £ 2 ; Z ) 

(see [72], proof of lemma 2.2.4), 

¥>• : K0[I1Tg) - 4 K0Ie
1Z2) and y>, : JT 0 (CTj) «-• K0(CZ2). 

To see the latter, note that by [13], the map ßa °c is a natural isomorphism 
between JJ2(F; Z) and Ko(CT), for one-relator groups, as for example T3 and 
Z2 = T i . This means that injectivity of the former map implies injectivity of the 
latter. Since the surface-groups have the Haagerup property, they satisfy the Baum-
Connes and the Bost conjecture, and they are A"-amenable (see [13]). In particular, 
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the inclusion ^ 1 F 9 ^ C*Tg induces a natural isomorphism K^i1T9) = K*(C*Tg). 
This proves injectivity of the middle map. 

As a consequence, one can reduce the proof to the case of the single group Z2 (since 
"everything is detected through the homomorphism <p"). 

Let A be a Banach algebra with unit. Let us now describe explicitly the canonical 
map 

where as before, Km(A) is the usual 2-periodic topological Ä"-theory of A. We need 
an explicit description in degree 0 , 1 and 2. 

In degree 0 , <f>Q is simply the identity, and in degree 1 it is the map 

Kfs(A) = GL(A)ab —• UT1(A) = GL(A)/GL(A) 0 , xab .—> [x] 

where xah is the class of the matrix x G GL(A), and GL(A)0 is the identity 
component of the topological group GL(A). 

We pass to degree 2 . Let St(A) be the infinite Steinberg group of A, and GL(A) be 
the universal covering space of the topological group GL(A) of "infinite matrices" 
over A . As usual, we see the group GL(A) as the set of homotopy classes (rei. 
to {0, 1}) of paths in GL(A) (parameterized by r 6 [0, I]) emanating from I , 
with pointwise multiplication, and the projection GL(A) —• GL(A) is given by 
evaluation at T = 1, and has its kernel equal to TTi(GL(A)) = K2(A). Consider 
the map St(A) —y GL(A) defined on the canonical generators of St(A) by 

ip : Xij (a) t—y [t \-y ey (t • a)}, 

where a 6 A, t ranges over [O1 1], and the above brackets designate a homotopy 
class. One can easily check that the image of the Xij(a)'s satisfy all the defining 
relations of St(A), consequently, the map if) is a well-defined homomorphism. Now, 
the diagram 

0 * Kf9{A) - St(A) ^ E(A) 0 

0 » K2(A) GL(A) - GL(A) - 0 

commutes. Therefore, by restriction, ip induces the canonical homomorphism ^ 
we are looking for; explicitly 

4>i : Kf9(A) —> K2(A) = TT1(GL(A)) 

H *W. M ^ [e2*" - • IT, *W. (t • *-)] 

Let us now describe explicitly the image of the Steinberg symbol {it, v} G K% 9(A), 
of two commuting invertibles u, v G GLi(A) , in K2(A) = 7Ti(GL(A)) under ^ • 
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For u 6 GLi(A), the image via ip in GL(A) of the element 

^12(^)^21(-^^^12(^12(1)^21(-1)^12(1) € St(A), 

which occurs in the definition of a Steinberg symbol {u, .} , is given by the path 
(in GL2(A) C GL(A)) 

( (1 - (2)2 + u(2 - t2)t2 (u - 1)((2 - (2)(1 - (2) \ 
[ (1 - U-1J(I - t2)t wH2{2 - t2) + ( 1 - (2)2 J 

For any t e [0, l ] , the path of matrices 

/ (1 - t2)2 + u(2 - t2)t2 (u - 1)4(2 - É2)i-*/2(i - t2) \ 

[(1- U- 1Xl - t2)t{2 - t2)*/2 u~H2{2 - t2) + ( 1 - (2)2 ) 

(parameterized by s € [0, I]) realizes a homotopy in GI^(A) between the above 
matrix and the matrix 

( (1 - (2}2 + u(2 - t2)t2 (u - 1)((2 - ( 2 J 1 ^( I - t2) \ 

V (1 - 0 ( 1 - t2)t(2 - t2)1/2 u~H2(2 - t2) + ( 1 - (2)2 J 

that is unitary if A is a C-algebra and if u is unitary. Now, by performing a 'linear 
interpolation" between the function cos(7r(/2) (resp. sin(7it/2)) and 1 — t2 (resp. 
((2 — (2)1/2), we can replace the former functions by the latter without changing 
the homotopy class, and we see that the above path of matrices is homotopic to 
the path given by 

nu \ - ( cos2(7r(/2)+usin2(7rt/2) (u - l)cos(7r(/2)sin(7r(/2) N 
H{tt u) :- ^ ( 1 _ u_^ c o s ( 7 r t / 2 j s i n ( 7 r t / 2 ) cos2(7T(/2) + u " 1 sin2(7r(/2) J 

It is unitary if A is a C-algebra and if u is unitary. In order to simplify the 
formulas involved, we write C — C(t) = COS(TT(/2) and S = S(t) = s in(xt /2) . 
Note that one has 

R(t u) - ( U Q\ ( C® 5 ^ W «_1 0 W 0(t) -S(t) \ *(«.«)- ^ 0 x) [_s{t) c{t)) [ 0 !J-[S(I) C(t)) 

Consequently, if u and v are commuting elements in GLi(A), the image under §§ 
of their Steinberg symbol {u, v} is given by 

t —> F(t, u, v) := R12{t, u) • Rl3(t, v) • R12[I, u ) ' 1 • i213((, v)~l e GL3(A), 

where 

R12(t, u) := ( *<«• *> ° ) e GL3(A) 

and R\z(t, v) is obtained from #12((, v) by switching the second and third coordi­
nates. If A is a C-algebra and if u and v are commuting unitaries, then F(t, u, v) 
is in 113(A) (and even in SUi(A) if A is commutative). 
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Let us now apply this to the case where u = 7 and v = 7' are two commuting 
elements of a group F , and are considered as invertibles in A = E1Y or as unitaries 
in A = CY or C*Y. Consider the morphisms of Banach algebras 

/ 7 , y : I1Z2 —• £lY, / 7 , y : CZ2 —* C T and / 7 , y : C'rZ
2 —+ C r T 

all defined by a t-¥ 7 and 61-)-7', where 0 and b are the prescribed generators of 
Z2. 

Recall that in section 8.4, we have explicitly determined the Bott generator S of 
K2[C(H2)) S K2[CZ2). By example iv) in section 4.5, the inclusion of I1Z"1 in 
CZ71 = C ;Z" induces an isomorphism Km[I1IJ1) = K^C^Z"). We also denote by 
ô the corresponding image in K2(C

1Z2) of the Bott generator. 

8.5.1 P ropos i t i on . i) Let a and b be the prescribed generators of the group 
Z 2 , Then the image of the Steinberg symbol {a, b} by the homomorphism 

Kf9[Z[Z2]) — • K2(CZ2) is 6 . Similarly, the image of {a, b] in K2(I
1Z2) 

is also 5. 

u) Let 7 and 7 ' be commuting elements in the group Y . The image of the Stein­

berg symbol {7, i) under the map Kfa[ZT) — • K2(C^Y) is ( / 7 , y ) , (5 ) . 

Similarly, the image of {7, 7 '} in K2(PY) and in K2(CY) is (/7,y).(<5) and 

(/7 ly)*(5) respectively. 

Part i) of this proposition is stated ("up to sign" and without proof) by Milnor in 
his book [75] (see p. 66 therein). 

Proof. From now on, we identify CZ2 with C(TT2), the continuous functions on 
the torus T2 = S1 x S 1 (via the usual Fourier transform). We denote a point in 
the torus by (u, v). Therefore, the generators a and b of the group Z2 correspond 
to the unitary functions o(u, v) = u and b(u, v) = v , that we simply denote by u 
and v respectively. The image of {a, 6} in K2(CZ2) ^ -Ki(U(C(I2))) is given by 
the (pointed) homotopy class of the map 

11—»• F(t, u, v) = Rl2(t, u) • .Ri3(E1 v) • R12(I, u)-1 • Ai3(E, v)-1. 

One can easily check that R\2(tt u)_ 1-^13((, w)_ 1 - Rw(t, v)^1 -Ri2(^ u ) _ 1 ,which 
is equal to 

/ 0 (u-1)(1 -v)CS3 (U-I)(V-I)CS* \ 
(U-I)(I-V)CS3 0 (U- 1)(1 -v)C2 S2 , 

\ (ü - l)(ü - I)CS3 (u - l)(ü - I )C 2 S 2 0 J 

is a singular matrix with the nonned vector 

ei(t, u, v) := (uvC, vS, uS) € C3 
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in its kernel. Therefore, e^t, u, v) is a normed eigenvector of the matrix F(t, u, v) 
associated to the eigenvalue 1. If we moreover set 

e2{t, u, v) := (-vS, UvC, 0) 
e3(t,u, v) := - ^ ( - ^ C S , - U u S 2 , 1), 

we get an orthonormal basis (ei, e2, e^) of C3 (for each (t, u, v) G [0, 1] x T2) . 

Let P(t, u, v) be the matrix of SU(S) with columns ei((, u, v), C2[I, u, v) and 
es(t, u, v). Then the map 

(s, () t—y P(st, u, v) • P(t, U1 v)" • F(t, u, v) • P(t, u, v) • P(st, u, v)* 

gives a (pointed) homotopy between t »-> F(E1 u, v) and a map of the type 

/ 1 

0 

V ° 

0 0 \ 

Fo(t, u, v) 

J 
where i*b(f, u, v) lies in 5(7(2), and satisfies 

F0(O, u, v) = F0[I, u, v) = F0(t, 1, v) = F0(t, u, 1) = I 2 . 

By means of the identification [0, 1] x T2Z-[O1 1} x T2 = S1 x T2 , we get, thanks 
to the above relations, a continuous map 

/o : 6'1 x T2 —> SU{2), (e2 jHt , u, v) .—• FQ(t, u, v), 

that is differentiate outside of the subspace (S1 x 5 1 x {l}) U (5 1 x {1} x S1). 
So1 to check that /o represents the Bott generator «5, we just have to compare the 
degree of /o with the degree of the map f of section 8.4 representing Ô . We chose 
the orientation for S 1 x T2 and for SU(2) as in lemma 8.4.1. 

8.5.2 Lemma. The inverse image in S1 x T2 of —12 by /o is 

j f - a r c c o s ( l - v ^ ) , - I 1 - 1 J | 

and /o is regular and orientation reversing at that point. Consequently, /o is of 
degree — 1 , and {a, b] maps in K2(C(H?)) to the Bott generator. 

Proof. One has Fo(E, u, v) = -I2 if and only if —1 is an eigenvalue of F(t, u, v) 
of multiplicity 2 , and so if and only if 

M(t, u, v) := R12(tt u)~l • Rl3(t, v)-1 + R13(t, u ) - 1 - Ji12(E, u ) " 1 
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is of rank 1. One easily computes that M(t , u, v) equals 

/ 2 ( C 2 + ü S 2 ) ( C 2 + ü S 2 ) (u - 1 ) 0 5 ( 1 + C 2 + vS2) (v-I)CS[I + C2+ uS2)\ 
(1 - Q)CS(I + C2+ vS2) 2{C2+uS2) (ü - 1)(1 - V)C2S2 

V(I - U)CS(I + C 2 + ûS2) {u - 1)(1 - V)C2S2 2{C2+ vS2) J 

The minor given by the (2 x 2)-determinant of the first and third components of 

the first and second columns is equal to 

v(ü - 1)(€ - 1)C2S2(1 - u - v - uv - 2(u - l)(v - I )C 2 + (u - l)(v - I ) C 4 ) . 

We have u^ 1, v ^ 1, t ^ O and t ^ 1 (otherwise Fo is the identity). Therefore, 
if M is of rank 1, one has 

1 - u - v - uv - 2(u - l)(v - I)Y + (u - 1)(¾ - I)Y2 = O, 

where Y := C 2 > 0 . The discriminant of this equation is 

A := Suv(u - l)(v - 1) = S(ul - l/4)(ujj - 1/4), 

where uo := u - 1/2 and vQ := v - 1/2 . Clearly, A is > 0 if and only if ujj and v% 
are conjugate, which amounts to u and v being conjugate (the case «o = — ô being 
excluded by the fact that u, v € S1). Therefore, this equation has a real solution 
if and only if u and v are conjugate, and in this case, if u = e2mx , with x e [0, 1[, 
one finds 

C2 = c o s V / 2 ) = l -
V2sin(7ra;) 

Let io = to(^) € [0, 1[ be the unique solution (for a given x) of this equation in the 
variable t. The (2, 3)-minor of the matrix M(t, u, ü) is 

M2l3 := 4(C2 + uS2)(C2 + ûS2) -(u- l)2(ü - I)2C4S4 . 

By evaluating at t = ^j(x), we can make the substitutions C 2 = 1 —-^-r-,—r and 

S2 = 1 — C 2 , and we get M2^ = 8cos2(7rx). We see that if M has rank one, then 

x = y = - and cos2(7rto/2) = 1 •= , 
2 v 2 

where we parameterize v as v = e2, r iy , with y e [0, 1[. This means that u = v = — 1 
and 

t = t 0 ( l /2 ) = - a r ccos ( l - V2) e [0, 1[. 

For these values, and these values only, F = —ÏÏ3 . Now we have to compute the 
jacobian matrix of /0 at that point. With the help of Mathematica, we have found 

ft'". !A 1/2) = 2 ,^/Ä(_J I 

f („ , 1/2, 1/2) = 2 . ( ° 
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1 

O 

O 

O 

O 

- 1 

In the oriented basis ( - X i , - X a , - X 3 ) of SC/(2) at - H 2 (see the proof of lemma 
8.4.1), the jacobian matrix is given by 

/ 0 1 0 \ 

Y 10+7\/2 

V ° u -1 / 

It is obviously invertible with negative determinant, as was the map representing 
5 in section 8.4. This concludes the proof of lemma 8.5.2. D 

Evidently, lemma 8.5.2 proves part i) of proposition 8.5.1 (the statement for ^1Z2 

now being clear). Part ii) is a direct consequence of i) and of the naturality of the 
map K2

2'9 —* K2 , applied to / 7 , y (&(-) is a functor). 

This completes the proof of proposition 8.5.1. D 

The following lemma shows that the diagram involved in the statement of theorem 
8.1.1 is well-defined. 

8.5.3 Lemma. Let 7 be an element of a group T. The image of the Steinberg 
symbol {7, 7} in K2(C^V) is trivial. In particular, the map Kf9(ZT) —• K2(C^Y) 
takes the subgroup A2 to zero. The same holds for 21T and C*Y in piace of C'Y. 

Proof. There is a C-algebra morphism / : C Z —> C T mapping the prescribed 
generator a of the group Z to 7 . Therefore, by naturality of the Steinberg symbol, 
it suffices to check that {a, a} is zero in K 2 ( C Z ) . But the inclusion of a base-point 
in the circle S1 = BZ induces isomorphisms Ur2(C+Z) 2 K2[C(S1)) ^ Jf2(C) 2 Z . 
Now it follows readily from the basic properties of the Steinberg symbols that {a, a} 
is of order at most 2; it is therefore trivial. (Another way to see this is to notice 
that F(t, 1, 1) = I3 For any t (see the proof of proposition 8.5.1).) The proof for 
C*Y is exactly the same, because C*Z = C Z . For ^1T , we have seen that the 
Wiener lemma and the density theorem imply that K2(Ì

1 Z) = K2(C*Z). We can 
therefore conclude as before. • 

We are in position give the proof of theorem 8.1.1. 

Proof of Theorem 8.1.1. We first prove the theorem for the maximal C-algebra. 
As already mentioned, in degree i = 0, the result is clear. In degree * = 1, by 
naturality, we can restrict to the group Z . From example iii) in section 4.5, this is 
clear. 

In degree i = 2 , since the diagram of the statement is well-defined (lemma 8.5.3), 
one can reduce the proof to the case of the single group Z2 (as is explained at the 
beginning of the present section). By definition, /% ' ' o c maps the orientation class 
[T2] G H2(Z

2; Z) to Af(Pr0JJf) in %(C*Z?) S /T0(C(T2)) , where [T 2]* € K0(TP) 
is the canonical generator, and where ßfi is the Novikov assembly map for the 
group Z2 . As is well-known, pft is an isomorphism and it takes [T2]^ to the Bott 
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generator S (see example iü) in section 4.5,). On the other hand, also by definition, 

Prig1™ m a P s I1^l t 0 * i » t h e c l a s s o f z i = (a< 6> i n ^ ( Z [ Z 2 D Z A 2 . So, the result 
follows from proposition 8.5.1 i). 

For the algebras C^T and ^1T, the result follows readily. D 

8.6 Proofs of theorems 8.1.2, 8.1.3 and 8.1.4 

We first prove theorem 8.1.2 as an easy consequence of theorem 8.1.1 and of the de-
localization. Finally, theorems 8.1.3 and 8.1.4 are established by directly applying 
theorems 8.1.1 and 8.1.2, and some results of chapters 3 and 5. 

