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Abstract

In a recent paper [6], P. Carmona gives an asymptotic formulae for
the top Lyapunov exponent of a linear T-periodic cooperative differ-
ential equation, in the limit 7" — oo. This short note discusses and
extends this result. The assumption that the system is T-periodic is
replaced by the more general assumption that it is driven by a con-
tinuous time uniquely ergodic Feller Markov process (w¢)i>0. When wy
is replaced by w! = w, /7> asymptotic formulas for the top Lyapunov
exponent in the fast (i.e T'— oo) and slow (" — 0) regimes are given.

1 Notation and main results

Let d > 1 be an integer. Let M denote the closed convex cone con-
sisting of real d x d matrices having off diagonal nonnegative entries.
Elements of M are usually called Metzler matrices. As usual, a ma-
trix M € M is called irreducible if for all i,5 € {1,...,d} there exist
n € N and a sequence i1 = 1,142, ...,i, = j such that M; ; , > 0 for
l=1,...,n—1. Equivalently e™ has positive entries. Throughout, we
let S denote a compact metric space and

A:S—> M,
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a continuous mapping. We consider the linear differential equation

d
= ALy (1)
with initial condition y(0) = z € R4 \ {0}, under the following assump-
tions:

(i) The process (wt)¢>0 is a continuous time Feller Markov procesﬂ on
S and is uniquely ergodic. By this, we mean that (w;);>0 has a
unique invariant probability measure denoted .

(ii) The average matrix A = [¢ A(s)p(ds) is irreducible.

Remark 1 A sufficient (but non necessary) condition ensuring that A
is irreducible is that A(s) is irreducible for some s in the topological
support of p. The (easy) proof is left to the reader.

The assumption that A(s) is Metzler for all s € S, makes the non-
autonomous differential equation ([II) cooperative in the sense that % >
0 for all 7 # j (we refer the reader to [9] for a comprehensive introduc-
tion to the theory of deterministic cooperative systems). Systems of
this form naturally occur in population dynamics where individuals
can migrate between different patches (see e.g [3], [4] and references
therein) or different states (see e.g [I12], [6]). They also occur as
linearized systems of non-linear cooperative systems (for instance in
certain epidemic models [5]). In all these settings, the process (w;)i>0
represents the time fluctuations of the environment. The top Lyapunov
exponent of the system characterizes the population growth rate, and
its sign determines whether the population persists or dies out.

The following examples illustrate the fact that the process (w)i>o
can be deterministic (Examples [Il and [2)), or stochastic (Examples

and []).

Example 1 (Periodic case) Suppose S = R/Z identified with the
unit circle and
wr=s+t(modl)

for some s € S. This is the case considered in [6]. Observe that here p
is the Lebesgue normalized measure on S.

IThe precise definition will be recalled in the beginning of Section



Example 2 (Quasi-periodic case) A natural generalization of Ex-
ample [[is as follows. Suppose S = (R/Z)" is the n-torus and

wr = (81 + tay, s2 + tag, ..., S, + ta,) (mod 1)

for some s = (s1,...,8,) € S and (ay,...,a,) rationally independent
numbers. That is > ;" | kja; # 0 for any integers ki, ..., k, such that
(k1,-.. kn) # (0,...,0). Again (w)s>0 is uniquely ergodic with p the
Lebesgue measure on S.

Example 3 (Switching) Suppose S = {1,...,n} for some n € N*
and (w¢)e>0 is an irreducible continuous time Markov chain on S. In
other words, the infinitesimal generator of (w¢)¢>¢ writes

LfG) = ai(f(j) — f(i)
j=1

for all f : S — R, where (a;j) is an irreducible rate matrix. Then
(wt)e>0 is uniquely ergodic and g is the unique probability vector solu-

tion to
n

> (njaji = piaiz) = 0
j=1

for all i = 1,...,n. This situation has been considered in [5].

Example 4 Suppose S is a compact connected Riemannian manifold
and (w¢)¢>0 a Brownian motion (or an elliptic diffusion or more gener-
ally, the solution to a uniquely ergodic stochastic differential equation)
on S. Then (w)i>p is uniquely ergodic and y is the normalized volume
on S (or a measure absolutely continuous with respect to the volume,
in the diffusion case).

