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Let f0 and f1 be two real valued continuous functions defined on ½0; 1�. Given
X ¼ ðX1;X2; . . .Þ A f0; 1gN� define

Xn ¼ X1 þ � � � þ Xn

n
; nb 1

and

QðXÞ ¼ lim inf
n!y

1

n

Xn

k¼1

fXkþ1
ðXkÞ:

Suppose that a ‘‘player’’ has to choose an infinite sequence X of zero and
one and is rewarded at time n þ 1 by fXnþ1

ðXnÞ. Then QðXÞ is the cumulative
payo¤ corresponding to strategy X.

The purpose of this note is to address the following question:

What are the good strategies?

The answer is given by the next theorem.

Theorem 1. Let

Q� ¼ max
0axa1

xf1ðxÞ þ ð1 � xÞ f0ðxÞ

and let 0a x� a 1 be such that Q� ¼ x�f1ðx�Þ þ ð1 � x�Þ f0ðx�Þ.

* We are very grateful to Josef Hofbauer – who showed us how to improve significantly our proof
of the main result- and Sylvain Sorin, as well as to three anonymous referees and an associate
editor for their useful comments.



(a) Suppose X is a sequence such that limn!y Xn ¼ x�. Then, QðXÞ ¼ Q�.

(b) For all X A f0; 1gN� , QðX ÞaQ�.

In words, our player cannot do better in the long run than playing a sequence
of IID random Bernoulli variables with parameter x�.

Apart from its intrinsic interest1 this result is motivated by certain ques-
tions arising in the theory of learning in games and stochastic fictitious play (for
a recent overview see (Fudenberg and Levine, 1998)). In particular, it implies
that in a 2 � 2 repeated game, continuous ‘‘fictitious play type strategies’’ are
closed under best-response; that is, that an equilibrium using such strategies
remains an equilibrium if arbitrary strategies are allowed.

Section 1 will make precise this last sentence. Section 2 is devoted to the
proof of a theorem generalizing Theorem 1 to an arbitrary number of choices,
provided the associated functions f0; f1; f2; . . . satisfy a certain condition
(which is always satisfied if the player has only two actions at hand). Section 3
provides a class of counterexamples showing that this condition is necessary.

1. Fictitious-play type strategies

This section is based on some (published and unpublished) work by Benaı̈m
and Hirsch.

Let G be a 2 � 2 game in strategic form. Players are labeled i ¼ 1; 2 and
the opponent to player i is conventionally denoted �i (that is �i ¼ 3 � i). The
set of pure strategies of player i is Ai ¼ f0; 1g and the set of mixed strategies is
D i ¼ ½0; 1� where xi A ½0; 1� is the mixed strategy which assigns weight xi to 1
and weight ð1 � xiÞ to 0. The set of action profiles is A ¼ A1 � A2 and the set
of strategy profiles is D ¼ D1 � D2. The payo¤ function to player i is denoted
ui : A ! R. It extends to a function D ! R (still denoted ui ) in the usual way.

Consider the infinitely-repeated game (with complete information) where
G is played over and over at times k ¼ 1; 2 . . . At the beginning of stage k
player i chooses an action ai

k A Ai independently of the other player. As a
result of these choices she gets the payo¤ uiðakÞ where ak ¼ ða1

k ; a2
kÞ denotes

the action profile at time k.
At the end of each stage both players are informed of the actions chosen

in that stage. For nb 1, let AðnÞ ¼ A � � � � � A be the Cartesian product of n
copies of A.

A behavior strategy for player i is a sequence hi ¼ fhi
ngn AN defined by

(a) hi
0 A ½0; 1� is the probability with which player i chooses action 1 at the

beginning of the first game.
(b) For all nb 1, hi

n is a function hi
n : AðnÞ ! ½0; 1� where hi

nða1; . . . ; anÞ is the
probability that player i plays action 1 at time n þ 1 when the actions
a1; . . . ; an have been played at times k ¼ 1; . . . ; n.

