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Abstract This paper investigates the dynamical properties of a class of urn processes
and recursive stochastic algorithms with constant gain which arise frequently in control,
pattern recognition, learning theory, and elsewhere.

It is shown that, under suitable conditions, invariant measures of the process tend to
concentrate on the Birkhoff center of irreducible (i.e. chain transitive) attractors of some
vector field F : RY — R? obtained by averaging. Applications are given to simple
situations including the cases whefeis Axiom A or Morse—SmaleF is gradient-like,

F is a planar vector fieldF has finitely many alpha and omega limit sets.

1. Introduction
This paper considers a family of discrete time stochastic proc¢¥§és.n, € > 0, living
in R¢ which are defined in the following way.
LetX ={1,...,m} be a finite state space called thigace of control parameters-or
eachx € R? we assume that we are given the following:
e a discrete time Markov chain o’ represented by a: x m transition matrix
K(x) = {K; j(x)}i jex satisfying

K;j(x)>0; ZKL,J'(X) =1
=1

e afamily {ul,..., u"} of m probability measures ofi,RY = R¢.
Let ¢ denote a (small) positive real parameter calledgam parameter We consider
a Markov proces$(X¢, ©)}.en defined on a probability spade2, F, P} taking values

in R? x X whose transition kernel is given by

€ € : € € j (A
P((Xn+lv ®n+l) €AX {j} | Xn =X, ®n = l) - Kl,j(X)M)jC ( € ) (1)

for everyi,j € X,x € RY and every Borel sed c R?, where (—x + A)/e =
{(—x+ f)/e: f € A}
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An equivalent and more concrete formulation is the following. For each R?
and eachd € X let {f,(x,0)},en denote a sequence of independent random vectors
taking values inT,R? = R? having .’ as the probability distribution. Then the process
{X¢, O )0 is defined by
{ P(@;H:j|X;=x,®;:i)=K,3j(x) @)
XS — XS = efpn (XS, 05,).

Recursive processes described by (1) or (2) arise frequently in applications in pattern
recognition, system identification, learning theory, economic modeling and elsewhere
under the nametochastic approximations and adaptive algorithm&/hile this theory
has been the focus of much attention over the last four decades in the engineering and
probabilistic literature (see, e.g7,[L1, 25, 26]), little attention has been paid to dynamical
systems issues. In this paper we continue the program initiate®, 5;6] which is
to investigate the asymptotic behavior of stochastic approximation processes with the
point of view of abstract dynamical system theory. Our previous work was devoted
to stochastic approximation processes with decreasingf.gdirwas shown that under
mild assumptions the limit sets of sample paths of stochastic approximation processes
are almost surely connected internally chain recurrent sets for the dynamics of a suitable
average vector field” : R? — R?. This property was used irb] to characterize the
limiting behavior of a class of urn processes for whiglis Morse—Smale.

This paper is concerned with processes with constant gain, that-isO. A first
step is made toward describing the topological and dynamical structure of the support
of invariant measures of (1) in the limit— 0. An important source of inspiration for
the present paper are the works of David Ruell€] [and Yuri Kifer [24] on random
perturbations of dynamical systems. Ruel8][shows that, under suitable conditions,
discrete time dynamical systems with small bounded random perturbations asymptotically
live on irreducible (i.e. chain transitives) attractors. Kif@d] relying on Freidlin and
Weintzell theory, considers the case of discrete time dynamical systems with unbounded
random perturbation which satisfy a large deviation property. This paper presents similar
results for stochastic approximation processes. One of our main purposes is to describe
the long term behavior of (1) by using only the dynamicsFo{and not the particular
properties of the dat& (x) andul, ..., u™). To achieve this goal we introduce §2
the notion ofchaining numberof a chain transitive s&t Roughly speaking the chaining
number of a chain transitive s€t measures the growth rate (&s— 0) of the minimal
number of(§, T) pseudo-orbits required to connect any given pair of pointE.irOur
main assumption will be that some components of the limit points sétsdhave their
chaining number bounded by 2.

It turns out that in some simple cases including Axiom A or Morse—-Smale systems,
gradient-like systems, planar systems with finitely many equilibria, vector fields with
finitely many alpha and omega limit sets, etc, this assumption is easily seen to be satisfied.

T Thatise = ¢, with }°, ¢, =oco and)_, e,}” < oo for somes > 0. For an introduction and a recent survey
of this theory see, e.g.18].

I A chain transitive set is defined here as a subset of a chain transitive comporferfse¢s2 and 5).

& The closure of all alpha and omega limit setsrof
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The key ingredients for our proofs are a large deviation principle for (1) due to Dupuis
[13] (see also 26]) combined with some properties of chain recurrent flows, and some
ideas and techniques introduced by Kifed].

Example 1.1. Generalized urn processBs.give a simple example, we describe here an

urn process in the spirit of thgeneralized urn processeghich have been considered by

Hill etal [18], Arthur et al [2], Pemantle 27], Benam and Hirsch §] among others.
Let

Adz{veRd“:viZO,Zvi:l}

be theunit d-simplex Let p* : A - A? andp~ : A? - A? be two functions such that
p~ leaves invariant the faces of the simplex (ke= 0 impliesp; (x) = 0). Throughout
we will call such a pairp™, p~) anurn function

Now, consider an urn which contaimé > 0 balls of colors 1...,d + 1. Set

€= —.
N

At each time step a ball is randomly chosen in the urn and is replaced by a new ball
according to the following process.
Let X5 ; be the proportion of balls having colérat time n and denote byX; =
(X515 -+ +» X}, 441) the vector of proportions. The color of the ball removed from the urn
at timen + 1 is chosen to be with probability p;” (X$) and the color of the ball which
is added is chosen to bgwith probability pj*(X;). This defines a stochastic process
{X¢}u>0 living in A9,

Let

X={1....,d+1 x{1,....,d+1},

and lete; denote theth vector of the canonical basis &¢*!. Let E¢ c Rt be the

affine subspace spanned hy. By translating coordinates, we assume thétis a linear

subspace and? is a neighborhood irE? of the origin. For any € E¢ let r(x) denote

the nearest point oA? to x. The mapr : E¢ — A is easily proved to be Lipschitz.
For eachx € E4, define the Markov transition matrik (x) as

Ko, joy. (i, ) (x) = p;’(r(x))pi_(r(x)), (io, jo) € X, (G, j) e X (3
and define the probability measures
Wl =8¢—es (. )) € X, @)

wheres; stands for the dirac measure At Identifying E¢ with R?, formulae (3), (4)
and (1) define a process R’ x X whose first component coincides With ¢}y on A9,

Outline of contents. The organisation of the paper is as follow§2 introduces the
notation and some definitions. It briefly reviews the notion of chain recurrence and
introduces the chaining number of a chain transitive set. The main results are presented
in §3 and some applications are developeddn The properties of chain recurrence
needed for the proofs are given §B. The large deviation principle for (1) is presented
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in §6 together with some dynamical implications of this principle based on a result of
Nitecki and Shub extended by Akid][ The final estimates needed for Theorem 3.7 are
given in§7.

2. Basic definitions and main hypotheses
The notation, definitions and hypotheses introduced in this section will retain their validity
throughout the paper. The Euclidean norm Rt is denoted| - ||, and (-, -) is the
associated inner product. The closure, interior and boundary of a set R? are
respectively denoted clod) (or A), int(A) anddA. The complementary set of is
A® = R?\ A. The§ neighborhood ofA is Ns(A) = {x € R? : d(x, A) < 8}. The open
ball of radiusr > 0 centered at the origin iB, = {x € R? : | x|| < r} and the open ball
of radiusr > 0 and center is B,(a) = B(a,r) = {x e R? : |x —a| < r}.

Consider the process introduced §1 and characterized by (1) or (2).P.,
(respectivelyE, ¢) denotes the probability (respectively expectation) given ¥fat= x
and®j = 6. Forx € R? we let

ﬁ(x)zf fuldf)eR?, i=1...,m
Rd

denote the average ¢f and we let®* = {©:},-0 denote the homogeneous Markov
chain onX whose transition matrix i« (x).

A set X’ c X is called arecurrence clasdor ®* if for all i, j € X’ there exists
an integerk = k(i, j) and a finite sefi,, ..., i} € X’ such thati; = i,i; = j and
Kii,(x) > 0,1l =1,...,k—1. If k can be chosen independently iofj then X"’ is
called aperiodic The Markov chain®* is calledindecomposabléf it admits a single
recurrence class. It is callddeducible if it is indecomposable withY' as recurrence
class.

We suppose the following.

HYPOTHESIS2.1.

(i) The mapsc — fi(x),i =1,...,m, are locally Lipschitz and bounded.
(i) The mapr — K(x) is locally Lipschitz.

(iiiy For eachx € R? the chain®* is indecomposable.

It is well known (see, e.g.,2P]) that condition 2.1(iii) implies the existence of a

unique invariant probability measurg(x) = (m1(x), ..., 7, (x)) for ®* defined by
Y o m0Kj(x) =m(x), jeX. (5)
i=1

Define theaverage vector field
F:RY > R?

F(x) =) mx) fix).
i=1

LEMMA 2.2. The average vector field is locally Lipschitz and bounded $ug, || F (x)||
< ).

https://doi.org/10.1017/50143385798097557 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798097557

Recursive algorithms and chaining number of chain recurrent sets 57

Proof. Since ®* is indecomposable, 1 is a simple characteristic rooKa¢f) (see e.g.,
[22]). Therefore, a straightforward application of the implicit function theorem shows
that 7 (x) depends smoothly on the coefficiers ; (x). i, j € X, and the result follows
from the definition of F and assumptions 2.1(i) and 2.1(ii). d

The preceding lemma implies th#@ is completely integrable This means tha#
generates #ow

®:R xR~ R?
(t,x) = O:(x)

defined by
d®,(x)

dy = Identity, = F(®,(x)).

The vector fieldF is calleddissipativeif there is a ballB ¢ R¢ (of finite radius) with
the property that for every compakt ¢ R? there exists” > 0 such thatb,(K) c B for
all t > T. Dissipation implies the existence of a compact invariant&et R? called a
global attractor, which uniformly attracts each compact set of initial values.

HyPOTHESIS2.3. The average vector fiel#l : R — R? is dissipative.

Notice that, with this hypothesis, we can always suppose (by multiplyingy a
smooth positive function which goes to zero|ag| — o) that the flow induced by
is defined on thel-sphereM = S¢ = R? U {oco}, where the point at infinity is a source.