We now pass to the analysis of the long term behavior of ().
Let A= A4l ={z e RY : Zle x; = 1} be the unit d—1 simplex.
Every y € RZ \ {0} can be written as

y = pb,

with p = (y,1) = 2?21 yi > 0and 0 = ﬁ € A. Here and throughout,

1 stands for the vector (1,...,1)! and (-,-) is the usual Euclidean scalar
product on R



Using this decomposition, the differential equation (II) rewrites

9 pla@n,1) (2)
and &0
= Flw6), (3)

where for all (s,0) € S x A
F(s,0) = A(s)8 — (A(s)0,1)0. (4)

The following proposition is proved in [5], Proposition 2.13, in the
case corresponding to Example Bl It mainly relies on the Random
Perron-Frobenius theorem as proved by Ruelle [I7] and later by Arnold,
Demetrius and Gundlach [I] (see also [I5], [13], and the references
therein). The proof given in [5] extends to the general situation con-
sidered here. Details are given in the next section.

Proposition 1 Let (pt, 0:) be solution to ((2), (3)). The process (wy,0t)i>0
is a Feller Markov process uniquely ergodic on S x A.
Let 7w denote its (unique) invariant probability and let

A= /S (A8 D(dsd),

Then, for every initial conditions p(0) > 0,0(0) € A and wy = s, with
probability one,

lim Lg(pt) =A.

t—00 t
For further notice, we call A the top Lyapunov exponentﬁ of the system
given by (). For periodic linear differential equations it corresponds to
what is sometimes called the principal Lyapunov exponent [13], or the
largest Floquet multiplier [6]. That is, the Floquet exponent with the
largest real part. For further details we refer the reader to the Section
I1.2 of the excellent survey [13] by Mierczyniski.

The following corollary easily follows from Proposition Il It pro-

vides simple estimates of A. Other estimates, mainly for periodic sys-
tems, can be found in [I3] and in [I4] for more general systems.

Corollary 2 The following inequalities hold true:

Zsee the remark 2 for a justification of this terminology



(ii)

A(s) + A(s)! (s) + A(s)'

A
J i FEGE R ) <8 < Al Ju(ds),

where A\pin  (respectively \pqz) stands for the smallest (largest)
etgenvalue.

Proof: (i). Forall# € Aand se S

d
Z. :IllljgdZ:lAji(S) < (A(s)0,1) < max > Aji(s),
‘7:

and the result follows from the integral representation of A.

(i1). Let [yl = \/(y,y). Then,

d <y,A(wt)yt> <9t,A(wt)9t>
—1og([lyell2) = = .
dt e Ak 16,112

Unique ergodicity of (wy, 0;)¢>0, then implies (see e.g [2], Propositions
7.1 and 4.58) that for every initial condition yo € R% \ {0},

g Tolde) [ 0AGH)
A=1 t /SXA (o)

t=o0 1013

almost surely. Now, for all u € R? such that |jul|2 = 1,

A(s) + A(s)
2

A(s) + A(s)!

)\mzn( ) < <U7A(3)u> < )\ma:c( 2 )

This proves the result. O

In the particular case of a periodic system (Example [Il), more can be
said.

Proposition 3 Suppose S = R/Z « [0,1] as in Example [l There
exists a continuous 1-periodic function t € R — 6*(t) € A, such that:



For all s € S and wy = s +t(mod1), t — 0*(s +t) is the unique 1-
periodic solution to (3). It is globally asymptotically stable in the sense
that

Jim [[6(2) = 0%(s + 1) = 0

for every solution (0(t))i>0 to (3) with wy = s+t (mod 1). In particular,
m(dsdf)) = dsdg«(s)(d)

and

1
A= /0 (A()0% (s), 1)ds.

1.1 Slow and fast regimes

For all T > 0, let w] = wy /- Like (wi)i>0, (wl)i>0 is a Feller Markov
process on S, uniquely ergodic with invariant probability p. The pa-
rameter 1/7T can be understood as a velocity parameter. For instance,
in the context of Example [ (w]);>0 is a T-periodic signal. In the
context of Example Bl its mean sojourn time in each state i € S is
proportional to 7'

Consider the differential equation () with (w;);>0 replaced by (w] );>0.
We let 77" and AT denote the corresponding invariant probabilities on
S x A and top Lyapunov exponent as defined in Proposition [Il This
section considers the fast and slow regimes obtained as T' — 0 and
T — o0.

