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Abstract

Parallel and distributed architectures are emerging as commonplace platforms for high performance
computing. The existence of standard parallel programming libraries facilitates the use of such
platforms for running challenging applications in science or engineering. However, as compared to
the homogeneous case, a number of additional factors should be taken into account in order to ensure
an efficient execution on heterogeneous computing environments. In such systems one must consider
not only the application’s dynamic behavior but also the environment’s dynamics. We dealt with the
dynamic load balancing for parallel adaptive simulations in heterogeneous computing environments.
Such applications are usually characterized by the fact that the workloads assigned to processors
may change significantly and unpredictably.

Our work followed two main directions. In a first step we developed a theoretical heterogeneous
computational model and we extended and analyzed the well-known diffusion algorithms with re-
spect to such a model. Afterwards, our variant of generalized diffusion was further compared with
other approaches and was shown to be faster than another popular technique, the hydrodynamic
algorithm. The possibility of using polynomial acceleration schemes in a dynamic context was fur-
ther investigated. Other faster dynamic load balancing schemes were proposed and investigated. An
incremental algorithm that is capable of taking advantage of an already computed fair distribution
for computing a new one was described. In a second step, we designed and implemented a testbed for
adaptive numerical simulations in heterogeneous computing environments. A tool, called HeRMeS,
which allows to perform such simulations and that incorporates the methods developed at the first
step, was designed and implemented. Experiments with the discussed methods and with HeRMeS

were performed.
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Chapter 1

Problem overview

Numerous applications in science or engineering, in domains like fluid dynamics, global climate
modeling, formation of the universe, aerodynamics, ocean circulation are computationally intensive,
requiring huge memory and processor resources. The distributed network computing environments
can offer sufficient resources on which to execute such applications, as in many companies or in-
stitutions they are unused most of the time. Such systems represent an attractive alternative to
the multi-processor computers because of their characteristics: better performance to price ratio,
extensibility, accessibility.

However, programming in distributed environments constitutes a challenging task and poses a
number of additional problems. Heterogeneous computing systems present a new challenge to dy-
namic load-balancing software [3]. Multiple users usually share these platforms and the performance
of the applications may be affected by a number of factors that are subject to dynamic and unpre-
dictable variations. One major question is how to efficiently exploit these systems. An important
task of a developer in the context of heterogeneous environments is to ensure a fair use of all the
available resources. Within such contexts, the application developers must account for widely vary-
ing processor powers, memory capacities, and network connections. Besides the dynamic variation
of the workloads assigned to processors, generated by the application, one should also consider the
possible variation of the physical parameters of the host environment.

The problem of dynamic load balancing has been extensively studied in the last decade mainly



in homogeneous systems [13, 6, 7, 43, 16, 33, 57, 13, 93, 34, 91]. Significant progress has been
achieved in the context of numerical applications based on adaptive unstructured meshes; complex
tools incorporating a number of mature techniques are now available [36, 35, 39, 42, 37].

Moving parallel applications to dynamic and heterogeneous computing environments introduces
a new level of complexity. These environments require the selection and the configuration of pro-
gram parameters at runtime, depending upon the state and the availability of resources. However,
the selection of a best mix between system resources, mappings, load distributions and communi-
cation mechanisms is non-trivial in a heterogeneous environment. The system’s dynamics and the
application’s adaptivity make the dynamic load balancing problem to be a significant challenge.
The straightforward adaptation of the techniques employed in the homogeneous case for the use in
the heterogeneous case is often not an easy task. In distributed environments, in addition to the
parameters that are dependent on the application, the processor parameters as well as the network
parameters must be taken into account in order to determine an optimal load distribution that leads
to an improved execution time of the entire application. Specifically, physical parameters of both
the interconnection network and the processors, such as the latency, bandwidth, processor capacity,
etc..., which are often ignored in the homogeneous systems where the assumption of uniformity is
sound, must be taken into account. As an example, the tests performed by Ripeanu et al. [65] with
the Cactus platform led the authors to the conclusion that ”one should definitely consider network
performance issues when taking load-balancing decisions”.

In this thesis we developed or extended dynamic load balancing techniques that are applicable in
heterogeneous systems [66, 67, 69, 68]. Our work has been carried out with respect to a theoretical
heterogeneous model that assumes that the processors may have different capacities and that the
communication may have different costs. The techniques we sketch are sufficiently general to be
applied for a broad class of parallel and distributed applications. In the second part, the simulation
of an application that performs adaptive numerical computations, relying on unstructured meshes,
is described. We designed HeRMeS, a tool that can serve primarily as a testbed for our dynamic
data redistribution methods in heterogeneous environments and secondly, as an extensible platform
for performing numerical adaptive simulations on a heterogeneous collection of distributed memory

machines. The design philosophy and implementation of such a testbed is described. Results of



experimental tests performed on a computational grid that we built using commodity hardware

available in our institute are reported.



Chapter 2

Introduction

A main concern when running large applications on distributed environments is the efficient use of the
available computational resources. The execution time of the application is influenced by the speed
of the slowest processor, therefore the workloads should be fairly distributed over processors. From
time to time, it may be necessary to proceed to a redistribution, as at runtime the workloads assigned
to processors as well as the available capacities of the processors and the network performance may
vary, often in an unpredictable manner.

The networks of workstations constitute cost-effective platforms for parallel computing. The
progresses made in the direction of improving the speed of computers and of interconnection networks
make such environments suitable for parallel and distributed computing. Many academic institutions
and companies dispose now of a great unexploited potential in terms of processing power that could
be made effective by putting together the available computing resources. Furthermore, the existence
of standard or widely used programming libraries, such as MPI or PVM, allows for programming such
hybrid systems independently of their hardware characteristics. However, although heterogeneous
environments offer numerous advantages, it is difficult to obtain the maximum benefit of their
theoretical computing power.

A parallel application usually consists in a set of communicating components that have to be
allocated onto the physical resources of a target architecture [23]. The allocation can be static or

dynamic. Static allocation occurs before execution and can take into account both the execution and



the communication needs. This is feasible when the computation time of the components assigned to
processors can be estimated a priori. However, for an important class of applications the workloads
assigned to processors may change during the computations and cannot be estimated in advance.
These applications require dynamic allocation. The application’s specific dynamic needs must be
considered at runtime, on the basis of the system’s current state. One should take into account the
availability of the system’s physical resources when trying to assure a fair workload distribution in
the system.

One of the most important capabilities of a dynamic load balancing algorithm should be the
ability to act incrementally, i.e. the ability to take advantage of a previously computed fair data
distribution when computing a new one, in order to minimize the overhead. An important restriction
imposed by some applications is that of preserving the data locality. A popular class of methods
that meet these requirements to a large extent is represented by the nearest-neighbor algorithms.
They lead an unbalanced system to a global equilibrium state by allowing information exchanges
only between processors that are neighbors in the communication graph induced by the application.
The most popular variants are the diffusion [13, 6, 43, 16, 33], the dimension exchange [57, 13, 93],
the multi-level diffusion [34], and the gradient model [91]. Such techniques are applicable in a larger

context of parallel processing that includes the adaptive numerical mesh-based simulations.

2.1 Load balancing for parallel adaptive computations

Parallel adaptive finite element applications arising in domains like Computational Fluid Dynamics
or Computational Mechanics have been considered relevant for illustrating the complexity of the
problem of dynamic load balancing [30, 44], primarily in homogeneous systems. Such applications
often rely on adaptive unstructured meshes. In practice, these meshes may contain a large number
of finite elements and due to memory limitations and/or computational requirements they must
be fairly distributed over processors, in a way that preserves the data locality. These meshes may
undergo in the course of a computation significant structural changes that cause the modification of
the workloads assigned to processors (refinement/de-refinement operations). A fast method is often
necessary to apply in order to restore the load-balance. Because the inter-processor communication is

generally costly, a fair workload redistribution algorithm must minimize the cost of data migration



and the number of dependencies between vertices residing on different processors. A centralized

approach possibly leads to heavy communication and generally is not scalable.

2.2 Static load balancing strategies

2.2.1 The case of homogeneous systems

Various heuristics for static load balancing have been proposed. Farhat proposed an automatic
mesh decomposer based on the Greedy Algorithm [20]. A widely used technique was the Recursive
Coordination Bisection, which was originally described by Berger and Bokhari [4]. This algorithm
recursively bisects the mesh at each step by dividing a subdomain in two equal parts along the co-
ordinate axis of the longest extent. A similar method, Recursive Inertial Bisection, was proposed by
Nour-Omid et al. [63]. This technique differs from the above one by that the vertices are partitioned
into subsets of equal size by a plane that is perpendicular to the unique non-degenerate eigenvalue
of the Inertial Matrix. A technique applicable when the mesh coordinates are not available is Re-
cursive Graph Bisection. This was first described by George et al. [25] and, as opposed to the
above methods, it uses the graph distance rather than the Euclidian distance. A better technique,
regarding the quality of the generated partitions, the Recursive Spectral Bisection, was described
by Simon [75]. The basic idea used with this technique was to sort at each step the vertices using
as keys the values of their associated components in the eigenvector that corresponds to the second
smallest, eigenvalue of the Laplacian matrix of the graph. Trying to improve the performance of the
partitioning techniques enumerated above, Barnard et al. [1] and Karypis et al. [53] proposed the
use of multilevel schemes.

For improving the quality of the partitions, Kernighan and Lin [55] proposed an algorithm for
local optimization that attempts to swap two equal-sized subsets from the initial partition with the
objective to reduce the number of connecting edges at each iteration.

In the case of the unstructured meshes, the problem of static partitioning in homogeneous sys-
tems, despite all the imperfections of the underlying model addressed by Hendrickson et al. [31],
cannot be further considered a challenge. Fast and high quality parallel mesh partitioning codes

implementing various well studied techniques have been made available [44].



2.2.2 The case of heterogeneous systems

Less work has been done with mesh partitioning in heterogeneous systems compared to homogeneous
systems. Chen and Taylor considered a hierarchical heterogeneous model and conducted experiments
in distributed systems with mesh partitioning [9, 8]. They used the term of group to designate
a collection of processors that have comparable performance and that are connected via a local

network. They proposed an algorithm that acts in three steps:

e A coarse partitioning into subdomains is generated and to each group is assigned a subdomain
whose size is proportional to the number of constituent processors. The performance of the

processors and the computational complexity of the application are taken into account.

e The subdomain that is assigned to a group is partitioned among its constituent processors.
A parallel simulated annealing technique is used to balance the execution time by taking into
account the variance of network performance. The processors responsible for inter-group com-

munication are given less computational load to compensate the cost of remote communication.

e A global optimization step is performed taking into consideration the performance of the local
interconnection network of each group. Elements on the boundaries between group partitions

are moved according to the execution time variance between neighboring groups.

The same authors implemented a tool for static partitioning in heterogeneous systems called PART
(ParaPART, its parallel version) that was used for conducting experiments in distributed systems.

The problem of mesh partitioning in heterogeneous environments has been also tackled by Wal-
shaw and Cross [84]. The authors extended their work related to mesh partitioning, carried out in

homogeneous systems and adapted the multilevel schemes for the heterogeneous case.



2.3 Dynamic load balancing strategies

2.3.1 Dynamic load balancing in homogeneous systems

Dynamic repartitioning raises more complex problems in practice. The most important is that these
methods must be performed online, in parallel. Secondly, they must be fast and their result at
least compensate the cost of their application. Thirdly, care must be taken in designing adequate
data structures, as well as manipulation/update primitives, because, otherwise, the cost of their
bookkeeping could be high. In order to meet these requirements, the cost of data migration must
be kept at a minimum. The volume of data migration is usually considered to be a rough measure
of the redistribution time (whereas the edge-weight is a rough measure of the communication time
of the application itself).

The general problem of dynamic load balancing for data parallel applications has been an exten-
sively studied research topic in the last decade [93]. In the particular context of adaptive unstructured

meshes, two types of methods proved to be efficient [44].

1. Dynamic load balancing by repartitioning

Any static strategy for graph partitioning falls in this category. However, such methods are
not generally able to explicitly minimize the data movement resulting from the repartitioning,
but only the the number of edges that have the extremities in different subdomains (edge-
cut). Regarding the modalities of how to take into account also the vertex migration, several
ways were suggested. A key idea was to associate a virtual vertex with each subdomain and
to connect it with the other vertices in the subdomain by virtual edges [81, 32]. Thus, by
partitioning the modified graph, both of the objectives of minimizing the edge-cut and the
data movement were considered at the same time. Schloegel et al. proposed a strategy that
constructs coarser graphs by merging pairs of neighboring vertices into a single vertex, in each
subgraph assigned to a processor [73]. This strategy guarantees that in the uncoarsening phase,
the vertices that participated to form a vertex in a coarser graph in the old partitioning are
located in the same subdomain in the new partitioning. Another suggested approach was to
use after repartitioning a re-mapping algorithm to allocate a new subdomain to a processor

on which the most of its vertices reside, in order to reduce the data movement [64, 74].



2. Dynamic load balancing through node migration

These methods generate a new partition by migrating vertices between adjacent subdomains.

Usually, they act in two phases [44]:

e Flow calculation: each processor computes the number of vertices to be sent/received
to/from neighboring subdomains residing on different processors. All these quantities

define the components of a balancing flow on the edges of the subdomain graph.

e Vertex selection: each subdomain/processor determines which vertices should be migrated

to adjacent subdomaims/processors so as to satisfy the balancing flow.
For the flow calculation one of the following methods may be used:

1. Diffusion

This technique consists in simulating a heat diffusion process between the subdomains: their
heat, representing their weight (i.e. the sum of the weights of the constituent elements), flows
from warmer to colder subdomains. It balances load distributions by working only on lo-
cal states and by locally moving elementary items in the direction suggested by an energy-
minimization goal. Usually, every subdomain exchanges in each iteration step a fraction of
the difference between its weight and the weights of the adjacent subdomains; these steps
are iterated until a global equilibrium is reached. At each step, the exchange is done with all
neighbors at a time. The original diffusion, as it was described by Boillat [6] and Cybenko [13],
converges slowly on subdomain graphs with small connectivity. Efforts to improve it were done
by different authors [62, 43, 16]. Other variants of this method were proposed Heirich et al. [33]
and Watts et. al. [89].

2. Dimension exchange

The underlying idea is similar, i.e. exchanging a fraction of the difference between a subdo-
main’s weight and the weight of its neighbors, but, contrary to diffusion, the exchange is done
with only one neighbor at a time: only distinct pairs of neighbors are allowed to exchange
information in one step. A way that was suggested to handle this was to color the edges of

the subdomain graph and, at each step, to allow exchanges only between subdomains that
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are connected by edges of the same color [57]. Originally, the exchange fraction was set to
1/2 [13]. Because the convergence on subdomain graphs with small connectivity is low, too,
other values were suggested for the exchange parameter in order to accelerate the convergence.
Xu and Lau [93] proposed a variant of dimension exchange that consists in exchanging, each
time, a fraction different from 1/2 between distinct pairs. They called this method Gener-
alized Dimension Exchange (GDE) and they gave optimal values of the exchange parameter
for different types of graphs. Unfortunately the authors ignored the quality of the generated

balancing flow.

. The method of potentials

Hu et al. proposed [45] a direct method that finds the minimum balancing flow w.r.t. a ho-
mogeneous computing model. This method consists in finding the solution of a system, using
a conjugate gradient method. This system involves the Laplacian matrix of the subdomain
graph and the imbalance vector (whose components are the differences between the weight of
a subdomain and the average weight). This method uses a more global view but is faster than

the diffusion algorithms. The authors referred it to as the method of potentials [44].

As Walshaw noticed [85], it can be viewed as a diffusion whose parameters are determined iter-
atively at each step, as opposed to the original diffusion that uses fixed parameters. Schloegel
and Karypis [71] used the term directed diffusion when referring to this method and undirected

diffusion for the original diffusion described by Cybenko [13].

. Multilevel diffusion method

The method consists in recursively bisecting the subdomain graph. At each step the algorithm
keeps track of the number of elements that must be migrated from one subdomain to another
so that they become balanced. The number of bisection steps is logarithmic in the number of
subdomains, but each step is complex and requires much interprocessor communication. This
method was described by Horton [34]. Unfortunately, as in the case of the dimension exchange,

the quality of the generated balancing flow was ignored.
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2.3.2 Techniques for vertex selection for migration

After finding out how many vertices a processor has to exchange with its neighbors to restore the
balance, one must decide which vertices should be migrated so as to satisfy the migration flow with
maximum profit. Clearly, the border vertices are the first candidates to be examined. Usually the

selection process is guided by using a gain function. Several ideas emerged:

e A natural idea used by Vidwans et al. [83] was to transfer successive layers of boundary vertices

between sender and receiver processors.

e Walshaw et al. [86] used heuristics for vertex selection based on the idea of gain. The gain is
generally related to a cost function that express the quality of a partition, like for example the
sum of the weights of the edges with the extremities residing on different subdomains. The
vertices on the border of a host subdomain having neighbors on a specified target subdomain
were sorted using a criteria based on the idea of relative gain and then migrated in a decreas-
ing order. The number of vertices to be transferred was calculated taking into account the
balancing flow and the total weight of vertices with positive gain on the border that preferred

the target subdomain.

e Schloegel et al. [72] used multilevel schemes. The boundary vertices in the coarsest graph
were visited in a random order and a quantity of vertices were migrated so as to satisfy the
computed balancing flow. After the load was balanced, multilevel refinement started and the
graph was refined again. Boundary vertices were visited randomly and migrated according to

a certain vertex migration criterion.

e In the case of the graphs that are highly imbalanced in a certain area, an algorithm called
wavefront diffusion was proposed [73]. The migration was started in a wavefront form from

the subdomains that were the most overloaded.

2.3.3 Heterogeneous dynamic load balancing

The use of heterogeneous distributed systems for high performance computing calls for adequate

efficient dynamic load balancing strategies. Unfortunately, although dynamic load balancing has
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been intensively studied, most of the proposed schemes are inadequate for distributed environments.
Some of them assume that all the processors have similar capabilities and that the interconnection
network is dedicated and has uniform performance. Some efforts to adapt the already existing
schemes for the use in heterogeneous environments have been done [18]. Unfortunately, most of these
assume a fixed underlying communication topology. Watts et al. [89] and Hui et al. [46] proposed
algorithms for heterogeneous environments but they ignored the network performance. Experiments
with dynamic repartitioning in heterogeneous systems for the case of adaptive structured meshes
were reported by Sinha et al. [78]. Multilevel algorithms have been successfully used for solving
the graph partitioning problem in homogeneous environments, being incorporated in most of the
partitioning tools (METIS, Jostle, Chaco). However, they fail to address the limitations imposed
by heterogeneous computational models and supplementary work has to be done to adapt them for

the use in such environments.

2.3.4 Packages/Tools for dynamic load balancing

The research efforts pursued in the last years in the context of dynamic load balancing for adaptive
unstructured meshes were fruitful and concretized into several packages for dynamic repartitioning.
The most popular were ParMETIS [36], PJostle [39], Party [42]. Meanwhile, as it was remarked by
Hendrickson and al. [30], the relatively large number of methods proposed for dynamic repartitioning
did not necessarily result in widely used software. The idea of a general-purpose dynamic load
balancing library comprising the most efficient dynamic repartitioning techniques emerged. Among

the reasons for implementing such software one can enumerate:

e Contrary to the case of static partitioning, the adaptive case requires the use of online tech-

niques; the procedures used for adaptive repartitioning must therefore be used at runtime.

e As different adaptive applications have different characteristics and as no method is adequate
in all cases, the programmer of a parallel numerical solver (PNS) needs a palette of different
algorithms that allow for a trade-off between the execution time of the repartitioning procedure

and the communication time of the PNS.

e Many industrial applications need complex solvers and need to be run on parallel systems
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in order to make them efficient; thus, adaptive repartitioning libraries constitute a stringent
necessity. A general-purpose library implementing several dynamic load balancing algorithms

would permit the choice of the most appropriate method for a specific kind of application.

e For the researchers, the simulations and the tests with real applications would permit to form
a more realistic and critical point of view regarding the imperfections of the model inherited
from graph partitioning. This would allow to improve the existing techniques or to propose

new methods for dynamic repartitioning.

So far, two such general libraries have been implemented and made publicly available: Zoltan [38],
developed at Sandia National Laboratories, and DRAMA [37], developed at Leuven University in
collaboration with an international consortium. Zoltan provides an object-oriented interface and
includes a series of load-balancing algorithms. Interfaces to ParMETIS and Jostle packages are
provided as well as data migration tools for data movement during re-balancing. DRAMA offers
a mesh based interface and the possibility of using the methods implemented by ParMETIS and
PJostle.

Unfortunately, the existing software provides only limited support for the use on heterogeneous
environments; generally, they are not able to take into account the variation of the processor or
the network performance. No widely used tool for dynamic repartitioning in heterogeneous systems
exists. Nevertheless, as it is widely accepted that the future of high performance computing is the

distributed computing, efforts in this direction exists [38].

2.3.5 Load balancing on Grid

The Grid environments are more and more paid attention by the researchers from all areas of com-
puter science. The Grid designate an infrastructure that allows an integrated and collaborative
access to resources owned and managed by multiple organizations. These environments are charac-
terized by a high degree of heterogeneity and no assumptions can be done regarding the resources
that are involved.

Running applications on Grid requires the existence of easy-to-use tools for managing it in such
a way that it may be used in a reliable and efficient way by a wide variety of users. Globus [24]

and Legion [27] are among the best known tools of this kind. Legion is tool that sits on top of the
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user’s operating system and allows to see other resources in the Grid. It applies its own security and
scheduling policies and it supports interoperability between objects written in multiple languages.
The Globus project is a research and development project focused on enabling the application of
Grid concepts to scientific and engineering computing. It deals with resource management, data
management and access, application development environments, information services, and security.

Regarding the Grid, some work has been recently done relative to load balancing for mesh-based
applications. Kumar et al. [56] report experiments with graph partitioning on this type of envi-
ronments. The authors considered a heterogeneous model in which is assumed that the processors
have varying processing power and that the communication is non-uniform in the underlying net-
work. They argued that with the emergence of technologies such as the Grid, it is imperative to
study the partitioning problem taking into consideration the differing capabilities of such distributed

heterogeneous systems.



Chapter 3

Contributions

Our work w.r.t. dynamic load balancing in heterogeneous environments followed two main directions:

e In a first step, we investigated a number of dynamic load balancing methods w.r.t. the assumed

theoretical heterogeneous computing model;

e In a second step, we designed and implemented a testbed for adaptive numerical simulations in
heterogeneous computing environments, with incorporated dynamic load balancing support,

including the methods developed in the first step.

A basic theoretical heterogeneous computational model was proposed. It was assumed that the
processors may have different and varying capacities and that the network parameters are non-
uniform and may vary at runtime. Several methods for fair dynamic load redistribution were de-
scribed. They were first tested with synthetic topologies, loads, processing capacities and network
parameters. Afterwards, these methods were incorporated in a software module and tested with a
simulated adaptive numerical application on a heterogeneous environment that we built using com-
modity hardware available in our institute. The theoretical model that we assume here relies on a
weighted graph in which the links correspond to logical communication patterns (induced by the
application), the vertex weights correspond to processor speeds and the edge weights correspond to
communication costs. The main results obtained in the area of dynamic load balancing w.r.t. the

assumed model can be summarized as follows:

15
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1. In a first step, we tried to adapt the diffusion algorithm, in the form it was proposed by Boil-
lat [6], for the fair redistribution of workloads in a heterogeneous environment (proportionally
to the available capacities of the processors) [66, 67]. Other approaches proposed in the liter-
ature generalize the variant of diffusion described by Cybenko [13] [19]. We investigated the
convergence of this type of algorithms (generalized diffusion) and we put in evidence some of
the properties that recommend them as potential candidates to be used in distributed envi-
ronments: the load imbalance measured in a weighted norm like || -[|5 p-1/2, || ||oo,p-1 OF ||-[|1
(D being the diagonal matrix of capacities) decreases or remains the same after each iteration
step; globally the algorithm results in a geometrical reduction of the total load imbalance. Fur-
thermore, it requires only local communication and needs synchronization between neighbors

only.

2. It was put in evidence that as in the homogeneous case, the convergence rate of the gen-
eralized diffusion is tightly connected to the second largest eigenvalue of the corresponding
diffusion matrix [66, 67]. This is based on the generalized Laplacian matriz of the communi-
cation graph induced by the application and defines a discrete reversible Markov chain. As
for the mixing time of Markov chains, bounds can be formulated for the convergence factor
of generalized diffusion algorithms, using Cheeger type inequalities. These inequalities are
related to the second largest eigenvalue of the underlying stochastic matrix and to the notion
of conductance [76, 77]. In the case of a generalized diffusion algorithm the conductance co-
incides with the isoperimetric constant and the Cheeger constant relative to the generalized
Laplacian [11, 66, 67]. Although these constants generally give tight bounds for the second
largest eigenvalue of the generalized diffusion matrix, it is NP-hard to compute them. We tried
to found alternative bounds for the convergence factor of a generalized diffusion. We proved

the following results:

e Adapting a result given by Mohar [61], we improved the lower bound in the Cheeger
inequality related to the second largest eigenvalue of the generalized Laplacian as fol-
lows [66]:

p2(L) > 1—4/1—i3,(G),

where the i)/ (G) is the isoperimetric constant and p2 (L) is the second largest eigenvalue
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of the generalized Laplacian matrix.

e Following a different way, we gave a tight upper bound for the convergence factor of
the generalized diffusion by combining results from the graph theory, linear algebra and
the theory of nonnegative matrices. We extended a result of Fiedler [21] relative to
doubly stochastic matrices. We proved that in a heterogeneous environment (G, I, ¢, w)
the second smallest eigenvalue of a generalized diffusion matrix M, Ao (M), satisfies the

following inequality:

4 T
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where p is the number of processors, ¢; denotes the capacity of the processor i, ¢pax the

maximal capacity of a processor and m;;’s are diffusion parameters.

e Another bound for the second largest eigenvalue was found:
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where (M) = min; ;e g(a) mijc; and diam(G) is the diameter of the communication graph

G induced by the application.