We conclude this section with a few standard definitions of dynamical systems that
will be useful throughout. A self ¢ R? is said to benvariant (respectivelypositively
invariant) under the flow® if for all + € R, &,(I") C " (respectively, for alt > 0). In
this case we letb|T" denote the restricted flow (respectively semi-flow).

Forx € RY, y(x) = {&;(x) : t € R},yT(x) = {&;(x) : t € R,} and
y~(x) = {®,(x) : t € R™} respectively denote therbit, the forward orbit and the
backward orbitof x.

The omega limit setof x € R, denoted byw(x), is the set ofp € R? such that
limg_ o @, (x) = p for some sequencg > 0 with lim;_# = +oo. Since by
Hypothesis 2.3 the forward trajectopy" (x) has compact closurey(x) is a nonempty
compact invariant connected set. Talpha limit seta(x) of x is defined as the omega
limit set of x for the reversed floW®_,};>0. «(x) is either a nonempty compact invariant
connected subset @&? or the pointoo. If K C R? is a compact invariant set fob
we let L(®|K) denote the closure of all alpha and omega limit sets of trajectoriés in
That is,

L(®|K) = clos< Jeowu a(x)).
xekK
The Birkhoff centerof ®, denotedB(®), is the closure of the set of € RY such that
x € w(x). This is a compact invariant set which contains equilibria and periodic orbits.
An invariant measurefor ® is a Borel probability measurg on R? such that

w(®,(A) = u(A) for everyt € R and every Borel sed c RY. By the Poinca
recurrence theorem, the support of any invariant measure is contairf@in
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Chain recurrence. A deterministic notion of recurrence fdr well suited to analyse the
behavior of (1) is Conley’'shain recurrencewhich we now briefly introduce. A more
detailed discussion of this concept will be given later (§&e

Consider a flowd on a compact metric spac&, d). (Here we can think ok as the
global attractor ofF or as thed-sphere obtained by putting a source at the infinity.) Let
T andé be positive numbers. AS, T)-pseudo-orbitfrom p € X to g € X is a finite
sequence of partial trajectories

{(&,(x)):0<t=<vg}; i=1...,k=—L4>T

such that
d(x1,p) < 6,
d(®;(xj), xj41) < 8, j=1.... k-1
Xk = (.

In this case we writep < 7 5 ¢g. When this holds for alt” > 0, § > 0, we writep — g¢.
If AcC X andB C X are two subsets such that— ¢ for all p € A, g € B we write
A — B.

A point x € X is chain recurrentif x <— x. We let’ R(®) denote the set of chain
recurrent points forb. This is a closed invariant set which contains equilibria, periodic
orbits, alpha and omega limit points and, more generally, nonwandering poidts of

A subsetL c X is internally chain recurrentprovided L is a nonempty compact
invariant set of which every point is chain recurrent for the restricted fig\& (i.e.
R(®|L) = L).

For example, Conleyl[0] shows thatR(®) is internally chain recurrent and also that
alpha or omega limit sets are connected internally chain recurrent sets. Under some
suitable conditions, limit sets of solutions to stochastic approximation processes with
decreasing gain3] or, more generally, limit sets adisymptotic pseudo-trajectorig$]
satisfy the same property.

For (x,y) € R(®) x is said to be equivalent te (written x ~ y) if x — y and
y < x. ltis clear from the definition of(®) that ~ is an equivalence relation. An
equivalence class is calleddain transitivecomponent. By a result of Conleyl(],
chain transitive components are connected componerk o).

Chaining number. A nonempty sefl C X is calledchain transitiveif it is contained in
a chain transitive component df. It is calledinternally chain transitiveif it is compact
invariant and chain transitive for the restricted flaL. This is equivalent to saying
that L is connected and internally chain recurrent. For instance, connected components
of R(®) are internally chain transitive sets.

Let L ¢ X be a chain transitive set. Lets and T be positive numbers. For
p € L,q € L define

I3 (p.q. T) =inf > d(®,(31), i)',

where the infimum is taken over ai§, T) pseudo-orbits going fronp to g. SinceL is
chain transitive,J§ (p, g, T) < oo.
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Let
J;(Ly= sup Ji(p,q,T).
(p,q)eL;T>0
It is easily seen from the definition thdf (L) increases whed decreases. Therefore,
the limit
JS(L) = lim J§ (L) = supJ; (L)
§—0 §>0
exists iINR, U {oo}. Letr > s > 0. If {&,(y;)) :0=<t=<p4};i=0,....k—1}isa
(8, T) pseudo-orbit fronp to ¢ we have

3 d(@, () yig)’ = 8 Y d(@, 0. yird) = 8 I (pag. T).

Therefore,
Ji(p.q.T)=8"J(p.q, T)

and consequently,
T (L) = 87 (L.

This last relation justifies the following definition.

Definition 2.4.The chaining numberof ® in L is the number/ (®, L) uniquely defined
as
J(®, L) =inf{s > 0:J*(L) =0} = supls > 0: J*(L) = oo}.

We now mention some elementary properties/ 6b, L) whose proofs are left to the
reader.
(i) Two flows ® andW¥ defined on metric spaces andY aretopologically equivalent
if there exists an homeomorphisin: X — Y which take orbits of® to orbits of
W preserving time orientation.
If L is chain transitive ford, 4(L) is chain transitive ford. If, furthermore,h is
Lipschitz continuous, it is easy to verify thd{®, L) = J (¥, h(L)).
(i) A consequence of (i) is that(®, L) is unchanged if the metri¢ on X is replaced by
a metricd’ equivalent tad (i.e. C1d < d’ < Ca,d for some constants & C; < Cy).
(i) Let L c X be a compact invariant set (not necessarily chain recurrent). Let
{Bis}ic; be a finite (i.e. card) < oo) family of balls of radiuss > 0 such that
{UlZO ®,(B;s5)}ic; coversL and letN (8, L) be the minimum number of such balls.

Define
log(N (8, L))

Dimo (L) = liminf = o5

If & =Id is the identity flow, then
Dimig(L) = Dimy(L),

where Diny(L) denotes thébox dimensionof L. The following inequality gives
some rough bounds on(®, L) when L is internally chain transitive:

J(®P,L) < J(®IL, L) < Dimg(L) < Dimp(L) < Dimp(X).

We remark that whel is a subset of @-dimensional manifold, then DigiX) < d.
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3. Main results
An averaging lemma. In order to analyse the behavior ¢X¢},>0 in terms of the
behavior of the flowd it is convenient to introduce the interpolated proceSs R, —
R¢ defined by:
(i) x(ne) = Xg;
(i) x< is affine on he, (n + 1)e].
The following proposition is a standard averaging result for stochastic approximation
processes. It will be deduced from a more general theorem proved. in [

PrRoOPOSITION3.1. Let K C RY be a compact seff > 0ands > 0. Then
lim Py o ( sup [[x“(t) — ()] > 6) =0
e—0 OStﬁT

uniformly inx € K andf € X.
Proof. Let I, denote the transition probability defined B x X by

ML ((f, ), A x (j]) = Ki j(x)pl(A) (6)

for every Borel setA C R?, i, j € X, f € R?. Let F, denote ther-field generated by
(®9, Xo), ..., (©,, X,,). Equation (1) can be rewritten as

€ €
Xn+1 - Xn = €fnt1,

where
P(®ny1 = j, fur1 € AlF) = Hx((fu, On, ); {j} x A).

We are exactly in the situation considered Ty Part Il, chapter 1] and we will deduce
Proposition 3.1 from their averaging theorem (Theorem 9, p. 232). This theorem is
proved under five assumptions (assumptions A1-A5, chapter 1). Assumptions A1-A3
and A5 are easy consequences of the boundness Hypothesis 2.1(i). The only nontrivial
assumption (A4) is the existence of a functitfy () defined onR¢ x X taking values
in RY sufficiently regular inx such that

W (f, ) = LW (f, i) = f — F(x), (7)
where
IT,. W, @, f)=/ I (G, f), dv) W, (v).
X xR

Let RY denote the vector space of functiodns ¥ — R, i — h;. It is useful to consider
R+ as an Euclidean vector space with the ndym|,(,, defined by

Rl = > hlmi(x). ®)
We seekK (x) as an operator oR* defined by

(K(x)-h)i =Y Kij(0)h;.

jex
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Sincer (x) is an invariant measure (equation (5)) the vector space
1t = {h eRY: eri(x)hi = o}
ieX
is invariant by K (x) and because* is indecomposable ldK (x) induces a linear
isomorphism orl+:

L(x): 1t — 1+,
h— h— K(x)h. (9)
Therefore it is possible to define a map
g(x): X = RY,
i— gi(x)

uniquely given by
(8, @) = L) ™H(f(x) = F(x)), ) (10)

for all « € R4, where

(g(x),a) : X — R,

i — (200, @) = (8 (x). @) (11)
and
) (f(x) = F(x)). a) : X >R,
i — (f@) = F)), )i = ((fix) = F(x)), a). (12)
Now set

Weli, f) = f — fi(x) + & (x).

It is easy to check that:

(i) W, satisfies (7);

(i) W, is Lipschitz inx uniformly in (f, i).

Therefore the assumptions of,[Theorem 9, p. 232]) are fulfilled and the proposition
follows from their general result. O

Recall that a sequendg. }.-o of Borel probability measures di¢ is said to converge
weakly toward a probability measure, ase — 0, if

|im0/ g(X)Ms(dX)=/ gx)u(dx)
€—> RL[ Rd

for every bounded continuous functign: R — R. We now derive the following
consequence from Proposition 3.1.

COROLLARY 3.2. Let v¢ be an invariant probability measure of the Markov process
(X5, ®¢) and letvl< denote the marginal probability measure definediBy(A) =
v¢(A x X). Suppose that the famifp’<}.. is tight. Then:
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(i) Any limit point of {v1€}._o for the topology of weak convergence is an invariant
measure ofb.

(i) Letv?! be a limit point of{v1<}..o and letsuppv!) denote the support aft. Then
suppvl) is a compact invariant set which verifies

suppv?) = B(®|suppvh) = R(®| suppvh)).
(i) LetK c R? be a compact set disjoint frof(®). Then,
limovlf(K) =0.