For a d x d real matrix M, we let A4, (M) denote the largest real
part of its eigenvalues (sometimes called the spectral abscissa of M; see
e.g [6]). .

For r > 0 sufficiently large, A 4 rI has nonnegative entries and is
irreducible. Hence, by Perron-Frobenius theorem (applied to A + 1),
Amaz(A) is an eigenvalue and there exists a unique vector, the Perron-
Frobenius vector of A, §* € A, such that

(for the weak™ topology) and

lim AT = Aoz
T—0

=



Note that Proposition Ml has been proven for Example Blin (5], Corol-
lary 2.15). The next result generalizes [6] beyond Example [l Let
supp(p) be the topological support of p. Assume that for all s €
supp(u), A(s) is irreducible. Then, under this assumption, there exists
for all s € supp(p) a unique Perron-Frobenius vector for A(s),0*(s) € A
characterized by

A(8)0%(s) = Mnax(A(s))0"(s).

Proposition 5 (Slow regime) Assume that for all s € supp(u), A(s)
15 irreducible. Then

lim 7TT = /L(dS)(Sg*(s)

T—o00

(for the weak™ topology) and

lim AT = /S)\max(A(s))u(ds).

T—o00

2 Proofs

Notation and Background

If X is a metric space (such as S, A, S x A) we let B(X) denote the
space of real valued Borel bounded functions on X and C(X) C B(X)
the subspace of bounded continuous functions. For all f € B(X) we
let || f|looc = sup,ex |f(x)]. If v is a probability on X and f € B(X) we
write v(f) for [y fdv.

Our main assumption that (w;)i>0 is a Feller Markov process on
S, means, as usual, that (w;);>0 is a Markov process whose transition
semigroup (P;);>o is Feller. That is:

(a) P(C(5)) € C(9);
(b) limyo P, f(s) = f(s) for all f € C(S) and s € S.

It turns out (see e.g [10], Theorem 19.6) that (a) and (b) make (P;)>0
strongly continuous in the sense that limy_ || P.f — flloc = 0 for all
fed(s).

An invariant probability for (w¢)i>0 (or (Pt)i>0) is a probability p
on S such that for all t > 0, uP, = u (i.e w(Pf) = p(f) for all
f € B(9)). Feller continuity and compactness of S imply that such a p
always exists (see e.g [2], Corollary 4.21). Our assumption that (w;)i>0
is uniquely ergodic means that u is unique.
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A useful consequence of Feller continuity is that we can assume
without loss of generality that (w;)¢>o is defined on the space © con-
sisting of cadlag (right-continuous, left limit) paths w : Ry — S
equipped with the Skorohod topology and associated Borel sigma field
(see e.g [10], Theorem 19.15). As usual, for all s € S we let Py denote
the law of (w;)>0 starting from wy = s and P, = [¢Psu(ds). The
associated expectations are denoted E; and E,,.

For allw € Q and t > 0 we let ®;(w) denote the shifted path defined
as O(w)(s) = w(t+ s). Ergodicity of u for the Markov process (w¢)i>0
makes [P, ergodic (but not uniquely ergodic) for the dynamical system
(©¢)¢>0 on Q (see e.g [2], Proposition 4.49).

2.1 Proof of Propositions [ and

For w € € the solution to (Il writes y(t) = ®(t,w)x where (®(t,w))i>0
is solution to the matrix valued differential equation

dd—]‘f — A(wn) M, M(0) = Id.

Let My C M denote the set of d x d Metzler matrices having positive
diagonal entries and M, C M the set of matrices having positive
entries. Observe that

@(t, w) S M+

for all ¢ > 0. Indeed, for r large enough and all s € S, A(s)+2rld > rld
so that e?"'®(t,w) > ef*Id (componentwise).

For all € A, the solution to ([B) with initial condition #(0) = 6,
writes

O(t) = W(t,w)d =

Lemma 6 For P, almost all w € Q :
(i) There exists N € N such that ®(t,w) € M4y for allt > N,
(ii) For all 0,0 € A

. "o
tliglo | U(t,w)d — T(t,w)d'|| = 0.
Proof: (i). First observe that ®(t,w) € M4, & " ®(t,w) € My

for all » > 0. Therefore, replacing A(s) by A(s) + rId for r > || A||cc,
we can assume without loss of generality that A(s) € M for all s € S.