Proof of theorem 8.1.2. The proof that Hi(T-, FF) —• Kf9 (QoF)®C is natural, 
for 0 < i < 2 , is the same as the proof made in chapter 5 for the map 

Let us just mention that the key ingredient is lemma 5.3.5. 

Since each element in A2 is a product of elements of order at most 2 (because 
{7, 7 } 2 = 1 in K^[A)), the map Kf9 [A) ® C —> {K?9{A)/A2) ® C is an 
isomorphism. This shows that the diagram in the statement is well-defined. As 
for the localized case (i.e. the proof of theorem 8.1.1), we just have to prove the 
equality 

(and similarly for ^1T). Since the derealization process is the same for the con­

struction of /¾ and of /% , the result follows from theorem 8.1.1. Q 

We pass to theorem 8.1.3. 

Proof of theorem 8.1.3. The result follows from theorem 8.1.1, from the fact 

that ßt °° = ß?r is always rationally infective (see proposition 5.2.3), and from 

the injectivity of ß\ 0 ß\ '' °° = /% ' ' oc (see theorem 5.1.1). Injectivity in cases i) 
and ii) follows from theorem 3.7.1 and proposition 3.7.3. D 

Finally, here comes the proof of theorem 8.1.4. 

Proof of theorem 8.1.4. If /x£ <S> Id is injective, since ßt is rationally injective 

for i = 0 , 1 and 2 (see chapter 5), it follows from theorem 8.1.2 that [f*®Id)oß£J 

is also injective. D 



Chapter 9 

Comparison of the product 
structures in algebraic and 
topological 7^-theory 

We answer by the positive to an open question of Miliior on the compatibility, in 
low degree, of the product structures in algebraic and in topological üf-theory of 
imitai Banach algebras. 

9.1 Statement of the theorem and definition of 
the product structures in if-theory 

As an application of the computations made in section 8.5 for the proof of theorem 
8.1.1, we prove the following result. 

9.1.1 Theorem. Let A and B be two imitai Banach algebras. Then the diagram 

Kf9(A) ® Kf9(B) — Kfl9j(A ® B) 

4>i+j 

Ki(A) ® Kj(B) -¥-* Ki+j(A®B) 

commutes for i, j > 0 satisfying i + j < 2 . In other words, the product structures 
in algebraic and in topological K-theory of unita/ Banach algebras are compatibie 
in total degree < 2 . 

189 
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Let us explain the notations. For a imitai Banach algebras A, the algebraic and 
topological Ä"-theories are defined by 

Kf9(A):=-Ki[BGL5(A)+) and Ki[A) := Tr^1(GL[A)) ^ Ki(BGL(A)), 

where GLS(A) stands for the group GL(A) made discrete, and i > 1. (The defini­
tion of algebraic if-theory makes sense for any unital ring.) The canonical map 

B(Id) : B G L V ) — • BGL(A) 

induces at the level of fundamental groups a map taking E(A) C GL6(A) to zero, 
since Tr1 (BGL(A)) = Tr0(GL(A)) = GL(A)/ GL(A)0 , where GL(A)0 is the compo­
nent of the identity, and since E(R) Ç GL(A)0 (see prop. 3.4.1 in [16]). Conse­
quently, B(Id) induces a map B(Id)+ : BGL^(A)+ —> BGL(A) . This allows for 
defining a canonical and natural map for any i > 1, namely 

# = fc := MB(Id)+) : K?3(A) —> Ki(A). 

For i = 0, we define ^0
4 as the identity of Kf9[A) = K0(A). We have explicitly 

described <& for i < 2 in section 8.5. 

For two unital rings A and B , the external product in algebraic if-theory (see [71]) 
is denoted by 

Kf*'(A) 0 Kf(B) -½. Kf^(A Oz B). 

As noticed by Loday in [71], the product he defines at the level of spectra coincides, 
in total degree i + j < 2 , with the product defined (case by case) by Milnor only 
up to sign. More precisely, both definitions coincide, except for i = j = 1, where 
Loday's product is minus Milnor's product (see prop. 2.2.3 in [71]). We make the 
following choice for the sign: 

The product + for i = j = 1 is Milnor's product, i.e. the Steinberg symbol. 

The internal product is defined for A commutative by composing the external 
product with the homomorphism KiA(A®zA) —• K^AA), induced by the 
product map ß : A ®z A —> A (which is an ring homomorphism, precisely because 
A is commutative). 

Let A®B be the completed projective tensor product (over C) of two unital Ba­
nach algebras A and B. The equality of functors KQ g = KQ and the suspension 
isomorphism uniquely define the external cup product 

Ki(A) <g> Kj(B) -¾- Ki+j(A®B), 

in topological if-theory, by requiring commutativity in the diagram 

Ki(A)®Kj(B) *Ki+j(A®B) 

K0(StA) ® K0(S*B) - ^ K0(StA <8>z S
jB) - ^ K0(S

i+j (A®B)) 
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where we write S0A := A, S1A := S[S^1A) ^ A&Co[W) for i > 1, and t is the 
composition S*A ®z S3B —> S1A ®c S* B M- S1AeS'B * S^ 'f^è-B). As in the 
algebraic case, the internal product is defined for A commutative by composing 
with the homomorphism Ki+j[A®A) —• Ki+3[A). induced by the "completed 
product map" ß : A® A —> A. 

Finally, for i > 0, <j>{ denotes the composition 

Kf9{A <8>z B) —• K?g(A ®c B) —• K?9[AeB) - ¾ K4[AeB). 

(Notice that L* in the above diagram is just ^o •) 

This makes all the notations used in theorem 9.1.1 meaningful. The proof is sub­
divided in five parts, one for each of the forthcoming sections. 

Before stating an important corollary of theorem 9.1.1, for a compact (Hausdorff) 
space X, we let 

0, : K.[C[X)) A A - ( X ) 

be the Swan-Serre isomorphism, where C[X) is the commutative unital C-algebra 
of continuous complex valued functions on X , with the norm of uniform conver­
gence. 

9.1.2 Corollary. For a compact space X1 the diagram 

K?9[C[X)) ® Kf9[C[X)) — K^[C[X)) 

4>i ®<i>3 >i+j 

K{[C[X))® K3[C[X)) • Ki+J[C[X)) 

Oi(B)Oj =* * ei+j 

K~\X) ® KS[X) — ^ K-W\X) 

commutes, for i, j > 0 satisfying i + j < 2, where the bottom horizontal map is 
the usual cup product in K-theory. 

Proof. The product ß : C[X) ®z C[X) —• A yields a commutative diagram 

iv-alp i \ 

KfJAC[X) ®z C[X)) - î ± î i i KfV[C[X)) 

4>i i+3 Vi+j 

Ki+j[C[X)êC[X)) Ki+M> Ki+j[C[X)) 
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Consequently, commutativity of the upper square follows from theorem 9.1.1. The 
bottom square commutes, since the Swan-Serre isomorphism is an ring isomor­
phism. Indeed, the products 

K0(C[X)) ® K0(C(X)) —> K0[C(X)) and K°(X) ® K°(X) —• K0(X) 

are both given by the tensor product (of vector bundles for the former, and of 
finitely generated projective C(X)-modules for the latter). This implies commu­
tativity for i = j = 0 - The other cases follow readily from compatibility of both 
products with suspensions (it is well-known that C(SX) = SC(X), canonically 
and naturally, where SX is the unreduced suspension of X). • 

Corollary 9.1.2 was an open question in Milnor's book [75] (see p. 67). 

Many thanks to Hervé Oyono-Oyono for helpful discussions. 

This chapter contains only the proof of theorem 9.1.1, and is organized as follows. 
In section 9.2, we show how one can reduce the proof to the case of (1 x l)-matrices 
over a commutative Banach algebra. We discuss the cases i+j < 1 (resp. i = 0 and 
j = 2) in section 9.3 (resp. 9.5) by writing explicit formulas for the products and 
by proving theorem 9.1.1 for (1 x l)-matrices over a commutative Banach algebra. 
In section 9.4, we consider the most difficult case, namely i ~ j = 1, by applying 
results of chapter 8 (dealing with the C'-algebra C Z 2 ^ C(T2)) . Finally, the 
proof of theorem 9.1.1 is completed in section 9.6. 

9.2 General reductions 

In this section, we explain how we can more or less reduce the proof of theorem 
9.1.1 to the case of (1 x l)-matrices over a commutative Banach algebra. 

Let A be a unital ring and n > 1. We set 

P(A) := {x e M(A) I x = x2} Pn(A) := {x e Mn(A) \ x = x 2 } M- P(A) 

Ko,n(A) := {z G K0(A) = G(P(A)H \ 3x, y e Pn(A) such that z = [x] - [y]} , 

where ~ is the usual equivalence relation, and Q(—) stands for the Grothendieck 
construction (i.e. the group completion). Notice that any z in KQ[A) belongs to 
Ko^n(A) for some n > 1. Similarly, we define 

KfX(A) := Im(GLn(A) - * K^(A) = GL(AV[GL(^), GL(A)]) 

Khn(A):= Im(GLn(A) —y K1(A) = GL(A)/ GL(A)0), 

where in the latter case, A is assumed to be a unital Banach algebra. In this case, 
we denote the canonical map K" n(A) —> Ki^n(A) by <£i,„ (it is the restriction of 
<fri), and we notice that the suspension isomorphism induces (by restriction) a map 

tr : Kltn(A)—> Ko1Zn(SA) 
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(see section 8.4 for the definition of <r). 

Before starting with the first lemma, let us recall that we have (non canonical) 
isomorphisms 

Mn[A) ®z Mm[B) ^ Mnm[A ®z B) 

Mn(A)®Mm(B) S* Mnm[AêB) 

that, by Monta invariance of A"-theory, induce canonical isomorphisms 

Kp[Mn[A) ®z M1n(B)) = K?9(A ®z B) 

K,(Mn(A)®Mrn(B)) s Kt[AêB). 

The following lemma says that the product in algebraic A-theory is compatible 
with Morita invariance. It is a direct consequence of the definition of the product 
in algebraic K-theory (see Milnor [75], pp. 27, 51 and 67). 

9.2,1 Lemma. Let A and B be two unital rings, and n, m > 1. Then, for any 
*» 3 € {0, 1} , the composition 

K^n[A) x K]X(B) - Ì K*°[Mn[A)) x K$({Mm[B)) 

Kf+
9J(A ®z B) — = — Kf+

3J(Mn(A) ®z M7n(B)) 

is the product * in algebraic K-theory, in other words the above diagram commutes. 
Similarly, the composition 

< £ W * Kf9(B) i Kf1I(Mn(A)) x K?°(B) 
i 

*: 

Kf9[A ®z B) Kf9[Mn[A) ®z JB) 

is the product * in algebraic K-theory, in other words the above diagrani commutes. 

Now, we show that the same holds for the product in topological K-theory. 

9.2.2 Lemma. Let A and B be two unita! Banach algebras. Then for any i, j >Q, 
the composition 

Ki,n[A) x Kj,m(B) — Ai1I(Mn(A)) x Kj11(M1n(B)) 

u| u 

Ki+j(AèB) + Ki+j(Mn(A)®Mm(B)) 
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coincides with the cup product, in other words the above diagram commutes. 

Proof. By Bott periodicity (and its obvious compatibility with the product), we 
can assume that i, j 6 {0, 1 } . Let us deal with the case i = j = 1 (the other cases 
being similar, but even simpler). Consider the diagram 

Khn{A) x KUm(B) - = — K1^(Mn(A)) x J ^ 1 ( M 1 n ( B ) ) — 

a X a axa 

K0,2n{SA) x K0i2m{SB) — Ab1 2(Mn(SA)) x K^2(M1n(SB)) Ì 

— K2[Mn(A)®Mm[B)) - K2(A®B) 

^-+ K0(Mn(SA)®Mm(SB)) — K0[SAeSB) 

(Wc identify Mn(SA) with SMn[A) in the obvious way.) The first square clearly 
commutes, so does the second (by definition of the product), and also the third 
(because the suspension isomorphism is compatible with Morita invariance, as is 
easily checked). Since the bottom composition is the product on KQ X K$ (by 
lemma 9.2.1), the top composition has to be the product defined on K\ x K\, and 
we are done. D 

Both these lemmas illustrate what we mean by "reduction to the case of (1 x I)-
matrices". The forthcoming lemma explains the further reduction to the commu­
tative case (at least for i and j different from 2). 

9.2.3 Lemma. Let A and B be two unital Banach algebras, and let 0 < i, j < 1. 
Given x € Kf((A) and y e Kj'f(B), let C := {x®l, l®y) be the unital Banach 
su b-algebra of A® B generated by x® 1 and 1® y, and let i be the inclusion of C in 
A®B . Then C is a commutative unital Banach algebra and the formulas 

j,(x*y)=ù((xèl)*(lêy))eKf+
9
j(A®B) 

^ , ! ( x j u ^ ^ y j ^ i ^ ^ i f x è l ) U^1(I(Sy)) e Ki+j(A®B). 

hold, where j : A ®z B —• A®B is the canonical map. 

Proof. Let Cx := (x®l) and Cy := (l®y) • Consider the maps 

ix '• Cx —y A, x®\ i—y x and iy : Cy —> B, l®y *—y y. 
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One has C = Cx®Cy and i = ix®iy . The canonical map Cx ®z Cy —> O is 
denoted by t. It is clear that 

(t,).(*®l) = * € A^f(A) and (iv).(lêy)=y e KfJ(B), 

and similarly 

(«*)*(&,i(sêl)) = &,i(x) e K-^1(X) and (^)-(^,1(1%)) = <foi(y) G Aj-,i(B). 

By naturality of the external +-product, we get 

x *y = (tx),(x®l) * («»)*(l®y) = (ix ® iyU(x®l) * (ley)) e JCj$(A ®z B) • 

Applying the map J4 to this equality, the identity j o (ix ®iy) = i o t and naturality 
of the Tk-product yields 

j.(x*y) = ùo t,((x®l) * (l®y)) = û((œ®l) * (l®y)). 

Similarly, by naturality of the external U-product, we get 

&,i(x) u ^ , i ( y ) = (^)*(<M*®1)) u (^)*(0;,i(l®y)) 
= (»as®«!,)»^, i (a®l) U *i, i(l®y)) -

This completes the proof. Q 

9.3 The cases i+j < 1 

In this section, we prove the following lemma. 

9.3.1 Lemma. Let A be a commutative unita! Banacii algebra, and let n > 1. 
Then, for j = 0 or I1 the diagram 

< « A ) x Aj1J(A) — < 9 ( A ) 

#0,1 x ^ j , " ¢3 

KoAA) * KjAA) ~ KM) 

commutes. 

Before starting the proof, we give explicit formulas for the product * in the cases 
considered in the lemma. We assume that A is commutative. For i = j = 0, it is 
clear that 

< Î ( A ) x Kfn(A) -^- K«8{A), (x, y)^>xy. 
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For i = 0 and j = 1, following the definition given on page 27 of Milnor [75), one 
easily checks that 

K$(A) x K?*n(A) - ^ K?8(A), (x, y) —> xy + (1 - x ) l n . 

(The inverse of the (n x n)-matrix xy + (1 — x)Hn is xy"1 + {1 — x ) l „ .) 

This generalizes to the case of two unital rings A and B to give 

*:K0tl{A)xKiin{B)^^K1(A®zB), (x, y) •—• x ® y + (1 - a:) ® I n . 

P r o o f of l e m m a 9 .3 .1 . For j = 0, there is nothing to prove. For j = 1, on the 
one handj for x € K0

1 1[A) and y € ifj n(A), we have 

0i(a:*y) = xy + (1 - X)Hn 6 K1(A). 

By the suspension isomorphism (see section 8.4), this element maps to 

(t ^ Rt(xy + ( 1 - x)ln) • Qn • Rt(xy + ( 1 - X) I n ) " 1 - Qn) 

in KQ(SA) , where Qn :— Diag(I n , O n ) , and for u e GL n (X) , we define 

u On \ ( C-In S-In \ f u O n \ (C-In-S-In 
Rt{u)'' 1 O n I n ; K-S-InC-InJ \ O n H n / V S-In C-In 

_ ( C2- In + S2 -u CS-(U-In) 
CS-[In-U-1) C2-In+ S2-u - i \ ^2.-ir , c2 „,-l I G G L 2 n ( X ) , 

with C = C(t) := cos(irt/2) and S = S(t) := sin(?r£/2). On the other hand, by 
definition of the cup product, the image of 4>o(x) U <j>\(y) in KQ(SA) under the 
suspension isomorphism is 

(t -> s • Rt(y) • Qn • Rt^)-1 -X-Qn) . 

A direct computation shows that both matrices are equal (and not just equivalent). 
This completes the proof. D 

As a consequence of the proof and of the explicit description of the isomorphism 
Ki(A) = KQ(SA) given in section 8.4, we find that for any commutative unital 
Banach algebra A, 

U : K0,i[A) x Khn(A) —> Ki(A), (x, y) —> xy + (1 - x)ln . 