Proof. (i) Let g : RY — R be a continuous bounded function. Fix > 0 and let
T (¢) = €[T /€], where [ ] denotes the integer part. By invariance,

/ Erols(x* (T ()] (dx ® d) = / gt (dx). (13)
RiIxX R4

Let § > 0. By the tightness ofv’€}..o there exists a compact s& c R? such that
vh€(K) > 1—6/|gl|l for all e > 0. Thus,

/K Euls TN (dx@ds) - /R | Elet M@ (@dxd0)| <5 (14)

uniformly in e > 0.

Let v! be a limit point of{v1€}..( for the weak topology. By uniform continuity @f
on a compact neighborhood df7 (K) there existax > 0 such thatd(u, ®7(x)) < /2
impliesd(g(u), g(®7r(x))) < §. Thus (fore small enough),

|Evolg(x(T(€))) — g(@r ()]l =8 + 2 glIPxo{d(x(T(€)), Pr(e)(x)) =}  (15)

for all x € K. Using Proposition 3.1 together with inequalities (14) and (15) gives

< 26.

/ ¢(@, ()i — / i)
R4 R4

Sinces andg are arbitrary, this shows that is an invariant measure of the flod.

(ii) By (i) vt is an invariant measure @b. Let H denote its supportH is a closed
invariant set. Clearly, the measusedefined byu(A) = vi(A N H) for every Borel set
A c R? is an invariant probability measure fdr. Thus, by the Poincarrecurrence
theoremu(x : x ¢ w(x)) = 0. This implies that!(B(®|H)) = 1. It follows that
H C B(®|H) C R(®|H) C H.

(i) Since by tightness,{v'<}..q is relatively compact, it suffices to show that
v}(K) = 0 for every limit pointv! of {v1<}..o. Let g : RY — [0, 1] be a smooth
function which is one on a neighborhood &f and zero on a neighborhood 6f(®).
We have

V(K) < / gV (dx).
R¢

Thus limsup_ v <(K) < [z g(x)vi(dx) = 0, where the right-hand equality follows
from Lemma 3.1 and the Poin@&recurrence theorem. O
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COROLLARY 3.3. Consider the urn process of Example 1.1, where we use the same
notation. Assume:

(i) the urn functiongp™ and p~ are Lipschitz continuous;

(i) pT(AY cint(A?), p~(int(A%)) C int(AY).

Let F : EY — E be the vector field defined by

F(x) = pT(r(x)) = p~(r(x)). (16)
Then:
(a) F is dissipative with a global attractok c int(A9).
(b) LetK C A? be a compact subset disjoint frof(®), where® is the flow induced
by the vector field (16). Then
lim lim P(X; € K) =0.

e—>0n—o00

Proof. First observe that Hypothesis 2.1 is obviously satisfied and the Markov &tain
is indecomposable with recurrence class

X ={G,j) e X ri(x)> 0}
(a) A simple computation shows that the average vector field associated to the process

is given by (16). LetV : EY — R, be the map defined by (x) = d(x, AY) =
lx —r(x)||. By the convexity ofA?, we get

VIA=Dx+1(x+ Fx) =A=0Vx) +1V(x + Fx)).

Thus
Vix+1tF(x)) —V(x)
t
Now as the map/ is convex and continuous, it admits a right derivative. Therefore,

letting ¢ go to zero in the last inequality gives

4V (D:x)) <V +Fx) - V).
dt t=0

Let x ¢ A4, Sincer(x) + F(x) € int(A?), V(x + F(x)) = d(x + F(x), AY) <
dx + F(x), r(x) + F(x)) = |x —r(x)| =d(x, AY). Thus

<Vx+Fx) - V).

dVv(®,(x)) -0
dt (=0
for x ¢ A? and
av(e,(x))| 0
dt —

for x € A?. This implies thatA? contains a global attractdf ¢ A?. Since, furthermore,
F(x) points inwardA¢ wheneverx € A%, X must be contained in inA?).

(b) For each value ot = 1/N the procesgX¢},cy is a finite Markov chain on
the lattice{v = (v1,...,v441) € A? 1 Nvy; e NJi = 1,...,d + 1}. Assumption (i)
implies that this chain is irreducible and aperiodic. Therefore it admits a unique invariant
measurep® and lim,_.. P(X; € K) = pf(K). The corollary now follows from
Corollary 3.2(ii). O
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Main results. Let X ¢ R denote the global attractor @b (see Hypothesis 2.3). In
this section we make the following additional assumption.

HYPOTHESIS3.4. There exists an open balz which containsX such that for allx € Bg

the following properties hold:

(i) the Markov chain®* is irreducible and aperiodic;

(i) there existn probability measureg?, ..., u” with bounded support, and density
functionspl(f), ..., p™(f) such that

wdf) = piHnids), i=1,...,m;

(iii) the functionsp’ () are locally Lipschitz inx € Bg and uniformly inf € R?;
(iv) for every compact seK C By there are number® < a < A < oo such that
a<p(fy<Aforal x e K, f e R

The main result of this paper (Theorem 3.7 below) shows how Corollary 3.2 can
be notably sharpened provided that the process (1) satisfies a certain hondegeneracy
condition that we now introduce.

Introduce then + 1 quadratic forms

Q;:Rd—ﬂR% i=0,....,m

defined by
%) = (g (x), )l ) — INK ()& (x), )12

and
Q' (@) = /Rd«f - i), @i df)., i=1..m,

whereg(x) and (¢(x), «) are defined by (10) and (11), afid ||, iS the norm orR¥
given by (8).

Observe that the quadratic forn@. are nonnegative. This is obvious for- 1 and
for QO this is an easy consequence of Jensen’s inequality.

Definition 3.5.Let
0.=0%+ ) mx)0,. (17)
ieX
We will say that the process (1) rondegeneratat x € X if Q, is nondegenerate, that
is O.(x) =0 if and only ifo = 0.

Some simple sufficient conditions ensuring that a pairis hondegenerate will be
given below (see Remark 3.10).

Since the Birkhoff center o> may contain ‘unstable’ sets, it is natural to think that
invariant measures of (1) tend to concentrate on ‘stable’ subsdfs®f provided that
unstable sets consist of nondegenerate points. We now make this point precise.

A nonempty compact invariant set Cc R? is an attractor if A has an open
neighborhoodW in R¢ such that

tlim d(®,(x),A)=0

uniformly in x € W. An attractor is said to b&reducible if it has no proper attractor.
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For x € R(®), let C, denote the connected component (or, equivalently, the chain
transitive component) dR(®) which containst. The relation— induces orR (®)/ ~
a partial ordering (written-) defined as follows:C, > C, if x — y. Following Ruelle
[29], a minimal component fot is called aquasi-attractor

Let C be a connected component B ®). Define

Ct={xeR:3y e R(®)\ C andC — y < x}.

An invariant setl’ is said to beisolated if it is the maximal invariant set in some
neighborhoodN of itself. The following proposition summarizes some properties of
irreducible attractors in relation with chain recurrence. It will be proveg5n

PROPOSITIONS.6.

(i) LetC be a nonempty subset &f The following statements are equivalent:
(&) C is anirreducible attractor;
(b) C is an isolated quasi-attractor;
(c) C is aconnected component Bf(®) isolated andCt = ¢.

(i) AssumeC is an isolated connected component/of®) which is not an attractor.
ThenC™ is a nonempty compact invariant set. If, furthermats; is isolated, then
C™ is an attractor.

We now state the main result of the paper.

THEOREM 3.7. Let C be a connected component Rf(®) which is not an attractor.
Suppose that:

(i) C andC™ are isolated;

@iy J(D,L(D|C)) <2

(iii) for everyx € L(®|C) the process (1) is nondegeneratexat

Let v¢ be an invariant probability measure of the Markov proc¢xs, ®¢}. Then there
exists a neighborhoo#f of C such that

IimOvE(V x X) =0.

COROLLARY 3.8. Suppose thak () admits a finite number of connected components and
that for each component which is not an attractor, assumpfiidnand(iii) of Theorem 3.7
hold. Suppose that the famify’¢ = v¢(- x X)}.-0 is tight. Letv! be a limit point (for

the topology of weak convergence){of<}..o. Then, the support af* is contained in

the Birkhoff center of irreducible attractors.

Proof. It suffices to verify thatC* is isolated wherC is not an attractor. O

Remark 3.9Suppose that the limit point set decomposes as

k
L(®) =[],
i=1
wherel'y, ..., I'; are compact invariant disjoint internally chain transitive sets such that

J(®, ®|T';) < 2. Then it follows easily from Theorem 6.7 that®, L(®|C)) < 2.
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Remark 3.10The nondegeneracy condition andepends on the measurgé and the
kernel K (x). In many cases it is easy to verify. Here are several such cases.
(i) Let

Var, = fR (= S (f = fitn i@

denote thecovariance matrixof u’, where™ denotes the transpose of a matrix.
Suppose that for somee X, Var. is nondegenerate (i.e. invertible) afid(x) > 0.
Then Q', henceQ, is definite positive.

(i) Let

gy X — RY,
i — (&), a),
whereg(x) is given by (10). Another condition is obtained by noticing that
Q%(e) = ((Id —K*(x) K (x))§(*)a» & (X)a)r(x)-

where(, ), is the inner product ofR* associated td - ||, and K*(x) denotes
the adjoint ofK (x) for the Euclidean structure induced BY |-
Therefore, if the Markov chain associated to the kerkié[x)K (x) is irreducible
we get the estimate

0%(@) = (1= MIEWall3 ), (18)

where 0< 1— A < 1 is the second largest eigenvalueif(x)K (x). Suppose now
that the vectorsy(x) — F(x), ..., fu(x) — F(x)spanf,RY = R?. Then it is easily
seen from (10) thag,(x), ..., g.(x) also sparR? and inequality (18) implies that
QY is irreducible.

(iii) In some simple cases the irreducibility &*(x)K (x) can be deduced from the
transition graph ofK (x) and the fact thak (x) is irreducible and aperiodic. This
is the case, for example, whefy ;(x) > O for all i € X or whenk; ;(x) > 0=
K;:(x) > 0forall (i, j) € X. However, it is easy to construct irreducible aperiodic
Markov transition matriceX for which K*K is not irreducible. The following
3 x 3 matrix gives such an example:

1/2 1/2 0
K=| o 0 1].
1 0 0

CoROLLARY 3.11. Consider the urn process of Example 1.1 under assumpipasd (ii)
of Corollary 3.3. LetC be a connected component®f®), whered is the flow induced
by the vector field16). If C satisfies assumptiorf§ and (ii) of Theorem 3.7, then
IimO lim P(X; € C) =0.
Proof. We first remark that assumptions (i) and (ii) of Corollary 3.3 imply that the

Markov chainK (x) given by (3) is irreducible and aperiodic for alle int(A). Since
the vector field (16) has a global attractor in(inj (see Corollary 3.3), condition (i)

https://doi.org/10.1017/50143385798097557 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798097557

Recursive algorithms and chaining number of chain recurrent sets 67

of Hypothesis 3.4 is satisfied. Conditions (ii)—(iv) follow from the definition of the
measures (4).