Let h ¼ ðh1; h2Þ be a pair of strategies. The (lower) payo¤ to player i cor-
responding to h is the random variable

1 We find this problem quite amusing and we spent some good time trying to solve it and chal-
lenging several of our colleagues.
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PiðhÞ ¼ lim inf
n!y

1

n
ðuiða1Þ þ � � � þ uiðanÞÞ

where a1; . . . ; an is the process generated by the pair of strategies h ¼ ðh1; h2Þ.
The upper payo¤ PiðhÞ is defined similarly with lim sup instead of lim inf .

As usual, a Nash equilibrium is a pair ðh1; h2Þ of strategies such that for
each i ¼ 1; 2:

PiðhÞbPið~hhÞ

for all ~hh with ~hh�i ¼ h�i.
When h is an equilibrium, the random variable ðP1ðhÞ;P2ðhÞÞ is called a

(lower) equilibrium payo¤.
Let C i be some function from ½0; 1� into itself. A Fictitious-Play Type

Strategy (FTS) for player i induced by C i is a strategy hi such that

hi
nða1; . . . ; anÞ ¼ C iðx�i

n Þ

for all nb 1, where

xi
n ¼ 1

n
ðai

1 þ � � � þ ai
nÞ; i ¼ 1; 2:

If C i is continuous (Lipschitz, smooth) we call hi a continuous (Lipschitz,
smooth) FTS.

Given a function C : ½0; 1� ! ½0; 1� we denote

GrðCÞ ¼ fðx;CðxÞÞ : x A ½0; 1�g

and

Gr 0ðCÞ ¼ fðCðxÞ; xÞ; x A ½0; 1�g:

The following theorem describes the long term behavior of a repeated
game where both players play a Lipschitz FTS.

Theorem 2 (Benaı̈m and Hirsch, 1999). Assume that players play Lipschitz
FTS h1; h2 induced by the functions C 1 and C 2. Let fxng ¼ fðx1

n ; x2
nÞg denote

the sequence of empirical strategies, and LðfxngÞ the limit set of fxng. Then,
with probability one:

(i) LðfxngÞ is a compact connected subset of Gr 0ðC 1ÞXGrðC 2Þ.
(ii)

inffuiðyÞ : y A LðfxngÞgaPiðhÞaPiðhÞamaxfuiðyÞ : y A LðfxngÞg

In particular, if Gr 0ðC 1ÞXGrðC 2Þ is finite, then fxng converges almost

surely to a point x� A Gr 0ðC 1ÞXGrðC 2Þ and PiðhÞ ¼ PiðhÞ ¼ uiðx�Þ.

Proof: Follows from Theorems 2.2 and 4.1 of Benaı̈m and Hirsch (1999).
QED

A two armed bandit type problem 5



When C 1 and C 2 are certain smooth approximations to the best response
functions, part ðiÞ of Theorem 2 has been proved by (Fudenberg and Kreps,
1993) and (Kaniovski and Young, 1995) extending convergence results of the
standard fictitious play proved by Robinson (1951) and Miyasawa (1961).

The next theorem is the key result of this section. It asserts that if a player
plays a continuous FTS then it is rational for her opponent to play a contin-
uous FTS.

Theorem 3. Suppose player 2 plays a continuous FTS h2 induced by C 2. Let

v1 ¼ max
x1 AD1

u1ðx1;C 2ðx1ÞÞ:

Then

(i) Player 1 cannot get more than v1. That is, for any strategy h1

P1ðhÞa v1:

(ii) Suppose furthermore that C 2 is Lipschitz. Let x1
� be a point realizing the

equality v1 ¼ u1ðx1
� ;C

2ðx1
�ÞÞ, x2

� ¼ C 2ðx1
�Þ and h1 a Lipschitz FTS induced

by any function C 1 such that Gr 0ðC 1ÞXGrðC 2Þ ¼ fðx1
� ; x2

�Þg (for example
the function C 1 : x2 ! x1

�). Then

P1ðhÞ ¼ P1ðhÞ ¼ v1:

Proof: For notational convenience set Xk ¼ a1
k (the action played by 1 at time

k). Let Fn be the sigma field generated by the variables X1; . . . ;Xn. Let

f1ðxÞ ¼ u1ð1; 1ÞC 2ðxÞ þ u1ð1; 0Þð1 �C 2ðxÞÞ

and

f0ðxÞ ¼ u1ð0; 1ÞC 2ðxÞ þ u1ð0; 0Þð1 �C 2ðxÞÞ:

Then

Eðu1ðanþ1Þ jFnÞ ¼ EðXnþ1jFnÞ f1ðXnÞ þ ð1 � EðXnþ1jFnÞÞ f0ðXnÞ:

Hence

Eðu1ðanþ1Þ jFnÞ ¼ Eð fXnþ1
ðXnÞ jFnÞ: ð1Þ

The law of large number for L2 martingales implies that

lim
n!y

1

n

Xn

k¼1

ðu1ðakþ1Þ � Eðu1ðakþ1Þ jFkÞÞ ¼ 0

and

6 M. Benaı̈m, G. Ben Arous



lim
n!y

1

n

Xn

k¼1

ð fXkþ1
ðXkÞ � Eð fXkþ1

ðXkÞ jFkÞÞ ¼ 0

almost surely. It then follows from (1) that

lim
n!y

1

n

Xn

k¼1

ðu1ðakþ1Þ � fXkþ1
ðXkÞÞ ¼ 0 ð2Þ

almost surely. This last equality shows that P1ðhÞ ¼ QðXÞ where P1ðhÞ is the
(lower) payo¤ obtained by player 1 and QðXÞ is as in Theorem 1. Then, by
Theorem 1

P1ðhÞa max
0axa1

xf1ðxÞ þ ð1 � xÞ f0ðxÞ ¼ max
0axa1

u1ðx;C 2ðxÞÞ:

This proves part (i) of Theorem 3. Part (ii) of Theorem 3 follows from
Theorem 2. QED

A vector v ¼ ðv1; v2Þ A R2 is said feasible if there exists a mixed strategy profile
x ¼ ðx1; x2Þ A D such that vi ¼ uiðxÞ. If v ¼ ðv1; v2Þ is a feasible vector we
denote

DiðviÞ ¼ fx A D : uiðxÞa vig:

For i ¼ 1; 2, player’s i reservation utility is

vi ¼ min
x�i AD�i

max
x i AD i

uiðxÞ
� �

:

By combining Theorems 2 and 3 we obtain the following version of the
folk theorem

Corollary 1. Let v ¼ ðv1; v2Þ be a feasible payo¤ vector with vi > vi. Then:

(i) there exist Lipschitz functions C i : D�i ! D i such that
(a) Gr 0ðC 1ÞHD2ðv2Þ,
(b) GrðC 2ÞHD1ðv1Þ,
(c) For all x A Gr 0ðC 1ÞXGrðC 2Þ and i A f1; 2g uiðxÞ ¼ vi.

(ii) For any such pair of functions the corresponding fictitious play type strat-
egies h ¼ ðh1; h2Þ constitute a Nash equilibrium whose equilibrium payo¤ is

v. Furthermore, PiðhÞ ¼ PiðhÞ ¼ vi.

Proof: Choose x� A D such that uiðx�Þ ¼ vi, i ¼ 1; 2. Let x1 A ½0; 1�. If
u1ðx1; x2

�Þa v1 set C 2ðx1Þ ¼ x2
� . If u1ðx1; x2

�Þ > v1 set C 2ðx1Þ ¼ y where y
is the solution to u1ðx1; yÞ ¼ v1. Such a solution always exists (for otherwise
we would have v1 ¼ miny maxx1 u1ðx1; yÞ > v1) and can be written as y ¼
v1 � cx � d

ax þ b
where a; b; c; d are obtained by rewriting u1 in the form

A two armed bandit type problem 7



u1ðx1; x2Þ ¼ x2ðax1 þ bÞ þ cx1 þ d:

By exchanging the labels of the players we define the function C 1. Functions
ðC 1;C 2Þ satisfy assertions (a), (b), (c) and are piecewise C1, hence Lipschitz
continuous.