This generalizes to the case of two unital Banach algebras A and B to give 

U : K0il(A) X K-I1n(B)-^K1(AeB), (x, y) *—• x®y + (1 - a:)®In . 
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9.4 The case i — j — 1 

In this section, we prove the following lemma, that is the most difficult step towards 
the proof of theorem 9.1.1 (the difficulty is not conspicuous here, since it is almost 
completely contained in the lengthy computations of chapter 8). 

9.4.1 Lemma. Let A be a commutative unital Banach algebra. Then the diagram 

* 
KfJ(A) x Kf1I[A) — Kp[A) 

>i,i x 0 i , i ¢2 

Kltl{A)xKltl{A)^K2(A) 

commutes. 

Proof. The lemma is a consequence of the computations made in section 8.5 for the 
proof of theorem 8.1.1. Indeed, we have proved this result for the particular Banach 
algebra C*I? = C ( I 0 ) and for the product a*b, where a and b are the prescribed 
generators of Z2 , viewed as unitaries in C*7? (since a U & is well-known to be the 
Bott element 6 of KQ[CI?) = K°[f*)). Now, we claim that by naturality and by 
classical results on the iC-theory of commutative Banach algebras, the general case 
follows. To prove this, we first consider the sub-algebra 

Ap := \ (A„)n e Z e C 2 

nez J 

of ^ 1 Z, where p > 1 is a real number. In other words, Ap is the completion of the 
algebra C[S] for the norm 

nez 
:=£pW-|A»l, 

nez 

where a is the prescribed generator of the group Z . Consequently, Ap is a unital 
Banach algebra for this norm. 

The Banach algebra Ap has the following "universal property": Given x e GLi(A), 
where A is any unital Banach algebra, one has 1 = \\1\\A < I N U ' I k - 1 I U » therefore 
px := max{ | |x _ 1 |U , | |x |U} is > 1, and the inequalities 

neZ 
<£UnHls-'lff + E W-IMIS < 

n<0 

imply that the algebra map Vx : C[Z] — 
unital Banach algebra morphism vx : APx 

n>0 

-¥ A, a 

nez Pz 

• x extends uniquely to a 
A. Applying this result twice, by 
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the universell property of the projective tensor product of Banach algebras, given 
x, y € GLi (.4) Î w e obtain a unital Banach algebra morphisra 

vx,y : APxêAPv —y A, £ <8> ii •—» Px(O • "vin) • 

It is clear that vXiy(a) = x and vXiv(b) = y, where a and b designate the prescribed 
generators of Z2 , considered as elements of GLi(APx<8>APjl) via 

Z[Z2] * Z[Z] ®z Z[Z] *-> ^ ® ^ P u . 

In our context, the second important feature of the algebra Ap is that it is dense 
in ^1Z and that the inclusions 

Ap «-> C1Z ^ CZ 

induce isomorphisms in analytical theory, for any p > 1. For the second inclusion, 
this follows from the Wiener lemma and the density theorem, and the first is a 
consequence of the Oka principle in A"-theory established by Bost in [19] (see thm. 
1.1.1 and ex. 1.1.3 therein). This also follows from a theorem of Arens, Eidlin and 
Novodvorskii: Let B be a commutative unital Banach algebra, and let Spec(B) be 
its spectrum (it is a compact HausdorfF space). Then, the Gelfand transform 

<$ -, B —» C(Spec{B)) 

is a natural map and induces an isomorphism in analytical if-theory (see [19], 
thm. 1.3.2). It is clear that Specf^Z) identifies with the unit circle 5 1 and is 
included in Spec(.4p), that correspondingly identifies with the closed crown with 
radii p - 1 and p. This inclusion is a homotopy equivalence, hence the isomorphism 

Similarly, the inclusions APc®APv <-» I1ZQt1Z = I1Z2 ^4 C*Z2 induce isomor­
phisms 

Kt[ApxQAp11) - ¾ IC(I1I?) A K*(C*Z2), 

since for two commutative unital Banach algebras B\ and B? , there is a canonical 
homeomorphism 

Spec(J5!êS2) = Spec(ßi) x Spec(S2) 

(see [49], prop. IV.1.20). 

We can deduce by naturality of the +-product, of the cup product, and of the maps 
^I1I and ip2 that 

,Af,xèAf,v , , ,APxéAPv . . . ,APxé>Apv ,f ,-,, 
P l , 1 ( a ) U ( P l , l (0) = 02 ( { a ! 6 } ) -

By the same argument, it follows that 4>fi[x) U <j>f ^y) = ¢£({^ VÌ) > ant* t n i s 

completes the proof. D 

We thank Paul Jolissaint for pointing out a problem in a previous proof, and Nigel 
Higson for suggesting to use the Banach algebra Ap and for indicating Bost's article 
[19]. 
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9.5 The case i = O and j' = 2 

In this section, we prove the following lemma. 

9.5.1 L e m m a . For two unita] Banach aJgebras A and B, the diagram 

Kl9M) x Kf(B) — Kp(A ®z B) 

199 

^O1I x <h 

K0il(A) x K2(B) 
U 

<h 

K2[AeB) 

commutes. 

Before starting the proof, we give explicit formulas for the corresponding products 
in algebraic and in topological ÜT-theory. Following the definition given by Milnor 
(see [75], p. 67), one easily checks that for x € KQ ^(A) (A a commutative ring), 
the product 

* * ( - ) : Kp(A) - > K?8(A) > y ^ x * y 

is given by the automorphism (7^)* of H2(E(R); Z) = Kp(A) induced by the 
map 

7» : E(A) — • E(A), En(A) B X 1—> x • X + (1 - x) • In. 

We need to express the map (7¾)* explicitly on K2
 9(A) considered as the kernel 

of the universal central extension 

0 — • K^(A) —• St(A) -^+ E(A) —^ 0. 

Let X = Ylgei.j.(as) G En(A) (a finite product of elementary matrices). Since 
x = x2, one has clearly 

x • X + (1 - x) • In = Y[(x • eitja(as) + (1 - x) • In) = Y[eitj,(xae). 
s s 

This means that the map 7¾ is simply given by ey(a) 1—t eij(xa). We can therefore 
lift this map to St(A) by defining 

7s : St(A) —¥ St(A), Xij(a) •—y Xij(xa). 

We obtain a commutative diagram 

0 - K^(A) St(A) - ^ - E(A) * 0 

VYx)* 1 ^x Tz 
+ 

0 Kp(A) * St(A) <P E(A) 0 
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This shows that (1Jx)* = lx\K«i9iA\, and gives a satisfactory description of the 
product * in question, namely 

* : K^(A) x Kf(A) -> K**(A) , L, ]>.•,,>*)) >-> l[xitjt(™s). 

For A and B two unital rings, this generalizes to give 

*-.K^1[A)XKp(B) ^KF(AQzB), U^x^MJ ^Y[Xisje(x®bs). 

Now, for a unital commutative Banach algebra, we would like to describe the 
product U : KQ^1(A) X K2(A) —> K2(A). First, observe that by definition of the 
cup product and naturality of the suspension isomorphism, the diagram 

*o, i(A) x K2(A) ~^~* K2(AeA) K*^ . K2(A) 

Kot\(A) x K1(SA) -^L K1(S(AeA)) Kl(-Sfy Kl(SA) 

K0tl(A) x K0(S
2A) -Ü K0(S

2(AêA)) 

commutes, where Sß is induced by ft : A®A —• A and is explicitly given by 

Sß : S(AeA) —* SA, ( fH a(t)®b(t)) 1—>(tt-> a(t)b(t)). 

The explicit descriptions of the isomorphism Ki(SA) £ 7Ti(GL^) = K2(A), given 
in section 8.4, and of the product Ao, 1 * -Ki —• Ai> given at the end of section 
9.3, allow for computing 

U: KQil(A) x K2(A) ^ K2(A) 

For two unital Banach algebras A and B, this generalizes to give 

U : Kw(A) x K2(B)—>K2(A®B) 

(x, [ e 2 ^ ^ n , e W B ( t - M ] ) ^ [ e 2 " ( ^ n a e W 8 ( t - x ® 6 s ) ] . 

We are now is position to prove lemma 9.5.1. 
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Proof of lemma 9.5.1. In section 8.5, we have explicitly described the map cfo • 
For x e K^f[A) and y = U,xiaj,{bB) € K$9(B), this, together with the above 
considerations, yields 02(y) = [e2mt >-4 FJfl ej,^ (t • &,)] and also 

i f 2 ^ ( A ® z ß ) - > K?9(A®B) -^K2(AeB) 

=3*y =x*^3(y) 

This completes the proof. D 

9.6 Proof of theorem 9.1.1 

By applying all the preceding lemmas, we prove theorem 9.1.1. 

Proof of theorem 9.1.1. We can obviously assume that i < j . For j ^ 2, 
consider the diagram 

Kn(A) x *&(*) — KH(Mn(A)) x KfJ(M1n(B)) — 

0»,n X 0j,n ^ , l x < P j , l 

Kitn(A) x A^1n(B) - * Ai11(Mn(A)) x Kjtl(Mm(B)) 
U 

- AjS(Mn(A) Oz Mm(ß)) — Ai+ i(il ®z S) 

' i+i 
U 

Ki+j(M„(>l)®Mm(B)) 

Vi+j 

Ki+j(A<S>B) 

It is clear that the first and third squares commute. By combining naturality of 
$i+j with lemmas 9.3,1, 9.4.1 and 9.2.3, one sees that so does the middle one. 
We have seen in lemma 9.2.1 that the top composition is the product in algebraic 
A-theory, and the bottom composition is the cup product by lemma 9.2.2. This 
proves the result for j ^ 2. 

For j = 2 (and i = 0), by lemma 9.5.1, the diagram 

<h,n X 4>2 

K0,n(A) x K2(B) 

),1 X ¢2 

K^1(Mn(A))XK2(B) 
U 
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K$9{Mn{A) ®z B) — K2(A ®z B) 

-* K2[Mn[A)^B) - ^ - K2(A®B) 

commutes. Again by lemma 9.2.1, the top composition is the product in algebraic 
if-theory, and by lemma 9.2.2 the bottom composition is the cup product. This 
proves the result in this case too. 

This completes the proof. G 



Appendix A 

The cones from the rational point 
of view 

We show that after "rationalizing", both the c-cone and the 7-cone coincide, and 
that they are, as subsets of the positive cone in Ä"-theory with rational coefficients, 
as large as possible (the statement will be made precise). 

For a simply-connected CW-complex Y, we denote by > Q the rationalization (or Q-
localization) of Y . The rationalization is functorial and provides Y with a canonical 
map JY '• Y —t- YQ . We denote the application induced by a map / : Y —y Z 
between simply connected CW-complexes by / Q ; it satisfies JZ0I = IQ0JY- The 
space KQ is itself simply-connected, and (VQ)Q = YQ , with jyQ = IdyQ ; similarly, 
( / Q ) Q = IQ- (^o r devils, the reader may refer to [48], chap. VII, or to [92], sect. 
11.5.} 

Por a connected finite CW-complex X , the reduced K"-theory with rational coeffi­
cients may be defined by 

K(X; Q):= [X, BUQ]. 

This is in fact the term in degree 0 of a 2-periodic reduced cohomology theory 
on the category of finite CW-complexes. The canonical map JBU '• BU —y BUQ 
induces a coefficient homomorphism (JBU)- '• K(X) —* K(X; Q) > 3 ^ one can 
show that there is a natural isomorphism K(X) ® Q —• K(X; Q) such that the 
triangle 

K(X) » K(X)QQ 

K(X; 

203 
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commutes (see thm. II.5.4 in [92]). With a slight abuse, for x € K(X), we denote 
UBU)*(X) — JBU o a; by XQ . On the other hand, we can consider the sets 

Vectn{X; Q):= [X, BU{n)Q] and Vect(X; Q) := ] J Vect„(X; Q ) , 
n>0 

the latter being equipped with a structure of abelian semigroup in the same way 
as Vect(X) is. Exactly in the same vein as one establishes the group isomor­
phism C(VeCt(X)) = [Xj Z X BU] (see for example p. 45 in (4]), one shows that 
<?(Vect(X; Q)) = [X1 % x BUQ] is a group isomorphism. Therefore, we get the 
following sequence of isomorphisms: 

£(Vect(X; Q)) ^ [X, Z x BUQ] = Z 6 X(X; Q) =* Z 8 (K(X) ® Q ) . 

From now on, we identify these groups. 

A.0.1 Remark. There is another very naturai way of defining rational K-theory. 
Indeed, one can defìne (in the obvious way) the notion of semi-module over a semi­
ring, as for example Vect(X) over N , and there is a meaningful notion of tensor 
product of semi-modules over a semi-ring. It is therefore reasonable to defìne 
unreduced rational K-theory of a finite CW-complex X as to be the ring 

UT(X1 Q ) : = S(VeCt(X) ®N Q ) . 

It is easy to show that this is the expected ring, in other words, there are canonical 
ring isomorphisms 

K(X, Q) =• K(X) ®z Q =1 Q © K(X; Q ) . 

Another choice would be Ç?(Vect(X) ®rn Q + ) , where Q+ is the semi-ring of non-
negative rationals, but this ring is canonically isomorphic to the previous one. For 
details about these constructions and results, see appendix B. 

A.0.2 Definition. The positive cone in rational K-theory is the sub-semigroup 

UT+(X; Q) := Im(VeCt(X; Q) — • Z 0 K(X; Q)) 

ot'Z ® K(X; Q) . For z € K(X; Q) , we defìne the rational geometric dimension 
of z as the minimal n such that z Hfts as map X —> BU(TI)Q . We denote it by 
g - d i m Q ( z ) . 

The connection between the positive cone in rational i^-theory and the rational 
geometric dimension is clear: 

K+(X; Q) = {(n, z) € Z 0 K(X; Q) | n > g - d i r n ^ ) } . 
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For Tn > 2 , let K"(m, Q) denote the Eilenberg-MacLane space of type (m, Q). It 
is a rational space, that is K(m, Q ) Q = K(m, Q) (see chap. VII in [48]). For any 
n > 0 , the rational Chern classes Cj provide us with a commutative diagram 

BU(n)Q
 ( e i ) ° X - X fe)<> fl'K(2k, Q) 

(*»I)Q Jn 

BUq ( 5 O o * • " > \[K{2K Q) 
~ fc>i 

where (in)(j is induced by the inclusion in of J9 Ï / ( Ï I ) in B t / , J"[' stands for the weak 
product (the product in the category of CW-compiexes), Jn is the inclusion, and 
the horizontal maps are homotopy equivalences (see [48], chap. VII). 

Now the following lemma is clear. 

A.0 .3 L e m m a . For x G A - (X) , one has g—dimQ(xQ) = c—dim(x). 

We would now like to define the rational analogues of the 7-cone, of the c-cone and 
of the c-cone. 

A.0.4 Definition. The rational positive cone of X (not to be confused with the 
positive cone in rational K-theory) is the sub-semigroup 

K^(X) = Im(UT+(X) - * 2 © K[X; Q)) 

of % © K(X; Q). The rational 7-cone is the sub-semigroup ofL® K(X; Q) given 

by K^(X) = Im(Uf7(X) —y Z ® K(X; Q)) . The rational c-cone K?(X) and the 

rational c-cone A^ (X) are defined similarly. Finally, we let 

K+(Jx; Q) := {(n, z) 6 K+(X, Q)\z e Jx(X)] Q K+(X, Q). 

Here comes the main result concerning the rational cones. 

A.0.5 P ropos i t i on . For a connected finite CW-complex X, one has 

K${X) C K^(X) = K${X) = K?(X) = K+(Jx; Q) Q K+(X; Q). 

Proof. The inclusion K^(X) C K^(X) follows from proposition 1.3.2 iii). The 

equality K$(X) = K^[X) follows from lemma 1.2.5. The fact that K$(X) co­

incides with K^ (X) is obvious. Finally, the equality K^(X) = K+Ux; Q) is an 

immediate consequence of lemma A.0.3. This completes the proof. D 
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A.0.6 Remark. In generai, the rational positive cone does not coincide with the 
other rational cones, even for simply connected torsion-free spaces. Indeed, in 
section 1.9, we show that for S4 x S4 , the positive cone and the -y-cone do not 
coincide. Since S4 x S4 is torsion-free, this implies that the rational positive cone 
and K+(jx; Q) are different. 



Appendix B 

Tensor product of semi-modules 
and Grothendieck construction 

We define carefully the notions of monoids, semi-rings, semi-modules over semi­
rings, semi-bimodules over semi-rings, Grothendieck construction of semi-bimodules, 
and tensor products (over a semi-ring) of semi-bimodules. Our goal is to express 
the Grothendieck construction of a tensor product of two semi-bimodules M and 
N in terms of the tensor product of the corresponding Grothendieck construction 
of M and of N. 