Remark 3.10(iii) above and the definition &f(x) (equation (3)) show that the process
is nondegenerate at every paint int(A). The corollary now follows from Theorem 3.7
and the fact thafX:},cy is a finite irreducible aperiodic Markov chain as shown in the
proof of Corollary 3.3. O

4. Examples

Axiom A systems.If the flow induced by the average vector fiekdis Axiom A and
has no cycles3Q] or, equivalently, ifR(®) is hyperbolic [L6], then R(P) decomposes
asR(®) = Uf;l C;, where theC; are distinct compact invariant connected topologically
transitive setgs It is readily seen thaf (o, C;) = 0. Thus Corollary 3.8 applies. In this
case irreducible attractors are thes for which W“(C;) c C;, where W*(C;) denotes
the unstable manifold of’;. The Birkhoff center ofC; is C;.

A patrticular simple case is the case whdfeis a Morse—Smalevector field. This
means that eacld; is a hyperbolic equilibrium or periodic orbit. Dynamics of urn
processes with decreasing gain associated to a Morse—-Smale vector field have been
extensively studied by Beim and Hirsch §]. For the urn process described in
Example 1.1 we get the following result.

COROLLARY 4.1. Consider the urn process of Example 1.1 under assumpipasd (i)
of Corollary 3.3. Suppose that the vector fididgiven by(16) is Morse—Smale. Let
p1, - .., pr denote the asymptotically stable equilibriaBfand letys, ..., y; denote the
asymptotically stable nonstationary periodic orbitsfof Then:

@) 1
I I € . . —_—
lim lim P(Xn € iL__Jl{p,}jL:leJ> 1.

(b) Letv! be a limit point of the (unique) invariant measure of the procgss},-o.
Thenv! is a convex combination of the measures

8, (), i=1,...,r
and
1 T;
— So,y()dt, i=1...,1,
T /O ®,(x) (*) i
whereT; is the period ofy; and x; is any point iny;.

Also, it is reasonable to conjecture that the invariant measurgXf generically
converges ag — O toward a single invariant measure. More precisely, we have the
following.

CONJECTURE4.2. Let U (d) c CL(AY) x C1(A?) denote the set af'! urn functions and
let MS(d) C U(d) denote the subset &f(d) consisting of functiongp™, p~) such that
the vector fieldF = p* — p~ is Morse—Smale. Then:

1 A topologically transitive set is a set with a dense orbit.
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(@) there exists a subsét c MS(d) open and dense for th€! topology such that
if (p*, p7) € U the invariant measure ofX¢} converges (for topology of weak
convergence) as goes to zero toward a measuré which is either a dirac measure
8, at a stable equilibriump; of F or the invariant measurel/Ti)foT" 8o, () dt
associated to a stable periodig;

(b) Whend = 3, (3 color urn processegy is dense inJ (d).

Simple flows. The flow ® is calledsimple provided that there are finitely many alpha
and omega limit points fof, necessarily constituting the set @y of equilibria.
A setI’ ¢ R? is called anorbit chain if I' can be expressed as the union

F:{pl,...,pk}UnU“'U)’k—l

of equilibria {p4, ..., px} and nonsingular orbit$y,, ..., yx_1} connecting them. That
is,

pi =a(yi), piy1= o).

The orbit chain is calleayclic if p; = py.

Given two pointsu, v € R, we writeu ~» v if either ®,(x) = v for somer > 0 or
if there exists an orbit chaifl such that € clos(y;), v € clos(y;), andi < j.

Suppose tha® is a simple flow. Let € Eq(®). We say that is weakly unstablef
there exists some equilibriuni € Eq(®) such thate ~ f and f + e. An equilibrium
which is not weakly unstable is callegleakly stable Observe that an equilibrium can
be weakly stable without being asymptotically (or even Lyapounov) stable.

THEOREM 4.3. Assume:

(i) @ is a simple flow;

(i) the process (1) is nondegenerate at every weakly unstable equilibrium;
(iii) {v>€}eso is tight.

Let Eq®(®) C Eq(®) denote the set of weakly stable equilibria fbr Then

Jlim. VHEQR(D)) = 1.

Expressed differently: if! is a limit point of {v<}.., then the support af! is contained
in the set of weakly stable equilibria.

Proof. Let C be a chain transitive component &f(®). By the compactness af and

finiteness of EQ@d) it is possible to find a compact neighborhoad of C such that

N NEq(®) = C NEq(®). Letx € N. Suppose thay(x) C N. Then there exist

equilibriae = a(x) and f = w(x) which are inC. SinceC is chain transitive it follows

thaty (x) c C. This shows thaC is isolated. SimilarlyC™ is isolated (or empty).
Suppose now thaf is not an attractor. Proposition 3.6(ii) implies that # @. Let

x € C andy € C*. By Theorem 3.1 of4] the relationx < y is equivalent for a simple

flow to the relationx ~~ y. It follows that equilibria ofC are weakly unstable and

the result follows from Corollary 3.2, Theorem 3.7 and the trivial fact that the chaining

number of an equilibrium is zero. O

https://doi.org/10.1017/50143385798097557 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798097557

Recursive algorithms and chaining number of chain recurrent sets 69

Remark 4.4Theorem 4.3 admits the following obvious extension. Supposedtfztmits
finitely many alpha and omega limit sets denofed. .., T;. Let R? denote the space
obtaining by collapsing each; to a point and letd denote the quotient flow. Suppose
that® is a simple flow. Call the limit seff; weakly stabldrespectively weakly unstable)
if T'; is weakly stable (unstable) fap. If the procesg1) is nondegenerate at every point
x belonging to a weakly unstable limit set then the support of any limit poifibbf}..o

is contained in the weakly stable limit sets.

Gradient-like systems.In applications of stochastic recursive algorithms to problems of
engineering, control, learning theory and elsewhere, it is common to consider average
vector fields which admit a strict Lyapounov function. A functign RY — R is called
a strict Lyapounov functiorfor the flow @ if V is a continuous nonnegative function
which strictly decreases along nonconstant forward orbit$ .of

If F admits a strict Lyapounov function and isolated equilibria then it is easily seen
that @ is a simple flow which has no cyclic orbit chains and Theorem 4.3 obviously
applies. In this case weakly stable equilibria are equiliterize Eq(®) for which
{x e R :a(x) = e} = {e}.

Planar systems. In this section we suppose that: R? — R? is a planar vector field
with isolated equilibria. We le denote the union of all nonstationary periodic orbits
of ®, and Eq®) the equilibrium set.

An invariant setR for ® is strongly chain recurrenif every point of R belongs to a
cyclic orbit chain (as defined in the preceding subsection on simple flows) or a periodic
orbit. It is strongly chain transitiveprovided every pair of points belong to a common
cyclic chain or periodic orbit. If these cyclic chains and periodic orbits can be faund
R, thenR is calledinternally strongly chain recurrent or chain transitive.

THEOREM 4.5. Assume:

(i) F is a planar vector field with isolated equilibria;

(i) {vl}e-o is tight.

Let v! be a limit point of{v}}..o and letR be a connected component of the support of

vl Then:

(&) R is compact invariant and internally strongly chain recurrent;

(b) each component a®@ N P which is not an isolated periodic orbit is homeomorphic
to an annulus and each componenti®f, P is internally strongly chain transitive.

Suppose, furthermore, that:

(iii) P has finitely many components;

(iv) the process (1) is nondegenerate at every poiat P U Eq(®P).

If x € R?\ R is such thaix(x) N R # @, then there exists a cyclic orbit chalh which

containsx and has nonempty intersection wikh

Proof. Let H denote the support of'. By Corollary 3.2,H is internally chain recurrent

for ®, and assertions (a) and (b) follow from Theorems 1.4 and 1.%4jmwhich
characterize internally chain recurrent set of planar flows.
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Now suppose that hypotheses (iii) and (iv) hold. l@tbe any chain transitive
component ofd. It is always possible to find a compact neighborhaddédf C such
that N N Eq(®) = C NEq(®) and N N P = C N P because E@) is finite andP has
finitely many components. Let(x) C N. By the Poincaé—Bendixson theoremy (x)
must contain an equilibrium or a periodic orbit and similarly éqw). Thus botha (x)
and w(x) meetC and sinceC is a chain transitive component it follows thate C.
This shows that is isolated.

Now let C denote the chain transitive component which cont@n®8y Theorem 1.4
of [5], C is internally strongly chain recurrent. Thus®, C) < 1 because the chaining
number of a cyclic orbit chain is zero and the chaining number of an annulus is 1. Thus,
Theorem 3.7 implies thaf is an attractor. Lek € R? be such that«(x) N R # @. Let
p € a(x) N R and letq € w(x). One hasp — x — ¢. BecauseC is an attractor
C™ is empty (see Proposition 3.6). Thug,e C and thereforer € C. BecauseC is
internally strongly chain transitive and p belong to a cyclic orbit chain of periodic
orbit contained inC. In the second situation, the periodic orbit must lieRnby the
invariance ofR. O

Discussion: decreasing gain versus constant gai@onsider a process described by (2)
such thatx¢ € R2. Suppose that the process is nondegenerate for allR? and that
the average vector fieldf has a phase portrait as shown in figure 1.

The curve &0’ is the unique irreducible attractor df and its Birkhoff center is the
equilibrium pointB. Therefore, it follows from the results staté8 thatv'< converges
weakly towardspz ase — 0.