Let h1; h2 be the pair of FTS induced by C 1 and C 2. Theorem 1 implies
that PiðhÞ ¼ vi almost surely and part (i) of Theorem 3 implies that ðh1; h2Þ is
a Nash equilibrium. QED

2. Proof of Theorem 1

In this section we state and prove a theorem generalizing Theorem 1.
Let S ¼ fe0; . . . ; edg be a finite set of cardinal d þ 1 and let

PðSÞ ¼ x ¼ ðx0; . . . ; xdÞ A Rdþ1 : xi b 0;
X

i

xi ¼ 1

( )

denote the d-dimensional unit simplex. The extremal points of PðSÞ are
identified with the elements of S, so that

ei
j ¼ di; j

for i; j A f0; . . . ; dg.
Let f0; . . . ; fd be d þ 1 real valued continuous functions defined on PðSÞ.

Given X ¼ ðX1;X2; . . .Þ A SN �
define

Xn ¼ X1 þ � � � þ Xn

n
A PðSÞ; nb 1

and

QðXÞ ¼ lim inf
n!y

1

n

Xn

k¼1

fXkþ1
ðXkÞ A R;

where here (and throughout) fe i is identified with fi. Let

U ¼ z A Rd : zi > 0;
Xd

i¼1

zi < 1

( )

and

g : U ! Rd ;

z ! gðzÞ ¼ ðg1ðzÞ; . . . ; gdðzÞÞ

be the function defined by

8 M. Benaı̈m, G. Ben Arous



giðz1; . . . ; zdÞ ¼ f0 1 �
Xd

i¼1

zi; z1; . . . ; zd

 !
� fi 1 �

Xd

i¼1

zi; z1; . . . ; zd

 !
:

We say that ð f0; . . . ; fdÞ has a gradient structure if there exists a smooth
real valued function V defined on some neighborhood of U such that

gðzÞ ¼ ‘VðzÞ

for all z A U .
Remark that this condition is always satisfied when d ¼ 1. When d b 1

and g is C2 this is equivalent to the condition that
qgi

qyj

� �
i; j

is symmetric.

Theorem 4. Let

Q� ¼ max
x APðSÞ

Xd

i¼0

xi fiðxÞ
 !

and let x� A PðSÞ be such that Q� ¼
Pd

i¼0 x�
i fiðx�

i Þ.

(a) Suppose X is a sequence such that limn!y Xn ¼ x A PðSÞ Then QðXÞ ¼Pd
i¼0 xi fiðxÞ. In particular, QðXÞ ¼ Q� if limn!y Xn ¼ x�.

(b) Suppose ð f0; . . . ; fdÞ has a gradient structure. Then QðXÞaQ� for all
X A SN �

.

Proof of part (a)

Let mn be the probability measure defined on S �PðSÞ by

mn ¼ 1

n

Xn

k¼1

dXkþ1;X k
:

We claim that fmng converges weakly (i.e. for the weak* topology) toward the
product measure of the measure

P
i xide i and the Dirac measure dx.

By compactness of S �PðSÞ the sequence fmng is relatively compact for
the topology of weak* convergence. Let m ¼ limni!y mni

be a limit point of
fmng. For any Borel set AHPðSÞ and y A S set myðAÞ ¼ mðfyg � AÞ. Then
for any continuous function g : S �PðSÞ ! R

lim
ni!y

1

ni

Xni

k¼1

gðXkþ1;XkÞ ¼
X
y AS

ð
PðSÞ

gðy; xÞmyðdxÞ: ð3Þ

Applying equality (3) with the function gðy; xÞ ¼ hðxÞ gives

hðxÞ ¼
ð
PðSÞ

hðxÞ
X
y AS

myðdxÞ:

A two armed bandit type problem 9



Since this is true for any continuous function h : PðSÞ ! R we haveP
y AS my ¼ dx. Now, applying (3) with gðy; xÞ ¼ y gives xi ¼

Ð
PðSÞ miðdxÞ.