B.0 .7 Defini t ion. A semi-group M is a non-empty set endowed with a map 

MxM — • M, (x, y) i—y x y = xy, 

called product (or multiplication), that is associative. It is a monoid if moreover 
there exits a unit element 1. (We do not ask for the existence of inverse elements: 
this would define a group.) If the product is commutative, then the monoid M is 
called aheUan, and the product xy is often denoted by x + y and called the sum 
(or addition), and the unit is called the zero element and denoted by 0 . 

A map f : M —v N between two monoids M and N is a monoid homomorphism 
iff(xy) = f{x)f{y) for any x, y e M, and if f(l) = 1. 

A semi-ring S is an abeUan monoid (for an addition +) endowed with a map 

SxS — • S , (x, y) i — i x - y = xy, 

called product (or multiplication), that is associative, and distributive with respect 
to the addition, and such that 0-A = A-O = O for any A € S. (We do not require 
the product to be commutative.) The semi-ring is unital if there exists a unit for 
the product. 

A map f : S —* T between two semi-rings S and T is a semi-ring homomorphism 
if it is a monoid homomorphism and if f(\u) = / (A)/( / / ) for any A, fj, € S 

207 
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Notice that in a monoid, the unit is unique. 

Typical examples of semi-rings that are not rings are given by the naturals N, and 
the non-negative rationals Q+ . 

Exactly in the same way as one defines a module over a ring, one defines a semi-
module over a semi-ring. 

B.0.8 Definition. Let S be a semi-ring. A ieft semi-module M over S (or left 
S-semi-module) is a monoid endowed with a map 

SxM^M, ( A 1 X ) M A - X , 

such that 0 - x = 0, A O = O, (A + p) • x = (A • x) + (p • x), (Xu) - x = A • (ß • x) , 
A • (x + y) = A • x + A • y , for any A, ß G S and any x, y e M . 

One defines similarly right semi-modules over S. 

Given two left S-semi-modules M and N, a map / : M —y N is a left S-semi-
module homomorphism if f is additive, i.e. f(x + x') = f(x) + f(x') for any 
x, x' € M, and if f is homogeneous, i.e. / (A • x) = A • f(x) for any A e 5 and 
x € M. 

One defines similarly right S-semi-module homomorphisms. 

Given two semi-rings S and T, a semi-bimodule over S and T (or an (S, T)-
semi-bimodule) is a monoid M that is at the same time a left semi-module over 
S and a right semi-module over T1 and such that both actions commute, that is 
A • (x • p) = (X • x) • /i for any A € S, x G M and ß € T. 

Given two (S ,Tysemi-bimodules M and N, a map f : M —y N is an (S ,T)-
semi-bhnodule homomorphism if f is at the same time a left S-semi-module ho­
momorphism and a right T-semi-module homomorphism. 

Recall that an abelian group is the same as a (Z, Z)-bimodule. Similarly, an 
abelian monoid is the same as an (N, N)-semi-bimodule. We consider therefore 
any right 5-semi-module as an (S, N)-semi-bimodule, and any left 5-semi-module 
as an (N, 5)-semi-bimodule. Similarly, a monoid homomorphism is the same thing 
as an (N, N)-semi-bimodule homomorphism. 

The condition O A = A-O = O in the definition of a semi-ring S ensures that S is 
in a canonical way an (S, S) -semi-bi module. 

Let us now review the Grothendieck construction. 

B.0.9 Definition. Let M be an abelian monoid. A Grothendieck construction 
(or group-completion) for M is an abelian group C(M) equipped with a monoid 
homomorphism p : M —* Q(M) such that the following universal property is 
satisfied: For any abelian group A and any monoid homomorphism f : M —> A, 
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there exists a unique group homomorphism f : G(M) —• A such that f = f o p , 
in other words, the diagram 

commutes. 

It is clear that if a Grothendieck construction for M exists, it is unique up to a 
unique group isomorphism "compatible with p" . In the next proposition, we prove 
the existence of the group completion for any abelian monoid, by providing with 
an explicit model. We first need a technical lemma, whose proof is obvious. 

B.0,10 Lemma. Let M be a monoid, and let ~ be a "multiplicative" equivalence 
relation, i.e. an équivalence reiation satisfying 

x —- y and x' ~ y =*• xx' ~ yy'. 

(If M is abelian and the operation on M is denoted by + , the equivalence relation 
is called "additive".) Then the quotient Mf'~ carries a structure of monoid for the 
product [x] • [y] := [xy] and the unit [ l ] . The quotient map M —» M/ ~ is a 
monoid homomorphism. Moreover, if the monoid M is abelian, so is Mf ~ . 

On the other hand, iff : M —> N is a monoid homomorphism, and iff(x) = f(y) 
whenever x ~ y, then f factors through the homomorphism f : Mf ~ —> N given 
by f([x]) := f(x) for x e M. 

Notice that the cartesian product of two monoids carries a canonical structure of 
monoid. It is abelian if and only if both factors are abelian. The cartesian product 
of two semi-rings is in a canonical way a semi-ring. 

A "multiplicative" equivalence relation on M as in the above lemma, as any relation, 
can be viewed as a subset R of the cartesian product MxM. The "multi plicati vi ty" 
property simply means that R is a multiplicative subset of M x M (or equivalently 
a sub-semi-group). 

B.0.11 Proposit ion. Let M be an abehân monoid. On the cartesian product 

MxM1 the equivalence relation 

(x, y) ~ (x', y') <=^> 3z 6 M such that x + y' + z = x' + y + z 

is additive. The quotient abelian monoid C(M) := (M x M ) / ~ is an abelian 
group: the opposite of [x, y] is [y, x]. Moreover, G(M) together with the map 
p : M —• G(M), x —y [x, 0] , it is a Grothendieck construction for M. 
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Proof. The fact that Q(M) is an abelian group is clear. 

Given a monoid homomorphism / : M —• A as in definition B.0.9, we have to 
define the group homomorphism / . It is simply given by f([x, y\) := f(x) - f(y). 

D 

For example, any abelian group is its own group completion, and the monoid N 
has S as group completion. Another example is G[Q+) = Q(Q) = Q-

Notice that the universal property for Q(M) also holds when A is any group (not 
necessarily abelian). 

The following two lemmas are straightforward. 

B.0.12 Lemma. Let S be a semi-ring. Then the Grothendieck construction Q(S) 
carries a canonical ring structure defìned by 

[A1Ii] -[V,/*']:= [AA' + pu', Ax*' + ßX'], 

for A, A', p, y! e S. Moreover, the map p : S —> Q(S) is a semi-ring homomor­
phism. If S has a unit 1, then [1, 0] is a unit for Q(S). If S is commutative, so is 
Q(S). 

B.0.13 Lemma. LeE M be a left (resp. right) S-semi-moduie. Then the group 
completion Q(M) carries a canonical structure of left (resp. right) Q(S)-moduìe 
given by 

[X, ß] • [z, y] •-= [A • x + p • y, /i • x + A • y] 

(resp. [x, y] • [A, u] := [x • A + y • p, x • p + y • A]J, where x, y G M and A1 p e S. 
Moreover, the canonical map p : M —» Q(M) is a homomorphism of left (resp. 
right) S-semi-modules. In particular, if M is an (S, T)-semi-bimoduìe, then Q(M) 
carries a canonica! structure (Q(S), Q(T))~bimodule. 

B.0.14 Definition. Let M be a right S-semi-module, and N be a left S-semi-
module. A map f : M x JV —> A in an abelian monoid A is S-bilinear, if f is 
bi-additive (i.e. f(x+x', y) = f(x, y)+f(x', y) andf(x, y+y') = f(x, y)+f(x> y') 
for any x, x' 6 M and y, y' € N), and if 

f(x X,y) = f(x, A • y), 

for any x Q M, Xc. S, and y G JV. 

We now would like to define the tensor product of abelian monoids, or more gen­
erally of semi-bimodules. 

B.0.15 Definition. Let M be a right S-semi-modtile, and N be a left S-semi-
module. Then, a tensor product of M by N over S is an abelian monoid, denoted by 
M®s N, equipped with an S-bilinear homomorphism $ : M x JV —> M®s N, and 
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satisfying the following universal property: Given any S-bilinear homomorphism 
f : M xN —^ A with values in an abelian monoid A, there exists a unique monoid 
hoinomOTphism f : M®s N —> A sudi that f = fo0, in other words, the diagram 

MxN 

M®SN 

commutes. 

It is clear that if a tensor product exists, it is unique up to a unique isomorphism 
"compatible with 6" . In order to prove the existence of a tensor product, we have 
to deal with free monoids and free abelian monoids. 

B.0,16 Lemma. Let X be any set (empty or non-empty). The free monoid F(X) 
on the set X is the set consisting in 1 and in the "positive words" x\l ••• x£" , where 
n G N*, Xi € X and e; € N* for 1 < i < n, and zj+i / Xi for 1 < i < n . The 
product is given by concatenation and simplification by the rules xnxm = xn+m 

and 1 • xn = xn = xn • 1. It satisfies the following universal property: For any 
map f : X —> N in a monoid N, there exists a unique monoid homomorphism 
f : F(X) —• N such that f(x) = f(x) for any x G X . 

The free abelian monoid Fab(X) on the set X is the quotient of F(X) by the 
"multiplicative" equivalence relation, viewed as a subset R of F(X) x F(X), 

R := {finite products of elements of the form (uv, vu) , u , v Ç F(X)} • 

It satisfies the following universal property: For any map f : X —• N in an abelian 
monoid N, there exists a unique monoid homomorphism f : Fab(X) —y N such 
that f(x) — f(x) for any x G X . 

Proof. The case of the free monoid over X is clear. The case of the free abelian 
monoid over X follows from the first case (by virtue of lemma B.0.10). 

D 

We now prove the existence of tensor products. 

B.0.17 Proposition. Let M be a right 5-semi-moduJe, and N be a left S-semi-
module. Consider the free abelian monoid A := Fab(M x N) on the set MxN, 
and the following subsets of Ax A: 

B 
C 
D 

= { ( ( s - f x', y), (x, y) + (x', y))\x,x'eM andy <= N } 
= { ((¾, y + y)> {x, y) + {x, y')) \xeM and y, y' eN} 
= { ((x • A, y), (x, A • y) I x G M, XeS andy G N] 
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Then, on the free abehan monoid A, consider the "additive" equivalence relation 

~ , viewed as a subset R of Ax A, given by 

R := {finite sums of elements of B, C and D} . 

Then the quotient abelian monoid M ®s N := F0^(M x N)/~ equipped with the 
map 9 : M x N —> M®$ N, (x, y) i—>• [x, y] is a tensor product of M by N over 
S. The element [x, y] € M ®s N is denoted by x®y (and called an elementary 
tensor). 

Proof. First, by the universal property of the free abelian monoid, / extends 
uniquely to a map / : Fat,(M x N) —> A. Since f(r) = f(s) for any pair (r, s) 
in the subset R (i.e. whenever r ~ s), / factors through a monoid homomorphism 
/ : (Fab{M x N)/~) —» A (see lemma B.0.10). 

Secondly, it is clear that the quotient Fab(M x N)/ ~ is generated, as a monoid, by 
the elementary tensors x 0 y. Since f(x <g> y) has to be equal to f(x, y) , it follows 
that / is unique. G 

Notice that for any x € M and any y € JV, the elementary tensors x ® 0 and 0 ® y 
are zero in M <8>s N, 

As in the case of the usual tensor product over a ring, it is clear that the tensor 
product over a semi-ring is commutative and associative (up to canonical isomor­
phisms). 

B.0.18 L e m m a . Let S be a unital semi-ring, and M be a left (resp. right) S-
semi-module. Then there is a canonical isomorphism 

a : S®s M - ¾ M, X ® x \—J- A • x 

(resp. ß; M®SS - ^ M, x ® X \—• x • X). 

Proof. The map SxM —> M, (A, x) i—> X • x is 5-bilinear, therefore) the map 
a is well defined, with inverse x \—> l<8>x. The other case is similar. D 

In fact, the above lemma is the only place in these notes where we really need the 
semi-ring S to satisfy the property X • 0 = 0 • A = 0 for any XmS. 

B.0.19 Propos i t ion . Consider three semi-rings R, S and T. Let M be an 
(R, S)-semi-bimoduie, and N be an (S, T)-semi-bimodule. Then the tensor prod­
uct M®5ÌV carries a canonica] (R, T)-semi-bimodule structure. Moreover, the map 
6 is not only S-bilinear, but also an left (R, T)-semi-himodule homomorphism. 

Proof. The structures are defined by 

X • (x ® y) := (X • x) ® y and (x ® y) • p := x ® (y • fi), 
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for A e R, x G JIf, y G TV, and p&T. The rest is clear. O 

We finally arrive at the main result. It expresses the group completion of a ten­
sor product of semi-modules in terms of the tensor product of the corresponding 
"Grothendieck constructed" modules. 

B.0.20 Theorem. Let R, S and T be three semi-rings. Let M be an (R, S)-
semi-bimodule, and N be an (S, T)-semi-bimodule. Then there is a canonica/ 
isomorphism of (G(R), G(T))-bimodules 

tp ; Q(M ®s N) A G(M) ®g{s) G(N). 

Proof. First, the map 

/ : JIf x JV - 4 G(M) ®g(s) G(N), («, y) t-> [x,0]® [y,0]. 

is S-bilinear, therefore, by the universal property of the tensor product over S , 
it induces a monoid homomorphism / : M ®s N —• G(M) <&g(s) Q(N) given by 
f(x®y) = [x, 0]® [y , 0]. By the universal property of the group completion, g = f 
induces a homomorphism g = <p ; G(M <B>s N) —y G(M) ®g(s) G(N) (of abelian 
groups) given by 

<p([x ® y, s' ® !/]) •—• [x, 0] ® [y, 0] - [x', 0] ® [y', 0]. 

On the other hand, the map 

h : G(M) x G(N) —• G(M ®s N) 
([x, x'\, [y, y'}) •—y [x ® y, x ® y'] + [x' ® j / , x' ® y) 

is S-bilinear. By the universal property of the tensor product (of modules), it 
induces a group homomorphism h = ip : G(M) ®g(s) Q(N) —• G(M ®s N) given 
by 

ip([x, x'] ® [y, y']) = [x ® y, x ® y'] + [a/ ® y', x* ® y]. 

It is easy to check that tjjoip = Id. On the other hand, one has 

tp o ip([x, x'] ® [y, y7]) = [x, 0] ® [y, 0] - [x, 0] ® [j/, 0] 

+ [x',0]® [ ï A O l - ^ O ] ® ^ ! ) ] 

= [x, 0] ® [y, y'} + [0, x'] ® [y, y'] 

= [x, x'] ® [y, y']. 

Therefore, ^ o )̂ = Jd, and this proves that tp is a group isomorphism. It is 
obviously a (G(R), Ç(X))-bimodule homomorphism. This completes the proof. D 

The following result is an immediate consequence. 
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B.0.21 Corollary. Let M be an abelian monoid. Then 

0 ( M ® N Q + ) ^ 0 ( M ® N Q ) ^ 0 ( M ) ® z Q . 

Another consequence is less obvious. 

B.0.22 Corollary. Let R, S and T be three semi-rings. Let M be an (R, S)-semi-
bimodule, and N be an (S, T)-semi-bimodule. Assume that M and N are abelian 
groups. Then M is a (G(R), G(S))-bimodule, N is a (0(5), g(T))-bimoduie, and 
one has 

M ® s N a M ® e ( s )
N 

as (G(R) MT^-bimodules. 

Proof. The first two statements follow directly from lemma B.0.13. By the theo­
rem, for the third statement, it suffices to prove that M ®s iV is a group. Given x 
in M and y in N, we have to construct the opposite — (x ® y) of x ® y in M ®s N • 
Since 0 ® y vanishes in M ®s N, it is clear that 

~(x®y) = (-x)®y 

(which by the way coincides with a: ® (—y), by uniqueness of inverse elements in a 
group.) D 

Let us single out a particular case. 

B.0.23 Corollary. Let M and N be two abelian groups. Then 

M ®N JV = M ®z TV. 

As an application to JY-theory (see chapter 1), we immediately have the following 

B.0.24 Proposition, fbr a connected Unite CW-complex X, one has canonical 
and natural ring isomorphisms 

0(Vect(X) ®NQ) S 0(Vect(X) O N Q + ) = K(X) ® z Q . 

Since the Chern character induces a natural isomorphism K(X)®zQ — H*(X; Q), 
this shows that rational cohomology has a canonical expression in terms of the 
Grothendieck construction of the abelian monoid Vect(X) ®N Q (which is not a 
group). It would be of great interest to have a direct interpretation of this fact. 