3. We suggested a better choice for the generalized diffusion matrix than that commonly used
in the homogeneous case. We considered a more general case, when M = I — ASWATD~1,
where s is a vector of scalars of size |E(G)| and S = diag(s) is a diagonal matrix, w is a vector
of edge-weights and W = diag(w), ¢ is the vector of capacities of processors and D = diag(c)
and A is the vertex-edge incidence matrix of the communication graph. The variant proposed
by Elsésser et al. [18] corresponds to the particular case when S = al, with a € R. We
investigated the case when, for an arbitrary € > 0 and for any edge ey, the parameters s are

defined as follows:

. C; Cj
- m -t . 3.0.3
Sk(E) ek:{lgj} { 621” € 6;1] ¢ } ( )

By considering M (e) = I — AS(e)WAT D! and

€ = Qe(G)wminch sin? <1> ,
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we showed that M (ey) improves the upper bound fixed by the inequality (3.0.1) for all € > €.
In the homogeneous case, the diffusion scheme proposed by Boillat [6] corresponds to that
based on M (1). Experiments showed that a diffusion based on M () is generally faster than
one that uses M(1). For common topologies, €q is close to the optimal diffusion parameters

given by Xu et al. [93].

. Using the inequality (3.0.1), we could establish that the maximal number of steps required by

the above generalized diffusion algorithm is in

0( Cmax AV p° ) ’

Cmin Wmin €(G)

where e(G) is the edge connectivity of the graph G, ¢min and ¢max are the minimal and the
maximal capacity of a processor, Wi, is the minimal communication cost and A,, is the
maximum weighted degree. This result is consistent with what happens in the homogeneous

case [6] and is tight for a communication topology of type ring or path, as the maximal number

of steps is in this case in the © class of the above function.

. Using the inequality (3.0.2), we proved [66] that there exist generalized diffusion algorithms

that theoretically perform faster than the hydro-dynamic algorithm given by Hui et al. [46].

. The flow generated by various neighbor schemes is usually characterized and analyzed indi-
rectly through a number of properties rather than using a quantitative characterization. It
is approximated in a number of iterations by accumulating at each step fractions of load dif-
ferences. We gave a direct explicit formula for the balancing flow generated by a generalized
diffusion algorithm, as a function of the generalized Laplacian matrix and of the parameters
defining the assumed theoretical model [69, 68]. The same flow is identical to that generated

by the polynomial schemes.

. Implicit schemes were used both in a homogeneous context and in heterogeneous context by
Watts et al. [89, 88]. However, the proposed schemes generally ignore the communication costs
as well as the quality of the generated balancing flow. We proposed an implicit heterogeneous
diffusion scheme and we showed that it generates the same balancing flow as a generalized

diffusion algorithm [69].



19

10.

11.

12.

13.

The quality of the balancing flow generated by the heterogeneous diffusion-like schemes was
investigated. This flow has a particular property: it is the scaled projection of any balancing
flow in a given heterogeneous computational model. As a natural consequence, it is minimal
w.r.t. the weighted 2-norm ||-[|5 yy—1/2 in any heterogeneous model (G, [, ¢, w), where [ denotes
the vector of workloads, ¢ denotes the vector of capacities and w the array of the edge-weights

and W = diag(w).

In the homogeneous case, an efficient algorithm based on the conjugate gradient method was
given by Hu et al. [45]. We extended this idea and we described and implemented an algorithm

applicable in a heterogeneous environment [70].

We gave an alternative characterization for the minimum balancing flow as a function of a
proper divisor of the characteristic polynomial of the generalized Laplacian of the communica-
tion graph. This allowed us to describe a nearest neighbor algorithm that requires a number of
communication steps equal to the number of processors only [68]. The algorithm LPS requires
knowledge at runtime of the coefficients of this polynomial but efficient ways to compute them
in parallel were indicated [70]. It is more appropriate in a static context, when only the work-
loads change at runtime, but neither the communication topology nor the processing capacities

change.

The above algorithm was further improved in order to be used in a dynamic context. The
result was a fast algorithm, called LPA [70]. It takes into consideration all the parameters of

the assumed heterogeneous model.

The key idea in developing faster algorithms for dynamic load balancing in distributed envi-
ronments is to reduce the number of communication steps and to avoid global communication.
A natural idea for diminishing the complexity of the above algorithm was to use the mini-
mum generating polynomial of the generalized Laplacian matrix rather than the characteristic

polynomial. We described a parallel implementation of this algorithm, called MPA.

An incremental algorithm, capable of taking into account a previously computed fair distri-
bution when computing a new one, was designed and implemented. The key idea resides in

the explicit expression of the minimal balancing flow [68]. The minimal balancing flow can be
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14.

viewed as the result of the application of a balancing operator to the current workload vector.
This balancing operator can be obtained from a combination of the Laplacian of the commu-
nication graph, the vector of computational capacities and the communication weights. The
key idea is that in some cases, after the modification of a parameter, this balancing operator

can be computed faster if one uses its previous expression.

Experiments were conducted in a heterogeneous networked computing environment in order to
test the our methods. A dynamic repartitioning scheme capable of using any of the methods
described above was derived from ParMETIS [36]. A tool called HeRMeS, that simulates the
behavior of an adaptive numerical application, was designed and implemented. Tests were
performed on a computational grid that we built using commodity hardware available in our

institute.



Chapter 4

Methodology

Many problems in science and engineering are modeled using partial or ordinary differential equa-
tions. Often, the solution of complex problems cannot be determined analytically, therefore they
need to be computationally solved through a discrete time simulation. This involves the use of a
grid whose node values are updated iteratively for a fixed number of steps or until a convergence
condition is satisfied. At each time step, the value of a grid node is computed using the values of its
neighboring nodes. Parallel computing strategies are necessary to apply in the case of large problems.
Such problems can be parallelized explicitly by performing a data or a functional decomposition.

Many algorithms that solve partial differential equation follow the steps indicated below [10]:
1. discretize the domain using a mesh M;
2. decompose the mesh M into N submeshes M; such that such that M = Uf\;l M;;
3. generate in parallel a distributed linear system of equations;
4. solve the distributed linear system in parallel using an iterative solver.

The parallel design methodology usually consists of four distinct stages: partitioning, commu-
nication, agglomeration and mapping, as it is illustrated in the figure 4.1 [23]. Typically, a region
corresponding to a submesh is associated to a processor, according to a mapping that tries to match
the computation grain size with the communication time between regions. The computations are

carried out in phases, each phase consisting of computations on the local linear subsystem, followed

21



communicate

/
%glfm:erate

29900
0080
90080
0000
9090
e

i

map

Figure 4.1: PCAM



23

by inter-processor communication for non-local data. Each local computation is performed in par-
allel for a time-step and each iteration uses the values computed in the previous step. It is possible

that different conditions change:

e the lengths of the time steps may differ form one time step to the other or from one region to

the other;

e the convergence rate may differ from one time step to the other or from one region to the

other;
e the size or the shape of the regions my vary with the time.

In these cases it is often necessary to perform dynamic load balancing.
The general scheme of an application performing parallel adaptive computations is illustrated in

Algorithm 1 ( [51]). A simplified scheme is the given in Algorithm 2

4.1 Dynamic load balancing policy stages

The networks of computers are usually distributed in their nature. Their use as platforms for devel-
oping parallel applications forces the software designers to use decentralized control load-balancing
policies in order to avoid bottlenecks and to achieve scalability. Local coordination policies are
usually used in order to achieve this goal.

The fundamental questions that a dynamic load balancing policy should answer are: when should
one carry out load redistribution, how to carry out this redistribution, where to transfer the load in

excess. The main phases of such a policy are:

e Load evaluation: In order to be able to determine whether there is a load imbalance, appro-

priate estimations for the processors’ load should be provided.

e Profitability determination: After having computed the load assigned to the processors
(w.r.t. the given application), the load imbalance is estimated. If the cost of the imbalance
exceeds the cost of application of a load balancing method, then load balancing should be

carried out.
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Algorithm 1 Generic algorithm

Input: My - a mesh corresponding to the input geometry
if not already partitioned then
Partition My into submeshes corresponding to the p processors
end if
1=0
repeat
Assemble a sparse matrix A; from M;
Solve the linear system A;x; = b;
Estimate the error on M;
if maximum error estimate on M; is too large then
Based on the error estimates, refine M; to get M;11
if partitioning is not satisfactory for M;,; then
Repartition M;; into submeshes corresponding to the p processors
end if
end if
1=1+1

until maximum error estimate on M; is satisfactory
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Algorithm 2 Simplified scheme

repeat

nlter =0

repeat
nlter = nlter + 1
Local computation
Local communication
Global communication

until (nlter > N)

Mesh adaption

Mesh redistribution

until (global convergence criteria is satisfied)

e Balancing flow calculation: Based on the measurements made in the first phase, the work-

load transfers needed to balance the computation are calculated.

e Selection phase: Data items that best fulfill the flows provided by the previous step are
selected for transfer or exchange. The selection process is usually subject to some restrictions;

it can be expressed as an optimization problem.

e Migration phase: Once selected, data items are transferred between processors.

4.2 The execution time of a parallel application

The implementation of the aforementioned phases of a dynamic load balancing policy asks for
some accurate estimation of the application’s execution time. In a distributed environment the
communication is strongly influenced by two network parameters: the latency and the bandwidth.
Generally, it is assumed that the communication time between two processors takes place accordingly

to the following law, which is graphically represented in the figure 4.2:
7™ = aij + Bij Lij,

where
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Figure 4.2: The a-f model.

TFP™™ denotes the communication time for transferring L;; bytes between the processors i

and j;

a; is the latency of the communication between ¢ and j;

Bij = 1/b;j, where b;; is the communication bandwidth between ¢ and j;

L;; is the size of the transferred data (for instance expressed in bytes).

Usually, it is considered that the latency is the time it takes to send a 0-bytes message from one
processor to another. The bandwidth is the amount of data that can be sent from one processor to
another in a given time period. The latency measures the delay caused by communication between
processors and memory modules over the network in a parallel system. This is often called the
"a — 7 model ([41]) and is written

T=a+pn.

Usually, a >> 8 >> time per floating point operation. This shows that one long message is cheaper
than many short ones.
For a given application, we assume that D is a collection of elementary data and P = {1,...,p},

the set of processors. An allocation is an application A : D — P. Then, the execution time of the
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Figure 4.3: Possible execution schedule of a parallel program on eight processors.

application for an allocation A on the set of processors P is

T(4) = maxTi(4),

where T;(A) is the execution time of processor i. This can be expressed as
Ti(A) = TP (A) + TFO™™(A) + T;Y"(A),
where,
e T:7°™P(A) denotes the total time spent by the processor i for performing computations,

o Tom™(A) denotes the total time spent by the processor i for communicating with other pro-

Cessors,
e T:Y"¢(A) is the total inactivity time due to synchronization.

Considering now the case of an application performing adaptive computations, which matches

the scheme indicated in algorithm 2, the above terms can be expressed as follows:

e The elapsed computation time is:

Ti°™ = a; f(Ny)

where N; denotes the number of elements on processor i, «; is the time it takes to the processor

i to process an element and f is a function.
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e The elapsed local communication time spent by each processor ¢ can be estimated as

Ticomm — Ticomm71 + Ticomm,Q’

with 7™ and TF°™™? defined as shown below. TS°™™" is the time for performing point

to point communications and can be estimated as
[NV (p)]

I
Ticomm,l — Z (Nij lij + ﬂ)
bij

=1

where

— b;; is bandwidth of the network interconnection between processor ¢ and j;
— [;; is the latency of the network interconnection between the processors ¢ and j ;

— I;; is the number of bytes exchanged between the processors i and j ; it can be taken

proportionally to the edge-weight between ¢ and j.
— Njj is the number of messages exchanged between the processors ¢ and j .

. Ticomm’2 represents the time for performing global communication. Many global operations

can be performed with O(log(p)) parallel point-to-point communication phases (usually using

a tree or hypercube communication model).
Therefore, the execution time of the algorithm 2 on processor i can be expressed as
max (szomp 4 Tcomm TsyHC) + Tredist
- (3 K3 1 ’
(3

where TT°%st ig the redistribution time.

One is interested to minimize the execution time of a parallel application. Unfortunately, the
maximum norm is not easy to handle. However, it is common practice to use instead the 1-norm
i.e.to minimize an objective function of type

1 & ,
F(A) = = 37 (TF™P(A) + TEm (4) 4+ T (A) + T,
b~
i=1

This corresponds in fact to minimizing the average ezecution time. The problem of finding an

allocation of data to processors that minimizes the above function is NP-hard.

However, it is possible that a dynamic allocation result in a degradation of the performance of

the application. Then, a dynamic load balancing algorithm is considered to be efficient if

Tappwith.DLB + IDLB < Tapp_without DLB-



29

4.3 Validation methodology

4.3.1 Motivation for building a testbed for adaptive computations

The number of scientific and industrial parallel applications has significantly grown in the last decade.
However, the existing software is still characterized by a lack of generalization and standardization,
and, maybe most importantly, by a lack of adequate documentation. This reduces the possibil-
ity of reusing already available codes, many researchers/programmers preferring to write their own
programs from scratch. On the other hand, developing parallel software for scientific and compu-
tational engineering problems requires significant expertise and effort, as the applications tend to

involve more and more advanced interdisciplinary knowledge.

4.3.2 Benefits

A key problem that any parallel application must cope with is that of ensuring a fair utilization of
the available system resources at runtime. Developing specialized software modules, particularly a
dynamic load balancing module, requires validation for a broad set of test cases. In many cases the
validation is done with respect to some specific applications and/or hardware architectures. The
absence of clearly defined reference testbeds for testing various dynamic load balancing methods
constitutes a limiting factor for the developers. On the other hand, developing a reusable simula-
tion framework may contribute to a substantial reduction of the development costs and permits to
satisfy the requirements of large, complex simulations. Thus, the development time of applications
attempting to solve large problems in science and engineering and involving extensive software and

hardware resources can be significantly reduced.

4.3.3 Building a testbed

Our goal was to provide a general framework incorporating dynamic load balancing support for a
large class of applications in the area of scientific computing, respecting their general characteristics,
and at the same time enabling the user the possibility to program his own application with reasonable

effort, without having to cope with the dynamic load balancing aspects.
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In heterogeneous environments, in addition to parameters that are dependent on the applica-
tion, the processor related parameters as well as the network related parameters must be taken
into account for determining an optimal load distribution, for improving the execution time of the
entire application. Specifically, physical parameters of both the interconnection network and the
processors, such as the latency, bandwidth, processor capacity, memory, which can be ignored in ho-
mogeneous systems, must be considered. In order to be able to test the effectiveness of our dynamic
load balancing techniques, a testbed simulating the behaviour of a generic parallel application that
performs adaptive computations was proposed. We designed HeRMeS, a tool that allows to perform
such simulations and that includes several general methods for dynamic load balancing and uses the
system capabilities to compute and perform a new load redistribution.

The goals of the simulation are:

e to test the effectiveness of the assumed theoretical model;

e to compare the proposed dynamic load redistribution techniques;
e to test the proposed algorithms in real situations.

The testbed consists in the following software modules: the Application simulation module, the
Data management module, the Dynamic load balancing module, the Resource monitoring module.
Additionally, an independent module simulating the activity of external users/processes, the Ezxtra-
load module, and a Visualization module were further implemented. The description and the func-
tionality of these modules is detailed in chapter 10.

However, before starting the development of such testbed, several problems should be addressed,
such as how to measure the absolute speed of a machine or how to to measure the network and
processor parameters? We get basic system information by using home-made benchmarks executed
before starting the actual simulation. Online values for the system parameters, such as bandwidths,
latencies, CPU capacities, memory sizes, are provided by the Network Weather Service [92] tool
(NWS), which periodically monitors and dynamically forecasts the performance of the network and

of the computational resources over a given period of time.
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Figure 4.4: The general scheme of HeRMeS

Table 4.1: Heterogeneous computational environment used for performing tests.

Machine name 0S processor type | number CPU RAM
PC-151 .. PC-165 | Solaris 2.7 1386 16 166 Mhz | 32 M
peridot Solaris 2.7 sparcv9 1 167 MHz | 64 M
jargon Solaris 2.7 sparc 1 110 MHz | 64 M
outremer Solaris 2.7 sparc 1 110 MHz | 64 M
zircon Solaris 2.8 sparc 1 70 MHz | 32 M
tourmaline Solaris 2.8 sparc 1 60 MHz | 32 M
girasol Solaris 2.8 sparc 1 75 MHz | 32 M

4.4 Experimental setup

During the tests we used a computational environment built using commodity hardware available
in our institute. It consists of a collection of heterogeneous machines with the characteristics given
in table 4.1.

We installed LAM/MPI ([40]) and Network Weather Service 2.0.6 on these machines. In a first
step, we focused mainly on testing the inter-operability between the dynamic load balancing module
and the resource monitoring module. A test suite was generated using different load distribution and
communication topologies, which are provided by the data management module. The application
HeRMeS was executed on this environment. A number of experiments were conducted, by varying

the work complexities, the network traffic and the processor’s external loads in a controlled way, in
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5 SUN Sparc workstations 3 SGI workstations

16 DELL Pentiums

order to get a closer picture of how the system parameters influence the total execution time.

4.5 Heterogeneous Computing Model. Notations.

In the sequel, we assume we have to run a data-parallel application. In our model, we assume that
the processors may have different relative speeds and we abstract the speed of a processor by a
real positive number called processing capacity. A processor’s workload is supposed to be infinitely
divisible, so it can be represented by a positive real number. Different costs are assumed for the
communication between the processors. It is also assumed that the communication topology may
change between two load redistribution phases.

We consider a heterogeneous computing model (G, 1, ¢, w) in which:

e G = (V,E) is a connected graph whose vertices correspond to the processors and whose edges
reflect computational dependencies with respect to a given application. Let V = {1,...p} and

E ={e1,ea,...€4}.
e [ is the vector of the processors’ workloads;

e ¢ is the vector of the processors’ capacities; without loss of generality we shall consider that ¢

is normalized relative to the 1-norm, i.e. 21<i<\v\ c; = 1.

e wy, 1 <k < g, are weights associated to the edges of G. W is the ¢ x ¢ diagonal matrix of
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these weights.
The following notations are used:

e For a vector u, diag(u) denotes the diagonal matrix with the elements of u on the main

diagonal.

e ¢ is the vector of size p having all entries equal to 1;

e ¢'/? is the vector of the square roots of the capacities;

® Chpax and ¢y, are the maximum and the minimum capacity;

¢ D = diag(c);

e [ is the workload vector corresponding to the fair distribution i.e. one has, for all i and j,
Zi/ci = Zj/cj;

e J; is the degree of verter i, §; = Zk:ek:{i’j} wy, is the weighted degree of the vertex i;

o A = max;— ,0; is the mazimum degree of G, A" = max;=1,6;" is the mazimum weighted

degree of G}

e ¢(G) is the edge connectivity of the graph Gj it represents the minimum cardinal number of a

set of edges whose removal disconnects the graph;
o N (i) is the set of neighbors of a node i;
e diam(G) is the diameter of the graph G:

diam(G) = ijrél‘;}i(G){|Pij| | P;; is the shortest path between ¢ and j}.

e With respect to an arbitrary chose orientation of the edges of G, the extremities of an arc are
called head or tail), depending on their position in the ordered pair that defines the arc. The
incidence matriz A of G is a p X ¢ matrix such that

1, if v; is the head of e;,
ajj = —1, if v; is the tail of e;,

0, otherwise.
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One should remark that A”e = 0;
A flow f € R? on the edges of G is called a balancing flow if Af =1—1;

|| ||, denotes the g-norm and || - ||, w the weighted g-norm, that is ||z, = (327_, |z:|9)/? and
l|z]lg,w = |[Wz|lg4, for any vector € RP and a diagonal matrix W with positive elements.

Unless specified otherwise, || - || will denote the 2-norm (or the Euclidian norm);

For any square matrix M, p(M) denotes its spectral radius and A s the second largest eigenvalue

in absolute value of M.
Definition 4.5.1. A ¢ x ¢ real matrix P is an orthogonal projection matrix if it satisfies

P=PT and P2 =P.

For any matrix A, x, diagonalizable, with the spectrum {\;, A2, ... A}, there exist a spectral

decomposition

A:A1G1+)\2G2+...+)\ka,

where G; is the projector onto N(A — AI) along R(A — AI), G;G; = 0, for all i # j and
>;Gi =1, where N(B) is the nullspace of B and R(B) is the range of B [60].

For a given model (G,l,c,w), the p x p matrix L = AW AT, where A is the vertex-edge

1/2

incidence matrix, is a weighted Laplacian matriz of G and £ = D~Y2LD~'/? is a generalized

Laplacian matrix.

GDA is an abbreviation for Generalized Diffusion Algorithm

GDM is an abbreviation for Generalized Diffusion Matrix

SOS is an abbreviation for Second Order Scheme

LPS is an abbreviation for Laplacian Polynomial based Scheme

LPA is an abbreviation for Laplacian Polynomial based Algorithm

MPA is an abbreviation for Minimum Generating Polynomial based Algorithm

AdA is an abbreviation for Adaptive Algorithm or Incremental Algorithm



Chapter 5

Generalization to the
heterogeneous case of the diffusion

algorithm

A main concern when using distributed systems for running parallel applications is the efficient use
of the available computational resources. As the execution time of the entire application is deter-
mined by the slowest processor, the total workload must be fairly distributed, i.e. proportionally
to the available processing capacities. From time to time, it may be necessary to proceed to a re-
distribution, as during the execution both the workload assigned to a processor and its processing
capacity may change, often in an unpredictable manner. Parallel adaptive finite element applications
arising in Computational Fluid Dynamics or Computational Mechanics constitute typical examples
illustrating the need for dynamic load balancing [30, 44]. Such applications rely on unstructured
meshes, whose nodes represent finite elements/volumes or vertices of the finite elements/volumes and
the links between them reflect neighborhood relations. In the course of a computation, the adaptive
meshes may undergo significant changes due to refinement /de-refinement operations resulting in an
uneven partitioning. It is well known that in distributed systems the inter processor communication

is costly; consequently, a fair workload redistribution must be done with the least data migration

35



36

and so that the number of dependencies between nodes residing on different processors is minimized.
A centralized approach leads to heavy communication and it is not scalable. Therefore, a dynamic
load balancing algorithm should use local communication and should be able to rapidly compute
a new fair data distribution. The nearest-neighbor algorithms meet these requirements to a large
extent. For this reason they were intensively studied in the last years, mainly in the context of
homogeneous systems. They lead an unbalanced system to a global ”equilibrium” state by exchang-
ing information/workload between neighboring processors only. The most popular variants are the
diffusion [13, 6, 43, 16, 33], the dimension exchange [57, 13, 93], the multi-level difusion [34], and
the gradient model [91]. Less attention has been paid to dynamic load balancing in heterogeneous
systems [48, 47, 14]. An intuitive algorithm based on a hydrodynamic analogy was proposed by Hui
et al. [48, 47]. Watts et al. [88] proposed an implicit diffusion scheme. In both cases it was assumed
that the processors may have different performances but that communication is uniform. We treated
the same case in a first step [66, 67], and we gave a generalization of the algorithm described by
Boillat [6]. Elsésser et al. [19] generalized a variant of diffusion that was originally proposed by
Cybenko [13].

The efficient execution of parallel applications on heterogeneous systems requires adequate dy-
namic load balancing techniques. Such methods should be fast and minimize the communication
overhead. The problem to solve is to determine the amount of workload to shift between adjacent
vertices in the communication graph induced by the application (which is mapped onto a heteroge-
neous network of processors), so that each processor has the same proportion of workload to process
relative to its capacity and the cost of data migration is minimized. The minimum discussed here is
with respect to the norm || - [|5 y—1/2.

The generalized diffusion algorithm (GDA for short) is a generalization of the classical diffusion
algorithm and it reads as in the algorithm 3. The vector () is the initial workload vector and (") is
the workload vector after the n-th iteration. The algorithm can be expressed as an iterative process
of the form 1("+1) = M1 with M a p x p nonnegative matrix such that

my; > 0, if and only if {i,j} € E or i = j;

m;jc; = myj;c;, for all i, 5.

A matrix satisfying the above properties is called generalized diffusion matriz (GDM for short).
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Algorithm 3 Algorithm GDA
k= 0;

while (not converged) do
for all 7 do

send ll(.k) to neighbors
)

receive l;k from all neighbors j

(Sz(]k) = mj; ll(k) — Myj; lﬁk)
(k+1) _ 4(k) (k)
li - lz - E(i,j) (Sij

k=k+1
end for

end while

The first condition expresses that at each iteration step the communication is allowed only between
neighbors. The second constraint guarantees the workload conservation in the absence of external
disturbances. The equations in the third condition express the fact that no load should be migrated
between processors in the fair state. These equations are referred to as balance equations, a term
used in the theory of reversible Markov chains, as the above iterative process defines such a Markov
chain. This condition ensures that M has real eigenvalues and that I = M1 as will be shown in the

next section.

5.1 Convergence and metrics

Definition 5.1.1. A square p X p matrix M is reducible if, for some r with 0 < r < p, there exists

a p X p permutation matrix P such that

[ M s ]

PMPT =
0 My J

b

where M, is an r x r submatrix and My is an (p —7) X (p — r) submatrix. If no such permutation

matrix exists, M is irreducible.

Definition 5.1.2. Let M be a nonnegative irreducible square matrix and p(M) its spectral radius.

The matrix M is primitive if it has exactly one eigenvalue whose absolute value is equal to p(M).
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Theorem 1 ([82]). Let M be a nonnegative square matriz. M™ has only positive elements for some

natural number n if and only if M is primitive.
Theorem 2. A generalized diffusion matriz is irreducible and primitive.

Proof. Tt suffices to show that if M is a square nonnegative matrix satisfying the properties (5.0.1),

then MP has only positive elements. O

A consequence of satisfying the set of conditions 5.0.1 is that a generalized diffusion matrix have
the spectral radius 1 and is primitive.
The Perron vector of a GDM is the eigenvector corresponding to the spectral radius and with

the sum of elements equal to 1 [60].
Lemma 1. The capacity vector of any GDM coincides with its corresponding Perron vector.

Proof. Let M be a GDM. By properties (5.0.1), >-;mije; = 3 (mjici/cj)e; = ¢i(30;myi) = e

Hence, Mc¢ = ¢ = p(M)e. O

According to the Perron-Frobenius theorem [60, 82], ¢ and its multiples are the only eigenvectors
of M with all entries nonnegative. The workload vector corresponding to a fair distribution is the

Perron vector multiplied by the sum of the workloads i.e. I = ¢(eT1(©).
Theorem 3. A generalized diffusion matriz is diagonalizable and all its eigenvalues are real.