Thus mi ¼ xidx. This proves the claim.
The proof of part (a) is now obvious, since by weak* convergence we get

QðXÞ ¼ lim
n!y

ð
S�PðSÞ

fyðxÞmnðdy� dxÞ ¼
X
y AS

x�
y fyðx�Þ ¼ Q�

Proof of part (b)

First, observe that it su‰ces to prove the result for smooth functions. Indeed,
if f0; . . . ; fd are only continuous, let cðzÞ ¼ ð2pÞ�d=2 expð�kzk2=2Þ and
V�ðzÞ ¼

Ð
Rd Vðz þ �uÞcðuÞ du. The function V�, hence g� ¼ ‘V�, is Cy. Fur-

thermore, for any d > 0 there exists � > 0 such that

kg� � gky ¼ max
z AU

kgðzÞ � g�ðzÞka d:

Set ~ff0 ¼ f0 and ~ffi ¼ f0 � g�; i for i ¼ 1; . . . ; d. Then

QðXÞa ~QQðX Þ þ d

where ~QQðXÞ is defined like QðX Þ with ~ffi instead of fi.
Therefore (assuming that the result holds for smooth functions) we obtain

QðXÞa ~QQ� þ �aQ� þ 2d:

Since d is arbitrary this proves that QðX ÞaQ�.
From now on, we then assume that f0; . . . ; fd are C1.
For y A S; let Fy be the vector field on PðSÞ � R defined by

Fyðx; yÞ ¼ ð�x þ y;�y þ fyðxÞÞ:

Let H denote the set of functions Y : Rþ ! S which are right continuous and
have at most finitely many discontinuities on each finite interval of time.

For each Y A H the ordinary di¤erential equation

ð _xx; _yyÞ ¼ FYðtÞðx; yÞ ð4Þ

is well defined and induces a non-autonomous semi-flow

xY : fðs; tÞ A R2: tb sb 0g � ðPðSÞ � RÞ ! ðPðSÞ � RÞ

where for all tb sb 0, p A PðSÞ � R t ! xYðs; t; pÞ is the solution to (4) with
initial condition xYðs; s; pÞ ¼ p.

Set t0 ¼ 0 and tn ¼ 1 þ 1

2
þ � � � þ 1

n
for n A N�. Given X A SN� let X A H

be defined by XðtÞ ¼ Xnþ1 on ½tn; tnþ1½ and let P : Rþ ! PðSÞ � R be the
function which is a‰ne on each interval ½tn; tnþ1� and satisfies

10 M. Benaı̈m, G. Ben Arous



PðtnÞ ¼ Xn;
1

n

Xn

k¼1

fXk
ðX k�1Þ

 !

for all n A N, where X 0 is arbitrary chosen in PðSÞ.
The idea of the proof is as follow. First, we will show (Lemma 1) that for

s large enough, t ! xXðs; s þ t;PðsÞÞ shadows t ! Pðt þ sÞ over every finite
interval of time. Then, we will prove2 (Lemma 2), that s ! xYðs; s þ t; pÞ
eventually enters the subset of PðSÞ � R defined by the inequality:

ya
Xd

i¼0

xi fiðxÞ:

Lemma 1. For all T > 0

lim
s!y

max
0ataT

distðxXðs; s þ t;PðsÞÞ;Pðs þ tÞÞ
� �

¼ 0

Proof: By definition of P and X

Pðtnþ1Þ � PðtnÞ ¼ ðtnþ1 � tnÞFXðtnÞðPðtnÞÞ:

Thus

Pðs þ tÞ � PðsÞ ¼
ð sþt

s

½FXðuÞðPðuÞÞ þ �ðuÞ� du

where �ðuÞ ¼ FXðuÞðPðtnÞÞ � FXðuÞðPðuÞÞ for u A ½tn; tnþ1½.
Let eðs;TÞ ¼ maxsauasþTk�ðuÞk and let L > 0 be a Lipschitz constant for

Fi, i ¼ 0; . . . ; d. Then for all 0a taT

kxXðs; s þ t;PðsÞÞ � Pðs þ tÞk

a

ð sþt

s

LkxXðs; s þ u;PðsÞÞ � PðuÞk du þ Teðs;TÞ:

Thus by Gronwall’s inequality

kxXðs; s þ t;PðsÞÞ � Pðs þ tÞka eLT Teðs;TÞ:

For all u A ½tn; tnþ1½

k�ðuÞkaLkPðuÞ � PðtnÞka
1

n þ 1
L max

p AK;y¼0;1
kFyðpÞk:

Hence eðs;TÞaCe�s for some constant C > 0. This proves the lemma.
QED

2 In the first version of the paper we proved this result for d ¼ 1. Josef Hofbauer has shown us
how to extend the result to d b 1 provided ð f0; . . . ; fdÞ has a gradient structure.
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Choose R > 0 large enough so that j fyðxÞj < R for all x A PðSÞ, y A S
and set