Let z(t) = ®(t,w)z with z € R% \ {0}. Suppose x;(0) > 0. Then
x;(t) > 0 because ;(t) > Aji(wy)xi(t) > 0. By irreducibility of A,
for all j # i there exists a sequence iy = 4,41,...,%, = j such that
Alklk ., > 0 for k = 1,...n. By ergodicity, there exists a Borel set
QCQwith P (Q) — 1 such that for all w € Q

t
1/ A(wy)du — A.
tJo

Therefore, for all w € €, there exists a sequence t; > to > ... > t,
with
Aikikﬂ(wtk) > 0.

By right continuity of (w¢) we also have A;,;, ,(w;) > 0 for t, <t <
ty + ¢ for some € > 0. It follows that &;, (t) > Aj, i(wi)x1(t) > 0 for all
t1 <t <ty +e. Hence x;,(t) > 0 for all ¢ > ¢;. Similarly x;,(t) > 0
for all ¢ > t5 and, by recursion, x;(t) > 0 for all ¢ > ¢,. In summary,
we have shown that for all 4,5 € {1,...,d} and w € €, there exists a
time ¢, depending on 4, j, w such that for all ¢ > ¢,, 2;(t) > 0 whenever
x;(0) > 0. This proves (7).

(ii). Let RL, = {x € RY :2; >0, foralli = 1...d} and A =
AN ]Ri . be the relative interior of A. The projective or Hilbert metric
d on R%, (see Seneta [18]) is defined by

maxj<;<d xi/yi

du(z,y) = log — :
ming <;<d ZEz/yz

Note that for all a, 8 > 0, dp(ax, By) = dp(z,y) so that dp is not a
distance on ]Ri .. However its restriction to A is. Furthermore, for all
0,0 c A,

max |0; — 0 < 100 _ 1, (5)
1<i<d

By a theorem of Birkhoff (see e.g [18], Section 3.4), for all M € M,

sup e

= 7[M] (6)
(eyeRd  dy(ay)>0)  AH(T,Y)

1—+/r(M)
/(M)
with (M) = min; ;z;min %““M” it M € Miy and r(M) = 0 if
M e My \ M4 In partlcular for M € My, 7(M) < 1 if and
only if M € M, 4.

where 0 < 7(M) < 1 is the number defined as 7(M) =




For all 0 < s <t, let
F1(w) = max{log(7[®(t — 5, O5(w))]),s — t} € [s — ¢,0].

We claim that (F§;)o<s<t is a sub-additive process. That is:
(1) Fs,t 00, = s+v,t4vs and
(ii) FS,u < Fs,t + Ft,ua

for all s <t <wand v > 0.
The first assertion is immediate because @4 0 @, = G4 y,. For the
second, by the cocycle property

D(u—5,0w)) =P(u—1t,0w)) o ®(t — s,O5(w)).
Thus,
log(7T[®(u—s,04(w))] < log(7[®(u—t, O(w))]+log(T[P(t—s, Og(w))].

This proves (ii).
Note also that t,s — F¢(w) is continuous and that sup |[Fs;| <
0<s<t<1
1, so that the integrability conditions required for the continuous time
version of Kingman’s subadditive ergodic theorem (as stated in [I1],
Theorem 5.6) are satisfied. Therefore, by this theorem,
log (7[®(t, w)]) Fou(w)

lim sup < lim ——— =»v

t—o0 t t—o0 t ’

[P, almost surely, where

. Fo
TR
Clearly v < 0. For otherwise we would have that 7[®(n,w)] = 1 &
P(n,w) € My \ M44 for all n € N, P, almost surely, in contradiction
with (7).

Let N be like in assertion (i) of the Lemma. Then, by what pre-
cedes, [P, almost surely,

log(dy (VU (t 4+ N,w)0, VU (t + N,w)b"))

lim sup
t—o00 t
1 d(t,© log(dg (¥ (N,w)0, ¥ (N,w)d’
< i up DECIFCONE) L BN, 0, ¥V _
t—o00 t—00
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By inequality ([B), this concludes the proof. O

Let (Q¢)r>0 denote the semigroup of the process (w¢, 6)¢>0. Then, for
all f € B(SxA) (s,0) € S xA,

Qtf(s79) = Es[f(wb \Il(tvw)(e))]
Lemma 7 The semigroup (Q¢)i>0 is Feller.