Proof. A generalized diffusion matrix M is similar to D='/2M D'/2, which is real symmetric. There-

fore, the eigenvalues of M are real. O
In the sequel, we assume that the eigenvalues of a GDM are indexed so that
1:)\1>)\22"'2)\p>—1.

For a generic GDM M, we denote by Aps its second largest eigenvalue in absolute value, i.e.

max{[ Az, [Ap[}-

Theorem 4. The sequence I\ tends to | when n tends to co.
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Proof. Being diagonalizable, there exists a spectral decomposition of M [60]. Therefore, M =
AMG1+ ...+ XG)p, Gi's being its orthogonal spectral projectors and A;’s its eigenvalues. We know

that M has real eigenvalues and that p(M) = 1. Thus, we have

M\" A\" )"
</\—1) —G1+</\—1> G2+...+</\—1> Gp.

Consequently, M0 — G119 when n —» oo. But, since A\; = 1 is a simple eigenvalue of M and ¢

T

and e are its corresponding right and left eigenvectors, Gi = cel /(e'c) [60]. Asin our caseelc =1,

we are left with MI1(®) — ceT1() and the convergence speed depends on Apr = max {|A2], |\,|}.

O

The above result indicates that the smaller Aj, faster the generalized diffusion process converges.
To be consistent with the homogeneous case [6], the term convergence factor will be used when
referring to it.

The load imbalance existing in the system at a given time can be expressed using various metrics.

We shall discuss some of them in the following subsections.

The convergence using the weighted 2-norm

We show that the distance induced by this norm, between the current workload vector and the

asymptotic workload vector, improves after each iteration step.

Lemma 2. For all nonnegative n, the sequence {l(”)} satisfies
110+ =1l p-1/2 < Aar 11 =Tl p-12-

Proof. The matrix M' = D='/2M D'/? is real symmetric and has the same eigenvalues as M. The
vector ¢'/2 is an eigenvector of M’ corresponding to the greatest eigenvalue 1. The matrix M’ being

real symmetric, the Courant-Fischer principle can be applied: it gives

IO 7 O 1V

M = max —= = max 5
z£0 T T z#£0 |E4]
2Tel/2=0 2Tel/?2=0

Let (™) be D='/2(1(") — 7). Since the total workload in the system is conserved, it follows that, for

all nonnegative n, (z(™)Tc'/?2 = (1" —NTD-1/2c1/2 = (1" —1)Te = 0. Hence we have, for all
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nonnegative n,

|ALz)2 ||D*1/2M<z<n> DI _ D120+ D2
= @R T D@ D) DR D

which is the inequality we had to prove. O

A2

Theorem 5. For all nonnegative n, the sequence {l(")} satisfies
1209 =Tl p-1/2 < X3y 1O = Tl[5, p1s2-

Proof. Using the above lemma, the proof is straightforward. O

The convergence using the 2-norm

We investigate here the load imbalance measured by the distance induced by the Euclidian norm.

Theorem 6. For all nonnegative n, the sequence {l(")} satisfies

1) =T < Ay /2R 170) 7))
C;

min
Proof. The matrices M and M’ = D~1/2M D/? are similar. The last matrix is real symmetric and
it has a complete and orthonormal set of eigenvectors. Let \;, 1 < i < p, denote its eigenvalues in
the assumed ordering and v; the corresponding orthonormal eigenvectors. Thus there are coefficients

a; such that
~1/2(0) _ Z aivs.

As vy = ¢'/? is the eigenvector corresponding to the unique eigenvalue of absolute value 1 and as its

norm is 1, it follows that

a = (AT Zaivi = (HTD7V210 —7)

= 1O -n=1"-YTl=0
Therefore, we have

1 =T = 1M1 1)) = || — M|

M1 = 1)|| = ||DY*(D 2 M DY) D20 — )|
|\DY? (D=2 M D/ z:azvz Il = |ID"/3( 2:)\"6111}z
i#£1
n Cmax 7
MDD D)) = A3y p— 12© — 1.

min

IA
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The convergence using the weighted co-norm

We define the weighted co-norm of a vector x as

)

1 C;
We show that the distance induced by this norm, between the current workload vector and the

asymptotic workload vector decreases or remains the same after each iteration step. Moreover it

reduces exponentially with the number of iterations.

Lemma 3. For all nonnegative n, the sequence {l(")} satisfies

i C; - C;

Proof. We have
l('n+1) 7 l(n)

{ iy Mii () = y —Zj
T Tl W = Y me
1 i 2 J

As Zj mj; = 1, one has

D i -] U]
max — < max =—— () mj;) = max ——.
7 C; J Cj . J Cj

We denote the (i, j)-th element of the matrix M" by mg;l). We further consider

i}’ = cil
A(n) = max — .
i,jeEV C;

Lemma 4. The following inequality holds for any nonnegative n:

A(n) < Aty .

Cmin

Proof. We define g; as the vector whose components are all 0, except the i-th that is 1. Furthermore,
we define the coefficients a\” by D'/2g; = 3, a\" vy, where the {v;} is a set of orthonormal eigen-

vectors of M' = D~'/2M D'/? as in the proof of theorem 6. It follows that D~%/2g; = 3~ agf)vk/ci.



As we saw that v; = /2, we have a\” = (¢!/2)TD!/2g; = ¢; and

TMn A
A(n) = max —|g 9; =il
i,jeEV C;
C |giTD1/2(D—1/2MD1/2)nD—1/2gj _ Ci|
i,jeEV C;
R l(civ! + X a0l )M (cjor + 3,0 v) fej — e
T ijev G
—  max |(civ] + Zk;ﬂ aff)va)(ijl + Zl;ﬁl al(])/\l"v,)/cj — ¢yl
T ijev ¢
lei + > a(i)a(j))\"/0<—c'|
N k1 G Qi AR /Cj — Ci
i,jEV Ci
S lat?al? fej (&) () ..
< 0 k21 1% G TG yn Dk lag ag /¢l
S Ay ma S Ay max ———————
JEV C; i,JEV C;
o IDValID e
= TMev ci ~ Cmin

Theorem 7. For all nonnegative n, the sequence {l(")} satisfies

(n) _ 7. n 0 _7
max ;" — i < Al max i =l
i C; Cmin  ? Cq

Proof. Let m( ™ denote again the element at position (7, j) of the matrix M"™. Then, we have

n 7 (n);(0) )
|l()_li|:ma |32, mi i — e 3 1)

max
i€V C; i,jeV Ci
n) (0 n 0
DY m{ O =m0+ e Y 1 — e 1)
i,jeEV C;
0 n
g WP T el s o
i,jEV C; T 4,jEV C; - J
n l(o) Z| A7 l(O) —1 AT |l(.0) -1 |
M | J J M | il M J J
= Cmin Z ’ c S Cmin( C]) mlax Ci B Cmin m]ax Cj

The convergence using the Manhattan distance

Definition 5.1.3. The Manhattan distance between two vectors z and y is defined as

dar(z,y) = 3 Jai — il

i



43

As in the previous case, we show that the Manhattan distance ), |l§n) —1;| decreases or remains

the same after each iteration step of a generalized diffusion algorithm. Moreover, after a sufficient

number of steps the total load imbalance decreases geometrically.

Lemma 5. For all nonnegative n, the sequence {l(")} satisfies

S - <>

Proof. We have

Y =Te= D maly = 3 maly = 3 my (Y = 1))
J J J

It follows that
D T <Y gl -1
J
and

SN ml =T =S mipd =11 =31l 15
i j J i J

Therefore,

DY =T <3O -
i J

Theorem 8. For all nonnegative n, the sequence {l(”)} satisfies

n) T Ah
Do - T < 2 S
K3 K3
Proof. Let m ) denote the (7, j)-th element of the matrix M™. We have

Z|l§">—ii| = Z|me Zcz<°>|

= Z|Zm” \ Zm(n)l +CZZZ]-—ZC¢Z§.O)|
i

Z|Z 7 e - |<ZZ

|m§;” — i)

< g};g)‘;cizczZIl — 1l < Mle(O)
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The above relations show that after any iteration step, the distance to the fair distribution
that is induced by the weighted 2-norm decreases. The distances induced by the weighted co-norm
and weighted 1—norm, eventually decrease. The algorithm results in a geometrical reduction of
the above quantities. Unfortunately, as seen above, the convergence rate depends tightly on Az,
whatever metric is used. Therefore, adequate estimations must be found for it. The above results

shows that GDA completes in O(1/|In(\r)|) steps.

5.2 Theoretical bounds for the convergence factor

Before deciding to carry out a workload redistribution, one should dispose of some kind of estimation
of the cost of application of a dynamic load balancing algorithm. Here, we try to answer to the
question “what is the mazimum number of steps that a GDA will take to balance the system?”. It
should be noted that faster polynomial schemes can be derived in relation with a GDM [62, 15].
But often such methods use parameters that are dependent on the eigenvalues of the Laplacian of
the communication graph and are more appropriate for the use in a static context. However, as the
graph induced by the current data distribution is often irregular and can change as an effect of a
previous migration or adaption, the eigenvalues of the Laplacian cannot be given in advance and
their computation at runtime induces a supplementary overhead.

We are concerned with finding diffusion matrices with an improved convergence factor. Adequate
estimations of the convergence factor as a function of the communication graph’s characteristics
should exist. Bounds can be formulated by analogy with the discrete time reversible Markov chains,
as the transpose of a GDM defines a discrete reversible Markov chain. In theory, greater importance
is given generally to the second largest eigenvalue rather than to the smallest one. Indeed, as Sinclair
pointed out [76], one can consider M’ = (1/2)(I+ M) instead of M (therefore Aps = A2(M)), without
a significant impact on the convergence rate.

If ug, ..., u, are weights associated with the edges of G and U = diag(u), the matrix L = AUAT
is the weighted Laplacian matriz of the graph G. The generalized Laplacian matrix of G is expressed
as L= D '/?2LD~1/2, The smallest eigenvalue of both Laplacians is 0, /27 and /2 being left and
right eigenvectors corresponding to this eigenvalue. We assume that the eigenvalues of L are indexed

so that w1 (L) =0 < pa(L) < ... < pp(L) and p1 (L) =0 < po(L) < ... < pp(L), respectively.
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According to the Courant-Fischer principle, after some simple transformations, the following

expressions can be given for the second smallest eigenvalues of L and L:

Den—tijyer Wk (Wi — y;)?

L)=  min , 5.2.1

Hz(L) Y0, yTe=0 T (521
Den—tijyer k(Wi — y;)?

L) = i r={ig}e . 5.2.2

z(L) y¢0r7nynTlc:0 chzyf ( )

Because G is connected, we have po(L) > 0 [22].
Bounds can be formulated for us (L) using the isoperimetric constant [61], defined w.r.t. the

generalized Laplacian. This constant is usually described as follows:

Yies nggs Uk
Yies Ci

There is a close connection between the spectra of the Laplacian matrices of a graph and that

ScVv, 0<Zci§%,ek:{i,j}eE(G)}. (5.2.3)

i€S

i(G) = min {

of any GDM of a diffusion on the same graph. Let L be the matrix D — M D. Then L is a weighted
Laplacian matrix of G and, as the set of conditions (5.0.1) ensures that m;; > 0 iff {i,j} € E(G), it

can be put in the form L = AUAT | with uy = mjjc;, for all e = {i,j} € E. Therefore,
M=I-LD'=1-DY?£D Y2

In this case, the isoperimetric constant coincides with the Cheeger constant of the weighted graph
G [12] and with the conductance of the Markov chain defined by M7T [76]. Sinclair and Jerrum [77]

showed that the above quantity satisfies the Cheeger inequality:

(@)
2

< (L) = 1= Xao(M) < 2i(G). (5.2.4)

The bounds for the second smallest eigenvalue obtained via the Cheeger type inequalities like (5.2.4)
are often tight [11]. However, as it was pointed out by Lovasz and Mohar [58, 61], it is NP-hard to

determine the Cheeger type constants. We shall prefer instead to give alternative results.

Theorem 9. Let M be a given GDM. Writing L for D — MD, L for D~'/>?LD~'/? and py(L),

w2 (L) their corresponding smallest nonzero eigenvalues, we have

p2(L) < emaxpa(L),

where cmax 1S the maximum capacity.
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Proof. The proof relies on two alternative characterizations of the second smallest eigenvalues of L

and £, which can be obtained from (5.2.1) and (5.2.2) using the Lagrange identity:

Z(i,j)eE mijc;(yi — y;)?

p2(L) = minmax

y70 f >y —t)?
2
/J/Q(E) = minmax Z(ZJ)EE (¥ ]( 3 _ ])
y70 t ZZ Ci(yi - t)

O

Fiedler proved [21] that for any symmetric doubly stochastic matrix P, i.e. a matrix whose

columns and rows sum to 1, the following inequality holds:

Ao(P) < 1—40psin? <1> , (5.2.5)
2p
where op is the measure of irreducibility of P,i.e. op = mingzgcv ZieS,j¢Spij'

We notice that the matrix M’ defined as M' =1 —- L =1 — D + MD is a doubly stochastic

matrix. Below, we formulate a more general result, applicable also for non-symmetric stochastic

matrices.

Theorem 10. Let M be a GDM. Then, we have that

4 T

Xo(M) < 1-— i i | sin? [ — ). 5.2.6

o0 <1-2{ g, 3 e | () (520
i€S,j¢S

Proof. The following inequality follows directly from the theorem 9:
1= X (M') = p2(L) < emaxpi2(L) = emax(1 — A2(M)).

Applying now (5.2.5) for M', one gets

4
/\Q(M) S 1-— anN SiIl2 <2l> .

cmax p

One should note that op > 0, as G is connected. O

Corollary 1. Let M be a GDM and (M) = min; ;) {mj;c;}. Then we have

Do (M) < 1—44G0AD) o (;) . (5.2.7)

cmax p
Proof. The proof is straightforward, by the above theorem and the definition of the edge connectivity.
O
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In the sequel, we prove another useful bound for the second largest eigenvalue of a GDM.

Theorem 11. Let M be a GDM, diam(G) the diameter of G and 6(M) = ming, jy{mj;c;}. Then

(M)

(5.2.8)

Proof. Let z be a vector such that

Yiper (7 — 2i) mije;

> Zz'Qci

Let io such that |z;,| = max;|z;|. As ) ,cjz; = 0, there is an index jo such that z;, and zj, have

p2(L) =

opposite signs. Let P be a path with minimum length, joining the vertices ig and jo in the graph G

and [ its length. It follows that

Yijerrp)(zi — 2 mije;  O(M) 3 hempy (2 — 25)°
>
.2

>
p2(L) > Zig? = Zig
o 00D Cijenr) (= 2))” _ 6(M) (i —250)* | _6(M)
- 12,2 o Zig ~ diam(G)
As Ao (M) =1 — pa (L), we get (5.2.8). O

5.3 Other estimations for the second largest eigenvalue

In this section we adapt a result proved by Mohar [61] that improves the lower bound in the

inequality (5.2.4).

Theorem 12. u>(£) >1—/1—-143,(G) .

Proof. The matrix M can be put in the form M = I — £, with £ = AUAT, and uy, = m;jc;, for
all k£ such that e, = {i,j}. For simplicity, we shall write u;; instead of uy, for all i,j such that
er = {i,7}. Let 2 be an eigenvector corresponding to us (L), i.e. uo(L)z = Lo = D~Y/2LD'/?z. We

1/2

have that z7¢'/2 = 0, because = and ¢!/? are orthogonal. Let y = D~/2z, then

p2(L)Dy = Ly (5.3.1)

and yTc = 0. Let S = {ily; > 0} and z a vector having the entries z; = y;, if i € S and z; = 0,

otherwise. We may consider that ¢(S) = Y. < ¢; < 1/2, since otherwise one can take —y instead of

i€S
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y. Then by (5.3.1) one has

p2(L) Z ciyi = Y (O uij)yi — Z wigyl = > Y uij(yi — v5) (5.3.2)

i€s g i€S j

and

p2(L) Z cizi = pa(L) Z ciy; = Z Z uii (Yi — Yj)Yi

i€S €S j
= D> uiyi— )y + Y Y wii(yi — vy
i€S jES 1€S jES
2 Z Z wij(yi — y;)yi + Z Zuijy?
i€S jES 1€S jES
= Z uij(zi — Zj)2 = ZTLZ.
ijEE

Let us note @ = 27 Lz/2TDz. Then, we have

/LQ([,) > a.

On the other hand,
D ui(zi2)? =2 wig(2] +25) = Y iz )
ijeE ijeE ijeE
=2 Z Z uij2? — 27 Lz = 227Dz — 2TLz > (2 - a)2' D2
ig

;=

and

. ZijEE Ujj (zi — Zj)Q ZijeE Uz](Zz + Zj)2 (ZijeE uij|Zi2 — ,2']2|)2
(2TD2) 3,5 p wij(zi + 25)? = (2-a)(zTD2)?

Let 0 =tg < t1 < ta <...<t, beall distinct values of z;, forall 1 <i < p. Let V,, = {i € V|t < z;}.

Note that 0 < ¢(V) < ¢(S) < 1/2. Then, we have
Suwlt A=Y Y utd o)
ijeE k=1,rijeE,z; <z;=ty
= Z Z wij(th = thoy +thy — tho + -+t — 1)

k=1,r zi=ty,zj=t; ,I<k
= D> 0O D ui)t; —tiy) 2 im(G) Y (Vi) — i)
k=1,r i€Vi j&Vi k=1,r
= im(@) D t;(e(Vi) = e(Vir)) = im(G)2" Dz,
k=1,r

Consequently, a > i3,(G)/(2 — a). It follows that u(L) > 1 — /1—i3,(G) = 4,(G)/(1 +
T=7,0@) > %,(G)/2 0
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5.4 The balancing flow generated by GDA

Usually, the flow generated by various nearest-neighbor schemes is characterized and analyzed indi-
rectly, via its properties. Here, a direct explicit formula for the balancing flow computed by a GDA
as a function of the generalized Laplacian and of the parameters of the assumed theoretical model
is given.

Let M be an arbitrary GDM, a natural question that arise is what is the flow generated by the
corresponding GDA and what are its properties? Let u the vector of size ¢ = |E(G)|, such that
up = mjcy, for all {i,j} € E(G) and U = diag(u). Because M satisfies the set of conditions (5.0.1),

it can be easily verified that it can be put in the form M =1 — AUATD!.
Lemma 6. Let M be a GDM and B = M — ce”. Then, we have:
1. B"=M" —ce® foralln>1;
2. p(B) = Au;
3. (I-B)7! exists, with el and c as left and right eigenvectors corresponding to the eigenvalue 1.

Proof. 1. For n = 1, by definition, the relation is true. Suppose that we have B" = M™ — ce™.
Then B*! = (M — ceT)(M™ — ceT) = M+ — ceT, because €T and c are left, respectively

right, eigenvectors of M, corresponding to the eigenvalue 1.

2. Let A(A) denote the set of eigenvalues of the square matrix A. The proof relies on the fact
that A(B) = A(M) \ {1} U{0}.

3. The matrix I — B has the smallest eigenvalue 1 — p(B) = 1 — Apy > 0. Therefore I — B is

nonsingular. The second part relies on the fact that e’ B = 0 and Bec = 0.

As the algorithm 3 indicates, in each iteration step n, an amount

(n) (n) (n) i
62‘]‘ = mﬂll — mijlj Cj = M;;Cj ZC _

i Cj

is transferred across the edge er = {i,j}. This transfer is considered to take place from node i to
(n)

node j if 6i] > 0 and in the opposite direction if 52(?) < 0. The migration flow generated at step n
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is the vector (™ € R¢ with the entries mﬁcn) = E?), for each edge e, with the extremities 7 and j.

In fact,

l(n) l(n)
2\ =y, [ - - Jc_ Ve, =1i,j} € E(G).

C; j
In a condensed form, it can be rewritten as

™ =yATp=1, (5.4.1)

The migration flow generated by a GDA is then f =3 ., (") The following result identifies the

balancing flow generated by a GDA:
Lemma 7. The flow generated by a GDA has the expression
f=UATD V(I - B)~©,

Proof. First, we notice that UATD~1ceTl1(®) = 0, because ATe = 0. As p(B) < 1, I — B is

nonsingular and (I — B)™' =" _, B". Therefore, the migration flow can be expressed as

fo= > aM=>vATpD " =3"UA"D M

n>0 n>0 n>0
= Y UATDT(B"+ e => UATD™' BM©)
n>0 n>0
= UA"D'()_ B =UA"D Y (I-B) 1.
n>0
O
Theorem 13. The migration flow generated by a GDA is a balancing flow.
Proof. By lemma 6, e is a left eigenvalue of (I — B)~!. Therefore,
Af = AUATD'(I =M +ce")="1O = (I — M) = M + ¢ce™)~"1©
= 1O —eT(I = B)7"© = O _ T = ©) _7,
O

Lemma 8. Let P be the matriz defined as
P=UY?ATDY(I — B)"'AU'/>.

Then P is a projection matriz.
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Proof. Clearly, P = PT. On the other hand, by Lemma 6, we have

P? = UY?ATDY(I-B)'AUATD (I — B)'AU'/?
= UYV2ATDY(I-B)'(I-B—cef)(I - B)tAU'/?

= P-UYVATD Y (I -B) lee’(I - B 'AUY? = P

This allows us to formulate a more important result:

Theorem 14. Let F(H) denote the set of all balancing flows in H = (G,l,c,w), f the flow generated

by an arbitrary GDA on H, and P the projection matrixz defined above. Then
f=U2PU~'?2, V2 e F(H).

Proof. Let z be an arbitrary balancing flow in H. Replacing [(®) by Az + 1 in the expression of f
one gets

U™\2f =UY?ATD™Y(I — B)" ' Ax.
Therefore, f = U'/?PU~'/? . O

It is well known that in the homogeneous case the diffusion schemes generate a balancing flow that
is minimal in the 2-norm [45, 15]. In the heterogeneous case, a weighted 2-norm is minimized [66, 18].
Here, we proved a more powerful result which states that the flow generated by a GDA is a scaled
projection of all balancing flows. The minimality with respect to the norm || - ||y ;/-1/2 of the flow
generated by a GDA appears as a direct consequence of the above theorem (as ||P||2 = 1).

Let f(® = ZZ;S z(®) be the partial migration flow generated after n steps by a GDA. Then

Lemma 9. If f and f™ are the total and, respectively, the partial migration flow after n iterations

of a GDA, one has that

Cmax A% -
1F = 7l < VI= X, 722 2 ) — . (5.4.2)

min 1- AM
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Proof. First, we notice that 0 = WATD=Y(Y", o, B*)l, as I = ¢(eT1?)), Be =0, and ATe = 0. Let
U=W!Y2ATD=1/2 and B' = D~'/?BD"'/?. Then

n—1
f _ f(n) — Wl/QUDfl/Q(Z Bk)(l((]) _ [) _ W1/2UD71/2(Z Bk)(l(O) _ Z)
k>0 k=0
W1/2U Z(Bl)k(Bl)anl/Q(l(O) _ l_)
k>0

Wl/QU(I _ Bl)fl(Bl)anl/Q(l(O) _ l_)

The norm of U is evaluated as follows:

[|Uz||2 . T D 2AW AT D12y
= max

U 2 = a. =
U1l = max Tore= = mas 2Tz
T I_D71/2MD1/2
:maxm( T )le—/\p.
x£0 ztz

On the other hand, B and B’ are similar and B’ is real-symmetric. It follows, on the basis of
Lemma 6 that ||B'l = Ay and that (I — B')~! exists, having the euclidian norm 1/(1 — Apy).

Therefore,
A

Cmax 11
1f = F ™l < V/T=A, —M 1O —q]|,.

Cmin 1- /\M

5.5 Analysis of a family of generalized diffusion algorithms

We are interested in finding diffusion matrices with a small convergence factor. For the diffusion
depending on a single parameter, optimal matrices have been found in the homogeneous case for
common topologies as the n-dimensional meshes or the n-dimensional tori [93]. In the heterogeneous
case, due to the fact that the capacities are different and the diffusion matrix is non-symmetric,
finding optimal diffusion matrices is much more difficult, even for simple cases.

The question is how to define diffusion matrices with an improved convergence factor. Such matri-
ces should take into account both the network and the processor characteristics. In the homogeneous
case, a common practice is to consider either m;; = 1/(A + 1) [13] or m;; = 1/(max{d;,d,;} + 1) [6],
for all edges {i,j} € E(G). However, these approaches generally do not take into account neither

the communication heterogeneity nor the processor heterogeneity, but efforts have been done in this
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direction. Diekmann et al. tackled the problem in environments that are heterogeneous with respect
to the communication costs [15, 45]. We generalized the diffusion algorithm proposed by Boillat
for the case when only the processors have different speeds [66, 67]. Elsisser et al. extended the
diffusion algorithm proposed by Cybenko to the case when the processors as well as the network
have different performances [19].

We consider diffusion matrices of the type M = I — ASWATD~! with S a diagonal matrix of
scalars such that S = diag(s), where s is a vector of size q. The generalized diffusion described by
Elsésser et al. [18, 19] corresponds to the case when S = af and is a generalization of the diffusion
described by Cybenko in [13]. The best choice for « is usually considered 2/(u2(L) + pp(L)).
However, in a dynamic context in which the communication topology changes often so that the
algorithm must be applied several times, these eigenvalues must be computed at runtime, which
introduces a supplementary overhead.

