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Abstract. This paper investigates the dynamical properties of a class of urn processes
and recursive stochastic algorithms with constant gain which arise frequently in control,
pattern recognition, learning theory, and elsewhere.

It is shown that, under suitable conditions, invariant measures of the process tend to
concentrate on the Birkhoff center of irreducible (i.e. chain transitive) attractors of some
vector fieldF : R

d → R
d obtained by averaging. Applications are given to simple

situations including the cases whereF is Axiom A or Morse–Smale,F is gradient-like,
F is a planar vector field,F has finitely many alpha and omega limit sets.

1. Introduction
This paper considers a family of discrete time stochastic processes{Xεn}n∈N, ε > 0, living
in R

d which are defined in the following way.
Let X = {1, . . . , m} be a finite state space called thespace of control parameters. For

eachx ∈ R
d we assume that we are given the following:

• a discrete time Markov chain onX represented by am × m transition matrix
K(x) = {Ki,j (x)}i,j∈X satisfying

Ki,j (x) ≥ 0;
m∑
j=1

Ki,j (x) = 1;

• a family {µ1
x, . . . , µ

m
x } of m probability measures onTxRd = R

d .
Let ε denote a (small) positive real parameter called thegain parameter. We consider

a Markov process{(Xεn,2ε
n)}n∈N defined on a probability space{�,F,P} taking values

in R
d × X whose transition kernel is given by

P((Xεn+1,2
ε
n+1) ∈ A× {j} | Xεn = x,2ε

n = i) = Ki,j (x)µ
j
x

(−x + A

ε

)
(1)

for every i, j ∈ X , x ∈ R
d and every Borel setA ⊂ R

d , where (−x + A)/ε =
{(−x + f )/ε : f ∈ A}.
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54 M. Bena¨ım

An equivalent and more concrete formulation is the following. For eachx ∈ R
d

and eachθ ∈ X let {fn(x, θ)}n∈N denote a sequence of independent random vectors
taking values inTxRd = R

d havingµθx as the probability distribution. Then the process
{Xεn,2ε

n}n≥0 is defined by{
P(2ε

n+1 = j | Xεn = x,2ε
n = i) = Ki,j (x)

Xεn+1 −Xεn = εfn+1(X
ε
n,2

ε
n+1).

(2)

Recursive processes described by (1) or (2) arise frequently in applications in pattern
recognition, system identification, learning theory, economic modeling and elsewhere
under the namestochastic approximations and adaptive algorithms. While this theory
has been the focus of much attention over the last four decades in the engineering and
probabilistic literature (see, e.g., [7, 11, 25, 26]), little attention has been paid to dynamical
systems issues. In this paper we continue the program initiated in [3, 5, 6] which is
to investigate the asymptotic behavior of stochastic approximation processes with the
point of view of abstract dynamical system theory. Our previous work was devoted
to stochastic approximation processes with decreasing gain†. It was shown that under
mild assumptions the limit sets of sample paths of stochastic approximation processes
are almost surely connected internally chain recurrent sets for the dynamics of a suitable
average vector fieldF : R

d → R
d . This property was used in [5] to characterize the

limiting behavior of a class of urn processes for whichF is Morse–Smale.
This paper is concerned with processes with constant gain, that isε > 0. A first

step is made toward describing the topological and dynamical structure of the support
of invariant measures of (1) in the limitε → 0. An important source of inspiration for
the present paper are the works of David Ruelle [29] and Yuri Kifer [24] on random
perturbations of dynamical systems. Ruelle [29] shows that, under suitable conditions,
discrete time dynamical systems with small bounded random perturbations asymptotically
live on irreducible (i.e. chain transitives) attractors. Kifer [24] relying on Freidlin and
Weintzell theory, considers the case of discrete time dynamical systems with unbounded
random perturbation which satisfy a large deviation property. This paper presents similar
results for stochastic approximation processes. One of our main purposes is to describe
the long term behavior of (1) by using only the dynamics ofF (and not the particular
properties of the dataK(x) andµ1

x, . . . , µ
m
x ). To achieve this goal we introduce in§2

the notion ofchaining numberof a chain transitive set‡. Roughly speaking the chaining
number of a chain transitive set0 measures the growth rate (asδ → 0) of the minimal
number of(δ, T ) pseudo-orbits required to connect any given pair of points in0. Our
main assumption will be that some components of the limit points set ofF § have their
chaining number bounded by 2.

It turns out that in some simple cases including Axiom A or Morse–Smale systems,
gradient-like systems, planar systems with finitely many equilibria, vector fields with
finitely many alpha and omega limit sets, etc, this assumption is easily seen to be satisfied.

† That isε = εn with
∑
n εn = ∞ and

∑
n ε

1+δ
n < ∞ for someδ > 0. For an introduction and a recent survey

of this theory see, e.g., [12].
‡ A chain transitive set is defined here as a subset of a chain transitive component ofF (see§2 and 5).
§ The closure of all alpha and omega limit sets ofF .
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The key ingredients for our proofs are a large deviation principle for (1) due to Dupuis
[13] (see also [26]) combined with some properties of chain recurrent flows, and some
ideas and techniques introduced by Kifer [24].

Example 1.1. Generalized urn processes.To give a simple example, we describe here an
urn process in the spirit of thegeneralized urn processeswhich have been considered by
Hill et al [18], Arthur et al [2], Pemantle [27], Benäım and Hirsch [5] among others.

Let

1d =
{
v ∈ R

d+1 : vi ≥ 0,
∑

vi = 1

}

be theunit d-simplex. Let p+ : 1d → 1d andp− : 1d → 1d be two functions such that
p− leaves invariant the faces of the simplex (i.e.xi = 0 impliesp−

i (x) = 0). Throughout
we will call such a pair(p+, p−) an urn function.

Now, consider an urn which containsN > 0 balls of colors 1, . . . , d + 1. Set

ε = 1

N
.

At each time step a ball is randomly chosen in the urn and is replaced by a new ball
according to the following process.

Let Xεn,i be the proportion of balls having colori at time n and denote byXεn =
(Xεn,1, . . . , X

ε
n,d+1) the vector of proportions. The color of the ball removed from the urn

at timen+ 1 is chosen to bei with probabilityp−
i (X

ε
n) and the color of the ball which

is added is chosen to bej with probability p+
j (X

ε
n). This defines a stochastic process

{Xεn}n≥0 living in 1d .
Let

X = {1, . . . , d + 1} × {1, . . . , d + 1},
and letei denote theith vector of the canonical basis ofR

d+1. Let Ed ⊂ R
d+1 be the

affine subspace spanned by1d . By translating coordinates, we assume thatEd is a linear
subspace and1d is a neighborhood inEd of the origin. For anyx ∈ Ed let r(x) denote
the nearest point of1d to x. The mapr : Ed → 1d is easily proved to be Lipschitz.

For eachx ∈ Ed , define the Markov transition matrixK(x) as

K(i0,j0),(i,j)(x) = p+
j (r(x))p

−
i (r(x)), (i0, j0) ∈ X , (i, j) ∈ X (3)

and define the probability measures

µi,jx = δej−ei , (i, j) ∈ X , (4)

whereδf stands for the dirac measure atf . Identifying Ed with R
d , formulae (3), (4)

and (1) define a process inRd×X whose first component coincides with{Xεn}n∈N on1d .

Outline of contents. The organisation of the paper is as follows.§2 introduces the
notation and some definitions. It briefly reviews the notion of chain recurrence and
introduces the chaining number of a chain transitive set. The main results are presented
in §3 and some applications are developed in§4. The properties of chain recurrence
needed for the proofs are given in§5. The large deviation principle for (1) is presented
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in §6 together with some dynamical implications of this principle based on a result of
Nitecki and Shub extended by Akin [1]. The final estimates needed for Theorem 3.7 are
given in §7.

2. Basic definitions and main hypotheses
The notation, definitions and hypotheses introduced in this section will retain their validity
throughout the paper. The Euclidean norm onR

d is denoted‖ · ‖, and 〈· , ·〉 is the
associated inner product. The closure, interior and boundary of a setA ⊂ R

d are
respectively denoted clos(A) (or A), int(A) and ∂A. The complementary set ofA is
Ac = R

d \ A. The δ neighborhood ofA is Nδ(A) = {x ∈ R
d : d(x,A) < δ}. The open

ball of radiusr > 0 centered at the origin isBr = {x ∈ R
d : ‖x‖ < r} and the open ball

of radiusr > 0 and centera is Br(a) = B(a, r) = {x ∈ R
d : ‖x − a‖ < r}.

Consider the process introduced in§1 and characterized by (1) or (2).Px,θ
(respectivelyEx,θ ) denotes the probability (respectively expectation) given thatXε0 = x

and2ε
0 = θ . For x ∈ R

d we let

f̂i(x) =
∫

Rd

f µix(df ) ∈ R
d , i = 1, . . . , m

denote the average ofµix and we let2x = {2x
n}n≥0 denote the homogeneous Markov

chain onX whose transition matrix isK(x).
A set X ′ ⊂ X is called arecurrence classfor 2x if for all i, j ∈ X ′ there exists

an integerk = k(i, j) and a finite set{i1, . . . , ik} ⊂ X ′ such thati1 = i, ik = j and
Kil,il+1(x) > 0, l = 1, . . . , k − 1. If k can be chosen independently ofi, j thenX ′ is
called aperiodic. The Markov chain2x is called indecomposableif it admits a single
recurrence class. It is calledirreducible if it is indecomposable withX as recurrence
class.

We suppose the following.

HYPOTHESIS2.1.
(i) The mapsx → f̂i(x), i = 1, . . . , m, are locally Lipschitz and bounded.
(ii) The mapx → K(x) is locally Lipschitz.
(iii) For eachx ∈ R

d the chain2x is indecomposable.

It is well known (see, e.g., [22]) that condition 2.1(iii) implies the existence of a
unique invariant probability measureπ(x) = (π1(x), . . . , πm(x)) for 2x defined by

m∑
i=1

πi(x)Ki,j (x) = πj (x), j ∈ X . (5)

Define theaverage vector field:

F : R
d → R

d

F (x) =
m∑
i=1

πi(x)f̂i(x).

LEMMA 2.2. The average vector field is locally Lipschitz and bounded (i.e.supx ‖F(x)‖
< ∞).
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Proof. Since2x is indecomposable, 1 is a simple characteristic root ofK(x) (see e.g.,
[22]). Therefore, a straightforward application of the implicit function theorem shows
thatπ(x) depends smoothly on the coefficientsKi,j (x), i, j ∈ X , and the result follows
from the definition ofF and assumptions 2.1(i) and 2.1(ii). �

The preceding lemma implies thatF is completely integrable. This means thatF
generates aflow

8 : R × R
d 7→ R

d

(t, x) → 8t(x)

defined by

80 = Identity,
d8t(x)

dt
= F(8t(x)).

The vector fieldF is calleddissipativeif there is a ballB ⊂ R
d (of finite radius) with

the property that for every compactK ⊂ R
d there existsT > 0 such that8t(K) ⊂ B for

all t ≥ T . Dissipation implies the existence of a compact invariant setX ⊂ R
d called a

global attractor, which uniformly attracts each compact set of initial values.

HYPOTHESIS2.3. The average vector fieldF : R
d → R

d is dissipative.

Notice that, with this hypothesis, we can always suppose (by multiplyingF by a
smooth positive function which goes to zero as‖x‖ → ∞) that the flow induced byF
is defined on thed-sphereM = Sd = R

d ∪ {∞}, where the point at infinity is a source.
We conclude this section with a few standard definitions of dynamical systems that

will be useful throughout. A set0 ⊂ R
d is said to beinvariant (respectivelypositively

invariant) under the flow8 if for all t ∈ R,8t (0) ⊂ 0 (respectively, for allt ≥ 0). In
this case we let8|0 denote the restricted flow (respectively semi-flow).