K ¼ PðSÞ � ½�R;R�:

It is easy to see that if p A K then xYðs; t; pÞ A K for all tb sb 0.
Let

U ¼ p ¼ ðx; yÞ A K : y >
Xd

i¼0

xi fiðxÞ
( )

:

Lemma 2. Let AHU be a compact set. There exists TA > 0 such that for all
Y A H, sb 0 and p A A

fxYðs; s þ t; pÞ 0a taTAgX ðKnAÞ 6¼ q

Proof [With help of Josef Hofbauer]. To shorten notation set f ðxÞ ¼
ð f0ðxÞ; . . . ; fdðxÞÞ. Then (4) rewrites

_xx ¼ �x þYðtÞ; _yy ¼ �y þ h f ðxÞ;YðtÞi

where h ; i is the usual inner product on Rdþ1. Thus

_yy ¼ �y þ h f ðxÞ; x þ _xxi:

Hence

yðs þ tÞ � yðsÞ
t

¼ 1

t

ð sþt

s

½h f ðxðuÞÞ; xðuÞi� yðuÞ� du

þ 1

t

ð sþt

s

h f ðxðuÞÞ; _xxðuÞi du:

Now, the normalization constraint
Pd

i¼0 xi ¼ 1 yields

h f ðxðuÞÞ; _xxðuÞi ¼
Xd

i¼0

fiðxðuÞÞ _xxiðuÞ ¼ �
Xd

i¼1

giðxðuÞÞ _xxiðuÞ ¼ � d

du
VðxðuÞÞ

where we write VðxðuÞÞ for Vðx1ðuÞ; . . . ; xdðuÞÞ. Therefore

yðs þ tÞ � yðsÞ
t

¼ 1

t

ð sþt

s

½h f ðxðuÞÞ; xðuÞi� yðuÞ� du

� 1

t
½Vðxðs þ tÞÞ � VðxðsÞÞ�:

Letting t ! y leads to
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lim
t!y

1

t

ð sþt

s

½h f ðxðuÞÞ; xðuÞi� yðuÞ� du ¼ 0:

This proves the result. QED

We now conclude the proof of part (b). Suppose QðXÞ > Q�. Choose real
numbers a and b such that Q� < a < b < QðX Þ. Let

A ¼ fp ¼ ðx; yÞ A K : yb ag; B ¼ fp ¼ ðx; yÞ A K : yb bg

and TA be as in Lemma 2. For all s large enough PðsÞ A B. Thus by Lemma
1 there exists s0 b 0 such that xXðs; s þ t;PðsÞÞ A A for all sb s0 and 0a
taTA. This is contradictory with Lemma 2.

Remarks: . The proof of Lemma 2 shows that the conclusion to Lemma 2
remains true if U is replaced by

V ¼ p ¼ ðx; yÞ A K : y <
Xd

i¼0

xi fiðxÞ
( )

:

Using this last remark it is not hard to see that one cannot expect a result
similar to Theorem 1 with a payo¤ defined with a ‘‘lim sup’’ (or ‘‘lim’’) instead
of the ‘‘lim inf.’’

. Theorem 4 can be generalized as follows. Let ðgnÞ be a sequence of
nonnegative numbers such that gn ! 0 and

P
n gn ¼ y. Let xn and qn be

defined by

xnþ1 � xn ¼ gnþ1ð�xn þ Xnþ1Þ;

qnþ1 � qn ¼ gnþ1ð�qn þ fXnþ1
ðxnÞÞ;

and let QðXÞ ¼ lim infn!y qn. Then the conclusions of Theorem 4 continue to
hold with xn in place of Xn.

3. More than two strategies

The proof given in the preceding section shows that the condition that
f ¼ ð f0; . . . ; fdÞ has a gradient structure is su‰cient to Theorem 4. We give
here a class of examples (for d > 1) for which both this condition and the
theorem fail.