Now consider a version of this process with a decreasing gain; that is

{ POu1=jlX,=x,0,=1) =K, ;(x)
Xns1 — Xy = €nq1 fura (X, ®;+1)7
where

€, >0, Eenzoo
E e < 00

for someé > 0. Suppose for simplicity that the sequenggsand®,, are such thatX,}
remains bounded with probability one. According to a theorem prove@]ithg limit

set L(X,) of {X,} is (with probability one) a connected internally chain recurrent set
(seetb) of the flow induced byF. On the other hand, under mild natural assumptions
(see Pemantle?[/] or Brandiere and Duflo9d]) this limit set cannot be (with positive
probability) one of the pointsA, B or C because these points are linearly unstable
equilibria. It follows thatL(X,) is (with probability one) either theo or one of the
two handles which compose the. It is interesting to notice that this behavior is quite
different from the behavior of the process with fixed

and

5. Chain recurrence and attractors
The aim of this section is to prove Proposition 3.6. For a general theory of chain
recurrence we refer the reader tb, §,10,15,21]. Relations with hyperbolicity are
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FIGURE 1.

discussed in§, 16, 28]. Planar systems are considered 4n70].

PROPOSITIONS.1. Let A C X be an attractor. A is irreducible if and only ifA is a
connected component &f(P).

Proof. Let ¥ be a flow on a compact metric spade It is proved in [LO] that
RW) = N{A" U (Y \ B(A"))} where the intersection is taken over all attractadrs
inY.

Suppose now thatt is a connected component &(®). SetY = A and¥ = ®|A.
Since connected components®{®) are internally chain recurrent sets it follows that
R(W) =A =Y. Thus, if A’ C A is an attractorA is contained inA’ U (A \ B(A"))
and sinceA is connected, it follows thatt = A’. The converse statement is proved by
similar arguments. O

Let ' be an isolated set. IV is a compact neighborhood &f in which I is the
maximal invariant set, thew is called anisolating neighborhood

LEMMA 5.2. Let C be a connected component®f®). C is isolated if and only if there
exists a compact neighborhodd of C such thatv N R(®) = C.

Proof. AssumeN is a compact neighborhood @ such thatv N R(®) = C. Let
A C N be an invariant set and lat e A. We havea(x) C A andw(x) C A. Since
a(x) and w(x) are internally chain recurrent, we hawgx) c N N R(®) = C and
w(x) C NNR(®) = C. From this it is easily seen th&t — x — C. Thereforex € C
proving thatC is isolated.

Conversely, assumeg is isolated. LetVy be an isolating neighborhood 6f. Assume
that every neighborhool of C contains a chain recurrent point which is notin Then
there exists a sequengg € R(®P) such thatx, ¢ C, andd(x,, C) — 0. With C being
isolated, with isolating neighborhoal, there existy, € y(x,) andy, & Ny. Sincex,
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is chain recurrenty (x,) belongs to the connected componentRxf®) which contains
x,. Thus,x, < y, < x,. The relation— being closed, we get <— y < x for some
x € C andy € X|Ny. This yields to the contradiction that € C N X|Ny. Therefore
there must be some neighborhoddsuch thatv N R(®) = C. O

The proof of the next lemma is analogous to the proof of Lemma 5.2.

LEMMA 5.3. Ct is isolated if only if there exits a compact neighborhaeédf C* such
that N N R(®) = Ct NR(D).

We now proceed to the proof of Proposition 3.6(i). The implicati@s= (b) = (¢)
are straightforward. To obtaift) = (a) we shall use the following useful lemma proved
in [10].

LEMMA 5.4.Let N C X be a compact set. Led C X be the maximal invariant set
contained inN. If A is nonempty andi is not an attractor, then there exists € dN
such thaty_(p) ¢ N anda(p) is a nonempty subset df.

Assume (c) holds and suppose (a) is false. Nebe an isolating neighborhood of
C. By Lemma 5.4 there exists € dN suchu(p) is a nonempty subset @f. Since
C*T = ¢ we must haven(p) C C. ThusC — p — C. This impliesp € C which is
contradictory.

(i) From assertion (i) we see that™ is nonempty. C* is clearly invariant. Let
x, € CT be a convergent sequence and= lim,_, ., y,. To prove the compactness of
C™ it suffices to show that € C*. Lety, € R(®) \ C such thatC < y, — x,. Let
y be a limit point of{y,}. Since the chain recurrent set and the relatienare closed,
C — y — x andy € R(®). On the other hand, Lemma 5.2 shows that the sequence
y, can be chosen outside an open neighborhood .ofTherefore,y is not in C. This
proves thaty € C*™ and the compactness 6f" follows.

Suppose now tha€™ is isolated. LetN be an isolating neighborhood @&f*. By
Lemma 5.4, ifC* is not an attractor then there exigisc 9N with a(p) C C*. Thus
C — Ct < p< w(p). Sincew(p) C R(P) this impliesw(p) c C*. Thusp € C*
which is contradictory. O

6. Large deviation properties, separating sets and invariant decompositions

The first part of this section presents a large deviation principle for system (1) which
follows mainly from Dupuis 13]. For an introduction to the theory of large deviations

for stochastic approximation processes and for other references we also refer the reader
to chapter 11 of Kushner2pl. The next subsection is devoted to some dynamical
implications of this principle.

Large deviations properties for (1): Dupuis’s theoremWithout loss of generality we
will assume in this section that Hypothesis 3.4 holds forxale R?. Let C[O0, T]
denote the set of continuous functiohs: [0, 7] — R? endowed with the topology
of uniform convergence induced by the uniform nori| = sup_,.7 [lk(H)]. Let
C.[0, T] c CJO, T] denote the subset of functions for whiélt0) = x.
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Let {®F, £} denote the Markov chain of’ x R? whose transition kerndl, is given
by (6). Let

1 n
H,(x,a,0, f) = ; IOgE|:eXp<<a, Z‘flx>> | @6 =0, féc — f]
i=1

By the Markov property

1 . 1 L
H(x, .0, f) =~ log(K" (x, ).1)(0) = - log (ZKO,J.(x,a))

j=1

whereK (x, o) is the matrix given by
Kij(x,a)=K; j(x) | “Iui@f).
R4

It follows from Hypothesis 3.4(i), (ii) and (iv) thak (x, @) is eventually positive (i.e.
K" (x,a) has positive entries for somee N). Thus, by the Perron—Frobenius theorem
K(x,a) has a positive eigenvalue(x, «) which is isolated, positive and greater in
absolute values than any other eigenvalue. Moreover, letting

H(x, a) =log(p(x, @)

gives
H(x,a)= lim H,(x,qa,0, ).
n—oQ

The functiona — H (x, ) is convex as a limit of convex functions. Singéx, o) is an
isolated characteristic root, the implicit function theorem implies #iat, o) is smooth
(even analytic) inx and continuous ix. Let

L(x, ) = supa, B) — H(x, )

acRd

be the Legendre—Fenchel transform ifx, .). By standard results of convex analysis
(see, e.g., T4, Th. VIl 2.1] or [13, Lemma 2.1]),8 — L(x, 8) is nonnegative, lower
semicontinuous and essentially strictly convex.

Let h € C,[0, T]. Define

Lyr(h) = /OT L(h(t), h' (1)) dt
if i is absolutely continuous and set
Ler(h) =00
otherwise. For convenience, we summarize some propertiésimtthe next lemma.

LEMMA 6.1.

() Letx > 0 be such thasuppgu’) C B. = {x e R? : |x|| < «} forall i € X. Then
L(x, B) = oo when||B|| > k.

(i) h — Lyo,r(h) is lower semicontinuous o@[0, T1].
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(i) Let K c RY be a compact set. The € C[0, T] : h(0) € K, Ly).7(h) < s} is
compact for every > 0.
(iv) Ly rh) =0if and only ifa(r) = ®,(h(0)) forall 0<r < T.

Proof. (i) follows easily from the definition ofL(x, 8) becauseH (x, «) is bounded

by «|le|. (ii) is proved in Dupuis 13, Lemma Al]. (iii) If £y r(h) < s, part

(i) implies thatk is Lipschitz continuous with constamrt on [0, T]. Thus, the set

{h € C[0,T] : h(0) € K, Ly, r(h) < s} is bounded equicontinuous, and compactness
follows from Ascoli's theorem. (iv) Ifa(t) = ®,(x),0 <t < T, thenL, r(h) = 0.
Conversely, suppose thét 7 (h) = 0 andh(0) = x. Then,L(h(z), h'(¢)) = 0 for almost
every 0<t < T. By the smoothness dfl (x, @) in « and Theorem I11.6.3 of Ellis14],

B =lim,_(1/n) Y ', f* = F(x) is the unique solution of the equatidnx, 8) = 0.
Thus, h'(t) = F(h(¢)) for almost every O< r < T. By Lipschitz continuity of F this
implies thath(r) = ®,(x),0<r < T. O

The following theorem follows from section 4 (Lemma 4.1) of Dupui8][

THEOREM 6.2. [L3] Let K C R’ be a compact set. For any Borel sétc C,[0, T], the
following estimates hold uniformly ine K, 6 € X

(i) liminf._oelogPyg(x€(-) € A) = —inf{L 7 (h) : h € int(A)};

(i) limsup,_gelogP,g(x€(:) € A) < —inf{L, r(h) : h € clos(A)}.

We conclude this section with two lemmas that will be useful in the following.
For A c R? and B Cc RY define

L(A. B) = Inf inf(Ls0.7(h) : h € C([0. T]). h(0) € A h(T) € B).

LEMMA 6.3. Let K C R? be a compact set. Then fer> 0 large enough£(K, B®) > O.

Proof. It follows from Hypothesis 2.3 and standard results on attractors and Lyapounov
functions (see, e.g., Wilsor3]]) that there exists a smooth compatidimensional
manifold with boundaryM, c R? such that:

(i) K Cint(Mp);

(iiy @,(Mp) C int(Mp) for all r > 0;

(iii) for all x € RY, w(x) € int(Mp).

Chooser > rg > 0 large enough so tha#y, C B,,. LetT > 0 andy € C[0, T]
be such thaty(0) € K, ¥ (T) € BS. Definetg = sudT >t > 0 : y(t) € dMop} and
n=inf{t > 10 [y @) = r}.

If Ly, r(¥) = oo there is nothing to prove, so we can assufig) r () < co. By
Lemma 6.1(i),||v'(s)|| < « for almost all 0< s < T. Thus,r < (t1 — fo)x + ro.