Proof: We need to show that (a) Q:(C(S x A) C C(S x A) and (b)
limy_0 Q¢ f(s,0) = f(s,0) for all f e C(S x A).

(a). It is easy to verify that there exist constants cj,co > 0 such
that for all s, € S,60,0" € A

1F(s,0) — F(s,0")]|
1F(s,0) — F(s', 0)]|

e[| — ¢’ (7)

<
< ool A(s) — A(S)]|

where F' is defined by ({#)). Fix ¢ > 0 and let @ be the path defined as
Wy = wge for all ke <u < (k+ 1)e. Then, by Gronwall’s lemma,

W (t,w)(0) — o)l <Ct/ [A(w A(@(u))lldu (8)

where ¢; = e“!cy. Thus, by Jensen inequality,

Es([[W(t,w)0 = W(t,0)0)])* < Es([9(t,w)(0) — ¥(t,@)(0)]?)

<t /0 Eo([[A(wn) — A(@)|?)du

The choice of the norm being arbitrary we can assume that the norm
on the right hand side of the preceding inequality is the Euclidean on
R% . Then, for all ke < u < (k+ 1)e,

Es([|[A(wa)) = A@u)|?) = Es (E(|A(wn)) — A@u)|*)[Fie))

= Eo(Puge (1412) (o) = 2(A(wke), P e (A)wpe)) + \|A<Wka>\|2>
< sup [IB(IAIP) = 41" lloo + 20 Aol P A = Alloo 1= 8().

Observe that d(¢) — 0 as € — 0 by strong continuity of (P;);>o.
Combining the two last inequalities, we get

Es([[W(t,w)(0) = W(t,@)(0)]°) < cft*d(e) 9)

11



Let now f € C(S x A). Then, for every § > 0 there exists o > 0, such
that

\f(s,@) - f(S,H/)‘ <0+ 2”f”1||9—9’||2a
Thus
Qe f(s,0) — Es(f(we, ¥(¢,@)(6))]

< Es (1f (we, ®(t,w)(0)) = f(wr, ¥(t,0)(0))]) <6+ Q%Cft%(ﬁ)-
This shows that the left hand term goes to 0 uniformly in (s,0) € Sx A
as e — 0.

In order to conclude it suffices to show that (s,0) — Es (f(w, U(¢,@)(6)))
is continuous. For all s € S, let (¥7);>0 denote the semi-flow on A in-
duced by the autonomous differential equation % = F(s,0) Then for

ke <t< (k+1)e
fw, O (t,0)(0)) = flw, Uiks_ o . WL o WE(H))

Now, for every h € C(S*¥+2x A), Feller continuity of (P;)¢>0, makes the
map (s,0) = Es(h(wg, wge, - - . ,wo, 8) continuous. This is immediate to
verify when h is a product function (i.e h(sgi1,-..,80,0) = hgs1(Sk+1):
ho(s0)g(6)) and the general case follows by the density in C'(S*+2 x A)
of the vector space span by product functions. This concludes the proof
of (a).

(b). Let f € C(SxA)and d > 0. Because || U(t,w)(0)—0] < t||F| oo,
|Qef(s,0) —Es(f(wy, 0))]] <9 for all ¢ sufficiently small. By Feller con-
tinuity of (F3) limy—o Es(f(wt,0)) = limeso B(f(,0))(s) = f(s,6). O

We can now conclude the proof of Proposition[l It follows from Lemma
() that for all f: S x A+ R continuous (hence uniformly continu-
ous) and all 0,6 € A,

Tim [ W(t,)6) — (wr, W(t.0)8)| = 0
P, almost surely, for x4 almost all s € S. Hence, for all 6,0’ € A,
lim |Quf(5.0) — Quf(5.8)] =0, (10)

for p almost all s € S. Let now 7 be an invariant probability of (Q)¢>0.
Such a 7 always exist because (Q¢)¢>o if Feller on S x A compact. To
prove that 7 is unique, assume that 7’ is another invariant probability.

Then, writing 7(f) for [, A f(s,0)m(dsdh),
m(f) =7 (f) = 7(Quf) — 7(Quf)

12



_ / [ / (Quf(,0) — Quf (5,0))7(d0)5)7(d0|s)| u(ds)
S AXA

where for each s € S, 7(.|s) (respectively 7/(.|s)) is a conditional dis-
tribution of 7 (respectively 7') (see [7], Section 10.2). It then follows
from (I0) and dominated convergence that m(f) = «’(f). Thus 7 = 7'.
This proves unique ergodicity.