For x ∈ R
d , γ (x) = {8t(x) : t ∈ R}, γ+(x) = {8t(x) : t ∈ R+} and

γ−(x) = {8t(x) : t ∈ R
−} respectively denote theorbit, the forward orbit and the

backward orbitof x.
The omega limit setof x ∈ R

d , denoted byω(x), is the set ofp ∈ R
d such that

limk→∞8tk (x) = p for some sequencetk > 0 with limk→∞ tk = +∞. Since by
Hypothesis 2.3 the forward trajectoryγ+(x) has compact closure,ω(x) is a nonempty
compact invariant connected set. Thealpha limit setα(x) of x is defined as the omega
limit set ofx for the reversed flow{8−t }t≥0. α(x) is either a nonempty compact invariant
connected subset ofRd or the point∞. If K ⊂ R

d is a compact invariant set for8
we letL(8|K) denote the closure of all alpha and omega limit sets of trajectories inK.
That is,

L(8|K) = clos

( ⋃
x∈K

ω(x) ∪ α(x)
)
.

The Birkhoff centerof 8, denotedB(8), is the closure of the set ofx ∈ R
d such that

x ∈ ω(x). This is a compact invariant set which contains equilibria and periodic orbits.
An invariant measurefor 8 is a Borel probability measureµ on R

d such that
µ(8t(A)) = µ(A) for every t ∈ R and every Borel setA ⊂ R

d . By the Poincaŕe
recurrence theorem, the support of any invariant measure is contained inB(8).
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Chain recurrence. A deterministic notion of recurrence for8 well suited to analyse the
behavior of (1) is Conley’schain recurrence, which we now briefly introduce. A more
detailed discussion of this concept will be given later (see§5).

Consider a flow8 on a compact metric space(X, d). (Here we can think ofX as the
global attractor ofF or as thed-sphere obtained by putting a source at the infinity.) Let
T and δ be positive numbers. A(δ, T )-pseudo-orbitfrom p ∈ X to q ∈ X is a finite
sequence of partial trajectories

{8t(xi) : 0 ≤ t ≤ ti}; i = 1, . . . , k − 1; ti ≥ T

such that

d(x1, p) < δ,

d(8tj (xj ), xj+1) < δ, j = 1, . . . , k − 1;
xk = q.

In this case we writep ↪→T ,δ q. When this holds for allT > 0, δ > 0, we writep ↪→ q.
If A ⊂ X andB ⊂ X are two subsets such thatp ↪→ q for all p ∈ A, q ∈ B we write
A ↪→ B.

A point x ∈ X is chain recurrentif x ↪→ x. We let R(8) denote the set of chain
recurrent points for8. This is a closed invariant set which contains equilibria, periodic
orbits, alpha and omega limit points and, more generally, nonwandering points of8.

A subsetL ⊂ X is internally chain recurrentprovidedL is a nonempty compact
invariant set of which every point is chain recurrent for the restricted flow8|L (i.e.
R(8|L) = L).

For example, Conley [10] shows thatR(8) is internally chain recurrent and also that
alpha or omega limit sets are connected internally chain recurrent sets. Under some
suitable conditions, limit sets of solutions to stochastic approximation processes with
decreasing gain [3] or, more generally, limit sets ofasymptotic pseudo-trajectories[6]
satisfy the same property.

For (x, y) ∈ R(8) x is said to be equivalent toy (written x ∼ y) if x ↪→ y and
y ↪→ x. It is clear from the definition ofR(8) that ∼ is an equivalence relation. An
equivalence class is called achain transitivecomponent. By a result of Conley [10],
chain transitive components are connected components ofR(8).

Chaining number. A nonempty setL ⊂ X is calledchain transitiveif it is contained in
a chain transitive component of8. It is calledinternally chain transitiveif it is compact
invariant and chain transitive for the restricted flow8|L. This is equivalent to saying
thatL is connected and internally chain recurrent. For instance, connected components
of R(8) are internally chain transitive sets.

Let L ⊂ X be a chain transitive set. Lets, δ and T be positive numbers. For
p ∈ L, q ∈ L define

J sδ (p, q, T ) = inf
∑
i

d(8ti (yi), yi+1)
s,

where the infimum is taken over all(δ, T ) pseudo-orbits going fromp to q. SinceL is
chain transitive,J sδ (p, q, T ) < ∞.
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Let
J sδ (L) = sup

(p,q)∈L;T>0
J sδ (p, q, T ).

It is easily seen from the definition thatJ sδ (L) increases whenδ decreases. Therefore,
the limit

J s(L) = lim
δ→0

J sδ (L) = sup
δ>0

J sδ (L)

exists inR+ ∪ {∞}. Let t > s > 0. If {{8t(yi) : 0 ≤ t ≤ ti}; i = 0, . . . , k − 1} is a
(δ, T ) pseudo-orbit fromp to q we have∑

i

d(8ti (yi), yi+1)
s ≥ δs−t

∑
i

d(8ti (yi), yi+1)
t ≥ δs−t J tδ (p, q, T ).

Therefore,
J sδ (p, q, T ) ≥ δs−t J tδ (p, q, T )

and consequently,
J sδ (L) ≥ δs−t J tδ (L).

This last relation justifies the following definition.

Definition 2.4.The chaining numberof 8 in L is the numberJ (8,L) uniquely defined
as

J (8,L) = inf{s > 0 : J s(L) = 0} = sup{s > 0 : J s(L) = ∞}.
We now mention some elementary properties ofJ (8,L) whose proofs are left to the

reader.
(i) Two flows8 and9 defined on metric spacesX andY are topologically equivalent

if there exists an homeomorphismh : X → Y which take orbits of8 to orbits of
9 preserving time orientation.
If L is chain transitive for8, h(L) is chain transitive for9. If, furthermore,h is
Lipschitz continuous, it is easy to verify thatJ (8,L) = J (9, h(L)).

(ii) A consequence of (i) is thatJ (8,L) is unchanged if the metricd onX is replaced by
a metricd ′ equivalent tod (i.e.C1d ≤ d ′ ≤ C2d for some constants 0< C1 ≤ C2).

(iii) Let L ⊂ X be a compact invariant set (not necessarily chain recurrent). Let
{Bi,δ}i∈I be a finite (i.e. card(I ) < ∞) family of balls of radiusδ > 0 such that
{⋃t≥08t(Bi,δ)}i∈I coversL and letN(δ, L) be the minimum number of such balls.
Define

Dim8(L) = lim inf
δ→0

log(N(δ, L))

log(1/δ)
.

If 8 = Id is the identity flow, then

DimId(L) = Dimb(L),

where Dimb(L) denotes thebox dimensionof L. The following inequality gives
some rough bounds onJ (8,L) whenL is internally chain transitive:

J (8,L) ≤ J (8|L,L) ≤ Dim8(L) ≤ Dimb(L) ≤ Dimb(X).

We remark that whenX is a subset of ad-dimensional manifold, then Dimb(X) ≤ d.
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3. Main results
An averaging lemma. In order to analyse the behavior of{Xεn}n≥0 in terms of the
behavior of the flow8 it is convenient to introduce the interpolated processxε : R+ →
R
d defined by:

(i) xε(nε) = Xεn;
(ii) xε is affine on [nε, (n+ 1)ε].

The following proposition is a standard averaging result for stochastic approximation
processes. It will be deduced from a more general theorem proved in [7].

PROPOSITION3.1. LetK ⊂ R
d be a compact set,T ≥ 0 andδ > 0. Then

lim
ε→0

Px,θ

(
sup

0≤t≤T
‖xε(t)−8t(x)‖ ≥ δ

)
= 0

uniformly inx ∈ K andθ ∈ X .

Proof. Let 5x denote the transition probability defined onR
d × X by

5x((f, i), A× {j}) = Ki,j (x)µ
j
x(A) (6)

for every Borel setA ⊂ R
d , i, j ∈ X , f ∈ R

d . Let Fn denote theσ -field generated by
(20, X0), . . . , (2n,Xn). Equation (1) can be rewritten as

Xεn+1 −Xεn = εfn+1,

where
P(2n+1 = j, fn+1 ∈ A|Fn) = 5Xεn

((fn,2n, ); {j} × A).

We are exactly in the situation considered in [7, Part II, chapter I] and we will deduce
Proposition 3.1 from their averaging theorem (Theorem 9, p. 232). This theorem is
proved under five assumptions (assumptions A1–A5, chapter 1). Assumptions A1–A3
and A5 are easy consequences of the boundness Hypothesis 2.1(i). The only nontrivial
assumption (A4) is the existence of a functionWx(·) defined onR

d × X taking values
in R

d sufficiently regular inx such that

Wx(f, i)−5x.Wx(f, i) = f − F(x), (7)

where

5x.Wx(i, f ) =
∫
X×Rd

5x((i, f ), dv)Wx(v).

Let R
X denote the vector space of functionsh : X → R, i → hi . It is useful to consider

R
X as an Euclidean vector space with the norm‖ · ‖π(x) defined by

‖h‖2
π(x) =

∑
i

h2
i πi(x). (8)

We seeK(x) as an operator onRX defined by

(K(x) · h)i =
∑
j∈X

Ki,j (x)hj .
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Sinceπ(x) is an invariant measure (equation (5)) the vector space

1⊥ =
{
h ∈ R

X :
∑
i∈X

πi(x)hi = 0

}

is invariant byK(x) and because2x is indecomposable Id−K(x) induces a linear
isomorphism on1⊥:

L(x) : 1⊥ → 1⊥,

h → h−K(x)h. (9)

Therefore it is possible to define a map

ĝ(x) : X → R
d ,

i → ĝi (x)

uniquely given by
〈ĝ(x), α〉 = L(x)−1〈(f̂ (x)− F(x)), α〉 (10)

for all α ∈ R
d , where

〈ĝ(x), α〉 : X → R,

i → (〈ĝ(x), α〉)i = 〈ĝi (x), α〉 (11)

and

〈(f̂ (x)− F(x)), α〉 : X → R,

i → (〈(f̂ (x)− F(x)), α〉)i = 〈(f̂i(x)− F(x)), α〉. (12)

Now set
Wx(i, f ) = f − f̂i(x)+ ĝi (x).

It is easy to check that:
(i) Wx satisfies (7);
(ii) Wx is Lipschitz inx uniformly in (f, i).
Therefore the assumptions of [7, Theorem 9, p. 232]) are fulfilled and the proposition
follows from their general result. �

Recall that a sequence{µε}ε>0 of Borel probability measures onRd is said to converge
weakly toward a probability measureµ, asε → 0, if

lim
ε→0

∫
Rd

g(x)µε(dx) =
∫

Rd

g(x)µ(dx)

for every bounded continuous functiong : R
d → R. We now derive the following

consequence from Proposition 3.1.

COROLLARY 3.2. Let νε be an invariant probability measure of the Markov process
(Xεn,2

ε
n) and let ν1,ε denote the marginal probability measure defined byν1,ε(A) =

νε(A× X ). Suppose that the family{ν1,ε}ε>0 is tight. Then:
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(i) Any limit point of {ν1,ε}ε>0 for the topology of weak convergence is an invariant
measure of8.

(ii) Let ν1 be a limit point of{ν1,ε}ε>0 and letsupp(ν1) denote the support ofν1. Then
supp(ν1) is a compact invariant set which verifies

supp(ν1) = B(8| supp(ν1)) = R(8| supp(ν1)).

(iii) LetK ⊂ R
d be a compact set disjoint fromB(8). Then,

lim
ε→0

ν1,ε(K) = 0.

Proof. (i) Let g : R
d → R be a continuous bounded function. FixT > 0 and let

T (ε) = ε[T/ε], where [ ] denotes the integer part. By invariance,∫
Rd×X

Ex,θ [g(xε(T (ε)))]νε(dx ⊗ dθ) =
∫

Rd

g(x)ν1,ε(dx). (13)

Let δ > 0. By the tightness of{ν1,ε}ε>0 there exists a compact setK ⊂ R
d such that

ν1,ε(K) ≥ 1 − δ/‖g‖ for all ε > 0. Thus,∣∣∣∣
∫
K×X

Ex,θ [g(xε(T (ε)))]νε(dx⊗dθ)−
∫

Rd×X
Ex,θ [g(xε(T (ε)))]νε(dx⊗dθ)

∣∣∣∣ ≤ δ (14)

uniformly in ε > 0.
Let ν1 be a limit point of{ν1,ε}ε>0 for the weak topology. By uniform continuity ofg

on a compact neighborhood of8T (K) there existsα > 0 such thatd(u,8T (x)) < α/2
implies d(g(u), g(8T (x))) < δ. Thus (forε small enough),

|Ex,θ [g(xε(T (ε)))− g(8T (x))]| ≤ δ + 2‖g‖Px,θ {d(xε(T (ε)),8T (ε)(x)) ≥ α} (15)

for all x ∈ K. Using Proposition 3.1 together with inequalities (14) and (15) gives∣∣∣∣
∫

Rd

g(8t(x))ν
1(dx)−

∫
Rd

g(x)ν1(dx)

∣∣∣∣ ≤ 2δ.