Let

E d
a ¼ x ¼ ðx0; . . . ; xdÞ A Rdþ1 :

Xd

i¼0

xi ¼ a

( )

and let

G : E d
1 ! E d

0 ;
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x ! ðG0ðxÞ; . . . ;GdðxÞÞ

be a smooth bounded vector field. The flow induced by G is the family
u ¼ futg of di¤eomorphims defined by u0ðxÞ ¼ x and

dutðxÞ
dt

¼ GðutðxÞÞ:

A set G HE d
1 is said to be invariant under G if for every x A G utðxÞ A G for all

t A R.
An attractor for G is a nonempty compact invariant set G HE d

1 having an
open neighborhood U such that

lim
t!y

distðutðxÞ;GÞ ¼ 0

uniformly in x A U . Suppose that

(a) G points inward PðSÞ at the boundary of PðSÞ. That is GiðxÞ > 0 for
xi ¼ 0.

(b) There exists an attractor G HPðSÞ for G that contains no equilibrium.
That is

G XG�1ð0Þ ¼ q:

(c) The map p ¼ Id þ G maps PðSÞ into its interior.

It is easy to construct a vector field verifying these properties for d > 1. For
(a) and (b) it su‰ces, for example, to choose a vector field G on E d

1 pointing
inward PðSÞ at qPðSÞ and having an attracting periodic orbit G HPðSÞ.
Then replace G by �G. For � > 0 small enough this ensures property (c) with-
out a¤ecting properties (a) and (b).

We now construct our counterexample. Set

f0ðxÞ ¼ �
Xd

i¼1

xiGiðxÞ

and

fi ¼ f0 þ Gi

for i ¼ 1; . . . ; d. Clearly f cannot have a gradient structure; for otherwise G
would be a gradient vector field, contradicting assumption (b) above.

It follows from the definition of f that

X
i

xi fiðxÞ ¼ 0: ð5Þ

Let
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d ¼ inf
x AG

Xd

i¼1

G2
i ðxÞ

 !
> 0:

We claim that there exists a strategy X ensuring a payo¤

QðXÞb d > Q� ¼ 0:

Set xn ¼ Xn and yn ¼ 1

n

Pn�1
k¼0 fXkþ1

ðxnÞ. The pair ðxn; ynÞ evolves according to
the dynamics

xnþ1 � xn ¼ 1

n þ 1
ð�xn þ Xnþ1Þ;

ynþ1 � yn ¼ 1

n þ 1
ð�yn þ fXnþ1

ðxnÞÞ:

Now, suppose that at time n þ 1 the player chooses to play action ei (i.e.
Xnþ1 ¼ ei) with probability piðxnÞ. By a classical method in the theory of
stochastic approximations the long term behavior of this dynamics can be
described in terms of the following system of di¤erential equations

dx

dt
¼ �x þ EðXnþ1 j xn ¼ xÞ ¼ �x þ pðxÞ;

dy

dt
¼ �y þ Eð fXnþ1

ðxnÞ j xn ¼ xÞ ¼ �y þ h f ðxÞ; pðxÞi: ð6Þ

Using (5) we get

h f ðxÞ; pðxÞi ¼ h f ðxÞ; x þ GðxÞi ¼ h f ðxÞ;GðxÞi ¼
Xd

i¼1

G2
i ðxÞ:

Therefore the system (6) rewrites

dx

dt
¼ GðxÞ;

dy

dt
¼ �y þ

Xd

i¼1

G2
i ðxÞ: ð7Þ

Let LðfxngÞ and Lðfðxn; ynÞgÞ respectively denote the limit sets of fxng and
fðxn; ynÞg. It follows from stochastic approximation theory that

(i) The event E ¼ fLðfxngÞHGg has positive probability (see Theorem 7.3
in (Benaı̈m, 1999))

(ii) Lðfðxn; ynÞgÞ is a compact set invariant by (7) (see e.g. section 5 in
(Benaı̈m, 1999))
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On E, Lðfðxn; ynÞgÞ is therefore a compact invariant set of (7) restricted

to G � R. But, for ðx; yÞ A G � R
dy

dt
b�y þ d. Hence Lðfðxn; ynÞgÞH

G � ½d;y½ on E. Since E has positive probability, we have proved the exis-
tence of a strategy X A SN �

ensuring a payo¤ QðXÞb d.
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