Now, unique ergodicity and Feller continuity of (ws,0s)s>0 imply
that for every continuous function g : S x A - R

1 t
lim — [ g(ws,0s)ds = /gdﬂ

Ps o almost surely for all 5,0 € S x A. (see e.g [2], Proposition
7.1 for discrete time chains combined with Proposition 4.58 to han-
dle continuous time). This concludes the proof of Proposition [Il with

9(s,0) = (A(s)6,1)).
Remark 2 By the multiplicative ergodic theorem, there exist numbers

A < ... < Apyr < d, called Lyapunov exponents, such that for P,
almost all w and all z € R%\ {0},

lim M = Ax,w) € {A1,..., A}

t—o00

The set of x € R? for which A(z,w) < A, is a vector space (depend-

ing on w) having nonzero codimension. On the other hand, by what
precedes, A(z,w) = A for all z € R% \ {0}. It follows that A = A,.

Proof of Proposition
For s € S =R/Z, let w[s| € Q be the path defined as
w[s] = s+t (mod1).

By Brouwer fixed point theorem, the map ¥(1,w[0]) : A — A has a
fixed point 6*. Set 0*(t) = (¢, w|[0])(6*). Then

07(t + 1) = W(t,w(1]) o W(1,w[0))(67) = 67(¢)

proving that ¢ — 6*(t) is 1-periodic.
For all s € S and § € A

Jim ([ (2, w[s])(0) =07 (t+s)|| = lim [[W(E,w[s])(0) =W (t,w[s]) (6" (s))]] =0,

by Lemma [6 applied with w = w[s] and 6" = *[s]. Observe here, that
the conclusions of Lemma [6] hold with w = wls] for all s € S simply
because w[s| is 1-periodic.

13



Remark 3 The proof given here can be re-interpreted in the classical
framework of Floquet’s theory used in [6]. By Floquet’s theorem, every

solution to le—t = A(w[0])y writes y(t) = P(t)e'Py(0), where P is a 1-

periodic matrix such that P(0) = Id. The matrix e® has nonnegative
entries, hence, by Perron-Frobenius theorem, a eigenvector y* & Ri \
{0}. The point 6* in the proof above is the projection of y* on the
simplex, 6* = y*/|y*|.

3 Proof of Propositions 4 and

For all T > 0, let (Qf);>0 denote the semigroup of (wf,6;);>¢ with
wi = w, 7 and (0;)¢>0 is solution to ([B) when w; is replaced by wi.
Using the notation of the preceding section one sees that

Q7 (£)(s,6) = Es [f(wyr, U(t,w")(6))]
for all f € B(S x A).

Proof of Proposition 4

Forall6 € A, let F(0) = [4 F(s,0)u(ds), where F is defined by (@). Let
(U4)>0 denote the semi-flow on A induced by the differential equation

6 = F(6). The following lemma follows from the averaging principle as
given in Freidlin and Wentzell [§](Theorem 2.1, Chapter 7).

Lemma 8 For alld >0 andt >0,

lim P, sup || ¥ (u,wD)(0) — T,(0)]| =6 ) =0.
-0 0N, 0<u<t
In particular, for all f € C(A) and t > 0,
. T —
}I%Eu [Hf oW(t,w')—fo ‘IthOO] = 0.
Proof: We claim that

1

t+R
. - _ — > — )
leéoiggp” <‘R/t F(ws, 6)ds F(H)‘ > (5> 0 (11)

Indeed, by stationarity (invariance of PP, for (©;)¢>0),

P, <'% /tHR Flws, 0)ds — F(e)' > 5) _p, <'% /OR Flws, 0)ds — F(e)' > 5)
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for all ¢ > 0; and the right hand term goes to 0, as R — oo, by ergodicity
of u.

By the averaging theorem (Theorem 2.1, Chapter 7 in [§]), condition
() implies that for all § > 0, > 0 and 0 € A,

%i_nlmPu < sup || ¥ (u,w?) (@) — T, (0)] > 5> = 0. (12)

0<u<t
By Lipschitz continuity (see (7)) and Gronwall’s lemma,

sup [0 (u,w")(8) — U (u,w) (@) + [[2:(8) — Te(8)]| < 276 — &
0<u<t

for all 0,0’ € A. Fix ¢ < ge_clt and let {B(0;,¢),i = 1,...,N} be a
finite covering of A by balls of radius €. Then

sup H\If(u,wT)(H)—\Ifu(H)H < max_ sup H\If(u,wT)(HZ-)—\I’u(HZ-)||+5/2.