Sinceδ andg are arbitrary, this shows thatν1 is an invariant measure of the flow8.
(ii) By (i) ν1 is an invariant measure of8. Let H denote its support.H is a closed

invariant set. Clearly, the measureµ defined byµ(A) = ν1(A ∩H) for every Borel set
A ⊂ R

d is an invariant probability measure for8. Thus, by the Poincaré recurrence
theoremµ(x : x 6∈ ω(x)) = 0. This implies thatν1(B(8|H)) = 1. It follows that
H ⊂ B(8|H) ⊂ R(8|H) ⊂ H .

(iii) Since by tightness,{ν1,ε}ε>0 is relatively compact, it suffices to show that
ν1(K) = 0 for every limit point ν1 of {ν1,ε}ε>0. Let g : R

d → [0,1] be a smooth
function which is one on a neighborhood ofK and zero on a neighborhood ofB(8).
We have

ν1,ε(K) ≤
∫

Rd

g(x)ν1,ε(dx).

Thus lim supε→0 ν
1,ε(K) ≤ ∫

Rd g(x)ν
1(dx) = 0, where the right-hand equality follows

from Lemma 3.1 and the Poincaré recurrence theorem. �
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COROLLARY 3.3. Consider the urn process of Example 1.1, where we use the same
notation. Assume:
(i) the urn functionsp+ andp− are Lipschitz continuous;
(ii) p+(1d) ⊂ int(1d), p−(int(1d)) ⊂ int(1d).
LetF : Ed → Ed be the vector field defined by

F(x) = p+(r(x))− p−(r(x)). (16)

Then:
(a) F is dissipative with a global attractorX ⊂ int(1d).
(b) LetK ⊂ 1d be a compact subset disjoint fromB(8), where8 is the flow induced

by the vector field (16). Then

lim
ε→0

lim
n→∞ P(Xεn ∈ K) = 0.

Proof. First observe that Hypothesis 2.1 is obviously satisfied and the Markov chain2x

is indecomposable with recurrence class

X ′ = {(i, j) ∈ X : ri(x) > 0}.
(a) A simple computation shows that the average vector field associated to the process

is given by (16). LetV : Ed → R+ be the map defined byV (x) = d(x,1d) =
‖x − r(x)‖. By the convexity of1d , we get

V ((1 − t)x + t (x + F(x))) ≤ (1 − t)V (x)+ tV (x + F(x)).

Thus
V (x + tF (x))− V (x)

t
≤ V (x + F(x))− V (x).

Now as the mapV is convex and continuous, it admits a right derivative. Therefore,
letting t go to zero in the last inequality gives

dV (8t(x))

dt

∣∣∣∣
t=0

≤ V (x + F(x))− V (x).

Let x 6∈ 1d . Since r(x) + F(x) ∈ int(1d), V (x + F(x)) = d(x + F(x),1d) <

d(x + F(x), r(x)+ F(x)) = ‖x − r(x)‖ = d(x,1d). Thus

dV (8t(x))

dt

∣∣∣∣
t=0

< 0

for x 6∈ 1d and
dV (8t(x))

dt

∣∣∣∣
t=0

= 0

for x ∈ 1d . This implies that1d contains a global attractorX ⊂ 1d . Since, furthermore,
F(x) points inward1d wheneverx ∈ ∂1d , X must be contained in int(1d).

(b) For each value ofε = 1/N the process{Xεn}n∈N is a finite Markov chain on
the lattice{v = (v1, . . . , vd+1) ∈ 1d : Nvi ∈ N, i = 1, . . . , d + 1}. Assumption (ii)
implies that this chain is irreducible and aperiodic. Therefore it admits a unique invariant
measureµε and limn→∞ P(Xεn ∈ K) = µε(K). The corollary now follows from
Corollary 3.2(ii). �
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Main results. Let X ⊂ R
d denote the global attractor of8 (see Hypothesis 2.3). In

this section we make the following additional assumption.

HYPOTHESIS3.4. There exists an open ballBR which containsX such that for allx ∈ BR
the following properties hold:
(i) the Markov chain2x is irreducible and aperiodic;
(ii) there existm probability measuresµ1, . . . , µm with bounded support, andm density

functionsp1
x(f ), . . . , p

m
x (f ) such that

µix(df ) = pix(f )µ
i(df ), i = 1, . . . , m;

(iii) the functionspix(f ) are locally Lipschitz inx ∈ BR and uniformly inf ∈ R
d ;

(iv) for every compact setK ⊂ BR there are numbers0 < a ≤ A < ∞ such that
a ≤ pix(f ) ≤ A for all x ∈ K, f ∈ R

d .

The main result of this paper (Theorem 3.7 below) shows how Corollary 3.2 can
be notably sharpened provided that the process (1) satisfies a certain nondegeneracy
condition that we now introduce.

Introduce them+ 1 quadratic forms

Qi
x : R

d → R+, i = 0, . . . , m

defined by
Q0
x(α) = ‖〈ĝ(x), α〉‖2

π(x) − ‖〈K(x)ĝ(x), α〉‖2
π(x)

and

Qi
x(α) =

∫
Rd

〈(f − f̂i(x)), α〉2µix(df ), i = 1, . . . , m,

whereĝ(x) and 〈ĝ(x), α〉 are defined by (10) and (11), and‖ · ‖π(x) is the norm onRX

given by (8).
Observe that the quadratic formsQi

x are nonnegative. This is obvious fori ≥ 1 and
for Q0

x this is an easy consequence of Jensen’s inequality.

Definition 3.5.Let
Qx = Q0

x +
∑
i∈X

πi(x)Q
i
x. (17)

We will say that the process (1) isnondegenerateat x ∈ X if Qx is nondegenerate, that
is Qx(α) = 0 if and only if α = 0.

Some simple sufficient conditions ensuring that a pointx is nondegenerate will be
given below (see Remark 3.10).

Since the Birkhoff center of8 may contain ‘unstable’ sets, it is natural to think that
invariant measures of (1) tend to concentrate on ‘stable’ subsets ofB(8) provided that
unstable sets consist of nondegenerate points. We now make this point precise.

A nonempty compact invariant setA ⊂ R
d is an attractor if A has an open

neighborhoodW in R
d such that

lim
t→∞ d(8t(x), A) = 0

uniformly in x ∈ W . An attractor is said to beirreducible if it has no proper attractor.
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For x ∈ R(8), let Cx denote the connected component (or, equivalently, the chain
transitive component) ofR(8) which containsx. The relation↪→ induces onR(8)/ ∼
a partial ordering (written�) defined as follows:Cx � Cy if x ↪→ y. Following Ruelle
[29], a minimal component for� is called aquasi-attractor.

Let C be a connected component ofR(8). Define

C+ = {x ∈ R
d : ∃y ∈ R(8) \ C andC ↪→ y ↪→ x}.

An invariant set0 is said to beisolated if it is the maximal invariant set in some
neighborhoodN of itself. The following proposition summarizes some properties of
irreducible attractors in relation with chain recurrence. It will be proved in§5.

PROPOSITION3.6.
(i) LetC be a nonempty subset ofX. The following statements are equivalent:

(a) C is an irreducible attractor;
(b) C is an isolated quasi-attractor;
(c) C is a connected component ofR(8) isolated andC+ = ∅.

(ii) AssumeC is an isolated connected component ofR(8) which is not an attractor.
ThenC+ is a nonempty compact invariant set. If, furthermore,C+ is isolated, then
C+ is an attractor.

We now state the main result of the paper.

THEOREM 3.7. Let C be a connected component ofR(8) which is not an attractor.
Suppose that:
(i) C andC+ are isolated;
(ii) J (8,L(8|C)) < 2;
(iii) for everyx ∈ L(8|C) the process (1) is nondegenerate atx.
Let νε be an invariant probability measure of the Markov process{Xεn,2ε

n}. Then there
exists a neighborhoodV of C such that

lim
ε→0

νε(V × X ) = 0.

COROLLARY 3.8. Suppose thatR(8) admits a finite number of connected components and
that for each component which is not an attractor, assumptions(ii) and(iii) of Theorem 3.7
hold. Suppose that the family{ν1,ε = νε(· × X )}ε>0 is tight. Letν1 be a limit point (for
the topology of weak convergence) of{ν1,ε}ε>0. Then, the support ofν1 is contained in
the Birkhoff center of irreducible attractors.

Proof. It suffices to verify thatC+ is isolated whenC is not an attractor. �

Remark 3.9.Suppose that the limit point set decomposes as

L(8) =
k⋃
i=1

0i,

where01, . . . , 0k are compact invariant disjoint internally chain transitive sets such that
J (8,8|0i) < 2. Then it follows easily from Theorem 6.7 thatJ (8,L(8|C)) < 2.
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Remark 3.10.The nondegeneracy condition onx depends on the measuresµix and the
kernelK(x). In many cases it is easy to verify. Here are several such cases.
(i) Let

Varix =
∫

Rd

(f − f̂i(x))(f − f̂i(x))
Tµix(df )

denote thecovariance matrixof µix , where T denotes the transpose of a matrix.
Suppose that for somei ∈ X , Varix is nondegenerate (i.e. invertible) and5i(x) > 0.
ThenQi

x , henceQx is definite positive.
(ii) Let

ĝ(x)α : X → R
d ,

i → 〈ĝi (x), α〉,
whereĝ(x) is given by (10). Another condition is obtained by noticing that

Q0
x(α) = 〈(Id −K∗(x)K(x))ĝ(x)α, ĝ(x)α〉π(x),

where〈 , 〉π(x) is the inner product onRX associated to‖ · ‖π(x) andK∗(x) denotes
the adjoint ofK(x) for the Euclidean structure induced by‖ · ‖π(x).
Therefore, if the Markov chain associated to the kernelK∗(x)K(x) is irreducible
we get the estimate

Q0
x(α) ≥ (1 − λ)‖ĝ(x)α‖2

π(x), (18)

where 0≤ 1−λ < 1 is the second largest eigenvalue ofK∗(x)K(x). Suppose now
that the vectorsf̂1(x)−F(x), . . . , f̂m(x)−F(x) spanTxRd = R

d . Then it is easily
seen from (10) that̂g1(x), . . . , ĝm(x) also spanRd and inequality (18) implies that
Q0
x is irreducible.

(iii) In some simple cases the irreducibility ofK∗(x)K(x) can be deduced from the
transition graph ofK(x) and the fact thatK(x) is irreducible and aperiodic. This
is the case, for example, whenKi,i(x) > 0 for all i ∈ X or whenKi,j (x) > 0 ⇒
Kj,i(x) > 0 for all (i, j) ∈ X . However, it is easy to construct irreducible aperiodic
Markov transition matricesK for which K∗K is not irreducible. The following
3 × 3 matrix gives such an example:

K =

 1/2 1/2 0

0 0 1
1 0 0


 .

COROLLARY 3.11. Consider the urn process of Example 1.1 under assumptions(i) and(ii)
of Corollary 3.3. LetC be a connected component ofR(8), where8 is the flow induced
by the vector field(16). If C satisfies assumptions(i) and (ii) of Theorem 3.7, then

lim
ε→0

lim
n→∞ P(Xεn ∈ C) = 0.

Proof. We first remark that assumptions (i) and (ii) of Corollary 3.3 imply that the
Markov chainK(x) given by (3) is irreducible and aperiodic for allx ∈ int(1). Since
the vector field (16) has a global attractor in int(1) (see Corollary 3.3), condition (i)
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of Hypothesis 3.4 is satisfied. Conditions (ii)–(iv) follow from the definition of the
measures (4).