When given a vector w of size ¢, representing weights associated with the edges of G and a vector
c of size p, representing the array of capacities, the problem is how to choose a vector of scalars s,
of size ¢, so that the conditions (5.0.1) are satisfied and M has a minimal convergence factor. We
notice that, as ¢ is a right eigenvector of M, one should have

= Z mijcj = Z SEWp - (5.5.1)

JEN; er={i,j}
Therefore, spmin < ¢;/0}, for all 1 <4 < p. The bounds established in the previous section are im-
proving when 6,,;, (M) is larger. As the weights on the edges depend on the network communication
parameters, s must be chosen so that (5.5.1) holds and s, is as large as possible. For arbitrary

€ > 0 we consider for any edge ey the quantity

. C; Cj
= _—, . 5.5.2
Sk(f) ekgl{lgj} {6;11) + 6’ (S;U ¥ 6} ( )
The matrix M(e) defined as

e if o, = {ij} € B,
mij(e) = 0, if {i,j} ¢ E,i # J,
1- Zk:{k,j}eE(G) My, if i = j,

is a GDM.
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This is clearly a generalization of the diffusion proposed by Boillat [6]. Indeed, in the homo-
geneous case one has ¢; = 1/pforall 1 <7 < pandwy =1, forall 1 <k < gq. Fore=1, one

gets
min{ﬁ’ ﬁ}a ifij € E,
mij =4 0, if {i,j} ¢ Byi #j,
1= Z{k,j}eE myj(e), if i = j,
which is exactly the diffusion considered in the above paper. For the generalized diffusion matrix

M (€) defined as above we have

Clearly, (M) > cmin®Wmin/ (A" + €). With these notations, using corollary 1, one gets

Aa(M(€)) < 1—4e(G) Aqfﬂmre z'“i“ sin? (%) . (5.5.3)

Lemma 10. For all € > 0, if Ap,(M(e)) < 0 then

€
Av ¢

Ap(M(e)| <1-2 (5.5.4)

Proof. For simplicity, we write A, instead of A, (A (¢)). It is well known [82] that all the eigenvalues

of M(e) lie in the union of the Gershgorin disks. Therefore, there is an index 7 such that
|Ap — m(€e)ii| < A, (5.5.5)

where A; = 3, m(€);i- The matrix M(e) being column stochastic and A, being negative, the

above inequality is equivalent to [A,| = —Ap < 1—2m(e);; = —142(1 —m(e)s;). On the other hand,
we have that
lmm(@i= Y min{L G }ﬂ < 0
krexm G0 €E 0 + € 5]- +ef| ¢ 0 + €

Hence, it follows that

€ €
M<1T-2——-<1-2 .
Aol S 1 =2 S 1= 2%

(3

Corollary 2. Let g = 2e(G)Wmin(Cmin/Cmax) sin2(7r/(2p)). For all € > ¢,

Wmin Cmin . 9 ™
<1- _ — . 0.
Am(e) S 1—4e(Q) p— sin <2p> (5.5.6)
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Proof. The result follows directly from (5.5.3) and (5.5.4). O

The upper bound fixed by the above inequality is minimized when € = ¢y3. Therefore, the diffusion

based on M (¢y) may converge faster than an algorithm based on M (¢), with € > €q.

Theorem 15. The maximum number of iterations needed by the GDA based on M(eg) to balance

the system belongs to O((cmax A™ p?)/(Cmin Wiin €(G)).

Proof. Suppose that we want to reduce the weighted 2-norm of the load imbalance to 7, sufficiently
small so that the workload distribution, after a number of steps n, is close to the fair distribution.

On the basis of (5.5.6), it is sufficient to take n so that

(AR Upp1s2 < <1 —4e(Q) _Wmin _ Cmin o2 <21p>> ] — Uy, p-1/2 > 7.

A" + €g Cmax

As for large p one has

In (1 — 2e0/(A™ + €)) =~ 2¢0/ (A" + €) and sin (%) ~ ;_p,

we conclude that the maximum number of steps necessary to reduce the weighted 2-norm of the

load imbalance to 7 is

1 _ 1 I AV + €g
| 1 l(O) 3 ) max 2
n <T || ||2,D 1/2 2 e(G) Cmin  Wmin P

S
1

1o - 1 o A% 5 1.1 o0 -
= 10 (GO T e ) oy 4 GG < T )

O

The above estimation is consistent with the result obtained by Boillat in the homogeneous case
where it was shown that the diffusion takes O(p?) communication steps [6]. In the homogeneous
case, when ¢; = ¢; for all ¢ # j and wy, = 1, for all 1 < k < ¢, the diffusion matrix proposed by Boillat
can be expressed in our terms as M (1). Particularizing the results obtained above, a homogeneous
diffusion based on M(eg) may converge faster than the algorithm given in the cited paper, as €g
improves the bound for the convergence factor. This is confirmed in part by the theoretical results

obtained by Xu et al. [93] and by the tests we have done.
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5.6 Examples, comparisons, experimental results

We show that the complexity bounds formulated in the previous section are tight in the sense that,
in the homogeneous case, for some common topologies, M (¢g) is close to the optimum.

Let us consider now two general classes of graphs: the n-dimensional tori and the n-dimensional
meshes.

We shall denote M* = M*(eg), with M! defined as in the equation 5.6.1.

A) The n-dimensional tori.

A n-dimensional torus, T}, k,...r, is the Cartesian product of n cycles, i.e. Tk, ko,...k, =

n R

Ci, X Cp, x ... x Cy, , where C, is a cycle with k; vertices. For this type of graphs we have

A = 2n.

In a homogeneous context, if L is the corresponding unweighted Laplacian, one has that

M*(Tk, kb)) =1 — 1/(A + €))L and

n

Ao =1—

A—Lll—eg sin’ (%) ’

with k = max;_1 , ki. Also, e(Tk, ks,..k) = A and €g = 2A sin®(7/(2 [}, k;)). Therefore, in

the homogeneous case, the inequality (5.2.7) reads as

4A T
Ar <1 — ——sin? [ —— .
M= A+€0 sl <2H;n:1kz>
The given bound is tight for large k, namely in the case of a chain (n =1 and k = p).

For the particular case of a ring, Xu et al. [93] found optimal diffusion matrices that, in our
notation, can be expressed as Mop: = M*(€4pt) with
) 2sin*(%) if p is even
Cort = { 2sin(Z)sin(3Z)  if p is odd.
» P
We see that in this case ¢ = 4sin?(7/(2p)) is very close to €,y (they are in the class ©(1/p?)),
compared to the situation when ¢y = 1. Generally, for an n-dimensional torus Tk, k,,.. .k, the
optimal matrices found by the same authors can be put in the form My, = M*(eopt), with
€opt = 2sin?(m/k) when all k;’s are larger than 2 and all even and €opt = min{0, sin®(7/k) —

> i1 8in”(7/(2k;))} when all k;’s are odd.
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B) The n-dimensional meshes.

A n-dimensional mesh, My, k... r, is the Cartesian product of n paths, i.e. My, ky,...k, =
Py, X Py, x...x Py, where Py, is a path with k; vertices. For this type of graph we have A = 2n
and e(My, k,,...k,) = n. The analysis for this class of graphs can be pursued in an similar
manner. When the communication costs are similar, as well as the computational capacities,

mj; = 1/(max{d;,d;}+e€p) for every edge (i, j) and for a chain of order p, M* = I —-1/(2+e€)L,

L being the corresponding unweighted Laplacian. Therefore

1 .o f T
sin — | .
2 —+ €0 2p

On the other hand, in this case the inequality (5.2.7) reads as

1 T
M- <1—4 in2 (— ).
M* S 2+€0 Sin <2p>

In this case, the upper bound in the inequality (5.2.7) gives the exact value of the convergence

Ay =1—14

factor of the diffusion in a chain. In the case of n-dimensional meshes, Xu et. al. [93] found
optimal matrices, for the diffusion with a single parameter, which are identical to M*(0) in all

the cases.

However, when the capacities and the communication parameters differ, it is difficult to give
analytic characterizations for the convergence factor, even for simple cases. From this point of view,
the general bounds obtained in the section 5.2 are useful.

We simulated and tested various cases of heterogeneous diffusion. In a first step, we considered

different artificially generated topologies, capacities, communication weights and initial loads. The
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following diffusion types were used

Additionally, we considered

6 _
ij

with @ = 2/ (u2(L) + pp (L))

i {‘5”6—*6 5}“616} ok, if e = {ij} € E,
0,if {j,i} & E(G),i # .

1= iyen@ Myis 1= .

o i if e, = {ij) € B,

0, if {j,i} ¢ E(G),i # J,

1- Zj={j,i}eE(G) mj;, if i = j.
\/:: &R if e = {ij} € E,
0, if {j,i} ¢ E(G),i # J,

1= aiyen@ Mais 1= j.

Lo e if ey = {ij} € B,

0, if {j,i} ¢ E(G),i # J,

1- Zj={j,i}eE(G) mj;, if i = j.

ci,if ex = {ij} € E,
0,if {j,i} € E(Q),i # j,
1= 5 nen@) M- if =]

a‘é’—]’_“, if e = {Z]} € E,
0. i (1.} ¢ E(G).i #
1= jtiarenq) Mais if i =17,

(5.6.1)

(5.6.2)

(5.6.3)

(5.6.4)

(5.6.5)

(5.6.6)

The tables 5.6 and 5.6 report results for the case when the ratio @ = cpax/Cmin € {2, 5,10},

wr = 1L,k = 1,|E| and € € {1,e0}. The N; represent the number of iterations performed until

1M — 1|, p-1/> < 1 by the diffusion algorithms defined by the relations (5.6.1) to (5.6.5).

Tests performed for different intermediate values of € and other different communication topolo-

gies showed that in each case the diffusion M! () needed the fewest number of local communication

steps.

Clearly, the convergence of any GDA is slower when the number of processors is large, when the

ratio between the maximum capacity and the minimum capacity is large and when the underlying

graph has poor connectivity. The diffusion defined by (5.6.5) shows how important is in practice

the choice of a diffusion matrix; it serves as a very bad example.
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Table 5.1: Number of steps until convergence of a GDA on binary trees with 15

, 31 and 63 nodes

P a € N1 N2 N3 N4 N5
15 2 1 196 507 653 864 2275
P 371 380 %9 643 2275

5 1 781 943 1364 2339 1330

o 568 707 1024 1756 1330

10 1 1325 1646 2912 6784 10517

P 963 1235 2186 5005 10517

31 D) 1 1117 1138 1435 1873 9847
P 837 853 1075 1404 9847

5 1 1483 1538 2921 5871 18206

P 1111 1153 2191 1404 18206

10 1 1623 2307 2450 1395 11761

P 1119 1730 1837 3296 11761

63 2 1 2127 2196 2659 3328 34974
P 1595 1646 1004 2496 34974

5 1 3044 3588 5203 8734 50675

o 2224 2691 3902 6550 50675

10 1 1853 5505 11482 27410 116505

P 3549 1128 8612 20558 116505
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Table 5.2: Number of steps until convergence of a GDA on paths with 16, 32 and 64 nodes

P a € N1 N2 N3 N4 N5
16 2 1 804 826 889 942 3461
P 536 551 593 623 3461

5 1 931 1119 1349 1018 1350

P 621 746 900 1280 1350

10 1 1439 2064 2259 2677 5356

P 960 1378 1508 1787 5356

32 2 1 3819 3876 1551 5542 39744
P 2546 2581 3034 3695 39744

5 1 1754 5133 7076 10924 15806

P 3170 3423 1718 7285 15306

10 1 6132 7681 11527 21755 71800

P 4089 5122 7687 14509 71800

64 2 1 12825 13158 15112 18015 255258
P 8550 8772 10075 12010 255258

5 1 13591 14157 23488 11731 269877

o 9061 9438 15659 27823 269877

10 1 13767 14401 30204 69426 266141

P 9179 9601 20197 16289 266141

When M is of the form M = I — ASWATD~!, with S = a1, the best choice suggested for a

is 2/(p2(L) + p2(L)), when £ = D='/2AWATD=1/2 [15, 18]. We shall remark however that this

choice does not guarantee that M is always nonnegative, as the following counterexample proves.

Indeed, for a graph of type star with 4 vertices, in the simple case, wy, = 1, k = 1,3 and ¢; = 1/4,

i = 1,4. £ has the form indicated below and its eigenvalues are {0,4,4,16}. Therefore, a = 1/10

and M is as indicated below:

12 -4 -4 —4
-4 4 0 0
-4 0 4 0
-4 0 0 4

L=

M =

-0.2 04
04 0.6
04 0.0
04 0.0

04 04
0.0 0.0
0.6 0.0
0.0 0.6

We proceeded to a comparison between the generalized diffusion algorithms that use the GDM’s

M*(1), M*(ep) and M. We refer to these algorithms as GDA1, GDAO and GDAS, respectively.

It is well known that the diffusion algorithms suffer of slow convergence on graphs of type

path. For such topologies, when choosing ¢, as indicated in the previous sections, i.e.

26(G)Wonin (Cmin)/(Cmaz) sin® (7/(2p)), the convergence factors of M*(eg) and M6 are very close. In
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Table 5.6, the convergence factors of GDA6, GDAO and GDA1 are shown, on paths of sizes varying
between 53 and 60, in a heterogeneous environment in which the speeds were set to r mod 4 + 1,
where r is the rank of a processor, and the edge weights were set to & mod 2 + 1, k being the index
of an edge. The table 5.6 shows that, in this context, GDAO has a better convergence factor than
GDAT in all the cases and that the convergence factor of GDAO is close to that of GDA6. The
differences are higher between GDAO and GDA1 than those between GDAO and GDAG.

Tests were pursued with the three algorithms in order to compare the number of iterations until
convergence, for communication topologies of type path and binary tree, both in homogeneous and

heterogeneous contexts. We considered two kinds of load distributions:

e HIGH: all processors have the same load except one whose load is 10 times greater than of the

others;

e HALF: the processors are divided into two subsets, the processors in each subset have the

same load but the ratio between the loads of two processors in different subsets is 1 to 5.
Regarding the heterogeneity of the computational environment, three test cases were considered:

e HOMO: the system is homogeneous both w.r.t the processors’ performances and the commu-

nication costs;

e HCUW: heterogeneous environment characterized by non-uniform speeds and uniform com-

munication costs. More specifically,
— the speed of a processor was considered proportional to 7 mod 4+ 1, r denoting the rank
of a processor;
— the weights on the edges were set to 1.

e HCHW: heterogeneous environment characterized by non-uniform speeds and non-uniform

communication costs. More specifically,

— the speed of a processor was considered proportional to  mod 4+ 1, r denoting the rank

of a processor;

— the weights on the edges were set to & mod 4 + 1, k denoting the index of an edge.
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Table 5.3: Convergence factors of GDA6, GDAO and GDAT1 on paths of size p, with 54 < p < 60

GDAG6 | 0.998885 | 0.998935 | 0.998996 | 0.999008 | 0.999036 | 0.999075 | 0.999123
GDAO | 0.999017 | 0.99906 | 0.999112 | 0.999125 | 0.999149 | 0.999184 | 0.999227
GDA1 | 0.999344 | 0.999373 | 0.999408 | 0.999416 | 0.999432 | 0.999456 | 0.999484

The used convergence criterion was ||I(™ — ||y < 1. With these settings, the number of iterations
of the three algorithms for the considered communication topologies, computational environments
and load distributions are as shown in the figures 5.1-5.6.

The tests showed that for a communication topology of type path and for the indicated load
distributions, the algorithms GDAO and GDAG perform similarly in a homogeneous environment, as
the figures 5.1 and 5.2 illustrate. Also, the same figures show that GDAOQ performs much better than
GDA1, which means that €, is a better choice than e = 1 (proposed by Boillat). In the heterogeneous
case, for the same type of communication topology and load distributions it was observed that GDAG6
performs better than GDAO, but the differences are not very important when compared to GDAT1,
as shown in the figures 5.3-5.6 (left hand side). In the same context, GDAO needed a significant
fewer number of iterations than GDA1.

For a communication topology of type partial binary tree, all the considered diffusion algorithms
performed faster than in the case of a path. This is motivated partly by the Theorem 11, which
establishes an upper bound for the second largest eigenvalue of an arbitrary generalized diffusion
matrix. Conforming to this, a GDA may converge faster on graphs with small diameters than on
graphs with large diameters. A GDA takes the largest number of steps to converge on paths because
they have the largest diameter among all the graphs with the same number of vertices. It was also
observed that for a topology of type partial binary tree, in all the considered cases GDAO performed
better than GDA1, as expected. Also, GDA6 performed worse than GDAO and even than GDA1,
as shown in the figures 5.1-5.6(right hand side). The differences were significant especially in the
case of graphs with a large number of vertices. A possible explanation could be that GDAG6 uses
a single scalar, while the other two algorithms based on M!'(ey) and M'(1) use multiple scalars
(vectors of scalars). The restriction imposed by GDAG, that all scalars are identical, may be the
cause of these differences. Another explanation could be that the accuracy of the estimations of the
eigenvalues, and therefore of the scalar a, may have an important impact to the convergence rate

when the diffusion matrices have large dimensions.
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Figure 5.1: Number of iterations of GDAO, GDA1 and GDAG6 for a homogeneous environment, on
paths with with up to 64 vertices (left) and partial binary trees with up to 64 vertices (right) and a
load distribution of type HIGH
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Figure 5.2: Number of iterations of GDAO, GDA1 and GDAG6 for a homogeneous environment, on
paths with with up to 64 vertices (left) and partial binary trees with up to 64 vertices (right) and a
load distribution of type HALF
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Figure 5.3: Number of iterations of GDAO, GDA1 and GDAG6 for a heterogeneous environment
(HCUW), on paths with with up to 64 vertices (left) and partial binary trees with up to 64 vertices
(right) and a load distribution of type HIGH
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Figure 5.4: Number of iterations of GDAO, GDA1 and GDAG6 for a heterogeneous environment
(HCUW), on paths with with up to 64 vertices (left) and partial binary trees with up to 64 vertices
(right) and a load distribution of type HALF
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Figure 5.5: Number of iterations of GDAO, GDA1 and GDAG6 for a heterogeneous environment
(HCHW), on paths with with up to 64 vertices (left) and partial binary trees with up to 64 vertices
(right) and a load distribution of type HIGH
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Figure 5.6: Number of iterations of GDAO, GDA1l and GDAG6 for a heterogeneous environment
(HCHW), on paths with with up to 64 vertices (left) and partial binary trees with up to 64 vertices
(right) and a load distribution of type HALF
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Table 5.4: Heterogeneous computing environment used for performing tests.

Machine name 0S processor type | number CPU RAM
PC-151 .. PC-165 | Solaris 2.7 1386 16 166 Mhz | 32 M
peridot Solaris 2.7 sparcv9 1 167 MHz | 64 M
jargon Solaris 2.7 sparc 1 110 MHz | 64 M
outremer Solaris 2.7 sparc 1 110 MHz | 64 M
zircon Solaris 2.8 sparc 1 70 MHz | 32 M
tourmaline Solaris 2.8 sparc 1 60 MHz | 32 M
girasol Solaris 2.8 sparc 1 75 MHz | 32 M

We performed experiments on a heterogeneous environment built using commodity hardware
available in our institute. This consists in a collection of heterogeneous machines with the charac-
teristics given in the table 5.4. On these machines LAM/MPI [40] and Network Weather Service
2.0.6 (NWS) [92] were installed. NWS provided online values for network and processor parameters
(the available CPU fraction, latency and TCP bandwidth). It should be noted that the differences
are quite important and cannot be ignored. In our case it was observed that the bandwidth ranges
between 3.5 and 17.8 and the normalized relative speeds between 0.036 to 0.120.

Tests were also performed with various load distribution and communication topologies, either
artificially generated (path, ring, star) or corresponding to subdomain graphs of meshes usually used
in engineering fields like Computational Fluid Dynamics (whitaker, airfoil, grid20x19 and shock).
The diffusion algorithms defined by equations (5.6.1) to (5.6.5) were used. The tables 5.5 and 5.6
report the execution times (expressed in seconds) and the number of number of load index exchange
phases for a highly imbalanced load distribution across the machines given in the table 5.4. The

tolerated convergence error was set to 0.01.

5.7 Summary and Conclusions

In this chapter we dealt with aspects of the generalization of diffusion algorithms for dynamic load
balancing in heterogeneous environments. Such algorithms may constitute a good approach because
they are distributed, they require only local synchronization and because the distance to the fair
distribution decreases after each iteration step. Globally, these algorithms result in a geometrical

reduction of the load imbalance.



66

Table 5.5: Execution times in hundredths of seconds for different communication topologies on the
heterogeneous environment described in 5.4.

Topology M(eq) | M%(eo) | M3(eq) | M*(eo) M?
Path 19.82 20.41 36.48 66.63 | 300.24
Ring 6.69 6.25 11.5 18.66 | 80.06
Star 8.69 8.96 9.60 9.93 4.00
SD_whitaker 2.40 2.60 5.90 10.46 13.14
SD _airfoil 3.95 6.02 9.60 16.26 20.45
SD _grid20x19 2.05 2.90 4.96 5.80 6.11
SD_shock 3.96 6.85 8.66 11.21 11.82

Table 5.6: Number of iterations until convergence on the heterogeneous environment described in 5.4.

Topology M1(eo) | M%(eq) | M3(eo) | M*(eo) M?
Path 1828 1950 3284 5668 | 23898
Ring 512 521 869 1536 | 6390
Star 961 983 995 1086 425
SD_whitaker 221 258 5962 998 | 1183
SD_airfoil 386 650 1003 1638 | 1936
SD_grid20x19 141 213 296 431 508
SD _shock 313 521 660 856 885

The balancing flow generated by the diffusion algorithms is usually approximated iteratively by
summing fractions of load differences that should be exchanged at each step. We showed that they
converge to a unique balancing flow in a number of steps that is dependent on the second smallest
eigenvalue in absolute value, too. We gave an explicit formula for this unique flow as a function of
the diffusion matrix and the vector of workloads and we showed that it has an important property:
it is the projection of any other balancing flow. This result is more general than the minimality with
respect to a weighted 2-norm, as the latter result is a natural consequence of the former.

We proposed and analyzed a generalization of the variant of diffusion proposed by Boillat [6].
General bounds were given for the second largest eigenvalue of a generalized diffusion matrix. These
bounds allowed us to estimate the maximum number of steps that such an iterative process takes
to balance the system.

It was illustrated that for critical communication topologies (the path for example) the proposed
algorithm performs better than the original one proposed by Boillat. Generally, the tests performed

with several types of diffusion algorithms in a heterogeneous environment showed that the algorithm
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that we propose performs better on two dimensions: for different ¢ parameters and for different
maximal capacity over minimal capacity ratios. Finally, when compared to the algorithm based on
M5 [19], which appears as a generalization of the variant of diffusion proposed by Cybenko [13],
it was shown that for critical topologies (for which the convergence is the slowest) the convergence
factors do not differ too much. The algorithm that we propose has the advantage that in a dynamic
context it can be applied straightforward, while the other one needs the computation at runtime of

the eigenvalues of the generalized Laplacian, which means a supplementary overhead.



Chapter 6

Comparison with the

hydrodynamic algorithm

A hydrodynamic approach attempting to solve the load balancing problem in heterogeneous sys-
tems was proposed by Hui and Chanson [47, 48]. The computational environment was considered
heterogeneous only with respect to the processor performances. They viewed the computing nodes
as cylinders of different capacities that communicate through pipes with uniform characteristics.
The liquid flow through a pipe represents a load transfer between processors. The key element that
was used in the analysis of the time needed for reaching the equilibrium state was the concept of
global potential energy. Denoting the workload of a node n; by I; and its capacity by ¢;, the authors
defined the height of a node n; as h; = l;/¢;, the potential energy of the liquid column in n; as

PE(n;) = 1/2 - ¢;h2

7

and the global potential energy as GPE(G) = }_, .y PE(n;). They showed
that the state of fairness is achieved when GPE(G) is minimal. If GPE™ denotes the global po-
tential energy of the system after the n-th step and GPE™" the minimum global potential energy

corresponding to the equilibrium state, the following relation takes place:

GPE™ < "GPE® + (1 — n")GPE™", (6.0.1)
where
1 2.
17 — 1 cmln
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Figure 6.1: Hydrodynamic system

for all n > 0. The variable n indicates the convergence rate.

Our key observation is that the difference GPE™ — GPE™" is nothing but the square of the

distance induced by the weighted 2-norm, between the workload vector corresponding to the current

state at the n-th step and the workload vector in the fairness state. Indeed, the quantities GPE™

and GPE™" can be rewritten as
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It follows that

(n) _7)2 (l(n))z I’ (n)
n _ 1 o n min
1 = -2 = Ei P §i j—ci = 2(GPE"™ — GPE™).
Therefore, the inequality (6.0.1) can be rewritten as
”l(n) - Z||2D*1/2 < 77”||l(0) - Z||%)—1/2- (6.0.2)

On the other hand, as it was shown in section 5.1, the generalized diffusion algorithm satisfies the
relation

l(n) _Z 2 C1)s S AQn l(O) _Z 2 C1a- 6.0.3
D-1/ M D-1/

We show that a generalized diffusion algorithm has a better convergence factor and consequently,

that it possibly converges faster.

Theorem 16. In a heterogeneous environment H = (G,l,c,e), a generalized diffusion based on

1/2 (I 4+ M(ep)) has a better convergence factor than the hydrodynamic algorithm.

Proof. The communication was assumed to be uniform, so w; = 1, for all i. Therefore, § = J;
for all i and A¥ = A. The reason for considering M’ = 1/2 (I + M (e)) is that this one has only
nonnegative eigenvalues and in this case Ay = Ao (M') = 1/2 (1 + Apz(e,))- We shall show that the
convergence factor of a diffusion based on 1/2 (I 4+ M(eg)) is always smaller than 7. For this purpose

we use theorem 11. We therefore have

Cmin
<1- . .0.4
)‘M(eo) = diam(G) (A + €o) (6.0.4)

For proving that Ay < 7 it is sufficient to show that

2
1 Cmin 1 Crin

1—= <1l- ‘
2 diam(G) (A +e) — 2(p — 1diam(G)? emax D_; ¢

As we consider normalized capacities, >, ¢; = 1. The last inequality is obviously true since cpax >
Cmin, and (p — 1)diam(G) > A + €.

Therefore, we have A2, < Ay < 7. Looking at (6.0.2) and (6.0.3) we conclude that the GDA
potentially converges faster than the hydrodynamic algorithm as its convergence factor is smaller.

O



Chapter 7

Polynomial iterative schemes

7.1 Heterogeneous polynomial iterative schemes

As it was seen in the previous chapters, the diffusion algorithm converges rather slowly on some
classes of communication topologies with low connectivity. Some efforts have been done to improve
it. A natural idea emerging from the matrix iterative analysis [82] is to use polynomial acceleration
methods [62]. This leads to homogeneous polynomial diffusion schemes. The key idea behind these
schemes is that if M denotes a generalized diffusion matrix, one could find polynomials of M with a
smaller second largest eigenvalue in absolute value than that of M. In the heterogeneous case, one

can naturally extend such schemes as follows:
1M = P, (M) 1), (7.1.1)
with M = I—DY2£D~'/2 and P, a polynomial of degree n, Py (z) = >_1_, arz"*, with P,(1) = 1.