Appendix C 

On the Moore-Postnikov tower of 
the fibration BSU(S) —• BSU(S) 

We compute the first few stages of the Moore-Postnikov decomposition of the 
canonical fibration / : BSU{3) —> BSU(S). (The reader may refer to [24], 
p. 501 for the definition of the Moore-Postnikov decomposition of a fibration.) 
More precisely, we construct a 13-connected map f : BSU(3) —• Z, i.e. a map 
inducing an isomorphism on homotopy groups up to degree 13 (and an epimorphism 
in degree 14), together with a map g : Z —> BSU(5) such that f = g o / 
(up to homotopy). As an application, we get some general statements on the 
geometric dimension of stable classes of complex vector bundles. This applies, 
for example, to the computation of the positive cone of S 6 x S 6 and of HLP3 , the 
quaternionic projective space of (quaternionic) dimension 3 . We end this appendix 
by computing the c-cone and the 7-cone, and partially determining the positive 
cone, of the quaternionic projective space H P 3 . 

C l Statement of the main results 

In the present section, we first state the main theorem of this chapter. We then give 
some immediate corollaries. As an application, we re-compute the positive cone of 
the product 5 6 x 5* without appealing to the deep results on the homotopy groups 
of spheres that we needed in chapter 1. 

Here is the main theorem of this appendix. 

C . l . l Theorem. Let Y be a connected unite CW-complex of dimension < 12, 
and Jet £ G K(Y) • Assume that H10(Y\ Z) has no 2-torsion, and that the coho-
mology groups H11CY; Z/4) and Bn(Y; £/3) vanish. Then 

Ci(O = 0 for i = I1 4, 5 and 6 = * g - d i m ( £ ) < 3 . 

215 
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By the universal coefficient theorem (see cor. V.7.2 in [24]), we get the 

C.1.2 Corollary. Let y be a connected unite CW-complex of dimension < 12, 
and let Ç € K(Y). Assume that H10(Y; Z) has no 2-torsion, that H12(Y; Z) has 
no 2- and no 3-torsion, and that Hn(Y; Z) vanishes. Then 

d(t) = 0 for i = 1, 4, 5 and 6 =*• g-d im(£) < 3 . 

The second corollary follows readily from the first. 

C.1.3 Corollary. Let Y = X U e12 where X is a finite connected CW-complex of 
dimension < 7, and let £ 6 K(Y). Then 

C1(^) = 0 and C6(O = 0 = > g-dim(Ç) < 3 . 

This applies to S6 x S6 = (S6 V 56) U e 1 2 . Together with the computation of the 
total Chern classes made in section 1.8 of chapter 1, this proves directly the 

C.1.4 Theorem. For the product 5 6 x S6, the positive cone coincides with the 
c-cone and the 7-cone. The latter is described in theorem 1.7.1. 

The appendix is organized as follows. In section C.2, we review some basic results 
from homotopy theory, such as cohomology operations, Serre's and Cartan's results 
on the cohomology of Eilenberg-MacLane spaces, the path-loop fibration and the 
universal coefficient theorem. We also evaluate some Steenrod squares on the Chern 
classes. The proof of the main theorem C. l . l is the subject of section C.3. The idea 
is to "kill" cohomology classes and compute the cohomology of the corresponding 
spaces by means of Lerray-Serre spectral sequence arguments. Finally, in section 
C.3, as another application of the main theorem, we partially compute the positive 
cone of H P 3 . 

C. 2 Preliminaries in homotopy theory 

We review the basic notions and results from homotopy theory that we need. These 
include mod p Steenrod operations, Bockstein operators, the Wu formula (that 
computes some Steenrod squares of the Chern classes), Serre's and Cartan's com­
putation of the mod p cohomology of the Eilenberg-MacLane spaces K(Z./pk, n) 
and K(Z1, n), and other related topics. 

We start with cohomology operations. 

The mod p Steenrod operations are cohomology operations ß and Vn (n > l) 
acting on the mop p cohomology of CW-complexes. When p = 2 , Vn is often 
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denoted by Sqn {and called a Steenrod square); one has ß = 5g1 . The Steenrod 
operations are of the following degree: 

deg(/3) = l deg(7>B) = 2 n ( p - i ) . 

For any prime p, the Bockstein operator ß satisfies ßß = 0. 

Let us recall some identities among the Steenrod squares (see [80]): 

Sq1Sq2"+1 = 0 SqlSq2n = Sq2n+1 Sq2Sqz = Sq5 + Sq4Sq1 

Sq2Sq4 = Sq6 + Sq5Sq1 Sq3Sq2 = 0 

The standard short exact sequence 

0 —> Z -¾- Z —J- Z/p* —• 0 

defines a boundary operator in the corresponding long exact coefficient sequence; 
it is called the Bockstein operator, and is denoted by 

/ ? p t : j f f * ( X i Z / p f c ) - ^ / r + 1 ( X ; Z ) . 

The mod p reduction will be denoted by 

PpIiT(XiZ)-Ur(XiZfP). 

and the reduction of coefficients from Z/pfc to Z/p by 

V i P : / T ( X ; £ / p f c ) — • # ' ( * ; Z/p), 

One has ßp o pp = Q (as compose of two successive homomorphism in a short exact 
sequence!) and also the following property (see [24], p. 363); 

Pp°ßp = ß{=Sq1, if p = 2) 

If there is a non-zero class x € Hn (X; Z/p) with ß(x) ^ 0 then ßp(x) is a non-zero 
element in Hn+l{X\ Z), whose order isp, and there is no element z G Hn+1(X; Z) 
with pz = ßp(x) (otherwise we would have ß(x) ~ p • PP(ßp{z)) = 0). This is one 
of the reasons why we will almost systematically compute the action of Sq1 and of 
ß in the mod 2, respectively mod 3 , cohomology of the encountered spaces. 

Let us also mention the following formula: 

ßP° PP*,P = P*"1 ' /V : H*(X; Z/pfc) —• H*+l{X; Z). 

Let us consider the standard short exact sequence 

0 —+ Z/p —y Z/pk+l —» Z/p* —• 0. 
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We will denote the corresponding Bockstein operator by 

<V : JT-(Jf5 z/P
fc) - 4 j r + 1 ( j r ; z/p). 

We will very often need the universal coefficient theorem in cohomology: 

Hk(X; Z/n) S (ff*(X; Z) ® Z/n) 8 Tor(iïfc+1(X; Z), Z/n), 

and the fact that, for a finitely generated abelian group A = Zd © F, where F is 
a finite abelian group, one has 

Tor(A, Z/n) ^ F ® Z/n 

(see [24], pp. 278-285). 

We now recall Serre's and Cartan's results on the cohomology of Eilenberg-MacLane 
spaces. 

Let p be a fixed prime. A sequence of natural numbers, I = (oi, ai, ... , a™) is 
admissible if each a^ is of the form a* — 2Xi(p — 1) + e$, with £j G {0, 1} , and if 
^i > P^t+i for all Î = 1, . . . , m — 1. For such a sequence, we define 

St1 = Stai o . . . o Sta<n , 

where Sta, for a = 2A(p — 1) + e , is defined by 

{ Sqa i f p = 2 
Vx ifpis odd, andife = 0 

ß o Vx if p is odd, and if e = 1. 
This operation St1 is of degree |/ | = a\ 4- . . . + O7n, and the excess of I is defined 
to be 

p(T\ = i 2 a i - | / | + l i f p - 2 
K ' \ 2Aip + ei - \I\ + 1 if p is odd. 

We will also use the notation Sqax,"'am = St1 when p = 2. 

Here come the Serre and Cartan theorems. We let n > 1 and k > 2. 

C.2.1 Theorem. H*(K(E/p) n); 1LIp) is a free graded commutative algebra (over 
Z/p) on free generators St1Ln , where Ln G iff iffZ/p, n); Z/p) is the fundamental 
class and I is any admissible sequence with e(I) < n. 

C.2.2 Theorem. H*(K(Z, n); Z/p) is a free graded commutative algebra (over 
Z/pj on free generators St1Ln, where In € Hn(K(1i, n); Z/p) is the fundamental 
class and I = {a%, . . . , am} is any admissible sequence with e(I) < n and with 
am>2p~2. 
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Before stating the third of these theorems, let us recall that 

Hn(K(Z/p\ »); Z/p*) = Z • £ s Z/pk 

Hn(K(Z/P
k,n);Z/p) =Z-Ln*Z/p 

where Ln and Ln are the fundamental classes. Moreover, these two classes are 
related: Ln = pv*,p{i'n). 

C.2.3 Theorem. H*(K(Z/pk, n); Zjp) is a free graded commutative algebra (over 
Z/p) on free generators St1In and StJ5pkin , where Ln e Hn(K(Z/pk, n); Zfp) and 
Ln € Hn(K(Z/pk, n) ; Z/pk) are the fundamental classes and I (resp. J) is any 
admissible sequence with e(I) < n (resp. e(J) <n-l). 

The proofs of these results (and some more details on the cohomology operations 
and the admissible sequences) can be found in [95] and in [30]. 

Using these results, the universal coefficient theorem and the remarks concerning 
the operations Sq1 and /3, one can compute the first few integral cohomology 
groups of these Eilenberg-MacLane spaces. 

We will need a few values of the Steenrod operations on the Chern classes. As is 
usual, by invoking the splitting principle, we will identify the Chern class Ck for 
BU(n) with the kih elementary symmetric function on n variables t i , . . . , tn of 
degree 2 . For example, c\ = t\ + . . . + tn and Cn — ti • • • tn . (The ^ ' s are in fact 
generators of the cohomology of the classifying space of a maximal torus of U(n).) 
Since these variables U are of degree 2 and since BU (n) has no cohomology in odd 
degree, we have Sq2U = t2 , SqmU = 0 for any other positive value of m, and 
V^ U. = t* for p = 3 . Moreover this can in principle be used to compute the action 
of Sqm and of "P1 [p = 3) on the Chern classes, by invoking the Cartan formula 
for the squaring operation of a product: 

m 

Sqm(xy) = Yl S(?x -Wv 

(and the analogue for the operations Vm). 

We can also make use of the Wu formula {for BU): 

W« = (VJ-^+fc + fâ-^+fc-i + tt-î)-^+*^ + -" + 
+ Cl*) • Ck-id+i + ckCi. 
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Let us start the needed computations (for BU): 

Sq2C2 = (\)c3 + CiC2 = C3 + C1C2 ; 

Sq CA= d jcs + C1C4 = C5 + C1C4 ; 

Sq2CQ= (i)c7 + ciC6 = C7 + cice; 

Sq4C4 = (l)c$ + Qc1C5 + C2C4 = C6 + C2C4 ; 

Sq4C5 = (Dc7 + (i)ciC6 + C2C5 = CiC6 + C2C5 ; 

Sq4'2c4 = Sq4C5 + Sq4^1C4) = Sc4C5 + C2Sq2C4 + C1Sg4C4 

= C2C5 + c\c5 + c\c4 + CiC2C4 ; 

Sq2>4c4 = Sq2CQ + Sq2{c2c4) = Sq2C6 + C2Sq2C4 + Sq2C2 • C4 

— c? + CiC6 + C2C5 + C3C4 ; 

Sq6C4 = Sq2' 4C4 + Sq5^1C4 = Sq2' 4C4 

= C7 + CiC6 + C2C5 + C3C4 . 

For the fifth Chern class, one has the equalities Sq2C5 = (4Jc6 + C1C5 = C1C5 and 

Sq4C5 = (4Jc7 + Qc1C6 4- C2C5 = C1C6 + C2C5 . 

We now summarize these results when restricted to BSU(h) : 

Sq2C4 = C5 

Sq4C4 = C2C4 

Sq6C4 = C2C5 + C3C4 

Sq4^c4 = C2C5 

Sq^2C4=C3C5 

Sq2C5=Q 
Sq4C5=C2C5. 

We now have to compute V1Cn and V1Cn-I for BU(n) (p = 3). We find 

= (fc*') -EEv*)-fo-"4-: 

= (cf - 2c2) • c„ = CJcn + C2Cn . 
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We have c„_i = ^ - ti • • • t3; • • • tn , where the hat " " means that we omit the 
corresponding term, thus 

3 kft 

= E ( ( t î + --- + t1 + ---+*n)-(«l---*i---0) 
3 

= ( I M ) • [ E * i - ^ - * » j -$>•••*?•••*» 

= (fe>) -Eg^i'foi-^-*-) + 

= (c^ - 2 c 2 ) • C n - I - CiCn = c\Cn-i + C 2 C n - I ~ CxCn . 

We recollect this now (for BSU(S) and p = 3): 

P 1 C 5 = C2C5 

V1Ci = C2C4. 

We will use some homotopy theory. Recall that UK[G, n) ~ K(G, n-l) (we will 
identify both spaces). 

For any pointed space Z one has the path-loop fibration 

nz<-> pz —*z, 
where PZ is the set of paths originating at the base-point of Z ; this space is 
contractible. 

We particularize to the case where Z = K(G, n),n>l. Let a; € Hn(Y\ G). We 
can consider it as a map x : Y —> K(G, n). Let us perform the pull-back of the 
path-loop fibration for K(G, n) : 

K(G, n-l) = K(G, n-l) 

1 1 
Y0 - PK(G, n) 

' I , 1 
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C.2.4 Proposit ion. A continuous map f : X —y Y lifts to a map /o : X —> Yo 
if and only if the compose map x o f is homotopic to zero (and this is equivalent 
tof*{x) = 0inHn(X; G)). 

Let us finally recall the following classical theorem. 

C.2.5 Theorem. Let f : X —> Y be a pointed continuous map between simply-
connected pointed CW-complexes of finite type. Let n > 1. Assume that 

f* : Hk{Y;Z) ^ Hk{X;Z) 

is an isomorphism for k = 0, . . . , n + 1 and a monomorphism for k = n + 2. Then 
for any pointed CW-complex K of dimension < n, the induced map 

/ , : [K, X] —• [JiT, Y] 

is a bisection. More precisely, / i s an (n+l)-connected map (or (n+1) -equivalence). 

Before proving it, we state a lemma. 

C.2.6 Lemma. Let A be a fìnitely generated group. Then 

A ^ Ext(A, Z) e Hom(A, Z) , . 

Proof. Write A = Zd © F, where F is a finite abelian group (and therefore a finite 
direct sum of finite cyclic groups Z/rii ) . The result follows from the formulas 

Ext (Z, B) = 0 Ext(Z/n, Z) ^ Z/n 
Hom(Z, B) = B Hom(Z/n, Z) = 0 

Ext(B © C, D) ^ Ext (B, D) © Ext(C, D) 
Hom(B ®C,D)S* Hom(B, D) © Hom(C, D) 

for any abelian groups B , C and D (see [24], p. 278). D 

Proof of Theorem C.2.5. The proof is based on the following universal coefficient 
theorem (cf. cor. V.7.2 in [24]): For CW-complexes, there is a natural short exact 
sequence 

0 —> E X t ( F n ^ ( X ; Z), Z) —J- Hn(X, Z) -—>- Hom(.ff„(X; Z), Z) —• 0 ; 

finite abelian fin. gen. free abelian 

it splits, but not naturally. Since X is of finite type, the first non-zero term is a 
finite abelian group, and the last non-zero one is a free abelian group of finite rank 
(as follows from the formulas cited in the proof of the above lemma). The same 
properties hold for Y . An easy induction argument shows that the map 

/ , : Hk(X; Z) —• Hk(Y; Z) 
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is an isomorphism for k = 0, . . . , n + 1. Since X and Y are simply-connected 
CW-coinplexes, by the Whitehead theorem (see thm. V1I.11.2 in [24]), the map / 
induces on homotopy groups an isomorphism in degrees < n, and an epimorphism 
in degree n + 1. This precisely means that f in an (n + Inequivalence, and the 
statement about the CW-complex K follows (see [24], pp. 485-486). This completes 
the proof. Ü 

We would like to thank Alain Jeanneret for suggesting this proof. 

C.3 Proof of the main theorem C. 1.1 

We first explain the strategy of the proof, and then perform the required lengthy 
spectral sequence computations. 

The cohomology of BSU(S) is the polynomial ring on the Chern classes C2 and C3 ; 
for BSU(O), it is the polynomial ring on ci, C3 , c4 and C5. On the cohomological 
level, the canonical fibration / : BSU(3) —y BSU(5) is the canonical projection. 
We are therefore going to "kill" successively the cohomology classes of BSU(S) that 
are not polynomials in Q or C3 to get spaces Xi closer and closer to BSU (3) until 
we get a space Xm together with a 13-connected map fm : BSU(S) —» Xm . We 
will, consequently obtain a bisection 

( / m ) . : [Y, BSU(S)] A [ V , J U ] , 

for any CW-complex Y of dimension < 12. 

The leitmotiv is to first "kill" the Chern class C4 and then kill successively, among 
the classes that remain or appear, one of lowest degree until we have killed every­
thing we have to. 

A few words about our conventions: In the spectral sequences, we usually only 
write down the multiplicative generators (this is justified by the fact that the 
differentials are derivations and that all elements on the vertical axis will happen 
to be transgressive). We also neglect the Chern classes C2 and C3 because they 
won't disappear from the cohomology of the spaces Xi. When we state a result 
such as 

H*(Xi\ R)Kc2, C3) = S (where R = Z or Z /p ) , 

we not only mean that the quotient of the ring H"(Xi; R) by the ideal generated 
by C2 and C3 is isomorphic to the ring S, but we also understand that the group S 
is a direct summand in the group H* (Xi; R). 