Remark 3.10(iii) above and the definition ofK(x) (equation (3)) show that the process
is nondegenerate at every pointx ∈ int(1). The corollary now follows from Theorem 3.7
and the fact that{Xεn}n∈N is a finite irreducible aperiodic Markov chain as shown in the
proof of Corollary 3.3. �

4. Examples
Axiom A systems.If the flow induced by the average vector fieldF is Axiom A and
has no cycles [30] or, equivalently, ifR(8) is hyperbolic [16], thenR(8) decomposes
asR(8) = ⋃k

i=1Ci , where theCi are distinct compact invariant connected topologically
transitive sets†. It is readily seen thatJ (8,Ci) = 0. Thus Corollary 3.8 applies. In this
case irreducible attractors are theCi ’s for which Wu(Ci) ⊂ Ci , whereWu(Ci) denotes
the unstable manifold ofCi . The Birkhoff center ofCi is Ci .

A particular simple case is the case whereF is a Morse–Smalevector field. This
means that eachCi is a hyperbolic equilibrium or periodic orbit. Dynamics of urn
processes with decreasing gain associated to a Morse–Smale vector field have been
extensively studied by Benaı̈m and Hirsch [5]. For the urn process described in
Example 1.1 we get the following result.

COROLLARY 4.1. Consider the urn process of Example 1.1 under assumptions(i) and (ii)
of Corollary 3.3. Suppose that the vector fieldF given by(16) is Morse–Smale. Let
p1, . . . , pr denote the asymptotically stable equilibria ofF and letγ1, . . . , γl denote the
asymptotically stable nonstationary periodic orbits ofF . Then:
(a)

lim
ε→0

lim
n→∞ P

(
Xεn ∈

r⋃
i=1

{pi}
l⋃

j=1

γj

)
= 1.

(b) Let ν1 be a limit point of the (unique) invariant measure of the process{Xεn}n≥0.
Thenν1 is a convex combination of the measures

δpi (·), i = 1, . . . , r

and
1

Ti

∫ Ti

0
δ8t (xi )(·) dt, i = 1, . . . , l,

whereTi is the period ofγi andxi is any point inγi .

Also, it is reasonable to conjecture that the invariant measure of{Xεn} generically
converges asε → 0 toward a single invariant measure. More precisely, we have the
following.

CONJECTURE4.2. LetU(d) ⊂ C1(1d)× C1(1d) denote the set ofC1 urn functions and
let MS(d) ⊂ U(d) denote the subset ofU(d) consisting of functions(p+, p−) such that
the vector fieldF = p+ − p− is Morse–Smale. Then:

† A topologically transitive set is a set with a dense orbit.
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(a) there exists a subsetU ⊂ MS(d) open and dense for theC1 topology such that
if (p+, p−) ∈ U the invariant measure of{Xεn} converges (for topology of weak
convergence) asε goes to zero toward a measureν1 which is either a dirac measure
δpi at a stable equilibriumpi of F or the invariant measure(1/Ti)

∫ Ti
0 δ8t (xi )(·) dt

associated to a stable periodicγi ;
(b) Whend = 3, (3 color urn processes)U is dense inU(d).

Simple flows. The flow8 is calledsimple provided that there are finitely many alpha
and omega limit points for8, necessarily constituting the set Eq(8) of equilibria.

A set0 ⊂ R
d is called anorbit chain if 0 can be expressed as the union

0 = {p1, . . . , pk}
⋃
γ1

⋃
· · ·

⋃
γk−1

of equilibria {p1, . . . , pk} and nonsingular orbits{γ1, . . . , γk−1} connecting them. That
is,

pi = α(γi), pi+1 = ω(γi).

The orbit chain is calledcyclic if p1 = pk.
Given two pointsu, v ∈ R

d , we writeu  v if either 8t(u) = v for somet ≥ 0 or
if there exists an orbit chain0 such thatu ∈ clos(γi), v ∈ clos(γj ), andi < j .

Suppose that8 is a simple flow. Lete ∈ Eq(8). We say thate is weakly unstableif
there exists some equilibriumf ∈ Eq(8) such thate  f andf 6 e. An equilibrium
which is not weakly unstable is calledweakly stable. Observe that an equilibrium can
be weakly stable without being asymptotically (or even Lyapounov) stable.

THEOREM 4.3. Assume:
(i) 8 is a simple flow;
(ii) the process (1) is nondegenerate at every weakly unstable equilibrium;
(iii) {ν1,ε}ε>0 is tight.
Let Eqs(8) ⊂ Eq(8) denote the set of weakly stable equilibria for8. Then

lim
ε→∞ ν

1,ε(Eqs(8)) = 1.

Expressed differently: ifν1 is a limit point of{ν1,ε}ε>0, then the support ofν1 is contained
in the set of weakly stable equilibria.

Proof. Let C be a chain transitive component ofR(8). By the compactness ofC and
finiteness of Eq(8) it is possible to find a compact neighborhoodN of C such that
N ∩ Eq(8) = C ∩ Eq(8). Let x ∈ N . Suppose thatγ (x) ⊂ N . Then there exist
equilibria e = α(x) andf = ω(x) which are inC. SinceC is chain transitive it follows
that γ (x) ⊂ C. This shows thatC is isolated. Similarly,C+ is isolated (or empty).

Suppose now thatC is not an attractor. Proposition 3.6(ii) implies thatC+ 6= ∅. Let
x ∈ C andy ∈ C+. By Theorem 3.1 of [4] the relationx ↪→ y is equivalent for a simple
flow to the relationx  y. It follows that equilibria ofC are weakly unstable and
the result follows from Corollary 3.2, Theorem 3.7 and the trivial fact that the chaining
number of an equilibrium is zero. �
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Remark 4.4.Theorem 4.3 admits the following obvious extension. Suppose that8 admits
finitely many alpha and omega limit sets denoted01, . . . , 0k. Let R̃

d denote the space
obtaining by collapsing each0i to a point and let̃8 denote the quotient flow. Suppose
that8̃ is a simple flow. Call the limit set0i weakly stable(respectively weakly unstable)
if 0i is weakly stable (unstable) for̃8. If the process(1) is nondegenerate at every point
x belonging to a weakly unstable limit set then the support of any limit point of{ν1,ε}ε>0

is contained in the weakly stable limit sets.

Gradient-like systems.In applications of stochastic recursive algorithms to problems of
engineering, control, learning theory and elsewhere, it is common to consider average
vector fields which admit a strict Lyapounov function. A functionV : R

d → R is called
a strict Lyapounov functionfor the flow 8 if V is a continuous nonnegative function
which strictly decreases along nonconstant forward orbits of8.

If F admits a strict Lyapounov function and isolated equilibria then it is easily seen
that 8 is a simple flow which has no cyclic orbit chains and Theorem 4.3 obviously
applies. In this case weakly stable equilibria are equilibriae ∈ Eq(8) for which
{x ∈ R

d : α(x) = e} = {e}.

Planar systems. In this section we suppose thatF : R
2 → R

2 is a planar vector field
with isolated equilibria. We letP denote the union of all nonstationary periodic orbits
of 8, and Eq(8) the equilibrium set.

An invariant setR for 8 is strongly chain recurrentif every point ofR belongs to a
cyclic orbit chain (as defined in the preceding subsection on simple flows) or a periodic
orbit. It is strongly chain transitiveprovided every pair of points belong to a common
cyclic chain or periodic orbit. If these cyclic chains and periodic orbits can be foundin
R, thenR is calledinternally strongly chain recurrent or chain transitive.

THEOREM 4.5. Assume:
(i) F is a planar vector field with isolated equilibria;
(ii) {ν1

ε }ε>0 is tight.
Let ν1 be a limit point of{ν1

ε }ε>0 and letR be a connected component of the support of
ν1. Then:
(a) R is compact invariant and internally strongly chain recurrent;
(b) each component ofR ∩ P which is not an isolated periodic orbit is homeomorphic

to an annulus and each component ofR \ P is internally strongly chain transitive.
Suppose, furthermore, that:
(iii) P has finitely many components;
(iv) the process (1) is nondegenerate at every pointx ∈ P ∪ Eq(8).
If x ∈ R

2 \ R is such thatα(x) ∩ R 6= ∅, then there exists a cyclic orbit chain0 which
containsx and has nonempty intersection withR.

Proof. Let H denote the support ofν1. By Corollary 3.2,H is internally chain recurrent
for 8, and assertions (a) and (b) follow from Theorems 1.4 and 1.5 in [4] which
characterize internally chain recurrent set of planar flows.
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Now suppose that hypotheses (iii) and (iv) hold. LetC be any chain transitive
component of8. It is always possible to find a compact neighborhoodN of C such
thatN ∩ Eq(8) = C ∩ Eq(8) andN ∩ P = C ∩ P because Eq(8) is finite andP has
finitely many components. Letγ (x) ⊂ N . By the Poincaŕe–Bendixson theorem,ω(x)
must contain an equilibrium or a periodic orbit and similarly forα(x). Thus bothα(x)
andω(x) meetC and sinceC is a chain transitive component it follows thatx ∈ C.
This shows thatC is isolated.

Now letC denote the chain transitive component which containsR. By Theorem 1.4
of [5], C is internally strongly chain recurrent. ThusJ (8,C) ≤ 1 because the chaining
number of a cyclic orbit chain is zero and the chaining number of an annulus is 1. Thus,
Theorem 3.7 implies thatC is an attractor. Letx ∈ R

2 be such thatα(x) ∩ R 6= ∅. Let
p ∈ α(x) ∩ R and letq ∈ ω(x). One hasp ↪→ x ↪→ q. BecauseC is an attractor
C+ is empty (see Proposition 3.6). Thus,q ∈ C and thereforex ∈ C. BecauseC is
internally strongly chain transitivex and p belong to a cyclic orbit chain of periodic
orbit contained inC. In the second situation, the periodic orbit must lie inR by the
invariance ofR. �

Discussion: decreasing gain versus constant gain.Consider a process described by (2)
such thatXεn ∈ R

2. Suppose that the process is nondegenerate for allx ∈ R
2 and that

the average vector fieldF has a phase portrait as shown in figure 1.
The curve ‘∞’ is the unique irreducible attractor ofF and its Birkhoff center is the

equilibrium pointB. Therefore, it follows from the results stated§3 thatν1,ε converges
weakly towardδB asε → 0.

Now consider a version of this process with a decreasing gain; that is{
P(2n+1 = j | Xn = x,2n = i) = Ki,j (x)

Xn+1 −Xn = εn+1fn+1(X
ε
n,2

ε
n+1),

where
εn ≥ 0,

∑
εn = ∞

and ∑
ε1+δ
n < ∞

for someδ > 0. Suppose for simplicity that the sequencesfn and2n are such that{Xn}
remains bounded with probability one. According to a theorem proved in [3] the limit
setL(Xn) of {Xn} is (with probability one) a connected internally chain recurrent set
(see§5) of the flow induced byF . On the other hand, under mild natural assumptions
(see Pemantle [27] or Brandiere and Duflo [9]) this limit set cannot be (with positive
probability) one of the pointsA,B or C because these points are linearly unstable
equilibria. It follows thatL(Xn) is (with probability one) either the∞ or one of the
two handles which compose the∞. It is interesting to notice that this behavior is quite
different from the behavior of the process with fixedε.

5. Chain recurrence and attractors
The aim of this section is to prove Proposition 3.6. For a general theory of chain
recurrence we refer the reader to [1, 8, 10, 15, 21]. Relations with hyperbolicity are
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A
C

B

FIGURE 1.

discussed in [8, 16, 28]. Planar systems are considered in [4, 20].

PROPOSITION5.1. Let A ⊂ X be an attractor. A is irreducible if and only ifA is a
connected component ofR(8).

Proof. Let 9 be a flow on a compact metric spaceY . It is proved in [10] that
R(9) = ∩{A′ ∪ (Y \ B(A′))} where the intersection is taken over all attractorsA′

in Y .
Suppose now thatA is a connected component ofR(8). SetY = A and9 = 8|A.

Since connected components ofR(8) are internally chain recurrent sets it follows that
R(9) = A = Y . Thus, if A′ ⊂ A is an attractorA is contained inA′ ∪ (A \ B(A′))
and sinceA is connected, it follows thatA = A′. The converse statement is proved by
similar arguments. �

Let 0 be an isolated set. IfN is a compact neighborhood of0 in which 0 is the
maximal invariant set, thenN is called anisolating neighborhood.

LEMMA 5.2. LetC be a connected component ofR(8). C is isolated if and only if there
exists a compact neighborhoodN of C such thatN ∩ R(8) = C.