The last condition guarantees the conservation of the load during the load balancing process.

7.1.1 The balancing flow generated by the heterogeneous polynomial

schemes

In this subsection we investigate the flow generated by a scheme of type (7.1.1).

Let us consider B as defined in lemma 6, i.e. B = M — ce”. It can be easily verified that

71
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equation (7.1.1) can be put in the following equivalent form
1 —7 =P (B)(1© -1). (7.1.2)

On the other hand, because 1 is a root of the polynomial R, (z) = P,(z) — P,(1), there is a poly-
nomial @,—1 of degree n — 1 such that R,(z) = (x — 1)Qn—1(x). Therefore, P, must be of the
form

Po(z) =1+ (2 = 1)Qn_1(2). (7.1.3)

The next theorem expresses the migration flow generated by the heterogeneous polynomial

schemes:

Theorem 17. Let H = (G,l,c,w) be a heterogeneous model, M = I — AUATD™' a GDM (with
U = diag(u)) and P, an arbitrary polynomial such that P,(1) = 1. Then, the balancing flow

generated by a scheme of type (7.1.1) is
f=UATD=" (I - B~ (7.1.4)
with B = M — ce™ .
Proof. Indeed, equation (7.1.2) can be put in the following equivalent form:
1 = 19— (I - B)Qna (B =)
= 10— (I = M)Qu (B =1
10 — AUATD1Q,, 1(B)(1©9 —1).
The partial flow generated after the n-th iteration is
f™ =UATD'Q, (B)(1® -1). (7.1.5)
On the other hand one has
1O i) = (1= P(B)® —1)
= (I-B)Qn1(B)(I" =1

It follows that
Qn_1(B)(19 =Ty = (I — B)*(1® — ™)
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and

f™ =UATD=YI - B)~'(11© — (™).
Clearly, when 1™ tends to I, ) tends to f. O

Therefore, such schemes generate the same flow as the corresponding generalized diffusion algo-
rithm. In the homogeneous case, the polynomial schemes were studied by different authors [62, 43,

15]. Extensions to the heterogeneous case of these results were also suggested by Elsésser et al. [19].

7.1.2 Second order schemes

In this subsection we investigate a particular case of polynomial schemes, the second order schemes
(SOS for short). To make the difference, the diffusion is often referred to as a first order scheme
(FOS for short) [62, 19], while a second order scheme refers to an iterative process of type
W = Mo,
{ 1B = oMIF=D 4 (1 —w)*=2) > 2

In the homogeneous case, such schemes were investigated in the literature [62, 15, 16]. Their exten-
sion to the heterogeneous case follows naturally and some related work has been done [19].

The load vector at the step n can be expressed as () = P, (M) 119 with the polynomials P,

satisfying the following recurrence:

Po(z) = 1,
P(z) = =z,
Pi(z) = wzPr1(z)+(1—w)Proa(x),k>2,

for all z.
Now, taking into consideration the form of P, expressed in the equation (7.1.3), i.e. P,(z) =

1+ (z —1)Qn—1(x), and replacing this in the above recurrence, one gets, after some simplifications,
Qn-1(z) =wQn_2(z) + (1 —w)Qn_3(z) + wP,(z),Vz.

We have shown in the previous section that the partial flow generated at step n by the polynomial
schemes is as given in the equation (7.1.5), i.e. f() = UATD='Q,_1(B)(I'® —1). Hence, one gets

the following recurrence involving the partial flow between i and j at the step n:

F = w4 (=) 5 + 8

i ij
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where
51(;1) = wuij (I; e /ci _l /Cj)
is the fraction of load differences to be exchanged at step n between the processors i and j. One

may go further and write
f f(n 1) 1/}(71 1) ’
with
o) =~ - @™ 1o,
where ’QZJ% = 0 and qﬁ?j = 0. This last recurrence asymptotically converges to the flow indicated
in theorem 17. With these settings, the algorithm corresponding to a second order scheme is as

described in the algorithm 4. A second order scheme based on the generalized diffusion matrix M

generates the same flow as the generalized diffusion algorithm based on M.

Algorithm 4 Second order scheme
k=0;

while (not converged) do
for all 7 do
send lgk) to neighbors
receive lg.k) from all neighbors j
for all neighbors j of i do
o) = wui; (57 fe; =1 /cy)
¢~=—a—m@?”+#>
£ (k+1) _ f + d)l(]/?)
Y = w01 + (1 - w) ik - > (id) 51(;)
end for
end for

k=k+1

end while

The flow generated by the algorithm 4 may be rewritten in the following equivalent form:

(n) _ Z Z 5(7" k)

r=0 k=0
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The recurrence (7.1.2) converges whenever w € (0,2) [82]. The fastest convergence occurs for

2
Wopt = ———————.
Tl /T2,

In this case, as shown by Varga [82])

Pi(@)] = (wopt — 1)3 (1 + k /1= A2)).
et PH = (o = DR+ Ry =)

As it was shown above, the polynomial schemes satisfy the relation (7.1.2):
1" —1=P,(B)(I© -1, (7.1.6)
where B = M — ce”. On the other hand, D~'/?p,,(B)D~"/? is real symmetric and

|D=Y2p,(BYD/?|| = p(P,(B)) = m%f(Pn()‘i) < e ]IPk(w)l-
1= TE|—AM,AM

(1 +ny/1— A§M> 1) — 7]

Therefore,

[VE]

7 Cmin
)~ < S g 1)

max

Muthukrishnan et al. showed [62] that

e if w is fixed independently of M, such that 0 < w < 1, there are diffusion algorithms for which

the corresponding SOS takes longer to e-balance.

e for any diffusion matrix M can be chosen a value 1 < wys < 2, dependent on M, for which the

corresponding SOS e-balances faster than the GDA based on the same M. The optimal value
for w is then war = 2/(14 /1 = A3)).

However, in a dynamic context in which the diffusion matrix may change often, the computation
of Ajr attenuates the advantage offered by a second order scheme that uses wys. Generally, the
computation of the eigenvalues is costly. However, we propose here another value for w, which can
be computed fastly at runtime. Instead of Ap;, we take the upper bound given in corollary 1 of
theorem 10. We propose

w2 (7.1.7)

1+/K2-K)

with

Wmin  Cmi T
K =4e(G min min . o [ T )
e(G) A% 4+ € Chax st <2p>
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Clearly, we have 1 < w* < 2. As was shown by Muthukrishnan et al. [62], the SOS using this value
theoretically converges faster than the corresponding simple diffusion algorithm.

Other polynomial iterative schemes were proposed by different authors [43, 15, 17]. Unfortu-
nately, they suffer of the same flaw: they rely upon parameters that are dependent on the eigenvalues
of the underlying diffusion matrix. As the communication topology, the network and the processor
parameters may change often at runtime, the computation of these eigenvalues constitutes a serious

overhead that should be taken into account.

7.2 Heterogeneous implicit schemes

In the homogeneous case, alternative iterative approaches were studied, as for example that using

implicit schemes of the following type [28]:
(I + AW AT+ = () (7.2.1)

Watts and Taylor proposed an implicit diffusion scheme for the case when the processors may
have different capacities. Unfortunately, they ignored the impact of network parameters. Their
scheme corresponds to that described in the algorithm 5 [89, 87]. They considered a measure
for load balance, that they called efficiency, defined in as ef f = Upai/Umaz, Where in our terms,
Ui = li/c; and Upy = >, Ui/ >, ci. The authors did not analyze the quality of the generated
balancing flow. We consider here a more general scheme which is able to take into consideration
also the communication costs. More specifically, we consider and analyze the following more general
scheme:

(I + DY2LD=1/2) |+ = (k) (7.2.2)

with £ = D™'2LD~'Y? and L = AUAT and U,S,W q x ¢ diagonal matrices such that U =
diag(u), S = diag(s), W = diag(w) and up = s, wg, for all 1 < k < ¢, where u is an array of edge

weights, s an array of scalars and w the array of communication costs. It must be noted that the

above algorithm is just a particular case of this scheme, for wy = v and s, = -, forall 1 <k < ¢
iTCj

and e = {i,7}.

The iterative scheme (7.2.2) converges to the fair workload vector. The proof relies on the fact



Algorithm 5 Implicit diffusion scheme

fij = O,fOI‘ allgEM
ﬁi:1+azj€/\/_ clj——Jc]

i
R Cq
T’U =a citcj

m = In(a)
ln(maxi(ﬁi_1 ZjENi Ti;))
while eff < ef frin do

119 =1
for k=1tom do
=570+ Sjens Tty Y)
end for
fii = Fig + B Ty (2010 —1m7Y), for all j € A;
L= 1™

end while

Algorithm 6 Generalized implicit scheme

fij =0,for all j € NV;

Bi =142 ety 25
T;; = 22 for all e, = {%J}

c

m = In(a)
ln(maxi(ﬁfl Zje/\/i Tij;))
while eff < effmin do

19 =1
for £k =1tomdo
1 =B + Tyen, Tl 7)
end for
fii = fig + 87 Ty (210 = 1™7), for all j € A;
I = 1™

end while
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that the inverse of I + D'/?2£D~1/? exists and has the eigenvalues

« oL 1
pp+1 =7 T pe4+1 T +1

0< =1, (7.2.3)

with e” and c left and respectively right eigenvectors corresponding to the largest eigenvalue 1. If
we consider

BI — (I+D1/2£D—1/2)—1 _ C@T,

one can verify that this matrix has only nonnegative and subunitary eigenvalues. As equation (7.2.2)
can be rewritten in the equivalent form [(**1) —7 = B/(I®) —1), it is guaranteed that (I*))>q
converges to [.

Simple transformations show that the relation (7.2.2) can be also rewritten as
1K) = 1) _ AUATD=Y(I + D'/2LD=1/2)=1 ),
Theorem 18. The balancing flow generated by a heterogeneous implicit scheme is
f=UATD™Y(I - B)~1©,
Proof. The migration flow computed by such a scheme is

f=UA"D > QM,

k>1
with Q denoting the matrix (I + D'/2£D~1/?)~1. Going further, one gets that an implicit scheme

defined as above generates the following migration flow:

f = UA™D'Y QM©®
E>1
= UA™DT'QY QM
k>0
= UATDT'QD (B™ +ce™ )
k>0
— UATDleZBIkl(O)
k>0
= UATD'Q(I - B")~1©.
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On the other hand, we have

(I _ Bl)fl — (I _ (I+ D1/2£D71/2)71 +C€T)71

(I-Q+ce")™

_ Qfl(D1/2£D71/2+ceT)fl

_ Q_1D1/2(£ n c1/2cT1/2)—1D—1/2_
Finally, we are left with

;o= UATD—1/2(£+C1/QCT1/2)—1D—1/2Z(0)
= UATD YLD+ ceT)~11®

= UATD Y (1-B)~1©
O

Therefore, implicit schemes like those given by equation (7.2.2) compute the same balancing flow

as the simple diffusion algorithm based on M = I — AUAT D1,

7.3 Conclusions, issues

In this chapter we put in evidence that the polynomial schemes generate the same balancing flow
as the corresponding GDA’s in the same heterogeneous computing environment. We further con-
sidered implicit diffusion schemes as those proposed by Heirich [28] in the homogeneous case and
Watts [89] in the heterogeneous case. They ignored the quality of the balancing flow generated by
such schemes. Here, we showed that these schemes generate the same balancing flow as the corre-
sponding generalized diffusion algorithm, too. As a natural consequence, as it was shown in the case
of the generalized diffusion, the generated flow is a scaled projection of any other balancing flow
and, consequently, it minimizes a weighted 2-norm.

The analysis carried out in the case of generalized diffusion showed that this algorithm is rather
slow, although it is better than other techniques (the hydrodynamic algorithm). This is not surpris-

ing as it corresponds to the conclusions drawn in the homogeneous case [6]. On the other hand, the
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Figure 7.1: Execution times of GDA1 and SOS1, varying with the number of processors, when the
communication topology is a path.

polynomial schemes like those described by Diekmann et al. [15] and Hu et al. [43] require knowl-
edge at runtime of the eigenvalues of the generalized Laplacian matrix. These eigenvalues should be
recomputed every time the communication graph, the network parameters or the available processor
capacities change.

In the case of the second order schemes we suggested the use of another parameter than that
depending on the second largest eigenvalue, as is indicated in equation (7.1.7). We performed
tests with the generalized diffusion algorithm GDA1 that uses the diffusion matrix defined by the
equation (5.6.1) and with the second order scheme SOS1 that uses the same diffusion matrix and
the parameter w*. As the figures 7.1, 7.2 and 7.3 illustrate, the second order scheme that uses this
parameter is better than the corresponding generalized diffusion algorithm. In this case, we see
that the use of the value w* results in smaller execution times for SOS1 when compared to GDA1.
Therefore, the use of the proposed parameter may result in a better execution time for SOS1 as
compared to GDA1. This solution has the advantage that it avoids the explicit computation of the

eigenvalues for computing the optimal parameter w.
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Figure 7.2: Execution times of GDA1 and SOS1, varying with the number of processors, when the
communication topology is a binary tree.
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Figure 7.3: Execution times of GDA1 and SOS1, varying with the number of processors, when the
communication topology is a 4-tree.
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Figure 7.4: Execution times of GDA1 and SOS1, varying with the number of processors, when the
communication topology is a star graph.



Chapter 8

Faster dynamic load balancing

schemes

8.1 A flow optimization problem

As remarked by Golub and Van Loan, a difficulty associated with the iterative methods of the type
of second order schemes and other polynomial schemes is that they depend upon parameters that
are sometimes hard to choose properly [26]. They need good estimates of one or more eigenvalues
and it may be analytically impossible or computationally expensive to do this. In the case of the
dynamic load balancing problem, these schemes iteratively approximate the minimal balancing flow
(w.r.t. the indicated norm) in a heterogeneous environment. Although they essentially use local
communication, they may converge slowly for certain classes of communication topologies. We try
therefore to find faster methods for dynamic load balancing in heterogeneous environments.

The design of a dynamic load balancing method should take into consideration the following

important aspects:

e In a distributed environment it is important to avoid as much as possible to perform unnec-
essary communication and to call primitives that need global communication. Ideally, the

communication should restrict to data exchanges between neighbors.

83



84

e The communication time needed for the migration must be minimized.

Clearly, several balancing flows may exist in the communication graph induced by a parallel
application. As an example, for a computational environment with four processors and a commu-
nication topology of type ring with a diagonal, as in figure 8.1, at least two balancing flows can
be defined. However, only one minimizes the Euclidian norm (the one on the left hand side of the

figure).

(I,¢,) = (21) 1 (I,.c,) = (41) (Ih,¢,) = (212) 2 (I,.c,) = (41)

(Is.c,) = (41) (I5,¢5) = (6.1) (Is,c0) = (41) (I3,¢5) = (6,1)

Figure 8.1: On the left, ||z||?> = 4. On the right, ||z|]*> = 7.

The communication time needed for the migration must be minimized. Typically this can be
achieved by keeping as low as possible the maximum cost of data transmission between two pro-
cessors. Unfortunately, minimizing the maximum norm is hardly feasible. However, it is possible
to minimize a weighted 2-norm. As was put in evidence in the previous chapters, the diffusion-like
schemes naturally minimize such a norm. It is important to avoid as much as possible the global
communication, limiting the load/information exchanges to the neighbors. The problem of finding a
minimal balancing flow can be formulated directly as a quadratic programming problem as follows:

minimize fz’W 1z

- (8.1.1)
subject to Az =1-1.

In the homogeneous case, the problem was addressed by Hu et al. [45]. A solution based on

Lagrange multipliers was suggested and a conjugate gradient method was used for computing them.
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Here, we try to see how this problem can be adapted and implemented for a heterogeneous compu-
tational model.
An important observation is that, as Bertsekas and Tsitsiklis showed [5], the solution of (8.1.1)
can be found by solving the associated dual problem
minimize fuT AW ATu + w7 (1 -1),
u € RP

which rewrites as
s 1,7 T _ 7
minimize su® Lu+u” (I —1).
o =0 (8.1.2)
u € RP
Assuming that u* is the solution of equation (8.1.2), the solution of equation (8.1.1) is
¥ = —WATu*.

We consider now the generalized Laplacian of G, £ = D™ '2AWATD='/2_ Tt can be easily

T2 and ¢l/? being the corresponding left and

verified that it has 0 as the smallest eigenvalue, ¢
right eigenvectors. Furthermore, as G is a connected graph, the eigenvalue 0 has the algebraic
multiplicity 1 [61, 66]. Let u;,1 < i < p, be the eigenvalues of £; we shall suppose that they are in

increasing order:

O:/Jl </.L2S/J3S...</,Lp.

The matrix £ + ¢!/ 2cT1/2 plays a key role as will be shown later. The following result holds:

Lemma 11. Let A(A) denote the set of the eigenvalues of a square matriz A. Then,
AL + 2Ty = ML) \ {0} U {1},

Proof. Let p be an eigenvalue of £, i # 0, and = a corresponding eigenvector. As T and /2

cT1/2£x =

are left and right eigenvectors corresponding to the eigenvalue 0, we have that 0 =
puc™ 2. 1t follows that 0 = ¢™"/?£ and (£ + ¢'/2¢7"/*)z = Lo = pa. Additionally, we have that

(L+ 01/207’1/2)01/2 =/ as > i=1,¢i = 1. Therefore,
MO\ {0} U{1} C AL + 2T,
Conversely, we consider {u', z'} such that p’ # 1 and

£+ cl/2cT1/2)x' =pu'x. (8.1.3)
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On the other hand, we know that (£ + cl/Qch/Q)cl/2 = ¢!/2. Multiplying the relation (8.1.3)

T1/2$/ 1, T1/2

on the left by ¢™"/? one gets that ¢ = /¢T?4! which yields ¢™'/?z' = 0. Therefore,

equation (8.1.3) reads as Lz’ = p’z' and we have that A(L + 01/20T1/2) \ {1} C A(L). As1is
an eigenvalue of £ + cl/QCTl/Q, too, we have that A(L + cl/QCTl/Q) C A(L) U{1}. Let us assume
that 0 is an eigenvalue of (8.1.3). Then, multiplying the above equation on the left by T2 one

T2 should be 0. This yields that z’ should be an eigenvector corresponding to the

gets that ¢
eigenvalue 0. As it has the multiplicity 1, one gets that 2’ = ac'/?, a # 0, and T2 — o # 0,
which is a contradiction. Therefore, A(L + ¢/ 2,1 ) C A(£)\ 0U {1}. Finally, we conclude that

AL + 2Ty = A(L)\ {0y U {1}, O

As a consequence, because £ + ¢/ 2ch/ ? has only positive eigenvalues, its inverse exists and has
the same eigenvectors. Therefore, T2 and ¢1/? are left and right eigenvectors corresponding to
the eigenvalue 1 of the inverse.

It is easy to prove, based on the above results, that the solution of (8.1.2) is of the form
u* = D~1/2p* where v* is the solution of the problem

minimize v” (£ + c1/2cT1/2)v +oTD12(1 =1).

8.1.4
v € RP ( )

Clearly, the matrix £ + ¢!/ 2,T1/2 § symmetric and positive definite. As a consequence, the minimum
is achieved in the above problem for v* = —(L+ 01/20T1/2)*1D*1/2 (I—1) and the solution of (8.1.1)

is then
ot = —WATu* = —WATD= V2% = WATD=V2(L + /2T =1 p=1/2(1 ),

Theorem 19. 1. In a heterogeneous computational model H = (G,l,c,w), the following vector

of size ¢ = |E(G)| is a balancing flow:

¢ =WATD V2(L 4 /2T )1 p-1/2, (8.1.5)

2. There is a projection matriz P such that for any balancing flow x

¢ =W 2pwi/2g,
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Proof. First, we show that ¢ is a balancing flow:

Ap = D1/2£(£+CI/QCT1/2)—1D—1/2Z
_ b_D1/201/2CT1/2(£+Cl/2cT1/2)71D71/2l
_ b_D1/2cl/2cT1/2D71/2l

= l—cell=1-1.
Let = be a arbitrary balancing flow in H. Replacing I by Az + [ in the expression of ¢ one gets
W24 = WY2ATD 2L 4 01/20T1/2)71D71/2Ax‘
Let P denote the quantity
W2 AT D12 (L 4 01/2CT1/2)71D71/2AW1/2.
It is easy to verify that P = PT and P? = P, i.e. P is a projection matrix. Therefore,
b= WV2PpW—1/2g
and
W20 = (W2l — (- PYW 2z f5.
O

Theorem 20. The balancing flow ¢ given in theorem 19 is the unique balancing flow in H = (G, 1, c,w)

that minimizes the norm || - ||5 yy—1/2.

Proof. The result is a direct consequence of the above theorem. Indeed, let ¢ denote the balancing

flow expressed as in 8.1.5 and = € R? a balancing flow such that

2= mi 12, 8.1.6
2ll2.w=r/2 = min {lylla.w—12 (8.1.6)

Then,

W25 + 11(T = PYW ™' 2|5 = [W /2] 3.
As x is minimal, one should have that ||(I—P)W ~'/2z||; = 0, which is possible only if (I — P)W /22 =0
ie. W12z = PW=1/2g, that is ¢ = W'/2PW~1/2z = ¢. O
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Another important property for guiding the data migration is the following result that is straight-

forward to prove:

Theorem 21. Let ¢ be the solution of equation (8.1.1) and Dy the digraph obtained by orienting

the edges of G so that there is an arc (i,7) if and only if ¢;; > 0. Then D is acyclic.

This ensures the absence of circular dependencies during the effective migration phase.

Having established the expression of the minimal balancing flow w.r.t. the indicated norm, the
problem is how to compute it efficiently? The iterative methods of the type of the generalized
diffusion represent a possibility. Unfortunately, they have the drawback that they may converge
slowly. An alternative way, that is a straightforward issue of the above results, is that it can be
computed using a parallel conjugate gradient method (PCG for short). The algorithm 7 corresponds
to the serial variant described by Golub et al. [26], for the case of a positive definite matrix A and
a vector b. The algorithm uses only 4 vectors of size p: z,r,v and w. The method proceeds by
generating vector sequences of successive approximations to the solution, residuals corresponding to
the approximations, and search directions used in updating these vectors and residuals [2]. In every
iteration of the method, two inner products are performed in order to compute update scalars that
are defined to make the sequences satisfy certain orthogonality conditions. On a symmetric positive
definite linear system these conditions imply that the distance to the solution is reduced in some
norm.

In the homogeneous case, an efficient algorithm for dynamic load balancing using this method
was described by Hu et al. [45]. According to Golub and al. [26], the number of iterations that this
algorithm executes is at most the number of distinct eigenvalues of the matrix A, in our case of the
Laplacian matrix (< p).

In the sequel, we describe a parallel algorithm for computing the minimum balancing flow,
which is in fact a parallel version of the conjugate gradient method described by Golub et al. [26].
We implemented it using a SPMD programming model and the MPI communication library. The

following data structures are used by each processor:
1. Load - workload assigned to the processor itself

2. Cap - capacity of the processor itself
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Algorithm 7 Conjugate Gradient Algorithm

o = initial guess

k=0
r=b— Axg
po = |Irl3

while (/pr, > €||b||2) A (k < kmae) do
kE=k+1

if £k =1 then
u=r
else

Bk = pr—1/pr—2
u=r+ Fru
end if
w=Au
ar = pr_1/uTw
r=x+apu
rT=T—Qpw
pr. = |Irl13

end while
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3. TotLoad - sum of all workloads of the processors

4. FairLoad - fair workload of the processor itself

5. nbNbrs - number of neighbors (the degree of the processor in the communication graph)
6. arrNb[0..nbNbrs-1] - array of the neighbors’ ids

7. eWght[0..nbNbrs-1] - array of edge weights representing the cost of communication with the

neighbors
8. Flow[0..nbNbrs-1] - array of flows to be sent/received to/from the neighbors
9. b,r,u,w,bnrm?2,rho0, rhol, a, 3, dotp - local real numbers

10. We further make the specification that the semantics of the primitive allreduce (a,b,op) is

that b is the result of applying a reduction operation op to all local values a.

With these settings, the PCG method is as described in algorithm 8. The algorithm performs at
each iteration step a number of local communication operations and a number of global communi-
cation operations. Our implementation performs two reduction operations at each iteration step.
The global summation normally can be done in O(log p) parallel steps, therefore the PCG algorithm
takes at most O(p log p) parallel steps. Compared to a generalized diffusion algorithm, it is theoret-
ically faster. The experimental tests confirmed that PCG is significantly faster than any diffusion

algorithm.

8.2 An algorithm based on the Laplacian polynomial

In this section we present an algorithm for dynamic load balancing in heterogeneous environments
based on the Laplacian polynomial of the communication graph. It presents the advantage of com-
puting the required balancing flow in only O(p — 1) parallel steps as opposed to the generalized
diffusion algorithm which may make O((cmax A% P?)/(Cmin Wmin €(G)) steps. It “exactly” computes
this flow. As opposed to the PCG algorithm algorithm, it does not make use of global communi-
cation but requires knowledge at runtime of the coefficients of the characteristic polynomial of the

communication graph. We show how to efficiently compute these coefficients in parallel.



Algorithm 8 PCG

allreduce (Load, TotLoad,1,SUM)
FairLoad = Cap - TotLoad

b = FairLoad — Load

allreduce (b-b,bnrm2,SUM)

k=0
w = 0.0
r=b—w

allreduce (r - r,rho0, SUM)
rhol = rho0
while (sqrt(rhol) > e sqrt(bnrm2)) A (k < kpaz) do
k=k+1;
if (k==1) then
u=r
else
beta = rhol /rho0
u=r+ beta-u
end if
send to neighbors the local u value
receive from neighbors the values of u and store them in wuy, ..., UnpNbrs
for (i =0;i < nbNbrs;i =i+ 1)
w = w + eWght[i] (v — u;)
end for
allreduce (u - w,dotp, SUM)
alpha = rhol [dotp
xr =z + alpha - u
r =1 — alpha - w
allreduce (r - r,rhol, SUM)
end while
send to neighbors the local 2 value
receive from neighbors the local z values in x4, ..., TpyNbrs
for (i =0;i <nbNbrs;i=1i+1) do
Flow[i] = eW ghtli] (x — ;)

end for
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The characteristic polynomial of a square matrix A can be defined as
P
X(n) = det(pl — A) = app”*,
k=0

Following an usage introduced by Kelmans et al. [54], we refer to the characteristic polynomial of
the generalized Laplacian as the Laplacian polynomial. Without loss of generality we may assume
that ag = 1.