0<u<t,feA i=1,...,N g<u<t
Hence
N
P, ( sup | W(u,w")(0) = T (6)] 6) > ( sup [[@(u,w")(6;) — T
0<u<t,feA i—1 0<u<t
The right hand term goes 0 as 7' — 0 by ([I2)). O

We now prove the proposition. Let 77 be the invariant measure of
(QF)i>0 and let 7° be a limit point of (77)7~¢ for the weak* topology,
as T — 0. That is: 7' f — 70f for some sequence T,, — 0 and all
fel(SxA).

Let p: S x A — A be the projection defined as p(s,#) = 6 and let
1

77;[ = 7T op~! be the second marginal of 77 Similarly, set ) = 7lop™~

For all f € C(A) and t >0,
T F = (Fon) =7 QT (Fop) = [ BulW(tLT)O) (dsd0)
Thus,

73 f =73 (f o Uy)| =

/ EL[£(U(t,w")(0)) — F(T,(0))]n7 (dsdb)
SxA
= /SES[Hfow,wT) — oWy alin(ds) = B[ f oW (t,wT) — foly ).

15
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Here we have used the fact that the first marginal of 77 is p. Using
Lemma [§ it comes that

mof =m3(f o Uy)

for all t > 0. This proves that 73 is invariant for {¥;};>g, but since
{¥;}+>0 has 6* as globally asymptotically stable equilibrium, necessar-
ily 79 = Jg«. On the other hand, the first marginal of 7¥ is p. Thus
7 = 11 ® dg~. This concludes the proof.

Proof of Proposition
Recall (see the proof of Lemma [7]) that for all s € S, we let (V7):>0

denote the semi-flow on A induced by the differential equation 6 =
F(s,0).
Let (Q7°)¢>0) denote the Markov semigroup on S x A defined as

for all f € B(S x A).
Lemma 9 Forall f € C(S x A) andt >0
i QT f — Q5o = 0.
—00

Proof: Let f € C(SxA). By uniform continuity of f, for every ¢ > 0
and d > 0 there exists « > 0 such that

| (wf Wt wh)0) = f (5, U2 (0))] < 0421 f oo L a4 | w(t.T ) (0)- w3 ()2}
Thus
1QF £(5,0) — QF f(s,0)|| < By (If (w/, W(t,w")(0) — f(s, U5 (6))])

Es(1W(t,w)(0) — w3 (O)]) + Pyyr(d(., 5)(s)

<6+ 2[fllo

By Feller continuity, P/ (d(.,s))(s) — 0 uniformly in s € S as T" —
oo. This follows for example from Lemma 19.3 (F3) in [10]. Now the
estimate (@) applied with w”" in place of w, (Py/r)¢>0 in place of (Pr)io
and € >t gives

sup Es(|[2(t,0")(8) = T3 (O)]) < t26(e/T). (13)
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with 6(¢/T') — 0 as T'— oo. This concludes the proof. 0

We can now prove Proposition Bl Let 77 be the invariant measure of
(wl',0;) and let 7> be a limit point of (77)7¢ for the weak* topology.
That is 777 f — 7 f for some sequence T}, — oo and all f € C(S x A).
Then,

7 () = 7 QF Nl = 7@ () = QU] < 1Q7 () = Q5 (Flloe-
Thus, by Lemma[@ (ii), 7°°(f) = #>°(Q¢°(f)). Now for all s € supp(u)

Jim QF(f)(s.0) = Jim F(s,%3(6)) = £(5.0"(3)).

Thus, since 7°°(supp(p) x A) =1, it comes that

w(f) = /S /A £(5,0%(5))m™ (dsd) = /S £(5,0%(s))u(ds).

This proves the first part of Proposition Bl The second part follows
directly from the first one.

4 Concluding remarks

The results and proofs given here all rely on the assumption that (w;)>0
is a Markov process. In particular, they do not apply to the case where
t — w; is a deterministic periodic signal with discontinuities. This
situation is investigated in the preprint [4]. The recent preprint [10]
provides a first order expansion of AT when T goes to 0.
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