Proof. AssumeN is a compact neighborhood ofC such thatN ∩ R(8) = C. Let
3 ⊂ N be an invariant set and letx ∈ 3. We haveα(x) ⊂ 3 andω(x) ⊂ 3. Since
α(x) and ω(x) are internally chain recurrent, we haveα(x) ⊂ N ∩ R(8) = C and
ω(x) ⊂ N ∩R(8) = C. From this it is easily seen thatC ↪→ x ↪→ C. Thereforex ∈ C
proving thatC is isolated.

Conversely, assumeC is isolated. LetN0 be an isolating neighborhood ofC. Assume
that every neighborhoodN of C contains a chain recurrent point which is not inC. Then
there exists a sequencexn ∈ R(8) such thatxn 6∈ C, andd(xn, C) → 0. With C being
isolated, with isolating neighborhoodN0, there existsyn ∈ γ (xn) andyn 6∈ N0. Sincexn
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is chain recurrent,γ (xn) belongs to the connected component ofR(8) which contains
xn. Thus,xn ↪→ yn ↪→ xn. The relation↪→ being closed, we getx ↪→ y ↪→ x for some
x ∈ C and y ∈ X|N0. This yields to the contradiction thaty ∈ C ∩ X|N0. Therefore
there must be some neighborhoodN such thatN ∩ R(8) = C. �

The proof of the next lemma is analogous to the proof of Lemma 5.2.

LEMMA 5.3. C+ is isolated if only if there exits a compact neighborhoodN of C+ such
thatN ∩ R(8) = C+ ∩ R(8).

We now proceed to the proof of Proposition 3.6(i). The implications(a) ⇒ (b) ⇒ (c)
are straightforward. To obtain(c) ⇒ (a) we shall use the following useful lemma proved
in [10].

LEMMA 5.4. Let N ⊂ X be a compact set. LetA ⊂ X be the maximal invariant set
contained inN . If A is nonempty andA is not an attractor, then there existsp ∈ ∂N

such thatγ−(p) ⊂ N andα(p) is a nonempty subset ofA.

Assume (c) holds and suppose (a) is false. LetN be an isolating neighborhood of
C. By Lemma 5.4 there existsp ∈ ∂N suchα(p) is a nonempty subset ofC. Since
C+ = ∅ we must haveω(p) ⊂ C. ThusC ↪→ p ↪→ C. This impliesp ∈ C which is
contradictory.

(ii) From assertion (i) we see thatC+ is nonempty. C+ is clearly invariant. Let
xn ∈ C+ be a convergent sequence andx = limn→∞ yn. To prove the compactness of
C+ it suffices to show thatx ∈ C+. Let yn ∈ R(8) \ C such thatC ↪→ yn ↪→ xn. Let
y be a limit point of{yn}. Since the chain recurrent set and the relation↪→ are closed,
C ↪→ y ↪→ x andy ∈ R(8). On the other hand, Lemma 5.2 shows that the sequence
yn can be chosen outside an open neighborhood ofC. Therefore,y is not in C. This
proves thaty ∈ C+ and the compactness ofC+ follows.

Suppose now thatC+ is isolated. LetN be an isolating neighborhood ofC+. By
Lemma 5.4, ifC+ is not an attractor then there existsp ∈ ∂N with α(p) ⊂ C+. Thus
C ↪→ C+ ↪→ p ↪→ ω(p). Sinceω(p) ⊂ R(8) this impliesω(p) ⊂ C+. Thusp ∈ C+

which is contradictory. �

6. Large deviation properties, separating sets and invariant decompositions
The first part of this section presents a large deviation principle for system (1) which
follows mainly from Dupuis [13]. For an introduction to the theory of large deviations
for stochastic approximation processes and for other references we also refer the reader
to chapter 11 of Kushner [26]. The next subsection is devoted to some dynamical
implications of this principle.

Large deviations properties for (1): Dupuis’s theorem.Without loss of generality we
will assume in this section that Hypothesis 3.4 holds for allx ∈ R

d . Let C[0, T ]
denote the set of continuous functionsh : [0, T ] → R

d endowed with the topology
of uniform convergence induced by the uniform norm:‖h‖ = sup0≤t≤T ‖h(t)‖. Let
Cx [0, T ] ⊂ C[0, T ] denote the subset of functions for whichh(0) = x.

https://doi.org/10.1017/S0143385798097557 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798097557


Recursive algorithms and chaining number of chain recurrent sets 73

Let {2x
n, f

x
n } denote the Markov chain onX ×R

d whose transition kernel5x is given
by (6). Let

Hn(x, α, θ, f ) = 1

n
logE

[
exp

(〈
α,

n∑
i=1

f xi

〉)
| 2x

0 = θ, f x0 = f

]
.

By the Markov property

Hn(x, α, θ, f ) = 1

n
log(Kn(x, α).1)(θ) = 1

n
log

( m∑
j=1

Kn
θ,j (x, α)

)
,

whereK(x, α) is the matrix given by

Ki,j (x, α) = Ki,j (x)

∫
Rd

e〈α,f 〉µjx(df ).

It follows from Hypothesis 3.4(i), (ii) and (iv) thatK(x, α) is eventually positive (i.e.
Kn(x, α) has positive entries for somen ∈ N). Thus, by the Perron–Frobenius theorem
K(x, α) has a positive eigenvalueρ(x, α) which is isolated, positive and greater in
absolute values than any other eigenvalue. Moreover, letting

H(x, α) = log(ρ(x, α))

gives
H(x, α) = lim

n→∞Hn(x, α, θ, f ).

The functionα → H(x, α) is convex as a limit of convex functions. Sinceρ(x, α) is an
isolated characteristic root, the implicit function theorem implies thatH(x, α) is smooth
(even analytic) inα and continuous inx. Let

L(x, β) = sup
α∈Rd

〈α, β〉 −H(x, α)

be the Legendre–Fenchel transform ofH(x, .). By standard results of convex analysis
(see, e.g., [14, Th. VII 2.1] or [13, Lemma 2.1]),β → L(x, β) is nonnegative, lower
semicontinuous and essentially strictly convex.

Let h ∈ Cx [0, T ]. Define

Lx,T (h) =
∫ T

0
L(h(t), h′(t)) dt

if h is absolutely continuous and set

Lx,T (h) = ∞
otherwise. For convenience, we summarize some properties ofL in the next lemma.

LEMMA 6.1.
(i) Let κ > 0 be such thatsupp(µi) ⊂ Bκ = {x ∈ R

d : ‖x‖ < κ} for all i ∈ X . Then
L(x, β) = ∞ when‖β‖ > κ.

(ii) h → Lh(0),T (h) is lower semicontinuous onC[0, T ].
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(iii) LetK ⊂ R
d be a compact set. Then{h ∈ C[0, T ] : h(0) ∈ K,Lh(0),T (h) ≤ s} is

compact for everys ≥ 0.
(iv) Lh(0),T (h) = 0 if and only ifh(t) = 8t(h(0)) for all 0 ≤ t ≤ T .

Proof. (i) follows easily from the definition ofL(x, β) becauseH(x, α) is bounded
by κ‖α‖. (ii) is proved in Dupuis [13, Lemma A1]. (iii) If Lh(0),T (h) ≤ s, part
(i) implies that h is Lipschitz continuous with constantκ on [0, T ]. Thus, the set
{h ∈ C[0, T ] : h(0) ∈ K,Lh(0),T (h) ≤ s} is bounded equicontinuous, and compactness
follows from Ascoli’s theorem. (iv) Ifh(t) = 8t(x),0 ≤ t ≤ T , thenLx,T (h) = 0.
Conversely, suppose thatLx,T (h) = 0 andh(0) = x. Then,L(h(t), h′(t)) = 0 for almost
every 0≤ t ≤ T . By the smoothness ofH(x, α) in α and Theorem II.6.3 of Ellis [14],
β = limn→∞(1/n)

∑n
i=1 f

x
i = F(x) is the unique solution of the equationL(x, β) = 0.

Thus,h′(t) = F(h(t)) for almost every 0≤ t ≤ T . By Lipschitz continuity ofF this
implies thath(t) = 8t(x),0 ≤ t ≤ T . �

The following theorem follows from section 4 (Lemma 4.1) of Dupuis [13].

THEOREM 6.2. [13] LetK ⊂ R
d be a compact set. For any Borel setA ⊂ Cx [0, T ], the

following estimates hold uniformly inx ∈ K, θ ∈ X :
(i) lim inf ε→0 ε logPx,θ (xε(·) ∈ A) ≥ − inf{Lx,T (h) : h ∈ int(A)};
(ii) lim supε→0 ε logPx,θ (xε(·) ∈ A) ≤ − inf{Lx,T (h) : h ∈ clos(A)}.

We conclude this section with two lemmas that will be useful in the following.
For A ⊂ R

d andB ⊂ R
d define

L(A,B) = inf
T>0

inf{Lh(0),T (h) : h ∈ C([0, T ]), h(0) ∈ A, h(T ) ∈ B}.

LEMMA 6.3. LetK ⊂ R
d be a compact set. Then forr > 0 large enough,L(K,Bc

r ) > 0.

Proof. It follows from Hypothesis 2.3 and standard results on attractors and Lyapounov
functions (see, e.g., Wilson [31]) that there exists a smooth compactd-dimensional
manifold with boundaryM0 ⊂ R

d such that:
(i) K ⊂ int(M0);
(ii) 8t(M0) ⊂ int(M0) for all t > 0;
(iii) for all x ∈ R

d , ω(x) ∈ int(M0).
Chooser > r0 > 0 large enough so thatM0 ⊂ Br0. Let T > 0 andψ ∈ C[0, T ]

be such thatψ(0) ∈ K,ψ(T ) ∈ Bc
r . Define t0 = sup{T ≥ t ≥ 0 : ψ(t) ∈ ∂M0} and

t1 = inf{t ≥ t0 : ‖ψ(t)‖ ≥ r}.
If Lψ(0),T (ψ) = ∞ there is nothing to prove, so we can assumeLψ(0),T (ψ) < ∞. By

Lemma 6.1(i),‖ψ ′(s)‖ ≤ κ for almost all 0≤ s ≤ T . Thus,r ≤ (t1 − t0)κ + r0.
SetT ′ = (r − r0)/κ,

H = {h ∈ C[0, T ′] : h(0) ∈ ∂M0;h([0, T ′]) ⊂ Br \ int(M0)}

and

α = inf{Lh(0),T ′(h) : h ∈ H}.
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We have

Lψ(0),T (ψ) ≥
∫ t0+T ′

t0

L(ψ,ψ ′) ≥ α.

Therefore, to conclude it suffices to show thatα > 0. Suppose the contrary. By
Lemma 6.1(iii) the setH′ = {h ∈ H : Lh(0),T ′(h) ≤ 1} is compact inC[0, T ′]. It
follows that there is some sequencehn ∈ H′ for which limn→∞ hn = h ∈ H′ and
lim infn→∞ Lh(0),T ′(hn) = 0. By lower-semi continuity this givesLh(0),T ′(h) = 0. But
Lemma 6.1(iv) leads to the impossible conclusion thath(T ′) = 8′

T (h(0)) ∈ Br \ int(M0)

with h(0) ∈ M0 andT ′ > 0. �

The next lemma is similar to Lemma 5.3 of Kifer [24].

LEMMA 6.4. LetK ⊂ R
d be a compact set which contains no omega limit points. Let

τ(K, T ) = inf{Lψ(0),T (ψ) : ψ ∈ C([0, T ]), ψ([0, T ]) ⊂ K}.
ThenlimT→∞ τ(K, T ) = ∞.

Proof. SinceK contains no omega limit point, any forward orbit with initial condition
in K spends all but a finite amount of time outsideK. Furthermore, by compactness,
this amount of time is bounded by some constantTK > 0. Let α = inf{Lh(0),2TK (h) :
h ∈ C([0,2TK ]), h([0,2TK ]) ⊂ K}. A proof similar to that of Lemma 6.3 shows that
α > 0. To conclude we note that ifT ≥ 2nTK, n ∈ N, andh([0,2nTK ]) ⊂ K then
Lh(0),T (h) ≥ nα. �

Large deviations properties, separating sets and invariant decompositions.The purpose
of this section is to compare the relations

‘x ↪→ y’

(there exists a pseudo-orbit fromx to y) and

‘L(x, y) = 0’

(the cost of large deviation fromx to y is zero). The main result of the section
(Theorem 6.7) will allow us to describe (under some suitable conditions) the set of
y such thatL(x, y) = 0 by using only the nature of the limit points setL(8).