Let us start the process. 

We consider the Chern class C4 of BSU(S) as a map 

C4 : BSU(5) —• K(Z, S), 
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and we get the diagram 

= K(Z, 7) 

1 
* PK(Z, 8) 

I" 
- K(Z, 8) 

by performing the pull-back of the pair of maps (oj, p). 

To compute the needed part of the cohomology of X\ , we use two Lerray-Serre 
spectral sequences, the one for the path-loop fibration, for which the values of all 
the differentials are clear, and the one for Xi. There is a morphism of spectral 
sequences between both (induced by the map C4) and we use it to compute the 
value of the trasgressive differential on the fundamental class of the fiber. This 
process will be repeated at each step without further mention. 

We will need a few cohomology groups of K(Z, 7). 

IT(K(Z, 7); 2/2): 

7 

n 

8 

0 

9 

Sgh7 

10 

Sqh7 

11 

SqH7 

12 

Sqh7 

13 

Sq6L7, Sq4'2L7 

14 

Sq7I7, Sqb'h7 

W(K(Z, 7); Z/3): 

7 

17 

8 

0 

9 

0 

10 

0 

11 

Vh7 

12 

PP1« 

13 

0 

14 

0 

H*(K(%,7);Zfp),p>b: 

7 

t7 

8 

0 

9 

0 

10 

0 

11 

0 

12 

0 

13 

0 

14 

0 

H* (K(Z, 7); Z): 

7 

Z 

<7 

8 

0 

0 

9 

0 

0 

10 

Z/2 

ß2(Sqh7) 

11 

0 

0 

12 

Z/2 ® Z/3 

ß2(SqiL7), Ih(P1T) 

13 

0 

0 

14 

Z/2® Z/2 

MSq%), ß2(Sq4'\) 

15 

0 

0 

K(Z, 7) 

X1-

- I 
BSU(S) 
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Since nothing happens in this range for primes p > 5, we will only work with 
coefficients Z / 2 , 2 / 3 and' Z. 

Now the spectral sequence, for Z/2 coefficients, takes the following form: 

K(Z, 7) 

(14) SgHy, S9S-V 
Sq*n,Sq*-2i7 

Sq6U 
Sq*n 
Sq3U 
Sq*lT — . v 

0 = * A l 
(7) 

BSt/(5) 
C4 0 C5 

(8) (10) 

Since L7 is obviously trasgressive, Kudo's theorem gives us the following values 
for the transgressive differentials (¾ , denoted d to simplify: 

d(n) = C4 

d(Sq2L7) = Sg2C4 = C5 

d{Sq4L7) = Ss4C4 = 0 
d{Sq6t7) = Sqec4 = c2c5 = 0 

d{Sq4>2L7) = Sq4<2c4 = C2C5 = O 

and the other values on the generators are 0 for obvioiis dimensional reasons. 
(In such relations, when we write for example C2C5 = 0 , we mean that at the 
corresponding page of the spectral sequence, the product of C2 by C5 is zero, and 
this is the case because C5 has already been "killed" in a previous page.) 

Here is the list of the new generators we get: 

Sq3L7 '^* xio (which means tj(xio) = Sq5L7) 
Sq4L7 -̂ * Xn 
Sq5L7 = Sq1^L7 ^ Sq1X11 

Sq4'2LT^Xi3 
Sq6I7 "v-> x'iz 

Sq7I7 = Sq1^t7 -^ Sq1 x'l3 

Sq^2L7 = V ' 4 , 2 t 7 ~ » Sq1Xi3. 

In particular, we have Î * ( Ï ' 1 3 ) = Sq6L7. On the other hand, we have 

iî{Sq2xn) = Sq2^4L7 = Sq6L7 + Sq5^i7 = Sq6L7. 
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Since %l is injective in odd degrees, we get x'13 = Sq2Xn and 

Sq7V7 ^* Sq1J13 = Sq1^x11 = Sq3Xn • 

We will later need a few values of the Steenrod squares on some of these elements. 

Now, we compute 

C1(Sq2X10) = Sq2^i7 = Sq*'117 + Sq5L7 = Sq5C7 = 11(Sq1Xn), 

hence Sq2XiO = Sq1Xn modulo (c2, C3). 

Since C4 is zero for BSU(Z), the inclusion / : J B S Ï 7 ( 3 ) —> BSU(S) lifts to a map 

/1 : BSU(Z) —4 X 1 

over the map TTI : Xi —ï BSU(S). This lifting is not unique, but this will cause 
us no trouble. Since /f(xio) = 0, we have f*(Sq2x10) = 0 . Since, in degree 12, 

\ Kw(Z1*) = Z-Sq1X11 = Z / 2 , we get Sq2Xx0 = Sq1Xn . We implicitly used the fact 
that in cohomology the map f* is an epimorphism with a canonical (homomorphic) 
cross-section. This property is inherited by Zi • 

We also have i{(Sqzxi0) = «;(Sg1,2a;io) = Sq1^xn = 0, so Sq3X10 = 0 . 

We will need a few more values. First, we have 

C1(Sq4X10) = Sq4>h7 = Sq4'1'2* = Sq2'3'2 L7 + Sq^2L7 

= Sq5^2L7 = Sq1^h7 = C1(Sq1X13). 

Since Zr(^io) = 0, we have Sq4X10 G KCr(Z1*), and so, Sq4X1Q = Sq1X13. As a 
consequence, we compute 

Sq5X10 = Sqh4x10 = Sq111XiS=O. 

We can now summarize the result we have obtained for the mod 2 cohomology of 
X1. 

I f ( JT i ; Z/2)/(02, P3): 

s*1 

Sq2 

Sq3 

Sq4 

Sq5 

10 

Xl0 

0 

Sc1Zn 

0 

Sq1Xn 

0 

11 

XlI 

Sq1X11 

Sq2Xn 

Sq3Xn 

12 

591Xn 

0 

13 

Sc2XlI, X13 

Sc3Xn, Sg1Xi3 

14 

Sq3X11, Sq1X13 

0,0 
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The spectral sequence, for Z/3 coefficients, takes the following form: 

K(Z, 7) 

(14) 0 
0 

ß-PH7 

V1L7 

0 
0 
0 

(7) n 

X i 

BSU(O) 
¢4 0 ( ¾ 

(8) (10) 

By Kudo's theorem, the differentials are given by 

d(t7) = C4 

J ( P 1 I T ) = P 1 C 4 = C2C4 = O 
d(ßVh7) = ßd(Vh7) = 0. 

Here is the list of the new generators we get: 

PP1L7^ A/ii 

We can now summarize the result we have obtained for the mod 3 cohomology of 
X1. 

# * ( * , ; Z / 3 ) / ( c 2 , C3): 

10 

C5 

11 

Vu 

12 

ßyn 

13 

0 

14 

0 
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The spectral sequence, for Z coefficients, takes the following form: 

K(Z, 7) 

(15) 0 

0 

A(V t 7 ) , Afl>V) 
0 

A<s«V) 
o 
0 

(7) *7 

Xi 

BSU(S) 
C4 0 C5 

(8) (10) 

Obviously, d(i7) = C4 and the other differentials (on the generators) are zero. 

Here is the list of the new generators we get: 

02[Sq4Lr) *•* j&aO&n) (because Sq2Xn ^ 0) 
ßz(Vln) - * A ( y i i ) (because /?yn ^ 0) 
&(Sg 6 t 7 ) -N* y?2(^i3) = ft(Sg2zii) (because Sq2x'n = Sg3Xn ^ 0) 
A ( V 1 M -» A(Xi3) (because S9

2Z1 3 ^ 0 ) . 

By comparing with the obtained results for Z/2 and Z/3 coefficients, one can 
easily solve the extension problem (that is to recover the cohomology itself from 
the corresponding ü^-page) . 

H + (Xr 1 ZV(C 2 1 C 3 ) : 

10 

Z 

c5/2 

11 

0 

0 

12 

Z/2 © Z/3 

&(sn), A(yii) 

13 

0 

0 

14 

Z/2 e Z/2 

ß2(Sq2xn), ß2(xn) 

15 

0 

0 

By C5/2, we mean a class z such that 2z = C5 . Moreover this class satisfies 
i*(cs/2) = 02(Sq2Lr) and ^2(05/2) = X1Q. Since p3(cs) = C5, we deduce that 
p(cs/2) = 2c5 , the only solution y to the equation 2y = c$ . 

We now "kill" the class C5/2 . We consider it as a map cg/2 : Xj —> Jf(Z, 10) , 
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and we build the following pull-back: 

K[Z, 9) === K(Z, 9) 

«•1 1 • 
X2 PK(Z, 10) 

ÎT2J p 

X1 ^ L K(Z, 10} 

To compute the needed part of the cohomology of X2 , we use the Lerray-Serre 
spectral sequence. 

We will need a few cohomology groups of K(Z, 9). 

H*(K(Z, 9);Z/2): 

9 

to 

10 

0 

11 

Sq2IQ 

12 

Sq% 

13 

Sq% 

14 

Sq5L9 

H*(K(Z, 9);Z/3): 

9 

** 

10 

0 

11 

0 

12 

0 

13 

P1* 

14 

ßP1* 

H*{K(Z, 9); Z): 

9 

Z 

M> 

10 

0 

0 

11 

0 

0 

12 

Z/2 

A(S?2^) 

13 

0 

0 

14 

Z/2 e Z/3 

A(Sg4**), A(P1^) 

15 

0 

0 
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The spectral sequence, for Z/2 coefficients, takes the following form: 

K[Z, 9) 

(14) Sq*la 

Sg3I9 

Sq^t9 

0 
(9) * >x2 

Xy 
1 alio sen Sg1JEn SVxii Sg'xis 

H3 Sg3Xu 
(10) (14) 

Since ^2(^5/2) = EJO , we have d(Lg) = rcio, and by Kudo's theorem, we find 

d(Sq2Lg) = Sq2Xi0 = Sq1Xn 

4Sq3L9) = Sq3X10 = 0 
d(Sq4Lg) = Sq4XiO = Sq1X15 

H[Sq5Lg) = Sq5X10 = O. 

Here is the list of the new generators we get: 

Sq3Lg ->~* Xi2 

Sq5Lg ^ Xu . 

Since the horizontal axis of the .E^-page is a sub-module of the cohomology, we 
deduce a few values of the Steenrod squares, as summarized in the following array: 

H*(X2;Z/2)/(c2,c3): 

Sq1 

Sq2 

Sq3 

11 

xn 

0 

Sq2Xn 

Sq3Xn 

12 

X\2 

13 

5(72XiI1 xi3 

Sq* X11, 0 

14 

Sq3X11, xu 
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The spectral sequence, for Z/3 coefficients, takes the following form: 

K(Z, 9) 

<H) PPh9 
Vh9 

o 
o 
0 

(9) 69 -X2 

X 1 

es yn ß(yu) 0 0 p iyu 
(10) (15) 

Since £3(05/2) = 2CÓ , we find d(ig) = 2c5 , and by Kudo's theorem, the differentials 
are given by 

^ 7 ^ ) = 2 ^ 0 5 = 2 0 2 0 5 = 0 
d{ßV1i9) = ßd{V%) = 0. 

Here is the list of the new generators we get: 

PP1L9 ~* ßyu . 

We can now summarize the result we have obtained for the mod 3 cohomology of 
X 2 . 

i T ( X 2 ; Z/3)/(c2, c3): 

ß 

11 

Vn 

ßvu 

12 

ßyu 

0 

13 

y 13 

ßyi3 

14 

ßy 13 

0 
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The spectral sequence, for Z coefficients, takes the following form: 

UT(Z1 9) 

(15) 0 

ß2{Sq*L9), A ( P 1 * ) 
0 

ft Wt9) 
0 
0 

(9) te -X2 

X1 

cs/2 0 A(Uj n ) 0 02(Sq3Xu) 0 

ft(yu) ft(xi3) 
(10) (15) 

We have d(tg) = cs/2 , and the other differentials on the generators are zero because 
X1 has no cohomology in dimensions 13 and 15. 

Here is the list of the new generators we get: 

P2(Sq2L9) «-» Z12 

P3[Vh7) -w fckfcs) (because 0y 1 3 ? 0 ) . 

By comparing with the obtained results for Z/2 and Z/3 coefficients, one can solve 
the extension problem. Here is the result (to be soon improved!): 

H*(Xr, I)Kc2, C3): 

11 

0 

0 

12 

Z/4 S Z/3 

2i2, A(vu) 

13 

0 

0 

14 

Z/2 © Z/4 © Z/3 

«14, «14, /53(yi3) 

15 

0 

0 

The class 212 satisfies 2z12 — P2(X11). Moreover 

2zu e Z • 02(Sg2JCu) © S • 02(X]3) = Z/2 8 Z/2 , 

and 2zi4 ^ 0, thus there are 3 possible values for it. We have 

p2(2zlA) = 2p(zu)=Q 
P2 ° Pz(Sq2X11) = Sq1Sq2X11 = Sq3X11 ^ 0 
P2°p2(xn) = Sq1X13 = O1 
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so we must have 2 ^ H = ^2(^13) • This implies that z'u = ß2[Sq2xn). 

We now have a result as complete as necessary: 

H*[X2; S ) / ( c 2 , c 3 ) : 

11 

0 

0 

12 

z/4 e 2/3 

ft(*ii)/2, fo(m) 

13 

0 

0 

14 

Z/2 e Z/4 © Z/3 

A ( S ^ n ) , ^(Xi3)A j33(pis) 

15 

0 

0 

Since C5 = 0 for BSU(3) and since it has no torsion, it is clear that the map 
/1 : BSU[Z) —> Xi lifts to a map 

h - BSU[Z) —• X2 

over the map 7T2 : X2 —> X\ . Moreover, in cohomology, f2* is an epimorphism 

with a canonical cross-section. 

We "kill" the class z\2 = /¾fan ) /2 , considered as a map 212 : X2 —> K[X/4, 11) 
(the range is definitely not Ì<L"(Z/4, 12) !). We form the pull-back diagram 

K[Z/4, 10) = = K[IfA, 10) 

1 
PK [Z/4, 11) 

1, 

1 3 

7T3 

* 2 
212 

K[ZfA, 11) 

To compute the needed part of the cohomology of X 3 , we once again use the 
Lerray-Serre spectral sequence. 

We will need a few cohomology groups of K[Z/4, 10). First, we have 

H10[K[Z/4, 10); Z/4) = Z • i[0 * Z / 4 , 

where L'10 is the fundamental class. We set 

I10 :=P4Mo) € H10[K(Z/4, 10); Z/2) 
t u :=fcf>io) € ffn(if(Z/4, 10); Z /2) , 

where /94,2 is the reduction of coefficients induced by the canonical surjection 
Z/4 — • Z / 2 . We then have ,#2(^10) = 2^4(^0) > 3^ already mentioned. 

We find the following result: 

H*[K[Z/4, 10); Z /2) : 

10 

Mo 

11 

t i l 

12 

Sq2IiQ 

13 

Sq3Lw, Sq2In 

14 

Sg4IiO1 Sq3*-!! 
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H*(K(Z/4, 10); Z/p) = 0 for p > 3. 

H'{K(Z/4, 10); Z): 

10 

0 

0 

11 

Z/4 

AW0) 

12 

0 

0 

13 

Z/2 

ft(5g^io) 

14 

Z/2 

A ( ^ t I i ) 

There is nothing to do for Z/p coefficients when p > 3. On the other side, both 
spectral sequences for Z/2 and Z coefficients have to be studied in parallel. 

For Z/2 coefficients, we have 

Jf (Z/4, 10) 

(13) S 9 ^ 1 0 , SqIl11 

Sc3Ho 
in 

(10) MO 

>X3 

X2 

xu X13 Sq2Xu Sg3XIi 

(11) (14) 

In integral cohomology, the map zj2 sends the class ^4(^0) ^0 Zl2 ' w e ̂ u s Se* 

A(d(tio)) = d(A(Mo)) =d(2AMo)) 
= 2d(^4(4o)) = 2z12 

= & ( a n ) 

and since the kernel of ß2 in degree 11 is contained in HU(X2; Z) = 0, we finally 
get d(tio) = «11 • 

By looking at the forthcoming spectral sequence with integral coefficients, we find 
that d(tn) = &12 modulo (C2, C3) (otherwise this would lead to a contradiction 
with the fact that we will independently get H12(X3; Z)/(c2, C3) 2 Z/3). 

Since BSU(3) has no (mod 4) cohomology in dimension 11, the map /2 lifts to a 
map /3 : BSU(S) —• X$ over X3 . Moreover / | is a split epimorphism. 