As stated in the previous chapters, for a given model (G,l,c,w), 0 is an eigenvalue with the
algebraic multiplicity 1 of the generalized Laplacian matrix £. From the Viete’s relations, we have
that

p—1 = j{: II/%a

k=1,p i#k
ap = pipa---pp =0.
As we assumed a heterogeneous model (G,l,c,w) with G being connected, the eigenvalue 0 has
the multiplicity 1 and the other eigenvalues are strictly positive. On the other hand, the Cayley-
Hamilton theorem asserts that £ satisfies x(£) = 0. With these observations, it follows immediately
that
£+ 01/207‘1/2)(/31”_1 + a1 LP2 44 ap]) = ap_lcl/QcT1/2. (8.2.1)

As the inverse of £ + cl/2ch/2 exists and has the properties mentioned in the previous section, one
has

Lo+ a P2+ 4api] = api(L+ cl/2cT1/2)_lcl/2cT1/2, (8.2.2)
and
ap,l(ﬁ+cl/20T1/2)_1cl/20T1/2 = ap,lcl/Qch/Q. (8.2.3)
Going further, one gets

LP=2 4 g LP73 4+ . 4 ey D—1/27(0)

ap—1

T =10 4 AwATD=1/? (8.2.4)

The last result constitutes the basis of algorithm 9.



Algorithm 9 LPS

for all 7 do

u; =0

s =471y
end for
for all i do

fort=0top—2do
U = Uj +Ap_2_¢ - sgt)
send sgt) to neighbors
sgtH) =L sgt)

for all j € N (i) do
Q)

; from j

receive s
NNy ‘SEt)
end for
end for
end for
for all 7 do
send u; to neighbors
receive u; from all j € N (i)
for all j € N (i) do
Tij = —wij/ap1 - (ui/\/Ci — uj/\/5)
if (z;; > 0) then
send z;; units to j
else
receive z;; units from j
end if
end for

end for
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The above algorithm needs knowledge at runtime of the coefficients of the characteristic poly-
nomial. We indicate in the next subsection several ways to efficiently compute the coefficients of
the Laplacian polynomial in parallel. An optimal scheme that requires at most p steps, too, was
proposed by Diekmann et al. [15], but this method requires the computation of all the eigenvalues of
the Laplacian matrix and no method is suggested how to efficiently do this at runtime in a dynamic
context that asks for several applications of a dynamic load balancing method. Our method requires
knowledge of the coefficients of the Laplacian polynomial and we show in the sequel how to compute

them efficiently in parallel.

8.2.1 Parallel algorithms for the computation of the coefficients of the

Laplacian polynomial

A possible way of computing the coefficients of the characteristic polynomial of a square matrix A

consists in using Newton’s identities:

k—1
Sk + Z ap_;8; +kar = 0,1 <k <p, (825)

i=1
where s = trace(A*), trace(M) denoting the trace of matrix M, i.e. the sum of its diagonal
elements. Finding the coefficients of the characteristic polynomial reduces therefore to solving the

following linear system:

1 0 o ... .. o] T 1 i 1
ap—1 S1
S1 2 0 cee e . Ap—2 S92
S2 S1 3 cee e : Gp—3 83
S3 S9 S1 4 A . = -
ay Sp—1
a s
| Sp-1 .- s3 s s p | L %0 ] L °p

The algorithm 10 can be used for computing the coefficients a;.
Another way of computing these coefficients consists in using Berkowitz’s algorithm. It computes
the coefficients of the characteristic polynomial of a matrix A, x(z) = det(z] — A), by computing

iterated matrix products. The main idea of this algorithm is the Samuelson’s identity, which relates
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Algorithm 10 Algorithm for computing the coefficients of the characteristic polynomial of a matrix
compute A2, A3,..., Ar~1

compute s, = trace (A*)

solve the triangular system given by the Newton’s relations

the characteristic polynomial of a matrix to the characteristic polynomial of its principal subma-
trix [50, 79]. The coefficients of the characteristic polynomial of a p X p matrix A are computed

recursively. Assuming that M is the principal submatrix of A, we have

T

where u* ,v and M are 1 X (p—1), (p—1) x 1 and (p — 1) x (p — 1) sub-matrices, respectively.

In the following we shall use the following notation:

e A[k|l] denotes the matrix obtained from A by deleting the k-th row and the I-th column
e A[—|l] denotes the matrix obtained from A by deleting I-th column

e A[k|—] denotes the matrix obtained from A by deleting the k-th row

e adj(A) denotes the adjoint of a matrix A, i.e. adj(4);; = (—=1)" det(A[j]i]).

Lemma 12 (Samuelson’s identity). Let x(z) and Q(z) be the characteristic polynomials of A
and M, respectively. Then: x(z) = (z — a11)Q(z) — u”T adj(zl — M)v

Lemma 13. If Q(z) = Q127 + .- + Q12 + Qo is the characteristic polynomial of M, and if
»
B(@) =Y (Qp1M* 2 + -+ 4+ Qppa DaP ™k, (8.2.6)
k=2

then B(z) = adj(xI — M).

The following identity, which is the basis for Berkowitz’s algorithm, follows from lemma 12 and
lemma 13:

x(z) = (z —a11)Q(z) — ul B(z)v (8.2.7)

Using equation (8.2.7), we can express the characteristic polynomial of a matrix as a matrix

product.
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Definition 8.2.1. A p x m matrix is Toeplitz if the values on each diagonal are the same. A matrix

is upper triangular if all the values below the main diagonal are zero. A matrix is lower triangular

if all the values above the main diagonal are zero.

Expressing equation (8.2.7) in a matrix form, one gets that

X = ClQ

(8.2.8)

where C} is an (p+ 1) x p Toeplitz lower triangular matrix, and where the entries in the first column

are defined as follows:

1, ifi=1
Ci1 = § —ar, ifi=2
—(uTM=3y), ifi>3

As an example, if A is a 6 X 6 matrix, then z = C y is given by:

z5 1 0 0 0 0

2 —an 1 0 0 0 .
23 _ —uTv —ay1 1 0 0 Y3
29 B —uT M —uTw —aq1 1 0 v2
21 —uTM2y —uTMv —uTov —ai 1 u
20 —uTM3y —uTM?2v —uwTMv —uTv —an yo

(8.2.9)

With this observations, given an pxp matrix A, over any field K, Berkowitz’s algorithms computes

a (p+1) x 1 column vector x as follows:

Let Cj be a (p+2—j) x (p+ 1 — j) Toeplitz and lower-triangular matrix, with the entries in

the first column are

1, ifi=1

—ajj, ifi=2

—uf M} Py;, f3<i<p+2-j
where M; is the j-th principal submatrix ( My = A[1|1], M> = M-[11],

T

Uj

and 'U]T are given by:

(aj(j-i-l) @j(j+2) - ajp) and (a(j-',-l)j a(j+2)j

respectively. Then:

x=CiCs---C,

(8.2.10)

ey Mk+1 = Mk[1|1]) and

Qpj )

(8.2.11)
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Therefore, the vector of the coefficients of the characteristic polynomial x can be expressed as a
product of matrices. Each of the Toeplitz matrices C; can be computed independently of the other
C;’s, so we have a sequence of C,Cy,...,C, matrices, independently computed. The entries of
each C; can also be computed using matrix products, independently of each other. Being Toeplitz
matrices, in fact one has to compute only the first column each time. Efficient methods for computing
the product of Toeplitz matrices in parallel exist as indicated in [49] and a prefix method can be

employed for computing the whole product.

8.2.2 The migration flow computed by the LPS algorithm

Lemma 14. The flow computed by the LPS algorithm in (G,l,c,w) is

T = —WATD71/2 EP*Q + a1£p73 + e + apiQIDil/Ql(O)‘

ap—1
Proof. Let
u= (L 4+ a PP 4. .+ ap_oI) D~1/2(0)
and
1
r=— WAT D=2y,
ap—1

For each edge (i, ), wij = —wij/ay-1 - (wi/\/ci — uj/\/¢5).
On the other hand, u = 372 a,_»_;s® and s satisfies the recurrence

5(0) = D-1/27(0

st = £s® fort € {0,...,p—2}
It follows that u = (3727 ap_a—iL1)s®). O

Theorem 22. The LPS algorithm generates the same balancing flow as a GDA in a given hetero-

geneous computational model (G, c,w).

Proof. Let f be the minimal balancing flow with respect to || -||5 y-1/2 in (G, 1, ¢, W) and = the flow

computed by the above algorithm based on the characteristic polynomial of generalized Laplacian.
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Using the relations (8.2.2) and (8.2.3) one gets

f—.’I,‘ _ WATD71/2 |:(£+01/QCT1/2)1 n Ep72 +a1£1’3+...+ap21} Dil/Ql(O)

ap—1

-1 —2
= WATD™'/? [Ep ALty (L + cl/Qch)‘l} D-1/27(0)

ap—1

WAT D~ 1/26/2:T2 p=1/210) =y AT ¢ T)(©) = g,
Therefore, the two flows are identical. O
As a consequence, we have immediately:

Corollary 3. The LPS algorithm computes the unique minimal balancing flow with respect to the

norm || - ||o w-1/2 in (G,1,¢,W).

8.2.3 Experiments with LPS

The LPS algorithm is effective when the communication topology as well as the capacities of the
processors do not vary often at runtime. The modification of the communication patterns, of the net-
work parameters as well as the changes of capacities impose the re-computation of the coefficients of
the Laplacian polynomial. The LPS algorithm requires only p—1 communication phases to balance
the system, provided the coefficients of the Laplacian polynomial are known, whereas the general-
ized diffusion algorithm needs O((cmax AY p?)/(Cmin Wmin €(G)) steps. Furthermore, it requires only
communication between neighbors. Large transfers along the edges of the communication graph for
which the communication is costly can be prohibited by choosing the weight of the corresponding
link inverse proportionally to the real cost of communication between the corresponding processors.
The algorithm is comparable with the optimal scheme described by Diekmann et al. [15] and adapted
by Elsésser et al. [18] what the number of steps is concerned and both present no global communi-
cation. However, their scheme requires the computation of the spectra of the Laplacian matrix and
no efficient method was specified for doing this, what is needed for applying it in a dynamic context.
The LPS algorithm requires the computation of the coefficients of the Laplacian polynomial but
efficient ways of how to efficiently compute them in parallel were indicated.

The described algorithm generates a balancing flow that has the property that it is the scaled

projection of all other balancing flows and that minimizes a weighted 2-norm. We implemented and
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Hostname CPU memory model
Jargon 110 MHz | 64 MB | SPARCStation 4
opale 70 MHz 32 MB | SPARCStation-5
outremer 110 MHz 64 MB | SPARCStation-4
peridot 167 MHz | 128 MB UltraSPARC
sanguine 200 MHz | 64 MB UltraSPARC
spinelle 70 MHz 32 MB | SPARCStation-5
turquoise 70 MHz 32 MB | SPARCStation-5
zircon 70 MHz 64 MB | SPARCStation-5
girasol 75 MHz 64 MB | SPARCStation-20
cristal 75 MHz 64MB | SPARCStation-4
tourmaline | 75 MHz 64MB | SPARCStation-4

Table 8.1: heterogeneous cluster of SUN workstations used

o
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Figure 8.2: Execution time in seconds for GDA and LPS on paths (in the left figure) and on rings
(in the right figure)

run the described technique on a heterogeneous cluster of SUN workstations running SunOS 5.7 with

the structure given in table 8.1. In figure 8.2 execution times for GDA1 and LPS for communication

topologies of type path and ring of length up to 11 are shown.

Tests were also performed for various subdomain graphs obtained using the Metis [53] library.

In figure 8.3 the execution times (in seconds) for GDA1 and LPS on subdomain graphs of some

well known graphs.
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Figure 8.3: Execution time in seconds for GDA and LPS on a heterogeneous cluster of 11 processors
for various subdomain graphs

8.3 An improved Laplacian polynomial based algorithm

Examining the explicit expression of the unique balancing flow that is the solution of (8.1.1), one

can remark that ¢ can be put in the form ¢ = 0l, with
O=wATD Y2( cl/ch1/2)71D71/2 —WATD YLD ' 4 ceT) L,
We use the following alternative characterization for © [68]:

Theorem 23. Let ai,...,a, be the coefficients of the characteristic polynomial of LD~ and

O =WATD Y (LD~ ' + ce®)~'. Then © can also be expressed in the following equivalent form.:
0=-wATD U,
with

LD Y2 4 a (LD V)3 +. . +a, o1

ap—1

r o !

The coefficients of characteristic polynomial may be computed directly using the Fadeev-LeVerrier
algorithm [60]:

We propose in the sequel an efficient parallel algorithm for computing the minimal balancing
flow in a dynamic heterogeneous environment. A SPMD model is used and the following local data

structures are used by the processors:

1. rank - rank of the processor itself
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Algorithm 11 The Fadeev-LeVerrier algorithm

pPl=LD!

for i=1,pdo

a; = -trace(P?) /i

Pl =(Pi+a; 1) LD,

end for

10.

11.

12.

Load - workload of the processor itself

Cap - capacity of the processor itself

arr[0..p-1] - local array that denotes the rank-th line in U
arrS[0..p-1] - backup local copy of arr

nbNbrs - number of logical neighbors (the degree of the processor in the communication graph)

of the processor itself
arrNb[0..nbNbrs-1] - array of the neighbors’ ids
CapNb[0..nbNbrs-1] - array of the capacities of neighboring processors

eW ght[0..nbNbrs-1] - array of weights representing communication costs along the links with

the neighbors
Flow[0..nbNbrs-1] - array of flows to be sent/received to/from the neighbors
arrLoad[0..p-1] - array of the processors’ loads

allgather (larr,lv) - denotes a global operation of type allgather: all processors gather the

local values lv in the array larr, the value received from a processor i being stored in larr]i]

With these settings, the parallel method that we propose is described in algorithm 12.

In a distributed environment, the communication is strongly influenced by two network parame-

ters: the latency and the bandwidth. Generally, it is assumed that the communication time between

two processors i and j obeys the following law:

comm __
Ti7™™ = aij + Bij Lij,
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Algorithm 12 LPA

for (i =0;i<pi=i+1)do
arr[i] =0
end for
arr[rank] =1
for (k=0;k<p;k=k+1) do
if (k==p—2) then
for (i =0;i<pi=i+1)do
arrS[i] = arrli]
end for
end if
send arr to neighbors
receive from neighbors the local copies of arr, in arrNbg,...,arr Nb,pNprs—1
for (i=0;i<p;i=i+1)do
a = arrli]/Cap
for all neighbors ;5 do
arr(i] = arr[i] + eWght[j] - (a — arrNb;[i]/CapNb;)
end for
end for
allreduce (arr[myrank],T,SUM)
arrmyrank] = arrfmyrank] — T/(k + 1)
end for
for (i=0;i<p;i=i+1)do
arr(i) = —(k+1)/T - arrS|[i]
end for
for (i=0;i<pyi=i+1do
arrS[i] = arrS[i]/(T - Cap)
end for
send arrS to neighbors
receive from neighbors the local copies of arrS, in arrNbg, ...,arrNb,yNprs—1
allgather (arrLoad, Load)
for all neighbors j do
for (i=0;i<p;i=i+1)do
Flow[j]"* = Flow[j]"" + eW ght[j] - (arrS[i] — arrNb;[i]) - arr Load]i]
end for

end for
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where

e T7™™ denotes the communication time for transferring L;; bytes between the processors i

and j.
e «;; is the latency of the communication between ¢ and j.
e (3;; = 1/b;j, where b;; is the communication bandwidth between i and j.
e L;; is the data size expressed in bytes.
The redistribution time between two logically adjacent processors ¢ and j can be estimated as
Ti; = aij Mij + v Bij |dij)
where
e «;j,3;; have the same meaning as above:
e |¢;;| is the absolute value of the balancing flow to be transferred between the processors i, j;
e M;; represents the number of messages exchanged between the processors i and j.
e v is a constant.

We shall make the specification that in the course of the implementation we have made use of non
blocking point to point communication primitives.
Thus, the total redistribution time is
T, =Y (aij Mij +7Bij i) -
ijeE
On the other hand, the above algorithm minimize the quantity ||¢||lj—1/2. One may consider

wp =1/ B?j, where 7 an j denote the extremities of the edge ey. Therefore, the above algorithms

minimize Z #% Jwy. By the inequality of Cauchy-Schwarz-Bunyakowski one has
k=1

g |kl\3

Z Z (Bk |¢x])?

This means that the above algorithms minimize an upper bound for the total redistribution time. We

used as experimental environment a computational grid that was built using commodity hardware
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Machine 0S processor CPU RAM
PC151,..,PC166 | Solaris 2.7 1386 166 Mhz | 32 M
peridot Solaris 2.7 | sparcv9 | 167 MHz | 64 M
jargon Solaris 2.7 sparc 110 MHz | 64 M
outremer Solaris 2.7 sparc 110 MHz | 64 M
zircon Solaris 2.8 sparc 70 MHz | 32 M
tourmaline Solaris 2.8 sparc 60 MHz | 32 M
girasol Solaris 2.8 sparc 75 MHz | 32 M

Table 8.2: Heterogeneous computing environment used for performing tests.

Machines normalized relative speed
PC151,...,PC166 0.0358
peridot 0.1201
jargon 0.0843
outremer 0.0765
zircon 0.0358
tourmaline 0.0627
girasol 0.0560

Table 8.3: Heterogeneous computing environment used for performing tests.

available in our institute. It consists of a collection of heterogeneous machines as indicated in
table 8.2. Table 8.3 shows the normalized relative speeds of these machines. LAM/MPT and Network
Weather Service 2.0.6 [92] (NWS) were installed. NWS provided online values for network and
processor parameters. These measurements were afterwards merged into values of the parameters

of the assumed theoretical model.

8.4 Experiments with PCG and LPA

We compared generalized diffusion with PCG and LPA algorithms. Several communication topolo-

gies were considered. Generalized diffusion algorithms based on the following diffusion operators
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Table 8.4: The initial loads assigned to processors

load; = 600
loady = 3000
loads = 600
loads = 2000
loads = 300
loadg = 1000

load; = 2000 | loadi3 = 3000 | load;9 = 500
loadg = 3000 | loadys4 = 4000 | loadse = 7000
loadg = 4000 | loadis = 1000 | loadsy; = 500
loadm = 5000 load16 = 2000 lO(LdQQ = 800
loadn =200 load17 = 1000

load12 =200 load18 = 1000

were used:

\

Cj

min{ﬁa;&ﬂ} o Ye ifep = {ij} € E,

0,ifij & E,i # j,

1= X ies myir » if i = j.

C'C'%A‘;j’ji_e,ifekz{ij}EE,
0,ifij & E,i # j,

1-— Z jie B Myjis ,if i =j.

*/52;14/ & Aw+€ Jjifep,={ij} € E,

N 0. ifij & E,i# j,
\ 1_Zj:jieEmji’ pifi=j.
&Awﬂ if e, = {ij} € E,
y 0, ifij g E,i #
L 1_Zj:ji€Emji’ ,ifi:j.
( cicj . _ ..
ol if e ={ij} € E,
S 0,ifij &€ E i # j,

1-— Zj:jieEmﬂ’ yifi=j.

(8.4.1)

(8.4.2)

(8.4.3)

(8.4.4)

(8.4.5)

Tables 8.5 and 8.6 report results in terms of execution times (expressed in seconds) and the

number of iterations for a load distribution as expressed in table 8.4 and a tolerated convergence

error error = 0.01. The first column corresponds to the algorithm described in the previous section

and the other five to the diffusion algorithms based on the diffusion matrices described above. If

we express the load imbalance as max;{l;/I;}, the above load distribution is characterized by an

imbalance factor of 3.27.

The figures below report execution times for different communication topologies when the number

of processors vary, for a load imbalance factor of 3.2. We further considered the efficiency defined
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Topology | LPA | GD1 | GD2 | GD3 | GD4 | GD5
Path 0.32 | 19.82 | 20.41 | 37.48 | 66.73 | 300.24
Ring 027 | 6.69 | 6.25 | 11.5 | 18.67 | 80.06
Star 020 | 879 | 896 | 9.60 | 9.93 4.00

Table 8.5: Execution times for different communication topologies and redistribution methods on
the heterogeneous environment described in 8.2.

Topology | LPA | GD1 | GD2 | GD3 | GD4 | GD5
Path 21 | 1828 | 1950 | 3284 | 5678 | 23898
Ring 21 512 | 521 | 879 | 1537 | 6390
Star 21 961 | 983 | 995 | 1086 | 425

Table 8.6: Number of iterations until convergence of the considered redistribution methods on the
heterogeneous environment described in 8.2.

as the ratio Ty 1/(pTp,p), where T} ;1 is the time the algorithm takes for solving the problem of size

p on a single processor, and T, is the time the algorithm takes for solving the problem of size p on

P Processors.
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Figure 8.4: Execution times of the tested algorithms when the communication topology is a binary

tree.
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8.5 An algorithm based on the minimum polynomial

In the previous sections we gave an algorithm based on the Laplacian polynomial that is better
than the generalized diffusion algorithm (in terms of number of communication phases) and than
the algorithm based on the conjugate gradient method (in terms of number of number of global
operations). The analysis carried out with the algorithm LPA did not make use of any special
properties of the characteristic polynomial, but only of the fact that £ nullifies it. One may take
advantage of this by using a polynomial with a lower degree, in order to speed up the algorithm. It
is therefore natural to use the minimum generating polynomial of the generalized Laplacian matrix.
Clearly, the minimum polynomial is a divisor of the Laplacian polynomial. Therefore, the related
dynamic load balancing methods may be faster, at least in the case when the degree of the minimum
polynomial is significantly lower than that of the characteristic polynomial. In this section we present
an algorithm for dynamic load balancing that relies on the minimum generating polynomial of the
Laplacian matrix. This algorithm relies upon an idea of Wiedemann [90].

Let V be a vector space over the field K, and let {a;}$°, be an infinite sequence with elements
a; € V. The sequence {a;}$°, is linearly generated over K if there exist co, c1,...c, € K withn >0

and ¢y, # 0 for some integer k € [0..n], such that
coaj + ...+ cpGjrn = 0,Y5 > 0.

If {a;}2°, is a linearly generated sequence, then the polynomial coz™ + c12™ ™! + ...+ cpo1z + ¢y is
called a generating polynomial for this sequence. There exists an unique monic generator of minimal
degree of a sequence {a;}$2, and any other generating polynomial is a multiple of this minimum
polynomial.

Let us consider now A € K™*™ a square matrix over a field K. Conforming to the Cayley-
Hamilton theorem, there is a non-null polynomial y, the characteristic polynomial, such that x(4) =
0. Following the above definition, this means that the sequence {A?}2°, is linearly generated. Its
minimum generating polynomial is the minimum polynomial of A and will be denoted f#. For
any column vector b, the sequence {A%}S2, is also generated by f4 and its minimum generating
polynomial f4+ is a divisor of f4. For a column vector u, the sequence {u? A'b}$°, is linearly

generated as well, and its minimum generating polynomial, denoted A+ is a divisor of f4-°.
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Wiedemann presented an algorithm for solving a sparse linear system [90]. Relying upon the same
idea, Kaltofen and Saunders gave an algorithm for computing the minimum generating polynomial

of a sequence {A%}S°, that is identical to that described in the algorithm 13 [52].

Algorithm 13 Algorithm Minimum Polynomial
Input A € R"*" b€ R", andd=n

Output f4-°
Step 1: Pick a random vector u and compute
ag +— ub, a1 +— uAb,..., as +— uA*b, ... — wA2¢1p,
Step 2: Determine f/* by applying the Berlekamp/Massey algorithm
to the sequence ag, ..., a2q_1
Step 3: Check if fA* is a proper divisor of f4:
if (d = deg(f")) then
Return fAb ¢«— fAb
else
b — FA(A)D
if (b' =0) then
Return fAb +— fa0
else
Call the algorithm recursively with A, ' and d — deg(f*)
Return fAb «— fAb x fAY
end if
end if

Algorithm 13 requires the application of the Berlekamp/Massey algorithm that is described in
algorithm 14 [59]. Originally, this was used in relation with the decoding of Reed-Solomon (RS),
and more generally, Bose-Chaudhuri-Hocquenghem (BCH) block error-control codes. For an input
sequence of size n it has time complexity O(2n).

We shall use these ideas for deriving a parallel algorithm that computes a minimal balancing
flow. First of all, let ap X* +a; X* 1 + ...+ a1 X + o} be the minimum generating polynomial of

the sequence {b;}2°,, with b; = (LD~')!l. Without loss of generality, we may assume that ag = 1.
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Algorithm 14 The Berlekamp/Massey algorithm

o(X)=1
BX)=0
=0

for k=1to 2n do
d=3"_00iSk_i
if (d #0) then
o' = 0o(X) - dX B(X)
if (20 < k) then
BX)=0""o(X)
l=k—1
else
B(X) = X B(X)
end if

B(X) = X B(X)
end if

end for
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Then, we have that
agby + arbp—1 + ...+ ap_1b1 + apby = 0.

Two remarks should be made. First, because e’

is a left eigenvector that corresponds to the smallest
eigenvalue 0 of L = AW AT necessarily oy, should be 0. Second, we have that a;_; # 0, because
LD~! has only nonnegative eigenvalues and the eigenvalue 0 has the algebraic multiplicity 1 (G
being connected) and because the minimum polynomial divides the characteristic polynomial. As
the array of capacities c is a right eigenvector of LD ! corresponding to the eigenvalue 0, we deduce
that

agbr—1 + a1bg_2 + ... + ar—1by = Bc,

with 8 = aj_1e7l.

Therefore, we have
Ap=1-1,

where

6= —WATD- oobp—s +arbp_s+ ... + Oék—2b0.