SetT’' = (r — ro)/x,

H =1{h eC[0,T']: h(0) € dMy; h([0, T']) C B, \ int(Mp)}

and
o = inf{ﬁh(o)jf(h) ch eH}.
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We have
to+T'
Lyor () = / L. W) = .

fo
Therefore, to conclude it suffices to show that> 0. Suppose the contrary. By
Lemma 6.1(iii) the setH’ = {h € H : Ly©.r(h) < 1} is compact inC[0, T']. It
follows that there is some sequengg € H' for which lim, .k, = h € H' and
liminf,_, o Ly©).7(h,) = 0. By lower-semi continuity this give£q) 7 (k) = 0. But
Lemma 6.1(iv) leads to the impossible conclusion th@t’) = &’ (h(0)) B, \int(Mp)
with #(0) € Mg andT’ > 0. O

The next lemma is similar to Lemma 5.3 of Kife24)].

LEMMA 6.4. Let K C RY be a compact set which contains no omega limit points. Let
(K, T) =inf{Lyr() ¥ € C(O0, T, ¥ (0, T C K}.

Thenlimz_ o t(K,T) = 0.

Proof. Since K contains no omega limit point, any forward orbit with initial condition
in K spends all but a finite amount of time outsie Furthermore, by compactness,
this amount of time is bounded by some constapt> 0. Leta = inf{L) 21, (1) :
h € C([0, 2Tk]), h([0, 2Tx]) C K}. A proof similar to that of Lemma 6.3 shows that
a > 0. To conclude we note that if > 2nTx,n € N, and ([0, 2nTx]) C K then
,C/,(o),T(h) > no. O

Large deviations properties, separating sets and invariant decompositidrige purpose
of this section is to compare the relations

sy
(there exists a pseudo-orbit fromto y) and
Lix,y)=0

(the cost of large deviation fromx to y is zero). The main result of the section
(Theorem 6.7) will allow us to describe (under some suitable conditions) the set of
y such thatZ(x, y) = 0 by using only the nature of the limit points se{d).

PROPOSITIONG.5. Let K ¢ RY and K’ ¢ R be two compact sets. Suppa8ek, K')
= 0. Then one of the two following properties hold:

(i) there existsc € K such thaty ™ (x) N K’ # @;

(ii) there existr € K, y € K’ such thatx — y.

Proof. Supposef(K,K’) = 0. Then for alln € N* there exists7, > 0,h, €
C(0, T,]), h,(0) € K, h,(T,) € K" and Ly, (o), 7, (h,) < 1/n.

First, suppose tha{7,} is bounded. By taking a subsequence we may assume that
T, - T asn — oo for someT > 0. SetT, = T — ¢. Forn large enough7, > T..
Thus, Ly, 0).7.(hy) < L, 0.1, (") < 1/n. By Lemma 6.1(iii) we can extract frorfh,, }
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a subsequencéh, <} which converges uniformly on [0 ] toward some functior..
Assertions (ii) and (iv) of Lemma 6.1 imply thads. (h.(0)) = h(T.). On the other
hand,

A

|hne (Tre) = he(THl = |hpe (Te) — he (T + |hye (Te) — hye (Te) |

=< |hnf(Ts) —h(T)| + ke

because of Lemma 6.1(i) and the fact th&f ) 7. (h,) is finite. Thus, forn{ large
enough this gives

|hpe (Te) — @1, (heo)| = €(L+ k).

Sinceh,(T,) € K’ andh.(0) € K, this gives by compactness a poink K for which
dr(x) € K'.

Suppose now thalT,} is unbounded. By taking a subsequence we may assume that
T, — oo asn — oo. By Lemma 6.3 we may also assume thatR,) C K;, wherekK;
is some compact set.

Fix T > 06 > 0. Forn € N, write T, = km)(T + r,), wherek(n) € N and
0<r, <T/k(n). We have

T, k=1 n4+1)(T+ry)
/ Ly, ) = Z/ L(hy, h) <
0 i=0 Ji(T+r,)

S|

Setx;, = h,(i(T +ry);i = 0,...,k(n) — 1. We claim that forn large enough,
d(Prr, (Xi), xit1n) < 8. This gives a8, T) pseudo-orbit fromK to K’ and part (i)

of the lemma is proved. To prove the claim, suppose that to the contrary there exist
subsequences; — oo andi; < k(n;) — 1 for which

d(q>T+r,,j (-xi,',nj)’ xi,+1,n_,') > 6.
Setg,, (u) = h,, (u+i;(T +r,,)). We havex; ,, = g,,(0) € K3 and
DT +r,) 1
Loj00) = [ Ll 1) <~
! i (T+r,) nj

Thus, by Lemma 6.1(iii) and (ii) we may assume tgatconverges uniformly on [0r']
toward some functiorg for which £, r(g) = 0. By Lemma 6.1(iv), this implies that
d(®7(xi;n,), g, (T)) — 0 asn; — oo. Sinceg,, is Lipschitz with constank and
t — ®,(x) is Lipschitz continuous on [@'] uniformly in x € K; it follows easily that

!i—r:noo d(q)T+r”j (xi‘,v,nj)s xi,-Jrl,n‘,v) =0.

nj
Hence, we get a contradiction. O

The next result gives a partial converse to Proposition 6.5. Recall that

L(®) = clos< U () Uoc(x)).

xeRd
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LEMMA 6.6. Suppose that the process (1) is nondegenerate at everypeirt(P). Let
y € R? be such that the backward trajectory ofy ~(y), is bounded. Let

Fy={z e R :Vt > 0, L(D,(2), «(y)) = O}.
Suppose thatlos(F,) N L(P) is open inL(P). Thenx — y impliesL(x, «(y)) = 0.
Proof.

Claim.

(i) The set clogF,) is a nonempty closed invariant set.

(i) Let x € R?. If w(x) Nclos(Fy) # ¥, thenx € F,.

The setF, containsa(y). Thus it is nonempty. It is closed by definition and it is clearly
invariant. Letz € w(x) N clos(F,). There exist sequences — oo andz, € F, such
that p, = &, (x) - z andz, - z asn — oco. Let® : R — [0, 1] be aC> function
which is 1 on(oco, 0] and 0 on [100). Define

hn(s) = ®(S)(Ds(pn) + (1 - @(S))(DS(ZH).

The functionh,, is a smooth interpolation betwean— &,(p,) ands — ®(z,) with
the property thak, (s) = ®,(z,) for s > 1 andh,(s) = ®,(p,) for s < 0. Sincep, — z
andz, — z it follows that 7, (s) converges tab (s, z) for the uniformC? topology on
[0, 1]. Thus, by uniform continuity of* on a neighborhood of (z), this implies that
lim,_ « |4, (s) — F(h,(s))|| = 0 uniformly for 0 < s < 1. Now, Lemma 7.5 implies
that £, 1(h,) — 0 asn — oo. SinceLl,, 1(h,) = Ly ;,+1(h,) andh,(t, +1) =z, € F,
it follows thatx € F,. This proves the claim.

Letx € RY be such that < y. The set of; such thatx < z is closed and invariant
and thus containg(y). Supposex ¢ Fy. Then, by the claime (x) N F, = @. Therefore
we are in the situation where:

(i) clos(F,) is a nonempty closed invariant set;

(i) clos(Fy) N L(®) is open and closed il (P);

(i) wx)NF, =40,

(iv) x = a(y) C Fy C clog(Fy).

Properties (i) and (ii) mean that clds,) separatesL(®). Then by a lemma due to
Nitecki and Shub, and extended by Akifh, [Lemma 13, p 86], there exisis € R?
such thatx — u, w(u) N clos(F,) # ¥ anda(u) N clos(F,) = #. But, according to the
claim, the propertyo (1) Nclos(F,) # @ impliesu € F, C clos(F,) and since clo&,) is
closed and invariant, it follows that(z) C clos(F,) which is contradictory. Therefore
x €F,. U

We now give the main result of this section.

THEOREM 6.7. Suppose that:
(i) the limit points set decomposes as

k
L) =Jr,
i=1
wherel'y, ..., I'; are compact invariant disjoint internally chain transitive sets such

that J (@[T, T;) < 2;
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(ii) the process is hondegenerate at every L(®D).
Then the following relations are equivalent:

(@ L(x,y)=0;
(b) x = yory= ®,(x) for somer > 0;
(c) there exist an intege < j < k, points xi,...,x; and a permutationo

{1,...,k} = {1,..., k} such that

x1=x,0x) Clyq:xx =y, a(y) Clog-1;
Ol()Cj) C Fg(j_l),a)(xj) C Fo‘(j); j=2,...,k—1

Proof. The implication(a) = (b) follows from Lemma 6.5. Conversely, if € y*(x)
thenL(x,y) = 0. If x — y let F, be as in Lemma 6.6. Choosec {1,...,k} such
thata(y) C I';. Then clogF,) NT; # @ and it follows easily from Lemma 7.§7) that
I'; C clos(Fy) and consequently cl¢B,) N L(®) is open inL(P). Thus,L(x, a(y)) =0
by Lemma 6.6. Lemma 7.6 again implies thagx, y) = 0. To obtain the equivalence
between (b) and (c) consider the quotient spRéeobtained by collapsing eadh; to
a point and letd denote the guotient flow. Clearlﬁ is a simple flowy. As already
noticed in the proof of Theorem 4.3, the relation— y andx ~» y are equivalents for
a simple flow. This implies the equivalence of (b) and (c). d

7. Proof of Theorem 3.7
The induced chain. In this subsection we state a proposition (Proposition 7.1) whose
proof is postponed to the next subsection and we show how Theorem 3.7 can be deduced
from this proposition. The argument follows the lines of the exposition in Kiédf pr
Freidlin and Wentzell 17].

Assume that the hypotheses of Theorem 3.7 hold. Set= C,A, = C*T and
Az = {x € R(®) : x ¢ CUCT}. It follows from compactness dR(®), Lemmas 5.2
and 5.3 that theh;’s are compact (invariant) disjoint sets. Therefore, fos 0 small
enough, the set8; = N, (A;),i = 1, 2, 3, are disjoint neighborhoods. L&t c U; be an
open neighborhood of;. SetV = V; U V, U V5 and define thénduced chainX¢, ©¢)
on V x X whose transition probabilitie§;’9(B x X)) are given as

P{y(B x ) =P(X§, € B; 0, € = | X§ =x; 0 =0),
whereTy = inf{n > 0; X¢ € V}, B is a Borel subset of and> C X.

The neighborhood¥,, V», V3 can be chosen in such a way that have the following.