Since the horizontal axis of the ü^-page is the image of 7Tg and since /£ is an 
epimorphism, we must have d(tn) = X12. 
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By Kudo's theorem, we find 

d{Sq2no) = Sq2Xn 

d{Sqh1Q) = Sq^xn 

d(Sqhn) = Sq2X12. 

Unfortunately we don't know Sq2x\2 . But, again by looking at the spectral se­
quence over Z, and in particular the fact that i/13(X3; Z)/(c2, C3) = 0, we deduce 
that d(Sq2in) = Xu modulo (c2, c3). And as before, we can conclude that this is 
an equality: d(Sq2tn) = £14 . 

We get no new generator. 

For the Z/2 cohomology, we find 

H'(X5; S/2)/(c2, C3): 

13 

Xl3 

For the Z/3 cohomology, we have 

/T(X3 ; Z/3)/(ca, C3) = H*(X2; Z/3)/(ca, C3) : 

ß 

11 

Î/11 

ßyn 

12 

ßyn 

0 

13 

yi3 

ßyn 

14 

ft/13 

0 

Here is the spectral sequence for Z coefficients: 

K[ZfA, 10) 

(14) P2(Sg3Ui) 

0 

(10) 0 
>*a 

X2 

*13 0 * u 0 

A(IHl) ft (Sg3TIl) 
A(l / ia) 

(12) (15) 
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As already indicated, we have d(04(t'w)) = zyi and we deduce from the Z/2 coef­
ficients spectral sequence and Kudo's theorem that d(ß2(Sq2i\a)) = &%{S<^x\\). 

We thus get just one new generator: 02[Sq2Ln) "-* z'û satisfying 2214» = 214 . 

We now sum up the results: 

H*(X3;Z)f(c2,c3): 

. 12 

ZfZ 

&(yii) 

13 

0 

0 

14 

Z/8 © Z/3 

z'U, A(»3) 

We now want to "kill" the class ß3(yn) • We build the following pull-back: 

K(ZfZ, 10) 

«4 I 

X4 

TT4 

= K(ZfZ, 10) 

1 
PK(ZfZ, 11) 

I , 
X3-MnIiT(ZAn; 

To compute the needed part of the cohomology of X4 , we use the Lerray-Serre 
spectral sequence. 

We will need a few cohomology groups of K(ZfZ, 10). 

H*(K(Zf3, 10); Z/p) = 0 for p ^ 3. 

H'(K(Z/3, 10); Z/3): 

10 

tio 

11 

0Uo 

12 

0 

13 

0 

H'(K(ZfZ, 10); Z): 

10 

0 

0 

11 

Z/3 

&(no) 

12 

0 

0 

13 

0 

0 

14 

0 

0 

There is nothing to do for Z/p coefficients when p ^ 3 : 

JT(X1; ZfV)Kc2, C3) = H'(X3; Z/p)/(c2, C3) for p ^ 3 
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For S/3 coefficients, we have 

K(ZfS, 10) 

(14) 0 
o 
o 

{10} no 
>X4 

X3 

V H ßyt\ Vis ßyia 
(11) (14) 

Since d(no) - y u , we have rf(/5t]0) = ßyu • 

We get no new generator. 

For the «.homology, we get 

H'(X4;Zf3)f(c2,c3): 

13 

y i3 

14 

ßyu 
Here is the spectral sequence for Z coefficients: 

K(ZfZ, 10} 

(14) 0 
o 
0 

03(tlf>) 
(10) 0 

>x4 

Xz 
/03(yn)O *"4 • 

£3(yis) 
(12) (14) 
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No new generator is introduced. 

For the integral cohomology, we have 

H*(X4; Z)/(c2, c3): 

14 

Z/8 ® Z/3 

»14. & ( y i 3 ) 

Again, the map /3 lifts to a map /4 : BSU(3) —> X4 over -K4 , because BSU(S) 
has no (mod 3) cohomology in dimension 11. 

We now want to "kill" the class £3(3/13) - We build the following pull-back: 

Üf(Z/3, 12) = = K(Zß, 12) 

"1 1 
X5 - PK{Zß, 13) 

X4
 ß3i-m\ K(Zß, 13) 

To compute the needed part of the cohomology of X5, we use the Lerray-Serre 
spectral sequence. 

We will need a few cohomology groups of K(ZfS, 12). 

H*{K(Zß, 12); Z/p) = 0 for p ± 3. 

H'{K{Zß, 12); Z/3): 

12 

t !2 

13 

^ 1 2 

H*{K{Zß, 12); Z): 

12 

0 

0 

13 

Z/3 

A M 

14 

0 

0 

There is nothing to do for Z/p coefficients when p # 3 : 

H'(X5; Z/p)/(c2, C3) = IT(X4; Z/p)/(c2, C3) for p # 3. 

We can from now on just work with the integral coefficients spectral sequence: 
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K[ZfS, 12) 

(14) O 

A (na) 
(12) O 

It is clear that d[ß^[ii2)) = ßz{yn) • 

No new generator is introduced. 

For the integral cohoraology, we have 

H*(X5; Z)/(c2, C3): 

14 

Z/8 

''U 

'X5 

XA 

z14 

A(W3) 
(14) 

Again, the map /4 hfts to a map /5 : BSU[Z) 
has no (mod 3) cohomology in dimension 13). 

We finally "kill" the class z"4, considered as a map z"4 : X5 

form the pull-back diagram 

K[ZjS, 12) = K[IJd,, 12) 

"1 

X5 over 7T5 (because BSU[S) 

K(ZfS, 13). We 

* 6 

X5 

PK[ZfS, 13) 

I" 
* K(ZfS, 13) 

We will need a few cohomology groups of K(ZfS, 12). First, we have 

H12(K{Z/S, 12); Z/4) = Z -1 '1 2 S Z/8 , 
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where i'l2 *s the fundamental class. 

We find the following result: 

H*{K{Z/8, 12);Z/2): 

12 

ti2 

13 

^ 1 2 

14 

Sg2I12 

H^K(ZfS, 12); Z/p) = 0 for p > 3. 

H*{K{Z/8, 12); Z): 

12 

0 

0 

13 

Z/8 

&M2) 

14 

0 

0 

Here is the spectral sequence over Z : 

K(ZfZ, 12) 

(14) 0 

(12) 0 

It is clear that (̂/̂ 8(̂ 12)) = 2i4 • 

No new generator is introduced. 

For the integral cohomology, we finally get 

H'(X6;Z)f(c2,c,): 

14 

0 

-X6 

X5 

(14) 
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Finally, the map /5 lifts to a map fe : BSU(S) —> Xe over TTQ , because BSU(S) 
has no (mod 8) cohomology in dimension 13. Moreover, we have the following 
commutative diagram {still up to homotopy): 

BSU(S) -^BSU(5) 

From this, we deduce that, in integral cohomology, /g maps ci to C2 and C3 to C3 , 
so /g is an isomorphism in degrees < 14. As a consequence of theorem C.2.5, /ß 
is a 13-connected map and induces a bijection 

( / 8 ) . :[Y, BSU(S)] —> [Y, X6), 

for any CW-complex Y of dimension < 12. 

Now, let Y and £ G K(Y) be as in the statement of theorem C.1.1. We can 
consider £ as a map Y — • BSU that lifts to BSU'(6). Since CQ(£) — 0, there 
is, as a consequence of theorem 1.2.3, a lifting £0 to BSU(1S). Since in addition 
C4(^) = 0, £0 lifts to a map £1 to Xi, and the vanishing of C5 , together with the 
fact that Y has no torsion in H 1 0 imply that £1 lifts to a map £2 to Xi. Finally, 
since Y has no mod 4 and no mod 3 cohomology in dimension 11 , and trivial 
cohomology dimension 13, we get successive liftings & , £4 , £5 and & to X3 , X^ , 
X^ and XQ respectively. Now, the map 

(Ze):1 : \y, X6) —• ry, BSU(S)] 

provides us with the desired lifting of £ to BSU(3). 

This completes the proof of theorem C. 1.1. 

C.4 On the positive cone of ELP3 

In this section, after having computed the c-cone of the quaternionic projective 
space H P 3 , as an application of the main theorem, we get precise information on 
its positive cone. 

The projective space H P 3 has a cell structure given by 

E P 3 = H P 2 U e 1 2 = e ° U e 4 U e 8 U e 1 2 , 

and its integral cohomology ring is H*(MP3; Z) = X[y]/(y4), where y is in degree 
4 (see prop. VLlO.2 in [24]). As a direct consequence of the main theorem C.1.1, 
we get the 
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C.4.1 P ropos i t i on . For £ € A-(HLP3), one has 

C6(E) = O <=* g - d i m ( 0 < 5 

Ci(O=C6(O = O <=* g - d i m ( 0 < 3 . 

We will soon come back to H P 3 , but let us before consider the general quaternionic 
projective space H P " . The integral cohomology and A"-theory rings are given by 

JT(HLP", Z) = Z[y]/(yn + 1) and tf(HLPn) = Z[x]/(xn+1), 

where y is in degree 4 , and x = ( — 2 with C1 the canonical quaternionic line bundle 
considered as a complex 2-dimensional bundle (see prop. VI.10.2 in [24], and prop. 
4.3.8 in [74]). By [76], pp. 243-244, the total Chern class of < is c(() = 1 + V • Of 
course, y is only determined up to sign. For some consistency with the case of C F 2 

and CaP 2 (that are considered in the chapter 3) , we are going to choose y so that 
c(Q = 1 - y . So, the "total Chern polynomial" is C(t) (C) = 1 - y • t2 . As in [52] (p. 
64), by invoking the splitting principle, one factorizes formally this polynomial as 

C(t)(0 = (1 + si • ¢)(1 + 52 • t) = 1 + («i + S2) • t + S1S2 - t2 , 

and we get the two (formal) relations S\ 4- S2 = 0 and s\s2 = —y. Formula III of 
theorem 4.4.3 in [52] yields 

C(i)(C2) = ( l + 2 s i - t ) ( l + ( « i _ + s j ) - 0 2 ( l + 252-t) 

=o 
2 = 1 + 2{si + S2) • t + 4sis2 • t 

= l - 4 y i 2 , 

and similarly 

C(()(C3) = (1 + 3S1 • £)(1 + (S1 + SI+J2) • t ) 3 ( l + (ai+J^+82) • t ) 3 ( l + 3S2 • t) 

=0 =0 
= ( 1 + 3si • t ) ( l + Ss2 • t )(( l + S1 • ¢)(1 + S2 -1))3 

= ( l - 9 y ( 2 ) ( l - y . t 2 ) 3 

= 1 - 12y • t2 + 3Oy2 • t4 - 28y3 • t6 + 9y4 • t* . 

Therefore, c(x2) = c((£ - 2)2) = c((2 - 4C + 4) = c(C2) • c(C)~4 , and one has 

T l 

This shows that c(x) = 1 - y and c(x2) = 1 + ^ ( - 1 ) ^ (('*) + 4(j~-l)) V* • 
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Let us quickly consider the case of the complex projective plane HLP2 (i.e. n = 2). 
We find c(x2) = 1 — Gy2 . Now, from the results above and the Newton binomial 
formula, it is straightforward to compute that 

/ , 2v o2 - a - 1 2 6 2 c[ax + bar) = 1 - ay + - y . 

This formula is referred to in section 2.5. 

For the projective space HLP3 , by the formulas above, one has c[x) = 1 — y and 
c(x2) = l-6y2- 2Oy3 . From the equality c((3) = 1 - I2y + 3Qy2 - 28J/3, one finds 

c(s3) = c((C - 2)3) = C ( C 3 M C V c ( O 1 2 = 1 - 12Ot/3 . 

Let £ := ax -f bx2 + Ix3 , where a, 6, I € Z. We have computed that 

o ( o - l ) - 1 2 6 2 a3 - 3a2 + 2a - 36a6 + 1206 + 720/ , 
c(0 - 1 - ay + -i j y2 y3 . 

We see that C6(O = 0 if and only if a3 - 3o2 + 2a - 36ai + 1206 + 72Of = 0. On the 
other hand, CA[C) = 0 if and only if 6 = a(a — 1)/12, and inserting this condition 
in the preceding relation yields 

,^ * , o ( a - l ) . , a3 - 5 a 2 + 4a 
C4(O = C6(O = O < - * 6 = _ l _ _ ^ a n d * = — . 

If moreover C2(0 = 0, we see that f = 0 . Notice that for a = 0 .1 ^ 0 and 6 = -61, 
C6(O = 0 but C4(O T̂  0, which means that c—dim(0 = 4 . Consequently, theorem 
1.2.3 with propositions 1.3.3 and C.4.1 prove the 

C.4.2 T h e o r e m . For the quaternionic projective space HLP3 , the K-theory ring 
is K[MP3) = %[x]/(x4), where x = C, — 2 with C, the canonical quaternionic line 
bundle considered as a complex 2-dimensional bundle, the c-cone coincides with 
the j-cone and is given, in terms of the c-dimension of £ = ax + bx2 + /x3 , with 
a, 6, I £ Zj by 

0, ifa = Q,b = 0andl = 0 

c-dimm = ^ 2 ' i f 6 = £ t ï ï u # 0 a n d ï = s i = 3 ^ 
I 4 , if a 3 - 3a2 + 2a - 36a6 + 1206 + 720* = 0 and 6 # ^ ¾ ^ 

6, otherwise 

(and all cases occur). Moreover, the positive cone is partially determined by the 
following information on the geometric dimension function: 

0, if a = 0, 6 = 0 and/ = 0 

» 4 or 5 , Ì f a 3 - 3 a 2 + 2 a - 3 6 a 6 + 1 2 0 & + 720/ = 0 a n d 6 ^ ^ j = ^ 

6, otherwise. 
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Remark that there is another method than the one used here to compute the 
total Chern class c(ax + bx2 + Ix3). It consists in first determining the Chern 
character ch(x) by means of the formulas relating the Chern character to the Chern 
classes, and then calculating ch(ax + bx2 + Ix3) by remembering that ch is a ring 
homomorphism. The last step is to go back to the Chern classes by means of the 
formulas we have just alluded to. (See section 2.4 for details.) 



Appendix D 

Comparison of obstructions for 
the positive cone 

The goal of this appendix is to compare shortly the different "obstructions" (like 
7-operations, Chern classes, Whitehead products and the usual primary obstruc­
tion from homotopy theory) that are involved in trying to compute the geometric 
dimension of a given stable class of vector bundles. 

The first comparison is between 7-operations and Chern classes. This was the 
matter of proposition 1.2.2 and of lemma 1.2.5. Theorem 1.2.3 shows that the "top 
Chern class" is a very efficient tool. 

We would now like to compare the Whitehead product and the classical obstruc­
tions from homotopy theory. Let us first recall the basics about the "primary 
obstruction", applied to a particular situation. (We still assume that all spaces and 
maps are pointed.) 

Let p : E —> B be a fibration with fiber F. Let us assume that E, B and F are 
CW-complexes, and that B is simply connected. Consider / : Sn —> Y a pointed 
map, with Y a finite connected CW-complex. Let X = Cf = Y Uf en+1 be the 
mapping cone of / . Given a diagram 

ST1 F 

' \ 
a T 

Y »E 
3 IP 

X »B 

commuting up to homotopy, a necessary and sufficient condition for the existence 
of a lifting and extension ä : X — • E (that is a map such that ô o j ~ a and 
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p o a cz ß) is the vanishing of the primary obstruction 

< $ € ff"+1(X, Y; Trn(F)) ~ Hn+1(X/Y; Trn(F)) S Trn(F), 

the latter map is an isomorphism, since XjY is homeomorphic to the sphere 5 " + 1 . 
For details on this obstruction, see for example thm. VII. 14.1 in (24]. Letting 
v := a o / 6 7Tn ( F ) , we get the diagram 

5 " F 

v f ^ L 
y " ^ F 

3?ä ..--' I 
J ..--•• P 

. - • • ' " Ö * 

X B 

The following proposition makes the relationship between c£+ i and u explicit. 

D.O.3 Proposit ion. In the preceding lifting and extension problem, one has 

^ = ^(¾¾1) €*»(£), 
where t* : Trn(F) —y Tfn(F) is induced by the inclusion of the fiber. 

This proposition illustrates the fact that t^l is an obstruction for the whole of the 
above lifting and extension problem, but that v is only an obstruction to extending 
a from Y to X : it is completely independent of ß (and of p and B). 