PROPOSITION6.5. Let K ⊂ R
d andK ′ ⊂ R

d be two compact sets. SupposeL(K,K ′)
= 0. Then one of the two following properties hold:
(i) there existsx ∈ K such thatγ+(x) ∩K ′ 6= ∅;
(ii) there existx ∈ K, y ∈ K ′ such thatx ↪→ y.

Proof. SupposeL(K,K ′) = 0. Then for all n ∈ N
∗ there existsTn > 0, hn ∈

C([0, Tn]), hn(0) ∈ K,hn(Tn) ∈ K ′ andLhn(0),Tn (hn) ≤ 1/n.
First, suppose that{Tn} is bounded. By taking a subsequence we may assume that

Tn → T asn → ∞ for someT > 0. SetTε = T − ε. For n large enough,Tn ≥ Tε .
Thus,Lhn(0),Tε (hn) ≤ Lhn(0),Tn (hn) ≤ 1/n. By Lemma 6.1(iii) we can extract from{hn}
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a subsequence{hnεi } which converges uniformly on [0, Tε ] toward some functionhε .
Assertions (ii) and (iv) of Lemma 6.1 imply that8Tε (hε(0)) = hε(Tε). On the other
hand,

|hnεi (Tnεi )− hε(Tε)| ≤ |hnεi (Tε)− hε(Tε)| + |hnεi (Tε)− hnεi (Tn
ε
i
)|

≤ |hnεi (Tε)− hε(Tε)| + κε

because of Lemma 6.1(i) and the fact thatLhn(0),Tε (hn) is finite. Thus, fornεi large
enough this gives

|hnεi (Tε)−8Tε (hε(0))| ≤ ε(1 + κ).

Sincehn(Tn) ∈ K ′ andhε(0) ∈ K, this gives by compactness a pointx ∈ K for which
8T (x) ∈ K ′.

Suppose now that{Tn} is unbounded. By taking a subsequence we may assume that
Tn → ∞ asn → ∞. By Lemma 6.3 we may also assume thathn(R+) ⊂ K1, whereK1

is some compact set.
Fix T > 0, δ > 0. For n ∈ N, write Tn = k(n)(T + rn), where k(n) ∈ N and

0 ≤ rn < T/k(n). We have

∫ Tn

0
L(hn, h

′
n) =

k(n)−1∑
i=0

∫ (i+1)(T+rn)

i(T+rn)
L(hn, h

′
n) ≤ 1

n
.

Set xi,n = hn(i(T + rn)); i = 0, . . . , k(n) − 1. We claim that forn large enough,
d(8T+rn (xi,n), xi+1,n) ≤ δ. This gives a(δ, T ) pseudo-orbit fromK to K ′ and part (ii)
of the lemma is proved. To prove the claim, suppose that to the contrary there exist
subsequencesnj → ∞ and ij ≤ k(nj )− 1 for which

d(8T+rnj (xij ,nj ), xij+1,nj ) > δ.

Setgnj (u) = hnj (u+ ij (T + rnj )). We havexij ,nj = gnj (0) ∈ K1 and

Lgnj (0),T (gnj ) ≤
∫ (ij+1)(T+rnj )

ij (T+rnj )
L(hnj , h

′
nj
) ≤ 1

nj
.

Thus, by Lemma 6.1(iii) and (ii) we may assume thatgnj converges uniformly on [0, T ]
toward some functiong for which Lg(0),T (g) = 0. By Lemma 6.1(iv), this implies that
d(8T (xij ,nj ), gnj (T )) → 0 as nj → ∞. Sincegnj is Lipschitz with constantκ and
t → 8t(x) is Lipschitz continuous on [0, T ] uniformly in x ∈ K1 it follows easily that

lim
nj→∞ d(8T+rnj (xij ,nj ), xij+1,nj ) = 0.

Hence, we get a contradiction. �

The next result gives a partial converse to Proposition 6.5. Recall that

L(8) = clos

( ⋃
x∈Rd

ω(x) ∪ α(x)
)
.
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LEMMA 6.6. Suppose that the process (1) is nondegenerate at every pointx ∈ L(8). Let
y ∈ R

d be such that the backward trajectory ofy, γ−(y), is bounded. Let

Fy = {z ∈ R
d : ∀t ≥ 0,L(8t(z), α(y)) = 0}.

Suppose thatclos(Fy) ∩ L(8) is open inL(8). Thenx ↪→ y impliesL(x, α(y)) = 0.

Proof.

Claim.
(i) The set clos(Fy) is a nonempty closed invariant set.
(ii) Let x ∈ R

d . If ω(x) ∩ clos(Fy) 6= ∅, thenx ∈ Fy .
The setFy containsα(y). Thus it is nonempty. It is closed by definition and it is clearly
invariant. Letz ∈ ω(x) ∩ clos(Fy). There exist sequencestn → ∞ and zn ∈ Fy such
that pn = 8tn(x) → z and zn → z asn → ∞. Let 2 : R → [0,1] be aC∞ function
which is 1 on(∞,0] and 0 on [1,∞). Define

hn(s) = 2(s)8s(pn)+ (1 −2(s))8s(zn).

The functionhn is a smooth interpolation betweens → 8s(pn) and s → 8s(zn) with
the property thathn(s) = 8s(zn) for s ≥ 1 andhn(s) = 8s(pn) for s ≤ 0. Sincepn → z

and zn → z it follows that hn(s) converges to8(s, z) for the uniformC1 topology on
[0,1]. Thus, by uniform continuity ofF on a neighborhood ofγ (z), this implies that
limn→∞ ‖h′

n(s) − F(hn(s))‖ = 0 uniformly for 0 ≤ s ≤ 1. Now, Lemma 7.5 implies
thatLpn,1(hn) → 0 asn → ∞. SinceLpn,1(hn) = Lx,tn+1(hn) andhn(tn + 1) = zn ∈ Fy
it follows that x ∈ Fy . This proves the claim.

Let x ∈ R
d be such thatx ↪→ y. The set ofz such thatx ↪→ z is closed and invariant

and thus containsα(y). Supposex 6∈ Fy . Then, by the claim,ω(x)∩Fy = ∅. Therefore
we are in the situation where:
(i) clos(Fy) is a nonempty closed invariant set;
(ii) clos(Fy) ∩ L(8) is open and closed inL(8);
(iii) ω(x) ∩ Fy = ∅;
(iv) x ↪→ α(y) ⊂ Fy ⊂ clos(Fy).
Properties (i) and (ii) mean that clos(Fy) separatesL(8). Then by a lemma due to
Nitecki and Shub, and extended by Akin [1, Lemma 13, p 86], there existsu ∈ R

d

such thatx ↪→ u, ω(u) ∩ clos(Fy) 6= ∅ andα(u) ∩ clos(Fy) = ∅. But, according to the
claim, the propertyω(u)∩clos(Fy) 6= ∅ impliesu ∈ Fy ⊂ clos(Fy) and since clos(Fy) is
closed and invariant, it follows thatα(u) ⊂ clos(Fy) which is contradictory. Therefore
x ∈ Fy . �

We now give the main result of this section.

THEOREM 6.7. Suppose that:
(i) the limit points set decomposes as

L(8) =
k⋃
i=1

0i,

where01, . . . , 0k are compact invariant disjoint internally chain transitive sets such
that J (8|0i, 0i) < 2;
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(ii) the process is nondegenerate at everyx ∈ L(8).
Then the following relations are equivalent:
(a) L(x, y) = 0;
(b) x ↪→ y or y = 8t(x) for somet ≥ 0;
(c) there exist an integer2 ≤ j ≤ k, points x1, . . . , xk and a permutationσ :

{1, . . . , k} → {1, . . . , k} such that

x1 = x, ω(x) ⊂ 0σ(1); xk = y, α(y) ⊂ 0σ(k−1);
α(xj ) ⊂ 0σ(j−1), ω(xj ) ⊂ 0σ(j); j = 2, . . . , k − 1.

Proof. The implication(a) ⇒ (b) follows from Lemma 6.5. Conversely, ify ∈ γ+(x)
thenL(x, y) = 0. If x ↪→ y let Fy be as in Lemma 6.6. Choosei ∈ {1, . . . , k} such
thatα(y) ⊂ 0i . Then clos(Fy)∩ 0i 6= ∅ and it follows easily from Lemma 7.6 (§7) that
0i ⊂ clos(Fy) and consequently clos(Fy)∩L(8) is open inL(8). Thus,L(x, α(y)) = 0
by Lemma 6.6. Lemma 7.6 again implies thatL(x, y) = 0. To obtain the equivalence
between (b) and (c) consider the quotient spaceR̃d obtained by collapsing each0i to
a point and let̃8 denote the quotient flow. Clearly,̃8 is a simple flow†. As already
noticed in the proof of Theorem 4.3, the relationx ↪→ y andx  y are equivalents for
a simple flow. This implies the equivalence of (b) and (c). �

7. Proof of Theorem 3.7
The induced chain. In this subsection we state a proposition (Proposition 7.1) whose
proof is postponed to the next subsection and we show how Theorem 3.7 can be deduced
from this proposition. The argument follows the lines of the exposition in Kifer [24] or
Freidlin and Wentzell [17].

Assume that the hypotheses of Theorem 3.7 hold. Set31 = C,32 = C+ and
33 = {x ∈ R(8) : x 6∈ C ∪ C+}. It follows from compactness ofR(8), Lemmas 5.2
and 5.3 that the3i ’s are compact (invariant) disjoint sets. Therefore, forr > 0 small
enough, the setsUi = Nr(3i), i = 1,2,3, are disjoint neighborhoods. LetVi ⊂ Ui be an
open neighborhood of3i . SetV = V1 ∪ V2 ∪ V3 and define theinduced chain(X̃εn, 2̃

ε
n)

on V × X whose transition probabilities̃P εx,θ (B ×6) are given as

P̃ εx,θ (B ×6) = P(XεTV ∈ B;2ε
TV

∈ 6 | Xε0 = x;2ε
0 = θ),

whereTV = inf{n > 0;Xεn ∈ V }, B is a Borel subset ofV and6 ⊂ X .
The neighborhoodsV1, V2, V3 can be chosen in such a way that have the following.

PROPOSITION7.1. There exist constantsb > a > 0 and a sequence of integers{n(ε)}ε>0

such that:
(a) lim infε→0 ε log(P̃ εx,θ (n(ε), V2 × X )) ≥ −a uniformly inx ∈ V1, y ∈ X ;

(b) lim supε→0 ε log(P̃ εx,θ (n(ε), Vj × X )) ≤ −b uniformly in x ∈ Vi, y ∈ X , for all
(i, j) ∈ {(2,1), (1,3), (2,3)}.

Here (P̃ εx,θ (n, .)) denotes the transition kernel of the induced chain inn steps.

† Simple flows were defined in§4.
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Now, let νε be an invariant probability measure of{Xεn,2ε
n}. By Proposition 5.3 of

Kifer [24], if νε(V × X ) > 0 the probability measurẽνε defined onV × X by

ν̃ε(B ×6) = νε(B ×6)

νε(V × X )
for any Borel setB ⊂ V,6 ⊂ X , is an invariant probability measure of the induced
chain. Supposeνε(V × X ) > 0 (otherwise there is nothing to prove). Then define for
i 6= j ,

P εi,j = 1

ν̃ε(Vi × E)

∫
Vi×X

P̃ εx,θ (n(ε), Vj × X )ν̃ε(dx ⊗ dθ)

if νε(Vi × X ) 6= 0 andP εi,j = 0 otherwise. SetP εi,i = 1 − ∑
j 6=i P

ε
i,j . Since ν̃ε is an

invariant measure of the induced chain, the vectorµε defined byµεi = νε(Vi × X ), i =
1,2,3, is an invariant probability measure of the Markov chain defined on{1,2,3} by
the transition matrixP ε = (P εi,j )i,j=1,2,3.