PrROPOSITION7.1. There exist constanis > a > 0 and a sequence of integefs(¢)}c-o
such that:

(@) liminfo_oelog(P¢,(n(e), V2 x X)) > —a uniformly inx € V1, y € X;

(b) Iim sugﬁoelog(ﬁ;@(n(e), Vi x X)) < —b uniformly inx € V;,y € X, for all

i, ) €{(2.1,(13),.(23)
Here (P; ,(n, .)) denotes the transition kernel of the induced chain isteps.

1 Simple flows were defined if4.
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Now, let v¢ be an invariant probability measure pf¢, ©¢}. By Proposition 5.3 of
Kifer [24], if v¢(V x X) > 0 the probability measurg® defined onV x X by

V(B x X)

]je(B X E): m

for any Borel setB Cc V, X C X, is an invariant probability measure of the induced
chain. Suppose<(V x X) > 0 (otherwise there is nothing to prove). Then define for
L% ],

1

P = m - P y(n(e), V; x X)) (dx ® dO)

if v4(Vi x X) # 0 and P{; = O otherwise. Sety, =1—3 ., Pf;. Sinceic is an
invariant measure of the induced chain, the vegtodefined byuf = v¢(V; x &), i =
1, 2,3, is an invariant probability measure of the Markov chain defined1og, 3} by

the transition matrixP¢ = (Pifj),»,jzl,g,g.

LEMMA 7.2, Let P€ be a3 x 3 Markov transition matrix such that:

(@) Pipze /s

(b) Pf; <e P/ forall (i, )€ {(21),(1,3),(23),

whered’ > a’ > 0. Letu® be an invariant probability vector aP<. Thenlim._ouj = 0.

Proof. We have

wi(Pip+ Pig) = nu5Ps 1 + n3Psy (19)
w3(P3q+ P3p) = niPig+ usPss. (20)

If P§, =0, then (19) implies.§ < P§,/Pf, < e~/ and thenu{ — 0 ase — 0.
If P§, # 0, then (20) implieu§ < 2¢7/</(P5, + P§,) < 2¢7""/</P§,. Using this last
inequality in (19) givesu§ < (Ps, + 2¢7"/€)/Pf, < 3¢=®~*)/< and thenu§ — 0 as
€ —> 0. O

Theorem 3.7 now follows from the preceding discussion, Proposition 7.1 and
Lemma 7.2.

Proof of Proposition 7.1.

LEMMA 7.3. Let C be a connected component Bi{®), and U a neighborhood ofC.
There exis$ > 0, T > 0 such that for allx € C, y € C every($, T) pseudo-orbit from
x to y belongs toU.

Proof. Assume the contrary. Then there is an open neighbortidoaf C such that
for any § > 0,7 > 0 one can findxs;y € C,ysr € C and psy ¢ U with
Xs.r <>1.5 Ps.T 1.5 Ys.7- Lettingsd — 0 andT — oo we get, by compactness,
xeC,yeCandp € C\U with x — p < y. This impliesp € C. This is
contradictory top ¢ U. O

If {&,(x;):0<t=<g},i=1...,k—1,isa(é, T) pseudo-orbit, we define itength
as the numbel = Y' 71 1,.
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LEMMA 7.4. Let C be a connected component®f®) andI" C C a honempty compact
invariant set. Lets > J(®,T") andn > 0. Then for anys > 0, T > 0 there exists a
neighborhood of", V. c N;(I') and a positive constarit{s, T) > T such that:
(i) Forall x € V,y € V itis possible to find &, T) pseudo-orbit fromx to y
{®,(x;)):0<t<py},i=1,...,k— 1, which satisfies:
(@ > d(®@;,(x;), xi41)° <n;
(b) The length of the pseudo-orbit is bounded/ B T).
(i) If, furthermore,L(®|C) C T then the pseudo-orbit from € V to y € V can be
chosen such that; € Ns(I") for all i.

Proof. (i) Using Lemma 7.3 choose & § < §/2 andT > 0 such that anyé’, T)
pseudo-orbit fromx € C to y € C remains inN;,2(C).

Let Bs,o(pk). k = 1,...,n, be a finite covering of” by balls of centerp; € I' and
radius§/2. Sincerl is chain transitivep, < p,, for k,m = 1,...,n. Therefore, the
definition of J(®, I') and the assumption > J(®, I') imply the existence of &', T)
pseudo-orbit fromp; to p,, with the property thad) ", d(®,, (x;), xi11)* < n. Let
denote the length of this pseudo-orbit and/lgt T) = sugl,, : k,m =1, ...,n}. Set
V = Uj_1 Bsj2(pr). Forx € V,y € V there existk, m such thatx € B;,2(px) and
y € Bsj2(pm). The (8, T) pseudo-orbit fromp, to p,, gives a(s, T) pseudo-orbit from
x to y which satisfies assertions (a) and (b).

(i) Now supposeL(®) c I'. Lets > 0. Since any alpha or omega limit point of
®|C is in T" there existsT'(§) > 0 such that for allk € C \ (N;,2(T") and|T| > T(4),
Dr(x) € Nsp2(I).

Let T > T(8). By Lipschitz continuity of the flow orC x [—T, T] there exists some
constant(7') such that

d(®y(x), Py(y)) = k(T)d(x, y)

for |s| <T.

Setd; = §/2k(T) andny = n/(k(T)*8*). Part (i) of the lemma gives a neighborhood
V. C N;([T) C Ns(T') and a(é1, 2T) pseudo-orbit{®,(x;) : 0 < ¢t < t},i =
1,...,k—211¢ > 2T from x € V to y € V having a length bounded bi(s,, 27)
and such thad_, d(®,, (x;), xi+1)° < n1.

LetJ={jefl,....,k—1}:x; € Ns(I')}. Forj ¢ J sety; =x; and forj € J set
y; = ®_r(x;). They; are now all inNs(I") U Ns(I').

Notice that forj € J, ®r(x;) and®_r(x;) are inNs;2(I') U Ns;2(I'"). Thusx;41 and
xj_1 are inNs(I") U Ns(I'"). Therefore, whery € J, j —1 andj + 1 are not in/. Using
this remark, define a new sequence of time as follows; # J set:/ =7, + T and
tioa=tia—T. IfjgJandj+1&J settjf:tj.

This gives &, T) pseudo-orbi{®,(y;) :0<t <¢/},i =1,...,k—1,¢ > T having
length less that(sy, 27) and such that

> d( @y (1), i)' < k(T)' 8y < 1.

This concludes the proof. O
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The next lemma gives the key estimate to prove Proposition 7.1.

LEMMA 7.5. Let K C R be a compact set. Assume that (1) is nondegenerate at each
point x € K. Then there exist a compact neighborhagdof K, r > 0 and a positive
constantC such that
L(x,B) <C|B—F)|?

forall x e N and € B,(F(x)) = B(F(x),r).
Proof. Let H, : R — R denote the map given b¥, («) = H(x,«) = log(p(x, a))
and let D¥H, denote thekth derivative of H,. As usual we identifyD H, (o) with a
vector of R? and D?H, («) with ad x d symmetric matrix. As already noticed(x, o)
is positive analytic ine and continuous in. Similarity, D*H, («) is continuous inx
and analytic inx.

Our first goal is to computed H,(0) and D?H,(0). Fix x € R? anda € R? and

define the maps'(z) = K(x,za) and A(z) = p(x, za), wWherez denote a real (or
possibly complex) number. Clearly

T@)=T+Y T®
k>1

with T = T(0) = K(x) andT® = K(x)D®/k!, where D® denotes the diagonal
matrix whose generic entry is
DY — / (o, PO ().
If we write the second-order expansionak) in the neighborhood of = 0 in the form
Az = 14220 + 2202 4 0(2?)

we get that
log(r(z)) = za® + 20,2 — 1(AP)?) + 0(z?)

and therefore
DH,(0).0 = AP

and
(D*H, (O)ar, @) = 202 — (A D)2,

To compute A and A® we will use the perturbation theory of linear operators
[23. Recall that(, ).« denotes the inner product dR* defined by(f, g)rx) =

> icx figimi(x) while (,) is the usual inner product oR?. The eigenvector space of
T = K (x) associated to the eigenvalu€d) =1 is

Ril={heRY i hy=---=hy}

and the associated eigenprojectorPis R* — R* defined by

Ph=(h,1)pl= <Z T (x)hi>l.

ieX
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Define the operatof : RY — 11 ¢ RY by
Sh = L(x)"*(Ph — h),

where L(x) is the operator given by (9).
It follows from [23, p. 79] that

AP = T (TPP)
A? = T(T@PP —TVSTDP).

Now it is easy to check that TAP) = (AL, 1)) and(Kh, 1) = (h, L)z(. Using
these facts we get that? = (K (x)DP1, 1),y = (DY, 1), () = (@, F(x)). Thus

DH,(0) = F(x).

Similarly, we have

@ D @ @
A —L1) = (DVSK@®DDVL Dy
7(x)
D@
= (—11) —(kKxsp?P1 DV
2 () 7(x)

becauseD? is self-adjoint for(, )., and K (x) commutes withS. Sincek (x)S maps
R?Y into 1+ we can rewriter@ as

D®
2@ = <21, 1> —(K(x)SDP1, DY — PDDL, (.
(x)

Now, we use the fact that
DY — PDY = (f(x) = F(x), @) = (f(x) = F("))a,
where we use the notation (11) and (12). This gives
SDY1 = —5(x),.

Thus, a simple computation gives

2 D(Z) 1 ; 2 10
M2 ={-11) =30 = Fe, @)l + 307(@).

(x)

Finally, we obtain that
(D?H, (0)r, &) = (DPL, 1)) = [{f (x) = F(x), &) |2 ) — e, F(x))?+ Q%) = Qs (a).

Our next goal is to establish the inequality stated in the lemma. By continuity of
x — Q, there exists a compact neighborhaydof K such thatQ, is nondegenerate at
every pointx € N. Thus the eigenvalues @, are uniformly bounded below by some
positive numben.. Equivalently,

I[D?H,(0)] |l < 1/2 (21)

forall x e N, where||[DX2H(O)]*1|| is the norm operator.
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Forx € N sety,(«) = DH,(x). The derivativeDW, (0) = D?H,(0) is invertible.
On the other hand, the mean value theorem and the continui¥qf«) in (x, «) easily
imply the existence of numbers> 0 and O< s < 1 such that

DV, (a) — DY (O)] = A(1—)

for any o € clos(B,)).