Qg1
As in the case of the characteristic polynomial, it can be shown similarly that ¢ is the unique minimal
balancing flow that minimizes the norm || - [|yy-1/2.
In the sequel we describe a parallel algorithm for dynamic load balancing using the minimum
generating polynomial. As usually, we use a SPMD model. The data structures used by each task

are the following:
1. rank - the index of the processor itself
2. Load - workload of the processor itself
3. Cap - capacity of the processor itself
4. nbNbrs - number of neighbors in the communication graph of the processor itself

5. eWght[0..nbNbrs-1] - array of weights representing communication costs along the links with

the neighbors

6. Flow[0..nbNbrs-1] - array of flows to be sent/received to/from the neighbors
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7. Deg - degree of the minimum polynomial
8. arrC[0..Deg — 1] - array of the coefficients of the minimum polynomial
9. gidN ghb - global index of a neighbor

10. arrRecv[0..nbNbrs — 1] - array used for receiving temporary information received from the

neighbors

11. 9[0..2p] - array whose entries are defined as v[i] = the rank-th entry of the matrix vector

product LDl
12. u - local potential
13. S[0..2p] - auxiliary array

With these settings, the parallel algorithm MPA is identical to that described in the algorithm 15.
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Algorithm 15 MPA
sumW ghts =0

for (j =0;j <nbNbrs;j=j+1) do
sumW ghts = sumW ghts + eW ght[j]
end for
v[0] = Load
for (k=0;k <2p;k=k+1) do
vsend = v[k — 1]/Cap
v[k] = vsend - sumW ghts
send vsend to neighbors
receive from neighbors the vsend values in arrRecvg, - . . , arr Recvnp Nprs—1
for (j=0;j<p;j=3j+1)do
v[k] = v[k] — eW ght[j] - arrRecv[j]
end for
end for
barrier
gather the local arrays v[0..2p + 1] in gv[0..(2p + 1)p]
for (i=0;i<=2p;i=1i+1) do
Sli]=0.0
for (j=0;j<p;j=j+1)do
S[i] = S[i] + gulj] - gv[(2p + 1) + 1]
end for
end for
Deg = BerlekampMassey(S, p, &arrC)
u = 0.0
for (i=0;i < Deg—1;i=1i+1) do
u=wu-+ arrC[i] -v[Deg — 2 — i]
end for
u =u/(arrC[Deg — 1] - Cap)
send u to neighbors
receive the local arrays u from neighbors in arrRecvy, . . ., arr Recv,pNprs—1
for (j=0;j<p;j=j+1) do
Flow[j] = —eWght[j] - (u — arrRecv[j])

end for
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>

topology diam ¥
path 15 2 0.13
ring 7 2 0.14
binary tree 3 3 013
quaternary tree 2 5 0.13
star 2 14 0.13
wheel 2 14 0.26
complete bipartite 2 8 0.53
bridge 3 8 0.57
complete 1 14 1.00

Table 8.7: Characteristics of the tested communication topologies.

8.6 Experiments

We performed experiments with PCG, LPA and MPA for a variety of communication topologies. We
considered graphs that have different characteristics. More specifically, we took into consideration
the diameter, the maximum degree and the connectivity. The connectivity of a graph G = (V, E)

with n vertices is defined as
2|E|
n(n—1)

Table 8.7 gives the type of communication topologies that were used during the tests, together
with their characteristics, for a fixed number of 15 vertices.

Each of the algorithms PCG, LPA, MPA was executed 50 times for all of the communication
topologies indicated in table 8.7 when the number of processors varied from 4 to 16. In the following
figures we report for each type of the topologies indicated in table 8.7 the average execution times,
the median values and the standard deviation values for 50 executions of the algorithms PCG, LPA
and MPA. If ¢y, ..., tN are the execution times of an algorithm for N runnings, the average execution
time is

1 g
f=+ ; t;

and the standard deviation is

\/ SN (ti—B? \/N sV 2 - () )
N-1 N(N =1)
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Figure 8.12: Path
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Figure 8.13: Average execution times of LPA, PCG and MPA, varying with the number of processors,

when the communication topology is a path.
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Figure 8.14: Standard deviation values for the execution times of LPA, PCG and MPA, varying
with the number of processors, when the communication topology is a path.

Figure 8.15: Ring
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Figure 8.16: Average execution times of LPA, PCG and MPA, varying with the number of processors,
when the communication topology is a ring.
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Figure 8.17: Standard deviation values for the execution times of LPA, PCG and MPA, varying
with the number of processors, when the communication topology is a ring.
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Figure 8.18: Binary tree
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Figure 8.19: Average execution times of LPA, PCG and MPA, varying with the number of processors,

when the communication topology is a binary tree.
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Figure 8.20: Standard deviation values for the execution times of LPA, PCG and MPA, varying
with the number of processors, when the communication topology is a binary tree.

Figure 8.21: Quaternary tree
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Figure 8.22: Average execution times of LPA, PCG and MPA, varying with the number of processors,

when the communication topology is a quaternary tree.
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Figure 8.23: Standard deviation values for the execution times of LPA, PCG and MPA, varying
with the number of processors, when the communication topology is a quaternary tree.
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Figure 8.24: Star
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Figure 8.25: Average execution times of LPA, PCG and MPA, varying with the number of processors,

when the communication topology is a star.
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Figure 8.26: Standard deviation values for the execution times of LPA, PCG and MPA, varying
with the number of processors, when the communication topology is a star.

Figure 8.27: Wheel
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Figure 8.28: Execution times of LPA, PCG and MPA, varying with the number of processors, when

the communication topology is a wheel graph.
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Figure 8.29: Standard deviation values for the execution times of LPA, PCG and MPA, varying

with the number of processors, when the communication topology is a complete wheel graph.
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Figure 8.30: Complete bipartite graph.
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Figure 8.31: Average execution times of LPA, PCG and MPA, varying with the number of processors,
when the communication topology is a complete bipartite graph.
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Figure 8.32: Standard deviation values for the execution times of LPA, PCG and MPA, varying
with the number of processors, when the communication topology is a complete bipartite graph.

Figure 8.33: Bridge
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Figure 8.34: Average execution times of LPA, PCG and MPA | varying with the number of processors,
when the communication topology is a bridge graph.
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Figure 8.35: Standard deviation values for the execution times of LPA, PCG and MPA, varying
with the number of processors, when the communication topology is a bridge graph.
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Figure 8.36: Complete graph

0.3

0.25

o
N

0.15 4

°
o

Average execution time

o

o

a
.

o
I

7 8 9 10 11 12 13 14 15 16

Number of processors

mPCG
BWLPA
OMPA

Figure 8.37: Average execution times of LPA, PCG and MPA, varying with the number of processors,
when the communication topology is a complete graph.
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The figures show that in the case of a path or a ring the algorithm MPA is the best while the
algorithm PCG is the worst. This is also true in the case of a binary tree. In the case of a quaternary
tree, LPA is the best and PCG still is the worst. In the case of graphs that are dense or have a
small diameter like complete graphs, wheel graphs, complete bipartite graphs or star graphs PCG
performs best and the algorithm MPA the worst. This leads to the conclusions that no algorithm
perform best in all the situations and that the communication topology has a strong impact on
the execution times of these algorithms. In the sequel we shall proceed to a finer analysis of the
execution times of the three algorithms.

Examining the algorithms PCG, LPA and MPA, one can remark that the only global operation
that is performed inside the loop is global summation. This can be typically performed via a MPI
reduction operation and usually can be done with O(log(p)) parallel point to point communication
phases [80]. Let T%" denote the time needed for performing a global summation. The algorithm
LPA performs further a global operation of type allgather. Let T denote the time needed for

performing it (usually has the same complexity as a global reduction operation).

e Estimation of the execution time of PCG:

TPCG = max T}, where T; = T;*™" + T;'°™™ 4+ T;=°™™ where TPCG is the execution time of PCG
T;*°™" is the time spent by the processor i to perform computations, Tj3'*°™™ and T;*°™™ are
the times spent by the processor i to perform neighbor-to-neighbor communication and global

communication.

Let N be the number of steps until convergence (N is at most the number of distinct eigenvalues

of the communication graph). Then

- T;™ = h;N(6;a__ +Db +f ,wherea_ ,b and f are constants and h;
G PCG PCG PCG PCG

PC PCG)

depends on the available capacity of the processor .
= T = (N + 1) Y jiep(d, Bij + @ij), where d__ = sizeof(double).

— TFemm = (N +2)27°".
We have therefore,

Ty=h;iN(a,__+b )+f +(N+1) > (d_ Bij+ay) +2(N+2)T

PCG
ji€E
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e Estimation of the execution time of LPA:

T .. =maxT;, where T; = T;*™" + Tj'eo™™ 4 Ty=°™™ where T . is the execution time of LPA

and T;°°™P T;'°°™™ T;5°™™ have the same meaning as above.

- Ticomp = hz (p - 1) (6lpa‘ + b ) + fLPA’ Where aLPA’ b

and f are constants and
LPA LPA A LPA

LP.

h; depends on the available capacity of the processor i.
= T = (p+1) Yjier(pd,  Bij +ai;), where d = sizeof(double).

— Tigcomm — pTa’l“ + Tag
We have therefore,

T;=hi(p—1)(ipa_, +b ) +f  +@+1) Y (pd_ Bij+aij) +pT* +T%.
ji€E

e Estimation of the execution time of MPA: TMPA = max T}, where T; = T;°°™" + T} ™™ +
T;=>™™, where T'  is the execution time of MPA and T;°mP, T;' o™ T;*°™™ have the same

meaning as above.

- T =h;(2p+1)(a__ _p+Db

MPA

)+f _, where a b and f _ are constants.
A MPA

MPA MP MPA’ T MPA

o Tilcornm = (2p —+ ]_) ZjiGE(dMPA ﬂ” + aij)a where dMPA = SiZeOf(dOUbZE).

o Tigcomm — Tgs‘

We have therefore,

T; = h; (2p + 1) (aMPAp + bMPA) + fMPA + (2p + 1) Z (dMPA Bij + Oéij) + 795,
jieE

From the above formulas one can see that the execution times of the considered algorithms depend
on the following parameters: number of iterations performed, the actual computational capacities
of the processors, the number of neighbors of each processor, the point-to-point communication

bandwidths and the startup costs for sending messages.
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Normally, as PCG performs more global operations than the other two algorithms, one can expect
that this is slower than the others in all the cases. However, as the number of iterations performed
depends tightly on the communication graph (it converges after a number of steps that is at most
equal to the number of distinct eigenvalues of the generalized Laplacian) it is possible that for highly
connected graphs it converges faster. This is indeed the case of a complete graph as it has a small
number of distinct eigenvalues (the unweighted Laplacian has only two distinct eigenvalues!). For
graphs with small maximum degrees the local communication is very fast, as any processor has a
small number of neighbors but the use of collective operations may be costly if these graphs have a
large diameter.

In the case of a ring or a path, the number of distinct eigenvalues of the communication graph
equals the number of processors. As the degree of each vertex is at most 2, the global communi-
cation is the most penalty. It is therefore natural that the algorithm PCG takes more time than
the algorithms LPA and MPA. On the other hand, LPA performs in each iteration step a global
operation, while MPA needs only local communication at each iteration step. It is therefore natural
that the algorithm LPA take more time than the algorithm MPA. On a communication graph of type
quaternary tree, LPA performs asymptotically better than the others and PCG the worst. However,
one can remark that in the case of communication graphs with large degrees and high connectivity,
such as a star or a clique, the algorithm PCG is the best. This can be explained by that these kind
of graphs may have few distinct eigenvalues. On the other hand, for graphs that are dense, MPA
is the slowest because it performs O(2p) iterations while the others finish in O(p) steps and at each
iteration step the communication is costly because the number of neighbors is relatively large.

By extrapolation, one may suggest that

e On graphs with a small maximum degree, poor connectivity and large diameter the MPA

algorithm should be used.

e On graphs with medium degree, medium connectivity and diameter, the LPA algorithm should

be chosen.

e On graphs with high maximum degrees, large connectivity and small diameter the PCG algo-

rithm should be used.
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As a conclusion, no algorithm performs best in all the cases and in practice it is convenient to
dispose of a large palette of methods, which should be chosen/applied depending on the context. In
the next section we propose an adaptive algorithm that is able to take into account the change of

the parameters of the environment and is capable to take advantage of a previously computed flow.



Chapter 9

An incremental system sensitive

dynamic load balancing algorithm

In a distributed environment, the main events that can affect the execution time of a parallel

application of the type we assumed are:

1. The modification of the communication patterns induced by the actual data distribution (as

a result of data migration between processors).

2. The modification of the available computational capacities of the processors (as an effect of

external factors like allowing multiple users entering or leaving the system).

3. The modification of the communication costs (as a consequence of the modification of the

network parameters like the available bandwidth).

4. The modification of the complexity of the work assigned to processors (as a result of a

refinement /de-refinement operation asked for by the application).

9.1 Balancing operator

Definition 9.1.1. Let (G,I, ¢, w) be the current state of a heterogeneous environment w.r.t. to a

given application and A the vertex-edge incidence matrix of the communication graph G induced by
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the current data distribution w.r.t a given application. The ¢ X p matrix © is a balancing operator
if

AO =T —cel.
Theorem 24. Let (G,l,c,w) the current state of a heterogeneous environment and
O =wATD Y2(L cl/ch1/2)71D71/2.
Then
1. O is a balancing operator.
2. ©c=0.

3. There exists a q X q projection matriz U so that © = WY2UW 120", for any balancing

operator ©'.

Proof. 1. Clearly, © is a balancing operator:
A0 = DV2L(L+ 01/20T1/2)71D71/2
_ I_D1/2cl/2cT1/2(£+cl/2cT1/2)71D71/2

_ I_D1/2cl/2cT1/2D71/2 -

Q¢ — WATD—I/Q(E+cl/2cT1/2)—1D—1/QC:WATD—1/2(£+cl/QCT1/2)—lcl/2

= WATD V212 = wATe =0

3. Let ©' an arbitrary balancing operator for (G,l,c,w). Then I = AO' + cel. Let U =
W/2AT D=1/2(L 4 /2T =1 D=1/2 AW1/2. As ¢T'/? and ¢!/? are left and right eigenvectors
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of £ corresponding to the eigenvalue 0, TH2e1/2 =1 and ATe = 0, one has
0 = WATDfl/Q(,C+cl/20T1/2)*1D*1/2(A®' +eeT)
_ WATD_1/2(£ n 01/20T1/2)—1D—1/2A®/ L WATD=1/21/2,T

= w'2uw-1%¢'.

O

With these settings, a balancing flow can be seen as the result of the application of a balancing

operator to a particular workload vector.

Definition 9.1.2. A balancing flow in a heterogeneous environment H = (G, 1, ¢, w) is a vector

¢ € R™ such that ¢ = ©1.

9.2 Incremental computation of the minimal balancing flow
when the capacities change

Let us assume that the available processor capacities have changed as an effect of tasks competition
for the processor resources in the system. The question is how to compute the new minimal balancing
flow ¢' within the new heterogeneous context (G,I, ¢, w) taking advantage of the already computed

balancing flow ¢ in the previous state H = (G, [, ¢, w). One can notice that ¢ can be expressed as
¢p=01=WAT(L +cc)7l,

and
¢ =01=WAT(L+cd") .
As e” is a left eigenvector of L corresponding to th eigenvalue 0 and ¢, ¢’ are normalized w.r.t to the

norm || - [|1, it can be easily proved that
(I-ce")L+cdT)=L (9.2.1)

and

(L+cc") (I —ec’) =L (9.2.2)
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Therefore,

(L+cc™) ™ (I =ceT)= (I —ec" )L+ M) (9.2.3)

It follows that

WAT(L+ cc")~1 (I - deT) =

WAT(I — ecT) (L + ™)™ =

WAT(L+ ™)™,
which means that

0 =0(I-cel)y=0(1-(d —c)eh),
where © and ©' are the balancing operators defined in the previous section for (G,l,¢,w) and
(G,1, ', w), respectively. We deduce that
¢ =01=0(I-(-)eN=01-TN=¢-0( - )=¢-(D_1)O( -0

The above expression shows how to compute a new balancing operator from a previous one when a

transition of the system from a state (G, 1, ¢,w) to a state (G, 1, ', w) occurs, i.e.
0 = 0-0(d-cer

¢ = ¢-a0(d—c)

where a = Y7, I;. Therefore, it suffices that a processor acquire information regarding the differ-
ences in capacities, from the processors reporting such modifications, in order to be able to rapidly

compute a new balancing flow.

9.3 Incremental computation of the minimal balancing flow
when the loads change

The minimal balancing flow in H = (G, 1, ¢,w) is ¢ = © 1. When the processor loads change, with the
new workload vector I', the minimal balancing flow corresponding to the new situation (G,1’, ¢, w)
is ' = ©'1'. But the expression of the balancing operator does not depend on the workload vector,
therefore, ©' = © and

=01+ -)=¢+0 1 -1).
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When the processor capacities, the communication topology and the communication costs are invari-
ant but only the processor loads change dynamically, this is a very fast way to balance the system.
In a preprocessing phase one has just to compute the balancing operator. After that, every time a
load change is reported, it suffices to broadcast the load differences and then to apply the operator

to the vector of load differences.

9.4 Flow computation when the communication topology or
the communication costs change

As long as only the load or the capacities change, the computation of a new balancing flow can
be done rapidly by reusing the already computed balancing operator. When the communication
topology or the communication costs change, the computation of the balancing operator must be
restarted from scratch. Various iterative methods can be used for approximating the inverse of
(L + cl/QcT1/2)_1, which is the part that is hardest to compute that appears in the expression of
©. As it is a dense matrix, its computation could involve a large amount of computation and global

communication. For its computation we use the following characterization [68]:

Theorem 25.
LP=2 4 g LP73 4+ . 4 ap_QID_l/Q

ap—1

0 =-wATp-1/2

where a1, .. .,ap are the coefficients of the Laplacian polynomial.

Proof. The key observation is that A(L) = {1} UA(L + cl/QCTl/Q) \ {0}, where A(A4) denotes for
a given matrix A the set of its eigenvalues. As ¢!/? is an eigenvector corresponding to the unique

eigenvalue 0, one has
L+ cl/Qch/z)(ﬁ”—1 +a L2 4. tap ) = ap,lcl/Qch/Q. (94.1)

On the other hand, as the inverse of £ + 01/20T1/2 exists and has the properties mentioned in the

section 4.5, one has

LY ba P24+ ap_1l = ap,_1(L+ C]/2cT1/2)7lcl/20T1/2 _ ap,1cl/20T1/2_ (9.4.2)
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Multiplying on the left by D'/2 and on the right by D—1/2, one gets

£p72 +a1£1)*3 + ...+ap,2I

ap—1

cel = I+ AWATD1/2

D1/, (9.4.3)

Let us denote by ©’ the expression —(1/a, 1) WATD /2 (£P2 4+ a1 LP 3 + ... + a, oI) D71/
From the above relation, we deduce that A@' = I —ce” i.e. ©' is a balancing operator for the system
when the current state is (G,1,c¢,w). We prove now that the above operator coincides with the
balancing operator © considered in the theorem 24. Indeed, from theorem 24 and equation (9.4.2)

we have

—2 -3
o _@, _ WATD71/2 |:(£+Cl/2CT1/2)1 + LP +041£p +...+Clp2_[:| D71/2

ap—1

-2
_ WATD71/2(£+C1/2CT1/2)71 [I+(£+01/QCT)EP +"'+ap1:| D-1/2

ap—1

— WATD 1/2:1/2 [I+Cl/2CT1/2 I+ ap—2 01/2CT1/2:|

ap—1

_ Gp—2 WATD—1/QC1/QCT1/2D—1/2 — 2 AT oo T — .
ap—1 ap—1

O

Obviously, using this expression for computing the balancing operator requires that the coeffi-
cients of the characteristic polynomial have been already computed. Actually, one can do better and
can compute in exactly p — 1 iterations a new balancing operator by adapting the Fadeev-LeVerrier
algorithm for computing the coefficients of the Laplacian polynomial [60]. Thus, the following algo-

rithm computes a new balancing operator:

U=1

for (k=1k<=p—-2;k++) do
U=LD'U-1/kTr(LD'U)

end for

a=-1/(p—1) Tr(LD~'U)

O=-1/aWATD U
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9.5 General algorithm

As seen above, depending on the kind of change that occur in the system, one can synthesize the

results obtained above and derive a general parallel incremental algorithm as follows:

Algorithm 16 Adaptive algorithm for multi-user heterogeneous environments
if ( the load changed ) then

let [™¢% be the new workload vector

compute the new balancing flow vector ¢™¢":
¢new — ¢old +0 (lnew _ lold)
end if
if (if the processing capacities changed) then
let ™" be the new capacity vector
compute the new balancing operator and the new balancing flow:
@new — @old _ @old (cnew _ cold) eT
¢new — ¢old _ ( p L lz) @old (Cnew _ cold)
1=
end if
if ( the communication patterns changed) then
compute the new incidence matrix A"
compute the new generalized Laplacian matrix:

[Lrew — D—l/QAneww(Anew)TD—l/Q
Compute ©"¢" using the algorithm (9.4)
¢n6w — @new l

end if

if (the network parameters changed) then
compute the network communication costs w™¢"
compute the new generalized Laplacian matrix:

Lrew — D71/2AwnewATD71/2
Compute ©"¢" using the algorithm (9.4)
¢new — @new l

end if
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9.5.1 Parallel implementation aspects

Clearly, each processor can easily deal with the aspects concerning its capacity, load or the com-
munication with its neighbors. The problem is how to handle the balancing operator. Ideally, the
processors should know only those parts of © that play a role in the computation of the flow along
the edges with its neighbors. The balancing operator can be put in the form @ = WATD-'U, U
being a p x p matrix of reals. Each processor needs only to store the i-th column of U, denoted u;,
its neighbors and the cost of communication with these neighbors.

There are four categories of messages that can initiate a dynamic load procedure:
e the load changed: MSG_LOADCHGD

e the processing capacities changed: MSG_CAPCHGD

e the topology changed: MSG_TOPOCHGD

e the network parameters changed: MSG_NETCHGD

A SPMD model is used in the implementation phase. Each processor uses the following local

data structures:

1. Load, the workload of the processor itself

2. Cap, the capacity of the processor itself

3. arr, an array of size number of processors

4. nbNbrs, the number of neighbors

5. arrNb[0..NbNbrs — 1][0..p — 1] array of potentials of neighbors
6. arrLoad[0..p — 1] - array of the processors’ workloads

7. eWght[0..nbNbrs — 1], array of size nbNbrs representing the communication costs with the

neighbors.

8. Flow[0..nbNbrs — 1, array of size nbNbrs with the components representing amounts of data

that should be sent/received to/from neighbors
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9. TotLoad, the sum of the loads of the processors

10. nLChgd, the number of processors whose workload changed

11. nCChgd, the number of processors whose workload changed
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Algorithm 17 AdA
if (Load™" # Load®?) then

post a message of type MSG_LOADCHGD

else if (Cap™® # Cap°'?) then
post a message of type MSG_CAPCHGD

else if (Neighborhood changed) then
post a message of type MSG_TOPOCHGD

else if (Communication costs changed) then
post a message of type MSG_NETCHGD

end if

Extract a message from the queue

if (MsgType == MSG_LOADCHGD) then
Flow = CompFlowLoadChgd()

end if

if (MsgType == MSG_CAPCHGD) then
Flow = CompFlowCapChgd()

end if

if (MsgType == MSG_TOPOCHGD) then
Flow = CompFlowTopoChgd()

end if

if (MsgType == MSG_NETCHGD) then
Flow = CompFlowNetChgd()

end if

return Flow
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Function 18 CompFlowLoadChgd

broadcast § = Load™" — Load®?

receive g, ..., 0pLchgd—1 from the processors whose load changed, po, ..., PnLChgd—1
send arr to all neighbors
receive from neighbors the copies of arr in arrNbg, . ..,arrNb,pNors—1
for all neighbors j do

Flow?*" = Flowj-ld

for (k= 0;k < nLChgd;k+ +) do

Flow?*" = Flow}*" — eW ght; - (arr[px] — arrNb;[pk]) - ok

end for

end for

return Flow™%
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Function 19 CompFlowCapChgd

new old

broadcast § = Cap™™ — Cap
receive g, ..., 0pccngd—1 from the processors whose capacity changed, po, - .., Phcchgd—1
normalize the capacities
a=20
for (k= 0;k < nCChygd; k + +) do
a = a+ arr[pg] ok
end for
for (i =0;i <p;i++) do
arrfi] = arrfi] — a
end for
send «a to neighbors
receive the « values from neighbors in aqg, - .., QppNprs—1
allreduce (load, TotLoad, SUM)
for all neighbors j do
Flow?*" = Flow$' — TotLoad - eW ght; - (a — o))
end for

return Flow™"
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Function 20 CompFlowTopoChgd
arr™® = CompNewBalOpArr()

for i =0;i <p;i++) do
arr™™[i] = arr™™[i]/Cap

end for

send arr™" to neighbors

"W in arrNbg, ...,arr NbppyNors—1

receive from neighbors the local copies of arr
allgather (arrLoad, Load)
for all neighbors j do
for (i=0;i<p;i++) do
Flow}*" = Flow}*" + eW ght; - (arr™**[i] — arrNb;]i]) - arr Load][i]
end for
end for

return Flow™tV
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Function 21 CompFlowNetChgd
for i =0;i <p;i++) do

get the new values for eWght;,i =0,...,nbNbrs — 1
end for
arr™® = CompNewBalOpArr()
for (i =0;i <p;i++) do
arr™™[i] = arr™™[i]/Cap
end for
send arr™" to neighbors

"W in arrNbg, ...,arr NbppyNors—1

receive from neighbors the local copies of arr
allgather (arrLoad, Load)
for all neighbors j do
for (i=0;i<p;i++) do
Flow}*" = Flow}*" + eW ght; - (arr™**[i] — arrNb;]i]) - arr Load][i]
end for
end for

return Flow™%
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Function 22 CompNewBalOpArr
for i =0;i <p;i++) do

get the new values for eWght;,i =0,...,nbNbrs — 1
end for
for i =0;i <p;i++) do
arr[i] =0
end for
arr[rank] =1
for (k=0;k <p;k++) do
if (k==p—2) then
for i =0;i <p;i++) do
arrS[i] = arr[i]
end for
end if
send arr to neighbors
receive from neighbors the local copies of arr, in arrNbg, ..., arrNbyyNers—1
for (1 =0;i < p;i++) do
a = arr[i]/Cap
for all neighbors 5 do
arr[i] = arr[i] + eWght; - (a — arrNb;[i]/CapNb;)
end for
end for
allreduce (arr[myrank], T, SUM)
arrlmyrank] = arrimyrank] — (T /(k + 1))
end for
for (i =0;i <p;i++) do
arr[il| = —(k+1)/T - arrS[i]
end for

return arrS
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9.6 Experiments

We performed experiments with the AdA algorithm and compared it with the algorithms PCG, LPA,
MPA. We used the following communication topologies: path, ring, binary tree, star and clique. We

generated a number of messages of the following types:
e the load changed, coded by 0
e the capacities changed, coded by 1
e the communication topology changed, coded by 2

A number of five different series of messages (of the types described above) were generated. Each
series contained 20 messages. A number of 5 arrays of loads, 5 arrays of capacities and 5 com-
munication topologies were used. The test program examined at each step the queue of messages,
extracted the current message and performed load balancing with each of the four algorithms. If
the extracted message was of the type ”"load changed”, the next vector of loads was considered in
the suite of load vectors provided at start. The same idea was used for the vectors of capacities and

for the topologies. The following test message arrays were used:

int arrMsg[5][NMSG]={{2,0,1,0,2,1,2,0,1,0,1,0,0,1,0,1,1,0,1,0},
{2,0,1,2,0,1,2,0,1,0,2,0,1,2,0,1,2,0,1,03},
{2,0,1,2,2,1,2,0,1,0,2,0,1,2,0,1,2,0,2,0},
{2,0,1,0,2,1,2,2,1,2,1,2,2,0,2,1,2,2,2,0},

{2,0,2,2,2,1,2,0,1,2,2,0,2,2,2,1,2,2,2,0}};

Each algorithm AdA, LPA, PCG, MPA was executed each time a message was generated (NMSG
times). Figures 9.1 to 9.5 show the execution times of these algorithms on the considered topologies.
Figures 9.1 to 9.5 show that the algorithm AdA performs better in all the tested cases. This
is due to the fact that this algorithm is able to save computation time by taking advantage, when
possible, of a previous computation of the balancing flow. Therefore, an incremental algorithm of

the type of AdA may be more suitable than other approaches in a dynamic distributed environment.
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Figure 9.1: Execution times of the algorithms AdA, LPA, PCG, MPA corresponding to the first

series of messages.
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Figure 9.2: Execution times of the algorithms AdA LPA PCG, MPA corresponding to the second

series of messages.
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Figure 9.3: Execution times of the algorithms AdA, LPA, PCG, MPA corresponding to the third

series of messages.
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Figure 9.4: Execution times of the algorithms AdA, LPA, PCG, MPA corresponding to the fourth

series of messages.
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Figure 9.5: Execution times of the algorithms AdA, LPA, PCG, MPA corresponding to the fifth

series of messages.