LEMMA 7.2. LetP ε be a3 × 3 Markov transition matrix such that:
(a) P ε1,2 ≥ e−a

′/ε ;
(b) P εi,j ≤ e−b

′/ε for all (i, j) ∈ {(2,1), (1,3), (2,3)},
whereb′ > a′ > 0. Letµε be an invariant probability vector ofP ε . Thenlimε→0µ

ε
1 = 0.

Proof. We have

µε1(P
ε
1,2 + P ε1,3) = µε2P

ε
2,1 + µε3P

ε
3,1 (19)

µε3(P
ε
3,1 + P ε3,2) = µε1P

ε
1,3 + µε2P

ε
2,3. (20)

If P ε3,1 = 0, then (19) impliesµε1 ≤ P ε2,1/P
ε
1,2 ≤ e−(b

′−a′)/ε and thenµε1 → 0 asε → 0.
If P ε3,1 6= 0, then (20) impliesµε3 ≤ 2e−b

′/ε/(P ε3,1 + P ε3,2) ≤ 2e−b
′/ε/P ε3,1. Using this last

inequality in (19) givesµε1 ≤ (P ε2,1 + 2e−b
′/ε)/P ε1,2 ≤ 3e−(b

′−a′)/ε and thenµε1 → 0 as
ε → 0. �

Theorem 3.7 now follows from the preceding discussion, Proposition 7.1 and
Lemma 7.2.

Proof of Proposition 7.1.

LEMMA 7.3. Let C be a connected component ofR(8), andU a neighborhood ofC.
There existδ > 0, T > 0 such that for allx ∈ C, y ∈ C every(δ, T ) pseudo-orbit from
x to y belongs toU .

Proof. Assume the contrary. Then there is an open neighborhoodU of C such that
for any δ > 0, T > 0 one can findxδ,T ∈ C, yδ,T ∈ C and pδ,T 6∈ U with
xδ,T ↪→T ,δ pδ,T ↪→T ,δ yδ,T . Letting δ → 0 and T → ∞ we get, by compactness,
x ∈ C, y ∈ C and p ∈ C \ U with x ↪→ p ↪→ y. This impliesp ∈ C. This is
contradictory top 6∈ U . �

If {8t(xi) : 0 ≤ t ≤ ti}, i = 1, . . . , k−1, is a(δ, T ) pseudo-orbit, we define itslength
as the numberl = ∑k−1

i=1 ti .
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LEMMA 7.4. LetC be a connected component ofR(8) and0 ⊂ C a nonempty compact
invariant set. Lets > J (8,0) and η > 0. Then for anyδ > 0, T > 0 there exists a
neighborhood of0, V ⊂ Nδ(0) and a positive constantl(δ, T ) > T such that:
(i) For all x ∈ V, y ∈ V it is possible to find a(δ, T ) pseudo-orbit fromx to y

{8t(xi) : 0< t ≤ ti}, i = 1, . . . , k − 1, which satisfies:
(a)

∑
i d(8ti (xi), xi+1)

s ≤ η;
(b) The length of the pseudo-orbit is bounded byl(δ, T ).

(ii) If, furthermore,L(8|C) ⊂ 0 then the pseudo-orbit fromx ∈ V to y ∈ V can be
chosen such thatxi ∈ Nδ(0) for all i.

Proof. (i) Using Lemma 7.3 choose 0< δ′ < δ/2 andT > 0 such that any(δ′, T )
pseudo-orbit fromx ∈ C to y ∈ C remains inNδ/2(C).

Let Bδ/2(pk), k = 1, . . . , n, be a finite covering of0 by balls of centerpi ∈ 0 and
radiusδ/2. Since0 is chain transitivepk ↪→ pm for k,m = 1, . . . , n. Therefore, the
definition of J (8,0) and the assumptions > J (8,0) imply the existence of a(δ′, T )
pseudo-orbit frompk to pm with the property that

∑
i d(8ti (xi), xi+1)

s ≤ η. Let lk,m
denote the length of this pseudo-orbit and letl(δ, T ) = sup{lk,m : k,m = 1, . . . , n}. Set
V = ⋃n

k=1Bδ/2(pk). For x ∈ V, y ∈ V there existk,m such thatx ∈ Bδ/2(pk) and
y ∈ Bδ/2(pm). The (δ′, T ) pseudo-orbit frompk to pm gives a(δ, T ) pseudo-orbit from
x to y which satisfies assertions (a) and (b).

(ii) Now supposeL(8) ⊂ 0. Let δ > 0. Since any alpha or omega limit point of
8|C is in 0 there existsT (δ) > 0 such that for allx ∈ C \ (Nδ/2(0)) and |T | > T (δ),
8T (x) ∈ Nδ/2(0).

Let T > T (δ). By Lipschitz continuity of the flow onC× [−T , T ] there exists some
constantk(T ) such that

d(8s(x),8s(y)) ≤ k(T ) d(x, y)

for |s| ≤ T .
Setδ1 = δ/2k(T ) andη1 = η/(k(T )sδs). Part (i) of the lemma gives a neighborhood

V ⊂ Nδ1(0) ⊂ Nδ(0) and a (δ1,2T ) pseudo-orbit{8t(xi) : 0 ≤ t ≤ ti}, i =
1, . . . , k − 1, ti > 2T from x ∈ V to y ∈ V having a length bounded byl(δ1,2T )
and such that

∑
i d(8ti (xi), xi+1)

s ≤ η1.
Let J = {j ∈ {1, . . . , k − 1} : xj 6∈ Nδ(0)}. For j 6∈ J setyj = xj and forj ∈ J set

yj = 8−T (xj ). Theyj are now all inNδ(0) ∪Nδ(0′).
Notice that forj ∈ J , 8T (xj ) and8−T (xj ) are inNδ/2(0)∪Nδ/2(0′). Thusxj+1 and

xj−1 are inNδ(0)∪Nδ(0′). Therefore, whenj ∈ J , j − 1 andj + 1 are not inJ . Using
this remark, define a new sequence of time as follows. Ifj ∈ J set t ′j = tj + T and
tj−1 = tj−1 − T . If j 6∈ J andj + 1 6∈ J set t ′j = tj .

This gives a(δ, T ) pseudo-orbit{8t(yi) : 0 ≤ t ≤ t ′i }, i = 1, . . . , k−1, t ′i > T having
length less thatl(δ1,2T ) and such that∑

i

d(8t ′i (yi), yi+1)
s ≤ k(T )sδsη1 ≤ η.

This concludes the proof. �
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The next lemma gives the key estimate to prove Proposition 7.1.

LEMMA 7.5. Let K ⊂ R
d be a compact set. Assume that (1) is nondegenerate at each

point x ∈ K. Then there exist a compact neighborhoodN of K, r > 0 and a positive
constantC such that

L(x, β) ≤ C‖β − F(x)‖2

for all x ∈ N andβ ∈ Br(F (x)) = B(F(x), r).

Proof. Let Hx : R
d → R denote the map given byHx(α) = H(x, α) = log(ρ(x, α))

and letDkHx denote thekth derivative ofHx . As usual we identifyDHx(α) with a
vector ofRd andD2Hx(α) with a d × d symmetric matrix. As already noticed,ρ(x, α)
is positive analytic inα and continuous inx. Similarity, DkHx(α) is continuous inx
and analytic inα.

Our first goal is to computeDHx(0) andD2Hx(0). Fix x ∈ R
d and α ∈ R

d and
define the mapsT (z) = K(x, zα) and λ(z) = ρ(x, zα), where z denote a real (or
possibly complex) number. Clearly

T (z) = T +
∑
k≥1

zkT (k)

with T = T (0) = K(x) and T (k) = K(x)D(k)/k!, whereD(k) denotes the diagonal
matrix whose generic entry is

D
(k)
i,i =

∫
(〈α, f 〉)kµix(df ).

If we write the second-order expansion ofλ(z) in the neighborhood ofz = 0 in the form

λ(z) = 1 + zλ(1) + z2λ(2) + o(z2)

we get that
log(λ(z)) = zλ(1) + z2(λ(2) − 1

2(λ
(1))2)+ o(z2)

and therefore
DHx(0).α = λ(1)

and
〈D2Hx(0)α, α〉 = 2λ(2) − (λ(1))2.

To computeλ(1) and λ(2) we will use the perturbation theory of linear operators
[23]. Recall that 〈 , 〉π(x) denotes the inner product onRX defined by〈f, g〉π(x) =∑

i∈X figiπi(x) while 〈 , 〉 is the usual inner product onRd . The eigenvector space of
T = K(x) associated to the eigenvalueλ(0) = 1 is

R.1 = {h ∈ R
X : h1 = · · · = hd}

and the associated eigenprojector isP : R
X → R

X defined by

Ph = 〈h,1〉π(x)1 =
( ∑
i∈X

πi(x)hi

)
1.
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Define the operatorS : R
X → 1⊥ ⊂ R

X by

Sh = L(x)−1(Ph− h),

whereL(x) is the operator given by (9).
It follows from [23, p. 79] that

λ(1) = Tr(T (1)P )

λ(2) = Tr(T (2)P − T (1)ST (1)P ).

Now it is easy to check that Tr(AP ) = 〈A1,1〉π(x) and 〈Kh,1〉π(x) = 〈h,1〉π(x). Using
these facts we get thatλ(1) = 〈K(x)D(1)1,1〉π(x) = 〈D(1)1,1〉π(x) = 〈α, F (x)〉. Thus

DHx(0) = F(x).

Similarly, we have

λ(2) =
〈
D(2)

2
1,1

〉
π(x)

− 〈D(1)SK(x)D(1)1,1〉π(x)

=
〈
D(2)

2
1,1

〉
π(x)

− 〈
K(x)SD(1)1,D(1)1

〉
π(x)

becauseD(1) is self-adjoint for〈 , 〉π(x) andK(x) commutes withS. SinceK(x)S maps
R

X into 1⊥ we can rewriteλ(2) as

λ(2) =
〈
D(2)

2
1,1

〉
π(x)

− 〈K(x)SD(1)1,D(1) − PD(1)1〉π(x).

Now, we use the fact that

D(1) − PD(1) = 〈f̂ (x)− F(x), α〉 = (f̂ (x)− F(x))α,

where we use the notation (11) and (12). This gives

SD(1)1 = −ĝ(x)α.
Thus, a simple computation gives

λ(2) =
〈
D(2)

2
1,1

〉
π(x)

− 1
2‖〈f̂ (x)− F(x), α〉‖2

π(x) + 1
2Q

0
x(α).

Finally, we obtain that

〈D2Hx(0)α, α〉 = 〈D(2)1,1〉π(x)−‖〈f̂ (x)−F(x), α〉‖2
π(x)−〈α, F (x)〉2+Q0

x(α) = Qx(α).