Proof. Let Dn+1 denote the closed (n + l)-dimensional unit disk, with boundary 
Sn . Let h : D"+ 1 —> X be the cone on the map f. By definition, c ^ 1 is 
constructed aa follows: Let 

W := {(x, y) € D"+1 xE\ßo h(x) = p(y)} 

be the pull-back of (0 o h, p). The map p : S" — • W, z \—• (z, a o h(z)) fits into 
the following diagram commuting up to homotopy: 

Id 

Notice that the map p is a fibration with fiber F , and, since Dn+1 is contractible, 
that the inclusion I of the fiber is a homotopy equivalence. The map p therefore 
defines an element 

P Z TTn(W)* TTn(F), 
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which is by definition the primary obstruction c^+} e TT„(F) . (Notice that c^+Ì 
really depends on the map ß , because so does Z.) Since the above diagram is 
homotopy-commutative, and since h\s" = f : Sn — • Y, one has 

u{t) = jfïh °p:Sn —y E, Z M Û O h(z) = ao f(z), 

which is precisely the map u. This completes the proof. D 

If we particularize to the case where X = Sp x Sq = [Sp V Sq) Uf ev+q and 
a = a i V a2 , we have v = [cri, 0¾], the Whitehead product, and get 

[Ql, 02] = * * ( C w ) e % + 9 - i ( £ ) • 

As in section 1.8, let n < m be two positive integers, let m< k < n + m and I € S . 
Let x\ and X2 be generators of -K2n[BU) and Tr21n(BU) respectively. Since BU and 
of BU(n + m) admit CW-decompositions with the same (2n + 2m + l)-skeleton, 
i.e. B t / [ 2 n + 2 m + 1 ] = BU(n + m)[2«+2m+i] , w e c a n identify 7r2n+2m(BU{n + m)) 
with n2n+2m[BU). 

Let X = (Ix1+ bx2 + Ix1X2 G K(S2n x S2m) = [S2n x S 2 m , BU{n + m)], where 
o, b, I € Z . Let $ : 5 2 " x S 2 m -» 5 2 " A 5 2 m S 5 2 n + 2 m denote the quotient map, 
and let y be the generator of 7T2n+2m{BU) such that q*{y) = x\x2 • Consider the 
diagram 

S2n+2m-i U(n + m)/U{k) 

f \ ^ ^ ^ b 

S2n V S 2 m ^ ^ BU{k) 

3 VP 

S2n x S2m - * Bf/(n + m) 

and the following part of the long exact sequence of the fibration p : 

TT2n+2m{BU{n + TTl)) • 7T2n+2m-l(U(n + m)/U(k)) -^4 Tr2n+2m-l(BU(k)) . 

Let us denote c2^v
2^3 û a , i + b x 2 + I a . ] ; C 2 simply by cfliM(fc) (with "fc" recalling that the 

obstruction depends on the value of the parameter k 6 {m, . . . , m + n — 1}). 

D.0.4 Theorem. Let 1 < m < n and m < k < m + n. Let x\, x2 and y 
be suitable generators OfTr2n(BU), 7t2m(BU) and n2n+2m(BU) respectively. One 
then has 

t*(Ca,V(fc)) = 1° 3 ¾' bx2Ì = ab[xl' ^2] € 7r2n+2m-l{BU(k)) 

ca,6,i(fc) - ca,b|0(fc) e Ker( t . ) = Im(J) = Z • S(y). 
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The obstruction ca>b,l{k) vanishes if and only ifaxi + 6x2 + Jxix2 e K{S2n x S2m) 
has geometric dimension < k, in other words 

ca,btl{k) = 0 <=> g—dim(oxi +6x2 + IX1X2) < fc. 

If ab ^ O, 50i5t|(fc) only depends on I and on the product ab. For fixed a and b, 
the Whitehead product [0x1, 6x2] vanishes in •ïï2n+2m-i{BU (k)) if and only if there 
exists a vaiue I e Z such that axi + 6x2 + lx\x2 G K(S2n x S2m) has geometric 
dimension < k , in other words 

1>
 n r r / , , , > •<=>• Bi e Z such that s—dimfaxi + 6x9 +/X1X2) < fc. 

imr2n+2m-i{BU{k)) J 

Moreover, under this condition, either ab — 0 or ah is a non-zero integral multiple 
of(n + m— l )! /((n — 1)! (m — I)!) and then the vaJue oft is unique and given by 
I = ab(n — 1)! (m — l)! / (n + m — 1)!. Finally, for for this value of I, one has 

c a , M (2n + 2m - 1) = 0 G i r ^ m - i f S 2 " + 2 ™ " 1 ) = Z . 

Proof. The first formula is a direct consequence of proposition D.O.3 and of the 
Z-bilinearity of the Whitehead product. It follows that caib,i(k) — é t o f f e ) is in 
K c r ( t , ) = Im(A) = Z-<S(y). 

The first equivalence ca,b,l(k) = 0 •«=>• g -d im(ax i + Ox2 + EXiX2) < fc is the 
fundamental property of the obstruction ca,b,i(k). 

We have already proved that the geometric dimension of ax\ + &x2 + lx\X2 only 
depends on I and on the product ab, provided that ab ^ 0 (see thm. 1.8.2). (Notice 
that this result is based on considerations involving A"-theory, or more precisely 
7-operations (or Chern classes).) 

We pass to the equivalence about the vanishing of the Whitehead product [axj, bx^\. 
If [axi, Ox2] = O1 then there exists an extension g : S2n x S2m —> BU(k) of 
ax\ VbX2 • The composition pog is an element of ^2n+2m(BU(n + m)), which coin­
cides with K(S2n x S2m). It is therefore of the form x = ax\ + &x2 + Jxix2 for some 
I € Z . Consequently, g is not only an extension of ax\ V &x2 , but also a lifting of 
x . Therefore, x has geometric dimension < fc . For the converse, if g—dim(x) < k, 
then, by the first equivalence in the theorem, we have c0it,((fc) = 0. The result 
now follows from proposition D.0.3. 

The final statements about the values of ab and I, the uniqueness of I, and the 
vanishing of £ ^ ( ( 2 « + 2m — 1) are immediate consequences of theorems 1.8.1 and 
1.8.2. 

This completes the proof. D 

By lemma 1.4.2, the groups 7r2n+2m_i(Bt/(fc)) are finite for m < k < n + m . It 
follows from the long exact sequence in homotopy of the fibration p that the map 
S '• ^2n+2m{BU{n + m)) —*• ir2n+2m-i(U(n + m)/U(k)) is injective, where the 
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former group is % • y = 2 . We therefore have an infinite cyclic subgroup % • 5(y) 
in •K%n-\-2m-i[1U{n-\-m)IU{k)). Now, in view of the theorem, we risk the following 
little conjecture: 

D.0.5 Conjecture. Let 1 < m < n and m < k < m -f n. Let a, b, I be integers. 
If[aa;i, bx2] = O in •K2n+2m~i(BU(k)), then 

Ca,b,l{k) = Ca,6,o(fc) + I • % ) € TV2n+2m-l{U{n + m)/U{k)) . 

More precisely, one has 

Ca,M(*0 = (l - a ò ^ ^ T ^ r ) • *W e *2n+2m-i(U{n + m)/U(k)). 

If[ojTi, bx2] ^ O inn2n+2m-i(BU{k)), then in the group n2n+2m-i{U{n+m)/U{k)), 
one has 

O 7̂  c0|M(fc) £ £ • < % ) • 

Notice that the first statement implies the rest (by virtue of the above theorem). 

It would of course be interesting to determine, in the case where [Oa1, &JC2] =fi O, if 
ëa,b,i(k) is a torsion element or not, or even to compute its precise order. 



Appendix E 

A second proof of injectivity of 
the map ß± 

We propose a second proof of injectivity of the map ß* : Hi(X; Z) —> Ki(X) 
defined in chapter 3, for X any connected CW-complex. The proof is based on 
the universal coefficient theorem in if-homology and on homology approximations 
of simply connected CW-complexes. I t is of independent interest, in particular 
because it sheds new light on this result and gives information on the question of 
injectivity of ß* • It also provides with a fifth description of both maps. 

E.l Universal coefficient theorems and homol­
ogy approximations 

In the present proof of injectivity of ß* , we need two important tools, namely the 
universal coefficient theorem for .fif-homology, and homology approximations of 
1-connected CW-complexes. We quickly review these topics in the present section. 

The universal coefficient theorem for cohomology, expressing integral cohomology 
in terms of integral homology, is classical (see for example cor. V.7.2 in [24]). For 
a finite CW-complex X, there is also a (less famous) universal coefficient theorem 
for homology, stating that for any j , the sequence 

0 — • Ext(f f> + 1 (*; Z); Z) —-> Hj(X; Z) —* Kom(Hj(X; Z); Z) —> 0 

is exact and natural; it splits, but not naturally (see thm. 5.12 in Spanier [99]). 
The corresponding results do generally not hold for all cohomology theories and 
corresponding homology theories. However, it turns out that there are such the­
orems for Ä"-theory, i.e. if-cohomology, and if-homology. As far as we know, it 
is Zen-Ichi Yosimura [113] who has first established it for it-theory, in 1972. For 
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K-homology, it was first proved in the framework of the KK-theory of C*-algebras 
by Lawrence Brown [26] in 1980. Here are the precise statements. 

E.1.1 Theorem. (Universal coefficient theorem for üf-theory) 
For any connected CW-complex X and j G Z , there is a short exact sequence 

0 —• EXt(Kj-!(X); Z) —• Kj(X) — • Eom(K3(X)] Z) —• 0 

that is natural in X . Moreover, it splits, but not naturally. 

(In this theorem, infinite CW-complexes are allowed, and the if-theory is the 
representable one.) 

E.1.2 Theorem. (Universal coefficient theorem for i f -homology) 
For a connected unite CW-complex X and j e Z , tiiere is a short exact sequence 

0 —> Ext{Kj+1(X); Z) —> Kj(X) — • Eom(K^(X); Z) —• 0 

that is natural in X. Moreover, it sphts, but not naturally. 

Notice that in [26], it is stated for X a compact metric space, and for j = 1. Since 
any finite CW-complex X is compact and metrizable, the result holds for X and 
j — 1. The general case follows replacing X by its suspension (and invoking the 
suspension isomorphism and Bott periodicity). 

We pass now to homology approximations. We refer the reader to [51]. 

E.1.3 Defini t ion. A l-connected CW-complex X is normal if it admits a filtration 
into simply-connected sub-complexes 

X 2 CX 3 C. . .ç [Jxn = X, 
n>2 

such that For each n > 2 , the following holds: First, Xn lies in between the 
n-skeleton and the (n + l)-skeleton of X, i.e. X^ C Xn Ç A"'n+1l ; second, 

H>n(Xn; Z) = 0 ; finally; (in)* : H<n{Xn; Z) A H<n(X; Z) , where in:Xn^X 
is the inclusion. 

We have added to the definition of [51] the condition on the skeletons of X . This 
is no restriction, as remark 1 on page 57 of [51] explains. The main result in this 
framework is the following (see thm. 8.2 in [51]). 

E.1.4 Theorem. (Eckmann-Hilton [39]) For any l-connected CW-complex Y, 
there exists a normal CW-complex X and a homotopy equivalence f : X -—* Y . 
The corresponding sub-complex Xn of X is called a homology approximation (or 
homology decomposition) of Y in degree < n. 
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Notice that by the universal coefficient theorem in cellular cohomology, we also 

know the cohomology of the Xn's in terms of H*(Y; Z) = H*(X; Z). Omitting 
the coefficients Z, for any n > 2 , one has 

H^(Xn) =-H^n (Y), Hn+1 (Xn)* ExI(Hn(Y); Z), and H>n+1 (Xn) = 0, 

where the inverse of the former map is given by i^o f* . 

These results apply to the suspension of any connected CW-complex. 

E.2 Injectivity of ß? 

We prove the following result: 

E.2.1 Theorem. TJie map ßf : Hi(X; Z) —• Ki(X) is injective, for any con­
nected CW-complex X. 

Proof. Let us first assume that X is finite. Let Y be the suspension EX of X, 
and let Z be a homology approximation of Y in degree < 3 (see section E.l). The 
CW-complex Z is finite, of dimension < 4, and equipped with a map / : Z —> Y 
inducing an isomorphism in integral homology in degree < 3. We will implicitly 
use the suspension isomorphism in (co)homology and in K-(co)homology. All the 
coefficients in (co)homology being Z in the sequel, we omit them. By the results 
of section E.l, and the fact that Z is simply-connected, we have isomorphisms 

H1(Z) = O, H2[Z)SeHi[X), Hs(Z)^H2(X), 

and also 

H1W = O, H2(Z)*H1(X), H3(Z)*H2(X), and H4(Z) S Ext(H2(X); Z) 

(all the other (co)homology groups of Z vanish). By proposition 3.2.4, we have 
isomorphisms 

K0(Z)^H2(Z) and K1(Z)^H3(Z), 

and by proposition 3.4.2 and corollary 3.4.6, there are bijections 

K0(Z) n H2(Z) ® SKQ(Z) and K1 (Z) * SK1 (Z) ^ H3(Z), 

the latter two being group isomorphisms. 

The strategy of the proof is the following. We show that the composition 

7? : H1(X) A H2(Z) A K0(Z) A K0(Y) A K1(X) 

coincides with ß* , and that /« is injective. 
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As a first step, we want to prove that /* = Ao(Z) : Ko(Z) —• ^o 0 0 *s injective. 
By propositions 3.4.2, Y being simply-connected, one has K1 (Y) = SK1 (Y). We 
claim that the map /* = Kl(f) : K1CY) —• K\Z) is surjective. To prove this, 
recall that 

H*(SU)*Az(x3,x5i...), 

with X2j+i of degree 2j + 1, considered as a map X2j+i '• SU —• K(Z, 2j + 1). 
We also write «2j+i f°r *n e composition, on the right, with this map. There is a 
commutative diagram 

JT1OO — [^ SU] ^L [Y, K(Z, 3)] - = - HZ(Y) 

K1 (Z) — [Z, SU] Ä [Z, UT(Z, 3)] -=U H3(Z) 

Under the homotopy equivalence 0,SU a BU given by Bott periodicity, 3¾ corre­
sponds to the first Chern class c\ : BU —• K(I,, 2). So, from proposition 3.4.2, 
we get [Y1 SU] Sf [X, QSU] * [X, BU] « H2{X) ®SK°(X). Prom corollary 3.4.6 
and the isomorphisms [Y, K(Z, 3)] S [X, HuT(Z, 3)] * [X, K(I, 2)] « ff2(X), we 
obtain the commutative diagram 

[Y, SU] —=—* [X, BU] H2(X) ®SK°(X) 

^3 Cl Pl 

[Y, K(Z, 3)] — [X1 K(Z, 2)] ^ H2(X) 

(We have just proved the well-known fact that the first Chern class is a surjective 
map.) This shows that 2:3 is surjective, and the first diagram implies the surjectivity 
OfUTi(Z). 

Now, consider the commutative diagram with exact rows 

K°{Y) ~^-* H2(Y) — >- 0 

K°(f)\ r js 
0 - EXt(H2(X); Z) — - K0[Z) - ^ - H2(Z) * 0 

Z 

where the second row comes from the identification H4(Z) = Ext (#2 Ĉ Oi Z) and 
proposition 3.4.4; tp is any homomorphism. Since Hom(Ext(£f2(X); Z); Z) = 0, it 
follows that if tp is non-zero, then so is tp 0 K°(f). This proves that the map 

Bom(K°U); Z) : Bom(K°(Z); Z) —> Hom(ÂT°(Y); Z) , tp t—t <p 0 K°{f) 
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is injective, and similarly for Hom(if°(/); Z). 

By the universal coefficient theorem E.1.2, one has a commutative diagram 

0 - EXt(UT1CZ); Z) K0(Z) * Hom(üf°(Z); Z) - 0 

EXt(UT1C/); Z) J KG(f) jHom(JT°(/); Z) 

0 . EXt(JT1 (y); Z) ÜTo(y) Hom(JT°(Y); Z) - 0 

Since K1If) is surjective, Ext (A"1 (/); Z) is injective, and by the five-lemma, Kç,(f) 
is also injective. 

The conclude the proof, we show that 7* = ßf (for X not necessarily finite). The 
diagram 

H2(Z) - ^ K0(Z) c ^ U K0(Y) - = ~ JTi(X) 

-I 
jra(yM) ^ J r 0 ( y M ) 

K1(XW) 

commutes. For the left-hand square, this follows from the equality Y ^ = E(Jf(3I ) 
and the inclusion Z Ç Y-I4' , for the middle square, from the naturality of ß2 1 and 
for the bottom triangle, from the construction of ß\ and /¾ and the fact that the 
Atiyah-Hirzebruch spectral sequence "commutes with suspensions". 

Since 7^ is given by the first row, and /3j by the composition down through 
K1(X^), b o th maps coincide. This completes the proof for X finite. 

The general case follows by the same direct limit argument as in the proof given 
in section 3.7. D 

Remark that if we keep notations as in the above proof and define 

72* : H2(X) A Jf3(Z) A K1(Z) A K1(Y) -¾- K0(X), 

then one checks, as for 7^ and ß* , that 7^ coincides with ß£ • This is valid for 
any connected CW-complex X (not necessarily finite). This provides with a fifth 
construction of ßf for j = 1 and 2. Moreover, by the same procedure as in the 
proof, one verifies that, for X finite, ß$ is injective if so is the map 

Ext(ÂT°(/); Z) : Ext(J?°(Z); Z) —* Ext(À°(Y); Z). 

This holds for example if K°(f) is surjective. 
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