Setr = Asn. A refinement of the inverse function theorem (see, e.g., Hirsch and

Pugh [L9]) shows that:

(i) Wx(clos(B,)) D clo(B(W,(0), r)) = clos(B(F(x), r));

(i) there exists open setd,, V, such thatU, C clog(B,) and V, D closB(F(x),r)
such that¥, induces a diffeomorphism frorty, onto V, whose inverse mapping
will be denoted byw ! for convenience.

Givenx € N andp € B(F(x),r) seta = ¢ 1(8). By a property of the Legendre—

X

Fenchel transform (see, e.g., Ellis4] Theorem VII1.2.1)),

L(x, B) = (o, Wi()) — H(x, ). (22)
Now the Taylor formula gives
1%:(@) = F(x) = D*H, .0l = 5 el (23)
and
| He(e) = (F(x), &) — 3(D*H,(0).cr, @) || < C—61||0t||3, (24)
whereci = SUP.cy qecoxs,) 1D Hx (@) Thus (22)-(24) give
IL(x, B) = 3Qx @)l < exller]®. (25)
Equation (23) implies
IID?H (O] (B — F(x) —all < % lel|? = caller]|?, (26)
with ¢, = ¢1/2A. Also,
lall = 1¥1(B) — U THF ) < eall B — Fol, (27)

With ¢3 = SUP.cy qecloss,) [DW-Y(a)||. Finally, by putting (25)—(27) together we get
that

IL(x, B) — 3(IDZH(O)] (B — F(x)), B— F(x))|| < call B — F(x)|?
for somec4 > 0 depending oy, ¢cp, c3 andA. Thus
ILGx, Bl < ClIB— F@)I?,
whereC = 1/(2\ + ¢4) is independent ok € N andB € B(F(x), r). O

LEMMA 7.6. Let C be a connected component®f®). Assume thaf (®, L(®|C)) < 2
and that the process (1) is nondegenerate at each L(®|C). Then for anyn > 0
and any neighborhood/ of C there exists a neighborhoo < U of C and a
positive numbef; with the property that for alkk, y € W one can find aC? function
¥ :[0,1] - U, 1 < T, which satisfies:
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@ WO =x;¥(0) =y;
(b) L) <.

Proof. SetI' = L(®|C). Choose O< o < 1 such that 2> 2 -« > J(®,I') and set
s = 2—a. Chooses > 0 small enough so tha¥s(I') c U and for allx € Ns(I') the
form Q, is nondegenerate.

Fix T > 1, and then apply Lemma 7.4 . This gives us a neighborhood of,
V C N;(I') and a positive numbefy = 1(8, T). Now, sincel’ = L(®|C) there exists an
open neighborhood af, W c clos(W) c U such that for everg € W, yT(x)NV # @
andy~(x) N &7 (V) # @. Therefore it suffices to prove the lemma withe V and
y € (V).

By Lemma 7.4 there exists @, 7)) pseudo-orbit fromx to ®_7(y):

(®:/(x):0<tr=t}, i=1...,k=L14>T,x=>_r(y),

having a length less thafy and such thad ", d(®,, (x;), x;+1)* < n. To the sequence
{x; i =1,...,k} we add the pointsy = x andx; 1 = ®r(xx) = y. Then, define
numbers

i
to=tiia=T and 7; = Ztk
k=0

fori =0,...,k+1. SetT, =Ty + 2T.
Let ® : R — [0, 1] be C* function which is 1 on(—oo, 0] and zero on [loo). Set
| = 1,1 and definey : [0,]] > M as

V(s + 1) = O(s /) Py, (xi) + (1= O(s/8%) Py (xi41))

forO<s <t41,i =0,...,k.
SinceL(x, F(x)) =0 andy (s + 1;) = ®,(x;41) for ;41 > s > 8%, we have

! k Tig1 k 7,487
/O Ly, y)ds = ) / L,y =) / Ly, )
i=0 Vi i=0 VT

k
D 8% sup L(Y(s + 1), ¥'(s + 7). (28)

i=0 O<s<é«

IA

Therefore, to estimatfé L(y, y') it suffices to estimate syp, s« L(¥ (s + 1), ¥'(s +
7;)). This is our next goal. Let & s < §*. A simple computation yields

W' (s + 1) — F(¥r (s + )
< W'+ ) — F(@u(xip) | + 1 F(@y(xi41)) — F(Yr (s + )

1
< S—O(II@'IIII‘DS(CI%,- (xi)) = D5 (xipD) [l + 1O F(Py (P, (x:)) — F(Ps(xi32)) |l
HIOI Lip(F) [ (Py, (xi)) — Py (xiva) I

A standard application of Gronwall's inequality shows that> ®(x) is Lipschitz inx
locally uniformly ins. Thus, from the preceding inequality, we easily obtain

A
W' (s + ) — F(y (s + m)ll < (8“ + B> d(®;,(xi), Xit1) (29)
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for some constantd, B > 0.
Using inequality (29), we see that

I¥'(s + ) = F( (s + m)ll = 0(6%).
Therefore, it follows from Lemma 7.5 that férsmall enough

d(®y, (x;), xi+1)?
LG+, ¥ s+1) =0y s+t —FYGs+u)lI>) =0 (%) :

Thus inequality (28) transforms (férsmall enough) into

: d(®;, (i), Xi41)?
/Ouw,vf’) - 0(23 1<x80>tx+1))

0<Zd(<1>z,. (i), xim“) = O(Zd@n (x,->,x,~+1>S> = 0(.

O

LEMMA 7.7.Let K C X be a compact invariant set and &’ ¢ X be a compact set
disjoint from K. Assume that for all > O there exists;s € N;(K) such that the forward
trajectory y *(x5) meetsNs(K'). Then there exist € K andy € K’ such thatt < y.

Proof. Let ys = &, (xs) be such thaty; € Ns(K'). Let x be a limit point ofx; and
let y be a limit point ofy; (asé — 0). Clearly,zs — oo otherwise there would exist
a subsequencg, — T and this would implyy = &r(x) € K’. This is impossible
becauseX is invariant disjoint fromK’. The propertyrs — oo shows that it is possible
to find a (n, T) pseudo-orbit fromx to y for arbitrary smally and arbitrary larger.
Thusx < y. O

From now on, we will assume that the hypotheses of Theorem 3.7 hold. We use the
notationA; = C, A, = CT, A3 =R(®)\ (CUCY), andU; = N,(A;),i =1,2,3. We
fix r > 0 small enough so that:
e U, i=12 3, are disjoint compact neighborhoods.
Let (i, j) € {(2, 1), (1, 3), (2, 3)}. Since the relation— is closed we can suppose that:
o forallyeUjx# y;
and according to Lemma 7.7 we can also suppose that:
e forallxeU,y*x)NU; =0.
Fori = 1,2, 3,V; C U; denotes a open neighborhood/of and we seV = ViU V,U Vs,

LEMMA 7.8. Givenn > 0, there exists a neighborhood af;, W, c U; such that for any
choice ofVy c Wy, Vo C Uy, V3 C Uz one has

lim infoe log(P{ 4 (n(e), Vo x X)) = —n

uniformly inx € V1,6 € X, where{n(e)} is a sequence of integers depending on the
choice ofV.
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Proof. Lemma 7.6 applied witlU = U; gives a neighborhoo®; c U; and a positive
constant7;. We can always suppose théy is compact. Letv; ¢ W;. By Lemma 5.4
there existy € dV; with w(y) € C*. Therefore there existg > 0 such thatd,(y) € V»
for all r > 5. Letx € V;. By Lemma 7.6 there is @ functionW : [0,/] — Us,l < T}
with ¥(0) = x, ¥(l) = y and L, ;(¢) < 7.

Define ¥ by ¥ (1) = ¥(r) for 0 < ¢ < [ andy(t) = ®,_;(y) for [ < I’, where!’
is chosen such that the amount of time spent#yr)}o<,<» in V1 U V, equalsTy + 1.
Since v coincides with ad trajectory forr > I, L,y (V) = Ly, () < 1.

Now, it is easy to see that there exisi&) € N (of the order of(T1 + 1) /¢) such that
X)) € V2 as soon agix“(-) — 1}||[0,1/] is small enough. Thus, by Theorem 6.2

lim inf e log(P{ y(n(e). V2 x X)) = —Lar () = —n
uniformly inx € V1, y € X. O

LEMMA 7.9. There exist$ > 0 such that for any choice df; C U;

lim supe l0g( P ,(n(e), V; x X)) < —b

e—0

uniformly inx € V;,0 € X, for all (i, j) € {(2,1), (1, 3),(2,3)},n € N.

Proof. By the choice of the neighborhood$ and by Lemma 6.5 there exisfs > 0
such thatC(U;, U;) > g for all (i, j) € {(2,1), (1, 3), (2, 3)}.

Suppose the neighborhoods, i = 1, 2,3, are given. Since (by assumption) the
measureg.’, i € X have bounded supports, there exist neighborhoods;pfV/ c V;
andep > 0 such that ife < €, x € V/ and |lx — y|| < e«, theny is necessarily inv;.
SetV’' = V] U VJU V4. The previous discussion proves thatif (r) : r > 0} meetsV’,
then{X¢},>0 meetsV.

Let (i, j) € {(2, 1), (1,3), (2,3)} andx € V;. We have,

{X7, € Vi} C {x“(t) e V; for somer < T}U {x“(t) ¢ V' for 1 <t < T}.
Thus, by Theorem 6.2, we get

lim supe log(P, (X7, € V))) < —inf(B, a(T)),
e—0

wherea(T) = inf{Ly .7 (h) : h € Hr} with Hy = {h € C([0, T]) : h € C[0, T], h(0) €
clos(U;), h([0, T)H N V' = @}.

By Lemma 6.3 there exist > 0,a > 0 such thatL(U;, BY) > « for all
i €{1,23}. LetHr = Hi7 UHaor, WhereHy 7 = {h € Hr : h([0, T]) C clos(B,)},
HZ,T = (Hr — Hl,T) and Ieta,,T = inf{ﬁh(o)j(h) the HI,T} forl =1, 2.

By Lemma 6.4 it is possible to chooge such thate; 7 > «, and sincexs ;7 > «
we geta(T) > o > 0. The lemma is proved with = inf{8, «} for n = 1. By the
Chapman—Kolmogorov formula we extend it/ice N. O

Putting together Lemmas 7.9 and 7.3 proves Proposition 7.1.
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