Our next goal is to establish the inequality stated in the lemma. By continuity of
x → Qx there exists a compact neighborhoodN of K such thatQx is nondegenerate at
every pointx ∈ N . Thus the eigenvalues ofQx are uniformly bounded below by some
positive numberλ. Equivalently,

‖[D2Hx(0)]
−1‖ ≤ 1/λ (21)

for all x ∈ N , where‖[D2
xH(0)]

−1‖ is the norm operator.
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For x ∈ N setψx(α) = DHx(α). The derivativeD9x(0) = D2Hx(0) is invertible.
On the other hand, the mean value theorem and the continuity ofD9x(α) in (x, α) easily
imply the existence of numbersη > 0 and 0< s < 1 such that

‖D9x(α)−D9x(0)‖ ≤ λ(1 − s)

for anyα ∈ clos(Bη).
Set r = λsη. A refinement of the inverse function theorem (see, e.g., Hirsch and

Pugh [19]) shows that:
(i) 9x(clos(Bη)) ⊃ clos(B(9x(0), r)) = clos(B(F (x), r));
(ii) there exists open setsUx, Vx such thatUx ⊂ clos(Bη) and Vx ⊃ closB(F(x), r)

such that9x induces a diffeomorphism fromUx onto Vx whose inverse mapping
will be denoted by9−1

x for convenience.
Given x ∈ N andβ ∈ B(F(x), r) setα = ψ−1

x (β). By a property of the Legendre–
Fenchel transform (see, e.g., Ellis [14, Theorem VII.2.1]),

L(x, β) = 〈α,9x(α)〉 −H(x, α). (22)

Now the Taylor formula gives

‖9x(α)− F(x)−D2Hx(0).α‖ ≤ c1

2
‖α‖2 (23)

and
‖Hx(α)− 〈F(x), α〉 − 1

2〈D2Hx(0).α, α〉‖ ≤ c1

6
‖α‖3, (24)

wherec1 = supx∈N,α∈clos(Bη) ‖D3Hx(α)‖. Thus (22)–(24) give

‖L(x, β)− 1
2Qx(α)‖ ≤ c1‖α‖3. (25)

Equation (23) implies

‖[D2Hx(0)]
−1(β − F(x))− α‖ ≤ c1

2λ
‖α‖2 = c2‖α‖2, (26)

with c2 = c1/2λ. Also,

‖α‖ = ‖9−1
x (β)−9−1

x (F (x))‖ ≤ c3‖β − F(x)‖, (27)

with c3 = supx∈N,α∈clos(Bη) ‖D9−1
x (α)‖. Finally, by putting (25)–(27) together we get

that
‖L(x, β)− 1

2〈[D2
xH(0)]

−1(β − F(x)), β − F(x)〉‖ ≤ c4‖β − F(x)‖2

for somec4 > 0 depending onc1, c2, c3 andλ. Thus

‖L(x, β)‖ ≤ C‖β − F(x)‖2,

whereC = 1/(2λ+ c4) is independent ofx ∈ N andβ ∈ B(F(x), r). �

LEMMA 7.6. LetC be a connected component ofR(8). Assume thatJ (8,L(8|C)) < 2
and that the process (1) is nondegenerate at eachx ∈ L(8|C). Then for anyη > 0
and any neighborhoodU of C there exists a neighborhoodW ⊂ U of C and a
positive numberT1 with the property that for allx, y ∈ W one can find aC1 function
ψ : [0, l] → U, l ≤ T1 which satisfies:
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(a) 9(0) = x;9(l) = y;
(b) Lx,l(ψ) ≤ η.

Proof. Set0 = L(8|C). Choose 0< α < 1 such that 2> 2 − α > J(8,0) and set
s = 2 − α. Chooseδ > 0 small enough so thatNδ(0) ⊂ U and for allx ∈ Nδ(0) the
form Qx is nondegenerate.

Fix T > 1, and then apply Lemma 7.4 to0. This gives us a neighborhood of0,
V ⊂ Nδ(0) and a positive numberT0 = l(δ, T ). Now, since0 = L(8|C) there exists an
open neighborhood ofC, W ⊂ clos(W) ⊂ U such that for everyx ∈ W , γ+(x)∩V 6= ∅
and γ−(x) ∩ 8T (V ) 6= ∅. Therefore it suffices to prove the lemma withx ∈ V and
y ∈ 8T (V ).

By Lemma 7.4 there exists a(δ, T ) pseudo-orbit fromx to 8−T (y):

{8t(xi) : 0 ≤ t ≤ ti}, i = 1, . . . , k − 1, ti > T , xk = 8−T (y),

having a length less thanT0 and such that
∑

i d(8ti (xi), xi+1)
s ≤ η. To the sequence

{xi : i = 1, . . . , k} we add the pointsx0 = x and xk+1 = 8T (xk) = y. Then, define
numbers

t0 = tk+1 = T and τi =
i∑

k=0

tk

for i = 0, . . . , k + 1. SetT1 = T0 + 2T .
Let 2 : R → [0,1] beC∞ function which is 1 on(−∞,0] and zero on [1,∞). Set

l = τk+1 and defineψ : [0, l] → M as

ψ(s + τi) = 2(s/δα)8s+ti (xi)+ (1 −2(s/δα)8s(xi+1))

for 0 ≤ s ≤ ti+1, i = 0, . . . , k.
SinceL(x, F (x)) = 0 andψ(s + τi) = 8s(xi+1) for ti+1 ≥ s ≥ δα, we have∫ l

0
L(ψ,ψ ′) ds =

k∑
i=0

∫ τi+1

τi

L(ψ,ψ ′) =
k∑
i=0

∫ τi+δα

τi

L(ψ,ψ ′)

≤
k∑
i=0

δα sup
0≤s≤δα

L(ψ(s + τi), ψ
′(s + τi)). (28)

Therefore, to estimate
∫ l

0 L(ψ,ψ
′) it suffices to estimate sup0≤s≤δα L(ψ(s + τi), ψ

′(s +
τi)). This is our next goal. Let 0≤ s ≤ δα. A simple computation yields

‖ψ ′(s + τi)− F(ψ(s + τi)‖
≤ ‖ψ ′(s + τi)− F(8s(xi+1))‖ + ‖F(8s(xi+1))− F(ψ(s + τi))‖
≤ 1

δα
‖2′‖‖8s(8ti (xi))−8s(xi+1)‖ + ‖2‖‖F(8s(8ti (xi)))− F(8s(xi+1))‖

+‖2‖ Lip(F )‖8s(8ti (xi))−8s(xi+1)‖.
A standard application of Gronwall’s inequality shows thatx → 8s(x) is Lipschitz inx
locally uniformly in s. Thus, from the preceding inequality, we easily obtain

‖ψ ′(s + τi)− F(ψ(s + τi))‖ ≤
(
A

δα
+ B

)
d(8ti (xi), xi+1) (29)
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for some constantsA,B > 0.
Using inequality (29), we see that

‖ψ ′(s + τi)− F(ψ(s + τi))‖ = O(δ1−α).

Therefore, it follows from Lemma 7.5 that forδ small enough

L(ψ(s + τi), ψ ′(s + τi)) = O(‖ψ ′(s + τi)−F(ψ(s + τi))‖2) = O

(
d(8ti (xi), xi+1)

2

δ2α

)
.

Thus inequality (28) transforms (forδ small enough) into∫ l

0
L(ψ,ψ ′) = O

( ∑
i

d(8ti (xi), xi+1)
2

δα

)

= O

( ∑
i

d(8ti (xi), xi+1)
2−α

)
= O

( ∑
i

d(8ti (xi), xi+1)
s

)
= O(η).

�

LEMMA 7.7. Let K ⊂ X be a compact invariant set and letK ′ ⊂ X be a compact set
disjoint fromK. Assume that for allδ > 0 there existsxδ ∈ Nδ(K) such that the forward
trajectoryγ+(xδ) meetsNδ(K ′). Then there existx ∈ K andy ∈ K ′ such thatx ↪→ y.

Proof. Let yδ = 8tδ (xδ) be such thatyδ ∈ Nδ(K
′). Let x be a limit point ofxδ and

let y be a limit point ofyδ (as δ → 0). Clearly, tδ → ∞ otherwise there would exist
a subsequencetδi → T and this would implyy = 8T (x) ∈ K ′. This is impossible
becauseK is invariant disjoint fromK ′. The propertytδ → ∞ shows that it is possible
to find a (η, T ) pseudo-orbit fromx to y for arbitrary smallη and arbitrary largeT .
Thusx ↪→ y. �

From now on, we will assume that the hypotheses of Theorem 3.7 hold. We use the
notation31 = C,32 = C+,33 = R(8) \ (C ∪ C+), andUi = Nr(3i), i = 1,2,3. We
fix r > 0 small enough so that:
• Ui, i = 1,2,3, are disjoint compact neighborhoods.
Let (i, j) ∈ {(2,1), (1,3), (2,3)}. Since the relation↪→ is closed we can suppose that:
• for all y ∈ Ujx 6↪→ y;
and according to Lemma 7.7 we can also suppose that:
• for all x ∈ Ui, γ+(x) ∩ Uj = ∅.
For i = 1,2,3, Vi ⊂ Ui denotes a open neighborhood of3i and we setV = V1∪V2∪V3.

LEMMA 7.8. Givenη > 0, there exists a neighborhood of31,W1 ⊂ U1 such that for any
choice ofV1 ⊂ W1, V2 ⊂ U2, V3 ⊂ U3 one has

lim inf
ε→0

ε log(P̃ εx,θ (n(ε), V2 × X )) ≥ −η

uniformly in x ∈ V1, θ ∈ X , where{n(ε)} is a sequence of integers depending on the
choice ofV .
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Proof. Lemma 7.6 applied withU = U1 gives a neighborhoodW1 ⊂ U1 and a positive
constantT1. We can always suppose thatW1 is compact. LetV1 ⊂ W1. By Lemma 5.4
there existsy ∈ ∂V1 with ω(y) ∈ C+. Therefore there existst0 > 0 such that8t(y) ∈ V2

for all t ≥ t0. Let x ∈ V1. By Lemma 7.6 there is aC1 function9 : [0, l] → U1, l ≤ T1

with ψ(0) = x,ψ(l) = y andLx,l(ψ) ≤ η.
Define ψ̃ by ψ̃(t) = ψ(t) for 0 ≤ t ≤ l and ψ̃(t) = 8t−l(y) for l ≤ l′, where l′

is chosen such that the amount of time spent by{ψ̃(t)}0≤t≤l′ in V1 ∪ V2 equalsT1 + 1.
Sinceψ̃ coincides with a8 trajectory fort ≥ l, Lx,l′(ψ̃) = Lx,l(ψ) ≤ η.

Now, it is easy to see that there existsn(ε) ∈ N (of the order of(T1 + 1)/ε) such that
Xεn(ε) ∈ V2 as soon as‖xε(·)− ψ̃‖[0,l′] is small enough. Thus, by Theorem 6.2

lim inf
ε→0

ε log(P̃ εx,θ (n(ε), V2 × X )) ≥ −Lx,l′(ψ̃) ≥ −η

uniformly in x ∈ V1, y ∈ X . �

LEMMA 7.9. There existsb > 0 such that for any choice ofVi ⊂ Ui

lim sup
ε→0

ε log(P̃ εx,θ (n(ε), Vj × X )) ≤ −b

uniformly inx ∈ Vi, θ ∈ X , for all (i, j) ∈ {(2,1), (1,3), (2,3)}, n ∈ N.

Proof. By the choice of the neighborhoodsUi and by Lemma 6.5 there existsβ > 0
such thatL(Ui, Uj ) ≥ β for all (i, j) ∈ {(2,1), (1,3), (2,3)}.

Suppose the neighborhoodsVi , i = 1,2,3, are given. Since (by assumption) the
measuresµi, i ∈ X have bounded supports, there exist neighborhoods of3i , V ′

i ⊂ Vi

and ε0 > 0 such that ifε ≤ ε0, x ∈ V ′
i and‖x − y‖ ≤ εκ, theny is necessarily inVi .

SetV ′ = V ′
1 ∪ V ′

2 ∪ V ′
3. The previous discussion proves that if{xε(t) : t ≥ 0} meetsV ′,

then{Xεn}n≥0 meetsV .
Let (i, j) ∈ {(2,1), (1,3), (2,3)} andx ∈ Vi . We have,

{XεTV ∈ Vj } ⊂ {xε(t) ∈ Vj for somet ≤ T } ∪ {xε(t) 6∈ V ′ for 1 ≤ t ≤ T }.
Thus, by Theorem 6.2, we get

lim sup
ε→0

ε log(Px,θ (XεTV ∈ Vj )) ≤ − inf(β, α(T )),

whereα(T ) = inf{Lh(0),T (h) : h ∈ HT } with HT = {h ∈ C([0, T ]) : h ∈ C[0, T ], h(0) ∈
clos(Ui), h([0, T ]) ∩ V ′ = ∅}.

By Lemma 6.3 there existr > 0, α > 0 such thatL(Ui, Bc
r ) ≥ α for all

i ∈ {1,2,3}. Let HT = H1,T ∪ H2,T , whereH1,T = {h ∈ HT : h([0, T ]) ⊂ clos(Br)},
H2,T = (HT − H1,T ) and letαl,T = inf{Lh(0),T (h) : h ∈ Hl,T } for l = 1,2.

By Lemma 6.4 it is possible to chooseT such thatα1,T ≥ α, and sinceα2,T ≥ α

we getα(T ) ≥ α > 0. The lemma is proved withb = inf{β, α} for n = 1. By the
Chapman–Kolmogorov formula we extend it ton ∈ N. �

Putting together Lemmas 7.9 and 7.3 proves Proposition 7.1.
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[4] M. Benäım and M. W. Hirsch. Chain recurrence in surface flows.Discrete and Continuous Dynamic
Systems1 (1995), 1–17.
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