Chapter 10

Testbed

The number of scientific and industrial parallel applications has significantly grown in the last decade.
However, many software is still characterized by a lack of generalization and standardization and
in many cases by a lack of adequate documentation. This reduces the possibility of reusing already
available codes and restricts the interdisciplinary interference between scientists. On the other hand,
designing parallel solutions for scientific and computational engineering problems requires significant
expertise and effort from the part of developers, as these tend to involve more and more advanced
interdisciplinary knowledge. Developing specialized software modules, as for example a dynamic
load balancing module, requires validation for a broad set of test-cases. In many cases the validation
is done with respect to some specific applications and/or hardware architectures and the absence of
clearly defined reference testbeds may constitute a limiting factor for the developers. On the other
hand, developing a reusable simulation framework that meets the general characteristics of a real

application may contribute to a substantial reduction of the development costs.

10.1 Simulation testbed

In order to be able to test our dynamic load balancing techniques, we simulated the behaviour of
a generic parallel application that performs adaptive computations. We designed and implemented
HeRMeS, a tool that allows to perform such simulations in distributed heterogeneous environments.

HeRMeS incorporates the dynamic load balancing methods discussed in the previous chapters and
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Figure 10.1: General scheme of HeRMeS.

is sensitive to the modification of the network or processor related parameters (such as the latency,
bandwidth, processor capacity, memory). HeRMeS provides a basic framework for the development
of a general class of applications that match the assumed scheme. It let the possibility to the
user to add his own solver code, without being directly concerned with the dynamic load balancing
implementation aspects.

The following software modules were designed and implemented: the Application simulation
module, the Data management module, the Dynamic load balancing module, the Resource monitoring
module and the Visualization module. Additionally, an independent module that simulates the
activity of external users/processes was considered: the Resources extra-load module. The general
scheme of the application is as shown in figure 10.1. We assumed a SPMD programming model and
a conceptual scheme as illustrated in the figure 10.2. For the implementation we used the ANSI C
programming language and LAM/MPI, as communication library. In the following we describe the

functionality of each of the above mentioned modules.

e The Data management module

This module is in charge with the management of the data handled by the application. It is
assumed that between the objects encapsulating this data there exist computational depen-
dencies. The underlying mesh is initially partitioned using the MeTiS [35] tool and afterwards

is distributed onto the machines. It is assumed that a one-to-one mapping exists between



157

®~®S ~—=-0W

W
L o
n " r
t Other k
e Applications S
r t
fl N S a
a t
c i
e [o]

n

Resources
Monitor

A%
-9

Operating system 0?

Processor /Memory / & . 0 ®

30"’"‘9)""(07"05

N

30—..—&9)—&07*-‘05

©

W -ovsaoa-ox

Interconnection network 01

Figure 10.2: Conceptual scheme



158

AGM

r DM M DLBM —|

W

ELM AT ESM

Figure 10.3: Data management module

partitions and machines.
This module contains several primitives that allow to manipulate data structures that encap-
sulate information regarding the mesh. Specifically, these primitives allow for

— reading input data and writing diverse information from /into files.

— distributing data to machines.

— filling the local structures of the processors with information related to the nodes of the

assigned subdomains.

— building the subdomain graph corresponding to the current partitioning.
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Figure 10.4: Application simulation module

— migrating data between the subdomains/processors (according to the informations re-

ceived from the load balancing module).

— modifying the structure of the mesh, following the orders of the application simulation

module (where to refine, which percentage).
— notifying the load balancing module when an adaption operation was completed.
— providing specific information regarding the subdomain graph to other modules, upon
request.
e The Application Simulation Module

The main task assumed by this module is to simulate the behaviour of an adaptive parallel
numerical solver. In many cases such a solver consists in a computational kernel that solves
a linear system of equations using iterative methods. The general assumed scheme is that
indicated in the algorithm 2 and as illustrated in the figure 10.5. Here, one can identify a local

computation part, a local communication part and a global communication part.

The module repeats a number of times the following operations:
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Figure 10.5: Generic scheme of a parallel numerical solver

— Each processor simulates the local computation part of a parallel numerical solver. Specif-
ically, it performs a number of primitive operations according to a user supplied function
that represents a measure of the complexity of the work assigned to it. This is usually a

function of the volume of data residing on that processor and the processor’s speed.

— Each processor exchanges a number of messages with its neighbors in the communication
topology induced by the current data distribution. The size of the messages exchanged

between two processors is proportional to the length of the shared boundary.

— A number of global operations are performed. In a real application these are usually

necessary for computing a certain norm in order to be able to estimate the solution error.

Additionally, this module contains a number of primitives that allow it to fulfill the following

tasks:

— It requests information about the network and the processor performance from the Re-
sources Monitoring Module. Each processor maintains a structure that is dynamically
updated and that contains the actual speed of the processor, its neighbors and the values

of the network parameters.

— It requests from the Data Management Module the lengths of the boundaries shared by a

processor with its neighbors in the communication topology induced by the application.
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— It notifies the Data Management Module when a refinement operation must take place;
it informs the Data Management Module on what regions (and in what percentage) this

operation should be performed.

e The Dynamic Load Balancing Module

This module implements a set of heterogeneous balancing methods that are able to take into
account updated values of the workloads, processing capacities and of the network parameters
when computing a new load distribution. All the methods discussed in the previous chapters

were included. It contains a number of primitives that:

— query the Resources Monitoring Module on system’s parameters values (capacity, latency,

bandwidth),

— request information regarding the structure of the subdomain graph from the Data Man-

agement Module,
— choose and apply methods for dynamic load balancing,
— determine the amount of data to migrate,

— select nodes for migration according to a gain function that takes into consideration the

physical characteristics of the underlying communication network,

— notify the data management module when a the load balancing process has been com-

pleted,

— asks for the Data Management Module to operate modifications on the structure of the

mesh by effectively migrating the selected data items.

The process of the selection of nodes for migration is usually done in the homogeneous case
so as the edge-cut is minimized. In this way, one hopes to minimize the communication time
of the application. However, as Hendrickson et al. argued [29], this metric is inadequate. In
the heterogeneous case one should provide a more adequate migration criteria for moving data
between processors, capable to take into account the heterogeneities. In the homogeneous case
the nodes are usually selected on the basis of a gain function. In the following we show how

one may adapt this criteria for the use in heterogeneous environments [84].
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Let H = (G,l,c,w) be a heterogeneous model and Si,... S, the subdomains assigned to
processors. The gain g(v,q) of a vertex v in the subdomain .S, can be calculated for every
other subdomain, S;,q # p, and expresses how much the cost of a given partition would be
improved were v to migrate to S,. Given a vertex v € Sp, let e,(v) denote the set of edges
from v to vertices in Sy, e4(v) = {{v,2} € E: z € S;}. In the homogeneous case one has that
g(v,q) = |eq(v)] — |ep(v)]. In the heterogeneous case,the communication costs shoould be also
taken into account. The gain function to be used in this case is

9w.a) = 3 lesw)|(@pi — i),

i€V (G)
where w is p X p matrix such that
- wg, if {i,j}:ek € E(G)
Wij = .
0, otherwise.
For a vertex v € S, can be defined a preference function that gives the index of the sudo-
main/processor where to migrate v. This function can be defined as f(v) = ¢, where ¢ is an

index that maximizes the gain, i.e. for which ¢(v, ¢) = max;»p g(v,?).

The Resources Monitoring Module

This module is responsible with the system resources status survey. It includes a benchmark
code that was used for measuring the absolute computational capacities of the processors. We
opted for a simple and easy to use benchmark that was developed in our department. This
module has the responsibility to provide upon request to the Dynamic Load Balancing Module
current values or forecasts of network or processor parameters such as available capacity,
latency, bandwidth, etc. It exposes several interface functions that call NWS specific primitives.
NWS is capable to furnish the fraction of CPU available for new processes, the fraction of
CPU available to a process that is already running, network latency, network bandwidth,
free memory, and the amount of space unused on a disk. NWS was configured manually for
the target system before conducting experiments. Typically, a sensor and a forecaster are
started on each machine, as is illustrated in figure 10.7. The application task residing on each
machine first requests from the data management module the neighboring machines in the

communication graph induced by the data distribution w.r.t the application and then sends
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Figure 10.6: Resources monitoring module

queries to NWS to extract values for the system parameters along the corresponding links.
These are used for setting up values for the synthetic parameters in the assumed theoretical

heterogeneous model, which are then communicated to the Dynamic Load Balancing Module.

The Visualization module

This module contains simple primitives that allow to visualize a heterogeneous partitioning of
a mesh. We first implemented it in Mathematica 4.0 and afterwards was ported to Java. It is

able to visualize only 2-dimensional meshes for which the coordinates of the nodes are known.
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In figure 10.9 a partitioning of the graph g¢rid20x19, corresponding to a situation when all
processors have the same performance, is illustrated. In figure 10.10, a partition issued from
the above partition as a result of changing the capacity of the red processor is shown. The
effect of the migration, as a result of the modifications of some processors, can be better in

figure 10.11.

§& MeshzD¥iewer ( 22.05.2002 ) / mgrid20x19_k =12
'

Figure 10.9: Homogeneous partitioning
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Figure 10.10: Heterogeneous partitioning when the red processor has double capacity than of the
others

S

Figure 10.11: Visualization module. On the the left hand side, a homogeneous partitioning of the
graph Whitaker is shown. On the right hand side, a partitioning resulted after redistribution is
shown, for the case when the processors 1, 2 and 3 have double available processing capacities
compared to the others.
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Figure 10.12: Extra-load simulation module

e The Extra Load Simulation Module

This module allows to artificially generate loads on processors and congestion on network.

It’s role is to simulate the activity of external parallel applications in the system following a

scenario defined by the user. The main idea that have been used is that the activity of a parallel

task can be decomposed into a suite of interleaving phases of computation, communication or

idleness. The behaviour of the external tasks is specified through configuration files. Each

configuration file specifies a suite triples (Data, Work, Wait) where Data is a collection of

pairs (p, ¢) indicating that an amount of data of size ¢ should be sent to the processor p, Work

specifies the amount of work to be done by the task, Wait specifies the interval of time it must

stay idle.
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Table 10.1: Execution times for different communication topologies

Topology GDA PCG LPA MPA
Path 19.82 045 032 0.28
Ring 6.69 0.59 0.39 0.30
Star 859 0.15 0.20 0.46
SD_whitaker 240 032 024 0.22
SD_airfoil 3.55 043 0.23 0.18
SD_grid20x19 | 2.05 0.16 0.20 0.15
SD _shock 397 039 0.23 0.20

10.2 Experiments

We used a computational grid that we built with commodity hardware available in our institute.
This consists in a collection of 16 DELL PC’s. In a first step, we focused our attention mainly on
testing the inter-operability between the dynamic load balancing module and the resource monitoring
module. A test suite was generated by using different load distribution and communication topologies
provided by the data management module. The resource monitoring module provided online values
for network and processor parameters. Typically, each processor knows what is its current load,
who are its logical neighbors and its absolute capacity. For finding out forecasts for the available
CPU fraction, latency and bandwidth on the links relying it with its neighbors, it sends requests
to the resource monitoring module. The algorithms proposed for keeping the fairness at runtime
were tested with subdomain graphs obtained from real test graphs used in CFD. The proposed
dynamic load balancing methods were used with a multilevel scheme inspired by those provided by
the ParMETIS package. During the preliminary experiments performed, the weights w; appearing
in the synthetic model were set to the square of the inverse of the forecasted bandwidth along the
corresponding link.

Tests were performed with several dynamic load balancing algorithms. Table 10.1 reports results
in terms of execution times expressed in seconds for the algorithms GDA1, PCG, LPA and MPA for
a highly imbalanced load distribution. The tested topologies were path, ring, star and subdomain
graphs of some well known unstructured meshes (whitaker, airfoil, grid20x19 and shock). We further
performed tests with HeRMeS on this cluster. We simulated an application that matches the scheme

indicated in the algorithm 2. We considered several types of meshes and we assumed that their
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Table 10.2: Meshes used during the tests

Graph nb. of vertices nb. of edges
grid20x19 380 1442
stufe 1036 3736
L9 17983 71192
Whitaker 9800 57978
airfoil 4253 24578
3elt 4720 27444

vertices had weights associated. These weights represent a measure of the complexity of the work
associated with the corresponding vertices. During the experiments we considered a fixed number
of 7 adaptions. In each adaption phase, the weights of a subset of vertices, among the vertices of all
subdomains, were multiplied by a factor of 2. This had as effect the increase of the complexities of the
work assigned to processors and the deterioration of an eventually already existent fair distribution.
The size of subdomains may dramatically increase after the adaptions phases. As an example, the
start distribution that was considered in the case of the mesh Lg is as shown in the table 10.3. When
no method for load balancing was used, the load distribution after the last adaption phase was as
shown in the table 10.4(characterized by an imbalance factor of 1.94, i.e. max;{l;/I;} = 1.94).

The work complexities were considered proportionally to the number of nodes in a subdomain

multiplied by a scaling factor M. We considered the following test cases:

e Adaptive, with homogeneous capacities.

A situation that was considered was when the capacities of the machines had similar values i.e.
0.667. In this case the main source of load imbalance was the successive application of adaptive
procedures. It was considered that the load of a processor is proportional to the number of the
weights of vertices in the assigned subdomain. The work performed by a processor consisted
in repeating a fixed set of basic operations for a number of times that is the product between a
scaling factor and the total weight of a subdomain. In this case we set the value of the scaling

factor to 50.

In the table 10.5, the execution times for the simulation with various dynamic load balancing
techniques are illustrated. The first column contains execution times of the simulation in the

case when no dynamic load balancing method is applied. The second column corresponds to a
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Table 10.3: The initial loads assigned to

processors

load; = 1202
loads = 1206
loads = 1196
loads = 1206

loads = 1208
loadg = 1192
load; = 1199
loadg = 1190

loadg = 1193
loadm = 1205
load11 =1201
load12 =1192

load13 = 1203
loady4 = 1199
lOCld15 =1191

Table 10.4: The loads assigned to processors after the last adaption phase

load, = 25844
loads = 84635
loads = 62928

loady = 121206

loads = 121096
loadg = 105085
load; = 141652
loadg = 54541

loady = 31545
loadm =91754
load11 = 4888
load12 = 104326

load;s = 88568
load14 = 50348
load15 = 1574

simulation that uses the generalized diffusion method (based on a generalized diffusion matrix
given by the equation (5.6.1)). The third, the fourth and the fifth correspond to a simulation
that uses the algorithms PCG, LPA and MPA, respectively. The last column corresponds to a
simulation that uses a method from the ParMETIS library. In this case one can remark that
the differences between the methods are not very important. However, the ParMETIS method
may perform better in some cases than the other algorithms. This is partly due to the fact
that these algorithms need to maintain and update information about the capacities of the

processors and the network parameters.

Adaptive, with heterogeneous capacities.

In the table 10.7 the execution times for the simulation with various dynamic load balancing

techniques are illustrated with the capacities varying between adaption phases as illustrated

Table 10.5: Execution times of an adaptive simulation with various dynamic load balancing methods

#vertices X #edges No DLB GDA1 PCG LPA MPA ParMETIS
380 x 1442 373.00s 157.16 s  132.13s  132.03s  145.21s 129.98 s
1036 x 3736 1146.95s  475.62s  419.45s  415.59s 42093 s 389.73 s

4253 x 24578 3913.53 s 1247.62s 1159.51s 1093.52s 1179.26 s 1093.30 s
4720 x 27444 497712 s  1462.09s 1224.85s 1220.71s 1316.33 s 1307.82 s
9800 x 57978 9785.57s 334040s 3097.48s 3272.81s 3288.05s 3481.00 s
17983 x 71192 17851.39s 5017.15s 5657.72s 4820.13s 4809.60 s 4693.74 s
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Table 10.6: Variation of the processing capacities between adaption phases

Processor | adpt 1 adpt2 adpt3 adpt4 adptb adpt6 adpt7
P 0.0667 0.1153 0.1176 0.1000 0.1111 0.1111 0.1290
Py 0.0667 0.0384 0.1176 0.0500 0.1111 0.1111 0.1290
Ps 0.0667 0.1153 0.0588 0.1000 0.0666 0.0555 0.1290
Py 0.0667 0.1153 0.0980 0.1000 0.0888 0.0555 0.0322
Ps 0.0667 0.0769 0.0784 0.1000 0.0888 0.1111 0.0967
Ps 0.0667 0.0384 0.0392 0.0500 0.0888 0.0555 0.0322
P 0.0667 0.0769 0.0784 0.0500 0.0222 0.0555 0.0322
Py 0.0667 0.0384 0.0392 0.0500 0.0666 0.0555 0.0645
Py 0.0667 0.0769 0.0588 0.1000 0.0444 0.0555 0.0645
Py 0.0667 0.0384 0.0980 0.0500 0.0666 0.0555 0.0322
Py 0.0667 0.1153 0.0588 0.0500 0.0666 0.0555 0.0967
Py 0.0667 0.0384 0.0588 0.0500 0.0888 0.0555 0.0645
Pi3 0.0667 0.0384 0.0392 0.0500 0.0444 0.0555 0.0322
Py 0.0667 0.0384 0.0392 0.0500 0.0222 0.0555 0.0322
Pi5 0.0667 0.0384 0.0196 0.0500 0.0222 0.0555 0.0322

Table 10.7: Execution times for an adaptive simulation with various dynamic load balancing methods
when the capacities vary between adaptions

#vertices x f#edges | No DLB GDA1 PCG LPA MPA ParMETIS
380 x 1442 149.19s  381.68 s 77.03 s 68.01 s 70.47 s 90.28 s
1036 x 3736 956.27s  223.76s  174.57s  161.22s  175.00 s 302.86 s

4253 x 24578 2365.73s  521.78 s 494.11s  482.68s  490.84 s 535.11 s
4720 x 27444 2571.26 s  586.67s  527.38 s 517.08s  533.05s 630.33 s
9800 x 57978 6293.51s 1159.93s 1049.05s 1037.39s 1103.45s 2745.69 s
17983 x 71192 7759.36 s 2103.14s 1888.27s 1872.55s 1883.49 s 3586.92 s

in the table 10.6. The meaning is the same as in the above case, a column corresponds to the

simulation with a an algorithm. A line corresponds to the simulation with different dynamic

load balancing methods for a given graph/mesh. Here, one can see that generally our methods

result in better execution times of the simulation compared to the ParMETIS method. This is

due to that these methods distribute the loads ”fairly” (i.e. proportionally to the capacities)

while the ParMETIS method distributes them ”equally”. The application of GDA1 in the

case of the graph grid requires special attention, because this shows that the application of

a ”costly” dynamic load balancing method may yield worse execution times than in the case

when no method is used.
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10.3 Conclusions

The tests showed that in a heterogeneous dynamic context as that we assumed here, the use of a
dynamic load balancing method can contribute to the improvement of the execution time of a parallel
application. In both of the cases considered above, the use of dynamic load balancing methods
generally resulted in a significant improvement of the execution time of the application. However,
the choice of a dynamic load balancing method must be done carefully, in order to get the maximum
benefit from its application. As it is shown in the table 10.7, for the first graph, the application of
GDA1 may be very costly, as the execution time of the application is worse than in the case when
no method is used. In the case of a homogeneous repartitioning, the methods PCG, LPA, MPA
performed similarly to the considered ParMETIS method. In some cases the ParMETIS method
outperformed the other methods. This may happen because our schemes spend some additional
time for maintaining/updating information about the current system’s state. However, when the
capacities vary between the adaption phases, the use of any of algorithms GDA1, PCG, LPA or
MPA resulted in better execution times of the application, as they redistribute the loads fairly, i.e.
proportional to the capacities, while the invoked ParMETIS method redistribute them ”equally”,

being not able to take in account the heterogeneities at runtime.



Chapter 11

Conclusions and future work

It is widely accepted that the distributed computing environments constitute a major option for
the future development of high performance computing. However, although they offer numerous
advantages, it is difficult in practice to take the maximum benefit of their theoretical computing
power. A major problem to be solved is how to ensure an efficient utilization of their resources. In
such systems, the parameters characterizing the computational capacities and the communication
may vary in unpredictible ways. On the other hand, the application itself may undergo dynamic
changes, with a direct impact on the total execution time. This is the case of the applications
that perform adaptive numerical computations. During the computation, the complexity of the
work associated with a subdomain assigned to a processor may increase significantly, producing an
important load imbalance. As opposed to the homogeneous case, a dynamic load balancing method
should also explicitly take into account the system’s characteristics.

In the present thesis, various methods for the fair dynamic load redistribution in heterogeneous
computational environments are described and investigated. We started with the generalization of
a variant of the diffusion algorithm proposed by Boillat. Complexity estimations were formulated.
The balancing flow generated by such methods was shown to have an important property, i.e. it is
a scaled projection of the other balancing flows. The immediate consequence is the fact that this

flow is minimal with respect to a weighted Euclidian norm. We proposed the use of a parameter
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that is close to the optimal values given in the homogeneous case. Compared to the usually sug-
gested optimal diffusion, the variant we suggest does not need the computation of the eigenvalues
of the generalized Laplacian matrix. The same algorithm, GDA, was proved to be theoretically
faster than the hydro-dynamic algorithm. Faster polynomial schemes like the second order schemes
(SOS) generally perform faster when compared to the generalized diffusion, but they suffer of the
same inconvenient: they rely upon parameters that are hard to choose properly or are expensive
to compute. For using such schemes in dynamic contexts, we suggested the use of a parameter de-
pendent on an upper bound of the convergence factor that is easier to compute. The heterogeneous
implicit schemes showed to generate the same balancing flow as the generalized diffusion and as the
polynomial schemes. Another approach, more direct, (PCG) was investigated by solving an opti-
mization problem by an adapted conjugate gradient approach that has been successfully used also
in the homogeneous case. The balancing flow generated by diffusion-like schemes is computed iter-
atively, typically by accumulating at each step fractions of load differences. We gave a quantitative
characterization of the flow computed by these methods. Starting from this, two other algorithms
were given, one relying on the Laplacian polynomial (LPA), the other on the minimum generating
polynomial of the generalized Laplacian of the communication graph (MPA). The experiments per-
formed showed that the three algorithms PCG, LPA, MPA perform significantly faster than GDA
or SOS, but none of them performs best in all the situations. The structure of the communication
topology strongly influences their execution times. This suggests the use of a hybrid algorithm,
including a heuristics capable of choosing the adequate algorithm based on the characteristics of the
communication graph.

We further showed that an incremental algorithm, capable of computing a new balancing flow
by taking into account the previously computed one, may perform better than one that starts the
computation from scratch.

All these methods were incorporated into a tool, called HeRMeS that allowed to perform tests
with a simulated adaptive numerical application. The tests with HeRMeS showed that applying
dynamic load balancing methods for an application of the type we considered may effectively result
in a reduction of the execution time. Secondly, the tests showed that the method to be used must

be chosen carefully, as an inadequate algorithm may increase the execution time of the application.
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Thirdly, as seen in the previous chapter, when a homogeneous method is used in a heterogeneous
context, the execution time of the application might be much higher than in the case when adequate
heterogeneous methods are used. This emphasizes the importance of the study of dynamic load

balancing techniques. Fast methods that minimize their overhead are necessary for that.
An interesting direction of research is the examination of the possibility to apply these methods
(or variants of them) to other kinds of applications. Another interesting topic is the application of

these methods in larger heterogeneous computing systems (grids).
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